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High dimensionality, numerical sti�ness, and complex subsystem interactions pose fun-

damental challenges for the design, analysis, and certi�cation of modern aerospace systems.

This dissertation addresses these issues by leveraging multiple timescale behaviour to for-

mulate mathematically rigorous reduced-order models that are then used to simplify design,

treat numerical sti�ness, and provide conditions under which desired behaviour is guaranteed

for the original system. The approach is based on concepts of asymptoticity and singular

perturbation theory.

First, classical multiple scale methods are generalized to analyze classes of systems that

depend on a combination of continuous time and/or discrete clocks. It is shown how discrete

clock rates cause multiple timescale behaviour to occur in these systems, and corresponding

reduced-order models are developed along with asymptotic error bounds on the resulting

approximations.

Next, a new technique is developed for e�ciently and accurately propagating the trajec-

tories of satellites that are subject to non-conservative forces such as atmospheric drag and

solar radiation pressure. Importantly, the approach gives explicit insight into the e�ects of

parametric uncertainties in these non-conservative forces on the resulting trajectory solution.

Finally, reduced-order design and analysis is investigated for several problems in net-

worked dynamics systems. In particular, conditions are provided under which the dynamics



of the agents can be designed separately from the dynamics of the network process. Further,

quantitative bounds are established on the underlying graph topology and on the agents'

communication rate that guarantee desirable behaviour when these separately designed dy-

namics are coupled together.
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Chapter 1

INTRODUCTION

1.1 Motivating Challenges

Rising levels of complexity in aerospace systems lead to high dimensionality and numerical

sti�ness, as well as complex interconnections between computer algorithms and the physical

components they control. These characteristics pose fundamental challenges to accurately

modeling, analyzing, and verifying such systems, and can lead to unmodeled and undesirable

behaviour [1]. Analysis methods and approximation techniques are therefore required that

can rigorously meet these challenges and give insight into the conditions under which desired

behaviour is guaranteed [2].

Consider the problem of propagating satellite trajectories for space situational aware-

ness. In this context, tens of ground-based sensors must keep track of tens of thousands of

space objects. E�cient propagation methods that are accurate over known time domains are

therefore required to keep custody of these objects in between sensor measurements [3]. How-

ever, these objects are acted upon by non-conservative perturbing forces such as atmospheric

drag and solar radiation pressure that cause the dynamics to be numerically sti�, making

direct numerical approaches infeasible. Further complicating these e�orts is the fact that

the perturbing forces are subject to parametric uncertainties. While it is known that these

perturbation e�ects manifest on a much slower timescale than the fast two-body motion, the

structure of these e�ects on satellite position and velocity under changes in the perturbing

forces remains unclear. A need therefore exists for new trajectory propagation methods that

give rigorous insight into these e�ects so that space objects can be more e�ectively tracked

with only sparse measurements.
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Heterogeneous time systems, where evolution of the system states depends on a com-

bination of continuous time and/or discrete clocks, arise naturally in distributed robotics

problems. Here, autonomous agents move continuously about their environment while com-

municating with each other over a network to make decisions. One approach to analyzing

these types of complex systems is to assume that the agents' network communication oc-

curs very quickly, leading to a purely continuous-time set of dynamics [4]. However, designs

based on this continuous behaviour can break down as the time between communication

updates becomes too large, leading to instability [5, 6]. An alternative approach is then to

view the updates over the network as occurring only intermittently, producing an inherently

hybrid-time character in the dynamics. Intuitively, if the robots move quickly relative to the

slow discrete updates over the network, then the robots will reach their goal and the net-

work dynamics will evolve as if the robots are always at their state dependent equilibrium.

This implies a decoupling between the continuous-time robot dynamics and the discrete-

time network dynamics that is based on the di�erent characteristic timescales over which

the subsystems evolve. Such a separation between the subsystem dynamics is useful because

it decreases the complexity of analyzing the composite system by allowing the formulation of

reduced-order models based on the isolated subsystems. However, current approaches do not

give the necessary mathematical rigour on what conditions are required for such a separation

to hold nor on what behaviour is induced by coupling two subsystems with di�erent time

dependencies.

In both the orbit propagation problem and the networked robotics problem, the evolution

of the system states occurs in both slow and fast layers. This multiple timescale behaviour

appears in many natural and engineering applications. In physical chemistry, for example,

reactions can oscillate around a chemical equilibrium for long period of time before quickly

transitioning to a di�erent equilibrium [7]. Another example is hierarchical control schemes,

where reference commands change much slower than the fast tracking dynamics [8]. A third

example occurs in power grids, where fast dynamics occur within densely connected areas

while slow dynamics occur between sparsely connected regions [9].
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Concepts from singular perturbation theory provide an e�ective approach for dealing

with such multiple timescale systems [10]. Singular perturbation theory, discussed in Chap-

ter 2, allows mathematically rigorous and uniformly valid approximate solutions to be found

for complex di�erential equations and di�erence equations. The approximate solutions are

simpler to �nd than exact solutions because they are based on solutions to reduced order

models that describe the system's behaviour over individual timescales, applying mathemat-

ical rigour to the intuitive notion of timescale separation. These reduced order models can

be used for analysis, estimation, and control, while aiding in the search for conditions where

higher-order dynamics can no longer be ignored [11]. However, the characteristic of hetero-

geneous time dependency places this class of systems outside the current body of singular

perturbation theory. A need therefore exists to extend multi-scale methods to systems that

depend on a combination of continuous time and/or discrete clocks, and to apply singular

perturbation approaches to problems in orbit propagation and networked dynamical systems.

1.2 Summary of Contributions

This dissertation addresses the challenges discussed above, and provides the following con-

tributions.

In Chapter 3, a new mathematical framework is developed for reduced-order modeling of

systems where multiple timescales arise due to heterogeneous time dependency. In particular,

this approach provides the necessary qualitative and quantitative insight for heterogeneous

time systems by: 1) demonstrating how timescales manifest in these complex systems and

how they are related to discrete clock rates; and 2) generalizing asymptotic techniques for

reduced-order modeling, and in particular multi-scale methods, to these systems. With this

generalized multiple timescale framework in place, the developed approach is then applied

to two particular classes of heterogeneous-time systems. The �rst is a class of discrete-time

systems whose evolution depends on multiple discrete-time clocks with di�erent update rates.

The second is a class of hybrid-time systems which evolve continuously in between impulsive
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updates that are governed by a discrete-time clock. In both cases, the singularly perturbed

structure of the problem is made clear, reduced-order models are found, and corresponding

asymptotic error bounds are proven to be correct in terms of the discrete clock rates.

A new orbit propagation technique is developed in Chapter 4 for propagating the trajecto-

ries of satellites subject to non-conservative perturbing forces. Based on the classical method

of multiple scales, the resulting trajectory approximations have known error properties that

are dependent on the nominal parameters of the perturbation. Unlike other approaches,

this method of multiple scales approach is shown to give direct insight into the trajectory's

sensitivity to di�erent perturbation parameters. These tools allow direct insight into how

parametric uncertainty a�ect a satellite's trajectory and are expected to be particularly

useful for the speci�c problem of object tracking and catalog maintenance.

Chapter 5 examines interactions across multiple timescales that occur in networked dy-

namic systems. Three scenarios are explored: 1) a state-dependent graph problem where

fast consensus dynamics are paired with slowly-varying edge weights; 2) a continuous-

communication consensus tracking problem where slowly-evolving consensus dynamics are

tracked by fast agents; and 3) an intermittent-communication consensus tracking problem

where the agents can only communicate over the network intermittently to reach consensus.

For each scenario, singular perturbation theory is �rst used to develop mathematically rig-

orous reduced-order models based on the timescale separation that naturally arises between

the network layer and the agent layer. Stability properties of these reduced-order models

are then used to establish quantitative bounds on the underlying graph topology and on

the communication rate which guarantee stability of the full system. These bounds provide

veri�cation tools which are necessary for certi�cation of these complex networked systems.
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Chapter 2

BACKGROUND ON SINGULAR PERTURBATION THEORY

Timescales exist in many systems, but in certain systems these timescales induce singular

perturbations in the dynamics of the system [12]. In particular, these systems are called

singularly perturbed when the presence of a small parasitic parameter changes the order of

the system. Multiple timescale methods based on asymptotics and singular perturbation

theory were �rst applied to �ight dynamics by Ashley [13], while Lagerstrom and Kevorkian

used these approaches in the area of orbital mechanics to �nd patched conics solutions to

the planar restricted three-body problem [14].

The importance of multiple timescale methods is emphasized by two main advantages.

The �rst advantage is that these approaches allow reduced-order equations to be formed,

aiding in the design of simple control laws that are amenable to implementation on embedded

hardware. The second advantage is that, importantly, the solutions obtained using these

simpli�cations come with a priori asymptotic bounds on their error.

2.1 Asymptotics and Singularly Perturbed Problems

Often, systems contain a small parasitic parameter ε, known as the perturbation parameter.

The presence of this perturbation can complicate system analysis, for example by changing

the system's dynamic order or by adding non-linearities. In this case questions arise about

when it is permissible to ignore the presence of the perturbation and deal with only the

simpli�ed problem, and how the presence of the perturbation changes the behaviour of the

solution.

Asymptotic analysis addresses these questions by examining the limiting behaviour of

functions as the perturbation parameter approaches a particular value. In this document,
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the perturbation parameter will usually (though not always) be denoted by ε, and the limiting

value will often be taken to be zero. A basic idea in asymptotic analysis is whether or not a

particular function is negligible with respect to another function in this limit. The Landau

asymptotic order relationships formalize this notion as follows (see [15, Chapter 1] for a

detailed discussion).

De�nition 2.1. A function a(t; ε) is said to be asymptotically smaller than, or �small-Oh�

of, a function b(t; ε) in the limit of ε→ δ if over a given domain Dt

lim
ε→δ

a(t; ε)

b(t; ε)
= 0

for all t ∈ Dt. This relationship is then denoted by a(t; ε) = O(b(t; ε)).

A simple example of this �small-Oh� relationship is given by the functions a(t; ε) = ε and

b(t; ε) = 1 in the limit of ε→ 0+. Then ε = O(1) holds because

lim
ε→0+

a(t; ε)

b(t; ε)
= lim

ε→0+

ε

1

= 0

for all t.

De�nition 2.2. Over a given domain Dt, a function a(t; ε) is said to be of the same order

as, or �big-Oh� of, a function b(t; ε) in the limit of ε→ δ if

lim
ε→δ

a(t; ε)

b(t; ε)
= k

for some k ∈ (0,∞) and all t ∈ Dt. This relationship is then denoted by a(t; ε) = O(b(t; ε)).

As an illustration of the �big-Oh� relationship, consider a(t; ε) = 1 + t and b(t; ε) = 3
1+ε

in the limit of ε→ 0+. Over a �xed and �nite domain for t, Dt = {t ∈ R | 0 ≤ t ≤ T}, then

lim
ε→0+

a(t; ε)

b(t; ε)
= lim

ε→0+

1 + t
3

1+ε

=
1 + t

3
,
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and thus 1 + t = O( 3
1+ε

) over this domain. However, over larger domains this relationship

does not hold. If t = 1/ε, for example, then

lim
ε→0+

a(1/ε; ε)

b(1/ε; ε)
= lim

ε→0+

1 + 1/ε
3

1+ε

= ∞

so that 1 + t 6= O( 3
1+ε

). As this example shows, the domain of interest is integral to whether

or not a particular asymptotic relationship holds.

De�nition 2.3. Over a given domain Dt, a function a(t; ε) is said to be asymptotically

equivalent to a function b(t; ε) in the limit of ε→ δ if

lim
ε→δ

a(t; ε)

b(t; ε)
= 1

for all t ∈ Dt. This relationship is then denoted by a(t; ε) ∼ b(t; ε).

The notion of asymptotic equivalence is essential to de�ning a simpler approximation

to a complex function when the perturbation parameter is close to its limiting value. For

example, a(t; ε) = cos t is asymptotically equivalent to b(t; ε) = {1 + ln(1 + ε)} cos t in the

limit of ε→ 0+ for all t because

lim
ε→0+

cos t

{1 + ln(1 + ε)} cos t
= 1.

Therefore, the simpler a(t; ε) can be taken as a uniformly valid approximation to b(t; ε) in

the limit of ε → 0+. Of course, such an approximation is not unique (e.g., the function

c(t; ε) = cos(t+ ε3) is also asymptotically equivalent to b(t; ε)).

To obtain simple approximations for a perturbed dynamical system, it is therefore natural

to seek a solution xε(t; ε), dependent on the time t as well as perturbation parameter ε, in

the form of an asymptotic series expansion

xε(t; ε) =
∑
i

ai (t; ε) , (2.1)

where ai(t; ε) = O (ai−1(t; ε)). Such a form is attractive because it means that higher-order

terms in (2.1) are well-behaved for small enough ε and do not dominate the overall solution.
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If such an expansion is separable for all t in the domain of interest so that

ai(t; ε) = δi(ε)αi(t)

for αi = O(1), it is called regularly perturbed. In this case the perturbation may be ignored for

small enough values of ε. Otherwise, the problem is called singularly perturbed. This means

that, in the limit of ε approaching zero, any uniformly valid approximation over the given

domain must incorporate e�ects of the perturbation parameter. While these perturbation-

dependent e�ects may manifest in many di�erent forms, two of the most common are the

boundary layer type singularity and the secular type singularity. Systems that exhibit these

singularities, and approaches to �nding uniformly valid approximations for them, are exam-

ined in the following sections.

2.2 Boundary Layer Singularities and Standard Form

Boundary layer singularities have historically been very important in the analysis and control

of dynamical systems [12]. This type of singularity is especially apparent in the class of

dynamic systems given by

ẋ(t) = f (t, x(t), z(t); ε)

εż(t) = g(t, x(t), z(t); ε), (2.2)

where x(t) ∈ Dx ⊂ Rnx and z(t) ∈ Dz ⊂ Rnz , and subject to the initial conditions x(0) = x0

and z(0) = z0. A system of this type is said to be in standard singularly perturbed form [10]

if

1. The vector �elds are bounded and continuously di�erentiable in their arguments.

2. Each root z(t) = hi (t, x(t)) of the algebraic equation 0 = g(t, x(t), z(t); 0), found by

setting ε = 0 in (2.2), are isolated.



9

The states x are then called the slow states and z the fast states. These conditions ensure

that intuitive reduced-order dynamics, the Reduced Slow System and Reduced Fast System,

are well-de�ned.

To illustrate how a singularity arises in this class of problem, �rst assume a solution in

the form

x(t) =
∑
i≥0

εix(i)(t)

z(t) =
∑
i≥0

εiz(i)(t).

Substituting the assumed form of the solution into (2.2) and equating orders of ε then yields

the zeroth order equation

ẋ(0)(t) = f
(
t, x(0)(t), z(0)(t); 0

)
0 = g(t, x(0)(t), z(0)(t); 0),

subject to x(0)(0) = x0. This implies that the fast state z(0) is always at one of the isolated

roots z(0)(t) = h
(
t, x(0)(t)

)
of the algebraic equation 0 = g(t, x(0)(t), z(0)(t); 0). Substituting

this state-dependent equilibrium trajectory into the equation for ẋ(0) then gives the Reduced

Slow System as

ẋ(0)(t) = f
(
t, x(0)(t), h

(
t, x(0)(t)

)
; 0
)
. (2.3)

These reduced-order dynamics describe the behaviour of the slow states x(0) as if the fast

states z(0) are always at their state-dependent equilibrium h
(
t, x(0)(t)

)
. By doing so, however,

this reduced-order model ignores the initial conditions and behaviour of z(0) as these states

evolve towards the equilibrium trajectory, and is therefore valid for t = O(1) but not for

t = O(ε). Intuitively, then, singularities in boundary layer-type problems are seen to occur

because any separable asymptotic expansion must ignore some of the initial conditions.

However, progress can still be made in �nding a uniformly valid solution.

To obtain a set of reduced-order dynamics that accounts for the fast z behaviour, instead
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rewrite the original dynamics (2.2) in terms of a scaled time τ = t/ε as

x′(τ) = εf (ετ, x(τ), z(τ); ε)

z′(τ) = g(ετ, x(τ), z(τ); ε),

where the prime denotes the derivative with respect to τ . Again, assume a solution of the

form

x(τ) =
∑
i≥0

εix(i)(τ)

z(τ) =
∑
i≥0

εiz(i)(τ)

in the rescaled dynamics and equate orders of ε in the result. The zeroth-order equation

then de�nes the Reduced Fast Model as

x(0)′(τ) = 0

z(0)′(τ) = g(0, x(0)(τ), z(0)(τ); 0), (2.4)

subject to z(0)(0) = z0 and x(0)(0) = x0. This model describes the evolution of the fast states

z(0) over a stretched timescale for which the slow states x(0) are constant, but breaks down

when τ = O(1/ε).

While individually neither (2.3) nor (2.4) are valid approximations of the original dy-

namics (2.2) over the whole time domain, together they provide the possibility of such an

approximation. The validity of these combined reduced-order models to the full dynamics

are described by Tikonov-Levinson theory, which yields mathematical rigor and justi�es the

use of these reduced-order models in analysis and controller design.

Theorem 2.1. [10, Theorem 2.1] Consider the standard singularly perturbed system de�ned

by (2.2), and assume that:

1. The functions f and g are continuous in open sets Dx and Dz of the variables x and

z, respectively.
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2. There is a root z(0)(t) = h
(
t, x(0)(t)

)
of the algebraic equation

0 = g(t, x(0)(t), z(0)(t); 0)

which is isolated in the domain Dx.

3. For all x(0) ∈ Dx, the isolated root z(0)(t) = h
(
t, x(0)(t)

)
is the asymptotically stable

equilibrium point of the boundary-layer equation

z(0)′ = g(t, x(0), z(0); 0)

in which x(0) and t are �xed parameters.

4. The region of in�uence of the asymptotic equilibrium point z(0)(t) = h
(
t, x(0)(t)

)
in the

boundary-layer equation includes the initial values.

Then, for any �nite T there exists an ε0 > 0 such that, for 0 < ε < ε0, the approximations

given by the Reduced Slow System (2.3) and the Reduced Fast System (2.4) satisfy

x(t) = x(0)(t) +O(ε)

z(t) = z(0)(t/ε) +O(ε)

for all t ∈ [0, T ]. Further, there exists a t1 > 0 such that the approximation

z(t) = h
(
t, x(0)(t)

)
+O(ε)

holds for t ∈ [t1, T ].

Importantly, higher order approximations can also be found for boundary layer singularity

dynamics such as (2.2) using the method of composite asymptotic expansions [15, 16]. In

particular, this approach constructs higher-order expansions valid for τ = O(1) and t = O(1)

and that each satisfy a relevant subset of the initial conditions. The individual asymptotic

expansions can then be matched to form a composite asymptotic expansion that meets all of
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the initial conditions and that is uniformly valid on bounded t intervals. In this context then,

Theorem 2.1 certi�es that these zeroth order regular expansions, described by the Reduced

Slow and Reduced Fast systems, together form an asymptotically valid approximation if

the reduced dynamics satisfy the relevant conditions. These results can also be extended

analogously for nested, multi-layer systems [10, Chapter 2].

Given the powerful results for systems in standard form, there has been a signi�cant

focus on formulating problems in this way. For example, non-dimensionalization has been

used to identify the perturbation parameter in aerospace systems [12]. Work has also been

done on �nding coordinate transforms that yield a system in standard form [17, 18]. Un-

fortunately, this involves solving partial di�erential equations in the general case which can

make the coordinate transform approach intractable. The results for standard form systems

in continuous-time have also been analogously formulated for discrete-time systems with

similar structure [19, 20].

To this point in time, the majority of singular perturbation theory has focused on either

strictly continuous-time or strictly (single-clock) discrete-time systems. However, practical

control systems are often dependent on a mix of possibly multiple discrete clocks and/or

continuous-time components. These heterogenous-time systems are a subset of hybrid sys-

tems [21], for which there has recently been signi�cant interest. Much of the focus in this

area has been on certifying stability of hybrid systems, and the work on singularly perturbed

hybrid systems has mirrored this interest. Of particular note is the extension of Tikonov-

Levinson theory to singularly perturbed hybrid systems [22] of the form

ż = ψ (z, y; ε)

εẏ = f (z, y; ε)

 (z, y) ∈ C ×Ψ (2.5)

(z, y)+ ∈ G(z, y)
}

(z, y) ∈ D ×Ψ,

where Ψ must be a compact set and the notation (z, y)+ ∈ G(z, y), (z, y) ∈ D ×Ψ means a

discrete jump to a point in the set G(z, y) when (z, y) is in the set D×Ψ. Results are given

in terms of an averaged hybrid system, and the closeness of solutions to the full system to
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solutions of the averaged system. Conditions are also given under which global asymptotic

stability of the averaged system implies semi-global practical asymptotic stability of the

full system. Singularly perturbed impulsive di�erential equations have been investigated

where the continuous-time subsystem is assumed to be exponentially stable and the discrete

updates occur at �xed times [23, 24]. There has also been some work that focuses on the

limit of very fast discrete updates [4, 25]. In this regime, hybrid systems are approximated

by continuous-time systems in an approach called dehybridization. Timescale separation

due to slow discrete updates has only been applied conceptually to particular systems and

classes of systems, for example in creating a hybrid-time control for certain under-actuated

systems where purely continuous-time control approaches cannot yield controllability [26, 27].

However, a more systematic approach has not been formulated that yields insight into the

role of the discrete clock rates and that can give higher-order approximations.

2.3 Secular Singularities and the Method of Multiple Scales (MMS)

Secular singularities arise when trying to �nd asymptotic approximations valid over a long

time domain to systems with small disturbances [28, 16]. Intuitively, such singularities occur

because the e�ects of a small disturbance can build up to have non-negligible e�ects over

su�cient time. A simple example illustrates the issue.

Example 2.1. Consider the Du�ng oscillator described by

ẍ+ x = εx3, (2.6)

and search for a solution in the form of the asymptotic series

x(t) =
∑
i≥0

εix(i)(t). (2.7)

Substituting the expansion (2.7) into the dynamics (2.6) and equating powers of ε yields

ordered dynamic equations that must be satis�ed. The zeroth order equation describes a
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simple harmonic oscillator and has the solution

x(0)(t) = a0 cos (t+ b0) , (2.8)

with a0 and b0 constants that satisfy the initial values. Using (2.8), the �rst order equation

is then written as

ẍ(1) + x(1) =
a3

0

4
{3 cos (t+ b0) + cos (3 (t+ b0))} , (2.9)

subject to the initial conditions x(1)(0) = ẋ(1)(0) = 0. The �rst order solution is therefore

x(1)(t) = a1 cos (t+ b1)− 1

32
a0 cos (t+ b0) +

3

8
a0t sin (t+ b0) , (2.10)

where a1 and b1 are constants that satisfy the initial conditions. The solution, however, is

only valid for t = O(1). This is because when t = O(ε−1),

lim
ε→0

εx(1) (ε−1)

x(0) (ε−1)
= lim

ε→0

ε
{
a1 cos (ε−1 + b1)− 1

32
a0 cos (ε−1 + b0) + 3

8
a0t sin (ε−1 + b0)

}
a0 cos (ε−1 + b0)

= lim
ε→0

3
8
a0 sin (ε−1 + b0)

a0 cos (ε−1 + b0)

6= 0.

Therefore the validity of the asymptotic series expansion (2.7) breaks down on long time spans

due to the term 3
8
a0t sin (t+ b0) in the �rst order solution (2.10) which grows unbounded with

time. This is an example of what is called a secular term in the literature, and occurs due

to resonant forcing in the �rst order equation (2.9) acting over time of order 1/ε.

More generally, secular singularities often occur when seeking approximations over large

time domains for systems of the form

ṙ = εf(r, θ, t)

θ̇ = w(r) + εg(r, θ, t),

where both r and θ can be vector-valued. Many techniques have been developed to deal

with such secular problems, such as averaging, renormalization, amplitude equations, and
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multiple scales, and which may be asymptotically equivalent. A good comparison of these

approaches may be found, for example, in [29]. While these techniques all have their bene�ts

and drawbacks, only the method of multiple scales (MMS) will be described in detail here.

In simplest form, MMS explicitly searches for a solution that is allowed to evolve not only

on the usual fast time but also on a slow time where a small disturbance can have non-

negligible e�ects. By assuming a form that is dependent on multiple independent parameters,

an approximation can then be found that satis�es both the dynamics and the asymptotic

validity of successive terms in the approximation. MMS is appealing due to its intuitive

interpretation as well as its additional applicability to both boundary layer type problems

and singularly perturbed partial di�erential equations [28]. The method is now demonstrated

on the Du�ng oscillator.

Example 2.2. To �nd a solution valid on a larger domain (longer period of time), search

for a solution in a two-time series

x(t) =
∑
i≥0

εix(i)(η, τ), (2.11)

where the fast time, η = t, and the slow time, τ = εt, are considered to be independent. The

�rst derivative is then expanded as

ẋ(i) =
∂x(i)

∂η

dη

dt
+
∂x(i)

∂τ

∂τ

∂t

=
∂x(i)

∂η
+ ε

∂x(i)

∂τ
,

and the second derivative as

ẍ(i) =
d

dt

(
ẋ(i)
)

=
∂

∂η

(
ẋ(i)
) dη
dt

+
∂

∂τ

(
ẋ(i)
) ∂τ
∂t

=
∂2x(i)

∂η2
+ ε2

∂2x(i)

∂η∂τ
+ ε2∂

2x(i)

∂τ 2
.

Substituting (2.11) into the dynamics (2.6) and equating powers of ε yields the ordered
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dynamic equations. The zeroth order equation is

∂2x(0)

∂η2
+ x(0) = 0,

the solution to which is again the simple harmonic oscillator

x(0) = a0 (τ) cos (η + b0 (τ)) . (2.12)

where now a0 and b0 are (as yet unspeci�ed) functions of the slow time, τ , and must satisfy

the initial conditions when τ = 0. The �rst order equation is

∂2x(1)

∂η2
+ 2

∂2x(0)

∂η∂τ
+ x(1) = x(0)3 .

Using (2.12), this equation is then rewritten as

∂2x(1)

∂η2
+ x(1) =

{
3a3

0

4
+ 2a0

∂b0

∂τ

}
cos (η + b0) +

a3
0

4
cos (3 (η + b0)) + 2

∂a0

∂τ
sin (η + b0) ,

where the dependence of a0, b0 on τ has been made implicit. To avoid the resonant forcing

that caused non-uniformity in (2.10), set

∂a0

∂τ
= 0; and

3a3
0

4
+ 2a0

∂b0

∂τ
= 0.

This choice of the parameters a0 and b0 is called the Fredholm alternative, which is a solv-

ability condition for the corresponding di�erential equations. In this case, the corresponding

solutions are

a0(τ) = a0(0) (2.13)

and

b0(τ) = b0(0)− 3a2
0(0)

8
τ. (2.14)

Therefore, the full zeroth order solution is found as

x(0)(η, τ) = a0 (0) cos

(
η + b0(0)− 3a2

0(0)

8
τ

)
;

it can be written in terms of t as

x(0)(t) = a0 (0) cos

((
1− ε3a2

0(0)

8

)
t+ b0(0)

)
. (2.15)
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By construction, the zeroth order solution (2.15) is now valid for time up to order 1/ε; by

introducing an even slower time ε2t, one may obtain an approximation valid for t = O(1/ε).

Such secular singularities can also arise in discrete-time systems, and several approaches

to formulating a discrete-time MMS are documented in the literature. Denote the fast

timescale by m = k and the slow timescale by s = εk, where k is the discrete-time update

counter. In the Taylor expansion approach initially proposed in [30], the forward time-shift

operator is Taylor-expanded in the slow timescale as

x(k + 1) = x(m+ 1, s) + ε
∂x

∂s

∣∣∣∣
(m+1,s)

+O(ε2).

The resulting mixed di�erence-di�erential equations are then solved to maintain asymptotic-

ity of the assumed series solution as in the continuous-time MMS. Alternatively, in [31] the

authors instead propose a partial di�erence operator approach where the total di�erence

operator 4 is expanded in the independent timescales as

4x(k) = 4mx(m, s) + ε4sx(m, s), (2.16)

and where

4x(k) = x(k + 1)− x(k)

4mx(m, s) = x(m+ 1, s)− x(m, s)

4sx(m, s) = x(m, s+ ε)− x(m, s).

The resulting partial di�erence equations are then solved, as usual, to maintain asymptoticity

of the assumed series solution. A more rigorous version of this partial di�erence operator

approach is proposed in [32, 33, 34]. Using a multi-dimensional lattice interpretation of the

independent timescales, indexing forward in the absolute time k is interpreted as cumulative

forward hops along each of the timescale axes. For two timescales, the total di�erence

operator is therefore expanded as

4x(k) = 4mx(m, s) +4sx(m, s) +4k4sx(m, s).
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However, it should be noted that an additional assumption that 4mx = O(1) and 4sx =

O(ε) must be explicitly made. Further, using more than two timescales in this approach

leads to an accumulation of higher-order coupling terms (analogous to the 4k4s term in the

two-term expansion) that must be dealt with when solving the resulting ordered equations.
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Chapter 3

GENERALIZED MULTI-SCALE METHOD

This chapter proposes a new framework for multi-scale analysis. As documented in

Chapter 2, di�erential calculus-based tools like the chain rule are an integral part of classical

multi-scale methods for asymptotic analysis. However, it has not been clear to this point

how extend these tools to analyze heterogeneous time dynamics, which evolve based on

a mix of di�erential and di�erence equations with di�erent clock rates. To this end, this

chapter proposes using the the time scales calculus, a mathematical framework which uni�es

and extends the di�erential and �nite-di�erence calculi, to generalize multi-scale methods

to heterogeneous time systems. By doing so, it is shown how multiple timescale dynamics

arise in these systems due to discrete clock rates and how this behaviour can be exploited to

develop mathematically rigorous reduced-order models.

The structure of the chapter, which is based in part on the author's work [35], is as

follows. Section 3.1 provides some background on the time scales calculus. Next, Section

3.2 describes the generic multi-scale approach and demonstrates through several examples

how this framework results in classical results for both purely continuous-time dynamics

and purely single-rate, discrete-time dynamics. Finally, the generalized multi-scale analysis

is applied to two classes of systems. The �rst class, in Section 3.3, are discrete, multirate

systems whose evolution depends on multiple discrete-time clocks with di�erent update rates.

The second class, in Section 3.4, are hybrid-time systems which involve both continuous-time

evolution as well as impulsive updates that are governed by a discrete-time clock. In both

cases, the singularly perturbed structure of the problem is made clear, reduced-order models

are found, and corresponding asymptotic error bounds are proven in terms of the discrete

clock rates.
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3.1 Time Scales Calculus Preliminaries

Both continuous-time and discrete-time dynamic systems are generally well understood.

Continuous-time systems are governed by di�erential equations and analyzed using di�er-

ential calculus. Likewise, discrete-time systems are governed by �nite-di�erence equations

and are studied using �nite-di�erence calculus. The intriguing similarities and di�erences

between continuous-time and discrete-time equations motivates the desire for a uni�ed frame-

work for analyzing these dynamical systems. The time scales calculus, �rst proposed in [36],

provides such a framework by unifying and extending the di�erential and �nite-di�erence

calculi.

Note. This use of the term �time scale� is di�erent from the concept of �timescales� discussed

in Chapter 2 and elsewhere in this dissertation. To prevent confusion, the term �time scale�

as used in this chapter refers to the time scales calculus and will be denoted by T, e.g., the

T calculus.

In this context, a time scale T is a (non-empty) closed subset of R. So choosing T = R

leads to di�erential calculus results, while choosing T = Z leads to �nite-di�erence calculus

results. However, T can also be chosen as in Figure 3.1. In the T calculus, many of the

properties (such as di�erentiability) have to do with the behaviour of the particular T at the

point of interest t. In particular, the concept of graininess becomes important, where the

graininess function µ : T→ [0,∞) at t is de�ned as

µ(t) = σ(t)− t,

and σ : T→ T is the forward jump operator at t de�ned as

σ(t) = inf

{
v ∈ T

∣∣∣∣ v > t

}
.

The delta derivative of a function f : T → R at t ∈ Tκ, where Tκ = T\{M} if T has a

left-scattered maximum M and Tκ = T otherwise, may then be de�ned as

df

∆t
(t) = lim

s→t, s 6=σ(t)

f(σ(t))− f(s)

σ(t)− s
.



21

This delta derivative behaves like the classical derivative when T = R, i.e.,

df

∆t
=
df

dt
,

and like the classical �nite-di�erence operator when T = Z, i.e.,

df

∆t
= 4f(t).

For the analogoulsy de�ned backwards jump operator ρ, a nabla derivative is similarly de-

�ned.

Figure 3.1: An arbitrary T

More recently, the T calculus has been expanded to consider multiple variables in [37, 38].

For a function f : T1× · · · ×Tn → R and t = {t1, . . . , tn} ∈ Tκ1 × · · · ×Tκn, the partial delta

derivative of f with respect to ti ∈ Tκi is de�ned as

∂f

∆ti
(t) = lim

s→ti, s 6=σi(ti)

f (t1, . . . , ti−1, σi(ti), ti+1, . . . , tn)− (t1, . . . , ti−1, s, ti+1, . . . , tn)

σi(ti)− s
.

A chain rule and the corresponding total derivative for functions dependent on two Ts was

also �rst proposed in [37]. In [39], [40], and [38] these ideas were extended to functions de�ned

on n Ts in di�erent ways. The main di�erence concerns the di�erentiability assumptions

made when de�ning the total derivative; that is, the approaches di�er in where they assume

you can hop in a multi-dimensional T lattice. These di�erences are inconsequential for

functions on Ts with zero graininess (e.g., R, 38R, exp(R), etc.) and yield the usual chain

rule and total derivative from the di�erential calculus. For functions on purely discrete Ts

(that is, with µi(ti) > 0 for all ti), however, di�erent results are possible based on where a

function is partially delta-di�erentiable. A new expansion for discrete Ts is now therefore

proposed which expands the total delta derivative sequentialy over each T, and is particularly

useful for approaches such as MMS.
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Theorem 3.1. If f : T1 × · · · × Tn → R is partially delta-di�erentiable at {t1, t2, . . . , tn},

{σ1 (t1) , t2, . . . , tn}, {σ1 (t1) , σ2 (t2) , t3 . . . , tn}, . . ., {σ1 (t1) , . . . , σn (tn)}, and if each Ti is a

discrete time scale so that σi(ti) 6= ti for all ti ∈ Ti, then the total delta derivative is

df

∆t
(t) =

n∑
i=1

∂f

∆ti
(σ1 (t1) , . . . , σi−1 (ti−1) , ti, ti+1, . . . , tn)µi (ti)

where µi(ti) = σi(ti)− ti is the graininess of the ith time scale at the point ti.

Proof. Expand the total derivative as

df

∆t
(t1, . . . , tn) = f (σ1(t1), . . . , σn(tn))− f (t1, . . . , tn)

= [f (σ1(t1), . . . , σn(tn))− f (σn(t1), . . . , σn−1(tn−1), tn)]

+ [f (σn(t1), . . . , σn−1(tn−1), tn)− f (σn(t1), . . . , σn−2(tn−2), tn−1, tn)]

+ · · ·+ [f (σ1(t1), t2, . . . , tn−1, tn)− f (t1, . . . , tn)] .

Now, since f is partial delta-di�erentiable at (t1, t2, . . . , tn), (σ1 (t1) , t2, . . . , tn),

(σ1 (t1) , σ2 (t2) , t3 . . . , tn) , . . ., (σ1 (t1) , . . . , σn (tn)), and since each Ti is a discrete time scale,

then

f (σ1 (t1) , . . . , σi−1 (ti−1) , σi (ti) , ti+1, . . . , tn)

−f (σ1 (t1) , . . . , σi−1 (ti−1) , ti, ti+1, . . . , tn)

=
∂f

∆ti
(σ1 (t1) , . . . , σi−1 (ti−1) , ti, ti+1, . . . , tn)µi(ti)

holds for each i. Therefore,

4f (t1, . . . , tn) =
∂f

∆tn
(σn(t1), . . . , σn−2(tn−2), σn−1(tn−1), tn)µn(tn)

+
∂f

∆tn−1

(σn(t1), . . . , σn−2(tn−2), tn−1, tn)µn−1(tn−1)

+ · · ·+ ∂f

∆t1
(t1, . . . , tn−2, tn−1, tn)µ1(t1)

=
n∑
i=1

∂f

∆ti
(σ1 (t1) , . . . , σi−1 (ti−1) , ti, ti+1, . . . , tn)µi (ti)

as claimed.
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With some of the ideas of calculus in place, dynamic equations can be investigated. For

example, consider the �rst order, linear, initial value problem

dy

∆t
= p(t)y, y(0) = y0,

de�ned on some T. This has a unique solution given by

y(t) = ep(t, t0)y0,

where ep(t, s) is called the generalized exponential function and has many of the familiar

properties of the exponential function. It should also be noted that this solution hold under

a technical assumption on p(t) called regressivity, which in the scalar case is equivalent to

the condition µ(t)p(t) 6= −1. Now consider the special case p(t) = α. Then if T = R the

solution is

y(t) = eα(t−t0)y0,

while for T = hZ with h ∈ R the solution is

y(t) = (1 + αh)(t−t0)/h y0.

Thus, the T dynamics provides a uni�ed way of approaching dynamic systems. More infor-

mation may be found in a reference such as [41].

As understanding of the T calculus has matured, the framework has recently been applied

to a variety of dynamical systems. For instance, in [42] a class of hybrid systems where the

continuous dynamics switch at discrete intervals was posed in terms of T, and su�cient

conditions for practical stability in terms of a comparison principle were given. When these

switched dynamics are linear, Lyapunov's second (direct) method was developed in [43] in

terms of T. For linear impulsive dynamic systems, on the other hand, the analysis in [44]

presented the dynamics in a T framework and explored solution properties, including state

transition matrices and notions of stability.
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3.2 Description of the Method

With the background on the T calculus in place, the generalized multi-scale analysis method

can now be described. Given a set of dynamics involving some combination of di�erential

equations and di�erence equations, the approach is as follows.

Step 1: Identify the relevant base Ts for the problem, noting that there will be several if

the system is described by a combination of di�erential and di�erence equations or

if di�erent di�erence equations depend on their own discrete clocks. For instance, a

di�erential equation gives rise to dependence on T = R while a di�erence equation that

updates every 7 seconds gives rise to dependence on T = 7Z.

Step 2: Rewrite the di�erential and discrete dynamic equations in terms of the correspond-

ing delta derivatives as dynamic equations on Ts. Any discrete update rates now show

up explicitly in the dynamics and can be used as the perturbation parameter if desired.

Step 3: Assume a series solution that is dependent on appropriately scaled fast and slow

versions of the relevant timescales. The set of fast timescales will be assumed to be

independent of the set of slow timescales. For example, assume x(t) = xf (η) + xs(τ)

or x(t) = x(η, τ) where η = t ∈ T and τ = εt ∈ T.

Step 4: Expand each delta derivative of a base T in its scaled versions using the chain rule

for the calculus on Ts. For example, with x(t) = x(η, τ), and η and τ de�ned as above

the total derivative is

dx

∆t
(t) =

∂x

∆η
(η, τ) + ε

∂x

∆τ
(σ(η), τ),

where σ is the appropriate forward jump operator.

Step 5: Substitute assumed expressions into the T dynamics and equate orders of the per-

turbation parameter to �nd the ordered dynamic equations on Ts.
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Step 6: Sequentially solve the ordered equations to ensure that the resulting approximation

is asymptotic and uniform for all t in the desired domain.

The following example shows how this generalized multi-scale approach is consistent with

classical results in the purely continuous-time case.

Example 3.1. Consider the continuous-time dynamics given by the di�erential equation

ẋ(t) = f (t, x(t), z(t); ε)

εż(t) = g(t, x(t), z(t); ε) (3.1)

and subject to the initial conditions x(0) = x0 and z(0) = z0. These dynamics evolve on

T = R, so (3.1) can be equivalently written as the T dynamics

dx

∆t
= f (t, x, z; ε)

ε
dz

∆t
= g(t, x, z; ε). (3.2)

Assume solutions in the form of a composite asymptotic expansion

x(t; ε) =
∑
i≥0

εi
{
x

(i)
f (η) + x(i)

s (τ)
}

z(t; ε) =
∑
i≥0

εi
{
z

(i)
f (η) + z(i)

s (τ)
}
, (3.3)

where η = t/ε ∈ T/ε is the fast time and τ = t ∈ T is the slow time. The delta derivative is

then expanded as

dx(i)

∆t
(t) =

1

ε

∂x
(i)
f

∆η
(η) +

∂x
(i)
s

∆τ
(τ),

and similarly for z(i). Substituting into the original T dynamics (3.2) yields

∑
i≥0

εi

{
1

ε

∂x
(i)
f

∆η
+
∂x

(i)
s

∆τ

}
= f

(
τ,
∑
i≥0

εi
{
x

(i)
f + x(i)

s

}
,
∑
i≥0

εi
{
z

(i)
f + z(i)

s

}
; ε

)
∑
i≥0

εi

{
∂z

(i)
f

∆η
+ ε

∂z
(i)
s

∆τ

}
= g

(
τ,
∑
i≥0

εi
{
x

(i)
f + x(i)

s

}
,
∑
i≥0

εi
{
z

(i)
f + z(i)

s

}
; ε

)
. (3.4)
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The slow dynamics should satisfy the original dynamics, so enforce

∑
i≥0

εi
∂x

(i)
s

∆τ
= f

(
τ,
∑
i≥0

εix(i)
s ,
∑
i≥0

εiz(i)
s ; ε

)

ε
∑
i≥0

εi
∂z

(i)
s

∆τ
= g

(
τ,
∑
i≥0

εix(i)
s ,
∑
i≥0

εiz(i)
s ; ε

)
. (3.5)

The fast dynamics are then written from (3.4) and (3.5) as

∑
i≥0

εi
∂x

(i)
f

∆η
= εf

(
τ,
∑
i≥0

εi
{
x

(i)
f + x(i)

s

}
,
∑
i≥0

εi
{
z

(i)
f + z(i)

s

}
; ε

)
− εf

(
τ,
∑
i≥0

εix(i)
s ,
∑
i≥0

εiz(i)
s ; ε

)
∑
i≥0

εi
∂z

(i)
f

∆η
= g

(
τ,
∑
i≥0

εi
{
x

(i)
f + x(i)

s

}
,
∑
i≥0

εi
{
z

(i)
f + z(i)

s

}
; ε

)
− g

(
τ,
∑
i≥0

εix(i)
s ,
∑
i≥0

εiz(i)
s ; ε

)
.

(3.6)

Equating orders of ε then gives the zeroth order slow equation

∂x
(0)
s

∆τ
= f

(
τ, x(0)

s , z(0)
s ; 0

)
0 = g

(
τ, x(i)

s , z
(i)
s ; 0

)
(3.7)

and the zeroth order fast equation

∂x
(0)
f

∆η
= 0

∂z
(0)
f

∆η
= g

(
τ, x

(0)
f + x(0)

s , z
(0)
f + z(0)

s ; 0
)
− g

(
τ, x(0)

s , z(0)
s ; 0

)
, (3.8)

subject to the initial conditions x(0)
s (0) + x

(0)
f (0) = x0 and z(0)

s (0) + z
(0)
f (0) = x0. The ansatz

(3.3) and its corresponding reduced-order models (3.7) and (3.8) are those found by using

the classical method of composite expansions approach (e.g., [45, Chapter 4]), and are solved

identically.

The generalized multi-scale approach can also be applied in a straightforward manner to

singularly perturbed discrete-time systems, as the next example shows.



27

Example 3.2. Consider the discrete-time dynamics given by the di�erence equation

x(k + 1) = x(k) + εf(x(k), z(k))

z(k + 1) = z(k) + g(x(k), z(k)), (3.9)

where k ∈ Z is the discrete-time index. These dynamics evolve on T = Z, so (3.9) can be

equivalently written as the T dynamics

dx

∆k
= εf(x, z; ε)

dx

∆k
= g(x, z; ε), (3.10)

since µ(k) = 1 for k ∈ Z. Assume solutions of the form

x(t; ε) =
∑
i≥0

εix(i)(η, τ)

z(t; ε) =
∑
i≥0

εiz(i)(η, τ),

where the fast time, η = k ∈ T, and the slow time, τ = εk ∈ εT, are assumed to be

independent. The delta derivative is then expanded as

dx

∆t
(k) =

∂x

∆η
(η, τ) + ε

∂x

∆τ
(σ(η), τ)

=
∂x

∆η
(η, τ) + ε

∂x

∆τ
(η + 1, τ)

and similarly for z. Substituting into (3.10) yields∑
i≥0

εi
{
∂x(i)

∆η
(η, τ) + ε

∂x(i)

∆τ
(η + 1, τ)

}
= εf

(∑
i≥0

εix(i)(η, τ),
∑
i≥0

εiz(i)(η, τ); ε

)
∑
i≥0

εi
{
∂z(i)

∆η
(η, τ) + ε

∂z(i)

∆τ
(η + 1, τ)

}
= g

(∑
i≥0

εix(i)(η, τ),
∑
i≥0

εiz(i)(η, τ); ε

)
.

Equating orders of ε then gives the zeroth order equation

∂x(0)

∆η
(η, τ) = 0

∂z(0)

∆η
(η, τ) = g

(
x(0)(η, τ), z(0)(η, τ); 0

)
, (3.11)
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and the �rst order equation

∂x(1)

∆η
(η, τ) +

∂x(0)

∆τ
(η + 1, τ) = f

(
x(0)(η, τ), z(0)(η, τ); 0

)
∂z(1)

∆η
(η, τ) +

∂z(0)

∆τ
(η + 1, τ) =

∂g

∂ε

∣∣∣∣
x(0),z(0)

+
∂g

∂x

∣∣∣∣
x(0),z(0)

x(1) +
∂g

∂z

∣∣∣∣
x(0),z(0)

z(1). (3.12)

The approach outlined here is functionally similar to the discrete-time MMS approach

outlined in [31] as well as the partial di�erence operator approach proposed in [32, 33, 34],

except that the expansion of the discrete-time di�erence is rigorously justi�ed here by the T

calculus and simpli�es the analysis by not leading to an accumulation of higher-order cross-

coupling partial derivative terms as described in Chapter 2. The resulting reduced-order

solutions, specialized to linear f and g, are also asymptotically equivalent to those developed

for discrete-time linear systems in [19].

These examples have shown how the generalized multi-scale approach agrees with the

classical approaches for both continuous-time as well as discrete-time systems. Again, this

should be expected since it is based on the T calculus which uni�es the di�erential and �nite-

di�erence calculi. With the general technique now established, the following sections show

how this method can be applied to analyze a wider set of dynamical systems with multi-scale

behaviour.

3.3 Analysis of Discrete, Multirate Systems

This section investigates the multiple timescale behaviour that can occur due to coupling

between two discrete-time subsystems with di�erent update rates. Understanding the be-

haviour of multirate systems is essential to ensure reliability of the complex systems that

naturally arise during the integration of individual discrete-time subsystems. Important ap-

plications of multirate systems include: (i) identifying time constraints for run time assurance

of complex cyber physical systems [46]; (ii) accommodating for both digitally implemented

controllers as well as digital structural mode �lters implemented at faster update frequencies

for the Space Shuttle Orbiter autopilot [47]; and (iii) safely combining the high frequency
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stability augmentation and low frequency gain-scheduling on a digital �y-by-wire system [48].

A fundamental design variable in many of these systems is the clock speed of an individual

subsystem. Therefore, a natural question when the subsystems are designed separately is how

close the behaviour of the composite system will be to the individual subsystem behaviours,

as well as how changes in the clock rates will e�ect this behaviour. However, analyzing the

behaviour of multirate systems with di�erent update rates is particularly challenging due to

a lack of adequate techniques [1].

Analysis techniques for multirate systems have traditionally focused on the system's

behaviour around a particular set of subsystem update rates. The main challenge for typical

frequency-domain based stability criteria is that they require numerical methods such as

the Nyquist criterion for studying the e�ect of the individual clock periods on the overall

system [49, 50]. This limit arises because the characteristic equation cannot be obtained in

closed-form for general multirate systems. Consequently, repeated numerical computation

of the Nyquist plot is required for each combination of subsystem frequencies. Alternatively,

time-domain based stability criteria of multirate systems approximately describe the system's

behaviour through construction of state transition matrices over di�erent sub-intervals [51,

52, 53, 54]. Current results, however, only study the stability e�ects of small di�erences in

a particular set of update rates without a way to analyze the role of signi�cantly changing

update rates. This challenge is overcome by applying the generalized multi-scale analysis

proposed in this chapter.

3.3.1 General Case

Consider the dynamics

x+ = f(x, z), t = tk1

z+ = g(x, z), t = tk2 (3.13)

for x ∈ Dx ⊆ Rnx and z ∈ Dz ⊆ Rnz subject to the initial conditions x(0) = x0 ∈ Dx and

z(0) = z0 ∈ Dz, and where tki ∈ kiZ with corresponding update periods ki ∈ R+. It will be



30

assumed that the vector �elds f and g are Lipschitz and that g has a Lipschitz derivative in

its second argument for x ∈ Dx and z ∈ Dz. Without loss of generality, let k1 ≥ k2 so that

the x state does not update more often than the z states. The choice of the update periods

directly e�ects the event sequences of the dynamics; for example, Figure 3.2 shows a sequence

of updates of the x and z subsystems when k1 = 5 and k2 = 2. Di�erent sets of update

periods can therefore lead to very di�erent responses of the system. This section examines

the multiscale behaviour that arises in (3.13) as the update periods become separated.

Figure 3.2: Event sequences in a discrete, multirate system

3.3.1.1 Asymptotic Analysis

To analyze the discrete, multirate dynamics (3.13), begin by noting that there are two base

Ts for this problem: T1 = k1Z and T2 = k2Z. Rewriting (3.13) in terms of the corresponding

delta derivatives then leads to the T dynamics

∂x

∆tk1
=

1

k1

{f(x, z)− x}

∂z

∆tk1
=

1

k2

{g(x, z)− z} ,
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since µ1 = k1 and µ2 = k2. Now, de�ne κ = k1/k2 as the multirate system's update ratio so

that the the update periods of the x and z subsystems become separated as κ grows larger.

The dynamics are then equivalently written as

∂x

∆tk1
=

1

k1

{f(x, z)− x}

1

κ

∂z

∆tk2
=

1

k1

{g(x, z)− z} .

Setting k1 = 1 for simplicity and without loss of generality then yields

∂x

∆tk1
= f(x, z)− x

1

κ

∂z

∆tk2
= g(x, z)− z (3.14)

in standard singular perturbation form.

Now, begin by assuming a straightforward asymptotic series solution in the limit of

κ→∞ and expanding x and z as

x(tk1 , tk2) =
∑
i≥0

κ−ix(i)(tk1 , tk2)

z(tk1 , tk2) =
∑
i≥0

κ−iz(i)(tk1 , tk2). (3.15)

Substituting (3.15) in (3.14) and equating orders of κ then leads to the zeroth order problem

∂x(0)

∆tk1
= f(x(0), z(0))− x(0)

0 = g(x(0), z(0))− z(0). (3.16)

These dynamics assumes that z(0) is always at an x(0)-dependent equilibrium value that

satis�es the algebraic equation 0 = g(x(0), z(0)) − z(0), ignoring the z(0) initial conditions.

This implies that there is a boundary layer degeneracy if the z(0) subsystem is separately

stable.

To obtain a di�erent model that retains the initial z(0) behaviour, rescale the original

dynamics (3.14) in terms of ηki = κtki so that the delta derivatives are rewritten as

∂

∆tki
= κ

∂

∆ηki
,
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and (3.14) becomes

∂x

∆ηk1
=

1

κ
{f(x, z)− x}

∂z

∆ηk2
= g(x, z)− z. (3.17)

Assuming an asymptotic series solution based on the rescaled times

x(tk1 , tk2) =
∑
i≥0

κ−ix(i)(ηk1 , ηk2)

z(tk1 , tk2) =
∑
i≥0

κ−iz(i)(ηk1 , ηk2)

in (3.17) and equating orders of κ then yields the new zeroth order dynamics

∂x(0)

∆ηk1
= 0

∂z(0)

∆ηk2
= g(x(0), z(0))− z(0). (3.18)

These new dynamics describes the fast z behaviour over a stretched timescale for which x is

�xed; that is, the z behaviour in-between the slow x updates.

Similarly to the continuous-time boundary layer singularities described in Chapter 2,

neither (3.16) nor (3.18) individually provides a uniformly valid approximation over the

entire time domain. Based on these investigations, however, such an approximation can be

found by combining these models and is formalized as follows.

Multirate Outer System De�ne the equilibrium trajectory of the isolated z dynamics as a

known function h : Dx → Dz which satis�es the algebraic equation 0 = g(p, h(p))−h(p)

for p ∈ Dx. The outer system is then de�ned as

x(0)(σ1(tk1)) = f
(
x(0)(tk1), h(x(0)(tk1))

)
, (3.19)

subject to x(0)(0) = x0.
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Multirate Inner System De�ne each interval between x updates as

I(tk1) ,
{
t ∈ R

∣∣ tk1 ≤ t < σ(tk1)
}
. The inner system is then de�ned separately for

each interval as

z(0)(σ2(tk2)) = g
(
x(0)(tk1), z

(0)(tk2)
)
, (3.20)

subject to z(0)(0) = z0 for the �rst interval and z(0)(tk1) = h
(
x(0)(ρ(tk1))

)
otherwise,

where ρ is the backwards jump operator and x(0) is the state vector of the decision

system de�ned in (3.19).

The outer system (3.19) describes the reduced-order behaviour of the isolated x dynamics

with the z dynamics always at their state-dependent equilibrium. The inner system (3.20)

then describes the evolution of the more frequent z dynamics between each set of consecutive

x updates. The initial conditions for the inner system are based on the state vector x(0) of the

outer system alone. They are independent of the state of the inner system on any previous

intervals. While the original dynamics are fully coupled, the reduced-order models (3.19)

and (3.20) obtain their triangular structure by exploiting the equilibrium trajectory h(x(0)).

Together, (3.19) and (3.20) provide reduced-order descriptions of the original dynamics

(3.85). They mirror the classical Reduced Fast and Reduced Slow models for continuous-

time dynamics in standard singularly perturbed form described in Section 2.2. The validity

of these models is investigated next.

3.3.1.2 Bounds on the Reduced-Order Approximation

In this subsection, asymptotic bounds are proven for the reduced-order models (3.16) and

(3.18) developed in the previous subsection. The analysis consists of two parts. In the �rst

part, bounds are proven for the quickly updating z state between updates of the x state

assuming certain assumptions hold for the initial conditions. The second part then uses

these bounds on z to �nd corresponding bounds for the evolution of x.

As Figure 3.2 shows, there is not necessarily a consistent number of updates of the fast z

subsystem between the less frequent updates of the x subsystem. It is therefore necessary to
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understand these sequences to be able to understand the trajectories of z and x. To simplify

the analysis, decompose the general, complex sequence of updates into simple sequences

where the ith simple sequence has κi updates of the fast subsystem for every update of the

slow subsystem. To do so, de�ne a building block sub-sequence as the sequence of updates

that begins with an update of x and ends the instant before the next update of x. The ith

building block sequences has an update ratio κi, which is the number of z updates in the

sequence, and a phase φi, which is de�ned as the time from the initial x update until the

�rst z update. Furthermore, if φi = 0 then the ith sub-sequence is said to be synchronous.

Otherwise, the sub-sequence is asynchronous. This concept is illustrated in Figure 3.3.

`

Figure 3.3: Decomposition of a multirate system into building block sub-sequences when

k1 = 5 and k2 = 2.

In order to relate the behaviour of the multirate system to the properties of the build-

ing block sequence systems, knowledge of the range of building block update ratios, κi, is

necessary. The following proposition captures this information.

Proposition 3.1. For a multirate system decomposed into building block sub-sequences, de-

�ne k = bk1/k2c with bk1/k2c the integer value of k1/k2. Then the update ratios κi only take

on the values k or k + 1.
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Proof. For any given building block sub-sequence, by de�nition there are k1 seconds within

the interval and the �rst update occurs at time φi. There are at least k updates of z in this

interval so that the kth occurs at time φi+(k−1)k2. Now, if φi > k1−kk2 then the (k+1)st

update will occur after the end of the interval. But, if φi < k1−kk2 then the (k+1)st update

occurs at time φi + kk2 < k1 − kk2 + kk2 = k1 which is within the interval.

When the update periods k1 and k2 form a rational ratio, that is k1/k2 = g/h with

g, h ∈ N, the multirate system is said to be periodic. This is because the sequence of

subsystem updates, and thus the sequence of building block sub-sequences, eventually repeat

themselves. In this case, more can be said about the structure of the building block sequences,

and in particular how frequently each value of κi will appear.

Theorem 3.2. For a periodic, multirate system where k1/k2 = g/h with g, h ∈ N, de�ne

k = bg/hc and g̃ = g− kh. Further, de�ne d for d ∈ R with 0 ≤ d < h as an initial o�set of

the subsystem updates. Then, if d ∈ {0, 1, 2, . . . , h− 1}, the system can be decomposed into

one synchronous sequence with κi = k+1, g̃−1 asynchronous sequences with κi = k+1, and

h− g̃ asynchronous sequences with update ratio k. Otherwise, the system can be decomposed

into g̃ asynchronous sequences with κi = k+1, and h− g̃ asynchronous sequences with update

ratio k.

Proof. The proof begins by constructing the sequence of phases, {φi},of the building block

sequences from the update ratio of the original system. The building block sequences are

then partitioned into distinct congruence classes based on their phase, with known frequency

of occurrence. Finally, an explicit relationship is derived between the congruence class and

the corresponding update ratio of the building block sequences in that class, completing the

proof.

To begin, some de�nitions are bene�cial. For k1/k2 = g/h with g > h and g and h
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relatively prime, de�ne k = bg/hc and g̃ = g − kh. Then

k1

k2

=
g

h

= bg/hc+
g − bg/hch

h

= k +
g̃

h
,

and g̃ < h with g̃ and h relatively prime. Without loss of generality, take k2 = h and k1 = g.

Further, de�ne time t = 0 by an update of Subsystem 1 so that for i ∈ N, updates of x occur

at times ig; for j ∈ N and d ∈ R with 0 ≤ d < h, updates of z occur at times jh + d. See

Figure 3.3 for an illustration of these de�nitions. Finally, de�ne an indicator function

δ(φi) =

1, φi < g̃

0, otherwise

.

With this setup in mind, the �rst building block sequence has phase φ1 = d and update

ratio

κ1 = k + δ (φ1)

= k + δ (d) ,

since the next update of x occurs at t = g = kh+ g̃ and if d < g̃ then the (k+ 1)st z update

occurs at kh + d < kh + g̃. The second building block sequence then has the �rst z update

at time t = d+ κ1h. The phase is therefore

φ2 = (d+ κ1h)− g

= {d+ (kh+ δ(φ1))h} − {kg + g̃}

= d− g̃ + δ(d)h

=

d− g̃, d ≥ g̃

d− g̃ + h, otherwise

= (d− g̃) mod h

, [d− g̃]h ,
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and the update ratio is κ2 = k + δ(φ2) by the same arguments as for the case of the �rst

building block sequence. The third building block sequence has phase

φ3 = (d+ (κ1 + κ2)h)− 2g̃

= {d+ (2k + δ(d) + δ(φ2))h} − 2 {kh+ g̃}

= (d− 2g̃) + (δ(d) + δ(φ2))h

= (d− 2g̃) mod h

= [d− 2g̃]h ,

and similarly κ3 = k + δ(φ3). In general, then, the update ratio of the ith building block

sequence can be found by its phase from the relationship κi = k + δ (φi) where the phase is

φi = [d− (i− 1)g̃]h .

Consider the zero-o�set case, that is, d = 0. Then

φi = [−(i− 1)g̃]h .

Now, there are h unique elements in {
[rg̃]h

∣∣∣∣ r ∈ Z
}
,

since g̃h is the least common multiple of g̃ and h. Further, the congruence classes induced by

r ∈ {0, −1, −2, . . . , −(h− 1)} are distinct. Therefore, there are h distinct sets of building

block sequence phases. Further, g̃ of them will have κi = k + 1 since there are g̃ congruence

classes such that δ(φi) = 1. The rest necessarily have κi = k. Since only the case φi = [0]h

corresponds to a synchronous update, there will be one synchronous sequence with κi = k+1,

g̃−1 asynchronous sequences with κi = k+1, and h− g̃ asynchronous sequences with update

ratio κi = k. This can be extended analogously for d 6= 0 by de�ning a one-to-one mapping

φ between the d 6= 0 updates and the congruence classes [−(i− 1)g̃]h by

[d− (i− 1)g̃]h = [bdc − (i− 1)g̃]h .
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In this case, if d ∈ {0, 1, 2, . . . , h− 1} then there is still a synchronous update; otherwise,

instead of a synchronous update with κi = k + 1 there will be an additional asynchronous

update with κi = k + 1.

Together, Theorems 3.1 and 3.2 show how, as κ = k1/k2 → ∞, the building block

sequences have correspondingly growing update ratios κi. The evolution of z in between

updates of x can now be described. Bounds on the trajectories of z are described in the

following lemma.

Lemma 3.1. Consider the multirate dynamics (3.13). Assume that z − h(x(0)) = O(1) just

before the last x update and that x − x(0) = O(1) just after the last update. If the reduced

z(0) dynamics de�ned in (3.20) are individually asymptotically stable to h(x(0)), then κ can

be chosen large enough that trajectories of the true z state satisfy

z − z(0) = O(1)

in between x updates. Further, the approximation

z − h(x(0)) = O(1)

holds at the time of the next x update.

Proof. De�ne the error vector as ez = z − z(0). Then the dynamics of ez can be written as

e+
z = g(x, z)− g(x(0), z(0))

= g(x(0), z)− g(x(0), z(0)) +
{
g(x, z)− g(x(0), z)

}
=

{
g(x(0), h(x(0)))− h(z(0))

}
+ g(x(0), z)− g(x(0), z(0)) +

{
g(x, z)− g(x(0), z)

}
=

{
g(x(0), ez + h(x(0)))− g(x(0), ez + h(x(0)))

}
+
{
g(x(0), h(x(0)))− h(x(0))

}
+g(x(0), z)− g(x(0), z(0)) +

{
g(x, z)− g(x(0), z)

}
=

{
g(x(0), ez + h(x(0)))− h(x(0))

}
+
{
g(x(0), ez + z(0))− g(x(0), ez + h(x(0)))− g(x(0), z(0)) + g(x(0), h(x(0)))

}︸ ︷︷ ︸
∆1

+
{
g(x, z)− g(x(0), z)

}︸ ︷︷ ︸
∆2

.
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Further, the ∆i have the norm bounds

‖∆1‖ =
∥∥g(x(0), ez + z(0))− g(x(0), ez + h(x(0)))− g(x(0), z(0)) + g(x(0), h(x(0)))

∥∥
=

∥∥∥∥∥∥∥
z(0)−h(x(0))∫

0

{
gz(x

(0), s+ ez + h(x(0)))− gz(x(0), s+ h(x(0)))
}
ds

∥∥∥∥∥∥∥
≤

z(0)−h(x(0))∫
0

∥∥{gz(x(0), s+ ez + h(x(0)))− gz(x(0), s+ h(x(0)))
}∥∥ ds

≤
z(0)−h(x(0))∫

0

cz ‖ez‖ ds

≤ cz ‖ez‖
∥∥z(0) − h(x(0))

∥∥
where cz is the Lipschitz constant of gz, and

‖∆2‖ =
∥∥g(x, z)− g(x(0), z)

∥∥
≤ c1

∥∥x− x(0)
∥∥

where c1 is the Lipschitz constant of g in its �rst argument. Therefore, the error can be

written as a perturbed version of the reduced-order z(0) dynamics:

e+
z = g(x(0), ez + h(x(0)))− h(x(0)) + ∆1 + ∆2. (3.21)

Now, from [55, Theorem 3], uniform asymptotic stability of the reduced dynamics implies

that ∃ a locally Lipschitz, positive de�nite function V with V (h(x(0))) = 0 such that

V (g(x(0), z(0)))− V (z(0)) < 0

on some �nite norm ball centered around h(x(0)). Use V as a Lyapunov candidate for the

perturbed dynamics (3.21). Then

V (e+
z + h(x(0)))− V (ez + h(x(0)))
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= V
(
g(x(0), ez + h(x(0))) + ∆1 + ∆2

)
− V

(
ez + h(x(0))

)
=
{
V
(
g(x(0), ez + h(x(0))) + ∆1 + ∆2

)
− V

(
g(x(0), ez + h(x(0)))

)}
+
{
V
(
g(x(0), ez + h(x(0)))

)
− V

(
ez + h(x(0))

)}
≤ cv ‖∆1‖+ cv ‖∆2‖

+
{
V
(
g(x(0), ez + h(x(0)))

)
− V

(
ez + h(x(0))

)}
≤ cvcz ‖ez‖

∥∥z(0) − h(x(0))
∥∥+ cvc1

∥∥x− x(0)
∥∥

+
{
V
(
g(x(0), ez + h(x(0)))

)
− V

(
ez + h(x(0))

)}
,

where cv is the Lipschitz constant of V . Now,

V (g(x, ez + h(x(0))))− V (ez + h(x(0))) < 0

by de�nition of V , and
∥∥x− x(0)

∥∥ = O(1) and ‖ez(0)‖ = O(1) from the assumptions. Since∥∥z(0) − h(x(0))
∥∥ is asymptotically stable by assumption, κ can therefore be chosen large

enough that

V (e+
z + h(x(0)))− V (ez + h(x(0))) < 0,

so that ez is bounded for all time in the interval with a decreasing upper bound as κ→∞.

Therefore z − z(0) = O(1) at each point in the interval.

From the de�nition of asymptotic stability (e.g., [56, page 765]), asymptotic stability of

the reduced-order model implies that∥∥z(0) − h(x(0))
∥∥→ 0

as the number of iterations increases. Similarly,∥∥z − z(0)
∥∥→ 0

due to the O(1) bound on the error dynamics. Therefore, just before the next x update,∥∥z − h(x(0))
∥∥ =

∥∥z − z(0) + z(0) − h(x(0))
∥∥

≤
∥∥z − z(0)

∥∥+
∥∥z(0) − h(x(0))

∥∥
= O(1)
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in the limit of κ→∞, as desired.

With this information in place, the following theorem establishes asymptotic bounds on

the reduced-order models for both x and z.

Theorem 3.3. Consider the multirate dynamics (3.13). If the reduced z(0) dynamics de�ned

in (3.20) are individually asymptotically stable to h(x(0)), then κ can be chosen large enough

that, for any �nite number of iterations of x, the reduced-order models (3.19) and (3.20)

satisfy

x− x(0) = O(1)

z − z(0) = O(1)

in the limit of κ→∞.

Proof. Just before the �rst iteration of x, z(tk1) − h(x(0)(0)) = O(1) by Lemma 3.1 and

x(0)− x(0)(0) = 0 by de�nition of the reduced-order model initial conditions. So

∥∥x(tk1)− x(0)(tk1)
∥∥ =

∥∥f(x(0), z(tk1))− f(x(0)(0), h(x(0)(0)))
∥∥

≤ c2

∥∥z(tk1)− h(x(0)(0))
∥∥

= O(1)

holds, where c2 is the Lipschitz constant with respect to the second argument of f(x, z). Now

assume for some iteration of x that x− x(0) = O(1) and z − h(x) = O(1). Then trajectories

of
∥∥x− x(0)

∥∥ are bounded by

∥∥x− x(0)
∥∥+

=
∥∥f(x, z)− f(x(0), h(x(0)))

∥∥
=

∥∥f(x, z)− f(x(0), z) + f(x(0), z)− f(x(0), h(x(0)))
∥∥

≤
∥∥f(x, z)− f(x(0), z)

∥∥+
∥∥f(x(0), z)− f(x(0), h(x(0)))

∥∥
≤ c1

∥∥x− x(0)
∥∥+ c2

∥∥z − h(x(0))
∥∥

= O(1),
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where ci is the Lipschitz constant with respect to the ith argument of f(x, z), and the

conditions of Lemma 3.1 hold between iterations so that z − z(0) = O(1) in this interval. It

therefore follows by induction that the asymptotic bounds x−x(0) = O(1) and z−z(0) = O(1)

hold for any �xed, �nite number of iterations of x.

As expected, the results of Theorem 3.3 give results only for �nite iterations of x as

κ→∞. This is because the bound for x in the induction step is based only on the Lipschitz

properties of f and may therefore grow secularly in the number of x iterations. Further

stability information for the x subsystem would therefore be required to extend the validity

of the reduced-order models.

3.3.1.3 Example

Consider the dynamics

x+ = z(1− x), t = tk1

z+ =
1

2
z +

7

4
x, t = tk2 , (3.22)

where k1 = 1 and k2 = κ and subject to x(0) = 0.5 and z(0) = 0. Applying the results of

Section 3.3.1.1, the inner system is de�ned for each interval I(tk1) as

z(0)(σ(tk2)) =
1

2
z(0)(tk2) +

7

4
x(0)(tk1), (3.23)

which is exponentially stable. The corresponding algebraic equation

0 = −1

2
z(0) +

7

4
x(0)

has the solution z(0) = h(x(0)) = 7
2
x(0), so the outer system is found to be

x(0)(σ(tk1)) =
7

2
x(0)(1− x(0)). (3.24)

This the well-studied logistic map with an intrinsic growth rate of 7/2. These dynamics

satisfy the assumptions of Theorem 3.3, so x(0) is therefore expected to exhibit a stable

period-4 cycle for large enough κ [57, Chapter 10].
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Trajectories of x and z for various values of κ are compared to the reduced-order models

x(0) and z(0) in Figure 3.4. As expected, the true states remain close to the states of the

reduced-order models for large enough κ, with the x states exhibiting the expected period-4

cycle. This behaviour is lost for smaller κ.

(a) (b)

(c) (d)

Figure 3.4: Comparison of state evolution for di�erent κ values in the example of Section

3.3.1.3. (a) x trajectories. (b) z trajectories between updates of the x subsystem. (c)∣∣x− x(0)
∣∣ trajectories. (d) ∣∣z − z(0)

∣∣ trajectories.
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3.3.2 Linear Subsystems Case

More precise results can be found, for example, if each of the subsystems are linear:

x+ = A11x+ A12z, t = tk1

z+ = A21x+ A22z, t = tk2 . (3.25)

In this case, dynamics can be can be explicitly constructed over a building block sub-sequence

as  x(σ1(tk1))

z(σ1(tk1))

 =

 A11 A12

0 I

 I 0

A21 A22

 · · ·
 I 0

A21 A22


︸ ︷︷ ︸

κi times

 x(tk1)

z(tk1)



=

 A11 + A12

∑κi−1
j=0 Aj22A21 A12A

κi
22∑κi−1

j=0 Aj22A21 Aκi22


︸ ︷︷ ︸

Φasynch(κi)

 x(tk1)

z(tk1)

 , (3.26)

where κi is the update ratio and it is assumed that the sub-sequence is asynchronous. The

dynamics (3.26) can be seen as the evolution of the composite system from the perspective

of the x dynamics.

Now de�ne a new state q(m) = [x(σm1 (tk1))
T , z(σm1 (tk1))

T ]T , where m counts the number

of x updates that have occurred, so that the amalgamated sequence system over a period is

obtained as

q(m+ 1) = Φasynch(κi)q(m) (3.27)

with initial conditions

q(0) =

 x(0)

z(0)

 . (3.28)

The following analyzes (3.27) in the particular case where κi = κi+1 = · · · = κ; that is, when

k1/k2 ∈ N.
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3.3.2.1 Initial Asymptotic Analysis

To begin the analysis, �rst de�ne ε as the spectral radius of A22,

ε = max {|λi (A22)|} ,

and rewrite A22 as A22 = εÂ22. Note that for all eigenvalues λ and eigenvectors v of A22,

Â22v =
1

ε
(A22v)

=
1

ε
(λv)

=
λ

ε
v

so that λ/ε is an eigenvalue of Â22 associated with the eigenvector v. Since ε is the spectral

radius of A22, all the eigenvalues of Â22 have absolute value less than or equal to one. In

terms of Â22 and ε, the asynchronous amalgamated system (3.27) is now rewritten as the

perturbed system

q(m+ 1) =

 A11 + A12

∑κ−1
j=0 ε

jÂj22A21 A12ε
κÂκ22∑κ−1

j=0 ε
jÂj22A21 εκÂκ22


︸ ︷︷ ︸

Φasynch(ε,κ)

q(m). (3.29)

Notice that the state transition matrix becomes degenerate as the ratio of subsystem

updates, κ, grows in (3.29):

lim
κ→∞; ε fixed

Φasynch(ε, κ) =

 A11 + A12

(
1− εÂ22

)−1

A21 0(
1− εÂ22

)−1

A21 0

 .
In this limit case, the solution of (3.29) then depends solely on q1(0) and does not require

iterative matrix multiplications of size nx+nz when determining the response of the system.

This is because the second subsystem is allowed to approach equilibrium as κ grows large,

and the equilibrium is itself directly dependent on the solution of the �rst subsystem. A

similar degeneracy also occurs in (3.29) when the second subsystem is highly stable:

lim
ε→0+;κfixed

Φasynch(ε, κ) =

 A11 + A12A21 0

A21 0

 .
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This time, the degeneracy occurs even when the subsystem update ratio is not large. Once

again, the degeneracy leads to solutions that are dependent only on q1(0). As described in

Chapter 2, this dependence of a system's solution on a subset of the initial conditions is

known as a boundary-layer-type degeneracy. The approximations developed in the rest of

this section will quantify the e�ects of changes in ε and κ on the system's behaviour.

To account for the boundary-layer degeneracy, seek an approximation to the true solution

of the form

q1(m) = q̃1(m) + εκm+κp1(m)

q2(m) = q̃2(m) + εκmp2(m), (3.30)

where q̃ represents the outer solution that captures the limit case and p the inner solution

that captures the transients and is valid for smaller m. This is a standard form for discrete-

time boundary layer systems [19], and accounts for the fact that e�ects of the inner solution

should decay with εκm as m increases. Substituting (3.30) into (3.29) gives

q̃1(m+ 1) + εκ(m+1)+κp1(m+ 1) =

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)[
q̃1(m) + εκm+κp1(m)

]
+ εκA12Â

κ
22 [q̃2(m) + εκmp2(m)]

q̃2(m+ 1) + εκ(m+1)p2(m+ 1) =

(
κ−1∑
j=0

εjÂj22A21

)[
q̃1(m) + εκm+κp1(m)

]
+ εκÂκ22 [q̃2(m) + εκmp2(m)] . (3.31)

The outer problem should satisfy the original (outer) problem, so enforce

q̃1(m+ 1) =

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)
q̃1(m) + εκA12Â

κ
22q̃2(m) (3.32)

q̃2(m+ 1) =

(
κ−1∑
j=0

εjÂj22A21

)
q̃1(m) + εκÂκ22q̃2(m).
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Using (3.32) in (3.31) and simplifying then yields the inner problem,

εκp1(m+ 1) =

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)
p1(m) + A12Â

κ
22p2(m) (3.33)

p2(m+ 1) =

(
κ−1∑
j=0

εjÂj22A21

)
p1(m) + Âκ22p2(m).

Solutions to (3.32) and (3.33) will be sought in the form of a generalized asymptotic series

q̃i (m; ε) =
∞∑
r=0

εrq̃
(r)
i (m; ε) , pi (m; ε) =

∞∑
r=0

εrp
(r)
i (m; ε) (3.34)

for i = 1, 2, and where εq̃(r+1)
i = O

(
q̃

(r)
i

)
and εp

(r+1)
i = O

(
p

(r)
i

)
. Substituting the initial

conditions (3.28) into (3.34) and equating like orders of ε yields the zeroth order initial

conditions as

q̃
(0)
1 (0; ε) = q1(0)

p
(0)
2 (0; ε) = q2(0)− q̃(0)

2 (0; ε), (3.35)

and the rth order initial conditions, 1 ≤ r ≤ κ− 1, as

q̃
(r)
1 (0; ε) = 0

p
(r)
2 (0; ε) = −q̃(r)

2 (0; ε). (3.36)

Thus, the outer solutions q̃(r)
i depend only on the initial condition q̃(r)

1 (0; ε) while the inner

solutions p(r)
i depend only on the initial condition p(r)

2 (0; ε). Together with (3.32) and (3.33),

the outer and inner problems are now well-de�ned and will be solved next.

3.3.2.2 Outer Problem

In the following, solutions to the outer problem are �rst developed for the special case of

one-dimensional subsystems. It is shown that a straightforward asymptotic expansion cannot

produce uniformly valid solutions to the outer problem over long time intervals. To this end,

solutions valid over long time intervals are developed using the generalized MMS approach.

These solutions are then extended to the general case of multidimensional subsystems.
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One-Dimensional Subsystem Case The outer problem (3.32) is written in the one-

dimensional subsystem case as

q̃(m+ 1) =

 a11 + a12

∑κ−1
j=0 ε

j âj22a21 a12ε
κâκ22∑κ−1

j=0 ε
j âj22a21 εκâκ22

 q̃(m), (3.37)

where â22, aij ∈ R and â22 = sign(a22). As is shown below, a straightforward asymptotic

series expansion, where the ordered solutions q̃i(r) are not dependent on ε, fails for the outer

problem over large numbers of iterations. To remedy this issue, a solution is found using the

generalized MMS approach.

To begin, assume a straightforward asymptotic series solution by expanding the outer

solution q̃(m; ε) as

q̃i(m; ε) =
∑
r≥0

εrq̃
(r)
i (m) (3.38)

for i = 1, 2. This is a restriction on the more general expansion in (3.34) as it eliminates the

dependence of q̃(r)
i on ε. The ordered solutions are then found by substituting the expansion

(3.38) into the outer problem (3.37), equating orders of ε, and solving the resulting ordered

equations. The zeroth order solution is then found as

q̃
(0)
1 (m) = (a11 + a12a21)m q1(0)

q̃
(0)
2 (m) = a21 (a11 + a12a21)m−1 q1(0), (3.39)

while the �rst order solution is found as

q̃
(1)
1 (m) = m (a11 + a12a21)m

a12â22a21

(a11 + a12a21)
q1(0)

q̃
(1)
2 (m) = (a11 + a12a21)m

{
a12â22a

2
21

(a11 + a12a21)2 (m− 1) +
â22a21

(a11 + a12a21)

}
q1(0). (3.40)

When m = O(1/ε), however, these solutions cease to be asymptotically valid. This can be

seen by setting m = 1/ε and looking at the ratio of the zeroth and �rst order terms in the

assumed asymptotic series expansion (q̃(0)
i (m) and εq̃

(1)
i (m), respectively) in the limit of ε
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approaching zero,

lim
ε→0+

εq̃
(1)
1 (1/ε)

q̃
(0)
1 (1/ε)

= lim
ε→0+

ε (1/ε) (a11 + a12a21)1/ε a12â22a21
(a11+a12a21)

q1(0)

(a11 + a12a21)1/ε q1(0)

=
a12â22a21

(a11 + a12a21)

and

lim
ε→0+

εq̃
(1)
2 (1/ε)

q̃
(0)
2 (1/ε)

= lim
ε→0+

ε
{
a21q̃

(1)
1 (ε−1 − 1) + â22a21q̃

(0)
1 (ε−1 − 1)

}
a21q̃

(0)
1 (ε−1 − 1)

= lim
ε→0+

εq̃
(1)
1 (ε−1 − 1)

q̃
(0)
1 (ε−1 − 1)

=
a12â22a21

(a11 + a12a21)
.

Here, the q̃(r)
2 terms have been written explicitly in terms of their dependence on q̃(r)

1 . A valid

asymptotic expansion must be zero in the limit of ε approaching zero, while the straightfor-

ward expansions (3.38) are not. For both q̃1 and q̃2 this is due to resonant forcing terms in

the ordered outer equations for q̃1(m) and, as noted in Chapter 2, is evidence of multiple

time scale behaviour in the outer solution.

To obtain solutions that are asymptotically valid for longer time spans, �rst note that

the outer problem (3.37) is de�ned in terms of a single base T, namely Z. Rewriting (3.37)

in terms of the corresponding delta derivatives then leads to the T dynamics

dq̃

∆m
(m) =

 (a11 − 1) + a12

∑κ−1
j=0 ε

j âj22a21 εκâκ22a12∑κ−1
j=0 ε

j âj22a21 εκâκ22 − 1

 q̃(m). (3.41)

Now, assume a solution of the form

q̃1(m) =
∑
r≥0

εrq̃
(r)
1 (s0, s1, . . . , sκ−1), (3.42)

where each discrete time scale

si = εim (3.43)
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will be treated as independent. Further assume that each q̃
(r)
1 (s0, s1, . . . , sκ−1) is partially

delta-di�erentiable for all (s0, . . . , sκ−1) ∈ N× εN× · · · × εκ−1N. By Theorem 3.1, the total

delta di�erence of each ordered solution, q̃(r)
1 , is therefore expanded as

dq̃
(r)
1

∆m
(s0, s1, . . . , sκ−1) =

κ∑
i=0

εi
∂q̃

(r)
1

∆si
(σ0 (s0) , . . . , σi−1 (si−1) , si, si+1, . . . , sκ−1) , (3.44)

where the forward jump operator for the ith timescale is de�ned by

σi (si) = si + εi.

The resulting solutions, which will be constructed to both satisfy the dynamics and maintain

asymptoticity for large m, are generalized asymptotic expansions where every ordered solu-

tion depend on ε. Note that this multiple time scale form is only explicitly used for q̃1. A

similar assumption is not necessary for q̃2 because each ordered solution q̃(r)
2 is algebraically

dependent on the ordered solutions of q̃1.

Substituting the multiple-scale expansion (3.42) along with the total delta di�erence

expression (3.44) into (3.41) and equating orders of ε then gives the zeroth order problem as

∂q̃
(0)
1

∆s0

(s0, s1, . . . , sk−1) = (ā11 − 1) q̃
(r)
1 (s0, s1, . . . , sκ−1)

4q̃(0)
2 (m) = a21q̃

(0)
1 (s0, s1, . . . , sκ−1)− q̃(0)

2 (m), (3.45)

subject to q̃(0)
1 (0) = q1(0) (from (3.35)) and where ā11 , a11 +a12a21. The rth order problem

for 1 ≤ r ≤ κ− 1 is found as

r∑
l=0

∂q̃
(r−l)
1

∆sl
(σ0 (s0) , . . . , σl−1 (sl−1) , sl, sl+1, . . . , sκ−1) =

(ā11 − 1) q̃
(r)
1 (s0, s1, . . . , sk−1) + a12

r∑
l=1

âl22a21q̃
(r−l)
1 (s0, s1, . . . , sκ−1)

4q̃(r)
2 (m) = a21

r∑
l=0

âl22q̃
(r−l)
1 (s0, s1, . . . , sκ−1)− q̃(r)

2 (m), (3.46)
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subject to the initial condition q̃(r)
1 (0) = 0 (from (3.36)). Here the total di�erence operator

∆ has been used for q̃(r)
2 to emphasize that a multiple-scale solution is not being explicitly

sought for q̃2. These ordered dynamic equations are now solved to maintain asymptoticity

of the ordered solutions in terms of the time scales si.

From the zeroth order equation, (3.45), solutions for q̃(0)
1 have the form

q̃
(0)
1 (s0, s1, . . . , sk−1) = ās011C1 (s1, . . . , sκ−1) , (3.47)

where C1 is a function of the slow timescales s1�sκ−1 and subject to C1 (0, . . . , 0) = q1(0).

From (3.46), the �rst order equation for q̃1 is then

∂q̃
(1)
1

∆s0

(s0, . . . , sκ−1)− (ā11 − 1) q̃
(1)
1 (s0, s1, . . . , sκ−1) =

−
[
ā11C

4s1
1 (s1, . . . , sκ−1)− a12â22a21C1 (s1, . . . , sκ−1)

]
ās011. (3.48)

Now, if the right-hand side of (3.48) is not zero then q̃(1)
1 will be subject to resonant forcing

and εq̃
(1)
1 will become non-asymptotic to q̃(0)

1 when m = O (ε−1) as in the straightforward

expansion (3.38). Therefore, enforce

ā11
∂C1

∆s1

(s1, . . . , sκ−1)− a12â22a21C1 (s1, . . . , sκ−1) = 0, (3.49)

which has the solution (see [41])

C1 (s1, . . . , sκ−1) =

(
1 + ε

a12â22a21

ā11

)s1/ε
C2 (s2, . . . , sκ−1)

subject to C2 (0, . . . , 0) = q1(0).

By similar arguments on the equations of order up to κ− 1, the resulting solution is

q̃
(0)
1 (s0, s1, . . . , sκ−1) = ās011

(
1 + ε

a12â22a21

ā11

)s1/ε(
1 + ε2 a12â

2
22a21

ā11 + εa12â22a21

)s2/ε2

· · ·
(

1 + εκ−1 a12â
κ−1
22 a21

ā11 + εa12â22a21 + · · ·+ εκ−2a12â
κ−2
22 a21

)sκ−1/εκ−1

q1(0). (3.50)
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Using (3.43) to write (3.50) in terms of m then yields

q̃
(0)
1 (m) = ām11

(
1 + ε

a12â22a21

ā11

)εm/ε(
1 + ε2 a12â

2
22a21

ā11 + εa12â22a21

)ε2m/ε2
· · ·
(

1 + εκ−1 a12â
κ−1
22 a21

ā11 + εa12â22a21 + · · ·+ εκ−2a12â
κ−2
22 a21

)εκ−1m/εκ−1

q1(0)

=
(
ā11 + εa12a21 + · · ·+ εκ−2a12a21 + εκ−1a12a21

)m
q1(0),

which simpli�es to

q̃
(0)
1 (m) =

(
a11 + a12

(
εκâκ22 − 1

εâ22 − 1

)
a21

)m
q1(0). (3.51)

From (3.45), this leads to the solution

q̃
(0)
2 (m) = a21

(
a11 + a12

(
εκâκ22 − 1

εâ22 − 1

)
a21

)m−1

q1(0) (3.52)

for q̃(0)
2 (m). Note that even though these solutions contain ε terms in accordance with the

initial assumption of a generalized asymptotic series solution (3.34), they are both of O(1).

By construction, this solution is asymptotically valid up to m = O(1/εκ−1).

Multidimensional Subsystem Case Inspired by the form of (3.51) and (3.54), assume

the zeroth order solution

q̃
(0)
1 (m) =

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)m

q1(0)

q̃
(0)
2 (m) = A21

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)m−1

q1(0) (3.53)

in the generalized asymptotic series (3.34). Now, (3.53) satis�es

q̃
(0)
1 (m+ 1) =

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)m+1

q1(0)

=

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)
q̃

(0)
1 (m) (3.54)
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and

q̃
(0)
2 (m+ 1) = A21q̃

(0)
1 (m), (3.55)

so that the outer problem (3.32) is satis�ed to zeroth order.

Substituting (3.53) and (3.34) into the outer problem (3.32) and equating orders of ε

then yields the rth order outer equation for 0 < r ≤ κ− 1 as

q̃
(r)
1 (m+ 1)− (A11 + A12A21) q̃

(r)
1 (m) = A12

r−1∑
j=1

Âr−j22 A21q̃
(j)
1 (m)

q̃
(r)
2 (m+ 1) =

r∑
j=0

Âr−j22 A21q̃
(j)
1 (m). (3.56)

Since q̃(r)
1 (0) = 0 from the initial conditions, the solution for q̃(r)

1 (m) is then found as

q̃
(r)
1 (m) = 0,

and therefore

q̃
(r)
2 (m) = Âr22A21

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)m−1

q1(0)

for 1 ≤ r ≤ κ− 1.

While the expansion (3.34) is in some ways a �straightforward� expansion, the assumed

solution (3.53) correctly incorporates the multiple time scale behaviour of the outer solution

that was examined in the one-dimensional subsystem case. By including appropriate terms

of order ε and higher in the zeroth order solution q̃
(0)
1 , the terms that cause resonance in

the higher order solutions are eliminated. The resulting approximations therefore remain

asymptotic over long time spans, as desired. This can be seen by evaluating the asymptoticity

of the zeroth and �rst order solutions:

lim
ε→0+

∥∥∥εq̃(1)
1 (m)

∥∥∥∥∥∥q̃(0)
1 (m)

∥∥∥ = lim
ε→0+

0∥∥∥(A11 + A12

∑κ−1
j=0 ε

jÂj22A21

)m
q1(0)

∥∥∥
= 0,
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and

lim
ε→0+

∥∥∥εq̃(1)
2 (m)

∥∥∥∥∥∥q̃(0)
2 (m)

∥∥∥ = lim
ε→0+

∥∥∥∥εÂ22A21

(
A11 + A12

∑κ−1
j=0 ε

jÂj22A21

)m−1

q1(0)

∥∥∥∥∥∥∥∥A21

(
A11 + A12

∑κ−1
j=0 ε

jÂj22A21

)m−1

q1(0)

∥∥∥∥
= 0.

The asymptoticity of further terms in the series up to (κ− 1)st order follows since they are

all either zero or algebraic combinations of lower-order solutions.

This concludes the search for a solution to the outer problem (3.32).

3.3.2.3 Inner Problem

In the following, solutions to the inner problem are �rst developed for the special case of

one-dimensional subsystems. As in the outer problem, the solutions are derived using the

generalized MMS approach so that the results are valid over long time intervals. These

solutions are then extended to the general case of multidimensional subsystems.

One-Dimensional Subsystem Case The inner problem (3.33) is written in the one-

dimensional subsystem case as

εκp1(m+ 1) =

(
a11 + a12

κ−1∑
j=0

εj âj22a21

)
p1(m) + a12â

κ
22p2(m)

p2(m+ 1) =

(
κ−1∑
j=0

εj âj22A21

)
p1(m) + âκ22p2(m), (3.57)

where once again â22, aij ∈ R and â22 = sign(a22). As in the outer solution, a straightforward

expansion yields solutions that are only valid form = O(1). In this case, the ordered solutions

of p1(m) directly depend on the ordered solutions of p2(m) (due to the εκ term that multiplies

p1(m + 1) in (3.57)), and the expansion fails due to resonant forcing terms in the ordered

equations for p2(m).
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Therefore, rewrite the inner problem (3.57) in terms of T = Z as the T dynamics

εκ
dp1

∆m
(m) =

(
a11 + a12

κ−1∑
j=0

εj âj22a21 − εκ
)
p1(m) + a12â

κ
22p2(m)

dp2

∆m
(m) =

(
κ−1∑
j=0

εj âj22A21

)
p1(m) + (âκ22 − 1) p2(m). (3.58)

Assume a multiple scales solution of the form

p2(m) =
∑
r≥0

εrp
(r)
2 (s0, s1, . . . , sκ−1) (3.59)

to treat the resonance, where each discrete time scale

si = εim (3.60)

will be treated as independent. Once more, assume that each p(r)
2 (s0, s1, . . . , sκ−1) is partially

delta-di�erentiable for all (s0, . . . , sκ−1) ∈ N× εN× · · · × εκ−1N. By Theorem 3.1, the total

delta di�erence of each order solution, p(r)
2 , is then expanded as

dp
(r)
2

∆m
(s0, s1, . . . , sκ−1) =

κ∑
i=0

εi
∂p

(r)
2

∆si
(σ0 (s0) , . . . , σi−1 (si−1) , si, si+1, . . . , sκ−1) . (3.61)

A similar assumption is not necessary for p1 because each ordered solution p
(r)
1 is algebraically

dependent on the ordered solutions of p2.

Substituting (3.59) and (3.61) in (3.58) and equating orders of ε then gives the zeroth

order inner problem as

0 = ā11p
(0)
1 (m) + a12â

κ
22p

(0)
2 (s0, s1, . . . , sκ−1)

∂p
(0)
2

∆s0

(s0, s1, . . . , sκ−1) = a21p
(0)
1 (m) + (âκ22 − 1) p

(0)
2 (s0, s1, . . . , sκ−1), (3.62)

subject to p
(0)
2 (0) = q2(0) − q̃

(0)
2 (0) (from (3.35)), and the rth order inner equation for

1 ≤ r ≤ κ− 1 as

0 = ā11p
(r)
1 (m) + a12

r∑
j=1

âj22a21p
(r−j)
1 (m) + a12â

κ
22p

(r)
2 (s0, s1, . . . , sκ−1)
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r∑
j=0

∂p
(r−j)
2

∆sk
(σ0 (s0) , . . . , σj−1 (sj−1) , sj, sj+1, . . . , sκ−1) =

r∑
j=0

âj22a21p
(r−j)
1 (m) + (âκ22 − 1) p

(r)
2 (s0, s1, . . . , sκ−1), (3.63)

subject to p(r)
2 (0) = −q̃(r)

2 (0) (from (3.36)).

Solving these ordered dynamic equations to maintain asymptoticity analogous to the

approach in Section 3.3.2.2 then yields the ordered solutions in terms of the time scales si.

Writing each si in terms of m and ε, the zeroth order solution is found to be

p
(0)
1 (m) = −ā−1

11 a12â
κ
22

[{
1−

(
κ−1∑
i=0

εi
(

1− a12a21

ā11

)i
âi22

)
a12a21

ā11

}
âκ22

]m (
q2(0)− q̃(0)

2 (0)
)

p
(0)
2 (m) =

[{
1−

(
κ−1∑
i=0

εi
(

1− a12a21

ā11

)i
âi22

)
a12a21

ā11

}
âκ22

]m (
q2(0)− q̃(0)

2 (0)
)
. (3.64)

If |(1− a12a21/ā11)ε| ≥ 1 then (3.64) is a diverging series and only the �rst term should be

used for numerical computations. As in the outer solution, this solution is asymptotically

valid up to m = O(1/εκ−1) by construction.

Multidimensional Subsystem Case Inspired by the form of (3.64), assume the zeroth

order solution

p
(0)
1 (m) = −Ā−1

11 A12Â
κ
22

[(
I − A21Ā

−1
11 A12

){
I

−
κ−1∑
i=1

εi
(
Â22 − Â22

(
A21Ā

−1
11 A12

))i−1

Â22

(
A21Ā

−1
11 A12

)}
Âκ22

]m
·
(
q2(0)− q̃(0)

2 (0)
)

p
(0)
2 (m) =

[(
I − A21Ā

−1
11 A12

){
I

−
κ−1∑
i=1

εi
(
Â22 − Â22

(
A21Ā

−1
11 A12

))i−1

Â22

(
A21Ā

−1
11 A12

)}
Âκ22

]m
·
(
q2(0)− q̃(0)

2 (0)
)

(3.65)
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in the asymptotic series (3.34). Now, (3.65) satis�es

p
(0)
2 (m+ 1) =

[(
I − A21Ā

−1
11 A12

)
·

{
I −

κ−1∑
i=1

εi
(
Â22 − Â22

(
A21Ā

−1
11 A12

))i−1

Â22

(
A21Ā

−1
11 A12

)}
Âκ22

]m+1

·
(
q2(0)− q̃(0)

2 (0)
)

=
[(
I − A21Ā

−1
11 A12

)
·

{
I −

κ−1∑
i=1

εi
(
Â22 − Â22

(
A21Ā

−1
11 A12

))i−1

Â22

(
A21Ā

−1
11 A12

)}
Âκ22

]
p

(0)
2 (m)

(3.66)

and

p
(0)
1 (m) = −Ā−1

11 A12Â
κ
22p

(0)
2 (m),

so that the inner problem (3.33) is satis�ed to zeroth order.

Substituting (3.34) and (3.65) into the inner problem (3.33) and equating orders of ε

yields the rth order inner problem, 1 ≤ r ≤ κ− 1, as

0 = −A12Â
r
22

(
A21Ā

−1
11 A12

)
Âκ22p

(0)
2 (m) + Ā11p

(r)
1 (m)

+
r−1∑
j=1

A12Â
r−j
22 A21p

(j)
1 (m) + A12Â

κ
22p

(r)
2 (m)

p
(r)
2 (m+ 1) = −

{
Âr−1

22 −
(
I − A21Ā

−1
11 A12

) (
Â22 − Â22

(
A21Ā

−1
11 A12

))r−1
}

·Â22

(
A21Ā

−1
11 A12

)
Âκ22p

(0)
2 (m) +

r∑
j=1

Âr−j22 A21p
(j)
1 (m) + Âκ22p

(r)
2 (m).

In particular, the �rst order inner problem is

0 = −A12Â22

(
A21Ā

−1
11 A12

)
Âκ22p

(0)
2 (m) + Ā11p

(1)
1 (m) + A12Â

κ
22p

(1)
2 (m)

p
(1)
2 (m+ 1) = −

(
A21Ā

−1
11 A12

)
Â22

(
A21Ā

−1
11 A12

)
Âκ22p

(0)
2 (m) + A21p

(1)
1 (m) + Âκ22p

(1)
2 (m).

(3.67)
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From the �rst equation,

p
(1)
1 (m) = Ā−1

11 A12Â22

(
A21Ā

−1
11 A12

)
Âκ22p

(0)
2 (m)− Ā−1

11 A12Â
κ
22p

(1)
2 (m)

so that p(1)
2 (m+ 1) satis�es

p
(1)
2 (m+ 1) =

(
I − A21Ā

−1
11 A12

)
Âκ22p

(1)
2 (m).

This equation has the general solution

p
(1)
2 (m) =

[(
I − A21Ā

−1
11 A12

)
Âκ22

]m
p

(1)
2 (0).

Using the initial condition p(1)
2 (0) = −q̃(1)

2 (0), the particular solution is then

p
(1)
2 (m) = 0, (3.68)

so that

p
(1)
1 (m) = Ā−1

11 A12Â22

(
A21Ā

−1
11 A12

)
Âκ22p

(0)
2 (m). (3.69)

As with the assumed solution for the multidimensional outer system, the assumed inner

solution (3.65) incorporates the multiple time scale behaviour of the inner solution that

was examined in the one-dimensional subsystem case. This can be seen by evaluating the

asymptoticity of the zeroth and �rst order solutions:

lim
ε→0+

∥∥∥εp(1)
2 (m)

∥∥∥∥∥∥p(0)
2 (m)

∥∥∥ = lim
ε→0+

0∥∥∥p(0)
2 (m)

∥∥∥
= 0

and

lim
ε→0+

∥∥∥εp(1)
1 (m)

∥∥∥∥∥∥p(0)
1 (m)

∥∥∥ = lim
ε→0+

∥∥∥εĀ−1
11 A12Â22

(
A21Ā

−1
11 A12

)
Âκ22p

(0)
2 (m)

∥∥∥∥∥∥−Ā−1
11 A12Âκ22p

(0)
2 (m)

∥∥∥
= 0,

where p(0)
1 and p(1)

1 have been written in terms of their dependence on p(0)
2 and p(1)

2 , respec-

tively. The asymptoticity of further terms in the series up to the (κ−1)st order follows since

they are all either zero or algebraic combinations of lower-order solutions.

This concludes the search for a solution to the inner problem (3.33).
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3.3.2.4 Overall Approximation and Bounds on Eigenvalues

From (3.30), (3.53), and (3.65), the zeroth order solution to the singularly perturbed amal-

gamated system (3.29) is

q1(m) ∼

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)m

q1(0)− εκm+κĀ−1
11 A12Â

κ
22

[(
I − A21Ā

−1
11 A12

){
I

−
κ−1∑
i=1

εi
(
Â22 − Â22

(
A21Ā

−1
11 A12

))i−1

Â22

(
A21Ā

−1
11 A12

)}
Âκ22

]m

·

q2(0)− A21

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)−1

q1(0)



q2(m) ∼ A21

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)m−1

q1(0) + εκm
[(
I − A21Ā

−1
11 A12

){
I

−
κ−1∑
i=1

εi
(
Â22 − Â22

(
A21Ā

−1
11 A12

))i−1

Â22

(
A21Ā

−1
11 A12

)}
Âκ22

]m

·

q2(0)− A21

(
A11 + A12

κ−1∑
j=0

εjÂj22A21

)−1

q1(0)

 .

This can be written in terms of A22 instead of ε and Â22 as

q1(m) ∼

(
A11 + A12

κ−1∑
j=0

Aj22A21

)m

q1(0)− Ā−1
11 A12A

κ
22

[(
I − A21Ā

−1
11 A12

){
I −

κ−1∑
i=1

(
A22 − A22

(
A21Ā

−1
11 A12

))i−1
A22

(
A21Ā

−1
11 A12

)}
Aκ22

]m

·

q2(0)− A21

(
A11 + A12

κ−1∑
j=0

Aj22A21

)−1

q1(0)


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q2(m) ∼ A21

(
A11 + A12

κ−1∑
j=0

Aj22A21

)m−1

q1(0)

+

[(
I − A21Ā

−1
11 A12

){
I −

κ−1∑
i=1

(
A22 − A22

(
A21Ā

−1
11 A12

))i−1
A22

(
A21Ā

−1
11 A12

)}
Aκ22

]m

·

q2(0)− A21

(
A11 + A12

κ−1∑
j=0

Aj22A21

)−1

q1(0)

 . (3.70)

It can be seen from these solutions that, in the limit of ε → 0 or κ → ∞, the sim-

ple sequence system's eigenvalues will have nx eigenvalues that approach the eigenvalues of(
A11 + A12

∑κ−1
j=0 A

j
22A21

)
and nz eigenvalues that approach the eigenvalues of(

I − A21Ā
−1
11 A12

)
Aκ22. This property is captured by the following theorem:

Theorem 3.4. The eigenvalues of Φasynch (κ) are within O(εκ) of the eigenvalues of(
A11 + A12

∑κ−1
j=0 A

j
22A21

)
and of

(
I − A21Ā

−1
11 A12

)
Aκ22.

Proof. De�ne

G1 =

z
∣∣∣∣
∥∥∥∥∥∥
((

A11 + A12

κ−1∑
j=0

εjÂj22A21

)
− zIn1

)−1
∥∥∥∥∥∥
−1

≤ εκ
∥∥∥A12Â

κ
22

∥∥∥


G2 =

{
z

∣∣∣∣ ∥∥∥∥(εκÂκ22 − zIn2

)−1
∥∥∥∥−1

≤ εκ
∥∥∥A12Â

κ
22

∥∥∥} .
By the Gershgorin Theorem for block-partitioned matrices [58], all eigenvalues of (3.29)

lie within the union of G1 and G2. In particular, G1 contains the eigenvalues of A11 +

A12

∑κ−1
j=0 ε

jÂj22A21 and G2 contains the eigenvalues of εκÂκ22. Further, when G1 and G2

are disjoint, nx eigenvalues of 3.29 are contained in G1 and nz eigenvalues of (3.29) are

contained in G2. Therefore, since the sets are bounded by a function of O(εκ), nx eigenval-

ues of Φasynch (κ) are within O(εκ) of the eigenvalues of
(
A11 + A12

∑κ−1
j=0 A

j
22A21

)
and nz

eigenvalues are within O(εκ−1) of both Aκ22 and
(
I − A21Ā

−1
11 A12

)
Aκ22 in the limit ε → 0 or

κ→∞.
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This theorem implies that the stability of a simple sequence system is asymptotically

governed by the dominant eigenvalue of the reduced-order matrix
(
A11 + A12

∑κ−1
j=0 A

j
22A21

)
as the individual clock periods are separated. This captures how the simple sequence system's

stability is a�ected by the κ updates of the fast subsystem.

3.3.2.5 Example

Consider the heat distribution in a thin, homogeneous bar where sensors measure the tem-

perature at n equidistant points on the bar and where heaters apply temperature di�erentials

at each point to control the bar's temperature pro�le. The discrete-time dynamics of such a

bar are described (see [59]) by

x+ =



(1− 2α) α 0 · · · 0

α (1− 2α) α
...

0 α (1− 2α)
. . .

...
...

... . . . α

0 0 0 α (1− 2α)


x+ Inu,

where x = [x1, . . . , xn]T is a collection of temperatures at the discrete points, α is the heat

transfer coe�cient of the bar, and u is the vector of control inputs. The dynamics of each

sensor zi, i = 1, . . . , n, are described by discretized versions of a typical temperature sensor

model (see [60]) as

z+
i =

 0.4777 −0.1990

0.2866 0.9554

 zi +

 0.1433

0.0321

xi.
Take n = 4. There are therefore n2 = 2n1 = 8 states in the second subsystem with

corresponding state vector z =
[
zT1 , . . . , z

T
5

]T and spectral radius ε = 0.72. For α = 0.2, a

control is then chosen independently of the sensor dynamics as

u = −Kz,

where K is the discrete-time LQR solution with Q = I4 and R = 5I4.
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Figure 3.5 shows how the separation in update rates a�ects the eigenvalues of the amal-

gamated period system. Intuitively, as this separation approaches in�nity the sensors reach

steady-state readings and the LQR-based controller is provided with true state-feedback.

However, when the update rate separation are �nite, the temperature in the bar is a�ected

by the sensor dynamics. This �gure illustrates how the reduced-order approximations yield

eigenvalues that correctly capture this relationship even though ε = 0.72, a relatively large

value for the perturbation parameter. For the particular update rate relationship κ = 10,

Figure 3.6 shows the evolution of the temperatures along the bar along with two boundary-

layer-corrected reduced-order solutions. The �rst reduced-order solution, denoted �No MMS�

in the �gure, does not incorporate the multiple time scale behaviour identi�ed in Section

3.3.2.2 that is induced by clock period separation. This approximation therefore does not

match the true solution well because it not uniformly valid over the domain. The second

reduced-order solution, denoted �With MMS� in the �gure, uses the uniformly valid approxi-

mation summarized in Section 3.3.2.4. This second approximation correctly incorporates the

multiple time scale behaviour induced by the clock period separation and therefore matches

the exact solution well.
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(a) (b)

Figure 3.5: Comparison of eigenvalues in the example of Section 3.3.2.5 for di�erent values

of κ. (a) Exact and approximated eigenvalues. (b) Error in eigenvalue approximation.

Figure 3.6: Comparison of exact and approximated trajectories in the example of Section

3.3.2.5 when κ = 10, ε = 0.72
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3.4 Analysis of Hybrid-Time Systems

This section investigates the multiple timescale behaviour that can occur when a system

updates in both continuous and discrete time. Such behaviour arises naturally, for example,

in distributed robotics problems where communication occurs intermittenly between the

agents (see Chapter 5 for more details). In this context, approaches are desired that can

decrease the complexity of analyzing these systems and give insight into the role of the

discrete update rate on the system's behaviour. However, current singular perturbation

results are focused on the role of a small parameter which is assumed to exist a priori in a

subset of the system states and are restricted in the class of systems they analyze. The work

on impulsive di�erential equations, for example, assumes exponentially stable continuous-

time subsystems and �xed update rates [23, 24]. Meanwhile, results in the context of hybrid

systems allow the update rate to vary by changing the update map but restricts the fast

continuous dynamics to evolve on a compact set [61, 22]. These limitations are overcome

with generalized multi-scale analysis proposed in this chapter, which gives the desired insight

into how the discrete update rate e�ects the behaviour of the hybrid-time dynamics and

provides an approach to systematically construct reduced-order models.

3.4.1 General Case

Consider the dynamics

x+ = f(x, k; ν), t = tk

ẋ = g(x, t; ν), t 6= tk, (3.71)

for x ∈ Dx ⊆ Rnx and z ∈ Dz ⊆ Rnz subject to the initial conditions x(0) = x0 ∈ Dx

and z(0) = z0 ∈ Dz, and where tk ∈ {t0, t1, . . .} are the distinct times of discrete updates

and ν = 1/ (tk − tk−1) measures the current update rate. The dependence of f and g on ν

therefore encodes any changes in the vector �elds due to a di�erent update rate. It will be
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assumed that the vector �elds f and g are bounded, Lipschitz, and su�ciently di�erentiable

in the domains.

3.4.1.1 Asymptotic Analysis

To analyze the hybrid-time dynamics (3.71), note that there are two base Ts for this problem:

T = R for the continuous dynamics and Tk = {tk} for the discrete dynamics. Rewriting (3.71)

in terms of the corresponding delta derivatives then leads to the T dynamics

∂x

∆tk
=

1

µ(k)
{f(x, k; ν)− x}

∂x

∆t
= g(x, t; ν). (3.72)

where µ(k) = tk+1 − tk is the graininess of Tk at the kth discrete update. The following

considers the behaviour of (3.72) as the time between updates grows; that is, as µ→∞.

Begin by assuming a straightforward asymptotic series solution and expanding x as

x(t, tk) =
∑
i≥0

µ−ix(i)(t, tk). (3.73)

Next, substitute (3.73) into (3.72) and equate orders of µ. The O(1) equation is then found

to be

∂x(0)

∆tk
= 0

∂x(0)

∆t
= g(x(0), t; 0), (3.74)

subject to x(0)(0, 0) = x(0). This implies that x(0) is continuous. The O(µ−1) equation is

then

∂x(1)

∆tk
=
{
f(x(0), k; 0)− x(0)

}
∂x(1)

∆t
=
∂g

∂ν

∣∣
x(0)

+
∂g

∂x

∣∣
x(0)
x(1), (3.75)

subject to x(1)(0, 0) = 0. Now, over the �rst interval (0 ≤ t < t1), x(1) satis�es

x(1) = 0
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using the initial condition. x(1) is then updated at t = t1 as

x(1)(t1, t1) = x(1)(t1, t0) + µ
{
f(x(0)(t1, t0), k; 0)− x(0)(t1, t0)

}
= µ

{
f(x(0)(t1, t0), k; 0)− x(0)(t1, t0)

}
.

Therefore, at time t1,

lim
µ→∞

µ−1x(1)(t1, t1)

x(0)(t1, t1)
= lim

µ→∞

µ
{
f(x(0)(t1, t0), k; 0)− x(0)(t1, t0)

}
x(0)(t1, t1)

6= 0

in general, so that µ−1x(1) 6= O(x(0)) at the time of the discrete update. The dynamics (3.72)

therefore exhibit secular behaviour on this slow timescale, which implies that a MMS based

approach can be used here.

To obtain a solution that is valid over discrete updates search for a solution in the form

x(t, tk) =
∑
i≥0

µ−ix(i)(ηt, ηk, τt, τk), (3.76)

where ηt = t and ηk = tk are the fast scales, and τt = t/µ and τk = tk/µ are the slow scales.

The delta derivatives are then expanded as

∂x

∆tk
(t, tk) =

∂x

∆ηk
(ηt, ηk, τt, τk) +

1

µ

∂x

∆τk
(ηt, σ(ηk), τt, τk)

and
∂x

∆t
(t, tk) =

∂x

∆ηt
(ηt, ηk, τt, τk) +

1

µ

∂x

∆τt
(ηt, ηk, τt, τk).

For compactness, these sets of times will be denoted as (η, τ) , (ηt, ηk, τt, τk) and (σk(η), τ) ,

(ηt, σ(ηk), τt, τk). Next, substitute (3.76) into (3.72) along with the delta derivative expan-

sions and equate orders of µ. The O(1) equation is then found to be

∂x(0)

∆ηk
(η, τ) = 0

∂x(0)

∆ηt
(η, τ) = g(x(0) (η, τ) , ηt; 0), (3.77)
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subject to x(0)(0, 0, 0, 0) = x(0). This implies that x(0) is continuous in the fast scales.

Dependence on the slow scales will be determined to ensure asymptoticity of x(0) and µx(1).

To this end, noting that x(0) (σk(η), τ) = x(0) (η, τ), the O(µ−1) equation is found to be

∂x(1)

∆ηk
(η, τ) +

∂x(0)

∆τk
(η, τ) =

{
f
(
x(0) (η, τ) , k; 0

)
− x(0) (η, τ)

}
∂x(1)

∆ηt
(η, τ) +

∂x(0)

∆τt
(η, τ) =

∂g

∂ν

∣∣∣∣
x(0)

+
∂g

∂x

∣∣∣∣
x(0)
x(1) (η, τ) , (3.78)

subject to x(1)(0, 0, 0, 0) = 0. Now, if x(1) (η, τ) = O(1) and the asymptoticity conditions

∂x(0)

∆τk
(η, τ)− f

(
x(0) (η, τ) , k; 0

)
+ x(0) (η, τ) = O(µ−1)

∂x(0)

∆τt
(η, τ) = 0 (3.79)

are enforced, then

x(1) (σk(η), τ) = x(1) (η, τ) + µ

{
f
(
x(0) (η, τ) , k; 0

)
− x(0) (η, τ)− ∂x(0)

∆τk
(η, τ)

}
= O(1)

as well. Therefore, µ−1x(1) = O(x(0)) holds for a �nite number of discrete updates. Higher-

order terms may be found similarly.

3.4.1.2 Example

Consider the dynamics x+
1

x+
2

 =
(
1 + x2

1 + x2
2

) cos(2πk/100)

sin(2πk/100)

 , t = tk ẋ1

ẋ2

 = −

 x3
1

x3
2

 , t 6= tk, (3.80)
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subject to x1(0) = 1 and x2(0) = 0. Rewriting (3.80) in terms of T = R and Tk = {tk} leads

to the T dynamics

∂x

∆tk
=

1

µ

(1 + ‖x‖2) cos(2πk/100)

sin(2πk/100)

− x


∂xi
∆t

= −x3
i . (3.81)

Applying the results of Section 3.4.1.1, the O(1) equation is found from (3.77) as

∂x(0)

∆ηk
= 0

∂x
(0)
i

∆ηt
= −x3

i .

This has the solution

x
(0)
i =

sign (Ai(τt, τk))√
1

Ai(τt,τk)2
+ 2 (ηt − τkµ)

(3.82)

subject to Ai(0, 0) = xi(0). The asymptoticity conditions are then written from (3.79) as

∂x(0)

∆τk
(ηt, σ(ηk), τt, τk)−

(
1 +

∥∥x(0)
∥∥2
) cos(2πk/100)

sin(2πk/100)

+ x(0) = O(µ−1)

∂x(0)

∆τt
(ηt, ηk, τt, τk) = 0

Now, from (3.82),

∥∥x(0)
∥∥2

=
1

1
A1(τt,τk)2

+ 2 (ηt − τkµ)
+

1
1

A2(τt,τk)2
+ 2 (ηt − τkµ)

Just before the discrete update, (ηt, ηk, τt, τk) = (ηk+1, ηk, τk+1, τk) so that

∥∥x(0)
∥∥2

=
1

1
A1(τk,τk)2

+ 2 (ηk+1 − τkµ)
+

1
1

A2(τk,τk)2
+ 2 (ηk+1 − τkµ)

=
1

1
A1(τk,τk)2

+ 2µ
+

1
1

A2(τk,τk)2
+ 2µ

= 0 +O(µ−1)
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Therefore,

∂x(0)

∆τk
(ηt, σ(ηk), τt, τk) =

 cos(2πk/100)

sin(2πk/100)

− x(0)

∂x(0)

∆τt
(ηt, ηk, τt, τk) = 0

satis�es the asymptoticity conditions. This gives the solution

A(τt, τk) =

 cos(2πk/100)

sin(2πk/100)


for A. The zeroth order solution (3.82) is then rewritten as

x
(0)
1 =

sign (cos(2πτk/100))√
1

cos(2πτk/100)2
+ 2 (ηt − τkµ)

x
(0)
2 =

sign (sin(2πτk/100))√
1

sin(2πτk/100)2
+ 2 (ηt − τkµ)

,

or in terms of t and k as

x
(0)
1 =

sign (cos(2πk/100))√
1

cos(2πk/100)2
+ 2 (t− kµ)

x
(0)
2 =

sign (sin(2πk/100))√
1

sin(2πk/100)2
+ 2 (t− kµ)

. (3.83)

Trajectories of (3.83) are shown in comparison to trajectories of the original dynamics (3.71)

in Figure 3.7. As expected, the true states remain close to the states of the reduced-order

models for large µ. The error in the approximated solution grows when µ is decreased, both

over discrete updates as well as over each continuous interval.
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(a) (b)

(c) (d)

Figure 3.7: Comparison of state evolution for di�erent µ values in the example of Section

3.4.1.2. (a) x trajectories at the discrete update times. (b) x trajectories within a continuous

interval. (c)
∥∥∥x1 − x(0)

1

∥∥∥ trajectories at the discrete update times. (d)
∥∥∥x1 − x(0)

1

∥∥∥ trajectories
within a continuous interval.
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3.4.2 Coupled Discrete-time and Continuous-time System Case

When the continuous and discrete states are separated, more precise results can be found.

In this case, the dynamics are of the form

x+ = f(x, z, k; ν), t = tk

ż = g(x, z, t; ν), t 6= tk, (3.84)

so that x is a purely discrete state subject to x(0) = x0 and z is a purely continuous state

subject to z(0) = z0. Dynamics in the form (3.84) often arise in hierarchical control schemes

where the discrete x subsystem de�nes a reference command that is carried out by the

continuous z subsystem. The dependence on ν = 1/ (tk − tk−1) again encodes any changes

in the vector �elds due to a di�erent update rate. It will be assumed that the vector �elds

f and g are bounded, Lipschitz, and su�ciently di�erentiable in their domains.

See also Chapter 5 for a distributed robotics application involving intermittent commu-

nication that makes use of the following results.

3.4.2.1 Asymptotic Analysis and Reduced-Order Models

Similarly to the general case presented in Section 3.4.1, the dynamics (3.84) are rewritten in

terms of T = R and Tk = {tk} as

∂x

∆tk
=

1

µ(k)
{f(x, z, k; ν)− x}

∂z

∆t
= g(x, z, t; ν). (3.85)

with µ(k) = tk+1 − tk is the graininess of Tk at the kth update.

Assuming a straightforward asymptotic series solution

x(t, tk) =
∑
i≥0

µ−ix(i)(t, tk)

z(t, tk) =
∑
i≥0

µ−iz(i)(t, tk)
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in the T dynamics (3.85) and equating orders of µ then gives the zeroth order dynamics

∂x(0)

∆tk
= 0

∂z(0)

∆t
= g(x(0), z(0), t; 0). (3.86)

These dynamics describe the evolution of the continuous states on a timescale where there

are no updates of the discrete-time subsystem, and are valid for t = O(1). As in the general

case, this model fails to capture the discrete behaviour that occurs when t = O(µ). Unlike

the general case, however, the distinct discrete and continuous states means that rescaling

(3.85) can give further insight into the problem.

To this end, rewrite (3.85) in terms of the slow scales τt = t/µ and τk = tk/µ as

∂x

∆τk
= {f(x, z, k; ν)− x}

1

µ

∂z

∆τt
= g(x, z, t; ν).

Assuming an asymptotic series solution

x(t, tk) =
∑

µ−ix(i)(τt, τk)

z(t, tk) =
∑

µ−iz(i)(τt, τk)

and equating orders of µ then yields the new zeroth order dynamics

∂x(0)

∆τk
=
{
f(x(0), z(0), k; 0)− x(0)

}
0 = g(x(0), z(0), t; 0). (3.87)

This reduced model describes the evolution of the discrete state x on a slow scale where

the continuous state has reached the solution z(0) = h(x(0), t) of the algebraic equation

0 = g(x(0), z(0), t; 0).

As in the continuous-time boundary layer singularities described in Chapter 2, neither

(3.86) nor (3.87) individually provide a uniformly valid approximation over the entire time
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domain. Together, however, they can provide such an approximation. Based on these inves-

tigations, reduced-order models valid both within continuous-time intervals as well as across

discrete updates are formally stated as follows.

Decision System De�ne the equilibrium trajectory of the isolated continuous-time dynam-

ics as a known function h : Dx×R+ → Dz which satis�es ḣ(p, t) = g(p, h(p, t), t; 0) for

p ∈ Dx and t ∈ R+. The decision system is then de�ned as

x(0)
(
t+k
)

= f
(
x(0)(t−k ), h(x(0)(t−k ), tk), k; 0

)
, (3.88)

subject to x(0)(t0) = x0.

Interval Correction System De�ne the kth time interval between discrete-time updates

as Ik ,
{
t ∈ R

∣∣ tk ≤ t < tk+1

}
and the elapsed time within this interval as η , t− tk.

The interval correction system is then de�ned separately for each interval Ik as

˙̂zk(η) = g
(
x(0)(t+k ), ẑk(η) + h

(
x(0)

(
t+k
)
, η + tk

)
, η + tk; 0

)
−
∂h
(
x(0)

(
t+k
)
, η + tk

)
∂t

,

(3.89)

subject to ẑ0(0) = z0−h
(
x(0) (t0) , t0

)
for the �rst interval and ẑk(0) = h

(
x(0)

(
t−k
)
, tk
)
−

h
(
x(0)

(
t+k
)
, tk
)
otherwise, and where x(0) is the state vector of the decision system

de�ned in (3.88).

The decision system (3.88) describes the reduced-order behaviour of the isolated discrete-time

dynamics with the continuous-time dynamics always at their state-dependent equilibrium.

Note that the system is purely discrete. The interval correction system (3.89) describes the

evolution of the isolated continuous dynamics towards the equilibrium trajectory between

each set of consecutive discrete updates. The initial conditions are based on the state vector

x(0) of the decision system alone. They are independent of the state of the interval correction

system on any previous intervals. Note that the interval correction system describes purely

continuous-time dynamics. The new time variable η is introduced here to make clear that
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solutions of (3.89) are dependent on the elapsed time and are de�ned only for a particular

interval Ik. While the original dynamics are fully coupled, the reduced-order models (3.88)

and (3.89) obtain their triangular structure by exploiting the equilibrium trajectory h(x(0), t).

Together, (3.88) and (3.89) provide reduced-order descriptions of the original dynamics

(3.85). They mirror the classical Reduced Fast and Reduced Slow models for continuous-

time dynamics in standard singularly perturbed form described in Section 2.2 as well as the

reduced-order models found for discrete, multirate systems in Section 3.3. The validity of

these models is investigated next.

3.4.2.2 Bounds on the Reduced-Order Approximation

In this subsection, asymptotic bounds are proven for the reduced-order models (3.86) and

(3.87) developed in the previous subsection. The analysis consists of two parts. In the �rst

part, bounds are proven for the fast, continuous z state in between discrete updates of the

x state and assuming certain assumptions hold for the initial conditions. The second part

then uses these bounds on z to �nd corresponding bounds for the evolution of the discrete

x state.

To this end, the following lemma provides conditions to ensure that the approxima-

tion provided by the reduced-order continuous-time z(0) dynamics remains close to the true

continuous-time z dynamics between discrete updates, given that the initial conditions of

z(0) and x(0) are both close to their corresponding true values at the start of the interval.

Lemma 3.2. For the dynamics (3.84), further assume that the interval correction system

(3.89) is uniformly asymptotically stable for all points x(0) ∈ Dx and the corresponding

known trajectories h
(
x(0)

(
t+k
)
, t
)
. Then, if z(tk)− ẑk(0)−h(x(0)(t+k ), tk) = O(1) and x(t+k )−

x(0)(t+k ) = O(1) in the limit µ→∞, µ can be chosen large enough that

z(t)− ẑk(t− tk)− h(x(0)(t+k ), t) = O(1)

for all t in the time interval Ik =
{
t ∈ R

∣∣ tk ≤ t < tk+1

}
. Further, there is a tj with tk <
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tj ≤ tk+1 such that

z(t)− h(x(0)(t+k ), t) = O(1)

holds for all t ∈ [tj, tk+1).

Proof. The proof of the lemma follows three steps:

1. Formulate the dynamics of the continuous-state approximation error over an interval

as a perturbed version of the interval correction dynamics.

2. Use the stability of the interval correction system and a converse Lyapunov theorem to

obtain a Lyapunov function with certain desirable bounding properties for the interval

correction dynamics.

3. Use the interval correction dynamics' Lyapunov function as well as the form of the

perturbation in the dynamics of the continuous-state approximation error to obtain

bounds on the norm of this approximation error.

The steps are detailed as follows:

Step 1:

In the following, all instances of x(t+k ) will be written as x and all instances of x(0)(t+k )

as x(0) for conciseness since both x(t+k ) and x(0)(t+k ) are constant over the interval Ik where

the analysis is performed.

De�ne the error in the approximation over the interval Ik as ez(η) , z(η+tk)−h(x(0), η+

tk)− ẑk(η). The error dynamics within the interval is then written as

dez
dη

=
d

dη

[
z(η + tk)− h(x(0), η + tk)− ẑk(η)

]
= ż(η + tk)−

∂h(x(0), η + tk)

∂t
− ˙̂zk(η).
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Now, with ż de�ned in (3.84) and ˙̂zk de�ned in (3.89), the error dynamics are

dez
dη

= g (x, z (η + tk) , η + tk; ν)− ∂h(x(0), η + tk)

∂t

−

{
g
(
x(0), ẑk(η) + h

(
x(0), η + tk

)
, η + tk; 0

)
−
∂h
(
x(0), η + tk

)
∂t

}
= g (x, z, η + tk; ν)− g

(
x(0), ẑk + h

(
x(0), η + tk

)
, η + tk; 0

)
+
{
g
(
x(0), z, η + tk; ν

)
− g

(
x(0), z, η + tk; ν

)}
+
{
g
(
x(0), z, η + tk; 0

)
− g

(
x(0), z, η + tk; 0

)}
+
{
g
(
x(0), ez + h

(
x(0), η + tk

)
, η + tk; 0

)
− g

(
x(0), ez + h

(
x(0), η + tk

)
, η + tk; 0

)}
+

{
g(x(0), h(x(0), η + tk), η + tk; 0)− ∂h(x(0), η + tk)

∂t

}

= g
(
x(0), ez + h

(
x(0), η + tk

)
, η + tk; 0

)
− ∂h(x(0), η + tk)

∂t

+

{
g
(
x(0), ez + ẑk + h

(
x(0), η + tk

)
, η + tk; 0

)
− g

(
x(0), ez + h

(
x(0), η + tk

)
, η + tk; 0

)
−g
(
x(0), ẑk + h

(
x(0), η + tk

)
, η + tk; 0

)
+ g(x(0), h(x(0), η + tk), η + tk; 0)

}
︸ ︷︷ ︸

∆1

+
{
g
(
x(0), z, η + tk; ν

)
− g

(
x(0), z, η + tk; 0

)}︸ ︷︷ ︸
∆2

+
{
g (x, z, η + tk; ν)− g

(
x(0), z, η + tk; ν

)}︸ ︷︷ ︸
∆3

,

using z(η + tk) = ez(η) + h(x(0), η + tk) + ẑk(η) by de�nition of the approximation error,

and g (p, h(p, η + tk), η + tk; 0) − ∂h(p,η+tk)
∂t

= 0 for p ∈ Dx by de�nition of the equilibrium

trajectory. That is, the error dynamics may be written as

dez
dη

= g
(
x(0), ez + h

(
x(0), η + tk

)
, η + tk; 0

)
− ∂h(x(0), η + tk)

∂t
+ ∆G, (3.90)

a perturbed version of the interval correction dynamics (3.89), where the perturbation is

∆G = ∆1 + ∆2 + ∆3.
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Now, the �rst component of the perturbation satis�es

‖∆1‖ =
∥∥g (x(0), ez + ẑk + h

(
x(0), η + tk

)
, η + tk; 0

)
− g

(
x(0), ez + h

(
x(0), η + tk

)
, η + tk; 0

)
−g
(
x(0), ẑk + h

(
x(0), η + tk

)
, η + tk; 0

)
+ g(x(0), h(x(0), η + tk), η + tk; 0)

∥∥
=

∥∥∥∥∥∥∥
ẑk+h(x(0),η+tk)∫
h(x(0),η+tk)

(
∂g(x(0), s+ ez, η; 0)

∂z
− ∂g(x(0), s, η; 0)

∂z

)
ds

∥∥∥∥∥∥∥
≤

∥∥∥∥∥∥∥
ẑk+h(x(0),η+tk)∫
h(x(0),η+tk)

M ‖ez‖ ds

∥∥∥∥∥∥∥
≤ M ‖ez‖ ‖ẑk‖ ,

over the domain for someM ≥ 0 since g is continuously di�erentiable. The second component

has the bound

‖∆2‖ =
∥∥g(x(0), z, η + tk; ν)− g(x(0), z, η + tk; 0)

∥∥
≤ µL4

over the domain for some L4 ≥ 0 since g is Lipschitz in its last argument. The third

component is then similarly bounded by

‖∆3‖ =
∥∥g (x, z, η + tk; ν)− g

(
x(0), z, η + tk; ν

)∥∥
≤ L1

∥∥x− x(0)
∥∥

over the domain for some L1 ≥ 0 since g is Lipschitz in its �rst argument. Therefore the

overall perturbation bounds

‖∆G‖ ≤ (M ‖ẑk‖) ‖ez‖+
{
L1

∥∥x− x(0)
∥∥+ µL4

}
(3.91)

hold over the domain.

Step 2:

By assumption, the interval correction system (3.89) is uniformly asymptotically stable

for each x(0) ∈ Dx. Therefore, by the converse Lyapunov theorem [62, Theorem 4.16]
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there exists a Lyapunov function V over some domain DV =

{
ẑk ∈ Rn

∣∣∣∣ ‖ẑk‖2 < r

}
for the

dynamics that satis�es the inequalities

α1 (‖ẑk‖) ≤ V (η, ẑk) ≤ α2 (‖ẑk‖) ,

∂V

∂η
+
∂V

∂ẑk

{
g
(
x(0), ẑk + h

(
x(0), η + tk

)
, η + tk; 0

)
− ∂h(x(0), η + tk)

∂t

}
≤ −α3 (‖ẑk‖) ,

and ∥∥∥∥∂V∂ẑk
∥∥∥∥ ≤ α4 (‖ẑk‖)

for class K functions αi de�ned on [0, r].

Step 3:

In (3.91), the perturbation ∆G in the error dynamics (3.90) has been shown to satisfy

‖∆G‖ ≤ γ(η) ‖ez‖+ d,

with γ(η) = (M ‖ẑk‖) ‖ez‖ and d = L1

∥∥x− x(0)
∥∥+ µL4. Due to the asymptotic stability of

the interval correction dynamics,

‖ẑk‖ ≤ β1(‖ẑk(0)‖ , η), ∀ 0 ≤ η < tk+1 − tk (3.92)

for some class KL function β1. Now, γ(η) = Mβ1(‖ẑk(0)‖ , η) and d are both non-negative,

continuous, and bounded for all 0 ≤ η ≤ tk+1− tk. Since
∥∥x− x(0)

∥∥ = O(1) and ez(0) = O(1),

µ can be chosen, dependent on r (the same r that de�nes DV ) and for 0 ≤ η ≤ tk+1 − tk,

small enough that

γ(η) ‖ez‖+ d = Mβ1(‖ẑk(0)‖ , η) ‖ez‖

+L1

∥∥x− x(0)
∥∥+ µL4

≤ δ < θα3

(
α−1

2 (α1 (r))
)
/α4(r),

with ‖ez‖ < r, δ ∈ R+, and θ a positive constant with θ < 1. Therefore, by [62, Lemma

9.3], there is a small enough ‖ez(0)‖ such that trajectories of the approximation error system

(3.90) satisfy

‖ez(η)‖ ≤ β2(‖ez(0)‖ , η), ∀ 0 ≤ η < η̄



79

and

‖ez(η)‖ ≤ α5(δ), ∀ η̄ ≤ η ≤ tk+1 − tk

for some class KL function β2, some �nite η̄, and α5 the class κ function de�ned by

α5(δ) = α−1
1

(
α2

(
α−1

3

(
δα4(r)

θ

)))
.

This gives the bound on z(t)−h(x(0), t)− ẑk(t−tk) for all tk ≤ t < tk+1. Since (3.92) gives an

asymptotically decaying bound on ‖ẑk‖, µ can be chosen large enough that there exists a tj

with tk < tj ≤ tk+1 such that ‖ẑk(t− tk)‖ = O(1) for t ≥ tj and thus z(t)− h(x(0), t) = O(1)

holds for all t ∈ [tj, tk+1).

In Lemma 3.2, the Landau `little-Oh' O(1) bounds on the approximation error of the con-

tinuous state over an interval can be interpreted as saying that this error decreases asymptot-

ically as µ grows large even though the reduced-order model is not quite the same as the full

model and the approximation starts from di�erent initial conditions than the true dynamics.

This is a result of the assumption of uniform asymptotic stability for (3.89), which allows

the continuous dynamics to eventually evolve to a known trajectory when x(0) is known. As

described by the following lemma, tighter bounds on this approximation error can be found

under the more restrictive assumption of exponential stability for (3.89).

Lemma 3.3. Under the conditions of Lemma 3.2, if instead the errors in the initial con-

ditions are O(µ−1) and the interval correction system (3.89) is exponentially stable for all

points x(0) ∈ Dx and their corresponding known trajectories h
(
x(0)

(
t+k
)
, t
)
, then the O(1)

bounds on the approximation in Lemma 3.2 are replaced by O(µ−1) bounds.

Proof. The proof adopts the same three-step structure as the proof of Lemma 3.2, with the

following changes:

Step 1: Follows identically.

Step 2: By [62, Theorem 4.14], the conditions on the converse Lyapunov function V are

satis�ed with αi (‖ẑk‖) = ci ‖ẑk‖2 for i = 1, 2, 3 and α4 (‖ẑk‖) = c4 ‖ẑk‖ for positive constants

c1�c4.
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Step 3: Since exponential stability holds, then the bound on ‖ẑk‖ in (3.92) is of the

form β1(‖ẑk(0)‖ , η) = k ‖ẑk(0)‖ e−aη. Further,
∫ η

0
γ(τ)dτ ≤ 0 · η + ω for some non-negative

constant ω. De�ne a = 1
2
c3
c2
> 0 and p = exp

(
c4ω
2c1

)
≥ 1, where the ci come from the

bounds on the converse Lyapunov function V , and choose µ large enough that ez(0) =

z(tk) − ẑk(0) − h(x(0)(t+k ), tk) = O (µ−1) satis�es ‖ez(0)‖ < r
p

√
c1
c2

and small enough that

d < 2c1ar
c4p

. Using the comparison method [62, Lemma 9.4], trajectories of the approximation

error system (3.90) therefore satisfy the norm bound

‖ez(η)‖ ≤
√
c2

c1

p ‖ez(0)‖ e−αη +
c4p

2c1

d

η∫
0

e−a(η−τ)dτ,

where the �rst term is of O (µ−1) for all η ≥ 0 if ‖ez(0)‖ = O (µ−1), and the second term is

of O(µ−1) because d is and since the integral is bounded for all η ≥ 0. This gives the bound

on z − h(x(0), t)− ẑk(t− tk) for all tk ≤ t < tk+1. Since ‖ẑk‖ has an exponentially decaying

bound in η, µ can be chosen large enough that there exists a tj with tk < tj ≤ tk+1 such that

‖ẑk(t− tk)‖ = O(µ−1), giving the desired bound on z(t)− h(x(0), t).

Under the more stringent condition of exponential stability for (3.89), the Landau `big-

Oh'O(µ−1) bounds gives a stricter statement of the rate of the approximation error's decrease

as µ grows large. This is possible because exponential stability gives concrete time bounds

for the evolution of z towards h(x(0), t) in Step 3 of the lemma.

With Lemmas 3.2 and 3.3 in place, the validity of approximating the coupled hybrid-

time system (3.84) by dynamics of the reduced-order models (3.88) and (3.89) can now be

determined.

Theorem 3.5. For the dynamics (3.84), assume that the interval correction system (3.89) is

uniformly asymptotically stable for all points x(0) ∈ Dx and the corresponding known trajecto-

ries h
(
x(0)

(
t+k
)
, t
)
. Then, for the reduced-order models x(0) and ẑ respectively characterized

in (3.88) and (3.89), and any tf ≥ t0, there exists a µ0, 0 < µ0 <∞, such that for all µ ≥ µ0
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the approximations

x(t+k ) = x(0)(t+k ) + O(1)

z(t) = h
(
x(0)

(
t+k
)
, t
)

+ ẑk(t− tk) + O(1)

are valid for all t ∈ [t0, tf ]. Further, for each interval Ik between discrete updates with

tk < tf , there is a tj with tk < tj ≤ tk+1 such that the approximation

z = h
(
x(0)

(
t+k
)
, t
)

+ O(1)

holds for all t ∈ [tj, tk+1).

Proof. The proof uses induction to follow the error in the approximation for x over discrete

updates, with the error in the z approximation bounded over the continuous-time intervals

using Lemma (3.2).

De�ne ex(t+k ;µ) = x(t+k ;µ)−x(0)(t+k ). Suppose for some k that
∥∥x(t−k )− x(0)(t−k )

∥∥ = O(1)

and
∥∥z(tk − µ)− h

(
x(0)

(
t−k
)
, tk − µ

)∥∥ = O(1). Then, under the assumption of uniform

asymptotic stability of (3.89), µ can be always be chosen large enough that∥∥z(tk)− h
(
x(0)

(
t−k
)
, t−k
)∥∥ = O(1) by Lemma (3.2). Further, after the transition∥∥ex(t+k ;µ)

∥∥ =
∥∥f (x (t−k ) , z(tk), k; ν

)
− f

(
x(0)(t−k ), h

(
x(0)

(
t−k
)
, tk
)
, k; 0

)∥∥
≤ P1

∥∥x(t−k )− x(0)(t−k )
∥∥+ P2

∥∥z(tk)− h
(
x(0)

(
t−k
)
, tk
)∥∥+ P4µ

= O(1),

using the Lipschitz property of f , so that
∥∥x(t+k )− x(0)(t+k )

∥∥ = O(1). From the initial condi-

tions and the assumption that x0 and z0 are O(1) and Lipschitz,∥∥x(t−1 )− x(0)(t−1 )
∥∥ =

∥∥x(t+0 )− x(0)(t+0 )
∥∥ = ‖x0(µ)− x0(0)‖ = O(µ) and∥∥z(t0)− ẑ0(0)− h(x(0)(t+0 ), t0)

∥∥ = ‖z0(µ)− z0(0)‖ = O(µ), and are thus both O(1). There-

fore, µ can be chosen large enough that the approximations

x(t+k ) = x(0)(t+k ) + O(1)

z(t) = h(x(0)(t+k ), t) + ẑk(t− tk) + O(1)
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hold by induction for any �nite number of discrete updates, and thus are valid for all t ∈

[t0, tf ]. The bound on z for t ∈ [tj, tk+1) then comes from application of Lemma 3.2.

Again, stricter bounds on the approximation errors may be found by assuming exponential

stability of the interval correction system.

Corollary 3.1. Under the conditions of Theorem 3.5, if the interval correction system (3.89)

is instead exponentially stable for all points x(0) ∈ Dx and their corresponding known trajec-

tories h
(
x(0)

(
t+k
)
, t
)
, then the O(1) bounds on the approximation in Theorem 3.5 are replaced

by O(µ−1) bounds.

Proof. The desired results follow identically to the proof of Theorem 3.5 by noting that 1)

both ‖x0(µ)− x0(0)‖ = O(µ−1) and ‖z0(µ)− z0(0)‖ = O(µ−1) hold since x0 and z0 are

Lipschitz, 2) the continuous-interval bounds given by Lemma 3.3 may be used instead of

the bounds given by Lemma 3.2 since the stricter requirement of (3.89) being exponentially

stable is met here.

Theorem 3.5 provides a certi�cate that (3.88) and (3.89) are good approximations of

(3.84) as µ grows large, with the trajectories of the reduced-order approximations remaining

asymptotically close to the trajectories of the full system. Intuitively, the error bounds grow

smaller as the update period grows because the continuous-time dynamics have more time to

reach their equilibrium trajectory, making the reduced-order models more accurate. Corol-

lary 3.5 then provides stricter bounds on the approximation error by assuming exponential

stability instead of asymptotic stability, as in Lemma 3.3. These results gives mathemati-

cal rigour to the intuitive notion of a separation principle between the continuous-time and

discrete-time dynamics as the time between discrete updates increases.
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Chapter 4

APPLICATION TO ORBIT PROPAGATION

E�ective tracking of space objects requires e�cient and accurate trajectory propagation

algorithms that are valid across time horizons of varying lengths (because it is not necessarily

known when measurements will next be available) and that are able to appropriately handle

perturbation forces that are not constant in direction or magnitude (sometimes atmospheric

drag dominates, while other times geopotential perturbations dominate). On the one hand,

computational e�ciency of the trajectory propagation algorithm is a necessary consideration

not only due to the vast number of space objects to be propagated, but also because the

presence of many small perturbing forces (e.g., Earth-oblateness, atmospheric drag, solar

perturbation, etc.) cause the equations of motion to be numerically sti�. Viable propagation

methods must therefore grapple with this sti�ness. On the other hand, numerical accuracy

in the trajectory solution is required over long time periods to maintain custody of known

objects with sparse measurements. Any approximation of the true trajectory, to deal with

the numerical sti�ness in the equations of motion, induces errors that can accumulate over

time. It is therefore necessary to understand how quickly and to what extent these errors

manifest within a given propagation method. Further complicating propagation is that,

while the conservative e�ects on a satellite's orbit due to the two-body and geopotential

perturbation forces have been well characterized and their e�ects rigorously understood,

non-conservative forces such as atmospheric drag and solar radiation pressure are subject

to parametric uncertainties that complicate analysis. To this end, trajectory propagation

methods are desired that give insight into how these uncertainties manifest in position and

velocity errors over time [3], without sole reliance on numerical methods (e.g., Monte Carlo).

This chapter develops a new propagation technique using MMS, based on the author's
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works [63, 64]. Unlike existing approaches to orbit propagation, the method developed here

gives direct information about how a non-conservative perturbation a�ects trajectories at

particular orders of the perturbation through the form of the trajectory solution. This in-

formation includes both how the perturbation manifests in speci�c dynamic states as well

as the length of time the solution is valid for. The basic idea is to mathematically sepa-

rate the e�ects of the perturbing acceleration that manifest on a slow timescale from the

central-body gravitational e�ects that manifest on a fast timescale. The trajectory solution

is then constructed by numerically integrating the slow timescale derivatives along with the

fast timescale derivatives which are known analytically. There are three major bene�ts to

the orbit solution determined in this chapter. First, the derived approximations have error

and period of validity of known orders that are directly linked to the parameters of the per-

turbing force. This information is essential to e�ectively task sensors while retaining custody

of tracked space objects. Second, the trajectories are e�cient to compute as compared to

straightforward integration of the equations of motion. Third, posing the orbit approxima-

tion in multiple timescale form allows an expression to be derived for the sensitivity of the

trajectory to parameters of the perturbing force, yielding the desired insight into the e�ects

of uncertainty in these parameters.

4.1 Literature Review

Approaches to the problem of propagating a perturbed satellite's trajectory can be broadly

categorized as: 1) analytic, 2) semi-analytic, or 3) purely numeric [65]. Analytic methods

have the bene�t of allowing large time-steps when solving the equations of motion. However,

there are limitations to these approaches. For example, the use of canonical transforms [66]

can lead to intractable integrals or are applicable to a small subset of orbit regimes, while

Lie series approaches [67, 68] can lead to recursive, implicit solutions as opposed to explicit

expressions. Further, many analytic approaches are limited to small regimes of eccentricity

[69] or can only be applied to restricted models of the perturbing acceleration [70, 71]. Semi-
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analytic approaches separate long-period and short-period trends, allowing analytic results

to be applied for the short-period e�ects while applying numeric methods for the long-period

e�ects. This separation allows semi-analytic methods to generate high-accuracy trajectory

approximations with low computation time as compared to pure numeric approaches [65].

Examples of semi-analytic methods include the Draper Semianalytic Satellite Theory [72],

Liu and Alford's Semianalytic Theory for a Close-Earth Arti�cial Satellite [73], and O'Brien

and Sang's Semianalytic Satellite Theory Using the Method of Multiple Scales [74]. The

existing semi-analytic methods, however, treat the drag contribution as a purely numerical

computation through either direct integration, Fourier decomposition, or polynomial �ts.

These methods therefore do not provide the explicit insight (i.e., without directly propagating

multiple trajectories) into the e�ects of di�erences between predicted and actual perturbation

parameters on the satellite trajectory that is desired for space situational awareness.

4.2 Problem Formulation

The equations of motion of a satellite subject to a perturbing acceleration may be written

in the form

dk

dt
=

 0

n(k)

+ εgPert.(k, t) (4.1)

where k is a given orbital element set such as the Keplerian or equinoctial elements, n(k) is

the (state-dependent) mean angular motion (rad/s), and the parameter ε is a small, positive

number common to all components of the acceleration. This parameter can be thought of as

a measure of the strength of the perturbing acceleration. To see how the form (4.1) arises,

consider an acceleration parametrized as ~a = εfvêv + εfhêh + εfnên in km/s2, where êv, êh,

and ên are unit vectors respectively in the direction of orbiting velocity, in the direction

of angular momentum, and in the direction that completes the right-handed orthogonal

coordinate frame. Gauss' variational equations then give the perturbed equations of motion
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in Keplerian elements as

da

dt
=

2a2v

µ
εfv (4.2)

de

dt
=

1

v

(r
a

sin ν εfn + 2 (e+ cos ν) εfv

)
di

dt
=

r cos θ

h
εfh

dΩ

dt
=

r sin θ

h sin i
εfh

dω

dt
=

1

ev

(
−
(

2e+
r

a

)
cos ν εfn + 2 sin ν εfv

)
− r sin θ cos i

h sin i
εfh

dM

dt
=

√
µ

a3
+

b

aev

(r
a

cos ν εfn − 2
(

1 + e2 rµ

h2

)
sin ν εfv

)
,

where a is the semi-major axis (km), e is the eccentricity, i is the inclination angle (rad), Ω is

the argument of the ascending node (rad), ω is the argument of the periapsis (rad), M is the

mean anomaly (rad), v is the velocity of the satellite (km/s), r is its radius from the central

body (km), b = a/
√

1− e2, h is the magnitude of the orbit angular momentum (km2/s), θ

is the argument of the latitude (rad), ν is the true anomaly (rad), and µ is the gravitational

coe�cient (km3/s2) [75]. This is in the form of (4.1), as desired. Similar expressions exist

for other orbital element sets such as the equinoctial elements.

In the particular case of atmospheric drag, for example, the corresponding acceleration

is

~aDrag = −ACd
2m

ρ (~r) ‖~v − ~vatm‖ (~v − ~vatm) , (4.3)

where A is the reference area of the satellite (km2), m is the mass of the satellite (kg), Cd is

the drag coe�cient, ρ(~r) is the position-dependent atmospheric density function (kg/km3),

~v is the velocity of the satellite (km/s), and ~vatm is the velocity of the atmosphere (km/s).

The perturbation parameter is de�ned from (4.3) by

ε =
ACd
2m

ρ0, (4.4)

where ρ0 is the nominal density (e.g., the density at perigee of the initial instantaneous orbit).

The corresponding perturbation function gDrag(k, t) is then written for Keplerian elements

directly from (4.3) and (4.2).
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In the following developments, the Keplerian element set k = [a, e, i, Ω, ω, M ]T will be

used as in (4.2). Note that in (4.2), a numerical divide by zero will occur for argument

of perigee and mean anomaly as eccentricity deteriorates to zero. Other coordinates such

as modi�ed equinoctial elements [72] can be utilized to circumvent this problem. However,

Keplerian elements are used here in order to easily demonstrate and convey the power of the

MMS for orbit trajectory prediction and motion insight.

4.3 Trajectory Solutions with MMS

The perturbed satellite dynamics (4.1) exhibit multiple timescale behavior, where trajectories

obey the unperturbed dynamics on a fast timescale (the satellite locally evolves according

to Keplerian dynamics) but behave very di�erently on a slow timescale (eventually, the

perturbing acceleration signi�cantly e�ects the satellite's trajectory). This behaviour is a

consequence of the structure of the dynamics and, as noted in Section 2.3, is associated

with a secular singularity when attempting to construct an asymptotic approximation to the

trajectory solution that is valid for a large time domain. In this section, MMS is therefore

applied to (4.1) to overcome this challenge and construct a uniformly valid trajectory solution

that rigorously incorporates the satellite's behaviour on both the slow and the fast timescales.

To this end, search for an approximation kε to the exact solution k of (4.1) in the form

of a two-time asymptotic expansion in the perturbation parameter

kε(η, τ ; ε) =
∑
i≥0

εik(i)(η, τ), (4.5)

where the fast time η = t and the slow time τ = εt are treated as independent (see Section

2.3 for more details). Practically, an expansion in this form is attractive because it means

that, for small enough ε, higher-order terms in the series (4.5) are �well-behaved� and do not

dominate the overall solution.

The procedure for generating kε is as follows:
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Step 1. Expand the �rst derivative with (4.5) as

dkε
dt

=
∂kε
∂η

+ ε
∂kε
∂τ

. (4.6)

Step 2. Use the asymptotic expansion (4.5) and the two-time derivatives (4.6) in the

perturbed equations of motion (4.1).

Step 3. Equate orders of ε to �nd ordered dynamic equations.

Step 4. Sequentially solve the resulting ordered dynamic equations. The ordered so-

lutions ki are chosen such that the resulting power series in the perturbation

parameter, (4.5), is asymptotic and uniform in t; that is,

lim
ε→0+

εki+1 (t, εt)

ki (t, εt)
= 0 (4.7)

for t up to O(ε−1).

Following this process, the dynamics (4.1) are rewritten in terms of the two-time derivatives

as

∂kε
∂η

+ ε
∂kε
∂τ

=

 05×1√
µ/k3

ε,1

+ εgPert.(kε, t).

Substituting the asymptotic series expansion (4.5) and equating orders of ε, the zeroth order

equation is then found to be

∂k(0)

∂η
=

 05×1√
µ/k

(0)3

1

 , (4.8)

subject to the original initial conditions k(0)(0, 0) = k(0), while the �rst order equation is

found as

∂k(1)

∂η
+
∂k(0)

∂τ
=

 05×1

−3
2
k

(1)
1

√
µ/k

(0)5

1

+ gPert.(k
(0), η), (4.9)

subject to the initial conditions k(1)(0, 0) = 0.
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The zeroth order equation (4.8) has solutions of the form

k(0)(η, τ) = k(0)(τ) +

 05×1√
µ/k

(0)3

1

 η, (4.10)

subject to k(0)(0) = k(0) and where the dependence on τ will be determined by enforcing

asymptoticity of k(0) and εk(1). These asymptoticity conditions are derived next.

The �rst order equation (4.9) can be rewritten in state-space form as

∂k(1)

∂η
=

 05×1 05×5

−3
2

√
µ/k

(0)5

1 01×5

 k(1) +

(
gPert.(k

(0), η)− ∂k(0)

∂τ

)
.

That is, as

k̇(1) = Ak(1) + b(η) (4.11)

where b(η) is periodic in η with period

P = 2π

√
k

(0)3

1 /µ.

Following [76], de�ne the adjoint system as

ζ̇ = −AT ζ.

Then, denoting n linearly independent and P -periodic solutions of the adjoint system by

ζ1, ζ2, . . . , ζn, [76, Theorem 2.3.4] states that (4.11) has P -periodic solutions if and only if

the orthogonality conditions
P∫

0

ζ iT (η)b(η)dη = 0

hold, and otherwise the solution will display secular behaviour. Now, while periodicity is

required for the �rst �ve elements of the �rst order solution, k(1)
1:5, so that they remains

asymptotic to the corresponding elements of the zeroth order solution de�ned in (4.10), the

sixth element k(0)
6 grows linearly with time and thus linear secular growth is allowed in k(1)

6 .
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Due to the separation of (4.11), for conditions on k(1)
1:5 consider instead the periodicity of the

system

k̇
(1)
1:5 = A1:5,1:5k

(1)
1:5,

which has the associated adjoint system

ζ̇1:5 = − (A1:5,1:5)T ζ1:5.

Write

− (A1:5,1:5)T = 05×5,

so that

ζ1:5(η) = ζ1:5(0).

Choosing �ve linearly independent solutions based on ζ1:5(0), the orthogonality conditions

can then be written as
P∫

0

(
gPert.,1:5(k(0), η)− ∂k

(0)
1:5

∂τ

)
dη = 0. (4.12)

With these conditions in mind, the equation for k(1)
6 is written from (4.11) as

∂k
(1)
6

∂η
= −3

2

√
µ/k

(0)5

1 a1︸ ︷︷ ︸
P−periodic in η

+gPert.,6(k(0), η)− ∂k
(0)
6

∂τ
,

whose solution will be O(η) in the limit of η →∞ if and only if

P∫
0

(
gPert.,6(k(0), η)− ∂k

(0)
6

∂τ

)
dη = 0 (4.13)

and η = O(k
(1)
6 ) otherwise. This is the last condition needed. The asymptoticity conditions

can therefore be compactly rewritten for the slow timescale derivatives as

∂k(0)

∂τ
=

1

P

P∫
0

(
gPert.(k

(0), η)
)
dη. (4.14)
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This is a solvability condition analogous to the Fredholm alternative discussed in Section 2.3;

note the use of corresponding conditions in the method of averaging [77], which is expected

to give asymptotically equivalent solutions.

The zeroth order solution can now be constructed by numerically integrating the equa-

tions
dk(0)

dt
=
∂k(0)

∂η
+ ε

∂k(0)

∂τ
, (4.15)

subject to the initial conditions k0(0) = k(0), where ∂k(0)/dη is de�ned in (4.8) and ∂k(0)/∂τ

is de�ned in (4.14). These expressions may be e�ciently and accurately evaluated by nu-

merical quadrature given a particular perturbation model [78]. This completes the search

for the k(0) solution; higher-order terms are found similarly.

By construction, the zeroth order solution found by integrating (4.15) is valid for time up

to order ε−1. This is because the slow timescale derivative (4.14) is explicitly chosen so that

the asymptoticity condition (4.7) holds for t up to O(ε−1), and thus higher-order terms are

well-behaved in this time domain. In the case of atmospheric drag, with ε de�ned in terms

of the nominal atmospheric density and all else being equal, the trajectory found using the

zeroth order solution will remain a valid approximation for a longer period of time when

the atmosphere is less dense. This could occur, for example, if the satellite initially has a

higher altitude at perigee or if the solar conditions are more favorable (i.e., leading to lower

levels of atmospheric density). Over this period of validity, the solution has error of order ε.

This is because the solution (4.5) has been constructed as an asymptotic expansion in the

perturbation parameter, with the higher-order terms in the expansion correspondingly well-

behaved, over this time domain. Thus, for the drag case, less dense atmospheric conditions

directly lead to greater accuracy in the approximation. The combination of these properties

has important implications for the object tracking and catalog maintenance problem. Since

the propagated trajectory has known error properties, a sensor can be e�ectively tasked

to update the object's state while it is in the sensor's observation window. Absence of

consideration of these error properties leads to sensors being tasked either: 1) more often

than is necessary, leading to a waste of resources; or 2) less often than is necessary, leading
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to loss of object custody. It is important to note for implementation that the slow time

derivatives change on the slow timescale and thus do not have to be evaluated at every

integration step.

4.3.1 Specialization to Atmospheric Drag

For the particular case of the drag perturbation in Keplerian elements, the asymptoticity con-

ditions (4.14) can be rewritten in a more explicit form. With the drag acceleration given by

(4.3) and corresponding perturbation parameter de�ned by (4.4), the drag perturbation func-

tion gDrag(k, t) is then explicitly written for the Keplerian elements set k = [a, e, i, Ω, ω, M ]T

from Gauss' variational equations (4.2) as

gDrag(k, t) =

−2a2vvrel
µ

F (~r)vrel,v

−vrel
v
F (~r)

(
r
a

sin f vrel,n + 2 (e+ cos f) vrel,v
)

− r cos θ
h
F (~r)vrelvrel,h

− r sin θ
h sin i

F (~r)vrelvrel,h
vrel
ev
F (~r)

((
2e+ r

a

)
cos f vrel,n − 2 sin f vrel,v

)
+ r sin θ cos i

h sin i
F (~r)vrelvrel,h

bvrel
aev

F (~r)
(
− r
a

cos f vrel,n + 2
(

1 + e2 r
p

)
sin f vrel,v

)


(4.16)

where F (~r) , ρ (~r) /ρ0 is the scaled atmospheric density, vrel,v , 〈~vrel, êv〉, vrel,n , 〈~vrel, ên〉,

vrel,h , 〈~vrel, êh〉, and 〈α, β〉 denotes the inner product between any two vectors α and β.

To obtain explicit expressions for the slow timescale derivatives, substitute the speci�c

perturbation function (4.3.1) into the general slow timescale derivative expression (4.14).

Then, denoting the zeroth order states by k(0) =
[
a(0), e(0), i(0), Ω(0), ω(0), M (0)

]T
, use the

vis-a-vis equation

v =

√
µ

(
2

r
− 1

a

)

=

√
µ

a

(
1 + e cosE

1− e cosE

)
,
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and the relationship

dη =
(
1− e(0) cosE

)√a(0)3

µ
dE

to �nd closed-form expressions. For example, the slow timescale derivative for the zeroth

order semi-major axis term is found to be

∂a(0)

∂τ
= − 1

P

P∫
0

2a(0)2v(0)v
(0)
rel

µ
F (~r (0))v

(0)
rel,vdη

= − 2

P

a(0)2

µ

P∫
0

√
µ

a(0)

(
1 + e(0) cosE

1− e(0) cosE

)
F (~r (0))v

(0)
relv

(0)
rel,vdη

= − 2

P

a(0)3

µ

P∫
0

√
1− e(0)2 cos2EF (~r (0))v

(0)
relv

(0)
rel,vdE.

Following the same approach for the eccentricity, inclination, longitude of the ascending

node, argument of perigee, and mean anomaly then yields the following expressions:

∂e(0)

∂τ
= − 1

P

a(0)2

µ

√
1− e(0)2

P∫
0

v
(0)
rel

(
1− e(0) cosE

)3/2

√
1 + e(0) cosE

F (~r (0))

·

{
sinE v

(0)
rel,n + 2

√
1− e(0)2 cosE

1− e(0) cosE
v

(0)
rel,v

}
dE,

∂i(0)

∂τ
= − 1

P

a(0)2

µ
√

1− e(0)2

P∫
0

(
1− e(0) cosE

)2
cos θ(0)F (~r (0))v

(0)
relv

(0)
rel,hdE,

∂Ω(0)

∂τ
= − 1

P

a(0)2

µ
√

1− e(0)2

P∫
0

(
1− e(0) cosE

)2 sin θ(0)

sin i(0)
F (~r (0))v

(0)
relv

(0)
rel,hdE,

∂ω(0)

∂τ
=

1

P

a(0)2

µ

P∫
0


√

1− e(0) cosE

1 + e(0) cosE

1

e(0)

·
[(

2e(0) + 1− e(0) cosE
) (

cosE − e(0)
)
v

(0)
rel,n − 2

√
1− e(0)2 sinE v

(0)
rel,v

]
+

(
1− e(0) cosE

)2
sin θ(0) cos i(0)

√
1− e(0)2 sin i(0)

v
(0)
rel,h

F (~r (0))v
(0)
rel dE,
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∂M (0)

∂τ
=

1

P

a(0)2
√

1− e(0)2

e(0)µ

P∫
0

v
(0)
rel

√
1− e(0) cosE

1 + e(0) cosE
F (~r (0))

·

{
−
(
1− e(0) cosE

) (
cosE − e(0)

)
v

(0)
rel,n + 2

1− e(0)3 cosE√
1− e(0)2

sinE v
(0)
rel,v

}
dE.

This completes the specialization of the ∂k(0)/∂τ terms to the particular case of atmospheric

drag.

4.3.2 Sensitivity of Trajectory to Perturbation Parameters

To understand the e�ects of perturbation parameter uncertainty, a measure of the trajectory's

sensitivity is desired. Posing the trajectory solution in the form (4.5) has the additional

bene�t of allowing computation of this sensitivity without propagation of the state transition

matrix. Di�erentiating (4.5) with respect to ε yields

∂kε(η, τ ; ε)

∂ε
=

∂

∂ε

(∑
i≥0

εik(1)(η, τ)

)

=
∂

∂ε

(
k(0)(η, τ) + εk(1)(η, τ) +O

(
ε2
))

=
{
k(1)(η, τ) + εk(2)(η, τ) +O

(
ε2
)}

+

{
∂k(0)(η, τ)

∂τ
+ ε

∂k(1)(η, τ)

∂τ
+O

(
ε2
)} ∂τ

∂ε

+

{
∂k(0)(η, τ)

∂η
+ ε

∂k(1)(η, τ)

∂η
+O

(
ε2
)} ∂η

∂ε

=
1

ε
e0th order +

∂kε
∂τ

t+O (ε) . (4.17)

The �rst term, 1
ε
e0th order, is the scaled error in the zeroth order solution due to higher-order

terms in (4.5) that are neglected in the zeroth-order solution. It therefore represents the

e�ects of errors in the zeroth-order solution on the trajectory when the perturbation param-

eter is changed, and is well-approximated by the �rst order solution of (4.5). The second

term, (∂kε/∂τ) t, is the change in the trajectory due to the change in the slow timescale,

τ . It is well-approximated by the zeroth order term
(
∂k(0)/∂τ

)
t, which is evaluated during
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numerical integration of the zeroth order solution. Furthermore, this slow timescale term

will dominate the scaled-error term for large t. The sensitivity expression (4.17) is explored

for representative orbit families below, in Section 4.4.

4.3.3 Inclusion of Geopotential Perturbations

In the development of the slow time derivatives (4.14), the two-body force was implicitly

considered to be the underlying source of motion on the η timescale. However, in low-Earth

orbits, conservative geopotential perturbations (of which the J2 perturbation is the largest)

must be accounted for. These geopotential perturbations are well characterized and their

e�ects understood [3]. Since they do not vary with the parameter of the non-conservative

perturbation, they will be considered to be of zeroth order in ε. The fast time derivatives

(4.8) are therefore calculated as

∂k(0)

∂η
=

 05×1√
µ/k

(0)3

1

+

(
dk

dt

)
Geopotential

, (4.18)

where (dk/dt)Geopotential are the instantaneous induced rates on the Keplerian elements due to

the geopotential perturbations. These can be directly written, for example, using Lagrange's

planetary equations [75]. The slow-time derivatives are adapted from (4.14) as

∂k0

∂τ
=

1

P̃

P̃∫
0

gPert. (k0 (s, τ) , s) ds, (4.19)

where P̃ is the geopotentially-perturbed anomalistic period in seconds. That is, the perturb-

ing function is averaged over an orbit of the geopotential-only dynamics propagated from the

current zeroth-order solution. In general, the integral (4.19) must be evaluated using numeri-

cal quadrature. The geopotential-only dynamics necessary to evaluate this integral, including

the necessary anomalistic period, can be found e�ciently using an analytical expression or

a variational integrator.
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4.4 Results and Discussion

In this section, results from the orbit propagation technique developed in Section 4.3 are

applied to the atmospheric drag perturbation and investigated for three representative sets of

low-Earth orbits. The chosen orbit sets, de�ned in Table 4.1, have perigee altitudes between

431 and 629 kilometers and were chosen to be representative of a range of typical low-perigee

orbits [79]. The �rst set represents a generic low-Earth orbit of moderate eccentricity, the

second a high-eccentricity orbit that has a low altitude at perigee, and the third a low-Earth

frozen orbit.

For all three sets, the error characteristics of the zeroth order MMS solution are �rst

presented in comparison to approximations given by Escobal [80, Chapter 10.4], Vallado [65,

Chapter 9], Li [70], and Dallas [81]. The approaches given by Vallado and Escobal involve

numerically averaging di�erent expressions to obtain secular drag e�ects, and do not rely

on a particular atmospheric model. The Li method gives an analytic approximation for the

drag e�ects but assumes an exponential drag model. The fully averaged approach given by

Dallas uses numerical averaging for the drag e�ects and analytical averaging for geopotential

e�ects. In these comparisons, the slow timescale derivatives in the MMS solution as well as

the corresponding secular drag e�ects for the compared methods are evaluated once per orbit

as is standard in many semi-analytical methods [72, 74]. Next, the consequences of changing

this update rate are explored for the MMS solution, including the e�ects on computation

time. Finally, the expression for the trajectory's sensitivity to changes in the drag parameter,

developed in Section 4.3.2, is evaluated for each of the example orbit sets.

The simulations in this section were performed using the conditions de�ned in Table 4.2.

Results are given both for simpli�ed orbits where higher-order geopotential perturbations

are neglected as well as for orbits where the geopotential perturbations are included. This is

done to 1) illustrate the direct e�ects of using a reduced-order approximation, 2) facilitate an

accurate comparison between the MMS solution and the other propagation methods which

do not include geopotential perturbations, and 3) highlight the trends that parallel the simple
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orbit case as well as those trends that di�er.

Table 4.1: Sets of initial parameters for three characteristic orbits

Initial Altitude

(km)

a

(km)
e

i

(deg)

Ω

(deg)

ω

(deg)

M

(deg)

P

(min)

Set 1 629.2 7078 0.01 30 0 0 0 98.8

Set 2 528.0 26562 0.74 63.4 0 0 0 718.0

Set 3 431.2 6878 7.7× 10−4 45 0 90 0 94.6

4.4.1 Atmospheric Drag Perturbation

Considering simpli�ed orbits that only consider the atmospheric drag perturbation, the evo-

lution of error for the MMS solution is shown in Keplerian elements in Figure 4.1a. By

construction, the zeroth order MMS solution has error of O(ε) and is valid for times up to

O(ε−1). As expected, then, these results show that the MMS solution exhibits a low, pre-

dominantly quasi-periodic error in all Keplerian components for each orbit set. Further, the

Keplerian element error for the MMS solution compares favorably to the error of the other

propagation methods, shown in Table 4.3. This translates to good performance in the total

magnitudes of position and velocity errors, shown for the MMS solution in Figure 4.1b. The

maximum position errors over the 100 propagated orbits, as well as the total computation

times for the various methods, are indicated in Table 4.4. While the MMS solution takes

longer to compute in this case than the methods of Vallado, Escobal, and Li, it is more

accurate than these alternate methods while remaining much faster than the exact numeri-

cal propagation. Further, it is comparable in computation time and accuracy to the Dallas

method.
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Table 4.2: List of orbit propagation simulation parameters

Description Value

Satellite Mass 500 kg

Satellite E�ective Area 1.0 m2

Satellite Drag Coe�cient 2.0

Atmosphere Model Harris-Priester (e.g., [82])

Geopotential Model Pines EGM96 (36× 36 �eld)

Numerical Integration Scheme Explicit Runge-Kutta (4,5)

Absolute & Relative Integration Tolerances Both 1× 10−14

In the two-time derivative expansion (4.6), the e�ects that depend on the fast timescale

η are separated from those that depend on the slow timescale τ . This implies that the slow

timescale derivatives change at a much slower rate than the fast timescale derivatives and do

not have to be evaluated at every time step during the numerical integration. Further, from

the MMS analysis the slow timescale is τ = εt = (ACd/2m) t. The slow timescale deriva-

tive rate of change is therefore directly dependent on the drag parameters. It is therefore

reasonable to ask how the update rate of the slow timescale derivatives in (4.15) a�ects the

error properties and computation time of the resulting propagated trajectory. The e�ect of

di�erent update rates on the corresponding maximum position error and computation time is

shown in Table 4.5. These results show that, in the absence of additional perturbations such

as higher-order geopotential e�ects, the update rate has minimal e�ect on the resulting error

even when updates only occur only intermittently due to the slow rate of change in the slow

timescale derivative. Furthermore, the results show that the overall computation time falls

dramatically as the time between updates increases indicating that, from an implementation
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Table 4.3: Simple orbits: Maximum orbital element errors over 100 propagated orbits

a (km)

×10−3

e

×10−7

i (rad)

×10−8

Ω (rad)

×10−10

ω (rad)

×10−6

M (rad)

×10−5

Set 1

Vallado 2.16 15.49 2.31 48.43 76.25 22.02

Escobal 0.06 0.07 0.00 0.00 86.17 8.93

Li 3.37 1.30 2.31 48.42 76.24 30.05

Dallas 0.23 0.36 0.00 0.00 1.13 1.43

MMS 0.05 0.06 0.00 1.35 0.72 0.27

Set 2

Vallado 10.58 1.06 2.66 4.24 0.22 17.08

Escobal 1.13 0.11 0.00 0.00 0.23 0.24

Li 136.75 9.18 2.66 4.24 0.22 242.07

Dallas 1.13 0.11 0.00 0.00 0.00 0.24

MMS 1.08 0.11 0.01 0.23 0.00 0.22

Set 3

Vallado 12.16 240.71 22.45 7.68 2454.96 328.79

Escobal 0.16 0.37 0.00 0.00 2696.71 270.30

Li 72.64 50.30 22.45 7.68 2454.96 255.45

Dallas 0.20 0.41 0.00 0.00 82.72 8.26

MMS 0.15 0.31 3.43 3.76 75.29 7.52
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Figure 4.1: Simple orbits: Di�erence between truth and approximate solution using MMS

vs time. (a) Keplerian element errors. (b) Total magnitude of position and velocity errors.

standpoint, slow updates are permissible for dealing with pure drag e�ects.

An important aspect of using MMS for orbit propagation is that it gives insight into the

e�ect of uncertainties in the parameters of the perturbing forces on an object's trajectory.

To demonstrate these bene�ts, the trajectory sensitivity expressions derived in Section 4.3.2

are now applied to the atmospheric drag perturbation. To do so, the exact and zeroth

order MMS trajectories are �rst propagated using the nominal density ρ = ρnom (~r). The

density is then changed to ρ = 1.2ρnom (~r) and the exact trajectory computed. Finally, the

trajectory sensitivity expression (4.17) is evaluated at the desired time in the trajectory and
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Table 4.4: Simple Orbits: Computation Time and Maximum Error over 100 Propagated

Orbits

Time to Compute (s) Max Position Error (m)

Set 1 Set 2 Set 3 Set 1 Set 2 Set 3

Exact Numerical Integration 2028 2273 1621 � � �

Vallado 2 5 1 1047 11736 6035

Escobal 4 10 3 35 165 72

Li 3 3 2 1614 166320 34180

Dallas 399 1292 75 40 165 62

MMS 462 1931 274 19 149 39

Table 4.5: Simple orbits: E�ect of ∂k(0)/∂τ update rates on computation time and maximum

error over 100 propagated orbits

Time to Compute (s) Max Position Error (m)

Set 1 Set 2 Set 3 Set 1 Set 2 Set 3

Exact Numerical Integration 2028 2273 1621 � � �

MMS, 0.1 Orbits/Update 4159 23066 2668 19.02 148.35 39.88

MMS, 0.25 Orbits/Update 1680 9132 1073 19.02 149.25 39.82

MMS, 1 Orbit/Update 462 1931 274 19.01 149.29 39.52

MMS, 5 Orbits/Update 100 395 57 18.99 149.28 37.94

MMS, 10 Orbits/Update 43 207 30 18.97 149.54 36.01
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the approximation

kApprox., 1.2ρnom = k(0) +
∂kε(η, τ ; ε)

∂ε
(1.2ε− 1.0ε) (4.20)

constructed at this desired point in the orbit. The results are found in Table 4.6. As

expected, the derived sensitivity function yields a good approximation in orbital element

space, signi�ed by the predicted change being of the same order of magnitude and in the

same direction as the exact change for each element. This validates the sensitivity expression

derived in Section 4.3.2, and demonstrates how the form of the MMS solution gives direct

insight into how the drag parameters a�ects the trajectory solution.

Table 4.6: Simple orbits: Change in Keplerian elements after 50 orbits due to change in drag

parameters

∆a (km)

×10−2

∆e

×10−7

∆i (rad)

×10−8

∆Ω (rad)

×10−10

∆ω (rad)

×10−4

∆M (rad)

×10−4

Set 1

Exact −0.16 −1.05 −0.23 4.84 0.08 0.47

Predicted −0.16 −1.05 −0.23 4.84 0.08 0.55

Set 2

Exact −2.09 −2.04 −0.27 0.38 0.00 1.84

Predicted −2.07 −2.03 −0.26 0.42 0.00 1.84

Set 3

Exact −1.21 4.72 −2.24 −0.42 2.45 1.69

Predicted −1.21 4.70 −2.24 −0.42 2.46 4.15
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4.4.2 Atmospheric Drag and Higher-Order Geopotential Model

For propagations including geopotential perturbations, the exact geopotential accelerations

were evaluated at every step for the methods of Escobal, Vallado, and Li, while the averaged

geopotential e�ects in the Dallas method were evaluated ten times per orbit. The corre-

sponding evolution of error in Keplerian elements for the MMS solution is shown in Figure

4.2a, and the maximum absolute errors of each Keplerian element over 100 propagated orbits

are compared for the di�erent propagation methods in Table 4.7. The alternative propaga-

tion methods all exhibit secular drift in error in every component, leading to large errors

over the propagated timespan. This is because none of these propagation methods incorpo-

rate the geopotential perturbation e�ects during the next orbit on the satellite's trajectory

when calculating the upcoming secular e�ect of drag. Further, the Dallas solution prop-

agates analytically averaged geopotential e�ects that ignore the signi�cant corresponding

short-period e�ects, leading to a large error. The MMS solution, on the other hand, exhibits

relatively small, though growing, oscillatory error in most of its components except for the

mean anomaly which exhibits slight secular drift. This drift in mean anomaly is expected

because the order ε term, M (1), is allowed to grow with time by the asymptoticity conditions

that are embedded in the MMS solution. This is most evident in the highly eccentric orbit of

Set 2, where the drift in mean anomaly for the MMS solution is faster than the drift in the

Escobal solution (which does not include any e�ects of drag on the mean anomaly). These

trends translate to the total magnitude of position and velocity error of the solutions, the

evolution of which is shown for the MMS solution in Figure 4.2b. The maximum position

errors over the 100 propagated orbits, as well as the total computation times for the various

methods, are indicated in Table 4.8. The MMS solution performs favorably in both respects

against the other methods, except as compared to the Escobal solution error for Set 2 as

was previously discussed. While the MMS solution takes longer to compute for Set 2 than

the methods of Vallado, Li, and Dallas, it is more accurate for all orbits than these solutions

while remaining faster than the Escobal solution and much faster than the exact numerical
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propagation.
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Figure 4.2: General orbits: Di�erence between truth and approximate solution using MMS

vs time. (a) Keplerian element errors. (b) Total magnitude of position and velocity errors.

For these general orbits, the e�ect of di�erent slow timescale derivative update rates on

the corresponding maximum position error and computation time is shown in Table 4.9. As

in the simple orbit case, longer intervals between updates of the slow time derivatives once

again leads to a shorter computation time. In contrast to the simple orbit cases, however, the

slow timescale update rate has a signi�cant e�ect on the error solution. This indicates that

propagations that use longer intervals between updates may not be permissible in general.

While the low-eccentricity orbits have position errors that approximately double over the
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range of simulated update rates, the highly eccentric Orbit 2 exhibits an order of magnitude

greater error at the slowest update rate than with the fastest update rate. Further, as

shown in Table 4.10, there is a corresponding trend in the maximum error of each of the

Keplerian elements. These error trends occur because geopotential e�ects can drastically

change the satellite's trajectory in between updates, leading to an inaccurate slow timescale

derivative being used in the integration. Thus, even though implementing long intervals

between updates is bene�cial from a computation time perspective, it is undesirable for

maintaining good error properties in the general case. The limiting factor for an e�ective

slow timescale derivative update rate is how quickly the other forces, such as the geopotential

perturbation, change the predicted orbit. These results imply that the update rate should

be chosen based on the nominal magnitude of the non-conservative perturbation, with a

larger magnitude corresponding to more frequent updates. By doing so, the errors in the

evaluated slow-time derivative will be mitigated by recalculation when the errors have a more

signi�cant e�ect on the trajectory solution.

As in the simple orbits case, the trajectory sensitivity expression (4.17) was used to

construct a predicted trajectory (4.20) for these general orbits with a twenty percent change

in the nominal atmospheric density. The results are presented in Table 4.11. Here, the

predicted change is close to the exact change in a, e, andM while generally under-predicting

the exact change in i, ω, and Ω. This is because the di�erences in drag perturbations generally

do not lead to orbits with meaningfully di�erent geopotential e�ects in these out-of-plane

elements at this order of approximation. Even in these more complicated cases, however,

the results demonstrate that the form of the MMS solution gives direct, meaningful insights

into how di�erences in the drag parameters manifests in the trajectory solution over time.
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Table 4.7: General orbits: Maximum orbital element errors over 100 propagated orbits

a (km)

×10−3

e

×10−6

i (rad)

×10−7

Ω (rad)

×10−7

ω (rad)

×10−4

M (rad)

×10−4

Set 1

Vallado 1.74 1.82 0.74 3.11 1.23 2.09

Escobal 1.07 0.08 0.33 2.17 1.08 0.52

Li 5.05 0.74 1.56 8.94 1.30 3.61

Dallas 4879.23 2205.48 5778.45 33661.50 1261.32 1196.85

MMS 0.07 0.09 0.02 0.16 0.06 0.10

Set 2

Vallado 274.23 2.71 4.15 3.98 0.03 1.65

Escobal 23.20 0.23 0.31 0.32 0.00 0.13

Li 4333.20 42.43 60.11 65.02 0.43 25.90

Dallas 132850.28 1253.16 2751.39 15184.39 12.15 9.56

MMS 104.82 1.02 1.52 1.58 0.01 0.64

Set 3

Vallado 26.80 22.88 9.81 35.97 434.24 445.22

Escobal 7.29 3.03 2.18 10.38 73.65 76.75

Li 114.24 8.66 34.59 155.02 84.05 127.74

Dallas 9622.42 1034.71 6970.18 11093.56 10797.10 10773.68

MMS 0.61 4.61 0.23 0.92 74.49 74.75
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Table 4.8: General Orbits: Computation Time and Maximum Error over 100 Propagated

Orbits

Time to Compute (s) Max Position Error (m)

Set 1 Set 2 Set 3 Set 1 Set 2 Set 3

Exact Numerical Integration 2176 2907 2120 � � �

Vallado 3378 1999 5877 641 11120 7870

Escobal 3879 2839 7338 408 890 2188

Li 3586 1974 6260 1673 174533 32320

Dallas 441 1275 58 44202 200002 17286

MMS 1168 2569 1497 31 4294 238

Table 4.9: General orbits: E�ect of ∂k(0)/∂τ update rates on computation time and maxi-

mum error over 100 propagated orbits

Time to Compute (s) Max Position Error (m)

Set 1 Set 2 Set 3 Set 1 Set 2 Set 3

Exact Numerical Integration 2176 2908 2120 � � �

MMS, 0.1 Orbits/Update 8385 32303 8291 29.38 3116.42 125.24

MMS, 0.25 Orbits/Update 3508 11737 3619 30.15 3221.77 132.26

MMS, 1 Orbit/Update 1168 2569 1497 31.44 4293.52 238.20

MMS, 5 Orbits/Update 542 712 814 45.44 12710.48 224.78

MMS, 10 Orbits/Update 463 473 748 65.24 35162.34 214.55
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Table 4.10: General orbits: E�ect of ∂k(0)/∂τ update rates on maximum orbital element

errors over 100 propagated orbits

a (km)

×10−4

e

×10−7

i (rad)

×10−7

Ω (rad)

×10−8

ω (rad)

×10−6

M (rad)

×10−5

Set 1

0.1 Orbits/Update 0.68 0.96 0.02 1.43 5.50 0.94

0.25 Orbits/Update 0.70 0.96 0.02 1.47 5.52 0.96

1 Orbits/Update 0.70 0.97 0.02 1.55 5.58 0.98

5 Orbits/Update 1.08 1.08 0.04 2.28 5.91 1.21

10 Orbits/Update 1.65 1.21 0.05 3.31 6.24 1.52

Set 2

0.1 Orbits/Update 760.24 7.38 1.09 11.78 0.79 4.62

0.25 Orbits/Update 786.62 7.64 1.12 12.14 0.82 4.77

1 Orbits/Update 1048.22 10.22 1.52 15.77 1.09 6.36

5 Orbits/Update 3118.36 30.67 4.56 45.25 3.24 18.81

10 Orbits/Update 8663.43 85.40 12.37 126.52 8.95 52.08

Set 3

0.1 Orbits/Update 2.50 45.84 0.11 3.95 7417.69 742.67

0.25 Orbits/Update 2.62 45.87 0.12 4.27 7435.08 744.52

1 Orbits/Update 6.11 46.07 0.23 9.16 7449.27 747.47

5 Orbits/Update 5.61 45.98 0.22 8.55 7497.00 752.05

10 Orbits/Update 5.23 45.73 0.21 8.10 7544.07 756.61
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Table 4.11: General orbits: Change in Keplerian elements after 50 orbits due to change in

drag parameters

∆a (km)

×10−2

∆e

×10−7

∆i (rad)

×10−8

∆Ω (rad)

×10−7

∆ω (rad)

×10−5

∆M (rad)

×10−4

Set 1

Exact −0.19 −1.36 −3.27 −1.81 1.14 0.45

Predicted −0.16 −0.92 −0.24 −0.00 0.91 0.55

Set 2

Exact −2.76 −2.75 4.45 0.09 0.00 2.40

Predicted −2.18 −2.13 −0.28 0.00 0.00 1.95

Set 3

Exact −1.08 5.43 4.31 −13.07 4.48 3.56

Predicted −1.18 −0.36 −2.17 −0.00 31.31 4.03
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Chapter 5

APPLICATION TO NETWORKED DYNAMICAL SYSTEMS

Consensus-based systems provide an e�ective means of distributed information-sharing

and control for networked, multi-agent systems in settings such as multi-vehicle control,

formation control, swarming, and distributed estimation; see for examples [83, 84, 85, 86, 87].

In their simplest form, consensus-based systems describe linear di�usive coupling between

agents in a static network. In practice, however, consensus is often coupled to nonlinear

tracking and dynamic weight evolution that operate over distinct timescales. This dynamic

coupling introduces several challenges for analysis. First, even if both sets of dynamics are

stable when isolated, their interconnection does not guarantee the stability of the coupled

dynamics. Second, the coupling hides and potentially changes the correspondence between

properties of the graph and the behaviour of the consensus dynamics even if stability is

maintained. It is thus unclear whether features such as reaching agreement with a given rate

of convergence will be invariant when consensus is coupled with another dynamic system.

This chapter considers three speci�c cases of network coupling over multiple timescales,

and is based on the author's works [88, 89, 35]. The �rst case considered is a state-

dependent graph problem, where agents follow a fast evolving consensus dynamics whose

underlying network interactions have their own slowly varying dynamics. Next, a continuous-

communication consensus tracking problem is investigated where agents with nonlinear dy-

namics must �quickly� track a reference given by slow consensus dynamics. The �nal case

is an intermittent-communication consensus tracking problem, where the agents can only

communicate over the network intermittently to reach agreement. In each instance, singular

perturbation theory is used to formulate reduced-order models that allow analysis of the cou-

pled system based on the behavior of the individual sets of dynamics. These reduced-order
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models are then used to develop quantitative bounds with respect to the underlying graph

topology and to the communication rate that guarantee asymptotic stability of the coupled

systems.

5.1 Literature Review

The state-dependent graph problem has been investigated from several di�erent directions in

the past. In [90] a method was proposed for maximizing the second smallest eigenvalue of the

graph Laplacian when edge weights are dependent on inter-agent distances. Controllability

was considered in [91] for discrete-event, �nite-state distributed systems operating over a

graph whose edges are dependent on relative states. On another front, a heterophilious form

of opinion dynamics was analyzed in [92] where edges are strengthened between agents with

disparate opinion states.

Consensus tracking problems have likewise been previously explored for speci�c scenarios.

Tracking is an essential assumption in much of the literature on distributed robotics [93,

94], but a reference trajectory may not be immediately realizable by agents with nonlinear

dynamics. One approach is therefore to design the distributed protocol for a particular set

of (usually homogeneous) agent dynamics [95, 96]. Alternatively, many designers assume

arbitrary levels of tracking performance, which is sometimes referred to as tracking a virtual

vehicle or virtual particle [97]. This allows, for example, distributed formation controllers to

be developed that approximately decouple a formation's shape and its center of mass [98].

In the network systems literature, singular perturbation theory has been primarily applied

to explore timescale separation within a network caused by weak connections. For example,

this approach was exploited to formulate reduced-order models for large power networks

by area-aggregation [9], dynamic equivalence [99], and slow coherency [100]. Weak inter-

node connections have also been characterized with respect to the graph structure in [101].

Further, singular perturbation methods have been leveraged to design favorable spectral

graph properties in the partial edge design problem [102]. More recently, these methods have
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been applied to the reduced-order modeling and synchronization of a network of identical

linear agents that individually exhibit multiple timescale behavior and whose graph topology

is �xed and undirected [103]. However, the existing works do not exploit the timescale

separation that naturally arises between the network layer and the agent layer. By taking

advantage of this structure, the approach detailed in this chapter is therefore adaptable to

a wide set of agent dynamics and network protocols, and gives key insight into the role

of important design parameters such as controller gains and communication rates in the

stability of coupled consensus systems.

5.2 Notation and Background

This section describes some of the speci�c notation and terminology particular to networked

dynamical systems that is used in this chapter; see [87] for further details.

An undirected, weighted graph G is made up of a node set V with cardinality |V | = n, an

edge set E with cardinality |E| = m, and a positive weight set W with cardinality |W | = m.

Associated with W is a vector of weights w under some ordering with wij referring to the

weight on the edge {i, j} ∈ E between nodes i, j ∈ V . The set of nodes adjacent to a given

node i ∈ V is denoted by N (i).

In the agreement problem, a group of dynamic agents interract with one another over a

communication graph G while attempting to reach consensus on their states. The classical

consensus dynamics de�ne a distributive protocol to reach this goal, with each agent using

only relative state information of neighboring agents. These dynamics are given in simplest

form for each agent as

q̇i =
∑
j∈N (i)

wij (qi − qj) ,

where qi ∈ Rp is the ith agent's state. Denoting the collection of agents states by q =[
qT1 , · · · , qTn

]T ∈ Rnp, the consensus dynamics can be compactly represented over all agents

in the graph as

q̇(t) = −(L(G)⊗ I)q(t), (5.1)
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where L(G) is the Laplacian matrix and ⊗ is the Kronecker product. Assuming w � 0, the

eigenvalues λi(G) of L(G) are ordered as 0 = λ1 ≤ λ2 ≤ · · · ≤ λn , λmax with the associated

normalized eigenvectors v1 , 1
n
1, v2, . . . , vn so that L(G)1 = 0. Further, the number of zero

eigenvalues of L(G) is equal to the number of connected components of G. Together, these

properties imply that under the dynamics (5.1) the agents approach the consensus subspace

Xc =
{
q ∈ Rnp

∣∣ q1 = q2 = · · · = qn
}
.

5.3 State-dependent Networks

Consider the consensus dynamics with a slowly changing state-dependent network given by

ẋ = f (x, z)

εż = −L(Gx)z, (5.2)

and illustrated in Figure 5.1. Here, z(t) ∈ Rn is the set of fast agent states, x(t) ∈ Dx ⊆ Rm

is the set of slow edge states, the function f(·) describes the slowly varying evolution of

these edge states, Gx = (V,E,W (x)) is the undirected, weighted graph whose weights wij(x)

depend on the edge states, and ε is a small, positive parameter. The parameter ε can be

interpreted as a uniform scaling factor for the weight functions W (x). Such state-dependent

networks arise, for example, when modeling social interactions with opinion dynamics [104]

or when constructing distributed protocols to ensure connectivity of multiagent systems with

distance-based communication links [87].

Several assumptions are now made to facilitate the subsequent analysis.

Assumption 1. The functions f (x, z) and L(Gx) are continuous over their respective do-

mains.

Assumption 2. There is an open set Dc ⊂ Dx over which the graph Gx is connected.

Assumption 3. There exists a positive-de�nite Lyapunov function Vslow(x) in the domain

x ∈ Dc about the equilibrium set xeq ⊆ Dc that satis�es

∂Vslow

∂x
f
(
x, z‖1

)
≤ −α1Ψ2(x, z‖),
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Figure 5.1: State-dependent network problem with fast agent states, z, and slow edge states,

x

with α1 > 0, z‖ , 1
n
1T z(0) denoting the average of the agent states, and Ψ

(
x, z‖

)
∈ R a

continuous scalar function that satis�es Ψ
(
xeq, z‖

)
= 0.

Many state-dependent weight functions W (x) = {wij(x)} �t into the class of functions

described in Assumptions 1 and 2. For example, with xij = xj − xi and ρ2 − ρ1, ρ1, δ > 0,

these weight functions include: the Hegselmann-Krausse dynamics [104] initially introduced

to describe opinion dynamics with wij(x) = min(δ − ‖xij‖ , 0), the Kuramoto dynamics

used to describe synchronization phenomenon in coupled oscillators [105] with scalar xi

and wij(x) = δ sin(xij)/xij, connectivity maintenance dynamics which through edge tension

bounds the distance between adjacent nodes [106] with wij(x) = (2δ − ‖xij‖) / (δ − ‖xij‖)2,

and the general class of edge functions whose weights are nonincreasing with distance de-

scribed by Mesbahi [90] with wij(x) = δ(ρ1−‖xij‖)/(ρ1−ρ2). More formally, Assumption 2 ensures

the applicability of reduced-order models, developed in Section 5.3.1, that characterize a sep-

aration principle between the consensus dynamics and the edge dynamics in the domain Dc.

Assumption 3 then states that the isolated edge dynamics are uniformly asymptotically sta-

ble if the agents are at consensus. This assumption will be used in Section 5.3.1 to develop

conditions that ensure that the graph stays connected if it starts connected.
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5.3.1 Reduced-Order Models

In this section, reduced-order models are developed for the dynamics (5.2) based on the

timescale separation between the slow edge states and the fast agent states as ε → 0+.

To begin, note that (5.2) is not in standard singularly perturbed form. This is because

the nullspace of L(Gx) has dimension equal to the number of connected components in the

graph; hence, the solutions of 0 = −L(Gx)z are not isolated. A separation principle between

the subsystem dynamics cannot therefore be directly applied as described in Section 2.2.

However, (5.2) can be placed in the standard form as follows. De�ne a new set of states(
z‖, z⊥

)
for the nominally fast agent dynamics, where z‖ is the average agent state and

z⊥ , Cz represents the projection of the agent dynamics onto 1⊥ =
{
z ∈ Rn

∣∣ zT1 = 0
}
.

The orthogonal matrix Q =
[
vT1 ; C

]
then de�nes an explicit transformation between z and(

z‖, z⊥
)
. Next, take z‖ as an invariant parameter of the system given that

dz‖
dt

=
d

dt
vT1 z

= vT1

(
−1

ε
L(Gx)z

)
= 0

for x ∈ Dc as de�ned in Assumption 2. The dynamics of z⊥ is then

dz⊥
dt

=
∂z⊥
∂z

dz

dt
+
∂z⊥
∂x

dx

dt

= C

(
−1

ε
L(Gx)z

)
+

∂

∂x
(Cz) f(x, z)

= −1

ε
CL(Gx)CT z⊥,

where z⊥ ∈ Rn−1. Further, these transformed fast dynamics have the unique, isolated root

z⊥ = 0 corresponding to the algebraic equation 0 = −CL(Gx)CT z⊥. The dynamics (5.2) is

therefore rewritten for x ∈ Dc in standard singularly perturbed form as

ẋ = f
(
x, z⊥; z‖

)
εż⊥ = −CL(Gx)CT z⊥, (5.3)
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where f
(
x, z⊥; z‖

)
, f

(
x, v1z‖ + CT z⊥

)
.

Reduced-order models can now be written using the transformed dynamics.

De�nition 5.1. The Reduced Slow System of (5.3) is

ẋ(0) = f
(
x(0),0; z̄

)
(5.4)

subject to x(0)(0) = x(0), where z̄ = 1T z(0) is the average of the agents' initial state.

De�nition 5.2. The Reduced Fast System of (5.3) is

d

dη
z

(0)
⊥ = −CL(Gx(0))C

T z
(0)
⊥ (5.5)

subject to z(0)
⊥ (0) = z⊥(0), where η = t/ε is the fast time and Gx(0) denotes that the graph is

�xed at the initial conditions of x.

The Reduced Fast System describes the evolution of the agent states over a fast timescale

in the limit where edge dynamics are frozen. The Reduced Slow System then describes the

evolution of the edge states in the limit where the agents have reached consensus at the

average of their initial conditions. The validity of these reduced-order models is certi�ed by

the following theorem.

Theorem 5.1. Under the dynamics (5.3) and with Assumptions 1 and 2, for any �nite T

there exists an ε0 > 0 such that, for 0 < ε < ε0, the approximations given by (5.4) and (5.5)

satisfy

x(t) = x(0)(t) +O(ε)

z⊥(t) = z
(0)
⊥ (t/ε) +O(ε)

for all t ∈ [0, T ]. Further, there exists a t1 > 0 such that the approximation

z⊥(t) = 0 +O(ε)

holds for t ∈ [t1, T ].



117

Proof. The asymptotic error bounds follow from Theorem 2.1 since the problem is in standard

form and by noting the assumptions.

The results of Theorem 5.1 state that the reduced-order models (5.4) and (5.5) provide

valid approximations of the true dynamics (5.3) on �nite time intervals provided that ε is

small enough, even without the stability of the reduced slow system guaranteed by Assump-

tion 3. In terms of the network structure, by examining the dynamics (5.3) it can be seen

that a larger λ2(Gx) makes the agent dynamics faster and thus yields a smaller e�ective ε

in Theorem 5.1. This indicates that adding edges with positive weights to the network will

tend to make the reduced-order models better approximations of the original dynamics.

5.3.2 Quantitative Stability Bounds

While Theorem 5.1 describes a qualitative separation principle between the individual sub-

systems in (5.3), quantitative bounds on ε that guarantee stability of the coupled system

are desirable. Such bounds are necessary to certify the performance of these complex, state-

dependent networks. To this end, the following theorem uses the additional information

provided by Assumption 3 to construct a Lyapunov function for the full dynamics (5.3)

from Lyapunov functions for the reduced systems (5.4) and (5.5) to guarantees asymptotic

stability of the equilibrium.

Theorem 5.2. Under the dynamics (5.3) and with Assumptions 1-3, if there exists a �mix-

ing� constant β > 0 such that

∂Vslow

∂x

{
f
(
x, z⊥; z‖

)
− f

(
x,0; z‖

)}
≤ βΨ(x, z‖) ‖z⊥‖2

for all x ∈ Dc and z⊥ ∈ Rn−1, then the set (x, z) =
(
xeq, z‖1

)
is asymptotically stable for

all ε > 0.

Proof. Construct a Lyapunov function V
(
x, z⊥; z‖

)
= (1− d)Vslow

(
x; z‖

)
+ dVfast

(
x, z⊥; z‖

)
with 0 < d < 1 for the full dynamics (5.3) from the Reduced Slow System Lyapunov function
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Vslow given by Assumption 3 and a Reduced Fast System Lyapunov function Vfast = 1
2
zT⊥z⊥.

The time derivative of this composite Lyapunov function is then

V̇ = (1− d)

{
dVslow

dx

dx

dt
+
dVslow

dz‖

dz‖
dt

}
+ d

{
dVfast

dz⊥

dz⊥
dt

+
dVfast

dx

dx

dt
+
dVfast

dz‖

dz‖
dt

}
= (1− d)

{
dVslow

dx
f
(
x, z⊥; z‖

)
+
dVslow

dz‖
0

}
+ d

{
zT⊥

1

ε
gfast(x, z⊥; z‖) + 0f

(
x, z⊥; z‖

)
+ 0)

}
= (1− d)

dVslow

dx
f
(
x, z⊥; z‖

)
− d

ε
zT⊥CL(Gx)CT z⊥

= (1− d)
dVslow

dx
f
(
x,0; z‖

)
+ (1− d)

dVslow

dx

{
f
(
x, z⊥; z‖

)
− f

(
x,0; z‖

)}
− d

ε
zT⊥CL(Gx)CT z⊥,

using the transformed coupled state dynamics (5.3).

Now, the �rst term of this time derivative can be bounded by

∂Vslow

∂x
f
(
x,0; z‖

)
≤ −α1Ψ2(x, z‖),

with α1 > 0 using Assumption 3. The mixing constant assumption in the theorem bounds

the second term by

∂Vslow

∂x

{
f
(
x, z⊥; z‖

)
− f

(
x,0; z‖

)}
≤ βΨ(x, z‖) ‖z⊥‖2 ,

with β ≥ 0. A bound on the third term is found to be

−zT⊥CL(Gx)CT z⊥ ≤ −min
x∈Dc

λ2 (Gx) ‖z⊥‖2
2 ,

where minx∈Dc λ2 (Gx) > 0 since Gx is connected on Dc. The total time derivative of the

composite Lyapunov function is then bounded by

V̇ ≤ −
[

Ψ(x, z‖) ‖z⊥‖2

]
K1

 Ψ(x, z‖)

‖z⊥‖2

 ,
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where

K1 ,

 (1− d)α1 −1
2

(1− d) β

−1
2

(1− d) β d
ε

minx∈Dc λ2 (Gx)

 .
Therefore, V̇ ≤ 0 if the matrix K1 is positive de�nite. Since traceK1 > 0, this occurs if

and only if

0 < detK1

= (1− d)α1
d

ε
min
x∈Dc

λ2 (Gx)−
1

4
(1− d)2 β2

which can be rearranged to bound ε as

ε <
d

(1− d)

4α1 minx∈Dc λ2 (Gx)
β2

. (5.6)

In particular, given 0 < d < 1 there is a corresponding ε such that inequality (5.6) is satis�ed.

Taking the limit of d→ 1 then establishes that an arbitrarily large ε may be used.

Theorem 5.2 states, perhaps surprisingly, that the coupled system (5.3) is stable for any

ε > 0 if the reduced systems are individually stable and if the di�erence between the Reduced

Slow System dynamics and the full edge state dynamics can be appropriately bounded in the

domain for some mixing constant β. However, the stability basin for a particular value of ε

may be arbitrarily small. This is because, as illustrated in Figure 5.2a, the level sets of the

composite Lyapunov function V at a given point may not be contained within Dc as d→ 1

in the proof of Theorem 5.2. If this occurs, the graph in the nominally stable consensus

dynamics will become disconnected and the dynamic coupling may cause the system to be

unstable. For practical purposes, then, it is desirable not only that the system be stable but

also that a range of desirable initial conditions are guaranteed to be contained within the

equilibrium's stability basin. The following theorem gives conditions on ε that ensure this

property.

Theorem 5.3. Under the conditions of Theorem 5.2, assume that:

1. Associated with the domain Dc is the constant vc , minx∈∂Dc Vslow(x).
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(a) (b)

Figure 5.2: Level sets of the composite Lyapunov function in Theorems 5.2 and 5.3. (a)

behavior of the level sets evaluated at (x0, z⊥,0) as d increases. (b) Level sets are contained

within the allowable domain for trajectories starting within the operating domain in Theorem

5.3.

2. There is a sub-level set Ds =
{
x
∣∣Vslow(x) ≤ vs

}
with Ds ⊂ Dc and xeq ∈ Ds such that

vs < vc.

3. There is a set Dz⊥ containing zero with the associated constant rz,max , maxz⊥∈Dz⊥ ‖z⊥‖2.

Then the set Ds×Dz⊥ is within the asymptotic stability basin of the set (x, z⊥) = (xeq, 0) for

all 0 < ε < ε?, where

ε? = 8
α1 (vc − vs) minx∈Dc λ2 (Gx)

r2
z,maxβ

2
,

with α1 provided by Assumption 3 and β de�ned in Theorem 5.2.

Proof. To �nd the su�cient bound on ε, a composite Lyapunov function is constructed

so that the function's level sets are contained within the allowable domain for all initial

conditions within the operating domain. This concept is illustrated in Figure 5.2b.
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Begin by constructing a Lyapunov function V = (1− d)Vslow

(
x; z‖

)
+ d1

2
zT⊥z⊥ with 0 <

d < 1. Then, from the proof of Theorem 5.2, V̇ ≤ 0 whenever (5.6) is satis�ed. The

particular value of d will now be chosen such that the system always starts at a level set of

the composite Lyapunov function V below which the network will not become disconnected.

In particular, note that the network is always connected for x ∈ Dc but may be disconnected

on its boundary ∂Dc. Therefore, the maximum allowable level set is de�ned by the minimum

value of Vslow on this boundary, (1−d)vc. Use this value to bound the total Lyapunov function

from above:

(1− d) vc > V
(
x, z⊥; z‖

)
= (1− d)Vslow

(
x; z‖

)
+
d

2
zT⊥z⊥.

For initial conditions within Ds×Dz⊥ , V is closest to this upper bound if zT⊥z⊥ = r2
z,max and

Vslow = vs. In this case, the bound becomes

(1− d) vc > (1− d) vs +
d

2
r2
z,max.

Rearranging, if
d

(1− d)
<

2 (vc − vs)
r2
z,max

then initial conditions in Ds are guaranteed to start below the minimum unallowable level

set. Combining this with the V̇ inequality (5.6), if

ε? = 8
α1 (vc − vs) minx∈Dc λ2 (Gx)

r2
z,maxβ

2
,

then both the maximum level set condition and the V̇ < 0 inequality condition (5.6) are

satis�ed for ε < ε? and {x, z⊥} ∈ Ds×Dz⊥ will asymptotically approach the equilibrium.

Theorem 5.3 provides an ε bound that guarantees that any initial conditions drawn from

Ds×Dz⊥ will asymptotically approach the equilibrium set (x, z) = (xeq, 0). It does not state

that trajectories will stay within Ds × Dz⊥ on their way to the equilibrium set. Instead,

this theorem provides a guarantee that the edge states x will remain within the smallest

level set of Vslow de�ned by the boundary of Dc. Practically speaking, this theorem provides

conditions to ensure that if the state-dependent graph starts connected then it will remain

connected with the agents approaching consensus.
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5.3.3 Example

Consider the dynamics (5.2) with z ∈ Rn, and x ∈ Rm composed of states xij corresponding

to edge {i, j} ∈ E. The particular dynamics de�ned for every edge is

fij(xij, z) = 1− x2
ij − |zi − zj| ,

and the weights wij(x) = xij/n. These dynamics satisfy Assumption 1, and Assumption 2 for

the set Dc ,
{
x ∈ Rm

∣∣ 0.05 ≤ xij ≤ 1.25
}
. Therefore, by Theorem 5.1 a separation principle

is guaranteed between the fast consensus dynamics and the slow edge dynamics for small

enough ε. Further, the corresponding reduced-order models, based on the isolated subsystem

dynamics, have trajectory errors of O(ε). This result is depicted in Figure 5.3, which shows

how the reduced-order models (5.4) and (5.5) become more accurate as ε decreases.

In order to �nd a bound on ε that guarantees that the coupled system (5.3) (equivalently

(5.2)) is stable from a set of possible initial conditions, take Vslow(x) = 1
4

∑
{i,j}∈E

(
1− x2

ij

)2.

Then
∂Vslow

∂x
f
(
x, z‖1

)
= −

∑
{i,j}∈E

((
1− x2

ij

)√
xij
)2
,

so Assumption 3 is satis�ed with α1 = 1 and Ψ(x) =
√∑

{i,j}∈E
((

1− x2
ij

)√
xij
)2. Further,

∂Vslow

∂x

{
f
(
x, z⊥; z‖

)
− f

(
x,0; z‖

)}
= −

∑
{i,j}∈E

(
1− x2

ij

)
xij
{(

1− x2
ij − |zi,1 − zj,1|

)
−
(
1− x2

ij

)}
=
∑
{i,j}∈E

(
1− x2

ij

)
xij |zi,1 − zj,1|

≤
∑
{i,j}∈E

(
1− x2

ij

)√
xij
√
xij,max |zi,1 − zj,1|

≤
√
xmax

∑
{i,j}∈E

∣∣(1− x2
ij

)√
xij
∣∣ |zi,1 − zj,1|

≤
√
xmax

√ ∑
{i,j}∈E

((
1− x2

ij

)√
xij
)2
√ ∑
{i,j}∈E

(zi,1 − zj,1)2

=
√
xmaxΨ(x)

√ ∑
{i,j}∈E

(zi,1 − zj,1)2,
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by use of the Schwartz inequality. With D(G) the incidence matrix of the graph G,

√ ∑
{i,j}∈E

(zi,1 − zj,1)2 =

√
(D(G)z)T (D(G)z)

= ‖D(G)z‖2

=

∥∥∥∥D(G)

(
1

n
1z‖ + CT z⊥

)∥∥∥∥
2

=
∥∥D(G)CT z⊥

∥∥
2

≤
∥∥D(G)CT

∥∥
2
‖z⊥‖2

= ‖D(G)‖2 ‖z⊥‖2 ,

and the inequality becomes

∂Vslow

∂x

{
f
(
x, z⊥; z‖

)
− f

(
x,0; z‖

)}
≤
√
xmax ‖D(G)‖2 Ψ(x) ‖z⊥‖2 .

The additional assumption in Theorem 5.2 is therefore satis�ed with β =
√
xmax ‖D(G)‖2.

Assuming a cycle graph on 5 nodes, then n = m = 5,

min
x∈Dc

λ2 (Gx) = λ2 (Gx=0.05) = 1.38× 10−2,

and ‖D(G)‖2
2 = 3.618. From the de�nition of Dc, xmax = 1.25 and the constant vc is found

as

vc = min
x∈∂Dc

Vslow(x) = 1.25.

With Ds ,
{
x ∈ Rm

∣∣ 0.25 ≤ xij ≤ 1.25
}
, the constant vs is found as

vs = max
x∈∂Ds

Vslow(x) = 1.10.

If the initial state z(0) of the agents satisfy ‖z‖∞ ≤ 1, then takeDz⊥ =
{
z⊥ ∈ R4

∣∣ ∥∥CT z⊥
∥∥
∞ ≤ 1

}
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so that

r2
z,max = max

z⊥∈Dz⊥
‖z⊥‖2

2

= max
z∈Dz
‖Cz‖2

2

≤
(
‖C‖2 max

z∈Dz
‖z‖2

)2

=

(
max
z∈Dz
‖z‖2

)2

= (‖15×1‖2)2

= 5.

Therefore, by Theorem 5.3, the initial conditions (x(0), z(0)) ∈ Ds ×Dz⊥ are guaranteed to

be within the stability basin of (5.3) for all (positive) ε less than

ε? = 8
α1 (vc − vs) minx∈Dc λ2 (Gx)

r2
z,maxβ

2

= 7.39× 10−4.

In fact, Figure 5.3 shows that the derived bound is conservative for this example. Additional

simulations indicate that the system may be stable for ε < 6.10×10−2. However, guarantees

are not available with this higher �experimental bound� for all initial conditions in Ds×Dz⊥ .

Furthermore, the separation principle is lost for these larger ε values as the subsystems' char-

acteristic timescales become commingled, leading to a loss of the well-understood behavior

of the consensus dynamics for the agent states.
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(a) (b)

(c) (d)

Figure 5.3: Comparison of state evolution for di�erent ε values in the example of Section

5.3.3. (a) Agent state trajectories. (b) Edge state trajectories. (c) Norm of agent error

trajectories. (d) Norm of edge error trajectories.
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5.4 Consensus Tracking with Continuous Communication

Consider the consensus tracking dynamics with continuous communication given by

ẋ = −(L(G)⊗ I) (I ⊗M) z = −(L(G)⊗M)z

εż = g(x, z), (5.7)

and illustrated in Figure 5.4. Here, z =
[
zT1 · · · zTn

]T is the collection of true agent states

zi(t) ∈ Dz ⊂ Rp+p0 , x =
[
xT1 · · · xTn

]T is the collection of tracked virtual consensus ref-

erence states xi(t) ∈ Dx ⊂ Rp, g(x, z) =
[
g1(x1, z1)T · · · gn(xn, zn)T

]T is the collection

of tracking dynamics gi(xi, zi), G is a connected graph, and ε is a small, positive pa-

rameter. It is assumed that the agreement states are encoded in the �rst p elements of

zi, namely [I, 0]zi , Mzi ⊂ Rp, and the remaining non-agreement states represented by

[0, I]zi , M0zi ⊂ Rp0 . In this context, the parameter ε naturally arises from control gains

embedded in the fast tracking dynamics. Inherent in the formulation of (5.7) is the assump-

tion of continuous communication between agents, which gives rise to the correspondingly

continuous evolution of the reference states, x. This assumption is reasonable, for example,

when the communication occurs quickly and at a high bandwith. Of course, inter-agent

communication is not always guaranteed to occur quickly, and such a scenario is investigated

in Section 5.5.

To aid the subsequent analysis, consider the following assumptions.

Assumption 4. The function gi(xi, zi) is continuously di�erentiable and has a unique, iso-

lated zero, namely zi = hi(xi) =
[
xTi 0T

]T
= MTxi with h(x) =

[
h1(x1)T · · · hn(xn)T

]T
=

(I ⊗MT )x the collection of these zeros.

Assumption 5. De�ning the error term ẑi = zi−hi(xi) and ẑ =
[
ẑT1 · · · ẑTn

]T
, there exists a

positive-de�nite Lyapunov function Vfast,i(ẑi) in the domains Dx and Dz containing (xi, zi) =(
xi,M

Txi
)
such that, for all zi ∈ Dz and xi ∈ Dx,

∂Vfast,i

∂ẑi
gi(xi, ẑi + hi(xi)) ≤ −α2Φ2

i (ẑi),
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Figure 5.4: Consensus tracking problem with fast agent states, z, and slow virtual consensus

states, x

where α2 > 0 and Φi(ẑi) is a continuous scalar function with Φi(0) = 0. Associated with the

collections of individual Lyapunov functions Vfast,i(ẑi) and functions Φi(ẑi) are the functions

Vfast(ẑ) =
∑n

i=1 Vfast,i(ẑi) and Φ2(ẑ) =
∑n

i=1 Φ2
i (ẑi).

Assumption 4 states that the isolated tracking dynamics has a unique equilibrium, ensur-

ing that the reduced-order models which will be developed in Section 5.4.1 are well-posed.

The equilibrium for the agreement states is the reference command, xi, while the equilib-

rium for the non-agreement states is assumed to be zero. Assumption 5 then states that

this equilibrium is uniformly asymptotically stable for a �xed reference command, a com-

mon assumption for tracking dynamics. The assumed Lyapunov function for these isolated

dynamics will be used to develop conditions that ensure stability of the coupled system (5.7)

in Section 5.4.2.

5.4.1 Reduced-Order Models

This section provides reduced-order models for the dynamics (5.7) based on the timescale

separation between the slow evolution of the consensus dynamics and the fast evolution of
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the agents' tracking dynamics as ε → 0+. By Assumptions 4 and 5, the dynamics (5.7) are

in standard singularly perturbed form. Therefore, as described in Section 2.2, reduced-order

models that describe the evolution of the individual subsystems over their characteristic

timescales can be directly de�ned as follows.

De�nition 5.3. The Reduced Slow System of (5.7) is

ẋ(0) = −(L(G)⊗ I)x(0) (5.8)

subject to x(0)(0) = x(0).

De�nition 5.4. The Reduced Fast System of (5.7) is

d

dη
z(0) = g(x̂, z(0) + h(x̂)), (5.9)

subject to z(0)(0) = z(0), where η = t/ε is the fast time and x̂ = x(0) is considered a �xed

parameter.

The Reduced Fast System describes the evolution of the agent states over a fast timescale

in the limit where the reference trajectory is �xed. The Reduced Slow System then describes

the evolution of the consensus-based reference trajectory in the limit where the agents per-

fectly track the given reference command. The validity of these reduced-order models is

certi�ed by the following theorem.

Theorem 5.4. Under the dynamics (5.7) and with Assumptions 4 and 5, for any �nite T

there exists an ε0 > 0 such that, for 0 < ε < ε0, the approximations given by (5.8) and (5.9)

satisfy

x(t) = x(0)(t) +O(ε)

z(t) = (I ⊗MT )x(0)(t) + z(0)(t/ε) +O(ε)

for all t ∈ [0, T ]. Further, there exists a t1 > 0 such that the approximation

z(t) = (I ⊗MT )x(0)(t) +O(ε)

holds for t ∈ [t1, T ].
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Proof. The asymptotic error bounds follow from Theorem 2.1 since the problem is in standard

form and by noting the assumptions.

The results of Theorem 5.4 state that, on �nite time intervals, the reduced-order models

(5.8) and (5.9) provide good approximations of the true dynamics (5.7) when ε is small

enough. With regard to the network structure, by examining the dynamics (5.7) it can be

seen that a smaller λmax(G), which is correlated with the maximum node degree, makes the

consensus dynamics slower relative to the fast agent dynamics, yielding a smaller e�ective

ε and thus tending to make the reduced-order models better approximations of the true

dynamics.

5.4.2 Quantitative Stability Bounds

The qualitative separation principle described by Theorem 5.4 implies that, for small enough

ε, the tracking dynamics can in general be designed separately from the network dynamics.

For any particular manifestation and implementation of these dynamics, however, quantita-

tive bounds on ε are required that certify the stability of the coupled system (5.7). Such

bounds are now described by the following theorem, which constructs a Lyapunov func-

tion for the full dynamics from Lyapunov functions for the reduced systems to guarantee

asymptotic stability of the consensus subspace.

Theorem 5.5. Under the dynamics (5.7) and with Assumptions 4 and 5, if there exists

�mixing� constants β1, β3, γ2 ≥ 0 such that

1. −xT⊥(L(G)⊗M)ẑ ≤ β1 ‖x⊥‖2 Φ(ẑ)

2.
∂Vfast
∂ẑ

(
L(G)⊗MT

)
((I ⊗M) ẑ + x⊥) ≤ β3 ‖x⊥‖2 Φ(ẑ) + γ2Φ(ẑ)2

for all x ∈ Dx and z ∈ Dz, where ẑ = z−h(x) and x⊥ , x− 1
n
(11T ⊗I)x, then the consensus

subspace is asymptotically stable for all 0 < ε < ε?, where

ε? =
α2

γ2 + β1β3
λ2(G)
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and α2 is de�ned in Assumption 5.

Proof. Construct a Lyapunov function V = (1− d)Vslow (x) + dVfast (x, z), with 0 < d < 1

for the full dynamics from a Reduced Slow System Lyapunov function Vslow = 1
2
xTx and the

Reduced Fast System Lyapunov function Vfast given in Assumption 5. Using

dẑ

dx
=

d

dx
(z − h(x))

=
d

dx

(
z −

(
I ⊗MT

)
x
)

= −
(
I ⊗MT

)
,

the time derivative of this composite Lyapunov function is then found to be

V̇ = (1− d)xT
dx

dt
+ d

{
dVfast

dẑ

dẑ

dz

dz

dt
+
dVfast

dẑ

dẑ

dx

dx

dt

}
= − (1− d)xT (L(G)⊗ I)x− (1− d)xT (L(G)⊗M)ẑ

+ d
1

ε

dVfast

dẑ
g(x, ẑ + h(x))

+ d
dVfast

dẑ

(
I ⊗MT

)
(L(G)⊗M) (ẑ + h(x)) .

Now, the �rst term of this time derivative is bounded by

−xT (L(G)⊗ I)x ≤ −λ2(G)xT⊥x⊥,

where x⊥ = x − x‖, the di�erence between the state x and its average component in each

dimension x‖ , 1
n
(11T ⊗ I)x. The second component is bounded as

−xT (L(G)⊗M)ẑ = −
(
x⊥ + x‖

)T
(L(G)⊗M)ẑ

= −xT⊥(L(G)⊗M)ẑ

≤ β1 ‖x⊥‖2 Φ(ẑ),

using the theorem's �rst assumption, while the third component is bounded by

dVfast

dẑ
g(x, ẑ + h(x)) =

n∑
i=1

∂Vfast,i

∂ẑi
gi(xi, ẑi + hi(xi))

≤ −
n∑
i=1

α2Φ2
i (ẑi)

= −α2Φ2(ẑ),
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using Assumption 5. The last term is bounded by

dVfast

dẑ

(
I ⊗MT

)
(L(G)⊗M) (ẑ + h(x)) =

dVfast

dẑ

(
L(G)⊗MTM

)
(ẑ + h(x))

≤ β3 ‖x⊥‖2 Φ(ẑ) + γ2Φ(ẑ)2,

using the mixed-product property of the Kronecker product and the theorem's second as-

sumption. The total time derivative of the composite Lyapunov function is then bounded

by

V̇ ≤ −
[
‖x⊥‖2 Φ(ẑ)

]
K2

 ‖x⊥‖2

Φ(ẑ)

 ,
where

K2 ,

 (1− d)λ2(G) −1
2
{(1− d) β1 + dβ3}

−1
2
{(1− d) β1 + dβ3} dα2/ε− dγ2

 .
Therefore, if the matrix K2 is positive de�nite then V̇ < 0 when x 6= x‖ and ẑ 6= 0. Since

traceK2 > 0, this occurs if and only if

0 < detK2 = d(1− d)λ2(G)
(α2

ε
−γ2

)
−1

4
{(1−d)β1+dβ3}2

In particular, given 0 < d < 1 there is a corresponding ε such that this inequality is satis�ed.

To �nd the value of d that maximizes ε while guaranteeing V̇ < 0 when x 6= x‖ and ẑ 6= 0,

note that the above inequality can be viewed geometrically as a condition on a parabola in

s , d/(1− d):

β2
3s

2 +
[
2β1β3 − 4λ2(G)

[α2

ε
− γ2

]]
s+ β2

1 < 0 (5.10)

The parabola has zeros at

s
∣∣
zeros

=
1

2β2
3

(
−
[
2β1β3 − 4λ2(G)

[α2

ε
− γ2

]]
±
√[

2β1β3 − 4λ2(G)
[α2

ε
− γ2

]]2

− 4β2
1β

2
3

)
,

(5.11)

and is non-negative at s = d = 0 and at s = ∞ ⇔ d = 1. The parabola therefore has

negative values, leading to V̇ < 0, when the zeros are real. This occurs for

ε < εcrit ,
α2

γ2 + β1β3
λ2(G)

,
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which is associated with scrit = (d/(1− d))crit = β1/β3. Taking ε? = εcrit then provides the

result.

The result of Theorem 5.5 is a su�cient bound on ε that guarantees the convergence of the

consensus tracking dynamics. The bound is improved as the speed of the tracking dynamics is

increased (α2 becomes larger), and is diminished as the mixing constants β1, β3, and γ2 grow

larger. These results are guaranteed for initial conditions within an unspeci�ed neighborhood

of the consensus subspace. In many cases, however, stability guarantees are desired from a

particular range of starting conditions. To this end, the following theorem gives bounds on

ε that guarantee that a given set of initial conditions is within the equilibrium's basin of

attraction.

Theorem 5.6. Under the conditions of Theorem 5.5, assume that:

1. Associated with the domain Dx×Dz is the constant vz , min(x,z)∈∂(Dx×Dz) Vfast(z−h(x)).

2. There is a sub-level set Do =
{

(x, z) ∈ Dx ×Dz

∣∣Vfast(z − h(x)) ≤ vo
}
with Do ⊂ Dx×

Dz and
(
x||, h(x‖)

)
∈ Do such that vo < vu.

Then the consensus subspace Xc is asymptotically stable from initial conditions (x, z) ∈ Do

for all 0 < ε < ε?, where

ε? =


α2

γ2+
β1β3
λ2(G)

, β1
β3
> ζ

2

α2

γ2+
(ζβ23+2β1β3)

2

8λ2(G)β23ζ

, otherwise
,

with rx,max , maxx∈Dx ‖x‖2 and ζ , r2
x,max/(vz − vo).

Proof. To �nd the su�cient bound on ε, a composite Lyapunov function is constructed

so that the function's level sets are contained within the allowable domain for all initial

conditions within the operating domain.

As in Theorem 5.5, construct the composite Lyapunov function as V = (1− d) 1
2
xTx +

dVfast(ẑ), with 0 < d < 1. Now, the question is how to choose d (and therefore ε) such that
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a desired domain of stability is maintained. Intuitively, the key is to never let the agent

states out of the domain where the tracking dynamics are guaranteed to work. Therefore,

the maximum allowable level set is de�ned by the minimum value of Vfast on its boundary,

dvz. So, bound the total Lyapunov function from above by

dvz > V (x, z) = (1− d)
1

2
xTx+ dVfast (x, z) .

The Lyapunov function is closest to the bound if xTx = r2
x,max, so the system is guaranteed

to start below the maximum allowable level set if

d

(1− d)
>

r2
x,max

2 (vz − vo)
. (5.12)

(a) (b)

Figure 5.5: The two cases for the level set and V̇ conditions in the proof of Theorem 5.6.

(a) Case 1. (b) Case 2.

Now, from Theorem 5.5, V̇ < 0 if the parabola inequality (5.10) is satis�ed . This occurs

for ε < εcrit at the associated point (d/(1− d))crit. There are two cases to consider. In the

�rst case, the level set condition (5.12) holds for a minimum d/(1−d) less than (d/(1− d))crit,
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and the bound on ε may be taken as ε?1 = εcrit since both the level set and the V̇ condition

will hold at (d/(1− d))crit. Otherwise, the second case holds where the minimum level set

value is to the right of (d/(1− d))crit and ε must be set smaller so that the parabola has a

lower minima and both conditions are satis�ed at the same value of d/(1 − d). These two

cases are visualized in Figure 5.5. In the second case, set the right-hand zero of the parabola

to occur at
d

1− d
=

r2
x,max

2 (vz − vo)
. (5.13)

That is, at the smallest value of d/(1 − d) given by the level set condition so that there

is overlap between the intervals where (5.12) and (5.10) are satis�ed. Using (5.13) in the

equation for the parabola zeros (5.11) yields

r2
x,max

2 (vz − vo)
=

1

2β2
3

(
−
[
2β1β3 − 4λ2(G)

[α2

ε
− γ2

]]
+

√[
2β1β3 − 4λ2(G)

[α2

ε
− γ2

]]2

− 4β2
1β

2
3

)
.

This equation is satis�ed by

ε?2 =
α2

γ2 + (ζβ2
3 + 2β1β3)

2
/ (8λ2(G)β2

3ζ)
,

where ζ = r2
x,max/(vz− vo). The overall bound for ε is therefore found dependent on the case

as

ε? =

ε
?
1, if β1

β3
> ζ

2

ε?2, otherwise

,

with

d? = max

{
β1

β1 + β3

,
rx,max

rx,max + 2 (vz − vo)

}
as the associated value of d.

In Theorem 5.6, two cases are presented for the upper bound ε?. In the �rst case, the

desired set of initial conditions are found to be within the neighborhood guaranteed by the

results of Theorem 5.5, yielding the same bound. In the second case, however, a di�erent



135

composite Lyapunov function must be chosen to ensure that the state trajectories stay within

Dx × Dz, yielding a di�erent corresponding bound. The stability bounds in Theorem 5.5

and 5.6 can be further related to graph-based features when Assumption 5 admits a special

Lyapunov function. This is summarized in the following corollary.

Corollary 5.1. For the dynamics and assumptions of Theorem 5.5 with Assumption 5 satis-

�ed by Vfast = ẑT (M ⊗ I)T Q (M ⊗ I) ẑ+W (M0ẑ) for 0 � Q � qI, some positive semide�nite

function W (·) ∈ Rd0 → R, and Φ(ẑ)2 = ẑT
(
MTM ⊗ I

)
ẑ, then the upper bound on ε that

guarantees stability is

ε? =
α2

λmax(G)q
(

1 + λmax(G)
λ2(G)

) .
If the assumptions of Theorem 5.6 are additionally applied, then the upper bound is further

re�ned as

ε? =


α2

λmax(G)q
(

1+
λmax(G)
λ2(G)

) , if 1
q
> ζ

2

α2

λmax(G)
(
q+

(ζq+2)2

8ζ
λmax(G)
λ2(G)

) , otherwise
,

with rx,max , maxx∈Dx ‖x‖2 and ζ , r2
x,max/(vz − vo).

Proof. Theorems 5.5 and 5.6 are satis�ed with use of the Cauchy-Schwarz inequality using

β1 = λmax(G) and β3 = γ2 = λmax(G)q.

It is clear from Corollary 5.1 that a larger value of ε? occurs when the ratio λmax(G)/λ2(G)

is close to unity while, analogously to the qualitative results of Theorem 5.4, λmax(G) is small.

Together, these trends indicate that regular graphs and expander graphs will give particularly

large stability bounds. Further, with the additional assumptions of Theorem 5.6 in place,

these results show the quantitative e�ect on the ε bound of di�erent sets of initial conditions.

5.4.3 Example

Consider the consensus tracking problem

ẋi = −
∑
j∈N (i)

(yi − yj) ,
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where x =
[
xT1 , . . . , x

T
n

]T ∈ R2n is the vector of desired planar positions of the agents and

y =
[
yT1 , . . . , y

T
n

]T ∈ R2n is the vector of true positions. For unicycle-type robots, an agent's

bearing state can be written as ψi = atan2(yi)+π−θi with atan2(·) the four-quadrant inverse

tangent, which encodes the angle between the vehicle principle axis θi and the position vector

yi and over all agents forms the vector ψ = [ψ1, . . . , ψn]T ∈ Rn. Under control adapted from

[107] and with zi = [yi, ψi]
T , the closed-loop dynamics of the ith agent may then be written

in the form (5.7) as

εżi =

 − cos2 ψi (yi − xi)

−
(
kα
kd

)
ψi

 , (5.14)

where ε = 1/kd and where kd, kα > 0 are the controller gains. Assigning ẑi = zi − hi(xi) =

zi −MTxi, then the Lyapunov function

Vfast,i(ẑi) =
1

2
ẑTi
(
MTM

)
ẑi +

1

2
ẑiM

T
0 M0ẑi

=
1

2
(yi − xi)T (yi − xi) +

1

2
ψ2
i

de�ned for each agent satis�es

∂Vfast,i

∂ẑi
gi(xi, ẑi + hi(xi)) = − cos2 ψi (yi − xi)T (yi − xi)− (kα/kd)ψ

2
i

≤ −(yi − xi)T (yi − xi)−
(
kα
kd
− (yi − xi)T (yi − xi)

)
ψ2
i

= −ẑTi
(
MTM

)
ẑi −

(
kα
kd
− ẑTi

(
MTM

)
ẑi

)
ψ2
i .

Restricting the domain to kα/kd > ẑTi
(
MTM

)
ẑi, Corollary 5.1 is satis�ed with α2 = n and

Q = 1
2
I. For an eight node pseudo-barbell network with wij = 1 for all edges, λ2 = 0.29

and λmax = 4.90. The consensus subspace Xc is therefore asymptotically stable for all

0 < 1/kd < ε? where

ε? =
2n

λmax(G)
(

1 + λmax(G)
λ2(G)

)
= 0.18.



137

Results can be seen in Figure 5.6 for various values of ε, showing that the system is asymp-

totically stable for ε < ε? while for slow tracking with ε = 0.6 the asymptotic stability is

lost.

(a) (b)

(c) (d)

Figure 5.6: Comparison of agent evolution for di�erent ε values in the example of Section

5.4.3. (a) Agent state trajectories for ε < ε?. (b) Agent state trajectories for slow tracking.

(c) Norm of agent error trajectories for ε < ε?. (d) Norm of agent error trajectory for slow

tracking.
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5.5 Consensus Tracking with Intermittent Communication

Consider the leader-follower consensus tracking dynamics with intermittent communication

given by

x+ = (K(G)⊗M)z +

 rref

0

 , t = tk

ż = g(x, z, t; ν), t 6= tk, (5.15)

and for which one particular manifestation is shown, for example, in Figure 5.7. Here, z =[
zT1 · · · zTn

]T is the collection of true agent states zi(t) ∈ Dz ⊂ Rp+p0 , x =
[
xT1 · · · xTn

]T is the

collection of tracked virtual consensus reference states xi(t) ∈ Dx ⊂ Rp,

g(x, z, t) =
[
g1(x1, z1, t)

T · · · gn(xn, zn, t)
T
]T is the collection of tracking dynamics gi(xi, zi, t),

G is a connected graph,

K(G) ,

 01×n

[In −∆L(G)]2:n, 1:n


is the discretized leader-follower Laplacian with step size ∆ [87], rref ∈ Rp is the leader's

reference input, and tk ∈ {t0, t1, . . .} are the distinct communication times with ν , 1/(tk −

tk−1) measuring the current update rate. The di�erences between communication times are

assumed to be lower bounded by tk − tk−1 ≥ µ > 0. As in the continuous-time consensus

tracking problem of Section 5.4, the �rst p elements of zi, namely [I, 0]zi ,Mzi ⊂ Rp, encode

the agreement states and the remaining elements, [0, I]zi ,M0zi ⊂ Rp0 , the non-agreement

states. In contrast to the continuous-communication problem of Section 5.4, however, the

dynamics given by (5.15) assume that inter-agent communication occurs only intermittently.

This assumption leads to the use of a discrete protocol for the reference states, x, and is

natural when communication power or bandwith is limited.

The following will be assumed in the ensuing analysis.

Assumption 6. The vector �eld g(r, z, t; ν) is Lipschitz in its arguments and has a Lipschitz

derivative in its second argument for all r ∈ Dx and z ∈ Dz.
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(a) (b)

Figure 5.7: Distributed attitude consensus for a network of satellites with intermittent com-

munication with fast agent states, z, and slow virtual consensus states, x. (a) The set of

reference attitudes updates distributively at time tk over a barbell-like graph. (b) Each

satellite's attitude evolves toward its reference attitude between discrete updates.

Assumption 7. The isolated tracking dynamics de�ned by ż = g(r, z, t; 0) are uniformly

asymptotically stable about zeq = (I ⊗MT )r for all �xed r ∈ Dx.

Assumption 8. De�ning the error term ẑi = zi −MTxi and ẑ =
[
ẑT1 · · · ẑTn

]T
, each vector

�eld gi can be written as

gi (xi, zi, t; ν) = Aiẑi + g̃i (xi, zi, t; ν) ,

where Ai ∈ Rp×p and g̃i is bounded over Dx and Dz as

‖g̃i (xi, zi, t; ν)‖2 ≤ ẑTi Riẑi + νẑTi Eiẑi

with Ri, Ei ∈ Rp×p.

Assumption 6 allows trajectories of the tracking dynamics to remain close to one an-

other given small di�erences in the initial conditions and reference commands (e.g., [62,

Chapter 3]). Assumption 7 then states that the isolated tracking dynamics have agreement
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states that are stable about the �xed reference command and non-agreement states that are

stable about zero. Together, these conditions ensure that the reduced-order models which

will be developed in Section 5.5.1 are well-posed. Assumption 8 then restricts the class of

nonlinearities in the tracking dynamics. Nonlinearities of these types are standard in the

interconnected systems literature and cover a wide class of practical systems including the

attitude dynamics of precision-pointing spacecraft [8, Chapter 6] and multimachine power

systems [108, 109]. This assumption will be used in Section 5.5.2 to help develop quantitative

bounds on the update rates that ensures stability of the coupled system (5.15).

5.5.1 Reduced-Order Models

This section provides reduced-order models for the dynamics (5.15) based on the timescale

separation between the slow evolution of the consensus dynamics and the fast evolution of

the agents' tracking dynamics as µ → ∞. With Assumptions 6 and 7, and following the

analysis described in Section 3.4.2, reduced-order models that describe the evolution of the

individual subsystems over their characteristic timescales can be de�ned as follows.

De�nition 5.5. The Decision System of (5.15) is

x(0)
(
t+k
)

= (K(G)⊗ I)x(0)(t−k ) +

 rref

0

 , (5.16)

subject to x(0)(0) = x(0).

De�nition 5.6. De�ne the kth time interval between discrete communication instances as

Ik ,
{
t ∈ R

∣∣ tk ≤ t < tk+1

}
and the elapsed time within this interval as η , t − tk. The

Interval Correction System of (5.15) is then de�ned separately for each interval Ik as

˙̂zk(η) = g
(
x(0)(t+k ), ẑk(η) + (I ⊗MT )x(0)(t+k ), η + tk; 0

)
(5.17)

subject to ẑ0(0) = z(0) − (I ⊗ MT )x(0)(0) for the �rst interval and

ẑk(0) = (I ⊗ MT )
{
x(0)

(
t−k
)
− x(0)

(
t+k
)}

otherwise, and where x(0) is the state vector of

the decision system de�ned in (3.88).
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The Decision System (5.16) describes the reduced-order behaviour of the isolated discrete-

time network dynamics with the continuous-time agent dynamics perfectly tracking their

state-dependent equilibrium. Note that the system is purely discrete. The Interval Correc-

tion System then describes the evolution of the isolated continuous agent dynamics towards

the equilibrium trajectory between each set of consecutive discrete updates. The initial con-

ditions are based on the state vector x(0) of the Decision System alone; they are independent

of the state of the interval correction system on any previous intervals. The validity of these

reduced-order models is certi�ed by the following theorem.

Theorem 5.7. Under the dynamics (5.15) and with Assumptions 6 and 7, for any tf ≥ 0

there exists a µ0, 0 < µ0 < ∞, such that for all µ ≥ µ0 the approximations given by (5.16)

and (5.17) satisfy

x(t+k ) = x(0)(t+k ) + O(1)

z(t) = (I ⊗MT )x(0)(t+k ) + ẑk(t− tk) + O(1)

for all t ∈ [t0, tf ]. Further, for each interval Ik between discrete updates with tk < tf , there

is a tj with tk < tj ≤ tk+1 such that the approximation

z(t) = (I ⊗MT )x(0)
(
t+k
)

+ O(1)

holds for all t ∈ [tj, tk+1).

Proof. With Assumptions 6 and 7 in place, the asymptotic error bounds follow since the

problem satis�es the conditions of Theorem 3.5.

The results of Theorem 5.7 state that, over a �nite number of network updates, the

reduced-order models (5.16) and (5.17) provide good approximations of the true dynam-

ics (5.15) when µ is large enough. Practically speaking, this theorem provides qualitative

conditions under which it is reasonable for the networked decision dynamics to be designed

separately from the agents' tracking dynamics.
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5.5.2 Quantitative Stability Bounds

Given the qualitative results of Theorem 5.7 and the fact that the reduced-order Decision

System is stable for appropriate choice of ∆, it is reasonable to ask under what conditions the

coupled dynamics (5.15) is stable. If the reduced-order discrete-time Decision System (5.16)

is designed assuming that the continuous-time agent dynamics are always at their state-

dependent equilibrium, then too-frequent updates may lead to instability of the coupled

dynamics (5.15). This is because at the time of the next update the continuous-time states

will not have had a chance to reach their new equilibrium and may in fact have initially

moved away from this equilibrium due to non-minimum phase behaviour [10, Chapter 6].

This section therefore details an approach to �nd su�cient lower bounds on µ above which

the full system is guaranteed to be stable.

In order to analyze the coupled system's stability, begin by rewriting (5.15) in terms of

the error coordinates x̃ , x−1⊗rref and z̃ , z− (I⊗MT )x = z− (I⊗MT )x̃− (1⊗MT rref).

The discrete x̃ dynamics are then

x̃+ = x+ − 1⊗ rref

= (K(G)⊗M)z +

 rref

0

− 1⊗ rref

= (K(G)⊗M)
(
z̃ + (I ⊗MT )x̃+ (1⊗MT rref)

)
+

 rref

0

− 1⊗ rref

= (K(G)⊗M)z̃ + (K(G)⊗ I)x̃+ (K(G)1⊗ rref) +

 rref

0

− 1⊗ rref

= (K(G)⊗M)z̃ + (K(G)⊗ I)x̃+

 0

1⊗ rref

+

 rref

0

− 1⊗ rref

= (K(G)⊗M)z̃ + (K(G)⊗ I)x̃,

using the mixed-product property of the Kronecker product and the fact that K(G)1 =

[0, 1T ]T . Now, after a discrete update the agents' reference trajectories change due to the
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updated value of the discrete network state vector, x, and z̃ is thus correspondingly updated

as

z̃+ = z − (I ⊗MT )x+

=
{
z̃ + (I ⊗MT )x̃+ (1⊗MT rref)

}
−
{

(I ⊗MT )x̃+ + (1⊗MT rref)
}

= z̃ + (I ⊗MT )x̃− (I ⊗MT )x̃+

= z̃ + (I ⊗MT )x̃− (I ⊗MT ) {(K(G)⊗M)z̃ + (K(G)⊗ I)x̃}

= z̃ + (I ⊗MT )x̃− (K(G)⊗MTM)z̃ − (K(G)⊗MT )x̃

=
(
I − (K(G)⊗MTM)

)
z̃ +

(
(I −K(G))⊗MT

)
x̃

, Fz z̃ + Fxx̃.

Finally, in between updates the z̃ dynamics are

˙̃z = ż

= g (x, z̃ + h(x, t), t; ν)

= diag{Ai}z̃ + g̃ (x, z̃, t; ν)

, Az̃ + g̃ (x, z̃, t; ν) ,

with

‖g̃ (x, z̃, t; ν)‖2 ≤ z̃Tdiag{Ri}z̃ + νz̃Tdiag{Ei}z̃

, z̃TRz̃ + νz̃TEz̃

by Assumption 8. Therefore, the error dynamics are summarized as

x̃+ = (K(G)⊗M)z̃ + (K(G)⊗ I)x̃, t = tk

z̃+ = Fz z̃ + Fxx̃, t = tk

˙̃z = Az̃ + g̃ (x, z̃, t; ν) , t 6= tk. (5.18)

With these formulations in place, the following theorem gives quantitative bounds on µ that

guarantee stability of the composite system.



144

Theorem 5.8. For the dynamics (5.15) under Assumptions 6 and 8, if for some µ? there

are matrices P1, P2 > 0 and positive scalars dij, β,κ, such that the LMIs

Φ ≤ 0, Ω ≤ 0, Ψ ≤ 0

hold with

Φ ,

 (K(G)⊗ I)TP1(K(G)⊗ I)− d11P1 (K(G)⊗ I)TP1(K(G)⊗M)

∗ (K(G)⊗M)TP1(K(G)⊗M)− d12P2

 ,

Ω ,

 κP2 + P2A+ ATP2 + βR + (β/µ?)E P2

∗ −βI

,
and

Ψ ,

 −d21P1 + F T
x P2Fx F T

x P2Fz

∗ −d22P2 + F T
z P2Fz

,
and such that

ρ

 d11 d12e
−κµ?

d21 d22e
−κµ?

 ≤ 1

where ρ(·) denotes the spectral radius of a matrix, then the dynamics (5.15) reach consensus

about (xeq, zeq) =
(
1⊗ rref, 1⊗MT rref

)
for all µ ≥ µ?.

Proof. The proof follows by construction of a vector Lyapunov function and analysis of the

corresponding comparison system. To begin, assume the vector Lyapunov function U(t) =

[V1(t), V2(t)]T (see [110, Chapter 2], for example) for the error dynamics (5.18) with V1 =

x̃TP1x̃, V2 = z̃TP2z̃, and Pi > 0. Further assume that the LMIs are satis�ed for some µ?LMI.

Since µ comes into the LMIs through a positive semi-de�nite matrix, the LMIs are also

satis�ed for all µ ≥ µ?LMI. In the following, the collection of error states will be denoted by

q ,
[
x̃T , z̃T

]T
.

For V1 , calculating the derivative for t ∈ Ik yields

V̇1 = 2x̃TP1
˙̃x

= 0,
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since x̃ only changes at the discrete jumps. Over jumps,

V +
1 = x̃+TP1x̃

+

= ((K(G)⊗M)z̃ + (K(G)⊗ I)x̃)T P1 ((K(G)⊗M)z̃ + (K(G)⊗ I)x̃)

= qT

 (K(G)⊗ I)TP1(K(G)⊗ I) (K(G)⊗ I)TP1(K(G)⊗M)

∗ (K(G)⊗M)TP1(K(G)⊗M)

 q.
Adding and subtracting d11V1 and d12V2, where d11, d12 ≥ 0, this can be further arranged as

V1

(
t+k
)

= qTΦq + d11V1 + d12V2. Since Φ ≤ 0, the inequality

V1

(
t+k
)
≤ d11V1

(
t−k
)

+ d12V2

(
t−k
)

therefore holds.

For V2, the derivative along trajectories for t ∈ Ik satis�es

V̇2 = 2z̃TP2
˙̃z

= 2z̃TP2 {Az̃ + g̃ (x, z̃, t; ν)}

≤ 2z̃TP2 {Az̃ + g̃ (x, z̃, tν)}+ β
(
z̃TRz̃ + µz̃TEz̃ − ‖g̃‖2)+ (κV2 − κV2)

where κ, β ≥ 0, since ‖g̃‖2 ≤ z̃TRz̃ + µz̃TEz̃. This can be rearranged as

V̇2 ≤

 z̃

g̃

T Ω

 z̃

g̃

− κV2,

and therefore

V̇2 ≤ −κV2

holds since Ω ≤ 0. Over jumps, similarly to the V +
1 case,

V +
2 = z̃+TP2z̃

+

= {Fz z̃ + Fxx̃}T P2 {Fz z̃ + Fxx̃}

= qT

 F T
x P2Fx F T

x P2Fz

∗ F T
z P2Fz

 q
= qTΨq + d21V1 + d22V2



146

where d21, d22 ≥ 0. Thus,

V2(t+k ) ≤ d21V1(t−k ) + d22V2(t−k )

holds since Ψ ≤ 0.

The vector Lyapunov function U(t) has been shown to satisfy

U̇ �

 0 0

0 −κ


︸ ︷︷ ︸

B

U

and

U
(
t+k
)
�

 d11 d12

d21 d22


︸ ︷︷ ︸

D

U
(
t−k
)
,

where v � u implies vi ≤ ui for all i. A comparison system for the dynamics is therefore

u(t+k ) = Du(t−k )

u̇ = Bu, (5.19)

subject to u(t0) = U(t0). It follows from [110, Theorem 2.11] that the stability properties of

the zero solution of (5.19) imply the corresponding stability properties of the error dynamics

(5.18), or equivalently the stability of the original dynamics (5.15) about (xeq, zeq).

To analyze stability of (5.19), construct the state evolution of u at t ∈ Ik as

u(t) = eB(t−tk)

k∏
i=1

DeB(ti−ti−1)u(t0)

= eB(t−tk)

k∏
i=1

D̃(ti − ti−1)u(t0),

where D̃ is explicitly calculated as

D̃(ti − ti−1) =

 d11 d12e
−κ(ti−ti−1)

d21 d22e
−κ(ti−ti−1)

 . (5.20)
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Now, ‖u(t)‖ is bounded if each D̃ has spectral radius of at most one. Therefore, choosing

µ? ≥ µ?LMI such that max
∣∣∣λ(D̃(µ?)

)∣∣∣ ≤ 1, and noting that max
∣∣∣λ(D̃(µ)

)∣∣∣ is monotonic in

µ, the original system (5.15) is stable about (xeq, zeq) for all µ ≥ µ?.

The results of Theorem 5.8 yield stability bounds for the hybrid-time system. The ma-

trices in the LMIs are slack matrices that allow a simpler comparison system to be analyzed

in the proof instead of the original dynamics. This comparison system is based on Lyapunov

functions for the individual continuous-time and discrete-time dynamics. Examining the

conditions of the theorem, if the continuous evolution of the tracking dynamics z̃ de�ned in

(5.18) is faster or more stable then the Ω ≤ 0 condition will tend to be satis�ed for a larger

κ. This will then lower the necessary µ? since the spectral radius condition is monotonic in

κ. Analogously to the continuous-time consensus tracking case, it can also be seen that there

is a tradeo� on the µ? bound between the maximum and minimum spectral values of the

network dynamics. In particular, a larger maximum singular value of K(G) tends to raise

the necessary values of d11 and d12 that satisfy the Φ ≤ 0 condition, thereby increasing the

necessary µ? to satisfy the spectral radius condition. Similarly, a smaller minimum singular

value of K(G) tends to increase the maximum singular values of Fx and Fz and therefore

raise the necessary values of d21 and d22 that satisfy the Ψ ≤ 0 condition, again resulting in a

larger µ? that satis�es the spectral radius condition. Of course, the acquired bounds may be

conservative since they are based on particular Lyapunov functions. However, the outlined

approach can be easily adapted if more information, such as more appropriate Lyapunov

functions, are known for the reduced-order models.

It is interesting to note that the approach used in Theorem 5.8 can be directly extended

to analyze the stability of a more general class of systems. Consider dynamics of the form

x+ = Kx+ f̃ (x, z̃, tk; ν) , t = tk,

ż = g (x, z, t; ν) , t 6= tk, (5.21)

where the the z dynamics have a unique equilibrium z = h(x, t) when x is �xed. Then,

de�ning the error state z̃ = z− h(x, t) and q = [xT , z̃T ]T , assume that f̃ is bounded over Dx
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and Dz as ∥∥∥f̃∥∥∥2

≤ qT

 J11 J12

JT12 J13

 q + µqT

 E11 E12

ET
12 E13

 q , qTJ1q + µqTE1q,

and that the vector �eld g can be written as

g (x, z̃ + h(x, t), t;µ)− ∂h(x, t)

∂t
= Az̃ + g̃ (x, z̃, t; ν) ,

where g̃ is bounded over Dx and Dz as

‖g̃ (x, z̃, t, µ)‖2 ≤ z̃TRz̃ + µqT

 E21 E22

ET
22 E23

 q , z̃TRz̃ + µqTE2q,

for J11, E11, E21 ∈ Rnx×nx , J12, E12, E22 ∈ Rnx×nz , and J13, E13, E23, R ∈ Rnz×nz . Further

assume that the jump in the z̃ states after a discrete update

∆h , h (x, tk)− h (f (x, z̃ + h(x, tk), k; ν) , tk)

is bounded over Dx and Dz as

‖∆h‖2 ≤ qT

 J21 J22

JT22 J23

 q , qTJ2q,

with J21 ∈ Rnx×nx , J22 ∈ Rnx×ny , and J23 ∈ Rny×ny . Then the following theorem provides

bounds on the minimum time between updates, µ, which guarantee the stability of (5.21).

Theorem 5.9. For the dynamics (5.21), if for some µ? there are matrices P1, P2 > 0 and

positive scalars dij, β, γi, κi, such that the LMIs

Φ ≤ 0, Ω ≤ 0, Ψ ≤ 0

hold with

Φ ,


−d11P1 +KTP1K + γ1J11 + (γ1/µ

?)E11 γ1J12 + (γ1/µ
?)E12 KTP1

∗ −d12P2 + γ1J13 + (γ1/µ
?)E13 0

∗ ∗ −γ1 + P1

 ,
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Ω ,


−κ1P1 + (β/µ?)E21 (β/µ?)E22 0

∗ κ2P2 + P2A+ ATP2 + βR + (β/µ?)E23 P2

∗ ∗ −βI

 ,
and

Ψ ,


−d21P1 + γ2J21 γ2J22 0

∗ −d22P2 + P2 + γ2J23 P2

∗ ∗ −γ2I + P2

 ,
and such that

ρ

 d11 + d12κ1
κ2

(
1− e−κ2µ?

)
d12e

−κ2µ?

d21 + d22κ1
κ2

(
1− e−κ2µ?

)
d22e

−κ2µ?

 ≤ 1

where ρ(·) denotes the spectral radius of a matrix, then the dynamics (5.21) are stable about

zero for all µ ≥ µ?.

Proof. The proof follows the vector Lyapunov approach outlined in Theorem 5.8 for an

assumed vector Lyapunov function U(t) = [V1(t), V2(t)]T with V1 = xTP1x, V2 = z̃TP2z̃, and

Pi > 0. Again, the LMIs are satis�ed for all µ ≥ µ?LMI since µ comes into the LMIs through

a positive semi-de�nite matrix.

For V1, time derivatives between discrete updates yield V̇1 = 0. Over jumps,

V +
1 = f (x, z̃ + h, k;µ)T P1f (x, z̃ + h, k;µ)

=
(
Kx+ f̃

)T
P1

(
Kx+ f̃

)
≤

 q

f̃

T Φ

 q

f̃

+ d11V1 + d12V2

≤ d11V1 + d12V2

since 0 ≤ γ1

[
qTJ1q + νqTE1q −

∥∥∥f̃∥∥∥2
]
and because Φ ≤ 0.
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For V2, time derivatives between discrete updates satisfy

V̇2 = 2z̃TP2 (Az̃ + g̃ (x, z̃, t, µ))

≤

 q

g̃

T Ω

 q

g̃

+ κ1V1 − κ2V2

≤ κ1V1 − κ2V2,

using 0 ≤ β
(
z̃TRz̃ + νqTE2q − ‖g̃‖2) and the fact that Ω ≤ 0. Over jumps, similarly to the

V +
1 case,

V2

(
t+k
)

= {z̃ + ∆h}T P2 {z̃ + ∆h}

≤

 q

∆h

T Ψ

 q

∆h

+ d21V1 + d22V2

≤ d21V1 + d22V2

since 0 ≤ γ2

[
qTJ2q − ‖∆h‖2] and Ψ ≤ 0.

Therefore, the vector Lyapunov U satis�es

U̇ �

 0 0

κ1 −κ2


︸ ︷︷ ︸

B

U

and

U
(
t+k
)
�

 d11 d12

d21 d22


︸ ︷︷ ︸

D

U
(
t−k
)

where � denotes a component-wise inequality, and a comparison system for the dynamics is

u(t+k ) = Du(t−k )

u̇ = Bu, (5.22)

subject to u(t0) = U(t0). It follows from [110, Theorem 2.11] that the stability properties of

the zero solution of (5.22) imply the corresponding stability properties of (5.21). The state
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evolution of u is constructed as

u(t) = eB(t−tk)

k∏
i=1

D̃(ti − ti−1)u(t0),

where

D̃(ti − ti−1) =

 d11 d12e
−κ(ti−ti−1)

d21 d22e
−κ(ti−ti−1)

 . (5.23)

So, ‖u(t)‖ is bounded if each D̃ has spectral radius of at most one. Noting that as µ→∞,

lim
µ→∞

λ
(
D̃(µ)

)
=

(
d11 +

d12κ1

κ2

, 0

)
the condition is feasible if d11 + d12(κ1/κ2) ≤ 1. Therefore, choosing µ? ≥ µ?LMI such that

max
∣∣∣λ(D̃(µ?)

)∣∣∣ ≤ 1, and noting that max
∣∣∣λ(D̃(µ)

)∣∣∣ is monotonic in µ, the original system

(5.21) is stable for all µ ≥ µ?.

5.5.3 Example

Consider a group of satellites communicating intermittently over a network to distributively

reach consensus on their attitude as illustrated in Figure 5.7, where the ith satellite's attitude

is represented by the Modi�ed Rodrigues Parameters (MRPs) σi ∈ R3. Further assume that

one satellite, the leader, has knowledge of the desired attitude σdesired for the group. A

distributed protocol for the ith satellite's reference attitude is then provided by the discrete

leader-follower dynamics

σ+
ref,i =

σdesired, i = 1

σi + ∆
∑

j∈N (i) (σi − σj) , i 6= 1

,

on the satellites' undirected communication graph, G, where ∆ is a �xed step size. Under

appropriate closed loop control [75, Chapter 8], the ith satellite's attitude error kinematics

are described by

d

dt

 σ̂i

σ̇i

 =

 0 I3

−ci,1I3 −ci,2I3

 σ̂i

σ̇i

+

 0

g̃i(σ̂i, σ̇i, t)

 ,
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where σ̂i = σi − σref,i, and where g̃i accounts for the nonlinear e�ects of imperfect actuation

in the control. This is a tracking controller that stabilizes to hi(x, t) =
[
σTref,i, 01×3

]T when

σref,i is �xed.

The discrete evolution of the satellites' reference attitudes, x =
[
σTref,1 · · ·σTref,n

]T , and
continuous evolution of their true states, z =

[
σT1 , σ̇

T
1 , · · · , σTn , σ̇Tn

]T , can be equivalently

written as the coupled system

x+ = (K(G)⊗M)z +

 σdesired

03(n−1)×1

 , t = tk

ż = A

z(t)−

 x
(
t+k
)

03n×1

+ g̃ (x, z, t) , t 6= tk (5.24)

where

A , diag


 03×3 I3

−ci,1I3 −ci,2I3

 ,

and

g̃ (x, z, t) , [0T , g̃1(σ̂1, σ̇1, t)
T , · · · ,0T , g̃n(σ̂n, σ̇n, t)

T ]T .

With the satellite and network parameters de�ned in Table 5.1, the dynamics (5.24) are of

the form (5.15) and satisfy the conditions of Theorem 5.7. Therefore, the corresponding

reduced-order models given by (5.16) and (5.17) hold for this system. As shown in Figures

5.8a and 5.8b, these reduced-order models become good approximations of the true dynamics

as the minimum time µ between discrete updates increases.

To �nd a bound on µ that guarantees stability, note that Assumptions 7 and 6 are satis�ed

for the values in Table 5.1 and by assuming that R ≤ (0.01)2 ⊗ I. The LMIs and spectral

radius inequality in Theorem 5.8 are then satis�ed using the constants de�ned in Table 5.2,

providing the bound µ? = 33 time units. As expected, Figure 5.8c shows that the hybrid-

time system is stable when µ = 33. However, the bound given by any particular combination
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of parameters that satisfy Theorem 5.8 may be conservative. For these particular initial

conditions, Figure 5.8d demonstrates that the satellites exhibit unstable oscillations in their

attitudes when µ = 10 time units. In this particular case, the instability is due to a resonance

phenomenon where the distributed decisions on new reference attitudes are made when

satellites have overshot their previous reference attitudes. For large enough µ, however, the

satellites' attitudes settle closer to their individual references which allows the discrete leader-

follower consensus protocol to evolve in a stable fashion as designed. This example illustrates

the potential danger of too-frequent communication updates even for systems where the

discrete network dynamics and continuous agent dynamics are stable when isolated.

Table 5.1: Simulation parameters for the example of Section 5.5.3

Parameter Value

ci,1 1

ci,2 0.4

∆ 0.4

G Barbell-like graph shown in Figure 5.7
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Table 5.2: Values of constants that satisfy Theorem 5.8 for the example of Section 5.5.3

Parameter Value

P1 I

P2 Solution to P2A+ AP2 + I = 0

d11 0.9750

d12 28.5469

d21 16.1391

d22 10.0091

β 310.9920

κ 0.3016

µ? 33
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(a) (b)

(c) (d)

Figure 5.8: Comparison of state evolution for di�erent µ values in the example of Section

5.5.3. (a) Trajectories of a particular satellite's �rst MRP within a normalized interval

between communication instants. (b) Evolution of a particular satellite's �rst MRP reference

command. (c) Evolution of all 8 satellites' attitudes when µ = 33 = µ?. (d) Evolution of all

8 satellites' attitudes when µ = 10 < µ?.
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Chapter 6

CONCLUSIONS AND FUTURE WORK

The research detailed in this dissertation has focused on advancing and applying multiple

scale methods to complex dynamical systems.

First, a generalized multi-scale analysis method was developed in Chapter 3 for reduced-

order modeling of systems where multiple timescales arise due to heterogeneous time depen-

dency. It was �rst shown how this approach extends classical multiple timescale approaches

to systems that depend on a combination of continuous time and/or discrete clocks. The

generalized approach was then applied to discrete, multirate systems and to hybrid-time sys-

tems. In both cases, the approach demonstrated how discrete clock rates can cause multiple

timescale behaviour in these systems, and this behaviour was exploited to formulate reduced-

order models. Further, these developed approximations were shown to satisfy asymptotic

error bounds for both these classes of systems, and their e�cacy was demonstrated by several

numerical examples.

Next, in Chapter 4, MMS was applied to the problem of propagating satellite trajecto-

ries subject to non-conservative perturbing forces. The developed trajectory solution takes

advantage of the timescale separation between the fast e�ects of central-body gravitation

and the slow e�ects of the perturbation. Importantly, the resulting approximations have

known error properties that are dependent on the nominal parameters of the perturbation.

Comparisons with previous propagation methods illustrated these error properties for the

case of atmospheric drag and con�rmed the accuracy and computational e�ciency of the ap-

proach for a range of representative low-Earth orbits. Further, an expression was developed

for the trajectory's sensitivity to di�erent perturbation parameters by exploiting the multi-

ple timescale form of the trajectory solution. Simulations veri�ed that this approach gives
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accurate insight into the e�ects of uncertainties in the parameters of the non-conservative

perturbation, even in the presence of high-order geopotential e�ects.

Finally, Chapter 5 investigated three problems in networked dynamical systems. In the

�rst case, a set of fast consensus dynamics was considered where the edge weights had

their own slowly varying dynamics. The second case examined a problem where fast agents

attempt to track reference trajectories given by slow consensus dynamics, assuming that

communication over the network is continuous. The third case then explored a similar

consensus tracking problem where the communication between agents was instead assumed

to occur only intermittently. In each case, reduced-order models were formulated based on

the natural timescale separation between the agent dynamics and the network dynamics.

It was then shown how stability properties of these reduced-order models can be used to

develop quantitative bounds on the graph topology and on the communication rate that

guarantee stability of the full systems. Numerical examples illustrated the e�ectiveness of

the reduced-order models and demonstrated how violation of the derived quantitative bounds

can cause instability in the various scenarios.

There are several avenues for possible future research that stem from this work. One

possible direction is to investigate how other update rules governing discrete updates, besides

the clock-based rules considered here, may also cause multi-scale behaviour. For example,

reduced-order models similar to those developed in Section 3.4.2 may apply if discrete updates

occur instead when the norm of the tracking error, ‖z − h(x, t)‖, is below some bound

ε. With regard to orbit propagation applications, it would be interesting to explore how

trajectory sensitivity expressions could be derived in the presence of several non-conservative

perturbations. This avenue is especially important for orbital regimes beyond low-Earth orbit

where the nominal magnitudes of various perturbing forces are comparable. For applications

in networked dynamical systems, one possibility for future work is to extend these results

to directed graphs, which can help re�ect sensing asymmetries for heterogeneous agents.

Another potential extension is to relax the condition on a connected graph to consider

graphs whose union over some time interval is connected. A third area of possible research
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is to use these methods to investigate the control of networks, for instance in cases where a

node is taken over by a malicious agent.
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