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University of Washington

Abstract

An Evaluation of Saddlepoint Approximations in the Generalized

Linear Model
by Robert William Platt

Chairperson of Supervisory Committee: Professor Norman E. Breslow

Department of Biostatistics

Higher order asymptotic methods based on the saddlepoint approximation to a den-
sity provide fast and accurate approximate inference in a variety of situations. The
double saddlepoint approximation to the exact conditional density and distribution
function in particular is useful in generalized linear model problems which are common
in biostatistical applications. These methods give approximations to exact inference
that are in general accurate and computationally much less intense than the exact
methods. In this work we fully review the theory of the saddlepoint approximation
from first principles and then develop and evaluate the approximation in two common
discrete problems. Log odds ratio regression in stratified case control studies is an
example of a problem where the number of nuisance parameters can increase with
sample size, and conditioning on sufficient statistics for the nuisance parameters is es-
sential for asymptotically unbiased inference. Investigation of asymptotic issues and
numerical simulation demonstrate that for this model, the saddlepoint approxima-
tion accurately approximates exact conditional inference both for point estimation
and confidence intervals. For the test for trend in a sequence of binomial random

variables, numerical evidence points to the saddlepoint method being an effective ap-



proximation to conditional inference in almost all situations. The third part of the
work involves applying saddlepoint inference to tests of higher order interaction in lo-
gistic regression. We implement the saddlepoint approximation for this problem and
through simulation demonstrate that the properties of the saddlepoint approximation
are significantly better than those of the commonly used unconditional methods. Fi-
nally, we examine and extend the theory for saddlepoint inference in the generalized

linear model.
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Chapter 1

INTRODUCTION

1.1 Motivation

Inference in the exponential family in the presence of nuisance parameters is one of the
most common problems in applied statistics. Ordinarily, standard first order asymp-
totic methods such as likelihood ratio/deviance tests, Wald (maximum likelihood)
and score tests are used in these cases. For many problems, however, estimation of
the nuisance parameters has an effect on estimation of the parameter of interest, and
in situations with large numbers of nuisance parameters can lead to biased results.
Exact conditional inference which conditions on appropriate sufficient statistics so
as to eliminate nuisance parameters can be done and often is necessary for accurate
inference. As computing becomes better and better, it becomes more feasible to
do larger problems using the exact conditional distribution. However, higher-order
asymptotic methods have the potential to provide a quick and accurate approxima-
tion to the exact conditional results which takes only slightly more effort than the
standard first-order approximations. They can be easily programmed using standard
packages like S-Plus and SAS and provide a quick comparison method to both assess
the validity of the unconditional results and determine whether resorting to exact
conditional analysis is required. Pierce and Peters (1992) suggest that compared to
exact inference, “adequate asymptotic methods are less inhibiting, encouraging more

thorough data analysis, and can often lead to clearer inferential summaries”.



Example 1.1 Log Odds Ratio Regression

In retrospective studies, examining the relationship between disease incidence and
exposure to a potential risk factor, the parameter of interest is the odds ratio in a
2 x 2 table of individuals classified as diseased vs. non-diseased and exposed vs.
non-exposed. To reduce the effects of confounding, the sample is usually divided into
strata on the basis of baseline variables thought to be related to the disease and/or
exposure under study (e.g., age). This leads to a sequence of 2 x 2 tables. Separate
estimates of the odds ratio can be obtained for each table, and these estimates can
be combined in a variety of ways (Breslow 1976; Gart 1962; Mantel and Haenszel
1959; McCullagh 1984; Zelen 1971) to yield overall estimates of the relative risk of
disease in the exposed vs. non-exposed groups. The conditional maximum likelihood
estimator of the odds ratio has been shown to be consistent even when the number
of tables increases with sample size but is difficult to implement, while the uncon-
ditional maximum likelihood estimator is biased (Breslow, 1981). The saddlepoint
approximation to the conditional likelihood may provide a nearly unbiased estimator
which is easy to calculate using basic software.

Example 1.2 Test for Trend in a 2 x k£ Table

Often in the examination of a sequence of binomial probabilities, one wishes to
test for the possibility of an increasing trend in the probabilities. This trend test can
be done unconditionally using logistic regression, or conditionally on the marginal
totals using conditional logistic regression. This latter method is often required when
the binomial denominators are badly unbalanced (Agresti 1992; Graubard and Korn
1987). However, when the binomial denominators are unbalanced and some are quite
large, the conditional analysis can be very difficult to do, as it requires enumeration
of the entire reference distribution of the conditional statistic and hence calculation
of a substantial number of binomial coefficients.

Example 1.3 High Order Interactions in Logistic Regression

Genetic researchers and others are often interested in testing for high-order inter-



actions in logistic regression. For example, in a study of Alzheimer’s disease and the
apolipoprotein-E gene, Jarvik et al (1996) studied the interaction of age, sex, family
history of disease and genetic markers in a logistic model for a case-control study.
The data for this study were quite sparse. Commonly used unconditional methods
performed poorly and different asymptotic tests gave entirely different results. This
situation will be considered using saddlepoint approximations and exact conditional
logistic regression to determine if the saddlepoint corrections improve on first-order
asymptotics.

Example 1.4 Analysis of Large and Sparse I x J Tables

Log-linear models are used to test for interaction in I x J tables. When data in
the table are sparse and the table dimensions are large, the inference on interaction
parameters from unconditional log-linear models and other first-order methods (such
as Pearson’s x?) is in general poor, while exact conditional inference, which accounts
for the sparseness in the data, can be extremely cumbersome for large tables. Work

on examples of this type of dataset has been examined by Pierce and Peters (1992).

The thrust of this work will be to do a systematic analysis of higher-order asymp-
totic methods to determine how well they work in certain practical situations. Pre-
liminary work by several authors has shown that in certain cases with many nuisance
parameters the higher-order asymptotic inference can be poor. In other cases with
many nuisance parameters, and yet in other cases where the number of nuisance
parameters is relatively small but the data distribution is such that the informa-
tion matrix for the parameter of interest from the unconditional likelihood is poorly

conditioned, higher order methods appear to perform quite well.

1.2 Literature Review

The saddlepoint approximation was first described by Daniels (1954). This work

developed an approximation to the density and distribution of the mean of a set of



random variables using an approximation to the inversion integral of the character-
istic function. This approximation can be derived as an extension of the Edgeworth
expansion. The saddlepoint approximation to a density and tail probability provided
an accurate approximation, even in the tails of the density where many approximate
densities break down.

Little work was done in this area until the 1970s and 1980s. Barndorff-Nielsen
and Cox (1979) proposed the double saddlepoint approximation to conditional densi-
ties, derived by approximating both the full and marginal densities with saddlepoint
approximations. A series of papers by Barndorff-Nielsen continued to explore this ap-
proximation both on and off the exponential family. Barndorff-Nielsen (1980, 1983)
developed the modified profile likelihood. The modified profile likelihood is a gen-
eralization of the saddlepoint approximation which in the exponential family is the
saddlepoint approximate likelihood but off the exponential family is an approximate
likelihood requiring alternative justification. This provided an efficient way of ap-
proximating conditional densities.

Lugannani and Rice (1980) proposed a tail probability approximation which en-
abled calculation of the approximate cumulative distribution function in the uni-
variate case. Skovgaard (1987) generalized this result to the double saddlepoint ap-
proximation. An alternate formula for the tail probability for the single and double
saddlepoint approximation arises from the work of Barndorff-Nielsen (1986, 1990)
and Jensen (1986).

Davison (1988) first applied these methods explicitly to the generalized linear
model, considering the tail probability approximation of Skovgaard (1987) in the
generalized linear model and noting that several features of the saddlepoint approx-
imations correspond to easily obtainable and standard likelihood quantities in the
generalized linear model, including the maximum likelihood estimate. Bedrick and
Hill (1992) continued this work, examining three applied problems and comparing the

exact to approximate densities. Fraser, Reid and Wong (1991) suggested the sequen-



tial saddlepoint approximation, which evaluated the tail probability approximations
at the maximum modified profile likelihood estimate rather than at the maximum
likelihood estimate. Pierce and Peters (1992) applied the tail probability method of
Barndorff-Nielsen to the exponential family and problems of the sort being considered
for this dissertation. Levin (1990) and Levin and Kong ( 1990) considered estimation
using the modified profile likelihood in logistic regression models and proposed a cor-
rection to the modified likelihood to improve performance of the methods by better

centering the approximate density and likelihood about the origin.

1.3 Outline of the Dissertation

This dissertation will examine in some detail the double saddlepoint approximation
in the exponential family/generalized linear model. Chapter 2 is a review of the
saddlepoint approximation and higher order asymptotics, and chapter 3 reviews the
development of applications of these asymptotics to the generalized linear model. The
bulk of the work will examine three specific models where unconditional inference is
commonly used but can give poor or erroneous results, while exact conditional in-
ference is inconvenient. I will implement the saddlepoint approximation in a variety
of forms and examine in these three models the theoretical properties of the likeli-
hood approximation and approximate tail probabilities. The examination will consist
primarily of simulation studies and numerical results comparing the saddlepoint ap-
proximate inference to exact conditional inference and unconditional inference.

The first model under consideration will be the model from Example 1.1, the study
of the odds ratio in a set of 2 x 2 tables. For this model, the small sample properties
of both the likelihood and the tail probability approximation will be derived. Since
estimation of the odds ratio is a primary issue for this model, here we also examine
the asymptotic bias and variance of estimators of the odds ratio derived from exact

conditional, unconditional and saddlepoint methods. Asymptotics are done using two



frameworks — where the number of nuisance parameters increases with sample size,
and where it stays fixed. This will form chapter 4.

The second and third models are Examples 1.2 and 1.3, the trend test (chapter 5)
and high-order interactions in logistic regression (chapter 6). For these two models
the primary work is implementation and small sample comparison via simulation.
Parameter estimation is of limited interest in both of these problems, but for the
trend test parameter estimates are compared to exact and unconditional estimates.

Chapter 7 examines general asymptotic theory for the saddlepoint approximations
in the exponential family in the case where the number of nuisance parameters in-
creases with sample size. The work by Pierce and Peters (1992), which shows that the
inference is poor at extreme values of the sufficient statistics, suggests that a theorem
may in fact not be possible except under very restrictive conditions. However, this

work will examine this possibility.



Chapter 2

THE SADDLEPOINT APPROXIMATION

2.1 Introduction

In this chapter the background work for the saddlepoint approximation and the modi-
fied profile likelihood will be examined in‘detail. We start by reviewing the Edgeworth
expansion. The next section reviews the tilted Edgeworth expansion or saddlepoint
expansion and presents results for univariate and multivariate densities based on this
expansion. From there, we develop approximations to the tail probability based on
these expansions, and methods for coping with lattice or discrete data.

This review is based primarily on work by Daniels (1954, 1987), Barndorff-Nielsen
(1980, 1983, 1986, 1990), Barndorff-Nielsen and Cox (1979, 1989), Skovgaard (1987),
and a review by Reid (1988). A complete reference for much of the development of

saddlepoint approximations and other expansions can be found in Kolassa (1994).

2.2 The Edgeworth Approximations

Edgeworth expansions for densities date to the turn of the century. These expansions
generalize the normal approximation for the density to more terms in a Taylor series.
The development here is an expansion on the development by Barndorff-Nielsen and
Cox (1989, Ch. 2). We first develop the univariate Edgeworth expansion, and then
after defining some terms, develop the multivariate Edgeworth expansion for the

density and distribution function of the mean of a set of random variables.



2.2.1 Univariate Densities

Theorem 2.2.1 Given X,,..., X, independent and identically distributed with ez-
pectation E(X;) = p, variance Var(X;) = o2, and cumulants «,, ezpansions for the

density and distribution of
5 = Z(Xl - #)
n a\/ﬁ

are given by

o) = o0 {1+ 250 | ) | At )

and

p3t(s) + paHs(s) + p3Hs(s)
6v/n 24n 72n

Fs:(s) = ®(s) — ¢(s) {1 + + O(Tl-m)} :

where p, = k[0 and H;(s) is the ith Hermite polynomial (defined below) evaluated

at s.

Proof. First note that the cumulant generating function for S is given by

t
Kss(t) = —vnut/o + nKx(m)- (2.1)
Now expand the cumulant generating function for X around 0:
Kx(t) = pt + 1/20%% + 1/6k3t> + 1/24r4t* + . .., (2.2)
then
Kss (t) = 1/2t* + p3t3/(6/n) + pat®/(24n) + O(n™3/?). (2.3)

Hence, the moment generating function is given by

Msy(t) = 7% exp(pst®/(6v/n)) exp(pat!/(24n)) exp(O(n~%/2))
= e {14 pgt™/(6V) + P28/ (T2m) + .. (1 + pat*/(24n) + ..}
= 2 {1+ pat®/(6v/R) + pat*/(24n) + p3t°/(721) + O(n"%)} .



We invert this to derive an approximation for the density and distribution. To
do this we need to introduce the Hermite polynomials. These are a set of orthogonal

polynomials defined by the equation

He)H.(a) = (17 22, (2.4)
Noting that
R i s
= —t/ e* az:_ é(z)d
and that Hy(z) = 1, we derive that
/_ ‘: = H,(z)(c)dz = (—1) t"e5?, (2.5)

and use this and the uniqueness of moment generating functions to derive the density

expansion:

Foa(s) = ¢(s) {1 361’3(_8) 451‘;(3) Psgs(s) +0(n -3/2)} (2.6)

Term by term integration of (2.6) and the fact that

[ B(=)¢(a)ds = $(s)Hms(s), (27)

which can be derived from the above equations about Hermite polynomials gives

Fss(s) = &(s) — ¢(s) {1 + p"'(f;g) + p“i‘;fs) + p§7H25rfs) + O(n“‘”)} . (28)

This completes the proof.

There are several problems with the Edgeworth expansion that make it impractical
for use in statistics. The main problem is the quality of the approximation in the
tails. The key is that the expansion terms and hence the error of the approximation

depend on s. There exists a function A such that

|fs3(5)/Fsz(s) = 1| < A(s)/n (2.9)
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where f; is the expansion in (2.6) up to terms of order 1/n. However, in the tails
this A(s), which depends on s through the Hermite polynomials, can become intol-
erably large for the Edgeworth expansion (Barndorff-Nielsen and Cox (1989)). The
saddlepoint approximation avoids this problem by re-centering the approximation to

perform better in the tails.

2.2.2 Multivariate Densities

The multivariate Edgeworth expansion is considerably more complicated than the
univariate expansion. The exposition below is based on that of Barndorfi-Nielsen
and Cox (1989), and takes advantage of their use of tensor notation. To discuss the
multivariate Edgeworth expansion, it is important to understand the multivariate
Hermite polynomials. The following section briefly explains some of the issues with

these polynomials.

Digression — Multivariate Hermite Polynomials

The multivariate Hermite polynomials are derived in the same manner as the uni-
variate ones but the multivariate aspect adds some complications. The derivation is
explained in some detail in Barndorff-Nielsen and Cox (1989). We first need a bit of
notation to deal with the problem.

Notation 2.2.1 In generdl, i, , k etc. refer to indices running from I to some integer
m. Also, when an inder appears both as subscript and superscript in an ezpression,

this implies summation over that indez.

The multivariate covariant Hermite polynomials are written as &;,,_;, (z; £) where

.....

z = (z1,...2m)7 is a vector and ¥ is the covariance matrix for a multivariate normal
random variable with distribution N,(0,X). The polynomials are defined by the

following equation:
g 0 d

Oz "z,

bm(z; D)hiy,..ip (25 8) = (-1) Pm(z; E) (2.10)
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where ¢, (z; E) denotes the normal density of dimension m with mean 0 and covari-
ance matrix ¥. This is similar to the equation that defines the univariate Hermite

polynomials. The following also applies in the multivariate case:
/ez;";l ‘5Ijh;l,....;k(z; E)pm(z;Z)dz =1t .. .¢;, exp(~1/2tTTt) (2.11)

where ¥;; denotes the 7, jth element of £. Let £ denote the i ,Jth element of £~! and
define z7 = 3 £%z;. The first three Hermite polynomials are given by the following

equations:

hi(z;2) = g,

hij(z;8) = z;‘z;—Eij,

hiw(z:Z) = zizjzp — Ta; — T — ok,

We will use (2.11) in the same manner as in the univariate case to derive the

Edgeworth expansion for the multivariate case.

The Ezpansion

The Edgeworth expansion in the multivariate case is derived in the same manner
as the univariate case. Let Xj,...,X, be iid random variables with mean Qo=
(#1,. .. #m) and cumulants &* % = §K(¢)/Bt; ... Ot |i=o Where K is the cumulant
generating function. Let S, = (X; — u)/+/n (note that we do not standardize the
variance here as in the univariate case).

The cumulant generating function of S is

Ks;(t) = nKx-u(t/V)

1 . .
= Z ;'-h:"'"'""t,'l .. .t,-,n‘"/“'l. (2.12)

v=2 """
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The expansion proceeds exactly as in the univariate case, first converting to the

moment generating function and then using equation (2.11) to derive an expansion

fsi(s) = ém(sie){1 + (1/6v/n)s""*hije(s; &) + (1/24n) £ b (ss k) +
(1/72n)k" 7k Pap, oy (55 0)} + O(n=3/%). (2.13)

It is important to remember that the terms of the form x'h; are complicated sums of

polynomials. For example, if m = 2 the term k“#*h,;(z; ) becomes
&' R (5 6) + 361 2 hisa(z; k) + 36122 Ryg0(z; k) + &332 hggo(z; K).

These sums get large quickly. It is convenient to write the expansion in the

following form:

fs:(s) = dm(s; k) {1 + Q3(s, @) /V/n + Qua(s, ) /n + .. } , (2.14)

where Qi(z,£") is a polynomial of degree i confaining cumulants up to order .

2.3 The Saddlepoint Expansions for Densities

The saddlepoint approximation was first derived as such by Daniels (1954). Daniels’
paper derived the saddlepoint approximation using two methods.

The first method is the one which gives the approximation its name. This method
for approximating the density of the mean involves writing the density as the inversion
integral (inverse Fourier transform) of the characteristic function. The contour of
integration of this integral can be deformed so that it passes through a saddlepoint.
For large n, the integrand is negligible outside the immediate neighbourhood of the
saddlepoint, and an expression for the density can be derived by expanding about
the saddlepoint.

The second method, which we present here, does not involve complex analysis

and is developed as a generalization of the Edgeworth expansion. This method is
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due to Daniels (1954), and is based on work by Cramér (1938) and Khinchin (1949).
This method involved ‘tilted’ Edgeworth expansions, where the Edgeworth expansion
is performed on a density made up of the original one multiplied by an exponential
function. We consider a density which arises as the product of the density of interest
and an exponential form. An Edgeworth expansion of this modified density is taken,
and then after choice of appropriate constants, the expanded modified density is
multiplied back by the exponential form. This gives an expansion for the original
density which is identical to the saddlepoint expansion.

2.8.1 The Ezponential Tilt

The exponential tilt was first proposed by Esscher (1932). This is a modification of a
density to give an exponential family density. We give here an expanded exposition of
the work in Barndorff-Nielsen and Cox (1989, Ch. 4). Let X, ..., X, be iid random
variables from a density f with moment generating function M()) and cumulant gen-
erating function K()). Define the exponential tilt of f as the probability distribution
with density

fx(2;}) = exp(Az — K (X)) fx(z), (2.15)

where ) is a constant. Observe that

E(X;2) = /xfx(x)exp(z\x)dze""(’\)

[ zfx(z)exp(Az)dz
M(A)

[ & fx(z)exp(Az)dz
M(X)

HM())

M(X)

= K'(})

and

Var(X;)) = /(:z: — K'(\))? fx(z) exp(Az)dz e~ K)
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_ I 2% fx(z) exp(\z)dz _ (%M(/\))2
M(A) M(A)
_ &mMO) _ HMO),
M()\) M(X)
_ MM - [M' ()P
M(A)?
= K"()\).

Lemma 2.3.1 Let X,,..., X, be tid random variables from fx above. If S, =
" X then

=1

fsu(8;A) = exp(As —nK (X)) fs,(s). (2.16)
Proof. Consider fx(z;)) and derive the moment generating function.

M(@t)) = / et NZ=K(N £y (7)o
- / M=K+ £ (347 K(EH)-K ()
= (K(EHA-K(N)
M(t+ ))
M) -

This implies that the moment generating function for fs,(s; A) is [M(t + A)/M(\)]".
Hence to show that the density fs,(s;)) is given by the right hand side of equation
(2.16) we simply need to show that [M(t + A)/M(A)]" is the moment generating
function for the density on the right hand side of equation (2.16). Now the moment
generating function for the right hand side density is

/et’e’\""K('\)fs,.(s)ds = /e(t+'\)"nk('\)fsn(s)d’3

= e'"K(’\)/e(“*"\)’fg (s)ds

M(t + A)"

T (2.17)

which thus implies that the two densities are identical.
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Now, E(Sp;A) = nE(X;)) = nK'(A) and Var(S;A) = aVar(X;A) = nK"(}).
Another important fact is that the cumulant generating function for the tilted distri-
bution is K*(t) = K(t + A) — K()). We can now use the Edgeworth approximation

for the tilted distribution to determine the saddlepoint approximation.

2.8.2 The Saddlepoint Approzimation For Univariate Densities
Let S; = S, —nK'(X)/n\/K"(\) Then using the Edgeworth expansion derived in
equation (2.6), we get that

» b x * -2 »
forterin) = o(e7) {1+ B | PIBST) | AS) oM}, (215)

where s* = (s —nK'(A))/n/K"()). In this case

. KO#)mo  KD(N)
P; = Kn(/\)j/2 - Kn(/\)j/z'

Transforming from S} to Sy, we see that

P(s*) p3Hs(s") | piHa(s™) | p3 Hes(s") ey
(nK"(X))1/? {1 * 6/n | 24n T ; 7on T O / )}
(2.19)

fs.(s;4) =

Hence, a valid expansion for fs,(s) is

nk(3)-rs__ 9(57) {1+P5H3(3') +PZH4(S') p3> He(s™) +0(n‘3/2)}.

(nK"(X))1/? 6/n an | 7om

€

The key to the saddlepoint approximation comes here. The three Hermite polynomi-

als in the expansion are given by
Hj(z) = 2° - 3z,

H4(Z) = Z4 - 622 + 3,

and

Hg(z) = 2% — 152* + 4522 — 15.
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In the above expansion, A is arbitrary. To center the expansion about a different
point (and enable us to evaluate the Hermite polynomials at zero) we take A such
that s = nK'(A). The A that solves this equation is the saddlepoint in the complex
plane in the sense that Daniels (1954) first developed it. We label the saddlepoint
A. This choice of A makes s* = 0 and, since this means we must only evaluate the
Hermite polynomials at one point (and H3(0) = 0, eliminating the n~'/2 term). Hence
this simplifies expansion (2.19) to

PO 1 1/2 3 L 15 «2
—  onK(A)-3s _ Py _ 19p3 -3/2
fa) = esrinl kT o0 {14 35 2 o)

. . 1 1/2 3px 15p32
_  nK(d)-1s _ 2Ps _ 19p3 -3/2){
€ {27rnK"(/\)} {1 + 24n 72n +0(n )}

This gives an approximation
~ oNK(A)=As 1 e
fs.(s) = e {m} , (2.20)
which has error O(n~!) for any s. This is a significant improvement over the Edge-
worth approximation because the error in the tails is significantly reduced. In several
important classes of densities, the relative error is O(n~!) uniformly in s. It is impor-
tant that ) is defined as a function of s through the saddlepoint equation and hence
changes depending on the value of s.
There is a notational complexity to understand here. In the above equations, X is
a function of s, but one can also conceive of a random variable A = 5\(5’“) which is a
function of Sy, the sum of the observations, given by solving the saddlepoint equation
at the random point S,. We will endeavor to clearly state the interpretation of A
which is being used in the rest of this dissertation.
A simple change of variables from S, to X gives
o n 1/2
F(z) % enEI-3 {m} - (2.21)
In general, the saddlepoint density approximations do not integrate to 1. They

can be made to by multiplication by an appropriate constant c,. In three cases, the
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normal, gamma and inverse Gaussian distributions, correction by this constant gives

back the original density.

2.8.8 Multivariate Saddlepoint Ezpansion

Let Xi,..., X, be an iid sample of m-dimensional random variables from a density
fx(z) and let S, = ¥ X;. Note that X; = (Xi1,---»X1m)T. Define fx(z;A) =
exp(Az — K (X)) fx(z). Some of the results that were derived in the univariate case
still apply:
fsa(s3A) = exp(As — nK () fs.(s),
E(Sn;A) =nK'()),
and

Var(Sn; A) = nK"()).

Note that K'()) is a vector and K”()) is a matrix.
Again let 5 = (5. — nK'(}))/\/n. We apply the Edgeworth expansion as in the

univariate case to see that
Fss(s750) = d(s™ K"(N) {1 + Qa(s™; &) + Qu(s™ @) + .. 4, (2.22)

and if we let X solve

K'(A) =s/n (2.23)
so that s* = 0, we can derive (in the same manner as the univariate expansion)

fs.(s) = exp(nK(:\) - :\s)

= —77 11+ Qa(0; ) /n + Q6(0;6®) /n2 + ...} . (2.24)
(@mymz {nlKn(3)[} { }

When we evaluate the Edgeworth expansion at the saddlepoint, Q3(s*; ) = 0, in

the same way as it was in the univariate case.
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2.3.4 Double Saddlepoint Approzimation to the Conditional Density

Conditional densities are in general complicated due to calculation of the marginal
density for the conditioning variables. Barndorff-Nielsen and Cox (1979) proposed a
method of approximating a conditional density based on saddlepoint approximations
to the two parts of the conditional density.

Let Xi,..., X, be a sample of n iid vector valued random variables from a den-
sity f. Denote the components of each X; by Xji,...,Xin. Let Sn = X X; =
(5.4,-..,S5.m). We are interested in the density of S.; given S.,,...,S5,.. When both
densities are known, this density takes the form

JS10nSm(S15-cvySm)
L (S1ls2,.-.,8m) = = . 2.25
fsu(slss ) FSarnSm(S29-+ -1 5m) (2:23)

One could approximate this density by calculating cumulants and means for this
conditional density. This method is known as the direct saddlepoint approximation
for the conditional density. However, it is quite complicated and can lead to difficult
computations, because in general, calculating the cumulant generating function and
solving the saddlepoint equation for these densities is non-trivial. It is however fairly
accurate.

To avoid these complications, Barndorff-Nielsen and Cox (1979) proposed to ap-
proximate each of the densities separately and use the ratio of these expansions as
an expansion for the conditional distribution. This is known as the double saddle-
point approximation. The density in the numerator is given in equation (2.24). To
derive the denominator density we need to define a few terms. Let S; = ¥ X and
S2 =YXz, .., Xim). Define Ay to be the (m — 1)-dimensional saddlepoint found
by setting K'(0, Azg) = S.2/n. Then the denominator density becomes:

exp {TI,K(:\QQ /\2032}

(2m)m =021 K7 (g |1/2{ +Qa(0;5)/n + Qo(0;®)/n* 4.}

(2.26)

fS-z(s )
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The double saddlepoint expansion is the ratio of these two expansions,

fs-l (81'5.2 = 32) =
exp [n {K(}) — K(0, )} — As + Saosa) {1+ Qa(0,x@)/n + .. 3
@) 2R /K" C))? {1+ Qu(0,88) /n +...}

(2.27)

The subscript on ﬁ:g‘(‘,) indicates that it is cumulants based on the marginal distribution

of S.2. It is trivial to see that the ratio of the errors simplifies to
1
L+ ={Qu(0,5) ~ Qu(0,sZ) } + O(n /).

The double saddlepoint approximation for the conditional density is given by the
leading term of (2.27). Again, a normalizing constant will in general be needed to

ensure that the double saddlepoint approximation integrates to 1.

2.4 Approximate Tail Probabilities

The saddlepoint approximation to the density and the double saddlepoint approxi-
mation to conditional densities provide accurate approximate likelihoods, but direct
integration for tail probabilities, test statistics and confidence limits is cumbersome.
Several authors, beginning with Daniels (1954), have examined alternatives to direct
integration of the saddlepoint approximate density which give accurate tail probabil-

ity approximations.

2.4.1 The Tail Probability — Univariate Densities

An approximation to the cumulative distribution function or tail probability for the
saddlepoint approximation to the density can be derived in two ways. We will present
them both here. The first involves only real variables, while the second uses complex
variables and generalizes more readily to the multivariate and double saddlepoint

cases. The first expansion is due to Daniels (1954) based on the exponential tilt
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methods, and the second is due to Lugannani and Rice (1980). A review of these
results with comments can be found in Daniels (1987).

It is not convenient to simply integrate the saddlepoint density approximation
term by term as was done with the Edgeworth approximation. We wish to examine

the integral
P(Sa<s0)= [

—~0o

1/2
K (A)=hs 1 / ds (2.28)
27mK"(:\) ' .

We derive a value for this integral by a series of changes of variable. The first change
of variables is from s to A. These two variables are connected by the saddlepoint

equation and hence the Jacobian is

The integral becomes

o KRR R 5
n(K(A)—-AK' "0y
P(S,—, S So) = /;ooe (KA ) {m} nK (/\)d/\, (229)

where Jg is defined by the saddlepoint equation sq = nK’(}).
The second change of variable is to ¢ = sign(:\){2(;\K'(:\) — K(A)}Y2. This has
Jacobian given by 65\/ 0q. Now,
. . . . 1 N e
8q/05 = siga()(20.K'(3) ~ K()}(3) {2(K'(3) + AK"(h) - K0},

which simplifies to ;\K”(:\)/q. The Jacobian is thus q/(:\K”(:\)).
This makes our probability become:

1/2 )
P(S, < s0) = /“ e—%q’{_l_)} K3 —dg

o 1/2
-——.-} qu
27nK"(A) A
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where ¢(z; ) is the density of a normal random variable with mean 0 and variance
T.

Now, define f(q) = q/(AK "(3)H2). To continue, we use a lemma due to Temme
(1982) which enables an expansion of the integral of the product of a real-valued

function and a normal density.

Lemma 2.4.1 Given f o real-valued function of a real variable which vanishes at 00,
let
Q@) = [ fle)p(zir)de.
Then
Q1) = Qr(e0)2(ry) - LI 1500, -1 4 0t

Proof. We first demonstrate that Q-(c0) = f(0){1 + O(r~1)}.

Q-(0) = /_: [f(O) + f(0)z + f"(0)z?/2 + .. ] (z; 77 V)dz
= £(0) + FOEX) + FOEX)/2+..., (2.30)

where X ~ N(0,77'). Since X is normally distributed with mean 0, all the odd-
powered expectations are 0, and the integral can be expressed as

210
o (2)!

= 5 Omty

= if(ﬁ)(o)l -3 f:(zz)([l —1)

=0

= (T +1/2
= 3 7E0)2/r) (2();—(11//2))

=0
which implies that @-(o0) = f(0){1 + O(7~!)} as stated.

Now, we expand the original integral using repeated integration by parts. Write

I

@ = foeewA + [ IO mnae. )
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Now, integrate by parts with u = (f(z) — f(0))/z and dv = z¢(z; 771)dz. This gives
(using the identity derived earlier for Q,(c0))

) = FOBr) — roioir )f(v);f(O)
- /~ az{f(z)zf(")} o237V dz. (2:32)

Repeating the integration by parts gives

(z) i
Qr(7 Q( \/— Z f (O - ¢ Z f Tx+1f( )(O)s

=0 i=0

where '
0 fUN(z) — fi-1(0)
oz T

f)(z) =

and f%(z) = f(z). Hence, we can write

Q- (1) = B(v/F)£(0) — - 6(7; 7Y) {M} Loy, (239

and when we replace f(0) with Q.(oc0) + O(7!) we get the desired result.
We apply this lemma to the integral in question with

q
flg) = KO

ThlS gives the following approximation for the cumulative probability:

0

1
= (D(QO\/— ¢(q0\/—{ KII 1/2\/_q0 \/EQO}

P(S,<s0) = B(gov) - —¢<qo;n-l)% +0(n )

which simplifies to

®(qvn) + ¢(q0v/n) {\/_qo \/H:\Kln(:\)m} (2.34)

where go = sign(}o)[2(AoK"(Jo) — K(30))]/2 and so = nK’(}o). This is the desired

approximation. With this we can approximate the tail probability with error O(n=!).
The upper tail probability P(S, > s¢) has a similar form

1
1 ~ ®(gov/n) — d(qov/n) {\/—qo \/ﬁ;\_rn(,‘\)l/z}' (2.35)
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Complex analysis is required to derive approximations to the cumulative distri-
bution function for the double saddlepoint approximation. We give two background
results first, and then derive again the tail probability for the univariate saddlepoint
expansion, and then for the double saddlepoint approximation. In both cases, this
derivation allows modification for the use of discrete or lattice random variables,
which are of primary interest in the sequel.

We first give Abel’s lemma, which is actually only used in the real case (the proof
can be found in appendix A):

Lemma 2.4.1 Take v a nonincreasing function on [A, B] that is bounded above. De-

fine
F(z) = /A Fu)du,

and let F' be bounded in the interval so that h < F(z) < H for z in [A, B], then
B
ho(A) < /A v(u)f(u)du < Hu(A). (2.36)

Abel’s lemma is used in the proof of Watson’s lemma, which is here stated in its

simplest form (again see appendix A for a proof):

Lemma 2.4.1 Let
zZ
I= / =32 f(2)dz, (2.37)
0

where f is a possibly complez valued function analytic in a neighborhood of z = 0 and
a is large and positive. The path of integration is along the real azis. Assume I erxists

for some a < a. The result is that

I= {Zj f (,-?.(0) (m+)t 0(e~X), (2.38)

where X is within the radius of convergence of f.
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Watson’s lemma can be used in other forms, in particular ones that will be more
useful in our applications. First, a change of variable from z to u = 22 gives
z 1, 1 & F9(0)T[H]
| exp(=5nt) )z ~ o 3 L0 EEL
0 2 23 (N

and then summing both a positive and negative part (the odd terms in the sum

(2.39)

cancel) gives
B 1 2 fEO)T + 5]
/_A exp(—5n32)f(z)dz ~ j;) (2j)!(%)1’+% 2

and secondly, with another change of variable (this time from real z to a complex

: (2.40)

variable)
wiB © (_1\i f(29) (.5 INCERS
i—./u_,_; exp(—-;-n(w ~ ©)?) f(w)dw ~ Z (-1) (gj)!((‘;v))jjg + 2] (2.41)
or o
1 n 1 0+iB 1 <12 oo (—l)jf 27 (11))
2‘-(5) /2 /u';-iA exP(—in(w — w)*) f(w)dw ~j§o iy (2.42)

Each of these transformations comes from an appropriate choice of f and of the range

of integration. This final form will come in handy in the next two derivations.

2.4.2 Tail Probability - Complez Variable Derivation

The derivation of an approximate tail probability based on saddlepoint expansions is
due to Lugannani and Rice (1980). We begin by writing the exact tail probability
(based on the real density and the characteristic function inversion formula, not the

approximation) as

80 1 S0 c+100 K(A)=A
= n sd\d
[tntods = o [ [ e omands
- 1 / etico (M)A (A —1)dA
2w c—ico A ’
where c is an arbitrary small real number chosen such that the integral does not pass
through the origin. This makes the upper tail probability

c+ico .
Foulsdsgms [ ekt (2.43)

80 2 —100 A
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which is easier to work with. Define ) to solve K" (A) = so/n. We make a change of

variables from X to w by the equation

2(h()) — h(}))
(A= A)?

’

w—w—_-(,\-,“\)\J

with h(X) = K(X) = Aso/n and & = /2(Aso/n —~ K(})) so that —1i? = h(}). We
then simply substitute in (2.43) to get

1 n _, [otio n 2] 10X
omi P(=3% )/u-,_,-oo =P {2 (w =) } Yo (2.44)
Define the function g(-) such that
oA
g(w) = (1/A) 5~ (2.45)

This function has a singularity at w = 0. We perform the integration in two parts,
splitting g(w) into gi(w) = (1/1)(8)A/0w) ~ (1/w) and ga(w) = (1/w). The second

integral is exact:

(20 [ exp B — a2} 22

o w

1 w+ico -
= §7r—i/w—noo exp(—w —-w\/r—zw)—

w+ioco

= 27” / ) (-—w — wy/nu)dudw
_ \/— Hieo no2
il P exp(zw wy/nu)fwdu
_ oo 1 +o0 n 2 .
= /ﬁu} 57 ) exp( 2v iuv)dvdu
= 1-8(/ad). (2.46)

To approximate the first integral we use Watson’s Lemma in the form (2.42). We
first have to show that g, is analytic. We do this by showing that it has a power
series representation. Now,

g(w) =<

b}

101 1
ow
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which implies that

wgl(w) ——w - 1.

This function is analytic and hence has a power series representation wg(w) =
Y8 a;w'. This means that g(w) can be written Y a;w'™t. If we can show that
ap =0, then we can write g;(w) = S a;+w' and hence it would have a power series
representation and be analytic. Now, aq is wg;(w) evaluated at 0. Since A = 0 when
w =0,
m 23_/\ =1
w20 A\ Jw
and hence, the value at 0 is 0 and g = 0. Hence, g, is analytic.
Note that since 3(w ~®)? = (h()\) — h(:\)) we can differentiate twice to determine

that
22 + (22
R ITRAY Y

Now A”(A) = K"(A) by simple differentiation, implying that at @ (and hence at A)

(w - =h"(2).

(7)) 1

Watson’s lemma enables us to write the first integral as the sum

e"P\(/‘_'“’ )gl(w)+0( ) = ?“’) W) + O(n™!)

= ¢>(\/_w)( )+O(n“), (2.47)

Vai /o

where z = ;\\/K "(}) (it is equal to the corresponding term in (2.34) and w is defined
above and is equal to go in (2.34).

The overall approximation is hence the same as that derived earlier,

P(S > so) =1 — &(v/nw) + ¢(v/n) (\/_ Tiw >+0( —h. (2.48)
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Lattice or Discrete Variables

In the discrete case we have a situation similar to the continuous case.

> fsuls) = i:i/ww nK()=2s gy
£

2mi 4

cmico
- 21?1 c::" K )(g=As0 g e~ M)d)
= gL ey (249

An alternate derivation begins with a continuity correction, which rearranges (2.49)

as follows:
c+i00 . d,\
nK(A)=A(s0—1/2)
Zfs,, = omi /—xoo ¢ 2sinh(3A)’ (2.50)

[ will derive the first case. Begin with the integral form

L / O Kk r___ A
271 Je—ioo 1-— exp(—/\)

We make the same change of variable as earlier, giving the following new integral

form:

1 n g [otie n . 1 a\
%:e (-ng) -/t;':—ioo €Xp {E(w —w)z} (1 -—exp(—A)) 6—w-6w (251)

where h and w and 1 are defined as before. We now proceed with the same procedures
as before. The second case is derived identically with a few slight changes in the
final results. Define g(w) as in (2.45). Again, there is a singularity which must be
accounted for. We do so by splitting the integral into two parts, as before. The
first part of the integral thus can be evaluated approximately using Watson’s lemma
and the second integrates exactly. Both of these derivations follow the previous ones
identically, and the final result is nearly the same:

L — B(y/7) + $(y/FD) ( L _

Vni  /nw

) +0(n7Y) (2.52)
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where z = (1 —exp(:\))\/K "(}) and 1 is defined in the same way as in the continuous

case.

2.4.3 Double Saddlepoint Approzimation — Tail Probability

The tail probability for the double saddlepoint approximation is of particular interest
to researchers using generalized linear models. Typically the performance of un-
conditional approximations to conditional inference is weakest for calculation of test
statistics and tail probabilities. The saddlepoint approximation to the tail probability
improves the error from O(n~'/2) to O(n™!).

The saddlepoint tail probability could be calculated using numerical integration
of the density, but this is a complicated integral and an approximate tail probability
is desirable. Skovgaard (1987) gives the following derivation of the tail probability,
based on a generalization of the above work due to Daniels (1954, 1987) and Lu-
gananni and Rice (1980). The derivation of the tail probability in the conditional
distribution using the double saddlepoint approximation is quite difficult. It relies on
results from theory of complex variables.

We are interested in the tail probability and work with the upper tail for conve-
nience, results for the lower tail being parallel (the derivations proceed identically).

The probability in question is

[ ]
[ fsu(salsan...,sm)dsa (2.53)
301
which can be expressed as
oofs.l oS, (s-ly-'-,s-m) 1 00
e ds., = fS1Sm(SidyeenySim)ds.y.
o Fsaism(5rySm) L Fsmram (s do IS (4 ()2 5

Hence, we need to evaluate the second part of this expression,

oo
[ Fsirsm(as- s s.mddsir
So1
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This is done by writing the density as the inversion of a characteristic function, as
mentioned above. For this derivation, we will assume that S.2 is one-dimensional.

The generalization to multivariate results is simple and will be mentioned later. The

integral
2m /,m /_:o/_: exp {nK (A1, A2) — A1s.y — Aps.z} dArdAads.,
= gm /::/_mexp{nlf(/\l,/\g — X252} dAad) /am exp(—Ay.1)ds
= % j:o /_m exp {nK (A1, A2) —z\gs.g}exp(—,\lsm)d'\j\‘j’\l
= 2m 2 [ _+: /_ — exp {nK (i, h2) = usor = Masa) d’\z‘l”\l
= (%) / j:(—l—) /oo exp {nK (A, Az) — Ags.2} dg exp(—Aysar) ﬁ .(2.55)

Note that the integral ranges over c £ ico - it is necessary to avoid the singularity at
A1 = 0, so the contour of integration is shifted an arbitrary small quantity c. The inner
integral in (2.55) looks like the ordinary inversion formula for the density of S., except
that K(X1, A;) should be K(A,). Let Az(\;) solve the equation KL(A;, Aa(M)) = s2/n
and then we have a situation where the saddlepoint approximation can be applied.

For example, :\2(0) solves K7(0, :\2(0)) = s./n This means that we can approximate

1 ico 1 exp nK(,\,:\(,\ ))_:\2(,\ )s.
—')/_ exp {nK (A1, da) — /\zs.z}d/\zz‘/mur {nE O, da(0 s}

2me \/K" (A, A2(A1))
(2.56)
which yields as an overall approximation
c+.°° 1 exp {nK(Al, a(M)) = Ao(Mr)sa} A
2 exp(—A1So1) Y
TI'Z —wo 2(/\1, ,\2(,\1)) 1
/CJ,m \/Texp {nK(Al, Sa(M)) = Ja(A)s.2 = Ausor} di, (257
2m c—ico 2(,\1’:\2(,\1)) AL

Now let
h(A1) = K (), :\2(/\1)) - 5\2('\1)3-2/71 — Aso1/n.
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Differentiating K}(),, :\2(1\1)) = s.o/n gives
Oda(M)[BNs = —Kiy(M, X (M) Kip(Ais a(Ar)),
and that the first two derivatives of A are

KOn) = K de() +
{K;00 52(0)) = sa/n} {= Kl (M, 2o (0)) K3y (M, 2a(M)} = sou/m
= K{(A1, (M) = so1/n (2.58)

and

[ty 20

h'(A1) = Ky (A, Aa(Ar)) — = (2.59)
e (A, Jo(M)
Now we rewrite the integral of interest as
1 ctico [ 1 exp(nh();)) d\
2wt /-—too (2.60)

207 K (s do(Ar)) M

It is now necessary to approximate this expression using another saddlepoint ap-
proximation. Let ); solve A’ (A1) = 0. We do this by first defining a new variable
w. Let w be such that }(w — %)? = h();) — A(},) , where sign(w) = sign(};). This
means that when A\ =0, w = 0, and w = @ when A; = ;. Now, choose ¢ = ) in

(2.60) and then we can rewrite

/C+'°° exp {nh(\)} d)\
2‘471 c~100 2nm \/K" (/\l, /\2(A1)) /\1

1 Sutico exp {nh(A) - nh(:\1 )} das
- (%) 2nm exp(nh(} ))./,:\1—3'00 \/ K5 (A, da(A AL
= (ﬁ) %;exp {5+ nh(o)} /. T {E(w 2o 2 %% 61)

W—ioo \/Kélz(/\h:\z(/\l)) ow A\ w

Define g(w) = (1/\/}\’” (A1, A2(A1) ))(0A1/0w)(w/A,). Then we can rewrite (2.61) as

%)\/zfm exp(= 5+ nh(0) [ exp(3(w — #)7)g(u) 22,
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Parallel to the development of the éingle saddlepoint approximation, define

9(w) - g(0)

- ! Ml 90 (2.62)

\/}1 ()‘1’/\2(,\ )aw,\l w '’

and gy(w) = g(0)/w. The integration proceeds in the same manner as before, approx-

g1(w)

imating the first part with Watson’s lemma and integrating the second part exactly.

We can rewrite the whole integral

5 o {5 0

[ op (3w -9} {ar(w) + gsw)}ow
= |5 PRA(0)g(0) ) exp(~ i)
< [ e {jw-ar}{e), L, (2:53)

Note that g(0) = K,(0,32(0))'/2 which means that the first part of this ex-
pression is exactly the saddlepoint approximation for the marginal distribution, and
hence divides out when we condition on the appropriate margins. The integral (2.63)
can be shown to have a form similar to the univariate case. For the first part, we
demonstrate that g; is analytic in the same manner as in the univariate case. Con-
sider wgi(w). This is again analytic. By an identical argument, we can show that g;
is analytic and apply Watson’s lemma in the same form as before. This gives a part

of the approximation as follows:

exp(—-;llbz)gl(zb) -1y _ ¢(\/77U~’)91(u~)) -1
an g0) TOUT) = = o)

= g(vmi) (

1
NN
where 7 = wg(0)/g(®). g(®) = &/A|K"(31, 32(A1)["%, so
_ ;\lJ |K(31, A2 (M)

K7,(0, A2(0))

) +0(n™h). (2.64)

N
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and @ is defined above. The second part can be integrated exactly, giving

1 — &(/nw).

This leaves the overall approximation as

1 — &(v/nd) + ¢(v/nd) ( (2.65)

75~ 7s) HO0™
where @ and % are defined above.

This result extends to conditioning on multivariate random variables. There are
no complications in the proof — it is just a matter of notation and the fact that
the lower right corner of the second derivative of the cumulant generating function
becomes a matrix, and Z becomes

_ XI\J [, Ja(Gu)
|K35(0, 42(0))]

Lattice or Discrete Case

Skovgaard (1987) extended the development of the double saddlepoint tail probabil-
ity approximation to the discrete case, which is of essential interest for the problems
under consideration for this dissertation. The derivation parallels the double sad-
dlepoint in the continuous case, but uses the same summation that was used in the
univariate discrete case. The result is as one would expect. One can choose to apply
a continuity correction, replacing s.; in the equations by s.; — 1/2.

The tail probability retains the same form as in (2.65) but since the outer integral

changes to a summation, Z becomes

|K"(Ay, '\2(/\1))|
|K2%,(0, 42(0))]

if the continuity correction is not used. If a continuity correction is used, the change
/

7= (1 —exp(—A ))\‘ (2.66)

is to

[K"(Ay, Ao (A )?I (2.67)

S 1
(2s‘“h(iA‘))\J K20, 35(0))
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Corresponding results for the lower tail can be derived as well. Without the continuity

correction, Z becomes

.

KOs, da(A))]
|K5(0, 32(0))]

If the continuity correction is implemented, 7 remains as in (2.67) but the perturbation

i=(1 —exp(&))\)

of the sufficient statistic is changed to reflect the lower tail, changing s.; to s, —1/2.



Chapter 3

APPLICATIONS TO GENERALIZED LINEAR MODELS

3.1 Introduction

This chapter reviews the implementation of the saddlepoint approximations in the
generalized linear model. Several facts about the GLM are convenient in using the

saddlepoint approximation and these will be demonstrated below.

3.2 The Density and the Modified Profile Likelihood

The generalized linear model (McCullagh and Nelder, 1989) is a class of models
which extends the form of the linear model to observations with non-normal error
components.

Consider data of the form Vj, .. ., ¥;, with covariates X, ..., X, where Y is a scalar
and X; = (Xiy,... ,X,-,,)T is a p-dimensional vector. The data are said to follow a

generalized linear model (GLM) when the following requirements are satisfied:

1. The components of ¥ have independent distributions from a family of densities
of the form

fr (3 6) = exp [{y:6: — b(6:)} /a(8) + c(y, ¢)]

for some functions a, b and ¢. Note that E(Y;) = y; = b/(6;), since b(-) is the

cumulant generating function.

2. There exists a2 monotonic differentiable function g (called the link function) such
that g(u;) = n; where 7; = ¥_; X;;8; for some §;, j =1,...,p.
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The link function g is called the canonical link function if g() = 6 (which implies
that 8; = 7;), which enables the density to be written as a function of the B as

fr(y; 8) = exp[{yn — b(6(8))} /a(¢) + (y, $)]

or
fr(y; B) = exp { (87t(y) - b(6(8))) /a(¢) + c(v, 4},

where #(y) = yTz. In the rest of the chapter, we assume that ¢ = 1 and that a(¢) = 1.
This simplifies the density and the approximations considerably; however, the case
of general ¢(-) and a(-) does not add complexity to anything except the written form
of the approximation.

Daniels (1954) first noted that when the data follow an exponential family model,
the form of the saddlepoint approximation is simplified. Consider data Y:,....Y,

come from a density of the form:

Fr(:6) = exp {67¢(y) — b(6) — d(y)}, (3.1)

where T' = ¢(Y) is the vector of minimal sufficient statistics. Here, K()) = b(A+6) —
b(6) and hence A = § — § where § is the ordinary maximum likelihood estimate. The

saddlepoint approximation to the density of T' at T = #(Y) is given by

1 A .
Fr(t;8) = e RO [n {66~ 0+6)-b(8)} — (6—6)7]
1 n
= (%)m/z”(é)llﬂ.r,(o) /L(6). (3.2)

The double saddlepoint approximation in the exponential family has a similar form.
Letting T be the sufficient statistic for #; and T, the sufficient statistic for the

nuisance parameter 83, we can develop the following approximation:

_ |12(61, 62(81))[ /2

(2n|I1(6)[)1/2 L(81,6:(61))/ L(8) (3.3)

fri(t1; 61T = t3)
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where 92(91) is the maximum likelihood estimator of 4, for a fixed value of 8, and the

information matrix is partitioned into blocks as

I Ly
Ly I
This approximation gives rise to an approximate likelihood, which has been named the

modified profile likelihood by Barndorff-Nielsen(1983) (see also the adjusted profile
likelihood of Cox and Reid(1987)). This approximate likelihood has the form

Lap(01;41|Ty = ta) = |Ipo(81, 62(61))[/2L(6,, 62(6,)), (3.4)

where the second term is the profile likelihood for 6,. This approximate likelihood
has been shown to approximate the true likelihood for models both on and off the
exponential family, and has given rise to a body of work on higher-order asymptotics
in general (Barndorff-Nielsen 1980, 1983, 1986). For the exponential family, the
results of chapter 2 imply directly that

Lup(81: t1|To = £3)(1 + O(nY)) = Lo(8y: 41| Ty = ) (3.5)

where L¢ is the conditional likelihood for 4, given T5.

3.3 The Approximate Tail Probability

The tail probability approximation in the univariate case has a simple form as well.
Recall that (compare to (2.48) - note that we incorporate the /7 into w and z by
letting w = /nw and z = \/n3)

P(T<t|fo) = ®(w) + ¢(w) (1/w ~ 1/2). (3.6)

In the exponential family, several favorable things occur. As derived above, A= 0—8,,

and

nK"()) = I(8)



Also, in (2.48),

Vo = /200 - K(X))
= sign(6)(2((6) — 1(60)))"/?

= sign(4)y/2log A, (3.7)

and

z=\/n: =

= == (3.8)

where 2 log A is the standard LR statistic and z is the square root of the Wald statistic
for testing 6 = 6,.

In the exponential family, the double saddlepoint approximation to the tail prob-
ability also has a convenient form. The key fact additional is that

IK"(A, da(M0))] = |1(6)]

= |L1.2(8)|| La()]. (3.9)
This means that
) 157Gy, R (R
\/';1,—2 = \/-TI/\J rS
N K(0,35(0))
- (él—em)\} a2 O)aO)] (3.10)
|122(910,92(910)|

This tail probability is slightly different from the univariate — see (3.6) and (2.65) -
here Z = zp where z is the square root of the Wald statistic for the single degree of

freedom test of 8; = 6,9 and

; 1/2
- | ] 3.11
g [II22(910,52(01))| ’ ( )



38

the ratio of the determinant of the block of the information matrix corresponding to

the nuisance parameters in the full model to that in the reduced model. Again,

w= sign(qAS)\/2log A (3.12)

the signed square root of the likelihood ratio statistic for testing 6, = 6.
Hence the Skovgaard tail probability approximation takes the form

P(Ty < t[T3, 610) = B(w) + $(w) (1/w — 1/(zp)) . (3.13)

Barndorff-Nielsen(1986) developed a different approximation for the tail probability
based on direct integration of the double saddlepoint approximation. Pierce and
Peters(1992) applied this work to the GLM. This approximation has a slightly simpler

form than the one given in (3.13), and is given by
1
P(T, <ty 610) = & [+ - {log o — log(uw/2)}] (3.14)

where the terms w, z and p are given above.

To derive this approximation, one expands not the integral of the actual density,
as is done in section 2.4, but the integral of the density based on Barndorff-Nielsen’s
modified profile likelihood. First, it is useful to note that

[1(8)] = |I112(8) || Iz2(8) (3.15)

so that the double saddlepoint approximation to the density can be written as

1L Le(6) (3.16)

|L112(8)/2 pLp(6)
From here, the approach is to make a change of variables first to the directed log-

likelihood ratio statistic w, and then to the modified likelihood ratio statistic w* =
w + +(logp — log(w/z)) in (3.14). A rough derivation can be found in Pierce and
Peters (1992) and a more general and detailed exposition in Barndorff-Nielsen (1990).
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It is straightforward to demonstrate (as noted by Pierce and Peters (1992)) that
the right hand sides of (3.14) and (3.13) are asymptotically equivalent as n — oo .
Taking the approximation

P(T) <tT2,6:0) = @ [w + i—{logp - log(w/z)}]
= @{w+ —llglog(pz/w)}
) {w Ll 1)}

w'zp
® {w+1/(2p) + 1/w}, (3.17)

and expanding about w gives
&(w) + ¢(w)(L/w ~1/(2p)) + ¢'(w)(1/w — 1/(2p))*/2 + .. .. (3.18)

The third term of this expansion is of order 1/n. Hence, the two approximations are
asymptotically equivalent. Approximation (3.14) is easier to use, and showed superior
performance in limited work by Pierce and Peters.

It is interesting to consider this approximation in terms of w, which is just the

unconditional likelihood ratio statistic, and two adjustment terms. They define
NPp=1l (3.19)
= ” gp .
which they consider to be adjusting for the nuisance parameters and
1
INF = Zu-log(w/z). (3.20)

which Pierce and Peters interpret as adjusting for the information difference between
the conditional and unconditional models. Pierce and Peters (1992) proposed this
division of the adjustment, and investigated the effects of nuisance parameters on the
two adjustments, and gave general comments about the effects of these two quantities

on the approximation.
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When A = 0, that is when § = 8, the approximations in (3.14) and (3.13) are
infinite. Two methods to avoid this problem have been proposed. The first, due to
Skovgaard (1987) and Davison (1988) replaces the formulae with

o1 A/67% 4+ tr(X2)g)/2
P(T <t o) = 5 + . 7*r(2m:§1/22 <)/

(3.21)

where v = [I, — I1,I;;' [1]'/?, I;; is the 7, j block of the information matrix, A\, =
i K (é),’jkvivjvk, Az is the px p (p is the number of parameters) matrix with L;'in
the lower right hand corner, and )3 is the px p matrix with elements S K" (é),‘jkvk. v
is the 1xp vector (1, —I},15;'). The second, suggested by Bedrick and Hill (1992), used
either the continuity corrected value or the uncorrected value, depending on which
gives a smaller approximate normally distributed statistic. This approach appears to
work well in practice (Bedrick and Hill, 1992), and is much easier to implement than
the first approach above.

In all the above cases, the tail probability result given is valid only for continuous
data. The results change only slightly, however, for discrete data, whether counts or
more general lattice data because the tail probability, instead of being an integral, is a
sum. The methods of sections 2.4.2 and 2.4.3 are applied, and one can take advantage
of the fact that A = §—4. To convert the expansion to one useful for discrete data we
must modify z in equations (3.13) and (3.14) by replacing (0“1—91) with 1—exp(6,—6,).
If one wishes to utilize a continuity correction, the sufficient statistic is perturbed by
+1/2 as needed, and (4, — 6,) is replaced by exp(L(6, — ) — exp(—%(él —6,)).

In all the above cases, the approximation is valid only for the canonical link.
Approximations have been derived for non-canonical links (Pierce and Peters (1992))
but not examined in any detail. These approximations involve using sample space

derivatives (Pierce and Peters (1992)) of the log-likelihood.
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8.3.1 The Sequential Saddlepoint Approzimation

Fraser, Reid, and Wong (1991) proposed an alternative to (3.13) and (3.14). They
suggested evaluating the two tail probability approximations using the modified pro-
file likelihood (3.4) in place of the unconditional likelihood. The Wald and likelihood
ratio statistics are based on the modified profile likelihood. Recall that the modified
profile likelihood is given by

Lup(81;4|Ty = ta) = |I;2(61, 6,(61))|/2L(8,, 6,(6,)). (3.22)

Maximization of this likelihood gives rise to ;yp, the maximum modified profile

likelihood estimator. A Wald statistic

zmp = (bimp — 80)V Inp(B111p), (3.23)

and a likelihood ratio statistic

warp = \/2(log Lup(Bimp) — log Lyp(6)), (3.24)

can be calculated, where Isp is the information for 8, from the modified profile likeli-
hood. These two statistics can be used as if they were from a univariate approximation

to give the sequential saddlepoint tail probability approximations

1 1
P(Ty < H{T5, bro) = Bluuner) + b(wnr) (- —), (3.25)
WMP  ZMP
and
P(Ty < tTay10) = @ {wnee ~ ——log(unep/zuap) }- (3.26)
wMP

The modified profile likelihood depends only on f, so there is no need to use p-
Empirical work in the gamma distribution showed that for several situations, this

method improved the empirical performance of the methods.
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3.4 Applied Work in the Exponential Family and GLM

There bas been some research done regarding the implementation of these approx-
imations in the generalized linear model. Davison (1988) first applied the work of
Skovgaard (1988) and Daniels (1988) to the GLM. Pierce and Peters (1992) examined
the performance of the approximations in more detail. They examined the test of
independence in a 4x4 contingency table with ordered categories. They calculated
one-sided p-values and confidence intervals for the MLE for the range of possible
outcomes for tables with all marginal totals being 1, 2 and 4. They examined both
the Davison and Barndorff-Nielsen approaches to the tail probability and the use of
the sequential saddlepoint approximation. For the sequence of 2 x 2 tables (Example
1.1), they examined sets of 10 and 40 tables, with 2 controls and 1 case in each table.
They plotted the tail probability values using both the Barndorff-Nielsen and Davison
approaches. Barndorff-Nielsen and Cox (1994) plotted the likelihood function for the
same setup with 10 tables and marginals of 1 and 2.

Bedrick and Hill (1992) examined three models from an empirical perspective.
For Bartlett’s test of no three way interaction in a 2 x 2 x 2 table, and twenty
published data sets, they calculated the test statistic and p-value for all possible
outcomes with the given marginals using Davison’s saddlepoint approximation, the
exact conditional distribution, and a normal approximation. They repeated this for
a monotonic trend test. For the test of a common odds ratio in a set of two by
two tables, they examined a dataset from a matched case-control study analyzed in
Breslow and Day (1980). Here, they created 25 randomly generated datasets for
each of several different configurations ranging from 1:1 to 1:4 matching and from 10
to 40 tables. Again, they studied the difference between the exact conditional tail
probability and the saddlepoint approximation using Davison’s approach.

Both Pierce and Peters and Bedrick and Hill found that the saddlepoint and mod-

ified profile likelihood inference broke down when the number of nuisance parameters
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became large relative to the number of data points. For example, with 10 tables, the
saddlepoint methods were quite good in the midrange of the possible data, but poor
near the extremes. With 40 tables, the results broke down considerably. In contrast
to the work of Fraser, Reid and Wong, Pierce and Peters found little benefit in using
the sequential saddlepoint approximation. Both pairs of authors pointed to the need
for a more systematic study.

All of these Authors examined the use of continuity corrections to the saddlepoint
approximation. In both cases, the results were somewhat equivocal, in that the con-
tinuity corrected saddlepoint approximation did not always perform better than the
uncorrected in approximating the conditional results. Pierce and Peters’ work sug-
gested that the continuity correction is of limited benefit given the complications that
arise using it. Bedrick and.Hill, on the other hand, found that continuity corrected
saddlepoint approximations in general performed better in their applied work. This
problem will be considered later in the dissertation, in particular in the simulation

studies.

8.4.1 Theoretical Work in the Ezponential Family and GLM

In an unpublished technical report, Barndorff-Nielsen (1994) proved a result regarding
asymptotics where the number of parameters increases with the sample size in the
gamma distribution. This result is as follows: Let exp Yi,...,expYim, i = 1,...,q

have the gamma density
o y
Fri; (i) = P—("ﬁ—)-GXP(—aie”") exp(yi;3)-

The unconditional maximum profile likelihood estimator 3 has the same asymptotic
distribution as the maximum exact conditional likelihood estimator Bc if g/m — 0,
while the maximum modified profile likelihood estimator Bup has the same asymp-
totic distribution as (¢ if g/m® — 0. This means that if one has ten sets of obser-

vations (ten nuisance parameters) the inference from the modified profile likelihood



has the same properties with ten observations per set as the profile likelihood would
have with 1000 observations per set.

This result demonstrates that at least in one model, the maximum likelihood
estimator from the modified profile likelihood is better in the asymptotic sense at
approximating the conditional MLE. It would be ideal to generalize this result to
Example 1.1, but it is not likely that this is possible, due to the vastly different
performance of the approximations at different values of the parameter of interest. It
is possible to examine the performance of the estimator at values of the parameter
near the origin, and this will be examined in chapter 4. It is also possible to extend the
above result to a wider class of distributions which includes the gamma distribution,
and this will be done in chapter 7. For practical purposes, these distributions are of

limited use to biostatisticians, but the problem and its solution suggest future work.



Chapter 4

APPLICATION TO LOG ODDS RATIO REGRESSION

4.1 Introduction

Case control studies often involve grouping or cross-classification of the data into
homogeneous strata. When confounding is present, it is beneficial to split the data
into sets such that for each set the cases and controls are balanced with regard to the
confounders. This gives rise to a set of 2 X 2 tables.

In a case control study, it is not possible to directly estimate the relative risk
of disease given exposure, which is the parameter of primary interest. However,
it is possible to estimate the odds ratio of disease given exposure, which, in the
rare disease setting approximates the relative risk. In a single, non-stratified study,
Fisher’s exact test is easily performed to test for odds ratios different from 1. In the
case of many tables, a basic analysis uses the method of Mantel and Haenszel (1959).
An alternative method is to use logistic regression on the binomial variates. Breslow
(1976, 1981) developed an analysis of these data using exact conditional inference
and the non-central hypergeometric distribution which also allows for modeling of
the dependence of the logarithm of the odds ratio on confounders. This relies on
conditioning on the observed level of exposure in cases and controls in each table. It
was also demonstrated that ordinary logistic regression provides badly biased results
in sparse data, and even inconsistent results for some asymptotic situations. For
these data, a method of analysis which would provide estimates near those given by
the exact methods without the need for cumbersome exact methods would be ideal.

This chapter will examine the saddlepoint methods applied to log odds ratio



46

regression to determine if they fill such a role. We consider two uses of the saddlepoint
methods. Following Breslow (1982), Breslow and Cologne (1986) and Levin (1990)
we examine the maximum likelihood estimator that arises from the modified profile
likelihood, and its properties with respect to consistency and asymptotic variance,
and then following Pierce and Peters (1992) and Bedrick and Hill (1992) we examine
the properties of the tail probability approximation and confidence limits for the log

odds ratio.

Example Consider the data on oesophageal cancer in the French department of
llle-et-Vilaine analyzed by Breslow and Day (1980). These data consisted of 200
cases of oesophageal cancer diagnosed between January 1972 and April 1974 and
775 adult male controls who provided enough data for analysis. Both cases and
controls were administered an interview which determined their alcohol and tobacco
consumption as well as their food intake. The data were split into six groups stratified
by age, and the alcohol consumption variable was dichotomized. This gave rise to six
2 x 2 tables which were analyzed using exact conditional inference and unconditional

logistic regression.

4.2 The Model

Zelen (1971) first suggested a regression model for the odds ratio in a sequence of
2 x 2 tables. We first derive the model for a common odds ratio, and later generalize
to the problem of odds ratio regression.

To rigorously formulate the problem, consider k strata or pairs of binomials.
Assume that in each matched set there are n; cases and m controls. Let X
and Y be binomial, with denominators ni,m) and success probabilities D1k, Dok for
k=1,...,K.

To start, we assume a common odds ratio ¥ = exp(f) in the tables, which gives

logit(pok) = au, logit(pix) = ar + B for some ay. This gives rise to the following
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binomial likelihood:
kUi elaetB)zi
LB, H L T o) (1 £ eartByme” (4.1)
where a = (ay,...,ax)T The ai can be thought of as nuisance parameters — we are

interested in 8.

4.2.1 Unconditional Inference

Inference about 4 can be done using the above likelihood unconditionally (Breslow,
1981). However, the likelihood depends on the estimation of the oy, and when there
are many tables with few observations, the standard logistic regression methods yield
biased results. To use this likelihood, we first solve

iak(ngv a) = ﬂ = (4.2)

6ak
where [, refers to the derivative of the log likelihood function with respect to a,
which gives a profile likelihood for 3 as follows:

eBrr

LP(ﬂ) & H (1 + Olk(ﬁ)'f'ﬂ) (43)

We write & = &r(8) = &(8, mi, nk, ti) to denote the maximum likelihood estimator

of o for a given value of § and the kth set of given values of the marginal totals
and & = (Gy,...,4x)T. This likelihood is easily maximized for B using standard
generalized linear model procedures. It gives rise to several test statistics for testing

the hypothesis Hy : 8 < By, including of primary interest the log-likelihood ratio test

statistic
. 1+ e®x(B)+8
2IogA=(ﬂ—ﬁ)§k:zk—;nklog m (44)
and the Wald statistic
= (8 - Bo)* I1.2(B), (4.5)

where
ak+3

(1 + eat+B)2’

d
I = an( ak
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which is equal to Iy, — I;21?2I,y; I is the overall information for 4 and «.

4.2.2 Conditional Inference

Breslow (1976, 1981) noted the bias in asymptotic methods for analysis of this prob-
lem in the presence of a number of nuisance parameters which increases with sample
size. He proposed (1976) a model which conditions on the statistics for the a; which
are the marginal totals of the 2 x 2 tables and uses the exact conditional distribution
of the sufficient statistic for 8 given the other sufficient statistics.

The sufficient statistics for B and oy are " z¢ and t; = z¢ + Y& respectively. The

exact conditional distribution of z; given ng, my and ¢, is non-central hypergeometric

(2){z.)er (46)

o (1) () e

Inference can be based on the hypergeometric likelihood that arises from this prob-

P( Xk = z|ng, me, te) =

ability. Maximization of this likelihood, while more difficult than maximization of
(4.3), is feasible using a variety of computer packages (e.g., SAS, StatXact, EGRET).
Tail probabilities and hence test statistics and confidence intervals for this distri-

bution are usually calculated directly, rather than asymptotically, using the equations

PXeR) =3I ‘*Eoz(t;%)j ‘"’eﬁu (4.7)

where R is a set contained in the conditional sample space.

This equation can be solved using the network algorithms of Mehta, Patel and
Gray(1985). Approximate probabilities can be derived with a normal approximation
to the exact density, using only the mean and variance of the exact density. This can
be done with either exact mean and variance or approximate values (Breslow and
Cologne, 1986). However, the computational difficulty of repeatedly solving high-
order polynomials prevents the use of the exact methods for a substantial number
of tables, while the normal approximation to the exact distribution does not provide

accurate confidence limits.
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4.2.3 Alternative Methods

Mantel and Haenszel (1959) developed a method for estimating the odds ratio using

a simple formula of the ratio of sums of cross-table products

2k Te(me — ti + 1) [ N: }
2k(nk — ze) (b — zi) /N |~

A variety of forms for estimators of the variance of this estimator have been developed

BMH = log(d;MH) = 10g{ (48)

with varying properties. An estimate with good properties under both asymptotic
situations of primary interest was developed independently by Robins, Breslow and
Greenland (1986) and by Phillips and Holland (1987). Letting Ry = Ti(me — t +
Tk)/Ni, and R = 5, Ry, we have

Var(Buy) =
-};—2 > Flkz- {-Tk(mk — te + zk) + Darar(ne — zi) (tk — -'L'k)}
k

X {zk + (me — te + z&) + Prrar((ne — zk) + (B — xk))} . (4.9)

McCullagh (1984) developed a set of approximations to the mean and variance of
the noncentral hypergeometric distribution. Let X be a noncentral hypergeometric
random variable with log odds ratio parameter 3, sample sizes n and m,total number
of successes ¢ and total sample size N = m +n. The approximate mean i = E(X : 3 )

and variance ¥ = I7a\r(X : B) of X are defined to satisfy the equations

Am—t+a)+5 = {(t - u)(n—p)+ 1}, (4.10)
and .
N (1 1 1 11"

5= ()2 : 4.11

v (N—l){ﬁ+t—ﬁ+n—ﬁ+m—t+ﬁ} (411)

These equations can be used on each table to approximate the mean, and then an
estimator for the odds ratio parameters can be derived using Newton-Raphson al-
gorithms for generalized linear models. Breslow and Cologne (1986) examined this

estimator and its performance in some detail.
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4.2.4 The Double Saddlepoint Approzimation

The saddlepoint approximations and the modified profile likelihood for this model
are based on the unconditional likelihood and tail probabilities. The modified profile
likelihood (3.4) takes the form

K
LMP(ﬂItla" . 1tk) & H

{ elGr+B) X
k=1

W‘T)"*} [La(8, &(8))|/2, (4.12)

where & depends on f and #; (recall that & = (&y,..., ék)T). The estimator dy

solves the maximum likelihood equation

: al
lak(ﬂaa) = E = 07

which is a commonly known quadratic equation. It is worth noting again that (4.12)
is the unconditional likelihood multiplied by a modification term that corrects for the

conditioning. The modifier is

[ I(B, &(B8))[M*. (4.13)

The lower right block of the information matrix, I,(3, ) is a K x K diagonal matrix

with components

9? 9? ot 3
—aT.,%K(ﬁ’a) = ﬂg{nklog(l-f'e ) + mylog(l + e ")}

npets mee®*
= 4.14
(1 + eak+ﬂ)2 + (1 + 6“")2’ ( )

which makes the modifying term in the likelihood

nged+h —t 1/2
T+ eby T T rem))

(8, &8N =] (4.15)

k

The maximum modified profile likelihood estimator can be determined by maximizing
(4.12).

To maximize (4.12) it is useful to derive the score statistic and information matrix.

Levin (1990) derived the score and information statistics for grouped binomial data,
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and we have independently verified this result for this specific model. The score

statistic is given by

1 _ 1 a mke&k nke&k-i-ﬁ
Imp(B) = lP(:H 298 {Z log ( 1 + edx)2 + 1+ e&,,+,a)2)}
keak'f‘ﬂ
- Z ; 1 + eak'h@
mkeak nke&k+ﬂ
+ 3 ; ap log ((1 Tt i+ eak.;.g)z) (4.16)

and the information statistic is given by

. 1 82 G G+
Iup®) = In(B) = 552 {Zl ((l"i";k)ﬁ(l’jf;ﬁa)z)}
nkeak-i-ﬁ

Z (1+ e°k+5)

(4.17)

mpe** npeXeth
- E l . -
25 8ﬂ2 % ((1+e"*)2 ¥ (1+e°*+")2)

where {p(3) and Ip(f) refer to the score and information statistics for B from the
profile (unconditional) likelihood.
The tail probability approximations take on the forms of equations (3.13) and
(3.14), with
w = sig(B - B)(Ip(B) - lp(B))"?

R R 1 + ed(B)+8Y ) 1/2
- Sign(ﬁ—ﬂ){(ﬂ—ﬁ)zzk—zlog(——. ] R
k k

1+ edx(B)+8
z={1-exp(-B +B)} (A2, (4.19)
and X R ya
[1(B, &(B))2] }
{ 18,38l | (4:20)

where I, is the component of the information matrix corresponding to the aj. This

matrix is diagonal, with diagonal components

e®k(B)+8 ex(8)

I(B,&(8))r = nk(l y e&k(5)+5)2 + mkm. (4.21)
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Recall that it is necessary to use slightly different formulae for discrete data. A
continuity correction can be implemented by making appropriate corrections to the
sufficient statistic 3°f zx (perturbing by +1/2) and 2 (replacing (1 — exp(—,é + 08))
with exp((8 — 8)/2) — exp((~5 + B)/2)).

When § — B is near zero, two approaches are possible. One can use equation
(3.21), which is relatively easy to implement in this situation as the I, block of
the information matrix is diagonal. However, the alternative method proposed by
Bedrick and Hill, which simply chooses whether or not to use a continuity correction
based on nearness to zero, also works well. In our simulations the method of Bedrick

and Hill was used.

The Sequential Saddlepoint Approzimation

The sequential saddlepoint approximation can be easily evaluated for this model by
evaluating (3.13) and (3.14) using Basrp rather than ﬁ and Lysp rather than Lp. Since
Ly p depends only on G, the equations take on the form

P(T\ < t|T3,6010) = ®(warp) + d(wmp) (1/wyp — 1/ z2mp)

and

PT<t)=® {pr + (log(wMP/ZMP))} )

wMP
where wysp and zpsp are the likelihood ratio and Wald statistics based on the modified
profile likelihood. In this case, since it is relatively straightforward to calculate the
modified profile likelihood, these tail probabilities are easy to calculate.

4.2.5 The Direct Saddlepoint Approzimation

An alternative approach to the double saddlepoint approximation is the direct sad-
dlepoint approximation. In this case, we use a single saddlepoint approximation to

the conditional distribution of X given {T}, m, and n}.



53

This approximation simply takes a saddlepoint approximation to equation (4.7).
This is an exponential family probability distribution, with cumulant generating func-

tion

e =St ()2 - () (7)) e

The saddlepoint A= Bc — [ where Bc is the exact conditional MLE. Unfortunately,
the complications of performing exact inference for this distribution are due to calcu-
lation of the cumulant generating function (CGF). This means that point and interval
estimation are not particularly less complicated than in the exact case. However, test-
ing only requires evaluation of the CGF at B¢ and at 0, which reduces complexity of

test statistics and their distributions considerably.

4.2.6 Log Odds Ratio Regression

The problem of estimating the odds ratio can also be extended to regression analysis
of the log odds ratio, where the relationship of the odds ratio to table-level covariates
is of interest. This is done, for example, when the tables are stratified by age and one
wishes to examine the dependence of the odds ratio on age. This is done by simply
replacing 3 with 8*7 Zi, where 8* is now a vector of parameters, and Z; is a vector
of table-level covariates. Under this model, the full likelihood becomes

K conuk elaut+B8°T z1)z

L(B" o) =]

k=1 (1 + eak)mk (1 + eak‘*‘ﬁ.Tzk )n,t ) (4.23)

This model contains the simpler problem of estimating the common odds ratio, when
B" is a scalar and Z is one. Hence, in the rest of the chapter, we refer directly to
the odds ratio rcgression model except when the common odds ratio is specifically of

interest.

Example (cont’d) Tables 4.1 and 4.2 present two analyses of the Ille-et-Vilaine
data. In both analyses, the parameter of interest is the odds ratio for oesophageal
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Table 4.1: Ille-et-Vilaine Data — Results of Saddlepoint Analysis ~ Log-Odds Ratio

Regression
Exact Uncond. McCull. SP (Corr.)
Intercept | 1.7026 1.7047 1.7027 1.7027
SE(Int.) | 0.1998  0.2009 0.2002 0.1998
Age -0.1255  -0.1260 -0.1255 -0.1255
SE(Age) | 0.1878  0.1890 0.1883 0.1878

Table 4.2: Tlle-et-Vilaine Data — Results of Saddlepoint Analysis - Common OR

Exact Uncond. McCull. SP (Corr.)
Intercept 1.6584 1.6699 1.6584 1.6584
SE(Int.) 0.1888 0.1899 0.1891 0.1890
95% CI | (1.273,2.049) (1.300,2.044) (1.273,2.049) (1.282,2.029)
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cancer with alcohol consumption (dichotomized into high and low). Table 4.1 gives
an analysis using log odds ratio regression where the odds ratio for a given table
is of the form By + B, * (Z — 3.5) where Z corresponds to age group, Z = 1,...,6.
Table 4.2 presents an analysis of the same data using a common odds ratio for alcohol
consumption. For the common odds ratio problem, tail probability approximations
enable the calculation of 95% confidence intervals. In both cases, the saddlepoint
inference results are essentially identical to the exact conditional inference results.
Unconditional inference gives biased results, while the McCullagh estimator gives

good results for point estimation but poor confidence interval estimates.

4.3 Asymptotic Bias and Variance of the Estimators

There are two asymptotic frameworks in which the problem of estimating odds ratios
is typically considered (Breslow, 1981). The first is the case of a fixed number of
tables or strata and an increasing sample size in each table. This is the standard
framework of most asymptotic theory and the estimators in general have good prop-
erties (consistency, asymptotic normality). The second framework is the case of a
bounded sample size per table and an increasing number of tables. This situation oc-
curs In several settings, in particular where the stratification is over families or other
groups where increasing the sample size is done through addition of strata rather

than through addition of subjects to individual strata.

4.8.1 Asymptotic Model I

The first asymptotic model to consider is where the sample size in each table N =
my +n; increases to infinity and the number of tables is constant. Under this asymp-
totic framework, the number of nuisance parameters is fixed and does not increase
with sample size. Hence, as the sample size grows estimation of the nuisance param-

eters has a smaller effect on the estimation of the parameter of interest. Given this,
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provided the ratio of the number of cases to the number of subjects in each table
ni/Ni converges to some A as Ni and n; increase to infinity, the estimators based
on unconditional maximum likelihood and on the conditional maximum likelihood
are both consistent.

One can also examine the asymptotic variance of the estimators to determine
performance. Let B, denote the true value of 8. The unconditional ML estimator is
best asymptotically normal (Gart, 1962) with asymptotic variance

1

Vard(fy) = o
Zk {l/(nkﬁm + 1/(mk(1+ea)2 )}
The conditional ML estimator is also asymptotically normal with variance
1
Var(yc) = (4.25)

Y Vare(X : Bo)
where Vari(X : B) denotes the variance of the exact conditional distribution for a
given table (Andersen, 1970). Breslow (1981) demonstrated that these two estimators
were asymptotically equivalent.
The saddlepoint estimator is derived by solving the score equation
niefxth

’ mkeé" nke&k"l'ﬁ _
lup(B) = Xk:zk - Z Treantd T Z aﬁ {(1 Femr t it e"’k“’)z} =

The correction term

1 7] mye®x ngelets
2 ; Eﬁlog{(l + e&k)2 * (1 + eswth)?

is equal to
m,,e"'k(l-c"k)ﬁ'-ﬁ nke&k*'ﬂ(l—e&k"'ﬁ)(%ag‘-!-l)
s > (LteTh)? (L+eZk Py
mgedk ngedkth

(1+e%k)2 T (148 +8)2
Now, e®*/(1+e*) — e*/(1+¢2) and e®+8/(1 + e®+8) — e**+8/(1 + e>+#) provided

that ng /N — A for some ;. Hence,

L )VLIg 0 meett | ettt
VM) 24 08 B\ [T+ e " (1 +enth)?
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is 0p(1) where M is the total sample size T4 Ni. This implies that the saddlepoint
score equation is asymptotically equivalent to

nke&"“’
Z Tk — Z 1+ eartB
k P Lte

the score equation for the unconditional estimator. Using this we will demonstrate

that

IBMP - ﬂUI = 0p(1) (4.26)
and hence that BMP and BU are a.symptotica.lly equivalent. First note that
: ngedkth myek ngedsth
lup(B) = ;zk-ZHeakw Za,g { T+ e )2 | (T4 conth)2
. mkeak nkeak'l'ﬁ -
= lp(ﬁ)+§§,;%l°g{(1+edk)2+(1+e&k+a)z} (4.27)
and hence that
1 . 1 .
—=l = —] 1). 4.28
\/HMP(IB) \/H P(:B)+OP( ) ( )
Further,
v o 1 az mkedk nkeék'*'a ;
Iup(B) = Lp(B) + 5 ; 97 %8 { [t et T4 ey (4.29)
and
1- 1 -
2 mP(B) = 3£1p(B8) + 0p(1) (4.30)

(it is easy to verify that the second derivative of the saddlepoint correction is op(M™~1)

- see appendix B). Finally,

Allai; mp(B) = Alw(j;s’P(ﬁ) +0p(1) (4.31)

(see appendix B for details).

We first demonstrate consistency of Byp. First define l'f,j(ﬁ ) such that
n ke&k"'ﬁ

) = Lo~

K ng ar+08
_ o k€ T
- ,fz:lj:Zl{ka 1 +e&k+ﬁ}
K ng ks
= > Y IF(B) (4.32)

k=1 j=1
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By the central limit theorem,

L1 Ko
> - 2P (8) - X B (I (8} (4.33)
k—l J—l k=1

Now, l’;’ (B) and hence Eg {l 7(8) } are monotone decreasing in 3, and fp is consistent,

so for any € > 0 such that §p+¢ is a continuity point of the distribution, (using (4.33))

P(Bp < fo+e) = {Z Zl J(o + €) <0} (4.34)
J—l
and for € > 0 such that f§y — ¢ is a continuity point of the distribution,
. 1 3
P(Bp<fo—¢) = {Z Y FH(Bo—¢) <o}—>o. (4.35)
J"’l

Further,
P(Bup < fPo+€) = P {isp(ﬁo +¢€) < 0}

K
= {Z Zl '(Bo +¢) +o,,(1)<0} (4.36)
k= J—l
and similarly,
P(Bup < fo—¢) = {Z 1 il (Bo — €) + 0p(1) <0} 0. (4.37)
k=1 ]-l

To examine asymptotic equivalence, we expand

her(Bur) = lue(8) + (b = B)iur(B) + (L/2) Puep ~ B sloar(8) (439

where (3 is in between 8 and Byp. The left hand side of equation (4.38) is by

definition equal to zero, so we rearrange to write

VM (Bup - B)

(1/VM)ine(B) , (1/CM \(Brr = B)gtmr(B7)
—(1/M)lrp(B) —(1/M)lmp(B)

(1/VIM)ip(B) + 0p(1) | (1/(2M))(Brp - B) Zslp(B") + 0p(1 )

= - .39
CMB) 4 opD) T Z(/M(B) + op(D) (4:39)
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Standard results on exponential families (Lehmann, 1983, Ch. 6) show that

that [, p(B) is strictly negative, that

—(1/M)ip(B) - Ip(B),
and that
a? .
a—ﬂslp(ﬂ )
is bounded in probability. The implication of this and the consistency of Bup is that
- 1
VM (Bup — B) = N(0, m), (4.40)
and further, that
VM (Bup - fp)
WVM)p(B) +op(1) | ) WVIDI(B)
~a/m8)+ o1) + T Zaanins) Y
= 0p(1). (4.41)

Hence, since all three estimators are consistent and have the same asymptotic
variance (and hence are asymptotically equivalent) under this asymptotic framework,
the unconditional ML estimator is the most useful estimator. It is consistent and

asymptotically efficient, and is the simplest estimator to calculate.

4.8.2 Asymptotic Model II

The second asymptotic framework is more complicated. Here, the number of nuisance
parameters increases linearly with sample size. We assume that the sample sizes in
each stratum are uniformly bounded under this model, which means that there is a
finite limit to the number of marginal configurations (values for the marginal totals).

Let I denote the number of marginal configurations and suppose that there are K;
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of each type, i = 1,...,I. We use a two-step method (Breslow, 1981) to arrive at
the limiting distributions of the statistics. We first determine the limiting frequencies
m; = limg,00( Ki/ K) of each type of configuration, and then we determine the limiting
distribution by using the fact that conditional on the marginal totals and the K the
random variables X;; giving rise to the tables are independently hypergeometrically

distributed.

Properties of Current Estimators

Breslow (1981) and Breslow and Cologne (1986) gave several results pertaining to the
unconditional estimator, the Mantel-Haenszel estimator and the estimator based on
the McCullagh approximation. They will be summarized here.

Breslow (1981), using a Taylor expansion of the true expectation and the uncon-
ditional expectation, showed that the unconditional estimator is badly biased. For
the situation where the number of cases and controls are fixed at n and m per table
respectively (making the total number of observations per table n + m = N), it was

demonstrated that to first order, for 4 near zero,

N
Buc ~ 1" (4.42)

where Byc is the limiting value of the unconditional estimator amd 3 is the true value.
This is a fairly serious bias, especially considering that 3 is the logarithm of the odds
ratio, and hence, for example, when m = n = 1, the odds ratio estimator converges to
the square of the odds ratio. Breslow and Cologne (1986) used similar techniques to
show that to first order, the McCullagh approximate estimator converges to a limiting
value Bpc where for small B

Bumc ~ B. (4.43)
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The Double Saddlepoint MLE

The asymptotic bias of the double saddlepoint estimator can be determined by ap-
plying the arguments above. Define

G+8 o 7 &p+0
SP(x. g) = ke k 1 mye nie
k ( "B) 1 + e@xt+B 2 6,3 log (]_ + e&k)2 + (1 + e&k""ﬁ)z (444)
The saddlepoint estimator BMp satisfies
Z T = Z EEP(X, BMP) (4.45)
k k

Given that the number of possible marginal totals is fixed at I, we can rewrite equation

(4.45) as
I K; I
> zii =Y KB (X; Bup) (4.46)

i=1 j=1 i=1
where EPP(X; 3) is indexed by i instead of k (it only depends on the marginal totals)
and }°; z;; refers to the sum of the values of X for the J tables with the ith marginal
configuration. Rearranging equation (4.46) gives
Z_I:l B ( 1‘ K;z,) = 2_[: %ESP(X; Bup). (4.47)
i j i=1
Taking limits on both sides and noting that the expression in parentheses on the left
hand side is the observed value of the mean of K; independent identically distributed
random variables (which converges to FE;(X;03), the expectation of a non-central
hypergeometric random variable with the ith marginal configuration) and that K;/A
converges to m; by assumption, we have a limiting equation
imﬂ'( Zom P(X; Bup) (4.48)
where SBarp is a limit point of the [S’Mp. It is not generally true that Bayp = 8, since
E; and E?F are not equal for 8 different from zero.
Levin (1990) suggests a correction to expression (4.44) and to the saddlepoint

likelihood, score statistic and information statistic, to improve the performance near
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B = 0. This correction replaces the ; in equations (4.12), (4.16), (4.17) and (4.44)
with 2(ne + mi)/(nk +my — 1). Levin’s correction has the effect that the modified
profile likelihood and its first derivative agree with those of the exact conditional
likelihood. This does improve performance of the estimator for small B, as will be
demonstrated numerically later.

By expanding both sides of equation (4.48) in a Taylor expansion about B =
0 we can examine the asymptotic bias as a function of . Levin’s correction to
the likelihood leads to the following result on the limiting value of the saddlepoint

estimator.

Theorem 4.3.1 Consider a single § (a common odds ratio throughout the tables).
The saddlepoint mazimum likelihood estimator from the corrected likelihood converges

to a locally unique limit puint Bpp where for B — 0,

Bup = B+ o(B)

Proof. For the proof the index of summation will be i running over the possible
marginal configurations. The estimator &;(83) refers to the solution to equation (4.2)
for the ith marginal configuration. The asymptotic mean of X for the ith marginal
configuration is given by

.e&i(B)+8
Arv. gy THE
E:' (Xaﬂ) - 1 +e&-’(ﬂ)+5'
Thus,
18 m.e%i(8) n:e%i(B)
SP(y.0)\ = RA(X-3) — =2 : = . A4
El (X):B) Et (X1ﬁ) 26,6 log {(1 + 6&"(3))2 + (1 + ea;(B))Z} (4 9)
We know that
nit;  nimiti(N; — t;)
ZW,-E{‘(X;,B)=Z7F;{T{+ NE ﬂ-i-...}, (4.50)

(Breslow, 1981), which means that to expand ESP(X;3) about zero we need only to

derive the expansion of the second term. Expanding the right hand side of equation
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(4.48) gives

I
Y mESP(X; Bup) =
=0

0

I
g ™ {E,-SP(X; 0) + 33 E?P(X;ﬂ)|ﬂ=o Bump + .. } . (4.51)

Substantial algebra is involved in taking derivatives of the expectation. Several
basic facts enable simplification of the derivatives at zero. First of all,
EPF(X;0) = EHX;0)

1 N, 0 | m;edi(B) n;e®i(B)+B
§M -1 5‘_3' 08 (1+ eé;(ﬂ))2 + (1+ e&i(ﬁ)+ﬂ)2}

. (4.52)
B8=0

Now, at 8 = 0, we can solve the equation (e, 0) = 0 to determine &i(0). We

have
- _, . _expla)  exp(a+f)
lo(a,8) = ¢; m'1+e (@) n,1+e et 8) (4.53)

Setting the right hand side of equation (4.53) to zero and rearranging, we derive

(1 + e&i(ﬂ)+ﬁ)(1 + e&:(ﬁ)) =

m;e®iB)(1 4 e&ilAI+BY) 4 p (&ilB)+A(] 4 e%i(8)), (4.54)

which is quadratic in €%/®) and hence easily solvable. At 8 = 0, the equation reduces

to
e%i(0) e%i(0)
ti — mi e nig g 0, (4.55)
which is easily simplified to
- t;
0 = 4.56
¢ N -t (4.56)

where N; = m; + n;, implying that when @ = 0 the best unconditional estimate for
po = p1 = 5(0/(1 4 €4i9) is just the total number of exposures #; divided by the
total number of subjects N;, which agrees with the conditional estimate. Implicit
differentiation gives

0é; —n;e%iBIHA(] 1 &ilB))2
ap = n;e&‘(ﬂ)'*'ﬁ(l + e%i(B))2 4 m,-ef"'(ﬁ)(l + e&i(B)+6)2°

(4.57)
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which simplifies to —n;/N; at 8 = 0. A second implicit differentiation gives an
expression for §°&;/93%, which is excessively complicated but is equal to n;m(2¢; —
N;)/N? at B = 0. The details of this derivation and the derivation of the third
derivative 3%@;/93° (for use later) can be found in appendix B.

The saddlepoint correction term and its first and second derivatives at # = 0 must

be evaluated as well. The saddlepoint correction term in the score equation is equal

to
EM -1 %log { (1 + e&i(ﬁ))z + (1 + eéi(ﬁ)‘Fﬁ)Z} . (458)
Define o
m i) nedi(B)1+A
MAB) = T eaoy: * [T eateray (4.59)
At 8 =0, M;(0) simplifies to
ti(N; — ¢;)? tLi(NV; — )2 (N —t:)
. ; = . 4.60
=N TN =N T (460
The first derivative of M; can easily be calculated to be
&ilB)(] — ilB))3&r  (Gi(BIHB(] _ Ei(BIHB) (s 4 |
mie ( € )8,3 +n; ( )( ET) ) (4.61)

(1 + @) (1 + e*(B)+BY3

(see appendix B for details). At 8 = 0, the expression becomes

) } L ey
B=0

&i(0)r1 _ o&i(0) A -
e (1 — exl9)) { 06 . (1 + 06
B=0

which simplifies to
aM' e&‘(o)(l bt edi(o)) —m;n; n,—(N,- - TL,)}
-—'. - — = 0. 4-63
ap B=0 (1 + ()3 N, + N ( )

The second derivative of this correction term is very complicated and involves dif-
ferentiating several products and ratios of functions of m;,n;,N;, t;, t;, and @ with

respect to 8. At @ = 0, this derivative is equal to

O*M;

_ —2m,-n,-t?(N,- - ti)z
ap3? - )

55 (4.64)

B=0
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From this, we can calculate ES7(X;0) and d/OBEFF(X; B)|p=o-

EFP(X;0) = EAX; 1 N 9
G0 = B0 - gy s b4s)|
— EAX-0) — _1_ Ni 1 _6_
nit;
and

.i SP . — v A _ 1 Ni 62 -

IR | = gpE s i g loeis)]
_ 0 a4 1 Ne [ MI(0)M;(0) ~ [M(0)]?
= ppt (XA so ZM—I{ [M:(0))2 }
_ n,-m,-t,-(N; - t,') _]_.. N; M,”(O)
B N? T 2N; — 1 My(0)
_nimit(N; — ;) _ 1 Ny 2mint}(N:-t)*? N;
N N} 2N -1 N? t{(N; — t:)
_onimidi(N;i—t;) 1 Ni 2mting(N; — t;)
= N TIN -1 N7
_ mmiti(Ni =) | miting(V; — ¢;)
B N} N3(N; -1)
_nimgt(N; — £5)
= NN 1) (4.66)

Note that this derivative is positive ~ this implies that in a neighborhood of 8 = 0,
the solution to equation (4.48) is unique.

We can now combine equations (4.65) and (4.66) with equations (16) and (17) of
Breslow(1981) to rewrite equation (4.48) as

Jniti | nimatd(N; - t;)
R e o

d
= X.m {Ef”(x; 0) + aBESP(X B)

B+...}
B=0

nit; nmt( t)
ot M g } (4.67)

= Ym
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Now, when 8 =0, Bu;p =0, so Byp — 0 as § — 0. We can rewrite equation (4.67)

as

Zn (g o} =S e ) s

Dividing both sides by 8 and noting that all higher terms converge to zero as B -0,
we have, to first order,

. Bup

This concludes the proof. It should be noted that without Levin's (1990) correction,
the saddlepoint estimator would be asymptotically biased to first order even as B — 0.
Consider now the case with a fixed m and n. The o(8?) term is determined in
part by the second derivative of the left hand side of (4.48). The coefficient of B?
in the expansion of the expectation from the conditional model is the third central
moment of the central hypergeometric distribution, given by
nm(m — n)t(N —t)(N - 2t)
N3(N -1)(N -2) ’
(McCullagh and Nelder, 1984, Ch. 7) and the coefficient of 8% in the expansion of

(4.70)

the saddlepoint mean is given by

nm(m—n){(N—-t)(N-2t) 1 N

N5 2N -1

H(m,n,t), (4.71)

where H(m,n,t) is approximately given by

mn (m —n) (N — 13t)
N3 (N —1)

(4.72)

(see appendix B for details). This makes the coefficient of 8% p in the expansion of
the saddlepoint (to order N—?)

m(m —n)n (N* — 11N3t — 2N*t + SN3¢t?)
5(N—L) N5 (N 1) '

(4.73)

It is apparent that for balanced samples with m = n, the coefficient of 42 on the left
hand side of equation (4.48) and the coefficient of 8% p on the right hand side are
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both zero, and hence that Bup = B + 0o(3?). When the samples are unbalanced, the
saddlepoint limit Syp agrees with 8 to o(n=1) as shown above.

Another way to understand equation (4.48) is to solve it numerically in represen-
tative situations. To do so we consider the situation where the number of cases and
controls in each stratum is fixed at n and m respectively. This means that the [
possible marginal configurations are entirely determined by the marginal total num-
ber of exposed subjects ¢ which runs from 0 to m +n = N, and that &(B, my, ng, tr)
depends only on ¢ and 3. The estimator G,(3 ) refers to the solution of equation (4.2)

for a given t and 8. Equation (4.48) can be rewritten as

N N
> mE(X) =Y mET(X; Bue), (4.74)
t=0 t=0
where N = m 4+ n and
EP(X;B)
ne&c(ﬁ)-i'ﬂ
= 14 e&:(ﬂ)'l'ﬁ

1 N § mede(B) ned(B)+8 }

T 3N-1088 log{u T e T ([ { P12 (4.75)

We also assume a constant odds ratio and baseline probability, which allows us to
write

N
n m - -u m— u
m=2( )(n_u)p';(l—pl)" PE(1 = po)™ e,

u=0 \U

po = €**/(1 + e™) and p; = e**P /(1 + e***P). Results are shown in tables 4.3 and
4.4 of numerical solutions of equation (4.74) for four different true odds ratios and a
variety of sample sizes with po = 0.3. These results were derived using the Newton-
Raphson algorithm. These results are given in terms of the odds ratio 1 = exp(3)
for comparison to earlier work by Breslow and Cologne. Results are presented both
with the actual saddlepoint likelihood and with Levin’s corrected likelihood.

It is readily apparent from this table that the saddlepoint maximum likelihood

estimator of the odds ratio is nearly asymptotically unbiased except in cases where
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the odds ratio is large and the sample size per table is very small. Provided the odds
ratio is lower than 5 or the sample sizes for each binomial trial are larger than 2,
the estimator is essentially asymptotically unbiased. For very small samples, Levin’s

correction definitely improves the asymptotic performance.

The Direct Saddlepoint Approzimation

The direct saddlepoint approximation uses the single saddlepoint approximation to
the hypergeometric distribution. This is the limiting distribution for this asymptotic
model, so the basic results of section 2.3.2 apply here. Hence, the error in the density
approximation is O(M~3/2) where M refers to the total sample size Y, my + ng, as
compared to O(M ~!/2) for the normal approximation to the exact conditional density,
and compared to biased estimates for other methods. This is a highly accurate
density and tail probability approximation. However, given that implementation of
this method is only substantially simpler than exact methods for testing hypotheses
of the form (3 = 0 it is of limited use.

4.4 Small Sample Performance of the Approximations

It has been demonstrated numerically and analytically to first order above that
asymptotically, the maximum likelihood estimators of the log odds ratio parameters
based on the double saddlepoint likelihood are essentially asymptotically unbiased
except in the case of extremely sparse data and odds ratios that are far from 1. How-
ever, the main benefit of the estimators is in small samples, where asymptotic theory
does not really play a role. In addition, study of the performance in small samples
enables examination of the tail probability approximations and the confidence lim-
its. It is these approximations which should demonstrate the greatest improvement
of the saddlepoint approximate methods over the unconditional methods, as they

enable adjustment for skewness and kurtosis of the conditional likelihood.



69

Table 4.3: Asymptotic Means of Double Saddlepoint Maximum Likelihood Estimator
-OR=12and 1.5

n m OR=1.2

Uncond. McCull. Corr. Uncorr.
1.4400 1.2000 1.1995 1.2747
1.3167 1.2009  1.2010 1.2289
1.2752 1.2000 1.1999 1.2146
1.2575 1.2005 1.2007 1.2099
1.2452 1.2002  1.2003 1.2066
1.2317 1.2000  1.2000 1.2035
1.2285 1.2002  1.2003  1.2031
1.2251 1.2001  1.2002 1.2024
1.2203 1.2000 1.2001  1.2016
1.2147 1.2000 1.2000 1.2009

OR=1.5

Uncond. McCull. Corr. Uncorr.
2.2500 1.5000 1.4938 1.7101
1.8522 1.5059  1.5047  1.5843
1.7181 1.5005 1.4992 1.5406
1.6702 1.5032 1.5039 1.5301
1.6309 1.5012  1.5013 1.5190
1.5899 1.5001  1.4999  1.5096
1.5835 1.5011  1.5016  1.5095
1.5727 1.5007  1.5009 1.50vs
1.5580 1.5003  1.5003 1.5047
1.5413 1.5000 1.5000 1.5024

CO W N = AN = N =
CO 0 00 00 b b B N N

B
B

0O B N = BN =N
CO 00 00 00 & B B N N
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Table 4.4: Asymptotic Means of Double Saddlepoint Maximum Likelihood Estimator
- OR = 2.0 and 5.0

n m OR=2.0
Uncond. McCull. | Corr. Uncorr.

1 1 4.0000 2.0000 |1.9600 2.4694
1 2| 2.8969 2.0241 |2.0107 2.2000
2 2| 25289 2.0041 {1.9957 2.0922
1 4 24210 2.0129 |(2.0126 2.0744
2 4| 23148 2.0049 |2.0035 2.0449
4 4 23148 2.0049 |1.9995 2.0221
1 8 22118 2.0011 |2.0052 2.0238
2 8| 22024 2.0042 |2.0029 2.0177
4 8| 2.1368 2.0011 |[2.0010 2.0111
8 8| 2.0962 2.0003 |2.0000 2.0055
n m OR=5.0

Uncond. McCull. | Corr. Uncorr.
25.0000 5.0000 |4.0000 6.7600
12.8085 5.3320 |4.8095 6.0560

9.1125 5.1818 | 4.9057 5.5394
8.2019 5.1895 |5.0325 5.4452
7.2222 5.0911 |4.9917 5.2582
6.4590 5.0449 |4.9967 5.1401
6.3690 5.0541 |5.0134¢ 5.1348
6.1617 5.0354 |5.0035 5.0980
5.8977 5.0211 |5.0023 5.0655
5.6336 5.0113 |5.0021 5.0370

O B N H R N R NN R
00 00 00 00 W W B DD BN
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The most straightforward way of examining the performance of the tail probabil-
ities is through a simulation study. In this section, we give the design and results of a
simulation study which examines coverage probabilities for confidence limits, power
of hypothesis tests and relative error of the confidence limits (we compute this final
statistic since the objective of the saddlepoint method is to approximate the condi-
tional method, and hence the interesting statistic is how close the limits are to the
exact ones). We also calculate the mean and estimated variance of the maximum
likelihood estimators for the three methods and compare them.

It is of course well known that the exact conditional confidence limits are conserva-
tive, because their discreteness requires that the confidence coefficient for the interval
be at least the pre-specified level. Since the saddlepoint limits are approximating the
exact ones, we expect them to also be conservative.

The programs for these simulations were written in Fortran and in C. The net-
work algorithm program for the exact conditional analysis is due to Thomas and
Gart (1992). Uniform and Binomial random variables were generated using Fortran

routines due to Wickman and Hill (Applied Statistics Alg. 183, 1982).

4.4.1 Design of the Simulation Study

So as to perform confidence limit calculations, we simulate data with a common
odds ratio. For simplicity, we assume that the number of tables is constant from
repetition to repetition, and that the number of cases and controls in each table is
fixed. There are several parameters that can be varied in the generation of data which
may influence the performance of the methods. Chief among these are the baseline
probability, the odds ratio, the number of tables, the number of exposed subjects per
table and the number of unexposed subjects per table.

To effectively determineif and how any of these parameters affect the performance,
we use a 2°~! factorial design for the study, where we choose high and low levels of each

parameter and use a design of 16 simulation runs to examine main effects and first
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Table 4.5: Simulation Parameters

Factor | Parameter |Low Value High Value
1 Baseline P 0.2 0.5
2 Odds Ratio L5 5.0
3 No. Tables 5 10
4 No. Exposed 5 10
5 No. Unexposed 5 10

order interactions. The parameter values for the simulation study are given in table
4.5. These parameter values give a range of table sizes and numbers of tables, and
allow for examination of sparse data situations. The study is limited somewhat by the
exact inference technique. While the network algorithm programs are reasonably fast
in computing odds ratio estimators, they are slower in doing confidence limits, and
for table sizes above 15 it is not practical to use them in a simulation study. Values
of the simulation parameters are chosen to account for both moderate and extreme
levels of the odds ratio and baseline probability, and two different small values for
the numbers of tables and subjects.

The simulation design is a standard 2°~! factorial design (Montgomery, 1991, Ch.
11). The study design is given in table 4.6. Provided the 3, 4 and 5-way interactions
are negligible, we can derive estimates of the main effects and two-way interactions
from this design.

The data were generated unconditionally (this is how they occur in practice) from
a binomial model, where

Po‘/’z
(1 +po — pop)*

where Y is a variable indicating disease status, pg is the baseline probability, ¥ is the

PY=1X=z)= (4.76)

odds ratio, and X is an indicator variable for exposure status (X = 1 if exposed, 0
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if not). Each dataset was composed of either 5 or 10 tables, with 5 or 10 exposed
(unexposed) subjects. One thousand datasets were generated for each parameter
combination.

Analysis of the data involved calculation of a point estimate, its estimated vari-
ance, and confidence intervals (95% and 99%) for 3. Several methods were used to
calculate estimates. Exact conditional inference and unconditional inference were
both used to calculate estimates and tail probabilities. For the saddlepoint approxi-
mations the modified profile likelihood (as corrected by Levin) was used for the esti-
mates, while formula (3.14) was used in several forms to calculate the saddlepoint tail
probabilities ~ the standard formula (3.14) with and without continuity correction,

and the sequential saddlepoint formula with and without continuity correction.

4.4.2  Results of the Simulation Study

The complete results of the simulation study are presented in tables 4.7 through 4.11.
Table 4.7 presents the mean estimate of the log odds ratio using the saddlepoint
method, the unconditional method and exact conditional inference, as well as the
variance of each of these estimates. The continuity corrected saddlepoint and the
sequential saddlepoint methods provide the same inference here as the saddlepoint
method. Table 4.8 gives the coverage probability for a 95% confidence interval for
the odds ratio. Table 4.9 gives the number of times (out of 1000) that the confidence
interval from each of the four approximations led to a different conclusion from that
of the exact conditional confidence interval. Tables 4.10 and 4.11 give the mean and
maximum relative error of the confidence limits (both low and high). The relative
error is the absolute value of the difference between the exact and approximate limits
divided by the exact limit,

RE(s) = =2,
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Table 4.6: Simulation Design

Factor

2 3 4 5

1

1f{L L L L L

2/H HL L L

3(L L HH L
4/HHHHL
S|H L L L H
6(L HL L H
7/H L HHH
8L H HHH

Run

9/H L HL L

0|L HHL L

11'/H L L H L

12|L H L H L

B|L L HL H

4/HHHTUL H

I5/L L L H H

16|H H L H H




Table 4.7: Log Odds Ratio Simulation Results ~ Bias and Variance

Run | Mean Log Odds Ratio Variance

Ex SP  Uncond. | Ex SP  Uncond.
1 0.4253 0.4238 0.4726 | 0.2631 0.2603 0.3245
2 117007 1.6926 1.9118 | 0.2857 0.2750  0.3740
3 104173 04165 0.4448 | 0.0340 0.0339 0.0386
4 [1.6191 1.6206 1.7589 |0.0255 0.0256 0.0312
5 |0.4133 04130 0.4431 |0.0649 0.0648 0.0747
6 |1.6454 1.6471 1.7905 |0.0967 0.0968 0.1194
7 (04175 0.4175 0.4398 | 0.0068 0.0068 0.0075
8 1.6395 1.6391 1.7345 |0.0116 0.0115 0.0132
9 03930 0.3930 0.4378 | 0.0279 0.0278 0.0347
10 |1.6551 1.6515 1.8607 | 0.0516 0.0507 0.0679
11 |0.4423 0.4424 0.4756 |0.063¢ 0.063¢ 0.0733
12 | 1.6725 1.6681 1.7966 | 0.1408 0.1384 0.1639
13 | 0.4012 0.4016 0.4324 | 0.0287 0.0288 0.0333
14 |1.6610 1.6559 1.7774 | 0.0410 0.0403 0.0470
15 |0.3962 0.3956 0.4405 | 0.0573 0.0570 0.0708
16 | 1.6244 1.6232 1.7172 [0.0577 0.0574 0.0654




Table 4.8: Log Odds Ratio Simulation Results - 95% Coverage Probability

Run 95% Coverage Probability

Cond SP  Uncond. CC-SP SQ-SP

1 0.9829 0.9840 0.9458 0.9809 0.9840
2 09799 09778 0.9305 0.9789 0.9799
3 [0.9750 0.9750 0.9440 0.9720 0.9750
4 09730 0.9680 0.9310 0.9680 0.9840
5 [0.9800 0.9790 0.9350 0.9800 0.9780
6 09710 0.9690 0.9300 0.9700 0.9680
7 0.9690 0.9610 0.9510 0.9690 0.9640
8 (09630 0.9560 0.9190 0.9610 0.9620
9 [0.9650 0.9650 0.9310 0.9630 0.9650
10 [0.9580 0.9550 0.8970 0.9580 0.9550
11 [0.9740 0.9740 0.9350 0.9730 0.9700
12 |1 0.9789 0.9789 0.9277 0.9779 0.9739
13 109640 0.9630 0.9420 0.9590 0.9630
14 [0.9690 0.9650 0.9280 0.9680 0.9620
15 |0.9740 0.9740 0.9280 0.9690 0.9710
16 (09730 0.9730 0.9310 0.9740 0.9710




Table 4.9: Log Odds Ratio Simulation Results ~ Misclassification

Run Number of Errors
SP Uncond. CC-SP SQ-SP
1 1 37 2 1
2 2 49 1 0
3 0 31 3 2
4 5 46 ] 4
5 1 45 0 2
6 2 41 1 3
7 8 18 0 5
8 7 48 2 1
9 2 34 2 0
10 7 65 4 3
11 0 39 1 4
12 2 51 1 )
13 3 22 S 1
14 | 6 43 3 9
15 | 0 46 5 3
16 2 42 1 2
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Table 4.10: Log Odds Ratio Simulation Results — Mean Relative Errors of 95% Con-

fidence Bounds

Run Mean Relative Error
Sp Uncond. CC-SpP SQ-SP
Low Hi Low Hi Low Hi Low Hi
1 ]0.0133 0.0164 { 0.2258 0.1240 | 0.0049 0.0093 { 0.0030 0.0106
2 10.0061 0.0262 | 0.3965 0.0918 { 0.0072 0.0208 | 0.0023 0.0387
3 |0.0061 0.0262 { 0.0872 0.0356 | 0.0011 0.0020 { 0.0003 0.0027
4 0.0010 0.0120 { 0.1940 0.1143 | 0.0038 0.0105 { 0.0013 0.0024
5 [0.0043 0.0064 | 0.1176 0.0540 | 0.0013 0.0030 | 0.0004 0.0016
6 |0.0023 0.0175 [ 0.2604 0.0686 | 0.0038 0.0119 | 0.0013 0.0049
7 1 0.0009 0.0027 | 0.0481 0.0127 | 0.0003 0.0016 | 0.0001 0.0014
8 [0.0005 0.0085 |0.1343 0.0692 | 0.0019 0.0048 | 0.0002 0.0017
9 (0.0051 0.0101 | 0.0851 0.0405 | 0.0021 0.0060 | 0.0003 0.0006
10 | 0.0016 0.0194 | 0.2811 0.1825 | 0.0065 0.0137 | 0.0012 0.0118
11 | 0.0042 0.0073 [ 0.1216 0.0487 | 0.0013 0.0036 | 0.0007 0.0007
12 | 0.0024 0.0082 | 0.2626 0.0440 | 0.0036 0.0071 | 0.0018 0.0146
13 | 0.0033 0.0062 | 0.0864 0.0314 | 0.0011 0.0031 | 0.0006 0.0007
14 | 0.0004 0.0041 | 0.1927 0.0503 | 0.0027 0.0025 | 0.0023 0.0113
15 | 0.0069 0.0105 | 0.1105 0.0417 | 0.0026 0.0052 | 0.0008 0.0036
16 | 0.0009 0.0054 | 0.1861 0.0225 | 0.0021 0.0035 | 0.0005 0.0042
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Table 4.11: Log Odds Ratio Simulation Results - Maximum Relative Errors of 95%
Confidence Bounds

Run Maximum Relative Error
SP Uncond. CC-SP SQ-SP
Low Hi Low Hi Low Hi Low Hi
1 0.0696 0.0851 | 1.3095 0.5794 | 0.0741 0.0746 | 0.0741 0.1734
2 [0.0160 0.1806 | 1.3633 0.6569 | 0.0384 0.3387 | 0.0226 0.3930
3 |0.0160 0.1806 | 0.2571 0.1152 | 0.0058 0.0062 | 0.0053 0.0206
4 |0.0059 0.0300 | 0.3940 0.3211 | 0.0108 0.4908 | 0.0058 0.0336
9 |0.0102 0.0155 | 0.3129 0.1787 | 0.0063 0.0106 | 0.0069 0.0213
6 |0.0127 0.0833 | 1.0050 0.4257 | 0.0205 0.0927 | 0.0406 0.2053
7 10.0023 0.4363 | 0.1039 0.0532 | 0.0014 0.4026 | 0.0003 0.4646
8 10.0020 0.4615 | 0.2745 0.1603 | 0.0041 0.4431 | 0.0030 0.4820
9 |0.0132 0.0230 | 0.3663 0.2469 | 0.0093 0.0173 | 0.0033 0.0175
10 | 0.0167 0.1397 [ 0.9819 0.7606 | 0.0244 0.0846 | 0.0542 0.4276
11 | 0.0087 0.0185 | 0.3333 0.1738 | 0.0058 0.0145 | 0.0103 0.0160
12 [ 0.0131 0.0861 | 0.8223 0.5124 | 0.0146 0.0735 | 0.0225 0.1473
13 | 0.0060 0.0120 | 0.2143 0.1398 | 0.0139 0.0083 | 0.0080 0.0045
14 [0.0047 0.0354 | 0.5005 0.2220 | 0.0067 0.0262 | 0.0183 0.1033
15 | 0.0156 0.0220 | 0.4478 0.2464 | 0.0096 0.0161 | 0.0431 0.0798
16 |0.0029 0.0318 | 0.4149 0.1739 | 0.0060 0.0311 { 0.0082 0.0421
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We do not present here the results for 99% confidence intervals as the conclusions are
essentially the same.

Examination of these results does show that the unconditional methods perform
very poorly in general. Overall, the saddlepoint methods perform very well in ap-
proximating exact conditional inference. The mean of the estimated log odds ratio
1s identical to that using exact conditional inference to at least one and often two or
more decimal places, especially when the true log odds ratio is small. The variance
of the estimated log-odds ratio is close to that from exact inference and usually lower
than that from unconditional inference.

The coverage probability of the confidence intervals is essentially exactly the same
as that from the exact conditional inference. Both methods are equivalently conser-
vative. Also, the three different saddlepoint methods rarely gave different conclusions
than did exact inference.

A more detailed investigation shows that in general, the sequential saddlepoint
and the continuity corrected saddlepoint perform slightly better than the ordinary
saddlepoint approximation. The coverage probability for each of the three methods
is always quite close to that of conditional inference, but the relative error of the
confidence bounds, particularly for the high end of the interval, is in general lower
for the two more complicated methods. The continuity corrected saddlepoint method
tended to have higher relative errors on the low end of the interval, while the relative
error from the sequential saddlepoint method was nearly uniformly lower than that
from the ordinary saddlepoint method. Both these methods are more complicated to
implement than the ordinary approximation: the sequential saddlepoint because score
and information statistics are required from the modified profile likelihood instead
of the profile likelihood; and the continuity corrected saddlepoint because it requires
evaluation of scores and likelihoods at perturbed values of the sufficient statistic. It
is likely that in practice the additional complications of these two methods are not

warranted given the only slight increase in accuracy.
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An analysis of the simulation results using ANOVA methods for the 25-! de-
sign provides some insight into the performance of the saddlepoint methods. The
difference between the approximate and exact estimators, and the relative error of
the confidence limits for the saddlepoint approximation appear to be related to the
magnitude of the odds ratio, but this result is not statistically significant.

It should be noted that the relative error of the approximations at the upper
end of the confidence interval is fairly high on average. This is due to the fact that
occasionally the upper confidence limit is extremely high (sometimes over 10000).
This is not really a limitation of the method, because in practice, researchers are
likely to disregard limits this high as having little practical value. The lower end of
the confidence interval, which is typically of most interest because researchers are
interested in whether or not the odds ratio differs from zero, shows different results.
The three different saddlepoint methods rarely differ from the conditional method by
more than 1 or 2 percent. This indicates that for practical purposes any of the three

methods would work well as approximate conditional inference.



Chapter 5

APPLICATION TO THE TEST FOR TREND IN A
SEQUENCE OF BINOMIAL VARIABLES

5.1 Introduction

The test for trend in a sequence of binomial proportions is a statistical problem of
particular use to epidemiologists. It is common in dose-response models and other
problems where the response is binomial and the probability of success is expected to
increase or decrease with some other variable, but due to the nature of the covariate
(the covariate arises from grouping into arbitrary strata, or the covariate is ordinal,

for example) a specific relationship is not assumed other than an increasing trend.

Example Graubard and Korn (1987) used as an example data on maternal drinking
and congenital malformations. Of interest in this study was whether the probabil-
ity of 2 malformation increased with average number of alcoholic drinks per day.
Table 5.1 gives the results of a study of 32574 women, with the average alcohol con-
sumption and the presence/absence of malformation. To determine whether there
is an increasing trend in the presence of malformation given alcohol consumption,
we can perform logistic regression on an appropriately chosen trend variable. Here
a reasonable choice is to use a variable giving the midpoint of each category. The
usual analysis for these data is unconditional maximum likelihood analysis. However,
when data are skewed as these are, “exact” conditional maximum likelihood analysis
is generally done, because the asymptotic assumptions for unconditional analysis are

not satisfied. For these data, the conditional analysis is difficult to do because it
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Table 5.1: Data on Alcohol Consumption and Malformation

Alcohol Consumption

Malfor- (avg. drinks per day)
mation 0 <1 1-2 35 >6
Absent | 17,066 14,464 788 126 37
Present | 48 38 5 1 1

requires enumerating a large sample space and calculating large numbers of binomial
coefficients. An approximation to the conditional analysis would be useful here, to

provide accurate yet quick inference.

5.2 The Model

The model for this problem is a simple logistic regression of the binomial variates on
the trend covariate W. Let Y;,i =1,..., N be binomial with parameters n; and p;
where logit(p;) = ¢ + w;A and w; < wy < ... < wy. The overall likelihood for the
data is just the binomial likelihood,

LA uly) = 117

Ty, = ¥ Yiw; is the minimal sufficient statistic for A, and T, = T Y; is the minimal

elptwid)y;

1+ eu+w;A)n; !

(5.1)

sufficient statistic for y. Inference on A is based on the distribution of 7.

5.2.1 Unconditional Inference

Unconditional inference on A is based again on the profile likelihood which is obtained
by maximizing expression (5.1) over all possible values of u for a fixed A. This gives

an unconditional likelihood as follows:

etlA

(1 + o)’

Lp(Alp = 1) (5.2)
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This likelihood is easily maximized using standard GLM procedures. The likelihood

ratio statistic

2logA = 2{Ip(A) - Ip(A)}

R 1+ eu+w.
= H{(A-A)- Zn, log (1 Y ) , (5.3)
and the Wald statistic N
A - A)?
(a-4) (5.4)
Ip(A)
where
ey(A)'{'w'
Ip(A) = Zw n; (5.5)

(1 + ealB)+win)2?
both have approximately the 2 d15tr1but10n with one degree of freedom provided the

conditions in section 5.3 hold.

5.2.2 Conditional Inference

The exact conditional likelihood is the likelihood for A conditional on T, the sufficient

statistic for u. The probability mass function is
C(t]_, tg)etl A

(5.6)

where

Cltnt)= T H(M) (5.7)

y:Ty =ty , To=ty i=1
In general, inference is done using enumeration of the probabilities from this like-

lihood. This involves calculating large numbers of binomial coefficients ('y':) and
enumerating a large sample space, which can be very cumbersome computationally.
An exact tail probability (for use in a test of A = Ag) is given by summation of

the appropriate probabilities,
C(s,ty)eh®
Zu C(“? t2)eUA .

This is again a quantity which involves many binomial coefficients and is cambersome

P(Tl > tlsz = tg,A) = Z

>4

(5.8)

to calculate.
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5.2.83 Double Saddlepoint Inference

The double saddlepoint approximate likelihood for this model is again a modification
of the unconditional result.

ehAatti A - _
Lur(AVTTy = 1) = e LA, (), (5.9)
where
eptwild
I(A,p) = Znim (5.10)

and £ = fi(A) solves the score equation
. ebtwid
l, =t — ;n;m = 0.
To maximize the approximate likelihood (5.9) it is again necessary to derive the
score and information statistics. This is a second special case of Levin (1990). The

score for A is given by

. n.w.eyi(l."l'wl'A) 1 a e/l-l—w.'A
l =t —- ;‘ _—— T .
sp(A) =1 ; T} cFrardym +33A log{;n i e#+wiA)2}’ (5.11)
and the information by
3 » ehtwid 1 52 . ehtwid
Isp(A) = };n,w,- [ FFoi) ~ 3547 log Xi:n.——(l T (5.12)

The approximate tail probability from the Davison derivation is again given by
(3.13) and from the Pierce and Peters derivation is given by (3.14) where w is the
signed square root of the unconditional likelihood ratio statistic (5.3), z is the square
root of the Wald statistic (5.4) and p is the ratio of the determinant of the information
matrix for 4 from the full model to the determinant of the information matrix for
from the reduced model. This is a discrete data problem, so we use the correction
for discreteness given in chapter 3 and replace A — A in the Wald statistic by 1 —
exp(—( A—-A)). The continuity corrected saddlepoint replaces A — A with exp(—(A—
A)/2) — exp((A — A)/2) if the continuity correction is used.
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Sequential Saddlepoint Inference

The sequential saddlepoint method is easily implemented here. The tail probabilities
are given by (3.25) and (3.26) where now, wasp and zpp are the likelihood ratio and
Wald statistics from the modified profile likelihood (5.9). For the purposes of the

simulation study we use formula (3.26).

5.2.4 Direct Saddlepoint Inference

Direct saddlepoint inference again uses a single saddlepoint approximation to the
exact conditional density (5.6). This is an exponential family density, which we can

rewrite in the form
Pe(Ty =t|T2a =t;) =exp [tlA —log {Z C(u, tz)e"A} + log {C(tl,tg)}] . (5.13)
Hence, the cumulant generating function for the exact conditional density is given by
K()) = log {}: C(u, tg)e"(’\)i} , (5.14)

and (using the methods of chapter 3) the saddlepoint A = Ag — A where A¢ is the
MLE for A under the conditional likelihood. The direct saddlepoint approximation
to the density is thus

Posp(Ty = [Ty = 1) = -\/%% (5.15)
where
Lc(A) x exp [tlA — log {Z C(u, tz)e“A}] . (5.16)

For point estimation and confidence intervals, this likelihood presents the same com-
putational problem that the exact conditional model does. However, for testing A = 0
(which is of primary interest for this model), there is less difficulty, because the exact
likelihood only needs to be evaluated at the MLE and at A = 0.
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Table 5.2: Malformation Data — Analysis
Method A P-value

Conditional | 0.3175 0.017
Unconditional | 0.3175 0.005
Saddlepoint | 0.3165 | 0.019

Example (contd.) Table 5.2 presents an analysis of the data on congenital mal-
formations given at the beginning of the chapter. All three point estimators of A
are essentially identical, while the p-value for the one-sided test of A > 0 using un-
conditional inference is substantially lower than that using conditional inference and
saddlepoint inference, and the saddlepoint inference value is reasonably close to the
value from conditional inference. Of note is the fact that unconditional inference gives

a different conclusion from the other two methods at the 0.001 significance level.

5.3 Asymptotic Distribution Theory of the Estimators

The unconditional maximum likelihood estimator of A is consistent and asymptoti-
cally normal provided that the n; all increase to infinity with M = ; n; (Fahrmeir
and Tutz, 1994, Ch. 2). However, if one of the p; = e#+4%i /(1 4 e#+8wi) {5 very small
or one of the n; increases at a slow rate the convergence can be very slow. Under
these conditions, the exact conditional maximum likelihood estimator is asymptoti-
cally equivalent to the unconditional MLE. The maximum modified profile likelihood
(or saddlepoint) estimator solves the equation

(A)=t-Y 15 chrudmr + §a—A-log {Z ngm} = 0. (5.17)
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Now,
i Atwil fuw; +(93/8A
ilog {Z n ghtwid } _ Zi nie 1_{:’,:'{:,2‘/ 3)} {(1+eu-}-w;A)2 - (l+c‘“2""t'A)3}
' itw; - A+w;A y
oA (1 4 eftwid)2 > n,-(l_:e: o
(5.18)
and hence, provided that the n; all increase to infinity with M = ¥; n;,
1 0 ehtwia
M{?—Ak’g {Zni(l +eﬁ+w;A)2} = op(1). (5.19)

An argument identical to that of chapter 4 can be used to demonstrate that Asp is
consistent and asymptotically equivalent to Ap.

5.4 Small Sample Performance of the Methods

A variety of methods exist for comparing the performance of the saddlepoint and
unconditional inference methods to exact conditional inference. One is to enumerate
the entire exact conditional distribution and compare the value of the tail probability
from the exact distribution to the value of the tail probability from the approximate
distribution. This method was used (Bedrick and Hill, 1993) to demonstrate that
under many circumstances, the tail probability formula in equation (3.13) is very
accurate in approximating the entire conditional distribution.

An alternate approach, and the one we will use in this chapter, is to examine
the methods via simulation. This has significant advantages over the enumeration
method. The primary advantage is that while the enumeration method examines all
possible values of the conditional distribution, a simulation study with well-chosen
parameter values will concentrate on areas of the parameter space that are likely to
occur in practice. The approximate methods are most likely to fail for extreme values
of the conditional tail probability (0.001 or lower), but if these values are unlikely
to ever be observed, using these values does not give an accurate impression of the

methods’ performance.
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Table 5.3: Binomial Denominators For Trend Test Simulations

Dataset | Denominators
1 10,3,7,5
2 36,3,3,2
3 25,7,16
4 95,1,1,2,2,4

Hence, to expand on the work of Bedrick and Hill, we undertake a simulation
study of both saddlepoint tail probability approximations and the unconditional ap-

proximation.

5.4.1 Design of the Simulation Studies

The key to the performance of the methods in the trend test is the distribution of the
binomial denominators. We have chosen four representative sets of denominators from
a set of 20 used by Bedrick and Hill (1993) taken from an analysis of the trend test
due to Graubard and Korn (1987). The binomial denominators from the four chosen
datasets are given in table 5.3. These sets are chosen to represent situations where
the data are slightly unbalanced, moderately unbalanced and extremely unbalanced.
The third and fourth sets of denominators typify a situation where Bedrick and Hill
(1992) found poor performance by the saddlepoint approximation, where the binomial
denominators are high at the ends of the range of the data but low in the middle.
For each dataset, we examine three levels of baseline probability and trend pa-
rameter. The baseline probabilities used in the simulation were 0.10, 0.30, 0.50, and
the trend parameters are 0, 0.5 and 1.0, which give a relatively wide range of the
effects of the parameters on performance of the methods. There were 1000 datasets

generated for each simulation. The trend scores chosen for each dataset are simple
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ordinal scores.
The data were generated unconditionally (this is how they occur in practice) from
the binomial model,

ewA

— _ — Do
P =W =) = G —pea)’

(5.20)
where Y is a variable indicating disease status, pg is the baseline probability and A is
the odds ratio. Analyses of the data were done using exact conditional one-sided tail
probabilities, unconditional tail probability approximations using the log-likelihood
ratio statistic and formula 3.14 for saddlepoint tail probabilities, again both with
and without continuity corrections and using the double saddlepoint and sequential
saddlepoint approximations.

The result of primary interest is the p-value for testing A = 0 vs. A > 0.
To determine the performance of the methods, we report both the mean difference
between the approximate and exact p-values as well as the estimated power of the
test for detecting a trend parameter of the given size. Again, we expect the exact
conditional tests to be conservative.

Following Bedrick and Hill, certain results were excluded from the analysis to avoid
roundoff errors. When the exact tail probability was less than 0.001, the result was
discarded. When the estimated A was zero, Bedrick and Hill’s method of avoiding the
singularity was used. This method is as follows: when the non-continuity corrected
value was undefined because A was zero the tail probability was replaced with the
corrected one. When the continuity corrected tail probability was undefined it was

replaced with the uncorrected one.

5.4.2 Results of the Stmulation Studies

The simulation results are summarized in tables 5.4 through 5.9. Tables 5.4 and 5.5
give the mean of the estimator of the trend parameter and of the estimator of the

variance of the trend parameter over the set of simulations for the unconditional and



Table 5.4: Trend Simulations ~ Mean Estimates of A

Estimated A Estimated Variance

Dataset SP Uncond. SP Uncond.

1 0.0318  -0.0109 | 0.3740 0.3571
0.5583  0.5348 | 0.3191 0.2919
1.1162  1.1413 | 0.3184 0.3262

-0.0334 -0.0422 | 0.1717 0.1666
0.5456  0.5496 | 0.1564 0.1565
1.1073 1.1156 | 0.2670 0.2712

-0.0157  -0.0134 | 0.1298 0.1281
0.5462  0.5530 | 0.1821 0.1839
1.0430 1.0489 | 0.3501 0.3534

2 0.2336  0.2217 | 0.3434 0.3366
0.5605  0.5533 | 0.2610 0.2582
1.0933  1.0930 | 0.2683 0.2691

-0.0104  -0.0133 | 0.2307 0.2278
0.5347  0.5339 | 0.2084 0.2082
0.9337  0.9340 | 0.4503 0.4506

-0.0104 -0.0100 | 0.1948 0.1933
0.523¢  0.5238 | 0.2765 0.2766
0.9337  0.9340 | 0.4503 0.4506




Table 5.5: Trend Simulations - Mean Estimates of A

Estimated A Estimated Variance

Dataset SP Uncond. SP Uncond.

3 0.0228  -0.0153 | 0.3554 0.3471
0.5076 0.4774 ] 0.2510 0.2456
1.0644 1.0571 [ 0.2131 0.2041
-0.0153  -0.0221 | 0.1345 0.1327
0.5273 0.5269 | 0.1180 0.1178
1.0725 1.0790 | 0.1500 0.1520
-0.0004  0.0005 | 0.1075 0.1069
0.5389 0.5432 | 0.1310 0.1319
1.0994 1.1046 | 0.2362 0.2384

4 0.1294  0.1277 | 0.0603 0.0600
0.5000  0.4996 | 0.0391 0.0391
0.9510 0.9513 | 0.0779 0.0780
0.0077  0.0073 | 0.0401 0.0400
0.4956 0.4957 | 0.0508 0.0508
0.7117  0.7117 | 0.0853 0.0854

-0.0080  -0.0080 | 0.0335 0.0335
0.4115 0.4116 | 0.0639 0.0640
0.5304  0.5304 | 0.0849 0.0849




Table 5.6: Trend Simulations ~ Results for Dataset 1

Mean Rel. Error

Baseline Trend Par. | Uncond. SP SQ-SP CC-SP
0.1 0.0 0.3857 0.0330 0.0567 0.0419
0.1 0.5 0.4169 0.0258 0.0390 0.0248
0.1 1.0 0.5010 0.0266 0.0292 0.0089
0.3 0.0 0.2803 0.0111 0.0160 0.0057
0.3 0.5 0.3654 0.0129 0.0122 0.0030
0.3 1.0 0.4989  0.0207 0.0179 0.0068
0.5 0.0 0.2578 0.0066 0.0108 0.0018
0.5 0.5 0.3831 0.0150 0.0175 0.0053
0.5 1.0 0.5156  0.0382 0.0361 0.0131

Max. Rel. Error

Baseline Trend Par. | Uncond. SP SQ-SP CC-SP
0.1 0.0 0.7685 0.1300 0.1201 0.1434
0.1 0.5 0.8158 0.1300 0.1778 0.1434
0.1 1.0 0.8158 0.0846 0.1778 0.1434
0.3 0.0 0.7685 0.1300 0.1257 0.1434
0.3 0.5 0.7307 0.0785 0.1258 0.0528
0.3 1.0 0.7769  0.1115 0.1257 0.0372
0.5 0.0 0.6834 0.0305 0.0371 0.0281
0.5 0.5 0.7769 0.1646 0.1637 0.0621
0.5 1.0 0.7769 0.1886 0.1777 0.1082
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Table 5.7: Trend Simulations — Results for Dataset 2

Mean Rel. Error

Baseline Trend Par. | Uncond. SP  SQ-SP CC-SP
0.1 0.0 0.2644 0.0453 0.0438 0.0508
0.1 0.5 0.3202 0.0505 0.0480 0.0527
0.1 1.0 0.4394 0.0461 0.0442 0.0477
0.3 0.0 0.2467 0.0129 0.0104 0.0106
0.3 0.5 0.3546  0.0151 0.0122 0.0110
0.3 1.0 0.5101 0.0280 0.0254 0.0299
0.5 0.0 0.3031 0.0115 0.0077 0.0097
0.5 0.5 0.4038 0.0186 0.0149 0.0178
0.5 1.0 0.5101 0.0280 0.0254 0.0299

Max. Rel. Error

Baseline Trend Par. | Uncond. SP  SQ-SP CC-SP
0.1 0.0 0.7673 0.1767 0.1746 0.1862
0.1 0.5 0.7673 0.1767 0.1746 0.1862
0.1 1.0 0.7673 0.1767 0.1746 0.1862
0.3 0.0 0.6600 0.1207 0.1212 0.1074
0.3 0.5 0.7837 0.0669 0.1074 0.1074
0.3 1.0 0.7837 0.0560 0.0523 0.0946
0.5 0.0 0.7571  0.0560 0.0523 0.0906
0.5 0.5 0.7571  0.0560 0.0523 0.0906
0.5 1.0 0.7837 0.0560 0.0523 0.0946
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Table 5.8: Trend Simulations ~ Results for Dataset 3

Mean Rel. Error

Baseline Trend Par. | Uncond. SP  SQ-SP CC-SP
0.1 0.0 0.3080 0.0379 0.0493 0.0418
0.1 0.5 0.3526  0.0225 0.0359 0.0199
0.1 1.0 0.4259  0.0127 0.0146 0.0052
0.3 0.0 0.2367 0.0043 0.0102 0.0015
0.3 0.5 0.3075  0.0050 0.0044 0.0007
0.3 1.0 0.4105 0.0072 0.0039 0.0011
0.5 0.0 0.2249 0.0034 0.0073 0.0011
0.5 0.5 0.3249  0.0061 0.0090 0.0010
0.5 1.0 0.4523 0.0138 0.0118 0.0034

Max. Rel. Error

Baseline Trend Par. | Uncond. SP  SQ-SP CC-SP
0.1 0.0 0.6738 0.0942 0.1690 0.1491
0.1 0.5 0.6756 0.2312 0.1768 0.1491
0.1 1.0 0.6756 0.2312 0.1768 0.1215
0.3 0.0 0.5402 0.0497 0.0479 0.0834
0.3 0.5 0.5359  0.0153 0.0322 0.0059
0.3 1.0 0.5887 0.0197 0.0184 0.0048
0.5 0.0 0.4891  0.0090 0.0259 0.0059
0.5 0.5 0.6723 0.0362 0.0380 0.0231
0.5 1.0 0.7306 0.1570 0.1584 0.0626
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Table 5.9: Trend Simulations — Results for Dataset 4

Mean Rel. Error

Baseline Trend Par. | Uncond. SP  SQ-SP CC-SP
0.1 0.0 0.1273  0.0861 0.0865 0.0884
0.1 0.5 0.1929 0.0527 0.0536 0.0545
0.1 1.0 0.3061 0.0290 0.0300 0.0314
0.3 0.0 0.1114 0.0143 0.0135 0.0134
0.3 0.5 0.2996 0.0167 0.0148 0.0145
0.3 1.0 0.4172 0.0259 0.0248 0.0210
0.5 0.0 0.1604 0.0128 0.0111 0.0117
0.5 0.5 0.3432 0.0350 0.0340 0.0280
0.5 1.0 0.4277 0.0560 0.0548 0.0350

Max. Rel. Error

Baseline Trend Par. | Uncond. SP SQ-SP CC-SP
0.1 0.0 0.4179  0.5045 0.5160 0.4843
0.1 0.5 0.3707 0.3958 0.3908 0.3811
0.1 1.0 0.3707  0.0570 0.0616 0.0672
0.3 0.0 0.4632 0.0542 0.0488 0.0464
0.3 0.5 0.5505 0.0661 0.0642 0.0568
0.3 1.0 0.5578 0.0661 0.0642 0.0568
0.5 0.0 0.4991 0.0762 0.0740 0.0692
0.5 0.5 0.5578 0.0867 0.0838 0.0659
0.5 1.0 0.5505 0.0890 0.0864 0.0692
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saddlepoint methods. Tables 5.6 through 5.9 give the mean and maximum relative
error of the p-value for testing Hy : A = 0, where the relative error of a p-value
(relative to the exact conditional value p.) is given by

RE(p) = Ip _’pcl.

(<

Tables 5.4 and 5.5 demonstrate that the saddlepoint estimator is only very slightly
less biased than the unconditional maximum likelihood estimator for these problems.
This is likely due to the fact that the magnitude of the correction to the likelihood is
quite small because there is only one nuisance parameter. In chapter 4, where there
were many nuisance parameters, the correction (and the bias in the unconditional
estimate) were far more substantial. For estimation of A, which is typically not the
result of major interest in trend test problems, both methods perform reasonably
well.

Tables 5.6 through 5.9 show that the three saddlepcint methods perform quite
well in approximating exact conditional inference on the trend parameter for typical
sizes of the trend parameter. The maximum relative error in these data is rarely
more than 10%. It is quite high for the fourth set of marginal totals, but this occurs
in data of the form {z,0,0,0,0,1} where z is between 5 and 15. For these data it
is unlikely that a trend test would be performed, because of the extreme sparseness.
However, if one is interested in a trend test for data of this extreme sparse nature, it
is necessary to use exact conditional methods. Removing datasets of this type makes
the maximum relative error for the four methods {0.3291,0.1905,0.1792,0.2017} for
the first trial and {0.3707,0.1742,0.1690,0.1732} for the second, which confirms that
the saddlepoint methods perform well under normal circumstances. The continuity
corrected saddlepoint and the sequential saddlepoint methods perform slightly better
than the uncorrected methods in most cases, but this is not without exception. This
fact, and the fact that implementation of the sequential and continuity corrected

saddlepoints is significantly more complicated than implementation of the uncorrected
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saddlepoint, indicates that it is probably reasonable to use the uncorrected method
in most instances.

It is interesting to note that the maximum relative error is the same for many
trials with the same marginal totals. This occurs simply because the dataset which
generates the maximum relative error for a given marginal configuration is generated
by the simulation with several different parameter configurations.

Overall, the saddlepoint method appears from this simulation study to be ex-
tremely accurate at approximating exact conditional inference in the trend test. Un-
conditional maximum likelihood inference should be used with great caution in these
problems, as the relative error of the tail probability is on average quite high and as

high as 70% in some cases.



Chapter 6

HIGH ORDER INTERACTION IN LOGISTIC
REGRESSION - A CASE STUDY

6.1 Introduction

Jarvik et al (1996) reported on the use of the ¢4 allele of the apolipoprotein E locus
(APOE) in predicting progression to Alzheimer disease (AD). Their case-control study
examined APOE and a variety of other predictors and their effects on development
of AD. One aspect of this study used a logistic regression analysis to predict disease
status using four predictors — age, sex, presence of family history of disease, and
APOE genotype. Of interest were main effects as well as two, three and four-way
interactions. Analysis was done using ordinary unconditional logistic regression.

The estimators and test statistics given by unconditional logistic regression are
consistent only when the information matrix is not extremely sparse - specifically, it
is necessary that all the cell totals increase with the sample size (Fahrmeir and Tutz,
1994, Ch. 2). When the data are sparse and higher order interactions are of interest,
as was the case in the APOE study, it is quite likely that unconditional logistic re-
gression will break down. The obvious solution is to test for interactions conditionally
on the sufficient statistics for other parameters. Conditional logistic regression is an
available procedure, but it is extremely slow and cumbersome in general situations,
and can also give conservative results when the conditioning reference set is very
discrete. Also, conditional logistic regression is operationally limited in the size of
problems it can handle.

Double saddlepoint inference may provide an alternative here that approximates
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the conditional distribution quickly and accurately. This chapter will examine the
use of double saddlepoint inference in this situation. We first develop the model
(including an extension of the saddlepoint method to consider hypotheses on multiple
parameters in discrete data), and then proceed to analysis of the APOE data and a

simulation study to determine the effectiveness of the saddlepoint approximation.

6.2 The Model

Logistic regression can be viewed as an extension of the model used for the trend
test (chapter 5). For n subjects, let ¥;, 7 = 1,...,n indicate case or control status,
and let X; = X;,...,Xi, be a vector of predictors. The variables X; may include
interactions between other predictors. The logistic regression model uses a logit link

and

BTz;
e
P(K = 1|X; = IL‘,’) = m (6.1)
This leads to the likelihood
n eﬂ .1.‘, i 2
ocH 1 +eﬁ7'z‘ (6.2)
with log-likelihood
E(ﬁT:L‘, —log(l + ™)+ C (6.3)

=1
for some constant C. It should be noted that this is not the correct likelihood for case
control data, but that under certain assumptions this likelihood provides the correct

parameter estimates for the true likelihood.

6.2.1 Unconditional Inference

Unconditional inference is performed using ordinary generalized linear model tech-

niques. The likelihood and log-likelihood are given in equations (6.2) and (6.3), the
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score vector has components

Bz;
z.e
Y — T A, 4
gz.'ly 1+€B:' (6 )

and the information matrix has components

n Bz;
Z;T;k€
Z (1 + eﬂz.)2 (6'5)

i=1
The Newton-Raphson method with the above score and information statistics are
used to derive §3, the maximum likelihood estimator.

The important issue in this problem is of course testing the hypothesis that 3 is
fixed for some components of the vector 8, or more generally, H : Bi = Bjo, J =
q,--.,p. This means that the first ¢ — 1 components of 3 are unrestricted while the
last p — q are fixed at specified values. To test this hypothesis, the most often used

statistics are the log-likelihood ratio statistic,

2log A =2{1p(8) - Ir(B)} (6.6)
and the Wald statistic L
M (6.7)

Ip()
where J refers to the unrestricted maximum likelihood estimator of B, and 3 refers
to the maximum likelihood estimator under the null hypothesis. Both the likelihood
ratio statistic and the Wald statistic are asymptotically x? with r degrees of freedom,
where r is the number of parameters 3; set fixed under the null hypothesis. When r
is 1, the signed square root of both statistics are asymptotically standard normal.

6.2.2 Conditional Inference

Conditional logistic regression can be performed on these data by conditioning on the
sufficient statistics for the nuisance parameters. It is possible to develop a conditional
likelihood for the data based on non-central hypergeometric densities. Tail probabil-
ities can be calculated from this likelihood, and confidence limits for the parameters
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can be derived using bisection or other root-finding routines. However, when the n
are large (as in this problem) this distribution is in fact not useful computationally in
practice. Analysis of the APOE data of Jarvik et al (1996) was attempted using these
methods and the program LogXact (Cytel Software), which does exact conditional

estimation and testing, but it was not successful.

6.2.8 Double Saddlepoint Inference

Double saddlepoint inference for a one-parameter hypothesis is just a generalization
of the trend test.

Consider the situation where we wish to make inference on 8* = (Bgs---+8p)7T
conditional on the sufficient statistics for 5y, ... y B4-1. The modified profile likelihood
for B, is given by

Lup(B*) = Lp(B*)y/|111(6)] (6.8)

where Lp is the ordinary multiple logistic regression profile likelihood, and I, is the
component of the information matrix corresponding to f,...,8,-1. Since testing
is of primary interest in this problem and the determinant of the matrix [, is a
complicated function of 3, we will not investigate maximization of this likelihood.
The primary interest of this chapter will be to examine the performance of the tail
probability and test statistics.

When ¢ = p and §* = f3, is one-dimensional, the tail probability approximation
as derived by Pierce and Peters (1992) takes the form

P(T¢t) = [w + }0 {logp — log(w/z)}] (6.9)
where
w = sign(B, — Bro)y/21log A (6.10)
and

z= /W, (6.11)
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where 2log A is the standard likelihood ratio statistic for testing Bp = Bpo- The Wald
statistic for testing 3, = By is

Wa = (8o — Bp0)* L221(8,).

and

p = [[11(B)|/ 111(B1 (Beo), Beo) || V2. (6.12)

Extension to Hypotheses on More Than One Parameter

Tail probability approximations for saddlepoint inference on discrete data as devel-
oped by Skovgaard (1987) and Pierce and Peters (1992) can only accommodate single-
degree of freedom hypotheses. The extension of this to hypotheses on more than one
parameter poses some theoretical problems. The Wald and likelihood ratio statis-
tics both generalize to x? statistics for multiple degree of freedom tests, and we will

examine their performance on multi-parameter hypotheses.

6.3 Data Analysis

In this section we present an analysis of the Jarvik et al (1996) data to determine if the
saddlepoint methods provide different conclusions from the unconditional likelihood

methods used in the original work.

6.5.1 The Data

The data consist of 237 cases and 310 controls, ranging in age from 48 to 94 years
with a mean age of 79. Two cases and two controls were less than 60 years of age. The
variables considered for analysis are presence of family history of memory problems,
APOE genotype (five categories), age and sex. Family history was not available for
33 cases and 40 controls. APOE genotype was unavailable for four cases and six

controls. Also, the €22 genotype only occurred in four controls. Eliminating all
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Table 6.1: APOE Data Summary

Cases Controls

Total | 267 310

Male | 87 117
(mean age) | 79.7 79.4
Female | 150 193

(mean age) | 79.4 78.6

Fam. Hist + [ 85 57

Fam. Hist — | 119 213

Fam. Hist. Missing | 33 40
APOE: €22 0 4

£2e3 8 38

€2e¢4| 10 15

e3e3 | 89 182

€3e4 | 96 63

ede4 | 30 2

APOE missing 4 6

these subjects from the sample leaves a sample size of 465, with 202 cases and 263
controls. A summary of the entire dataset (including subjects eliminated from the

analysis) is given in table 6.1.

6.8.2 Analysis

Of interest in this particular problem are the interactions between the four factors in
table 6.1. The most important of these interactions are the interaction between family

history and genotype and the four-way interaction between family history, genotype,
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gender and age. If family history is a predictor of Alzheimer disease in e4+ sub jects
then it is likely that there is another genetic factor involved in the disease.

For simplicity of computation we have dichotomized APOE into the presence
or absence of the 4 haplotype. A more detailed analysis can be done, but proves
exceedingly complicated for high-order interactions. Because of the computational
difficulties with the four-way interaction (computer programs for determinants and
matrix inverses have difficulty with 40 x 40 matrices), we take a two-tiered approach
to the problem.

First, to examine the fourth-order interaction, we dichotomize the APOE genotype
variable in a model containing all lower-order terms (first order interactions). Second,
to examine the more important second-order interaction between family history and
genotype, we examine the more detailed model with genotype as a factor with five
levels.

For each case, we consider forwards stepwise regression, building a model starting
with the individual factors and working up to high-order interactions. To test the
significance of an individual factor, we compare the null model to the model with
the factor. To test a two-way interaction, we test the model with the two individual
factors against the model with the individual factors and the interaction term. To
test the four-way interaction we compare a model with all first, second and third
order terms to the full model.

We report four test statistics and their p-values. Unconditional analysis is done
using directed likelihood ratio and Wald statistics, and saddlepoint inference is done
with and without the continuity correction. It is worth noting that the continu-
ity correction does not affect the saddlepoint method in the way one would expect,
uniformly moving the test statistic away from the boundary. This is because the
continuity corrected saddlepoint statistic is a complex function of the corrected like-
lihood ratio statistic, the corrected Wald statistic, and p, and increases or decreases

depending on the relative correction in all of the above statistics. This means that
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Table 6.2: Results of APOE Analysis ~ Main Effects

Factor Lik.Rat. Wald SP CC-SP
G|Z! 03365 0.3330 0.2094 1.0590

p| 0.3683 0.3696 0.4171 0.1448

F|Z| -48287 -4.7638 -4.9312 -4.8509

p | 0.0000 0.0000 0.0000 0.0000

AlZ| 13737 1.3654 1.3609 1.4022

p| 0.0848 0.0868 0.0804 0.0906

E|Z| -21595 -2.1569 -2.2559 -2.1861

p| 0.0154 0.0120 0.0144 0.0167

the p-value may be smaller or larger depending on these relative corrections.

6.8.8 Results

Tables 6.2 and 6.3 present the results of the basic analysis. In the tables, family
history is labeled F, gender is labeled G, APOE type is labeled E, and age is labeled
A.

Table 6.3: Results of APOE Analysis - Interactions

Factor Lik.Rat. Wald SP CC-SP

E*F|(Z | 1.8352 1.8160 1.8157 1.8771

p | 0.0332 0.0347 0.0303 0.0384

E*S*A*F | Z | 1.0816 1.0709 0.9360 1.0415
p | 01397 0.1421 0.1746 0.1488




Table 6.4: Results of APOE Analysis ~ APOE as a Factor

Factor Lik.Rat. Wald
E|Z%]| 88135 7.3423
| 4 4

p | 0.0000  0.0000
F*E | 22 | -7.9324 -5.6672
df 4 4

p | 0.0941 0.2254

From these tables, it appears that saddlepoint inference is usually more conser-
vative than unconditional inference. This is not unexpected as saddlepoint inference
approximates conditional inference which is known to be conservative. Fortunately,
for this dataset and this analysis, the three analysis methods almost always pro-
vided the same conclusions. There were some odd results for the continuity corrected
saddlepoint method when the test statistic was near zero, but the uncorrected sad-
dlepoint approximation provided reasonable results in almost all cases. The problem
with the continuity corrected saddlepoint near the origin has to do with the fact that
the continuity correction can have a large effect on the p-value and also can cause
the test statistic to change sign.

The conclusion that can be drawn from this first analysis is that controlling for all
other factors, the four-way interaction is not statistically significant when genotype
is considered as a dichotomous variable, but that interaction between family history
and genotype is statistically significant when genotype is considered as a dichotomous
variable. The implication of this is that the genetic factor (APOE genotype) may not
be simply presence or absence of the €4 haplotype, and more complicated analysis is

necessary.
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The more complex analysis, retaining APOE genotype as a factor, gave the results
in table 6.4. The two tests done here are first for the main effect of genotype on disease
status and second for the interaction between family history and genotype. Genotype
is highly significant here, as it was previously, but when the interaction is between the
full factor form of the genotype and family history, it is not statistically significant
when controlling only for family history and genotype. This example illustrates that
when the data are sparse, the significance level of the two unconditional tests can
vary wildly.

In conclusion, this dataset, though extremely sparse and having a poorly condi-
tioned information matrix, is not an example where the saddlepoint inference provides
results that are significantly different from those found using unconditional inference.
This is a good result for researchers, in that the fact that the saddlepoint corrections
are small indicates that the unconditional results can be trusted to be reasonable.
The conditions on accuracy of the saddlepoint approximations in estimating the con-

ditional tail probability are weaker than those on the unconditional tail probabilities.

6.4 Simulation Study

We simulate data similar to the APOE data to determine the performance of un-
conditional and saddlepoint methods on this sort of data and to determine if there
are situations where the saddlepoint methods provide different conclusions than do
unconditional methods and should be used in place of unconditional methods. Com-
putational problems preclude the use of exact conditional logistic regression methods

for this problem.

6.4.1 Design of Simulation Study

The simulation is designed to reflect the problems with the APOE dataset. How-

ever, in the interests of computing speed, the model is slightly simplified to reduce
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complexity without disturbing the character of the data.

To ensure a reasonably large dataset, we simulated 200 sub jects. The simulation
examined four predictor variables and their interactions, family history of Alzheimer
Disease (coded 0 for no, 1 for yes), sex, age, and APOE genotype. For simplicity (as
in the data analysis), we assume that APOE is a binary variable rather than four
binary variables. This reduces the dimensionality of the problem without reducing
much of the complexity. The data were generated so that approximately half of the
sample were male, half female, and that the mean age was 80.0, near the mean age for
the sample in the Jarvik et al (1996) study. A positive family history occurred in on
average 30% of simulated subjects, and the APOE genotype was €4+ in 30% of the
subjects. Correlation among the covariates was moderate, ranging from odds ratios
of 1.07 to 1.33, and this was not considered in the simulation study. The covariates
were generated independently of one another according to these distributions using
a random number generator. The disease variable was simulated using a binomial
random number generator, with probability of disease equal to

ez Bixi

(6.13)

where the ( were chosen randomly from the set 0.0, 0.2, £0.5, £0.7, except for
the fourth-order interaction parameter. Runs were performed with this parameter
ranging from 0 to 1.0 by 0.2, so as to determine the power curve for each of the tests.
500 simulation runs were performed at each level of the interaction parameter.
Analysis was done using unconditional methods, both the likelihood ratio and

Wald statistics, and uncorrected saddlepoint approximations.

6.4.2 Results of Stmulation Study

The results of the simulation study are summarized in tables 6.5 through 6.7. Table
6.5 is a summary of the power of the test at each of the tested levels of the interaction

parameter. The power at § = 0 is the simulated « level for the test. Table 6.6 is
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Table 6.5: Power of Tests for Four-Way Interaction

B
Test| 0 02 04 06 08 10

LR | 0.044 0.043 0.072 0.044 0.059 0.094
W [0.046 0.046 0.060 0.044 0.057 0.087
SP | 0.050 0.043 0.059 0.048 0.047 0.074

a 3 x 3 x 5 table which gives the percentage of the simulations for which a pair of
test statistics gave the same conclusion. Table 6.7 is a summary of the coverage
probability for 95% confidence intervals for the four-way interaction parameter 8.

Several simulated datasets, particularly for higher values of the interaction param-
eter, resulted in estimates reaching boundary points. These datasets were removed
from the analysis.

Some conclusions are immediately apparent from these data. The coverage prob-
ability of the 95% confidence intervals for the two unconditional tests are quite poor,
ranging from 75% to 86%. The saddlepoint confidence interval performed better, hav-
ing coverage probability close to the nominal 95% level. For confidence limits in this
situation, it appears that saddlepoint methods are more accurate than unconditional
methods.

The power of the hypothesis tests for detecting an interaction is fairly poor on
all counts. All three tests had the correct size, but the power curves do not increase
with the value of the parameter, even with the number of sampling runs increased to
2000. It should be noted that in most of the cases where there is a decline in power,
the decline is within the range that could occur due to sampling error.

Finally, Pierce and Peters (1992) proposed the saddlepoint method as a method

of differentiating between effectiveness of the two unconditional methods. Table 6.6



Table 6.6: Agreement Between Tests of Four-Way Interaction

1 LR W SP
LR X 0.997 0.983
W - X 0985
SP | - - X

2 LR W SP
LR | X 0995 0.989
W - X 0.994
SP | - - X

3 LR W SP
LR| X 0.989 0.980
W | - X 0991
SP | - - X

4 LR W SP
LR| X 0991 0.981
Wi - X 0990
SP | - - X

5 LR W SP
LR| X 0996 0.992
W - X 0.995
SP | - - X

6 LR W SP
LR| X 0.993 0.987
W - X 0993
SP | - - X

111
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Table 6.7: Coverage Probabilities — Four-Way Interaction Parameter

B8 Method

LR  Wald SP
0.0 | 0.7844 0.7725 0.9858
0.2 ] 0.8311 0.8147 0.9292
0.4 | 0.8412 0.8353 0.9412
0.6 | 0.8432 0.8571 0.9861
0.8 [ 0.8534 0.8647 0.9774
1.0 | 0.7823 0.7661 0.8266

gives the percentage of the simulation runs for which the various tests agree. Overall,
the saddlepoint results tend to agree with the Wald results more often than they do
with the likelihood ratio test results.

In conclusion, we find that the saddlepoint test performs as well or better than the
two unconditional tests on these data. The unconditional confidence intervals have
far lower than nominal coverage probability, while the saddlepoint intervals are in
general close to the nominal value. While for the data given (200 observations with 16
predictors) all the tests are under-powered to detect a difference, the saddlepoint tests
have reasonable significance levels and power that is close to that of the unconditional
tests.

Without conditional inference for comparison it is not possible to say how well
the saddlepoint methods approximate conditional methods. However, it can be said
that the saddlepoint methods do provide reasonable inference, and based on these

simulations, better inference than do the unconditional methods.



Chapter 7

DISCUSSION OF GENERAL RESULTS IN THE GLM

7.1 Introduction

In this section we review general results on the saddlepoint approximations in the
generalized linear model and expand briefly on these results.

Of interest is the accuracy of the saddlepoint approximations for an arbitrary
exponential family model where the number of parameters increases with sample
size. We propose a general theorem in this direction, and report a result due to
Barndorff-Nielsen (1994) and a generalization of this result, as well as conjectures

regarding a proof of the general theorem.

7.2 Previous Theoretical Work

We state here two results, one due to Portnoy (1988) and the other due to Barndorff-
Nielsen (1994), regarding inference when the number of nuisance parameters increases
with sample size.

Portnoy (1988) proved the following:

Theorem 7.2.1 Let X,..., X, be i.i.d. from an ezponential family with density

fx(z) = exp {84z — b(68,) — d(z)}

where 0, and X; are p-dimensional vectors and p increases with n (meaning that the
dimensionality of ' increases with n). Let v,(8) be the minimum eigenvalue of c"(6)

and let v2(8) be the mazimum eigenvalue. Define B, and b, by B, = 73/%(6,)/1.(6.)
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and b, = \/p/nB.. Let 6, satisfy B, = O(1) and let ||a|| denote the Euclidean norm
of a. Suppose that

sup {|Ea(a”X)?| : 18 — 6ul| < (1.2)bn, [lan = 1]}
< (01) y/n/p7(60)/1:"(6)-

Then the mazimum likelihood estimators 6, are consistent, i.e.,

= O,(y/p/n). (7.1)

The conclusion that can be drawn is that in cases where p increases with n, the

o

maximum likelihood estimator for the entire parameter § (and hence the maximum
profile likelihood estimator for a component of 4) is consistent if p/n converges
to zero as n increases to infinity. Portnoy’s paper also contained results regarding
asymptotic normality under similar conditions.

Barndorff-Nielsen (1994) proved the following result: Let exp Yy, ...,exp Yim, 1 =
1,...,q (so that the total number of observations is mq), have the gamma density

of

fri;(yij) = ) exp(—a;e* ) exp(yi;8)

(or Y ~log gamma). The unconditional maximum profile likelihood estimator 3
has the same asymptotic distribution as the maximum exact conditional likelihood
estimator fc if g/m — 0, while the maximum modified profile likelihood estimator

Bup has the same asymptotic distribution as B¢ if ¢/m3 — 0.

7.3 Original Work

When the data are from the exponential family, we can write the exact conditional
likelihood for §; conditional on the sufficient statistics for 6, as the ratio of two
likelihoods,

L(6)

—_— 7.2
Lmarg(elTZ) ( )
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which can be written using basic saddlepoint methods as

[ 122(61,62(6,))1/% Lp(8,) "
|1(6)]v/2 Lp(d)) {1 +Q4(0, k3 )} (7.3)

~ |Ta(61,02(0))1*Lr(61) {1+ Qu(0, 558 } (7.4)

where Q4(0, rcc%)) 1s a polynomial of degree four containing log likelihood derivatives
and information quantities of order four, all of which are functions of #; and ég( 6,). To
make conclusions regarding the general double saddlepoint approximation under the
many nuisance parameter problem, one can investigate these polynomials and their
properties with many nuisance parameters. This is difficult unless the polynomial
Q4(*) has special properties, as it does in the following situations.

The result of Barndorff-Nielsen can be generalized in a straightforward fashion to
a class of distributions due to Bar-Lev and Reiser (1982).

Consider the set of distributions with exponential family density
exp {81t1(c) + bata(c) + B(6) — c(2)}, (7.5)
where 6, and 6, are scalars. Let

EG(T) = (7717 772)’

and assume that

0, = —0, * PI(ns), (7.6)

where ¢ is some known function and /(7;) denotes the derivative of % with respect
to 7. This family includes the gamma, normal inverse gaussian distribution and
one-one transformations of these densities. It has been conjectured that those are the
only densities in this family. The binomial distribution and the Poisson distribution,
which are two of the distributions of greatest interest in conditional inference, are
not members of this family. However, Barndorff-Nielsen’s (1994) result can readily

be generalized to distributions in this family as will be demonstrated below.
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Theorem 7.3.1 Let Xy,...,Xim, i =1,...,p be p samples of size m (for a total of
mp observations) from the normal, inverse gaussian or gamma distribution or a one-
to-one transformation of one of these densities. These densities are of the form (7.5)
with parameters 6, and 6;, where (7.6) holds for 8, 85; and 1y = E¢(Xi;). Then,
if 6 is the unconditional mazimum likelihood estimator for 6y, 6, mp the saddlepoint
mazimum modified profile likelihood estimator for 8, and §;¢ the conditional likelihood
estimator for 8, the following is true: Opp is asymptotically equivalent to 6,c if

p/m® = 0, while 8 is asymptotically equivalent to 6,c if p/m = 0.

It is worth noting that the condition on the unconditional maximum likelihood
estimator is much stronger than that on the maximum modified profile likelihood
estimator. Also it is assumed that the conditional maximum likelihood estimator has
“gold-standard” properties in that it provides the best inference in an asymptotic
sense.

Proof. First consider one sample (X, ..., X,) of size m from a density of the

form (7.5). By (7.6),
02 = —619'(n2).
Now, the log-likelihood for 6; and 4, is
1(91, 92|X = .'B) = 01t1. + egtg. + mb(91, 02) (77)
where ;. = 7, t;(z:). and to maximize over 8,, we differentiate (7.7) and set it to

=1

zero and derive

ta. _ Ob(61,6,)
m - 302 ’ (78)

and hence

AL

% = 11,(61), (7.9)

and by substitution into (7.6),

6a(61) = —619'(t2./m). (7.10)
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Now, this means that the log-profile-likelihood can be written as
Oit1. — 019/ (t2./m)ts + me {8, 619" (t2./m)} . (7.11)
Bar-Lev and Reiser (1982) showed that for this class of models, there exists a function
M such that
(01, 01 (t2./m)) = B (b2 /m)A(6:) — Oyb(in) — M(B).  (7.12)

Substituting (7.12) into (7.11) and rearranging, the profile log-likelihood can be writ-

ten as

6:Z —mM(6,), (7.13)
where
Z =t —my(h) — ¢(t2./n)(t2. — mi(6:))
=t —myp(ta./m).
Bar-lev and Reiser (1982) demonstrated that Z and #,. are independent and that the
density of Z is of the form
fz(z) = d(z) exp [612 — {mM(8,) — M(m¥b,)}]. (7.14)
The conditional likelihood for §; given T5. can be determined from (7.14) to be
L(6,[t2) = exp [612 — {mM(8,) — M(mb,)}]. (7.15)

Note that this is an exponential family density which means that the derivative of
the log-likelihood with respect to 6, is positive.

Now, assume we have p independent samples from the above distribution, with
parameters #;,0,; for : = 1,...,p. Let Z; denote the statistic Z above from the ith
sample, and let T}; denote the statistic T;. from the ith sample for J = 1,2. The
overall profile log-likelihood is

Ip(8:) = 3 612 — pmM(61), (7.16)
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and the conditional log-likelihood is
lc(6,) = Z 61z; — p[mM(6,) — M(m#,)]. (7.17)

To evaluate the modified profile (saddlepoint) likelihood, we must derive

L4 82b(6,,8,(6,))\ /*
ITis (=57 2)

=1

but for an individual sample, 6; = —6,'(15;), and hence

3772!' - "
%, = —019" (i),

meaning that

Omi -1 _ -1
005 O19"(D2:) — 019" (tai/m)’ (7.18)
We have
6b(01702)
i =B(T) = ——5— 7.19
i = E(Ta) 36, (7.19)
and combining (7.18) and (7.19) and rearranging, we can derive that
azb(el,gz(el)) _ 1
96% T 0,9 (tyi/m)’ (7.20)

and note that 1" (t2i/m) does not depend on 6, and will drop out of the likelihood
for 6,. The profile likelihood modifier is hence proportional to

H() " =ee(2)” (121)

=1

This means that we can write the modified profile log likelihood as
lup(6) = 30121 = pm {M(Gl) + (ﬁ)} . (7.22)
The corresponding score functions for the three likelihoods can be written
ip(61) = pm {z — M'(8))}, (7.23)

Ic(6:) = pm {z — M'(8,) + M'(m8,)}, (7.24)
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and

bp(8) = pm {5 = 3(61) — 5} (7.25)

Bar-Lev and Reiser (1982) proved that M is infinitely differentiable and M"(6,) > 0
for all §,. They also showed that for the densities mentioned in the statement of the
proof, M'(6,) is expressible as an expansion in powers of 1/(6;) with leading term

—1/(26). This means that the conditional score (7.24) can be rewritten

ic(8:) = pm {z - MB) = o+ S (m‘;"l),.} : (7.26)

for some a;, 7 =2,...,00.
To examine asymptotic properties of f;p we first assume that m increases to

infinity with p. We write

{ic(ol)—ip(al)} = \/pﬁ{—zntel'i'i(maejl)j}

=2

N 20 SRS .
- _‘/—T;{zal"'j;mj-lg{}
_ Op(\/'_:;), (7.27)

Hence, we can apply the same consistency argument as in section 4.3.1 to show that

1
VP

6. p has the same limit as 6,c provided that v/p/m — 0 as p and m increase to infinity.
Further,

pim{z"c(el)-ip(ol)} = M”(m91)

= Z 79
m01 < (m8y)7+1

JE _}__fj_ﬂ‘_:
m | 2Vpm30} o \/rmmigit

J=2

= o,,(‘/—g). (7.28)
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Hence,

. . —L_i.(6,) —ip(6,)
_ — Jrm _ Jrm
Ve —be| = STy ey o0
—10(91) 16(91 ) +0(y/2)

—-lc(gl) —10(91 Op(\/—)

which demonstrates that élp is asymptotically equivalent to élC provided that

vp/m =0

+o,(1), (7.29)

as m and p increase to infinity.

For él Mmp a similar argument is used to show that

= {1000 ~ b0} = ([ ), (7.30)

and that

—{Io(80) ~ Tur(80)} = o0ty E5). (.31)
From this we conclude in a similar fashion that
T=lc(8)  S=lup(8)
smlc(01)  mlmp(61)
J=lo(0)  g=lo(6) + o,,(ff)
,ﬁi(,‘(el) —lc 61) Op(\/—

which demonstrates that él Mmp 1s asymptotically equivalent to 010 provided that

\/ﬁlélMP - élCI = + 0p(1)

+0p(1), (7.32)

p/m3 = 0,

as m and p increase to infinity. This concludes the proof.

7.4 Conclusions

This is an extremely difficult theoretical area. The results given above are relatively

insignificant in terms of practical use, but do demonstrate that in certain situations
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where the number of nuisance parameters increases with sample size, the saddle-
point/modified profile likelihood inference methods provide better inference than do
profile likelihood methods. Unfortunately, the result relies on a rather unique char-
acteristic of the distributions mentioned. It is likely to be difficult to generalize. A
useful and more practical result would demonstrate something similar to the above in
distributions such as the binomial and Poisson distribution or in general exponential

family models.



Chapter 8

CONCLUSIONS

8.1 Summary of the Dissertation

This dissertation has examined the development and use of saddlepoint approxima-
tions, in particular double saddlepoint approximations, in generalized linear models.
We have reviewed the extensive literature on the topic, developed the approximations
in detail in two classical conditional inference problems, applied the approximations to
an interesting conditional inference problem, and discussed and extended the theory
in the area.

The literature of saddlepoint approximations and expansions is extensive but com-
plex and often contains errors. Chapters 2 and 3 are a complete and detailed devel-
opment of the approximations in the general case and in the generalized linear model.

The key aspects of the development are the saddlepoint or modified profile likelihood,

N 1/2
L(61|Tz = t2) = Lp(6:) | Ia(61,62(6,)| (8.1)
due to Barndorff-Nielsen(1980, 1983) and the approximate tail probability
1
P(T,<tTy=t,) = & {w + —(logp ~ log(w/z))} (8.2)

due to Barndorff-Nielsen (1986) and Pierce and Peters (1992). The simple nature of
the approximations in the generalized linear model makes them particularly useful in
these problems.

The problem of log odds ratio regression for stratified case control studies has
been studied extensively. Exact conditional inference is the “gold standard” for this

inference, and is implemented in a variety of software packages (Mehta, Patel and
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Gray 1985, Thomas and Gart 1992). However, a quick and efficient approximate
method for this problem is desirable. In chapter 4 we have demonstrated analytically
and numerically that the maximum modified profile likelihood estimator is asymp-
totically consistent to first order for small values of the parameter, and that it is
extremely close to the exact conditional maximum likelihood estimator in many situ-
ations. We have implemented the saddlepoint approximation for the tail probability
and generated confidence intervals both with and without the continuity correction,
and also the sequential saddlepoint approximation (Fraser, Reid and Wong, 1991).
Through simulation studies, we have examined confidence intervals for the estimator,
and demonstrated numerically that the confidence limits generated by the saddlepoint
method are very close to the exact conditional confidence limits for a variety of prac-
tical situations. The lower confidence limit in particular is virtually identical to the
exact conditional limit, and inference on the log odds ratio based on the confidence
limits is almost always the same based on the two methods (in 16000 simulation runs,
there were only 0.3% (48/16000) where the various saddlepoint approximations and
conditional inference disagreed on the 95% confidence interval). It appears from the
simulation studies in this dissertation that the continuity correction and the sequential
saddlepoint approximation provide slightly improved inference over the uncorrected
saddlepoint approximation in this problem, but the improvement is only marginal,
and the methods are both more difficult to implement than the uncorrected double
saddlepoint approximation. Overall, for this problem, for even extremely sparse data
with high odds ratios, the saddlepoint approximations are accurate approximations
to the exact conditional method, while the unconditional methods do not provide the
same effectiveness.

The test for trend in a sequence of binomial random variables is another classic
example where exact conditional inference is considered the gold standard. Bedrick
and Hill (1992) examined one form of the tail probability saddlepoint approxima-

tion in this problem. In chapter 5 we have examined the saddlepoint approximation



124

for this problem both in terms of estimation and hypothesis testing. We develop a
method for maximum modified profile likelihood estimation and for confidence inter-
vals. Simulation studies demonstrate that the maximum modified profile likelihood
estimator is similarly biased to the unconditional maximum likelihood estimator, and
that it offers little improvement, since neither of them are extremely biased, even in
sparse data. On the other hand, for hypothesis testing, the unconditional methods
performed poorly, with substantial error, while the saddlepoint methods (uncorrected,
corrected and the sequential saddlepoint) all perform extremely well in approximating
exact conditional inference.

For the test of high-order interaction in logistic regression in a real dataset on
Alzheimer disease and the APOE genotype, little difference was found between the
saddlepoint approximations and the unconditional inference results. This indicates
that the size of the dataset is large enough to offset problems with conditioning.
In smaller datasets of a similar type, it is likely that conditioning will be necessary
and that the saddlepoint results and the unconditional results will differ more sub-
stantially. Simulation results demonstrate that on average the saddlepoint methods
provide reasonable results that are as good as or better than the unconditional results.

The theory of the saddlepoint approximation and the modified profile likelihood
is extremely complex and difficult to deal with. Chapter 7 discussed some of the
theoretical results on the situation where the number of nuisance parameters increases
with sample size. A small extension of an example by Barndorff-Nielsen (1995) to
a theorem on the convergence of modified profile likelihood estimators in a class of

distributions was proved.

8.2 Future Work

There are many opportunities for future work in this area. It is likely to continue to

be an area of great research interest for years to come. Both theoretical and applied
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statistical challenges are available.

From the applied perspective there is an obvious need for examination of other
areas where exact conditional inference is used. Mentioned only in the introduction,
but prominent in the literature on conditional inference, is the log-linear model and
conditional Poisson regression. This is a problem easily addressed using saddlepoint
methods, and the preliminary work done by Pierce and Peters (1992) on this problem
showed promising results. Other logistic regression problems, including that of esti-
mation in the general conditional logistic regression model, are also interesting areas
to pursue the saddlepoint approximations.

Many interesting problems off the exponential family may also be addressed by
saddlepoint approximations. Saddlepoint approximations have recently been sug-
gested for estimating equation problems (Ronchetti and Welsh, 1994) and for general
marginal densities (Gatto and Ronchetti, 1996). An exploration of these methods
and their uses in practical problems such as generalized estimating equations would
be a useful pursuit.

Pierce and Peters (1992) suggested that problems off the exponential family may
provide a great deal of interesting research for saddlepoint researchers, because for
some of these problems, there is no obvious conditional distribution for comparison.
Curved exponential families, including models such as non-linear regression, are an
example where work has been done on saddlepoint approximations and other higher-
order asymptotics.

Finally, implementation of these methods in commonly used software is essential
for their practical use and popular acceptance. The ideal use for these methods is
as a secondary test in unconditional inference. When doing unconditional logistic
regression, researchers often ignore sparseness in the data and the possible need for
conditional methods.

From a theoretical perspective, there is much to be done. A generalization of

theorem 7.3.1 to a more practical set of distributions would be a significant develop-
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ment in the i:heory of saddlepoint approximations. However, this has demonstrated
itself to be a very difficult problem, and is unlikely to be solved generally in the near
future. Other theoretical issues that are of interest relate to the performance of the
confidence limits and test statistics in asymptotic frameworks involving many nui-
sance parameters. This was not examined in detail in this dissertation and represents

a significant theoretical problem for the future.

8.3 Conclusions

This dissertation demonstrates that there are many cases where saddlepoint approxi-
mations can be used as a replacement for exact conditional inference. However, there
will always be cases where saddlepoint inference will fail, and we have discovered
some of these and established loose criteria for their occurrence. There are some
important ways in which these methods can be put to use. Saddlepoint methods,
which can be easily programmed using ordinary unconditional likelihood methods for
generalized linear models, could provide a check on the unconditional methods - if
the two methods differed considerably in their answers, the researcher could either
report the saddlepoint result (it has been demonstrated in several cases to be a rea-
sonable approximation of the exact conditional result) or use the fact that the two
results differ as a reason to consult exact conditional inference software. While faster
and more powerful computers are making it more and more convenient to use exact
conditional inference, it is still more cumbersome and there are still problems of suffi-
cient size that the exact procedures are infeasible. The saddlepoint method provides
both a backup to the unconditional inference and a reasonable approximation to the

conditional inference in problems where it is infeasible.
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Appendix A

SOME THEORY OF COMPLEX VARIABLES

This appendix contains proofs of Abel’s lemma and Watson'’s lemma, both of

which are used in chapter 2 in the derivation of the saddlepoint approximations.

Lemma A.0.1 (Abel’s Lemma) Take v a nonincreasing function on [A, B) that is
bounded above. Define

F(a) = [ flu)du

and let F' be bounded in the interval so that h < F(z) < H for z in [A, B), then
ho(A) < / u)du < Ho(A). (A1)
Proof. Consider the integral
I= f u)f(u)du = / ? o(w)dF(u). (A.2)
Using integration by parts we can see that

I

v@)F@)IE~ [ Fdvw)
= vo(B)F(B) - v(A)F(4) — /A ® Fu)do(u)
~ o(B)F(B) - /A ? F(w)do(u) (A.3)

because F'(A) = 0. Now, v is non-increasing, so all steps are < 0. Hence, the following

are true:

: B
I < v(B)H—H/A dv(u)
= w(A)H (A.4)
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and
I > o(B)h—h /Bd )
> v —h/ v(u
= v(A)h (A.5)
which is the result claimed.

Lemma A.0.1 (Watson’s Lemma) Let

Z
I= /0 ™% 2™ f(2)dz (A.6)

where f is a possibly complez valued function analytic in a neighborhood of z = 0 and
a is large and positive. The path of integration is along the real azis. Assume I ezists

for some a < a. The result is that

Z f(J)(O (m +.7) + O(e—aX) (A?)

amHi+l

7=0

where X is within the radius of convergence of f.

Proof. Since f is analytic in some neighborhood of 0, we can take
f(
for |2| < R, where R is the radius of convergence. If Z lies in the circle of convergence,
then we can just use the expansion and integrate term by term. Consider however
the case |Z| > R. Take a fixed X so that 0 < X < R. The basic idea of the proof
is to show that the integral is equal to the integral on [0, X] which can be done term
by term, in an expansion in powers of a~!. When we use this in the saddlepoint

approximation, we set a = n, which is really what we want. Hence we split up
e z
I= / =95 2™ f(2)dz + /X e~ 2™ f(2)dz.
0

For z < X we can write

(#]
I (A.8)

J=0
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where R, is bounded, say |R,| < Mz"*! (by Taylor’s theorem). We can then write

X -az,m — X —-az.m & f(J)(O) 7
/0 e %z f(z)dz—/0 e %z (Z—]'—z + R,)dz. (A.9)

J=0
Consider the first term of the right hand side. These integrals are hard to do compared
to the same ones, taken from 0 to co. However, we know that for v > 0 and & >0,

(14 u)k < e* (if k < 0 then (1 + u)* < 1). Hence, putting z = X(1 + u),

X 00
/ e-azzkdz = e-—aXxk-H. / e—aXu(l + u)kdu
0 0

< e—aXxk-H. /-oo e(—aX+k)udu
0

e—aXXk+l
aX -k~

This is o(e~@X) for large a, and hence we can write

X n o £(5) .
/ e~ zm }: -'wlz’dz
0 = J!
o0 n () X
= / e ™y f—,'(o)-z-’dz + o(e™X)
0 = J!
2, £9(0) (m + 5)!

— —-aX
- 12;'; 1 g 1oe™):

Now we need to show that the term f;¥ e=272™ R, dz is also small for large a. This is

easy because it is equal to

X 0o
/ ez M2 dz = / e~ ™G, Mz"dz
0 0

.M(m +n +1)!
qmtn+2

where 0 < |6,| < |6,| < 1. Hence, this is o(a=™*"+1),
The final term we have to control is [Z e~%*z™ f(z)dz. We use Abel’s lemma to

do so. Let 0 < @ < a, and then define for X < Z; < Z,

F(Z) = /X ? eazm 1) dz.
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|F(Z,)| has an upper bound of N (which must exist since the integral exists). Hence,
with v(z) = e7(*=%)* we define f(z) = u(z) + tw(z) and get that

2

VA
/X e~z (iw(z))dz| . (A.10)

2 2

z
/ e~ ¥2™u(z)dz| +
X

4
/X =% 2™ f(2)dz

We apply Abel’s lemma to the root of each of the RHS integrals (which are now real)

which gives that each one is < Ne~(®=®)X and take square roots giving

< V2Ne(a-a)X, (A.11)

Z -az.m
/xe 2" f(z)d=

This term is hence O(e~¥X).

This concludes the proof of Watson’s Lemma.



Appendix B

PROFILE LIKELIHOOD MODIFIER DERIVATIVES -
LOG ODDS RATIO REGRESSION

Here we give the algebraic details of the derivation of the second and third deriva-
tives of the profile likelihood modifier for the log odds ratio regression problem (chap-
ter 4). In the appendix we drop the subscript for the marginal configuration and
derive the results for a single table. &(8) and M () refer to the functions &; and M;
for an arbitrary set of margins m, n, and ¢.

First we derive the derivatives of &(3) with respect to 3. & is defined by equation

(4.53) and as derived in chapter 4 satisfies

t

exp(&(0)) = N7

We implicitly differentiate equation (4.53) to get 8&/83. Recall that
t(1+ e&(ﬂ)+ﬁ)(1 + e&(ﬂ)) =

medON(1 4 eXBI+B) 4 nod(B14B(1 | (3(B)+B)

or
) cBB)+B .
t=mire® T T (B.1)
Differentiating both sides of (B.1) gives
& 4B 8é& e3B)1+8
=Mpn —+1l)—
O=mapremy T o T DTy awey
or
. 5(8)+8
0& TG B9
'55 = I a(B 18 (B.2)
m(1+ea(py)z n (1+e2(A+7)2
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At 8 =0, simplification of (B.2) to —n/N is clear.

The second derivative of & with respect to 4 is found by differentiating (B.2). This
is tedious, but we note that the right hand side of (B.2) is of the form —~A/(A+ B)
and take advantage of this fact. Using this notation,

dA R da 5 R 5 231, 0@
- &(B8)+8 &(8))2 &(B)+8 ,a(B) &(8)y =
93 ne (8ﬁ+1)(1+e )* + 2ne e*PN1 +e )aﬂ
. . <), , O& +(3) 08
— &(8)+8 a(8) a(B)y 2= &(8) ==
= ne (1+e ){(1+e )(aﬂ+1)+26 aﬂ}
and
%g. = me&(ﬂ)g_g(l + e&(ﬁ)+ﬂ)2 + 2me&(ﬂ)e&(ﬁ)+ﬁ(1 + e&(B)HJ)(g; +1)
- me&(ﬂ)(l + ed(ﬂ)+ﬂ) {(1 + ed(ﬂ)h@)g_; + 2ea(ﬁ)+ﬁ(%§ + 1)} i

The derivative is thus equal to

P& _~5*(A+B)-(-A)x(F+ %)
op? (A+ B)?

We are only interested in this derivative at 3 = 0, so we evaluate all the components

at =0, and see that

_ ntN?
T (N =¥
_ mtN?
(N =)
B_A _ ntN mN — 2nt}
aB =0 (N —1t)3 N(N-¢t) |’
and
_a_B _ miN —nN+2mt}
8B lss (N —8F | NV =)
so that
?ﬁ a_B 22N (m —n)
ag =0 aB B0 (N —1t)3 )
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Combining gives

Pa| g {mn (2t = M)}
92|50 We%
mn(2t - N
= —_(W—) (B.3)

It is also necessary to derive the third derivative of o with respect to § at 8 = 0.
We evaluate

02A

B

. . A& da | da&
&(B)+8 ,&(B) &(B) %(8)
+ ne e {(1+e )(6ﬁ1)+2 aﬁ}aﬂ

. . 0& 0& d*a
| a(8)+8 | a(B) &(B) | | &(B8)
ne (1+e ){ aﬂ(aﬁ D++e )6ﬁ2

2 A
+ 258 (gg) _*_28&(5)6_2} (B.4)

and

d*B

_a_ﬂ_z_ - med(ﬁ)(l+e&(ﬂ)+ﬁ) {(1+e&(ﬂ)+ﬂ)g_g_ +2e&(ﬂ)+ﬂ(%§+1)}2€

as
+ medB)galB)+s {(1 + ea“’“‘*)%; + 265816 ZZ + 1)} (35 a; +1)

. . 8a ,0& 0%
a(B) a(B)+8 a(8)+8 &(8)+8
+ me®(l+e ){ aﬂ(aﬂ+1)+(1+e ))6ﬂ2

. aa\? . d*a
&(B)+8 éB+8-_Z\ B.
+ 2e (33) + 2¢e 5;2} (B.5)

Mathematica software (Wolfram Research Inc. 1993) was used to evaluate the
above derivatives at @ = 0 and combine them to derive the third derivative. The

third derivative is equal to
?Péa

- {____l_t)} {n (mans +12m? N* — 19mnN* — m?nN* + 8n2N*
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— m’N® +2mn®Nt — 2m3 Nt + 3m2n Nt + 4mn? N2t — 93 N2 — 19m2 N3
+ 113mnN3t + m*n N3 — 2n2N3% + m2iN*% — 2mn3¢2 +2m3Nt? — 6m2N#?
— 8mn?Nt? + 2n3Nt? 4+ 9mn N2 — 6n2N%t? — In3 N22 — 92 342 + 4m?*nt3

+  4Amn®t® + AmnN£ + An3NE + 4n? N24S — o344 2n2Nt4)} )

If we assume that m and n are of the same order of magnitude as NV, the highest
order terms are all equivalent to
2 775
nm*N ~ N
N8(N —t)
and hence the entire derivative is of order N at 3 = 0.
We next calculate the derivatives of the modified profile likelihood correction term
in (4.75) with respect to 4 at 8 = 0. The multiplier is equal to
1 N 0
§ij?1°g(M(ﬁ)) (B.6)

where
me(h) ne(B)+6

M(B) = I+ e@) T {5 @y
Using the fact that €*/(1 + e%) = ¢/N when 8 = 0, we see that

mt(N —t)  nt(N —t)
N2 + N2
(m + n)t(N — ¢)
N2
(N —t)

= =2 (B.8)

M) =

Also,
QK m(ed(”)(l + e&(ﬁ))zg_g —2e28(8)(] ea(a))g_g_)
op (1 + @)
n(eBAA(1 4 eXOIBY(B | 1) _ (26HEBIP)(1 4 (AAVHR)(E | 1))
(1+ e&(ﬂ)+ﬁ)4
medP)(1 —~ eé(ﬂ))%‘} nedB)+8(1 ea(a)+a)(_g% +1)

) A (= o (89)
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At B = 0, we substitute ¢t/N ~ ¢ for ¥ and ~n/N for da/d to get

M| _ miN = 2)(=n)(N —t)  nN —Hjm(N - 1)
BB |5y N4 N4

(B.10)

which is equal to zero.

To calculate the second derivative of M with respect to 8 we require considerable
algebra, and the derivatives of the numerator and denominator of each of the two
fractions that make up the right hand side of (B.9). We do this one at a time, for
convenience. Let the right hand side of (B.9) be written as ¢1/61 + £2/b2. We write

g_g = med(8) {(1 _ 2e“(f’))(g;) +(1— eé("’)%;%}
which at 8 =0 is equal to

t [n*(N-3t) nm(N- 2t)2}
o {Nﬁ(N-t) T TNI(N —9)

and

at2 X da . 0%«
28— pa(B)+B 9,888\ LS 2 — o8B+ =
95 ne {(1 2¢ )(6ﬂ+1) +(1—e )3,32}

which at # = 0 is equal to

t m?(N —3t) nm(N - 2t)2}
"W {N2(N—t) S

Further,
abl Jda
=3(1 a(B)\2 &(8) T
ag =3+ s
is equal to
—3Nnt
(N —1t)3
at =0 and
b1 3(8)+8\2 _a(B)+8
(a4 (a4 1
35 B =3(1l+e )e ( B +1)
is equal to

—3Nmt
(N —-1t)3
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at § = 0. For completeness, t1 = —t2 = —mnt(N — 2t)/(n(N —t)?) and b1 = b2 =
(N/(N —t))3. Combining,

FPM|  -2mnt}(N —t)?
|, 5 : (B.11)
Under asymptotic model I,
1 6 _LjMe) (M)’
wag M) = 54 37 - (37@) | (512
The first term of the right hand side is
1 M"(B) (B.13)

N M(B)

which can be seen to be 0,(1) by virtue of the fact that as N, increases to infinity,
t1 and 2 are o,(ni) and o,(my) respectively, that b1 and b2 are both 0p(1), and that
M(B) is op(Ni)-

To calculate 3°M/9B® we require the above derivatives as well as 8%1/8/2,
0%t2/06%, 3°b1/0f?, and 8?b2/9B3%. Mathematica Software was again used to as-

sist calculation of these derivatives. First,

0’01 _ —3nt(mN —nN —2mt — nt)

95 NN 1] (B.14)
and
9%b2 _ 3mt(mN —nN + mt + 2nt) B
ag® N(N -t (B.15)
Also,
0%l _ mn*(mN? —nN? — 4mNt + 3nNt + 4mt?) B.16
9 " NA(N — 1) (B.16)
and
0*2 _ m*nt(mN? — nN? — 3mNt 4+ 4n Nt — 4nt?) B.17
ap® ~ N4(N —¢) ' (B-17)
Combining and simplifying gives
>*PM mn (m —n)t(N* ~ 13N3 + 51N%2 — 69N¢3 + 30t4)
o = N (B.18)

B=0
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and hence that

o
ap3

m— 4 _ 3 242 _ 3 4
ﬂ=0/(M(ﬂ)) _ mn ( n) (N l?;\]r\(fs(tl\—rl—fltl)\/' t* — 69Nt° + 30¢ ) (B.19)

Again, for the purposes of asymptotic model I, it is easy to verify that

1 8
Na_ﬁf*log M(B)

is 0p(1).
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