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This dissertation develops new methodological approaches to address three fundamental

challenges in modern econometrics: computational scalability in choice models, experimen-

tal design in digital markets, and the integration of unstructured text data. The first chapter

addresses the computational challenges in estimating multinomial logistic regression mod-

els with large choice sets. We introduce an iterative distributed computing estimator that

dramatically reduces computational burden while preserving statistical efficiency. This esti-

mator, when initialized with a consistent preliminary estimate, achieves asymptotic efficiency

under a weak dominance condition. We develop a parametric bootstrap procedure for sta-

tistical inference and establish its consistency. Through extensive simulation studies, we

demonstrate that our method achieves substantial computational gains while maintaining

estimation accuracy, making it particularly valuable for applications in industrial organiza-

tion and marketing where researchers face increasingly large choice sets. The second chapter

tackles the methodological challenges inherent in e-commerce pricing experiments. While

cluster randomization is necessary to prevent bias from spillover effects between substitute

products, it introduces additional variation that can compromise statistical power. We de-

velop a comprehensive analytical framework for understanding and managing these variance

components. Our methodology makes several contributions: first, we provide a detailed

decomposition of variance components in cluster randomized experiments; second, we in-



troduce a novel binned estimator specifically designed for the high-kurtosis data common

in e-commerce settings; and third, we evaluate various approaches to variance reduction in-

cluding matched-pair designs, stratified randomization, and covariate adjustment. Through

simulation of e-commerce data, we demonstrate that our proposed methods can improve

power while maintaining robust inference. The binned estimator proves particularly effec-

tive, though we carefully describe the conditions under which it maintains unbiasedness. The

third chapter presents a methodological breakthrough in the integration of textual data into

econometric analysis. We develop a two-stage text regression methodology that leverages

recent advances in transformer-based language models to capture rich semantic information

and contextual nuances. The first stage employs state-of-the-art natural language processing

techniques to represent textual data in a lower-dimensional space while preserving seman-

tic relationships. The second stage develops an econometric framework for estimating the

association between these text-derived features and economic outcomes. We demonstrate

the methodology’s effectiveness through an application to online economics forums, showing

substantial improvements in both predictive accuracy and interpretability compared to tra-

ditional bag-of-words approaches. This methodology opens new avenues for research across

various subfields of economics, from labor economics to finance, where textual data may

provide crucial insights into economic behavior and outcomes. Collectively, these chapters

advance the frontier of empirical methods in economics by developing scalable solutions for

modern data challenges. The methodological innovations presented here enable researchers

to handle larger datasets, conduct more precise experiments, and incorporate richer forms

of information into their analyses. While each chapter addresses a distinct challenge, they

are united by a common theme: expanding the scope of feasible empirical research through

methodological innovation. The tools and frameworks developed in this dissertation con-

tribute to the growing toolkit available to empirical researchers, particularly those working

with large-scale, complex, or unstructured data.
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Chapter 1

ITERATIVE DISTRIBUTED MULTINOMIAL REGRESSION

1.1 Introduction

1.1.1 Motivation and Main Contributions

Discrete choice models, including logit and multinomial-logit (MNL) models, are widely used

in applied social science research. With the growing availability of diverse data types and the

integration of econometric models with textual and image data, researchers are encountering

applications of MNL models with massive number of choices; see the applications discussed

in Section 1.1.2. In these cases, even if the number of parameters for each choice is small, the

total number of parameters which increases linearly with the number of choices will be large

due to large choice sets. As a result, the maximum likelihood estimation (MLE) becomes

computationally intractable due to the cost of solving the optimization problem for a large

number of parameters.1

Researchers in diverse disciplines have explored various approaches and proposed nu-

merous methods to numerically solve the MLE; see the numerical algorithms discussed in

Section 1.1.2. However, there is a notable lack of theoretical results ensuring the consis-

tency or asymptotic efficiency of the estimators derived from these methods. This gap in

the literature between numerical computation and statistical inference motivates the present

study.

This chapter is based on joint work with Yanqin Fan and Xuetao Shi.
1MLE of the MNL model refers to the conditional MLE given the covariate and total counts.
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Our proposed estimator utilizes the multinomial-Poisson (MP) transformation, which re-

formulates the multinomial likelihood into a Poisson likelihood by incorporating individual

fixed effects into the MNL model. When all the covariates are categorical, [Baker, 1994]

establishes that the multinomial likelihood and the Poisson likelihood produce identical es-

timates of the parameters in the MNL model and advocates the computational advantage of

maximizing the Poisson likelihood. However, the MP transformation has also been employed

in MNL models with continuous or mixed discrete and continuous covariates. For instance,

[Gentzkow et al., 2019b] note that they “... approximate the likelihood of [their] multinomial

logit model with the likelihood of a Poisson model ...”.

As the first contribution of this paper, we establish an equivalence result for all types of

covariates, discrete or mixed justifying the application of the MP transformation in these

cases. To accomplish this, we re-interpret the Poission likelihood from the MP transfor-

mation as a conditional quasi-log-likelihood function given the covariates. Maximizing this

function provides a quasi-maximum likelihood estimator (QMLE) for the MNL model. The

equivalence result is established as the equivalence between the resulting QMLE and MLE

of the MNL.

While the QMLE is computationally more efficient than the MLE, it’s still costly when

applied to MNL models with large choice sets. To overcome this computational challenge,

[Taddy, 2015a] exploits an important feature of the quasi-log-likelihood function: for any

given fixed effects, the function is additively separable in the parameters across different

choices of the MNL model. [Taddy, 2015a] proposes to estimate parameters for each choice

separately at a specific value of the fixed effects and calls the resulting estimator distributed

computing estimator. As noted in [Taddy, 2015a], however, his distributed computing esti-

mator is inconsistent except in a few very special cases.

To regain consistency and asymptotic efficiency, we adopt the idea of iterative back-

fitting algorithms studied in [Pastorello et al., 2003], [Dominitz and Sherman, 2005], and

[Fan et al., 2015] to compute QMLE of parameters in MNL and fixed effects iteratively.2 Dur-

2Similar iterative algorithms have also been developed for dynamic discrete games of incomplete infor-
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ing each iteration, we first solve for the parameters of interest through distributed computing

given the approximate values of the individual fixed effects. Then we update estimates of the

individual fixed effects based on their expressions from maximizing the quasi-log-likelihood

function using the previous estimates of the model parameters. We call our estimator itera-

tive distributed computing (IDC) estimator. This is the second and main contribution of the

paper. The algorithm for IDC is fast to run because of distributed computing, even when the

choice set is large. We consider three IDC estimators based on three different initial estima-

tors: a consistent estimator based on pairwise binomial logistic regression, [Taddy, 2015a]’s

distributed computing estimator, and a maximum likelihood estimator assuming that the

distribution of total counts is Poisson. The latter two estimators are inconsistent in general.

All three initial estimators are fast to compute because they allow for distributed computing.

As the third contribution, we establish theoretical result on the consistency and asymp-

totic efficiency of all three IDC estimators. When the initial estimator is consistent, we

show that the IDC estimator with any finite number of iterations is always consistent and

is asymptotically efficient under an information dominance condition when the number of

iterations diverges with respect to the sample size n at log (n) rate. With inconsistent initial

estimators, the IDC estimators are consistent and asymptotically efficient under a stronger

contraction mapping condition when the number of iterations diverges with respect to n at

polynomial rate.

When the number of choices is large, conducting inference via plug-in estimation of the

variance matrix becomes infeasible. This is because the Fisher information matrix is of very

large dimension, causing the computation of the inverse of its estimator both time-consuming

and unreliable. The fourth contribution of the paper is that we propose a parametric boot-

strap inference procedure and show its consistency. Because the IDC estimator is fast to

compute, our inference procedure is computationally feasible.

mation where directly computing the MLE using the nested fixed-point algorithm proves computationally
infeasible, see [?, ?] for a nested pseudo-likelihood (NPL) algorithm. [?] further analyze the conditions
necessary for the convergence of the NPL algorithm and derive its convergence rate.
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Lastly, we conduct extensive simulations to study the finite sample performance of our

estimator and inference procedure. We are particularly interested in the computational time

of the IDC estimator and its accuracy in comparison with the maximum likelihood estimator.

The simulation results show that the IDC estimator is very fast to compute with its running

time being approximately linear in the number of choices. Compared to the maximum

likelihood estimator, our estimator has a very similar mean squared error in all the different

model settings but is much faster to compute when the number of choices is large. We also

study the finite sample behavior of the proposed bootstrap inference procedure. The result

suggests that the procedure achieves the correct size and is consistent.

1.1.2 Related Literature

Applications The proposed IDC estimator can be applied to study various economics and

computer science topics such as text analysis, dimensionality reduction, spatial choice models,

image classification ([Russakovsky et al., 2015]), and video recommendation ([Davidson et al., 2010]).

Text analysis : The integration of text data into econometric models is increasingly promi-

nent in economics. For example, [Baker and Wurgler, 2006a] analyze investor sentiment’s

effect on stock returns, while [Chen et al., 2021] explore how hedge funds capitalize on sen-

timent changes. Modeling text data often involves treating word counts as a multinomial

distribution, as [Taddy, 2015a] demonstrates using Yelp reviews to predict outcomes based

on user and business attributes. [Gentzkow et al., 2019b] use distributed computing esti-

mator for the multinomial regression to measure polarization in Congressional speeches.

[Kelly et al., 2019] extend this approach, using Hurdle Distributed Multinomial Regression

to backcast, nowcast, and forecast macroeconomic variables from newspaper text.

Dimensionality Reduction: Our estimator aids in dimensionality reduction for inverse

multinomial regression, as [Taddy, 2013] discusses. Instead of inferring sentiment from text,

[Taddy, 2013]’s approach estimates word distribution given sentiment. He introduces a score

based on word frequencies and regression parameters, useful in forward-regression models.

Spatial Choice Models : High-dimensional choices also appear in spatial models. [Buchholz, 2021]
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models taxi drivers’ location choices with a dynamic spatial search, reducing dimensionality

via discretization. Similarly, [Pellegrini and Fotheringham, 2002] apply hierarchical discrete

choice models to immigration, while [Bettman, 1979] addresses brand choices in limited-

option settings, proposing hierarchical selection for high-dimensional cases.

Numerical Algorithms To address the computational difficulty of solving the MLE of

the MNL model, researchers have proposed several numerical methods to find approximate

solutions. [Böhning and Lindsay, 1988] and [Böhning, 1992] propose to replace the Hessian

matrix in the Newton-Raphson iteration with its easy-to-compute global lower bound and

show that the approximate solution converges with the number of iterations. Because the

convergence rate depends crucially on the difference between the Hessian matrix and its

lower bound, the algorithm can be slow to run for certain model parameters. Additionally,

based on our simulation exercise, if the choice probabilities vary significantly across different

choices with some being close to zero, the algorithm becomes unstable. In comparison, our

IDC algorithm is stable in all the simulation settings. [Boyd et al., 2011] introduce an alter-

nating direction method of multipliers, which reformulates the original optimization problem

by introducing redundant linear constraints. [Gopal and Yang, 2013] propose a log concavity

method, which replaces the log partition function of the multinomial logit with a paralleliz-

able upper-bound. [Recht et al., 2011], [Raman et al., 2016], and [Fagan and Iyengar, 2018]

study a stochastic gradient descent method, which uses random training samples to calculate

the gradient at each iteration. Although these methods can be computationally efficient, to

the best of the authors’ knowledge, no consistency or asymptotic efficiency result has been

shown in these work.

Penalization methods have also been introduced to the MNL regression and some of the

numerical methods discussed above are adopted in solving the penalized MNL regression,

see e.g., [Friedman et al., 2010], [Simon et al., 2013], and [Nibbering and Hastie, 2022], The

proposed IDC procedure in this paper can be combined with the aforementioned algorithms

to further improve the performance of penalized MNL regressions.
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Organization of the rest of this paper The remainder of this paper is organized as

follows. In Section 1.2 we present a comprehensive overview of the multinomial logistic

regression model and the MP transformation. Section 1.3 introduces our iterative distributed

computing estimator along with some initial values. In Section 1.4 we provide the asymptotic

theory of the iterative distributed computing estimator. Section 1.5 contains the simulation

results. Finally with Section 1.6 we conclude. Appendix A.1 collects the notations and

equations used in the paper. All the technical proofs are provided in Appendix A.2. The

codes for implementing the estimation and inference procedures are available at here.

Notations Throughout the paper, we use index i ∈ {1, . . . , n} for individual, j ∈ {1, . . . , p}

for covariate, and k ∈ {1, . . . , d} for unique choice. Boldfaced symbols such as C and V are

used to denote vectors; while elements of the vectors are denoted by plain symbol such as

Ck and Vj. Denote ∼ as ‘equality up to a constant”, such that f (θ) ∼ g (θ) is equivalent to

f (θ) = g (θ) + h, where h is a constant relative to θ.

1.2 Multinomial Logistic Regression

Let Ci ∈ Rd denote the random vector of counts on d different choices for individual i =

1, ..., n, summing up to Mi =
∑d

k=1Cik. We use the random vector Vi ∈ Rp to denote the

covariate vector that includes a constant.

Consider a correctly specified multinomial-logit (MNL) model. The conditional probabil-

ity mass function is given by the following:

Pr (Ci | Vi,Mi) = MNL (Ci;η
∗
i ,Mi) ≡

Mi!

Ci1! · · ·Cid!

(
eη

∗
i1

Λ∗
i

)Ci1

. . .

(
eη

∗
id

Λ∗
i

)Cid

, (1.2.1)

where for k = 1, . . . d, we let η∗ik ≡ V ′
i θ

∗
k with unknown parameters θ∗

k ≡
(
θ∗k1, . . . , θ

∗
kp

)′ and

Λ∗
i ≡

∑d
k=1 e

η∗ik . For the identification, we set θ∗
d = 0. Let θ∗ ≡ (θ∗′

1 , . . . ,θ
∗′
d )

′ ∈ Θ denote

the parameter vector of interest. Throughout the paper, we use the supercript ∗ to indicate

the true value of the unknown parameter. Denote the parameter space of θ∗
k for k = 1, . . . , d

https://github.com/yigitokar/IDMR
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as Θk. We have that Θd = {0} and Θ ≡
∏d

k=1Θk.

In this paper, we focus on the case where d is large (but fixed) such that directly solving

for the maximum likelihood estimator is computationally costly. Applications include text

corpora, where Ci represents the counts of d different words/phrases in a text of Mi words;

browser logs, where Ci indicates the number of times a website among d total websites is

visited by an individual; and location choices, where among Mi number of locations traveled

by the driver, Ci contains the number of times each location, among d different ones, is

visited.

1.2.1 Maximum Likelihood Estimation (MLE)

Given a random sample of size n, let ηi ≡ (ηi1, . . . , ηid)
′ ≡ (V ′

i θ1, . . . ,V
′
i θd) and Λi =∑d

k=1 e
ηik for i = 1, ..., n. Ignoring terms that are independent of the parameter θ, the con-

ditional log-likelihood function given the covariate V and total count M takes the following

form:

lC|V,M (θ) ≡
n∑

i=1

log Pr (Ci | Vi,Mi)

∼
n∑

i=1

log

[(
eηi1

Λi

)Ci1

. . .

(
eηid

Λi

)Cid

]

=
n∑

i=1

{
Ci1

[
log (eηi1)− log

(
d∑

k=1

eηik

)]
+ · · ·+ Cid

[
log (eηid)− log

(
d∑

k=1

eηik

)]}

=
n∑

i=1

[
Ci1ηi1 + · · ·+ Cidηid − (Ci1 + · · ·+ Cid) log

(
d∑

k=1

eηik

)]

=
n∑

i=1

[
C ′

iηi −Mi log

(
d∑

k=1

eηik

)]
. (1.2.2)

Let LC|V,M (θ) denote the probability limit of 1
n
lC|V,M (θ). Denote B (θ, ε) as an open ball

in Θ centered at θ with radius ε. We make the following assumption throughout the paper.

Assumption 1.2.1. (i) The true value θ∗ ∈ Θ satisfies that supθ/∈B(θ∗,ε) LC|V,M (θ) <
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LC|V,M (θ∗) for any ε > 0. (ii) θ∗ is in the interior of Θ.

Assumption 1.2.1 (i) implies that θ∗ is identified as θ∗ = argmaxθ∈Θ LC|V,M (θ). Define

the following objective function:

Q∗
n (θ) ≡ −lC|V,M (θ) . (1.2.3)

Based on (1.2.3), the conditional maximum likelihood estimator of θ∗ is:3

θ̃ = argmin
θ∈Θ

Q∗
n (θ) . (1.2.4)

Solving the above optimization problem analytically is impossible. In addition, due to the

potentially large dimension d, numerical algorithms such as the Newton-Raphson method

are difficult to implement either because they usually involve computing the inverse of the

Hessian matrix, which is of dimension pd × pd, during each iteration. In this paper, we

propose an estimator that is both computationally attractive and asymptotically efficient.

1.2.2 Multinomial-Poisson Transformation

In this section, we present the multinomial-Poisson (MP) transformation, based on which we

develop our estimator. We reinterpret the Poission likelihood as a quasi-likelihood conditional

on the covariates.

Let 1d ≡ (1, . . . , 1)′ ∈ Rd. With slight abuse of notation, define

lC|V,M (θ,µ) ≡ lC|V,M (θ) +
n∑

i=1

[µiC
′
i1d −Mi log (e

µi)]

=
n∑

i=1

[
C ′

i (ηi + µi1d)−Mi log

(
d∑

k=1

eηik+µi

)]
,

3The definition of θ̃ implicitly assumes that the solution to the minimization problem is unique.
This can be shown to hold with probability approaching one by the identification of the model. See
[McFadden, 1973]. The same result holds for all the estimators defined in the paper. We ignore such
mathematical subtlety for the remainder of the paper to simplify the discussion.
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where µ ≡ (µ1, . . . , µn) ∈ Rn. The following lemma shows that the two functions lC|V,M (θ)

and lC|V,M (θ,µ) are the same for any θ ∈ Θ and µ ∈ Rn. In other words, argument

µ in lC|V,M (θ,µ) does not affect the value of the function. The proof of the lemma is

straightforward by realizing that C ′
i1d = Mi by definition.

Lemma 1.2.1. lC|V,M (θ) = lC|V,M (θ,µ) for any θ ∈ Θ and µ ∈ Rn.

Define the following two functions:

f (θ,µ) ≡
n∑

i=1

[
Mi log

(
d∑

k=1

eηik+µi

)
−

d∑
k=1

eηik+µi

]
and (1.2.5)

qlC|V (θ,µ) ≡ lC|V,M (θ,µ) + f (θ,µ)

=
n∑

i=1

d∑
k=1

(
Cik (ηik + µi)− e(ηik+µi)

)
. (1.2.6)

It is not difficult to see that f (θ,µ) takes the form of a log-likelihood function of n conditional

Poisson distributions with means
∑d

k=1 e
(ηik+µi), i = 1, . . . , n (after ignoring terms that

are independent of θ and µ). This in turn renders qlC|V a conditional quasi-log-likelihood

function of which Cik given Vi is drawn independently from a Poisson distribution with mean

e(ηik+µi), k = 1, ..., d. This property underlies the naming of the MP transformation.

Based on the conditional quasi-log-likelihood function qlC|V (θ,µ), we can compute a

conditional quasi MLE (QMLE) of θ∗:

(
θ̂, µ̂

)
= arg min

θ∈Θ,µ∈Rn
Qn (θ,µ) , (1.2.7)

where Qn (θ,µ) ≡ −qlC|V (θ,µ) .

[Baker, 1994] shows that θ̂ = θ̃ if the covariate vector V contains only categorical random

variables. The following lemma demonstrates that θ̂ = θ̃ holds irrespective of the type of

the covariate vector, thereby generalizing the result of [Baker, 1994].

Lemma 1.2.2. It holds that θ̂ = θ̃.
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It is worth noting that Lemma 1.2.2 does not rely on the assumption that f (θ,µ) is the

correct log-likelihood function of Mi or equivalently Pr (Mi | Vi) = Po
(∑d

k=1 e
(ηik+µi)

)
or

Pr (Cik | Vi) = Po
(
e(ηik+µi)

)
, where Po (·) denotes the Poisson distribution. No assumption

on the conditional distribution of Mi given Vi is needed for any of the results in the paper to

hold. As we show in the following sections, introducing f (θ,µ) is merely a trick to achieve

distributed computing.

1.3 Iterative Distributed Computing Estimator

Lemma 1.2.2 shows that instead of minimizing Q∗
n (θ), we can minimize Qn (θ,µ) to obtain

the QMLE of θ∗. However, the computation of θ̂ is also time-consuming, since solving (1.2.7)

is infeasible in practice if d is large. However the additive form of Qn (θ,µ) allows solving

(1.2.7) distributively.

1.3.1 Distributed Computing Estimator in [Taddy, 2015a]

As noted in [Taddy, 2015a], although minimizing Qn (θ,µ) with respect to θ and µ jointly

is computationally infeasible, given any value of µ, numerically solving argminθ Qn (θ,µ) is

much easier because the optimization can be done separately for each θk and be computed

across machines. To see this, we rewrite Qn (θ,µ) as:

Qn (θ,µ) =
n∑

i=1

d∑
k=1

(
e(ηik+µi) − Cik (ηik + µi)

)
.

=
d∑

k=1

n∑
i=1

(
e(V

′
i θk+µi) − Cik (V

′
i θk + µi)

)
≡ Q1n (θ1,µ) + · · ·+Qdn (θd,µ) , (1.3.1)
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where for k = 1, . . . , d, Qkn (θk,µ) ≡
∑n

i=1

(
e(V

′
i θk+µi) − Cik (V

′
i θk + µi)

)
. In consequence,

it holds that for any µ,

argmin
θ∈Θ

Qn (θ,µ) =

[
arg min

θ1∈Θ1

Q1n (θ1,µ) , . . . , arg min
θd∈Θd

Qdn (θd,µ)

]′
. (1.3.2)

Based on (1.3.2), solving argminθ∈ΘQn (θ,µ) for any given µ is equivalent to solving d

optimizations: argminθk∈Θk
Qkn (θk,µ) for each k = 1, . . . , d, where each optimization is

a Poisson regression.4 Since θk has only p dimensions, argminθk∈Θk
Qkn (θk,µ) is easy to

compute. In addition, the optimizations for k = 1, . . . , d can be computed across machines

allowing for distributed computing.

By Equation (1.2.7), it is not difficult to see that θ̂ = argminθ∈ΘQn (θ, µ̂). Because θ̂ is

equivalent to the MLE θ̃ by Lemma 1.2.2, it has the desired properties such as being both

consistent and asymptotically efficient. As a result, we would hope to obtain µ̂ first and then

compute θ̂ by distributed computing. However, the value of µ̂ depends on θ̂, which itself is

difficult to calculate. On the other hand, given any value of θ, solving argminµQn (θ,µ) is

also fast, and the solution even has a closed form. Denote the solution to argminµ Qn (θ,µ)

as µn (θ). Simple calculation would show that

µn (θ) =

(
log

(
M1∑d
k=1 e

η1k

)
, . . . , log

(
Mn∑d
k=1 e

ηnk

))′

. (1.3.3)

Let µ̂T = (log (M1) , . . . , log (Mn))
′. Instead of solving for µ̂ using (1.3.3), [Taddy, 2015a]

proposes an estimator θ̂T = argminθ∈ΘQn (θ, µ̂T ) and calls it the distributed computing

estimator. Such an estimator is fast to compute but fails to be consistent except in the

special cases discussed in [Taddy, 2015a].

4Since Θd = {0}, solving for argminθd∈Θd
Qdn (θd,µ) is trivial.
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1.3.2 Iterative Distributed Computing Estimator

We propose an iterative distributed computing (IDC) estimator, such that during each iter-

ation we solve (1.3.2) with µ updated from the previous step estimate of θ via (1.3.3). Our

IDC estimator is defined by the following steps.

Step 0. Compute an initial estimator of θ∗, denoted as θ̂(0).

Step 1, . . . ,S. For step s, where s = 1, . . . , S, we first update µ using estimator θ̂(s−1)

from the previous step via µn (·). Then we update θ given the value of µ:

θ̂(s) ≡ θn

(
θ̂(s−1)

)
=

[
arg min

θ1∈Θ1

Q1n

(
θ1,µn

(
θ̂(s−1)

))
, . . . , arg min

θd∈Θd

Qdn

(
θd,µn

(
θ̂(s−1)

))]′
. (1.3.4)

The iterative estimator with S iterations is defined as θ̂I ≡ θ̂(S). For any θ, the value of

µn (θ) can be directly computed from (1.3.3). In each step, we compute argminθk Qkn

(
θk,µn

(
θ̂(s−1)

))
for k = 1, . . . , d on d parallel computers. This amounts to running d Poisson regressions with

p parameters, and the computational burden for each step is low. The algorithm is described

in Algorithm 1.

Unlike many existing algorithms such as gradient descent or stochastic gradient descent,

the IDC estimator does not involve any tuning parameter. This is advantageous because

the performance of the classical (stochastic) gradient descent is generally sensitive to the

learning rate.

1.3.3 Initial Estimators

Similar to all iterative optimization procedures, the initial estimator plays a critical role. In

finite samples, a good initial guess of θ∗ can improve the performance of the IDC estimator.

Asymptotically, a consistent initial estimator can lead to consistent and asymptotically effi-

cient iterative estimators under weaker assumptions than an inconsistent initial estimator. In

this section, we propose three initial estimators: a consistent initial estimator of θ∗ based on
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Algorithm 1: the iterative distributed computing procedure
Input: S
Output: θ̂(S)

1 Compute an initial estimator θ̂(0)

/* Start of Step 1 */

2 Compute µn

(
θ̂(0)
)

3 Solve for

θ̂(1) =

[
arg min

θ1∈Θ1

Q1n

(
θ1,µn

(
θ̂(0)
))

, . . . , arg min
θd∈Θd

Qdn

(
θd,µn

(
θ̂(0)
))]′

/* End of Step 1. The output is θ̂(1) */
/* Start of Step 2 */

4 Compute µn

(
θ̂(1)
)

5 Solve for

θ̂(2) =

[
arg min

θ1∈Θ1

Q1n

(
θ1,µn

(
θ̂(1)
))

, . . . , arg min
θd∈Θd

Qdn

(
θd,µn

(
θ̂(1)
))]′

/* End of Step 2. The output is θ̂(2) */

6 ...... Continue until Step S. The output of Step S is θ̂(S)

binomial MLE, [Taddy, 2015a]’s estimator, and the MLE based on the Poisson assumption

of Mi. The latter two are inconsistent without any assumption on the distribution of Mi.

A Consistent Initial Estimator Let Nik ≡ Cik+Cid. The following lemma results from

the MNL model defined in (1.2.1).

Lemma 1.3.1. For any k = 1, . . . , d− 1,

Pr (Cik, Cid | Vi, Nik) =
Nik!

Cik!Cid!

(
eη

∗
ik

eη
∗
ik + 1

)Cik
(

1

eη
∗
ik + 1

)Cid

. (1.3.5)

Lemma 1.3.1 shows that we can consistently estimate θ∗
k based on a binomial logistic
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regression with the log-likelihood function given by:

lCk,Cd|V,Nk
(θk) ≡

n∑
i=1

log Pr (Cik, Cid | Vi, Nik)

∼
n∑

i=1

[Cikηik − (Cik + Cid) log (e
ηik + 1)]

=
n∑

i=1

[
CikV

′
i θk − (Cik + Cid) log

(
eV

′
i θk + 1

)]
.

Let θ̌k = argminθk∈Θk
−lCk,Cd|V,Nk

(θk) for k = 1, . . . , d− 1 and θ̌ =
(
θ̌′
1, . . . , θ̌

′
d−1, θ̌

′
d

)′ with

θ̌′
d = 0. The consistency of θ̌ follows from the standard argument in the maximum likelihood

estimation.

Compared to θ̃, the conditional probability used in constructing the above binomial

logistic log-likelihood function does not use all the available information. Therefore, θ̌ is

less efficient than θ̃. However, each component of θ̌, θ̌k, can be calculated independently,

allowing for parallel computing. The substantially short running time of θ̌ makes it a great

candidate for the initial value θ̂(0).

Inconsistent Initial Estimators Even though [Taddy, 2015a]’s estimator fails to be

consistent in general, it could serve as a candidate for the initial value in our Algorithm 1.

Another option is to replace µ̂T with a zero vector to obtain another estimator denoted as

θ̂P = argminθ∈ΘQn (θ,0). It can also be computed across machines for each k = 1, ..., d.

Like [Taddy, 2015a]’s estimator, θ̂P could also serve as a candidate for the initial value in

our algorithm. Moreover, under an extra condition that Mi follows a Poisson distribution,

θ̂P is the maximum likelihood estimator of θ∗.

Lemma 1.3.2. If Pr (Mi | Vi) = Po
(∑d

k=1 e
η∗ik

)
, then θ̂P is the maximum likelihood esti-

mator of θ∗ based on the conditional probability Pr (Ci | Vi).

Unlike θ̌, neither θ̂T nor θ̂P is a consistent estimator of θ∗ without any additional as-

sumption.
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1.3.4 Constrained Iterative Distributed Computing

In some applications, researchers may have prior knowledge on some linear equality con-

straints among parameters. Taking the constraints into consideration during the estimation

would further improve asymptotic efficiency. In this section, we discuss how to modify our

IDC estimator introduced in Section 1.3.2 to incorporate equality constraints. The initial

estimators introduced in Section 1.3.3, although they do not account for the equality con-

straints, can be utilized to obtain the initial θ̂(0).

We consider two different types of constraints: constraints on parameters for the same

choice and for different choices. The procedures for different types of constraints differ in the

optimization problems during each iteration. For each type, we use an example to illustrate

our procedure.

For the first type, the constraint is on components of individual θ∗
k. Take the constraint

θ∗k1 = θ∗k2 for k = 1, . . . d as an example. When computing θ̂(s) in Step s, we solve the

constrained optimization problem:

arg min
θk∈Θk,θk1=θk2

Qkn

(
θk,µn

(
θ̂(s−1)

))
for each k. Because the constraint is on each θ∗

k, the original distributed computing scheme

remains.

The second type of constraints involves components of θ∗
k across different choices. For

example, researchers may impose restrictions like θ∗11 = · · · = θ∗q1, where q < d. For k =

1, . . . , q, let θk,−1 be the subvector of θk that excludes its first element. From Steps 1 to S,

we first update µ using estimator θ̂(s−1) from the previous step. Then, we compute θ̂(s) from
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the following optimization problems:

(
θ̂
(s)
1,−1, . . . , θ̂

(s)
q,−1, θ̂

(s)
q+1, . . . , θ̂

(s)
d

)
=

[
arg min

θ1,−1

Q1n

(
θ̂
(s−1)
11 ,θ1,−1,µn

(
θ̂(s−1)

))
, . . . , arg min

θq,−1

Qqn

(
θ̂
(s−1)
q1 ,θq,−1,µn

(
θ̂(s−1)

))
argmin

θq+1

Q(q+1)n

(
θq+1,µn

(
θ̂(s−1)

))
, . . . , argmin

θd
Qdn

(
θd,µn

(
θ̂(s−1)

))]
, (1.3.6)

θ̂
(s)
11 = argmin

θ11

[
Q1n

(
θ11, θ̂

(s)
1,−1,µn

(
θ̂(s−1)

))
+ · · ·+Qqn

(
θ11, θ̂

(s)
q,−1,µn

(
θ̂(s−1)

))]
,

(1.3.7)

and
(
θ̂
(s)
21 , . . . , θ̂

(s)
q1

)
=
(
θ̂
(s)
11 , . . . , θ̂

(s)
11

)
.

Optimization problems (1.3.6) can be solved using parallel computers. And (1.3.7) is an

optimization problem with only one argument.5 In consequence, each step incurs a low

computational burden. The IDC estimator with such a constraint is also fast to compute.

The aforementioned two procedures can be generalized to accommodate any linear equal-

ity constraint. In particular, the two procedures can be combined in a straightforward way

when constraints contain both types.

1.4 Asymptotic Theory

In this section, we establish the consistency and asymptotic normality of our IDC estimator

introduced in Section 1.3.2.6 Technical proofs are collected in Appendix A.2. We first impose

the following two assumptions.

5Let a general linear equality constraint of the second type be written as Rθ∗ = r, where R and r are
known with dimensions lR × pd and lR × 1 respectively. The matrix R is assumed to have full row rank so
that there is no redundant constraint. We can always rearrange and decompose R as [Rc,0], where Rc has
dimension lR × q and has no zero column. The number of arguments in the optimization problem (1.3.7)
for Rθ∗ = r is q − lR ≥ 0. The case where q = lR corresponds all q number of elements in θ∗ having
prespecified values. The optimization problem (1.3.7) is no longer needed in this case.

6Asymptotic properties of the constrained estimators discussed in Section 1.3.4 can be established in the
same way. Moreover, the procedures can be used to construct a likelihood ratio test for testing the null
hypothesis on linear equality constraint among parameters.
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Assumption 1.4.1. {(Ci,Vi,Mi)}ni=1 are random samples of (C,V ,M).

Assumption 1.4.2. (i) Θ is compact and convex. (ii) E
[
eV

′θ
]
< ∞ for all θ ∈ Θ. (iii)

E [M2] < ∞.

Assumption 1.4.2 is standard. Assumption 1.4.2 (ii) requires that the moment generating

function of V exists within Θ. Almost all commonly seen distributions satisfy Assumption

1.4.2 (ii) and (iii).

1.4.1 Consistency of the IDC Estimator

In order to analyze the asymptotic properties of the IDC estimator, we need to study the

way in which the iterative estimator updates itself in each step. In Step s of the itera-

tion, we first compute µn

(
θ̂(s−1)

)
using θ̂(s−1) from the previous step and then calculate

argminθ∈ΘQn

(
θ,µn

(
θ̂(s−1)

))
. To explicitly distinguish the argument in µn (·) from the

argument in Qn (·,µ) for any given µ, we introduce ϑ and use it as the argument in µn (·).

Define Q†
n (θ,ϑ) ≡ Qn (θ,µn (ϑ)). We have that

Q†
n (θ,ϑ) ≡

n∑
i=1

d∑
k=1

(
Mie

V ′
i θk∑d

k=1 e
V ′
i ϑk

− CikV
′
i θk − Cik log

(
Mi∑d

k=1 e
V ′
i ϑk

))
.

Further define function Q† (θ,ϑ) as the probability limit of 1
n
Q†

n (θ,ϑ):

Q† (θ,ϑ) ≡
d∑

k=1

E

[(
MeV

′θk∑d
k=1 e

V ′ϑk

− CkV
′θk − Ck log

(
M∑d

k=1 e
V ′ϑk

))]
. (1.4.1)

In the following lemma, we provide some properties of Q† (θ,ϑ), which are crucial for

obtaining the consistency and asymptotic normality of our IDC estimator.

Lemma 1.4.1. Under Assumptions 1.4.1 and 1.4.2, the following results hold.

(i) supθ,ϑ∈Θ
∣∣Q†

n (θ,ϑ)−Q† (θ,ϑ)
∣∣ p→ 0.

(ii) For any given ϑ, Q† (θ,ϑ) has a unique minimizer denoted as θ (ϑ).
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(iii) θ (·) is continuous on Θ.

(iv) θ (θ∗) = θ∗, i.e., the true value θ∗ is a fixed point of the mapping θ : Θ → Θ.

(v) θ∗ is the unique fixed point of θ (·).

Essentially, θ (ϑ) summarizes the operation in each step with ϑ being the input and θ (ϑ)

being the output when the sample size goes to infinity. By part (ii) of Lemma 1.4.1, θ (·) is

well-defined. Part (v) of Lemma 1.4.1 plays the most important role. Heuristically, for any

given ϑ, the value of function θ (ϑ) is obtained by solving ∂Q†(θ,ϑ)
∂θ

= 0. At the same time,

function ∂Q†(θ,ϑ)
∂θ

relates to the first order derivative of LC|V,M (θ), the population objective

function defined in Section 1.2.1. By the identification assumption and the convexity of

−LC|V,M (θ), only the true value θ∗ satisfies that ∂
∂θ
LC|V,M (θ) = 0, which implies that

∂Q†(θ,ϑ)
∂θ

|ϑ=θ= 0 holds only at (θ,ϑ) = (θ∗,θ∗).

If a consistent initial estimator is used, such as θ̌, then Lemma 1.4.1 is sufficient for the

consistency of the IDC estimator as stated below.

Theorem 1.4.1 (Consistent initial value). Suppose Assumptions 1.4.1 and 1.4.2 hold. If

θ̂(0) p→ θ∗ as n → ∞, then θ̂(S) p→ θ∗ as n → ∞ for any S.

On the other hand, if the initial estimator is consistent only under extra assumptions,

such as θ̂T and θ̂P , or even inconsistent, then we need a contraction mapping assumption on

θ (·).

Assumption 1.4.3 (Contraction Mapping). For any ϑ ∈ Θ, there exists a constant C < 1

such that ∥∥θ (θ (ϑ)
)
− θ (ϑ)

∥∥ ≤ C
∥∥θ (ϑ)− ϑ

∥∥ .
Admittedly, Assumption 1.4.3 is a high-level assumption. Based on the evidence from

the simulation, the assumption holds for various values of θ∗ and distributions of V and

M . Assumption 1.4.3 relates to the contraction mapping assumption (Assumption 6) in

[Pastorello et al., 2003] but is weaker, the reason being that the true θ∗ is the unique fixed

point, see Lemma 1.4.1 (v). Specifically, Assumption 1.4.3 only requires that the distance
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between θ (ϑ) and ϑ get smaller after both being mapped by θ (·). Instead, the contraction

mapping assumption (Assumption 6) in [Pastorello et al., 2003] requires that the distance

between two arbitrary ϑ1 and ϑ2 get smaller after both being mapped by θ (·).

Theorem 1.4.2 (Inconsistent initial value). Under Assumptions 1.4.1-1.4.3, θ̂(S) p→ θ∗ as

n → ∞ if S → ∞.

1.4.2 Asymptotic Distributions and Inference

Under Assumptions 1.4.1 and 1.4.2, the MLE θ̃ is asymptotically normally distributed with

asymptotic variance given by the Fisher information matrix

I (θ∗) ≡ ∂2

∂θ∂θ′Q
∗ (θ∗) ,

where Q∗ (θ∗) ≡ p limn→∞
1
n
Q∗

n (θ
∗). In this section, we show that our IDC estimator has the

same asymptotic distribution as θ̃, based on which we introduce a valid bootstrap inference

procedure.

The conditions required for proving the asymptotic distribution result depend on the

initial estimator θ̂(0). If a consistent initial estimator is used, then the following assumption

is sufficient. For any matrix A, denote ∥A∥ as its spectral norm.

Assumption 1.4.4 (Information Dominance). It holds that∥∥∥∥∥
(
∂2Q† (θ,ϑ)

∂θ∂θ′ |θ=θ∗,ϑ=θ∗

)−1
∂2Q† (θ,ϑ)

∂θ∂ϑ′ |θ=θ∗,ϑ=θ∗

∥∥∥∥∥ < 1.

The detailed expressions of ∂2Q†(θ,ϑ)
∂θ∂θ′ and ∂2Q†(θ,ϑ)

∂θ∂ϑ′ can be found in Appendix A.1. As-

sumption 1.4.4 is often called the information dominance condition and is tantamount to the

local contraction mapping condition. It is weaker than Assumption 1.4.3. Because we have

an initial consistent estimator of θ∗, Assumption 1.4.4 can be verified. Additionally, because

the matrix ∂2Q†(θ,ϑ)
∂θ∂θ′ is block diagonal with each block having dimensions p × p, computing
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its inverse is feasible.

The following theorem shows that when S is sufficiently large, the IDC estimator θ̂(S) is

equal to θ̃ up to a term of order smaller than n−1/2.

Theorem 1.4.3. (i) Suppose Assumptions 1.4.1, 1.4.2, and 1.4.4 hold. If θ̂(0) p→ θ∗ as

n → ∞, then θ̂(S) − θ̃ = op
(
n−1/2

)
if S ≥ log (n). (ii) Under Assumptions 1.4.1-1.4.3,

θ̂(S) − θ̃ = op
(
n−1/2

)
if S > nδ for some δ > 0.

Theorem 1.4.3 shows that we do not lose efficiency when employing the proposed IDC

estimator as long as S is large enough. A direct implication of the theorem is that θ̂(S) has

the same asymptotic distribution as θ̃ for sufficiently large S.

Corollary 1.4.4. (i) Suppose Assumptions 1.4.1, 1.4.2, and 1.4.4 hold. If θ̂(0) p→ θ∗ as

n → ∞ and S ≥ log (n), then
√
n
(
θ̂(S) − θ∗

)
d→ N (0, I−1 (θ∗)) as n → ∞. (ii) Under

Assumptions 1.4.1-1.4.3, if S > nδ for some δ > 0, then
√
n
(
θ̂(S) − θ∗

)
d→ N (0, I−1 (θ∗))

as n → ∞.

To conduct inference on θ∗ based upon θ̂(S), we need to consistently estimate the Fisher

information matrix and compute its inverse. Because the dimension of I (θ∗) is dp × dp,

calculating the inverse of its estimator is not only time-consuming but also unreliable when

d is large. As a result, we proceed by applying the following parametric bootstrap, which is

feasible thanks to the fact that the IDC estimator is fast to compute.

Given {(Vi,Mi)}ni=1 of the original sample, we draw the bootstrap sample C‡
in for i =

1, . . . , n from the multinomial logistic regression model with the conditional probability mass

function given by

MNL
(
C‡

in; η̂i,Mi

)
, where η̂ik = V ′

i θ̂
(S)
k for k = 1, . . . d.

The bootstrap version of the iterative estimator θ̂‡(S) is obtained by applying the algorithm

introduced in Section 1.3.2 with bootstrap sample
{(

C‡
in,Vi,Mi

)}n

i=1
.
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Assume that we start with a consistent initial estimator. Based on Theorem 1.4.3 (i), we

have that for S ≥ log (n),

θ̂(S) − θ∗ = I−1 (θ∗)
1

n

d

dθ
lC|V,M (θ∗) + op

(
n−1/2

)
. (1.4.2)

Define the score function for θ as

l̇ (θ | c,v,m) ≡ d

dθ
logMNL (c;η,m) , where ηk ≡ v′θk.

The iterative estimator θ̂(S) is asymptotically linear with influence function l̃ (θ∗ | c,v,m):

√
n
(
θ̂(S) − θ∗

)
=

1√
n

n∑
i=1

l̃ (θ∗ | Ci,Vi,Mi) + op (1) ,

where l̃ (θ∗ | c,v,m) ≡ I−1 (θ∗) l̇ (θ∗ | c,v,m). Applying the same derivation, we can show

that the bootstrap version of the estimator is also asymptotically linear with the influence

function evaluated at θ̂(S):

√
n
(
θ̂‡(S) − θ̂(S)

)
=

1√
n

n∑
i=1

l̃
(
θ̂(S) | C‡

in,Vi,Mi

)
+ op (1) .

The Lindeberg-Feller central limit theorem proves the bootstrap consistency. The proof for

the case of inconsistent initial estimator is analogous. Let d‡→ denote the convergence in

bootstrap distribution.

Theorem 1.4.5. (i) Suppose Assumptions 1.4.1, 1.4.2, and 1.4.4 hold. If θ̂(0) p→ θ∗ as

n → ∞ and S ≥ log (n), then
√
n
(
θ̂‡(S) − θ̂(S)

)
d‡→ N (0, I−1 (θ∗)) as n → ∞. (ii) Under

Assumptions 1.4.1-1.4.3, if S > nδ for some δ > 0, then
√
n
(
θ̂‡(S) − θ̂(S)

)
d‡→ N (0, I−1 (θ∗))

as n → ∞.
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1.5 Monte Carlo Simulation

In this section, we evaluate the performance of our IDC estimator from various perspectives.

We present the finite sample performance of the IDC estimator by looking at the effects of

separately increasing d and n on mean squared error (MSE) and running time. We include

the maximum likelihood estimator to show that the IDC estimator performs similarly to the

MLE in terms of MSE and is always feasible even in cases where MLE is intractable. Lastly,

we study the finite sample size and power of our bootstrap inference procedure.

1.5.1 Estimation

In what follows, we present results on the finite sample performance of the IDC estimator

in terms of MSE and running time in four tables. The reported running times in the tables

are obtained from a cluster of 25 AWS EC2 instances with 12 vCPUs and 16GB memory.

Such a configuration can be formed on commonly used cloud computing platforms within

minutes. We employ this basic configuration to illustrate that our IDC estimator achieves

superior performance compared to existing estimators, even when computational resources

are suboptimal for distributed computing. All of the results presented in this section are

repeated five hundred times and averaged.

We first study the finite sample performance of the IDC estimator with consistent θ̌

initialization, specifically what happens to MSE (n increasing, d fixed) and running time (d

increasing, n fixed). We consider the following data generating process (DGP):

DGP-A [MNL]: We set p = 5. The covariate vector V follows the standard normal

distribution; M follows the discrete uniform distribution on [20, 30]; and the values of θ∗ are

obtained by random draws from the standard normal distribution.
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n = 500 n = 1000 n = 2000

θ̂(0) S d MSE Time MSE Time MSE Time

θ̌ 10 10 .0030 45s .0020 97s .0012 252s
20 .0083 52s .0052 113s .0020 277s
50 .0373 85s .0182 174s .0094 453s
100 .0793 157s .0381 349s .0171 756s
150 .1749 211s .0585 455s .0223 1007s

40 10 .0037 168s .0021 320s .0012 672s
20 .0081 196s .0040 352s .0019 739s
50 .0365 320s .0185 576s .0091 1142s
100 .0661 590s .0336 890s .0158 1948s
150 .1815 770s .0577 1184s .0211 2822s

Table I: Finite sample performance of IDC estimator with θ̌ initialization

From Table I, we observe that the MSE of the IDC estimator decreases as the sample

size increases. When the number of iterations S increases, we see an improvement in the

MSE. However, the improvement is marginal, suggesting that the IDC estimator with θ̌

initialization stabilizes with only a few iterations. We also see from Table I that the running

time is approximately a linear function of d. When the number of cores available does

not exceed the number of choices, the additional computational cost of increasing d is very

small. After the cores are fully occupied by the number of processes, the running time

becomes approximately linear. The nominal value of running time depends on the hardware

specifications.
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n = 500 n = 1000 n = 2000

d MSE Time MSE Time MSE Time

10 .0040 36s .0020 105s .0015 350s
20 .0101 54s .0045 152s .0026 652s
50 .0263 96s .0187 308s .0098 1523s
100 .0852 250s .0405 862s .0151 4375s
150 .1179 457s .0536 1523s .0291 9352s

Table II: MSE and running time of MLE θ̃

To compare the performance of our IDC estimator with the MLE θ̃, we simulate the MSE

and running time of θ̃ from the same DGP and present the result in Table II.7 It can be seen

that the MSE of the IDC estimator with θ̌ initialization is very close to that of the MLE

even when the number of iterations is only 10. Note that the main advantage of the parallel

estimator is best observed for high enough d because for low d, the communication between

parallel processes is unnecessary and hence parallel computing increases the running time

unnecessarily. The superior performance of the IDC estimator is apparent when d is large.

For instance, when d = 150 and n = 2000, the IDC estimator with S = 10 achieves a similar

MSE as the MLE with only about one-tenth of the running time. For higher-dimensional

cases, such as when d exceeds 150, computing the MLE becomes computationally intensive

and may not be practical for many applications. In comparison, the IDC estimator with

S = 10 demonstrates more efficient computation times, requiring approximately 5, 10, and

20 minutes for sample sizes n = 500, 1000, and 2000, respectively. Moreover, the running

time for the IDC estimator can be further decreased if more compute instances are used.

For example, using 96 instances, the running time of the IDC estimator for d = 150 can

be further reduced to 34, 51, and 188 seconds for n = 500, 1000, 2000 respectively even for

S = 40. Compared to the corresponding running time of MLE, the running time of the IDC

7We also write code to try estimators in [Böhning and Lindsay, 1988], [Böhning, 1992], and
[Simon et al., 2013] for comparison. However, our simulation result suggests that their performance de-
pends crucially on the number of iterations.
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estimator using 96 instances is more than 10, 30, and 50 times shorter.

n = 500 n = 1000 n = 2000

θ̂(0) S d MSE Time MSE Time MSE Time

θ̂T 10 10 .0048 42s .0023 95s .0017 247s
20 .0098 49s .0058 106s .0038 278s
50 .0466 83s .0197 175s .0100 442s
100 .0809 151s .0381 339s .0184 754s
150 .1725 206s .0590 451s .0242 998s

40 10 .0051 160s .0025 311s .0017 667s
20 .0102 187s .0052 337s .0022 728s
50 .0464 309s .0198 564s .0094 1128s
100 .0867 581s .0407 876s .0179 1938s
150 .1808 758s .0588 1177s .0219 2801s

n = 500 n = 1000 n = 2000

θ̂(0) S d MSE Time MSE Time MSE Time

θ̂P 10 10 .0068 52s .0023 97s .0016 244s
20 .0118 59s .0058 111s .0038 290s
50 .0466 83s .0197 177s .0100 438s
100 .0808 155s .0382 341s .0184 751s
150 .1739 209s .0588 457s .0258 1008s

40 10 .0050 160s .0025 322s .0017 651s
20 .0102 198s .0052 355s .0022 728s
50 .0464 318s .0198 570s .0095 1140s
100 .0866 577s .0407 881s .0179 1957s
150 .1926 761s .0587 1151s .0245 2811s

Table III: Finite sample performance of IDC estimator with θ̂T and θ̂P initialization

In Table III, we present the MSE and running time of IDC estimators with θ̂T and θ̂P as

initial estimators, respectively, for two different numbers of iterations S. Comparing MSEs

of three IDC estimators with different initial values: θ̌ (Table I) and θ̂T (Table III) or θ̂P

(Table III), we observe that the IDC estimator with the consistent initial estimator reduces
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the MSEs for the same number of iterations.

d n θ̃ θ̂I
PB θ̂I

P θ̂I
T

DGP-A 20 500 .0102 .0083 .0102 .0102
20 1000 .0049 .0048 .0052 .0052
50 1000 .0155 .0158 .0198 .0198

DGP-B 20 500 .0007 .0008 .0006 .0303
20 1000 .0002 .0002 .0003 .0403
50 1000 .0005 .0005 .0006 .0121

DGP-C 20 500 .0060 .0062 .0072 .0061
20 1000 .0032 .0032 .0032 .0045
50 1000 .0315 .0318 .0305 .0323

Table IV: MSE comparison of competing estimators. Number of iterations S = 20.

Table IV presents MSEs of different estimators for three (d, n) pairs each. We set the

largest d be 50 so that MLE can be computed in a reasonable time. θ̂I
PB, θ̂I

T , and θ̂I
P denote

the IDC estimators with θ̌, θ̂T , and θ̂P as the initial estimators respectively. Besides DGP-

A, we consider two additional DGPs to study the performance of the IDC estimator under

different data settings. In all DGPs, we let p = 5.

DGP-B [Poisson]: The random variable V follows a standard normal distribution; Cik

follows a Poisson distribution with mean eη
∗
ik ; and M is obtained by summing up realizations

of the Poisson draws for different choices.

DGP-C [Mixture]: We let V follow a mixture of Gaussian distributions with means 0

and 4 with standard deviations 1 for both distributions. M is also set to follow a mixture

of Gaussian distributions with means 10 and 60 and rounded to the closest integer. The

standard deviations are 1 and 5 respectively. We have made these modifications so that

some choices are rarely selected and ensure the robustness of our estimator in those cases.

Based on the simulation result, our IDC algorithm is successfully executed for all DGPs

and exhibits stability. In contrast, we encounter errors for DGP-C when computing the



27

estimators in [Böhning and Lindsay, 1988], [Böhning, 1992], and [Simon et al., 2013]. We

see from Table IV that θ̂I
PB performs close to θ̃ for all DGPs and (d, n) pairs. In DGP-B,

the initial estimator θ̂P is the maximum likelihood estimator. As a result, θ̂I
P starts with

not only a consistent but asymptotically efficient initial estimator. Even in this case, θ̂I
PB

has comparable MSEs.

In summary, the IDC estimators with all three initial estimators have finite sample per-

formance similar to the MLE for the DGPs studied in this section. They are much faster to

compute than the MLE for large d and are feasible even when the MLE might be intractable.

Moreover, if the IDC estimator starts with the consistent initial estimator θ̌, its finite sample

performance will be further improved and is almost the same as the MLE.

1.5.2 Inference

In this section, we illustrate the bootstrap inference procedure introduced in Section 1.4.2.

We investigate the finite sample performance of the procedure including the size and power.

All the results are based on one thousand Monte Carlo repetitions, where the number of

bootstrap repetitions is five hundred.

We consider the null hypothesis that some element of θ∗ equals to a specific value. Data

are generated from DGP-A introduced in the previous section. Let the null and the alter-

native hypotheses be that H0 : θ∗11 = 0 and H1 : θ∗11 ̸= 0. The test statistic is computed

as
∣∣∣∣ θ̂I11
ŝeb(θ̂I11)/

√
n

∣∣∣∣, where ŝeb

(
θ̂I11

)
is the bootstrap estimate of the standard error of θ̂I11. The

number of iterations is 10 when computing the IDC estimator. We set the nominal size as

5% and use the 97.5% quantile of the standard normal distribution as the critical value.
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Dev. −0.2 −0.1 −0.05 0 0.05 0.1 0.2

d = 20 n = 250 .397 .137 .067 .041 .060 .139 .455
n = 500 .676 .216 .102 .058 .115 .234 .704
n = 1000 .952 .395 .128 .055 .167 .473 .963

Dev. −0.3 −0.2 −0.1 0 0.1 0.2 0.3

d = 50 n = 250 .333 .189 .099 .077 .091 .186 .313
n = 500 .662 .424 .172 .066 .198 .391 .658
n = 1000 .895 .723 .247 .063 .212 .697 .924

Table V: Finite sample rejection probabilities for different values of θ∗11, n, and d

In Table V, we report the finite sample rejection probabilities of our test for different

values of θ∗11. Values in the first row of the table indicate the deviation of θ∗11 from the null

hypothesis. When the deviation is zero, the null hypothesis is true. It can be seen from the

table that the finite sample rejection rates get closer to the nominal size when the sample

size increases. And when the true value θ∗11 deviates more from the null hypothesis, the

rejection probabilities increase. The same pattern appears for both d = 20 and d = 50. The

finite sample performance of the test when d = 50 is not as good as that when d = 20. This

is predictable because there are many more unknown parameters in the model when d = 50

than when d = 20. But we expect the results to improve as the sample size increases for any

fixed d.

1.6 Conclusion

In this paper, we propose an iterative distributed computing estimator for the multinomial

logistic model that is fast to compute even when the number of choices is large. When

the number of iterations goes to infinity, we show that our estimator is both consistent

and asymptotically efficient. Based on the simulation study, the computational time of

our estimator increases linearly with the number of choices. Moreover, our estimator has

comparable finite sample performance to MLE when the latter is computationally feasible.
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Extensions abound. First, our IDC estimator can be combined with several existing algo-

rithms to accommodate more complex settings. For example, when minimizing Qkn

(
θk,µn

(
θ̂(s−1)

))
for k = 1, . . . , d, we can replace the gradient of the objective function with its stochastic ap-

proximation calculated from a randomly selected subset of the data. Such an algorithm is

an online algorithm and might reduce the running time especially when n is large. We can

also employ a one-step Newton-Raphson to compute argminθk∈Θk
Qkn

(
θk,µn

(
θ̂(s−1)

))
in

each iteration or even replace the Hessian matrix with its dominant. Depending on appli-

cations, these modifications of the IDC estimator may further improve the computational

time. However, their theoretical properties need to be investigated. Second, asymptotic

properties of the IDC estimator in this paper are established for large but fixed number of

choices. Asymptotic theory allowing for the number of choices to diverge with the sample

size is yet to be established. Third, in cases where the number of covariates is also large, ℓ1

or ℓ2 regularization could be adopted. In a companion paper, we develop asymptotic theory

for regularized iterative distributed computing estimator.
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.1 Notations and Equalities

In this appendix, we list some mathematical expressions and equalities used in the paper.

1. MNL (Ci;ηi,Mi) ≡ Mi!
Ci1!···Cid!

(
eηi1
Λi

)Ci1

. . .
(

eηid
Λi

)Cid

2. lC|V,M (θ) ≡
∑n

i=1

[
C ′

iηi −Mi log
(∑d

k=1 e
ηik

)]
3. LC|V,M (θ) ≡ p limn→∞

1
n
lC|V,M (θ)

4. Q∗
n (θ) ≡ −lC|V,M (θ)

5. θ̃ = argminθ∈ΘQ∗
n (θ)

6. lC|V,M (θ,µ) ≡
∑n

i=1

[
C ′

i (ηi + µi1d)−Mi log
(∑d

k=1 e
ηik+µi

)]
= lC|V,M (θ)

7. f (θ,µ) ≡
∑n

i=1

[
Mi log

(∑d
k=1 e

ηik

)
+Miµi − eµi

∑d
k=1 e

ηik

]
8. qlC|V (θ,µ) ≡ lC|V,M (θ,µ) + f (θ,µ) =

∑n
i=1

∑d
k=1

(
Cik (ηik + µi)− e(ηik+µi)

)
9. Qn (θ,µ) ≡ −qlC|V (θ,µ)

10.
(
θ̂, µ̂

)
= argminθ∈Θ,µ∈Rn Qn (θ,µ) ,

11. Qkn (θk,µ) ≡
∑n

i=1

(
e(V

′
i θk+µi) − Cik (V

′
i θk + µi)

)
12. µn (θ) ≡

(
log
(

M1∑d
k=1 e

η1k

)
, . . . , log

(
Mn∑d

k=1 e
ηnk

))′
13. θ̂(s) =

[
argminθ1∈Θ1 Q1n

(
θ1,µn

(
θ̂(s−1)

))
, . . . , argminθd∈Θd

Qdn

(
θd,µn

(
θ̂(s−1)

))]′
14. lCk,Cd|V,Nk

(θk) ≡
∑n

i=1

[
CikV

′
i θk − (Cik + Cid) log

(
eV

′
i θk + 1

)]
15. θ̌k = argminθk∈Θk

−lCk,Cd|V,Nk
(θk)
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16. θ̂T = argminθ∈Θ Qn (θ, µ̂T ) with µ̂T = (log (M1) , . . . , log (Mn))
′

17. θ̂P = argminθ∈ΘQn (θ,0)

18. Q†
n (θ,ϑ) ≡ Qn (θ,µn (ϑ)) =

∑n
i=1

∑d
k=1

(
Mie

V ′
i θk∑d

k=1 e
V ′
i
ϑk

− CikV
′
i θk − Cik log

(
Mi∑d

k=1 e
V ′
i
ϑk

))

19. Q† (θ,ϑ) ≡
∑d

k=1 E
[(

MeV
′θk∑d

k=1 e
V ′ϑk

− CkV
′θk − Ck log

(
M∑d

k=1 e
V ′ϑk

))]
20. Q†

k (θk,ϑ) ≡ E
[

MeV
′θk∑d

k=1 e
V ′ϑk

− CkV
′θk − Ck log

(
M∑d

k=1 e
V ′ϑk

)]
21. θ (ϑ) ≡ argminθ∈ΘQ† (θ,ϑ)

22. Q∗ (θ∗) ≡ p limn→∞
1
n
Q∗

n (θ
∗)

23. I (θ∗) ≡ ∂2

∂θ∂θ′Q
∗ (θ∗)

24. ∂2Q†(θ,ϑ)
∂θ∂θ′ ≡


E
[

MeV
′θ1∑d

k=1 e
V ′ϑk

V V ′
]

· · · 0

... . . . ...

0 · · · E
[

MeV
′θd∑d

k=1 e
V ′ϑk

V V ′
]


25. ∂2Q†(θ,ϑ)
∂θ∂ϑ′ ≡


E

[
− Me2V

′θ1

(
∑d

k=1 e
V ′ϑk)

2V V ′
]

· · · E

[
− MeV

′(θ1+θd)

(
∑d

k=1 e
V ′ϑk)

2V V ′
]

... . . . ...

E

[
− MeV

′(θ1+θd)

(
∑d

k=1 e
V ′ϑk)

2V V ′
]

· · · E
[

Me2V
′θd∑d

k=1 e
V ′ϑk

V V ′
]


26. l̇ (θ | Ci,Vi,Mi) ≡ d

dθ
logMNL (Ci;ηi,Mi)

27. l̃ (θ | Ci,Vi,Mi) ≡ I−1 (θ) l̇ (θ | Ci,Vi,Mi)
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.2 Proofs

Proof of Lemma 1.2.1: It holds that

lC|V,M (θ,µ) =
n∑

i=1

[
C ′

iηi + µiC
′
i1n −Mi log

(
eµi

d∑
k=1

eηik

)]

=
n∑

i=1

[
C ′

iηi + µi

d∑
k=1

Cik −Mi log

(
d∑

k=1

eηik

)
−Miµi

]

=
n∑

i=1

[
C ′

iηi −Mi log

(
d∑

k=1

eηik

)]
= lC|V,M (θ) ,

where the second to last equality holds because µi

∑d
k=1Cik = Miµi. Therefore, adding µi

does not change the likelihood.

Proof of Lemma 1.2.2: Notice that Qn (θ,µ) is differentiable w.r.t. µ for any given θ.

By letting ∂Qn(θ,µ)
∂µ

= 0, we can obtain function µn (θ) such that ∂Qn(θ,µ)
∂µ

∣∣∣∣
µ=µn(θ)

= 0 for

every θ. By definition,

Qn (θ,µ) = −
[
lC|V,M (θ,µ) + f (θ,µ)

]
= −

[
lC|V,M (θ) + f (θ,µ)

]
,

which implies that ∂Qn(θ,µ)
∂µ

= ∂f(θ,µ)
∂µ

. Since ∂f(θ,µ)
∂µi

= Mi − eµi
∑d

k=1 e
ηik , we obtain the

expression of µn (θ) as in (1.3.3). Plugging it into (1.2.5), we have that

f (θ,µn (θ))

= −
n∑

i=1

[
Mi log

(
d∑

k=1

eηik

)
+Mi log

(
mi∑d

k=1 e
ηik

)
− e

log

(
Mi∑d

k=1
eηik

)
d∑

k=1

eηik

]

= −
n∑

i=1

[
Mi log

(
d∑

k=1

eηik

)
+Mi logMi −Mi log

(
d∑

k=1

eηik

)
−

(
Mi∑d

k=1 e
ηik

)
d∑

k=1

eηik

]

= −
n∑

i=1

[Mi logMi −Mi] , (.2.1)
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which does not depend on θ. As a result, it holds that

argmin
θ∈Θ

Qn (θ,µn (θ)) ≡ argmin
θ∈Θ

[Q∗
n (θ)− f (θ,µn (θ))] = argmin

θ∈Θ
Q∗

n (θ) .

Because θ̂ = argminθ∈ΘQn (θ,µ (θ)), we have that

θ̂ = argmin
θ∈Θ

Q∗
n (θ) = θ̃.

The claimed lemma then follows.

Proof of Lemma 1.3.1: By Equation (1.2.1), it holds that

Pr (Cik, Cid | Vi,Mi)

=
Mi!

Cik!Cid! (Mi − Cik − Cid)!

(
eη

∗
ik

Λ∗
i

)Cik
(
eη

∗
id

Λ∗
i

)Cid
(
Λ∗

i − eη
∗
ik − eη

∗
id

Λ∗
i

)Mi−Cik−Cid

. (.2.2)

Because Nik = Cik + Cid, we have that

Pr (Cik, Cid | Vi,Mi) = Pr (Cik, Cid, Nik | Vi,Mi)

= Pr (Cik, Cid | Nik,Vi,Mi) Pr (Nik | Vi,Mi) . (.2.3)

Compute Pr (Nik | Vi,Mi) as

Pr (Nik | Vi,Mi) =
Mi!

Nik! (Mi −Nik)!

(
eη

∗
ik + eη

∗
id

Λ∗
i

)Nik
(
Λ∗

i − eη
∗
ik − eη

∗
id

Λ∗
i

)Mi−Nik

.

Together with Equations (A.2.2) and (A.2.3), we obtain that

Pr (Cik, Cid | Nik,Vi,Mi) =
Nik!

Cik!Cid!

(
eη

∗
ik

eη
∗
ik + eη

∗
id

)Cik
(

eη
∗
id

eη
∗
ik + eη

∗
id

)Cid

= Pr (Cik, Cid | Nik,Vi) .
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By replacing eη
∗
id with 1 because θ∗

d = 0, we obtain the claimed result.

Proof of Lemma 1.3.2: Under the assumption that Pr (Mi | Vi) = Po
(∑d

k=1 e
η∗ik

)
, we

can obtain that

Pr (Ci | Vi) = Pr (Ci | Vi,Mi) Po

(
d∑

k=1

eη
∗
ik

)

=
d∏

k=1

Po
(
eη

∗
ik

)
=

d∏
k=1

eη
∗
ikCike−eη

∗
ik

Cik!
=

∏d
k=1 e

η∗ikCik

Ci1! · · ·Cid!
e−

∑d
k=1 e

η∗ik .

The log-likelihood function is written as

log

[
n∏

i=1

∏d
k=1 e

ηikCik

Ci1! · · ·Cid!
e−

∑d
k=1 e

ηik

]
∼

n∑
i=1

[
d∑

k=1

Cikηik −
d∑

k=1

eηik

]
=

n∑
i=1

d∑
k=1

(Cikηik − eηik)

= qlC|V (θ,0) .

Therefore, θ̂P maximizes the true log-likelihood function based upon Pr (Ci | Vi). The lemma

follows.

Lemma .2.1. Under Assumption 1.4.2, −LC|V,M (θ) is convex in θ.
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Proof of Lemma A.2.1: By the definitions of lC|V,M (θ) and LC|V,M (θ) and Assumption

1.4.2, we have that

− 1

n
lC|V,M (θ) = − 1

n

n∑
i=1

[
Ci1ηi1 + · · ·+ Cidηid −Mi log

(
d∑

k=1

eηik

)]

= − 1

n

n∑
i=1

[
Ci1V

′
i θ1 + · · ·+ CidV

′
i θd −Mi log

(
d∑

k=1

eV
′
i θk

)]
p→ −

(
E [C1V

′θ1] + · · ·+ E [CdV
′θd] + E

[
M log

(
d∑

k=1

eV
′θk

)])
≡ −LC|V,M (θ)

= −
d∑

k=1

E [CkV
′θk] + E

[
M log

(
d∑

k=1

eV
′θk

)]
.

The first term is convex in θ because it only involves linear functions. It has been shown

in Section 3.1.5 in [Boyd et al., 2004] that log
(∑d

k=1 e
V ′θk

)
is convex in V ′θ1, . . . ,V

′θd.

Because V ′θk is a linear function of θk and sums of convex functions are convex, the second

term is convex in θ.

Lemma .2.2. θ∗ is the unique fixed point of θ (θ).

Proof of Lemma A.2.2: By definition, θ (ϑ) ≡ argminθ∈ΘQ† (θ,ϑ). Thus, if we can

show that ∂Q†(θ,ϑ)
∂θ

|ϑ=θ= 0 holds only at θ = θ∗, then θ∗ is the unique fixed point of θ (·).

Taking the first order derivative of −LC|V,M (·), we obtain that for any θ̇ ∈ Θ,

− d

dθ
LC|V,M (θ) |θ=θ̇=

[
E

[
MeV

′θ̇1V ′∑d
k=1 e

V ′θ̇k
− C1V

′

]
, . . . ,E

[
MeV

′θ̇d−1V ′∑d
k=1 e

V ′θ̇k
− Cd−1V

′

]]′
=
∂Q† (θ,ϑ)

∂θ
|(θ,ϑ)=(θ̇,θ̇) .

Therefore, proving that ∂Q†(θ,ϑ)
∂θ

|ϑ=θ= 0 holds only at θ = θ∗ is equivalent to showing that
d
dθ
LC|V,M (θ) = 0 only at θ∗. By Lemma A.2.1, −LC|V,M (θ) is convex in θ. Therefore,

−LC|V,M (θ) only has minimums in the interior of Θ. In addition, for a convex function over
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a convex set, any local minimum is also a global minimum. Along with the identification

assumption that θ∗ = argminθ∈Θ−LC|V,M (θ), we obtain that ∂
∂θ
LC|V,M (θ) = 0 holds only

at θ = θ∗.

Proof of Lemma 1.4.1: Part (i) follows by applying Theorem 2 in [Jennrich, 1969] on

the uniform law of large numbers with conditions satisfied by Assumption 1.4.2.

Since Q† (θ,ϑ) is continuous in θ and Θ is compact by Assumption 1.4.2 (i), Q† (θ,ϑ)

achieves its minimum in Θ for any ϑ. Given any 0 < λ < 1 and θ1 ̸= θ2, if vj ̸= 0 for

j = 1, . . . , p, then we have

ev
′[λθ1+(1−λ)θ2] < λev

′θ1

+ (1− λ) ev
′θ2

.

In consequence, Q† (θ,ϑ) is strictly convex in θ for any ϑ. Because Θ is a convex set, we

have that Q† (θ,ϑ) have a unique minimizer for any ϑ. Part (ii) holds.

For part (iii), because Q† (θ,ϑ) is strictly convex in θ for any ϑ ∈ Θ and Θ is convex,

the (opposite) maximum theorem implies the continuity.

To prove part (iv), we take the first order partial derivative of Q† (θ,ϑ) with respect to

θ and obtain that

∂Q† (θ,ϑ)

∂θ
=

[
E

[
MeV

′θ1V ′∑d
k=1 e

V ′ϑk

− C1V
′

]
, . . . ,E

[
MeV

′θd−1V ′∑d
k=1 e

V ′ϑk

− Cd−1V
′

]]′
.
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Since E [Ck | V ,M ] = MeV
′θ∗k∑d

k=1 e
V ′θ∗

k
, we have that

∂Q† (θ,ϑ)

∂θ
|(θ,ϑ)=(θ∗,θ∗)

=

[
E

[
E

[
MeV

′θ∗
1V ′∑d

k=1 e
V ′θ∗

k

− C1V
′ | V ,M

]]
, . . . ,E

[
E

[
MeV

′θ∗
d−1V ′∑d

k=1 e
V ′θ∗

k

− CdV
′ | V ,M

]]]′

=

[
E

[
MeV

′θ∗
1V ′∑d

k=1 e
V ′θ∗

k

− MeV
′θ∗

1V ′∑d
k=1 e

V ′θ∗
k

]
, . . . ,E

[
MeV

′θ∗
d−1V ′∑d

k=1 e
V ′θ∗

k

− MeV
′θ∗

d−1V ′∑d
k=1 e

V ′θ∗
k

]]′
= 0. (.2.4)

Because Q† (θ,ϑ) is strictly convex in θ for any ϑ, Q† (θ,θ∗) is certainly strictly convex in

θ. Combining with (A.2.4), we obtain that θ∗ = argminθ∈Θ Q† (θ,θ∗), which implies that

θ (θ∗) = θ∗.

Part (v) is proved by Lemma A.2.2.

Proof of Theorem 1.4.2: For part (i), we show that if θ̂(0) p→ θ∗ as n → ∞, then

θ̂(1) p→ θ∗ as well. By (1.3.4), θ̂(1)
1 satisfies that

θ̂
(1)
1 = arg min

θ1∈Θ1

Q1n

(
θ1,µn

(
θ̂(0)
))

.

The first order condition provides that

∂

∂θ1

Q1n

(
θ1,µn

(
θ̂(0)
))

|
θ1=θ̂

(1)
1
= 0.

The mean value theorem implies that

0 =
1

n

∂

∂θ1

Q1n

(
θ1,µn

(
θ̂(0)
))

|θ1=θ∗
1
+
1

n

∂2

∂θ1∂θ′
1

Q1n

(
θ1,µn

(
θ̂(0)
))

|θ1=θ⋆
1

(
θ̂
(1)
1 − θ∗

1

)
≡ An +Bb

(
θ̂
(1)
1 − θ∗

1

)
,
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where θ⋆
1 lies between θ̂

(1)
1 and θ∗

1. Since θ̂(0) p→ θ∗, we have that

An
p→ E

[
MeV

′θ∗
1∑d

k=1 e
V ′θ∗

k

V − CkV

]
= E

[
E

[
MeV

′θ∗
1∑d

k=1 e
V ′θ∗

k

V − CkV | V ,M

]]
= 0.

By a similar argument, it can be shown that Bn converges in probability to a non-singular

matrix for any θ⋆
1 ∈ Θ1. Therefore, it must hold that θ̂(1)

1

p→ θ∗
1. Hence, θ̂(S) p→ θ∗ as n → ∞

for any S.

We now prove part (ii) of the theorem. Based on Lemma 1.4.1, Assumptions 1, 2a, and 5

in [Pastorello et al., 2003] are satisfied. Therefore, Proposition 1 in [Pastorello et al., 2003]

holds, which implies that as n → ∞,

sup
ϑ∈Θ

∥∥θn (ϑ)− θ (ϑ)
∥∥ p→ 0, (.2.5)

where θn (·) is defined in (1.3.4).

Let ϑ(0) ≡ p limn→∞ θ̂(0), where θ̂(0) is the initial value of our IDC estimator θ̂I . It can

be seen that

ϑ(0) =

[
arg min

θ1∈Θ1

Q1 (θ1) , . . . , arg min
θd∈Θd

Qd (θd)

]′
,

where Qk (θk) ≡ E
[
eV

′θk − CkV
′θk

]
. Define ϑ(1) ≡ θ

(
ϑ(0)

)
, ϑ(2) ≡ θ

(
ϑ(1)

)
≡ θ

2 (
ϑ(0)

)
, ...,

ϑ(s) ≡ θ
(
ϑ(s−1)

)
≡ θ

s (
ϑ(0)

)
for any s ∈ Z+, where Z+ denotes the set of positive integers.

Next, we show that
(
ϑ(s)

)
is a Cauchy sequence. By Assumption 1.4.3, we have that for any
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s1 > s2 ≥ 1,

∥∥ϑ(s1) − ϑ(s2)
∥∥ =

∥∥∥θs1 (
ϑ(0)

)
− θ

s2 (
ϑ(0)

)∥∥∥
≤
[∥∥∥θs1 (

ϑ(0)
)
− θ

s1−1 (
ϑ(0)

)∥∥∥+ ∥∥∥θs1−1 (
ϑ(0)

)
− θ

s1−2 (
ϑ(0)

)∥∥∥
+ · · ·+

∥∥∥θs2+1 (
ϑ(0)

)
− θ

s2 (
ϑ(0)

)∥∥∥]
≤
[
Cs1−1 + Cs1−2 + · · ·+ Cs2

] ∥∥ϑ(1) − ϑ(0)
∥∥

= Cs2

[
s1−s2−1∑

i=0

Ci

]∥∥ϑ(1) − ϑ(0)
∥∥

≤ Cs2

[
∞∑
i=0

Ci

]∥∥ϑ(1) − ϑ(0)
∥∥

≤ Cs2

1− C

∥∥ϑ(1) − ϑ(0)
∥∥ , (.2.6)

which implies that
(
ϑ(s)

)
is Cauchy because C < 1. Since Θ ⊆ Rp×d is compact by Assump-

tion 1.4.2 and Rp×d is complete with respect to ∥·∥, Θ is also complete with respect to ∥·∥.

Therefore, ϑ(s) converges to a limit ϑ⋆ in Θ as s → ∞. Because

θ (ϑ⋆) = θ
(
lim
s→∞

ϑ(s)
)
= lim

s→∞
θ
(
ϑ(s)

)
= lim

s→∞
ϑ(s+1) = ϑ⋆,

it holds that ϑ⋆ is a fixed point of the mapping θ : Θ → Θ. By Lemma A.2.2, θ∗ is the

unique fixed point of θ (·). Thus, ϑ⋆ = θ∗ and lims→∞ ϑ(s) = θ∗.

We now show that θ̂(s) − ϑ(s) = op (1) for any s ∈ Z+ by induction. By the definition of

ϑ(0), θ̂(0) − ϑ(0) = op (1). Assuming that θ̂(t) − ϑ(t) = op (1) for some t, it holds that

θ̂(t+1) − ϑ(t+1) = θn

(
θ̂(t)
)
− θ

(
ϑ(t)
)

=
[
θn

(
θ̂(t)
)
− θ

(
θ̂(t)
)]

+
[
θ
(
θ̂(t)
)
− θ

(
ϑ(t)
)]

= op (1) ,
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where the last equality holds because θn

(
θ̂(t)
)
− θ

(
θ̂(t)
)
= op (1) by (A.2.5), θ̂(t) − ϑ(t) =

op (1) by assumption and θ (·) is continuous by Lemma 1.4.1 (iii). Therefore, θ̂(s) − ϑ(s) =

op (1) for any s ∈ Z+.

Hence, we have that if S → ∞ and n → ∞, then

∥∥∥θ̂I − θ∗
∥∥∥ =

∥∥∥θ̂(S) − ϑ(S)
∥∥∥+ ∥∥ϑ(S) − θ∗∥∥

≡ A (n, S) +B (S)
p→ 0,

because A (n, S)
p→ 0 as n → ∞ for any given S and B (S) → 0 as S → ∞ by lims→∞ ϑ(s) =

θ∗. The second part of the theorem holds.

Lemma .2.3. Under the conditions in Theorem 1.4.3, it holds that

√
n
(
θ̂(S+1) − θ̂(S)

)
p→ 0.

Proof of Lemma A.2.3: We first show that the result in the lemma holds if the conditions

in part (i) of the theorem hold. By (1.3.4), for any s ∈ Z+, θ̂(s) satisfies that

∂

∂θ
Qn

(
θ,µn

(
θ̂(s−1)

))
|θ=θ̂(s)=

∂

∂θ
Q†

n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)= 0.

Apply Taylor expansion to the left-hand-side of the equality at θ∗. Because θ̂(s)−θ∗ = op (1)

and θ̂(s−1) − θ∗ = op (1), we obtain that

∂

∂θ
Q†

n (θ,ϑ) |θ=θ∗,ϑ=θ∗ +
∂2

∂θ∂θ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

(
θ̂(s) − θ∗

)
+

∂2

∂θ∂ϑ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

(
θ̂(s−1) − θ∗

)
= 0 (.2.7)
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by ignoring higher order terms. Since ∂2Q†(θ,ϑ)
∂θ∂θ′ |θ=θ∗,ϑ=θ∗ is non-singular and both θ̂(s) and

θ̂(s−1) are consistent estimators of θ∗, we have that

(
∂2

∂θ∂θ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

)−1

exists with high probability when n is large. Define

An =

(
∂2

∂θ∂θ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

)−1(
− ∂

∂θ
Q†

n (θ,ϑ) |θ=θ∗,ϑ=θ∗

)
Bn =

(
∂2

∂θ∂θ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

)−1(
− ∂2

∂θ∂ϑ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

)
.

By the law of large numbers and the consistency of θ̂(s) for any s, we have that

An =

(
∂2Q† (θ,ϑ)

∂θ∂θ′ |θ=θ∗,ϑ=θ∗

)−1(
− ∂

∂θ
Q†

n (θ,ϑ) |θ=θ∗,ϑ=θ∗

)
+ op (1) ≡ A+ op (1)

Bn =

(
∂2Q† (θ,ϑ)

∂θ∂θ′ |θ=θ∗,ϑ=θ∗

)−1(
−∂2Q† (θ,ϑ)

∂θ∂ϑ′ |θ=θ∗,ϑ=θ∗

)
+ op (1) ≡ B + op (1) .

By ignoring the smaller order terms, we obtain from Equation (A.2.7) that

θ̂(s) − θ∗ = A+B
(
θ̂(s−1) − θ∗

)
=

s−1∑
t=0

BtA+Bs
(
θ̂(0) − θ∗

)
,

where the second equality follows from iterating the first equality. It then holds that

√
n
(
θ̂(S+1) − θ̂(S)

)
=

√
nBSA+

√
nBS (B − I)

(
θ̂(0) − θ∗

)
.

By Assumption 1.4.4, ∥B∥ < 1, which implies that
√
n ∥B∥S → 0 as S ≥ log (n) and n → ∞.

Hence,
√
n
(
θ̂(S+1) − θ̂(S)

)
= op (1). The claimed lemma follows.

We now prove that under the conditions in part (ii) of the theorem, the result also holds.

If we can show that for any s ∈ Z+, with probability approaching one there exists a constant
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c < 1 such that ∥∥∥θn

(
θ̂(s+1)

)
− θn

(
θ̂(s)
)∥∥∥ ≤ c

∥∥∥θ̂(s+1) − θ̂(s)
∥∥∥ , (.2.8)

then by the same derivation as (A.2.6), we would obtain that

∥∥∥θ̂(S+1) − θ̂(S)
∥∥∥ ≤ cS

1− c

∥∥∥θ̂(1) − θ̂(0)
∥∥∥ .

Because c < 1 and S > nδ for some δ > 0, it holds that

√
n
∥∥∥θ̂(S+1) − θ̂(S)

∥∥∥ ≤ n
1
2 cS

1− c

∥∥∥θ̂(1) − θ̂(0)
∥∥∥→ 0.

Thus, it suffices to prove (A.2.8).

By the implicit function theorem, θ (·) is continuously differentiable in Θ. Together

with Assumption 1.4.3, we have that there exists ϵ > 0 such that for any ϑ ∈ Θd and

ϑ̌ ∈ Bϵ
(
θ (ϑ)

)
≡
{
θ ∈ Θd :

∥∥θ − θ (ϑ)
∥∥ ≤ ϵ

}
, we have

∥∥θ (ϑ̌)− θ (ϑ)
∥∥ ≤ Cϵ

∥∥ϑ̌− ϑ
∥∥ ,

for some Cϵ ≤ C < 1. By (A.2.5), Pr
[
θn

(
θ̂(s)
)
∈ Bϵ

(
θ
(
θ̂(s)
))]

→ 1 as n → ∞ for any s

and ϵ. Therefore, with probability approaching one, it holds that

∥∥∥θ (θ̂(s+1)
)
− θ

(
θ̂(s)
)∥∥∥ =

∥∥∥θ (θn

(
θ̂(s)
))

− θ
(
θ̂(s)
)∥∥∥

≤ Cϵ

∥∥∥θn

(
θ̂(s)
)
− θ̂(s)

∥∥∥ = Cϵ

∥∥∥θ̂(s+1) − θ̂(s)
∥∥∥ . (.2.9)

For any ϑ ∈ Θd, define Ω (ϑ) ≡ ∂
∂ϑ

θ (ϑ), where ∂
∂ϑ

θ (ϑ) is the Jacobian matrix of

dimension dp× dp. By the implicit function theorem, we have

∂

∂ϑ
θ (ϑ) =

[
∂

∂θ
g (θ,ϑ) |(θ,ϑ)=(θ(ϑ),ϑ)

]−1
∂

∂ϑ
g (θ,ϑ) |(θ,ϑ)=(θ(ϑ),ϑ),
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where g (θ,ϑ) ≡ ∂Q†(θ,ϑ)
∂θ

is the function that defines θ (ϑ). Similarly, we define Ωn (ϑ) ≡
∂
∂ϑ

θn (ϑ) and gn (θ,ϑ) ≡ ∂Q†
n(θ,ϑ)
∂θ

. By Assumption 1.4.2 (ii) and (iii) and the uniform law of

large numbers, we have

sup
ϑ∈Θ

∥Ωn (ϑ)− Ω (ϑ)∥ p→ 0. (.2.10)

By Assumption 1.4.2 (i), Θ is convex. Applying a multivariate Taylor expansion ([Dieudonné, 2011],

p. 190), we can write θ
(
ϑ̌
)
− θ (ϑ) = Λ

(
ϑ, ϑ̌

) (
ϑ̌− ϑ

)
for any ϑ, ϑ̌ ∈ Θ, where Λ

(
ϑ, ϑ̌

)
≡∫ 1

0
Ω
(
ϑ+ ξ

(
ϑ̌− ϑ

))
dξ. Similarly, we have θn

(
ϑ̌
)
− θn (ϑ) = Λn

(
ϑ, ϑ̌

) (
ϑ̌− ϑ

)
for any

ϑ, ϑ̌ ∈ Θd, where Λn

(
ϑ, ϑ̌

)
≡
∫ 1

0
Ωn

(
ϑ+ ξ

(
ϑ̌− ϑ

))
dξ. It holds that

∥∥∥θn

(
θ̂(s+1)

)
− θn

(
θ̂(s)
)∥∥∥ ≤

∥∥∥[θn

(
θ̂(s+1)

)
− θn

(
θ̂(s)
)]

−
[
θ
(
θ̂(s+1)

)
− θ

(
θ̂(s)
)]∥∥∥

+
∥∥∥θ (θ̂(s+1)

)
− θ

(
θ̂(s)
)∥∥∥

≤
∥∥∥[Λn

(
ϑ, ϑ̌

)
− Λ

(
ϑ, ϑ̌

)] [
θ
(
θ̂(s+1)

)
− θ

(
θ̂(s)
)]∥∥∥

+ Cϵ

∥∥∥θ̂(s+1) − θ̂(s)
∥∥∥ ,

where the first inequality follows from the triangular inequality and the second inequality

holds by (A.2.9). Because the first term on the right hand side has the order op
(∥∥∥θ̂(s+1) − θ̂(s)

∥∥∥)
because of (A.2.10), we have shown that (A.2.8) holds with c = Cϵ < 1. The lemma fol-

lows.

Proof of Theorem 1.4.3: We aim to show that θ̂(S) has the same influence function as

θ̃. By the definition of the IDC estimator in Section 1.3.2, we have that

∂

∂θ
Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S)= 0.
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Applying the Taylor expansion to the function on the left-hand-side of the above equation

round θ̂(S−1), we can obtain that

∂

∂θ
Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S−1)

+
∂2

∂θ∂θ′Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂†(S−1)

(
θ̂(S) − θ̂(S−1)

)
= 0, (.2.11)

where θ̂†(S−1) lies between θ̂(S) and θ̂(S−1). The definition of Qn (θ,µ) implies that

∂

∂θ
Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S−1)

= − d

dθ
lC|V,M

(
θ̂(S−1)

)
− ∂

∂θ
f
(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S−1) .

Applying the expression of f (θ,µ), it can be shown that

∂

∂θ
f
(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S−1)= 0.

Therefore, (A.2.11) can be rewritten as

− d

dθ
lC|V,M

(
θ̂(S−1)

)
+

∂2

∂θ∂θ′Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂†(S−1)

(
θ̂(S) − θ̂(S−1)

)
= 0.

By Lemma A.2.3, we have θ̂(S+1) − θ̂(S) = op
(
n−1/2

)
. This implies that

d

dθ
lC|V,M

(
θ̂(S−1)

)
= op

(
n−1/2

)
=

d

dθ
lC|V,M (θ∗) +

∂2

∂θ∂θ′ lC|V,M
(
θ†) (θ̂(S−1) − θ∗

)
, (.2.12)

where the second equality follows from the Taylor expansion and θ† lies between θ̂(S−1) and

θ∗.

By Theorem 1.4.2, we have that θ̂(S−1) p→ θ∗ as n → ∞. Therefore, by Assumption 1.4.2
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and Taylor’s theorem, we can obtain that

1

n

∂2

∂θ∂θ′ lC|V,M
(
θ†) = 1

n

∂2

∂θ∂θ′ lC|V,M (θ∗) + op (1) .

Since matrix inversion is continuous (at non-singular matrices), it follows that the inverse of
1
n

∂2

∂θ∂θ′ lC|V,M (θ∗) exists with high probability and

[
− 1

n

∂2

∂θ∂θ′ lC|V,M (θ∗)

]−1
p→ I−1 (θ∗) ,

where I (θ∗) is the Fisher information matrix defined in Section 1.4.2. Using this result to

(A.2.12), we obtain that

θ̂(S−1) − θ∗ = I−1 (θ∗)
1

n

d

dθ
lC|V,M (θ∗) + op

(
n−1/2

)
.

Since θ̂(S) − θ∗ = θ̂(S−1) − θ∗ + op
(
n−1/2

)
by Lemma A.2.3, it holds that

θ̂(S) − θ∗ = I−1 (θ∗)
1

n

d

dθ
lC|V,M (θ∗) + op

(
n−1/2

)
.

It can be seen that θ̂(S) and the maximum likelihood estimator θ̃ have the same influence

function. Hence, under the assumptions in either part (i) or (ii) of the theorem, we have

θ̂(S) − θ̃ = op
(
n−1/2

)
.

Proof of Corollary 1.4.4: The result directly follows from Theorem 1.4.3 and the stan-

dard result on the asymptotic distribution of the maximum likelihood estimator.

Proof of Theorem 1.4.5: The proof of the theorem follows from the discussion in Section

1.4.2.
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Chapter 2

EXAMINING POWER IN CLUSTERED RANDOMIZED
PRICING EXPERIMENTS IN E-COMMERCE

2.1 Introduction

E-commerce platforms sell of a vast array of goods, often reaching into the thousands if

not millions. To effectively manage their extensive inventory, these platforms rely on so-

phisticated algorithms to determine optimal pricing strategies. Given the scale and the

critical role these algorithms play in the platform’s operational efficiency and profitabil-

ity, it is essential to rigorously evaluate their effectiveness before full-scale implementation

[Hesterberg and Knight, 2024]. To this end, e-commerce platforms or other online platforms

typically utilize A/B testing on the pricing policies [Cohen et al., 2016]. This approach

allows them to conduct controlled experiments comparing the performance of different algo-

rithmic versions, thereby ensuring that the most effective pricing strategy is adopted. How-

ever, subject-level randomization in these pricing experiments often encounters the challenge

of treatment effect spillover due to the presence of substitute and complementary prod-

ucts [Bajari et al., 2023], [Berman and Van den Bulte, 2022], [Cooprider and Nassiri, 2023].

Spillover occurs when the treatment applied to one product influences the outcomes of other

related products. For example a price change in one product can lead to demand shifts

towards or away from its substitutes, thus affecting their sales. This spillover effect can bias

the estimated treatment effect, as the control group is indirectly affected by the treatment.

To address this issue, practitioners use cluster randomized experiments (CRE), [Hayes and Moulton, 2017]

as a method to mitigate spillover bias. Consider all the products which bilaterally affect each

others demand when either one of their prices change. If you put these products in clus-

ters and assign the treatment randomly to these clusters , then the spillovers are prevented.
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This approach helps to contain the spillover effects within clusters, reducing bias in the

treatment effect estimates. However, it is important to note that empirically, the variance

of treatment effect estimates in CREs is often greater than in subject-level randomization,

[Bakshy et al., 2014], [Tang et al., 2010] presenting a bias-variance trade-off between subject

level and cluster level randomization.

The goal of this paper is to examine power in cluster-randomized experiments by exploring

how (1) different randomization schemes (matched pair cluster randomization, stratified clus-

ter randomization, and covariate constrained cluster randomization, [Athey and Imbens, 2017]),

and (2) different sets of covariate adjustments affect the power of the experiment, following

the intuition layed out in [Deng et al., 2013]. Furthermore, we introduce a binned estimation

as a novel approach to deal with highly skewed data, a common characteristic in e-commerce.

The bins are constructed based on the pre-experiment outcome variable, and the average

treatment effect is computed as the weighted average of treatment effects across bins. The

weights are assigned proportionally to the inverse variance of the average treatment effect in

each bin, ensuring that bins with more precise estimates are given greater emphasis in the

overall calculation.

CREs introduce two additional sources of variation compared to subject-level random-

ization, [Crespi, 2019]: within-cluster variation and between-cluster variation. Within a

cluster, observations are likely to be more similar to each other than to observations in dif-

ferent clusters. This correlation within clusters reduces the effective sample size and thereby

the statistical power. Intuitifvely, the more the subjects within clusters are alike, the less

additional information you get by having multiple subjects in the same cluster. Failure to

properly account for this clustering in the analysis can lead to incorrect inferences. Specif-

ically, if the standard errors are not adjusted for clustering, they will be underestimated,

[Abadie et al., 2022], resulting in confidence intervals that are too narrow. This can inflate

the Type I error rate, leading to false positive findings.

Between-cluster variation, on the other hand, captures the differences across clusters.

This variation can arise from systematic differences in cluster-level characteristics, such as
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product categories or price ranges. Failing to account for between-cluster variability can

lead to biased estimates of the treatment effect, as the differences between clusters may con-

found the true impact of the intervention. One way to address between-cluster variability

is by including cluster-level covariates or controls in the estimation equation, similar to the

process of regression adjustment in standard regression models. By incorporating relevant

cluster-level characteristics into the analysis, researchers can capture some of the systematic

differences between clusters that might explain the between-cluster variability. For exam-

ple, [Guo et al., 2021], uses machine learning models to do the regression adjustment, in a

social network’s A/B testing setting. Another work, [Taddy et al., 2015], develops a non-

parametric bayesian approach to reduce the variance in online experiment setting and finds

that covariate adjustment helps with precision albeit in a limited amount. This approach

can improve the efficiency and precision of the estimated treatment effect by reducing unex-

plained variability and isolating the true treatment effect from the confounding influence of

cluster-level characteristics.

However, it is important to carefully consider the choice of cluster-level covariates and

ensure that they meet two key criteria. First, the covariates should have a meaningful

relationship with the outcome variable and explain a significant portion of the variation in

the outcome, [Rosenbaum, 1984a]. Including covariates that are not associated with the

outcome will not improve the precision of the treatment effect estimate and may introduce

unnecessary noise into the model. For instance, product category and price range might be

relevant covariates if they are expected to have a significant impact on sales or customer

behavior, while the color scheme of product images may not be as relevant. Second, the

covariates should be orthogonal to the treatment assignment. It is also important to avoid

adjusting for post-treatment variables that might be influenced by the treatment itself, as

this can introduce bias and obscure the true treatment effect, [Rosenbaum, 1984b]. By

carefully selecting cluster-level covariates that are both relevant to the outcome variable

and orthogonal to the treatment, we can effectively address between-cluster variability and

improve the precision and accuracy of the estimated treatment effect in clustered randomized
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trials.

The rest of the paper proceeds as follows. Section 2.2 presents a model that shows how

CREs increase variance in treatment effect estimates. Section 2.3 describes the randomization

schemes, balance checks, and introduces a binned estimator for high-kurtosis data. Section

2.4 explains the simulation setup, data generation process, and presents results from different

randomization methods. Section 2.5 concludes with implications for practice.

2.2 Model

In this part, we demonstrate the extra variance caused by CRE, in line with the work of

[Crespi, 2019].

We presume that each cluster possesses its own mean, and the units within the cluster

have outcomes that fluctuate around that mean. The model for the outcome of individual i

in cluster j, represented as Yij, is

Yij = µj + ϵij (2.2.1)

where µj denotes the mean for cluster j and ϵij represents the error term, which shows

the difference between the unit’s observed outcome Yij and the cluster mean outcome µj.

We also assume that our clusters are taken from a population of clusters that has an

overall mean, with the cluster means varying around it. The model for the mean of cluster

j, µj, is

µj = α + uj (2.2.2)

where α stands for the population mean, which is assumed to be fixed, and uj is a

random effect that represents the difference between cluster j’s mean and the population

mean. Combining these we have,

Yij = α + uj + ϵij. (2.2.3)
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The error terms are presumed to be normal with uj ∼ N(0, σ2
u) and ϵij ∼ N(0, σ2

ϵ ), and

they are assumed to be independent of each other.

Then, the total variance of an observation Yij, not conditional on cluster, can be decom-

posed as the sum of two independent variance components, one at the cluster level and the

other at the individual level,

V ar(Yij) = σ2
y = σ2

u + σ2
ϵ (2.2.4)

The proportion of the total variance that is due to clustering is,

ρ =
σ2
u

σ2
y

=
σ2
u

σ2
u + σ2

ϵ

(2.2.5)

It is shown(also in appendix B.1 ) that ρ also equals to the correlation between two

different observations from the same cluster and hence called Intra-cluster Correlation Co-

efficient(ICC).

ICC = Corr(Yij, Ykj) = ρ (2.2.6)

Suppose each of n2 clusters we have, has n1 observations each. Then the sample mean

for cluster j is,

Ȳj =
1

n1

n1∑
i=1

Yij

And its variance is shown to be:

V ar(Ȳj) =
1

n1

[
V ar(Yij) + (n1 − 1)Cov(Yij, Ykj)

]

=
σ2

n1

[
1 + (n1 − 1)ρ

]
Similarly, let Ȳ denote overall sample mean over all observations , Ȳ =

1

n1n2

∑n2

j=1

∑n1

i=1 Yij.
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Since observations in different clusters are assumed to be independent the variance of Ȳ is,

V ar(Ȳ ) =
σ2
y

n1n2

[
1 + (n1 − 1)ρ

]
If the total number of observations, n1n2 had been independent the second term would

have been 0.

Suppose now that our n2 clusters are randomized to treatment and control, with n2

2

clusters in each. To accommodate different population means in the treatment and control,

we modify the model for the mean of cluster j to be:

µj = α + τwj + uj

Thus, α is the population mean, and τ is the difference in means between the treatment

and control. Note that the treatment indicator wj is subscripted only by j and not by i,

since treatment is assigned at the cluster level. The single equation model for the outcome

Yij is:

Yij = α + τwj + uj + ϵij (2.2.7)

The total variance of an observation is still V ar(Yij) = σ2
u + σ2

ϵ and we still express the

ICC as ρ = σ2
u

σ2
u+σ2

ϵ
, although it is possible that the magnitude of the variance components

differs between the treatment and control.

Our interest is to estimate the treatment effect τ . An unbiased estimate of τ can be

obtained as the difference of means between treatment and control. Indexing the treatment

by W = 0, 1 and the outcomes as Y W
ij , our estimate of the treatment effect is τ̂ = Ȳ 1 − Ȳ 0

with variance:

V ar(τ̂) =
4σ2

y

n1n2

[1 + (n1 − 1)ρ]

The test for a treatment effect is the test of the null hypothesis H0 : τ = 0 in the
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treatment and control. This test can be conducted using the test statistic:

T =
τ̂

SE(τ̂)

where SE(τ̂) =
√

V ar(τ̂).

2.3 Methodology

In this section, we look at a comprehensive survey of techniques widely used in the technology

sector, including various randomization schemes, balance checks, estimating equation, as

well as our novel binned estimator. We focus on the statistical power of the experiment to

quantify the precision loss of clustered randomized experiments. Power is calculated using

the following formula, [Cohen, 1988]:

Power = 1− Φ

(
z − θpct · µ̂y0 ·

√
2SR

σ̂τ̂

)
(2.3.1)

where θpct denotes the percentage of the effect, µ̂y0 is the mean of the outcome variable

in the control group, Φ is the cumulative distribution function of the standard normal dis-

tribution, SR is the sampling ratio, z is the (1 − α/2) standard normal quantile, and ˆ̂τ is

the estimated standard error of the treatment effect.

In matched pair cluster randomization, clusters are matched into pairs based on similar

characteristics or covariates that are thought to be related to the outcome of interest. Once

the pairs are formed, one cluster within each pair is randomly assigned to the treatment

group, while the other is assigned to the control group. This scheme helps to balance the

treatment and control groups in terms of the matched covariates, which can increase the

power of the study.

In stratified cluster randomization, clusters are first divided into strata based on one or

more covariates that are believed to be related to the outcome. Within each stratum, clusters

are then randomly assigned to the treatment or control group. This scheme ensures that

the treatment and control groups are balanced within each stratum, which can increase the
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power of the study.

In covariate constrained cluster randomization, the randomization of clusters to treatment

and control groups is performed in a way that minimizes the imbalance in the distribution

of one or more covariates between the groups. This is typically done using optimization

algorithms that search for a randomization scheme that satisfies the balance constraints.

We employ two balance checks that are performed to ensure that the treatment and

control groups are indeed balanced on the relevant covariates. We use a t-test for mean

equivalence and the Kolmogorov-Smirnov (KS) test [Massey, 1951] for distributional equiv-

alence. The t-test compares the means of the covariates between the treatment and control

groups, testing the null hypothesis that the means are equal. If the p-value from the t-test is

greater than a pre-specified significance level (e.g., 0.05), we fail to reject the null hypothesis

and conclude that the means are not significantly different, indicating balance between the

groups. The KS test, on the other hand, compares the entire distribution of the covari-

ates between the treatment and control groups. It tests the null hypothesis that the two

distributions are the same. Similarly, if the p-value from the KS test is greater than the

significance level, we fail to reject the null hypothesis and conclude that the distributions are

not significantly different, indicating balance.

For a given clustering method, randomization scheme, and set of controlling variables we

estimate the treatment effect, its standard error and quantify the variance in the estimate by

focusing on power of the test. In practice, if researchers has data of previous experiments,

they can estimate the standard error of the treatment effect ŜE(τ̂) by conducting A/A tests

using pre-experiment data. By construction, the true treatment effect is zero. The treatment

effect and its standard error are estimated using the following linear regression adjustment

specification:

yig,post = α + τWg +Xig,pre + ϵig (2.3.2)

where yig,post is the outcome variable for individual i in group g post-intervention, Wg
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is the treatment indicator for group g, Xig,pre are pre-intervention covariates, and ϵig is the

error term. Standard errors are estimated using traditional cluster-robust standard error

estimates [Arellano, 1987].

2.3.1 High Kurtosis and a Binned Estimator

This section explores the issue of high-kurtosis data, which is common in e-commerce settings

and why it is problematic in experimental settings, examining its impact on key statistical

measures, randomization schemes, and analytical techniques.

Kurtosis, defined as κ = E[(X−µ)4]
σ4 , where µ is the mean and σ2 is the variance, quantifies

the "tailedness" of a probability distribution. High kurtosis indicates a higher probability

of extreme values or outliers, which fundamentally affects the reliability of key statistical

estimators. The sample mean µ̂ becomes less stable, as its variance Var(µ̂) = σ2

n
is inflated

due to the increased σ2 resulting from heavy tails. Similarly, the sample variance σ̂2 =

1
n−1

∑n
i=1(Xi − µ̂)2 becomes less reliable, with its variance increasing as Var(σ̂2) ≈ σ4(κ−1)

n

for large n. This instability prevents researches to have robust experiment results since even

in the simplest form of a treatment effect estimate, the variance of the treatment effect is:

Var(τ) = Var(µ̂T ) + Var(µ̂C) =
σ2
T

n
+

σ2
C

n
.

In the context of balancing randomization schemes, high kurtosis undermines the effec-

tiveness of common approaches. Matched pair randomization wouldn’t work as intended

since the extreme values dominate the matching process, leading to unstable distances

between units and unreliable within-pair estimates. Stratified randomization suffers from

skewed stratification and increased within-stratum variance, reducing the benefits of this

approach. Covariate constrained randomization is similarly affected, with unstable means

leading to ineffective balance metrics. Failure to address these challenges can lead to incorrect

conclusions and compromised research integrity.
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Binned Estimator

We introduce a binned estimator designed to reduce the variance of treatment effect estimates

in the presence of high-kurtosis data, while maintaining the cluster structure. The approach

first partitions the data into bins based on pre-experiment outcomes, then applies cluster

randomization within each bin.

Let Y be the pre-experiment outcome variable. We first partition the product space

into B bins based on the quantiles of Y . For each bin b = 1, ..., B, we observe clusters

g = 1, ..., Gb, where Gb denotes the number of clusters in bin b. Let ngb denote the number

of products in cluster g of bin b.

Within each bin b, we estimate the treatment effect using:

Yigb = αb + τbWgb + ϵigb

where Yigb is the outcome for product i in cluster g of bin b, Wgb is the treatment indicator

for cluster g in bin b, τb is the bin-specific treatment effect and ϵigb represents the error term.

The bin-specific treatment effect estimator τ̂b is computed with cluster-robust standard

errors to account for within-cluster correlation. The overall average treatment effect estima-

tor is then:

τ̂ =
B∑
b=1

wbτ̂b

where the weights are inversely proportional to the cluster-robust variance estimates:

wb =
1/v̂b∑B
k=1 1/v̂k

The cluster-robust variance estimator v̂b for each bin follows [Arellano, 1987], computed

as:

v̂b = (X ′
bXb)

−1

(
Gb∑
g=1

X ′
gbϵ̂gbϵ̂

′
gbXgb

)
(X ′

bXb)
−1

where Xb is the design matrix for bin b containing a constant and treatment indicator, Xgb
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contains the regressors for cluster g in bin b, and ϵ̂gb represents the vector of estimated

residuals for cluster g in bin b.

Several assumptions underpin this estimation approach. First, we assume that cluster

boundaries largely align with bin boundaries, meaning most clusters have their members

concentrated within a single bin. While this assumption may appear restrictive, it often

holds in practice as products within the same cluster (e.g., similar products or substitutes)

tend to have similar pre-experiment outcomes. Second, we assume that within each bin,

the cluster structure remains stable over the experimental period, allowing for consistent

estimation of cluster-robust standard errors.

The effectiveness of this binned estimator depends crucially on the bin construction. We

recommend forming bins based on pre-experiment outcome quantiles, with the number of

bins chosen to balance the trade-off between variance reduction and estimation precision.

Too few bins may fail to adequately address the high-kurtosis problem, while too many bins

could result in imprecise bin-specific treatment effect estimates due to smaller sample sizes.

One limitation of this approach is when clusters significantly span multiple bins. In such

cases, the independence assumption between bin-specific treatment effects may be violated,

potentially leading to underestimated standard errors in the overall treatment effect. Re-

searchers should carefully examine their data structure and potentially consider alternative

binning strategies when cluster-bin overlap is substantial. Additionally, while this method

effectively addresses the high-kurtosis problem, it may introduce some bias in the overall

treatment effect estimate if treatment effects are heterogeneous across bins and the weight-

ing scheme differs substantially from the population distribution.

Despite these limitations, the binned estimator provides a practical solution to the chal-

lenges posed by high-kurtosis data in cluster randomized experiments. By combining the

variance-reduction benefits of binning with proper accounting for cluster-level randomiza-

tion, this approach allows for more reliable inference in e-commerce experimentation settings

where extreme values are common.
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2.4 Simulation Analysis

2.4.1 Data Generating Process

This process involves generating price and quality tensors, applying a treatment to prices

post-randomization, simulating customer demand based on price and quality changes, and

finally calculating revenues and profits for each product. The design of the simulation al-

lows for careful control of variables and the systematic exploration of treatment effects, all

while incorporating noise and random fluctuations to approximate real-world conditions.

Throughout, we use t to index date, j to index cluster, i to index products. We use variable

hyperparameters (n1, n2) to denote product per cluster and number of clusters respectively.

DGP: Price and Quality Tensors

The first step in the simulation is to generate a quality matrix for each product across clusters.

Specifically, the quality matrix, Qn1,n2 , is drawn from a uniform distribution U(µj − 15, µj +

15), where the mean quality µj for each cluster is sampled from another uniform distribution

U(5, 99). This creates product qualities that vary across clusters but stay within a predefined

range, simulating realistic variability in product quality across different clusters.

Following the generation of quality values, price fluctuations are introduced. These fluc-

tuations are modeled as a normal distribution N(0, 1) for each product over time, capturing

the natural variability in prices that might arise due to market conditions, competition, or

other external factors. Specifically, for each date-product-cluster combination, the price error

term PriceErrt,i,j is drawn from this normal distribution, adding random noise to the base

quality-derived prices.

The final price tensor, Pt,i,j, is then constructed by adding the price error to the quality

values, i.e., Pt,i,j = Qi,j + PriceErrt,i,j. This approach integrates product quality and price

fluctuations into a cohesive structure, allowing for rich heterogeneity across products and

clusters.

Once the baseline prices have been set, the treatment is applied. The treatment effect
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consists of increasing prices by a constant percentage, for example 10%, after a predefined

trigger date, such that for any t > triggerDate, the treatment-adjusted price becomes

pt,i,j × 1.1. This manipulation simulates the effect of a price change intervention (such as a

price hike or discount) that might be tested in an experiment. By structuring the treatment

in this way, the simulation ensures that any observed changes in demand, revenue, or profits

can be causally linked to the price adjustment.

DGP: Demand Simulation

Once the price and quality tensors have been generated and the treatment applied, the next

step is to simulate customer demand. This is achieved through the use of a utility function

that models customer preferences. The utility for product n1 in cluster n2 on day nd is given

by:

Ut,i,j = α · Pt,i,j + β ·Qi,j + et,i,j

Here, α and β are coefficients representing the sensitivity of customers to price and quality,

respectively, while et,i,j is Gumbel distributed error terms captures any idiosyncratic factors

affecting utility that are not directly modeled. This formulation assumes that customer

utility is influenced by both the price and quality of the product, with random noise reflecting

unobserved variations in preferences.

Since the error term is Gumbel, the optimal choice probabilities are represented by a soft-

max function of the logits for each day-product-cluster combination, as per [McFadden, 1974]:

pt,i,j = softmax(α · Pt,i,j + β ·Qi,j)

This probabilistic choice model allows for a more flexible and realistic simulation of

customer behavior, where higher utility leads to a higher likelihood of choosing a particular

product, but other options are still possible due to the random component et,i,j.

Customer choices are then simulated by drawing samples based on the calculated prob-
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abilities. Each day, 500 customers are simulated, with each customer choosing a product

based on the softmax probabilities.

DGP: Revenues and Profits

Finally, the revenues and profits for each product in each cluster are calculated based on

the simulated prices and customer choices. The cost for producing each product, Cnd,n1,n2 ,

is assumed to be proportional to the product’s quality, with a cost multiplier applied to the

quality matrix, i.e., Ct,i,j = Cost Markup · Qn1,n2 . This assumption captures the intuition

that higher-quality products are more expensive to produce.

Revenues are calculated as the product of the price and the number of customers who

chose the product, i.e.,

Rt,i,j = Pt,i,j · Countst,i,j

where Countst,i,j represents the number of customers who chose product i in cluster j

on day t. This measure of revenue provides insight into how changes in price and demand

influence the overall financial performance of each product.

Profits, on the other hand, are calculated by subtracting the production cost from the

revenue for each product:

Πt,i,j = (Pt,i,j − Ct,i,j) · Countst,i,j

Data

To have a feel of what the generated data looks like, let’s examine some key visualizations that

illustrate the characteristics of our simulated e-commerce environment. Figure B.1 presents

two heatmaps illustrating the average quality and average price distributions across a sample

of five clusters. The heatmaps provide a visual representation of the relationship between

product quality and pricing within the simulated environment. In the quality heatmap,
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clusters 3 and 4 exhibit notably higher average quality levels compared to the other clusters,

as indicated by the darker shading. This variation in quality across clusters aligns with

the data generation process, where cluster-specific mean qualities are drawn from a uniform

distribution. The price heatmap closely mirrors the quality distribution, reflecting the price-

setting mechanism in the simulation where prices are derived from quality values with added

random fluctuations. The similarity between the quality and price heatmaps demonstrates

the strong correlation between these two variables in the simulated market environment. This

visualization effectively captures the heterogeneity in product characteristics across clusters.

Figures B.2a, B.2b and B.2c depict the count paths for products in Cluster 1 under

three distinct treatment conditions: no treatment, subject-level randomization, and cluster-

level randomization, respectively. These figures provide insight into the impact of different

treatment applications on product demand over time. Figure B.2a shows the baseline scenario

with no treatment applied. The count paths exhibit natural fluctuations over time, reflecting

the stochastic nature of the demand simulation process. In Figure B.2b, where subject-

level randomization is applied, the divergence between treated (red lines) and untreated

(blue lines) products becomes apparent after the treatment implementation at day 30. This

divergence illustrates the direct effect of the price increase on individual product demand,

as well as potential spillover effects within the cluster. Figure B.2c presents the scenario

under cluster-level randomization, where all products within the cluster receive the treatment

(indicated by red lines). The uniform application of the treatment across all products in

the cluster allows for a clear observation of the aggregate impact on demand within the

cluster with some of the demand shifts to the outside good. These figures demonstrate

the different impacts of treatment application methods on product demand, highlighting the

interference effects in subject-level randomization and the cluster-wide impact in cluster-level

randomization.

Figures B.3a, B.3b and B.3c illustrate the price paths for products in Cluster 1 under the

same three treatment conditions as in Figure 2: no treatment, subject-level randomization,

and cluster-level randomization, respectively. These figures provide a visual representa-



61

tion of how the different treatment applications affect product pricing over time. Figure

B.3a displays the baseline scenario with no treatment applied. The price paths show minor

fluctuations over time, reflecting the random price errors incorporated in the data generat-

ing process. In Figure B.3b, which depicts subject-level randomization, a clear distinction

emerges between treated (red lines) and untreated (blue lines) products after day 30, the

point of treatment implementation. The treated products exhibit a noticeable upward shift

in price, consistent with the 10% price increase specified in the treatment. Figure B.3c

presents the cluster-level randomization scenario, where all products within the cluster re-

ceive the treatment (indicated by red lines). The uniform upward shift in prices across all

products after day 30 clearly illustrates the cluster-wide application of the price increase

treatment. These figures effectively capture the direct impact of the treatment on product

pricing under different randomization schemes. They provide a clear visual representation of

how the data generating process we descibed previously, and implements the price increase

treatment, which is crucial for understanding the subsequent effects on demand and revenue

in the simulated e-commerce environment.

Discussion

The use of simulated data in our study of cluster randomized experiments (CREs) offers

both advantages and limitations. One significant benefit is the tractability it provides in

examining DGP, interference effects, standard errors of treatment effect, the power of the

experiment and lack thereof. In real-world data, isolating and quantifying these can be

challenging due to the complex interplay of numerous variables and lack of ground truth.

However, our simulated environment allows us to precisely control and observe how changes

in one product’s price affect the demand for related products.

Another advantage of using simulated data is the flexibility it offers in testing various

scenarios, including edge cases that might be rare in real-world data. For instance, we can

easily generate datasets with high kurtosis, a characteristic often observed in e-commerce

data. This flexibility enables us to rigorously test our binned estimator under a wide range
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of conditions, ensuring its robustness.

However, the use of simulated data obviosly not optimal because it is not real world data

and it presents certain limitations. One potential drawback is that simulated environments

may not fully capture the complexity and nuances of real-world e-commerce ecosystems.

While our simulation incorporates key factors such as price elasticity and product quality, it

may still miss subtle interactions or external influences that could impact actual consumer

behavior. This simplification, while necessary for tractability, might lead to overly optimistic

assessments of our methods’ effectiveness.

Furthermore, in real-world scenarios there are huge number of covariates which is hard

to replicate. In actual e-commerce platforms, a vast number of variables - from product

characteristics, product interactions, and seasonal trends - can influence purchasing decisions.

Our simulated environment, while sophisticated, cannot fully replicate this multidimensional

complexity.

Despite these limitations, the insights gained from our simulated study provide a robust

foundation for understanding the behavior of CREs in e-commerce settings and the potential

improvements offered by our binned estimator.

2.4.2 Balance Checks

Balance in cluster randomized experiments is crucial for maximizing the power of the ex-

periment. Balanced treatment and control groups ensure that any observed differences in

outcomes can be attributed to the treatment effect rather than pre-existing differences be-

tween groups. This balance reduces the variance in treatment effect estimates, leading to

more precise measurements and increased statistical power. We employed two statistical

tests to assess balance between treatment and control groups, as outlined in the section 2.3.

The t-test for mean equivalence examines the null hypothesis that the means of the vari-

ables are equal between the treatment and control groups, against the alternative that they

differ. The Kolmogorov-Smirnov (KS) test for distributional equivalence, as described by

[Massey, 1951], tests the null hypothesis that the distributions of the variables are identical



63

between the two groups, with the alternative being that they differ in some way.

Examining the results across different randomization methods, we observe varying degrees

of balance achieved. The simple subject-level randomization shows remarkably good balance

across all variables, with high p-values (all > 0.4) for both t-tests and KS tests, indicating

no significant differences in means or distributions between treatment and control groups.

This aligns with our expectations, as randomization at the product level tends to distribute

products from all clusters evenly between groups.

In contrast, the simple cluster-level randomization exhibits poorer balance, where we see

statistically significant differences (p < 0.05) in both means and distributions. This highlights

a key challenge in CREs, where randomizing entire clusters can lead to imbalances due to

between-cluster variations, as discussed in our model section.

The matched-pair cluster randomization shows a marked improvement over simple cluster

randomization, with high p-values (all > 0.4) across all variables, indicating good balance.

This method’s effectiveness stems from its ability to pair similar clusters before randomiza-

tion, mitigating the impact of between-cluster differences.

Stratified cluster randomization also demonstrates good balance, though not as consis-

tently as the matched-pair method, with p-values ranging from 0.26 to 0.85. The covariate

constrained cluster randomization shows similar results to the stratified method, with no

significant differences detected, but with slightly lower p-values overall compared to the

matched-pair approach.

While subject-level randomization achieves the best balance, it may not always be feasible

due to spillover effects, as discussed in our introduction. Among the cluster-level methods,

matched-pair randomization appears to be the most effective in achieving balance, followed

closely by stratified and covariate constrained methods.

2.4.3 Results

The results of the numerical simulation exercise are presented in Tables I for moderate

Kurtosis. First, we can observe the decrease in statistical power when transitioning from
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subject-level to cluster-level randomization. This aligns with our earlier discussion on the

additional sources of variation introduced by CREs. For instance, in Table I, we see the

power drop from 0.85 for simple subject-level randomization to 0.32 for simple cluster-level

randomization without control variables. This decrease in power underscores the challenges

inherent in CREs and the importance of employing strategies to mitigate this loss of precision.

One such strategy, as predicted by the CUPED (Controlled-experiment Using Pre-experiment

Data), [Deng et al., 2013] method, is the inclusion of pre-experiment outcome variables as

controls. Our results strongly support the effectiveness of this approach. Across all ran-

domization methods, controlling for pre-experiment profit consistently leads to substantial

increases in power. For example, in the case of simple cluster-level randomization in Ta-

ble I, power increases from 0.32 to 0.59 when pre-experiment profit is included as a control

variable.

Furthermore, our results demonstrate that including cluster-level covariates in addition

to pre-experiment outcomes can further enhance power. We observe an additional increase

in power of approximately 5-10 percentage points when cluster-level variables are included.

This finding supports our earlier discussion on the importance of addressing between-cluster

variability through the inclusion of relevant cluster-level characteristics in the estimation

equation.

Interestingly, while different randomization methods show some variation in performance,

their impact on power is relatively modest compared to the effects of including control vari-

ables. Among the cluster-level randomization methods, matched-pair and stratified random-

ization tend to perform slightly better than simple cluster-level randomization, particularly

when combined with appropriate control variables. This aligns with our earlier discussion

on the balance checks, where these methods demonstrated improved balance compared to

simple cluster-level randomization.

It’s also worth noting the impact of data characteristics on these results. High kurtosis

generally leads to lower power across all methods, as described in [Wilcox, 2012]. This

observation underscores the challenges posed by high-kurtosis data in e-commerce settings,
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as discussed in our methodology section, and highlights the importance of developing robust

estimation techniques like our proposed binned estimator to address these issues. The binned

estimator’s power is very high across all randomizations. This is because of the inverse

variance weighting which effectively ignores the bins that have very high intrinsic variance

due to the tailedness of the data. Admittedly this introduces some bias to estimator especially

if the treatment effects accross bins are different. Practically, the most robust approach is

to make an A/B test for each product category or bin separately and get the interpret the

incrementality of the algorithm maintaning reasonable kurtosis in the data. Binned estimator

is an approach where this is not feasible or practical.

Table I: Outcome variable: Profit, with a kurtosis of 10.40, comparing various randomization
methods and their impact on standard error, z-statistic, p-value, and statistical power.

Randomization Control Vars SE z p Power

Simple Subject Level Rando. - 39.27 -21.36 0 0.85
Simple Subject Level Rando. pre_profit 48.44 -17.31 0 0.68
Simple Subject Level Rando. Binned - 18.71 -19.94 0 0.99

Simple Cluster Level Rando. - 54.79 -2.30 0.003 0.32
Simple Cluster Level Rando. pre_profit 36.94 -6.45 0 0.59
Simple Cluster Level Rando. pre_profit, pre_cluster_vars 35.85 -6.52 0 0.62
Simple Cluster Level Rando. Binned - 24.10 -4.44 0 0.99

Matched-Pair Cluster Level Rando. - 55.25 -4.18 0 0.37
Matched-Pair Cluster Level Rando. pre_profit 37.10 -6.12 0 0.69
Matched-Pair Cluster Level Rando. pre_profit, pre_cluster_vars 36.12 -6.36 0 0.71
Matched-Pair Cluster Level Rando. Binned - 21.22 -5.36 0 0.99

Stratified Cluster Level Rando. - 54.94 -4.12 0 0.36
Stratified Cluster Level Rando. pre_profit 34.41 -7.27 0 0.72
Stratified Cluster Level Rando. pre_profit, pre_cluster_vars 35.60 -6.98 0 0.69
Stratified Cluster Level Rando. Binned - 23.09 -5.39 0 0.99

Covariate Constrained CL Rando. - 56.79 -4.05 0 0.35
Covariate Constrained CL Rando. pre_profit 36.05 -6.45 0 0.69
Covariate Constrained CL Rando. pre_profit, pre_cluster_vars 34.91 -6.52 0 0.73
Covariate Constrained CL Rando. Binned - 25.07 -3.75 0 0.99
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2.5 Conclusion

In this work we addressed a pervasive challenge in e-commerce experimentation: the hight-

ened variance in cluster randomized experiments (CREs). While CREs are essential for miti-

gating spillover effects in pricing experiments, they introduce additional variance in treatment

effect estimates, potentially compromising statistical power. We developed a comprehensive

methodological framework to analyze this trade-off and explore various approaches to im-

prove the precision of estimates.

Our analysis, based on simulated e-commerce data, demonstrated that the transition

from subject-level to cluster-level randomization substantially reduces statistical power, with

power dropping from 0.85 to 0.32 in our baseline scenario. However, we found that this loss

in precision can be partially mitigated through several strategies. The inclusion of pre-

experiment outcomes as control variables consistently improved power across all randomiza-

tion methods, with further gains achieved by incorporating cluster-level covariates. Among

the cluster-level approaches, matched-pair and stratified randomization showed slightly bet-

ter performance than simple cluster-level randomization, particularly when combined with

appropriate controls.

The simulation results also highlighted the particular challenges posed by high-kurtosis

data, which is common in e-commerce settings. While we introduced a binned estimator

as a potential approach to handle such data, further research is needed to fully understand

its properties and limitations. Our findings suggest that the most practical approach may

be to conduct separate analyses for different product categories or groups of products when

feasible. We underscore the importance of careful experimental design and the strategic

use of control variables to maximize the precision of treatment effect estimates in cluster

randomized experiments.
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Chapter 3

TWO STAGE TEXT REGRESSION USING
TRANSFORMER-BASED ENCODINGS

3.1 Introduction

The field of economics has witnessed a paradigm shift in recent years, marked by an in-

creasing ability to harness diverse and unconventional data sources. This evolution has been

particularly pronounced in the domain of text analysis, where the integration of textual

data into econometric models has gained significant traction. The proliferation of digital

text across various platforms has opened up new avenues for economic research, offering rich

insights into human behavior, market dynamics, and societal trends.

This paper introduces a novel two-stage text regression methodology that leverages

transformer-based encodings to enhance the integration of textual data in econometric mod-

els, demonstrating its effectiveness in capturing gender-associated language patterns on an

online economics forum. Our approach aims to bridge the gap between the vast potential

of textual information and the rigorous quantitative frameworks that underpin economic

analysis.

The use of text data in economics, while still in its nascent stages, has already demon-

strated considerable promise across various subfields. In finance, for instance, [Baker and Wurgler, 2006b]

pioneered the application of sentiment analysis to explain cross-sectional variations in stock

returns. More recently, [Chen et al., 2021] explored how hedge funds can leverage sentiment

forecasts to generate superior returns. Beyond finance, [Taddy, 2015b] applied text regression

to Yelp reviews, while [Gentzkow et al., 2019b] developed a framework to measure group dif-

ferences in high-dimensional choices, applying it to gauge polarization in U.S. Congressional

speeches.
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Despite these advancements, the most common approach to incorporating text data in

econometric models remains to be the bag-of-words method. This approach, while straight-

forward and computationally efficient, treats text as an unordered collection of words, disre-

garding syntax and context. Its primary advantages lie in its simplicity and interpretability,

as it allows for direct analysis of word frequencies and their relationships with outcome vari-

ables. However, the bag-of-words approach suffers from significant limitations, including its

inability to capture word order, context, or semantic relationships, potentially leading to loss

of crucial information embedded in the text.

Our proposed methodology builds upon and significantly extends the work of [Wu, 2018],

who employed text analysis and machine learning techniques to examine gendered language

on an online economics forum. While the approach of [Wu, 2018] utilized a Lasso-regularized

logistic regression model based on word frequencies, our method leverages advanced natural

language processing techniques, specifically transformer-based encodings introduced in the

seminal paper [Vaswani et al., 2017] to capture richer semantic information.

The key innovation of our approach lies in its two-stage framework. In the first stage, we

employ dimensionality reduction techniques based on deep learning models (e.g., [Devlin et al., 2018,

Brown et al., 2020]) to represent textual data in a lower-dimensional space. This allows us to

capture complex linguistic patterns, including word order, long-range dependencies, and con-

textual nuances, which are often lost in simpler representations. The second stage involves

estimating a model to infer the association between the outcome variable and the information

contained within the text data, as represented by these lower-dimensional encodings.

This two-stage approach offers several advantages over existing methods. Firstly, it en-

ables a more nuanced and context-aware analysis of text data, potentially uncovering subtle

patterns that might be missed by bag-of-words or similar approaches. Secondly, the reduc-

tion in dimensionality from the full vocabulary size to a more manageable embedding size

enhances model tractability and reduces the risk of overfitting. Finally, the modular nature

of our approach allows for easy integration of state-of-the-art text encoders and flexibility in

the choice of the second-stage econometric model.
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While bag-of-words remains the most common approach in economic applications, recent

research has begun exploring more sophisticated natural language processing techniques. No-

tably, [Vafa et al., 2023] introduced CAREER, a transformer-based model for predicting job

sequences that employs a two-stage approach: first pre-training on large-scale resume data to

learn general career patterns, then fine-tuning on smaller, carefully constructed longitudinal

survey datasets. Their success in combining transformer architectures with economic data

for sequence prediction tasks demonstrates the potential of modern NLP methods in eco-

nomics. Building on this direction, our methodology extends the application of transformers

to a broader class of economic problems through a novel two-stage text regression framework

that can capture rich semantic information in various economic contexts.

The flexibility of our approach opens up a wide array of potential applications in economic

research. For instance, in monetary policy analysis, our method could be applied to predict

interest rate decisions based on the text reports published by Federal Reserve after the

Federal Open Market Committee (FOMC) meetings. By encoding the nuanced language

used by committee members, the model could potentially capture subtle shifts in sentiment

or policy leanings that might not be apparent in more traditional quantitative indicators.

In consumer behavior literature, our methodology could significantly enhance the analysis

of online reviews. Unlike simple sentiment analysis, our approach could potentially uncover

complex relationships between specific aspects of product descriptions and consumer satis-

faction, accounting for context and idiomatic expressions that might be lost in simpler text

representations.

Furthermore, in labor economics, our method could be applied to large-scale survey data

to identify emerging trends in job satisfaction, work-life balance, or skill demands. By

capturing the richness of open-ended responses, our approach could provide more nuanced

insights than those derived from traditional categorical survey questions. In this paper we aim

to showcase the potential of our approach in advancing the integration of text analysis into

economic research, opening new pathways for understanding the complex interplay between

language, behavior, and economic outcomes.
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This paper contributes to the growing literature on text-as-data in economics by intro-

ducing a novel two-stage text regression framework that seamlessly integrates state-of-the-art

transformer embeddings into standard econometric models. First, by moving beyond tradi-

tional bag-of-words methods, it brings deep contextual understanding of language into eco-

nomic analysis, enabling the capture of subtle linguistic signals that would otherwise remain

undetected. Second, by removing explicit identifiers and focusing on contextual clues, the

approach clarifies how even subtle textual features can encode group distinctions—offering

improved robustness over dictionary-based classification. Finally, this methodology is general

enough to be adapted for various economic domains, from policy evaluation to behavioral

experiments, thus broadening the applicability of modern NLP tools for economists. By

systematically demonstrating how rich text embeddings can be combined with econometric

techniques, the paper lays a groundwork for future research seeking either causal or predictive

insights from unstructured text.

In Section 3.2, we provide an overview of the transformer-based architectures used to

encode text into numerical representations, focusing on how these embeddings capture rich

semantic information. Section 3.3 outlines our two-stage regression framework, which utilizes

these embeddings as inputs to a variety of second stage models to estimate the relationship

between text and the target variable. Sections 3.4 and 3.5 presents an empirical application

of this methodology to data from [Wu, 2018]. Finally, Section 3.6 concludes.

3.2 Mathematical Interpretation of Transformers

The theoretical foundation of our embedding approach rests on recent advances in the math-

ematical analysis of transformer architectures. [Yun et al., 2020] proved that transformers

are universal approximators of continuous sequence-to-sequence functions, providing theo-

retical guarantees for their representational power. This result ensures that our first stage

embeddings can capture the complex semantic relationships present in the text data.

Let document i be represented as a sequence of T tokens: si = [wi
1, w

i
2, . . . , w

i
T ], where

wi
t represents the t-th token in document i. Each token wi

t is first mapped to a vector in Rd
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through an embedding matrix E ∈ R|V |×d, where |V | is the vocabulary size. This gives us

our initial representation:

Z(0,i) = [E(wi
1);E(wi

2); . . . ;E(wi
T )] ∈ RT×d

The transformer processes these representations through L layers. For each layer l ∈

{1, . . . , L}, Z(l,i) ∈ RT×d represents the sequence of token embeddings where each row z
(l,i)
t ∈

Rd is the embedding of token t. The transformation from Z(l−1,i) to Z(l,i) occurs through two

sequential sub-layers: multi-head self-attention mechanism and position-wise feed-forward

networks.

Specifically, for each sequence i, at each layer l, the token representations are projected

into query, key, and value spaces:

Q(l,i) = Z(l−1,i)WQ, K(l,i) = Z(l−1,i)WK , V (l,i) = Z(l−1,i)WV

where Q(l,i), K(l,i), V (l,i) ∈ RT×dk and dk represents the dimension of the query and key vectors

in the attention mechanism.1 WQ,WK ,WV ∈ Rd×dk are learnable parameters.

For each attention head, after the projections, the attention weights for sequence i at

layer l are computed as:

A(l,i) = softmax
(
Q(l,i)(K(l,i))⊤√

dk

)
A(l,i) ∈ RT×T is the attention matrix where each entry α

(l,i)
ts represents the attention weight

from token t to token s.2

For each head, the representations are updated as:

H(l,i) = A(l,i)V (l,i)

1Typically dk = d/h for h attention heads.
2The softmax is applied row-wise, ensuring

∑T
s=1 α

(l,i)
ts = 1 for all t
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where H(l,i) ∈ RT×dk contains the contextually updated representations.

Note that the process described above is repeated h times with different learned projec-

tions, yielding:

MultiHead(Z(l−1,i)) = Concat(H(l,i)
1 , ..., H

(l,i)
h )WO

where WO ∈ R(h·dk)×d.

These multi-head attention operations are followed by position-wise feed-forward net-

works, yielding the final update for layer l:

Z(l,i) = FFN(MultiHead(Z(l−1,i)))

where FFN applies the same feed-forward transformation to each position independently:

FFN(Y ) = max(0, Y W1 + b1)W2 + b2

where for any input Y ∈ RT×d, we have parameters W1 ∈ Rd×dff , W2 ∈ Rdff×d, b1 ∈ Rdff ,

and b2 ∈ Rd. The intermediate dimension dff is typically chosen to be larger than d (in

practice, often dff = 4d) to enable richer non-linear transformations.

The theoretical foundations in [Yun et al., 2020] establish two key properties that vali-

date our transformer-based approach to text regression. First, they prove that transformers

are universal approximators of continuous sequence-to-sequence functions. That is, for any

continuous function f : Rd×T → Rd×T with compact support and any ϵ > 0, there exists a

transformer network g such that:

(∫
∥f(X)− g(X)∥ppdX

)1/p

≤ ϵ

for any 1 ≤ p < ∞. This universal approximation property holds both for permutation

equivariant functions and, when positional encodings are added, for arbitrary continuous

sequence-to-sequence functions.
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Second, they formalize the notion of contextual representations through what they term

"contextual mappings". For any finite set of sequences L, a contextual mapping q : L → R1×T

must satisfy:

(i) For any sequence L ∈ L, the T entries in q(L) are all distinct

(ii) For any L,L′ ∈ L with L ̸= L′, all entries in q(L) and q(L′) are distinct

These properties ensure that each token’s representation uniquely encodes both its position

and its full context within the sequence. In our setting, this means that the representation

z
(l,i)
t of token t in document i at layer l captures not just the token’s meaning in isolation,

but its relationship with all other tokens in the document.

This theoretical framework provides a justification for our methodological choice. When

analyzing text data, we require representations that can capture complex semantic rela-

tionships and long-range dependencies while being invariant to specific lexical choices. The

universal approximation property guarantees that transformers can learn such representa-

tions, while the contextual mapping property ensures that these representations will preserve

the rich contextual information.

3.3 Text Regression

Suppose a researcher has data that has n documents si in which every document, denoted

as {si}ni=1, where each document si is associated with a corresponding label yi. These labels

do not need to be external to the text data, it can be derived from the text itself with great

confidence. There also might be some document specific data xi that captures for example

author characteristics, or some treatment effect. We propose the following method when the

researcher is interested in the association of text and the label.

We first use embeddings based on the transformer architecture to represent the document

in the lower dimensional embedding space and then fit a second stage model to learn the

association between the label of the document and the information within the text data.
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Our first stage encoding leverages the power of transformer-based models, as described in

the methodological overview. The ability of transformers to model token interactions and

capture contextual information allows us to generate high-quality embeddings that preserve

the semantic richness of the forum posts. Hence, the method we propose has two stages:

First stage is to get context dependent embeddings of documents.

ei = g(si) + ϵi (1)

After obtaining these latent representations, one can employ any suitable econometric

model to estimate:

yi = f(βei + γxi) + εi (2)

where f() is an appropriate link function, β represents the coefficients for the latent text

representations, γ represents the coefficients for the observation-specific covariates, and εi is

the error term.

A potential concern in any two-stage procedure arises if the error terms from the first

stage are systematically correlated with the error term in the second-stage regression. In clas-

sical econometric settings, such correlation may render the second-stage coefficient estimates

biased and inconsistent if one attempts to interpret them as structural or causal parameters.

However, our empirical framework does not seek a causal interpretation of these estimates.

Instead, our approach is closer to a reduced-form or predictive regression, wherein the objec-

tive is to glean how textual content differs when referring to male vs. female subjects rather

than to isolate any structural “causal effect” of specific linguistic features. In that spirit, We

explicitly remove direct markers- pronouns, names, or family-member words—so that the

remaining signals of gender orientation in the text cannot simply hinge on superficial to-

kens/words. This choice does not itself guarantee the first-stage errors are uncorrelated with

the second-stage regression errors, but it does ensure that predictions are driven by subtler

semantic patterns rather than by trivial keywords or obvious references. If our second-stage

can still discriminate reliably after such redactions, it implies that distinctive linguistic dif-
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ferences remain—even in the absence of explicit gender labels.

We also use embedding models that are estimated at or near a “population level”. This

substantially reduces sampling variability in the embeddings and offers more robust textual

representations. In principle, if the embedding model captured all relevant semantic infor-

mation perfectly, then any first-stage “errors” would be negligible. In practice, however, a

perfectly universal embedding is rarely attainable, and any omitted textual features that

matter for the second-stage outcome can, in principle, create correlation between the residu-

als. Thus, while population-level training does help mitigate noise, it does not eliminate the

possibility that certain omitted features remain correlated with the second-stage residual.

With that being said, the two-stage regression framework is flexible enough to support

causal analyses under the right experimental or quasi-experimental designs. For instance,

in behavioral economics applications, one could randomly assign different message styles

(e.g., supportive vs. formal) to participants and measure downstream effects like vaccination

uptake, using embeddings to quantify subtle text differences. In marketing or platform de-

sign, an A/B test that randomly assigns landing-page text (short/casual vs. long/technical)

could leverage embeddings to link linguistic variation to conversion rates. For policy or le-

gal documents, quasi-random variation in drafting styles can generate exogenous shifts in

text complexity or tone, allowing researchers to test whether simpler language fosters higher

compliance. Finally, an instrumental-variables approach can treat random editorial decisions

(or other exogenous factors) as valid instruments for textual content, so long as the chosen

instrument meaningfully shifts the text’s features without directly affecting outcomes. In

all these scenarios, the embedding merely encodes the manipulated language attributes, and

those become the causal “treatment”—demonstrating how a two-stage text regression can be

adapted for causal inference when design conditions are met. In other words, the embedding

is not itself the fundamental cause – the random assignment of a particular style is – but

the embedding captures those stylistic or semantic differences, which is what the regression

then uses to estimate a causal effect on the outcome.
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3.3.1 First Stage Models

Transformer architectures can be broadly categorized into three types: encoder-only, decoder-

only, and encoder-decoder models. Understanding the distinctions between these architec-

tures is crucial for selecting the appropriate model for specific tasks, such as text regression.

Encoder-only transformers, exemplified by [Devlin et al., 2018] (Bidirectional Encoder

Representations from Transformers, BERT), process the entire input sequence simultane-

ously. The encoder stack comprises multiple layers, each containing a self-attention mecha-

nism and a feed-forward neural network. These models are characterized by their ability to

consider bidirectional context, processing both left and right contexts for each token. This

parallel processing allows for efficient computation, as all tokens are processed concurrently.

Encoder-only transformers produce fixed-length representations for each input token, mak-

ing them particularly well-suited for tasks that require a deep understanding of the input

text, such as text classification, named entity recognition, and sentiment analysis.

Decoder-only transformers, such as those introduced by [Radford et al., 2019] (Genera-

tive Pre-trained Transformer, GPT2) or [Brown et al., 2020] (Generative Pre-trained Trans-

former, GPT) generate sequences in an autoregressive manner, producing one token at a

time conditioned on the previously generated tokens. Unlike their encoder-only counter-

parts, decoder-only models are inherently unidirectional, leveraging past tokens in the se-

quence while masking future tokens to ensure causality during the generation process. Each

layer in the decoder architecture incorporates masked self-attention, preventing the model

from attending to tokens that have not yet been predicted. This sequential, autoregressive

approach makes decoder-only transformers particularly well-suited for generative tasks such

as language modeling, dialogue generation, and text completion. Their capacity to model

long-range dependencies and generate contextually coherent outputs positions them as a

powerful tool for a wide range of natural language generation applications.

Encoder-decoder transformers, such as [Raffel et al., 2019] (Text-to-Text Transfer Trans-

former, T5), consist of an encoder stack followed by a decoder stack. This architecture
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is designed for sequence-to-sequence tasks and exhibits several key features. The decoder

generates output tokens sequentially, employing a cross-attention mechanism that allows it

to focus on relevant parts of the input by attending to the encoder’s output. Additionally,

encoder-decoder transformers possess an autoregressive property, where each generated token

depends on previously generated tokens. These characteristics make encoder-decoder models

particularly effective for tasks like machine translation, text summarization, and question

answering.

For the text regression task proposed in this study, which aims to quantify language

differences among different groups in an online forum, an encoder-only transformer is partic-

ularly appropriate. The primary objective is to obtain a fixed-length representation of the

input text for subsequent analysis, which aligns well with the capabilities of encoder-only

transformers. The bidirectional context and parallel processing features of these models al-

low for efficient and effective encoding of textual information from forum posts into a format

amenable to regression analysis. This approach enables a nuanced examination of language

use across different demographic groups, potentially revealing insights into gender-based or

other group-specific linguistic patterns in anonymous online discussions.

The initial stage of our proposed methodology involves encoding the textual data into

a lower-dimensional representation. This crucial step allows for the efficient processing and

analysis of complex linguistic information. We have explored several options for this encoding

process, each with its own set of advantages and limitations.

One approach involves utilizing pre-trained models, such as BERT (Bidirectional Encoder

Representations from Transformers) and SBERT. These models leverage large-scale pre-

training and capture rich linguistic knowledge, often requiring minimal fine-tuning for specific

tasks. However, they may be computationally intensive and potentially biased towards

their pre-training domain. Another option is the use of API embedding services. These

services offer ease of implementation, regular updates, and often state-of-the-art performance,

however the rate limits imposed by the companies that offer such services makes the process

slow. Additionally, they may raise potential privacy concerns, create dependency on third-
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party services, and incur associated costs. Sentence embeddings present a lightweight and

fast alternative, particularly suitable for tasks requiring sentence-level representations. While

efficient, this approach may sacrifice fine-grained token-level information, which could be

crucial for certain analyses. For more specialized applications, custom transformer training

can be employed. This approach allows for tailoring the model to the specific domain and

task, potentially capturing unique patterns in the data. However, it requires significant

computational resources and large amounts of domain-specific data. It is worth noting that

the embedding dimensions of various models play a crucial role in their performance and

computational efficiency. In this study, we use OpenAI’s Ada models which utilize a 1536-

dimensional embedding space, while BERT employs 768 dimensions, and SBERT operates

with 386 dimensions. These differences in dimensionality can significantly impact the second

stage performance of downstream tasks.

The selection of the most appropriate first stage model depends on various factors, includ-

ing the specific requirements of the task, available computational resources, and the nature of

the textual data under investigation. Researchers must carefully weigh these considerations

to determine the most suitable encoding method for their particular study. Ultimately, the

choice of encoding technique plays an important role in the overall effectiveness and efficiency

of the two-stage text regression methodology.

Extracting embeddings from BERT and Sentence Embedding models

The pretraining process of BERT is crucial to its effectiveness and involves two main tasks:

Masked Language Modeling (MLM) and Next Sentence Prediction (NSP). In MLM, approx-

imately 15% of input tokens are masked, and the model is trained to predict these masked

tokens based on the surrounding context. This task enables BERT to capture bidirectional

context effectively. The NSP task involves predicting whether two sentences appear consec-

utively in the original text, helping the model understand sentence relationships.

During pretraining, BERT processes input text as a sequence of tokens, with special

tokens added for specific purposes. The [CLS] token, introduced at the beginning of each
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input sequence, serves a unique role. Initially, it acts as a placeholder, but through the self-

attention mechanisms in BERT’s layers, it accumulates information from the entire input

sequence. This makes the [CLS] token particularly useful for tasks that require a single,

fixed-length representation of the entire input.

When using BERT for embedding generation, researchers have several options. One

common approach is to use the [CLS] token embedding from the final layer of BERT. Math-

ematically, if we denote the final hidden state of the [CLS] token as hCLS, the embedding

can be represented as:

eCLS = W ∗ hCLS + b

where W is a weight matrix and b is a bias term, which can be fine-tuned for specific tasks.

Another option is to use the mean of all token embeddings from the final layer. This

approach can be represented as:

emean = (1/n) ∗
∑

(hi)

where hi represents the final hidden state of the i-th token, and n is the number of tokens.

Both methods have their merits. The [CLS] token embedding is often preferred for

sentence-level tasks as it theoretically captures the essence of the entire input. However,

taking the mean of all token embeddings can sometimes provide a more comprehensive

representation, especially for longer texts or when fine-grained token-level information is

crucial.

Researchers can also consider using embeddings from intermediate layers of BERT, as

these may capture different levels of linguistic abstraction. Some studies have shown that

combining embeddings from multiple layers can lead to improved performance on certain

tasks.

Moving to sentence embedding models, these offer an alternative approach focused on gen-

erating fixed-length representations for entire sentences or short texts. Models like Universal
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Sentence Encoder (USE) or Sentence-BERT are specifically designed for this purpose. These

models often employ techniques like siamese or triplet network structures during training to

ensure that semantically similar sentences have similar embeddings in the vector space.

Sentence embedding models typically produce a single vector representation for an en-

tire input text, regardless of its length. This approach can be particularly advantageous

when dealing with variable-length inputs or when computational efficiency is a priority. The

mathematical representation of a sentence embedding can be simplified as:

esentence = f(s)

where f is the sentence embedding function, and s is the input sentence.

One key advantage of sentence embedding models is their ability to capture semantic

similarity between sentences more effectively than token-level models. This makes them

particularly useful for tasks such as semantic search, clustering, or measuring text similarity.

3.3.2 Second-Stage Models

After obtaining the latent representations ei ∈ Rd of the text data through dimensionality

reduction, we proceed to estimate the relationship between these representations and the

outcome variable yi ∈ R using three different models: Logistic Regression (Logit), Random

Forests, and Multi-Layer Perceptrons (MLP). Below, we provide the mathematical formula-

tions, objective functions, and optimization problems for each model.

Logistic Regression

Logistic regression is used to model binary outcome variables yi ∈ {0, 1}. Given the predic-

tors ei ∈ Rd (latent text representations) and xi ∈ Rp (observation-specific covariates), the

logistic regression model estimates the probability pi = P (yi = 1|ei, xi) using the logistic

function:



81

pi =
1

1 + exp(−(β⊤ei + γ⊤xi))
,

where β ∈ Rd and γ ∈ Rp are the coefficients to be estimated.

The objective function for logistic regression is the negative log-likelihood of the observed

data:

L(β, γ) = −
n∑

i=1

[yi log(pi) + (1− yi) log(1− pi)] .

The optimization problem is:

min
β∈Rd,γ∈Rp

L(β, γ).

Regularization techniques like L1 (LASSO) or L2 (Ridge) can be added to penalize large

coefficients, leading to:

min
β,γ

L(β, γ) + λ1∥β∥1 + λ2∥γ∥22,

where λ1, λ2 ≥ 0 are regularization parameters.

Random Forests

Random forests are ensemble learning methods that aggregate the predictions of multiple de-

cision trees to improve robustness and accuracy. Let {Tb}Bb=1 denote B decision trees trained

on bootstrap samples of the data. Each tree Tb predicts the outcome ŷ
(b)
i for observation i.

The prediction of the random forest is the average of the predictions of all trees:

ŷi =
1

B

B∑
b=1

ŷ
(b)
i .

Each tree Tb is constructed by solving the following recursive optimization problem for

node splitting:
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min
k,c

 ∑
i∈SL(k,c)

(yi − ȳL)
2 +

∑
i∈SR(k,c)

(yi − ȳR)
2

 ,

where SL(k, c) = {i : Xik ≤ c} and SR(k, c) = {i : Xik > c} are the left and right child

nodes resulting from a split on the k-th covariate at threshold c, and ȳL and ȳR are the mean

outcomes for observations in SL(k, c) and SR(k, c), respectively.

Random forests do not explicitly optimize at the ensemble level, but they implicitly aim

to minimize prediction error by combining multiple low-bias, high-variance models.

Multi-Layer Perceptron (MLP)

A Multi-Layer Perceptron (MLP) is a type of feedforward neural network consisting of mul-

tiple layers of nodes (neurons), including an input layer, one or more hidden layers, and an

output layer. Each layer performs a linear transformation followed by a non-linear activation

function.

For a given observation i, the MLP model is defined as:

ŷi = f
(
W (L)ϕ

(
W (L−1)ϕ(· · ·ϕ(W (1)zi + b(1)) · · · ) + b(L−1)

)
+ b(L)

)
,

where zi = [ei;xi] ∈ Rd+p is the concatenated input vector. W (l) ∈ Rhl×hl−1 and b(l) ∈ Rhl are

the weight matrix and bias vector for layer l. ϕ(·) is a non-linear activation function (e.g.,

ReLU: ϕ(x) = max(0, x)). f(·) is the output activation function, which could be a sigmoid

function for binary classification.

The objective function for training an MLP is the empirical risk minimization of a loss

function ℓ(·, ·) over the training data:

min
{W (l),b(l)}

1

n

n∑
i=1

ℓ(yi, ŷi),

where ℓ(yi, ŷi) = − (yi log(ŷi) + (1− yi) log(1− ŷi)) is the cross-entropy loss for binary clas-

sification.
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The optimization is typically performed using stochastic gradient descent (SGD) or its

variants, with regularization terms (e.g., weight decay or L2 regularization) added to the loss

function.

3.4 Data

Our analysis utilizes data from the Economics Job Market Rumors (EJMR) forum, an anony-

mous online platform for economists. The dataset, originally compiled by Wu2018, comprises

1,048,574 observations from threads containing at least one gendered post, as identified by

Wu’s methodology. Note that this implies that not every post has gendered language in

them. This substantial corpus provides a rich source of textual data for analyzing language

differences among various groups in the economics community. Importantly, our analysis

does not predict the gender of the author, but rather whether the text is about or refers to

a female or male. This distinction is crucial for understanding the nature of our study and

its implications.

The dataset includes 444,810 gendered posts, representing approximately 42.4% of the

total observations. These posts span 138,477 unique threads, offering a diverse range of

discussions within the economics field. The temporal coverage of the data extends from

October 2013 to January 2018, providing a comprehensive view of discourse on the EJMR

forum over this period.

To illustrate the nature of the content in our dataset, we present a selection of posts in

Table II. We caution readers that some of the language used in these posts may be considered

offensive or inappropriate.
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Table I: Examples of Posts from the EJMR Dataset

EJMR example posts
1." Yeah, but are any of them popular with female *** big *** healthy young under-
grads? That’s really all that matters in life. "
2." Gave up on women all people really got a dog last week I think this will turn out to
be one of the best decisions I ever made. Should have done this a long time ago. Just
me and Boomer now."
3." Baby Rudin is an excellent book for learning Analysis for the first time. Probably
the most popular too. That’s all there is to it. Also, are you trolling with "harder to
learn from"? That’s not a plus for a book! And, I have never read KF’s analysis book,
but I do have their functional analysis book, and it’s awful. Maybe their RA is better
though. "
4. "For this type of job, you’re not being hired based on your perceived knowledge set,
but instead based on your perceived IQ and analytic reasoning skills."
5. "Successfully went from aspie to social alpha. Two critical points: 1) How you
perceive yourself sets the tone for how others will treat you. Dress well, groom yourself
well. Look into the mirror. Even if you’re fat, dress down your flaws (dark colours,
layer, focus on fit) 2) There’s a two-way causality... How others treat you also affects
how you perceive yourself. This means you need to spend time with people who treat you
well. Eliminate people who treat you poorly from your social circle. Also, you might feel
uncomfortable at times, like say, near a hot cashier or something. In low stakes situations
(you won’t see the person ever again), it might be worthwhile to push your limits. Smile,
say hi to the cashier without looking away. Say yes to social events, gatherings, and
interactions. People aren’t as evil as you think. Sometimes, admitting that you’re aspie
in a big group will make them behave in a more friendly and accommodative manner.
Cheers."
6. "No, but I have heard of the phrase "meth mouth". "
7. "Chicago bros don’t really need to promote their school... "
8. "I’m 30 kilos overweight and addicted to alcohol and painkillers. I’m also stuck on
antidepressants and I have no friends or girlfriend."
9." I don’t know *** well but have had a number of informal meetings with him and he
has always been friendly, helpful, and engaging. I find the rumors on this board of fits
of rage etc. very difficult to reconcile with what I have seen. "
10. "Possible downside of marrying a lawyer: Is she the vindictive type? Will she sue
the pants off you or kill you in custody proceedings if things go wrong in the marriage?
If not, then go ahead. If yes, then... at least sign a prenup. "

A crucial distinction in our approach lies in the labeling strategy employed. Unlike
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previous studies that relied on predefined lists of gender classifiers, our methodology utilizes

Large Language Models (LLMs) to determine the gender orientation of each post and then

removing explicit gender identifiers to reduce bias in the prediction stage. This approach

offers several advantages over traditional methods. By removing explicit gender identifiers

(e.g., names, pronouns, family member identifiers) before classification, we mitigate the risk

of misclassification based on superficial textual features as well as predicting the gender

by looking only on these identifiers. Our method allows for gender prediction based on the

semantics and context of the entire post, rather than relying on the presence of specific words

or phrases. This semantic focus potentially yields more accurate classifications compared to

dictionary-based approaches, especially for posts with subtle or implicit gender references.

Furthermore, the AI-based labeling strategy can be adapted to categorize posts along various

dimensions beyond gender, such as academic subfields or career stages, by modifying the

prompt used in the classification process.

The labeling process involves a two-step procedure that enhances the robustness of our

analysis. First, an AI model classifies each post as "FEMALE," "MALE," or "NEUTRAL"

based on the content and context of the text. This initial classification leverages the ad-

vanced language understanding capabilities of modern AI models to capture nuanced gen-

der references. Subsequently, we employ an identifier removal step, where gender-specific

words and names are replaced with neutral placeholders (e.g., "[PRONOUN]," "[FAM-

ILY_MEMBER]," "[NAME]") while preserving the overall sentence structure. This cru-

cial step ensures that our analysis focuses on the underlying semantics of the posts rather

than relying on explicit gender markers. By combining these two steps, we create a dataset

that allows for a more nuanced exploration of language differences based on gender, while

simultaneously reducing the potential for bias introduced by superficial textual features.

This comprehensive approach enables us to analyze language differences based on the

underlying semantics of the posts, rather than relying on explicit gender markers. Moreover,

the flexibility of our labeling strategy allows for the exploration of various group dynamics

within the economics community, extending beyond gender to potentially include other de-
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mographic or professional categories of interest. By leveraging advanced AI technologies and

employing a thoughtful, multi-step labeling process, we aim to provide a more accurate and

insightful analysis of the discourse within the economics community as represented on the

EJMR forum.
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Table II: Examples of masking and labeling from the EJMR Dataset

EJMR example masked posts gender
1."Yeah, but are any of them popular with [GENDER] big healthy young under-
grads? That’s really all that matters in life."

FEMALE

2."Gave up on [GENDER] all people really got a dog last week I think this will
turn out to be one of the best decisions I ever made. Should have done this a long
time ago. Just me and Boomer now "

MALE

3."Baby Rudin is an excellent book for learning Analysis for the first time. Probably
the most popular too. That’s all there is to it. Also, are you trolling with ḧarder
to learn from?̈ That’s not a plus for a book! And, I have never read KF’s analysis
book, but I do have their functional analysis book, and it’s awful. Maybe their RA
is better though."

NEUTRAL

4."For this type of job, you’re not being hired based on your perceived knowledge
set, but instead based on your perceived IQ and analytic reasoning skills"

NEUTRAL

5. "Successfully went from aspie to social alpha. Two critical points: 1) How you
perceive yourself sets the tone for how others will treat you. Dress well, groom
yourself well. Look into the mirror. Even if you’re fat, dress down your flaws (dark
colours, layer, focus on fit) 2) There’s a two-way causality... How others treat you
also affects how you perceive yourself. This means you need to spend time with
people who treat you well. Eliminate people who treat you poorly from your social
circle. Also, you might feel uncomfortable at times, like say, near a hot cashier or
something. In low stakes situations (you won’t see the person ever again), it might
be worthwhile to push your limits. Smile, say hi to the cashier without looking
away. Say yes to social events, gatherings, and interactions. People aren’t as evil as
you think. Sometimes, admitting that you’re aspie in a big group will make them
behave in a more friendly and accommodative manner. Cheers"

MALE

6."No, but I have heard of the phrase meth mouth" NEUTRAL
7. "Chicago [GENDER] don’t really need to promote their school..." MALE
8. "I’m 30 kilos overweight and addicted to alcohol and painkillers. I’m also stuck
on antidepressants and I have no friends or [PARTNER]."

MALE

9. "I don’t know [NAME] well but have had a number of informal meetings with
[PRONOUN] and [PRONOUN] has always been friendly, helpful, and engaging. I
find the rumors on this board of fits of rage etc. very difficult to reconcile with
what I have seen"

MALE

10. "Possible downside of marrying a lawyer: Is [PRONOUN] the vindictive type?
Will [PRONOUN] sue the pants off you or kill you in custody proceedings if things
go wrong in the marriage? If not, then go ahead. If yes, then... at least sign a
prenup"

FEMALE
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3.5 Results

In this section, we present the results of our two-stage text regression methodology applied

to the EJMR dataset. We explore various combinations of first stage text encoding models

and second-stage classification models to evaluate their effectiveness in predicting the gender

orientation of forum posts.

3.5.1 Evaluation Metrics

For each combination of first stage and second-stage models, we report a comprehensive

set of evaluation metrics to assess performance. Accuracy is calculated as the proportion

of correctly classified instances out of the total number of instances, providing an overall

measure of correctness. Precision is determined by the ratio of true positive predictions to

the total number of predicted positives, thereby evaluating the quality of positive predictions.

Recall (Sensitivity) measures the ratio of true positive predictions to all actual positive

instances, indicating the model’s ability to identify positive cases effectively. To balance

precision and recall, we report the F1-Score, which represents the harmonic mean of these

two metrics.

In addition to these metrics, we include Macro Avg and Weighted Avg scores. Macro Avg

computes the unweighted mean of precision, recall, and F1-score across all classes, treating

each class equally. This metric is useful for evaluating performance when dealing with class

imbalance, as it does not take the size of each class into account. Weighted Avg, on the

other hand, computes the mean of precision, recall, and F1-score, but weights each class’s

contribution according to its size. This allows the metric to reflect the overall performance

of the model, especially in cases where some classes dominate the dataset. Together, these

metrics provide a robust framework for evaluating and comparing the performance of different

model combinations in capturing the association between text data and labels.
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3.5.2 Numerical Results

Tables III through VI present the classification metrics for various combinations of first stage

text encoding models and second-stage classification models applied to the EJMR dataset.

These tables showcase the performance of different model combinations in predicting the

gender orientation of forum posts. Note that we kept the hyperparameters of the second-

stage models fixed across all experiments, as detailed in Tables V and VI. This approach

ensures a fair comparison between different embedding methods and highlights the robustness

of our results.

Our two-stage text regression methodology demonstrates robust performance in predict-

ing gender of the posts across various combinations of first stage text encoding models and

second-stage classification models. This strong predictability is particularly noteworthy given

the absence of explicit gender identifiers in the text, suggesting that subtle linguistic patterns

are effectively captured by our approach.

Comparing the first stage encoding models, we observe that the OpenAI-Ada-v3-small

embeddings consistently outperform other encoding methods across all second-stage classi-

fiers. For instance, the Multi-Layer Perceptron (MLP) achieves the highest accuracy of 0.79

when using OpenAI-Ada-v3-small embeddings, compared to 0.76, 0.75, and 0.75 for BERT-

MEAN, SBERT, and BERT-CLS embeddings, respectively. This superior performance of

OpenAI-Ada-v3-small embeddings is consistent across all evaluation metrics, including pre-

cision, recall, and F1-score.

Among the second-stage models, the MLP classifier demonstrates the strongest perfor-

mance across all embedding types, followed closely by XGBoost. The Lasso Logistic regres-

sion consistently shows the weakest performance, suggesting that the relationship between

text embeddings and gender orientation may be non-linear or require more complex feature

interactions.

Interestingly, even the simplest models in our framework, such as Lasso Logistic regres-

sion, achieve accuracy above 70% across all embedding types. This observation supports the
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interpretation of our procedure as a form of model distillation, where the complex patterns

learned by sophisticated language models in the first stage are effectively compressed into

a format that allows much smaller models to predict gender orientation with considerable

accuracy.

Our methodology can be interpreted as a distillation approach introducedn in the seminal

paper, [Hinton et al., 2015], where we initially use a powerful and computationally expensive

Large Language Model (LLM) to label the posts. This process allows us to capture nuanced

linguistic patterns and contextual information. Subsequently, we utilize much smaller and

more cost-effective models to classify the posts based on these labels. This two-stage ap-

proach enables us to leverage the strengths of advanced LLMs while maintaining computa-

tional efficiency and reducing resource requirements in the classification stage.

It’s important to note that the performance metrics presented in these tables represent a

conservative estimate of the model’s capabilities. If we were to include more data or retain

gender identifiers in the text, we would likely observe improved performance across all model

combinations. The current results demonstrate the effectiveness of our approach even with a

constrained dataset, highlighting the potential for even greater accuracy in other applications

where such limitations may not apply.
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Table III: Comparison of Classification Metrics for BERT MEAN Embeddings & Second-
Stage Models

Model Class Precision Recall F1-Score

FEMALE 0.75 0.77 0.76

Random Forest MALE 0.73 0.71 0.72

hyperparameters: Table V Accuracy 0.74
Macro Avg 0.74 0.74 0.74
Weighted Avg 0.74 0.74 0.74

FEMALE 0.77 0.74 0.75

LightGBM MALE 0.71 0.74 0.73

hyperparameters: Table V Accuracy 0.74
Macro Avg 0.74 0.74 0.74
Weighted Avg 0.74 0.74 0.74

FEMALE 0.77 0.75 0.76

XGBoost MALE 0.72 0.74 0.73

hyperparameters: Table V Accuracy 0.75
Macro Avg 0.75 0.75 0.75
Weighted Avg 0.75 0.75 0.75

FEMALE 0.80 0.74 0.77

MLP MALE 0.73 0.79 0.76

hyperparameters: Table VI Accuracy 0.76
Macro Avg 0.76 0.76 0.76
Weighted Avg 0.77 0.76 0.76

FEMALE 0.74 0.71 0.73

Lasso Logistic MALE 0.68 0.71 0.70

λ = 0.001 Accuracy 0.71
Macro Avg 0.71 0.71 0.71
Weighted Avg 0.71 0.71 0.71
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Table IV: Comparison of Classification Metrics for SBERT embeddings & Second-Stage
Models

Model Class Precision Recall F1-Score

FEMALE 0.76 0.75 0.75

Random Forest MALE 0.72 0.72 0.72

hyperparameters: Table V Accuracy 0.74
Macro Avg 0.74 0.74 0.74
Weighted Avg 0.74 0.74 0.74

FEMALE 0.76 0.74 0.75

LightGBM MALE 0.71 0.74 0.72

hyperparameters: Table V Accuracy 0.74
Macro Avg 0.74 0.74 0.74
Weighted Avg 0.74 0.74 0.74

FEMALE 0.77 0.74 0.76

XGBoost MALE 0.72 0.74 0.73

hyperparameters: Table V Accuracy 0.74
Macro Avg 0.74 0.74 0.74
Weighted Avg 0.74 0.74 0.74

FEMALE 0.79 0.73 0.76

Multi Layer Perceptron MALE 0.72 0.78 0.75

hyperparameters: Table VI Accuracy 0.75
Macro Avg 0.75 0.76 0.75
Weighted Avg 0.76 0.75 0.75

FEMALE 0.74 0.71 0.72

Lasso Logistic MALE 0.68 0.71 0.69

λ = 0.001 Accuracy 0.71
Macro Avg 0.71 0.71 0.71
Weighted Avg 0.71 0.71 0.71
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Table V: Comparison of Classification Metrics for BERT-[CLS] Token Embeddings & Second-
Stage Models

Model Class Precision Recall F1-Score

FEMALE 0.71 0.78 0.74

Random Forest MALE 0.71 0.63 0.67

hyperparameters: Table V Accuracy 0.71
Macro Avg 0.71 0.70 0.70
Weighted Avg 0.71 0.71 0.71

FEMALE 0.75 0.75 0.75

LightGBM MALE 0.71 0.71 0.71

hyperparameters: Table V Accuracy 0.73
Macro Avg 0.73 0.73 0.73
Weighted Avg 0.73 0.73 0.73

FEMALE 0.75 0.76 0.76

XGBoost MALE 0.72 0.71 0.72

hyperparameters: Table V Accuracy 0.74
Macro Avg 0.74 0.74 0.74
Weighted Avg 0.74 0.74 0.74

FEMALE 0.79 0.73 0.76

MLP MALE 0.71 0.77 0.74

hyperparameters: Table VI Accuracy 0.75
Macro Avg 0.75 0.75 0.75
Weighted Avg 0.75 0.75 0.75

FEMALE 0.74 0.72 0.73

Lasso Logistic MALE 0.69 0.71 0.70

λ = 0.001 Accuracy 0.71
Macro Avg 0.71 0.71 0.71
Weighted Avg 0.72 0.71 0.71
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Table VI: Comparison of Classification Metrics for OpenAI-Ada-v3-small embeddings &
Second-Stage Models

Model Class Precision Recall F1-Score

FEMALE 0.77 0.78 0.78

Random Forest MALE 0.75 0.73 0.74

hyperparameters: Table V Accuracy 0.76
Macro Avg 0.76 0.76 0.76
Weighted Avg 0.76 0.76 0.76

FEMALE 0.79 0.75 0.77

LightGBM MALE 0.73 0.77 0.75

hyperparameters: Table V Accuracy 0.76
Macro Avg 0.76 0.76 0.76
Weighted Avg 0.76 0.76 0.76

FEMALE 0.80 0.77 0.78

XGBoost MALE 0.75 0.78 0.76

hyperparameters: Table V Accuracy 0.77
Macro Avg 0.77 0.77 0.77
Weighted Avg 0.78 0.77 0.77

FEMALE 0.84 0.76 0.80

Multi Layer Perceptron MALE 0.75 0.83 0.79

hyperparameters: Table VI Accuracy 0.79
Macro Avg 0.79 0.79 0.79
Weighted Avg 0.80 0.79 0.79

FEMALE 0.75 0.73 0.74

Lasso Logistic MALE 0.69 0.72 0.70

λ = 0.001 Accuracy 0.72
Macro Avg 0.72 0.72 0.72
Weighted Avg 0.72 0.72 0.72

3.5.3 Out-of-Sample Analysis of Gender Predictions

To gain deeper insights into the linguistic patterns associated with gender on the EJMR

forum, we conducted an out-of-sample analysis of the posts most strongly predicted as male
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or female by our best-performing model. This analysis focuses on the top 500 posts with the

highest prediction probabilities for each gender, allowing us to examine the most distinctive

language features that our model associates the language and a post being about a male or

female.

We employed two complementary visualization techniques to explore these high-confidence

predictions: word clouds and Latent Dirichlet Allocation (LDA)3 topic modeling. Word

clouds provide an intuitive representation of word frequency, with the size of each word pro-

portional to its occurrence in the corpus. This allows for a quick visual assessment of the

most prominent terms associated with each gender. LDA topic modeling, on the other hand,

uncovers themes within the text data, offering a more nuanced view of the underlying topics.

Figure 3.1 presents the word cloud for posts predicted as female, while Figure 3.2 shows

the word cloud for male posts. The LDA topic modeling results for both genders are sum-

marized in Table VII.

The female word cloud in Figure 3.1 reveals a prominence of terms related to family and

personal relationships, such as "family," "member," "son," "partner," and "children." This

suggests that posts predicted as female tend to discuss personal and familial matters more

frequently. Additionally, words like "work," "life," and "time" indicate a focus on work-life

balance issues.

In contrast, the male word cloud in Figure 3.2 is dominated by terms related to academic

achievement and professional evaluation, such as "great," "good," "economist," "scholar,"

and "influential." Words like "methodological," "theory," and "evidence" suggest a stronger

emphasis on research and academic discourse. The prominence of comparative terms like

"ahead" and "outstanding" may indicate a tendency towards more competitive or evaluative

language in male-predicted posts.

3We go over LDA in the Appendix
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Figure 3.1: The most frequent words associated with predicting the FEMALE gender in
out-of-sample posts. The analysis is based on the top 500 posts with the highest predicted
probabilities for the FEMALE category.



97

Figure 3.2: The most frequent words associated with predicting the MALE gender in out-
of-sample posts. The analysis is based on the top 500 posts with the highest predicted
probabilities for the MALE category.

Table VII: LDA Topics for Males and Females (Top 5 words per topic)

Gender LDA Topics

Males

Topic 1: pronoun, theory, true, papers, far
Topic 2: pronoun, like, right, last_name, good
Topic 3: person, strong, state, great, iowa
Topic 4: pronoun, good, http, work, economic
Topic 5: nice, obviously, guy, smart, montiel

Females

Topic 1: pronoun, family_member, just, like, person
Topic 2: pronoun, family_member, relationship, didn, good
Topic 3: family_member, data, pronoun, like, people
Topic 4: pronoun, person, 00, market, university
Topic 5: family_member, person, pronoun, like, new

The LDA topic modeling results (Table VII) provide further nuance to these observations.

Female-associated topics show a mix of personal relationships (Topics 1 and 2), professional
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concerns (Topics 3 and 4), and general discussion (Topic 5). The recurring presence of "fam-

ily_member" across multiple topics underscores the importance of family-related discussions

in female-predicted posts.

Male-associated topics, on the other hand, appear more focused on academic and pro-

fessional matters. Topics 1 and 2 emphasize theoretical work and academic discourse, while

Topics 3 and 4 suggest discussions about professional achievements and economic concepts.

The presence of location-specific terms (e.g., "iowa" in Topic 3) might indicate discussions

about job markets or specific institutions.

These findings align with and extend previous research on gender differences in online

communication, such as the work by [Wu, 2018]. Our analysis suggests that in an anony-

mous forum setting, there are discernible differences in the language and topics associated

with male and female genders. Female-predicted posts tend to blend personal and famil-

ial concerns more frequently, while male-predicted posts focus more heavily on academic

achievements and theoretical discussions.

It’s important to note that these patterns reflect the model’s predictions based on learned

associations, rather than inherent gender differences. They probably are influenced by so-

cietal expectations, forum dynamics. Furthermore, this analysis focuses on the extremes of

the prediction spectrum and may not be representative of all posts on the forum.

3.6 Conclusion

This paper introduces a novel two-stage text regression methodology that leverages transformer-

based encodings to enhance the integration of textual data in econometric models. Our

approach addresses the limitations of traditional bag-of-words methods by capturing richer

semantic information and contextual nuances. The first stage employs advanced natural

language processing techniques to represent textual data in a lower-dimensional space, while

the second stage estimates the association between the outcome variable and the encoded

text information.

Our methodology also offers a powerful tool for understanding association preferences in
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various contexts. For example, in the field of marketing, researchers could use this approach

to analyze customer reviews and identify the linguistic features most strongly associated with

positive or negative product experiences. This could provide valuable insights for product

development and customer service strategies.

Empirically, our results demonstrate the effectiveness of this two-stage approach in cap-

turing gender-associated language patterns on the Economics Job Market Rumors forum.

The best-performing model combination (OpenAI-Ada-v3-small embeddings with a Multi-

Layer Perceptron classifier) achieved a balanced accuracy of 0.79 in predicting the gender

orientation of posts, even after removing explicit gender identifiers. This high predictability

suggests that subtle linguistic patterns are effectively captured by our approach.

The out-of-sample analysis revealed distinct themes associated with male and female-

predicted posts. Female-associated language tended to blend personal and familial concerns

more frequently, while male-associated language focused more heavily on academic achieve-

ments and theoretical discussions. These findings align with and extend previous research

on gender differences in online communication.

Our approach offers several strengths. First, it provides a flexible framework that can

be adapted to various research questions and domains. Second, by leveraging advanced

NLP techniques, it captures nuanced linguistic patterns that might be missed by simpler

methods. Third, the two-stage structure allows for efficient processing of large text datasets

while maintaining interpretability in the second stage.

However, there are also limitations to consider. The reliance on pre-trained language

models in the first stage may introduce biases present in the training data of these models.

Additionally, while our method captures complex linguistic patterns, it may not fully account

for the context-dependent nature of language use in specific domains.

The interdisciplinary nature of this approach, combining techniques from natural lan-

guage processing, machine learning, and econometrics, opens up exciting possibilities for

cross-pollination of ideas between these fields. Future research could explore domain-specific

pre-training of language models, incorporate more contextual information into the analysis,
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and investigate the application of this method to other forms of unstructured data, such as

images or audio.

The potential impact of this methodology extends beyond academic research. By provid-

ing a robust framework for analyzing large-scale textual data, it could inform policy-making

decisions in areas such as social media regulation, workplace diversity initiatives, or public

health communication strategies. In the business world, it could enhance market research

techniques, improve customer relationship management, and provide deeper insights into

brand perception and consumer behavior.
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Appendix A

ITERATIVE DISTRIBUTED MULTINOMIAL REGRESSION

A.1 Some Notations and Equalities

In this appendix, we list some mathematical expressions and equalities used in the paper.

1. lC|V,M (θ) ≡
∑n

i=1

[
C ′

iηi −Mi log
(∑d

k=1 e
ηik

)]
2. LC|V,M (θ) ≡ p limn→∞

1
n
lC|V,M (θ)

3. Q∗
n (θ) ≡ −lC|V,M (θ)

4. θ̃ ≡ argminθ∈ΘQ∗
n (θ)

5. lC|V,M (θ,µ) ≡
∑n

i=1

[
C ′

i (ηi + µi1d)−Mi log
(∑d

k=1 e
ηik+µi

)]
= lC|V,M (θ)

6. f (θ,µ) ≡
∑n

i=1

[
Mi log

(∑d
k=1 e

ηik

)
+Miµi − eµi

∑d
k=1 e

ηik

]
7. l (θ,µ) ≡ lC|V,M (θ,µ) + f (θ,µ) =

∑n
i=1

∑d
k=1

(
Cik (ηik + µi)− e(ηik+µi)

)
8. Qn (θ,µ) ≡ −l (θ,µ)

9.
(
θ̂, µ̂

)
≡ argminθ∈Θ,µ∈Rn Qn (θ,µ) ,

10. Qkn (θk,µ) ≡
∑n

i=1

(
e(V

′
i θk+µi) − Cik (V

′
i θk + µi)

)
11. µn (θ) ≡

(
log
(

M1∑d
k=1 e

η1k

)
, . . . , log

(
Mn∑d

k=1 e
ηnk

))′
12. θ̂(s) ≡

[
argminθ1∈Θ1 Q1n

(
θ1,µn

(
θ̂(s−1)

))
, . . . , argminθd∈Θd

Qdn

(
θd,µn

(
θ̂(s−1)

))]′
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13. lCk,Cd|V,Nk
(θk) ≡

∑n
i=1

[
CikV

′
i θk − (Cik + Cid) log

(
eV

′
i θk + 1

)]
14. θ̌k ≡ argminθk∈Θk

−lCk,Cd|V,Nk
(θk)

15. θ̂T ≡ argminθ∈ΘQn (θ, µ̂T ) with µ̂T = (log (M1) , . . . , log (Mn))
′

16. θ̂P ≡ argminθ∈ΘQn (θ,0)

17. Q†
n (θ,ϑ) ≡ Qn (θ,µn (ϑ)) =

∑n
i=1

∑d
k=1

(
Mie

V ′
i θk∑d

k=1 e
V ′
i
ϑk

− CikV
′
i θk − Cik log

(
Mi∑d

k=1 e
V ′
i
ϑk

))

18. Q† (θ,ϑ) ≡
∑d

k=1 E
[(

MeV
′θk∑d

k=1 e
V ′ϑk

− CkV
′θk − Ck log

(
M∑d

k=1 e
V ′ϑk

))]
19. Q†

k (θk,ϑ) ≡ E
[

MeV
′θk∑d

k=1 e
V ′ϑk

− CkV
′θk − Ck log

(
M∑d

k=1 e
V ′ϑk

)]
20. θ (ϑ) ≡ argminθ∈ΘQ† (θ,ϑ)

21. Q∗ (θ∗) ≡ p limn→∞
1
n
Q∗

n (θ
∗)

22. I (θ∗) ≡ ∂2

∂θ∂θ′Q
∗ (θ∗)

23. ∂2Q†(θ,ϑ)
∂θ∂θ′ =


E
[

MeV
′θ1∑d

k=1 e
V ′ϑk

V V ′
]

· · · 0

... . . . ...

0 · · · E
[

MeV
′θd∑d

k=1 e
V ′ϑk

V V ′
]


24. ∂2Q†(θ,ϑ)
∂θ∂ϑ′ =


E

[
− Me2V

′θ1

(
∑d

k=1 e
V ′ϑk)

2V V ′
]

· · · E

[
− MeV

′(θ1+θd)

(
∑d

k=1 e
V ′ϑk)

2V V ′
]

... . . . ...

E

[
− MeV

′(θ1+θd)

(
∑d

k=1 e
V ′ϑk)

2V V ′
]

· · · E
[

Me2V
′θd∑d

k=1 e
V ′ϑk

V V ′
]


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A.2 Proofs

Proof of Lemma 1.2.1: It holds that

lC|V,M (θ,µ) =
n∑

i=1

[
C ′

iηi + µiC
′
i1n −Mi log

(
eµi

d∑
k=1

eηik

)]

=
n∑

i=1

[
C ′

iηi + µi

d∑
k=1

Cik −Mi log

(
d∑

k=1

eηik

)
−Miµi

]

=
n∑

i=1

[
C ′

iηi −Mi log

(
d∑

k=1

eηik

)]
= lC|V,M (θ) ,

where the second to last equality holds because µi

∑d
k=1Cik = Miµi. Therefore, adding µi

does not change the likelihood.

Proof of Lemma 1.2.2: Notice that Qn (θ,µ) is differentiable w.r.t. µ for any given θ.

By letting ∂Qn(θ,µ)
∂µ

= 0, we can obtain function µn (θ) such that ∂Qn(θ,µ)
∂µ

∣∣∣∣
µ=µn(θ)

= 0 for

every θ. By definition,

Qn (θ,µ) = −
[
lC|V,M (θ,µ) + f (θ,µ)

]
= −

[
lC|V,M (θ) + f (θ,µ)

]
,

which implies that ∂Qn(θ,µ)
∂µ

= ∂f(θ,µ)
∂µ

. Since ∂f(θ,µ)
∂µi

= Mi − eµi
∑d

k=1 e
ηik , we obtain the

expression of µn (θ) as in (1.3.3). Plugging it into (1.2.5), we have that

f (θ,µn (θ))

= −
n∑

i=1

[
Mi log

(
d∑

k=1

eηik

)
+Mi log

(
mi∑d

k=1 e
ηik

)
− e

log

(
Mi∑d

k=1
eηik

)
d∑

k=1

eηik

]

= −
n∑

i=1

[
Mi log

(
d∑

k=1

eηik

)
+Mi logMi −Mi log

(
d∑

k=1

eηik

)
−

(
Mi∑d

k=1 e
ηik

)
d∑

k=1

eηik

]

= −
n∑

i=1

[Mi logMi −Mi] , (A.2.1)
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which does not depend on θ. As a result, it holds that

argmin
θ∈Θ

Qn (θ,µn (θ)) ≡ argmin
θ∈Θ

[Q∗
n (θ)− f (θ,µn (θ))] = argmin

θ∈Θ
Q∗

n (θ) .

Because θ̂ = argminθ∈ΘQn (θ,µ (θ)), we have that

θ̂ = argmin
θ∈Θ

Q∗
n (θ) = θ̃.

The claimed lemma then follows.

Proof of Lemma 1.3.2: Under the assumption that Pr (Mi | Vi) = Po
(∑d

k=1 e
η∗ik

)
, we

can obtain that

Pr (Ci | Vi) = Pr (Ci | Vi,Mi) Po

(
d∑

k=1

eη
∗
ik

)

=
d∏

k=1

Po
(
eη

∗
ik

)
=

d∏
k=1

eη
∗
ikCike−eη

∗
ik

Cik!
=

∏d
k=1 e

η∗ikCik

Ci1! · · ·Cid!
e−

∑d
k=1 e

η∗ik .

The log likelihood function is written as

log

[
n∏

i=1

∏d
k=1 e

ηikCik

Ci1! · · ·Cid!
e−

∑d
k=1 e

ηik

]
∼

n∑
i=1

[
d∑

k=1

Cikηik −
d∑

k=1

eηik

]
=

n∑
i=1

d∑
k=1

(Cikηik − eηik)

= l (θ,0) .

Therefore, θ̂P maximizes the true log likelihood function based upon Pr (Ci | Vi). The lemma

follows.
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Proof of Lemma 1.3.1: By Equation (1.2.1), it holds that

Pr (Cik, Cid | Vi,Mi)

=
Mi!

Cik!Cid! (Mi − Cik − Cid)!

(
eη

∗
ik

Λ∗
i

)Cik
(
eη

∗
id

Λ∗
i

)Cid
(
Λ∗

i − eη
∗
ik − eη

∗
id

Λ∗
i

)Mi−Cik−Cid

. (A.2.2)

Because Nik = Cik + Cid, we have that

Pr (Cik, Cid | Vi,Mi) = Pr (Cik, Cid, Nik | Vi,Mi)

= Pr (Cik, Cid | Nik,Vi,Mi) Pr (Nik | Vi,Mi) . (A.2.3)

Compute Pr (Nik | Vi,Mi) as

Pr (Nik | Vi,Mi) =
Mi!

Nik! (Mi −Nik)!

(
eη

∗
ik + eη

∗
id

Λ∗
i

)Nik
(
Λ∗

i − eη
∗
ik − eη

∗
id

Λ∗
i

)Mi−Nik

.

Together with Equations (A.2.2) and (A.2.3), we obtain that

Pr (Cik, Cid | Nik,Vi,Mi) =
Nik!

Cik!Cid!

(
eη

∗
ik

eη
∗
ik + eη

∗
id

)Cik
(

eη
∗
id

eη
∗
ik + eη

∗
id

)Cid

= Pr (Cik, Cid | Nik,Vi) .

By replacing eη
∗
id with 1 because θ∗

d = 0, we obtain the claimed result.

Lemma A.2.1. Under Assumption 1.4.2, −LC|V,M (θ) is convex in θ.
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Proof of Lemma A.2.1: By the definitions of lC|V,M (θ) and LC|V,M (θ) and Assumption

1.4.2, we have that

− 1

n
lC|V,M (θ) = − 1

n

n∑
i=1

[
Ci1ηi1 + · · ·+ Cidηid −Mi log

(
d∑

k=1

eηik

)]

= − 1

n

n∑
i=1

[
Ci1V

′
i θ1 + · · ·+ CidV

′
i θd −Mi log

(
d∑

k=1

eV
′
i θk

)]
p→ −

(
E [C1V

′θ1] + · · ·+ E [CdV
′θd] + E

[
M log

(
d∑

k=1

eV
′θk

)])
≡ −LC|V,M (θ)

= −
d∑

k=1

E [CkV
′θk] + E

[
M log

(
d∑

k=1

eV
′θk

)]
.

The first term is convex in θ because it only involves linear functions. It has been shown

in Section 3.1.5 in [Boyd et al., 2004] that log
(∑d

k=1 e
V ′θk

)
is convex in V ′θ1, . . . ,V

′θd.

Because V ′θk is a linear function of θk and sums of convex functions are convex, the second

term is convex in θ.

Lemma A.2.2. θ∗ is the unique fixed point of θ (θ).

Proof of Lemma A.2.2: By definition, θ (ϑ) ≡ argminθ∈ΘQ† (θ,ϑ). Thus, if we can

show that ∂Q†(θ,ϑ)
∂θ

|ϑ=θ= 0 holds only at θ = θ∗, then θ∗ is the unique fixed point of θ (·).

Taking the first order derivative of −LC|V,M (·), we obtain that for any θ̌ ∈ Θ,

− d

dθ
LC|V,M (θ) |θ=θ̌=

[
E

[
MeV

′θ̌1V ′∑d
k=1 e

V ′θ̌k
− C1V

′

]
, . . . ,E

[
MeV

′θ̌d−1V ′∑d
k=1 e

V ′θ̌k
− Cd−1V

′

]]′
=
∂Q† (θ,ϑ)

∂θ
|(θ,ϑ)=(θ̌,θ̌) .

Therefore, proving that ∂Q†(θ,ϑ)
∂θ

|ϑ=θ= 0 holds only at θ = θ∗ is equivalent to showing that
d
dθ
LC|V,M (θ) = 0 only at θ∗. By Lemma A.2.1, −LC|V,M (θ) is convex in θ. Therefore,

−LC|V,M (θ) only has minimums in the interior of Θ. In addition, for a convex function over
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a convex set, any local minimum is also a global minimum. Along with the identification

assumption that θ∗ = argminθ∈Θ−LC|V,M (θ), we obtain that ∂
∂θ
LC|V,M (θ) = 0 holds only

at θ = θ∗.

Proof of Lemma 1.4.1: Part (i) follows by applying Theorem 2 in [Jennrich, 1969] on

the uniform law of large numbers with conditions satisfied by Assumption 1.4.2.

Since Q† (θ,ϑ) is continuous in θ and Θ is compact by Assumption 1.4.2 (i), Q† (θ,ϑ)

achieves its minimum in Θ for any ϑ. Given any 0 < λ < 1 and θ1 ̸= θ2, if vj ̸= 0 for

j = 1, . . . , p, then we have

ev
′[λθ1+(1−λ)θ2] < λev

′θ1

+ (1− λ) ev
′θ2

.

In consequence, Q† (θ,ϑ) is strictly convex in θ for any ϑ. Because Θ is a convex set, we

have that Q† (θ,ϑ) have a unique minimizer for any ϑ. Part (ii) holds.

For part (iii), because Q† (θ,ϑ) is strictly convex in θ for any ϑ ∈ Θ and Θ is convex,

the (opposite) maximum theorem implies the continuity.

To prove part (iv), we take the first order partial derivative of Q† (θ,ϑ) with respect to

θ and obtain that

∂Q† (θ,ϑ)

∂θ
=

[
E

[
MeV

′θ1V ′∑d
k=1 e

V ′ϑk

− C1V
′

]
, . . . ,E

[
MeV

′θd−1V ′∑d
k=1 e

V ′ϑk

− Cd−1V
′

]]′
.
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Since E [Ck | V ,M ] = MeV
′θ∗k∑d

k=1 e
V ′θ∗

k
, we have that

∂Q† (θ,ϑ)

∂θ
|(θ,ϑ)=(θ∗,θ∗)

=

[
E

[
E

[
MeV

′θ∗
1V ′∑d

k=1 e
V ′θ∗

k

− C1V
′ | V ,M

]]
, . . . ,E

[
E

[
MeV

′θ∗
d−1V ′∑d

k=1 e
V ′θ∗

k

− CdV
′ | V ,M

]]]′

=

[
E

[
MeV

′θ∗
1V ′∑d

k=1 e
V ′θ∗

k

− MeV
′θ∗

1V ′∑d
k=1 e

V ′θ∗
k

]
, . . . ,E

[
MeV

′θ∗
d−1V ′∑d

k=1 e
V ′θ∗

k

− MeV
′θ∗

d−1V ′∑d
k=1 e

V ′θ∗
k

]]′
= 0. (A.2.4)

Because Q† (θ,ϑ) is strictly convex in θ for any ϑ, Q† (θ,θ∗) is certainly strictly convex in

θ. Combining with (A.2.4), we obtain that θ∗ = argminθ∈ΘQ† (θ,θ∗), which implies that

θ (θ∗) = θ∗.

Part (v) is proved by Lemma A.2.2.

Proof of Theorem 1.4.2: For part (i), we show that if θ̂(0) p→ θ∗ as n → ∞, then

θ̂(1) p→ θ∗ as well. By (1.3.4), θ̂(1)
1 satisfies that

θ̂
(1)
1 = arg min

θ1∈Θ1

Q1n

(
θ1,µn

(
θ̂(0)
))

.

The first order condition provides that

∂

∂θ1

Q1n

(
θ1,µn

(
θ̂(0)
))

|
θ1=θ̂

(1)
1
= 0.

The mean value theorem implies that

0 =
1

n

∂

∂θ1

Q1n

(
θ1,µn

(
θ̂(0)
))

|θ1=θ∗
1
+
1

n

∂2

∂θ1∂θ′
1

Q1n

(
θ1,µn

(
θ̂(0)
))

|θ1=θ⋆
1

(
θ̂
(1)
1 − θ∗

1

)
≡ An +Bb

(
θ̂
(1)
1 − θ∗

1

)
,
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where θ⋆
1 lies between θ̂

(1)
1 and θ∗

1. Since θ̂(0) p→ θ∗, we have that

An
p→ E

[
MeV

′θ∗
1∑d

k=1 e
V ′θ∗

k

V − CkV

]
= E

[
E

[
MeV

′θ∗
1∑d

k=1 e
V ′θ∗

k

V − CkV | V ,M

]]
= 0.

By a similar argument, it can be shown that Bn converges in probability to a non-singular

matrix for any θ⋆
1 ∈ Θ1. Therefore, it must hold that θ̂(1)

1

p→ θ∗
1. Hence, θ̂(S) p→ θ∗ as n → ∞

for any S.

We now prove part (ii) of the theorem. Based on Lemma 1.4.1, Assumptions 1, 2a, and 5

in [Pastorello et al., 2003] are satisfied. Therefore, Proposition 1 in [Pastorello et al., 2003]

holds, which implies that as n → ∞,

sup
ϑ∈Θ

∥∥θn (ϑ)− θ (ϑ)
∥∥ p→ 0, (A.2.5)

where θn (·) is defined in (1.3.4).

Let ϑ(0) ≡ p limn→∞ θ̂(0), where θ̂(0) is the initial value of our IDC estimator θ̂I . It can

be seen that

ϑ(0) =

[
arg min

θ1∈Θ1

Q1 (θ1) , . . . , arg min
θd∈Θd

Qd (θd)

]′
,

where Qk (θk) ≡ E
[
eV

′θk − CkV
′θk

]
. Define ϑ(1) ≡ θ

(
ϑ(0)

)
, ϑ(2) ≡ θ

(
ϑ(1)

)
≡ θ

2 (
ϑ(0)

)
, ...,

ϑ(s) ≡ θ
(
ϑ(s−1)

)
≡ θ

s (
ϑ(0)

)
for any s ∈ Z+, where Z+ denotes the set of positive integers.

Next, we show that
(
ϑ(s)

)
is a Cauchy sequence. By Assumption 1.4.3, we have that for any
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s1 > s2 ≥ 1,

∥∥ϑ(s1) − ϑ(s2)
∥∥ =

∥∥∥θs1 (
ϑ(0)

)
− θ

s2 (
ϑ(0)

)∥∥∥
≤
[∥∥∥θs1 (

ϑ(0)
)
− θ

s1−1 (
ϑ(0)

)∥∥∥+ ∥∥∥θs1−1 (
ϑ(0)

)
− θ

s1−2 (
ϑ(0)

)∥∥∥
+ · · ·+

∥∥∥θs2+1 (
ϑ(0)

)
− θ

s2 (
ϑ(0)

)∥∥∥]
≤
[
Cs1−1 + Cs1−2 + · · ·+ Cs2

] ∥∥ϑ(1) − ϑ(0)
∥∥

= Cs2

[
s1−s2−1∑

i=0

Ci

]∥∥ϑ(1) − ϑ(0)
∥∥

≤ Cs2

[
∞∑
i=0

Ci

]∥∥ϑ(1) − ϑ(0)
∥∥

≤ Cs2

1− C

∥∥ϑ(1) − ϑ(0)
∥∥ , (A.2.6)

which implies that
(
ϑ(s)

)
is Cauchy because C < 1. Since Θ ⊆ Rp×d is compact by Assump-

tion 1.4.2 and Rp×d is complete with respect to ∥·∥, Θ is also complete with respect to ∥·∥.

Therefore, ϑ(s) converges to a limit ϑ⋆ in Θ as s → ∞. Because

θ (ϑ⋆) = θ
(
lim
s→∞

ϑ(s)
)
= lim

s→∞
θ
(
ϑ(s)

)
= lim

s→∞
ϑ(s+1) = ϑ⋆,

it holds that ϑ⋆ is a fixed point of the mapping θ : Θ → Θ. By Lemma A.2.2, θ∗ is the

unique fixed point of θ (·). Thus, ϑ⋆ = θ∗ and lims→∞ ϑ(s) = θ∗.

We now show that θ̂(s) − ϑ(s) = op (1) for any s ∈ Z+ by induction. By the definition of

ϑ(0), θ̂(0) − ϑ(0) = op (1). Assuming that θ̂(t) − ϑ(t) = op (1) for some t, it holds that

θ̂(t+1) − ϑ(t+1) = θn

(
θ̂(t)
)
− θ

(
ϑ(t)
)

=
[
θn

(
θ̂(t)
)
− θ

(
θ̂(t)
)]

+
[
θ
(
θ̂(t)
)
− θ

(
ϑ(t)
)]

= op (1) ,
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where the last equality holds because θn

(
θ̂(t)
)
− θ

(
θ̂(t)
)
= op (1) by (A.2.5), θ̂(t) − ϑ(t) =

op (1) by assumption and θ (·) is continuous by Lemma 1.4.1 (iii). Therefore, θ̂(s) − ϑ(s) =

op (1) for any s ∈ Z+.

Hence, we have that if S → ∞ and n → ∞, then

∥∥∥θ̂I − θ∗
∥∥∥ =

∥∥∥θ̂(S) − ϑ(S)
∥∥∥+ ∥∥ϑ(S) − θ∗∥∥

≡ A (n, S) +B (S)
p→ 0,

because A (n, S)
p→ 0 as n → ∞ for any given S and B (S) → 0 as S → ∞ by lims→∞ ϑ(s) =

θ∗. The second part of the theorem holds.

Lemma A.2.3. Under the conditions in Theorem 1.4.3, it holds that

√
n
(
θ̂(S+1) − θ̂(S)

)
p→ 0.

Proof of Lemma A.2.3: We first show that the result in the lemma holds if the conditions

in part (i) of the theorem hold. By (1.3.4), for any s ∈ Z+, θ̂(s) satisfies that

∂

∂θ
Qn

(
θ,µn

(
θ̂(s−1)

))
|θ=θ̂(s)=

∂

∂θ
Q†

n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)= 0.

Apply Taylor expansion to the left-hand-side of the equality at θ∗. Because θ̂(s)−θ∗ = op (1)

and θ̂(s−1) − θ∗ = op (1), we obtain that

∂

∂θ
Q†

n (θ,ϑ) |θ=θ∗,ϑ=θ∗ +
∂2

∂θ∂θ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

(
θ̂(s) − θ∗

)
+

∂2

∂θ∂ϑ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

(
θ̂(s−1) − θ∗

)
= 0 (A.2.7)
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by ignoring higher order terms. Since ∂2Q†(θ,ϑ)
∂θ∂θ′ |θ=θ∗,ϑ=θ∗ is non-singular and both θ̂(s) and

θ̂(s−1) are consistent estimators of θ∗, we have that

(
∂2

∂θ∂θ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

)−1

exists with high probability when n is large. Define

An =

(
∂2

∂θ∂θ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

)−1(
− ∂

∂θ
Q†

n (θ,ϑ) |θ=θ∗,ϑ=θ∗

)
Bn =

(
∂2

∂θ∂θ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

)−1(
− ∂2

∂θ∂ϑ′Q
†
n (θ,ϑ) |θ=θ̂(s),ϑ=θ̂(s−1)

)
.

By the law of large numbers and the consistency of θ̂(s) for any s, we have that

An =

(
∂2Q† (θ,ϑ)

∂θ∂θ′ |θ=θ∗,ϑ=θ∗

)−1(
− ∂

∂θ
Q†

n (θ,ϑ) |θ=θ∗,ϑ=θ∗

)
+ op (1) ≡ A+ op (1)

Bn =

(
∂2Q† (θ,ϑ)

∂θ∂θ′ |θ=θ∗,ϑ=θ∗

)−1(
−∂2Q† (θ,ϑ)

∂θ∂ϑ′ |θ=θ∗,ϑ=θ∗

)
+ op (1) ≡ B + op (1) .

By ignoring the smaller order terms, we obtain from Equation (A.2.7) that

θ̂(s) − θ∗ = A+B
(
θ̂(s−1) − θ∗

)
=

s−1∑
t=0

BtA+Bs
(
θ̂(0) − θ∗

)
,

where the second equality follows from iterating the first equality. It then holds that

√
n
(
θ̂(S+1) − θ̂(S)

)
=

√
nBSA+

√
nBS (B − I)

(
θ̂(0) − θ∗

)
.

By Assumption 1.4.4, ∥B∥ < 1, which implies that
√
n ∥B∥S → 0 as S ≥ log (n) and n → ∞.

Hence,
√
n
(
θ̂(S+1) − θ̂(S)

)
= op (1). The claimed lemma follows.

We now prove that under the conditions in part (ii) of the theorem, the result also holds.

If we can show that for any s ∈ Z+, with probability approaching one there exists a constant
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c < 1 such that ∥∥∥θn

(
θ̂(s+1)

)
− θn

(
θ̂(s)
)∥∥∥ ≤ c

∥∥∥θ̂(s+1) − θ̂(s)
∥∥∥ , (A.2.8)

then by the same derivation as (A.2.6), we would obtain that

∥∥∥θ̂(S+1) − θ̂(S)
∥∥∥ ≤ cS

1− c

∥∥∥θ̂(1) − θ̂(0)
∥∥∥ .

Because c < 1 and S > nδ for some δ > 0, it holds that

√
n
∥∥∥θ̂(S+1) − θ̂(S)

∥∥∥ ≤ n
1
2 cS

1− c

∥∥∥θ̂(1) − θ̂(0)
∥∥∥→ 0.

Thus, it suffices to prove (A.2.8).

By the implicit function theorem, θ (·) is continuously differentiable in Θ. Together

with Assumption 1.4.3, we have that there exists ϵ > 0 such that for any ϑ ∈ Θd and

ϑ̌ ∈ Bϵ
(
θ (ϑ)

)
≡
{
θ ∈ Θd :

∥∥θ − θ (ϑ)
∥∥ ≤ ϵ

}
, we have

∥∥θ (ϑ̌)− θ (ϑ)
∥∥ ≤ Cϵ

∥∥ϑ̌− ϑ
∥∥ ,

for some Cϵ ≤ C < 1. By (A.2.5), Pr
[
θn

(
θ̂(s)
)
∈ Bϵ

(
θ
(
θ̂(s)
))]

→ 1 as n → ∞ for any s

and ϵ. Therefore, with probability approaching one, it holds that

∥∥∥θ (θ̂(s+1)
)
− θ

(
θ̂(s)
)∥∥∥ =

∥∥∥θ (θn

(
θ̂(s)
))

− θ
(
θ̂(s)
)∥∥∥

≤ Cϵ

∥∥∥θn

(
θ̂(s)
)
− θ̂(s)

∥∥∥ = Cϵ

∥∥∥θ̂(s+1) − θ̂(s)
∥∥∥ . (A.2.9)

For any ϑ ∈ Θd, define Ω (ϑ) ≡ ∂
∂ϑ

θ (ϑ), where ∂
∂ϑ

θ (ϑ) is the Jacobian matrix of

dimension dp× dp. By the implicit function theorem, we have

∂

∂ϑ
θ (ϑ) =

[
∂

∂θ
g (θ,ϑ) |(θ,ϑ)=(θ(ϑ),ϑ)

]−1
∂

∂ϑ
g (θ,ϑ) |(θ,ϑ)=(θ(ϑ),ϑ),
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where g (θ,ϑ) ≡ ∂Q†(θ,ϑ)
∂θ

is the function that defines θ (ϑ). Similarly, we define Ωn (ϑ) ≡
∂
∂ϑ

θn (ϑ) and gn (θ,ϑ) ≡ ∂Q†
n(θ,ϑ)
∂θ

. By Assumption 1.4.2 (ii) and (iii) and the uniform law of

large numbers, we have

sup
ϑ∈Θ

∥Ωn (ϑ)− Ω (ϑ)∥ p→ 0. (A.2.10)

By Assumption 1.4.2 (i), Θ is convex. Applying a multivariate Taylor expansion

([Dieudonné, 2011], p. 190), we can write θ
(
ϑ̌
)
− θ (ϑ) = Λ

(
ϑ, ϑ̌

) (
ϑ̌− ϑ

)
for any

ϑ, ϑ̌ ∈ Θ, where Λ
(
ϑ, ϑ̌

)
≡
∫ 1

0
Ω
(
ϑ+ ξ

(
ϑ̌− ϑ

))
dξ. Similarly, we have θn

(
ϑ̌
)
− θn (ϑ) =

Λn

(
ϑ, ϑ̌

) (
ϑ̌− ϑ

)
for any ϑ, ϑ̌ ∈ Θd, where Λn

(
ϑ, ϑ̌

)
≡
∫ 1

0
Ωn

(
ϑ+ ξ

(
ϑ̌− ϑ

))
dξ. It holds

that

∥∥∥θn

(
θ̂(s+1)

)
− θn

(
θ̂(s)
)∥∥∥ ≤

∥∥∥[θn

(
θ̂(s+1)

)
− θn

(
θ̂(s)
)]

−
[
θ
(
θ̂(s+1)

)
− θ

(
θ̂(s)
)]∥∥∥

+
∥∥∥θ (θ̂(s+1)

)
− θ

(
θ̂(s)
)∥∥∥

≤
∥∥∥[Λn

(
ϑ, ϑ̌

)
− Λ

(
ϑ, ϑ̌

)] [
θ
(
θ̂(s+1)

)
− θ

(
θ̂(s)
)]∥∥∥

+ Cϵ

∥∥∥θ̂(s+1) − θ̂(s)
∥∥∥ ,

where the first inequality follows from the triangular inequality and the second inequal-

ity holds by (A.2.9). Because the first term on the right hand side has the order

op

(∥∥∥θ̂(s+1) − θ̂(s)
∥∥∥) because of (A.2.10), we have shown that (A.2.8) holds with c = Cϵ < 1.

The lemma follows.

Proof of Theorem 1.4.3: We aim to show that θ̂(S) has the same influence function as

θ̃. By the definition of the IDC estimator in Section ??, we have that

∂

∂θ
Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S)= 0.
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Applying the Taylor expansion to the function on the left-hand-side of the above equation

round θ̂(S−1), we can obtain that

∂

∂θ
Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S−1)

+
∂2

∂θ∂θ′Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂†(S−1)

(
θ̂(S) − θ̂(S−1)

)
= 0, (A.2.11)

where θ̂†(S−1) lies between θ̂(S) and θ̂(S−1). The definition of Qn (θ,µ) implies that

∂

∂θ
Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S−1)

= − d

dθ
lC|V,M

(
θ̂(S−1)

)
− ∂

∂θ
f
(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S−1) .

Applying the expression of f (θ,µ), it can be shown that

∂

∂θ
f
(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂(S−1)= 0.

Therefore, (A.2.11) can be rewritten as

− d

dθ
lC|V,M

(
θ̂(S−1)

)
+

∂2

∂θ∂θ′Qn

(
θ,µn

(
θ̂(S−1)

))
|θ=θ̂†(S−1)

(
θ̂(S) − θ̂(S−1)

)
= 0.

By Lemma A.2.3, we have θ̂(S+1) − θ̂(S) = op
(
n−1/2

)
. This implies that

d

dθ
lC|V,M

(
θ̂(S−1)

)
= op

(
n−1/2

)
=

d

dθ
lC|V,M (θ∗) +

∂2

∂θ∂θ′ lC|V,M
(
θ†) (θ̂(S−1) − θ∗

)
, (A.2.12)

where the second equality follows from the Taylor expansion and θ† lies between θ̂(S−1) and

θ∗.

By Theorem 1.4.2, we have that θ̂(S−1) p→ θ∗ as n → ∞. Therefore, by Assumption 1.4.2



126

and Taylor’s theorem, we can obtain that

1

n

∂2

∂θ∂θ′ lC|V,M
(
θ†) = 1

n

∂2

∂θ∂θ′ lC|V,M (θ∗) + op (1) .

Since matrix inversion is continuous (at non-singular matrices), it follows that the inverse of
1
n

∂2

∂θ∂θ′ lC|V,M (θ∗) exists with high probability and

[
− 1

n

∂2

∂θ∂θ′ lC|V,M (θ∗)

]−1
p→ I−1 (θ∗) ,

where I (θ∗) is the Fisher information matrix defined in Section 1.4.2. Using this result to

(A.2.12), we obtain that

θ̂(S−1) − θ∗ = I−1 (θ∗)
1

n

d

dθ
lC|V,M (θ∗) + op

(
n−1/2

)
.

Since θ̂(S) − θ∗ = θ̂(S−1) − θ∗ + op
(
n−1/2

)
by Lemma A.2.3, it holds that

θ̂(S) − θ∗ = I−1 (θ∗)
1

n

d

dθ
lC|V,M (θ∗) + op

(
n−1/2

)
.

It can be seen that θ̂(S) and the maximum likelihood estimator θ̃ have the same influence

function. Hence, under the assumptions in either part (i) or (ii) of the theorem, we have

θ̂(S) − θ̃ = op
(
n−1/2

)
.

Proof of Corollary 1.4.4: The result directly follows from Theorem 1.4.3 and the stan-

dard result on the asymptotic distribution of the maximum likelihood estimator.

Proof of Theorem 1.4.5: The proof of the theorem follows from the discussion in Section

1.4.2.
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Appendix B

EXAMINING POWER IN CLUSTERED RANDOMIZED
PRICING EXPERIMENTS IN E-COMMERCE

B.1 Intra-cluster Correlation Coefficient

We consider two observations Yij and Ykj from the same cluster j. These observations are

modeled as follows:

Yij = α + uj + ϵij

Ykj = α + uj + ϵkj

We aim to establish that the intra-cluster correlation coefficient (ICC) is equal to the

correlation between these two observations. The correlation is defined by:

Corr(Yij, Ykj) =
Cov(Yij, Ykj)√

V ar(Yij) · V ar(Ykj)

Considering that Yij and Ykj share the same cluster, they share the random effect uj. We

calculate the covariance between them as:
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Cov(Yij, Ykj) = Cov(α + uj + ϵij, α+ uj + ϵkj)

= Cov(uj, uj) + Cov(uj, ϵkj) + Cov(ϵij, uj) + Cov(ϵij, ϵkj)

= V ar(uj) + 0 + 0 + 0

= V ar(uj)

= σ2
u

The last three covariance terms vanish because uj, ϵij, and ϵkj are independent. The

variance for both Yij and Ykj is the total variance, which is the sum of the individual variance

and the variance due to the cluster effect:

V ar(Yij) = V ar(Ykj) = σ2
y = σ2

u + σ2
ϵ

Substituting the values of covariance and variance into the correlation formula gives us:

Corr(Yij, Ykj) =
σ2
u

σ2
u + σ2

ϵ

=
σ2
u

σ2
y

= ρ = ICC

This concludes the proof that the intra-cluster correlation coefficient (ICC), ρ, is equal

to the correlation between two different observations from the same cluster.

We also demonstrate that the intra-class correlation (ICC) increases the variance of treat-

ment effect estimates in cluster-randomized experiments (CRE), we begin with the basic

variance formula for the treatment effect estimate and then incorporate the ICC.

Define the variance of the treatment effect estimate in a CRE. Let τ̂ be the estimated

treatment effect, and V ar(τ̂) be its variance. In a CRE, the variance of the treatment effect

estimate can be expressed as:

V ar(τ̂) =
σ2
ϵ + σ2

u

n1n2
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where:

σ2
ϵ is the within-cluster variance σ2

u is the between-cluster variance n1 is the number of

individuals per cluster n2 is the number of clusters

The ICC, denoted as ρ, is defined as the proportion of the total variance that is due to

between-cluster variation:

ρ =
σ2
u

σ2
ϵ + σ2

u

Rearrange the ICC formula to express the between-cluster variance in terms of the ICC

and total variance:

σ2
u = ρ(σ2

ϵ + σ2
u)

Substitute the expression for σ2
u into the variance formula from Step 1:

V ar(τ̂) =
σ2
ϵ + ρ(σ2

ϵ + σ2
u)

n1n2

Simplify the numerator by factoring out (σ2
ϵ + σ2

u):

V ar(τ̂) =
(σ2

ϵ + σ2
u)(1− ρ+ n1ρ)

n1n2

When ho = 0 (no ICC), the variance formula reduces to:

V ar(τ̂) =
σ2
ϵ + σ2

u

n1n2

As ρ increases, the term (1 − ρ + n1ρ) in the numerator increases, resulting in a larger

variance of the treatment effect estimate.

Thus, as the ICC (ρ) increases, the variance of the treatment effect estimate in a CRE

also increases. The ICC inflates the variance by a factor of (1−ρ+n1ρ), which depends on the

cluster size and the magnitude of the ICC. This demonstrates the importance of accounting



130

for the ICC in the design and analysis of cluster-randomized experiments to obtain accurate

estimates of the treatment effect and its precision.

B.2 Binned Estimator

For each bin b, we calculate the treatment effect estimator τ̂b as the difference between the

mean outcomes of the treated and control groups [Imbens and Rubin, 2015]:

τ̂b = ȳ1b − ȳ0b (B.2.1)

where ȳ1b and ȳ0b are the mean outcomes for the treated and control groups in bin b,

respectively. These means are calculated as:

ȳ1b =
1

n1b

n1b∑
i=1

y1bi (B.2.2)

ȳ0b =
1

n0b

n0b∑
i=1

y0bi (B.2.3)

Here, n1b and n0b represent the number of observations in the treated and control groups

for bin b, while y1bi and y0bi denote the i-th observation in the treated and control groups for

bin b, respectively.

The variance of the bin-specific treatment effect estimator, vb, is calculated as:

vb = Var(τ̂b) = Var(ȳ1b) + Var(ȳ0b) (B.2.4)

vb =
σ̂2
1b

n1b

+
σ̂2
0b

n0b

(B.2.5)

where σ̂2
1b and σ̂2

0b are the sample variances of the treated and control groups in bin b,

computed as:



131

σ̂2
1b =

1

n1b − 1

n1b∑
i=1

(y1bi − ȳ1b)
2 (B.2.6)

σ̂2
0b =

1

n0b − 1

n0b∑
i=1

(y0bi − ȳ0b)
2 (B.2.7)

The combined treatment effect estimator, τ̂ , is a weighted average of the bin-specific

estimators:

τ̂ =
B∑
b=1

wbτ̂b (B.2.8)

The weights, wb, are inversely proportional to the variances of the bin-specific estimators:

wb =
1/vb∑B
b=1 1/vb

(B.2.9)

This weighting scheme ensures that bins with more precise estimates (i.e., lower variance)

contribute more to the overall estimator.

The variance of the combined estimator can be derived using the formula for the variance

of a weighted sum of independent random variables:

V ar(τ̂) =
B∑
b=1

w2
bvb =

1∑B
b=1 1/vb

(B.2.10)

Consequently, the standard error of the combined treatment effect estimator is given by:

SE(τ̂) =
√
V ar(τ̂) =

√
1∑B

b=1 1/vb
(B.2.11)
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B.3 Consistency of Binned Estimator

Under Assumptions 1-7 we show that the binned estimator:

τ̂ =
B∑
b=1

wbτ̂b

is a consistent estimator of the true Average Treatment Effect (ATE) τ .

Assumption 1: (Random Assignment at the Cluster Level within Bins) Within each bin

b, treatment is randomly assigned at the cluster level, and all units within a cluster receive

the same treatment. Formally, for cluster g in bin b:

Wgb ⊥ {Yigb(0), Yigb(1)}i∈Cgb

Assumption 2: (Independence Between Clusters within Bins) Potential outcomes are

independent across clusters within each bin:

{Yigb(0), Yigb(1)}i∈Cgb
⊥ {Ykgb(0), Ykgb(1)}k∈Cg′b

for all g ̸= g′

Assumption 3: (Cluster Alignment with Bins) Each cluster is contained entirely within

a single bin:

If i ∈ Cgb then i /∈ Cgb′ for all b′ ̸= b

Assumption 4: (Consistent Estimation of Cluster-Robust Variances) The estimated

cluster-robust variances of the bin-specific treatment effects converge to their true values:

v̂b
p−→ vb as nb → ∞

Assumption 5: (Proportional Growth of Sample Sizes Across Bins) The fraction of



133

observations in each bin converges to a positive limit:

lim
n→∞

nb

n
= πb > 0 ∀b ∈ {1, . . . , B}

Assumption 6: (Convergence of Weights) The weights based on inverse variances con-

verge to well-defined limits:

wb
p−→ ωb where

B∑
b=1

ωb = 1

Assumption 7: (Treatment Effect Homogeneity) The treatment effect is homogeneous

across bins:

τb = τ ∀b ∈ {1, . . . , B}

Proof: Under Assumptions 1-3, within each bin b, τ̂b is unbiased and consistent for τb

when using cluster-robust standard errors following [Arellano, 1987].

Since τb = τ (Assumption 7), we have:

τ̂b
p−→ τ as nb → ∞

By Assumption 6, as n → ∞:

wb
p−→ ωb where

B∑
b=1

ωb = 1

The binned estimator is:

τ̂ =
B∑
b=1

wbτ̂b

As n → ∞:

wb
p−→ ωb and τ̂b

p−→ τ
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Therefore, by the Continuous Mapping Theorem:

τ̂ =
B∑
b=1

wbτ̂b
p−→

B∑
b=1

ωbτ = τ
B∑
b=1

ωb = τ

Thus, the binned estimator converges in probability to the true ATE.

B.4 Data Plots

Figure B.1: Heatmaps of average price and average quality for the products in a sample of
5 clusters.
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(a) Count paths for the products in Cluster 1, when no treatment is
applied.

(b) Count paths for the products in Cluster 1, when subject-level
randomization is applied. Red lines indicate the treated products,
and blue lines indicate the products that are not treated.

(c) Count paths for the products in Cluster 1, when cluster-level ran-
domization is applied. Red lines indicate the treated products.

Figure B.2: Example count paths of the products.
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Figure B.3: Example price paths of the products.

(a) Price paths for the products in Cluster 1, when no treatment is
applied.

(b) Price paths for the products in Cluster 1, when subject-level ran-
domization is applied. Red lines indicate the treated products, and
blue lines indicate the products that are not treated.

(c) Price paths for the products in Cluster 1, when cluster-level ran-
domization is applied. Red lines indicate the treated products.
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B.5 Tables for Balance checks

Table I: Simple Subject Level Randomization: Comparison of Treatment and Control Groups

Variable T-mean C-mean t-stat T-test P-value KS-stat KS-test P-value

quality 52.07 53.16 -0.6690 0.5036 0.0287 0.9620
revenue 8817.39 8874.35 -0.1060 0.9156 0.0360 0.8222
profit 583.89 620.77 -0.8337 0.4047 0.0333 0.8850
count 178.70 172.90 0.7022 0.4827 0.0453 0.5577

Table II: Simple Cluster Level Randomization: Comparison of Treatment and Control
Groups

Variable T-mean C-mean t-stat T-test P-value KS-stat KS-test P-value

quality 56.34 49.12 4.5506 0.0000 0.1008 0.0035
revenue 9476.21 8226.92 2.3792 0.0175 0.0928 0.0092
profit 670.84 541.19 3.0445 0.0024 0.1104 0.0010
count 174.98 175.46 -0.0601 0.9521 0.0384 0.7466

Table III: Simple Matched-Pair Cluster Randomization: Comparison of Treatment and Con-
trol Groups

Variable T-mean C-mean t-stat T-test P-value KS-stat KS-test P-value

quality 52.74 52.72 0.0150 0.9880 0.0192 0.9998
revenue 8858.29 8844.84 0.0256 0.9796 0.0352 0.8339
profit 603.04 608.99 -0.1392 0.8893 0.0480 0.4679
count 175.53 174.90 0.0788 0.9372 0.0304 0.9352
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Table IV: Simple Stratified Cluster Randomization: Comparison of Treatment and Control
Groups

Variable T-mean C-mean t-stat T-test P-value KS-stat KS-test P-value

quality 52.36 53.09 -0.4577 0.6472 0.0342 0.8396
revenue 8764.88 8936.87 -0.3268 0.7439 0.0335 0.8578
profit 625.12 587.21 0.8876 0.3749 0.0358 0.7981
count 173.33 177.07 -0.4675 0.6402 0.0559 0.2680

Table V: Simple Covariate Constrained Cluster Randomization: Comparison of Treatment
and Control Groups

Variable T-mean C-mean t-stat T-test P-value KS-stat KS-test P-value

quality 53.43 52.02 0.8789 0.3796 0.0448 0.5576
revenue 8974.98 8728.15 0.4691 0.6391 0.0432 0.6046
profit 619.15 592.88 0.6148 0.5388 0.0512 0.3860
count 175.29 175.15 0.0172 0.9863 0.0352 0.8339
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Appendix C

TWO STAGE TEXT REGRESSION USING
TRANSFORMER-BASED ENCODINGS

C.1 Transformer Architecture

Figure C.1: Transformer neural network architecture.([Vaswani et al., 2017])

Transformers are highly modular neural network architectures that are very successful in

sequence to sequence prediction. They are fitted in a self-supervised way, that is, the depen-

dent variable that are predicted in the training stage is coming out of the text data itself.

For example if the text data is "Love all, trust a few, do wrong to none." (Shakespeare), the

input text - dependent variable pairs that are used in the training of the transformer evolve



140

in the following way:

• Input text: love - Dependent Variable: all

• Input text: love all - Dependent Variable: trust

• Input text: love all trust - Dependent Variable: few

• Input text: love all trust few - Dependent Variable: do, and so on

In the subsections below, we explain the parts of the transformer architechture that

makes their empirical performance possible. Each of these ideas are coming from differ-

ent papers in the neural network literature and used in the original transformer paper

[Vaswani et al., 2017].

C.1.1 Positional Encodings

For the transformer to make use of the order of the sequence of words, positional encodings

are inserted to the embeddings. Positional embeddings have the same dimension as the

embeddings and they are summed together with the embeddings of the model so that the

summation will include both the positional information and the position in the embedding

space.

PEpos,2i = sin(
pos

100002i/dmodel
)

PEpos,2i+1 = cos(
pos

100002i/dmodel
)

Intuitively each position is represented with different sinusoids (since they will have differ-

ent wavelengths), and since the sine and cosine functions have values in [−1, 1], their values

are kept in a normalized range.

Note that [Vafa et al., ] uses a similar trick to incorporate the covariates Xi to the em-

beddings when they use the transformer architecture to predict the next occupation of an

individual, using massive online resume data.
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C.1.2 Self-Attention Mechanism

Attention is a communication mechanism which is a block in the neural network architecture

that is created to allow that different words can attend to different parts of the past sentence

when predicting the next word. The way that is implemented is as follows: Each word(or

token) has a Key, Query, Value triplets as parameters of the model. Queries of the each

token represents what that token is looking for, Keys represent the information that token

has. Then, the dot product of Key and Query vectors are computed, scaled and converted

to a weight matrix. Finally, the weight vector is multiplied with the value vector to compute

the output of the attention block.

Attention(Q,K, V ) = softmax(
QKT

√
dk

)V

Figure C.2: Scaled dot-product attention.([Vaswani et al., 2017])

C.1.3 Skip Connections

Empirically, when the depth of a neural network is large, it is harder to optimize. In

[He et al., 2016], it is shown with comprehensive emprical evidence that when skip con-

nections are added to the architecture, it is significantly easier to optimize the parameters of

the neural network. The idea is to sum the outputs of the initial layers of the neural network

with the outpput layers so that during the optimization the gradients are distributed equally
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among the arms of the summation and hence during the optimization all the information

from the gradient of the objective function goes back to the initial layers hence somewhat

reducing the depth of the neural network.

C.1.4 Layer Normalization

Similar to skip connections, Layer Norm is helpful for optimizing very deep neural networks,

first introduced in [Ba et al., 2016]. For every observation, with say dimension P , compute

the average and standard deviation of all of the covariates µi =
∑P

p=1 xip and normalize each

with the computed average and standard deviation.

C.1.5 Dropout

Dropout is a regularization technique for training very large nerual networks, introduced

in [Srivastava et al., 2014]. It works by dropping some random set of the connections of

the neural networks to 0 during training time, hence prevents overfitting. It resembles the

regularization scheme used in random forests which assume sparsity of the covariates. In

random forests, each tree is estimated using a random subset of the covariates and in the

final model all trees are averaged. In dropout, during the optimization some random sets of

parameters are dropped to 0 and hence we can think of the final model as an ensemble of

less dense neural networks.
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C.2 Additional Numerical Results and Hyper-parameters

C.2.1 3-Class Classification Results

Table I: Comparison of 3-Class Classification Metrics for BERT MEAN Embeddings &
Second-Stage Models

Model Class Precision Recall F1-Score

FEMALE 0.71 0.34 0.46

Random Forest
MALE 0.61 0.29 0.40
NEUTRAL 0.60 0.91 0.72

hyperparameters: Table V Accuracy 0.62
Macro Avg 0.64 0.52 0.53
Weighted Avg 0.63 0.62 0.58

FEMALE 0.67 0.46 0.54

LightGBM
MALE 0.59 0.41 0.48
NEUTRAL 0.66 0.86 0.74

hyperparameters: Table V Accuracy 0.65
Macro Avg 0.64 0.58 0.59
Weighted Avg 0.64 0.65 0.63

FEMALE 0.67 0.44 0.53

XGBoost
MALE 0.59 0.40 0.48
NEUTRAL 0.65 0.86 0.74

hyperparameters: Table V Accuracy 0.64
Macro Avg 0.64 0.57 0.59
Weighted Avg 0.64 0.64 0.63

FEMALE 0.67 0.58 0.62

MLP
MALE 0.61 0.54 0.57
NEUTRAL 0.73 0.82 0.77

hyperparameters: Table VI Accuracy 0.69
Macro Avg 0.67 0.65 0.66
Weighted Avg 0.69 0.69 0.69

FEMALE 0.62 0.55 0.58

Lasso Logistic
MALE 0.59 0.48 0.53
NEUTRAL 0.70 0.81 0.75

λ = 0.001 Accuracy 0.66
Macro Avg 0.64 0.61 0.62
Weighted Avg 0.65 0.66 0.65
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Table II: Comparison of 3-Class Classification Metrics for ADA v3 Embeddings & Second-
Stage Models

Model Class Precision Recall F1-Score

FEMALE 0.76 0.41 0.53

Random Forest
MALE 0.64 0.29 0.40
NEUTRAL 0.62 0.92 0.74

hyperparameters: Table V Accuracy 0.64
Macro Avg 0.67 0.54 0.56
Weighted Avg 0.66 0.64 0.61

FEMALE 0.71 0.51 0.60

LightGBM
MALE 0.61 0.44 0.51
NEUTRAL 0.68 0.86 0.76

hyperparameters: Table V Accuracy 0.67
Macro Avg 0.67 0.61 0.62
Weighted Avg 0.67 0.67 0.66

FEMALE 0.71 0.50 0.59

XGBoost
MALE 0.61 0.43 0.51
NEUTRAL 0.67 0.87 0.76

hyperparameters: Table V Accuracy 0.67
Macro Avg 0.67 0.60 0.62
Weighted Avg 0.67 0.67 0.66

FEMALE 0.72 0.61 0.66

MLP
MALE 0.63 0.58 0.61
NEUTRAL 0.75 0.83 0.79

hyperparameters: Table VI Accuracy 0.71
Macro Avg 0.70 0.67 0.68
Weighted Avg 0.71 0.71 0.71

FEMALE 0.66 0.59 0.63

Lasso Logistic
MALE 0.59 0.53 0.56
NEUTRAL 0.73 0.80 0.77

λ = 0.001 Accuracy 0.69
Macro Avg 0.66 0.64 0.65
Weighted Avg 0.68 0.69 0.68
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Table III: Comparison of 3-Class Classification Metrics for BERT CLS Embeddings &
Second-Stage Models

Model Class Precision Recall F1-Score

FEMALE 0.69 0.26 0.38

Random Forest
MALE 0.62 0.29 0.39
NEUTRAL 0.58 0.92 0.71

hyperparameters: Table V Accuracy 0.60
Macro Avg 0.63 0.49 0.50
Weighted Avg 0.62 0.60 0.55

FEMALE 0.66 0.41 0.50

LightGBM
MALE 0.59 0.40 0.48
NEUTRAL 0.64 0.86 0.74

hyperparameters: Table V Accuracy 0.64
Macro Avg 0.63 0.56 0.57
Weighted Avg 0.63 0.64 0.61

FEMALE 0.66 0.39 0.49

XGBoost
MALE 0.59 0.38 0.46
NEUTRAL 0.63 0.87 0.73

hyperparameters: Table V Accuracy 0.63
Macro Avg 0.63 0.55 0.56
Weighted Avg 0.63 0.63 0.61

FEMALE 0.67 0.53 0.59

MLP
MALE 0.59 0.57 0.58
NEUTRAL 0.73 0.82 0.77

hyperparameters: Table VI Accuracy 0.68
Macro Avg 0.66 0.64 0.65
Weighted Avg 0.68 0.68 0.68

FEMALE 0.63 0.50 0.55

Lasso Logistic
MALE 0.55 0.49 0.52
NEUTRAL 0.69 0.80 0.74

λ = 0.001 Accuracy 0.65
Macro Avg 0.62 0.60 0.61
Weighted Avg 0.64 0.65 0.64
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Table IV: Comparison of 3-Class Classification Metrics for SBERT Embeddings & Second-
Stage Models

Model Class Precision Recall F1-Score

FEMALE 0.71 0.34 0.46

Random Forest
MALE 0.61 0.22 0.32
NEUTRAL 0.58 0.92 0.71

hyperparameters: Table V Accuracy 0.60
Macro Avg 0.64 0.49 0.50
Weighted Avg 0.62 0.60 0.56

FEMALE 0.66 0.44 0.53

LightGBM
MALE 0.56 0.37 0.45
NEUTRAL 0.64 0.85 0.73

hyperparameters: Table V Accuracy 0.63
Macro Avg 0.62 0.55 0.57
Weighted Avg 0.63 0.63 0.61

FEMALE 0.66 0.44 0.52

XGBoost
MALE 0.57 0.34 0.43
NEUTRAL 0.63 0.86 0.73

hyperparameters: Table V Accuracy 0.63
Macro Avg 0.62 0.55 0.56
Weighted Avg 0.62 0.63 0.60

FEMALE 0.66 0.54 0.59

MLP
MALE 0.55 0.55 0.55
NEUTRAL 0.72 0.78 0.75

hyperparameters: Table VI Accuracy 0.67
Macro Avg 0.64 0.62 0.63
Weighted Avg 0.66 0.67 0.66

FEMALE 0.63 0.46 0.53

Lasso Logistic
MALE 0.53 0.45 0.49
NEUTRAL 0.67 0.81 0.73

λ = 0.001 Accuracy 0.63
Macro Avg 0.61 0.57 0.58
Weighted Avg 0.63 0.63 0.62
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Table VI: Hyperparameters for MLP Model (hp-4)

Hyperparameter Value
Input Dimension 768
Hidden Layer 1 512 units, ReLU, Dropout(0.3)
Hidden Layer 2 256 units, ReLU, Dropout(0.3)
Hidden Layer 3 128 units, ReLU, Dropout(0.3)
Output Layer 2 units (FEMALE, MALE)
Dropout Rate 0.3
Batch Size 32
Learning Rate 0.001
Number of Epochs 20
Loss Function CrossEntropyLoss
Optimizer Adam
Device GPU (if available)

C.3 Latent Dirichlet Allocation (LDA)

Latent Dirichlet Allocation (LDA) is a generative probabilistic model that represents each

document as a mixture of latent topics, and each topic as a distribution over words. Given

a corpus of n documents and a vocabulary of V unique words, LDA assumes the following

generative process for each document:

C.3.1 Generative Process

For each document si ∈ {s1, . . . , sn}, LDA assumes the following steps:

1. Draw a topic distribution θi for the document from a Dirichlet prior with hyperparam-

eter α:

θi ∼ Dirichlet(α)

where θi is a K-dimensional vector, and K is the number of topics.

2. For each topic k ∈ {1, . . . , K}, draw a word distribution ϕk from a Dirichlet prior with

hyperparameter β:

ϕk ∼ Dirichlet(β)
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where ϕk is a V -dimensional vector representing the word distribution for topic k.

3. For each word wi,n in document si, where n ∈ {1, . . . , Ni}:

(a) Sample a topic zi,n from the topic distribution θi:

zi,n ∼ Multinomial(θi)

where zi,n ∈ {1, . . . , K} indicates the topic assignment for the n-th word in doc-

ument si.

(b) Given the topic zi,n, sample a word wi,n from the topic-specific word distribution

ϕzi,n :

wi,n ∼ Multinomial(ϕzi,n)

C.3.2 Joint Distribution

The joint distribution of the observed words w, the topic assignments z, the document-level

topic distributions θi, and the topic-level word distributions ϕk is given by:

P (w, z, θ, ϕ | α, η) =
n∏

i=1

[
P (θi | α)

Ni∏
n=1

P (zi,n | θi)P (wi,n | zi,n, ϕ)

]
K∏
k=1

P (ϕk | η)

where:

• P (θi | α) = Dirichlet(θi | α) is the prior distribution of topics for document si.

• P (ϕk | η) = Dirichlet(ϕk | η) is the prior distribution over words for topic k.

• P (zi,n | θi) = Multinomial(θi) is the probability of assigning the n-th word in document

si to a topic zi,n.

• P (wi,n | zi,n, ϕ) = Multinomial(ϕzi,n) is the probability of generating word wi,n from

the word distribution ϕzi,n corresponding to topic zi,n.
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The primary goal of LDA is to infer the hidden topic structure from a set of documents,

which involves estimating the posterior distribution of the latent variables given the observed

words:

P (θ, ϕ, z | w, α, η) = P (w, z, θ, ϕ | α, η)
P (w | α, η)

Since exact inference of this posterior distribution is intractable due to the integrals involved,

approximate inference techniques such as Variational Inference or Gibbs Sampling are typ-

ically used. The parameters α and η are usually estimated using a maximum likelihood

estimation procedure over the corpus. The topic distributions θi and word distributions ϕk

are latent variables, and their estimates can be obtained through posterior inference after

training the model on the corpus.

Once the model has been fit, LDA provides the distribution of topics for each document,

θi, which indicates the mixture of topics present in document si, the distribution of words for

each topic, ϕk, which indicates the most likely words associated with topic k and the topic

assignment zi,n for each word in the document, which can be used to identify the dominant

topic of each word or document.
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