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This paper presents a nonlinear dynamic methodology for monitoring precursors of fatigue damage in
metallic structures under variable rotational base excitation. The methodology accounts for important
nonlinearities due to the complex loading generated by variable rotation and structural degradation. The
sources of the nonlinearities include: structural stiffening due to gyroscopic motion and high-response
amplitude at the fundamental mode, softening due to inertial forces and gyroscopic loads, and localized
microscopic material damage and micro-plasticity. The loading intensity and number of vibration cycles
increase the influence of these effects. The change in the dynamic response due to fatigue damage
accumulation is experimentally investigated by exciting a cantilever beam at variable rotational base
motions. The observed fatigue evolution in the material microstructure at regions of large stresses (and
the resulting progressive structural softening) is tracked by quantifying the growth in the tip response,
the change in the fundamental natural frequency of the beam and the skewedness of the stepped-sine
response curve. Previous understanding of the structural dynamic behavior is necessary to ascertain the
damage precursor location and evolution. Nanoindentation studies near the beam clamped boundary are
conducted to confirm the gradual progression in the local mechanical properties as a function of loading
cycles, and microstructural studies are conducted to obtain qualitative preliminary insights into the
microstructure evolution. This study demonstrates that careful monitoring of the nonlinearities in the

structural dynamic response can be a sensitive parameter for detection of damage precursors.

Published by Elsevier Ltd.

1. Introduction

There are many engineering systems that experience variable
rotational base excitations, such as flexible robotics components,
heavy electronics components, and unmanned ground and aerial
systems [1,2]. Many of these systems may experience harsh
dynamic loads during their life cycles [3,4]. Mechanical structures
under variable rotational base excitations may experience complex
dynamic effects, such as gyroscopic stiffening and softening,
nonlinear geometric stiffening, and nonlinear inertial softening
[1,2]. Modeling and measuring the dynamic response can be
complicated when the material properties evolve due to fatigue
damage accumulation. In this study, we focus on the growth of
early precursors to such fatigue degradation. Fatigue damage pre-
cursor is defined as any observable early degradation of the
material microstructural properties prior to crack initiation [5].
Precursors to fatigue crack development may involve, but are not
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restricted to, changes in the microstructure, chemical composition,
electrical signal, acoustic response, or thermal signature of a
structure.

This study demonstrates that the dynamic response of a
structure due to rotational vibration excitation can serve as a
particularly sensitive precursor for fatigue degradation evolution.
To facilitate this demonstration, an analytical nonlinear dynamic
model is provided, which includes multiple sources of non-
linearities due to the variable harmonic rotational base excitation
and the high amplitude response. The presented methodology
shows that it is possible to capture fatigue damage precursors by
simply tracking the change in the nonlinear stiffness term in the
equation of motion. The nonlinear equation of motion is then
updated accordingly to capture the local microstructural evolution
by adjusting the nonlinear structural stiffness term. The global
nonlinear vibration-based method uses the nonlinear structural
updates from the experiments to estimate the beam tip response
and number of fatigue cycles. The technique can be used to assess
the structural durability of mechanical systems when they are
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exposed to complex vibratory loading using conventional sensors,
such as accelerometers. Therefore, it is possible to utilize the
proposed methodology to detect fatigue damage precursors in
mechanical components using current health monitoring systems
(SHM) by including the nonlinear terms in their detection codes;
this can be done without physical replacement or the addition of
Sensors.

Multiple studies have been devoted to nonlinear dynamics and
vibrations of beams because of their importance in many engi-
neering applications. One of the most cited studies in nonlinear
dynamics is the effort presented by Hodges and Dowell [6], where
they developed the equations of motion for a rotor blade idealized
as a beam, using Hamilton's principle. They maintained the cubic
nonlinear terms and included the effect of warping. Partial-
differential equations for the motion of nonlinear inextensional
and extensional beams were developed for planar and nonplanar
base excitation, where the geometric and inertial nonlinearities
were included [7-12].

Beam models were improved to idealize more complex struc-
tures such as antenna and radar structures, aircraft wings, and
wind turbines. Some of these modeling improvements included
stepped beams and L-shape beams with tip masses [13-17].

Several researchers have investigated the dynamics of rotating
linear and nonlinear flexible beams and flexible hub-beams (rotor-
blades) with tip mass [18-20]. These dynamic models were
developed in a consistent manner through the formulation of
energy expressions and application of Hamilton's principle. The
models included dynamic stiffening and inertial softening [21].
Hodges [22] developed nonlinear dynamic models for composite
beams and blades exposed to constant base rotational velocity.
Radially rotating uniform linear beams under constant and non-
constant angular velocity have also been investigated [23-25].
However, most of the research performed in studying the vibra-
tional behavior of radially rotating beams has focused on constant
spin velocity with various combinations of free, clamped, and
simply-supported boundaries [17,20,26].

Absent in the structural dynamics and structural health mon-
itoring literature is a comprehensive theoretical and experimental
study of the response of structures exposed to vibrational rota-
tional base excitation that includes all of the following sources of
nonlinearities: (1) geometric stiffening, (2) inertial effect,
(3) gyroscopic stiffening and softening, (4) higher order nonlinear
gyroscopic stiffening, and (5) coupling between the rotational
excitation (primary motion) and local displacement (secondary
motion). These nonlinearities may potentially become significant
when modeling fast and flexible robot manipulators, robotic arms,
and adaptive structures under nonlinear oscillatory motion. High
cycle vibrations in these structures may lead to fatigue, instability,
and loss of position accuracy. The problem can be exacerbated in
structures where the system dynamic response progressively
changes as the material continues to degrade due to the accu-
mulation of cyclic fatigue damage.

In the current investigation, we exploit the sensitivity of the
geometric stiffness to the accumulation of fatigue damage by
modifying the nonlinear equation of motion to account for
degradation in the local stiffness at high-stress sites. The approach
appears to be a promising metric for providing sensitive and
robust structural health monitoring to predict fatigue damage
precursor in metallic structures. The study shows that the non-
linear vibration-based measurement techniques sense the devel-
opment of fatigue damage precursors prior to crack initiation. The
fatigue-induced structural softening of the structure was evident
even at an excitation level where the global deformation remained
in the elastic domain. Scanning Electron Microscopy (SEM)
observations confirmed changes in the material microstructure at
high stress concentration regions with the accumulation of fatigue

cycles. Nanoindentation measurements at the regions of high
stress concentration revealed an accompanying reduction in the
apparent stiffness (nanoindentation stiffness) of the material. This
study demonstrates the effectiveness of nonlinear vibration
response to identify fatigue damage precursors in slender struc-
tures through the application of global damage detection methods.

2. Modeling development

The focus of this paper is to examine the nonlinear response of
a slender isotropic cantilever beam exposed to harmonic rotation
base excitation near its fundamental frequency and the influence
of fatigue cycles. The authors studied a cantilever beam with an
aspect ratio of 8 (AR=length/width); a detailed discussion is
provided in Section 3. The experimental results demonstrated
progressive structural softening due to forward-stepped harmonic
rotation excitations with extended dwells near the fundamental
natural frequency. An analytical model is developed using non-
linear Euler-Bernoulli beam theory with a tunable nonlinear
stiffness term to account for observed changes in the global
structural response due to possible degradations in the local
material stiffness near the beam root (at the fixed end). In other
words, the model uses a global structural parameter to capture the
global structural softening response due to local changes in the
material microstructure. The model also accounts for additional
sources of nonlinearities, which include: inertial effects, gyro-
scopic stiffening and softening, high order nonlinear gyroscopic
stiffening, and coupling between the rotational excitation and the
corresponding local displacement.

2.1. Kinematics development

Fig. 1 illustrates the dynamics of a cantilever beam with a
uniform cross-section carrying a tip mass exposed to a variable
rotational base excitation. The beam is idealized as an inexten-
sional beam; that is, stretching of the neutral axis is insignificant
[27]. The beam is fixed rigidly at one end and left free at the other
end (Fig. 1). Nonlinear Euler-Bernoulli theory is employed to
estimate the beam tip displacement, where the effects of warping
and shear deformation are neglected [14].

At the large peak response amplitudes, the nonlinear terms in
the equations of motion become as important as the linear ones.
The beam length-to-width ratio is long enough to cause significant
nonlinear flexural deformation but is short enough to assume that
the beam undergoes purely planar flexural vibrations as long as
the tip mass and cross-section geometry are symmetric with
respect to the beam centerline [5]. The first flexural mode is
approximated to be the same as the mode shape generated from

Tip Mass

Fig. 1. Slender beam with tip mass attached to a rigid fixture.
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Fig. 2. Slender beam with tip mass under rotation base excitation.

solving the linear problem with tip mass that contains the rotary
inertia effect.

The cantilever beam is considered to be a uniform and straight
isotropic structure of length L and volumetric density ¢, and
clamped at the base with a tip mass M, and a rotary inertia J, as
shown in Fig. 2. The Z-axis is taken as the neutral axis associated
with pure bending. It is assumed the loci of both shear centers and
mass centers of the undeformed beam are coincident with the Z-
axis. The base motion causes each cross section of the beam to
experience an elastic displacement of its centroid. The beam
dynamic response with respect to the Y and Z axes at the unde-
formed length from the root of the beam to the reference point, s,
and time, t, is described in terms of: the axial displacement, w(s, t),
the transverse displacement v(s,t) along the inertial coordinate
system YZ, and the rotational angle . The orthogonal unit vectors
for the inertial coordinate system are (iy,iz). The local curvilinear
coordinate system at s, in the deformed position, has the ortho-
gonal unit vectors (iy, iy). The rotating reference frame approach is
used, where the reference frame is attached to the undeformed
position of the beam (at the base of the beam). The position vector
of a point is expressed as follows:

R = viy + (s + wW)iz + i) (€Y

The variable s denotes the arc-length along R, and the local
deformation is #i,. Differentiating R with respect to time, ¢, yields:

R = (v —mpjr sin (p))dy + (W +mypr cos )iz +pase x R )
where:
szBase = Qx(t)ix

The tracking frame primary motion is £2,(t). Since the reference
frame is selected a priori, £2(t) becomes a known quantity instead
of a variable [28]. Substituting €ggse x R and combining terms
yields the following:

R = (v -y sin () —sQx —wQx —nQx sin (y) )iy
+ (W +nyr cos y +vQx +18 cos (y))iz 3

2.2. Equation of motion development
Kinetic energy can be expressed as follows:
1 /L A .. 1 .
=3 /0 | otrands +ym (ReR)— 4)
Substituting R into the kinetic energy expression and set:
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1
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1

Since the reference point coincides with the beam mass cen-
troid and # is a principal axis of the differential beam element, J; is
set equal to zero. However, the beam rotary inertia is maintained
in the kinetic energy. Therefore,

L
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Performing Taylor's expansion up to cubic nonlinearities and
assuming that w and v are small but finite, the potential energy
and the kinetic energy can be expressed as follows [11]:
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Here, the dots and the primes denote the temporal and spatial
derivatives, respectively.

The assumed modes method is used, as it is convenient to

)

s=1L

implement and is applicable to nonlinear systems [28]. The
approximate solutions are assumed in series form, as follows:

N
vt,2)= ) gY@ (8)

i=

where,q; denotes the generalized modal coordinates and Y; is the
mass normalized eigenfunction of the j™ free undamped v1brat10n
mode:

Y(x)=A; { cos fix—coshfix+C; ( sin f;x — sinhﬂjx) ] 9)
where,
sin ;L —sinhf;L+ ﬂjLM( cos ;L — coshﬁjL)
" cos piL+coshf;L —/)’jLM< sin f3;L— sinh[}jL)

A; is a modal amplitude constant which is evaluated by nor-
malizing the eigenfunctions, §; is the system eigenvalue for mode
j, and M is the normalized tip mass [29]. The eigenfunctions are
normalized according to the orthogonality conditions, which
include the rotary inertia of the tip mass. However, the main
concern in this study is the first mode (flexural mode); thus, a
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converged solution is achieved with admissible functions that
“resemble” the eigenfunctions of a cantilever beam with the same
boundary conditions [28,30]. Indeed, for the first-mode nonlinear
cantilever beam vibration problem, Hamdan, Elvin and Elvin, and
Leadenham and Erturk have observed the convergence of the
solution with the resembled admissible functions as long as the
base displacement is small relative to the tip displacement
[30-32]. For single mode, the assumed solution becomes:

v(t,.2) =q()Y(2) (10)
Eq. 10 is substituted into the kinetic energy and potential

energy equations (Egs. 6 and 7). The Euler-Lagrangian equation is
then applied to the Lagrangian, L =T —1II as follows [28]:

LYCAWI
ot\ag) oq

The equation of motion with the appropriate nonlinear terms
for the system under study becomes:
aﬂj —+as (qzq +qi]2) +a3qu2 —+ (/{1 — h].Q)Z()q-I— (kz — hz.Q)z()(f = (149)(
(11
Adding a viscous damping term to the equation of motion leads
to the final form of the governing equation for a cantilever beam
with variable rotational base excitation:
@ii+a> (24+44°) +cq-+a30a? + (k= )+ (ko — 1225 ) ¢ = a4
(12)

The inertial coefficient including the rotary inertia (or effective
mass) is:

L L
alzp/o des+]2/0 Y?ds+MY? (13)
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L +]
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The nonlinear inertial coefficient including tip rotary inertia is:

L/ ¢ 2 L ¢ 2
a2=p/ (/ Y’st> ds+]2/ Y’4ds+M</ Y’2d5> +Jy4
0 0 0 0 s=1L s=1L
(14)
1 L, 1S on L3 Con 3
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(15)

The linear stiffness coefficient (or effective elastic stiffness) is:

L L L
ki =EI / Y"ds—pg ( / (L —s)Y’zds) —Mg ( / Y’zds)
0 0 0

The gyroscopic stiffening and softening coefficient is [26,29]:

(16)

s=1L

L L ¢
hlzp/ des—%p/ (L2 —s?)Y?ds + MY? —ML/ Y?ds
0 0 =L 0

s s=1L
a7
The nonlinear geometric stiffness coefficient is:
L
ky = 2EI / y'2Y2ds (18)
0
The nonlinear gyroscopic stiffness coefficient is:
1 L ¢ ) 2 ¢ ) 2
hy=1 p/ / Y2ds | ds+M / Y?ds (19)
2 0 0 0 s=1L

The base excitation inertial coefficient is:

L L
a4:p/0 sYds—]z/0 Y'ds+MLY|s——JY'ls =1 (20)

If the rotational base motion is dropped, the equation of motion
becomes:

@i +ar (P4+94°) +hag+kog® =0

The above equation is the classical free vibration nonlinear
equation of motion with the nonlinear inertial effect (terms two
and three) and the nonlinear geometric stiffness [33]. However,
the variable rotational motion introduces additional sources of
nonlinearities as well as augmenting the coupling between the
base motion and the local motion. Accordingly, coefficients h; and
h, are maintained in the equation of motion (Eq. 12). The con-
tribution of positive terms in h; increases the gyroscopic stiffness
while the negative terms augment the gyroscopic softening. The
equation of motion produced in this study is an expansion of the
rotating beam model provided by Smith and Baruh [26], which did
not include the nonlinear geometric stiffness and nonlinear iner-
tial terms:

a1+ <k1 —h1.(2)2(>q =a,Qx

For flexible structures such as compliant robotic arms and legs,
the nonlinear inertial and geometric stiffness effects become
important. Furthermore, high displacement vibratory loads may
intensify the structural softening effect due to localized fatigue
damage precursors at high-stress concentration sites. The struc-
tural softening effect due to fatigue is globally accounted for by
introducing the nonlinear adjustment factor, which is discussed in
Section 4. The contribution of the rotational motion is also inclu-
ded in the nonlinear stiffness calculation (coefficient hy).

3. Experimental approach

To produce variable rotational base excitations, a multiaxial
electrodynamic shaker (Tensor-900 by Team Corporation) was
utilized. It consists of eight plane actuators and four out-of-plane
actuators underneath the shaker (Fig. 3), which are mechanically
coupled to the table. The unique architecture of the shaker system
allows a true six degrees-of-freedom (DoF) vibration environment
(three translations and three rotations). The four out-of-plane
actuators underneath the shaker table are employed to drive the
base rotation about the x-axis. The other eight actuators are used
to ensure a pure rotational excitation by reducing potential noise
and misalignments. For additional details related to the multiaxial
shaker, refer to Ernst et al. [2].

Slender blue-finished and polished spring-tempered AISI 1095
high carbon steel cantilever beams were used in this study. This
type of steel is typically fabricated using cold rolling, which may

Shaker Table

Electrodynamic
Actuator

Fig. 3. Multiaxial shaker (team corporation).
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produce some level of material orthotropy. Accordingly, the iso-
tropy assumption is an approximation in this study. The density
and the elastic modulus of the material are 7.85g/cm® and
205 GPa, respectively. The hardness is Rockwell C48 with AR=38.
The beam length and cross-section area are 127 mm and
15.88 x 1.08 mm?, respectively.

The vibration experiment setup and instrumentation are
shown in Fig. 4. Each beam was mounted vertically on a rigid
fixture. The torque for each bolt in the fixture was maintained at
22.6 N-m for each test. The multiaxial shaker table was controlled
by four Dytran triaxial accelerometers (Model No. 3243M2), with
one accelerometer at each corner on the shaker table. Two addi-
tional accelerometers were mounted on the fixture (Fig. 4) as a
backup to ensure that the base excitation was purely rotational.
The beam tip displacement was measured using two PCB Piezo-
tronics accelerometers (Model No. 356A01), which were mounted
on each side of the beam. The mass of each accelerometer was
approximately 1.5 g.

Three sets of experiments (Cases I, II, and III) were conducted.
The base excitations for Case I, Il and IIl were maintained at con-
stant rotational amplitudes at 30, 50 and 70 rad/s?, respectively.
The details of each case are listed in Table 1. The fundamental
natural frequency was measured for each case prior to conducting
the tests, which was reported in Table 1. Once the damped natural
frequency for each beam was identified using sine-sweep excita-
tion, the beams were subjected to the rotational harmonic base
excitation at discrete forward dwell frequencies near the funda-
mental frequencies. The ramp-up time and dwell time for each
frequency were 30 s and 25 s, respectively. The ramp-up time and
dwell time at each excitation frequency ensured that steady state
response conditions were met. The frequency step for each dwell

Fixture Triaxial Fitiife Triaxial
Accelerometer
= Accelerometer

Shaker Triaxial -
Accelerometer
— A

Shaker Triaxial
Acceleromete

.

Fig. 4. Experimental setup for vibration test.

was 0.05 Hz. Therefore, the excitation frequency was increased by
0.05 Hz every 55s (30s ramp-up plus 25s dwell). The loading
cycles depended on the shift in the resonance frequency due to
material softening, meaning the tests were repeated until sig-
nificant change in the resonance was observed, as shown in Fig. 5
(Case I). The loading cycles range for each test was reported in
Table 1. The same procedure was followed for Case II and III as
shown in Table 1 and Figs. 6 and 7, respectively. The results for
Case I, II, and III are discussed in detail in Section 4.

Local stiffness properties of the beams used in this study were
examined using instrumented indentation [34]. The technique has
been frequently used to characterize a wide range of complex
materials and structures, including film-substrate systems [35],
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Table 1
Nonlinear experimental cases

Case Dynamic parameters Test Total cycles (10%)
1 Base rotational acceleration=30 rad/s? 1 0-67
2 67-135
Damped natural freq.=42.35 Hz 3 135-202
4 202-269
1l Base rotational acceleration =50 rad/s? 1 0-81
2 81-151
Damped natural freq.=42.35 Hz 3 151-220
4 220-290
5 290-359
111 Base rotational acceleration=70 rad/s? 1 0-81
2 81-151
Damped natural freq.=42.33 Hz 3 151-224
4 224-294
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functionally graded structures [36,37], single microfibers [38,39],
and polymer nanocomposites [40,41]. In the current study, local
mechanical properties of similarly-fatigued beams were probed
via instrumented indentation. Samples were polished to 0.1 pm
and indentation experiments were performed using a Hysitron TI-
950 TriboIndenter with a diamond Berkovich tip (radius of cur-
vature approximately 100 nm). Positions along the beam surface
were located using the optical microscope in the TriboIndenter. For
each targeted location, 25 indentations were performed ina 5 x 5
grid, spaced 5 pm apart. The edge of the initial indent array was
positioned approximately 10 pm from the clamped edge of the
beam; subsequent arrays were positioned in approximately 2 mm
increments stepping away from the clamped boundary position
and moving toward the beam-free end. The measurements were
performed in a load control mode, with a maximum applied force
of approximately 5000 pN. The applied forces resulted in inden-
tation depths of approximately 150-200 nm (approximately 0.02%
of the cross-sectional depth). A drift correction was implemented
prior to indentation using 1 pN preload for 20 s. A triangular force
profile was used with a quasi-static loading rate of 625 uNs~ L.
The indentation results provided a reduced elastic modulus E,,
which is related to the sample elastic modulus Eg through: 1/
E.=(1-v2)/Ei+(1—152)/E;, where E; is the elastic modulus of the
tip and v; and v are the Poisson's ratio of the tip and sample,
respectively. To obtain sample properties, E;, v; and vs; were
assumed to be 1140 GPa, 0.07, and 0.3, respectively [32].

4. Results and discussion

The results of the dynamic model showed good agreement
with the experimental results due to the utilization of non-
linearities in the equation of motion. This section also illustrates
the link between micromechanics and the global nonlinear
response, which is a powerful approach in detecting fatigue
damage precursors.

4.1. Results of nonlinear vibration tests

Each experimental set (Cases I, II, and III) contained four to five
forward-step-dwell tests (Table 1; Figs. 5-7). The beam tip
response vs. the normalized excitation frequency (f/fn, where f and
fn are the excitation and fundamental natural frequencies,
respectively) is plotted for all cases in Figs. 5-7. The objective of
conducting multiple tests for each case was to capture the shift in
the fundamental frequency and the increase in the response
amplitude due to repeated dwells, which were symptomatic of the
localized material softening effect. Figs. 5-7 also show that the
resonance frequency continued to drop every time the test was
repeated due to the ongoing buildup of fatigue damage. The
nonlinear softening effect on the resonance frequency was
apparent in the increase in the beam tip response amplitude, as
shown in Figs. 5-7. The frequency-response curves were skewed
to the left, indicating a softening nonlinearity due to a material
change that eventually surpassed the structural nonlinear geo-
metric stiffening and the gyroscopic stiffening. For all cases, the
accumulation of loading cycles led to continual fatigue damage
buildup, resulting in a reduction in the local stiffness manifested
by a corresponding increase in the maximum beam tip deflection,
as shown in Fig. 8.

Malatkar [11] encountered similar softening phenomena in a
cantilever beam exposed to transverse nonlinear base excitations.
Malatkar avoided fatigue damage due to high amplitude loading
by reducing the number of dwells and repeating each experiment
only twice. The authors’ observation of the softening behavior at
the fundamental mode is similar to the softening response seen in

harvester piezoceramics investigations [42-44]; however, these
studies did not explain the cause of the softening. Stanton et al.
[45] assumed that the nonlinear softening was due to material
nonlinearities in their piezoceramic device. Softening trends were
also witnessed by Saavedra and Cuitino in their study on a cracked
mild steel beam exposed to harmonic vibratory loads [46]. Villa-
nueva et al. encountered the softening response in the first mode
of a nano-cantilever beam, where they assumed residual stresses
due to the fabrication process as a possible instigator [47].

To verify the potential damage accumulation in the current
study, nano-indentation tests were performed on a similarly-
fatigued beam near the fixed boundary, which was an area of
relatively high stress. The local elastic modulus of a sample
exposed to approximately 150,000 cycles was compared to an
unfatigued control sample. Fig. 9 displays the results of the
indentation experiments for several locations on the beam, and a
minimum of 25 indents per location. The zero point indicates the
clamped edge during cantilever base excitation, which was the
expected position of maximum stress. The indentation elastic
modulus is shown as a function of position from clamped beam
location (x=0 in Fig. 9). The horizontal dotted line in Fig. 9 shows
the average indentation modulus for the unfatigued sample (0
cycle). Indentation results for the fatigued specimen showed a
clear reduction in the apparent indentation stiffness near the
clamped position of the beam. The defined zero position, which
included tests approximately 10 pm from the fixed boundary,
showed a steep drop in the apparent indentation stiffness for the
fatigued sample. Stepping away from the clamped position, the
mechanical response approached the behavior of the unfatigued
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Fig. 9. Indentation modulus of fatigued beam. Note that unfatigued data are
average indentation results from several locations on control specimen.
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Fig. 10. Microstructure of (a) unfatigued control sample with uniform microstructure and (b) fatigued specimen near clamped position (high stress location).

sample. The results suggest that the average elastic response over
the first few hundred nanometers of the sample surface were
becoming more compliant as a result of the high number of
tension-compression cycles.

To further investigate the local degradation in the material, the
beam microstructure of the similarly-fatigued beam near the
clamped boundary was examined via SEM. Fig. 10-a shows the
microstructure of a control sample, while Fig. 10-b shows the
microstructure of the fatigued beam. For the fatigued sample, the
area investigated was within 100 pm of the clamped position of
the beam. The control sample showed a uniform microstructure
throughout, while the surface of the fatigued beam near the fixed
boundary displayed a relatively high density of long dark, slender
bands. The concentration of these long dark bands decreased with
respect to distance from the beam clamped boundary and
appeared to converge with the microstructure of the control
sample. Previous investigations have indicated that fatiguing steel
may cause formation of slip-bands, twinning, and other forms of
microplasticity [48-54].

The indentation tests cannot fully describe variations in the
dynamic behavior of the beam, but are an important first step in
elucidating how cyclic fatigue damage accumulation may affect
surface microstructure and thus local mechanical properties in
areas of high stress concentrations. It is important to point out that
for the experimental case with the highest tip displacement (Case
11I), the approximate maximum strain near the root was 0.8 x 103
strain, which is still in the linear region of the stress-strain curve
for 1095 steel. Thus, conventional linear models and sensing
techniques are not sensitive enough to detect damage precursors.
Alternatively, the combination of (1) the shift in the nonlinear
response of the beam, and (2) the compliance effect measured
through instrumented indentation, provided a reliable identifica-
tion of early stages of microplasticity, which is a known precursor
to microcrack formation [50].

4.2. Model results

The dynamic base excitations in Case I, II, and III produced
nonlinear responses, which led to localized damage caused by
local evolution in the material micromechanical properties near
the clamped boundary. The application of linear dynamic theory
does not account for the structural degradation; thus, it limits the
accuracy of the dynamic response and the structural health.

Therefore, the nonlinear dynamics analysis was modified to
account for the fatigue-induced material evolution near the
clamped end. Consequently, the modification to the nonlinear
stiffness provided a better curve fit to the experimental results.
The nonlinear equation of motion was solved numerically using
the Runge-Kutta method using 10~“ s integration time steps. The
integration time limits were set from 0 s to 30 s to ensure that the
steady state condition was reached. The accelerometer mass was
included in the model, but its contribution was negligible.

The maximum response amplitudes from Fig. 5-7 for Case I, II,
and III (base excitations: 30, 50, and 70 rad/s?, respectively) are
plotted as a function of loading cycles in Fig. 8. The beam tip
maximum response amplitudes increased as a result of increasing
the excitation amplitudes; however, for each excitation level, the
maximum response amplitudes increased logarithmically as a
function of the loading cycles (Fig. 8) due to the local material
softening caused by the cyclic fatigue damage accumulation.

The structural softening response in the beam, observed in the
nonlinear dynamic experiments as a fatigue damage-precursor, is
captured in the analytic model by adjusting the nonlinear geo-
metric stiffness term k* in the structural equation of motion (Eq.
(21)). Minor adjustments are also made to the viscous damping
term, ¢, to match the response amplitude for each test. The gov-
erning equation is modified as follows:

@+ (4%G+487) +cq+asQxq? + (ko —m 25 ) g+ (K —ha 25 ) ¢ = asQx
21

where, parameter k* is adjusted as follows:

k* = ok,

Here, the modified nonlinear stiffness, k*, is the geometric
stiffness, k;, multiplied by the nonlinear adjustment factor, 6. The
model results for the response amplitude superimposed on the
experimental data in Fig. 5-7 show the adjustments made to the
geometric stiffness and damping ratio terms in the model, which
provided reasonable agreement between the experimental and
model results. The nonlinear adjustment factor, J, for each test is
plotted as a function of the total number of cycles for Case I, II, and
Il in Figs. 11, 12, and 13, respectively. The experimental and
numerical results show that the nonlinear adjustment factor
logarithmically declines as the number of loading cycles increases.
Furthermore, the adjustment factor has a negative sign, which is
an indication of structural softening due to fatigue, even though
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the stresses in the beams are still in the elastic region. The loga-
rithmic decay in the material stiffness is consistent with fatigue
behavior [54]. For completeness, the damping ratios for Case [, II,
and III are plotted as a function of fatigue cycles in Figs. 11, 12 and
13, respectively. It can be seen that the beams displayed slight
logarithmic decay in damping as a function of loading cycles. The
beams may also exhibit nonlinear damping behavior, which is
beyond the scope of this paper but worthy of further investigation.
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It is reasonable to conclude that the local material micro-
structural evolution decreased the resonance frequency when the
base excitation amplitude was large (Fig. 8). The local material
evolution identified in the instrumented indentation and SEM
tests is likely responsible for the observed increase in the tip
deflection. Therefore, it is necessary to include the evolution in the
nonlinear stiffness as a function of the beam response amplitude
for each excitation. Indeed, the drop in the nonlinear stiffness of
the beam grew linearly with an increase in the response
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amplitude, as shown in Figs. 14, 15, and 16, for Case I, II, and III,
respectively. This is because the beams experienced three com-
peting mechanisms simultaneously: (1) stiffening effect due to
nonlinear geometric and kinematics effects at high amplitude
response, (2) nonlinear softening due to inertia, and (3) structural
softening effect caused by material microstructural evolution due
to fatigue damage precursor. These three mechanisms subse-
quently increased with the increase in the base excitations, beam
dynamic response, and fatigue cycles. The change in the damping
ratio as a function of displacement is illustrated in Figs. 14, 15, and
16. The linear decrease in the damping with an increase in the
beam tip displacement was minor.

The dynamic trends were consistent in all cases with the
exception of Case II, where the resonance frequency in test 2,
3 and 4 remained unchanged at approximately 42.10 Hz; the
resonance frequency decreased in test 5. It is believed that the
competing mechanisms between the stiffening effect (due to high
response amplitude influence on geometric and gyroscopic stiff-
ness) and the softening effect (due to nonlinear inertia term and
gyroscopic softening) caused this deviation. Eventually, the
material softening (decrease in the apparent stiffness) overcomes
the nonlinear dynamic stiffening effect due to the continual fati-
gue damage. Accordingly, the beam tip response continued to
increase while the resonance frequency decreased.

It is important to point out the intent of this study is to provide
a first step toward incorporating material softening into the non-
linear dynamic structural equation of the beam as a potential
indicator for damage precursors. Future studies would also include
the position-dependent elastic modulus information into the
equation of motion. Furthermore, additional investigations are
needed to study the effect of other parameters on the nonlinear
adjustment factor, such as variations in the: displacement ampli-
tude, excitation frequency, boundary conditions, and multiaxial
vibration loads.

5. Summary and conclusions

This work describes a new approach for the detection of
vibration fatigue damage precursors when a structure is subjected
to rotational base excitation. The damage precursor occurred prior
to any crack initiation in a high carbon steel structure. Instru-
mented indentation was used to show a local compliance effect in
regions subject to relatively high stress. Nonlinear terms due to
the coupling effect of the primary and secondary motions were
included in the equation of motion. Exploiting the sensitivity of
the nonlinear geometric stiffness enabled the detection of fatigue
damage precursor. The nonlinear dynamic model provided a
methodology for estimating the nonlinear dynamic response due
to local material degradation prior to crack initiation, which was
accomplished by adjusting the nonlinear geometric stiffness term
in the equation of motion. The effect of viscous damping was also
studied and found to be insignificant when compared to the
geometric stiffness term. There were three opposing mechanisms
that influenced the beam response: (1) stiffening due to high beam
tip response amplitude and gyroscopic motion, (2) softening due
to inertial forces and gyroscopic load, and (3) softening due to
localized microscopic materials damage precursor. It is important
to note that linear vibration-based detection would have not
captured the damage precursor. Thus, the power of the nonlinear
dynamic methodology for detecting damage precursor makes it a
viable alternative to current inspection methods. The attraction of
the nonlinear approach is that conventional sensors, such as
accelerometers, are used. Further improvement of this approach
could lead to a damage detection method that is both faster and
less expensive than current testing techniques.
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