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Over the past 40 years, topological materials have emerged as a fascinating new class of

phases of matter, characterized by their robust fundamental properties that remain invariant

under smooth changes of material parameters, capturing widespread interest and driving

extensive research in the field. The more recent realization of magnetic topological materi-

als has unlocked new research directions, as these materials display a remarkable interplay

between magnetic order and topological electronic properties. This connection leads to var-

ious exotic phenomena and emergent quantum states, such as the quantum anomalous Hall

effect, axion insulators, and magnetic Weyl semimetals. Moreover, these materials provide

opportunities to study topological phase transitions with easily tunable magnetic fields,

facilitating a deeper understanding of the underlying physics and paving the way for the

exploration of novel phenomena rooted in unique topological properties.

In the intrinsic antiferromagnetic topological insulator MnBi2Te4, various topological

phases across different dimensions and types of magnetism provide a unique platform for

studying the interplay between band topology and magnetic order. The ground state of bulk

MnBi2Te4 is an antiferromagnetic topological insulator protected by the combined half-layer

lattice translation and time-reversal symmetry (S = τ1/2T ). In the thin film limit, both

quantum anomalous Hall insulator states and axion insulator states have been reported in

odd and even septuple layers, respectively. In the bulk field-induced ferromagnetic state,

MnBi2Te4 has been predicted to be an ideal type-II Weyl semimetal with a single pair of



Weyl nodes. Moreover, due to the intertwined electronic structures and magnetic orders, it

is possible to tune the type-II Weyl semimetal to a type-I Weyl semimetal across a Lifshitz

transition by altering the magnetic field angle. Furthermore, the highly tunable properties

of MnBi2−xSbxTe4 make it an adaptable platform for investigating other topological phases

through Lifshitz transitions under external fields such as strain and pressure.

In this thesis, I investigate the electronic structures and their interplay with mag-

netism in the magnetic topological material MnBi2−xSbxTe4, identifying distinct Lifshitz

transitions. We first use quantum oscillations as a probe to study the electronic struc-

ture of MnBi2−xSbxTe4 in the field-induced ferromagnetic state, where Sb substitution

effectively tunes the chemical potential. We then identify the field-induced ferromagnetic

MnBi2−xSbxTe4 as an ideal type-II Weyl semimetal with a single pair of Weyl nodes near

the Fermi energy. By employing a combination of quantum oscillations and high-field Hall

measurements, we demonstrate that the evolution of Fermi surfaces can only be explained

by the band structure of an ideal type-II Weyl semimetal. Additionally, We observe a strong

dependence of the anomalous Hall conductivity on doping near the charge neutrality point,

displaying a singular, heartbeat-like behavior as the Fermi level is tuned across the Weyl

nodes. This unique behavior is in agreement with the theoretical predictions for a type-

II WSM. Furthermore, we utilize the external magnetic field angle as a tuning knob and

observe evidence of an in-situ controlled Lifshitz transition from a type-II Weyl semimetal

to a type-I Weyl semimetal as the magnetic field angle rotates from the crystal c-axis to

the a-b plane. Finally, we investigate the effect of hydrostatic pressure on the electronic

structures and magnetic properties of FM-z MnBi2−xSbxTe4, revealing extreme sensitivity

and possible creation of a new pair of Weyl nodes in response to external pressure.

Our work deepens the understanding of Weyl semimetals through a comprehensive study

of an ideal Weyl semimetal, highlighting MnBi2−xSbxTe4 as an exceptional platform for fur-

ther investigations into Weyl physics. Additionally, our findings pave the way for future

research on magnetic topological materials and external-field-controlled Lifshitz transitions,

foreshadowing exciting developments in the field of topological materials.
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Chapter 1

INTRODUCTION

The chapter offers a comprehensive overview of the two fundamental building blocks of

magnetic topological materials: magnetism and topological band theory. To provide a solid

understanding of topological band theory, the key concept of Berry phase is introduced,

along with distinct topological phases including integer quantum Hall insulators, topolog-

ical insulators (TI), quantum anomalous Hall insulators, axion insulators, Dirac and Weyl

semimetals, and their associated topological properties. The focus then narrows to Weyl

semimetals, with a brief introduction to their characteristic features, such as the anoma-

lous Hall effect, chiral anomaly, and Fermi arcs. Finally, the topological phase diagram

of MnBi2Te4 is discussed, providing essential background knowledge about the topological

aspect of the material system. This chapter serves as a foundation for subsequent chapters,

which delve into the properties and behavior of the intrinsic magnetic topological material

MnBi2−xSbxTe4 and the interplay between its electronic structure and magnetism in greater

detail.

1.1 Overview of magnetism

Magnetism in a solid arises from the behavior of charged particles, particularly electrons,

and their interaction with one another through their spin and motion, which creates mag-

netic fields and gives rise to attractive or repulsive forces between particles. In the presence

of periodic potentials in three-dimensional crystalline materials, magnetic moments interact

with each other and the environments via various exchange mechanisms. In special cases,

long-range magnetic orders, such as ferromagnetic (FM), antiferromagnetic (AFM) and fer-

rimagnetic ordering, can form.

To understand the ordered magnetic states, we start with the trivial paramagnetic case

assuming independent moments with no interaction with each other and the environment
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except for the external magnetic field. The partition function is given by:

Z =

J∑
mJ=−J

exp(mJgJµB/kBT ) (1.1)

where J is the total angular momentum quantum number, gJ is the Lande g factor, and

µB = eℏ
2me

is the Bohr magneton. The magnetization M can be derived:

M = ngJµB < mJ >= nkBT
∂lnZ

∂B
(1.2)

After summing over the geometric progression in the partition function, we get:

M =MsBJ(y) (1.3)

where Ms = ngJµBJ is the saturation magnetization, and BJ(y) is the Brillouin function

with y = gJµBJB/kBT as a unitless parameter that describes the strength of the external

magnetic field compared to the thermal excitations. The Brillouin function as illustrated in

Fig. 1.1(d) is given by:

BJ(y) =
2J + 1

2J
coth(

2J + 1

2J
y)− 1

2J
coth(

y

2J
) (1.4)

For y << 1, BJ(y) reduces to:

BJ(y) =
(J + 1)y

3J
+O(y3) (1.5)

Therefore, under a low magnetic field, the susceptibility of a paramagnetic phase is approx-

imated by:

χ =
M

H
≈ µ0M

B
=
nµ0µ

2
eff

3kBT
∝ 1

T
(1.6)

where µeff = gJµB
√
J(J + 1) and gJ = 3

2 + S(S+1)−L(L+1)
2J(J+1) . This short derivation demon-

strates that in the paramagnetic phase, the magnetic susceptibility follows Curie’s law χ ∝ 1
T

(Fig. 1.1(a)). As the external magnetic field increases, the magnetization progressively rises

from zero to a state of saturated magnetization, where all magnetic moments align parallel

to the applied field.

However, as many materials in nature display, even in the absence of an external mag-

netic field, spontaneous magnetization can form. This is because in solids, the magnetic
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Figure 1.1: Schematic of magnetic orders (a)-(c) magnetic susceptibility of (a) para-
magnetism, (b) ferromagnetism, (c) antiferromagnetism. (d) Brillouin function and the
graphical solution to the Weiss model of a ferromagnet (e) phase diagram of a spin-flop
transition. From [1].

moments are not isolated. Instead, they interact with each other and the crystal environ-

ment. Various exchange interactions can play a role in determining the magnetic order, such

as the direct exchange where the magnetic moments on adjacent magnetic ions directly in-

teract with each other, the superexchange mediated by adjacent non-magnetic ions, RKKY

interaction mediated by conduction electrons, and the double exchange where magnetic ions

with mixed valencies interact with each other. Regardless of the detailed mechanism, we

can use a simple Heisenberg Hamiltonian to generally describe the exchange interactions

between neighboring moments:

Ĥ = −
∑
ij

JijSi · Sj + gµB
∑
j

Sj ·B (1.7)
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where the first term is the Heisenberg exchange energy, and the second term is the Zeeman

energy. Noticeably, here we simplify the Hamiltonian by assuming L = 0 and J = S, where

L is the orbital angular momentum quantum number and S is the spin quantum number.

This assumption is generally valid for 3d transition metal ions for their orbital moment is

mostly quenched. When the exchange constant Jij is positive, spins tend to align in parallel

with each other, whereas when Jij is negative, spins align opposite to each other to save

energy. We first consider the FM case with J > 0.

Based on Eq. 1.7, we can define an effective molecular field on the ith site:

Bmf = − 2

gµB

∑
j

JijSj (1.8)

The exchange interaction in the Hamiltonian (Eq. 1.7) can be seen as an effective molecular

field Bmf generated by the adjacent spins. Thus, the Hamiltonian can be rewritten as:

Ĥ = gµB
∑
i

Si · (B+Bmf ) (1.9)

This is identical to the Zeeman energy of the paramagnetic case except for the external

magnetic field B is now replaced by B +Bmf . Assuming Bmf = λM, The magnetization

is given by the Brillouin function:
M

Ms
= BJ(y) (1.10)

where

y =
gJµBJ(B + λM)

kBT
(1.11)

Eq. 1.11 can be seen as a linear function of M(y) with an x-axis intercept at gJµBJB
kBT and

a slope that is dependent on T . Its intersection with the Brillouin function BJ(y) is the

solution to the magnetization. As Fig. 1.1(d) illustrates, in the absence of the external field

(B = 0), the magnetization is zero when T > TC and finite when T < TC with TC equal to:

TC =
gJµB(J + 1)λMs

3kB
=
nλµ2eff
3kB

(1.12)

Furthermore, if one applies a small magnetic field above TC , the magnetization can be solved

by making the small y approximation on the Brillouin function as Eq. 1.5 writes.

M

Ms
≈ gJµB(J + 1)

3kB
(
B + λM

T
) ≈ TC

λMs
(
B + λM

T
) (1.13)
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The magnetic susceptibility can be then derived as:

χ = lim
B→0

µ0M

B
∝ 1

T − TC
(1.14)

which is known as the Curie-Weiss law (Fig. 1.1(b)).

When the exchange interaction between magnetic moments is antiferromagnetic (J < 0),

neighboring magnetic moments tend to align antiparallel to each other, resulting in the

formation of two sublattices with ferromagnetically aligned moments. The magnetization

M on each sublattice can be calculated using the same method as for the FM case, except

for

χ = lim
B→0

µ0M

B
∝ 1

T + TN
(1.15)

where the TC is replaced by −TN in the Curie-Weiss Law (Fig. 1.1(c)). Depending on

the different kinds of crystal lattices, there are multiple ways to arrange an equal number

of magnetic moments with opposite orientations, which are further categorized as different

types of AFM orders.

In certain scenarios, the magnetic moments present on different sublattices within a

material may not entirely cancel each other out, resulting in a residual magnetization re-

ferred to as ferrimagnetism. This phenomenon arises when the magnetic moments on the

sublattices have unequal magnitudes or when they align in opposite directions but possess

differing densities. As each sublattice can possess a distinct crystallographic environment,

the spontaneous magnetization can significantly vary between sublattices. Consequently,

the magnetic susceptibility of a ferrimagnetic state may not conform to the Curie-Weiss

law. Instead, the magnetic susceptibility in a ferrimagnetic material can exhibit intricate

temperature dependence due to the distinct contributions from the two sublattices to the

net magnetization.

So far, we have assumed that the solids are isotropic, meaning that the energy required

to align the spins in the x-direction is equivalent to aligning them in the y- or z-direction.

However, in real materials, this isotropy is often absent. Consequently, an additional term

for single ion anisotropy can be introduced to account for the preference of the magnetic

moments to align along specific crystalline directions due to the influence of the crystal field.
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ĤSI = −D
∑
i

S2
i,z (1.16)

This anisotropy term represents the energy difference associated with deviations from the

preferred alignment direction and contributes to the overall magnetic behavior of the ma-

terial. The system lowers its energy by aligning its moments along the z-axis.

A special case can happen for a weak anisotropic antiferromagnet (D < z|J |). By ap-

plying an external magnetic field along the easy axis, the system undergoes a spin-flop

transition as Fig. 1.1(e) illustrates. Taking the layered antiferromagnet MnBi2Te4 as an

example, we can represent its model Hamiltonian as follows:

Ĥ = −
∑

<ij>||

JijSi · Sj − Jc
∑

<ij>⊥
Si · Sj −D

∑
i

S2
i,z + gµB

∑
j

Sj ·B (1.17)

where Jij represents the intralayer exchange coupling, Jc represents the interlayer exchange

coupling, and D is the single-ion anisotropy. In bulk MnBi2Te4, the intralayer coupling is

ferromagnetic (Jij > 0), and the interlayer coupling is antiferromagnetic (Jc < 0). As an

external magnetic field is applied along the c-axis, the system undergoes an AFM to canted

AFM transition at the spin-flop field Hc1, followed by a canted AFM to FM transition at

the saturation field Hc2. At the spin-flop field Hc1, the energy of the AFM state under

the external field and the energy of the canted AFM state should be equal. This gives the

spin flop transition as a function of the interlayer exchange coupling Jc and the single ion

anisotropic term D:

gµBHc1 = 2SD
√
z|Jc|/D − 1 (1.18)

where g ≈ 2, S ≈ 5/2 and the number of nearest neighbors z is equal to 6. Similarly, the

saturation field Hc2 is given by:

gµBHc2 = 2SD(z|Jc|/D − 1) (1.19)

In the case of strong anisotropy (D > z|J |), the magnetic moments within the material

will undergo a direct flipping process to align with the external magnetic field, leading to a

spin-flip transition.
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1.2 Overview of topological band theory

Conventional band theory has been highly successful in describing the electronic prop-

erties of a wide range of solids. This theory is based on the translational symmetry of the

crystal, which allows electronic states to be classified in terms of their crystal momentum

k within a periodic Brillouin zone. The Bloch states, which are eigenstates of the Bloch

Hamiltonian and are defined within a single unit cell of the crystal, give rise to energy bands

that collectively form the band structure of a material. These energy bands play a crucial

role in determining various electronic and optical properties of solids, such as electrical con-

ductivity, optical absorption, and magnetic behavior.

Despite its many successes, conventional band theory has limitations in describing certain

exotic materials with nontrivial topological properties or strong electron-electron interac-

tions, which require more advanced theoretical frameworks. In recent years, the study of

topological materials has emerged as a new and exciting field in condensed matter physics.

Numerous topological materials have been discovered to date, such as topological insulators

(TI), topological superconductors, Dirac and Weyl semimetals, and nodal line semimetals

[6, 10, 19]. These materials display exceptional properties that extend beyond the scope

of conventional band theory, such as robust surface states with spin-momentum locking in

TIs and the emergence of exotic quasiparticles in topological semimetals. To capture the

topological properties of these materials, theoretical frameworks such as topological band

theory and topological field theory have been developed, broadening our understanding of

these extraordinary materials [20, 21].

1.2.1 Berry Phase

The concept of topology originally comes from mathematics, where it refers to the study

of geometric properties that are preserved under continuous deformations. In the context

of condensed matter physics, topology has been used to describe the global features of the

electronic bands, which remain invariant under continuous deformations.

The key concept of the topology band theory is the Berry phase [20]. The Berry phase
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Figure 1.2: Berry Curvature in topological materials (a) Energy bands (top panel)
and Berry curvature of the conduction band (bottom panel) of a graphene sheet with broken
inversion symmetry. (b) Energy bands along the kz direction of a type-I Weyl semimetal
(top panel). Field lines of the Berry curvature in the ky = 0 plane generated by the pair
of Weyl nodes (bottom panel). The two contours denote the corresponding Fermi surfaces,
enclosing the Weyl nodes. From [2, 3].

is a geometric phase, in contrast to the time-dependent dynamical phase [22]. In solid-state

systems, it is acquired by the Bloch wavefunctions as they undergo a cyclic adiabatic evo-

lution in the parameter space of the system’s Hamiltonian, typically the crystal momentum

k space.

γn =

∮
C
dk · ⟨un(k)| i∇ |un(k)⟩ (1.20)

where the integrand ⟨un(k)| i∇ |un(k)⟩ is called the Berry connection An or Berry vector

potential. The Berry connection is gauge-dependent, similar to the vector potential A. In

analogy to electrodynamics B = ∇×A, in 3-dimensional k-space a gauge-independent field

can be derived:

Ωn = ∇×An (1.21)



9

where Ωn is the Berry curvature.

In analogy to the magnetic flux density B, Berry curvature is a pseudovector, therefore

has a non-vanishing value only when the inversion symmetry or time-reversal symmetry is

broken. In materials that break either time-reversal symmetry or inversion symmetry, the

Berry curvature is typically negligible in most regions of the momentum space but exhibits

sharp and pronounced peaks in areas where Fermi lines intersect or form avoided crossings.

Fig. 1.2(a) illustrates the energy band and Berry curvature of a single-layered graphene

sheet with a staggered sublattice potential that breaks inversion symmetry [2]. The Berry

curvature is enhanced near the massive Dirac points with opposite signs at the K1 and K2

valleys due to the presence of time-reversal symmetry. Fig. 1.2(b) showcases the energy

band and the field lines of Berry curvature in an ideal type-I Weyl semimetal with either

time-reversal symmetry or inversion symmetry breaking [3]. The Weyl nodes, represented

by the crossing points of the energy bands in the top panel of Fig. 1.2(b), generate a Berry

curvature field that mimics the magnetic flux density B generated by magnetic monopoles.

The Berry curvature plays a significant role in understanding the topological properties

of electronic band structures in materials. For instance, the Berry curvature can be used

to calculate topological invariants, such as the Chern number n, which characterizes the

topological nature of electronic bands.

n =
1

2π

∫
d2k Ωn (1.22)

Berry curvature is also instrumental in understanding topological properties, such as the

intrinsic anomalous Hall effect.

σAH−int
ij = −ϵijl

e2

h

∑
n

∫
dk

(2π)d
f(ϵn(k))Ω

l
n(k) (1.23)

Where ϵijl is the antisymmetric tensor, ϵn(k) is the eigenvalues of a Bloch Hamiltonian H,

and f(ϵn(k)) is the Fermi-Dirac distribution.
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Figure 1.3: Integer quantum Hall effect (a) The Hall resistivity ρxy varies stepwise with
the changes in magnetic field B, while the longitudinal resistivity ρxx is vanishingly small.
(b) Semiclassical schematic of the integer quantum Hall effect. The circles demonstrate the
cyclotron orbits of electrons in the presence of a magnetic field pointing into the paper,
while the half circles represent the ”skipping orbits” when electrons bounce off the sample
edges. From [4, 5].

1.2.2 Quantum Hall and TKNN invairant

The integer quantum Hall effect is the first discovered topological state, characterized

by a quantized Hall conductance σxy and a suppressed longitudinal conductance σxx of a

two-dimensional electron gas (2DEG) under a strong magnetic field at low-temperature [23].

Semiclassically, this phenomenon can be understood as the cyclotron motion of electrons

forming circular orbits in the bulk and ”skipping orbits” on the edge, as Fig. 1.3(b) shows.

The edge currents are subject to the external magnetic field moving in the opposite direction

on the two opposite edges. Electrons in such chiral edge states are free from backscattering

since the two edge states with opposite propagating directions are well separated in real

space. The difference in electrochemical potential between the two dissipationless chiral

edge states gives rise to the quantized Hall conductance. The quantized Hall conductance

is given by:

σxy = ne2/h (1.24)
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where n is an integer, e is the charge of an electron, and h is the Planck constant. This

phenomenon can be explained by the formation of discrete, equidistant energy levels, so-

called Landau levels, in the 2DEG under a strong magnetic field. By choosing the Landau

Gauge for the vector potential A(r) = −xBŷ, the Hamiltonian can be written as:

H =
1

2me
[p2x + (py −

eB

c
x)2] (1.25)

where the periodic potential and corresponding band structure were ignored for simplicity

in the demonstration. Since such a system is translational invariant in y direction, the

Hamiltonian can be further simplified to be that of a 1D harmonic oscillator:

Hk =
p2x
2me

+
1

2
meω

2
c (x− kl2)2 (1.26)

Where ωc =
eB
mec

is the cyclotron frequency and l =
√

ℏc
eB is the magnetic length. The energy

eigenvalues of the Hamiltonian is, therefore, the same as those of the harmonic oscillator:

Ek,n = (n+
1

2
)ℏωc (1.27)

The corresponding eigenfunctions are given by:

ψnk(r) = eikyHn(x/l − kl)e−
1

2l2
(x−kl2)2 (1.28)

where Hn is the nth Hermite polynomial. The degeneracy in each Landau level can be

calculated by the formula:

N =
∑
k

1 =
Ly

2π

∫ Lx/l2

0
dk =

LxLy

2πl2
=

Φ

Φ0
(1.29)

where Φ = BA is the flux in the system and Φ0 = hc
e is the flux quantum. We can rewrite

the Hall coefficient as:

RH =
B

nec
=

h

e2
Be

nhc
=

h

e2
BA

hc/e

1

nA
=

h

e2
Φ

Φ0

1

Ne
(1.30)

Based on Eq. 1.27, Eq. 1.29, and Eq. 1.30, it is clear that as the external magnetic field

B increases, the energy spacing between the Landau levels expands, the number of states

in each landau level increases, and electrons tend to occupy lower Landau levels. As each
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landau level is filled, the Hall conductance increases by a quantized value of e2/h, while

the longitudinal conductance lays in the insulating regime. In the presence of disorders,

the Landau levels are broadened, and thus the Hall conductance forms a series of step-like

quantized plateaus.

As we generalize the Landau levels into three-dimensional electronic systems, we would

see the occupation of the highest Landau level ranges from completely full to entirely empty,

leading to the quantum oscillations in magnetization (De Haas-Van Alphen effect) and

conductivity (Shubnikov-de Haas effect).

The quantization of the Hall conductance plateau is found to be extremely precise (one

part in 109), independent of the details of the Hamiltonian. The universality and robustness

of the quantized Hall conductance result from the fact that the physics observable σxy can

be represented by a topological invariant, the Thouless-Kohmoto-Nightingale-Nijs (TKNN)

invariant [24]. The TKNN invariant characterizes the topology of the occupied energy bands

in a system and is closely related to the Chern number. The TKNN invariant is defined as:

n =
1

2π

∫
BZ

d2k
∑
n

Ωn(k) (1.31)

which has the same form as the total Chern number
∑
n (Eq. 1.22) of all the occupied

bands. Using the Kubo formula, TKNN showed that the n in σxy (Eq. 1.24) has the same

form as the TKNN invariant (1.31). Such a topological invariant protects the topological

states so that they are robust against smooth changes of the Hamiltonian, unless a quantum

phase transition happens leading to a change of the topological invariant.

1.2.3 Topological insulators and Z2 Invariant

The integer quantum Hall effect is present only when the time-reversal symmetry is

broken, which raises the question of whether there are topological states in the presence of

time-reversal symmetry. The answer is yes. In 2005, Kane and Mele proposed a model in

graphene with a spin-orbital coupling (SOC) term [25]:

HSO = ∆SOψ
†σzτzszψ (1.32)
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Figure 1.4: 2D and 3D topological insulators (a) Energy dispersion of the QSH insulator
in the Kane-Mele model (b) Edge states in the QSH insulator (c) Electronic structure of
a 3D TI with massless Dirac-like surface states with spin-momentum locking (d) Surface
states of a 3D TI in real space. Taken from [6, 7].

where the σz, τz, and sz are the Pauli matrices representing the sublattice, valley, and

electron spin, respectively. This spin-orbit coupling term opens up a gap while preserving

the time-reversal symmetry T . Unlike the conventional gap in a normal insulator, this

gap in the Kane-Mele model is topologically non-trivial and gives rise to the quantum spin

Hall insulator (QSHI). The QSH state is characterized by two counter-propagating copies of

dissipationless charge flow with opposite spin locked to its momentum, which is the so-called

helical edge state.

More generally, such a topologically non-trivial band insulator that respects the time-
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reversal symmetry can exist even when the spin Sz is not a good quantum number, which is

the so-called topological insulator (TI). A 2D TI is characterized by its insulating bulk and

conductive helical edge states, while a 3D TI has insulating bulk states and Dirac-cone-like

surface states with spin-momentum locking. The gapless Dirac-like 2D surface states in a

3D TI can be described by the Hamiltonian:

H = vF (−kyσx + kxσy) (1.33)

where vF is the Fermi velocity and σx and σy are the Pauli matrices for spin. Such edge or

surface states are protected by the time-reversal symmetry and the corresponding Kramers’

degeneracy, which guarantees the band degeneracy at the corner of the first Brillouin Zone

(e.g. kx = 0, π/a, ky = 0, π/a in the 2D case.) In the context of edge or surface modes,

back-scattering is strictly prohibited as it would violate the Kramers degeneracy.

The topological nature of the TI is described by the Z2 invariant. For a 2D TI, Z2

invariant ν is defined as [26]:

(−1)ν =
4∏

a=1

δa (1.34)

where δa is the Pfaffian of a matrix wmn = ⟨um(k)|Θ |un(k)⟩ evaluated at the time-reversal

invariant momenta (TRIM) Λ and Θ is the time reversal operator.

δa = Pf [w(Λa)]/
√
Det[w(Λa)] (1.35)

Such a Z2 invariant ν distinguishes between topologically trivial and non-trivial phases,

with ν = 1 denoting the topologically non-trivial phase and ν = 0 denoting the topologically

trivial case.

The evaluation of the Z2 invariant can be simplified if additional symmetry is present.

For example, in the case of a QSHI, the spin-up and spin-down states can be represented by

two Chern numbers n↑ and n↓.While the time-reversal symmetry guarantees that n↑+n↓ =

0, the difference (n↑−n↓)/2 can simply describe the topology of a QSHI. The Z2 invariant,

in this case, is simplified as:

ν = (n↑ − n↓)/2 mod 2 (1.36)
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In an inversion-symmetric system, the Z2 invariant can be calculated by the direct product

of the parity eigenvalues ξ at the four Λ points.

δa =
∏
m

ξm(Λa) (1.37)

In the case of 3D TI, four Z2 invariants (ν0; ν1ν2ν3) are used to fully characterize its band

topology, where ν0 is the 3D Z2 invariant and ν1,2,3 are 2D Z2 invariants. If ν0 = 0 and ν1,

ν2 or ν3 is nonzero, a weak TI is identified, which can be seen as stacks of weakly coupled

2D TIs along the (ν1ν2ν3) direction. If ν0 = 1, it represents a strong TI in 3D whose

topologically non-trivial band structures cannot be continuously deformed into stacks of

weakly coupled 2D TIs. In practice, one feasible method to calculate the Z2 invariant is

through the use of the Wannier charge center (WCC) method.

Material-wise, a wide range of 2D and 3D TIs have been discovered to date. Although

the Kane-Mele model was proposed in a graphene system [25], it ended up with the SOC in

graphene being too weak for observing the QSH effect proposed in the Kane-Mele model.

Instead, the first 2D TI was realized in (Hg,Cd)Te quantum wells as proposed by Bernevig,

Huges, and Zhang [27] by fine-tuning the band gap via varying the thickness of HgTe in the

quantum well [28]. Later on, a series of monolayer transition metal dichalcogenides (TMDC)

such as WTe2, MoTe2 in the 1T’ phase were predicted as 2D TIs [29]. An extensive amount

of experimental evidence has shown the monolayer 1T’-WTe2 is a 2D TI [30, 31, 32].

The first 3D TI was realized in the Bi1−xSbx alloy with x between 0.07 and 0.22, where

the characteristic surface bands were directed mapped by angle resolved photoemission

spectroscopy (ARPES) [33]. Later on, a group of stiochoimetric 3D TIs with a single surface

Dirac cone and large band gap was found in Bi2Te3, Bi2Se3, and Sb2Te3 [34, 35, 36, 37],

providing an ideal platform to study the unique properties associated with band topology.

For example, on the basis of Bi2(Te/Se)3, topological superconductivity candidate was found

with Cu intercalations [38], whereas magnetic topological insulator (MTI) with quantum

anomalous Hall effect was first discovered in Cr doped (Bi/Sb)2Te3 [8]. The focus of this

thesis, MnBi2Te4, the first intrinsic MTI, is also based on the series of TIs Bi2Te3. It

provides a valuable platform to study the interplay between magnetism and band topology,
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Figure 1.5: Magnetic topological insulator and quantum Anomalous Hall effect (a)
Schematic of the gapped Dirac-like dispersion of the surface state in a MTI. (b) Schematic
of the chiral edge mode that appears in a MTI when the Fermi level, EF , is located in the
mass gap induced by the magnetic exchange interaction. (c)-(f) QAH effect measured in Cr
doped (Bi, Sb)2Te3 (c) Magnetic field dependence of ρyx at different bottom gate voltage
VgS . (d) Magnetic field dependence of ρxx at different bottom gate voltage VgS . (e) The
gate dependence of ρyx(0) (empty blue squares) and ρxx(0) (empty red circles). (f) The gate
dependence of σxy(0) (empty blue squares) and σxx(0) (empty red circles) on Vg. Adapted
from [7, 8].

as we will discuss in later chapters.

1.2.4 Magnetic topological insulators

A necessary condition for forming a topological nontrivial insulator is the band inver-

sion and band gap reopening caused by spin-orbit interaction. We have introduced both

the theoretical model and material realizations of such TIs in the presence of time-reversal

symmetry in the last section 1.2.3. In fact, in the presence of a spontaneous magnetiza-

tion or, equivalently, a broken time-reversal symmetry, the nontrivial band topology and its

corresponding topologically protected edge states still exist, but with certain modifications.
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Unlike the gapless Dirac-like surface states in 3D TIs (Eq. 1.33), the surface states of a

3D MTI open up an exchange gap in the Dirac gap dispersion due to the coupling be-

tween spontaneous magnetization and the conduction electrons, as described by the model

Hamiltonian:

H = vF (−kyσx + kxσy) +mσz (1.38)

1.2.4.1 Quantum Anomalous Hall insulator

In the 2D limit, by tuning the Fermi level into the exchange gap, one can observe

a quantized Hall conductance with vanishing longitudinal conductance in the absence of

an external magnetic field, which is the so-called quantum anomalous Hall (QAH) effect

[39]. Although the QAH effect is usually introduced as the equivalent of the IQH effect

at zero magnetic field due to their similarities in the quantized Hall conductance σxy and

dissipationless chiral edge mode, the microscopic origins of the quantization of IQH and

QAH effects are quite different. In IQH insulators, the quantization is the result of the

formation of Laudau levels originating from the cyclotron motion of 2D charge carriers as

introduced in section 1.2.2, while in QAH insulators, the quantization is related to the

opening of an exchange gap near the Fermi energy EF .

Chern number can be used to describe its band topology. It can be defined as:

C = 2

∫
BZ

R̂ · ( ∂R̂
∂kx

× ∂R̂

∂ky
)
dkxdky
4π

= sgn(m) (1.39)

where R = (−vFky, vFkx,m) and R̂ = R/|R|. The Chern number of the QAH state is

equal to the sign of the mass term, which depends on the sign of the exchange coupling and

the magnetization direction.

The QAH effect was initially proposed in honeycomb and kagome lattices with staggered

magnetic fluxes. However, it was not realized in experiments for more than a decade due to

the difficulties in material design and device fabrication. In 2013, the QAH effect was first

realized experimentally in Cr doped (Bi0.1Sb0.9)2Te3 thin film on a SrTiO3 substrate at T
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= 30 mK [8]. In this case, the ferromagnetism is mediated by the local valence electrons,

via van Vleck or Bloembergen-Rowland mechanism. Shortly after, the QAH effect was also

observed in V doped (Bi1−ySby)2Te3 with a better quantization at 25mK which persists

to about 120mK [40]. Although the Curie temperature in the transition metal (Cr or V)

doped (Bi,Sb)2Te3 is relatively high (∼ 20K), the quantization of Hall conductance is only

observable at 10s or 100s of millikelvin. This is probably due to the existence of dissipative

channels, such as the residual carriers from the bulk band, impurity channels caused by

defects and magnetic dopants, and nonchiral quasi-helical edge modes.

1.2.4.2 Axion insulator

While a QAH insulator, which breaks time-reversal symmetry, is characterized by the

Chern number (Eq. 1.39), there exists another type of MTI, called axion insulator that is

protected by inversion and time reversal, or the composition of either one with a rotation

or a translation [41]. Axion is a hypothetical particle in high-energy physics, which possibly

explains the strong charge-parity problem in quantum chromodynamics and is a candidate

for dark matter. In the context of condensed matter systems, in analogy to the axion field

in high-energy physics, the electromagnetic response of an axion insulator can be described

by an effective axion field θ in topological field theory:

θ = − 1

4π

∫
BZ

d3k ϵµνσTr[Aµ∂νAσ − 2i

3
AµAνAσ] (1.40)

where A is the Berry connection, ϵ is the Levi-Civita symbol, and the trace runs over the

band index of the Berry connection over occupied bands. The axion field θ can also be

understood as a contribution to the magnetoelectric polarization from extended orbitals.

In the presence of the axion field θ, an additional term Lθ needs to be added to the

Lagrangian:

Lθ =
α

4π2
θ E ·B (1.41)

where α is the fine-structure constant. This term leads to a modification to the Maxwell

equation:

∇ ·E = 4πρ− α

π
(∇θ) ·B (1.42)



19

Figure 1.6: Axion insulator states in magnetic topological insulator heterostruc-
tures (a) schematic of a QAH state with parallel magnetization directions on the top (V-
doped) and bottom (Cr-doped) magnetic layers (b) schematic of an axion insulator state
with antiparallel magnetization on those layers. (c) The top panel shows the magnetic field
dependence of σxy at 500 mK for symmetric modulation-doped heterostructures with V
(pink) and Cr (green). The lower panel shows σxy and σxx at 60 mK for V-doped and Cr-
doped heterostructures. The insets show the magnetization configuration at each magnetic
field. From [7, 9]

∇×B =
4π

c
µ0J+

1

c

∂E

∂t
+
α

π
[
1

c
B(

∂

∂t
θ) + (∇θ)×E] (1.43)

The application of a magnetic field induces electric polarization, whereas an electric field

induces magnetization.

P =
e2

2h

θ

π
B =

√
ϵ0
µ0
α
θ

π
B (1.44)

M =
e2

2h

θ

π
E =

√
ϵ0
µ0
α
θ

π
E (1.45)

Such magnetoelectric effects broadly exist not only in axion insulators and TIs but also

in some topologically trivial materials with non-vanishing θ, such as the magnetoelectric



20

Cr2O3 and multiferroic (Fn, Zn)2Mo3O8.

However, the magnetoelectric effect is more significant in TIs and axion insulators, where

θ is quantized (θ = π). The direct consequence of a quantized axion field in the bulk is a

half-quantized Hall effect on the surface. To produce an axion insulator, it is necessary to

realize an antiparallel magnetization (M) or an opposite sign of the exchange gaps on the

top and bottom surfaces. Therefore, the half-quantized Hall conductances on the top and

bottom surface (σxy = ± e2

2h) of an axion insulator cancel each other, forming a zero Hall

conductance plateau, which characterizes the axion insulator. Such a zero Hall plateau was

previously observed in a modulation-doped heterostructure of (Bi,Sb)2Te3 with V and Cr

where the magnetizationM pointing up on the top surface and down on the bottom surface

[9], as the lower panel of Fig. 1.6(c) shows. Due to the large coercive field difference between

the two magnetic layers as the upper panel of Fig. 1.6(c) shows, an antiparallel magnetic

configuration on the top and bottom surface when the magnetic field B is in between the

coercive field of the V doped layer and Cr doped leads to a broad zero Hall conductance

plateau.

Another consequence of the quantized axion field is the quantized rotation of the field

polarization axis in the units of the fine structure constant α. Such a quantization in

optical-magnetic responses can be measured by performing both Kerr and Faraday rotation

measurements with a low-frequency optical probe (e.g. terahertz spectroscopy), whose

energy is lower than the exchange gap of the surface state.

1.2.5 Dirac and Weyl semimetals

The previously introduced topological states are all insulators, where topological invari-

ants could be sharply delineated due to the presence of energy gaps. It is natural to ask “Do

topological quantum numbers exist in metals where there is no such gap?”. It turns out that

topological states can also exist in metals.For instance, when transitioning from a 3D TI to

a trivial insulator through a gapless state, a Dirac semimetal phase can be realized in the

presence of both time reversal and inversion symmetry [42]. If the time-reversal symmetry

or the inversion symmetry is lost, the massless Dirac point could expand into a pair of Weyl
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Figure 1.7: Electronic structures of topological semimatels. Schematic electronic
structures of (a) Dirac semimetal (b) magnetic semiconductor (c) Weyl semimetal (d) nodal
line semimetal. Taken from [10].

nodes with opposite chiralities, leading to a Weyl semimetal phase. Both the low-energy

excitations of Dirac and Weyl semimetals are quasiparticles of relativistic fermions, which

can be described by the Dirac equation and Weyl equation, respectively. Their character-

istic electronic properties lead to exotic surface states in the form of Fermi arcs and novel

responses to applied electric and magnetic fields, such as the intrinsic anomalous Hall effect

and chiral anomaly.

1.2.5.1 Dirac semimetal

The Dirac equation was proposed by Paul A.M. Dirac in 1928 [43], to describe the wave

function of a spin 1
2 particle in relativistic quantum mechanics:

(iγµ∂µ −m)ψ = 0 (1.46)

where µ = 0, 1, ..., d denotes the time and space dimensions, γ are anti-commuting matrices

with {γµ, γν} = 0, µ ̸= ν and (γ0)2 = −(γi)2 = 1, and effective speed of light c = 1. For 1

and 2 dimensions, γ are two and three (2× 2) matrices, while for 3 dimensions, γ are four

(4× 4) matrices. By solving the Dirac equation, one would get:

E± = ±
√
m2 + p2 (1.47)
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When the mass term vanishes (m = 0), the energy depends linearly on momentum with a

speed of the effective speed of light c = 1.

Quasiparticles of Dirac fermions described by the massless Dirac equation can be found

in condensed matter systems. While the best-known example is graphene, whose linear

energy dispersion near the K and K’ points is captured by the massless 2D Dirac equation,

a Dirac semimetal usually refers to a 3D topological phase of matter. It is characterized by a

unique electronic structure in which the conduction band and valance band cross at discrete

points, forming linear band crossings described by massless Dirac equations (Eq. 1.7(a)).

These crossing points stabilized by inversion, time reversal, and certain crystal symmetries

are called Dirac points.

1.2.5.2 Weyl semimetal

In 1929, Weyl introduced a simplified version of the Dirac equation (Eq. 1.46) in odd

spacial dimensions, which led to the foundation of Weyl semimetals. For simplicity, we first

consider d=1. One only needs two anticommuting matrices: γ0 = σz and γ1 = iσy, where

σz and σy are the Pauli matrices. If a massless particle is considered, the equation can be

simplified as i∂tψ = γ5pψ, where γ5 = γ0γ1 = σx and p = −i∂x. By picking the eigenstates

of the Hermitian matrix γ5ψ± = ±ψ±, one would obtain the 1D Weyl equation:

i∂tψ± = ±pψ± (1.48)

The solution to the Weyl equation E±(p) = ±p represents a right-moving particle and a

left-moving particle, respectively.

In three dimensions, the gamma matrices are (4 × 4) anti-commuting matrices: γ0 =

1 ⊗ τx, γ
i = σi ⊗ iτy, and γ

5 = −1 ⊗ τz. The 3D Weyl equation is thus given by:

i∂tψ± = ∓p · σψ± (1.49)

The corresponding Weyl fermions, therefore, propagate parallel or antiparallel to their spin,

which represents the so-called chirality. A single Weyl fermion in an electromagnetic field

will lead to a violation of charge conservation law. In consequence, Weyl fermions with

opposite chiralities appear in pairs in Weyl semimetals. Fig. 1.7(c) shows a schematic of
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the electronic structure of Weyl semimetals, obtain by lifting up the band degeneracies in

a Dirac semimetal (Fig. 1.7(a)) by applying a Zeeman field to break the time-reversal sym-

metry.

To realize a WSM, one needs to find a 3D crystal with nondegenerate bands by break-

ing inversion or time-reversal symmetry. Under the combined symmetry operation of the

inversion and TRS
∼
T = PT , crystal momenta are invariant and

∼
T

2

= −1, leading to a

doubly degenerate energy band. Furthermore, the chirality of the Weyl nodes is even under

TRS and odd under inversion. Thus, in the presence of the combined
∼
T = PT symmetry,

two Weyl nodes with opposite chirality are degenerate, which will lead to the annihilation

of Weyl nodes.

When either inversion or time-reversal symmetry is broken, the bands typically become

nondegenerate, and it can be shown that there exist band crossings whose low energy ex-

citations resemble Weyl fermion due to accidental degeneracies. Consider a universal 2× 2

Hamiltonian that describes the two energy bands closest to the Fermi level:

H(k) = f0(k)1 + f1(k)σx + f2(k)σy + f3(k)σz (1.50)

To achieve band crossings, the conditions f1 = f2 = f3 = 0 must be met. In three-

dimensional materials, we have three independent variables kx, ky, kz to satisfy this condi-

tion. As a result, the band crossings can be realized without fine-tuning the energy bands,

enabling the existence of accidental twofold degeneracies in three-dimensional solids in the

absence of any symmetry.

Furthermore, to ensure the generic linear dispersion near the Weyl point, we can expand

the Hamiltonian about k = k0 + δk:

H(k) = f0(k)1 + v0 · δk1 +
∑

a=x,y,z

va · δkσa (1.51)

where vµ = ∇kfµ(k)|k = k0(µ = 0, ..., 3). To ensure the band crossings near the Fermi

energy, f0(k0) has to be a value close to 0. If v0 = 0 and va = v0â (a = x,y,z), the Weyl

equation (Eq. 1.49) is retrieved. Consequently, one can conclude that Weyl nodes can

exist in three-dimensional solids due to accidental symmetry. Moreover, the Weyl nodes

are stable against small perturbations. Since if a small perturbation is applied on fa, the
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Figure 1.8: Electronic structures near a type-I and type-II Weyl node (a) Electronic
structure near a type-I Weyl node with an untilted (or slightly tilted) Weyl cone and a point
like Fermi surface (b) Electronic structure near a type-II Weyl semimetal with a tilted Weyl
cone and a coexistence of electron and hole Fermi pockets touching at the Weyl point. Taken
from [10].

band crossing (i.e. Weyl node) will move in three-dimensional space, but will not disappear

unless annihilating with another Weyl node of opposite chirality.

To realize a Weyl semimetal, a 3D crystal with nondegenerate bands must be found

by breaking either inversion or time-reversal symmetry. Inversion symmetry broken WSMs

with preserved TRS have at least four Weyl nodes. The chirality of Weyl nodes is even

under TRS, meaning that a Weyl node at k with a fixed chirality (e.g., C = 1) ensures the

existence of another Weyl node at −k with the same chirality. To conserve chirality, there

must be at least four Weyl nodes in a WSM with broken inversion symmetry but preserved

TRS. For WSMs with broken TRS but preserved inversion symmetry, it is possible to realize

the ideal WSM phase with a single pair of Weyl nodes having opposite chiralities. This is

due to the chirality being odd under inversion symmetry. In such scenarios, in the absence

of other topologically trivial bands at the Fermi energy, the physical properties of the Weyl
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nodes can be studied without ambiguity, leading to a better understanding of their unique

characteristics.

In addition to the type-I WSM phase, which is described exactly by the Weyl equation

(Eq. 1.49), there exists another type of WSM, known as type-II WSM. This occurs when

the velocity parameter v0 in Eq. 1.51 introduces a large enough tilt of the Weyl cone that

violates Lorentz invariance. In a type-I WSM, the Weyl cone is untilted or slightly tilted,

with electron and hole pockets occupying separate energy levels above or below the Weyl

points, as Fig.1.8(a) shows. When the Fermi level is at the Weyl point, the Fermi surface

is point-like. On the other hand, a type-II WSM allows for the coexistence of electron and

hole pockets at certain Fermi energy levels (Fig. 1.8(b)). When the Fermi level is tuned

precisely to the Weyl point, the coexisting electron and hole pockets intersect at the Weyl

nodes, creating a unique electronic structure in these materials.

Weyl nodes act as monopoles of Berry flux. The Berry flux on a surface surrounding

a Weyl point is exactly 2πC, where C represents the chirality. The field lines of Berry flux

for a pair of Weyl nodes with opposite chiralities resemble the field lines of the magnetic

field created by magnetic monopoles, as illustrated in Fig. 1.2(b). This unique topology of

WSMs leads to remarkable phenomena, including:

1. Fermi Arcs: Fermi arcs are unique surface states that connect pairs of Weyl nodes

with opposite chiralities on the surface Brillouin zone, resulting in intriguing transport and

optical properties (Fig. 1.9). These surface states arise due to the topological protection

provided by the underlying bulk Weyl points. Unlike closed loops, Fermi arcs form open

curves in momentum space, serving as strong evidence for the existence of a WSM. When the

Fermi energy is away from the Weyl points, the Fermi arc connects two bulk Weyl pockets

tangentially (Fig. 1.9(b)). Even when two Weyl pockets merge, Fermi arcs can persist.

Visualization of Fermi arcs is possible through techniques such as ARPES (Fig. 1.9(c))

and scanning tunneling spectroscopy (STM). Moreover, quantum oscillation measurements

involving closed loops of Fermi arcs and certain bulk states with specific geometries can

provide further insight into Fermi arc properties.

2. Chiral Anomaly: The chiral anomaly refers to the non-conservation of chiral current

when an external magnetic field B and an external electric field E are applied parallel to
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Figure 1.9: Schematic and experimental observations of Fermi arcs (a) Schematic
of Weyl nodes and Fermi arcs in k space (b) Evolution of Fermi arcs as the chemical
potential moves away from the Weyl nodes. (c) Comparison of theoretically calculated and
experimentally observed Fermi arcs in NaP, TaP, and TaAs. Taken from [10, 11].

each other. This leads to an imbalance in the number of left-handed and right-handed

Weyl fermions, and a non-zero chiral current. The chiral anomaly can be quantified by the

following equation:
dn3DR/L

dt
= ± e2

h2
E ·B, (1.52)

To understand the chiral anomaly in 3D WSMs in a simple way, first consider the

formation of Landau levels by applying a magnetic field along the z-axis, as Fig. 1.10(a)

shows. In a WSM, the zeroth Landau level is chiral. Introducing an electric field parallel to

the magnetic field (z-axis) generates an effective chemical potential difference between Weyl

nodes with opposite chiralities, leading to a non-conserved chiral charge. As a result, a chiral

magnetic effect characterized by negative magnetoresistance can be observed experimentally

when the magnetic and electric fields are in parallel. The quantitative relationship between
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Figure 1.10: Schematic and experimental observations of chiral anomaly (a)
Schematic of the Landau levels of a Weyl semimetal with magnetic field and electric field in
parallel and along z axis. The zeroth Landau levels are chiral. (b) Chiral anomaly observed
in Nb3Bi at varied temperatures with magnetic field and electric field in parallel and along
the x-axis. Taken from [10, 12].

magnetoconductivity and magnetic field can be expressed as [44]:

σ(B) = σ0 +
e4B2τa
4π4g(ϵF )

(1.53)

This negative magnetoresistance (or positive magnetoconductivity) exhibits a unique anisotropy

concerning the angle between the electric and magnetic fields. Notably, the chiral magnetic

effect persists even without reaching the quantum limit, meaning that the formation of

Landau levels is not a requirement.

3. Intrinsic Anomalous Hall Conductivity: The anomalous Hall effect (AHE) is a phe-

nomenon originally observed in ferromagnetic materials, where an electric current passing

through the material generates a transverse voltage in the absence of an external magnetic

field. In ferromagnetic materials, the AHE arises due to the presence of magnetization and

can be explained under the influence of the anomalous velocity of the electrons, which is a

consequence of spin-orbit coupling.

d <
→
r >

dt
=

∂E

ℏ∂
→
k
+
e

ℏ
E × Ωn (1.54)
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Figure 1.11: Intrinsic anomalous Hall effect of Weyl semimetals (a)-(c) Electronic
structures of Weyl semimetals with different tilting angles. (a) an untilted type-I WSM with
C1 = C2 = 0. (b) a type-II WSM with both Weyl cones tilting in the same direction with
C1 = C2 < −v. (c) a type-II WSM with two Weyl cones tilting in the opposite direction

with C1 = −C2 < −v (d) Normalized anomalous Hall conductivity σxy/(
e2Q
2π2ℏ) as a function

of the tilting of the Weyl cones C1/v for varied values of normalized chemical potential
µ/(ℏvQ) with fixed C2 = −C1. Taken from [13].

The anomalous velocity as shown in the second term of Eq.1.54 is found related to the Berry

curvature Ω. As a result, the intrinsic anomalous Hall conductivity can be expressed as an

integral over the Fermi sea of the Berry curvature on each occupied band:

σAH−int
ij = −ϵijl

e2

h

∑
n

∫
dk

(2π)d
f(ϵn(k))Ω

l
n(k) (1.55)

Where ϵijl is the antisymmetric tensor, ϵn(k) is the eigenvalues of a Bloch Hamiltonian H,

and f(ϵn(k)) is the Fermi-Dirac distribution.

In a WSM, the intrinsic anomalous Hall effect is significant due to the non-vanishing

Berry curvature and the unique role of a Weyl node as a monopole of Berry curvature. In

type-I Weyl semimetals, the intrinsic anomalous Hall conductivity is quantized, determined

solely by the separation between Weyl nodes in momentum space Q.

σquantxy =
e2Q

2π2ℏ
(1.56)
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This quantization arises due to the topological nature of Weyl nodes, which act as sources or

sinks of Berry curvature. The net Berry curvature integrated over a closed surface enclosing

a Weyl node is equal to the Chern number, an integer value representing the topological

charge of the node.

In type-II Weyl semimetals, the intrinsic anomalous Hall depends on the chemical po-

tential and the tilted angle of the Weyl cones. In general, the intrinsic anomalous Hall

conductivity of an ideal WSM with only one pair of Weyl nodes can be approximated as:

σIAH
xy =

e2

2π2ℏ
[Q+

µ

4ℏ
(
1

C2
− 1

C1
)(ln|2ℏvΛ

µ
| − 1)] (1.57)

where Q is the Weyl nodes separation, µ is the chemical potential, C1 and C2 denote the

tilting angle of the two Weyl cones, v is the Fermi velocity when C1 = C2 = 0, and Λ is the

cutoff momentum. The condition |C1,2

v | < 1 represents a type-I WSM (Fig. 1.11(a)), while

for |C1,2

v | ≥ 1, the system corresponds to a type-II WSM (Fig. 1.11(b-c)). Unlike the quan-

tized intrinsic anomalous Hall conductivity of a type-I WSM, the intrinsic anomalous Hall

conductivity of a type-II WSM varies significantly with changes in the chemical potential

and may exhibit a logarithmic divergence (Fig. 1.11(d)).

1.3 Overview of the topological phase diagram of MnBi2Te4

As previously introduced, significant progress has been made in MTIs through the dop-

ing of TIs with magnetic transition metals and the fabrication of magnetic topological

heterostructures. However, the observation of exotic topological phenomena in MTIs, such

as the QAHE and Axion insulator state, has been limited to extremely low temperatures

due to the presence of impurities and inhomogeneity in doped materials, as well as the

delicate proximity effect in heterostructures.

MnBi2Te4 is the first intrinsic MTI that accommodates various topological phases in

different dimensions and magnetism due to the interplay between magnetism and topology.

The ground state of bulk MnBi2Te4 is an antiferromagnetic TI protected by the combined

half-layer lattice translation and time-reversal symmetry (S = τ1/2T ). The band gap in

the bulk is topologically non-trivial and as large as 0.2 eV. Fig. 1.12(a) shows the rich

topological phase diagram, which is theoretically possible to be realized in MnBi2Te4 with
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Figure 1.12: Topological phases in MnBi2Te4 (a) Rich topological quantum states
that are possible to be realized in MnBi2Te4 in different dimensions and magnetic states
(AFM, FM, PM). (b) Crystal structure of MnBi2Te4. The arrow indicates the half lattice
translation T1/2. (c) Schematic of 5 septuple layers of MnBi2Te4, in which evidence of the
QAH state was observed. (d) Field dependence of inline resistance Rxx and Hall resistance
Rxy of a 5 SL MnBi2Te4 sample at T= 1.4K and Vg = −200V . (e) Schematic of 6 septuple
layers of MnBi2Te4, in which evidence of the Axion insulator state was observed. (f) Field
dependence of inline resistivity ρxx and Hall resistivity ρxy of a 6 SL MnBi2Te4 sample at
T= 1.6K and Vg = 22V . (g) Schematics of bulk MnBi2Te4 in the field-induced FM state,
in which an ideal Weyl semimetal state was proposed. (h) electronic structures of FM-z
MnBi2Te4 with a pair of type-II Weyl nodes calculated by DFT. (g) Fermi arcs connecting
the two Weyl nodes with opposite charities. Panel (a), (b), (h) and (i) are taken from [14],
panel (d) from [15], and panel (f) from [16].

different dimension and magnetic states. Among those, characteristic features of some of

the topological states have been observed in experiments.

The thin film limit of MnBi2Te4 exhibits the QAH insulator state and axion insulator

state in odd and even septuple layers, respectively. In even layers of MnBi2Te4 thin film

as Fig. 1.12(e) illustrates, the time reversal symmery Θ and the inversion symmetry about

the O2 point P2 (Fig. 1.12(b)) are broken, but the combined P2Θ symmetry is preserved,
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Figure 1.13: Electronic structure calculations of the Weyl semimetal phase in bulk
MnBi2Te4 under rotating magnetic field, strain and pressure (a)-(f) Evolution of
the electronic structure of bulk MnBi2Te4 in the field-induced FM state by rotating the
external magnetic field angle calculated by DFT. (a) Evolution of Weyl points in momentum
space when magnetic orientation denoted by black arrows rotates from the out-of-plane to
in-plane direction in the kx− kz plane. The solid and open squares denote type-I and type-
II Weyl points, respectively. (b) band dispersion near Weyl points along the kz direction
for different magnetic orientations with magnetic field angles as illustrated by the black
arrows. (c)-(d) Band structures and (e)-(f) surface states of FM bulk MnBi2Te4 with
magnetic orientation angles of 10◦ (upper) and 50◦ (lower). (g)-(h) electronic strcuture of
FM-z MnBi2Te4 under (g) 0.5% and (h) 1% of isotropic strain. (i) Evolution of electronic
structures of FM-z MnBi2Te4 under hydrostatic pressure. Panel (a)-(f) are taken from [14],
panel (g)-(h) from [17], and panel (i) from [18].

resulting in double degeneracy of bands. On the other hand, odd layers (Fig. 1.12(c))

have P2 but lack both Θ and P2Θ symmetries, resulting in spin-split bands. The distinct

symmetries between even and odd layers lead to different topological properties. In even

layers with P2Θ symmetry, a topological Chern number C=0 is required, whereas C̸= 0 is

permitted in odd layers. Specifically, a QAH insulator state with C=1 was observed in 5

SLs, characterized by quantized Hall conductance and vanishing longitudinal conductance,

in the absence of external magnetic field (Fig. 1.12(d))[15] and under a moderate magnetic

field [45, 15, 46], while an axion insulator state with C=0 was observed in 6 SLs, character-

ized by a zero Hall conductance plateau and a large longitudinal resistance (Fig. 1.12(f))
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[16]. Additionally, by applying an out-of-plane magnetic field (B > 6T) to the 6SL sample,

an axion insulator to Chern insulator (IQH insulator without Landau levels) topological

phase transition was realized (Fig. 1.12(f))[16]. Moreover, high-Chern-number states (C

= 2, 3) characterized by a ne2/h Hall conductance was also observed in thin flim limits

of MnBi2Te4 under a magnetic field along c-axis [46, 47]. However, discrepency remains

in these experimental studies on the topological states of thin flim MnBi2Te4, which may

be attributed to subtle variations in material growth and fabrication techniques, as well as

the diverse possibilities of realizing different types of topological states. Future studies on

thin film MnBi2Te4 with extreme caution are needed to advance our understanding of its

topological properties and potentially unlock its potential for practical applications.

By applying an out-of-plane magnetic field to the bulk MnBi2Te4 (Fig. 1.12(g)), an ideal

Weyl semimetal phase can be stabilized in the field-induced FM sate. Fig. 1.12(h) displays

the electronic structures near the type-II Weyl nodes calculated by DFT, while Fig. 1.12(i)

shows the Fermi arc connecting the Weyl nodes. Moreover, the electronic structures near

the Weyl crossings are highly susceptible to external factors such as strain, magnetic field

angle, and pressure. A possible Lifshitz transition from a type-II to a type-I Weyl semimetal

was proposed by varying the orientations of the magnetic moments or applying strain, as

Fig. 1.13(a)-(h) demonstrates. It is proposed that the tilting of the Weyl cones will also

rotate from a type-II to type-I WSM as the magnetic orientation rotates from out-of-plane

to in-plane (Fig. 1.13(b)), with the pair of Weyl nodes eventually annihilating with each

other when the magnetic orientation becomes fully in-plane. Isotropic strain has also been

reported to be able to tune a type-II WSM phase in FM-z MnBi2Te4 into a type-I WSM

(Fig. 1.13(g)-(h)). Under a hydrostatic pressure, FM-z MnBi2Te4 is predicted to undergo

a series of topological phase transitions. The type-II Weyl nodes under ambient pressure

will first move towards each other and annihilate at a pressure ∼ 2 GPa. Meanwhile, a

new pair of type-I Weyl points emerges at around 1 GPa. With increasing pressure, the

dispersion of the type-I Weyl cones starts to tilt and eventually turns into type-II Weyl

cones near 5 GPa. However, the electronic structures of MnBi2Te4 are highly sensitive

to its magnetism and details in real materials, such as lattice constants, defect types and

densities, and the correlation strength. As a result, it is uncertain whether the real system
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will behave as predicted by DFT calculations. The focus of this thesis is to use vairous

experimental probes to systematically investigate the ideal Weyl semimetal phase and its

associated Lifshitz transitions under external fields. This will help uncover the truth about

the WSM state in MnBi2Te4 and pave the way for future studies on magnetic topological

materials.

While the topological phases introduced above have attracted extensive studies, there

are still a number of other phases proposed in theory that have yet to be observed due

to experimental challenges. For instance, an AFM mirror topological crystalline insula-

tor has been proposed in the AFM-x state, where the magnetic moments lie in-plane [14].

Although this magnetic state is difficult to achieve in MnBi2Te4, it might be feasible in com-

pounds based on Eu, Ni, or V. Additionally, Majorana hinge modes have been proposed in

MnBi2Te4/superconductor heterostructures through the proximity effect [48]. A range of

higher order TIs have also been proposed in MnBi2Te4 and related systems. For example,

a hypothetical higher-order Mobius insulator has been proposed in the canted AFM state,

characterized by a Mobius twist in its topological surface state [49]. Further investigation

is needed to explore these phases.
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Chapter 2

EXPERIMENTAL METHOD

This chapter will begin by discussing the details of the crystal growth procedures devel-

oped for MnBi2−xSbxTe4. It will then provide an overview of the experimental measure-

ments featured in this thesis, including electrical transport and magnetic properties measure-

ments conducted under high magnetic fields and hydrostatic pressure on MnBi2−xSbxTe4.

2.1 Crystal growths

Single crystals of MnBi2−xSbxTe4 were grown by a flux method. Mixtures of arc-melted

Mn (alfa aesar, 99.9998%), Bi granules (strem, 99.9999%), Sb shot (alfa aesar, 99.9999%),

and Te lump (alfa aesar, 99.9999%) in the molar ratio of 1 : 10 × (2 − x) : 10x : 16

(Mn:Bi:Sb:Te) were grinded and placed in a Canfield crucible, and sealed inside a quartz

tube under high vacuum (< 10 mTorr). The quartz tube and crucibles were pre-cleaned

using oxygen plasma followed by deionized water using an ultrasonic cleaner and baked

at 180◦C overnight. The tube loaded with charge was then heated to 900◦C and held for

12 hours. After slowly cooling across a ∼10◦C window around 600◦C over a week, the

excess flux was quickly removed by centrifugation above the melting temperature of Bi2Te3

(585◦C). For the Sb-heavy compound, the decanting temperature is near 600◦C, whereas

for the Bi-heavy compound, the optimum decanting temperature is near 593◦C. The exact

optimal decanting temperature depends on the real temperature and thermal gradient inside

the furnaces. Crystals produced by this self-flux method were typically in the size of 1mm ×

5mm × 5mm (Fig. 2.2(a)). The compositions were determined by Energy-dispersive X-ray

spectroscopy (EDS) on a cleaved surface using a Sirion XL30 scanning electron microscope.

Measurements were made at several locations on multiple samples within one batch. As

shown in Fig. 2.1, measured values were proportional to the nominal composition in all

cases. Small deviations observed in the data were likely due to the application of different
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Figure 2.1: Summary of growths of MnBi2−xSbxTe4. The Sb concentration deter-
mined by EDS verses the nominal composition. The changes in slope observed in the data
were likely due to the application of different decanting temperatures, particularly around
nominal x = 0.25 and 0.5.

decanting temperatures as mentioned before, particularly around nominal x = 0.25 and 0.5.

2.2 Electrical transport measurements

Electrical transport measurements were made in a standard four-probe or six-probe con-

tact configuration with current direction in-plane and voltage contacts on the exposed [001]

surface. Magnetotransport measurements were carried out in a 14 T Physical Property

Measurement System (PPMS), a 36 T series connected hybrid magnet, a 31T resistive mag-

net at the National High Magnetic Field Laboratory (NHMFL) in Tallahassee, FL, or a 65T

pulsed magnetic field at NHMFL in Los Alamos, NM. The magnetic field is out-of-plane

along c-axis of the crystal if not otherwise noted. For angle-dependent magnetotransport

measurements, the magnetic field rotates from out of plane to inplne perpendicular to the
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Figure 2.2: Single crystal and samples of MnBi2−xSbxTe4. (a) Single crystal of
MnBi2−xSbxTe4 (x = 0.75). (b) a sample of MnBi2−xSbxTe4 (x=0.7) with six-probe
contacts for magnetotransport measurement under a DC magnetic field (c) a six-probe
MnBi2−xSbxTe4 sample glued on an intrinsic silicon substrate with stycast epoxy mounted
on a puck for magnetotransport measurement under a pulsed magnetic field.

current direction. To eliminate any effects from contact misalignment, the magnetoresistiv-

ities and Hall resistivities were symmetrized and antisymmetrized, respectively.

For magnetotransport measurements under a DC field (up to 36T), samples were pre-

pared in a standard way - a bar-shaped (typically 1mm × 400 µm × 30µm) sample was

prepared (Fig. 2.2(b)). Electrical contacts were made to the sample by first sputtering the

contact pattern with gold using a hand-made paper mask and gold sputterer with argon at-

mosphere (108 Manual Sputter Coater, Cressington Scientific Instruments). Electrical leads

in the form of 25-micron diameter gold wire were attached to the pre-patterned contacts by

hand using silver paste. For high field (31T and 36T) measurements, a thin layer of two-

part epoxy was applied over the samples to secure the samples under high magnetic field

sweeps. For magnetotransport measurements under a pulsed magnetic field (65T), samples

were glued down on an intrinsic silicon substrate (∼ 3mm × 3mm × 0.5mm) with stycast

epoxy (Loctite Stycast 2850FT) (Fig. 2.2(c)). The electrical leads are made of twisted pairs

of 50 gauge wires. The twisted pairs were arranged in a way to minimize the current loop

area and anchored down to the puck with varnish (GE 7031).
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2.3 Magnetic properties measurements

The low field magnetization was measured using the vibrating sample magnetometer

(VSM) module of a 14 T PPMS. To prepare the sample, a small amount of GE varnish

was used to glue it onto a quartz rod, which was then placed in a brass sample holder.

The magnetization data were reported in Bohr magnetons per Mn (µB/Mn), which was

calculated using the weight of the sample and the EDS-determined stoichiometry.

High-field magnetization measurements were conducted using an extraction magnetome-

ter in a 65 T pulsed magnet at the Pulsed-Field Facility of the NHMFL located at Los

Alamos National Laboratory. The extraction magnetometer was a homemade device con-

sisting of a 1.5-mm-bore, 1.5-mm long, 1500-turn compensated coil susceptometer made

from 50-gauge high-purity copper wire. To ensure a sizable magnetization signal, multiple

samples were glued along the c-axis using two-part epoxy and mounted within a 1.3-mm-

diameter ampoule that could be moved in and out of the coil. When a sample was placed

inside the coil, the varying magnetization signal V (dM/dt) over time t was induced by

the dB/dt of the pulsed magnet. To obtain the sample magnetization, the empty coil data

measured without the sample was subtracted from the data measured under identical con-

ditions with the sample present, and then integrated over time. The resulting data were

normalized using independent low-field magnetization data to obtain the absolute value in

Bohr magnetons per Mn (µB/Mn).

2.4 Application of pressure

To investigate the effect of hydrostatic pressure on the magnetotransport of our sample,

we applied pressures of up to 2.2 GPa using a clamp piston cylinder pressure cell (easyLab

Pcell 30) while conducting magnetotransport measurements in the 14T PPMS. Fig. 2.3(a)

provides a photograph of the pressure cell used in the experiment. A six-probe sample,

similar to that shown in Fig. 2.2(b), was prepared, and its magnetotransport was initially

measured under ambient pressure. The sample was then placed onto the sample mount-

ing stage of the pressure cell (Fig. 2.3(b)), and the magnetotransport was measured at

fixed pressure at a time and at multiple pressure setpoints in ascending order. To monitor
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Figure 2.3: Experimental setup for electrical transport measurements under pres-
sure (a) photograph of the pressure cell (b) schematic of the inside of the pressure cell

the applied pressure, we used a Sn piece as a manometer by tracking its superconducting

transition as a function of pressure.

2.5 Phase diagram

The parent compound MnBi2Te4 is the first intrinsic magnetic topological material.

Its crystal structure, as shown in Fig. 2.4(a), can be seen as a natural heterostructure of

magnetic MnTe inserted in the TI Bi2Te3. The ground state of MnBi2Te4 is an A-type AFM

TI with an easy axis along c and Neel temperature TN at 24K. By applying an out-of-plane

magnetic field, the AFM phase undergoes a metamagnetic transition, and an FM phase is

stabilized near 8T.

Substitute Bi with Sb (MnBi2−xSbxTe4) tunes the carrier from electron to hole across

the charge neutrality point while preserving the intrinsic magnetism (19 K < TN < 24

K). Figure 2.4(b) shows the temperature dependence of the zero-field in-plane electrical

resistivity ρxx. For most samples, the resistivity exhibits a metallic behavior, consistent

with a degenerately doped semiconductor. For one composition very close to the charge-

neutrality point (x = 0.7), the resistivity shows a nonmonotonic temperature dependence.
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Figure 2.4: Transport characterization of MnBi2−xSbxTe4. (a) Crystal structure of
MnBi2−xSbxTe4. (b) Temperature dependence of zero-field in-plane resistivity ρxx. (c) Field
dependence of Hall resistivity ρxy with field along the c-axis at T = 2K. Dash-dotted lines
denote data taken on Oak Ridge (OR) samples, while solid lines represent UW samples. (d)
Carrier density as a function of chemical doping x. Carrier density is extracted by fitting
the linear background of the Hall resistivity above Hc2.

A kink in the resistivity at around 23–25 K marks the AFM transition temperature TN. Fig.

2.4(c) shows the Hall resistivity ρxy measured at T = 2 K. The carrier density is extracted

by fitting the linear background of the Hall resistivity above Hc2. As shown in 2.4(d),

the carrier density changes from 6 × 1019 cm–3 electrons to 2 × 1019 cm–3 holes as the Sb

concentration increases, and the system switches from n-type to p-type at a compensation

point in the vicinity of x ∼ 0.7.

Figure 2.5 shows the magnetization measurement of a representative sample, x = 0.63.

As shown in Fig. 2.5(a), when the magnetic field is swept along the c-axis at low tem-

peratures, the sample undergoes an AFM to canted AFM transition, corresponding to the

sudden jump of the magnetization at the spin-flop field Hc1, followed by a canted AFM to

FM transition at the saturation field Hc2. Using the magnetization versus field data, we
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Figure 2.5: Magnetization characterization of MnBi2−xSbxTe4. (a) Field dependence
of magnetization of the x = 0.63 OR sample measured at various temperatures. (b) Field-
temperature magnetic phase diagram of MnBi2−xSbxTe4 for x = 0.63. Circles and triangles
denote spin-flop field Hc1 and saturation field Hc2, respectively. Dotted lines are guides for
the eyes for the phase boundaries. Color in the phase diagrams maps to the logarithm of
the absolute value of the second derivative of magnetization with respect to the field. Note:
the temperature range is 2–30 K. (c) Doping dependence of spin-flop field Hc1 (circles) and
saturation field Hc2 (triangles) at 2 K. Red data are taken on UW samples, whereas black
data are taken on OR samples.

constructed the magnetic phase diagram for x = 0.63, shown in Fig. 2.5(b). The sharp

color changes highlighted in the second derivative of magnetization with respect to the field

in a log scale mark the phase boundaries defined by Hc1 (circles) and Hc2 (triangles). As

the temperature increases, the FM phase eventually crosses over to the paramagnetic (PM)

phase. Within the range of the doping focused on in our study, the substitution of Sb only

slightly suppresses TN, Hc1, and Hc2, without altering the magnetic phase behavior [50].
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Chapter 3

ELECTRONIC STRUCTURES PROBED BY QUANTUM
OSCILLATIONS IN THE FIELD-INDUCED FERROMAGNETIC

STATE OF MnBi2−xSbxTE4

3.1 Abstract

The intrinsic antiferromagnetic topological insulator MnBi2Te4 undergoes a metamag-

netic transition in a c-axis magnetic field. It has been predicted that FM MnBi2Te4 is an

ideal Weyl semimetal with a single pair of Weyl nodes. In this chapter, I present measure-

ments of quantum oscillations detected in the field-induced FM phase of MnBi2−xSbxTe4,

where Sb substitution tunes the majority carriers from electrons to holes. Single-frequency

Shubnikov-de Haas oscillations were observed in a wide range of Sb concentrations (0.54 ≤

x ≤ 1.21). The evolution of the oscillation frequency and the effective mass shows rea-

sonable agreement with the Weyl semimetal band structure of FM MnBi2Te4 predicted

by density functional calculations. Intriguingly, the quantum oscillation frequency shows a

strong temperature dependence, indicating that the electronic structure depends sensitively

on magnetism.

3.2 Introduction

The recently discovered magnetic topological material MnBi2Te4 presents a unique plat-

form to study band topology intertwined with magnetic order[14, 17, 51, 52]. The crystal

structure of MnBi2Te4 (Fig. 2.4(a)) consists of van der Waals bonded septuple layers. Each

of the septuple layers can be viewed as a natural heterostructure of a magnetic MnTe layer

sandwiched by Bi2Te3 TIs. The layered structure enables exfoliation to reach the regime

of a two-dimensional phenomenon. For example, the quantum anomalous Hall effect has

been observed in atomically thin flakes [16, 15, 53, 45]. The ground state of bulk MnBi2Te4

is a layered antiferromagnet (AFM) (TN = 24 K), in which the individually ferromagnetic

Mn-Te layers are coupled antiferromagnetically in the out-of-plane direction (the c-axis),
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which is also the easy-axis of the moments. Density functional theory (DFT) calculations

indicate that the three-dimensional bulk electronic structure in the AFM phase is an anti-

ferromagnetic TI, with an insulating bulk and gapped surface state on the top and bottom

surfaces. Although soon after the material realization, ARPES studies of MnBi2Te4 re-

vealed the Dirac surface states predicted by the theory [54, 55, 56, 57, 58, 59], controversy

remains as to whether the Dirac point is gapped as expected [60].

When a magnetic field is applied along the c-axis, the AFM phase undergoes a metamag-

netic transition, and an FM phase is stabilized at 8 T. Compared with the antiferromagnetic

phase, the electronic structure in the field-induced FM phase is much less explored. This is

partly because the magnetic field and ARPES measurements are incompatible. It has been

predicted that the electronic structure in the FM phase of MnBi2Te4 is an ideal type-II

Weyl semimetal, with a single pair of Weyl nodes that is situated on the kz axis [14, 17]. If

so, the metamagnetic transition is also a field-induced topological phase transition. Recent

scanning tunneling spectroscopy (STS) measurements found that the local density of states

is almost unchanged across the AFM-FM transition [61, 62], inconsistent with a topological

phase transition. However, STS only probes the surface. Clearly, a direct measurement of

the bulk electronic structure of FM MnBi2Te4 is desirable to resolve this issue.

Sb-substituted MnBi2Te4 (MnBi2−xSbxTe4) offers the opportunity to study the elec-

tronic structure in the FM phase via quantum oscillation measurements. The Sb substi-

tution effectively tunes the carriers from electrons to holes while preserving their intrinsic

magnetism (19 < TN < 24 K) [58, 50]. Close to the charge-neutrality point, the mobility is

enhanced, and quantum oscillations have been observed [63]. The measurement of quantum

oscillations has been a canonical method to probe the bulk electronic structures of metals

and semiconductors. In particular, the doping dependence of the oscillation frequency and

effective mass provides strong constraints on the band dispersion near the band edge.

In this chapter, I present measurements of the Shubnikov-de Haas (SdH) oscillations

in the field-induced FM phase of MnBi2−xSbxTe4 over a wide range of Sb concentrations

(0.54 ≤ x ≤ 1.21). By comparing the measured oscillation frequency, carrier density, and

effective mass with DFT calculations, we find overall reasonable agreement with calcula-

tions assuming a rigid band shift of the Weyl semimetal band structure in FM MnBi2Te4.
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Interestingly, the oscillation frequency shows a strong temperature dependence. We can

explain this unusual phenomenon as a manifestation of the high sensitivity of the electronic

structure to the size of the magnetization in this material.

3.3 Results

Shubnikov–de Haas (SdH) oscillations were observed in the transverse magnetoresistance

of MnBi2−xSbxTe4. Figure 3.1 shows the in-plane longitudinal resistivity ρxx as a function

of c-axis magnetic field. The magnetoresistance (MR) exhibits a strong field dependence.

At base temperature, two successive features can be seen in most samples, corresponding

to Hc1 and Hc2. As the temperature increases, the two anomalies merge and eventually

smear out above TN. For all the doping levels shown in the figure, quantum oscillations

can be seen once the field surpasses Hc2. In Fig. 3.2, the oscillatory part of the resistivity

is plotted against the inverse of the magnetic field. The oscillatory part was extracted by

subtracting a fifth-order polynomial background. Using a fast Fourier transform (FFT), we

obtained the frequency spectrum for each doping level, plotted in Fig. 3.3. The oscillation

frequency, defined as the peak position in the FFT spectrum at base temperature, is plotted

as a function of composition in Fig. 3.3(l). Starting from the electron-doped side, the oscil-

lation frequency decreases as x increases and reaches 82 T for x = 0.63. After crossing the

compensation point, the frequency increases monotonically from 37 to 144 T as x increases

from 0.7 to 1.21.

The quantum oscillation frequency is related to the extremal area of the Fermi surface

cross-section (A) projected along the field direction via the Onsager relation Fs = (ℏ/2πe)A.

The compositional dependence of the frequency (Fig. 3.3(l)) is consistent with the shrink-

ing and expanding of the Fermi surface as the system is tuned across the charge neutrality

point. Notice that for a three-dimensional Fermi surface, the full angular dependence of

the frequency is required to determine the carrier density from its volume. Such a three-

dimensional mapping is impossible for MnBi2−xSbxTe4 because the rotation of the magnetic

field also changes the direction of magnetization, which inevitably changes the electronic

structure [64]. In this subsection, we focus on the electronic structure when the magnetiza-

tion is aligned to the c-axis by the magnetic field. The angle dependence of the quantum
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Figure 3.1: Magnetoresistivity of MnBi2−xSbxTe4. Field dependence of ρxx for
MnBi2−xSbxTe4 with c-axis magnetic fields up to 36 T [OR samples (a)-(d)], 14 T [UW
samples (e)-(j)], and 31T [UW sample (k)]. The temperature of the measurements is color-
coded based on the scale bar on the right.

oscillations will be discussed in detail in Chapter 5.

We next turn to the temperature dependence of the quantum oscillations. As usual, we

proceed to determine the effective mass m = m∗me by fitting the temperature dependence
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Figure 3.2: Shubnikov-de Haas oscillations of MnBi2−xSbxTe4. Oscillatory part of
ρxx for MnBi2−xSbxTe4 as a function of inverse field obtained by subtracting a fifth-order
polynomial background.

of the amplitude of oscillations to the Lifshitz-Kosevich factor,

RT =
αTm∗

Bsinh(αTm∗/B)
(3.1)
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Figure 3.3: Fast Fourier transform (FFT) spectrum and oscillation frequency
of MnBi2−xSbxTe4. (a)–(k) FFT spectrum of the oscillatory part of resistivity for
MnBi2−xSbxTe4 at various temperatures. (l) Doping dependence of the peak frequency
FS . Red (black) dots are data taken from OR (UW) samples. The gray dashed line denotes
the doping level closest to the charge-neutral point.

where α = 2π2kBme/eℏ. We determine the amplitude by taking the difference between the

peak and valley resistances measured at the highest field, where the magnetization is in the
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Figure 3.4: Effective mass m/me of MnBi2−xSbxTe4 extracted from Lifshitz-
Kosevich fitting. (a)–(k) Temperature dependence of the oscillation amplitude measured
near 36 T [(a)–(d) OR samples], 14 T [(e)–(g),(i)–(k) UW samples], and 31 T [(h) UW sam-
ple]. Red solid curves are fits to the Lifshitz-Kosevich factor to obtain the effective mass.
(l) Doping dependence of the effective mass for OR samples (red) and UW samples (black).
The gray dashed line denotes the doping level closest to the charge neutrality point.

saturation state. As shown in Fig. 3.4, the temperature dependence is well fitted by the

thermal damping factor RT in all cases. The extracted effective mass shows a strong doping
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Figure 3.5: Density functional theory calculations (a) Band structure of MnBi2Te4
in the FM state with magnetic moments saturated along the c-axis calculated by DFT.
(b) Calculated oscillation frequency vs Fermi energy for the electron (red) and hole (blue)
pocket. The electron pocket has two extremal orbits. The dashed (solid) line represents
the kz ̸= 0 (kz = 0) extremal orbit. (c) Evolution of the Fermi surface projected onto the
kx − kz plane passing from heavily electron-doped (rightmost panel) to heavily hole-doped
(leftmost panel).

dependence [Fig. 3.4(l)], indicating that the energy bands are non-parabolic.

To gain further insights, we used DFT to calculate the band structure of FM MnBi2Te4

with the magnetization fully saturated along the c-axis [Fig. 3.5(a)]. We obtain a Weyl

crossing along the Γ − Z direction, consistent with previous studies. The frequencies cor-

responding to the extremal orbits are plotted in Fig. 3.5(b) as a function of Fermi energy.

The evolution of Fermi surface projections onto the ky = 0 plane as the Fermi level moves

is illustrated in Fig. 3.5(c).

We then compare the experimentally measured constraints on the electronic structures

with theoretically calculated results. The effective mass, m, is the derivative of the cyclotron

orbit area A with respect to energy, E:

m =
ℏ2

2π

∂A

∂E
(3.2)
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Figure 3.6: Comparison between experiment and theory. Theoretical predictions
(dashed lines) and experimental measurements of the effective mass (a) and carrier density
(b) as a function of quantum oscillation frequency. Circles are for UW samples, and squares
are for OR samples. In both (a) and (b), red lines represent calculations for the conduction
band, and blue lines are calculations for the valence band. In (a), the red dashed line is the
calculations for the kz ̸= 0 extremal orbit of the conduction band, while the red solid line
is for the kz = 0 orbit of the conduction band

The effective mass m as a function of A is determined by the band dispersion E(k), and

A is in turn directly related to the oscillation frequency FS via the Onsager relation,

Fs = (ℏ/2πe)A. Therefore, the experimentally measured variation of m with respect to

Fs provides strong constraints on the underlying band dispersion. In Fig. 3.6(a), the mea-

sured effective mass versus oscillation frequency is plotted alongside the prediction based on

the Weyl dispersion (blue and red curves) calculated by DFT. The Weyl dispersion shows a

good agreement with the experimental values. In particular, the calculated values of the ef-

fective mass of the conduction band match almost perfectly with the experimental data, and

the valence-band effective mass also falls within the range of measured values, although the

experimental doping dependence seems somewhat stronger. We also calculated the carrier

density (from the Fermi surface volume) versus oscillation frequency from the Weyl band

structures, and it too shows good agreement with the experimental data (Fig. 3.6(b)). To
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Figure 3.7: Anomalous temperature dependence of SdH oscillations of
MnBi2−xSbxTe4. (a),(b) Oscillatory part of ρxx , second derivative of ρxx, and back-
ground subtracted ρxy for (a) electron-doped (x = 0.63) and (b) hole-doped (x = 0.75)
MnBi2−xSbxTe4 at varied temperatures as a function of inverse field 1/µ0H. (c),(d) Tem-
perature dependence of peak and valley positions in the SdH oscillations for (c) x = 0.63
and (d) x = 0.75. (e),(f) Oscillation frequency FS as a function of temperature for (e)
electron-doped (x = 0.63) and (f) hole-doped (x = 0.75) MnBi2−xSbxTe4.

conclude, The evolution of the oscillation frequency and the effective mass shows reasonable

agreement with the Weyl semimetal band structure of FM MnBi2Te4 predicted by density

functional calculations.
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3.4 Discussion

3.4.1 Anomalous temperature dependence of SdH oscillation frequencies

The amplitude of quantum oscillations always decays with temperatures due to the

smearing of the Fermi-Dirac distribution, but the frequency is usually a constant as a func-

tion of temperature. Surprisingly, here, in addition to the thermal damping, we also observed

substantial shifts of the peak and valley positions (Fig. 3.2) as temperature increased. A

closer inspection of the FFT spectra (Fig. 3.3) shows that the oscillation frequency also

shifts with temperature. To ensure that this shift is not an artifact due to background

subtraction, we extracted the oscillatory data of two representative samples, x = 0.63

(electron-doped) and x = 0.75 (hole-doped), using three different methods: background

subtracted ρxx, second derivative of ρxx with respect to H, and background subtracted Hall

resistivity ρxy. The results shown in Figs. 3.7(a) and 3.7(b) all exhibit the same clear shifts

of the peak and valley positions, which are plotted in Figs. 3.7(c) and 3.7(d). From these,

we obtained the oscillation frequency by extracting the period in the inverse field, which

is plotted versus temperature in Figs. 3.7(e) and 3.7(f). Interestingly, as the temperature

increases, the electron-doped sample (x = 0.63) shows a decrease in frequency whereas the

hole-doped sample (x = 0.75) shows an increase.

In the standard theory, the frequency of quantum oscillations reflects the area of the

Fermi surface. The Fermi surface may change in principle if the Fermi energy shifts with

temperature due to an asymmetric density of states, but such a shift is usually very small.

In the cases of Dirac or Weyl semimetals, energy-dependent cyclotron mass also leads to a

frequency shift as the temperature changes [28]. However, the temperature dependence of

the oscillation frequency that we observed in MnBi2−xSbxTe4 is orders of magnitude larger

than the effect caused by band curvature. Hence, such a significant change in frequency sug-

gests instead a modification of the energy bands connected to the temperature-dependent

magnetic order. As the temperature increases, the field-induced magnetization decreases

due to thermal fluctuations, and the size of the Fermi surface changes accordingly. The

opposite trend in electron-doped and hole-doped samples indicates that both the conduc-

tion and valence bands move upward in energy as the temperature increases so that the
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Figure 3.8: The phase shift of quantum oscillations extracted from the Landau
fan diagram (a)–(h) Plot of the Landau level index against the inverse field, with integer
Landau level indices assigned to resistivity peaks. Red solid curves are linear fits. (i) The
phase shift Γ extracted from the y-intercept of the linear fits in the Landau fan diagram as
a function of oscillation frequency.

electron pocket size decreases while the hole pocket size increases. We note that shifts of

the oscillation with temperature have been observed in the magnetic topological semimetal

PrAlSi [29], and in the magnetic semimetal CeBiPt [30], suggesting that the phenomenon

may be generic to magnetic semimetals.

3.4.2 Berry phase extracted from the Landau fan diagram

Another indicator that has been widely used to determine the topological nature of

a band structure is the phase shift, λ, of the quantum oscillations [31]. This has three

contributions: ϕB, due to the geometric phase; ϕR, due to the orbital magnetic moment;

and ϕZ , due to the Zeeman coupling. It has often been assumed that in 3D metals, Dirac-

type bands lead to ϕB = π and parabolic bands lead to ϕB = 0. However, a recent
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comprehensive analysis has shown that ϕB is in general a continuous quantity and is only

fixed to the specific values of 0 and π in certain symmetry classes determined by the space

group and the type of cyclotron orbits [32]. The cyclotron orbit and the point group

symmetry of FM MnBi2−xSbxTe4 do not belong to one of those symmetry classes, and

therefore we do not expect to observe either ϕB = 0 or π. Hence the phase shift cannot be

used as conclusive evidence for Weyl points in this system.

For the sake of completeness, however, we present an analysis of the phase shift of the

quantum oscillations. We analyzed the doping dependence of phase shift λ by constructing

Landau fan diagrams from quantum oscillations, as shown in Fig. 3.8. We assigned integer

Landau level indices to resistivity peaks, which were shown to coincide with Landau band

edges in a study in which numerical simulation of a minimal magnetic Weyl semimetal was

performed [65]. The phase shift λ is determined by the following relation:

Γ = −1

2
+ λ+ δ (3.3)

in which Γ is the y-intercept of the linear fits to Landau indices n versus inverse field, and

|δ| is 1/8 with the sign depending on whether the orbit is the minimum or maximum of the

Fermi surface. We plot Γ as a function of oscillation frequency in Fig. 3.8(i). Notice that λ

contains a contribution from Berry curvature, orbital moment, and Zeeman coupling, i.e.,

λ = (ΦB + ΦR + ΦZ)/2π. Their contributions cannot be separated without an analysis of

the higher harmonics of quantum oscillations, which we did not observe. We also do not

expect ΦB = 0 or π based on the space group symmetry and the orbits of MnBi2−xSbxTe4.

Hence, we cannot determine the existence of Weyl points based on the extracted Γ.

3.5 Conclusions

In summary, we obtained important insight into the bulk electronic structure of FM

MnBi2−xSbxTe4 using quantum oscillation measurements. From the temperature depen-

dence of the oscillation frequency, we infer that the electronic structure is sensitive to the

magnitude of the magnetization, while in the limit of saturated c-axis magnetization, we

find good overall agreement with band-structure calculations. This lays the foundation for

understanding magnetism-induced topological phases in this class of materials.
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We close this chapter by identifying two remaining questions that require further in-

vestigation. Firstly, for an ideal type-II Weyl semimetal, as the Fermi energy moves from

the heavily electron-doped to the heavily hole-doped condition, the Fermi surface evolves

from a single electron pocket that encloses both Weyl points, to two electron pockets each

enclosing a single Weyl point, to a coexistence of one hole pocket and two electron pockets,

and finally to one hole pocket that encloses both Weyl points. However, in this study, only

a single quantum oscillation frequency was observed. A more detailed investigation of the

electronic structures near the putative Weyl crossing is necessary to conclusively identify the

electronic band topology of FM MnBi2−xSbxTe4. Secondly, this study has been focused on

the electronic strcutures of FM MnBi2−xSbxTe4 when the magnetization is polarized along

c-axis. Both theoretical calculations and experimental observations have demonstrated that

the electronic structure of this material sensitively depends on its magnetism. It is there-

fore important to investigate how the electronic structure changes as the magnetization

is polarized along different angles. We will address these two questions in the following

chapters.
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Chapter 4

FERMI SURFACE EVOLUTION AND ANOMALOUS HALL EFFECT
IN AN IDEAL TYPE-II WEYL SEMIMETAL MnBi2−xSbxTe4

4.1 Abstract

Weyl semimetals (WSMs) are three-dimensional topological materials that exhibit fasci-

nating properties due to the presence of Weyl nodes in their band structure, including chiral

anomaly, Fermi arc, and intrinsic anomalous Hall effect. However, the existing WSMs dis-

covered so far often possess multiple pairs of Weyl nodes, posing challenge in disentangling

the contributions to transport phenomena from different energy bands and mechanisms. To

overcome this challenge, we have identified field-induced ferromagnetic MnBi2−xSbxTe4 as

an ideal type-II WSM with a single pair of Weyl nodes. By employing a combination of

quantum oscillations and high-field Hall measurements, we have resolved the evolution of

Fermi surfaces as the Fermi level is tuned across the charge neutrality point. This evolution

precisely matches the band structure of an ideal type-II WSM. Furthermore, the anomalous

Hall conductivity exhibits a singular, heartbeat-like behavior as the Fermi level is tuned

across the Weyl nodes, a unique feature previously predicted theoretically for a type-II

WSM. Our findings establish MnBi2−xSbxTe4 as an ideal and tunable platform for further

investigation into Weyl physics.

4.2 Introduction

The Weyl semimetal (WSM) is a three-dimensional gapless topological phase character-

ized by energy bands that intersect at points in momentum space known as Weyl nodes

[10, 66, 67]. The stability of these band crossings relies on the breaking of either time rever-

sal or inversion symmetry. The low energy quasiparticles near the Weyl nodes are described

by the relativistic Weyl equations, giving rise to Weyl fermions in condensed matter sys-

tems. Unlike their high energy counterpart, the Weyl fermions in WSMs are not constrained
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by Lorentz symmetry, allowing the Weyl cones to tilt in the energy-momentum space [68].

When the tilting of the cones is large enough that the velocity changes sign along the tilting

direction, a transition from type-I to type-II WSMs occurs. In type-I WSM (Fig. 4.1(b)),

the Fermi surfaces are point-like objects located at the Weyl nodes when the Fermi energy

aligns with the Weyl crossing. In contrast, in type-II WSMs (Fig. 4.1(a)), the tilting of the

cones leads to extended electron and hole Fermi pockets touching at the Weyl nodes [69].

The tilting of Weyl cones leads to distinct transport behavior in two types of WSMs

[70, 3, 13]. In a type-I WSM without cone tilting, the anomalous Hall effect is solely deter-

mined by the location and the topological charge of the Weyl nodes, and the free carriers

do not contribute to the anomalous Hall conductivity (AHC) either intrinsically or extrin-

sically. Consequently, the magnitude of AHC is independent of the Fermi level position,

even when the Fermi level is tuned above or below the Weyl crossings [3]. On the other

hand, in a type-II WSMs, in addition to the contribution from the Weyl points, the tilting

of the Weyl cones give rise a logarithmically divergent contribution to AHC from the Fermi

surfaces, which is only truncated by the finite size of electron and hole pockets [13]. As a

result, when the Fermi level is tuned across the type-II Weyl crossing and the electron and

hole pocket shrinks and emerges, the AHC changes rapidly, exhibiting a singular behavior

as a function of doping.

An outstanding challenge in the field of WSMs is to isolate the effect of Weyl nodes and

experimentally observe the theoretically predicted exotic transport effects. Unfortunately,

most of the WSMs discovered so far have multiple pairs of Weyl nodes and coexist with

other topological trivial bands, complicating the interpretation of transport measurements.

For instance, in Co3Sn2S2, a magnetic Weyl semimetal, three pairs of Weyl nodes are ob-

served along with 16 electron pockets and 12 hole pockets [71, 72, 73, 74]. Such complex

band structures make it very challenging to disentangle the contributions to AHC from

various energy bands and intrinsic/extrinsic mechanisms. A solution to this challenge is

to realize a tunable material system with a single pair of Weyl nodes, an ideal WSM, and

simultaneously monitor the evolution of Fermi surfaces and AHC as the Fermi level is tuned

across the Weyl nodes.

In this paper, we show that the field induced ferromagnetic state of MnBi2−xSbxTe4 is
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the long sought ideal WSM. By substituting Bi with Sb, we are able to tune the carriers

from n-type to p-type, allowing us to study the evolution of Fermi surfaces by a combina-

tion of quantum oscillations and high field Hall measurements. The observed evolution of

the Fermi surfaces can only be explained by the band structure of a single pair of type-II

Weyl nodes. Furthermore, the anomalous Hall conductivity exhibits a strong dependence

on doping near charge neutrality, displaying a divergent behavior that is consistent with

expectations for a type-II WSM [13] and in agreement with results from density functional

theory (DFT) calculations. Our findings provide a definitive identification of an ideal type-

II Weyl semimetal in MnBi2−xSbxTe4, offering a valuable platform for further studies of

Weyl physics.

4.3 Results

MnBi2Te4 is a van der Waals layered antiferromagnetic topological insulator. DFT

calculations have predicted that the band structure of MnBi2Te4 in the field induced ferro-

magnetic phase is characterized by a single pair of type-II Weyl nodes [14, 75]. However,

these calculations have also shown that MnBi2Te4 can be easily tuned to a type-I WSM

or a trivial insulator phase by small amount of strain [76]. Previous quantum oscillations

studies of MnBi2−xSbxTe4 show that the doping dependence of oscillation frequencies and

effective mass is broadly consistent with the DFT calculations [77, 78]. Nevertheless, only

a single oscillation frequency has been observed, which is insufficient to conclusively deter-

mine whether it is a type-I, type-II WSM or a trivial FM insulator. Anomalous transport

behavior including enhanced mobility and AHC has been observed [78], but their relation-

ship with Fermi surface topology has not been fully established.

One of the reasons why it is challenging to resolve multiple frequencies in MnBi2−xSbxTe4

is due to the low oscillation frequency (< 100 T) and the limited field range (where oscilla-

tions can only be observed above the spin-flip transition at 7 T). To overcome this difficulty,

we applied a large magnetic field by a 60 T pulsed magnet and a 31 T DC magnet to a series

of MnBi2−xSbxTe4 samples with a dense chemical doping distribution near charge neutral-

ity. Fig. 4.2 summarizes representative data of the Shubnikov de-Haas (SdH) oscillations

in MnBi2−xSbxTe4. We categorized the data into three categories, n-doped (x < 0.7, Fig.
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Figure 4.1: Schematic diagram of band structures and Fermi pockets of an ideal
type-II and type-I Weyl semimetals (a)-(b) Band dispersion of an ideal type-II (a) and
type-I (b) Weyl semimetals along the kz direction when a pair of Weyl nodes locates along
the Γ − Z cut. On the right, the evolution of the Fermi pockets as the Fermi level moves
across the Weyl nodes are exhibited. The red line and pockets refer to electrons, whereas
the blue line and pockets represent hole carriers. The magenta and black points represent
the Weyl nodes with positive and negative chirality respectively.

4.2(a)-(f)), p-doped (x > 0.7, Fig. 4.2(i)-(l)), and near charge neutrality (x ∼ 0.7, Fig.

4.2(g)-(h)). All the data were measured at the base temperature with the magnetic field

along the c-axis. In the case of n-doped samples, the amplitude of the magnetoresistance

oscillations shows a dramatic increase when the magnetic field is above 40T (Fig. 4.2(e)-(f)),

whereas for the p-doped samples, the amplitude of oscillations gradually increases with the

field, consistent with the thermal damping behavior of single-frequency oscillations (Fig.

4.2(i)-(l)). A closer inspection of the data for the n-doped sample reveals that the change

in oscillation amplitude is caused by a beating effect from multiple frequencies (Fig. 4.2(a)-

(d)), which is also observed in data below 40T (Fig. 4.2(e)-(f)).

We utilized FFT to the oscillatory signals to gain a quick overview of the evolution of

oscillation frequencies as a function of doping (Fig. 4.2(m)). The FFT spectrum reveals

that the oscillation frequency decreases as the doping approaches charge neutrality, which

is consistent with the previous studies. However, on the n-doped side (x < 0.7), two peaks
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Figure 4.2: SdH oscillations and FFT of MnBi2−xSbxTe4 under pulsed (60T)
and DC (31T) magnetic field (a) - (i) magnetoresistivity of (a)-(f) electron-doped,
(g)-(h) near charge neutrality point, and (i)-(l) hole-doped MnBi2−xSbxTe4 samples. Insert
demonstrates the oscillatory part after polynomial background subtraction. (m) Fast Fourier
transform spectrum of the SdH oscillations for various dopings. Each spectrum is offset by
1 for clarity.

are always observed, whereas on the p-doped side (x > 0.7), only one peak is observed. We

note that the FFT peaks are broad due to the limited number of observed oscillations, espe-

cially for the samples near charge neutrality. In such conditions, a more accurate analysis is

obtained by directly fitting the oscillatory signals with the Lifshitz-Kasovich (LK) formula

(see Appendix). Representative examples of the fitting are shown in fig 4.3(a)-(d). The

fitting yields two oscillation frequencies for electron-doped samples, and a single frequency

of 146T for p-doped sample with x = 1.09. The fit also confirms that the rapid increase

of oscillation amplitude above 40T is indeed caused by a beating effect of two oscillation

frequencies as the system approaches the quantum limit. Fig. 4.3(e) summarizes the fre-

quency as a function of doping extracted from the fitting, showing good agreement with the

FFT analysis.

The oscillation frequency provides us with information about the extremal cross-sectional



60

Figure 4.3: Analytical fitting of SdH oscillations of MnBi2−xSbxTe4 (a) – (c) Mag-
netoresistivity as a function of 1/µ0H measured under a 60T pulsed magnetic field with
µ0H//[001] at 1.5K and the analytical fit to the Lifshitz-Kosevich (LK) formula for (a)
electron-doped x = 0.62, (b) electron-doped x = 0.67, and (c) hole-doped x = 1.09. (d)
Oscillatory part of the magnetoresistivity as a function of 1/µ0H measured under a 31T
DC magnetic field with µ0H//[001] at 1.5K for electron-doped MnBi2−xSbxTe4 (x = 0.54)
and the analytical fit to the Lifshitz-Kosevich (LK) formula. The black lines represent the
experimental data, whereas the red lines represent the fit. (e) doping dependence of oscil-
lation frequencies extracted from the analytical fitting to the LK formula. The red squares
denote the band maximum (kz ̸= 0) of the electron pocket whereas the red circles denote
the band minimum (kz = 0) of the electron pocket. The blue squares represent the band
maximum at kz = 0 of the hole pocket.

area of the Fermi surface perpendicular to the magnetic field, as determined by the Onsager

relation (Fs = ℏ
2πeA). However, it does not indicate whether these frequencies correspond

to separate Fermi surfaces or different extremal cross-sectional areas of a single Fermi sur-

face. To address this question, we turn to the Hall resistivity. Specifically, we focus on the

Hall resistivity above the saturation field, which is relevant to the electronic structure in

the field induced ferromagnetic state. Our findings, as shown in Fig. 4.4, reveal that the

Hall resistivities are always linear in B, except for the doping closest to charge neutrality

(x = 0.7). The linear Hall resistivity can only arise from a single type of carrier. Therefore,
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Figure 4.4: High field Hall resistivity of MnBi2−xSbxTe4 (a)-(f) Hall resistivity with
µ0H//[001] at 1.5K for electron-doped (a) x = 0.62, (b) x = 0.67, near the charge neutrality
point (c) x = 0.70, (d) x = 0.69, and hole-doped (e) x = 0.87, (f) x = 0.75 samples.

we conclude that the two frequencies observed in the quantum oscillations arise from the

two extremal cross-sectional areas of a single Fermi surface, except for x = 0.7.

The high field Hall resistivity of x = 0.7 exhibits strong nonlinearity, changing from a

positive slope to a negative slope, as shown Fig. 4.4(c). This suggests the coexistence of

electrons and holes pockets. To extract the electron and hole carrier densities, we fit the

Hall resistivity data to the effective two-band model, using the longitudinal resistivity at

the upper critical field as a constraint (Fig. 4.5). The fitting yields an electron density

2.37× 1017cm−3 with a mobility of 1144 cm2/V/s and a hole density 2.35× 1017cm−3 with

a mobility of 1252 cm2/V/s. The coexistence of electron and hole carriers rules out the

possibility of MnBi2−xSbxTe4 being a type-I WSM or gapped insulator, as neither scenario

allows for the coexistence of electron and hole pockets.
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Figure 4.5: Multiband Hall resistivity of MnBi2−xSbxTe4(x = 0.7) (a) Hall resistivity
(blue) and the fit to the two-band model (red) with µ0H//[001] at 2K (b) The field depen-
dence of Hall resistivity at various temperatures with µ0H//[001] (c)-(d) The temperature
dependence of the fitting parameters of the effective two-band model: (c) electron carrier
density (red) and hole carrier density (blue) (d) electron mobility (red) and hole mobility
(blue).

We can now compare the observed quantum oscillation frequency with the predicted

Fermi surfaces based on the type-II WSM band structure (Fig. 4.1(a)). When the Fermi

level is slightly above the Weyl nodes and the Lifshitz energy, a single electron pocket en-

closes two Weyl points and has a dumbbell shape aligned with the kz axis where the two

Weyl nodes are located. As a result, there are three extremal orbits - one minimum at kz = 0

and two equivalent maxima at kz ̸= 0. The minimum and maxima correspond to the two
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Figure 4.6: The evolution of anomalous Hall effect near the Weyl points(a) anoma-
lous Hall resistivity (AHR) as a function of magnetic field strength with µ0 H//[001] at 2K
for different chemical dopings. Insert of (a) shows the doping dependence of AHR. (b)
Anomalous Hall conductivity (AHC) as a function of carrier density (nlow) extracted by
fitting the low-field Hall resistivity linearly. The error bar represents the possible experi-
mental error caused by the uncertainty in the measurements of sample dimensions. Insert
of (b) demonstrates the DFT calculations of the AHC as a function of chemical potential
in field-induced FM MnBi2Te4.

frequencies observed in slightly n-doped samples (0.47 < x < 0.7). When the Fermi level is

well below the Weyl nodes, a single hole pocket with a single extremal orbit at kz = 0 is

expected, which agrees with the single oscillation frequency observed in hole-doped samples

(x > 0.7). Finally, when the Fermi level is below the Lifshitz energy and near the Weyl

points, two identical electron pockets and a single hole pocket are expected, each with a

single extremal orbit. This explains the two frequencies observed in the x = 0.7 sample.

Remarkably, the carrier density calculated from the oscillation frequency, assuming spher-

ical Fermi surfaces, qualitatively agrees with carrier density extracted from the two-band

fitting of Hall resistivity. This agreement suggests that the quantum oscillations measure-

ments have captured all the carriers participating in the transport, and the Fermi surface

evolution described above provides a complete characterization of the electronic structure

of this system.



64

After identifying the Fermi surface topologies MnBi2−xSbxTe4, we can now investigate

the unique transport signature associated with an ideal type-II WSM. A well know result

of the TRS breaking WSM is that the AHC is a topological quantity determined by the

separation of Weyl nodes in momentum space, independent of the position of the Fermi

level. However, this is not the case when the Weyl cones are tilted, as both Berry curvature

and skew scattering effects can contribute to AHC in the presence of Fermi surfaces [79].

In type-II WSM, when the Fermi level is tuned across the Weyl nodes, the rapid changes of

Fermi surfaces lead to a dramatic variation of AHC. To explore this effect, we conducted a

detailed study of the AHC as a function of doping near charge neutrality point.

Figure 4.6(a) displays the field dependence of the anomalous Hall resistivity for a se-

ries of chemical dopings, obtained by subtracting the ordinary Hall resistivity background.

The inset of Figure 4.6(a) summarizes the magnitude of the anomalous Hall resistivity as

a function of doping. With increasing Sb concentration, the anomalous Hall resistivity

changes sign from negative to positive and reaches a maximum magnitude the charge neu-

trality point (x = 0.7). We then converted the anomalous Hall resistivity to AHC and

plotted it as a function of carrier density in the AFM state extracted from the low field

Hall resistivity (Figure 4.6(b)). This carrier density is considered as a proxy of the Fermi

level position. Remarkably, a singular AHC with an upturn followed by a downturn was

observed as the Fermi level is tuned from above to below the Weyl points. This behavior

is in excellent agreement with the theoretical expectations for an ideal type-II WSM and is

also qualitative consistent with the DFT calculations (Insert of Figure 4.6(b)). Although

there is an overall shift of approximately 100Ω−1cm−1 between the experimental and DFT

calculated AHC values, this discrepancy is likely due to the extrinsic contributions to AHC

not captured by the calculations, or the differences in the detailed band structures [80].

Nevertheless, the characteristic heartbeat pattern of the AHC of an ideal type-II WSM was

observed with a comparable magnitude, further confirming that MnBi2−xSbxTe4 is indeed

an ideal type-II WSM.
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4.4 Conclusion

In conclusion, our findings establish the field-induced ferromagnetic MnBi2−xSbxTe4

as an ideal type-II Weyl semimetal, with a single pair of Weyl nodes near Fermi energy.

Through the combined techniques of quantum oscillations and high field Hall measure-

ments, we demonstrate that the evolution of Fermi surfaces can only be explained by the

band structure of an ideal type-II Weyl semimetal. Furthermore, we observed a strong

doping dependence of the anomalous Hall conductivity near charge neutrality, exhibiting a

divergent behavior consistent with expectations for a type-II WSM and supported by DFT

calculations. Our work highlights MnBi2−xSbxTe4 as a promising platform for further inves-

tigations into Weyl physics. Moreover, the highly tunable nature of MnBi2−xSbxTe4 with

electronic structures sensitive to strain, pressure, chemical doping, and magnetic field angle

make it a versatile platform for exploring topological phase transitions [14, 17, 81, 82, 83].
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Chapter 5

EVIDENCE OF AN IN-SITU CONTROLLED TYPE-II TO TYPE-I
WEYL SEMIMETAL TRANSITION BY MAGNETIZATION

ROTATION

5.1 Abstract

Weyl semimetals are a distinctive class of topological semimetals that host Weyl fermions

as low-energy excitations in their electronic band structure. Controlling Weyl semimetal

phases and their properties via a type-II to type-I Lifshitz transition carries significant fun-

damental interest, offering valuable insights for researchers across condensed matter and

high-energy physics. In this chapter, we report the realization of an in-situ controlled Lif-

shitz transition in field-induced FM MnBi2−xSbxTe4 from an ideal type-II to type-I WSM

with an easy knob of magnetic field angle. Evidence of this Lifshitz transition includes the

anomalous angular dependence of Shubnikov de Haas oscillations and high-field Hall resis-

tivity, indicating changes in Fermi surfaces, and an unusual angle dependence of anomalous

Hall conductivity, implying alterations in the underlying Fermi surface topology.

5.2 Introduction

As introduced in previous chapters, WSM is a 3D topological semimetal with singly

degenerated bands touching at certain k-points, near which the low energy excitation can

be seens as quasiparticles of Weyl Fermions [10]. The band crossings in WSMs, known as

Weyl nodes, act as monopoles of Berry curvature. The existence of Weyl nodes leads to

exotic phenomena such as chiral anomaly, Fermi arc surface states, and intrinsic anomalous

Hall conductivity. WSMs can be broadly classified into two categories: type-I and type-II.

Type-I WSMs are characterized by untilted or slightly tilted Weyl cones that meet at the

Weyl nodes. In contrast, type-II WSMs exhibit strongly tilted Weyl cones, which cause

the coexistence of electron and hole pockets at certain Fermi energy [68]. This distinction

between type-I and type-II WSMs results in diverse electronic properties and topological
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responses. For instance, type-II WSMs exhibit a pronounced change in the anomalous Hall

conductivity as the chemical potential shifts across the Weyl nodes [13] whereas the AHC

of type-I WSMs is quantized [3], depends solely on the Weyl nodes seperation when the

chemical potential is near the Weyl nodes.

One important focus of topological materials research is the control of topological phase

transitions and the corresponding properties. The ability to control and manipulate the

transition between type-I and type-II WSMs is of great interest to researchers, as it opens

up avenues for exploring novel quantum phenomena and engineering advanced applications

in topological materials. The Lifshitz transition from type-I to type-II WSM is also of fun-

damental interest in high-energy physics for its analogy to black hole horizons [69]. Type-II

WSMs display open Fermi surfaces, analogous to event horizons, as Weyl fermions obey the

Weyl equation, which is related to the behavior of particles near black holes. Despite the

limitations of the analogy, inducing this Lifshitz transition allows researchers to simulate

horizon-like boundaries in a controlled laboratory setting, offering valuable insights into

black hole physics. Several studies have been conducted on the control of WSM phases in

various material systems, employing external parameters such as pressure, chemical doping,

and temperature. However, these approaches generally require complex experimental setups

or irreversible changes to the material properties.

MnBi2−xSbxTe4, an intrinsic magnetic topological material with a strong interplay be-

tween magnetism and electronic structure, serves as an ideal platform for realizing topo-

logical phase transitions using an external magnetic field as a simple and reversible control

parameter. In the field-induced FM state, MnBi2−xSbxTe4 has been proposed and observed

to be an ideal type-II Weyl semimetal with a single pair of Weyl nodes near the Fermi

energy (near x = 0.7) along the Γ − Z cut. DFT calculations indicate that the Zeeman

field-induced band splitting is considerably larger for the FM-z configuration than for the

FM-x configuration in this layered structure, resulting in significant changes in band disper-

sions near the Weyl points as the magnetic field angle θ varies [81]. Additionally, applying

a magnetic field to rotate the magnetic orientation away from the z-axis disrupts the C3z

symmetry, leading the Weyl points to shift away from the Γ-Z line and move towards general

k points. A potential quantum phase transition from a type-II to type-I WSM phase may
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Figure 5.1: Schematics of Lifshitz transition controlled by magnetic field angle
(a) Schematic of the evolution of Weyl points in momentum space when magnetization
orientation (denoted by black arrows) rotates from the out-of-plane to in-plane direction
in the ky -kz plane. The blue and red squares represent the Weyl points with +1 and -1
chirality. (b)-(c) the electronic structure of (b) an ideal type-II Weyl semimetal and (c) an
ideal type-I Weyl semimetal. (d)-(e) the intrinsic anomalous Hall conductivity as a function
of magnetic field angle θ when (d) only the geometrical factor cos(θ) is considered and (e)
the geometrical factor, the changes in Weyl nodes separation, and the changes in the Weyl
cone tilted angle are simultaneously considered.

occur as the magnetization orientation rotates from out-of-plane to in-plane. When θ = 90◦

(FM-x configuration), the two Weyl points ultimately merge, causing the annihilation of

Weyl fermions and a topological transition to a trivial phase.

In this chapter, we report experimental evidence of an in-situ controlled Lifshitz tran-

sition in FM MnBi2−xSbxTe4 from an ideal type-II to type-I WSM with an easy knob of

magnetic field angle. The evolution of the electronic structure as the magnetic field rotates

from out-of-plane to in-plane is probed by both angular-dependent quantum oscillation and

high-field Hall measurements. First, an abrupt change is observed in both frequency and
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amplitude of the Shubnikov-de Haas oscillations for the compound (x = 0.7) near the pu-

tative Weyl points, while a regular angle dependence is observed for heavier doped samples

as expected for a 3D Fermi pocket. Secondly, the high-field Hall resistivity for the sample

near the Weyl points shows a significant variation as the magnetic field angle changes, from

a two-band Hall behavior to a single-band linear Hall dependence with a comparative slope

to that of the low-field AFM case, suggesting a possible Lifshitz transition from a type-II

to a type- I WSM in the field-induced FM state. Furthermore, we examine how the tuning

of the Weyl nodes and possible Lishitz transition affects the anomalous Hall conductivity,

and observed an anomalous zigzag angular dependence for samples near the Weyl points,

in agreement with the theoretical expectation on the angular dependence of the intrinsic

AHC across a Lifshitz transition from type-II to type-I WSM.

5.3 Results

Fig. 5.2 (a)-(c) display the SdH oscillations of MnBi2−xSbxTe4 (x 0.67, 0.7, and 0.75)

measured under 31T DC magnetic field as the magnetic field rotates from out-of-plane

(µ0H//c) to in-plane (µ0H//ab). For the electron-doped (x = 0.67, Fig.5.2(a)) and hole-

doped (x = 0.75, Fig.5.2(b)) samples, the major frequency of the SdH oscillations obtained

by fitting the Landau Fan diagram shows a regular dependence on the magnetic field angle

as expected for a 3D Fermi pocket (Fig. 5.2(d)-(e)).

F 3D
S = F z

SF
i
S/

√
(F z

Ssinθ)
2 + (F i

Scosθ)
2 (5.1)

The amplitude of the oscillations decreases monotonically as the magnetic field rotates to-

wards the a-b plane. In contrast, for the sample whose Fermi level is close to the Weyl points

(x = 0.7), both the amplitude and frequency show a non-monotonic angle dependence. The

amplitude (frequency) first decreases (increases) as the magnetic field angle increases from

0◦ to 45◦, and changes abruptly near θ = 45◦. It is worth mentioning that under a higher

magnetic field, a secondary frequency was observed in the electron-doped and critical-doped

samples, which beats with the major frequency. However, for the data showcased in Fig.

5.2(b), the beating effect is marginal so that the peak and valley positions relatively accu-

rately reflect the major frequency. However, for the sample near the critical doping, due
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Figure 5.2: Magnetic field angle dependence of SdH oscillations of
MnBi2−xSbxTe4. (a)-(c) Oscillatory part of magnetoresistivity of MnBi2−xSbxTe4 (a)
electron-doped x = 0.67, (b) hole-doped x = 0.75 (c) near charge neutrality point x = 0.70
under a DC magnetic field of 31T rotating from B //c axis (0◦) to B // ab plane (90◦). The
oscillation signals under different magnetic field angles are offset for clarity and color-coded
according to the colorbar to the right of panel (c). (d)-(f) Angle dependence of the major
oscillation frequency FS by tracking the peak and valley positions in 1/B and fitting the
linear slope. In panel (d) and (e), the black solid lines denote the fitting to the equation
of the angle dependence of FS of a three-dimensional Fermi pocket. In contrast, near the
critical doping (x = 0.7), the oscillation frequency shows an abrupt change near 45◦, and
the oscillation amplitude also reaches a minimum near the same magnetic field angle.

to the small oscillation frequencies of tiny Fermi pockets near the Weyl crossings, only two

periods of the oscillatory signal were observed, making it hard to resolve the exact evolution

of the SdH oscillations versus the magnetic field angle.

To gain more insights into the evolution of the electronic structure as the magnetic
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Figure 5.3: Magnetic field angle dependence of Hall resistivity of MnBi2−xSbxTe4.
(a) Hall resistivity of a MnBi2−xSbxTe4 (x = 0.7) sample near the charge neutrality point
as a function of the out-of-plane projection of magnetic field measured under a 60T pulsed
magnetic field with B rotating from B // c axis (0◦) to B mostly in the ab plane (78◦). (b)
Hall resistivity of hole-doped MnBi2−xSbxTe4 (x = 0.87) as a function of the out-of-plane
projection of magnetic field measured under a 31T DC magnetic field with B rotating from B
// c axis (0◦) to B mostly in the ab plane (81◦). For the heavily hole-doped sample, the Hall
resistivities versus the out-of-plane projection of the magnetic field measured under different
magnetic field angles collapse together. In contrast, the Hall resistivity of the sample near
critical doping only collapses at a low field (B < Hc1, AFM state). The high-field Hall
resistivity of the x = 0.7 sample shows a significant difference under different magnetic field
angle, indicating the possibility of a Lifshitz transition as the magnetic field rotates.

field angle changes, we investigated the Hall resistivity ρxy under a 60T pulsed magnetic

field while varying the magnetic field from 0◦ to 78◦. The normal Hall resistivity ρxy is

expected to depend solely on the out-of-plane magnetic field (B⊥) for a fixed electronic

structure, resulting in the collapse of the B⊥ dependence of Hall resistivity measured at

different angles. Such a collapse was observed in heavily-doped samples as Fig. 5.3(b)

shows as an example and in the low field region of the sample close to the Weyl points

(Fig. 5.3(a)). For the heavily doped samples, this observation can be explained by the large

Fermi surface not significantly affected by subtle changes near the band crossings. In the
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low field region (B < Hc1), the magnetism remains in the AFM-z state and the electronic

structure is nearly unaltered. In contrast, the high-field Hall resistivity for the sample near

the Weyl points undergoes a significant change as the magnetic field angle rotates, from

a two-band Hall behavior (0◦ ≤ θ ≤ 45◦) to a single-band linear Hall dependence with a

comparative slope to the low-field AFM case (θ = 78◦). Assuming the total charge in the

system is conserved, the net carrier density can be estimated by fitting the linear slope of

the low-field Hall resistivity in the AFM state. When the magnetic field is out-of-plane

(θ = 0◦), the system undergoes an AFM TI to a field-induced ideal type-II WSM transition

near the metamagnetic transition, as discussed in previous chapters. The single electron

pocket in the AFM state evolves into a coexistence of electron and hole pockets with domi-

nant electron carriers in the FM-z state. As the magnetic field rotates towards the ab plane,

the high field slope changes significantly at around θ = 60◦. At θ = 78◦, the Hall resistivity

slope versus the projection of magnetic field B⊥ above Hc ∼ 3T becomes comparative to the

slope at a low field, suggesting the Fermi surface is dominant by the electron pocket. This

is consistent with the possible Lifshitz transition from a type-II WSM where the electron

and hole pockets coexist to a type-I WSM with only electron pockets enclosing the Weyl

points.

Finally, we investigate the impact of Weyl node evolution and potential Lifshitz tran-

sitions on the anomalous Hall conductivity. As predicted by the DFT calculations, the

magnetization aligns with the rotation of the magnetic field angle, causing a shift in the

Weyl nodes’ positions in the k-space [81]. Due to the interplay between magnetism and

electronic structure, the Weyl cones undergo a transition from type-II to type-I. When the

magnetic field is entirely aligned within the ab plane, the Weyl nodes annihilate each other

and the electronic structures become topologically trivial.

Throughout this process, three factors affect the magnetic field angle dependence of the

AHC for an ideal WSM (Eq. 1.57). First, a geometric factor proportional to cos(θ) arises

from the rotation of the magnetic field. Second, a factor originating from the change in

Weyl node separation, as depicted in Fig. 5.1(a), accelerates the decrease of the AHC as θ

increases. The third factor emerges from the alteration in the tilting angle of the Weyl cones

and the corresponding Lifshitz transition from type-II to type-I WSM. Since the intrinsic
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Figure 5.4: Magnetic field angle dependence of the anomalous Hall conductivity
of MnBi2−xSbxTe4. (a)-(d) Anomalous Hall conductivity of MnBi2−xSbxTe4 measured
under a DC magnetic field of 14T with different magnetic field angles (θ = 0◦ denotes B
// c axis whereas θ = 90◦ represents B // ab plane) at different doping levels (a) slightly
electron-doped (b) slightly hole-doped (c) heavily electron-doped (d) heavily hole-doped
samples. While the AHC of heavily-doped samples shows a general trend of a trivial cosine
dependence as the magnetic field angle rotates away from the c axis, the AHC of samples
closer to the critical doping shows an anomalous magnetic field angle dependence. A zigzag
behavior is observed in both electron and hole-doped samples with a similar turning point
near θ = 60◦. Furthermore, the AHC of the slightly electron-doped sample undergoes an
anomalous sign change near θ = 55◦.

AHC of an ideal type-I WSM relies solely on the Weyl node separation, whereas that of an

ideal type-II WSM is influenced by the detailed electronic structures (i.e., the tilting angle

of the Weyl cone C), a turning point is anticipated in the magnetic field angle dependence
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of the AHC. This turning point marks an abrupt change in angle dependence before and

after the Lifshitz transition occurs. Fig. 5.1(e) illustrates the angle dependence of the AHC,

taking into account all three factors with a hypothetical Lifshitz transition near θ = 60◦

based on Eq. 1.57.

Figure 5.4 presents the dependence of the Anomalous Hall Conductance (AHC) on the

magnetic field angle for four distinct MnBi2−xSbxTe4 samples with varying carrier densities.

In samples with lower carrier densities, an abrupt change is observed near θ = 60◦, aligning

qualitatively with the Lifshitz transition scenario depicted in Figure 5.1(e). For the sample

in Figure 5.4(a), a sign change is detected near θ = 55◦, which cannot be comprehended

without considering a topological phase transition. For heavily doped samples, as shown in

Figure 5.4(c)-(d), the angular dependence can be approximated by a cosine function. This

observation can be attributed to the diminishing dominance of the intrinsic AHC contribu-

tion from the Weyl nodes as the system moves away from the Weyl points.

5.4 Conclusion and discussion

In conclusion, we have achieved an in-situ controlled type-II to type-I Weyl semimetal

transition using the magnetic field angle as a tuning knob. Our results demonstrate anoma-

lous angular dependencies of quantum oscillations and high-field Hall resistivity for samples

near the Weyl nodes, consistent with the scenario of a type-II to type-I WSM Lifshitz tran-

sition. The anomalous Hall conductivity also exhibits an abrupt turning point as a function

of the magnetic field angle, which is unexplainable without considering the Lifshitz tran-

sition. These findings offer new insights into the interplay between magnetism and band

topology in MnBi2−xSbxTe4 and illuminate the design and control of topological materials

using the straightforward knob of the magnetic field.
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Chapter 6

TUNING MAGNETIC PROPERTIES AND ELECTRONIC
STRUCTURES OF MnBi2−xSbxTe4 BY HYDROSTATIC PRESSURE

6.1 Abstract

Hydrostatic pressure is a widely-used and powerful technique to tune the electronic struc-

ture and magnetic behavior of a material, as it adjusts the crystal lattice and the strength

of interactions. In this chapter, we investigate the effect of hydrostatic pressure on the elec-

tronic and magnetic properties of FM MnBi2−xSbxTe4. As discussed in previous chapters,

this material exhibits an ideal type-II Weyl semimetal phase under ambient pressure, ac-

companied by interlayer antiferromagnetic coupling and intralayer ferromagnetic coupling

that favor an A-type AFM ground state. By applying external pressure, we observe a slight

increase in the lower critical field Hc1, indicating an enhanced AFM interlayer exchange

coupling induced by pressure. Furthermore, we detect a noticeable secondary Shubnikov-de

Haas oscillation frequency and an abrupt change in the anomalous Hall resistivity when the

pressure reaches 1 GPa. These phenomena are potentially associated with the formation

of a new pair of Weyl nodes near the Z point, as suggested by density functional theory

calculations.

6.2 Introduction

As introduced in previous chapters, MnBi2−xSbxTe4 attracts significant interest due to

its unique combination of properties, including the potential to accommodate distinct topo-

logical phases and rich magnetism [14, 17]. This material exhibits an intriguing interplay

between interlayer AFM coupling and intralayer FM coupling, resulting in an A-type AFM

ground state [84]. As applying an out-of-plane magnetic field, we have demonstrated that

in the field-induced FM state, this material becomes an ideal type-II Weyl semimetal. The

coexistence of tunable magnetic orders and the Weyl semimetal phase provides an exciting
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platform for studying emergent phenomena and tailoring material properties, particularly

under hydrostatic pressure [82, 85, 86]. Hydrostatic pressure is an extensively employed

and potent method that allows for the manipulation of the crystal lattice and the strength

of interactions. It provides the means to exert control over the electronic structure and

magnetic properties of materials.

The application of external pressure influences the magnetic behavior of MnBi2−xSbxTe4

by modifying its exchange coupling strength. Under ambient pressure, the interlayer AFM

interaction in MnBi2Te4 arises from long-range superexchange coupling mediated by p or-

bitals [82]. When pressure is applied, the interlayer AFM interaction is expected to be

enhanced due to a decrease in interlayer distances and an increase in interlayer orbital hy-

bridization.

Furthermore, hydrostatic pressure is also expected to impact the electronic structure of

MnBi2−xSbxTe4 through changes in the crystal lattice and magnetism. Density functional

theory calculations suggest that increasing pressure causes the type-II Weyl nodes to ap-

proach each other, and more significantly the emergence of a new pair of type-I Weyl nodes

above the original pair in Fermi energy near 1 GPa [82]. With further increased pressure,

the type-I Weyl nodes move closer to the type-II Weyl nodes in the Fermi energy. Ulti-

mately, the type-II Weyl nodes annihilate near 2 GPa, and the type-I Weyl nodes undergoes

a Lifshitz transition into type-II nodes at around 5 GPa.

In this chapter, we investigate the response of FM MnBi2−xSbxTe4 to hydrostatic pres-

sure. By subjecting the material to various pressure conditions, we aim to elucidate the

effects of pressure on its electronic structure and magnetic properties, with a particular focus

on the possible creation of new pairs of Weyl nodes facilitated by hydrostatic pressure.

6.3 Results

We applied an external pressure and concurrently measured the transport properties

of an electron-doped MnBi2−xSbxTe4 (x = 0.64), as detailed in Chapter 2. Fig. 6.1(a)

illustrate the temperature dependence of resistivity under various pressure. As the pres-

sure increases, the resistivity decreases, which is possibly associated with increased carrier

density and mobility under pressure. The AFM transition remains largely unaffected, while
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Figure 6.1: Pressure dependence of transport properties of MnBi2−xSbxTe4 (x =
0.63). (a) Resistivity as a function of temperature of MnBi2−xSbxTe4(x = 0.63) measured
under varied external pressure (color-coded). (b) Pressure dependence of the lower critical
field Hc1. (c) Magnetoresistivity as a function of magnetic field B under varied external
pressure represented by distinct colors.

the lower critical field Hc1 extracted from the abrupt change in magnetoresistivity near 3T

in Fig. 6.1(c) slightly increases with pressure (Fig. 6.1(b)). Since the lower critical field
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Figure 6.2: Pressure dependence of Shubnikov-de Haas oscillations of
MnBi2−xSbxTe4 (x = 0.63). (a) - (i) Experimental data and analytical fitting of the
SdH oscillations along with the magnetoresistivity background under various pressure. The
black line represents the experimental data, whereas the red line represents the fitting curve.
(j) Oscillation frequencies extracted from the fitting as a function of applied pressure.

of a spin-flop transition is determined by the exchange coupling strength Jc and single-ion

anisotropy D through Hc1 = 2SD
√
z|Jc|/D − 1, our observation indicates the interlayer

exchange coupling strength Jc is enhanced compared to the single-ion anisotropy D. This is

consistent with DFT calculations, where the out-of-plane exchange coupling Jc was found

to increase rapidly with increasing pressure, while the anisotropy energy showed minimal

changes within the pressure range we applied [82].

Moreover, significant changes in magnetotransport properties were observed as the

pressure increased (Figure 6.1(c)). For pressures below 1 GPa, oscillation signals appeared

when the out-of-plane magnetic field exceeded the upper critical field (Hc2 ∼ 7T), display-

ing a single-frequency oscillation pattern up to 14T. With further pressure increase, the

abrupt turn in MR near the upper critical field became less noticeable, and the oscillations

appeared whenever the external field exceeded the lower critical field near 3T. Notably, a

beating effect of quantum oscillations was observed in the magnetoresistivity measurements
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Figure 6.3: Pressure dependence of Hall effect of MnBi2−xSbxTe4 (x = 0.63). (a)
Hall resistivity as a function of magnetic field under varied external pressure (b) Pressure
dependence of the carrier density extracted by fitting the linear slope of Hall resistivity
above Hc2. (c) Anomalous Hall resistivity as a function of magnetic field under various
external pressure. (b) Pressure dependence of anomalous Hall resistivity.

under pressures greater than 1 GPa. To analyze the effect of pressure on the SdH oscil-

lations, the oscillatory data was analytically fitted to the two-frequency Lifshitz-Kosevich
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formula along with the magnetoresistivity background. Figures 6.2(a)-(i) demonstrate the

successful capture of oscillation features under different pressures. The pressure dependence

of the oscillation frequencies, summarized in Figure 6.2(j), revealed a decrease in the major

frequency from 80T to 55T, while a secondary frequency emerged or became visible near 1

GPa, with the frequency increasing from 20T to 33T. This observation suggests the possible

emergence of a Fermi pocket under pressure.

In addition to the pressure dependence of SdH oscillations, the pressure dependence of

Hall resistivity is analyzed to gain further insight into the effect of pressure on the electronic

structure of FM MnBi2−xSbxTe4. The Hall resistivity remain linear up to 14T under var-

ious pressures (Fig. 6.3(a)), and the carrier density exhibit only a moderate increase with

pressure (Fig. 6.3(b)), which can be well explained by the decrease in the unit cell volume

under pressure. However, the anomalous Hall resistivity exhibit an abrupt change near 1

Gpa, accompanied by a sign change (Fig. 6.3 (c)-(d)). A similar pressure region also witness

the visibility of a secondary frequency in SdH oscillations, suggesting a potential Lifshitz

transition where a new pair of type-I Weyl nodes merges, as proposed by DFT calculations

[82].

6.4 Conclusion

In conclusion, our study highlights the effectiveness of hydrostatic pressure as a powerful

tool for tuning the electronic and magnetic properties of MnBi2−xSbxTe4. The observed

changes in the lower critical field, Shubnikov-de Haas oscillations, and anomalous Hall

resistivity suggest pressure-induced modifications in the material’s magnetic and electronic

behavior. The potential formation of a new pair of Weyl nodes near the Z point under

pressure offers exciting prospects for investigating the extended topological aspects of this

material. These findings contribute to a deeper understanding of the interplay between

hydrostatic pressure, electronic structure, and magnetic properties in FM MnBi2−xSbxTe4.
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Chapter 7

SUMMARY AND OUTLOOK

It is widely acknowledged that the study of topological materials is of great significance

as it offers a platform to explore exotic quantum phenomena, gain insights into fundamental

properties of matter, and potentially revolutionize various applications, including electron-

ics and quantum computing. The emergence of magnetic topological materials has provided

a remarkable opportunity to realize topological materials and topological phase transitions

with an easily tunable and versatile degree of freedom: magnetism. The major effort of

this thesis is to obtain a comprehensive understanding of the electronic structures and their

interplay with magnetism in the intrinsic magnetic topological material MnBi2−xSbxTe4.

The thesis employs a combination of techniques to investigate this material, starting

with the use of quantum oscillations as a probe to study the electronic structure in the field-

induced ferromagnetic state. By tuning the chemical potential through Sb substitution and

combining it with high-field Hall measurements, we successfully identify the field-induced

ferromagnetic MnBi2−xSbxTe4 as a long-sought ideal type-II Weyl semimetal. Remarkably,

we observe a unique behavior in the anomalous Hall conductivity that exhibits a singular,

heartbeat-like pattern as the Fermi level is tuned across the Weyl nodes, consistent with

theoretical predictions for a type-II Weyl semimetal..

Additionally, in this study, an in-situ controlled Lifshitz transition from a type-II Weyl

semimetal to a type-I Weyl semimetal is realized by rotating the magnetic field angle. This

discovery highlights the versatility and tunability of MnBi2−xSbxTe4 and provides insights

into the intricate interplay between magnetism and electronic structure.

Furthermore, the impact of external factors on the electronic structures and magnetic

properties of MnBi2−xSbxTe4 is explored. Specifically, the effect of hydrostatic pressure is

investigated, revealing extreme sensitivity and the potential creation of a new pair of Weyl

nodes in response to external pressure. This finding underscores the remarkable tunability of
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MnBi2−xSbxTe4 and broadens our understanding of its electronic and topological properties.

Overall, the research conducted in this thesis deepens the understanding of Weyl semimet-

als through a comprehensive study of an ideal Weyl semimetal state in field-induced FM

MnBi2−xSbxTe4 and its associated Lifshitz transitions under external fields. The findings

offer valuable insights into the interplay between electronic structures and magnetism, high-

lighting the exceptional properties of MnBi2−xSbxTe4 as an invaluable platform for further

investigations in Weyl physics. Furthermore, the research opens up exciting prospects for

future studies on magnetic topological materials and external-field-controlled Lifshitz transi-

tions. In particular, the realization of an ideal Weyl semimetal with a ferromagnetic ground

state in a related materials system, such as Sb-doped MnBi2nTe3n+1, holds immense sig-

nificance. This achievement will enable diverse studies on an ideal WSM without the need

for an external field, making investigations into exotic properties associated with Fermi

arcs and chiral anomalies more feasible. Furthermore, the combined experimental methods

employed in this thesis, including high-field quantum oscillation measurements, high-field

Hall measurements, and anomalous Hall analysis as a function of chemical doping under

external fields, constitute a self-contained toolkit for exploring other Weyl candidates, such

as half-Heusler compounds RBiPt (R = Gd, Yb, Nd) and Eu-based magnetic topological

materials Eu(Cd,In)2(As,Sb)2.
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Appendix A

ANALYTICAL FITTING TO THE LIFSHITZ KOSEVICH FORMULA

The multiple frequencies quantum oscillations present in MnBi2−xSbxTe4 are difficult

to resolve. One reason is because the low oscillations frequency (< 100T ) and the limited

field range (the oscillation can only be seen above the spin-flip transition near 7T.) Another

difficulty is that the magnetoresistance background is nontrivial and tends to mix in the

strong oscillation signals at a high field.

To overcome these difficulties, we fit the oscillation signal analytically to the Lifshitz

Kosevich (LK) formula assuming two frequencies and a polynomial background. The LK

formula for the fundamental oscillations (without higher harmonics) of a single sheet of

Fermi surface is given by [87]:

∆ρxx
ρxx

∝ RTRD × cos[2π(
Fs

B
+ Γ)] (A.1)

where Fs is the frequency of the oscillation, B is the magnetic field, Γ is the phase factor,

RT and RD are the thermal damping factor and Dingle temperature factor, respectively.

The thermal damping factor RT is determined by temperature T and effective mass m∗.

RT =
αTm∗

B
/sinh(

αTm∗

B
) (A.2)

At based temp, the thermal damping factor RT is very close to constant 1. The Dingle tem-

perature factor RD describes the reduction of the oscillation amplitude caused by electron

scattering.

RD = exp(−αTDm∗/B) (A.3)

TD is the Dingle temperature, given by ℏ/2πkBτs. τs is the scattering time and α is a

constant 2π2kBme/eℏ ∼ 14.69T/K. The Dingle temperature factor is determined by both

Dingle temperature TD and effective mass m∗. The higher the dingle temperature, and the
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Figure A.1: Analytical fitting of SdH oscillations to the Lifshitz Kosevich formula
(a) analytical fitting to the single frequency LK formula (Eq. A.1) at low field (< 22T) (b)
analytical fitting to the LK formula with two oscillations frequencies and magnetoresistance
background (Eq. A.4).

larger the m∗, the faster the oscillation amplitude will damp as a function of 1/B.

In the case of two different sheets of Fermi surfaces coexisting, we have two copies of

Eq. A.1, plus a polynomial background. The equation becomes:

ρxx = a× exp(− b

B
)× cos(

Fs1

B
+ Γ1) + c× exp(− d

B
)× cos(

Fs2

B
+ Γ2) + ρxx,bg(B) (A.4)

where a, b, c, d, Fs1, Fs2, Γ1 and Γ2 are fitting parameters, and ρxx,bg(B) is the polyno-

mial background. By simultaneously fitting the oscillatory signals and magnetoresistance

background, it enables the background to be modulated by the oscillation amplitude when

needed, and vice versa.

However, such a fitting has a large parameter space. Therefore, it is important to find a

good starting point for each parameter to make the fit converge to the best solution. In the

specific case of the quantum oscillations of FM MnBi2−xSbxTe4, we find that one oscillation

signal associated with a lower frequency always damps faster than the other, which might

be the reason that only one frequency of the SdH oscillations was observed under a low

magnetic field in chapter 3. Given this knowledge, We subtract a polynomial background



94

at a low field and fit the major frequency with single-frequency LK formula to obtain the

initial parameters. We then conduct a grid search over decades of different Fs2 and damping

factor d to search for the best fit with lowest residual sum of squares.

Fig. A.1(a) shows the analytical fitting to the single-frequency LK formula at low field

(< 22 T), while Fig. A.1(b) shows the fitting to the LK formula with two oscillation fre-

quencies and magnetoresistance background. The beating effect and the large turn-up in the

oscillatory signals at high magnetic field are well captured by the analytical fit. However, a

small deviation from the data was observed in the fitting at a lower magnetic field, which

might be related to the anomalous oscillation shift caused by magnetization softening as

discussed in section 3.4.1.


