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Planetesimals are the smallest gravitationally bound objects to play a role in the planet

formation process. In a bottom-up fashion, these bodies are thought to collide and grow

to form protoplanets, which are roughly Mars-sized objects, and then eventually coalesce

into larger worlds. Throughout this process, some planetesimals are left behind and can

persist for billions of years after the formation of a planetary system. This is believed to

be the principal source of asteroid and Kuiper belt objects, among many other small body

populations in the present-day solar system. In addition to providing clues about the process

of planet formation, planetesimals can also transport planets themselves, through weak but

numerous gravitational interactions. Planetesimals around other stars sometimes collide

and generate dust, producing a distinct observational marker that can be used to infer their

presence.

In this thesis, I use state of the art N-body simulations to understand the dynamics that

govern planetesimal interactions and growth. For the first time, I follow this growth process

using bodies with masses comparable to those predicted by planetesimal formation models.

Upon doing so, I show that certain dynamical mechanisms involving mean-motion resonances

only operate with sufficiently high resolution, and the effects of these mechanisms place a

number of constraints on the planet formation process, including tracing the initial sizes of



planetesimal formation and using collisionally-generated dust to infer the orbital properties

of unseen planets in nearby disks.

I also use these resolution capabilities to directly follow the growth of a system of ter-

restrial planets, starting from planetesimals. In doing so, I assess the viability of an in-situ

formation model for systems of tightly-packed inner planets (STIPs), which appear to be a

common outcome of planet formation. I also use these simulation results to train a neural

network to generate a larger set of post-planetesimal accretion phase initial conditions, which

I leverage to construct a statistical sample of simulated planetary systems for comparison

with observations.
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Chapter 1

INTRODUCTION

Until relatively recently, the extent and efficiency of planet formation around stars other

than the Sun was a mystery. Gas and dust are known to collapse under the influence of

gravity to form molecular clouds and eventually stellar cores, but the details surrounding

the eventual fate of the extra material that does not make its way onto a star are much

less certain. Clearly, the solar system was able to condense this material into a series of

planets that have persisted for ∼ 4.5 billion years, but the question of whether this outcome

is uniquely special and unusual, went unanswered until the Kepler Space Telescope was

launched.

The latest population demographics (for a review, see [283]) from Kepler and the Transit-

ing Exoplanet Survey Satellite (TESS) make one thing clear: planet formation is ubiquitous.

Not only do the majority of stars in our galaxy host planets, but many of these appear to be

rocky, roughly Earth-sized and potentially habitable. Recent work using planet population

synthesis models shows that these exoplanetary systems can be categorized into four distinct

classes [74, 189, 190]. One surprising result, however, is that many of these planetary systems

bear little resemblance to the orbital arrangement of the solar system [227]. Instead, some of

these systems are packed much more closely to their host stars and would lie entirely inside

the orbit of Mercury if superimposed over the sun. Due to observational biases, this result is

not entirely surprising (planets closer to their stars produce a stronger signal for transit and

radial velocity measurements), but it highlights an important question: what happened to

the solar system that didn’t happen to these compact multiplanet systems? The answer to

this question likely contains some important clues that can be used to build a more cohesive,

global picture of the planet formation process.
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1.1 Pathways to Terrestrial Planet Formation

The growth and eventual formation of terrestrial planets, which are classified by their com-

position of primarily rock and metal, is a process that spans a huge range of sizes in a

bottom-up fashion [239]. This process beings with µm sized dust grains and eventually leads

to gravitationally-bound bodies which are 1000’s of km in size. Given the wide range of size

scales that objects evolve through as they grow to form planets, there is a diverse collection

of physical processes that must be considered and modeled to properly capture the possible

outcomes of the terrestrial planet formation process.

At the smallest sizes, aerodynamic forces between solids and the gaseous component of

the protoplanetary disk dominate growth. Material physics is important here, as grains

sediment toward the disk midplane and occasionally collide with each other and stick [215,

282, 82, 126] to progressively form larger bodies. Around mm size scales, however, a number

of growth barriers are thought to present themselves. These include catastrophically short

radial drift timescales [1, 272], problems with particles sticking to form larger objects and

even destructive collisions [282]. Because observational constraints on solids of these sizes in

planet-forming disks are tenuous and often indirect, microgravity experiments involving dust

grains and pebbles are providing a promising window into this phase of growth (see [288]).

Despite these barriers to growth, terrestrial planet formation appears common [31, 69,

81]. This implies that some physical process must quickly and efficiently grow solids up

to kilometer sizes, where gravity begins to dominate the physical interactions. These small

gravitationally bound objects are referred to as planetesimals and are usually taken to be

the basic building blocks of terrestrial planets. In planet formation models, planetesimals

are allowed to collide and grow, while gravitational interactions and aerodynamic drag from

the residual gaseous disk alter their velocities. Although most planetesimals are eventually

incorporated into planets, a small number can remain long after the system forms. In the

solar system, these bodies eventually went on to populate the asteroid belt and Kuiper

belt [72, 33, 158, 191]. In some adolescent exoplanetary systems (ranging from a few [77]
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to hundreds [176] of Myr in age), dust from these colliding residual planetesimals is often

observable [289, 83].

A significant uncertainty in the final planet formation process involves determining whether

and how far these building blocks move throughout the disk as they incorporate themselves

into the final bodies. Although radial drift due to aerodynamic gas drag can be treated

as a second-order effect for planetesimal and larger-sized objects, objects that reach roughly

Mars-sized can stir up spiral density waves in the gas disk and lose significant amounts of an-

gular momentum as they migrate inward [271]. This has significant implications for the final

orbital architecture of the planetary system, as the solid mass becomes much more centrally

concentrated and planetary compositions consist of material that should be expected to con-

dense much further from the central star. One key prediction of a migration-driven model

is that planets should be expected to stop migrating and lock into mean-motion resonances

once they reach the inner edge of the gaseous disk [98]. A small but appreciable fraction

of close-in terrestrial multiplanet systems are found in resonant chains [84, 85, 49, 3, 154].

However, resonant chain systems formed in this fashion are often not dynamically stable and

this telltale signature of convergent migration is often only temporary [259, 223, 116, 180].

Alternatively, large-scale migration due to tidal torques with the gas disk may play an

insignificant role in shaping the final planetary configuration and terrestrial planets are

formed largely in-situ. In this scenario, the final properties of the planets themselves more

closely reflect the conditions of the initial disk of solids (at least at the time of planetesimal

formation). A common method to assess the viability of in-situ formation is to take an

observed collection of planets, smear out the masses, and then evaluate the physicality of

the inferred distribution of solids. This approach was first applied to the solar system to infer

the natal distribution of solids (called the MMSN, or minimum-mass solar nebula) [100] and

has more recently been applied to compact multiplanet systems observed by Kepler [47, 59].

One attractive feature of an in-situ model is it’s relative simplicity to implement in planet

formation models. Gravity and collisions are the two physical processes that dominate, both

of which can easily be handled by modern N-body codes. Gas disk migration models, on
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the other hand, are still wrought with uncertainties that bring into question the strength,

timing and even direction of migration that depend on both the exact mass distribution and

thermodynamic properties of the gas disk [14, 27, 212].

The wealth of information that recent missions like Kepler and TESS have provided about

terrestrial planets is making one fact abundantly clear: a one-size-fits-all model for terrestrial

planet formation is overly simplistic. In some cases, it is clear that in-situ formation cannot

have operated [226], while only a small fraction of systems have clearly undergone large-scale

migration [101]. Given the limitations and uncertainties associated with current migration

models, and the relative simplicity of growing gravitationally bound solids in-situ, a closer

look at planetesimal accretion and eventual terrestrial planet formation using high resolution

N-body simulations is warranted. Until recently, these types of simulations have required

overly restrictive simplifications, such as starting with fully-formed Mars-sized planetary

embryos, or ignoring gravitational interactions between smaller bodies. In this thesis, I

present some of the first simulations that are free of these limitations and use the results to

understand small body populations in the present day solar system, collisionally generated

dust around young planetary systems and compact multi planet systems observed by Kepler

and TESS (also known as STIPs, or systems of tightly-packed inner planets).

1.2 Planetesimal Formation

As mentioned above, the barriers to growth for mm-sized bodies due to radial drift, bouncing

and fragmentation suggest that continued growth through cm and meter sizes must proceed

in a qualitatively different fashion. For mm-sized objects, equal mass collisions do not tend

to result in constructive growth [282]. Even if this barrier is circumvented, cm and meter

sized bodies drift through the gas disk and fall onto the central star on timescales much

shorter than the typical collision timescale [272]. Given the fact that solids do manage to

eventually grow beyond mm sizes in planet forming disks, the growth from mm to ∼ km

sizes must be fast and efficient.

The most straightforward way to induce growth to overcome the bouncing, fragmentation
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and drift barriers is to concentrate solids in excess of the Roche density

ρroche =
9Ω2

4πG
(1.1)

where Ω is the local orbital frequency, in which case self-gravity overcomes tidal forces. One

obvious way to do this is to wait for solid particles to sediment to the midplane of the disk

[88]. Unfortunately, gas turbulence at the disk midplane prevents solid densities from ever

reaching sufficiently high concentrations [58].

A solution to this problem that has gained a huge amount of traction is known as the

streaming instability [294]. The streaming instability is part of a broader class of resonant

drag instabilities, which can operate whenever dust grains drift faster than the wave speed

in a fluid [250, 251]. With the streaming instability, the solids induce a back reaction on the

gas orbiting at sub-Keplerian speeds, which in turn slows down radial drift of the solids and

causes them to pile up. This, of course, causes an ever stronger back reaction on the gas and

the cycle continues as the local concentration of solids grows. Numerical studies have shown

that this process can produce particle concentrations sufficient for gravitational collapse and

typically generates planetesimals on the order of 100 km in size [123, 248, 241]. Interestingly,

the planetesimals often form in binaries [160] and bear a striking resemblance to present day

Kuiper belt objects. An example of this process is shown in figure 1.1.

Unfortunately, the conditions in simple models of protoplanetary disks are not sufficient

to trigger the streaming instability. High resolution numerical studies suggest that dust to

gas ratios larger than 4 percent are required to trigger it [37, 292], while the early solar

system was thought to have a dust to gas ratio closer to 1 percent [100]. This suggests

that planetesimals should not be expected to form everywhere in the disk, although the

fact that planets and smaller bodies, which presumably originated from planetesimals, exists

everywhere from ∼ 0.5 to ∼ 50 AU in the solar disk. It should be noted, that indirect

measurements of the dust to gas ratio in planet forming disks exhibit a surprisingly wide

range of values, some of which come close to the value required by streaming instability

experiments [235, 120]. Future, higher resolution studies of the streaming instability may
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Figure 1.1: Simulation snapshots of a gravitationally bound pebble cloud formed via the
streaming instability. Over the course of about 50 years (top left to bottom right), the
clump collapses to form a binary planetesimal. (Adapted from figure 14 of [210])
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also alleviate this discrepancy. Another mechanism known as the vertical shear instability

(VSI) [264] may provide an alternative pathway for the concentration of solids, although the

exact midplane conditions that give rise to the VSI in a protoplanetary disk have not yet

been well-studied.

Another solution to the problem of triggering the streaming instability may come from

relaxing the assumption that the terrestrial planet forming regions of protoplanetary disks

are smoothly varying. Pressure bumps in the gas disk, formed by mechanisms such as

ionization fronts, condensation fronts, perturbations from other planets or self-induced dust

traps [90] can all act to halt the inward drift of small solids and concentrate them into

rings with conditions amenable to triggering the streaming instability or even gravitational

fragmentation [46, 115, 194, 22].

1.3 Observational Constraints

For µm to mm sized grains, scattered light from the central star, along with thermal emission

allows us to directly trace this early phase of growth. For Earth-sized planets and larger,

alterations to the light emitted by the host star allow us to observe the final outcome of

the planet formation process. Populations of objects in between these sizes, however, do not

have enough surface area to scatter light or emit appreciable amounts of thermal radiation,

while being too small to perturb the light from the central star. With the exception of

the remaining small bodies in the solar system, many of which are believed to be residual

planetesimals, the gravitationally dominated stage of the terrestrial planet formation process

is essentially invisible.

In the solar system, the orbital configurations of the planets themselves contain clues

that the small body population was once much more numerous. A model in which the orbits

of Saturn and Jupiter gradually evolve due to repeated scattering events with smaller bodies

and subsequently go unstable works well to explain the present day configuration of the

Jupiter trojans, Kuiper belt objects and irregular satellites [89, 263, 192, ?]. This suggests

that the solar system was once filled with planetesimals. In addition, N-body simulations
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have shown that a collection 100 km sized objects placed throughout the outer solar system

can induce the outward migration of Neptune’s orbit while capturing the proper amount of

small bodies into mean-motion resonance [204].

For planet-forming disks around other stars, the primary way to infer the presence of

planetesimals and planetary embryos is through dust emission. Although some of this dust

is likely primordial, a large fraction of it is expected to be generated by collisions between the

gravitationally bound planetary building blocks. Although the initial stages of planetesimal

growth are not expected to create much dust, the eventual protoplanets that form act to

stir up the remaining planetesimals, increasing collision velocities and producing destructive

collisions [128]. In 2020, the thermal emission of a transient dust cloud resulting from a

planetesimal-planetesimal collision was observed for the first time [83].

Often, the collisionally generated dust emission is used to infer the presence of an unseen

planet. The intricate structure of bright rings and gaps seen in the planet-forming disk HL

Tau [5] have been argued to be indicative of three embedded giant planets [30]. [65, 66]

showed that the presence of a giant planet produces distinct morphological features in the

collisionally generated dust emission, the properties of which can be used to constrain the

orbital properties of the planet itself.

Despite powerful resolving capabilities (∼ 1 AU resolution for the closest protoplanetary

disks), sub-mm facilities like ALMA are not able to probe the terrestrial planet forming region

of most disks. In fact, the inner 10 or so AU of most protoplanetary disks are optically thick

at mm and shorter wavelengths [24] and the conditions at the midplane where gravitationally

bound solids are expected to form are completely hidden. Future radio observatories, such

as the NG-VLA should be able to achieve sub-au resolution in the inner region of these disks

[234]. In the meantime, constraints on planetesimal formation and terrestrial planet growth

can only be attained by inward extrapolation of the solid distributions in the outer edges of

observed protoplanetary disks, or by working backwards and reconstructing the conditions

of the early solar system.
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Figure 1.2: A composite of archival images from the Hubble Space Telescope showing dust in
scattered light surrounding the Fomalhut system. On the right, a closeup view of the model
of the expanding dust cloud, produced by a planetesimal collision is shown expanding over
the course of 10 years. Image credit: NASA/ESA
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1.4 Modeling Planetesimal Growth

1.4.1 Collision Rates and Runwaway Growth

The problem of determining the outcome of planetesimal growth involves simultaneously

evolving the mass distribution (as bodies collide and grow) and velocity distribution (as

bodies gravitationally scatter) of the system. These models typically start with a collection

of equal-mass planetesimals on nearly-circular, low inclination orbits about a much more

massive central body. Predicting the evolution of the system requires a numerical approach,

but some insights into the expected behavior can be obtained analytically. For an equal mass

population of planetesimals with mass mpl and radius rpl, the rate of change of the mass can

be written as

dM

dt
= ρplvencσ = kΣplΩσ, (1.2)

where ρpl and Σpl is the mass and surface density density of planetesimals at the midplane

of the disk, venc is the typical encounter velocity between bodies, Ω is the Keplerian orbital

frequency and k is a numerical pre-factor which captures the geometric effects of encounters

in a disk. The effective collision cross section σ is set by the geometric value and is enhanced

by gravitational focusing [240], which bends the trajectories of planetesimals that undergo a

close encounter.

σ = πr2pl

(
1 +

v2esc
v2enc

)
, (1.3)

where vesc is the mutual escape velocity of two planetesimals that are in contact at their

surfaces.

In the case where the planetesimal disk is dynamically cold (vesc � venc), equation 1.2

scales with mass as dM/dt ∝M4/3. This implies that the growth rate accelerates with time

and leads to a situation known as runaway growth [280, 134].
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1.4.2 Two-body Relaxation

At the same time, the encounter velocities in the disk evolve due to two-body relaxation. This

is effectively due to gravitational encounters converting energy from the differential rotation

of the disk into random motion. For an equal mass population of bodies, the timescale for

relaxation can be written as

trelax =
v2enc

dv2enc/dt
=

v3enc
ρ2plπG

2m4
plln

′Λ
(1.4)

where G is the gravitational constant and ln′Λ is the Coulomb logarithm, which captures the

effects of long-distance encounters and is typically taken to be ' 10 for a planetesimal disk.

As the planetesimal system evolves, the assumption of equal-mass bodies is quickly vi-

olated. In this situation, a numerical approach is required. This was first done by [92]

and involves dividing growing planetesimals into bins of mass and distance from the cen-

tral star and evolving them using a statistical approach. This method, which provided the

first confirmation that runaway growth indeed persists beyond the initial equal-mass phase

[280], suffers from a few severe limitations. First, dynamical effects such as energy exchange

between bodies of different masses and encounters between slow-moving bodies which are

strongly mediated by the gravitational field of the central object, must be explicitly built in

to the model. Second, runaway growth naturally produces a power law tail of bodies. In this

situation, the highest mass bins eventually end up with only a few bodies which dominate

the dynamical evolution of the system and a statistical approach begins to break down.

1.4.3 N-body Simulations of Planetesimal Accretion

The straightforward, albeit computationally expensive way to circumvent these problems is

to instead evolve the equations of motion for the growing planetesimals individually. To do

so explicitly requires pairwise force evaluations and collision checks between all bodies at ev-

ery timestep. Given that these calculations naively require O(n2) evaluations per timestep,

this can quickly become prohibitively expensive, especially considering that terrestrial planet
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formation timescales are on the order of Myrs, while dynamical timescales between planetes-

imals can be on the order of days. It took decades after the idea of runaway growth was

first proposed before its effects and eventual end were directly simulated using an N-body

code [134, 135]. Even then, the simulations were limited to a narrow annulus, where it was

assumed that the growth modes scaled in a self-similar way throughout a full planetesimal

disk.

The introduction of tree-based N-body codes such as pkdgrav [237, 252, 267] finally

allowed for much larger particle counts to be used, in which planetesimals were much closer

to the sizes predicted by formation models. By dividing physical space into subdomains,

force calculations and neighbor lookups for collision detection can be done in O(n log n)

time using an algorithm similar to a Barnes-Hut tree [18].

The simulation code used to model planetesimal accretion in this thesis is called ChaNGa,

which is a descendent of pkdgrav. ChaNGa is actively being developed by the N-body shop

at the University of Washington and is designed to enable force calculations and neighbor

finding for huge collections of particles by efficiently distributing the work across machines

running in parallel on a supercomputing cluster [121, 182]. This is done by splitting groups of

particles into objects called TreePieces, which are then assigned to different compute domains

and are designed so that calculations on a given TreePiece can be done semi-independently.

Because neighboring particles can sometimes end up in different TreePieces, remote data can

be accessed during a tree walk using a cache manager, which acts to minimize unnecessary

communication [182]. Much of the power of ChaNGa comes from the fact that load bal-

ancing and communication between cores is handled in a very dynamic and efficient way.

For cosmological simulations, ChaNGa can easily handle upwards of billions of particles, al-

though the much larger range of timescales that must be handled in a planetesimal accretion

simulation restricts this to a few million.

ChaNGa is written in the CHARM++ programming language and has been shown to

perform well when using up to half a million processors [182] simultaneously. Gravitational

forces are calculated using a modified Barnes-Hut tree algorithm with hexadecapole order
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expansions of the moments. For all of the planetesimal accretion simulations described

in this paper, a node opening criterion of ΘBH = 0.7 was used. In chapter 2, I test the

effects of varying ΘBH on a planetesimal disk and show that the tree approximation does

not meaningfully affect the influence of two-body encounters. The equations of motion

are integrated using a kick-drift-kick leapfrog scheme. For more information about the

implementation of ChaNGa see [121].

In order to use ChaNGa to study planetesimal coagulation, I implemented a hard-

body collision model that treats particles as solid objects with a fixed radius, rather than

as smooth tracers of a fluid with a characteristic softening length. The framework for the

collision detection module uses the existing algorithm for neighbor finding during smooth

particle hydrodynamics (SPH) calculations. As with the gravity calculations, particles are

sorted into a tree structure which allows the collision search to be conducted in O(N logN)

time. The collision detection module in ChaNGa based off of the solid body collision

implementation in pkdgrav, which is described in [236] and [237], which we summarize

below:

Collisions are predicted at the beginning of each drift step by extrapolating the positions

of the particles forward using the velocities calculated during the first kick. For each parti-

cle, the closest 64 neighbors are considered in the collision search. After extrapolating the

positions forward and checking for overlap with any neighbors, the earliest collision time tcoll

is stored for each particle.

After the prediction phase, particles with tcoll less than the time step size ∆T must have

their collisions resolved. For simplicity, all collisions in our simulations result in perfect

accretion. A merger between two particles of mass m1 and m2 results in a single particle

of mass M = m1 + m2, with the radius set to conserve density. The position and velocity

of the resulting particle is set to the centre of mass position and velocity of the colliders

at the moment of contact. The resulting merged particle is then drifted to the end of the

step. If multiple collisions are predicted during a time step, the earliest collision is resolved

first. Because resolving a collision can result in another imminent collision, collisions must
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be resolved one by one, with a new prediction check being run each time.

1.4.4 N-body Simulations of Final Planet Assembly

Although tree-based N-body codes work well for modeling planetesimal accretion, the later

stages of terrestrial planet formation, in which protoplanets collide to form planets, requires

integrating through prohibitively large number of dynamical times (on order 1010 timesteps).

During this phase, collisions and close gravitational encounters are rather infrequent. During

timesteps where there are no close encounters, a mixed variable symplectic (MVS) integration

scheme can be used [285]. This involves splitting the Hamiltonian of a system into a Keplerian

and perturbing part. Although all particles induce perturbations on each other, these two

parts can be solved independently so long as the perturbations are small. The Keplerian part

of the Hamiltonian can be solved analytically, allowing for much larger timesteps compared

with solving the equations of motion using a direct O(n2) or a tree-based approach. In cases

where a close encounter occurs, the perturbing term in the Hamiltonian becomes large and

the motion of the interacting particles is solved directly. This hybrid integration scheme was

first implemented in the code Mercury [38] and allowed for the first time planet formation

simulations using hundreds to thousands of particles.

Restricting planet formation simulations to begin with no more than a few thousand

particles, is still quite limiting. Due to this restriction, these types of simulations are often

built with rather unrealistic initial conditions, in which planetary embryos are already fully

formed in the disk and residual planetesimals are either represented by super-particles, or

their gravitational influence is ignored. Recent advances in GPU hardware, however, have

allowed more recent N-body codes to push beyond these limitations. In particular, the N-

body code genga [93, 94] has been developed to specifically take advantage of GPU hardware

for running a hybrid MVS integrator up to 30 times faster than Mercury. Recent versions

of genga are able to efficiently handle prolonged close encounters between large groups

of particles and the code has been successfully used to model the coalescence of tens of

thousands of fully self-interacting particles into a system of terrestrial planets [287].
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1.5 Thesis Goals and Outline

In this thesis, I present my work using high resolution N-body simulations to understand the

dynamics and outcome of the planetesimal accretion process. I will begin by connecting this

process to the present-day small body populations in the inner solar system, particularly the

asteroid belt. Then, I examine the role that planetesimal collisions play in the generation of

debris disks. Lastly, I follow the growth of a planetesimal disk into a fully-formed system of

short-period planets. From here, I make connections with the compact, multiplanet systems

observed by Kepler and TESS to understand how viable a migration-free terrestrial planet

formation model can be in this context.

1.5.1 Chapter 2 Summary

In chapter 2, I revisit the problem of planetesimal accretion in the inner solar system starting

with near-realistic sized bodies. I show that the post-runaway growth phase is resolution

dependent and that finely-spaced mean-motion resonances with the largest bodies are only

populated if the planetesimal population is sufficiently fine-grained. In the case where this

condition is met, the mass distribution of the residual planetesimal population follows a

broken, rather than a single power law. This is strongly reminiscent of the mass distribution

of the present day asteroid belt and Kuiper belt and I demonstrate that subsequent collisional

destruction is not the only pathway to produce such a break.

1.5.2 Chapter 3 Summary

In chapter 3, I follow the orbital evolution of a planetesimal belt in the vicinity of a giant

planet and use the recorded collision rates to construct a dust emission map. Near the

locations of mean-motion resonances, distinct overdensities or underdensities in the dust can

form. The mapping between particular resonances and the presence of a gap or bright ring

in the dust emission is shown to depend on the mass and eccentricity of the giant planet. I

show that from the dust emission alone, it is possible to constrain the orbital properties of
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the giant planet.

1.5.3 Chapter 4 Summary

In chapter 4, I simulate the planetesimal accretion process at short (1 to 100 day) orbital

periods and show that the gravitational interactions that facilitate energy equipartition and

eventually shut off the runaway growth phase become ineffective close to the star. I show that

a disk of rocky planetesimals should be expected to undergo two distinct accretion modes,

with the boundary lying around 5 to 10 days in orbital period. This result has implications

for the expected configuration of planetesimals and embryos at the beginning of the giant

impact phase and suggests that the initial conditions used for short-period planet formation

simulations are often overly simplistic. In the following chapter, I use these simulation results

to explore the effect that this accretion boundary in the disk has on the final assembly of

the planets.

1.5.4 Chapter 5 Summary

In chapter 5, I use the final simulation snapshots from chapter 4 to grow the remaining

planetesimals and protoplanets into a fully-formed system of terrestrial planets under a

migration-free model. These are the first-ever simulations in which the planet formation

process is followed from the smallest gravitationally bound bodies (planetesimals) to full-

sized planets. Having directly resolved every collision, I map the building blocks of the

planets back to their original locations in the disk to assess the extent of radial mixing in the

disk. Due to the computational expense of the planetesimal accretion simulations, I train

a neural network on the results from the previous chapter and use it to produce a much

larger set of intermediate-phase initial conditions which are then run and used to capture

the effects of stochasticity and chaos during the giant impact phase.
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Chapter 2

FORMATION OF PLANETARY EMBRYOS IN THE INNER
SOLAR SYSTEM

The content of this chapter was originally published in collaboration with Thomas R. Quinn

in the October 2019 edition of The Monthly Notices of the Royal Astronomical Society ([268],

MNRAS, Vol. 489, 2; 2019, DOI: 10.1093/mnras/stz2284/), and is reproduced below with

the permission of the Royal Astronomical Society.

2.1 Introduction

The standard scenario of terrestrial planet formation involves the pairwise accretion of small

rocky bodies, called planetesimals, that condense from dust out of the protostellar disc [240].

As discussed in chapter 1, the details of growth from cm to km sizes remains uncertain due

to fragmentation, bouncing and radial drift barriers [282, 272]. However, instabilities that

produce large local concentrations of dust and pebbles may provide a way to circumvent these

problems [264, 294, 250, 251]. Assuming larger solids do eventually form, gravity begins to

dominate the physics for objects around a hundred km in diameter.

At this point, gravitational focusing [240] drives runaway growth [72, 134, 19] and a

handful of relatively large bodies develop. At this point, the largest bodies known as oli-

garchs, scatter the remaining planetesimals and act to slow the runaway effect. Eventually,

the oligarchs accrete most of the available material in the vicinity of their orbit, and space

themselves apart by approximately 5-10 Hill radii [135, 136]. On much longer time scales,

the large bodies perturb each other onto crossing orbits, forming Mars to Earth sized bodies

via occasional collisions. This phase of late stage accretion is highly chaotic and takes much

longer to play out than the previous stages [41, 229].
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Generally, planetesimal accretion models fail to produce a configuration of planets that

resembles that of the Solar System. Planets produced in the vicinity of Mars are systemati-

cally too massive [279, 228, 197, 114] and the terrestrial planets that form are too eccentric

compared to their Solar System counterparts [41, 2, 39]. In addition, the present day water

content of Earth, along with the large D/H ratio of Venus [67] does not match with models

of solids that condensed out of the Solar nebula at 1 AU.

These issues all have proposed solutions, which generally involve altering the initial condi-

tions for late-stage accretion simulations. The condition of the Solar System at the beginning

of the late stage accretion phase is poorly constrained. This is mostly due to the fact that

planetesimal formation, and therefore the intermediate accretion phase which produces the

planetary embryos, is not well understood. Although the present day population of small

Solar System bodies has continued to evolve since the end of the intermediate accretion

phase, the current size frequency distribution (SFD) of asteroid belt and Kuiper belt ob-

jects contains some clues about the accretion history. [191] argued that the SFD of asteroid

belt objects larger than 100 km in diameter has been largely unchanged, aside from a size

independent depletion factor. [72] did a long term stability analysis of small Solar System

objects and found that small bodies left over from accretion should still be largely unper-

turbed. For these reasons, it should be possible to connect observables in the Solar System

to planetesimal formation theories by modeling only the intermediate stages of accretion.

Statistical methods [92, 280] have proven to be a powerful approach to model planetes-

imal growth. However, the dynamics governing the evolution of growing planetesimals and

protoplanets does not always naturally emerge with this technique. As an example, [274]

found that a careful treatment of three body encounters led to a different prediction for the

initial size distribution of planetesimals near the asteroid belt. Additionally, the particle-

in-a-box method is not well suited for studying oligarchic growth because the largest mass

bins, which dominate the evolution in this stage, contain small numbers of bodies. Non-

gravitational effects such as gas drag and fragmentation require extra care to implement

self-consistently [150], although it has been successfully done [281, 39]. To alleviate some of
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these issues while still being able to model large populations, a newer hybrid approach, in

which large bodies are treated as single entities and planetesimals are treated as statistical

ensembles has been developed [276, 129, 155, 195].

The most reliable and straightforward approach is to use N-body methods to follow the

evolution and growth of the planetesimals [148]. By tracking the individual motions of bodies,

the dynamics governing their evolution naturally emerges, no matter what the distribution

of bodies looks like. However, N-body simulations involving collision detection are extremely

computationally expensive, which severely limits both the resolution and number of timesteps

that can be achieved. This is why there are very few studies of runaway and oligarchic with

direct N-body simulations in the literature [134, 135, 136, 19]. Instead, N-body methods

are most commonly used to study late stage accretion, where the self-gravity and collisional

evolution of the residual planetesimals is largely unimportant [41, 2, 39, 211, 191].

To date, we are not aware of any N-body simulations that resolve both the runaway and

oligarchic growth phase with more than about 104 particles. At this resolution, stochasticity

likely has a significant influence on dynamical friction and resonances may not be sufficiently

resolved. [229] found that insufficient planetesimal resolution during the oligarchic growth

phase limits the effectiveness of dynamical friction felt by the oligarchs, producing a pop-

ulation of embryos with unrealistically high eccentricities. This idea has also been applied

to planet migration through a disc of planetesimals. [51] showed that resonances make a

significant contribution to the dynamical friction torque exerted by the disc on the planet.

This phenomenon requires the planetesimals to be finely resolved [36]. Dynamical friction is

also facilitated via resonances in galactic dynamics [170]. [278, 277] examined the effect of

N-body particle counts on galaxy dynamics and showed that resonant interactions between

the bar and halo were only effective with sufficient particle phase space coverage.

For these reasons, we motivate the need for a high resolution N-body simulation of plan-

etesimal growth. We do this to better understand the effect that dynamical friction has on

the intermediate stages of terrestrial planet growth and to examine what predictions a high

resolution model makes about the residual population of planetesimals in the Solar System.
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In particular, resonances which are only effective with fine enough resolution, may have an

important influence on planetesimal growth. In this chapter, we investigate planetesimal

evolution during the runaway and oligarchic growth phases with a direct N-body model.

We begin by simulating an annulus of planetesimals with similar resolution to [135] to val-

idate our model. We then run the same configuration with 100x more particles to better

understand the effects of resolution on the intermediate stages of terrestrial planet growth.

In section 2.2, we provide a summary of the simulation code, along with a description

of the initial conditions used. In section 2.3, we present the results of the low and high

resolution simulation of terrestrial planet growth and highlight differences between the two.

We find that a bump develops in the mass distribution of the high resolution simulation,

which does not appear in the low resolution run. This feature manifests itself shortly after

oligarchic growth commences and we infer that it is produced by extra heating via mean

motion resonances between the oligarchs and small planetesimals. To further demonstrate

this effect, we re-run the high resolution simulation with a narrower annulus (depopulating

many of the resonances) and show that this reduces the prominence of the bump in the mass

distribution. In section 2.4, we present a set of collisionless simulations of a planetary embryo

embedded in an annulus of planetesimals. This more clearly demonstrates the differences in

dynamical behavior between the low and high resolution models. In section 2.6, we present

two more simulations of planetesimal growth at intermediate resolutions and demonstrate

that the location of the bump is sensitive to the initial planetesimal mass. Finally, section

2.7 connects these new results to our present understanding of terrestrial planet growth and

we discuss the additional steps necessary to use our results to constrain the initial size of

planetesimals in the Solar System.
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2.2 Simulations

2.2.1 Numerical Methods

All of the simulations described in this chapter were performed with the highly parallel N-

body code ChaNGa. A full description of the code, along with the details of the solid body

collision module are provided in chapter 1. For all of the simulations presented below, we

use a node opening criterion of ΘBH = 0.7. In section 2.9, we reduce the value of ΘBH and

show that a more accurate and expensive force calculation does not meaningfully affect the

timescale for viscous stirring.

As in [134, 135] we accelerate the accretion process by artificially inflating the physical

radius of the bodies by a factor of f . This technique reduces the accretion time-scale by

approximately a factor of f 2, significantly reducing the number of timesteps that must be

integrated. Additionally, inflating the particle radii allows us to use a smaller annulus with

less planetesimals. The reason we cannot use an arbitrarily skinny annulus is because the

edges tend to expand outward due to the unrealistic boundary conditions, decreasing the

surface density. The time-scale for this expansion is set by the two body relaxation time-

scale, which scales with N . Reducing the accretion time-scale by increasing f allows us to

study planetesimal growth with a smaller, less computationally expensive annulus.

We must be careful, however, to choose a value of f that is not too large. The rms eccen-

tricity and inclination of the planetesimal disc grows as gravitational encounters transform

energy due to Keplerian shear into random motions. By accelerating the growth rate, we

cause the transitions between growth modes to happen early, when the disc is less dynami-

cally excited. This discrepancy is partly compensated for by the fact that our model ignores

the effects of gas drag, which would damp the eccentricities and inclinations of the plan-

etesimals. We adopt f = 6 for our calculations, which reduces the amount of gravitational

scattering by less than 10% of its true value and does not qualitatively change the modes of

planetesimal growth [135].
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2.2.2 Initial Conditions

We begin by using our collision model to perform two sets of calculations:

(i) 106 equal mass bodies with m = 1.2× 1021 g

(ii) 4000 equal mass bodies with m = 3× 1023 g

As previously mentioned, simulation (ii) is meant to be compared with the results of [135].

This allows us to both validate our collision model and also have a baseline to compare

our simulations to. In both cases, the planetesimals are distributed randomly in an an-

nulus centred at 1 AU with a width ∆a = 0.085 AU around a 1 M� star. This annulus

width was chosen so that the required particle count is minimized without boundary ef-

fects influencing planetesimal growth. The surface mass density of the ring is set to 10 g

cm−2, which approximately corresponds to the minimum-mass solar nebula model [100] at

1 AU 1. In case (i), the eccentricities and inclinations are taken from a Rayleigh distribu-

tion [109] with 〈e2〉1/2 = 2〈i2〉1/2 = 4h/a, where h is the mutual Hill radius. To match the

same eccentricity and inclination dispersion with larger planetesimals in case (ii), we use

〈e2〉1/2 = 2〈i2〉1/2 = 0.635h/a. In both simulations, the planetesimals are given an internal

density of 2 g cm−3. We use fixed timesteps with ∆T = 0.0025 years and evolve the simula-

tions for 20,000 years. Large timesteps diminish the effectiveness of gravitational focusing,

which inhibits the collision rate. We find that the collision rate is converged below ∆T =

0.0025 years. The integration time was chosen to be comparable to the orbital repulsion and

Hill radius growth time-scale [133] so that the effects of oligarchic growth are fully realized

by the end of the simulation.

It is worth noting that simulation (i) was a very computationally expensive undertaking.

In total, the full 20,000 years of integration required approximately 130,000 CPU hours and

over 50 days of wall clock time.

1For a discussion of the considerations taken when choosing an initial disk profile, see section 5 of chapter
4.
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Figure 2.1: Evolution of the maximum (solid curve) and mean (dashed curve) planetesimal
mass in the N=4000 and N=106 particle simulations. At early times, the maximum mass
grows more quickly than the mean mass, which is indicative of runaway growth. After a few
thousand years, the separation between the curves becomes a constant factor, signalling the
start of oligarchic growth.
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Figure 2.2: Snapshots from the low and high resolution models in the a − e plane. On the
left, the light dots represent individual planetesimals, while the contours on the right hand
plots represent curves of constant number density. The contour levels are the same between
all panels and correspond to 7.8× 106, 1.6× 107, 2.3× 107, and 3.1× 107 planetesimals per
AU per unit eccentricity. The black circles denote the configuration of the 6 largest bodies
in the simulation, with the area of the circles scaled to the mass of the body. The horizontal
error bars are scaled to 5 times the Hill radius of the bodies.
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runs, shown at the end of runaway growth (top row) and the end of the simulation (bottom
row). The dashed line indicates a slope of -1.5, which is characteristic of runaway growth
and can be derived analytically using the coagulation equation [178, 262].
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2.3 Results

2.3.1 Low vs High Resolution

We begin by comparing the evolution of growth between the low resolution (N=4000) and

high resolution (N=106) models. As planetesimals collide and grow, gravitational focusing

becomes increasingly effective and the relative growth rate increases with mass [92]. Figure

2.1 shows the evolution of the average and maximum planetesimal mass in both simulations.

Runaway growth at early times is evident from the fact that the maximum mass grows more

quickly than the mean mass. Eventually, the largest bodies begin to dynamically heat the

neighboring planetesimals, which slows the growth rate of the largest bodies.

When gravitational focusing and dynamical friction are both effective, the growth rate

of a planetesimal of mass M is given by

dM

dt
∝ ΣM4/3e−2m , (2.1)

where Σ is the surface density of solid material and em is the rms eccentricity of the plan-

etesimals [133]. Before the oligarchs form, the eccentricity dispersion is independent of mass

and the fractional growth rate scales like dM/dt ∝M4/3 [281]. This implies that large bodies

grow more quickly than small bodies, hence the runaway effect. Once the oligarchs form and

dynamical friction becomes effective, energy equipartition causes the velocity dispersion to

evolve toward vm ∝M−1/2[104]. Using vm ∝ em [162], the growth rate during the oligarchic

growth phase scales like dM/dt ∝ M2/3. Note that this does not imply that smaller bodies

grow more quickly than large bodies. Rather, the growth rates tend towards the same value.

This is reflected in figure 2.1, where the slope of the maximum mass curve flattens out to

match the slope of the mean mass curve after a few thousand years.

Comparing the two panels in Figure 2.1, it is also evident that the rate of growth is more

vigorous in the high resolution case. This is due to the fact that the collision time-scale,

given by
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tcoll =
1

nσv
, (2.2)

is shorter in the latter case, where n is the number density of planetesimals, σ is the collision

cross section and v is the typical encounter velocity. The collision cross section depends on

both the geometric cross section (∝ N−2/3) and an extra term due to gravitational focusing

(∝ N−7/3), where N is the total number of particles in the simulation and the total disk mass

and geometry is fixed. Because the eccentricity and inclination dispersion (and therefore the

scale height of the disk) are kept fixed between the low and high resolution simulations, the

typical encounter velocity does not vary with N . Here, we retain only the leading order term

for the collision cross section, in which case these quantities scale like n ∝ N , σ ∝ N−2/3

and v ∝ const so that

tcoll ∝ N−1/3. (2.3)

Figure ?? shows the a-e distribution of planetesimals at three snapshots from both sim-

ulations. In both cases, the eccentricity dispersion grows as energy from Keplerian shear is

transformed into random motion, an effect known as viscous stirring [214]. The black circles

denote the semi-major axis and eccentricity of the 6 largest bodies. The area of the circles

indicates the mass of the bodies and the horizontal bars are each scaled to 5 times the Hill

radius of the bodies. Gravitational scattering between the oligarchs, coupled with dynamical

friction from the surrounding planetesimals, places the oligarchs on low eccentricity orbits

that are spaced apart by a 5-10 Hill radii via orbital repulsion [135].

Next, we examine the evolution of the mass distribution of planetesimals. This is shown

in Figure 2.3. At early times, both models exhibit a power law distribution N(< M) ∝ m−γ,

where γ = 1.5 for the small bodies. A mass distribution with this slope is characteristic of

runaway growth [281]. The top panels show the mass distribution from both simulations at

the end of the the runaway growth phase. In all subsequent snapshots, the mass distribution

deviates from a single power law as the most massive bodies break away from the distribution,
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signaling the start of oligarchic growth. This happens sooner in the high resolution case.

The bottom panels show the mass distribution at the end of the simulation at T = 20,000

years.

Besides the fact that growth is more vigorous at higher resolution, the final mass distri-

bution of planetesimals in the N = 106 case develops a feature that does not appear in the

low resolution model. In the low resolution case, the low mass end of the mass distribution

of planetesimals retains a single power law slope. The high resolution model, on the other

hand, develops a bump in the mass distribution near 1022 g.

2.3.2 Explaining the Bump in the High Resolution Mass Spectrum

We would next like to determine what produces the feature at 1022 g in the high resolution

simulation and why it is absent from the low resolution run. Upon close inspection of the

simulation snapshots, both models retain a mass distribution that follows a single power law

up until the onset of oligarchic growth. The bump in the high resolution mass spectrum

becomes visible shortly after the oligarchs form. Over the course of the simulation, the

bump gradually becomes more prominent. Because the bump appears shortly after the first

oligarchs do, its presence is likely tied to the formation of the oligarchs.

Other investigations of planetesimal growth have revealed a similar bump in the size

frequency distribution (SFD) at intermediate masses. [191] found that the location of this

bump was set by the initial size of the planetesimals. Objects smaller than this size were

created through disruptive collisions, which resulted in a shallower slope on the SFD to the

left of the bump. Our collision model does not allow for fragmentation, so we must look for

another explanation.

[274] showed that a bump in the SFD was an artifact of the transition between shear

and dispersion dominated growth. Objects in the shear regime, whose encounter velocities

are dominated by the differential rotation of the disc, grow more slowly than those in the

dispersion regime, whose encounters are set by the random velocity dispersion. Because the

velocity dispersion varies with planetesimal mass, both of these growth modes can operate
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Figure 2.4: The rms eccentricity (top) and planetesimal surface density at each mass (bot-
tom) shown for the N = 4000 and N = 106 simulations. The blue points correspond to
the quantities at the end of the runaway growth phase (when the mass distribution deviates
from a single power law) and the orange points are from the end of the simulations (T =
20,000 years). The vertical dashed lines indicate the value of Mstir (defined in equation 2.4)
during that snapshot.
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simultaneously. Energy equipartition should cause the velocity dispersion to decrease with

mass, so the transition between shear and dispersion dominated growth should happen at

some intermediate mass. Finally, the smallest bodies have a velocity dispersion that exceeds

their escape velocities, which sets a third, slow mode of growth in which gravitational focusing

is ineffective. Although our high resolution simulation resolves all three modes of growth, we

find that the boundaries between these modes smoothly and steadily evolve. Over the course

of the simulation, the shear-dispersion boundary increases from about 1022 g to 1025 g, while

the boundary at which the encounter velocity exceeds the mutual escape velocity evolves from

about 1021 to 1024 g. Any artifacts that these boundaries would leave on the planetesimal

mass distribution should get washed out, so we also rule these out as explanations for the

1022 g bump.

Although the boundary between shear and dispersion dominated growth does not seem

to be producing the bump, there still must be some kind of transition between growth modes

occurring near this mass. As shown by equation 2.1, the growth rate is controlled by both the

surface density of the planetesimals and their eccentricities. In figure 2.4, we show the rms

eccentricity and surface mass density of the planetesimals as a function of mass at the end of

the runaway growth phase (blue points) and at the end of the simulation (orange points). In

this figure, each point corresponds to the relevant quantity calculated for all planetesimals

with the exact same mass. Because the simulations start with equal mass planetesimals

which grow via pairwise collisions, the masses take on discrete, linearly spaced values. We

found that logarithmically binning the mass values alters the shape of the distributions,

especially in the high resolution case where the quantities span many orders of magnitude.

For this reason, we chose not to bin any of the data. The error bars in figure 2.4 are obtained

via 10,000 iterations of bootstrap resampling. For the high resolution simulation, the error

bars at low mass are smaller than the size of the points.

The surface density was determined by calculating an azimuthally averaged density profile

using the analysis package PYNBODY [224]. The surface density for each planetesimal mass

was taken to be the average surface density for those particles in a single radial bin from
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0.9575 to 1.0425 AU, which spans the initial boundaries of the annulus.

One might expect that the rms eccentricity spectrum should eventually reach energy

equipartition (e ∝ m−1/2), but this has been shown to only occur with a sufficiently steep

mass distribution [225]. In our case, the mass distribution is shallow enough that the velocity

evolution of the low mass bodies is set only by interactions with large planetesimals. The

mass below which this occurs, shown by the vertical dashed lines in Figure 2.4 is given by

[281, 216]

Mstir =
〈m2〉
〈m〉

. (2.4)

Below this mass, planetesimals do not produce a dynamical friction wake and their ve-

locity evolution becomes independent of mass [225]. Because we started with equal mass

planetesimals, the mass distribution was steep at early times. A power law slope steeper

than γ = 2 should produce a mass-dependent velocity distribution everywhere [225]. In the

top right panel of Figure 2.4, the rms eccentricity distribution is not entirely flat below Mstir,

which is likely due to the evolving mass spectrum. The analysis of [225], however, assumes

a static mass spectrum.

At late times, a power law break in the surface density distribution forms near 1022

g in the high resolution simulation. Because the surface density is tied to both the mass

distribution and the spatial distribution of planetesimals, it is difficult to learn anything else

about the dynamics that are altering the growth rate from this information alone. We will

examine this further in section 2.4.3.

Given the power law break in the surface density distribution below 1022 g, we infer

that there must be a dynamical mechanism at work that alters the collision rates of the low

mass bodies. By the time that the 1022 g bump begins to appear, the planetesimals are

sufficiently hot enough to render gravitational focusing ineffective (equation 2.1 is also no

longer applicable). In this case, any additional heating actually increases the collision rate.

In the next section, we examine how dynamical friction might be more effective with small

planetesimals.
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2.4 Dynamical Friction and Resolution

Although the Chandrasekhar formula [43] contains no dependence on particle mass, the

’granularity’ of the surrounding medium has been shown to influence the action of dynami-

cal friction [36]. This is because the individual kicks from gravitational encounters become

less frequent and more powerful at coarse resolution, introducing extra stochasticity as the

system evolves toward energy equipartition. [211] showed that a finely resolved planetesimal

distribution during the oligarchic growth phase produced planetary embryos with low ec-

centricities. They did not, however, examine the mass spectrum to see if the oligarchs were

preferentially heating the smallest planetesimals. In addition, their simulations only con-

tained a few thousand particles, while our high resolution run contains in excess of 200,000

bodies at the onset of oligarchic growth. Comparing the largest embryos at the end of simu-

lation (i) to their results, we find that the largest embryo in our high resolution run has an

eccentricity that is a factor of 2 smaller than the embryos produced by [211].

In addition to altering the cumulative effect of close gravitational encounters, there is

evidence that energy and angular momentum exchange through resonances is more effective

with fine granularity. For example, in collisionless simulations of galaxies, [278, 277] showed

that a minimum number of particles was required to populate resonances and couple the

rotation of a bar to the central halo cusp through Lindblad resonances. If the resolution was

too coarse, gravitational potential fluctuations would scatter particles out of resonances and

prevent any strong torque between the bar and the halo. Likewise, [51] showed that resonant

torque has a measurable effect on the interaction between a planet and a planetesimal disc.

2.4.1 Resolved Resonances

During the oligarchic growth phase, a handful of massive bodies lose energy and angular

momentum to the surrounding medium. The previous runaway growth phase leaves behind

a steadily varying spectrum of planetesimal masses, whose number decreases with mass.

Assuming the planetesimals are randomly distributed throughout the disc, the granularity
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Figure 2.5: The average spacing in semi-major axis as a function of mass at the end of
the high resolution growth simulation (black points). The gray regions indicate the libra-
tion width of planetesimals in each mass bin that are in resonance with the most massive
oligarch. The light gray region corresponds to the libration width of the 65:64 (highest
non-overlapping) resonance and the dark gray region corresponds to the 15:14 (most distant
populated) resonance.
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can be thought of as increasing with mass. This implies that the dynamical friction should

be more effective from the smallest planetesimals. Because the planetesimals appear to be

more strongly heated below a certain mass threshold, we hypothesize that the change in

growth modes has to do with the activation of resonances, rather than a smooth decrease in

the stochasticity of scattering events.

Because spiral features like those seen in [278, 277] and [51] are unlikely to form in such

a narrow annulus, we will consider the effects of mean motion resonances (MMRs), which

are a subset of the Lindblad resonances considered in the aforementioned studies. In order

to determine the resolution required to resolve MMRs, we calculate the libration width of

first order MMRs associated with the oligarchs and compare it to the average radial spacing

between planetesimals as a function mass. The average radial spacing is given by

〈∆r〉 =
∆a

N(m)
, (2.5)

where ∆a is the width of the annulus and N(m) is the number of planetesimals of each mass.

Because the mass distribution has a negative slope and we expect planetesimals of varying

mass to be randomly distributed about the disc, the radial spacing between planetesimals

should increase with mass. For a fixed resonance width, there should be a cutoff in mass,

below which planetesimals are more strongly affected by the resonances. The libration width

of a first order mean motion resonance can be derived analytically using the pendulum

approximation [202] and is given by

δa

a
= ±

(
16

3

|Cr|
n
e

)1/2 (
1 +

1

27j22e
3

|Cr|
n

)1/2

− 2

9j2e

|Cr|
n
, (2.6)

where a is the semi-major axis at the center of the resonance, e is the eccentricity of the

body in resonance and j2 = −q where p : q is the MMR being considered. |Cr| /n =

(m′/mc)αfd(α), where (m′/mc) is the mass ratio of the body associated with the resonance

to the central body, α is the semi-major axis ratio associated with the resonance and fd(α)

is the disturbing function. For an interior first order resonance, the disturbing function can
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be expressed as

fd(α) = jbj1/2 +
α

2

dbj1/2
dα

, (2.7)

[284] where j = 1− j2 and bj1/2 is a Laplace coefficient which is defined as

bjs(α) =
1

2π

∫ 2π

0

cos jθ dθ

(1− 2α cosθ + α2)s
. (2.8)

The derivative in the second term of equation 2.7 can be written in terms of the Laplace

coefficients [202]

dbjs
dα

= s
(
bj−1s+1 − 2αbjs+1 + bj+1

s+1

)
. (2.9)

As a note, one should exercise caution, when using a perturbative approach to under-

stand resonant behavior at small eccentricities. Naively, one might interpret equation 2.6

to imply that the width of a first order interior MMR grows to infinity as e → 0. Instead,

recent non-perturbative numerical analyses have shown that these resonances instead split

into pericentric and apocentric branches, which diverge away from the nominal resonance

location and exhibit a very narrow radial and azimuthal extent [174]. The mass ranges rel-

evant for our growing planetesimal disk have yet to be explored in this context (see [173]

for a review). However, the dynamical heating that naturally emerges due to repeated grav-

itational interactions between protoplanets and planetesimals should act to keep resonant

bodies out of this low-eccentricity regime.

Figure 2.5 shows the libration width and average radial spacing of the planetesimals as

a function of mass at the end of the high resolution run. To calculate the libration width

as a function of planetesimal mass, the e used in equation 2.6 was taken to be the average

eccentricity in each mass bin, while a was set to the semi-major axis of the largest oligarch

in the simulation. The slight variation in the resonance width as a function of mass is due to

the variation in eccentricity. The error bars on the radial spacing data are calculated from

Poisson statistics.
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This calculation was done for the 15:14 and 65:64 mean motion resonances. The 15:14

resonance is the most distant first order resonance relative to an oligarch at 1 AU that still lies

within the annulus of planetesimals. The 65:64 resonance is the closest MMR for which the

libration width is smaller than the spacing between resonances. Higher first order resonances

should not exhibit any resolution dependence because they overlap. For planetesimals less

massive than about 1022 g, the average particle spacing drops below the libration width.

Bodies below this mass cutoff, which we will refer to as the resonance heating mass Mres,

are more likely to populate MMRs. This provides an explanation for how the oligarchs are

preferentially heating the low mass bodies. Comparing with Figure 2.4, the mass of the

power law break in the surface density matches very closely with Mres, which also matches

the location of the 1022 g bump in figure 2.3. Over the course of the simulation, Mres increases

by no more than a factor of 2, so the growth mode boundary could easily leave an imprint on

the mass spectrum, unlike the shear/dispersion dominated growth boundary, which evolves

from 1022 to 1025 g.

In the restricted three-body problem, the orbital parameters of a test particle receiving

energy and angular momentum via a mean motion resonance will evolve such that

de

da
=
a3/2 − 1

2a5/2e
, (2.10)

where a is in units relative to the semi-major axis of the perturbing body. In the above

equation, the inclination is assumed to be negligibly small [202].

Equation 2.10 can be used to place an upper limit on the change in eccentricity that a

planetesimal in resonance will experience. Because any δa larger than the resonance width

will remove the planetesimal from the resonant influence of the oligarch, δe is also restricted

by the resonance width. Taking a ≈ 0.95 (the location of the 15:14 resonance), e ≈ 10−3

and δa ≈ 10−4 (the libration width of the 15:14 MMR) we predict a first order change in

eccentricity of 10−4. This value is small relative to the rms eccentricity of the planetesimals,

which explains why the effects of the mean motion resonances are not visible in Figure ??

or in the top right panel of Figure 2.4.
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Figure 2.6: The cumulative fraction of bodies as a function of mass in the wide (solid
dark curve) and narrow (gray curve) high resolution growth simulations. Decreasing the
annulus width, which depopulates resonances, produces a less prominent 1022 g bump. The
dashed black line shows the mass spectrum predicted by a runaway growth scenario using
the coagulation equation [178, 262].



38

Because the resonances are not possible to pick out by eye on an a − e plot, we ran

a modified version of simulation (i), the purpose of which is to show how planetesimal

growth proceeds when the mean motion resonances are not present. The initial conditions

are identical to those described in section 5.2.2, except that the annulus only extends from

0.98 to 1.02 AU. This effectively depopulates all of the first order mean motion resonances

below the 26:25 resonance. It was not possible to use an annulus skinnier than this without

introducing strong boundary effects which influence the growth of the planetesimals. This

makes it impossible to depopulate all of the resolved resonances. The mass spectrum at the

end of the skinny annulus simulation (also evolved for 20,000 years), along with the mass

spectrum at the end of the high resolution growth simulation, is shown in Figure 2.4.1. With

a narrower annulus, the change in slope of the mass distribution below 1022 g is noticeably

weaker. We attribute this to the fact that the resonant interaction between the planetesimals

and oligarchs is diminished because many of the MMRs are now empty.

2.4.2 Planetesimal and Oligarch Mixing

Although figures 2.5 and 2.4.1 provide circumstantial evidence that the 1022 g bump is

being produced by mean motion resonances, it is not immediately clear how the resonances

affect such a large fraction of the planetesimals. To have a noticeable effect on the mass

distribution, the oligarchs must be affecting bodies below Mres everywhere in the disc, not

just within the small fraction of space covered by the MMRs at a given time.

We infer that both the oligarchs and planetesimals slowly wander through the annulus

due to occasional scattering events. This continually replenishes the population of planetes-

imals that are sitting inside of resonances. The orbital repulsion effect described by [135],

which moves the oligarchs around, alters the location of the mean motion resonances. In ad-

dition, we infer that the planetesimals are occasionally scattered by the oligarchs. These two

effects slowly cycle different planetesimals through the resonances and allow the oligarchs to

eventually heat a large fraction of the small bodies.

In order for this effect to work, the bodies must keep a constant semi-major axis long
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Figure 2.7: The mean scattering time-scale for embryo-embryo (blue curve) and planetesimal-
embryo (orange curve) interactions over the course of the high resolution growth simulation.
The dashed lines correspond to the simulation time-scale (upper) and longest relevant mean
motion resonance time-scale (lower), which is set by the 65:64 resonance.
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enough for resonant interactions to play out, while still moving by an appreciable amount over

the course of the simulation. The strong scattering time-scale for embryo-embryo interactions

and planetesimal-embryo interactions is shown in Figure 2.7. This is the timescale over which

bodies of mass m moving with speed v relative to the local Keplerian velocity will approach

each other with an impact parameter b ≤ Gm/v2. This is sufficient to cause a large deflection

and effectively randomize the orbital elements of the bodies. In both cases, the average time

between scattering events falls between the longest resonance timescale (set by the 65:64

resonance) and the growth time-scale (set by the duration of the simulation). This indicates

that the scattering is vigorous enough to occur many times over the course of the simulation,

while still being slow enough to allow mean motion resonances to act. The strong scattering

rate is given by

Ṅ ≈ Σ

m
ΩpR

2
h

(
vh
v

)4

, (2.11)

[204] where Σ and m are the surface density and individual masses of the bodies being

scattered, Ωp is the orbital angular velocity of the bodies and Rh and vh are the Hill radius

and Hill velocity of the object doing the scattering.

As discussed in section 2.3.1, viscous stirring plays an important role in the dynamical

evolution of the planetesimals. The effects of viscous stirring are realized over many weak

(b � Gm/v2) but frequent encounters. For a population of equal mass planetesimals, the

timescale for viscous stirring is given by [110]

τvs =
〈e2〉

d 〈e2〉 /dt
≈ 1

40

(
Ω2a3

2Gm

)2
4m〈e2〉2

Σa2Ω
, (2.12)

where a and e are the semi-major axes and eccentricities of the individual planetesimals. By

using the properties of the planetesimal disk at the beginning of simulation (i) in equation

4.12, we find that the viscous stirring timescale is approximately 1000 years. This timescale

can be taken as a lower limit because the eccentricity dispersion grows over time.

We also briefly consider the importance of planetesimal-driven migration. This is the
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coherent change in the semi-major axis of an oligarch due to repeated weak encounters with

planetesimals. An upper limit on the planetesimal-driven migration rate of an oligarch is

given by [107]

∣∣∣∣∣dadt
∣∣∣∣∣ =

a

T

4πΣa2

M∗
, (2.13)

where a is the semi-major axis of the oligarch, T is the orbital period of the oligarch and

Σ is the local surface density of the planetesimal disk. For an oligarch on a 1 AU orbit

in a planetesimal disk with Σ = 10 g cm−2, the maximum migration rate is roughly 10−5

AU / yr. [131] showed that this migration rate is greatly reduced for planetesimals whose

encounters are dispersion dominated. In simulation (i), the Hill eccentricity of the smallest

planetesimals at the onset of oligarchic growth is larger than 10, in which case the migration

rate is reduced by a factor of at least 100 (see figure 7 of [131]). At this rate, it would take an

oligarch roughly 1000 years to migrate by a single resonance width (10−4 AU). This is much

longer than the resonance timescale and therefore we do not expect that planetesimal-driven

migration would disrupt the resonant configuration.

From these results, we conclude that the two simultaneous modes of growth are driven

by a difference in the way that loosely and densely packed populations of planetesimals exert

dynamical friction on large bodies. In the tightly packed case, energy transfer between the

oligarchs and planetesimals is facilitated by mean motion resonances with the largest bodies.

2.4.3 Collisionless Dynamics

So far, the most compelling evidence of the resonance heating effect that we have shown is the

power law break in the surface density distribution in the bottom right panel of Figure 2.4.

Because the surface density depends on both the mass distribution and spatial distribution of

the planetesimals, it is difficult to tell whether the power law break is caused by resonances

moving the planetesimals around or is simply set by the mass distribution. To clear up

this ambiguity, we ran an additional set of simulations in which a large planetary embryo is
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Figure 2.8: Number density profiles of the planetesimals at the end of the ehi (left) and
enarrow simulations (right). The blue curves represent the number density of planetesimals
less massive than the resonance heating mass (2 × 1022 g) and the orange curves represent
the number density of planetesimals above this mass. The green curves show the surface
number density of planetesimals randomly drawn from the low mass bin, such that the total
number of bodies matches that of the high mass bin. The vertical lines indicate the positions
of first order mean motion resonances with an embryo at 1 AU.
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embedded in an annulus of planetesimals, this time ignoring the effects of collisions. This

forces the mass distribution to be static.

The initial conditions for these simulations were taken from intermediate snapshots from

the runs described in section 2.3. Specifically, the initial conditions are taken from the end

of the runaway growth phase, which correspond to the snapshots shown in the top row of

Figure 2.3. Additionally, a planetary embryo is placed in the center of the annulus at 1 AU

with an eccentricity of 0.02 and an inclination of 0.01. The mass of the embryo is set at

M = 1026 g, which is approximately the mass of the largest oligarch at the end of the high

resolution simulation. Because collisions are ignored, bodies are allowed to pass through

each other and close encounters are handled with a gravitational softening parameter, the

length of which is set to what would have been the physical radius of the planetesimals.

Both runs are integrated for 2,000 years with fixed timesteps of 0.0025 years. We will refer

to the collisionless versions of these simulations as elow and ehi, respectively. To further

demonstrate that the dynamical excitation of the small planetesimals is driven by mean

motion resonances, we also ran a high resolution collisionless simulation with planetesimals

outside of the a = 0.99 to 1.01 AU range excluded. We will refer to this simulation as enarrow.

As we saw previously, the resonance heating effect manifests itself as an increase in the

spacing of the low mass planetesimals. Figure 2.8 shows the planetesimal surface number

density at the end of the ehi (left) and enarrow (right) simulations described above. The

vertical dashed lines indicate the locations of the non-overlapping first order mean motion

resonances with the embryo. The blue curves show the number density of planetesimals below

the resonance heating mass, which is 2 × 1022 g in this case. The orange curves show the

number density of planetesimals above this mass. Finally, to demonstrate that the difference

in dynamical behavior between the low and high mass planetesimals is a population effect,

the green curve shows the number density of a subsample of planetesimals randomly drawn

from the low mass group, such that the total number of planetesimals in the subsample

matches that of the high mass group.

In both cases, the particle number density is slightly enhanced around 1 AU, which is
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due to bodies trapped in the corotation resonance with the embryo. For the wide annulus,

the surface number density decreases and then begins to increase again approximately 0.01

AU away from the embryo. As is evident in the left panel of Figure 2.8, the location at

which the number density begins to increase corresponds to the location of the closest non-

overlapping (j < 65) mean motion resonances. Due to conservation of the Jacobi energy

(see equation 2.10), interior MMRs will push bodies inward, while exterior resonances move

bodies outward. This effect was also observed by [237] (see model B) in that the density

decreases to the right of interior resonances and increases to the left. Because our setup

contains many closely spaced resonances, the cumulative effect is that the density smoothly

increases as one moves through the resonances.

Hence, the number density distribution acquires a ‘W’ shape around the embryo, with

the low points corresponding to the inner edges of the resonant regions. An inspection of

the earlier snapshots from this simulation shows that the ’W’ structure becomes deeper and

narrower with time. This is consistent with our resonance heating argument because the

resonance time-scale decreases as one moves away from the embryo. The stronger, closer

resonances become effective last, causing the profile to deepen and narrow with time.

The strength of the resonance heating effect depends on the number density of bodies

outside of the 0.99 < a < 1.01 AU region, where the resonances are not overlapping. The ‘W’

shaped structure relative to the noise of the high mass (orange) and subsampled population

(green) is weak compared to the low mass population (blue) due to the fact that there simply

aren’t many bodies sitting within the resonances. This structure is entirely absent from the

narrow annulus, shown in the right hand panel of Figure 2.8 because the planetesimal number

density near the resonances is too low. We infer that this decrease in number density of the

low mass bodies adjacent to the embryo must also be present in the high resolution growth

simulation and is enhancing the collision rate below the resonance heating mass.

We also examine the eccentricity evolution of the planetary embryo in the three collision-

less simulations, shown in figure 2.9. A decrease in the eccentricity of the embryo indicates

that energy is being lost to the planetesimals. A steeper drop in eccentricity implies that
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the exchange happens more quickly and that the effects of dynamical friction are stronger.

Only when the resonances are properly resolved and populated does the exchange appear

to happen quickly. In both the enarrow and elow simulations, the decrease in eccentricity

of the embryo is gradual. This implies that dynamical friction is stronger and energy and

angular momentum exchange between the oligarchs and planetesimals proceeds faster when

the mean motion resonance heating is effective. In the ehi simulation, the eccentricity of the

embryo begins to drop more steeply after about 1000 years. This effect is also noticeable

for the enarrow simulation, although it happens sooner. Because we are suddenly dropping a

massive body into the annulus of planetesimals, the system likely requires some time to re-

turn to a state of quasi- equilibrium. The two-body relaxation time, which is well-described

by the viscous stirring timescale [110] appears to roughly coincide with the change in slope

for each of the curves in Figure 2.9, although the connection between the relaxation of the

planetesimals and the eccentricity evolution of the oligarch is not immediately clear. In the

elow simulation, the change in slope may not be visible due to the fact that the two-body

relaxation time is nearly instantaneous due to the small particle count (the relaxation time

scales as N/ lnN).

To verify the effectiveness of the resonant interactions, we next examine the evolution

of the resonant arguments. The libration frequency of a planetesimal in resonance with an

embryo is given by [202]

ω2
0 = −3j22Crne

|j4|, (2.14)

where j2 = -15 and j4 = -1 for the 15:14 MMR and n =
√
GM∗/a3 is the mean motion

of the planetesimal. For a planetesimal with a typical eccentricity of 10−3 inside the 15:14

mean motion resonance with a 1026 g embryo, the libration period is approximately 1000

years. For this reason, it is likely that a particle will undergo only a partial libration cycle

before being removed from the resonance by two-body scattering. This makes it difficult

to verify the resonant interaction by searching for libration, rather than circulation of the

resonant arguments. However, this also implies that the resonances will cause permanent
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Figure 2.9: Time evolution of the eccentricity of the oligarch in the ehi (solid), enarrow (dotted)
and elow (dashed) simulation.

changes to the energy and angular momentum of the planetesimals. In canonical perturbation

theory, the action conjugate to the resonant argument should evolve secularly because there

is a near-constant term in the partial derivative of the Hamiltonian with respect to the

resonant angle. If the viscous stirring timescale, which is the mechanism responsible for

the removal of planetesimals from resonance is short compared to the libration period, this

secular interaction produces a permanent change in the action (and therefore the energy

and angular momentum) of a planetesimal (see the text following equation 10 in [278] for a

further discussion of this).

The typical change in the resonant arguments of the planetesimals from the ehi simulation

over multiple synodic periods is shown in Figure 2.10. The resonant argument is given by

[202]

φ = j1λe + j2λp + j4$p, (2.15)

where j1 = 15, j2 = 14 and j4 = 1 for the 15:14 MMR. λe and λp are the mean longi-
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tudes of the embryo and planetesimal, respectively and $p is the longitude of pericenter of

the planetesimal. The ∆φ shown in Figure 2.10 is the change in this resonant argument

between t=1500 and t=1550 years, well after the system has relaxed back to a state of quasi-

equilibirum. The blue diagonal lines represent the change in the resonant argument due to

the Keplerian shearing of the disc. This quantity is derived by taking the time derivative of

equation 2.15, which is given by

dφ

dt
= j1

(
d$e

dt
+
dMe

dt

)
+ j2

(
d$p

dt
+
dMp

dt

)
+ j4

d$p

dt
. (2.16)

Only the mean anomaly M = nt changes due to the Keplerian shear and so

∆φKepler =
√
GM∗

(
j1a
−3/2
e + j2a

−3/2
p

)
∆t, (2.17)

where ∆t is the time interval that we are considering. Note that at the nominal resonance

location, ∆φKepler = 0.

Over a 50 year time interval, which is approximately 3 times longer than the synodic

period with the embryo, the change in the resonant arguments of the planetesimals appear to

be dominated by the differential rotation of the disc. Near the nominal resonance location,

the change in φ is small. The fact that many planetesimals remain within the resonance

width and undergo only small changes in φ over multiple synodic periods demonstrates

that the resonant interaction between the planetesimals and the embryo is able to proceed.

Because the libration period is not short compared to the scattering timescale, the resonant

interactions will cause permanent changes to the energy and angular momentum of the

planetesimals.

2.5 Implications of Simplifying Assumptions

2.5.1 Gas Drag

Although the effects of gas drag are weak during the planetesimal accretion stage, we will

briefly consider its effect to ensure that it would not alter or remove the 1022 g bump. One
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Figure 2.10: The change in the resonant argument for the oligarch and planetesimals near
the 15:14 MMR over a 50 year time interval from the ehi simulation. The solid vertical
line designates the nominal resonance location and the dashed vertical lines indicate the
minimum libration width. The diagonal blue lines represent the change in φ due to the
Keplerian shear of the disc, which is calculated analytically.
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way to describe the importance of gas drag on a planetesimal is with the stopping time [1].

In the Stokes regime, where the mean free path of gas particles is much smaller than the

radius of the planetesimals (λ� s), the stopping time is given by

ts =
2m

CDπs2ρgv
. (2.18)

Here, ρg is the local density of the gas and CD is the drag force coefficient, which is of order

unity in this regime. The gas density of the solar nebula is approximately 2× 10−9 g cm−3

at 1 AU [100].

The relative velocity between the planetesimals and the gas is set by both the random

motions of the planetesimals and the fact that the gas orbits at a sub-Keplerian speed due

to its internal pressure support. The planetesimal velocity due to random motions is given

by [162]

vrnd = vk
√
〈e2〉+ 〈i2〉. (2.19)

At the beginning of the simulation (i), vrnd is on the order of 103 cm s−1. The headwind

speed due to the sub-Keplerian motion of the gas is given by [1]

vgas = vk
(
1− (1− 2η)1/2

)
, (2.20)

where η is a dimensionless parameter that describes the strength of the headwind. At 1

AU in the solar nebula, η ≈ 0.002, which gives vgas ≈ 6000 cm s−1. From equation 2.18,

the smallest planetesimals in simulation (i) have a stopping time on the order of 104 years.

This is much longer than the synodic period of the relevant planetesimal-oligarch resonances,

therefore we expect the dynamics of even the smallest planetesimals to be entirely dominated

by the resonances.

Additionally, gas drag can drive the inward radial drift of small bodies. Although the

relatively large stopping time of the planetesimals suggests that this effect should be unim-

portant, the resonances are narrow enough that even a small amount of radial drift could
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quickly remove planetesimals from their influence. The radial drift velocity of a particle is

given by [272]

vr = − 2vgas

Ωts + (Ωts)
−1 . (2.21)

where Ω is the orbital angular frequency of the body being considered. Using the values for

vgas and ts described above, the inward radial drift speed of the smallest planetesimals is 0.1

cm s−1. At this rate, a planetesimal will drift across a typical resonance width (10−4 AU) in

about 1000 years. This is comparable to the viscous stirring timescale, which suggests that

radial drift should not have a significant effect on the resonant dynamics.

Massive bodies can create density waves in the gas disk which carry away angular momen-

tum [86, 87] through an effect known as type I migration (for a recent review see [20]). The

strength of this effect scales linearly with the mass of the body and should therefore be most

effective for planetary embryos. In addition to gas drag causing planetesimals to radially drift

across resonances, type I migration can cause planetary embryos to drift inwards, potentially

moving the resonances before they have a chance to act on the planetesimals. [258] provides

an analytic expression for the torque exerted on a body embedded in a three-dimensional

gaseous isothermal disk as

Γ = − (1.364 + 0.541α)
(
m

M∗

)2 (rΩ
cs

)2

Σr4Ω2, (2.22)

where α is the power law index of the radial surface mass density profile Σ ∝ r−α of the

gas and cs is the local sound speed of the gas, m is the mass of the body, Ω is the orbital

angular frequency of the body and r is the orbital distance of the body. The radial migration

velocity is given by

ṙ =
−2rΓ

L
, (2.23)

where L = m (GM∗r)
1/2 is the total angular momentum of the body. For a 1026 g embryo

orbiting at 1 AU and taking α = 3/2, Σ = 1700 g cm−2 and cs = 105 cm s−1 [100], the inward
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migration speed is 2×10−7 AU yr−1. At this rate, the 15:14 MMR with an embryo will migrate

by a entire resonance width in roughly 500 years, which is much longer than the synodic

period. It should be noted that the analysis of [258] has been shown to produce migration

rates that are up to a factor of 103 too large to be consistent with observed populations of

exoplanets [105, 4, 184]. The migration timescale derived above should therefore be taken

strictly as a lower limit.

As migration proceeds, planetesimals can have their spatial distribution altered as they

become trapped in exterior resonances with protoplanets [275]. A necessary condition for

resonant trapping to occur is that the drift timescale of a planetesimal across a resonance

must be much longer than the libration period [62]. As we calculated in section 2.4.3, a

typical libration period is around 1000 years. This is comparable to the timescale for two-

body scattering and also for radial drift of planetesimals across a resonance due to gas drag.

Therefore, we do not expect that exterior resonances should be effective at trapping drifting

planetesimals.

2.5.2 Inflated Collision Cross Section

As discussed in section 5.2.1, enhancing the geometric collision cross section f of the plan-

etesimals by a factor of 6 only slightly reduces the effectiveness of gravitational scattering.

More importantly, varying f alters the accretion timescale. The implication of this is that

a longer accretion timescale causes oligarchic growth to commence later when the disk is

more dynamically excited. The dynamical excitation of the disk, which is set by the rms

eccentricity, alters the libration width of planetesimals in resonance with the oligarchs. In

section 2.4.1, we argued that the intersection between the libration width and the radial

spacing between planetesimals sets the location of the bump in the mass distribution. Be-

cause the radial spacing between planetesimals increases with mass and the libration width

of the resonances gets larger with time, the mass of the bump would be larger had we used

f = 1.

It is difficult to predict exactly how much f reduces the accretion timescale, but [134]
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showed that it is by no more than factor of f 2. Integrating equation 4.12, the rms eccen-

tricity scales with t1/4. Having enhanced the collision cross section by a factor of 6, the rms

eccentricity should be a factor of (f 2)1/4 ≈ 2.5 times larger with a realistic collision cross

section. Using equation 2.6, a factor of 2.5 increase in the eccentricity of a planetesimal

increases the libration width by a factor of about 1.6. Looking at Figure 2.5, this would

cause an extremely insignificant 2 change in the resonance heating mass.

2.5.3 Fragmentation

Because our model does not include the effects of collisional fragmentation, we examine the

statistics of the collisions in simulation (i) to estimate its effects had it been included. Here,

we find that roughly 60 percent of the collisions occur with a relative velocity larger than

the mutual escape velocity of the two planetesimals. Assuming that the planetesimals are

rubble piles with no internal strength, these high velocity collisions should be completely

disruptive. Previous studies of planetesimal accretion have shown that including the effects

of fragmentation tends to slow down the accretion process, but does not qualitatively change

it [281, 151].

If we separate the collision statistics into those occurring between bodies below the bump

mass (< 1022 g) and those above the bump mass, we do not see a significant difference in

the relative amount of catastrophic collisions. Above the bump mass, about 60 percent of

collisions occur at disruptive velocities, while 70 percent of collisions between bodies below

the bump mass occur at these high relative velocities. Because we do not have multiple

simulations to draw from, it is difficult to estimate errors to tell whether this difference is

statistically significant.

Assuming that disruptive collisions are not significantly more common below the bump

mass, we expect that fragmentation would alter our results by lengthening the accretion

timescale. As discussed in the previous section, the location of the bump depends on the

2The difference in libration width between the 65:64 and 15:14 resonance produces a much larger spread
in the exact value of the resonance heating mass.



53

rms eccentricity of the planetesimals during the oligarchic growth phase. If this phase takes

longer to commence, the libration widths of the resonances would be larger when the embryos

form, which increases the mass below which the resonant heating is effective. Although it is

difficult to determine by exactly how much fragmentation extends the accretion timescale,

statistical models of planetesimal growth show that 1026 g embryos can be formed in 105 years

[281] when the effects of fragmentation are included. We showed in the previous section that

a factor of 36 increase in the accretion timescale (720,000 years) makes a negligible difference

in the location of the bump in the mass spectrum. Similarly, we expect that including the

effects of fragmentation would make a negligible contribution to the bump mass.

2.6 Dependence on Initial Planetesimal Mass

In order to demonstrate that our results are robust, and also to gain some insight into how

the resonance heating mass is related to the initial planetesimal mass, we ran two more simu-

lations of planetesimal growth at intermediate resolutions. Our choice of initial planetesimal

mass in the high resolution simulation was somewhat arbitrary and understanding how this

parameter affects the resulting distribution of masses is necessary in order to connect our

results with observations of small Solar System bodies.

The configurations used were identical to the high resolution run described in section

5.2.2, except that the particle count was changed. These two additional runs contained

250,000 and 500,000 starting planetesimals, which corresponds to m = 2.4 × 1021 and m =

4.8 × 1021 g, respectively, at the same surface density. To match the same eccentricity

dispersion as the models described in section 5.2.2, we used 〈e2〉1/2 = 3.17h/a and 〈e2〉1/2 =

2.52h/a, with the inclination dispersion set to half of those values.

Figure 2.11 shows the mass spectrum at T = 20,000 years in the high resolution growth

simulation, along with the intermediate resolution growth simulations mentioned above.

In all three cases, the bump in the mass distribution approximately matches up with the

resonance heating mass. There is a clear positive trend between the resonance heating

mass and the initial planetesimal mass m, which we attribute to two things. First, larger
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Figure 2.11: The cumulative mass distribution of planetesimals at the end of the three high-
resolution growth simulations. The vertical lines represent the mass at which the planetesimal
spacing in semi major axis falls below the libration width of the MMRs.

planetesimals will be spaced further apart for a fixed disc surface density. This pushes the

intersection point between the planetesimal spacing and libration width to higher mass.

Secondly, larger initial planetesimals will cause oligarchic growth to begin at a higher mass

[196]. This increases the libration width of the resonances, which moves the intersection

between planetesimal spacing and resonance width to a higher mass.

The size frequency distribution of asteroid belt objects is known to exhibit a power law

break around around 1.05 × 1021 g [118]. The fact that the knee in the mass distribution

is reproducible and appears sensitive to m0 demonstrates that this value could be tuned to

constrain planetesimal formation models by matching the observed mass of the bump with

simulations. There is evidence that the shape of the SFD for asteroid belt objects more

massive than about 100 km reflects that of the primordial population [191]. Although the

purpose of this chapter is not to try to tune the model to match observations, we show

the mass distribution from the N = 106 growth simulation alongside the SFD of asteroid
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belt objects [33] in Figure 2.12 for comparison. Although the bump location in all of our

simulations is larger than 100 km, a smaller initial planetesimal mass would probably produce

a better match. The slope of the mass distribution above the bump mass matches reasonably

well in both cases, but the slopes on the low mass end are discrepant. As the results from

Figure 2.4.1 show, a wider annulus tends to produce a shallower slope below the resonance

heating mass. A better match might be made by simulating a wider annulus which includes

resonances further from the embryos. Unfortunately, simulating an annulus wide enough to

resolve all of the first order MMRs would require an extremely large number of particles.

As discussed in section 2.5, we do not expect the simplifying assumptions of perfect

accretion and the absence of gas drag, along with the artificially inflated collision cross

section to have a significant effect on the size distribution of accreted bodies. Because we

have proposed that the initial planetesimal size could be reduced to better match the break

in the asteroid belt SFD, we briefly consider the smallest sized planetesimals for which the

resonant heating effect is not damped by gas drag. This will occur when the synodic period

of the resonance becomes comparable to the stopping time. The latter quantity is given

by equation 2.18 and scales linearly with planetesimal size. For 100 km planetesimals, we

showed that the stopping time is around 104 years. The stopping time becomes comparable

to the synodic period for bodies smaller than a few km in size, at which point the resonant

heating mechanism should no longer operate.

2.7 Summary and Discussion

We have revealed a new mode of growth during the planetesimal accretion phase by sim-

ulating the interaction between oligarchs and planetesimals at unprecedented resolution.

Shortly after the onset of oligarchic growth, a bump develops in the mass distribution of

planetesimals. Below the bump mass, the surface density of planetesimals follows a shal-

lower power law distribution. The break occurs near the mass at which the radial spacing

of planetesimal matches the libration width of first order mean motion resonances with the

oligarchs. These resonances, which are preferentially populated by the more numerous low
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mass planetesimals, act as effective pathways for dynamical friction to transfer energy and

angular momentum from the oligarchs to the planetesimals. This result is analogous to the

resolution dependence that [278, 277] found when examining the interaction between the bar

and halo of a galaxy. This also matches the results of [211] and [51], which showed that finer

granularity in a planetesimal disc increases the effectiveness of dynamical friction. Bodies

below the bump mass, which are packed tightly enough together to populate the resonances

receive a disproportionate amount of energy and angular momentum from the oligarchs. Be-

cause this happens when the disc is hot enough to render gravitational focusing ineffective,

this enhances the growth of the smallest planetesimals and produces a bend in the mass

distribution.

Additionally, we ran a high resolution planetesimal growth simulation in which the width

of the annulus was limited to exclude some of the resonances. Doing so mostly suppressed

the formation of the bump near the resonance heating mass, although it did not completely

get rid of it. We attribute this to the fact that we cannot make the annulus narrow enough to

exclude all of the important resonances without introducing strong boundary effects which

interfere with planetesimal growth. The fact that the feature in the mass distribution was

greatly diminished when the many of the resonances were excluded is strong evidence that

the MMRs are responsible for creating this bump.

We confirmed this dynamical effect by placing a massive oligarch into a smoothly varying

distribution of planetesimal masses. Within a few thousand orbits, the low mass planetesi-

mals sitting within the zone of influence of the resonances began to migrate outwards, leaving

a dearth of low mass bodies around the embryo. This effect did not appear when we simu-

lated a similar heterogeneous distribution of masses, but limited the width of the annulus to

exclude many of the MMRs. Additionally, the eccentricity of the oligarch decreased much

more quickly when placed in a finely resolved disc with populated MMRs.

This result is significant because it suggests a new potentially observable link between the

planetesimal formation process and the residual population of planetesimals in the present

day Solar System. We showed that the mass distribution in our highest resolution simulation
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Figure 2.12: A comparison between the cumulative number of objects in our high resolution
growth simulation (black curve) and the present day asteroid belt [33] (gray curve) as a
function of size and mass.

looks qualitatively similar to the SFD of objects in the asteroid belt, which, for objects larger

than≈ 100 km, reflects the population of planetesimals at the end of the accretion stage [191].

We demonstrated that tuning the initial planetesimal mass in our simulation changes the

location of the bump. This could potentially be matched with the observed 100 km feature

in the asteroid belt to constrain planetesimal formation models. Additionally, using a wider

annulus, which populates more of the first order MMRs, tends to produce a shallower slope

on the low mass end of the mass distribution, which matches more closely with observations.

As discussed in section 2.3.2, there are a couple of explanations for this bump feature

which were obtained from statistical models of planetesimal coagulation. It is unlikely that

this resonance heating effect would naturally emerge from a statistical growth model un-

less it was explicitly built in. For this reason, this resonance heating effect has likely not

been considered before. To our knowledge, no one has ever run an N-body simulation of
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planetesimal accretion to the oligarchic growth phase at this resolution.

Our results show that a feature similar to the power law break in the size distribution

of asteroid belt objects can be produced without the effects of fragmentation, in contrast to

[191]. Although our model does not account for the effects of fragmentation, the statistics of

collisions above and below the bump mass are quite similar. We do not expect that including

the effects of collisional fragmentation would significantly affect the location or strength of

the bump. Regardless, these results demonstrate that a careful treatment of the dynamics

is necessary to properly model planetesimal accretion during the oligarchic growth phase.

2.8 Chapter Appendix: Mean Motion Resonance Test

To demonstrate that ChaNGa can properly track the motions of bodies in a mean motion

resonance over many orbits, we present a test case with a central star, a perturbing massive

body and a planetesimal. Although the simulations presented in this chapter are far more

complex than this three body setup, the resonant interactions that produce the bump in the

mass distribution are driven by the most massive bodies in the simulation. Because there

are only a handful of these massive bodies, the tree approximation should have a negligible

effect on the force contribution from these objects. For this reason, the behavior shown here

should also apply to the previously presented simulations of planetesimal growth.

To test that the resonant interaction evolves correctly, we follow the evolution of the

planetesimal in the complex x-y plane defined by the variable [72]

z = (GM∗a)1/4
{

2
[
1−

(
1− e2

)1/2]}1/2

exp [i(ω − λ)] , (2.24)

where a, e, ω and λ are the semi-major axis, eccentricity, longitude of perihelion and mean

longitude of the planetesimal. If these values are recorded at the moment of opposition

between the perturber and the planetesimal (λ − λp = π), the trajectory of the planetes-

imal should trace out a closed loop in the x-y plane. This indicates that an approximate

Hamiltonian of the system is preserved and the resonant interaction is properly accounted

for.
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Figure 2.13 shows the evolution of the planetesimal over 20,000 years (about 130 synodic

periods) in the complex x-y plane. The orbital elements of the planetesimal at the exact

moment of opposition are calculated via linear interpolation. The perturbing body is placed

at 1 AU on a circular orbit and has a mass of 1026 g, which is similar to the final mass

of the embryos presented in simulation (i). The planetesimal is given a mass of 1.2 × 1022

g and is placed on a coplanar orbit with a semi-major axis of 0.95501, which corresponds

to the nominal location of the 15:14 mean motion resonance with the perturber. To start

the planetesimal in a stable equilibirum, its orbital eccentricity is set to 10−2 so that the

longitude of pericenter is well-defined. Fixed timesteps of ∆T = 0.0025 yrs are taken, which

is the same as the previous simulations. In this configuration, the Jacobi constant is small

and so the planetesimal follows a circular trajectory in the complex plane. Because the

perturbing body is on a circular orbit, the forced eccentricity is zero and the trajectory of

the planetesimal is centered at the origin. Most importantly, trajectory of the planetesimal

appears to follow a closed loop, which indicates that an approximate Hamiltonian is preserved

and the integration is accurate enough to follow mean motion resonances in this configuration.

2.9 Chapter Appendix: Tree Approximation and Opening Angle

The results we have presented in this work depend on repeated two-body interactions between

planetesimals. As discussed in section 2.5, the location of the bump in the mass spectrum

depends on the amount of viscous stirring that has occurred before oligarchic growth com-

mences. Additionally, the resonant heating effect presented in this work requires that viscous

stirring is not too vigorous as to prevent repeated conjunctions. Here, we examine the impact

of force calculation errors from our tree algorithm on these phenomena.

ChaNGa calculates the gravitational interaction force between particles via a tree ap-

proximation. Particles that only weakly contribute to the gravitational potential are grouped

together during the force calculation phase. The opening angle Θ controls how likely particles

are to get grouped together during this stage. Because the lowest mass particles contribute

weakly to the surrounding potential, the gravitational contribution from these bodies is more
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Figure 2.13: The evolution of the planetesimal in the complex plane defined by equation
2.24. Each point represents the state of the system when the perturber and planetesimal are
at opposition.

approximate. This can potentially alter the effectiveness of viscous stirring. For this reason,

we re-ran the ehi simulation with a smaller, more restrictive opening angle of ΘBH = 0.35 to

test whether the tree approximation is noticeably altering the behavior of viscous stirring.

Because we expand forces from tree nodes to hexadecapole order, an opening angle that

is a factor of 2 smaller should reduce the error in the force calculations by a factor of 16.

Additionally, we test ΘBH = 0.7 with a timestep of ∆T = 0.00125 years.

A comparison between the three versions of the ehi simulation is shown in Figure 2.14.

In all cases, the oligarch slowly loses eccentricity for about 1000 years before the curve drops

more steeply. With a smaller opening angle or a smaller timestep size, the downturn appears

to happen slightly sooner. By the end of the simulation, the resulting eccentricities of the

oligarchs are still within 10 percent of each other. The right hand panel of Figure 2.14

shows the evolution of the rms eccentricity of the lowest mass planetesimals. There is some

divergence between the curves early on, but this only lasts for a fraction of the viscous stirring
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timescale. As was shown in section 2.5, it would take a much larger difference in the rms

eccentricity than is seen here here to alter the bump in the mass spectrum. The evolution

of the rms inclination of the planetesimals is qualitatively similar in all three cases.
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Chapter 3

DETECTING COLD JUPITERS VIA COLLISIONAL
GRINDING OF PLANETESIMALS

The content of this chapter was originally published in collaboration with Thomas R. Quinn

and Aaron C. Boley in the June 2021 edition of The Monthly Notices of the Royal Astro-

nomical Society ([270], MNRAS, Vol. 503, 4; 2011, DOI: 10.1093/mnras/stab792), and is

reproduced below with the permission of the Royal Astronomical Society.

3.1 Introduction

Recent observations of circumstellar discs by ALMA have revealed a rich variety of substruc-

ture. Features such as gaps and asymmetries [5, 221, 113, 9, 50] in the emission provide

diagnostics for the physical processes that drive the evolution of the discs. In many gas-rich

systems, these gap features are argued to indicate the presence of a giant planet, either

embedded in the disc [64] or orbiting adjacent to it, although the details of gas-dust interac-

tions can have strong effects on the resulting morphologies [68]. In gas-poor/debris systems,

a giant planet perturber can also influence the structure of the dust continuum emission. For

example, a misaligned giant planet can produce nonaxisymmetric features such as warps [12],

highly eccentric perturbers can produce structures through secular interactions [218, 219],

and mean motion resonances (MMRs) can open gaps [208, 255, 256].

Collisions between planetesimals are thought to be the principal source of dust for debris

discs (see [289]). Although some amount of primordial dust is likely still present during the

early stages of debris disc evolution, ongoing collisions between small bodies will augment

this and could be used to trace the underlying dynamical activity of the planetesimals. This

process was directly detected when the putative object Fomalhaut b was confirmed to be an
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expanding debris cloud, most likely from a planetesimal collision [83].

[65] showed that collisional dust that is generated near the gap opened by a giant planet

in the inner regions of a transition disc should produce a distinct observable marker that

could be used to infer the presence of the planet. In a followup study, it was found that

morphological differences in the dust emission could be used to determine whether the planet

had a circular or eccentric orbit [66]. Moreover, substructure due to mean-motion resonances

(MMRs) with a giant planet may hold additional clues that could be used to constrain the

properties of the planet. The width of a resonance is set by both the mass of the perturbing

planet and the unperturbed eccentricity of the planetesimals, which is in turn set by the

eccentricity of the planet through secular forcing. Therefore, the planetesimal collision profile

and potentially the structure of second generation dust produced near MMRs may encode

information about both the mass and eccentricity of the planet.

The dynamics governing the motion of bodies near MMRs is extremely nonlinear, as is

determining what the collision rates between planetesimals should look like in these regions.

For a collection of bodies massive enough to experience the effects of gravitational focusing,

a large eccentricity dispersion tends to reduce the probability of collision, while enhance-

ments in surface density tends to increase it. Due to conservation of the Jacobi energy,

MMRs simultaneously enhance the local eccentricity dispersion and also enhance the surface

density adjacent to the resonance [237, 30]. Unfortunately, collision detection in an N-body

simulation is extremely computationally expensive. So far, studies of planetesimal dynamics

near MMRs in which the planetesimals are directly resolved have involved either collisionless

test particles [30, 255, 256] or integration times that do not fully capture the dynamics of

the resonances [237, 65].

To further elucidate this subject, we use the tree based N-body code ChaNGa [121, 182]

to follow the collisional evolution of a planetesimal disc under the gravitational influence of a

Jupiter-sized body. With this toolset, we explore the collision rate structure of a planetesimal

disc in the vicinity of mean-motion resonances with a planet. In particular, we would like

to determine (1) what dynamics govern the collision rate profile near MMRs, (2) whether
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MMRs leave a detectable signature in the collisionally-generated dust, and (3) whether these

signatures can be used to determine or constrain the orbital properties of the perturbing

planet.

This work is organized in the following way: In section 3.2, we provide an overview of

the relevant dynamics that drive the evolution of a planetesimal disc under the gravitational

influence of an external perturber. In section 3.3 we provide an overview of the N-body code

used and describe the initial conditions chosen for five simulations in which a perturbing giant

planet is given various masses and eccentricities. Section 3.4 presents the results of these

simulations and we take an in-depth look at the collision rate profiles of the planetesimals

near the MMRs. In section 3.5, we extrapolate the collision rate down to smaller bodies and

motivate a direct correspondence between the planetesimal collision profile and the resulting

dust profile. In section 3.6, we use the resolved collisions to generate synthetic dust emission

profiles that would be detected with observing facilities like ALMA. Under our simplifying

assumptions, we show that a characteristic bump or dip feature appears in the dust emission

near the interior 2:1 MMR, the presence of which depends on the mass and eccentricity of

the perturbing planet. If the 2:1 MMR can be identified (presumably, by identifying another

prominent MMR, such as the 3:1, and measuring the spacing between the two), we discuss

the potential for using this feature to place constraints on the mass and eccentricity of the

planet. In addition, we highlight the caveats of connecting the dust and planetesimal collision

profiles in such a simple way. Finally, we conclude in section 3.7.

3.2 Overview of Relevant Dynamics

We begin by providing a description of the dynamical effects responsible for shaping the

orbital distribution of the planetesimals. The purpose of this is twofold: (1) to motivate

the initial conditions used for the simulations described in section 3.3.2 and (2) to justify

the exclusion of certain physical effects from our simulations. Here, we focus solely on the

physics relevant for full- sized (∼100 km) planetesimals and save a discussion of the effects

on smaller bodies generated through collisions for section 3.5.
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3.2.1 Secular Forcing

The most direct and widespread effect that a perturbing giant planet will have on a plan-

etesimal disc is through secular forcing of the planetesimals. This will cause the complex

eccentricities of the planetesimals to take on a time-independent forced value, given by [290]

as

zf =
b23/2(α)

b13/2(α)
eg exp i$g. (3.1)

Here, α = ag/a where ag and a are the semi-major axes of the giant planet and a planetesimal,

respectively, eg and $g are the eccentricity and longitude of pericenter of the giant planet,

and bjs(α) is a Laplace coefficient given by [201] (ch. 6, pg. 237, eq. 6.67) as

bjs(α) =
1

π

∫ 2π

0

cos jψ dψ

(1− 2α cosψ + α2)s
. (3.2)

Without any nearby secular or mean motion-resonances, equation 3.1 will completely

describe the eccentricities and longitude of pericenter orientations of the planetesimals. Ad-

ditional forces due to two-body scattering between planetesimals, along with aerodynamic

gas drag will add an additional free component to the complex eccentricity, which will be

randomly oriented. The magnitude of the free eccentricity describes how dynamically hot

the planetesimal disc is and sets the random encounter speeds of planetesimals. When the

dynamical excitation of the disc is driven by gravitational stirring, the magnitude of the free

eccentricity can be described by a Rayleigh distribution [109].

For the case of a Jupiter mass planet at 5.2 au perturbing a test particle at 3 au, the

timescale for secular forcing is approximately 12,000 years. The details of this calculation

can be found in section 3.8. As we will show in section 3.2.4, this is much shorter than

the aerodynamic gas drag timescale. Therefore, the damping effects of gas should not be

expected to circularize the orbits of the planetesimals.
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3.2.2 Mean-Motion Resonances

In regions where there are commensurabilities between frequencies, Laplace-Langrange sec-

ular theory breaks down and bodies are subject to strong perturbations. For the purposes of

this study, we will ignore secular resonances, which generally occur on rather large timescales

and will focus on mean-motion resonances. A MMR occurs when the orbital period ratio

between two bodies is sufficiently close to

P

P ′
=

p

p+ q
, (3.3)

where p and q are integers > 0 and the unprimed and primed quantities correspond to the

perturber and the body being perturbed, respectively. In terms of these quantities, P/P ′

corresponds to a p + q : p resonance. If the perturber is much more massive than the other

body and all of the bodies lie in a near-Keplerian potential, the condition for MMR is set by

a

a′
=
(
P

P ′

)2/3

. (3.4)

If we further assume that the two bodies are orbiting in the same plane, the motion of

the bodies near resonance is determined by the behavior of a critical angle

φ = (p+ q)λ′ − pλ− q$, (3.5)

where λ = $ + M is the mean longitude of abody, with M being the mean anomaly. For

bodies in resonance, the critical angle will librate around an equlibrium value, while this

angle will circulate outside of resonance. For small eccentricities, this behavior is analogous

to the motion of a pendulum. Furthermore, variations in the critical angle are coupled to

changes in the mean motion and semimajor axis [201]. An important point to note, which

we will revisit later, is that the variation frequency of this angle approaches zero near the

edge of a resonance. The width of a resonance can be defined by determining the largest

variation in semimajor axis that permits librational, rather than circulatory motion of φ.

Calculations for the widths of first and second order interior MMRs are shown in section
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3.9, along with a timescale for the libration. For the most prominent interior mean-motion

resonances, including the 2:1 and 3:1, the timescale associated with these oscillations driven

by a Jupiter mass planet is ∼ 1,000 - 2,000 years.

3.2.3 Collisions Between Planetesimals

A simple analytic model for the collision rate of a planetesimal population is given by [240]

as

nσv = nπs2
(
1 + 2Gm/sv2

)
v, (3.6)

where n is the number density of the population, s and m are the radii and masses of the

bodies and v is their typical encounter velocity. The encounter velocity is often described in

terms of the rms eccentricity 〈e2〉1/2 and inclination 〈i2〉1/2 of the population (e.g. [162]) as

v =
√
〈e2〉+ 〈i2〉vk, (3.7)

where vk is the local Keplerian velocity. The second term in equation 3.6 can be thought

of as an additional enhancement to the collision cross section due to gravitational focusing.

When the typical encounter velocity is small compared to the mutual escape velocity of the

planetesimals, the collision cross section greatly exceeds the geometric value. An important

feature of equation 3.6 is that for a fixed value of n, the collision rate exhibits a global

minimum as a function of v. For small v, gravitational focusing facilitates more collisions,

while for large v the encounter rate simply becomes so great that the collision rate again

increases, even though gravitational focusing is mostly suppressed. This point will become

relevant in section 3.4.1 when we examine the qualitative changes in the collision rate near

mean-motion resonances.

Although equation 3.6 works well to describe the collision rate for a homogeneous col-

lection of planetesimals, some problems arise when regions of commensurabilities are intro-

duced. Namely, the resonances cause the orbits of planetesimals to precess, and an interface
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between secularly aligned and randomly oriented orbits arise on each side of the resonance.

Additionally, an interface between dynamically cold and hot planetesimals develop. These

two effects cause the number density, collision cross section and encounter velocity to rather

abruptly vary across the boundaries of the resonance. For this reason, an N-body treatment

in which collisions are directly resolved is necessary to understand how the collision rate

varies near the MMRs.

3.2.4 Gas Drag on Planetesimals

Over the course of many orbits, the residual gas from the primordial nebula can damp the

eccentricities and inclinations of bodies. For a planetesimal-sized body, gas drag operates in

the Stokes regime and the timescale for aerodynamic forces to significantly alter its relative

velocity is given by [1]

ts =
2m

CDπs2ρgvg
, (3.8)

where m and s are the mass and radius of the planetesimal, CD is a drag coefficient which

is of order unity, ρg is the local density of the gas and vg is the headwind velocity of the

gas experienced by the planetesimal. At 3 au, the gaseous component of the solar nebula

has a density of 3 × 10−11 g cm−3 and the typical headwind experienced by a body on a

Keplerian orbit is ∼ 5, 000 cm s−1 [100]. For a 100 km body with a density of 2 g cm−3

(assuming a mixture of ice and rock) the stopping timescale is about 1 Myr. This is much

longer than the timescales associated with secular forcing and libration due to mean-motion

resonances, as discussed above, but shorter than the typical protoplanetary disk lifetime and

potentially shorter the planetesimal formation timescale. For this reason, we do not model

the effects of gas drag in the simulations, although we consider its effects when constructing

initial conditions, which is discussed in the next section.
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Figure 3.1: The positions of the remaining planetesimals at the end of the e1m2 (left),
e2m2 (center) and e3m2 (right) simulations. The red dot indicates the position of the giant
planet, and the dashed line points in the direction of the planet’s longitude of perihelion.
Non-axisymmetric gaps are apparent near the locations of MMRs. At higher eccentricities,
more resonances become visible. At the 2:1 MMR, gap features at θ = 0 and θ = π follow
the giant planet in its orbit.

3.3 Simulations

3.3.1 Numerical Methods

To follow the dynamical and collisional evolution of a planetesimal disc, we use the highly

parallel N-body code ChaNGa. A full description of the code, along with the details of the

solid body collision module are provided in chapter 1. During the course of the simulation,

no debris is created by collisions. To model the collisionally generated dust distribution, we

use the statistics of the resolved planetesimal collisions to build a dust profile. This process

is discussed in detail in section 3.5.

3.3.2 Initial Conditions

In total, five simulations are run, which are listed in table 3.1. The second is a “nominal”

case, in which the perturbing planet’s mass and eccentricity are set to that of Jupiter’s. In

the other four cases, the mass or eccentricity is altered by a factor of two from the nominal
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Table 3.1: Summary of Simulations Run

Name Mass of Planet Eccentricity of Planet

e1m2 1.0 Mjup 0.5 ejup

e2m2 1.0 Mjup 1.0 ejup

e3m2 1.0 Mjup 2.0 ejup

e2m1 0.5 Mjup 1.0 ejup

e2m3 2.0 Mjup 1.0 ejup

value. One should note that we did not choose to include a planet on a circular orbit because

the perturbative approach used to derive MMR widths breaks down for small eccentricities.

For a discussion of this issue, see section 3.9 of this thesis.

In all cases, the perturbing giant is placed on a 5.2 au orbit around a 1 M� star. The

planetesimal disc extends from 2.2 to 3.8 au, which covers the two most prominent mean-

motion resonances with the giant planet, the 2:1 at 3.27 au and the 3:1 at 2.5 au. The

planetesimal disc loosely follows a minimum-mass solar nebula surface density profile [100]

Σ = Σ0r
−α, (3.9)

with α = 3/2 and Σ0 = 10 g cm−2. Planetesimals are given a bulk density of 2 g cm−3, which

corresponds to a mixture of ice and rock, and are given a diameter of 300 km. This choice

of parameters is meant to mimic the setup used in simulation B from [237]. One difference

from the aforementioned study is that we use a narrower annulus, which reduces the number

of particles required from 106 down to roughly 500,000. This allows us to use a finer base

timestep size, which, as we will discuss in section 3.4, appears to be the reason why [237] did

not see any features in their collision profile near the resonances.

Another difference from [237] is that the dynamical effects of secular forcing by the

giant planet, along with the effects of viscous stirring and gas drag on the planetesimals,
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are built into the initial conditions. Although we do not model the effects of gas drag on

the planetesimals during the simulation, we construct the initial conditions such that the

effects of gas drag and viscous stirring are in balance. The viscous stirring timescale of the

planetesimal disc is much longer than our chosen integration time, and so the dynamical

excitation of the disc (excluding resonances) stays constant, even without the inclusion of

damping forces from the gas. This is done by first calculating the equilibrium eccentricity eeq

due to viscous stirring and gas drag as a function of semimajor axis according to equation 12

of [136]. The eccentricities of the bodies are drawn randomly from a Rayleigh distribution

with a mode of eeq, while the inclinations are drawn from a similar distribution with a mode of

eeq/2. For a planetesimal disk, the inclination dispersion naturally takes on a value half that

of the eccentricity dispersion [104]. The arguments of perihelion ω, longitude of ascending

nodes Ω and the mean anomalies M of the bodies are drawn uniformly ∈ [0, 2π).

To account for the effects of secular forcing by the planet, the eccentricity vectors of the

planetesimals are first decomposed into real and imaginary components:

z = (k, ih) = e exp(i$) (3.10)

and a forced component is added to h according to equation 3.1 (where we have set $g =

0). Because the perturbing planet is placed on a coplanar orbit with the planetesimal disk,

there is no forced component of inclination.

3.3.3 Time Stepping Scheme

For the purposes of the integrator, there are two relevant timescales in this system. The

first is the orbital dynamical time
√
a3/GM�. Through experimentation, we have found

that using a base timestep size with ChaNGa of 3% of an orbital dynamical time at the

inner edge of the disc keeps the integration symplectic. Although doing so preserves orbital

frequencies, the errors associated with precession frequencies do not average out to zero.

This is especially important given the effects of secular forcing by the planet. To mitigate
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this, we further reduce the base timestep size by a factor of 4 and use ∆t = 0.0025 yr. Doing

so prevents the longitude of perihelia of planetesimals at the inner edge of the disc, where

this artificial precession is most severe, from drifting by more than the intrinsic spread in $

due to thefree eccentricity over the course of our integrations.

An additional timescale is set by the dynamical time of the planetesimals (∼ 1/
√
Gρ),

which is about 45 minutes. This timescale must be resolved in order to properly follow

close gravitational encounters between these bodies. To resolve the base time step and

the dynamical timescale of planetesimals simultaneously, we use a two-tiered time stepping

scheme, following[152]. To start, all bodies are placed on the base time step. A first pass of

collision detection is then run in which the radii of all bodies are inflated by a factor of 2.5.

Any bodies with imminent collisions predicted using the inflated radii are placed on a time

step that is a factor of 16 smaller than the orbital time step. Although this is still a factor

of roughly 7 larger than the dynamical time of a planetesimal, we found no difference in the

collision rate when using any smaller of a minimum time step size. The purpose of the two-

tiered scheme is to properly resolve the gravitational interactions between any bodies that

undergo a close encounter, without requiring all particles to evolve on that timestep. This

prevents the coarser base time step from reducing the effectiveness of gravitational focusing,

while minimizing the additional computational expense.

3.4 Results

All five simulations are evolved for 5,000 years, which is roughly 400 complete orbits of the

perturbing planet. Because the effects of the mean motion resonances are not built into the

initial conditions, the simulations must be run long enough for the distribution of orbital

elements to reach equilibrium near the resonances before the collision rate is measured. To

do so, we allow each simulation to run for 2,000 years before we begin recording any collision

statistics. This is comparable to the libration period, which was calculated in section 3.2.2

for the 3:1 and 2:1 resonance. Although one might worry that a single libration period

may not be long enough for the orbital structure due to the resonances to develop, we find
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Figure 3.2: The semimajor axes and eccentricities of the remaining planetesimals are shown,
with the locations of prominent resonances indicated by the vertical dashed lines. Libration
of the critical angle drives large variations in eccentricity, which produce spikes in the a-e
plane. Between the resonances, the nonzero eccentricity is due to secular forcing by the
planet.
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Figure 3.3: Shown here are the longitudes of pericenter and semimajor axes of the remaining
planetesimals. The dashed lines again indicate the locations of prominent MMRs. Close
to the resonances, the critical angle librates and drives fast precession of the longitudes of
pericenter of the bodies. This overpowers the secular forcing by the planet and effectively
randomizes the orientations of their orbits.

that the shape of the semimajor axis-eccentricity distribution of the planetesimals reaches a

steady state by this time. This is largely due to the fact that there are enough bodies in or

near the resonances to allow an ensemble average of phase space, rather than a time average.

As an additional confirmation, we find that the time evolution of the collision rate near the

resonances maintains a steady state in all five simulations after ∼ 2000 years.

3.4.1 Varying the Eccentricity

We begin by examining simulations e1m2, e2m2 and e3m2. The positions of the planetesimals

in the x-y plane after 5,000 years of integration are shown in Figure 3.1. In all cases, the

coordinate system is rotated so that the giant planet lies at θ = 0. The longitude of perihelion

of the planet is shown by the dashed line. Resonances with the perturbing planet are visible

as nonaxisymmetric gaps in this figure. Upon close inspection of a series of simulation

snapshots, these gaps appear to follow the planet in its orbit, rather than aligning themselves

with the longitude of perihelion. A similar substructure, which is most noticeable near the
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2:1 MMR, reveals itself in [237] (see their figures 3c and 3f) and [255] (see their figure 3a).

This structure is also present in the [30] simulations, although it was not reported at the

time (see section 3.10). It is worth noting that both [237] and [30] started with a completely

cold planetesimal disc. Thus, the presence of these features seems robust to the choice of

initial conditions.

The effects of the resonances become much more apparent in semimajor axis-eccentricity

space, which is shown in Figure 3.2. In all cases, the 3:1, 2:1 and 5:3 resonances are readily

visible as “spikes” in the eccentricity that bend slightly inward (due to the conservation of

the Jacobi energy). In the e3m2 simulation, features also appear near the 5:2, 7:3 and 5:3

resonances. The absence of these finer features from the e1m2 simulation can be explained

by the fact that the strength of a resonance scales with eq [172].

Another important effect of the resonances is visible in Figure 3.3, which shows the ori-

entation of the longitudes of perihelion of planetesimals in the disc. Inside of the resonances,

orbits of planetesimals quickly precess, and their orientations are effectively randomized. An

important point to note is that this strong precession effect quickly disappears beyond the

boundaries of the resonance. This turns out to be key to explaining the nonaxisymmetric

structure seen in Figure 3.1, which will be addressed in more detail below.

Next, we examine the statistics of collisions resolved in each of the simulations. The 3D

positions and velocities of the two colliding bodies are recorded to a table at the moment

of impact. We derive the Keplerian orbital elements of a collision using these positions and

velocities. First, we examine the semimajor axis of the first collider, which is shown in

figure 3.4. During a collision, the “first” particle is defined as the more massive of the two.

However, nearly all of the collisions happen between the initial, equal-mass planetesimals.

In this case, the distinction is set by the collision search algorithm and is rather arbitrary.

In all of the plots where we show collision statistics, we have verified that using the “first”

or “second” collider does not qualitatively change any of the features. We find that some of

the features present in figure 3.4 in this and subsequent figures are highly sensitive to the

number of bins and the location of the bin edges. For this reason, we construct a probability
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density function (PDF) of the collisions using a Kernel Density Estimate (KDE). We use the

neighbors.KernelDensity function from the sklearn [220] package to construct our

KDEs, using a gaussian kernel with a FWHM of 0.02 au. The curves shown in Figure 3.4

are normalized such that the area underneath is equal to 1.

Near the stronger resonances, there are noticeable suppressions or enhancements to the

local collision rate. This contrasts with the findings of [237], who simulated a similar setup

and found no discernible features near the MMRs. We attribute the differences to a more

conservative timestepping criterion in our simulations, along with the inclusion of secular

perturbations in our initial conditions. The most prominent features appear as a local

maximum in the collision rate near the 2:1 MMR and a local minimum near the 3:1 MMR.

At higher forced eccentricities, features near the 5:2, 7:3 and 5:3 resonances are also visible,

due to the steep sensitivity of higher order resonant perturbations to eccentricity [172].

Although the features in Figure 3.4 near the 3:1 and 2:1 MMRs appear qualitatively

different, they can be explained by one single dynamical process. As discussed in section

3.2.3, the collision rate between planetesimals depends on both the encounter rate and the

strength of gravitational focusing. The encounter rate grows as the relative velocity v between

the planetesimals increases, while gravitational focusing is most effective for bodies with small

relative velocities. There is therefore an intermediate value of v for which the average collision

rate 〈σv〉 is at a minimum, which we will refer to as 〈σv〉0. The dynamical excitation induced

by a mean motion resonance can either increase or decrease the local average collision rate,

depending on the unperturbed value of 〈σv〉 relative to 〈σv〉0.

In Figure 3.5, we show the effect that the 2:1 MMR and 3:1 MMR have on the local

average collision rate. Each pair of points connected by a line represents the average collision

rate before and after the effects of the mean-motion resonances develop. Here, the relative

velocity between bodies is calculated by measuring the eccentricity and inclination dispersion

near each resonance and using equation 3.7. We assume that the eccentricity and inclination

dispersions are coupled [104] and use the eccentricity dispersion as a free parameter. Because

both the strength of secular forcing and the effects of the resonant perturbations are different
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near the 3:1 and 2:1 MMRs, the planetesimal population at each of these locations in the

disk experiences a qualitatively different change in the collision rate. Near the 3:1 MMR, the

unperturbed collision rate is well above the minimum value 〈σv〉0 and the dynamical heating

introduced by the resonance acts to suppress it further. Near the 2:1 MMR, the collision

rate starts out much closer to the minimum value and the additional perturbations instead

act to drive it higher.

This explains the relative drop in the collision rate near the 3:1 MMR and the relative

increase near the 2:1 and 5:3 resonances seen in Figure 3.4. Although this could potentially

serve as a useful diagnostic of the planetesimal size in a disc (because the size and mass of

the planetesimals sets the eccentricity dispersion at which 〈σv〉 is minimized), a direct mea-

surement of the semimajor axes of the colliding planetesimals is not possible. Furthermore,

as we will demonstrate next, collisions due to bodies in resonance do not have a significant

effect on the final shape of the radial dust distribution that we predict.

3.5 Where Does the Dust End Up?

To construct a radial dust profile from the collision statistics, we begin by making two

assumptions: (1) any dust generated by collisions is strongly coupled to the gas and (2) any

subsequent spatial evolution of the collisional debris is insignificant. So long as both of these

assumptions are true, we can use the radial locations of planetesimal collisions in the plane

of the disk to generate a dust profile for each simulation.

We first provide a justification for assumption (1), which is as follows: At 3 au in the

protosolar nebula, the mean free path of a gas particle is ∼ 50 cm (assuming a composition

of pure hydrogen with a local volume density of ρg = 3 × 10−11 g cm−3). This places any

dust grains in the Epstein drag regime, with a stopping timescale given by

ts =
ρs

ρgvth
, (3.11)

where ρ is the bulk density of the dust grain, s is its size, and vth is the local thermal velocity

of the gas. At 3 au in the protosolar nebula, vth ∼ 105 cm s−1. Assuming a 1 mm dust grain
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Figure 3.4: A PDF of the collision rate in each disc as a function of semimajor axis, generated
using a KDE with a Gaussian kernel with a FWHM of 0.02 au. In semimajor axis space,
prominent features appear near the 3:1 and 2:1 MMRs. Near the 3:1, the collision rate
exhibits a local minimum, while an enhancement appears near the 2:1.
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Figure 3.5: The collision rate (given by equation 3.6) of bodies in the vicinity of the 3:1 (left)
and 2:1 (right) MMRs, relative to the minimum value, as a function of the local eccentricity
dispersion. The pairs of points connected by lines show the values of the unperturbed (left-
hand points in each subplot) and perturbed (right-hand points in each subplot) collision
rates in the e1m2, e2m2 and e3m2 simulations. The unperturbed collision rate, along with
the amount of dynamical heating that the planetesimal population experiences determines
whether the MMR acts to suppress or enhance the collision rate

with a ρ = 2 g cm−3, the stopping time is ∼ 10−4 yr. This is orders of magnitude smaller

than the orbital timescale; therefore, we conclude that collisionally generated dust grains

will immediately couple to the gas.

Assumption (2) is less straightforward to justify and may not be reasonable in all cases.

Although the spatial redistribution of the full-sized planetesimals and mm-sized dust grains is

insignificant, the radial drift forces experienced by intermediate-sized bodies is much greater.

Collisions between planetesimals do not immediately convert the mass to dust grains. Rather,

the debris will undergo a collisional cascade process, which gradually grinds the resulting

bodies down to smaller sizes. A proper treatment of the collisional cascade process is quite

complicated and is well beyond the scope of this work. However, one may be able to ignore

this process if the peak radial drift timescale is longer than the timescale for collisions between

these bodies.
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Figure 3.6: Here, collisions are instead ordered by cylindrical distance from the star. Features
near the 3:1 and 2:1 MMRs are still present, but appear qualitatively different than in
semimajor axis space. At low eccentricities, a dip appears around the center of the resonance.
At the highest eccentricity, a bump is formed instead. The dashed lines shown the collision
profile with collisions between bodies in resonance removed. The bump and dip features
remain qualitatively the same, which suggests that they are produced by bodies outside of
the libration width of the resonance.
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This occurs for bodies of the size at which tsΩ = 1. In the Stokes drag regime at 3 au, this

occurs for bodies of 1 meter in size. Following a similar calculation in 3.2.4 with a 1 m body,

we find that an object of this size will drift across the 2:1 MMR on a timescale of ∼ 300 years.

Although we do not model collisions between bodies of this size, a lower limit on the collision

timescale for these objects can be obtained by extrapolating the planetesimal collision rate

measured in our simulations down. For the e2m2 simulation, we find that 125 collisions occur

within the libration width of the 2:1 MMR from T=2,000 yr to T=5,000 yr. There are a total

of 15,000 planetesimals within this region, which means that a single planetesimal undergoes

a collision every ∼ 370,000 years on average. If the entire planetesimal population in this

region were converted to 1 meter bodies with the same bulk density, the number density of

bodies increases by a factor of 1015, while the geometric collision cross section decreases by a

factor of 1010. The collision timescale would therefore decrease to ∼ 1 year, which is 2 orders

of magnitude smaller than the drift timescale. As shown above, radial drift in the Stokes

drag regime is maximized for bodies of 1 meter in size, which is only a factor of two larger

than the mean free path of the gas particles. It is therefore not entirely clear if the Stokes

drag law is appropriate here. Because of this, we also repeat the above calculation for bodies

that experience Epstein drag. With this assumption, we find that radial drift is maximized

for a cm-sized body and both the radial drift and collision timescale for bodies of that size

decrease by a factor of 10 relative to the Stokes values. In both cases, collisions between

maximally drifting bodies occur on a timescale two orders of magnitude shorter than the

drift timescale. We therefore argue that it is reasonable and, indeed, best practice to start

with such simple assumptions to understand the physics before additional complexity is later

added. We caution, however, that the collision timescale estimates provided here should be

interpreted as lower limits.

Operating under these assumptions 1, a map of the relative concentration of second-

1As discussed in [30], the local generation of second-generation dust is only one consideration. The dust
will also evolve spatially due to drag effects, but can also evolve in size or be re-accreted onto planetesimals.
For simplicity, we focus on local dust sourcing only while acknowledging that subsequent evolution could
also affect the morphology.
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generation dust can be constructed from the cylindrical distance at which the collisions

occur. Here, cylindrical distance is defined as the separation between the central star and

the location of collision in the (r, θ) plane. This is shown in Figure 3.6. Similar to figure

3.4, we use a KDE with a width of 0.02 au to assemble the collision locations into a radial

distribution. Most strikingly, the bump that was present near the 2:1 resonance is no longer

visible in cylindrical distance space, although it suddenly appears again in the e3m2 simula-

tion. The local minimum that is visible near the 3:1 MMR also becomes a local maximum

in the highest eccentricity case. To determine how the resonant bodies actually contribute

to the radial collision profile, we excluded collisions that fall between 2.495 < a < 2.505 au

(near the 3:1 resonance) and between 3.2 < a < 3.35 au (near the 2:1 resonance), which

is shown by the dashed curve. As in Figure 3.4, the solid curves are normalized such that

the area underneath is equal to 1. For the dashed curves, the normalization factor is scaled

according to the number of collisions in the entire sample, compared to the number of col-

lisions in the subsample, which excludes the collisions in resonance. Qualitatively, none of

the bump or dip features present are removed by making this exclusion. This suggests that

the features near resonance seen in semimajor axis space become smeared out in cylindrical

distance space due to the large spread in eccentricity and orbital orientation.

This also suggests that the prominent bumps and dips seen in Figure 3.6 are mainly

produced by bodies outside of the libration width of the resonance, although the resonant

population does make some of the features more pronounced. To further understand this, we

consider the nonaxisymmetric structure seen in Figure 3.1. In Figure 3.7, we compare the

radial collision profiles to the radial structure seen in the e1m2, e2m2 and e3m2 simulations.

In the lowest forced eccentricity case (e1m2), the pileups near the edge of the 2:1 MMR line

up with the boundaries of the dip feature seen in the radial collision profile. The locations of

the edges of the resonances are calculated using equations 3.18 and 3.14. The pileups are not

as pronounced near the other resonances. As discussed previously, the planetesimal density

enhancements and gaps seen in polar coordinates follow the position of the giant planet in its

orbit, which is shown by the vertical line. For the e2m2 case, the density enhancements take
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up a much larger radial width, which smears out the corresponding collisional dust profile.

In the highest forced eccentricity case (e3m2), the density enhancements occur well within

an annulus containing the resonant region, completely altering the radial peak-valley dust

morphology.

Although the nonaxisymmetric pileup of bodies near the edges of resonances has been seen

previously [237, 255], we could not find a satisfactory explanation for why it happens, which

we will try to provide here. As mentioned in section 3.2, the circulation frequency of the

critical angle slows as one approaches the edge of the resonance from the outside. Following

the pendulum analogy, this is equivalent to approaching the point where the pendulum

becomes suspended at top dead center. When the critical angle stays relatively stationary

during an encounter, the net torque will drive the longitude of pericenter towards the point

of conjunction [217]. This is the basic mechanism that causes isolated resonances to be

stable. Inside of resonance, the critical angle librates about an equilibrium value and this

configuration is maintained. Just outside of resonance, however, the critical angle slowly

drifts away, with the drift direction changing sign across the location of exact resonance.

The net result of this is that bodies just outside of the resonance experience a torque from

the planet that temporarily drives their pericenters toward the current orbital position of

the planet. After the encounter ends, differential rotation of the disc slowly undoes the

configuration. As the planet again passes by, adjacent planetesimals near the resonance edges

temporarily align themselves in this configuration. This explains why the concentration of

planetesimals appears to ‘follow’ the planet. Connecting this back to the radial collision

profiles shown in figure 3.6, these bodies at the edges of the resonances must be responsible

for the bumps and dips morphology seen because excluding collisions between bodies inside

of the MMRs does not qualitatively alter the profiles.

[255] provide a different explanation for this phenomenon, suggesting that the nonax-

isymmetric structure is the product of the path that a resonant test particle takes in a frame

co-rotating with the planet (see figure 8.4 of [201]). In other words, the gap structure is

argued to be due to the interfaces between the low eccentricity, non-resonant and high ec-
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Figure 3.7: Collision profiles in Figure 3.6 are shown alongside the positions of the planetes-
imals, in polar coordinates. The dashed and solid lines show the pericenter and apocenter,
respectively, of bodies at each edge of the 3:1 and 2:1 MMR. Here, the longitude of pericenter
of the planet lies at θ = 0 and the present position of the planet is indicated by the vertical
line. For the 2:1 resonance, a bump, rather than a dip feature appears when the inner edge
or the resonance’s apocenter and outer edge’s pericenter distance cross. The collision profile
near the 3:1 resonance does not appear to follow this same qualitative behavior.
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Figure 3.8: Similar to Figure 3.7, except the eccentricity of the planet is kept constant and
the mass is varied. This has the effect of changing the width of the resonances, without
altering the relative apo or peri distances of bodies near the edges. Except for the highest
mass case, the apocenter and pericenter distances of the inner and outer edges of the 2:1
resonance are too close together to produce much of a dip or a bump feature.
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centricity, resonant regions of the disc. This explanation, however, does not hold for a large

collection of planetesimals, especially when there is no forced eccentricity. In such a case,

the orbits of planetesimals near resonance would be randomly aligned, and the axisymmet-

ric structure should become washed out. Furthermore, when the perturbing planet is on a

circular orbit, this structure is still present (see figure 3 of [255] and section 3.10). The only

connection between the structure of the gaps in the disc and the path of a resonant particle

in the corotating frame is that both phenomena produce the same symmetries, which depend

on the particular MMR considered.

With no secular forcing, this dynamical phenomena should produce an underdensity in

the radial surface density profile near the center of the resonance and an overdensity at

each edge in cylindrical distance space. When a forced eccentricity is introduced, the radial

location of the resonance edges vary over the course of an orbit. The maximum and minimum

radial distance that the resonance edges occupy is indicated by the solid and dashed lines

in Figure 3.7. If the the aphelion distance of the inner edge becomes close to the perihelion

distance of the outer edge, the overdense regions on each side of the resonance meet and we

should expect to see the central dip feature in the collision profile disappear. This is exactly

what appears to be happening in the middle panel of Figure 3.7. As the forced eccentricity

is increased further, a region forms at the center of the resonance where planetesimals on

both sides of the resonance spend time (although not simultaneously). When this occurs, a

bump feature forms in the collision profile near the center of the resonance. This is apparent

in the bottom panel of Figure 3.7.

Although the same phenomenon appears to be happening near the 3:1 MMR, the pileups

at the edges of the resonance are not as well defined. We attribute this to the more complex

symmetry, compared to the 2:1 MMR. In addition, a number of other nearby resonances,

including the 7:2 (at 2.25 au), the 10:3 (at 2.33 au), the 8:3 (at 2.71 au) and the 5:2 (at 2.82

au) also likely are contributing to the collision profile in cylindrical distance space near the

3:1 MMR. The 3:1 MMR is also much narrower than the 2:1, which means that any dip or

bump features produced by it would require much higher resolution observations. For these
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reasons, we will focus on the 2:1 MMR as the main diagnostic indicator.

3.5.1 Varying the Mass

The dynamical effects of varying the mass of the planet are somewhat simpler, in that doing

so does not affect the forced eccentricity of the planetesimal disc. Instead, only the width

of the resonances changes. The width of a first order resonance scales with m (see equation

3.14), while the leading order terms in the resonant part of the disturbing function, which

set the strength of the resonance, also scale as m. For the 2:1 MMR, the dynamics near the

resonance are equally sensitive to changes in eccentricity and mass.

We show the polar structure of the e2m1, e2m2 and e2m3 simulations in Figure 3.8

alongside the radial collision profile. In all three cases, the eccentricity of the perturbing

planet is set to ejup. Changes in the apocenter and pericenter distances of the edges of the

resonances are entirely due to changes in the resonance width. For the e2m1 and e2m2

simulations, the inner apocenter and outer pericenter distances near the 2:1 MMR are quite

similar and no strong features appear in the collision profile near this region. For the e2m3

case, the edges of the resonances are sufficiently separated to allow what appears to be the

beginning of gap to form near the center of the 2:1 resonance in the collision profile.

3.5.2 Observability of the Dust

While the collisional dust profiles show radial amplitude variations, we still need to assess

whether those variations could be observable. To proceed, we create a sky model for sim-

ulated ALMA observations as follows. First, we use the radially-averaged collision profile

from each simulation (see figures 3.7 and 3.8) as the template for an azimuthally symmetric

disc. We then scale the size of each profile by a factor of ten, which places the perturbing

planet at 52 au. This scaling is permitted by the dynamics (both the resonance widths and

the forced eccentricities are scale-free) and makes the disc comparable in size to the many

discs that have now been observed by ALMA [103]. The angular size scale is then set by

envisaging a face-on disc at a distance of 100 pc.
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The sky model intensity (flux per pixel) is produced by interpolating the radial collision

frequency onto a 2D Cartesian grid with cell widths of approximately 2 mas. In doing so, we

choose to make the intensity proportional to the collision frequency (i.e., the dust) because it

is the most straightforward case. Many different parameterizations are possible, depending

on optical depth, grain size, disc temperature, etc., but we will avoid such complications

here, as they would affect the overall brightness profile, but not the presence of any gaps or

rings. We normalize the intensity by setting the total disc flux density to be 100 mJy at

about 350 GHz.

The simulated observations are performed using the simobserve task in CASA [179].

The disc is given an RA = 11h01m52s and a δ = −34◦42′17′′ (i.e., the J2000 coordinates

for TW Hydrae) and is “observed” through transit on March 20, 2020. We observe the

disc using configurations 8, 9, and 10 at 350 GHz (cycle 6 antenna file), spending six hours

on-source in each configuration2. The visibilities are corrupted with thermal noise, setting

the precipitable water vapor to 1.5 mm. They are then combined, imaged, and cleaned using

the task tclean. Imaging uses Briggs weighting with a robustness parameter of -1.

The results for the nominal simulation (e2m2) are shown in Figure 3.9. The 3:1 and

2:1 resonances can be easily identified in the cleaned image and in the corresponding radial

profile. Moreover, the features are qualitatively similar to the bright rings and dark gaps

seen in actual disc profiles [5].

In Figure 3.10, we show the azumithally-averaged radial profiles constructed from the

simulated cleaned image from all five simulations. In all cases, a bump or a dip feature is

clearly visible at the location of the 3:1 and 2:1 MMRs, indicated by the dashed vertical lines.

As mentioned previously, the feature at the 2:1 MMR acts as the actual diagnostic indicator,

while the 3:1 resonance (along with the gap that would presumably open at the location of

the planet) is mainly useful for determining where the 2:1 MMR is actually located.

2We have imagined that the TAC really likes us.
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Figure 3.9: Simulated ALMA observations for the nominal (e2m2) case, operating under the
assumption that the dust profile closely traces the planetesimal collision profile. Top: The
sky model based on the radial collision distribution. The size of the disc has been scaled
by a factor of 10 and placed at a distance of 100 pc. Bottom: The cleaned image using
combined observations in configurations 8, 9, and 10. The circle in the bottom left indicates
the simulated beam size. Gaps in the dust due to the 3:1 and 2:1 resonances are visible.
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Figure 3.10: The azimuthally-averaged radial profile based on the simulated cleaned images
from all five simulations. The eccentricity of the perturbing planet increases from left to
right, while the mass of the planet increases from bottom to top. The vertical dashed lines
indicate the locations of the 3:1 and 2:1 resonances. As in Figure 3.9, the size scale of the
disc has been expanded by a factor of 10 and then placed at a distance of 100 pc.
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Figure 3.11: The presence of a dip or bump in the collision profile (and therefore the dust
profile) near the 2:1 MMR can be used to constrain the mass and eccentricity of the perturb-
ing planet. The color scale indicates the relative strength of the features, while the dashed
lines indicate boundaries in parameter space where a dip or a bump will be produced at the
resonance. Combinations of mass and eccentricity that fall between the dashed lines corre-
spond to an inner apocenter and outer pericenter separation at the edges of the resonance
that is smaller than the resonance width and therefore will not create any significant feature
in the collision profile.

3.6 Constraining the Mass and Eccentricity of the Planet

The simple bump vs dip structure that we expect to reveal itself in the dust emission from

colliding planetesimals in near- resonance with a giant planet could potentially be used to

place constraints on the mass and eccentricity of the planet. Near the 2:1 MMR, the central

dip feature is only produced when bodies at the edges of the resonance stay sufficiently

separated in cylindrical distance over the course of an orbit. This is achieved when either

the resonance width is large or the forced eccentricity is small. The bump feature, on the

other hand, is produced when there is a sufficiently large amount of overlap between the

apocenters and pericenters of the inner and outer edges of the resonance, respectively. This
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is achieved when the resonance is narrow and the forced eccentricity is large.

In Figure 3.11, we show the constraints that the presence of a bump or dip at the 2:1 MMR

places on possible values of (mg, eg). The dashed lines indicate regions of parameter space

where qualitatively different features in the collision profile are expected to form. Above the

upper dashed line, the resonance is wide while the radial excursion distance of planetesimals

at the edge of the resonance is small, which gives rise to a dip in the collision profile. Below

the lower dashed line, the resonance is narrow, while the radial excursion distance is large,

allowing the apocenter and pericenter distances of the edges of the resonance to overlap

and produce a bump in the collision profile. Between the dashed lines, the absolute value

of separation between the apocenter and pericenter distances of the inner and outer edges

of the resonance is less than the resonance width. In this region of parameter space, no

significant features in the collision profile near the 2:1 MMR are expected to form.

Because the strength3 of the 2:1 resonance scales with eg and mg, a sufficiently low mass

and low eccentricity planet will not create enough of a perturbation in the planetesimal disc

to produce a detectable bump or dip feature. The colored contours in figure 3.11 indicate

the relative strength of the resonance as these quantities are varied. Although the resonance

strength is equally sensitive to changes in mass and eccentricity, the peri-apocenter overlap

of the resonance edges is more sensitive to changes in eccentricity. This is because changes

to eccentricity affect both the resonance width and the forced eccentricity. As we showed

in Figure 3.8, changing mg by a factor of 4 produced very minimal changes to the resulting

dust profile.

In order to actually identify the 2:1 MMR in the dust emission, at least one other res-

onance must be visible. Assuming the gravitational field in the disc is near-Keplerian, the

distance ratios between two features can be used to determine period ratios, which can be

used to confirm whether the features seen are indeed resonances. Although the 3:1 MMR

does not appear to follow the simple bump vs dip dichotomy described above, its presence

3More specifically, the strength of the resonant term in the disturbing potential
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should be marginally detectable in all of the cases shown above.

We would again like to emphasize that the dust emission profiles in Figure 3.10 are

constructed upon the assumption that the radial dust structure closely traces the collision

profile of the planetesimals. For this assumption to be valid, the resulting dust must remain

locally confined, which can be achieved if the grains are reaccreted onto planetesimals [123].

It is also necessary that the collisional cascade from which the dust grains form plays before

radial drift has a chance to move debris away from the resonances. Although we showed with

a back-of-the-envelope calculation (see section 3.5) that this is plausible for a typical proto-

planetary disk with properties similar to the protosolar nebula, a more thorough treatment

of collisional grinding and the subsequent evolution of the debris is necessary to be able to

interpret the dust emission profiles presented here as anything more than upper limits.

3.7 Summary and Conclusions

In this chapter, we have shown that mean-motion resonances with a perturbing planet pro-

duce significant local variations in the collision rate of a planetesimal disc. In contrast to

[237], we find that the more prominent interior MMRs, including the 2:1, 3:1 and 5:3, all

produce structure in the collision profile as a function of semimajor axis. Furthermore, we

find that a series of distinctly different features appear when collisions are ordered by cylin-

drical distance from the central star. The morphology of these features are tied to dynamical

behavior of bodies near the edges of the resonances, where the circulation frequency of the

critical angle approaches infinity. Particularly near the 2:1 MMR, we find that a bump or

dip in the collision profile forms when collisions are ordered by cylindrical distance. The

presence of one of these two features depends on the peri- and apocenter distances of the

edges of the resonance, relative to the libration width. Because these quantities depend on

the mass and eccentricity of the perturbing planet, these properties of the planet are actually

encoded in the collision profile.

Near the interior 2:1 MMR, we find that a distinct bump or dip feature is generated in

the collision profile, depending on the properties of the perturbing planet. The presence of
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one of these two structures can used to constrain the mass and eccentricity of the planet.

For a high mass, low eccentricity planet, a dip will form because the edges of the resonance,

where many collisions occur, stay sufficiently separated. If the planet has a low enough mass

(which shrinks the size of the resonance) or is sufficiently eccentric (which decreases the

separation between the apocenter and pericenter distances of the edges of the resonance),

a bump will instead form. We tested this hypothesis for five different combinations of the

planet’s mass and eccentricity and found that a distinct bump or dip signature is produced

as long as the planet properties are sufficiently far from the dividing line in parameter space.

This diagnostic is more useful for massive, eccentric planets, because the strength of the

resonant perturbations scale linearly with both of these quantities.

Although the planetesimal collision profile would not be directly observable in a planet-

forming disc, the dust from the resulting collisional cascade could potentially be used to trace

it. So long as the dust grains are well-coupled to the gas and radial drift does not have a

significant effect on the morphology of the dust, the bump or dip features seen in the collision

profile will also appear in the dust profile. Assuming that this is the case, we have generated

simulated observations of a protoplanetary disk with ALMA and showed that the bump or

dip features seen in the collision profiles should be detectable through the dust emission.

From a dust emission profile with sufficiently strong radial features, one could constrain the

properties of a perturbing planet on an exterior orbit in the following way: (1) identify the

locations of two MMRs in the disc (2) measure the spacing between them to verify that one

of the features is indeed associated with the 2:1 MMR (3) determine whether an under- or

overdensity in the radial dust profile exists near this location (4) use the presence of one of

these two features to determine the region of the eccentricity-mass plane in which the planet

lies.

In line with [30], the results of this work suggest that, in planet forming discs, the

observed dust structure should not be interpreted as simply the result of primordial dust

that is perturbed by the planets and gas. Instead, some morphological features could be the

product of collisional dynamics between larger bodies. Within the confines of the simulations
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presented here, we have shown that this second-generation dust can give rise to significant

features in the dust emission profile. For this reason, we emphasize that planet-forming discs

should be thought of as existing along an evolutionary continuum, with the youngest discs

being dominated by primordial dust and gas and the most evolved discs being comprised of

mainly collisionally generated dust.

The results presented here appear to be broadly consistent with the planetesimal dy-

namics seen by [255]. In their case, a dip feature can be seen in the azimuthally averaged

surface density profile, although they did not test a high enough eccentricity planet in any

of their simulations to produce a bump. Another thing to note is that the gap morphology

seen by [255] was markedly different for the 2:1 exterior MMR. Whether this would alter

the radial collision profile for the exterior, rather than the interior 2:1 resonance, is not im-

mediately clear. On one hand, the solid surface density diminishes with distance (∼ r−3/2

for the MMSN [100]), which would weaken the signal from locally generated collisional dust.

On the other hand, exterior MMRs are quite effective at capturing inward drifting bodies

[275], which could locally enhance the surface density well beyond the MMSN value. A full

treatment of the collisional cascade process and the radial drift of debris is a subject that

we leave for future work.

Compared to using the corotating gap opened by the planet as a diagnostic [65, 66],

measuring variations in the dust emission near MMRs is much more subtle and requires

much higher spatial resolution and sensitivity. As we have shown, the bump vs dip feature

near the 2:1 MMR is marginally detectable with ALMA for the nearest protoplanetary discs,

so long as the dust profile closely matches the collisional profile of the planetesimals. Another

complicating factor is that the inner ∼ 10 au of most protoplanetary discs are optically thick

in the sub-mm. The solution to this problem is to instead observe at longer wavelengths

where the inner disc is optically thin. This comes at the expense of much poorer resolution.

However, future radio facilities like the NG-VLA are expected to achieve sub-au resolution for

nearby planet-forming discs [234]. In the more near-term, techniques like Gaussian process

fitting present a promising way to recover substructure at sub-beam resolution [119].
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3.8 Chapter Appendix: Timescale for Secular Forcing

The timescale for secular forcing is given by the period at which the free eccentricity of a

body cycles in the complex plane. The time-dependent imaginary and real components of

the eccentricity of a planetesimal are given by [201] (see ch. 7, pg. 282, eq. 7.51)

h = e1sin(g1t+ β1) + e2sin(g2t+ β2) (3.12)

k = e1cos(g1t+ β1) + e2cos(g2t+ β2),

where (e1, e2) and (g1 , g2) are the corresponding eigenvector components and eigenvalues

of a matrix, which describes the secular interaction between two bodies, given by [201] (see

ch. 7, pg. 276, eq. 7.9 and 7.10, with α12 = α and ᾱ12 = 1)

Ajj = nj
1

4

mk

mc +mj

αb
(1)
3/2(α) (3.13)

Ajk = −nj
1

4

mk

mc +mj

αb
(2)
3/2(α).

Here, n is the mean motion of a body and m is its mass. In the case of a massless test

particle being perturbed by a giant planet, m1 = mg and m2 = 0. The frequency of the

secular forcing is simply the difference of the two eigenvalue frequencies g1 − g2.

3.9 Chapter Appendix: Libration in Mean Motion Resonance

For second order and higher MMRs, the maximum libration width is given by [201] (ch. 8,

pg. 338, eq. 8.58) as

δa

a
= ±

(
16

3

|Cr|
n
e|q|
)1/2

, (3.14)

where n, a and e are the mean motion, semimajor axis and eccentricity of the unperturbed

body. Cr is a constant defined by m′/mcnαfd(α), where α = a/a′ and fd is the resonant

part of the disturbing function. For an interior second-order resonance,
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fd(α) =
1

8

[
−5(p+ q) + 4(p+ q)2 − 2αD (3.15)

+ 4(p+ q)αD + α2D2
]
bp+q1/2 ,

(see [201] table 8.1, third row, with j = p+ q) where Dbjs is the first derivative with respect

to α of the Laplace coefficient defined in equation 3.2. This is given by [35] as

dbjs
dα

= s
(
bj−1s+1 − 2αbjs+1 + bj+1

s+1

)
. (3.16)

For a first-order resonance, the associated disturbing function terms are slightly simpler

such that

fd(α) = −(p+ q)bp+q1/2 −
α

2
Dbp+q1/2 , (3.17)

(see [201] table 8., first row) and there is an additional contribution to the motion of the

critical angle by the pericenter precession rate such that

δa

a
= ±

(
16

3

|Cr|
n
e

)1/2 (
1 +

1

27p2e3
|Cr|
n

)1/2

− 2

9pe

|Cr|
n

(3.18)

(see [201] ch. 8, pg. 340, eq. 8.76, with j2 = p).

In mean-motion resonance, the orbital elements of a perturbed body, along with the

critical angle described by equation 3.5, will exhibit oscillations. In the circular, restricted

three-body case, these small amplitude oscillations exhibit a characteristic frequency, given

by (see [201] ch. 8, pg. 332, eq. 8.47, with j2 = −p and j4 = −q)

ω0 = 3p2Crne
|−q|. (3.19)

As discussed in the previous chapter, (see section 2.4.1), a perturbative approach to

calculating the physical extent of resonances breaks down at small eccentricities. For the

simulations presented in this chapter, the secular forcing imparted on the planetesimals by

the giant planet acts to keep the system out of this low eccentricity regime. We should note,
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Figure 3.12: Positions of planetesimals at the end of the simulation presented in [30] in polar
coordinates. The dashed line marks the location of a 50 M⊕ planet embedded in the disc.
First order MMRs with the planet are indicated with arrows. A second planet is also present
at 32.3 au, although it is not massive enough to induce any significant structure in the disc
near associated resonances.

however, that choosing epl < 1/2ejup produced some discrepancies between the predicted

and observed extent of the 2:1 MMR. For this reason, we did include any simulations with

the perturber on a near-circular orbit in this chapter.

3.10 Chapter Appendix: Nonaxisymmetric Structure in Boley 2017

As mentioned in section 3.4.1, the nonaxisymmetric gap structure seen in Figure 3.1 is

present in a number of other studies, including [237] and [255]. One would expect the same

dynamics to be at work in the simulation of [30], although the structure is not obviously

visible in figure 3 of their work.

Here, we present a closer look at the positions of the planetesimals at the end of the [30]

simulation. In figure 3.12, we show the planetesimal positions in polar, rather than Cartesian
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coordinates as originally presented in the paper. Two planets on circular orbits are present

here. The first has mass of 17 M⊕ and lies at 32.3 au. The second planet has a mass of

50 M⊕ and lies at 68.8 au. A horseshoe shaped collection of planetesimals is visible to be

corotating with each planet. Nonaxisymmetric gaps are also visible at the locations of first

order MMRs with the more massive planet, which are indicated with arrows.

Similar to Figure 3.7, a gap is present at the same orbital phase as the planet at the

2:1 MMR, along with a second gap on the opposite side of the disc. Gaps near the 4:3

and 3:2 MMRs are also present in phase with the planet, although the number and spacing

between additional gaps appears to be different for each resonance. In addition, the gap

structure associated with the exterior MMRs appears markedly different than that of each

corresponding interior MMR, which suggests that the structure is related to the symmetry

of the path that a planetesimalin a frame corotating with the planet takes.
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Chapter 4

FORMATION OF PLANETARY EMBRYOS AT SHORT
ORBITAL PERIODS

The content of this chapter was originally published in collaboration with Thomas R. Quinn

in the The Astrophysical Journal ([269], DOI: 10.3847/1538-4357/ace89c), and is reproduced

below with the permission of the American Astronomical Society.

4.1 Introduction

Planetesimal accretion is a key phase in the terrestrial planet growth process, bridging the gap

from kilometer-sized bodies up to roughly moon-sized objects known as planetary embryos.

In the earliest stages of the planet formation process, beginning from µm sizes, aerodynamic

forces dominate the growth and evolution of the solids and statistical models [122, 26] are

appropriate to describe how these numerous, small bodies coagulate.

Due to the internal pressure support of the gas disk, the gas itself orbits at sub-Keplerian

speed and exerts a headwind on any solids large enough to decouple from the gas [272].

Around a meter in size, this headwind is maximally effective at sapping away orbital angular

momentum, and planet-building material can fall onto the central star on catastrophically

short timescales [272, 205]. Additionally, laboratory experiments suggest that collisions be-

tween mm- to cm- sized solids tend to result in bounces or destruction, rather than continued

growth [29, 53, 25].

For these reasons, a number of mechanisms to radially concentrate solids in a planet-

forming disk have been proposed to facilitate fast growth from mm to km sizes [124, 171, 15]

in order to surmount these barriers. Interestingly, formation models for the short-period

multiplanet systems revealed by Kepler [78] also seem to require enhanced concentrations of
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planet-building material to reproduce the observed architectures [233, 99].

Regardless of how the mm- to km-sized growth barriers are surmounted, gravity begins

to dominate and aerodynamic gas drag plays an increasingly unimportant role beyond this

size. During this phase, collision cross sections are enhanced as gravitational focusing [240]

acts to bend the trajectories of bodies undergoing close encounters. Because gravitational

focusing becomes more effective as bodies grow larger, a period of runaway growth occurs

[280, 134, 19] and a power law spectrum of masses develop. Eventually, the largest bodies

(known as oligarchs) dynamically heat the remaining planetesimals, severely limiting further

growth [135]. The final outcome of this phase is a bimodal population of dynamically cold

oligarchs, surrounded by dynamically hot, difficult to accrete residual planetesimals. Lines

of evidence suggest that the asteroid belt [33, 191], Kuiper belt [72, 158, 245] and the Oort

cloud [157] are largely composed of the leftovers of this stage of planet formation.

Tidal interactions between protoplanets and the gaseous disk keep eccentricities and in-

clinations low until the gas disk dissipates, typically over the course of a few Myr [175].

Eventually, gravitational perturbations trigger an instability which drives bodies onto cross-

ing orbits. This instability occurs on a timescale of ∼ 105 years and involves large scale os-

cillations of the eccentricity and inclinations of the bodies as they strongly interact through

secular resonances [41]. As a consequence of the instability, the oligarchics are no longer on

isolated, stable orbits and coalesce to form Earth-sized planets through a series of extremely

energetic giant impacts [136, 232, 229].

Due to the relative ease of modeling the early dust coagulation phases and the final giant

impact phase, these steps in the terrestrial planet formation process have received most of

the attention in the literature. The planetesimal accretion phase, which we will focus on in

this chapter, is more difficult and expensive to model because there are too many particles to

directly track with traditional N-body codes, while the gravitational interactions between the

few massive bodies produced by the runaway growth phase [110, 133, 135] render statistical

methods inappropriate. Due to computational expense, N-body simulations of planetesimal

accretion are usually modeled in a narrow ring [134, 135], and the results and timescales are
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then scaled to suit whatever relevant orbital period is being studied. N-body simulations

of terrestrial planet assembly typically begin with a series of neatly spaced oligarchs, whose

mass varies smoothly with orbital period. As we will show in this chapter, oligarchic growth

does not scale to arbitrarily short orbital periods.

Given that Systems of Tightly-packed Inner Planets (STIPs) appear to be a common

outcome of planet formation [146, 166, 238], understanding exactly how solids accumulate at

short orbital periods is crucial. Although gas-disk driven migration of the planets themselves

is often invoked to explain the observed architectures [116, 115], we will focus on an in-situ

model in this chapter. That is, once the planetesimals themselves form, they largely stay

in place, and any subsequent large-scale movement of the solids are the result of mutual

gravitational interactions. The focus of this work will be to understand how the outcome of

the planetesimal accretion process scales with orbital period by using a high-powered N-body

code to directly follow the growth and evolution of the planetesimals across a wide range

of orbital periods (1 to 100 days). In doing so, we will assess whether the typical initial

conditions (fully formed, evenly spaced protoplanets, e.g. [229]) used in studies of terrestrial

planet formation are actually appropriate for understanding STIPs.

In section 4.2 we provide an overview of the theory behind planetesimal accretion and

show that assumptions used to derive the well-known modes of growth are only valid at

sufficiently long orbital periods. We then motivate the need for N-body simulations to

study this problem and describe the code used, along with how our initial conditions were

constructed in section 4.3. In section 4.4, we present a parameter study of planetesimal

accretion using a series of simulations of narrow annuli that exhibit both oligarchic and

non-oligarchic growth. In section 4.5 we present a set of simulations starting with a wide

planetesimal disk and demonstrate that a transition between accretion modes occurs at

moderately small orbital periods. Next, we assess the impact of simplifications made to our

collision model on this result in section 4.6. In section 4.7, we discuss the implications of

this multimodal accretion behavior throughout the disk for planet formation models and

conclude.
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4.2 Overview of Planetesimal Accretion

4.2.1 Oligarchic and Runaway Growth

We begin our analysis by considering a disk of equal mass planetesimals with radius rpl, mass

mpl and surface density Σpl. The collision rate in the vicinity of an orbit defined by Keplerian

frequency Ω can be written as nΓv, where n = ΣplΩ/2mplv (where we have assumed that

the scale height of the planetesimal disk goes as 2v/Ω). Γ describes the effective collision

cross section and v is the typical encounter velocity between planetesimals. For a swarm of

planetesimals on randomly oriented orbits, v is typically taken to be the rms velocity, 〈v2〉1/2,

which can be related to the eccentricity and inclination distribution (e, i) in the following

way [162]: 〈
v2
〉1/2

=
(

5

4

〈
e2
〉1/2

+
〈
i2
〉1/2)

vk. (4.1)

The dynamical interactions between growing planetesimals can be somewhat simplified

by scaling the orbital elements of the bodies by the Hill radius

rh =
(
mpl

3M∗

)1/3

, (4.2)

where M∗ is the mass of the central star. The Hill radius of a body describes the size scale

over which the gravity of the growing planetesimal dominates over the gravity of the star.

Using equation 4.2, the eccentricity, inclination and separation between orbiting bodies can

be defined as

eh =
ae

rh
, ih =

ai

rh
, b̃ =

a2 − a1
rh

. (4.3)

Using this formalism, eh and ih describe the radial and vertical excursions of an orbiting body

in units of its Hill radius. For eh > 1, the random velocity dispersion dominates over the

shearing motion across a separation of 1rh and encounters can be treated with a two-body

formalism.
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Assuming that every collision results in a perfect merger, the growth rate of a planetesimal

is given by
1

M

dM

dt
=

ΣΩ

2mpl

Γ. (4.4)

In the case where the collision cross section depends only on the physical size of the plan-

etesimals, the growth scales sub-linearly with mass and the mass distribution is expected

to evolve in an “orderly” fashion, in which mass ratios between bodies tend toward unity.

However, bodies larger than ∼ 100 km in size are expected to exert a significant gravitational

force on each other during encounters and the collision cross section depends on both the

size of the bodies and their encounter velocities. In this case,

Γ = πr2pl
(
1 + v2esc/v

2
)

(4.5)

[240], where vesc is the escape velocity from the two bodies at the point of contact.

In the limit that vesc � v, it can be shown that dM/dt ∝M4/3, which implies a runaway

scenario where growth accelerates with mass. This mode of growth was confirmed with N-

body simulations by [134] and appears necessary to construct protoplanets within the lifetime

of a protoplanetary disk [161], although one should note that pebble accretion [142, 143, 28]

is a viable alternative scenario. Due to the velocity dependence of the gravitational focusing

effect, it is not clear how ubiquitous this mode of growth is. In particular, encounter velocities

at short orbital periods will be rather large (because v ∼ vk) and the vesc � v condition may

not always be satisfied. The effect that a dynamically hot disk has on runway growth will

be examined in detail in section 4.4.

An important feature is missing from the model described above, which limits its appli-

cability at late times. Gravitational stirring, which converts Keplerian shear into random

motion, raises the typical encounter velocity between planetesimals over time [273, 106] and

diminishes the effectiveness of gravitational focusing. As the mass spectrum of the system

evolves away from uniformity, these velocity differences become even more pronounced. As

the system evolves, it tends toward a state of energy equipartition where v ∼ m1/2. For a

system of equal mass bodies in which encounters are driven by random motions rather than
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Keplerian shear (dispersion dominated), the timescale for gravitational stirring is described

by the two-body relaxation time [110]

trelax =
v3

4πnG2mpl
2 ln Λ

, (4.6)

where ln Λ is the Coulomb logarithm, typically taken to be ≈ 3 for a planetesimal disk

[106, 254]. Despite the fact that the behavior of gravitational stirring is well-described by

a two-body formula, [110] found that the stirring in a planetesimal disk is actually driven

by close encounters, which requires a three-body formalism. As we will show in section 4.4,

gravitational stirring effectively shuts off when the Hill sphere of a body becomes comparable

to its physical size. In this case, close encounters tend to result in collisions, and the main

pathway for energy exchange between planetesimals and growing protoplanets is unable to

operate.

[135] showed that the runaway growth process described above is actually self-limiting.

As the runaway bodies develop, they become increasingly effective at dynamically heating

the remaining planetesimals, which diminishes the gravitational focusing cross sections and

throttles the growth rate. Around the time that the mass of the runaway bodies exceeds the

mass of the planetesimals by a factor of ∼ 50−100 [110] a phase of less vigorous “oligarchic”

growth commences, in which the largest bodies continue to accrete planetesimals at similar

rates, independent of mass.

Regardless of the mechanism that eventually limits the growth of the planetary embryos,

a maximum estimate for the masses produced during this stage of accretion can be obtained

using the initial solid surface density profile. A growing protoplanet will eventually accrete

material within a distance b = b̃rh of its orbit. The total mass of planetesimals within this

distance is then 2πa
(
2b̃rh

)
Σpl, where a is the semimajor axis of the growing protoplanet.

The “isolation mass” of the protoplanet can then be obtained by setting the protoplanet

mass equal to the total mass of planetesimals within accretionary reach such that

Miso = 4πa2b̃
(
Miso

3M∗

)1/3

Σpl. (4.7)
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Solving for Miso gives

Miso =


(
2πa2Σplb̃

)3
3M∗


1/2

. (4.8)

For bodies on circular, non-inclined orbits, b̃ = 2
√

3 is the smallest orbital separation that

produces a non-negative Jacobi energy and permits a close encounter [207]. This value of

b̃ is typically used to calculate the final isolation mass of a protoplanet because oligarchic

growth tends to maintain near-circular orbits for the growing protoplanets.

The picture described above relies upon a crucial assumption, which is that the mass

distribution evolves slowly enough for gravitational stirring to maintain energy equipartition.

In other words, the relaxation timescale must remain short relative to the collision timescale.

For typical conditions near the terrestrial region of the solar system, this timescale condition

is satisfied. Due to the steep dependence of the relaxation time on encounter velocity,

however, this condition can easily be violated at shorter orbital periods.

In figure 4.1, we show the ratio between the relaxation and collision timescale for a

population of equal-mass planetesimals as a function of orbital period. Here, the encounter

velocity is described by equation 4.1. For simplicity, we assume that 〈e2〉1/2 = 2 〈i2〉1/2 [104]

and that the eccentricity dispersion is constant with orbital period. The coloring indicates

the ratio between trelax and tcoll. The dashed lines denote the eccentricity at which the

random encounter velocity (calculated according to equation 4.1) is equal to the mutual

escape velocity of the bodies. This is shown for planetesimals with an internal density of 3

g cm−3 ranging from 10 to 200 km in size.

A physically realistic value of eh for a population of planetesimals is going to depend

on the structure of the gaseous disk (which we will address in section 4.5). However, the

eccentricity dispersion will typically increase over time until 〈v2〉1/2 = vesc and this is often

used to construct the initial conditions (e.g. [19]). Therefore, the curves in this figure should

be interpreted as upper limits.

The timescale criterion for oligarchic growth is only satisfied in regions where the disk is

sufficiently dynamically cold and the orbital period is sufficiently long. In sections 4.4 and
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Figure 4.1: The ratio between the two-body relaxation and collision timescale for a popula-
tion of equal-mass planetesimals with an internal density of 3 g cm−3. The dashed curves
show the value of eh for which the random velocity dispersion is equal to the escape velocity
of the planetesimals for a range of sizes. Only in regions where trelax � tcoll can the velocity
distribution respond to changes in the mass of the bodies such that oligarchic growth can
operate. This condition is no longer satisfied for a dynamically hot disk at sufficiently short
orbital periods.

4.5 we will explore the behavior and outcome of planetesimal accretion in regions where this

criterion is not satisfied.

4.2.2 Planetesimal Size and Extent of Hill Sphere

In the formalism described above, the mass and velocity distribution of the bodies are both a

function of time. Due to the interdependence of these quantities, it is not clear whether the

ratio between the relaxation and collision timescales will remain constant as the oligarchs

develop. In the case of the solar system, trelax � tcoll likely continued to remain true,

otherwise runaway growth would have consumed all of the small bodies and there would be

nothing left to populate the asteroid or Kuiper belt. In the case where tcoll � trelax, however,

it is not clear how the system might evolve.

An insight into the expected behavior in this regime can be gained by defining a dimen-
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sionless parameter, α, which is the ratio between the physical size of a body and its Hill

radius, rh

α =
rpl
rh

=
1

a

(
9M?

4πρpl

)1/3

, (4.9)

where a is the semimajor axis of the body and ρpl is its bulk density. Assuming that the

bulk density stays constant as bodies collide and grow, and that no large-scale migration

occurs, the scaling of both rpl and rh as m
1/3
pl means that α will be constant with time. For

a composition of ice and rock, α is small for any presently populated region of the solar

system (α ∼ 10−2 near Earth and α ∼ 10−4 in the Kuiper belt). As one moves closer to the

sun, α becomes larger than 1, which implies that the Hill sphere of a body becomes smaller

than its physical size. As an additional note, the Roche limit of the central body and the

distance at which α = 1 are equivalent for a rigid spherical body. Applying a hydrostatic

correction to the Roche limit, aRoche ' 0.6aα=1. This accretion mode should therefore be

relevant for ring systems, which is a topic that deserves further study using high resolution

N-body techniques.

The magnitude of α controls the relative importance of gravitational scattering and colli-

sions in driving the evolution of the planetesimal disk. When α is small, most close encounters

will result in a gravitational interaction, moving the system toward a state of relaxation. If,

however, the Hill sphere is largely filled by the body itself, these same encounters will instead

drive evolution of the mass spectrum. Because α stays constant with mass, the boundary in

the disk where collisions or gravitational encounters dominate, will stay static with time.

We also introduce a second dimensionless quantity, which relates the physical size of the

bodies to the velocity state of the system

β =
rpl
rg
. (4.10)

where rg = Gmpl/v
2 is the gravitational radius of a body (see eq 4.1 of [106]). Encounters

between bodies inside of a distance of rg result in significant deflections of their trajectories.

It should be noted that the gravitational focusing enhancement factor v2/v2esc is equal to 1

for β = 1. In the case where rg is smaller than the size of a planetesimal, the gravitational
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Figure 4.2: A diagram detailing how varying the values of α and β affect the geometry of a
two-body encounter. The solid circles represent the physical radius of a body and the dashed
circles represent the Hill radius. As α is increased, the Hill radius and the physical radius
become comparable in size. As β is increased, the trajectory of a passing body for a fixed
impact parameter is bent less and less.

focusing enhancement factor will be between 0 and 1 and the collision cross section is mostly

set by the geometric value. For very large values of rg (β � 1), the effective collision cross

section is almost entirely set by gravitational scattering.

These scaling considerations motivate the range of parameters we choose for the numerical

experiments presented in the next section, where we aim to understand where and when

runaway and oligarchic growth can operate. In figure 4.2, we show a schematic which relates

α and β to the geometry of a two-body encounter. For large values of α, the Hill radius of a

body (dashed circle) becomes comparable to its physical radius (solid circle). As β increases,

the trajectory of a body undergoing a flyby becomes more straight.

4.3 Numerical Methods

We use the tree-based N-body code ChaNGa to model the gravitational and collisional

evolution of a swarm of planetesimals. A full description of the code, along with the details

of the solid body collision module are provided in chapter 1. For all of the simulations
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Figure 4.3: The initial (blue) and final (orange) states of the narrow annulus simulations
described in section 4.4. Relative masses of the bodies are indicated by point size. In the
case of large α, almost no residual planetesimal population remains. Regardless of the initial
choice of β, the protoplanets that form attain similar eccentricities.
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Figure 4.4: The final state of the mass distributions for the narrow annulus simulations
described in section 4.4. For small α, a few embryos form alongside a power law tail of
planetesimals. For larger values of α, the mass distribution stops being bimodal. As in the
previous figure, the initial choice of β does not appear to have any meaningful impact on the
end result.

presented below, we use a node opening criterion of ΘBH = 0.7. When modeling a wide

planetesimal disk which spans two orders of magnitude in orbital period, we implemented a

modified timestep criterion which is based on the perihelion distance of individual particles.

The details of this implementation are described in section 4.5.3.

4.4 Narrow Annulus Simulations

We begin by exploring the outcome of planetesimal accretion in different parts of the (α, β)

parameter space. The choices of α and β are motivated by two questions raised in section

4.2. 1) Does runaway growth still operate when the condition that v � vesc is not satisfied?

2) How does planetesimal accretion proceed when the planetesimals themselves occupy a

significant fraction of their Hill spheres?

To answer these questions, we run a series of simulations in which a narrow annulus of

planetesimals orbits a star. The values of α and β are varied individually. 4000 planetesimals

with individual masses of 8.37 × 10−5M⊕ are placed with semimajor axes drawn from a
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Figure 4.5: Top: The evolution of the ratio between the maximum and mean mass for the
four simulations presented in section 4.4. The runaway growth phase can be identified by a
positive trend in this ratio. For all values of α, an increase in β has the effect of delaying
runaway growth. Bottom: The evolution of the maximum (solid lines) and mean (dashed
lines) shown individually.
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uniform distribution between 0.95 and 1.05 AU about a 1 M� star. In total, the disk contains

∼ 0.33 M⊕ of material. The argument of perihelion, ω, longitude of ascending node, Ω, and

mean anomaly, M, for each body is drawn from a uniform distribution ∈ [0, 2π). The

inclinations and eccentricities are drawn from a Rayleigh distribution with 〈i2〉 = 1/2 〈e2〉

[104].

In the “fiducial” case, we give the bodies a bulk density of 3 g cm−3 (for a radius of 341

km), and 〈e2〉1/2 = 4eh, which corresponds to α = 3.6 × 10−2 and β = 3.4 × 10−3. These

parameters are chosen to match the initial conditions of [135], which gave rise to oligarchic

growth. To vary the value of α, we alter the bulk density of the particles. In the high-α case,

the bulk density is reduced by a factor of ∼ 7100, which produces α = 1. This corresponds

to a bulk density of 4.2 × 10−4 g cm−3 and a radius of 6,500 km. Although this is most

certainly unphysical, the purpose of this modification is to have a planetesimal completely

fills its Hill sphere so that no strong gravitational scattering should occur. To vary β, the

eccentricity dispersion is increased. For the high-β case, 〈e2〉1/2 is increased to 1500eh, which

corresponds to β = 15, 000. This is the largest value of β that permits a particle at 1 AU to

still have an apocenter and pericenter distance that lies within the boundaries of the disk.

This choice of β places the system firmly in the v > vesc regime, while still allowing growth

to occur in a reasonable number of timesteps.

In all cases, the simulations are evolved with a base timestep of 1.7 days, which corre-

sponds to 3% of an orbital dynamical time
√
a3/GM∗. Due to the vastly differing growth

timescales in each case, a simulation is stopped when the growth of the most massive body

flattens out. In figure 4.3, we show the a-e distribution of bodies in the initial (blue) and

final (orange) snapshots from each of the 4 simulations. The size of the points indicates the

relative masses of the bodies. Only with small α (case c, d) does a residual population of

dynamically hot planetesimals develop. The lack of high eccentricity planetesimals (relative

to the protoplanets) in the large α (case a, b) simulations suggests that most encounters

result in accretion rather than scattering. For large β (case b, d), the growing protoplanets

end up in a dynamically cool state, relative with the initial conditions. This is due to kinetic
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energy being lost as particles inelastically collide. One last point we note is the difference

between the eccentricities of protoplanets in the large α, large β (case b) and the small α,

large β (case d) simulation. The dynamically cooler result of the former case is likely due to

the dominant role that inelastic collisions play here.

In figure 4.4, we show the mass distribution of bodies from the final snapshot in each of

the four simulations. In addition to leaving fewer residual planetesimals, the large α (case a,

b) simulations produce embryos that are a factor of a few larger. Despite the vastly different

encounter velocities of each population of bodies, the initial size of β (so long as bodies

remain in the dispersion-dominated regime) appears to have no significant effect on the final

distribution of masses. For reference, the boundary between shear and dispersion-dominated

encounters (eh = 1) lies around e = 4× 10−4 for the planetesimal mass we have chosen. The

eccentricity at which 〈v2〉1/2 = vesc for the planetesimals is around 10−2.

To investigate whether any of these planetesimal rings underwent runaway growth, we

examine the time evolution of the maximum and mean masses in each simulation. The ratio

M/ 〈m〉 is plotted in the top panel of figure 4.5. Here, a positive slope indicates that the

quantities are diverging (i.e. the growth rate is accelerating with mass). This behavior is

evident in all four cases although the small α simulations eventually reach a stage where

the curves turn over as the planetesimal supply depletes. Even with a large β, where the

effective collision cross section is nearly equal to the geometric value, runaway growth still

appears to operate. The ubiquity of the early positive trends in this figure suggests that

as bodies collide and grow, the relative difference in gravitational focusing factors between

bodies is what drives the system towards runaway growth, no matter how close the collision

cross sections lie to the geometric value. Although larger encounter velocities lengthen

the growth timescales, runaway growth appears to be inevitable, so long as gravity is the

dominant force in the system. For large α (case a, b), the curves in this figure eventually

turn over and begin to decline. In the bottom panel of figure 4.5, we separately show the

evolution of the maximum (solid lines) and mean (dashed lines) mass for each case. Here, it

is evident that the turnover in M/ 〈m〉 is driven by an increase in the average mass as the
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planetesimal population becomes depleted. For small α, one would expect that planetesimal

accretion should also eventually come to a halt as the growth timescale lengthens due to

the planetesimal surface density decreasing and the residual bodies being scattered onto

high eccentricity orbits with negligible gravitational focusing factors. Many more timesteps,

however, would be required to reach this point.

Additionally, these results suggest that the value of α, which is a function of only the

initial conditions, controls the qualitative outcome of accretion. Across most of a planet-

forming disk, α is small, and frequent gravitational encounters between the growing bodies

will facilitate oligarchic growth. In the dispersion-dominated regime, close encounters drive

the stirring between planetesimals and embryos [273, 106]. When α � 1, the Hill sphere of

a body is mostly empty space and the majority of close encounters result in viscous stirring,

rather than accretion. In the opposite regime, we observe that runaway growth still occurs,

but nearly all of the planetesimals are consumed by the forming protoplanets, rather than

being scattered onto higher eccentricity orbits, where they would otherwise remain as a

remnant of the early stages of planet formation [135, 138].

4.5 Full Disk Simulation

4.5.1 Initial Conditions

Motivated by the qualitative dependence of accretion on α, we next investigate whether

this highly efficient, non-oligarchic growth should be expected to operate near the innermost

regions of a typical planet-forming disk. Given that N-body simulations of short-period

terrestrial planet formation typically begin with a chain of neatly-spaced, isolation mass (see

[138] eq. 20) protoplanets, it is pertinent to determine whether the high α growth mode we

revealed in the previous section invalidates this choice of initial conditions.

Given the dearth of short-period terrestrial planets observed around M stars (e.g. TRAPPIST-

1 [84, 85, 3]), we chose to model the evolution of a series of wide planetesimal disks, which

span from 1 to 100 days in orbital period, orbiting a late-type M star of mass 0.08 M�.
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For a population of planetesimals with a bulk density of 3 g cm−3, this orbital period range

corresponds to α ∈ (0.7, 0.05). By simultaneously modeling a broad range of orbital pe-

riods, we can determine the critical value of α that divides these two modes of accretion,

and also explore how the oligarchic/non-oligarchic accretion boundary affects the resulting

distribution of protoplanets.

Four wide-disk simulations are run in total (see table 4.1). In each case, the solid surface

density follows a power law profile

Σ(r) = 10 g cm−2 × A
(
M∗
M�

)(
r

1 AU

)−δ
(4.11)

where M∗ is the mass of the central star, 10 g cm−2 is the surface density of the minimum-

mass solar nebula [100, MMSN] at 1 AU, A is an enhancement factor and δ is the power law

index. In the first case (fdHi), we model a disk that follows a MMSN power law slope (δ =

1.5), with the overall normalization enhanced by a factor of 100. This choice of normalization

for the solid surface density profile appears necessary in order to reproduce many observed

short period terrestrial worlds in-situ [99]. The most current planetesimal formation models

all involve streaming instabilities triggered by solid material concentrating at preferential

locations in the disk. This can occur via zonal flows [125, 249], vortices [132], or through

mechanisms that produce a pressure bump in the gas disk, such as an ionization [171] or

condensation front [34, 71], or even the perturbations from an existing planet [246]. [70]

showed that evolution of the snow line boundary can cause planetesimal formation over a

significant area of the disk, producing mass concentrations at least as large as the ones we use

here. We argue that this is a particularly attractive mechanism for widespread planetesimal

formation around low-mass stars, as their extreme pre-main sequence evolution is particularly

conducive to significant movement of the condensation fronts [17].

Additionally, we vary the power law index (fdHiShallow, fdHiSteep) and overall normal-

ization (fdLo) of Σ(r). Although there is no way to reliably measure the uncertainty on the

MMSN power law slope, [47] applied a similar analysis to a sample of Kepler multiplanet

systems and found a variation of ∼ 0.2. Sub-millimeter observations of the outer regions of
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cold protoplanetary disks find that δ can be as low as 0.5 [199, 7, 8]. Therefore, we vary δ by

a value of 1.0 relative to the MMSN value for the fdHiShallow and fdHiSteep simulations.

In all cases, the eccentricities and inclinations of the bodies are randomly drawn from

a Rayleigh distribution, with 〈e2〉1/2 = 2 〈i2〉1/2 = eeq [110]. Following [135], the value of

eeq is chosen such that the timescales for viscous stirring and aerodynamic gas drag on the

planetesimals are in equilibrium. Although this approach assumes that these two mechanisms

are in balance, there is nothing preventing planetesimal accretion from getting underway

before the disk is sufficiently hot to be limited by gas drag. However, as we showed in the

previous section, the initial dynamical state of the planetesimals does not seem to affect the

outcome of accretion, so it is safe to assume that the resulting distribution of protoplanets

would remain unchanged had we started with a colder disk. The viscous stirring timescale

is given by [110] as

tvs =
〈e2〉

d 〈e2〉 /dt
≈ 1

40

(
Ω2a3

2Gmpl

)2
4mpl〈e2〉2

Σa2Ω
, (4.12)

where Ω, a and e are the orbital frequencies, semi-major axes and eccentricities of the

individual planetesimals, respectively. In the Stokes regime, where the mean-free path of the

gas is much smaller than the solid particles, the gas can be treated as a fluid and the drag

timescale is given by [1] as

ts =
2mpl

CDπr2plρgvg
, (4.13)

where CD is a drag coefficient of order unity, ρg is the local gas volume density and vg

is the headwind velocity of the gas experienced by the planetesimal. The local gas volume

density is given by

ρg =
Σg√
2πhg

exp
[
−z2/

(
2h2g

)]
, (4.14)

where Σg is the gas surface density (taken to be 240 times the solid surface density [100],

hg = cs/Ω is the local gas scale height and z is the height above the disk midplane. The

sound speed profile is given by cs =
√
kBT (r)/ (µmH), where kB is Boltzmann’s constant,
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T (r) = T0 (r/1AU)−q, µ = 2.34 and mh is the mass of a hydrogen atom. For a protoplanetary

disk around a typical M star, T0 = 148 K and q = 0.58 [6].

Finally, the headwind velocity of the gas, due to the fact that the gas disk is pressure

supported, is given by

vg = vk

[
1−

√
qc2s/v

2
k

]
, (4.15)

where vk is the local Keplerian velocity (see eq. 4.30 of [11]). As in section 4.4, the argument

of perihelion ω, longitude of ascending node Ω, and mean anomaly M for the planetesimals

are drawn from a uniform distribution ∈ [0, 2π).

One should note that this choice for the gas disk profile almost certainly does not capture

the wide range of possibilities in real planet-forming disks. On one hand, a larger initial

gas surface density could act to completely remove solids via radial drift, rendering in-situ

accretion of solids impossible. On the other hand, a more tenuous gas disk might render

aerodynamic drag forces completely unimportant. In this case, the random velocity of the

initial planetesimals should be close to their mutual escape velocity. As we showed in section

4.4, the initial dynamical state of the solids seems to have a very minimal effect on the final

outcome of planetesimal accretion. In a similar vein to [99], we choose to use a MMSN-like

profile for the gas disk and instead vary the solid surface density profile to capture the range

of mechanisms that might have acted to facilitate planetesimal formation in the first place.

4.5.2 Gas Drag Force

In addition to the mutual gravitational forces, a Stokes drag force due to the the gas disk

is applied to each particle, following the prescription described in section 2.2.1 of [197].

For the initial mass planetesimals, the Stokes number (St = tsΩ) at the inner and outer

disk edge is roughly 2 × 105 and 107, respectively. For ts � 1, bodies are decoupled from

the gas and are only weakly affected by it. Because ts ∼ m1/3, the Stokes number grows

as planetesimal accretion proceeds, and the drag force plays an increasingly minor role.



120

Although the aerodynamic gas drag is not expected to significantly alter the final protoplanet

distribution, we include its effects here to be self-consistent with the initial conditions, which

were constructed by balancing the effects of viscous stirring with gas drag.

4.5.3 Timestepping Criterion

In the case of the fdHi simulation, there are nearly 1 million particles, whose orbital periods

vary by two orders of magnitude. Because the interaction timescales near the inner edge

of the disk are exceedingly short, a fixed timestep size would required a prohibitively large

number of steps to follow planetesimal growth throughout the entire disk. For this reason,

we use a multi-tiered timestepping scheme, in which particles are placed onto the nearest

power of two timestep based on their most recently calculated gravitational acceleration.

This scheme is used on almost all works using ChaNGa, and is common among large-scale

simulation codes.

This more efficient scheme introduces two issues, however. Firstly, momentum is not

completely conserved when bodies switch timestep tiers. The error introduced becomes par-

ticularly severe for a particle on an eccentric orbit, whose perihelion and aphelion distances

straddle a timestep boundary. For a large collection of particles, this problem manifests itself

as the development of a V-shaped gap in the a-e plane, centered on the boundary itself. To

correct this problem, we introduce a slightly modified timestepping criterion, which is based

on the expected gravitational acceleration of the particle at pericenter. Only in the case of a

close encounter with another planetesimal (in which the acceleration is no longer dominated

by the star) is the timestep allowed to reduce based on the original instantaneous criterion.

A second issue is introduced when two particles on different timesteps undergo a collision.

As in the previous case, momentum is not completely conserved because the most recent ‘kick’

steps did not happen simultaneously for these bodies. Early in the simulation, we find that

this problem tends to trigger runaway growth at the timestep boundaries first. This issue

carries itself forward through the embryo formation phase, and protoplanets tend to form

at the boundaries. To correct this issue, we ignore collisions between bodies on different
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Figure 4.6: The final state of the fdHi simulation. In the top panel, the contours denote the
initial period-eccentricity distribution of the planetesimals. Point sizes indicate the relative
masses of bodies at the end of the simulation. In the bottom panel, we show the feeding zone
width (see equation 5.2) required to produce the final masses of the bodies. The dashed line
indicates the feeding zone size expected for bodies on circular orbits. For the shorter period
bodies, the feeding zone size exceeds this expected value, which indicates that oligarchic
growth is not operating here. This boundary occurs near roughly 60 d in orbital period.

timesteps early in the simulation. We find that preventing multi-timestep collisions until

after the maximum mass grows by a factor of 10 prevents any artifacts from developing

at the timestep boundaries, while also minimizing the number of ‘skipped’ collisions. In

the case of the fdHi simulation, only about 20 collisions out of an eventual 900,000 are

ignored. To verify that this timestepping scheme does not affect protoplanet growth, we

tested an annulus of growing planetesimals with both fixed steps and our two-phase variable

timestepping scheme. The results of these tests are shown in section 4.8.
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Figure 4.7: The time evolution of the planetesimal surface density (in units of the total solid
surface density) in the fdHi simulation. Each curve represents a radial slice of the disk. The
time is measured in units of the local accretion timescale at the center of each radial zone.
The colors represent the orbital period at the center of each zone.

Table 4.1: Summary of Full Disk Simulations

Simulation Name mpl[M⊕] Npl A δ MPP [M⊕] Tint[yr] Tint,1[yr]

fdHi 8.37× 10−6 903,687 100 1.5 1.00 456 16,377

fdHiSteep 8.37× 10−6 903,687 100 2.5 1.19 456 16,377

fdHiShallow 8.37× 10−6 903,687 100 0.5 1.08 456 16,377

fdLo 8.37× 10−6 45,185 1 1.5 1.77× 10−3 3,713 133,651

Note: A summary of the four ‘full disk’ simulations presented in section 4.5. mpl and Npl

are the initial masses and number of planetesimals. A and d is the initial power law

normalization and slope of the solids in the disk. MPP is the maximum protoplanet mass

at the end of the simulation and Tint is the amount of time each simulation was integrated.

Tint,1 is the integration time scaled by a factor of f 2, which accounts for the fact that the

accretion timescale has been shortened by the inflated collision cross sections.
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Figure 4.8: The final state of the full disk simulations listed in table 4.1. Point sizes indicate
mass relative to the largest body in each simulation.
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Figure 4.9: Feeding zone width (see equation 5.2) required to produce the final masses for the
protoplanets from the simulations listed in table 4.1. For the fdHi, fdHiSteep and fdHiShallow
simulations, we have included the results from five separate iterations of the simulations, each
using a different random number seed. The horizontal dashed line indicates b̃ = 2

√
3. Despite

the vastly different initial solid surface density profiles, the feeding zone width reaches the
circular orbit value around ∼ 60 days in all cases.
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4.5.4 Results

The timescales for embryo formation depend on the chosen surface density profile, along with

the local orbital timescale. Protoplanets form first at the inner edge of the disk, where the

dynamical timescales are short. Growth proceeds in an inside-out fashion, with the outermost

regions of the disk completing the protoplanet assembly phase last (as an example, see figure 1

of [136]). This radial timescale dependence is not typically accounted for in planet formation

simulations a notable exception being [75, 76], and appears to be an important component to

forming realistic solar system analogs [52]. As with the narrow annulus simulations, we stop

the integration once the masses of protoplanets in the outermost region of the disk reach a

steady value. In table 4.1, we summarize the outcomes of the four “full disk” cases.

We show the final state of the “fdHi” simulation in figure 4.6. In the top panel, the

initial (contours) and final (points) state of the simulation is shown in the orbital period-

eccentricity plane. The size of the points indicates the relative mass of the bodies. In the

bottom panel, the final masses of the bodies (in units of feeding zone size b̃) are shown as a

function of orbital period. The y-values in the bottom panel of figure 4.6 are calculated by

solving equation 5.2 for b̃, and inputting the initial surface density and final particle mass

into the expression. In other words, b̃ is describing the size of the annulus that must be

cut out of the planetesimal disk in order to produce a protoplanet of the current mass. By

plotting the derived value of b̃ as a function of orbital period, differences in the dynamical

interactions at different locations of the disk are made more clearly visible. The feeding

zone size b̃ = 2
√

3 permitted by bodies on circular, non-inclined orbits [207] is shown by the

horizontal dashed line. In typical oligarchic growth simulations [135], protoplanets tend to

space themselves apart by b̃ = 10, although it should be noted that they do not consume all

of the planetesimals within this distance.

A qualitative shift in the protoplanet and planetesimal distribution is visible inside of ∼

60 days. Interior to this location, there are very few remaining planetesimals and the em-

bryos formed have larger feeding zones. Exterior to the boundary, the residual planetesimal
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population is much more visible, and protoplanets more closely follow the b̃ = 2
√

3 line. This

suggests that the transition between the low α and high α accretion modes seen in section

4.4 is happening near this location.

In section 4.4, we postulated that the increased importance of inelastic damping in the

inner, non-oligarchic growth region of the disk should lower the overall eccentricity of the

protoplanets there. This behavior is not immediately apparent in the top panel of figure 4.6.

In fact, the opposite appears to be true. There are, however, a couple of factors in the wide

disk simulations that could make this extra dynamical cooling mechanism difficult to see.

Firstly, the initial eccentricity distributions of the inner and outer disk are different because

of the dependence of the viscous stirring and gas drag timescales on orbital period. The mean

eccentricity at the outer disk edge is 4x larger than at the inner disk edge. Additionally, the

protoplanet formation timescales for the inner and outer disk are vastly different, making a

comparison between these regions at the same moment in time somewhat inappropriate. A

quick back of the envelope calculation yields 〈e2〉1/2 = 0.05 for a population of ∼ 1M⊕ bodies

with a random velocity dispersion equal to their mutual escape velocity. It is therefore likely

the case that the innermost protoplanets have had ample time to self-stir.

To ensure that the boundary seen around 60 days in orbital period is not simply a tran-

sient product of the inside-out growth throughout the disk, we examine the time evolution

of σ/Σ, which compares the planetesimal and total solid surface density at multiple orbital

periods. In figure 4.7, the value of σ/Σ is plotted as a function of time in 10 orbital period

bins, each with a width of 10 days. To determine whether the evolution of the planetesimal

surface density behaves self-similarly across the disk, we normalize the time values in each

bin by the local accretion timescale at the beginning of the simulation, which is given by

tacc = (nΓv)−1 =

(
Σ0Ω

2mpl

Γ

)−1
, (4.16)

where we have assumed the local number density of particles n is set by the surface density

and the local scale height of the disk (see section 4.2). The effective collision cross section is

set by gravitational focusing and is given by equation 4.5.
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The color of the curves indicate the orbital period bin which is being measured. From

about 40 to 100 days in orbital period, the planetesimal surface density follows a similar

trajectory as accretion proceeds. Interior to about 40 days, σ actually decays more slowly.

In other words, growth is actually fueled less vigorously by planetesimals in this region. This

highlights the fact that accretion proceeds in a qualitatively different way in the inner disk.

For the outer disk, gravitational focusing tends to facilitate collisions between protoplanets

and preferentially smaller bodies. At short period, however, all close encounters result in a

collision, regardless of mass. In a rather counterintuitive fashion, planetesimals in the inner

disk actually persist for longer. In section 4.5.5, we examine the assembly history of the

embryos and show that there is much less of a preference for planetesimal-embryo collisions

at short period as well.

In the inner disk, this value asymptotes to zero as the planetesimal population entirely

depletes. In the outer disk, dynamical friction between the embryos and planetesimals even-

tually throttles subsequent accretion and leaves ∼ 10 percent or more of the mass surface

density as planetesimals. It should be noted that in a typical oligarchic growth scenario,

where protoplanets space themselves apart by 10 rh and settle onto circular orbits (giving

b̃ = 2
√

3), roughly 30 percent (2
√

3/10 ' 0.3) of the planetesimals should remain out of

reach of the protoplanets.

Next, we investigate how the resulting planetesimal and protoplanet distribution changes

as we vary the initial solid surface density profile. The final orbital period-eccentricity state

of the particles in the fdHi, fdHiSteep, fdHiShallow and fdLo simulations are shown in figure

4.8, with point sizes indicating the relative masses of the bodies. In all cases, the inner disk

is largely depleted of planetesimals, while the outer disk contains a bimodal population of

planetesimals and embryos, with a clear separation in eccentricity between the two. Despite

having significantly different masses, the semimajor axis-eccentricity distributions of the

planetary embryos formed in all simulations are remarkably similar. This is likely due to

the fact that inelastic collisions play a more significant role where the solid surface density

is highest, which offsets the fact that the initial bodies started off in a dynamically hotter
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state (due to the increased effectiveness of viscous stirring). The only exception to this is the

fdLo simulation, where the resulting eccentricities are a couple orders of magnitude smaller.

Inelastic damping likely plays an even more significant role here, due to the much larger

masses of the initial planetesimals.

In figure 4.9, we plot the masses of the resulting protoplanets and planetesimals in all four

simulations in units of b̃ (see equation 5.2). To make the trend between b̃ and orbital period

more clear, we ran four more versions of the fdHi, fdHiSteep and fdHiShallow simulations

using different random number seeds and included these in the figure as well. As mentioned

previously, b̃ = 2
√

3 (indicated by the horizontal dashed line) is the feeding zone width that a

body on a circular orbit will have. In all four simulations, the feeding zone width exceeds the

minimum value in the inner disk and approaches 2
√

3 around ∼ 40 to 60 days. The orbital

periods at which this transition occurs are quite similar between simulations, despite the

vastly different solid surface density profiles used. This indicates that the boundary between

accretion modes is driven entirely by the local value of α, and also supports our conclusion

that planetesimal accretion is largely complete everywhere in the disk.

4.5.5 Assembly History of Embryos

Further insight regarding the difference between the short vs long period accretion modes can

be gained by looking at the growth history of the planetary embryos. Because all collisions

are directly resolved by the N-body code, a lineage can be traced between each planetary

embryo and the initial planetesimals. For the fdHi, fdHiSteep and fdHiShallow simulations,

protoplanets gain a factor of ∼ 106 in mass relative to the initial planetesimals. For the

fdLo simulation, this growth factor is nearly a thousand times smaller, which produces

rather shallow and noisy collision histories. For this reason, we choose to exclude the fdLo

simulation from our analysis in this section.

We begin by investigating the “smoothness” of the accretion events that give rise to each

embryo. Drawing from a common technique used for cosmological simulations of galaxy

formation, we divide growth events for a given body into “major” and “minor” mergers
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[127, 200, 159]. Here, we define minor events as any collision involving an initial mass

planetesimal, while major events consist of a merger between any two larger bodies. In

figure 4.10, we retrieve the collision events for all bodies in all five iterations of the fdHi,

fdHiSteep and fdHiShallow simulations and plot the total mass fraction attained through

minor merger (smooth accretion) events as a function of the final mass of the body. Here,

we define a minor merger to be any collision involving a planetesimal with m < 100m0. The

color of the points indicates the final orbital period of the body. Beyond ∼ 20 to 30 days

in orbital period, minor mergers make up a significant fraction of the final mass of a body.

Interior to this, the smooth accretion fraction drops significantly and the mass contribution

to minor mergers can vary by over an order of magnitude.

The variation in smooth accretion fraction with mass for the short period bodies suggests

that the planetesimal and embryo populations interact differently than those in the outer

disk. Exterior to the accretion mode boundary, the growing embryos continue to accrete

planetesimals while avoiding each other as they near their final mass. Inside the boundary,

however, any and all bodies collide with each other, and the occasional embryo-embryo colli-

sion tends to dominate growth and drive down the smooth accretion fraction. Gravitational

scattering between embryos and planetesimals is a key ingredient for orbital repulsion [135],

and so a lack of gravitational scattering in the inner disk should prevent the embryos from

settling onto neatly-spaced, isolated orbits. As we showed in figure 4.9, the embryos in the

inner disk appear to reach well beyond the typical feeding zone size predicted by an oligarchic

growth model. Figure 4.10 suggests that the extra mass here obtain comes from mergers

with the other nearby embryos.

Another line of evidence pointing to a lack of gravitational scattering and orbital repulsion

in the inner disk can be seen in figure 4.11. Here, we measure the initial orbital period

distribution of bodies used to construct each embryo and calculate its mean 〈Pacc〉. Point

sizes indicate the relative final masses of bodies. As in the previous figure, we have included

data from all five versions of the fdHi, fdHiSteep and fdHiShallow simulations. For each

body, this quantity is then compared with its final orbital period. In this figure, bodies
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Figure 4.10: For all bodies with m > 100m0 at the end of the high surface density simulations,
the fraction of their total mass attained through mergers with initial mass planetesimals
(smooth accretion) as a function of total mass. Colors indicate the orbital periods of the
bodies in the final simulation snapshot. Bodies interior to ∼ 20 to 30 days attain up to
an order of magnitude less of their mass through minor merger events, while accretion of
planetesimals plays a much more significant role at longer orbital periods.
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Figure 4.11: The relative separation between the final period of a body and the mean orbital
periods of its accretion zone at the end of the fdHi, fdHiSteep and fdHiShallow simulations.
The marker type and color denotes the simulation used, while the marker sizes indicate the
relative masses of bodies. In each case, all five iterations of the simulations are plotted
simultaneously.

that closely follow the gray dashed line still reside close to their initial feeding zones. On the

other hand, bodies further from the dashed line must have experienced a strong gravitational

scattering event during or after their accretion has completed. For all of the high surface

density simulations, the accretion zones and present positions of the embryos appear to

diverge beyond ∼ 20 days in orbital period.

Coupled with the strong decrease in smooth accretion fraction for bodies in this region

(seen in figure 4.10), it appears as if the relative importance of collisions and gravitational

scattering seems to shift around ∼ 20 days. For the shortest period bodies, growth events

are sudden and stochastic, often involving collisions between bodies of comparable mass.

For longer period bodies, a significant amount of growth is driven by accretion of smaller

planetesimals. We postulate that this qualitative difference is driven by the role that embryo-

embryo close encounters play in the inner and outer disk. In the inner disk, these encounters

tend to result in a merger, which drives down the smooth accretion fraction. In the outer

disk, these encounters tend to result in a scattering event which moves bodies away from
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their initial feeding zones. We find that the accretion zone shapes for the longer period

bodies are also much more smooth and unimodal, which suggests that scattering tends to

occur after accretion has largely completed.

4.6 Simplifying Assumptions

4.6.1 Collision Cross Section

In all cases shown so far, the boundary between the oligarchic growth and the highly-efficient

short period accretion region lies between 40 and 70 days in orbital period. As discussed

in section 4.2.2, the mode of accretion is set entirely by the local value of α, which scales

with both distance from the star and the bulk density of the planetesimals (see equation

4.9). Because we chose to artificially inflate the collision cross section of the particles in our

simulations by a factor of f , the bulk densities of the particles are reduced, and the accretion

boundary is shifted outward. However, the scaling relation between α and ρ (α ∼ ρ
−1/3
pl )

can be used to predict where this accretion boundary should lie in a disk with realistic-

sized planetesimals. The simulations presented in this chapter use a collision cross section

enhancement factor of 6, which moves the boundary outward in orbital period by a factor

of approximately 15 (For a fixed value of α, equation 4.9 gives a ∼ rpl ∼ f and therefore

Porbit ∼ f−3/2). One would therefore expect the accretion boundary to lie between 3 and 5

days in orbital period for 3 g cm−3 bodies.

Although a simulation with f = 1 is not computationally tractable, we can test whether

the accretion boundary moves in the way we expect by modestly changing the value of f .

In figure 4.12, we compare the fdHi simulation to a nearly identical run using f = 4. In the

top panel, we show the feeding zone width required for each particle to attain its present

mass. As in figure 4.9, we indicate the feeding zone size expected for oligarchic growth with

a horizontal dashed line. In the bottom panel, the value of α as a function of orbital period

is shown for 3 g cm−3 bodies with an artificial radius enhancement of f = 1, 4 and 6. The

horizontal dashed line indicates the empirical value of alpha below which the accretion mode
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Figure 4.12: In the top panel, we show the required feeding zone sizes to produce the masses
of the bodies seen at the end of the fdHi and fdHif4 simulations. The bottom panel shows
the variation of α with orbital period for the bodies used in each case (solid curves). The
orbital period at which α ' 0.1 matches well with the location at which b̃ exceeds 2

√
3 This

is highlighted by the vertical dashed lines. The shaded region in the bottom panel show the
values of alpha for realistic-sized (f = 1) planetesimals with bulk densities between 10 and
1 g cm−3.

switches to oligarchic. Comparing the top and bottom panels, the intersection of the feeding

zone width seen in our simulations and the feeding zone width predicted by oligarchic growth

matches well with the orbital period at which α ∼ 0.1 for both values of f . Also shown by

the shaded region are the expected α values for realistic-sized bodies with ρpl between 1 and

10 g cm−3. Although the removal of the cross section enhancement greatly reduces the size

of the non-oligarchic region, it still should be expected to cover a portion of the disk where

planetesimals might be expected to form [198] for a wide range of ρpl.
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Figure 4.13: A comparison between the innermost region of the fdLo (orange) simulation,
and a second version using a bounce- merge collision model (green). In the top panel, the
period-eccentricity state of the particles is shown, with marker sizes indicating relative mass.
The blue points represent the initial state of the simulations. The bottom panel compares
the final differential mass distributions of the bodies.

Figure 4.14: The evolution of the ratio between the maximum and mean mass of the simula-
tions shown in figure 4.13. In both cases, the system first evolves through a phase of runaway
growth, before the massive bodies consume the smaller bodies, driving down the mean mass.
With the bounce-merge model, the mass ratio takes much longer to begin decreasing.
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4.6.2 Collision Model

For the simulations presented in this work, every collision results in a perfect merger between

pairs of bodies, with no loss of mass or energy. Although simpler and less computationally

expensive to model, allowing every collision to produce a perfect merger might result in overly

efficient growth, particularly in the innermost region of the disk where the encounter velocities

are largest. Given that we have just shown that a distinctly non-oligarchic growth mode

emerges in the inner disk when the collision timescale is short relative to the gravitational

scattering timescale, one might be concerned that a more realistic collision model would act

to lengthen the growth timescale enough for this condition to no longer be true. In the outer

regions of the disk where oligarchic growth still operates, more realistic collision models have

been shown to simply lengthen the timescale for planetary embryos to form [281, 151]. A

proper way to handle this would be to allow for a range of collision outcomes, based on

a semianalytic model (see [153]). However, resolving collisional debris, or even prolonging

growth by forcing high-velocity pairs of bodies to bounce is too expensive to model, even

with ChaNGa.

To test whether a more restrictive collision model should alter the growth mode of the

inner disk, we ran a smaller scale test using a more restrictive collision model. In this case, a

collision can result in one of two outcomes: if the impact velocity is smaller than the mutual

escape velocity of the colliding particles, defined as

vmut,esc =

√
2G(m1 +m2)

r1 + r2
, (4.17)

where m1,m2 and r1, r2 are the masses and radii of colliding particles 1 and 2, then the

bodies merge. For impact velocities larger than vmut,esc, no mass is transferred, and the

bodies undergo a completely elastic bounce. Because the accretion outcome is all or nothing,

this model should restrict growth more than a partial accretion model [153]. Below, we will

show that the bounce-merge model does not meaningfully affect the outcome of the inner

disk’s planetesimal accretion phase, and so a more realistic partial accretion model should

do the same.
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To compare the outcome of the two collision models, we have chosen to use the initial

conditions from the fdLo simulation, but have truncated the disk beyond 3 days in orbital

period. This offsets the increased computational cost of the more restrictive collision model,

while still allowing the disk to evolve in the region where mergers would be most difficult

to achieve. For the initial conditions we have chosen, the typical encounter velocity (defined

by venc = 〈e2〉1/2 vk, where vk is the local Keplerian velocity) is about 25 percent larger than

vmut,esc. Because the encounter velocities follow a Gaussian distribution, there should still be

a small subset of collisions that still meet the merger criteria to occur early on. In addition,

vmut,esc becomes larger as the bodies grow and the merger criteria should become easier to

meet as the system evolves. For these reasons, one would expect the inhibition of growth

due to the more restrictive collision model to be temporary.

In figure 4.13, we compare the outcomes of the simulations, one with mergers only (shown

in orange) and one with the bounce-merge model (shown in green). The blue points in

the top panel show the initial conditions used for both cases. Although the bounce-merge

simulation takes much longer to reach the same phase of evolution, the resulting orbital

properties are indistinguishable from the merger-only case. Performing a Kolmogrov-Smirnov

test on the two mass distributions yields a p-value of 2 × 10−5, which tells us that the two

mass distributions are quite firmly statistically different. If we remove the initial mass

planetesimals, a KS test yields a p-value of 0.1. We conclude that the embryo populations

are nearly indistinguishable, while the bounce-merge model produces a small amount of

residual planetesimals.

To investigate the differences in growth between the two collision models early on, we

show the time evolution of the ratio between the maximum and mean mass in figure 4.14.

In both cases, this ratio first increases, which indicates that runaway growth still operates,

regardless of the collision model used. In the bounce-merge case, the mass ratio peaks at

a higher value, while also undergoing a longer runaway growth phase. This suggests that

the mass distribution becomes much less unimodal during this growth process, but as figure

4.13 shows, this does not affect the resulting embryos or allow for a residual planetesimal
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population.

As a final note, [48] found that a more realistic collision model also enhanced radial

mixing in their simulations. Upon calculating the planetesimal accretion zones using the

same method as was done to produce figure 4.11, we find that the embryos in the bounce-

merge simulation annulus do have modestly wider accretion zones than those produced in

the merger-only simulation.

4.7 Summary and Discussion

In this work, we have demonstrated that planetary embryo growth can simultaneously oper-

ate in two distinct modes in a planet-forming disk. In the first mode, gravitational feedback

from the growing embryos heats the remaining planetesimals and results in a dynamically

cold population of embryos with a modest amount of residual planetesimals. This corre-

sponds to the “oligarchic growth” case revealed by [135], which is often used as a starting

point for late-stage accretion models (e.g. [136, 232, 229]). In the second mode, the gravita-

tional feedback does not play a significant role, embryos quickly sweep up all planetesimals,

and grow larger and less uniformly spaced than those produced by oligarchic growth.

We have demonstrated the outcome of both accretion modes through a simple parameter

study using a narrow annulus of planetesimals (section 4.4). The initial planetesimal distri-

bution can be described in terms of two dimensionless constants, α and β, which describe the

ratio between the physical radius of the planetesimals and the Hill (rh) and gravitational (rg)

radius, respectively. For a fixed planetesimal composition, α scales with the orbital period

and β scales with the level of dynamical excitation of the disk. We showed that α� 1 leads

to oligarchic growth, while an α close to unity produces this newly revealed non-oligarchic

growth mode (see figure 4.3). Within this non-oligarchic mode, we find that the resulting

masses and eccentricities of the embryos come out very similar, regardless of the initial value

of β.

So long as the density of the bodies do not significantly change as their mass distribution

evolves, this ratio is set entirely by the distance from the star. Because both the physical
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and Hill radii of the bodies grows as M1/3, the growth mode boundary remains stationary

in the disk during the planetesimal accretion process.

We have verified that the growth boundary location does not strongly depend of the solid

surface density distribution by testing the outcome of the planetesimal accretion process for a

variety of solid profiles. Although altering the surface density does affect the resulting masses

of the embryos, the location of the boundary separating the growth modes is remarkably

similar among all of our simulations. In addition, the sizes of the feeding zones, along with

qualitative differences in the accretion history of embryos on both sides of the boundary

(see figures 4.10 and 4.11) provide further evidence to suggest that oligarchic growth is not

operating in the inner disk.

Finally, we have examined how our assumption of perfect accretion, along with the col-

lision cross section enhancement used, might alter our results. We verified that these mod-

ifications, meant to make the simulations less computationally expensive, would still allow

for the emergence of this non-oligarchic growth mode. We showed that a much more restric-

tive collision model, in which only low-velocity collisions produce a merger, still allows for

this growth mode to occur at the innermost part of the disk, where encounter speeds are

most vigorous. In a real planet-forming disk, partial accretion events should allow growth

to happen more quickly than what was seen in this test case (see figure 8 of [152]), so this

growth mode should certainly still occur. We also showed that the collision cross section

enhancement moves the accretion boundary outward. We verified this by deriving a scal-

ing relation between the boundary location and the bulk density of the planetesimals, and

showing that the boundary moves to the predicted location when running a simulation with

a slightly smaller inflation factor. For rocky planetesimals with a realistic bulk density, 3 g

cm−3, our results suggest that this boundary should lie around 5 days in orbital period.

4.7.1 Connections to Satellitesimal Accretion

To date, there have been no other studies of planetesimal accretion with such a large value

of α. Typically, it is assumed that α� 1 (e.g. [168]), which is certainly true for material at
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and beyond the Earth’s orbit. However, a value of α = 1 corresponds to the Roche limit of a

three-body system, and so one might wonder this high-α accretion mode might be relevant

for a circumplanetary accretion. There is a collection of previous works which use N-body

methods to examine in-situ satellitesimal accretion [108, 237, 140, 111], although some of

these simulations involve a complex interaction between spiral density waves formed inside

of the Roche limit and the material exterior to it, making the dynamics driving accretion

distinctly non-local, in contrast to what we have presented in this work. [108] was able to

form 1-2 large moons just exterior to the Roche limit, depending on the extent of the disk

with very little satellitesimal material left over. The widest disk they modeled extended

out to α = 0.5. Qualitatively, this result is very similar to the short period planetesimal

accretion mode observed in our simulations. [111] modeled a much wider satellitesimal disk,

which extends out to about α ≈ 0.05. Inside to the α = 0.1 accretion boundary (which lies

near 15 planetary radii in figure 1 of [111]), bodies grow beyond the isolation mass, while

the opposite is true on the other side of the boundary. In addition, a residual population of

satellitesimals is still present beyond the boundary, which suggests that oligarchic growth is

indeed operating only on the far side.

Presently, the implications that this non-oligarchic accretion mode has for the forma-

tion of short-period terrestrial planets, and whether the accretion boundary would leave

any lasting imprint on the final orbital architecture, is unclear. The extreme efficiency of

planetesimal accretion at the inner edge of the disk suggests that no residual populations of

small bodies should be expected to exist here. A crucial point that our results do highlight

is that the initial conditions used for most late-stage planet formation simulations are overly

simplistic. [52] recently simulated planetesimal accretion in a disk extending from the or-

bit of Mercury to the asteroid belt and found that the disk never reaches a state in which

equally-spaced, isolation mass embryos are present everywhere simultaneously. Instead, dif-

ferent annuli reach a ‘giant impact’ phase at different times, preventing the onset of a global

instability throughout the entire disk, as is common in classic terrestrial planet formation

models [39, 228].
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To connect these accretion modes to the final orbital architecture, and to ultimately de-

termine what implications an in-situ formation model has for the growth of STIPs, we will

evolve the final simulation snapshots presented here with a hybrid-symplectic integrator for

Myr timescales. The final distribution of planets formed, along with composition predic-

tions generated by applying cosmochemical models to our initial planetesimal distributions

and propagating compositions through the collision trees, will be examined in the following

chapter.

4.8 Chapter Appendix: Robustness of Timestepping Scheme

As described in section 4.3, ChaNGa evolves the motions of the particles in the planetes-

imal disk using a multi-tiered timestepping scheme. Due to the extremely short dynamical

timescale at the inner edge of the disk, the outer disk would require a prohibitive number of

timesteps to reach the protoplanet phase using a fixed timestep scheme. To circumvent this,

particles are evolved in discrete power-of-two timestep groups. In the event that a collision

occurs between two particles on different timesteps, a slight error is introduced to the energy

and angular momentum of the merged particle. Due to the nonlinear nature of the runaway

growth phase, this slight error tends to trigger more subsequent collisions at the timestep

boundary in the disk, and causes protoplanets to preferentially form at the boundaries.

To circumvent this issue, we prohibit particles on different timesteps from merging until

the runaway growth phase is well underway. For the fdHi simulation, multi-tiered mergers

are not allowed during the first thousand steps. To verify that this technique does not alter

the resulting protoplanet distribution in any meaningful way, we ran two test simulations of

the inner part (1 to 4 days in orbital period) of the disk from the fdHi simulation. In the

first case, the aforementioned timestepping scheme is used. In the second case, all particles

are evolved on the timestep appropriate for the inner edge of the disk.

In figure 4.15, we compare the final period-eccentricity state and final mass distributions

to each other. There do not appear to be any differences between the two protoplanet

distributions, particularly near the timestep boundary at 2 days. In addition, the masses
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Figure 4.15: A comparison between the innermost region of the fdHi (orange) simulation,
and a second version using a fixed timestep appropriate for the inner edge of the disk (green).
In the top panel, the period-eccentricity state of the particles is shown, with marker sizes
indicating relative mass. The blue points represent the initial state of the simulations. The
bottom panel compares the final mass distributions of the bodies.
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of both the protoplanets and the remaining growing planetesimals are indistinguishable. In

this case, a KS test of the two mass distributions yields a p-value of ∼ 0.34. We therefore

safely conclude that the timestepping scheme used in this work does not alter the growth of

the protoplanets in any meaningful way.
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Chapter 5

IN-SITU FORMATION OF STIPS

5.1 Introduction

One of the most surprising and intriguing results from NASA’s Kepler mission was the

prevalance of sub-Neptune-sized exoplanets with orbital periods shorter than that of Mercury

[32]. These planets are often found in closely-spaced groups, known as systems of tightly-

packed inner planets (STIPs) [147, 166, 164]. STIPs are found to often be coplanar [79, 260],

have low eccentricities [265, 97] and are usually not in mean-motion resonance with each

other [78, 253]. In addition these systems have been shown to exhibit a compelling amount of

uniformity between adjacent planets, in terms of mass, radius and orbital spacing [185, 186].

All of these characteristics provide a rich set of constraints for planet formation models.

One of the most intriguing questions that arises is why the structure of the present-day solar

system appears so different than that of STIPs. Extending the minimum-mass solar nebular

(MMSN) model [100] down to ∼ 0.05 AU, where the inner edge of many protoplanetary

disks are thought to be [183] ( and where planetesimals are thought to form [198]) yields

several extra Earth masses of material. Explaining why this material is missing from the

solar system, but not some exoplanetary systems, is a key question that a complete theory

of planet formation must be able to provide.

There are two categories of formation theories meant to explain the ubiquity of these

compact, short-period systems. The first involves the gradual assembly of these worlds as

they migrate inwards. For Mars-sized bodies and larger, torques at the Lindblad resonances

drive the exchange of angular momentum between the gaseous disk and the planet [271]. A

key prediction of migration models is that multiplanet systems should end up in resonant

chains [55]. Although this is not unheard of (see Kepler 223 [187] and TRAPPIST-1 [84,
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85, 3]), the majority of these systems are found to not be in resonant chains [166, 78].

One potential explanation for this discrepancy involves a later phase of destabilization after

convergent migration has completed and the gaseous disk subsequently dissipates [116, 115].

However, the detailed behavior of tidal torque-driven migration is still very uncertain and

it is not entirely clear when and how convergent migration should operate. The strength

and even direction of tidal migration depends sensitively on the thermodynamic structure

of the gas disk [14, 27]. Furthermore, resonant locking often requires a specific amount of

dissipation for a given planet mass [23].

Alternatively, these planets may have formed in situ, having been constructed only from

the local mass budget of the disk. This appears to be the case for the gaseous envelopes

of hot Jupiters formed near the inner edge of the disk [16], although it is not clear whether

the cores of these worlds require a migration model. Currently, there are no measurements

constraining the mass budget of the innermost regions of planet-forming disks, so the initial

conditions for in situ models tend to rely on wild speculation. By enhancing the solid surface

density by a factor of ∼ 100 relative to the inner solar system, [99] was able to form compact

multiplanet super-Earth systems without invoking any kind of planet migration. In situ

formation may be particularly prevalent around low mass stars, as magnetically-driven disk

winds tend to flatten out the radial gas density profile, which balances out the inner and

outer torques from tidally-driven migration [212]. One should note that no in situ models

have yet produced resonant chains of planets, so it seems likely that gas disk migration plays

a role at least for the subset of planetary systems found in this type of configuration.

Compared to planet formation models that involve gas disk-driven migration, an in situ

model is relatively straightforward (although expensive) to model, involving only mutual

gravitational interactions and the occasional collision. In [269], we used a tree-based N-body

code to follow the accumulation of near realistic-sized planetesimals into protoplanets at

short orbital period. We showed that oligarchic growth [135], which gives rise to a bimodal

population of protoplanets and residual planetesimals, does not operate at arbitrarily short

orbital periods. In addition, the boundary between oligarchic and non-oligarchic growth
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should be expected to lie somewhere in the middle of a typical STIP.

In this work, we use a hybrid symplectic N-body code to grow the protoplanet systems

from [269] to completion. These comprise the first ever end-to-end N-body simulations that

directly follow the growth of the smallest gravitational aggregates to full-sized terrestrial

planets. In section 5.2, we describe the simulation code we use, along with how previous

protoplanet simulations are used to construct the initial conditions for the final assembly

phase. In section 5.3, we examine the final orbital architectures of the simulated STIPs, and

investigate whether the accretion mode boundary persists in any measurable way. In section

5.4, we compare our results with a set of simulations run starting with a more ‘typical’

distribution of fully-formed, evenly spaced protoplanets and show that a more self-consistent

treatment tends to result in a subset of systems undergoing a potentially destructive phase in

the inner disk. Due to the stochasticity of our results, we use the simulation snapshots from

[269] to train a neural network to produce an much larger set of qualitatively similar, but

numerically distinct initial conditions and then compare these with the full simulation runs

in section 5.5. We also use this much larger set of simulated planets to make a statistical

comparison with compact multiplanet systems observed by Kepler. Finally, we conclude in

section 5.6 and discuss whether the absence of any short-period planets in the solar system

might point toward a largely in situ formation history.

5.2 Simulations

5.2.1 Numerical Methods

A direct N-body model of the full collisional evolution of a system of terrestrial planets,

starting from planetesimals, covers over 6 orders of magnitude in mass growth. Although

the main physics drivers are gravity and solid body collisions, the wide range of timescales

that must be resolved during the accretion process necessitate the use of a multi-phase

integration scheme. Early on, interactions between planetesimals are frequent and encounter

timescales can be as short as ∼ hours (check this). As planetary embryos form, the timescale
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for gravitational instability can lengthen to 105 years [42], while the final planet assembly

process can take Myrs. For traditional N-body codes that use a leapfrog integrator, Myr

integrations of a planetary system require ∼ 1010 timesteps, which is prohibitively long for

even the most modest resolutions. To circumvent this problem, a hybrid mixed variable

symplectic (MVS) scheme [38] can be used, which greatly reduces the number of timesteps

required so long as close encounters are extremely infrequent.

However, close encounters are certainly frequent during the planetesimal accretion pro-

cess, and so a hybrid MVS scheme is not appropriate here. To properly resolve the plan-

etesimal accretion process, while still being able to integrate the planet formation process to

completion, we split our simulations into two separate phases. In the first phase, we track

planetesimal growth using the highly parallel N-body code ChaNGa. The gravitational

force and collision detection calculations in ChaNGa are done using a tree-based approxi-

mation, which allows us to easily track millions of self-interacting particles. A full description

of the code, along with the details of the solid body collision module are provided in chapter

1.

As the particle count diminishes and the encounter timescales lengthen, the final simu-

lation snapshots from ChaNGa are passed to the hybrid MVS code genga [93, 94]. Like

mercury [38], genga splits the Hamiltonian into a Keplerian and perturbing part and

solves these independently using a mixed variable symplectic scheme. For close encounters,

the perturbing part of the Hamiltonian becomes large and a Bulirsch-Stoer integrator takes

over to update the equations of motion for these particles. To permit larger close encounter

groups, a heirarchical method with multiple changeover functions is used, which acts to break

the close encounters into multiple subgroups which can be integrated independently. All of

this work is done on GPU hardware, and can be done with up to 60,000 particles while

running up to 30x faster than Mercury. For all of the genga simulations presented in this

work, we use a maximum subgroup size of 512 particles and allow for 2 substeps on each

level of the changeover function.
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5.2.2 Initial Conditions

Each simulation begins with an equal-mass disk of planetesimals with mpl = 5× 1022 g and

ρpl = 3 g cm−3 orbiting a 0.08 M� star. Semimajor axes of the bodies are randomly drawn

between 1 and 100 days in orbital period such that the mass surface density profile follows

Σ(r) = 10 g cm−2 × A
(
M∗
M�

)(
r

1 AU

)−δ
(5.1)

where M∗ is the mass of the central star, 10 g cm−2 is the surface density of the minimum-

mass solar nebula [100, MMSN] at 1 AU, A is an enhancement factor and δ is the power law

index. Following [99] we use A = 100. To test the influence that the surface density profile

has on the final planet configuration, we use δ = 0.5, 1.5 and 2.5.

Due to the stochasticity of the final assembly phase, we generate 5 distinct initial con-

ditions with each configuration, each using a different random number seed. In all cases,

the eccentricities and inclinations are drawn from a Rayleigh distribution with 〈e2〉1/2 =

2 〈i2〉1/2 = eeq [110]. The eccentricity dispersion is set such that the viscous stirring timescale

is in balance with the aerodynamic gas drag timescale. In both phases of the simulations,

the gas surface density is a factor of 240 times larger than the solid surface density, and a

power law index of 1.5 is used, even in the cases where the profile of the solids is steeper

or shallower than this. In addition to being used to construct the initial conditions, the

prescribed gas profile is used to apply a Stokes drag force to the growing planetesimals and

protoplanets.

To make the planetesimal accretion phase more computationally tractable, the collision

cross sections of particles are inflated by a factor of 6. This acts to shorten the growth

timescale and number of timesteps required to produce protoplanets without qualitatively

changing the growth modes. The collision cross section inflation, however, does move the

boundary between oligarchic and non-oligarchic growth in the disk outward by a factor of

∼ 10 in orbital period. In figure 5.1, we show the eccentricity and mass distribution at the

end of the planetesimal accretion phase for a simulation using δ = 1.5. For a full description
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of how the initial conditions were constructed, along with the details of the simulations and

the limitations created by expanding the collision cross sections, see [269].

Once the simulations reach a point where the remaining planetesimals and protoplanets

reach a quasi-steady state, the results are converted into a set of initial conditions for genga.

When doing so, the inflated collision cross sections are removed and the particle radii are

reduced back to their proper physical values. Each of the simulation snapshots passed to

genga contain roughly 10,000-15,000 particles. These are each integrated for 1 Myr using

a timestep size of 0.05 days a fully interacting set of particles. Bodies which fall within the

radius of the star (7.7×10−4R�) or beyond the truncation radius (0.24 AU) are removed from

the simulation. In all cases, roughly half of the remaining planetesimals eventually scatter

beyond the outer truncation radius and are considered ejected. This allows the particle count

to reduce enough to allow the simulations to complete in a reasonable amount of time.

As with the ChaNGa simulations, every collision results in a perfect merger, where

the resulting particle takes on the center of mass position and velocity of the participating

particles. For high-velocity impacts which happen towards the final assembly stage, this

is almost certainly not a realistic assumption [177]. We will explore the implications of

destructive giant impacts in section 5.4.

5.2.3 Typical Planet Formation ICs: Isolation Mass Embryos

We also construct a set of initial conditions to match a more typical scenario for an N-

body simulation of terrestrial planet formation. Here, protoplanets throughout the disk are

already fully formed and roughly evenly spaced. This is a very typical starting configuration

for late-stage planet formation simulations [136, 232, 229]. Although not as realistic, this

type of setup is much simpler to construct and requires far fewer self-interacting bodies,

which is a common point of trouble for most planet formation simulations.

As with the planetesimal disk, the protoplanets are placed on orbits between 1 and 100

days in orbital period, and the disk is constructed to contain the same amount of total mass

(5 Moplus). To place protoplanets, we begin at the outer disk edge and calculate the local
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Figure 5.1: The period-eccentricity (left) and period-mass (right) distribution of a plan-
etesimal growth simulation run to completion with ChaNGa. A transition between non-
oligarchic and oligarchic growth is visible around 40-60 days and is characterized by a change
in the amount of residual planetesimals, along with a change in the masses of the protoplan-
ets. The positions, velocities and masses of these bodies are then used as initial conditions
for a genga simulation, which is run until a fully-formed set of terrestrial planets are con-
structed.
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isolation mass [136]

Miso =


(
2πa2Σb̃

)3
3M∗


1/2

, (5.2)

where a is the current semimajor axis, Σ is the local solid surface density (using δ = 1.5)

and b̃ is the local feeding zone size (in units of the Hill radius). Starting at the outer disk

edge, protoplanets are place one-by-one and b̃ is then randomly chosen to be between 5 and

10, which is a typical outcome of oligarchic growth [136]. The current semimajor axis is then

decremented by b̃, the local isolation mass is recalculated and another protoplanet is placed.

This process repeats until the inner disk edge is reached.

The eccentricities and inclinations are randomly drawn from a uniform distribution ∈

[0, 0.01] and the longitude of periastron, longitude of ascending node and mean anomaly are

randomly drawn from a uniform distribution ∈ [0, 2π]. In total, 5 sets of initial conditions

using different random number seeds are constructed and integrated for 1 Myr.

5.3 Results

5.3.1 In-Situ Formation Starting from Planetesimals

One of the motivating questions for this work is whether a fully in-situ formation model

leaves any distinct imprints on the orbital architecture of the resulting planets. By stitching

together the snapshots from both phases of the simulation and reconciling the particle IDs,

we can construct and examine the full history of the collision and phase space evolution for

the entire ensemble of particles. In all cases, the planetesimal disks start out with just under

106 particles and eventually consolidate into 5-10 super Earths, with around 104 particles

being ejected during the giant impact phase.

In figure 5.2, we show the evolution of the orbits and the timing of collisions between

bodies in the standard MMSN profile (δ = 1.5) simulations. The gray curves show the

orbital periods of the last 100 bodies to exist in each iteration of the simulation. The green

curves indicate bodies which survived until the end of the simulation, where the line width
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denotes relative mass. Overlaid on top of the evolution curves are triangle markers, whose

position on the plots indicates the instantaneous orbital period and timing of each collision

event. The size of the markers indicates the relative mass of the body participating in the

collision. In all cases, the secondary (less massive) body’s state is used to determine the size

and placement of the marker. Finally, the vertical blue line indicates the time at which the

simulation state was transferred from ChaNGa to genga.

In all cases, its apparent that the bodies in the non-oligarchic growth region (P < 40 d)

behave in a qualitatively different way during the giant impact phase. Rather than scattering

events and instability propagating from inside-out in the disk, the opposite appears to be true.

The inner disk remains in a meta-stable state while the outer bodies undergo scattering and

giant collisions first. We postulate that this is due to the presence of a residual planetesimal

population in the outer disk, which acts to facilitate a gradual inward ‘random walk’ of the

protoplanets until they have a close encounter with another large body. This effect was also

seen in [204] when modeling the outer solar system, and was even seen to facilitate capture

of the planets into resonance. This effect was found to be largely resolution dependent and

resonance capture was only possible with a sufficiently fine-grained planetesimal disk. In

any case, we attribute the much more static state of the inner disk to the lack of residual

planetesimals in this region.

Next, we examine the final configurations of the simulated planetary systems. In figure

5.3, we show the final period-mass distributions for all three choices of the initial surface

density profile. Planets in the same system are connected by a solid line and each choice of

random number seed for the initial conditions is shown as a different color. In most cases,

the planet mass increases with orbital period and then turns over at some intermediate value.

The turnover distance appears to be inversely proportional to the power law slope of the

initial planetesimal disk δ. In addition, there is some significant scatter in the final planetary

architectures formed which is particularly prevalent for smaller values of δ. This is driven by

the role that chaos plays during the giant impact phase. In section 5.5, we will revisit this

aspect of the simulations and use a neural network to generate a much larger set of late-stage
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Figure 5.2: The evolution of the orbits of some of the last surviving bodies in the δ = 1.5
simulations. Collisions are indicated with triangles, where the size denotes the relative mass
of the body that was consumed in the merger. Gray curves indicate bodies which survived
through the end of the simulation and the line width indicates their relative mass. The
vertical blue line marks the time at which the ChaNGA snapshots were passed to genga.
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initial conditions which can then be evolved with genga.

Having directly tracked every collision starting from the planetesimal phase allows us to

make composition predictions for the resulting planets. To do so, we construct a collision

tree for each planet in the final simulation snapshots, where the root node is the planet itself

and the leaf nodes correspond to the initial mass planetesimals that went into its assembly.

We place a snowline partway through the disk and for each planet, calculate the fraction of

consumed planetesimals which originated from beyond the snowline location. Due to the fact

that the inflated collision cross sections used during the planetesimal accretion phase alter

the location of the accretion mode boundary in the disk (see [269]), along with the fact that

the snowline locations should be expected to vary widely over the course of the central star’s

pre-main sequence evolution [17], we choose to simply place a static snowline at 50 days in

orbital period to gain a broad sense of how much radial mixing occurs over the course of the

simulations.

Figure 5.4 shows the expected wet/dry compositions of the planetary systems formed in

the δ = 1.5 simulations. Each row of points on the y-axis corresponds to a separate iteration

of the simulation and the point sizes indicate relative masses. The blue shading represents

the total mass fraction of accreted planetesimals that originated from beyond the snowline,

which is indicated by a vertical line. In all cases, we see that water-rich material is able to

be incorporated into planets far interior to the snowline location. In one case, a significantly

dry planet eventually ends up well beyond the snowline.

As our model is purely in-situ and does not incorporate any significant dissipative forces

from the gas disk, one would not expect any resonant chains to form. However, some

recent work [116, 230] has shown that super-Earths in resonant chain configurations can

later destabilize. One would therefore wonder whether there is any distinguishable difference

between a super-Earth system that had formed purely in-situ, and one that underwent

convergent migration and was then destabilized. [230] found that the inward migration of

wet embryos can actually concentrate and consolidate rocky material near the inner edge of

the disk. This quality is also present in our in-situ systems, although all of our innermost
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Figure 5.3: Final period-mass configurations for the planets formed in all fifteen simula-
tions. Each panel contains a set of simulations using a different mass surface density profile.
Points connected by lines represent planets from the same simulation snapshot. Each color
represents a set of initial conditions constructed from a different random number seed.
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Figure 5.4: Final compositions of planets from the five δ = 1.5 simulations. Point sizes indi-
cate relative mass and the pie fractions indicate the amount of wet/dry material incorporated
into each planet. A snow line is placed at 50 days in orbital period and all planetesimals
that originate from beyond this location are assumed to be wet.

planets accrete a small amount of wet material from the outer disk. This is not the case for

the simulated planets formed by [230].

5.4 Comparison With Typical Planet Formation ICs

The simulations presented in this work are not the first to investigate the outcome of an

in-situ model on the formation of STIPs (see [99]). However, this work does self-consistently

follow the terrestrial planet formation process from some of the smallest gravitationally

bound objects, which is not the case for most planet formation N-body simulations. Typi-

cally, these types of simulations begin with either a set of equal-mass embryos placed in a

wide annulus [211], or a set of regularly spaced embryos that follow the local isolation mass

of the disk (e.g. [232, 229, 99]). There are two implicit assumptions made in these models:
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1. The embryo formation process behaves in a self-similar manner everywhere in the disk. 2.

The embryo formation process has fully completed everywhere in the disk before the giant

impact phase initiates. Assumption number two is generally valid for the inner solar system,

as the planetesimal accretion timescale is much shorter than the instability timescale which

gives rise to the giant impact phase [42]. However, assumption number one is not physically

motivated.

As we showed in [269], the oligarchic growth process, which gives rise to planetary em-

bryos, should only be expected to operate down to ∼ 5 days in orbital period. Furthermore,

the late-stage instability that initiates collisions between protoplanets is a nonlinear process

and there have yet to be any investigations of how it behaves at short period. Both of these

concerns are naturally addressed in the simulations we present in this chapter. Except for

the fact that the non-oligarchic accretion boundary has been moved out by a factor of a few

in orbital period due to the inflation of the collision cross sections during the planetesimal

growth phase, the state of the protoplanets at the beginning of the genga simulations is

free from any simplifying assumptions. To understand the influence that these simplifications

made in typical N-body simulations of planet formation have on the final architectures of

the systems, we compare our δ = 1.5 simulations with a set of late-stage simulations which

begin with fully-formed, isolation mass embryos in a disk with an identical mass profile.

In figure 5.5, we compare the period-mass and period-eccentricity distributions of the

planetary systems formed starting from planetesimals and starting from isolation mass em-

bryos (shown in gray). Qualitatively, the eccentricity distributions are remarkably similar

between the two sets of initial conditions, despite the fact that the protoplanet eccentricites

at the end of the planetesimal accretion simulations start off nearly an order of magnitude

smaller than the isolation mass embryos. The period-mass distributions, however, show some

noticeable differences.

Overall, the isolation mass embryo simulations tend to form larger planets. There are a

few more > 2M⊕ planets using the fully formed isolation mass set of initial conditions. In

addition, the mass in these simulations tends to be less radially concentrated, with every
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Figure 5.5: The period-mass (left) and period-eccentricity (right) distributions of the simula-
tions starting from planetesimals (colored points) and isolation mass embryos (gray points).
Each planetary system is connected by a series of lines.

single set of initial conditions producing a super-Earth beyond 80 days in orbital period.

In contrast, two of the simulations starting from planetesimals produce a truncated set of

planets that do not extend beyond 60 days. Most noticeably, the isolation mass embryo simu-

lations produce a wider variety of masses and eccentricities between sets of initial conditions.

This highlights the more influential role that stochasticity plays in these simulations. One

possibility for this difference comes from the fact that the isolation mass embryo simulations

do not contain any planetesimals, and the gravitational kicks between embryos do not get

damped out. A second possibility comes from the way in which the instability which gives

rise to the giant impact phase propagates through the disk in each case. For the simulations

starting from planetesimals, there is a qualitative difference between the inner and outer

disk, and the onset of chaos may occur in a different fashion.

To test this second hypothesis, we examine the timing and location of collisions in the

disk for each set of simulations. In figure 5.6, we show ensemble of collisions recorded in all

five versions of the simulations starting from planetesimals (blue points) and isolation mass
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embryos (orange points). The point sizes indicate the relative masses of bodies consumed in

the merger events. The orbital period of each collision is calculated using the phase space

state of the consumed body at the moment of impact. For the isolation mass simulations,

the collision times are offset by the integration time of the ChaNGa simulations because

there is no prior planetesimal accretion phase.

During the giant impact phase, there is a clear qualitative difference in the location and

timing of protoplanet collisions between the two sets of simulations. For the isolation mass

embryo simulations, giant impacts begin almost immediately at the inner edge of the disk

and propagate outward over a timescale of ∼ 104 years. For the simulations starting from

planetesimals, the commencement of giant impacts is nearly simultaneous everywhere in the

disk. Additionally, this phase seems to be much longer-lived in the isolation mass case,

particularly beyond about 20 days in orbital period.

The near-instantaneous initiation of the giant impact phase in the simulations starting

from planetesimals is a possible explanation as to why the variation in the final masses and

eccentricites of the resulting planets is smaller. In contrast to the isolation mass simulations,

giant impacts occur nearly everywhere in the disk simultaneously, which acts to damp ec-

centricities and reduces the distance over which protoplanets can communicate. A smaller

interaction distance therefore reduces the possible outcomes of the giant impact phase and

produces a smaller scatter in the final masses and eccentricities. Because collisions tend to

happen at perihelion [156], protoplanets that are simultaneously excited in the outer disk

tend to collide in the inner disk, which explains why there are so few planets end up in

the outer disk for this set of simulations. The isolation mass embryos, on the other hand,

interact with the rest of the disk in an inside-out fashion. This dynamically excited outward-

propagating boundary has the opportunity to interact the entire outer disk, which is still an

a non-excited state. Between different iterations of the simulation, scattering events happen

at different points along an excited protoplanets’ orbit, which widens the possibilities for the

final orbital configurations of the resulting planets.

Lastly, we examine the relative collision velocities of growing protoplanets during the
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Figure 5.6: The combined timing and location of collisions from all five versions of the full
(blue) and isolation mass (orange) simulations. Point sizes indicate the relative masses of
bodies consumed in each merger. The timings of the isolation mass simulations have been
shifted to line up with the ending of the ChaNGa segment of the full simulations.
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giant impact phase. [266] and [21] proposed that the lack of short-period planets in the

solar system is due to an earlier phase of violent instability in the inner disk which destroyed

any such worlds. Given the sudden onset of instability in our simulations starting from

planetesimals, one might wonder whether some of the later collisions should be destructive.

Because all collisions result in perfect mergers in our simulations, this effect is not self-

consistently captured, but we can examine the collision statistics afterwards to determine

which planets might have undergone earlier destruction.

In figure 5.7, we show the timing and speed of collisions between bodies larger than 0.01

M⊕ in each set of simulations. The gray points denote collisions from the isolation mass

simulations, while the colored points indicate collisions from the simulations started from

planetesimals. The collision speeds on the y-axis are shown in units of the mutual escape

velocity of the colliding particles. For super-Earth and smaller sized bodies, vcoll/vesc > 2

tends to produce destructive collisions [177] and so we have marked this region of the figure

with a horizontal dashed line. Solid lines connecting points indicate subsequent collisions

between the same body.

With the exception of a single high-speed collision around T = 20, 000 yr, (and another

collision right on the destruction/accretion boundary) none of the collisions from the isolation

mass simulations can be roughly categorized as destructive. In contrast, every simulation

starting from planetesimals eventually produces at least one destructive collision. In three

of these cases, multi-collision excitation eventually leads to a destructive encounter, which

is the same mechanism seen by [266].

In figure 5.7, we show the final orbital architectures of all ten simulations. Here, point

sizes indicate relative mass and the simulations starting from planetesimals are colored blue,

while the isolation mass embryo simulations are colored gray. Planets that underwent a

destructive collision during their giant impact phase are marked with a red X. For the

simulations starting from planetesimals, the destructive collisions all involve the planets at

the innermost edge of the disk. This is only the case for one of the isolation mass embryo

simulations.
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Figure 5.7: Timing and velocities (in units of the mutual escape speed) of collisions between
bodies larger than 0.1 M⊕ in the full (colored points) and isolation mass (gray points)
simulations. Collisions between subsequent bodies are connected by lines. The dashed
horizontal line at vcoll/vmut,esc = 2 corresponds to boundary above which collisions should be
destructive.
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Although vcoll/vesc > 2 are expected to be at least partially destructive [177], it is not

immediately clear whether the debris should be expected to re-accrete onto other bodies or

be entirely removed from the system. For small grains (1-10 microns), dust blow out can

entirely eject material from the system on timescales much shorter than re-accretion. Larger

grains (cm-sized) can be removed by PR drag on 105 yr timescales. This is particularly

efficient if the timescale for collisional grinding of debris is fast [181]. For planetesimal-

sized objects (100 km), gravitational scattering can eventually eject material. This was the

eventual fate of most remaining planetesimals at the end of the ChaNGa simulations.

Another caveat is that the integration time we use (1 Myr) is only a small fraction of the

age of most STIPs [247] and our results should only be interpreted as applicable to expected

behavior during the gaseous disk phase of the planet formation process. The solar system

is thought to be in a state of constant metastability, having an instability timescales that

matches its current age [145]. The same is likely true for many exoplanetary systems as

well (see [61, 165, 163]). In addition, the small sample size of our 5 simulations in each

configuration is unlikely to have captured the full extent of the effects of dynamical chaos

during the giant impact phase. To address this second point, we train a neural network to

produce a much larger set of qualitatively similar, but numerically distinct initial conditions

to pass to genga, which we describe in detail in the next section.

5.5 Training a Neural Network to Synthesize ICs

To fully capture the role that stochasticity plays during the protoplanet assembly phase, a

much larger set of simulations is required. As we have shown in the previous section, using

a typical arrangements of isolation mass embryos to set up the giant impact phase does not

seem to be sufficient. Each of the planetesimal accretion simulations run with ChaNGa,

however, require about 80,000 CPU hours. Passing each of these simulations to genga

and integrating to 1 Myr requires another 200 or so GPU hours. The large particle count,

in addition to the fact that different parts of the disk evolve semi-independently of each

other, means that stochasticity does not play an important role during the planetesimal
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Figure 5.8: Final orbital architectures of planetary systems formed in the full (blue points)
and isolation mass (gray points) simulations. Point sizes indicate relative masses. Bodies
which underwent a collision where vcoll/vmut,esc > 2 with a > 0.1M⊕ body are marked with
a red X.
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accretion phase and a small number of simulations is sufficient to capture the outcome of the

embryo formation process. When trying to capture the full breadth of planetary architectures

possible with our in situ model, it is most useful to focus our computational resources on

the genga simulations. Doing so requires a much larger set of late-stage initial conditions.

Although there is very little qualitative variation between the ChaNGa simulations run

in each initial disk configuration, slight differences in the masses, positions and velocities of

the embryos and planetesimals lead to significantly different planetary systems, due to the

chaotic nature of the giant impact phase. To generate numerically distinct late-stage initial

conditions requires an underlying model for orbital distributions of the planetesimals and

embryos. Given the presence of the accretion boundary at short period, an analytic model

is likely insufficient. Instead, we use the existing simulation snapshots to construct posterior

distributions for the particles, and then randomly draw from these distributions to generate

more initial conditions.

5.5.1 Training a Generative Adversarial Network

We use an unsupervised machine learning technique known as a Generative Adversarial

Network (GAN). A GAN is a deep learning method [91], that uses two separate neural

networks, a generator and a discriminator, to train itself to produce a much larger collection

of qualitatively similar datasets based on some input training data.

GANs are most well-known for use in synthetic image generation, and first gained traction

in the astronomy community when they were used to enhance [242] and even produce entirely

new galaxy images [63]. GANs have also recently been applied to N-body simulations to

do things such as map large-scale gas and temperature distributions [261] and generate

mock galaxy catalogs [117]. In the planetary domain, GANs have been used for exoplanet

atmosphere retrieval [295] and even to supplement transit detection models [73].

In a traditional GAN, the discriminator and generator are pitted against each other.

A noise vector is fed to the generator which is used to produce a synthetic dataset. The

synthetic data is then fed to the discriminator, alongside the original training data. The
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discriminator then determines whether the two datasets are distinguishable. In the case

that the synthetic data is classified as ‘fake’, a loss function is calculated and the result is

used in a backward pass through both neural networks to update the weights. Over many

iterations, the generator improves its ability to produce authentic-looking synthetic data

and the discriminator gets better at distinguishing between real and fake data. Once the

discriminator reaches a point where roughly 50 percent of the synthetic data is classified as

fake, the algorithm reaches an equilibrium and the generator is considered to be fully trained.

To construct a generator, we use the CTGAN [291] package to train a neural network

on our planetesimal accretion simulation results. Traditional GANs are notoriously sensitive

to issues such as non-convergence and mode collapse, both of which prevent the generator

from ever being able to produce sufficiently varied and useful results. To combat these

issues, CTGAN models are trained using a WGAN loss function with a gradient penalty

[96]. Updates to the generator and discriminator between iterations are done using an Adam

optimizer [130], which is a stochastic gradient descent algorithm. Both neural networks are

updated using a learning rate of 2× 10−4.

One challenge when working with unsupervised machine learning techniques is determin-

ing the best way to format and represent the training data. In the case of the our planetesimal

accretion simulations, the residual planetesimals greatly outnumber the protoplanets, which

causes the neural networks to place much more emphasis on the planetesimal distribution.

One solution to this problem is to modify the loss function to give more weight to the pro-

toplanets. CTGAN, however, does not provide a way to modify the loss functions, and

we found that this approach did not work well in our own experiments when constructing

a toy model. A simpler solution is to give every particle in the data set a mass of m0 and

then duplicate points based on their original mass. In addition to expanding the size of the

training data set by a factor of nearly 100, this causes the GAN algorithm to fall into a

perpetual state of non-convergence.

An even simpler solution that works well with our simulation data is to simply split the

dataset in two, with a mass cut that cleanly separates the protoplanets from the remaining
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planetesimals. To train our GAN, we concatenate all of the final δ = 1.5 ChaNGa snapshots

into a single table and place a mass cut at 0.03 M⊕ to split the dataset into two parts. The

state of the particles are passed to the deep learning algorithm in terms of orbital period,

and logarithmic eccentricity, logarithmic inclination and logarithmic mass. To quantify the

accretion histories of the particles, we also include the ‘smooth accretion fraction’ (see [269])

as a separate column in the training sets. Doing so naturally incorporates the effects of

the oligarchic and non-oligarchic accretion modes into the data and substantially helps to

tighten up the period-mass relation of the synthetic protoplanets.

In figure 5.9, we show the correlations between the features used to train the GANs in the

training (blue) and synthetic (orange) datasets after 5,000 epochs. The discretization of the

masses (due to growth via perfect mergers) is clearly visible in the synthetic data, despite

no enforcement of this property in the model. This characteristic of the mass data, however,

appear to produce some additional small artificial peaks in the synthetic mass distribution

at equal intervals in logarithmic space. To circumvent this issue, we also tried training the

models using linear masses but it did not appear to reconcile the match between the real and

synthetic mass distributions. Due to the weak, indirect role that planetesimals play during

the giant impact phase, we chose to leave the synthetic mass distribution as-is.

To construct initial conditions from the synthetic data, particles are drawn one-by-one

until the total mass exceeds the average disk mass of the full simulations. This is done

separately for the planetesimal and embryo populations, and the total masses of each are

matched accordingly. Out of the 100 sets of initial conditions we construct, the synthetic

particle count matches the original particle count to within 5 percent, which is an encouraging

sign that the generator is properly capturing the physical state of the disk.

Once particles are drawn using the five features that the neural networks were trained on,

the longitude of periastron, longitude of ascending node and mean anomaly are randomly

drawn ∈ [0, 2π) for each particle. The six orbital elements are then converted to cartesian

coordinates and particle radii are calculated using the synthetic masses under the assumption

that the bulk density is 3 g cm−3. All 100 sets of initial conditions are passed to genga and
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Figure 5.9: Corner plot showing the correlations between all five features (orbital period Porb,
mass M, eccentricity e, inclination inc and smooth accretion fraction sf ) used to train the
generator and discriminator. The training data is shown in blue and an example synthetic
dataset is shown in orange.
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Figure 5.10: Period-mass and period-eccentricity distributions of planetary systems formed
through the full simulations (colored points) and the synthetic simulations (gray points).
Planets from the same system are connected with a line.

integrated to 1 Myr.

In figure 5.10, we show the resulting period-mass and period-eccentricity distributions of

the synthetic simulations (gray points) alongside the full simulations (colored points). Here,

planets from the same system are connected by solid lines. The masses of the synthetic

planets are quite similar to those in the full simulation, with the turnover in the period-mass

relation occurring at roughly the same orbital period (20 days). The period-eccentricity

distribution of both sets of simulations appears quite flat and both exhibit a similar mean

eccentricity, which indicates that the giant impact phase plays out in a very similar way

for the synthetic simulations. We perform a Kolmogrov-Smirnov test on the mass and

eccentricity distributions for both the full and synthetic simulations. A KS test for the

planet masses yields a p-value of 0.063, which marginally suggests that the two distributions

are statistically different. The eccentricity distributions, however are much more firmly

statistically distinct, with a p-value of 0.0084.

Next, we examine the timing and location of collisions between the full and synthetic
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Figure 5.11: The combined timing and location of collisions from all versions of the full
(blue) and synthetic (orange) simulations. Point sizes indicate the relative masses of bodies
consumed in each merger. Collisions from the ChaNGa phase of the full simulations are
not shown.
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simulations. This is shown in figure 5.11, where point sizes indicate relative mass of the

body consumed in a merger and the point location indicates the timing and orbital period

(calculated from the instantaneous position and velocity at the moment of impact) of the

body. In the inner disk, collisions take about 100 yr to get underway for the full simulations,

while giant impacts begin almost immediately for the synthetic simulations. Despite the fea-

tures of the training set and the synthetic dataset matching up well in this region of the disk,

the generator does not appear to be producing embryos in a metastable configuration here.

To date, most deep learning techniques require more than just particle phase space informa-

tion at a single snapshot in time to make accurate stability classifications (see [257, 54]), so

it is not unexpected that our neural network can’t reproduce a metastable configuration of

embryos.

With the exception of the inner 20 day orbital period region of the disk, giant impacts

occur in a nearly instantaneous fashion for both the full and synthetic simulations, which is

promising evidence that the synthetic data is still reproducing some of the same dynamical

behavior as the training dataset. This also suggests that the early onset of giant impacts in

the synthetic inner disk is not affecting the growth of planets elsewhere and is not a major

concern. In addition, the resulting planetary masses in the inner disk are quite similar.

In addition to examining the mass and eccentricity distributions, along with the collisional

evolution of the simulations, we quantify some global properties of the planetary systems

and compare these values between each set of simulations. The first of these quantities q,

is the total disk mass ratio between the initial and final simulation snapshots. This value

quantifies the change in the solid disk mass and is a measure of how much material has

been ejected during the giant impact phase. We also measure the mean eccentricity of each

planetary system, along with the total number of planets.

In addition, we calculate the radial mass concentration (RMC) Sc of each planetary

system, which is a measure of how centrally concentrated the solid material is about the

star. Following [39], we define the radial mass concentration statistic as
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Figure 5.12: Corner plot showing the correlations between bulk properties of the final or-
bital architectures of the full, isolation mass and synthetic simulations. q is the mass ratio
between the initial and final snapshot, Sc is the radial mass concentration statistic, Sd is
the angular momentum defecit and npl is the final number of planets. Blue points are the
full simulations, green points are the isolation mass simulations and orange points are the
synthetic simulations.
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Sc = max

(
Σjmj

Σjmj [log10 (a/aj)]
2

)
, (5.3)

where aj and mj are the semimajor axis and mass of the jth planet and Sc is the maximum

value of the bracketed quantity evaluated over all a.

Lastly, we measure the angular momentum deficit (AMD) Sd for each planetary system,

which is defined as

Sd =
Σjmj

√
aj
(
1− e2j

)
cosij − Σjmj

√
aj

Σjmj
√
aj

, (5.4)

[144, 39] where ej and ij are the eccentricity and inclination of the jth planet. Physically,

Sd can be thought as the fractional difference between the z-component of the actual total

angular momentum of the system and the angular momentum if all of the planets were on

circular, non-inclined orbits.

In figure 5.12, we show a corner plot highlighting the correlations between these quantities

for the full (blue), isolation mass (green) and synthetic (orange) simulations. Most obviously,

the initial to final mass ratio α changes between the three distributions, with the isolation

mass simulations preserving the most amount of mass. Although the α values overlap for

the full and synthetic simulations, the synthetic simulations seem to preserve about 5 to 10

percent more mass. Similarly, the full simulations produce a few less planets overall, although

the synthetic and isolation mass simulations both produce 5 to 9 planets each, despite ejecting

different amounts of mass. There is a noticeable negative correlation between the radial mass

concentration Sc and α. As a reminder, large values of Sc correspond to a planetary system

that is concentrated into a more narrow annulus. The full simulations, which tend to end

up with few outer planets, produce larger values of Sc because the orbital architectures lie

over a smaller radial distance.

Interestingly, there appears to be no measurable correlation between the number of plan-

ets and q or Sc for the synthetic or isolation mass simulations, although q and npl both tend

to be smaller for the full simulations. This lack of correlation in the first two cases is likely
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due to the inside-out behavior of the giant impact phase for these simulations (see figures

5.6 and 5.11, which leads to a wider variety of possible protoplanet interactions throughout

the disk and therefore more final potential orbital configurations. Finally, there is a posi-

tive correlation between the angular momentum deficit Sd and the mean eccentricity and a

negative trend between Sd and the number of planets. The first trend is not surprising, as

larger eccentricities directly increase the z-component of the total angular momentum vector

relative to a system with circular orbits. The negative correlation in the latter case suggests

that the planetary systems lose angular momentum overall when outer bodies get ejected

and npl decreases.

An important question that figure 5.12 helps to answer is whether the full and synthetic

simulation results are sampling the same distributions. Because there are only five full

simulations, a quantitative statistical test is not possible. However, all of the correlations

present in the synthetic simulation results also appear to be present in the real simulations.

In addition, both the q and Sc distributions for the synthetic simulations seem similar to the

full simulations, while appearing different from the isolation mass simulations. This suggests

that the both the full and synthetic simulations are capturing some dynamical behavior that

is not present in the isolation mass simulations. We conclude that the data synthesizer is

producing a set of useful and dynamically similar set of initial conditions relative to the full

simulations that were started from planetesimals, with the caveat that the behavior and final

structure of the outer disk is probably not fully captured by the synthetic simulations.

In figure 5.13, we show the timing and impact speed (in units of the mutual escape velocity

of the colliding bodies) as a function of time for the full (colored points) and synthetic (gray

points) simulations for bodies larger than 0.01M⊕. Subsequent collisions between the same

body are connected by lines and the horizontal dashed line at vcoll/vmut,esc indicates the

speed at which giant impacts should be expected to become destructive [177]. For both the

synthetic and full simulations, subsequent collisions speeds begin to ramp up and exceed the

destructive limit around 10−2 Myr. With the exception of many more low-velocity collisions

in the synthetic dataset at early times, the two datasets follow a very similar trend on this
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Figure 5.13: Timing and velocities (in units of the mutual escape speed) of collisions between
bodies larger than 0.1 M⊕ in the full (colored points) and synthetic (gray points) simulations.
Collisions between subsequent bodies are connected by lines. The dashed horizontal line at
vcoll/vmut,esc = 2 corresponds to boundary above which collisions should be destructive.
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plot, which is another promising piece of evidence that the data synthesizer is capturing the

same dynamical behavior as the full simulations. In addition, the eventual destructive events

in both datasets come from sequences of collisions, rather than one-time events. The cluster

of low velocity collisions around 10−6 Myr in the synthetic simulations is likely due to the

early consolidation of protoplanets at the inner edge of the disk seen in figure 5.11. However,

as we will show in the next figure, this additional phase of giant impacts does not seem to

affect the eventual onset of destruction for the inner planets.

The final orbital architectures of the full (blue points) and synthetic simulations (gray

points), including planets that underwent v/vesc > 2 collisions during the giant impact

phase are shown in figure 5.14. Point sizes indicate the relative masses of planets, and red

X’s denote planets with a destructive collision in their accretion history. With the exception

of two simulations, every synthetic system has a potentially destroyed planet within the

inner ∼ 10 or so days in orbital period. Unlike the full simulations, however, it is often not

the innermost planet that undergoes a destructive collision. Instead, a much wider range of

planets in the inner 20 days of the disk experience a destruction event. We attribute this

difference to the much more immediate and widespread group of giant impacts that occur

for P < 20 d in the synthetic case (see figure 5.11). Regardless of this difference, both sets

of simulations should be expected to destroy or erode the innermost planets in most cases,

although the region of destruction is a little bit narrower for the simulations followed from

planetesimals.

5.5.2 Matching Occurrence Rates With Kepler Planets

Having a much larger sample of simulated planets from the synthetic simulations opens

up the possibility of making some statistical comparisons with observed occurrence rates.

[222] performed an analysis of 2,025 planet candidates from the California Kepler Survey

and found a turnover in the orbital occurrence rate for super-Earths around 6.5 days. This

turnover was only very weakly present for sub-Neptune planets, and was found to be entirely

absent for sub-Saturns and Jupiters.
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Figure 5.14: Final orbital architectures of planetary systems formed in the full (blue points)
and isolation mass (gray points) simulations. Point sizes indicate relative masses. Bodies
which underwent a collision where vcoll/vmut,esc > 2 with a > 0.1M⊕ body are marked with
a red X.
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Figure 5.15: Occurrence rates of planets as a function of orbital period in 0.25 dex logarithmic
bins. The de-biased occurrence rate measured from our synthetic simulations is shown in blue
and the occurrence rate measured from planet candidates in the California Kepler Survey
[222] is shown in orange.
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In figure 5.15 we show the occurrence rates of planets from the synthetic simulations as

a function of orbital period, in bins of 0.25 dex. Alongside the synthetic occurrence rates

are the super-Earth occurrence rates measured by [222]. Beyond about 10 days, the two

distributions match up remarkably well. Although we do not perform a full MCMC analysis

as [222] does, it appears likely that the turnover in the synthetic simulations lies slightly

further out than 6.5 days. Both the inferred initial solid surface density distribution of

the CKS sample (see figure 2 of [59]), along with the solid surface density distribution of

our synthetic planets follow a single power law all the way to the shortest-period planets.

This suggests that the steeper slope seen for the synthetic occurrence rate must be due to a

difference in the way protoplanets consolidate in the inner disk under an in-situ scenario.

Regardless of what drives the difference in the short period occurrence rate, the observed

turnover at 6.5 days was postulated by [222] to be a sign of in-situ formation. [149] found

that the turnover in the period occurrence rates of Kepler planets could be reproduced by

assuming that in-situ formation distributed planets randomly throughout the disk and then

truncating the disks at the location of the stellar co-rotation radius. Our results in figure

5.15, however, show that this cannot be the case. In all of our simulations, the disk is

truncated at 1 day, but the turnover is closer to 10 days. This is a sign that even with an

in-situ model, the connection between the solid surface density profile and the final orbital

configuration is more nuanced. Furthermore, [23] found that the magnetospheric truncation

radius should lie closer to 3 days and should not vary with the type of host star.

Lastly, the observed turnover period for super-Earths is found to be dependent on the

metallicity of the host star (see figure 9a of [222]). Assuming that stellar metallicity is

broadly correlated with the bulk densities of the planet-building material, this suggests

that fluffier planetesimals should move the turnover in occurrence rate to longer orbital

periods. Given that the collision cross sections were artificially enhanced in our planetesimal

accretion simulations, one would expect that the simulated location of the turnover should

move further out. If this is the case, it also suggests that the boundary between oligarchic

and non-oligarchic accretion seen in [269] may play a role in producing the turnover in the
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observed super-Earth occurrence rate and is therefore another piece of evidence to suggest

that in-situ formation may be the primary pathway to build these compact multi-planet

systems.

5.6 Summary and Discussion

In this work, we have presented the first-ever N-body simulations that directly follow the

planet formation process from the smallest gravitationally bound bodies (planetesimals) up

to super-Earth sized planets using a disk wide enough to produce an entire terrestrial system.

There are no tidal interactions with the gas disk and the final positions of the planets are

set entirely by gravitational scattering and collision events, so the formation mechanism is

largely in-situ. Because aerodynamic gas drag is the only dissipative force present, there

is no large-scale inward migration of volatile-rich material. Despite this, some mass from

the outer disk does manage to eventually incorporate itself into the innermost planets. In

contrast, planet formation models that invoke convergent migration tend to produce some

purely refractory worlds at the inner edge of the disk, even in cases where the resulting

resonant chains eventually destabilize [230].

We also compare the outcome of our simulations to a set of planet formation simulations

that use a more typical and computationally inexpensive set of initial conditions which skip

the planetesimal accretion phase and begin with a set of fully-formed planetary embryos

[232, 229, 99]. In this case, the instability which gives rise to the giant impact phase occurs

in an inside-out fashion and tends to produce a less radially concentrated set of planets. We

attribute this difference to the fact that the protoplanet distribution in our full simulations

does not follow the ‘isolation mass’ in the inner disk, where the conditions for oligarchic

growth are not met. In addition to more centrally concentrating the solid mass, the self-

consistent initial conditions result in much more violent collisions in the inner disk that

have the potential to either completely destroy or strip off the mantle [177] of the innermost

planets.

Furthermore, the simulated planetary systems presented in this work bear some striking
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similarities to the compact multiplanet systems observed by Kepler. To facilitate a statistical

comparison, we train a neural network to produce a set of initial conditions consistent with

outcome of our short-period planetesimal accretion simulations (see [269]). These are then

used to run a much larger set of simulations that follow evolution through the giant impact

phase to construct a fully-formed collection of planets. From these results, we measure

the occurrence rate of planets as a function of orbital period and find a turnover in the

distribution around 10 days. This is only slightly larger than the turnover measured for

super-Earths in the California Kepler Survey (6.5+1.6
−1.2 d) [222] and is a promising sign that

in-situ formation might be the dominant pathway for forming compact multiplanet systems.

Although the turnover location of the occurrence rate for the CKS planets appears to

be statistically different than the one seen in our simulations, the difference may be recon-

cilable. [222] also found a negative correlation between host star metallicity and turnover

period. Given that the densities of our simulated bodies are artificially reduced during the

planetesimal accretion phase (to inflate the collision cross sections), it is not surprising that

the turnover location would be shifted outward. The complicated connection between the

distribution of planetesimals and embryos before the giant impact phase and the resulting

short-period planetary system, however, make it difficult to determine how the turnover

location should move had we started with realistic-sized planetesimals.

In any case, the large distance between the inner disk edge and the turnover location

highlights an important feature of in-situ formation. Although the properties of the final

planets broadly reflect the initial local reservoir of solids, it is clear that the state of a much

larger section of the planet-forming disk must taken into account. The final planet occurrence

rate does not simply mirror the initial solid surface density profile, which is often assumed

to be the case when in-situ formation is invoked (see [47, 59]). Furthermore, material from

the most distant parts of the disk can still incorporate itself into the innermost planets.
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Chapter 6

SUMMARY AND FUTURE WORK

6.1 Summary

The purpose of this dissertation has been to bridge the gap between planetesimal formation

and the final assembly of terrestrial planets. As discussed in section 1.3, the observational

markers of this phase of the planet formation processes are subtle and unlikely to be de-

tectable in the present and near-future. For this reason, simulations will remain the most

promising way forward. Due to the bottom-up nature of terrestrial planet growth, the num-

ber of particles that must be modeled as one goes back in time grows prohibitively large,

particularly with an N-body approach. Using our state-of-the-art N-body code ChaNGa,we

self-consistently follow the growth and orbital evolution of solid bodies from planetesimals

to full-sized terrestrial planets for the first time.

Along the way, I reveal some shortcomings of previous planetesimal accretion and planet

formation models that largely stem from prior computational constraints. In chapter 2, I

showed that the planetsimal accretion process itself is size-dependent. During the oligarchic

growth phase, mean motion resonances with the largest bodies become populated by plantes-

imals, which shortens the timescale for energy equipatition, altering the growth mode and

producing a broken power-law size distribution. This only occurs if the particle resolution

is sufficiently fine-grained and is expected to operate for 100 km-sized and smaller bodies

predicted by plantesimal formation models. I show that the exact location of the break

depends on the initial planetesimal size and that the size distribution of the remaining small

body populations in the solar system could potentially be used to constrain planetesimal

formation mechanisms.

In chapter 3, I map out the collisional structure of a planetesimal belt perturbed by
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mean-motion resonances with a giant planet. After mapping the radial collision function to

expected dust emission, I show that the presence of bright rings or gaps near the locations of

resonances can be used to constrain the mass and eccentricity of the planet. This structure

in the dust emission depends on interactions between planetesimals near the edges of the

resonances and is only produceable if the simulated planetesimals are of near-realistic sizes.

Finally, in chapter 4, I use the incredible resolution afforded by ChaNGa to follow

the planetesimal growth process across a disk of solids spanning two orders of magnitude

in orbital period, again starting from near-realistic sizes. At short orbital periods, energy

equipartition becomes ineffective and oligarchic growth does not operate. This produces a

boundary between accretion modes in the disk and breaks the self-similarity of the planetary

embryo formation process, which is a common assumption used in terrestrial planet formation

simulations. In chapter 5, I pass the results of these simulations to a hybrid mixed-variable

symplectic code to follow the planet growth process to completion. After doing so, I use the

simulation snapshots to map the initial locations of planetesimals to the eventual planets that

form and show that a migration-free terrestrial planet formation model produces a significant

amount of radial mixing of material. In addition, I train a neural network to generate a

much larger set of post-ChaNGa snapshots and run these to completion. This provides a

statistical sample from which I measure the planet occurrence rate as a function of orbital

period. Similar to the occurrence rate measured by Kepler, my simulations produce a power

law break around ∼ 10 days, which suggests that a large fraction of compact multiplanet

systems may have formed in-situ.

6.2 Future Work: Understanding the Behavior of Planetesimal-Driven Mi-
gration

The migration history of a planet and its building blocks play a key role in determining

its final composition, the eventual makeup of its atmosphere, and even its ability to harbor

life. Up to this point in time, migration models have mainly focused on gas disk-driven

interactions. Although this mechanism can play a definitive role in shaping the architectures
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of both terrestrial and gas giant systems, its influence only lasts for a small fraction of the

planet-building phase, largely ending within the first few Myr. Beyond this point, migration

can continue via weak but numerous gravitational interactions between the protoplanets

and remaining planetesimals. This mechanism, known as planetesimal-driven migration

(PDM), appears to have played a pivotal role in shaping the structure of the solar system

[263, 157, 209], has been invoked to explain the near-resonant pairs of planets observed by

Kepler [45], and even has the potential to counteract gas disk migration [188]. Despite the

wide range of scenarios in which PDM is invoked, its behavior remains largely unexplored

and has not yet been incorporated into any planetary population synthesis models.

Much of this lack of attention to PDM stems from the fact that planetesimal interactions

are often ignored in planet formation simulations due to computational expense. As I have

shown in my thesis, dynamical interactions involving planetesimals also require sufficient

resolution to properly operate. Compared to gas disk-driven migration, PDM requires far

fewer modeling assumptions and is not directly coupled to the thermodynamic properties

of the disk. For this reason, a thorough investigation of PDM using high resolution N-

body simulations is a necessary step to fully understand the processes that transport solids

throughout a planet-forming disk.

6.3 Future Work: Pathways to Instability in Systems of Protoplanets

In the standard picture of terrestrial planet formation, the final coalescence of protoplanets is

typically delayed by the presence of gas in the disk. Where oligarchic growth operates, pro-

toplanets stall at the ‘isolation mass’. Aerodynamic drag and gas dynamical friction prevent

the protoplanets from undergoing a large-scale gravitational instability that perturbs them

onto crossing orbits and instigates the collisions which form larger bodies. Because growth

beyond a Mars mass is suspended while the protoplanetary gas is present, the planets that

form in this region should fail to acquire a significant hydrogen envelope. While this delayed

assembly picture is consistent with the properties of the inner solar system planets, recently

discovered super-Earth and hot Jupiter systems require a more complicated explanation,
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often invoking migration.

Despite the crucial role that this delayed assembly model plays, the behavior and timing

of the instability itself remains poorly understood. In cases where the gas and dust profile

in the disk is non-monotonic, the instability could trigger only in select locations and spread

to regions where substantial amounts of gas are still present. Studying this problem in more

detail could be key to explaining a wide range of observational features, such as the radius

gap [80], bulk density measurements [169, 286] and atmospheric composition measurements

by JWST.

In most cases, a smoothly varying ‘minimum mass solar nebula’ (MMSN) disk model is

used (e.g. [141, 60]), which triggers the instability everywhere once the gas density sufficiently

decays. However, a MMSN model is not compatible with many exoplanetary systems [47,

243]. As I showed in chapter 4, a smooth distribution of planetesimals does not always

produce a smooth distribution of protoplanets. Furthermore, non-monotonic gas profiles are

being invoked in protoplanetary disk models [46, 213] and are even supported by observations

of nearby disks with ALMA [113, 9]. For these cases, the instability might trigger only in

special places in the disk and could even spread to regions where substantial amounts of gas

are still present. If protoplanetary cores in the terrestrial region can grow large enough to

accrete gas before photoevaporation from the central star removes the majority of it, the

need for migration in formation models for super-Earths and hot Jupiters would be greatly

reduced.

6.4 Toward a Fully Self-Consistent Simulation of Planet Formation

The work presented in this thesis represents the cutting edge of simulating the accumulation

of solids into planet-sized bodies. In addition to resolution requirements, simulations of

planet formation require a vast range of timescales to be resolved. To satisfy the resolution

requirements, we have made use of the highly-parallel tree-based N-body code ChaNGa

to follow self-interactions between growing planetesimals and protoplanets at near-realistic

resolution (100 km, which is on the upper end of predictions made by planetesimal formation
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models). Much of the effort to implement a framework to handle collision detection between

this vast of a collection of bodies was done in chapter 2.

Due to the disparate timescales that need to be resolved in a planet-forming disk, the

simulations presented in this thesis were largely limited by the number of timesteps that

could be integrated in a reasonable amount of time. The simplest way to circumvent this

issue is to artificially inflate the collision cross sections of particles, thereby reducing the

growth timescale relative to the local dynamical time (which sets the minimum required

timestep size). This approach was taken in chapters 2 and 4. In chapter 3, we made our

first attempt at connecting the collision detection framework to the multi-tiered timestep

capabilities of ChaNGa (see [182]) by only allowing particles undergoing near-collisions to

evolve on the smaller step size.

In chapter 4, we modeled a growing planetesimal disk spanning two orders of magnitude

in dynamical time from the inner to outer edge. To make these simulations computationally

tractable, a new, multi-tiered timestepping condition was implemented in which a particle’s

step size is set by the present pericenter distance of its orbit. This was done to prevent

particles on eccentric orbits from repeatedly ‘jumping’ between discretized timesteps as they

move between peri- and apocenter. This also introduced some complications with the onset

of runaway growth in the disk, the details of which are described in section 4.5.3.

Despite the improvements we made to ChaNGa, the simulations presented in chapter

4 would require billions of steps to reach planet formation timescales (∼ Myr) when using

a leapfrog integration scheme, which would require multiple years of wall time. Because

of this limitation, we run the ChaNGa simulations until growth has proceeded such that

the particle count reduces to ∼ 104 and then pass the results to the MVS code genga.

Until recently, MVS codes have been unable to handle more than a few thousand self-

interacting particles, but improvements in GPU hardware are quickly changing that. Some

recent improvements to genga allowed for a 1.5 Gyr simulation of the inner solar system to

be run using more than 60,000 particles [94]. A summary of improvements to the particle

count and integration time capabilities of N-body simulations of planet formation is shown
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Table 6.1: Highlights of Advances in N-body Simulations of Planet Growth

Paper N t (yr) Method

Lecar & Aarseth (1986) 200 6× 104 Direct (2-dimensional)

Kokubo & Ida (1998) 4,000 20,000 Modified Hermite scheme

Richardson (2000) 106 1,000 Tree-based

Kokubo (2002) 104 4× 105 Modified Hermite Scheme

Raymond & Quinn (2005) 380 200× 106 MVS

Barnes (2009) 105 90 Tree-based (patch)

Wallace & Quinn (2019) 106 20,000 Tree-based

Grimm (2022) 65,000 3.5× 109 MVS

Wallace & Quinn (2022) 106 106 Tree-based + MVS

in table 6.1.

Lastly, the influence of a collision model which incorporates partial accretion events has

yet to be fully understood, particularly in the context of STIPs. A model capturing the

effects of more realistic collision outcomes has already been implemented in the tree-based

code pkdgrav [153, 152], but has yet to be ported to ChaNGa. One complication with

this model is that the particle count can actually increase as growth proceeds, due to the

production of debris. In doing so, some of the physical situations we modeled in this thesis

may become computationally intractable. Taking advantage of the latest improvements in

GPU hardware capabilities, however, may provide a path to circumvent this.
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Bertaux. The HARPS search for southern extra-solar planets. XXXI. The M-dwarf
sample. A&A, 549:A109, January 2013.

[32] William J. Borucki, David Koch, Gibor Basri, Natalie Batalha, Timothy Brown, Dou-
glas Caldwell, John Caldwell, Jørgen Christensen-Dalsgaard, William D. Cochran,
Edna DeVore, Edward W. Dunham, Andrea K. Dupree, Thomas N. Gautier, John C.
Geary, Ronald Gilliland, Alan Gould, Steve B. Howell, Jon M. Jenkins, Yoji Kondo,
David W. Latham, Geoffrey W. Marcy, Søren Meibom, Hans Kjeldsen, Jack J. Lis-
sauer, David G. Monet, David Morrison, Dimitar Sasselov, Jill Tarter, Alan Boss,
Don Brownlee, Toby Owen, Derek Buzasi, David Charbonneau, Laurance Doyle,
Jonathan Fortney, Eric B. Ford, Matthew J. Holman, Sara Seager, Jason H. Stef-
fen, William F. Welsh, Jason Rowe, Howard Anderson, Lars Buchhave, David Ciardi,
Lucianne Walkowicz, William Sherry, Elliott Horch, Howard Isaacson, Mark E. Ev-
erett, Debra Fischer, Guillermo Torres, John Asher Johnson, Michael Endl, Phillip
MacQueen, Stephen T. Bryson, Jessie Dotson, Michael Haas, Jeffrey Kolodziejczak,
Jeffrey Van Cleve, Hema Chandrasekaran, Joseph D. Twicken, Elisa V. Quintana,
Bruce D. Clarke, Christopher Allen, Jie Li, Haley Wu, Peter Tenenbaum, Ekaterina
Verner, Frederick Bruhweiler, Jason Barnes, and Andrej Prsa. Kepler Planet-Detection
Mission: Introduction and First Results. Science, 327(5968):977, February 2010.
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[85] Michaël Gillon, Amaury H. M. J. Triaud, Brice-Olivier Demory, Emmanuël Jehin,
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[189] Lokesh Mishra, Yann Alibert, Stéphane Udry, and Christoph Mordasini. Framework
for the architecture of exoplanetary systems. I. Four classes of planetary system archi-
tecture. A&A, 670:A68, February 2023.
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[241] Urs Schäfer, Chao-Chin Yang, and Anders Johansen. Initial mass function of planetes-
imals formed by the streaming instability. A&A, 597:A69, January 2017.

[242] Kevin Schawinski, Ce Zhang, Hantian Zhang, Lucas Fowler, and Gokula Krishnan
Santhanam. Generative adversarial networks recover features in astrophysical images
of galaxies beyond the deconvolution limit. MNRAS, 467(1):L110–L114, May 2017.

[243] Hilke E. Schlichting. Formation of Close in Super-Earths and Mini-Neptunes: Required
Disk Masses and their Implications. ApJL, 795(1):L15, November 2014.

[244] A. Shannon, Y. Wu, and Y. Lithwick. Conglomeration of Kilometer-sized Planetesi-
mals. ApJ, 801:15, March 2015.



210

[245] Scott S. Sheppard and Chadwick A. Trujillo. The Size Distribution of the Neptune
Trojans and the Missing Intermediate-sized Planetesimals. ApJL, 723(2):L233–L237,
November 2010.

[246] Y. Shibaike and Y. Alibert. Planetesimal formation at the gas pressure bump following
a migrating planet. I. Basic characteristics of the new formation model. A&A, 644:A81,
December 2020.

[247] V. Silva Aguirre, G. R. Davies, S. Basu, J. Christensen-Dalsgaard, O. Creevey, T. S.
Metcalfe, T. R. Bedding, L. Casagrande, R. Handberg, M. N. Lund, P. E. Nissen,
W. J. Chaplin, D. Huber, A. M. Serenelli, D. Stello, V. Van Eylen, T. L. Campante,
Y. Elsworth, R. L. Gilliland, S. Hekker, C. Karoff, S. D. Kawaler, H. Kjeldsen, and
M. S. Lundkvist. Ages and fundamental properties of Kepler exoplanet host stars from
asteroseismology. MNRAS, 452(2):2127–2148, September 2015.

[248] Jacob B. Simon, Philip J. Armitage, Rixin Li, and Andrew N. Youdin. The Mass and
Size Distribution of Planetesimals Formed by the Streaming Instability. I. The Role of
Self-gravity. ApJ, 822(1):55, May 2016.

[249] Jacob B. Simon, Kris Beckwith, and Philip J. Armitage. Emergent mesoscale phe-
nomena in magnetized accretion disc turbulence. MNRAS, 422(3):2685–2700, May
2012.

[250] Jonathan Squire and Philip F. Hopkins. Resonant drag instabilities in protoplane-
tary discs: the streaming instability and new, faster growing instabilities. MNRAS,
477(4):5011–5040, July 2018.

[251] Jonathan Squire and Philip F. Hopkins. Physical models of streaming instabilities in
protoplanetary discs. MNRAS, 498(1):1239–1251, October 2020.

[252] Joachim Gerhard Stadel. Cosmological N-body simulations and their analysis. PhD
thesis, University of Washington, Seattle, January 2001.

[253] Jason H. Steffen and Jason A. Hwang. The period ratio distribution of Kepler’s can-
didate multiplanet systems. MNRAS, 448(2):1956–1972, Apr 2015.

[254] Glen R. Stewart and Shigeru Ida. Velocity Evolution of Planetesimals: Unified An-
alytical Formulas and Comparisons with N-Body Simulations. Icarus, 143(1):28–44,
January 2000.

[255] Maryam Tabeshian and Paul A. Wiegert. Detection and Characterization of Extrasolar
Planets through Mean-motion Resonances. I. Simulations of Hypothetical Debris Disks.
ApJ, 818:159, Feb 2016.



211

[256] Maryam Tabeshian and Paul A. Wiegert. Applying a Particle-only Model to the HL
Tau Disk. ApJ, 857:3, Apr 2018.

[257] Daniel Tamayo, Miles Cranmer, Samuel Hadden, Hanno Rein, Peter Battaglia, Alysa
Obertas, Philip J. Armitage, Shirley Ho, David N. Spergel, Christian Gilbertson,
Naireen Hussain, Ari Silburt, Daniel Jontof-Hutter, and Kristen Menou. Predicting
the long-term stability of compact multiplanet systems. Proceedings of the National
Academy of Science, 117(31):18194–18205, August 2020.

[258] Hidekazu Tanaka, Taku Takeuchi, and William R. Ward. Three-Dimensional Interac-
tion between a Planet and an Isothermal Gaseous Disk. I. Corotation and Lindblad
Torques and Planet Migration. ApJ, 565(2):1257–1274, Feb 2002.

[259] Caroline Terquem and John C. B. Papaloizou. Migration and the Formation of Systems
of Hot Super-Earths and Neptunes. ApJ, 654(2):1110–1120, Jan 2007.

[260] Scott Tremaine and Subo Dong. The Statistics of Multi-planet Systems. AJ, 143(4):94,
Apr 2012.
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