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How does the activity of populations of neurons encode the signals they receive? Since
neurons in vivo are inherently variable, each fixed input to a population will elicit not a
deterministic response, but rather a probability distribution of states of the individual neu-
rons. Traditional theories of neural coding rely on single-cell tuning curves that describe the
average response of each neuron to stimulus features. Adding complexity to this neuron-
by-neuron view is the fact that neural activity is not independent: it is often correlated,
reflecting shared input and connectivity. Such “coordinated” activity can have diverse and
potentially strong impacts on how neural circuits encode stimuli.

In this dissertation, we combine dynamical and statistical tools to examine how single-
cell and network properties dynamically generate coordinated neural spiking, and how this
affects stimulus coding in populations of cells. First, we show how feedforward connec-
tivity leads to the emergence of a neutrally stable subspace that allows information about
input rates to be transmitted through layers. At this critical parameter regime, neural ac-
tivity is characterized by higher-order interactions, meaning that the activity cannot be
described by minimal models including only the lower-order moments (mean and pairwise

interactions).
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Interestingly, recent experiments have also demonstrated the existence of higher-order
correlations in the neural activity patterns in retina and cortex. Using maximum entropy
techniques, we show that in general populations, higher-order correlations can facilitate the
encoding of stimulus information in neural activity patterns. We propose a statistical model
for fitting neurophysiological data that incorporates only the most significant higher-order
interactions. We apply this model to analyze the statistics of population firing patterns in
the lateral geniculate nucleus of awake mice. Finally, we analyze dendritic nonlinearities
as a novel mechanism by which intrinsic cell properties can generate higher-order correla-
tions. Together, these results work towards determining the origins of coordinated spiking,
understanding its impact on neural coding, and building better tools for quantification in

electrophysiological data.

v



Cavco GaIic

"And thus you will gain knowledge, guided by a little labour,
For one thing will illuminate the next, and blinding night
Won’t steal your way; all secrets will be opened to your sight,
One truth illuminate another, as light kindles light."

— Lucretius, On the Nature of Things



Cavco GaIc

vi



Cavco GaIic

Acknowledgements

I am deeply thankful for the unfailing support of my advisor, Eric Shea-Brown, whose
personal dedication and infectious enthusiasm were constant sources of inspiration. My
committee members Adrienne Fairhall, Bernard Deconinck, and Fred Rieke have also been
instrumental to the maturation of my scientific and mathematical outlook. I have been
very lucky for the opportunity to collaborate with Joel Zylberberg and Severine Durand,
and am also grateful for years of invaluable feedback from colleagues at the University
of Washington and beyond, especially the Shea-Brown research group, the Allen Institute
for Brain Science, and the students and faculty of the Okinawa, Woods Hole, and Friday
Harbor summer courses. The material in this dissertation is based upon work supported by
the National Science Foundation under Grants No. DGE-0718124 and DGE-1256082, and
by the Achievement Rewards for College Scientists (ARCS) Foundation.

More personally, I had the pleasure of engaging in countless scientific debates with Ben
Lansdell, Eric Johlin, Braden Brinkman, Susan Massey, Pedro Maia, and Yann Sweeney.
Such discourse has been one of the highlights of my graduate career, and I will miss it
greatly.

Finally, my love of science and mathematics flourished as a youth thanks to the encour-
agement of several female mathematicians at San Jose State University, especially: Joanne
Becker, Linda Valdes, and most importantly, my mother, the first mathematician I ever
knew.

vii



Cavco GaIc

viii



CONTENTS Cavco GaIic

Contents

1 Introduction 1
2 Signal propagation in feedforward networks 5
2.1 Model of stochastic feedforward networks . . . . . . ... .. ... .... 6
2.2 Thebranchingratio . . . . . . ... ... ... ... ... .. ... 8
2.3 Mean-field Markov chain model and spectral analysis . . . . ... ... .. 10
2.4 Complexity of network responses . . . . . . . . . ... .. ... ... 14
2.5 Combining neutral stability and broad response distributions . . . . . . . . 17
2.6  Excitatory-inhibitory networks display increased robustness . . . . . . .. 20
2.7 Impactof backgroundnoise. . . . . . . . . ... ... ... .. ..., 21
2.8 Higher-order statistics and stimuluscoding . . . ... ... ........ 26
2.9 DISCUSSION . . . . o v vt e e e e e e e e e e e e 28
2.9.1 Connections with the criticality literature . . . . . .. ... .. .. 29
2.9.2  Verifying and extending themodel . . . . . . ... ... ... ... 30
210 AppendiX . . .. ... e e e e e e 32
2.10.1 Table of important symbols and their descriptions . . . . . . . . .. 32
2.10.2 Derivation of mean-field Markov chain . . . ... ... ... ... 32
2.10.3 Validity of the mean-field Markov chainmodel . . . . .. ... .. 34
2.10.4 Analytical results for the eigenstructure of the mean-field transition

MATIX « . v v ot e e e e e e e e e e e e e e e e e e e 35

2.10.5 Verification of scaling argument for the robustness of y in excitatory-
inhibitory networks . . . . . .. ... L L oo 37
2.10.6 Another metric for rate propagation . . . ... ... ... ..... 38
2.11 Stable bump propagation in networks with localized connectivity . . . . . . 40
2.11.1 Stochastic binary networks . . . . . . .. ... ... ... ..., 41
2.11.2 Mean-field model to describe localized connectivity . . . . . . . . 44
2.11.3 Matching the mean-field model and stochastic models . . . . . .. 48
2.11.4 Discussion . . . . . . ... e e 51
3 Impact of triplet correlations on stimulus coding 53
3.1 Material & Methods . . . . . .. ... ... 54
3.1.1 The maximum entropy model . . . ... ... ... ........ 55

X



CONTENTS Cavco GaIc

3.1.2 Fitting the maximum entropy models . . . .. ... ... ... .. 56

3.1.3  Mutual information between stimuli and firing patterns . . . . . . . 56

3.1.4 Homogenous populations . . . ... ... ... ... ... ..., 57

3.1.5 Heterogenous populations . . . . . .. ... ... .. ... ... 58

3.1.6 Calculation of Tyt . .« v v v v v i e e e e 58

32 Results. . . . . . o e 59

3.2.1 Populations with homogenous statistics . . . . . ... ... .. .. 62

3.2.2 Populations with heterogeneous statistics . . . . . ... ... ... 63

3.2.3 How much data is necessary to estimate HOCs? . . . . . . ... .. 70

33 DIscussion . . . . . ..o e e e e e e e 72

4 Modeling reliable spiking features in neural data 75

4.1 The Reliable Moment maximum entropy model . . . . .. ... ... ... 76
4.1.1 Fitting maximum entropy models with Minimum Probability Flow

learning . . . . . . . L. L 77

4.1.2 Relationship to the Reliable Interaction model . . . . . . . ... .. 80

4.2 The statistical structure of spiking patterns in mouse lateral geniculate nucleus 83

4.2.1 Experimental procedures . . . . . .. .. .. ... .. ... ... 85

4.2.2 Direction tuning and population activity in LGN . . . . . ... .. 85

4.2.3 Estimating the partition function . . . . . . .. ... ... ... .. 86

4.2.4 Choosing a Reliable Moment model . . . . . .. ... ... .... 87

4.2.5 Statistical interactions inmouse LGN . . . . . ... ... ... .. 89

4.2.6  Correlated spiking impacts direction decoding . . . . . .. ... .. 89

43 DIscussion . . . . . ..o e e e e e 91

S Dendritic nonlinearities modulate higher-order correlations 95

5.1 Nonlinear summation insinglecells . . . . .. ... ... ... ... ... 97

5.1.1 Linear and nonlinear dendrites . . . . . . . .. ... ... ..... 99

5.1.2  Triplet spiking correlations are modulated by the dendritic filter . . 102

5.2 Stimulus-dependent HOCs . . . . .. ... ... ... ........... 104

53 Discussion . . . . ... e e e e e e e e 104

6 Conclusion 107

References 110



CHAPTER 1: INTRODUCTION Cayco Gaiic

CHAPTER 1

Introduction

Each historical period has struggled to understand brain function using the language of
its most advanced technology: clockwork automata during the Enlightenment, hydraulic
machines in the Victorian era, and the computer today [40]. Viewed as input-output black
boxes, brains and computers share several defining properties. Not unlike a computer, the
central nervous system takes sensory input from the natural world and, via a cascade of
electrical activity, performs a series of complex computations that leads to the appropriate
behavior. Adding to the strength of the metaphor is the fact that information is represented
in the brain as binary units signaling the presence or absence of neuronal spikes.

Spikes, also called action potentials, are fast fluctuations in the membrane potential of
neurons that are transmitted to adjacent cells. Because of their all-or-nothing responses
and stereotyped waveforms, the activity of populations of neurons can be described by se-
quences of spike times /;(¢) corresponding to a 1 if neuron i fired an action potential in a
small time window [#, f + At] and a 0 otherwise; these are called spike trains. In a prototyp-
ical neuroscience experiment, an animal is presented a stimulus while the scientist records
the spike trains of a population of neurons (as in Figure 1.1). Different stimuli — e.g.,
varying the direction of moving bars — elicit different spiking activity. This underlies the
classic question of neural coding: how does the spiking activity of populations of neurons
represent key features about the stimulus?

Complicating this question (and destroying the brain-as-computer metaphor) is the fact
that, even for the same stimulus, neural activity varies from trial to trial. Because of this
variability, neural populations represent stimuli not as specific responses but as distribu-
tions of responses.

Neural variability can originate internally or externally [46]. External sources of vari-
ability include contextual cues and nuisance parameters — for example, in response to
images of the same river, neural activity in visual cortex may vary depending on light-
ing condition, angle of view, etc. Equally important are internal sources of variability,
which may reflect the intrinsic state of the animal, such as levels arousal or attention
[33, 48, 58, 75, 47], up/down states in anesthetized cortical tissue [43], or suboptimal
bayesian inference [19]. Lower-level sources of neural variability also play a role. These
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Figure 1.1: Schematic of a prototypical neuroscience experiment. A mouse is presented with visual
stimuli (gratings moving in a particular direction) while an electrode records the membrane potential
of a population of neurons. The spike train of the ith cell is denoted by /;(r). The panel on the right
shows the raster plot of the recorded population. Each line at coordinate (¢, i) represents a spike by
neuron / at time ¢.

include: thermal noise [59], ion channel noise [ 149, 146, 138], probabilistic neurotransmit-
ter release [26, 7], and chaotic dynamics [78, 102].

Whatever the source of this variability, downstream populations must learn to accu-
rately decode which stimulus was presented to the animal based on neural activity from a
single trial. If neurons were statistically independent, this variability could be averaged by
summing over the full population. However, neural activity is far from independent, as it is
often coordinated from neuron to neuron in ways that may affect how stimulus information
is represented in neural populations [32].

In this dissertation, we examine how fundamental properties (such as network archi-
tecture and intrinsic nonlinearities) dynamically generate coordinated neural spiking, and
how this affects stimulus coding in populations of cells. Chapter 1 tackles this topic in
a simple, mathematically tractable setting: layered feedforward networks of binary units.
“Complex” neural dynamics (i.e., non-independent spiking that avoids runaway synchro-
nization by supporting a variety of firing patterns) emerges at a critical level of connectivity
between layers. We develop and analyze a mean-field model describing the activity at each
layer in the network, using a combination of Markov chain theory and discrete dynamical
systems methods to predict when complex signal propagation is possible in these networks.

Interestingly, the stable modes of asynchronous activity show higher-order statistical
structure, meaning that the dynamics can not be captured by a minimal model with knowl-
edge of only the mean activity and pairwise statistics (the lower-order moments). Moreover,
when compared with a model that only reproduces the lower-order moments, the higher-
order interactions reduce the encoded information about the input rates.

For the second part of the dissertation, we use maximum entropy statistical models
[124] to study higher-order correlations between the spiking activity of cells in general
populations. Higher-order correlations have recently been observed in neural populations
in retina [52, 141] and cortical areas [92, 100, 109, 79]. In the literature, examples exist of
when higher-order correlations improve the ability to decode stimuli based on population
activity [99, 52], as well as examples in which they have little effect on stimulus information
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[109, 100]. While much work has been dedicated to understanding the role of correlations
between cell pairs [154, 2, 13, 114, 112, 135, 36, 70, 127], less is understood about when
and how higher-order correlations affect neural coding.

In Chapter 2, we study the impact that varying triplet correlations — the most frequently-
observed higher-order correlation [52] — can have on stimulus encoding. We vary the effect
of triplet correlations, while fixing the lower-order statistics to prescribed values typical
of those reported in physiology experiments. We find significant increases in encoded
stimulus information when triplet correlations among similarly-tuned cells are stimulus-
dependent. On the other hand, stimulus-independent triplet correlations had little effect. We
show that these findings can be explained geometrically as either positively or negatively
skewing the distribution of the summed population activity in short time windows.

These results emphasize the importance of measuring higher-order correlations in neu-
rophysiology experiments, as they may have a significant impact on the coding perfor-
mance of neural systems. However, higher-order correlations can be difficult to quantify
experimentally for two reasons. First, because synchronous spiking of groups of three or
more cells is relatively infrequent, long recordings or many trials are required to measure
higher-order correlations accurately. In Chapter 2, we give an estimate of how much data
is necessary to measure higher-order moments within a certain expected precision.

Second, the number of higher-order interactions increases exponentially with system
size. Fitting all higher-order interactions is not only computationally infeasible, but because
of the finite number of samples in a given experiment, it can also lead to overfitting models
to noise in the data. How can we determine which higher-order spiking features are needed
to describe the structure of spiking activity in neural populations? In Chapter 3, we develop
a higher-order maximum entropy model building off of [52] that identifies and fits only
the most frequently occurring spiking interactions. Applying this model to extracellular
recordings in mouse lateral geniculate nucleus, we find that the correlations between pairs
of cells — but not higher-order correlations — shape the distribution of firing patterns.

Finally, many features of neural populations can create higher-order correlations, such
as common input [17, 90, 153] and connectivity structure [69, 30]. Intrinsic properties,
such as adaptation or nonlinear input summation, also play a role in shaping spiking statis-
tics. Chapter 4 illustrates how higher-order correlations can be modulated by intrinsic cell
properties — in particular, nonlinear dendrites. We close with a discussion of open questions
in the field.
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CHAPTER 2

Signal propagation in feedforward
networks

Many basic questions remain unresolved in understanding how simple features of network
connectivity determine the statistical structure of their outputs. In particular, as we vary
the average connectivity strength between model neurons, what kinds of transitions occur
in model dynamics? The first dynamical property we might study at a transition is neu-
tral stability of trajectories. Intuitively, it appears that neutral stability could favor signal
transmission, because it suggests that input patterns (and their noisy perturbations) will re-
tain their original separation in state space, neither diverging nor converging towards some
fixed attractor [23, 85]. The second, allied property that could occur as networks transition
from weak to strong connectivity is the production of a wide range of output states — that
is, a mix of firing patterns that induce a broad distribution with high response entropy. If
responses are tallied via total network output, this could require statistical correlations of
all orders [10]; thus, higher-order correlations are another statistical property of interest at
network transitions. Finally, an assay that involves all of these properties is the decodability
of input patterns based on network outputs.

But how are all of these properties related? Do networks ever exhibit all of them si-
multaneously, and if so, when? Developing the complete picture is a formidable challenge;
in this chapter, we progress by answering these questions in what is probably the most
tractable class of systems in which they can be studied. These are noisy, feedforward net-
works of thresholding neurons [107] .

Several prior studies of signal propagation in feedforward networks inform our ap-
proach. These suggest that a wide range of network responses fails to occur in broad
parameter regimes: rather, the only outputs produced are all cells firing or being silent
simultaneously. This is due to the buildup of correlations among neural activity at each
layer, even when inputs drive the cells to fire independently in the first layer. In particu-
lar, for iteratively constructed in vitro feedforward networks, neurons displayed a marked
tendency to synchronize [120]. Subsequent simulations and analyses with thresholding
neurons have corroborated these findings, arguing that any initial spike count distribution

5
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becomes strongly bimodal after a few layers [107]. Integrate-and-fire neurons similarly fail
to transmit activity without decaying or saturating to a point independent of the input rate,
but are able to support stable propagation of highly-synchronized volleys of spikes even
in the presence of asynchronous background noise with low firing rates [42, 82, 87, 140].
These cascades of coherent activity, called synfire chains, have been observed experimen-
tally and are hypothesized to encode stimuli through precise spatiotemporal spike timing
[3]. However, in embedded feedforward networks, even synchronous propagation dies out
if background network activity is sufficiently synchronous or has high firing rate [82]. If
synapses are strengthened and connectivity sparse, rate propagation but not synfire activity
can be sustained [148]. Moreover, different studies demonstrate a “critical” regime with
broadly distributed output patterns and significant higher-order interactions [20, 153].

As we further explore here, the key difference among these studies turns out to be
the threshold number of excitatory inputs that each cell must receive in order to fire [83].
This threshold is low (a single spike) in the work of [20] and [148] but much higher for
[107], [120], and [87]. As reviewed in [83], densely connected feedforward networks with
synapses that are weak relative to threshold tend to produce more synchrony than their
sparsely connected counterparts, due to the neurons having more shared inputs [122]. Thus,
as synaptic inputs are weak compared to spike thresholds in many biological settings, it
may appear that synchrony is inevitable. However, noise “local” to each neuron decreases
synchrony, and can do so without damaging the capacity to transmit signals, at least those
defined by firing rates within each network layer ([147], but see also [107, 120]).

Here, we undertake to unify these results through a common mathematical framework,
and extend them by treating multiple properties of network outputs. In particular, we show
when and how neutral stability, broad response distributions, higher-order correlations, and
the transmission of firing rate signals coexist and when these properties fail to coexist. For
any level of spike threshold, we find that there is always an intermediate value of network
connectivity characterized by neutral stability and higher order correlations. High response
entropy and transmission of firing rates, however, only occur at this point when neurons
have low thresholds or added noise.

2.1 Model of stochastic feedforward networks

Network: Following [107], we examine a network of binary [97] neurons in a feedforward
architecture with probabilistic synapses and input (see Figure 2.1A for a schematic). Each
layer consists of N identical neurons. In general, we will illustrate N = 20; results hold for
larger N as well, as we summarize in the Discussion. The neurons are thresholding units
that spike if they receive at least 6 synaptic inputs from neurons in the previous layer and
are otherwise quiescent (i.e., silent). The connectivity structure between layers is random
and spatially homogenous; each neuron upstream is connected to C postsynaptic neurons
chosen uniformly from the downstream layer. Connections between neurons have a fixed
probability p of synaptic transmission. In this chapter we are interested in signal propa-

6
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Figure 2.1: Average rate transmission in feedforward networks. (A) A schematic of a feedforward
network. Filled circles indicate spikes, hollow circles quiescence (i.e., absence of firing). In this
example, N =4,L =5,C =2, p =05, and 8§ = 1. (B, C) Branching ratio o as a function of
connectivity strength y for N = 20, (B) 6 = 1 and (C) 6 = 7. Each data point is the branching ratio
of a network of a particular connectivity structure. (D - F) Simulated propagation of firing rates
shown for three sample networks with 8 = 1 and C = 3, p = 0.25, 0.43, 0.85, respectively. These
parameters are also indicated by the markers in (B). Noisy, uncorrelated input is injected into the first
layer, and the resulting firing rates are averaged over 1000 trials plotted over multiple layers. Error
bars indicate standard deviation scaled by a factor of 1/10 to facilitate comparison. Vertical grey
bars are shown at L = 5 to emphasize that henceforth we will primarily be concerned with shallow
layers. (D) In subcritical networks (oo < 1), activity tends to die out. (F) In supercritical (o= > 1)
networks, activity saturates. (E) Critical networks (o = 1) reveal greatest fidelity in propagating
Poisson input rates through layers; however, while this picture is qualitatively true for networks of
low-threshold neurons, when 6 reaches higher values, networks tend to transmit only high or low
rates (see Section 2.5).

gation through a fixed number of layers, as we expect biological feedforward networks to
be shallow (we will in general take L = 5). The number of layers through which a rate
signal can be transmitted in similar feedforward networks before losing information has
been addressed by [142, 86, 51].

We concentrate solely on networks with a feedforward connectivity structure. However,
these networks are equivalent to synchronously-updated, discrete-time systems with ran-
dom recurrent connections (including “autapse” connections to from cells to themselves),
under the annealing approximation [23]. Thus, to the extent that these assumptions hold,
the results of this work may also be applied to the evaluation of persistent activity in recur-
rent networks.
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Stimuli: The networks are driven by a stimulus to elicit an average spike count of § €
{0, ... N} firing neurons in the first layer at that time step. Unless otherwise specified, this
stochastic input is injected independently so that each neuron in the first layer responds
as an independent (0,1) Bernoulli random variable with biased probability S /N of spiking
(taking value 1). This results in a binomially distributed spike count in the first layer.

Propagation: The state of the Lth layer is denoted by x;, an N-vector of zeros and ones,
and the connectivity matrix between layers L and L+ 1 by E;. (Henceforth we will use E to
refer to the N X N X L — 1 connectivity matrix of the entire network.) Since the connections
between neurons are stochastic, in a given trial each synapse fails with probability 1 —
p. 1t will be useful to call the realization of E; according to the probability of synaptic
transmission the “effective” connectivity matrix £, keeping in mind that different trials
will yield different £, yet E; will remain fixed. The state at layer L of a realization of a
given network can now be expressed as

Xr+1 = @(ELXL - 0), (2.1.1)

where O is the elementwise Heaviside step function. The key parameter in this system is
the connectivity strength y = Cp.

Limitations and simplifications: We note several important facts about the model setup and
analysis. First, this model has no time in its dynamics; each trial can be thought of as a
wave of activity evolving from a particular initialization in the first layer, and is independent
of the next. Because of this, the phenomenon of synchrony in the usual temporal sense is
not applicable. The corresponding concept of synchrony is when neurons in a layer tend to
fire, or be quiescent, together in a given trial; this is what we will mean in the remainder
of this chapter when we refer to synchrony or synchronous coding. Second, because of the
assumption of spatial homogeneity both in inputs and in network architecture, this model
is not well-suited to study spatial modes of activity.

Third, and most importantly, our analysis henceforth focuses on the total activity within
each layer. That is, rather than quantify network responses in the full space of 2V firing
patterns that can occur in each layer, we restrict our description to the number of cells that
fire in that layer: the N + 1 different values of the (layer-averaged) firing rate.

2.2 The branching ratio

To understand the qualitative dynamics and average firing rate transmission through mul-
tiple layers, we borrow a useful tool from the criticality literature [20]. A “critical” tran-
sition regime is often experimentally defined via the branching ratio o, the ratio between
the number of cells in a population firing at a particular time step and the number of cells
firing at the previous timestep, averaged over time. To avoid decay or growth of activity,
the system must produce firing rate dynamics which are neutrally stable, satisfying o = 1;
such networks are labeled critical.
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In our feedforward framework, the relevant measurement is the branching ratio aver-
aged over trials and layers rather than time. To quantify the general capacity of a particular
network with fixed connectivity structure E to maintain activity in a one-to-one manner, we
will also average this layerwise branching ratio over repeated trials with the same network,
each with different stimulus rates as well as different (random) inputs x; to the first layer.

T'he result is:
o= <<< L > > > , (2.2.1)
Si-1 LIExlg

where S is the number of neurons spiking in layer L on a given trial. Throughout this
chapter, when we refer to the branching ratio we will mean o.

We conducted Monte Carlo simulations to compute how this quantity changes with
connectivity level y. In detail, at a fixed y, we first chose one example of a network structure
E for every C > [vy], the constrained value ensuring that p < 1. For each E, we then input
a deterministic rate of exactly S = 6 + 1,..., N spiking neurons in the first layer with 100
random instantiations of x;, evolve the network, and measure the ratios S;/S -, for each
layer until either the neural activity dies out or until the last layer is reached. Finally, o
is computed as the average over the 100 random network realizations and instantiations at
the first layer, and subsequently over all stimulus levels greater than 6 spiking neurons per
layer (as any input less than that is guaranteed to be extinguished at the next layer.)

Figure 2.1BC shows results over five layers. Each of the tight scatter of points at each
value of connectivity y is the branching ratio of a particular network with that value of
connectivity and a specific architecture E. (The fact that there is very little variation at
a given level y supports our choice of this combined parameter as the principal one in
our study.!) Note that as we sweep connectivity y from small to large values, we pass
through a critical value (which we shall denote by y.,s) at which o =~ 1. Thus, we find that
the transition (critical) branching parameter is consistently found in our networks at some
intermediate connectivity level.

We next illustrate the implications of the branching parameter for propagation of firing
rates across network layers. For many different networks, we compute rate trajectories
averaged over 1000 trials for input rates ranging from 0 to N = 20 neurons firing in the first
layer. In each trial, the input rate S and E are fixed, yet x; and £ change probabilistically.
The evolution of the firing rate over 20 layers is shown for three representative networks
with threshold 6 = 1 in Figure 2.1D-F. In subcritical networks (Figure 2.1D) neural activity
dies after a few layers regardless of stimulus. The supercritical, i.e. o > 1, network
(Figure 2.1E) inflates rates to nearly maximal values, and as in the subcritical case it is
difficult to distinguish between two inputs based on output rate alone. In critical networks,
however, rate trajectories remain separated at each layer (Figure 2.1F). This result is in

! In more detail: in following sections we reduce the two parameters C and p dictating network connec-
tivity to the single connectivity parameter y; this is supported by the observation that variation in o for fixed
v but varying values of C and p is has a negligible impact on the branching ratio, as shown by the tight scatter
of points at each y in Figure 2.1BC. Moreover, in the mean-field theory we develop, it is also the case that vy,
rather than C and p separately, enters.
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agreement with other findings in the literature regarding information transmission of critical
networks. Overall, these simulations confirm the expected picture that the average firing
rate statistic is best propagated through networks when o =~ 1.

Beyond preservation of firing rates from one layer to the next, we are interested in
networks that can produce a broad distribution of responses, and avoiding the limitations
of strong synchrony. To assess this, in the next section we introduce a tool to describe
propagation of firing rate distributions across layers via a mean-field approximation.

2.3 Mean-field Markov chain model and spectral analysis

Since the state of each layer depends solely on the state of the previous layer and the synap-
tic connections between layers, our feedforward networks are Markov chains [107]. Fur-
thermore, as we aim to describe only the propagation of layer-averaged firing rates, rather
than particular firing patterns (or binary “words”), our Markov chain has N + 1 states. We
proceed to derive a mean-field description of the Markov chain for each connectivity level
v by averaging over possible connection matrices, yielding a discrete-time dynamical sys-
tem describing the evolution of the spike counts or firing rate from layer to layer. To do
this, we make two assumptions: conditional independence and permutation symmetry. The
former assumes that neurons in the downstream layer are conditionally independent given
the number of neurons firing in the previous layer. This condition effectively ignores cor-
relations that would arise due to inhomogeneous connectivity architectures, e.g., divergent
motifs. However, conditional independence neither implies nor is implied by unconditional
independence; therefore, activity between neurons may still be correlated ultimately.

The second assumption states that neurons within a layer are permutation symmetric,
meaning that each group of k neurons in a layer have the same statistical properties. Both
approximations (and therefore the mean-field model) are exact in the special case of all-to-
all connectivity (C = N), for which [107] developed the same description. When C < N
the mean-field and true models differ; the latter would be obtained by first finding the spike
count distributions for fixed connectivity and then averaging over all E. However, for the
excitatory networks considered in the main part of the chapter (Sections 2.1-2.5), we have
verified numerically that the mean-field model is a good predictor of the true spike count
dynamics except in the sparse limit of large p and small C (see Appendix).

The mean-field transition matrix A —i.e., the matrix whose (n, m)th element is the prob-
ability that there are S, = m neurons spiking at a layer given S,;_; = n spiking in the
previous layer — is given by:

N
Anm = ( )qzl(l - Qn)N_m (231)
m
if n > 6. Here, g, is the probability that a downstream neuron will fire assuming n spiking
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neurons in the previous layer:

G = ;(Z)(%)k(l - %)n_k. (232)

If n < 6, then g, < 0 and A,,, = 0. In principle, A could be derived from the transition
matrix of the original Markov chain (see Appendix for details).

Using the transition matrix, the spike count probability distribution P, at layer L (the
vector of length N + 1 whose jth component is the probability that j neurons are firing in
layer L) is simply given by matrix-vector multiplication: P, = P;_A.

The long-term behavior of these feedforward networks can be predicted using the eigen-
values and eigenvectors of the mean-field transition matrix. To illustrate this, assume A is
diagonalizable, so that the input probability distribution Pj,,,, = P; can be decomposed
into a linear combination of the eigenvectors of A:

Pinput = Q@oVo + @1Vy + -+ ANVN. (2.3.3)
The spike count probability distribution at the Lth layer is simply P = PippuAL:
P, = Q’()/lLVo + a’l/l{‘\/‘l + -+ a/N/l]IQVN. (234)

The persistence of different eigenmodes through layers is determined by the size of their
corresponding eigenvalues.” If A; < 1 then after a few layers the contribution ith eigen-
mode will decay to become negligible. On the other hand, eigenmodes whose eigenvalues
are near 1 will survive through many layers.

We analyze the eigenstructure of A through a combination of mathematical analysis and
computational argument. First, it can be proven that A has one unique stationary state cor-
responding to all neurons being quiescent: vog = (1,0, ...,0) (Proposition 1 in Appendix).
The existence of a stable quiescent state is expected, as any nonzero probability of synaptic
failure will eventually attenuate any signal. Second, if A is well-behaved in the sense that
its eigenvectors have limits as y — N (an assumption that is supported by numerics, see
Figure 2.2AC), then the second largest eigenvalue 1* of A converges to 1 asy — N, indicat-
ing the emergence of an additional dimension of persistent activity. This, too, is intuitive,
as a maximal connectivity strength should result in a stationary state in which all neurons
fire at each layer. The catch, however, is that the corresponding eigenvector v* converges
to a vector in the subspace of bimodal or synchronous distributions — that is, to the span
of vog and v,, where v,, = (0,...,0, 1) corresponds to all neurons firing (Proposition 2 in

2 In Markov chains with very non-normal transition matrices, transient activity can persist past that ex-
pected solely by the spectrum; these matrices can be analyzed through their prominent pseudospectral sets,
which are the eigenvalues of small perturbations of the matrix. When we pursued this type of analysis of
A, we did not find significant pseudospectral sets that described the persistent activity of our networks be-
yond expectations from the spectral analysis (results not shown; see [143] for more details on pseudospectral
analysis).

11



CHAPTER 2: SIGNAL PROPAGATION IN FEEDFORWARD NETWORKS Cavco GaIc

0=1
A2 2 cC g2
o o (@]
E 70\“ M E
g : 0 20 g
2 1 — 2 1
() ! O]
© ©
c | c
(@] (@]
g, <0 20 2 o i
@0 10 20 ®0 10 20
connectivity y connectivity y
B« 1 . D« ]
© ©
8 8
> >
®© 0.5 © 0.5
> >
5 5
> >
() ()
% 10 20 % 10 20
connectivity y connectivity y

Figure 2.2: Spectral analysis of the mean transition matrix for networks with (A, B) 8 = 1 and (C,
D) 6 = 7. (A, C) The second largest eigenvalue A* (solid line) effectively converges to 1 while the
angle between v* and the vector corresponding to full synchrony v,, (dashed line, plotted in radians)
maintains significant value for a range of v, indicating that the second eigenmode is both persistent
and far from bimodal. This is also illustrated by the insets, which show typical histograms on the
line quasi-attractor either at y.jy (circle markers on dashed line in A, C and on the second dominant
eigenvalue in B, D) or when vy is too high to support broadly distributed eigenmodes, resulting in
bimodal distributions (triangular marker in A, B). (B, D) Also at the emergence of the line quasi-
attractor (circle markers), all eigenvalues are near-maximal compared to their values over the entire
connectivity range.

Appendix). All other eigenmodes must converge to 0 as y — N. So despite the emergence
of this extra persistent dimension, activity becomes synchronous as connectivity strength
increases. Ideally, what we want is for A* to be practically 1 yet for the span of v* and vog
to be far from the plane of bimodal distributions.

Intriguingly, numerical calculations reveal that this does occur for an intermediate level
of connectivity vy, (Figure 2.2AC), implying the emergence of a plane spanned by the
two principal eigenmodes v* and v that, due to increased persistence, effectively acts as
an attractor in sufficiently shallow layers: because of this, we will call this plane quasi-
attracting. Once the vectors are normalized to represent probability distributions, this
means that at 7., there exists a line quasi-attractor that is far from the space of bimodal
distributions, and hence that the network can support broadly distributed, incompletely syn-
chronized firing states. At this same intermediate 7y.i;, we also observe significant values
of all eigenmodes (Figure 2.2BD), showing further persistent activity contributed by other
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Figure 2.3: Geometrical interpretation of spike count propagation for N = 2, § = 1. The spike
count histogram evolves through layers according to the mean-field model via iterated matrix multi-
plication, corresponding to a discrete trajectory in the space of spike count probability distributions.
(A) For low connectivity strengths, the input distribution quickly converges to the plane spanned
by the first two eigenmodes (the gray plane shown, although histograms will be constrained to the
line embedded in the plane satisfying }}; P; = 1) as the network encodes the signal. The distribu-
tion then slowly converges to the true stationary state vog, and the signal decays. In this example
convergence to quiescence occurs in only a few layers. (B) For high connectivity levels, activity
persists through deeper layers, but the line quasi-attractor has rotated closer to the space of bimodal
distributions spanned by vo, and vog. The ideal network lies between these two figures. See text for
a more detailed discussion.

eigenmodes, at least for the initial network layers.

We pause to give a geometrical view of the mean-field dynamics described above. This
is illustrated in Figure 2.3 for N = 2, although the following description holds for arbitrary
N. Consider the (N + 1)-dimensional space of the spike count probability distribution
at a layer. Starting with any input probability vector Py, the layer-to-layer mean-field
dynamics of the network can be visualized as iterated mappings of the input vector Pj,py in
the space of spike-count distributions, constrained to the simplex };; |P;| = 1. In Figure 2.3,
repeated applications of A are enumerated. In the first couple iterations, the spike count
distribution converges towards the line quasi-attractor spanned by v, and v* as smaller
eigenmodes decay. This may be interpreted as the encoding of the input distribution in
the lower-dimensional quasi-attractor after a few layers. Eventually, the system drifts to
the stationary state where all neurons are silent, vog. This of course represents a final state
in which the network has “forgotten” the input. If y < v, then the convergence to vg
happens within a few layers (as in Figure 2.3A). When y > v.,, although activity persists
through many layers as expected, the line quasi-attractor has rotated nearer to the span
of von and v, so that the persistent activity is nearly synchronous (see Figure 2.3B). It
is only when y ~ v, that activity is persistent while resisting synchrony. In this sense,
Yeig TEpPresents the existence of a persistent mode of activity characterized by a balance of
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principal eigenmodes that are broadly distributed, avoiding firing patterns being limited to
synchrony or quiescence. In fact, as we will explore in the following section, y = 7. also
predicts further interesting statistical features of network responses.

2.4 Complexity of network responses

Next we study two measures of the statistical complexity of the network responses over the
range of connectivity strengths and threshold levels. First, we take an information theo-
retic approach to the question of higher-order interactions, which asks: when do neurons
fire in a way that cannot be predicted from their firing rates and pairwise spike correla-
tions alone? Beyond their basic role in characterizing the degree of coordinated spiking
in networks [129, 124, 92, 137], higher-order statistical interactions have been shown to
be necessary to produce broad distributions spiking activity [10] (for recent applications,
see [90, 153]), and to significantly impact coding of stimuli [52, 100].

To calculate the extent of higher-order moments in the response distributions, we uti-
lize maximum entropy models [129, 124, 109, 153, 72]. The pairwise maximum entropy
fit of a probability distribution is defined as the distribution that has maximal entropy while
being constrained to match the first and second moments of the true distribution. Thus,
this fit makes the fewest additional assumptions on the structure of the probability distribu-
tion — any additional structure is attributed to higher-order moments. For the permutation-
symmetric networks at hand, the pairwise maximum entropy distribution takes the form of
a one-dimensional discretized Gaussian:

1
PME(n) = > exp{din + ,n?) (2.4.1)

where Z is a normalizing factor and A4, A, are the parameters chosen to match the first two
moments. As a measure of the impact that higher-order correlations have in shaping the
response distributions, we follow [129, 124, 109, 153] and compute the stimulus-averaged
Jensen-Shannon (JS) divergence between the true distribution and its maximum entropy fit:

Dys(Pp, PY'F) =

| =

N
P (m)
mZ:O Prlmylog, (%(PL(m) n Pgwm)))

RN ME P%E(m) ]
+5 Z PYE(m) log, (%(PL(m) ) (2.4.2)

m=0

This quantity assumes values 0 < D, (P, P}'¥) < 1; it can be thought of as a symmetrized
version of the Kullback-Leibler divergence.

This comparison of the spike count distribution with the maximum entropy model will
describe how well (over all possible networks of that particular gamma) the first two mo-
ments can describe the responses. This is a complimentary view from directly calculating

14



CHAPTER 2: SIGNAL PROPAGATION IN FEEDFORWARD NETWORKS Cavco GaIic

6=1 0=7
A 003 42 | B
g ﬁ 3 0.06 1.8 3
[ S < n
$ 0.02 1280 | & 3
o »| o 0.04 12 5
=2 ® = @
i 143 | @ S
@ 0.01 "= Bo02 106 2
o S| o S
5 ) A\ 5 i =
% 10 20" % 10 20"
connectivity y connectivity y
k Pt
C o4 D 04
Veig = 1.3
[0 [0}
S 0.3 S 0.3
S 5 -10.5
s 0.2 5 0.2 Yeig = 'V
= vy=3 =
© ©
O 01/ T~ \..- D 0. S N
- - vy=13
% 0.5 1 % 05 1
7 line quasi-attractor 7 line quasi-attractor
VOff vOﬁ

Figure 2.4: Statistical complexity of network responses for (A, B) 8 = 1 and (C, D) 8 = 7. (A,
C) Response entropy (dashed grey line), and the stimulus-averaged JS divergence between the true
distribution at layer 5 and the pairwise maximum entropy fit (solid black line) plotted as a function
of y. Also shown are e (hollow arrow below panel) and yops (solid arrow). (A) When 6 = 1, peaks
in both curves line up with y.je, as does yqbs (arrows offset for visibility). (B) For higher threshold
networks, yobs doesn’t align with yejg or other assays (see Section 2.5). (C, D) JS divergence between
spike count histograms and their maximum entropy fits along the line quasi-attractor (solid lines;
axis parameterizes distributions along the line quasi-attractor starting at vog). Compare with the
divergence averaged over the entire space of histograms (dashed lines).

higher-order cumulants [136], directly quantifying how distinct the full distribution is from
one with the minimal possible statistical assumptions. In the special case of fully connected
layers (C = N), the mean-field description is exact, and hence this will correspond to the
tendency of groups of any group of k > 2 neurons to fire in the same bin (since the network
is homogenous). For C < N, this quantity approximates the amount of coincident spiking
averaged over groups of k neurons.

Recall that each neuron in the first layer is independently stimulated so that their firing is
a Bernoulli trial, so no correlations are injected into the network. All correlations, pairwise
and higher-order alike, emerge solely from the network interactions. We computed the
JS divergence between spike count distributions distributions at layer 5 and their pairwise
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maximum entropy conditioned on input rate, then average this over all possible stimuli.
Through this assessment, we note significant complexity already by the fifth layer at .,
(Figure 2.4AB, solid line). Beyond 7., as firing rates approach maximal values, the JS
divergence decreases to zero. This is because the JS divergence infers the effects of the
higher-order moments in the response distribution beyond that which would be expected
from the first two moments alone, so high firing rates alone don’t necessarily imply large JS
divergence (e.g., if neurons are independent with maximal firing rate they will fire together
frequently but exhibit no correlation).

How can we understand the origin of such statistical complexity arises? We next show
that they can be predicted from the spectral analysis of the previous section, without the
need for simulation. Figure 2.4CD plots the JS divergence between the spike count his-
tograms on the line quasi-attractor and their pairwise maximum entropy fit. Here, we plot
this quantity as a function of their position along the line, parameterized so that v.g is
at position 0. This can be compared to an average JS divergence of approximately 0.08
(dashed lines; calculated by averaging over 10,000 random sample distributions so that the
mean had converged) over the entire space of possible response histograms. In particular,
the eigenvectors at ., produce significantly larger statistical complexity than the average.
This is because at this level of connectivity, the response distribution is a mixture of two
distributions: a large component of quiescent neurons corresponding to v, and a broader
component corresponding to the contribution of v*. As 6 increases, the level of the JS di-
vergence decreases on the line quasi-attractor, as higher thresholds reduce the breadth of

*

V.

The second statistical feature of note is the response entropy of the spike count distri-
bution:

N
H(P(S)) = Z P(S, =n)log, P(S, = n). (2.4.3)
n=0
Larger response entropies indicate broader response distributions. The response entropy
at the Sth layer peaks at y.j,, indicating that the emergence of the line quasi-attractor cor-
responds to the broadest distribution of activity across all values of y (Figure 2.4, dashed
grey line). However, the peak response entropy decreases for higher values of 6; this is the
result of the fact that as 6 increases, v* produces less broad response distributions due to
the high threshold and hence the silencing of weak inputs, preventing them from eliciting
any firing in the subsequent layer.

In sum, we have shown that at y.;,, networks display an emergence of statistical com-
plexity — both through maximal response entropy and significant contributions from higher-
order moments within responses — directly because of the contribution of other eigenmodes
at that level of connectivity.
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2.5 Combining neutral stability and broad response dis-
tributions

In order to maintain averaged levels of activity without succumbing to synchrony, a net-
work must simultaneously satisfy two criteria. The first is that it must be able to preserve
averaged firing rates from layer to layer without succumbing either to runaway excitation
and maximal firing rates in deeper layers, or to decaying network activity. Second, a net-
work must exhibit a broad spike count distribution at each layer in order to prevent the
buildup of correlations and synchrony [83, 120, 87]. We refer to these properties, taken
together, as asynchronous rate coding.

For which parameter regimes can such asynchronous rate coding occur? To quantify
this we need an assay that captures how well networks are able to propagate broad response
distributions from one layer to the next. We base this on the propagation of binomial spike
count distributions, as these correspond to fully independent activity in each layer. Specif-
ically, we define the spike count JS divergence D to be the JS divergence (Equation 2.5)
between the binomial input distribution P; and the Lth layer spike count distribution P,
averaged over all stimuli S':

1 N
D(y,0) = ol Z D;s(P(S LIS =n), P(S1|S =n)). (2.5.1)
n=0

Networks will exhibit good performance, measured by low values D, when they maintain
the broad (independent) spike count distribution and the averaged firing rate that occurs in
the first layer.

Plots of the spike count JS divergence over y are shown in Figure 2.5 for increasing
values of the spike threshold 6. For each fixed 6, there is an optimal, intermediate value
of y at which networks are best able to satisfy both of our criteria. However, as threshold
level increases, the best value of the spike count JS divergence also increases, showing that
high-threshold networks fail to produce asynchronous rate coding.

This failure follows from the requirements of neutral dynamics and broad response dis-
tributions described in previous sections. First, from Section 2.2, vy, captures the first
criterion of complex signal coding outlined above: that is, networks demonstrate neutral
stability and average one-to-one rate transmission when they average a branching ratio of
o =~ 1. On the other hand, Section 2.3 shows that y.j, reflects when the network sup-
ports persistent, broad response distributions, providing an assay of the second criterion.
Complex signal propagation can therefore only occur in these systems when Yops = Veig.
Comparing Figure 2.2 with the previous Monte Carlo simulations in Figure 2.1BC reveals
both criteria can indeed be simultaneously satisfied when few inputs are required to cause a
spike, but a gap between these required values of connectivity y appears with increasing 6.
To be precise, for N = 20, 8 = 1, Monte Carlo simulations and spectral analysis both yield
Yobs ® Yeig & 1.3. When 6 = 7, however, simulations show y,,s = 13.75 yet yei, = 10.5.
As shown through the eigenstructure, at y,,s, only bimodal activity is supported after a few
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Figure 2.5: Spike count JS divergence plotted as a function of y for increasing 6. Optimal perfor-
mance for each threshold (the minimum value of the curve) occurs near i, .

layers. In fact, because of the inevitable synchrony in deep layers, optimal performance
under the JS divergence tends to fall nearer to ., than to y.s. Networks of high-threshold
neurons are therefore unable to simultaneously satisfy both requirements of complex signal
propagation outlined at the beginning of this section.

Intuitively, the reason that yops > v.ig 1S that networks with high-threshold neurons
reject inputs of low firing rate, so that when 6 is large there is an increased likelihood
that connectivity structure and stochasticity will conspire to silence all activity in the next
layer. Geometrically speaking, as 8 increases so does the nullity of A, resulting in a larger
and larger subspace that trajectories must avoid lest they risk susceptibility to network
quiescence; in order to reach an average of one-to-one rate transmission, it is necessary to
provide a buffer for the coding subspace from the nullspace by inflating the connectivity
into the regime of bimodality.

Also of practical importance is the question of robustness to parameters. The delicate
nature of y.;, and y,ps constrains networks that produce asynchronous rate coding to finely-
tuned connectivity strengths; one requires that the branching ratio lie at a critical value
o ~ 1, while the other relies on a precise balance between persistent yet broadly supported
eigenmodes. This sensitivity is reflected in the sharp troughs in the JS divergence (Fig-
ure 2.5); for even higher N, these troughs become even sharper and robustness is a more
important goal to obtain. As we will see in the next section, however, this sensitivity can

18



CHAPTER 2: SIGNAL PROPAGATION IN FEEDFORWARD NETWORKS

Cavco GaIic

0=7
Ag1s c

g 1.
S : 0.9 1
& 1 ;
2 " o 08 |
o A i <!
205/, E © 0.7 1
S -V*, v, angle )
S (radians) Los6 etc. ]
n 0 ©

0 10 20 o 05 0=4 |

connectivity y 2
B . ] = 6=3

< 6=2 1
5 6=1 |
n
S
=05 1
>
[ i
0]
Rey 0
o ‘ ‘

0 10 20 % 10 15 20

connectivity y connectivity y
Figure 2.6: Excitatory-inhibitory networks display increased robustness, Ng = 16 and N; = 4.

(A) The second largest eigenvalue A* and the angle between v* and v,, (dashed line) overlap over a
larger parameter space, indicating robustness at yejg; (B) similarly, all eigenvalues A of have broader
peaks. Inset shows a typical broadly distributed histogram at ., (indicated by the marker in A, B).
(C) The spike count JS divergence has a wider minimum for all values of 6, showing that inhbition
also allows for more robust asynchronous rate propagation.

be mitigated by adding an inhibitory population to each layer.

To summarize results thus far, we evaluate networks on two criteria: o ~ 1 and broad
response distributions. Low-threshold networks can always satisfy broad response distri-
butions and maintained average rate transmission at the same y. High-threshold networks
are able to somewhat support broad distributions, although the preserved aspects of net-
work responses and their lower values of response entropy indicate less broad distributions
as compared to their low-threshold counterparts. They also can satisfy o ~ 1, however
this is due to averaging: because of the increasing nullity of the mean transition matrix,
these networks cannot propagate weak input stimuli, so they must overcompensate by in-
flating y. Because of this, no high-threshold network of a fixed y can simultaneously satisfy
both criteria, and hence they cannot propagate rates asynchronously through layers. This
appears to be a significant limitation for high-threshold networks — and, importantly, for
many biological neural networks, in which many inputs are required to elicit a spike. In
the following sections we will incorporate additional biophysical features — inhibition and
noise — and study whether this provides a resolution so that high-threshold networks can
support persistent, broadly distributed activity.
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2.6 Excitatory-inhibitory networks display increased ro-
bustness

How can asynchronous rate propagation emerge in high-threshold networks? Intuitively,
we might expect an added inhibitory population to prevent runaway excitation and satu-
ration of firing rates to high values, thus preventing synchrony. To test this, we added an
inhibitory population of N; neurons to each layer of Ny = N — N, excitatory neurons, and
further impose N — N; > 6 (otherwise no activity could be transmitted due to the homo-
geneity in network connectivity — even if only the excitatory population is active in layer
L, the random connectivity imposed will cause the same proportion of the excitatory and
inhibitory populations in layer L + 1 to fire). Network parameters are assumed to be ho-
mogenous among the inhibitory and excitatory populations. Because of this assumption, it
is straightforward to calculate the new, four-dimensional mean-field transition matrix Aj,:

P(Sf :mE,Si :m1|Sf_1 :nE,S{_l =n;) =

NE m Ng—m Nl m Nj—m
(mE)QnEE,m 1- anﬂI) ETEX (ml)anl,nz(l - an,nl) i, (2'6'1)

where S is the number of cells spiking in the excitatory (i = E) or inhibitory (i = I)
population at the Lth layer, and g,, ,, 1s the probability that a downstream neuron spikes
given ng spiking excitatory neurons and n; spiking inhibitory neurons in the upstream layer:

L I N G

The binomial input distributions now take the following form:

ng min(ng,kg—60) (

ngn; =
kp=0 k=0

PSSt =mg, St =my|S = n)

T Rt [ (R R

The expression for the transition matrix for the excitatory-inhibitory networks has a
similar form to that of the purely excitatory networks, so the eigenstructure of A;, (Equa-
tion 2.6.1) is similar to that of A (Equation 2.3.1): it has a unique stationary state cor-
responding to all neurons being quiescent, and as y — N, the second largest eigenvalue
converges to 1 and its eigenvector corresponds to bimodality (Proposition 3 in Appendix).
There also is an intermediate state of connectivity at which 4* = 1 and v* is far from bi-
modal (Figure 2.6AB). Here we consider 6 = 7, as well as Ny = 16, N; = 4 to simulate
~20% inhibition, as typically used in, for example, cortical modeling (cf. [25]).® This

3 We emphasize that results in this section are not particular to these specific choices of N; and Ng. As
long as Ng — N; > 6, the intermediate y.i; producing broad, persistent distributions will continue to exist.
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yields y.js = 16.9. However, according to Monte Carlo simulations, the branching ratio is
always less than 1 for all v < N. Firing rates thus fail to be maintained in this network, as
reflected in the spike count JS divergence in Figure 2.6C. The reason is that Ajj, is so struc-
turally similar to A: as in the purely excitatory networks, the high threshold still rejects
weak inputs and sends them to the stationary state of quiescence, vog. This is in agreement
with [120], who found that adding a homogenous inhibitory population to each layer does
not help networks avoid synchrony.

Inhibition does, however, increase the robustness of JS divergence to perturbations in
connectivity strength y. Specifically, the troughs of minimal JS divergence widen com-
pared to those of purely excitatory networks (Figure 2.6C). This is reflected as well in the
eigenstructure: the intermediate state of persistent, broadly distributed distributions is now
stretched to cover a wider range of y (Figure 2.6AB). This robustness further grows as the
size of the inhibitory population is increased, so long as Ng — N; > 6 (results not shown).
Intuition for this effect can be obtained by comparing to the purely excitatory case for large
N. On average, each neuron in this case has synaptic input of y. To produce a broad range
of responses and avoid either too many inputs (resulting in maximal firing rates) or too few
(resulting in quiescence), v must hover near some critical value that depends on parame-
ters. Now suppose we add a population of N; inhibitory neurons: then each neuron has on
average 1/N(Ng — Nj)n net synaptic input. Since Ny — N; < N, this slope is shallower than
that for purely excitatory networks, so the networks are more robust to chance perturbations
around the critical value of inputs, and hence to connectivity strength. Simulations agree
with this scaling argument (see Appendix, esp. Figure 2.14).

Increased robustness to connectivity parameters in the presence of inhibition is inter-
esting as it addresses a major concern regarding the plausibility of dynamics at critical
transition values of connectivity (as discussed in the previous section). In sum, inhibi-
tion may help resolve the need for fine-tuning by enhancing robustness to fluctuations in
network connectivity.

2.7 Impact of background noise

The next attempt to recover asynchronous rate propagation follows from [147], in which
a noisy background current was shown to enhance the preservation of firing rates in feed-
forward networks of integrate-and-fire neurons; see also [107], [120], and [87]. We inject
background noise in the form of independent, zero-mean Gaussian independent noise cur-
rent y to each neuron, y ~ N(0, 0')2(). This transforms the heaviside-like thresholding into a
smoother, sigmoidal operation. The probability that a neuron will spike given n cells firing

Other results regarding robustness, and limitations on asynchronous rate propagation high 6, also continue to
hold.
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in the upstream layer is now

qn = f Pr(I > 8 — x)Pr(y = x)dx, (2.7.1)
where [ is the synaptic input from the upstream layer without the additional noise compo-
nent. If x > 6 then the neuron fires with probability 1 because the noise alone is enough
to elicit a spike. If x < 6 — n, then the neuron can never fire as even the addition of all
upstream neurons delivering input would be insufficient to cross threshold. We can then
rewrite g, as:

= [ o) 2 (6T (-2

[ ep( XZ)d 272)
—CXpP|——= X. .
0 \/EO'X 20')2(

[107] consider a similar expression (Equation 7 in their paper), although both the exact
form of their expression, and their conclusion that it has little effect on the transition matrix,
differ from ours. We denote by A,y the transition matrix describing these networks with
added noise, generated by the new g,,.

Figure 2.7 plots the spike count JS divergence (Equation 1) as a function of 6 and o,.
The main result is that adding noise produces lower values of JS divergence — and thus more
consistent propagation of asynchronous inputs — at larger values of 6. This result agrees
with the findings of [147] (cf. their Figure 2B and see Appendix for further comparisons
with this study). Our result is also in agreement with [120], who finds that adding white
noise as a background current reduces the amount of synchrony present in networks.

For each of the threshold values 6 shown, there is an optimal o, for asynchronous rate
propagation (i.e., that minimizes the JS divergence). This amount of noise gives sponta-
neous firing rates of less than 12%, as measured by the probability Pr(y > 6). For the re-
mainder of this section, we will take the optimal value of noise for each value of threshold.
Figure 2.8C uses these values to provide another view of optimized JS divergence, which
reveals the improvement in comparison with noise-free networks (Figure 2.5). Moreover,
Yobs and ., do coincide in the noisy case, even for high values of 6 (at about 14.25 in for
6 = 7, branching ratio figure not shown).

One might expect the optimal level of noise to decrease for networks with more layers.
Counter to this intuition, however, we find that the optimal noise level does not depend
strongly on the number of layers.* This is because the optimal noise levels have the effect to
elicit at each layer the amount of spontaneous background firing that will precisely balance
the probability that the signal will terminate due to synaptic failure or chance redundant

dx

* For these parameters, we find an optimal noise level of o, = 0.3 for 5 layers, and o, = 0.4 for 20 layers
(for 6 = 1). For the high-threshold case of § = 7, we find that the optimal o, = 4.6 for both 5 and 20 layer
networks.
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Figure 2.7: Impact of noise on input propagation. Surface shows spike count JS divergence as a
function of 6 and the standard deviation of noise added to each neuron, o,.. For each 6, there is a o,
that optimizes asynchronous rate propagation. For 6 < 10 the relationship between 6 and optimal
0y 18 linear.

(i.e., highly convergent) connections. Therefore, optimal noise levels reduce an inherent
asymmetry of the model that allows transitions from high firing rates to quiescence, but not
the other way around.

In contrast to the effects of inhibition, the addition of background noise does produce
substantial changes in the structure of the transition matrix. For example, comparing A,isy
with A, spontaneous activity is now possible, as v is no longer the stationary state. Instead,
the stationary state vss is now a function of y. In particular, the noise contributes a nonzero
probability from transitioning from any state to any other state, so the components of Ayisy
are strictly positive. By the Perron-Frobenius theorem, this means the system has a unique
stationary state vss whose components are all strictly positive (so it can never be vy, Or vog).
Computationally we find that the second largest eigenvalue now does not converge to 1 as
Y — N; it does, however, attain a peak value near 1 at an intermediate y.,, and at this
point vss and v.g are also far from bimodal (Figure 2.8AB). Thus despite the differences
in eigenstructure between A and Ay, the predominant features that define the existence
of a persistent set of broad firing distributions are still apparent: there is an intermediate
connectivity level vy, at which all eigenvalues are significant, the second largest eigenvalue
in particular is close to 1, and both the stationary distribution and the second eigenmode
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Figure 2.8: Properties of noisy networks at optimal background noise levels. (A) The second
largest eigenvalue A" peaks very close to 1 at an intermediate y.js. The angle between v* and v,
(dashed line, plotted in radians) and between vsg and v, (dotted line, plotted in radians) have large
values at yejg. (B) At this same value yeig, all eigenmodes have significant contribution. Inset shows
a typical broadly distributed histogram at y.j, (indicated by the marker in A, B). (C) The spike
count JS divergence, taking the optimal value of o, for each 6. With optimal noise values added,
asynchronous rate propagation is dramatically improved for high-threshold networks.

are far from bimodal.

Finally, to put the role of noise to a more demanding test, we test its impact on the ca-
pacity of networks to discriminate between different input stimuli. For this, we calculate the
rate discriminability by measuring the error rate given by the maximum likelihood estima-
tor on T trials. Specifically, suppose the network produces output spike counts S },..., ST
under some fixed input stimulus level S. Since the trials are independent, the maximum
likelihood estimator (MLE) chooses between two stimuli S and S’ by selecting the one that
is likelier to result in the given data, via the likelihood ratio:

T J
]_[ PGOUS). (2.7.3)
P(S7IS")

J=1

If this product is greater than 1 the MLE chooses stimulus S; less than 1 and the MLE
chooses stimulus S’. Assuming S and S’ are equally likely a priori, the error rate is given
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Figure 2.9: Rate discriminability for noise-free networks with (A, B) 8 = 1, and (C, D) 6 = 7, as
well as (E, F) a network with 8 = 7 and optimal noise, o, = 4.2. (A, C, E) Nearby discriminability
(dashed line) and average discriminability (solid line) for 7 = 25 trials plotted as a function of
connectivity level y. (A) For low-threshold networks, rate discriminability is optimal at yejg. (C) For
high-threshold networks, nearby discriminability is best near y.g, but this minimum is shifted for
average discriminability. (E) Adding noise improves rate discrimination in high-threshold networks.
(B, D, F) Maximum likelihood error rate plotted for every possible pair of input stimuli before
averaging. The chosen networks are those that minimize average discriminability, as indicated by
the markers in (A, C, E).
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S] , (2.7.4)

where the first expectation is taken over the distribution P(-|S’) and the second over P(:|S).
This produces an (N + 1) X (N + 1) matrix describing the MLE error rate for distinguishing
S from S’. We then average over either the entries in the entire matrix to give either the
average discriminability, or we average the entries in the superdiagonal to give the nearby
discriminability, i.e, the discriminability between nearby rates.

Figure 2.9AC first summarizes discriminability in the absence of noise. Rate discrim-
inability reaches its minimal value at yej; ~ Yops When 6 = 1; when 6 = 7, the minimal
discriminability does not exactly coincide with either yj, or Yobns. A glance at the MLE er-
ror rates sans averaging reveals the particular type of computation performed in each case:
Figure 2.9BD shows the error rates at the values of vy that yield the lowest average discrim-
inability, as indicated by the markers in Figure 2.9AC. Low-threshold networks are able
to accurately discriminate between rates over the entire stimulus space, including nearby
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Figure 2.10: Maximum likelihood based error rate for deep-layer response distributions and max-

imum entropy fits. (A) Error rate at layer L = 5 of a critical network (8 = 1), plotted for discrimi-
nation between every possible pair of input stimuli S and S’. Also shown are the error rates for the
(B) pairwise maximum entropy and (C) independent fits of the spike count response distributions.

rates. High-threshold networks, on the other hand, although able to perfectly distinguish
a few rates in a limited intermediate range, cannot at all distinguish between nearby high
rates or low rates. Rather, these networks are better suited to classifying input rates into
two bins: low and high.

Interestingly, the added background noise promotes better discriminability between
rates in high-threshold networks, dropping the minimal level to values even below that of
noise-free, low-threshold networks (Figure 2.9E). Moreover, the MLE error rates (Figure
2.9F) show a marked improvement in the ability to distinguish between nearby rates at y.;g,
as revealed by the tightly banded matrix structure. Not only, then, does noise improve rate
propagation in neurons — it also changes the computation from a coarse-grained classifier
to one with more resolution. This is a specific example of the more general phenomenon
of stochastic resonance (see, e.g. [98, 89]).

2.8 Higher-order statistics and stimulus coding

We have shown that transmission of rate signals through feedforward layers best occurs
at the critical connectivity range near y*. In this same parameter regime, the structure of
the response distributions are most shaped by higher-order interactions, meaning that they
cannot be fit by a pairwise maximum entropy model. This observation led us to investigate
how higher-order statistics might contribute to signal transmission. In particular, how ac-
curately can the input signal be determined based on the network response from one trial?
In this case the MLE error rate reduces to the following:

ER(S,S") = %E 1(P(S11S) > P(S1ISH)|s’| + %E [1(P(sI$) > P(SQS’))]S] . 8.1)
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Figure 2.11: Effects of pairwise and higher-order statistics on encoded error rate. (A) Difference

between the encoded error rate for the true distribution (i.e., the matrix shown in Figure 2.10A)
and the encoded error rate for the pairwise maximum entropy models (Figure 2.10B) for all pairs
of input stimuli. This shows the increase in the error that is due to higher-order statistics. (B)
Difference between the encoded error rate for the pairwise models (Figure 2.10B) and the encoded
error rate for the independent models (Figure 2.10C), showing the increase in error that is due to
pairwise statistics.

Figure 2.10A shows the error rate in the Sth layer of a network at critical connectivity
strength, shown for every possible pair of stimuli (cf. Figure 2.9). Next, in order to as-
certain the effect of pairwise and higher-order statistics on signal transmission, we fit the
spike count distribution in response to each stimulus by either a pairwise or an indepen-
dent maximum entropy model. Then, we repeated the calculation of the MLE error rate as
before, now replacing the distribution P(-|S) with the model distribution: for example, the
error rate in the pairwise maximum entropy distribution is:

ER(S,S’) = %E |[1(PE(s18) > PME(S{|S’))'S'] + %E |1(P(s718) > PME(SQS’))‘S] :
(2.8.2)

The results are shown in Figure 2.10BC. This shows that overall error rates for both the

pairwise and independent models follow the same trends as the full network responses.

To determine how the higher order statistics affect discrimination, we subtracted the
error rates from the pairwise model (i.e., Figure 2.10B) from the true error rates (Fig-
ure 2.10A). The result, plotted in Figure 2.11A, shows the increase in error rate that is
due to the higher-order statistics in the spike count distributions (i.e., statistical interactions
among groups of three or more cells). Across all stimulus pairs, the higher-order statistics
increased error rate by an average of 2.12%; for specific stimulus pairs the increase was
as great as a 14.78% increase. Similarly, pairwise statistics increased error rates by up to
8.44%. This is shown in Figure 2.11B, which plots the difference between the error rates
from the independent model and those from the pairwise model.

Does this mean that the higher-order statistics that emerge at the critical coupling y*
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are actually detrimental to rate discrimination? Figure 2.11 shows that this is the case,
from the perspective known as “stimulus encoding.” But, do higher-order statistics matter
for a downstream population that must decode which stimulus was presented based on the
activity of the last layer of the network? This perspective is called “stimulus decoding”.

These two concepts (stimulus encoding versus decoding) give complimentary views of
population coding. In both, MLE discrimination is based on the model of the true dis-
tribution: for example, when probing the effect of higher-order statistics, this means the
pairwise model distribution PME. The subtle distinction is that for encoding, the MLE dis-
crimination is applied to the pairwise model; for decoding, it is applied to the true distribu-
tion [84, 105, 106, 37, 151]. Philosophically, encoding performance describes whether the
generation or presence of higher-order interactions in the response distributions contribute
to the intrinsic representation of stimuli, while decoding performance reveals whether a
decoder (such as a readout neuron or downstream population) requires knowledge of the
higher-order statistics in order to discriminate between different stimuli. Mathematically,
this translates into a difference in how the averaging is done in Equation 2.8.2: when mea-
suring encoding performance, the expectation E [-|S] is calculated over the model distribu-
tion PME(.|S), whereas measuring decoding performance requires calculating the expecta-
tion over the true distribution P(:|S).

Figure 2.12A shows the difference between the error rate in the true distribution and
the decoded error rate in the pairwise maximum entropy distribution. Including higher-
order interactions increased decoding performance, but only by very small amounts of
up to 1.34%. Similarly, inclusion of pairwise statistics had little effect on discrimination
(Figure 2.12B). Therefore, while the presence of pairwise and higher-order interactions
in the response distributions impeded stimulus discrimination, they had little effect on the
information that could be decoded from the true responses. Even though the higher-order
interactions emerged with critical connectivity y*, they themselves did not contribute to
stimulus discrimination. The richness of these surprising results led us to ask: when, if
ever, do higher-order statistics facilitate coding? This is the topic of the next chapter in this
dissertation, in which we investigate how higher-order spiking statistics impact stimulus
encoding in more general populations.

2.9 Discussion

In this chapter, we study the transitions in feedforward network dynamics that occur as
connectivity strength and firing threshold are varied. We characterize these transitions via
critical branching, neutral stability, higher-order correlations, and broad firing distributions.
After quantifying critical branching by computing the branching ratio, we show that neu-
tral stability (persistence of firing patterns from one network layer to the next), together
with statistical properties of the persistent patterns, can be predicted via a spectral anal-
ysis of the underlying mean-field transition matrix. Throughout most of the parameter
space, persistent activity is restricted to highly bimodal, synchronous responses, as found
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Figure 2.12: Effects of pairwise and higher-order statistics on decoded error rate. (A) Difference
between the decoded error rate for the true distribution (i.e., the matrix shown in Figure 2.10A) and
the decoded error rate for the pairwise maximum entropy models (not shown) for all pairs of input
stimuli. (B) Difference between the decoded error rate for the pairwise models and the decoded
error rate for the independent models.

by [120], [107], and [87]. However, there are “transition” connectivity levels that yield
persistent, broadly-distributed spike count histograms with higher-order correlations and
large response entropy. For low threshold networks this occurs simultaneously with (ap-
proximately) critical branching, revealing that such networks are well-suited to transmitting
rates without synchronization. On the other hand, high-threshold networks do not produce
both critical branching and broad response distributions at the same connectivity strength;
when the former is satisfied, these networks tend to produce synchronous responses.

Interestingly, adding further biologically-motivated features increased the robustness
of transitions in high-threshold networks. In particular, simulations and spectral analysis
show that including an inhibitory cell population extended the connectivity range that yields
asynchronous propagation of inputs. Adding zero-mean noise to each neuron had a similar
effect and also improved the discriminability of inputs, echoing the findings of [147] in
integrate-and-fire networks.

We conclude that networks with low firing thresholds, or those in which intrinsic noise
elevates firing probabilities, exhibit a set of dynamical and statistical signatures associated
with “critical” transitions in network activity.

2.9.1 Connections with the criticality literature

We now discuss links with the broader literature on criticality, which suggests that the
brain may operate at a state characterized by complex dynamics, significant higher-order
correlations, and enhanced computational properties. This is often described as operating
on the boundary between ordered and irregular (or chaotic) activity. In particular, such
systems can flexibly perform a wide range of operations on time-dependent inputs when
their recurrent networks lie near the “critical” state, which is defined by calculating the
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expected neutral separation of trajectories using a mean-field model [23, 85].

Along these lines [20] motivates a feedforward model based on array recordings.” Here,
the authors compute the mutual information between the 2V possible binary “words” at
the first and last layers. Intriguingly, they numerically show — for the low threshold case
6 = 1 — that the mutual information is maximized for the same parameters at which critical
branching occurs. Our finding in the averaged, mean-field setting echoes this result. An
interesting extension of our work would be to explain the findings of [20] via the spectral
properties of the allied layer-to-layer transition matrix between binary words. In principle,
such an approach could predict the occurrence of cascades of such words over multiple
network layers and their role in encoding stimuli.°

2.9.2 Verifying and extending the model

We imposed a number of simplifications to achieve analytical tractability. The most promi-
nent of these is that our neurons are modeled as simple thresholding units with no intrinsic
properties or time dependence [107]. An important extension is to consider how results
might change if neurons included a finite integration time. For example, in excitatory-
inhibitory networks, timing of inhibitory spikes will effect action potential generation [50].
While this can increase the selectivity of synfire chain propagation [80], the effect on rate
transmission is unknown. More generally, if both an integration timescale and a refractory
period are included, the collapsing of C and p into a single parameter — a key to our mean-
field approach — may not be accurate in certain cases. Specifically, this could occur when C
is high and p is low, as interaction between different waves of propagation through the chain
will allow for synaptic facilitation, whereas the opposite relationship (low C and high p)
will allow combinations of synaptic facilitation with refractory periods. It is hard to say for
certain how these details will affect our results without direct simulation or analysis. How-
ever, our results agree with those in networks of more realistic neurons [147, 120, 122, 83].
We therefore believe that our findings give a reasonable description of rate propagation in
feedforward networks and provide a good intuition for these systems in a tractable manner.

Another possible limitation is that the numerical studies presented above utilize a fixed
value of N = 20 neurons. However, our analytical results on spectral properties of the tran-
sition operator are independent of this choice. Moreover, we verified that our main quali-
tative results are preserved, e.g., for the larger value N = 100 (taking 6 = 1, 5, 10, 20, 35);
data not shown. In more detail, as with the smaller network, the system at N = 100 remains
well-described by a mean-field transition matrix (in fact, due to the larger population size,
it is even better fit). The eigenstructure of these matrices reveals an intermediate 7., at
which the second dominant eigenmode is both persistent and broadly-distributed, and there
is significant contribution from all eigenvalues as well as maximal response entropy. For

> The authors argue that a feedforward model is appropriate in this context as electrode sites are rarely
active more than once during the cascades of neural activity that they study.

6 Such cascades are called neuronal avalanches and have been the focus of a number of experimental and
theoretical studies [20, 76, 61, 115, 67, 101].
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6 = 1, this value overlaps with ys, but as threshold increases, the gap between the two
widens; accordingly, the spike count JS divergence increases. As for the N = 20 case,
while inhibition does continue to increase this range, the optimal performance is not im-
proved. The addition of noise in large networks, however, has similar beneficial effects: an
optimal amount of noise lowers the minimum JS divergence to around 0.32 for high values
of 6. This amount of background noise required generates less than 10% probability of
spontaneous firing, similar to that obtained at N = 20. However, one difference at N = 100
is that the optimal performance under the JS divergence metric D is lower: when 6 = 1, the
optimal network attains at best a score of 0.58, compared to 0.33 for N = 20. Moreover, in
the larger network the “well” in D values near the optimal y value is even narrower, requir-
ing a finer tuning of y. These findings suggest that, while our findings remain qualitatively
similar for larger networks, there may be interesting new phenomena in the continuum limit
of large N — an interesting subject of future study.

On another note, we focused on only a few of the many metrics of signal propagation
and coding that could be applied to the networks at hand. We note further results on one of
these in the Appendix, that used by [147] to measure propagation of firing rates via trial-to-
trial variance of responses in deep layers. This showed similar results to our measure D of
JS divergence between input and output distributions over intermediate firing rates; the two
measures showed distinctions at extreme firing rates, assessing the quiescent or saturating
patterns that occur there differently (see Appendix).

We close by noting experimental predictions of our work, as could be tested directly
in in-vitro feedforward networks (using the techniques of [120]), or, with the considera-
tions above, could predict dynamics in recurrent systems as well. First, asynchronous rate
propagation should become possible when the membrane potentials of neurons are biased
upwards (equivalent to decreasing the spike-generation threshold). Second, this should
also occur when sufficient noise is added local to each cell (some white noise has already
been shown to reduce synchrony in [120]), and the optimal amount of white background
noise should be independent of the number of layers. Finally, adding an inhibitory popula-
tion at each layer should increase the robustness of asynchronous propagation to network
connectivity and synaptic strength.

31



CHAPTER 2: SIGNAL PROPAGATION IN FEEDFORWARD NETWORKS Cavco GaIc

2.10 Appendix

2.10.1 Table of important symbols and their descriptions

Symbol Description

number of neurons per layer

L number of layers

0 threshold level

C number of downstream neurons connected to each neuron in the previous layer
p probability of synaptic transmission

S input spike count

0% connectivity strength y = Cp

X7 activity pattern in layer L (2 possible values)

E; connectivity matrix between layers L and L + 1

E; effective connectivity matrix (including instantiations of p)

E N X N x L connectivity tensor of the entire network

o branching ratio averaged over E, p, and S

S spike count at layer L

YVobs connectivity strength at which o = 1 is observed via simulation

A (N + 1) X (N + 1) mean-field transition matrix

qm probability that a neuron will fire given n spiking neurons in the previous layer
P, (N + 1)-vector whose elements are the probabilities that S; = 0,..., N

A" second largest eigenvalue of A

Voff stationary state and dominant eigenmode of A, corresponding to quiescence
Von histogram of all neurons firing (not an eigenvector except for y = N)

v second dominant eigenmode of A (not a probability distribution)

Yeig connectivity strength at which 4* ~ 1 yet v* is far from bimodal

PYE pairwise maximum entropy fit of P

Djg Jensen-Shannon divergence

D spike-count JS divergence, i.e., D;s (P, Py) averaged over stimuli

Ng number of excitatory neurons per layer

N; number of inhibitory neurons per layer

Ain mean-field transition matrix for excitatory-inhibitory networks

oy standard deviation of background noise

Anoisy mean-field transition matrix for excitatory networks with background noise
Vss (non-quiescent) stationary state, dominant eigenmode of Ay

2.10.2 Derivation of mean-field Markov chain

In this appendix, we outline how to obtain a formula for the mean-field Markov chain
starting from the stochastic equations. The “derivation” is pedagogic in nature; that is, it is
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intended to describe in principle the assumptions inherent in the mean-field model rather
than provide a practical method of calculation of Equations 2.3.1 and 2.3.2. The transition
probabilities are found through combinatorial arguments and were originally studied in
[107].

As stated in the text, the main assumption here is that neurons within a layer are per-
mutation symmetric. This appendix will describe how to obtain the mean-field Markov
chain on spike counts (averaged over all connectivity architectures of connectivity strength
v) from the exact Markov chain on spiking patterns given a particular connectivity archi-
tecture E. The first step is to determine the probability that, given true connectivity matrix
E;, the instantiated “effective” connectivity matrix is E;:

P(EL|EL) = pXED(1 — p)KEr-t) 2.10.1)

where K(M) is the number of nonzero elements in matrix M. Each element of the transition
matrix in pattern space is then given by

P(x; = x|x;_| = %, E;) = Z P(EL|E;) -6 (x — O % - 9)) . (2.10.2)
£

where ¢ denotes the Kronecker delta. We will in two steps reduce the dimension of the
system to condense pattern space into rate space. First, summing over x:

N

PSS, =mx,, = % E;) = Z P(x; = xlx;_ = % EL) - 6(}71 _ Z x(i)]. (2.10.3)

i=1

Another sum gives the (N + 1) X (N + 1) transition matrix conditioned on the connectivity
matrix E;:

PS,=m|S;1=nE) = Z PSS =mlx; .1 =X,81-1,Er) - P(Xp—1 = XIS -1, EL)

(2.10.4)
= Y PSL=mix =% E)- PO =8S,).  (2.105)

Finally, averaging over every possible E; for the fixed y, we obtain the elements of the
mean field transition matrix, i.e.,

A = P(S, =m|S .| =n) (2.10.6)
- Z PSS, =m|S; , =n E;)- P(Ep), (2.10.7)
EL

which gives the elements of the mean-field transition matrix. Through these steps, the
explicit derivation of the mean-field model (Equations 2.3.1 and 2.3.2) from the original
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setup is demonstrated.

Finally, we can calculate the specific values of A,,, in Equation 2.3.1 as follows. Sup-
pose m neurons are firing in the upstream layer. Assuming conditional independence of
neurons within a layer, the probability of pattern x conditioned on the previous layer’s
spike count can be written as

N
P(x, = xS, =n) = ﬂ g, (1 - g,)' "
i=1
— qullzx(z)(l _ qn)N_ZiX(i)a (2108)

where g, represents the probability of any neuron firing given n neurons firing in the previ-
ous layer (as in Equation 2.3.2). Then, the transition probability A, = P(S; =m|S ;- = n)
can be computed from Equation 2.10.8 by summing over all possible combinations of pat-
terns x such that }}; x(i) = mi.e.,

N
PSL=m|S;-y =n) = (m)q,’:’(l —g)" ™, (2.10.9)

which is exactly Equation 2.3.1.

2.10.3 Validity of the mean-field Markov chain model

In this section we investigate the validity of the mean-field Markov chain model. Specif-
ically, for a fixed network connectivity structure, we first estimate the true spike count
distribution Ps in response to input rate S through Monte Carlo simulation. We then com-
pare this to the distribution predicted by the mean-field Markov chain PY'* = Pj,,,A* by
computing the Jensen-Shannon divergence between these two distributions. Finally, we
average the JS divergence (Equation 2.5) over 100 instantiations of all possible input rates
and over 20 random networks for that particular C and p.

Overall, the mean-field distribution approximates the true spike count distribution quite
accurately, as shown in Figure 2.13A. The white curve overlain on the figure indicates the
level set y =~ 7y.is. Note that agreement is perfect for fully connected networks. The only
major challenge to the accuracy of the mean-field approximation is in the sparse limit of
low C and high p. Since C is low there are few trials for the stochastic synapses, and
the high p additionally ensures that over repetitions of the same stimulus S the activity
follows a nearly deterministic trajectory, resulting in Ps having a narrower distribution
than the mean-field predicts. Example histograms are shown in Figure 2.13BC to give an
interpretation of values for the JS divergence.

When repeated for § = 7 (data not shown), the mean-field model even better captured
the true distributions, with a maximal JS divergence of 0.15 in the region of inaccuracy in
the limit of p ~ 1 and C = vy, As a final check, we also compared the means of the
response distributions and found that, as expected, the averaged error was below machine
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Figure 2.13: Investigating the validity of the mean-field model. (A) Average JS divergence between
the distribution after simulation through five layers and that predicted by the mean-field model for
varying C, p. The mean-field model breaks down in the sparse limit of small C and high p. The
white curve represents y ~ 7. ~ 1.3. (B - D) Example spike count distributions from 1000
Monte Carlo simulations (grey bars) and their mean-field predictions (black line) for three orders
of magnitude of the JS divergence. Parameters are (B) C = 3, p = 1, S = 3 for the worst fit, (C)
C =6, p=0.5,5 =9 for the intermediate fit, and (D) C = 5, p = 0.26, S = 11 for the best fit.

epsilon (results not shown).

2.10.4 Analytical results for the eigenstructure of the mean-field tran-
sition matrix

Proposition 1. For any threshold 6 > 1 and connectivity 0 <y < N, the transition matrix
A possesses a unique stationary state © = Vo such that A = r.

Proof: Let 7 = (py, ..., pny). Then from direct matrix multiplication with Equation 2.3.1,
the mth component of the vector 7A is

N

N
(A= Y pn(m)qz%l — gV, (2.10.10)

n=0
The stationary state requires p,, = (Ap),, for all m, i.e.

N

— N me1 _ N-m
Pn=) pn(m)qn(l 4n) (2.10.11)

n=0
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forallm =0,...,N. In particular, when m = 0, this becomes
NN
_ 001 _ , \N
Po=Po+ ;:1 Pn(o)qn(l qn)" - (2.10.12)

The summed term on the right hand side must be zero. However, note that each of the com-
ponents of this sum is nonnegative, so they each must be zero, i.e., foreachn = 1,...,N
either p, = 0 or (1 — g,)" = 0. We could have (1 — ¢,)Y = 0 for a particular n if g, = 1.
However, g, can never be 1 for sensible parameter values of § > 0 and 0 < y < N. There-
fore, we must have p, = 0 foralln = 1,..., N, and thus p, = 1. The resulting stationary
state is therefore unique and precisely equal to vog. O

Proposition 2. Suppose the eigenvectors of A have limits as y — N. Then, A has an
eigenvalue I* — 1 as y — N with corresponding eigenvector v* that converges to a vector
in the span of vo, and vg.

Proof: First consider (following Equation 2.3.2)

R HIE

k=0

asy — N. Forn < 6, g, = 0 by definition. For n > 6, the sum on the right side of this
equation approaches 0 since n > k, so g, — 1. Below we summarize for various m and n
the limit of ¢”(1 — g,) ™ as y — N:

n>60: m=0: ¢1-g)" >0

N-m — 0

O<m<N: q)(1-g,)
m=N : qu(l—qn)0—>1
n<f: m=0: ¢U-g)" —1
O<m<N: qf(l—q,,)N_m—>0
m=N : qu(l—q,1)0—>0.
Now suppose A is an eigenvalue of A with corresponding eigenvector v for some . Then,
A and v satisfy

NN
Z vn( )qZ’(l —g)"" = vy, (2.10.14)
n=0 m
forallm =0,...,N. In particular, for m = 0, we have:
%] N
N N
ZV"( )qg(l —a"+ ) V”( )qﬁ(l ~ g = v, (2.10.15)
n=0 0 n=0+1 0
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which, taking y — N, reduces to the following:

0
Z B, = A, (2.10.16)

n=0

all other terms having vanished. Here, ¥ is the limit of v, which exists by assumption, and
A is the limit of A, which exists by the continuity of eigenvalues. For m = N, a similar
expression is obtained:

N
Z B, = Ay (2.10.17)
n=0+1
Finally, for 0 < m < N:
0 = AV, (2.10.18)

This last equation reveals two possibilities: either 1 = 0 or ¥, = 0 for 0 < m < N. The
latter case implies that 4 = 1, thus the second largest eigenvalue of A converges to 1 with
limiting eigenvector in the span of v,, and v.g. All other eigenvalues converge to 0. O

Proposition 3. Suppose N — N; > 0. Then, the (four-dimensional) transition matrix A;,
has a unique (two-dimensional) stationary state  corresponding to no inhibitory and no
excitatory neurons spiking at a layer. Moreover, the second largest eigenvalue converges
to 1, and assuming the eigenvectors of A;, have limits as y — N = Ng + N,, then its
corresponding eigenvector converges to the space spanned by the vector corresponding to
all inhibitory and excitatory neurons firing, and the vector corresponding to all inhibitory
and excitatory neurons being quiescent.

Proof: Because of the structure of Aj,, this proposition follows similarly to those of the
previous two propositions. O

2.10.5 Verification of scaling argument for the robustness of y in excitatory-
inhibitory networks

Section 2.6 explains that an added inhibitory population increases the robustness of optimal
propagation to perturbations in y, by arguing that the net synaptic input to each neuron is
scaled by a factor of (Ng — N;)/N. This scaling argument is exact in the limit of large N
(minimizing fluctuation in synaptic inputs), and only treats perturbations near the critical
v that gives optimal rate propagation (as measured by the spike count JS divergence). The
value of this critical y, as well as the minimal value of the spike count JS divergence, need
not be the same with and without inhibition under the scaling argument.

To verify that this is the case numerically, we calculated the spike count JS divergence
for two different networks: the purely excitatory network (E) with Ny = 200, and the
excitatory-inhibitory network (EI) with Ny = 200, N; = 50. We then scaled each curve
horizontally by a factor of (Ng — N;)/N (this is the identity transformation in the case of
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— Ng =200, N, =50 scaled y
- Ng =200, N, = 50 unscaled vy

Scaled v
(one unit)

Figure 2.14: Spike count JS divergence of E networks with Ny = 200 (dashed curve) and EI
networks with Ng = 200, N; = 50 (solid curve) plotted against scaled connectivity 1/N(Ng — Ny)y.
All curves have been translated horizontally and vertically to align the minimum at the same value.
Note that near the minimum, the E network and the scaled EI network overlap. Compare with the
spike count JS divergence for EI networks plotted against unscaled y (dotted curve).

the E network) and translated the curves both vertically and horizontally to match their
minimal values. If our scaling argument is correct, these curves should overlap near the
minimal value. This is exactly what is seen in simulations (Figure 2.14, compare with the
unscaled curve for the EI network).

2.10.6 Another metric for rate propagation

In addition to the measures described in the main text, we also considered the metric for
rate propagation following [147]. Define the rate dissimilarity between the input rate S /N
and the rate at the Lth layer S, /N via:

RD(y. ) = Es [Euias [(SL/N = SINY|S|]. (2.10.19)

There are two potential sources of poor performance according this quantification: (1) if the
mean value of S is far from §, or (2) if §; has large variance. As we see in Figure 2.15A,
when 6 = 1 the rate dissimilarity reaches its minimal value at critical connectivity y.j; ~
Yobs, Suggesting that for low-threshold neurons, these networks are best able to propagate
rates through the network. Outside of this intermediate connectivity range, the dissimilarity
between input and output returns to high values.
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Figure 2.15: Rate dissimilarity for (A, B) 8 = 1, and (C, D) 8 = 7. (A, C) Rate dissimilarity plotted
as a function of connectivity level y. For (A) low-threshold networks, rate propagation is optimal at
Yobs- For (C) high-threshold networks, this is no longer the case. (B, D) Rate dissimilarity averaged
over intermediate values (S = 6, ..., 15, solid line) and extreme rates (S = 0,...,5 and 16,..., 20,
dashed line). (E) Mean of spike count and (F) rate dissimilarity for high-threshold (triangles) and
low-threshold (circles) networks plotted as a function of input stimulus. The networks shown in (E)
and (F) are those that minimize the stimulus-averaged rate dissimilarity, as indicated by the markers
in (A, C).

When threshold is raised, the dissimilarity curve changes shape and no longer has a
sharp minimum at y;, (Figure 2.15C); instead, there is a robust minimum. Moreover, the
minimal rate dissimilarity values for the low- and high-threshold networks are at compa-
rable values. This may at first seem surprising, given that the high-threshold networks
produce strong synchrony, and this should lead to large response variance. What is actually
happening is an effect of both the increasing nullity of A and averaging over all stimuli.
In Figure 2.15E the stimulus-dependent mean of the output at the 5th layer is plotted as
a function of the stimulus for the networks that minimize average rate dissimilarity, indi-
cated by the markers in Figure 2.15AC, for both 8 = 1 (circles) and 8 = 7 (triangles). It
is immediately clear that the low-threshold network better propagates intermediate rates as
compared to the high-threshold network. By calculating the stimulus-dependent rate dis-
similarity, rather than taking the uniform average, we see in Figure 2.15F the difference
between these two networks. While high-threshold networks can propagate low and high
rates better than low-threshold networks, only the latter can propagate intermediate rates.
This is because high-threshold networks produce bimodal responses at the connectivity
value required to propagate rates. To make this point more apparent, in Figure 2.15BC
we have crudely separated the rate dissimilarity averaged over intermediate rates (solid
lines) and extreme (either high or low) rates (dashed lines). This reveals that low-threshold
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0 50 100 150

trial number
Figure 2.16: Development of runaway excitation in excitatory feedforward networks with spatially

structured connectivity. Raster plots show the activity of every cell in five layers of an example
network with input @ = 50 over 150 trials (each black dot indicates a spike). Network parameters:
Ng =500,0f =.07,0 =5.

networks perform better than high-threshold networks for intermediate rates.

Faced with the subtlety of these results, in the main text we use the spike count JS di-
vergence in order to unambiguously reveal network properties that support the propagation
of asynchronous input distributions.

2.11 Stable bump propagation in networks with localized
connectivity

The work thus far described focused on feedforward networks with spatially homogenous
connectivity between layers: that is, any two neurons within a layer had the same probabil-
ity of connection to a neuron in the previous layer. In this section, we extend our analysis
to study networks with localized connectivity between layers: in particular, we study the
propagation of “bumps” of neural activity (i.e., localized regions of firing cells) through
feedforward networks such that the width of the bump does not change. Computational
models of working memory often use broad inhibitory and structured excitatory connec-
tions to stabilize bumps of activity in neural attractor models [34, 29, 9, 74, 55]. We extend
these ideas to investigate the interplay of excitatory and inhibitory connectivity in models
of bump transmission in feedforward networks.
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2.11.1 Stochastic binary networks

As in the spatially homogenous case, we assume that neurons are binary thresholding units
in a feedforward, layered network. We first consider purely excitatory networks, and sub-
sequently add an inhibitory population at each layer.

Purely excitatory networks

We begin with a system for which each layer consists of a population of Ng excitatory
neurons equally spaced on the interval [0, 1] (with a ring topology). The location of neuron
i is denoted as x;. The excitatory connectivity is described by the function fz(x;, x;), which
is the probability of a synaptic connection from neuron i in the upstream layer to neuron j
in the next layer. Assuming that the connectivity kernel is translationally symmetric over
the layer, we can replace fg(x;, x;) with the simpler notation fz(x; — x;). In the previous
section, fg(-) was spatially uniform; here, we examine the effect of localized connectivity
by assuming a Gaussian connectivity profile:

fe(x =) = exp{—(x — y)*/o%) (2.11.1)

where o represents the width of the localized connectivity. The input to the network is a
bump localized at position x* and with fixed width:

s(x;) = exp{—a(x; — x*)2). (2.11.2)

The function s(x) defines the probability that a first-layer neuron at position x fires. The
parameter « tunes the width of the input: larger values indicate narrower bumps. Given
such a spatially-structured network, is localized activity able to be transmitted from layer
to layer? Figure 2.16 shows a typical example of a simulation of the propagation of a bump
of activity through five layers of a network with o = 0.07. While the activity at the first
layer is localized within a subset of the layer, by the fifth layer activity has spread to all
neurons. This shows that, in this example, purely excitatory networks were unable to stably
propagate localized activity.

Excitatory-inhibitory networks

We now add N, inhibitory neurons to each layer. The function f; describes the probability
that an upstream inhibitory neuron is connected to a downstream neuron (either excitatory
or inhibitory):

1
filx = y) = 7 expl=(x - Yo, (2.11.3)

where o represents the width of the localized connectivity, and & sets the relative strength
of the excitatory versus inhibitory populations. Here, we take k = 2. The effective con-
nectivity between layers is the difference between excitatory and inhibitory connectivity
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Figure 2.17: Example connectivity kernels for three representative cases. (A) Broader inhibition,
or = .05, o7 = .1; (B) Equal inhibition and excitation, o = o; = .05; (C) Broader excitation,
or = .1, oy = .05. Within each column, the top panel plots the excitatory connectivity kernel
Jfe(x,y) (solid line) and the inhibitory connectivity kernel f;(x,y) (dashed line), while the bottom
panel plots the effective connectivity kernel w(x —y) = fg(x —y) — fi(x — y).

kernels:
w(x —y) = fg(x—y) = filx = y). (2.11.4)

There are three distinct possibilities for the relationship between fz(x —y) and f;(x —y).
The first possibility is that the excitatory and inhibitory connectivity have the same spatial
scale: o; = o (Figure 2.17B). In this case, the effective connectivity is simply a Gaussian.
If excitation is broader than inhibition (o; < og; Figure 2.17C), the effective connectivity
is a double-lobed function, but is still always positive. Finally, if inhibition is broader
(o > og; Figure 2.17A), the effective connectivity has a shape similar to the Wicker
wavelet, characterized by a large Gaussian-like component near O that is flanked by two
smaller negative lobes. Given our choice of k, this is the only scenario in which w(x —y) is
not always positive.

In these excitatory-inhibitory populations, stable propagation is now possible: in partic-
ular, if the inhibitory connectivity is broader than the excitatory connectivity. Figure 2.18A
shows an example of stable bump propagation in an excitatory-inhibitory network; the pa-
rameters here are identical to the Figure 2.16, except that we have added inhibitory neurons
with o; = 0.95. With this broad inhibition, the bump of activity is preserved through even
the fifth layer.

This is demonstrated in Figure 2.18B, which plots H;(x;), the probability that cell i in
layer L spikes. Using H;(x), we can now quantify the propagation of the bump of activity
from layer to layer. Let R, be the “excited region” of layer L, that is, the fraction of cells
that have over 50% chance of firing:

1 <&
R, = N ; T[H,(x;) > 0.5] (2.11.5)
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Figure 2.18: Stable propagation of localized “bump” of activity in excitatory-inhibitory feedfor-

ward networks. (A) Raster plots for an example network with input @ = 50. Broad inhibitory
connectivity stabilizes bump propagation, preventing runaway excitation in the fifth layer. (B)
Probability of spiking for each neuron in each layer, computed by averaging over activity in the
150 trials in panel A. Note how the bump of activity remains localized without growing or shrink-
ing in size. In this example, the ratio of bump widths in the last layer to the ratio in the first layer is:
Rs/R; = 1.066. Network parameters: Ng = 500, N; = 500, o = .07, 07 = .12,6 = 5.

o

The stable propagation in Figure 2.18 can now be quantified by R, /R;: for L = 5, this ratio
is 1.066, revealing that the activity hardly changes width over the five layers.

What kinds of spatial profiles for excitatory and inhibitory connectivity are able to pre-
serve bump activity through layers? To answer this question, we simulated the propagation
of activity in networks with varying o; and o for a particular choice of input: @ = 50
(results did not change qualitatively for different choices of «). Figure 2.19A shows Rs/R;
plotted for the different excitatory and inhibitory connectivity widths. The networks that
were able to stably propagate bump activity without it either decaying or saturating — that
is, those with Rs/R; close to 1 — were characterized by a linear relationship between o
and 0. In general, networks with broader inhibition than excitation were best suited for
keeping activity localized at each layer (i.e., had Rs/R; nearest 1, shown in solid white
line), in agreement with the literature on modeling working memory as stabilized bumps
in recurrent attractor networks [34, 29, 9, 74, 55]. In the remainder of these sections, we
will determine whether a mean-field model is able to capture the same behavior of these
stochastic simulations.
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Figure 2.19: Propagation of bump of activity for various excitatory and inhibitory widths. (A)
Stochastic binary simulations. The ratio of the widths of the excited region at the fifth and first
layers, Rs5/R;, is plotted as a function of og and o;. Also shown are the linear fit between o g and
o1 such that Rs/R; = 1 (solid white line), and, for comparison, the identity line (dashed white line).
Network parameters: Ng = 500, N; = 500, o = .07, o7 = .095, @ = 50, 6 = 5. (B) Mean-field
model. Parameters as in A, but with appropriate scaling factors (see text) and » = .1. The ratio of
the widths of the excited region at the fifth and first layers, ws /w1, is plotted as a function of o and
o ;. Also shown are the linear fit between o g and o1 such that Rs/R; = 1 (solid white line), and the
identity line (dashed white line).

2.11.2 Mean-field model to describe localized connectivity

We now derive a mean-field model to describes the propagation of localized activity through
layers. Here, we adapt the model studied in [9], which describes the time-dependent ac-
tivity in a single continuous layer of cells with recurrent lateral connectivity, to study the
propagation of activity in layered feedforward networks.

Let u;(x, ) denote the average membrane potential of the neuron at position x, time ¢,
and layer L. We denote the input to the first layer as §(x), a scaled version of the input to
the binary model:

5(x) = Aexp{—a(x — x)). (2.11.6)

The membrane potential at the first layer is modeled as a leaky integration of §(x):

Taula(;c, t) _ —l/tl(X, t) + S:(x) -7, (2117)

where 7 is a time constant and r is the resting potential.

The input to subsequent layers can be represented as a convolution between the activity
of the spiking cells in the previous layer and the weighting kernel, which is a scaled version
of the effective connectivity kernel w(x — y) for binary networks:

Wwx —y) = B(fe(x—y) = filx = y)). (2.11.8)
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As in the binary network, we assume that neurons are thresholding units that are active only
when the membrane potential is above a certain threshold, here taken to be 0 (without loss
of generality, since we can adjust the resting potential r to set the effective threshold). The
activity at each layer is then given by the following integro-differential equation:

Our(x,1) _

1
T = ()~ f W(x — y)H[uz_y(y, )]dy (2.11.9)
0

where H[-] is the Heaviside step function. Later in this section, we will derive values for
the scaling factors A and B in order to quantitatively compare the mean-field model with
the stochastic binary simulations.

Steady-state and time-dependent solutions to the mean-field equations

Because of the feedforward architecture, the time-dependent solution can be solved exactly
using the integrating factor e'/*. After some algebra, we arrive at the following equations:

uy(x, 1) = —re”"" + (5(x) — r)(1 — ") (2.11.10)

t 1 1

up(x,1) = —re '™ + f —e I (—r + f Ww(x — ) H[ur1(y, 5)ldy|ds (2.11.11)
0T 0

However, for the remainder of this chapter, we will consider only the steady-state solutions.

At the first layer, setting ‘%‘ to zero yields the following steady state solution:

Ui (x) = 5(x) - r (2.11.12)

Similarly, the steady state solution in deeper layers reduces to:

1
U (x) = —r + f Ww(x — y)H[u; 5, (y)]ldy. (2.11.13)
0

These stationary states are stable, and the membrane potential of any neuron x will simply
decay exponentially to its stationary state value. Because of the simplicity of the time-
dependent dynamics, in the remainder of this section we assume that all layers have con-
verged to their stationary states; for clarity, we will replace u* (x) with simply u(x).

Relationship to homogenous mean-field model

Earlier in this chapter, we developed a mean-field Markov chain model of spatially homoge-
nous networks. How does that mean-field model relate to the one in Equation 2.11.13?
Suppose we were to take the same approach here that we took for the homogenous
case. For simplicity we will treat the case of purely excitatory networks, but the equations
for the excitatory-inhibitory networks follow the same logic. Let u” be the state of the ith
neuron in the Lth layer of the network, and suppose u’~!, the binary vector representing

45



CHAPTER 2: SIGNAL PROPAGATION IN FEEDFORWARD NETWORKS Cavco GaIc

activity at the previous layer, is known. Let S be the set of spiking cells in layer L — 1:

= {zluL ' = 1}. In order for a downstream neuron to spike, it must receive inputs from at
least 0 of these cells. Therefore, the probability that any downstream cell spikes given the
activity at the previous layer is:

1S 1] [S\S4l

Pluf = 1" = Y 0 2 01 [ felxb —xE D) [ [ - fulxf = xi7), 211114
§€28 J=1 J=1

where the first term indicates summation over all subsets S| = {kj,ka,..., kg, } of § of

size 6 or greater. The first product represents the probability that the neuron at position x*
receives synaptic inputs from all cells in S ;. Similarly, the second product term represents
the probability that the neuron does not receive input from the remaining spiking cells:
S\S1 = {h1,ha, ..., hs\s,}. For homogenous networks, Equation 2.11.14 can be reduced
significantly due to the permutation symmetry and the homogeneity of the probability of
connectivity. But for spatially structured networks, these simplifications fail.

Instead, the mean-field description of Equation 2.11.13 takes a different approach. Let
WE=! be an instantiation of a binary adjacency matrix from layer L — 1 to layer L with
probabilities of connection fg(x; — x;). The average activity of cell i at layer L, conditioned
on the activity at the previous layer, is given by:

E[ubu’"] = Plu = 1ju’"] (2.11.15)

Ng
=P| > Wil > 9) (2.11.16)

=1
ZWL bt~ H (2.11.17)

At this step, we make the approximation of switching the Heaviside function and the ex-
pectation:

=E|O®

Ng
Bluflu "] ~ 0| -0+ ) E[Wg—l]uﬁ-l). (2.11.18)
j=1
This can now be simplified to the following equations:
Ng
(i) = =0+ ) felxk = 2t (2.11.19)
j=1
uk = O(k). (2.11.20)

Finally, taking a continuum limit results in the mean-field model in Equation 2.11.13 in the
previous section.

When is it appropriate to go from Equation 2.11.17 to Equation 2.11.18: that is, when
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does E[O(X)] ~ O(E[X])? In general, this is an extremely poor approximation (for instance,
one side is continuous-valued while the other is binary). However, when the support of X
is either fully positive or fully negative, it is exact. This means that when the probability
a cell spikes is either near 1 or 0, the mean-field model described here is accurate. For
modeling the propagation of bumps of activity, this turns out to be a reasonable approxima-
tion for most stable locations except for a rapid transition region at the edges of the bump
(see Figure 2.18). This explanation underlies the difference between Equation 2.11.13 and
the mean-field transition matrix for homogenous networks: the latter was able to describe
graded rate transmission through layers, while the former can only model the stable prop-
agation of highly active but spatially localized activity.

Equilibrium Solution in Layers

Now instead of the equilibrium solution in time, we consider the equilibrium solution from
layer-to-layer. This corresponds to a function #(x) such that:

1
i(x)=-r+ f w(x — y)H[i(y, t)]dy. (2.11.21)
0

The activity in any layer described by membrane potential function u,(x) can be defined
succinctly by the “excited region” [9], which is the subset of the layer in which the cells
are firing: R[u;] = {x|lu.(x) > 0}. Denote by w; the width of R[u;]. Now, supposing that
the excited region for the layer-equilibrium solution R[i] is the interval [a, b]. Following
the calculations in [9], we can rewrite the equation above as:

(x)=-r+ f w(x — y)dy (2.11.22)
RIi]
b
=-r+ f w(x — y)dy, (2.11.23)
b—x
= —7y + f w(y)dy, (2.11.24)

where we have used the assumption that w(x — y) is symmetric in the third step. For con-
sistency, the following conditions on i(x) must hold:

e ii(a) = 0, or equivalently:
b—a
f wy)dy =r (2.11.25)
0
e ii(b) = 0, or equivalently:
0
f w(y)dy =r (2.11.26)
a-b

Because of the symmetry of w(y), this is equivalent to the previous condition.
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e ii(x) > 0 for x € [a, b], or equivalently:

b—x
f w)dy > r (2.11.27)

—X

Trivially, these conditions hold if H[ii(x)] is either identically O or 1 for all x. It is more
difficult to determine when ii(x) supports localized activity that is neither completely qui-
escent or completely active across the entire layer.

An interesting consequence of these conditions is that that multiple bumps can be sup-
ported stably by certain connectivity profiles, even though the input consists of only one
bump. In the case that oz > o7, there can only be on localized bump because the connec-
tivity kernels are always positive. However, networks with broad inhibitory connectivity
(0g < o) can support multiple localized bumps of activity if o7 is sufficiently large and
if the input is broad enough. This is because the negative lobes of w(x — y) (seen in Fig-
ure 2.17A) make it possible to have two bumps of activity with negative membrane potential
between them. We will return to the possibility of multiple bumps in the following section.

2.11.3 Matching the mean-field model and stochastic models

In order to compare the continuous, deterministic mean-field model with our discrete,
stochastic binary simulations, we must find the appropriate scaling factors on the input
$(x) and synaptic connectivity w(x — y) that will quantitatively match the neural activity for
the two models. Towards this end, in this section we derive values for A and B to match the
effective strength of the external and synaptic input in each model.

First, for any input width @, the two models should have the same fraction of active
cells in the first layer. Therefore our first constraint is that the width of the excited region
in the first layer of the mean-field model must match the average number of cells that fire
in the first layer of a binary network. Recall that in the mean-field model, the input into the
first layer is given by:

5(x) = Aexp{—a(x — x*)?} (2.11.28)

From Equation 2.11.12, the steady state distribuion is u;(x) = §(x) — r. The width of the
excited region in the first layer, wy, is determined by finding all x such that u,(x) = 0, or
equivalently, §(x) = r:

. (2.11.29)
—a(x— XY = log( ) (2.11.30)

x—x*zi,/—élog( ) 2.11.31)
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which means the width of the excited region is:

I
wi =24/~ log (%) (2.11.32)

Since the cells are distributed over the interval [0, 1], the excited region width w is also the
fraction of cells active in the first layer of the mean-field model.

In the binary network, the input s(x;) describes the probability that neuron x; in the first
layer spikes in a particular trial; thus, the average number of active cells is simply

E[# cells on] = Z s(x;p). (2.11.33)

In the continuum limit of large N, we can use a Riemann sum approximation to get:
1 1
E[# cells on] ~ —f s(x)dx. (2.11.34)
Ax 0

Here, Ax = 1/Ng. To match the fraction of cells firing in the first layer in the binary and
mean-field models, we set the equation above equal to Ngpwy, or:

! 1 r
fo s(X)dx = 2 4 /_5 log(z). (2.11.35)

r

A= o (2.11.36)
1
exp {—% (fo s(x)dx) }

Similarly, in deeper layers, we seek to match the fraction of threshold attained by the
synaptic input to a single cell, assuming that all neurons in the previous layer are firing. In
the mean-field model, this means that H[u; (x)] = 1, so the steady state at the next layer
simplifies to:

Solving for A yields:

1
ur(x) =-r+ f w(x — y)dy (2.11.37)
0

1
= —r+ f Bw(x — y)dy (2.11.38)
0

which is independent of the choice of downstream neuron x. Letting I = fol w(x —y),
fraction of threshold reached by the synaptic input to x is BI/r.
In the binary network, the expected number of synaptic inputs to a downstream cell x;
is
E[# inputs to x;] = Z(fg(xj,yi) — fi(xj, ). (2.11.39)
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Figure 2.20: Examples of a single bump input splitting into multiple bumps in deeper layers. (A)
Example of two-bump steady-state solution u#(x) in the mean-field model. The membrane potential
ur(x) is plotted against cell position x for five layers. Any cell with positive membrane potential
(i.e., ur(x) is above the grey line) is considered to be active. The single, broad input bump already
separates into two distinct bumps by the second layer. This example could not be reproduced in
the corresponding binary network. Parameters: o = .05, o7y = .1, = 10, r = .1. (B) Raster
plots for an example binary network in which two localized bumps of activity are visible in layer
3. However, the multiple bumps are not stable, and they quickly decay. Network parameters:
Ng =500, Ny =500, 0 = .03, 07 =.079, 2 = 10,6 = 5.

Again, as N — oo we use a Riemann sum approximation:

1! I
E[# inputs to x;] ~ — f w(x —y)dy = — (2.11.40)
Ax Jy Ax

so the fraction of threshold reached by the synaptic input to neuron x; is I/(6Ax). Matching
these two fractions:

1 BI
— = — 2.11.41
OAx r ( )
Solving for B yields:
- (2.11.42)
OAx

With Equations 2.11.36 and 2.11.42 we can now approximately match the binary and
the mean-field models. Under the mean-field model, stable bump propagation is measured
by calculating the ratio of the width of the excited region at layer L to the width of the
excited region at the first layer: w;/w;. To see how well the mean-field approximates the
simulations, in Figure 2.19B we calculated this ratio while varying o and o;. Comparing
panels A and B in Figure 2.19, we can see that the mean-field model matches the stochastic
simulations extremely well. But, as remarked previously, the mean-field model is not able
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to describe all qualitative behavior of the networks.

Thus, surprisingly, it appears that interactions that develop through layers do not have
a significant effect on bump propagation. But is the mean-field model able to perfectly
describe the qualitative behavior of binary networks?

Recall that in the previous section we found that it is possible for a single bump at the
input to separate into multiple bumps in the equilibrium solution, in particular if o; > og
and if the input bump is sufficiently wide. An example of this is shown in Figure 2.20A, in
which a broad input to the first layer is separated into two stable bumps in deeper layers.
In the binary network with the same o and o7, the initial bump does not separate into two
bumps. However, Figure 2.20B shows an example with different parameters in which it
is possible to see traces of two localized bumps in the third layer; this said bumps are not
stable, and they decay quickly in the next couple of layers.

2.11.4 Discussion

In sum, we simulated the propagation of localized neural activity in stochastic, binary feed-
forward networks with spatially structured excitatory and inhibitory activity. We found
that, in general, broad inhibition was necessary to stabilize bump propagation through mul-
tiple layers; specifically, stable propagation was predicted by a linear relationship between
the inhibitory and excitatory connectivity widths. These results were very accurately re-
produced in a deterministic, mean-field model. However, the mean-field model failed to
accurately describe activity with intermediate rates, and conversely, stochastic networks
were not able to support multiple bumps in deeper layers. Future work will focus on when
spatially structured feedforward networks can support localized bumps of graded rates, as
well as develop analytical tools to model them.
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CHAPTER 3

Impact of triplet correlations on
stimulus coding

The brain transforms sensory inputs into spiking activity that is distributed across neural
populations and is variable from trial to trial. What are the key statistical features of this
activity that determine the amount of sensory information encoded by such a population?
Much can be learned by quantifying the mean responses as well as the trial-to-trial vari-
ability of spikes emitted by individual cells. However, this variability is often coordinated
across the population. Significant correlations between the spikes emitted simultaneously
by pairs of cells have been observed across the brain, e.g. in visual cortex [62, 93, 77]
(but see [44]), auditory cortex [41], motor cortex [95], prefrontal cortex [35], the lateral
geniculate nucleus [8], and retina [94] — possibly reflecting circuit mechanisms such as re-
current connectivity and common input [145, 77, 24, 119, 126, 27]. Such pairwise spike
correlations can have a wide range of impacts on stimulus encoding. In principle, pairwise
correlations can interfere with population-wide averaging that would otherwise damp noise;
conversely, they may play a more positive role, allowing variability to be cancelled or even
acting as an extra conduit of information independent of firing rates. Thus, a large body
of theoretical work has been dedicated to understanding the precise relationship between
pairwise correlations and population coding, e.g., [154, 2, 13, 114, 112, 135, 36, 70, 127].

Intriguingly, recent experiments suggest that knowing the correlations between pairs of
neurons is not enough to characterize collective activity across a neural population. This
implies the existence of “higher-order correlations” (HOCs): that is, correlated firing be-
tween groups of three or more cells that is either more or less than what would be expected
from the firing rates and pairwise correlations alone [52, 109, 100, 128, 79, 141]. Results
to date illustrate that, as for pairwise correlations, HOCs can have a range of positive to
negative effects on stimulus encoding. This is assessed by comparing coding fidelity based
on the “ful” responses recorded simultaneously in a population, with coding fidelity based
on a model population that has the same firing rates and pairwise correlations but no HOCs.
In vertebrate retina, higher-order correlations among retinal ganglion cells improved cod-
ing efficiency — specifically, they increased the speed with which the identity of two types

53



CHAPTER 3: IMPACT OF TRIPLET CORRELATIONS ON STIMULUS CODING Cavco Ganc

of visual stimulus could be decoded from the population response [52]. Meanwhile, HOCs
in somatosensory cortex decreased mutual information between neural activity and the fre-
quency of whisker stimulation [100].

These findings raise two important questions. First, when should we expect HOCs to
have a significant impact on population coding? Second, a common rule of thumb for
pairwise correlations is that the encoded information increases when the noise correlations
cancel out out signal correlations [13]. Are there similar simple rules that predict when
HOC:s will facilitate versus hinder the population code? These questions remain largely
unexplored, but the answers may lead to new perspectives on neural coding, as many studies
to date have used measures of coding accuracy, such as the optimal linear estimator [123]
that do not incorporate the effects of HOCs.

We approach these questions by investigating the effect that triplet correlations — the
most frequently-observed higher-order correlation [52] — can have on two-stimulus dis-
crimination tasks. Throughout, we use maximum-entropy statistical models [124] that
isolate the effect of triplet correlations, while fixing the lower-order statistics (i.e., mean
activity of each neuron and correlations among each pair) to prescribed values typical of
those reported in physiology experiments. Positive (or negative) triplet correlations signify
that triplets of cells spike together more (respectively, less) frequently than expected from
the lower-order statistics. We find that triplet correlations can indeed strongly improve
stimulus encoding, if they have a stimulus-dependent structure. Specifically, if triplet cor-
relations among cells with similar stimulus tuning are larger for their nonpreferred versus
their preferred stimulus (or, to a lesser extent, vice-versa), then the triplet correlations will
separate the distributions of population spiking patterns produced by each stimulus. As a
result, the stimuli can be better discriminated. Comparable statistical models with stimulus-
independent triplet correlations show relatively little effect on coding. We show that these
findings can be explained geometrically as either positively or negatively skewing the dis-
tribution of the summed population activity in short time windows. Our results emphasize
the importance of quantifying higher-order correlations in neurophysiology experiments,
as they may have a significant impact on the coding performance of neural systems. Fi-
nally, a major challenge of measuring correlated spiking is the large amount of data that is
required for accurate detection. We give a simple calculation that estimates the length of
recordings necessary to identify such triplet correlations experimentally.

3.1 Material & Methods

We investigate the effect of higher-order spike correlations (HOCs) on the level of stimulus
information that a neural population encodes about pairs of stimuli: a preferred stimulus
(eliciting a higher firing rate), and a non-preferred stimulus. Each stimulus elicits a dif-
ferent distribution of spike patterns characterized by firing rates, pairwise correlations, and
HOCs. We vary the triplet statistics separately for each stimulus, and calculate the amount
of information that spiking patterns contain about the stimulus identity. In order to iso-
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late the effect of HOCs, we keep the lower-order statistics (i.e., firing rates and pairwise
correlations) fixed during this process. We do this by using a popular class of statistical
models called maximum entropy models, which are able to match any given statistics of a
population of neurons while minimally constraining other features of the spike distribution.

3.1.1 The maximum entropy model

Consider the spikes emitted by N cells in response to stimulus S, where m = 1 or 2.
Binning these spikes in small windows yields a sequence of spiking patterns &, each of
which is a vector of 1s and Os representing whether a given neuron spiked or not within that
time window. Assuming that the population is at a stationary state, each pattern ¢ can be
viewed as a random sample from a probability distribution that describes the simultaneous,
population-wide response of the neurons to a particular stimulus. These are the probability
distributions that we will study in this paper.

If the i neuron spikes with probability y; in each time window (i.e., the firing rate of
the i” neuron is u;/At), then the (simultaneous) pairwise spike correlations for cell i and j
are:

Pr(ci,o;=1) — uiu;
pij = . (3.1.1)
+/var(c)var(o ;)
In other words, to quantify the correlation between pairs of neurons, one must subtract from
the observed probability of simultaneous paired spiking the probability of simultaneous
paired spiking in a “null” model (in this case, assuming all activity is independent).

Similarly, quantifying higher-order correlations requires comparing against a null model.
In this case, we use the pairwise maximum entropy model, which matches the observed
lower-order statistics while making the fewest additional assumptions about the structure
of the data [125, 124]. Under this model, the probability of firing pattern & under stimulus
§ is given by:

-2 m 1 m m
Ppy (1S ™) = = eXp Z hg o + Z ij ool (3.1.2)

i>j

Here, the interaction terms hl(.m) and Jg.") are tuned so that the distribution matches the pre-
scribed lower-order statistics, that is, firing rates and pairwise correlations. Z is a normal-
ization factor. Thus equipped, we define a measure of triplet correlations as the probability
of three neurons firing simultaneously, relative to what would be expected from the pair-
wise maximum entropy model:

Kijx = Pr(oi, 0,0 = 1) = Prpw(oy, 0, 0 = 1). (3.1.3)

We refer to this quantity as the “excess triplet probability.”
Throughout this paper, the phrase “triplet correlations” is synonymous with the excess
triplet probability: the probability of simultaneous spiking in triplets of cells beyond what
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is expected from the lower-order statistics under a maximum entropy assumption.
In order to explore the effects of HOCs, we add a triplet interaction term G™ to the
previous distribution:

1
P(@S™) = ~ exp D W o+ Y IPaio+ G g oy (3.1.4)

i>j i>j>k

Increasing (or decreasing) G™ increases (or decreases) the excess triplet probability &;j.
For simplicity, we set the triplet interaction term to be the same for all triplets of neurons;
however we have also added heterogeneity by adding zero-mean noise to the triplets G™
terms for each triplet i, j, k, and we found the same qualitative results that we will report
here, as long as the Gf.ﬂ) have the same sign for each triplet (data not shown).

The approach we have described is useful, because it allows us to isolate the effects of
triplet correlations: for each triplet interaction G, we re-fit the single-cell and pairwise
interactions hg'") and Jf}”) to maintain the same firing rates and pairwise correlations. How-
ever, this is computationally demanding, and limits the size of the populations that we can
study systematically to around N = 10 neurons. We return to the issue of population size
in the Discussion.

3.1.2 Fitting the maximum entropy models

To fit maximum entropy models [72], we used improved iterative scaling (ILS), an algorithm
that maximizes the average log-likelihood of the parameterized model to find the interaction
parameters such that the moments of the resulting distribution match prescribed values [21,
39]. For homogeneous populations, the interaction parameters hl(.m) and Jf}") are identical
for each neuron and neuron pair. Fitting is thus sped up considerably, as we are reduced
to a three-parameter search. To explore the full range of possible triplet statistics that are
consistent with prescribed single-cell and pairwise statistics, we varied the probability of
synchronous triplet firing in steps of 0.001 and found the values for which the lower-order
statistics and the probability of triplet firing converged within an average relative error of
1% in 1000 steps. For heterogenous populations, we implemented a slight variant of this
algorithm. We fixed the triplet interaction terms G, and then used IIS to tune the first and
second order interaction terms so that the lower-order statistics converged to the specified
values within an average 5% error.

3.1.3 Mutual information between stimuli and firing patterns

To quantify encoded stimulus information, we compute the mutual information between
the binary firing pattern ¢ and stimulus S ™. This is given by the following difference in
entropies:

I = H(@) - H(F|S). (3.1.5)
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The first term denotes the entropy in the full distribution of firing patterns:

H(&) = — Z P(&)log, P(). (3.1.6)

The second term, sometimes called the noise entropy, is the average entropy of the firing
patterns conditioned on a particular stimulus (each of which we assume is equally likely):

= 1 21 (m 210 (m
H(S) = - Z Z zP((f|s< Y log, P(#IS ™). (3.1.7)

Thus, the mutual information quantifies how much entropy (or uncertainty) in the firing
patterns is reduced given knowledge of the stimulus identity. The benefit of using mutual
information is that it is not specific to a particular neural decoder. Instead, it can be thought
of as an upper bound for how much information any decoder can extract from the spiking
activity of the population. Throughout this paper, we calculate mutual information exactly,
without requiring any entropy estimators.

To quantify the effect of beyond-pairwise statistics, we first calculate /py, the mutual
information between the stimulus and the firing patterns of the pairwise maximum entropy
models. This we compare to the information in populations that include triplet statistics

with the following equation:

I—1
relative Al = PW

(3.1.8)

Ipw
This quantifies the factor of increase in mutual information that is gained by populations
that include triplet statistics.

3.1.4 Homogenous populations

As described above, we prescribe the firing rates and pairwise correlations in our neural
populations and hold these statistics fixed while we vary triplet correlations. We first con-
sider populations with homogenous statistics: i.e., all neurons have the same firing rates,
all pairwise correlations are the same, etc. We consider various choices for the firing rates
of our cells, in the range of 0.1 to 0.35 spikes per bin, with step sizes of 0.05. For spikes
counted in 20 ms bins, this corresponds to spiking at 5-17 Hz, a range similar to that of
average stimulus-evoked firing rates under different preparations in rodent sensory cortex
[18]. We denote the difference in firing rates between the preferred and non-preferred stim-
ulus by Ay, and use values of Au = u® — u'V = 0.05,0.10,0.15 (2.5-7.5 Hz); larger values
gave highly discriminable responses regardless of the choice of higher-order correlations.
We take pairwise noise correlations fixed at various values between 0 and 0.25, a range
corresponding to values typically reported in, e.g., sensory and motor cortex [32]. For
simplicity, we use the same values of pairwise correlations for both stimuli.
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3.1.5 Heterogenous populations

For populations with heterogenous spiking statistics, we make the following choices. For
concreteness, we choose firing rates and pairwise correlations from distributions reported in
anesthetized cat visual cortex in response to natural movies [93]. Under the non-preferred
stimulus, firing rates were taken to be exponentially distributed [14] with a median firing
rate of 5 Hz as indicated in [93]. The activity under the preferred stimulus was given by
adding to each cell’s firing rate a Gaussian random variable with mean Ay and standard
deviation 0.02, where Au ranged from 0.1 to 0.15. The probability of spiking (or of two
neurons spiking together) was constrained to be no less than 0.05 (2.5 Hz) to avoid conver-
gence problems with tuning the maximum entropy models.

Spike correlations between pairs of cells were drawn from a Gaussian distribution with
mean and interquartile length of approximately 0.05 each, as reported for 20 ms time bins
in [93]. These values were used as the elements in the spike count covariance matrix as long
as they formed a positive semidefinite matrix; if the matrix were not positive semidefinite,
another random draw of values was taken. Since larger correlations have been observed
in other areas and preparations [32], we also repeated this study with average noise cor-
relations of 0.1 and 0.2 and the same variance as before. For simplicity, in all cases we
continue to use the same noise correlation matrix for both stimuli.

All calculations were averaged over 24 random populations, i.e., 24 random draws from
the same distributions of lower-order statistics.

3.1.6 Calculation of 7

Here we calculate the length of recordings that would be required in order to estimate a key
quantity in our study: the frequency with which three neurons fire within the same time
bin. In particular, based on a particular experiment lasting 7 time bins, we want to bound
the 95% confidence intervals of the relative error of the sample estimate of the frequency
of cells i, j, k firing within the same time bin in the data. Suppose we want the relative
error between the estimated frequency p and the true frequency p = Pr(cy, 0,04 = 1)
to be at most @, which means the raw error must be bounded by ap. Assuming the time
bins are independent, the variance of the estimated frequency is var(p) = p(1 — p). Under
a normal approximation, the 95% confidence interval for the true probability p is within
two standard errors above or below p. This means that, in order to bound the relative error
(p — p)/p by a with 95% confidence, we must set the following inequality:

20 sgm < ap, (3.1.9)

Using the definition of the the standard error as ospm = +/var(p)/T = +/p(1 — p)/T, this
can be rearranged into the following equation for the desired length of the experiment:

r(5)
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Figure 3.1: Population spike responses in three examples with different higher-order correlations.
(A-C) Raster plots for three sample populations in response to two stimuli (parameters are indicated
in Figure 3.3A). All three populations have identical firing rates and pairwise correlations, and
differ solely in the level of higher-order correlations. (A) The “pairwise” model, which can be
fully described by the firing rates and pairwise correlations. In (B), the probability of three neurons
spiking simultaneously has been increased (decreased) compared to the pairwise model in response
to the non-preferred (preferred) stimulus. In (C), the probability of such triplet spiking is decreased
for both stimuli. (D-F) Histograms of population spike count within 20 ms time bins for the three
populations. Note how triplet correlations impact the skew of these response distributions (see text).

The inequality above provides a lower bound on how many time bins are needed to estimate
any triplet spike of probability of p or greater within a relative accuracy of a. In the text
we call this lower bound 7.

3.2 Results

Firing rates of individual neurons, and correlations between spiking activity in pairs of neu-
rons, are the properties that are typically used in assessing neural variability and population
coding. Far less is known about the role of higher-order correlations (HOCs). When and
how should we expect HOC:s to affect the fidelity of the neural code?

As an example, Figure 3.1 shows spike trains of three sample populations in response
to two different stimuli: a preferred stimulus, eliciting relatively high firing rates, and a
nonpreferred stimulus. Importantly, all three of these populations have the same firing rates
and pairwise correlations for each stimulus (i.e., the same “lower order statistics”). The sole
difference is in the HOCs within each population. In Figure 3.1A, the first and second order
statistics are sufficient to fully characterize the responses. That is, the responses follow a
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Figure 3.2: Schematic illustrating how triplet correlations skew population spike count distribu-
tions. Each quadrant corresponds to a different case of stimulus-dependent (SD) or stimulus-
independent (SI) triplet spike correlations. The means and variances of the distributions are the
same for all four quadrants; only the skew differs (and higher moments). In particular, note that the
distributions are pulled away from each other when the non-preferred response (solid line) is posi-
tively skewed and the preferred stimulus (dashed line) is negatively skewed (i.e., the SD2 quadrant).
This case gives the largest coding advantage (see text).

pairwise maximum entropy distribution [72, 125]. We refer to this simply as the “pairwise”
model; it is the null case against which we compare the responses of populations with other
HOC:s. In Figure 3.1B, we modified the probability of three neurons firing within a short
time window, keeping the lower-order statistics fixed. In particular, we changed triplet
spiking probabilities in a stimulus-dependent way, so that the frequency of synchronous
triplets is decreased under the preferred stimulus and increased under the non-preferred
one. We refer to this difference between the true triplet spiking probability and what is
predicted by the pairwise model as triplet correlations.

It is difficult to visualize the difference in population spiking from the raster plots alone
(e.g. comparing Figures 3.1A and 3.1B). However, the implications for stimulus coding
become apparent from distributions of the spike count, that is, the number of cells spiking
within short time windows. For the pairwise model, these response distributions overlap
strongly (Figure 3.1D). Changing the triplet correlations significantly reduces this overlap
by skewing the spike count histograms away from each other (Figure 3.1E). Note that the
stimulus dependence of the triplet correlations is crucial; simply changing the triplet corre-
lations identically under each stimulus skews the spike count histograms in the same direc-
tion, preserving much of the overlap in the pairwise distributions (Figure 3.1CF). This is the
key observation from this example: increasing (or decreasing) the frequency of triplets of
neurons firing together corresponds to increasing (decreasing) the skew of the spike count
distribution, which can shape the response distributions to significantly improve stimulus
encoding. Moreover, the largest improvements arise when triplet correlations for the two
stimuli are distinct.

These observations are illustrated by the schematic in Figure 3.2. The labeled regions
show the four possible types of skewed distributions for the preferred and non-preferred
stimulus. If the signs of the triplet correlations are the same under each stimulus, we say
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Figure 3.3: Populations with homogenous statistics. (A) Mutual information in bits as the excess
triplet probability is varied for responses to the preferred and non-preferred stimuli. White lines
indicate the pairwise maximum entropy model under each stimulus (shown in Figure 3.1A). The
cross marker indicates the population in Figure 3.1B; circular marker for Figure 3.1C. Quadrants
are labeled corresponding to the different stimulus-dependent triplet correlations (see Figure 3.2).
In this example, the firing rate y; = 0.25 for the non-preferred stimulus, o = 0.35 for the preferred
stimulus, and the pairwise correlation p = 0.05 for both stimuli. (B) Relative increase in mutual
information for the full model compared to the pairwise fit (see text), averaged over populations with
firing rates between 0.1 — 0.35 but keeping Au fixed to 0.05, 0.10, or 0.15. Pairwise correlations
are fixed to p = 0.05. Colors correspond to the corners of the quadrants indicated in A (blue,
SD1; yellow, SI1, etc.). (C) Relative increase in mutual information as a function of pairwise noise
correlations, averaged over different firing rates. Shading represents standard deviation over single-
cell activity, ranging from 0.1 — 0.35 with step sizes of 0.05.

they are stimulus-independent (SI). The skews of the spike count distributions then can ei-
ther be larger compared to the pairwise model (which we call the SI1 quadrant), or smaller
(SI2). Alternatively, the triplet correlations may be stimulus-dependent (SD), in which case
they have opposite sign for the two stimuli (SD1 and SD2). Figure 3.2 shows that stimulus-
dependent triplet correlations give a greater coding benefit than stimulus-independent ones.
Moreover, the greatest benefit occurs in the SD2 quadrant, where the skewed distributions
are the most strongly separated; if neural populations produce responses of this type, ig-
noring HOCs may lead to a significant underestimation of encoded information.

Guided by this intuition, we studied the range of effects that triplet correlations can
have on encoded information in populations of N = 10 neurons. We first considered pop-
ulations with homogenous firing rates and correlations for all cells, and then moved to the
heterogeneous case, where we took lower-order statistics consistent with those observed in
anesthetized cat V1 [93]. In each case, we used maximum entropy models to manipulate
the triplet correlations while keeping the lower-order moments fixed (see Methods).
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Figure 3.4: Effect of population size on mutual information in homogenous populations. (A) Rela-
tive increase in information as the excess triplet probability is varied for responses to the preferred
and non-preferred stimuli, shown for populations of N = 30 (left) and N = 40 (right) cells. Note
that the range of triplet correlations is smaller for the larger population. This is because, as N in-
creases, there are tighter constraints on the possible values of triplet correlations that can be attained
homogeneously across every triplet in the population, while still maintaining the same (low) prede-
fined firing rates and pairwise correlations.Still, in the region of overlap, the strength of the impact
on mutual information is similar in magnitude in both plots. Here, firing rates and pairwise correla-
tions are fixed to: u; = 0.25, up = 0.35, p = 0.05. Compare with the plot of raw mutual information
(as opposed to the relative increase in information) in 10-cell populations that is shown in Figure
3A. (B) Relative increase in information (black curve) for fixed triplet correlations and lower-order
statistics, for increasing population size. Specifically, the values of the triplet correlations were:
k = .005 for the non-preferred stimulus, and k = —.002 for the preferred stimulus, corresponding
to the cross in panel A. The impact of the triplet statistics on mutual information grows with pop-
ulation size. Inset shows Ipy, the mutual information between the pairwise distribution and the
stimuli (solid line) and Al, the raw increase in information due to triplet correlations (dashed line)
for varying population size.

3.2.1 Populations with homogenous statistics

We first investigated populations with homogenous firing statistics (i.e., equal firing rates
,ul(.m) = u'™, pairwise correlations p;; = p, etc.). This simple case illustrates how the in-
formation in neural populations can vary with triplet firing statistics, and is used as a basis
for studying more realistic populations in the next section. As described above, we fixed
the firing rates and pairwise correlations elicited by each stimulus, and independently var-
ied triplet spike probabilities over the entire range for which the models can be tuned (see
Methods for details). For each value of triplet correlation, we calculated the mutual infor-
mation between the stimuli and the spike responses in the population. Because the popula-
tion is homogenous, this process simplifies: a histogram of the total number of spikes pro-
duced in response to a stimulus (the spike count histogram) gives a complete representation
of the population activity. For example, the firing patterns 1010000100 and 0011001000
are equally likely to occur because they have the same number of active neurons.

Figure 3.3A summarizes how triplet correlations can affect the level of encoded infor-
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mation in a homogenous population. The axes of this plot are given by « (Equation (3.1.3)),
the excess probability of a triplet spike versus that expected in the corresponding pairwise
model; they differ in scale because the range of realizable triplet spiking probabilities varies
depending on the prescribed lower-order statistics. Within this plot, the cross indicates the
population illustrated in Figure 3.1BE, while the circle marker represents that in Figure
3.1CF. The pairwise distributions occur along the white lines; at their intersection is the
case shown in Figure 3.1AD. The asymmetry between quadrants SD1 and SD2 is due to
the difference in the average firing rate evoked by each stimulus.

The overall trends in mutual information agree with the intuition developed in Figure
3.2. Mutual information is largely increased with the presence of oppositely signed triplet
correlations that skew the response distributions away from each other, whereas simply
increasing or decreasing the triplet correlations independent of stimulus identity does not
have a significant effect. This is especially true in the SD2 quadrant. In general, the relative
effects on mutual information are strongest when the population activity is noisy relative
to the difference in firing rates, i.e., when firing rates are similar under the two stimuli or
when the correlation between pairs of cells is large (Figure 3.3BC).

One concern is that our results for N = 10 neurons may not hold for larger populations.
To test this, we repeated our calculations of mutual information with fixed lower-order
and triplet statistics, for increasing population size (up to N = 40; see Figure 3.4). We
found that, for fixed «, the relative increase in information can be stable across a range of
population sizes, at least for homogenous populations; in fact, it increases slightly with N.
We return to the question of population size in the discussion.

3.2.2 Populations with heterogeneous statistics

To test the effect of triplet correlations on stimulus encoding in a more realistic setting, we
next considered populations with heterogenous statistics. For concreteness, we chose distri-
butions of firing rates and pairwise correlations that have been observed in mammalian V1
(see Methods, Heterogeneous Populations). The difference in the average firing rates under
each stimulus is a free parameter that determines the baseline level of encoded information
in the pairwise models. If the stimulus-evoked firing rates are very different, higher-order
correlations would have little room to improve discrimination. We therefore set Au so that
stimulus discrimination was 60% accurate on average for the pairwise models; later in this
section this parameter was increased to correspond to up to 75% accuracy.

We first considered a population in which all neurons have similar stimulus tuning and
hence fire preferentially to the same stimulus. This is often referred to as positive stimulus
correlation [53]. As above, we varied the triplet interaction parameters of a third-order
maximum entropy model (Equation (3.1.4)), re-tuning the lower-order interaction param-
eters each time to keep constant the population’s mean activity and pairwise correlations.
Specifically, triplet interaction parameters were increased or decreased to explore each of
the four quadrants in Figures 3.2 and 3.3.

Since the spiking statistics are heterogeneous across the population, mutual information
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Figure 3.5: Illustration of stimulus discriminability based on spike patterns in a heterogeneous
neural population. Each point represents a different spiking pattern either for the pairwise model
(grey, same model for all panels) or one with triplet correlations from one of the four quadrants
in Figure 3.3A. The firing rates and pairwise correlations are identical for all five populalations.
The axes represent the probability of that spiking pattern under each stimulus. The triplet statistics
drawn from quadrants SD1 and SD2 lead to better stimulus discrimination, since the points lie far
from the identity line (see text).

must be computed using the response distributions over all spiking patterns rather than sim-
ply over spike counts, as in the homogeneous case. In this setting, the two stimuli are the
most discriminable when the population spike patterns have the most different frequencies
under each stimulus. To illustrate this, Figure 3.5 shows scatter plots of the probability of
every firing pattern under the preferred versus the non-preferred stimulus. Good discrim-
inability between the stimuli therefore corresponds to points lying far from the identity line.
The figure shows probabilities for four example populations, each having the same lower-
order statistics but differing in triplet interaction terms. The four populations correspond
to the four stimulus-dependent (SD) and stimulus-independent (SI) cases introduced for
homogeneous populations above. For comparison, grey points show responses for the pair-
wise model. The presence of triplet correlations changed spike pattern probabilities in each
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case. However, these changes only significantly improved discriminability when they are
stimulus-dependent. Stimulus-independent triplet correlations failed to significantly affect
discrimination because they change the probabilities in a similar way for each stimulus. In
sum, it appears that the same rule of thumb that we found for the homogeneous popula-
tions also applies here: stimulus-dependent triplet correlations can significantly improve
population coding in cases where stimulus-independent correlations will have little effect.

To test this idea, we next computed the coding effect of triplet correlations in population
models with a range of spiking statistics. Figure 3.6A shows the relative increase in en-
coded information compared to the pairwise maximum entropy models (Equation (3.1.8)).
Because of our focus on small populations, we are able to calculate mutual information
exactly without need for entropy estimators. Results were averaged over 24 random draws
of firing rates and pairwise correlation matrices (see Methods, Heterogeneous Popula-
tions). Stimulus-dependent triplet correlations produced a significant effect while stimulus-
independent triplet correlations did not, and again the optimal strategy that we found was
to increase triplet spiking for the non-preferred stimulus and decrease triplet spiking for the
preferred stimulus (region SD2). Figure 3.6B verifies that the triplet interaction term (G
in Equation (3.1.4)) has the expected effect on the averaged excess triplet spike probability
(Kijk, from Equation (3.1.3)).

Example rasters from a population in region SD2 (red box in Figure 3.6A) and the
corresponding pairwise model are shown in Figure 3.6C. Despite the fivefold increase in
mutual information, the effect of the added triplet correlations on spike rasters appears
subtle to the eye. The similarity of the pairwise firing pattern distributions and the triplet
distributions can be measured by the Kullback-Leibler (KL) divergence, which calculates
the average difference between the log-likelihood of each firing pattern under the triplet
and pairwise distributions. A large KL divergence indicates that the pairwise model would
fit the neural data poorly if the triplet model were the “true” distribution of firing patterns.
The inset in Figure 3.6A shows that even a population with a fourfold increase in mutual
information has a relatively low KL divergence of only 0.2, which is approximately the
KL divergence between the experimental recordings and pairwise fit in salamander retina
reported in [52]. Note that large KL divergence does not necessarily correlate with a large
increase in information. For example, populations in region SI1 have a KL divergence of
up to 0.4 but minimal effect on discrimination. This fact is also illustrated in Figure 3.5:
triplet correlations modify the firing pattern probabilities (yellow points) so that they are
very different from the pairwise models (gray points), but they lie distributed around the
identity line, showing that the firing pattern probabilities are similar between stimuli.

Over a variety of parameter choices, stimulus-dependent triplet statistics continued to
have a strong effect on information. Figure 3.6D shows the relative increase in information
as the difference between the stimulus-conditioned firing rates increases, averaged over
networks with different firing rates (see Methods, Heterogenous Populations). The effect
of triplet correlations decreased as the stimulus-conditioned means become more different
because the response distributions are less overlapping; however, region SD2 continued
to strongly enhance correlations while other regions have smaller effect. Finally, panel
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Figure 3.6: Impact of triplet correlations on stimulus coding for populations with heterogeneous
spiking statistics and similar stimulus tuning for all cells. (A) Relative increase in information
Al, averaged across 24 populations with different single-cell and pairwise statistics. Al is plotted
against the magnitude of the third order interactions Gl(.;."), as the magnitudes of these interactions
increase within the four different quadrants (see text). Colors correspond to the quadrants indicated
in Figure 3.3A. Average discrimination accuracy over the 24 pairwise models is 60%. The average
correlation coefficient is 0.05 and the average difference between the probability of a spike under
each stimulus is 0.05. The inset shows the average Kullback-Leibler divergence in bits between
the triplet models and their pairwise maximum entropy fits. (B) Excess triplet probability for the
non-preferred (solid lines) and preferred (dashed lines) stimuli, averaged over all triplets. (C) Raster
plots for the population marked with a red box in A, and the pairwise model. Note that the triplet
correlations do not create large population-wide events immediately apparent by eye. (D) Relative
increase in information over varying Au with average correlation of p = 0.05. The average baseline
firing rate (to the non-preferred stimulus) was fixed to 0.05. (E) Relative increase in information as
a function of average pairwise correlation. Here, the triplet interaction term is fixed to a magnitude
of 0.6. Values are averaged over all firing rates (see Methods, Heterogeneous Populations). All
error bars and shading represent standard deviation.
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Figure 3.7: Spike count histograms for five sample populations, all of which share the same het-
erogeneous lower-order statistics. Panels show the pairwise model (in which G = 0) and the four
different quadrants of triplet interactions (G™ = +0.8). Parameters are taken from the red box in
Figure 3.6 but are reduced from probabilities of spiking patterns to distributions of spike counts.
The average pairwise correlation coefficient is p = 0.05 and the average difference between the
probability of a spike under each stimulus is Au = 0.05.

E shows the relative increase in information for networks with increasing pairwise corre-
lations. In highly correlated networks, any stimulus-dependent triplet correlations (both
region SD1 and region SD2) strongly increased information.

Intuitively, these effects follow the predictions from the schematic in Figure 3.2 that
stimulus-dependent triplet correlations enhance discrimination by skewing the response
distributions. Illustrating this, Figure 3.7 shows a reduction of the distributions to the pop-
ulation spike count distributions for the four quadrants in one population from Figure 3.6A.
The spike count response distributions are skewed away from each other in region SD2 (and
to a lesser extent in SD1), whereas stimulus-independent statistics (in SI1 or SI2) shape the
distributions in the same direction. Even though the intuition in Figure 3.2 describes the
effects of skewing distributions of the population spike count, the findings here agree with
the trends shown for stimulus information based on spike patterns. In fact, Figure 3.8A
shows the strong correlation between the raw increase in mutual information in the indi-
vidual firing patterns (abscissa) and in the population-wide spike count (ordinate) for all
populations in Figure 3.6A. This correlation is only guaranteed when the triplet correla-
tions are all within the same quadrant (defined in Figure 3.2) and is not generally true for
randomly generated population statistics (Figure 3.8B).

Finally, we tested whether the same effects of triplet correlations on stimulus informa-
tion would occur in populations with more diverse stimulus tuning. Towards this end, we
split the populations into two groups of cells, each preferring a different stimulus. Within
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Figure 3.8: Raw increase in information relative to pairwise (I — Ipy) for (A) all populations shown
in Figure 3.6A and (B) 500 populations with random interaction parameters. Abscissa represents the
increase in information over all firing patterns, while the ordinate shows the increase in information
in the spike count distributions.

each subgroup, all triplets had the same interaction parameter Gf;',’() The magnitude of
this triplet interaction term was varied while the sign was fixed in accordance with the
four quadrants in Figure 3.3A. For example, in region SD1, GE’;/? for a particular triplet is
positive under the preferred stimulus for neurons i, j, and &, and is negative under the non-
preferred stimulus for those neurons. The triplet interaction terms for triplets composed
of cells drawn from both subgroups were set to zero. That is, nonzero triplet interactions
only occurred for cells with similar stimulus tuning, a choice consistent with empirical
observations of triplet correlations being localized to nearby cortical microcolumns [109].
We also tried manipulating all triplets regardless of subgroup, and saw a similar increase
in information for stimulus-dependent triplet correlations, but the scale of the effect was
significantly smaller (data not shown).

Results were qualitatively the same as before (Figure 3.9AD). Stimulus-independent
triplet correlations made little difference on the discriminability of the stimuli. Meanwhile,
the largest increase in information occurred in region SD2, when the frequency of triplet
spikes within each subgroup was depressed under the preferred stimulus and enhanced
under the non-preferred stimulus. The changes in triplet spiking from case to case con-
tinued to have only a subtle impact on the raster plots (Figure 3.9C). Finally, stimulus-
dependent correlations in region SD2 continued to have a strong effect on networks with
different stimulus-conditioned firing rates and different average pairwise correlations (Fig-
ure 3.9DE).

Finally, we asked whether the same intuition that we have developed throughout this
paper, about how triplet correlations impact stimulus encoding by skewing distributions of
population spike counts, also applies here. Because the two subgroups differ in stimulus
selectivity, we did not group their spikes into a single count; instead, we considered the
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Figure 3.9: Impact of triplet correlations on stimulus coding for populations with heterogeneous
spiking statistics and different stimulus tuning for subgroups of cells. (A) Relative increase in in-
formation Al, averaged across 24 populations with different single-cell and pairwise statistics. Al
is plotted against the magnitude of the third order interactions GET), as the magnitudes of these in-
teractions increase within the four different quadrants (see text). Colors correspond to the quadrants
indicated in Figure 3.3A. Average discrimination accuracy over the 24 pairwise models is 60%.
The average correlation coefficient is 0.05 and the average difference between the probability of a
spike under each stimulus is 0.05. The inset shows the average Kullback-Leibler divergence in bits
between the triplet models and their pairwise maximum entropy fits. (B) Excess triplet probability
for the non-preferred (solid lines) and preferred (dashed lines) stimuli, averaged over all triplets.
(C) Raster plots for the population marked with a red box in A, and the pairwise model. Note that
the triplet correlations do not create large population-wide events immediately apparent by eye. (D)
Relative increase in information over varying Ay with average correlation of p = 0.05. The av-
erage baseline firing rate (to the non-preferred stimulus) was fixed to 0.05. (E) Relative increase
in information as a function of average pairwise correlation. Here, the triplet interaction term is
fixed to a magnitude of 1.5. Values are averaged over all firing rates (see Methods, Heterogeneous
Populations). All error bars and shading represent standard deviation.
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Figure 3.10: Spike count histograms for five sample populations with dissimilar stimulus tuning,
all of which share the same inhomogenous lower-order statistics. Panels show the pairwise model,
right, (in which G = 0) and the four different quadrants of triplet interactions, left, (G = +2.0).
Parameters are taken from the red box in Figure 3.9 but are reduced from probabilities of spiking
patterns to spike counts. In particular, the average pairwise correlation coefficient is 0.05 and the
average difference between the probability of a spike under each stimulus is 0.05.

spike counts of the two subgroups separately. The resulting two-subgroup spike count his-
tograms are shown in Figure 3.10. These provide insight into how the triplet correlations
shape the response distributions. The triplet correlations in region SD2 skew the two-
dimensional response distributions away from each other, allowing the stimuli to be better
distinguished. Stimulus-independent triplet correlations, however, again shape the distri-
butions in the same way for both stimuli. We conclude that, even for our inhomogenous
populations with diverse stimulus tuning, the intuition developed in Figure 3.2 describes
how triplet correlations can affect the encoding of preferred versus non-preferred stimuli.

3.2.3 How much data is necessary to estimate HOCs?

Above, we have seen when and how triplet spiking statistics can have a significant impact
on discrimination in neural populations. To characterize the effect of higher-order correla-
tions in data, accurate measurements of the frequencies of spiking patterns are crucial. An
essential source of difficulty in observing HOCs is the amount of data required. Since syn-
chronous spiking events are relatively infrequent, they require longer recordings or many
trials to measure. We estimated the amount of data that is required to measure the likeli-
hood of a triplet of neurons spiking synchronously within a relative error of @ by bounding
the 95% confidence interval of any triplet of probability larger than py,;, (see Methods for
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Figure 3.11: Amount of data necessary to accurately estimate triplet frequencies. In all panels, @ =
0.1 (this represents the prescribed relative error; see text). (A) Tes scales as a power law for small
probabilities; here it is plotted in seconds, assuming 20 ms time bins. (B) Triplet probabilities were
estimated from samples of 1000 triplet maximum entropy models with randomly chosen interaction
parameters using different amounts of simulated data. Black dotted line shows the average relative
error for all triplets with frequency greater than pyi, = 0.05 as a function of time used in the
estimation (assuming 20 ms time bins). Grey funnel represents the 95% confidence interval. Dotted
red line shows T calculated from Equation (3.2.1). As expected, the width of the confidence
interval here (denoted by the arrows) is 2« = 0.2. (C) Width of 95% confidence interval (CI) plotted
as a fraction of Ty for four choices of ppi,. All widths are below 2a by time 7' = Teg.

details). This gives the following equation:

1 - Pmin
Pmin (%)2

Ty provides a lower bound on the number of binned activity patterns that are necessary
to measure all triplets with frequencies of py,;, or greater within a relative error of . The
choice of bin size is an important issue that we do not address here, as it does not affect
these results. Figure 3.11A illustrates the dependence of Ty on p, for a relative error of
10%, or @ = 0.1 (plotted in seconds assuming time bins of 20 ms). Note the logarithmic
scaling on the axes: for example, only 220 seconds of data would be necessary to estimate
the average triplet probabilities in Figure 3.9C (right panels), but over two hours are needed
to estimate the least frequent triplets.

To test the tightness of the bound, we generated third order maximum entropy distri-
butions with random interaction parameters and calculated the probability of three neurons
firing synchronously from independent samples from the distribution. Figure 3.11B shows
the mean relative error (black dots) and two standard errors of the mean (gray funnel) for
all triplets with sample probability greater than p.,;, = 0.05. At the estimate 7., the width
of the 95% confidence interval is around 2«, as predicted. The estimate is shown to be ac-

(3.2.1)

est —
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curate for several ranges of p in Figure 3.11C; in fact, the estimate is conservative, because
probabilities larger than p;, will require even less data. This formula can be helpful for
designing experiments to detect infrequent spiking events; or alternately, given a data set,
this formula specifies which spiking patterns have sample frequencies that are large enough
to be relatively accurately determined.

3.3 Discussion

The spiking patterns that neural populations produce in response to a given stimulus are
variable, and this variability is correlated from cell to cell. There has been extensive work
on how these correlations impact the fidelity with which a population encodes its stimuli,
but the majority of this work has focused on correlations between pairs of cells. Here, we
held such pairwise correlations as well as firing rates fixed and explored the impact of triplet
correlations, which have recently been observed in multiple brain areas, on discriminating
between preferred versus non-preferred stimuli in small populations of neurons.

Starting with homogeneous populations and working through those with progressively
more diverse properties, we found that a common set of principles governed the impact of
triplet correlations on the discrimination of stimuli. When triplet spike correlations were
either increased or decreased relative to the level occurring in a null “pairwise model,” and
this increase or decrease occurred similarly for both stimuli, there was little impact on cod-
ing accuracy. However, stimulus-dependent triplet correlations significantly enhanced cod-
ing, by shaping the response distributions to reduce their overlap. In particular, when pair-
wise correlations were low, the greatest improvements were found when triplet spike cor-
relations were decreased for their preferred stimulus, and increased for their non-preferred
stimulus. Despite the fact that these triplet correlations are constrained by experimentally-
observed lower order statistics, they were able to have a significant impact on coding. These
effects can be understood intuitively as skewing the stimulus-conditioned spike count distri-
butions away from or towards each other (as in Figure 3.2). We showed that this intuition is
fruitful even when considering the information encoded in spiking patterns of heterogenous
populations with more diverse tuning properties.

Thus, if triplet correlations are modulated by stimuli, models that only take pairwise
statistics into account could significantly underestimate the information represented in neu-
ral populations, at least in the cases we study here. On the other hand, if triplet correlations
are similarly shaped for different stimuli, we found that pairwise models were able to cap-
ture the amount information encoded relatively well. Importantly, as we have illustrated,
the presence of triplet correlations can be easily overlooked despite their potentially large
impact on stimulus encoding: for example, some measures of coding accuracy, such as the
optimal linear estimator, do not incorporate higher-order correlations. Second, higher-order
spiking statistics are difficult to observe from raster plots alone (as in Figure 3.1). Finally,
even direct measurements may be impractical in some cases as long recordings are neces-
sary to reliably sample infrequent spiking events. With an eye toward future experiments,
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we provide an estimate in Equation (3.2.1) of how much data is required to accurately
measure higher-order statistics within a given relative error.

The ability of stimulus-dependent triplet correlations to facilitate stimulus encoding is
not guaranteed a priori. In fact, pairwise correlations between similarly tuned neurons
enhance coding not when they are not stimulus-dependent, but when they are negative in-
dependent of stimulus identity [13]. This suggests a general trend for how varying kth order
interactions away from the (k — 1)th order model can affect information in populations of
similarly tuned neurons: since odd moments (such as triplets correlations) shape probabil-
ity mass around a distribution’s mean in an asymmetric way, inducing stimulus-dependent
values increases information by shaping distributions away from each other. Conversely,
even moments (such as pairwise correlations) shape probability mass symmetrically, and
therefore information can increase when they are negative, independent of the stimulus.

Whether neural circuits actually exploit our finding that stimulus-dependent triplet cor-
relations can strongly improve coding remains unknown. At the level of pairs of cells,
correlations in cortex are modulated by task relevance [73] and attention [33]; beyond-
pairwise correlations can be modulated during motion preparation in motor cortex of awake
macaques [128]. On the other hand, in [109], higher-order spiking correlations in anes-
thetized macaque visual cortex were found to be negative regardless of stimulus (as in
region SI2 in Figure 3.3A). In agreement with our general theory, these triplet correlations
had no measurable effect on encoded information.

A natural question that arises from our findings is the mechanistic origin of stimulus-
dependent higher-order correlations. While common input is a prime candidate for the
generation of HOCs in general, stimulus-dependence might stem from intrinsic nonlinear-
ities such as thresholding or spike generation [90, 17, 155]. On the other hand, if triplet
correlations act similarly under differing stimuli, they may have no impact on coding; in-
triguingly, however, they may serve a complimentary purpose such as sparsifying the neural
code [109]. Moving forward, one could test experimentally how higher-order correlations
are modulated during learning in animals that are trained to discriminate between similar
stimuli. If the population spiking statistics adapt so that triplet correlations are strongly
stimulus-dependent after training, this would be an indicator that neural systems can use
higher-order correlations to their advantage to better discriminate between similar stimuli.

Our study had a number of simplifications and limitations that will be addressed in
future work. First, we chose to study discrimination between pairs of stimuli, but the
approach could be extended to encoding of multiple stimuli. Second, because we were
interested in isolating the effect of triplet correlations, we held pairwise statistics constant
from one stimulus to the next. Our intuition may generalize, however, to cases where these
pairwise correlations also change with stimuli. In the schematic of Figure 3.2, increasing
correlations between pairs of neurons will change the variances of the population spike
count, but will not change the effect of oppositely-skewing the spike count distributions
once the lower-order moments are fixed. However, it would be interesting to study varying
pairwise and higher-order statistics together.

Furthermore, because maximum entropy models assume that responses are stationary
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in time, they are generally used to characterize zero-lag correlations rather than more com-
plicated temporal dependencies. While the models can in theory be extended to include
spatiotemporal patterns [91], the added dimensionality is a major hurdle to overcome.

This leads to perhaps the strongest limitation of our study — we study only relatively
small population sizes. This is due in part to the computational expense of tuning maximum
entropy models with order N parameters, while varying triplet interaction terms systemat-
ically and averaging over multiple realizations of random populations. Exact calculations
of mutual information also become intractable in large populations, as the probabilities of
2V states must be enumerated. For certain sensory coding problems, population sizes close
to the N = 10 we used may be the relevant order of magnitude. For instance, only eight
directionally selective ganglion cells encode motion at each retinal location [11]. In other
applications, this number is insufficient.

We expect the intuition we developed based on the skewness of response distributions
to hold for larger populations, as long as the triplet interaction parameters within clusters
of similarly-tuned cells are restricted to fall squarely in one of the four quadrants in Figure
3.3A (and are therefore relatively homogenous across the subgroup). We have confirmed
that, for fixed triplet statistics (excess triplet spiking k) the relative increase in information
due to triplet correlations can remain stable as N increases, at least for homogenous popu-
lations (see Figure 3.4). However, for the setting of this paper — in which we fix pairwise
correlations and firing rates to relatively low values and assume that triplet correlations ex-
ist among every triplet within the population — the range of possible triplet correlations
is likely to decrease with N, and this may limit their possible impact on encoded infor-
mation. Thus, the present work is best thought of as investigating the impact of triplet
correlations in small subpopulations sharing similar tuning preferences, as for the localized
triplet correlations found in primate cortex [109].

To fully understand encoding in neural circuits, it is essential to characterize the func-
tional interactions between different groups of neurons, and how they change with external
stimuli. With this work, we have made a first step toward extending this program to incor-
porate beyond-pairwise spike correlations. With ongoing advances in high-density record-
ings and large-scale data analysis, we can look forward to an increasingly unified theory of
how neural covariability at all orders impacts coding.
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CHAPTER 4

Modeling reliable spiking features in
neural data

What is the collective statistical structure of neural activity, and how does this structure
vary from stimulus to stimulus? Answers to these questions can provide insight as to how
ensembles of neurons modulate their spiking structure to flexibly perform different compu-
tations. In the previous chapter, for example, we showed how triplet spiking correlations
could have a significant impact on population coding using maximum entropy techniques.

Maximum entropy models are a useful tool for determining which spiking features
characterize the distribution of spiking activity. Recently, they have become a widely used
method to fit neural spiking data [92, 124, 1, 129, 63, 52, 91, 141]. But, in order to probe
higher-order correlations, the number of parameters increases exponentially. Perhaps this
may be avoided by selecting a subset of spiking features are most significant for the neural
code, but what is the criterion for inclusion in such a model?

Building off of [52], we develop in this chapter an adaptive maximum entropy model
that fits only the interactions among neurons that spike together more than a fixed threshold
frequency. As a consequence, the ‘“Reliable Moment” model is less likely to fit to noise in
the data, while capturing the higher-order spiking features that significantly shape the dis-
tribution of population spiking patterns. We apply this technique to extracellular recordings
from mouse lateral geniculate nucleus (LGN) during presentations of visual stimuli to an-
alyze neural covariability and how it contributes to neural coding. Visual stimuli consisted
of grating patterns, i.e., movies of parallel bars drifting in a particular direction (see, e.g.,
Figure 1.1). We find that pairwise correlations significantly shape population activity, both
sparsifying the neural code and also affecting stimulus decoding. In particular, correla-
tions increase the decoding accuracy of grating direction. Finally, we find that higher-order
correlations do not significantly shape population activity.
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4.1 The Reliable Moment maximum entropy model

Any stationary distribution of binary firing patterns ¢* can be written in the following Gibbs
distribution form [52]:

P(O_)') = %CXP Z i0-i+Z,8ij0-i0-j+ Z 7ijk0-i0-j0-k+ Z 6ijklo-i0-j0-k0-l+
i i<j i<j<k i<j<k<l
4.1.1)
The above model fits all spiking features of the population. By “spiking feature,” we mean
the subsets of synchronously spiking cells that are present within a firing pattern. For
example, the five-cell firing pattern & = [11001] contains the following seven spiking
features: f(&) = oy, 03, 05, 0102, 0105, 0205, and 0710,0s.

In order to determine whether various spiking features contribute to neural firing pat-
terns, Equation 4.1.1 is usually fit only up to a fixed order of interactions (pairwise, triplet,
etc.), while setting all higher terms to zero. Although useful for isolating interactions of
various orders, this approach has several disadvantages. First, fitting O(N*) parameters to
data becomes very computationally expensive as the order k of the models increases. Sec-
ond, since we are considering binary random variables, the kth order moment is equal to
the corresponding marginal probability:

(o0, -0)=Pr(c, =1,0,=1,...,04 =1). 4.1.2)
This means that higher-order moments are necessarily smaller than lower-order ones (i.e.,
(o103) < {01)). As aresult, empirical estimates of higher-order spiking features are sus-
ceptible to significant sampling error, hence maximum entropy models that have been fit to
these noisy estimates may not generalize to held-out data. In general, stopping at a fixed
order seems rather arbitrary, as it is possible that some highly interacting neural ensembles
may act collectively, while other neurons may spike independent of the activity of their
neighboring cells.

Instead, we adopt the following principle for higher-order maximum entropy models,
originally proposed in [52]: we fit only the spiking features (of any order) that are “re-
liable” in shaping the distribution of population spiking patterns. In particular, the kth
order spiking feature fi(&) = 0,0, -0, is reliable if its corresponding sample mo-
ment (0,0, - - - 0p,) (as estimated from the data) is larger than some threshold frequency.
Equivalently:

Pr(c,, 00, ., 00 =1) > pmin. 4.1.3)

The threshold probability p, is a parameter that implicitly controls the number of param-
eters in the model. As derived in Chapter 3, it can also be related more concretely to the
accuracy of the sample estimates of the moments from the dataset. Specifically, given T
samples (i.e., firing patterns within a small time window), in order for 95% of the sample
probabilities to lie within a relative error @ of their true values, the threshold probability
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must be: {

S (4.1.4)
1+T (%)2

Pmin =

Once the reliable spiking features {f;(¢*)}.., have been determined from the data, we
model the probability of population spiking pattern & the in the following maximum en-
tropy form:

1
Pru(@) = - exp {Z hi ﬁ(&)} . (4.1.5)

The interaction parameters A; are fit in order to match the expected values of f; to their
observed frequencies in the data. Because our criterion for inclusion in the model depends
on the frequency of occurrence, this model will fit neural data with a sparse structure that
incorporates select interactions of varying orders, rather than all interactions of a fixed
order.

We call this model the Reliable Moment model. While building off of the Reliable
Interaction model established in [52], we make two key modifications to the parameter
fitting and selection criteria in order to improve the model’s ability to accurately fit neural
data using sparse spiking features. We will discuss the relationship between the Reliable
Moment and Reliable Interaction models later in this chapter.

4.1.1 Fitting maximum entropy models with Minimum Probability
Flow learning

To quickly fit the interaction parameters in the Reliable Moment model, we used a newly
developed method called Minimum Probability Flow (MPF) learning [134]. In this section,
we briefly explain the general idea of MPF as derived in [134] before describing how we
applied it to maximum entropy models with arbitrary interaction terms, such as the Reliable
Moment model.

Suppose D represents a finite number of samples of the underlying distribution. In the
case of neural data, this typically represents a set of binary population-wide firing patterns
that have been counted over small time bins (of usually 10-20 ms). MPF learning defines
the following dynamics describing the deterministic evolution of distribution P from the
empirical distribution P©:

PO =1pPO, (4.1.6)

where the coupling matrix I" has been chosen specifically so that the system has an attractor
P guaranteed to lie within a specific class of models (see [134] for details).

At this point, the distinction between MPF and other techniques becomes clear. Maxi-
mum likelihood learning, such as Iterative Scaling (discussed and used in Chapter 3), finds
the interaction parameters that maximize the log-likelihood of the data. This is mathemat-
ically equivalent to minimizing the KL divergence between the empirical distribution P
and the attractor P*. MPF, on the other hand, minimizes the KL divergence between the
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empirical distribution and the distribution P, i.e., that distribution after an infinitesimal
amount of time. In practice, this modification can lead to very accurate solutions with a
dramatic reduction in computation time.

Taylor expanding in €, the KL divergence between P and P© can be approximated in
the following close form [134]:

K(h) = ] Z Z gi; exp{ (Eih) - E; (h))} 4.1.7)

JjeD i¢D

where E; (h) denotes the energy of the jth state 3" with interaction parameter vector h:
Ej(h) = )" hifi@?), (4.1.8)

and g;; is a binary coupling parameter that describes which non-data state i ¢ D to be
considered. The choice of g;; will be discussed in the following section. The gradient is
therefore given by:

et

jeD i¢D

OE; (h) OE ()
Ol ol

1 - -
gijexp {E (Eih) - Ej(h))} : (4.1.9)

The minimum of K (ﬁ) can be found very quickly using existing advanced gradient descent
techniques implemented in MATLAB or Python toolkits; following [134], we use the min-
Func package in MATLAB. Additionally, we include a small L1 regularization term to
prevent overfitting. For exponential distributions (such as models of the form 4.1.1), K (fz)
is convex; and also assuming infinite data, MPF will converge to the true solution.

Implementation of MPF for Reliable Moment model

In order to quickly fit the parameters of the Reliable Moment model, we implemented MPF
so that it could flexibly fit maximum entropy models with any arbitrary set of w spiking
features { f;(¢)}. Here we describe this implementation. For clarity, throughout this section,
matrices are denoted in bold (e.g., A), vectors with arrows (ff), and scalars in plain font
(A).

Let X be the N X T raster matrix, i.e., the matrix whose columns are the population
firing patterns & that have been observed. The set of spiking features can be summarized
by the N X w matrix F, whose ith column is the spiking pattern corresponding to feature
fi(@). Then the active spiking features in each observed pattern can be described by the
w x T matrix WX, whose (i, j)th element is a 1 if interaction i is active in pattern &, and
a 0 if not. In matrix form,

X=IF"-X=F"-1], (4.1.10)

where 1 is the N X N matrix of ones and I[-] represents the indicator function (i.e., the
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function that yields 1 if its argument is true, and O otherwise). Finally, the energies of the
different observed spiking patterns are given by the following 1 X T vector:

EX = - WX, (4.1.11)

where /1 is the 1 X w vector of interaction parameters corresponding to each spiking feature.
Using the notation of the previous section, the jth element of the vector EX is equal to E ;(h)
from Equation 4.1.8 (i.e., the energy of the jth spiking pattern).

In order to calculate K (Equation 4.1.7), we must choose the coupling term g;; to de-
termine which non-data states are to be considered. Following [134], we set g;; = 1 if the
spiking pattern vectors i and j differ either by a single bit flip or by flipping all bits; oth-
erwise, g;; = 0. The single bit flip states are a standard choice to allow probability to flow
from any state to any other state along an N-dimensional lattice. For neural data, which is
typically sparse, the all bit flip state is added to expedite probability flow to sparser patterns.

First, consider the contribution of the single bit flip states: in particular, the states cor-
responding to neuron / being bit-flipped, denoted by the matrix X'. All rows of X' are
identical to X, except for row /, which has been bit-flipped. Then the contribution to K
from flipping the state of cell / for each of the observed patterns is given by the following
1 X T vector:

R 1
Kiingie = €Xp {E(ﬁx' - EX)} 4.1.12)
1
= exp {Eh C(WX - wx)} . (4.1.13)

Each element in the vector corresponds to a different observed state in Equation 4.1.7 (i.e.,

the first summation in that equation), and each / corresponds to a non data state (the sec-
. . . > . .

ond summation). Averaging over all elements in Kiingle and summing over all / gives the

contribution to K (ﬁ) in Equation 4.1.7 that comes from single bit-flipped states.

Following Equation 4.1.9, the gradient corresponding to each term is given by the fol-

lowing 1 X w vector:
1

> — 1
DKsingle = ﬁKiingle : (WX - WX)T (4114)

Similarly, now consider the contribution of the full bit flip states. The matrix of patterns
that are attained by flipping all of the bits in the observed patterns is X = 1 — X. As before:

, 1> %
K1 = exp {ih (WX - WX)} (4.1.15)
and the gradient is given by:
- 1 — <
DK = ﬁKall (WX - wWHT, (4.1.16)
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Finally, the KL divergence is given by summing over all non-data states (i.e., N single
bit-flipped states and one fully bit-flipped state) for each observed state, then averaging
over all observed states in Equation 4.1.7:

N
K= <Z L rele + I?au>, (4.1.17)

I=1
The gradient is given by:
= al - 1 =
DK = )" DK g + DKan. (4.1.18)
I=1

4.1.2 Relationship to the Reliable Interaction model

The Reliable Moment model builds off of the Reliable Interaction model, which also iden-
tifies the frequent spiking features in population spiking data to approximate maximum-
entropy models [52]. While sharing the same motivation, we have made two key modifica-
tions.

The first modification concerns how the two models are fit to data. As the number of
parameters grows, maximum likelihood learning of maximum entropy models to binned
spiking activity quickly becomes very costly and, therefore, slow. In the Reliable Mo-
ment model, slow parameter fitting is ameliorated by applying MPF learning, which is
significantly faster than maximum likelihood learning, to models with arbitrary features.
In contrast, [52] uses an arithmetic trick to allow interaction terms to be calculated directly
from the observed frequencies of spiking patterns. The trick relies on the fact that in neural
data, since the spiking pattern 000...0 (corresponding to no spiking activity) is relatively
frequent, the partition function can be estimated accurately as Z = 1/P(000...0). From
there, the subsequent interaction terms can be calculated recursively:

2 = 1/P(000...0) (4.1.19)
&, = log P(100...0) + log Z (4.1.20)
B1r = log P(110...0) + log Z — &, — @, etc. 4.1.21)

Specific interaction terms are chosen to be fit if the corresponding spiking pattern occurs
above a fixed threshold frequency (the consequences of which will be discussed later in
this section).

While this method allows extremely fast estimation of the interaction parameters for
any N, as noted by the authors [52], it does not result in a normalized distribution. To see
this, consider the toy example of a population of N cells that never spike. The probability
of any spiking pattern & is:

P(&) = JI[Z o = o] . (4.1.22)
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Under the Reliable Interaction model, the partition function is:

1
Z= =1
P(0...0)

(4.1.23)

Because only the silent state occurs, all other interactions are set to 0. As a result, the
probability of any spiking pattern is:

Pgi(7) = %exp(O) =1, (4.1.24)

therefore the probabilities sum to Yz P(c") = 2V. Although Z is an accurate estimate of
the partition function for true underlying distribution, it is not the right partition function
for the model that is fit using Equations 4.1.19-4.1.21. But since the interaction terms are
found using Z, the model also cannot simply be renormalized; in fact, doing so would yield
a uniform distribution, a poor fit for the delta function in Equation 4.1.22. This toy example
clarifies why the Reliable Interaction model fails to normalize: it use the right normalizing
factor for the wrong model. In contrast, since the Reliable Moment model is solved by
direct parameter fitting techniques, it is always normalized.

The second modification changes how the significant interaction terms are selected. The
Reliable Moment model includes spiking features if the corresponding moment is greater
than a threshold value p.,;,. For example, in a 10 cell population, the 4th order feature
fi(&) = 00305019 would be included if the probability P(o; = 1,03 = 1,05 = 1,09 =
1) > pmin- In contrast, the Reliable Interaction model determines that a particular interac-
tion is reliable if the corresponding spiking pattern frequency exceeds this threshold; for
example, f;(¢") would be included if the pattern 1010100001 occurs with frequency ppi, or
greater. The difference is whether the criterion for inclusion in the model is based on the
full probability of that particular pattern, or on the marginal probability that cells 1, 3, 5,
and 10 fire together.

While this may seem like a subtle difference, the marginal probabilities satisfy an im-
portant property: the probability of a set of cells firing is necessarily less than the probabil-
ity of any subset of those cells firing, e.g.,

(0103050 10) < (0105010) < (0105) < {05). (4.1.25)

This hierarchy of probabilities underlies the fact if the Reliable Moment model includes
any particular spiking feature, it must also include the features corresponding to each of its
subsets of cells. The spiking patterns, on the other hand, do not create such a hierarchy.
As a consequence, the Reliable Interaction model may fit higher-order interactions without
fitting the subgroup interactions, potentially enabling the finding of spurious higher-order
interactions.

As an example, consider the following pairwise maximum entropy distribution for N =
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3 cells:

1
P(&) = 7 exp{—20 — 205 — 203 + 207103 + 207073 + 20,073} . (4.1.26)

The probability of each pattern can be found analytically:

. 1 0 or 3 cells fire
P(7) (4.1.27)
exp{-2} 1 or?2cells fire

with a partition function of Z = 2 + 6e™2. Therefore the probability of all or no neurons
firing is 0.3556, while the probability of one or two neurons firing is 0.0481. We generated
10000 samples from Equation 4.1.26 to test how well the Reliable Moment and Reliable
Interaction models could infer the underlying interaction parameters. For each model, we
set the threshold probability to p,i, = 0.05.

First, consider the Reliable Interaction model. Since the frequency of spiking patterns
with one or two spikes falls below p,, the first and second-order interaction parameters
are set to zero. The triplet interaction term then reduces to:

8123 = log P(111) + log Z. (4.1.28)

Therefore the values of the interaction parameters are given in the following table:

fil@) | oy | 02| 03 | 0102 | 0103 | 0203 | 0102073
h; 0 0 0 0 0 0 0.0493

The resulting model is able to fit the frequency of the patterns 000 and 111, but is a poor
fit for any of the patterns that were not included in the fitting process (Figure 4.1; again,
note that this model is unnormalized). And because the first and second order parameters
are incorrectly assumed to be zero, a spurious triplet interaction term is inferred.

On other hand, the moments of the distribution are all greater than py,, so all interac-
tions are fit under the Reliable Moment model. MPF finds the following parameters:

>
fi(@) g 0] g3 0107 0103 0203 | 0102073

h; | -2.0289 | -1.9785 | -2.0225 | 2.0184 | 2.0373 | 1.9869 | 0.0000

Not only are the first and second order terms accurate as compared to Equation 4.1.26, but
this triplet term is correctly set to zero — even though this term was included in the fitting.
This contrasts the Reliable Interaction model, which incorrectly inferred triplet interac-
tions in the data. Moreover, in this example, the Reliable Moment model also provided an
accurate fit of the probabilities of all spiking patterns (Figure 4.1).

In sum, the Reliable Moment model builds off of the Reliable Interaction model while
modifying how the model is fit to data and how interactions are chosen for inclusion. These
modifications result in two advantages of using the Reliable Moment model to fit neural
population data to higher-order maximum entropy models: (1) it is normalized, and (2) it
is less likely to infer spurious higher-order terms.
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Figure 4.1: Example comparing the Reliable Interaction and Reliable Moment models. Probabili-
ties for different spiking patterns of the three-cell system defined by Equation 4.1.26 (gray), as well
as the Reliable Moment (red) and Reliable Interaction (blue) model fits to sampled data. While the
Reliable Interaction model only fits the spiking patterns that occurred with frequency over pp;y, the
Reliable Moment model accurately fits the whole distribution. Also note that the Reliable Interac-
tion model is not normalized.

4.2 The statistical structure of spiking patterns in mouse
lateral geniculate nucleus

We used the Reliable Moment (RM) model and other maximum entropy techniques to study
collective population spiking activity in the lateral geniculate nucleus (LGN). The LGN is
a structure in thalamus that relays visual information from the retina to visual cortex for
more complex information processing. Although its response properties are modulated by
significant cortical feedback [6, 96, 103], the activity of LGN is theorized to be an efficient
recoding of retinal activity [38, 12]. As in retina [60, 130, 124], correlated spiking is
observed between pairs of LGN cells [71]. These precise temporal correlations lead to a
20% increase in information about stimulus pixel strength in the output of cell pairs [37].
Less is known about the population-wide spiking structure in LGN, although there have
been some hints of coordinated spiking in adjacent areas: higher-order correlations, for
example, have been observed in both retina [124, 52] and cortex [109, 100, 79].

To better understand this collective activity, we analyzed population spiking patterns of
neurons in the LGN of awake mice during the presentation of grating stimuli drifting in dif-
ferent directions at multiple spatial and temporal frequencies. We fit independent, pairwise,
and RM models to the distributions of spiking patterns in order to determine which spiking
features shape the population activity. We found that pairwise correlations have a large
impact on the distribution of spiking patterns, with implications for stimulus decoding; on
the other hand, although we find evidence of some higher-order spiking interactions, they
had little impact on population activity.
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Figure 4.2: Tuning curves and raster plots of recorded LGN cells. (A-D) Stimulus direction tuning
of four example LGN cells. Spontaneous firing rates (i.e., in response to zero-contrast stimulus) are
shown in grey, while trial-averaged firing rates for different grating directions are plotted in black

(errors depict standard error of the mean over all
tuning and (B) orientation-tuning, as well as wea
raster plots of spiking activity during (E) one trial

trials). These examples illustrate (A) direction-
ker tuning in other cells (CD). Also shown are
of 45 degree gratings with spatial frequency of

0.025 deg~! and temporal frequency of 1 Hz (bottom panel). (F) Histogram of the firing rates over
the entire population for the same trial. (G) Histogram of correlation coefficients for all cell pairs

(calculated for 20 ms windows), also for same trial
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4.2.1 Experimental procedures

All data was collected by Severine Durand of the Allen Institute for Brain Science. Ex-
tracellular currents were recorded from the lateral geniculate nucleus of awake, behaving
mice using a NeuroNexus 6-shank probe. Each shank contained 8 channels spanning 140
microns, and shanks were spaced 200 microns apart. Spike waveforms were sorted using
the graphical cluster cutting package Klusters [65].

During recordings, mice were presented with visual stimuli for intervals of three sec-
onds, alternated with one second of zero-contrast (gray) stimuli. After every 15 stimuli, 4
seconds of zero-contrast stimuli were presented. Visual stimuli comprised gratings moving
in directions from 0 to 360 degrees, with 45 degree spacings, and at six spatial frequencies
(0.025 — 0.8 Hz) and five temporal frequencies (1 — 15 deg™!). For all grating stimuli, the
contrast was fixed to 0.8.

After spike sorting, neurons were included in our analysis only if they spiked signifi-
cantly above their baseline firing rate (in response to the zero-contrast input) for any orien-
tation and spatiotemporal frequency; this corresponds to 47 cells.

4.2.2 Direction tuning and population activity in LGN

Traditional theories of population coding rely on the “tuning” of individual neurons, i.e.,
which stimulus properties drive each neuron to spike significantly above its baseline firing
rate. As an illustration, Figure 4.2A-D shows the average firing rates of four example LGN
cells in response to different grating directions (black curve) as well as the spontaneous
firing rate in response to a zero-contrast gray screen (grey curve). Some neurons can be
well-described by their tuning properties: Figure 4.2A shows an example of a direction-
selective neuron, which spikes preferentially in response to gratings moving at around 180
degrees, and Figure 4.2B shows an orientation-tuned neuron that fires when the stimulus is
moving at either 45 or 225 degrees. However, some neurons show weak direction tuning
properties that are difficult to interpret (Figure 4.2CD).

Instead of studying single-cell responses, we use maximum entropy methods to ana-
lyze the spiking activity of the population as a whole. Figure 4.2E shows an example raster
plot over a three-second trial during which a 45 degree grating with spatial and temporal
frequencies of 0.025 deg™! and 1 Hz, respectively. Pairwise correlation coefficients ranged
over strong values between -0.2 and 0.3 (Figure 4.2FG). To determine which spiking fea-
tures shape such population activity, we binned rasters in 20 ms windows (following [52]),
and modeled the distribution of simultaneous population spiking patterns using indepen-
dent, pairwise, and Reliable Moment maximum entropy models. For each direction of the
grating stimulus, the spiking patterns were randomly partitioned into either a training set
or a test set. However, the test and training sets mixed responses to stimuli of different
spatial and temporal frequencies. This is equivalent to treating the frequencies of the grat-
ings as nuisance parameters, that is, examining how information about stimulus direction
is generalized across spatial and temporal frequencies.
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Model parameters were fit to the “training” half of the data of each stimulus direction
through MPF learning. The remaining half of the data (the “test” data) was reserved for
cross-validation of the models. Specifically, we estimated the Kullback-Leibler divergence
(Equation 4.2.9) between the empirical probabilities and the predicted model probabilities
of the spiking patterns in the test data. This technique allows us to test whether the models
fit the true distribution of spiking patterns underlying the data, or rather if they overfit to
noise within the training data.

4.2.3 Estimating the partition function

Through MPF learning, we can rapidly fit interaction parameters for arbitrary maximum
entropy models. But in order to predict the probability of a particular firing pattern, we ad-
ditionally need the normalizing factor or partition function Z. For large N, it is impossible
in practice to compute Z directly as it requires a summation over all 2 possible spiking
patterns.

To get around this, we follow [63] and use a technique to estimate the partition function
called the “Good-Turing” estimate. Originally discovered by Alan Turing and I. J. Good as
part of their cryptanalysis of the Enigma code in World War I, the Good-Turing estimate
is a useful tool of frequency estimation with broad applications [57, 63]. This unbiased
estimator [57] gives a simple approximation of the probability mass M of all unobserved
states as the fraction of distinct spiking patterns that occur exactly once in the dataset D:

_ # states only observed once

- 4.2.1)

total # observations
The Good-Turing estimate is accurate for heavy-tailed distributions in which the number of
states observed only once tends to be large [57], a common statistical feature of neural data.
The estimator’s applicability to Ising-like models of neural population spiking patterns has
been directly tested in [63].

Following [63], we can rewrite the partition function as follows:

D exp {Z hi ﬁ(&)} 4.2.2)

>

D exp {Z hy ﬁ(&)} + ) exp {Z h; f,-(J—)} (4.2.3)
FeD i a¢D i
_ X+ (4.2.4)

Z

Here, X represents the contribution of the observed states to the partition function, and Y
the contribution of the non-observed states. Using these definitions, M can also be written
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Figure 4.3: Fitting the Reliable Moment model for different values of a. (A) Difference between

the number of parameters in the higher-order model and the pairwise model, averaged over stimuli,
for the pure Reliable Moment (hollow red bars) and the hybrid Reliable Moment + pairwise model
(solid red bars). (B) Difference between approximate KL divergences for higher-order versus pair-
wise models: i.e., d(PRM) — d(PPW), averaged over stimuli.

as the sum of the probabilities of unobserved states:

M= Z P(&) (4.2.5)
F¢D
1 5
=~ Z exp {Z hi ﬁ(a)} (4.2.6)
7¢D i
Y Y
=== . 4.2.7)
Z X+Y
Rewriting gives Y = %X, and combining with Equation 4.2.4 results in the following

equation for the partition function:

1
Z=—7X 4.2.8
Y (4.2.8)
With this formula, we are able to estimate the probabilities of spiking patterns for various
maximum entropy models without needing brute force calculation, which would require

enumerating over all 2V states.

4.2.4 Choosing a Reliable Moment model

Fitting the Reliable Moment model requires an arbitrary choice of threshold: in particular,
the cutoff probability p,,;, determines which interaction terms will be included in the model.
Large values of pp;, may result in a model that is too underdetermined to accurately fit
the population activity. On the other hand, smaller values of p,;, increase the number
of parameters, which risks overfitting the model to noisy estimates of infrequent spiking
features that may not generalize in cross-validation.
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To find the model that optimizes this tradeoff, we fit the Reliable Moment model to the
training data for a range of values of the expected relative error @ (which can be directly
related to pmi, using Equation 4.1.4). For comparison, we also fit the pairwise maximum
entropy models. Figure 4.3AB shows the difference between the number of parameters in
the Reliable Moment model and the pairwise maximum entropy model (hollow red bars)
for both mice.

The ability of any model distribution P(-) to fit the empirically-observed distribution
P™P(.) is quantified by the KL divergence:

(4.2.9)

Dy (P™, P) = Z PP (&) log (pemp(o-)) .

P(&)

The empirical distribution P"'P(-) simply counts the fraction of times each spiking pattern
occurs in the held-out test data, rather than the training data. This cross-validates the model,
which is necessary to ensure that P(-) is not overfitting to noise within the training data.

But because we have a finite amount of data, the empirical distribution is a noisy ap-
proximation to the underlying true distribution. In particular, spiking patterns that occur
only once in the data will have the most biased empirical probabilities. Therefore, instead
of directly calculating the KL divergence, we used the following approximation:

B Pemp 2
d(P) = ZZ; PP () 1og(P(—0_£;')) (4.2.10)
~ D (P™, P), (4.2.11)

where 9 is the set of spiking patterns that occur more than once in the held-out data;
d(P) provides an estimate for how well the different maximum entropy models are able to
capture the data. We also calculated the full KL divergence using Equation 4.2.9; while the
overall magnitude was larger, the qualitative relationship between the fit of the independent,
pairwise, and RM models did not change (data not shown).

Figure 4.3CD shows the difference between the pairwise and Reliable Moment model
KL divergences, d(P*) — d(P"V), averaged over all stimuli (hollow red bars). The RM
model improved the fit compared to the pairwise distribution for any @ > 0.1. We further
hypothesized that some pairwise interactions, although small, may still contain important
information about the collective activity of the population, a point we shall return to in
the discussion. We therefore also fit a variant of the RM model that includes all pairwise
interactions and only the reliable higher-order ones (solid red bars in Figure 4.3). This
hybrid Reliable Moment + pairwise model was able to best capture the spiking activity for

'A variant of this equation was originally used as an approximation of the KL divergence in [52] when
testing the Reliable Interaction model. The only difference is that [52] takes the absolute value of the log-
arithm in Equation 4.2.10. Their justification is that since the Reliable Interaction model is not normalized,
the absolute value is necessary to penalize models that underestimate probabilities. Since our model is nor-
malized, we used the Equation 4.2.10 to approximate the KL divergence.
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a = 30. Therefore this is the higher-order model that we will use throughout the remainder
of this section. (For clarity we will refer to it as simply the RM model.)

As a comparison, we also analyzed the fit of the triplet maximum entropy model to
the training data. Although it had more than 13,000 extra parameters, the triplet model
actually performed worse than both the pairwise and RM models on the held-out data
(data not shown). As mentioned before, this is because the triplet model fits noisy triplet
spiking features in the training data that do not accurately reflect the test data. This fact
highlights the strength of the RM model in identifying the higher-order interactions that are
sufficiently accurately estimated to generalize to more data.

4.2.5 Statistical interactions in mouse LGN

To determine which spiking features shape the collective population activity, we compared
the independent, pairwise, and RM maximum entropy models to the empirically observed
frequencies of the held-out spiking patterns. Figure 4.4A shows the cross-validated fits of
the models to the test data for all stimulus directions. The independent model is a poor fit,
having a relative high KL divergence of 0.4., and the large reduction in the KL divergence
in the pairwise models reveals that pairwise correlations are necessary to capture population
activity in LGN.

How do pairwise correlations shape population activity? Figure 4.4B shows the empir-
ical versus model probabilities of each observed spiking pattern under 90 degree stimuli.
The independent model systematically underestimates the states that are most frequently
observed in the data, which correspond to three or fewer cells spiking synchronously. This
illustrates one way that pairwise correlations shape population activity: by sparsifiyng spik-
ing responses so that fewer cells spike at the same time [109].

On the other hand, while the RM model does fit the held-out data better than the pair-
wise model, the size of the improvement is slim (Figure 4.4A). The RM model for this
dataset includes approximately 1500 parameters more than the pairwise model; these cor-
respond to a thousand triplets, hundreds of quadruplets, and a few quintuplets (Figure
4.4C.This represents a small fraction of all potential higher-order interactions. For ex-
ample, the 1240 triplets in Figure 4.4C makes up just under 10% of all 13,244 possible
triplets in the recorded population (Figure 4.4D). These extra 1500 higher-order parame-
ters accounts for a reduction of approximately 1.5% of the KL divergence, whereas the
946 pairwise interactions reduce the KL divergence by 70% compared to the independent
model. Therefore, we found that higher-order interactions did not significantly shape the
spiking structure of population spiking in mouse LGN.

4.2.6 Correlated spiking impacts direction decoding

In the previous section, we found that pairwise (but not higher-order) correlations signifi-
cantly shape the statistical structure of population activity in mouse LGN. These pairwise
correlations contribute in part to sparser population responses. Much work has shown that
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Figure 4.4: Analysis of the fit of independent, pairwise, and higher-order maximum entropy models

to LGN recordings: mouse M34. (A) Cross-validated KL divergence d(P) of independent (gray),
pairwise (blue), and Reliable Moment (red) models, plotted for different stimulus directions. (B)
Characteristic example of the word-by-word fit of the independent, pairwise, and RM models (here,
the stimulus direction is 90 degrees). Each point plots the empirical probability of a binary firing
pattern in the held-out data set against the probability predicted by each of the models. (C) Number
of interaction terms included in the RM model given a 90 degree stimulus, from single cell terms
to quintuplets. (D) Fraction of all possible kth order interactions that are included in the RM model
under a 90 degree stimulus.

correlated activity can also have a significant effect on how much stimulus information can
be encoded into neural populations [154, 2, 13, 114, 112, 135, 36, 70, 127].

Towards this end, we compared stimulus decoding based on the pairwise versus inde-
pendent maximum entropy models. For each pair of stimuli, we used maximum likelihood
estimation (as described in Chapter 2) to decode stimulus direction from each spiking pat-
tern in the held-out data. That is, for each spiking pattern in the test data, we computed
the likelihood of that spiking pattern based on the independent, pairwise, or Reliable Mo-
ment models (which have been fit to the training data). We then calculated the accuracy of
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Figure 4.5: Decoding stimulus direction from spiking patterns. (A) Percent accuracy of two-
stimulus maximum likelihood decoding shown for both the independent (gray) and pairwise (blue)
maximum entropy models. Each point represents the average over all stimulus direction pairs at a
fixed difference. Error bars indicate standard error. Asterisks represent statistical significance across
stimulus pairs (i.e., a p-value of 0.05 or less).

the maximum likelihood estimator, which “chooses” the stimulus that gives greater likeli-
hood of each sample, compared to the stimulus that actually elicited that spiking pattern.
This is the decoding perspective of Section 2.8, which is analogous to asking whether a
downstream circuit requires knowledge of spiking correlations in the population in order to
accurately decode stimulus direction.

Figure 4.5 shows the average percent decoding accuracy as a function of the difference
between the directions of the stimuli, plotted for both the independent (gray) and pairwise
(blue) models. The coding accuracy dips for stimuli moving in opposite directions (180
degrees), likely due to the presence of cells that are selective to direction regardless of
orientation (Figure 4.2C). For all other stimulus pairs, the presence of the pairwise correla-
tions improves decoding of spiking patterns by a few percentage points (asterisks indicate
statistical significance), showing that the pairwise correlations are marginally beneficial for
coding.

4.3 Discussion

How “collective” is the spiking activity of populations of neurons beyond their individual
tuning properties? And how does collective activity contribute to population-based stim-
ulus decoding? To answer these questions, we developed an adaptive maximum entropy
model to identify and fit the significant higher-order interactions of neural spiking. Unlike
related maximum entropy models that impose an arbitrary limit on the order of included
interactions, the Reliable Moment (RM) model selects the sparse subset of spiking features
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that are most frequently observed in the data. Not only does this approach require fewer
parameters, but it also ensures that the model is informed by the most accurately measured
features in the data, and thereby less susceptible to overfitting to noise.

The RM model builds off of the Reliable Interaction model [52] with two key modifica-
tions. First, we adapted Minimum Probability Flow learning [134] to fit arbitrary interac-
tion parameters extremely quickly. This, in combination with the Good-Turing approxima-
tion of the partition function [57, 63], guarantees that the resulting model is a normalized
distribution. Second, the RM model uses moments, or equivalently the marginal probabili-
ties of subsets of cells spiking together, instead of firing pattern frequencies as a criterion for
inclusion in the model. Because moments are naturally hierarchical (i.e., P(A, B) < P(A)),
this means that for any higher-order spiking feature fit by an RM model, all sub-features
will be fit as well. As we showed in a simple example, this second modification reduces
the likelihood of finding spurious higher-order correlations in the data.

We tested the RM model on extracellular recordings in awake mouse LGN upon re-
peated presentations of gratings of varying direction and spatial and temporal frequencies.
By comparing the fits of independent, pairwise, and RM models to held-out test data sepa-
rately for each stimulus direction, we were able to determine which spiking features were
necessary to describe the structure of the synchronous population spiking activity. We
found that, although the RM model was consistently able to better fit the spiking data than
models that did not include higher-order correlations, the magnitude of the improvement
was minimal. However, this may be due to mixing neural responses from different spa-
tiotemporal frequencies, which could average away higher-order correlations if they vary
for different frequencies. We are currently working to collect more data with a fixed spa-
tiotemporal frequency in order to further explore this possibility.

Still, the lack of evidence for higher-order correlations in our data was surprising, given
that they have been observed both in retina [52] and in cortex [109, 100, 79]. As we dis-
cussed in the previous paragraph, one potential reason for this discrepancy may be due to
the fact that we treated spatiotemporal frequency as nuisance parameters. Or, it may be a
result of methodological differences in how higher-order correlations are quantified in dif-
ferent studies. An alternate and intriguing possibility is that LGN may actively decorrelate
the higher-order structure for further information processing. Although temporal decorre-
lation (i.e., flattening of the autocorrelation function) during natural movies has been linked
to increasing the efficiency of the retinal code [38, 12], it is unclear what the benefit would
be for decorrelation of the higher-order population spiking activity in short time windows.
This will be the topic of future research.

On the other hand, pairwise correlations strongly shaped the distribution of spiking
patterns for all stimuli. This covariability made population responses more sparse than
predicted by the independent model, an effect that has also been observed in cortex [109].
We found that correlations improved the decoding accuracy of stimulus direction based
on spiking patterns by a few percent. Future work will continue the characterization of
the covariability of populations of LGN neurons and how it relates to spatial position and
response properties of individual cells.
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Finally, the main strength of the RM model is that it fits only the most frequent — and
hence most reliable — spiking features. Importantly, this prevents overfitting to noise in the
data. But in certain scenarios, this may also prevent the identification of the coordinate ab-
sence of spiking features, which may indicate negative correlations. However, it is difficult
to identify with higher-order spiking features are important to include. Therefore, future
work will aim to develop models that are able to identify which infrequent spiking features
may be important for the spiking structure of the population activity.
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CHAPTER 5

Dendritic nonlinearities modulate
higher-order correlations

Previously, we investigated how higher-order spiking correlations can impact stimulus en-
coding in neural populations, as well as the quantification, measurement, and fitting of
higher-order statistical features in maximum entropy models. However, these approaches
are agnostic about the origins of correlated activity, raising the following question: which
biophysical mechanisms generate HOCs in neural circuits? Several factors are known to
contribute to beyond-pairwise statistics, including common input [90, 17] and motif struc-
tures within the circuit architecture [69]. In this chapter, we discuss a novel cellular mech-
anism that can shape HOCs: dendritic nonlinearities.

Dendrites are the branched tree-like structures of neurons that transport signals from
synapses to the soma, or cell body. They come in a variety of shapes and sizes, from the
labyrinthine arbors of Purkinje cells to more austere unipolar brush cells, each of which
has only one dendrite; accordingly, their unique morphologies make them useful for clas-
sifying distinct neural cell types. Once believed to be simple passive cables, more recent
work has identified a rich set of active dendritic properties that allow for a variety of intra-
cellular computations [45, 117, 116, 152, 4, 144, 88, 64]. For example, dendrites have been
shown to play a crucial role in direction selectivity in retina [132, 15, 16, 118, 45], and even
orientation selectivity in mouse visual cortex [133]. Also in retina, nonlinear dendritic in-
tegration of synaptic inputs from electrical and chemical synapses has been shown to drive
correlated spiking between nearby ganglion cells [144]. Active dendritic properties have
also been implicated in: coincidence detection in auditory brainstem [5], identification of
looming stimuli in the locust visual system [49], and backpropagation of action potentials
in cortex, hippocampus, and other brain regions [139, 150, 22, 28]. More theoretical mod-
eling studies have demonstrated that dendritic properties may potentially enhance informa-
tion processing by increasing the memory capacity [56] and dynamic range of individual
neurons [56], as well as enabling computation of linearly non-separable functions [31].

To see how this connects to HOCs, we return to the third-order maximum entropy
model. Under this formulation, the probability that neuron i spikes conditioned on the
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Figure 5.1: Dendritic nonlinearities in cortical pyramidal cells. Adapted from Figure 2in [117]. (A)
Excitatory postsynaptic potentials (EPSPs) measured at the soma in response to individual paired-
pulse stimuli (black traces) or simultaneous stimulation of both paired pulses (red trace) on the
same dendritic branch. The blue traces shows the linear sum of the individual EPSPs. Medium-sized
inputs elicit a larger response at the soma than expected from the individual EPSPs (top panel), while
strong inputs elicit a smaller response (bottom panel). (B) Peak amplitude of the measured EPSP
in response to both inputs, versus the expected peak value from the arithmetic sum of individual
EPSPs. When separate branches were stimulated (green diamonds), somatic responses were always
linear. However, stimuli on the same branch were summed sublinearly or superlinearly at the soma
depending on size (circles; colors indicate different dendritic branches).

activity of the rest of the population is given by the following formula [155, 141]:

P(o; = Woph) = fhi+ ) Jyoj+ > Gigor o |, (5.0.1)
J

J<k

where f(-) is a sigmoidal function. In the absence of triplet interactions (G;j = 0), Equa-
tion 5.0.1 can be interpreted as a linear-nonlinear model neuron, with /; representing exter-
nal input and J;; representing the connectivity between cells. The addition of nonzero G;
(or even higher-order interaction terms) modifies this interpretation by adding a nonlinear
synaptic contribution. For example, suppose cells j and & spike simultaneously. If G;j > 0,
this amounts to a positive contribution to the argument of Equation 5.0.1, signifying a su-
perlinear summation of the synaptic inputs. Similarly, negative G, induces a sublinear
summation of the inputs.

Intriguingly, this observation turns out to have key similarities to a particular type of
dendritic nonlinearity discovered in the basal dendrites of cortical pyramidal cells [117].
The authors of the study gave paired pulse stimuli to either the same dendritic branch or
to separate branches, and measured the change in the membrane potential at the soma.
When stimulating the same branch, the two paired pulse inputs were found to be summed
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Figure 5.2: Illustration of the exponential integrate-and-fire (EIF) neuron model. (A) Example
voltage trace (top) and corresponding spike train showing the times of all action potentials (bottom).
(B) Noisy and synaptic inputs. Noise (modeled by an Ornstein-Uhlenbeck process; top right) is
injected directly to the soma. Synaptic input is filtered through a dendritic nonlinearity (described
in text). Bottom right panel shows example spike trains from the presynaptic cells. (C) Synaptic
conductance alpha function shows the response to a single synaptic input. Top panel plots the
conductance g(t), while the bottom panel plots the auxiliary function A(¢) (see text).

nonlinearly at the soma. Figure 5.1A shows the excitatory postsynaptic potentials (EPSPs)
in response to either of the two inputs individually (black traces) and the EPSPs in response
to both inputs simultaneously (red trace). Medium-sized pulse inputs elicited responses that
were much larger than predicted by the linear sum of the individual EPSPs (shown in blue),
indicating a superlinear summation of the inputs; meanwhile, strong inputs were combined
sublinearly. In contrast, inputs to separate dendritic branches were summed linearly at the
soma (Figure 5.1B).

Combining the observation that higher-order interactions can be interpreted as nonlin-
ear summation of synaptic inputs with the findings from [117] that active dendritic pro-
cesses induce such nonlinearities, we hypothesize that dendritic nonlinearities may shape
HOC:s in neural populations. Here, we demonstrate this mechanism through spiking sim-
ulations of a single neuron receiving input from two correlated spike trains. We show that
changing the curvature of the dendritic nonlinear filter modulates the triplet correlations
between the neuron and its presynaptic cells. As we saw in Chapter 3, such modulation
may have a significant impact on stimulus coding in neural populations.

5.1 Nonlinear summation in single cells

In order to isolate the effect of dendritic nonlinearities in generating higher-order correla-
tions, we model a single neuron receiving synaptic activity from two presynaptic cells as
well as zero-mean noise representing other sources of input. The membrane potential V(7)
of the postsynaptic cell is given by the following differential equation:

-V

ov \%
Con—=-8(V(t) - Er) + g1Ar CXP{

% }+I(t). (5.1.1)

T

97



CHAPTER 5: DENDRITIC NONLINEARITIES MODULATE HIGHER-ORDER CORRELATIONS  CAyco Gajic

C,, is the membrane capacitance, g; is the leak conductance, and E; is the leak potential
(all parameter definitions and values in this section are given in Table 5.1).

The second term on the right-hand side is the spike-generating current, so called be-
cause it causes the membrane potential to diverge, approximating the shape of an action
potential. Specifically, when V(¢) is near E;, the cell acts as a leaky integrator. If the ex-
ternal input /(¢) is able to drive the membrane potential sufficiently high, the exponential
form of the spike-generating current becomes larger and larger, dominating the leak term
and causing the voltage to diverge or spike. The shape of the action potential is controlled
by parameters Ar. V sets the excitability of the cell. Once the membrane potential reaches
the value V7, we say the cell has spiked, and the neuron is hyperpolarized by setting V(7) to
the reset potential Vg,. An example is shown in Figure 5.2A, which plots a typical voltage
trace over 500 ms (top panel) and the resulting spike train (bottom panel).

The input to the cell, (), is a combination of synaptic inputs and zero-mean noise:

1(1) = Ly (1) + (1) (5.1.2)

The noise is modeled as an Ornstein-Uhlenbeck process, defined by the following stochas-
tic differential equation:
dn(t) = —=6n(t)dt + ocdW(t). (5.1.3)

The parameters o~ and 6 are chosen to generate quickly-fluctuating subthreshold input, re-
flecting background noise and other potential synaptic inputs to the soma (Figure 5.2B, top
panel).

Finally, the synaptic input is the crucial component of the model for creating higher-
order correlations. For simplicity, we consider a single dendrite receiving input from two
presynaptic cells (as depicted by the schematic in Figure 5.2B). The presynaptic spike
trains, denoted by /;(¢) and /,(¢), are assumed to be correlated but marginally Poisson with
firing rates 4. To generate these spike trains, we first generate spiking times for three
independent Poisson processes: I¢(¢), which spikes at a rate of Ac = pA (for some 0 < p <
1), and I"(r) and I;(r), each of which spikes at a rate of 2; = (1 — p)A. The presynaptic
cell spike trains are then given by the sums of the common and the independent spikes:

Li(t) = Ic(t) + I"() (5.1.4)
L(t) = Ic(0) + I(&) (5.1.5)
The resulting spike trains are Poisson with firing rate A and a zero-lag correlation of ap-

proximately p (this becomes exact for small time bins). Figure 5.2B (bottom panel) shows
an example with A = 10 Hz and p = 0.5.

With the statistics of the presynaptic spike trains thus set, the synaptic input to the neu-
ron is given by a sum of the postsynaptic conductances g;(¢) passed through a nonlinearity:

Isyn(t) = fdend(gl(t) + gZ(I))- (5.1.6)
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Figure 5.3: Schematic illustrating the effect of curvature on nonlinear summation of synaptic inputs.
Shown are the contribution to the soma of a single synaptic input (black), two synaptic inputs
(red), and the expected linear sum of the response to two inputs (blue). (A) If fyenq(x) has negative
curvature, the contribution of two synaptic inputs is less than expected from the linear sum. (B)
Conversely, if fgend(x) has positive curvature, the contribution of two synaptic inputs is greater than
the linear sum.

The function fge,q(-) defines the form of dendritic nonlinearity and will be described in
detail in the following section. The conductances g;(¢) are transient pulse-like functions
that represent increased excitability at the postsynaptic terminal each time presynaptic cell
i spikes (see Figure 5.2C). They are modeled as an alpha function:

rri _Egi(t) + 7Ehi(f), (5.1.7)
where /;(¢) is an auxiliary function that increases by 1 every time presynaptic cell i spikes,
and leaks towards zero otherwise:

Oh; 1 opi

9%~ __ spike

Fri T(1)hl(t) +o(t—1). (5.1.8)
The timescales 7V and 7® parameterize the shape of the conductances. We set 7@ =
(r'V)? for the remainder of this section; this ensures that the integral of the conductance in
response to a single spike is 1.

5.1.1 Linear and nonlinear dendrites

We compared the effect of linear and nonlinear dendritic filters on the spiking statistics
of the simulated cell with its presynaptic inputs. The crucial component that determines
whether synaptic inputs will be integrated nonlinearly is the curvature of the dendritic filter
Saend(x). In particular, if fyn,q(x) has negative curvature then the contribution from mul-
tiple synaptic inputs will be smaller than expected from a linear sum (as illustrated in

Figure 5.3A). Mathematically, this is due to the fact that if Pl < () then the following

0x?
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Figure 5.4: Dendritic nonlinearities and effect on EPSPs. Left, middle, and right columns depict
linear, sublinear, and superlinear dendrites. (A-C) Dendritic nonlinearity as a function of synaptic
input (solid line; dashed indicates identity). (D-F) EPSPs in response to a single synaptic input.
Note that in each of the three cases, the amplitude of the response is identical. (G-I) EPSPs in
response to two simultaneous synaptic inputs (solid lines). Also shown are the linear sum of two
individual EPSPs (dashed lines). In the linear model, the two-input EPSP is exactly the sum of
two individual EPSPs. Sublinear (or superlinear) dendrites decrease (respectively, increase) the
magnitude of the response from two inputs compared to the linear sum. EPSPs are generated by
integrating Equation 5.1.1 in response to either a single input spike or to two simultaneous input
spikes, with noise and spike-generating current removed for clarity.

inequality holds:
fdend(-)C + y) < fdend(x) + fdend(y)~ (519)

L2
Conversely, if 6({% > 0 then:

fdend(x + y) > fdend(x) + fdend(y)’ (5110)

hence positive curvature increases the contribution from multiple inputs relative to the lin-
ear sum (Figure 5.3B).

To induce such super- or sublinear summation of synaptic inputs, we therefore tested
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Figure 5.5: Triplet correlation among a simulated EIF cell and its two presynaptic inputs for models

with linear, sublinear, or superlinear dendrites. As predicted, sublinear dendrites decrease the triplet
correlations, while superlinear dendrites increase triplet correlations. Input spike train parameters:
p =.5, 4 =10 Hz. Models were simulated for 100 s.

nonlinear functions with positive or negative curvature, specifically:

X linear
fuena(x) = K*®x%  sublinear, 0 < a < 1 (5.1.11)
K" x#  superlinear, 8 > 1

In particular, we chose @ = 0.4 and 8 = 1.5. For a fair comparison, the constants K**° and
K*"P were chosen so that the amplitude of the individual EPSPs (i.e., in response to a single
incoming spike) were identical for each model. This was accomplished by scaling each
nonlinearity to match the integral of fy.,q(x) up to g*, the maximum conductance attained
in response to a single cell, i.e.:

3" 3"
f Jaena(X)dx = f xdx, (5.1.12)
0 0
which simplifies to the following expressions:
12 #\2
K" = (5—) and K™ = (;i—). (5.1.13)
2 fo xXdx 2 fo xPdx

The resulting linear, sublinear, and superlinear dendritic functions are shown in Figure 5.4 A-
C. As constructed, the EPSPs in response to a single synaptic input have approximately the
same magnitude for all three cases (Figure 5.4D-F). In Figure 5.4, we show the EPSPs in
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Figure 5.6: Triplet correlation between simulated EIF cell its presynaptic inputs for models with
linear, sublinear, or superlinear dendrites for varying presynaptic input statistics. In general, sub-
linear dendrites decreased the triplet correlation while superlinear dendrites increased them. This
effect was most pronounced for large firing rates and intermediate input correlations. Models were
simulated for 500 s.

response to two simultaneous synaptic inputs in solid (spike-generating current removed
for clarity). The dashed line in these panels represents the linear sum of the single-input
EPSPs. In the linear neuron, these curves lie on top of each other, as the response is per-
fectly linear. However, in sublinear dendrites, the somatic response to two inputs is less
than the linear sum of two individual EPSPs; similarly, superlinear dendrites cause a larger
somatic response than expected. These effects are comparable to the magnitude of super-
linear or sublinear summation of individual EPSPs that have been observed in the dendritic
branches of cortical pyramidal cells [117] (shown in Figure 5.1A).

5.1.2 Triplet spiking correlations are modulated by the dendritic filter

Having verified the effect of fj.,q(x) on the nonlinear summation of inputs, we tested the
effect on the triplet correlation « for each of the three models. As detailed in the previous
chapters, the triplet correlation was measured by: (1) simulating Equation 5.1.1 for 100 sec-
onds, (2) binning the spiking activity into time steps of 20 ms, (3) fitting the resulting raster
plot with a pairwise maximum entropy model, and (4) calculating the excess probability of
the cell spiking simultaneously with its two presynaptic inputs that was not accounted for
by the maximum entropy model.

The results are plotted in Figure 5.5 for an example spike train with presynaptic in-
put spike correlations of p = 0.5 and firing rates of 4 = 10 Hz. Due in part to intrinsic
nonlinearities within the EIF model, the linear model does not have nonzero triplet corre-
lation; still, the addition of superlinear dendrites increases the triplet correlations beyond
this baseline value, while the addition of sublinear dendrites decreases them, as predicted
by our reasoning based on the curvature of fye,q(x).

We repeated the simulations while varying the presynaptic input statistics: correla-
tion coefficients ranged from O to 1 and presynaptic cell firing rates ranged up to 50 Hz.
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Figure 5.7: Lower-order spiking statistics for models with linear, sublinear, or superlinear dendrites
for varying presynaptic input statistics. Dendritic nonlinearities have the same effect on the lower-
order statistics as on triplet correlations. (A-C) Probability of of the postsynaptic neuron spiking
(within a 20 ms time bin). Note that the input correlation has little effect on the single-neuron
spiking statistics. (D-F) Average pairwise correlation between the postsynaptic cell and either of its
inputs. The effect is stronger for larger input correlations. Models were simulated for 500 s.

Generally, triplet spiking statistics decreased with sublinear dendrites and increased with
superlinear dendrites (Figure 5.6). This effect was most pronounced for large input firing
rates and intermediate input correlations. This is because when input correlations are very
small, simultaneous spiking — and therefore the effect of nonlinear dendritic summation — is
infrequent. On the other hand, if the inputs are near fully correlated, the postsynaptic cell is
frequently driven by the the three cells, and the system is well described by a pairwise max-
imum entropy model with very strong pairwise interactions. But when input correlations
are in an intermediate range, dendritic nonlinearities have a strong effect on simultaneous
triplet spiking.

How do dendritic nonlinearities affect other spiking statistics of the three cells? As
we have argued in this chapter, nonzero triplet interactions in Equation 5.0.1 increase or
decrease the probability of a cell spiking in response to synchronous firing in its presynaptic
inputs; but this should affect not only the triplet correlations, but also the firing rate of the
postsynaptic cell and its pairwise correlation with either of its inputs. In fact, Figure 5.7
shows that sublinear and superlinear dendritic nonlinearities have the same effect on the
lower-order statistics that it had on the triplet correlation of the system.

103



CHAPTER 5: DENDRITIC NONLINEARITIES MODULATE HIGHER-ORDER CORRELATIONS  CAyco Gajic

5.2 Stimulus-dependent HOCs

In Chapter 3, we showed that significant facilitation of stimulus coding occurred when
triplet correlations change sign under different stimuli. Are such stimulus-dependent HOCs
able to be produced by dendritic nonlinearities? One indication of this possibility was
given in [117], in which differentially sized stimuli were found to elicit different dendritic
nonlinearities: that is, smaller pulses were summed superlinearly at the soma while larger
pulses were summed sublinearly. Given the findings in this chapter, this is consistent with
triplet correlations in the SD2 region in Chapter 3, which accounted for the largest increase
in encoded information.

One potential way to generate stimulus-dependent HOC:s is through a sigmoidal non-
linearity, which incorporates regions of both positive and negative curvature (Figure 5.8A).
Then, stimulus-dependent switching between the two regimes of the nonlinearity will in-
duce either superlinear or sublinear summation of synaptic inputs, and hence stimulus-
dependent triplet statistics. In fact, comparing Figure 5.1B with the equivalent depicted in
Figure 5.8B, sigmoidal nonlinearities appear to be a good qualitative fit of the pulse-size
dependent nonlinear summation described in [117]. In principle, such a mechanism may
be able to generate stimulus-dependent modulation of higher-order statistics and will be a
topic of further research.

5.3 Discussion

In this chapter, we studied how dendritic nonlinearities can generate triplet statistics in
exponential integrate-and-fire models. The curvature of the nonlinearity induces either
superlinear or sublinear summation of synaptic inputs, which increases or decreases the
probability of the postsynaptic neuron spiking, and as a result generates triplet correlations.
This effect was strongest for intermediate spiking correlations between the presynaptic
cells. By incorporating more synaptic inputs on each branch, we could extend these results
to even higher-order statistics. For simplicity, we used a very simple model of a single
dendrite to illustrate our results; however the rich variety of dendritic morphology, which
is now understood to have many active properties, may create more complex statistical
structure. Future work will investigate how dendritic nonlinearities can shape higher-order
correlations within large spiking networks and how this affects population coding.
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Figure 5.8: Stimulus-dependent dendritic nonlinearity. (A) Schematic of a sigmoidal dendritic
nonlinearity, which incorporates both positive and negative curvature. (B) Comparison of nonlin-
ear summation of sigmoidal dendritic linearity (oordinate) and linear summation (abscissa) shows
regions of both superlinear and sublinear summation (solid line; dashed line indicates the identity).
Compare with Figure 5.1B.

Symbol | Value Description

Cn 0.2nF | Membrane capacitance

gL .01 uS | Leak conductance.

E; -55 mV | Leak potential.

Ar 1.4 mV | Action potential shape parameter.

Vr -53 mV | Soft threshold potential, at which spike-generating current activates.
Ve -60 mV | Reset membrane potential.

\ 20 mV | Hard threshold potential, at which membrane potential is reset to V..
o 2 ms Synaptic conductance time constant (controls exponential decay).
7@ 4 ms Synaptic conductance time constant (controls exponential rise).

o 0.1 Relaxation parameter for Ornstein-Uhlenbeck process.

0 1 Drift parameter for Ornstein-Uhlenbeck process.

A varies Firing rate (in Hz) of presynaptic neurons.

c varies | Correlation between the two presynaptic neurons.

Table 5.1: Parameters used in EIF simulation.
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CHAPTER 6

Conclusion

The spiking activity of neural populations in different brain regions is often far from statis-
tically independent; rather, neural activity tends to be coordinated, exhibiting synchronous
spiking and correlations among groups of two or more cells. In this dissertation, we ad-
dressed three fundamental questions regarding coordinated spiking. How does coordinated
neural firing arise from simple cellular and network properties? How does coordinated
spiking impact the representation of external stimuli in neural population activity? And
how can we detect and model coordinated spiking among groups of cells in electrophysio-
logical recordings?

For the first question, we focused on two specific properties that can generate coordi-
nated spiking: feedforward dynamics and intrinsic cell nonlinearities. Chapter 2 studied the
emergence of synchrony and higher-order interactions in the summed population activity
of layered networks. In Chapter 5, we showed how dendritic nonlinearities can modulate
higher-order correlations among the activity of a cell and its presynaptic inputs. These
chapters discuss only two potential origins of coordinated spiking, but the interaction be-
tween these and other sources has yet to be explored. In particular, higher-order correlations
can also be generated by common fluctuating input [90, 153, 17] and network motifs [69].
Given the spike trains of a population of cells, is it possible to distinguish between differ-
ent sources of coordinated spiking? While this has been studied for pairwise correlations
[108, 66, 113, 121], the broader question remains unsolved.

The second question has been a major source of research and debate at the level of
pairs of cells. However, the effect of higher-order correlations on neural coding is a largely
unexplored question. In Chapter 3, we demonstrated how and when triplet correlations
facilitate the encoding of stimuli in population spiking patterns, while building intuition
with a geometrical explanation of how triplet correlations skew the distributions of summed
population responses. This is just a first step towards understanding the full impact of
higher-order correlations on brain functionality. Other theoretical studies show that higher-
order correlations also play a role in plasticity [54], the activity a downstream readout
neuron [81], or inferring binocular disparities [99]. Future work is needed to ultimately
understand the rich variety of effects that higher-order correlations may have on neural
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computation. Equally important is whether learning or adaptation mechanisms change
the statistical properties of neural spiking to benefit stimulus coding, as has recently been
shown for pairwise correlations in songbird auditory cortex [73]. If this is also true for
higher-order correlations, it would be strong evidence of their role in neural coding.

Finally, because of the relative infrequency of synchronous spiking in subgroups of
cells, higher-order correlations are difficult to detect in data. In particular, long recordings
or many repeated trials are necessary to generate enough statistical power to accurately
measure them. In Chapter 4, we developed the Reliable Moment model, an adaptive statis-
tical model modified from [52] that identifies and fits the most frequently occurring spiking
features in the data. This minimizes the chance of overfitting to noise, while our modifi-
cations make the model less likely to capture spurious higher-order correlations. However,
one weakness of our model is that it cannot capture the coordinated absence of spiking,
which corresponds to strong negative correlations. Although difficult to estimate accu-
rately because of their rarity, these features may still carry important information about the
spiking activity. Therefore future work will attempt to identify which spiking features are
necessary for the most parsimonious model of neural firing patterns.

When we applied the Reliable Moment model to electrophysiological data from mouse
lateral geniculate nucleus (LGN), we found that the spiking activity was significantly shaped
by pairwise correlations; however, we did not find evidence of the presence of higher-order
correlations. This result was puzzling in light of recent observations of higher-order corre-
lations both in retina [52, 141] and in visual cortex [109, 92], which are major sources of
input to LGN (and in the case of cortex, also the primary destination of LGN output). One
intriguing possibility is that LGN decorrelates the higher-order interactions in its inputs.
While there is evidence that LGN decorrelates temporal activity at the pairwise level as a
strategy to improve coding efficiency [38, 12], it is not immediately clear what computa-
tional benefits would underlie the removal of higher-order correlations among cells.

Another potential cause of this apparent discrepancy is the lack of standardization in
how higher-order correlations are measured and inferred in data. The term “higher-order
correlations” is not precisely defined, and as such, many studies measure slightly different
quantities that are difficult to compare. Here, we list a few of the differences between our
work and existing studies that could explain why we did not observe significant higher-
order correlations:

1. Higher-order correlations are quantified differently across the literature. For ex-
ample, [100] assumed population homogeneity and looked at the higher-order interactions
in the spike count distributions (as we did in Chapter 2, but differing from the remaining
chapters). While interesting in their own right, it is unclear when higher-order interactions
in the population activity correspond to higher-order correlated spiking in heterogenous
populations. On the other hand, [92] directly measured the value of the higher-order inter-
action terms in maximum entropy models (e.g., the y;; and 0;j, terms in Equation 4.1.1).
However, the effect of these nonzero interaction terms on the distribution of spiking pat-
terns depends on the lower-order interaction terms as well [104]. Therefore a more direct
measurement of higher-order correlations would be to calculate the Kullback-Leibler di-
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vergence or to use moments or cumulants.

2. Because of the potential to overfit to noise, higher-order models must be cross-
validated (i.e., tested on a held-out set data that was not used for training) for verification.
Therefore, in studies that observe higher-order correlations without cross-validating them
[109, 100, 92], it is difficult to know if the observed statistics will generalize to more data.

3. A distinction is often drawn between correlated spiking that reflects correlations
within the stimulus (“signal” correlations) versus correlated spiking in response to a fixed
stimulus (“noise” correlations) [13]. In this dissertation, we have mainly been considering
the latter: for example, in Chapter 4 we fit the spiking patterns in response to each grating
direction separately (however, we mix spatial and temporal frequencies, the implications
of which we discuss in a few paragraphs). Several studies in retina [141, 52] and in visual
cortex [79] calculate the statistics of neural firing patterns while the animal is presented
with natural movies, without conditioning on fixed frames. In fact, natural images tend
to have significant higher-order correlations between pixel strengths, which account for the
texture of images [131]. Therefore it is unclear to what extent the beyond-pairwise statistics
observed in [141, 52, 79] reflect noise correlations as opposed to signal correlations.

4. Spurious higher-order correlations could potentially be observed if the firing rates
fluctuate over the period of the recording. This may be particularly confounding when
measuring correlations in anesthetized animals because of the presence of cortical up/down
states. For example, up/down states in visual cortex have been found to create pairwise
correlations that are not representative of neural activity in the awake animal [43]. A similar
effect could take part for higher-order correlations observed in anesthetized cortex [109,
100, 92].

5. Finally, the presence of hidden units (i.e., neurons embedded within a population that
are not observed) may create the appearance of higher-order correlations even in a popu-
lation that has none. Hidden units are an unfortunate reality in any experiment, but their
effect becomes stronger as more and more cells are marginalized from the observed pop-
ulation. Therefore studies that observe higher-order correlations in very small subgroups
of 3-6 cells [109, 92] may actually be observing strong drive from a common presynaptic
cell.

At the same time, there are several reasons why our analysis of mouse LGN may have
missed higher-order correlations within that region. First, we only recorded populations of
40 neurons, but some studies indicate that around a hundred neurons were necessary to ob-
serve higher-order correlations [52]. Moreover, [109] only found evidence of higher-order
interactions in populations within 300 microns. In our probes, the six shanks were 200
microns apart; perhaps focusing on more localized populations would reveal higher-order
correlated structure. Finally, in our analysis, we averaged all data over different spatial and
temporal frequencies, treating them as nuisance parameters. If there were higher-order cor-
relations between LGN cells that changed structure for different frequencies, their presence
may have been obscured by this averaging. We are currently in the process of collecting
more data to continue our analysis into each of these potential directions.

The range of issues that we have discussed in this section showcases the potential diffi-
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culties inherent in determining the structure of higher-order correlations and their relevance
for brain function. These remain open and important questions in neuroscience. Therefore,
an important direction for future research is to create more accurate statistical tests for
the presence of higher-order correlations, and more sophisticated tools for understanding
how they affect neural spiking. We have used maximum entropy models and the Kullback-
Leibler divergence to infer higher-order spiking correlations [124, 17]. But other tech-
niques to infer higher-order correlations in spiking activity have recently been explored,
ranging from Monte Carlo statistical tests [110] to cumulant-based methods [137, 136];
and other models to fit higher-order models have been proposed, including copula families
[111] and restricted Boltzmann machines [79, 68]. Developing these techniques will be an
important part of characterizing the full range of coordinated activity in neural populations
in the future, and in understanding what this variability means for brain function.
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