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Spatiotemporal dynamical systems are ubiquitous across all areas of science and engineering.

While some systems of interest can be studied through first-principles governing equations, of-

ten, the underlying dynamics are unknown. Furthermore, even for problems where equations

are known, analytical solutions are rare. Computational solutions are then plagued by issues

of nonlinearity, multiple relevant scales of time and space, chaos, and high-dimensionality.

When parametric studies are needed, these simulations become prohibitively expensive, even

under the most advance computational architectures.

Often, even the most complex dynamical systems contain inherent low-dimensional co-

herent structure. Reduced-order models (ROMs) attempt to ease the computation burden

of such simulations by uncovering this low-rank subspace, reducing the overall size of such

models while retaining the critical dynamics. Many ROMs leverage the proper orthogonal

decomposition (POD) to produce a linear dimensionality reduction, where a dominant set

of correlated modes provide a subspace in which to project the dynamics. Dimensionality

reduction techniques then enable downstream tasks such as prediction, estimation, and low-

latency control. However, many dimensionality reduction techniques rely on separation of



time and space variables. This assumption does not hold in systems with underlying sym-

metry, because the time and space variables are inherently coupled. Namely translation, or

traveling waves, scaling, and rotation inhibit the effectiveness of dimensionality reduction

techniques.

The focus of this thesis is to develop an approach to make spatiotemporal systems with

underlying symmetry amenable to traditional ROM architectures. Three objectives are ad-

dressed (1) developing a method to address translations in one spatial dimension, (2) demon-

strating the effectiveness of such a method on complex dynamics in experimental data, and

(3) expanding the method to approach higher-dimensional data with scaling symmetries.

The Unsupervised Traveling Wave Identification with Shifting and Truncation (UnTWIST)

method can be applied to pure data, yielding interpretable models for wave speeds. Several

examples are explored, showing that even for systems with multiple waves, non-constant wave

speeds, and nonlinear wave phenomenon, UnTWIST enables the use of traditional methods

like POD for dimensionality reduction. Further, the method is demonstrated on experimental

data from a rotating detonation engine, presenting complex nonlinear dynamics. UnTWIST

enables the discovery of interpretable linear and nonlinear models for the traveling detona-

tion speeds, and yields meaningful spatial modes to describe the wave shapes. Lastly, the

method is augmented to accommodate higher-dimensional data and an arbitrary number

of symmetries. Two-dimensional data with a scaling symmetry are investigated, and accu-

rate models are found to improve the dimensionality reductions. Lastly, limitations to the

method in the presence of interacting waves are explored, and improvements and expansions

are discussed.
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Chapter 1

INTRODUCTION

1.1 Motivation

Many open problems in science and engineering involve dynamical systems where both space

and time are relevant variables, known as a spatiotemporal system. This broad category of

systems exists across disciplines, from fluid dynamics to neurobiology, and modeling and

understanding them represents a large share of research endeavors. Typically, the starting

point for modeling and understanding these systems lies in governing equations derived from

first principles or known physical relationships. However, complete governing equations for

such systems are seldom known, and analytical solutions are even more rare. These govern-

ing physics, often in the form of PDEs are rarely amenable to analytic, closed-form solutions,

thus requiring recourse to computational solutions. In light of this, computational solutions

and experimental data are indispensable for studying and predicting the behaviors of these

systems [1, 2]. Both computational solutions and experimental data collection are prone

to added noise and uncertainty in real data. In addition, computational approaches often

require fine numerical discretization in order to accurately resolve multiple time and space

scales and underlying nonlinearities [3], which generates high-dimensional solutions. This is

in contrast with the observation that the underlying dynamics often exhibit low-dimensional

structure [4]. This is especially true in fluid systems, which manifest many coherent struc-

tures dynamics such as vortices, large scale eddies, and traveling waves [1, 4]. Reduced-order

models (ROMs) exploit the intrinsic, low-rank structure of the data in order to create more

tractable models for the spatiotemporal evolution dynamics of the PDE. Historically, ROMs

arose in the fluid dynamics community in order to study the low-dimensional structures

which are canonical to complex flows [4]. Even high-dimensional turbulence can be more
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efficiently represented and analyzed within such a reduction framework. Indeed, the ma-

jority of ROM simulations today for time-dependent PDEs are focused on fluid dynamic

simulations, typically at high Reynolds numbers where improved simulation architectures

are required for Monte-Carlo simulations for parametric studies and uncertainty quantifi-

cation. Although emerging techniques in machine learning are being used to identify more

effective coordinate systems and models for systems in fluid mechanics [5–10], the majority

of the time, low-rank structure used in ROMs is extracted using more established meth-

ods. Many ROMs leverage the proper orthogonal decomposition (POD) [4, 11–13], which is

typically computed via the singular value decomposition (SVD). This tool produces a linear

dimensionality reduction [3, 14], whereby a dominant set of correlated modes provide a sub-

space in which to project the PDE dynamics [2, 15, 16]. Typically, low-energy modes are

truncated, leaving a small number of high-energy modes to approximate the original system.

If the governing equations are available, Galerkin projection [4, 11, 12, 17], or the improved

Petrov-Galerkin projection [18, 19], can then be used to create an interpretable model of the

few modes that contain the majority of the system’s energy (variance). While POD-Galerkin

projections have been quite successful in many cases [20, 21], this approach requires access

to the governing equations, and there are well-known issues with the POD subspace [22]. In

addition to POD-based methods, data-driven methods for ROMs have gained traction, such

as the dynamic mode decomposition (DMD) [23–26] which creates a best-fit linear operator

to advance spatiotemporal snapshots forward in time. Dimensionality reduction and modal

decomposition approaches have been well-studied and are extremely efficient [2, 15, 16, 27–

29]. They enabling downstream tasks such as prediction, estimation and low-latency control.

However, many dimensionality reduction techniques rely on the inherent separation of the

time and space. This separation, described in equation (1.1), parses the time variance, a,

and spatial behavior φ.

u(x, t) = a(t)φ(x) (1.1)

Inherent to this approach is the assumption that these two variables can be completely

decoupled. In systems with time correlation of spatial phenomenon, such as in invariances–
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namely translation, scaling, and rotation– the SVD, and thus many ROMs techniques, is not

appropriate. To illustrate this canonical phenomenon, the POD/SVD of stationary, traveling,

and growing and traveling soliton waves are compared in Figure 1.1. The stationary wave is

perfectly captured by one spatial mode, as seen in the rapid singular value decay, whereas

a wave translating or growing in time cannot be represented in few modes with POD/SVD.

This space-time separation problem has received surprisingly little attention, but research is

growing [30–33].

(a) stationary (b) traveling

(c) traveling & growing (d) singular values

Figure 1.1: A stationary wave contains no time-invariances, traveling wave exhibits a trans-

lational invariance, and traveling & growing wave contains a translational and scaling invari-

ance. Singular value spectra for each show that these invariances inhibit the effectiveness of

the dimensionality reduction– energy is spread into many modes, therefore more are needed

to approximate the original system.
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The focus of this thesis is to ameliorate the issues presented by these symmetries in order

to utilize traditional and well-studied techniques for ROMs.

1.2 Methods for Dimensionality Reduction

There are a number of widely used methods for dimensionality reduction, or modal decompo-

sition. These methods utilize the principle of separation of variables to break down spatiotem-

poral data into a set of spacial modes with a corresponding time evolution. These modes

capture the information contained in the system in order of decreasing variance or impor-

tance. Therefore, the system can be well approximated by retaining these high-importance

modes and truncating later modes. This reduces the amount of retained information (i.e.

fewer modes), while keeping the maximum amount of detail. In general, the modes may

have the useful property of being orthogonal, and in some methods, additional properties

imposed by their construction.

1.2.1 Proper Orthogonal Decomposition (POD)

The proper orthogonal decomposition (POD), also known as Principal Components Analysis,

is perhaps the most common data-driven method for dimensionality reduction, and is widely

used in the fluid dynamics community [2, 11–13]. POD performs the decomposition given in

(1.1) by computing a set of basis modes φ to describe spatial variation in the data. POD is

computed on data organized into a snapshot matrix, given as

X =

x1 x2 x3 ... xm

 (1.2)

where a snapshot xi = x(ti) ∈ Cn is the state of the n-dimensional system a point in time

ti, i = 1...m. The singular value decomposition (SVD) is then used to rapidly compute a

low-rank representation of the snapshot matrix.

X = UΣVT (1.3)
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where columns of U are the spatial modes. The singular values are given in the diagonal

matrix Σ, indicating the relative weighting of each mode. The columns of VT are the time

series of each mode to reconstruct X. These are analogous to Equation (1.1), with columns of

U equivalent to spacial modes φ and columns of VT giving a(t) corresponding to each mode.

This decomposition guarantees the best `2-norm approximation of X and modes descend in

order of importance or energy. Truncating the system by only using the first r modes, Xr

gives the best rank-r approximation to X.

Xr = UrΣrVr
T (1.4)

1.2.2 Robust Principal Components Analysis (RPCA)

Robust Principal Components Analysis (RPCA) is a useful extension to POD/PCA that

improves robustness to outliers and noise [34]. The method uses an optimization to separate

X into a low-rank matrix, L, and a sparse matrix, S. It is computed as

min
L,S
‖L‖∗ + λ0‖S‖1 s.t. L + S = X (1.5)

where ‖ · ‖∗ is the nuclear norm, or the sum of the singular values, λ0 = λ/
√

max(m,n),

where λ is a parameter to tune the sparsity of the S matrix. This formulation allows the

noise to be contained in the sparse matrix and separated from the underlying data, which

is low-rank. Then, a POD performed on the low-rank matrix reveals structures within the

dynamics, free of noise and outliers. In general, a well-tuned application of RPCA can allow

for a simultaneous denoising and dimensionality reduction. In addition, it is useful in filtering

out highly varying, or traveling, phenomena in the “background” of a data set.

1.2.3 Dynamic Mode Decomposition (DMD)

The dynamic mode decomposition (DMD) [23–26] is an alternative to the the POD reduction

typically used in ROMs. It not only correlates spatial activity, but also enforces that various

low-rank spatial modes be correlated in time, essentially merging the favorable aspects of
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POD in space and the Fourier transform in time. In its simplest form [25], one can consider

two snapshots of measurement data

X =

x1 x2 · · · xm−1

 and X′ =

x2 x3 · · · xm

 (1.6)

where the primed data is advanced ∆t into the future compared to its unprimed counter-

part. Exact DMD computes the leading eigendecomposition of the best-fit linear operator

A relating the data

A = X′X†. (1.7)

where † represents the Moore-Penrose pseudo-inverse. This gives a least-square fit to the

best linear model fitting the data whose solution is

xk =
n∑
j=1

φjλ
k
j bj = ΦΛkb (1.8)

where φj and λj are the eigenvectors and eigenvalues of the matrix A, and the coefficients

bj are the coordinates of the initial condition u0 in the eigenvector basis. The eigenvalues

λ of A determine the temporal dynamics of the system. It is often convenient to convert

these eigenvalues to continuous time, ω = log(λ)/∆t, so the real parts of the eigenvalues ω

determine growth and decay of the solution, and the imaginary parts determine oscillatory

behaviors and their corresponding frequencies. The eigenvalues and eigenvectors are critically

enabling for producing interpretable diagnostic features of the dynamics.

1.3 Related Dimensionality Reduction for Translational Symmetry

Much of the current literature seeks to overcome the difficulties posed by translational in-

variances in dimensionality reduction. This work also focuses on translational invariances,

or traveling waves, for Chapters 2 and 3. Scaling invariance will be introduced in Chapter

4, where extensions for rotational and other invariances are also discussed.
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Previous work [35–38] has focused on using modal decomposition techniques, such as

POD, in single transport phenomenon. Others have also explored symmetry groups and co-

ordinate transforms [35, 38–40] for decompositions, but these methods all require knowledge

of the underlying equations, which are not always readily available. Instead, it is often desir-

able to focus on methods that will be effective on either simulated equations or experimental

data with no closed-form solution.

Many approaches to creating ROMs for traveling waves have focused on determining

sliding coordinate frames in which the translating quantities move. By finding this coordinate

frame, the data can be transformed such that the traveling waves appear stationary, and

therefore amenable to traditional dimensionality reduction methods. There are a number of

novel approaches to determining this coordinate frame.

Many utilize a template fitting approach as demonstrated by Kirby and Armbruster [30]

to shift waves into a transport-invariant coordinate frame. In this template fitting approach,

the shift amount c(t) is determined by projecting u(x, t) onto a template u0(x), often taken

to be the initial condition. This approach is well-suited to single waves which maintain a

near-constant waveform. When data contains multiple traveling quantities, or waves exhibit

breathing or dispersion phenomenon, the shift speeds cannot be effectively captured. In 2000,

Rowley and Marsden [31] developed a method of reconstructing systems with translational

symmetry by pre-shifting the POD modes by a speed c(t) discovered through template fitting

with the initial condition, resulting in:

u(x, t) =
N∑
r=1

ar(t)φr(x− c(t)). (1.9)

While this approach may handle even complicated periodic systems well, such as the

Kuramoto-Sivashinsky equation, the model creation is based inherently in the known dy-

namics of the system. This approach does not generalize well to systems with unknown

governing equations, similar to methods developed by others in [35, 38–40]. Work by Iollo

and Lombardi [35] accounted for diffusive phenomenon in traveling wave decomposition by

relying on the governing equations to separate advective and diffusive components. Without
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relying on equations of motion, Lucia et al. [36] were able to create ROMs for shock waves by

separating out and reducing the transport-dominated domain. This approach may introduce

an undesirable bias in the selection of the domains to decompose, and here we aim for an

unsupervised approach.

Rim et al. [32] use the template fitting approach to determine the so-called shift numbers

in which the wave is stationary. They perform a transport reversal to shift each time step of

the snapshot matrix into the moving coordinate frame of the transport phenomenon. They

also propose solutions to many of the difficulties introduced by a periodic shift operator

and quick evolution of the transported structures. They present a scaling vector to account

for changing wave heights, a cut-off map for non-periodic boundaries, regularization for a

smooth and interpretable transport vector, and a greedy algorithm to account for multiple

or rapidly-changing transported quantities. The authors show examples of the linear wave

equation for demonstration, Burgers’ equation to show shock formation, and the acoustic

equation with heterogeneous materials to exhibit variable wave speeds. These innovations

are promising computational tools that demonstrate creative solutions to many of the issues

presented by the pre-shifting approach. However, interpretability of the shift speeds and

underlying dynamics of the system can be lost with such an approach.

Most closely related to this work is the work of Reiss et al. [33], who introduced a

data-driven decomposition for multiple traveling waves. The shifted Proper Orthogonal De-

composition (sPOD) views the snapshot matrix u(xi, tn) of discretized spatiotemporal data

in Ns moving coordinate frames, decomposing each with POD:

u(xi, tn) ≈
Ns∑
k=1

T ck

(∑
r

αkr (tn)φkr(xi)

)
. (1.10)

The sPOD algorithm uses the discrete shift operator T ck , corresponding to the transport

speeds ck, to pre-shift the data. After aligning data into a moving coordinate frame, POD

is iteratively used to determine the modes for each transport speed until a prescribed error

tolerance is met. The shift operator is found in one of two ways: using a thresholding

algorithm or using an SVD-based search in a prescribed interval. In the thresholding method,
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the threshold must be chosen ad hoc, and a potentially noisy or non-smooth set of shift values

is returned. In the SVD-based shift search, many candidate constant shift values c must be

supplied, and the SVD computation is performed for each in order to determine which leads

to the maximum leading singular values (or quickest decaying singular value spectrum). This

leads to a potentially high computational cost and a lack of robustness to non-constant wave

speeds. In addition, both of these supervised methods yield black box shift values that are

not robust to drastically evolving wave shapes or non-periodic boundaries. Regardless of

these limitations, Reiss et al. [33] provides an exceptional step forward for handling traveling

waves in PDEs. More recent work [41] employs this method on a pulsed detonation chamber

to isolate shock waves within the combustor. Central to many of these methods is the

concept of determining traveling coordinate frames into which the data can be shifted to

align translating structures.
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Chapter 2

DEVELOPING AN OPTIMIZATION FOR MODEL
DISCOVERY

While methods described in Chapter 1 have provided a framework for the shift-discovery

approach, there are key drawbacks from them: the need for underlying knowledge, and the

lack of interpretability. In this work, we aim to create a method to determine these wave

speeds without knowledge of the underlying system, and also in a way that will bring to light

new, interpretable insights about the driving dynamics. Therefore the three main goals of the

algorithm we develop are to (1) determine the wave speeds, (2) do so with as few “expert”

inputs as possible, and (3) discover some interpretable information about the underlying

physics in the system.

Our mathematical architecture provides a method for pre-shifting traveling wave data

in order to improve the performance of standard dimensionality reduction techniques for

ROMs. We develop an optimization framework for discovering interpretable wave speed

models for multiple, non-constant speed waves, called UnTWIST (Unsupervised Traveling

Wave Identification with Shifting and Truncation).
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Figure 2.1: Schematic of the optimization-based shift mechanism. (1) The input data is

passed in as a 2D snapshot matrix U. A model library is constructed by choosing simple

functions of time to describe candidate wave speeds, and a number of waves is chosen. (2) To

initialize, a ridge detection is performed and finds the locations of the wave ridges as (x, t)

pairs. Then, spectral clustering is performed to preliminarily assign the (x, t) pairs to each

wave, shown separated into orange and blue waves. (3) An optimization is performed over

the W and C matrices, with B acting as an auxiliary variable. W governs the assignment

of the (x, t) pairs to each wave. C gives the coefficients of the library terms that account for

each wave speed, orange and blue. This matrix is penalized to be sparse so that only a few

library terms are chosen out of many candidates. The speeds for each wave are interpreted as

each row of the C matrix. (4) The original data is shifted into each wave’s reference frame,

making each a stationary wave. Traditional model reduction techniques can then be used to

find φ modes for each.

2.1 Formulating the Optimization Framework

For a traveling wave with time-varying speed c(t), the function u(x, t) = f(x−c(t)) describes

the waveform over space and time. The first task is to determine a set of x and t pairs of
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wave peak points that follow the path of the traveling wave over time. Ridge detection is a

ubiquitous and well-studied task in computer vision [42], by which we can determine these

points. The number of wave peak points N is arbitrary, but a more refined discretization of

space and time will yield higher N and more accurate peak point detection.

Simple Case. In the case of a single traveling wave with constant speed c, we can formulate

the optimization as x − ct = 0. Determining the scalar value of c that best describes these

points is a simple least-squares regression. In most cases of interest, however, wave speeds

are not constant. Rather, they may be non-constant, nonlinear, or have some prescribed

time dynamics in the form of x− c(t) = 0, as seen in the spatial modes φ of (1.9).

Non-Constant Speeds. In order to describe waves with speed functions c(t), we form

a matrix T of k candidate wave functions of time, for example, 1, t2 or sin(t), that may

describe the wave’s non-constant speed over time. The choice of library functions allows the

user enormous flexibility to customize the method to their application. The functions can be

thoughtfully chosen based on visualization or similarity to other known dynamical systems,

though this is not necessary. Using a rich library of simple terms such as polynomial and

trigonometric functions usually yield strong candidate models. The input variable n gives

the number of waves present in the wave field. We repeat our x vector n times to form the

X matrix. Searching for a wave’s speed is a least-squares problem which yields coefficients

C ∈ Rk×n to potential wave speed functions:

min
C

1

2
‖X−TC‖2

2. (2.1)

The matrix C is composed of rows corresponding to each term in the candidate function

library T. Columns of C correspond to each wave. In general, we will seek the simplest

model for the wave speed, given by the fewest terms or the sparsest matrix C, similar to the

sparse identification of nonlinear dynamics (SINDy) [43].
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Multiple Waves. When more than one wave is present in a wave field, however, a mask

must be used to differentiate between the wave speed model for each wave. The weighting

matrix W is implemented to isolate rows of X and T, corresponding to wave peak points,

which are active for each wave. Here, W ∈ RN×n assigns N points to n waves, with each row

of W encoding a normalized probability distribution for each wave peak point. Entries are

forced toward binary values of 0 or 1, corresponding to a wave peak point belonging to only

one wave with high probability. We formulate the optimization to include multiple waves

and non-constant wave speeds as

min
C,W∈Ω

1

2
W�‖X−TC‖2

2, (2.2)

where the symbol � denotes the Hadamard element-wise product.

Parsimonious Models. Ultimately, the success of this method relies on accommodating a

wide variety and arbitrary number of candidate functions to express the proper wave speed.

However, only a small subset of these candidate functions will be relevant for characterizing a

real system; even the most complex physically-based systems, such as Navier-Stokes, contain

relatively few terms. With this in mind, we introduce a sparsity promoting constraint,

usually in the form of a `0- or `1-norm [43]. This additional constraint penalizes a dense

matrix and forces many terms to zero. We apply this sparsity constraint on the C matrix

so that many of the coefficients of the candidate model functions become zero, i.e. the wave

speeds have few active terms in the library. If this sparsity constraint were not imposed, the

C matrix generically contains many high-order terms since this minimizes a least-square `2-

norm. This is seldom, if ever, physically meaningful. Further, it generally leads to instability

for future-time prediction, and is prone to over-fitting.

2.1.1 The UnTWIST Minimization

Enforcing a sparsity constraint on the wave speed models makes the optimization challenging,

and in some cases, non-convex. While many methods have been developed to address the
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pursuit of sparsity, such as the ubiquitous LASSO [44], Sparse Relaxed Regularized Regression

(SR3) [45] was chosen because of its adaptability to different non-convex sparsity constraints

and its computational efficiency. The SR3 formulation of the optimization problem to fit

speed models to multiple waves with non-constant candidate functions is given by

min
C,B,W∈Ω

1

2
W � ‖X−TC‖2

2 + λR(B) +
1

2ζ
‖C−B‖2

2. (2.3)

The regularizing function R(B) is chosen to be a sparsity constraint, for example the `0-

or `1-norm is used so that R(B) = ‖B ‖0, for instance. The number of nonzero terms is

controlled by the value of the λ parameter. The matrix B is an auxiliary variable which

relaxes the sparsity constraints by being enforced here rather than on C directly. B is forced

to be close to C, with tuning from the relaxation parameter ζ. Tuning the hyperparameters

λ and ζ carefully is critical to reaching a meaningful minimum, although there is no a priori

knowledge of the optimal values. Generally, λ is considered the sparsity parameter and should

be chosen such that only handful of terms in the library are allowed to remain active. The

ζ parameter can be considered a step size and should be chosen such that the optimization

changes significantly enough in error for each iteration, but that it does not take too many

iterations to converge. In the examples presented, a judicious choice of hyperparameters

was made for the sake of simplicity. However, this could be done in a principled fashion by

using a parameter sweep, and choosing optimal values. Hyperparameter tuning is standard

in most machine learning algorithms [46]. The SR3 optimization architecture has proven

accurate, robust, and efficient in non-convex problems with sparsity constraints such as the

one presented.

2.1.2 Implementation of UnTWIST

Algorithms 1 details the UnTWIST algorithm. Algorithm 2 details the corresponding spar-

sity promoting SR3 algorithm used for selecting a wave speed model.

It is important to note that initialization of our algorithm plays a key role in the success
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Algorithm 1 UnTWIST

Input: U: wave field, x and t: space-time discretization, n: number of waves, θ1:k: library

of candidate speed models, and λ and ζ: optimization hyperparameters

Output: A

Initialize:

1: (x, t) ← RidgeDetection(U) . Find wave peak points, see Figure 2.1.2

2: T ← θ1:k(t) . Form library from candidate speed functions, from Figure 2.1.1

3: X ← repmat(x, k)

4: W0 ← SpectralClustering(x, t, n) . Find probable wave groups, see Figure 2.1.2

5: C0 ← ThresholdedLeastSquares(W0,x, t) . Initialize models for each wave speed

6: (B1:ν ,C1:ν ,W1:ν) ← SR3(C0,W0) . Optimize using SR3, detailed in Algorithm 2, see

Figure 2.1.3

7: U1:n ← Shift(n,U,Cν ,T) . Shift in each reference frame, see Figure 2.1.4

8:
∑r

i=1 αiφ(x)i ← POD(U1:n) . Any dimensionality reduction method may be used, see

Figure 2.1.4

Algorithm 2 SR3 for UnTWIST

1: Input: C0,W0, λ, ζ

2: Initialize: ν = 0,B0 = C0

3: while not converged do

4: ν ← ν + 1

5: Cν+1 ← argminC

(
1
2
W�‖X−T C ‖2 + 1

2ζ
‖C−B ‖2

)
6: Bν+1 ← proxληR (Cν+1)

7: Wν+1 ← projΩ ((X−T Cν+1)� (X−T Cν+1))

8: Output: ν,C1:ν ,B1:ν ,W1:ν

of this method over a very broad optimization space. To initialize the weighting matrix W,

as seen in a clustering performed on the initial x and t data, assigning initial probabilities
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that each wave peak point belongs to a given wave. Spectral clustering [47] is employed to

obtain these initial probabilities, relying on the eigenvalue spectrum of a similarity matrix

of the points. This algorithm was selected for clustering because of its ability to separate

continuous groups of data, as in a wave’s traveling crest, rather than points that are close in

Euclidean distance. Points in a given cluster are assigned a weight of unity in a given column

of W0 and zero elsewhere, with each column of W0 corresponding to a different cluster, or

wave.

The C matrix of speed function coefficients was initialized using a sequential thresholded

least-squares algorithm, as in [43]. In this scheme, the least-squares solve is performed for

each row of the C matrix, corresponding to each wave. The smallest terms will be thresholded

out and “deactivated” to enforce sparsity, another least-squares is performed, and the process

is repeated until the sparsity constraint is satisfied. This yields a sparse initial model for

each wave as coefficients in C0.

The SR3 optimization is comparable in computational cost to the ADMM algorithm, a

popular and ubiquitous optimization scheme, with a one-time overhead of O(Nn2 + n3) and

iteration cost of O(n2). It is important to note that here, this cost does not scale with the

size of the original data. Rather, it scales with the number of points selected by the ridge

detection, i.e. the size of the X and T matrices, which is typically much smaller than the

input. In future use for higher dimensional systems, this cost would not scale proportional to

the additional dimensions but with the same points denoting the translated quantity, which

would be higher but on the order of magnitude of the 1D examples. One-time computations

in the initialization include 10 total operations on the original data for the ridge detection

[42], a k-means clustering, which scales with O(Nn).

The optimization given by (2.3) yields the C matrix, which is used with the library T to

determine the interpretable speed models for each of the waves. These speed models are used

to shift each time slice of the input data matrix. This effectively places the wave field into a

traveling reference frame in which one wave appears stationary. Traditional decompositions

such as POD are then used and result in meaningful modes for ROM reconstruction.
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2.2 Results on Example Systems: Model Discovery

The results of the UnTWIST method on example systems, from physically meaningful PDEs

and example traveling wave systems, are described here. First, the results of the sparse wave

speed discovery are given to highlight the interpretable physics that are learned from each

data set. Then, reduced-order models are presented to showcase the effectiveness of the

pre-shifting based on the learned wave speeds as compared to the traditional, unshifted

approach.

2.2.1 Korteweg-de Vries Equation

The first example is one of the simplest examples of a traveling wave: a single soliton of

constant speed propagating over a domain with periodic boundary conditions. The evolution

of the wave field governed by the Korteweg-de Vries (KdV) equation is given by

ut + uux + uxxx = 0 (2.4)

with initial condition

u0(x) = 1 + 24 sech2 (
√

2x). (2.5)

The KdV equation is widely used to describe gravity waves propagating through shallow

water [48]. The initial condition (2.5) is a known soliton solution of the KdV equation, which

maintains a constant wave shape, with a wave propagation speed of 9. This initial condition

was discretized into 512 grid points in [−π, π) and solved for t ∈ [0, 0.6] using an exponential

time-differencing fourth-order Runge-Kutta scheme [49], where results were saved at steps

of ∆t = 0.001 in time. The initial data can be seen in the surface plot in Figure 2.2 (left

panel).

A library of potential wave speeds, as given in Figure 2.2, was chosen to be polynomials

of the time variable up to third order, with a constant included for centering the data in x.

The number of waves was chosen to be n = 2 in order to allow the algorithm to converge

to a meaningful and interpretable wave speed model. A single wave model could have been
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Figure 2.2: Results of the UnTWIST algorithm on the simulated KdV equation input data.

The algorithm converged to a coefficient error of 3.98e−4 within 2 iterations, and is close to

the ground truth speed used in simulation.

used, and in this case, found to be a parallel wave directly in between the periodic extension

of the right-traveling wave. Hyperparameters were tuned to be λ = 10 and ζ = 1e−4.

For this simple example, where the wave speeds are constant in time, the UnTWIST

algorithm performed with high accuracy, yielding coefficients within 3.98e−4 of the ground

truth wave speed models, written explicitly in Figure 2.2. The two wave crests were identi-

fied clearly with the ridge detection step. The algorithm converged in only two iterations,

indicating that the initialization via spectral clustering and thresholded least squares solved

the optimization nearly to tolerance, and only one optimization step was taken. Figure 2.2

also shows that the wave speed models, given in orange and green lines, closely follow the

wave crests.
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2.2.2 Two Crossing Solitons: Non-periodic and Non-Constant Speed

The second example we present is a fabricated non-periodic wave field of two crossing Gaus-

sian solitons of non-constant speed. The wave field was constructed using the governing

equation

u(x, t) = exp
(
−0.1(x+ 3t− 80)2

)
+ exp

(
−0.1(x− 0.15t2 − 20)2

)
(2.6)

on x, t ∈ [0, 100]× [0, 20] in a uniform (256×512) grid. The library is taken to be polynomial

terms of t up to second-order. Hyperparameters were tuned to be λ = 10, 000 and ζ = 1e−4.

The number of waves n was chosen to be 3 as an initial value. The UnTWIST algorithm

allows the number of waves to change if the number of points in a cluster shrink below a

threshold in the optimization step. In this example, giving a starting value of n = 3 allowed a

subset of points to be in a temporary third wave group until a more probable wave belonging

is found. It can be seen in Figure 2.3 that the addition of a third wave group allows the

yellow points, corresponding to the complicated wave intersection area, to belong to a wave

group of their own. After the optimization converged in 2,743 iterations, the third wave

group has fewer points than the threshold allows, so this model is removed. These points

are assigned to the right-traveling wave, and the models closely fit the wave crests. The

speed models also have close agreement, with the coefficient error at 1.15e−3 compared to

the ground truth speeds.

2.2.3 Burgers’ Equation

The third example we present uses viscous Burgers’ Equation, (2.7). Because of its charac-

teristic of forming sharp discontinuities, viscous Burgers’ equation is used to describe shock

waves common in gas dynamics [48]. This provides an example of a changing wave profile

alongside a non-constant wave propagation speed, as seen in Figure 2.4. This example does

not provide a known speed, but it is well-known that the wave front propagates at a speed

proportional to the wave height.

ut + uux − 0.1uxx = 0. (2.7)
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Figure 2.3: Results of the optimization on artificially generated data of non-constant velocity

linear soliton waves and a library as given.

This equation was solved using fourth-order Runge-Kutta scheme for t ∈ [0, 20] in steps of

∆t = 0.1 in a periodic domain of x ∈ [−8, 8) with 256 grid points. The initial condition is

given in (2.8), representing a Gaussian wave.

u0(x) = exp (−(x+ 2)2). (2.8)

The library was chosen to be a linear, square-root, and constant term. The square-root

term was chosen in order to accommodate the nonlinear speed simply. The number of waves

was chosen to be n = 1. Hyperparameters were tuned to be λ = 10 and ζ = 1e−4. As

seen in Figure 2.4, the wave speed model determined by the optimization fits closely to the

data, converging in only 15 iterations. Since there is no known ground truth, the wave speed

model was also compared to the wave amplitude over time, as seen in Figure 2.4. The close
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Figure 2.4: Results of the UnTWIST algorithm on data from Burgers’ equation. Speeds

were determined and compared to the height of the wave as determined by ridge detection,

and follow the same trend.

agreement indicates that the wave speed was well-identified. This example also illustrates

the success of the ridge detection algorithm for this application, as wake peak points are

captured well, even with changing wave height.

2.2.4 Nonlinear Schrödinger Equation

The final example we present showcases many of the complications we wish to address with

the UnTWIST algorithm– nonlinear wave interaction, non-periodicity, and rapidly-changing

wave profiles. The complex nature of the wave field can be seen in Figure 2.5. The Nonlinear

Schrödinger (NLS) Equation is used across many fields. In fluid mechanics, it describes

gravity-driven surface water waves in the deep water regime [48], and is typically solved
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using expensive and finely-tuned numerical methods. NLS is given as

iut = −1

2
uxx + κ|u|2u. (2.9)

This was solved on the domain x, t ∈ [−15, 15)× [0, 2π] in a 1024× 501 uniform grid. The

initial condition

u0 = 2 sech (x+ 7) exp (2ix) + 2 sech (x− 7) exp (−2ix) (2.10)

was propagated forward in time using a pseudo-spectral, fourth-order Runge-Kutta scheme [3].

For this example, the library of candidate functions was made up of polynomials up to

third order including a constant term. Similar to the fabricated data in Example 3, this

wave field has complicated wave crossings, so an extra wave group was initialized with n = 3

waves. Hyperparameters were tuned to be λ = 10 and ζ = 1e−4. As seen in Figure 2.5, the

initialization did not cluster the points into a centered wave-crossing section as expected,

rather, they are scattered. The initial models also show very poor correlation to the wave

crests. After the optimization with 2,748 iterations, however, the models show a very close

agreement to the wave crests and the extraneous wave cluster is eliminated. The discovered

wave speed models also show close agreement with a coefficient error of 0.028.
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Figure 2.5: Results of the UnTWIST algorithm to find the shifts in simulated NLS equation

data. Three clusters are used to allow the algorithm to threshold out complicated areas at

first. The initial clustering is poor, as are corresponding initial models. However, after the

optimization, the clustering has improved, and the models are visually an excellent fit. The

extraneous model is ignored and coefficient error is 0.028 after 2,748 iterations.

2.3 Results on Example Systems: Dimensionality Reduction

Low-rank reconstructions of two of the example wave fields using UnTWIST are now dis-

cussed. UnTWIST is coupled with two common dimensionality reduction methods, POD

and Robust Principal Component Analysis (RPCA) [34]. These rank-reduced wave field

reconstructions are compared with those of the traditional (unshifted) POD approach, each

using only 2 modes. The singular value spectrum is also given for each example, showing

the amount of information contained by each successive mode in the decomposition. It is
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important to note that when shifting is applied, n wave fields result. For the shifted recon-

structions, dimensionality reduction is performed for each aligned wave field separately, one

mode is retained, and all wave fields are then superimposed.

The first example wave field is described in Example 2, presenting complications of non-

constant wave speeds, non-periodicity, and multiple crossing waves. As seen above, the

wave speeds are well-identified using the UnTWIST method. The data was pre-shifted

into two frames using the two identified speed functions and both POD and RPCA were

performed. These are presented in Figure 2.6 and compared to traditional POD with all

methods truncating to rank-2.

The singular value spectra for each of these decompositions is show in Figure 2.6. The

shifted RPCA captures the most energy out of the three methods out to around 75 modes,

or about 30% of the original size. In this case, traditional POD outperforms the shifted

POD, when viewing the total spectrum. For 2-8 modes of retention, shifted methods both

outperform traditional POD. In the reconstructions, the two-mode UnTWIST more faithfully

represents the dynamics of the system. The shifted RPCA performs the best, with two

clear solitons interacting and maintaining smoothness outside this domain. The shifted

POD somewhat recreates the wave pattern, but with artifacts obscuring the smooth soliton

behavior. In the traditional POD example, however, the wave field is unrecognizable, with

no continuity between the two solitons and no clear traveling behavior.

The second example we present is of Example 4, the NLS equation. The results of the

decompositions are shown in Figure 2.7. The singular value spectrum shows that for this

case, the shifted RPCA decomposition outperforms the others for all ranks of truncation.

The shifted POD again outperforms the traditional POD for few modes, from 2-4 modes

retained. The traditional POD quickly takes over the shifted, however, and captures more

information for 5 and higher modes than the shifted version. Overall, shifted RPCA quickly

captures the most possibly information in only about 35, or about 7% of all possible, modes.

The rank-2 reconstructions illustrate this concept similarly. While the shifted RPCA does

not have the characteristic sharp peaks of the original data, the area outside the breathers
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(a) Singular values and error at rank-2 (b) Traditional POD

(c) Shifted POD (d) Shifted RPCA

Figure 2.6: Comparison of different dimensionality reduction methods for generated example

data, each using 2 modes. 2.6a shows the singular value spectra for each dimensionality

reduction method for various ranks, showcasing the energy captured in each successive rank.

Error plots at right show the `2-norm error for each method with a rank-2 reconstruction,

whose surface plots are shown in 2.6b-2.6d.

is relatively smooth. In contrast, both the shifted POD and the traditional POD maintain

oscillations near the edges of the breathers. These are a product of the many high frequency
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(a) Singular values and error at rank-2 (b) Traditional POD

(c) Shifted POD (d) Shifted RPCA

Figure 2.7: Comparison of different dimensionality reduction methods for NLS data, each

using 2 modes. 2.7a shows the singular value spectra for each dimensionality reduction

method for various ranks, showcasing the energy captured in each successive rank. Error

plots at right show the `2-norm error for each method with a rank-2 reconstruction, whose

surface plots are shown in 2.7b-2.7d.

oscillatory modes needed to represent the breathing waves.

The success of these shifted reconstructions may hinge on the ability of the dimensionality
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reduction algorithm to filter background from higher frequency phenomenon. When imple-

menting a shift into a moving reference frame, a single traveling wave is viewed as stationary

in time. When more than one wave is present in the field, however, shifting simply distorts

the wave’s speed. This problem is akin to a background separation– one low-frequency,

stationary wave is the background of wave field, and the other is the foreground. When

performing a dimensionality reduction, this mode is often the most energetic. Many dimen-

sionality reduction methods, including RPCA, have focused on isolating these background

modes, explaining the success of RPCA in this example.
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Chapter 3

UNTWIST ON EXPERIMENTAL DATA:
ROTATING DETONATION ENGINE

In Chapter 2, the UnTWIST algorithm was developed, and shows promising results in

noiseless simulated data. Often, ROMs are necessary for experimental data, which may be

extremely high-dimensional, noisy, and uncertain. The use of the UnTWIST algorithm is

now explored on such experimental data, using the example of a rotating detonation engine.

3.1 Experimental Data: Rotating Detonation Engine

A rotating detonation engine (RDE) is a novel combustion engine that uses detonative heat

release as the dominant mechanism of energy addition to the reactive, compressible fluid

flow, contrasting deflagration-based, constant-pressure heat addition typical of aerospace en-

gines. The RDE offers a number of advantages for application in propulsion or land-based

power generation, including mechanical simplification, broad operability limits [50, 51], the

potential for increased thermal efficiency [52, 53], and the reduction of propellant pumping

requirements [54, 55]. The operating dynamics of the RDE include co- and counter-rotating

coherent combustion wave fronts of varying number which interact to produce a rich set of

nonlinear dynamics and instabilities. Recent modeling efforts have focused on phenomeno-

logical models [56, 57] that are capable of reproducing and characterizing the RDE dynam-

ics and bifurcations observed in experiments. This includes models that characterize the

nucleation and formation of combustion pulses, the soliton-like interactions between these

combustion fronts, and the fundamental, underlying Hopf bifurcation to periodic modula-

tion of the waves [57]. The goal of the this chapter is to characterize the dynamics of the

combustion wave front interactions directly from experimental data, specifically with the
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goal of developing ROMs for characterizing the origins of dynamic instabilities in RDEs. We

will explore several leading techniques in data-driven optimization (i.e., machine learning)

of varying complexity.

RDE hardware is designed to amplify thermoacoustic instabilities associated with reacting

flows in circular and/or periodic geometries. For thrust-producing RDEs, the typical design

is an annular combustion chamber, see Figure 3.1a. Fuel and oxidizer are supplied through

independent feeds into the head-end of the annulus, where they promptly mix to form a

combustible medium. An ignition source (spark plug) initiates a chemical reaction that

quickly and locally releases energy into the fluid. Supposing the geometry of the engine and

the rate of heat release allow for a local accumulation of energy (Rayleigh’s criterion), sharp

gradients in pressure and density (and therefore temperature) form. This creates a feedback

loop where chemical kinetics are further accelerated by the increase in temperature, which in

turn releases more energy into the fluid. This process saturates once all propellant is locally

consumed and combustion halts. However, in the RDE, the sharp gradients in pressure and

density form traveling shock waves strong enough to auto-ignite propellant. These shock-

reaction structures, or detonation waves, move supersonically about the periodic chamber of

the RDE, consuming the newly injected and mixed propellant in its path. The detonations

continuously propagate so long as a sufficient amount of mixed propellant exists in its path

to overcome dissipative effects (exhaust, for example). A number of experimental RDE

programs have detailed the effects of geometry, injection schemes, and fueling conditions [51,

58–60] on the RDE dynamics.

The detonations follow attractor-like dynamics that are the manifestation of underlying

multi-scale balance physics of the driven-dissipative RDE [61]. The RDE is similar in na-

ture to mode-locked lasers [62, 63], where global gain and loss dynamics produce a similar

cascading bifurcation diagram of mode-locked states [64]. In this context, the mode-locked

structures of the RDE are classified as autosolitons, or stably-propagating nonlinear waves

where the local physics of nonlinearity, dispersion, gain, and dissipation exactly balance.

These physics are multi-scale in nature: the local fast scale of combustion provides the energy



30

input to generate the mode-locked state, while the slow scales of dissipation and propellant

regeneration shape the waveform and dictate the total number of detonation waves. Thus,

the global multi-scale balance physics give the detonations their mode-locking properties -

not exclusively the frontal dynamics prescribed by classical detonation theory.

These properties have been experimentally observed at the University of Washington

High Enthalpy Flow Laboratory using a gaseous methane-oxygen 76-mm flowpath outside

diameter RDE, as described in previous works [56, 57, 65]. This experimental apparatus is

unique in that the RDE tested is fully modular and that the apparatus exists in a closed

system. The modularity of the RDE allows for parametric testing of engine geometries (flow-

path lengths and annular gaps) and injectors (varying injection scheme, orifice count, and

total injection area) with respect to varied propellant feed rates and stoichiometry. Because

the entire apparatus is closed, implied is both the inlet and outlet boundary conditions of

the combustor are able to be set, and are controlled here to give rise to stable traveling

wave dynamics. In a successful experiment, the self-organization of traveling waves occurs

and persists so long as propellant is flowing into the combustor. For each experiment, a

high-speed camera records the duration of the ‘hot’ portion of the run, including the ignition

event, the transient mode-locking phase, and steady operation of the combustor. The exper-

iments exhibited in this manuscript are representative of modes of operation and transients

observed in this experimental apparatus. These experimental spatiotemporal dynamics are

taken from Koch et al. [56, 57, 65].

Computational fluid dynamic (CFD) simulations have been heavily relied upon to diag-

nose the RDE flowfields. These simulations vary from periodic 2-D ‘unwrapped’ rectangular

domains [66–68] to full detailed 3-D engine geometries [69–72]. From these simulations, the

canonical RDE flowfield is obtained (a cartoon of which is shown in Figure 3.1a) and rele-

vant metrics can be extracted, such as thrust, specific impulse, available mechanical work,

and thermodynamic efficiency [52, 73]. However, long-time parametric simulations of RDE

dynamics is prohibitively expensive since the fastest physics (the detonation front) and the

slowest physics (mixing and/or exhaustion) both need to be adequately resolved for proper
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system behavior. Thus, simulations need to be run for several - if not dozens or hundreds - of

cycles (or until the physics of the slowest scales are fully developed). The computational cost

of simulations can quickly become prohibitive and it typically requires high-performance com-

puting architectures for even moderate lengths of simulation time. Consequentially, ROMs

have been developed, with varying degrees of success, for recreating the RDE canonical flow-

field [74, 75], predicting thermodynamic trends [76], predicting application-based propulsive

performance [77], or reproducing the dynamics of the waves [56, 57, 78, 79]. However, be-

cause of the multi-scale nature of the RDE and the intricate interactions of its fundamental

physical processes, these modeling efforts are often constrained to geometry, propellant, or

mode-specific operating regimes, with the imposition of wave topology or detonation struc-

ture. In an alternative approach, experiments allow us to build ROMs directly from data.

To further ease computational burden in the study of RDE flowfields, recent work [56] has

indicated that the relevant flow physics can be fully captured by in a single dimension,

eliminating the need to compute over the full three-dimensional flow domain.

In order to construct ROMs of the combustion-front dynamics, one must first move to a

frame of reference of the mode-locked states. ROMs exploit the intrinsic, low-rank structure

of the simulation data in order to create more tractable models for the spatiotemporal evolu-

tion dynamics. Typically, ROMs leverage the singular value decomposition (SVD) to produce

a linear dimensionality reduction [3, 14], whereby a dominant set of correlated modes pro-

vide a subspace in which to project the PDE dynamics [2, 15]. Low-energy modes are then

truncated, and the governing equations are projected onto the remaining high-energy modes

to create an approximate and low-dimensional model. Dimensionality reduction and modal

decomposition approaches have been well-studied and are extremely efficient [2, 15, 27–29].

However, SVD-based ROMs are typically compromised by traveling wave physics, which

represent an underlying translational invariance. Thus a growing body of literature is aimed

at producing mathematical architectures that are capable of determining the traveling wave

frame of reference of the underling wave [30–33]. While these works are critical to addressing

the shortcomings of traditional methods, they are limited to applications with constant wave
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Figure 3.1: (a) RDE schematic, (b) Schematic of one time slice of video data, viewing down

the axis of rotation of the RDE, (c) The same time slice viewed in an (x, t) plot, with each

column of the data in time constructed by integrating the pixel intensity along the annulus,

(d) demonstration of the peak detection and clustering necessary to model the wave speeds

with UnTWIST, (e) a preliminary processing of (c) using the UnTWIST algorithm, (f) a

refining processing of (e) with the UnTWIST algorithm, which then becomes the basis for a

suite of data-driven models.

speeds or knowledge of the underlying physics. Chapter 2 introduces an unsupervised ma-

chine learning procedure for transport-dominated systems characterized by traveling waves.

This method can be applied with or without knowledge of the governing equations, providing

an interpretable mathematical architecture for ROMs exhibiting traveling wave phenomenon.

This algorithmic infrastructure can be used to extract the intrinsic features associated with

the RDE front evolution, uncovering a coordinate system where it is possible to obtain low-
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order models. We then leverage a selection of machine learning algorithms to explore the

dynamics prescribing the ubiquitous RDE front interactions. Importantly, the methodology

is data-driven in that the ROMs are constructed entirely from detailed experimental observa-

tions. This work is part of a growing body of literature that is bringing emerging technology

in machine learning to bear on problems in fluid mechanics [1, 9, 10].

3.2 Detonation Wave Tracking with UnTWIST

It is widely known that transport phenomenon such as traveling waves impair the effective-

ness of traditional dimensionality reduction methods, mainly due to an issue of separation of

space and time variables [14, 30–33]. While an approach like the method of characteristics

can be used when governing equations are known, this experimental framework necessitates

a system-agnostic method. One numerical approach to resolve this issue is to shift the frame

of reference from the laboratory frame to a moving coordinate frame that matches the speed

of the traveling waves. Once the traveling quantities have been made stationary in this way,

efficient traditional methods such as proper orthogonal decomposition (POD) can be utilized

for dimensionality reduction.

In order to build ROMs on the RDE data, rife with traveling shock fronts, it is necessary

to preprocess it by aligning these traveling waves in time. Here, we employ the unsupervised

traveling wave identification with shifting and truncation (UnTWIST) [80] algorithm to

perform this preprocessing step. This method allows for a data-driven and interpretable

model for the speeds of the traveling shock fronts, as well as separable low-rank modes,

providing an intuitive insight into the physics of the system. A basic overview of UnTWIST

and its implementation is described here. For further details and a complete algorithm,

please refer to [80].

3.2.1 UnTWIST Method

As described in Chapter 2, UnTWIST learns a moving coordinate frame, given by the speed

of a traveling wave. This holds the wave of interest stationary within the coordinate frame,
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allowing for models to be built for that particular wave. Unique to UnTWIST is the ability

to learn physically-relevant wave speeds directly from the data with little knowledge of

underlying dynamics. It allows for a wide variety of physics, including linear, nonlinear,

non-constant, and non-smooth wave speeds, to be considered. To do so, UnTWIST relies

on an optimization over a user-input library of potential wave speed functions to learn this

coordinate frame. This library may include any number of linear or nonlinear functions. If

expert knowledge of the system is available, a judicious choice of functions is possible. In

many cases, simple functions such as sinusoids and polynomials suffice. Inclusion of many

candidate functions will increase the computational cost of the algorithm, therefore, a balance

between completeness and the size of the library must be found.

To execute the optimization on wave profile data u(x, t), two main steps are first per-

formed: (1) ridge detection to learn the location in (x, t) space of the traveling wave fronts

or peaks, and (2) spectral clustering to divide the points (xi, ti) into groupings for each wave.

For example, these two steps are shown in Figure 3.2.

(a) (b) (c)

Figure 3.2: (a) Example of a traveling wave data set, (b) wave peak points (xi, ti) are

identified using a ridge detection, shown overlaid with the waves, (c) wave peak points are

clustered into wave groups using spectral clustering. Once these points are identified and

clustered, a model is fit to each based off of a user-provided library of candidate linear or

nonlinear functions.
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Once the wave fronts are identified and separated, the data is assembled into the op-

timization. We construct matrices X and T using the (x, t) locations of the wave fronts

in u(x, t), where T contains the values of t evaluated for each function in the user-defined

library. The cost function is given by Equation (3.1)

min
C,B,W∈Ω

1

2
W � ‖X−TC‖2

2 + λR(B) +
1

2ζ
‖C−B‖2

2, (3.1)

where W is the weighting matrix that serves to mask wave peak points for clustering into

wave groups. With values of 0 or 1, each row of W corresponds to each wave peak point

(xi, ti), and each column corresponds to a given wave. Values in C are the coefficients of

the speed models that are discovered for each wave. A row of C corresponds to a wave, and

columns give the coefficients of each term in the model library T, which multiply together to

generate the wave speed models. It is desirable for C to be sparse, i.e. to have few nonzero

terms, to glean an interpretable, physically realistic model for the wave speeds. Rather than

placing a sparsity constraint on C directly, the constraint can be relaxed by introducing an

auxiliary matrix B, which is close to C. B is directly forced to be sparse via a regularizing

function R(·), relieving the burden on C to meet both sparsity and accuracy goals. The

hyperparameter λ is chosen to calibrate the sparseness of auxiliary matrix. The hyperpa-

rameter ζ is chosen to enforce the closeness of C and B, ensuring that the solution C itself

is also sparse. These two hyperparameters are tuned in tandem in order to meet sparsity

and accuracy requirements of the model. This optimization presents a large search space

over multiple parameters, and is not guaranteed to be convex. Sparse relaxed regularized

regression (SR3) [81] is used to minimize the cost function because of its ability to han-

dle non-convexity and its computational efficiency compared to similar sparsity-promoting

optimization schemes.

Once the model coefficients C are learned, they can be used to shift each time segment

of data in order to align the data into one wave group’s moving coordinate frame. The mask

matrix W allows for easy separation of the wave fronts for this alignment. Once the data

is aligned into the new coordinate frame, traditional dimensionality reduction methods can
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easily be applied and can be expected to reveal extremely low-rank modes for the ‘straight-

ened’ wave or wave group.

3.2.2 UnTWIST Applied to RDE Data

An example of the UnTWIST algorithm applied to snapshots of RDE data can be seen in

Figure 3.3. UnTWIST was applied in two steps for each data set presented. The models we

build are based on time series that are long relative to the spatial dimension– with between

1,000 and 10,000 time steps relative to 180 or 360 spatial points. The snapshots also contain

wave fronts that travel on a fast time scale relative to the slow time scale of the relevant

dynamics, see Figure 3.3a, necessitating an extreme shift in order to shift into a straightened

wave coordinate frame. Because of the fast-moving fronts and long time series, the UnTWIST

algorithm was applied in two steps– a preprocessing step, and a refining step, with different

inputs for each.

For the preprocessing step, only 10 time steps of the data are considered, as seen in

Figure 3.3b. Using the UnTWIST algorithm and the identified wave peak points as shown

in Figure 3.3c, we obtain the best linear speed model for each wave, Figure 3.3d. A single

linear-speed shift, the average of the speed models, is applied to original data for the entire

time series, and gives Figure 3.3e. This first shift reveals critical underlying dynamics of the

shock wave interactions.

After the first shift is performed, a second refining shift can be used with a more diverse

library of potential wave speed models to completely align the data for building low-rank

models. The refining shift is performed similarly to the first shift, but we now include

potential wave speed functions such as sinusoids, polynomials, exponentials, and nonlinear

combinations of these terms. For the example shown in Figure 3.4, sinusoids and exponentials

were included in the candidate function library. Once the models were computed, the data

was shifted into n refined coordinate frames, one for each shock wave.

The outcome of the second shift can be seen in Figure 3.4. Each coordinate frame allows
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Figure 3.3: Preprocessing step using UnTWIST: (a) Example of an original data set, pre-

senting fast-moving shock fronts and a long time series relative to the spatial dimension, (b)

A 10 time step segment of (a) showing approximately linear-speed shock front propagation,

(c) wave peak points identified and separated, (d) linear models of the shock wave speeds,

(e) Data from (a) shifted into the average wave speed, dictated by the models identified in

(d), which reveals the relevant interactions between the shock waves.

one shock wave to appear stationary at a time. The shifted data is now aligned in a manner

that is amenable to traditional dimensionality reduction methods like POD. An example of

the first mode of RPCA [34] of the shifted data is shown in Figures 3.4b and 3.4d, compared

to the first mode of the POD of the original (laboratory frame) data. Here, we explore the

first segment of the time series, before the bifurcation point.
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Figure 3.4: Refinement step using UnTWIST: (a) Data shifted into coordinate frame of the

first (yellow) wave. (b) Corresponding first mode of a robust dimensionality reduction of

the shifted data in (a) compared to the first mode of the original data. The shifted mode

shows a clear shock front where the first wave is straightened, and a smaller artifact where

the second wave exists, whereas the original data mode reveals no interpretable structures

within the data. (c) Data shifted into the coordinate frame of the second (orange) wave.

(d) First mode from dimensionality reduction of the second wave frame, showing the same

shock front shape in the correct position, and artifact of the first wave. Higher modes of

the unshifted dimensionality reduction are not shown, but similarly do not indicate soliton

structure.

This provides an example of how UnTWIST is used on a particular data set in order to

align the traveling waves to uncover low-rank representations of their wave fronts. The same
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steps have been used to process various data sets. While UnTWIST can align these wave

fronts into more amenable coordinate frames for dimensionality reduction of the wave field as

a whole, it is also of great interest to study the linear and nonlinear interactions between wave

fronts in RDEs. Using similarly aligned data and the wave speeds and locations throughout

the time series, we explore models of the shock wave interactions in the following section.

3.3 Data-Driven Models of Rotating Detonation Front Dynamics

The ability to automate the discovery of a moving coordinate system pinned to a shock front

allows for a wide range of reduced-order modeling possibilities. In what follows, we utilize

data-driven modeling strategies that reduce the dynamics to simple models that characterize

the observed interactions of the rotating detonation waves. Experiments show that these

interactions can range from simple linear dynamics to more complicated nonlinear dynamical

interactions. Our choice of methods allow us to characterize the full range of observed data.

3.3.1 Linear Dynamics: Dynamic Mode Decomposition

Given the linear-appearing nature of the data from Figure 3.4, a linear model for these

dynamics is sought. One good candidate is the Dynamic Mode Decomposition, or DMD, as

described in Section 1.2. A simple DMD model is computed by stacking one time shift as

follows in Equation (3.2) and utilizing a variable projection method to compute an optimized

DMD [82]. This simplified DMD formulation circumvents many of the biases introduced by

standard DMD algorithms [23–26] by directly fitting an exponential solution.

X =

x(t1) x(t2) · · · x(tm−2)

x(t2) x(t3) · · · x(tm−1)

 and X′ =

x(t2) x(t3) · · · x(tm−1)

x(t3) x(t4) · · · x(tm)

 (3.2)

Figure 3.5 shows the true distance between the shock fronts compared to discovered DMD

model, using one pair of modes to approximate the dynamics, with an interpretable function

to describe them, given by Equation (3.3).
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Figure 3.5: True distance between the shock wave fronts compared to the linear DMD model.

x(t) = 18 exp (0.001t) cos (0.0837t) (3.3)

3.3.2 Nonlinear Dynamics: Lotka-Volterra Model

Although there are many interacting wave dynamics that appear to be described by simple

harmonic motion, i.e. linear oscillators well-captured by DMD, the RDE also produces

dynamics that are strongly nonlinear in nature. Figure 3.6a presents three RDE shock fronts

interacting in an oscillatory manner. When shifted into the coordinate frame of the top wave,

shown in 3.6b, it is clear that the middle and lower wave exhibit sharp, periodic changes

in wave speed with respect to the top wave. Such oscillations are beyond a simple linear

description.

The Lotka-Volterra equations, also known as the predator-prey equations, are a coupled

pair of nonlinear equations often used to model population changes in two species and are

given by:

dy

dt
= αy − βyz (3.4)

dz

dt
= δyz − γz, (3.5)

where α, β, δ, and γ are positive real parameters controlling the growth and decay of y

(prey), and growth and decay of z (predators), respectively.

A Lotka-Volterra model may be a good candidate to describe the dynamics in this system,
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(a)

(b)

Figure 3.6: Figure (a) an example data set in the laboratory frame. (b) Same data set shifted

into the coordinate frame learned by UnTWIST using linear models for wave speed for both

the preprocessing and refinement steps.

not least because of its capture the periodic changes with sharp peaks. Preliminary analyti-

cal models for traveling waves within RDEs [56] indicate a similar form: by eliminating the

spatial dependence in these equations, which is achieved in practice by processing with the

UnTWIST algorithm, this model is phenomenologically equivalent to Lotka-Volterra. Addi-

tionally, the Lotka-Volterra model intuitively fits the nature of the data. The competition

between combustion and regeneration of the propellant gives the analogous dynamics, where

the prey is the reactant and the predator is combustion. One wave’s acceleration combusts

more fuel along the annulus, and therefore leads to the other waves’ deceleration due to lack

of fuel regeneration, similar to how an increase in predator population results in a decrease

in prey.

We explore these nonlinear dynamics by fitting a Lotka-Volterra model to the peak loca-



42

Figure 3.7: Lotka-Volterra model for the two traveling waves in Figure 3.6. Yellow and

orange indicate the true peak locations y and z of the two wave fronts of the data set in

the shifted frame, and black shows the Lotka-Volterra model. Parameters of α = 0.07,

β = 0.13, δ = 0.10 and γ = 0.05 yield a well-fitting model for the two waves which compete

for resources.

tions of the middle and lower waves. We take y and z to be the locations of the two traveling

waves from Figure 3.6b, using the negative of the middle wave to orient the sharp peaks in

the positive direction. Parameters for the best-fit model were determined via a Nelder-Mead

simplex optimization, and were found to be α = 0.07, β = 0.13, δ = 0.10 and γ = 0.05. The

first 500 time steps were used as a training set. The error was computed over these time steps

as the Frobenius norm of the difference between model and true [y, z]. The resulting model,

with forward-time prediction for testing data from time 501-1000 can be seen in Figure 3.7.

This model proves to be a good fit for the periodic nonlinear dynamics of wave interactions,

with the frequency matching through to the end of the test data set.

The Lotka-Volterra model is only one of a potential wealth of interpretable nonlinear
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models that may describe and give insight into the physics governing the RDE. An interesting

avenue of future work is to automate the identification of nonlinear dynamics, for example

using the sparse identification of nonlinear dynamics (SINDy) [43] algorithm. SINDy has

been widely applied to identify reduced-order models for fluid systems [8, 83], including

those with predator-prey dynamics [84], and is a promising candidate for obtaining low-

order models of RDE dynamics.

3.4 Discussion

In this chapter, the UnTWIST method was used on observational data of a rotating detona-

tion engine to find a coordinate system that is pinned to any desired detonation wave. The

transformation gives a rotating coordinate system which is amenable to constructing ROMs

that characterize the detonation front interactions. The ROMs are constructed from obser-

vational data, requiring no previous physics knowledge of the complex, multi-scale physics

driving the combustion dynamics themselves. Chiefly, the most advantageous aspect of this

approach is that it is able to separate the wave groups cleanly, and provide a clear repre-

sentation of the waves traveling in each direction. This is particularly useful in the RDE:

the traveling wave shapes and velocities give direct, though qualitative, indication of wave

strength, chemical reaction rate, and relative strengths of dissipative effects.

Moreover, UnTWIST allows a diversity of model reduction techniques to be applied. Two

modeling approaches were demonstrated: (i) the DMD for building the best-fit linear dy-

namics model and (ii) a Lotka-Volterra model for constructing nonlinear dynamical systems

models for the detonation wave interactions. Both modeling paradigms are relevant as the

RDE data and detonation front interactions exhibit dynamics that range from approximately

linear to strongly nonlinear. Such models provide reductions that enable exploration of the

complex and multi-scale dynamics of the reactive, compressible fluid dynamics of RDEs.

Other modeling approaches such as deep Koopman neural networks may also provide func-

tionally equivalent results but lack interpretability compared to UnTWIST [85].

The architecture presented here emphasizes the critical components for data-driven physics
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discovery, specifically the joint discovery of coordinates and parsimonious models that rep-

resent interpretable and extrapolatory models of the physics. Given the recent emergence

of RDE data, and the lack of theory characterizing detonation wave interactions, our data-

driven method gives the beginnings of physical insights of the dynamics within RDEs. This

proves to be a promising first step for exploring data-driven models for similar transport-

dominated experimental data. Discovered models allow for engineering design and suggest

control strategies that can be imposed in order to manipulate the output of RDE. They can

also better inform engineering of the thermodynamic work loop [61] in order to optimize

engine performance. This work shows that these engineering challenges can be approached

even if a detailed physics model is not available, or if the computations are intractable.
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Chapter 4

HIGHER-DIMENSIONAL SYMMETRIES

In the previous chapters, the issues posed by translational symmetry have been tackled

in one spatial dimension. While these examples have expounded that the shifting approach

presented in UnTWIST has promise, many applications we wish to consider are higher-

dimensional and may contain more complex symmetries, such as scaling and rotation. The

focus of this chapter will be to alter the UnTWIST algorithm to accommodate higher dimen-

sions as well as a scaling symmetry. First, an example problem is presented to showcase the

sparsity, interpretability, and accuracy of the higher-dimensional models. Then, a case study

of high-altitude nuclear explosions, approximated with a 2D Euler equation simulation, is

presented to test UnTWIST in realistic higher-dimensional ROMs applications with complex

physics. Examples of one and two initial detonation waves are explored.

4.1 Extensions to UnTWIST: Arbitrary Dimensions and Symmetries

4.1.1 Modifications to the Initialization: Symmetry Detection

To detect the location of the wave structure, as well as the symmetries we seek to account

for, the initialization approach for UnTWIST must be modified. In general, there are many

methods that could be utilized to detect these parameters with computer vision and machine

learning providing a suite of potential detection improvements. Here, a simple threshold-

based detection of locations of each wave in the x- and z-dimensions and a scaling parameter

will be determined. These approaches can be generalized to a third spacial dimension, or

additional rotational or other symmetry if it were present. An example of the problems that

will be considered here is given in Figure 4.1.

The input data is given as U ∈ Rm×n×q, where x ∈ i = 1 : m, z ∈ j = 1 : n, and
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Figure 4.1: Time series showing the wave height of an example Gaussian traveling in two

dimensions and increasing in size, exemplifying the translational and scaling symmetries.

t ∈ ` = 1 : q. The first step in the wave detection is setting a simple threshold. In the

examples that follow, a threshold τ is determined to be a certain percentile of wave height

over the full data set.

Uτ = U > τ (4.1)

For example, the 98th percentile of values in U yields τ , and all points above this τ will be

considered within a quantity of interest. Time slices of those points within the Uτ map can

be seen as disks in Figure 4.2.

Indices of the points that meet the threshold are then used to find the area of the quantity

of interest, as well as its (x, z, t) location. The centers of the waves in the two dimensions,

xc and zc, shown as the pink lines projected on to the respective planes in 4.2, are given in

cm by

xc(t`) =

∑
i,j Uτ (xi, zj, t`)x∑
i,j Uτ (xi, zj, t`)

zc(t`) =

∑
i,j Uτ (xi, zj, t`)z∑
i,j Uτ (xi, zj, t`)

(4.2)

The shifts for these quantities are then computed as the distance from the center of the wave

of interest xc, zc to the center of the data set. For an input data set of size U(t`) ∈ Rm×n,
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the following two quantities, in pixels, are computed

shiftx(t`) = b(i(t`)−m/2)e

shiftz(t`) = b(j(t`)− n/2)e
(4.3)

where b·e indicates rounding to the nearest integer, and (i, j) represent the indices within

(x, z) that correspond to centers (xc, zc). With these shift values, all waves will be centered

within the frame at each time step, and will expand radially from this center point.

The area in cm, shown by the cone encompassing the disks in Figure 4.2, is computed

by

a(t`) = dx · dz ·
∑
i,j

Uτ (xi, zj, t`). (4.4)

The overall growth of the wave quantities must be counteracted in order to view the waves

in stationary coordinate frames. To achieve this, an overall scaling parameter is determined

based on the radius of the area of interest as approximated by a circle. The radius of each

area of interest, shown by the gray area the z − t and x − t planes in Figure 4.2 is easily

computed as

r(t`) =
√

a(t`)/π. (4.5)

To retain as much detail in the data as possible, the scaling parameter is determined such

that the largest original radius of the quantity of interest is scaled to 1, and all smaller radii

are scaled up proportionally. The scaling parameter for each time step is then computed as

s(t`) =
max(r)

r(t`)
(4.6)

and is used alongside a up-sampling function, here using imresize in Matlab. Other up-

sampling or resizing approaches can be used; the field of superresolution is abundant with

approaches for this step. Three quantities, the shifts shiftx(t`) and shiftz(t`), as well as the

scaling parameter s(t`) are used as inputs to UnTWIST. The algorithm is modified to find

sparse, interpretable models for these quantities.
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Figure 4.2: Schematic of the shifting and scaling captured in the initialization step, with the

same data shown in Figure 4.1. Slices of the wave above the threshold, τ , are plotted in time

(disks). The center locations of the wave are shown piercing through the data slices in pink.

The center locations are projected in pink to show the xc and zc in time. Radius of the wave

in time r is also shown projected in gray, with the maximum radius in this example at the

end of the time series.

4.1.2 Modifications to the UnTWIST Algorithm

In the original formulation of the UnTWIST algorithm, only one symmetry is accounted

for– a shift in one spatial dimension. Moving into systems with higher dimensions and more

complex symmetries necessitates an inclusion of more models while retaining the capability

of separating multiple waves. In the previous presentation of UnTWIST, time was accom-

modated in the rows of matrix elements. Columns corresponded to individual translational

elements. For example, rows of W corresponding to each wave peak point in time, and

columns correspond to each wave. While higher-dimensional data can be considered in this

formulation, all models and shifts are restricted to the one spatial dimension under consid-

eration. Ideally, including models for shifts in more than one dimension simultaneously is

desired. To accommodate this, we add a dimension in the UnTWIST structure. Reiterating
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the original cost function in equation (2.3), given as

min
C,B,W∈Ω

1

2
W � ‖X−TC‖2

2 + λR(B) +
1

2ζ
‖C−B‖2

2, (4.7)

we now augment the structure of each term as follows, retaining the original parameters,

where N is the number wave peak points, k is the number of potential models in the library,

n is the number of waves, and a newly introduced d is the total number of symmetries to

consider:

Term 1D d-D

W N × n N × n

X N × n N × n× d

T N × k N × k

C,B k × n k × n× d

It is important to note here that X and C, corresponding to the x points and models in

the fitting, respectively, have changed sizes to accommodate a higher number of symmetries.

However, T remains the same dimension because the candidate models apply equally across

each symmetry. In addition, W remains identical to the one-dimensional case. This is

because W separates the wave groups and by construction must remain the same across

each symmetry. When considering an x and z shift for each wave group, if the x shift applies

for a given wave, the corresponding z shift and scaling should also apply for that wave,

rather than being reassigned to another wave group. The new dimensions of the data are

also incorporated to the spectral clustering used in the initialization of W, making it more

robust. To initialize the C matrix, initializing the model functions, the same sequentially

thresholded least squares approach is used, this time being performed on each of the d

symmetries separately.

To account for these new dimensions in the optimization, we can represent the new

formulation as

min
C,B,W∈Ω

d∑
j=1

1

2
W�‖Xj −T Cj ‖2

2 + λR(Bj) +
1

2ζ
‖Cj −Bj ‖2

2, (4.8)
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where sums in j correspond to the third dimension of X, C, and B. In this formulation,

the UnTWIST algorithm applies in any number of spatial dimensions. One iteration of

the algorithm will fit, for example, models in x, y, and z separately, with (xi, yi, zi, ti) all

corresponding to the wave or wave group.

4.2 Example Problem: Growing Two-Dimensional Gaussian

To verify that the UnTWIST algorithm can indeed discover true, interpretable underlying

physics, an example problem with prescribed shifting and scaling is created.

Example Data In this example, a two-dimensional Gaussian solution is constructed as

u(x, z, t) = exp

(
−(x− cx(t))2 − (z − cz(t))2

2t2

)
(4.9)

with speeds in the x and z directions given by

cx(t) = 4t2 − 2

cz(t) = 6t3 − 4
(4.10)

respectively, in the domain x = [−5 : 0.1 : 5], z = [−6 : 0.1 : 6], and t = [0.1 : 0.1 : 1].

This example is shown in Figure 4.1. These prescribed speeds, written in sparse, identifiable

terms will be used to compare to the models resulting from UnTWIST.

In order to find the centers of the Gaussian, a threshold τ is assigned to be the 98th

percentile of the total data. Here, τ = 0.32. Solving for the radius of the intersection

between the Gaussian and this threshold, we find

r = t
√
−2 ln(τ) ≈ 1.5t. (4.11)

This is the true physical radius that bounds the data we wish to consider. It will be used to

compare to the outcome of the UnTWIST model.
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UnTWIST Results Using the initialization detailed in Section 4.1.1, shifts shiftx and

shiftz, and scaling parameter based on the radius r were determined for this data set. The

UnTWIST algorithm was initialized with parameters λ = 1 and ζ = 1e− 2, and a candidate

speed library of

T(t) =
[

1
t

t4 t3 t2
√
|t| t 1

]
. (4.12)

After 2 iterations, UnTWIST yields the following models for the invariances depicted in

Figure 4.3.

shiftx(t) = 4.0008t2 − 2.0004

shiftz(t) = 6.0007t3 − 4.0003

s(t) = 1.5095t.

(4.13)

Compared to the known speed models given by (4.10) and the true radial expansion given

by (4.11), the resulting UnTWIST models perform well qualitatively and quantitatively, with

a `2-norm fit error of 6.7e-04. Of unique importance is that the models are sparse, match

the correct form of the model terms, and are accurate in coefficient values, with a `2-norm

coefficient error of 1.3e-03.

Now that the models have been determined, the shifting and scaling operators can be

applied. The results of these manipulations can be seen in Figure 4.3. It is clear that

applying the shifting and scaling operators makes the wave appear as a stationary quantity,

which is more amenable to low-rank representation. Once the data has been repositioned

and scaled so as to make the wave stationary, the singular value spectrum of each level of

manipulation will disclose the role that these shifts play. The POD/SVD was computed

for each data set and the decay of the singular values can be seen in Figure 4.3. The

shifted & scaled data’s singular value decay shows a large share of the system’s energy

contained by the first mode, as well as the rapid drop off of the energy contained in the

remaining modes. Relative to the original and shifted data, this indicates that very low

rank representations may be suitable for this data. Reconstructions were generated for each
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data set. For the original data set, the first mode of the POD/SVD was retained. For the

shifted data set, the first mode was retained, and the shift operation was inverted on this

low-rank reconstruction. Similarly, for the shifted & scaled data set, the scaling was also

inverted on the low-rank reconstruction, with zeros padding the matrix to account for down

sampling. The comparison of these 1-mode reconstructions can be seen in Figure 4.4. It is

clear from this comparison that for equivalently low-rank approximations, the shifting and

scaling operators yield more physically relevant and interpretable reconstructions. Early in

the original data’s approximation, wave forms are not retained, with the spherical nature of

the true wave being distorted. Conversely, the spherical wave shape, complete with traveling

and scaling phenomena, is accurately captured when shifting and scaling are accounted for.

Overall, the models discovered by UnTWIST prove to be physically relevant, accurate

to the original system, and useful to improve the dimensionality reduction in both efficiency

and interpretability. These promising results on this example problem indicate that the

UnTWIST algorithm can be expected to perform similarly on systems with two-dimensional

shifting and scaling phenomena.
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Figure 4.3: (top) Models discovered by the UnTWIST algorithm plotted alongside the de-

tected invariances and singular value spectra of each level of alignment. (second) Original

data, (third) shifted data aligning the quantity of interest in the center of the frame. (bot-

tom) Effect of scaling based on the discovered radius model, yielding a perfectly stationary

Gaussian.
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Figure 4.4: Comparison of 1-mode reconstructions for each of the 3 stages of invariance

reversal– unadulterated original data, shifted data, and shifted & scaled data. It is clear

that 1 mode is insufficient for reconstructing the wave shapes for the original data, yields

some information for the shifted data without capturing the scaling, and clearly describes

the shifted & scaled data.
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4.3 High-Altitude Nuclear Explosions

High-altitude nuclear explosions (HANEs) are nuclear explosions that detonate within Earth’s

atmosphere above an altitude of about 30 kilometers. Historically, several HANE tests have

were conducted between 1958 and 1962 to determine the effect of such explosions. A HANE

differs from a typical nuclear explosion on Earth’s surface in that it creates a strong elec-

tromagnetic pulse that spreads high-energy particles over a much wider radius, degrading

radio frequency communications and damaging or destroying satellites and power infrastruc-

ture [86, 87]. The detonation cloud emitted by such an explosion begins as a spherical cloud,

contrasting the well-known mushroom cloud, until distorting under Earth’s magnetic field.

There is some information known about the wide-reaching multiphysics effects of HANEs

from these historical experimental observations [88]. However, because of the obvious draw-

backs of experimental testing and the immense threat posed by such weapons, it is critical

to model and predict the behavior and effects of HANEs via computation. Similar to the

challenges of time scale posed by the rotating detonation engine, HANE simulations must

be resolved on the sub-nanosecond scale to study the initial explosion, but must cover hours

or days to capture the full ionization and fallout behavior. Further physical considerations

such as magnetohydrodynamics and buoyancy and chemistry of the atmosphere must also be

taken into consideration. Dimensionality reduction and reduced-order modeling are therefore

critical tools to studying HANEs in a wide parameter space.

4.4 Three-Dimensional Euler Equations

While detailed HANE simulations are complex and include the modeling of many types of

physics, an idealized test problem can capture some of the dominant aspects of high-altitude

phenomena. For example, solving the Euler equations on a domain with a spherical pertur-

bation of high temperature in a vertically stratified background atmosphere. This idealized

problem setup can provide enough complexity to test ROM algorithms while capturing im-

portant phenomenology such as the generation of radially expanding waves and gravitational



56

buoyancy effects.

The three-dimensional system of equations is given as

∂

∂t


ρ

ρv

E

+∇ ·


ρv

ρvv + pI

(E + p)v

 =


0

−ρg

0

 (4.14)

where ρ is the mass density, v is the velocity vector, p is the pressure, I is the identity matrix,

E is the total energy defined by E = p
γ−1

+ 1
2
p|v|2, γ is the ratio of specific heats, and g is the

vector of acceleration due to gravity. This system was simulated for time 0 to 160 seconds

using the PyClaw software package [89–91], using the Euler with gravity Riemann solver.

A CFL = 0.5 is used with data outputs every 1 second. The simulations use a spherical

coordinate system domain

θ ∈ [π/4− 0.15, π/4 + 0.15] rad

φ ∈ [0, 0.30] rad

r ∈ [80e5, 1559e5] cm

which corresponds to about a 1000 km by 1000 km latitude and longitude extent and 80 to

1559 km altitude range. A background mass density and pressure are initialized from tables

to yield a vertically stratified background atmosphere. The pressure is slightly modified to

maintain hydrostatic equilibrium using the f-wave [92] method.

Extrapolation boundary conditions are used in the ±θ, ±φ and the top (+r) boundaries.

At the bottom (−r) boundary the initial background atmosphere conditions are held fixed

ρk=0 = ρ0

ρvk=0 = 0

Ek=0 =
p0

γ − 1

where ρ0 and p0 are the initial background mass density and pressure and k is the index for

the radial r dimension.
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Figure 4.5: Velocity magnitude of each type of data set: (top) one initial energy perturbation

of varying magnitude, (bottom) two initial energy perturbations of a given magnitude at

varying distances, each at four time steps as viewed from the central φ plane of the three-

dimensional view.

Two main data sets are simulated using these equations. In the first set of simulations, a

single spherical temperature perturbation was constructed with various initial energies, 1.0,

1.6 and 2.0 eV, and propagated through the time domain. In the second set of simulations

two spherical temperature perturbations of 1.0 eV and 1.6 eV initial energy were simulated

with various distances separating the two. The perturbations are initialized at an altitude

of 200 km with a peak temperature at the center and falling off linearly until a radius of 100

km.

4.5 One Wave in Two Dimensions

Data A 100 km radius hot sphere with no initial velocity is initialized in the center of the

domain on the θ − φ plane and at 200 km altitude. Three test cases with initial hot sphere

energies of 1.0 eV, 1.6 eV and 2.0 eV were simulated. The resulting velocity magnitudes for
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Figure 4.6: Velocity magnitude of 1.0, 1.6 and 2.0 eV initial energy perturbation simulations

at four example time slices as viewed from a central plane of the three-dimensional view.

three initial detonation energies can be seen in Figure 4.6, depicting the center φ slice of the

front at example times. Throughout the following examples, though three dimensions were

computed, two-dimensional planar slices were considered.

UnTWIST Results This data, similar to the 2D Gaussian example, depicts three main

symmetries, the first being the translational symmetry of the sphere rising due to buoyancy.

The same steps shown in the previous example from Section 4.2 are used to process the

Euler equation data, yielding θ and r centers of the waves and radii over time. First,

the UnTWIST algorithm was used to discover models for the θ and r shifts and a scaling

parameter for each data set. In this application, all values, including t, shiftθ, shiftr, and s(t)
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were first normalized. In doing so, each model could be fit agnostic to the scale relative to

the other quantities, i.e. s(t) fitting on the order of 101 and shiftr fitting on the order of 102.

After the model discovery step, the normalizations were accounted for. The identified wave

centers, scaling parameter, as well as the discovered UnTWIST models for each quantity can

be seen compared in Figure 4.7 for each initial energy value. The input hyperparameters,

as well as the total iterations, model fit errors, and resulting model equations are given in

Appendix A, Table A.1.

Figure 4.7: UnTWIST models for shiftθ, shiftr and s(t) each initial perturbation energy, 1.0,

1.6, and 2.0 eV, compared to the data collected in the initialization step. Singular value

spectra for each data set is also shown before and after accommodating for each invariance.
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Figure 4.7 depicts the models for each data set for the three invariance we wish to

account for– the θ-shift, r-shift, and scaling. While the data taken from initialization is

somewhat noisy, especially as seen in the θ- and r-shifts for the 1.0 eV detonation, it is clear

that the UnTWIST models fit the data well while smoothing inconsistencies in the wave

detection. This will be useful when accounting for these invariances in the data, yielding

smooth transitions between time steps rather than jumpy shifts.

These three invariances were accounted for in each data set, and a standard POD/SVD

was computed for each data set. The resulting singular value decompositions can also be

seen in Figure 4.7. These singular value decompositions show that the shifted & scaled data

is most amenable to POD. The energy contained in the first mode is higher in the shifted &

scaled data sets than the shifted or original data for each data set. The significance of the

first few modes is most prominent in the 2.0 eV data set. In this case, the higher-energy wave

front travels faster than the other initial energies. The improved initialization and model fit

of UnTWIST on this data set indicates that performance of the UnTWIST method increases

with wave speed. In addition, the singular value spectra indicate that very few modes can

be used to reconstruct all three data sets.

For each data set, 1-POD-mode reconstructions were created, and invariance modifica-

tions were reversed as in the previous example. Figure 4.8 shows these low-rank reconstruc-

tions. The results are effective and interpretable, and show that UnTWIST has aided in the

dimensionality reduction. For all data sets, the low-rank reconstruction of the original data

set is unable to capture the invariances– neither the translating nor the scaling is captured.

For the 1.0 and 1.6 eV data sets, the UnTWIST-modified reconstruction is extremely close

to the original data. Some of the intensity of the shock front is not captured, but the overall

dynamics, as well as the shifting and scaling, are well-captured. Similarly, the 2.0 eV data set

captures these invariances, but presents difficulties as the wave front exceeds the boundaries.

In this case, the periodic shift adds the wave front to the bottom of the r-domain. While

these results are promising, one capability of UnTWIST has not yet been explored in this

higher-dimensional example– accommodating and separating multiple waves.
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Figure 4.8: 1-mode reconstructions of original vs UnTWIST-modified single-wave data.
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4.6 Two Waves in Two Dimensions

In the previous section, the use of UnTWIST on 2D single-detonation phenomenon was

explored. In this section, the same Euler equations will be used to determine the limits of

UnTWIST in the presence of more than one wave quantity in 2D.

Here, under the same domain, one detonation of 1.0 eV (left) and one of 1.6 eV (right)

each with a 100 km radius are initialized. 6 total data sets are generated, with the spacing

between the two detonations varying between 0.5 to 1.5 initial diameters apart. Time slices

of this initial data can be seen in Figure 4.9. As the initial separation distance between the

detonations increases, the two quantities remain separate for a longer time before interfering.

This interference will pose a challenge to UnTWIST, as the distinction between the wave

becomes unclear, so does the necessary symmetry accommodation.

Similar to the previous one-wave example, the same steps were performed for finding

values for the wave centers and scalings. Here, the wave centers were naively computed by

separating the domain into a left and right half. The same shiftθ, shiftr and s(t) parameters

were computed for each data set. In this case, the separation function of UnTWIST is used,

yielding models for wave 1 and wave 2 separately. The resulting models can be seen in

Figure 4.10. The details of the form of the models as well as the hyperparameters used in

the optimization can be found in Appendix A, Tables A.2 and A.3.

It is clear that from the increase in spacing come more clear models for the symmetries.

Ideally, the θ-shift for each data set would be captured as a constant value, since there is no

underlying translation in the θ direction. However, with close detonation wave fronts, such

as the 0.5, 0.7, and 0.9 diameter spacings, the θ-shift becomes muddled and veers toward

the opposite wave. The intermediately spaced θ-shifts also show that while the initial model

may be accurate, when the waves interact, the center of one individual wave is difficult to

capture accurately. The 1.1 diameter spacing data set shows the constant θ-shift captured

well until a certain point in time, where the models become skewed. Figure 4.10 shows an

improved picture of the θ-shift with 1.3 and 1.5 diameter separation, with values for each



63

wave fairly constant throughout time.

The r-shifts are fairly accurately captured for both waves, though there is some noise

in the two most closely-spaced examples. The scaling is well-captured, with all models

matching closely to the data. This is in part due to the nature of the scaling computation,

where each wave is assumed to be circular, yielding smooth radius and therefore scaling

models. Nevertheless, the UnTWIST models capture well-fitting scaling parameters.

In order to see the effect of these various symmetry modifications, the shifting and scaling

parameters were accounted for as in the previous examples. Whereas there are two desired

wave frames, each stationary with respect to one wave, each wave frame was filtered using

the predetermined threshold. Values outside the area of interest for that frame were set to

zero. The entire data set was shifted and scaled to make each wave stationary separately,

and the singular value decomposition was taken for each wave frame. The results, compared

to the singular value spectra of each original data set can be seen in Figure 4.11.

The compared singular value spectra in Figure 4.11 indicate that dimensionality reduc-

tion may be slightly improved. For many of the individual wave frames, the fraction of

information captured by the first mode is slightly improved from the original data set. For

some, the first mode performs noticeably better than the original data, but a closer look

at the reconstructions is needed. To reconstruct the data using these low-rank modes, each

wave frame was considered at a time. 1 mode was retained for each wave frame, and each

wave frame was inversely shifted and scaled. The sum of the two low-rank reconstructions

are used to represent the original data. The resulting 2-mode reconstructions for each data

set can be seen in time slices in Figures 4.12 and 4.13, comparing the original data to the

UnTWIST-modified data.

From these reconstructions, UnTWIST shows a benefit over traditional dimensionality

reduction approaches in cases where the waves are separable. For the farther-spaced data

sets, such as the 1.5 diameter spacing, UnTWIST provides a clear advantage. The wave

structures are accurately represented, retaining their separate scales and shifts. Compared to

the reconstruction of the original data set, the fronts are clearly captured, and contain a larger
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share of the original energy. For more closely spaced wave fronts, the advantage of UnTWIST

is less clear. Whereas the traditional POD approach does not capture the scaling accurately,

and leaves out a large share of the energy in the center of the wave, the reconstructions using

UnTWIST are also not physically realistic. In general, closely-spaced wave data sets may

not be amenable to the current formulation due to the naive approach to separating the wave

structures. Reconstructions exacerbate the hard boundaries used to detect invariance values.

Alternatively, methods such as RPCA or other background subtraction approach [93] may

aid in separating these wave structures in their stationary wave frames. An improvement in

the separation of the wave structures would allow UnTWIST to more viably represent these

waves in low-rank.
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Figure 4.9: Euler simulation data with two initial perturbations 0.5-1.5 diameters apart.
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Figure 4.10: UnTWIST models for shiftθ, shiftr and s(t) for wave 1 (teal) and wave 2 (pink)

for the each two-wave detonation data set. Limits on θ and r are the same as the domain,

and scale is plotted in [1,4].
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Figure 4.11: Singular value decompositions of each two-wave data set, 0.5-1.5 diameter

detonation spacings. Blue lines shows the singular value decay of the original data set,

where pink solid and dashed lines show the singular value decays after shifting & scaling for

each wave frame.
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Figure 4.12: 2-mode reconstructions of original vs UnTWIST-modified two-wave data, 0.5-

0.9 diameter spacings.
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Figure 4.13: 2-mode reconstructions of original vs UnTWIST-modified two-wave data, 1.1-

1.5 diameter spacings.
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4.7 Discussion

In this chapter, the UnTWIST algorithm was modified to accept inputs of a higher dimen-

sion with more invariances. Two-dimensional data with scaling invariance was explored, with

examples including a single-wave, noiseless system with known parameters, a single-wave sys-

tem with more complex physics, and a two-wave system with various amounts of interaction

between the two waves. In general, the UnTWIST algorithm was able to find well-fitting

models for these invariances, and improved the dimensionality reduction. In cases with close

wave spacing, where individual wave quantities were difficult to parse, the UnTWIST algo-

rithm was not able to accurately determine the invariances, and the reconstructions were

poor. However, in farther-spaced cases, low-rank reconstructions were improved, yielding

more physically-relevant wave shapes while retaining the correct invariance phenomenon.

There are still, however, clear improvements that can be made to the UnTWIST ap-

proach for two dimensional data with scaling. Primarily, the naive approach to invariance

detection can be improved upon. In these examples, all wave centers were determined with a

simple threshold. Accounting for quantities with different heights or intensities may be nec-

essary for accurate wave detection. For example, identifying coherent vortical structures of

various vorticities would necessitate a more nuanced detection approach. Another suggested

improvement is to the assumption that the wave quantities are approximately circular. With

the scaling parameter dependent on approximate radial symmetry, severely non-symmetrical

waves would be scaled incorrectly. Detection of the shape of the wave quantity could be

incorporated using more sophisticated image processing approaches or deep learning. Then,

scaling in two dimensions separately could be utilized to account for the shape variations.

Additionally, the scaling approach could be improved by utilizing more sophisticated method

for resizing data. Recent advances in superresolution, specifically with deep learning [94],

have made strides in accuracy and efficiency in superresolving, or rescaling, single images.

Overall, advanced object detection algorithms could be employed to better identify irregular

wave quantities, with the UnTWIST algorithm applicable no matter the detection method.
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Chapter 5

CONCLUSIONS

Data-driven ROMs are of growing importance across the engineering, physical and bio-

logical sciences given our increasing ability to exploit emerging sensor technologies to observe

and quantify complex dynamical systems. Building models directly from observational data

is at the forefront of data-driven science and engineering [14] and addresses the increasing

need for interpreting and utilizing big data [95]. Importantly, good ROMs require that an

appropriate coordinate system be used in order for a low-rank representation of the dynamics

to be achieved [15]. Invariances, particularly rotational and translational, present significant

challenges in making ROM models useful for spatiotemporal systems. Simple traveling waves

compromise standard ROM architectures, thus requiring additional methods to handle the

translational invariance [14, 30–33].

In this work, an automated methods are developed to handle traveling waves [80]. The

so-called UnTWIST method uses spectral clustering and machine learning techniques to

provide a reference frame pinned to a traveling wave. In Chapter 2, the UnTWIST method

is developed, allowing for multiple waves within a one-dimensional data set to be detected,

separated, and shifted in moving coordinate frames. The resulting coordinate frames prove to

be amenable to traditional dimensionality reduction methods. To demonstrate the use of the

method, four physically-motivated example problems were explored, with varying difficulties

presented in multiple waves, non-constant wave speeds, nonlinear wave interactions, and

complex breathing phenomenon. UnTWIST successfully learned models that improved the

dimensionality reduction and matched known wave speeds for each system. In addition, the

resulting low-rank reconstructions were better able to capture the essential wave phenomenon

when UnTWIST was employed.
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In Chapter 3, the use of the UnTWIST method was tested under more challenging exper-

imental data taken from a rotating detonation engine. This system, which has yet-to-be-fully

known physics, exhibits rich nonlinear dynamics rife with bifurcations and instabilities. In

specific configurations, the RDE maintains stable traveling detonation wave fronts. Un-

TWIST was used in a preprocessing and refinement step for this data, allowing a given wave

in the detonation annulus to be made stationary at a time. The UnTWIST method was suc-

cessful in finding coordinate frames to center a given wave, allowing for linear and nonlinear

models to be built on the wave fronts. Dynamic mode decomposition was employed, and

found a low-rank, interpretable model for the interaction between two waves. A nonlinear

Lotka-Volterra model was fit for a three-wave data set, capturing the, sharp periodic non-

linearities. Notably, Lotka-Volterra is phenomenologically equivalent to the physical model

for this system with spatial dependence removed, as is accomplished with UnTWIST’s shift-

ing. These physically relevant models may prove useful in understanding, designing, and

controlling RDEs.

In Chapter 4, UnTWIST is modified to accept higher-dimensional data. While this chap-

ter considers only two-dimensional phenomenon with an additional scaling symmetry, the

changes to UnTWIST allow for an arbitrary number of symmetries and dimensions of the

data to be considered, such as three-dimensional and rotational data. A simple example is

demonstrated, to compare the performance of the UnTWIST models to a known system.

The two-dimensional shifts and a scaling parameter are found for a growing Gaussian, and

prove to match the analytical values. Next, an analog model to a high-altitude nuclear explo-

sion is considered using a single temperature perturbation wave propagated using the Euler

equations. The UnTWIST method uncovers sparse models for the wave’s speed and growth,

and the shifted and scaled data proves to be more amenable to traditional dimensionality

reduction methods. A second data set is considered with two detonation waves, each with

different initial separation distances. While closely-spaced wave quantities hamper results,

low-rank models show that UnTWIST aids the POD in the case of two growing and traveling

waves.
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Overall, the UnTWIST algorithm has been able to fill a critical gap left in similar ap-

proaches. UnTWIST has presented an interpretable framework for the discovery of under-

lying symmetries, allowing for the description of unknown dynamics. This allows for the

use of robust reduced order modeling for these systems, opening tractable computational

exploration for systems with no analytical representation. Allowing for translations in more

than one dimension has not been approached computationally and improves the dimension-

ality reduction further. In addition, symmetries such as scaling have not yet been considered

by comparable methods. This critical augmentation now allows for complex physics within

expanding quantities, such as detonation waves and coherent vortex flow structures, to be

accounted for. In doing so, the evolution of the dynamics within the wave can be considered

independent of its scale. This acts as a nondimensionalization, unlocking potential relevant

phenomenon to be explored and represented with dimensionality reduction.

While the work presented here develops the field of dimensionality reduction for data

with symmetries, there are many extensions and improvements that can make UnTWIST

robust and applicable to a broader range of systems. The architecture can accommodate

any type of symmetry as long as there is an operator to reverse the symmetry. In the future,

symmetries like rotations can be considered. With the proper rotation being determined

in an initialization step, and a rotation operator to “unrotate” the data into a stationary

frame, such models can be learned with UnTWIST. Similarly, three-dimensional data can

already be explored with the current architecture with little increase in overall computational

cost– only significantly increasing the one-time initialization step. Primarily, incorporating

deep learning-based techniques for learning symmetries hold potential to greatly improve Un-

TWIST. Rather than using naive thresholding, more sophisticated image processing methods

could be employed to learn more nuanced symmetry information. Detecting two-dimensional

waves of drastically different scales would be improved using local rather than global thresh-

olding. Determining directional scaling would improve scaling for non-radially-symmetric

shapes. The work presented here provides a foundational and adaptable architecture for

accounting for symmetries for use with traditional dimensionality reduction methods.
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Appendix A

1.0 eV 1.6 eV 2.0 eV

λ 5.0e-2 3e-1 1e-1

ζ 1e1 1e1 1e1

iterations 8,694 3,026 2,753

shiftx −11.1025t4 + 11.5660t3 −0.0044t5 − 0.0105
√
t 0.009t3 − 0.0206t2

shiftz 15.3825t2 + 4.4434t 20.1387t4 + 18.2669t 28.6947t5 + 28.8754t

s(t) −2.3937
√
t− 0.3567 −2.9889

√
t− 0.3535t −6.1005

√
t+ 0.8180

Table A.1: Hyperparameters, iterations, errors, and resulting models for Euler equation

simulations of various initial energies.
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sep. dist. λ ζ iterations error

0.03 50e1 1e1 4619 3.430e-1

0.05 50e-1 1e1 4883 1.949e-1

0.07 13e-1 1e1 2638 2.718e-1

0.09 9e-1 1e1 4579 1.968e-1

0.11 1.2e-1 1e1 6455 2.780e-1

0.13 5e-1 1e1 1725 1.992e-1

0.15 1e-1 1e1 1355 3.929e-1

Table A.2: Hyperparameters, iterations, and errors for Euler equation simulations of various

spacings between two waves.
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[22] Marek Morzyński, Witold Stankiewicz, Bernd R Noack, Rudibert King, Frank Thiele,

and Gilead Tadmor. Continuous mode interpolation for control-oriented models of fluid

flow. In Active Flow Control, pages 260–278. Springer, 2007.
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