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Machine learning models, especially deep neural networks, have achieved great success in

numerous real-world tasks. As we achieve better performance with larger models, one major

challenge emerges that the costs of training machine learning systems become expensive and

even prohibitive. Also, the deep learning model works as a block box in many applications

with little interpretation of its behaviors. In this dissertation, we investigate two problems: 1)

partitioning of training data into diverse and representative blocks for gradient computation

to get improved efficiency and performance for machine learning models and 2) decomposition

of ReLU deep neural networks as a collection of linear models for data points and we utilize

the linear models to better understand and improve the network performance.

For the first part of the thesis, we first investigate the problem of partitioning the train-

ing dataset into multiple blocks which are equally diverse. The theoretical abstraction of the

problem is denoted as robust submodular partitioning. In robust submodular partitioning,

we aim to allocate a set of items into m blocks, so that the evaluation of the minimum

block according to a submodular function is maximized. Robust submodular partitioning

promotes the diversity of every block in the partition. It has many applications in training

machine learning models, e.g., partitioning data into blocks for distributed training so that

the gradients computed for every block are consistent. We study the robust submodular par-



titioning problem and give an efficient Min-Block Greedy algorithm with a 1/m guarantee.

We further study an extension of the robust submodular partition problem with an additional

constraint (e.g., cardinality, multiple matroids, or knapsack) on every block. For example,

when partitioning data for distributed training, we can add a constraint that the number

of samples of each class is the same in each partition block, making the partitioned data

balanced. We present two classes of algorithms, i.e., Min-Block Greedy based algorithms

(Ω(1/m) bound), and Round-Robin Greedy based algorithms (constant bound) and show

that under various constraints, they still have good approximation bounds. We further inves-

tigate the robust submodular partitioning problem under cardinality constraint and apply it

to generate high-quality mini-batches for stochastic gradient methods. With computational

hardware (e.g., GPUs) getting dramatically faster over time, sampling a mini-batch of data

points uniformly at random becomes less practical, as randomly accessing data points from

disk can be slow, leading to a bottleneck for modern machine learning systems. In prac-

tice, datasets are typically written to disk according to an arbitrarily generated sequence

of indices. This makes sequential access of this chosen order possible with low overhead

compared to random access. On the other hand, there is a chance that the sequence is

poor for training, and since it is fixed over multiple iterations of training, performance can

suffer. We prove better bounds of the Min-Block Greedy algorithm for this case and greatly

reduce the memory/computation costs by applying hierarchical partitioning. We compare

our deterministically generated mini-batch sequences to randomly generated sequences and

show that the deterministic sequences significantly beat the mean and worst performance of

random sequences, and often outperform the best of the random sequences.

For the second part of the thesis, we focus on understanding and improving the ReLU

deep network through its decomposition as a linear model for every data point. A ReLU

deep network (or more generally for deep networks with piecewise linear activation func-

tions) is essentially a piecewise linear model. Therefore, the model is locally linear around



every data point, and the linear model weights are equal to the gradient of the network

output with respect to its input data point. Based on this observation, we first introduce

the Extended Data Jacobian Matrix (EDJM) as an architecture-independent tool to analyze

neural networks at the manifold of interest. For ReLU networks, the EDJM is essentially a

collection of linear models for all data points, represented as a matrix. The spectrum of the

EDJM is found to be highly correlated with the complexity of the learned functions. After

studying the effect of dropout, ensembles, and model distillation using EDJM, we propose

a novel spectral regularization method that improves network performance. However, we

note that such a regularization method has greatly increased computational costs, limiting

its practical usage. Next, we show an efficient regularization method Jumpout, an improved

version of dropout, based on linear models of ReLU networks. We discuss three novel in-

sights about dropout for DNNs with ReLUs: 1) dropout encourages each local linear piece

of a DNN to be trained on data points from nearby regions; 2) the same dropout rate results

in different (effective) deactivation rates for layers with different portions of ReLU deacti-

vated neurons; and 3) the rescaling factor of dropout causes a normalization inconsistency

between training and test when used together with batch normalization. The above leads

to three simple but nontrivial modifications resulting in our method “Jumpout.” Jumpout

significantly improves the performance of different neural nets on multiple datasets, while

introducing negligible additional memory and computation costs. Finally, we aim to explain

the network behavior based on the linear model for every data point, particularly based on

the bias term of the linear model. The gradient of a deep neural network (DNN) w.r.t. the

input provides information that can be used to explain the output prediction in terms of the

input features and has been widely studied to assist in interpreting DNNs. In a linear model

(i.e., g(x) = wx + b), the gradient corresponds to the weights w. The bias b, however, is

usually overlooked in attribution methods. We observe that since the bias in a DNN also has

a non-negligible contribution to the correctness of predictions, it can also play a significant



role in understanding DNN behavior. We propose a backpropagation-type algorithm “bias

back-propagation (BBp)” that starts at the output layer and iteratively attributes the bias

of each layer to its input nodes as well as combining the resulting bias term of the previous

layer. Together with the backpropagation of the gradient generating w, we can fully recover

the locally linear model g(x) = wx + b. In experiments, we show that BBp can generate

complementary and highly interpretable explanations.
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1

Part I

ROBUST SUBMODULAR PARTITIONING

In the first part of this thesis, we focus on the problem of robust submodular partitioning

of the training dataset, where we partition the data into multiple blocks, and every block

is equally diverse and representative. We study theoretical perspectives of the problem in

both unconstrained and constrained cases and propose many algorithms with theoretical

guarantees. From the practical point of view, the partitioning can be used to generate

blocks for distributed training or mini-batches for stochastic gradient methods. Empirically,

we test the mini-batches generated by our robust submodular partitioning methods and get

improved performance compared to randomly generated mini-batches.
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Chapter 1

INTRODUCTION

The problem of partitioning a given set V of items into m blocks, where any two blocks

share no items in common, arises in many real-world scenarios and machine learning appli-

cations. For example, clustering is a form of data partitioning to generate blocks of data

such that samples within every block are similar and redundant. Moreover, for the task

of distributed training on multiple machines, we aim to partition the training dataset into

blocks such that the data distribution across different blocks is consistent, or in other words,

every partitioned block is representative of the entire training dataset.

As an optimization problem, partitioning aims to generate the blocks so that the utilities

of the blocks, as measured by a given set function, are good. By maximizing a submodular

utility function for each partitioned block, we encourage each block to be representative of

the ground set V . We use submodular optimization to describe and enforce the representa-

tiveness of the selected set of training data samples. Submodular functions, often used in

economics, operations research, or (more recently) machine learning, are a special class of

set functions that satisfy the property of diminishing returns. Defined over a finite ground

set V , a set function f : 2V → R+ is said to be submodular [34], if for any a ∈ V and subsets

A ⊆ B ⊆ V , f satisfies the follows:

f({a} ∪ A)− f(A) ≥ f({a} ∪B)− f(B). (1.1)

Many submodular functions can be optimized with theoretical guarantees using simple al-

gorithms, which are also scalable for large data sets. A more detailed introduction of sub-

modular optimization can be found is Chapter 2.
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1.1 Robust Submodular Partitioning

The robust submodular partitioning problem [39], or often called “submodular fair allocation

with indivisible goods”, aims to find the partition such that the minimum-valued block in

the partition is maximized according to the submodular function. The robust objective

optimizes the worst block in the partition so that all blocks are minimally “good.” The

robust submodular partitioning problem has many applications. Given V as the training

data for a machine learning task, we can find a partition of V for distributed training: every

block of partitioned data is sent to a single machine for gradient computations in parallel,

and the gradients are aggregated over all the blocks in the partition for model updates. Since

we enforce each block to be representative of V , the gradients computed across distributed

machines are consistent, resulting in reduced variance and improved convergence for the

aggregation step. Using a similar idea, we can partition the training data into mini-batches

so that every mini-batch is as representative as possible, therefore reducing the variance

during gradient-based training.

We explore two different algorithmic approaches, Min-Block Greedy and Round-Robin

Greedy, for our partitioning problem but under various constraints. For Min-Block Greedy

based algorithms, we first show a 1
m

bound for the unconstrained case and prove the bound

is tight. We then modify the algorithm to allow a general down-closed constraint C, and

prove an approximation bound of α
αm+1

, where α is the bound for solving the submodular

maximization problem under constraint C using a greedy based algorithm. For Round-Robin

Greedy based algorithms, when C is a cardinality constraint, we get a bound of (1−e−1)2

3
, and

when C is a matroid constraint, we get a bound of 1−e−1

5
. The Min-Block Greedy approach

gives a weaker bound, but has a better running time O(n2). The Round-Robin Greedy

approach gives a constant bound, but its running time is worse: O(n2(log logm+ log 1
δ
)), as

it needs to binary search the optimal solution value to the given problem in an exponentially

decreasing sequence, with 1
1+δ

(δ > 0) as the decreasing factor (we assume an oracle model,

and the running time is in terms of the number of submodular evaluations).
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We further study the cardinality constrained robust partitioning problem and apply it

to generate representative and fixed mini-batches for stochastic gradient methods. While

sampling independent random mini-batches is essential from a theoretical perspective, it

intrinsically conflicts with the efficient use of computational learning systems. Training sets

are getting larger (thereby driving accuracy higher) and they typically do not fit in cache or

memory. The only feasible approach is to repeatedly load data from main memory and/or

disk to form mini-batches, but doing so from a convergence rate perspective (i.e., randomly

with replacement) is costly because caches do not help when memory access patterns are

random and hence unpredictable. As sequential access is significantly faster than random

access, the only practical strategy is to iterate through a fixed sequence of data samples

(written a priori to disk) rather than obtain an unbiased random mini-batch at every gradient

update step.

Ideally, a good deterministic sequence of mini-batches should have the following proper-

ties: (1) mini-batch representativeness, where every mini-batch is representative and non-

redundant, and thus stochastic gradients calculated using the mini-batches are not too far

from the true gradients; and (2) order consistency, where groups of mini-batches in the se-

quence should be more broadly representative, so the corresponding sequence of gradients

does not drive a model in the wrong direction. As mentioned above, however, one widely

used approach to generate the fixed sequence is random shuffling, which could result in a

suboptimal sequence due to non-representativeness. This can impede the performance of the

trained model.

We propose to use cardinality constrained submodular robust partitioning to generate a

sequence of mini-batches given a set of data samples. We prove a slight improved bound

compared to the bound for general constraints using the min-block greedy algorithm. We

also extend the partitioning to utilize a hierarchical structure. Our method consists of hier-

archical runs of max-min robust submodular partition of the dataset with various cardinality

constraints, which generates a partial order over mini-batches of data points within a hier-

archical structure, and where both mini-batches and groups of mini-batches in the hierarchy
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are encouraged to be representative of the entire dataset. On deep learning tasks, we show

that our deterministic sequences of mini-batches significantly outperform the worst and mean

of randomly generated sequences (both are likely to happen in practice), and for most of the

cases, beat the best of random sequences.

1.2 Road Map of Part I

In Chapter 2, we introduce the preliminaries about submodular optimization that are relevant

to this thesis.

In Chapter 3, we describe the robust submodular partitioning approach and propose

algorithms with theoretical guarantees.

In Chapter 4 We apply the partitioning approach to generating fixed mini-batches for

stochastic gradient methods to get improved performance and efficiency.

Chapter 3 was originally presented in three papers:

• K Wei, RK Iyer, S Wang, W Bai, JA Bilmes. Mixed Robust/Average Submodular

Partitioning: Fast Algorithms, Guarantees, and Applications, In NeurIPS 2015.

• S Wang, W Bai, C Lavania, J Bilmes. Fixing Mini-batch Sequences with Hierarchical

Robust Partitioning, In AISTATS 2019.

• S Wang*, T Zhou, C Lavania, J Bilmes.Constrained Robust Submodular Partitioning,

Under Submission.

Chapter 4 was originally presented in the following paper:

• S Wang, W Bai, C Lavania, J Bilmes. Fixing Mini-batch Sequences with Hierarchical

Robust Partitioning, In AISTATS 2019.
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Chapter 2

PRELIMINARIES: SUBMODULAR OPTIMIZATION

This chapter introduces the background of submodular optimization that is most relevant

to the first part of the thesis. Particularly, we will introduce the definition of submodular

functions, matroids, and algorithms for submodular maximization. The materials introduced

here are classic submodular optimization results, which come from the well-written books

and surveys [34, 136, 55].

2.1 Submodular Functions: Definition and Examples

Submodularity is a natural property that arises in many combinatorial problems across

fields of mathematics, economics, and operations research. Recently, submodularity has

been widely applied to many machine learning tasks including data summarization, active

learning and curriculum learning [151, 48, 107, 97, 66, 27, 60, 36, 22, 100, 127, 116, 109, 78,

138, 77, 76, 139, 153, 154, 133, 73].

2.1.1 Submodular Function Definition

Submodular function is a special class of set functions. A set function is defined over a ground

set V of n items, and assigns a real value to any subset A ⊆ V . Formally, a set function is

defined as f : 2V → R. Since there are 2|V | = 2n subsets of V , an arbitrary set function has a

lot of freedom in choosing its values and it is hard to describe or optimize such a set function

without any constraints. Submodularity is a simple, general and natural constraint on a

set function, which makes it possible to describe various properties and optimize problems

involving set functions with submodularity. Also, submodularity arises in many real-world

settings and submodular functions can be used to model many real-world tasks.
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A submodular function f : 2V → R is a special class of set functions that satisfy the

diminishing returns property defined as follows:

f({a} ∪ A)− f(A) ≥ f({a} ∪B)− f(B), (2.1)

for any A ⊆ B ⊆ V, a ∈ V, a /∈ B.

For simplicity of notations, we use f(a|A) to denote the marginal gain of adding an

item a to a set A ⊂ V . Precisely, we have f(a|A) , f({a} ∪ A) − f(A). Intuitively, the

definition of a submodular function implies that the gain of adding an element diminishes

as the conditioning set becomes larger. Such diminishing return property arises in many

real-world scenarios. For example, in economics, the law of diminishing marginal utility

describes that the first unit of consumption of a good or service yields more utility than the

subsequent utility.

Another definition of submodularity, which is also widely used in literature, is given as

follows:

f(A) + f(B) ≥ f(A ∩B) + f(A ∪B), (2.2)

for any two subsets A,B ⊆ V . Note that the above definition and the diminishing return

definition of a submodular function are equivalent. There are also many other equivalent

definitions of submodular functions as shown in the following proposition:

Proposition 1 ( [91]). Each of the following statements is equivalent and defines a submod-

ular function.

• f(A) + f(B) ≥ f(A ∪B) + f(A ∩B), for any A,B ⊆ V .

• f(a|A) ≥ f(a|B) for any a ∈ V and A ⊆ B ⊆ V \ {a}.

• f(a|A) ≥ f(a|A ∪ a′), for any A ⊂ V , a ∈ V \ A, and a′ ∈ V \ {a}.

• f(C|A) ≥ f(C|B), for any A ⊆ B ⊆ V and any C ⊆ V \B.
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• f(B) ≤ f(A) +
∑

b∈B\A f(b|A), for any A ⊆ B ⊆ V .

• f(A) ≤ f(B) +
∑

a∈A\B f(a|B)−
∑

b∈B\A f(b|A ∪B \ b), for any A,B ⊆ V .

2.1.2 Supermodular and Modular Functions

A supermodular function can be thought as the “reverse” of a submodular function. Pre-

cisely, a function h(·) is a supermodular function if and only if −h(·) is a submodular func-

tion. We can also define supermodular functions through the “reverse” of the definitions

given above about submodular functions by changing the inequality signs. Particularly, the

most intuitive one is about increasing gains:

h(a|A) ≤ h(a|B), ∀A ⊆ B ⊆ V, a ∈ V, a /∈ B. (2.3)

Supermodularity describes a from on complementary relationship among the elements in the

groundset. We can think that elements may synergize with each other so their combined

gain is larger than the individual gains.

A set function m(·) is a modular function if it is both submodular and supermodular.

From the diminishing gains and increasing gains definitions, we can see that the gain of

an element of a modular function does not change based on the conditioning set. Thus, a

modular function m(·) always has the following property:

m(A) = C +
∑
a∈A

m(a),∀A ⊆ V. (2.4)

Where C is some constant and m(∅) = C. A modular function has only n + 1 degrees of

freedom, and can be exactly represented by the value of every singleton element and the

constant C. Since modular functions are both submodular and supermodular, the addition

of a modular function and a submodular(supermodular) function preserves submodular-

ity(supermodularity).

Unless stated otherwise, The submodular/supermodular and modular functions consid-

ered in this thesis are normalized and non-negative. For being normalized, the function f
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should have f(∅) = 0 and for being non-negative, f(A) ≥ 0 ∀A ⊆ V . Another property that

is also often required is the monotonicity, in which case f(A) ≥ f(B) ∀B ⊆ A.

2.1.3 Examples of Submodular Functions

Submodular functions are a rich class of set functions that naturally describe the diversity

property. Here we list a few very widely used submodular functions in the field of machine

learning.

Facility Location Function

For a facility location function, the ground set V is considered as a set of locations, and we

want to select a subset of the locations in V to build the facilities and measure the similarity

(or negative distance) from any location in V to its closest facility in the selection. Formally,

the facility location is defined as:

f(A) =
∑
v∈V

max
a∈A

sim(a, v). (2.5)

Here sim(a, v) measures the similarity (or negative distance) between two locations a and

v. The facility location function naturally describes the diversity of the subset A compared to

the entire ground set V . A subset A with high f(A) indicates that for every location v ∈ V ,

we can find some facility a ∈ A that is very close/similar to v. Therefore, the subset A is

representative of the ground set V . We will also see in following applications, by maximizing

the facility location under certain constraints (e.g., cardinality), we can summarize or get a

representative subset of items A from a large ground set V .

Even though the facility location function is very useful in practice, there are two major

challenges when applying facility location functions. Firstly, the computation complexity of

the facility location function is O(n2), so for cases where ground set size n is very large, the

computational costs can be prohibitive. Moreover, it is non-trivial to et the right similarity

measurement sim(·, ·) for the given dataset. Different choices of the similarity measurement

may give dramatically different performance. In practice, we often utilize the representations
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learnt using deep neural networks through some unsupervised or self-supervised learning

procedure, and compute the similarity using a kernel, such as the RBF kernel. However, it

usually takes effort to tune the parameters to get the best performing similarity measurement.

Feature Based Function

Given every element v ∈ V with some feature representations x(v) ∈ Rm
≥0, i.e., anm−dimensional

non-negative vector for every v, we can define a feature based submodular function as follows:

f(A) =
∑
j=1:m

φ(
∑
a∈A

x(a)[i]). (2.6)

Where x(a)[i] is the ith dimension of the x(a) feature vector and φ is any concave function

that is monotone (e.g., log(1 + x),
√
x, and etc.). The feature based submodular function is

indeed a concave over modular function. In general, for any non-negative modular function

and a monotone concave function, the concave over modular composition is a submodular

function.

The concavity of φ enforces the diminishing return property of added feature values.

Therefore, to get a high function value, the selected subset should have high feature values

on all dimensions, which enforces the diversity. In practice, we can use the one-hot rep-

resentation of the features to enforce the diversity in a more intuitive way. For categorical

features, say there are c different classes for this feature, then we can create a c length one-hot

vector as the feature representation. By doing so, to maximize the feature based submodular

function, we need to select a subset of items that have balanced number of classes for such

feature. For numerical features, we can first cluster the values into categories and then apply

the one-hot representation trick to get balanced items for each cluster of feature values.

Compared to the facility location function, the feature based submodular function has

only O(n) computational complexity. However, for numerical features, it requires extra

efforts to do the clustering as mentioned above. In general, to design/process the right

features for the function is non-trivial, and we cannot directly utilize the neural network

representations as done in the facility location function case.
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2.2 Matroid

A matroid is a combinatorial structure that is tightly connected with submodularity and

submodular optimization. As we will discuss below, the matroid rank function is a sub-

modular function. Also, many submodular optimization problems naturally have matroids

as the constraints on the selected subsets (e.g., a partition constraint and a spanning-tree

constraint). Submodular maximization under matroid constraints can often be solved with

constant guarantees using greedy-like algorithms.

A matroidM(V, I) is formally defined on a finite ground set V , and an independence set

system I, where each member of I is a subset of V that is considered to have an independent

property. Formally, the set of independent subsets I should satisfy the following three

properties:

2.2.1 Definition

1. ∅ ∈ I,

2. Given A ∈ I, B ∈ I,∀B ⊂ A.

3. ∀A,B ∈ I with |A| > |B|, there exists a ∈ A \B such that B ∪ {a} ∈ I.

The first property requires that the empty set ∅ is always considered an independent set.

The second property is also known as the down-closed property, which indicates that any

subset of an independent set is also an independent set. The third property is also noted as

the exchange property: for any independent sets A and B with |A| > |B|, we can find at

least one item a ∈ A \B such that B ∪ {a} is still an independent set.

Intuitively, a matroid describes some form of “independence” among the elements in the

ground set. In the setting of real vectors, the independence can be the linear independence

among a set of vectors. For graphs, the independence can be a set of edges that do not

contain any cycles. We will discuss those in more details in the matroid examples below.
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Given the exchange property, intuitively, the cardinality of the largest independent set

of a matroid M should have the same size. Such inclusion-wise maximally independent

set is also called a base of the matroid. Indeed, all the bases of the matroid has the same

cardinality. The cardinality of the bases of a matroid is also referred as the rank of the

matroid. We can extend the notion of rank to a subset A ⊆ V . Formally, the rank function

of a matroid for the input set A is defined as:

rM(A) = max{|X| : X ⊆ A,X ∈ I} = max
X∈I
|A ∩X|. (2.7)

We note that r(A) ≤ |A|, and the equality is satisfied only when A is an independent set

according to the matroid, or in other words, A ∈ I. The matroid rank function rM is

a submodular set function for any choice of the matroid M. Intuitively, we can think the

matroid rank function as a submodular function with gains equal to either 0 or 1. A monotone

non-negative and normalized submodular function is also referred as a polymatroid function.

Matroids are also tightly connected with the greedy algorithm, which is a widely used

approach to solve combinatorial optimization problems by adding the element one by one

with the largest gain. In fact, the matroid definition above is shown to be equivalent to a

property about solving the optimization problem using the greedy algorithm. Specifically,

for the problem of maximizing a non-negative modular function under an independence set

system constraint, we have:

Theorem 1. [29] Let I be an independence system. The (V, I) is a matroid if and only

if for every modular function m ∈ R≥0, Algorithm 1 gives a solution that optimizes Eqn 2.8

exactly.

max
A∈I

m(A), (2.8)

where m : V → R+ is a modular function.

Theorem 1 shows that the greedy algorithm is a defining characteristic of a matroid.

However, we note that for solving more general problems such as optimizing a submodular
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Algorithm 1: Greedy algorithm for modular maximization under a set system

constraint.

1 Input: A modular function m : V → R≥0 and a set system constraint (V, I).

2 A := ∅;

3 R := V ;

4 while ∃a ∈ R : A ∪ {a} ∈ I do

5 a ∈ argmaxa∈R:A∪{a}∈Im(a);

6 A := A ∪ {a};

7 R := R \ {a};

8 Output: A.

function under a matroid constraint, the greedy algorithm is not guaranteed to give the

optimal solution.

2.2.2 Matroid examples

Linear Matroid

For the setting of real vectors, we can describe the linear independence of vectors with the

independence system of a matroid. Suppose we are given a ground set V of n real vectors,

where each vector has d dimensions. The independence sets of a linear matroid contain all

subsets of vectors in V that are linearly independent. Therefore, the rank function r(A)

gives the rank of the vector space spanned by the vectors in A. Since the vectors are of d

dimensions, the maximum rank is d for any subset of V . As the linear matroid is one specific

kind of a matroid, matroids generalize the linear-independence.
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k-Uniform Matroid

As a constraint, the k-uniform matroid is the same as a k cardinality constraint. Formally,

the independent sets of the k-uniform matroid contain all subsets of cardinality at most k,

i.e., we have:

I = {A ⊆ V : |A| ≤ k}. (2.9)

Therefore, the rank function is:

r(A) = min{|A|, k}. (2.10)

It is easy to verify the down-closed property and the exchange property as any subset

of size at most k is considered independent. We can also verify the submodularity of the

rank function as it is essentially a monotone concave function min(·, k) over a non-negative

modular function |A|. Since the k-uniform matroid constraint is the same as a k cardinal-

ity constraint, and the k-uniform matroid is one specific kind of a matroid, the matroid

constraints generalize cardinality constraints for optimization problems.

Partition Matroid

A partition matroid can be seen as a generalization of the k-uniform matroid, where we don’t

treat all elements of V “uniformly”. Formally, the independent sets of a partition matroid

is defined as follows:

I = {A ⊆ V : |A ∩ Vi| ≤ ki,∀i = 1, . . . ,m}. (2.11)

Where V = {V1, . . . , Vm}, and Vi∩Vj = ∅, i.e., V1, . . . , Vm form a partition of the groundset

V of m blocks. In the special case where m = 1 and Vi = V , ki = k, we recover the k-uniform

matroid. When we have m > 1, we can think that given a predefined partitioning of the

ground set, we constrain the cardinality of elements selected from each of the partitioned

block. The rank function of a partition matroid is given by:

r(A) =
m∑
i=1

min{|A ∩ Vi|, ki}. (2.12)
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The partition matroid can be applied to constrain the solution set to have some balanced

property with respect to certain predefined partitioning. For example, in the case of selecting

a subset of training samples for classification tasks, the class labels form natural partitions

of the ground set, and we can use the partition matroid to balance the samples selected from

each class.

Cycle Matroid

Given a graph and let the ground set V contain the edges of the graph, the independence

sets of a cycle matroid contain all subsets of edges that do not form cycles based on the

graph structure. Therefore, the rank of the matroid is equal to the size of the maximally

independent forests of the subset of edges. Given optimization problems with natural graph-

ical structures, we can use the cycle matroid to constrain the solution to have no cycles. For

example, given a network of devices, with the cycle matroid, we can find a subset of connec-

tions to propagate the information in a non-cyclical manner to improve the communication

efficiency.

2.3 Continuous extensions of submodular functions

One challenge for submodular optimization is that a submodular function is a discrete func-

tion with 2n degrees of freedom. To address the challenge, various continuous extensions

of a submodular functions have been proposed. Given the continuous extensions, the op-

timization problems can typically be solved in a two step manner: 1) solve the continuous

problem using gradient based methods; 2) round the continuous problem solution, which has

fractional values, to an integral solution that can be represented by sets.

The advantages of such a approach include: 1) we can benefit from the rich literature of

continuous optimization methods; 2) for solving new problems with similar structures and

properties, it is often easier to extend the existing continuous methods, or in other words,

the continuous approach mentioned above is a general approach that can be applied to many

different problems, while to solve the combinatorial problem directly usually result in dra-
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matically different algorithms for different problems. However, there are also some major

drawbacks: 1) it is nontrivial to know whether the continuous algorithm converges, and the

implementation needs to be careful about the numerical problems; 2) the continuous exten-

sions are typically very expensive to evaluate, making such approaches mostly interesting in

the realm of theoretical analysis.

We will describe two widely used extensions of submodular functions below: the Lovász

extension, which is often used for solving submodular minimization and the multilinear

extension which is often used for solving submodular maximization.

2.3.1 Lovász extension

Even though the first part of the dissertation is more related to submodular maximization,

the Lovász extension, while being mostly useful for submodular minimization, reveals im-

portant properties of submodular functions as described in Theorem 2 below. For a set

function f : 2V → R, which can be thought as a function defined on hypercubes of {0, 1}n,

the Lovász extension [79] of the set function extends the domain of the function to [0, 1]n:

f̃ : [0, 1]n → R, and matching the function values on the hypercubes. The Lovász extension

is defined as follows:

Definition 1. For any x ∈ [0, 1]n, let σx be an ordering its elements in a non-increasing

order, i.e., x[σx[i]] ≥ x[σx[j]]∀i < j. We can then form a chain of subsets based on the

ordering: Sσx0 ⊂, . . . ,⊂ Sσxn where Sσxi = {σx[1], . . . , σx[i]} for i = 1, . . . , n, i.e., the first i

elements in the ordering σx. For a set function f , its Lovász extension f̃ is defined as:

f̃(x) =
n∑
i=1

x(σx(i))(f(Sσxi )− f(Sσxi−1)). (2.13)

For function values on the hypercube, we can check that f and f̃ have exactly the same

values as f̃(x) essentially accumulates the function value based on a certain order of the

elements in the set when x is on the hypercube. Also note that f̃ is piece-wise linear. The

following theorem shows the equivalence of the Lovász extension being convex and the set

function f being submodular.
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Theorem 2 ( [79]). For a set function f : 2V → R and its Lovász extension f̃ : [0, 1]n → R,

f is submodular if and only if f̃ is convex.

As mentioned above, for submodular minimization, instead of solving the combinatorial

problem directly, we can solve the convex problem introduced in the Lovász extension, and

then round the fractional solution to an integral solution on the hypercube to get the solution

set. We can therefore benefit from the rich literature of convex optimization techniques [12]

such as gradient based methods or ellipsoid methods to solve the Lovász extension problem.

2.3.2 Multi-linear extension

Similar to the case of Lovász extension, given a set function f : 2V → R, we can extend

its domain to [0, 1]n by using introducing a multi-linear extension [130] F : [0, 1]n → R as

follows:

Definition 2. For a set function f : 2V → R, its multi-linear extension be F : [0, 1]n → R

is defined as:

F (x) =
∑
A⊆V

f(A)
∏
a∈A

xa
∏

a∈V \A

(1− xa). (2.14)

Here we can think the fractional input argument x as a probability distribution to sample

elements in the ground set V and the multi-linear extension returns the expected value of

the sampled subsets. More precisely, every element vi is sampled independently based on the

fractional value in the ith dimension of x. We can also denote the multi-linear extension as

F (x) = ER∼x f(R). Therefore, it is also easy to check that the multi-linear extension matches

the function evaluations on the hypercubes as in such a case the elements are sampled with

probability 1. Although evaluating F (x) for general x requires an exponential number of

queries on the function f , concentrated estimate of the multi-linear extension F (·) can be

achieved using a polynomial number of evaluation of the function f on random subsets based

on the Chernoff bounds [130].
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Even when f is submodular, the multi-linear extension is not a concave function. How-

ever, we have the following concave-like properties of the multi-linear extension when f is

submodular. Similar to the Lovász extension case, the following properties and the sub-

modularity of f are equivalent:

Theorem 3. [16] For a set function f : 2V → R, let its multi-linear extension be F :

[0, 1]n → R. f is submodular if and only if F satisfies the following:

∂2F (x)

∂xi∂xj
≤ 0,∀i, j, x ∈ [0, 1]n. (2.15)

The multi-linear extension is particularly useful for solving submodular maximization

problems. [130] proposes a continuous greedy algorithm on the multi-linear extension objec-

tive, which gives a guarantee matching the theoretical hardness when solving submodular

maximization under a matroid constraint. For the later part of the dissertation, where we

target the problem of constrained robust submodular partitioning, we also use properties

of the continuous greedy and multi-linear extension to address the problem. However, we

also note that the multi-linear extension is not practically very useful due to its high costs

of evaluation. For the continuous greedy algorithm, to get high probability bounds, O(n5)

subset samples based on x need to be made which are typically prohibitive in practice.

2.4 Submodular Function Optimization and Existing Algorithms

2.4.1 Submodular Maximization

Submodular maximization generalizes many known NP-hard problems, such as max graph

cut and set cover. Instead of solving the problem exactly, we aim to find efficient approx-

imation algorithms that are proven to have approximation ratios compared to the optimal

solution.

Monotone Submodular Maximization

Here we discuss submodular maximization for monotone submodular functions. Since the

function is monotone, the problem is only non-trivial with a constraint as otherwise we
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can just select the entire ground set. Firstly, we aim to solve the problem of submodular

maximization under a cardinality constraint, formally defined in Problem 1. Due to the

diminishing return property, the monotone submodular function naturally describes the rep-

resentativeness or the diversity of the input set argument. By optimizing the submodular

function under a cardinality constraint, we want to find a set of a limited size that is most rep-

resentative based on the submodular evaluation. Such optimization problem arises naturally

in many real world situations, such as text summarization and training data selection.

Problem 1 (Cardinality Constrained Submodular Maximization).

max
A⊆V,|A|≤k

f(A) (2.16)

Algorithm 2: Greedy algorithm for Problem 1 [91]

1 Input: k, V , and f .

2 Initialization: A := ∅, R := V ;

3 for i = 1 to k do

4 Let a∗ ∈ argmaxa∈R f(a|A);

5 A := A ∪ a∗;

6 R := R \ a∗;

7 return A

Theorem 4. [91] Algorithm 2 is guaranteed to output a solution S such that

f(S) ≥ (1− 1/e)f(O) ≈ 0.63f(O), (2.17)

where O ∈ argmax|A|≤k,A⊆V f(A) is the optimal solution for Problem 1.

Theorem 5 (Theoretical Hardness of Cardinality Monotone Submodular Max [30]). Unless

P = NP , there does not exist any polynomial time algorithm that solves Problem 1 with an

approximation factor better than (1− 1/e).
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The greedy algorithm (Alg. 2) has k iterations, and at every iteration, it selects the

next element with the highest gain conditioned on the already selected elements. The time

complexity of the greedy algorithm is therefore O(nk). When k is on the same scale as n, the

complexity becomes O(n2). Note that we discuss about the time complexity in the oracle

model, in which case we assumes that we can access an oracle of the submodular function to

get its evaluations and the complexity is based on the number of times we call the submodular

function oracle. In practice, the submodular function can be more expensive to evaluate (e.g.,

the facility location function evaluation takes O(n2) complexity). The greedy algorithm has

an approximation ratio of 1−e−1, which is also shown to be the best possible approximation

ratio for the problem of submodular maximization under a cardinality constraint using a

polynomial time algorithm unless P = NP .

The quadratic complexity of the greedy algorithm can be quite costly or even infeasible

for very large ground set sizes. Note that at every iteration of the greedy algorithm, we

aim to find an element with the highest gain, and we can utilize the diminishing return

property of the submodular function to reduce the number of elements searched to find the

element with the highest gain. Such acceleration method is also known as the lazy greedy

algorithm [80]. For lazy greedy, we maintain a priority queue storing the marginal gains of

every element conditioned on some subset (starting with the empty set). At iteration t of

the greedy algorithm, we pop the element a1 with the highest gain from the priority queue

and evaluate its true gain conditioned on the currently selected elements At−1. If the gain

is larger than the next best element in the priority queue, then based on the submodularity

we can conclude that a1 is indeed the element with the highest gain conditioned on At−1 as

f(a1|At−1) ≥ f(a|A′) ≥ f(a|At−1) for all a ∈ V \At−1. Otherwise, if a1 is not better than the

next gain, we just push f(a1|At−1) into the priority queue and repeat. In the worst case, we

still need to go over the entire priority queue to find the element with the highest gain, so the

worst case time complexity is still O(n2). In practice, we find this trick very powerful. As

we will discuss later in the robust partitioning problem, we do an empirical study showing

that the lazy greedy trick reduces the time complexity to around O(n1.3).
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Another line of research to reduce the complexity of the greedy algorithm aims to find

an element that has a large enough gain rather than the highest gain as done in the greedy

algorithm. [6] propose a thresholding based greedy algorithm, which gives an approximation

ratio of (1 − 1/e − ε) with O(n
ε

log n
ε
) function valuations. Here, ε is an extra parameter

for the algorithm, where we can get better approximation guarantee at the cost of higher

running time complexity. Essentially the algorithm maintains a threshold that gets decreased

exponentially, and at every iteration, we add in all elements that have gains larger than the

current threshold.

Mirzasoleiman et al. [81] give a lazier-than-lazy greedy algorithm, which achieves the

same approximation ratio of (1 − 1/e − ε) with O(n log 1
ε
) function calls. Similar to the

previous case, we can trade off the approximation ratio with the running time complexity by

tunning the ε parameter. The lazier-than-lazy greedy algorithm has k iterations, and at every

iteration it first uniformly samples a subset from the ground set, and then finds the element

of the highest gain from the sampled subset. The ε parameter controls the size of the sampled

subset. As also claimed in the paper [81], it is possible to integrate the lazy-greedy trick

for this algorithm. However, it requires an efficient implementation of sampling/updating of

the priority queue data structure (it is not fully solved and for functions that do not have

high evaluation costs, such as feature based functions, the sampling operations from the

priority queue may have a higher computational complexity, which defeats the purpose of

the lazy-greedy trick).

As discussed in the matroid section above, the cardinality constraint is equivalent to a

k-uniform matroid constraint. For the following part, we extend the cardinality constraint

to the matroid constraint case, and more generally, an intersection of p matroids. The

intersection of p matroids constrains that the selected set should satisfy every one of the p

matroids. Also note that an intersection of p matroids is generally not a matroid.

Problem 2 (Matroid constrained submodular maximization).

max
A∈

⋂
j=1:p Ip(Mp)

f(A), (2.18)
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where M|(V, I|) is a matroid.

Algorithm 3: Greedy algorithm for submodular maximization under a matroid

constraint.

1 Input: A submodular function f : V → R≥0 and p matroids Mj(V, Ij).

2 Initialize: A := ∅, R := V ;

3 while ∃a ∈ R : A ∪ {a} ∈
⋂
j=1:p Ij do

4 a ∈ argmaxa∈R:A∪{a}∈
⋂
j=1:p Ij f(a|A);

5 A := A ∪ {a};

6 R := R \ {a}

7 return A

Theorem 6 ( [33]). Algorithm 3 is guaranteed to find a solution S such that

f(S) ≥ 1

p+ 1
f(O), (2.19)

where O is the optimal solution to Eq. 2, i.e., O ∈ argmaxA∈⋂j=1:p Ij(Mj)
f(A).

A similar greedy algorithm (Alg. 3) gives a 1
p+1

approximation guarantee for the problem

of submodular maximization under an intersection of p matroid constraints. At every iter-

ation of the greedy algorithm, it finds the element with the highest gain that also satisfies

the constraints. When there is only one matroid constraint, the approximation guarantee

therefore becomes 1/2. The approximation ratio is also shown to be tight for the greedy

algorithm. The running time complexity is still O(n2) in the worst case, and we can also

use the lazy-greedy trick as described for the problem of submodular maximization under a

cardinality constraint to accelerate the running time in practice.

In the case of a single matroid constraint (p = 1), the 1/2 approximation ratio for Eq. 2

turns out to be sub-optimal for the hardness of 1−e−1. Vondrák [130] propose a continuous

greedy algorithm, which gives an approximation ratio of 1−e−1 that matches the theoretical
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hardness. The approach lies in the framework of first solving a continuous extension of

the submodular problem and then rounding the fractional solution to a set. The algorithm

utilizes the multi-linear extension of the submodular function, and keeps a fractional solution.

At every iteration, we find the direction that gives the fastest increase in the function value

conditioned on the current fractional solution for the multi-linear extension evaluation, and

we move in that direction for a certain step size. In the end, we get a fractional solution

that has a value of at least 1− e−1 of the optimal solution, and a pipage-rounding is applied

to round the fractional solution to an integral solution with no loss of function value.

The continuous greedy algorithm also reveals an interesting property for the problem of

submodular maximization under a partition matroid constraint, which is also known as the

homogeneous submodular welfare problem. It is shown that the continuous greedy algo-

rithm is equivalent to uniformly distributing elements into blocks of the partition matroid,

and therefore, the random assignment strategy matches the theoretical hardness for such a

problem. This also works as one key insight in our following studies of the robust submodular

partitioning problem.

As mentioned before, the multi-linear extension of a submodular function is extremely

costly to evaluate computationally and a naive implementation takes O(n5) samples to ap-

proximate the multi-linear extension function value. As a result, the continuous greedy takes

around O(n7) calls to the submodular function oracle, which is not practically applicable.

Another constraint that generalizes the cardinality constraint is the knapsack constraint.

For a knapsack constraint, we have a non-negative modular function c, which denotes the

cost of every element. We also have a budget b, and we aim to find a subset A from the

ground set such that the sum of the costs is less than the budget: c(A) ≤ b. Note that the

knapsack constraint is not a matroid constraint, as we may have maximal subsets for the

knapsack constraint that do not have the same cardinality. In the case where c(v) = 1 and

b = k, the knapsack constraint recovers the cardinality constraint.
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Problem 3 (Knapsack constrained submodular maximization).

max
A⊆V,c(A)≤b

f(A), (2.20)

where c : V → R is a modular function measuring the cost of each item a ∈ V , and b is the

budget.

Algorithm 4: Greedy algorithm for Problem 3 [65]

1 Input: b, V , c, and f .

2 Initialization: A := ∅, R:=V;

3 while c(A) < b do

4 Let a∗ ∈ argmaxa∈R:c(A∪{a})≤b
f(a|A)
c(a)

;

5 A := A ∪ a∗;

6 Let a∗ ∈ argmaxa∈V :c(a)≤b f(a);

7 return argmaxA′∈{A,{a∗}} f(A′)

When the function f in Problem 3 is modular, the problem becomes the well-known

knapsack problem. The greedy algorithm (Alg. 4) approaches the problem in a similar

manner as previous greedy algorithms but has two modifications: 1) at every iteration, it

finds the element with the highest normalized gain f(a|A)
c(a)

as opposed to the gain; 2) in the

end, it compares the solution to the best singleton element in the remaining elements. The

algorithm is proven to have an approximation ratio of 1−e−1

2
, as shown below:

Theorem 7 ( [65]). Algorithm 4 outputs a solution S such that

f(S) ≥ 1− 1/e

2
f(O), (2.21)

where O is the optimal solution to Eq. 3, i.e., O ∈ argmaxA⊆V :c(A)≤b f(A).

The worst case time complexity is O(n2), and we can also use the lazy-greedy trick

to accelerate the algorithm in practice, and we need to store the normalized gain f(a|A)
c(a)
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in the priority queue. The approximation ratio does not match the theoretical hardness.

However, a simple change of the algorithm is shown to have an approximation ratio of

1− e−1, and since the knapsack constraint generalizes the cardinality constraint, 1− e−1 is

also the theoretical hardness for the knapsack constrained problem. The simple change is

known as the partial enumeration, where we first enumerate all possible solutions that satisfy

the knapsack constraint with cardinality no more than three, and then based on every such

possible solution, we run the greedy algorithm (Alg. 4), and return the best solution in the

end. Because of the enumeration process, the time complexity becomes O(n5), which can be

infeasible. In practice, it is often the case that the simple greedy algorithm can yield good

solution to the problem of submodular maximization under a knapsack constraint.

Generalized forms of Problem 3 have also been studied in the literature. Kulik et al.

[72] consider the problem of multiple knapsack constraint and gives an algorithm achieving

an approximation ratio of (1− 1/e− ε). Iyer and Bilmes [53] study the problem of submod-

ular maximization under a submodular cost constraint, in which case the modular function

c(·) mentioned above is replaced with a non-negative and monotone submodular function.

The generalized problem is, however, much harder as it is shown to have an information

theoretically hardness of O( 1√
n
). They also give an approximation algorithm with a guar-

antee of O( 1√
n logn

) matching the lower bound up to a log factor. Badanidiyuru et al. [7]

study the problem of maximizing a monotone submodular function under an intersection of

p matroid constraints and l knapsack constraints with l ≤ k, and give an algorithm with an

approximation factor of 2(k + 1) + ε with time complexity O(nk log(n
ε
)) log(1

ε
)r.

Problem 4 (Non-monotone Submodular Maximization).

max
A⊆V

f(A) (2.22)

For the case where the submodular function is non-monotone, the problem is non-trivial

even without a constraint. Previous results show that it is NP-hard to check if the maximal

value of a non-monotone submodular function is positive or negative, so for the non-monotone

optimization problem, we restrict the function to be non-negative.
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A simple approach of uniform random sample every element with a probability of 1/2

gives an approximation ratio of 1/4 in expectation. A bi-directional greedy algorithm [14]

gives an approximation ratio of 1/3, and the randomized version of the bi-directional greedy

(Alg. 5) gives an approximation ratio of 1/2 in expectation, which matches the theoretical

hardness as given in [31].

Algorithm 5: Bi-directional greedy algorithm for Problem 4 [14]

1 Input: An arbitrarily ordered ground set V = {v1, . . . , vn}.

2 Initialize: X0 := ∅, Y0 := V ;

3 for i = 1, . . . , n do

4 ai := max{0, f(vi|Xi−1)};

5 bi := max{0,−f(vi|Yi−1 \ vi)};

6 Sample a number ρ uniformly and independently at random from [0, 1];

7 if ρ ≤ ai
ai+bi

then

8 Xi := Xi−1 ∪ {vi};

9 Yi := Yi−1;

10 Xi := Xi−1;

11 Yi := Yi−1 \ {vi};

12 return Xn (or equivalently Yn)

We show the randomized version of the bi-directional greedy algorithm in Alg. 5. The

algorithm maintains two sets X and Y , where X starts with ∅ and Y starts with the ground

set. We pick an arbitrary order over the elements in the ground set, and at every iteration,

we decide for the next element in the ordering whether to add the element to X or remove

it from Y depending on the gain values. In the end, the elements in X are the same as the

elements in Y , as if we add an element to X, that element is also in Y , and if we remove

an element from Y , that element is not added to X. Intuitively, since X and Y meet in the



27

end, adding the element to X or removing from Y both can increase the final value, and we

greedily pick the one that has the largest increase. The bi-directional greedy requires only

O(n) calls to the submodular function oracle and can operate in a streaming manner. [13]

shows a de-randomization of the randomized version of the bi-directional greedy algorithm,

that achieves a 1/2 approximation ratio deterministically.

There are also many works on the constrained case of the non-monotone submodular

maximization problem. For the cardinality constraint case, [15] give an algorithm with

an approximation ratio of 1/e. [71] propose an interlace greedy algorithm that give an

approximation ratio of 1/4− ε with O(n
ε

log(k
ε
)) complexity. For the case of an intersection

of p matroid constraints, [75] show an approximation ratio of 1
2+p+ 1

p

. They also show an

approximation ratio of 1/5 for the case of l knapsack constraints. [131] study the case of a

matroid base constraint and give an approximation algorithm with a factor of 0.309. [37]

improve the factor to 0.325 with a simulated annealing approach, and [32] further improve

it to 1/e.

2.4.2 Submodular Minimization

Different from the submodular maximization problem, the submodular minimization problem

often utilizes the convexity property of the Lovász extension of the submodular function. As

we will discuss below, the unconstrained submodular minimization problem can be solved

exactly in polynomial time, and for the constrained case, even with a cardinality constraint,

the problem becomes much harder with a lower bound of o(
√

n
logn

).

Unconstrained case

For the unconstrained case, the problem is only non-trivial if the submodular function is

non-monotone, as otherwise we can just select the empty set as the minimizer. Given that

the Lovász extension of the submodular function is convex, many continuous optimization

techniques are applied to solve the submodular minimization problem. Grötschel et al. [40]

utilize the ellipsoid method to minimize the Lovász extension in strongly-polynomial time.
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Fujishige et al. [35] propose a min-norm point algorithm to minimize the dual of Lovász

extension using proximal methods, which is widely used in practice. However, the running

time for the min-norm algorithm is not well understood, and Chakrabarty et al. [17] give a

pseudo-polynomial time guarantee such that the min-norm algorithm can find the minimizer

in O((n5γ + n7)F 2) time with F = maxa∈V {|f(a)|, |f(V ) − f(V \ a)|}. Jiang [58] show

an algorithm with O(n3) running time using convex geometry, which gives the best known

running time algorithm for the submodular minimization problem.

Other than the continuous optimization approach, there are also combinatorial algo-

rithms developed for the submodular minimization problem. Firstly, Cunningham [26] give

a strongly-polynomial time algorithm framework for the membership problem for matroid

polyhedra, which is a special case of the submodular minimization problem. Based on

that, Iwata et al. [52] propose an algorithm with complexity O(Cn7 log n), Schrijver [105]

give an algorithm with complexity O(n8 + Cn7), and Orlin [94] give an improved running

time of O(Cn5 + n6), where C is the time complexity of running one function evaluation

oracle. Compared to the continuous approach, the combinatorial approach costs higher time

complexity and is therefore not practically useful for real-world tasks. However, it’s also

worth mentioning that the continuous approach usually suffers from numerical problems

that require careful human tunning, and if incorrect parameters are applied, the algorithm

may not terminate at the true minimum.

Constrained case

Even with a cardinality constraint, the submodular minimization problem becomes much

harder and Svitkina and Fleischer [123] show a lower bound that it is information theoreti-

cally hard to approximate the problem within a factor of o(
√

n
logn

). Nagano et al. [88] show

that by using a similar min-norm point algorithm as used for the unconstrained case, we can

potentially get solutions to the cardinality constrained submodular minimization problem

for certain cardinality values, but we cannot decide on the values. Grötschel et al. [40]

show that when the constraint becomes either odd or even sets, the problem can be solved
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exactly in polynomial time. Nägele et al. [90] generalize that and give an algorithm for the

submodular minimization under congruency constraints, in which case the selected subset

size |A| ≡ r mod m, where r and m are some parameters for the constraint. They show

that when m is a prime member, the problem can be exactly solved in polynomial time.

Iyer et al. [54] propose a majorization-minimization framework for solving the constrained

submodular minimization under general constraints. The approach is an iterative method

that solves a transformed version of the problem that replaces the submodular function to

its tightest modular upper bound, and such modular optimization problem can be solved

exactly and efficiently. The approximation guarantee for this approach depends on the cur-

vature of the submodular function, which measures how curved the submodular function is,

or intuitively how well can we approximate the submodular function as a modular function.
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Chapter 3

THEORETICAL RESULTS ON SUBMODULAR ROBUST
PARTITIONING

The problem of partitioning a given set V of items into m blocks, where any two blocks

share no items in common, arises in many real-world scenarios and machine learning appli-

cations. As an optimization problem, partitioning aims to generate the blocks so that the

utilities of the blocks, as measured by a given set function, are good. submodular utility func-

tion for each partitioned block, we encourage each block to be representative of the ground

set V . Many algorithms have been proposed for various settings of submodular partitioning

problems with approximation guarantees.

For the submodular welfare problem [130], we aim to find a partition such that the sum

of the submodular evaluations of every block is maximized. Such an objective promotes the

overall utility of the entire partition but some blocks may still have small function values.

The robust submodular partitioning problem [39], or often called “submodular fair allocation

with indivisible goods”, aims to find the partition such that the minimum-valued block in

the partition is maximized according to the submodular function. The robust objective

optimizes the worst block in the partition so that all blocks are minimally “good.” In the

general setting, every block in the partition may have a different submodular function (the

heterogeneous case) although for this work, we study only the restricted setting where all

blocks share the same submodular function (the homogeneous case). The robust submodular

partitioning problem has many applications. Given V as the training data for a machine

learning task, we can find a partition of V for distributed training: every block of partitioned

data is sent to a single machine for gradient computations in parallel, and the gradients are

aggregated over all the blocks in the partition for model updates. Since we enforce each block
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to be representative of V , the gradients computed across distributed machines are consistent,

resulting in reduced variance and improved convergence for the aggregation step. Using a

similar idea, we can partition the training data into mini-batches so that every mini-batch is

as representative as possible, therefore reducing the variance during gradient-based training.

In this work, we explore two different algorithmic approaches, Min-Block Greedy and

Round-Robin Greedy, for our partitioning problem but under various constraints. For Min-

Block Greedy based algorithms, we first show a 1
m

bound for the unconstrained case and prove

the bound is tight. We then modify the algorithm to allow a general down-closed constraint C,

and prove an approximation bound of α
αm+1

, where α is the bound for solving the submodular

maximization problem under constraint C using a greedy based algorithm. For example,

for a cardinality constraint, α = 1 − 1/e [29], and the bound for the constrained robust

submodular partition is 1
m+ 1

1−1/e

. Similarly, for C as an intersection-of-p-matroids constraint,

α = 1
1+p

[33], and the bound is 1
m+p+1

; for C as a knapsack constraint, α = 0.5(1− 1/e) [65],

and the bound is 1
m+ 2

1−1/e

. For the cardinality constraint case in particular, we can prove a

slightly improved bound of e−1
(e−1)m+1

. Moreover, we also propose a hierarchical version of the

Min-BLogk Greedy algorithm for the cardinality constraint case, and show an approximation

guarantee depending on some mild assumptions about the partitioning process. For Round-

Robin Greedy based algorithms, when C is a cardinality constraint, we get a bound of

(1−1/e)2

3
, and when C is a matroid constraint, we get a bound of 1−1/e

5
. The Min-Block

Greedy approach gives a weaker bound, and since the 1
m

bound for the unconstrained is

tight, we cannot improve upon the 1
m

factor for the constrained case. The Round-Robin

Greedy approach gives a constant bound, but its running time is worse. The running time

for Min-Block Greedy is O(n2), where n is the ground set size. For Round-Robin Greedy

under a matroid constraint, the running time is O(n2(log logm + log 1
δ
)), as it needs to

binary search the optimal solution value to the given problem in an exponentially decreasing

sequence, with 1
1+δ

(δ > 0) as the decreasing factor (we assume an oracle model, and the

running time is in terms of the number of submodular evaluations). Importantly, by utilizing

the Min-Block Greedy algorithm result first, our Round-Robin Greedy algorithm can have
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a strongly polynomial running time, while previous results on the unconstrained case using

a Round-Robin like algorithm only has weakly polynomial running time [9]. We summarize

our theoretical results in the following Table 3.1.

Table 3.1: Theoretical Results on the Robust Submodular Partitioning Problem

Constraint Algorithm Approx. Ratio Running Time

None Min-Block Greedy (Alg. 7) 1/m O(n2)

None Min-Block Streaming (Alg. 6) 1/m O(n)

Cardinality Min-Block Greedy (Alg. 8) e−1
(e−1)m+1 O(n2)

Cardinality Hierarchical Greedy (Alg. 10) ( τ−1
2τ−1)r kr|V | Depends on hierarchy.

Cardinality Card. Round-Robin Greedy (Alg. 11) (1−1/e)2

3 Depends on a subproblem.

Matroid Min Block Greedy (Alg. 8) 1
m+2 O(n2)

Matroid Matroid Round-Robin Greedy (Alg. 12) 1−1/e
5 O(n2(log logm+ log 1

δ ))

p Matroids Min Block Greedy (Alg. 8) 1
m+p+1 O(n2)

Knapsack Min Block Greedy (Alg. 8) 1
m+ 2

1−1/e

O(n2)

The various constraints (e.g., cardinality, matroid, knapsack) we introduce to the robust

partition problem greatly improve the applicability of robust submodular partitioning. Sev-

eral applications that benefit from the constraints include: (1) Partition a training data for

machine learning models in distributed training or forming deterministic mini-batches. The

additional constraint can be the number of samples from each class to be no more than a

certain value. If there are enough samples in the training data, every resulting block will

have the same number of samples for each class, which avoids imbalance, further promotes

each block’s diversity, and improves the consistency of the gradients. (2) Given an undirected

graph, we partition the edges into subgraphs so that each subgraph is representative based

on the submodular evaluation, and we also constrain each subgraph to have no cycles (a cycle
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matroid). A practical scenario is that we wish to send information efficiently over a graph of

devices. We partition the graph so that information can be sent in parallel, and the constraint

to have no cycles enforces that information is not redundantly sent twice to the same device,

leading to improved communications efficiency. (3) Again, for an undirected and connected

graph, we partition the edges into subgraphs and constrain that by removing any block in the

partition from the original graph, the remaining graph is still connected (a bond matroid).

In practice, this works as a form of reliability insurance. For a graph of devices, we partition

the graph to perform computation in parallel, and if the connections in one partition fail,

the other blocks can still operate/communicate since the graph remains connected.

Related Work

Golovin [39] introduces robust submodular partitioning, which is also often called submodular

fair allocation of indivisible goods, and proposes a matching-based algorithm with a bound

of 1
n−m+1

. Khot and Ponnuswami [61] proposes a binary search based algorithm and gives an

improved bound of 1
2m−1

. Asadpour and Saberi [2] uses an ellipsoid approximation approach

and gives a bound of Ω( 1√
nm1/4 logn log3/2m

). A Round-Robin Greedy approach is given in [9]

with a bound of 1−e−1

3
. Ghodsi et al. [38] proposes a local search algorithm with a bound of

1
3
. Both [9] and [38] requires guessing of the optimal solution value from an exponentially

decreasing sequence of values, so strictly speaking, they lose an extra (1 + δ) factor in the

approximation bound where (1 + δ) is the exponential factor for the guessing sequence. We

can set the δ value small to get close to the constant bounds shown above at the costs

of computation. We adapt the Round-Robin Greedy approach [9] to the constrained case.

Cotter et al. [24] studies (as well as allowing multiple blocks to be jointly scored) a matroid

constrained “groupings” (e.g., coverings, packings) problem but only a fractional subset of

groups (rather than the minimum of the groups), is guaranteed to have values larger than the

bounded max-min OPT, while our bound compares the min block evaluation to the optimal

max-min value.

Another line of related research is the submodular load balancing problem, which mini-
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mizes the maximum-valued block in the partition according to the submodular evaluations.

In contrast to promoting diversity of each block for the robust submodular partition prob-

lem, submodular load balancing enforces every block to contain redundant items, which

can be treated as a clustering objective. Theoretically, this problem has been shown to be

much harder as Svitkina and Fleischer [123] shows a information theoretical lower bound

of o(
√

n
logn

), and also gives a sampling algorithm to match the lower bound up to constant

factors. Similar to the max-min case, Ghodsi et al. [38] uses the ellipsoidal approximation

to get a bound of O(
√
n log n). Wei et al. [141] gives a Lovász extension based relaxation

algorithm and achieves a bound of m.

3.1 Preliminaries and Formulation

With a ground set V of n items, a submodular function f is a set function 2V → R that

satisfies the property: f(A)+f(B) ≥ f(A∪B)+f(A∩B), where A,B ⊆ V . Equivalently, a

submodular function is characterized by diminishing returns: f(v|A) ≥ f(v|B) ∀v /∈ B and

A ⊂ B ⊆ V , where f(v|B) = f({v} ∪ B)− f(B). Submodular functions naturally describe

the diversity or representativeness of a given set of items. Many simple greedy-based algo-

rithms have been developed to solve optimization problems involving submodular functions,

giving both theoretical approximation guarantees, as well as good empirical performance.

We restrict the submodular functions discussed in this work to be monotone non-decreasing

and normalized, i.e., f(B) ≥ f(A) ∀A ⊆ B ⊆ V , f(∅) = 0.

A matroid M = (V, I) is a set system that describes the independence relationships

among the subsets of the ground set V . I is a set of subsets of V and every S ∈ I

is considered an independent subset. The matroid rank function is defined as rM(A) =

max{|S| : S ⊆ A, S ∈ I}. rM(V ) indicates the maximum size of a subset that may be

independent according to the matroid M. All subsets of cardinality ≤ k with some integer

k > 0 form a uniform matroid, which we denote by Mu
k . A partition matroid is one where

we partition the ground set into blocks, and a set is independent if it intersects each block

by no more than a block-specific limit. We define a particularly useful partition matroid on
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an expanded ground set V̄ as follows: We first duplicate the ground set m times, creating

V1 = V2 = . . . Vm = V , which are ground set copies. We create an expanded ground set

V̄ = ]j=1:mVj as the disjoint union. A subset S ⊆ V̄ is independent in Mp
m if for every

element v ∈ V , let its m copies in V̄ be {v1, v2, . . . , vm}, we have |S ∩ {v1, v2, . . . , vm}| ≤ 1,

i.e., S contains at most one copy of element v. Apart from the uniform matroid and this

particular partition matroid, there are many other matroids reflecting a natural notion of

independence, for example, the linearly-independent set of real vectors and the spanning

trees in a graph. In the below, we use both S ∈M and, when clear, S ∈ I, to indicate that

S is independent in the matroid M = (V, I).

Matroids are often used as constraints in submodular optimization problems: maxS∈I f(S)

with a matroid M = (V, I). When M is a uniform matroid Mu
k , this reduces to the car-

dinality submodular max and the greedy algorithm gives a 1 − e−1 bound [29]. When M

is a partition matroid Mp
m, this problem is referred to as the submodular welfare problem

(particularly it’s the homogeneous case as we assume the same function for each block). For

a general constraint with the intersection of p matroids, the greedy algorithm gives a 1
p+1

bound [33].

Suppose we represent a set S as a binary indicator vector xS ∈ {0, 1}n, i.e., ∀i ∈

[n], xS[i] = 1 if vi ∈ S or otherwise xS[i] = 0. Then for all the independent sets of a

matroidM = (V, I), the convex hull over all the xS, S ∈ I forms a polytope, which is called

the matroid polytope PM of matroid M [29]. Based on the convex property of the ma-

troid polytope, algorithms [16, 18, 19, 130] have been proposed to firstly solve a continuous

extension of the submodular optimization problem under the matroid polytope constraint,

which generates a fractional solution in [0, 1]n, and then round the fractional solution to an

integral solution to get the resulting set. The Continuous Greedy Algorithm [16] gives a

1− e−1 guarantee under a single matroid constraint using the pipage rounding [1, 16]. Inter-

estingly, running the Continuous Greedy under a partition matroid constraint (submodular

welfare problem) gives a uniform fractional solution, i.e., on the expanded ground set V̄ ,

the fractional solution x = ( 1
m
, 1
m
, . . . , 1

m
) (i.e., assigning 1

m
of every element to each block)
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leads to a 1 − e−1 bound in expectation for an integral solution that assigns each element

in V uniformly to one of the m blocks. Such observation also constitutes the basic idea of

Round-Robin Greedy for solving the robust submodular partition problem [9], which we will

discuss in more detail later.

For a submodular function f on a ground set V , the robust submodular partition problem

(submodular fair allocation) [39] is defined as:

max
π∈Π(V,m)

min
A∈π

f(A), (3.1)

Where m is the number of blocks in a partition, we denote all possible partitions with m

blocks of ground set V as Π(V,m), and one partition π with |π| = m is a collection of m dis-

joint sets. Equivalently, we can represent the partition using a partition matroid constraint

on the expanded ground set V̄ :

max
S⊆V̄ ,S∈Mp

m

min
j∈[m]

f(S ∩ Vj). (3.2)

Intuitively, the above optimization for robust submodular partition encourages the minimum-

valued block to have a high submodular evaluation. Compared to the submodular welfare

problem, the robust submodular partition promotes fairness for every one of the partition

blocks.

There have been two recent approximation algorithms developed to solve Eq. (3.1). Bar-

man and Krishna Murthy [9] proposes a Round-Robin Greedy algorithm, which iteratively

traverses all the blocks in a fixed order, and greedily adds an element with the largest gain

to each block. Ghodsi et al. [38] applies a local search approach, which starts with an ar-

bitrary partition and keeps moving an element from a non-minimum block to the minimum

block if this relocation improves the objective by certain threshold until no such element can

be found. They both require guessing the optimal solution’s value, and they need to run

multiple instances of their algorithms with the guessed optimal values as an exponentially

decreasing sequence from the maximal possible value f(V ) to the optimal solution value

µ = maxπ∈Π(V,m) minS∈π f(S). With the exponential decreasing factor as 1 + δ, the running
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time (in terms of submodular function calls) is O(n2 log f(V )
δµ

) for [9], and O(n2m2 log f(V )
δµ

)

for [38]. We give more details on the running time and optimal value guessing in Sec. 3.3.

Min-Block Greedy, a much simpler algorithm, has a running time of O(n2). Note that the

settings of [9] and [38] are slightly more general than Eq. (3.1) as the submodular function

for each block can be different. But it’s not the heterogeneous case either as they focus on

a different notion of optimality.

3.2 Min-Block Greedy Based Algorithms

We propose a Min-Block Greedy Algorithm 7 for Eq. (3.1), which loops over n iterations,

and at every iteration, for the minimum-valued block Aj∗ ∈ argminj f(Aj), it finds the

element with the largest gain f(v|Aj∗). We prove a 1/m bound of Min-Block Greedy. In

fact, the proof works for a simpler algorithm, Min-Block Streaming Algorithm 6, which

assumes that the algorithm accesses elements from the ground set in an arbitrary order as a

stream V = (v1, v2, . . . , vn), and it assigns the incoming element to the block with the least

evaluation. We denote the optimal partition to Eq. (3.1) as π∗ = {O1, O2, . . . , Om}.

Algorithm 6: Min-Block Streaming

input : f , V = (v1, v2, . . . , vn) as a stream, m

1 R := V ;

2 Let A1 = A2 = . . . = Am = ∅;

3 for i = 1 : n do

4 j∗ ∈ argminj f(Aj);

5 Aj∗ := Aj∗ ∪ {vi} ;

6 return (A1, A2, . . . , Am)

Lemma 1 (Unconstrained Min-Block Streaming). For a ground set V and its elements

(v1, v2, . . . , vn) coming in an arbitrary streaming order, the output solution of Alg. 6 has

minj∈[m] f(Aj) ≥ 1
m

minj∈[m] f(Oj).
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Algorithm 7: Min-Block Greedy

input : f , V , m

1 R := V ;

2 Let A1 = A2 = . . . = Am = ∅;

3 while R 6= ∅ do

4 j∗ ∈ argminj f(Aj);

5 v∗ ∈ argmaxv∈R f(v|Aj∗);

6 Aj∗ := Aj∗ ∪ {v∗} ;

7 R := R \ {v∗};

8 return (A1, A2, . . . , Am)

Proof. To prove the guarantee for Alg. 6, we consider the resulting partitioning: π = (Aπ1 ∪

Aπ2 , . . . , A
π
m). For simplicity of notation, we write Aπj as Aj for each j in the remaining

proof. We refer OPT to the optimal solution for this proof, i.e., OPT = maxπ minj f(Aj).

W.l.o.g., we assume f(A1) = mini f(Aj). Let aj be the last item to be chosen in block Aj

for j = 2, . . . ,m.

Claim 1:

OPT ≤ f(V \ {a2, . . . , am}) (3.3)

To show this claim, consider the following: If we enlarge the singleton value of aj, j =

2, . . . ,m, we obtain a new submodular function:

f ′(A) = f(A) + α
m∑
j=2

|A ∩ aj|, (3.4)

where α is sufficiently large. Then running StreamGreed on f ′ with the same ordering of

the incoming items leads to the same solution, since only the gain of the last added item for

each block is changed.

Note that f ′(A) ≥ f(A),∀A ⊆ V , we then have maxπ minj f
′(Aπj ) ≥ OPT . The optimal

partitioning for f ′ can be easily obtained as π′ = (V \ {a2, . . . , am}, a2, . . . , am). Therefore,
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we have that

OPT ≤ max
π

min
j
f ′(Aπj ) (3.5)

= f ′(V \ {a2, . . . , am}) = f(V \ {a2, . . . , am}). (3.6)

Lastly, we have that f(A1) ≥ f(Aj \ aj) for any j = 2, . . . ,m due to the procedure of

StreamGreed. Therefore we have the following:

f(A1) ≥ 1

m
(f(A1) +

m∑
j=2

f(Aj \ aj)) (3.7)

≥ 1

m
f(V \ {a2, . . . , am}) // submodularity of f (3.8)

≥ 1

m
OPT // Claim 1 (3.9)

Corollary 1 (Unconstrained Min-Block Greedy). The output solution of Alg. 7 has

minj∈[m] f(Aj) ≥ 1
m

minj∈[m] f(Oj) since the order of adding elements in Min-Block Greedy

is one possible order of the ground set elements.

Intuitively, Alg. 7 optimizes the objective Eq. (3.1) greedily, i.e., it always increases

the current value (the minimum-block evaluation) with the largest possible gain, while the

performance of Alg. 6 greatly depends on the order of elements, so it might seem that the

bound for Min-Block Greedy should improve upon the current 1
m

bound. However, as shown

in our result in the following lemma, the bound in Corollary 1 is tight.

Lemma 2 (Tightness of Corollary 1 ). ∀ε > 0, ∃ a submodular function f such that the

output solution of Alg 7 minj=1:m f(Aj) = 1
m

minj=1:m f(Oj) + ε.

We elaborate on how to construct the submodular function below. The key idea is that

we can find a set-cover function where even though Min-Block Greedy selects the element

with the largest gain, the element can still be quite redundant with the current minimum
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block. Say the current minimum block is A, and the maximum-gain element is v, because

of the greedy step, v is larger in terms of f(v|A) than other elements v′ ∈ R \ v, but f(v|A)
f(v)

can be very small, i.e., the area covered by v according to the set-cover function is already

mostly covered by A. On the other hand, the optimal solution can fully utilize f(v) and

makes v cover a much larger area overall. Note that Lemma 2 also serves as the tightness

for Lemma. 1 since the order of adding elements in Min-Block Greedy follows a streaming

order.

Proof. We construct a set cover function as the tight example for Corollary 1. We illustrate

the set cover function graphically in Fig. 3.1.

……
………

Shaded area
>

C1 C2 Cm

Figure 3.1: A graphical illustration of the tight example. The circles are the areas to cover for the set

cover function and the green inner circles and the red triangles are elements in the ground set (the outer

yellow circles are not elements). The inner circles (green) largely overlap with the outer circles (yellow). The

red triangles mostly overlap with the inner circle, with little gains on the ring between the two circles. We

can change the size of the red triangles so that Min-Block Greedy prefers a redundant element (the shaded

area comparison on the top of the figure). Also note that the red triangles may overlap on the inner circle

part (they may not retain the shapes as triangles), so overall they cover m− 1 times the area of each circle.
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Suppose we have m circles of area to cover in the set cover function. Say we order the

circles by their area, say C1 < C2 < . . . < Cm. Let Cj+1 = Cj + εj+1 for some εj+1 > 0. For

every circle j, we have an element vj ∈ V , which covers an inner circle, which almost covers

the entire circle. W.l.o.g, suppose f(v1) = 1 and let Cj = f(vj) + δj.

For each circle Cj, we construct nj elements, which largely overlap with the inner circle

covered by vj and gives little gain on the ring between the inner circle and the outer circle

Cj. Call these nj elements Vj. Let f(Vj|vj) = ε′j, f(v) < f(vj)∀v ∈ Vj, and f(Vj) > f(vj).

Now let’s focus on the first two circles C1 and C2, and assume m = 2 for the parti-

tion problem. It is easy to extend to general m case by recursively applying the following

arguments on C2 and C3.

Suppose we run the min-block greedy, after the first two steps, one block contains v1

and the other contains v2. At step 3, v1 is the min-block. By setting the suitable values

for n1 and n2 (say n2 >> n1), we can make f(v|v1) > f(v′|v1)∀v ∈ V1, v
′ ∈ V2. Therefore,

we will still select an element from V1 even though such element overlaps largely with the

inner circle v1. We can force the min-block greedy algorithm to select all elements from

V1 before the min-block changes to the block containing v2, and f(V1 ∪ v1) > f(v2). After

that, the algorithm can only add elements from V2 to the block containing v2, which gives

only ε′2 gains. As we can make the values of εj, ε
′
j and δj arbitrarily small, the solution is

arbitrarily close to 1. On the contrary, the optimal partition should add elements in V1 to

v2 and elements in V2 to v1, and the solution has value arbitrarily close to 2.

To extend to general m partitions, we may treat the current V2 as V1, and construct V3 in

the same way we construct V2 based on V1. In the first m steps of the min-block greedy, the

algorithm is forced to evenly distribute vj, j = 1, 2, . . . ,m into every block. After that, the

algorithm adds all elements in Vj to the block containing vj before the min-block changes and

the block containing vj will not become the min-block again. In the end, every block only

covers (almost) one circle. Suppose for Vj, we may make the elements to cover the inner circle

multiple times, i.e., ∃π ∈ Π(Vj,m)s.t.∀A ∈ π, f(A) ≥ f(vj). Then for the optimal solution,

every block can cover (almost) all the circles, and therefore the approximation ratio can be
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arbitrarily close to 1/m.

More generally, given a constraint C, we define the constrained robust submodular par-

tition as:

max
π∈Π(V,m,C)

min
A∈π

f(A), (3.10)

Where Π(V,m, C) is the set of all possible partitions on set V into m blocks such that for

every partition π ∈ Π(V,m, C), every block A ∈ π should satisfy the constraint A ∈ C. We

denote the optimal partition to Eq. (3.10) as π∗C = {OC1 , OC2 , . . . , OCm}. We remark that due

to the constraint, not all elements can get assigned to some block in the solution, so strictly

speaking the solution is an allocation of elements rather than a partition.

For now, we will take C as any down-closed constraint: Let C be a collection of subsets of

the ground set V , and by satisfying the constraint, we require the solution A to be one of the

subsets in C. The down-closed property means that if A ∈ C we have B ∈ C for any B ⊆ A.

Following Eq. (3.10), we can define the constrained problem in terms of the expanded subset

V̄ :

max
S⊆V̄ ,S∈Mp

m,∀j:(S∩Vj)∈C
min
j∈[m]

f(S ∩ Vj). (3.11)

Based on the Min-Block Greedy algorithm for the unconstrained case, we propose a

natural extension to the constrained case (Alg. 8), where at every iteration, for the minimum-

valued block Aj∗ , we greedily find the element v∗ that still keeps the block feasible under the

constraint C, i.e., {v∗} ∪Aj∗ ∈ C. If we cannot find any element in the remaining set to add

to the current min-block, we remove the current block from the candidate blocks and move

to the next smallest-valued block. In Line 9-11 of Alg. 8, we have an extra step of comparing

the solution to the largest singleton element in the remaining elements.

In Line 7 of Alg. 8, we call a subroutine GreedyStep(R, C, Aj∗) to greedily find a feasible

element. The subroutine varies according to the type of constraint C. Particularly, for the
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Algorithm 8: Constrained Min-Block Greedy

input : submodular function f , ground set V , number of blocks m, constraint C

1 R := V ;

2 Let A1 = A2 = ... = Am = ∅;

3 Let J = [m];

4 while R 6= ∅ and J 6= ∅ do

5 j∗ ∈ argminj∈J f(Aj);

6 if ∃v ∈ R s.t. Aj∗ ∪ {v} ∈ C then

7 v∗ := GreedyStep(R, C, Aj∗);

8 else

9 a∗ ∈ argmaxa∈Aj∗∪R f({a});

10 if f({a∗}) ≥ f(Aj∗) then

11 Aj∗ := {a∗}, R := R \ {a∗} ;

12 Let J = J \ j∗;

13 Continue;

14 Aj∗ := Aj∗ ∪ {v∗} ;

15 R := R \ {v∗};

16 return (A1, A2, ..., Am)

constrained submodular maximization problem defined as

max
S⊆V,S∈C

f(S), (3.12)

GreedyStep(·) is shared by Alg. 8 and Alg. 9, and if Alg. 9 is an approximation algorithm of

solving Eq. (3.12) with some bound α, we can prove the following result for Alg. 8.

Theorem 8 (Constrained Min-block Greedy). Given a constraint C, if the greedy solu-

tion Sg to problem maxS∈C f(S) using Alg. 9 has a bound of α, i.e., f(Sg) ≥ αmaxS∈C f(S),

then the solution of Alg. 8 has minj∈[m] f(Aj) ≥ α
αm+1

minj∈[m] f(OCj ).
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Algorithm 9: Constrained Submodular Greedy Max

input : submodular function f , ground set V , constraint C

1 R := V ;

2 Let Sg = ∅;

3 while R 6= ∅ do

4 if ∃v ∈ R s.t. Aj∗ ∪ {v} ∈ C then

5 v∗ := GreedyStep(R, C, Sg) ;

6 else

7 Break;

8 Sg := Sg ∪ {v∗} ;

9 R := R \ {v∗};

10 a∗ ∈ argmaxa∈V f({a});

11 return argmaxA∈{Sg ,{a∗}} f(A)

Proof. W.l.o.g., we assume that the block of index 1 for a partition corresponds to the

minimum-valued block, e.g., f(OC1 ) = OPT C. For Min-Block Greedy algorithm, we always

add an element feasible to the constraint C to the block with the minimum evaluation. Let

the minimum block in our final solution be A1. Due to the final singleton comparison step

(line 9-11 in Alg. 8), there are several different scenarios for A1:

1. It is never the case that we cannot add any elements to a block due to the constraint

(line 6 always true). This is the simplest case as we can directly reduce it to a stream

of the elements with the same ordering as we add them into different blocks, and

Lemma. 1 applies. We therefore can get an 1/m approximation ratio, which is better

than the one given in the theorem for any α ≤ 1.

2. A1 is the first block that we cannot find any feasible elements to add. The singleton

comparison step may increase the function value of A1. however, by assumption it’s



45

still the minimum block after the algorithm completes.

3. There are other blocks that we cannot find any feasible elements to add before A1.

This could only happen if the other blocks get their values increased by the singleton

comparison step. As if the singleton comparison step does not swap the block with the

largest singleton, the block, which is not A1 in this case, is the minimum block for that

step and remains minimum for the following steps of the algorithm.

For scenarios 2 and 3, the general idea of the proof is the same, where we separate the

ground set V into two parts V ′ and R′ (V = V ′ ∪ R′), and bound f(A1) by comparing to a

block in the optimal solution OCj through f(OCj ∩ V ′) and f(OCj ∩R′). However, for 2 and 3,

we will use slightly different V ′ and R′.

First, for scenario 2), let’s suppose at step t′, the current minimum block is A1, and we

find no feasible elements to add. Let all the elements allocated so far (before the singleton

comparison step for A1) as V ′, and the remaining unallocated elements as R′. V = V ′ ∪R′.

Denote the elements in A1 before the singleton comparison step as A′1, as the singleton step

always improves the block value, we have f(A1) ≥ f(A′1).

If we run the min-block robust partition greedy algorithm on V ′ only, we will get the

same partial partition as we run on V for t′ steps. Therefore, suppose we create a stream

that orders the elements in V ′ in the same order that those elements get allocated by the

min-block robust partition greedy algorithm, then by Lemma. 1, we have:

f(A1) ≥ f(A′1) ≥ 1

m
OPT (V ′), (3.13)

Where we denote OPT (V ′) = maxπ∈Π(V ′,m) minA∈π f(A) as the optimal solution for the

unconstrained robust submodular partition on the ground set V ′.

Let OCj be some block in the optimal constrained partition on ground set V . since OCj

can be the non-minimal block in the optimal solution, we have:

f(OCj ) ≥ OPT C. (3.14)



46

There exists a j ∈ {1, . . . ,m} such that

f(A1) ≥ 1

m
OPT (V ′) (3.15)

≥ 1

m
f(OCj ∩ V ′), (3.16)

as otherwise ∀j ∈ {1, . . . ,m}, OCj ∩ V ′ forms a solution for the partition problem on the

reduced ground set V ′, and gives a solution value better than OPT (V ′), which violates the

optimality of OPT (V ′).

Now we separate the constrained optimal solution on ground set V into 2 parts: OCj ∩ V ′

and OCj ∩R′.

Assumption 1. Suppose

f(OCj ∩R′) ≥ f(OCj ∩ V ′), (3.17)

Then because of submodularity, f(OCj ∩R′) + f(OCj ∩ V ′) ≥ f(OCj ) (recall V = V ′ ∪R′ )and

we have

f(OCj ∩R′) ≥
1

2
f(OCj ). (3.18)

Consider the set R′ ∪ A′1, let

Ô ∈ argmax
S⊆R′∪A′1,S∈C

f(S), (3.19)

I.e., Ô is the optimal solution to the constraint submodular max on the reduced ground set

R′∪A′1. After the singleton comparison step on A′1, we get A1, which is the greedy solution of

Alg. 8 on the reduced ground set R′∪A′1 and constraint C. Therefore, based on the α-bound

assumption in Theorem 8, we have:

f(A1) ≥ αf(Ô) (3.20)

≥ αf(OCj ∩R′) (3.21)

≥ α

2
f(OCj ) (3.22)
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≥ α

2
f(OC1 ). (3.23)

Eq. (3.21) comes from the optimality of Ô and Eq. (3.22) comes from Assumption 1.

Assumption 2. Otherwise, we have

f(OCj ∩ V ′) > f(OCj ∩R′) (3.24)

≥ 1

2
f(OCj ). (3.25)

We therefore have:

f(A1) ≥ 1

m
f(OCj ∩ V ′) (3.26)

>
1

2m
f(OCj ) (3.27)

≥ 1

2m
f(OC1 ) (3.28)

Note that one of Assumption 1 and Assumption 2 is always true, since f(OCj ∩R′) +

f(OCj ∩ V ′) ≥ f(OCj ) because of submodularity. Previously, we use equal weights of 1
2

for

both assumptions. We can balance the weights as long as the weights sum to one, and we

get:

if f(OCj ∩R′) ≥ 1
αm+1

f(OCj ), we have

f(A1) ≥ αf(Ô) (3.29)

≥ αf(OCj ∩R′) (3.30)

≥ α

αm+ 1
f(OCj ) (3.31)

≥ α

αm+ 1
f(OC1 ); (3.32)

if f(OCj ∩ V ′) > αm
αm+1

f(OCj ), we have

f(A1) >
1

m
f(OCj ∩ V ′) (3.33)

>
1

m

αm

αm+ 1
f(OCj ∩ V ) (3.34)

>
α

αm+ 1
f(OC1 ). (3.35)
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Thus, we get a α
αm+1

bound.

For scenario 3, we only need to change V ′ and R′ and the same argument follows. Recall

that in such a scenario, there are some other blocks that have no feasible elements to add

before A1, and they get their values increased through the singleton comparison step. There

are also two different cases here. Firstly, it does not happen that there are no feasible elements

to add to A1 until the end of the algorithm. In such a case, similar to the scenario 1, we can

order the elements as a stream and applies Lemma. 1 to get the 1/m approximation ratio.

Note that the blocks that get to the singleton comparison step all get their values increased

for scenario 3, and we can just add the singleton a∗ (line 9) to that block in the streaming

case. To be more precise, for Alg. 8 when block j (j 6= 1) is the current minimum block, and

has no feasible elements to add, we denote its elements as A′j, and the singleton comparison

step gives an element a∗ with f({a∗}) ≥ f(A′j). In the streaming ordering, we use the same

ordering as we add element sin Alg. 8, and at the singleton comparison step for block j, we

have the next element in the stream be a∗, and we add that element to block j since block j is

the current minimum block. By monotonicity, we have f(A′j ∪ {a∗}) ≥ f({a∗}) ≥ f(A1). In

other words, those blocks never become the minimum block again, and no elements get added

to them after their singleton comparison step. Therefore, we have a streaming ordering of

the elements that will make the minimum block equal to A1 and Lemma. 1 applies.

Next, we discuss for the case where it happens that there are no feasible elements to

add to A1. When that happens, we set all the allocated elements as V ′ and the remaining

elements as R′ before the singleton comparison step. Note for those blocks that get to the

singleton comparison step before A1, we will also include the singletons in V ′ (recall those

singletons have larger gains and get swapped with the elements in those blocks for this

scenario). For such V ′ and R′, the exact argument in scenario 2 can be made, i.e., we can

treat A′1 as a min-block streaming solution on V ′ (Eq. 3.26) and A1 as a greedy solution on

A′1 ∪R′ (Eq. 3.21).
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Corollary 2 (Cardinality Constrained Min-block Greedy). For C as a cardinality

constraint, the output of Alg 8 has minj=1:m f(Aj) ≥ 1
m+ 1

1−e−1
minj=1:m f(OCj ).

Corollary 3 (Matroid Constrained Min-block Greedy). For C as an intersection of p

matroids constraint, the output of Alg 8 has minj=1:m f(Aj) ≥ 1
m+p+1

minj=1:m f(OCj ).

Corollary 4 (Knapsack Constrained Min-block Greedy). For C as a knapsack con-

straint, the output of Alg 8 has minj=1:m f(Aj) ≥ 1
m+ 2

1−1/e

minj=1:m f(OCj ).

For C as a cardinality constraint, GreedyStep(·) just picks the element with the largest

gain until the block reaches the cardinality limit k. For C as an intersection of p matroid

constraints, GreedyStep(·) finds the element v∗ that has the largest gain f(v∗|Aj∗) while

keeping the block still feasible, i.e., v∗ ∪ Aj∗ ∈ C. For C as a knapsack constraint with the

weight of each element v as w(v), GreedyStep(·) finds the element v∗ with the largest ratio

f(v∗|Aj∗ )

w(v)
while keeping the sum of weights below the given budget. Due to the tightness of the

1
m

bound we have proved for the unconstrained case, the 1
m

dependence in the constrained

bound cannot be improved.

For C as a cardinality constraint, we prove an improvement bound for the Min-block

greedy algorithm compared to Corollary 2 using Algorithm 8.

Theorem 9 (Min-Block Cardinality Constraint). For submodular function f on ground

set V and block size (mini-batch size) constraint k, suppose m = |V |/k, Algorithm 8 gives

an approximation ratio of e−1
(e−1)m+1

.

Proof. At each iteration of Algorithm 8, it finds the smallest partially filled block (i.e., block

size is less than k) and assigns the element with the largest gain to that block. The objective

value we care about is the minimum block value. Therefore, at the end of some iteration

(line 15 of Algorithm 8), if we find j s.t. |Aj| = k where j ∈ argminj f(Aj), we know the

final minimum block value is f(Aj), even though there are still elements unassigned at that

moment (i.e. |R| > 0). The reason is quite simple, block Aj is full so its value will not change
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afterwards and all other block values will not decrease since f is monotone non-decreasing.

Aj will be minimum ever after. Therefore, in this proof and also for the proof of Theorem 10,

we assume that we are at line 15 of the earliest iteration when there exists j s.t. |Aj| = k

where j ∈ argminj f(Aj). We pause the algorithm and prove minj f(Aj) has a lower bound

at that time. This lower bound will also apply for the final {Aj}s.

This assumption is useful since at the beginning of current and all previous iterations, we

know that for all j ∈ argminj f(Aj), |A| < k. Then j∗ ∈ argminj,|Aj |<k f(Aj) is equivalent

with j∗ ∈ argminj f(Aj), which will make the analysis simpler. Unfortunately, this is not

the end of Algorithm 8, so that A1, A2, . . . , Am may not partition the entire ground set V ,

or more precisely, ∪mi=1Ai ⊆ V . We will be mindful of this in the below.

We begin the proof with several definitions and lemmas.

Definition 3. Let OPTg be maxπ∈Π(V,k) mini g(πi(V )) for submodular function g defined on

ground set V . Let OPT = OPTf for simplicity.

Definition 4. Let fA(X) : 2V → R be a set function with fA(X) = f(X ∩ A), and X ⊆ V .

Immediately, we notice that if f is monotone non-decreasing submodular, so is fA. Those

two definitions are only valid in the scope of this section.

Lemma 3. For monotone non-decreasing submodular function f , for any A ⊆ V ,

OPTf ≤ OPTfV \A + f(A)

.

Proof. First, we have f(X) ≤ f(X \ A) + f(X ∩ A) ≤ fV \A(X) + f(A) for all X ⊆ V

according to submodularity and monotonicity.

Let π∗ ∈ argmaxπ∈Π(V,k) mini f(πi(V )). Then we have OPTfV \A ≥ mini fV \A(π∗i (V )) ≥

mini[f(π∗i (V ))− f(A)] = OPTf − f(A).
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Lemma 4. For monotone non-decreasing submodular function f ,

OPTf ≤ min
X⊆V,|X|=m−1

max
Y⊆V \X,|Y |≤k

f(Y )

.

Proof. Let π∗ ∈ argmaxπ∈Π(V,k) mini f(πi(V )). Note that OPTf ≤ f(π∗i (V )) for i = 1, . . . ,m.

For all X ⊆ V with |X| = m − 1, there is at least one π∗i (V ) that does not contain any

element from X since {π∗i (A)}mi=1 are m disjoint sets. Assume π∗j (V )∩X = ∅, then π∗j (V ) ⊆

V \X. Since |π∗j (V )| ≤ k, we have OPTf ≤ f(π∗j (V )) ≤ maxY⊆V \X,|Y |≤k f(Y ). Note that this

holds for allX ⊆ V with |X| = m−1. Therefore, OPTf ≤ minX⊆V,|X|=m−1 maxY⊆V \X,|Y |≤k f(Y )

Now, we move to the main part of the proof for Theorem 9. We assumem ∈ argmini=1,2,...,m f(Ai)

w.l.o.g. (assume the last block has the min evaluation). So mini=1,2,...,m f(Ai) = f(Am).

For i = 1, 2, . . . ,m− 1, assume Ai is not empty; otherwise |V | < m and OPTf = 0 which

immediately proves the theorem. Let ai be the last added element in block Ai. We claim

f(Ai \ {ai}) ≤ f(Am), as the greedy process of the algorithm always puts an element into

the block with minimal evaluation.

Let f ′(X) = fV \[∪i=1:m−1(Ai\{ai})](X). We note that

OPTf ′ ≤ max
Y⊆V \{a1,a2,...,am−1},|Y |≤k

f ′(Y ) (3.36)

= max
Y⊆V ′,|Y |≤k

f(Y ) (3.37)

according to lemma 4, where V ′ = V \ (∪i=1:m−1Ai). Next, we want to prove OPTf ′ ≤
1
γ
f(Am).

If |V ′| ≤ k, then OPTf ′ ≤ f(Am).

If |V ′| > k, then |Am| = k. Recall that in the greedy process, at each step, we al-

ways choose the block with minimal evaluation and add the element with the largest gain

from the remaining set R. Let us focus only on the m-th block. Let Am = {v1, v2, . . . , vk}

where each element is labeled in the greedy order. Assume that just before vi is picked,
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the current remaining set of elements is Ri. Given the greedy process, we have vi ∈

argmaxv∈Ri f(v|{v1, v2, . . . , vi−1}) for all i = 1, 2, . . . , k. We notice that vi ∈ Bi ∩ V ′ for

all i and Bi ∩ V ′ = V ′ \ {v1, v2, . . . , vi−1}. Therefore,

vi ∈ argmax
v∈V ′\{v1,v2,...,vi−1}

f(v|{v1, v2, . . . , vi−1}) (3.38)

for all i = 1, 2, . . . , k.

Interestingly, this is just the greedy algorithm that chooses k elements from V ′. Imme-

diately, we have

f(Am) ≥ γ max
Y⊆V ′,|Y |≤k

f(Y ) (3.39)

where γ = 1− 1
e
. Therefore, OPTf ′ ≤ 1

γ
f(Am).

Then we use lemma 3,

OPTf ≤ OPTf ′ + f(∪i=1,2,...,m−1(Ai \ {ai})) (3.40)

≤ OPTf ′ +
∑

i=1,2,...,m−1

f(Ai \ {ai}) (3.41)

≤ 1

γ
f(Am) + (m− 1)f(Am) (3.42)

(3.43)

since f(Ai \ {ai}) ≤ f(Am).

Therefore, we have

min
i=1,...,m

f(Ai) = f(Am) ≥ 1
1
γ
− 1 +m

OPTf (3.44)

=
e− 1

(e− 1)m+ 1
OPTf (3.45)

Again for C as a cardinality constraint, we propose a variant of the Min-Block Greedy

algorithm that utilizes a hierarchical structure (Alg. 10). By using th hierarchical structure,

we can further decrease the computation and memory cost of the original Min-Block Greedy
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Algorithm 10: Hierarchical Submodular Robust Partitioning

input : f , V , k1, ..., kr

1 k0 := |V |; Q1 := (V ) ; for i := 1; i ≤ r; i := i+ 1 do

2 mi := ki−1/ki; Qi+1 = () for j := 1; j ≤ |Qi|; j := j + 1 do

3 A1, ..., Ami = MinBlockGreedy(f,Qi[j], ki); Append A1, ...., Ami to Qi+1;

4 end

5 end

6 return Qr+1

algorithm. We will discuss this in more details in Chapter 4, where we use this algorithm on

real world tasks with ground set size exceeding one million.
Without any further assumption, we actually show that the approximation ratio can be

arbitrarily bad for Algorithm 10 by a simple example in the following proof. However, un-

der mild assumptions about the data points and the function f , i.e., if we assume that in

the process of calling Algorithm 8 from Algorithm 10 blocks are not filled in an extremely

imbalanced way (which we find not typically occur in practice), then we have the following

bound for Algorithm 10.

Definition 5. We run Algorithm 8 with ground set V ′, block size constraint k′ and m′ =

|V ′|/k′, the greedy step (line 5) gets executed T = |V ′| times. and we get a sequence of sets

Q = (AT1 , A
T
2 , . . . , A

T
m′) as the output, with A′Tj having the minimal evaluation, i.e. j′ ∈

argmini=1:m′ f(ATi ). There exists an earliest greedy step t (1 ≤ t ≤ T ), such that |Atj′ | = k′,

and j′ ∈ argmin1:m′ f(Ati) (Ati is the ith block at greedy step t), we define τ := mini=1:m′ |Ati|.

Theorem 10 (Min-Block Hierarchy). If we have τ ≥ 2 as defined in Def. 5 for every call

to Algorithm 8 from Algorithm 10, then we achieve an approximation ratio of ( τ−1
2τ−1

)r kr|V | .

Proof. First, we show a simple counter example which can make the bound arbitrarily bad

for Algorithm 8 without any partitions. Let |V | = 8, m = 4, k1 = 4, k2 = 2 and f is modular.



54

The eight elements have weights 1 − 2ε, 0.25, 0.25, 0.25, 0.25, ε, ε, ε respectively, with ε > 0

as a small value. Clearly, OPT=0.25 + ε, yet Algorithm 10 will give blocks with weights

(0.25, 0.25), (0.25, 0.25), (1− 2ε, ε) and (ε, ε), and the min block evaluation is 2ε.

Next, we prove Theorem 10 under certain mild assumption.

Definition 6. For any monotone non-decreasing submodular f and number of partitions M ,

Let OPTM be maxπ∈Π(V,|V |/M) mini f(πi(V )).

The previous definition is valid only within the scope of this section.

Lemma 5. For any monotone non-decreasing submodular f , and M1,M2 ∈ Z+, if M2

M1
∈ Z+,

we have OPTM1 ≥ OPTM2.

Proof. For any optimal partition of M2, we can group them into M1 partitions and each

partition’s function value is greater or equal to OPTM2 .

In Algorithm 10, there are r iterations and the partition will form a tree structure (Fig-

ure 4.2). The root is V and Q1 = {V }. In the i-th iteration, it will partition every block A in

Qi = {Ai,j}|Qi|j=1 into mi smaller sets and those |Qi|mi sets form Qi+1. Immediately, we have

that |Qi| = Πi
j=1mj−1 = |V |

ki−1
, where m0 is set to 1. Let Mi = |Qi| and Qi is a Mi-partition.

Definition 7. For any i = 1, . . . , r, A ∈ Qi is partitioned into A1, A2, . . . , Ami, we call

child(A) = {A1, A2, . . . , Ami} and parent(Aj) = A.

Algorithm 10 is repeatedly calling Algorithm 8, and as we have discussed, we can end

Algorithm 8 early to achieve the desired bound. The end condition is that there exists j s.t.

Aj ∈ argminiAi and |Aj| = k. At the time we early stop Algorithm 8, we name the resulting

blocks, whose sizes are possibly less than the cardinality constraint, as Ā1, Ā2, . . . , Ā|V |/k.

We notice Āj ⊆ Aj and miniAi = mini Āi. We assume that Algorithm 8 also outputs

Ā1, Ā2, . . . , Ā|V |/k.

Definition 8. For any i = 1, . . . , r, A ∈ Qi, after running Algorithm 8 on A, let t(A) =

minmii=1 |Āi|.



55

Definition 9. For i = 1, . . . , r and τ ≥ 2 is an integer, Property P (i, τ) is true if and only

if t(A) ≥ τ for all A ∈ Qi.

Definition 10. For i = 1, . . . , r + 1 and τ ≥ 2 is an integer, Property G(i, τ) is true if and

only f(A) ≥ 1
( 2τ−1
τ−1

)i−1Mi
OPTMi

for all A ∈ Qi.

G(1, τ) is true immediately, since M1 = 1. The ultimate goal is to prove G(r + 1, τ) by

induction.

Lemma 6. For i = 1, 2, . . . , r and τ ≥ 2 is an integer, [G(i, τ) ∩ P (i, τ)]→ G(i+ 1, τ)

Proof. Given the assumption, we have both G(i, τ) and P (i, τ) to be true. So for all A ∈ Qi,

f(A) ≥ 1
( 2τ−1
τ−1

)i−1Mi
OPTMi

≥ 1
( 2τ−1
τ−1

)i−1Mi
OPTMi+1

according to Lemma 5. For the next step,

we need to prove f(Aj) ≥ τ−1
(2τ−1)mi

f(A) for all Aj ∈ child(A) = {A1, A2, . . . , Ami}.

W.l.o.g, we assume mi ∈ argminj=1,2,...,mi
f(Aj) and |Ami | = |Āmi | = ki+1. For j =

1, 2, . . . ,mi − 1, we first look at Āj. Since P (i, τ) is true, we know that |Āj| ≥ τ ≥ 2. Let

aj be the last added element in Āj. We claim f(Āj \ aj) ≤ f(Ami) given the greedy process

and note that block Ami is not full (size smaller than ki+1) at the time of adding aj. Also,

all elements in Āj are added by greedy order, so f(Āj) ≤ |Āj |
|Āj |−1

f(Āj \ aj) ≤ τ
τ−1

f(Ami) for

j = 1, 2, . . . ,mi − 1.

Next, there are still some elements inAj\Āj we have not analyzed. We notice |∪j=1,2,...,mi−1

[Aj \ Āj]| ≤ |A| − (mi− 1)τ − ki, and the elements in ∪j=1,2,...,mi−1[Aj \ Āj] are not added to

mi block because they have less or equal marginal gains than any element in Ami . Therefore

f(Ami ∪
[
∪j=1,2,...,mi−1(Aj \ Āj)

]
) ≤ |A|−(mi−1)τ

ki
f(Ami).

f(A) ≤ f(Ami ∪
[
∪j=1,2,...,mi−1(Aj \ Āj)

]
)

+ f(∪j=1,2,...,mi−1f(Āj)) (3.46)

≤
[
|A| − (mi − 1)τ

ki
+
τ(mi − 1)

τ − 1

]
f(Ami) (3.47)

=

[
miki − (mi − 1)τ

ki
+
τ(mi − 1)

τ − 1

]
f(Ami) (3.48)
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≤
[
1 +

τ

τ − 1

]
mif(Ami) (3.49)

(3.50)

Therefore, we have f(Ami) ≥ 1
2τ−1
τ−1

mi
f(A). And since, mi ∈ argminj=1,2,...,mi

f(Aj), we have

minB∈child(A) f(B) ≥ 1
2τ−1
τ−1

mi
f(A) for all A ∈ Qi. Recall that, we have, for all A ∈ Qi,

f(A) ≥ 1
( 2τ−1
τ−1

)i−1Mi
OPTMi+1

.

Combining them together gives G(i+ 1, τ).

Finally, we finish the proof of Theorem 10 by induction, [∩i=1,2,...,rP (i, τ)] → G(r +

1, τ).

3.3 Round-Robin Greedy Based Algorithms

Barman and Krishna Murthy [9] proposes a round-robin style algorithm for the uncon-

strained robust submodular partition problem (Eq. (3.1)) and gives a constant bound of

1−e−1

3
in weakly polynomial running time. Compared to Min-Block Greedy, Round-Robin

Greedy requires guessing the optimal values by an exponentially decreasing sequence, and

for each guessed value, it runs one instance of round-robin subroutine. Specifically, suppose

µ = minj∈[m] f(Oj), i.e., µ is the optimal solution value for the unconstrained case, then for

a parameter δ > 0, Round-Robin Greedy runs the round-robin subroutine with the guessed

optimal values from a sequence (f(V ), f(V )
1+δ

, f(V )
(1+δ)2

, . . .) and ends when the guessed value is no

larger than µ. The running time of each round-robin subroutine is O(n2), as it greedily finds

the element with the largest gain by iterating over all the remaining elements. There are

log1+δ
f(V )
µ

guessed values in the exponentially decreasing sequence, so the overall running

time is O(n2 log1+δ
f(V )
µ

) = O(n2 log
f(V )
δµ

log 1+δ
) = O(n2 1

δ
log f(V )

µ
). Note that since we use a (1 + δ)

factored exponentially decreasing sequence, we thus lose a (1+δ) factor in the approximation

bound, which can be improved arbitrarily by using a smaller δ value at the cost of running

more instances of the round-robin subroutine.

The major idea behind Round-Robin Greedy comes from the solution of Continuous
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Greedy for the submodular welfare problem (homogeneous case), which is an uniform frac-

tional vector x = ( 1
m
, 1
m
, . . . , 1

m
) with the length of x equal to the size of the expanded ground

set |V̄ |. Let F be the multilinear extension [16] of f , Continuous Greedy gives a bound that

F (x) = ER∼x f(R) ≥ (1− e−1) maxπ∈Π(V,m)

∑
A∈π f(A), where ER∼x f(R) takes the expecta-

tion of f(R) on a random set R with each element sampled independently according to the

probability in the fractional vector x. Note that the hardness for submodular optimization

under a matroid constraint is 1 − e−1, which means that the random assignment strategy

achieves the best possible theoretical bound on the submodular welfare problem.

Round-Robin Greedy can be thought as a rounding mechanism for the fractional solution

x. Intuitively, the round-robin style iteration is similar to the uniform random assignment

in a deterministic manner, and by greedily finding the element, the value of every block can

be bounded against that for the random assignment. In fact, Round-Robin Greedy bounds

every block Aj to be f(Aj) ≥ 1
3
F (x)
m

, and since the welfare solution bounds the robust solution

in terms of the sum: maxπ∈Π(V,m)

∑
A∈π f(A) ≥

∑
j∈[m] Oj ≥ mµ, we get the desired bound

for the robust partition problem.

We extend Round-Robin Greedy to the constrained case (Eq. (3.10)) firstly with C as a

cardinality constraint k. This is a relatively simple case due to the nature of Round-Robin

Greedy that every block gets assigned with the same number of elements at the end of every

round-robin iteration. We present the modified algorithm in Alg. 11, which also helps to

explain the essential ideas of the original Round-Robin Greedy as we describe below.

Lemma 7 (Cardinality Constrained Round-Robin). For the problem in Eq. (3.10),

with C as a cardinality constraint k, Alg. 11 gives a solution minj∈[m] f(Aj) ≥ (1−e−1)2

3
minj∈[m] f(Ok

j ).

Before we get into the proofs for the algorithm bounds, we will state the following lemma,

which is a general property about robust submodular partitioning.

Lemma 8 (Removal of one element and one block). For any v ∈ V , we have:

max
π∈Π(V \v,m−1,M)

min
A∈π

f(A) ≥ max
π∈Π(V,m,M)

min
A∈π

f(A). (3.51)
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I.e., if we remove one element and one block from the problem, the optimal solution gets no

worse.

Proof. Denote the optimal solution on V and m by O1, O2, . . . , Om with f(O1) ≤ f(O2) ≤

. . . ≤ f(Om).

Suppose v ∈ Oj for some j, then the blocks other than Oj forms a solution for problem

defined on V \ v and m − 1, and we can add elements in Oj \ v to other blocks (if the

constraints permit). In the worst case, even if we cannot add any elements of Oj \ v to other

blocks, we still have maxπ∈Π(V,m,M) minA∈π f(A) ≥ minj′∈[m],j′ 6=j f(Oj′) ≥ f(O1).

Suppose ∀j ∈ [m], v /∈ Oj, then we only remove one block, and we can add the elements

in that block to any other block so the solution value gets improved.

For Round-Robin Greedy based algorithms, we first guess the optimal solution value

and then assign singletons to blocks which satisfies the bound based on the guessed optimal

value. After that, we run the algorithm on the restricted problem with those blocks and

elements removed. By applying the previous lemma (recursively if multiple elements and

blocks removed), we know that the optimal solution on the restricted instance is no worse

than the optimal solution on the original problem. Therefore, it suffices to analyze the

solution on the restricted instance. Next, we show the proof for Lemma 7;

Proof. By solving maxπ∈Π(V ′,m′,k)

∑
S∈π f(S) in Line 12 of Alg. 11 (Theorem III.3 in [20]),

we know that ∑
j∈[m]′

f(A′j) ≥ (1− e−1) max
π∈Π(V ′,m′,k)

∑
S∈π

f(S). (3.52)

Recall that we denote the optimal solution value in the cardinality constraint case by

OPTM
u
k , where k is the cardinality. We assumes we know the optimal solution value OPTM

u
k

for this proof. For the algorithm, the OPTM
u
k value is guessed within a factor of 1

1+δ
.

Therefore, to be more precise, we have an additional factor of 1
1+δ

in the bound, which can

be made arbitrarily small by setting δ small.
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For the limited ground set V ′′, running unconstrained round-robin ensures every block to

have at most k elements and therefore the cardinality constraint is satisfied. Suppose we run

the continuous greedy algorithm on the limited ground set V ′′ with the submodular welfare

objective (maxπ∈Π(V ′′,m′)

∑
S∈π f(S)), we get a fractional solution x1 = x2 = . . . = xm′ =

( 1
m′
, 1
m′
, . . . , 1

m′
) (we do not really need to run the algorithm, but we will compare our solution

to the fractional solution). Denote the multilinear extension of f by F and F (x) = ER∼x f(R)

(we can think it as the expected value of f where every element is sampled independently

based on probabilities defined in vector x). Consider any block Aj in the solution of Alg 11

for j ∈ [m′] (for j /∈ [m′], those blocks are the singleton assignment blocks and they satisfy

the bound by construction), we have:

(1− e−1)2

3
OPTM

u
k + 2f(Aj) ≥ F (xj) (3.53)

≥ 1− e−1

m′
max

π∈Π(V ′′,m′)

∑
S∈π

f(S) (3.54)

≥ 1− e−1

m′
max

π∈Π(V ′′,m′,k)

∑
S∈π

f(S) (3.55)

≥ (1− e−1)2

m′
max

π∈Π(V ′,m′,k)

∑
S∈π

f(S) (3.56)

≥ (1− e−1)2 max
π∈Π(V ′,m′,k)

min
S∈π

f(S). (3.57)

≥ (1− e−1)2OPTM
u
k . (3.58)

Rearrange and we get:

f(Aj) ≥
(1− e−1)2

3
OPTM

u
k . (3.59)

Eq. (3.53) comes from the Lemma.3 of [9], in which case we can bound every block in

the round-robin solution to the fractional solution of the continuous greedy algorithm on the

multilinear extension of f . Note for Lemma.3 of [9], they study the unconstrained case and

show that γ
3
OPTM

u
k + 2f(Aj) ≥ F (xj) with γ = 1 − e−1. γ comes from the singleton as-

signment step, which assigns blocks with singletons whose values are larger than γ
3
OPTM

u
k .
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A slightly more general statement can be made for any 0 ≤ γ ≤ 1 with the same proof as

Lemma.3 of [9]. In our case, we pick γ = (1− e−1)2. Eq. (3.54) follows from the property of

the continuous greedy solution. The continuous greedy gives a (1 − e−1) approximation to

the submodular welfare problem, and the fractional solution xj for each block is the same.

Therefore, every block’s evaluation in expectation is at least (1−e−1)
m′

of the submodular wel-

fare optimal solution. Eq. (3.55) follows that the unconstrained solution is no worse than

the constrained solution. Eq. (3.56) uses Eq. (3.52): A′1, . . . , A
′
m is one possible solution to

maxπ∈Π(V ′′,m′,Mu
k)

∑
S∈π f(S), and we know

∑
j f(A′j) ≤ maxπ∈Π(V ′′,m′,k)

∑
S∈π f(S) because

of the max operator. Therefore, we have maxπ∈Π(V ′′,m′,k)

∑
S∈π f(S) ≥

∑
j f(A′j) ≥ (1 −

e−1) maxπ∈Π(V ′,m′,k)

∑
S∈π f(S). Eq. (3.57) follows that the sum over blocks of the max-min

solution is no larger than the optimal welfare solution. Eq. (3.58) uses Lemma. 8: the optimal

max-min solution on V ′ and m′ is no worse than the optimal max-min solution on V and m.

As stated above, γ
3
OPT + 2f(Aj) ≥ F (xj) is true for any 0 ≤ γ ≤ 1. It may seem that

making γ smaller can improve the bound. However, we only bound the m′ blocks but not

the singleton blocks. Because of the singleton assignment step, every singleton has a value

larger than γ
3
, and the final bound over all m blocks will be the minimal of the bound on

the m′ blocks and the singleton blocks. Setting γ small worsens the bound on the singleton

blocks. To balance the two bounds, γ = (1 − e−1)2 is picked so that the bounds on the m′

blocks and the singleton blocks meet.

Different from the original Round-Robin Greedy, which performs a grid search of the

guessed optimal values, we perform a binary search over the sequence of values and therefore

the number of outer iterations is reduced. Moreover, we use the Min-Block Greedy solution’s

value as the minimum guessed value τ . Because of the 1
m+ 1

1−e−1
bound of the Min-Block

Greedy solution, the maximum guessed value is thus bounded by (m+ 2)τ . We then create

a 1 + δ factored exponential decreasing sequence between τ and (m + 2)τ to binary search

the optimal solution value. This improves the number of outer iterations of the algorithm
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to O(log log1+δm) = O(log logm+ log 1
δ
), which is strongly-polynomial while the number of

outer iterations O(log1+δ
f(V )
µ

) for the original unconstrained case is weakly-polynomial as it

has a log dependence on the function value.

In every outer iteration (Line 22-25), Alg 11 checks whether the round-robin solution

based on the guessed optimal value (1+δ)idxτ satisfy the approximation bound, i.e., f(Aj) ≥
(1−e−1)2

3
(1+δ)idxτ ∀j ∈ [m]′. If the bound is (not) satisfied, the guessed value is large (small)

and we move to an increased (decreased) binary search value. Within every outer iteration,

we perform a round-robin style greedy, where we iterate over every block in some fixed order

and greedily add to the block an element contributing the largest gain. Line 8 of Alg. 11

is the major change to Round-Robin Greedy specifically for the cardinality constraint case,

where we first find the solution to the cardinality constrained submodular welfare problem

maxπ∈Π(V ′,m′,k)

∑
S∈π f(S), and then only apply Round-Robin Greedy to the union V ′′ of the

solution A′1, A
′
2, . . . , A

′
m′ .

The running time of Alg. 11 is similar to Round-Robin Greedy, with additional costs in-

duced by Line 12, which solves a cardinality constrained submodular welfare problem. Using

Continuous Greedy and swap rounding [20] for Line 12 can be quite costly (O(n5) for the

inner loop), which may be improved in future research by a more efficient algorithm. In

Alg. 12, we propose another algorithm, which addresses the constrained robust submodular

problem with C as any matroid constraint M and incurs no additional computation costs

compared to Round-Robin Greedy.

Theorem 11 (Matroid Constrained Round-Robin). For the problem in Eq. (3.10), with

C as any matroid constraintM, Alg 12 gives a solution minj∈[m] f(Aj) ≥ (1−e−1)
5

minj∈[m] f(OMj ).

Before we get in the proof of Theorem 11, we first need to prove the following lemma

about the property of the continuous greedy solution.
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Lemma 9 (Continuous Greedy Solution). For the constrained welfare problem

max
π∈Π(V,m,M)

∑
A∈π

f(A),

the continuous greedy algorithm outputs a fractional solution x1 = x2 = . . . = xm (xj ∈

[0, 1]n), which is the same for every block in the partition and∑
j∈[m]

F (xj) ≥ (1− e−1) max
π∈Π(V,m,M)

∑
A∈π

f(A).

F is the multilinear extension of f , i.e., F (x) = ER∼x f(R) (we can think it as the expected

value of f where every element is sampled independently based on probabilities defined in

vector x). Moreover, ∀i ∈ [n], j ∈ {1, . . . ,m}, xj[i] ≤ 1
m

and
∑

i∈V xj[i] ≤ rM(V ).

Proof. Note that the continuous greedy can give a fractional solution with 1 − e−1 bound

under any solvable polytope constraint. It’s the rounding procedure that limits the constraint

we can use to get a set solution, e.g., with pipage rounding, we can use any matroid constraint.

In fact, we do not need to run the continuous greedy algorithm, and we only need to

show the existence of a solution. Suppose the solution to the maxy{w · y, y ∈ P} step of the

continuous greedy algorithm is given by some oracle. Given the direction y, we just evenly

split the resulting vector y among the m blocks, as we cannot distinguish between blocks.

At the end of the algorithm, we will have the fractional solution x1 = x2 = . . . = xm and∑
j∈[m] F (xj) ≥ (1− e−1) maxπ∈Π(V,m,M)

∑
A∈π f(A).

Since the fractional solution are guaranteed to be in the matroid polytope of M and

Mp
m, we have ∀i ∈ [n], j ∈ {1, . . . ,m}, xj[i] ≤ 1

m
and

∑
i∈V xj[i] ≤ rM(V ).

The general idea of proving Theorem 11 is to bound the solution to the fractional solution

of the continuous relaxation. For every block in the solution, we inspect the elements that

have been evaluated during the greedy step. For those elements with large gains when being

evaluated but not added due to the violation of the matroid constraint, we bound their gains

as submodular maximization with a matroid constraint on a reduced ground set. For the
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remaining elements, we bound their gains by the greedy step and together we get the desired

bound. Next, we show the proof of the bound in a restricted setting where no large singleton

elements are present in the problem instance.

Lemma 10 (Matroid Constraint Round-robin with No Large Singletons). Suppose

for all v ∈ V , we have f(v) ≤ 1−e−1

5
OPTM, where OPTM is the optimal solution value of

the robust submodular partition problem constrained by matroid M (in other words, all the

singletons have relatively small values for the given problem instance). Then, the round-robin

iterations of Alg. 12 (line 14-28) gives a solution minj∈[m] f(Aj) ≥ 1−e−1

5
OPTM.

Proof. Let’s focus on one block (any one in A1, . . . , Am′) and for simplicity, we will omit the

block index j for this proof if not further noticed. Denote OPT = minj∈[m] f(OMj ) for this

proof. Also, we assumes we know the optimal solution value OPT for this proof. Note that

in the complete version of Alg. 12, we need to remove large singleton values based on the

guessed optimal value, but for this lemma we make the assumption that in the given problem

instance, there are no large singletons present.

For the current block, we denote the final resulting set from Alg. 12 as A. For one round-

robin iteration, we go over all the feasible blocks sequentially, and to get A we need to run

|A| = r round-robin iterations. Note that for different blocks, the number of round-robin

iterations might be different.

We then divide the restricted ground set V ′ by the round-robin iterations with respect to

the current block A. Before we add the first element to A, denote all the allocated elements

by V 0. Then we can think that for every round-robin iteration, we always start from the

current block A. Let V ′ = V 0 ∪ V 1 ∪ . . . ∪ V r be a partition of V ′ and V t contains all the

elements allocated during the t’s round-robin iteration. Note V r contains all the unallocated

elements in the ground set after we add the last element to A. Let V t1:t2 = ∪t∈{t1,t1+1,...,t2}V
t.

Accordingly, we partition the result A by At = A ∩ V t.

For the set V ′ \ A, we separate it into two parts Q′1 and Q′2, where Q′1 contain all the

elements checked in Alg. 12 that cannot be added to the current block due to the matroid
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constraint, and let Q′2 = V ′ \A \Q′1, i.e., Q′2 contain all the elements that can be added the

current block. To be more precise:

Q′1 = ∪t∈{0,1,...,r} ∪v∈V t\At,(A1:t∪v)/∈M v (3.60)

Let Q1 = Q′1 ∪ A and Q2 = Q′2 ∪ A.

Let F denote the multilinear extension of f , i.e., F (x) = ER∼x f(R). By Lemma 8 and

Lemma 9, we know that

(1− e−1)OPT ≤ max
π∈Π(V ′,m′,M)

min
S∈π

f(S) (3.61)

≤ 1

m′
max

π∈Π(V ′,m′,M)

∑
S∈π

f(S) (3.62)

≤ F (x) (3.63)

≤ (F (x ∩Q1) + F (x ∩Q2)). (3.64)

Note that x is the fractional solution to the continuous greedy algorithm on the welfare

objective: maxπ∈Π(V ′,m′,M)

∑
S∈π f(S) (similar to one of the xj’s in Lemma 9 and we omit

the block index for this proof). Here we use x ∩ Q to represent setting all elements not in

Q to be zero in the x fractional solution. The first inequality follows from Lemma. 8. The

second inequality follows that the sum over blocks of the max-min solution is no better than

the optimal solution of the welfare problem. Since every element is sampled independently

according to its probability in the fractional solution x, together with submodularity (Q1 ∪

Q2 = V ′) we get the last inequality above. Next, we will bound the two terms F (x ∩ Q1)

and F (x ∩Q2) separately.

For the first term F (x ∩ Q1), we know that r = rM(Q1), and Alg. 12 generates A in

the same manor as running greedy max on Q1 with matroid constraint M. To be more

precise, suppose M = (V, I) and we remove all the elements that are not in Q1 and get

M′ = (V ′ ∩ Q1, {I ∩ Q1∀I ∈ I}). Note that M′ is also a matroid, and all sets that satisfy

M′ also satisfy M due to the down-monotone property of matroids. Therefore, we have:

f(A) ≥ 1

2
max
S∈M′

f(S) (3.65)
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≥ 1

2
F (x ∩Q1). (3.66)

Note that x is in the matroid polytope ofM, and x∩Q1 is in the matroid polytope ofM′. By

pipage rounding, we know that we can get an integral solution X ′ from F (x∩Q1) so that the

integral solution still satisfiesX ′ ∈M′ and f(X ′) ≥ F (x∩Q1). Since maxS∈M′ f(S) ≥ f(X ′),

we get the last inequality above.

For the second term F (x∩Q2), we will bound it using the greedy step. Denote y = x∩Q2,

yt = y ∩ V t, and ES(y) = ER∼y f(R|S), we have:

F (y) = ER∼y f(R) (3.67)

= ER∼y0 f(R) + ER1∼y0,R2∼y1:r f(R2|R1) (3.68)

≤ F (y0) + F (y1:r) (3.69)

≤ F (y0) + f(A1) + EA1(y1:r) (3.70)

= F (y0) + f(A1) + EA1(y1) + ER1∼y1,R2∼y2:r f(R2|R1 ∪ A1) (3.71)

≤ F (y0) + f(A1) + EA1(y1) + EA1(y2:r) (3.72)

≤ F (y0) + f(A1) + EA1(y1) + f(A2|A1) + EA2(y2:r) (3.73)

Continue to unwrap EA2(y2:r) in the same way, finally we get:

F (y) ≤ F (y0) +
[
f(A1) + f(A2|A1) + f(A3|A2) + . . .+ f(Ar|Ar−1)

]
+
[
EA1(y1) + EA2(y2) + . . .+ EAr(yr)

]
(3.74)

= F (y0) + f(A) +
[
EA1(y1) + EA2(y2) + . . .+ EAr(yr)

]
(3.75)

We then need to bound F (y0) and [EA1(y1) + EA2(y2) + . . .+ EAr(yr)]. Note that because

of the OPT guessing process, we remove all the singleton gains larger than 1−e−1

5
, and we

have:

F (y0) ≤ 1− e−1

5
OPT (3.76)

Since we select items greedily at every round-robin step, and y only has non-zero values

for elements that are in Q2, we have:

EAt(yt+1) = ER∼yt+1 f(R|At) (3.77)
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≤
∑
v∈yt+1

yt+1(v)f(v|At) (3.78)

≤
∑
v∈yt+1

1

m′
f(v|At) (3.79)

≤ f(At|At−1) (3.80)

Note that for the last round-robin iteration V r, it may seem that there can be more than m′

elements, but it’s not possible: since there are no new elements added to the current blocks,

V r ∩ Q2 contains at most m′ elements as otherwise we will find new feasible elements and

add to block A.

Then we sum over all t and get:

[
EA1(y1) + EA2(y2) + . . .+ EAr(yr)

]
≤ f(A). (3.81)

Therefore, we have:

(1− e−1)OPT ≤ (F (x ∩Q1) + F (x ∩Q2)) (3.82)

≤ 2f(A) + F (y) (3.83)

≤ 2f(A) + 2f(A) +
1− e−1

5
OPT (3.84)

f(A) ≥ 1− e−1

5
OPT. (3.85)

Next, we will discuss why binary search can be used in the guessing of the optimal value

(as opposed to the case of linear search where we try all possible guessed optimal values).

We will take Alg. 12 as an example, and the same argument follows for Alg. 11.

Lemma 11 (Binary Search). For Alg. 12, let the potential guessed optimal values form

a sequence (τ1, τ2, . . . , τl) where τi+1 = (1 + δ)τi. Then for any τi ≤ OPTM as the guessed

optimal value that we plug into the round-robin iterations (Alg. 12 line 7-28), line 24 of

Alg. 12 is always true.
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Proof. For simplicity, denote the optimal solution of the matroid constrained robust parti-

tioning problem as OPT for this proof. Let’s denote the found large singleton values and

the remaining sets (line 8 and 9 of Alg. 12) respectively by GOPT and V ′OPT for OPT , and

Gi and V ′i for τi. Since τi ≤ OPT , GOPT ⊆ Gi as the threshold is smaller for τi. Then by

Lemma. 8, we know that the optimal solution OPTi on V ′i (partitioned to m− |Gi| blocks)

is no less than the optimal solution OPT ′ on V ′OPT (partitioned to m−|GOPT | blocks). Also

note that since we remove all singleton values to form V ′i based on the threshold 1−e−1

5
τi,

and τi ≤ OPT ≤ OPT ′ ≤ OPTi (OPT ≤ OPT ′ is also from Lemma. 8), we are guaranteed

that there are no singleton elements with f(v) ≥ 1−e−1

5
OPTi in V ′i . Therefore, based on

Lemma. 10, our round robin iterations on V ′i give a solution whose every block has a value

of at least 1−e−1

5
OPTi ≥ 1−e−1

5
τi, and thus line 24 is guaranteed to be true for τi.

Based on Lemma. 11, either of the following must hold: 1) for all τi > OPTM line 24 is

false, and in such a case, we can use binary search to find the largest τi with line 24 true,

and let’s call it τi∗ ; 2) there exists some τi > OPTM such that line 24 is true. If we find

such τi, we find a solution with f(Aj) ≥ 1−e−1

5
τi ≥ 1−e−1

5
OPTM. Otherwise if we don’t find

it, we go to the first case and will still find τi∗ .

Finally, the approximation guarantee of Alg.12 follows by combining the previous lemmas.

Theorem 11 (Matroid Constrained Round-Robin). For the problem in Eq. (3.10), with

C as any matroid constraintM, Alg 12 gives a solution minj∈[m] f(Aj) ≥ (1−e−1)
5

minj∈[m] f(OMj ).

Proof. Firstly, based on the previous arguments about the binary search, we can find a τi

with τi ≥ τi∗ , where τi∗ is the largest τj with τj ≤ OPTM and line 24 of Alg. 12 true. By

setting δ small, τi∗ can be arbitrarily close to OPTM. Next, based on Lemma. 10, after

removing the large singleton values, the solution on the remaining elements have the min

block value at least 1−e−1

5
τi, and the removed large singletons are all larger than 1−e−1

5
τi by

construction. We therefore get the approximation ratio.

Comparing to Alg. 11, the major change in Alg. 12 is (1) we do not need to run the

costly Continuous Greedy and swap rounding to get a solution to the constrained welfare
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problem, which makes the algorithm applicable in practice; (2) for Line 15-23, we find a

feasible element and add it to the current block, and we remove a block from the candidate

set J if there are no element in the remaining set that can be added to the block without

violating the matroid constraint. The overall running time is O(n2(log logm+ log 1
δ
)).
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Algorithm 11: Cardinality Round-Robin Greedy

input : f , V , m, k, δ

1 Let τ be the solution value of Alg. 8;

2 Let high = dlog1+δ(m+ 2)e, low = 0;

3 Create a sequence of guessed values: (τ, (1 + δ)τ, (1 + δ)2τ, . . . , (1 + δ)highτ);

4 Create an empty solution (∅ for each block in the partition) for each guessed value

π0, π1, . . . , πhigh;

5 while high ≥ low do

6 Let idx = b(high+ low)/2c;

7 Let A1 = A2 = . . . = Am = ∅;

8 Let V ′ = {v|v ∈ V, f(v) ≤ (1−e−1)2

3
(1 + δ)idxτ};

9 Let G = V \ V ′;

10 Assign G to Am−|G|+1, Am−|G|+2, . . . , Am with one element per block;

11 Let m′ = m− |G|;

12 Let A′1, A
′
2, . . . , A

′
m′ be the solution to maxπ∈Π(V ′,m′,k)

∑
S∈π f(S) using

continuous greedy and swap rounding;

13 Let V ′′ = ∪j∈[m]′A
′
j;

14 Let R = V ′′;

15 for i = 1 : k do

16 for j ∈ [m]′ do

17 Let v∗ ∈ argmaxv∈R f(v|Aj);

18 Aj := Aj ∪ {v∗};

19 R := R \ {v∗};

20 if f(Aj) ≥ (1−e−1)2

3
(1 + δ)idxτ ∀j ∈ [m′] then

21 Let πidx = {A1, A2, . . . , Am};

22 Let low = idx+ 1;

23 else

24 Let high = idx− 1;

25 return best of π0, π1, . . . , πhigh;
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Algorithm 12: Matroid Round-Robin Greedy
input : f , V , m, M, δ

1 Let τ be the solution value of Alg. 8;

2 Let high = dlog1+δ(m+ 2)e, low = 0;

3 Create a sequence of guessed values: (τ, (1 + δ)τ, (1 + δ)2τ, . . . , (1 + δ)highτ);

4 Create an empty solution (∅ for each block in the partition) for each guessed value π0, π1, . . . , πhigh;

5 while high ≥ low do

6 Let idx = b(high+ low)/2c;

7 Let A1 = A2 = . . . = Am = ∅;

8 Let V ′ = {v|v ∈ V, f(v) ≤ 1−e−1

5 (1 + δ)idxτ};

9 Let G = V \ V ′;

10 Assign G to Am−|G|+1, Am−|G|+2, . . . , Am with one element per block;

11 Let m′ = m− |G|;

12 Let R = V ′′;

13 Let J = [m′];

14 while J 6= ∅ and R 6= ∅ do

15 for j ∈ [m]′ do

16 if j ∈ J then

17 if ∃v s.t. Aj ∪ {v} ∈ M then

18 v∗ ∈ argmax
v∈R,Aj∪v∈M

f(v|Aj);

19 else

20 Let J = J \ j;

21 continue;

22 Aj := Aj ∪ {v∗} ;

23 R := R \ {v∗};

24 if f(Aj) ≥ (1−e−1)
5 (1 + δ)idxτ ∀j ∈ [m′] then

25 Let πidx = {A1, A2, . . . , Am};

26 Let low = idx+ 1;

27 else

28 Let high = idx− 1;

29 return best of π0, π1, . . . , πhigh;
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Chapter 4

GENERATING FIXED MINI-BATCHES VIA SUBMODULAR
ROBUST PARTITIONING

We further study the cardinality constrained robust partitioning problem and apply it

to generate representative and fixed mini-batches for stochastic gradient methods. While

sampling independent random mini-batches is essential from a theoretical perspective, it

intrinsically conflicts with the efficient use of computational learning systems. Training sets

are getting larger (thereby driving accuracy higher) and they typically do not fit in cache or

memory. The only feasible approach is to repeatedly load data from main memory and/or

disk to form mini-batches, but doing so from a convergence rate perspective (i.e., randomly

with replacement) is costly because caches do not help when memory access patterns are

random and hence unpredictable.

In general, to achieve high computational efficiency, time spent loading an independent

minibatch should occur simultaneously with computation on a previous minibatch, as in a

pipeline. Prepossessing techniques, such as data augmentation [25, 64, 128, 43], which have

been developed to improve the accuracy, can mitigate demands on memory bandwidth since

augmented data may be created via access only to local caches. While this reduces memory

bandwidth requirements, at a cost of less independent minibatches, it is only a stopgap mea-

sure, as computational capability is improving faster than available memory bandwidth. For

example, GPUs are more than five times faster than a few years ago, e.g., the Nvidia V100

(7.8 TFLOPs) vs. the K40 (1.4 TFLOPs), not to mention issues associated with having

multiple hungry GPUs on the same machine running simultaneously. Hence, independent

random sampling of mini-batches is becoming ever more impractical.

As sequential access is significantly faster than random access, the only practical strat-
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egy is to iterate through a fixed sequence of data samples (written a priori to disk) rather

than obtain an unbiased random mini-batch at every gradient update step. Although we

could consider randomly re-shuffle the data points after every epoch, this can also be an

overwhelmingly costly operation. Therefore, to achieve efficient training systems in practice,

we often rely on one fixed sequence of data points to iterate through multiple times to train

a model [145]. For example, when training a deep model on ImageNet [102], a commonly

used approach is to generate a fixed randomly shuffled list of indices of the images, construct

a database (usually optimized for sequential access) based on this list, and iterate through

the order multiple times [57]. Even though applying stochastic gradient methods on a de-

terministic sequence of data can be theoretically suboptimal, the benefits include improved

and predictable data access patterns and better reproducibility.

Ideally, a good deterministic sequence of mini-batches should have the following proper-

ties: (1) mini-batch representativeness, where every mini-batch is representative and non-

redundant, and thus stochastic gradients calculated using the mini-batches are not too far

from the true gradients; and (2) order consistency, where groups of mini-batches in the se-

quence should be more broadly representative, so the corresponding sequence of gradients

does not drive a model in the wrong direction. As mentioned above, however, one widely

used approach to generate the fixed sequence is random shuffling, which could result in a

suboptimal sequence due to non-representativeness. This can impede the performance of the

trained model.

We propose to use cardinality constrained submodular robust partitioning to generate a

sequence of mini-batches given a set of data samples. Our method consists of hierarchical

runs of max-min robust submodular partition of the dataset with various cardinality con-

straints, which generates a partial order over mini-batches of data points within a hierarchical

structure, and where both mini-batches and groups of mini-batches in the hierarchy are en-

couraged to be representative of the entire dataset. On deep learning tasks, we show that

our deterministic sequences of mini-batches significantly outperform the worst and mean of

randomly generated sequences (both are likely to happen in practice), and for most of the
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cases, beat the best of random sequences.

4.1 Related Work

For our application of using cardinality constrained robust submodular partitioning to gener-

ate mini-batches, we compare our approach with previous methods as follows. A mini-batch

diversification method based on determinantal point processes (DPPs) is given in [150],

which relies on similarity measurements between data points so that mini-batches with re-

dundant data are given low-probability and mini-batches with more diverse data are given

high-probability. Our objective is different from [150], as we aim to generate a fixed sequence

of representative mini-batches for sequential disk access, while their method generates non-

deterministic mini-batches. Moreover, their method does not enforce representativeness of

groups of mini-batches, while our approach does. We also note that DPPs are related to

submodular functions (a DPP is log-submodular), and our framework is very general as it

can be used with any submodular function. Finally, DPP methods are computationally ex-

pensive, while our hierarchical partitioning method is efficient enough for very large datasets

such as ImageNet. Salehi et al. [103] give a multi-arm bandit sampling approach to adap-

tively sample mini-batches for stochastic optimization with the aim to better control the

variance of gradients of the mini-batches and to improve the convergence rate. This work

focuses on generating random mini-batches with less variance than uniformly random dur-

ing training (their method requires accessing gradient information), while we strive to find

a fixed mini-batch sequence before training starts. Both [150] and [103] shares similar intu-

ition with us that mini-batches with more representativeness/more diversity can contribute

to better performance of the training system. Our approach, however, stays mindful of the

computational requirements as well. [108] proposes a sampling strategy specifically for the

sampling with-out replacement scenario, which exhibits convergence properties for convex

problems but it requires a global (entire dataset) gradient calculation at each minibatch

which can be very slow especially for DNNs. [155] modifies the stochastic algorithms to

utilize the structural information obtained from raw clustering on the training dataset to get
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improved running time. Again, it requires a global gradient calculation and is not designed

for minibatch stochastic gradient settings. Curriculum learning [10] and self-paced learning

with diversity [59] are also related as they focus on generating mini-batches better during

the training process. However, they require random data access, which is often infeasible

for very large data sets. Also, theses methods require to interact with the training model

and produce minibatches adaptively on the fly. In contrast, our method produces a single

reusable sequential high quality data access pattern, a key unique benefit of our method.

4.2 Cardinality Constraint Robust Partitioning for Generating Fixed Mini-
batches

In this chapter, we study a special case of cardinality constrained robust submodular parti-

tioning problem with the application of generating representative mini-batches for stochastic

gradient methods. We will follow the same formulation and notation as defined in Chapter 3.

Particularly, our objective is:

max
π∈Π(V,k)

min
i=1:m

f(πi(V )). (4.1)

We will focus on the Min-block greedy algorithm for this section due to the better running-

time of the Min-block greedy algorithm.

For our mini-batch partitioning task, we focus on generating a sequence of blocks such

that every block in the partition is a mini-batch to train on. Suppose every resulting mini-

batch is representative due to the max-min robust objective, then the ordering of the mini-

batches used to train becomes less crucial, and an arbitrary ordering of the mini-batches

will suffice. However, for most problems, the mini-batches are too small to represent the

ground set V , in which case the ordering of the mini-batches can be critical, as groups of

mini-batches can be redundant even though every mini-batch is as representative and non-

redundant as possible for its size. For now, however, we assume the simple case where the

mini-batch size is large enough to represent the ground set.

The robust submodular partitioning objective naturally describes our requirements about

a deterministic mini-batch sequence of training data. Firstly, the max-min objective ensures
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that all mini-batches are as representative as possible of the entire training dataset. Secondly,

the class of submodular functions we can use for the objective is sufficiently expressive that

by solving such a problem, we have a general framework that could potentially work for

various forms of data and different definitions of representativeness. We choose to use the

Min-Block Greedy based algorithm (Alg. 8) to optimize our target. Recall we prove the

following approximation guarantee for our objective:

Theorem 9 (Min-Block Cardinality Constraint). For submodular function f on ground

set V and block size (mini-batch size) constraint k, suppose m = |V |/k, Algorithm 8 gives

an approximation ratio of e−1
(e−1)m+1

.

The worst case running time of Algorithm 8 is O(|V |2) evaluations of f plus O(|V |2)

basic operations. We care mostly about the number of function evaluations as f can be sig-

nificantly more expensive than the basic operations. Though not wholly intractable, O(|V |2)

evaluations can become overwhelming when the dataset size gets large. To accelerate the

algorithm, we can apply the lazy evaluation trick [80] at line 5 of Algorithm 8. Essentially, we

can create a priority queue for each of the m blocks, and initialize every priority queue with

all the singleton values f(v), v ∈ V . When we pop the top of the priority queue, get element

v and evaluate f(v|Aj∗), and if such value is larger than the next value in the priority queue,

then by submodularity, v is guaranteed to be in argmaxv∈Rf(v|Aj∗), or otherwise we push

f(v|Aj∗) back to the priority and keep popping. In the worst case, the running time with

the priority queue would still be O(|V |2) evaluations of f , however, it is widely recognized

that in practice, the running time will be much less than O(|V |2) and close to O(|V | log |V |)

depending on the specific f .

While the acceleration that the lazy evaluation trick brings to the algorithm is good, it

creates significant memory cost. The peak memory taken by the collection of priority queues

is proportional to m|V | = |V |2/k (assuming the priority queue implementation has linear

memory cost), which could be extreme for a large number of blocks. To mitigate the com-

putation and memory efficiency issue of Algorithm 8, and also generate mini-batches with

better order consistency (which is critical if the mini-batch size k is small relative to |V |
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Non-representative for size 6

One Level Partition

Hierarchical Partition

Data Points Non-representative for size 6

Rep. for size 3 Rep. for size 3 Rep. for size 3 Rep. for size 3

Figure 4.1: Simple example about how hierarchical partitioning can enforce better order

consistency. Suppose we partition a dataset of 12 samples into mini-batches of size 3, and

representativeness can be defined as the number of samples with distinct colors. In the upper

part, though every mini-batch is representative for its size, the combination of either the first

two or the last two mini-batches becomes non-representative for a combined block of size 6

(3 different colors for a set of size 6). On the other hand, the lower part shows the case where

we first partition the data into blocks of size 6, and then further partition into mini-batches

of size 3, which in this example enforces the representativeness of the combination of blocks.

and every mini-batch cannot represent the entire dataset), we propose a hierarchical robust

partitioning framework, which runs Algorithm 8 with various block size constraint k’s on

different hierarchical levels.

We also note that lazier-than-lazy greedy (LTLG) [82] can also be applied to line 5 of

Algorithm 8 to speed up the greedy step. Depending on the sample size of LTLG method,

we can trade-off the performance of the algorithm with the memory and computational cost.

If efficiency is the priority, we can apply LTLG on top of our method to achieve a better

speed-up at the cost of some performance.
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4.2.1 Hierarchical Robust Submodular Partition

In Chapter 3, we describe a hierarchical partitioning algorithm (Algorithm 10) that has

potentially reduced computation and memory costs. Essentially, instead of having one block

size constraint k and partitioning only once, we have a hierarchy of constraints k1 > k2 >

. . . > kr, and ideally ki mod ki+1 = 0. We start by partitioning the ground set into blocks

of size k1, and for every block we get from running Algorithm 8, we further partition each

block into smaller blocks with a block size constraint k2 and so on. In the end, kr is the

mini-batch size, so we get representative mini-batches.

By using Algorithm 10, we significantly reduce the memory cost of applying the lazy

evaluation greedy trick. For iteration i of Algorithm 10, the peak memory cost is pro-

portional to miki−1 (note k0 = |V |) (assuming the memory cost of priority queues in-

creases linearly), and the overall peak memory cost is maxi=1:rmiki−1. It is easy to see

that ∀i = 1 : r,miki−1 ≤ m|V |, which is the peak memory cost of Algorithm 8 (note

m|V | = m1m2...mrk0). In fact, if we have r = 2 and k1 = |V |/2, the memory cost is halved,

and the more layers we have in the hierarchy, the less the overall memory cost becomes.

𝐴","

𝑉

𝐴" 𝐴%

𝐴",% 𝐴%," 𝐴%,%

Figure 4.2: An example partition hierarchy. Leaves visited by any depth-first-search order

is consistent with the partial ordering.
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In addition to the memory efficiency with the lazy evaluation trick, Algorithm 10 also

enforces groups of mini-batches in the hierarchy structure to be representative. Essentially,

as we have a hierarchy of block size constraints k1, ..., kr, not only the final (lowest) level

mini-batches are representative for their size, but the combination of multiple mini-batches

is also representative for their combined size based on the choice of k’s (see Figure 4.1 for a

simple illustration). The original partitioning algorithm is a special case of the hierarchical

partitioning with one level in the structure of hierarchy. As mentioned above, Algorithm 8

only applies to the case where the mini-batch is large enough to represent the dataset, and

Algorithm 10 applies to general mini-batch sizes, while also making the original algorithm

more efficient. Also, note that the generated hierarchy structure defines a partial ordering of

the data samples, and any depth-first-search traversal of the hierarchy structure is consistent

with the partial ordering (see Figure 4.2). We can also continue to use the decreasing

submodular evaluation ordering as well (Algorithm 8 line 9). In terms of the approximation

guarantee, recall that we prov the following bound under some mild assumption about the

partitioning process:

Theorem 10 (Min-Block Hierarchy). If we have τ ≥ 2 as defined in Def. 5 for every call

to Algorithm 8 from Algorithm 10, then we achieve an approximation ratio of ( τ−1
2τ−1

)r kr|V | .

τ as defined in Def. 5 indicates whether the blocks are filled in a balanced manner in

Algorithm 8. τ ≥ 2 means that when the worst block (i.e., the block with minimal evaluation)

has size k′, and all other blocks have higher evaluations, the smallest block (in terms of size)

has at least two elements, or in other words, the greedy steps do not generate drastically

imbalanced blocks. In practice, for the real datasets in our experiments, τ always has large

values, so the extra factor we get from Theorem 10 compared to Theorem 9 is close to 2−r, and

r is the number of layers in the hierarchy structure, which is at most log |V | and typically quite

small in practice (3 to 5 in our experiments). This means Algorithm 10 will perform well.

The {ki}ri=1 values are hyper-parameters for our method. Suppose the desired mini-batch

size is large enough to represent the entire dataset, then the choices of {ki}ri=1 essentially

should follow the memory capacity of the hardware. However, for real-life problems, the
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data may be very complex, and the mini-batch size is restricted by the GPU’s memory size,

and thus quite small compared to the dataset size. For example, in ImageNet, there are

over one million training data points in 1000 classes, while the most widely adopted batch

sizes on a single GPU card range from 128 to 512. The batch size of 128 can hardly be fully

representative, as there are 1000 distinct classes. Therefore, Algorithm 10 is indeed required

for partitioning such datasets as a poor order could happen similar to the case shown in

Figure 4.1. Thus, one guideline for setting {ki}ri=1 in addition to the efficiency restriction

is to have {ki}ri=1 start with multiple times of the number of classes, and gradually drill

down to the desired mini-batch size. Algorithm 10 generates mini-batches of better quality

than the ordinary robust partitioning case when we encounter datasets with more number

of classes and larger data point size.

4.3 Experiments

We evaluate our hierarchical robust partitioning algorithm for generating mini-batch se-

quences for the CIFAR-100 [69] and ImageNet(ILSVRC12) [102] datasets. We show that

our deterministically generated sequences consistently outperform randomly generated se-

quences, a widely-adopted approach for training deep neural networks. The initialization of

the two datasets are fixed by random seed. For CIFAR-100, we use the PyTorch toolkit [96],

and for ImageNet, we use MXNET [21].

Choice of Submodular Function

Our objective defined in Eq. (4.1) is a general framework for generating deterministic mini-

batch sequences as the class of submodular function f can be extremely flexible and expres-

sive for describing the representativeness of a set of data points. For this experiment, we use

a nearest-neighbor submodular function, which is a variation of the facility location function

as our choice of f for Eq. (4.1) for supervised classification tasks, i.e.,

fNN(S) =
∑
v∈V

max
v′∈S

sim(v, v′), (4.2)
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where sim(·) is defined over a pair of data points, and outputs the similarity of the two

points. fNN is a special case of the facility location function, with similarities between data

points with different class labels being zeros (a sparse similarity graph), i.e. y(v) 6= y(v′)→

sim(v, v′) = 0, where y(v) denotes the label of data point v. Variations of the facility

location function have been successfully applied to various data selection/summarization

tasks [138, 137, 126].

fNN naturally captures the maximum likelihood estimates over the given data set for a

nearest-neighbor classifier [140]. Under mild assumptions, maximizing fNN is equivalent to

finding the optimal subset of data points to form a nearest-neighbor classifier. Ideally, given

a specific model (e.g., a nearest-neighbor classifier or a deep neural network), we should

design f based on the objective of the model, so the exact quantization of representativeness

defined by f is consistent with the given model. We choose to use fNN because the nearest-

neighbor classifier is quite generic, and fNN is efficient to compute even for large datasets.

We calculate the similarities between pairs of data points using: sim(v1, v2) = e
||x(v1)−x(v2)||2

−σ ,

where x(v) represents the vector representation or features of data point v, and σ is a chosen

parameter, which works as a normalization factor. In practice, x(v) can be the original data

representation (e.g. raw pixel values for images), the final layer output of a deep neural

network classifier, or the bottleneck layer of an autoencoder. While σ can be tuned, in

principle we set it to meani,j||x(vi)−x(vj)||2 for all the i, j pairs in the fNN similarity graph.

CIFAR-100 Dataset

CIFAR-100 dataset is an image classification dataset with 50,000 training images and 10,000

testing images, with each image of dimension (3, 32, 32) = 3072. The dataset has 100 classes,

and all the classes have the same number of training/testing data points. We randomly select

100 samples from each class in the training set as the validation set. We train a convolutional

autoencoder network to extract more compact representations of the raw pixel data. The

autoencoder network in use has 48 layers with a 128-dimensional bottleneck layer and was

trained on the large TinyImage data set [125]. The network employs residual blocks [41].
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Furthermore, the training was performed using ADAM [62] with batch normalization and

rectified linear units. The output of the bottleneck layer act as the 128-dimensional fea-

ture representation of the data, which is then used to compute the similarities between data

points for fNN .

The deterministic data sequence is generated through a multi-step mechanism. First, we

generate a sparse similarity graph using the similarity metric discussed in Sec 4.3 (containing

4002×100 = 16M entries) that can be used to instantiate fNN . Next, we apply Algorithm 10

with fNN as the submodular function, and block size constraints k1 = 1024, k2 = 512 and

k3 = 128, where k3 is equal to the mini-batch size used for training the deep neural network.

We also note that for the data points that are not selected by Algorithm 10 (40000 mod 1024

= 64), we form a final batch (padded depending on the implementation of the toolkit) and

append to the end of our mini-batch sequence.

For a given sequence of mini-batches, we train a Wide Res-net [147] having structure

WRN-28-8 (using the same terminology as [147]). The network was trained using the

NAG [121] optimization method, an initial learning rate of 0.1 and a linearly decaying learn-

ing rate schedule. The data was augmented using random flipping of images. We note that

the training hyper-parameters are determined by manually tuning on the validation set accu-

racy while training on a randomly generated sequence (same for ImageNet dataset described

below). We compare the validation set accuracy, and test set accuracy of our deterministi-

cally generated sequence to 10 randomly generated sequences. Figure 4.3 demonstrates that

our method outperforms the random generated sequences, and can also do better than the

best over 10 random runs.

ImageNet Dataset

The ImageNet classification dataset contains roughly 1.2 million training images and 1000

classes. The number of data points for each class is almost balanced, and each class has

around 1k data points. The validation set consists of around 50k samples, and there is no

standard test set. We train a deep neural net classifier and retrieve the final layer out-
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put (before softmax) as the feature representations for data points. The DNN classifier

is a Residual Network [43] with 18 layers (Resnet-18), and the feature representation has

1000 dimensions. Similar to the CIFAR-100 dataset case, we use the extracted 1000 dimen-

sional features to generate the sparse similarity graph. Then we utilize Algorithm 10 with

k1 = 32768, k2 = 16384, k3 = 8192, k4 = 4096, k5 = 128 to generate the deterministic

sequence of mini-batches. For the non-selected data points (3215 data samples, since the

total number of samples does not divide k1), we form a new ground set and run Algorithm 8

to partition them into mini-batches of size 128 and append them to the end of the sequence.

We compare the performance of different sequences using the same model used to gen-

erate features for data points, i.e., the Resnet-18 network structure. For both cases, we use

again the NAG [121] optimization method with an initial learning rate 0.1, exponentially

decaying learning rate schedule, and data augmentation of random flipping and random

cropping. We note that for training the feature extraction model, we use a deterministic

sequence generated using the L2 distance of the raw data as the distance measurement for

constructing the similarity graph.

As shown in Figure 4.4, for most cases, our deterministic sequence yields better results

than even the best among the 10 randomly generated sequences, significantly beating the

mean and the worst random, which are both likely to happen when training deep models.
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Figure 4.3: (top) Accuracy over the validation set for our sequence along with the per-

formance spread for the random sequences. (bottom) Accuracy over the test set for our

sequence along with the performance spread for the random sequences.
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Figure 4.4: (top) Accuracy over the validation set for our sequence along with the perfor-

mance spread for the random sequences. (bottom) Top-5 accuracy over the validation set

for our sequence along with the performances spread for the random sequences.
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Part II

LINEAR MODELS OF RELU DEEP NETWORKS

In the second part of this thesis, we focus on investigating a deep ReLU network by

decomposing it as a collection of linear models for different data points. We first study the

spectrum, i.e., the singular value distribution of the Extended Data Jacobian Matrix (EDJM)

of a deep ReLU network, where each row of the EDJM is a linear model for one data point.

The spectrum of the EDJM is found to be highly correlated with the complexity of the learned

functions after studying the effect of dropout, ensembles, and model distillation using EDJM.

Next, we show an efficient regularization method Jumpout, an improved version of dropout,

based on linear models of ReLU networks. We propose three novel modifications of dropout:

1) change the dropout rate to make the regularization locally smooth; 2) normalize the

dropout rate by the proportion of active neurons of the ReLU layer; 3) modify the rescaling

factor to make dropout synergize better with batchnorm layers. Finally, we aim to explain

the network behavior based on the linear model for every data point, particularly based on

the bias term of the linear model. We propose a backpropagation-type algorithm “bias back-

propagation (BBp)” that starts at the output layer and iteratively attributes the bias of each

layer to its input nodes as well as combining the resulting bias term of the previous layer.

In experiments, we show that BBp can generate complementary and highly interpretable

explanations.
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Chapter 5

INTRODUCTION

5.1 Background

Deep neural networks (DNNs) have produced good results for many challenging problems

in computer vision, natural language processing, and speech processing. DNNs are a highly

expressive trainable class of non-linear functions, utilizing multi-layer architectures and a rich

set of possible hidden non-linearities. A simple and widely adopted non-linearity function is

the rectified linear unit (ReLU), which keeps the positive part of the input while setting the

negative part to be zero. More generally, ReLU is a specific form of piecewise linear activation

functions. Because of the piecewise linear property, the overall network is a piecewise linear

model over the input data space.

Since a DNN is piecewise linear for the ReLU activation function, the model is essentially

a linear model in a local region. Precisely, for every data point, we can modify the weight

matrices of the DNN according to the activation patterns of the ReLU non-linearities such

that by setting the rows of the weight matrices corresponding to the non-active ReLU neurons

to be all zeros, we can remove the ReLU activation functions and get a multiplication of

multiple modified weight matrices, resulting in a linear model for that data point. As the

model is linear, the weight of the linear model is equal to the gradient of the network output

with respect to the input data point. Note that the DNN behaves as different linear models

for different data points, so overall it is a piecewise linear model.

The natural decomposition of the ReLU (or more generally DNNs with piecewise linear

activation functions) as a linear model for every data point allows us to investigate and

analyze the network’s behaviors based on such linear models. For the following, based on

such intuition, we present three works to better analyze, improve and interpret DNNs with
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ReLU activation functions: 1) we collect the linear models for different training data points

into a matrix and analyze its spectrum (i.e., singular value distribution); 2) we improve the

dropout layer by enforcing smooth predictions of nearby linear models; 3) we develop an

attribution/interpretation method specific for the bias term in the linear model for every

data point.

5.2 Spectra of Extended Data Jacobian Matrix

Deep Learning has achieved significant success in the past few years on many challenging

tasks, but there is still much work needed to understand why deep architectures are able to

learn such effective representations. One proposal [95, 87] argues that deep neural networks

with rectified units are able to separate the input space into exponentially more linear re-

sponse regions than shallow networks given the same number of computational units, thus

enabling deep networks to learn highly complex and structured functions. Empirical results

in [101] show that deep but thin networks can mimic the function learned by shallower (but

still deep) and wide networks. Even for deep linear networks, [104] found that they exhibit

non-linear training dynamics similar to non-linear deep neural networks. Although deep

linear networks are equivalent to shallow linear networks in representational power, their

training dynamics are rich in mathematical structure that alter key aspects of the network

such as training time, and the effects of pre-training, random initialization, and generaliza-

tion. Better understanding of the trajectory of the functions learned by different architectures

during and at the end of training is important for understanding why deep learning is so

effective, how different architectures affect what is learned, and for developing networks with

better regularization and generalization abilities. For example, in [93], understanding and

enforcing scale invariance in ReLU networks led to developing a more resilient update rule

than standard SGD for networks with unbalanced weights.

We started this work motivated by trying to understand what qualities deep networks

possess that shallow networks do not, and also how convolutional neural networks differ

from feed-forward ones. Recently, model compression and distillation [3, 47] show that it
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is possible to train compact models to approximate the functions learned by more complex

models. Empirically, on some datasets, shallow networks can be improved dramatically to

the point of even matching the best deep network by learning from the soft labels generated

by a large and deep model or an ensemble of such models. Such improvement may result

from the extra information provided by the soft labels which preserves the relative confidence

of different outputs learned by the bigger model. The distillation results posed yet another

interesting question: in what way does the more complex, “teacher”, network alter the

function learned by the less complex, “student”, network compared to a similar network

learning without the benefit of a teacher?

Conditioned on a set of data points that define the manifold of interest, we propose the

Extended Data Jacobian Matrix (EDJM) as an analysis tool for neural networks. By studying

the spectrum of EDJM, which we believe is highly correlated with the complexity of the

functions learned by networks, we can compare networks with different depths, architectures,

and training techniques in a unified way. First, we introduce the Extended Data Jacobian

Matrix for feed-forward and convolution neural networks. Then we show the characteristics

of the spectrum of the EDJM for the best performing networks over multiple datasets. We

also show that different methods such as model compression and dropout increases the same

measure of the spectrum of the EDJM. Finally, motivated by these observations, we propose

a regularization technique for improving performance of deep neural networks.

5.3 Jumpout: Improved Dropout for ReLU Network

Dropout is a powerful and simple regularization technique for training deep neural net-

works. However, it has several drawbacks. Firstly, dropout rates, constituting extra hyper-

parameters at each layer, need to be tuned to get optimal performance. Too high a dropout

rate can slow the convergence rate of the model, and often hurt final performance. Too low

a rate yields few or no improvements on generalization performance. Another deficiency of

dropout lies in its incompatibility with batch normalization (BN) [50] (more empirical evi-

dence of this is shown in Section 7.2.3). As dropout randomly shuts down activated neurons,
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it needs to rescale the undropped neurons to match the original overall activation gain of the

layer. Unfortunately, such rescaling breaks the consistency of the normalization parameters

required between training and test phases1 and may cause poor behavior when used with

BN.

We propose three simple modifications to dropout in order to overcome the aforemen-

tioned drawbacks, leading to an improved method we call “jumpout.” Our approach is

motivated by three observations about how dropout results in improved generalization per-

formance for DNNs with rectified linear unit (ReLU) activations, which covers a frequently

used class of DNNs.

Firstly, we note that any DNN with ReLU is a piecewise linear function which applies

different linear models to data points from different polyhedra defined by the ReLU activa-

tion patterns. Based on this observation, applying dropout to a training sample randomly

changes its ReLU activation patterns and hence the underlying polyhedral structure and cor-

responding linear models. This means that each linear model is trained not only to produce

correct predictions for data points in its associated polyhedron, but also is trained to work

for data points in nearby polyhedra; what precisely “nearby” means depends on the dropout

rate used. This partially explains why dropout improves generalization performance. The

problem, however, is that with a fixed dropout rate, say p, and on a layer with n units, the

typical number of units dropped out is np as that is the mode of a Binomial distribution with

parameter p. It is relatively rare that either very few (closer to zero) or very many (closer to

n) units are dropped out. Thus, with high probability, each linear model is smoothed to work

on data points in polyhedra at a typical distance np away. The probability of smoothing

over closer distances is much smaller, thus failing to achieve the goal of local smoothness.

In jumpout, by contrast, p rather than being fixed is itself a random variable; we sample

p from a distribution that is monotone decreasing (e.g., a truncated half-Gaussian). This

1Dropout usually happens only during the training but not the test phase, since using it for testing
requires averaging the results of multiple dropout inferences on each training sample, which is costly and
may introduce greater prediction variance.
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achieves the property that Pr(i units dropping out ) ≥ Pr(i+1 units dropping out ) for all

i ∈ {1, 2, . . . , n}. That is, a smaller dropout rate has a higher probability of being chosen.

Hence, the probability of smoothing polyhedra to other points decreases as the points move

farther away. Secondly, we notice that in dropout, the fraction of activated neurons in differ-

ent layers, for different samples and different training stages, can be different. Although we

are using the same dropout rate, since dropping out neurons that are already quiescent by

ReLU changes nothing, the effective dropout rate, i.e., the fraction of the activated neurons

that are dropped, can vary significantly. In jumpout, we adaptively normalize the dropout

rate for each layer and each training sample/batch, so the effective neural-deactivation rate

applied to the activated neurons are consistent over different layers and different samples

as training proceeds. Lastly, we address the incompatibility problem between dropout and

BN by rescaling the outputs of jumpout in order to keep the variance unchanged after the

process of neural deactivation. Therefore, the BN layers learned in the training phase can

be directly applied in the test phase without an inconsistency, and we can reap the bene-

fits of both dropout and BN when training a DNN. In our experiments on a broad range

of benchmark datasets including CIFAR10, CIFAR100, Fashion-MNIST, SVHN, STL10 and

ImageNet-1k, jumpout shows almost the same memory and computation costs as the original

dropout, but significantly and consistently outperforms dropout.

5.4 Bias Attribution for Deep Network Explanation

Deep learning models are usually designed using fairly high-level architectural decisions,

leading to a final model that is often seen as a difficult to interpret black box. This restricts

the reliability and usability of DNNs especially in mission-critical applications where a good

understanding of the model’s behavior is necessary.

The gradient is a useful starting point for understanding and generating explanations

for the behavior of a complex DNN. Having the same dimension as the input data, the

gradient can reflect the contribution to the DNN output of each input dimension. Not only

does the gradient yield attribution information for every data point, but also it helps us
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understand other aspects of DNNs, such as the highly celebrated adversarial examples and

defense methods against such attacks [124]. When a model is linear, the gradient recovers the

weight vector. Since a linear model locally approximates any sufficiently smooth non-linear

model, the gradient can also be seen as the weight vector of that local linear model for a

given DNN at a given data point. For a piecewise linear DNN (e.g., a DNN with activation

functions such as ReLU, LeakyReLU, PReLU, and hard tanh) the gradient is exactly the

weights of the local linear model.

Although the gradient of a DNN has been shown to be helpful in understanding the

behavior of a DNN, the other part of the locally linear model, i.e., the bias term, to the

best of our knowledge, has not been studied explicitly and is often overlooked. We unveil

the information embedded in the bias term by developing a general bias attribution frame-

work that distributes the bias scalar to every dimension of the input data. We propose a

backpropagation-type algorithm called “bias backpropagation (BBp)” to send and compute

the bias attribution from the output and higher-layer nodes to lower-layer nodes and even-

tually to the input features, in a layer-by-layer manner. Specifically, BBp utilizes a recursive

rule to assign the bias attribution on each node of layer ` to all the nodes on layer ` − 1,

while the bias attribution on each node of layer ` − 1 is composed of the attribution sent

from the layer below and the bias term incurred in layer `− 1. The sum of the attributions

over all input dimensions produced by BBp exactly recovers the bias term in the local linear

model representation of the DNN at the given input point. In experiments, we visualize

the bias attribution results as images on a DNN trained for image classification. We show

that bias attribution can highlight essential features that are complementary with what the

gradient-alone attribution methods favor.

5.5 Road Map of Part II

In Chapter 6, we introduce the decomposition of a ReLU network as a collection of linear

models for different data points. We analyze the spectra of the EDJM under different settings:

networks with different depths, dropout, knowledge distillation and etc.
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In Chapter 7, we propose an improved version of Dropout called Jumpout specifically

for ReLU networks with three modifications that draw intuition from the linear models of

ReLU networks.

In Chapter 8, we propose a backpropagation-type algorithm “bias back-propagation

(BBp)” to explain the network’s behavior based on the bias terms of the linear models

for different data points.

Chapter 6 was originally presented in the following paper:

• S Wang, A Mohamed, R Caruana, J Bilmes, M Phlipose, M Richardson, K Geras,

G Urban, O Aslan. Analysis of Deep Neural Networks with Extended Data Jacobian

Matrix, In ICML 2016.

Chapter 7 was originally presented in the following paper:

• S Wang*, T Zhou*, J Bilmes. Jumpout: Improved Dropout for Deep Neural Networks

with ReLUs, In ICML 2019.

Chapter 8 was originally presented in the following paper:

• S Wang*, T Zhou*, J Bilmes. Bias also matters: Bias attribution for Deep Neural

Network Explanation, In ICML 2019.
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Chapter 6

SPECTRA OF EXTENDED DATA JACOBIAN MATRIX

Deep Learning has achieved significant success in the past few years on many challenging

tasks [70, 46, 113, 8, 83, 111, 122] , but there is still much work needed to understand why

deep architectures are able to learn such effective representations.

One proposal [95, 87] argues that deep neural networks with rectified units are able to

separate the input space into exponentially more linear response regions than shallow net-

works given the same number of computational units, thus enabling deep networks to learn

highly complex and structured functions. Empirical results in [101] show that deep but thin

networks can mimic the function learned by shallower (but still deep) and wide networks.

Even for deep linear networks, [104] found that they exhibit non-linear training dynamics

similar to non-linear deep neural networks. Although deep linear networks are equivalent

to shallow linear networks in representational power, their training dynamics are rich in

mathematical structure that alter key aspects of the network such as training time, and the

effects of pre-training, random initialization, and generalization. Better understanding of

the trajectory of the functions learned by different architectures during and at the end of

training is important for understanding why deep learning is so effective, how different archi-

tectures affect what is learned, and for developing networks with better regularization and

generalization abilities. For example, in [93], understanding and enforcing scale invariance

in ReLU networks led to developing a more resilient update rule than standard SGD for

networks with unbalanced weights.

We started this work motivated by trying to understand what qualities deep networks

possess that shallow networks do not, and also how convolutional neural networks differ from

feed-forward ones. Recently, model compression and distillation [3, 47] show that it is possi-
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ble to train compact models to approximate the functions learned by more complex models.

Empirically, on some datasets, shallow networks can be improved dramatically to the point

of even matching the best deep network by learning from the soft labels generated by a large

and deep model or an ensemble of such models. Such improvement may result from the extra

information provided by the soft labels which preserves the relative confidence of different

outputs learned by the bigger model. The distillation results posed yet another interesting

question: in what way does the more complex, “teacher”, network alter the function learned

by the less complex, “student”, network compared to a similar network learning without the

benefit of a teacher?

Conditioned on a set of data points that define the manifold of interest, we propose the

Extended Data Jacobian Matrix (EDJM) as an analysis tool for neural networks. By study-

ing the spectrum of EDJM, which we believe is highly correlated with the complexity of the

functions learned by networks, we can compare networks with different depths, architectures,

and training techniques in a unified way. First, we introduce the Extended Data Jacobian

Matrix for feed-forward and convolution neural networks. Then we show the characteristics of

the spectrum of the EDJM for the best performing networks over multiple datasets. We also

show in section 6.3, that different methods such as model compression and dropout increases

the same measure of the spectrum of the EDJM. Finally, motivated by these observations,

we propose a regularization technique for improving performance of deep neural networks.

6.1 Data Jacobian Matrix

Given a deep neural network consisting of m linear layers, the entire network is a series of

matrix multiplies that can be represented merely by a single matrix:

Wnet = WmWm−1 . . .W1 (6.1)

Suppose we are given a data set D, and |D| = n, where each data point (x, y) ∈ D

consists of input features x of din dimensions, and an output label y of dout dimensions.

Using the linear network described above, we have, for (xi, yi):
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ŷi = WmWm−1 . . .W1xi, or ŷi = Wnetxi, (6.2)

where ŷi is the predicted label of xi using the network.

Now we introduce non-linearity into the linear network. Without loss of generality, we use

Rectified Linear Units (ReLU), which sets negative entries in a vector to 0 while preserving

the positive entries (We will show how to generalize to other types of activation functions

later):

φReLU(z) = max(0, z) (6.3)

If we apply ReLU to all the linear layers except for the last layer, we have the following

network:

ŷi = WmφReLU(Wm−1φReLU(. . . φReLU(W1xi))) (6.4)

6.1.1 ReLU Network as a Collection of Linear Systems

Suppose for input xi, the output at layer l is hil, then hil = φReLU(Wlh
i
l−1). If (Wlh

i
l−1)[k] < 0,

then hil[k] = 0 according to the ReLU function, which is equivalent to setting the k th row

of Wl to be all 0, while if (Wlh
i
l−1)[k] ≥ 0, the row is left exactly the same. Therefore, we

can eliminate the non-linear ReLU functions by modifying certain rows of weight matrices

to 0 while keeping the rest, and we end up with a linear system for data point xi:

ŷi = WmŴ
i
m−1Ŵ

i
m−2 . . . Ŵ

i
1xi (6.5)

ŷi = W i
netxi (6.6)

where:

Ŵ i
l [a, b] =

Wl[a, b] if hil[a] > 0

0, otherwise

. (6.7)

Note that W i
net is xi specific, as the modification that transforms Wl into Ŵ i

l depends on

the values of hil, and therefore is based on the input features xi. For each individual data
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point in a finite data set, we can construct a linear model W i
net of dimensions dout × din in

such manner, and that generates the same output as the original neural network consisting

of arbitrary number of layers and hidden units.

Clearly, for different data points xi and xj, different linear systems will most likely be

constructed. However, for an xj that is close enough to xi, the output of the first layer hi1

and hj1 could have the same patterns of ReLU activations In other words, (W1xi)[k] < 0 ⇐⇒

(W1xj)[k] < 0 ∀k, so in this case, the modified weight matrices are the same for both data

points. If such pattern is carried over multiple layers, the constructed linear systems could

be the same. Therefore, for input data points in a small region around xi, the constructed

linear system for xi remains unchanged, so that the ReLU network is piece-wise linear.

6.1.2 Data Jacobian Matrix

For dataset D = {(xi, yi)}, where x is of dimension din and y is of dimension dout, and a deep

neural network ŷi = fm(φm−1(fm−1(φm−2(. . . φ1(f1(xi)))))), where f is a linear operation,

and φ is a differentiable non-linear function, we denote the Data Jacobian Matrix for input

features xi as:

DJM θ(xi) =
∂ŷi
∂xi

=
∂ŷi

∂him−1

∂him−1

∂him−2

. . .
∂hi1
∂xi

(6.8)

=
∂fm(him−1)

∂him−1

∂him−1

∂fm−1(him−2)
. . .

∂f1(xi)

∂xi
. (6.9)

The subscript θ in the DJM denotes that depends on the neural network parameters θ. For

ReLU feed-forward network in specific, we have:

DJM θ(xi) = Wm

∂him−1

∂Wm−1him−2

Wm−1

∂him−2

∂Wm−2him−3

. . .W1

In addition, under ReLU non-linear function, we have:

∂hil+1[a]

∂(Wl+1hil)[b]
=

1 if a = b and (Wl+1h
i
l)[b] ≥ 0

0 otherwise

.
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It is easy to see that:

DJM θ(xi) = WmŴ
i
m−1Ŵ

i
m−2 . . . Ŵ

i
1 = W i

net (6.10)

ŷi = DJM θ(xi)xi, (6.11)

For ReLU feed-forward network, the Data Jacobian Matrix for xi is equivalent to the per-

data point linear system for xi (Eq 6.11). Such equivalence also holds for ReLU convolutional

networks with max/average pooling layers. Convolution, as a linear transformation, can be

written in the form of matrix multiplication, and thus no different from the feed-forward lay-

ers when calculating the gradients. Average pooling is a special case of convolution, which

can be viewed as a matrix multiplication as well. Max pooling outputs the highest value out

of a certain receptive field, which is equivalent to removing certain rows of the weight matrix

based on the input values. Similar to the ReLU function, when calculating the gradients,

elements in the removed rows receive 0 gradients and therefore the equivalence holds.

Conceptually, the Data Jacobian Matrix is the gradient of the outputs of the neural

network with respect to the inputs. Suppose the neural network is applied to a classification

task, ReLU networks are characterized with piece-wise linear classification boundaries, which

collide with the gradients. For non-linear functions other than ReLU (e.g. sigmoid, and

tangent), the gradients are linear approximations to the classification boundaries.

6.2 Extended Data Jacobian Matrix

For simplicity, suppose dout = 1 (i.e. the task is binary classification or a single value

regression), for data point xi, DJM θ(xi) is a single vector. Stacking such vectors across

different data points in X with |X| = n, we get a matrix of dimension n × din. We denote

such a matrix as the Extended Data Jacobian Matrix (EDJM). In the general case, for every

dimension of the output, we can construct such Extended Data Jacobian Matrix, so that we

have dout EDJMs all of which are of dimension n× din.

The Extended Data Jacobian Matrix is a collection of linear systems across data points,

allowing us to study and compare various neural networks conditioned on certain set of data.
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For ReLU networks in particular, EDJM is equivalent to the neural network for the input

dataset. For the rest of the chapter, we will focus on ReLU networks for the equivalence we

get, yet all the analysis described in the following applies to non-ReLU networks as well.

An EDJM has fixed dimension n×din for a given data set regardless of the network struc-

ture, thus allowing us to compare different networks (e.g., deep vs. shallow, or convolutional

vs. feed-forward) through the same lens.

The spectrum, or distribution of singular values, of EDJM reflects the principle compo-

nents of the space spanned by different linear systems for different data points. We choose to

use matrix factorization over each EDJM instead of tensor factorization on the tensor formed

by dout EDJMs for the following reasons: 1) tensor factorization in general is NP-hard and

there is identifiability issue with tensor factorization; 2) the computational cost for tensor

factorization in our experiment setting can be intractable; 3) matrix factorization of EDJMs

can be used to investigate and compare different linear systems that map inputs to different

output classes. A spectrum with one single component suggests that the linear system for

certain output dimension is the same for all data points, making the neural network very

simple, and indeed linear for that output dimension. The other extreme is when the spec-

trum of EDJM is uniform across all components meaning that the space spanned by the

data points’ linear systems is extremely complex and the underlying neural network behaves

dramatically different for different data points. The distribution of singular values of the

EDJM, therefore, naturally reflects the “complexity” of the function learned by the neural

network. For the rest of this chapter, we will compare many neural networks with different

architectures to demonstrate the connection to the spectrum of the EDJM.

6.3 Empirical Analysis with EDJMs

In this section, we will show that the EDJM spectrum correlates well with our natural

notion of model complexity and more advanced training methods, as well as being predictive

of model accuracy.

Experiments in this chapter are conducted on three different datasets: MNIST for hand-
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written digit recognition, CIFAR-10 for image recognition, and TIMIT for phone recognition.

MNIST consists of 60000 training data points, out of which we randomly extract 10000 data

points as the validation set, and 10000 testing data points. Each data point is a single

channel image of size (1, 28, 28) and thus has 784 dimensional features. CIFAR-10 consists

of 50000 training images and 10000 testing images. Similar to MNIST, we extract 10000 out

of the training dataset as a validation set. Each image in the CIFAR-10 dataset is of size

(3, 32, 32), which is of dimension 3072. Both MNIST and CIFAR-10 has 10 output classes,

so 10 Extended Data Jacobian Matrices can be constructed. For MNIST, the dimensions of

the EDJM are n × 784, and for CIFAR-10, the dimensions the EDJM are n × 3072, where

the value of n depends on the subset of data selected. For validation set, n = 10000 for

both MNIST and CIFAR-10. The TIMIT corpus consists of a 462 speaker training set, a 50

speaker validation set, and a 24 speaker test set. 15 frames are grouped together as inputs

where each frame contains 40 log mel filterbank coefficients plus energy along with their first

and second temporal derivatives.

We use stochastic gradient descent with momentum for training all the following reported

models. Learning rates gets halved if the performance does not improve over a succession

of 5 epochs on the validation set. No regularization/batch normalization is applied if not

specified. The reported models are all selected by grid search for best performance to cover

a broad range for each parameter in order to ensure a fair comparison between models.

6.3.1 EDJM for Feed-forward Networks

We compare EDJM of neural nets with various depths (# layers = 1, 2, 3, 4) while we either

fix the total number of parameters, or the total number of hidden units. Fixing the total

number of parameters constrains the size and computational costs of the network. Moreover,

for ReLU networks, fixing the number of hidden units restricts the upper bound on the

number of different DJMs that can be generated. Specifically, for ReLU networks with H

hidden units, at most 2H different DJMs can be generated, as the activation/deactivation of

ReLU on any hidden unit may contribute to construct a different linear system. Also note
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that such upper bound is irrespective of the number of layers.

Plotted in Figure 6.1 is the normalized spectrum (normalized by the max singular value, so

the curves start with 1.0 on the left) of EDJMs for different feed-forward networks conditioned

on the validation set of MNIST and CIFAR-10, and averaged over 10 output dimensions. As

we apply softmax to the output of the networks for classification tasks, which may result in

significantly different scales for linear systems of different networks, we report the normalized

spectrum. We observe same patterns for training set, validation set and testing set. We

choose to present the validation set results as 1) a natural selection of the conditioning

dataset for EDJMs is the data utilized during the training process; 2) the accuracy associated

with each curve on the validation set is more informative than the training set; 3) analysis of

the validation set results can be beneficial to tuning the hyper-parameters of training, which

should never be done on the testing set. For all the following comparisons of spectra, we

always report the validation set results.

From Figure 6.1, we observe a clear trend that EDJMs of deeper networks tend to have

more dominating singular values. To quantify the plotted shape in one simple metric, we

propose the following score:

score(Sθ(X, j)) =
∑

σ∈Sθ(X,j),σ>ε

σ

max(Sθ(X, j))
, (6.12)

where Sθ(X, j) denotes the singular values for EDJM conditioned on data input X and

jth output. Conceptually, the score is the sum over normalized singular values excluding the

small ones. From Figure 6.1 we observe that the singular values decrease at a super-linear

rate, and therefore there are lot of small singular values, whose corresponding components

are more likely to be noise for our analysis. On the other hand, the proposed score captures

the relative power of the important components. Higher score suggests that there are more

important components embedded in the given EDJM, or the underlying neural network

represents a more complex set of linear systems. The value of ε is chosen to be 90 percentile

of the singular values (we keep the top 10% singular values since the rest 90% values are
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small and likely to be noise). The scores averaged over 10 output dimensions for different

neural network structures are reported in Figure 6.1 (C) and (F), which coincide with the

trend observed from the spectra.

For either fixed number of hidden units or fixed number of parameters, deeper networks

have higher normalized singular values for the major components of the spectrum. The depth

of the neural network acts like a prior on the spectrum of the EDJM: deeper neural networks

are likely to be trained to generate a more complex set of linear systems conditioned on the

dataset of interest, which is consistent with the common belief that more complex functions

are learned with deep neural networks than shallow neural networks.

6.3.2 EDJM for Convolutional Networks

In Figure 6.2, we show a comparison between the best performing feed-forward network with

convolutional networks that have comparable number of parameters. For both datasets,

large gaps between the spectrum of convolutional and feed-forward networks are observed,

suggesting that the learned functions for the convolution networks are tremendously more

complex than the feed-forward ones.

Our contention is that the reason behind the large gaps is in the difference between the

number of hidden units of the feed-forward and the convolutional networks. Suppose, for

every filter, the output size is the same as the input size (i.e. we do not lose the boundary

region when performing convolution). The total number of output units is therefore the

number of filters × the input size. For CIFAR-10, suppose we have 64 filters as our first

layer, we then end up with 32 ∗ 32 ∗ 64 = 65536 hidden units. As stated above, the total

number of hidden units puts a restriction on the upper-bound of the number of independent

linear systems that can be constructed through the ReLU network. Therefore, convolution

networks have a much higher upper-bound, which may result in more complex systems.
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6.3.3 EDJM for Model Compression

So far, we have seen that EDJM scores vary with neural network architecture. In the rest of

the chapter we will show that the scores also vary with the training technique utilized. Model

compression or distillation [3, 47], focuses on training a compact model to approximate the

function learned by a more complex model. Empirically, for certain datasets, a shallow (but

not too small) network can be improved dramatically, even matching the best deep network,

by learning from the soft labels generated by a large and complex model, or alternatively

an ensemble of such models. Such improvements may result from the extra information

provided by the soft labels, referred as “dark knowledge” in [45], which preserves the relative

confidence of different outputs learned by the complex model.

We analyze the EDJM for models trained with the model compression framework to

further illustrate EDJM’s ability measure the relative complexity of models trained in very

different ways, as well as to try to better understand the model compression process. Specif-

ically, we compare the EDJM for five models on the CIFAR-10 dataset (the performance gap

between the complex and simple models on MNIST without distillation is too small to be

interesting). The five models are as follows:

1) Convolutional Teacher Model: A deep convolution network of structure: 64 filter 3 *

3 conv - 64 filter 3 * 3 conv - 2 * 2 max pooling - 128 filter 3 * 3 - 128 filter 3 * 3 - 2 * 2 max

pooling - 256 filter 3 * 3 - 256 filter 3 * 3 - 256 filter 3 * 3 - 256 filter 3 * 3 - 2 * 2 max pooling

- 2 * 1024 feed-forward layer, and trained with hard 0-1 labels. 2) Convolutional Student

Model: A shallow convolution network of structure: 128 filter 5 * 5 - 2 * 2 max pooling - 800

linear layer - 1 * 5000 feed-forward layer, with soft labels provided by the convolution teacher

model. 3) Convolutional Shallow Model: Same structure as the convolution student model,

but trained on the original hard 0-1 labels. 4) Feed-forward Student Model: A shallow feed-

forward network of structure: 1200 linear layer - 1 * 30k feed-forward layer, with soft labels

provided by the convolution teacher model. 5) Feed-forward Shallow Model: Same structure

as the feed-forward student model, but trained on the original hard 0-1 labels.

The linear bottleneck layer in the models above are utilized to reduce the computational
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cost, which is also applied in [3].

Figure 6.3 shows the spectrum of the EDJMs for the models described above. The

very complex and deep teacher model achieves significantly better performance than the

other models as well as highest normalized singular values for the major components. The

student models, which benefit from the soft labels provided by the teacher models, get better

performance and higher normalized singular values than the shallow models with the same

architecture trained on the 0-1 hard targets. Once more, we observe gaps in major component

singular values that correlate with the performance gaps between convolution networks and

feed-forward networks. It appears that the deep teacher model is able to learn the most

complex model, and that the student models trained to mimic the teacher model are able to

learn more complex functions than those learned by shallow models of the same architecture

that were trained on the original 0-1 hard targets.

6.3.4 EDJM for Networks with Dropout

Dropout [119] is a widely-used technique that disentangles the dependencies among neural

network units by randomly deactivating each neural unit with certain probability. As neural

units are dropped out randomly for each mini-batch, dropout effectively provides an effi-

cient way of approximately combining a large collections of neural networks with different

structures, and thus often improves the performance of the neural networks.

Figure 6.4 shows that on both MNIST and CIFAR-10, and two different network struc-

tures, the dropout networks consistently have higher values on the major components of

EDJMs as well as higher performance.

The increase of the major components singular values for dropout networks may result

from the independence over hidden units created by dropout. As neural units are dropped-

out at random, the correlation among weights is reduced, forcing rows of weight matrices to

be more independent of each other. We observe from the EDJMs, which are products of indi-

vidual weight matrices, that the normalized singular values for major components are higher.
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6.3.5 EDJM for an Ensemble of Networks

Figure 6.5 shows the normalized singular values of the EDJM for three DNNs trained on

CIFAR-10, and for an ensemble of those DNNs. As shown before, deeper DNNs are more

accurate: the 4-DNN has 56.34% accuracy, the 3-DNN has 56.05%, and the 2-DNN has

only 54.23%. Also, the normalized singular value scores correlate with the accuracy of the

individual models: the 4-DNN has the highest score and the 2-DNN the lowest score.

But what about the ensemble? As expected it has higher accuracy than the individual

models (57.60%), but its normalized score is less than the score of even the 2-DNN. This

is exactly what we should see if the normalized singular value score is a measure of the

relative complexity of the learned functions. Averaging ensembles increase accuracy by

reducing variance — an ensemble is lower complexity than the individual models contained

in it. Averaging suppresses the parts of the learned functions where the models disagree,

while emphasizing the regions where the models agree. The net result is that the strongest

singular values in the ensemble increase relative to the individual models, while the weaker

singular values decrease, both of which lower the score. This result for different model types

such as 2-DNNs, 3-DNNs, 4-DNNs and an ensemble of these DNNs provides evidence that

the EDJM can be used as an architecture-independent measure of the relative complexity of

learned functions.

6.4 Boosting Performance with EDJMs

All the results shown above always find that the better performing models tend to have higher

normalized singular values on the major components of EDJMs. To further investigate this

and take advantage of the predictive properties of the EDJM for the success in neural network

training, we introduce a regularizer on the singular values of EDJMs. We wish to encourage

the major singular values of the EDJM to be high relative to the largest singular value, and

this can be done by utilizing the following term:

r(X,λ) = −λ
dout−1∑
j=0

∑
σ∈Sθ(X,j)

log σ, (6.13)
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where λ is a hyper-parameter for the regularization term.

Recall that Sθ(X, j) denotes all the singular for EDJM conditioned on data input X and

jth output. The proposed regularizer is the sum of the log of the singular values of EDJM,

which enforces the singular values to be all high due to the diminishing return property of

the log function.

While r(X,λ) is differentiable, the computational cost is extremely expensive for training

neural networks. This is because: (1) X can be as large as the training set to get an accurate

estimate of the singular values; (2) even for approximation, where X is as small as a mini-

batch, the extra cost to run singular value decomposition (required to calculate the gradients)

of EDJMs every mini-batch is appreciable; and (3) unlike standard back-propagation, the

gradient with respect to a certain weight matrix depends on all weight matrices before and

after the layer of interest.

To utilize our observations about the spectrum of EDJMs in a more tractable manner,

we instead place a regularization term on the singular values of each of the layer weights:

rlayer(Wl, λ) = −λ
∑

σ∈Slayer(Wl)
log σ, where Slayer(Wl) denotes the singular values of Wl.

As observed in Section 6.3.4, dropout effectively boosts the performance as well as in-

creasing the normalized singular values of the major components of EDJMs by modifying the

output of every layer. Accordingly, we expect that putting rlayer(Wl, λ) on the layer weights

will affect singular values of EDJMs. Suppose we consider the ReLU function as a stochastic

selector on the rows of the weight matrix, by keeping certain rows while “wiping out” the

others by setting them to be zero. If the rows of the weight matrix are already quite depen-

dent, or there is only one dominating singular value for the weight matrix, two subsets of the

rows selected by ReLU also tend to be dependent on each other. Conversely, two subsets of

independent rows also tend to be independent. For a one hidden layer network, the indepen-

dence among the modified weight matrices is a good indicator to the independence of rows

of EDJMs, which is a sign of high normalized singular values of major components. Such

intuition can be carried over to deeper networks as well, as we show in our empirical results.

Though such approach is an approximation and not mathematically related to r(X,λ), we
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will show that rlayer(Wl, λ) can be easily implemented and works well in practice

To incorporate rlayer(Wl, λ) into fully-connected layers, we introduce SVD layers. For

input hl−1, instead of a single matrix multiplication Wlhl−1, the SVD layer consists of a

series of 3 matrices and thus we have Uldiag(Sl)Vlhl−1, where Uldiag(Sl)Vl = SVD(Wl), so

that Ul and Vl are both orthonormal, Sl contains the singular values of Wl, and diag(∗)

represents the diagonal matrix with the input vector on the diagonal. In terms of network

structure, replacing the ordinary fully-connected layer with dimensions |hl| × |hl−1|, the

SVD layer consists of 3 sub-layers: 1) U layer: a fully connected layer with dimensions

|hl|×min(|hl|, |hl−1|); 2) S layer: a layer with a weight vector of length min(|hl|, |hl−1|); 3) V

layer: a fully connected layer with dimensions min(|hl|, |hl−1|)× |hl−1|. Since we decompose

one fully-connected layer into three linear layers, the computational cost for training is

about 3 times more than ordinary. However, for inference, we can merge the three linear

matrices back together, and there is no extra cost. As the S layer corresponds to the singular

values of Wl, we can regularize S layer directly and easily: rlayer(Wl = Uldiag(Sl)Vl, λ) =

−λ
∑

σ∈Sl log σ.

To enforce Ul and Vl to be ortho-normal during training, we first update Ul, Sl and Vl to be

U ′l , S
′
l, and V ′l according to the gradients, and then set Uldiag(Sl)Vl = SVD(U ′ldiag(S ′l)V

′
l ).

To save the extra computation introduced by the singular value decomposition operation,

such projection can be done less frequently. In practice, we do this projection every epoch,

which seems to work well.

Results shown in Table 6.1 shows improved performance on test set with SVD layers

on MNIST, CIFAR-10, and TIMIT datasets. For MNIST and CIFAR-10 in particular, we

analyze the spectrum of the EDJMs (see Figure 6.6), and find higher normalized singular

values for the major components, which supports our intuition about putting the log-loss

spectrum regularization on layer weights. On TIMIT, the spectrally regularized model also

had higher accuracy than that trained with dropout. Interestingly, even though spectral

regularization increased the EDJM score more than dropout, the resulting models had lower

accuracy than dropout on MNIST and CIFAR-10.
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Dataset Structure Feed-for. Dropout Spec. Reg.

MNIST 2 * 1k 98.48% 98.70% 98.66%

CIFAR-10 3 * 4k 56.93% 57.50% 57.43%

TIMIT 3 * 2k 77.77% 78.10% 78.78%

Table 6.1: Test set accuracy (phone accuracy for TIMIT) on MNIST, CIFAR-10 and TIMIT

datasets, comparing the baseline feed-forward network with either adding dropout or the

spectrum regularization on singular values to the same network structure.
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MNIST CIFAR-10

# layers score / acc score / acc

1 4.25 / 98.53% 5.99 / 53.94%

2 5.49 / 98.59% 13.94 / 54.23%

3 7.35 / 98.62% 16.58 / 56.06%

4 7.70 / 98.66% 21.40 / 56.34%

(A) MNIST, Fixed # Hidden Units (B) CIFAR-10, Fixed # hidden units (C) Scores for Fixed # Hidden Units (Eq 6.12)

MNIST CIFAR-10

# layers score / acc score / acc

1 4.04 / 98.52% 5.99 / 53.94%

2 5.55 / 98.52% 18.64 / 55.16%

3 7.55 / 98.62% 20.39 / 56.18%

4 7.65 / 98.68% 21.40 / 56.34%

(D) MNIST, Fixed # Parameters (E) CIFAR-10, Fixed # Parameters (F) Scores for Fixed # Parameters

Figure 6.1: Spectra of EDJMs of feed-forward networks with various number of layers.

Validation set accuracy is reported in the legends of each figure and in the tables (D) and

(E) (same for following figures and tables). (A) Spectra of EDJMs for networks with 1 - 4

layers and fixed number of total hidden units equal to 6k on MNIST. Each spectrum consists

of singular values normalized by the largest singular value (i.e., the curve starts at 1.0 on

y-axis), sorted in decreasing order, and then averaged over 10 output classes. We set the

maximum value of y-axis to be 0.25 for the purpose of better visual display. (B) Spectra of

EDJMs for networks with 1 - 4 layers and fixed number of total hidden units equal to 12k

on CIFAR-10. (C) Scores for the spectra plotted in (A) and (B). (D) Spectra of EDJMs for

networks with 1 - 4 layers and fixed number of parameters equal to 10 million on MNIST.

(E) Spectra of EDJMs for networks with 1 - 4 layers and fixed number of parameters equal

to 46 million on CIFAR-10. (F) Scores of the spectra plotted in (D) and (E).
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MNIST CIFAR-10

Model score / acc score / acc

Feed-for. 7.70 / 98.66% 21.40 / 56.34%

Conv. 21.55 / 99.26% 59.65 / 73.77%

(A) MNIST, Conv. v.s. Feed-forward (B) CIFAR-10, Conv. v.s. Feed-forward (C) Scores for Conv. v.s. Feed-forward

Figure 6.2: Spectra of EDJMs of convolution networks compared to feed-forward networks.

(A) Spectra of EDJMs of a 4 * 1536 feed-forward network compared with a 64 filter 3 * 3 - 2

* 2 max pooling - 128 filter 3 * 3 - 2 * 2 max pooling - 2 * 1943 network on MNIST dataset.

(B) Spectra of EDJMs of a 4 * 3072 feed-forward network compared with a 64 filter 3 * 3

- 2 * 2 max pooling - 128 filter 3 * 3 - 2 * 2 max pooling - 2 * 3072 feed-forward network.

(C) Scores for the spectra plotted in (A) and (B).
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(A) CIFAR-10, Model Compression

Model Score Acc

Feed-forward shallow 33.7 62.3%

Feed-forward student 73.6 73.6%

Convolutional shallow 147.8 83.1%

Convolutional student 162.7 86.7%

Convolutional teacher 172.7 92.1%

(B) Scores for Model Compression Results

Figure 6.3: Effects of model compression training on spectra of EDJMs. (A) shows the

spectra of EDJMs for different models in model compression training on CIFAR-10. (B)

Scores for (A).
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MNIST

Model score / acc

2 layer 5.49 / 98.59%

2 layer dropout 7.15 / 98.74%

3 layer 7.55 / 98.62%

3 layer dropout 8.19 / 98.73%

(A) MNIST Dropout 2 * 3k Feed-forward Net (B) MNIST Dropout 3 * 2k Feed-forward Net (C) MNIST Scores for Dropout v.s. Non-dropout

CIFAR-10

Model score / acc

2 layer 13.94 / 54.23%

2 layer dropout 16.33 / 57.78%

3 layer 16.58 / 56.06%

3 layer dropout 17.50 / 57.88%

(D) CIFAR-10 Dropout 2 * 6k Feed-forward Net (E) CIFAR-10 Dropout 3 * 4k Feed-forward Net (F) CIFAR-10 Scores for Dropout v.s. Non-dropout

Figure 6.4: Effects of dropout on the spectra of EDJMs. (A) and (B) shows the spectra of

EDJMs for models of two network structures feed-forward 2 * 3k and 3 * 2k respectively

on MNIST. (C) and (D) shows the spectra of EDJMs for models of two network structures

feed-forward 2 * 6k and 3 * 4k respectively on CIFAR-10. (E) Table of scores for the spectra

plotted in (A), (B), (C) and (D).



112

(A) CIFAR-10, Ensemble of Networks

Model Score Acc

Feed-forward 2 layer 13.94 54.23%

Feed-forward 3 layer 16.58 56.06%

Feed-forward 4 layer 21.40 56.34%

Ensemble 8.75 57.60%

(B) Scores for Ensemble Results

Figure 6.5: Spectra of EDJMs for ensemble of networks. (A) shows the spectra of 3 different

feed-forward networks and their ensemble on CIFAR-10. (B) Scores for spectra plotted in

(A).
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MNIST CIFAR-10

Model score / acc score / acc

Feed-for. 7.00 / 98.58% 16.58 / 56.06%

Dropout 7.51 / 98.78% 17.50 / 57.88%

Spec. Reg. 8.99 / 98.76% 26.44 / 57.28%

(A) MNIST Spec. Regularization (B) CIFAR-10 Spec. Regularization (C) Scores for Spec. Regularization

Figure 6.6: The effect of layer weight spectrum regularizer on spectra of EDJMs. (A) Spectra

of baseline feed-forward network, dropout network and spectrum regularized network with

same network structure (feed-forward 2 * 1k) on MNIST. (B) Spectra of baseline feed-forward

network, dropout network and spectrum regularized network with same network structure

(feed-forward 3 * 4k) on CIFAR-10. (C) Table of scores for the curved plotted in (A) and (B).
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Chapter 7

JUMPOUT: IMPROVED DROPOUT FOR RELU DEEP
NETWORKS

While deep neural networks (DNNs) are successful on a wide variety of tasks [102, 99],

they are often able to fit training data perfectly, resulting in an overfitting problem and

thereby weakening the generalization performance on unseen data. Dropout [118, 49] is a

simple yet effective technique to mitigate such problems by randomly setting the activations

of hidden neurons to 0, a strategy that reduces co-adaptation amongst neurons. Dropout

applies to any layer in a DNN without causing significant additional computational overhead.

Dropout, however, has several drawbacks. Firstly, dropout rates, constituting extra

hyper-parameters at each layer, need to be tuned to get optimal performance. Too high

a dropout rate can slow the convergence rate of the model, and often hurt final performance.

Too low a rate yields few or no improvements on generalization performance. Ideally, dropout

rates should be tuned separately for each layer and also during various training stages. In

practice, to reduce computation, we often tune a single dropout rate and keep it constant

for all dropout layers and throughout the training process.

If we treat dropout as a type of perturbation on each training sample, it acts to generalize

the DNN to noisy samples having that specific expected or typical amount of perturbation

(due to the fixed dropout rate) with high probability. The fixed rate means noisy sam-

ples having less perturbation, i.e., those potentially more likely to be closer to the original

samples and thus that are potentially more helpful to improve generalization, are much less

likely to occur. Also, when a constant dropout rate is applied to layers and samples having

different fractions of activated neurons, the effective dropout rate (i.e., the proportion of the

activated neurons that are deactivated by dropout) varies, which might result in immoderate
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perturbation for some layers and samples and insufficient perturbation for others.

Another deficiency of dropout lies in its incompatibility with batch normalization (BN) [50]

(more empirical evidence of this is shown in Section 7.2.3). As dropout randomly shuts down

activated neurons, it needs to rescale the undropped neurons to match the original overall

activation gain of the layer. Unfortunately, such rescaling breaks the consistency of the

normalization parameters required between training and test phases1 and may cause poor

behavior when used with BN. Since BN, and its variants [4, 129, 142], has become an indis-

pensable component of modern DNN architectures, dropout is itself often dropped out in the

choice between these two non-complementary options, and has recently become less popular.

7.0.1 Our Approach

We propose three simple modifications to dropout in order to overcome the aforementioned

drawbacks, leading to an improved method we call “jumpout.” Our approach is motivated

by three observations about how dropout results in improved generalization performance for

DNNs with rectified linear unit (ReLU) activations, which covers a frequently used class of

DNNs.

Firstly, we note that any DNN with ReLU is a piecewise linear function which applies

different linear models to data points from different polyhedra defined by the ReLU acti-

vation patterns [86, 134, 132]. Based on this observation, applying dropout to a training

sample randomly changes its ReLU activation patterns and hence the underlying polyhedral

structure and corresponding linear models. This means that each linear model is trained

not only to produce correct predictions for data points in its associated polyhedron, but

also is trained to work for data points in nearby polyhedra; what precisely “nearby” means

depends on the dropout rate used. This partially explains why dropout improves generaliza-

tion performance. The problem, however, is that with a fixed dropout rate, say p, and on a

layer with n units, the typical number of units dropped out is np as that is the mode of a

1Dropout usually happens only during the training but not the test phase, since using it for testing
requires averaging the results of multiple dropout inferences on each training sample, which is costly and
may introduce greater prediction variance.
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Binomial distribution with parameter p. It is relatively rare that either very few (closer to

zero) or very many (closer to n) units are dropped out. Thus, with high probability, each

linear model is smoothed to work on data points in polyhedra at a typical distance np away.

The probability of smoothing over closer distances is much smaller, thus failing to achieve

the goal of local smoothness.

In jumpout, by contrast, p rather than being fixed is itself a random variable; we sample

p from a distribution that is monotone decreasing (e.g., a truncated half-Gaussian). This

achieves the property that Pr(i units dropping out ) ≥ Pr(i+1 units dropping out ) for all

i ∈ {1, 2, . . . , n}. That is, a smaller dropout rate has a higher probability of being chosen.

Hence, the probability of smoothing polyhedra to other points decreases as the points move

farther away.

Secondly, we notice that in dropout, the fraction of activated neurons in different layers,

for different samples and different training stages, can be different. Although we are us-

ing the same dropout rate, since dropping out neurons that are already quiescent by ReLU

changes nothing, the effective dropout rate, i.e., the fraction of the activated neurons that are

dropped, can vary significantly. In jumpout, we adaptively normalize the dropout rate for

each layer and each training sample/batch, so the effective neural-deactivation rate applied

to the activated neurons are consistent over different layers and different samples as training

proceeds.

Lastly, we address the incompatibility problem between dropout and BN by rescaling

the outputs of jumpout in order to keep the variance unchanged after the process of neural

deactivation. Therefore, the BN layers learned in the training phase can be directly applied

in the test phase without an inconsistency, and we can reap the benefits of both dropout

and BN when training a DNN.

In our implementation, similar to dropout, jumpout also randomly generates a 0/1 mask

over the hidden neurons to drop activations. It does not require any extra training, can be

easily implemented and incorporated into existing architectures with only a minor modifica-

tion to dropout code. In our experiments on a broad range of benchmark datasets including



117

CIFAR10, CIFAR100, Fashion-MNIST, SVHN, STL10 and ImageNet-1k, jumpout shows al-

most the same memory and computation costs as the original dropout, but significantly and

consistently outperforms dropout.

7.0.2 Related Work

Jumpout is not the first approach to address the fixed dropout rate problem. Indeed, re-

cent work has proposed different methods to generate adaptive dropout rates. [5] proposed

“standout” to adaptively change the dropout rates for various layers and training stages.

They utilized a binary belief network and trained it together with the original network to

control the dropout rates. [156] further extend the model so that adaptive dropout rates

can be learned for different neurons or group of neurons. [149] showed that the Rademacher

complexity of a DNN is bounded by a function related to the dropout rate vectors, and they

proposed to adaptively change dropout rates according to the Rademacher complexity of the

network. In contrast to the above methods, jumpout does not rely on additional trained

models: it adjusts the dropout rate solely based on the ReLU activation patterns. Moreover,

jumpout introduces negligible computation and memory overhead relative to the original

dropout methods, and can be easily incorporated into existing model architectures.

[135] showed that dropout has a Gaussian approximation called Gaussian dropout and

proposed to optimize the Gaussian dropout directly to achieve faster convergence. The

Gaussian dropout was also extended and studied from the perspective of variational methods.

[63] generalized Gaussian dropout and proposed variational dropout, where they connected

the global uncertainty with the dropout rates so that dropout rates can be adaptive for every

neuron. [84] further extended variational dropout to reduce the variance of the gradient

estimator and achieved sparse dropout rates. Our method is significantly different from the

line of work in variational dropout: 1) we do not assume any continuous noise applied to

inputs; 2) our goal is not the posterior distribution of model weights; 3) we do not optimize

any variational objective or require any Bayesian inference.

Other recent variants of dropout include Swapout [115], which combines dropout with
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random skipping connections to generalize to different neural network architectures, and

Fraternal Dropout [157], which trains two identical DNNs using different dropout masks to

produce the same outputs and tries to shrink the gap between the training and test phases

of dropout. Jumpout involves orthogonal and synergistic contributions to most of the above

methods, and targets other dropout problems. Indeed, jumpout can be applied along with

most other previous variants of dropout.

7.1 ReLU Deep Neural Networks are comprised of local linear models

We study a feed-forward deep neural networks of the form:

ŷ(x) = Wmψm−1(Wm−1ψm−2(. . . ψ1(W1x))), (7.1)

where Wj is the weight matrix for layer j, ψj is the corresponding activation function (ReLU

in this work), x ∈ X is an input data point of din dimensions and ŷ(x) is the network’s output

prediction of dout dimensions, e.g., the logits before applying softmax. We denote the hidden

nodes at layer j to be hj, i.e., hj = Wjψj−1(Wj−1ψj−2(. . . ψ1(W1x))), whose dimensionality

is dj. We represent the nodes after applying the activation function as h̄j = ψ(hj).

The above DNN formalization can generalize many DNN architectures used in practice.

Clearly, Eqn. (8.1) can represent a fully-connected network of m layers. Note Eqn. (8.1)

covers the DNNs with bias terms at each layer since the bias terms can be written in the

matrix multiplication as well by introducing dummy dimensions on the input data (append m

1’s to input data). Moreover, the convolution operator is essentially a matrix multiplication,

where every row of the matrix corresponds to applying a convolutional filter on a certain

part of the input, and therefore the resulting weight matrix is very sparse and has tied

parameters, and typically has an enormous (compared to input size) number of rows. The

average-pooling is a linear operator and therefore representable as a matrix multiplication,

and max-pooling can be treated as an activation function. Finally, we can represent the

residual network block by appending an identity matrix at the bottom of a weight matrix so

that we can retain the input values, and add the retained input values later through another
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matrix operation. Therefore, we can also write a DNN with short-cut connections in the

form of Eqn. (8.1).

For piecewise linear activation functions such as ReLU, the DNN in Eqn. (8.1) can be

written as a piecewise linear function, i.e., the DNN in a region surrounding a given data

point x is a linear model having the following form:

ŷ(x) = WmW
x
m−1 . . .W

x
1 x =

∂ŷ(x)

∂x
x, (7.2)

where W x
j is the equivalent weight matrix after combining the resultant activation pattern

with Wj. For instance, suppose we use ReLU activation ψReLU(z) = max(0, z); at every layer,

we have an activation pattern for the input aj(x) ∈ {0, 1}dj , and aj(x)[p] = 0 indicates that

ReLU sets the unit p to 0 or otherwise preserves the unit value. Then, ψReLU(W1x) = W x
1 x,

where W x
1 is modified from W1 by setting the rows, whose corresponding activation patterns

are 0, to be all zero vectors. We can continue such a process to the deeper layers, and in

the end we can eliminate all the ReLU functions and produce a linear model as shown in

Eqn. (8.3).

In addition, the gradient ∂ŷ(x)
∂x

is the weight vector of the linear model. Note that the

linear model in Eqn. 8.3 is specifically associated with the activation patterns {aj(x)}mj=1 on

all layers for a data input x, which is equal to a set of linear constraints that defines a convex

polyhedron containing x. In a DNN with ReLU activations, for every dimension i in layer

1, if a1(x)[i] = 1, we have a linear equation W1[i]x > 0 and otherwise we have W1[i]x ≤ 0.

As a result, we have d1 linear constraints for layer 1. Similarly, we can follow the same

procedure on layer j with input changed to W x
j−1 . . .W

x
1 x, so we have dj linear constraints

for layer j. Therefore, a DNN with piecewise linear activation functions is a piecewise linear

function defined by a number of local linear models (on a set of input data points) and the

corresponding convex polyhedra, each represented by a set of linear constraints (
∑m

j=1 dj

constraints in specific). An analysis based on a similar perspective can be found in [98].

Although the above analysis can be easily extended to DNNs with general piecewise linear

activation functions, we focus on DNNs with ReLU activations in the rest of the chapter for



120

clarity. In addition to the piecewise linear property, ReLU units are cheap to compute, as is

their (sub)gradient, and are widely applicable to many different tasks while achieving good

performance [42, 146]. In the following, we will study how dropout improves the generaliza-

tion performance of a complicated DNN by considering how it generalizes each local linear

model to its nearby convex polyhedra. This is easier to analyze and acts as the inspiration

for our modifications to the original dropout. We will further elaborate the understandings

of dropout based on the above insights of local linear models in the next section.

7.2 Three Modifications to Dropout

7.2.1 Modification I: Monotone Dropout Rate for Local Smoothness

There have been multiple explanations for how dropout improves the performance of DNNs.

Firstly, dropout prevents the co-adaptation of the neurons in the network, or in other words,

encourages independence and diversity amongst the neurons. Secondly, by randomly drop-

ping a portion of neurons during training, we effectively train a large number of smaller

networks, and during test/inference, the network prediction can be treated as an ensemble

of the outputs from those smaller networks, and thus enjoys the advantages of using an

ensemble such as variance reduction.

Here we provide another perspective for understanding how dropout improves general-

ization performance by inspecting how it smooths each local linear model described in the

previous section. As mentioned above, for a DNN with ReLUs, the input space is divided

into convex polyhedra, and for any data point in any convex polyhedron of the final layer

(a polyhedron that is not divided further into smaller regions), the DNN behaves exactly as

a linear model. For large DNNs with thousands of neurons per layer, the number of con-

vex polyhedra can be exponential in the number of neurons. Hence, there is a high chance

that the training samples will be haphazardly situated amongst the different polyhedra, and

every training data point is likely to be given its own distinct local linear model. More-

over, it is possible that two nearby polyhedra may correspond to arbitrarily different linear
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models, since they are the results of consecutively multiplying a series of weight matrices

WmW
x
m−1 . . .W

x
1 of different x (as shown in Eqn. (8.3)), where each weight matrix W x

j is Wj

with some rows setting to be all-zero according to the activation pattern aj(x) of a specific

data point x. If the activation patterns of two polyhedra differ on some critical rows of

the weight matrices, the resulting linear models may in fact differ greatly. Therefore, it is

possible for the linear model of one polyhedron to work only for one or a few training points

strictly within the polyhedron, and it may fail when applied to nearby test data points (i.e.,

a lack of smoothness). This can make the DNN fragile and perform unstably on new data,

thus weakening its generalization performance.

Given the problems of dropout mentioned in Section 7.0.1, we propose to sample a

dropout rate from a truncated half-normal distribution (to get a positive value), which is the

positive part of an ordinary Gaussian distribution with mean zero. In particular, we firstly

sample p ∼ N (0, σ) from a Gaussian distribution, and then take the absolute value |p| as the

dropout rate. We further truncate |p| so that |p| ∈ [pmin, pmax], where 0 ≤ pmin < pmax ≤ 1.

These determine the lower and upper limits of the dropout rate and are used to ensure the

sampled probability is neither too small, which makes jumpout ineffective, nor too large,

which may yield poor performance. Overall, this achieves monotone decreasing probability

of a given dropout rate as mentioned above. Other distributions (such as a Beta distribution)

could also be used for this purpose, but we leave that to future work.

We utilize the standard deviation σ as the hyper-parameter to control the amount of

generalization enforcement. By using the above method, smaller dropout rates are sam-

pled with higher probabilities so that a training sample will be more likely to contribute

to the linear models of closer polyhedra. In Figure 7.1, we compare a constant dropout

rate and a monotone dropout rate. A Gaussian-based dropout rate distribution encourages

greater smoothness between local linear models for close polyhedra, but this encouragement

diminishes between polyhedra farther away from each other.
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7.2.2 Modification II: Dropout Rate adapted to the number of Activated Neurons

The dropout rate for each layer is a hyper-parameter, and as stated above, it controls a form

of smoothness amongst nearby local linear models. Ideally, the dropout rates of different

layers should be tuned separately to improve network performance. In practice, it is com-

putationally expensive or infeasible to tune so many hyper-parameters. One widely adopted

approach is therefore to set the same drop rate for all layers and to tune one global dropout

rate.

Using a single global dropout rate is suboptimal because the proportion of active neurons

(i.e., neurons with positive values) of each layer at each training stage and for each sample

can be dramatically different (see Fig. 7.2). When applying the same dropout rate to dif-

ferent layers, different fractions of active neurons get deactivated, so the effective dropout

rate applied to the active neurons varies significantly. Suppose the fraction of active neurons

in layer j is q+
j = (

∑
i=1:d 1hj [i]>0)/|hj|. Since dropping the inactive neurons has no effect

(neurons with values ≤ 0 have already been set to 0 by ReLU), the effective dropout rate

of every layer is pjq
+
j , where pj is the dropout rate of layer j. Thus, to better control the

behavior of dropout for different layers and across various training stages, we normalize the

dropout rate by q+
j and use an actual dropout rate of p′j = pj/q

+
j . By doing so, the hamming

distance between the changed activation pattern and the original pattern is more consistent,

and we can more precisely achieve the desirable level of smoothing encouragement by tuning

the dropout rate as a single hyper-parameter.

7.2.3 Modification III: Rescale Outputs to work with Batch Normalization

In standard dropout, if the dropout rate is p, we scale the neurons by 1/p during training and

keeps the neuron values unchanged during the test/inference phase. The scaling factor 1/p

keeps the mean of the neurons the same between training and test; this constitutes a primary

reason for the incompatibility between dropout and batch normalization (BN) [50]. Specif-

ically, though the mean of neurons is consistent, the variance can be dramatically different

between the training and test phases, in which case the DNN might have unpredictable be-
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havior as the BN layers cannot adapt to the change of variance from training to test condition.

We consider one possible setting of combining dropout layers with BN layers where one

linear computational layer (e.g., a fully-connected or a convolutional layer without activation

function) is followed by a BN layer, then a ReLU activation layer, and then followed by a

dropout layer. For layer j, without loss of generality, we may treat the value of a neuron

i after ReLU, i.e., h̄j[i] as a random variable with q+
j probability of being 1 and 1 − q+

j

probability of being 0. If dropout is not applied, h̄j[i] then gets multiplied by certain entry

in the weight matrix Wj+1[i′, i], and contributes to the value of the i′ neuron of layer j + 1.

Since we consider any index i and i′, we rename the following terms for simplicity: xj := h̄j,

wj := Wj+1[i′, :], yj := hj+1[i′]. As neuron i′ of layer j + 1 (before ReLU) then gets fed into

a BN layer, we will focus on the change of mean and variance as we add the dropout layer.

Suppose we apply a dropout rate of pj, then

E[yj] = [wj](1− pj)q+
j (7.3)

V ar[yj] = E[y2
j ]− E[yj]

2

= (1− pj)E[(wjxj)
2]− (E[wj](1− pj)q+

j )2, (7.4)

where the expectation is taken over all neurons in the same layer. Hence, dropout changes

both the scales of the mean and variance of neurons during training. Since the following BN’s

parameters are trained based on the scaled mean and variance, which however are not scaled

by dropout during test/inference (because dropout is not used during testing), the trained

BN is not consistent with the test phase. An easy fix of the inconsistency is to rescale the

output yj to counteract dropout’s on the scales of mean and variance. In order to recover the

original scale of the mean, we should rescale the dropped neurons by (1 − pj)−1. However,

the rescaling factor should be (1 − pj)−0.5 instead for recovering the scale of the variance if

E(yj) is small and thus the second term of the variance can be ignored.

Ideally, we can also take into account the value of E[wj], and scale the un-dropped neurons
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by √
E[(wjxj)2]− (E[wj]q

+
j )2

(1− pj)E[(wjxj)2]− (E[wj](1− pj)q+
j )2

. (7.5)

However, computing information about Wj, which is the weight matrix of layer-j, requires

additional computational and memory costs. In addition, such a scaling factor is only correct

for the variance of yj. To make the mean consistent, we should instead use (1 − pj)−1 (the

original dropout scaling factor). No simple scaling method can resolve the shift in both mean

and variance, as the mean rescaling (1− pj)−1 does not solve the variance shift.

When the mean E(yj) is large in magnitude, so that the second term in the variance is

comparable with the first term, in which case the variance is small, we should use the rescal-

ing factor close to (1−pj)−1, which makes the mean exactly unchanged for training and test.

In contrast, when the mean E(yj) is small in magnitude and close to 0, the second term in

the variance is ignorable, and we should use (1− pj)−0.5 as the rescaling factor, to make the

variance unchanged. In practice, it is not efficient to compute E(yj) during training, so we

propose to use a trade-off point (1−pj)−0.75 between (1−pj)−1 and (1−pj)−0.5. In Figure 7.4,

we show that (1− pj)−0.75 makes both the mean and variance sufficiently consistent for the

cases of using dropout and not using dropout. In Figure 7.3, we compare the performance of

the original dropout and dropout using our rescaling factor (1− pj)−0.75, when they are used

with and without BN in a convolutional networks. It shows that using dropout with BN can

potentially improve the performance, and larger dropout might result in more improvement.

However, using the original dropout with BN leads to a significant decrease in the accuracy

once increasing the dropout rate over 0.15. In contrast, the performance of dropout using

our rescaling keeps improving with increasing dropout rate (until reaching 0.25), and is the

best among the four configurations.

7.2.4 Jumpout Layer

We combine the three modifications specifically designed to overcome the drawbacks of the

original dropout in our proposed improved dropout, which we call “jumpout” as shown in

Alg. 13. Similar to the original dropout, jumpout essentially generates a 0/1 mask for the
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Algorithm 13: Jumpout Layer with ReLU

input : hj, σ, pmax, pmin

1 q+
j := (

∑
i=1:dj

1hj [i]>0)/|hj| ; // Compute the fraction of activated neurons

2 p ∼ N (0, σ), pj := min(pmin + |p|, pmax); // Sample a Gaussian dropout rate

3 p′j := pj/q
+
j ; // Normalize the dropout rate according to the fraction of

activated neurons

4 Randomly generate a 0/1 mask zj for hj, with probability p′j to be 0; // Sample

the dropout mask

5 sj := (1− p′)−0.75; // Compute the rescaling factor

6 h′j := sj ∗ diag(zj)hj; // Rescale the outputs

7 return h′j

input neurons, and randomly drop a portion of the neurons based on the mask. We sample

a dropout rate for each layer on each training batch.

Summarizing the novelty of jumpout, instead of using a fixed dropout rate as in the orig-

inal dropout, jumpout samples from a monotone decreasing distribution as mentioned above

to get a random dropout rate. Also, jumpout normalizes the dropout rate adaptively based

on the number of active neurons, which enforces consistent regularization and generalization

effects on different layers, across different training stages, and on different samples. Finally,

jumpout further scales the outputs by (1−p)−0.75, as opposed to (1−p)−1 during training, in

order to trade-off the mean and variance shifts and synergize well with batchnorm operations.

Jumpout requires one main hyper-parameter σ to control the standard deviation of the

half-normal distribution, and two auxiliary truncation hyperparameters (pmin, pmax). Though

(pmin, pmax) can also be tuned, they serve to bound the samples from the half-normal distri-

bution; in practice, we set pmin = 0.01 and pmax = 0.6, which work consistently well over all

datasets and models we tried. Hence, jumpout has three hyperparameters, although we only

tuned σ and achieved good performance, as can be seen below.
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Also, note that here we consider the input hj to be the features of layer j corresponding

to one data point. For a mini-batch of data points, we can either estimate q+
j separately

for each single data point in the mini-batch or apply the average q+
j over data points as the

estimate for the mini-batch. In practice, we utilize the latter option as we find that it gives

comparable performance to the first while using less computation and memory.

Table 7.1: Ablation study (test accuracy in %) of all the possible combinations of the three

modifications (I, II and III) in jumpout, “CIFAR10(s)” refers to the small CNN applied to CIFAR10.

Dataset CIFAR10(s) CIFAR10 CIFAR100 STL10

Dropout 86.50 95.23 79.41 81.37

Dropout+I 87.56 96.06 79.89 81.76

Dropout+I+II 90.06 96.35 81.70 82.09

Dropout+II 87.14 95.67 80.24 81.94

Dropout+II+III 89.64 96.74 80.61 82.22

Dropout+III 87.70 96.20 80.59 81.69

Dropout+I+III 87.36 96.45 81.20 82.18

Jumpout 90.24 96.82 82.48 84.02

Jumpout has almost the same memory cost as the original dropout, which is the additional

0/1 drop mask. For computation, jumpout requires counting the number of active neurons,

which is insignificant compared to the other layers of a deep model, and sampling from the

distribution, which is also insignificant compared to the other computation in DNN training.

7.3 Experiments

In this section, we apply dropout and jumpout to different popular DNN architectures

and compare their performance on six benchmark datasets at different scales. In partic-
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ular, these DNN architectures include a small CNN with four convolutional layers2 ap-

plied to CIFAR10 [68], WideResNet-28-10 [146] applied to CIFAR10 and CIFAR100 [68],

“pre-activation” version of ResNet-20 [44] applied to Fashion-MNIST (“Fashion” in all ta-

bles) [143], WideResNet-16-8 applied to SVHN [92] and STL10 [23], and ResNet-18 [42]

applied to ImageNet [28, 102].

Table 7.2: Test accuracy (%) of different DNNs trained without dropout/jumpout, with dropout,

and with jumpout (10 random trials).

Dataset CIFAR10(s) CIFAR10 CIFAR100 Fashion STL10 SVHN ImageNet

Original 82.47 94.07 77.98 95.85 75.21 97.39 71.04

Dropout 86.43± 0.11 95.21± 0.10 79.34± 0.07 95.85± 0.14 81.09± 0.27 98.15± 0.05 71.09± 0.08

Jumpout 90.18± 0.13 96.69± 0.08 82.22± 0.09 97.13± 0.12 83.87± 0.24 98.36± 0.04 71.43± 0.06

For all the experiments about CIFAR and Fashion-MNIST, we follow the standard set-

tings, data preprocessing, augmentation, and hyperparameters used in an existing GitHub

repository 3. On each dataset, we tune the dropout rate and σ in jumpout between [0.05, 0.60]

with a step size of 0.05 on a validation set that is 20% of the original training set. On Ima-

geNet, we starts from a pre-trained ResNet18 model4, and train two copies of it with dropout

and jumpout respectively for the same number of epochs. The reason for not starting from

random initialized model weights is that training DNNs on ImageNet usually does not have

overfitting problem if one follows the standard data augmentation methods used to train

most modern models, but both dropout and jumpout are most effective in the case of over-

fitting. Therefore, we choose to start from the pre-trained model, on which training accuracy

is relatively high (but still not overfit and very close to the test accuracy)5.

2The “v3” network from https://github.com/jseppanen/cifar_lasagne.

3https://github.com/hysts/pytorch_image_classification

4https://gluon-cv.mxnet.io/api/model_zoo.html#gluoncv.model_zoo.resnet18_v1b

5In fact, ImageNet is less of an appropriate benchmark to test the performance of dropout, and almost
all the modern DNNs for ImageNet do not use dropout, because the training accuracy is always close to
the test accuracy during the training process, and there is no overfitting problem needed to be tackled by
dropout. We include ImageNet in experiments because of its large size compared to the other datasets

https://github.com/jseppanen/cifar_lasagne
https://github.com/hysts/pytorch_image_classification
https://gluon-cv.mxnet.io/api/model_zoo.html#gluoncv.model_zoo.resnet18_v1b
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We summarize the experimental results in Table 7.2 which shows that jumpout con-

sistently (i.e., always) outperforms dropout on all datasets and all the DNNs we tested.

Moreover, for Fashion-MNIST and CIFAR10 on which the test accuracy is already > 95%,

jumpout can still bring appreciable improvements. In addition, on CIFAR100 and Ima-

geNet (on which a great number of DNNs and training methods are heavily tuned), jumpout

achieves the improvement that can only be obtained by significantly increasing the model

size in the past. These verify the effectiveness of jumpout and its advantage comparing to

the original dropout.

In addition, we conduct a thorough ablation study of all the possible combinations of

the three proposed modifications, with results reported in Table 7.1. It further verifies the

effectiveness of each modification: 1) each modification improves the vanilla dropout; 2)

adding any modification to another brings further improvements; and 3) applying the three

modifications together achieves the best performance.

We also provide the learning curves and convergence plots of dropout and jumpout

equipped DNNs during training in Figure 7.5. In all the figures, “jumpout” applies adaptive

dropout rate per mini-batch. Jumpout exhibits substantial advantages over dropout in early

learning stages, and reaches reasonably good accuracy much sooner. In the future, it may

be possible to find a better learning rate schedule method specifically for jumpout, so it can

reach the final performance earlier than dropout.

used.
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Data point

Row of W

Monotone dropout rate

Constant dropout rate

Figure 7.1: DNNs with ReLU partitions the input space into multiple polyhedra (using the blue lines

defined by the rows of weight matrix W ), and applies a linear model to data points within each polyhedron.

Dropout means randomly applying the linear model of a polyhedron to data points in some other polyhedra.

When a constant dropout rate is used, the center data point, for example, will be assigned, with high

probability, to the linear models of polyhedra at constant distance (the orange ◦). By contrast, a monotone

dropout rate probability assigns the data point to linear models of closer polyhedra with higher probability

than farther polyhedra.
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Figure 7.2: Portion of activate neurons on different layers throughout the training process. The network

is “CIFAR10(s)” (see Sec. 8.3).
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Figure 7.3: Comparison of the original dropout, dropout with our rescaling and jumpout, on their perfor-

mance (after 150 training epochs) when used with or without batch normalization (BN) in “CIFAR10(s)”

network (see Sec. 8.3). Jumpout will be formally introduced in Sec. 7.2.4.
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Figure 7.4: Comparison of mean/variance drift when using (1− p)−1, (1− p)−0.5 and (1− p)−0.75 as the

dropout rescaling factor applied to y, when p = 0.1 and p = 0.2. The network is “CIFAR10(s)” (see Sec. 8.3).

The left plot shows the empirical mean of y with dropout divided by the case without dropout (averaged

over all layers), and the second plot shows the similar ratio for the variance. Ideally, both ratios should be

close to 1. As shown in the plots, (1− p)−0.75 gives nice trade-offs between the mean and variance rescaling.
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Figure 7.5: Top Left: WideResNet-28-10+Dropout and WideResNet-28-10+Jumpout on CI-

FAR10; Top Right: WideResNet-28-10+Dropout and WideResNet-28-10+Jumpout on CI-

FAR100; Bottom Left: WideResNet-16-8+Dropout and WideResNet-16-8+Jumpout on SVHN;

Bottom Right: WideResNet-16-8+Dropout and WideResNet-16-8+Jumpout on STL10.
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Chapter 8

BIAS ATTRIBUTION FOR DEEP NETWORK EXPLANATION

Deep neural networks (DNNs) have produced good results for many challenging prob-

lems in computer vision, natural language processing, and speech processing. Deep learning

models, however, are usually designed using fairly high-level architectural decisions, leading

to a final model that is often seen as a difficult to interpret black box. DNNs are a highly

expressive trainable class of non-linear functions, utilizing multi-layer architectures and a

rich set of possible hidden non-linearities, making interpretation by a human difficult. This

restricts the reliability and usability of DNNs especially in mission-critical applications where

a good understanding of the model’s behavior is necessary.

The gradient is a useful starting point for understanding and generating explanations for

the behavior of a complex DNN. Having the same dimension as the input data, the gradient

can reflect the contribution to the DNN output of each input dimension. Not only does

the gradient yield attribution information for every data point, but also it helps us under-

stand other aspects of DNNs, such as the highly celebrated adversarial examples and defense

methods against such attacks [124].

When a model is linear, the gradient recovers the weight vector. Since a linear model

locally approximates any sufficiently smooth non-linear model, the gradient can also be seen

as the weight vector of that local linear model for a given DNN at a given data point. For

a piecewise linear DNN (e.g., a DNN with activation functions such as ReLU, LeakyReLU,

PReLU, and hard tanh) the gradient is exactly the weights of the local linear model1.

Although the gradient of a DNN has been shown to be helpful in understanding the be-

1This is true except when the gradient is evaluated at an input on the boundary of the polyhedral region
within which the DNN equals to the local linear model. In such case, subgradients are appropriate.



135

havior of a DNN, the other part of the locally linear model, i.e., the bias term, to the best of

our knowledge, has not been studied explicitly and is often overlooked. If only considering

one linear model within a small region, the bias, as a scalar, seems to contain less infor-

mation than the weight vector. However, this scalar is the result of complicated processing

of bias terms over every neuron and every layer based on the activations, the non-linearity

functions, as well as the weight matrices of the network. The bias term is data dependent

and different samples can have different bias terms in the local linear models. Uncovering the

bias’s nature could potentially reveal a rich vein of attribution information complementary

to the gradient. For classification tasks, it can be the case that the gradient part of the linear

model contributes to only a negligible portion of the target label’s output probability (or

even a negative logit value), and only with a large bias term does the target label’s probabil-

ity becomes larger than that of other labels to result in the correct prediction (see Sec 8.3).

In our empirical experiments (Table 8.1), using only the bias term of the local linear models

achieves 30-40% of the performance of the complete DNN, thus indicating that the bias term

indeed plays a substantial role in the mechanisms of a DNN.

In this chapter, we unveil the information embedded in the bias term by developing a

general bias attribution framework that distributes the bias scalar to every dimension of

the input data. We propose a backpropagation-type algorithm called “bias backpropagation

(BBp)” to send and compute the bias attribution from the output and higher-layer nodes to

lower-layer nodes and eventually to the input features, in a layer-by-layer manner. Specifi-

cally, BBp utilizes a recursive rule to assign the bias attribution on each node of layer ` to all

the nodes on layer `−1, while the bias attribution on each node of layer `−1 is composed of

the attribution sent from the layer below and the bias term incurred in layer `− 1. The sum

of the attributions over all input dimensions produced by BBp exactly recovers the bias term

in the local linear model representation of the DNN at the given input point. In experiments,

we visualize the bias attribution results as images on a DNN trained for image classification.

We show that bias attribution can highlight essential features that are complementary with

what the gradient-alone attribution methods favor.



136

8.0.1 Related Work

Attribution methods for deep models are important to complement good empirical perfor-

mance of DNNs with explanations for how, why, and in what manner do such complicated

models make their decisions. Ideally, such methods would render DNNs as glass boxes rather

than black boxes. To this end, a number of strategies have been investigated. [114] visu-

alized behaviors of convolutional networks by investigating the gradients of the predicted

class output with respect to the input features. Deconvolution [148] and guided backprop-

agation [117] modify gradients with additional constraints. [85] extended to higher order

gradient information by calculating the Taylor expansion, and [11] study the Taylor expan-

sion approach on DNNs with local renormalization layers. [110] proposed DeepLift, which

separates the positive from the negative attribution, and features customer designed attri-

bution scores. [120] declare two axioms an attribution method needs to satisfy. It further

develops an integrated gradient method that accumulates gradients on a straight-line path

from a base input to a real data point and uses the aggregated gradients to measure the im-

portance of input features. Class Activation Mapping (CAM) [152] localizes the attribution

based on the activation of convolution filters, and can only be applied to a fully convolutional

network. Grad-CAM [106] relaxes the all-convolution constraints of CAM by incorporating

the gradient information from the non-convolutional layers. [? ] explain any classifier by

utilizing an additional interpretable model locally around the target data point. They frame

the attribution task as a submodular optimization problem and aims to identify the expla-

nations in a non-redundant way. [? ] propose a unified attribution method that generalizes

many attribution methods that are additive over features. They propose a Shapely value

based score as a unified measurement. All the work mentioned above utilizes information

encoded in the gradients in some form or another, but none of them explicitly investigates

the importance of the bias terms, which is the focus of this work. Some of them, e.g. [110]

and [120], consider the overall activation of neurons in their attribution methods, so the

bias terms are implicitly taken into account, but are not independently studied. Moreover,
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some previous work (e.g. CAM) focuses on the attribution for specific network architectures

such as convolutional networks, while our approach applies generally to any piece-wise linear

DNN, convolutional or otherwise.

8.1 Background and Motivation

We can write the output f(x) of any feed-forward deep neural network in the following form:

f(x) = Wmψm−1(Wm−1ψm−2

(. . . ψ1(W1x+ b1) . . .) + bm−1) + bm,
(8.1)

where Wi and bi are the weight matrix and bias term for layer i, ψi is the corresponding

activation function, x ∈ X is an input data point of din dimensions, f(x) is the network’s

output prediction of dout dimensions, and each hidden layer i has di nodes. We rule out the

last softmax layer from the network structure; for example, the output f(x) may refer to

logits (which are the inputs to a softmax to compute probabilities) if the DNN is trained for

classification tasks.

The above DNN formalization generalizes many widely used architectures. Clearly,

Eq. (8.1) can represent a fully-connected network of m layers. Moreover, the convolution

operation is essentially a matrix multiplication, where every row of the matrix corresponds to

applying a filter from convolution on a certain part of the input, and therefore the resulting

weight matrix has tied parameters, is very sparse, and typically has a very large (compared

to the input size) number of rows. Average-pooling is essentially a linear operation and

therefore is representable as matrix multiplication, and max-pooling can be treated as an ac-

tivation function. Batchnorm [51] is a linear operation and can be combined into the weight

matrix. Finally, we can represent a residual network [41] block by appending an identity

matrix at the bottom of a weight matrix so that we can keep the input values, and then add

the kept input values later via another matrix operation.
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8.1.1 Piecewise Linear Deep Neural Networks

We will focus on DNNs with piecewise linear activation functions, which cover most of the

recently successful neural networks in a variety of application domains. Some widely used

piecewise linear activation functions include the ReLU, leaky ReLU, PReLU, and the hard

tanh functions. A general form of a piecewise linear activation function applied to a real

value z is as follows:

ψ(z) =



c(0) · z, if z ∈ (η0, η1]

c(1) · z, if z ∈ (η1, η2]

· · · , · · ·

c(h−1) · z, if z ∈ (ηh−1, ηh)

(8.2)

In the above, there are h linear pieces, and these correspond to h predefined intervals on the

real axis. We define the activation pattern φ(z) of z as the index of the interval containing

z, which can be any integer from 0 to h − 1. Both ψ(z) and φ(z) extend to element-wise

operators when applied to vectors or high dimensional tensors.

As long as the activation function is piecewise linear, the DNN is a piecewise linear func-

tion and is equivalent to a linear model at and near each input point x [86, 132]. Specifically,

each linear model piece of the DNN (associated with an input point x) is:

f(x) =
m∏
i=1

W x
i x+

(
m∑
j=2

m∏
i=j

W x
i b

x
j−1 + bm

)

=
∂f(x)

∂x
x+ bx. (8.3)

This holds true for all the possible input points x on the linear piece of a DNN. We will give

a more general result later in Lemma 12. Note W x
i and bxi in the above linear model are

modified from Wi and bi respectively and have to fulfill

xi+1 = ψi(Wixi + bi) = W x
i xi + bxi , (8.4)

where xi is the activation of layer i (x1 is the input data) and bxi is an xi-dependent bias

vector. In the extreme case, no two input training data points share the same linear model
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in Eq. (8.3). In this case, the DNN can still be represented as a piecewise linear model and

each local linear model is only applied to one data point.

Given xi, W
x
i and bxi can be derived from Wi and bi according to the activation pattern

vector φ(Wixi + bi). In particular, each row of W x
i is a scaled version of the associated row

of Wi, and each element in bxi is a scaled version of bi, i.e.,

W x
i [p] = c(φ(Wixi+bi)[p]) ·Wi, (8.5)

and bxi [p] = c(φ(Wixi+bi)[p]) · bi. (8.6)

For instance, if ReLU ψReLU(z) = max(0, z) is used as the activation function ψ(·) at every

layer i, we have an activation pattern φ(Wixi + bi) ∈ {0, 1}di , where φ(Wixi + bi)[p] = 0

indicates that ReLU sets the output node p to 0 or otherwise preserves the node value.

Therefore, at layer i, W x
i and bxi are modified from Wi and bi by setting the rows of Wi,

whose corresponding activation patterns in φ(Wixi + bi) are 0, to be all-zero vectors 0, and

setting the associated elements in bxi to be 0 while other elements to be bi.

We can apply the above process to deeper layers as well, eliminating all the ReLU func-

tions to produce an x-specific local linear model representing one piece of the DNN, as shown

in Eq. (8.3). Since the model is linear, the gradient ∂f(x)
∂x

is the weight vector of the linear

model. Also, given all the weights of the DNN, each linear region, and the associated linear

model can be uniquely determined by the ReLU patterns {φ(xi)}mi=2, which are m binary

vectors.

8.1.2 Attribution of DNN Outputs to Inputs

Given a specific input point x, the attribution of each dimension f(x)[j] of the DNN output

(e.g., the logit for class j) to the input features aims to assign a portion of f(x)[j] to each of

the input features i, and all the portions assigned to all the input features should sum up to

f(x)[j]. For simplicity, in the rest of this chapter, we rename f(x) to be f(x)[j], which does

not lose any generality since the same attribution method can be applied for any output

dimension j. According to Eq. (8.3), f(x) as a linear model on x can be decomposed into
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two parts, the linear transformation ∂f(x)
∂x

and the bias term bx. The attribution of the first

part is straightforward because we can directly assign each dimension of the gradient ∂f(x)
∂x

to the associated input feature, and we can generate the gradient using the standard back-

propagation algorithm. The gradient-based attribution methods have been widely studied in

previous work (see Section 8.0.1). However, the attribution of the second part, i.e., the bias

b, is arguably a more challenging problem since it is not obvious how to assign a portion of

b to each input feature since b is a scalar value rather than a vector that, like the gradient,

has the same dimensionality as the input vector.

One possible reason for the dearth of bias attribution studies might be that people con-

sider bias, as a scalar, less important relative to the weight vector, containing only minor

information about deep model decisions. The final bias scalar bx of every local linear model,

however, is the result of a complex process (see Eq. (8.3)), where the bias term on every

neuron of a layer gets modified based on the activation function (e.g., for ReLU, a bias term

gets dropped if the neuron has a negative value), then propagates to the next layer based on

the weight matrix, and contribute to the patterns of activation function in the next layer. As

the bias term applied to every neuron can be critical in determining the activation pattern

(e.g., changing a neuron output from negative to positive for ReLU), we wish to be able to

better understand the behavior of deep models by unveiling and reversing the process of how

the final bias term is generated.

Moreover, as we show in our empirical studies (see Section 8.3), we train DNNs both

with and without bias for image classification tasks, and the results show that the bias plays

a significant role in producing accurate predictions. In fact, we find that it is not rare that

the main component of a final logit, leading to the final predicted label, comes from the bias

term, while the gradient term ∂f(x)
∂x

x makes only a minor, or even negative, contribution to

the ultimate decision. In such a case, ignoring the bias term can provide misleading input

feature attributions.

Intuitively, the bias component also changes the geometric shape of the piecewise linear

DNNs (see Fig. 8.1); this means that it is an essential component of deep models and should
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also be studied, as we do in this work.

0

Blue Planes: Separating planes based on weights
Red Plane: b = 1 projection plane

No Bias With Bias

Planes projected onto b=1
form convex polyhedrons

Figure 8.1: A Piecewise linear weight matrix divides the input plane into regions. With-

out the bias term, the regions are cones, while with the bias term, the regions are convex

polyhedra.

It is a mathematical fact that a piecewise linear DNN is equivalent to a linear model for

each input data point. Therefore, the interpretation of the DNN’s behavior on the input data

should be exclusive to the information embedded in the linear model. However, we often find

that the gradient of the DNN, or the weight of the linear model, does not always produce

satisfying explanations in practice, and in many cases, it may be due to the overlooked

attribution of the bias term that contains the complementary or even key information to

make the attribution complete.

8.2 Bias Backpropagation for Bias Attribution

In this section, we will introduce our method for bias attribution. In particular, the goal is to

find a vector β of the same dimension din as the input data point x such that
∑din

p=1 β[p] = bx.

However, it is not clear how to directly assign a scalar value b to the din input dimensions,

since there are m layers between the outputs and inputs. In the following, we explore the

neural net structure for bias attribution and develop a backpropagation-type algorithm to
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attribute the bias b layer by layer from the output f(x) to the inputs in a bottom-up manner.

8.2.1 Bias Backpropagation (BBp)

Recall x` denotes the input nodes of layer ` ≥ 2, i.e.,

x` =ψ`−1(W`−1x`−1 + b`−1)

=ψ`−1(W`−1ψ`−2(. . . ψ1(W1x+ b1) . . .) + b`−1). (8.7)

According to the recursive computation shown in Eq. (8.3), the output f(x) can be repre-

sented as a linear model of x` consisting of the gradient term and the bias term, as shown

in the following lemma. Note that the bias term depends on the input x, as W x
i and bxi are

all modified based on input x.

Lemma 12. Given x, the output f(x) of a piecewise linear DNN can be written as a linear

model of the input x` of any layer ` > 2 (x1 = x is the raw input) in the following form.

f(x) =

(
m∏
i=`

W x
i

)
x` +

(
m∑

j=`+1

m∏
i=j

W x
i b

x
j−1 + bm

)
. (8.8)

For each input node x`[p] of layer `, we aim to compute β`[p] as the bias attribution on

x`[p]. We further require that summing β`[p] over all input nodes of layer ` recovers the bias

in Eq. (8.8), i.e.,
d∑̀
p=1

β`[p] =
m∑

j=`+1

m∏
i=j

W x
i b

x
j−1 + bm, (8.9)

so the linear model in Eq. (8.8) can be represented as the sum of d` terms associated with

the d` input nodes, each composed of a linear transformation part and a bias attribution

part, i.e.,

f(x) =

d∑̀
p=1

[(
m∏
i=`

W x
i

)
[p] · x`[p] + β`[p]

]
. (8.10)

The above equation gives the attribution of the output f(x) on each hidden node x`[p] of

the DNN. It is composed of two parts, i.e., the gradient attribution and the bias attribution.
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Since the bias in the right-hand side of Eq. (8.9) can be represented as an accumulated

sum of the bias terms incurred from the last layer to layer ` (i.e., bm for the last layer and∏m
i=jW

x
i b

x
j−1 for layer j − 1), we can design a recursive rule that computes the bias attribu-

tion on layer `− 1 given the bias attribution β` on layer `. In particular, we assign different

portions of β`[p] to each node x`−1[q] on layer `− 1, and make sure that summing up those

portions recovers β`[p]. Each portion B`[p, q] can be treated as a message regarding bias

attribution that node x`[p] sends to node x`−1[q]. For each node x`[p] of layer `, we compute

a vector of attribution scores α`[p], and define the message B`[p, q] as

B`[p, q] , α`[p, q]× β`[p], (8.11)

d`−1∑
q=1

α`[p, q] = 1 and, ∀p ∈ [d`], q ∈ [d`−1]. (8.12)

We will discuss several options to compute the attribution scores α`[p] later. To make our

bias attribution method flexible and compatible with any attribution function, we allow both

negative scores and positive scores in α`[p].

The bias attribution β`−1[q] on node x`−1[q] of layer `− 1 is achieved by firstly summing

up the bias attribution messages sent from nodes in layer `, and then adding the bias term∏m
i=`W

x
i b

x
j−1 incurred in layer `− 1 (which is applied to all nodes in layer `− 1), as shown

below:

β`−1[q] =
m∏
i=`

W x
i b

x
j−1 +

d∑̀
p=1

B`[p, q]. (8.13)

It can be easily verified that summing up the attribution β`−1[q] over all the nodes on layer

` − 1 yields the bias term in Lemma 12, when writing f(x) at x as a linear model of x`−1,

i.e.,

d`−1∑
q=1

β`−1[q] =
m∑
j=`

m∏
i=j

W x
i b

x
j−1 + bm. (8.14)

Hence, the complete attribution of f(x) on the nodes of layer ` − 1 can be written in the
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same form as the one shown in Eq. (8.10) for layer `, i.e.,

f(x) =

d`−1∑
q=1

[(
m∏

i=`−1

W x
i

)
[q] · x`−1[q] + β`−1[q]

]

. Therefore, we start from the last layer, and recursively apply Eq. (8.11)-(8.13) from the

last layer to the first layer. This process backpropagates to the lower layers the bias term

incurred in each layer and the bias attributions sent from higher layers. Eventually, we can

obtain the bias attribution β[p] for each input dimension p. The bias attribution algorithm

is detailed in Algorithm 14.

Algorithm 14: Bias Backpropagation (BBp)

input : x, {W`}m`=1, {b`}m`=1, {ψ`(·)}m`=1

1 Compute {W x
` }m`=1 and {bx` }m`=1 for x by Eq. (8.5) ; // Get data point specific

weight/bias

2 βm ← bm ; // β` holds the accumulated attribution for layer `

3 for `← m to 2 by −1 do

4 for p← 1 to d` by 1 do

5 Compute α`[p] by Eq. (8.15)-(8.17) or Eq. (8.18) ; // Compute attribution

score

6 B`[p, q]← α`[p, q]× β`[p], ∀ q ∈ [d`−1] ; // Attribute to the layer input

7 end

8 for q ← 1 to d`−1 by 1 do

9 β`−1[q]←
∏m

i=`W
x
i b

x
j−1 +

∑d`
p=1B`[p, q] ; // Combine with bias of layer

`− 1

10 end

11 end

12 return β1 ∈ Rdin ;
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8.2.2 Options to Compute Attribution Scores in α`[p]

In the following, we discuss three possible options to compute the attribution scores in α`[p],

where α`[p, q] measures how much of the bias x`[p] should be attributed to x`−1[q]. For

the first option, we design α`[p] so that the bias attribution on each neuron serves as a

compensation for the weight or gradient term to achieve the desired output value, and for

the other two options, we design α`[p] based on the contribution of the gradient term.

We have x`[p] =
∑dl−1

r:=1 W
x
`−1[p, r]x`−1[r] + bx` [p]. Suppose bx` [p] is negative, we may rea-

son that to achieve the target value of x`[p], the positive components of the gradient term∑dl−1

r:=1 W
x
`−1[p, r]x`−1[r] are larger than desirable, so that we need to apply the additional

negative bias in order to achieve the desired output x`[p]. In other words, the large positive

components can be thought as the causal factor leading to the negative bias term, so we

attribute more bias to the larger positive components.

On the other hand, suppose bx` [p] is positive, then the negative components of the gradient

term are smaller (or larger in magnitude) than desirable, so the small negative values cause

the bias term to be positive, and therefore, we attribute more bias to the smaller negative

components. Thus, we have

α`[p, q] =
1e(l−1,p,q)=1 exp(s`[p, q]/T )∑d`−1

r=1 1e(l−1,p,r)=1 exp(s`[p, r]/T )
, (8.15)

where s`[p, q] = − sign(bx` [p]) ·W x
`−1[p, q]x`−1[q], (8.16)

e(l − 1, p, q) = | sign(W x
`−1[p, q]x`−1[q])|. (8.17)

We use the logistic function to attribute the bias so that the sum over all components recov-

ers the original bias, and T serves as a temperature parameter to control the sharpness of

the attribution. With T large, the bias is attributed in a more balanced manner, while with

T small, the bias is attributed mostly to a few neurons in layer `− 1. Also note that we only

consider the non-zero components (indicator 1e(l−1,p,q)=1 checks whether the component is

zero), as the zero-valued components do not offer any contribution to the output value. For
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example, consider a convolutional layer, the corresponding matrix form is very sparse, and

only the non-zero entries are involved in the convolution computation with a filter.

The second option adopts a different philosophy of attributing based on the contribution

of the gradient term. Again, the target is to achieve the value of x`[p], and we may assume

that to achieve such a value, every component W x
`−1[p, r]x`−1[r] should have an equal respon-

sibility, which is the average target value, i.e., x`[p]/
∑dl−1

r=1 1e(l−1,p,q)=1 (again, we only need to

consider the contribution from non-zero components). The offsets of each component to the

average target value can be treated as the contribution of each feature to the output of the

layer, and we attribute the bias term based on the exponentiated values of the contribution.

This produces the following method to compute s`[p, q], i.e.,

s`[p, q] =
x`[p]∑dl−1

r=1 1e(l−1,p,q)=1

−W x
`−1[p, q]x`−1[q]. (8.18)

Note we use the same equations for e(l − 1, p, q) and αl[p, q] as defined in Eq. (8.15)-(8.17)

The third option utilizes a similar idea of attributing based on contribution of the gradient

term, but it is specific for the ReLU nonlinearity. Since hidden neurons are non-negative

for ReLU networks, we may consider only the positive part of the gradient term as the

contribution. Thus, we propose the following option for the attribution score:

α`[p, q] =
1e+(l−1,p,q)=1W

x
`−1[p, q]x`−1[q]∑d`−1

r=1 1e+(l−1,p,r)=1W
x
`−1[p, r]x`−1[r]

, (8.19)

where e+(l − 1, p, q) = sign(W x
`−1[p, q]x`−1[q]). (8.20)

The above options are our designs for the α`[p, q] function. The attribution function is

valid as long as
∑dl−1

r=1 α`[p, r] = 1. While for the first two options, we utilize the logistic

function so that the attribution factors are positive, α`[p, r] can be negative and still appli-

cable to our BBp framework. We note that there is no single solution to get the optimal

attribution function. The first two proposed options can be applied to any piecewise-linear

deep neural networks, and for specific activation function, it is possible to design specialized

attribution functions to get still better bias attribution (like the third option).
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8.3 Experiments

8.3.1 Importance of Bias in DNNs

We first evaluate the importance of bias terms, or in other words, the amount of information

encoded in the bias terms by comparing networks trained both with and without bias.

In Table 8.1, we compare results on the CIFAR-10, CIFAR-100 [68] and Fashion MNIST [144]

datasets. We trained using the VGG-11 Network of [112], and we compare the results trained

with bias, and without bias. Moreover, in the trained with bias case, we derive the linear

model of every data point g(x) = wx + b, and compare the performance using only the

resulting gradient term wx and only the resulting bias term b. From the results shown in

the table, we find that the bias term carries appreciable information and makes unignorable

contributions to the correct prediction of the network.

Table 8.1: Compare the performance (in test accuracy %) of models with/without the bias terms. The

“only wx” and “only b”columns use the same model as the “train with bias” column.

Dataset Train Without Bias Train With Bias, Test All Test Only wx Test Only b

CIFAR10 87.0 90.9 71.5 62.2

CIFAR100 62.8 66.8 40.3 36.5

FMNIST 94.1 94.7 76.1 24.6

8.3.2 Bias Attribution Analysis Visualization

We present our bias attribution results, using the three options of attribution scores discussed

in section 8.2.2, and compare to the attribution result based only on gradient information.

We test BBp on STL-10 [23] and ImageNet(ILSVRC2012) [102] and show the results in

Fig. 8.4. For STL-10, we use a 10-layer convolutional network ((32,3,1), maxpool, (64,3,1),

maxpool, (64,3,1), maxpool, (128,3,1), maxpool, (128,3,1), and dense10, where (i,j,k) cor-
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responds to a convolutional layer with i channels, kernel size j and padding k), and for

ImageNet we use the VGG-11 network of [112]. For both gradient and bias attribution, we

select the gradient/bias corresponding to the predicted class (i.e., one row for the final layer

weight matrix and one scalar for the final layer bias vector). Note that BBp is a general

framework and can work with other choices of gradients and biases for the last layer (e.g.

the top predicted class minus the second predicted class).

From Fig. 8.4, we present visualizations of bias attribution compared to gradient attri-

bution and integrated gradient [120] attribution (50 steps approximation, reference image

all black) on ImageNet and STL-10 datasets. The label of every image is shown in the left-

most column. The gradient attribution is the element-wise product between the linear model

weight w and data point x. The “norm.grad.”, “norm.integrad.” and “norm.bias.” columns

show the attribution of gradient, integrated gradient and bias normalized to the color range

(0-255). The “grad.attrib”, “integrad.attrib” and “bias.attrib” show the 10% data features

with the highest attribution magnitude of the original image. Bias1 correspond to the first

proposed option of calculating the bias attribution score (Eq. (8.15)-(8.17)), bias2 (Eq. (8.18))

corresponds to the second proposed option and bias3(Eq. (8.19)-(8.20)) corresponds to the

third. For all options of calculating the bias attribution score, the temperature parameter

T is set to 1. We can observe that the bias attribution can highlight meaningful features

in the input data, and in many cases, capture the information that is complementary to

the information provided by the gradient. For example, for the “Brambling” image from

ImageNet, BBp shows stronger attribution on the bird’s head and wings compared to the

gradient method. For the “Fire- guard” image of ImageNet, BBp has clear attribution to the

fire, in addition to the shape of the guard, while the gradient method only shows the shape

of the guard. Similarly, for the “folding chair” of ImageNet, BBp shows clearer parts of the

chair, while the gradient attribution shows less relevant features such as the background wall.

Statistically, on ImageNet dataset, 59.4%, 56.3% and 55.2% of the 3 bias attribution pixels

(top 10% response) are not included in the gradient attribution, and on STL-10 dataset, the

portions are 50.52%, 48.29%, and 43.94% More visualizations can be found the appendix.
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8.3.3 Bias Attribution for Various Layers

As we can naturally decompose the overall bias term into biases of individual layers, our

BBp method has the advantage of investigating the attributions of biases of various layers

of a given network. From Fig. 8.2, we compare attributions of three options of BBp on

ImageNet dataset with biases on various layers of the vgg-11 network. To exclude the biases

of certain layers, we run BBp with the corresponding biases set to zeros. We can observe

that attribution from all layers tend to give the most complete shape of the objects. As we

exclude layers from the input, option 1 gives attributions more concentrated on parts of the

objects, such as the head parts of the dog (the 2nd image) and the bird (the 3rd image),

while options 2 and 3 focus more on the contours of the objects.

8.3.4 MNIST Digit Flip Test

This experiment was proposed in [110] to verify that the attribution method is class sensitive.

A digit image of MNIST [74] dataset gets modified by a mask based on its difference of

attributions from two different classes, so that the image should have fewer important features

for the source class, and more important features for the target class. Then we measure the

neural network’s output on the modified image to check if the prediction shifts from the source

class to the target class (the log-odds score is (f(x)[c1] − f(x)[c2]) − (f(x̂)[c1] − f(x̂)[c2]),

where f is the network, x is an image, x̂ is the modified x based on the attribution and c1, c2

correspond to the source and target class). From Fig. 8.3, we see that the bias attribution

methods are class sensitive and comparable to methods such as integrated gradient and

DeepLift.
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Figure 8.2: Bias attribution on ImageNet with biases on different layers of the vgg-11 network. “bias.1(2,3)”

corresponds to the three attribution score options proposed in section 8.2.2
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Figure 8.3: MNIST digit flip test: boxplots of increase in log-odds scores of target vs. source class after the

features removed. “Integrated grads-n” refers to the integrated gradient method with n step approximations.

”ba1, ba2 and ba3” refer to our 3 options of bias attribution.
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and integrated gradient attribution.
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Chapter 9

CONCLUSIONS

The first part of this dissertation focuses on the problem of robust submodular parti-

tioning. Particularly, we propose algorithms with theoretical guarantees for the robust sub-

modular partitioning problem under the unconstrained and the constrained settings. For the

constrained setting, we investigate the cardinality constrained case and apply it to the task

of generating deterministic and high-quality mini-batches for stochastic gradient methods

with significantly improved performance in practice compared to randomly generated mini-

batches. The robust submodular partitioning problem has potentially many other practical

applications, such as distributing training data onto multiple computation nodes for parallel

training. There are also many open problems for future research: 1) we focus on the parti-

tioning problem in the homogeneous setting where the same submodular function is applied

for each block in the partition. A more general problem, often referred to as the hetero-

geneous setting, allows different submodular functions for different partition blocks. This

is a more general setting, and the current techniques presented in the dissertation do not

immediately apply. We think a more feasible approach to solve the heterogeneous problem is

to address two easier versions of the problem first. For both versions, we still have the same

submodular function for every block. For the first version, we have a combined constraint

on all blocks (e.g., all blocks share a matroid constraint, as opposed to the current case

where every block has the same matroid constraint), and for the second version, we have a

different constraint for each block in the partition. It can be shown that the heterogeneous

problem generalizes the two versions, and we can use some of the current techniques for the

two versions as we still have the same function for each block.

The second part of the dissertation discusses a line of research about linear models of
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ReLU deep neural networks, covering three works that analyze, improve and explain the

ReLU deep network. Based on the intuition that a ReLU deep network is essentially a linear

model for every data point, we utilize the linear models encoded in the ReLU network to

analyze the complexity of the network by analyzing the spectrum of the Extended Data

Jacobian Matrix. Next, we propose an improved version of dropout, called jumpout, that

enforces the linear models over different data points to be locally smooth. Finally, we show

an interpretation method that focuses on attributing the bias term in the linear model to

the input features to explain the network’s behavior. Even though the methods are applied

to ReLU deep networks, they can be easily adapted to more general cases for networks

with piecewise linear activation functions. Even though deep learning has achieved great

success, we still do not understand deep models very well. The linear model view of the deep

neural networks offers a different angle to understand the network behavior geometrically.

For future work, it is worth investigating how do the linear models evolve over the training

process to understand the convergence and generalization performance of the network.
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[130] Jan Vondrák. Optimal approximation for the submodular welfare problem in the value

oracle model. In STOC, 2008.
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