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Submarine landslides can generate tsunamis, and the generated waves can be catastrophic

when a large volume of landslide material is involved. Moreover, large earthquakes are of-

ten accompanied by submarine landslides that can enhance the magnitude of the resulting

tsunamis. In this thesis, numerical schemes are developed to solve the wave propagation

problems generated by submarine landslides. Assuming the landslides in a flow regime,

depth-averaged models are studied, and finite volume methods are extended to the fully

coupled multi-layer shallow water equations. From the fully coupled model, an efficient

simplified approach is derived that is often appropriate for tsunamis generated by subma-

rine landslides. These waves can have relatively short wavelength, and another class of

equations may be necessary that can handle the dispersion of waves. Several types of the

Boussinesq equations have been reviewed and implemented with a hybrid of high-resolution

finite volume and finite difference methods. Stability analysis and convergence tests have

been performed for the hybrid scheme. The develpoment has been done in the context of the

Geoclaw framework, a code designed to handle the single-layer shallow water equations,

that uses adaptive mesh refinement to model tsunami propagation on a global scale with

inundation of specific regions on a fine grid. The newly developed methods, tested on the

exact solutions, are validated by comparing to laboratory experiments and by applying to

historic events such as the Papua New Guinea 1998 and Storegga slides. Possible scenarios

of submarine landslides and resulting tsunamis on the Washington coast were investigated.
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Chapter 1

INTRODUCTION

1.1 Motivation

Landslides are a common cause of tsunami generation, and when a large volume of material

is involved in a landslide, it can trigger a catastrophic tsunami. For example, on 17 July

1998, a submarine landslide generated destructive waves at the North coast of Papua New

Guinea when a magnitude 7.0 earthquake hit the area. The earthquake itself did not

generate notable waves, but shook out an unstable area at the verge of the continental shelf

and triggered a large underwater landslide of 3-8 km3 [47, 79, 100]. The generated tsunami

was as high as 15 meter and killed about 2,200 people. Another case is found from the

historical evidence that supports the existence of large submarine landslides at the edge

of continental shelf on the North coast of Norway. A landslide called the Storegga slide

occurred about 8000 years ago with a total volume of 3500 km3[16, 20, 31]. The generated

waves were as high as 20 m at Shetland island, and tsunami deposits were located as far

away as Greenland [19, 82, 137]. Thus submarine landslides should be considered as a source

of tsunamis.

Not only can submarine landslides alone generate destructive waves, but also tsunamis

generated by earthquakes can be enhanced by submarine landslides initiated by the earth-

quake. The Indian Ocean tsunami in 2004 and Tohoku tsunami in 2011 were mainly gen-

erated by tectonic plate movement, and the generated waves were amplified by submarine

landslides. In the study of Tohoku 2011 event, several possiblilities have been studied to

explain large tsunamis detected at the south coast of Hokkaido. One explanation is sug-

gested by Grilli et al. [56] with the submarine slump, and showed that the tsunami excited

by a dual source reproduces both the recorded onshore run-up and the wave heights and

wave frequencies recorded at offshore buoys. The wave generation mechanism by submarine

landslides is different from the earthquakes, and the characteristics of waves can be also
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different.

When the tsunami is triggered only by a large-scale earthquake, the shallow water equa-

tions are often an appropriate model, because the wavelength of tsunamis generated by

subduction earthquakes is several hundred kilometers. Other systems may be preferred

when the waves are generated mainly by submarine landslides, because waves generated

by underwater slides may have different characteristics. As noted by Matsuyama et al.

[100], the wavelength of tsunamis generated by submarine landslides is a few kilometers,

and waves are generated over a time period of several minutes. For those waves with short

wavelength, dispersion of waves can be of importance. One class of efficient depth-averaged

models with dispersion is the Boussinesq-type equations, which can produce more accurate

results for those waves that are involved with the submarine landslide deformation.

The purpose of this thesis is to develop an accurate and efficient numerical scheme for

tsunamis generated by submarine landslides. With mathematical analysis and numerical

simulations, we derive and validate our equations and methods through comparison against

laboratory experiments and real-world observations. We also focus on developing a numer-

ical package that is easy to use for other users who are investigating tsunami and landslide

modeling.

1.2 Background

1.2.1 Mathematical Modeling

Tsunamis generated by submarine landslides have been modeled in several different ways.

One scheme is to prescribe a perturbed water surface elevation that corresponds to the

bathymetry deformation. In this scheme, the actual deformation of the bathymetry is

ignored, and possible cases of wave elevation are tested as the initial conditions. Therefore

this may be very similar to the wave generation by earthquakes. For example, see Harbitz

[63], Ward [138] and Satake [122].

Another method is to regard the submarine landslide as a rigid body. The advantage of

this scheme is directly related to the convenience of using rigid bodies in the laboratory ex-

periments. Performing experiments is easier with a rigid body than with granular materials,
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in which case the change of the bathymetry can be exactly measured in the experiments.

Several characteristics such as mixing and pore pressure, which are observed from granular

flows, can be ignored. Since it is also possible to prescribe and record the exact motion

of rigid body, comparison to the numerical simulations is convenient as well. For example,

depth-averaged equations, such as the shallow water equations and the Boussinesq type

equations, have been widely used for the governing equations of the surface waves. See

Pelinovsky and Poplavsky [114], Watts [139], Lynett and Liu [90], Grilli et al. [57], Enet

and Grilli [38], Fuhrman and Madsen [94], and Zhou and Teng [144].

Another approach is to regard the submarine landslide as a fluid flow. In numerical

modeling, a multi-phase fluid flow model is solved by treating the water and landslide as two

different fluid flows. Jiang and LeBlond [78], Heinrich et al. [67], and Imamura and Hashi

[74] used multi-phase fluid models. In this type of approach, several choices for submarine

landslide models are possible such as Savage-Hutter, viscous fluid, and Coulomb friction

models, for example. The Savage-Hutter model was introduced by Savage and Hutter [123]

to explore the deformation of dry granular flow along a channel. Fernández-Nieto et al. [40]

extended the Savage-Hutter model for landslide generated tsunami modeling. The viscous

fluid model has been used in landslide modeling, and Jiang and LeBlond [78] derived coupled

multi-layer shallow water equations. They investigated fully-coupled and one-way coupled

models, and compared numerical results to study the regime where the one-way coupled

model is valid. They concluded that the difference between the two models is smaller when

the landslide is located in deeper ocean and the density difference is larger. Based on these

results, Heinrich et al. [67] applied a one-way coupled model to the Papua New Guinea

1998 event with the viscous fluid model and the Coulomb friction model for the landslide

deformation.

In tsunami modeling the shallow water equations are widely used for the governing

equations of the waves. But the Boussinesq-type equations are also adopted when the

dispersion of waves is important. Computationally, the Boussinesq equations are much more

expensive than the shallow water equations, because an implicit method must be used. For

the derivations and numerical studies of the Boussinesq-type equations, see Peregrine [115],

Nwogu [107], Madsen, Sørenson and Schäffer [96], [95], [124], Gobbi et al. [51], Lynett and
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Liu [91], Liu and Sun [89], Ataie-Ashitiani and Najafi-Jilani [8], and Zhou and Teng [144].

1.2.2 Numerical Studies

Mathematical models can be validated through numerical simulations by comparing the re-

sults with laboratory and field data. There are a limited number of laboratory experiments

which were carried out with solid block and granular materials. Some of the notable exper-

iments include those of Ataie-Ashtiani and Najafi-Jilani [7], Fleming et al. [44], Fritz et al.

[46], Watts [139], and Zhou and Teng [144]. Field observations of the tsunamis generated

by landslides are scarce, and historical data are also hard to find. Well known cases are the

1998 Papua New Guinea tsunami, 1929 Grand Banks tsunami, and the Storegga slide. The

Papua New Guinea tsunami in 1998 has a run-up record with 20 meter in some place which

was reported by Synolakis et al. [130]. Heinrich et al. [67] and Imamura and Hashi [74]

have carried out numerical simulations on this event independently. The Storegga slides

occurred about 8, 000 years ago at the edge of Norway’s continental shelf. and Bondevik et

al. [15] and Haflidason et al. [60] used rigid body motion schemes for the numerical studies.

In previous numerical simulations, finite difference schemes have been extensively used

when the governing equations for surface waves are depth-averaged. If the governing equa-

tions are shallow water equations, then finite volume methods are often employed instead.

However, the finite volume methods for the Boussinesq type equations have been rarely in-

vestigated including stability and convergence studies. See Bonneton et al. [17] and Dutykh

et al. [36] for example.

1.3 Objectives

The main objective of this thesis is to develop an efficient and robust numerical scheme

which can solve the wave propagation problem generated by submarine landslides. Since

depth-averaged models reduce computational efforts in numerical studies of the fluid dy-

namics, several different types of the depth-averaged models will be examined and adopted.

Numerical schemes will be developed in the scope of the finite volume methods with stability

analysis.
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Appropriate models for the landslide deformation will be also examined. The slope

movement can be categorized into five types, which are falls, topples, slides, spreads and

flows [116], and, in this thesis, submarine landslides will be considered as flows. The shallow

water equations will be adopted for the main governing equations, and various friction

models will be tested such as the Coulomb friction and viscous fluid models.

The landslide movement will generate waves, and the fully coupled model include the

interaction between the landslide and the water column. Because the fully coupled multi-

layer shallow water equations are conditionally hyperbolic and computationally expensive,

alternative approaches have been investigated. See Audusse [9], Abgrall and Karni [1]

and Bouchut and Zeitlin [18] for instance. In the applications of tsunamis generated by

submarine landslides, the one-way coupled model suggested by Jiang and LeBlond [78], is

an efficient scheme. The one-way coupled model only considers the influence to the water

by the landslide deformation, and ignores the reaction of the water column to the ongoing

landslide. In this thesis, the one-way coupled model will be investigated extensively. The

numerical experiments will be performed with the fully coupled and one-way coupled models

to investigate when the one-way coupled model is valid.

Based on the one-way coupled model, a different class of the wave model will be investi-

gated instead of the shallow water equations. Since the waves generated by submarine land-

slides often have shorter wavelength than those by subduction earthquakes, the Boussinesq

type equations will be considered to incorporate dispersion of waves. The Boussinesq-type

equations require another numerical schemes, and the hybrid of the finite volume and finite

difference scheme will be explored.

Several difficulties arise in developing the Boussinesq solvers. One of the difficulties is

related to the efficiency of the Boussinesq-type solver. For example, consider one of the

simplest Boussinesq-type equations derived by Peregrine [115], which can be rearranged as

follows,

ht + (hu)x = 0, (1.1)

(hu)t +
(
hu2 +

g

2
h2
)
x

+ ghbx + S1 = 0, (1.2)
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and

S1 = (I −D1)−1 Ψ1, (1.3)

with

D1w =
1

2
H2wxx −

1

6
H3
(w
H

)
xx
,

and

Ψ1 =
1

2
H2
(
(hu2)x + g(hηx)

)
xx
− 1

6
H3

(
(hu2)x + ghηx

H

)
xx

.

This set of equations can be decomposed into the shallow water part and dispersion part.

In the equation (1.2), S1 represents the dispersion part, and the shallow water equations are

recovered when S1 = 0. To compute S1 in the equation (1.3), a large sparse linear system

needs to be solved, and this step determines the efficiency of the entire numerical scheme.

In the 1-dimensional case, the sparse matrix is tridiagonal and can be computed efficiently.

But in the 2-dimensional case, the sparse matrix system has a form that is computationally

expensive. In Chapter 6, these difficulties will be addressed and studied in detail.

The developed approaches will be applied to test problems from small laboratory exper-

iments to global scale problems. Laboratory experiments include NTHMP benchmarking

project [52] and Watts’ experiments [139]. Large scale problems will be considered such as

Valdes slide [142], Papua New Guinea 1998, and Storegga slide.

In solving large scale problems, our interests are often focused on a small area which

requires fine grids. In developing an efficient numerical scheme, adaptive mesh refine-

ment(AMR) is one of the main components. Figure 1.1 shows a snapshot of the numerical

simulation of the Storegga slide with AMR around the Shetland Islands which are located

at the lower left corner of the Figure. In Figure 1.2, snapshots are shown with uniform

coarse grids (left) and AMR (right). Complex topography of the Shetland Islands requires

fine grids which are necessary for the accurate forecast of tsunamis. Using fine grids in the

entire domain is computationally expensive, and AMR is one of the efficient methods that

can cover a large domain and obtain tsunami inundation computation in a small area of our

interest.
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Figure 1.1: Numerical simulation of the Storegga slide with adaptive mesh refinement

around the Shetland Islands (lower left).

Figure 1.2: Tsunami propagation at the Shetland Island with coarse and fine grids. For the

left figure, uniform grid was used with ∆x = ∆y = 5′. For the right figure, an adaptive

mesh refinement scheme was used with the smallest grid size equal to 15′′.

The numerical schemes in this work are developed in the context of the finite volume

method with the Geoclaw in its foundation. The Geoclaw software is a shallow water

equations solver based on the finite volume method with AMR, which has been used in

many tsunami researches. The Geoclaw software will be extended in two directions. One
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extension is to develop numerical schemes for the fully coupled multi-layer shallow water

equations. The other direction is to extend the one-way coupled model with the Boussinesq-

type equations and handle the dispersion of waves with efficiency.

The purpose of this thesis is to provide several schemes for the multi-layer depth-averaged

equations with focus on the tsunamis generated by submarine landslides. The schemes must

be able to handle dry state problems and dispersive terms correctly, and efficiently at the

same time. Whether the Boussinesq-type equations are applicable to the tsunami modeling

is discussed when the results are compared to the field survey data.

1.4 Overview

In Chapters 2 and 3, a general overview of conservation laws will be provided with emphasis

on the shallow water system. In Chapter 2 some theory on hyperbolic PDEs and properties

of Riemann problems will be discussed. Chapter 3 reviews finite volume methods and

Godunov-type methods with approximate Riemann solvers and numerical treatments of the

source terms. In Chapter 4, the multi-layer shallow water system is derived and approximate

Riemann solvers are investigated for this system with analytic interpretations. In Chapter

5, numerical modeling schemes for landslides are reviewed, and then a one-way coupled

model is suggested for the numerical modeling of the waves generated by submarine slides.

In Chapter 6, another class of depth averaged equations is presented. Numerical schemes

for the Boussinesq type equations are investigated with convergence and stability studies.

In order to validate the developed numerical schemes, several results are presented in one

dimensional cases in Chapter 7. In Chapter 8, numerical tests for two dimensional cases

will be considered including large scale problems, and compared with field survey data.

Finally, Chapter 9 concludes with a summary of the findings, and possible future directions

of research.
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Chapter 2

CONSERVATION LAWS AND RELATED SYSTEMS

In this chapter, we review the solution of the hyperbolic conservation law and investigate

the properties of the shallow water equations. See LeVeque [87, 86], Lax [84] and Evans [39]

for details.

2.1 Hyperbolic Conservation Laws

2.1.1 Conservation Laws

Consider a class of partial differential equations on n space dimension

∂

∂t
q(x, t) +

n∑
j=1

∂fj(q)

∂xj
= 0, x ∈ Rn, (2.1)

where q ∈ Rm is a vector of m state variables and fj(q) ∈ Rm is a vector of corresponding

fluxes in the jth direction. This class of partial differential equations is called conservation

laws. For any region Ω ⊆ Rn and an outward unit normal vector ω = (ω1, . . . , ωn) to the

boundary ∂Ω of Ω, applying the divergence theorem to the equation (2.1) yields

d

dt

∫
Ω
qdx+

n∑
j=1

∫
∂Ω
fj(q)ωjdS = 0. (2.2)

The equation (2.2) implies that the change of the quantity q in time is determined by the

flux functions fj at the boundary ∂Ω.

2.1.2 Hyperbolic Systems of Conservation Laws

The equation (2.1) can be written as a quasi-linear system

∂

∂t
q(x, t) +

n∑
j=1

Aj(q)
∂q

∂xj
= 0, (2.3)

where (i, k) element of Aj is

(Aj)ik =
∂fji
∂qk

,
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with fj = [fj1, fj2, . . . , fjm]T . The system (2.3) is hyperbolic if for all α1, α2, . . . , αn ∈ R

the matrix A := α1A1 + α2A2 + · · · + αnAn has real eigenvalues and a complete set of

eigenvectors. In addition, for each p = 1, . . . ,m, the p-th field is genuinely nonlinear if

∇λp(q) · rp(q) > 0,

with eigenvalues λp and eigenvectors rp of Aj for all q. The p-th field is linearly degenerate

if

∇λp(q) · rp(q) = 0,

for all q.

2.2 Discontinuities and weak solutions

2.2.1 Rankine-Hugoniot condition

Discontinuous solutions for the system (2.1) cannot be defined in the classical sense. A

general class of the solutions can be defined from the integral form (2.2) which are called

weak solutions. Let q be a solution to the system of conservation law (2.2) which is piecewise

continuous. Across the shocks, the following condition is called Rankine-Hugoniot jump

conditions (2.4),

|s|[[q]] =
n∑
j=1

ŝj [[fj(q)]], (2.4)

where |s| is the instantaneous propagation speed, ŝj is the unit vector in the direction of

the propagation, and [[·]] denotes the jump at the discontinuity

2.2.2 Entropy condition

While there exists a unique smooth solution for the differential form of the conservation

laws (2.1) as long as it remains smooth, the uniqueness is not guaranteed for discontinuous

weak solutions of the integral form (2.2). An admissiblility condition, based on the physics,

is called an entropy condition.
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Definition A function S(q) is called an entropy for a system of conservation laws (2.1) if

every smooth solution of (2.1) satisfies an additional conservation law

∂tS +∇ · F = 0, (2.5)

where F (q) is called the entropy flux. In addition, S(q) is required to be a convex function

of q.

If q(x, t) is an admissible solution of (2.1), then it satisfies, in the sense of distribution,

∂tS(q) + ∂xF (q) ≤ 0,

for any entropy S and entropy flux F . Details can be found at Friedlander [45] and Lax [84]

for example.

2.3 Riemann problem

Consider a scalar conservation law as follows,

qt + f(q)x = 0, x ∈ R and t > 0, (2.6)

with piecewise constant initial conditions

q(x, 0) =

 ql, if x < 0,

qr, if x > 0.
(2.7)

This initial value problem (2.6) and (2.7) is called the Riemann problem. There are three

important cases for the solutions of the Riemann problem; rarefaction waves, shocks and

contact discontinuities.

Assuming f(q) is uniformly convex, i.e. genuinely nonlinear, the entropy condition

determines the unique solution to the Riemann problem, and leads the following theorem.

Theorem 2.3.1 1. If ql > qr, the unique entropy solution of the Riemann problem is

q(x, t) :=

 ql, if x
t < s,

qr, if x
t > s,

where

s :=
f(ql)− f(qr)

ql − qr
.
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x = 0

t

(a) x = 0

t

(b) x = 0

t

(c)

Figure 2.1: Three special cases for the solution of the Riemann problem. (a) rarefaction

waves in the p-th field (b) shock wave (c) contact discontinuity

2. If ql < qr, the unique entropy solution of the Riemann problem is

q(x, t) =


ql, if x

t < f ′(ql),

g
(
x
t

)
, if f ′(ql) <

x
t < f ′(qr),

qr, if x
t > f ′(qr).

In the first case of the Theorem 2.3.1, the shock wave of speed s is connecting two states ql

and qr. The second case is called as rarefaction waves which connects two states continu-

ously.

If the f ′′(q) ≡ 0, then contact discontinuities can exist in the Riemann problem. In

this case, two states ql and qr are connected by a discontinuity where th p-th characteristic

speed is constant so that λ(ql) = λ(qr).

For a system of conservation law (2.3), the unique solution can be determined by the

following theorem.

Theorem 2.3.2 A discontinuity separating states ql and qr propagating at speed s, satisfies

the Lax entropy condition if there is an index p such that

λl(ql) > s > λp(qr),

so that p-characteristics are impinging on the discontinuity, while the other characteristics
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are crossing the discontinuity,

λj(ql) < s and λj(qr) < s for j < p,

λj(ql) > s and λj(qr) > s for j > p.

In this expression, we assume the eigenvalues are ordered so that λ1 < λ2 < · · · < λn in

each state.

2.4 Shallow water equations

As an example, the shallow water equations will be considered in this section. The equations

can be derived from depth-averaging the Navier-Stokes equations assuming the wavelength

is much greater than the depth of water. The shallow water equations with a flat bottom

are given as

ht + (hu)x = 0,

(hu)t +

(
hu2 +

1

2
gh2

)
x

= 0,

where h(x, t) and u(x, t) are the height and speed of water, and g is the gravitational

constant. This can be written in quasi-linear form as follows,

qt +A(q)qx = 0,

where

q =

 h

hu

 , A(q) =

 0 1

gh− u2 2u

 .
Then the eigenvalues of A(q) are

λ1 = u−
√
gh, and λ2 = u+

√
gh,

and corresponding eigenvectors are

r1 =

 1

λ1

 , r2 =

 1

λ2

 .
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If the depth of the water is positive h > 0, then the eigenvalues are real with λ1 < λ2 and

∇λk · rk =
3
√
g√
h
6= 0. Thus the shallow water system is hyperbolic and genuinely nonlinear

if h > 0.

Consider the Riemann problem with initial conditions,

(h, hu)(x, 0) =

 (hl, hlul), x < 0,

(hr, hrur), x > 0.

The aim is to determine the middle state (h∗, h∗u∗). Since the system is hyperbolic and

genuinely nonlinear, the left and right states can be connected by shock and/or rarefaction

not by the contact discontinuity.

qr

q∗

ql

λ1 λ2

(a)

s λ2(q)

qr

q∗

ql

(b)

Figure 2.2: The solution to a Riemann problem for a linear system in the x-t plane. The

solution consists of m-waves moving at the speed of the corresponding eigenvalue λp. (b)

An example of a solution to a nonlinear Riemann problem in the x-t plane showing each of

the waves or characteristic transitions. The example shows 1-characteristics for a shock in

the first field, and shows a rarefaction wave in the second field.

If ql is connected to q∗ by a shock with speed s1, then the Rankine-Hugoniot condition

should be satisfied,

s1(h∗ − hl) = (h∗u∗ − hlul),

s1(h∗u∗ − hlul) = h∗u
2
∗ − hlu2

l +
1

2

(
gh2
∗ − gh2

l

)
.
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Eliminating s1 from these equations, we have

ul = u∗ −

√
g

2

(
h∗
hl
− hl
h∗

)
(h∗ − hl).

Similarly, if qr and q∗ are connected by a shock wave, then we have

ur = u∗ +

√
g

2

(
h∗
hr
− hr
h∗

)
(h∗ − hr).

It is possible to show that an integral curve in the phase plane of a genuinely nonlinear

field corresponds to a constant contour of a function of q. This function is called Riemann

invariant since the value of the function is invariant along an integral curve. For the shallow

water system, the Riemann invariants are

w1(q) = u+ 2
√
gh,

w2(q) = u− 2
√
gh.

If the rarefaction wave connects ql and q∗, then w1(ql) = w1(q∗). If qr and q∗ are connected

by rarefaction, then w2(q∗) = w2(qr).

The 1-wave and 2-wave can be rarefaction wave or shock wave, and thus there are four

possible cases. Physically, the middle state (h∗, (hu)∗) should be unique when the left and

right states are given. The unique solution can be determined by Lax entropy condition

2.3.2.

2.5 Higher dimension shallow water equations

The shallow water equation of 2-dimension is written as

qt + f(q)x + g(q)y = 0,

where

q =


h

hu

hv

 , f(q) =


hu

hu2 + 1
2gh

2

huv

 , and g(q) =


hv

huv

hv2 + 1
2gh

2

 .
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This system can be written in quasi-linear form,

qt +A(q)qx +B(q)qy = 0,

where

A(q) =


0 1 0

gh− u2 2u 0

−uv v u

 , and B(q) =


0 0 1

−uv v u

gh− v2 0 2v


The eigenvalues and corresponding eigenvectors of A(q) are,

λ1 = u−
√
gh, r1 = [1, λ1, v]T ,

λ2 = u, r2 = [0, 0, 1]T ,

λ3 = u+
√
gh, r3 = [1, λ3, v]T .

The eigenvalues and corresponding eigenvectors of B(q) are,

λ1 = v −
√
gh, r1 = [1, u, λ1]T ,

λ2 = v, r2 = [0, 1, 0]T ,

λ3 = v +
√
gh, r3 = [1, u, λ3]T .

The two-dimensional shallow water equations are identical except a new second field

which is linearly degenerate. This new second field is a contact discontinuity which propa-

gates at the speed of s = u∗ or s = v∗ and separates two states initially in contact at x = 0.

Thus the transverse velocity can be considered as passive tracer which has no effect on the

Riemann problem. For details see [87].
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Chapter 3

FINITE VOLUME METHOD

In this chapter, we study finite volume methods developed for the solution of the hy-

perbolic conservation laws. These methods can be interpreted as a class of finite difference

methods, but the derivation is based on the integral form of the equations in which discon-

tinuous solutions are admissible.

3.1 Finite Volume Method for Conservation Law

To derive a finite volume method, we divide the domain Ω into grid cells. For simplicity,

consider one dimensional case. We denote the i-th grid cell by Ci = (xi−1/2, xi+1/2) and

assume that all the grids are uniform in size. The numerical solution Qni is an approximation

to the integral of the real solution q(x, tn),

Qni ≈
1

∆x

∫
Ci
q(x, tn)dx, (3.1)

where ∆x = xi+1/2 − xi−1/2 is the length of the cell.

The integral form of the conservation law (2.2) can be written as

d

dt

∫
Ci
q(x, t)dx+ f(q(xi+1/2, t))− f(q(xi−1/2, t)) = 0. (3.2)

Integrating the equation (3.2) from t = tn to t = tn+1 yields∫
Ci
q(x, tn+1)dx−

∫
Ci
q(x, tn)dx+

∫ tn+1

tn

f(q(xi+1/2, t))dt−
∫ tn+1

tn

f(q(xi−1/2, t))dt = 0.

Rearranging and dividing by ∆x gives

1

∆x

∫
Ci
q(x, tn+1)dx =

1

∆x

∫
Ci
q(x, tn)dx (3.3)

− 1

∆x

[∫ tn+1

tn

f(q(xi+1/2, t))dt−
∫ tn+1

tn

f(q(xi−1/2, t))dt

]
. (3.4)
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This equation (3.4) states how the solution Qn+1
i is determined by the previous states. For

the numerical approximation Qn+1
i , we may rewrite the method in the flux-differencing form

Qn+1
i = Qni −

∆t

∆x

(
Fni+1/2 − F

n
i−1/2

)
, (3.5)

where

Fni−1/2 ≈
∫ tn+1

tn

f(q(xi−1/2, t)dt. (3.6)

The accuracy and stability of the numerical scheme (3.5) depends on the approximation of

the flux (3.6) which is conservative.

3.2 Godunov-type Methods

Godunov-type methods provide stable and consistent numerical schemes for solving the

equation (3.5). These methods are often referred as REA algorithm, standing for reconstruct-

evolve-average. In the reconstruction step, a piecewise constant function q̃n(x, tn) is recon-

structed form Qni so that

q̃n(x, tn) = Qni , for all x ∈ Ci.

The next step is to evolve the hyperbolic equations exactly. to obtain q̃n(x, tn+1) at time

∆t later where ∆t is determined by the CFL condition. With the propagated information,

the final step is averaging to obtain Qn+1
i ,

Qn+1
i =

1

∆x

∫
Ci
q̃n(x, tn+1)dx.

In order to implement this scheme, the evolving step requires solving differential equa-

tions with piecewise constant data, and the theory of Riemann problems can be used here.

3.2.1 The Wave-Propagation Form of Godunov Method

The last step of Godunov-type methods is finding the average of the cell Ci from the propa-

gated information. For the linear hyperbolic system, the solution to the Riemann problem

has the following relation

Qni −Qni−1 =

m∑
p=1

αpi−1/2r
p ≡

m∑
p=1

Wp
i−1/2,
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where m is number of waves, and αpi−1/2 and rp are coefficients and eigenvectors corre-

sponding to the eigenvalues λp for the Riemann problem at the cell interface of Ci and

Ci−1.

λ2∆t

W1
i−1/2

W2
i−1/2

W3
i−1/2

W1
i+1/2

x = xi−1/2 x = xi+1/2

Figure 3.1: Diagram of the resulting waves from the boundaries of the i-th grid cell. For

this case, the wave W2
i−1/2 has moved a distance λ2∆t into the cell. The waves that will be

averaged are W2
i−1/2, W3

i−1/2, and W1
i+1/2.

Then Qn+1
i is determined only by the fluxes from cell boundaries x = xi+1/2 and x =

xi−1. At the interface x = xi+1/2, the waves Wp
i+1/2 with negative λpi+1/2 affect Qn+1

i , and

similarly the wavesWp
i−1/2 with positive λpi+1/2 have influences on cell Ci. We can summarize

as follows,

Qn+1
i = Qni −

∆t

∆x

(
A+∆Qi−1/2 +A−∆Qi+1/2

)
, (3.7)

where

A−∆Qi+1/2 =
m∑
p=1

(λp)−Wp
i+1/2,

A+∆Qi−1/2 =
m∑
p=1

(λp)+Wp
i−1/2,

and

λ+ = max(λ, 0), λ− = min(λ, 0).
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With this wave-propagation approach form, the cell average at the next time step t = tn+1

is calculated directly without computing the integration. If the numerical scheme to be

conservative, the following condition should be satisfied,

f(Qi)− f(Qi−1) = A−∆Qi+1/2 +A+∆Qi−1/2. (3.8)

The wave propagation scheme satisfies the condition (3.8).

3.3 High Resolution Methods

The Godunov-type methods converge to entropy satisfying weak solutions, but they are

only first-order accurate and numerically diffusive. Second-order schemes, such as the Lax-

Wendroff scheme, are derived based on the Taylor expansion to the PDEs, but their solutions

are spurious and inaccurate at the discontinuities. This problem can be improved if limiters

can be applied in such a way that the discontinuities remain non-oscillatory and the smooth

part continues to be accurate.

The wave propagation scheme (3.7) can be extended to a second-order accurate form,

Qn+1
i = Qni −

∆t

∆x

(
A+∆Qi−1/2 +A−∆Qi+1/2

)
+

∆t

∆x

(
F̃i−1/2 + F̃i+1/2

)
, (3.9)

where the limited second-order correction flux F̃i−1/2 is defined as

F̃i−1/2 =
1

2

m∑
p=1

∣∣∣spi−1/2

∣∣∣ (1− ∆t

∆x

∣∣∣spi−1/2

∣∣∣) W̃p
i−1/2, (3.10)

with W̃p
i−1/2 =Wp

i−1/2φ(θpi−1/2). In this expression φ(θpi−1/2) is a limiter function which will

be defined in the following section.

3.3.1 Limiters

A limiter function is an interpretation of the smoothness of a solution so that the second-

order correction term is applied for a smooth solution and it is not used for a discontinuous

one. A limiter determines the smoothness from the local variations with the ratio of the

jumps in Qni . For the scalar hyperbolic problems, the index I is chosen to the upwind
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direction at the interface xi−1/2,

I =

 i− 1, if si−1/2 > 0,

i+ 1, if si−1/2 < 0.

Then θni−1/2 is defined to measure the smoothness as follows,

θni−1/2 =
∆QnI−1/2

∆Qni−1/2

.

It can be easily observed that θni−1/2 ≈ 1 for smooth solutions and θni−1/2 ≈ 0 for solutions

with a steep gradient or discontinuity. From this, one possible choice of a limiter is

φ(θ) = θ, (3.11)

which is called Beam-Warming limiter.

Rather than focusing on the local variations, define the total variation of a numerical

solution as

TV (Q) =
∑
i∈ZC

|Qi −Qi−1| .

A total variation diminishing (TVD) method satisfies TV (Qn+1) ≤ TV (Qn) when applied

to a scalar problem. A limiter with TVD property can reduce the oscillations of solutions

which Lax-Wendroff method exhibits.

For nonlinear system of conservation laws, a measure for the smoothness of a solution,

θpi−1/2 can be defined as

θpi−1/2 =
Wp
I−1/2 · W

p
i−1/2∣∣∣Wp

i−1/2

∣∣∣2 , (3.12)

which measures local smoothness in the p-th field. A limiter function can be chosen as

φ(θ) = max(0,min(1, θ)), (3.13)

which is called as minmod limiter. Another choice of limiter is the MC limiter,

φ(θ) = max(0,min((1 + θ)/2, 2, θ)). (3.14)

It can be shown that the limiter functions (3.13) and (3.14) satisfies TVD property. For

details, see Harten [65] and Sweby [128].
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3.4 CFL number

The CFL condition is a necessary condition for stability, which requires the numerical do-

main of dependency should include the true domain of dependency. In the wave propagation

methods, the time step satisfy

maxp(|spi−1/2|)∆t
∆x

≤ 1 (3.15)

at every cell interface.

3.5 Approximate Riemann Solvers

The second step of the Godunov-type methods involves solving Riemann problem for every

time step and every cell interface. In the wave propagation algorithms, only small portion

of the Riemann solution is utilized for the computation of the fluxes. Even for the higher

order accurate methods, the potion of utilized information from Riemann solutions are very

small. Thus many research have been seeking for approximate Riemann solvers that do not

require full structures of Riemann problems.

One natural approach is, for a given non-linear PDE qt + f ′(q)x = 0, to find a linearized

equation

q̂t + Âi−1/2q̂x = 0, (3.16)

where Âi−1/2 is a matrix that is chosen to be some approximation to f ′(q) valid in a

neighborhood of Qi and Qi−1. Since the system is hyperbolic, we require Âi−1/2 to be

diagonalizable with real eigenvalues. For the consistency with the original conservation law,

we require

Âi−1/2 → f ′(q̄), as Qi,Qi−1 → q̄. (3.17)

3.5.1 Roe Linearization

One of the notable approximate Riemann solvers is Roe linearization. It came from the

observation that Riemann problems arising at cell interfaces. With (3.16) and (3.17), Roe
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linearization requires another condition

Âi−1/2(Qi −Qi−1) = f(Qi)− f(Qi−1). (3.18)

For the shallow water equations, the choices of Roe average are

Âi−1/2 =

 0 1

−ũ2 + gh̄ 2ũ

 ,
where

ũ =

√
hi−1ui−1 +

√
hiui√

hi−1 +
√
hi

, h̄ =
hi−1 + hi

2
.

It can be easily shown that these choices satisfy (3.16), (3.17) and (3.18). And the Roe solver

produces exact solutions when two states are connected by a single shock wave because the

Rankin-Hugoniot condition is satisfied.

The numerical methods based on the Roe averages may yield non-physical solutions in

strong rarefaction cases where a dry state should arise. In these situations, the solutions

from Roe solvers may yield negative values for the height of the water. To overcome this

disadvantage, other numerical methods are investigated.

3.5.2 HLLE solver

Another class of approximate Rieman solvers was introduced by Harten, Lax and van Leer

[66] and extended by Einfeldt [37]. HLLE solvers assume that there are only two waves that

connect the left and right state. Then HLLE solvers use a single state Q̂i−1/2 such that

W1
i−1/2 = Q̂i−1/2 −Qi−1, and W2

i−1/2 = Qi − Q̂i−1/2.

We require the approximate solver to be conservative so that

s1
i−1/2

(
Q̂i−1/2 −Qi−1

)
+ s2

i−1/2

(
Qi − Q̂i−1/2

)
= f(Qi)− f(Qi−1),

and thus

Q̂i−1/2 =
f(Qi)− f(Qi−1)− s2

i−1/2Qi + s1
i−1/2Qi−1

s1
i−1/2 − s

2
i−1/2
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The HLLE solvers suggest the choices for the wave speed s1
i−1/2 and s2

i−1/2 as

s1
i−1/2 = min

p

(
min

(
λpi−1, λ̂

p
i−1/2

))
,

s2
i−1/2 = max

p

(
max

(
λpi , λ̂

p
i−1/2

))
,

where λ̂pi−1/2 are the eigenvalues of Â using Roe averages. If the HLLE scheme is applied

to the 1-dimension shallow water system, the wave speeds are simply

s1
i−1/2 = min

(
λ1
i−1, λ̂

1
i−1/2

)
,

s2
i−1/2 = max

(
λ2
i , λ̂

2
i−1/2

)
.

We can easily show that this choice of the wave speeds always gives non-negative solutions.

See George [48] for details.

3.6 Numerical Treatments of Source Terms

There are many situations in which source terms appear with the conservation laws, giving

an equation of the form,

qt + f(q)x = ψ(q). (3.19)

The equation (3.19) is often called balance law. In this section, several numerical schemes

will be discussed to solve the balance law.

3.6.1 Fractional Step Method

The fractional step method separates the system into two systems

qt + f(q)x = 0,

and

qt = ψ(q).

Then the solution q is updated in alternating steps. This method is simple and allows easy

extension to the high-resolution methods by using the Strang splitting.
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3.6.2 Godunov and Strang Splitting

Consider a more general PDE

qt = (A+ B)q,

where A and B are differential operators. In Godunov splitting, we first update

q∗ = eA∆tq(x, 0), (3.20)

then

q∗∗ = eB∆tq∗ = eB∆teA∆tq(x, 0). (3.21)

This Godunov splitting isO(∆t) accuracy in general. Second order accuracy can be obtained

by solving the first problem qt = Aq over ∆t/2, and the second problem qt = Bq over ∆t.

Then the first problem is solved again over ∆t/2. In summary, we update by

q∗ = eA∆t/2eB∆teA∆t/2q(x, 0).

This scheme is called Strang splitting.

3.6.3 Shallow Water Equations

If the source term depends on the derivative of q with respect to x, the steady state may

not be easily preserved with a fractional step method. For example, consider shallow water

equations with bathymetry b(x),

ht + (hu)x = 0, (3.22)

(hu)t +

(
hu2 +

1

2
gh2

)
x

= −ghbx. (3.23)

When (hu)x ≡ 0 and
(
hu2 + 1

2gh
2
)
x
≡ −ghbx, the steady states are preserved. If the

fractional step method is used, the splitting error can cause spurious waves to form near

bathymetry jumps and can quickly dominate the solution in practical problems. Because

preserving the balance between
(
hu2 + 1

2gh
2
)
x

and −ghbx is computational nontrivial when

these terms are large. One of the possible schemes to circumvent this issue is f-wave scheme.
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3.7 f-wave Scheme

3.7.1 f-wave Propagation Form

An alternative form is suggested by Bale, LeVeque, Mitran and Rossmanith [10], and we

split the jump in flux into f-waves Zpi−1/2 as

f(Qi)− f(Qi−1) =
m∑
p=1

Zpi−1/2. (3.24)

Each f-wave Zp moves at the speed of sp. In a linearized Riemann solver, the flux difference

are decomposed with eigenvcetors r̂pi−1/2 of Âi−1/2.

f(Qi)− f(Qi−1) =
m∑
p=1

βpi−1/2r̂
p
i−1/2 ≡

m∑
1

Zpi−1/2, (3.25)

where the coefficients βpi−1/2 are

βi−1/2 = R−1
i−1/2 (f(Qi)− f(Qi−1)) ,

with the matrix of right eigenvectors Ri−1/2. Then the fluctuations can be defined as

A−∆Qi+1/2 =
∑

{p:sp
i+1/2

<0}

Zpi+1/2, (3.26)

A+∆Qi−1/2 =
∑

{p:sp
i−1/2

>0}

Zpi−1/2 (3.27)

If all of the speeds are nonzero, this decomposition will maintain conservation since the

condition (3.8) is satisfied. The f-wave scheme has an advantage in problems with source

terms when they are close to the steady state.

3.7.2 f-wave Scheme for the Balance Law

One of the alternative schemes for balance laws is f-wave method suggested by Bale, LeV-

eque, Mitran and Rossmanith [10]. The f-wave method uses the source term to modify the

flux difference before performing the wave decomposition,

f(Qi)− f(Qi−1)−∆xΨi−1/2 =

m∑
p=1

βpi−1/2r
p
i−1/2,



27

where

∆xΨi−1/2 ≈
∫
ψ(q, x)dx.

An ambiguity of f-wave scheme lies in the choice of the approximation to the source term

which can be understood as the choice of paths in the Dal Maso LeFloch and Murat theory

[98]. The DLM theory claims that the choice of path connecting Qi−1 and Qi is not uniquely

determined. In the next chapter, the DLM theory will be discussed in detail in the context

of the multi-layer shallow water system.

To implement the f-wave method with the shallow water equations, we need to determine

the approximation of the source term,
∫
ghbxdx. One simple choice is to take the average

so that ∫
ghbxdx ≈ g

hi−1 + hi
2

(bi − bi−1) .

This choice can be interpreted as a straight line path in DLM theory, and it is sufficient to

maintain steady states.

George [48, 49] suggested an alternative approximation where the derivation is based

smooth steady states, ∫
ghbxdx ≈ g

hi−1 + hi
2

λ̃1λ2

λ1λ2

(bi − bi−1) ,

where

λ̃1λ2 = −
(
−ui−1ui + g

(
hi−1 + hi

2

))
,

and

λ1λ2 = −

(
−
(
ui−1 + ui

2

)2

+ g

(
hi−1 + hi

2

))
.

From numerical tests, George [49] showed that this shallow water solver easily maintains

steady states with small perturbations, and also handles the dry state.
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Chapter 4

MULTI-LAYER SHALLOW WATER EQUATIONS

In this chapter, we review the derivation of multi-layer shallow water equations, and

explore numerical schemes for this system.

4.1 Derivation of the two layer shallow water equations

We denote by z = b(x, y, t) for bottom topography, and let h1(x, y, t) and h2(x, y, t) stand

for the depth of the upper and lower layer respectively. Let the free surface boundary be

z = η1(x, y, t) and the interface between the two layers as z = η2(x, y, t). By our notation,

η1(x, y, t) = b(x, y, t) + h2(x, y, t) + h1(x, y, t) and η2(x, y, t) = b(x, y, t) + h2(x, y, t). With

the fluid speed u = (u, v, w), the incompressibility condition for the flow states that ∇ · u

= 0,
∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0. (4.1)

Neglecting the viscous terms, the incompressible Navier-Stokes equation reads

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+ ρg, (4.2)

where g = (0, 0,−g). This equation (4.2) is the Euler equations. The Euler equations are

simplified by the hydrostatic assumption,

∂p

∂z
= −ρg, and uz = vz = 0.

For the two layer case, the density ρ(z) is piecewise constant. With the density of the upper

layer ρ1 and lower layer ρ2, the density ρ(x; z) is given as,

ρ(x; z) =

 ρ1, if η2(x) ≤ z ≤ η1(x),

ρ2, if b(x) ≤ z ≤ η2(x).

Thus the pressure p(x; z) is

p(x; z) =

 ρ1g(η1 − z), if η2 ≤ z ≤ η1,

ρ1g(η1 − η2) + ρ2g(η2 − z), if b ≤ z ≤ η2.



29

For an arbitrary area A in the x-y plane, we define the control volume Vk as follows,

V1 = {(x, y, z)|(x, y) ∈ A, η2(x, y, t) ≤ z(x, y, t) ≤ η1(x, y, t)},

V2 = {(x, y, z)|(x, y) ∈ A, b(x, y, t) ≤ z(x, y, t) ≤ η2(x, y, t)}.

The conservation of mass for the control volume Vk reads

∂

∂t

∫
Vk

ρk = −
∫
∂Vk

ρkuk · n, k = 1, 2,

where n = (nx, ny, nz) is the normal vector of the surface, and uk(x, y, z, t) = (uk, vk, wk) is

the speed of each layer. Since the density ρk is constant within each layer and wk · nz = 0,

vertical integration yields,

∂

∂t

∫
A
hk = −

∫
∂A
hkuk · n = −

∫
∂A
hku

⊥
k · n⊥, (4.3)

where u⊥k (x, y, t) = (ūk, v̄k)
T is the depth averaged speed and n⊥ = (nx, ny)

T . The equation

(4.3) implies that the mass is conserved in each layer.

Next we consider the momentum equation for each layer. For the upper layer, we divide

the cylindrical boundary of ∂V into three components,

∂V1 = ∂Vs1 ∪ ∂Vη1 ∪ ∂Vη2 ,

where ∂Vs1 , ∂Vη1 and ∂Vη2 are the vertical, upper and lower surface area of the cylinder ∂V

respectively. Then the momentum equation is given by

∂

∂t

∫
V1

ρu⊥ = −
∫
∂Vs1

ρu⊥(u · n)−
∫
∂Vs1

pn⊥ −
∫
∂Vη2

pn⊥ +

∫
∂Vη1

pn⊥,

where p(x) is the pressure. Since we assume the pressure at the surface η1 is zero, that is,

ignoring the atmospheric pressure, we have

∂

∂t

∫
V1

ρu⊥ = −
∫
∂Vs1

ρu⊥(u · n)−
∫
∂Vs1

pn⊥ −
∫
∂Vη2

pn⊥.

We integrate vertically from z = η2 to z = η1 with h1 = η1 − η2, then we obtain,

∂

∂t

∫
A
ρ1h1u

⊥
1 = −

∫
∂A
ρ1h1u

⊥
1 (u⊥1 · n⊥)−

∫
∂Vs1

ρ1g(η1 − z)n⊥ −
∫
∂Vη2

ρ1g(η1 − z)n⊥

= −
∫
∂A
ρ1h1u

⊥
1 (u⊥1 · n⊥)−

∫
∂A

ρ1

2
gh2

1n
⊥ −

∫
A
ρ1gh1∇⊥η2. (4.4)
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The last integral is a surface integral with ∇⊥η2 = (∂η2∂x ,
∂η2
∂y )T . Thus we obtain the momen-

tum equation for the upper layer, and the momentum is not conserved but coupled with

the momentum of the lower layer.

Similarly we derive the momentum equation of the lower layer including the pressure

gradient from the upper layer onto lower layer. Thus the momentum equation is

∂

∂t

∫
V2

ρ2u
⊥
2 = −

∫
∂Vs2

ρ2u
⊥
2 (u2 · n)−

∫
∂Vs2

Pn⊥ −
∫
∂Vb

Pn⊥ +

∫
∂Vη2

Pn⊥.

And the vertical integration from z = b to z = η2 yields

∂

∂t

∫
A
ρ2h2u

⊥
2 =−

∫
∂A
ρ2h2u

⊥
2 (u⊥2 · n⊥)−

∫
∂Vs2

(ρ1gh1 + ρ2g(η2 − z))n⊥

−
∫
∂Vb

(ρ1gh1 + ρ2g(η2 − z))n⊥ +

∫
∂Vη2

(ρ1gh1 + ρ2g(η2 − z))n⊥

=−
∫
∂A
ρ2h2u

⊥
2 (u⊥2 · n⊥)−

∫
∂Vs2

(ρ1gh1h2 +
1

2
ρ2gh

2
2)n⊥

−
∫
A

(ρ1gh1∇⊥b+ ρ2gh2∇⊥b) +

∫
A
ρ1gh1∇⊥η2.

=−
∫
∂A
ρ2h2u

⊥
2 (u⊥2 · n⊥)−

∫
∂A

(
g

2
ρ2h

2
2 + ρ1gh1h2)n⊥

−
∫
A
ρ2gh2∇⊥b+

∫
A
ρ1gh1∇⊥(η2 − b). (4.5)

Combining (4.4) and (4.5) yields,

∂

∂t

∫
A
q +

∫
∂A
f(q)nx +

∫
∂A
g(q)ny =

∫
A
ψ,

where

q =



h1

h1u1

h1v1

h2

h2u2

h2v2


, f(q) =



h1u1

h1u
2
1 + 1

2gh
2
1

h1u1v1

h2u2

h2u
2
2 + 1

2gh
2
2

h2u2v2


, g(q) =



h1v1

h!u1v1

h1v
2
1 + 1

2gh
2
1

h2v2

h2u2v2

h2v
2
2 + 1

2gh
2
2


,
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and

ψ =



0

−gh1(h2 + b)x

−gh1(h2 + b)y

0

−gh2(rh1 + b)x

−gh2(rh1 + b)y


,

where r = ρ1/ρ2.

4.2 Quai-linear Form of the Two-Layer Shallow Water System

Consider the 1-dimensional case. The two layer shallow water system is derived as follows,

qt + f(q)x = ψ,

where

q =


h1

h1u1

h2

h2v2

 , f(q) =


h1u1

h1u
2
1 + 1

2gh
2
1

h2u2

h2u
2
2 + 1

2gh
2
2

 , and ψ =


0

−gh1(h2 + b)x

0

−gh2(rh1 + b)x

 .

We observe that this system bears source terms which contain the derivative of variables.

One approach is to solve the hyperbolic system first, and include all the source terms using

a splitting method. For example, Audusse [9] and Chen and Peng [26] used this approach to

solve the two-layer shallow water system. Although this scheme can hinder the possibility

of being non-hyperbolic, it does not represent the correct speeds of the internal waves, and

thus does not preserve steady states.

Relocating the x-derivative terms on the right hand side to the left hand side, we obtain

a quasi-linear form,

qt +A(q)qx = φ(q), (4.6)
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where

A(q) =


0 1 0 0

gh1 − u2
1 2u1 gh1 0

0 0 0 1

rgh2 0 gh2 − u2
2 2u2

 , φ(q) =


0

−gh1bx

0

−gh2bx

 . (4.7)

Note that A(q) 6= ∂f(q)/∂x.

4.3 Eigenstructure

4.3.1 Eigenvalue

The characteristic polynomial of A(q) is,

p(x) = ((x− u1)2 − gh1)((x− u2)2 − gh2)− rg2h1h2. (4.8)

Since the roots of this quartic equation (4.8) cannot be found explicitly, several approaches

have been suggested to find approximation to the real solutions.

Algebraic interpretation

The discriminant of the following quartic equation

a4x
4 + a3x

3 + a2x
2 + a1x+ a0 = 0,

is

D4 =[(a2
1a

2
2a

2
3 − 4a3

1a
3
3 − 4a2

1a
3
2a4 + 18a3

1a2a3a4 − 27a4
1a

2
4 + 256a3

0a
3
4)

+ a0(−4a3
2a

2
3 + 18a1a2a

3
3 + 16a4

2a4 − 80a1a
2
2a3a4 − 6a2

1a
2
3a4 + 144a2

1a2a
2
4)

+ a2
0(−27a4

3 + 144a2a
2
3a4 − 128a2

2a
2
4 − 192a1a3a

2
4)].

If D4 > 0, then the quartic equation has four real roots or four complex roots. Otherwise

if D4 < 0, then it has two real roots and two complex roots. Since p(u1 +
√
gh1) < 0,

p(u2 +
√
gh2) < 0 and p(x) → ∞ as |x| → ∞, the equation (4.8) always has at least two

real roots. Therefore, D4 > 0 implies that this quartic equation has four real roots, and can

be used as a criterion for the hyperbolicity of the system.
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Approximate expression

Under the assumptions that |u1 − u2| and (1− r) are very small (� 1), first order approxi-

mation for the eigenvalues can be found as follows,

λ±ext = Um ±
√
g(h1 + h2) (4.9)

λ±int = Uc ±

√
g′

h1h2

h1 + h2

[
1− (u2 − u1)2

g′(h1 + h2)

]
, (4.10)

where

Um =
h1u1 + h2u2

h1 + h2
, Uc =

h1u2 + h2u1

h1 + h2
, (4.11)

and g′ = g(1− r) is the reduced gravity. Two eigenvalues λ±ext are real, and comparable to

the two waves of the single-layer shallow water equations if h1 + h2 are considered as the

depth of water. Meanwhile two eigenvalues λ±int are conditionally real if

(u2 − u1)2

g′(h1 + h2)
< 1. (4.12)

If these eigenvalues λ±int are imaginary, the system is not hyperbolic. The notation λint

stands for the internal wave which is associated with stratified fluids with different uniform

densities also known as barotropic modes, while λext are the wave speeds of surface waves,

or baroclinic modes. If |u2 − u1| becomes large enough, the shear stress grows and can be

expected to lead to a growing Kelvin-Helmholtz instability in the full problem, which results

in the loss of hyperbolicity in these depth-averaged equations.

Geometric interpretation

Another way to interpret the eigenvalues is with a geometric approach that was suggested

by Ovsyannikov [111]. If we set,

z = x− u1 and w = x− u2, (4.13)

then p(x) = 0 from (4.8) reads

(z2 − gh1)(w2 − gh2)− rg2h1h2 = 0. (4.14)
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Figure 4.1: Graphs of (4.14) and (4.15) are given for different values of r = 0.3 and r = 0.9.

The solid lines are the graph for (4.14). The dashed, dash-dot and dotted lines are the graphs

for (4.15) with u1 − u2 = −0.1, 1 and 3 respectively. Values are fixed as h1 = h2 = g = 1

for this graph.

Eliminating x from (4.13) yields,

w = z + (u1 − u2). (4.15)

The Figure 4.1 is the graph of (4.14) and (4.15) for different values of r, and fixed values

of h1 = h2 = g = 1. Figure 4.1 shows two cases for the values r = 0.3 and r = 0.9

respectively. The solid curves represent solutions of (4.14) and the dashed, dash-dot and

dotted lines denote (4.15) with u1 − u2 = −0.1, 1 and 3 respectively. When h1 = h2, the

shape of the central part is close to a circle with radius
√

(1− r)gh1. If h1 6= h2, then the

shape of the curve around the origin is close to an ellipse.

The roots of the characteristic polynomial (4.8) are the intercepts of the dashed line

and solid curves. When |u1 − u2| is sufficiently small, four real solutions exist. Two of

them are interceptions with the outer curves and they correspond to λ±ext. The others are

interceptions with the inner closed curve, and correspond to λ±int. This is the case of dashed

line in Figure 4.1. But the dash-dot line on the right figure has only two intercepts with
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the solid curves which indicates the loss of hyperbolicity. Even if |u1 − u2| is very large,

there can be four real roots which is observed for the dotted lines in Figure 4.1. However

this must be excluded because it is not a physically reasonable case.

The hyperbolicity condition should be determined by the existence of the interceptions

with the inner part. If r ≈ 1, then the central parts can be regarded as an ellipse with two

axes of length
√
g′h1 and

√
g′h2. Then simple calculation yields the hyperbolicity condition

which is exactly the same as (4.12). If r � 1, then the shape of the central part is similar

to a square, and the hyperbolicity condition can be found as follows,

|u2 − u1|√
g′h1 +

√
g′h2

< 1. (4.16)

The conditions for the hyperbolicity of the system can analytically be found for special

cases. When h1 = h2 = h, the characteristic polynomial is quadratic. If the following

condition is satisfied,

2
(
gh(1−

√
r)
)1/2

< (u2 − u1)2 < 2
(
gh(1 +

√
r)
)1/2

,

the problem is non-hyperbolic. To make sense physically, right inequality should be disre-

garded. When r = 1, the original one layer shallow water equation will be recovered and,

therefore, the problem is non-hyperbolic if

0 < (u2 − u1)2 <
(

(gh1)1/3 + (gh2)1/3
)3
,

which indicates that it is ill-posed whenever the speeds of the two layers are different.

Therefore, the two-layer shallow water equations with ρ1 = ρ2 are ill-posed.

4.3.2 Eigenvector

Once the eigenvalues are found computationally, the eigenvectors can be found easily. Let

λk be an eigenvalue of the two layer shallow water system given by (4.6) and (4.7). Then

the corresponding eigenvector rk is given by,

rk =


1

λk

ck

ckλ
k

 ,
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where ck is given by

ck = −1 +
(λk − u1)2

gh1
.

4.4 Hyperbolicity

When the difference between the speeds of the two layers is large, the two-layer shallow

water system loses hyperbolicity. By reducing the difference, the system can regain hyper-

bolicity, but may be inconsistent with the physical situation. One method is to introduce

an additional layer between two layers when the system becomes non-hyperbolic. See, for

example, Frings et al.[21]. The speed of the new layer should be a value between the speeds

of the pre-existing two layers, and the depth is determined in relation to the imaginary part

of the eigenvalues. The new system can still lose the hyperbolicity, and this requires another

layer, which lowers the efficiency.

Another approach to alleviate the hyperbolicity condition is to introduce friction terms.

When the system is non-hyperbolic, the speeds of the layers are modified so that the dif-

ference of velocities become smaller until the system retains the hyperbolicity. For viscous

fluid, the friction coefficient is related with the Reynolds number by the Moody’s diagram

[105]. Thus the local mixing of two layers can be reinterpreted as friction forces as long as

the instability is localized.

4.5 Numerical scheme for multi-layer shallow water system

Consider a quasi-linear system given as,

qt +A(q)qx = 0, (4.17)

where q = q(x, t). The equation (4.17) is conservative if it can be written as qt+f(q)x = 0

for some f(q), and non-conservative otherwise. If the system is conservative, Rankine-

Hugoniot jump condition can be applied to find shock speeds. If it is non-conservative,

however, finding the shock condition becomes non-trivial. There have been many theoretical

efforts to figure out this condition, and the following Dal Maso, LeFloch, and Murat(DLM)

theory is one of them.
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4.5.1 DLM families of paths and nonconservative products

According to Dal Maso, LeFloch, and Murat(DLM), a shock wave theory for a non-conservative

system requires a prescribed family of paths. Details of the DLM theory can be found in

Dal Maso et al. [98] and Castro et al. [24], for example. Let Ω be an open subset of Rn. The

set of functions of bounded variation and locally bounded variation on Ω will be denoted

by BV (Ω) and BVloc(Ω), respectively. We define the families of paths as follows.

Definition A path Φ in Ω ⊂ RN is a family of smooth maps [0, 1]×Ω×Ω→ Ω satisfying:

• Φ(0; qi−1,qi) = qi−1 and Φ(1; qi−1,qi) = qi,

• ∀V ⊂ Ω, ∃k such that
∣∣∂Φ
∂s (s; qi−1,qi)

∣∣ ≤ k|qi−1−qi|, for any qi−1,qi ∈ V and almost

every s ∈ [0, 1],

• ∀V ⊂ Ω, ∃K such that
∣∣∂Φ
∂s (s; q1

i−1,q
1
i )− ∂Φ

∂s (s; q2
i−1,q

2
i )
∣∣ ≤ K (|q1

i−1 − q2
i−1|+ |q1

i − q2
i |
)
,

for any q1
i−1,q

1
i ,q

2
i−1, and q2

i ∈ V and almost every s ∈ [0, 1].

We require that a shock joining the states qi−1 and qi and propagating with speed s

must satisfy the jump condition,

s(qi − qi−1) =

∫ 1

0
A(Φ(t; qi−1,qi))∂tΦ(t; qi−1,qi)dt. (4.18)

If the system is conservative, A(q)qx = f(q)x, then the right hand side of equation (4.18)

is, ∫ 1

0
A(Φ(t; qi−1,qi))∂tΦ(t; qi−1,qi)dt = f(qi)− f(qi−1),

which is independent of Φ(t; qi−1,qi). Thus we recover the Rankine-Hugoniot jump condi-

tion for any choice of the path.

If the system is non-conservative, the shock speed depends on the choice of paths. The

choice of path Φ(t; qi−1,qi) is not unique, and the shock speed cannot be uniquely deter-

mined.
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4.5.2 SIngle layer shallow water equations and f-wave method

First consider the single layer shallow water equations with bottom topography,

qt + f(q)x = Ψ(q),

where

q =


h

hu

b

 , f(q) =


hu

hu2 + 1
2gh

2

0

 , and Ψ(q) =


0

−ghbx

0

 .
The f-wave method decomposes the flux difference f(qi)− f(qi−1) directly so that

f(qi)− f(qi−1)−∆xΨi−1/2 =

n∑
p=1

βpi−1/2r
p
i−1 ≡

n∑
p=1

Zpi−1/2,

where

βi−1/2 = R−1
i−1/2

(
f(qi)− f(qi−1)−∆xΨi−1/2

)
,

with

∆xΨi−1/2 =


0

−gĥ (bi − bi−1)

0


One ambiguity of the f-wave scheme is that several choices are possible for the the approx-

imation of the source terms, in this case ĥ. George [48] and [49] suggested an alternative

choice based on the conservation of energy for smooth solutions

−gĥ(bi − bi−1) = −ghi + hi−1

2

λ̃1λ2

λ1λ2

(bi − bi−1),

where

λ̃1λ2 = gh̄− ū2, λ1λ2 = gh̄− ui−1ui.

with h̄ = (hi−1 + hi)/2 and ū = (ui−1 + ui)/2. As the matrix Ri−1/2 is the matrix of

eigenvectors of Âi−1/2, following the notation of [10], the relations are

αi−1/2 = R−1
i−1/2 (qi − qi−1) ,

and

αi−1/2si−1/2 = βi−1/2,
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lead to the Rankine-Hugoniot condition as follows,

si−1/2 (qi − qi−1) = f(qi)− f(qi−1)−∆xΨi−1/2,

where si−1/2 is the shock speed.

s (hi − hi−1) = (hu)i − (hu)i−1,

s ((hu)i − (hu)i−1) = (hu2 + gh2/2)i − (hu2 + gh2/2)i−1 + gĥ (bi − bi−1) .
(4.19)

If we apply the DLM theory, the shock speeds of the single layer shallow water equations

satisfy

s ((h)i − (h)i−1) = (hu)i − (hu)i−1,

s ((hu)i − (hu)i−1) = (hu2 + gh2/2)i − (hu2 + gh2/2)i−1

+ g

∫ 1

0
Φh(t; qi−1,qi))∂tΦb(t; qi−1,qi)dt,

(4.20)

where the family of paths Φ(t; qi−1,qi) is

Φ(t; qi−1,qi) =


Φh(t)

Φq(t)

Φb(t)

 .
If we choose the path as follows,

Φh = hi−1 + t(hi − hi−1) + 6(t− t2)h̄

(
(ui − ui−1)2

ū2 − gh̄

)
, Φb = bi−1 + t(bi − bi−1),

then we recover the same scheme as George [48] suggested.

4.5.3 Multi-layer shallow water equations

Consider two layer shallow water equations with b(x) ≡ 0.

qt + f(q)x = Ψ(q),

where

q =


h1

h1u1

h2

h2v2

 , f(q) =


h1u1

h1u
2
1 + 1

2gh
2
1

h2u2

h2u
2
2 + 1

2gh
2
2

 , and Ψ(q) =


0

−gh1(h2)x

0

−rgh2(h1)x

 .
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One simple choice is the arithmatic mean so that

ĥ1 =
(h1)i + (h1)i−1

2
, ĥ2 =

(h2)i + (h2)i−1

2
.

Similar to the single layer case, the shock speed condition takes the explicit form

s ((h1)i − (h1)i−1) = (h1u1)i − (h1u1)i−1,

s ((h1u1)i − (h1u1)i−1) = (h1u
2
1 + gh2

1/2)i − (h1u
2
1 + gh2

1/2)i−1

+ g
(h1)i + (h1)i−1

2
((h2)i − (h2)i−1) ,

s ((h2)i − (h2)i−1) = (h2u2)i − (h2u2)i−1,

s ((h2u2)i − (h2u2)i−1) = (h2u
2
2 + gh2

2/2)i − (h2u
2
2 + gh2

2/2)i−1

+ rg
(h2)i + (h2)i−1

2
((h1)i − (h1)i−1) ,

(4.21)

when we choose the arithmetic average for ĥ1 and ĥ2.

When applied to the two layer shallow water system, the equation (4.18) reads

s ((h1)i − (h1)i−1) = (h1u1)i − (h1u1)i−1,

s ((h1u1)i − (h1u1)i−1) = (h1u
2
1 + gh2

1/2)i − (h1u
2
1 + gh2

1/2)i−1

+ g

∫ 1

0
Φh1(t; qi−1,qi))∂tΦh2(t; qi−1,qi)dt,

s ((h2)i − (h2)i−1) = (h2u2)i − (h2u2)i−1,

s ((h2u2)i − (h2u2)i−1) = (h2u
2
2 + gh2

2/2)i − (h2u
2
2 + gh2

2/2)i−1

+ rg

∫ 1

0
Φh2(t; qi−1,qi))∂tΦh1(t; qi−1,qi)dt,

(4.22)

where the family of paths Φ(t; qi−1,qi) is

Φ(t; qi−1,qi) =


Φh1

Φq1

Φh2

Φq2

 .

One of the choices is linear path,

Φ(t; qi−1,qi) = qi−1 + t(qi − qi−1),
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for 0 ≤ t ≤ 1. Thus Φh1 and Φh2 are given as

Φh1(t; qi−1,qi) = (h1)i−1 + t ((h1)i − (h1)i−1) ,

Φh2(t; qi−1,qi) = (h2)i−1 + t ((h2)i − (h2)i−1) .
(4.23)

When these two equations (4.23) are applied to the equations (4.22), the integral of the

second equation of (4.22) leads to∫ 1

0
Φh1(t; qi−1,qi))∂tΦh2(t; qi−1,qi)dt =

∫ 1

0
(h1)i−1 + t ((h1)i − (h1)i−1) ((h2)i − (h2)i−1) dt

=
[
t(h1)i−1 + t2/2 ((h1)i − (h1)i−1) ((h2)i − (h2)i−1)

]1
0

=
(h1)i + (h1)i−1

2
((h2)i − (h2)i−1) .

Similar calculation for the integral of the fourth equation of (4.22) reduces to the shock

condition (4.21) found by the f-wave method.

In the study of non-conservative system, the solution is not uniquely determined, be-

cause the jump condition at the discontinuities depends on the choice of the path and we can

choose different paths. Dolejsi and Gallouet [35] investigated the non-conservative system

which arises from a flow simulation of solid-liquid-gas slurries. They compared the numer-

ical results from different numerical schemes, and showed that different numerical schemes

converge to different weak solutions.

4.6 Dry State Riemann Problem

For single layer shallow water system, dry state Riemann problems refer to the cases where

either hi−1 or hi is zero, or a dry state appears in the Riemann solution for t > 0. In

forecasting tsunamis, one of our interests is predicting the inundation accurately, and the

dry state Riemann problems arise at the shorelines. Depth positivity is one of the properties

required for dry state Riemann solvers, and the HLLE scheme is used in this work. For

details, see George [48] for example. In multi-layer shallow water system, there are more

than one type of dry state Riemann problems. Some previous works include Castro et al.

[23] and Mandli [97].

Consider the case depicted in Figure 4.2 where (h1)i = (h2)i = 0. This is dry state
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problem for both upper and lower layers. It is required to determine whether lower and/or

upper layer will overtop the right bathymetry bi or not.

(h1)i−1, (u1)i−1

(h2)i−1, (u2)i−1

bi−1

bi

Figure 4.2: Dry state Riemann problem Case 1.

Let us call the right solid wall for lower layer if (h2)i−1 + bi−1 < bi and (h2)∗+ bi−1 < bi

are satisfied. We call similarly for the upper layer and left solid wall cases. In order to

determine the solid wall states, we compare (h2)i−1 + bi−1 and bi. If (h2)i−1 + bi−1 is

greater than bi, then we expect the lower layer will overtop bi, and we solve the Riemann

problem without modification. Even if (h2)i−1 + bi−1 < bi, we cannot say that lower layer

has right solid wall because the lower layer still can overtake bi depending on the speed of

the lower layer (u2)i−1. To determine it, we solve single layer shallow water system with

(h2)i = (h2)i−1 and (u2)i = (u2)i−1. If h∗2 + bi−1 < bi from the resolved solution, then we

say solid wall on the right side for the lower layer. Otherwise, there is no right solid wall

case. If lower layer has right solid wall, then we proceed to the upper layer to figure out

solid wall state in a smiler way.

If we have determined there is a solid wall on the right for both upper and lower layer,

we solve the modified Riemann problem such that

(h1)i = (h1)i−1, (u1)i = −(u1)i−1,

(h2)i = (h2)i−1, (u2)i = −(u2)i−1,

and bi = bi−1.

If only the lower layer has right solid wall state, more careful modification is required based
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on preserving steady states shown in Figure 4.3. We solve the revised Riemann problem as

follows,

lower layer : (h2)′i = (h2)i−1, (u2)′i = −(u2)i−1, and b′i := bi−1,

upper layer : b′i−1 := bi−1 + (h2)i−1.

(h1)i−1, (u1)i−1

(h2)i−1, (u2)i−1

(h1)i, (u1)i

bi−1

bi

Figure 4.3: Dry state Riemann problem Case 2.

If the f-wave method is applied for this case, then the flux difference with source term

reduces to

f(Qi)− f(Qi−1)−∆xΨi−1/2

=


[[h1u1]]

[[h1u
2
1 + gh2

1/2]] + gh̄1 ([[b]]− (h2)i−1)

[[h2u2]]

[[h2u
2
2 + gh2

2/2]]

 ,

where [[q]] = qi − qi−1. With this modification, we can preserve the steady states.
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4.7 Alternative Schemes for the Coupled System

4.7.1 Layer-by-Layer Approaches

Instead of solving the full system, we solve each layer system alternately. We solve the

equations for the upper layer,

(h1)t + (h1u1)x = 0,

(h1u1)t +
(
h1u

2
1 +

g

2
h2

1

)
x

= gh1(h2 + b)x.

And then the equations for the lower layer,

(h2)t + (h2u2)x = 0,

(h2u2)t +
(
h2u

2
2 +

g

2
h2

2

)
x

= gh2(rh1 + b)x.

are solved with same time step size ∆t. In one time step, each layer is determined from

the information at the start of the computation, and they do not interact directly. For this

reason, this scheme is called the layer-by-layer approach.

The layer-by-layer approach has several advantages over the fully coupled one. Based

on the HLLE type method, this scheme can maintain depth positivity. And this system is

always hyperbolic since the eigenvalues are given as

λupper = u1 ±
√
gh1, and λlower = u2 ±

√
gh2,

which are always real. Since the eigenstructure is explicit, this scheme is computationally

efficient. However, this scheme may not reflect the physical situation correctly if the inter-

action between two layers is significant. When the difference in the speeds of two layers is

large, the eigenvalues are real numbers and we are still able to solve this system.

Castro et al. [25] suggested a numerical test where this layer-by-layer approach com-

pletely fails. Consider a Riemann problem with the following initial conditions

h1(x, 0) =

 0.5, if x < 0,

0.55, if x > 0,
(hu)1(x, 0) =

 1.25, if x < 0,

1.375, if x > 0,

h2(x, 0) =

 0.5, if x < 0,

0.45, if x > 0,
(hu)2(x, 0) =

 1.25, if x < 0,

1.125, if x > 0,
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with r = 0.98. The test is an interface-moving problem as u1 = u2 ≡ 2.5. When the

eigenvalues are computed from layer-by-layer, we have

λupper = 2.5± 2.2694, λlower = 2.5± 2.1586.

Thus we have four positive eigenvalues. When they are calculated from the fully coupled

system, the eigenvalues are

λ = −0.6242, 2.2782, 2.7281 and 5.6242.

Thus we have three positive eigenvalues and one negative eigenvalue. Therefore the layer-

by-layer approach fails since the eigenvalues are completely different.

When we focus on the submarine landslides and tsunamis, Fine et al. [41] showed that

the condition, u2 <
√
gh2, is satisfied for the submarine flows. Under this regime, numerical

results from the layer-by-layer approach may not be remarkably different from the fully

coupled one. Bouchut and Zeitlin [18] suggested an improved layer-by-layer scheme with

flux modification based on the entropy of each layer.

4.7.2 One-way Coupled Model

Another class of numerical scheme is one-way coupled model. Assuming that the surface

variation is small compared to the total depth,

h1 + h2 + b ≈ constant,

we have

(h1)x = −(h2 + b)x (4.24)

Replacing (4.24) into the momentum equation of the lower layer, the two layer system can

be written as follows,

(h1)t + (h1u1)x = 0,

(h1u1)t +
(
h1u

2
1 +

g

2
h2

1

)
x

= −gh1(h2 + b)x,

(h2)t + (h2u2)x = 0,

(h2u2)t +

(
h2u

2
2 +

g′

2
h2

2

)
x

= −g′h2bx,
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where g′ = (1− r)g is the reduced gravity. The eigenvalues are easily found as

λupper = u1 ±
√
gh1, and λlower = u2 ±

√
g′h2.

Therefore, this scheme is hyperbolic and depth positivity preserving.

The one-way coupled and the layer-by-layer approaches look similar. One of the advan-

tages of one-way coupled approach is in the approximations to the exact eigenvalues. For

example, consider the case with h2 � h1. Then the equation (4.11) yields Um = u1 and

Uc = u2. From equations (4.9) and (4.10), the eigenvalues of fully coupled system are

λ±ext ≈ u1 ±
√
gh1, and λ±int ≈ u2 ±

√
g′h2,

which are approximation to the eigenvalues of the one-way coupled approach.

Another advantage is that we can solve the lower layer system independently from the

upper layer, which is not possible in the layer-by-layer approach. The motion of the subma-

rine landslides can be solved with reduced gravity g′ followed by the usual tsunami models

with moving topography.

Several limitation can be noted for this one-way coupled model. Sometimes, large waves

can be generated by the subaerial landslides plunging into the water. In these cases, the

above assumptions are not valid and coupling between two layers needs to be considered

carefully. When the friction between two layers are important, the one-way coupled model

cannot be used because the friction force is calculated based on the difference of the two

layers’ speeds.

Subaerial Case

In this section, subaerial landslides refer to the cases where the landslides are initiated at

subaerial or partially subaerial conditions and plunge into the water. If we apply the one-

way coupled model for the subaerial landslide cases, some modifications are necessary. Some

approaches have been suggested by Fine et al. [41] for example. First we need to determine

whether the landslide is subaerial or submarine. If (h1)i−1 > 0 and (h1)i > 0, then we

assume that the slide is submarine, and otherwise, we regard that the slide is subaerial. If
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the slide is subaerial, we solve the momentum equation for the lower layer given as

(h2u2)t +
(
h2u

2
2 +

g

2
h2

2

)
x

= −gh2bx,

because the equation of the lower layer is independent of the upper layer. If the slide is

submarine, we solve the reduced gravity equation which is

(h2u2)t +

(
h2u

2
2 +

g′

2
h2

2

)
x

= −g′h2bx.

In this work, we will not include test problems of the subaerial cases, and leave this as future

work.
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Chapter 5

NUMERICAL SCHEMES FOR LANDSLIDE MODELING

In this chapter, previous works on subaerial landslide modeling will be briefly reviewed,

and possible extensions to submarine landslides will be discussed. Inconsistent terminologies

have been used to classify different types of landslides, and the landslide classifications

suggested by Varnes [135], Hutchinson [72] and Hungr et al. [70], will be adopted in this

work. Slope movements can be categorized into five types which are falls, topples, slides,

spreads and flows, and the main interest in this chapter is numerical modeling of landslides of

flow type. Also we introduce our numerical models that are applied to numerical simulations.

5.1 Landslide Modeling

One of the widely used numerical schemes in landslide modeling is the Discrete Element

Method (DEM) that was developed by Cundall [30] for numerical modeling of landslides.

DEM treats particles as an assembly of distinct bodies, and applies their constitutive prop-

erties, contact laws, displacements and body forces respectively. When large scale problems

are solved, DEM requires a large number of variables, and is computationally expensive.

One of the alternatives are depth-averaged models that are based on the continuum fluid

mechanics. The Savage-Hutter (SH) model is a depth-averaged model that is derived with

bed-normal coordinates and applies Coulomb friction. Later Iverson [75], and Pitman and

Le’s model [118] extended the SH model to a two-layer approaches. These depth-averaged

models assume that the velocity profile of the layer is uniform as shown in the Figure 5.1.

Savage and Hutter [123] derived a depth-averaged fluid model with shallowness assump-

tion of the landslides. Details of the assumptions and limitations can be found at Hutter et
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Figure 5.1: Uniform speed profile of the Coulomb fluid

al. [73]. The SH model in 1-dimension is written as

∂h

∂t
+

∂

∂x
(hu) = 0,

∂

∂t
(hu) +

∂

∂x
(hu2) = hsx −

∂

∂x

(
βxh

2

2

)
,

where

βx = −gzKx,

sx = gx −
u

|u|
tan δ

(
−gz + λκηu2

)
+ gz

∂b

∂x
,

η = cos(ϕ(x) + ϕ0),

Kx = 2 sec2 φ
(

1∓
(
1− cos2 φ/ cos2 δ

)1/2)
,

(
∂u

∂x
≷ 0

)
,

with g = (gx, gz) = (−g sin θ,−g cos θ), and θ is the angle of slope. Moreover λκ is the local

radius of curvature of the master curve, φ and δ are the internal and bed friction angles,

and ϕ is the accumulation of the torsion of the master curve. A single curve, following the

landslide topography, is selected as a master curve [119]. The landslide should move along

the master curve which must be prescribed.

The SH model has been validated through laboratory experiments. See Koch et al. [80],

Gray et al. [54] and Pudasaini and Hutter [119] for examples. However, previous laboratory

experiments were performed only with dry granular materials. Since information on the

master curve is required, the SH model is appropriate to the confined landslides. For the
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open-field flows, the simplified SH model can be used without the torsion and curvature

related terms.

For the saturated granular flows, Iverson [75] presented a mixture model with granu-

lar material and interstitial fluid. Assuming that the difference of the speed between the

granular material and the fluid is small, Iverson derived a reduced model,

∂h

∂t
+

∂

∂x
(hu) = 0,

∂u

∂t
+ u

∂u

∂x
+

∂

∂x
(cos(θ)kap(h− P ) + P )

= −sgn(u)

(
1− P

h

)
tanφ cos θ − ϕµη u

h2
+ sin θ,

where P is the pore pressure, µ is the viscosity coefficient and η is a parameter of flow

profile.

Pitman and Le [118] extended Iverson’s work and derived a two fluid model for the

saturated flow. Using the same notation as Pitman and Le [118], their model reads as

follows,

∂h

∂t
+

∂

∂x
(h (ϕv + (1− ϕ)u)) = 0,

∂

∂t
(hϕ) +

∂

∂x
(hϕv) = 0,

∂

∂t
(hϕv) +

∂

∂x

(
hϕv2

)
=

− 1

2

(
1− ρf

ρs

)
∂

∂x

(
αxxh

2ϕ(−gz)
)
− 1

2

ρf

ρs
ϕ
∂

∂x
(h2(−gz))

+

(
1− ρf

ρs

)
(−αxxbx − αxz)hϕ(−gz)ρ

f

ρs
hϕ(−gz)bx

+

(
1− ρf

ρs

)
h(1− ϕ)ϕ

vT (1− ϕ)m
(u− v) + hϕgx,

∂

∂t
(hu) +

∂

∂x
(hu2) =

1

2

∂

∂x
h2(gz)− ρs − ρf

ρf
hϕ

vT (1− ϕ)m
(u− v) + hgx.

In this expression, v and u are the velocities of solid and fluid with density ρs and ρf

respectively. The solid volume fraction of the fluid is ϕ, and vT is the terminal speed of a

typical particle falling vertically in the fluid. Parameter m is related to the Reynold number

of the flow.
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Since these models are derived in a bed-normal coordinate system, the exact knowledge

of the path of the slide motion is desirable. Because the previous models become simple ones

without the information on the master curve. Also note that the bed-normal coordinate

system can be uniquely determined only when the landslide is shallow and the bathymetry

is smooth.

5.2 Submarine Landslide Modeling

5.2.1 Savage-Hutter Type Model

Understanding the deformation of underwater slides is still scarce, and numerical models

are not established as well as for subaerial landslides. There are several previous works

which adopted simpler forms of the SH model. For example, Heinrich et al. [67] used the

SH model for landslides as follows,

∂h
∂t + ∂

∂x(hu) = 0,

∂
∂t(hu) + ∂

∂x

(
hu2 + g′

2 h
2
)

= −g′hbx − τ,
(5.1)

where τ is a friction force, g′ is the reduced gravity, and θ and ϕ are the slope angle and

the internal friction angle respectively. The motion of the landslides is computed with

equations (5.1), and the results are transformed from bed-normal coordinates to earth-

centered coordinates. Then the shallow water equations are used for the water layer where

the change of bathymetry is computed with the SH model. The water layer is affected by

the submarine landslides, but the slide layer is not influenced by the water.

Fernández-Nieto et al. [40] suggested a two-layer coupled SH type model for submarine

landslides and generated waves. This model is fully coupled between the water and slide

layer in bed-normal coordinates, and it is applicable only to 1-dimension with mild change

in bathymetry.

5.2.2 Choice of the Coordinate System

Landslides should be thin and the bathymetry needs to be smooth in order to use the SH

model with the bed-normal coordinates. In Figure 5.2, one possible case is shown where

the bed-normal coordinate system does not represent the physical situation correctly. The
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depth of the layer at x = X1 and x = X2 are h1 and h2 respectively, but there are some areas

where the depth of the layer is counted repeatedly. Therefore, the bed-normal coordinate

system cannot be used for general cases. For this reason, the earth-centered coordinates are

used instead of the bed-normal coordinates.

h1

X1

h2

X2

Figure 5.2: Non-physical case with bed-normal coordinates. The depth of the layer at

x = X1 and x = X2 are h1 and h2 respectively, but they do not represent the correct

physical situation.

5.2.3 Friction Models

Coulomb friction model

The Coulomb friction model depends on the basal friction angle that needs to be prescribed

according to the properties of materials. The internal friction angle for rock is between

30◦ and 45◦, but this value is often too large to explain the motion of saturated landslides.

Submarine landslide movement on a very mild slope (< 5◦) is often observed, but numerical

simulations with the friction angle in this range fail to capture this type of deformation. Even

though it is still unclear, one of the possible explanations for the movement of submarine

landslide on a mild slope, is that excessive high pore pressure and liquefaction may reduce

the friction angle and increase the mobility of landslides. For instance, Heinrich et al. [67]

have chosen the value of the basal friction angle between 7◦ and 17◦. In this work, the
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following Coulomb friction model will be used,

(h1)t + (h1u1)x = 0,

(h1u1)t +

(
h1u

2
1 +

1

2
gh2

1

)
x

= −gh1(h2 + b)x,

(h2)t + (h2u2)x = 0,

(h2u2)t +

(
h2u

2
2 +

1

2
gh2

2

)
x

= −gh2 (rh1 + b)x − rgh2 tan(φ) cos(θ)
u2

|u2|
,

(5.2)

where φ is the basal friction angle, and θ is the angle of the slope.

Viscous fluid model

Jiang and LeBlond [78] explored viscous fluid models for submarine landslides, and Fine et

al. [41] applied this approach to large scale problems. Jiang and LeBlond assumed that

the velocity profile of the landslide is parabolic as in Figure 5.3 and derived the following

equations

(h1)t + (h1u1)x = 0,

(h1u1)t +

(
h1u

2
1 +

1

2
gh2

1

)
x

= −gh1(h2 + b)x,

(h2)t +
2

3
(h2u2)x = 0,

2

3
(h2u2)t +

(
8

15
h2u

2
2 +

1

2
gh2

2

)
x

= −gh2 (rh1 + b)x −
2µu2

ρ2h2
,

(5.3)

where µ is the viscosity coefficient for the landslide.

One extended viscous type model is the Herschel-Bulkley model. Details of this model

can be found at Huang and Garcia [69] and Chen et al. [27]. The velocity profile of the

landslide is shown in Figure 5.4 so that the plug zone has the uniform velocity. Then the

basal friction is given as

τ0 = τy +K

(
1 + (1/n)

1− nH/(2n+ 1)h2

)n( |u2|
H

)n
,

where τy is the yield stress, K is a dynamic viscosity, n is the flow index between 0 and 1,

and H = h2 − τy/(ρ2g sin θ) is the depth of the shear zone. If n = 1, then this model is

the same as the previous Jiang and LeBlond’s model. In this work, the viscous fluid model

(5.3) will be used.
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Figure 5.3: Parabolic velocity profile of landslide layer.
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Figure 5.4: Velocity profile of landslide layer with shear and plug zone.

Comparison of friction models

Both the Coulomb friction model (5.2) and the viscous fluid model (5.3) are used to compare

the motion of landslides. In these tests, the water layer is ignored and the initial shape of

landslide is Gaussian on the uniform slope. Figure 5.5 depicted the initial shape of landslide

on a slope of 15◦. Three cases of slope will be compared with the slope of angle equal to

5◦, 15◦ and 30◦.

Figures 5.6, 5.7 and 5.8 show the height of the landslide at t = 30 s on three different

slopes of 5◦, 15◦ and 30◦ respectively. On each figure, the viscous coefficient varies from

µ = 25 to 500 m2/s for the viscous fluid model, and the basal friction angle varies from

φ = 7◦ to 25◦ for the Coulomb friction model following Heinrich et al. [67]’s work.

It is observed that the Coulomb friction model depends heavily on the choice of the
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Figure 5.5: Gaussian shape of a landslide on a slope of 15◦ at t = 0 s.

Figure 5.6: Numerical results for the viscous fluid model and the Coulomb friction model

on a uniform slope of 5◦ at t = 24 s. The kinematic viscosity is chosen between 25 and 500

m2/s, and the Coulomb friction angle is selected between 7◦ and 25◦.

basal friction angle. If the basal friction angle is smaller than the angle of the slope, then

only small deformation of landslide is observed. As a small difference of the friction angle

can result in a large variation, the basal friction angle should be carefully chosen.

On the contrary, the viscous fluid model produces similar patterns for different viscous
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Figure 5.7: Numerical results for the viscous fluid model and the Coulomb friction model

on a uniform slope of 15◦ at t=24 s.

Figure 5.8: Numerical results for the viscous fluid model and the Coulomb friction model

on a uniform slope of 30◦ at t=24 s.

coefficients. A shock front is visible which is observed by Iverson et al. [76] experiments.

Though the landslide with smaller viscous coefficient moves further, the difference is not as

large as the case of the Coulomb friction model.
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5.2.4 Hydroplaning

At a critical speed, the intrusion of a thin water layer underneath the landslide produces

hydroplaning which is a lubricant effect. Mohrig et al. [104] reported laboratory experiments

which demonstrate that the fronts of submarine debris flows can hydroplane on thin layers

of water. The hydroplaning dramatically reduces the bed friction, thus increasing head

velocity although their experiments are small scale. Their laboratory experiments showed

that the minimum value for the hydroplaning is Frd = 0.35 where

Frd =
u2√(

1
r − 1

)
gh2 cos θ

.

The hydroplaning of the submarine landslide is still poorly understood and the laboratory

experiments are not sufficient to validate results of large scale landslides.

De Blasio et al. [32] validated their model by comparing the numerical simulation with

the field data of the Storegga slides. The viscosity is time dependent which changes from

the initial to residual viscosity constant that is referred to as remoulding. De Blasio et al.

suggested a yield stress model combining remoulding and hydroplaning, but the coefficients

were adjusted to match the field data.

Taylor et al. [132] suggested a friction model for a semi-elliptic rigid body on a mild slope

based on Grilli and Watts [59]. They assumed that for large enough speeds, hydroplaning

occurs over a specific percentage of slide length. They have chosen 6 m/s as the critical

speed for the hydroplaning so that the basal friction is given as

τ =

 τ0, if u2 ≤ 6 m/s,

τ0(1− hy), if u2 > 6 m/s,

where τ0 is the basal friction without hydroplaning and hy is the fraction of the slide length

susceptible to hydroplaning in [0, 1]. They have chosen the values for hy as 0.25, 0.5, 0.75

and 1, and showed that the effect of the basal resistance increases as slope angles decrease.

The previous hydroplaning models are derived for the solid body motion, and applying

the same model to the fluid model is not straight forward. Determining the front location

and speed is a crucial part, and extending it to the 2-dimensional case is another issue.
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5.2.5 Pore Water Pressure and Liquefaction

Pore water pressure refers to the pressure exerted on its surroundings by water held in pore

spaces in rock or soil. The pressure is positive when a soil is fully saturated, and is then

proportional to the height of the water measured in an open tube above the point of interest.

The pressure is zero when the soil voids are filled with air, and is negative when the voids

are partly filled with water. As discussed in previous section, the pore water pressure has

been included in landslide modeling by Iverson [75] and Pitman and Le [118].

Liquefaction is a phenomenon in which the strength and stiffness of a soil is reduced

by earthquake shaking or other rapid loading. This occurs in saturated soils where water

fills the space between soil particles. Generally, the liquefaction of submarine landslides

accounts for the movement on a mild slope. For example, see Seed [125], Grilli and Watts

[58] and Finn [42]. Seed [125] show the friction coefficients drop by factors between 2 and

10 by liquefaction.



59

Chapter 6

BOUSSINESQ EQUATIONS AND NUMERICAL SCHEMES

In tsunami modeling, the shallow water equations are widely used for their accuracy,

efficiency and robustness. The wavelength of the earthquake generated tsunami is often

several hundred kilometers and the amplitude is several meters so that dispersion of waves

is weak and can be ignored. Therefore these waves are under the regime of shallow water

equations.

Meanwhile, tsunamis triggered by submarine landslides have different characteristics.

As noted by Matsuyama et al. [100], the wavelength of the tsunami is a few kilometers,

and waves are generated over a time period of several minutes. Thus dispersion of waves

is necessary to include, and other physical models, such as Boussinesq type equations, are

often preferable.

The derivations of the several Boussinesq type equations are based on the assumptions

that two parameters, the ratio of the wave amplitude to the water depth (ε) and the ratio

of the water depth to the wavelength (µ), are small and O(ε) = O(µ2). In this chapter, we

review several Boussinesq type models and develop numerical schemes.

6.1 Airy Wave Theory

Before we discuss the Boussinesq type equations, we briefly review Airy wave theory or

Stokes’ first order wave theory and derive the linear dispersion relation. See Kundu et

al. [81] for example. For simplicity, we consider the two dimensional case, one horizontal

direction plus depth, so that depth-averaging gives 1-dimensional equations. If the fluid is

incompressible and irrotational, then there exists a velocity potential Φ(x, z, t) satisfying

∂Φ
∂x = u and ∂Φ

∂z = w. Then the continuity equation can be written in terms of Φ as

∂2Φ

∂x2
+
∂2Φ

∂z2
= 0. (6.1)
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We impose impermeable boundary condition at bottom,

∂Φ

∂z
= 0, at z = −b(x), (6.2)

and the kinematic free surface boundary condition,

∂η

∂t
=
∂Φ

∂z
, at z = 0, (6.3)

where b(x) is the bathymetry and η(x, t) is water surface elevation with respect to the

sea-level. The dynamic boundary condition gives

∂Φ

∂t
+ gη = 0, at z = 0. (6.4)

We have a set of equations (6.1), (6.2), (6.3) and (6.4). Since we are looking for the plane

wave solution, we set

Φ = A(z) sin(ωt− kx), (6.5)

where k and ω are wave number and frequency of wave respectively. If we plug (6.5) into

(6.1), then we have

(
−k2A(z) +A′′(z)

)
sin(ωt− kx) = 0. (6.6)

General solutions to the second order ODE −k2A(z) +A′′(z) = 0 is

A(z) = C1 cosh(kz + C2),

with constants C1 and C2. The boundary condition (6.2) reads

C1 sinh(kz + C2) sin(ωt− kx) = 0, at z = −b(x).

If we assume b(x) ≡ H, then the equation (6.1) leads to C2 = kH. From the equation (6.4),

we have,

η = −1

g
ωC1 cosh(kH) cos(ωt− kx),

which should satisfy (6.3). Therefore we have

1

g
ω2C1 cosh(kH) sin(ωt− kx) = C1k sinh(kH) sin(ωt− kx).
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This leads to the dispersion relation

ω2 = gk tanh(kH). (6.7)

Moreover, if we set η0 = ω
gC1 cosh(kH), then we have

η = η0 sin(ωt− kx).

Thus the phase speed cp is

cp =
ω

k
=

√
g tanh(kH)

k
.

If the depth of water H is much smaller than the wavelength λ, then those waves are often

referred to as shallow water waves. We have ω2 ≈ k2gH, and the phase speed and group

speed can be approximated as

cp ≈
√
gH, and cg ≈

√
gH.

For deep water waves with H > λ/4, we have ω2 ≈ gk, and λ0 = 2π
k = 2πg

ω2 is often called

the deep water wavelength.

In the following section, we will review Boussinesq type equations which were developed

to match the dispersion relation (6.7) of the given waves. Matching the dispersion relation

will be optimized for different range of kH.

6.2 Boussinesq Type Equations

In this section, we review previous work on Boussinesq type equations for slowly varying

topography, that is ||∇b|| � 1. Depth averaged equations have been developed to match

dispersion relation over some range of kH. Figure 6.1 shows the basic formulation for set-

up. In the case of submarine landslides, we let b(x) be the bathymetry after deformation

has finished, and b̄(x, t) be the displacement of seabed which is small relative to the depth

of water. Then the depth of water h(x, t) is given as h(x, t) = −b(x)− b̄(x, t) + η(x, t). We

use H(x) to denote H(x) = −b(x).
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Figure 6.1: Basic set-up for the Boussinesq type equations with moving bathymetry.

6.2.1 Peregrine (1967)

Peregrine [115] derived the following Boussinesq equations

ηt +∇ · ((H + η)u) = 0, (6.8)

ut + (u · ∇) u + g∇η +

[
1

6
H2 ∂

∂t
∇(∇ · u)− 1

2
H
∂

∂t
∇(∇ · (Hu)

]
= 0, (6.9)

where u(x, t) is the depth-averaged velocity. This set of equations is derived from the

inviscid Euler equation. Two parameters ε and µ are defined as the ratio of amplitude to

depth and the ratio of depth to wavelength which are relatively small. We assume ε ≈ µ2

in the derivations. Then we use Taylor expansion with these parameters, and retain O(ε)

terms. Details of the derivation can be found in Peregrine [115].

6.2.2 Nwogu (1993)

Nwogu [107] improved Peregrine’s work by using a quadratic polynomial for the water

velocity profile. The set of equations is derived from Euler’s equations with a reference

velocity at a specific depth, which is

u(x, z) = uα + µ2

(
z2
α

2
− z2

2

)
∇(∇ · uα) + µ2(zα − z)∇(∇ · (Huα)),
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where uα is the velocity at z = zα. Nwogu’s Boussinesq equations are written as

ηt +∇ · ((H + εη)uα)

+ µ2∇
[(

z2
α

2
− H2

6

)
∇(∇ · uα) +

(
zα +

H

2

)
H∇(∇ · (Huα))

]
= 0, (6.10)

uαt + ε (uα · ∇) uα + g∇η + µ2

[
z2
α

2
∇(∇ · uαt) + zα∇(∇ · (huαt))

]
= 0. (6.11)

Nwogu defined a value α as

α = (zα/H)2/2 + (zα/H), (6.12)

and showed that the optimal value for α is equal to −0.390 in the range 0 < H/λ0 < 0.5,

where λ0 is the deep water wavelength. The value zα is determined by solving the equation

(6.12). If α is zero, then zα = 0, and Peregrine’s form is recovered.

6.2.3 Schäffer and Madsen (1995)

Another set of Boussinesq type equations is derived by Schäffer and Madsen [124], that is a

modification of Madsen and Sørenson [96]. To derive it, we modify Peregine’s model (6.8)

and (6.9) in conservative form as follows,

ht +∇ · (hu) = 0, (6.13)

(hu)t + ((hu) · ∇) u + u (∇ · (hu)) + gh∇η +

[
1

6
H3 ∂

∂t
∇(∇ · u)− 1

2
H2 ∂

∂t
∇(∇ · (Hu)

]
= 0.

(6.14)

By applying the operator BH3∇(∇·) to the momentum equation of the linearized shallow

water equations, ut + g∇η = 0, we have

−BH3 (∇ (∇ (ut)) +∇ (∇ · g∇η)) = 0, (6.15)

where B is a parameter to be determined. Adding (6.14) and (6.15) yields the Schäffer and

Madsen [124] model. In the two dimensional case, the equations have the following form,

ht + Px +Qy = 0, (6.16)

Pt +

(
P 2

h
+
g

2
h2

)
x

+

(
PQ

h

)
y

+ ghbx + ψ1 = 0, (6.17)

Qt +

(
Q2

h
+
g

2
h2

)
y

+

(
PQ

h

)
x

+ ghby + ψ2 = 0, (6.18)
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with

ψ1 =
1

6
H3

((
P

H

)
xxt

+

(
Q

H

)
xyt

)
−
(
B +

1

2

)
H2 (Pxxt +Qxyt)

−BgH2
(

(Hηx)xx + (Hηy)xy

)
,

ψ2 =
1

6
H3

((
Q

H

)
yyt

+

(
P

H

)
xyt

)
−
(
B +

1

2

)
H2 (Qyyt + Pxyt)

−BgH2
(

(Hηy)yy + (Hηx)xy

)
,

where P = hu and Q = hv are x and y momentum respectively. Madsen and Sørenson [96]

deduced that the optimal value of the parameter B is 1/15 through Padé expansion of the

dispersion relation.

6.2.4 Serre’s equation

Another form of Boussinesq equations is the Serre or Green-Naghdi equations. Bonneton

et al. [17] derived the following equations,

ht +∇ · (hu) = 0,

(hu)t +
γ − 1

γ
gh∇η +∇ · (hu⊗ u) +

(
I + γhT 1

h

)−1 [1

γ
gh∇η + hQ1(u)

]
= 0,

where γ is a parameter. The operator T and Q∞ are defined as

T [h, b]W = R1[h, b](∇ ·W ) +R2[h, b](∇b ·W ),

Q1[h, b](V ) = −2R1(∂1V · ∂2V
⊥ + (∇ · V )2) +R2(V · (V · ∇)∇b),

where

R1[h, b]w = − 1

3h
∇(h3w)− h

2
w∇b,

R2[h, b]w =
1

2h
∇(h2w) + w∇b,

with V ⊥ = (−V2, V1)T . The parameter γ is determined to approximate the dispersion

relation (6.7) and Bonneton et al. showed that the optimal value is γ = 1.159, which

was found for kH ∈ [0, 4]. When the parameter γ = 1, we recover the original Green-

Naghdi equations [55]. One of the advantages of using Serre’s equations is the existence of
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analytical solutions when the bathymetry is flat, and thus we can use this set of equations

for the convergence tests, for instance.

6.2.5 Other approximations

Other forms of Boussinesq type equations have been investigated by various researchers

such as Wei et al. [141], Gobbi and Kirby [51] and Lynett and Liu [90]. Higher order

approximation can be obtained by retaining up to O(ε2) and O(µ4) terms since ε = O(µ2).

See Fuhrman and Madsen [94], and Zhou and Teng [144], for example.

6.3 Waves Generated by Submarine Landslides

In this section, we briefly review Boussiesq type equations which incorporate the moving

bathymetry. We introduce a new variable h̄(x, y, t) where b(x, y, t) = H(x, y)+h̄(x, y, t), and

assume that |h̄(x, y, t)| is small. The displacement h̄ is pre-determined and is not affected

by the change of water wave.

6.3.1 Lynett and Liu (2002)

Lynett and Liu [90] derived the following equations for submarine landslides,

ηt +∇ · (Huα) + h̄t

+∇ ·
[(

z2
α

2
− H2

6

)
H∇(∇ · uα) +

(
zα +

H

2

)
H∇(∇ · (Huα + h̄t))

]
= 0,

uαt + (uα · ∇) uα + g∇η +

[
z2
α

2
∇(∇ · uαt) + zα∇(∇ · (huαt + h̄t))

]
t

= 0.

We notice this set of equations is same as Nwogu’s model except the h̄ terms. A depth

averaged model can be derived to yield

ηt +∇ · (Hu) + h̄t = 0, (6.19)

ut + (u · ∇) u + g∇η +

[
1

6
H2∇(∇ · ut)−

1

2
H∇(∇ · (Hut) + h̄t)

]
t

= 0. (6.20)

This set of equations is Peregrine’s equations plus time dependent bathymetry.
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6.3.2 Modified Schäffer and Madsen

Following Lynett and Liu’s derivation, we modify Schäffer and Madsen’s model for subma-

rine landslide case. The set of equations are (6.16), (6.17) and (6.18) with

ψ1 =
1

6
H3

((
P

H

)
xxt

+

(
Q

H

)
xyt

)
−
(
B +

1

2

)
H2 (Pxxt +Qxyt)

−BgH2
(

(Hηx)xx + (Hηy)xy

)
− 1

2
H2h̄xtt, (6.21)

ψ2 =
1

6
H3

((
Q

H

)
yyt

+

(
P

H

)
xyt

)
−
(
B +

1

2

)
H2 (Qyyt + Pxyt)

−BgH2
(

(Hηy)yy + (Hηx)xy

)
− 1

2
H2h̄ytt. (6.22)

6.3.3 Choice of physical model

In this work, we adopt modified the Schäffer and Madsen’s model which are (6.16), (6.17),

(6.18), (6.21) and (6.22). Note that H will go to zero near the coastline. For H sufficiently

small, we switch to the shallow water equations and do not include any dispersive terms.

In section 6.6, more details will be discussed.

One of the reasons for choosing this model is that it is a relatively simple depth-averaged

model with conservative form. And we can easily distinguish the shallow water part and

dispersive part. Another reason for this choice is in the construction of a numerical scheme,

and in section 6.5 details will be included.

6.4 Dispersion Relation

In this section, we derive the dispersion relation corresponding to various forms of the

Boussinesq equations. We set the local wave number, the angular wave frequency, and

phase speed as k, ω, and c respectively.
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6.4.1 Dispersion Relation of Schäffer and Madsen’s Model

In this section, dispersion relation for Schäffer and Madsen’s model will be derived. Consider

the 1-dimensional model with flat bottom ( ∂b∂x ≡ 0 and H = constant),

ht + (hu)x = 0, (6.23)

(hu)t +
(
hu2 +

g

2
h2
)
x

+ ψ1 = 0, (6.24)

with

ψ1 =
1

6
H2 (hu)xxt −

(
B +

1

2

)
H2(hu)xxt −BgH3ηxxx.

Assuming a Fourier mode, we let h = H + h0e
ikx−ωt, η = h0e

i(kx−ωt) and hu = P0e
i(kx−ωt)

and plug them into (6.23) and (6.24). If we keep linear terms only, we have


h0(−iω)ei(kx−ωt) + P0(ik)ei(kx−ωt) = 0,

P0(−iω)ei(kx−ωt) + gH(ik)h0e
i(kx−ωt)

+1
6H

2P0(ik2ω)ei(kx−ωt) −
(
B + 1

2

)
H2P0(ik2ω)ei(kx−ωt) −BgH3h0(−ik3)ei(kx−ωt) = 0.

Division by ei(kx−ωt) and simplification yields

 −h0ω + kP0 = 0,

(−ω)P0 + kgHh0 −
(
B + 1

3

)
H2P0k

2ω + k3BgH3h0 = 0,

⇒ (−ω)P0 + kgH

(
kP0

ω

)
−
(
B +

1

3

)
H2P0k

2ω + k3BgH3

(
kP0

ω

)
= 0,

⇒
(

1 +

(
B +

1

3

)
k2H2

)
ω2 = gH

(
1 +Bk2H2

)
k2, (6.25)

⇒ c2 =
(ω
k

)2
= gH

1 +B(kH)2

1 +
(
B + 1

3

)
(kH)2

. (6.26)

Equation (6.25) is the dispersion relation for Schäffer and Madsen’s model, and the phase

velocity is given as (6.26) . Similarly, the dispersion relation and the phase velocity for

other models can be derived.
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6.4.2 Comparison of Models

By letting the solution to the Boussinesq equations be a small amplitude periodic wave, we

obtain the phase velocity vp = ω/k. For the Schäffer and Madsen’s model [124], we have

c2 = gH
1 +B(kH)2

1 +
(
B + 1

3

)
(kH)2

, (6.27)

as derived above.

In case of the Nwogu model [107], a similar derivation gives

c2 = gH
1−

(
α+ 1

3

)
(kH)2

1− α(kH)2
. (6.28)

The phase velocity for the Serre’s equations of Bonneton [17] is

c2 = gH
1 + γ−1

3 (kH)2

1 + γ
3 (kH)2

. (6.29)

The optimal values for the parameters α, B and γ can be determined with respect to the

exact phase speed of the Airy wave theory given by

c2 = gH
tanh(kH)

kH
. (6.30)

For example, Nwogu found the optimal value α = −0.390 by minimizing the sum of the

relative error of phase speed in the range of 0 ≤ h/λ0 ≤ 0.5. Madsen and Sørenson [96]

found the optimal value B = 1/15 by matching Padé expansion of (6.30). Bonneton et al.

[17] found the optimal value γ = 1.159 by minimizing the error in the range of 0 ≤ kH ≤ 4.

Each optimal values can be used for other equations. For example, α = −0.390 corresponds

to the value B = 0.39− 1/3 ≈ 0.0567 and γ = 1.17.

In Figure 6.2, we compare normalized phase speeds for the Schäffer and Madsen’s Boussi-

nesq equation for different parameter B. The error is phase velocity error with respect to

the Airy wave theory.

6.5 Numerical Scheme for the Boussinesq Equation

In order to solve the Boussinesq type equation numerically, most of the previous work is

based on finite difference schemes. For example, Nwogu [107] used the Crank-Nicholson
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Figure 6.2: Comparison of normalized phase speeds for the Schäffer and Madsen’s Boussi-

nesq equation from (6.27).

method, and Madsen and Sørenson [96] employed a time-centered implicit scheme. Gobbi

and Kirby [51] and Lynett and Liu [90] used a predictor-corrector scheme, employing a third

order in time explicit Adams-Bashforth predictor step, and a fourth order in time Adams-

Moulton implicit corrector step. Fuhrman and Madsen [94] used finite difference spatial

discretizations, combined with the classical fourth-order, four-stage, explicit Runge-Kutta

time stepping scheme.

The drawbacks of finite difference schemes are explained in Shi et al. [126]. Shi et al.

pointed out that this scheme is noisy and weakly unstable to high wave numbers, and also

it is difficult to implement wave breaking at surf zone and interaction of runup with beach

slope.

Recently, numerical schemes have been developed incorporating finite volume methods

and finite difference methods. For instance, Bonneton et al. [17] derived a modified Serre’s

equations and developed a hybrid numerical scheme for the 1-dimensional case. Shi et al.

[126] developed a hybrid numerical scheme for the Boussinesq equations. Dutykh et al.

[36] applied this type of numerical scheme to KdV-BBM equations and validated through



70

comparison to the analytical solutions. In this section, we will introduce a hybrid numerical

scheme with stability studies.

6.5.1 Hybrid scheme of finite volume and finite difference methods

KdV-BBM equation

Consider the generalized KdV-BBM equation,

ut + αux + βuux − γutxx + δuxxx = 0.

This can be rearranged as follows,

(1−D)

(
ut + αux +

β

2

(
u2
)
x

)
+

(
αγuxx +

βγ

2
(u2)xx + δuxx

)
x

= 0,

where D = γ∂2
xx is a differential operator, and α, β, γ and δ are parameters. Let ut +αux +

β
2

(
u2
)
x

= −P , then for smooth solution we have

ut +

(
αu+

β

2
u2

)
x

+ P = 0, (6.31)

with

(1−D)P =

(
(αγ + δ)uxx +

βγ

2
(u2)xx

)
x

. (6.32)

For our hybrid scheme, we solve

ut +

(
αu+

β

2
u2

)
x

= 0,

using a finite volume scheme, and then update ut + P = 0,

(1−D)P =
(

(αγ + δ)uxx + βγ
2 (u2)xx

)
x
,

with a source term splitting scheme.

Boussinesq equations

We now consider 2-dimensional Boussinesq equations. The main idea is that we use a high

resolution finite volume method for the non-linear shallow water part, and then apply a
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finite difference method for the linear dispersive terms. To distinguish the dispersive terms,

we can rearrange

ht + (hu)x + (hv)y = 0,

(hu)t +
(
hu2 +

g

2
h2
)
x

+ (huv)y + ghbx + S1 = 0,

(hv)t +
(
hv2 +

g

2
h2
)
y

+ (huv)x + ghby + S2 = 0,

and  S1

S2

 =

 I −D1 −D2

−D3 I −D4

−1  Ψ1

Ψ2

 ,
with

D1w =

(
B +

1

2

)
H2wxx −

1

6
H3
(w
H

)
xx
,

D2w = D3w =

(
B +

1

2

)
H2wxy −

1

6
H3
(w
H

)
xy
,

D4w =

(
B +

1

2

)
H2wyy −

1

6
H3
(w
H

)
yy
.

and

Ψ1 =

(
B +

1

2

)
H2
(
(hu2)x + g(hηx) + (huv)y

)
xx

+

(
B +

1

2

)
H2
(
(hv2)y + g(hηy) + (huv)x

)
xy

− 1

6
H3

(
(hu2)x + ghηx + (huv)y

H

)
xx

− 1

6
H3

(
(hv2)y + ghηy + (huv)x

H

)
xy

−BgH2
(

(Hηx)xx + (Hηy)xy

)
− 1

2
H2h̄xtt,

Ψ2 =

(
B +

1

2

)
H2
(
(hv2)y + g(hηy) + (huv)x

)
yy

+

(
B +

1

2

)
H2
(
(hu2)x + g(hηx) + (huv)y

)
xy

− 1

6
H3

(
(hv2)y + ghηy + (huv)x

H

)
yy

− 1

6
H3

(
(hu2)x + ghηx + (huv)y

H

)
xy

−BgH2
(

(Hηy)yy + (Hηx)xy

)
− 1

2
H2h̄ytt.
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In the first step, we solve the shallow water equations,

ht + (hu)x + (hv)y = 0,

(hu)t +
(
hu2 +

g

2
h2
)
x

+ (huv)y + ghbx = 0,

(hv)t +
(
hv2 +

g

2
h2
)
y

+ (huv)x + ghby = 0.

With the same time step ∆t determined from shallow water equations, we update the

dispersion by solving

ht = 0,

(hu)t + S1 = 0,

(hv)t + S2 = 0,

with  S1

S2

 =

 I −D1 −D2

−D3 I −D4

−1  Ψ1

Ψ2

 .
We use Godunov splitting in general, but Strang splitting can be used to achieve higher

order of accuracy.

Numerical difficulties arise when we solve a linear system with the matrix

D =

 I −D1 −D2

−D3 I −D4

 .
Let the number of grid cells in x and y direction be N and M and use the second order

accurate centered discretization for the spatial derivatives. In the 1-dimensional case, this

scheme is still efficient as the matrix D is an N×N tridiagonal matrix which can be solved in

O(N) operations instead of O(N3). In 2-dimensions, the matrix D is a 2MN × 2MN block

tridiagonal matrix, and computing the exact factorization of this matrix can be obtained in

O((MN)3) operations.

6.5.2 Large System Solvers

Since the matrix is a sparse matrix, we may use an approximate solver such as GMRES

or bi-conjugate gradient method. The efficiency of GMRES largely depends on the pre-



73

conditioner used, and the appropriate pre-conditioner for this system requires more inves-

tigation.

If the matrix is not too large compared to the memory of the machine, direct solvers

can be as fast as approximate solvers. If we use fixed grids, then we solve systems with the

same matrix D for every time step. In these cases, it is desirable to find a factorization once

and use the information again in every step. Direct solvers have this advantage, and we use

a direct solver such as MUMPS [2], which stands for Multifrontal Massively Parallel sparse

direct Solver.

6.6 Wave Breaking and Wet/dry Interface

When generated waves are approaching a coastal area, the amplitude of the waves becomes

larger and they may steepen and break. To handle the possibility of wave breaking and

shock formation, we switch from the Boussinesq equations to the shallow water equations.

We follow Tonelli and Petti [134] who suggested basing the switching threshold on Froude

number analysis. When the ratio of wave amplitude to undisturbed water depth exceeds

0.8, we switch to the shallow water equations.

One of the purposes of tsunami modeling is to predict inundation on coastal area where

the wet/dry interface problem must be solved correctly. In the wet/dry situations, we use

the shallow water equations rather than the Boussinesq type equations since the dispersion

of waves is not clear in those situations. Moreover, the shallow water equations with HLLE

scheme or with Geoclaw have the very desirable depth positivity property.

6.7 Adaptive Mesh Refinement (AMR)

A powerful tool in efficient tsunami modeling is to use mesh refinement in some areas. While

relatively coarse grids can capture tsunami propagation in the deep ocean, fine grids are

necessary in the coastal area. As waves enter into coastal area, the wave speed decreases

with roughly the square root of depth, and thus waves are compressed. The compressed

waves have larger amplitude and shorter wave length than those in the deep ocean, and

fine scale bathymetry is required to be handled in order to forecast inundation correctly.

However, using fine grids in the entire ocean is inefficient in global scale tsunami modeling.
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Adaptive refinement methods in general use different grid sizes depending on the nature

of solutions in different domains. These schemes can be applied to highly localized prob-

lems such as often arise in hyperbolic systems. George, LeVeque, Berger and Mandli [48, 86]

extended Berger-Colella-Oliger [14, 12] adaptive mesh refinement approach used in Claw-

pack to tsunami modeling, and created a package called Geoclaw. In the AMR scheme,

some required properties include conservation of mass and momentum, and preservation of

steady states. Details on these properties with Geoclaw can be found in George, Berger

and LeVeque [48, 13] for example. The Geoclaw software has shown its efficiency and

accuracy through several benchmark problems and field studies. See González et al. [52],

George [48], Macinnes et al. [93], and Arcos and LeVeque [4], for example.

6.7.1 Adaptive Mesh Refinement and Boussinesq Equations

Using Boussinesq equations in the entire domain is computationally expensive because solv-

ing a large sparse system is involved in the Boussinesq solver. Alternatively we prefer to

apply the Boussinesq equations in specific areas, and those areas are often coastal region.

As noticed in Figure 6.2, the difference between the shallow water equations and the Boussi-

nesq equations is small if kH � 1 where tsunamis in general are under this regime. As

waves move into the coastal area, waves are compressed and have larger amplitude and

smaller wavelength, and therefore the value kH increases. For larger kH, the Boussiesq

type equations are better approximation for waves.

There are several difficulties when AMR schemes are applied to the Boussinesq equations.

In general, AMR schemes use several grid patches that can be overlap and have different

grid sizes, and they are easily applicable to the localized PDE system such as the shallow

water equations. If the dispersion correction terms are smaller compared to the shallow

water terms, then small difference is expected between uniformly fine grids and AMR.



75

6.8 Stability and Convergence

6.8.1 Stability Study with von Neumann Analysis

Numerical tests with KdV-BBM equations may exhibit instabilities as the grid is refined if

a centered discretization in space is used. In order to investigate stability and convergence

of our numerical scheme, we consider a simple PDE as follows,

ut + ux = utxx. (6.33)

We arrange the equation (6.33) as

(I −D2)(ut + ux) +D2ux = 0,

where D2 = ∂2
x. For smooth u, we have ut + ux + Px = 0,

(I −D2)P = D2u.

We solve the advection equation

ut + ux = 0, (6.34)

with a high resolution finite volume method, then update with a splitting scheme by solving

the following equation with a finite difference scheme

ut + Px = 0, (6.35)

(I −D2)P = D2u. (6.36)

If we use the second order accurate centered discretization for the operator D and apply

an upwind scheme for Px using the upwind direction suggested by the advection equation

(6.34), then we have

un+1
j − unj

k
+
Pnj − Pnj−1

h
= 0, (6.37)

with Pnj −
Pnj+1 − 2Pnj + Pnj−1

h2
=
unj+1 − 2unj + unj−1

h2
(6.38)

where h = ∆x and k = ∆t.
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The von Neumann stability analysis is based on Fourier analysis, and thus can be applied

to the linear PDE. Set unj = eiξjh and Pnj = αeiξjh, then equation (6.38) is

α

[
eiξjh − eiξ(j+1)h − 2eiξjh + eiξ(j−1)h

h2

]
=
eiξ(j+1)h − 2eiξjh + eiξ(j−1)h

h2
,

⇒ α =
2
h2

(cos(ξh)− 1)

1− 2
h2

(cos(ξh)− 1)
=

2 (cos(ξh)− 1)

h2 − 2 (cos(ξh)− 1)
. (6.39)

The equation (6.37) leads to

g(ξ)eiξjh = eiξjh − k

h
α
(
eiξjh − eiξ(j−1)h

)
.

Simplification and replacing α with (6.39) yields

g(ξ) = 1− k

h
α (1− cos(ξh) + i sin(ξh)) ,

|g(ξ)|2 =

(
1− k

h
α(1− cos(ξh))

)2

+

(
k

h
α sin(ξh)

)2

= 1− 2
k

h
α(1− cos(ξh)) +

(
k

h
α (1− cos(ξh))

)2

+

(
k

h
α sin(ξh)

)2

= 1− 2kα

h
(1− cos(ξh)) +

(
kα

h

)2

(2− 2 cos(ξh))

= 1− 2kα

h
(1− cos(ξh))

(
1− kα

h

)
= 1 +

4k (cos(ξh)− 1)2

h (h2 − 2 (cos(ξh)− 1))

(
1− 2k (cos(ξh)− 1)

h (h2 − 2 (cos(ξh)− 1))

)
> 1, for 0 < ξh < 2π.

Since (cos(ξh)− 1) < 0, we conclude that this scheme is unstable.

Suppose instead we apply the centered discretization for Px so that (6.37) is replaced by

un+1
j − unj

k
+
Pnj+1 − Pnj−1

2h
= 0. (6.40)

The equation (6.40) turns to

g(ξ)eiξjh = eiξjh − k

2h
α
(
eiξ(j+1)h − eiξ(j−1)h

)
.

Simplification and replacing α with (6.39) yields

g(ξ) = 1− iαk
h

(sin(ξh)) ,

|g(ξ)| ≥ 1.
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Thus this scheme is not stable as well.

Next we apply a 1-sided scheme for Px in place of (6.37)

un+1
j − unj

k
+
Pnj+1 − Pnj

h
= 0, (6.41)

using what appears to be the down-wind direction. Then equation (6.41) becomes

g(ξ)eiξjh = eiξjh − k

h
α
(
eiξ(j+1)h − eiξjh

)
.

Simplification and replacing α with (6.39) yields

g(ξ) = 1− k

h
α (cos(ξh)− 1)− ik

h
α sin(ξh),

|g(ξ)|2 =

(
1− k

h
α(cos(ξh)− 1)

)2

+

(
k

h
α sin(ξh)

)2

= 1− 2
k

h
α(cos(ξh)− 1) +

(
k

h
α (cos(ξh)− 1)

)2

+

(
k

h
α sin(ξh)

)2

= 1− 2kα

h
(cos(ξh)− 1) +

(
kα

h

)2

(2− 2 cos(ξh))

= 1− 2kα

h
(cos(ξh)− 1)

(
1 +

kα

h

)
= 1− 4k (1− cos(ξh))2

h (h2 + 2 (1− cos(ξh)))

(
1− 2k (1− cos(ξh))

h (h2 + 2 (1− cos(ξh)))

)
.

If k < h+ h3

4 , then |g(ξ)| ≤ 1 and thus this scheme is stable.

Thus this numerical scheme is stable when the upwind method is employed in the op-

posite direction to that suggested by the advection term. This seemingly opposite direction

can be explained as we carefully look into the system. The equation (6.36) can be written

as

ut + (I −D2)−1D2ux = 0,

with

D2 =
1

h2



−2 1

1 −2 1

. . .
. . .

. . .

1 −2 1

1 −2


.
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Since the matrix (I −D2)−1D2 is negative definite, the opposite upwind direction is in fact

the correct direction. Note that the dispersion relation is

ω =
k

1 + k2
.

The phase velocity, cp, is,

cp =
ω

k
=

1

1 + k2
,

and the group velocity, cg, is equal to

cg =
∂ω

∂k
=

1− k2

(1 + k2)2 = 1− k2(3 + k2)

(1 + k2)2
< 1.

Since the advection speed is 1, most energy propagates to the left relative to the advection

speed. In Figure 6.3, the solution to the PDE (6.33) is shown at t = 100 with Gaussian

initial shape. We observe that all wavelengths propagate slower than the advection velocity

1.

Figure 6.3: Plot of solution to PDE (6.33). Initial condition (left) and at t = 100 s (right).

Initial shape is Gaussian, and the grid size ∆x is equal to 1/2.

This upwind-like method is stable, but it is only O(∆x) accurate. Alternately, the

centered difference approximation can be used for spatial discretization, and a Runge-Kutta

scheme is employed for time discretization. Also recall that the equation (6.36) is obtained

through integration for smooth u. Although the integration process is straight forward for
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this simple PDE, it is often complicated for a set of Boussinesq type equations, and thus

we return to the original form. If we set S(x) = − (ut + ux), then we have ut + ux + S = 0,(
I −D2

)
S = D3u.

(6.42)

Assume we use the centered difference approximation of O(∆x2) accuracy, and the 4-stage

Runge-Kutta scheme for time stepping. Then we have,

U1 = un

U2 = un − k

2
S1, where (I −D2)S1 = D3U1,

U3 = un − k

2
S2, where (I −D2)S2 = D3U2,

U4 = un − kS3, where (I −D2)S3 = D3U3,

un+1 = un − k

6
[S1 + 2S2 + 2S3 + S4] , where (I −D2)S4 = D3U4.

For each step, Si’s are computed from

(Si)j −
(Si)j+1 − 2(Si)j + (Si)j−1

h2
=
uj+2 − 2uj+1 + 2uj−1 − uj−2

2h3
.

In order to investigate the stability, replace uj = eiξjh and (S1)j = αeiξjh. Then we have

α

(
eiξjh − eiξ(j+1)h − 2eiξjh + eiξ(j−1)h

h2

)
=
eiξ(j+2)h − 2eiξ(j+1)h + 2eiξ(j−1)h − eiξ(j−2)h

2h3
,

α

(
1− −2 + 2 cos(ξh)

h2

)
=

sin(2ξh)− 2 sin(ξh)

h3
i,

α =
−2 sin(ξh)(1− cos(ξh))

h3 + 2h(1− cos(ξh))
i := βi.

for some real β. If we replace the 4-stage Runge-Kutta scheme with uj = eiξjh and (S1)j =

αeiξjh, then we have

S1 = αeiξjh, U2 =

(
1− kα

2

)
eiξjh

S2 = α

(
1− kα

2

)
eiξjh, U3 =

(
1− kα

2
+

(kα)2

4

)
eiξjh

S3 = α

(
1− kα

2
+

(kα)2

4

)
eiξjh, U4 =

(
1− kα+

(kα)2

2
− (kα)3

4

)
eiξjh

S4 = α

(
1− kα+

(kα)2

2
− (kα)3

4

)
eiξjh.
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Thus the growth factor g(ξ) is

g(ξ) = 1− k

6

(
α+ 2α

(
1− kα

2

)
+ 2α

(
1− kα

2
+

(kα)2

4

)
+ α

(
1− kα+

(kα)2

2
− (kα)3

4

))
= 1− 1

6

(
6kα− 3(kα)2 + (kα)3 − (kα)4

4

)
.

Since α = βi for some real β, setting X = kβ yields,

g(ξ) = 1− 1

2
X2 +

X4

24
+

(
X3

6
−X

)
i

|g(ξ)|2 = 1 +
1

4
X4 +

X8

242
−X2 +

X4

12
− X6

24
+X2 +

X6

36
− X4

3

= 1− 1

72
X6 +

1

576
X8.

If |x| < 2
√

2, then |g(ξ)| < 1. Since X = kβ, the sufficient condition for stability is∣∣∣∣kh sin(ξh)(1− cos(ξh))

h2 + 2(1− cos(ξh))

∣∣∣∣ < √2, for ∀ ξh. (6.43)

For small h, this condition is approximately

k

h
< 2
√

2.

6.9 Convergence Studies

We investigate the convergence of our numerical scheme with analytical solutions from KdV-

BBM equation and Serre’s equations. In numerical simulation, Strang splitting is applied

in the source term computation.

6.9.1 KdV-BBM equation

Consider the generalized KdV-BBM equation,

ut + αux + βuux − γutxx + δuxxx = 0, (6.44)

where α, β, γ and δ are non-negative constants. The solitary wave solution to the KdV-BBM

equation has the form

u(x, t) = 3
c− α
β

sech2

(
1

2

√
c− α
γc+ δ

(x− ct)
)
,
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where c is the speed of traveling wave.

When α = β = γ = 1 and δ = 0, the equation (6.45) is called as Benjamin-Bona-Mahony

(BBM) equation which is

ut + ux + uux − utxx = 0. (6.45)

We can rearrange

(I −D2)

(
ut +

(
u+

1

2
u2

)
x

)
+D2

(
u+

1

2
u2

)
x

= 0.

A single solitary wave with c = 1.1 is tested for this numerical test, and the CFL number

is fixed at 0.70. Figure 6.4 shows the ∞-norm and 2-norm errors with t = 100 which are

measured by

E∞ =
||hnum − hsol||∞
||hsol||∞

, E2 =
||hnum − hsol||2
||hsol||2

,

where hnum and hsol are numerical and exact solutions respectively.

Table 6.1 shows the convergence rate, and the grid size ∆x is varying from 1 to 1/256.

We clearly observe convergence to the exact solutions as we increase the number of cells,

and the convergence rate is 2.

Figure 6.4: Plot of ∞-norm and 2-norm errors for the BBM equation (6.45) with c = 1.1

and at time t = 100. Grid size ∆x varies from 1 to 1/256.
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Figure 6.5: Plot of ∞-norm and 2-norm errors for the KdV-BBM equation (6.46) with

c = 1.1 and at time t = 100. Grid size ∆x varies from 1 to 1/256.

Next we include the uxxx term and let α = β = γ = δ = 1. Then the equation is written

as

ut + ux + uux − utxx + uxxx = 0. (6.46)

The same test is performed, and Figure 6.5 shows the ∞- and 2-norm errors at t = 100.

Table 6.2 shows the convergence rate which is again approximately 2.

We have tested two cases of KdV-BBM equation with single solitary wave propagation.

Through these numerical tests, we have shown that our numerical scheme is stable for

k/h < 1, and second order accurate.

6.9.2 Serre’s Equations

Serre’s equations have solitary wave solutions when the bathymetry is constant. If (b(x))x ≡

0, then Serre’s equations are written as

ht + (hu)x = 0, (6.47)

(hu)t +
(
hu2 +

g

2
h2
)
x

=
1

3

(
h3
(
uxt + uuxx − (ux)2

))
x
. (6.48)
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∆x Rate(E∞) Rate(E2)

1/2 2.3998 2.3298

1/4 2.1116 2.0678

1/8 1.9431 1.9761

1/16 1.9436 1.9811

1/32 1.9757 1.9985

1/64 1.9909 1.9947

1/128 1.9992 1.9898

1/256 2.0176 1.9983

Table 6.1: Convergence rate for BBM

equation. (α = β = γ = 1 and δ = 0)

∆x Rate(E∞) Rate(E2)

1/2 1.9711 2.0150

1/4 1.9850 2.0121

1/8 2.0006 2.0063

1/16 1.9911 2.0027

1/32 2.0085 1.9997

1/64 1.9329 1.9851

1/128 1.5385 1.4778

1/256 1.9536 1.9988

Table 6.2: Convergence rate KdV-BBM

equation. (α = β = γ = δ = 1)

Using the fact that

h3uxt = h2(hu)xt + h2(hu)xxu− hhx(hu)t − hhx(hu)xu+ h2(hu)xux,

the momentum equation (6.48) can be rewritten as

(hu)t−
1

3

(
h2(hu)xt − hhx(hu)t

)
x

+
(
hu2 +

g

2
h2
)
x

=
1

3

(
h2(hu)xxu− hhx(hu)xu+ h2(hu)xux + h3uuxx − h3(ux)2

)
x
.

If we define the operator D as

Dw = −1

3

(
h2wx − hhxw

)
x
,

we have

(1 +D)
(

(hu)t +
(
hu2 +

g

2
h2
)
x

)
−D

(
hu2 +

g

2
h2
)
x

=
1

3

(
h2(hu)xxu− hhx(hu)xu+ h2(hu)xux + h3uuxx − h3(ux)2

)
x
.
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After simplification, Serre’s equations can be written as follows

ht + (hu)x = 0,

(hu)t +
(
hu2 +

g

2
h2
)
x

= P,

(1 +D)P =
1

3

[
−2h3(ux)2 − gh3hxx

]
x
.

The exact solitary wave solutions are given as,

h(x, t) = H + h0sech2(κ(x− ct)),

u(x, t) = c

(
1− h0

h(x, t)

)
,

κ =

√
3H

2h0

√
h0 +H

, c =
√
g(H + h0),

where H is the undisturbed depth of water, and h0 is the initial amplitude of the wave.

Figure 6.6: Maximum relative error for two cases h0/H = 0.05 (red) and h0/H = 0.2 (blue)

with Godunov splitting (left) and Strang splitting(right).

We performed the same numerical tests suggested by Bonneton et al. [17]. We test two

cases where h0/H is equal to 0.05 and 0.2 with H = 0.5, and the CFL number is fixed at

0.70. The grid size ∆x is varying from 1 to 1/256, and maximum errors are measured at

t = 3.

In Figure 6.6, we show the maximum errors with Godunov splitting (left) and Strang

splitting (right) in the dispersive terms computation. Tables 6.3 and 6.4 show the conver-

gence rate for each case. With these splitting schemes, we observe the convergence rate
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∆x h0/H = 0.05 h0/H = 0.2

1/2 1.5166 1.1478

1/4 2.5343 1.5484

1/8 2.3364 2.1109

1/16 1.7737 1.7809

1/32 1.2395 1.5620

1/64 1.1057 1.3271

1/128 1.0454 1.1036

1/256 1.0001 1.0105

Table 6.3: Convergence rate with

Godunov splitting

∆x h0/H = 0.05 h0/H = 0.2

1/2 1.6786 1.2081

1/4 2.2685 1.6151

1/8 2.4053 2.2818

1/16 2.3207 2.1284

1/32 2.4768 2.0187

1/64 1.9259 1.9930

1/128 1.5649 1.8507

1/256 2.1219 1.6909

Table 6.4: Convergence rate with

Strang splitting.

with Godunov splitting is between 1 and 2. Strang splitting shows the convergence rate is

less than 2 but clearly larger than that of Godunov splitting.

6.10 Implicit Scheme

We consider implicit schemes, and compare the same results from the previous sections. We

test with the KdV-BBM equation (6.46) given as

ut + ux + uux − utxx + uxxx = 0.

As a choice of the implicit scheme, we use 2nd order diagonally implicit Runge-Kutta(DIRK)

scheme with 2nd order centered discretization for the space.

We consider the same soliton problem with c = 1.1 and ∆t/∆x = 1, and measure ∞-

norm error at t = 100. In Figure 6.7, the error is shown from DIRK2 and our numerical

scheme. We notice the error from our numerical scheme is smaller than with the DIRK2

scheme, and convergence rate is larger than with the DIRK2 scheme.

The error from the DIRK2 can be reduced as we set ∆t/∆x smaller. When the grid

size is fixed at ∆x = 1/4, the errors from our previous numerical scheme are 5.263 × 10−4



86

Figure 6.7: Comparison of the∞-norm errors of DIRK2 (red) and our hybrid scheme (blue).

∆t/∆x ∞-norm error 2-norm error

1 4.682× 10−3 1.411× 10−2

1/2 2.688× 10−3 8.327× 10−3

1/4 1.731× 10−3 5.714× 10−3

1/8 1.264× 10−3 4.559× 10−3

1/16 1.058× 10−3 4.049× 10−3

Table 6.5: DIRK2 errors vs. ∆t/∆x with ∆x = 1/4 fixed.

in ∞-norm and 1.881× 10−3 in 2-norm. Table 6.5 shows the errors from the DIRK2 while

∆t/∆x is varying from 1 to 1/16. Even if we set ∆t/∆x = 1/16, the errors are still larger

than our numerical scheme.

6.11 Computational Cost Comparison

In this section, computational speeds are compared with the shallow water equations solver

and the Boussinesq solver. In solving the shallow water equations, Geoclaw software is

employed. In solving the Boussinesq-type equations, large matrix solver is required and two
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methods are used. In this work, Mumps and Gmres have been chosen as a direct solver

and an iterative solver respectively.

Computational domain in this section is [−100, 100] × [−100, 100] and the bathymetry

is a parabola shape bowl given as z(x, y) = zmin · (x2 + y2) · 1.25× 10−4 − zmin where zmin

is the depth of the bowl. The initial condition of the water is a Gaussian shape hump with

maximum height equal to η0, and no momentum is imposed with u = v = 0. The CFL

number is fixed at 0.8 for the numerical tests in this section.

Gmres is an approximate iterative solver, and tolerance can be chosen which is a con-

vergence criterion. In Figure 6.8, a semi log plot of errors of Gmres versus computational

cost is shown. The true solution is computed with the direct solver, Mumps, and the error

is measured as

Error =
‖ηapprox − ηtrue‖2

‖ηtrue‖2
.

And the error is computed at t = 10 with two cases η0 = 2 and η0 = 10. In both cases,

similar computational time is required for the same error bounds.

Figure 6.8: Semilog plot of the Gmres error versus computational cost. Two cases with

η0 = 2 and η0 = 10 are tested, and error is measured at t = 10.

Next, computational costs of Geoclaw, Mumps and Gmres are compared with a uni-
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form grid. One of the advantages of using a direct solver is observed when the computational

domain is fixed. If the adaptive mesh refinement scheme is not used, then the computa-

tional domain does not change over time, and the factorization of a matrix only needs to be

computed once and can be used repeatedly at every time step. In Table 6.6, computational

costs are compared when different numerical schemes are used. Since the dispersive wave

computation is not involved in shallow water equations, the computation of a factorization

of a large sparse matrix is not required, and thus Geoclaw is fastest. The direct solver

Mumps is comparable to Geoclaw when the factorization of the matrix is computed only

once. If the computation of the factorization is required at every time step, the efficiency

deteriorates drastically as the size of a matrix increases. Thus Mumps is an efficient method

for a fixed grid, and an iterative solver such as Gmres can be a better choice for AMR.

Grid Geoclaw Mumps Mumps∗ Gmres(10−4) Gmres(10−8)

50× 50 0.605 0.792 3.567 0.86 1.076

100× 100 3.164 4.337 36.098 6.803 10.297

200× 200 24.908 32.007 522.697 74.788 137.047

300× 300 66.069 103.975 3515.953 402.122 807.055

Table 6.6: Comparison of numerical schemes with fixed computational domain. The unit of

computational time is in second. For Geoclaw, the shallow equations are solved without

dispersion. For Mumps, the factorization of the matrix is computed once and reused. In

the case of Mumps∗, the factorization is computed for every time step. In Gmres, there is

an option for the tolerance, and two cases are tested with tolerance equal to 10−4 and 10−8.

In dispersive wave computations, one major difficulty with AMR is in that the solution

is not local so that the solutions may be different if they are computed in different grids. In

next numerical test, two results from a uniform grid and a subdivision of grid into patches

will be compared.
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Figure 6.9: Snapshot at t = 15

Figure 6.10: Comparison of horizontal and diagonal gauges.
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Figure 6.11: Gauge plot with one domain and sixteen subdomain cases
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Chapter 7

ONE-DIMENSIONAL NUMERICAL TESTS

In this chapter, several numerical tests are performed on wave propagation problems.

The first example is the solitary wave propagation without a change of bathymetry, and

the Boussinesq type equations are validated through comparison with laboratory data. The

other examples are about waves generated by submarine landslides. If the submarine land-

slide is a rigid-body, then the one-way coupled model is employed. If the submarine landslide

is composed of granular materials, then the fully-coupled model is also considered.

7.1 Benchmark Problem 5

Several benchmark problems were suggested in the NTHMP benchmarking project [52].

Details of benchmark problems and numerical results from Geoclaw can be found at

http://www.clawpack.org/links/nthmp-benchmarks/ for example.

In this benchmark problem 5, the bathymetry is piecewise linear, and a solitary wave

is generated from the left boundary and solid wall is imposed on the right boundary. In

Figure 7.1 the sketch of the water tank is shown.

In this work, two cases of benchmark problem (b) and (c) were considered. The difference

between benchmark problem (b) and (c) is that the initial height of solitary waves are 0.30

m and 0.70 m respectively. The computational domain is between the gauge 4 and the right

solid wall. Thus the left boundary condition is determined from the gauge 4 data in the

laboratory experiment. We use 200× 2 grid points without bottom friction, and compared

the results from the shallow water equations and Boussinesq equations.

In Figure 7.2, 7.3, 7.4 and 7.5, we show gauge plots for benchmark problem 5 (b) and

(c) where the locations of the gauges are shown in Figure 7.1. We observe that the results

from the Boussinesq equations show dispersion of waves which is not reproducible with the

shallow water equations. The wave arrival time is fairly correctly captured by two sets of

http://www.clawpack.org/links/nthmp-benchmarks/
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Figure 7.1: Sketch of the flume with gauge locations

equations.

In the computation of dispersive terms, there is a parameter which switches from the

Boussinesq equations to the shallow water equations. Typically, if the ratio of the wave

amplitude to the depth of water is greater than 0.8, then the shallow water equations are

used. In the cases (b) and (c), two different thresholds have been chosen. The thresholds

were 0.45 and 0.7 for the benchmark problem (b) and (c) respectively. If we switch to the

shallow water equations, then smaller wave amplitude is expected. If a larger threshold

is chosen, the reflected waves arrive at each gauge faster since larger wave amplitude is

maintained. There are other schemes for the choice of thresholds with regard to the energy

of waves. See Tonelli and Petti [134] for example.

In both cases, smaller wave amplitude is produced from numerical simulations for the

reflected waves. The difference between the Boussinesq equations and the laboratory data

is clearly observed at gauge 10, which is close to the solid wall boundary. At the solid wall,

complex interactions are expected including wave breaking, and depth-averaged models are

unable to capture these interactions correctly. But still, the results from the Boussinesq

equations are in good agreement with the laboratory data.

In Figure 7.6 and 7.7, snapshots at t = 5 and t = 8 are shown. For Figure 7.6, we use

centered difference in the spatial discretization of the dispersive terms, where we use the
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Figure 7.2: Gauge 4 plot for benchmark problem 5(b). Black line is laboratory data, dashed

blue line is results from the shallow water equations, and solid red line is results from the

Boussinesq equations.

four stage Runge-Kutta scheme (RK4) for Figure 7.7. We already have shown that central

discretization may generate instability for a simple PDE. We observe similar instabilities

when we use centered differencing with the Boussinesq equations. When we apply the RK4

scheme which was suggested in the previous chapter, we obtain a stable numerical scheme

as shown in Figure 7.7.
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Figure 7.3: Gauge plots (5-10) for benchmark problem 5(b). Black line is laboratory data,

dashed blue line is results from the shallow water equations, and solid red line is results

from the Boussinesq equations.
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Figure 7.4: Gauge 4 plot for benchmark problem 5(c). Black line is laboratory data, dashed

blue line is results from the shallow water equations, and solid red line is results from the

Boussinesq equations.
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Figure 7.5: Gauge plots (5-10) for benchmark problem 5(c). Black line is laboratory data,

dashed blue line is results from the shallow water equations, and solid red line is results

from the Boussinesq equations.
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(a) t = 5 (b) t = 8

Figure 7.6: Snap shots at t = 5 and t = 8 for benchmark problem 5(c) with centered

discretization in the finite difference method for source terms.

(a) t = 5 (b) t = 8

Figure 7.7: Snapshots at t = 5 and t = 8 for benchmark problem 5(c) with RK4 scheme in

the finite difference method for source terms.
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7.2 Lynett and Liu 2002

This is a small scale 1-D test problem on a mild slope proposed by Lynett and Liu [90].

The angle of slope is 6◦ and the initial distance from the slide to the water surface is 0.2114

m. The elliptic shape slide has 1 m of length and 0.05 m of maximum thickness.

Figure 7.8: Lynett and Liu [90] results. SWE(black), Fuhrman and Madsen(blue) and

experiment(red dots) at t=1.51 s, 3 s, 4.51 s and 5.86 s from top to bottom.

In Figure 7.8, we compare laboratory results and numerical results at t=1.51 s, 3 s, 4.51

s and 5.86 s from top to bottom respectively. For this problem, the shallow water equations

are in good agreement with the experiment and the Boussinesq type equations. The waves

generated by this submarine motion, shows that kch = 0.55 where kc is the characteristic

wave number. Since the generated wave is long enough, the shallow water equations shows
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validity for this case, and the Boussinesq-type equations are not necessary.

7.3 Continental Shelf

Figure 7.9 is the bathymetry and the initial conditions of the landslide. The simplified

ocean bathymetry is divided into four parts with different slopes. There are coastal area,

continental shelf, continental slope and deep ocean. We fix the width and slope of the

continental shelf so that it is 10000 meter wide with a mild slope of 1 : 150. Continental

slope area is parabolic such that the initial angle is 15◦ and the angle reaches zero as it

reaches to the deep ocean. We impose non-reflecting boundary condition on the right.

1/150

d

T

B

1 2 3 4

4.25H0

H0

Figure 7.9: A sketch of the bathymetry. This is not to scale.

Four gauges are located to measure the amplitudes of waves as given in Figure 7.9 with

the shoreline at x = 0. Gauge 1 is located close to the shoreline at x = 100, and gauge 2

is located where the bathymetry is changing from shore to continental shelf. The position

of the gauge 3 is at the center of landslide, and gauge 4 is at 4.25H0 which measures the

far-field waves as suggested by Watts’ experiments [139]. For numerical computation, we

employ 1000 grid points on the domain [−2000, 28000].

The landslide layer is located at the edge of the continental shelf. Initially it is motionless

having a wedge shape with base length T and the height B. We set T = 1500 and B = 150

so that the aspect ratio B/T is 1/10, and the density of the landslide is 2000 kg/m3. Here
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Figure 7.10: Surface elevation at gauges with the distance from the landslide to the surface

d = 100. The viscous fluid model is employed for the submarine landslide with viscosity

5, 000 Pa·s.

Figure 7.11: Surface elevation at gauges with the distance from the landslide to the surface

d = 500. Viscous friction model is employed for the submarine landslide with viscosity

5, 000 Pa·s.
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we used the viscous fluid model for the landslide with viscous coefficient 5, 000 Pa · s.

We are interested in comparing the performance of the coupled and uncoupled models

as we vary the distance (d) from water surface to the landslide. In general, the depth of

continental shelf varies, but is often limited to water shallower than 150 meter. On the

contrary, Papua New Guinea 1998 tsunamis was induced by a landslide whose location is

believed to be about 500 meter deep in the water. We vary d from 100 to 500 and compare

tsunami waves generated by the submarine landslide. Figures 7.10 and 7.11 show gauge plots

when the distance from the landslide to the water surface d = 100 and 500 respectively.

The difference between the two models is relatively large for d = 100, but the difference is

almost not noticed for d = 500.

Figure 7.12: Arrival time of the first wave computed with the fully coupled and one-way

coupled models as a function of the depth d in Figure 7.9. The viscous fluid model is

employed for the submarine landslide with viscosity 5, 000 Pa·s.

Figure 7.12 is a plot of arrival time of the first wave at gauges 1 through 4, and we notice

the difference between the fully coupled and one-way coupled models is small. Once waves

are generated by the submarine slide, the arrival time is mainly governed by the shape of

the bathymetry.

Figure 7.13 shows the maximum height of crests at the gauges. When d is less than 300,
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Figure 7.13: Maximum height of crests computed with the fully coupled and one-way cou-

pled models as a function of the depth d in Figure 7.9. The viscous fluid model is employed

for the submarine landslide with viscosity 5, 000 Pa·s.

a clear difference is observed between the fully coupled and one-way coupled models. The

initial difference at gauge 3 increases as waves approach toward shoreline (gauge 1 and 2),

and then is amplified with reflection. Except for the d = 100 case, we notice that the one-

way model predicts larger amplitude of the crest than the fully coupled model. The one-way

coupled system does not include the momentum transfer from the water column onto the

landslide. Numerical results suggest that this momentum transfer becomes important when

the distance from the top of the submarine landslide to the water surface is small.

In Figures 7.14, surface elevation at gauges are shown with the viscosity coefficient

equal to 5× 105 Pa·s. If viscosity is larger, then the submarine landslide moves slower and

generates smaller waves. From the comparison between Figure 7.10 and 7.14, we observe

that the difference between the fully coupled and one-way coupled models becomes smaller

with larger viscosity.

Numerical results from one-way coupled model are similar to those from the fully coupled

model. If d and viscosity are large, then the difference is significantly small. If d is small,

some difference is observed for the waves propagating toward the shoreline, but it is relatively
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Figure 7.14: Surface elevation at gauges with the distance from the landslide to the surface

d = 100. Viscous friction model is employed for the submarine landslide with viscosity

5× 105 Pa·s.

small compared to the wave amplitude.

Figure 7.15: Maximum surface elevation computed from the shallow water and the Boussi-

nesq models at gauges with viscosity 5× 105 Pa·s.
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Figure 7.16: Surface elevation computed from the shallow water and and the Boussinesq

models at gauges with d = 200 and viscosity 5× 105 Pa·s.

In Figures 7.15 and 7.16, numerical results at gauges are plotted from the shallow water

equations and the Boussinesq equations with the one-way coupled model. The maximum

height of crest is plotted with the distance from slide to water surface in Figure 7.15. Smaller

amplitudes are computed from the Boussinesq equations which results from the dispersion

of waves. One specific case when d = 200 is plotted in Figure 7.16. Similar wave pattern is

observed for those waves which are propagating toward shoreline at gauge 1 and 2. When

the Boussinesq equations are employed, dispersion of waves is clearly perceived at gauge 4,

and small amplitude at the crests and large amplitude at the troughs are observed.

7.4 Watts’ Experiments

7.4.1 Laboratory experiments

Watts [139] investigated analysis and laboratory experiments on waves generated by under-

water landslides. Watts derived an approximate solution based on Airy wave theory, and

compared it with experiments. Solid body and granular materials have been used for labo-

ratory experiments. A wedge shaped rigid body was used to generate waves with different
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initial conditions. Beads with various diameter and crushed calcite were used to emulate

granular materials.

Figure 7.17: Schematic representation of water tank from Watts [139]. For the crushed

calcite experiments, b = 0.085 and d = 0.073 have been chosen.

Watts performed experiments in a water tank illustrated in Figure 7.17. Since the water

tank is narrow and long with landslide material filling the width of it, this experiment can be

considered as a 2-dimensional problem that might be modeled with 1-dimensional shallow

water equations. One wave gauge measures initial generation of waves, and another gauge

assesses propagation of waves.

Among Watts’ experiments, granular experiments are of the most interest. Beads and

crushed calcite were used, and experiments with crushed calcite are appropriate because

the Coulomb friction law can be applied. The initial suspension density of crushed calcite

is 1, 950 kg/m3, and the Coulomb friction angle is 20◦. In Figure 7.18, surface elevation at
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(a) Near-field gauge (b) Far-field gauge

Figure 7.18: Surface elevation at gauges from Watts’ laboratory experiments of crushed

calcite from Watts [139].

the gauges is shown from three experiments whose initial conditions are similar.

7.4.2 Numerical tests

In our numerical tests, we assume submarine landslide as a fluid of uniform density 1, 950

kg/m3. The Coulomb friction law is applied with friction angle of 20◦. The size of grid

cell is ∆x = 0.005 with computational domain [0, 3]. Numerical tests are performed with

the one-way coupled model shallow water and Boussinesq model. We do not use the fully

coupled model because the system loses hyperbolicity. As the slope is steep with 45◦, the

speed of slide becomes large, and the system is non-hyperbolic.

In Figure 7.19, we compare numerical results from the one-way coupled shallow water

and Boussinesq model. At near-field gauge, we observe difference between numerical and

laboratory tests. In numerical simulation, the trough is generated as soon as the landslide

is released. The shallow water equations predict smaller amplitude at the trough and crest,

and the crest is generated earlier than laboratory tests. With the Boussinesq equations, we

observe very large amplitude at the trough, but the generation time and amplitude of crest

is very similar to the experiments.

At the far field gauge, we observe clear difference between the shallow water and the
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(a) Near-field gauge (b) Far-field gauge

Figure 7.19: Surface elevation at gauges from the one-way coupled shallow water and Boussi-

nesq model. We compared against laboratory experiments of Watts [139].

Boussinesq model. From the shallow water equations, dispersion of the wave is not observed.

When the Boussinesq equations are applied, the numerical result is in much better agreement

with laboratory experiments. At the near field gauge, the interaction between slide and

water is important and the depth-average model may not be suitable.
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Chapter 8

TWO-DIMENSIONAL NUMERICAL TESTS

8.1 Benchmark Problem 3

We consider benchmark problem 3 from NTHMP benchmark problems [52]. The slide is

elliptic shape and placed on 15◦ slope. Figure 8.1 shows generated waves at t=0.8212 s and

the location of gauges.

Figure 8.1: Sketch of the flume with gauge locations for the benchmark problem 3.

In Figure 8.2 and 8.3, the numerical results on the gauges are compared when the

distance from water surface to slide block is 0.061 and 0.189 respectively. For these cases,

we observe discrepancy between numerical results and laboratory data. The Boussinesq

equations are slightly better than the shallow water equations. One of the reasons is that

the generated waves have approximately kch ≈ 5 at gauge 3, and kch ≈ 10 at gauge 4.

From the linear dispersion relation, we do not expect our Boussinesq model would be in

good agreement with laboratory results for this range of kcH.
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Figure 8.2: Computed and measured results for d = 0.061m.

8.2 Grilli et al. 2002

In this section we consider Grilli et al. [57] test for underwater slide generated tsunami.

The laboratory experiments were performed in 1:1000 scale. The angle of slope is 15◦, and

the slide is ellipse shape with length b = 1000 m and maximum thickness T = 52 m.

In Figure 8.4, we show the gauge plots from different results. General patterns of waves

are similar, but we still observe discrepancies between these results. One of the reasons can

be found in the ambiguity of the submarine rigid body motion in Grilli et al’s paper. And

in the following work of Fuhrman and Madsen, the shape and motion of submarine slide

is different from Grilli et al’s work. For our numerical tests, we followed the description of

Grilli et al.’s paper. In Figure 8.5, we compare the numerical results of the shallow water

equations and Boussinesq equations at t = 97.4 s, 168.8 s and 197.2 s.
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Figure 8.3: Computed and measured results for d = 0.189m.

Figure 8.4: Gauge plots of modified Schäffer and Madsen(solid red), SWE(dashed green)

Fuhrman and Madsen(solid blue), and numerical/experimental (dashed/dotted lines) results

from Grilli et al. [57].
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Figure 8.5: Numerical tests with Grilli et al [57]’s problem. SWE(dashed green), Scäffer

and Madsen(dotted blue), and modified Scäffer and Madsen(solid red) (6.21) and (6.22)

with ∆x = 100 at t=97.4 s, t=168.8 s and 197.2 s from top to bottom.

8.3 Papua New Guinea 1998

8.3.1 Introduction

On July 17th 1998, magnitude 7.1 earthquake took place at the north coast of Papua New

Guinea(PNG). A large tsunami was generated and killed approximately 2200 people as a

result. Even though the source of the tsunami is still controversial, it is widely accepted that

it was generated by the submarine landslide. One piece of supporting evidences is that there

is a 10 minute difference between the field-measured arrival time and the fault-generated

tsunami arrival time from numerical simulation. Secondly, it is believed that earthquakes of

magnitude less than 8.0 do not generate large waves, and the earthquake of PNG was only
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7.1 magnitude. For these reasons, many researchers conclude that the waves were mainly

generated by submarine landslides.

8.3.2 Numerical Simulations of the PNG 1998 Tsunamis

Field surveys

Figure 8.6: Survey locations by the International Tsunami Survey Team(ITST). Adopted

from Synolakis et al. [92] Figure 1.

The first tsunami investigation was carried out by the International Tsunami Survey

Team(ITST) from 31 July to 7 August, 1998. Kawata et al. [79] documented measured

run-ups from the field survey team which was split into two groups to investigate tsunami

inundation. One group surveyed Walis island and Kainriru island, while the other surveyed

Sissano Lagoon area. In Figure 8.6, survey locations are displayed.

Figure 8.7 shows the maximum water height measured by ITST. Along the coastline, the

survey of maximum run-up and inundation was measured from tsunami debris, but the same

strategy could not be applied on the lagoon area. For details, see Kawata et al. [79] and

Lynett et al. [92]. In Figure 8.7, we observe that worst damages were focused on the Sissano



113

Figure 8.7: Maximum water heights measured by the International Tsunami Survey

Team(ITST). The map at the bottom shows the location of the individual measurements

(crosses). The diagram at the top plots the individual heights as a function of longitude

along the coast. Adopted from Synolakis et al. [130] Figure 2.

Lagoon which is a narrow sand spit between the sea and the lagoon. Since this lagoon area

was washed away and completely overtopped by tsunami waves, the measurements are based

on debris such as a bucket on a tree.

Submarine landslide modeling

Many factors affect the deformation of landslides including location, depth, friction coef-

ficients and initial shape. If there are data before and after submarine avalanches, the

deformation can be found relatively easily. From initial and final deformation, we can esti-

mate the friction coefficient. For example, Weiss et al. [142] used a viscous fluid model for

Valdes slide, and concluded that the dynamic viscous coefficient is equal to 7.83× 105 Pa·s.

In the PNG 1998 case, however, the exact topography before the landslide is unknown.

Many researchers agreed on the location of submarine avalanches and suggested the volume
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Figure 8.8: Deposition at t = 10 minutes with dynamic viscosity coefficient ν = 1×104 Pa·s

(left) and ν = 2.5× 104 Pa·s (right). The initial condition is the same as case 5 of Imamura

et al. [74].

was between 3 km3 and 9 km3, but they have proposed different initial conditions with

various height, diameter and friction coefficients. For example, Imamura et al. [74] suggested

5 possible cases with different diameter and relatively small height. Heinrich et al. [67] have

chosen initial shape of landslides with large height , and applied viscous and granular friction

models with several choices of coefficients. Lynett et al. [92] did not include the motion of

the landslides directly, but modified initial water elevation which have been generated by

submarine deformation.

When we use friction models for the submarine landslide, the choice of friction coefficient

makes a difference in landslide deformation and generated waves’ height. For example,

Figure 8.8 shows the deposition at t = 10 minutes with two different viscous coefficients

ν = 1 × 104 and ν = 2.5 × 104 Pa·s. The difference in the deformation affect the wave

generations, and we will investigate the wave height and run-ups in the following section.

Modeling wave generation

In this section, we present numerical results with the reduced model. We compute the

submarine landslide deformation up to t = 600 seconds, then use these results as a change
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of bottom bathymetry that generates waves. We apply both shallow water equations and

Boussinesq equations to compute the height of the generated waves.

Figure 8.9: Maximum run-up with shallow water equations and Boussinesq equations. We

use ∆x = 500m grid with dynamic viscosity ν = 2.5× 104, and initial condition is same as

case 5 of Imamura et al. [74]. Numerical results from the shallow water equations and the

Boussinesq equations are almost same except around 141.8 W and 142.6 W.

In order to validate our numerical model, we compare tsunami run-ups with field survey.

To measure maximum run-ups in numerical simulation, we place 1600 gauges along the

coastlines of longitude between 141.8 W and 142.6 W, then compute maximum height of

waves on each longitude.

In Figure 8.11, we plot maximum run-ups with three different choices of viscosity. We

observe that dynamic viscosity should be carefully chosen since the difference in run-ups

can be relatively large. In the following numerical tests, we have chosen ν = 2.5× 104 Pa·s

for the dynamic viscous coefficient. Note that the same was found in [142].

Another factor that affects wave heights is the grid size of computational domain. In

Figure 8.12, we observe that larger waves are generated for finer grids. When we com-

pare numerical results with the field survey, we observe that numerical simulations have

lower wave height around 142.1 W. Sissano lagoon is shown in Figure 8.7, where detailed
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Figure 8.10: Snapshot of submarine landslide (left) and water surface elevation (right) at

t = 6 minutes. We use ∆x = 500m grid withynamic viscosity ν = 2.5× 104, and the initial

condition is the same as case 5 of Imamura et al. [74].

Figure 8.11: Maximum run-up with three dynamic viscous coefficients ν = 1 × 104, ν =

2.5× 104 and ν = 5× 104. Grid size is ∆x = ∆y = 500m. Initial condition is same as case

5 of Imamura et al. [74].

topography is necessary to compute run-ups accurately. For efficiency, we use adaptive

mesh refinement with finest grid resolution ∆x = ∆y = 50 m at the lagoon area, and then

maximum run-ups about 15 meters at 141.1 W is recovered.
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Figure 8.12: Maximum run-up with ∆x = ∆y = 200 m and ∆x = ∆y = 500 m. Adaptive

mesh refinement is applied between 142.05 W and 142.2 W with finest grid ∆x = ∆y = 50

m. We apply shallow water equations with dynamic viscosity ν = 2.5 × 104 and initial

condition is same as case 5 of Imamura et al. [74].

We apply both shallow water equations and Boussinesq equations in wave generation. In

Figure 8.9, maximum run-ups are plotted from two sets of equations. Results from shallow

water and Boussinesq equations are similar and only small discrepancy is observed. This

can be explained in several ways. First, the distance from the center of submarine landslide

to coast is not far enough for the dispersion to develop. Secondly, when the Boussinesq

equations are used, there is a threshold of switching to the shallow water equations. The

threshold is determined by the ratio of the wave amplitude and the bathymetry. If the ratio

is larger than 0.8, then the wave breaking is expected and the shallow water equations are

used instead. As large waves approach coastal area, the threshold is reached and the shallow

water equations are used instead.

However, the difference between the shallow water equations and the Boussinesq equa-

tions becomes significant when the generated waves propagate toward the open ocean. In

Figure 8.13, numerical results from the two sets of equations are shown. The locations of

gauges can be found from Figure 8.13. The results are similar for gauges 2 and 3, but dis-

persion is clearly observed from gauge 1. Although wave patterns in gauge 1 are different,

the largest wave amplitude and arrival time are similar between two equations.
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Figure 8.13: Gauge plots from the shallow water equations and Boussinesq equations, where

the locations are shown in Figure 8.10.

8.4 Storegga Slide

8.4.1 Introduction

There is evidence that supports the existence of large submarine landslides at the edge

of Norway’s continental shelf. Bugge et al. [20] and Haflidason et al. [60] reported that

one of the largest slides took place about 6, 000-8, 000 years ago, and the total volume was

2, 400-3, 200 km3. This large slide is called as Storegga slide and this submarine landslide

generated large tsunamis.

Tsunami deposits were discovered in Scotland and western Norway by Dawson et al. [31]

and Bondevik et al. [16]. The highest deposits were found at above 20 meter from Shetland

and 10-12 meter above sea level on the outer coast of western Norway. The generated

tsunamis also reached Greenland, and Wagner et al. [137] found the tsunami deposits at

the bottom of the Loon Lake which is located at 18 meter above sea level.
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Figure 8.14: Map of the Storegga slide from Bondevik et al. [16]. Blue dots indicate where

tsunami deposits have been found, and numbers show elevation of the deposits above the

contemporary sea level.

Although the causes of this massive landslides are not obvious, possible ones are earth-

quake and natural gas field. Excessive pore pressure, induced by gas-hydrate dissociation

due to sea-level/water-temperature change, is related to the occurrence of the landslides.

On this unstable condition, large earthquakes may have triggered the Storegga landslides.

We refer to Bryn et al. [19], Kvalstad et al. [82], Masson et al. [99] and Haflidason et al.

[60] for more details.
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8.4.2 Submarine landslide modeling

Previously, researchers used solid block motion to simulate submarine landslides. Harbitz

[63] performed the numerical simulation of tsunami generation with one solid rigid body

motion for the submarine landslides. Bondevik et al. [15] reconstructed the landslides with

167 blocks, and applied Haflidason et al. [60]’s retrogressive motion, so that each block

slides with a time lag which varies from zero to 60 s. The initial acceleration is 0.016 m/s2,

and two cases were tested with the maximum speed equal to umax = 35 m/s and umax = 20

m/s. Bondevik et al. [15] performed numerical simulation in both coarse and fine grids,

and concluded that fine grids are necessary for more accurate results.

Figure 8.15: Initial shape (left) and deposition after t = 2 hours. Viscous coefficients are

ν = 1× 104 (left) and ν = 1× 103 (right).

In this work, the viscous fluid model is applied for slide motion with the density of slide

ρs = 1, 700kg/m3. The initial shape of slide is similar to Bondevik et al [15] whose volume

is about 2, 400 km3. Since the viscous fluid model is used, the maximum speed is not an

appropriate indicator to distinguish different landslide cases, and we test with two choices

of dynamic viscosity. In Figure 8.15, landslide deposition after 2 hours is shown for two

cases with dynamic viscosity 1× 104 and 1× 103.

Modeling wave generation

In this section, we mainly use the shallow water equations for wave generation and propaga-

tion. When numerical results from the shallow water equations and Boussinesq equations,
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are compared with uniform grid ∆x = ∆y = 2′, very small differences are observed. Es-

pecially when we compare the wave gauges at the indicated locations of Figure 8.14, the

two results are nearly identical. Only a small discrepancy is noticed for the waves that are

propagating north. The submarine landslide is 150 km × 100 km with 400 meter of maxi-

mum height, and the wave length of the generated waves is hundreds of kilometers, which

is large compared to the depth of the ocean, and thus dispersion of waves is not observed.

Figure 8.16: Snap shot of generated waves after 1 hour. Waves were generated by submarine

landslide of viscosity 1× 103 Pa·s.

We perform numerical tests with adaptive mesh refinement with smallest grid ∆x =

∆y = 1′ = 1/60◦. With viscous fluid model for landslide and one-way coupled scheme, we

performed similar tests as Bondevik et al. [15]’s.

In Table 8.1, our numerical results are compared with field observation and Bondevik et

al’s results where the locations of gauges are the same as Bondevik et al [15]. The choice

of viscosity makes a significant difference in surface elevation in all gauges. As Figure 8.17

shows, the pattern of waves are similar with different viscosity. Surface elevation from our

numerical results is smaller than Bondevik et al’s where rigid body motion is employed.



122

Site (Gauge #) Observations(m) Bondevik et al’s ν = 1× 103 ν = 1× 104

Bjugn(7) 6-8 14.3 7.7 3.6

Sula(6) 10-12 12.7 10.8 8.1

Austrheim(5) 3-5 6.6 2.7 1.5

Scotland(4) 3-6 5.9 3.0 1.4

Shetland island(3) >12 8.0 5.8 4.7

Faeroe island(2) >15-20 7.2 2.6 2.5

Iceland(1) - 6.3 6.2 4.6

Table 8.1: Surface elevation from field observation and numerical simulations. Bondevik et

al [15]’s data are the case with coarse grid and umax = 35 m/s. For our numerical results,

viscous model is employed for landslide motion with dynamic viscosity ν = 1×103 Pa·s and

ν = 1× 104 Pa·s ,and shallow water equations are used for waves.

Experiments from Watts [139] and Ataie-Ashtiani and Najafi-Jilani [7] support that waves

generated by rigid body have larger amplitude than those generated by granular materials.

Since the viscous fluid model is employed for our results, smaller wave amplitude is observed

compared to Bondevik et al’s.

We can observe the growth of wave amplitudes by the resonance arising from the com-

plexity of the bathymetry. These phenomena can be detected more clearly if finer grids are

used. For example, Shetland Islands have complex topography which is located at gauge

3 of Figure 8.16. In Figure 8.18, snapshots with two different grids are provided at the

Shetland Islands. In the left figure, coarse grid is employed with ∆x ≈ 5 km and ∆y ≈ 9

km. For the right figure, AMR scheme is used with the finest grid size equal to ∆x ≈ 0.25

km and ∆y ≈ 0.45 km. In Figure 8.19, water surface elevations at each gauges are given

with coarse and fine grids. Larger waves are observed with finer grids with resonance. At

gauge 12 and 14, for instance, wave inundation is not observed with coarse grids, but wave

amplitude larger than 10 meter is observed with fine grids.
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(a) Faeroe island (b) Shetland island

(c) Scotland (d) Austrheim Norway

(e) Sula Norway (f) Bjugn Norway

Figure 8.17: Gauge plots of numerical simulation of Storegga slide. Gauge locations are

the same as Bondevik et al. [15]. Field survey is the observed run-up. Two cases for the

viscosity is included with ν = 103 Pa·s and ν = 104 Pa·s.
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(a) Level 3 (b) AMR with Level 5

Figure 8.18: Snapshots of tsunami propagation at Shetland Islands with two different grids.

For the left figure, the finest grid size is ∆x ≈ 5 km and ∆y ≈ 9 km. For the right figure,

the finest grid size is ∆x ≈ 0.25 km and ∆y ≈ 0.45 km.
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(a) Gauge 3 (b) Gauge 10

(c) Gauge 11 (d) Gauge 12

(e) Gauge 13 (f) Gauge 14

Figure 8.19: Gauge plots at the Shetland Islands with coarse and fine grids. The location

is indicated in Figure 8.18.
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Chapter 9

CONCLUSIONS AND FUTURE DIRECTIONS

In this chapter, a brief summary will be given and possible future directions will be

addressed.

9.1 Conclusions

The main contribution of this thesis is the development and analysis of numerical schemes for

modeling the surface waves generated by submarine landslides. The multi-layer shallow wa-

ter equations were derived, and properties of the system were investigated with approximate

Riemann solvers that can solve the dry state problems properly. The Riemann solver was

constructed with f-wave propagation method to preserve steady states. A one-way coupled

scheme was suggested that is applicable to the tsunamis generated by submarine landslides.

The one-way coupled scheme was compared with the fully coupled scheme through numeri-

cal simulations in Chapter 7. If the distance from the landslide layer to the water surface is

large and the density difference between the two layers is large, then small differences were

observed between the two numerical approaches. Since most of the submarine landslides

occur at the edge of continental shelves or deeper ocean, and the density of landslide is

2, 600 kg/m3 while the density of water is 1, 000 kg/m3, the one-way coupled scheme is

recommended because it can solve the problem more efficiently.

The landslide deformation was modeled in the shallow flow regime with a uniform den-

sity. Chapter 5 reviewed several numerical models for landslides, and compared the viscous

fluid model and the Coulomb friction model with numerical simulations. The landslide de-

formation was highly affected by the choice of the friction models, and also influenced by

the parameter in each friction model so that it is generally very difficult to achieve good

agreements with observations. Between the two models, the Coulomb friction model was

more sensitive to the choice of the friction parameter.
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Waves generated by submarine landslides often have shorter wavelength than the earth-

quakes generated tsunamis, and it is desirable to incorporate the dispersion of waves. A class

of depth averaged equations was investigated in Chapter 6 that is called the Boussinesq-

type equations. Different forms of the Boussinesq equations were reviewed, and Schäffer

and Madsen’s model [124] was adopted because their model is derived in conservation form

and includes the dispersion terms in the momentum equations only, but still the dispersion

relation is well-satisfied for the waves of short wavelength. The numerical implementation

is relatively easy and it is cheaper computationally than the other candidates. Following

Lynett and Liu’s work, Schäffer and Madsen’s model was modified to include the change of

bathymetry.

Numerical schemes for this Boussinesq equations were developed as a hybrid of high

resolution finite volume and finite difference methods. The Boussinesq equations were re-

arranged into the shallow water equations and the dispersive terms, and the shallow water

equations are solved with the finite volume method while dispersive terms are computed

with the finite difference method. For the spatial discretization, a second order centered

scheme is used, and a fourth order Runge-Kutta scheme is used for the time stepping. Sta-

bility and convergence of the hybrid scheme was studied using the KdV-BBM equations

and the Serre’s equations as model problems. In two space dimensions, the solver was also

combined with adaptive mesh refinement to solve the global scale problems efficiently.

Numerical schemes were validated through comparison with laboratory experiments and

field studies of historical events. Both the shallow water equations and the Boussinesq

equations were tested and the results were given in Chapter 7. In NTHMP Benchmark

problem 5, numerical simulations with the Boussinesq equations is in a good agreement

with the laboratory results which was not possible with the shallow water equations. The

Coulomb friction model was used for comparison to Watts’ experiments, but our model did

not produce the landslide deformation correctly, and there is clear discrepancy between the

numerical and laboratory results. With the Boussinesq solver, however, an improvement is

observed in the far-field wave gauge where the dispersion of waves developed.

in Chapter 8, we also performed numerical tests for large-scale problems such as the

Papua New Guinea 1998 and the Storegga slide. Our method was developed with adaptive
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mesh refinement (AMR) and incorporated into Geoclaw. AMR is an efficient way to

handle the complex bathymetry at the lagoon area of Papua New Guinea and the Shetland

islands of the Storegga slide, and the global scale wave propagation at the same time.

If the waves are generated by submarine landslides at the edge of the continental shelves,

the numerical results from the shallow water equations and the Boussinesq equations are

very similar in the case of the waves approaching to the nearby coastline. When the waves

propagating toward the open ocean are compared, the numerical results are significantly

different. In the Papua New Guinea case, the most damaged area was Sissano lagoon which

was closest from the source of the submarine landslide, and the shallow water equations

produced almost identical results to the Boussinesq equations.

It is most likely that large-scale submarine landslides occur at the edge of the continen-

tal shelf, and large waves will be hitting the nearby shore. Therefore, the shallow water

equations with adaptive mesh refinement should be the first choice. If the area of interest

is further from the site of submarine landslides, then the Boussinesque solver may be worth

using.

9.2 Future Directions

One possible future direction for this work is improving the landslide modeling. As indicated

in this thesis, the computed landslide deformation can be significantly different depending on

the choices of the friction models and parameters. Adopting a well-established numerical

model can be a solution to this problem, and one option is to use the Dclaw software

currently being developed at the Cascades Volcano Observatory. Although it is desirable to

develop more reliable computational models for submarine landslides, the exact values of

the parameters for the landslide materials cannot be pre-determined in general. It is also

hard to predict the location or total mass of future landslides. In order to assess the hazards

due to submarine landslides and the generated waves, probabilistic approaches may need to

be adopted.

Landslides plunging into the water can also generate large waves, and the one-way

coupled model cannot be applied, because the reaction from the water to the landslide cannot

be ignored and needs to be considered carefully. In those situations, the fully coupled models
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would be more suitable, but efficient schemes for the fully coupled schemes still require more

study. Furthermore, the depth-averaged models may not be appropriate to use and full 3-

dimensional models may be required instead.

There are several possible directions in further development of the Boussinesq type

solvers. A finite difference scheme with fourth order Runge-Kutta time stepping has been

used in this thesis, but other higher order accurate schemes such as spectral methods can

be used instead. The spectral method will require generating another set of grids and

interpolation. The other direction is to choose higher order equations. In this work, we have

chosen the Schäffer and Madsen model, which is often called a second order Boussinesq-type

equation. There are higher order set of equations. For example, see Lynett and Liu [91],

Fuhrman and Madsen [94] and Zhou and Tang [144]. Their models are more complicated

and also require the update of the mass equation in the dispersion term computation.
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[95] H. A. Madsen, P. A.and Schäffer. Higher order Boussinesq-type equations for
surface gravity waves: derivation and analysis. Philosophical Transactions of the
Royal Society of London. Series A: Mathematical, Physical and Engineering Sciences,
356(1749):3123–3181

[96] P. A. Madsen and O. R. Sørensen. A new form of the Boussinesq equations with im-
proved linear dispersion characteristics. part 2. a slowly-varying bathymetry. Coastal
Engineering, 18(3-4):183–204, 1992.

[97] K. T. Mandli. Finite volume methods for the multilayer shallow water equations with
applications to storm surges, Ph. D. thesis, University of Washington, 2011.

[98] G. Dal Maso, P.G. LeFloch, and F. Murat. Definition and weak stability of noncon-
servative products. J. Math. Pures Appl., 74:483–548, 1995.



138

[99] D. G. Masson, C. B. Harbitz, R. B. Wynn, G. Pedersen, and F. Lovholt. Submarine
landslides: processes, triggers and hazard prediction. Philosophical Transactions of the
Royal Society A: Mathematical, Physical and Engineering Sciences, 364(1845):2009–
2039, 2006.

[100] M. Matsuyama, J. P. Walsh, and H. Yeh. The effect of bathymetry on tsunami
characteristics at Sisano Lagoon, Papua New Guinea. Geophysical Research Letters,
26(23):3513–3516, 1999.

[101] B.G. McAdoo and P. Watts. Tsunami hazard from submarine landslides on the Oregon
continental slope. Marine Geolog, 203:235–245, 2004.

[102] P.A. Milewski, E.G. Tabak, C. Turner, R.R. Rosales, and F. Menzaque. Nonlinear
stability of two-layer flows. Comm. Math. Sci., 2(3):427–442, 2004.

[103] Don J. Miller. The Alaska earthquake of July 10, 1958: Giant wave in Lituya bay.
Bulletin of the Seismological Society of America, 50(2):253–266, 1960.

[104] D. Mohrig and K. X. Whipple. Hydroplaning of subaqueous debris flows. Geological
Society of America Bulletin, 110(3), 1998.

[105] L. F. Moody. Friction factors for pipe flow. Trans. ASME, 66(8):671–684, 1944.

[106] M. L. Munoz-Ruiz and C. Pares. Godunov method for nonconservative hyperbolic
systems. Mathematical Modelling and Numerical Analysis, 41(1):169–185, 2009.

[107] O. Nwogu. Alternative form of Boussinesq equations for nearshore wave propagation.
Journal of waterway, port, coastal, and ocean engineering, 119(6):618–638

[108] V. Ostapenko. Modified shallow water equations which admit the propagation of
discontinuous waves over a dry bed. Journal of Applied Mechanics and Technical
Physics, 48(6):795–812, 2007.

[109] V. V. Ostapenko. Complete systems of conservation laws for two-layer shallow water
models. Journal of Applied Mechanics and Technical Physics, 40:796–804, 1999.

[110] V. V. Ostapenko. Numerical simulation of wave flows caused by a shoreside land-
slide. Journal of Applied Mechanics and Technical Physics C/C of Zhurnal Prikladnoi
Mkhaniki I Tekhnicheskoi Fiziki, 40:647–654, 1999.

[111] L. V. Ovsyannikov. Two-layer shallow water model. Prikl. Mekh. Tekh. Fiz., (2):3–14,
1979.



139

[112] M. Pailha and O. Pouliquen. A two-phase flow description of the initiation of under-
water granular avalanches. J. Fluid Mech. Journal of Fluid Mechanics, 633:115–135,
2009.

[113] M. Pelanti, F. Bouchut, and A. Mangeney. A Roe-type scheme for two-phase shal-
low granular flows over variable topography. Mathematical Modelling and Numerical
Analysis, 42(5):851–886, 2009.

[114] E. Pelinovsky and A. Poplavsky. Simplified model of tsunami generation by submarine
landslides. Physics and Chemistry of The Earth, 21(1-2):13–17, 1996.

[115] D. H. Peregrine. Long waves on a beach. Journal of Fluid Mechanics, 27, 1967.

[116] M. Pirulli. Numerical modelling of landslide runout. A continuum mechanics approach,
2005.

[117] P. Pistek and P. E. La Violette. Observations of the suppression of tide-generated
nonlinear internal wave packets in the Strait of Gibraltar. J. of Marine Systems,
20(1/4):113–128, 1999.

[118] E. B. Pitman and L. Le. A two-fluid model for avalanche and debris flows. Philosoph-
ical Transactions: Mathematical, Physical and Engineering Sciences, 363(1832):1573–
1601, 2005.

[119] S.P. Pudasaini and K. Hutter. Rapid shear flows of dry granular masses down curved
and twisted channels. J. Fluid Mech., 495:193–208, 2003.

[120] L. Rondon, O. Pouliquen, and P. Aussillous. Granular collapse in a fluid: Role of the
initial volume fraction. Physics of Fluids, 23(7), 2011.

[121] R. Salmon. Numerical solution of the two-layer shallow water equations with bottom
topography. Journal of Marine Research, 60:605–638, 2002.

[122] K. Satake. Tsunami modeling from submarine landslides. Proceedings of the Interna-
tional Tsunami Symposium, pages 665–674, 2001.

[123] S.B. Savage and K. Hutter. The motion of a finite mass of granular material down a
rough incline. J. Fluid Mech., 199:177–215, 1989.
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