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Abstract

Advances and Applications of Multiple Scale Methods in Complex Dynamical Systems

Armand Issam Awad

Chair of the Supervisory Committee:
Assistant Professor Anshu Narang-Siddarth
Aeronautics & Astronautics

High dimensionality, numerical stiffness, and complex subsystem interactions pose fun-
damental challenges for the design, analysis, and certification of modern aerospace systems.
This dissertation addresses these issues by leveraging multiple timescale behaviour to for-
mulate mathematically rigorous reduced-order models that are then used to simplify design,
treat numerical stiffness, and provide conditions under which desired behaviour is guaranteed
for the original system. The approach is based on concepts of asymptoticity and singular
perturbation theory.

First, classical multiple scale methods are generalized to analyze classes of systems that
depend on a combination of continuous time and/or discrete clocks. It is shown how discrete
clock rates cause multiple timescale behaviour to occur in these systems, and corresponding
reduced-order models are developed along with asymptotic error bounds on the resulting
approximations.

Next, a new technique is developed for efficiently and accurately propagating the trajec-
tories of satellites that are subject to non-conservative forces such as atmospheric drag and
solar radiation pressure. Importantly, the approach gives explicit insight into the effects of
parametric uncertainties in these non-conservative forces on the resulting trajectory solution.

Finally, reduced-order design and analysis is investigated for several problems in net-

worked dynamics systems. In particular, conditions are provided under which the dynamics



of the agents can be designed separately from the dynamics of the network process. Further,
quantitative bounds are established on the underlying graph topology and on the agents’
communication rate that guarantee desirable behaviour when these separately designed dy-

namics are coupled together.
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Chapter 1

INTRODUCTION

1.1 Motivating Challenges

Rising levels of complexity in aerospace systems lead to high dimensionality and numerical
stiffness, as well as complex interconnections between computer algorithms and the physical
components they control. These characteristics pose fundamental challenges to accurately
modeling, analyzing, and verifying such systems, and can lead to unmodeled and undesirable
behaviour [1]. Analysis methods and approximation techniques are therefore required that
can rigorously meet these challenges and give insight into the conditions under which desired

behaviour is guaranteed [2].

Consider the problem of propagating satellite trajectories for space situational aware-
ness. In this context, tens of ground-based sensors must keep track of tens of thousands of
space objects. Efficient propagation methods that are accurate over known time domains are
therefore required to keep custody of these objects in between sensor measurements [3]. How-
ever, these objects are acted upon by non-conservative perturbing forces such as atmospheric
drag and solar radiation pressure that cause the dynamics to be numerically stiff, making
direct numerical approaches infeasible. Further complicating these efforts is the fact that
the perturbing forces are subject to parametric uncertainties. While it is known that these
perturbation effects manifest on a much slower timescale than the fast two-body motion, the
structure of these effects on satellite position and velocity under changes in the perturbing
forces remains unclear. A need therefore exists for new trajectory propagation methods that
give rigorous insight into these effects so that space objects can be more effectively tracked

with only sparse measurements.



Heterogeneous time systems, where evolution of the system states depends on a com-
bination of continuous time and/or discrete clocks, arise naturally in distributed robotics
problems. Here, autonomous agents move continuously about their environment while com-
municating with each other over a network to make decisions. One approach to analyzing
these types of complex systems is to assume that the agents’ network communication oc-
curs very quickly, leading to a purely continuous-time set of dynamics [4]. However, designs
based on this continuous behaviour can break down as the time between communication
updates becomes too large, leading to instability [5, 6|]. An alternative approach is then to
view the updates over the network as occurring only intermittently, producing an inherently
hybrid-time character in the dynamics. Intuitively, if the robots move quickly relative to the
slow discrete updates over the network, then the robots will reach their goal and the net-
work dynamics will evolve as if the robots are always at their state dependent equilibrium.
This implies a decoupling between the continuous-time robot dynamics and the discrete-
time network dynamics that is based on the different characteristic timescales over which
the subsystems evolve. Such a separation between the subsystem dynamics is useful because
it decreases the complexity of analyzing the composite system by allowing the formulation of
reduced-order models based on the isolated subsystems. However, current approaches do not
give the necessary mathematical rigour on what conditions are required for such a separation
to hold nor on what behaviour is induced by coupling two subsystems with different time

dependencies.

In both the orbit propagation problem and the networked robotics problem, the evolution
of the system states occurs in both slow and fast layers. This multiple timescale behaviour
appears in many natural and engineering applications. In physical chemistry, for example,
reactions can oscillate around a chemical equilibrium for long period of time before quickly
transitioning to a different equilibrium [7]. Another example is hierarchical control schemes,
where reference commands change much slower than the fast tracking dynamics [8]. A third
example occurs in power grids, where fast dynamics occur within densely connected areas

while slow dynamics occur between sparsely connected regions [9].



Concepts from singular perturbation theory provide an effective approach for dealing
with such multiple timescale systems [10]. Singular perturbation theory, discussed in Chap-
ter 2, allows mathematically rigorous and uniformly valid approximate solutions to be found
for complex differential equations and difference equations. The approximate solutions are
simpler to find than exact solutions because they are based on solutions to reduced order
models that describe the system’s behaviour over individual timescales, applying mathemat-
ical rigour to the intuitive notion of timescale separation. These reduced order models can
be used for analysis, estimation, and control, while aiding in the search for conditions where
higher-order dynamics can no longer be ignored [11]. However, the characteristic of hetero-
geneous time dependency places this class of systems outside the current body of singular
perturbation theory. A need therefore exists to extend multi-scale methods to systems that
depend on a combination of continuous time and/or discrete clocks, and to apply singular

perturbation approaches to problems in orbit propagation and networked dynamical systems.

1.2 Summary of Contributions

This dissertation addresses the challenges discussed above, and provides the following con-
tributions.

In Chapter 3, a new mathematical framework is developed for reduced-order modeling of
systems where multiple timescales arise due to heterogeneous time dependency. In particular,
this approach provides the necessary qualitative and quantitative insight for heterogeneous
time systems by: 1) demonstrating how timescales manifest in these complex systems and
how they are related to discrete clock rates; and 2) generalizing asymptotic techniques for
reduced-order modeling, and in particular multi-scale methods, to these systems. With this
generalized multiple timescale framework in place, the developed approach is then applied
to two particular classes of heterogeneous-time systems. The first is a class of discrete-time
systems whose evolution depends on multiple discrete-time clocks with different update rates.

The second is a class of hybrid-time systems which evolve continuously in between impulsive



updates that are governed by a discrete-time clock. In both cases, the singularly perturbed
structure of the problem is made clear, reduced-order models are found, and corresponding
asymptotic error bounds are proven to be correct in terms of the discrete clock rates.

A new orbit propagation technique is developed in Chapter 4 for propagating the trajecto-
ries of satellites subject to non-conservative perturbing forces. Based on the classical method
of multiple scales, the resulting trajectory approximations have known error properties that
are dependent on the nominal parameters of the perturbation. Unlike other approaches,
this method of multiple scales approach is shown to give direct insight into the trajectory’s
sensitivity to different perturbation parameters. These tools allow direct insight into how
parametric uncertainty affect a satellite’s trajectory and are expected to be particularly
useful for the specific problem of object tracking and catalog maintenance.

Chapter 5 examines interactions across multiple timescales that occur in networked dy-
namic systems. Three scenarios are explored: 1) a state-dependent graph problem where
fast consensus dynamics are paired with slowly-varying edge weights; 2) a continuous-
communication consensus tracking problem where slowly-evolving consensus dynamics are
tracked by fast agents; and 3) an intermittent-communication consensus tracking problem
where the agents can only communicate over the network intermittently to reach consensus.
For each scenario, singular perturbation theory is first used to develop mathematically rig-
orous reduced-order models based on the timescale separation that naturally arises between
the network layer and the agent layer. Stability properties of these reduced-order models
are then used to establish quantitative bounds on the underlying graph topology and on
the communication rate which guarantee stability of the full system. These bounds provide

verification tools which are necessary for certification of these complex networked systems.



Chapter 2
BACKGROUND ON SINGULAR PERTURBATION THEORY

Timescales exist in many systems, but in certain systems these timescales induce singular
perturbations in the dynamics of the system [12]. In particular, these systems are called
singularly perturbed when the presence of a small parasitic parameter changes the order of
the system. Multiple timescale methods based on asymptotics and singular perturbation
theory were first applied to flight dynamics by Ashley [13], while Lagerstrom and Kevorkian
used these approaches in the area of orbital mechanics to find patched conics solutions to
the planar restricted three-body problem [14].

The importance of multiple timescale methods is emphasized by two main advantages.
The first advantage is that these approaches allow reduced-order equations to be formed,
aiding in the design of simple control laws that are amenable to implementation on embedded
hardware. The second advantage is that, importantly, the solutions obtained using these

simplifications come with a priori asymptotic bounds on their error.

2.1 Asymptotics and Singularly Perturbed Problems

Often, systems contain a small parasitic parameter €, known as the perturbation parameter.
The presence of this perturbation can complicate system analysis, for example by changing
the system’s dynamic order or by adding non-linearities. In this case questions arise about
when it is permissible to ignore the presence of the perturbation and deal with only the
simplified problem, and how the presence of the perturbation changes the behaviour of the
solution.

Asymptotic analysis addresses these questions by examining the limiting behaviour of

functions as the perturbation parameter approaches a particular value. In this document,



the perturbation parameter will usually (though not always) be denoted by €, and the limiting
value will often be taken to be zero. A basic idea in asymptotic analysis is whether or not a
particular function is negligible with respect to another function in this limit. The Landau
asymptotic order relationships formalize this notion as follows (see [15, Chapter 1] for a

detailed discussion).

Definition 2.1. A function a(t;¢) is said to be asymptotically smaller than, or “small-Oh”
of, a function b(¢;¢) in the limit of € — ¢ if over a given domain D;

a(t;e)
11m =
e—6 b(t; €)

for all t € D;. This relationship is then denoted by a(t;¢) = o(b(t; ¢)).

A simple example of this “small-Oh” relationship is given by the functions a(t;e) = € and

b(t;e) = 1 in the limit of ¢ — 07. Then ¢ = o(1) holds because

a(t;e) . €

= lim —

e—0+ b(t;€) e—0+ 1
= 0

for all ¢.

Definition 2.2. Over a given domain Dy, a function a(t;¢) is said to be of the same order
as, or “big-Oh” of, a function b(¢;¢) in the limit of ¢ — § if

a(t;e)
11m =
e—0 b(t; 5)

for some k € (0,00) and all ¢ € D;. This relationship is then denoted by a(t;€) = O(b(t; €)).

As an illustration of the “big-Oh” relationship, consider a(t;e) = 1+t and b(t;e) = 2=

in the limit of ¢ — 07. Over a fixed and finite domain for ¢, D; = {t e R|0 < ¢ < T}, then

a(t;e) .1+t
= lim 3
e—0t b(t, 8) e—0t I_-I-E
1+t

3 Y



and thus 1+t = O(l%s) over this domain. However, over larger domains this relationship

does not hold. If t = 1/¢, for example, then

1/¢; 1+1
lim —a( /€€) = lim +3 /e
e—0t b(1/¢g;¢€) 0t T
= o

so that 14t # 0(1%8) As this example shows, the domain of interest is integral to whether

or not a particular asymptotic relationship holds.

Definition 2.3. Over a given domain D,, a function a(t;e) is said to be asymptotically
equivalent to a function b(¢; ) in the limit of ¢ — § if

a(t;e)
111 =
e—d b(t; €)

for all ¢ € D;. This relationship is then denoted by a(t;¢) ~ b(t; ¢).

The notion of asymptotic equivalence is essential to defining a simpler approximation
to a complex function when the perturbation parameter is close to its limiting value. For
example, a(t;e) = cost is asymptotically equivalent to b(t;e) = {1 +In(1+€)} cost in the
limit of ¢ — 0% for all ¢ because

I cost 1
im =
e—0+ {1 +1In(l +¢)}cost

Therefore, the simpler a(;¢) can be taken as a uniformly valid approximation to b(t;¢) in
the limit of ¢ — 0T. Of course, such an approximation is not unique (e.g., the function
c(t;e) = cos(t + &) is also asymptotically equivalent to b(t;¢)).

To obtain simple approximations for a perturbed dynamical system, it is therefore natural
to seek a solution z.(t;¢), dependent on the time ¢ as well as perturbation parameter ¢, in

the form of an asymptotic series expansion
z(t;e) = Zai (t;€), (2.1)

where a;(t;e) = 0 (a;—1(t;€)). Such a form is attractive because it means that higher-order

terms in (2.1) are well-behaved for small enough ¢ and do not dominate the overall solution.



If such an expansion is separable for all ¢ in the domain of interest so that
a;(t;e) = di(e)au(t)

for a; = O(1), it is called regularly perturbed. In this case the perturbation may be ignored for
small enough values of €. Otherwise, the problem is called singularly perturbed. This means
that, in the limit of € approaching zero, any uniformly valid approximation over the given
domain must incorporate effects of the perturbation parameter. While these perturbation-
dependent effects may manifest in many different forms, two of the most common are the
boundary layer type singularity and the secular type singularity. Systems that exhibit these
singularities, and approaches to finding uniformly valid approximations for them, are exam-

ined in the following sections.

2.2 Boundary Layer Singularities and Standard Form

Boundary layer singularities have historically been very important in the analysis and control
of dynamical systems [12]. This type of singularity is especially apparent in the class of

dynamic systems given by

#(t) = f(t,2(t), 2(t); )

£3(t) = g(t, (1), 2(0); ), (2.2)

where z(t) € D, C R™ and z(t) € D, C R, and subject to the initial conditions z(0) = x
and z(0) = zp. A system of this type is said to be in standard singularly perturbed form [10]
if

1. The vector fields are bounded and continuously differentiable in their arguments.

2. Each root z(t) = h; (t,x(t)) of the algebraic equation 0 = g(¢, x(t), 2(¢); 0), found by

setting ¢ = 0 in (2.2), are isolated.



The states x are then called the slow states and z the fast states. These conditions ensure
that intuitive reduced-order dynamics, the Reduced Slow System and Reduced Fast System,
are well-defined.

To illustrate how a singularity arises in this class of problem, first assume a solution in
the form

w(t) = Y ea(t)

i>0

At) = > e0).

>0

Substituting the assumed form of the solution into (2.2) and equating orders of € then yields

the zeroth order equation

2O(t) = f (t,20t), 20 (1); 0)

0= g(t,2(t),29(¢); 0),

subject to 2(?(0) = zy. This implies that the fast state z(?) is always at one of the isolated
roots 20 (t) = h (t,2(t)) of the algebraic equation 0 = g(t, 2 (t), 29 (¢); 0). Substituting

0)

this state-dependent equilibrium trajectory into the equation for #(¥ then gives the Reduced

Slow System as

$O@) = f(t,290),h(t,29(t));0). (2.3)

These reduced-order dynamics describe the behaviour of the slow states (¥ as if the fast
states 2(”) are always at their state-dependent equilibrium & (¢, 2()(¢)). By doing so, however,
this reduced-order model ignores the initial conditions and behaviour of z(?) as these states
evolve towards the equilibrium trajectory, and is therefore valid for ¢ = O(1) but not for
t = O(e). Intuitively, then, singularities in boundary layer-type problems are seen to occur
because any separable asymptotic expansion must ignore some of the initial conditions.
However, progress can still be made in finding a uniformly valid solution.

To obtain a set of reduced-order dynamics that accounts for the fast z behaviour, instead



10

rewrite the original dynamics (2.2) in terms of a scaled time 7 = t/¢ as

where the prime denotes the derivative with respect to 7. Again, assume a solution of the
form

x(r) = Zeix(i)(ﬂ

1>0

2(1) = Z ez (1)

i>0
in the rescaled dynamics and equate orders of ¢ in the result. The zeroth-order equation

then defines the Reduced Fast Model as

(1) =0

20(7) = g(0,20(7), 20 (7); 0), (24)

subject to 2(9(0) = 2y and 2(%(0) = 2. This model describes the evolution of the fast states

0) 0)

29 over a stretched timescale for which the slow states z(

when 7 = O(1/¢).

are constant, but breaks down

While individually neither (2.3) nor (2.4) are valid approximations of the original dy-
namics (2.2) over the whole time domain, together they provide the possibility of such an
approximation. The validity of these combined reduced-order models to the full dynamics
are described by Tikonov-Levinson theory, which yields mathematical rigor and justifies the

use of these reduced-order models in analysis and controller design.

Theorem 2.1. [10, Theorem 2.1] Consider the standard singularly perturbed system defined
by (2.2), and assume that:

1. The functions f and g are continuous in open sets D, and D, of the variables x and

z, respectively.
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2. There is a root 29 (t) = h (t,9(t)) of the algebraic equation
0= g(t, 2O(t), 29(t);0)
which is 1solated in the domain D,.

3. For all 2V € D,, the isolated root 2V (t) = h (t,2O(t)) is the asymptotically stable

equilibrium point of the boundary-layer equation
2 = g(t,2,29;0)
in which £ and t are fized parameters.

4. The region of influence of the asymptotic equilibrium point 2 (t) = h (t, z(©) (t)) in the

boundary-layer equation includes the initial values.

Then, for any finite T there exists an €y > 0 such that, for 0 < e < gg, the approrimations
given by the Reduced Slow System (2.8) and the Reduced Fast System (2.4) satisfy

z(t) = zO)+ O(e)

2(t) = 29(t/e) + O(e)

for allt € [0,T). Further, there exists a t; > 0 such that the approximation
2(t) = h(t,2901)) + O(e)
holds for t € [ti,T].

Importantly, higher order approximations can also be found for boundary layer singularity
dynamics such as (2.2) using the method of composite asymptotic expansions [15, 16]. In
particular, this approach constructs higher-order expansions valid for 7 = O(1) and t = O(1)
and that each satisfy a relevant subset of the initial conditions. The individual asymptotic

expansions can then be matched to form a composite asymptotic expansion that meets all of



12

the initial conditions and that is uniformly valid on bounded ¢ intervals. In this context then,
Theorem 2.1 certifies that these zeroth order regular expansions, described by the Reduced
Slow and Reduced Fast systems, together form an asymptotically valid approximation if
the reduced dynamics satisfy the relevant conditions. These results can also be extended
analogously for nested, multi-layer systems [10, Chapter 2|.

Given the powerful results for systems in standard form, there has been a significant
focus on formulating problems in this way. For example, non-dimensionalization has been
used to identify the perturbation parameter in aerospace systems [12]. Work has also been
done on finding coordinate transforms that yield a system in standard form [17, 18|. Un-
fortunately, this involves solving partial differential equations in the general case which can
make the coordinate transform approach intractable. The results for standard form systems
in continuous-time have also been analogously formulated for discrete-time systems with
similar structure [19, 20].

To this point in time, the majority of singular perturbation theory has focused on either
strictly continuous-time or strictly (single-clock) discrete-time systems. However, practical
control systems are often dependent on a mix of possibly multiple discrete clocks and/or
continuous-time components. These heterogenous-time systems are a subset of hybrid sys-
tems [21], for which there has recently been significant interest. Much of the focus in this
area has been on certifying stability of hybrid systems, and the work on singularly perturbed
hybrid systems has mirrored this interest. Of particular note is the extension of Tikonov-
Levinson theory to singularly perturbed hybrid systems [22] of the form

2= (=yie) (z,y) € C x U (2.5)
ey = f(zy;¢)
(y)" €Glzy) } (sy) € DxV,

where ¥ must be a compact set and the notation (z,%)" € G(z,v), (2,9) € D x ¥ means a
discrete jump to a point in the set G(z,y) when (z,y) is in the set D x ¥. Results are given

in terms of an averaged hybrid system, and the closeness of solutions to the full system to
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solutions of the averaged system. Conditions are also given under which global asymptotic
stability of the averaged system implies semi-global practical asymptotic stability of the
full system. Singularly perturbed impulsive differential equations have been investigated
where the continuous-time subsystem is assumed to be exponentially stable and the discrete
updates occur at fixed times [23, 24]. There has also been some work that focuses on the
limit of very fast discrete updates [4, 25]. In this regime, hybrid systems are approximated
by continuous-time systems in an approach called dehybridization. Timescale separation
due to slow discrete updates has only been applied conceptually to particular systems and
classes of systems, for example in creating a hybrid-time control for certain under-actuated
systems where purely continuous-time control approaches cannot yield controllability |26, 27].
However, a more systematic approach has not been formulated that yields insight into the

role of the discrete clock rates and that can give higher-order approximations.

2.3 Secular Singularities and the Method of Multiple Scales (MMS)

Secular singularities arise when trying to find asymptotic approximations valid over a long
time domain to systems with small disturbances |28, 16]. Intuitively, such singularities occur
because the effects of a small disturbance can build up to have non-negligible effects over

sufficient time. A simple example illustrates the issue.
Example 2.1. Consider the Duffing oscillator described by

i+ x=cr’ (2.6)
and search for a solution in the form of the asymptotic series

w(t) =Y (1), (2.7)

>0

Substituting the expansion (2.7) into the dynamics (2.6) and equating powers of ¢ yields

ordered dynamic equations that must be satisfied. The zeroth order equation describes a
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simple harmonic oscillator and has the solution
2O (t) = ag cos (t + by) (2.8)

with ag and by constants that satisfy the initial values. Using (2.8), the first order equation

is then written as
3
i 4 2@ = % {3cos (t + by) +cos (3 (t + b))}, (2.9)
subject to the initial conditions (" (0) = #("(0) = 0. The first order solution is therefore
(t) = ajcos (t+by) — 3500 €08 (t+bo) + gaot sin (t + bo) , (2.10)

where a; and b; are constants that satisfy the initial conditions. The solution, however, is

only valid for ¢ = O(1). This is because when t = O(e™!),

_ex® (g7 € {a1 cos (et +by) — 3—12a0 cos (71 +bg) + %aot sin (e + bo)}
lim ———= = lim
e—0 x(o) (5_1) e—0 ag COS (5_1 + bo)
. %ao sin (71 + by)
= lim
e=0 qagcos (671 + by)
£ 0.

Therefore the validity of the asymptotic series expansion (2.7) breaks down on long time spans
due to the term 2agt sin (¢ + by) in the first order solution (2.10) which grows unbounded with
time. This is an example of what is called a secular term in the literature, and occurs due

to resonant forcing in the first order equation (2.9) acting over time of order 1/e.

More generally, secular singularities often occur when seeking approximations over large

time domains for systems of the form

T = ef(r,0,t)

0 = w(r) +eg(r,0,t),

where both r and 6 can be vector-valued. Many techniques have been developed to deal

with such secular problems, such as averaging, renormalization, amplitude equations, and
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multiple scales, and which may be asymptotically equivalent. A good comparison of these
approaches may be found, for example, in [29]. While these techniques all have their benefits
and drawbacks, only the method of multiple scales (MMS) will be described in detail here.
In simplest form, MMS explicitly searches for a solution that is allowed to evolve not only
on the usual fast time but also on a slow time where a small disturbance can have non-
negligible effects. By assuming a form that is dependent on multiple independent parameters,
an approximation can then be found that satisfies both the dynamics and the asymptotic
validity of successive terms in the approximation. MMS is appealing due to its intuitive
interpretation as well as its additional applicability to both boundary layer type problems
and singularly perturbed partial differential equations [28]. The method is now demonstrated

on the Duffing oscillator.

Example 2.2. To find a solution valid on a larger domain (longer period of time), search
for a solution in a two-time series
w(t) = e (n,7), (2.11)
i>0
where the fast time, 7 = ¢, and the slow time, 7 = ¢t, are considered to be independent. The

first derivative is then expanded as

Or® @ N O @
on dt or Ot
OHx® Oxr®

on or’

RO

and the second derivative as

A p—

Bl (j;(i))

d

dt

O ,.ondn 0 . OT
3—77(55())— (&)

dt+87' o

ot

922 922 , 0%z

- 2 .
o2 T Conor T op

Substituting (2.11) into the dynamics (2.6) and equating powers of ¢ yields the ordered
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dynamic equations. The zeroth order equation is

2..(0
9?z0 0 _
on? ’

the solution to which is again the simple harmonic oscillator

0)

2 = ag (1) cos (n + by (7)) . (2.12)

where now ag and by are (as yet unspecified) functions of the slow time, 7, and must satisfy
the initial conditions when 7 = 0. The first order equation is

2,..(1 2,..(0
aax;) + 22 x; 42 = g0,
n nor

Using (2.12), this equation is then rewritten as

oA 3ad 0b ap da
- m )220 Z70 -0 770
o T { 1 + 2ay 5y }cos (n+bo) + 1 008 (B(n+bo))+2 5, Sl (n+bo),

where the dependence of ag, by on 7 has been made implicit. To avoid the resonant forcing

that caused non-uniformity in (2.10), set
3(13 abo

8@0
— =0; and — + 2ap— = 0.
or ) atl 4 + 20 or

This choice of the parameters ag and by is called the Fredholm alternative, which is a solv-
ability condition for the corresponding differential equations. In this case, the corresponding

solutions are

ao(7) = ap(0) (2.13)

and

T. (2.14)

Therefore, the full zeroth order solution is found as

£ (0,7) = ao (0) cos (n T bo(0) -

it can be written in terms of ¢ as

O (t) = aqg (0) cos ((1 - 5@) t+ bo(o)) . (2.15)
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By construction, the zeroth order solution (2.15) is now valid for time up to order 1/e; by
introducing an even slower time £2¢, one may obtain an approximation valid for t = O(1/¢).

Such secular singularities can also arise in discrete-time systems, and several approaches
to formulating a discrete-time MMS are documented in the literature. Denote the fast
timescale by m = k and the slow timescale by s = €k, where k is the discrete-time update
counter. In the Taylor expansion approach initially proposed in [30], the forward time-shift
operator is Taylor-expanded in the slow timescale as

z(k+1)=x(m+1, s)—l—sﬁ + O(&?).
Js (mt1.9)

The resulting mixed difference-differential equations are then solved to maintain asymptotic-
ity of the assumed series solution as in the continuous-time MMS. Alternatively, in [31] the

authors instead propose a partial difference operator approach where the total difference

operator A is expanded in the independent timescales as

Ax(k) = Apaz(m, s) + elsz(m, s), (2.16)

and where

Az(k) = x(k+1) —z(k)
Apx(m,s) = z(m+1,s) —x(m,s)

Ngx(m,s) = x(m,s+e)—ax(m,s).

The resulting partial difference equations are then solved, as usual, to maintain asymptoticity
of the assumed series solution. A more rigorous version of this partial difference operator
approach is proposed in [32, 33, 34]. Using a multi-dimensional lattice interpretation of the
independent timescales, indexing forward in the absolute time k is interpreted as cumulative
forward hops along each of the timescale axes. For two timescales, the total difference

operator is therefore expanded as

Az(k) = Apz(m,s) + Dsz(m, s) + Dplsx(m, s).
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However, it should be noted that an additional assumption that A,z = O(1) and Az =
O(e) must be explicitly made. Further, using more than two timescales in this approach
leads to an accumulation of higher-order coupling terms (analogous to the Ay/A, term in the

two-term expansion) that must be dealt with when solving the resulting ordered equations.
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Chapter 3

GENERALIZED MULTI-SCALE METHOD

This chapter proposes a new framework for multi-scale analysis. As documented in
Chapter 2, differential calculus-based tools like the chain rule are an integral part of classical
multi-scale methods for asymptotic analysis. However, it has not been clear to this point
how extend these tools to analyze heterogeneous time dynamics, which evolve based on
a mix of differential and difference equations with different clock rates. To this end, this
chapter proposes using the the time scales calculus, a mathematical framework which unifies
and extends the differential and finite-difference calculi, to generalize multi-scale methods
to heterogeneous time systems. By doing so, it is shown how multiple timescale dynamics
arise in these systems due to discrete clock rates and how this behaviour can be exploited to

develop mathematically rigorous reduced-order models.

The structure of the chapter, which is based in part on the author’s work [35], is as
follows. Section 3.1 provides some background on the time scales calculus. Next, Section
3.2 describes the generic multi-scale approach and demonstrates through several examples
how this framework results in classical results for both purely continuous-time dynamics
and purely single-rate, discrete-time dynamics. Finally, the generalized multi-scale analysis
is applied to two classes of systems. The first class, in Section 3.3, are discrete, multirate
systems whose evolution depends on multiple discrete-time clocks with different update rates.
The second class, in Section 3.4, are hybrid-time systems which involve both continuous-time
evolution as well as impulsive updates that are governed by a discrete-time clock. In both
cases, the singularly perturbed structure of the problem is made clear, reduced-order models
are found, and corresponding asymptotic error bounds are proven in terms of the discrete

clock rates.
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3.1 Time Scales Calculus Preliminaries

Both continuous-time and discrete-time dynamic systems are generally well understood.
Continuous-time systems are governed by differential equations and analyzed using differ-
ential calculus. Likewise, discrete-time systems are governed by finite-difference equations
and are studied using finite-difference calculus. The intriguing similarities and differences
between continuous-time and discrete-time equations motivates the desire for a unified frame-
work for analyzing these dynamical systems. The time scales calculus, first proposed in [36],
provides such a framework by unifying and extending the differential and finite-difference

calculi.

Note. This use of the term “time scale” is different from the concept of “timescales” discussed
in Chapter 2 and elsewhere in this dissertation. To prevent confusion, the term “time scale”
as used in this chapter refers to the time scales calculus and will be denoted by T, e.g., the

T calculus.

In this context, a time scale T is a (non-empty) closed subset of R. So choosing T = R
leads to differential calculus results, while choosing T = Z leads to finite-difference calculus
results. However, T can also be chosen as in Figure 3.1. In the T calculus, many of the
properties (such as differentiability) have to do with the behaviour of the particular T at the
point of interest ¢t. In particular, the concept of graininess becomes important, where the

graininess function p : T — [0,00) at t is defined as

and 0 : T — T is the forward jump operator at t defined as

v>t}.

The delta derivative of a function f : T — R at ¢ € T", where T" = T\{M} if T has a

o(t) = inf {v eT

left-scattered maximum M and T* = T otherwise, may then be defined as

do o fet) — £
E<t) n s—)tl, s#o(t) O'(t) — S )
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This delta derivative behaves like the classical derivative when T = R, i.e.,

ar _ df
At dt’

and like the classical finite-difference operator when T = Z, i.e.,

aif
= D).

For the analogoulsy defined backwards jump operator p, a nabla derivative is similarly de-

fined.

— 0—0 00— 0 00 O—>

Figure 3.1: An arbitrary T

More recently, the T calculus has been expanded to consider multiple variables in [37, 38].
For a function f : Ty X --- x T, - Rand t = {t1,..., t,} € T{ x --- x T%, the partial delta

derivative of f with respect to t; € Tf is defined as

af . f(th--~;ti7170-i(ti>;ti+17--~;tn>_<t1;---7ti7175;ti+17--~;tn>
)= I :
Atl s—t;, s#£oi(t;) Uz<tz) — S

A chain rule and the corresponding total derivative for functions dependent on two Ts was
also first proposed in [37]. In [39], [40], and [38] these ideas were extended to functions defined
on n Ts in different ways. The main difference concerns the differentiability assumptions
made when defining the total derivative; that is, the approaches differ in where they assume
you can hop in a multi-dimensional T lattice. These differences are inconsequential for
functions on Ts with zero graininess (e.g., R, 38R, exp(R), etc.) and yield the usual chain
rule and total derivative from the differential calculus. For functions on purely discrete Ts
(that is, with p;(t;) > 0 for all ¢;), however, different results are possible based on where a
function is partially delta-differentiable. A new expansion for discrete Ts is now therefore
proposed which expands the total delta derivative sequentialy over each T, and is particularly

useful for approaches such as MMS.
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Theorem 3.1. If f : Ty x -+ x T,, — R is partially delta-differentiable at {t1,to,... t,},
{0’1 (t1> ,tQ, e ,tn}, {0'1 (tl) , 09 (tg) ,tg e ,tn}, cey {0'1 (tl) yeouyOp (tn)}, and Zf each Tl 18 @
discrete time scale so that o;(t;) # t; for all t; € T;, then the total delta derivative is

d )
A_ft (t) = é (o1 (t1) s o1 (tica) S tistigns - -, o) pa ()
i=1 v

where p;(t;) = o;(t;) — t; is the graininess of the ith time scale at the point t;.

Proof. Expand the total derivative as

df
E (tl, ce ,tn) = f(O'l(tl), PN ,O'n(tn)) - f (t17 PN ,tn)

= [f(o1(t1),...,00(tn)) — f(on(tr), ., 0n_1(tn_1),ts)]
+[f (on(t1), -y on1(tn1),tn) — f(on(t1), s On—o(tn-2) tn_1,tn)]
+ooo A [f (o1(t1), by e oo tp1, tn) — f (1, 1))

Now, since f is partial delta-differentiable at (t1,ta,...,t,), (01 (t1),t2,...,tn),

(o1 (t1), 02 (ta) s t3... tn), ..., (o1 (t1),...,0n (t,)), and since each T; is a discrete time scale,

then

f (0'1 (tl) o | (ti—l) , 05 (tz) 7ti+17 e ;tn)

_f (Ul (tl) y ooy 041 (ti—l) 7ti7 ti—l—la s 7tn>

0
= A{- (o1 (t1) sy oima (Bicr) s tistigns ooy tn) pa(ts)

holds for each 7. Therefore,

0
AF (1) = e (0u(12) - ualtacs), Fualtacr), ) )
0
+ At—f (O'n(tl)a e 70n72<tn72); tnfh tn) ,unfl(tn71>
n—1
0
+ -+ % (th oo Jtn727 tnflu tn) Ml(tl)
1
= Z (o1 (t1) s oy oima (tica) S tistigns - -, o) pa ()

i=1 At;

as claimed. n
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With some of the ideas of calculus in place, dynamic equations can be investigated. For

example, consider the first order, linear, initial value problem

dy _

N p(t)y, y(0) = yo,

defined on some T. This has a unique solution given by

y(t) = ep(t, to)vo,

where e,(t,s) is called the generalized exponential function and has many of the familiar
properties of the exponential function. It should also be noted that this solution hold under
a technical assumption on p(t) called regressivity, which in the scalar case is equivalent to
the condition u(t)p(t) # —1. Now consider the special case p(t) = a. Then if T = R the

solution is
y(t) = ey,

while for T = hZ with h € R the solution is
y(t) = (1 + ah)0 "y,

Thus, the T dynamics provides a unified way of approaching dynamic systems. More infor-
mation may be found in a reference such as [41].

As understanding of the T calculus has matured, the framework has recently been applied
to a variety of dynamical systems. For instance, in [42] a class of hybrid systems where the
continuous dynamics switch at discrete intervals was posed in terms of T, and sufficient
conditions for practical stability in terms of a comparison principle were given. When these
switched dynamics are linear, Lyapunov’s second (direct) method was developed in [43] in
terms of T. For linear impulsive dynamic systems, on the other hand, the analysis in [44]
presented the dynamics in a T framework and explored solution properties, including state

transition matrices and notions of stability.



24

3.2 Description of the Method

With the background on the T calculus in place, the generalized multi-scale analysis method
can now be described. Given a set of dynamics involving some combination of differential

equations and difference equations, the approach is as follows.

Step 1: Identify the relevant base Ts for the problem, noting that there will be several if
the system is described by a combination of differential and difference equations or
if different difference equations depend on their own discrete clocks. For instance, a
differential equation gives rise to dependence on T = R while a difference equation that

updates every 7 seconds gives rise to dependence on T = 7Z.

Step 2: Rewrite the differential and discrete dynamic equations in terms of the correspond-
ing delta derivatives as dynamic equations on Ts. Any discrete update rates now show

up explicitly in the dynamics and can be used as the perturbation parameter if desired.

Step 3: Assume a series solution that is dependent on appropriately scaled fast and slow
versions of the relevant timescales. The set of fast timescales will be assumed to be
independent of the set of slow timescales. For example, assume z(t) = (1) + x(7)

or z(t) =x(n,7) wheren =t € Tand 7 =t € T.

Step 4: Expand each delta derivative of a base T in its scaled versions using the chain rule
for the calculus on Ts. For example, with x(t) = x(n, 7), and 1 and 7 defined as above

the total derivative is

R () = S + =50l 7),

where ¢ is the appropriate forward jump operator.

Step 5: Substitute assumed expressions into the T dynamics and equate orders of the per-

turbation parameter to find the ordered dynamic equations on Ts.
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Step 6: Sequentially solve the ordered equations to ensure that the resulting approximation

is asymptotic and uniform for all ¢ in the desired domain.

The following example shows how this generalized multi-scale approach is consistent with

classical results in the purely continuous-time case.

Example 3.1. Consider the continuous-time dynamics given by the differential equation
#(t) = 1 (t,2(0), =(1);2)
e5(1) = g(t, (1), 2(1); ) (3.1)

and subject to the initial conditions x(0) = z and 2z(0) = z;. These dynamics evolve on

T =R, so (3.1) can be equivalently written as the T dynamics
dx

E = f(t,[E,Z;Z‘:)
5Z—Zt =g(t,x,z;¢e). (3.2)

Assume solutions in the form of a composite asymptotic expansion

w(te) = > e {al )+ 20(m) }

A(te) =Y {2 ) + 200} (33)

where n = t/e € T/e is the fast time and 7 =t € T is the slow time. The delta derivative is

then expanded as

dz 1 &Ugci) 8@@
Ar B = 2y MR (0

and similarly for (). Substituting into the original T dynamics (3.2) yields

(4) (4)
.| 10z Oxs i [ ) (i) i L) )
2 {EA—n+ At }:f<7’z‘f {of) wallp 3o o 420 e

i>0 i>0

(@) (i)
Zei {GAZJ;? + Eazj_ } =g (7’, Zei {ng) + xgl)} ,Zai {z](f) + zgl)} ;5) . (3.4)

i>0 i>0
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The slow dynamics should satisfy the original dynamics, so enforce

Z 5i &US < Z glz® Z gtz 5)

>0 >0 >0
EZzﬁale ( Zsa: Zsz ) : (3.5)
i>0 i>0 i>0

The fast dynamics are then written from (3.4) and (3.5) as

> —af< St} e s )i et (S et

>0 >0 >0 >0
Zs f = < Ze {ng)—l—x()} Zsz{zj(f)—irzgl)};a) —g(T,Zalxgz),ZﬁzS)m) .
>0 i>0 >0 >0 >0

(3.6)

Equating orders of € then gives the zeroth order slow equation

(0)
o 1 (a0, 2%0)
0=g(r,z, 20 (3.7)

and the zeroth order fast equation

0)
8xf 0
An
9z © , © 0 , 0 0) _(0)
Ar :g(r,xf + x5’ 27 + 2 ;O)—g(T,xs ,2;0), (3.8)

subject to the initial conditions xgo)(O) + J:;O)(O) = xo and zgo)(O) + z(o)(O) = z9. The ansatz
(3.3) and its corresponding reduced-order models (3.7) and (3.8) are those found by using
the classical method of composite expansions approach (e.g., [45, Chapter 4]), and are solved

identically.

The generalized multi-scale approach can also be applied in a straightforward manner to

singularly perturbed discrete-time systems, as the next example shows.
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Example 3.2. Consider the discrete-time dynamics given by the difference equation
w(k+1) = x(k) +ef(x(k), 2(k))
2(k+1) = z(k) + g(x(k), 2(k)), (3.9)

where k € Z is the discrete-time index. These dynamics evolve on T = Z, so (3.9) can be

equivalently written as the T dynamics

dx

N ef(z,2;¢)

dx

-7 . 1
Ak g<x7 276)7 (3 0)

since p(k) =1 for k € Z. Assume solutions of the form
w(tie) =) 2 (n,7)
>0

2(tie) = 320, 7),

i>0
where the fast time, n = k € T, and the slow time, 7 = ¢k € €T, are assumed to be

independent. The delta derivative is then expanded as

dx ox ox
E<k> = A—n(’ﬂﬁ) + €E(U(ﬁ)77)
ox ox
= A—U(W,T) +€E(77+ 1,7)

and similarly for z. Substituting into (3.10) yields

(O™ Oz® o o
i — i,.(%) i (%) .
E € { A7 (T},T)+€—AT (T)—i-l,T)} €f<§ ez (n, 1), E ez (17,7'),5)

i>0 i>0 i>0
(92 92 o o
S { G+ S 10 p =g (), T e nie |
>0 >0 >0
Equating orders of € then gives the zeroth order equation
Oz
A7 (n,7) =0
920
—(n.7) = g (2O (n,7), 201, 7);0), (3.11)

An
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and the first order equation

oz Oz
xR L) = f (@@ (n,7),20(n,7);0)
0z 02 dg dg dyg
,T) + +1,7)=— + = a4+ = 2, 3.12
An 7.7) At (n ) Oe 2(0) 2(0) Ox 2(0) 2(0) 0z 2(0) 2(0) ( )

The approach outlined here is functionally similar to the discrete-time MMS approach
outlined in [31] as well as the partial difference operator approach proposed in [32, 33, 34|,
except that the expansion of the discrete-time difference is rigorously justified here by the T
calculus and simplifies the analysis by not leading to an accumulation of higher-order cross-
coupling partial derivative terms as described in Chapter 2. The resulting reduced-order
solutions, specialized to linear f and g, are also asymptotically equivalent to those developed
for discrete-time linear systems in |19].

These examples have shown how the generalized multi-scale approach agrees with the
classical approaches for both continuous-time as well as discrete-time systems. Again, this
should be expected since it is based on the T calculus which unifies the differential and finite-
difference calculi. With the general technique now established, the following sections show
how this method can be applied to analyze a wider set of dynamical systems with multi-scale

behaviour.

3.3 Analysis of Discrete, Multirate Systems

This section investigates the multiple timescale behaviour that can occur due to coupling
between two discrete-time subsystems with different update rates. Understanding the be-
haviour of multirate systems is essential to ensure reliability of the complex systems that
naturally arise during the integration of individual discrete-time subsystems. Important ap-
plications of multirate systems include: (i) identifying time constraints for run time assurance
of complex cyber physical systems [46]; (ii) accommodating for both digitally implemented
controllers as well as digital structural mode filters implemented at faster update frequencies

for the Space Shuttle Orbiter autopilot [47]; and (iii) safely combining the high frequency
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stability augmentation and low frequency gain-scheduling on a digital fly-by-wire system [48|.
A fundamental design variable in many of these systems is the clock speed of an individual
subsystem. Therefore, a natural question when the subsystems are designed separately is how
close the behaviour of the composite system will be to the individual subsystem behaviours,
as well as how changes in the clock rates will effect this behaviour. However, analyzing the
behaviour of multirate systems with different update rates is particularly challenging due to
a lack of adequate techniques [1].

Analysis techniques for multirate systems have traditionally focused on the system’s
behaviour around a particular set of subsystem update rates. The main challenge for typical
frequency-domain based stability criteria is that they require numerical methods such as
the Nyquist criterion for studying the effect of the individual clock periods on the overall
system [49, 50]. This limit arises because the characteristic equation cannot be obtained in
closed-form for general multirate systems. Consequently, repeated numerical computation
of the Nyquist plot is required for each combination of subsystem frequencies. Alternatively,
time-domain based stability criteria of multirate systems approximately describe the system’s
behaviour through construction of state transition matrices over different sub-intervals [51,
52, 53, 54]. Current results, however, only study the stability effects of small differences in
a particular set of update rates without a way to analyze the role of significantly changing
update rates. This challenge is overcome by applying the generalized multi-scale analysis

proposed in this chapter.

3.3.1 General Case
Consider the dynamics

= f(x, 2), t =ty

Jr:

2T =yg(x, z), t =t (3.13)

forx € D, C R™ and z € D, C R" subject to the initial conditions z(0) = zo € D, and

2(0) = zp € D,, and where t;, € k;Z with corresponding update periods k; € RT. Tt will be
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assumed that the vector fields f and ¢ are Lipschitz and that ¢g has a Lipschitz derivative in
its second argument for x € D, and z € D,. Without loss of generality, let k; > ko so that
the z state does not update more often than the z states. The choice of the update periods
directly effects the event sequences of the dynamics; for example, Figure 3.2 shows a sequence
of updates of the x and z subsystems when k; = 5 and ky = 2. Different sets of update
periods can therefore lead to very different responses of the system. This section examines

the multiscale behaviour that arises in (3.13) as the update periods become separated.

k,= 5 @ = xUpdate

z Update

t
e+

-2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figure 3.2: Event sequences in a discrete, multirate system

3.3.1.1 Asymptotic Analysis

To analyze the discrete, multirate dynamics (3.13), begin by noting that there are two base
Ts for this problem: Ty = k1Z and Ty = koZ. Rewriting (3.13) in terms of the corresponding

delta derivatives then leads to the T dynamics

ox 1
0z i

Atkl k’g {g(l’,Z)—Z},
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since p; = ky and po = ko. Now, define k = k;/ky as the multirate system’s update ratio so
that the the update periods of the x and z subsystems become separated as x grows larger.

The dynamics are then equivalently written as

ox

= 1{f<x ) - a)
1 0z
el UCOEE

Setting k; = 1 for simplicity and without loss of generality then yields
ox

Aty, =f@z)—a
1 0z
Py g(z,2) — 2 (3.14)

in standard singular perturbation form.
Now, begin by assuming a straightforward asymptotic series solution in the limit of

k — oo and expanding x and z as

tkl,th ZH {L‘ tk17tk2)

1>0
tkl,th ZK, Z tkl,th) (315)
>0

Substituting (3.15) in (3.14) and equating orders of s then leads to the zeroth order problem

00
— (O ) _ (0)
Al (™, 29 — 2
0= g(z©@, 20y - 2O, (3.16)

0) is always at an z(®-dependent equilibrium value that

These dynamics assumes that 2
satisfies the algebraic equation 0 = g(z(©, 2(®) — 2 ignoring the z(*) initial conditions.
This implies that there is a boundary layer degeneracy if the 2(*) subsystem is separately
stable.

To obtain a different model that retains the initial (%) behaviour, rescale the original

dynamics (3.14) in terms of 7y, = ktg, so that the delta derivatives are rewritten as

o _ 0
Atki_ A?]ki,
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and (3.14) becomes

0 1
Ay = @) e}
0z
A =g(x,z2) — 2. (3.17)

Assuming an asymptotic series solution based on the rescaled times

tkl ) tkz Z K- I 77/61 ) nkg)

i>0

2(thy, thy) ZH 2D (0, )

>0

in (3.17) and equating orders of x then yields the new zeroth order dynamics

Ox® 0

Amﬂ a

PES)

AZ = g(z(@, 20y — ;) (3.18)
Ny

These new dynamics describes the fast z behaviour over a stretched timescale for which x is
fixed; that is, the z behaviour in-between the slow x updates.

Similarly to the continuous-time boundary layer singularities described in Chapter 2,
neither (3.16) nor (3.18) individually provides a uniformly valid approximation over the
entire time domain. Based on these investigations, however, such an approximation can be

found by combining these models and is formalized as follows.

Multirate Outer System Define the equilibrium trajectory of the isolated z dynamics as a
known function h : D, — D, which satisfies the algebraic equation 0 = g(p, h(p))—h(p)
for p € D,. The outer system is then defined as

2oy (tr)) = f (2 (t,), M@ (t,))) | (3.19)

subject to (?(0) = .
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Multirate Inner System Define each interval between x updates as
Z(ty,) = {teR ‘ ty, <t <o(ty,)}. The inner system is then defined separately for

each interval as

20 (0 (t1,)) = g (+0 (11,). 20 (1)) (3.20)

subject to 2(9(0) = z for the first interval and 2 (ty,) = h (29 (p(ty,))) otherwise,
where p is the backwards jump operator and z(¥) is the state vector of the decision

system defined in (3.19).

The outer system (3.19) describes the reduced-order behaviour of the isolated x dynamics
with the z dynamics always at their state-dependent equilibrium. The inner system (3.20)
then describes the evolution of the more frequent z dynamics between each set of consecutive
x updates. The initial conditions for the inner system are based on the state vector 2(*) of the
outer system alone. They are independent of the state of the inner system on any previous
intervals. While the original dynamics are fully coupled, the reduced-order models (3.19)
and (3.20) obtain their triangular structure by exploiting the equilibrium trajectory h(z®).

Together, (3.19) and (3.20) provide reduced-order descriptions of the original dynamics
(3.85). They mirror the classical Reduced Fast and Reduced Slow models for continuous-
time dynamics in standard singularly perturbed form described in Section 2.2. The validity

of these models is investigated next.

3.3.1.2 Bounds on the Reduced-Order Approximation

In this subsection, asymptotic bounds are proven for the reduced-order models (3.16) and
(3.18) developed in the previous subsection. The analysis consists of two parts. In the first
part, bounds are proven for the quickly updating z state between updates of the x state
assuming certain assumptions hold for the initial conditions. The second part then uses
these bounds on z to find corresponding bounds for the evolution of x.

As Figure 3.2 shows, there is not necessarily a consistent number of updates of the fast z

subsystem between the less frequent updates of the x subsystem. It is therefore necessary to
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understand these sequences to be able to understand the trajectories of z and x. To simplify
the analysis, decompose the general, complex sequence of updates into simple sequences
where the ith simple sequence has x; updates of the fast subsystem for every update of the
slow subsystem. To do so, define a building block sub-sequence as the sequence of updates
that begins with an update of x and ends the instant before the next update of x. The ith
building block sequences has an update ratio r;, which is the number of z updates in the
sequence, and a phase ¢;, which is defined as the time from the initial x update until the
first z update. Furthermore, if ¢; = 0 then the ith sub-sequence is said to be synchronous.

Otherwise, the sub-sequence is asynchronous. This concept is illustrated in Figure 3.3.

g=>5 @ = xSubsystem
h=2 Update
= lg/hl =2
lgs= gg-hh =1 k, =g = z Subsystem
- > Update
T : :
I — l
| | | 1 | —| |- | — | — 1 |
H—t =t ===+ *—|+———
|¢,1 1 ¢2 :
b b——> I
t=0 t=5 t=10
Sub-Sequence 1 Sub-Sequence 2
L x,=3 - K,=2
o— 2
$,=d=0.5 $,=1.5

Figure 3.3: Decomposition of a multirate system into building block sub-sequences when

/{31:52111(1]{32:2.

In order to relate the behaviour of the multirate system to the properties of the build-
ing block sequence systems, knowledge of the range of building block update ratios, &;, is

necessary. The following proposition captures this information.

Proposition 3.1. For a multirate system decomposed into building block sub-sequences, de-
fine k = |ki/ko| with |ki/ka] the integer value of ki/ks. Then the update ratios r; only take
on the values k or k + 1.
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Proof. For any given building block sub-sequence, by definition there are k; seconds within
the interval and the first update occurs at time ¢;. There are at least k updates of z in this
interval so that the kth occurs at time ¢; + (k— 1)ko. Now, if ¢; > k; — kko then the (k+1)st
update will occur after the end of the interval. But, if ¢; < k; — kko then the (k+ 1)st update
occurs at time ¢; + kky < ki — kko + kky = ky which is within the interval. O

When the update periods k; and ko form a rational ratio, that is ki/ky = g/h with
g, h € N, the multirate system is said to be periodic. This is because the sequence of
subsystem updates, and thus the sequence of building block sub-sequences, eventually repeat
themselves. In this case, more can be said about the structure of the building block sequences,

and in particular how frequently each value of x; will appear.

Theorem 3.2. For a periodic, multirate system where ki/ko = g/h with g, h € N, define
k=|g/h| and g = g — kh. Further, define d for d € R with 0 < d < h as an initial offset of
the subsystem updates. Then, if d € {0, 1, 2,...,h — 1}, the system can be decomposed into
one synchronous sequence with k; = k+1, g—1 asynchronous sequences with k; = k+1, and
h — g asynchronous sequences with update ratio k. Otherwise, the system can be decomposed
into g asynchronous sequences with k; = k41, and h— g asynchronous sequences with update

ratio k.

Proof. The proof begins by constructing the sequence of phases, {¢;},of the building block
sequences from the update ratio of the original system. The building block sequences are
then partitioned into distinct congruence classes based on their phase, with known frequency
of occurrence. Finally, an explicit relationship is derived between the congruence class and
the corresponding update ratio of the building block sequences in that class, completing the

proof.

To begin, some definitions are beneficial. For ki/ky = g/h with ¢ > h and g and h
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relatively prime, define & = |g/h| and § = g — kh. Then

ke g
ko h
g—1|g/hlh
= Lo/n) + LM
j
- ka2
_+h’

and g < h with g and h relatively prime. Without loss of generality, take ko = h and k; = g¢.
Further, define time ¢ = 0 by an update of Subsystem 1 so that for ¢« € N, updates of x occur
at times ig; for j € N and d € R with 0 < d < h, updates of z occur at times jh + d. See

Figure 3.3 for an illustration of these definitions. Finally, define an indicator function

1, gbl < q
5(6) = !

0, otherwise

With this setup in mind, the first building block sequence has phase ¢; = d and update

ratio

R1 = k + (5 (¢1)
= k+0(d),
since the next update of x occurs at t = g = kh + g and if d < g then the (k4 1)st z update

occurs at kh + d < kh + g. The second building block sequence then has the first z update
at time t = d + k1h. The phase is therefore

¢ = (d+rKih)—yg
= {d+ (kh +0(¢1)) h} — {kg + g}
= d—g+9i(d)h
d—g, d=g
d— g+ h, otherwise
= (d—g) modh

[d_g]hv



37

and the update ratio is ke = k + 0(¢2) by the same arguments as for the case of the first

building block sequence.

3

The third building block sequence has phase

= (d+ (k1 +K2)h) — 2§
= {d+ 2k +0(d) +5(¢2)) hy — 2{kh + g}
= (d=29) + (6(d) +d(¢2)) h

= (d—2g) mod h

= [d_Qg]ha

and similarly k3 = k + 0(¢3). In general, then, the update ratio of the ith building block

sequence can be found by its phase from the relationship x; = k + 0 (¢;) where the phase is

¢i=[d— (i =1)g], -

Consider the zero-offset case, that is, d = 0. Then

¢i = [=(i = 1)gl,, -

Now, there are h unique elements in

{[rg]h re Z},

since gh is the least common multiple of g and h. Further, the congruence classes induced by

re{0, -1, —2,..., —(h — 1)} are distinct. Therefore, there are h distinct sets of building

block sequence phases. Further, g of them will have x; = k + 1 since there are g congruence

classes such that §(¢;) = 1. The rest necessarily have x; = k. Since only the case ¢; = [0],

corresponds to a synchronous update, there will be one synchronous sequence with x; = k+1,

g— 1 asynchronous sequences with x; = k+1, and h— g asynchronous sequences with update

ratio k; = k. This can be extended analogously for d # 0 by defining a one-to-one mapping

¢ between the d # 0 updates and the congruence classes [—(i — 1)g], by

[d—= (i =1)gl, = [ld] = (i = Dgl,
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In this case, if d € {0, 1, 2,...,h — 1} then there is still a synchronous update; otherwise,
instead of a synchronous update with x; = k + 1 there will be an additional asynchronous

update with x; = k + 1. H

Together, Theorems 3.1 and 3.2 show how, as k = kj/ky — oo, the building block
sequences have correspondingly growing update ratios ;. The evolution of z in between
updates of x can now be described. Bounds on the trajectories of z are described in the

following lemma.

Lemma 3.1. Consider the multirate dynamics (3.18). Assume that z — h(2) = o(1) just
before the last x update and that x — x©) = o(1) just after the last update. If the reduced
0 dynamics defined in (3.20) are individually asymptotically stable to h(zx?), then r can

be chosen large enough that trajectories of the true z state satisfy
z— 20 = o(1)
in between x updates. Further, the approzimation
z—h(z®) =o(1)
holds at the time of the next x update.
Proof. Define the error vector as e, = z — 2(0). Then the dynamics of e, can be written as
e = glz,2) - g(=", )
= g(a?,2) = g(«", Z(O)) +{g(z,2) = 9(2¥.2)}
= {9, h(z?)) = h(z'")} + g(2"?, ) - g(l’(o), 20) + {g(z,2) — 9(a"”, 2)}
= {g O e, + h(z® )) g(z9 e, + h(z }+{g O h(z© )))—h(:p(o))}
+g(%,2) = g2, 20) + {g(z,2) = 9(2 . 2)}
= {9 e: + h(=®)) - h(z)}

+ {90, e. +2%) — g(a?, e. + h(a)) — gz, 20) + g(="V, n(=V))}

Ay

+ {g(l’, Z) - g(x(())?z)} :

-~
Ao
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Further, the A; have the norm bounds

1A = [|ga@, e, + 20) — g2 @, e, + h(z®)) — g(2@, 2O) + g(2©, n(z'))||
2(0) —p(2()

— | [ (e et b)) - a5 + b)) ds

0

z(O)_h(z(O))
< / {g:(@9, s + e, + (@) = (@O, s + h(z®))} || ds
0
Z<0)_h(x<o>)
< / c. |les|| ds
0
< e ||z = h(z )|

where ¢, is the Lipschitz constant of g, and

HA?” - Hg(I,Z)—g([E(O),Z)H

< e -2

where ¢y is the Lipschitz constant of ¢ in its first argument. Therefore, the error can be

written as a perturbed version of the reduced-order z(°) dynamics:
ef = g2 e, + h(z) — h(z©) + Ay + A, (3.21)

Now, from [55, Theorem 3|, uniform asymptotic stability of the reduced dynamics implies

that 3 a locally Lipschitz, positive definite function V' with V(h(2(®)) = 0 such that
V(g(a,29) =V (") <0

on some finite norm ball centered around h(z(?). Use V as a Lyapunov candidate for the

perturbed dynamics (3.21). Then

Vet +h(z®) = V(e, + h(z?))
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=V (9(z9, e, + h(@)) + Ay + Ag) = V (e, + h(zV))
={V (g(z9, e, + h(z)) + Ay + A2) =V (g(z©, e, + h(2)))}
+{V (9(2, e, + h(z))) = V (e, + h(z'™)) }
< o [[Ar]l + e [| A
+{V (9(2, e, + h(z))) = V (e, + h(z'™))}
< cpes flex|| |2 = h(aO) || + coer ||z — =@
+{V (9(2, e, + h(z D)) = V (e, + h(zV)) },
where ¢, is the Lipschitz constant of V. Now,
V(g(x,e. 4+ h(z®)) = V(e + h(z®)) < 0

by definition of V, and ||z — 29| = o(1) and ||e.(0)|| = o(1) from the assumptions. Since
Hz(o) — h(x(o))H is asymptotically stable by assumption, x can therefore be chosen large

enough that
Ver + h(z@)) = V(e, + h(zV)) <0,

so that e, is bounded for all time in the interval with a decreasing upper bound as kK — oc.
Therefore z — 2(0) = o(1) at each point in the interval.
From the definition of asymptotic stability (e.g., [56, page 765]), asymptotic stability of

the reduced-order model implies that
Hz(o) — h(x(o))H —0
as the number of iterations increases. Similarly,
Hz — Z(O)H — 0
due to the o(1) bound on the error dynamics. Therefore, just before the next = update,

Hz—h(x(o))” = Hz—z(o)—i-z(o)—h(x(o))H

Iz ==+ {2 = h™)]]

IA

= o(l)
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in the limit of Kk — oo, as desired. O

With this information in place, the following theorem establishes asymptotic bounds on

the reduced-order models for both = and z.

Theorem 3.3. Consider the multirate dynamics (3.13). If the reduced 2 dynamics defined
in (3.20) are individually asymptotically stable to h(z®)), then k can be chosen large enough
that, for any finite number of iterations of x, the reduced-order models (5.19) and (3.20)

satisfy

z— 2% =o(1)

z— 20 =0(1)
in the limit of Kk — oo.

Proof. Just before the first iteration of z, z(ty,) — h(z(®(0)) = o(1) by Lemma 3.1 and
2(0) — 2(9(0) = 0 by definition of the reduced-order model initial conditions. So

[(te) =2 t)|| = [ f(@(0), 2(t,)) — f(@(0), h(z(0))]|
< o [2(t) — (@ (0))]
= o(1)

holds, where ¢, is the Lipschitz constant with respect to the second argument of f(x, z). Now
assume for some iteration of x that z — (%) = o(1) and 2z — h(x) = o(1). Then trajectories

of ||z — z(9|| are bounded by

(0>H+

= [|f(z,2) = F@, h(=)]]
Hf(:m Z) - f(x(0)7 Z) + f(x(())? Z) - f(I(O), h(x(O)))H
Hf(x72> - f(x(O)VZ)H + Hf(x(O)7Z> - f(x(0)7 h(ZE(O)))H

< ¢ Hx — x(O)H + ¢y Hz — h(ﬂc(o))H

|z —a

IN

o(1),
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where ¢; is the Lipschitz constant with respect to the i¢th argument of f(x,z), and the
conditions of Lemma 3.1 hold between iterations so that z — 2(®) = o(1) in this interval. Tt
therefore follows by induction that the asymptotic bounds z —2(®) = o(1) and z — 2(¥) = o(1)

hold for any fixed, finite number of iterations of x. O]

As expected, the results of Theorem 3.3 give results only for finite iterations of = as
k — 00. This is because the bound for z in the induction step is based only on the Lipschitz
properties of f and may therefore grow secularly in the number of x iterations. Further
stability information for the z subsystem would therefore be required to extend the validity

of the reduced-order models.

3.3.1.3 Example

Consider the dynamics

r=2(1-1), t = tg,
1 7
2t = 57+ T t = thy, (3.22)

where k1 = 1 and ky = k and subject to z(0) = 0.5 and 2z(0) = 0. Applying the results of

Section 3.3.1.1, the inner system is defined for each interval Z(t;,) as

7
© (tk2> + _SE(O) (t/ﬂ)v (323)

(o (t,)) = :

-z
2
which is exponentially stable. The corresponding algebraic equation

1 7
0= —52(0) + Zl’(o)

has the solution z(¥ = h(z(®)) = Zz(0) so the outer system is found to be

7
2O (o (ty,)) = 51’(0)(1 —z9). (3.24)
This the well-studied logistic map with an intrinsic growth rate of 7/2. These dynamics

0

satisfy the assumptions of Theorem 3.3, so z(©) is therefore expected to exhibit a stable

period-4 cycle for large enough x |57, Chapter 10].
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Trajectories of x and z for various values of k are compared to the reduced-order models
2@ and 2 in Figure 3.4. As expected, the true states remain close to the states of the

reduced-order models for large enough x, with the x states exhibiting the expected period-4

cycle. This behaviour is lost for smaller x.

35
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Figure 3.4: Comparison of state evolution for different x values in the example of Section

3.3.1.3. (a) x trajectories. (b) z trajectories between updates of the x subsystem. (c)

|z — 2O trajectories. (d) |z — 2| trajectories.
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3.3.2 Linear Subsystems Case

More precise results can be found, for example, if each of the subsystems are linear:

ZE+ = AllfL‘ + Ang, t= tkl

Z+ = Agll’ + AQQZ, t= th. (325)

In this case, dynamics can be can be explicitly constructed over a building block sub-sequence

as
z(o(te) | | An A r oy 1 0 z(ty,)
2(01(t,)) - 0 I Ay Ago Ay Ag Z(ty,)
_ | Ant A S AL Ay A AL o (tr,) | (3.26)
I Sy AbpAa Asp 2(tr,)
Pasyen (1) ’

where k; is the update ratio and it is assumed that the sub-sequence is asynchronous. The
dynamics (3.26) can be seen as the evolution of the composite system from the perspective
of the x dynamics.

Now define a new state q(m) = [z(o7"(t, )T, 2(07(tx,))*]", where m counts the number
of = updates that have occurred, so that the amalgamated sequence system over a period is

obtained as

q(m + 1) = Pasynen(ki)q(m) (3.27)
with initial conditions
(0)
q(0) = . (3.28)
z(0)
The following analyzes (3.27) in the particular case where k; = k;,1 = -+ - = k; that is, when

ki ks € N.
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3.3.2.1 [Initial Asymptotic Analysis
To begin the analysis, first define ¢ as the spectral radius of Ass,
e = max {|\; (A2)|},
and rewrite Agg as Agy = 512122. Note that for all eigenvalues A and eigenvectors v of Ay,

~ 1
A22U = g (AQQ’U)
1

= = (Av)

A
= —v
€

so that A/e is an eigenvalue of Aoy associated with the eigenvector v. Since ¢ is the spectral
radius of Aso, all the eigenvalues of 12122 have absolute value less than or equal to one. In
terms of Ay and e, the asynchronous amalgamated system (3.27) is now rewritten as the
perturbed system

All + A12 Z;;é €jAg2A21 A12€HA§2

2 2 gm). (3.20)
Zj:O &l Agy An enAj,

g(m+1) =

~~
q:'asynch (57"@)

Notice that the state transition matrix becomes degenerate as the ratio of subsystem

updates, k, grows in (3.29):

JN
) A+ Ap (1 - €A22> Ay O
lim (Dasynch(ga '%) = . -1
K—00; € fixed (1 . €A22) A21 0
In this limit case, the solution of (3.29) then depends solely on ¢;(0) and does not require
iterative matrix multiplications of size n, +n, when determining the response of the system.
This is because the second subsystem is allowed to approach equilibrium as s grows large,
and the equilibrium is itself directly dependent on the solution of the first subsystem. A
similar degeneracy also occurs in (3.29) when the second subsystem is highly stable:

. A11 + A12A21 0
llmﬁ d (I)asynch(€> H) =
e—0T; K fixe A21 0
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This time, the degeneracy occurs even when the subsystem update ratio is not large. Once
again, the degeneracy leads to solutions that are dependent only on ¢;(0). As described in
Chapter 2, this dependence of a system’s solution on a subset of the initial conditions is
known as a boundary-layer-type degeneracy. The approximations developed in the rest of
this section will quantify the effects of changes in € and s on the system’s behaviour.

To account for the boundary-layer degeneracy, seek an approximation to the true solution

of the form

+ Enern

ai(m) = qi(m) p1(m)

@2(m) = Ga(m) +&""pa(m), (3.30)

where ¢ represents the outer solution that captures the limit case and p the inner solution
that captures the transients and is valid for smaller m. This is a standard form for discrete-
time boundary layer systems [19], and accounts for the fact that effects of the inner solution

should decay with £ as m increases. Substituting (3.30) into (3.29) gives

Gu(m + 1) + "+ (m 4 1) =

Kk—1
(All + A12 Z €jAg2A21> [(71 (m) + 8”m+”p1 (m)] + €HA12A§2 {q~2 (m) + €”mp2 (m)]

J=0

Go(m + 1) + " py(m + 1) =

Kk—1
(Z €jA§2A21> [G1(m) + ™™ py(m)] + " A5, [G2(m) + £""pa(m)] . (3.31)
=0
The outer problem should satisfy the original (outer) problem, so enforce

K—1
(71 (m + 1) = <A11 + A12 Z ajA';‘2A21> 671 (m) + 6“14121452(?2 (m) (332)

Jj=0

k—1
q~2(m + ].) = <Z €j14‘§2A21> (71 (m) + EHASQQQ(TFL).
7=0
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Using (3.32) in (3.31) and simplifying then yields the inner problem,

k—1
Eﬁpl (m + 1) = <A11 + Alg Z €jAg2A21> P1 (m) + Algzzlgsz(m) (333)

J=0

k—1
pa(m+1) = (Z €jA%2A21> p1(m) + A§2p2(771).

J=0

Solutions to (3.32) and (3.33) will be sought in the form of a generalized asymptotic series
Zs” i ( , pi (m; ) ZE 2" (mye) (3.34)

for i = 1,2, and where eg." ") = o (cjﬁ) and epl™ = o <p§r)>. Substituting the initial
conditions (3.28) into (3.34) and equating like orders of ¢ yields the zeroth order initial

conditions as

@(0:) = a(0)
P (0:) = @(0) 3" (0:e), (3.35)
and the rth order initial conditions, 1 <r <k — 1, as
i’ (02) = 0
Py (0:e) = —@7(0:e). (3.36)
Thus, the outer solutions qZ ) depend only on the initial condition qg )((); ¢) while the inner

solutions p ) depend only on the initial condition p2 (0 e). Together with (3.32) and (3.33),

the outer and inner problems are now well-defined and will be solved next.

3.3.2.2 Outer Problem

In the following, solutions to the outer problem are first developed for the special case of
one-dimensional subsystems. It is shown that a straightforward asymptotic expansion cannot
produce uniformly valid solutions to the outer problem over long time intervals. To this end,
solutions valid over long time intervals are developed using the generalized MMS approach.

These solutions are then extended to the general case of multidimensional subsystems.
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One-Dimensional Subsystem Case The outer problem (3.32) is written in the one-
dimensional subsystem case as

k=1 _jAj N
- a1 + a2 ijo elly0a01  a12e™as,
Ggm+1) =

o im), (3.37)
>y elagyan eras,
where Gg9,a;; € R and ago = sign(ags). As is shown below, a straightforward asymptotic
series expansion, where the ordered solutions §;(r) are not dependent on ¢, fails for the outer
problem over large numbers of iterations. To remedy this issue, a solution is found using the
generalized MMS approach.
To begin, assume a straightforward asymptotic series solution by expanding the outer
solution ¢(m;e) as
Gitm;e) = > g (m) (3.38)
r>0
for i = 1, 2. This is a restriction on the more general expansion in (3.34) as it eliminates the
dependence of (ji(r) on . The ordered solutions are then found by substituting the expansion

(3.38) into the outer problem (3.37), equating orders of €, and solving the resulting ordered

equations. The zeroth order solution is then found as

q 0 (m) = (a1 + a2a21)™ ¢1(0)

(
1
35" (m) = an (an + aan)™ " qi(0), (3.39)

while the first order solution is found as

(1) _ m Q12022091 0
¢ (m) m (a1 + a12a01) —(an T a2 1(0)
A 2 ~
~(1) m 12022051 Q22021
G '(m) = (a1 + arpa { m—1 +—}q 0). (3.40
2 ( ) ( H 2 21) (a11 + a12a21)2 ) (CLll + CLlQCLQl) 1( ) ( )

When m = O(1/¢), however, these solutions cease to be asymptotically valid. This can be

seen by setting m = 1/¢ and looking at the ratio of the zeroth and first order terms in the

assumed asymptotic series expansion (”’EO) (m) and sdfl)(m), respectively) in the limit of ¢
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approaching zero,

1 a12G22a
eV (1/e) o © (1/€) (a1 + arzam)"/* a1 (0)
—— 77 = lim
e=0t q~§0)(1/€) e—0+ (a1 + 6112@21)1/6 ¢1(0)
12022021

(a11 + arzas1)

and

5@51)(1/5) li © {am(ﬁl)(g—l -1+ d22a21(§§0) (8_1 — 1)}

., . 1m
e—0+ (jéo)(l/a?) 0+ a21(j§0) (6*1 _ 1)

(1), _
— lim M

e—0t (ﬁo) (871 _ 1)
1222021
(all + a12a21> ’

Here, the qér) terms have been written explicitly in terms of their dependence on (jY). A valid
asymptotic expansion must be zero in the limit of € approaching zero, while the straightfor-
ward expansions (3.38) are not. For both ¢, and g, this is due to resonant forcing terms in
the ordered outer equations for ¢;(m) and, as noted in Chapter 2, is evidence of multiple
time scale behaviour in the outer solution.

To obtain solutions that are asymptotically valid for longer time spans, first note that
the outer problem (3.37) is defined in terms of a single base T, namely Z. Rewriting (3.37)

in terms of the corresponding delta derivatives then leads to the T dynamics

dq (a1 — 1) + a Zt& 5jd§2a21 ehasoarz | _
A—(m) = L N A g(m). (3.41)
mn D i £ l5502 etagy — 1
Now, assume a solution of the form
(jl(m) = Z 87”@%”(80, S1,. .. ,Sﬁ_l), (342)
r>0

where each discrete time scale

s; =¢e'm (3.43)
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will be treated as independent. Further assume that each C]Y)(so,sl, ..., Sk_1) is partially

delta-differentiable for all (sg,..., 8. 1) € Nx eN x .- x "IN, By Theorem 3.1, the total
delta difference of each ordered solution, QY), is therefore expanded as
diy”
Am

oq
(80,81,...,8,6 1 ZE—: Aq; ) o, 051 (Si—1>731’737;—&—17---785—1)7 (344)

where the forward jump operator for the ith timescale is defined by
o; (SZ) = S; + €i.

The resulting solutions, which will be constructed to both satisfy the dynamics and maintain
asymptoticity for large m, are generalized asymptotic expansions where every ordered solu-
tion depend on €. Note that this multiple time scale form is only explicitly used for ¢;. A
similar assumption is not necessary for ¢ because each ordered solution qf) is algebraically
dependent on the ordered solutions of ¢;.
Substituting the multiple-scale expansion (3.42) along with the total delta difference
expression (3.44) into (3.41) and equating orders of € then gives the zeroth order problem as
9"
Asg

(SQ, S1y.e.y Skfl) = (C_Lll — 1) qgr) (80, S1y-.. ,Sﬂfl)

Aqg)) (m) = a21d§0) (807 S1y00y Sn—l) - QéO)( )’ (345)

subject to q( )(0) = ¢1(0) (from (3.35)) and where @;; = @11 + a12a9;. The rth order problem

for 1 <r <k —11is found as

~(r—I
ag "
AS[

(0'0 (50) yeeey01-1 (5171) y Sy Sl41y - -+ 3n71> =
1=0

(a1 — 1) QY) (50,815 -+ Sk—1) + Q12 Z &§2a2161§r_” (50,815 -+ Sk—1)
=1

AG( = an Z abod" ™ (50, 81, S0m1) — G5 (m), (3.46)
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subject to the initial condition QY)(O) = 0 (from (3.36)). Here the total difference operator
A has been used for (jg) to emphasize that a multiple-scale solution is not being explicitly
sought for ¢;. These ordered dynamic equations are now solved to maintain asymptoticity
of the ordered solutions in terms of the time scales s;.

From the zeroth order equation, (3.45), solutions for q~§0) have the form

(‘750) (80, St1ye -y Sk_l) - di(icl (Sla cee 7SN—1) ) (347)

where (] is a function of the slow timescales s1—s,_; and subject to C; (0,...,0) = ¢(0).

From (3.46), the first order equation for g is then

9q;"
ASO

(So, ce S,{_l) — (C_LH — ].) qgl) (80, Sty Sn—l) =

_ YA ~ _s
- [aHC’l 1 (81, e 7Sn—1) — CL126L22&2101 (81, e 785—1)] CLl(i. (348)

Now, if the right-hand side of (3.48) is not zero then (jgl) will be subject to resonant forcing

and 56]‘%1) will become non-asymptotic to q~£0) when m = O (e7') as in the straightforward

expansion (3.38). Therefore, enforce
a1 —— (51, RN ,S,g,l) — a12d22a21C'1 (51, RN ,S,{,l) = 0, (349)

which has the solution (see [41])

N s1/e
120220 !
Cyr (51,5 80-1) = (1+8M) Co (82, .-+, Sk—1)
an
subject to Cy (0,...,0) = ¢ (0).
By similar arguments on the equations of order up to xk — 1, the resulting solution is

A1obigeanr \ /¢ 100250 52/
~(0) s 12022021 9 12059021
a1 (50,31,...,3,{,1)—6111 1"—8_— 1+€ — ~

a a11 + €a12a99a91

a5y ta sw-1/e"

k—1 12U99 21

el 14 — ~ 5 ) q1 (0) (350)
a1 + €a12Q22a21 + -+ - + €7%A120495 21
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Using (3.43) to write (3.50) in terms of m then yields

1909901 \ ™/ a1202,a sfmye?

~(0 _ 12022021 2 12Q59021

R O e .
ai a11 + €a12a92a071

Ar—1 En—lm/sn—l

a12Q a

k—1 129 W21

(1 ee i . a:(0)
a11 + EQ12G922091 + -+ -+ £ A12Q499 ~A21

= K—2 r—1 m
= (@11 + carpao + + -+ + €% 2ar2a01 + €% Taraa0) " ¢1(0),

which simplifies to

- efal, — 1 m
qg)) (m) = (au + a12 (AL) a21) ¢1(0). (3.51)

EQ9y — 1

From (3.45), this leads to the solution

N ghal, — 1 m-l
qg))(m) = a1 (@11 + a2 (L) a21) ¢1(0) (3.52)

5&22 —1

for cjéo) (m). Note that even though these solutions contain ¢ terms in accordance with the
initial assumption of a generalized asymptotic series solution (3.34), they are both of O(1).

By construction, this solution is asymptotically valid up to m = O(1/e"71).

Multidimensional Subsystem Case Inspired by the form of (3.51) and (3.54), assume

the zeroth order solution

Kk—1 m
CﬁO) (m) = (An + Aip Z 6jA%QAﬂ) 7:(0)
§=0
k—1

m—1
(jéo) (m) = Agl <A11 + A12 Z &TjAngQl) a1 (0) (353)

=0
in the generalized asymptotic series (3.34). Now, (3.53) satisfies
Kk—1 m+1
(ﬁo) (m + 1) = <A11 + A12 Z €jA%2A21> q1 (0)
=0

Kk—1
= <A11 + A12 Z SjA£2A21> (j%o) (m) (354)

J=0
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and

i (m+1) = Ang® (m), (3.55)

so that the outer problem (3.32) is satisfied to zeroth order.
Substituting (3.53) and (3.34) into the outer problem (3.32) and equating orders of ¢

then yields the rth order outer equation for 0 <r < x —1 as

q%r)(m + 1) — (AH + A12A21) (ﬁr)(m) = A12 Z A A21q1 )

r

@ (m+1) = )AL Ang (m). (3.56)

J=0

Since qNY)(O) = 0 from the initial conditions, the solution for (ﬁ’”)(m) is then found as

and therefore
K1 m—1
dér)(m) = Angzl <A11 + Ao Z €jA%2A21> C]l(o)
j=0
forl1 <r<g-1.

While the expansion (3.34) is in some ways a “straightforward” expansion, the assumed
solution (3.53) correctly incorporates the multiple time scale behaviour of the outer solution
that was examined in the one-dimensional subsystem case. By including appropriate terms
of order ¢ and higher in the zeroth order solution qio), the terms that cause resonance in
the higher order solutions are eliminated. The resulting approximations therefore remain

asymptotic over long time spans, as desired. This can be seen by evaluating the asymptoticity

of the zeroth and first order solutions:

e o
<A11 + Ay 59A322A21> ¢ (0) H

~( e—0t
1

lim
e—07t

= 0,
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and

~ oA m—1
H5q~é1)(m) H eAzn Ay (An + An Z;;Ol EJAJQQAm) q:(0) H
lim +— = lim

&€ + ~(0) £ + P oA m—1
e (m)H -0 HA21 (AH + ALY, gﬂAQQAgl) ql(O)H

The asymptoticity of further terms in the series up to (k — 1)st order follows since they are
all either zero or algebraic combinations of lower-order solutions.

This concludes the search for a solution to the outer problem (3.32).

3.3.2.3 Inner Problem

In the following, solutions to the inner problem are first developed for the special case of
one-dimensional subsystems. As in the outer problem, the solutions are derived using the
generalized MMS approach so that the results are valid over long time intervals. These

solutions are then extended to the general case of multidimensional subsystems.

One-Dimensional Subsystem Case The inner problem (3.33) is written in the one-

dimensional subsystem case as

k—1
Eﬁpl (m + 1) = (CLH + a12 Z gjd%2a21> P1 (m) + a12d'§2p2(m)
7=0
Kk—1 ‘
pa(m+1) = (Z 5J&§2A21> pi(m) + agpa(m), (3.57)
7=0

where once again age, a;; € R and ago = sign(asz). As in the outer solution, a straightforward
expansion yields solutions that are only valid for m = O(1). In this case, the ordered solutions
of p1(m) directly depend on the ordered solutions of py(m) (due to the £ term that multiplies
pi(m + 1) in (3.57)), and the expansion fails due to resonant forcing terms in the ordered

equations for py(m).
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Therefore, rewrite the inner problem (3.57) in terms of T = Z as the T dynamics

d ol o A
€HA—};;(m) = <a11 + a1z Z eladya9 — g”) p1(m) + ajpa5,pa(m)
=0
dp Al
A_;l(m> - <Z 5]&3#121) pi(m) + (a5, — 1) pa(mm). (3.58)
7=0

Assume a multiple scales solution of the form
p2<m) - Z nggr)<SO7 S1y - - 78/€—1) (359)
r>0

to treat the resonance, where each discrete time scale
s; =¢g'm (3.60)

will be treated as independent. Once more, assume that each pg)(so, S1,...,8x—1) is partially
delta-differentiable for all (sg,...,s. 1) € Nx eN x --- x "IN, By Theorem 3.1, the total
delta difference of each order solution, p(;), is then expanded as

dpl” o op™

Ap_727’L (S(), S1y.nn 735—1) = Z{:JAP;; (O‘O (S()) N oy | (Si—l) 3 Siy Sitly - S,{_l) . (361)

A similar assumption is not necessary for p; because each ordered solution p({) is algebraically

dependent on the ordered solutions of ps.
Substituting (3.59) and (3.61) in (3.58) and equating orders of £ then gives the zeroth

order inner problem as

0 = aupl”(m) + arnisypy” (50, 51, - -+ Sx1)
opy (0 - )
—— (50,81, s8k-1) = aop; (m)+ (a5 — 1) ps (S0, 51, - Sk—1), (3.62)

ASQ

subject to péo)(()) = (0) — @(0) (from (3.35)), and the rth order inner equation for

1<r<k-—1as

0= dllpgr)(m) + a2 Z dQQagle_j) (m) + a12&§2pér)(so, S1ye-y Sn—l)
j=1
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r apg"—j)
ASk

J=0

(o0 (s0) ;.- y0j—1 (5]41) » S5y Sj41s -+ - ;Su—1) =

r

Z &§2a21p¥_j) (m) + (a5y — l)pgr)(so, S1y--+38n-1), (3.63)

§=0
subject to pi”(0) = =" (0) (from (3.36)).

Solving these ordered dynamic equations to maintain asymptoticity analogous to the
approach in Section 3.3.2.2 then yields the ordered solutions in terms of the time scales s;.

Writing each s; in terms of m and e, the zeroth order solution is found to be

Kk—1 % m
1 am ; a12a i\ ana ke -
pg()) (m) = —ay, arais, [{1 - (Zg (1 B 21121) a22> %21121 } agg] <Q2(0) - qéo)(O))

1=0
Kk—1 7 m
Py (m) = [{1—(25 (1—) ) }] (0 -&"©). (669
1=0

If |(1 — ay2a21/a11)e| > 1 then (3.64) is a diverging series and only the first term should be
used for numerical computations. As in the outer solution, this solution is asymptotically

valid up to m = O(1/e"1) by construction.

Multidimensional Subsystem Case Inspired by the form of (3.64), assume the zeroth

order solution

pgo) (m) = _A1_11A12A§2

([ - A21A1_11A12) {I

(200 - 27(0)

rk—1 ‘ ) . B -1 ~ R
— Z g <A22 — A (A21A1_11A12)> Agg <A21A1_11A12) } Ay

=1

0
ps) (m) =

([ — A21AI11A12) {I

m

(@200 - 27(0)

(3.65)

rk—1 _ ) . ~ i1 ~ R
— Z g <A22 — Az (A21A1_1lz412)> Ago (A21A1_11A12) } Ay

=1
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in the asymptotic series (3.34). Now, (3.65) satisfies

pgo)(m + 1) [(I A2 121 1A12)
m+1

k—1 ' R ) B i1 ~ .
-{I— e (Apy — Aoy (A A A1p) ) Ay (AmA;fAm)}AgQ

=1

(2000 - i (0))
= [(I — An A Ap)

rk—1 ' . R ) i ) A

. {[ — Z g <A22 — Ay (A21A1—11A12)> Agy (A21A1_11A12)} As, pgo) (m)
i=1

(3.66)

and
pgo)( )——A111A12A22p2 (m),

so that the inner problem (3.33) is satisfied to zeroth order.
Substituting (3.34) and (3.65) into the inner problem (3.33) and equating orders of ¢

yields the rth order inner problem, 1 <r < x — 1, as

0 = A12A22 (A21A11 A12) A22p2 ( ) + flan)(m)
r—1
+ Z A12f1£5jA21p§])(m) + Alzﬁggpg) (m)
j=1
~ _ ~ ~ _ r—1
pg) (m+1) = — {A551 — (I — An A Ap) <A22 — Ag (A21A1_11A12)> }

A22 (A21A11 A12) A22pé0) + Z A A21p1 ) + Agng) (m)
In particular, the first order inner problem is

0 = —As Ay, (An A Ap) Afpl” (m) + Anpl!) () + A Agyp{!) (m)

ps(m+1) = — (An A Arp) Ay (At AT Ass) A5pS (m) + AsipM (m) + Afypl) (m).
(3.67)
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From the first equation,
iV (m) = Al A Ay (A Ay Avy) Af,p (m) — ARt A Afypl (m)

so that pél)(m + 1) satisfies

pgl)(m+ 1) = (I Ap A7 A12) A22p2 (m).
This equation has the general solution

P8 (m) = [(I — A A Ap) Agz]mpg)(o)-
Using the initial condition pgl)(O) = —cjél)(O), the particular solution is then

ps’(m) =0, (3.68)

so that
P (m) = A A Agy (A A Ara) A5yph” (m). (3.69)
As with the assumed solution for the multidimensional outer system, the assumed inner
solution (3.65) incorporates the multiple time scale behaviour of the inner solution that
was examined in the one-dimensional subsystem case. This can be seen by evaluating the

asymptoticity of the zeroth and first order solutions:

ngél) )(
lim = _—
e—0Tt )p H e—0t péo)(m)H
=0
and
Hé‘pl H H&ZlﬁlAlem (A21Af11A12) ASngO)(m)H

b 51 )¢ = lim - in (0
=0 ‘ H =0 H—Al_11A12A52p2 (m)H

= 0,

where p§°> and pgl) have been written in terms of their dependence on péo) and pg ), respec-

tively. The asymptoticity of further terms in the series up to the (k — 1)st order follows since
they are all either zero or algebraic combinations of lower-order solutions.

This concludes the search for a solution to the inner problem (3.33).
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3.3.2.4 Overall Approximation and Bounds on Eigenvalues

From (3.30), (3.53), and (3.65), the zeroth order solution to the singularly perturbed amal-

gamated system (3.29) is

k—1 m
qi(m) ~ (An + A Z€jA%2A21> q:(0) — €”m+”Af11A12A§2 {(I — A21A1_11A12) {]

J=0

—_

K—

VAN A _ =1 _ A
-» ¢ <A22 — A (AzlAﬁlAlz)) Ago (A21Af111412) } As,

i=1

rk—1 -1
¢2(0) — Aoy (All + Ag ZngJQQA21> ¢:(0)

J=0

k—1

m—1
qa(m) ~ Ay (An + Ao Z €j121%21421) ¢ (0) +&™m {(I — AQlAI11A12) {[

Jj=0

m

—

K—

. ~ ~ _ i—1 _ ~
- e’ (AQQ — Ay (A21A1_11A12)> Az (A21A1_11A12) } A%]

i=1

k—1 -1
¢2(0) — Agy (Au + Ao Z €j121j221421) ¢:1(0)
§=0
This can be written in terms of Ay instead of € and 12122 as
q(m) ~ | Aix + Aro Z A%2A21> ¢:1(0) — AﬂlAmAgg
§=0

m

k—1
(I - A21Af111412) {I - Z (A22 — A (A21Af111412))2_1 Az (Azlzﬁ_lfllAlQ) } A5,

i=1

K—1 -1
72(0) — Ay (An + Az Z A§2A21> ¢ (0)

J=0
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1 m—1
g2(m) ~ A <A11 + Aro Z Aj22A21) :(0)

=0

m

k—1
(I - A21A;11A12 {[ Z A22 - A22 A21A11 AlZ)) A22 (A21A11 AlZ) } A22
=1

k—1 -1
QQ(O) — Agl <A11 + Alg Z A52A21> q1 (0) . (370)

j=0
It can be seen from these solutions that, in the limit of ¢ — 0 or K — 00, the sim-
ple sequence system’s eigenvalues will have n, eigenvalues that approach the eigenvalues of

(An + Ao Z’i ! A22A21) and n, eigenvalues that approach the eigenvalues of
([ — An A A12) A5,. This property is captured by the following theorem:

Theorem 3.4. The eigenvalues of Pusynen (k) are within O(e®) of the eigenvalues of

(AH + Alz ZK ! AJ Agl) and Of (] — A21A1_11A12) A§2

Proof. Define

-1

r—1 -1
<(A11 + Ao ZejA§2A21> — Z]m) <" HA12121§2
=0

- {: R

By the Gershgorin Theorem for block-partitioned matrices [58], all eigenvalues of (3.29)

Glz z

~ -1

lie within the union of GG; and G5. In particular, G; contains the eigenvalues of A;; +
Aqo Z;.:S el A, Ay and Gy contains the eigenvalues of e5A%,. Further, when G; and Gy
are disjoint, n, eigenvalues of 3.29 are contained in G; and n, eigenvalues of (3.29) are
contained in Gq. Therefore, since the sets are bounded by a function of O(g*), n, eigenval-
ues of ®ygynen (k) are within O(e") of the eigenvalues of <A11 + Ajs ZF” ! A22A21) and n,
eigenvalues are within O("!) of both A%, and (I — Ay A} A1p) A5, in the limit £ — 0 or

K — 00. O
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This theorem implies that the stability of a simple sequence system is asymptotically
governed by the dominant eigenvalue of the reduced-order matrix (AH + Ay Z;;Ol A%2A21>
as the individual clock periods are separated. This captures how the simple sequence system’s

stability is affected by the x updates of the fast subsystem.

3.3.2.5 Example

Consider the heat distribution in a thin, homogeneous bar where sensors measure the tem-
perature at n equidistant points on the bar and where heaters apply temperature differentials
at each point to control the bar’s temperature profile. The discrete-time dynamics of such a

bar are described (see [59]) by

(1—-2a) « 0 e 0
a (1-2a) a
at = 0 a (1—-2a) . z + Inu,
o
I 0 0 0 a (1-2a) |
where x = [xq,..., a:n]T is a collection of temperatures at the discrete points, « is the heat

transfer coefficient of the bar, and wu is the vector of control inputs. The dynamics of each

sensor z;, ¢ = 1,...,n, are described by discretized versions of a typical temperature sensor

model (see [60]) as

0.4777 —0.1990 0.1433
z; = 2 + T;.

0.2866 0.9554 0.0321

Take n = 4. There are therefore ny = 2n; = 8 states in the second subsystem with

corresponding state vector z = [le, ey zE)T]T and spectral radius € = 0.72. For a = 0.2, a

control is then chosen independently of the sensor dynamics as
u=—Kz,

where K is the discrete-time LQR solution with () = I, and R = 51,.
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Figure 3.5 shows how the separation in update rates affects the eigenvalues of the amal-
gamated period system. Intuitively, as this separation approaches infinity the sensors reach
steady-state readings and the LQR-based controller is provided with true state-feedback.
However, when the update rate separation are finite, the temperature in the bar is affected
by the sensor dynamics. This figure illustrates how the reduced-order approximations yield
eigenvalues that correctly capture this relationship even though ¢ = 0.72, a relatively large
value for the perturbation parameter. For the particular update rate relationship x = 10,
Figure 3.6 shows the evolution of the temperatures along the bar along with two boundary-
layer-corrected reduced-order solutions. The first reduced-order solution, denoted “No MMS”
in the figure, does not incorporate the multiple time scale behaviour identified in Section
3.3.2.2 that is induced by clock period separation. This approximation therefore does not
match the true solution well because it not uniformly valid over the domain. The second
reduced-order solution, denoted “With MMS” in the figure, uses the uniformly valid approxi-
mation summarized in Section 3.3.2.4. This second approximation correctly incorporates the
multiple time scale behaviour induced by the clock period separation and therefore matches

the exact solution well.
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Figure 3.5: Comparison of eigenvalues in the example of Section 3.3.2.5 for different values

of k. (a) Exact and approximated eigenvalues. (b) Error in eigenvalue approximation.
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Figure 3.6: Comparison of exact and approximated trajectories in the example of Section

3.3.2.5

when k = 10, ¢ = 0.72
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3.4 Analysis of Hybrid-Time Systems

This section investigates the multiple timescale behaviour that can occur when a system
updates in both continuous and discrete time. Such behaviour arises naturally, for example,
in distributed robotics problems where communication occurs intermittenly between the
agents (see Chapter 5 for more details). In this context, approaches are desired that can
decrease the complexity of analyzing these systems and give insight into the role of the
discrete update rate on the system’s behaviour. However, current singular perturbation
results are focused on the role of a small parameter which is assumed to exist a prior: in a
subset of the system states and are restricted in the class of systems they analyze. The work
on impulsive differential equations, for example, assumes exponentially stable continuous-
time subsystems and fixed update rates [23, 24]. Meanwhile, results in the context of hybrid
systems allow the update rate to vary by changing the update map but restricts the fast
continuous dynamics to evolve on a compact set [61, 22|. These limitations are overcome
with generalized multi-scale analysis proposed in this chapter, which gives the desired insight
into how the discrete update rate effects the behaviour of the hybrid-time dynamics and

provides an approach to systematically construct reduced-order models.

3.4.1 General Case

Consider the dynamics

ZL‘+:f(ZE,]€;I/), L =1

T =g(x, t;v), t # t, (3.71)

for v € D, C R™ and z € D, C R™ subject to the initial conditions x(0) = zy € D,
and 2(0) = zy € D,, and where t;, € {to, t1,...} are the distinct times of discrete updates
and v = 1/ (tx — tx_1) measures the current update rate. The dependence of f and g on v

therefore encodes any changes in the vector fields due to a different update rate. It will be
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assumed that the vector fields f and g are bounded, Lipschitz, and sufficiently differentiable

in the domains.

3.4.1.1 Asymptotic Analysis

To analyze the hybrid-time dynamics (3.71), note that there are two base Ts for this problem:
T = R for the continuous dynamics and Ty = {¢;} for the discrete dynamics. Rewriting (3.71)

in terms of the corresponding delta derivatives then leads to the T dynamics

or 1
Ay m{f@’kw)—x}
iﬁ = g(x,t;v). (3.72)

where p(k) = try1 — ty is the graininess of Ty at the kth discrete update. The following
considers the behaviour of (3.72) as the time between updates grows; that is, as u — oo.
Begin by assuming a straightforward asymptotic series solution and expanding x as
ot ty) =Y p a Wt ). (3.73)
i>0
Next, substitute (3.73) into (3.72) and equate orders of u. The O(1) equation is then found
to be

0z
Aty

Oz
At

= g(a:(o), t;0), (3.74)

subject to #(?(0,0) = z(0). This implies that x(® is continuous. The O(u~') equation is

then
9V _ ©) 1. (0)
o = (. 1;0) -2}
oz 8g 0g
At |x("> |x(o> (3.75)

subject to #(1(0,0) = 0. Now, over the first interval (0 <t < t;), 1) satisfies

e =0
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using the initial condition. z() is then updated at t = ¢; as

(1) = aW(t, to) +M{f D(t1,t0), kQO)_l’(O)(tl,to)}

= M{f 0) tl,to) k’ 0) —x( )(tl,to)} .

Therefore, at time ¢4,

g P h) pu{ (@O (ty,t0), k;0) — 2O (81, 10) }
p—oo  xO(ty, 1) oo O (ty,t)

£ 0

in general, so that 'z # o(2(?) at the time of the discrete update. The dynamics (3.72)
therefore exhibit secular behaviour on this slow timescale, which implies that a MMS based
approach can be used here.

To obtain a solution that is valid over discrete updates search for a solution in the form

t tk Z,u ' (Z T’tankyTt)Tk)v (376)

>0

where 1, = t and 7, = t; are the fast scales, and 7, = t/p and 7, = 5 /p are the slow scales.

The delta derivatives are then expanded as

ox ox 1 Oz
Aty —(t, tg) = A k(ﬁtynkaTtaTk) + ;A—Tk(m,a(m),n,m)

and

8x(tt)_8x( )+18x( )
At s k) — A?]t Nty My Tty Tk //LATt Nty Miey Tty Tk )

For compactness, these sets of times will be denoted as (1, 7) = (9, nk, ¢, 7c) and (o4 (n), 7) =
(e, 0(Mk), T, Tie). Next, substitute (3.76) into (3.72) along with the delta derivative expan-

sions and equate orders of p. The O(1) equation is then found to be

0z
A (n,7)=0

A (n,7) = g(x(o) (n,7),m;0), (3.77)
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subject to 2(9(0,0,0,0) = x(0). This implies that (%) is continuous in the fast scales.
Dependence on the slow scales will be determined to ensure asymptoticity of (® and pz®.

To this end, noting that = (o,,(n),7) = 2(® (,7), the O(u~') equation is found to be

O o)

_ (0) .0) — 1-(0)
A (0.7) + 7~ @0.7) {f (= (n,7),k;0) =29 (n,7)}
Oz 0z dg dg
- 2 el (1)
Ant (7777_) _I_ ATt (777T> ay 2(©) ax x(o)m (/’777—)7 (378)

subject to #(1(0,0,0,0) = 0. Now, if (V) (,7) = O(1) and the asymptoticity conditions

0z (0) (0) -1
AT, (n.7) = f (@ (n,7) k:0) + 2 (,7) = O(p™")
oz©)
A (m7) =0 (3.79)

are enforced, then

")
o onlner) = o )+ {7 @ 0,7) 85 0) 0 ) - 5 (7))

as well. Therefore, 'z = o(z(®) holds for a finite number of discrete updates. Higher-

order terms may be found similarly.

3.4.1.2 Example

Consider the dynamics

oy cos(2mk /100
1+ = (1+af+13) (2mk/100) , t=t
x5 sin(27k/100)
I J]‘%
_ , {1y, (3.80)
i‘g l‘g
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subject to x1(0) = 1 and x5(0) = 0. Rewriting (3.80) in terms of T = R and Ty = {t;} leads
to the T dynamics

o 1 cos(2mk /100
Jr Ly gy | OO
e p sin(2mk /100)
6% o 3
A Ty (3.81)

Applying the results of Section 3.4.1.1, the O(1) equation is found from (3.77) as

oz
Ay, B
0
8:U§ ) _ 3
A?’]t v
This has the solution
0 _ sign (Ai (1, 7x))

Ty

(3.82)
i 2 = mon)

subject to A;(0,0) = x;(0). The asymptoticity conditions are then written from (3.79) as

Oz cos(2mk/100)
(o) 7 — (14 [|=f) 20 = O
Tk sin(27k/100)
0z

) ) ) - 0
AT, (m Nk, Tt Tk:)

Now, from (3.82),

0)H2 _ 1 1

Hx( + T
T T2 = Tl) e T 20— )

Just before the discrete update, (1, 7k, 74, 7x) = (Mk+1, Mk, Tht1, Tk) SO that

(0)]2 1 1

=" = +
T 20k = Tek) gy T2 (ke — i)
A1(Tk Ay (1,m0)2 +2p A2(Tk Ag(1e,mi)2 +2p

= 0+0(u)
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Therefore,

ox© cos(2mk/100)
Ar, (e O U) 72 7) = -
sin(27k/100)

(0)

9z
ATt

(ntank77—ta7—k =0

satisfies the asymptoticity conditions. This gives the solution

cos(2mk/100)
sin(27k/100)

A(r, 1) =

for A. The zeroth order solution (3.82) is then rewritten as

L0 _ sign (cos(277/100))
W =
\/cos(27r7-1k/100)2 +2 (nt B Tk'u)
L0 _ sign (sin(277;/100))
2 )

\/Sin(2ﬂ72/100)2 +2 <nt - Tk'u)

or in terms of ¢ and k as

L0 _ sign (cos(27k/100))
0 =
\/cos(271'li/100)2 +2 (t - k:,u)
20— sign (sin(27k/100)) ' (3.83)

\/sin(ZTrli/lOO)Q +2(t — kp)

Trajectories of (3.83) are shown in comparison to trajectories of the original dynamics (3.71)
in Figure 3.7. As expected, the true states remain close to the states of the reduced-order
models for large p. The error in the approximated solution grows when p is decreased, both

over discrete updates as well as over each continuous interval.
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3.4.1.2. (a) x trajectories at the discrete update times. (b)  trajectories within a continuous
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3.4.2 Coupled Discrete-time and Continuous-time System Case

When the continuous and discrete states are separated, more precise results can be found.

In this case, the dynamics are of the form

= f(z, 2,k v), t =t

z=g(z,z,t;v), t # ty, (3.84)

so that z is a purely discrete state subject to x(0) = xy and z is a purely continuous state
subject to z(0) = zo. Dynamics in the form (3.84) often arise in hierarchical control schemes
where the discrete x subsystem defines a reference command that is carried out by the
continuous z subsystem. The dependence on v = 1/ (¢, — tx_1) again encodes any changes
in the vector fields due to a different update rate. It will be assumed that the vector fields
f and g are bounded, Lipschitz, and sufficiently differentiable in their domains.

See also Chapter 5 for a distributed robotics application involving intermittent commu-

nication that makes use of the following results.

3.4.2.1 Asymptotic Analysis and Reduced-Order Models

Similarly to the general case presented in Section 3.4.1, the dynamics (3.84) are rewritten in

terms of T = R and Ty = {tx} as

ox 1
Ay m{f(%zak;’/) —x}
% =g(z, 2z, t;v). (3.85)

with p(k) = ty41 — ty is the graininess of Ty at the kth update.
Assuming a straightforward asymptotic series solution
i>0

>0
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in the T dynamics (3.85) and equating orders of u then gives the zeroth order dynamics

oz
Aty

920
At

= g(z©, 20 t.0). (3.86)

These dynamics describe the evolution of the continuous states on a timescale where there
are no updates of the discrete-time subsystem, and are valid for ¢ = O(1). As in the general
case, this model fails to capture the discrete behaviour that occurs when ¢t = O(p). Unlike
the general case, however, the distinct discrete and continuous states means that rescaling
(3.85) can give further insight into the problem.

To this end, rewrite (3.85) in terms of the slow scales 7, = t/u and 7, = 1,/ as

= Sz hw) — 0}
19z ( 1)
IUATt_gx7Z7 JV‘

Assuming an asymptotic series solution

x(t, ) = Zﬂ_il’(i)(ﬁ,ﬂf)
z(t, ty) = Zp_iz(i)(n,m)

and equating orders of i then yields the new zeroth order dynamics

o)
A = {f(a:(o), 2Ok 0) - x(o)}
0=g(z©@, 20 +0). (3.87)

This reduced model describes the evolution of the discrete state x on a slow scale where
the continuous state has reached the solution z(® = h(2® t) of the algebraic equation
0= g(x®, 29 ¢0).

As in the continuous-time boundary layer singularities described in Chapter 2, neither

(3.86) nor (3.87) individually provide a uniformly valid approximation over the entire time



73

domain. Together, however, they can provide such an approximation. Based on these inves-
tigations, reduced-order models valid both within continuous-time intervals as well as across

discrete updates are formally stated as follows.

Decision System Define the equilibrium trajectory of the isolated continuous-time dynam-
ics as a known function h : D, x R, — D, which satisfies h(p, t) = g(p, h(p,t),t;0) for
p € D, and t € R,. The decision system is then defined as

2O () = f (2O (t5), (@O (1), ti), k5 0) (3.88)
subject to 20 (ty) = .

Interval Correction System Define the kth time interval between discrete-time updates
as I, £ {t eR ‘ t, <t< tk+1} and the elapsed time within this interval as n £ ¢t — t;.
The interval correction system is then defined separately for each interval Z; as

Oh (zO (), + ty)

ot ’
(3.89)

ék(”) =g (x(o)(tZ)a Zk(n) +h (x(o) (tz) 1+ tk) , N+ ks 0) —

subject to 20(0) = zo—h (¥ (to) , o) for the first interval and 2,(0) = h (2@ () , tx) —
h (2 (), tx) otherwise, and where z(¥) is the state vector of the decision system

defined in (3.88).

The decision system (3.88) describes the reduced-order behaviour of the isolated discrete-time
dynamics with the continuous-time dynamics always at their state-dependent equilibrium.
Note that the system is purely discrete. The interval correction system (3.89) describes the
evolution of the isolated continuous dynamics towards the equilibrium trajectory between
each set of consecutive discrete updates. The initial conditions are based on the state vector
2 of the decision system alone. They are independent of the state of the interval correction
system on any previous intervals. Note that the interval correction system describes purely

continuous-time dynamics. The new time variable 7 is introduced here to make clear that
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solutions of (3.89) are dependent on the elapsed time and are defined only for a particular
interval Z. While the original dynamics are fully coupled, the reduced-order models (3.88)
and (3.89) obtain their triangular structure by exploiting the equilibrium trajectory h(z(®, ).

Together, (3.88) and (3.89) provide reduced-order descriptions of the original dynamics
(3.85). They mirror the classical Reduced Fast and Reduced Slow models for continuous-
time dynamics in standard singularly perturbed form described in Section 2.2 as well as the
reduced-order models found for discrete, multirate systems in Section 3.3. The validity of

these models is investigated next.

3.4.2.2 Bounds on the Reduced-Order Approximation

In this subsection, asymptotic bounds are proven for the reduced-order models (3.86) and
(3.87) developed in the previous subsection. The analysis consists of two parts. In the first
part, bounds are proven for the fast, continuous z state in between discrete updates of the
x state and assuming certain assumptions hold for the initial conditions. The second part
then uses these bounds on z to find corresponding bounds for the evolution of the discrete
x state.

To this end, the following lemma provides conditions to ensure that the approxima-
tion provided by the reduced-order continuous-time z(®) dynamics remains close to the true

continuous-time z dynamics between discrete updates, given that the initial conditions of

0 0)

2 and 2@ are both close to their corresponding true values at the start of the interval.

Lemma 3.2. For the dynamics (3.84), further assume that the interval correction system
(3.89) is uniformly asymptotically stable for all points 2 ¢ D, and the corresponding
known trajectories h (z© (¢;) ,t). Then, if z(t),) — 2,(0) — h(zO(t]), tx) = o(1) and () —

2O (t5) = o(1) in the limit p — oo, p can be chosen large enough that
2(t) = 2t — ) — Rz (8]), 1) = o(1)

for all t in the time interval I; = {t eR ! t, <t< tk+1}. Further, there is a t; with t;, <
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t; < tp1 such that

2(t) = h(z® (), 1) = o(1)

holds for all t € [tj, txs1)-

Proof. The proof of the lemma follows three steps:

1. Formulate the dynamics of the continuous-state approximation error over an interval

as a perturbed version of the interval correction dynamics.

2. Use the stability of the interval correction system and a converse Lyapunov theorem to
obtain a Lyapunov function with certain desirable bounding properties for the interval

correction dynamics.

3. Use the interval correction dynamics’ Lyapunov function as well as the form of the
perturbation in the dynamics of the continuous-state approximation error to obtain

bounds on the norm of this approximation error.

The steps are detailed as follows:

Step 1:

In the following, all instances of z(¢]") will be written as x and all instances of z(O(¢])
as 20 for conciseness since both z(¢}) and x(¥)(¢;) are constant over the interval 7, where
the analysis is performed.

Define the error in the approximation over the interval 7, as e,(n) = z(n+t;) —h(z®, n+

ti) — Zx(n). The error dynamics within the interval is then written as

de, d 5
dy — dn [2(n+ te) — h(z© 0 + 1) — Z(n)]

ah x(o), +t 2
( 82577 k)—Zk;(U)-

= Z(n+ty) —
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Now, with # defined in (3.84) and Zj defined in (3.89), the error dynamics are

ah(ﬂi(o), n + tk)
ot

de,
dn

= g(z,2(n+ty),n+tyv) —

oh (:L‘(O), n+ tk)

—{g(m +h(m ,n+tk) 77—|—tk;0)— BT }
(a

T Zk—|-h( ,77—|-tk) 77+tk;0)

= g($2n+tk, -9
—l—{g(w L2, + 3 0) — ( zn—irtk,O)}
( 0)

+t) n+t;0) — g (z0 e. + h (2 n+t) 0+ t;0) }

+{g (29, 2,0+ ti;v

+{g (29, e. + h (2

Oh(z©,n+t
Lo, )+ 0:0) - PO

8h(x(0), n—+ tk)
ot

+{9( © €z+2k+h( ,77+tk) 17+tk;0)—g(x(o),ez+h(x(0),77—|—tk),77+tk;0)

= g(29 e, +h (2 n+ts) ,n+1:0) —

—g (29, 5 +h (29 n+ 1), 77+75k;0)+9(x(0)7h($(0)>77+tk)777+tk;0)}

Ay
+ {9 (=, 2,0+ tisv) — g (29, 2, + 145 0) }

(.

~~

Ag
+{9(5E,Z,77+tk:7’/)_9(5(0)a27n+tkay)}a

>

v~

Az

using z(n + tx) = e.(n) + (@, 9 + t;) + 2,(n) by definition of the approximation error,
and g (p, h(p,n+tg),n+tx;0) — ‘%(%—Tt’“ = 0 for p € D, by definition of the equilibrium

trajectory. That is, the error dynamics may be written as

Oh(z© n+ ;)
ot

de,
dn

=g (z ©) ez+h( ,n+tk) n+t;0) — + AG, (3.90)

a perturbed version of the interval correction dynamics (3.89), where the perturbation is

AG = A1+ Ag + As.
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Now, the first component of the perturbation satisfies

1A = g (@9 es+ 2+ h (@0 n+t) ,n+t;0) — g (29 e+ h (200 + ) .0+ ;3 0)

—g (29, 2+ h (= n+t) .+t 0) + 9@, (2 + ), + ;0)|

Ze+h(z(O )
99(z©, s +e,,m;0)  dg(x, s,n; 0))
= — ds
0z 0z

h(z(®) n+tx)
Zp+h(z©) ntty,)

M |le.| ds

IN

h(m(0)7n+tk)
< M llez] |2l

over the domain for some M > 0 since g is continuously differentiable. The second component

has the bound

< plLy

over the domain for some L, > 0 since g is Lipschitz in its last argument. The third

component is then similarly bounded by

1As]] = |lg (@, 2,n+tisv) — g (9, 2,0+ ti;v) |

< Ll

over the domain for some L; > 0 since g is Lipschitz in its first argument. Therefore the

overall perturbation bounds
IAGI < (M ||z llexll + { Lo [J& = 2O + pLa} (3.91)

hold over the domain.
Step 2:

By assumption, the interval correction system (3.89) is uniformly asymptotically stable

0)

for each () € D,. Therefore, by the converse Lyapunov theorem [62, Theorem 4.16]
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there exists a Lyapunov function V' over some domain Dy = {ék eR” ‘ |2k, < r} for the

dynamics that satisfies the inequalities

ay ([|Z:l) < V(n, 2) < o ([1Z)

(?h(:z:(o), n+ tk)

ov. oV
St o ot @O ) et s0) - P < ),

an "o !

and
e

for class K functions «; defined on [0, 7].
Step 3:
In (3.91), the perturbation AG in the error dynamics (3.90) has been shown to satisfy

[AG] < ~(n) [le=]| +d,

with y(n) = (M [|Z]]) [le-|| and d = Ly ||z — || 4+ pLy. Due to the asymptotic stability of

the interval correction dynamics,

1 Zell < B1(|26(0)]|,n), VO <0 <tpyr —ti (3.92)

for some class ICL function ;. Now, v(n) = MB1(]|2:(0)||,n) and d are both non-negative,
continuous, and bounded for all 0 < 7 < #411 —t4. Since ||z — 2| = o(1) and €,(0) = o(1),
w can be chosen, dependent on r (the same r that defines Dy ) and for 0 < n < tgy — t,

small enough that

v) llezll +d = MpBi([|2:(0)]|, ) lle-|l
+Li o= 2] + uLy
< §<fas (042_1 (o (7’))) Jauy(r),

with |le,]| < r, 6 € Ry, and 6 a positive constant with § < 1. Therefore, by [62, Lemma
9.3], there is a small enough ||e,(0)|| such that trajectories of the approximation error system

(3.90) satisfy
le=(ml < Ba(lle=(0)[},m), VO <n <7
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and
ez < as(6), V7 <1< tpgr — ty

for some class KL function [, some finite 7, and a; the class x function defined by

o= oo (549)))

This gives the bound on z(t) —h(x®, ) — 2,.(t — ;) for all t;, <t < t;41. Since (3.92) gives an

asymptotically decaying bound on ||2;||, 1 can be chosen large enough that there exists a t;
with t), < t; < g1 such that ||2,(t — t4)|| = o(1) for ¢ > ¢; and thus z(t) — h(z®,t) = o(1)
holds for all ¢ € [t;, tx11). O

In Lemma 3.2, the Landau ‘little-Oh’ 0(1) bounds on the approximation error of the con-
tinuous state over an interval can be interpreted as saying that this error decreases asymptot-
ically as p grows large even though the reduced-order model is not quite the same as the full
model and the approximation starts from different initial conditions than the true dynamics.
This is a result of the assumption of uniform asymptotic stability for (3.89), which allows
the continuous dynamics to eventually evolve to a known trajectory when z(©) is known. As
described by the following lemma, tighter bounds on this approximation error can be found

under the more restrictive assumption of exponential stability for (3.89).

Lemma 3.3. Under the conditions of Lemma 3.2, if instead the errors in the initial con-
ditions are O(p™1) and the interval correction system (5.89) is exponentially stable for all
points ' € D, and their corresponding known trajectories h (z'9 (tf) ,t), then the o(1)

bounds on the approzimation in Lemma 3.2 are replaced by O(u™t) bounds.

Proof. The proof adopts the same three-step structure as the proof of Lemma 3.2, with the
following changes:

Step 1: Follows identically.

Step 2: By [62, Theorem 4.14], the conditions on the converse Lyapunov function V' are
satisfied with o; (||2]]) = ¢ ||2)” for i = 1, 2,3 and o (||2k]) = c4 || 24]| for positive constants

C1—C4.
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Step 3: Since exponential stability holds, then the bound on |[Z|| in (3.92) is of the
form B1(||2¢(0)]| ,n) = k|26(0)|| e=*". Further, [~(7)dr < 0-1+ w for some non-negative
constant w. Define a = %g—; > 0 and p = exp (%) > 1, where the ¢; come from the

bounds on the converse Lyapunov function V', and choose u large enough that e,(0) =

2(ty) — 2(0) — h(zO (), t,) = O (u™h) satisfies |e.(0)] < g\/g and small enough that
d < %g”. Using the comparison method [62, Lemma 9.4], trajectories of the approximation

error system (3.90) therefore satisfy the norm bound

n
el < \[Zp el 7+ 224 [ emsr-nar
1 2cy
0

where the first term is of O (') for all n > 0 if ||e,(0)|| = O (1™ !), and the second term is
of O(1~!') because d is and since the integral is bounded for all n > 0. This gives the bound
on z — h(z©,t) — 2.(t — t;) for all ¢, <t < tz41. Since ||2|| has an exponentially decaying
bound in 7, 1 can be chosen large enough that there exists a t; with ¢, < t; < ;41 such that

|2 (t — t)|| = O(u™"), giving the desired bound on z(t) — h(z(® ). O

Under the more stringent condition of exponential stability for (3.89), the Landau ‘big-
Oh’ O(u~!) bounds gives a stricter statement of the rate of the approximation error’s decrease
as p grows large. This is possible because exponential stability gives concrete time bounds
for the evolution of z towards h(z(®,t) in Step 3 of the lemma.

With Lemmas 3.2 and 3.3 in place, the validity of approximating the coupled hybrid-
time system (3.84) by dynamics of the reduced-order models (3.88) and (3.89) can now be

determined.

Theorem 3.5. For the dynamics (3.84), assume that the interval correction system (3.89) is
uniformly asymptotically stable for all points 2 € D, and the corresponding known trajecto-
ries h (x(o) (t,j) ,t). Then, for the reduced-order models % and % respectively characterized

in (3.88) and (3.89), and any ty > tg, there exists a pip, 0 < po < 00, such that for all > py
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the approrimations

o(th) = O +o(1)

2(t) = h(2O ). t) + 2t —t) + o(1)

are valid for all t € [to,ts]. Further, for each interval I, between discrete updates with

tp < ty, there is a t; with t, <t; < tpy1 such that the approzimation
z=h (9 () .t) +o(1)
holds for all t € [t;,ty41).

Proof. The proof uses induction to follow the error in the approximation for z over discrete
updates, with the error in the z approximation bounded over the continuous-time intervals
using Lemma (3.2).

Define e, (t]; 1) = 2(t;; u) — 2@ (t}). Suppose for some k that ||z(t;) — 2@ (¢;)|| = o(1)
and Hz(tk — ) = h (2O ()t — ,u)” = o(1). Then, under the assumption of uniform
asymptotic stability of (3.89), u can be always be chosen large enough that
|2(t) = h (2@ () ,¢;)|| = o(1) by Lemma (3.2). Further, after the transition

lea (s i = If (& (1) s 2(te) ks v) = f (2O 8), b (2 (8) 4a)  K: 0) |
< Py[Jaty) = 2O ()] + Po[|2(te) = 1 (2O (t)  ta) || + Pap
= o(1),
using the Lipschitz property of f, so that ||z(t}) — #(”(¢)|| = o(1). From the initial condi-
tions and the assumption that 1z, and z are (1) and Lipschitz,
Je(ty) =20 = |la@) =200 = llwe(w) —20(0)] = O(n) and
|2(t0) — 20(0) — h(zO(t$). to)|| = llz0(12) — 20(0)|| = O(n), and are thus both o(1). There-

fore, pu can be chosen large enough that the approximations

o(tf) = O +o(1)

2(t) = @O, ) + &t — t) + o(1)
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hold by induction for any finite number of discrete updates, and thus are valid for all ¢t €

[to,ts]. The bound on z for ¢ € [t;, tx11) then comes from application of Lemma 3.2. O

Again, stricter bounds on the approximation errors may be found by assuming exponential

stability of the interval correction system.

Corollary 3.1. Under the conditions of Theorem 3.5, if the interval correction system (3.89)
is instead exponentially stable for all points ) € D, and their corresponding known trajec-

tories h (x(o) (t;) ,t), then the o(1) bounds on the approximation in Theorem 3.5 are replaced

by O(u™') bounds.

Proof. The desired results follow identically to the proof of Theorem 3.5 by noting that 1)
both ||zo(p) — zo(0)]] = O(p™') and ||z0(n) — 20(0)]| = O(n™') hold since zy and z, are
Lipschitz, 2) the continuous-interval bounds given by Lemma 3.3 may be used instead of
the bounds given by Lemma 3.2 since the stricter requirement of (3.89) being exponentially

stable is met here. O

Theorem 3.5 provides a certificate that (3.88) and (3.89) are good approximations of
(3.84) as u grows large, with the trajectories of the reduced-order approximations remaining
asymptotically close to the trajectories of the full system. Intuitively, the error bounds grow
smaller as the update period grows because the continuous-time dynamics have more time to
reach their equilibrium trajectory, making the reduced-order models more accurate. Corol-
lary 3.5 then provides stricter bounds on the approximation error by assuming exponential
stability instead of asymptotic stability, as in Lemma 3.3. These results gives mathemati-
cal rigour to the intuitive notion of a separation principle between the continuous-time and

discrete-time dynamics as the time between discrete updates increases.
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Chapter 4

APPLICATION TO ORBIT PROPAGATION

Effective tracking of space objects requires efficient and accurate trajectory propagation
algorithms that are valid across time horizons of varying lengths (because it is not necessarily
known when measurements will next be available) and that are able to appropriately handle
perturbation forces that are not constant in direction or magnitude (sometimes atmospheric
drag dominates, while other times geopotential perturbations dominate). On the one hand,
computational efficiency of the trajectory propagation algorithm is a necessary consideration
not only due to the vast number of space objects to be propagated, but also because the
presence of many small perturbing forces (e.g., Earth-oblateness, atmospheric drag, solar
perturbation, etc.) cause the equations of motion to be numerically stiff. Viable propagation
methods must therefore grapple with this stiffness. On the other hand, numerical accuracy
in the trajectory solution is required over long time periods to maintain custody of known
objects with sparse measurements. Any approximation of the true trajectory, to deal with
the numerical stiffness in the equations of motion, induces errors that can accumulate over
time. It is therefore necessary to understand how quickly and to what extent these errors
manifest within a given propagation method. Further complicating propagation is that,
while the conservative effects on a satellite’s orbit due to the two-body and geopotential
perturbation forces have been well characterized and their effects rigorously understood,
non-conservative forces such as atmospheric drag and solar radiation pressure are subject
to parametric uncertainties that complicate analysis. To this end, trajectory propagation
methods are desired that give insight into how these uncertainties manifest in position and

velocity errors over time [3], without sole reliance on numerical methods (e.g., Monte Carlo).

This chapter develops a new propagation technique using MMS, based on the author’s
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works [63, 64]. Unlike existing approaches to orbit propagation, the method developed here
gives direct information about how a non-conservative perturbation affects trajectories at
particular orders of the perturbation through the form of the trajectory solution. This in-
formation includes both how the perturbation manifests in specific dynamic states as well
as the length of time the solution is valid for. The basic idea is to mathematically sepa-
rate the effects of the perturbing acceleration that manifest on a slow timescale from the
central-body gravitational effects that manifest on a fast timescale. The trajectory solution
is then constructed by numerically integrating the slow timescale derivatives along with the
fast timescale derivatives which are known analytically. There are three major benefits to
the orbit solution determined in this chapter. First, the derived approximations have error
and period of validity of known orders that are directly linked to the parameters of the per-
turbing force. This information is essential to effectively task sensors while retaining custody
of tracked space objects. Second, the trajectories are efficient to compute as compared to
straightforward integration of the equations of motion. Third, posing the orbit approxima-
tion in multiple timescale form allows an expression to be derived for the sensitivity of the
trajectory to parameters of the perturbing force, yielding the desired insight into the effects

of uncertainty in these parameters.

4.1 Literature Review

Approaches to the problem of propagating a perturbed satellite’s trajectory can be broadly
categorized as: 1) analytic, 2) semi-analytic, or 3) purely numeric [65]. Analytic methods
have the benefit of allowing large time-steps when solving the equations of motion. However,
there are limitations to these approaches. For example, the use of canonical transforms [66|
can lead to intractable integrals or are applicable to a small subset of orbit regimes, while
Lie series approaches |67, 68| can lead to recursive, implicit solutions as opposed to explicit
expressions. Further, many analytic approaches are limited to small regimes of eccentricity

|69] or can only be applied to restricted models of the perturbing acceleration |70, 71]. Semi-
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analytic approaches separate long-period and short-period trends, allowing analytic results
to be applied for the short-period effects while applying numeric methods for the long-period
effects. This separation allows semi-analytic methods to generate high-accuracy trajectory
approximations with low computation time as compared to pure numeric approaches [65].
Examples of semi-analytic methods include the Draper Semianalytic Satellite Theory [72],
Liu and Alford’s Semianalytic Theory for a Close-Earth Artificial Satellite [73], and O’Brien
and Sang’s Semianalytic Satellite Theory Using the Method of Multiple Scales [74]. The
existing semi-analytic methods, however, treat the drag contribution as a purely numerical
computation through either direct integration, Fourier decomposition, or polynomial fits.
These methods therefore do not provide the explicit insight (i.e., without directly propagating
multiple trajectories) into the effects of differences between predicted and actual perturbation

parameters on the satellite trajectory that is desired for space situational awareness.

4.2 Problem Formulation

The equations of motion of a satellite subject to a perturbing acceleration may be written
in the form
dk 0

% - n(k;) + ggPert.<k7t) (4‘1)

where k is a given orbital element set such as the Keplerian or equinoctial elements, n(k) is
the (state-dependent) mean angular motion (rad/s), and the parameter ¢ is a small, positive
number common to all components of the acceleration. This parameter can be thought of as
a measure of the strength of the perturbing acceleration. To see how the form (4.1) arises,
consider an acceleration parametrized as @ = €f,é, + fnén + € fné, in km/s? where é,, é,
and é, are unit vectors respectively in the direction of orbiting velocity, in the direction
of angular momentum, and in the direction that completes the right-handed orthogonal

coordinate frame. Gauss’ variational equations then give the perturbed equations of motion
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in Keplerian elements as

da 2a°v

aa - : 4.2
= p ef. (4.2)
de 1 /r .

= = ;(551ny5fn+2(e+cow)€fy>

@ B rcos@gf

a "

@ B rsinﬁ6

dt ~ hsini "

dw 1 r , rsinf cost

= = <— <Qe+a> cosyefn+251nuefv> T Thsmi In

dM 1 b (r oTHY .
I \/W@(acomf"”(”eﬁ)sm”gfv)’

where a is the semi-major axis (km), e is the eccentricity, ¢ is the inclination angle (rad), Q is
the argument of the ascending node (rad), w is the argument of the periapsis (rad), M is the
mean anomaly (rad), v is the velocity of the satellite (km/s), r is its radius from the central
body (km), b = a/+/1 — €2, h is the magnitude of the orbit angular momentum (km?/s), 6
is the argument of the latitude (rad), v is the true anomaly (rad), and p is the gravitational
coefficient (km?/s?) [75]. This is in the form of (4.1), as desired. Similar expressions exist
for other orbital element sets such as the equinoctial elements.

In the particular case of atmospheric drag, for example, the corresponding acceleration
is

4 ACy

UDrag = —%P (F) HE)_ 27ath (77_ 6atm) ) (43)

where A is the reference area of the satellite (km?), m is the mass of the satellite (kg), Cj is
the drag coefficient, p(7) is the position-dependent atmospheric density function (kg/km?),
U is the velocity of the satellite (km/s), and Uy, is the velocity of the atmosphere (km/s).

The perturbation parameter is defined from (4.3) by

ACy
€= om PO (4.4)

where pg is the nominal density (e.g., the density at perigee of the initial instantaneous orbit).
The corresponding perturbation function gp,.,(k,t) is then written for Keplerian elements

directly from (4.3) and (4.2).
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In the following developments, the Keplerian element set k = [a, €, i, Q, w, M]T will be
used as in (4.2). Note that in (4.2), a numerical divide by zero will occur for argument
of perigee and mean anomaly as eccentricity deteriorates to zero. Other coordinates such
as modified equinoctial elements [72| can be utilized to circumvent this problem. However,
Keplerian elements are used here in order to easily demonstrate and convey the power of the

MMS for orbit trajectory prediction and motion insight.

4.3 Trajectory Solutions with MMS

The perturbed satellite dynamics (4.1) exhibit multiple timescale behavior, where trajectories
obey the unperturbed dynamics on a fast timescale (the satellite locally evolves according
to Keplerian dynamics) but behave very differently on a slow timescale (eventually, the
perturbing acceleration significantly effects the satellite’s trajectory). This behaviour is a
consequence of the structure of the dynamics and, as noted in Section 2.3, is associated
with a secular singularity when attempting to construct an asymptotic approximation to the
trajectory solution that is valid for a large time domain. In this section, MMS is therefore
applied to (4.1) to overcome this challenge and construct a uniformly valid trajectory solution
that rigorously incorporates the satellite’s behaviour on both the slow and the fast timescales.

To this end, search for an approximation k. to the exact solution k of (4.1) in the form

of a two-time asymptotic expansion in the perturbation parameter

k() = kY (n,7), (4.5)

i>0
where the fast time n = ¢ and the slow time 7 = et are treated as independent (see Section
2.3 for more details). Practically, an expansion in this form is attractive because it means
that, for small enough e, higher-order terms in the series (4.5) are “well-behaved” and do not

dominate the overall solution.

The procedure for generating k. is as follows:
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Step 1. Expand the first derivative with (4.5) as

dk. _ Ok Ok,
dt  On or’

(4.6)

Step 2. Use the asymptotic expansion (4.5) and the two-time derivatives (4.6) in the

perturbed equations of motion (4.1).
Step 3. Equate orders of ¢ to find ordered dynamic equations.

Step 4. Sequentially solve the resulting ordered dynamic equations. The ordered so-
lutions k; are chosen such that the resulting power series in the perturbation

parameter, (4.5), is asymptotic and uniform in ¢; that is,

ki1 (t, et
iy SRt (tet) 0 (4.7)
e0t Ky (t,et)

for ¢t up to O(e™1).

Following this process, the dynamics (4.1) are rewritten in terms of the two-time derivatives

as
8k5 8k5 05><1

—— te—= + ggPert.(kaa t)-
an or \/ M/ k?,l
Substituting the asymptotic series expansion (4.5) and equating orders of ¢, the zeroth order

equation is then found to be

Ok© B 0551

— , 4.8
o v/ ke )

subject to the original initial conditions £(®(0,0) = k(0), while the first order equation is

found as
kM 9k 051

+ = + Gre (KO 1), (4.9)
on or —%k‘il) /M/k§0)5

subject to the initial conditions £ (0,0) = 0.
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The zeroth order equation (4.8) has solutions of the form

0
KO (n, 7) = kO (7) + >y, (4.10)
[0
/Ky

subject to k(©(0) = k(0) and where the dependence on 7 will be determined by enforcing
asymptoticity of £ and ek™. These asymptoticity conditions are derived next.

The first order equation (4.9) can be rewritten in state-space form as

8k(1) 0 X 05>< 8k(0)
= 5 ' 5 k(l) _I_ (gPertA(k(0)7/)7) - ) *

o —3\ w01 or

That is, as
EYD = AEM 1 b(n) (4.11)

where b(n) is periodic in 1 with period

P =2m/ kio)g/,u.

Following [76], define the adjoint system as
(= -ATC

Then, denoting n linearly independent and P-periodic solutions of the adjoint system by
¢t 3.0, ¢, |76, Theorem 2.3.4] states that (4.11) has P-periodic solutions if and only if

the orthogonality conditions
P
/C”(n)b(n)dn =0
0

hold, and otherwise the solution will display secular behaviour. Now, while periodicity is
required for the first five elements of the first order solution, k:glg, so that they remains
asymptotic to the corresponding elements of the zeroth order solution defined in (4.10), the

sixth element k;éo) grows linearly with time and thus linear secular growth is allowed in k:él).
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Due to the separation of (4.11), for conditions on k§1§ consider instead the periodicity of the

system

kilg - A1:5,1:5k‘£:1g )

which has the associated adjoint system
; T
C1:5 = - (A1:5,1:5> <1:5-

Write

- (A1:5,1:5)T - O5><57

so that
C15(n) = C1:5(0).

Choosing five linearly independent solutions based on (;.5(0), the orthogonality conditions

" PYe)
/ (gpm 1:5( 77) 81 5) dn = 0. (4.12)
0

With these conditions in mind, the equation for kﬁl is written from (4.11) as

ak(l) 3 - 8k'(0)
876,] —= —5 \/ /L/kg()) a]_ +gPert.,6<k(O)7 77) - aj_ )

- s

can then be written as

P—periodicinn

whose solution will be O(n) in the limit of 7 — oo if and only if

/ (gpertﬁ ) - 8; )dnzo (4.13)

and n = o(kél)) otherwise. This is the last condition needed. The asymptoticity conditions

can therefore be compactly rewritten for the slow timescale derivatives as

7.

P
1
/ gPert d?? (414)
0
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This is a solvability condition analogous to the Fredholm alternative discussed in Section 2.3;
note the use of corresponding conditions in the method of averaging [77|, which is expected
to give asymptotically equivalent solutions.
The zeroth order solution can now be constructed by numerically integrating the equa-
tions
dk©  9k0) ok

— o T (4.15)

subject to the initial conditions kq(0) = k(0), where 9k /dn is defined in (4.8) and 0k® /0T

is defined in (4.14). These expressions may be efficiently and accurately evaluated by nu-
merical quadrature given a particular perturbation model [78]. This completes the search
for the k£ solution; higher-order terms are found similarly.

By construction, the zeroth order solution found by integrating (4.15) is valid for time up
to order 1. This is because the slow timescale derivative (4.14) is explicitly chosen so that
the asymptoticity condition (4.7) holds for ¢ up to O(e7'), and thus higher-order terms are
well-behaved in this time domain. In the case of atmospheric drag, with ¢ defined in terms
of the nominal atmospheric density and all else being equal, the trajectory found using the
zeroth order solution will remain a valid approximation for a longer period of time when
the atmosphere is less dense. This could occur, for example, if the satellite initially has a
higher altitude at perigee or if the solar conditions are more favorable (i.e., leading to lower
levels of atmospheric density). Over this period of validity, the solution has error of order ¢.
This is because the solution (4.5) has been constructed as an asymptotic expansion in the
perturbation parameter, with the higher-order terms in the expansion correspondingly well-
behaved, over this time domain. Thus, for the drag case, less dense atmospheric conditions
directly lead to greater accuracy in the approximation. The combination of these properties
has important implications for the object tracking and catalog maintenance problem. Since
the propagated trajectory has known error properties, a sensor can be effectively tasked
to update the object’s state while it is in the sensor’s observation window. Absence of
consideration of these error properties leads to sensors being tasked either: 1) more often

than is necessary, leading to a waste of resources; or 2) less often than is necessary, leading
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to loss of object custody. It is important to note for implementation that the slow time
derivatives change on the slow timescale and thus do not have to be evaluated at every

integration step.

4.3.1 Specialization to Atmospheric Drag

For the particular case of the drag perturbation in Keplerian elements, the asymptoticity con-
ditions (4.14) can be rewritten in a more explicit form. With the drag acceleration given by
(4.3) and corresponding perturbation parameter defined by (4.4), the drag perturbation func-
tion gp,., (K, t) is then explicitly written for the Keplerian elements set k = [a, e, i, Q, w, M]T

from Gauss’ variational equations (4.2) as

gDrag(k> t) -

A G

— 2l F(7) (L8in f Vpern + 2 (€ + €OS f) Urern)

- #F(f})v’r’elvrd,h

» (4.16)
_%F(ﬁvrelvrel,h
el [(7) (2 4 L) €08 f Uretn — 280 f Vpery) + ZHRESL B (7)), 0 Uyer

Tl () (‘5 oS [ Vpetn + 2 (1 + 62§> Sinfvrel,’u>

where F (7) £ p (7) /po is the scaled atmospheric density, vyero = (Uret, o) Vretn = (Uret; €n),

Urel h 2 (Trer, €1), and (a, B) denotes the inner product between any two vectors a and 3.
To obtain explicit expressions for the slow timescale derivatives, substitute the specific
perturbation function (4.3.1) into the general slow timescale derivative expression (4.14).

Then, denoting the zeroth order states by £© = [a(®), e® i QO O M(O)}T, use the

2 1
R
_ 1% 1+ecosFE
a\l—ecosE)’

vis-a-vis equation
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and the relationship

0 a(0)?
dn = (1 — ¢ cos E) —dFE
]

to find closed-form expressions. For example, the slow timescale derivative for the zeroth

order semi-major axis term is found to be

(0)
240 Ve
:__/ 1 lF( )relvdn

P
(0)? 1 E
2a e + € cos - (0)
_cL F(7© d
/\/G(O 1 — 0 COSE) (T ) rel/Urelv n
0

(0)
:_3“_/\/1—6 *cos? EF(F ) relvrel’vdE

Following the same approach for the eccentricity, inclination, longitude of the ascending

node, argument of perigee, and mean anomaly then yields the following expressions:

e 1 a(o T o0 (1—e@cosE 3/2 .
= 5 / Upel ) F(’f’ (O))
or V1+ e cos B

rel,n 1 — e cos B rel K

V1 —e0)? F
{smEv() + 2 ¢ cov © }dE

90 1 a®? ) 0) 0)y..(0)_(0)
5 = _Fm oo (1— e cos E) cos 0% F(r'™")v 7ﬁelvrel WAE,
0

900 1 go?

—:——a—OQ (1—6( cos K
or P[L\/l — (0
0

P
Aw®) B 1 a©? 1—e®cosE 1
or P pu 1+ €e© cos E e©

0

2 SlIle N (0) (0)
) WF(T (0))Urelvrel,th’

. [(26(0) +1—¢e9cos E) (cosE — 6(0)) O —2y/1— 0 SlﬂEUﬁe;u}

rel n

1—e®cos E 2 sin #© cos ()
< ) o £ FEO a5,
1 — e?gin (0 ’

rel

+
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P
OM®©® 1 q0%/1 = ¢0)? 0 [1—e®cosE
JE— U _—
or P ey rel\ 14 e cos B
0

F(F©)

1—e® cos E
: {— (1- e cos E) (cos E — 6(0)) v““} po- P2 sinEv(Og dE.
rel,n 1 _ 6(0)2 rel,v
This completes the specialization of the 9k(®) /01 terms to the particular case of atmospheric

drag.

4.3.2 Sensitivity of Trajectory to Perturbation Parameters

To understand the effects of perturbation parameter uncertainty, a measure of the trajectory’s
sensitivity is desired. Posing the trajectory solution in the form (4.5) has the additional
benefit of allowing computation of this sensitivity without propagation of the state transition

matrix. Differentiating (4.5) with respect to € yields

Ok:(n,7;¢) 0 i7.(1)
85 - 85 (Z&‘ k (7777')

i>0
_9
- Oe
= {kW(n,7) +ek®(n,7) + 0 (%)}
(0) (1)
N {8k (n,7) —|—58k (n, ) Lo (52)} or

(k:(o)(n, T) + 5k(1)(n, T)+ O (52))

or or Oe
kO (n,7) kW (n,T) N
+{ o +e o +O(5)}%
1 Ok,
= EBOthorder + Et + @ (5) . (417)

The first term, %QOthorder; is the scaled error in the zeroth order solution due to higher-order
terms in (4.5) that are neglected in the zeroth-order solution. It therefore represents the
effects of errors in the zeroth-order solution on the trajectory when the perturbation param-
eter is changed, and is well-approximated by the first order solution of (4.5). The second
term, (0k./07)t, is the change in the trajectory due to the change in the slow timescale,

7. It is well-approximated by the zeroth order term (ak<0> / 87) t, which is evaluated during
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numerical integration of the zeroth order solution. Furthermore, this slow timescale term
will dominate the scaled-error term for large ¢. The sensitivity expression (4.17) is explored

for representative orbit families below, in Section 4.4.

4.3.3 Inclusion of Geopotential Perturbations

In the development of the slow time derivatives (4.14), the two-body force was implicitly
considered to be the underlying source of motion on the 7 timescale. However, in low-Earth
orbits, conservative geopotential perturbations (of which the J, perturbation is the largest)
must be accounted for. These geopotential perturbations are well characterized and their
effects understood [3|. Since they do not vary with the parameter of the non-conservative
perturbation, they will be considered to be of zeroth order in €. The fast time derivatives

(4.8) are therefore calculated as

ok© 05x1 (d/{:) (4.18)
a”] z/ Iu/kEO)S dt Geopotential ’ .

where (dk/dt)qeqpotentia € the instantaneous induced rates on the Keplerian elements due to
the geopotential perturbations. These can be directly written, for example, using Lagrange’s

planetary equations [75]. The slow-time derivatives are adapted from (4.14) as

P

oky 1

- = Pert. ) ) ) 41

T2 =% [ geun (u(si7) ) ds (419
0

where P is the geopotentially-perturbed anomalistic period in seconds. That is, the perturb-
ing function is averaged over an orbit of the geopotential-only dynamics propagated from the
current zeroth-order solution. In general, the integral (4.19) must be evaluated using numeri-
cal quadrature. The geopotential-only dynamics necessary to evaluate this integral, including
the necessary anomalistic period, can be found efficiently using an analytical expression or

a variational integrator.
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4.4 Results and Discussion

In this section, results from the orbit propagation technique developed in Section 4.3 are
applied to the atmospheric drag perturbation and investigated for three representative sets of
low-Earth orbits. The chosen orbit sets, defined in Table 4.1, have perigee altitudes between
431 and 629 kilometers and were chosen to be representative of a range of typical low-perigee
orbits [79]. The first set represents a generic low-Earth orbit of moderate eccentricity, the
second a high-eccentricity orbit that has a low altitude at perigee, and the third a low-Earth
frozen orbit.

For all three sets, the error characteristics of the zeroth order MMS solution are first
presented in comparison to approximations given by Escobal [80, Chapter 10.4], Vallado [65,
Chapter 9], Li [70], and Dallas [81]. The approaches given by Vallado and Escobal involve
numerically averaging different expressions to obtain secular drag effects, and do not rely
on a particular atmospheric model. The Li method gives an analytic approximation for the
drag effects but assumes an exponential drag model. The fully averaged approach given by
Dallas uses numerical averaging for the drag effects and analytical averaging for geopotential
effects. In these comparisons, the slow timescale derivatives in the MMS solution as well as
the corresponding secular drag effects for the compared methods are evaluated once per orbit
as is standard in many semi-analytical methods |72, 74|. Next, the consequences of changing
this update rate are explored for the MMS solution, including the effects on computation
time. Finally, the expression for the trajectory’s sensitivity to changes in the drag parameter,
developed in Section 4.3.2, is evaluated for each of the example orbit sets.

The simulations in this section were performed using the conditions defined in Table 4.2.
Results are given both for simplified orbits where higher-order geopotential perturbations
are neglected as well as for orbits where the geopotential perturbations are included. This is
done to 1) illustrate the direct effects of using a reduced-order approximation, 2) facilitate an
accurate comparison between the MMS solution and the other propagation methods which

do not include geopotential perturbations, and 3) highlight the trends that parallel the simple
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orbit case as well as those trends that differ.

Table 4.1: Sets of initial parameters for three characteristic orbits

Initial Altitude a . ) Q w M P
(km) (km) (deg) (deg) (deg) (deg) (min)
Set 1 629.2 7078 0.01 30 0 0 0 98.8
Set 2 528.0 26562 0.74 63.4 0 0 0  718.0
Set 3 431.2 6878 T.7Tx 107" 45 0 90 0 94.6

4.4.1 Atmospheric Drag Perturbation

Considering simplified orbits that only consider the atmospheric drag perturbation, the evo-
lution of error for the MMS solution is shown in Keplerian elements in Figure 4.1a. By
construction, the zeroth order MMS solution has error of O(e) and is valid for times up to
O(e71). As expected, then, these results show that the MMS solution exhibits a low, pre-
dominantly quasi-periodic error in all Keplerian components for each orbit set. Further, the
Keplerian element error for the MMS solution compares favorably to the error of the other
propagation methods, shown in Table 4.3. This translates to good performance in the total
magnitudes of position and velocity errors, shown for the MMS solution in Figure 4.1b. The
maximum position errors over the 100 propagated orbits, as well as the total computation
times for the various methods, are indicated in Table 4.4. While the MMS solution takes
longer to compute in this case than the methods of Vallado, Escobal, and Li, it is more
accurate than these alternate methods while remaining much faster than the exact numeri-
cal propagation. Further, it is comparable in computation time and accuracy to the Dallas

method.
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Table 4.2: List of orbit propagation simulation parameters

Description Value

Satellite Mass 500 kg

Satellite Effective Area 1.0 m?

Satellite Drag Coefficient 2.0

Atmosphere Model Harris-Priester (e.g., [82])
Geopotential Model Pines EGM96 (36 x 36 field)
Numerical Integration Scheme Explicit Runge-Kutta (4,5)
Absolute & Relative Integration Tolerances Both 1 x 10714

In the two-time derivative expansion (4.6), the effects that depend on the fast timescale
1 are separated from those that depend on the slow timescale 7. This implies that the slow
timescale derivatives change at a much slower rate than the fast timescale derivatives and do
not have to be evaluated at every time step during the numerical integration. Further, from
the MMS analysis the slow timescale is 7 = ¢t = (AC;/2m)t. The slow timescale deriva-
tive rate of change is therefore directly dependent on the drag parameters. It is therefore
reasonable to ask how the update rate of the slow timescale derivatives in (4.15) affects the
error properties and computation time of the resulting propagated trajectory. The effect of
different update rates on the corresponding maximum position error and computation time is
shown in Table 4.5. These results show that, in the absence of additional perturbations such
as higher-order geopotential effects, the update rate has minimal effect on the resulting error
even when updates only occur only intermittently due to the slow rate of change in the slow
timescale derivative. Furthermore, the results show that the overall computation time falls

dramatically as the time between updates increases indicating that, from an implementation
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Table 4.3: Simple orbits: Maximum orbital element errors over 100 propagated orbits

a (km) e i (rad) Q (rad) w (rad) M (rad)
x1073 x10~7 x1078 x 10710 x1076 x107°
Set 1
Vallado 2.16 15.49 2.31 48.43 76.25 22.02
Escobal 0.06 0.07 0.00 0.00 86.17 8.93
Li 3.37 1.30 2.31 48.42 76.24 30.05
Dallas 0.23 0.36 0.00 0.00 1.13 1.43
MMS 0.05 0.06 0.00 1.35 0.72 0.27
Set 2
Vallado 10.58 1.06 2.66 4.24 0.22 17.08
Escobal 1.13 0.11 0.00 0.00 0.23 0.24
Li 136.75 9.18 2.66 4.24 0.22 242.07
Dallas 1.13 0.11 0.00 0.00 0.00 0.24
MMS 1.08 0.11 0.01 0.23 0.00 0.22
Set 3
Vallado 12.16 240.71 22.45 7.68 2454.96 328.79
Escobal 0.16 0.37 0.00 0.00 2696.71 270.30
Li 72.64 50.30 22.45 7.68 2454.96 255.45
Dallas 0.20 0.41 0.00 0.00 82.72 8.26

MMS 0.15 0.31 3.43 3.76 75.29 7.52
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Figure 4.1: Simple orbits: Difference between truth and approximate solution using MMS

vs time. (a) Keplerian element errors. (b) Total magnitude of position and velocity errors.

standpoint, slow updates are permissible for dealing with pure drag effects.

An important aspect of using MMS for orbit propagation is that it gives insight into the
effect of uncertainties in the parameters of the perturbing forces on an object’s trajectory.
To demonstrate these benefits, the trajectory sensitivity expressions derived in Section 4.3.2
are now applied to the atmospheric drag perturbation. To do so, the exact and zeroth
order MMS trajectories are first propagated using the nominal density p = puom (7). The
density is then changed to p = 1.2p,0m (7) and the exact trajectory computed. Finally, the

trajectory sensitivity expression (4.17) is evaluated at the desired time in the trajectory and
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Table 4.4: Simple Orbits: Computation Time and Maximum Error over 100 Propagated
Orbits

Time to Compute (s) Max Position Error (m)

Set 1 Set 2 Set 3 Set 1 Set 2 Set 3
Exact Numerical Integration 2028 2273 1621 - - -
Vallado 2 5 1 1047 11736 6035
Escobal 4 10 3 35 165 72
Li 3 3 2 1614 166320 34180
Dallas 399 1292 75 40 165 62
MMS 462 1931 274 19 149 39

Table 4.5: Simple orbits: Effect of 0k(®) /07 update rates on computation time and maximum

error over 100 propagated orbits

Time to Compute (s) Max Position Error (m)

Set 1 Set 2 Set 3 Set 1 Set 2 Set 3
Exact Numerical Integration 2028 2273 1621 - - -
MMS, 0.1 Orbits/Update 4159 23066 2668 19.02 148.35 39.88
MMS, 0.25 Orbits/Update 1680 9132 1073 19.02 149.25 39.82
MMS, 1 Orbit/Update 462 1931 274 19.01 149.29 39.52
MMS, 5 Orbits/Update 100 395 57 18.99 149.28 37.94

MMS, 10 Orbits/Update 43 207 30 18.97 149.54 36.01
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the approximation

Ok (n, T3
Fappro. 129, = K© + % (1.2 — 1.0¢) (4.20)

constructed at this desired point in the orbit. The results are found in Table 4.6. As
expected, the derived sensitivity function yields a good approximation in orbital element
space, signified by the predicted change being of the same order of magnitude and in the
same direction as the exact change for each element. This validates the sensitivity expression
derived in Section 4.3.2, and demonstrates how the form of the MMS solution gives direct

insight into how the drag parameters affects the trajectory solution.

Table 4.6: Simple orbits: Change in Keplerian elements after 50 orbits due to change in drag

parameters
Aa (km) Ae Ai (rad) AQ (rad)  Aw (rad) AM (rad)
x1072 %1077 x1078 x 10710 x10~4 x1074

Set 1

Exact —0.16 —1.05 —0.23 4.84 0.08 0.47

Predicted —0.16 —1.05 —0.23 4.84 0.08 0.55
Set 2

Exact —2.09 —2.04 —0.27 0.38 0.00 1.84

Predicted —2.07 —2.03 —0.26 0.42 0.00 1.84
Set 3

Exact —1.21 4.72 —2.24 —0.42 2.45 1.69

Predicted —1.21 4.70 —92.24 —0.42 2.46 4.15
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4.4.2 Atmospheric Drag and Higher-Order Geopotential Model

For propagations including geopotential perturbations, the exact geopotential accelerations
were evaluated at every step for the methods of Escobal, Vallado, and Li, while the averaged
geopotential effects in the Dallas method were evaluated ten times per orbit. The corre-
sponding evolution of error in Keplerian elements for the MMS solution is shown in Figure
4.2a, and the maximum absolute errors of each Keplerian element over 100 propagated orbits
are compared for the different propagation methods in Table 4.7. The alternative propaga-
tion methods all exhibit secular drift in error in every component, leading to large errors
over the propagated timespan. This is because none of these propagation methods incorpo-
rate the geopotential perturbation effects during the next orbit on the satellite’s trajectory
when calculating the upcoming secular effect of drag. Further, the Dallas solution prop-
agates analytically averaged geopotential effects that ignore the significant corresponding
short-period effects, leading to a large error. The MMS solution, on the other hand, exhibits
relatively small, though growing, oscillatory error in most of its components except for the
mean anomaly which exhibits slight secular drift. This drift in mean anomaly is expected
because the order € term, M, is allowed to grow with time by the asymptoticity conditions
that are embedded in the MMS solution. This is most evident in the highly eccentric orbit of
Set 2, where the drift in mean anomaly for the MMS solution is faster than the drift in the
Escobal solution (which does not include any effects of drag on the mean anomaly). These
trends translate to the total magnitude of position and velocity error of the solutions, the
evolution of which is shown for the MMS solution in Figure 4.2b. The maximum position
errors over the 100 propagated orbits, as well as the total computation times for the various
methods, are indicated in Table 4.8. The MMS solution performs favorably in both respects
against the other methods, except as compared to the Escobal solution error for Set 2 as
was previously discussed. While the MMS solution takes longer to compute for Set 2 than
the methods of Vallado, Li, and Dallas, it is more accurate for all orbits than these solutions

while remaining faster than the Escobal solution and much faster than the exact numerical
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Figure 4.2: General orbits: Difference between truth and approximate solution using MMS

vs time. (a) Keplerian element errors. (b) Total magnitude of position and velocity errors.

For these general orbits, the effect of different slow timescale derivative update rates on
the corresponding maximum position error and computation time is shown in Table 4.9. As
in the simple orbit case, longer intervals between updates of the slow time derivatives once
again leads to a shorter computation time. In contrast to the simple orbit cases, however, the
slow timescale update rate has a significant effect on the error solution. This indicates that
propagations that use longer intervals between updates may not be permissible in general.

While the low-eccentricity orbits have position errors that approximately double over the
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range of simulated update rates, the highly eccentric Orbit 2 exhibits an order of magnitude
greater error at the slowest update rate than with the fastest update rate. Further, as
shown in Table 4.10, there is a corresponding trend in the maximum error of each of the
Keplerian elements. These error trends occur because geopotential effects can drastically
change the satellite’s trajectory in between updates, leading to an inaccurate slow timescale
derivative being used in the integration. Thus, even though implementing long intervals
between updates is beneficial from a computation time perspective, it is undesirable for
maintaining good error properties in the general case. The limiting factor for an effective
slow timescale derivative update rate is how quickly the other forces, such as the geopotential
perturbation, change the predicted orbit. These results imply that the update rate should
be chosen based on the nominal magnitude of the non-conservative perturbation, with a
larger magnitude corresponding to more frequent updates. By doing so, the errors in the
evaluated slow-time derivative will be mitigated by recalculation when the errors have a more
significant effect on the trajectory solution.

As in the simple orbits case, the trajectory sensitivity expression (4.17) was used to
construct a predicted trajectory (4.20) for these general orbits with a twenty percent change
in the nominal atmospheric density. The results are presented in Table 4.11. Here, the
predicted change is close to the exact change in a, e, and M while generally under-predicting
the exact change in ¢, w, and 2. This is because the differences in drag perturbations generally
do not lead to orbits with meaningfully different geopotential effects in these out-of-plane
elements at this order of approximation. Even in these more complicated cases, however,
the results demonstrate that the form of the MMS solution gives direct, meaningful insights

into how differences in the drag parameters manifests in the trajectory solution over time.
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Table 4.7: General orbits: Maximum orbital element errors over 100 propagated orbits
a (km) e i (rad) Q (rad) w (rad) M (rad)
x1073 x1076 x1077 x1077 x10~4 x10~4
Set 1
Vallado 1.74 1.82 0.74 3.11 1.23 2.09
Escobal 1.07 0.08 0.33 2.17 1.08 0.52
Li 5.05 0.74 1.56 8.94 1.30 3.61
Dallas 4879.23 220548  5778.45 33661.50 1261.32 1196.85
MMS 0.07 0.09 0.02 0.16 0.06 0.10
Set 2
Vallado 274.23 2.71 4.15 3.98 0.03 1.65
Escobal 23.20 0.23 0.31 0.32 0.00 0.13
Li 4333.20 42.43 60.11 65.02 0.43 25.90
Dallas 132850.28  1253.16  2751.39 15184.39 12.15 9.56
MMS 104.82 1.02 1.52 1.58 0.01 0.64
Set 3
Vallado 26.80 22.88 9.81 35.97 434.24 445.22
Escobal 7.29 3.03 2.18 10.38 73.65 76.75
Li 114.24 8.66 34.59 155.02 84.05 127.74
Dallas 9622.42  1034.71  6970.18 11093.56 10797.10 10773.68
MMS 0.61 4.61 0.23 0.92 74.49 74.75
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Table 4.8: General Orbits: Computation Time and Maximum Error over 100 Propagated
Orbits

Time to Compute (s) Max Position Error (m)

Set 1 Set 2 Set 3 Set 1 Set 2 Set 3
Exact Numerical Integration 2176 2907 2120 - - -
Vallado 3378 1999 5877 641 11120 7870
Escobal 3879 2839 7338 408 890 2188
Li 3586 1974 6260 1673 174533 32320
Dallas 441 1275 58 44202 200002 17286
MMS 1168 2569 1497 31 4294 238

Table 4.9: General orbits: Effect of 9k(®) /01 update rates on computation time and maxi-

mum error over 100 propagated orbits

Time to Compute (s) Max Position Error (m)

Set 1 Set 2 Set 3 Set 1 Set 2 Set 3
Exact Numerical Integration 2176 2908 2120 - - -
MMS, 0.1 Orbits/Update 8385 32303 8291 29.38 3116.42  125.24
MMS, 0.25 Orbits/Update 3508 11737 3619 30.15 3221.77  132.26
MMS, 1 Orbit/Update 1168 2569 1497 31.44 4293.52  238.20
MMS, 5 Orbits/Update 542 712 814 45.44  12710.48 224.78

MMS, 10 Orbits/Update 463 473 748 65.24 35162.34 214.55
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Table 4.10: General orbits: Effect of 9k(®) /01 update rates on maximum orbital element

errors over 100 propagated orbits

a (km) e i (rad)  Q (rad) w (rad) M (rad)
x10~* x1077 %1077 x1078 x 1076 x107°
Set 1
0.1 Orbits/Update 0.68 0.96 0.02 1.43 5.50 0.94
0.25 Orbits/Update 0.70 0.96 0.02 1.47 5.52 0.96
1 Orbits/Update 0.70 0.97 0.02 1.55 5.58 0.98
5 Orbits/Update 1.08 1.08 0.04 2.28 5.91 1.21
10 Orbits/Update 1.65 1.21 0.05 3.31 6.24 1.52
Set 2
0.1 Orbits/Update 760.24 7.38 1.09 11.78 0.79 4.62
0.25 Orbits/Update 786.62 7.64 1.12 12.14 0.82 4.77
1 Orbits/Update 1048.22 1022  1.52 15.77 1.09 6.36
5 Orbits/Update 311836 30.67  4.56 45.25 3.24 18.81
10 Orbits/Update 8663.43 8540  12.37  126.52 8.95 52.08
Set 3
0.1 Orbits/Update 2.50 45.84  0.11 3.95 7417.69 742.67
0.25 Orbits/Update 2.62 4587  0.12 4.27 7435.08 744.52
1 Orbits/Update 6.11 46.07  0.23 9.16 7449.27 TAT AT
5 Orbits/Update 5.61 45.98  0.22 8.55 7497.00 752.05

10 Orbits/Update 5.23 45.73 0.21 8.10 7544.07 756.61




109

Table 4.11: General orbits: Change in Keplerian elements after 50 orbits due to change in

drag parameters

Aa (km) Ae Ai (rad) AQ (rad)  Aw (rad) AM (rad)

x 1072 x1077 x108 x10~7 x107 x1074

Set 1

Exact —0.19 —1.36 —3.27 —1.81 1.14 0.45

Predicted —0.16 —0.92 —0.24 —0.00 0.91 0.55
Set 2

Exact —2.76 —2.75 4.45 0.09 0.00 2.40

Predicted —2.18 —2.13 —0.28 0.00 0.00 1.95
Set 3

Exact —1.08 5.43 4.31 —13.07 4.48 3.56

Predicted —1.18 —0.36 —2.17 —0.00 31.31 4.03
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Chapter 5

APPLICATION TO NETWORKED DYNAMICAL SYSTEMS

Consensus-based systems provide an effective means of distributed information-sharing
and control for networked, multi-agent systems in settings such as multi-vehicle control,
formation control, swarming, and distributed estimation; see for examples [83, 84, 85, 86, 87|.
In their simplest form, consensus-based systems describe linear diffusive coupling between
agents in a static network. In practice, however, consensus is often coupled to nonlinear
tracking and dynamic weight evolution that operate over distinct timescales. This dynamic
coupling introduces several challenges for analysis. First, even if both sets of dynamics are
stable when isolated, their interconnection does not guarantee the stability of the coupled
dynamics. Second, the coupling hides and potentially changes the correspondence between
properties of the graph and the behaviour of the consensus dynamics even if stability is
maintained. It is thus unclear whether features such as reaching agreement with a given rate

of convergence will be invariant when consensus is coupled with another dynamic system.

This chapter considers three specific cases of network coupling over multiple timescales,
and is based on the author’s works [88, 89, 35|. The first case considered is a state-
dependent graph problem, where agents follow a fast evolving consensus dynamics whose
underlying network interactions have their own slowly varying dynamics. Next, a continuous-
communication consensus tracking problem is investigated where agents with nonlinear dy-
namics must “quickly” track a reference given by slow consensus dynamics. The final case
is an intermitient-communication consensus tracking problem, where the agents can only
communicate over the network intermittently to reach agreement. In each instance, singular
perturbation theory is used to formulate reduced-order models that allow analysis of the cou-

pled system based on the behavior of the individual sets of dynamics. These reduced-order
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models are then used to develop quantitative bounds with respect to the underlying graph
topology and to the communication rate that guarantee asymptotic stability of the coupled

systerns.

5.1 Literature Review

The state-dependent graph problem has been investigated from several different directions in
the past. In [90] a method was proposed for maximizing the second smallest eigenvalue of the
graph Laplacian when edge weights are dependent on inter-agent distances. Controllability
was considered in [91] for discrete-event, finite-state distributed systems operating over a
graph whose edges are dependent on relative states. On another front, a heterophilious form
of opinion dynamics was analyzed in [92] where edges are strengthened between agents with
disparate opinion states.

Consensus tracking problems have likewise been previously explored for specific scenarios.
Tracking is an essential assumption in much of the literature on distributed robotics [93,
94], but a reference trajectory may not be immediately realizable by agents with nonlinear
dynamics. One approach is therefore to design the distributed protocol for a particular set
of (usually homogeneous) agent dynamics [95, 96]. Alternatively, many designers assume
arbitrary levels of tracking performance, which is sometimes referred to as tracking a virtual
vehicle or virtual particle [97]. This allows, for example, distributed formation controllers to
be developed that approximately decouple a formation’s shape and its center of mass [98].

In the network systems literature, singular perturbation theory has been primarily applied
to explore timescale separation within a network caused by weak connections. For example,
this approach was exploited to formulate reduced-order models for large power networks
by area-aggregation [9], dynamic equivalence [99], and slow coherency [100]. Weak inter-
node connections have also been characterized with respect to the graph structure in [101].
Further, singular perturbation methods have been leveraged to design favorable spectral

graph properties in the partial edge design problem [102]. More recently, these methods have
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been applied to the reduced-order modeling and synchronization of a network of identical
linear agents that individually exhibit multiple timescale behavior and whose graph topology
is fixed and undirected [103]. However, the existing works do not exploit the timescale
separation that naturally arises between the network layer and the agent layer. By taking
advantage of this structure, the approach detailed in this chapter is therefore adaptable to
a wide set of agent dynamics and network protocols, and gives key insight into the role
of important design parameters such as controller gains and communication rates in the

stability of coupled consensus systems.

5.2 Notation and Background

This section describes some of the specific notation and terminology particular to networked
dynamical systems that is used in this chapter; see [87] for further details.

An undirected, weighted graph G is made up of a node set V' with cardinality |V| = n, an
edge set E with cardinality |F| = m, and a positive weight set W with cardinality |W| = m.
Associated with W is a vector of weights w under some ordering with w;; referring to the
weight on the edge {i,j} € F between nodes i,j € V. The set of nodes adjacent to a given
node 7 € V is denoted by N (7).

In the agreement problem, a group of dynamic agents interract with one another over a
communication graph G while attempting to reach consensus on their states. The classical
consensus dynamics define a distributive protocol to reach this goal, with each agent using
only relative state information of neighboring agents. These dynamics are given in simplest

form for each agent as

¢ = Z wij (¢ — q5)

FEN(3)
where ¢; € RP is the ith agent’s state. Denoting the collection of agents states by ¢ =
[qlT, e gt ]T € R", the consensus dynamics can be compactly represented over all agents

in the graph as
G(t) = =(L(9) ® D)q(1), (5.1)
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where L(G) is the Laplacian matrix and ® is the Kronecker product. Assuming w > 0, the
eigenvalues \;(G) of L(G) are ordered as 0 = A\; < Xy < -+ < A, = Apax With the associated
normalized eigenvectors v; £ %1, Vg, ..., U, so that L(G)1 = 0. Further, the number of zero
eigenvalues of L(G) is equal to the number of connected components of G. Together, these
properties imply that under the dynamics (5.1) the agents approach the consensus subspace

Xe={geR?|q1=q="""=qu}

5.3 State-dependent Networks

Consider the consensus dynamics with a slowly changing state-dependent network given by

T = f(z,2)
ez =—L(G,)z, (5.2)

and illustrated in Figure 5.1. Here, z(t) € R" is the set of fast agent states, z(t) € D, C R™
is the set of slow edge states, the function f(-) describes the slowly varying evolution of
these edge states, G, = (V, E, W(x)) is the undirected, weighted graph whose weights w;;(z)
depend on the edge states, and € is a small, positive parameter. The parameter € can be
interpreted as a uniform scaling factor for the weight functions W (z). Such state-dependent
networks arise, for example, when modeling social interactions with opinion dynamics |104|
or when constructing distributed protocols to ensure connectivity of multiagent systems with
distance-based communication links [87].

Several assumptions are now made to facilitate the subsequent analysis.

Assumption 1. The functions f(x,z) and L(G,) are conlinuous over their respective do-

mains.
Assumption 2. There is an open set D. C D, over which the graph G, is connected.

Assumption 3. There ezists a positive-definite Lyapunov function V., (x) in the domain

x € D, about the equilibrium set ., C D, that satisfies

a‘/;low
ox

f(z,21) < —an¥(z, 2)),
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W4(X)

Figure 5.1: State-dependent network problem with fast agent states, z, and slow edge states,

X

with a; > 0, 2| = %1Tz(0) denoting the average of the agent states, and W (x, ZH) eRa

continuous scalar function that satisfies W (a:eq, z”) = 0.

Many state-dependent weight functions W(x) = {w;;(x)} fit into the class of functions
described in Assumptions 1 and 2. For example, with z;; = x; — x; and ps — p1,p1,0 > 0,
these weight functions include: the Hegselmann-Krausse dynamics [104] initially introduced
to describe opinion dynamics with w;;(z) = min(é — ||zl ,0), the Kuramoto dynamics
used to describe synchronization phenomenon in coupled oscillators [105] with scalar z;
and w;;j(x) = dsin(z;;)/x;;, connectivity maintenance dynamics which through edge tension
bounds the distance between adjacent nodes [106] with w;;(z) = (26 — ||lz5511) / (6 — ||lz4)?,
and the general class of edge functions whose weights are nonincreasing with distance de-
scribed by Mesbahi [90] with w,;(z) = §(1=l=ilD/(e1=2) " More formally, Assumption 2 ensures
the applicability of reduced-order models, developed in Section 5.3.1, that characterize a sep-
aration principle between the consensus dynamics and the edge dynamics in the domain D..
Assumption 3 then states that the isolated edge dynamics are uniformly asymptotically sta-
ble if the agents are at consensus. This assumption will be used in Section 5.3.1 to develop

conditions that ensure that the graph stays connected if it starts connected.
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5.3.1 Reduced-Order Models

In this section, reduced-order models are developed for the dynamics (5.2) based on the
timescale separation between the slow edge states and the fast agent states as ¢ — 07.
To begin, note that (5.2) is not in standard singularly perturbed form. This is because
the nullspace of L(G,) has dimension equal to the number of connected components in the
graph; hence, the solutions of 0 = —L(G,)z are not isolated. A separation principle between
the subsystem dynamics cannot therefore be directly applied as described in Section 2.2.
However, (5.2) can be placed in the standard form as follows. Define a new set of states
(zH,zL) for the nominally fast agent dynamics, where z is the average agent state and
2z, = Oz represents the projection of the agent dynamics onto 1+ = {z e R"” | 211 = O}.
The orthogonal matrix ) = [UIT; C’] then defines an explicit transformation between z and

(ZH, zl). Next, take 2| as an invariant parameter of the system given that

dZ” . d T
- dtre
1
= vlT —EL(Qm)z)
=0

for x € D, as defined in Assumption 2. The dynamics of z, is then

dZJ_ Gzl% 82J_d_$

& o dt | ordt
1 0
= C (—EL(QI)Z) + . (Cz) f(z,2)
== —éCL(Qx)C'Tzl,

where z;, € R"!. Further, these transformed fast dynamics have the unique, isolated root
2, = 0 corresponding to the algebraic equation 0 = —CL(G,)C"z,. The dynamics (5.2) is

therefore rewritten for x € D, in standard singularly perturbed form as

&= f(z.217)

et = —CL(G.)C 2z, (5.3)
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where f (a:,zl;z”) L f (x,vlz” + CTzL).

Reduced-order models can now be written using the transformed dynamics.

Definition 5.1. The Reduced Slow System of (5.3) is

i = f (x(o),O; z) (5.4)
subject to #(0(0) = z(0), where Z = 172(0) is the average of the agents’ initial state.
Definition 5.2. The Reduced Fast System of (5.3) is

d
%zf) = —CL(Ga))CT2Y (5.5)

subject to zf)(O) = 2,(0), where n = t/e is the fast time and G, denotes that the graph is

fixed at the initial conditions of z.

The Reduced Fast System describes the evolution of the agent states over a fast timescale
in the limit where edge dynamics are frozen. The Reduced Slow System then describes the
evolution of the edge states in the limit where the agents have reached consensus at the
average of their initial conditions. The validity of these reduced-order models is certified by

the following theorem.

Theorem 5.1. Under the dynamics (5.3) and with Assumptions 1 and 2, for any finite T
there exists an g9 > 0 such that, for 0 < e < &g, the approzimations given by (5.4) and (5.5)

satisfy

z(t) = 2O@) + 0(e)

2(t) = 20(t/e) +0()
for allt € [0,T). Further, there exists a t; > 0 such that the approxzimation
Zl(t) =0+ O(€>

holds for t € [t1,T].
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Proof. The asymptotic error bounds follow from Theorem 2.1 since the problem is in standard

form and by noting the assumptions. O

The results of Theorem 5.1 state that the reduced-order models (5.4) and (5.5) provide
valid approximations of the true dynamics (5.3) on finite time intervals provided that e is
small enough, even without the stability of the reduced slow system guaranteed by Assump-
tion 3. In terms of the network structure, by examining the dynamics (5.3) it can be seen
that a larger A\y(G,) makes the agent dynamics faster and thus yields a smaller effective e
in Theorem 5.1. This indicates that adding edges with positive weights to the network will

tend to make the reduced-order models better approximations of the original dynamics.

5.3.2 Quantitative Stability Bounds

While Theorem 5.1 describes a qualitative separation principle between the individual sub-
systems in (5.3), quantitative bounds on e that guarantee stability of the coupled system
are desirable. Such bounds are necessary to certify the performance of these complex, state-
dependent networks. To this end, the following theorem uses the additional information
provided by Assumption 3 to construct a Lyapunov function for the full dynamics (5.3)
from Lyapunov functions for the reduced systems (5.4) and (5.5) to guarantees asymptotic

stability of the equilibrium.

Theorem 5.2. Under the dynamics (5.3) and with Assumptions 1-3, if there exists a “miz-

ing” constant > 0 such that

a‘/;low
Ox

{f (2w, 2052) = f(2,052)) } < B(z,2)) |21l

for all x € D, and z; € R"™1, then the set (z,z) = (xgq, zul) 18 asymptotically stable for

all e > 0.

Proof. Construct a Lyapunov function V' (ZL‘, Z1; z”) =(1—-d) Vi (x; z”) A (a:, Z1; z”)
with 0 < d < 1 for the full dynamics (5.3) from the Reduced Slow System Lyapunov function
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Viiew given by Assumption 3 and a Reduced Fast System Lyapunov function V., = %zfz 1.

The time derivative of this composite Lyapunov function is then

. d‘/.;low dx d‘/.;low dZ”
Vo= (1-d o |
( ){ de i dzy dt

d d‘/}ast dZL + d‘/fast d_x + d‘/}ast %
dz, dt dr dt dz dt

d‘/;low d‘/slow
= (1—-d :
( ){ o flazi2) + iz 0}

1
+d {nggfm(x, z132)) +0f (@,2152)) + 0)}

AV ou d

= (1-d) ; [z, 215 7)) — EZIC'L(QJC)C'TZL
d‘/slow d‘/slow

= (I=d)—=f (2,0:2)) + (1 —d) —={f (&, 2132)) = [ (2,0;2))}
- ngCL(gm)CTzL,

using the transformed coupled state dynamics (5.3).

Now, the first term of this time derivative can be bounded by

a‘/slow
ox

f(2,0;2) < —an W3 (a, z)),

with a; > 0 using Assumption 3. The mixing constant assumption in the theorem bounds

the second term by

8‘/slow
ox

{f (z,2052) = f (2,0:2) ) < B, 2) [2lly,
with 8 > 0. A bound on the third term is found to be
I CL(GC 21 < — min b (Go) a3,

where mingep, A2 (G,) > 0 since G, is connected on D.. The total time derivative of the

composite Lyapunov function is then bounded by
. \IJ(ZE, ZH)
V-] uz) fel, | K

[E P
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where
ge| (-da  -ba-ap
—1(1=d)B 4mingep, A2 (G,)
Therefore, V < 0 if the matrix K; is positive definite. Since trace K; > 0, this occurs if

and only if

0 < detK;
d . 1 2 o
= (1—d)a1—m1n)\2(gm)—1(l—d) g

€ ze€D,
which can be rearranged to bound ¢ as

d 4oy mingep, A2 (Gy)
o e o = ' (5.6)

In particular, given 0 < d < 1 there is a corresponding € such that inequality (5.6) is satisfied.

Taking the limit of d — 1 then establishes that an arbitrarily large € may be used. O

Theorem 5.2 states, perhaps surprisingly, that the coupled system (5.3) is stable for any
e > 0 if the reduced systems are individually stable and if the difference between the Reduced
Slow System dynamics and the full edge state dynamics can be appropriately bounded in the
domain for some mixing constant 5. However, the stability basin for a particular value of
may be arbitrarily small. This is because, as illustrated in Figure 5.2a, the level sets of the
composite Lyapunov function V at a given point may not be contained within D, as d — 1
in the proof of Theorem 5.2. If this occurs, the graph in the nominally stable consensus
dynamics will become disconnected and the dynamic coupling may cause the system to be
unstable. For practical purposes, then, it is desirable not only that the system be stable but
also that a range of desirable initial conditions are guaranteed to be contained within the

equilibrium’s stability basin. The following theorem gives conditions on ¢ that ensure this

property.

Theorem 5.3. Under the conditions of Theorem 5.2, assume that:

1. Associated with the domain D, is the constant v, = mingeop, Vau(T).
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5r1 ; 5 :
X (xg:Z) o) !
A=0—>  g=0.90 v A, =0
' :
1
1
4|
N °> :
1
1
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1
1
1
:
i _5 I
1 1.5 -0.5 0 0.5 1 1.5
X X

Figure 5.2: Level sets of the composite Lyapunov function in Theorems 5.2 and 5.3. (a)
behavior of the level sets evaluated at (xg, 21 ) as d increases. (b) Level sets are contained
within the allowable domain for trajectories starting within the operating domain in Theorem

5.3.

2. There is a sub-level set Dy = {x ‘ Viow(x) < US} with Dy C D, and z., € Dy such that

Vg < V.

. .. . . A
3. Thereis a set D, containing zero with the associated constant v, max = Max, ep. 121l

Z1

Then the set Dy x D, is within the asymptotic stability basin of the set (x,z,) = (x.,,0) for

all 0 < e < €*, where

aq (Uc - Us) milgep, A2 (g:c)
T2 2 )

z,max

e =8

with oy provided by Assumption 3 and [ defined in Theorem 5.2.

Proof. To find the sufficient bound on e, a composite Lyapunov function is constructed
so that the function’s level sets are contained within the allowable domain for all initial

conditions within the operating domain. This concept is illustrated in Figure 5.2b.
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Begin by constructing a Lyapunov function V = (1 — d) V., (x; ZH) + d%zIzL with 0 <
d < 1. Then, from the proof of Theorem 5.2, V < 0 whenever (5.6) is satisfied. The
particular value of d will now be chosen such that the system always starts at a level set of
the composite Lyapunov function V' below which the network will not become disconnected.
In particular, note that the network is always connected for x € D, but may be disconnected
on its boundary 0D,.. Therefore, the maximum allowable level set is defined by the minimum
value of V,,,, on this boundary, (1—d)v.. Use this value to bound the total Lyapunov function
from above:

(1-d)yv. >V (x, Z1; ZH) = (1 —=d) Vo, (x; z||) + ng@

2

Z,max

For initial conditions within Dy x D, , V is closest to this upper bound if 272, =r and

Z1

Viow = Us. In this case, the bound becomes

d
(1—d)ve> (1 —d)vs+ =r?

9 z,max"*
Rearranging, if
d 2 (ve — vg)
<
(1 - d) T,Z,max

then initial conditions in D, are guaranteed to start below the minimum unallowable level
set. Combining this with the V inequality (5.6), if

(0%} (Uc - Us) minxeDc >‘2 (gdf)

’
Tg,maxﬁz

then both the maximum level set condition and the V < 0 inequality condition (5.6) are

e =8

satisfied for ¢ < £* and {z, 2, } € Dy x D,, will asymptotically approach the equilibrium. O

Theorem 5.3 provides an € bound that guarantees that any initial conditions drawn from
D, x D, will asymptotically approach the equilibrium set (x, z) = (x.,,0). It does not state
that trajectories will stay within D, x D, on their way to the equilibrium set. Instead,
this theorem provides a guarantee that the edge states x will remain within the smallest
level set of V,,, defined by the boundary of D.. Practically speaking, this theorem provides
conditions to ensure that if the state-dependent graph starts connected then it will remain

connected with the agents approaching consensus.
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5.3.3 Example

Consider the dynamics (5.2) with z € R, and x € R™ composed of states z;; corresponding

to edge {i,j} € E. The particular dynamics defined for every edge is
fii(@ij, 2) =1 — a3 — |z — 2],

and the weights w;;(z) = x;;/n. These dynamics satisfy Assumption 1, and Assumption 2 for
the set D, £ {x eR™ ‘ 0.05 <@y < 1.25}. Therefore, by Theorem 5.1 a separation principle
is guaranteed between the fast consensus dynamics and the slow edge dynamics for small
enough e. Further, the corresponding reduced-order models, based on the isolated subsystem
dynamics, have trajectory errors of O(g). This result is depicted in Figure 5.3, which shows
how the reduced-order models (5.4) and (5.5) become more accurate as € decreases.

In order to find a bound on € that guarantees that the coupled system (5.3) (equivalently
(5.2)) is stable from a set of possible initial conditions, take V,,, (z) = %Z{i,j}eE (1- x?j)Q.
Then

a‘/s ow
T f () == D0 (L= ad) vam)”
{i.j}eE
so Assumption 3 is satisfied with oy = 1 and ¥ (z \/Z{”}EJE x?j) \/3;—”)2 Further,
a-‘/; ow
S S (o) = f (000} == 3 (1= afy) ay { (1= — [z — 2al) = (1= 2) }
{i,j}eE
= > (1—a}) zijlzi1 — 2
{i.j}eE
< Z (1 — IU%) VZij/ Tijmax |21 — 21
{i,j}€E
< V LTmax Z }(1 - 1712]) \/x_l]| |Zi,1 - Zj71|
{i,j}eE
S Tmax Z 1 - [L’ xzy Z Zz 1 Z] 1
{i.jter {i.jteE

- \/'xmax\Ij E Z’Ll_’z]]. )

{i.jteE
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by use of the Schwartz inequality. With D(G) the incidence matrix of the graph G,

S G- = (D@2 (D))
{i,j}EE

= D)1,

= H ( 1z +C Zj_)

~ |Ip@)c"=.],

2

< [[D@CT|; Nzl
= D@l 1zl

and the inequality becomes

a‘/slow

{f (@ 2052) = f(2,0:2)) } < VEmax [|1D(G) ], ¥(@) [z, -

The additional assumption in Theorem 5.2 is therefore satisfied with 5 = \/Zmax [|D(G)|],-

Assuming a cycle graph on 5 nodes, then n =m = 5,

min )\2 (gx) = /\2 (gw 005) = 1.38 X 10_

xGDc

and ||D(G)|5 = 3.618. From the definition of D., Zyax = 1.25 and the constant v, is found

as

c= ow () = 1.25.
ve = g, Vo (0] = 125

With D, £ {x e R™ | 0.25 <w;; < 1.25}, the constant v, is found as

vs = max V., (z) = 1.10.
r€ID;

If the initial state z(0) of the agents satisfy [|z]| . < 1, then take D,, = {z1 € R*| ||CTz| <1}
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so that

2
Tymax — ZLHlaX HZJ-H2
z)

2
|Cz]f;
2
<
< (Il mal=1,)

2
~ (a1,
2
= ([Lsxull,)

= 5.

= max
z€D,

Therefore, by Theorem 5.3, the initial conditions (x(0),2(0)) € Ds x D, are guaranteed to
be within the stability basin of (5.3) for all (positive) ¢ less than

03] (Uc - Us) mina:EDc /\2 <g$>
2 2

Z,max

=739 x 107%.

e =8

r

In fact, Figure 5.3 shows that the derived bound is conservative for this example. Additional
simulations indicate that the system may be stable for € < 6.10 x 1072. However, guarantees
are not available with this higher “experimental bound” for all initial conditions in Dy x D, .
Furthermore, the separation principle is lost for these larger € values as the subsystems’ char-
acteristic timescales become commingled, leading to a loss of the well-understood behavior

of the consensus dynamics for the agent states.
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Figure 5.3: Comparison of state evolution for different € values in the example of Section

5.3.3. (a) Agent state trajectories. (b) Edge state trajectories. (c¢) Norm of agent error

trajectories. (d) Norm of edge error trajectories.
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5.4 Consensus Tracking with Continuous Communication

Consider the consensus tracking dynamics with continuous communication given by

i=—(LG) @) (IoM)z =—(L(G)® M)z

ez =g(x,2), (5.7)
and illustrated in Figure 5.4. Here, z = [2] - zﬂT is the collection of true agent states
z(t) € D, Cc Rt g = [of .- xﬂT is the collection of tracked virtual consensus ref-
erence states x;(t) € D, C RP, g(x,z) = [gl($1,z1)T--- gn(a:n,zn)T]T is the collection

of tracking dynamics g¢;(x;, 2;), G is a connected graph, and e is a small, positive pa-
rameter. It is assumed that the agreement states are encoded in the first p elements of
2z, namely [I, 0z; 2 Mz C RP, and the remaining non-agreement states represented by
[0, I]z; = Myz; C RP. In this context, the parameter ¢ naturally arises from control gains
embedded in the fast tracking dynamics. Inherent in the formulation of (5.7) is the assump-
tion of continuous communication between agents, which gives rise to the correspondingly
continuous evolution of the reference states, x. This assumption is reasonable, for example,
when the communication occurs quickly and at a high bandwith. Of course, inter-agent
communication is not always guaranteed to occur quickly, and such a scenario is investigated
in Section 5.5.

To aid the subsequent analysis, consider the following assumptions.

Assumption 4. The function g;(x;, z;) is continuously differentiable and has a unique, iso-
T

lated zero, namely z; = h;(x;) = [ I o7 ] = M"x; with h(z) = [hi(z1)" - hn(xn)T}T =

(I ® MT)x the collection of these zeros.

Assumption 5. Defining the error term z; = z; — hi(x;) and z = [ﬁlT oo 2T

}T, there exists a
positive-definite Lyapunov function Vi,..;(Z;) in the domains D, and D, containing (x;, z;) =
(.7)2', MTxi) such that, for all z; € D, and x; € D,,

a‘/fasi,i
0z;

9i(Ti, 2 + hi(1)) < —aa®?(3;),
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+: -i~ Rad

Figure 5.4: Consensus tracking problem with fast agent states, z, and slow virtual consensus

states, x

where ag > 0 and ®;(2;) is a continuous scalar function with ®;(0) = 0. Associated with the

collections of individual Lyapunov functions Vi,..;(%;) and functions ®;(2;) are the functions

Viea(2) = 32001 Viewi(2i) and 92(2) = 3211, ©F(2).

Assumption 4 states that the isolated tracking dynamics has a unique equilibrium, ensur-
ing that the reduced-order models which will be developed in Section 5.4.1 are well-posed.
The equilibrium for the agreement states is the reference command, x;, while the equilib-
rium for the non-agreement states is assumed to be zero. Assumption 5 then states that
this equilibrium is uniformly asymptotically stable for a fixed reference command, a com-
mon assumption for tracking dynamics. The assumed Lyapunov function for these isolated
dynamics will be used to develop conditions that ensure stability of the coupled system (5.7)

in Section 5.4.2.

5.4.1 Reduced-Order Models

This section provides reduced-order models for the dynamics (5.7) based on the timescale

separation between the slow evolution of the consensus dynamics and the fast evolution of
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the agents’ tracking dynamics as ¢ — 0*. By Assumptions 4 and 5, the dynamics (5.7) are
in standard singularly perturbed form. Therefore, as described in Section 2.2, reduced-order
models that describe the evolution of the individual subsystems over their characteristic

timescales can be directly defined as follows.

Definition 5.3. The Reduced Slow System of (5.7) is
i = —(L(G) ® Iz (5.8)
subject to #(0(0) = x(0).

Definition 5.4. The Reduced Fast System of (5.7) is

d

d_nZ(O) = g(&, 29 + h(2)), (5.9)

subject to 2(0(0) = 2(0), where 1 = t/c is the fast time and # = 2(0) is considered a fixed

parameter.

The Reduced Fast System describes the evolution of the agent states over a fast timescale
in the limit where the reference trajectory is fixed. The Reduced Slow System then describes
the evolution of the consensus-based reference trajectory in the limit where the agents per-
fectly track the given reference command. The validity of these reduced-order models is

certified by the following theorem.

Theorem 5.4. Under the dynamics (5.7) and with Assumptions 4 and 5, for any finite T
there exists an g9 > 0 such that, for 0 < e < €, the approzimations given by (5.8) and (5.9)

satisfy

z(t) = x(o)(t)—i-(’)(g)

At) = oM +:2O00/e) + Oe)
for allt € [0,T). Further, there exists a t; > 0 such that the approzimation
2(t) = (I @ MDYz O(t) + O(e)

holds fort € [ti,T].



129

Proof. The asymptotic error bounds follow from Theorem 2.1 since the problem is in standard

form and by noting the assumptions. O

The results of Theorem 5.4 state that, on finite time intervals, the reduced-order models
(5.8) and (5.9) provide good approximations of the true dynamics (5.7) when ¢ is small
enough. With regard to the network structure, by examining the dynamics (5.7) it can be
seen that a smaller A,,.(G), which is correlated with the maximum node degree, makes the
consensus dynamics slower relative to the fast agent dynamics, yielding a smaller effective
¢ and thus tending to make the reduced-order models better approximations of the true

dynamics.

5.4.2 Quantitative Stability Bounds

The qualitative separation principle described by Theorem 5.4 implies that, for small enough
g, the tracking dynamics can in general be designed separately from the network dynamics.
For any particular manifestation and implementation of these dynamics, however, quantita-
tive bounds on e are required that certify the stability of the coupled system (5.7). Such
bounds are now described by the following theorem, which constructs a Lyapunov func-
tion for the full dynamics from Lyapunov functions for the reduced systems to guarantee

asymptotic stability of the consensus subspace.

Theorem 5.5. Under the dynamics (5.7) and with Assumptions 4 and 5, if there exists

“mizing” constants [1, B3, v2 = 0 such that
1. =2 (L(G) ® M)z < B ||, @(2)

9. Wt (1(G) @ MT) (I ® M)2+11) < B ||z [l ®(2) + 12®(2)?

for allz € D, and z € D, where 2 = z—h(z) and z, £ v —L(117 @)z, then the consensus
subspace is asymptotically stable for all 0 < e < &*, where
%)

Yo + L

E*
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and oo is defined in Assumption 5.

Proof. Construct a Lyapunov function V = (1 —d) V,,,, (z) + dViu (2, 2), with 0 < d < 1
for the full dynamics from a Reduced Slow System Lyapunov function V,,, = %:pT:p and the

Reduced Fast System Lyapunov function V., given in Assumption 5. Using

dz d
Ar = @(Z—h(ﬂc))
d
=~ (- (1eM)a)
= —(ITeM"),

the time derivative of this composite Lyapunov function is then found to be
dx AVise A2 dz dViy dZ dx

T_ fast haiadheied fast hiadhied
dt+d{ dz dzdt+ dz dmdt}

= —(1-d)2"(LG) @Dz — (1 —d) 2" (L(G) ® M)z

V= (1-d)z

1 dvast A~
+ dg di% g(x,zZ 4+ h(z))

d‘/fast
dz

Now, the first term of this time derivative is bounded by

+d (I®@M")(L(G) ® M) (2 + h(z)).

—2"(L(G) ® D)z < —Xo(G)z] 21,
where x, = x — x), the difference between the state x and its average component in each
dimension x| = %(117’ ® I)x. The second component is bounded as
—T(LG) @ M)z = — (v +z))" (L(G) @ M)z
= —x{(L(g) ® M)z
< Brlleclly ®(2),

using the theorem’s first assumption, while the third component is bounded by

d‘/;ast A _ - a‘/fast,i A
e g(x, 2+ h(z)) = o5, 9i(zi, Zi + hi(zy))

=1

< =) adi(%)
=1

= —ap®?(3),
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using Assumption 5. The last term is bounded by

d‘/;ast
dz

(I®@M")(L(G)® M) (2+ h(z)) = dgf;“ (L(G) @ MTM) (2 + h(z))

< Bsllwoll, @(2) +122(2)?

using the mixed-product property of the Kronecker product and the theorem’s second as-

sumption. The total time derivative of the composite Lyapunov function is then bounded

by

V<] fail, o) |% 'Z(”)
where
ga| 0 Dn©  H0-d)8 )
—% (1 —d) B+ dBs} dos /e — dyy

Therefore, if the matrix K, is positive definite then V < 0 when z # x| and 2z # 0. Since
trace Ky > 0, this occurs if and only if

%)

0 < detKy = d(l—d)/\g(g)<——72>——{(1 d)ﬂl—i‘dﬁz}

In particular, given 0 < d < 1 there is a corresponding ¢ such that this inequality is satisfied.
To find the value of d that maximizes ¢ while guaranteeing V < 0 when z # rjand 2 # 0,
note that the above inequality can be viewed geometrically as a condition on a parabola in

s=d/(1—d):
252 [wlﬁg — 40(G) [% - 72” s+ B2 <0 (5.10)

The parabola has zeros at

1
S =
ZET0S 263

Q2 _ X2 ? 18242

( [26153 402(G )[5 72“ \/[25153 4No(G )[6 72” 45153>>
(5.11)

and is non-negative at s = d = 0 and at s = oo < d = 1. The parabola therefore has

negative values, leading to V < 0, when the zeros are real. This occurs for

A O

Yo+ L5

€ < Ecrit
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which is associated with sei = (d/(1 —d))_.. = P1/Fs. Taking €* = e then provides the

crit

result. O

The result of Theorem 5.5 is a sufficient bound on € that guarantees the convergence of the
consensus tracking dynamics. The bound is improved as the speed of the tracking dynamics is
increased (ap becomes larger), and is diminished as the mixing constants (31, 83, and 7, grow
larger. These results are guaranteed for initial conditions within an unspecified neighborhood
of the consensus subspace. In many cases, however, stability guarantees are desired from a
particular range of starting conditions. To this end, the following theorem gives bounds on
¢ that guarantee that a given set of initial conditions is within the equilibrium’s basin of

attraction.

Theorem 5.6. Under the conditions of Theorem 5.5, assume that:

1. Associated with the domain Dyx D, is the constant v, = Min( 2)ea(DyxD.) Viast(2—h(2)).

2. There is a sub-level set D, = {(z,2) € Dy x D, | V,ul(z — h(x)) < 0o} with D, C Dy %
D, and (xH, h(xH)) € D, such that v, < v,.

Then the consensus subspace X, is asymptotically stable from initial conditions (z,z) € D,

for all 0 < e < e*, where

— 2>
1P3 )
A/24_/\2(9) Ps 2
* _
g = . ;
22 >, otherwise
(cs3+26165)
V@63

With T4 max £ max,ep, |z, and ¢ £ rimax/(vz — V).

Proof. To find the sufficient bound on e, a composite Lyapunov function is constructed
so that the function’s level sets are contained within the allowable domain for all initial
conditions within the operating domain.

As in Theorem 5.5, construct the composite Lyapunov function as V' = (1 — d) %xTx +

AV (2), with 0 < d < 1. Now, the question is how to choose d (and therefore ) such that
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a desired domain of stability is maintained. Intuitively, the key is to never let the agent
states out of the domain where the tracking dynamics are guaranteed to work. Therefore,
the maximum allowable level set is defined by the minimum value of Vi, on its boundary,

dv,. So, bound the total Lyapunov function from above by

1
dv, > V(z,z) = (1—4d) §xT:U + dVi (2, 2)

The Lyapunov function is closest to the bound if 272 = rivmax, so the system is guaranteed

to start below the maximum allowable level set if

(5.12)

g \
—V condition \ \
-5 . St
- - Level set condition \ \
¥* d \ \
_10 1 _10 i i " " 1 "
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
d d
(a) (b)

Figure 5.5: The two cases for the level set and V conditions in the proof of Theorem 5.6.

(a) Case 1. (b) Case 2.

Now, from Theorem 5.5, V' < 0 if the parabola inequality (5.10) is satisfied . This occurs

for € < e at the associated point (d/(1 — d)) There are two cases to consider. In the

crit”

first case, the level set condition (5.12) holds for a minimum d/(1—d) less than (d/(1 — d))

crit?
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and the bound on £ may be taken as €} = e since both the level set and the V condition

will hold at (d/(1 —d)) Otherwise, the second case holds where the minimum level set

crit*
value is to the right of (d/(1 —d)),,, and € must be set smaller so that the parabola has a
lower minima and both conditions are satisfied at the same value of d/(1 — d). These two
cases are visualized in Figure 5.5. In the second case, set the right-hand zero of the parabola

to occur at
2
d r:):,max

1—d 2 (v, —v,) (5.13)

That is, at the smallest value of d/(1 — d) given by the level set condition so that there

is overlap between the intervals where (5.12) and (5.10) are satisfied. Using (5.13) in the

equation for the parabola zeros (5.11) yields

7"2

T,max

2 (v, — v,)

QL@% <_ [25153 —4X(9) [% —VQH + \/[25153 —4X2(9) [% - 72H2 N 45%5%) '

This equation is satisfied by

%)
Yo+ (CB2+26185)° ] (8A2(G)B2C)
2

where ¢ = 77 ,.../(v: — v,). The overall bound for ¢ is therefore found dependent on the case

£y =

as
. et if % > §
e = ,
€5, otherwise
with
d* = max{ P "'z max }
51 + 53’ rw,max + 2 (Uz - Uo)
as the associated value of d. O

In Theorem 5.6, two cases are presented for the upper bound £*. In the first case, the
desired set of initial conditions are found to be within the neighborhood guaranteed by the

results of Theorem 5.5, yielding the same bound. In the second case, however, a different
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composite Lyapunov function must be chosen to ensure that the state trajectories stay within
D, x D,, yielding a different corresponding bound. The stability bounds in Theorem 5.5
and 5.6 can be further related to graph-based features when Assumption 5 admits a special

Lyapunov function. This is summarized in the following corollary.

Corollary 5.1. For the dynamics and assumptions of Theorem 5.5 with Assumption 5 satis-
fied by Vi = 2T (M ® I)T QM I)z24W (MyZ) for 0 = Q =< ql, some positive semidefinite
function W(-) € R% — R, and ®(2)? = 27 (MTM ®I) 2, then the upper bound on e that

guarantees stability is
(8%)

Amaz ’
M @a (14 5257
If the assumptions of Theorem 5.6 are additionally applied, then the upper bound is further

ef =

refined as
o el ¢
if=> 2
e (@) 2
. Amax(g)q(H X2(9) ) !
8 — Y
[P i
otherwise
(€a+2)2 Amax(9) )’
Amax(G) (q+q87< W)

With Ty max £ max,ep, |z, and ¢ £ rimax/(vz — V).

Proof. Theorems 5.5 and 5.6 are satisfied with use of the Cauchy-Schwarz inequality using
/Bl = /\max(g) and /83 == 72 = Amax(g)q- D

It is clear from Corollary 5.1 that a larger value of £* occurs when the ratio A,..(G)/X2(9)
is close to unity while, analogously to the qualitative results of Theorem 5.4, \,...(G) is small.
Together, these trends indicate that regular graphs and expander graphs will give particularly
large stability bounds. Further, with the additional assumptions of Theorem 5.6 in place,

these results show the quantitative effect on the € bound of different sets of initial conditions.

5.4.3 Example

Consider the consensus tracking problem

T = — Z (vi — v,

JEN(9)
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where z = [z],... ,$ﬂT € R?*" is the vector of desired planar positions of the agents and
y = [le, e ,yﬂT € R?" is the vector of true positions. For unicycle-type robots, an agent’s

bearing state can be written as ¢; = atan2(y;)+m —6; with atan2(-) the four-quadrant inverse
tangent, which encodes the angle between the vehicle principle axis #; and the position vector
y; and over all agents forms the vector ¢ = [y, ... ,wn]T € R™. Under control adapted from
[107] and with z; = [y;, l/Ji]T, the closed-loop dynamics of the ith agent may then be written
in the form (5.7) as
— cos” ¥ (yi — ;)
52.17; = " s

where ¢ = 1/k, and where kg, k, > 0 are the controller gains. Assigning 2; = z; — h;(x;) =

(5.14)

2 — M x;, then the Lyapunov function

1 1
‘/;ast,i(éi) = 52;11 (MTM) ZAZ + 521M0TM0731
1

1
= Q(yi — ) (yi — ) + 5@/%2

defined for each agent satisfies

a‘/asti A
afz ’ gi(xia zZi + hz(%)) = — cos’ Vi (yi - l’i)T(yi - %) - (ka/kd> %’2
ko
< —(yi — m) " (ys — T;) — (k_d — (yi — fz’)T(yi — xz)) 12
. . ko .
=2 (M"M) 2 — (k_d — 2 (M™M) zi> V7.

Restricting the domain to ko/kq > 21 (MTM) 2;, Corollary 5.1 is satisfied with ap = n and
Q = %[. For an eight node pseudo-barbell network with w;; = 1 for all edges, Ay = 0.29
and A\., = 4.90. The consensus subspace X, is therefore asymptotically stable for all

0 < 1/kq < &* where
2n
Moes (@) (1 4+ 232480

= 0.18.

o
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Results can be seen in Figure 5.6 for various values of ¢, showing that the system is asymp-
totically stable for ¢ < &* while for slow tracking with ¢ = 0.6 the asymptotic stability is

lost.

6 3
—e=0.18 —e=0.6

4 h\. - -£=0.09 2 —DReduced System
—Reduced System

—c=0.18 —z=0.6
25 --:=0.09 5

Figure 5.6: Comparison of agent evolution for different ¢ values in the example of Section
5.4.3. (a) Agent state trajectories for e < e*. (b) Agent state trajectories for slow tracking.
(c¢) Norm of agent error trajectories for ¢ < *. (d) Norm of agent error trajectory for slow

tracking.
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5.5 Consensus Tracking with Intermittent Communication

Consider the leader-follower consensus tracking dynamics with intermittent communication

given by

Tref
T =(K(G)®@ M)z + , t =ty
0

z=g(x,z,t;v), t # ty, (5.15)

and for which one particular manifestation is shown, for example, in Figure 5.7. Here, z =
(21 2T "is the collection of true agent states z(t) € D, C RPHPo_ g = 2T - xZ]T is the
collection of tracked virtual consensus reference states z;(t) € D, C RP
g(x,z,t) = [gl(xl, 2,07 g, 20, t)T}T is the collection of tracking dynamics ¢;(x;, z;, t),
G is a connected graph,

len
[]n__ZXL(g)bnulm

is the discretized leader-follower Laplacian with step size A [87], rer € R? is the leader’s

K(G) =

reference input, and t; € {to, t1,...} are the distinct communication times with v = 1/(t;, —
tr—1) measuring the current update rate. The differences between communication times are
assumed to be lower bounded by t; — ;1 > pu > 0. As in the continuous-time consensus
tracking problem of Section 5.4, the first p elements of z;, namely [I, 0]z; = Mz; C R, encode
the agreement states and the remaining elements, [0, I]z; £ Myz; C RP, the non-agreement
states. In contrast to the continuous-communication problem of Section 5.4, however, the
dynamics given by (5.15) assume that inter-agent communication occurs only intermittently.
This assumption leads to the use of a discrete protocol for the reference states, x, and is

natural when communication power or bandwith is limited.

The following will be assumed in the ensuing analysis.

Assumption 6. The vector field g(r, z,t;v) is Lipschitz in its arguments and has a Lipschitz

derivative in its second argument for all r € D, and z € D,.
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Communication Graph

ADZ!

+

'é @/%" 3 Q\/\, “w @
& @ @ 3

b)

(a)

Figure 5.7: Distributed attitude consensus for a network of satellites with intermittent com-
munication with fast agent states, z, and slow virtual consensus states, x. (a) The set of
reference attitudes updates distributively at time ¢, over a barbell-like graph. (b) Each

satellite’s attitude evolves toward its reference attitude between discrete updates.

Assumption 7. The isolated tracking dynamics defined by z = g(r,z,t;0) are uniformly
asymptotically stable about zeq = (I @ MT)r for all fized r € D,.

. . . . R T
Assumption 8. Defining the error term 2; = z; — M x; and 2 = [zip e z,ﬂ , each vector

field g; can be written as

9i (4, 25,6 v) = AiZi + i (14, 25, 85 V)
where A; € RP*P and g; is bounded over D, and D, as

1G: (i, 20t )|° < 27 Rii + w2 B3,
with R;, E; € RP*P.

Assumption 6 allows trajectories of the tracking dynamics to remain close to one an-
other given small differences in the initial conditions and reference commands (e.g., [62,

Chapter 3|). Assumption 7 then states that the isolated tracking dynamics have agreement
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states that are stable about the fixed reference command and non-agreement states that are
stable about zero. Together, these conditions ensure that the reduced-order models which
will be developed in Section 5.5.1 are well-posed. Assumption 8 then restricts the class of
nonlinearities in the tracking dynamics. Nonlinearities of these types are standard in the
interconnected systems literature and cover a wide class of practical systems including the
attitude dynamics of precision-pointing spacecraft [8, Chapter 6] and multimachine power
systems [108, 109]. This assumption will be used in Section 5.5.2 to help develop quantitative
bounds on the update rates that ensures stability of the coupled system (5.15).

5.5.1 Reduced-Order Models

This section provides reduced-order models for the dynamics (5.15) based on the timescale
separation between the slow evolution of the consensus dynamics and the fast evolution of
the agents’ tracking dynamics as y — oo. With Assumptions 6 and 7, and following the
analysis described in Section 3.4.2, reduced-order models that describe the evolution of the

individual subsystems over their characteristic timescales can be defined as follows.
Definition 5.5. The Decision System of (5.15) is

2O () = (K(G) @ aV(t;) + r;ef : (5.16)

subject to 29 (0) = x(0).
Definition 5.6. Define the kth time interval between discrete communication instances as
I {t eR ‘ th <t< tk+1} and the elapsed time within this interval as n £ t — ¢;. The
Interval Correction System of (5.15) is then defined separately for each interval Z; as

e(m) = g (a0, () + (I @ MT)aO(t]), 0+ 1430) (5.17)

subject to 2(0) = 2000 — (I ® MT)z©(0) for the first interval and
2,(0) = (I @ M) {z® (t;) — 2@ (f)} otherwise, and where (¥ is the state vector of
the decision system defined in (3.88).



141

The Decision System (5.16) describes the reduced-order behaviour of the isolated discrete-
time network dynamics with the continuous-time agent dynamics perfectly tracking their
state-dependent equilibrium. Note that the system is purely discrete. The Interval Correc-
tion System then describes the evolution of the isolated continuous agent dynamics towards
the equilibrium trajectory between each set of consecutive discrete updates. The initial con-
ditions are based on the state vector 2(%) of the Decision System alone; they are independent
of the state of the interval correction system on any previous intervals. The validity of these

reduced-order models is certified by the following theorem.

Theorem 5.7. Under the dynamics (5.15) and with Assumptions 6 and 7, for any t; > 0
there exists a pp, 0 < po < 00, such that for all p > ug the approximations given by (5.16)
and (5.17) satisfy

o(th) = O +o(1)

2(t) = (T MN)zO ) + 5.t — tr) + o(1)

for all t € [to,ts]. Further, for each interval Iy, between discrete updates with ty, < ty, there

is a t; with t, <t; < tp1 such that the approzimation
2(t) =1 ® MT)I(O) (t;) + o(1)
holds for all t € [t;,ty+1).

Proof. With Assumptions 6 and 7 in place, the asymptotic error bounds follow since the

problem satisfies the conditions of Theorem 3.5. n

The results of Theorem 5.7 state that, over a finite number of network updates, the
reduced-order models (5.16) and (5.17) provide good approximations of the true dynam-
ics (5.15) when g is large enough. Practically speaking, this theorem provides qualitative
conditions under which it is reasonable for the networked decision dynamics to be designed

separately from the agents’” tracking dynamics.
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5.5.2 Quantitative Stability Bounds

Given the qualitative results of Theorem 5.7 and the fact that the reduced-order Decision
System is stable for appropriate choice of A, it is reasonable to ask under what conditions the
coupled dynamics (5.15) is stable. If the reduced-order discrete-time Decision System (5.16)
is designed assuming that the continuous-time agent dynamics are always at their state-
dependent equilibrium, then too-frequent updates may lead to instability of the coupled
dynamics (5.15). This is because at the time of the next update the continuous-time states
will not have had a chance to reach their new equilibrium and may in fact have initially
moved away from this equilibrium due to non-minimum phase behaviour |10, Chapter 6|.
This section therefore details an approach to find sufficient lower bounds on p above which
the full system is guaranteed to be stable.

In order to analyze the coupled system’s stability, begin by rewriting (5.15) in terms of
the error coordinates # 2 v —1®r;and 22 2 —(IQM )z = 2 —(IQMT)F — (1@ M 1)

The discrete £ dynamics are then

i+:x+—1®rref

— (K(G) ® M)z + T;ef 1@ Tt

— (K(Q)® M) (2 + (I ® MT)Z + (1® MTr)) + T;ef 1@

= (K@) @ M)z+ (K(G)® i+ (K(G)1 ® ryet) + r:f — 1 ® Tyt

= (K(G)® M)z + (K(G) ® )T + ! P 1@
1 ® Tret 0

= (K(G)@ M)z + (K(G)® )z,

using the mixed-product property of the Kronecker product and the fact that K(G)1 =

[0, 17]T. Now, after a discrete update the agents’ reference trajectories change due to the
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updated value of the discrete network state vector, x, and Z is thus correspondingly updated

as

=z TeoM"a"

={Z+({ToMNi+ 1M re)} —{I@M")Z" + (1 ® M 1) }

P4 I@MYE— (1o MY)E"
=2+ (IoMNi- T M){(KG)®M)z+ (K(G)®I)i}
=7+ (IeMNi— (KG)®@M"™M)z - (K(G)® M")i

= (I - (K(G)® MTM)) 2+ ((I - K(G)) & M") &
Fz

lI>

+ F,7.

an

Finally, in between updates the z dynamics are
i=2
=g(x, 2+ h(z, 1), t;v)
= diag{A4;}z + g (2, 2, t;v)
S A2+ (2,2 ty),
with
17 (2, 2, t;)||* < 2" diag{R;} % + vZ" diag{E;} 2

2 TRz + TRz

by Assumption 8. Therefore, the error dynamics are summarized as

T =(K(G)@M)z+ (K(G)®I)z, t =ty
t=F 4+ F,x, t =t
F=Ai4+§(z, 5, t;v), t # ty. (5.18)

With these formulations in place, the following theorem gives quantitative bounds on y that

guarantee stability of the composite system.
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Theorem 5.8. For the dynamics (5.15) under Assumptions 6 and 8, if for some u* there

are matrices Py, Po» > 0 and positive scalars d;;, 3,K, such that the LMIs

®<0,02<0,¥<0

hold with
N (K(G) @ DTP(K(G) @ 1) —dnP (K(G)® )" P(K(G) ® M)
* (K(G) @ M)TPi(K(G) @ M) — dioP,
0a kP, + PbA+ ATPy+ SR+ (B/p)E P
* 061 ’
and
- —do P; + FxTPQFx FJCTPQFZ
* —dQQPQ—f—FZTPQFZ ’

and such that
p du d12€_'€“: <1
dy1  dye™ "™
where p(-) denotes the spectral radius of a matriz, then the dynamics (5.15) reach consensus

about (Teq, Zeq) = (1 ® Tref, 1 ® MTr,ef) for all p > p*.

Proof. The proof follows by construction of a vector Lyapunov function and analysis of the
corresponding comparison system. To begin, assume the vector Lyapunov function U(t) =
[Vi(t), Va(t)]" (see [110, Chapter 2|, for example) for the error dynamics (5.18) with V; =
TPz, Vo = 2T PyZ, and P; > 0. Further assume that the LMIs are satisfied for some 7},
Since p comes into the LMIs through a positive semi-definite matrix, the LMIs are also
satisfied for all p > ui,;- In the following, the collection of error states will be denoted by
g2 [#7, 37",

For Vi , calculating the derivative for ¢t € Z,, yields

V, = 2" P i

=0,
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since = only changes at the discrete jumps. Over jumps,

‘/1-&- — j+TP1f+
= ((K(G)® M)z + (K(G) ® 1¥)" Py (K(G) ® M)z + (K(G) ® I)Z)

7 (K(G)o)TP(K(G)®I) (K(G)®I)TP(K(G)® M) .
« (K(G) @ M)TP(K(G)® M) |

Adding and subtracting d;1V; and di3V5, where dqq,d1o > 0, this can be further arranged as
Vi (t5) = ¢"®q + di1 Vi + diaVa. Since @ < 0, the inequality

Vi (#) < duVi (t) + diaVa (t)

therefore holds.
For V5, the derivative along trajectories for ¢t € 7 satisfies
Vo =25TPy2
= 23TPy{AZ + §(x, 2, t;0)}

<2 TP {AZ + g (x, 5, t0)} + B (FTRZ + 2T Ez — ||g])%) + (kVa — &V3)

where , 8 > 0, since ||§||> < 27 Rz + pzT EZ. This can be rearranged as

T
. z z
Va < Q — kVa,
g g
and therefore
Vo < —kVh

holds since < 0. Over jumps, similarly to the V™ case,

Vot = TPzt
= {F.z+ F,2}" P,{F.Z + F,7}
- | FTPF, FIPRF,
= q q
x FTPF,

= QT‘I’Q + d1 Vi + daaVa
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where dgl, dgg Z 0. r]?hllS7

Vo(ty) < dnVa(ty) + daVal(ty)

holds since ¥ < 0.

The vector Lyapunov function U(t) has been shown to satisfy

) 0 0
U< U
0 —k
B
and
dip d
vy = T v,
da1  dao
D

where v < u implies v; < u; for all . A comparison system for the dynamics is therefore

u(ty) = Du(ty)

i = Bu, (5.19)

subject to u(ty) = U(ty). It follows from [110, Theorem 2.11] that the stability properties of
the zero solution of (5.19) imply the corresponding stability properties of the error dynamics
(5.18), or equivalently the stability of the original dynamics (5.15) about (Zeq, Zeq)-

To analyze stability of (5.19), construct the state evolution of u at t € Zj, as

k
ult) = eB(t—tk)HD@B(ti_ti_l)u(tO)
=1
k ~
= PEWT] Dt — tioulto),
i—1

where D is explicitly calculated as

) diy dype—rtt-tion)
D(tl - tifl) = H 2 . (520)
dyy  dppe " li~tiz1)
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Now, ||u(t)|| is bounded if each D has spectral radius of at most one. Therefore, choosing

W > piyg such that max ))\ (D(,u*))‘ < 1, and noting that max ‘)\ (D(u)) is monotonic in

w, the original system (5.15) is stable about (Zeq, 2zeq) for all p > p*. O

The results of Theorem 5.8 yield stability bounds for the hybrid-time system. The ma-
trices in the LMIs are slack matrices that allow a simpler comparison system to be analyzed
in the proof instead of the original dynamics. This comparison system is based on Lyapunov
functions for the individual continuous-time and discrete-time dynamics. Examining the
conditions of the theorem, if the continuous evolution of the tracking dynamics z defined in
(5.18) is faster or more stable then the 2 < 0 condition will tend to be satisfied for a larger
k. This will then lower the necessary p* since the spectral radius condition is monotonic in
k. Analogously to the continuous-time consensus tracking case, it can also be seen that there
is a tradeoff on the p* bound between the maximum and minimum spectral values of the
network dynamics. In particular, a larger maximum singular value of K(G) tends to raise
the necessary values of d;; and di» that satisfy the ® < 0 condition, thereby increasing the
necessary p* to satisfy the spectral radius condition. Similarly, a smaller minimum singular
value of K(G) tends to increase the maximum singular values of F, and F, and therefore
raise the necessary values of dy; and dss that satisfy the ¥ < 0 condition, again resulting in a
larger p* that satisfies the spectral radius condition. Of course, the acquired bounds may be
conservative since they are based on particular Lyapunov functions. However, the outlined
approach can be easily adapted if more information, such as more appropriate Lyapunov
functions, are known for the reduced-order models.

It is interesting to note that the approach used in Theorem 5.8 can be directly extended

to analyze the stability of a more general class of systems. Consider dynamics of the form
vt =Ko+ (2,2 tv), t =ty
=gz, z,tv), t # ty, (5.21)

where the the z dynamics have a unique equilibrium z = h(z,t) when z is fixed. Then,

defining the error state Z = z — h(z,t) and ¢ = [27, 27]7, assume that f is bounded over D,
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and D, as

2 J11 J12 Ell E12
<q"| g+ng" | ¢ =q g+ pg" By,
Jig Ji3 Ei, Ei3

and that the vector field g can be written as

Oh(z,t
g<$72+h<$7t)7taﬂ>_ (a:z’ ) =A2+§(x,§,t,y)7
where ¢ is bounded over D, and D, as
Ey FE
19 (e 2, t )| <Z"Rz+pg" | 7 | q 2ETRE+ g B,
EL  Eu3

for JH, EH, By € ]Rnl-xnw, J12, E12, Ey € Rnwxnz7 and J13, E13, E23,R € R™=>*"=_ Further

assume that the jump in the Z states after a discrete update
Ah = h(z,ty) — h(f (2,2 4+ Wz, t), k; V), ty)

is bounded over D, and D, as

J21 J22
|AR|? < 4" . q 2 q" Jag,
5 Jos

with Jy; € R™ X" Joo € R™*™ and Jog € R™*™ . Then the following theorem provides

bounds on the minimum time between updates, u, which guarantee the stability of (5.21).

Theorem 5.9. For the dynamics (5.21), if for some u* there are matrices Py, P > 0 and
positive scalars d;j, B, Vi, ki, such that the LMIs

®<0,02<0,¥<0

hold with

—dy P+ KTPK + vy Ji + (/i) En Y2 + (n/1*) Erz K'h
o £ * —d12 Py + v1J13 + (71 /%) Ers 0 )
* * _"71 + Pl
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—k1 P+ (B/ 1) B (B/1*) B 0
e * koPy + PyA+ ATPy+ SR+ (B/p*) Eay Po |
* * —B1
and
—do1 Py + y2J0 Y2 S22 0
\I/é * —d22P2+P2+’}/2J23 P2 )
* * —Yol + P

and such that
dyy + B25 (1 — e72h")  dpe e
) 11+ 2 ( ) di2 <1
d21 + d2;:1 (1 _ e—m,u*) d226—n2,u*
where p(-) denotes the spectral radius of a matriz, then the dynamics (5.21) are stable about

zero for all p > .

Proof. The proof follows the vector Lyapunov approach outlined in Theorem 5.8 for an
assumed vector Lyapunov function U(t) = [Vi(t), Va(t)]" with V; = 2T Pz, Vy = 2T P,Z, and
P; > 0. Again, the LMIs are satisfied for all p > uf,, since p comes into the LMIs through

a positive semi-definite matrix.

For Vi, time derivatives between discrete updates yield Vi = 0. Over jumps,

Vit = flz2+hkp)" Pof (2,24 h ks p)
= (K:c—l—f)TPl(K:c'—l—f)

T

q q
N Q| | +duVi+diVs

f f
< dipVh +dipVs

IN

12
since 0 < v, |q"Jiq +vq" Eiq — HfH } and because ® < 0.
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For V5, time derivatives between discrete updates satisfy
Vo = 237Py (A2 4§ (x, 2, t, 1))
< Q + k1V1 — K2V
< rm1V1 — kalh,

using 0 < f3 (,%TRé +vq' Eyq — HgHQ) and the fact that Q < 0. Over jumps, similarly to the

V" case,

Vo (tf) = {£+Ah} P {2+ AR}

q q
< v + do1 Vi + daa V5

Ah Ah
< dy Vi + daaVs

since 0 < 72 [¢7 Jog — HAhHﬂ and ¥ < 0.

Therefore, the vector Lyapunov U satisfies

. 0 O
U= U
K1 —KRo

~———
B

and

diy d
v = | T U ()
dy1 dao

—_———
D

where < denotes a component-wise inequality, and a comparison system for the dynamics is
u(ty) = Du(ty)
u = Bu, (5.22)

subject to u(ty) = U(ty). It follows from [110, Theorem 2.11] that the stability properties of

the zero solution of (5.22) imply the corresponding stability properties of (5.21). The state
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evolution of w is constructed as

u(t) = eBt=t) ﬁb(tz —t;_1)u(ty),

=1

where

g diy  dyge " tiztiz1)
Dti—tiy) =] — "7 . (5.23)
doy d22e—’i(ti—ti—1)

So, ||u(t)| is bounded if each D has spectral radius of at most one. Noting that as p — oo,

lim A (D(u)) — (dn + dlj’“, o)

HU—>00 2
the condition is feasible if dy; + di2(k1/k2) < 1. Therefore, choosing p* > i, such that
max ‘)\ (D(u*)) ‘ < 1, and noting that max ’)\ (D(u))
(5.21) is stable for all u > p*. O

is monotonic in y, the original system

5.5.3 Example

Consider a group of satellites communicating intermittently over a network to distributively
reach consensus on their attitude as illustrated in Figure 5.7, where the ¢th satellite’s attitude
is represented by the Modified Rodrigues Parameters (MRPs) o; € R3. Further assume that
one satellite, the leader, has knowledge of the desired attitude ogesireqa for the group. A
distributed protocol for the ith satellite’s reference attitude is then provided by the discrete

leader-follower dynamics

O desired s =1
0i + A jen (i —05), i#1

on the satellites’ undirected communication graph, G, where A is a fixed step size. Under

+
O-ref,i -

appropriate closed loop control |75, Chapter 8], the ith satellite’s attitude error kinematics

are described by

d | 0; 0 I i 0
al . |- - ’
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where 0; = 0; — 0y, and where g; accounts for the nonlinear effects of imperfect actuation
in the control. This is a tracking controller that stabilizes to h;(z,t) = [a;"(;f’i, 01X3]T when

Oref ;i 15 fixed.

The discrete evolution of the satellites’ reference attitudes, z = [of; - J;fef’n}T, and
continuous evolution of their true states, z = [0?, oL, o ol T }T, can be equivalently
written as the coupled system

+ O desired

= (K(G)® M)z + , t =ty
03(n71)><1
. z (1) .
Z=A|z(t) - + g (x,z2t), t# ty (5.24)
03n><1
where
A2dingd | P D ,
_Ci,1]3 _Ci,2]3
and
g, 2,4) (07, §1(61,61,8)", -+ 07, §u(Gn, 00, 1)"]"

With the satellite and network parameters defined in Table 5.1, the dynamics (5.24) are of
the form (5.15) and satisfy the conditions of Theorem 5.7. Therefore, the corresponding
reduced-order models given by (5.16) and (5.17) hold for this system. As shown in Figures
5.8a and 5.8b, these reduced-order models become good approximations of the true dynamics
as the minimum time p between discrete updates increases.

To find a bound on u that guarantees stability, note that Assumptions 7 and 6 are satisfied
for the values in Table 5.1 and by assuming that R < (().01)2 ® I. The LMIs and spectral
radius inequality in Theorem 5.8 are then satisfied using the constants defined in Table 5.2,
providing the bound p* = 33 time units. As expected, Figure 5.8¢ shows that the hybrid-

time system is stable when p = 33. However, the bound given by any particular combination
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of parameters that satisfy Theorem 5.8 may be conservative. For these particular initial
conditions, Figure 5.8d demonstrates that the satellites exhibit unstable oscillations in their
attitudes when p = 10 time units. In this particular case, the instability is due to a resonance
phenomenon where the distributed decisions on new reference attitudes are made when
satellites have overshot their previous reference attitudes. For large enough p, however, the
satellites” attitudes settle closer to their individual references which allows the discrete leader-
follower consensus protocol to evolve in a stable fashion as designed. This example illustrates
the potential danger of too-frequent communication updates even for systems where the

discrete network dynamics and continuous agent dynamics are stable when isolated.

Table 5.1: Simulation parameters for the example of Section 5.5.3

Parameter Value
Ci1 1

Ci2 0.4

A 0.4

g Barbell-like graph shown in Figure 5.7
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Table 5.2: Values of constants that satisfy Theorem 5.8 for the example of Section 5.5.3

Parameter Value

P I

P Solution to PobA+ AP, +1 =0
diy 0.9750

dyo 28.5469

day 16.1391

das 10.0091

B 310.9920

K 0.3016

W 33
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Figure 5.8: Comparison of state evolution for different p values in the example of Section
5.5.3. (a) Trajectories of a particular satellite’s first MRP within a normalized interval
between communication instants. (b) Evolution of a particular satellite’s first MRP reference
command. (c¢) Evolution of all 8 satellites’ attitudes when u = 33 = p*. (d) Evolution of all
§8 satellites’ attitudes when p = 10 < p*.
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Chapter 6

CONCLUSIONS AND FUTURE WORK

The research detailed in this dissertation has focused on advancing and applying multiple

scale methods to complex dynamical systems.

First, a generalized multi-scale analysis method was developed in Chapter 3 for reduced-
order modeling of systems where multiple timescales arise due to heterogeneous time depen-
dency. It was first shown how this approach extends classical multiple timescale approaches
to systems that depend on a combination of continuous time and/or discrete clocks. The
generalized approach was then applied to discrete, multirate systems and to hybrid-time sys-
tems. In both cases, the approach demonstrated how discrete clock rates can cause multiple
timescale behaviour in these systems, and this behaviour was exploited to formulate reduced-
order models. Further, these developed approximations were shown to satisfy asymptotic
error bounds for both these classes of systems, and their efficacy was demonstrated by several

numerical examples.

Next, in Chapter 4, MMS was applied to the problem of propagating satellite trajecto-
ries subject to non-conservative perturbing forces. The developed trajectory solution takes
advantage of the timescale separation between the fast effects of central-body gravitation
and the slow effects of the perturbation. Importantly, the resulting approximations have
known error properties that are dependent on the nominal parameters of the perturbation.
Comparisons with previous propagation methods illustrated these error properties for the
case of atmospheric drag and confirmed the accuracy and computational efficiency of the ap-
proach for a range of representative low-Earth orbits. Further, an expression was developed
for the trajectory’s sensitivity to different perturbation parameters by exploiting the multi-

ple timescale form of the trajectory solution. Simulations verified that this approach gives
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accurate insight into the effects of uncertainties in the parameters of the non-conservative
perturbation, even in the presence of high-order geopotential effects.

Finally, Chapter 5 investigated three problems in networked dynamical systems. In the
first case, a set of fast consensus dynamics was considered where the edge weights had
their own slowly varying dynamics. The second case examined a problem where fast agents
attempt to track reference trajectories given by slow consensus dynamics, assuming that
communication over the network is continuous. The third case then explored a similar
consensus tracking problem where the communication between agents was instead assumed
to occur only intermittently. In each case, reduced-order models were formulated based on
the natural timescale separation between the agent dynamics and the network dynamics.
It was then shown how stability properties of these reduced-order models can be used to
develop quantitative bounds on the graph topology and on the communication rate that
guarantee stability of the full systems. Numerical examples illustrated the effectiveness of
the reduced-order models and demonstrated how violation of the derived quantitative bounds

can cause instability in the various scenarios.

There are several avenues for possible future research that stem from this work. One
possible direction is to investigate how other update rules governing discrete updates, besides
the clock-based rules considered here, may also cause multi-scale behaviour. For example,
reduced-order models similar to those developed in Section 3.4.2 may apply if discrete updates
occur instead when the norm of the tracking error, ||z — h(z,t)||, is below some bound
e. With regard to orbit propagation applications, it would be interesting to explore how
trajectory sensitivity expressions could be derived in the presence of several non-conservative
perturbations. This avenue is especially important for orbital regimes beyond low-Earth orbit
where the nominal magnitudes of various perturbing forces are comparable. For applications
in networked dynamical systems, one possibility for future work is to extend these results
to directed graphs, which can help reflect sensing asymmetries for heterogeneous agents.
Another potential extension is to relax the condition on a connected graph to consider

graphs whose union over some time interval is connected. A third area of possible research
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is to use these methods to investigate the control of networks, for instance in cases where a

node is taken over by a malicious agent.
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