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Abstract

Trickle-Down Theorems and Local-To-Global Analysis of Markov Chains

Dorna Sadat Abdolazimi

Chair of the Supervisory Committee:
Shayan Oveis Gharan

Paul G. Allen Center for Computer Science & Engineering

This thesis covers multiple results related to high dimensional counting and sampling
problems, as well as the broader theory of high dimensional expanders. Central to these re-
sults are “local-to-global” phenomena that allow the study of high dimensional distributions
through multiple forms of localization. In particular, we prove new trickle-down theorems
and apply them to problems in different fields. This includes proving rapid mixing of the
natural Markov chain for sampling from graph colorings in a previously unsolved regime,
and obtaining significantly improved bounds on the local spectral expansion of recent con-
structions of sparse high dimensional expanders, which are of particular interest in coding
theory and complexity theory. We also use a local-to-global perspective to provide evidence
that the natural down-up walk on the space of NBC bases of a matroid may not mix rapidly.
Finally, we apply a local-to-global technique to take a step towards characterizing the coef-
ficients of homogeneous completely log-concave polynomials, which also implies fast mixing
of the natural random walk for sampling from the high dimensional distributions associated
with such polynomials.
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Chapter 1

Introduction

A (weighted) graph is v-spectral expander if the second largest eigenvalue of its normalized
adjacency matrix is at most . The notion of spectral expansion is closely related to strong
connectivity properties of graphs and has enabled advances in many areas of mathematics
and computer science including number theory, group theory, coding theory, approxima-
tion algorithms, pseudo-randomness, embeddability of metric spaces, and probabilistically
checkable proofs. See, e.g., [[NW94; LLR95; SS96; HLW06; Din07; Lub12; ABS15] for some
references.

High dimensional expansion is a generalization of spectral expansion in graphs to higher
dimensional objects called simplicial complexes. The study of high dimensional expanders
has revolutionized several areas of mathematics and theoretical computer science (e.g. see
[GK23] for a survey). This includes analysis of Markov chains (e.g. [Ana+19; AL20; ALO20;
CLV21; Ali+21; ALO22; Ana+22; WZZ24]), locally testable codes (e.g. [Dik+20; Din+22;
DLZ23|), agreement tests (e.g. [DK17; DD19], quantum LDPC codes (e.g. [EKZ24; KT21]),
and elsewhere (e.g. [AGT19; Din+21b; Din+21a; Baf+21]).

One of the main properties of high dimensional expanders is the existence of “local-to-
global phenomena” that allow “global” properties of a high dimensional simplicial complex
to be investigated through analysis of “local” spectral properties. To provide a more clear
description of the local-to-global phenomena, we need to define simplicial complexes and
high dimensional expanders more formally.

A simplicial complex X on a finite ground set [n] = {0,...,n} is a downwards closed
collection of subsets of [n], i.e., if 7 € X and ¢ C 7, then ¢ € X. The elements of X are
called faces, and the maximal faces are called facets. We say that a face 7 has dimension &
if |7| = k+1 and write dim(7) = k. We say that X is a pure d-dimensional complex if every
facet has dimension d. In this dissertation, we only work with pure simplicial complexes.
Moreover, the co-dimension of a face 7 € X is defined as codim(7) = d — dim(7). For any
0 <i<d, define X(i) = {7 € X : dim(7) = i}. We equip X with a probability distribution
7 supported on all facets of X, and denote this pair by (X, 7).

For a face 7 € X, the link of 7 is a simplicial complex defined as

X,={o\7:0€X,0D7}.

For a face 7 € X, the distribution 7 induces a conditional distribution 7, on facets of X,



where for each facet o € X,

(0) m(oUT)
(o) = .
Zfacet o’eX, W(U/ U T)

Taking the link of a face 7 of a simplicial complex can be seen as form of localization.
Intuitively, the larger the dimension of 7 is, the more “local” and low dimensional the link
of 7 will be. Note that the link of any face of co-dimension 2 is a 1-dimensional simplicial
complex, which is simply a weighted graph. Such links could be considered as the most local
nontrivial links.

While the links of a simplicial complex (X, 7) provide localized perspectives into a com-
plex, the links of faces of co-dimension more than 2 are still high dimensional. Thus, one can
consider an additional level of localization by looking the “underlying graph” of these links.
For any face 7 of co-dimension at least 2, the I-skeleton of the link (X,,7,) is a weighted
graph whose vertices are the 0-dimensional faces of X, its edges are the 1-dimensional faces
of X, and the edge weights are given by P, [{x,y} C o] for each edge {x,y}. Note that
when 7 is of co-dimension 2, the complex (X, 7, ) is itself a weighted graph. We say that a
complex X is totally connected if the 1-skeleton of the link of any face 7 of co-dimension at
least 2 is connected.

The 1-skeletons of the links of a simplicial complex (X, 7) encode many important prop-
erties of the complex. As a result, one can try to investigate interesting global properties of
high dimensional simplicial complex through studying the 1-skeletons of its links, following a
local-to-global analysis. One of the most useful properties of the 1-skeletons is their spectral
expansion.

Definition 1 (Local Spectral High Dimensional Expander [DK17; KO18; Dik+18]). We say
that the link of a face T of co-dimension at least 2 of a d-dimensional (weighted) complex
(X, m) is a A-local spectral expander if the 1-skeleton of (X, 7,) is a A-spectral expander.
We say that (X, 7) is a (2,73, - - -, Var1)-local spectral expander if the link of any face T of
co-dimension at least 2 is @ Yeodim(r)-spectral expander. When the complex (X, ) is clear in
the context, for an integer 2 < k < d+ 1, we write vy, to denote the maximum 2nd largest
eigenvalue of the simple random walk on the 1-skeleton of all links of faces of co-dimension
k of the complez.

The notion of local spectral expansion has facilitated the investigation of various complex
problems. This includes the problem of sampling from high dimensional distributions, which
is the main focus of this dissertation. High dimensional distributions capture the interactions
of a large set of interacting nodes. Since the domain of these distributions could be exponen-
tially large in the number of nodes, investigating different properties of these distributions
in a computationally efficient ways is often a complex problem. A common approach to this
problem is sampling from high dimensional distributions using Markov chain Monte Carlo
methods. In this case, the main challenge is to design a Markov chain whose stationary
distribution is the given high dimensional distribution and prove that the chain rapidly con-
verges to its stationary distribution. A common approach to analyzing the mixing time of a
Markov chain is through spectral analysis, and in particular by upper-bounding the second
largest eigenvalue of its transition probability matrix, which we often denote by A,. Since



the largest eigenvalue of the transition probability matrix is always 1, this is equivalent to
showing that 1 — )y, often referred to as the spectral gap of the random walk, is large. A
formal statement of this well-known result can be found in the preliminaries in Section 1.2.2.

There are various generic methods such as the Metropolis-Hastings method [Met+53]
that, given any distribution, readily yield Markov chains whose stationary distribution is
the given distribution. The following natural Markov chain is a variant of the Metropolis-
Hastings method for sampling from any given distribution 7 on subsets of size k of a set
S. Starting at a set o of size k, we transition to another set ¢’ of size k via the following
two-step process:

1. Select a uniformly random element z € ¢ and remove x from o.

2. Randomly select a set o of size k containing o \ = with probability proportional to
(o).

This generic recipe generalizes various well-known classes of Markov chains including the
Glauber dynamics for sampling configurations in graphical models and the bases exchange
walk for sampling bases of matroids. While these chains are fairly simple and natural, in
many cases, analyzing their mixing time is quite challenging. In recent years, the study of
high dimensional expanders, and a framework closely related to local expansion commonly
referred to as the “spectral independence” framework, have led to breakthroughs in this area
(see e.g. [Ana+19; CGM19; ALO20; CLV20; CLV21; Che+21b; ALO22; Ali421; Che+21a;
Bla+22; Ana+22; Ana+22; Liu+24; WZZ24]).

Given a distribution 7 on subsets of size d + 1 of a set .S, one can consider a weighted
d-dimensional simplicial complex X whose facets are the subsets of size d of S, and whose
weight is given by m. The above Markov chain can be seen as a “down-up” walk on the
facets of the simplicial complex, where in each transition, starting from a facet o, the first
step of the two-step process samples a face 7 C ¢ of dimension d — 1 and the second step
samples a facet ¢/ D 7.

This formulation allows us to investigate the mixing time of the Markov chain using local-
to-global properties of high dimensional expanders. The following theorem is an example of
local-to-global theorems that derive bounds on the mixing time of the down-up walk using
local spectral expansions of the underlying simplicial complex.

Theorem 1.0.1 ([AL20]). Let (X, 7) be a (7Va,...,Ya+1)-local spectral expander. Then the
second eigenvalue of the transition probabilty matriz of the down-up walk PV is bounded by

d+1

WPy <1- 20— )

Jj=2

Roughly speaking, the above bound implies that if ; = @, the random walk converges
to its stationary distribution 7 in polynomial time.

There are a variety of tools and techniques to prove that a given simplicial complex is
a local spectral expander, including geometry of polynomials (e.g. see [Ana+19; Ali+21;
CLV22]), correlation decay bounds (e.g. see [ALO20; Che+21b]), and more (e.g. see [Liu21l;
Bla+22]). Another approach to this problem that was introduced by Oppenheim is the
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“trickle-down method [Oppl8].” Central to Oppenheim’s trickle-down theorem is another
form of local-to-global argument. Roughly speaking, this theorem states that if the links
of the “most local non-trivial links”, i.e. the links of faces of co-dimension 2, are $-local
spectral expanders for some 0 < ¢ < 1, then for any k£ > 2 the links of faces of co-dimension
1 are %—local spectral expanders.

Theorem 1.0.2 (Oppenheim’s Trickle-Down Theorem [Oppl8]). Given a totally connected
complex (X, ), if the links of faces of co-dimension 2 are %—spectml expanders for some 0 <
d <1, then the complex is a (72, ..., 7Yar1)-local spectral expander, where ~y, < df(l—_é <

k—2)(1-0) =
ld—_fforall2§k§d+1.

The trickle-down theorem has found numerous applications in proving bounds on local
spectral expansion of simplicial complexes. To invoke the theorem one needs to inspect the
links of all faces of co-dimension 2 to find the worst 2nd eigenvalue. If we get lucky and this
number is below 1/d, then, the trickle-down theorem kicks in and automatically bounds the
spectral expansion of all links of the complex. One of the major issues with this theorem is
that the required bound is too small and often not satisfiable.

Several chapters of this dissertation focus on new trickle-down theorems that address the
above issue and other shortcomings of Oppenheim’s trickle-down theorem, along with the
applications of these theorems in counting, sampling, and coding theory. The remaining
chapters can also be broadly seen as applications of local-to-global perspectives to counting
and sampling problems. The results presented in this dissertation are based on four research
papers that I co-authored during my Ph.D.studies [ALO22; AO23a; ALO23; AO23b).

In Chapter 2, we prove a “matrix trickle-down theorem,” which is a spectral local-to-
global framework for inductively bounding the local spectral expansion of a simplicial com-
plex. This framework generalizes Oppenheim’s trickle-down theorem by strengthening the
induction hypothesis, replacing scalar bounds on local spectral expansion with matrix bounds
on the normalized adjacency matrices of 1-skeletons.

In Chapter 3, we apply this generalized local-to-global framework to efficient sampling of
graph colorings, a long-standing open problem in the field. We use the matrix trickle-down
theorem to show that the natural Glauber dynamics for sampling graph colorings mixes in
polynomial time in a previously unsolved regime.

In Chapter 4, we prove a trickle-down theorem for partite complexes that significantly
improves Oppenheim’s trickle-down, and can be applied in a black-box manner to a large
family of complexes to derive non-trivial bounds on their local spectral expansions. For an
application, using our theorem as a black-box, we show that links of faces of co-dimension £ in
recent constructions of bounded degree high dimensional expanders have spectral expansion
at most O(1/k) fraction of the spectral expansion of the links of the worst faces of co-
dimension 2, refuting a conjecture in the field.

In Chapter 4, we study counting and optimization problems on NBC bases of a generic
matroid through a local-to-global lens. Given a matroid M = (E,Z), and a total ordering
over the elements E, a broken circuit is a circuit where the smallest element is removed, and
an NBC independent set is an independent set in Z with no broken circuit. Sampling NBC
bases of a generic matroid can be achieved by sampling a facet of the simplicial complex
defined by NBC bases of these matroids using the down-up walk. In this chapter, we use a



local-to-global perspective to give evidence that the natural down-up walk on the space of
NBC bases of a matroid may not mix rapidly. We do this by showing that for a family of
matroids, it is NP-hard to sample facets of certain links of the NBC complex.

In Chapter 6, we introduce an expressive subclass of non-negative almost submodular set
functions, called strongly 2-coverage functions, which include coverage functions and (sums
of) matroid rank functions, and prove that the homogenization of the generating polynomial
of any such function is completely log-concave. A corollary of this result is that, given any
such function f, the natural down-up random walk can be used to rapidly sample a subset
of any given size of the ground set with probability proportional to f(S). This result is
obtained using tools from geometry of polynomials, diverging from the more linear algebraic
and combinatorial approaches used within the context of theory of simplicial complexes in
the previous chapters. However, a local-to-global paradigm, expressed in the language of
polynomials, remains central to the proofs in this section.

1.1 Main Results

In this section, we present a summary of our main results. Throughout this section, given a
symmetric matrix M € R™ ", we index its eigenvalues as \,,(M) < -+ < \(M).

1.1.1 A Matrix Trickle-Down Theorem

In almost all applications of high dimensional simplicial complexes, one first needs to to prove
that the underlying complex is a local spectral expander and then exploit local-to-global
theorems to prove global properties of the underlying complex X. Oppenheim’s trickle-
down method [Opp18] is a technique for proving a complex is a local spectral expander that
is also based on a local-to-global perspective. This method inductively derives bounds on
the spectral expansion of the 1-skeletons of all links using bounds on the spectral expansion
of links of co-dimension 2, i.e. the most “local” links, as the base case for induction.

In one of our main technical contributions, we give a recursive local-to-global frame-
work for bounding the local spectral expansion of a weighted simplicial complex X which
significantly generalizes Oppenheim’s result by strengthening the induction hypothesis. In
particular, instead of inductively proving scalar bounds on local spectral expansion, we re-
cursively obtain matrix bounds on the adjacency matrices of the 1-skeletons of links, which
then yield upper bounds on local spectral expansion.

Before stating the main results, we need some additional definitions from [ALO22]. Given
aset S, we write v € RY and A € R%*¥ to respectively denote a vector and a matrix indexed
by S. For symmetric matrices A, B, we write A < B if and only if B — A is positive
semidefinite (PSD). For a n x n symmetric matrix M with eigenvalues \,, < --- < Ay, define
p(A) = max{| A, [An]}.

Given a (weighted) complex (X, ), let X (< i) := X(—1)U---U X (). For each face 7
and each integer —1 < ¢ < codim(7) — 1, we write 7, ; for the induced distribution on X, (¢)
given by

1
Tri(n) = W(}i{d[g onlo>Tl (1.1)
i+



One should view this as a marginal distribution conditioned on 7. We will often view 7, ; as
a vector in R)Z(g @
Given a weighted graph G = (V, E, w), the simple random walk is the following stochastic

process: Given Xy, = v € V, for every u ~ v, we have X; = u with probability 12{“(5)} . For

any 7 of co-dimension at least 2, let Pix r), € RX(0)xX(0) denote the transition probability
matrix of the simple random walk on the 1-skeleton of (X, ;) padded with zeros outside
the X, (0) x X,(0) block, i.e.

Porr. [{z,y} C 0]
z€x+(0) PGNWT [{‘7;7 ’Z} - 0]

P(X,w),r(xa y) = Z

for z,y € X;(0), and P,(x,y) = 0 otherwise. When the weighted complex (X, ) is clear
from context, we write P, to denote P x r)-. Note that given a weighted graph, the transition
probability matrix of the simple random walk on the graph has the same eigenvalues as the
graph’s normalized adjacency matrix. As a result, (X, 7) is a (Y2, 73, - - -, Ya+1)-local spectral
expander if and only if for every face 7 of co-dimension at least 2, we have Ay(P;) < ;. We
often refer to the simple random walks on the 1-skeleton of links of a simplicial complex as
the local walks of the complex. Thus, the local-to-global framework allows us to study the
spectral expansion of the global (high dimensional) down-up walk on the facets of a simplicial
complex through the spectral expansion of the local walks associated to the complex.

For any 7 of co-dimension at least 2, we define the diagonal matrix Il y ), € R¥©>xX(©
as follows: Iy ,(z,2) = 7 o(x) for z € X;(0), and Il x ) -(x,2) = 0 otherwise. When
(X, m) is clear from context, we write IL. to denote Il x ) ,. Note that IL, P is a symmetric
matrix.

Theorem 1.1.1 (Matrix Trickle-Down Theorem [ALO22]). Let (X, 7) be a totally connected
weighted complex. Suppose {M, € RX(O)XX(O)}TEX(gdfg) 1s a family of symmetric matrices
satisfying the following:

1. Base Case: For every T of co-dimension 2, we have the spectral inequality
T ].
U, P —2m, o7, g 2 M; = EHT.
2. Recursive Condition: For every T of co-dimension at least k > 3, at least one of

the following holds: M, satisfies

E—1 E—1
M, < ——TI. d Bpor Mo < M, — ——M.II-'M.. 1.2
—“8k—1 "~ " Aot} = k—2 T (1.2)

Or, (X,, 7 k—1) s a product of weighted simplicial complezes (Y1, 1), ..., (Y:, 1) and
for every n € X (k—1),

dy,(dy, + 1)
M, = —t My
EB k(k—1) 7"
1<i<t:dy, >1

where s = 1\ Y;(0).
Then for every 7 € X(< d — 2), we have the bound \o(IL. P,) < p(IL-1M,).
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1.1.2 Application of the Matrix Trickle-Down Theorem in Sam-
pling Graph Colorings

As an application of our matrix trickle-down Theorem, we show that the natural Glauber
dynamics mixes rapidly and generates a random proper edge-coloring of a graph with max-
imum degree A whenever the number of colors is at least ¢ > (1—3? + 6) A, where € > 0 is
arbitrary and the maximum degree satisfies A > C for a constant C' = C'(¢) depending only
on e [ALO22]. For edge-colorings, this improves upon prior work [Vig99; Che+19] which
show rapid mixing when ¢ > (% — 60) A, where ¢y ~ 107° is a small fixed constant.

Given an (undirected) graph G = (V| E) with n = |V| vertices and with maximum
degree A > 1, and ¢ available colors, it is conjectured that the Glauber dynamics mixes
in time O(nlogn) for ¢ as low as A + 2 but despite significant attempts we are still very
far from proving this conjecture. To this date, the best known result for general graphs
is due Chen, Delcourt, Moitra, Perarnau and Postle [Che+19] who show that the Glauber
dynamics mixes in polynomial time for ¢ > (11/6 — €)A for some universal constant ¢ > 0;
this slightly improves on the classical works of Jerrum and Vigoda [Jer95; Vig99] which
bounds the mixing time by a polynomial in n for ¢ > (11/6)A. The problem of sampling
a random proper edge coloring of graphs can equivalently be seen as sampling a random
proper vertex coloring of line graphs. Most of the recent analyses of the Glauber dynamics
are focused on “locally sparse” graphs [HV03; Mol04; HV05; FV06; FV07; HVV07; Dye+13;
Che+21b; Fen+22| where it was typically shown how to break the 11/6 barrier bound when
the underlying graph has a large girth.

Unlike most recent trends which focus on sparse graphs with large girths, line graphs
are very dense locally as they contain induced cliques of size 2(A). Note that for a graph
with maximum degree A, the maximum degree of the line graph could be as large as 2A.
Therefore, with the 11/6 barrier, one would need ¢ > 11/3A to guarantee polynomial mixing
for all edge coloring instances. In our main theorem we prove that this barrier can be broken
for edge coloring of any graph with maximum degree A.

Theorem 1.1.2 ([ALO22]) Let G = (V, E) be a graph of mazimum degree A. For any
0 < e < 55 such that h‘AA < 3, and any collection of color lists L = {L(e)}ecr satisfying
|L(e)| > A(e) + (4/3 + 4e)A where A(e) is the number of neighbors of e in the line graph of

G, the spectml gap of the Glauber dyanmics for sampling proper L-edge-list-colorings on G
is Q(n=CW/9)), so the mizing time is O(n°01/9)).

Remark 1. Recently, [WZZ24] used the matrix trickle-down Theorem to prove that the
Glauber dyanmics for sampling proper vertex colorings of line graphs with n vertices and
maximum degree A mixes in time Oa(nlogn) when the number of available colors satisfies
q > (1+0(1))A, thus almost resolving the aforementioned conjecture for line graphs.

1.1.3 An Improved Trickle-Down Theorem for Partite Complexes

The matrix trickle-down theorem provide a framework to derive bounds on local spectral
expansion in regimes that Oppenheim’s trickle-down theorem fails. However, unlike Op-
penhiem’s trickle-down theorem, the matrix trickle-down theorem cannot be applied in a

10



black-box manner. We prove a generalization of the trickle-down theorem for partite com-
plezes that can be applied in a black-box manner to bound local spectral expansion [AO23a).
A (d+ 1)-partite complex is a d-dimensional complex such that X (0) can be (uniquely) par-
titioned into sets Ty U - - - U Ty such that for every facet 7 € X (d), we have |7 NT;| =1 for
all 7 € [d]. The type of any face 7 € X is defined as type(r) = {i € [d] : [T NT;| = 1}.

As opposed to Oppenheim’s trickle-down theorem that requires all links of faces of co-
dimension 2 to have expansion less than 1/d, our improved trickle-down theorem for partite-
complexes says that if “on average” the links of faces of co-dimension 2 have spectral ex-
pansion less than 1/d, then the 1-skeleton of all links of co-dimension k are O(1/k)-spectral
expanders. This theorem addresses several major pitfalls of Oppenheim’s trickle-down theo-
rem: theorem: First, the required bound on 7, is often not satisfiable. In particular, for many
dense complexes in counting and sampling applications, the links of faces of co-dimension
2 are only O(1)-spectral expanders, hence the trickle-down theorem does not apply. Yet,
for many such complexes, one can show that v, = O(1/k) for k > Q(d) (see e.g., [ALO20;
CLV21]). Second, even if 75 < 1/d, the trickle-down theorem only implies vy >~ 79, i.e. 7k
does not increase too much as k increases. This is in contrast with the fact that, for many
dense complexes, one can observe a steep decrease in spectral expansion as the co-dimension
increases, i.e. v < 72/k.

Before formally stating this result, we need the following definition.

Definition 2. Given a (d+ 1)-partite complex (X, m) with parts [d], for every i € [d], define

Axm(i) = {7 € ld\i: 3 s.t. type(r) = [d] \ {i, j}, Ao(P) > 0},

i.e. Axn (1) is the number of parts j # i for which there exists a face of type [d] \ {i,j}
whose link is not a 0-spectral expander. Moreover, define Ax ) = maX;eig Nx,x)(i). We
drop the subscripts (X, m) when the complex is clear in the context.

Theorem 1.1.3 (Simplified Version of Improved Trickle-Down Theorem for Partite Com-
plexes [AO23al). Let (X, m) be a (d + 1)-partite (weighted) totally connected complex. For
some 0 < 6 < 1, assume that

52 1—-9¢

< — < — .
BEnyma) M S A WA

Then, the link of any face T of co-dimension k of X has spectral expansion

ST ifk > A,
c(1—§) ktlnk
U0ams k< A,

for some constant ¢ < 2 that depends on §.

Note that, for A = d, this theorem retrieves Oppenheim’s trickle-down up to a lower
order term in the condition on 7, and a constant in the bounds on local spectral expansions.
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Applications to Sparse High Dimensional Expanders As an application of our result,
we show that in recent constructions of bounded degree high dimensional expanders, the
links of faces of co-dimension k have spectral expansion at most O(1/k) times the maximum
spectral expansion of a link of a face of co-dimension 2, refuting a conjecture in the field.
One can generally divide the family of HDXs studied in recent works into two groups:

1. Dense Complexes. Here, we have a HDX with exponentially large number of facets,
i.e. | X(0)]%. One typically encounters these objects in studying Markov Chain Monte
Carlo technique where we use a Markov Chain to sample from an exponentially large
probability distribution. Perhaps the simplest such family is the complex of all inde-
pendent sets of a matroid.

2. Sparse Complexes. Here we have a HDX where every vertex (of X(0)) only appear
in constant number of facets, independent of | X (0)|. See, [LSV05b; KO18; OP22] for
explicit constructions. These objects have been useful in constructing double samplers
(e.g. [Din+21b]), agreement testers (e.g. [DK17; DD19]), and locally testable codes
(e.g. [Din+22]).

For many dense complexes, one can observe a steep decrease in spectral expansion as the
co-dimension increases, i.e., the complex is a (7, . .., v4)-local spectral expander where v <
7 /k. Such a decrease has not been known for any sparse complex. This led some experts
to conjecture that, perhaps, dense and sparse complexes exhibit a different pattern of local
spectral expansion; in particular, unlike dense HDX, local spectral expansion does not decay
for sparse complexes. As an application of our improved trickle-down theorem, we refute
this conjecture by showing that the links of faces of co-dimension k in recent constructions
of sparse high dimensional expanders have spectral expansion at most O(1/k) fraction of
the spectral expansion of the links of the worst faces of co-dimension 2. Here, we state our
result for one such construction.

Kaufman and Oppenheim [KO18] obtained a simple construction of sparse (d+ 1)-partite
complexes with | X (0)| > p® for any integer s > d and prime power p such that every z € X (0)
is in at most p®@) many facets (hence the degree is independent of s). They argued that for
any non-consecutive pair of parts i, j € [d], i.e., j #i+1and i # j+ 1 (mod d+ 1), we have
€ty = 0but €413 < \/iﬁ for any i € [d] (i+1 is taken modulo d+1). Consequently, A(i) = 2
for any ¢ € [d]. Then, using Oppenheim’s trickle-down theorem, they show that the complex

is a (\/ﬁf}dﬂ)’ ceey \/ﬁfdfz)—local spectral expander for p > (d—2)%. Simply plugging in these
values into the above theorem, for § = 1— \/%3 and p > 193 (independent of d) the assumptions

2c 2c
\/56’ e ey d_\/]»)(s
for some constant c¢. In other words, not only does the Kaufman-Oppenheim construction

give an HDX for constant values of p independent of d, but also its local spectral expansion
improves inverse linearly with the co-dimension.

of the theorem are satisfied. The resulting complex is ( )-local spectral expander

1.1.4 On Sampling Non-Broken Bases of Matroids

We study counting and optimization problems on NBC bases of a generic matroid, which is
closely related to counting and sampling of various combinatorial and geometric objects. One

12



of our main results in this section presents evidence that, from a local-to-global perspective,
the natural down-up walk on the space of NBC bases of a matroid may not mix rapidly
[ALO23].

A matroid M = (E,Z) is consists of a finite ground set £ and a collection Z of subsets
of E, called independent sets, satisfying:

Downward closure: If S CT and T € Z, then S € 7.

Exchange axiom: If S,7 € Z and |T| > |S], then there exists an element ¢ € T\ S such
that SU{i} € Z.

The rank of a set S C FE is the size of the largest independent set contained in S. All
maximal independent sets of M, called the bases of M, have the same size r, which is called
the rank of M.

Given a matroid M = (E,Z), set C C Eis a circuit iff C'\ {e} € Z for any e € C. Given a
total ordering over the elements E, a broken circuit (with respect to a total ordering O) is a
set C'\ {e}, where C' C F'is a circuit and e is the smallest element of C' with respect to O. An
independent set S C E is a non-broken independent set (NBC independent set) if it contains
no broken circuits. The number of NBC independent sets of size k in a graphic matroid is
equal to the absolute value of the (n — 1) — k-th coefficient of the chromatic polynomial of
the underlying graph where n is the number of vertices. As a result, the problem of counting
NCB independent sets of matroids is closely related to counting and sampling of various
interesting combinatorial and geometric objects, such as acyclic orientations of a graph (e.g.
[Sta73]), strongly connected orientations of a graph (e.g., [GL19]), regions defined by the
intersection of hyperplanes (e.g. [Sta07]), and more (e.g. [BCT10]).

Given a matroid M with an arbitrary total ordering o, one can run the down-up walk
on the NBC bases of M. It is not hard to see that this chain is irreducible and converges
to the uniform stationary distribution. Following the work of [Ana+19] it was conjectured
that the down-up walk on the NBC bases of any matroid mixes rapidly .

Conjecture 1.1.4. For any matroid M, and any total ordering O of the elements of M,
the down-up walk on the NBC bases of a matroid mizes in polynomial time.

The set of NBC independent sets of any matroid M (with respect to any ordering O) form
a simplicial complex that is known as the broken circuit complexr. We denote this complex
by BC(M, O). The down-up walk over this complex equipped with a uniform distribution
over its facets is the same as the down-up walk over NBC bases.

To prove that the down-up walk mixes rapidly on the bases of any matroid, [Ana+19]
proved that the independent set complex of any matroid M is a (0,0,...,0)-local spectral
expander. Building on this, a natural method to prove Conjecture 5.1.2 is to show that
the broken circuit complex of any matroid M of rank r and for any total ordering is a
(72, - . ., ¥)-local spectral expander for ~; < @, and then apply Theorem 1.0.1.
Conjecture 1.1.5. For any matroid M of rank r and any ordering O the broken circuit
complex of M is a (72, ...,7)-local spectral expander for some ~; < %.

'In fact, this conjecture was raised an an open problem in several recent workshops UC Santa Barbara
workshop on New tools for Optimal Mixing of Markov Chains: Spectral Independence and Entropy Decay,
and Simon’s workshop on Geometry of Polynomials
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One of our main results in this chapter is to disprove Conjecture 5.1.5 in a very strong
form, namely for the class of (truncated) graphic matroids.

Theorem 1.1.6 ([ALO23]). There exists an infinite sequence of (truncated) graphic matroids
My, My, ... with orderings Oy, Oy, ..., such that for every n > 1, M, has poly(n) elements,
and there exists a face T of the broken circuit complex of X = BC(M,,,O) for which the

down-up walk on the facets of the link X, has a spectral gap of at most n=2"),

In fact, we even prove a stronger statement.

Theorem 1.1.7 ([ALO23)). Given a matroid M = (E,Z) and a total ordering O and a set
S C E, unless RP=NP, there is no FPRAS for counting the number of NBC bases of M
that contain S.

1.1.5 Complete Log Concavity of Coverage-Like Functions

A polynomial p € R[zy,...,2,] is log-concave over RZ, if p is non-negative and logp is a
concave function on RZ,. Note that the identically zero polynomials are log-concave. We
say p € Rlzy,..., 2] is completely log-concave/Lorentzian if for any k > 0, and any set of
vectors aq, ..., a; € R, D, ... D, p is non-negative and log-concave over R%;, where for a
vector a € R", D, = 21 a;0,, is the directional derivative operator. Completely log-concave
polynomials were introduced in [AOV18] and extended in [Ana+19; BH20].

We say a polynomial p € Rz, ..., 2,] is multiaffine if every monomial of p is square-free,
i.e., supp(p) C {0,1}". A polynomial p € R[zy,...,2,] is d-homogeneous if p(az) = ap(z)
for any a € R. Given a non-negative function f : 2" — Ry, we say f is a completely
log-concave set function if the generating polynomial of f, i.e.,

pr(z1, ... 20) = Z f(S)- H’Zi
SCn]

€S

is completely log-concave. Note that p; is a multiaffine polynomial.

Completely log-concave polynomials have nice properties that make them useful tools
for design and analysis of algorithms and studying mathematical objects like matroids. One
of these properties is that, as first shown in [Gurl0], if the polynomial Y "  cy" 2’ is
completely log-concave, then cg,...,c, is an ultra log-concave sequence. This property is
used in [Ana+24] to prove Mason’s ultra log-concavity conjecture for independent sets of
matroids.

Another useful property is that, as first shown in [Ana+19] and later improved in
[CGM19; Ana+21], given a d-homogeneous log-concave set function f : 2" — Ry, a
natural random walk can be used to rapidly sample a subset S of the ground set with prob-
ability proportional to f(5). To put this in the language of simplicial complexes, consider
a (d — 1)-dimensional complex (X, 7) whose facets are all subsets of size d of [n|, and the

. o _ f(S) -
weight of each facet S is given by w(S) = DL As shown by [Ana+19], com

plete log-concavity of f implies that (X, ) is (0, ..., 0)-local spectral expander. As a result,
Theorem 1.0.1 implies that the down-up random walk on the facets of the complex mixes

rapidly.
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An interesting aspect of homogeneous completely log-concave polynomials is that the
family of sets that can serve as the support of these polynomials can be nicely characterized
(see Theorem 6.1.1 for more details). A natural question is whether one can give a more fine
characterization of the set of possible coefficients of homogeneous log-concave polynomials.

We take a step towards characterization of the coefficients of homogeneous log-concave
polynomials. Given a polynomial p € R[zy,..., z,], we define the homogenization of p as
Hom(p,y) = > 7, y" " 'p;, where p; is the i-homogeneous part of p, i.e. p = py+---+pg and
p; is a i-homogeneous polynomial. Note that if Hom(ps,y) is completely log-concave, then
all homogeneous parts of py are also log-concave. It can be shown that, given a non-negative
set function f € 2" — Ry, if Hom(py, y) is completely log-concave, then f is almost log-
submodular (see Corollary 6.1.3). Thus, to take a step toward finding a classification of
coefficients of homogeneous completely log-concave polynomials, a natural question to ask
is whether one can find a large subclass of non-negative almost log-submodular functions
such that for every f in that subclass, Hom(py,y) is completely log-concave. An important
subclass of non-negative log-submodular functions with numerous applications is the class
of non-negative monotone submodular functions (see Fact 6.1.20). In this paper, we intro-
duce an expressive subclass of non-negative monotone functions, called strongly 2-coverage
functions, and prove that Hom(py,y) is completely log-concave. We show that the set of
strongly 2-coverage functions includes several fundamental classes of non-negative monotone
submodular functions including matroid rank functions, coverage functions, and, more gen-
erally, matroid rank sum functions, which are positive linear combination of rank functions
and include a large subset of submodular functions that have been studied in the mechanism
design literature [Cal+07; DRY11; Dugll; DV11]. As a consequence we prove the following
theorem.

Theorem 1.1.8 ([AO23b)). If f : 2"l — Ry is a coverage function or a sum of matroid
rank functions, then the sequence fo, f1,..., fn is ultra log-concave where f; = stzi f(9).

Moreover, we introduce a strictly larger class of non-negative submodular functions called
2-coverage functions, which, for instance, also include the indicator function of independent
sets of any matroid. We prove that if p; is 2-coverage, all homogeneous parts of p; are log-
concave. As a consequence, given a 2-coverage function, one can use the results of [Ana+19;
Ana+21; CGM19] to rapidly sample a subset S of [n] with probability proportional to f(.S).

It is worth highlighting the connection of this result with the “local-to-global” paradigm.
The results in this chapter are obtained using tools from geometry of polynomials, diverging
from simplicial complexes. However, a local-to-global paradigm, expressed in the language
of polynomials, remains central to the proofs. In particular, one can view taking partial
derivatives of polynomials as a form of localization, similar to taking links of faces in simplicial
complexes. From this perspective, Theorem 6.1.18 closely resembles Oppenheim’s trickle-
down theorem (Theorem 1.0.2), i.e. the first condition of Theorem 6.1.18 is similar to
the condition of total connectivity in the trickle-down theorem, and the second condition
resembles the assumed bound on spectral expansion of links of faces of co-dimension 2 (faces
of size d — 2) in the trickle-down theorem.
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1.2 Preliminaries

This section is based on the preliminaries sections of previously published papers [ALO22;
AO23a]. First, we make some notational remarks. When it is clear from context, we write a
to denote a singleton {a}. When we want to add a subscript b to an object denoted by z,,
we write zqp, l.e. Zqp = (2,),. We use the same convention for superscripts. Throughout
the dissertation, adding or removing () as a subscript does not change the object. For an
integer ¢, we denote {1,...,¢} by [g]. For a function f: D — R and a D" C D, we write
flps to denote the restriction of f to domain D’.

1.2.1 Linear Algebra

For a n x n matrix A, we define [|Al|, = maxi<i<n{D_]_, |Aij|}. We write < to denote the

Loewner order, i.e. for any symmetric matrices A, B € R%*® we write A < B if B — A is
positive semidefinite.

Fact 1.2.1. For any symmetric matriz A € RS where A; j # 0 only fori,j € S' C S, we
have A = || Al I

Fact 1.2.2. For matrices A, B € R™" and positive ¢ > 0, we have the inequalities AB" +
BA" < €AAT +1BB" and (A+ B)(A+ B)" < (1+¢)AAT + (1+1/¢)BBT.

Proof. Since € > 0 we can write

.
0 < (\/EA — \L[B) (\/EA — ) =eAAT + BBT — ABT—BA".
€ €

1
—B
NG
Rearranging yields the first inequality ABT + BAT < eAA" + 1BBT. Adding AAT + BB'
to both sides yields the second inequality. O]

Lemma 1.2.3. Let A, B € R™*" be symmetric matrices such that A-(I —aA) < B-(I —aB)
for a positive real number o« > 0. If A, B < i - I, then A < B. Note that we crucially do
not require A, B = 0.

Proof. 1t suffices to prove the claim when a = 1, since the general claim then follows by
replacing A, B with aA, aB, respectively.

First, observe the matrix map M + M (I—M) is a bijection between { M € R™"™ : M < 11}
and {T e RYn . T < i]} with inverse

1 1 1/2

The way to see this is via the eigendecomposition: if M = Y7 | ppip] for an orthonor-
mal eigendecomposition {¢;}" ; with corresponding eigenvalues {yu;}";, then M (I — M) =
S wi(1 = wi)eip] . Hence, to prove this claim, it suffices to show that the real function
x +— x(1 — z) is a bijection between (—o0,1/2] and (—oo, 1/4]. To see this, observe that the
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1/

% + (}L — u) 2, and since we enforced that p < i, we

must choose x to be the smaller root, i.e. % — (}l

Knowing this explicit inverse function, we now return to the proof of the lemma. Since
A, B < I, we may apply the inverse Eq. (1.3) to A(I—A) (resp. B(I—B)) to recover A (resp.
B). Hence, to prove the claim, it suffices to establish operator monotonicity of Eq. (1.3). A
quick calculation reveals that this is equivalent to operator monotonicity of M — /M for
positive semidefinite M € R™*", which is well-known and follows, for instance, by using the

Léwner-Heinz Theorem [Low34]. O

quadratic z(1 — x) = p has roots = =

— u)l/ ? < % gives the inverse function.

Given a weighted graph G = (V, E, w), the simple random walk is the following stochastic
process: Given Xy =wv € V, for every u ~ v, we have X; = u with probability %@U)} and we
let P be the transition probability matrix of the walk. A graph G = (V, F) paired with a
weight function w : E — Rs¢ is e-expander if Ao(P) < €, where \o(P) is the second largest
eigenvalue of P. For such a graph we write d,,(z) = >, _, w({z,y}) to denote the weighted

degree of a vertex z and vol(S) = > ¢ d,(z) to denote the volume of a set S C V.

Lemma 1.2.4 (Cheeger’s Inequality). For any graph G = (V, E) with weights w : E — Rxg
and any S CV, _
E
min{vol(S), vol(S)}

where Ay 1s the second largest eigenvalue of the simple random walk on G

Fact 1.2.5 (Expander Mixing Lemma). Given a (weighted) graph G = (V, E,w), for any
set S CV,
vol(9)?
B _
wlES) = Gy

where Ay is the second largest eigenvalue of the simple random walk on G.

< )\QVOI(S),

Definition 3 (Conductance). Given a weighted d-reqular graph G = (V, E,w), with weights
w: E = Ry, for S CV, the conductance of S is defined as

w(S, )
dls|

¢(5) =

where w(S, S) is the sum of the weights of edges in the cut (S,S). Note that since G is
reqular, the weighted degree of every vertex is d. The conductance of G is defined as

o(G)= _min 4(S).

S:S|<|vi/2

The following theorem is well-known and follows from the easy side of the Cheeger’s
inequality.

Theorem 1.2.6. For any regular graph G = (V, E) and any set S CV and |S| < |V]/2

1— X (P) IN(S)I
2 9]

< o(G) < ¢(S) <
where 1 — \y(P) is the spectral gap of the simple random walk on G.
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1.2.2 Markov Chains

Let P be the transition probability matrix of a Markov chain on a finite state space {2 with
stationary distribution . We say P is irreducible if P is connected. We say P is reversible
w.r.t. 7 if for all 2,y € 2, we have 7(z)P(z,y) = 7(y)P(y,z). In this case, the matrix P
becomes self-adjoint w.r.t. the natural inner product (-,-), induced by 7= on R® given by
(¢, V), = Er[¢rp]. Throughout, we only work with irreducible reversible Markov chains.

We will be interested in the mixing of our Markov chains, which quantifies the rate of
convergence to stationarity. Specifically, for an initial starting distribution p on €2 and error
parameter € > 0, define

tmiX(P767:u) déf mln{t Z 0: Hupt B 7THTV S 6}’

where || —vllpy = 32 .cq ln(z) —v(z)| gives the total variation distance between two
distributions u,v on Q. We write tyi(P,€) = sup,, tmix(P, €, 1), where the supremum is
over all possible starting distributions p. The mixing time of P is defined as ty(P) =
tmix (P, 1/4).

It is well-known that the mixing time is controlled by various constants arising from
classical functional inequalities. To introduce these, we write Ep(p, 1) = (¢, (I — P)),
for the Dirichlet form of P, Var,(¢) = E,[¢?] — E,[¢]* for the variance of ¢ w.r.t. 7, and
Ent,(¢) = E;[¢log ¢] — E;[¢p]|log E,[¢]. With these in hand, we define

1. Spectral Gap: A(P) def inf 4 \Z&Ji{})
2. Modified Log-Sobolev Constant: p(P) dof inf 1> 5E({17t1:(gflg)

3. Standard Log-Sobolev Constant: x(P) o inf > %ﬂ(]@

Bounds on these constants have the following consequences for the mixing time.

Proposition 1.2.7. For an irreducible reversible Markov chain P on a finite state space €
with stationary distribution 7w, we have the following inequalities:

fo(P) < O ( ) (113) log Wim) ([LPW17))
boi(P) < O (ﬁ log log %) ([BT03])
fon(P) < O (K (1P> log log Wl‘ ) (IDS96])

We note that bounds on the standard and modified log-Sobolev constants also yield sub-
Gaussian concentration estimates [Goe04; Sam05; BLM16], but we will not need these in
our applications.
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1.2.3 Simplicial Complexes

Garland’s Method We will need the following simple facts, which follow simply by ap-
plying the Law of Total Probability appropriately and using the definition of the local walks
P and local distributions w. Nearly identical equations were first observed and found to be
useful by Garland [Gar73| in the context of understanding cohomology of simplicial com-
plexes. They also lie at the heart of understanding expansion phenomena, in particular local
spectral expansion, in simplicial complexes [Opp18; KO18].

Lemma 1.2.8 ([Oppl8]). Given a weighted simplicial complex (X, mq), we may decompose
IIP as

P =E, .11, P,.

Proof. We check entry by entry, applying the Law of Total Probability along the way. Note
that the matrices on both sides have zero diagonal and so it suffices to check equality for the
(y, z)-entry, where y # z.

Eon(ILP2)(y,2) = ) w(2)L(y)Paly, 2)

THY,z
=2 d 1l lrea] m(y)- —ngj(’;)}) (Definition)
THY,z
1
- Z d +1 01371;(1 z €0l dd—1) Ulzﬁd[y, z€o|x€o] (Definition)
TH#Y,2
1 1
- d(d+1) 1—1 mzyz Ufw)frd[xay, z € 0] (Rearranging)
1
RSPk (Law of Total Probability)
=) Py, 2) (Definition)
= (IIP)(y, 2)

]

Lemma 1.2.9 ([Oppl8|). Given a weighted simplicial complex (X, m;), we may decompose
I1P? as

2 T
IIP* =K, ,m,m,

Proof. The main observation is that the rows of P are precisely the vectors m,, and that the
rows of IIP are precisely the vectors m(z)m,. The claim immediately follows. O

Local-to-Global Theorems As alluded to earlier, one of the beautiful insights of [DK17;

KO18] is that local spectral expansion implies quantitative bounds on the spectral gap of
the down-up walk.
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Theorem 1.2.10 ([AL20]). Let (X, 7) be a (ya,...,Vir1)-local spectral expander. Then the
second eigenvalue of the transition probabilty matriz of the down-up walk PV is bounded by

d

M) <1- 2T )

Jj=2

Analogous results have also been proved for the decay of entropy [CLV21; GM20; Ali+21].
We state this result here since our main technical result Theorem 2.1.3 is a general method
to obtain local spectral expansion for any weighted simplicial complex.

The above theorem has been used successfully in several prior works [Ana+19; ALO20;
CLV20; Che+21b; Fen+22; Ana+21] to establish polynomial time mixing for various dynam-
ics. However, the exponent of these running times are typically large, depending sensitively
on the constants in the «;. Recently, it was shown that for weighted simplicial complexes
arising from spin systems on bounded-degree graphs, we can do significantly better. We
will need the following to establish optimal mixing times in our applications. We state it
specifically for colorings, as we do not analyze any other spin systems in this dissertation.

Theorem 1.2.11 ([CLV21; Bla+22]). Let (X, w) be a weighted simplicial complex arising
from the uniform distribution over proper list-colorings of a graph G = (V, E) with |V| =n
and mazimum degree A. If for some constant C' independent of n, (X, ) is a (Y2, ..., Vn)-
local spectral expander with ~y, < % for all k, then the spectral gap, standard and modi-
fied log-Sobolev constants are all Qo a(1/n). In particular, the Glauber dynamics mizes in
Oc.a(nlogn) steps.

20



Chapter 2

A Matrix Trickle-Down Theorem

2.1 Introduction

In this section, we prove a matrix trickle-down theorem, generalizing Oppenheim’s influential
trickle-down theorem, as a new technique to prove that a high dimensional simplicial complex
is a local spectral expander. The results of this section were previously published in [ALO22].

Previously, we presented a statement of Oppenheim’s trickle-down theorem in Theo-
rem 1.0.2. Here, we present a different statement of the theorem. Recall that given a
weighted simplicial complex (X, 7), for any face 7 of co-dimension at least 2, P; is the tran-
sition probability matrix of the simple walk on the 1-skeleton on X,. When 7 is a singleton
{«}, we simplify the notation and write P, for P,.

Theorem 2.1.1 (Trickle-Down Theorem [Oppl8]). Given a weighted simplicial complex
(X, mq), suppose the following holds:

1. Connectivity: \y(P) < 1, i.e. the local walk P is connected/irreducible.

2. Spectral Bound for Links Above: For some 0 < A\ < 1/2, we have the bound
Xo(Py) < A for alli € X(0).

Then the local walk P actually satisfies the spectral bound Ag(P) < ﬁ

Remark 2. The original statement in [Oppl8] does not have the assumption A < 1/2, but
the two are completely equivalent, since if A > 1/2; then ﬁ > 1, making the statement
vacuously true.

This result has already had many applications, such as the construction of bounded-
degree high-dimensional expanders [KO18] and sampling algorithms for matroids [Ana+19;
CGM19; Ana+21] and other combinatorial structures [AL20].

One can easily verify that Theorem 1.0.2 can be derived through an inductive application
of the following theorem. In particular, if the links of faces of co-dimension 2 are (1 — §)/d-
spectral expanders for some 0 < ¢ < 1, then by applying Theorem 2.1.1 in a totally black-
box fashion, it follows that (X,7) is a (72,...,7ar1)-local spectral expander where v, <
Hki;m < % for all 2 < k < d+ 1. But if the links of faces of co-dimension 2 have
expansion more than 1/d, Oppenheim’s trickle-down theorem fails to give a non-trivial bound
on local spectral expansions. Unfortunately, in many applications, in the worst case, the links

of faces of co-dimension 2 have expansion ©(1).
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2.1.1 Main Results

Our main technical contribution in this chapter is to provide a framework which significantly
generalizes Theorem 2.1.1, and makes the trickle-down theorem applicable to wider classes
of weighted simplicial complexes, including those arising from proper colorings. One of our
main insights is to replace the hypothesis that A\y(P,) < A, which merely provides a uniform
bound on all nontrivial eigenvalues of P,, by a matrix bound “P, < M,”. The hope is that
the matrix M, itself can simultaneously be easily bounded, as well as provide information
on where the “bad” eigen-spaces of P, are. So, roughly speaking, although many of the top
dimensional links P,’s may have a constant second eigenvalue, by carefully choosing M, ’s
one can “average out” these bad eigen-spaces to show that the link of a lower dimensional
face has small eigenvalues.

Before formalizing this in the following theorem, we need to make an important notational
remark. In the rest of this chapter, for any d-dimensional simplicial complex X, we denote
the distribution on its facets by m;. For every face of co-dimension at least 2, m,; is the
probability distribution induced by 74 on the faces of dimension ¢ of the link of 7, as defined
in Eq. (1.1). Since we regularly work with probability distributions induced on faces of
dimension 0, in this chapter, we write 7, to denote 7.

Theorem 2.1.2 (Matrix Trickle-Down Theorem [ALO22)). Given a weighted simplicial com-
plex (X, ), suppose the following holds:

1. Connectivity: \o(P) < 1, i.e. the local walk P is connected/irreducible.

2. Generalized Spectral Bound for Links Above: There is a family of symmetric
matrices { Mg }zex (o) such that

Hzpm - Ofﬂ-mﬂ-;—pr j M:p j
20+ 1

1,

for all i € X(0).

Then the local walk P actually satisfies the spectral bound IIP — (2 — i) an' = M, and in
particular \o(P) < p(II71M), where M is any symmetric matriz satisfying M =< iﬂ and
EporM, < M — aMIIT"'M.

By recursive application of Theorem 2.1.2, we get the following theorem.

Theorem 2.1.3 (Inductive Matrix Trickle-Down Theorem [ALO22]). Let (X, m,) be a totally
connected weighted simplicial complex. Suppose {M, € RX(O)XX(O)}TGX(Sdfm is a family of
symmetric matrices satisfying the following:

1. Base Case: For every T of co-dimension 2, we have the spectral inequality
1
HJ%—%ijALjBHW

2. Recursive Condition: For every T of co-dimension at least k > 3, M, satisfies

k—1 k—1
M, < IT, mM]&WJLw@jAL—E—EMJE%L

T 2k—1
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Then Xo(Py) < p(IL-'M,) for all T € X(< d — 2), where p represents the spectral radius. In
particular, (X, m) is a (72, . . ., Ya+1)-local spectral expander with y, = max, e x(q—xy p(IL-1M,).

Remark 3. Typically, it is not difficult to construct some family of matrices { M.} satisfying
the assumptions of Theorem 2.1.3. The key challenge is choose M,’s such that one can
bound p(IT-1M,) < O(1/ codim(7)). One of our second key insights is that the matrices M,
can be designed to have convenient sparsity patterns depending on (X, m4) which allow for
straightforward bounds on p(II-'M,). For instance, in our application to proper colorings,
our matrices M, will have rows and columns corresponding to vertex-color pairs ve, and
they will be supported on the “proper coloring constraints”, namely pairs uc, vc’ of vertex-
color pairs where the vertices u,v are neighbors and the two colors ¢, ¢ are identical. We
demonstrate the usefulness of this approach on sampling proper colorings in graphs below.

2.2 Proof of Oppenheim’s Trickle-Down Theorem via
Matrix Trickle-Down Theorem

To see that theorem Theorem 2.1.2 theorem generalizes Theorem 2.1.1, note that if Ay(P,) <
A <1/2foralli € X(0) then M, = Ml,, a = 1—\, and M = {21l satisfies the assumptions
of the above theorem; in particular,

1

M, = NI, < I, = 11, A< 1/2

21 =N +1 20 +1 ( /2)

ILP, — (1 — \)mm, <M, = M, (A2(P.) < X and 7, P, = ,)
1 1

M = A I < II=—1II (A< 1/2)

1I—A —2(1-X)  2a
Eqyor M, = AEq .11, = AIl

A A\
:m“‘“”)(m) 2
=M — aMIT'M.

So, assuming connectivity of P, we get \o(P) < p(II7'M) = ﬁ from Theorem 2.1.2 as
desired.

2.3 Proof of Matrix Trickle-Down Theorem

Let us now prove Theorem 2.1.2. To do this, we first need the following lemma.

Lemma 2.3.1. Let (X, 74) be a weighted simplicial complex. Suppose for a symmetric matriz
M and an o > 1/2, the matriz inequalities M,I1P — (2 — é) T’ < il‘[ hold and

[P — ollP? < M — aMII' M (2.1)

Then we have the bound II1P — (2 - é) ! < M.
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Proof. Our goal is to apply Lemma 1.2.3 to suitably chosen A, B. Define Q = P —
(2—21)1x". A quick calculation shows that @ — aQ? = P — aP?, and so by multiply-
ing both sides of Eq. (2.1) by II™*/2, we see that Eq. (2.1) is equivalent to

H1/2QH_1/2 - aHl/QQQH—l/Q j H—1/2MH—1/2 . aH—l/QMH—lMH—l/Q

Taking A = HY2QII"Y? and B = II"Y2MII"'/2, we see by assumption that A, B are
symmetric matrices satisfying A, B < -1 and A(I — aA) = B(I — aB). It follows by
Lemma 1.2.3 that A < B, which is equivalent to IIP — (2 — %) an! =11Q < M as desired.

]

With this lemma in hand, let us now prove Theorem 2.1.2.

Proof of Theorem 2.1.2. The conclusion follows immediately from Lemma 2.3.1, and so it
suffices to verify the conditions of the lemma. By assumption, we already have M = il‘[.

Furthermore, Hme—ozﬂLoﬂ;O <M, < ﬁﬂx implies that \y(P,) < TIH Since A\o(P) < 1,

by Theorem 2.1.1 (the original trickle-down Theorem), Ay(P) < 5-. Combined with the

inequality 2—§ > 1—%, which holds since o > 1/2, it follows that TTP— (2 — é) momg = ﬁH.
All that remains is to verify Eq. (2.1). Observe that

nP==E, .I1,P, (Lemma 1.2.8)

<E, . [owrxw;r + Mx} (Assumption)

=allP> +E, .M, (Lemma 1.2.9)

< allP?+ M — aMII'M (Assumption)

Rearranging, we obtain that IIP — ollP? < M — aMII~'M as desired. O

2.4 A Slight Extension of Matrix Trickle-Down Theo-
rem

Next, we prove an extension of the matrix trickle-down method to take into account when
simplicial complexes factor as products of smaller complexes. This will be useful in the
context of proper colorings when the input graph is broken into several connect components
by coloring some of the vertices.

Given two pure simplicial complexes X, Y of dimensions dx, dy respectively with disjoint
ground sets, we may form another pure simplicial complex Z of dimension-dy for dy =
dx + dy + 1 called the product X x Y of XY by taking the ground set of X x Y to
be the disjoint union of the ground sets of X,Y, taking the facets of X x Y to be of
the form 7 U o, where 7,0 are facets of X,Y respectively, and then taking downwards
closure. If mx 4, ,myq, are distributions on the facets of X,Y respectively, we then form
corresponding product distribution 724, = Tx .4, X Tyq, on the facets of X x Y by taking
T4, (TU0) = Tx.4y(T) - Ty.ay (o) for facets 7,0 of X, Y respectively.
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Lemma 2.4.1. Given a weighted simplicial complex (Z,mz4,) = (X X Y, Tx 4y X Ty, ), we
may decompose Pzg into Px g, Pyy via the formula

d d
a1, o | (- Std) 0
]_7TZ -

dz 0 2 (Py - 4177 )

Py —

where we put a zero matriz for Px if dx = 0 (and similarly for Py ). In particular, if Mx, My
are symmetric matrices satisfying I x Px — dij—:lﬂxw} < Mx and IIy Py — dg—;“lwwr; < My
(we let Mx =0 if dx =0, and similarly My =0 if dy =0), then

dx(dx+1)
dz +1 M 0
[Py — z Ty = [dZ(dZBI) dy (dy +1)
Z dz(dz+1)
Proof. Let x € X(0) and y € Y(0). Then,
1 1 dy + 1

P - P - =P - .
7 (2, ) Fa 1) dy onka, lyeo|xeo] By independence dy oo, [y € o] sy d, mz(y)

Therefore ( ; 2)(x,y) =0forallz € X(0),y € Y(0) ( similarly (Pz—dfl;rllﬂ;)(y, T) =
0). For z,2" € X(0), if z # 2/, by Eq. (5.1) we have

1 1 dx
Py(z,a)=— Pr [g'co|zecol=— Pr [¢colzreo]="Px(z1).
dy o~7z.4, dy o~Tx.ay dy
If v = 2/, then Py(z,z) = & = Px(x,z) = 0 by definition of the local random walk. Note
that, if dx =0, Px(z,2’) is deﬁned to be 0 by the statement of the theorem. Furthermore,
for z, 2’ € X(O) by Eq. (1.1)

1 1 dx +1
1 Pr [2f = p 17y (z,2').
ﬂ-Z(x 33‘) dZ—f—lUNWzrdZ[x EU] dz+10~7r)£dx[x < ] dz +1 7TZ(.%',$)
Putting these together, (Pyz — (@, 2') = <Z—’Zf(PX - d;—fh&)) (x,2") for all z, 2’ €

X (0). One can see that a snnllar statement holds for the lower-right block. This finishes the
proof of the first part. To get the second part, it is enough to note that when dx = 0, on
the X(0) x X(0) block of Py — dfl—:llwg we have —d’é—z“lw} =< 0. O

Theorem 2.4.2 ([ALO22]). Let (X,mq) be a totally connected weighted complex. Suppose
{M, € RX(O)XX(O)}TEX(Sd_Q) 15 a family of symmetric matrices satisfying the following:

1. Base Case: For every T of co-dimension 2, we have the spectral inequality

1
ma—mmijmaj§L

2. Recursive Condition: For every T of co-dimension at least k > 3, at least one of
the following holds: M, satisfies

E—1 E—1
M<——ﬂ d Bpor M sy < M, — ——M.II-'M.. 2.2
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Or, (X;, T k1) s a product of weighted simplicial complezes (Y1, 1),
for everyn € X, (k—1),

dy,(dy, + 1)
l\jT - — T =)
@ k(k o 1) Uun—;
1<i<tudy, >1

where n—; =1\ Y;(0).
Then for every 7 € X(< d — 2), we have the bound \o(IL.P,) < p(IL-1M,).

Proof. Apply Theorem 2.1.2 and Lemma 2.4.1 inductively.
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Chapter 3

Application of Matrix Trickle-Down
in Sampling Graph Colorings

3.1 Introduction

In this section, we apply the matrix trickle-down theorem to show that the natural Glauber
dynamics for sampling graph colorings mixes in polynomial time, in a previously unsolved
regime. The results of this section were previously published in [ALO22].

Given an (undirected) graph G = (V, E') with n = |V| vertices and with maximum degree
A > 1 can we generate a uniformly random proper coloring of vertices of GG using ¢ colors?
For ¢ < A, there is no efficient algorithm (in the sense of an FPRAS) to approximately count
proper g-colorings (at least when ¢ is even) unless NP = RP, even for A-regular graphs which
are triangle-free [GSV15]. This fundamental question in the field of counting and sampling
has puzzled researchers for decades. One can study a natural Markov Chain (MC), known as
the Glauber dynamics, to generate a random proper coloring: Given a proper vertex coloring
of G, choose a uniformly random vertex v € GG and re-color v, namely choose a uniformly
random color which is not present in any of the neighbors of v.

It is not hard to see that for ¢ > A+ 2 this chain is irreducible and has unique stationary
distribution which is uniform over all proper colorings of G. It is conjectured that the
Glauber dynamics mixes in time O(nlogn) for ¢ as low as A + 2 but despite significant
attempts we are still very far from proving this conjecture.

To this date, the best known result for general graphs is due Chen, Delcourt, Moitra,
Perarnau and Postle [Che+19] who show that the Glauber dynamics mixes in polynomial
time for ¢ > (11/6 — €)A for some universal constant e > 0; this slightly improves on the
classical works of Jerrum and Vigoda [Jer95; Vig99] which bounds the mixing time by a
polynomial in n for ¢ > (11/6)A.

Most of the recent analyses of the Glauber dynamics are focused on “locally sparse”
graphs [HV03; Mol04; HV05; FV06; FV07; HVV07; Dye+13; Che+21b; Fen+22] where it
was typically shown how to break the 11/6 barrier bound when the underlying graph has a
large girth. We note that these assumptions are typically very strong as it can be seen that
triangle graph free graphs can be colored with as little as O(A/log A) many colors [Joh96].

The results on locally sparse graphs typically exploit (strong) correlation decay properties:
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Roughly speaking, they imply that if we color a vertex v with a color ¢, then the marginal
probability of coloring a “far away” vertex uw with a color ¢ does not change, or changes
very mildly. Although it is conjectured that vertex coloring exhibits correlation decay, more
formally known as “strong spatial mixing” property, for ¢ > A 4+ O(1), to this date, we are
lacking techniques to establish such a statement (see e.g., [GMPO05; Yinl4; GKM15; Eft+19]).
In this chapter, we study random proper edge coloring of graphs, which equivalently can be
seen as a random proper vertex coloring of line graphs. Unlike most recent trends which
focus on sparse graphs with large girths, line graphs are very dense locally as they contain
induced cliques of size 2(A). To the best of our knowledge, prior to our result, the only result
on edge coloring which goes significantly beyond the 11/6 barrier is recent work of Delcourt,
Heinrich and Perarnau [DHP20] which shows that the Glauber dynamics mixes rapidly when
the underlying graph is a tree and ¢ > A + 1. Note that for a graph with maximum degree
A, the maximum degree of the line graph could be as large as 2A. Therefore, with the 11/6
barrier, one would need ¢ > 11/3A to guarantee polynomial mixing for all edge coloring
instances.

3.1.1 Main Results

In our main theorem we prove that the aforementioned barrier can be broken for edge coloring
of any graph with maximum degree A.

Theorem 3.1.1 (Main [ALO22|). Let G = (V, E) be a graph of mazimum degree A. For any
0<e< % such that % < %, and any collection of color lists L = {L(e)}ecr satisfying
|L(e)] > Ale) + (4/3 + 4e)A where A(e) is the number of neighbors of e in the line graph
of G, the spectral gap of the Glauber dyanmics for sampling proper L-edge-list-colorings on
G is Q(n=CW9) | so the mizing time is O(n®Y/9)). Furthermore, if A < O(1), the modified
and standard log-Sobolev constants are Qe a(1/n).

We remark that our general mixing time bound has no dependence on A or ¢g. So, the
algorithm runs in polynomial time even for graphs of unbounded degree.

In a second contribution we show that for any list vertex coloring instance where G is
a tree with max degree A, and the size of the list of every vertex v is at least A(v) + €A
for e = Q(%) the Glauber dyanics mixes rapidly and generates a uniformly random vertex
coloring of G

Theorem 3.1.2. Let G = (V, E) be a tree of mazimum degree A. For any 0 < € < 1 such that
mZA < % and any collection of color lists L = {L(v)},ev satisfying |L(v)| > A(v) + €A,
the spectral gap of the Glauber dynamics for sampling proper L-vertex-list-colorings on G is

Q(n=CW9), therefore the mizing time is O(n®Y/9)). Furthermore, if A < O(1), the modified
and standard log-Sobolev constants are Qe a(1/n).

The above theorem, although it is not as strong as [MSWO04|, shows that Glauber dy-
namics mixes rapidly even when we have a list coloring problem on a tree and furthermore
it gives a possible avenue to exploit our techniques to prove that Glauber dynamics mixes
rapidly on any graph when ¢ > (1 + €)A. We expect that upon further investigation our
techniques can be coupled with the extensive literature on random proper colorings of graphs
with large girth to break the 11/6 — € barrier.
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To establish the above results, we view the Glauber dynamics as a high dimensional walk
on a simplicial complex and we prove that this complex is a local spectral expander. As
discussed in Section 1.2.3, by local-to-global theorems, local spectral expansion immediately
implies a bound on the spectral gap of the Glauber dynamics and therefore on its mixing
time. Given a graph G and a set of ¢ colors, we build a simplicial complex called the
coloring complex as follows: We let each facet in X be a set of vertex color pairs that
corresponds to a proper coloring of the vertices of G. The edge-coloring complex of a graph
G is the vertex-coloring complex of the line graph of G. With this definition in hand, the
Glauber dynamics can be viewed as a walk on the facets of the coloring complex X. Unlike
recent developments [ALO20; Che+21b; Fen+22; CLV20; CLV21; Fri+21] that exploit the
correlation decay property to prove local spectral expansion, we use the matrix trickle-down
theorem to bound the local spectral expansion of this complex. We expect our technique
to find more applications in analysis of Markov chains as well as in other applications of
simplicial complexes.

We remark that recently, building on this work, [WZZ24] used the matrix trickle-down
theorem to prove that the Glauber dyanmics for sampling proper vertex colorings of line
graphs with n vertices and maximum degree A mixes in time Oa(nlogn) when the number
of available colors satisfies ¢ > (1 + o(1))A.

3.1.2 Related Prior Work

Sampling uniformly random proper colorings of bounded-degree graphs is a well-studied
problem going back to the 1990s [Jer95; SS97; Vig99] with applications to statistical physics.
As alluded to before, nearly all prior results showing rapid mixing of the Glauber dynamics
for this problem used variants of the coupling method or the correlation decay property.

Another method of attack for graph coloring is based on deterministic algorithms where
one typically exploits Weitz’s elegant algorithmic framework [Wei04] based on the strong
spatial mixing or the Barvinok’s polynomial interpolation method [Sok01; GK12; LY13;
LSS19; Ben+21].

Recently, it was observed [ALO20; Che+21b; Fen+22] that the perspective of high-
dimensional expanders, and in particular local spectral expansion, yields powerful new meth-
ods to obtain rapid mixing for multi-state spin systems. These results crucially relied on
the correlation decay property to bound the local spectral expansion of desired distribution.
Specifically, for colorings, [Che+21b; Fen+22] showed that the correlation decay results of
[GKM15] give strong local spectral expansion bounds for proper colorings on triangle-free
graphs when ¢ > a/, where a ~ 1.763 < 2 is a constant. They concluded rapid mixing of
the Glauber dynamics in this regime, a result that seems difficult to obtain using coupling
arguments.

However, despite the power of this approach, the main difficulty is that obtaining correla-
tion decay for proper colorings is extremely challenging. Along this line, our main technical
theorem deviates from this recent trend as we directly bound the local spectral expansion of
the underlying complex by induction instead of appealing to the correlation decay property.
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3.2 Preliminaries

Notational Remark In this chapter, for any d-dimensional simplicial complex X, we
denote the distribution on its facets by m,. For every face of co-dimension at least 2, 7, ;
is the probability distribution induced by m; on the faces of dimension ¢ of the link of 7,
as defined in Eq. (1.1). Since we regularly work with probability distributions induced on
O-dimensional faces, in this chapter we write 7, to denote 7.

Matrices and Vectors Given a set S, we write v € R® and A € R%* to respectively
denote a vector and a matrix indexed by S. We see a probability distribution p over a set
S as a vector p € RE,. For any matrix A € R%*S and any S’ C S, A% € RS is defined
to be A% (z,y) = A(z,y) for 2,y € S, and 0 on all other entries. We say a matrix A is
diagonal if A(x,y) = 0 whenever x # y. We say matrix A € R%*S is hollow if A(x,z) = 0 for
all z € S. For any matrix A define A" as A" (z,y) = max{0, A(x,y)} and A= = A — A*.
Furthermore, diag(A) is a diagonal matrix whose diagonal elements match those of A, i.e.
A(z,z) = diag(A)(z, x). We define off-diag(A) := A — diag(A).

Graphs Fix a graph G = (V, E). We denote the degree of each vertex v by Ag(v) and
the maximum degree of the graph by Ag. Let ng = |V| and mg = |E|. Furthermore, let
G[U] be the induced subgraph of G on U C V. We may drop the subscripts when it is clear
from context. For any u,v € V, we write u ~ v if {u,v} € E. Furthermore, for any e € F,
we write e ~ v whenever vertex v is an endpoint of e, and for an edge f # e we write e ~ f
when e and f share an endpoint. For an edge e = {u, v}, define A(e) as the number of edges
that share an endpoint with e, i.e. A(e) := A(u)+ A(v) —2. The line graph L(G) of a graph
G is defined as follows: every vertex in L(G) corresponds to an edge in G and there is an
edge between two vertices in L(G) if their corresponding edges in G share an endpoint.

Coloring Complexes of Disconnected Graphs A natural example of product of sim-
plicial complexes is the vertex-coloring complex of a disconnected graph. Say G = (V, E) is a
graph with n vertex and ¢ connected components G[Uy], ..., G[U,] and associated complexes
Xy, ... X If (X, 7,_1) is the complex associated with G and 7,,_; is the uniform distribution
over its facets, then we can write (X, 7,_1) = (Xy, 1) X+ - - X (Xy, pe), where p; is the uniform
distribution over facets of X;. Suppose we have associated a matrix A, € RX(O*X(©) t5 any
non-empty face 7 of co-dimension at least 2 and assume that for any 1 < ¢ < ¢, when 7_;
and o_; are two arbitrary colorings of all connected components except ¢, then A, . = A, ..
We associate a block-diagonal matrix

(XA focrex(<n—3)) == Z A, .

1<i<0:|Us | #1

When X is the edge-coloring complex of a graph G, it is the vertex-coloring complex of the
line graph of G, therefore f, (X, {A:}ocrex(<n—3)) is given by the above definition.
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3.3 Vertex Coloring

Fix an integer ¢ and graph G' = (V| E) and a function L that maps each v € V to a subset
of [q]. We call (G, L) a vertex-list-coloring instance. For any w,v € V, we write u ~, v
when u ~ v and ¢ € L(u) N L(v). Furthermore, we define a S-extra color vertex-list-coloring
instance as follows.

Definition 4. We say a vertex-list-coloring instance (G, L) is a B-extra-color instance if for

eachv € V, |[L(v)| > B+ Ag(v).

We call an assignment o : V' — [¢] a L-vertex-list-coloring of G if o(v) € L(v) for all
v € V; we say o is proper if o(u) # o(v) whenever u ~ v. When it is clear from context we
say o is a proper coloring to mean it is a proper L-vertex-list-coloring. We say 7 is proper
partial coloring on U C V when it is a proper L|y-vertex-list-coloring for G[U]. We may view
list-colorings o as sets of vertex-color pairs (v, c), which we denote by vc for convenience.
When the graph G and color lists L are clear from context, we write m,_; for the uniform
distribution over proper L-vertex-list-coloring of G = (V, E). For a proper partial coloring
onU CV,veV\U and c € L(v), define

p(ve|T) = Pyr, (0(v) =c|Vu e U :o(u) = 7(u)).

In order to analyze the Glauber dynamics for an vertex-list-coloring instance (G, L), we can
build an (n — 1)-dimensional simplicial complex such that the down-up walk on its facets is
the same as the Glauber dynamics on (G, L). Our aim is to apply Theorem 2.4.2 to bound
the second eigenvalue of the transition probability matrix of the local walks and then use 77?7
to bound the second eigenvalue of the transition probability matrix of the global down-up
walk on the facets.

Definition 5 (Simplicial Complex of a Vertex-List-Coloring Instance). Given a vertezx-list-
coloring instance (G, L), let X(G, L) be a pure (n — 1)-dimensional simplicial complez spec-
ified by the following facets: {(v,0(v))}vev is a facet if and only if o is a proper L-vertez-
list-coloring for G.

When it is clear from context, we abbreviate X (G, L) to X. Note that for all 0 < k < n,
any face 7 of co-dimension k is a proper partial coloring on a subset of vertices U of size
n — k, i.e., k vertices remain uncolored. Furthermore, X.(0) can be seen as the set of all vc
such that ¢ € L(v), v ¢ U and for any u ~ v, uc ¢ 7. We define V; = {v : 3c,vc € X, (0)}.
Let G, = G[V;] and A.(.) be the degree function of G, and A, be its maximum degree. We
define L,(v) = {c € L(v) : vc € X-(0)} to be the list of remaining colors available to v after
coloring vertex u with ¢ for each uc € 7. Let I, (v) == |L,(v)| and I, (u,v) := | L, (u) N L. (v)|.
We write v ~,. u for vertices v,u when v ~ w and ¢ € L,(v) N L;(u). Furthermore, for

UCVA\V,let 7|y ={vceT:veU}.

3.3.1 Diagonal Matrix Bounds

To demonstrate the essence of our approach better, we start by restricting our attention to
when the matrix bounds {M;},cx.codim(r)>2 in Theorem 2.4.2 are diagonal matrices. Using
diagonal matrix bounds, we analyze the Glauber dynamics for (1 + €)A-extra-color vertex-
list-coloring instances.
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Theorem 3.3.1. Suppose (G, L) is a (1 + €)A-extra-color vertez-list-coloring instance for an

0 < e <1 such that IH(A% < %, and let (X, m,_1) be its associated weighted simplicial
5
complex. For any 2 <k <n and 7 € X of co-dimension k we have A\y(Pr) < 5.

Combined with local-to-global theorems (Theorems 1.0.1 and 1.2.11), this yields a mixing
time of O(nlogn) for bounded-degree graphs, and n®1/€) in general, in this setting where
we have at least (1 + €)A additional colors available to each vertex. Again, we emphasize
that this mixing result in itself is not new; a simple coupling argument can already recover
O(nlogn) mixing for (A + 1)-extra-color vertex-list-coloring instances. However, we will see
later on how our proof technique can be used to obtain new mixing results for sampling
edge colorings which, to the best of our knowledge, cannot be recovered via simple coupling
arguments.

To prove the above statement, first for any 7 of co-dimension 2, we find a diagonal matrix
F_ such that IL.P- < 27rT7rTT + II.F,. Then, for all 7 of co-dimension at least 3, we apply
Theorem 2.4.2 to M, = 1}; T to find a sufficient condition on the diagonal matrix F’ based on
matrices F, for faces 7 C 77, to get A\o(Py) < 2 ,51_?71) To find F’ for faces 7 of co-dimension 2,
we state a more general proposition that is also useful for approaches that use non-diagonal
matrix bounds.

Proposition 3.3.2. Given a vertez-list-coloring instance (G, L), consider the weighted complex
(X, mn—1). For any face T of co-dimension 2 such that G, = ({u,v},{uv}) is connected we
have,

1P, — 2m.7m < /I, MVIL,, (3.1)

where MT 15 a block diagonal matriz with a block ]/\\/[/f for every color ¢ such that

1 —1
(r (W)= () =) S(1r (u)=1)(Ir (v) 1)
1 1

—
Me =

V(@) -1l (0)-1) (@)= ()=1)
and all other entries are 0.

Proof. For clarity, we drop 7 from all notation in the proof. Write M = Md + MO, where
M, = diag(M) and M, = off-diag(M). First observe that for ¢ € L(u),
if c € L(u) N L(v)

l(v)—1
— J 20w)i(v)—l(u,v))
m(uc) =
(ue) { l(;{l otherwise

2(1(u)l(v)—1(u,v))
and a similar identity holds for any ¢ € L(v). Also, observe that

J— Ju— g —
0P = i) — Ty T Y MoV

where J, J", JV are the all-ones matrix, all-ones matrix on uc rows/columns and all-ones

matrix on ve rows/columns, respectively. So, subtracting M, from both sides of (3.1) and
multiplying by 2(I(u)l(v) — I(u,v)) it is enough to show

J = J% = J" — 4(L()l(v) — L(u,v))7r " = 2(0(w)l(v) — (u, v))VIMVI = N, (3.2)
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Write £ = [(v)1% + I(u)1%. Also, let s € R{WH®) where s(xc) = 1 if ¢ € L(u) N L(v) and
s(zc) = 0 otherwise for z € {u,v}. Then, by Fact 1.2.2 we can write,

- (l=s)t-9T 00+ ssT — 2007 — 2ssT
_ — .
I (1100 e 0 S iy OO Iy
Fact 1.2.2
o 7 B ss!
~ 2U(w)l(v)  U(uw)l(v) = l(u,v)
Plugging this into (3.2) it is enough to show that
T T T
58 - T ss o
_qu __qVv — 141? 1Y < N
e N T O ICR) i i) 1w, o) — A(w)i(@)
(3.3)

First, observe that by another application of Fact 1.2.2, 12(v)1%1% " +12(u)1°1¥ " = I(u)l(v)(1*1° T+
1v17). So,

e ()1 () 1) (I(0)1" + 1(u)17) T

i) 20(u)i(v) Z 17+ 171

Let [7 € RUWH©)xUwH®) he the identity matrix only on entries zc, zc where z € {u,v}
and ¢ € L(u) N L(v). Finally, (3.3) simply follows from the fact that

ss! [(u,v) "< N,

l(w)l(v) = l(u,v) = l(wl(v) = lu,v)  —

where the first inequality uses that the only non-zero rows of ss' correspond to a common
color and the sum of the entries of any such row is exactly /(u,v) and the last inequality

uses that l(u)lésfl)(u’v) < max{l(u;,l(v)}—l and that Ny(uc,uc) = l(uﬁ,Nd(vc, ve) = ﬁ if
¢ € L(u) N L(v) and it is zero otherwise. O

Note that in the above proposition, M, < (% + é)] X+ which gives us the diagonal
matrix F, for any 7 of co-dimension 2 such that GG, is connected. Now, using Theorem 2.4.2,
we derive a set of sufficient conditions on the family {F}},cx.codim(r)>2 t0 get Ao(Pr) < %
for all 7 of co-dimension 2 < k < n.

Proposition 3.3.3. Given a B-extra-color vertex-list-coloring instance (G, L), with correspond-
ing weighted simplicial complex (X, m,—1), suppose {F; € RX(O)XX(O)}TEX:COdim(T)ZQ is a family

of diagonal matrices supported on X;(0)x X (0) such that Fr = fu(X;, {Frus tocoex. (<codim(r)—3))
if G is disconnected and otherwise,

1. For all T of co-dimension 2: F,(vc,vc) = % + # for all ve € X.(0).

2. For all T of co-dimension k > 3: F, = (gk_—f)fle(o) and for all ve € X;(0)

Z p(uc|T Uve)Frue (ve,ve) < (k — 2)Fr(ve,ve) — F2(ve, ve).

uc’ €XrUve(0)
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Then, for all k > 2 and T of co-dimension k, \y(Pr) < pél_:fl).

Proof. We prove that the conditions of Theorem 2.4.2 hold for M, = HTF = for any face
7 of co-dimension at least 2. The desired condition holds for any 7 of co dimension 2
by Proposition 3.3.2. Now, let k& > 3. First assume that G, is disconnected with con-
nected components G, [Ui],...,G.[U;] and associated complexes Yi,...Y,. We can write
(X, mrp—1) = (Y1, 1) % -+ - x (Y, ), where p; is the uniform distribution over facets of Y;.
For an o € X, (k —1) let a_; == a\ a|y,. Therefore,

dv.(dy +1 dy (dy + 1) 1L,
Z y; (dy, +1) " Z y; (dy, + 1) Hru g
(k—1)k dof of Mo, (k—=1k  dy, '

1<i<ldy, >1 ~ 1<i<tdy, >1

- Z (HT)XTU(X (0) FTUD[7 = HTFT = MT

k—1 defofF, k—1
1<i<t:dy, >1

as desired. )
Now, assume that G, is connected. Note that since each entry of F is at most %7

we have M, < 3kk 11H Therefore, it only remains to show that E,cur M;ype X M, —

%MTH; ! M.. This is equivalent to showing that

, T
TUuc
k—2

Friue F. F?
Hil]E’U,CINﬂ' I TUuc =< T .
T T{ }_k—l (k—2)(k—1)

One can check that

Zuc’eXquc(O) p(uc |t Uve) Fruye (ve, ve)

(k—1)(k—2)

FT e
EUC,NTK'T |:H;1]._.[7-ch/k—u2:| ('UC7 UC) -

Therefore, it is enough that

Zuc/eXTUUC(o)P(UC/hUUC)FTch/(UQ ve) F-(ve,ve) B F2(ve, ve)
(k—1)(k—2) ="k -1  (k-Dk-2)

which holds by assumption. O]

Now, to complete the proof of Theorem 3.3.1 it only remains to find {F;}-cx(<n—2) that
satisfies the above conditions. The proof can be found in the Appendix A. Let us remark
why we need the assumption 5 > A in this proof. Consider the worst case example, where G
is a complete graph with A + 1 vertices. In that case, by symmetry, F,(ve,ve) = % + # for
all faces of co-dimension 2, and every matrix F is a multiple of identity on X, (0) x X.(0).
So, the conditions on F reduces to the following systems of inequalities:

(k=1)f(k—=2)<(k=2)f(k—1)— f(k—=1)% V3<Ek<A, f1 )—%+%

It is not hard to see that such a system does not have a solution up to £k = A + 1 when

pf<A.
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3.3.2 Vertex-List-Coloring for Trees Using Non-Diagonal Matrix
Bounds

By allowing the matrix bounds {MT}Tex:COdim(T)ZQ in Theorem 2.4.2 to be non-diagonal

matrices, one can hope to get a tighter result. In this section, for any constant ¢ > 0

we analyze the Glauber dynamics for e-extra-color vertex-List-Coloring instances when the
graph is a tree.

Theorem 3.3.4. Consider an arbitrary constant € > 0 and a eA-extra-color vertex-list-coloring

instance (G, L) such that G is a tree and W% < %. For the weighted simplicial complex

1 1
(X, mho1), any 2 <k <n and 7 € X of co-dimension k we have As(P;) < —TIS:?,
For any k > 2 and 7 of co-dimension at least k, assume that M. is of the form
F, A,
— + \/HTk —— V1L,

1
for a diagonal matrix F. and a hollow matrix A,. The goal is to find F, and A, such that M.
satisfies the conditions of Theorem 2.4.2. This is easily doable if £ = 2 by Proposition 3.3.2.
A natural approach is to define A, for any 7 of co-dimension at least 3 such that

V HT kfiTl \/H_T - EUCNTFT V HTU’UC% V HTU’UC)

when G is connected. Note that the following definition is not restricted to trees.

M, =11

Definition 6 (Family of Matrices {A;} e x.codim(r)>2 ). Given a vertez-list-coloring instance
(G, L) and its associated weighted simplicial complex (X, m,_1), define {A;}rex codim(r)>2 @S
follows: let A; = [ (X, {Aru0ocoex, (codim(r)-3)) if G- is disconnected and otherwise,

1. For any 7 of co-dimension 2, say G, = ({u,v}, {uv}); define A, € RXOXXO) 45 pe

a hollow block diagonal matriz with a block for every color such that A;(uc,vc) =

A, (ve,uc) = =1 — for c € L;(v) N L;(u), and all other entries are 0.

RV ENC

2. For any T of co-dimension k > 3, let

AT = % HT_l <EUCN7’F7— V HTU’UCATUUC V HTUUC) V H;l (34)

2

Observe that A, is symmetric and hollow. Furthermore, its non-zero entries correspond
to v ~; . u, and when G, is connected,

1
A (ve,uc) = 5 Z Vp(wd |ve U )p(wd |uc U ) Arwe (ve, uc).
B wc' e X, (0):w#v,u
We can bound entries of A, for any 7 € X (< n — 3) as follows.

Proposition 3.3.5. Consider a [-eztra-color vertex-list-coloring instance (G, L), For any face
T of co-dimension at least 2 and uc,vc € X.(0) such that v ~, u, —% < A, (ve,uc) <0.
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Proof. Let 7 be a face of co-dimension k£ > 2. We prove by induction on k. It clearly holds
for k = 2 by definition. For k > 2 and vc, uc € X, (0), we have

1
Ar(ve,uc) = - Z Z Vplwd ve U t)p(wd Juc U ) Arwe (ve, uc)

o weVrw#u,v /€L, (w)

> ﬁ Z Z Vplwd |ve U )p(wd |uc U T) - - (by IH)

weVrw#u,w ' €L, (w) 6

k i 2 _ﬁl Z Z p(wc'lve U T) Z p(wd luc U T)

weVrw#u,v \ /€L, (w) €L~ (w)

(by Cauchy-Schwarz)

v
|

1 —1 1
>3 5 2 1=F

weVrw#u,v
One can further see that A, (vc,uc) < 0 follows from the induction hypothesis. O

Now, we apply Theorem 2.4.2 to derive sufficient conditions on the family { F; } ¢ x codim(r)>2

to get Ao(Py) < % for all 7 of co-dimension 2 < k < n.

Proposition 3.3.6. Let (G, L) be a -extra-color vertez-list-coloring instance such that G is
a tree, and let (X, m,_1) be its associated weighted complex. Take an arbitrary vertex and
make G a rooted tree with root vertex r. For v # r, we write a(v) to denote immediate
ancestor of v, i.e., parent of v. Let {F, € ]RX(O)XX(O)}Tex;COdim(T)Zg be a family of diagonal
matrices supported on X-(0) x X;(0) such that F. = fx (X7, {Frue focoex, (<codim(r)—3)) if G-
18 disconnected and otherwise,
1. For all T of co-dimension 2: F, is defined as F;(ve,ve) = % for ve € X.(0).

(

2. For any T of co-dimension k > 3: F, < ( g/:)f — %)IXT(O), and for all ve € X, (0),
Z p(uc|T,ve) Friye (ve,ve) < (k — 2)Fr(ve,ve) — 2F2(ve, ve) — 4, (ve), (3.5)
uc’ €EXrUve(0)
where v, (ve) = 4%2(”) if v is the root of the rooted tree G, and v, (vc) =
otherwise.

4(Ar (v)+Ar(a(v)—-1)
52

Then, for all k > 2 and T of co-dimension k, Ao(P;) < %, where A, is defined in
Definition 6.

Proof. We prove that the conditions of Theorem 2.4.2 hold for M, = I, £ + /1L, 2= /11,
for 7 € X(< n —3). Note that the desired condition holds for any 7 of co-dimension 2 by
definition. Now, take k > 2. Assume G is disconnected. Using the definition of A, and our
assumption about F, the proof of this case is similar to what we argued in Proposition 3.3.3.
Now, assume that G, is connected. Note that by Proposition 3.3.5, the absolute value of
every off-diagonal entry of A, is at most % and that there are at most (k— 1) non-zero entries
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per row. Therefore, \/I1L; A/11; < %HT. Since each entry of F is at most (l;,:)f — %, we have

M, < %HT. Therefore, it only remains to show that E v, M . = M, — %MTH;lMT.

This is equivalent to showing that

F’TU’UC ATUUC F’?’ AT (FT + AT)2
H_lE”L)CNﬂ' ]-_-[7- v o H’T ve7 o V HT ve | 'V H_l = - .
T e e —2 VT N T (k—2)(k—1)

(3.6)

We starting by proving an upper bound on AE. Define A, cpen(ve,uc) = A; even(uc, ve) =
A(ve, uc) for all ve,uc € X, (0) such that v is at an even distance from the root of G, and
a(u) = v, and let other entries be 0. Define A; o404 = A cven — Aroda- By Fact 1.2.2,

A2 2242 o+ 2A2

T,even

Furthermore, A2, (ve,uc) = AZ ., (uc,vc) # 0 only if v = u and v is at an even distance
from the root or when a(v) = a(u) and u, v are at an odd distance from the root. A similar
fact holds for AZ ;. Therefore, if we let v (we) = 0 for we ¢ X(0), we get

4(A2 + Az,odd) = diag(v;),

T,even

where we applied Fact 1.2.1, and used Proposition 3.3.5 to bound the absolute value of the
entries of A? and A%Odd. Therefore, by Fact 1.2.2, the RHS of Eq. (3.6) is bounded by

T,even

F A, 2F? + 2A2 F; A, 2F? + di -
+ _ T + T >__ + _ T + lag(f}/ ) (37)
k=1 k-1 h-2k-1"k-1 k-1 (E-DE-2

On the other hand, by the definiton of A, (see Eq. (3.4)), the LHS of Eq. (3.6) is equal to

FTch’ + AT
k—2 E—1

-1
Euc’wm— |:H7- HTch’

Furthermore, for vec € X, (0),

FTch’ (UC UC) . Zuc’eXTch(O) p(UC’lT U UC>FTUUC/(UC7 UC)
k—2 T (k—1)(k —2)

Euc’NTrT |:H7-1H7—ch’
Combining this with Eq. (3.7), the desired inequality in Eq. (3.6) follows from the assumption
(see Eq. (3.5)). O

Finally, with this in hand, we prove Theorem 3.3.4 similar to what we did for Theo-
rem 3.3.1. The proof can be found in Appendix A.

3.4 Edge Coloring

Consider a graph G = (V, F) and a function L : E — 2. The pair (G, L) is called an
edge-list-coloring instance. For a vertex v and an edge e, we write e ~,. v when e ~ v and
¢ € L(e). Furthermore, for any e, f € E, we write e ~. f when e ~ f and ¢ € L(e) N L(f).
Furthermore, we define a (-extra-color edge-list-coloring instance as follows.
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Definition 7. We say an edge-list-coloring instance (G, L) is a [-extra-color instance if for

each e € I/, |L(e)| > B+ Aca(e).

An assignment o : F — [q] is a L-edge-list-coloring of G if o(e) € L(e) for all e € E.
We say o is proper if o(e) # o(f) whenever e ~ f. When it is clear from context we say o
is a proper coloring to mean it is a proper L-edge-list-coloring. We say 7 is proper partial
coloring on H C FE when it is a proper L|g-edge-list-coloring for (V, H). We may view a
proper coloring as a set of edge-color pairs (e,c) which we denote by ec for simplicity of
notation. We denote the uniform distribution over proper L-edge-list-colorings of G by 7, 1
when (G, L) are clear from context. For a proper partial coloring on H C E and e € E'\ H,
define

plec|r) = Ponr,, . (0(e) = c[Vf € H:o(f) = 7(f))-

To analyze the Glauber dynamics on an edge-list-coloring instance we associate a simpli-
cial complex to it.

Definition 8 (Simplicial Complex of an Edge-List-Coloring Instance). Given an edge-list-
coloring instance (G, L), let X (G, L) be a pure (m — 1)-dimensional simplicial complex spec-
ified by the following facets: {(e,o(e))}ecr is a facet if and only if o is a proper L-edge-list-
coloring for G.

When it is clear from context, we abbreviate X (G, L) to X. Note that for all 0 < k < m,
any face 7 of co-dimension k is a partial coloring on a subset of edges H of size m — k (k
edges remain uncolored). Furthermore, X,.(0) can be seen as the set of all ec such that
ce L(e), e ¢ H and for any f ~ e, fc ¢ 7. Analogous to vertex-list-colorings, the Glauber
dynamics on (G, L) is the down-up walk on the facets of (X, 7,,—1). So, as we did before for
vertex-list-colorings, our aim is to apply Theorem 2.4.2 to the simplicial complex to bound
the second eigenvalue of the transition probability matrix of the local walks and then apply
7?7 to get a bound for the transition probability matrix of the down-up walk on the facets.
The following is the main theorem of this section.

Theorem 3.4.1. Let (G, L) be a (3 + 4€)A-extra-color edge-list-coloring instance for some

2
0 <e< %o such that lnA(A) < %,

complex. For any 2 <k <m and 7 € X of co-dimension k we have A\y(P;) <

and let (X, mm_1) be its associated weighted simplicial
e—l—%
1

We remark that our analysis here is not tight and we expect that the factor 4/3 can be
improved with a more careful analysis.

We proceed by introducing some notation and definitions. Given a face 7 € X, let E,
be the set of uncolored edges, i.e. E, = {e : Je,ec € X, (0)}. Let G, = (V,E,) and
A, (.) be the degree function of G,. Similarly, if e = {u, v}, define A, (e) to be number of
edges in G, that share an endpoint with e, i.e. A (e) = A (u) + A, (v) — 2. We define
L.(e) ={c € L(e) : ec € X;(0)}. Let l.(e) == |L,(e)| and I, (e, f) := |L.(e) N L (f)|-
Furthermore, we write e ~,,. v when e ~ v and ¢ € L.(e). Similarly, define e ~,. f for
edges e and f. Finally, for any matrix B € RX(>*X(0) " define the restriction of B to v € V
as BY(ec, fc) = B(ec, fc) for any e, f ~ v, and 0 on all other entries. Let B¢ € RX()xX(0)
be defined as B¢(ec, fc) .= B(ec, fc) for all e ~, f, and 0 on all other entries.
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Now, similar to our approach to vertex-coloring for trees, for any £ > 2 and face 7 of
co-dimension k, assume that M., is of the form

M, = HT% + \/HT%\/HT, (3.8)

for a diagonal matrix F, and a hollow matrix A,. The goal is again to find F; and A, such
that M, satisfies the conditions of Theorem 2.4.2. For k = 2, Proposition 3.3.2 gives us
such matrices For k > 3, as opposed to what we did for vertex-coloring of trees, we let

1L, k =11, deviate from Eycor, VIl rupe 7% k Jeey/Il e in order to control the growth of F.

Definition 9 (Family of Matrices {A;c}rex codim(r)>2 )- Let (G, L) be a [-extra-color edge-
list-coloring instance, and let( X, m,—1) be its associated weighted complex. For e > 0, define

{AT,G}TEX,codim(T)Z2 as fO”O’U]S.’ let AT,G = f>< (Xa {ATUU,E}QQUGXT(COdim(T)*f})) Zf the line graph
of G, 1is disconnected and otherwise,

1. For any face T of co-dimension 2, let A;. € RXOxXO) pe ¢ hollow block diagonal
matriz with a block for every color such that

1
V(&) = D) - 1)

fore, f € E; and any ¢ € L.(e) N L.(f), and all other entries are 0.

A (e, fe) = Aro(feec) = —

off-diag(S+,c)

2. For any k > 3 and a face T of co-dimension k, define A, . = A, .+ oy

14_1776 and S:. are defined as follows:
- k—1

AT,E = m H;l <Eg6~7‘r7- V HTUgCATUgC,E V HTUgc) V H;lv (39)

, where

gkz{aufﬂmx¥+@xw% if A-(0) < 1 (310)

2(1+¢€)(A2,)? otherwise.
and S;e =), 95

Observe that all three matrices /_lm, Sre, Are are symmetric and hollow. Furthermore, the
non-zero entries of these matrices correspond to e, f ~.. v, for some v € G and when the
line graph of G is connected,
A 1 / /
AT,€(60’ fC) - TQ Z \/p(gc |6C U T)p(gc |fC U T)ATUgc’,e(eCa fC) (311)

k
gc'€ X+ (0):g#e,f

When it is clear from context, we drop € from the subscripts of matrices defined above .

Lemma 3.4.2. For any T € X, and ec, fc € X-(0), if the line graph of G, is connected, then

avg min A, e(ec, fo) < Areec, fo) < avg max A (ec, fo)
gEE, gte,f €L (g) g€ gte,f €L (9)
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Proof. Let 7 be a face of co-dimension k > 2. It clearly holds for k& = 2 by definition. For
k> 2 and ec, fc € X,;(0), we have

A, (ec, fc) = ﬁ Z Z Vp(gllecU T)p(gc|feU T)Aruge (ec, fe)

gEE-:g#e,f CIGLT(Q)

o
[\

<t > > VlgdlecUr)plgd|feuT) | - ( ma?)ATUgc /(ec, fC))

ceL,(g
9€Erg#e.f \c'€Ls(g) ’

<
— k-2 €L (g)
gEE g#e,f c'€Lr(e) c€L-(g)
(by Cauchy-Schwarz)
1
< — max A,ye(ec, fc) = avg  max A, .e(ec, fo).
k—2 geEg;ée fc 'eL-(g) g gEE- gte,f ¢ €L (g) g

The other side of the inequality follows from a similar argument. m

In order to find diagonal matrices {F;} cx:codim(r)>2 such that {M;};cx codim(r)>2 as de-
fined by Eq. (3.8) satisfies the conditions of Theorem 2.4.2; we would need to prove some
bounds on the entries of {A;}rex codim(r)>2 and {S- ¢ }rex codim(r)>2

Proposition 3.4.3. Suppose (G, L) is a B-extra-color edge-list-coloring instance where § =
(3 4+ 4€)A for an 0 < € < 15 such that 272 < A. For any 7 € X of codim(r) > 2, the
matrix A, defined in Definition 9 satisfies the following: for any vertex v € G, color ¢ and
€, f ~re U,

(i) if A (v) < 15, then =5 < A (ec, fe) < 4(1+ )22

(ii) otherwise, if A, (v) > , then |A. (ec, fc)| <

1
= 4(1+ 1.58—2(1+20)A, (v)

Proof. Fix a vertex v. We prove the claim inductively for any pair of edges incident to v.
Case (i). Let 7 be any face of co-dimension k > 2. We prove by induction on A, (v)+ k.

We start with the base case, that is when A (v)+k =4, i.e., A;(v) = k = 2. It is easy to see

that, for any color c and e, f ~,. v, we have — 1 < A.(ec, fc) <0, by definition. Now, we

prove the claim for £ > 2 and 2 < A, (v) < 4(1+ ) such that k£ + A, (v) > 5. If the line graph
of GG, is not connected, then the statement trivially holds. Otherwise, by Lemma 3.4.2, for
any color c and e, f ~, . v we can write

_ A (v) =2 k— A (v)
< A / i — /
AT S L e B o TN T TG R, A (e )
A (v) —2 A (v)—3  k—A(v) A (v) —2
< —r i —
S 3 4(1+¢) 7 t 4(1+¢) 7
A1+ 6)(Ar(v) —2)(k—3) 1
— <= 3.12
p*(k —2) B (3.12)
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where the second to last inequality follows by IH and the last inequality follows by A, (v) <

ﬁ. Similarly,
- A (v) —2 _ k— AL (v) , 1
Artee o) 2 =TTy B A e T m T B Ar (e SO 2 7
gv.g7e.f grv.g7e.f
(3.13)

Therefore, by (3.10)

Solec, fo) =4(1+€) 3 [AF (ec, ge) At (ge, fe) + A (e, ge) A (ge, fe)] <A(1 + ) (A (v) - 2%.
et
(3.14)

where the last inequality follows by Eqs. (3.12) and (3.13) and that v has at most A (v) —
edges that can be colored by ¢, other than e, f. So combining with (3.13), we get A, (ec, fc)

A, (ec, fe) + % > —%. Similarly, (3.12) and (3.14) gives

41+ €e)(Ar(v) —2)(k = 3) N 41+ €e)(Ar(v)—2) 1

A (v) —2
B2k —2) k—2 B2 '

52

Case (ii). For 7 of co-dimension k& > 2 we prove the claim by induction on A, (v) + k.
B

The base case is when A, (v) =k = g, Which we already proved in case (i) (note that

we always have k > A, (v)). Now, we prove the claim for A, (v) > ﬁ (and k& > A, (v)).
If the line graph of GG is disconnected then the statement trivially holds. Otherwise, for all

colors ¢ and e, f ~. . v, we can write

A(ec, fe) <

=4(1+¢)

Artee, fol = 22022 s etee fl 00 s aetec, o)
< Ar(v) —2 1 n k— A (v) 1
k=2 158-2(1+2¢)(A (v)—1) E—2 158 —2(1+2¢)A(v)
(3.15)
< ! : (3.16)
=155 —2(1 + 20A, (v)

where the second to last inequality follows by the IH. Furthermore, by (3.10),

A (v) —2

|Sy(ec, fe)| =2(1 +¢€) Z A (ec, go) A (g, fe)| < 2(1+e) (156 — 2(1 + 202, (0))2

gN‘ﬁC’Uvg#e:‘f

where the inequality follows by (3.16) and that v has at most A,(v) — 2 edges other than
e, f that can be colored by ¢. Recall A, = A, + ,iQ. So, the above inequality with (3.15)
gives

| Ar(ec, fo)l <

A (v) —2 1 k— AL (v) 1
E—2 158 —=2(1+2¢)(A(v) —1) k—2 1568 —2(1+2¢)A,(v)
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2(1 +¢) Ar(v) =2
k—2 (158 —2(1+2)A,(v))>
|
S 158201+ 20A.(0)

where in the second inequality we used that e < {5 and A > 2672 and that

158 —2(1+2¢)A,(v) > 1.5 (% + 46) A —2(1 4 2¢)A = 6eA — 4eA > 0.

Corollary 3.4.4. Given a B-extra-color edge-list-coloring instance (G, L) where § = (§+46)A
for an 0 < e < & such that 2¢7* < A,

(i) For any T € X with codim(7) > 2, v € G, and e, f ~,. v, |Ar(ec, fo)| < 55 <
(i1) For any 7 € X with codim(7) >3, v € G, and e, f ~,. v, S:(ec, fc) < (1492 (0)=2)
(i) For any 7 € X with codim(7) > 3, any color ¢, and (e = {u,v},c) € X.(0) c,

S, (ec, ec) < UFAs 2(:)+2A r(u)=2)

Proof. First, we verify (i). Using Proposition 3.4.3, when A, (v) < we have |A,(ec, fc)| <

< 19

%, and when A, (v) > ﬁ we have

1 1
A < <
Ar(ee, Ol < T3 R T I9A — 21 1208 = 2eA
where we used A, (v) < A. So, by Lemma 3.4.2, we get |AT€(ec fe)| < 525 for any 7 of
co-dimension at least 3. Now, we verify (ii). If A, (v) < TGRS 1+€ then by Eq. (3.10),

Slec.fo) =4(1+¢) S Arv(ec, ge)AF"(ge, fo) + A7 " (e, ge) A" (ge, fo)

gNT,Cvuqaéevf
<4(1 A’T c ’ A’T c )
<d(l+e) > e A (ee,go) | max [ Arune(ge, fo)
grrev,97e, f
(by Lemma 3.4.2)
. 1
<4(1+€)(A%(v) — )ﬁg

Otherwise, if A, (v) > with a similar use of Lemma 3.4.2,

B
4(1+e€)’

Secd) =21+ 3D Aec.go)dioe. f0 <20+ 9(850) -2 (55 )

grr,cv,97e, f

1+
(132 6) S 212+A€2

and o, = 2(1 + €) otherwise.

where the first inequality uses part (i). Finally, (ii) follows from It remains to

prove (iii). For a vertex u let a(u) = 4(1+€) if A (u) <

> 4(1+
By an argument similar to (ii)
S:-(ec,ec) < alu max Ao (ec, fO)]? + a(v max A, e (ec, fo)l?
e Sat) 30 s Moo fOF o) 3D s HAre (e )
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< (An(u) + A (0) — )max{4(1+e) 2(1+e)}

B2 4e2A2
(Ar(u) + Ar(v) —2)(1 +¢)
262 A\2
This completes the proof.

IN

O
The following lemma is a crucial part of our proof as it will help us bound the term
M,II;' M, in Eq. (2.2) effectively.

Lemma 3.4.5. Consider a graph G = (V, E), and some weight function w : E — Rsq. Let A
be the weighted adjacency matrix of its line graph. Then

A7 X2 (AY)
veV

where A¥(e, f) = Ale, f) if e, f ~v and 0 otherwise.
Proof. Tt is enough to show that for all z € R¥, 27T A%z <23 . 2" (A")%z. We have

ot A% = Az| =) (Ax(e))® =) (Ac,2)

ecE eckE

where A, is the row indexed by e. Now, let e = {u,v} € E. We can write (A.,z) =
((A")e, z) + ((AY)e, x). Therefore, by an application of Fact 1.2.2

D (Aex)? 22 Y (Ao, 2)? + (A, 2)” =2 > (A% =2 2’ (A%

ecl e={u,w}ckE Ve~ veV
[]

Now, we apply Theorem 2.4.2 to derive sufficient conditions on the family { F } ;¢ x codim(r)>2
to get \o(Py) < % for all 7 of co-dimension 2 < k < m.

Propositz'on 3.4.6. Let (G L) be a (% + 4e) A-extra-color edge-list-coloring instance such that
0<e< 5 and A > 2¢7 2 and let (X, 7,_1) be its associated weighted simplicial complex.
Suppose that {F, € RXO>xXON __ . codim(X)>2 @5 a family of diagonal matrices supported on
X;(0) x X-(0) such that F; = fu(Xr, {Frusbocoex, (<codim(r)—3)) if the line graph of G- is
connected and otherwise,
1. For all T of co-dimension 2: F, is defined as Fy(ec,ec) = m é forec e X,(0)
and 0 on all other entries.

2. For all T of co-dimension k > 3: F, < ((];];_1)12 — ﬁ)IXT(O), and for any ec € X,.(0)

24+ ¢€
€

Z p(gc|T U ec)Fruge (ec,ec) < (k — 2)F,(ec,ec) — (

gCIGXTUec(O)

) F2(ec, ec) — 7y, (ec).

(3.17)

(1+€)As(e) + (1+e)2(2+3e+e2)‘

where v, (ec) = 5 a5 GAZ
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Then for all k > 2 and 7 of co-dimension k, Ao(Pr) < p(FI:IAT), where A, is defined in
Definition 9.

Proof. We prove that the conditions of Theorem 2.4.2 hold for {M;},cx(<m-3) defined as
follows:

M. —|—\/ \/ » V1 e X k=codim(r) > 2

Note that the condition of the theorem holds for any 7 of co-dimension 2 by definition. So,
we prove the statement for 7 of co-dimension at least 3. Assume the line graph of G, is
disconnected. Using the definition of A, and our assumption about F}, the proof of this
case is similar to what we argued in Proposition 3.3.3. Now, assume that the line graph
of G, is connected. Note that by Corollary 3.4.4, the absolute value of every off-diagonal
entry of A; is at most 5% and that there are at most (k — 1) non-zero entries per row.
Therefore, /1L 7= 1\/_ < H Combined with the bound on entries of diagonal matrix

F., this implies that M, j 1 g 1 B Therefore, it only remains to show that Eg.or M g =
M, — =L M IIZPM,. This is equ1valent to showing that

F A (F, + A,)?
HflE o . C TUgC 7' c TUQC e / T T T T ‘
T { o g TV ey v Ug} R . (k—2)(k—1)
(3.18)

We proceed by first proving a lowerbound on the RHS. By two applications of Fact 1.2.2,
we can write

k—2

= 2 ) A
- (1 + %) F? 4 (1 n %) (AT n —Oﬂ‘diagwf))Q

- 3 2 ff-diag(S,)?
14 2) P2y (14 a2 4 B et 2/ ol diag(Sy) (3.19)
(k —2)?
We proceed by finding a diagonal matrix to upperbound A2 . For any c¢ € [q]L A¢ is
the weighted adjacency matrix of a line graph. Therefore, by Lemma 3.4.5, (A¢)? =<

23 ey (A27)2. Since A2 = Zce[q](A )2, we get that
A2<2ZA” <4Z ((AF)2 4 (AZ)?).
veV veV

where in the second inequality we used Fact 1.2.2. Therefore, by definition of S, (see
Eq. (3.10)),

(1 + €>A72— <5 = (k - 2)(147' - AT) + dlag<ST)
So, by (3.19), we can lowerbound the RHS of (3.18) as follows

F, A, (F, + A,)? F, A, (1+ 2)F?
+ — > + -
k—1 k-1 (k-2)k—-1)"k—-1 k-1 (k-1k-2)
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diag(S;) (34 € + 2) off-diag(S,)?
S k-1D)k-2) (k—1)(k — 2)3

On the other hand, by definition of A, (see (3.9)), the LHS of (3.18) is equal to

F. A
E —r Hfll—[T . TUge T
g ‘r|:7‘ ng_2:|+k_1’
and
Eyeor, |11 Froge (ec,ec) = Z p(gc|T Uec)Fye(ec, ec).
g~y T T gck —9 ; TUgc )

g €Xruec(0)

Comparing this with the assumption (see Eq. (3.17)), and letting ~,(ec) = 0 for all ec ¢
X-(0), it is enough to show that

(3 + €+ 2) off-diag(S,)?
(k—2)

diag(y-) = diag(S7) +

First, notice,

oft-diag(S,)? _ oft-diag(S)II% X0 (1+2(A—2P4A 17 ), (L+ef )
(k—232 - (k — 2)2 - LA AT (k — 2)2 = TeIA? ’

where the second inequality is by Fact 1.2.1, noting that by part (ii) of Corollary 3.4.4, every

off-diagonal entry of S; is at most % and that there are at most 2(A — 1) non-zero

entries per row. Finally, the statement follows from part (iii) of Corollary 3.4.4 which shows
Sy (ec,ec) < UJ;GQ—AQ for any ec € X,(0). O

With this in hand, we prove Theorem 3.4.1.
Proof of Theorem 3.4.1. For any ec = {u,v}c € X, (0) define,
0 if Ar(e) =0

F.(ec,ec) =< f1i(A-(g)) if Ar(e)=1,g9~ce,
f2(Ar(e)) if A(e) >2

(4675+40.6¢=2) i1 L 5¢5 In(A)+(4e e 2) S0 £

where fi(i) = (%+41€)2A2 = X1k for any i > 2, and fo(i) == =
for 1 > 2. We prove that this satisfies the conditions of Proposition 3.4.6. Then, the state-
ment follows from the fact that

p(F,+A) e+1
Aa(Py) < <«
R Y L

where the last inequality follows by (3.20) below and the fact that every entry of A, is at
most 52 (by Corollary 3.4.4) and that every row of A, has at most 2(A —1) non-zero entries.

The condition for links of co-dimension 2 holds by definition as fi(1) = m
Assume that £ > 3 and 7 is of co-dimension k. Similar to the proof of Appendix A.1, when
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the line graph of GG, is disconnected, the condition holds. Now, assume that the line graph
of G, is connected. It follows that, for all 1 < i < 2A,

9¢°(In(A) + 1) N 2¢2(In(A) + 2) < 3e N 2¢ < (k—1)2 1
A2 A w2 100 15 ccoThz2 3k —1  2eA’

(3.20)

fo(i) <

£
A —15

A similar inequality holds for f; and 1 < i < 2A. It remains to check the condition Eq. (3.17)
in Proposition 3.4.6. We need to show that for any ec € X,(0),

2
E p(fd|T Uec)Frupe(ec,ec) = (k — 2)Fr(ec, ec) — (1 + —) F2(ec, ec) — v, (ec),
€
feEXrlee (0)

for

(1+e)Ar(e)  (14€)?(2+ 3e+€?) < 0.6A,(e)e? N 3P
262 A2 ISIAY: e<0.1 A? Az

s (60) =

Case 1: A, (e) = 1,9 ~, e. Since the line graph of G, is connected and 7 is of co-
dimension at least 3, A-(g) > 2. So, it is enough to show that,

> plfdIrUee)Frpe(ec,ec) = (Ar(g) — 1) f1(Ar(g) = 1) + (k = Ar(g) — 1) f1(Ar(9))
Feex,(0)
0.6672 + 3¢e°
A2 ’
(3.21)

< (k- DA(0) - (1+2) R(adlon -

Now, note that

(k—=2)fi(Ar(9) — (Ar(9) — 1) fi(Ar(9) = 1) — (F — Ar(g) — 1) f1(Ar(9))

= (A-(g) — D(f1(Ar(g) — fr(Ar(u) — 1)) = %-

Furthermore,

2\ ., 2.1 (5e P InA\? e
- < — | — < —_—.
(He)fl(AT(g)) 5 e ( A > e . A

€<0.1

Putting these together, we get Eq. (3.21).

-5
Case 2: A, (e) > 2. For convenience in writing the recursion, let f5(1) = &A—T(A). Following
similar calculations, it is enough to show that

0.6672A,(€) + 3¢5

(A0(6) = D) = Ao drle) = 1) 2 (14 2) a6 + 25

(3.22)
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Note that in the LHS of the above equation we should write f1(A,(g)) if A;(e)—1=1andg
is the only remaining neighbour (of €), but since f;(i) < 56722@) = fo(1) for all 1 <i < 2A

the above inequality is valid. Note that, by definition

e A (e) + 4e?

(AT(e) - l)fZ(AT(e)) - AT(G)fQ(AT(e) - 1) =

A2
Furthermore, IHZA) > % and € < 0.1 imply that In A > 10, and we can write
2 2.1(In A + 2)?
(1+2) o) < 2S00 o)
€ €<0.1 eA
2.1(In A + 2)?

Fact 1.2.2 eA4 ' (1'2<€_2Ar<€)>2 + 6(96_5)2)

0.4¢2A (e) + €77
3 A '

£
15

<
In2(A)
In AZIO,TS

This finishes the proof of Eq. (3.22). O
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Chapter 4

An Improved Trickle-Down Theorem
for Partite Complexes

4.1 Introduction

In this chapter, we use the matrix trickle-down framework to prove a strengthening of the
trickle-down theorem for partite complexes. The results of this section were previously
published in [AO23al.

Given a (d + 1)-partite d-dimensional simplicial complex, we show that if “on average”
the links of faces of co-dimension 2 are 1T;‘s—(ome—sided) spectral expanders, then the link of
any face of co-dimension k is an O(=2)-(one-sided) spectral expander, for all 3 <k < d+1.
For an application, using our theorem as a black-box, we show that links of faces of co-
dimension £ in recent constructions of bounded degree (sparse) high dimensional expanders
have spectral expansion at most O(1/k) fraction of the spectral expansion of the links of the
worst faces of co-dimension 2, a significant improvment over previously known bounds. This
refutes a conjecture that, unlike dense high dimensional expanders, local spectral expansion
does not decay for sparse complexes. A more detailed introduction to this application can
be found in Section 1.1.3.

4.1.1 Main Results

We start by stating two special cases of our theorem. We need the following definition.
Definition 10. Given a (d+ 1)-partite complex (X, ) with parts [d], for every i € [d], define

Axm(i) =y €ld\i:3r st type(r) = [d] \ {i, 7}, Aa(Pr) > O},

i.e. Ax,n (1) is the number of parts j # i for which there exists a face of type [d] \ {i,j}
whose link is not a 0-spectral expander. Moreover, define A(x » = maxeg Ax,n(i). We
drop the subscripts (X, m) when the complex is clear in the context.

Theorem 4.1.1. Let (X, m) be a (d + 1)-partite (weighted) totally connected complex. For
some 0 < 6 < 1, assume that

< F d o< 120
=100 +ma) M PE AT A
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Then, the link of any face T of co-dimension k of X has spectral expansion

c(1=9) .
o P25
U0ams g < A,

for some constant ¢ < 2 that depends on §.

Note that, for A = d, this theorem retrieves Oppenheim’s trickle-down theorem (Theo-
rem 1.0.2) up to a lower order term in the condition on v, and a constant in the bounds on
local spectral expansions.

When A < d, this theorem is a significant improvement over Theorem 1.0.2. Roughly
speaking, this theorem says that, if the complex has many faces of co-dimension 2 whose
links are O-expanders, one needs to satisfy a much weaker condition on v, to get O(1/k)-
spectral expansion for faces of co-dimension k. In other words, the faces of co-dimension 2
that have perfect spectral expansion can compensate for faces of co-dimension 2 that have
bad spectral expansion.

Next, we state the second special case of our theorem. For every integer n, let H, =
S . % be the n-th harmonic number. Moreover, for any 1 < i < n define H,(i) = >." %

=1 4 7=t

and let H,(0) = H,(1).

Theorem 4.1.2. Let (X, ) be a (d+ 1)-partite (weighted) totally connected complex. For any
distinct 1, j € [d], let

€fij} = m Ao (Pr)

ax 2
itype(r)=[d]\{i.j}

be the 2nd largest eigenvalue of the simple random walk matrices on (X,, ;) for all T of type
[d)\ {i,7}. For some 0 < § < 1, assume that for every i € [d],

(52
€5} Hd S 1—O,V] 7£ i and
d Hy(—1) 1-4
Z Clige} d < d
=1
where jo...,ja is an ordering of [d] \ i such that e, < -+ < €pjy- Then, X s
(C(lga), cee C(ldga))—loca,l spectral expander for some constant ¢ < 2 that depends on 9.

d
We remark that 1 < w <1+ %. So, roughly speaking, the latter condition
can be seen as Ejeg; 3] < 152 for every i € [d], where the expectation is weighted according
to HdT('). This is an improvement over the stronger condition in ??7. Now, we state the main

theorem.

Theorem 4.1.3 (Main). Let (X, m) be a (d + 1)-partite (weighted) totally connected complez.
For any distinct i,j € [d], let € j) = MaXr.ype(r)=[d)\{ij} A2(Pr) be the 2nd largest eigenvalue
of the simple random walk matrices on (X, ;) for all T of type [d] \ {i,j}. For some
0 <6 < 1, assume that for every i € [d],

2,
€figy - Har < 1—O,Vj7éz and (4.1)
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Z%u} Hapa(t=1) < 1-34, (4.2)

where jo ..., jq is an ordering of [d] \ i such that ef; jo3 < -+ < € 3. Then, the 1-skeleton

2(1+52)
1te) -

of X is a C(;é) -expander for ¢ =

Remark 4. If, for some § > 0, the conditions of the above theorem hold for a complex (X, 7),

then the conditions also hold for the same 0 for all links (X, 7, ) (of faces of co-dimension at

( (15 5) c(1-9)

N ) local spectral expander

least 2). Therefore, this theorem implies that X is

for c = 2((1 +3°) One can prove tighter bounds if they apply this theorem to any link (X, 7, )

individually and possibly use better bounds on A(x, ().

Next, we show how Theorem 4.1.1 follows from our main theorem.

Proof of Theorem 4.1.1. Fix a face 7 of co-dimension k. For brevity we abuse notation
and write A; denote A(x, ). If & > A the statement follows from the above remark. In
particular, for any 7, j € [d]

2
€y Ha, -1 <o - Hai <y2- (1 +1InA) <

Ea
A (i)
Zﬁ{w} Ha (iy-1( = 1) < 7(A+InA)<1-4
(=1

So, we can apply Theorem 4.1.3 to obtain that the link of 7 has spectral expansion C(l —9) for
some constant ¢ < 2.

Otherwise, to bound the spectral expansion of (X, 7,), let 0, = 1 — (1 — §) 25
For i, j € [d]

k+Ink
A¥InA > 0.

602 Hy_y oi
i Ha 1 <7 - H e <
ot T A1 S 720 Hel = 10(1+1nA) s<e, 10

and

Z €figey - Han()—1 < Y2(k +Ink)

€5, <72, A7 (1) <k
< (1 — 5)(/{: +Ink)
- A+InA

=1— .

. . . c(1-6;)
Therefore, applying Theorem 4.1.3 to (X;,7.), we obtain that (X, m;) is a =55~

expander for some constant ¢ < 2. ]

Applications to Graph Coloring Consider a graph G = ([n], E) with degree function
A : [n] = Z>o and maximum degree A, paired with a collection of color lists {L(%)}:cjn)
satisfying L(i) > A(i) + (1 + n)A for all ¢ € [n] and for some 0 < n < 0.9 such that
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1+ZHA < 1=, We define the (n+1)-partite coloring complex X (G, L) specified by the following
facets: {i,0(i)}icin) is a facet if and only if o is a proper L-coloring of G, i.e. o(i) € L(i)
for each i € [n] and o(i) # o(j) if {i,7} € E. It is not hard to see that if {i,j} ¢ E, then
€y = 0. Moreover, if {i,j} € E, then e ;3 < (1+177)A + (Hnl)QAQ (see Proposition 3.3.2).

Once can verify that if we apply the above theorem to the coloring complex X (G, L) with

= 2, we get that X(G, L) is a (%, %, o M%l).n)—local spectral expander, and thus the
Glauber dynamics for sampling a random proper coloring mixes in polynomial time. This

retrieves Theorem 3.3.1 up to constants.

Applications to Sparse High Dimensional Expanders Kaufman and Oppenheim
[KO18] obtained a simple construction of sparse (d + 1)-partite complexes with | X (0)| > p°
for any integer s > d and prime power p such that every x € X(0) is in at most po(ds) many
facets (hence the degree is independent of s). They argued that for any non-consecutive pair
of parts i, j € [d], i.e., j #i+1and i # j+1 (mod d+ 1), we have ef; j; = 0 but €413 < \/Li)
for any i € [d] (i + 1 is taken modulo d + 1). Consequently, A(i) = 2 for any ¢ € [d]. Then,
using 7?7, they show that the complex is a ( \/ﬁ*% 5 d72) -local spectral expander

for p > (d — 2)?. Simply plugging in these values into the above theorem, for § = 1 — \/%7

and p > 193 (independent of d) the assumptions of the theorem are satisfied. The resulting
complex is (%, . fé) -local spectral expander for ¢ &~ 1.15. In other words, not only does
the Kaufman-Opennheim construction give a HDX for constant values of p independent of
d, but also its local spectral expansion improves inverse linearly with the co-dimension.
O’Donnell and Pratt [OP22] constructed (d + 1)-partite (sparse) high-dimensional ex-
panders, with unbounded dimension d, via root systems of simple Lie Algebras, namely
families A, for d > 1, By for d > 2, Cy for d > 3 and D, for d > 4. For explicit descriptions
of these root systems, see e.g. [Car89, Sec. 3.6]. O’Donnell and Pratt showed that, similar
to the Kaufman—Oppenheim construction, the resulting d-dimensional complex X satisfies
| X (0 )| > pO(m) whereas every vertex is only in p®@) many facets and for any i j € [d],

29 T Vo2t
€ < \/% Then, using 77 they concluded that the complex is a <\/ﬁ d+1"" "7 \/p/2— d“)

local spectral expander. Upon further inspection of the explicit set of roots, one can verify
that A < 2 for complexes based on Ay, By, Cy root systems and A < 3 for the Dy root sys-
tem. Plugging in these values in the above theorem and setting 6 = 1— 2\/% for Ay, By, Cy4
complexes and § = 1 — 3.5\/% for the Dy complex, if p > 376 for Ay, By, C’d complexes and

p > 729 for the D, complex, we get that these complexes are (=% —<—)-local spectral

T d \/5
expander for some constant ¢ > 1.

The well known Ramanujan complexes, also known as LSV complexes, are generalizations
of Ramanujan graphs that were introduced by Lubotsky, Samuels, and Vishne in [LSV05b]
and explicitly constructed in [LSV05a]. As shown in [EK16], any d-dimenssional LSV com-
plex X that is g-thick for some fixed prime power g and d > 2 has a bounded degree (the
number of facets that contain each z € X(0) only deponents on ¢ and d, and is constant
in the size of the ground set n which can be arbitrarily large). Moreover, the link of every
proper face of type S is a spherical building complex in which A(i) = [{j # i : € ;3 > 0}] is
at most 2 for every i € [d]\S. Furthermore, the worst expansion among links co-dimension 2
is 7, for some constant ¢ independent of ¢, d, n. So, there is a constant ¢y such that if ¢ > qqo,
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4.1.3 implies that the link of any (proper) face of X of co-dimension k is a m
expander for some constant ¢ > 0 independent of ¢, d,n. This improves over the bound
proved in [EK16], where C'(d) > 2%(d + 1)!.

-spectral

c@
Va

4.1.2 Proof Overview

At a high-level, this proof builds on the matrix trickle-down framework discussed in Chap-
ter 2. The Oppenheim’s trickle-down theorem follows from an inductive argument that de-
rives a bound on the second eigenvalue of the simple walk on 1-skeleton of each link (X, 7,)
using the largest second eigenvalue of the simple walk on the 1-skeleton of links (X, 7/) for
all faces 7/ D 7 of size |7| + 1. The reason that one has to take the largest 2nd eigenvalue as
opposed to the average in each inductive step is that the eigenspaces of these simple walks
are very different. The matrix trickle-down framework overcomes this issue by substituting
the scalar bounds on the second eigenvalues with matrices that upper bound the transition
probability matrices of the simple walks on the 1-skeletons of links. However, as opposed to
Oppenhiem’s trickle-down theorem, the matrix trickle-down framework cannot be applied in
a black-box manner to bound the spectral expansion of the 1-skeletons of all links only by
bounding the spectral expansion of the 1-skeletons of links of faces of co-dimension 2. The
main result of this chapter can be seen as applying the matrix trickle-down framework with
a carefully chosen set of upper-bound matrices to prove an improved trickle-down theorem
for partite complexes that can be applied in the same black-box fashion, just known an
"average” second eigenvalue.

Our technical results in this chapter are twofold: First, we observe that for any two
disjoint sets of parts S,7° C [d], if the links of all faces of co-dimension 2 whose types
intersect with both S, T are 0-spectral expanders, then for any o € X of type S and 7 of
type T" we get

Pyrloc Cnlt Cnl =Pyrloc Cn] and P,o[r Cnlo Cnl =Pyt Cnl,

namely, the conditional distributions on these types are independent (see Lemma 4.2.3 for de-
tails). This observation significantly simplifies invoking the Matrix trickle-down framework.
Armed with this tool, we invoke the matrix trickle-down theorem using a carefully chosen
family of (diagonal) matrices as the matrix bounds. These matrices are recursively defined
based on an "average” of the spectral expansions of the links of all faces of co-dimension 2,
See the proof of Theorem 4.1.3 for the construction of these matrices.

4.1.3 Preliminaries

Graphs Given a graph G = (V| E), for any v € V, let Ag(v) be the degree of v in G,
and let Ag be the maximum degree of G. Moreover, given a subset S C V, G[S] denotes
the induced subgraph of G on the set of vertices S. For any S C V, define Gg = G[V \ 5].
For simplicity of notation, when G is clear from context, we denote Ag(v) by A(v) for any
v €V, and for any S C V, we denote Ag,(v) by Ag(v) for any v € V'\ S. Similarly, we
denote the maximum degree of G and Gg by A and Ag respectively. Moreover, when G is
clear from context, we write u ~ v if u, v are adjacent vertices in G and u ~g v if u,v € V\ S
and u ~ v.
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Simplicial Complexes We say that a simplicial complex X is gallery connected if for any
face 7 of co-dimension at least 2 and any pair of facets 0,0’ of X, there is a sequence of
facets of X, 0 = 0¢,01,...,00 = 0’, such that for all 0 < i < ¢, |0;A0;,1| = 2. It is shown
in [Oppl8, Prop 3.6] that if X is totally connected, then it is gallery connected.

Given a (d+1)-partite complex, we say that an z € X (0) is of type ¢ and write type(z) = i
if z € T;. Similarly, the type of a face 7 € X is defined as type(r) = {i € [d] : [T N T;| = 1}.

Lemma 4.1.4. Consider a totally connected (d + 1)-partite complex X with parts indexed by
[d]. For any S C [d], The induced subgraph of the 1-skeleton of X on vertices of type S is
connected.

Proof. Take z,y of type i,7 € S and facets n, 7’ such that x € n, y € n/. Total connectivity
implies that there is a sequence n = ny,...,1m; = i of facets such that n; N n;1 # 0 for all
1 <i<t—1. Letoy Cmn,...,00 C m be faces of type {i,j}. Note that this is possible
because any facet in a partite complex has exactly one vertex from each of the [d] parts.
Finally, oq,...,0, gives a path between z, y. [

The following facts hold for weighted partite complexes:

Observation 4.1.5. Consider a weighted (d + 1)-partite complex (X, m). For any face T of
co-dimension k > 1, we have kn,o(x) = Pro, [z € o] for all x € X,(0).

Observation 4.1.6. Consider a weighted (d + 1)-partite complex (X, ) with parts indexed by
[d]. For any face T of co-dimension k > 1 and i € [d]\type(T), D> , i pe(@)=i PTo~r, [¥ € 0] = 1.

The following definition is useful for proving the main theorem:

Definition 11. For any (d+1)-partite complex (X, 7) with parts indexed by [d|, define a graph
G(xx) on the set of vertices [d], where any distinct i,j € [d] are adjacent in Gx ) if there
exists T of type [d] \ {i,j} such that the second eigenvalue of (X, 7,) is positive.

Remark 5. For any (d+ 1)-partite complex (X, 7) with parts indexed by [d], for every i € [d],
A(i) (see Definition 10) is the degree of ¢ in graph G(x r) and A is the maximum degree of
G(x,m)-

Note that if codim(7) = k, the link X, is a k-partite complex with parts indexed by
[d]\S. One can verify that given a face 7 of type S, the set of edges of Gx, r,) is a subset of
the edges of (G(x))s, i.e., the induced subgraph of G'(x ) on [d] \ S. When (X, 7) is clear
from context, we write G for G(x ) and Gg for (G(x.x))s.

Product of Weighted Complexes Given weighted complexes (Y7, 1), ..., (Y, e) de-
fined on disjoint ground sets and of dimensions dy, ..., d, respectively, and weighted com-
plexes (X, m) of dimension d, we write (X, m) = (Y1, 1) x -+ x (Y, pe) if X(d) = {Useiqs -
71 € Yi(d1), ..., 7 € Ye(do)} and m(Useq7i) = [[iciq i(7) for all 1 € Yi(da), ..., 70 € Yo(de).
We denote the generating polynomial of (X, 7) by g(x.x), i.e.

9(xm) = Z 7(T) Hzx
Te€X(d) TET

One can verify that (X, 7) = (X, 1) X -+ X (X, pte) if and only if gix ) = gx, ) X -+ X
9(x,u)- Note that this is true because we assume that for any weighted simplicial complex,
the given distribution on facets is non-zero on all facets.

53



4.2 Simplifying Matrix Trickle-Down’s Conditions to
Scalar Inequalities

In this section, given a (d + 1)-partite complex (X, ), we apply the matrix trickle-down
theorem to derive a set of conditions on a family of vectors {fs € R[d}}gc[d]7|5|<d that will
guarantee that \o(P;) < mlz[fd]lfm for all £ > 2 and 7 of co-dimension k and type S. We
prove the following theorem.

Theorem 4.2.1. Consider a totally connected (d+1)-partite complex (X, ) with parts indexed
by [d] and graph G = G (x x). Suppose we are given a family of vectors { fg € R[d]}SC[d],|S\<d
such that for all S C [d] of size (d+ 1) — k, the support of fs is a subset of [d] \ S, and the
following holds:

o [f Gy is disconnected, then fs = lei§€:|1i|22 flang, where Iy U---U I, are the vertices
of the connected components of Gs. Note that if all connected components are of size
1, then fg = 0.

and

o Otherwise if Gg is connected, we have max;cq fs(i) < (1;1;_1)12

1. Base Case: If k =2, then for every face T of type S, \o(P;) < max;eigps fs(7).
2. Recursive Condition: If k > 3, then

D Fauili) < (k= 2)fs(i) — £303),

JE[d\(Sui)

forallie[d\S.
Then, for all k > 2 and T of co-dimension k and type S, Aa(Pr) < ml:[fd]lfm
The main sets of conditions in the above theorem are the inequalities in Item 1 and Item 2.
To get some intuition about these conditions, it is helpful to compare the above theorem
with the standard trickle-down theorem (?7). There, one shows that if \o(Prugy) < A for
all z € X,;(0), then A\o(P;) < «, where « satisfies

A<a-—a*(1-)). (4.3)

Then, ?? follows by recursively applying these inequalities.

In the above theorem, instead of a single upper bound on Ay(P;) for faces 7 of co-
dimension 2, one bounds the expansion of the links of all faces of co-dimension 2 of each type
separately, allowing higher degrees of freedom. For any face 7 of type S and co-dimension

k = |S]|, the function J;S_(l) will serve as the digonal entries of a matrix upper-bound P;.
Then, the inequality Eje[d]\(lff;) Jsuill) o fs(i) — % is the natural analogue of Eq. (4.3)

which requires fs to be at least “the average” of fs; for all j € [d] \ S plus a square error
term.

Before proving the above theorem, we show that if G5 is disconnected with parts G[11], ..., G[I/]
for some S C [d] of size at most d — 1, then for any 7 of type S, (X;, 7, ,—1) can be written
as the product of its links of types [d] \ [; for all 1 < < ¢. This allows us to prove a better
upper-bound on A\y(P;) for such faces 7 by simply “concatenating” upper-bounds on each
connected component of Gg.

o4



Lemma 4.2.2. Consider a 2-partite complex (X, ) with parts S,T. If (X, ) is 0-expander,
then (X, m) = (X,,m,) x (X, m,) foranyy € S and z € T.

Proof. Note that (X, ) is a weighted bipartite graph with parts S, 7. Let A € R¥(0)xX(0)
be the adjacency matrix of (X, 7). Let Agr(y,2z) = A(y,z) for y € S, z € T and 0
on other entries. Moreover, let Ap g = A — Agp. Then, for any vector v € RXO) we get
A = Agrvr+Arsvg, where vg, vp are respectively supported on S, T and v = vg+wvyp. Thus,
if Av = Av, then Av' = =\, for v/ = (—vg+vr). Soif pis an eigenvalue of A, then —p is also
an eigenvalue of A. Thus, if (X, ) is 0-expander, the rank of A is 2. This implies that there
are vectors wg € RY and wy € RT such that 7({y, 2}) = A(y,2) = A(z,y) = ws(y)wr(2)
for y € S, z € T. Without loss of generality, assume ||wg||y = ||wr||y = 1. Then, for any

y € Sand z € T, we have 7,(y) = % = wg(y). Similarly m,(z) = wr(z). Thus
e I
7({y, 2}) = my(2)m.(y). This finishes the proof. O

Lemma 4.2.3. Consider a totally connected (d+ 1)-partite complex (X, ) with parts indexed
by [d] and its associated graph G = G(xx). Let Iy U--- U I; be a partition of [d] such that
for any 1 < i < { the induced graph G[I;] is a connected component or the union of several
connected components of G. Then (X,7) = (X, 7)) X -+ X (Xs_,,75_,), where o_; is
an arbitrary face of type [d] \ I; for any 1 <i <.

Proof. We prove the statement by induction on d. For d = 1, the statement simply follows
from Lemma 4.2.2. Now, assume that d > 1. If |I;] = 1 for all 1 < i < ¢, then ¢ > 3.
In this case, let S = I} U I,. Otherwise, WLOG assume that |[;] > 2 and let S = I;.
First, we show that g(x.) can be written as gx. = h - k', where h is a polynomial in
{z, : type(y) € I\ S} and I’ is a polynomial in terms of variables in {z, : type(y) € S}. By
the induction hypothesis, for any ¢ € S, z € T;, and any face 0 € X of type S such that
x € o,

ang(XJr) = f$ ' g$’ (44)
where f* is a polynomial in terms of variables in {z, : type(y) € S\ i} and ¢” is a polynomial
in terms of variables in {z, : type(y) € I \ S}. Now, take arbitrary ¢,j € S such that i # j.
Then, Eq. (4.4) implies that for any face {z,y} of type {i,j},

az;paZyg(X,ﬂ') = (azyfx)gx = (azzfy)gy'

It thus follows that ¢” is a multiple of g¥. One can see this simply by substituting 1 for all
variables in {z, : type(y) € S\{%,j}}. Moreover, since g* and ¢g¥ are generating polynomials
of distributions, i.e. the coefficients sum up to 1, we get ¢g* = ¢¥. Therefore, we get that
for any distinct z,y such that type(z), type(y) € S and {z,y} is a face, g* = ¢¥. Applying
Lemma 4.1.4, we get ¢° = ¢ for all x,y € U;esT;. Thus, there exist a polynomial i in
variables {z, : type(y) € I\ S} such that we can rewrite Eq. (4.4) for any = with type(z) € S
as

02 9(xm) = f* b,
where f* is a polynomial in terms of variables in {z, : type(y) € S\ i}. Finally, since X is
a partite complex,

1Sl9cxmy = DY 220 gixmy = h- Y > zf" =h- 1, (4.5)

€S zeT; €S zeT;
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where b/ = o> . cp 2:f7 is a polynomial in {z, : type(y) € S}. It remains to show
that for any face o of type S, we have h = g(x, r,), and for any 7 of type [d] \ S, we have
h' = g(x, ). Fix arbitrary faces o of type S and 7 of type [d] \ S. Noting that gx ) is
a multiple of h - A/, and that A’ is in variables associated to elements whose types are in S
and h is in variables associated to elements whose types are in [d] \ S, we conclude that A’
has a monomial that is a multiple of [],_, 2, and h has a monomial that is a multiple of
[L,c, 2 First, take (][, 0-,) from both sides of Eq. (4.5). We get that g(x, ,) is a positive
multlple of h. Similarly, taking ([],., 0z,) from both sides of Eq. (4.5), we get that gix, )
is a positive multiple of h’. Thus, noting that the coefficients of generating polynomials sum
up to 1, we get h = g(x,,) and h' = g(x, r,) as desired. Repeating the same argument
inductively on the complex (X, m,) proves the claim. O

Now we are ready to prove Theorem 4.2.1.

Proof of Theorem 4.2.1. We apply the matrix trickle-down theorem (Theorem 2.4.2). For
every S C [d] such that |S| < d, define a diagonal matrix Dg € R¥X(xX(©) a5 DS([E T) =
fs(type(z)) for all « € X (0). We prove that the conditions of ?? hold for M, = 525 for an
arbitrary face 7 € X of co-dimension at least k > 2 and type S.

First, we show that the condition M, < £=LII_ holds. If G is connected, max;eq fs(i) <

= 31
(gk 11 holds by assumption. If Gg is disconnected, max;cpq fs(i) < ];k_li follows from the
assumptions that fs = >, icpp 2 flans, where 1 U+ U Ig are the vertices of connected

components of Gg. Because the supports of vectors f[d]\ 5, are disjoint by assumption and

(];];_1)1 is an increasing function for & > 2, we get D, < 3 (k L? [ and thus, M, < 3’2 11H

To prove the rest of the conditions hold, first assume that k = 2. If G5 is two disconnected
vertices, we get fs = 0, and therefore, Dg = 0. Thus, we get I, P, — WT,OWIO <0 =
II.Dg = M,, as desired. If Gg is connected, the base case assumption (1) implies that
Xo(Pr) < Dg(z, x) for all z € X,.(0). Therefore, 11, P, — 7rT707T20 <II.Dg = M,.

Now we prove the rest of the conditions for k£ > 3. First assume that Gg is disconnected
and G[11],...,G[I,] are its connected components for some partition /; U---U I, of [d] \ S.
Fix any 0 € X;(k—1). By Lemma 4.2.3, (X;,7,) = (X;0o_1» Truo_1) X - X (Xsto_ps Truo_,)
where for every 1 < j < /¢, o_; is ca subset of o that has type [d] \ (S U ;). Therefore, we
get Pryor, [ €n] =Prypr [z enforalll <j<{andz € Xry ;(0). Combining this
with Observation 4.1.5, we get k; - Truo_; 0(2) = k- m-o(), where k; = |[;| forall 1 < j < £.
Thus we can write

3 (kj — Dk _ 3 (k; — Dk; Hro, Dran;
, (k—1)k 707 , (k—Dk k-1
1<5<e|1;|>2 1<G<e|1;|>2
ki k
= — __qI.D
,Z k(k— 1)k~ I\
1<5<e:|11>2
II,
- Z Dani,
1<5<L:| ;[ >2
11, Dg
- - M’T?
k—1
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where the first equality follows from the definition of MTUU_7-7 and in the second to last
equality, we used the fact that ZISJSE:II]-\22 fiang, = fs and thus Zlﬁjéﬁz\lj|22 Duang, =
Dg by definition of Dg. Now, assume that Gg is connected. It is enough to show that
Eorr, o Mrue = Mr — M II7' M. This is equivalent to showing that for any z € X.(0)

E (Hr_lnTUyDSUtype(y))@; 37)
yrmmo k—2
_ Dslra) _ Dir) (4.6

="k-1  (k-2)(k-1)

One can check that for any x € X,(0) of type ¢

E I 0y Dsutype(y) (7, 2)
y~mro k—2
ZyEXTUx(O) PrUNWTUx [y € U] DSUtype(y) (./L', $>
- (k—1)(k—2)
fTUj (Z)
_ P
jeld\S YEX 7Uz(0):
type(y)=j
_ Zje[d]\S f’ruj(i)
(k—1)(k—2)"

where in the last equality, we used Observation 4.1.6. Thus, substituting Dg(z,z) =
fs(type(x)) in the RHS of Eq. (4.6), it is enough to show that for any i € [d] \ S

> jeiaps Jrui (i) < fs(i) f5(0)
k—)(k—2) k=1 (h-D(k—2)

which holds by Item 2. O]

4.3 Proof of Main Theorem

We are ready to prove Theorem 4.1.3.

Proof of Theorem 4.1.3. We find a family of vectors {fs € R[d]}Sc[d]:|S|<d that satisfy the
conditions of theorem Theorem 4.2.1. Let G = G(x,r. Based on the conditions of Theo-
rem 4.2.1, vectors { fs € R[d]}5c[d};|5|<d can be defined as functions of {e; j} }4 jeja)ij- Recall
that edges of G' capture pairs {i, j} for which ej; ;3 > 0. Assign every edge {7,j} of G with
weight €g; ;1. We restrict our attention to functions that are very local with respect to G,
i.e. for every S and i € [d] \ S, we assume fg(i) only depends on Ag(i) and the weights
of edges adjacent to ¢ in Gg if A(z) > 1. It turns out that if A(i) = 1, we would need to
also take into account the degree of the unique neighbor of i. More formally, consider the
following family of vectors {fs € R} g4, 51<a: for any S C [d] such that |S| < d, let fs be
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of the following form: for any i € S, let fs(i) =0, and for any i € [d] \ S define

0 it Ag(i) =0,
fs(i) = § €tigy - 915(As (7)) if Ag(i) =1 and i ~g 7,
ZJst €fig} - i (Ag(i)) if Ag(i) > 2

where for every ¢ € [d] and j ~ 14, the functions g¢;;,h; : {1,..., A} = R are defined later
in a way that guarantees that {fs}gcia)s<a satisfies the assumptions of Theorem 4.2.1 (see
Eq. (4.9), Eq. (4.11)).

First, consider the case that Gg is disconnected. Note that for any S, S" C [d] such that
|S],1S"| < d,if{jeld:j~si}={j€ld:j~g i} for somei¢ S S then fs(i) = fo (7).
Let Iy,...,I, be the vertices of connected components of Gg. Since the neighborhood of
each vertex in any connected component of Gg is the same as its neighborhood in Gg, we
get fs = Zlgige:m|z2 Jran-

Now, assume Gg is connected. Take an arbitrary & > 2 and S C [d] of size (d + 1) — k.
First we verify the set of conditions given in [tem 1 and Item 2. First, assume that k = 2. Let
[d]\ S = {i,j}. By definition of ef; j;, for any 7 of type S, Xa(P;) < € 1. Thus, if we define
get(1) = 1 for all distinct ¢, € [d], then we get \o(Pr) < €g5y = €439, (1) = fs(i) = fs(4),
as desired. Now, assume that £ > 3. Fix an arbitrary i € [d] \ S. Our goal is to define
Gij. hi + {1,...,A} = Ry for all j ~ i such that g; ;(1) =1 for all j ~ ¢ and the following
inequality is satisfied:

Y foul) < (k= 2)fs(i) = f3(0). (4.7)

JEld\(Sui)

To keep the notation concise, relabel the elements such that ¢ is relabeled to 0 and €91y >
- > €{0,ay- Moreover, define ¢; = € ; for any j € [d] \ 0.
Case 1: Ag(0) =1, and j ~g 0. Since Gy is connected and (d + 1) — |S| > 3, we have
Ag(j) > 2. Define t = AS( ). We have

> fsu(0)

ee[d)\(SU0)

= fsu;(0) + Z fsue(0) + Z fsue(0)

Ce[d)\(SU0):brs CE[dI\(SU0):rt 5,
:0+(t—1)6]g[)’](t—].>+(k?—t—1)6]90,](75)

On the other hand, (k —2)fs(0) = f5(0)*> = (k —2) - €; - go;(t) — € - g5 ;(t). So it is enough
to satisfy

(t=1) - € (905(t) = g0t = 1)) = € - go;(t). (4.8)

Now, define go; : {1,...,A} — Ry as follows: recall that we defined gy ;(1) = 1. For any
2< 0 <A, let

gO,j(g) =14+13- €; - Hg_l. (49)
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Using assumption 4.1, ¢;Hao_1 < 52 i <15 1 . Thus
;- g0,(t) <€ (1+1.3¢; (1 + Ha_1))’ < 1.3¢2.

Substituting go ;(f) according to Eq. (4.9) and using the above bound, one can verify that
Eq. (4.8) holds.

Case 2: Ag(0) > 2. For simplicity of notation, define ¢t = Ag(0) and oo = >
Define ho(1) = max; o go ;(A).

Z fSUJ( )

jijrs0 €

Jeld\(SU0)
= Z fs0i(0) + Z fs03(0)
JE[A\(SUV0):j~ 50 JE[AN\(SUV0):jot 50
< Z (o —€gogy) | ~ho(t =1)+ (k—t—1)-a-ho(t)

JEN\(SU0):j~50
=({t—1)-a-ht—1)+(k—t—1) a-hy(t).

Note that if t > 3, the first inequality is an equality by definition. If t = 2, the first inequality
follows from the definition of hg(1). Thus, it is enough to satisfy

S Feu(0) = (= 1)-a-holt — 1)+ (k—t — 1) - - ho(t)

JE\(SL0)

IN

(k—2)-a-ho(t) —a®- hi(t)
= (k—2)fs(0) = f5(0).

Equivalently, it suffices to satisfy

(t — 1)(ho(t) — ho(t — 1)) > a - R2(t). (4.10)
Now, define hg : {1,..., A} = Ry as follows: recall that we defined ho(1) = max;.j~o go;(A).
For any 2 < /¢ < A, define

ho(1)

1= (St - 1)

We need to prove Eq. (4.10) for a carefully chosen c. Let 8 be such that ho(t) = "0 We

B
get ho(t —1) = Wgw, and thus,

ho(l) = (4.11)

ho(1) - e X0 ¢
B (B+CZJ 153)

. Thus, to satisfy Eq. (4.10), it is enough to show that

(t = 1)(ho(t) — ho(t — 1)) =

o3 (1)
ﬁ2

d CZJ 16
B-c-<Zej)za-ho(> <@+ == )

j=1

Note that « - h3(t) =
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Note that

52
ho(1) < max go;(A) =1+ 136 Hay < 1+1.3—. (4.12)
jri by 4.1 10

Moreover, 23:1 €5 > D im0 € = . Thus, letting ¢ = 14-¢/0 for some ¢ > 0 that we choose
later, it is enough to show that

+do 1€
B-(c —0.138)8 > (1+0.130) - a ti? 2
Using ] i 9 < 2¢ < , it is enough to show that
/ / 5
B (¢~ 0.136) > (1+0.136)(1 + o). (4.13)
On the other hand,
A(0)
B=1—(14d0) | > ejHa@-1(j — 1)
j=1
>1—(1+d6)(1—-0)=61-+9), (4.14)
12

Thus, to satisfy Eq. (4.13), it is enough to show that (1—¢'4+¢'d)(¢ —0.139) > (14+1.135)(1+
0)3. Letting ¢ = 3, this inequality holds for every 0 < § < 1. This establishes Fq. (4.7).
So we verified conditions Item 1 and Item 2 are satisfied.

To show that all conditions of 4.2.1 are satisfied, it remains to show that max;cpq fs(i) <

¢-1D% © Note that Yot < As e S As - 15 - for all i € [d] \ S. Thus, we get
il

3k—1 Jijri 1

maxepq fs(i) < Ag - % maxle[d\s -hi(Ag(i)). Moreover, using Eq. (4.12) and Eq. (4.14)

with ¢ = 3 (we can write this inequality for every 7), we get

hi(As(i) < hi(A®0) € <710 (4.15)

Thus, we can write

2 1+% Ay k-1 (k—1)
<Agr——10 <=2 <

max fs() < As - 55 +9 =5 5~ 3k—1"
as desired. So we proved that { fs}sc(q:s)<q satisfies the conditions of Theorem 4.2.1. Now,
we are ready to bound Ay(P;) for any face 7 of co-dimension k > 2 and type S. First, we
show that for every i € [d] \ S, >, ., €y < 1— 0. Note that

A(7) A(7) E A(7) €
ZHA(l),l(g—l)—ZEZQ—F Z——le(Z)
/=1 =2 =3



Thus, we can write

2 Hag e—1
e{u} Z A)l ) (qu)

jirsi =1 ji
A()
<D Hap-1(0—1) ey <196, (4.16)
(=1

where we assumed that iy,. .., js is an ordering of [d] \ S such that ¢; < --- <¢;,. Using
this inequality and Eq. (4.15), we get

, 2(1+92)
- (1 —0) - max;eq hi(A(7)) < (1—=10)- 5(0+1)
- kE—1 - k—1 7

as desired. ]

4.4 Obstructions to Trickle-Down

In this section, we exhibit some barriers to any class of trickle-down theorems that only look
at 2nd eigenvalue of links of co-dimension 2.

Ezxample 1. We exhibit a family of partite complexes such that vo < A, but yaq11 > Q(N).
Consider a 2d-partite complex (X, ) on the ground set U*T;, where for all i € {1,...,d},
T; = {iin, tour} are the elements of type i. A set 7 € Ty X -+ X Ty is a facet of X iff for all
Bin, Jin € T We either have iy, jim < d 07 is, jin > d-+1. For such a 7, we define w(r) = Al
where ||T]|, is the number of i € T, for some 0 < X\ < 1 that we choose later (the weight of
the complex is the probability distribution induced by this weight function, but for simplicity
of calculations, we do not normalize the weights here).

As a side note, facets of this complex correspond to the set of independent sets of K4
the complete bipartite graph on the sets {1,...,d},{d+1,...,2d}. It is not hard to see that
we have vy = HL)\ To see this, note that a worst link to take is T = {20ut, .- -, (2d — 1) put }
with the the following 1- skeleton

Notice that this graph is a -spectral expander.

1+)\

1 - A
OO
We claim that the 2nd eigenvalue of the 1-skeleton of the link of the empty set is at
least Q175 +/\) First note that this graph has 4d vertices. We partition its vertices into 4
sets of equal size, A = {1lin,...,din}, A= {lowts  dow}, B={(d+ 1in,...,(2d)i}, and
B = {(d + 1)out7 DR (Qd)out}-
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For simplicity of calculations, we can write the weight of every edge of the 1-skeleton as
the sum of the weights of all facets that contain that edge. For every i;, € A, joutr € A,

d—2

-2
w’iinyjout = Z (d k )Ak-’_l - >\(1 + A)d_2

k=0

Running a similar calculation for all possible pairs of elements, we obtain the following I-
skeleton of the empty set (after dividing all edge weights by (1 + X)472).

201+ A) — (14 1)"@2)

1+ (1+N)2 = (14 )72

Figure 4.1: 1-skeleton of the link of () for complex 1. Edges of the same color have the same
weight.

We assume 1/d < A < 1 and d — oo so we ignore (1 + \)~2) low order term. It
follows that dy (i) ~ 2d\(1 + ) and dy(iew) = 2d(2 + 3\ + A?) for i. It follows that,

vol(AU B)? 919 (2d(2d\(1 + N)))?
E(AUB)) — ——————| > [d°\* —
wBAUB) = — 5| 2 2d(2d(2 + 4 + 2)\2))
= |d*N* — 2d°\?|
So, by Fact 1.2.5 for S = AU B we have
d?\? d?\? A

Ay > = > .
2T Vol(AUB)  4@A(1+A) ~ 4(1+ \)

Note that if we apply Theorem 4.1.3 to the setting of the above example, we obtain
A(i)=dforall 1 <i<2d. So,if \-d <1-—94, (and Adlogd < §?/10), our theorem implies
that the 2nd eigenvalue of the link of the emptyset is at most 0(21 d__; )
with the above calculations.

< % which is consistent

Example 2. In this example we construct a totally connected (non-partite) (d—1)-dimensional
weighted simplicial complex (X, m) such that links of co-dimension 2 are 0.5-spectral ez-
panders, but the 1-skeleton of the link of the emptyset is only a 1— exp(—d)-spectral expander.
See [Liu+23] for a random family of 3-dim complexes exhibiting a similar growth of eigen-
values. This in particular shows that local spectral expansion can increase significantly for
(non-partite) complexes. Let B(V, E) be the following barbell graph: Consider two disjoint
cliques Ky, Ky each with 2d vertices and connect them with a path of length d 4+ 2 namely
xo € Ky, 21,...,24, 24911 € Ky. Note that xq,...,x4 do not belong to the cliques.
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Now we define a d — 1-dimensional weighted complex on vertices V. The facets of X
are precisely sets S C V with |S| = d such that the induced graph B[S] is connected. For
simplicity of calculations we define the weight of every facet to be 1, i.e., we don’t normalize
the weights to be a probability distribution.

We claim that any link X, of co-dimension 2 is Q(1)-spectral expander. Indeed the worst
link is X, for 7 = {x9,..., x4 1}. The I1-skeleton of X, is the following graph with second

eigenvalue 0.5.
oNOSONG
1

Now, we claim that the 1-skeleton of Xy, Ggo, has 2nd eigenvalue 1 — @ First notice

Gy has the same vertex set as B. Now, consider the set S = Ky U {xg,1,...,2q}. For
simplicity of calculations, we let the weight of every edge {x,y} of Gy be sum of the weights
of all facets that contains x,y. First, observe that the weight of every edge in K is (at least)
(%f_f). On the other hand, the weight of any edge in the cut (S, S) is at most 2(;/612). Putting
these together it follows that

_ w(E( ~ 9—d/2
ol ’

= d  5d  (2d
45 S) . 255 (aa)
- = Tr2dy  (2d—2
v ) ( 2 ) ' ( d—2 )
for a large enough d. Therefore, by Cheeger’s inequality, Lemma 1.2./4, the second eigenvalue
of Gy is at least 1 — 2= for d large enough.

S,
(S
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Chapter 5

On Optimization and Counting of
Non-Broken Bases of Matroids

5.1 Introduction

In this chapter, we study counting and optimization problems on NBC bases of a generic
matroid from a local-to-global perspective. This chapter is based on results published in
[ALO23].

Given a matroid M = (E,Z), and a total ordering over the elements E, a set C' C F is
a circuit iff C'\ {e} € Z for any e € C. A broken circuit (with respect to a total ordering O)
is a set C'\ {e}, where C' C FE is a circuit and e is the smallest element of C' with respect
to O. An independent set S C F is a non-broken independent set (NBC independent set) if
it contains no broken circuits. The set of NBC independent sets of any matroid M define a
simplicial complex called the broken circuit complex which has been the subject of intense
study in combinatorics.

A recent breakthrough in the sampling and counting field proved that the down-up walk
on the bases of a matroid mixes rapidly to the (uniform) stationary distribution and can be
used to count the number of bases of a matroid [Ana+19; CGM19], resolving the conjecture
of Mihail and Vazirani from 1989 [MV89]. A central question that has puzzled researchers
since then is sampling a non-broken (circuit) basis (NBC basis) of a matroid [BCT10].

The NBC independent sets are closely related to several interesting combinatorial objects.
The number of NBC independent sets of size k in a graphic matroid is equal to the absolute
value of the (n — 1) — k-th coefficient of the chromatic polynomial of the underlying graph
where n is the number of vertices. As a corollary the following facts hold:

Fact 5.1.1. The following facts are well-known about the counts of NBC bases/independent
sets of different family of matroids.

e The number of all NBC independent sets of a graphic matroid is equal to the the number
of acyclic orientations of the graph [Sta73].

e The number of all NBC independent sets of a co-graphic matroid is equal to the number
of strongly connected orientations of the graph (see e.g., [GL19]).
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o The number of non-broken spanning trees of a graph is equal to the number of parking
functions with respect to a unique source vertex [BCT10]

e The number of NBC independent of sets of linear matroid with vectors vy, ..., v, is
equal to the number of regions defined by the intersection of the orthogonal hyperplanes

(see e.g., [Sta0T7]).

We emphasize that although the set of NBC independent sets/bases of a matroid are
functions of the underlying total order O, the number NBC independent sets of rank k& for
any 0 < k < r are invariant under O [Sta07]. We remark that, to the best of our knowledge as
of this date, none of the above counting problems are known to be computationally tractable.

Given a matroid M with an arbitrary total ordering O, one can analogously run the down-
up walk only on the NBC bases of M. It is not hard to see that this chain is irreducible
and converges to the uniform stationary distribution. Following the work of [Ana+19] it was
conjectured that the down-up walk on the NBC bases of any matroid mixes rapidly .

Conjecture 5.1.2. For any matroid M, and any total ordering O of the elements of M, the
down-up walk on the NBC bases of a matroid mizes in polynomial time.

It turns out that the above conjecture, if true, would yield a generalization of the result
of [Ana+19], because of the following fact.

Fact 5.1.3 ([Bry77]). For any matroid M one can construct another matroid M' with an
ordering O with only one extra element such that there is a bijection between bases of M and
non-broken bases of M’'.

Furthermore, if the above conjecture is true, then since matroids are closed under trun-
cation, one can also count the number of all NBC independent sets of M, thus resolving all
of the open problems in Fact 5.1.1.

A promising reason to expect these problems to be tractable in the first place is the
remarkable work of Adiprasito, Huh and Katz who proved the Rota’s conjecture showing that
the face numbers of a broken circuit complex (see below for definition) of any matroid forms
a log-concave sequence [AHK18]. For comparison, it is well-known that the coefficients of the
matching polynomial of any graph form a log-concave sequence and the classical algorithm
of Jerrum-Sinclair [JS89] gives an efficient algorithm to count the number of matchings of
any graph (although to date we still do not know an efficient algorithm to count the number
of perfect matchings of general graphs).

5.1.1 Background

The set of NBC independent sets of any matroid M (with respect to any ordering O) form a
pure simplicial complex that is known as the broken circuit complex. We denote this complex
by BC(M, ©). The purity of this complex follows from the following fact.

'In fact, this conjecture was raised an an open problem in several recent workshops UC Santa Barbara
workshop on New tools for Optimal Mixing of Markov Chains: Spectral Independence and Entropy Decay,
and Simon’s workshop on Geometry of Polynomials
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Fact 5.1.4. For every NBC independent set I, there exists an NBC base B such that I C B.

The face numbers of the complex BC'(M, O) is the sequence ng, ny, ..., n, where n; is the
number of NBC independent sets of rank i. As alluded to above this sequence is invariant
over 0. The down-up walk over this complex equipped with a uniform distribution over its
facets is the same as the down-up walk over NBC bases we explained before.

Recall that for any face 7 of size 0 < k < d — 2, the local walk for 7 is a Markov chain
on the ground set of X, with transition probability matrix P, is defined as

Pey) = —— Priyeo|ooru{zl. (5.1)
d—k—1o~m
for distinct z,y in the ground set of X..

Theorem 1.0.1 shows that the spectral expansion of the global down-up walk PV on a
simplicial complex can be bounded through bounding the expansion of its local walks. To
prove that the down-up walk mixes rapidly on the bases of any matroid, [Ana+19] proved
that the independent set complex of any matroid M is a (0,0, ..., 0)-local spectral expander.
Building on this, a natural method to prove Conjecture 5.1.2 is to show that the broken circuit
complex of any matroid M of rank r and for any total ordering is a (72, . . ., 7, )-local spectral
expander for v; < @.

Congecture 5.1.5. For any matroid M of rank r and any ordering O the broken circuit complex
of M is a (2, ...,7)-local spectral expander for some ~; < %1)

5.1.2 Main Results

Our main result is to disprove Conjecture 5.1.5 in a very strong form, namely for the class
of (truncated) graphic matroids.

Theorem 5.1.6 ([ALO23]). There ezists an infinite sequence of (truncated) graphic matroids
M, My, ... with orderings Oy, Os, ..., such that for every n > 1, M,, has poly(n) elements,
and there exists a face T of the broken circuit complex of X = BC(M,,O) for which the

down-up walk on the facets of the link X, has a spectral gap of at most n=*"),

In fact, we even prove a stronger statement

Theorem 5.1.7 ([ALO23]). Given a matroid M = (E,Z) and a total ordering O and a set
S C E, unless RP=NP, there is no FPRAS for counting the number of NBC bases of M

that contain S.

Although this theorem does not refute Conjecture 5.1.2, it shows that one probably need
different techniques (or probably a different chain) to sample/count NBC bases of a matroid.
Indeed, one may even need a different proof for the performance of down-up walk to sample
ordinary bases of matroids.

To complement our main results we also prove that, unlike optimization on bases of a
matroid, optimization is NP-hard on the NBC bases of matroids. Moreover, unless NP=
RP, there is no FPRAS for computing the sum of the weights of all NBC bases of a matroid
subject to an external field, while the same computation over the bases of a matroid has a

FPRAS.

66



Theorem 5.1.8 ([ALO23]). Given a matroid M = (E,T) with |E| = n elements, an arbitrary
total ordering O, and weights w, ..., w,, it is NP-hard to find the mazimum weight NBC
basis of M, where the weight of a NBC basis B is ) .. p w;.

Theorem 5.1.9 ([ALO23]). Given a matroid M = (E,I) with |E| = n elements, a total
ordering O, and weights {1 < Ao < O(n)}ecp, unless NP = RP, there is no FPRAS for
computing the partition function of the \-external field applied to uniform distribution of
NBC' independent sets, i.e., there is no FPRAS for computing :

> I

B NBC BaseecB

It is well known that a 0/1-polytope (i.e. the convex hull of a subset S C {0,1}") has all
vertices of equal hamming weight 7 and edges of ¢, length /2 iff the polytope is a matroid
base polytope of rank r [Gel+87]. Moreover, assuming the Mihail-Vazirani conjecture, there
is efficient algorithm to sample a uniformly random vertex of a 0/1-polytope with constant
sized edge length [MV89].

We show that, unlike matroids, the NBC Base polytope, i.e. the convex hull of the
indicator vectors of all NBC bases of a matroid M, has edges of arbitrarily long length.

Theorem 5.1.10 ([ALO23]). For any n, there exists a graphic matroid M with n elements
and a total ordering O such that the convex hull of all NBC' bases of M has edges of {5 length

at least Q(y/n).

5.1.3 Preliminaries

Given a graph G = (V| E'), we denote the number of independent sets of size i of G' by i(G)
For every set S C V, we define N(S) :=={v ¢ S:Ju € S, {u,v} € E} as the set of neighbors
of S'in G.

A graphic matroid M = (FE,Z) is a matroid defined on the edges of a graph G = (V, E)
and its independent sets are all subsets of edges that do not contain any cycle. It is easy to
verify that circuits of M correspond to cycles of G.

Definition 12 (Matroid Truncation). Let M = (E,Z) be a matroid of rank r. The truncation
of M to rank r' < r removes all independent sets of size strictly greater than r'. It is easy
to see that the truncation of any matroid M to any v’ < r is also a matroid.

Let M’ be the truncation to rank ' of a graphic matroid of rank r defined on the edges
of a graph GG. The bases of M’ correspond to forests with r" edges and the circuits of M’ are
the circuits of G along with all spanning forests of size r' 4 1.

The following fact about polytopes follows from convexity.

Fact 5.1.11. For any polytope P C R® with vertices vy, ..., v, € RY, {v;,v;} is an edge of P
iff there exists a weight function w € R such that

<w7vi> = <w7vj> > <w7vk>:
for any k #1, 7.
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5.2 Proof of Main Theorems

We start with proving Theorem 5.1.10.

Proof of Theorem 5.1.10. Let n be odd. Consider the following graphic matroid M (with n
edges), with the ordering O: 1 < 2 < --- < n defined by the edges of the following graph:

We show that for B={n}U{2i—1:1<i <21 }and B = {1} U{2i:1<i <21}
{B, B'} forms an edge in the NBC matroid base polytope denoted as Py;. We define a w € R”

and then use Fact 5.1.11 to prove the statement. Let w, = "T“, and for any 1 <1 < ”T_l,
let wy; = 1 and wy;—; = 0. It is easy to check that the function (w,1p) = (w,1p) = "T“

and (w, 1pv) < 2+ for all NBC basis B” # B, B'. Therefore {B, B'} forms and edge in Py;.
The statements follows from the fact that [|[15 — 1|2 = /7. O

Next, we prove Theorem 5.1.8 via a reduction from the MAX-INDEP-SET problem:
Given a graph G = (V, E), a weight function w : V' — R, and an integer k, decide whether
G has an independent set of weight at least k or not.

Note that independent sets of G and independents sets of a BC complex/matroid are two
different notions. To complete the proof we use the following well-known hardness result.

Theorem 5.2.1 ([Kar72]). MAX-INDEP-SET is NP-complete.

Proof of Theorem 5.1.8. We prove this by a reduction from MAX-INDEP-SET. Let G =
(V, E) be a graph, a vertex weight function w : V' — R and k an integer. Construct a new
graph G' = (V' E’) from G by first copying G and then adding a new vertex z and edges
e, = {z,v} for all v € V. We define v’ : E' — Rsq as w'(e,) = w(v) for every v € V, and
w'(e) = 0 for every e € E. Moreover, consider the following total ordering O on E':

E<{e,:veV},
where the ordering within each set is arbitrary. Let M be the graphic matroid defined by

the edges of G’, we will be look at bases/independent sets of BC(M, O).

Claim 5.2.2. There exists an independent set of G of weight at least k iff there exists an NBC
basis of M with weight at least k.

We prove the claim in a straightforward manner. Suppose there is an independent set
I CV of G with w(I) > k and consider the set I’ C E’ defined by I’ = {e, : v € I}.
By definition, w'(I’) > k. We argue that I’ does not contain any broken circuit. Assume
otherwise that there is a broken circuit C'\ {e} C I’. Since C corresponds to a cycle in G" and
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C'\ {e} is contained in I’ it is not hard to see that C'\ {e} = {e,, e, } for some v,v" € I and
e = {v,v'} is an edge in G. But this is a contradiction with the fact that I is an independent
set of G. Hence I" is a NBC independent set. Since the broken circuit complex is pure (see
Fact 5.1.4), there exists an NBC basis B containing /" which has weight w'(B) > w'(I") > k.

For the other direction, suppose we have a NBC basis B" C E’ of weight w'(k) > k,
and define I CV by I = {v : e, € B'}. Since all edges coming from E have zero weight,
w(l) =w'(B") > k . To see that I is an independent set of G’, note that if there is an edge
{v,v'} for some v,v’ € I, we have e,, e,, € B’, then {e,, e, } forms a broken circuit according
to the ordering O. Therefore [ is an independent set of G of weight at least k. O

It’s important to note that the above proof works under the crucial assumption that the
order O is chosen carefully based on the weights (and in some sense in the same order of the
weights).

We can amplify the ideas in the previous construction to also argue Theorem 5.1.6. This
is done by constructing a Broken Circuit complex for which the down-up walk of a carefully
chosen link has inverse exponentially small spectral gap.

Figure 5.1: A schematic of the graph G’ in the proofs of Theorem 5.1.6 and Theorem 5.1.7
where G = K,,,, is the complete bipartite graph in the former and it is a hard instance of
fINDEP-SET-INC(7, %) in latter.

Proof of Theorem 5.1.6. Take the complete bipartite graph G = K,,,, = (A, B, E = A x B)
, with |A] = |B| = n. Also, let V.= AU B. Let £ > 1 be a parameter that we choose later,
and construct a new graph

G =V =VU{y,z}U{z,:veVie[(]},)F'=EU{e}U{ew foi:v eV iell})

where e = {y, 2}, €vi = {2, zu.i}s foi = {204, v} (see Fig. 5.1). For a sanity check, note that
V| =2n and |V'| = 20n + 2n + 2.

Let M = (E’,T) be the graphic matroid defined by G’ truncated to rank 2¢n+n+1, i.e.,
the bases of M are forests of G’ with exactly 2¢n +n + 1 edges. Now, consider the following
total ordering O on E":

eo < E<{e,:veVie[l]} <{foi:veV,iell},
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where the ordering within each set is arbitrary. Moreover, let X = BC(M, O), and define
T=A{e,i:veV,iell}

For simplicity of notation, let Fiy .= {f,, : v € A,i € [(]} and Fp = {f,, : v € B,i € [{|}.
Claim 5.2.3. For any facet S of X,, either SN Fy =0, or SN Fg =),

This follows from the fact that GG is a complete bipartite graph and edges in E are smaller
than e,;’s and f,;’s; so if SN F4, SN Fg # 0, then it has a broken circuit.

Therefore, the set of facets of X, can be partitioned into 2n+1 sets (U Sa;)U(UP,Sp:)U
So, where Sy ; is the set of all facets S with |S N Fu| =i, Sp; is the set of all facets S with
|SN Fp| =1, and Sy is the set of all facets with |[S N (F4 U Fp)| =0. Let Sy = US4, and
similarly define Sp. We show that % < n~ where N(S,) is the set of neighbors of
S4 in the down-up walk PY on the facets of 7. WLOG we can assume that |S4| is at most
half of all facets. Applying Theorem 1.2.6, this would imply that 1 — My(PY) < n="),

First, note that for every facet S € Sy and T' € Sp \ Sp1, we get PY(S,T) = 0 since
|ISAT| > 2. So, N(S4) C Sg1 USp. First, notice |Sy| < ('f‘) < n?". Furthermore,
|Sp.1| < (?)ﬁ(f |1) < ¢n?". This follows from the fact that any facet in Sp; can be written
as {fpi, } U{eo} UK for some v € A, i, € [{], and subset K C FE of size n — 1. Lastly,
|Sa| > |San| = ¢". This is because every choice of {i, },c4 corresponds to a set in S4,, whose
sets are of the form { f,;, : v € V}U{eo}. These sets all don’t contain a broken circuit because
the circuits introduced through truncation are exactly the forests with 2/n + n + 2 edges.
However, any proper superset of {f,;, : v € V} U {ep} must include ey, so looking at the
circuit introduced by the superset, the corresponding broken circuit will always remove ey.
Putting it all together,

< < n— )
|SA| o assuming ¢>n3

as desired.
O]

We prove Theorem 5.1.9 and Theorem 5.1.7 by a reduction from fINDEP-SET-INC(7, ),
defined as the following.

Definition 13 (SINDEP-SET-INC(7, %)). Given a 7-regular graph G = (V, E) that satisfies

ir(G) < iLMJ(G) for any k < L%J, where i, (G) are the independent sets of G of size k,
19

count the number of independent sets of size L%J

Theorem 5.2.4. Unless NP = RP, there is no randomized algorithm with constant approzi-

mation ratio for fINDEP-SET-INC(7, %).

We leave the proof of this for the appendix (see Appendix B.1). Now, we are ready
to prove Theorem 5.1.7. The high-level structure of the proof is similar to the proof of
Theorem 5.1.6 where we apply a similar gadget to graphs on which it is hard to count
independent sets (as opposed to the complete bipartite graph).
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Proof of Theorem 5.1.7. For simplicity of notion, let a == 1%. We prove by a reduction from

S INDEP-SET-INC(7, &). Take any arbitrary 7-regular graph G = (V, E) whose number
of independent sets of size |a|V|| is at least the number of its independent sets of size k for
any k < |a|V||. Let n == |V| and N be the number of independent sets of size |an| of G.
Also, define ¢ > 1 to be a parameter that we choose later.

Now, construct a new graph
G =V =VU{y,ztU{z,:veVie (]}, F'=FEU{e} U{eps, foi:v eV, i€l[l]})

where ey = {y,z2},ep: = {2, 20i}s fo.i = {240} (see Fig. 5.1). Let M = (E',Z) be the
graphic matroid defined by G truncated at rank ¢n + |an| + 1, i.e., the bases of M are
forests of G’ with exactly ¢n + |an] + 1 edges. Now, consider the following ordering O on
E"

eo < E<{e,:veViell]} <{foi:veV,iell},

where the ordering within each set is arbitrary. Moreover, let X = BC(M, O), and define
T =A{eyi:veV,ie [}

We claim that the number of facets of X, is at least £l N and at most 2"/ N. So, a
1.5-approximation to the number facets of X, i.e., the number NBC bases of M that contain
T, gives a 3-approximation to N, the number of independent sets of size |an] of G.

We use the following crucial observation:

Claim 5.2.5. For any facet S of X., {v:3f,; € S} is an independent set of G and for any
fo,is fo,j €S we have i = j.

Conversely, for any S C {f,; : v € V,i € [{]}, such that the set {v : 3f,; € S} is an
independent set of size |an]| of G, and fy;, fo; € S = i =7, we have S U {ey} is a facet
of X..

The proof simply follows from the fact that edges of E are smaller than e,;’s, and f, ;s
in O. By the second part of the claim, we can write

X (lan] + 1) =N+ |{S € X.(lan] +1): SNE # 0} > ¢l N. (5.2)

Define iy, == ix(G) as the number of independent sets of size k of graph G. By the first part
of the above claim we can write,

lan]—1 lan]—1

{SeX (lon|+1): SAE#Q}H < > 15y (Laﬁ_k) < Y iy Bl
k=0 k=0

(5.3)
lan]—1
<  N|E|ten] (/|E|)* 5.4
S MBS /18D (5.4)
< NIE[lm(e/|Ben) < Neter! (5.5)
assuming ¢>2|E)|
Putting these together with Eq. (5.2) concludes the proof. O
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Proof of Theorem 5.1.9. For simplicity of notion, let o = %. The proof is similar to the

proof of Theorem 5.1.7 by a reduction from fINDEP-SET-INC(7, 1%) Take any arbitrary

7-regular graph G = (V, E) with n := |V vertices whose number of independent sets of size
|a|V|] is at least the number of its independent sets of size k for any k < |«|V|]. Construct
a new graph

G' =V =VU{y 2z}, EF=FEU{e ={y,z}}U{e, ={v,2} :v e V})

Let M = (E’,Z) be the graphic matroid given by G’ truncated to rank |an|+1 and consider
the following ordering O on E”:

o< E<{e,:veV}

where as usual the ordering within each set is arbitrary. Define weights A : £ — Rxq as
follows:

)
1 ow.

\ _{€ if e = e, for some v € V,

for some ¢ that we choose later. We argue that

Aol N < Z H A, < 2Alend v

B eeB

where here (and henceforth) the sum is over B’s that are NBC bases of M, and therefore a 1.5-
approximation to the partition function, i.e., the quantity in the middle, is a 3-approximation
to N. Similar to the previous theorem we have the following claim.

Claim 5.2.6. For any NBC base B of M, we have {v : e, € B} is an independent set of G.
Conversely, for any independent set I of G of size |I| = |an], {eg} U{e, : v € I} is a NBC
base of M.

So,

SSIIr= D IIx+ D 1] (5.6)

B e€B B:BNE#D ecB B:BNE=(p ecB

= Z H Ae + £"|{S C V' : S independent set of G, |S| = |an]}|

B:BNE#D e€eB

Define i, as the number of independent sets of size k of graph G. We have

lan]—1 |E|
pOEE | B DA < ey
lan| — k using iy <N,
B:BNE#( e€B k=0 assuming ¢>2|E)|
where the last inequality follows from the same calculations as in Eq. (5.3). O
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Chapter 6

Complete Log Concavity of
Coverage-Like Functions

6.1 Introduction

We introduce an expressive subclass of non-negative almost submodular set functions, called
strongly 2-coverage functions which include coverage and (sums of) matroid rank functions,
and prove that the homogenization of the generating polynomial of any such function is com-
pletely log-concave, taking a step towards characterizing the coefficients of (homogeneous)
completely log-concave polynomials. This chapter is based on results published in [AO23b].

We previously stated the definition of completely log-concave polynomials as well as
a number of other useful definitions in Section 1.1.5. Here, we provide some additional
background. An interesting aspect of homogeneous completely log-concave polynomials is
that the family of sets that can serve as the support of these polynomials can be nicely
characterized. Given a polynomial p = Zaezg . coz%, the Newton polytope of p is defined as

supp(p) = {a € Z%y : co # 0},  Newt(p) = conv(supp(p)).

The following theorem gives a nice characterization of the supports of homogeneous com-
pletely log-concave polynomials.

Theorem 6.1.1 ([Ana+24; BH20]). Given a homogeneous completely log-concave polynomial
p € Roolz1, ..., 24), the Newton polytope of p is a generalized permutahedron, namely it is a
polytope all of whose edges are parallel to 1, —1; for 1 <4 < j < j and every integer point
in this polytope also belongs to the supp(p). Conversely, for any generalized permutahedran,
there is a homogeneous completely log-concave polynomual with support equal to all integer
points in the polytope.

An immediate consequence of the above theorem is that if p is homogeneous multiaffine
and log-concave then Newt(p) is the base polytope of a matroid M with ground set of
elements [n] (see [Gel+87]). Having the above theorem that characterizes supports of ho-
mogeneous log-concave polynomials, a natural question is whether one can give a more fine
characterization of the set of possible coefficients of homogeneous log-concave polynomials.

73



While such characterizations are not known, there are a number of results that give inter-
esting necessary conditions for coefficients of log-concave polynomials. One such condition
is implied by the following lemma.

Lemma 6.1.2 ([Ana+24]). A polynomial h(y, z) = a+by+cz+dyz € Ry, z] with non-negative
coefficients is log-concave if and only if 2bc > ad.

Corollary 6.1.3 ([BH20]). If ps is log-concave for a non-negative set function f € 2 — Ry,
then f is almost log-submodular, i.e. for any S C [n] and i,7 € [n]\ S,

2f(SU{in)f(SU{i}) = F(S)F(S Ui, j}).

Proof. To see this, note that the set of multiaffine log concave polynomials is closed un-
der differentiation and specialization (see Proposition 6.1.16). In particular, the following
polynomial is log-concave:

q(zi, 2;) = ((H s )f(21, .. ,zn)>

keS {ze=0} e n)\(sUL4,5})

= f(S) + f(SU{ih)z + f(SU{i})z + f(S UL j})zz.
Thus, by Lemma 6.1.2, f is almost submodular. m

Given a polynomial p € R[zy, ..., z,], we define the homogenization of p as Hom(p, y) =
S oy p;, where p; is the i-homogeneous part of p, i.e. p = pg+ -+ + pg and p; is
a i-homogeneous polynomial. Then, Corollary 6.1.3 implies that given a non-negative set
function f € 2" — R>, if Hom(py,y) is completely log-concave, then f is almost log-
submodular. Thus, to take a step toward finding a classification of coefficients of homoge-
neous completely log-concave polynomials, a natural question to ask is whether one can find
a large subclass of non-negative almost log-submodular functions such that for every f in
that subclass, Hom(py,y) is completely log-concave. Note that if Hom(py,y) is completely
log-concave, then all homogeneous parts of py are also log-concave. An important subclass
of non-negative log-submodular functions with numerous applications is the class of non-
negative monotone submodular functions (see Fact 6.1.20). Note that, however, even within
this subclass, one can find functions that are not log-concave, and thus their homogenizations
are not log-concave either (see Corollary 6.5.2 for an example).

In this paper, we introduce an expressive subclass of non-negative monotone functions,
called strongly 2-coverage functions, and prove that Hom(py,y) is completely log-concave.
We show that the set of strongly 2-coverage functions includes several fundamental classes
of non-negative monotone submodular functions including matroid rank functions, cover-
age functions, and, more generally, matroid rank sum functions, which are positive linear
combination of rank functions and include a large subset of submodular functions that have
been studied in the mechanism design literature [Cal+07; DRY11; Dugll; DV11]. As a
consequence we prove the following theorem.

Theorem 6.1.4 (JAO23b)). If f : 2"l — Ry is a coverage function or a sum of matroid rank
functions, then the sequence fo, f1,..., fn is ultra log-concave where f; =3 g g _; [(5).
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Moreover, we introduce a strictly larger class of non-negative submodular functions called
2-coverage functions, which, for instance, also include the indicator function of independent
sets of any matroid. We prove that if p; is 2-coverage, all homogeneous parts of p; are log-
concave. As a consequence, given a 2-coverage function, one can use the results of [Ana+19;
Ana+21; CGM19] to rapidly sample a subset S of [n] with probability proportional to f(.S).

6.1.1 Main Results

Before presenting the results, we need a few more definitions.

A polynomial p € R[zy,. .., z,] is decomposable if it can be written as a sum of two nonzero
polynomials f and g such that f and g are supported on disjoint sets of variables. We say p
is indecomposable otherwise. For a vector o € Z%, and a polynomial p € R[z, ..., z,], define
0°p € R[{zi}ig-| as

o°p = ([ J o2 )p.
=1

When p € R[z,. .., z,] is a multiaffine polynomial, we might represent partial derivatives by
subsets 7 C [n], i.e. 0"p := ([[;c, O-,)p- In this case, we sometimes write p; to denote 97p.

For a function f : 2"/ — R and an integer 0 < d < n define the d-homogeneous restriction
of f, f@ .2l 5 R as follows:

F() = {f(S) if 5] = d,

0 otherwise. -

For any set function f : 2" — R-y and 7 C [n], define f, as the (non-negative) function
with generating polynomial (pf),, where py is the generating polynomial of f. We say f
is d-homogeneous (resp. indecomposable) if p; is d-homogeneous (resp. indecomposable).
Finally, we define deg(f) to be the degree of polynomial py.

We define the following classes of set functions.

Definition 14 (2-Coverage Set Functions). A set function f : 2" — Ry is 2-coverage with
respect to an integer 2 < d < deg(f) if the following conditions holds.

(i) For any T C [n] with |7| < d — 2, (f9), is indecomposable.

(ii) For all 7 C [n] with |7| = d — 2, there exists S C [n] \ 7', a coverage function
g : 2% — Rsg, and a linear set function € : 25 — Rsq (that are possibly dependent
on T), such that

o (({i}) < g({i}) forallie S
o Forany T C [n]\ 7 of size |T| =2,

o if T ¢ S,
f-(T) = {g(T) _ %E(T% otherwise

ntuitively S corresponds to the non-loop elements of the ”contracted” version of f.
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We say f : 2" — Ry is 2-coverage if it is 2-coverage with respect to any 2 < d <

deg(f).

Definition 15 (Strongly 2-Coverage Set Functions). A set function f : 2"l — R is strongly
2-coverage if the following holds. For all 7 C [n] such that 0 < |7| < n — 2, there exists a
coverage function g : 2"\ — R, such that (f,)V = ¢ + £(7), and (f,)® = g@ + f(7).

The following propositions capture basic properties of these classes of set functions. A
proof of these lemmas are included in section Section 6.2.

Proposition 6.1.5. Let f : 2" — Ry be strongly 2-coverage, then f is monotone and sub-
modular.

Proposition 6.1.6. Any strongly 2-coverage function f : 2"l — R is 2-coverage.

Proposition 6.1.7. The set of strongly 2-coverage functions on [n] is a convex cone, i.e., if
fi, fo: 2" = R are strongly 2-coverage set functions, then for any a > 0, ofy and f1 + fo
are strongly 2-coverage functions.

The following proposition provides some examples of strongly 2-coverage and 2-coverage
functions. A proof of this proposition is included in section Section 6.2.

Proposition 6.1.8. (i) For any matroid M = ([n],I), its rank function tky; : 2" — R is a
strongly 2-coverage set function.

(ii) For any matroid M = ([n|,I), the indicator function of its independent sets is 2-
coverage. Combined with Theorem 6.1.9, this gives another proof for the complete
log-concavity of bases generating polynomial of a matroid that is proved in [AOV18].

A consequence of Proposition 6.1.8 and Proposition 6.1.7 is that matroid rank sum func-
tions are strongly 2-coverage. Therefore, by Fact 6.1.23 and Proposition 6.1.22, the joint
entropy functions and coverage functions are strongly 2-coverage.

One of our main results is the following theorem. A proof of this theorem is included in
Section 6.3.

Theorem 6.1.9. If f : 2"l — Ry is 2-coverage with respect to some 2 < d < deg(f), then
D 4s completely log-concave.

One of the consequences of Theorem 6.1.9 is that for any f : 2" — R+ that is 2-coverage
with respect to some 2 < d < deg(f), one can sample a set S C [n] of size d proportionate
to f(.S) in polynomial time.

Corollary 6.1.10. Given a set function f : 2"l — R that is 2-coverage with respect to some

2 < d < deg(f), let g be the distribution induced by f9, i.e. py(S) = %, for
C[n],|S|=

any set S of size d. For any € > 0, starting from an arbitrary set Sy, the up-down walk P on
sets of size d generates a sample from [ig such that ||fiq — pallTv < € in time O(dlog(d/€)),
1.e.,

tmm:(Pa S07 6) S O(d 10g(d/€))
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The following theorem is our other main result. This theorem is proved in Section 6.4.

Theorem 6.1.11. Let f : 2" — Ry be a strongly 2-coverage set function. Then, the polyno-
mial qp(y, x1, ..., x,) =y o gy" 1t D SCinl,|S|=i f(S)x® is completely log-concave.

The following corollary simply follows by an application of Proposition 6.1.19.

Corollary 6.1.12. Let f : 2"l — R, be a strongly 2-coverage set function. Let c; be the k-th
coefficient of ps(y, ) = 370 (3sc iy )i F(S)y" =izt Then, for 1 < k <n, we get

(ﬁ) - (()) (())

coverage functions \

CLC

strongly 2-coverage |— o

' homogenization
matroid /
rank functions i/ \L
independent set ultra log-concave
. A 2-coverage
functions of matroids sequence

i

log-concave
homogeneous parts

i

efficient sampling

Figure 6.1: Summary of results

6.1.2 Preliminaries

Throughout the paper, we assume that for any set function fIl — R-, that we work with,
we have f(0) = 0.

Fact 6.1.13. For any r,y € R, —2zy < ca® + %yQ.
Linear Algebra We write J, to denote the n x n all-ones matrix. For any integer n > 0

and indices i, j, define E, ;; € R™" as E,;;(i,7) = 1 and let every other entry to be zero.
We drop the subscript n when the dimension is clear from context.
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Lemma 6.1.14. For any diagonal matrix D > 0, JD+DJ has at most one positive eigenvalue.

Proof. We can write
JD+DJ=(D+1)JD+1I1)—DJD —J.

Now, the statement follows from the fact that (D+1)J(D+1), J, and DJD are all rank-one
PSD matrices. O

Lemma 6.1.15 ([Ana+19]). Let A € R™™ be a symmetric matriz. For any P € R™™ if A
has at most one positive eigenvalue, PAPT has at most one positive eigenvalue.

Log Concave Polynomials
Proposition 6.1.16 ([BH20; Ana+24]). Given a polynomial p € R|zy, ..., 2]

(i) If p is (completely) log-concave, then py.,—, is also (completely) log-concave for any
a€Rspandl <i<n.

(i1) If p is (completely) log-concave, any c,A1,...,An € Rso, ep(Aiz1,..., A\nzn) is also
(completely) log-concave.

(111) If p is completely log-concave, then 0,.p is also completely log-concave for any 1 < i < n.
Moreover, if p is multiaffine and log-concave, then 0,,p is also log-concave for any
1<i<n.

Proof. Ttem (i) and Item (ii) follow from definition. The first part of Item (iii) also follows
from the definition of log-concavity. We prove the second part without loss of generality for
0.,p- Let qi(z1,...,20) =t (t21,...,2,). By Item (ii), ¢ is log-concave for any ¢ > 0. Note
that since p is multiaffine, we can write p = 219 + h, where g, h € Rz, ..., 2,], and hence
0.,p = g. Assume that g is not log-concave. Therefore, for some 0 < A <1 and a,b € R,
g(ha + (1 — A\)b) > g(a)* + g(b)*™*. Note that ¢; = 219+ t~'h. So for sufficiently large
t € Rog, ¢t(Aa+ (1 —=X)b) > Agi(a) + (1 — A)g:(b), which is a contradiction with the fact that
q: is log-concave. O

For d-homogeneous polynomials, the following lemma gives an equivalent condition to
log-concavity that in many cases is much easier to verify.

Lemma 6.1.17 ([AOV18]). Let p € Rsg [x1,. ..,z be a d-homogeneous polynomial for some
integer d > 0. For a € R%, such that p(a) # 0, p is log-concave at a if and only if, V2p(a)
has at most one positive eigenvalue.

The following theorem by [Ana+24], provides a very useful tool for proving a d-homogeneous
polynomial is completely log-concave.

Theorem 6.1.18 ([Ana+24]). Let p € Rxg[21,...,2,] be a d-homogeneous polynomial. Then,
p s completely log-concave if

(i) For any o € Z%, of size ||l < d —2, 0°p is indecomposable.
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(ii) For any a € 7%, of size |||y = d — 2, the quadratic polynomial 0*p is log-concave.

The following proposition is a slight modification of a statement by Gurvits [Gur10]. For
completeness, we include a short proof for this slightly modified version.

Proposition 6.1.19. If p = Y0 _ cy™ 2% € Ry, z] is completely log- concave, then the
sequence cy, ..., c, satisfies the following: for any 1 < k < n,

(%)2 > (é%) ((CE)).

We call such sequences ultra log-concave.

Proof. Fix 1 < k < n. Define q(y,z) = 8;_k8§_1p. Using the fact that 8;*1_7”8;”]9 =
(n+1—m)mle, = (n+ 1)!(577"1) for any 0 < m < n + 1, we compute V?q as follows

Ck Ck+1
() ()
Since p is completely log-concave, by Proposition 6.1.16, ¢ is log-concave. By Lemma 6.1.17,
the 2 x 2 matrix V2¢ has at most one positive eigenvalue. Since all entries of V2q are positive,

the matrix has exactly one positive eigenvalue (and one negative eigenvalue), therefore its
determinant is non-positive. Therefore, we have

(#) - () (33) =

as desired. O

V2q= |: aiq ayazq

Ck—1 Ck
a0, }:(Hl)! ) <_";:1>]_
Y=z z

Note that, our definition of ultra log-concavity is slightly different from the more common

2
definition which says that a sequence cq, ..., ¢, is ultra log-concave if it satisfies (%) >
k
( o > ( oA >.
(") ) \ ()

Submodular Functions A function 2" — R is submodular if is has the diminishing
return property, i.e.

VS CT Cnlicn]: f(SU{i}) = f(S) = F(TU{i}) = F(T).
Such a function is monotone if f(A) < f(B) for all A C B.

Fact 6.1.20. Any non-negative monotone submodular function f : 2" — R is log-submodular,
i.e. log f is submodular.
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Proof. Fix set S C T C [n]. It is enough to show that

f(SU{i}) f(rufi})
f(5) G

But one can easily verify that the diminishing return property combined with the fact that f
is non-negative and monotone implies ! (Jscé{)l b/ (?(Uj%l}). Since log is an increasing function,

this finishes the proof. O

log = log f(SU{i}) —log f(S) > log f(T'U {i}) —log f(T') = log

A fundamental class of non-negative monotone submodular functions are coverage func-
tions.

Definition 16 (Coverage Functions). Given a finite universe U and sets Ay, ..., A, CU and
a measure w on U, we define f : 2" — R to be

VT Cn]: f(T)=w (U Ai> .

Linear set functions are a subclass of coverage functions.

Definition 17 (Linear Set Functions). f : 2" — R is a linear function if

VT C[n): f(T) =Y F({i}).

i€T
We will use the following proposition which characterizes coverage set functions.

Proposition 6.1.21 ([CH12]). A function f : 2"l — Rsq is a coverage function if and only if
there ezists a non-negative real number xg for any T C [n], such that for any S C [n] we

can write f(S) = ZT;TmS;é(Z) xr-

Many interesting classes of nonnegative monotone submodular functions are special cases
of coverage functions. For example, given a set of random variables = {Y7,...,Y,}, the
joint entropy function defines a coverage function on 20",

Proposition 6.1.22. Given random variables Q = {Y1,...,Y,}, let H : 2% — R be the joint
entropy function of these variables. Define f : 2" — Rsq as f(S) = H(Ys) for any S C [n],
where Ys :={Y;|i € S}. Then, f is a coverage function.

A proof of this proposition can be found in Appendix C.1

Coverage functions are themselves special cases of matroid rank functions, as any coverage
function can be written as a weighted sum of rank 1 matroids each corresponding to the
coverage of an individual element.

Fact 6.1.23. Any coverage function can be written as positive sum of matroid rank functions.
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6.2 Basic Properties of 2-Coverage and Strongly 2-
Coverage Functions

Proof of Proposition 6.1.5. Fix A C [n]. We show that for any B O A, f(A) < f(B) and for
alli € [n], f(AU{i}) — f(A) > f(BU{i}) — f(B). We prove by induction on |B \ A|. The
claims trivially hold for |B \ A| = 0. Now, let |B\ A| = ¢ for some 1 < ¢ < n — |A|. Take
some j € B\ A and let C' := B\ {j}. By induction hypothesis, f(A) < f(C). Furthermore,
by definition there a coverage function g : 2PN — Ry such that f(B) = fo({j}) =
g({7}) + f(C). Therefore, f(A) < f(C) < f(B). To prove the submodularity condition,
note that by induction hypothesis, we have f(AU {i}) — f(A) > f(C U {i}) — f(C) for all
i € [n]. Furthermore, by submodularity of g, we have

fF(CU{i})=f(C) = g({i}) = ({5, 1})—9({5}) = F(CU{i, 5})—F(CU{7}) = f(BU{i})—f(B).
Therefore, f(AU{i}) — f(A) > f(BU{i}) — f(B) as desired. O

Proof of Proposition 6.1.6. It is enough to show that given for any 2 < d < deg(f), and any
7 C [n] with |7| < d -2, (@), is indecomposable. If (f(@), = 0 this claim follows trivially.
Assume (f9), # 0 and let p == Py be the generating polynomial of @ For the sake
of contradiction, assume that p, = h 4+ g such that h, g are both non-zero. Let h and g be
respectively supported on disjoint set of variables S;, and S,;. By Proposition 6.1.5, we know
that f is monotone. Therefore, for any z; € Sy, z; € Sy, we must have

frudi}) < f(rudi,g}) = f-({i,5}) = 0.
This implies that f,({i}) = f(7 U {i}) = 0. Similarly, f,({7}) = 0. Therefore, f, is 0 on all

sets of size 1. By monotonicity of f, we get f, = 0 which contradicts our assumption. O]

Proof of Proposition 6.1.7. Fix a 7 € [n] such that 0 < |7| < n —2. Let g1, gz : 2P\ — Ry
be coverage functions such that ((f1),)® = (g1)® and ((f2);)® = (g2)®®. The statement
follows from the fact that if g;, go are coverage functions, then ag and g; + g are also coverage
functions. O

Proof of Proposition 6.1.8. We prove Item (i). Let f := rky;. For any 7 C [n] with |7| <
n—2, f+(S) = rka(7)+1kar/- () for all sets S C [n]\7 of size 1 or 2. Note that f(7) = 1k (7).
To satisfy the condition of Definition 15, it is enough to show that there is a coverage function
g that takes the same values as rkj;/,(S) on sets of size 1 and 2. Using matroid partition
property, M /7 can be partitioned into sets Sy, ..., Sk such that the following holds.

if z,y € Sy

ifx e So,yeS; forsomel<i<k
ifx,yeS; forsomel<i<k
ifxeS;,yeS; forsomel<i<j<k

k- ({7, y}) =

N = = O

Define g as follows. For any i € {1,...,k} and x € S;, let A, := {i}, and for any = € Sy,
let A, = (. For any T € [n] \ 7, define g(T) = | Uper A;|. One can easily check that

(f)® = g + f(7), and (£)® =g + f(7).
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Now, we prove Item (ii). Let M = ([n],I) be a matroid of rank r and let f : 2" — R
be an indicator function of independent sets, i.e. f(S) = 1;(S5). We want to show that f is
2-coverage. The indecomposability holds because of the exchange property of matroids. We
verify the second condition. Fix 2 < d <r and 7 C [n| with |7| = d — 2. Let S be the set of
non-loop elements of M /7. Using the matroid partition property, S can be partitioned into
sets St,...,Sk such that

r,y €S; forsomel <i<k
z € S,yeS; forsomel<i<j<k

() (o, 0}) = {(j

For any 1 <i < k and z € S;, let A, := {i}. Define the coverage function g : 2° — [n] as
g(T) = |Uper A,| for every T C S. Furthermore, consider the linear set function £ : 2% — [n]
given by (({i}) = 1for alli € S. It is easy to check that f-(T) = g(T)—£(T), forany T C S
of size 2. ]

6.3 Complete Log-Concavity of Homogeneous Parts

In this section, we prove that if a set function f is 2-coverage with respect to some 2 < d <
deg(f), then (4 is log-concave.

Lemma 6.3.1. Let g : 2"l — Ry be a coverage function and D be a diagonal matriz with
D(i,i) = g({i}) for all i € [n]. Then, R := (DJ + JD) — V?p,e = D, where pyo) is the
generating polynomial of g®

Proof. By Proposition 6.1.21, there exists non-negative {&}rcpm, such that for any i # j €

]
g{i i) = D> wr=) wrt Y wr— Y ar

T:TN{i,j}£0 THeT T:jeT T:i,jeT
=g{i) +9({G}) - D or
T:4,5€T

Note that for all i # j € [n], (DJ + JD)(4,5) = g({i}) + g({j}). Therefore, we can write R

as
o 2g(4{2 if i =j
R — {2900) |

ZT;i,jeT xp otherwise.

Furthermore, for any T' C [m] define matrix Br as By(i,7) = 1if {i, 7} € T and 0 otherwise.
We can rewrite R as follows

R = Z .Z'TBT—l—D.

TCm]

For any T', By = 0. Therefore, since 1 > 0, we have ZTC[m] xpBr = 0. This implies that
R > D, as desired. - O
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Proof of Theorem 6.1.9. Let p == pyw be the generating polynomial of @ We use The-
orem 6.1.18 to prove the theorem. Note that the indecomposability condition holds by
definition. Now, we use Lemma 6.1.17 to prove that the second condition of Theorem 6.1.18
holds. Fix 7 = {i1,...,i4-2}. We want to show that p, is log-concave. If p, is identically
zero, the condition trivially holds. So, assume that p, # 0. By Lemma 6.1.17, it is enough to
show that V?(p,) has at most one positive eigenvalue. By definition, there is a set S C [n]\T,
a coverage function g : 2I° — R-g, and a linear set function ¢ : 2° — Rq such that for any
T C [n]\ 7 of size 2, f(T) = g(T) — @ if 7 C S, and f,(T) = 0 otherwise. Therefore,
it is enough to show that ) = V2pg<2> — V?p,» has at most one positive eigenvalue, where
2

Q is the principle minor of V?(p,) obtained by restricting it to the rows and columns in-
dexed by S. We can write, Q) = V2pg(2) — (% — () where C'is a diagonal matrix with
C(i,i) = £({i}). Furthermore, let D be a diagonal matrix with D(i,i) = g({i}) for alli € S.
Note that by Lemma 6.3.1, we can write pye + D = DJ + JD. So

JC+CJ JC+CJ
V2(p‘r) = v2109(2) +C - 9 = V2pg(2> +D — 5
JC+CJ C C
jDJ+JD—+ =(D-5)J+J(D-2).
Thus, by Lemma 6.1.14, V?(p,) has at most one positive eigenvalue. O

6.4 Complete Log-Concavity of the Homogenization of
the Generating Polynomial of Strongly 2-Coverage
Functions

Proof of Theorem 6.1.11. We use Theorem 6.1.18. First, we show that ¢; is indecomposable.
We want to show that for any 0 < k <n—-1,0</¢<n—1—Fkand any 7 = {iy... 4},
(97(95qf(y, x) is indecomposable (assuming it is non-zero). Note that, for some polynomial
9(y, x), we can write 070F qr(y, z) = yg(y, ) +07pw-r+1)(x), where pym-r+ is the generating
polynomial of f~*+1)  Now, by Proposition 6.1.6, O"psn-r+1) is indecomposable. Further-
more, yg(y, z) is indecomposable since y appears in all of its monomials. It is enough to show
that there exists a variable that appears in monomials of both yg(y,z) and 0™ppe-r+y. If
O"p jn-k+1) s identically zero, we are done. Otherwise, since f; is monotone and submodular
by Proposition 6.1.5, there exists j such that f,({j}) > 0. Therefore, z;y"*"* is a monomial
in yg(y,x). By monotonicity of f., for any set S C [n]\ 7 of size n — k — £ + 1 such that
j € S, 2% is a monomial in O7p ¢n-r+1). This finishes the proof of indecomposability. Now, we

prove that the second condition of Theorem 6.1.18 holds. It is enough to show that for any
070y s ()

0<k<n—1land7={i;..., i}, 8785_1_kqf(y,x) is log-concave. Let p = ih)

We can write
_(n—k+1)(n—k)
n 2

FO+n—k) > fru{iDyz+ Y frufi, b
ie[n)\r {i,5}C[n]\7

Without loss of generality, assume that p is supported on variables {z1,...,x,} U {y} for
m = n — k. We compute the Hessian matrix. In order to write the Hessian as a matrix
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indexed by {0,...,m}, we assume that y corresponds to 0 and for all 1 < i < m, x;
corresponds to integer . With this indexing, we can write the Hessian matrix as

(m+Dmf(r) mf({1}) ... mfr({m})
mf-({1}) 0 - f2({1,m})

0= .
mfr({m})  f-({m,1}) ... 0

By Lemma 6.1.17, it is enough to show that H has at most one positive eigenvalue. By

Lemma 6.1.15, this is equivalent to showing that the following matrix has at most one
positive eigenvalue.

milpny (1) + f() . g({m}) + f(7)
R PHENC 0 L g{Lm)) £ 1)
g({m}) + () g({m.1}) + F(r) ... 0
0 g1 . g{mh ] [mEfE) ) .. 1)
et o et | R 0 )
o{m}) o(fm1}) ... 0 fr)  f) .0

where the coverage function g satisfies f(S) = f(7) + ¢g(S \ 7) for sets S such that |7|+ 1 <
|S| < |7| +2 and 7 € S. In the above line, let H, K denote the first and second matrix
respectively. Let D € R™*D*(m+D) he a diagonal matrix such that D(0,0) = 2t f(7)
and D(i,i) = Z=2f(r) for 1 < i < m. Let D' € RMU*(m+) be a diagonal matrix
with D’(0,0) = 0 and D'(i,i) = g({¢}) for 1 < i < m. Note that by Lemma 6.1.14,
(D+D")J+J(D+D') has exactly one positive eigenvalue. Therefore, to show that H+ K has
at most one positive eigenvalue, it is enough to prove that (D+D’")J+J(D+D")—H—K > 0.
Note that D'J + JD' — H = 0. To see this, first note that the first row and column of
D'J+ JD' — H are zero. Furthermore, one can check that after eliminating the first row
and column of K, the remaining matrix is equal to the Hessian of the generating polynomial
of ¢®. Thus, the claim follows from Lemma 6.3.1. Therefore, it is enough to show that
DJ+JD— K = 0. Again, it is easy to check that the first row and column of DJ+ JD — K
are zero. After removing the first row and column of DJ + JD — K, the remaining matrix
is equal to f(7)(I, — %Jm). Now, note that J,, < ml,,, as m is the the largest eigenvalue
of J,,. Therefore, DJ + JD — K > 0, as desired.

O

6.5 Negative Results

We showed that for an expressive class of nonnegative monotone submodular functions,
the generating polynomial of d-homogenous restriction of the function is completely log-
concave for any d > 1. We show that this claim does not hold for all nonnegative monotone
submodular functions.
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Proposition 6.5.1. There exist integers n > d > 1 and a non-negative monotone submodular
function f : 2" — Rsq such that fWDis not log-concave.

Proof. Let [12] be the ground set. Furthermore, define wyg = -+ = w5 = 1, wg = -+ =
wy = 2, and wyy = wy; = 0. Now, take the following set function f : 202 — Rt

be f(S) = min{} , ¢w;,2}. Note that this function is a budget additive function and is
non-negative, monotone and submodular. But, one can verify that the polynomial p(x) =
> iycnzy [ (4 iz, is not log-concave as V2p(x) has two positive eigenvalues. O

Corollary 6.5.2. There exists monotone submodular function f : 2"l — Rso such that f is
not log-concave.

Proof. This follows by the fact that if a function f is log-concave, all of its homogeneous
parts are also log-concave. O

Gelfand, Goresky, MacPherson, and Serganova proved that the support of any homoge-
neous multiaffine log-concave polynomial correspond to bases of a matroid [Gel+87]. But
there is not much known about the coefficient of these polynomials. A natural question
to ask is that if the coefficients come from a monotone submodular function that is non-
negative on non-empty sets. Another natural question to consider is whether the coefficients
of these polynomials come from 2-coverage functions. The following proposition provides a
counter-example to both of these statements.

Proposition 6.5.3. There exist integers n > d > 1 and a d-homogeneous multiaffine log-
concave p € Rsglwy, ..., x,) such that for any f : 2" — Ry, if the generating polynomial
of fD is equal to p, f is neither a monotone submodular function that is non-negative on
non-empty sets nor a 2-coverage function.

Proof. Let p(xy,x9,x3) := 3x129 + 2123 + x2x3. We have

VQp =

= w O
_ O W

1
1
0

One can easily check that V?p has exactly 1 positive eigenvalue. So, using Lemma 6.1.17,
p is log-concave. Take an arbitrary f : 288 — R>¢ such that the generating polynomial of
@ is equal to p. To show the first part of the statement, we assume that f is a monotone
function that is non-negative on non-empty sets, and show that f is not submodular. By
monotonicity, we have f({1,2,3}) > f({1,2}). Therefore

f{1,2,3}) — fF({L,3}) = f({1,2}) — F({1,3}) = 2.

Moreover, f({2,3}) — f({3}) < f({2,3}) < 1. Therefore, f is not submodular.

To show the second part of the statement, assume for contradiction that f is a 2-coverage
function. Since f is non-zero on all sets of size 2, we must have S = {1,2,3} (for 7 = 0).
So, there exists a coverage function g : 2B/ — R-y and a linear set function ¢ : 2B — Ry,
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such that f® = (g — £)® and that ¢({i}) < g({i}) for i € {1,2,3}. We show that g is not
submodular, so it cannot be a coverage function. Therefore

o({1,2)) — g({1,3) = f({1,2}) — f(1,3y) + EHED o BN ZHED

This implies that g({1,2,3}) —g({1,3}) > 2+ w. Moreover,

(({2}) + €({3})

9(12,3) = 9({3}) = ({2.3D) + —=2 = —g((3p)
SIS B A (0 1M

Combining these, we get g({1,2,3})—¢g({1,3}) > g({2,3}) —g({3}), which is a contradiction
with submodularity of g. O
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Appendix A

Remaining Proofs from Section on
Sampling Vertex Colorings

A.1 Proof of Theorem 3.3.1

Proof. For each 7 of co-dimension at least 2, let F. € R¥X(xX(©) he a diagonal matrix

supported on X, (0) x X, (0) defined as follows: for any vc € X, (0),
0 if A;(v)

F (ve,ve) = ¢ fi(Ar(uw)) if A (v)

fo(Ar(v) i Ar(v)

0,
1 and v ~, v,
2,

v

. 1+2300) 4 . . i .
where fi(i) = (1+16)A + (HE)JQAIQJ for i > 1 and fo(i) = Ao D TSI for ¢ > 2.

We show that the conditions of Proposition 3.3.3 hold for {FT}TGX;COd:m(;);QJ. Then, the

A2 < 2 iplies

statement follows from the fact that p(F;) < % This is true because —3— < 5

that for any 1 < ¢ < A the denominator of f5(i) is at least %A and thus f1(i) < fo(i) < %
The condition for links of co-dimension 2 holds by definition. Assume 7 is of co-dimension

at least 3. When G, is disconnected one can check the condition holds because of the fact

that the degrees of vertices of a connected component do not change by removing vertices

from other connected components of the graph. Now, assume that G, is connected. Note

that for every v € V., we have
A (v) 8

(k=17 > 5 L) 2 A W),

—1 n(A)T2 2 €2 W< 5
3k 5 In(A)+2 2 € (A, (v))< 2 e<1

Therefore, it is enough to show that -, .cx o p(uc|T U ve)Frowe(ve,ve) 2 (k —
2)F, (vc) — F2(vc) for any ve € X,(0).

Case 1: A.(v) =1, and u ~, v. Since G, is connected and 7 is of co-dimension at
least 3, A (u) > 2. We have

Z pwd|T Uve)Frywe (ve,ve) = (A (u) — 1) fi(Ar(u) — 1) + (K — Ar(u) — 1) f1(A-(u)).

wc’€X,(0)

99



i—1 1

In(A)+2 €2 . 1425077 =
g}? th;e other hand, %= < {5 and € < 1 imply that (1+EJ)A1 i< 20(1+ for any 1 <i < A.
erefore,

2 — {2 ! : 2 -
FZ(ve,ve) = fi(Ar(u) < ((1 + oA * 20(1 + E)A) = m

Therefore (k—2)F,(ve) — F2(ve) > (k—2) f1(Ar(u)) — ﬁ and thus it is enough to show
that

(@000 = 1) (1 (B,(0) = i (Aol = 1) 2 s

But this inequality holds with equality.

A-11
Case 2: A (v) > 2. One can check that ¢ )H < < 6— implies (JFIG)A + 2%;;2&:1 <
m. For convenience define f5(1) = e and notlce that fl( ) < f2(1) for any 1 < i < A.
2

We want to show that

Z p(ud|T Uve) Froue (ve,ve) = AL (0) f2(Ar(v) — 1) + (K — Ay (v) — 1) fo(A-(v))

uc’ €X-(0)
< (k - Q)fQ(AT(U)) - fQZ(AT(,U))
Let i := A,(v). We have
i(i— 1)+ %
(A+pa-G-n-4iy) (A+9HA- (-2 - 453

(1 =1)f(i) —ifo(i — 1) =

Therefore
E-1i(A+9a- (-1 - XY -2+ 4L)

(A+9a-G-n-2sh ) (A pa-G-2- 4521

The denominator is positive for 1 < i < A and for the numerator we have

(i = 1) foli) —ifo(i = 1) = f3(i) =

(%—1)i<(1+§)A—(i—1)—%;%> 1+ 27) 2 (1= 2)id = 5 () +1) -

W < < and € < 1 the RHS is non-negative. [

Canceling out an ¢, and using )

A.2 Proof of Theorem 3.3.4

Proof. As before we make the tree rooted at an arbitrary vertex. For any k& > 2, any 7
of co-dimension k, let F, € RX(@*X(0) he a diagonal matrix supported on X,(0) x X,(0)
defined as follows: for any ve € X,(0),

0 if A;(v) =0,
Fo ) f1(A-(u)) if A-(v) =1, u~wv, and v is the root of a component of G,
veve fo(AL(v)) if A;(v) > 2 and v is the root of a component of G,
-(v)

f3(A-(v), Ar(a(v)) if A



where a(v) is the immediate ancestor of v in G, and f(i) ==

i-11
% for i > 1, fo(i) =
In(A it n Sl L ..
ot )EZQZFI 1) for i > 2, and f3(7,7) = 54 (A)H;ij ZisiE for i,j > 1. We prove that the
conditions of Proposition 3.3.6 hold for {F} } cx:codim(r)>2- Then, the statement follows from

the fact that

p(Fr+A) _p(F)+1 g5+t
Ao(Pr) < < E <
S N

where the second to last inequality follows by (A.1) below and the fact that every entry of A,

is at most j and that every row of A, has at most A non-zero entries. The last inequality

. 11’12(A) 52 .
uses that since —x— < 150 and e <1,foralll1 <i<A

. . . 5(In(A) + 2) 1
f1(3), f2(7), f3(7) < —an < %0

The condition for links of co-dimension 2 holds by definition. Assume that 7 is of co-
dimension £ > 3. Similar to the proof of Theorem 3.3.1, when G, is disconnected, the

condition holds. Now, assume G, is connected. By Eq. (A.1), for all ve € X, (0) F,(ve,ve) <
1 < (k—1)2
20 = 3k—1

(A1)

- % Therefore, it is enough to show that for any ve € X, (0),

Z p(wd |7 U ve) Fyuwe (ve, ve) = (k — 2)Fy(ve, ve) — 2F2(ve, ve) — v, (ve),

we! EX 7 Uve(0)

for v, (vc) defined in Proposition 3.3.6.

Case 1: A.(v) =1 and v is the root of a component of G.. Let u be the only
neighbor of v. Since G, is connected and 7 is of co-dimension at least 3, A, (u) > 2. We
need to show that

Z pwd|T Uve)Fruwe (ve,ve) = (Ar(u) — 1) fi(Ar(u) — 1) + (k — Ar(u) — 1) f1(A-(u))

we' €EXrUve(0)

(A.2)
< (k= Df(A )~ 2R (M)~ mrg. (A3B)
But,
(k= 2) fi(Ar(w) = (Ar(w) = 1f (Ar) = 1) — (5 — Arfw) = 1) fi(Ar(w)
= (8:(u) = D(A) ~ Hi(A ) 1)) = x5
Furthermore, one can see that - implies that 2f2(A,(u)) < 20AE2T < 1 Thig

completes the proof of Eq. (A.3).
Case 2: A, (v) > 2, and v is the root of a component of G,. Note that f; is

bounded above by %. For convenience in writing the recursion, let fo(1) = %.
Following similar calculations, it is enough to show that
2 4A.(v)
(Ar(v) = D) fa(Ar(v) = (Ar(v)) f2(Ar(v) = 1) > 2f5(Ar(v) + 2A2 (A.4)
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But one can see that, by definition

A (v
(87 (0) =~ Dol Ar(0)) — (B, () foAr (o) — 1) = 2570,
And,
oy < DL BSOS v a0

(A.5)

This finishes the proof of Eq. (A.4).
Case 3: A,(v) > 1 and a(v) € V.. For convenience in writing the recursion, for

S—i—1 1
1 <i<A, let f3(,0) = 5(IH(A)J;12XQZ’“:1 t) and note that maxi<j<a f1(J) < fa(i) < f3(4,0).

Similar to the previous cases, after simplifying the recursion, one can see that it is enough
that for i = A, (v) and j = A, (a(v))

(i — 1) fs(i,5) —ifs(i— 1,5) + (G — D)(fs(ir5) — fa(i,j — 1)) > 2f2(i, §) + E;Zz + 4(32;2”

Now, note that

(G =1 f3(i,5) —ifs(i — 1,5) + (5 — D(f3(4,5) — f3(i,5 — 1)) = 62522 + 5(6];;21)

Furthermore,

, L b(—-1) L~ 250(5 —1)2 i j—1
230 =250 + =557 ) SBIEO+ a5 S Gt anr

where the last inequality uses the calculations in Eq. (A.5). This finishes the proof. O
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Appendix B

Remaining Proof from Section on
Non-Broken Bases of Matroids

B.1 Proof of Theorem 5.2.4

In this section we prove Theorem 5.2.4. We use a reduction from the problem of computing
the partition function of the Hardcore model when the fugacity is above the critical threshold.
Define fHC(A, \) as follows: given a A-regular graph G = (V, E), compute the partition
function Zg(\) = >_; Al where the sum is taken over the family of independent sets [ C V/

of G. The critical threshold is defined as A.(A) := %.

Theorem B.1.1 ([Sly10; SS14; GSV16)). The following holds for any fived ¢ > 0, integer
A > 3 and A > A (A): unless NP=RP, for any X > A.(A) there is no polynomial-time
algorithm for for approximating tHC(A, X) up to a 1 + € multiplicative factor.

We give a polynomial-time algorithm that given a e*/?-approximation for fINDEP-SET-INC(7, 3)
(see Definition 13), approximates hHC(?,%) up to a e*“-multiplicative error. Since % >
A(T) = g—i > 0.6, this finishes the proof of Theorem 5.2.4. Our reduction is a modification
of Theorem 16 in [DP21].

Theorem B.1.2. There exists a polynomial-time algorithm that for any given € < 1, satisfies
the following properties:

1. Given an instance G = (V,E) of $HC(7,2), the algorithm constructs an instance
G = (V', E') of the problem {INDEP-SET-INC(7, &) with size polynomial in |G)|.

+e/2

2. Gwen a e**-multiplicative approzimation to the number of independent sets of size

Lml—‘g” of G', a e-approzimation of Zg(§> can be computed in polynomial time.
Proof. Given a T-regular graph G = (V| F), we define G’ as the disjoint union of G with
ri= @ copies of the complete graph Kg, where n = |V, for some ¢ > 1 that we choose

later. For simplicity of notation, let N = |[V'| = n+ 8r, a = 1%, A= % It is enough to

show that G’ is an instance of INDEP-SET-INC(7, &) and

i1an| (G i1an| (G’
N BNJ)E(%LQA < Zo0) < ST LTNJ)QW)W (B.1)
laN] [aN]
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where as usual i (G) is the number of independent sets of size k in G, and

(LOZVJ>8L&NJ = ijan) (rKs).

Here, r Ky is a shorthand for the graph which is a disjoint union of r copies of Kg. We first
show that Eq. (B.1) holds. Note that

ilan) (G) =Y i5(@)ijan)—;(rKs) = ijan) (rKs) Z%(@M

= = lew(rKs)
Thus, to show Eq. (B.1), it is enough to prove that for every 1 < j < n,

6—6/2 . il_aNJ_j(TKS) €/2 i\_aNJ—j(TKS)

, <XN<e : : B.2
ilan|(rKs) ilan|(rKs) (52
We can write
. T alN —
o) (rKs) _ (v 5)8" 77 iH (B.3)
IS B AW SR 28 § Y OIERET
To prove the upper bound, first note that
L_ > _Bar 1 ! (B.4)
r—aN +j an>sar (1 — 8) + 1 n=yer/c 1+ 14 Love
a=2/19 Bey/r

This implies that T_g%ﬂ. > 1. So, —N _ < LO‘NJ_;_Z. for every i <r — |aN| + j. Thus,

’ r—aN+j — r—|aN|+

1 o .- aN Y’
8 r— LOzNJ+j—z 8 \r—aN+j

1=0
1 1 Ver/c
> — (L~ > (2) /2 = N2,
o oW () 20

j<n=v/er/c

for alarge enough ¢ > 1. Combining this with Eq. (B.3), we get the upper bound in Eq. (B.2).
To prove the lower bound, note that

. . - p ]
1 ﬁ laNj—i  _ 1 ( [aN] )J . 10+ %)
8 o= laN| +7—1i 5208 \r—|aN| Lo = 162 4+ 2 87 (1 — 2V

190

< (%)jee/Z — M\ . ef/?

for a large enough ¢ > 1. Combining this with Eq. (B.3), the lower bound in Eq. (B.2), thus
(B.1) follows.
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It remains to show that G’ is an instance of INDEP-SET-INC(7, %), i.e. ix(G') <
ilan|(G') for any k < |aN|. For any k < |[aV |, and any independent set S in the original
graph G, let Ts, be the set of all independent sets of size k of G’ whose intersection with the
vertices of GG is S. It is enough to show that there exists a constant ng such that if n > ny,
then we have |Tsy| < |T§),y | for every independent set S C V of G and k < [aN|. We
prove a stronger statement that there exists a constant ng such that if n > ng, then for any

fixed independent set S C V, |Tsy| is increasing as a function of k for all £ < [aN|. It is
enough to show that -2£L > 1 for any |S| < k < aN. Note that |Tsy| = (, )8 9. So

[Ts k1] — k—|S]
we have
k—|S
Tkl (k—T\S\)8 o 78.r—k+|5|—|—1 >8.r—k >8%_n
il (i )87 P I
where the last inequality comes from the fact that £ < % = 12—9(87“ +n) < % +n. But since
ar_
r = C2f2, there is a constant ng such that for n > ng, we have +& ;; > %. This shows that
19
IZ‘FZSI: |1‘ > 1, which finishes the proof. O
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Appendix C

Entropy as a Coverage Function

C.1 Proof of Proposition 6.1.22

Proof. We use Proposition 6.1.21. For any 7" C [n], define z := I(Yr|Y7), where Y7 =
[n] \ T and I is the multivariate mutual information. We prove inductively that H(Ys|Z) =
> rrnszo L (YT|Yr, Z) for an arbitrary set of random variables Z. This would imply that for
any S C [n], f(S) = H(Ys) = > _p.rng49 T, which would finish the proof. When n = 1, the
statement trivially holds. Assuming the statement is true for n = k — 1, we prove it for for
n = k. First, let S = {i}. We have

Z [(YT’YTUZ) = Z [(YT | YTaZ)

T:TNSH#D TueT
=( Y 1Vn@lYn,2) - 1Y@ Yiom), 2) + HYi|Y: 2),
THeT, T#{i}
where we used the fact that for any set of random variables X7,..., X;, £ > 2, and any

set of random variables 7,
I(Xy,.... Xk|Z) = 1(Xy,..., X3 1|2) — 1( Xy, ..., Xp1]| Xk, Z).

Using induction hypothesis

> IVn@lYe, Z) = 1Y Yoo, Z)
THeT,T#{i}

= > LYr[Yip oy, 2) = IV [Yipr|Z)
TC I\ i)\ {i})#0

= H(Yu\}|1Z) — H(Yupqi3|Ya, 2)

= H(Yun|Z2) — HY|Z) + H(Yi|Z)

—H(Y;|Y;,Z)+ H(Y|Z)

Therefore,

N I(Yr | Yy, Z) = H(Yi|Z).
T:TNS#)
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Now, assume that this equation holds for any S such that |S| < I. We want to show that
it holds for |S| = [. Choose i € S. We have

NooIr|Yr2) = > IVYp Z)+ > I(Yr|Yy, 2).

T:TNS#D T:TN(S\{i})#0 TNS={i}

Note that > rrqs\ iz {(Y7Yr, Z) = H(Ys\(;3/Z) by the second induction hypothesis.
Furthermore,

Soorvrlve 2)=( Y. 1@l 2) — IYr @Yo £)) + HYi]Y)).
TNS={i} TNS={i},T#{i}

Similar to what we did before, using the first induction hypothesis we get

Z [(YT\{i}‘va Z) — I<YT\{i}|YTU{i}> Z) = H<Y[n}\5 | LENGE Z) — H(Y[H]\S’Y& Z)
TNS={i}, T#{i}
= H(Ypps | Ys\iy, £)
= HY(psyutiy | Yoy, 2) + H(Yi | Yoy, Z)
= —HY;|Y;, Z) + H(Y; | Ys\(iy, Z)-

Therefore,
> I(YrYp, Z) = H(Y; | Yo\, 2)-
TNS={:}
So
> I(Yr | Yp, Z) = H(Y; | Yoy, Z) + HYs\y, Z) = H(Ys|Z),
T:TNS#)
as desired. O
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