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As robots are introduced to a wider variety of real-world domains—factories, roads, and homes—they

must be able to reliably operate with incomplete knowledge of the cluttered-but-structured environment.

This dissertation considers the problem of motion planning with uncertainty, where a robot navigates to

a goal without knowing the environment’s exact obstacle geometry. How can uncertainty be efficiently

incorporated into decision-making, without ballooning planning times on computationally-constrained

systems and paralyzing robots into indecision? How can algorithms leverage the structure of uncertainty to

efficiently plan high-quality paths?

This dissertation proposes Bayesian strategies for integrating uncertainty throughout the sampling-

based motion planning framework. We formalize uncertainty with an informative posterior distribution

over latent environment parameters. In this component, roboticists express their domain expertise about

a robot’s environment, sensor suite, and interactions between the two. Bayesian planning algorithms aim

to navigate the exploration-exploitation tradeoff with respect to this distribution of environments that the

robot anticipates seeing at test time.



We develop efficient Bayesian search algorithms motivated by regret minimization. This objective captures

the urgency of a planner’s sequential decision-making process by comparing with the optimal decision-

maker at each iteration. The cumulative difference, or regret, penalizes suboptimality at each iteration as

well as the time expended to reduce that suboptimality. We demonstrate that algorithms based on pos-

terior sampling are effective for Bayesian anytime lazy motion planning and Bayesian dynamic motion

planning.

We propose a variational inference algorithm for roadmap optimization, which aims to match the distribu-

tion of roadmap samples to the target distribution of collision-free states. We demonstrate that optimized

sparse roadmaps concisely approximate the uncertain environment and can be searched more efficiently

than conventional uniform or low-discrepancy dense roadmaps.



Abstract

As robots are introduced to a wider variety of real-world domains—
factories, roads, and homes—they must be able to reliably operate
with incomplete knowledge of the cluttered-but-structured envi-
ronment. This dissertation considers the problem of motion planning
with uncertainty, where a robot navigates to a goal without knowing
the environment’s exact obstacle geometry. How can uncertainty be
efficiently incorporated into decision-making, without ballooning
planning times on computationally-constrained systems and paralyz-
ing robots into indecision? How can algorithms leverage the structure
of uncertainty to efficiently plan high-quality paths?

This dissertation proposes Bayesian strategies for integrating un-
certainty throughout the sampling-based motion planning frame-
work. We formalize uncertainty with an informative posterior dis-
tribution over latent environment parameters. In this component,
roboticists express their domain expertise about a robot’s environ-
ment, sensor suite, and interactions between the two. Bayesian plan-
ning algorithms aim to navigate the exploration-exploitation tradeoff
with respect to this distribution of environments that the robot antici-
pates seeing at test time.

We develop efficient Bayesian search algorithms motivated by re-
gret minimization. This objective captures the urgency of a planner’s
sequential decision-making process by comparing with the optimal
decision-maker at each iteration. The cumulative difference, or re-
gret, penalizes suboptimality at each iteration as well as the time
expended to reduce that suboptimality. We demonstrate that algo-
rithms based on posterior sampling are effective for Bayesian anytime
lazy motion planning and Bayesian dynamic motion planning.

We propose a variational inference algorithm for roadmap optimiza-
tion, which aims to match the distribution of roadmap samples to
the target distribution of collision-free states. We demonstrate that
optimized sparse roadmaps concisely approximate the uncertain en-
vironment and can be searched more efficiently than conventional
uniform or low-discrepancy dense roadmaps.
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1
Introduction

As robots are introduced to a wider variety of real-world domains—
factories, roads, and homes—they will be tasked with operating with
incomplete knowledge of the environment. Sensors and perception
algorithms may imprecisely detect furniture or other obstacles that a
robot shares space with. Forecasting models may inaccurately predict
the decisions of other actors and the consequences of a robot’s ac-
tions. Despite these varied uncertainties, we must be able to depend
on robots to remain safe and operational.

This dissertation considers the problem of motion planning with
uncertainty, where a robot navigates to a goal without knowing the
environment’s exact obstacle geometry. Real-world environments
are cluttered but structured—so-called “obstacles” were left there by
people or nature—and a robot can use this physical understanding
of the world to filter and extrapolate beyond its own history of ob-
servations. This structure can be formalized as a Bayesian posterior
distribution over latent environment parameters.

Planning with uncertainty is fundamentally about balancing explo-
ration with exploitation: should a robot act to gain information and
reduce uncertainty, or should it simply brave the unknown? Roboti-
cists frequently leverage their domain expertise to define good algo-
rithmic abstractions (e.g., the sense-plan-act paradigm) and “carve
nature at its joints” to make robots more robust to uncertainty. The
environment itself may be rigidly controlled to simplify the demands
placed upon an autonomous system, and improved perception algo-
rithms or extra sensors may be able to reduce uncertainty to the point
that it can effectively be ignored. Bayes-optimal formulations of plan-
ning under uncertainty aim to maximize the Bayesian value function,
but are not a silver bullet for improved performance compared to
well-designed and carefully-engineered systems.1 Unfortunately, 1 In practice, theoretically-sound algo-

rithms are often bolstered by pragmatic
information-based heuristics or shaped
reward functions.

these algorithms are often computationally expensive to deploy. This
is exacerbated by the limited computation time available for replan-
ning when robots are in motion.
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1.1 Guiding Principles

How can uncertainty be efficiently incorporated into decision-making,
without ballooning planning times on computationally-constrained
systems and paralyzing robots into indecision? How can algo-
rithms leverage the structure of uncertainty to efficiently plan high-
quality paths? This dissertation considers these questions across the
sampling-based motion planning framework.

Our first key insight is to view robot motion planning through
an online learning lens. This theoretical formalism—borrowed from
machine learning—describes the interleaved process of making deci-
sions and receiving reward feedback from the environment [38]. In
particular, the objective of regret minimization captures the urgency of
a planner’s sequential decision-making process by comparing with
the optimal decision-maker at each iteration. The cumulative dif-
ference is the algorithm’s regret, which penalizes suboptimality at
each iteration as well as the time an algorithm takes to reduce that
suboptimality.2 We demonstrate that search algorithms motivated by 2 A Bayes-optimal algorithm that re-

quires significant computation time
before yielding the optimal solution
may incur more regret than an algo-
rithm that quickly yields a near-optimal
solution and takes longer to compute
the optimal solution.

this objective are effective on two classes of Bayesian motion plan-
ning problems, anytime lazy motion planning and dynamic motion
planning.

The core abstraction of sampling-based motion planning is the
roadmap. Our second key insight is to leverage uncertainty to opti-
mize the placement of roadmap samples: the distribution of roadmap
samples should match the distribution of collision-free states. We
demonstrate that optimized sparse roadmaps concisely approximate
the uncertain environment and can be searched more efficiently than
conventional uniform or low-discrepancy dense roadmaps. In this
way, we integrate uncertainty throughout the sampling-based motion
planning framework: an efficient roadmap post-processing step can
help offset the increased computational demands of planning with
uncertainty.

An underlying theme is that environment uncertainty—formalized
by the posterior distribution—is structured and informative. This is
a critical detail: roboticists must be able to express their domain ex-
pertise about a robot’s environment, sensor suite, and interactions be-
tween the two. Bayesian algorithms aim to navigate the exploration-
exploitation tradeoff with respect to the posterior, which character-
izes the distribution of environments that the robot anticipates seeing
at test time. Because the full space of all possible environments is too
large to explore completely, a well-designed posterior distribution
focuses the exploratory budget on environments that are most likely
to be seen at test time and are thus important to solve efficiently.
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1.2 Contributions

This dissertation makes the following contributions:

• A novel formulation of motion planning with uncertainty as
Bayesian reinforcement learning (Chapter 2).

• The Posterior Sampling for Motion Planning algorithm, which es-
tablishes the first regret bounds for Bayesian anytime lazy motion
planning (Chapter 3, Hou et al. [41]).

• The Dynamic Replanning with Posterior Sampling algorithm, which
efficiently plans high-quality solutions to Bayesian dynamic mo-
tion planning problems (Chapter 4, Hou and Srinivasa [40]).

• The Stein Variational Probabilistic Roadmap algorithm, which lever-
ages efficient particle-based variational inference to construct high-
quality sparse roadmaps (Chapter 5, Lambert et al. [61]).

• Thorough experimental evaluations of the proposed algorithms on
a range of simulated Bayesian motion planning problems.





2
Motion Planning with Uncertainty

This chapter describes the proposed framework for motion plan-
ning under uncertainty. Sampling-based motion planning is briefly
reviewed in Section 2.1. Section 2.2 formalizes our definition of un-
certainty by characterizing the Bayesian motion planning problem.
In Section 2.3, we discuss approaches for representing and querying
posterior distributions. The remaining chapters of this dissertation
share the notation introduced in these sections. We also review re-
lated work for the Bayesian motion planning domains discussed in
those chapters.

2.1 Sampling-Based Motion Planning via Roadmaps

Let X be the configuration space, which is composed of free space
Xfree and obstacle space Xobs = X \ Xfree. Given start and goal con-
figurations xs, xg ∈ Xfree, a geometric path between them ξ : [0, 1] →
X is a continuous function such that ξ(0) = xs and ξ(1) = xg.1 Let
Ξ(xs, xg) be the set of all such paths. For a cost functional w : ξ →
R≥0, the optimal motion planning problem is:

ξ∗ = arg min
ξ∈Ξ(xs,xg)

w(ξ) subject to ξ(t) ∈ Xfree, ∀t ∈ [0, 1]. (2.1)

A resulting optimal path is collision-free (or feasible) and minimizes w
over the set of paths Ξ(xs, xg).

1 Unlike time-parameterized trajectories,
geometric paths are arbitrarily parame-
terized between 0 and 1 to indicate that
cost functionals can only evaluate the
sequence of states (e.g., length).

The computational intractibility of optimal motion planning in
high dimensions has driven the development of sampling-based
methods [89]. These approaches construct a discrete graph approx-
imation G = (V , E) to the continuous free space Xfree by sampling
configurations (vertices) and connecting them with potential motions
(edges). Edge weights w(e) are defined by evaluating the cost func-
tional for the subpath connecting the incident vertices; an edge is
collision-free if all configurations along the edge are collision-free. To
solve a particular motion planning query (xs, xg), the two configu-
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rations are inserted as vertices (vs, vg) into G. Then, the problem of
optimal motion planning on a roadmap G is:

ξ∗ = arg min
ξ∈ΞG (vs,vg)

∑
e∈ξ

w(e) subject to ξ(t) ∈ Xfree, ∀t ∈ [0, 1]. (2.2)

where ΞG(vs, vg) describes the set of paths between vs and vg.2 2 Note there is a difference between
optimal and optimized paths [62]: a min-
imum cost path on G is the result of
an optimization procedure (i.e., op-
timized), but it is not a true optimal
path through the configuration space. If
vertices are generated with a uniform
random or low-discrepancy sampling
procedure, the resulting graph admits
a resolution-optimal path. Incremen-
tal densification procedures sample
more vertices to improve the effective
roadmap resolution and asymptotically
approach an optimal path.

This dissertation primarily considers
planning on a fixed roadmap. Thus,
optimal paths are considered only
according to the discretization G.

Two popular approaches for sampling-based motion planning are
the Probabilistic Roadmap (PRM) and Rapidly-exploring Random
Tree (RRT) algorithms [54; 58; 53]. The original RRT algorithm is
designed to support single queries; the discrete tree approximation
is constructed anew for each pair (xs, xg). On the other hand, the
PRM algorithm is designed for multiple queries in the same static
environment. The expense of constructing the discrete roadmap
approximation can be amortized across those queries. In other words,
while PRM-style algorithms can reuse the roadmap approximation
to Xfree, RRT-style algorithms typically rediscover the topology of
Xfree in response to each query. Both approaches can be effective in
practice, but we focus on multi-query roadmap-based methods to
facilitate planning time reductions via precomputation.

In many practical robotics applications, even finding the optimal
collision-free path in the discrete approximation G may be challeng-
ing due to limited computation time or physical sensory limitations.
While achieving low cost is still desirable in these settings, collision
avoidance while navigating to the goal is the primary concern. We
consider two flavors of this feasible motion planning problem in this
dissertation. In anytime motion planning, the objective is to quickly
find feasible paths and continue to optimize them as computation
time permits [65]. In dynamic motion planning, discovering the op-
timal collision-free path requires exploration and replanning due to
the uncertainty of the robot’s environment [102]. Thus, the objective
is simply to reach the goal while avoiding collisions. Both flavors can
be framed as problems where there is uncertainty about the edge
weight function: depending on whether the edge is in collision, it
may either have the known value from the cost functional evaluated
on the edge w(e) or an infinite cost.

2.2 Bayesian Motion Planning

In the previous section, we considered motion planning for a robot
in a known environment described by the configuration space X .
We will now extend our notation to address environment uncer-
tainty. Let ϕ be latent parameters that fully characterize the robot’s
unknown environment.3 For ease of exposition, we will interchange-
ably refer to ϕ as the robot’s unknown environment. When planning

3 This is a flexible parameterization
that can be chosen by the practitioner
to ease the computational burden of a
posterior update. Although ϕ consists
of the full environment occupancy
grid in the most general case, it can
also be simplified to a set of obstacle
geometries and positions.
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on roadmaps, an edge’s collision status is a deterministic function
of the environment; thus, an equivalent parameterization of ϕ in the
roadmap setting is a vector of edge collision statuses. For compact-
ness, we will also denote whether edge e is collision-free in environ-
ment ϕ with ϕ(e).

To view uncertainty through a Bayesian lens, we assume the exis-
tence of a prior P(ϕ) that describes the distribution of planning envi-
ronments the robot will be tasked with. This may be obtained from
past experience or derived from other domain-specific knowledge.
Let ψt be the history of observations about the environment after t
interactions.4 Given this history, a Bayesian motion planning algo- 4 In general, the history ψt consists of

the raw sequence of sensor observations
{z1, · · · , zt}. For lazy motion planning
problems where observations are the
outcomes of edge evaluations, this may
be simplified to {w(e1), · · · , w(et)}.

rithm can compute a posterior P(ϕ|ψt) to inform its next interaction.
At each iteration, the posterior distribution quantifies the algorithm’s
current uncertainty about the environment.

The Bayesian approach proposed in this dissertation aims to
shift the design and analysis of motion planning algorithms toward
expected-case rather than worst-case performance. Improving worst-
case performance is difficult due to the inherent intractibility of the
general motion planning problem.

2.2.1 Online Learning

In the general online learning framework, a planner iteratively makes
decisions about how to interact with its environment. The environ-
ment’s reward function is unknown; the reward associated with a
decision is only revealed after the agent has committed to that de-
cision. To judge how quickly an algorithm learns, we consider the
multi-armed bandit setting [7]: in each round of learning, an agent
pulls an arm (decision), receives a reward, and accumulates regret
with respect to the optimal arm (decision) in hindsight. This the-
oretical framework has been used to analyze convex optimization
algorithms [38] as well as model-predictive control algorithms [111].

In Bayesian motion planning problems, a decision is the proposed
path ξk and the reward R(ξ;ϕ) depends on the environment ϕ. A
learning algorithm must infer the reward function by repeatedly
interacting with ϕ; the regret objective for that process is

Regret(m;ϕ) =
m

∑
k=1

∆k, where ∆k = R(ξ∗;ϕ)−R(ξk;ϕ).

This penalizes an algorithm’s suboptimal decision at each iteration.
To achieve low expected regret, an online learning algorithm must

balance exploration with exploitation. In the multi-armed bandit set-
ting, the posterior sampling algorithm (or Thompson sampling) [106]
navigates this tradeoff with a stochastic policy that pulls arms with
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the posterior probability that they are optimal. Upper Confidence
Bound (UCB) algorithms rely on optimism to find balance: the arm
with the highest confidence interval upper bound is pulled at each
iteration [3]. These strategies translate to the repeated episodic re-
inforcement learning setting as well, as demonstrated by algorithms
like PSRL [81] and UCRL2 [50].

2.2.2 Connections to Bayesian Reinforcement Learning

First, we define an equivalent deterministic Markov decision process
for each motion planning problemM = ⟨S ,A, T ,R, s1⟩. A state
s ∈ S corresponds to a vertex v ∈ V , actions A(s) correspond to
the set of adjacent edges, and transition function s′ = T (s, a) is
the adjacency matrix of the graph. The reward function R(s, a) is
0 if s = vg, else it is −w(e), where e is the edge associated with a.
The initial state s1 is vs. A solution to the MDP is a partial policy
µ : S → A corresponding to a path ξ. The policy’s value is Vµ(s1) =

∑τ
j=1R(sj,µ(sj)) is the negative path length −w(ξ).
An unknown environment ϕ translates to an unknown reward

function R. In this corresponding Bayesian reinforcement learning
problem, a learning algorithm must infer the reward function by re-
peatedly interacting withM. A prior over worlds P(ϕ) maps to a
prior over rewards P(R). We can then define an equivalent partially
observable Markov decision process (POMDP) for each Bayesian
motion planning problem, where the belief b(ϕ) is defined as the
current posterior distribution P(ϕ|ψt). Solving for the optimal pol-
icy tree is computationally intractable: a policy tree of depth D for
the general Bayesian motion planning problem contains O(2D|V|D)
nodes. As an alternative to the POMDP formulation, we can also con-
sider each Bayesian motion planning problem as a Bayes-Adaptive
Markov decision process (BAMDP) [30]. In the BAMDP formulation,
the transition and reward functions are parameterized by the latent
environment ϕ. This structure in the posterior distribution can be
exploited to plan more efficiently.

Equivalence with Bayesian Anytime Motion Planning As a planning
algorithm evaluates edges e1, · · · , eN , it uncovers a series of progres-
sively shorter paths ξ1, · · · , ξN . The objective of anytime planning
is to minimize the cumulative length of paths, i.e., ∑N

i=1 w(ξi). The
objective of a Bayesian anytime planning algorithm is to minimize the
expected cumulative length of paths computed given the prior over
the worlds P(ϕ). This problem is equivalent to a repeated episodic
Bayesian reinforcement learning problem, where a single uncertain
MDP is explored across multiple episodes [81].
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Let the MDP horizon τ correspond to the maximum number of
edges in a path. In each episode i = 1, . . . , m, the agent executes
policies µ1, · · · ,µm, updates history ψi, and tracks the best discovered
policy µ̂i = arg maxj=1,...,i Vµj(s1). We define an algorithm’s regret to
be the cumulative difference between the value of the optimal policy
and the value of the best discovered policy after each episode.

Regret(m) =
m

∑
k=1

∆k =
m

∑
k=1

[
Vµ∗(s1)−Vµ̂k

(s1)
]

(2.3)

The objective of the Bayesian RL problem in Osband et al. [81] is to
minimize the expected regret EP(R) [Regret(m)], also known as the
Bayesian regret. Note that this is a constant offset from the objective
defined for Bayesian anytime planning:

EP(R) [Regret(m)] = EP(ϕ)

[
m

∑
k=1

w(ξk)− w(ξ∗)

]
. (2.4)

The MDP we have defined allows us to establish equivalences be-
tween RL and other lazy motion planning formulations proposed in
previous work. The lazy shortest path problem [17], where the shortest
feasible path must be found while eliminating all shorter paths, is
equivalent to the PAC-MDP [103] problem of optimally exploring an
MDP until an optimal policy is found. Similarly, the Bayesian version
of this problem is equivalent to PAC-BAMDP [30]. The feasible path
problem [13] is equivalent to Bayes-optimally exploring the MDP until
a valid policy is found.

Equivalence with Bayesian Dynamic Motion Planning In dynamic mo-
tion planning, a robot must replan as it moves and observes previ-
ously unknown obstacles [102]. At each iteration, it follows a pro-
posed path until traversing an edge would result in a collision. After
this edge is detected, it replans a new path proposal. The objective of
dynamic motion planning is to minimize the total distance traveled
w(ξ) before reaching the goal. As before, the objective of Bayesian
dynamic motion planning is to minimize the expected total distance
traveled by the robot EP(ϕ) [w(ξ)]. This problem is equivalent to non-
episodic Bayesian reinforcement learning: the robot must be able to
recover from its own mistakes, rather than relying on the the environ-
ment to reset between episodes. Thus, the episode only terminates
when the robot reaches the goal, regardless of how many detours it
takes.

2.3 Interfaces for Posterior Distributions

This Bayesian formalism is agnostic to different sources of environ-
ment uncertainty: the posterior distribution is a statement about the
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relationship between observations and latent environment parame-
ters. In the case of lazy motion planning algorithms, which explicitly
reason about when and where to perform the expensive operation of
collision-checking, uncertainty is a consequence of computational limi-
tations [37; 17; 33]. Even with access to the exact environment geome-
try, this computational bottleneck renders it intractable to completely
eliminate uncertainty before beginning to plan. Physical sensory limita-
tions may also be responsible for environment uncertainty, as distant
regions may be inadequately captured by a robot’s onboard sensor
suite. This physical limitation makes it impossible for a robot to plan
with complete certainty; a region that was previously thought to be
collision-free may be blocked upon closer inspection.

Planning algorithms assume different interfaces to the posterior
distribution. Some algorithms require the marginal posterior distri-
bution P(ϕ(e) = 1|ψt) ∝

∫
ϕ P(ϕ(e) = 1|ϕ)P(ϕ|ψt), which must be

normalized to extract a posterior collision probability. This proba-
bility has a straightforward physical interpretation, but computing
the partition function to normalize this distribution is intractable
for many posteriors of interest. The search algorithms proposed in
this dissertation require only that the posterior distribution is sam-
pleable: ϕ ∼ P(ϕ|ψt). Posterior sampling ensures that only statis-
tically plausible environments are sampled, while algorithms that
consider marginal collision probabilities effectively take a weighted
average across all plausible environments.5 5 Consider I-5 during the summer: each

day, one lane is randomly selected to
be open while the remaining three
lanes are closed for construction. All
lanes have a marginal probability of
closure of 0.75, demonstrating that
they are each quite likely to be closed
on any given day. However, this does
not reflect that one lane will always be
open.

The roadmap optimization algorithm we have proposed also
avoids computing this partition function. Because only the gradi-
ent is necessary for updating the particles, it computes the gradient
with respect to the negative log likelihood. The normalization term
becomes an additive constant in the log likelihood, resulting in zero
contribution to the gradient. Thus, the posterior distribution or log
likelihood function only needs to be differentiable.

The algorithms presented in this dissertation require the poste-
rior to be updated at the end of each iteration. However, optimistic
algorithms do not require a full posterior update as long as newly-
discovered edge blockages are accurately reflected. Updating the
posterior distribution to incorporate new observations can be an ex-
pensive operation, especially for complex posterior distributions.
There is a tradeoff between the computation time required to main-
tain the posterior and the information that can be extracted from
the posterior. This is an important design decision for roboticists to
consider: is planning with uncertainty required for their domain?
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2.4 Priors in Lazy Search

Planning with expensive collision-checking is a well-studied problem
in motion planning. Lazy search approaches address this by only
checking edges that lie along the estimated shortest path [5; 37; 17]
or the shortest subpath [16; 71; 72]. For real-world robotics prob-
lems, leveraging priors on edge collisions can produce significant
speed-ups. FuzzyPRM evaluates paths that are most likely to be fea-
sible [77]. GLS uses priors to quickly invalidate subpaths until the
shortest path is found [72]. STROLL learns an edge evaluation policy
for LazySP [4]. Choudhury et al. [14] formalizes Bayesian feasible
path planning and shows that it is equivalent to the Bayesian active
learning problem of decision region determiniation; a combination of
offline DiRECt [11] with online BiSECt [13] achieves state-of-the-
art performance. However, these approaches do not aim for anytime
performance.

Several methods estimate collision probabilities to infer edge col-
lision statuses while planning. One approach is to predict validity
of unevaluated edges given the outcomes of evaluated edges [23].
Other approaches try to model the configuration space belief given
observed collisions and guide search with that belief [8; 82; 46; 60].
However, these approaches do not formalize these collision probabil-
ity estimates as a Bayesian posterior.

2.5 Anytime Planning

For many real-time planning applications, an algorithm must be able
to deal with an unknown planning time budget. Algorithms can
guarantee asymptotic optimality with continued sampling even af-
ter discovering a feasible path [53; 1], but they make no promises
on convergence rate and are often slow in practice. Incremental
densification techniques restrict new samples to a region that can
only improve the current solution, offering better sample efficiency
[25; 28; 29]. However, these methods cannot provably exploit collision
probabilities over the configuration space.

Another way of viewing anytime planning is through the lens of
heuristic search on large graphs. Weighted A* search with an inflated
heuristic finds feasible paths quickly, although the solution may be
suboptimal [36]. Anytime variants of A* efficiently run a succession
of weighted A* searches with decreasing inflation [65; 109]. However,
heuristics may not always indicate existence of feasible paths. POMP
uses priors on edge validity to explicitly tradeoff path likelihood and
path length [12]. AEE* uses Bernoulli priors on edges to generate a
set of plausible shortest paths, which is then evaluated in an anytime
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fashion [76]. However, they do not offer theoretical guarantees for
arbitrary priors.

2.6 Dynamic Replanning with Uncertainty

Variants of D* and D* Lite have been widely deployed in uncertain
environments [102; 56; 26]. As edge costs change (e.g., when new
obstacles are perceived), the search tree is repaired to dramatically
reduce replanning time while remaining functionally equivalent
to replanning from scratch with A*. D*-based algorithms deter-
minize optimistically in the face of uncertainty; space is assumed
to be collision-free until the robot perceives obstacles. In uncluttered
scenarios where this assumption is generally warranted, exploiting
the optimistic path is an excellent heuristic that sidesteps most of the
computational expense of modeling uncertainty (e.g., updating the
Bayesian posterior). Unlike many challenging POMDP domains that
may demand that the robot divert itself from its goal to reduce un-
certainty, simply following a path through uncertain regions provides
valuable information in Bayesian motion planning problems.

The Canadian Traveler’s Problem describes a scenario where edge
blockages are discovered only upon arriving at an incident node.
Planning a path that achieves a fixed suboptimality ratio to the short-
est path is intractable [83]. Similarly, in dynamic motion planning
problems, uncertainty is a consequence of sensor limitations. Edge
blockages can be perceived only when the robot is physically nearby.
Though just the nearby blockages can be perceived, those measure-
ments enable the planner to infer other plausible blockages via the
posterior. Stochastic variants of the Canadian Traveler’s Problem
have been proposed, where edge costs are estimated independently
[24; 15], modeled by a Gaussian Process [20], or modeled using a
black-box Bayesian posterior [66]. The Blindfolded Traveler’s Problem
is a specific Bayesian dynamic motion planning problem, where the
only source of information is contact feedback and correlations are
described with an approximate posterior [96]. While these Bayesian
problems remain theoretically intractable to solve optimally, approx-
imate algorithms, such as Hedged Shortest Path under Determiniza-
tion (HSPD), can achieve high-quality solutions that navigate the
exploration-exploitation tradeoff [66].

As with POMDPs, Bayesian motion planning problems can be
solved either offline or online. In the Reactive Planning Problem, a
complete policy must be computed offline under uncertainty about
which edges are blocked. In this problem, each edge also has an as-
sociated sensing cost to determine whether it is blocked. Although
solving the Reactive Planning Problem is intractable, mutual infor-
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mation policies that trade off exploration and exploitation produce
effective approximate solutions to this problem [70]. The Learned Re-
active Planning Problem extends this to a lifelong setting by allowing
the policy to adapt to previously observed obstacles across multiple
episodes of navigation [108]. Algorithms for both versions of the Re-
active Planning Problem rely on a fixed set of possible edge subsets,
which can be filtered as edge statuses are observed.

2.7 Bayesian Reinforcement Learning

Standard reinforcement learning approaches consider optimal explo-
ration of an unknown MDP until an optimal policy is computed. In
the absence of prior knowledge, PAC-MDP approaches result in ex-
haustive experimentation in every possible state [103]. In the general
Bayesian reinforcement learning (BRL) problem, the reward and tran-
sition functions of a Markov decision process are uncertain [30]. BRL
algorithms typically target the objective of Bayesian regret [35; 7],
which aims to bound the cumulative difference in expected reward
between the optimal and learned policies. This differs from the ob-
jective of Bayes-optimality, which satisfies the Bellman optimality
equation for POMDPs. Several approximation strategies have been
proposed to solve this intractable problem [57; 9; 63]. Risk-averse
measures such as conditional value at risk (CVaR) have also been
proposed [90; 91].

UCRL2 determinizes the BRL problem with optimism in the face
of uncertainty by following the optimal policy for an optimistic MDP
given its observations thus far [50]. PSRL determinizes the BRL prob-
lem with posterior sampling by following the optimal policy for a
sampled plausible MDP [104; 81; 110]. In practice, PSRL seems to
outperform optimistic algorithms; Osband and Van Roy hypothe-
size that current algorithms perform unnecessary exploration as a
consequence of excessive optimism [80].





3
Bayesian Anytime Motion Planning

This chapter is adapted from Hou et al.
[41].In this chapter, we formalize the problem of anytime motion plan-

ning. Anytime algorithms should quickly find feasible paths and
shorten them as time permits [65]. Existing algorithms typically make
asymptotic guarantees [53] that they will eventually find the optimal
path, but practitioners often prefer heuristic approaches to these
theoretically-sound algorithms due to better performance with their
limited computational budget. Thus, this analysis leaves several prac-
tical questions unanswered. Given a budget of computation time,
how suboptimal will the resulting path be? How will increasing the
computation budget improve the quality of the solution? Formal-
izing these questions helps us better understand important anytime
properties, not just asymptotic properties. Ultimately, this will enable
practitioners to make more informed choices about the algorithms
they deploy.

3.1 Anytime Lazy Motion Planning

Consider a robot manipulator, endowed with complete information
about its static environment as it plans the shortest path to a speci-
fied goal configuration. Even in this relatively simple scenario, the
computational bottleneck of collision-checking1 introduces an el-
ement of uncertainty. Lazy motion planning algorithms explicitly 1 Collision checking answers the ge-

ometric question of whether a robot
placed in a particular configuration
would intersect with its environment.
Furthermore, to check whether a robot
can move between two collision-free
configurations, the most common strat-
egy is to densely interpolate along that
movement and check each individ-
ual configuration. Depending on the
collision-checking resolution, this often
becomes a major bottleneck for motion
planning algorithms.

reason about when and where to perform that expensive operation
[37]. Despite access to the exact environment geometry, this bottle-
neck renders it intractable to completely eliminate uncertainty before
beginning to plan. Thus, the collision statuses of unevaluated edges
is unknown during search. We represent this uncertainty with a pos-
terior distribution of edge collisions, conditioned on the environment
observations.
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Figure 3.1: Posterior Sampling for
Motion Planning [41] is a Bayesian
anytime motion planning algorithm.
The graph’s edge collision statuses are
initially unknown (dashed). In each
iteration of PSMP, the posterior (top
left) is sampled to produce a graph (top
right). The sampled graph’s shortest
path (blue) is evaluated for collisions
against the real world (bottom). Edges
are either found to be in collision (red)
or collision-free (green); those statuses
are used to update the posterior. If
all edges in the proposed path are
collision-free, PSMP updates its current
shortest path (yellow), which can be
emitted at any time.

Optimism in the face of collision uncertainty minimizes the num-
ber of checks before finding the shortest path [17; 33]. However, this
may take a prohibitively long time to compute with no other feasible
paths discovered during this period. For many real-time applications,
our goal is to quickly find feasible paths and shorten them as time
permits—we refer to this as anytime lazy search [65]. The search
must consider two factors: the length of a path and the likelihood of
it being in collision. A desirable outcome, shown in Figure 3.1, is to
initially evaluate longer paths that have lower probability of collision.
Eventually, as uncertainty collapses, the search evaluates shorter and
shorter paths. This strategy encapsulates a fundamental trade-off:
an algorithm can either explore shorter paths to potentially improve
future performance or exploit the most likely path to attain better
immediate performance.

We formalize this problem within the framework of Bayesian rein-
forcement learning (BRL). To judge how quickly an algorithm learns,
we consider the multi-armed bandit setting [7]: in each round of
learning, an agent pulls an arm (evaluates a path), receives a loss
(negative of path length), and accumulates regret with respect to the
optimal arm. A low expected regret [35] corresponds to evaluating
edges that not only lead to shorter paths, but also drive down uncer-
tainty over time. Our key insight is:

Strong anytime search performance is equivalent to minimizing
Bayesian regret.
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However, the space of paths is combinatorially large, which makes
many bandit algorithms that require explicit posteriors inapplica-
ble. Fortunately, while explicitly computing this posterior is hard,
sampling from it is quite easy. Posterior sampling offers strong guar-
antees on Bayesian regret [81]. Our proposed algorithm, Posterior
Sampling for Motion Planning (PSMP), samples a graph from the
posterior and only evaluates edges along the shortest path in that
graph. It is both simple to implement and—given a posterior to sam-
ple from—free of tuning parameters. We show that PSMP achieves
good theoretical anytime performance by bounding its Bayesian
regret. Most importantly, we demonstrate that PSMP effectively lever-
ages posteriors to outperform comparative baselines on a benchmark
of 2D and 7D motion planning problems.

3.2 Experienced Lazy Path Search

We begin by presenting a framework for lazy search algorithms that
uses priors on edge validities to minimize collision checking, thus
unifying several previous works in this area [17; 12; 13; 4]. In Experi-
enced Lazy Path Search, a path proposer lazily computes a path from
the start to goal (without any edge evaluation) and a path validator
chooses edges along the path to evaluate (Algorithm 3.1).2 The two 2 Note this unifying framework differs

from the framework in Generalized
Lazy Search (GLS) [72]. First, GLS
looks at problems where planning time
depends on both graph operations and
edge evaluations. Hence, it argues for
interleaving search with evaluation of
sub-paths. Second, GLS exclusively
considers the shortest path problem.

components take turns proposing and validating paths until the plan-
ning termination criteria is met (e.g., planning time budget has been
expended). As soon as a path is validated, it is emitted as a feasible
path; the last emitted path before the termination criteria was met is
the best path discovered during planning.

We fix the path validator to the FailFast rule [72] for all pro-
posers (Algorithm 3.1, Lines 4–7). This rule tries to invalidate a pro-
posed path as quickly as possible, formally stated as follows:

Theorem 3.2.1. The FailFast validator repeatedly evaluates the edge
with highest probability of collision, until one edge is found to be in collision
or all edges are found to be collision-free. This is optimal for eliminating a
single candidate path if prior P(ϕ) is independent Bernoulli.3 For general 3 However, it ignores overlap among

paths for simplicity, unlike Choudhury
et al. [14].

priors, this is near-optimal with a factor of 4.

Proof. This can be mapped to a Bayesian search problem where the
goal is to sequentially search for an item (invalid edge) in a set of
boxes (unevaluated edges) while minimizing cost of search. Bounds
follow from Dor et al. [22].
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Algorithm 3.1: Experienced Lazy Path
Search. This framework unifies several
lazy search algorithms that use priors
on edge validities to minimize collision
checking.

Require: Graph G, Prior P(ϕ), Proposer ComputePath(·)
1: Initialize history ψ ← ∅, evaluated edges Eeval ← ∅
2: while termination criteria not met do
3: Invoke proposer ξ = ComputePath(G, P(ϕ|ψ)).
4: while path ξ is not invalid and ξ is unevaluated do
5: Evaluate unevaluated edge with highest posterior
6: collision probability e∗ = arg mine∈ξ\Eeval

P(ϕ(e) = 1|ψ).
7: Add edge to evaluated set Eeval ← Eeval ∪ {e∗}.
8: Update history ψ with outcomes.
9: if ξ is valid then emit ξ.

By varying the proposer ComputePath, we can recover several
lazy search algorithms from the literature that target different per-
formance guarantees. All proposers listed in Table 3.1 view G with
modified edge weights and propose the minimum weight path.

• LazySP [17] returns the optimistic shortest path by modifying
all unevaluated edges in G to be feasible. It eliminates candidate
paths in order of increasing length and terminates after a feasi-
ble path is found, yielding an OFU-like guarantee of finding the
shortest path with minimal evaluations.

• MaxProb [13] returns the most likely feasible path by modify-
ing the weights to be the negative log likelihood of validity. It
sequentially evaluates the most probable path, terminating after a
feasible path is found. Similar to Theorem 3.2.1, MaxProb Bayes-
optimally proposes the fewest paths before finding a feasible path
if prior P(ϕ) is independent Bernoulli and near Bayes-optimally
(with a factor of 4) otherwise.

• Finally, POMP [12] balances edge weight with the likelihood of be-
ing collision-free. Increasing α between iterations of Algorithm 3.1
traces out the Pareto frontier of the two objectives, starting with
the most probable path (equivalent to MaxProb) while guarantee-
ing asymptotic optimality. However, this anytime heuristic comes
without guarantees on rate of improvement.

3.2.1 Posterior Sampling for Motion Planning (PSMP)

PSMP aims to provide strong guarantees on anytime behavior. It
essentially borrows the idea of posterior sampling [81], or Thompson
sampling [106], and applies it in the space of paths. PSMP samples
a world ϕ from the posterior distribution P(ϕ|ψ) conditioned on the
history ψ. It then computes the shortest path ξ∗ on ϕ and proposes it
for evaluation.
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Algorithm ComputePath(G, P(ϕ|ψ)) Performance Guarantee

PSMP [41] Sample a world ϕ ∼ P(ϕ|ψ) Anytime (Bayesian regret)
LazySP [17] Generate optimistic world ϕ Shortest path (OFU)
MaxProb [13] Set weights −log P(ϕ(e) = 1|ψ) Feasible path (Bayes-optimal)
POMP [12] Set weights αw(e)− (1− α) log P(ϕ(e) = 1|ψ) Anytime (Pareto optimality)

Table 3.1: Different lazy search algo-
rithms as instantiations of Experienced
Lazy Path Search.

From an algorithmic perspective, PSMP is attractive because it re-
quires solving only a single shortest path problem. By contrast, other
Bayesian search methods like Monte Carlo Tree Search [32] or even
heuristics like QMDP [68] require several calls to the search. PSMP
also requires no tuning parameters. By sampling paths according to
the posterior probability they are optimal, PSMP continues to sam-
ple plausible shortest paths. As PSMP gains more information, the
posterior concentrates around the true world.

Following the analysis of posterior sampling for reinforcement
learning [81] and multi-armed bandits [93], we will now establish
Bayesian regret bounds for PSMP. The regret for PSMP grows sublin-
early as Õ(

√
SAT) where T is the total number of timesteps, match-

ing the lower bound from Jaksch et al. [50].4 4 For this analysis, we assume edge
weights are normalized between [0, 1].

Theorem 3.2.2. The expected regret is bounded as

E [Regret(T)] = O(τ
√
SAT log(SAT)) (3.1)

Proof. We follow the analysis of Osband et al. [81], adapted for the
special case of a deterministic MDP to obtain tighter regret bounds.
VMµ denotes the value of policy µ in the MDPM. Mk refers to the
sampled MDP at episode k andM∗ is the underlying (unknown)
MDP being repeatedly explored during all episodes.

We begin by noting that regret is measured with respect to the best
discovered policy µ̂k which is history-dependent, i.e., dependent on
(µ1,µ2, . . . ,µk). Hence, we upper bound it with an alternative version
of regret with respect to the executed policy µk.

∆k = VM
∗

µ∗ (s1)−VM
∗

µ̂k
(s1) ≤ VM

∗
µ∗ (s1)−VM

∗
µk

(s1) ≤ ∆̄k (3.2)

Posterior sampling leverages the fact thatM∗ andMk are identically
distributed. One hurdle in the analysis is that the optimal policy µ∗

is not directly observed. Hence, we introduce yet another notion of
regret which does not depend on µ∗.

∆̃k = VMk
µk (s1)−VM

∗
µk

(s1) (3.3)

which is the difference in expected value of the policy µk under the
sampled MDPMk and the true MDPM∗ which is observed. We
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apply Theorem 2 from Osband et al. [81] to show that the two regrets
are equal in expectation

E

[
m

∑
k=1

∆̄k

]
= E

[
m

∑
k=1

∆̃k

]
(3.4)

with high probability.

We will now bound E
[
∑m

k=1 ∆̃k

]
. Unlike the analysis in Osband

et al. [81] for the stochastic case, the deterministic regret is much
easier to bound: it amounts to the difference in rewards observed in
M∗ versusMk. We will bound this by arguing thatM∗ concentrates
aroundMk using the notion of confidence sets as in Jaksch et al. [50].
Let tk be the time at the beginning of the kth episode. Let R̂(s, a) be
the empirical average reward and Ntk (s, a) be the number of times
(s, a) was queried. We define the confidence set for episode k as:

Mk =
{
M :

∣∣∣R̂(s, a)−RM(s, a)
∣∣∣ ≤ βk(s, a) ∀(s, a)

}
(3.5)

where βk(s, a) =

√
7 log(2SAmtk)

max{1,Ntk (s,a)} is chosen to ensure bothMk and

M∗ belong to Mk with high probability as specified in Jaksch et al.
[50]. We bound regret as follows:

E

[
m

∑
i=1

∆̃k

]

≤ E

[
m

∑
k=1

∆̃kI(Mk,M∗ ∈Mk)

]
+ 2τ

m

∑
k=1

P(M∗ /∈Mk)

≤ E

[
m

∑
k=1

E
[
∆̃k|M∗,Mk

]
I(Mk,M∗ ∈Mk)

]
+ 2τ

≤ E

[
m

∑
k=1

τ

∑
i=1

min{βk(stk+i, atk+i), 1}
]
+ 2τ

≤ min{τ
m

∑
k=1

τ

∑
i=1

min{βk(stk+i, atk+i), 1}, T}

(3.6)

where the second inequality follows from the fact that Lemma 17

of Jaksch et al. [50] shows P(M∗ /∈ Mk) ≤ 1
m . The final inequality

follows from the fact that worst case regret is bounded by T. We now
bound

min{τ
m

∑
k=1

τ

∑
i=1

min{βk(stk+i, atk+i), 1}, T} (3.7)

First note that

m

∑
k=1

τ

∑
i=1

βk(s, a) ≤
m

∑
k=1

τ

∑
i=1

I(Ntk ≤ τ ) +
m

∑
k=1

τ

∑
i=1

I(Ntk > τ )βk(s, a) (3.8)
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Figure 3.2: Anytime behavior of PSMP,
POMP, and LazySP on an illustra-
tive environment from the TwoWall
dataset. (Left) Anytime performance
curves. The gray line corresponds to
the environment’s shortest path. (Right)
Snapshots of each algorithm’s progress,
along with the finite set posterior
used by PSMP and POMP. Regions
with higher probability of collision are
colored with darker shades of gray.
Evaluated edges are either found to
be in collision (red) or collision-free
(green).

The first term is shown to be bounded.

m

∑
k=1

τ

∑
i=1

I(Ntk ≤ τ ) ≤ 2τSA (3.9)

The second term utilizes the following bound

m

∑
k=1

τ

∑
i=1

√
I(Ntk > τ )

max{1, Ntk (s, a)} ≤
√

2SAT (3.10)

We can now bound

min{τ
m

∑
k=1

τ

∑
i=1

min{βk(stk+i, atk+i), 1}, T}

≤ min{2τ2SA+ τ
√

14SAT log(SAT), T}

≤ τ
√

16SAT log(SAT)

(3.11)

Hence, the Bayesian regret is bounded by O(τ
√
SAT log(SAT)).
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3.3 Experiments

We evaluate the anytime performance of PSMP on 2-DOF point robot
navigation [13] and 7-DOF manipulator planning datasets. The 7-
DOF manipulator dataset was generated by randomly perturbing ob-
jects from an initial cluttered environment [86]. For 2-DOF problems,
we compare PSMP and POMP with two different posterior variants.
For 7-DOF problems, we only consider the finite set posterior for
both PSMP and POMP. In this domain, we additionally combine
RRTConnect with path shortening, a commonly-used heuristic for
refining an initial feasible path [58]. Because collision checking domi-
nates planning time, we report the number of configurations checked
by each algorithm. Section 3.3.4 contains further experimental details.

Dataset Vertices Edges

OneWall 100 923

TwoWall 200 2524

Forest 200 2524

MovingWall 150 1689

Maze 200 2524

Baffle 150 1689

Bugtrap 150 1689

Baxter (7D) 5002 137627

Table 3.2: Roadmap statistics for 2-DOF
and 7-DOF motion planning datasets.

3.3.1 Point Robot Navigation

We visualize sample runs in a TwoWall environment in Figure 3.2.
Note that since LazySP is not an anytime algorithm, it only produces
one solution. Using the same finite set posterior as POMP, PSMP
finds a shorter feasible path with fewer collision checks. Further-
more, it returns the shortest path faster than the uninformed LazySP
baseline. POMP carefully attempts to avoid edges that may be in
collision; as a result, refining the initial feasible solution can take a
substantial amount of time.

Figure 3.3 summarizes the performance of these algorithms on
seven different 2-DOF point robot navigation datasets. Each environ-
ment admits a different shortest path, so we overlay each anytime
performance curve across the 200 environments in the test set. A
desirable result is for the anytime performance curves to be pushed
into the lower-left corner; this means that the algorithm quickly dis-
covers short feasible paths and rapidly refines to the shortest paths.
The anytime performance of the nearest neighbor-based (NN) and
finite set (FS) posteriors have been separated for clarity. Finally, we
also visualize the percentage of planning problems for which a fixed
collision-checking budget is sufficient to discover a feasible path. A
desirable result is for this curve to quickly reach 100%, i.e., that a
small collision-checking budget is sufficient to discover (at least) a
first feasible path.

First, we compare the performance of these planning algorithms
when using the finite set posterior compared to the nearest neighbor-
based posterior.5 We find that PSMP-FS has a marked improvement

5 The posterior distribution is an in-
terface for practitioners to specify the
intended distribution of planning prob-
lems. We use the FS posterior as an
example of how domain knowledge
about the robot’s possible environ-
ments can be translated into a posterior
distribution that helps the planning al-
gorithm focus on plausible problems. In
comparison, the NN posterior provides
less information about the environ-
ment when conditioned on a particular
observation history.over PSMP-NN across all datasets: it discovers initial feasible solu-

tions faster than all other algorithms and quickly refines them. This
boost demonstrates the importance of matching the posterior distri-
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Figure 3.3: Anytime performance on
point robot navigation datasets. (Left)
Example problems from each dataset.
(Center) Length of the best feasible
path discovered by each anytime
algorithm over time, using the nearest-
neighbor posterior (column 2) and
finite set posterior (column 3). (Right)
Collision checking budget versus the
percentage of planning problems where
that budget is sufficient to discover a
feasible path.
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bution to the actual test-time distribution. The NN posterior is un-
certain about environment regions that are distant from its collision
observations. This causes the NN posterior to explore many possible
samples for those uncertain regions, while the FS posterior can use
the finite set of known environments to extrapolate more accurately.
Curiously, POMP-FS does not consistently outperform POMP-NN;
on the TwoWall and Baffle datasets, POMP-NN actually outperforms
POMP-FS (Figure 3.3, Rows 2 and 7). We hypothesize that averaging
the worlds in the feasible set that are consistent with the evaluation
history—as POMP does—can lead to over-exploration of impossible
scenarios and degraded performance.

PSMP-FS continues to outperform other algorithms on the Maze
dataset (Figure 3.3, Row 5). With the FS posterior, the evaluation
history quickly narrows the distribution to a single feasible world.
Thus, PSMP-FS and POMP-FS enjoy similar performance. However,
in many Maze environments, LazySP is able to discover the shortest
path before PSMP-NN discovers its first feasible path. We believe that
this is because an anytime objective implicitly assumes the existence
of multiple feasible paths. Although posterior sampling explores
options quickly, exploration may be unnecessary and undesirable
if this assumption is violated. In such scenarios, a posterior that
captures more global correlations in the environment may be needed
for improved performance relative to an algorithm like LazySP.

3.3.2 Baxter Manipulator Planning

On the 7-DOF manipulator dataset, we have compared with heuris-
tically shortening an initial feasible RRTConnect path (RRT+PS)
rather than RRT* [53]. While RRT+PS finds a feasible path faster
than LazySP finds the shortest path, it needs more collision checks
and emits longer paths than PSMP or POMP with the FS posterior
(Figure 3.4). We note that RRT+PS is a stronger baseline comparison
than RRT*: although the latter is an anytime algorithm that guar-
antees asymptotic optimality, it empirically takes much longer to
find initial solutions (Figure 3.5). Even with a significantly larger
collision-checking budget, RRT* only finds a feasible path in 70% of
the environments, although the initial feasible paths discovered are
much shorter than those from RRTConnect.
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Figure 3.4: Anytime performance on
7-DOF robot manipulator datasets.
(Left) Length of the best feasible path
discovered by each anytime algorithm
over time. (Right) Collision checking
budget versus the percentage of plan-
ning problems where that budget is
sufficient to discover a feasible path.
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Figure 3.5: Compared to RRT+PS, RRT*
requires many more collision checks
before it can emit any feasible solutions.
The x-axis of this plot is about 100 times
larger than Figure 3.4.

3.3.3 Estimating Edge Collision Posteriors

In our experiments, we consider two possible approaches for esti-
mating the posterior distribution P(ϕ|ψ). If there is no dataset of
previous planning problems to learn from, the collision-checked con-
figurations from ψ can inform a nearest neighbor-based posterior for
the current problem [82]. We find that only considering the 1-nearest
neighbor qnear produces the best collision estimates due to massive
label imbalance in favor of collision-free points.

We differ from Pan et al. [82] by assuming a uniform Beta(1, 1)
prior on configuration space collision probability. The status of the
nearest neighbor counts as a partial success or failure with weight
exp(−η∥q− qnear∥). The expected posterior probability that configu-
ration q is free is then

E [P(ϕ(q) = 0|ψ)] = exp(−η∥q− qnear∥)1[ϕ(qnear) = 0] + 1
exp(−η∥q− qnear∥) + 2

. (3.12)

To estimate the posterior probability that an edge is collision-free,
we take the minimum collision-free probability of discretized points
along the edge.

Alternatively, if we know that worlds are uniformly drawn from
a finite set of possible worlds, we can precompute the collision sta-
tuses for every edge in the graph against every world ϕ. Then, the
posterior is simply uniform over the remaining set of worlds that are
consistent with ψ.

This finite set posterior is one example of how planning algorithms
may be able to leverage the structure existing in everyday environ-
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ments. The configuration space nearest-neighbor posterior only as-
sumes that nearby configurations will have similar labels, which is a
more broadly applicable (but less informative) structure. This makes
it well-suited for novel environments where the posterior does not
have problem examples to learn from.

3.3.4 Implementation Details

Nearest Neighbor-Based (NN) Posterior For the 2-DOF point robot
navigation environments, we use η = 103. To estimate the poste-
rior probability that an edge is collision-free, we take the minimum
collision-free probability of 5 discretized points along the edge.

Collision-Checking Each edge is collision-checked up to a fixed reso-
lution via binary search. For the 2-DOF point robot navigation envi-
ronments, both dimensions range from 0 to 1 and edges are checked
at a resolution of 0.001. Edges are checked at a resolution of 0.2 for
the 7-DOF manipulator planning environments.

POMP In each iteration, α controls the trade-off between collision
probability and edge weight. The algorithm starts with α = 0 and
increases to α = 1 as new feasible paths are discovered. We use the
same step size of 0.1 evaluated in the original paper [12].

RRT+PS and RRT* We used the OMPL implementations of RRTCon-
nect and RRT*. On each of the 7-DOF environments, the algorithms
search until they discover a path that is shorter than the shortest path
in the graph (or until a maximum time limit has been exceeded).
RRT+PS was evaluated with a 5 second timeout, while RRT* needed
an increased limit of 30 seconds to return feasible solutions for all
environments.

Path shortcutting is implemented with the OMPL default parame-
ters. For both RRTConnect and RRT*, we set the range to infinity. In-
termediate states were added to the tree for RRTConnect. For RRT*,
we turned on lazy collision-checking and focused search (for prun-
ing and informed sampling once a feasible path was discovered). We
used the default RRT* rewiring factor of 1.1.
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3.4 Discussion

Anytime algorithms should rapidly discover progressively shorter
paths. We have formalized this intuitive objective as minimizing
Bayesian regret. Sublinear Bayesian regret—which PSMP achieves—
implies asymptotic optimality, while demanding good intermediate
performance. We hope that drawing this connection between anytime
motion planning and Bayesian reinforcement learning will open the
door to further regret analysis of anytime algorithms.

Empirically, PSMP has strong performance and improves further
when more knowledge is incorporated into the posterior structure.
Comparative baselines were too conservative when faced with uncer-
tainty and tried to avoid edges with any chance of collision. PSMP
discovered and refined initial feasible solutions much more quickly
with the finite set posterior. This chapter demonstrates that collision
posteriors are valuable structures for embedding learned knowledge
into planning algorithms, while highlighting the importance of how
the posterior distribution is leveraged by planning algorithms.

Using data from previous planning environments to learn the
underlying structure of collision posteriors (e.g., via unsupervised
generative models) will enable PSMP to quickly solve new instances
of those problems. We believe that this approach will be especially
fruitful for combining motion planning with machine learning, to
preserve guarantees of probabilistic completeness and asymptotic
optimality while reducing expected planning time over the posterior
distribution.





4
Bayesian Dynamic Motion Planning

This chapter is adapted from Hou and
Srinivasa [40].When navigating to a goal in an uncertain environment, a robot must

simultaneously navigate the exploration-exploitation tradeoff: should
it aim to gain information and reduce uncertainty, or should it sim-
ply brave the unknown? In the dynamic motion planning problem, a
robot must replan as it moves and observes previously unknown ob-
stacles [102]. However, the increased expense of reducing uncertainty
requires that algorithms balance exploration with exploitation even
more carefully. We now analyze several strategies from the literature
and characterize how design choices within the algorithmic frame-
work of determinization in the face of uncertainty impact path quality
and planning efficiency.

4.1 Dynamic Motion Planning

In the dynamic motion planning problem, uncertainty is a conse-
quence of physical sensory limitations. The robot is uncertain about
areas that it has not yet observed and must physically move to reduce
uncertainty.1 However, it may also be able to leverage the posterior 1 Anytime lazy motion planning can be

viewed as dynamic motion planning
where the robot can teleport. Then,
traversal time incurs negligible cost
and reducing uncertainty in any region
of the environment becomes equally
expensive. As a corollary, the path val-
idator in anytime lazy motion planning
can validate any edge that it desires for
maximum efficiency; because dynamic
motion planning requires physical
traversal, the analogous validator is
constrained to contiguous subpath
segments and may even revalidate
segments while backtracking.

distribution to extrapolate and infer regions that may be blocked by
obstacles.

We formalize this task as another Bayesian motion planning prob-
lem, where the robot’s understanding of its uncertain environment
is captured by a posterior distribution conditioned on its past ob-
servations. Thus, its behavior must adapt to its current position and
posterior distribution over environments.

This general Bayesian dynamic motion planning problem can
be described as a partially observable Markov decision process
(POMDP). Solving for the optimal policy tree is computationally
intractable: an offline policy tree of depth D for Bayesian motion
planning contains O(2D|V|D) nodes due to the “curse of history.”
Rather than preparing a response for all possible action-observation
sequences, online POMDP methods interleave planning and execution
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Optimistic

MaxLikelihood

PosteriorSample

ShortestPath

HedgedShortest

ShortestPath

D* [102]

HSPD [66]

DRPS [40]

Determinization Planning Algorithm

Figure 4.1: Determinization in the face
of uncertainty is a popular framework
for solving challenging Bayesian dy-
namic motion planning problems. The
probabilistic problem (left) reflects
uncertainty about obstacles (gray). In
this framework, algorithms construct
a deterministic estimate of the uncer-
tain environment by removing edges
from the graph (red) and assuming
the remaining edges are collision-free.
Because uncertainty was eliminated by
determinization, planning becomes more
tractable. To navigate the exploration-
exploitation tradeoff, HSPD explicitly
plans an exploration path (orange) and
exploitation path (blue) and follows the
shorter of the two. DRPS shifts the bur-
den of exploration to determinization,
which simplifies each iteration of plan-
ning to a single shortest path query and
yields significant performance gains.

only for the current information state [92]. This approach is critical
for scaling to large POMDPs [99; 101; 105].

POMDP algorithms are designed to address uncertainty across
a variety of sources, including the robot’s state and the transition
and reward functions. However, factored POMDP models provide
structure to uncertainty that can be leveraged to plan more efficiently
[30; 79; 9]. In Bayesian dynamic motion planning, uncertainty orig-
inates only from the robot’s ignorance about the environment; the
transition and reward function are deterministic given the environ-
ment, and the robot’s state is fully observable.2

2 As with anytime lazy motion plan-
ning, this would be a simple graph
search problem if the environment were
fully observable.

We unify several online algorithms for dynamic motion planning
under uncertainty within a framework of determinization in the face of
uncertainty (Figure 4.1). These problems are often solved via a com-
mon pattern where planning on a simplified model is interleaved
with feedback that improves the simplified model. The simplified
model, or determinization, removes uncertainty to construct an ap-
proximation that can be solved more efficiently. For Bayesian motion
planning problems, a determinization strategy assigns a collision
status to every vertex and edge in the roadmap. Determinization is
a successful and well-studied heuristic that takes advantage of struc-
ture in probabilistic planning problems [114; 115; 101].

We analyze popular D*-based optimistic approaches [102; 56] and
uncertainty-aware Bayesian methods [85; 66] through this lens. Our
key insight is:

The determinization strategy is critical for efficiently balancing explo-
ration with exploitation.

If the deterministic approximation preserves too many possible
paths, planning must expend additional effort to avoid overexplo-
ration. Conversely, if determinization prunes too many exploration
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Algorithm 4.1: Determinization for on-
line Bayesian dynamic motion planning.

Require: Graph G, Prior P(ϕ)
1: while goal not reached do
2: Determinize BDMP based on P(ϕ|ψt) ▷ Algorithm 4.2
3: Plan path ξ̂t+1 in determinized Ĝ ▷ Algorithm 4.3
4: Follow path until collision or end is reached
5: Update ψt+1 with observations

options, planning cannot retroactively correct for this imbalance.
Choosing the right determinization has significant ramifications on
planning efficiency and Bayesian regret.

We reinterpret posterior sampling [106] as a determinization
strategy that effectively navigates this tradeoff. Posterior sampling
achieves excellent empirical and theoretical performance in multi-
armed bandits, reinforcement learning, model predictive control, and
motion planning [81; 110; 41].

This chapter introduces Dynamic Replanning with Posterior Sam-
pling (DRPS), an algorithm for Bayesian dynamic motion planning
that shifts the burden of exploration to determinization rather than
planning. This new strategy outperforms relevant baselines for a
wide variety of 2D and 7D motion planning benchmark problems,
with a lower or comparable total distance traveled and significant
gains in computation time. These improvements are especially
prominent on larger 7D planning problems, which suggests that
relying on determinization for exploration is a promising direction
for continued work.

4.2 Efficient Probabilistic Planning via Determinization

Algorithm 4.1 summarizes the framework of determinization in the
face of uncertainty, which unifies several algorithms for online BDMP
(Figure 4.1). Algorithm 4.2 characterizes how these algorithms choose
to determinize. Given a posterior distribution that describes each
edge’s probability of collision, the determinization strategy approx-
imates each edge as either blocked or collision-free. In the resulting
roadmap, the statuses of each edge are known; Algorithm 4.3 de-
scribes algorithms for planning through the determinized roadmap.

4.2.1 Balancing Exploration and Exploitation

Dynamic A* (D*) D* plans the shortest path from the current vertex
to the goal on an optimistic determinization of the roadmap. This
simple approach sidesteps most of the computational expense of
modeling uncertainty (e.g., updating the Bayesian posterior), and is
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Algorithm 4.2: Determinization strate-
gies.

1: procedure Optimistic(G, P(ϕ|ψt))
2: Ê = {e ∈ E | P(ϕ(e) = 1|ψt) > 0}
3: return V , Ê
4: procedure MaxLikelihood(G, P(ϕ|ψt))
5: Ê = {e ∈ E | P(ϕ(e) = 1|ψt) ≥ 0.5}
6: return V , Ê
7: procedure PosteriorSample(G, P(ϕ|ψt))
8: ϕ̂ ∼ P(ϕ|ψt)

9: Ê = ϕ̂(E)
10: return V , Ê

Algorithm 4.3: Planning strategies.1: procedure ShortestPath(v, vg, Ĝ)
2: return A*(v, vg, Ĝ)
3: procedure HedgedShortest(v, vg, Ĝ, P(ϕ|ψt))
4: ξ∗ ← ShortestPath(v, vg, Ĝ)
5: ξψ ← Orienteer(v, Ĝ, P(ϕ|ψt))
6: return shorter of ξ∗, ξψ

effective in environments where the space is generally collision-free
and the optimistic assumption is reasonable. In environments with
many obstacles, however, dogged optimism can cause the robot to
exhaustively try new paths through the same obstacle. This strategy
is complete—if there exists a feasible path to the goal, D* will eventu-
ally discover it—but leveraging the posterior could help identify and
rule out other paths that would pass through the same obstacle.

We compare against this baseline due to its popularity and to clar-
ify the difference between optimistic and Bayes-aware algorithms for
dynamic motion planning. The surprising effectiveness and popu-
larity of this strategy demonstrates that even “pure” exploitation in
BDMP results in additional information.

Hedged Shortest Path under Determinization (HSPD) HSPD plans
on the maximum-likelihood-observation determinization [85]: only
edges that are more likely to be collision-free are preserved (i.e.,
P(ϕ(e) = 1|ψt) ≥ 0.5). The shortest path from the current vertex to
the goal on this determinization is deemed the “exploitation” path
ξ∗. The exploitation path may be longer than the true shortest path
or may not exist at all, depending on which edges the determinized
roadmap is able to preserve. However, following this path and dis-
covering a collision proves that the determinization was inconsistent
with the true unknown environment, reducing the space of possible
environments by a factor of 2.
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HSPD also computes a second “exploration” path ξψ , via Orien-
teer. Assuming that following the path would yield the maximum-
likelihood collision-free observations, ξψ is the shortest path that
gathers enough information to reduce the space of possible envi-
ronments by a factor of 2. Although each edge preserved by this
determinization is more likely than not to be collision-free, travers-
ing that path still accumulates a reduction in the space of possible
environments that corresponds to how likely the path was to be in
collision. Computing the exact reduction requires a posterior update
along every edge of the exploration path, with additional posterior
updates to consider alternative exploration paths.

HSPD hedges between ξ∗ and ξψ by following the shorter of the
two paths. Following ξ∗ to completion means that the goal has been
reached. Following either ξ∗ or ξψ into a collision means that the
maximum-likelihood-observation determinization was inconsis-
tent, reducing the space of possible environments by a factor of 2.
Following ξψ to completion also reduces the space of possible envi-
ronments by a factor of 2 by construction. Since each iteration shrinks
the possible environment space by at least half, HSPD reaches the
goal within a logarithmic number of iterations. Qualitatively, HSPD
follows the exploration path until it becomes too costly to achieve
the desired 2× uncertainty reduction (i.e., the exploitation path to
the goal becomes shorter). On a small grid-based Bayesian Canadian
Traveler’s Problem, Lim et al. [66] finds that an additional hyperpa-
rameter that artificially stretches the length of ξψ is critical to reduce
hedging-induced over-exploration.

Dynamic Replanning with Posterior Sampling (DRPS) DRPS deter-
minizes according to a random sample from the current posterior
distribution. Posterior sampling explores the space of currently plau-
sible environments; as the posterior concentrates around the true
environment, environments sampled from the posterior concentrate
in the same way. Then, DRPS plans the shortest path from the current
vertex to the goal in the sampled environment.

Ideally, a BDMP algorithm would explore the space of optimal
paths rather than the space of environments—the objective is to min-
imize the total distance traversed, not to reduce uncertainty. For
example, an algorithm focused on reducing environment uncertainty
may continue to explore even after all plausible environments share
the same optimal path. Though directly exploring the combinatori-
ally large space of optimal paths is challenging, DRPS accomplishes
this by sampling an environment and planning the optimal path in
that environment. This procedure means that DRPS explores the
space of plausible optimal paths ξ̂t+1 ∼ P(ξ∗|ψt), a strategy that
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balances exploration in path space using the same posterior distribu-
tion that reflects its current uncertainty. Thus, DRPS naturally avoids
over-exploration without additional hyperparameters.

4.2.2 Posterior Queries and Updates

HSPD and DRPS assume different interfaces to the posterior distribu-
tion. HSPD requires the marginal posterior distribution

P(ϕ(e) = 1|ψt) ∝
∫
ϕ

P(ϕ(e) = 1|ϕ)P(ϕ|ψt), (4.1)

which must be normalized to perform the MaxLikelihood deter-
minization. However, computing the partition function to normalize
this distribution is intractable for many posteriors of interest. In
contrast, DRPS requires only that the posterior distribution is sam-
pleable: ϕ ∼ P(ϕ|ψt). Posterior sampling ensures that only statis-
tically plausible environments are sampled, while algorithms that
consider marginal collision probabilities effectively take a weighted
average across all plausible environments.

Both HSPD and DRPS require the posterior to be updated at the
end of each iteration (Algorithm 4.1, Line 5). This is only partially
true for D*, which does not require a full posterior update as long as
newly-discovered edge blockages are reflected in the determinization.
Additionally, HSPD performs several posterior updates as part of the
Orienteer step to estimate the amount of information gained by
following each hypothesized exploration subpath. This is more effi-
cient than solving the original BDMP because each posterior update
assumes the determinized maximum-likelihood observations [85],
but each update can still be computationally expensive for complex
posterior distributions. By shifting the burden of exploration to the
posterior sampling determinization strategy, DRPS can plan on the
determinized roadmap using a naïve shortest path algorithm like A*.
DRPS avoids further posterior updates because it does not need to
consider different exploration paths in the planning step.

4.2.3 Related Problems to BDMP

BDMP is closely related to the Blindfolded Traveler’s Problem (BTP)
[96] and the Bayesian Canadian Traveler’s Problem (BCTP) [66].
However, the BTP focuses on approximate posterior distributions
derived from contact feedback, while the BCTP and BDMP assume
that the posterior distribution is given. The BCTP automatically re-
veals all edge collision statuses upon reaching an incident vertex,
while the BTP and BDMP require the planner to explicitly choose
an edge to sense for collisions. (D*-based algorithms support a more
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Figure 4.2: Illustrative sample run of
DRPS. DRPS samples an environment
from the posterior and plans the short-
est path to the goal (blue). The path tra-
verses through a region of uncertainty
and eventually results in a collision
(red). It determinizes again and plans
a new path, which makes progress but
results in another collision. However,
this exploration has concentrated the
posterior around the true environment;
the next iteration of posterior sampling
and planning reaches the goal.

general form of edge blockages, which may be discovered anywhere
in the graph. In practice, however, edge blockages are often discov-
ered within a radius of the robot’s position.)

Together, these slight differences will help characterize how the
proposed algorithms balance exploration and exploitation without
confounding factors, i.e., with posterior approximation error (for
BTP) or with varying amounts of information gained based on graph
connectivity (for BCTP).

4.3 Experiments

We implement the three baseline algorithms (D*, HSPD, and DRPS),
Bayesian dynamic motion planning environments, and posterior dis-
tribution with Python and NumPy. HSPD and DRPS share the same
posterior implementation, although querying the marginal posterior
distribution versus sampling from the posterior distribution is neces-
sarily slightly different. The code has been reasonably optimized for
performance while preserving the modularity necessary to evaluate
different algorithms. We evaluate the algorithms on a 3.6-GHz Intel
Core i7 processor with 64 GB of memory.
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Figure 4.3: Illustrative sample run of
D*. D* optimistically determinizes the
posterior and plans the shortest path to
the goal (blue). Due to this optimism,
D* continues to plan paths through the
middle region, resulting in frequent
collisions. However, it eventually
reaches the goal.

Figure 4.4: Example problem from the
7-DOF Baxter manipulator dataset,
where the right arm must move from
below the table to above.

We evaluate planning performance on a wide variety of 2-DOF
point robot environments [13] and cluttered 7-DOF Baxter manip-
ulator environments (Figure 4.4) [41]. The smaller point robot ex-
periments let us comprehensively evaluate how these algorithms
differ and qualitatively inspect their behavior across seven datasets.
The Baxter experiments are important for demonstrating the effi-
cacy of our approach in higher-dimensional planning problems with
larger roadmaps. We evaluate the algorithms on 200 problems per
dataset, for a total of 1600 problems. The roadmaps for the point
robot problems range in size from 100–200 vertices and 2000–5000

edges, while the roadmap for the Baxter problems contains 5000

vertices and 140000 edges. Following Lim et al. [66], we randomly
generate BDMP problems based on a dataset of possible template
environments. HSPD has not been previously evaluated on these
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Figure 4.5: Pairwise comparisons with
D* (gray). DRPS dominates D* in both
planning time and distance traveled on
most planning problems. DRPS per-
formance is clustered narrowly along
the x-axis, demonstrating relatively
consistent planning time and distance
traveled across problems within each
dataset.
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Figure 4.6: Pairwise comparisons with
HSPD (orange). Planning failures
are labeled with an x; HSPD fails on
nearly all planning problems in the
MovingWall dataset (column 4). See
Figure 4.8 for an illustrative example.
DRPS consistently outperforms HSPD
in terms of planning time. The even
spread of points about y = x for the
2D dataset distance plots shows that
the two algorithms achieve comparable
performance in this simpler setting.
However, the distance plot for the 7D
Baxter dataset (bottom right) shows
that DRPS consistently travels shorter
distances in this more difficult setting.
(Figure 4.6 visualizes the same DRPS
data as Figure 4.5, but zoomed in
to compare DRPS and HSPD more
effectively.)

challenging environments (both in 2D and 7D); for more challeng-
ing problems, we find that HSPD can fail as a consequence of its
maximum-likelihood-observation determinization strategy.

Figure 4.5 and Figure 4.6 visualize the performance of DRPS rel-
ative to D* and HSPD, respectively, on the key metrics of total plan-
ning time expended and total distance traveled. We summarize this
data quantitatively in Table 4.1, which includes additional informa-
tion about the number of iterations to solve each problem. DRPS
travels less distance than D* and typically requires less planning time
to reach the goal. This demonstrates the value of taking a Bayesian,
rather than an optimistic, approach to dynamic motion planning.
We see especially significant gains in the Maze 2D and the Baxter
environments, where the D* optimistic assumption is frequently
violated, requiring many iterations of replanning. Figure 4.2 and Fig-
ure 4.3 visualize snapshots as DRPS and D* solve the same Bayesian
dynamic motion planning problem. D* expends significant travel dis-
tance trying to pass through regions that are already unlikely to be
collision-free.

On most 2D problems, we find that DRPS travels a comparable
distance to HSPD while spending less computation time. While
HSPD occasionally failed to solve some problems in other datasets,
it especially struggled to solve problems in the MovingWall dataset.
We visualize snapshots of its progress in Figure 4.8, which shows that
the maximum-likelihood-observation determinization is too strict:
edges that are crucial for connecting to the goal are eliminated be-
cause they are likely to be in collision. However, both exploration
and exploitation paths are planned on this poor approximation to the
BDMP; when edges are eliminated by determinization, HSPD cannot
plan either path. Furthermore, HSPD’s existing exploration param-
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eter cannot help it recover from this scenario. This suggests that
maximum-likelihood-observation determinization may be unsuitable
for motion planning settings that are likely to be in collision.

We observed the largest improvement from HSPD to DRPS on
the 7D Baxter environment, both in planning time and distance trav-
eled. We also measured the number of iterations required by each
algorithm, to assess whether the root cause of the difference in plan-
ning time was due to the individual expense of each iteration or
the accumulated cost of a larger number of iterations. We find that
both are true: an iteration of HSPD takes 5× longer than an iteration
of DRPS, and HSPD requires about 4× the number of iterations to
reach the goal configuration. The relative difference in time spent
on each iteration is likely due to the HedgedShortest planning
algorithm, which requires many posterior updates to plan an ex-
ploration path. The relative difference in iterations is likely because
HSPD explores more than necessary. Figure 4.7 shows that HSPD
may incur additional travel distance as it continues to explore and
reduce uncertainty. We conclude that BDMP algorithms must be ac-
curately tuned for exploration. Otherwise, explicitly navigating the
exploration-exploitation tradeoff during planning will incur addi-
tional computational expense without a corresponding improvement
in distance traveled.

4.4 Discussion

DRPS is an efficient determinization-based strategy that carefully
considers when and how expensive computations with the Bayesian
posterior are performed. We analyze how other algorithms within
this framework navigate the exploration-exploitation tradeoff in-
herent to BDMP. Experimentally, shifting the burden of exploration
from planning to determinization significantly reduces total plan-
ning time—from 4–7× on 2D planning problems to 18× on 7D Baxter
manipulator problems. This is generally accompanied by a small
improvement in total distance traveled for 2D problems and a 40%
improvement in 7D problems.

From a practitioner’s standpoint, the main task is defining the pos-
terior distribution for BDMP. We believe this is an open representa-
tion learning problem: how should one estimate and infer uncertain
environments? As long as that distribution supports random sam-
pling, DRPS is simple to implement and free of tuning parameters
that manually control the exploration-exploitation tradeoff. Thus, de-
veloping generative posterior models of the robot’s environment of-
fers an exciting avenue for future work. While it expends additional
computation per iteration relative to popular D*-based optimistic
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Metric D* HSPD DRPS

OneWall
Time (ms) 44.3 ± 3.9 45.7 ± 2.2 7.4 ± 0.7
Distance 6.2 ± 0.5 2.6 ± 0.1 2.1 ± 0.1
Iterations 20.6 ± 1.7 6.3 ± 0.2 5.2 ± 0.4
Success Rate 200 / 200 193 / 200 200 / 200

TwoWall
Time (ms) 172.5 ± 12.8 85.4 ± 4.9 13.6 ± 1.1
Distance 6.5 ± 0.4 2.0 ± 0.1 2.0 ± 0.1
Iterations 30.7 ± 2.0 4.1 ± 0.2 2.9 ± 0.2
Success Rate 200 / 200 199 / 200 200 / 200

Forest
Time (ms) 191.3 ± 16.8 124.3 ± 4.6 26.7 ± 2.2
Distance 6.6 ± 0.5 2.3 ± 0.0 2.2 ± 0.1
Iterations 30.7 ± 2.7 7.5 ± 0.1 4.5 ± 0.3
Success Rate 200 / 200 200 / 200 200 / 200

MovingWall
Time (ms) 81.7 ± 7.7 26.9 ± 2.4
Distance 5.5 ± 0.4 3.2 ± 0.1
Iterations 19.7 ± 1.8 6.6 ± 0.5
Success Rate 200 / 200 1 / 200 200 / 200

Maze
Time (ms) 999.7 ± 58.6 92.6 ± 3.5 20.2 ± 1.1
Distance 39.0 ± 2.6 3.0 ± 0.1 3.1 ± 0.1
Iterations 209.1 ± 13.9 7.2 ± 0.2 5.7 ± 0.2
Success Rate 200 / 200 188 / 200 200 / 200

Baffle
Time (ms) 215.2 ± 11.9 105.2 ± 4.9 22.8 ± 1.8
Distance 14.3 ± 0.4 3.1 ± 0.1 3.2 ± 0.1
Iterations 57.8 ± 1.8 6.3 ± 0.2 5.3 ± 0.4
Success Rate 200 / 200 169 / 200 200 / 200

Bugtrap
Time (ms) 246.0 ± 23.7 102.2 ± 4.2 13.6 ± 1.0
Distance 14.2 ± 1.2 2.9 ± 0.1 2.3 ± 0.1
Iterations 60.8 ± 5.7 6.3 ± 0.2 2.9 ± 0.2
Success Rate 200 / 200 200 / 200 200 / 200

Baxter (7D)
Time (s) 100.4 ± 5.1 15.4 ± 0.6 0.9 ± 0.1
Distance 743.6 ± 29.4 28.6 ± 0.6 11.8 ± 0.4
Iterations 374.9 ± 14.7 8.2 ± 0.2 2.4 ± 0.1
Success Rate 200 / 200 200 / 200 200 / 200

Table 4.1: Online Bayesian dynamic
motion planning performance on 2D
[14] and 7D [41] datasets. We report the
95% confidence interval on the mean
for planning time, total distance trav-
eled, and number of iterations. Only
successful planning trials are included
in these confidence intervals. DRPS and
D* succeeded on all planning problems.
We have intentionally omitted the per-
formance of HSPD on the MovingWall
dataset; it failed to solve 199 of 200

problems. Planning times are reported
in milliseconds for 2D problems and in
seconds for 7D problems.
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Figure 4.7: Illustrative successful run of
HSPD. Given the maximum-likelihood-
observation determinization of the
posterior distribution, HSPD plans an
exploitation path to the goal (blue) and
an exploration path that explores the
center obstacle region (red). Following
the shorter exploration path results in a
collision (red), causing an updated pos-
terior and determinization. HSPD plans
an exploitation path that backtracks and
passes through the passage that is likely
to be collision-free. However, HSPD
instead follows the shorter exploration
path (red) to completion and updates
its determinization. At this final itera-
tion, it plans only an exploitation path
since there is no suitable exploration
path.

strategies (to perform a full posterior update), DRPS effectively lever-
ages information from the updated distribution to quickly plan paths
through uncertain environments.

In each iteration, DRPS aims to sample from the combinatorially
large space of plausible optimal paths to the goal. Because directly
sampling from path space is difficult, DRPS first samples from the
space of plausible environments and then plans for the optimal path
in that environment. However, progress may stall if the sampled
environment does not contain any paths to the goal. Even when
the lack of a path plausibly reflects the posterior distribution, this
behavior may be undesirable: querying a motion planning algorithm
implicitly makes an optimistic assumption that a path to the goal
exists, and the algorithm is tasked with finding it. Focusing sampling
and planning effort on environments where a path to the goal exists
presents an interesting future research direction.
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Figure 4.8: Illustrative unsuccessful run
of HSPD. On the same environment as
Figure 4.2 and Figure 4.3, HSPD plans
on the maximum-likelihood-observation
determinized graph. It follows the
shorter exploration path, which updates
the posterior distribution. However,
the determinization eliminated all the
edges that would connect to the goal
because they are each individually un-
likely to be collision-free. While HSPD
continues to follow an exploration
path, it eventually fails to plan either an
exploitation path to the goal or an ex-
ploration path that reduces uncertainty.
It is limited to the edges available in
the maximum-likelihood-observation
determinization.

DRPS does not explicitly optimize for combined planning and ex-
ecution time, i.e., the wall clock time for the robot to reach the goal.
(We measured the two components separately and used total dis-
tance traveled as a proxy for the latter.) We observe that there is an
implicit tradeoff between planning and execution time. Intuitively,
if a robot moves slowly, expending additional planning time to pro-
pose a shorter path ξ̂ may be a worthy tradeoff. The Generalized
Lazy Search framework introduces the concept of a toggle between
different components of planning [72], which can be extended to
toggle between planning and execution. Indeed, the Bayesian lazy
motion planning problems considered by prior work, which permit
collision-checking anywhere in the environment, define one end of
the spectrum where the robot can teleport [14; 41]. Future work that
introspects both the planning algorithm and underlying robot plat-
form will be necessary to achieve this gold standard of minimizing
wall clock time.





5
Probabilistic Roadmaps Under Uncertainty

This chapter is adapted from Lambert
et al. [61].The previous two chapters have considered the question of efficient

Bayesian search: how should a robot plan through an uncertain en-
vironment? Within the sampling-based motion planning paradigm,
however, search efficiency and path quality are ultimately contingent
on the quality of the discrete roadmap approximation to the continu-
ous configuration space. This chapter revisits that approximation: we
posit that environment uncertainty should drive the roadmap sam-
pling process. Leveraging this information earlier in the sampling-
based motion planning pipeline can help generate roadmaps that can
be searched even more efficiently to yield near-optimal paths.

5.1 Efficient Search via Sparse Roadmaps

Probabilistic roadmaps approximate a continuous configuration space
with a discrete set of sampled configurations [54; 53]. Theoretical
bounds have been developed for the number of uniform or low-
discrepancy samples required to ensure near-optimal paths [53; 100;
51].1 However, such bounds require many samples to generate a path 1 A roadmap is any discrete graph

approximation to the continuous
configuration space, regardless of how
samples were generated.

through challenging “narrow passage” problems [43]. This yields
dense roadmaps that cannot be searched efficiently at query time
and may even be too large to store with limited onboard memory.
This challenge is exacerbated in robot motion planning, where lazy
algorithms are necessary to defer expensive edge collision-checking
[5; 37; 17; 33; 72].

Thus, the goal is to construct sparse roadmaps that preserve the
connectivity of the underlying free configuration space, admitting
near-optimal paths that can be computed efficiently. Two main
threads of work have been explored. Sparsification methods ap-
proach this by removing samples from dense roadmaps to reduce
query-time computation, while preserving the original roadmap cov-
erage and connectivity [21; 94]. However, probabilistic occupancy
maps are not leveraged to direct the sparsification process.
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Our approach, Stein Variational Probabilistic Roadmaps (SV-
PRMs), is best categorized within a complementary thread of work:
biasing the PRM sampling distribution to focus the roadmap’s ap-
proximation power on important regions of the configuration space.
Our key insight is:

The distribution of roadmap samples should match the distribution
over feasible states.

We formulate this task as particle-based variational inference [69].
SV-PRM deterministically optimizes the samples of a sparse roadmap
to efficiently cover the space. This method only requires that the
distribution is differentiable, an assumption satisfied by continuous
Bayesian occupancy maps [78; 87; 98] from simultaneous localization
and mapping or otherwise assumed by popular trajectory optimiza-
tion algorithms [88; 117; 74; 75].

Figure 5.1: Stein Variational PRMs are
generated by sampling from a posterior
feasibility distribution via particle-
based variational inference. Placement
of roadmap vertices is governed by a
gradient flow, promoting uncertainty-
guided exploration of the state space
during roadmap construction. This
approach for generating high-quality
sparse roadmaps results in efficient
planning in both real-world probabilis-
tic occupancy maps (Intel, top) and
manipulation tasks (Franka, bottom).
In the Franka environment, roadmap
vertices are represented by orange robot
configurations, with the goal configura-
tion shown in green.

5.1.1 Biased Probabilistic Roadmaps

Biasing heuristics based on the collision geometry or topology are
most effective on 2D problems and increase the expense of generating
a single sample [6; 39; 44; 95]. These approaches typically require
additional uniform samples to provide baseline coverage of easily-
sampled regions. Hybrid PRM sampling proposes an adaptive strat-
egy for selecting among different component sampling strategies [45].
When the underlying map of the configuration space is uncertain,
rejection sampling can be used to focus sampling in regions that are
likely to be collision-free [73]. Recent work has trained neural net-
works to propose samples around predicted shortest paths [47; 86] or
bottleneck nodes [59]. However, these approaches primarily focus on
the single-query setting, i.e., with a specific start and goal configura-
tion pair (xs, xg). Critical PRMs are sparse roadmaps designed for the
same multi-query setting targeted by SV-PRMs [48]. This approach
identifies nodes in a dense PRM with high betweenness centrality
and trains a neural network to predict such critical nodes from local
environment features. When constructing the roadmap, the algorithm
densely samples configurations and includes them with probability
proportional to their predicted criticality. Neural network-based ap-
proaches require a dataset of similar planning environments, while
SV-PRMs perform variational inference with a differentiable proba-
bilistic feasibility function.

A key question with biased samplers is the choice of environ-
ment representation. This is often in the form of an occupancy map
[59; 95], point cloud [86], or other complete representation [47]. Ex-
plicitly constructing these representations in configuration space can
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be challenging for many robotics settings, especially with partial
observability. In contrast, classical geometry heuristics only require
access to a binary collision checker to evaluate candidate samples
[6; 39; 44], while Critical PRMs use local features to predict critical-
ity [48]. Similarly, SV-PRMs rely only on access to a differentiable
probabilistic feasibility function, and avoid explicitly evaluating the
function over the entire state space.

5.1.2 Motion Planning with Continuous Costs

Although our work focuses on the sampling-based motion planning
paradigm, other optimization methods can be leveraged to plan robot
motions. Trajectory optimization methods consider the single-query
setting for a specified cost function. CHOMP performs covariant gra-
dient descent to optimize a collision-free path where obstacles are
represented with smooth signed distance functions [88; 117]. TrajOpt
uses sequential quadratic programming to optimize a collision-free
path where obstacles are represented with convex objects [97]. Gaus-
sian Process Motion Planning (GPMP) algorithms formulate the
problem of optimizing a smooth continuous-time trajectory as prob-
abilistic inference, which can be represented as a sparse factor graph
and solved efficiently [74; 75]. However, trajectory optimization meth-
ods are sensitive to initialization. While multiple initializations or
stochastic optimization methods may help discover better local min-
ima [52; 55], these approaches do not replace complete motion plan-
ners.

Cost functions can be leveraged to bias sampling within a prob-
abilistically complete sampling-based motion planning algorithm.
Biasing heuristics based on deterministic collision geometry can be
adapted for the probabilistic collision setting [73]. T-RRT is a single-
query method that uniformly samples new configurations to extend
the RRT, but introduces a transition test to accept an edge to a candi-
date configuration depending on its relative cost to the nearest node
in the tree [49; 19]. Cost decreases are always accepted while higher
increases have lower probability of being accepted, thus biasing the
growth of the tree through low-cost regions and slowing growth
through high-cost regions. For Gaussian process cost functions,
GP-PRMs focus on efficiently evaluating whether roadmap edges
meet a desired safety cost threshold via adaptive discretization [116].
Markov Chain Monte Carlo methods have been applied to sample
uniformly from the sublevel set of a kinodynamic cost function, as
the inner loop of an asymptotically-optimal planning algorithm [113].
Generating a single sample becomes computationally expensive, al-
though this may be a necessary tradeoff for that setting. Rather than
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heuristically growing a search tree or sampling uniformly from a
sublevel set of the cost, SV-PRMs perform particle-based variational
inference to match the cost distribution with roadmap samples. SV-
PRMs only assume that the cost is differentiable and are otherwise
agnostic to the cost function representation.

5.2 Posterior-Guided Roadmap Construction

We can represent the probability of a given configuration being
collision-free with the feasibility likelihood p(z = 1|x;ϕ). The oc-
cupancy indicator variable z ∈ {0, 1} labels a given location as being
in collision (z = 0) or collision-free (z = 1). Using Bayes’ rule, we can
obtain a posterior probability over collision-free space:

p(x|z = 1;ϕ) = ηp(z = 1|x;ϕ)p(x) (5.1)

where p(x) is a prior probability and η is a normalizing factor.2 To 2 We use this notation for convenience,
maintaining the following equivalence:
p(z = 1|x; ϕ) = p(ϕ(x) = 1|x;ϕ),
where ϕ(x) denotes whether a robot
configuration x ∈ X is collision-free in
environment ϕ.

efficiently cover the free configuration space with roadmap vertices,
we desire a sampling distribution that has high probability in Xfree

and low probability elsewhere.
This formulation bears particular significance in the partially-

observable setting, where we do not have access to the ground truth
occupancy labels z, but can make measurements using a probabilis-
tic model accounting for sensor noise. In this case, the likelihood
distribution p(z = 1|x;ϕ) can be interpreted as a probabilistic map
of unoccupied regions [107]. However, such feasibility likelihoods
may also correspond to negatively-exponentiated costs found within
the context of trajectory optimization. In both cases, we can derive a
target posterior distribution to inform a sampling scheme for PRMs.

Bayesian Occupancy Maps Bayesian inference provides a useful
framework for integrating observations and incorporating uncer-
tainty to construct probabilistic occupancy maps. The environment
parameter ϕ can be obtained by performing Bayesian inference using
collected occupancy data. Given a set of state-measurement pairs
x1:M, z1:M, a likelihood model p(z = 1|x, w), and prior p(w), the
posterior over model parameters can be expressed as

p(w|x1:M, z1:M) = η
M

∏
m=1

p(zm|xm, w)p(w) (5.2)

where η is a normalizing factor. The feasibility likelihood can then
be modeled for any point in the configuration space x ∈ X , where
the parameter ϕ can be chosen as a sufficient statistic from the fitted
posterior, e.g.,

ϕ = Ep(w|x1:M ,z1:M) [w] = µw. (5.3)
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Approximating the posterior over latent environment parameters
is non-trivial, but a variety of scalable approaches exist. For example,
Bayesian Hilbert Maps model the likelihood of free-space using the
sigmoid:

p(z = 1|x, w) =
(

1 + exp(w⊤Φ(x))
)−1

(5.4)

with a feature vector Φ(x) of radial-basis functions [98].

Feasibility Distributions in Motion Planning Trajectory optimization
aims to compute the optimal trajectory ξ∗ that minimizes an objective
functional w(ξ). The solution must be feasible and avoid collisions
with obstacles; this condition can be imposed by including an addi-
tional obstacle penalty term wobs in the objective [88; 117]:

w(ξ) = wtask(ξ) + wobs(ξ) (5.5)

where wtask(ξ) includes all other task objectives and constraints, such
as distance-to-goal and penalty on joint-limit violations. The objective
is minimized via a Gauss-Newton form of iterative gradient descent,
leveraging both gradient and local curvature of the cost function for
rapid convergence [88; 97; 75].

The obstacle cost at a given state x ∈ ξ can be modeled using a
truncated signed-distance field (t-SDF), which penalizes a state if
a Cartesian point on the robot is within an ϵ-ball from the surface
of the nearest obstacle. Approximating the robot surface using a
collection of body spheres s1:K, and letting d(x, sk) to be the distance
from the surface of sk to the nearest obstacle when in configuration x,
a t-SDF value is defined by the hinge loss:

c(x, sk) =

−d(x, sk) + ϵ d(x, sk) ≤ ϵ

0 otherwise
(5.6)

These costs are combined across spheres to construct an obstacle-
cost vector: h(x) = [c(x, sk)]

∣∣
1:K. The total obstacle cost is defined

as the scaled inner-product: wobs(x) = α∥h(x)∥2, where α > 0. As
in Mukadam et al. [74, 75], the obstacle cost at a given state can be
interpreted as the negative log-likelihood function:

−log p(z = 1|x;ϕ) = α∥h(x)∥2 + const (5.7)

with parameter ϕ including obstacle locations and geometry. Here,
the likelihood probability of a state being collision-free is modeled as

p(z = 1|x;ϕ) ∝ exp(−α∥h(x)∥2). (5.8)

Motion planning can then be framed as a maximum a-posteriori infer-
ence problem:

ξ∗ = arg max
ξ

p(ξ|z = 1;ϕ) = arg max
ξ

T

∏
t=0

p(z = 1|xt;ϕ)p(ξ) (5.9)
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where trajectories are discretized into a set of waypoints ξ = x0:T over
a horizon T.

Although gradient-based controllers (e.g., iLQR) and motion plan-
ners (e.g., GPMP [74; 75]) can quickly return a feasible trajectory, the
solution may only be locally optimal. Because trajectory optimiza-
tion methods are sensitive to initialization, it is desirable to discover
an initialization within a basin of attraction that yields a low-cost
optimized trajectory. While multiple initializations or stochastic op-
timization methods may help discover better basins of attraction
[52; 55], sampling-based motion planning can also be leveraged to
compute a good initialization. This initialization can be computed
by sampling PRM vertices (e.g., from the feasibility posterior over
configuration space (5.1)) and generating the shortest path on the
resulting roadmap.

In both scenarios, we would like to directly sample from the poste-
rior distributions to generate collision-free roadmap vertices. Unfor-
tunately, obtaining a closed-form expression for this target distribu-
tion is intractable in general. The posterior sampling procedure must
then be approximated using methods such as Markov chain Monte
Carlo (MCMC) or variational inference (VI).

5.2.1 Variational Inference via Stein Variational Gradient Descent

Variational inference is a powerful tool for approximating challenging
probability densities in Bayesian statistics. As opposed to MCMC
methods, VI formulates inference as an optimization problem. A
proposal distribution q(x) is selected from a family of tractable dis-
tributions Q to minimize the KL divergence with the target posterior
distribution p(x|z)

q∗(x) = arg min
q∈Q

DKL(q(x)∥p(x|z)). (5.10)

Traditional VI methods typically require careful selection of the fam-
ily Q, which is often chosen to have a tractable parameteric form at
the expense of introducing bias.

Stein Variational Gradient Descent leverages a non-parameteric
particle-based representation of the posterior distribution rather
than committing to a parametric family Q [69; 112]. This approach
approximates a posterior p(x|z) with a set of particles x1:N . Particles
are iteratively updated with a step size ϵ according to

xi ← xi + ϵδ∗(xi). (5.11)

The function δ∗(·) lies in the unit ball of a reproducing kernel Hilbert
space (RKHS). This RKHS is characterized by a positive-definite
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kernel k(·, ·). The term δ∗(·) represents the optimal perturbation or
velocity field (i.e., gradient direction) which maximally decreases the
KL divergence:

δ∗ = arg max
δ∈H,∥δ∥H≤1

{
−∇ϵDKL(q[ϵδ]∥p(x|z))

}
, (5.12)

where q[ϵδ] indicates the particle distribution after taking an update
step. Liu and Wang [69] shows that this yields a closed-form solution
which can be interpreted as a functional gradient in RKHS, and can
be approximated with the set of particles:

δ̂∗(x) =
1
N

N

∑
i=1

[
k(xi, x)∇xi log p(xi|z) +∇xi k(xi, x)

]
. (5.13)

This update rule has two terms that control different aspects of the
algorithm. The first term is essentially a scaled gradient of the log-
likelihood over the posterior’s particle approximation. The second
term is known as the repulsive force: intuitively, it pushes particles
apart when they get too close to each other and prevents them from
collapsing into a single mode.3 This allows SVGD to approximate 3 In the case of a single particle, this

repulsive force term vanishes because
∇xk(x, x) = 0. Then, SVGD reduces
to a standard optimization of the log-
likelihood (i.e., a MAP estimate of the
posterior).

complex, possibly multi-modal posteriors. This optimization struc-
ture empirically provides better particle efficiency than other popular
sampling procedures like MCMC [10]. The deterministic gradient-
based updates result in smooth transformations of the proposal dis-
tribution, a property which makes SVGD particularly attractive for
trajectory optimization and inference.

Hessian-Scaled Kernels The convergence and accuracy of SVGD can
be significantly improved by incorporating curvature information
into the kernel [18; 112]. For instance, a positive-definite matrix M
can be used as a metric to scale inter-particle distances within an
anisotropic radial-basis function kernel:

k(xj, xi) = exp
(
− 1

2h
(xj − xi)

⊤
M(xj − xi)

)
, (5.14)

where h is the bandwidth parameter. Curvature information can
then be shared across particles by averaging their local Hessian eval-
uations. Specifically, denoting the negative Hessian matrix to be
H(x) = −∇2

x log p(x|z), we can define the metric M = 1
N ∑N

i=1 H(xi),
which is computed using xi-values from the previous iteration.

5.2.2 Stein Variational Probabilistic Roadmaps

As an alternative to random or purely heuristic-driven sampling
for PRMs, we propose to approximate the posterior distribution of
feasible space p(x|z = 1;ϕ) using a set of SVGD particles x1:N .
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In the Inference phase, particles are initialized by drawing samples
from the prior distribution over configuration space: xi ∼ p(x).
The particle distribution is then optimized via SVGD, where at each
iteration, the log-likelihood and log-prior gradients are computed for
each particle in parallel:

∇x log p(xi|z = 1;ϕ) = ∇x log p(z = 1|xi;ϕ) +∇x log p(xi). (5.15)

Given a choice of kernel k(·, ·), the RKHS gradient in (5.13) is com-
puted for each particle. The particles are then updated, and the pro-
cess is repeated until convergence.

During the Construction phase, the feasibility of a given point x is
imposed by a chance constraint on the feasiblity likelihood: p(z =

1|x;ϕ) ≥ β, where β ∈ [0, 1]. Vertices and edges are only accepted
into the graph G if this constraint is satisfied, ensuring that they are
collision-free with probability at least β. Particles which violate the
chance-constraint are removed from the vertex-candidate set. Edges
are connected between two vertices if the edge length is less than
the connectivity radius ρ, which defines the set of nearest neighbors
for each vertex. In practice, this can drastically reduce the number
of edges in the graph, therefore decreasing the problem size in the
planning phase.

In the Planning phase, a feasible path is generated by first per-
forming a “collision check” on a candidate edge to ensure that the
constraint p(z = 1|x;ϕ) ≥ β holds. Equidistant query points are
generated along the edge at a fixed resolution, and edge feasibility
is approximated by ensuring that all query points satisfy the chance
constraint. If the edge is accepted in to the graph G, its length is eval-
uated and stored. Then, any roadmap shortest path algorithm can be
used to generate a solution ξ∗.

A subtle but key aspect of this VI-based PRM approach is that a
candidate set of vertices are not generated by first fitting a parame-
terized distribution q(x) to the target posterior p(x|z = 1;ϕ), then
sampling points from q(x). Rather, the particles themselves both
govern the implicit empirical distribution q and comprise the set of
candidate vertices. As these vertices are deterministically optimized by
the SVGD algorithm, they will approach regions of the space which
are more likely to be collision-free, while the repulsive-force term
ensures particle diversity and adequate coverage of the target dis-
tribution. The non-parametric nature of the algorithm allows this
approach to be flexible and model highly multi-modal distributions—
critical for covering the many modes of free configuration space.

This uncertainty-guided procedure for PRM generation is quite
general, and does not necessitate sampling heuristics. However, the
prior distribution p(x) can be chosen to bias portions of the config-
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Figure 5.2: SV-PRMs in partially-
explored Intel environment, with
conservative β = 0.54 (left) and
optimistic β = 0.45 (right) roadmap
generation.

uration space if required. Furthermore, this approach can exploit
gradient-based information of the target distribution, and can be
implemented in batch for efficient GPU parallelization.

With the threshold parameter β, we can control optimism in graph
construction. Low values can lead to graphs which populate edges in
uncertain or unexplored areas, producing optimistic path solutions
with shorter paths. Conversely, higher values restrict vertices and
edges to high-probability regions, resulting in longer paths. This
behavior is depicted in Figure 5.2 with a partial occupancy map
generated from the Intel dataset.

5.3 Experiments

We evaluate Stein Variational PRMs and relevant baselines on three
planning environments: (1) a synthetic planar point navigation prob-
lem with challenging obstacle distributions, (2) a probabilistic oc-
cupancy map generated from a real-world baseline, and (3) a high-
dimensional simulated manipulation problem. In all experiments, we
use the anisotropic RBF kernel. For 2D examples with uniform pri-
ors, we use the following positive-definite metric to scale the pairwise
particle distances: M = 1

N ∑N
i=1∇x log p(z = 1|xi)∇x log p(z = 1|xi)⊤.

We evaluate different roadmap generation strategies, where the
traditional PRM generates samples according to a pseudorandom
number generator or quasirandom sequence, potentially with cost-
based rejection sampling. SV-PRM is initialized with the samples
from PRM, then performs SVGD on the particle set. The connection
strategy described in the previous section is used for both roadmaps.
At query time, the specified start and goal configuration are con-
nected to the roadmap. The LazySP [17] algorithm is then used to
search the roadmap, lazily evaluating edges to check whether the cost
threshold would be exceeded. We parallelize SVGD evaluations using
a PyTorch implementation, allowing efficient GPU-driven inference.
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PRM(U+Rej) PRM(H+Rej) SV-PRM(U+Rej)
N

=1
0

0
N

=2
5

0
Table 5.1: Checkboard environment
roadmaps generated with different
sampling strategies and number of
samples. The planning query consists
of the start (green) and goal (red), and
the shortest path (blue) is visualized if
it exists.

PRM SV-PRM

U U+Rej H H+Rej U U+Rej H H+Rej

N = 100 2 / 30 15 / 30 ✓ 29 / 30 30 / 30 ✓ ✓
N = 250 20 / 30 30 / 30 ✓ ✓ 30 / 30 30 / 30 ✓ ✓

Table 5.2: Number of successful plan-
ning trials on the Checkerboard

environment with N=100 and 250 sam-
pled vertices. Uniform-based samplers
are evaluated across 30 random seeds.
The low-discrepancy Halton-based
sampler [34] is deterministic, so success
is denoted with a ✓. In the low-particle
regime, uniform samples (with or with-
out rejection) rarely capture a path
between the start-goal pair. Despite
these poor initializations, the SVGD
optimization yields roadmaps with
feasible paths in all but one trial.

5.3.1 Point Robot Navigation

In the synthetic Checkerboard environment, we compare perfor-
mance in low- and high-particle regimes across various initializa-
tion schemes. The continuous target distribution is generated by
fitting a grid of RBF features to a binary occupancy map. In the real-
world Intel environment (Figure 5.1), we fit a Bayesian Hilbert Map
(BHM) [98] to LIDAR data from the Intel Research Lab in Seattle [42].
The resulting probabilistic occupancy map is the SV-PRM target dis-
tribution. We introduce a barrier function to prevent particles from
exceeding the map limits.

We report query-dependent metrics on the Checkerboard envi-
ronment, which measure the benefits of using SV-PRMs for specific
start-goal planning queries. Uniform-based samplers are evaluated
across 30 random seeds (with and without rejection), while the low-
discrepancy Halton-based sampler [34] is deterministic and only
requires one trial (with or without rejection). We select a challeng-
ing start-goal pair that requires the roadmap to pass through several
narrow passages (Table 5.1). Table 5.2 reports the number of success-
ful planning trials for low- and high-particle regimes, showing that
SV-PRMs better capture the connectivity of the space with the same
number of samples. Compared to the larger PRMs that are needed
to match the smaller SV-PRMs connectivity, this improved sparsity
yields faster planning times and statistically-equivalent path lengths.
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Figure 5.3: Optimized SV-PRM (left)
and initial PRM (right) in fully-explored
Intel environment. SV-PRM(Uniform)
has improved connectivity relative to
PRM(Uniform).
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Figure 5.4: Maximum mean discrep-
ancy (MMD) of SV-PRM(Uniform) with
respect to the uniform feasible distribu-
tion of the ground truth fully-mapped
Intel-BHM model (Figure 5.3). Results
are averaged across 100 trials. MMD
decreases with SVGD iterations, and
with increasing particle number N.

On the Intel environment, we additionally consider query-
independent metrics that evaluate the approximation quality of the
resulting roadmap without a specific planning query context. These
metrics help understand the multi-query performance of SV-PRM.

First, we simulate a partial map by limiting the amount of data in-
gested by the BHM. Figure 5.2 visualizes the map when the BHM has
consumed little data; the outer hallway loop has yet to be identified.
The SV-PRM on this partial map reflects the resulting uncertainty in
the model. Many vertices are in the likely collision-free spaces, but
vertices are also distributed throughout the unmapped (and therefore
uncertain) area. By choosing the cost threshold appropriately, SV-
PRMs preserves more vertices and edges in the roadmap. The same
SV-PRM can yield multiple candidate paths for a specific query by
varying the threshold: a conservative threshold safely connects the
start and goal via the known corridor, while an optimistic threshold
navigates through the unknown and finds a shorter (but ultimately
invalid) path. In this way, users are able to specify their degree of
certainty in the map quality. SV-PRMs cull vertices accordingly to
efficiently plan paths at the desired cost threshold. If the environ-
ment has been fully mapped, the cost should be set conservatively to
guarantee safety.



64 robot motion planning with uncertainty and urgency

PRM(U) PRM(U+Rej) SV-PRM(U) SV-PRM(U+Rej)

50 100 150 200 250

# Vertices

60

70

80

90

100
%

C
ov

er
a
ge

Figure 5.5: Roadmap coverage on Intel

environment. SV-PRM(Uniform) and
PRM(Uniform+Rejection) achieve
comparable coverage, while SV-
PRM(Uniform+Rejection) achieves
slightly higher coverage with greater
improvement in the low-particle
regime.
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Figure 5.6: Query-dependent met-
rics on Intel environment across
100 random trials, as a function of
vertices in the roadmap. (Left) Rate
of trials with feasible solution. SV-
PRM(Uniform+Rejection) succeeds
on over 40% with 50 vertices and all
100 trials with 100 vertices. (Right)
Mean solution path lengths. SV-
PRM(Uniform+Rejection) has lower
solution path length than both PRM
baselines, across all roadmap sizes.
SV-PRM(Uniform) achieves compa-
rable average solution path length to
PRM(Uniform+Rejection), while solving
a higher rate of problems.

To further characterize this partial map setting, we evaluate the
maximum mean discrepancy (MMD), which measures the difference
between two distributions based on samples drawn from each of
them [31]. For this environment, we compare the SV-PRM samples to
a ground-truth distribution defined as the uniform distribution over
collision-free states according to the fully mapped space (Figure 5.3).
This differs from the partial map that SV-PRM optimizes the parti-
cles against, but demonstrates how particles have been distributed
throughout the unmapped regions. Figure 5.4 visualizes the MMD
as particles are optimized against the partial map, demonstrating
that SVGD improves the MMD over time. Increasing the number of
particles also lowers the MMD, although with diminishing returns.

Figure 5.5 demonstrates that SV-PRMs improve the configuration
space coverage relative to the corresponding PRM initialization. This
is estimated by sampling 1000 collision-free states in the partial Intel
BHM map and attempting to connect them to roadmap vertices via
collision-free edges.

Note that this coverage metric does not characterize the connectiv-
ity of the roadmap; as demonstrated in Table 5.1, rejection sampling
can achieve good coverage without capturing the connectivity of the
underlying space and yielding a feasible path. On query-dependent
metrics, Figure 5.6 shows that both SV-PRM initializations enjoy
shorter or comparable paths for the same number of vertices as the
PRM baselines, while solving a higher rate of problems.
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Figure 5.7: Success rate and average
path length on the Franka manipula-
tor reaching environment. Comparison
between SV-PRM and the PRM baseline
for 30 trials (10 per random seed) using
different initialization distributions
(i.e., priors) across varying number
of vertices: N ∈ {16, 32, 64, 100, 128}.
Particle-based posterior sampling with
SV-PRM significantly improves the
planning solution, particularly in the
low-particle regime.

5.3.2 Franka Manipulator Planning

To demonstrate the scalability of SV-PRMs in higher-dimensional
robotics problems, we test the approach on a simulated Franka

reaching task (Figure 5.8). Here, the start pose of the modeled Franka
arm is configured to be reaching in the top-right compartment. A
feasible configuration space path must be planned to reach the goal
configuration (green) in the lower left compartment, while avoiding
the cabinet frame (gray). The obstacle cost h(x) is modeled using
a smoothly varying t-SDF [117] with an offset value of 0.25m, and
a feasibility likelihood of exp(−10∥h(x)∥2). The prior p(x) is for-
mulated as a uniform distribution, with exponentially-decreasing
probability near the system joint-limit values.

Figure 5.8: Duplicate of Figure 5.1 for
easier reference. Roadmap vertices are
represented by orange robot config-
urations, with the goal configuration
shown in green.

As in the Navigation experiments, we compare our approach to
traditional PRMs, varying the initialization type between pseudoran-
dom uniform samples and quasirandom Halton samples. Further-
more, we add a task-based heuristic sampling distribution using a
multi-modal mixture of Gaussians. Three isotropic Gaussian compo-
nents are centered on the start and goal configurations, as well as on
a retracted “home” away from the obstacles.

Figure 5.7 compares path statistics between SV-PRM and PRM for
different initializations. SV-PRM manages to generate a higher degree
of feasible joint-space across vertex counts for all cases, and yields
lower path costs when solutions are found. Inference with SVGD
optimizes the roadmap samples by pushing infeasible configurations
into collision-free regions, increasing coverage of the free configura-
tion space.
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5.4 Discussion

The Stein Variational Probabilistic Roadmap is a robust method for
efficiently generating graphs well-suited for multi-query planning,
outperforming existing biased-sampling PRM approaches. Our point
robot navigation experiments show that SV-PRM yields roadmaps
that admit high-quality paths even with a low sampling budget. Our
Franka manipulator experiments show that SV-PRM scales well to
higher dimensions and yields shorter paths with high success rate
even in low sample regimes.

Future work will investigate how to pick the appropriate prior
distributions as well as number of particles, with more emphasis
on planning for manipulation as these results were very promising.
Another exciting result worth investigating further is the tunable
optimism parameter for partially explored environments. This is
especially applicable when running the algorithm in an online setting
where the particles are updated incrementally as new observations
arrive, similar in spirit to the results in [98].

This approach complements work on learned neural network
samplers that leverage experience to guide sampling [47; 59; 86; 48].
SV-PRMs can continue to optimize these biased samples or directly
incorporate the scoring functions as a probabilistic cost.



6
Conclusion

This dissertation aims to develop efficient algorithms for motion
planning with uncertainty. Pragmatic tradeoffs and approximations
are integral to our approach, and we hope that stating them plainly
will empower practitioners to make more informed choices about
the algorithms that they deploy. Instead of hoping for a mythical
master algorithm that efficiently and optimally solves all planning
problems, we believe that roboticists should characterize the distri-
bution of planning problems that they want to solve efficiently and
near-optimally. The proposed algorithms have been effective for the
cluttered-but-structured environments that we have considered in
this dissertation. However, they are not universal replacements for
other algorithms that plan with uncertainty; a careful analysis of
tradeoffs is required. Our intent is to simply present them as options
in the algorithmic toolbox, to be used when appropriate for the task
at hand. This final chapter reviews some of these design decisions.

Sampling-Based Motion Planning Rather than planning through the
continuous high-dimensional configuration space, sampling-based
algorithms plan on a discrete roadmap approximation. This con-
cedes any possibility of computing the optimal path for the benefit
of quickly computing high-quality optimized paths. However, search
efficiency and path quality are ultimately contingent on the quality of
the roadmap approximation.

Expected Performance in Bayesian Motion Planning A Bayesian ap-
proach to motion planning is a double-edged sword, promising
improved expected case performance while permitting poor worst
case performance so long as the posterior distribution deems those
scenarios to be improbable. This places a greater responsibility upon
the practitioner to properly characterize the problems of interest: are
these scenarios unrealistic pathological cases that can be overlooked,
or are strong performance and efficiency still important?1

1 Critically, a practitioner cannot use the
presence of mathematical formalism
to deflect blame for poor performance.
Operationalizing uncertainty as the
Bayesian posterior arguably allows
these assumptions to be stated more
openly and interrogated.
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Bayesian Regret Minimization The proposed Bayesian search algo-
rithms sacrifice Bayes-optimality in return for significant efficiency
gains. Determinization-based approaches have well-known limita-
tions2: the act of determinization eliminates uncertainty and thus 2 Appendix B of Lee et al. [64] contains

a thorough comparison of Bayes-
optimality and posterior sampling-
based determinization.

subtracts any exploratory value from information-gathering actions
that do not progress toward the goal. Thus, determinization-based
approaches may not discover solutions that require those exploratory
actions to reach the goal.

6.1 Future Work

6.1.1 Characterizing Uncertainty in Real-World Environments

Motion planning is an excellent testbed for understanding uncer-
tainty without the additional complexities of stochastic transitions.
We focus on full-horizon replanning, rather than mix the potentially
confounding factors of receding-horizon replanning and terminal
value functions. Prior work has found that even simple strategies for
planning with uncertainty are effective in many environments that
robots face. Indeed, the popularity of optimistic approaches shows
that planning algorithms may not even need to fully consider uncer-
tainty to be effective.

Integrating uncertainty directly into the decision-making process
can itself be computationally intractable. Thus, problems that can be
solved efficiently and near-optimally via determinization and replan-
ning should not be dismissed as probabilistically uninteresting [67].
We need a deeper understanding of the settings where we can effi-
ciently plan with uncertainty, and the settings that require more so-
phisticated and expensive planning algorithms. In what domains are
simple heuristics like optimism sufficient, and when are Bayesian mo-
tion planning algorithms based on posterior sampling better? Given
the general intractability of solving POMDPs, when would a POMDP
algorithm be more suitable than posterior sampling? This disserta-
tion builds on prior work characterizing some of these boundaries;
we can view these approaches on a spectrum of probabilistic and
uncertainty-aware algorithms.

Although a full POMDP formulation sets the gold standard for
planning under uncertainty, our hypothesis is that many useful
motion planning problems can be solved adequately without that
formulation. Motion planning problems can be contrived such that
POMDP formulations are required, but we need to understand what
structures of uncertainty permit optimism and posterior sampling
strategies to be effective in so many cases. Optimistic strategies
sidestep the expense of updating the Bayesian posterior, are effec-



conclusion 69

tive in environments where the space is generally collision-free and
relatively uncluttered. POMDP formulations seem to be most effec-
tive in environments where exploration is in greater opposition to
exploitation and it is difficult to learn about the environment. In the
Bayesian motion planning problems considered in this dissertation,
simply following a path through uncertain regions provides valuable
information, rendering explicit information-gathering actions mostly
unnecessary. Algorithms that maximize the Bayesian value function
may result in higher expected value, but we find that the significant
computational tradeoff is beneficial.

The Efficiency of Bayesian Motion Planning As part of characterizing
uncertainty, we will need to narrow the gap between theoretical anal-
ysis and real performance. Our analysis that emphasizes expected
performance under the Bayesian posterior rather than worst-case per-
formance is one step in this direction. We hope that our connection
between anytime motion planning and Bayesian reinforcement learn-
ing will open the door to further regret analysis of Bayesian motion
planning algorithms.

However, one challenge is that these posterior-independent bounds
apply to all possible posterior distributions, and are therefore quite
loose when considering a specific posterior distribution. Future work
will hopefully be able to characterize these performance bounds
based on geometric properties of the environment and the posterior
distribution. Depending on the importance of worst-case or near
worst-case performance, we may also consider alternative objectives
such as conditional value at risk [90; 91].

6.1.2 Pragmatic Considerations for Planning with Posteriors

The proposed planning algorithms have been evaluated in simula-
tion, and we have taken care to consider high-dimensional manipu-
lator planning problems. Our results suggest that the roadmap ab-
straction and offline precomputation helps these algorithms to scale
to these problems. However, we anticipate that further improvements
to these algorithms will be beneficial for deploying to physical robot
systems.

Operationalizing Uncertainty As previously discussed, the first and
most important step is to design a posterior distribution that sum-
marizes the practitioner’s domain knowledge regarding the envi-
ronment and sensors. Iteratively designing and interrogating this
module is important for ensuring that the distribution reflects the
environments and planning problems that the robot is prepared to
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solve. Our proposed search algorithms, PSMP and DRPS, have no
hyperparameters; the posterior is the only component that requires
tuning. Future work that helps practitioners interpret their posterior
model throughout this design process will be critical. Our current ap-
proach is simply to visualize many samples from the distribution to
observe whether the posterior accurately describes realistic problems.

One strategy for implementing a posterior distribution is to work
directly with a sensor’s local observation model. Our experiments
with the Bayesian motion planning algorithms have focused on very
simple observation models, while the roadmap optimization algo-
rithms have considered more realistic LIDAR-based models. Incorpo-
rating these latter observation models as posterior distributions for
planning will help make the Bayesian motion planning algorithms
more widely applicable.

Explicitly characterizing the joint properties of the environment
and sensor may be challenging. We believe that our approach may
be fruitful for combining motion planning with machine learning.3

Data-driven representation learning methods can characterize how 3 Generative models of the robot’s
environment seem particularly well-
suited for posterior sampling-based
planning algorithms.

raw environment observations provide information about latent
environment parameters. Motion planning algorithms should exploit
the structure and information of a given posterior distribution to
search efficiently. We emphasize that all learned models must still be
interrogated thoroughly to ensure that the distribution of planning
problems is accurately described. However, we believe this separation
of concerns will help practitioners solve real-world motion planning
problems.

Biasing for Progress From an algorithmic perspective, both PSMP
and DRPS solve shortest path queries to sample from the distribution
over optimal paths.4 However, the deterministic nature of Bayesian 4 This is attractive from a computational

standpoint: other Bayesian search
methods such as Monte Carlo Tree
Search [32] or even heuristics like
QMDP [68] require several calls to the
search.

motion planning suggests an avenue for further focusing this dis-
tribution. For example, each iteration of PSMP aims to improve the
current solution; sampling a previously-yielded path makes no im-
provement during that iteration.

Sampling from the distribution of better paths is challenging. Our
approach indirectly models the distribution of optimal paths by
modeling the distribution of environments and optimizing paths
within sampled environments. This makes it easy to characterize
environment structure (in the posterior distribution), but difficult to
focus sampling on environments that yield better paths. A interesting
alternative would be to devise a scheme for directly sampling from
the distribution of possible paths below a cost threshold.

In both PSMP and DRPS, planning progress is contingent on plan-
ning a collision-free path. Progress stalls if the sampled environment
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does not contain any paths to the goal; no path is attempted in that
iteration. Even when the lack of a path plausibly reflects the posterior
distribution, this behavior may be undesirable. Querying a motion
planning algorithm is implicitly an optimistic question: we hope that
there is a path to the goal. Thus, focusing sampling and planning
effort on environments where a path to the goal exists presents an
interesting future research direction. Depending on how difficult it
is to gain information, we may also consider following partial paths
that do not reach the goal to help reduce uncertainty. Planning par-
tial paths may also help avoid unpredictable path changes in large
environments, where the posterior distribution may have significant
variance in distant unobserved regions.

Planning Under Mismatched Posteriors In practice, perfectly align-
ing the posterior distribution with the test distribution of planning
problems may be quite difficult. Phan et al. [84] shows that a small
error in approximate inference may cause posterior sampling to incur
linear regret. Our experiments with PSMP evaluated the algorithm
with the significantly mismatched nearest neighbor posterior and
perfectly-aligned finite set posterior. The nearest neighbor posterior
demonstrated degraded performance relative to the finite set poste-
rior (and other search algorithms) due to overexploration, to varying
degrees depending on the environment.

Although recovering from significant mismatch is impossible,
making posterior sampling-based algorithms robust to some mis-
match would be valuable.5 Posterior sampling with bounded op- 5 Ad-hoc strategies to improve ro-

bustness may be difficult to analyze
theoretically, but are still useful arti-
facts.

timism may be an interesting determinization strategy for this sce-
nario, where optimism helps offset the degree of mismatch. We may
also consider the performance tradeoff between a narrow posterior
with slight underexploration and a broad posterior with slight over-
exploration. Both approaches can be combined with more robust
determinization strategies: perhaps a narrow posterior with slight
underexploration can be combined with some optimism to experi-
mentally balance exploration. Determinization strategies that opti-
mistically combine multiple posterior samples may also be effective
[115; 2; 27].

Iterative Densification with Uncertainty To guarantee convergence to
the true optimal path with sampling-based algorithms, incremen-
tal densification procedures sample more vertices to improve the
effective roadmap resolution. We may desire this anytime ability
to improve path quality while the computational budget permits.
For a fixed roadmap, the PSMP and DRPS algorithms can perform
significant precomputation to improve query time efficiency. In the
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incremental densification setting, the new batch of sampled vertices
depends on the current best path. Without precomputation, search on
the densified portions of the roadmap may be slower.

Uniform or low-discrepancy samplers are typically used to im-
prove the roadmap approximation. We can offset some of the plan-
ning time increase by relying on SV-PRM to more efficiently place the
newly sampled batch of roadmap vertices. This densified roadmap
can be optimized very similarly to the original SV-PRM algorithm, al-
though vertices and edges along the current best path must be frozen
in place. For computational reasons, we may also choose to freeze
all vertices and edges from the previous roadmap, i.e., only updat-
ing the new batch of samples. The corresponding kernel terms for
frozen vertices must remain in the SVGD update for free vertices,
effectively optimizing free vertices around frozen vertices. The upper
bound on cost from the current best path can be incorporated as an
informed subset constraint [29] with a barrier term in the SV-PRM
task objective. However, we note that as a particle-based variational
inference method, large SV-PRMs can be computationally expensive
to optimize.

6.2 Closing Thoughts

Autonomous systems exist because of the people that build them. As
roboticists, we are responsible for ensuring that those systems serve
real societal needs. As algorithm designers, we must understand how
practitioners will actually use the artifacts we create.

Planning with uncertainty is inextricably linked to the real world.
The Bayesian methods proposed in this dissertation are a small step
toward bridging the gap between theory and practice. Motivated by
the challenges imposed by real-world computational budgets, we
have negotiated a compromise between planning time and solution
quality. We hope that this demand for urgency yields a broader spec-
trum of algorithms for robot motion planning with uncertainty.
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