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Institue of Technology

Feature selection methods play important roles in the area of machine learning. Being

a part of prepossessing, the technology of feature selection can select useful information

from raw data. A good feature selection method can significantly improve performance of a

prediction model. However, most feature selection methods only work well with linear data.

Although nonlinear data can be transformed into linear data by being projected into a high

dimensional space, the computation cost of calculating in high dimensional space is quite

high.

Kernel Trick is a method in model training. It reduces greatly the computational cost

of calculating the inner product of high dimension data, and thus is usually used to solve

nonlinear problems. However, data in the high dimension space generated by Kernel Trick,

the so called Kernel Space, are usually implicit. Therefore, most feature selection methods

cannot use Kernel Trick to process nonlinear data. Cao et al. provided a new method that

can explicitly select features in Kernel Space with limited additional cost by extending a

famous margin-based feature selection method Relief. Inspired by their results, we propose

a method that transforms the original space to a so called Explicit Kernel Space (EKS).

Our method successfully extends and broadens the idea by Cao et al. With EKS, most

traditional feature selection algorithms can use Kernel Trick to deal with real world data.



Based on several tests with different types of data and algorithms, the usefulness of EKS is

verified; some of its properties are also presented and discussed.
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Chapter 1

INTRODUCTION

1.1 Motivation

In the areas of machine learning and pattern recognition, a feature is an individual measurable

property or characteristic of a phenomenon being observed[1]. A sample set with features

of a phenomenon is usually called data. Features are very important because most machine

learning models are in fact a “combination” of features. The quality of features used to train

a model can directly influence the model’s accuracy. Meanwhile, the number of features can

directly determine the computational time of a model’s training. Nowadays, feature selection

has become a necessary step to build a high performance machine learning model.

Feature selection is the process of finding good features. Most feature selection algorithms

can be classified into two categories. One group assumes that good features can be generated

from original features. These algorithms view the data as in a vector space and uses linear

algebra methods to process data. In most cases, these algorithms will generate new features

from raw data and thus being named feature extraction algorithms. PCA[2], SVD[3] and

LDA[4] are all in this group. The other group originates from statistics and information

theory. This group regards good features as a subset of original features. This type of

algorithms focus on the original features. They always use some algorithms to measure the

importance of each feature and select the feature with the most significance. In this thesis we

focus on algorithms belonging to this group. We classify these algorithms into three types:

1. Score and null hypothesis based algorithms. These include Chi score [5], Mutual infor-

mation [6], t-test and f-test [7]. These algorithms usually measure the importance of

each feature separately and give a score for each feature based on the importance.
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2. Model based algorithms. These include decision tree [8], linear regression [9], LARS [10]

and LASSO [11]. These algorithms usually use coefficients of a regression model trained

by the original data to be the score of each feature.

3. Distance based algorithms. These include Relief [12] and corresponding margin-based

algorithms, Laplacian score [13] and some feature selection algorithms based on graph

theory. These algorithms usually use distance between data points to measure the

importance of each feature.

There is an assumption behind all the traditional feature selection algorithms listed above,

i.e., the perfect model is linear for regression problem, or the data can be linear-divided for

classification problem. However, many real-world problems are nonlinear and traditional

algorithms are not capable of handling nonlinearities due to the linearity assumption. To

solve this problem, a technique called Kernel Trick is introduced into machine learning

algorithms. Kernel Trick will project data into an implicit high dimension space called

“Kernel Space” to transform nonlinear problems into linear with little additional computing

cost.

With Kernel Trick, machine learning models can work with nonlinear problems, but the

feature selection algorithms are still difficult to work with Kernel Trick because the Kernel

Space is implicit and there are either no explicit features or with infinite features to select.

To select features in Kernel Space, some relevant feature selection algorithms were proposed.

Kernel Principle Component Analysis (KPCA) [14], Kernel Fisher Discriminant Analysis

(KFD) [15] and Generalized Discriminant Analysis (GDA) [16] are examples in this pool.

However, these algorithms have their limitations. KPCA cannot make use of data label.

KFD and GDA can only generate at most N-1 number of features when N is the number of

categories.

Kernel Relief [17] was proposed as a solution to explicitly select features in the Kernel

Space. It uses Kernel Gram-Schmidt Process (KGSP) to construct a basis set first in the

Kernel Space and then extends Relief to select features explicitly in the Kernel Space. In-
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spired by Kernel Relief, we aim to investigate a method that can extend feature selection

algorithms to let them select features directly in the Kernel Space.

1.2 Preliminaries

In this section, we will briefly introduce certain background of our research.

1.2.1 Feature Selection and Feature Extraction

Feature, sometimes called variable or attribute, is an important concept in the area of ma-

chine learning. For a given set of data, the attributes of a data form their feature set. For

example, “student” is a type of data , then each student might have four attributes: “name”,

“age”, “gender” and “birthday”. These four attributes form the feature set of ”student”. If

we call one of these attributes, say, “name” as a “label”, and try to use remaining features,

i.e., “age” together with “gender” and “birthday” to predict the label, we then have a pre-

diction problem. If we use a computer to solve this problem, then it is a machine learning

problem.

Generally there are two types of prediction problems: classification problem and regres-

sion problem. The label of classification problem is a set of categories, for example, “yes”

or “no”. The label of regression problem is a continuous variable. To solve a prediction

problem, we usually use available features to build a function or an equation. The function

refers to the relationship between features and labels. We usually call the function prediction

model or machine learning model. The process of building a prediction model is also called

model training.

The goal of training a model is to find a set of coefficient to maximize a target function.

Such target functions are measurement of predict results. There are lots of different mea-

surement. The simplest measurements are error rate1 for classification problem and mean

1Error rate = Num of Errors / Num of Samples
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squared error2 for regression problem.

If we view data as a mathematical description of real world objects, then a feature of data

is a math description of an aspect of that object. No matter which aspect of the object we

want to predict, the remaining aspects, or, the features, are the only thing we can use to train

a prediction model. That explains why the quality of features will decide the performance

of a model training.

Note that most of time, the features of data collected from real world are not perfect for

training a prediction model, due to the following reasons:

1. Number of features: too many features cause an unacceptable training time cost.

2. Redundant features: some features have close meaning for a prediction target, for ex-

ample, in most cases, “birthday” and “age” are highly related, i.e., they are redundant;

and we may only need one of them to train the model.

3. Irrelevant features: some features are irrelevant to the prediction target. For example,

if we want to predict “age”, the feature “gender” is likely to be irrelevant. And if we

want to train a model to predict “age”, the feature “name” is likely to be useless.

To solve these issues, a variety of feature selection and extraction algorithms have been

proposed. Note that the term “feature extraction” is often used in area of image process-

ing, which need to generate numeric features from non-numeric data like images or texts.

However, some of these feature extraction algorithms can also work as feature selection algo-

rithms to select features because they will give a score to each extracted feature to measure

the importance of them. The most significant difference between feature selection and fea-

ture extraction is that feature selection produces a subset of the original features, whereas

feature extraction generates a new set of features from the original features.

2The MSE is defined as MSE = 1
n

n∑
i=1

(Yi − Y ′
i )2, the smaller the better. Y is the prediction result and

Y’ is the correct value
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Basically, a process of feature selection contains two parts. One is to find a subset from

features. The other is a measurement of these subsets. The simplest feature selection is to

test every possible subset of features and find the subset that has best error rate or best mean

squared error. Based on the combination of different methods to find a subset and different

methods to score the result, there are mainly three types of feature selection methods:

• Filter Methods Filter methods measure the importance of each feature and find a sub-

set of features before any training. Most filter methods work with a measurement of

correlation between a feature and the label; and exclude features which have low corre-

lation score, including some famous algorithms, such as Mutual Information, Pearson

Correlation. Filter methods often have good computational performance and can find

a general feature subset for different prediction models. However, because filter meth-

ods only use the correlation between feature and label, they often cannot find the best

feature subset. Also, it is hard for filter methods to solve the redundancy problem,

because features with high scores may be correlated to each other.

• Wrapper Methods Wrapper methods measure the performance of feature subsets after

training and select the feature subset which has the best performance after training.

The stepwise feature selection [18] is the most famous wrapper method. Both forward

stepwise method and backward stepwise method find best subset of features based on

performance of model trained by the subset. Wrapper methods usually find the best

feature subset for a particular learning model. However, wrapper methods usually have

a high computational cost and may cause overfitting3.

• Embedded Methods Filter methods and Wrapper methods can be easily combined be-

cause their measures happen in different phases. The embedded methods try to com-

bine advantages of filter methods and wrapper methods. LASSO [11] is one of this

3Overfitting is “the production of an analysis that corresponds too closely or exactly to a particular set
of data, and may therefore fail to fit additional data or predict future observations reliably”
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type. When using LASSO to select features for linear regression, the process can be

seen as two steps. First, use least-squares approximation (error rate) to give a score

for each feature. Second, use L1-norm to suppress the features and penalize the small

scores to 0.

Like traditional machine learning models, these traditional feature selection methods are

also based on linear assumptions. Thus they work poorly on nonlinear problems. Further-

more, the famous nonlinear solution Kernel Trick for learning models does not work with

feature selection algorithms. Before further discussion, we now introduce the Kernel Trick.

1.2.2 High dimension data projection and Kernel Trick

We want to clarify first that the Kernel Trick is not a solution for nonlinear problems but

a solution for “high computational cost of inner product of high dimensional data points”.

A nonlinear problem is transformed into a linear problem by “projecting data into a high

dimensional space”. A simple example can show how this transformation works.

Figure 1.1: Example of high dimension projection

Assume there are three one-dimension data points (-1), (0), (1), with corresponding labels

“A”, “B”, and “A”. Obviously, we cannot find a one-dimension line x = k to divide these

data points into two parts perfectly. Because no matter what k is, the line cannot perfectly

divide three data points into two parts, where one part only has one label inside.



7

However, when we project these three points into a two-dimension space with mapping

function φ(x)⇒ (x, x2+1), then the three points become (-1,2), (0,1), and (1,2), correspond-

ingly. We can find a hyperplane to classify data points easily such as the one in Figure 1.1.

Note that y = 1.25 is one such potential hyperplane. Projecting data into high dimensional

space allows us to find a linear solution for a nonlinear problem in the original space. In fact,

if the dimension of space where data is projected into is high enough, any nonlinear problem

can be solved by linear algorithms. A large number of dimensions cause high computational

cost, though, especially for some similarity computation4. Kernel Trick was introduced to

machine learning to solve the high computational cost problem.

Basically, Kernel Trick is a method that uses Kernel Function K(x1, x2) to calculate the

inner product of two high dimensional data points φ(x1) and φ(x2), as Equation 1.1 indicates.

K(x1, x2) =< φ(x1), φ(x2) > . (1.1)

Here φ is a mapping function that projects data point xi in the original space to a high

dimensional data point φ(xi). We call the space generated by φ(xi) the Kernel Space.

Theoretically each Kernel Function involves a relevant mapping function φ(x). However,

in the real training of learning models using Kernel Function, there is in fact no need to know

what the explicit form of φ(x) is. Thus we often use the term implicit meaning “unknown”.

For any function K(x1, x2), if it satisfies Mercer’s condition5, it can be a Kernel Function.

Although Equation 1.1 tells us that there is a corresponding φ(x) for that Kernel Function,

however, the inner product in the data space generated by φ(x) can still be calculated even

if φ(x) is unknown, since we can judge K(x1, x2) by checking with the Mercer’s condition

instead of knowing about φ(x).

In short, a Kernel Function K(x1, x2) which satisfies the Mercer’s condition gives us a

way to calculate the inner product between two high dimensional data points φ(x1) and

4The similarity is usually measured by some type of distance, such as Euclidean distance.

5Mercer’s condition: if a function K(x1, x2) is positive-semidefinite, then K(x1, x2) is a Kernel Function.
See https : //en.wikipedia.org/wiki/Mercer
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φ(x2). Neither the explicit form of φ(x), nor the dimension number (even when it is infinite)

matters, in computing K(x1, x2). That is how Kernel Trick got its name. Due to this reason,

when we use Kernel Trick to train a model in a high-dimension space, i.e., the Kernel Space,

we in fact have no knowledge about the space (or say, the Kernel Space is implicit). The

computation cost of inner product is purely decided by the Kernel Function K(x1, x2).

Implicit φ(x) also means that features in Kernel Space are implicit, so we can not perform

feature algorithms directly in Kernel Space unless there is an explicit high dimension space

with same property of Kernel Space.

1.3 Contribution

The main contribution of this research is that we provide a method to transform an original

space into a so-called Explicit Kernel Space (EKS). Notice that EKS is an approximation of

Kernel Space. With this proposed method, most feature selection methods can now select

features from EKS, which can be seen as selecting features from Kernel Space.

We want to emphasize that our work is not a simple extension of that in Cao et al.[17]

which dealt with specific feature selection methods. Our work focuses on and anwsers the

following questions: does there exists an explicit Kernel Space so that most feature selection

methods can work on that? If yes, what properties this space have? how can we derive this

space? We are very proud that we have found answers to these questions, and will present

them in this thesis. Specifically our research contributions are:

• We give a definition and specify the requirements of EKS.

• We provide a theoretical proof that EKS is a valid approximation of Kernel Space.

• We provide a theoretical proof on an important property of EKS: the inner product of

data points in EKS can be calculated by Kernel Function.

• We present a general process to first transform an original space to EKS then select

features with EKS.
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• We apply the transformation to more than ten different feature selection algorithms

via EKS. Experimental results show the effectiveness of such transformation.
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Chapter 2

RELATED WORK

Traditional feature selection algorithms assume each feature influences the label inde-

pendently. These algorithms are useful in many situations. As we discussed earlier, most

of them are filter methods. There are still lots of situations when features are not indepen-

dent. Two types of solutions for nonindependent features have been proposed. One uses

feature extraction to generate more effective features from original features. The other lets

algorithms themselves deal with the problem. Margin-based feature selection methods were

designed as the latter solution.

Most margin-based algorithms including the work by Cao et al. in [17] were derived from

the basic Relief proposed by Kira and Rendell in [12]. Relief was designed for two class

classification problems. It tries to weight features to find a maximal margin between two

types of data.

Let D = {(x(n), y(n))}|D|n=1 be the training data set where I is the data dimensionality, |D|

the size of data set, x(n) ∈ RI a data point which can be seen as a vector when calculating,

and y(n) the corresponding label of data point x(n). For any given data point x, the margin

of x is defined as the distance between near-hit NH(x) (nearest point with same label)

and near-miss NM(x) (nearest point with different label). Because the distance is often

calculated by all weighted features, weights generated by margin-based algorithms can be

regarded as global information. Thus margin-based algorithms can work well with dependent

features [19].

The optimization target of Relief to be maximized is the sum of distances between NM(x)

and NH(x) for all data points in the set D , and the corresponding math description is as

follows:
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max
w

|D|∑
n=1

(Dw(x(n), NM(x(n)))−Dw(x(n), NH(x(n))))

s. t. ‖w‖22 = 1, wi ≥ 0

Dw(x,x′) =
I∑

i=1

wi|xi − x′i|

(2.1)

With the superscript n and the subscript i in Expression (2.1), x(n) means the nth data

point, and wi the ith element of weighting vector w, i.e., the weight of the ith feature of the

relevant data point. ‖w‖2 is the L2 norm of vector w which consists of wi. xi is the value in

ith feature of data point x. Notice that here x and x′ mean different data points. |D| means

the size of data set.

The solution to the problem (2.1) can be solved and is given by:

wi = (mi)
+/‖(m)+‖2,

m =

|D|∑
n=1

(x(n) −NM(x(n)))− (x(n) −NH(x(n))),

(mi)
+ = max(mi, 0),

(2.2)

where mi is the ith value of margin vector m. We recommend further reading of [20] and

[21] for detail of Relief.

Lots of existing solutions to feature selection have been proved useful in handling linear

problems. Although some nonlinear models have been proposed to solve nonlinear problems,

most of them are hard in training except those being able to be transformed into forms like

exponential or logarithmic models. Thus, a better solution to solve nonlinear problems is

first to transform them into relevant linear problems and then to solve the problem with

linear methods that have been proved effective.

Making use of Kernel Trick to feature selection problems is difficult, however, there are

still efforts in developing kernel feature selection algorithms. There are mainly two types of
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kernel feature selection algorithms. One is the extraction type, the other type are modified

from traditional algorithms. KPCA, FKD and GDA all belong to the former type. However,

KPCA may generate features irrelevant to labels; FKD and GDA could only generate limited

number of features. Some feature selection algorithms make use of Kernel Trick [22], but

they could only select features in the original space.

Our method was inspired by a special Relief algorithm - Kernel Relief proposed in [17],

which was designed for explicitly selecting features from Kernel Space to solve nonlinear

problems, and thus different from most other nonlinear feature selection methods. Briefly,

the key idea of Kernel Relief is: replacing Dw(x,x′) in the Relief optimization problem

shown in Expression (2.1) using Kw(x,x′) in Kernel Space, and solve the same optimization

problem. Here Kw(x,x′) is defined as follows:

Kw(x,x′) =
∑
i

wiφi(x)φi(x
′), (2.3)

with φi(x) representing the ith feature of high dimension data point φ(x) in the Kernel Space.

More details on this will be continued in the next Chapter.

After Cao et al., there have been continued research about kernel feature selection. How-

ever, few of them has ever focused on explicit feature selection in Kernel Space. Some tried

to develop a kernel feature selection of a given learning algorithm[23]; some tried to select

features in original data space[24][25]. They also tried to find a better Kernel Function

and optimization target in the Kernel Space[26]. Different from these approaches, we aim

to investigate the explicit features in Kernel Space and find a framework to allow tradi-

tional feature selection algorithms explicit select features from Kernel Space without high

computational cost.

Our method borrows the idea from [17] that transforms Relief to Kernel Relief, and

proposes a new data space: Explicit Kernel Space (EKS) with a proof of its important

properties. These properties allow EKS to be a general solution for explicit kernel feature

selection. With EKS, most linear feature selection methods can explicitly select features in

Kernel Space without complicated modifications.
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Chapter 3

EXPLICIT KERNEL SPACE

In this chapter, we will first define the term EKS standing for Explicit Kernel Space; and

then present theoretical analysis of its effectiveness in machine learning practice.

3.1 Kernel Relief

Calculating distance in Kernel Space is straightforward. With definition of Kernel Function,

we can calculate distance in Kernel Space to find NM and NH in Kernel Space using the

following equation (3.1) as that in [27]:

DK(x,x′) =< φ(x)− φ(x′), φ(x)− φ(x′) >

=< φ(x), φ(x) > + < φ(x′), φ(x′) > −2 < φ(x), φ(x′) >

= K(x,x) +K(x′,x′)− 2K(x,x′),

(3.1)

here φ is an implicit mapping function.

The optimization problem of Relief was given in (2.1). If we substitute Dw(x,x′) with

the weighted kernel distance Kw(x,x′), then we have:

max
w

|D|∑
n=1

(Kw(x(n), NM(x(n)))−Kw(x(n), NH(x(n))))

s. t. ‖w‖22 = 1, wi ≥ 0

Kw(x,x′) =
∑
i

wiφi(x)φi(x
′)

(3.2)

Math problem described in (3.2) has showed the form of Kernel Relief [17]. Note that

since φi(x) is implicit, we cannot get any weight from kernel weight function Kw. To solve

this problem, an orthogonal basis set {η(i)} is induced. The basis set {η(i)} can be generated
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by Kernel Gram-Schmidt Process. It is straightforward to extend Gram-Schmidt Process

to kernel Gram-Schmidt Process, because the core step of Gram-Schmidt Process is inner

product, which can be simply substituted by Kernel Function.

Figure 3.1: Algorithm of Kernel Gram-Schmidt Process

The input of the Algorithm shown in Figure 3.1 is the training data set D, and its return

- {v(i)}, is the orthogonal basis set {η(i)} as we expected. It forms an approximation of the

Kernel Space [17]. With it, we can calculate an approximation of φ(x) with < φ(x), η(i) >.

From [17], η(i) can be expressed as a linear combination of all data points in high dimensional

spaces, that is: η(i) =
∑
j

aijφ(x(j)) where the mixed weights aij can be calculated as follows:

a(i) =
e(i) −

∑i−1
k=1 a

(k)
∑

j akjK(x(k),x(j))

||(e(i) −
∑i−1

k=1 a
(k)

∑
j akjK(x(k),x(j))) · µ||

, (3.3)

where e(i) is the vector whose ith element is one and all remaining elements are zero. µ =

(φ(x(1)), φ(x(2)), φ(x(3)), ..., φ(x(|D|)))T , and a(i) = (ai1, ai2, ..., ai|D|).
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After getting all of aij, Kw(x,x′) can be calculated by the following equation:

Kw(x,x′) =

|D|∑
i

wi(φ(x) · η(i))(φ(x′) · η(i))

=

|D|∑
i

wi(
∑
j

aijK(x,x(j)))(
∑
j

aijK(x′,x(j)))

(3.4)

3.2 Explicit Kernel Space

Our work to find the general solution of explicit kernel feature selection begins with the

basis set {η(i)}. In the paper by Cao et al., some properties of Kw(x,x) in {η(i)} have

been proposed. We analyzed the properties of Kernel Relief and extended Kernel Relief

to a general solution for most feature selection algorithms. The key of our solution is the

Explicit Kernel Space (EKS).

Definition 1 Let K be the Kernel Space Spanned by φ(x(i)), an Explicit Kernel Space is a

subspace of K spanned by a given orthogonal basis set {η(i)} which satisfies:

1. any η(i) is a linear combination of φ(x(i)).

2. any φ(x(i)) can be explained as a linear combination of {η(i)}.

EKS has an important property: the inner product of data points in EKS can be cal-

culated by corresponding Kernel Function. As pointed out in [17], Kernel Gram-Schmidt

Process is not the only method that can generate an Explicit Kernel Space; other methods

such as KPCA can also be applied. It is beyond the scope of this research though.

Theorem 1 Let K be the Kernel Space spanned by φ(x(i)), S be the Explicit Kernel Space,

s be the data point x projected into Explicit Kernel Space, K(x,x′) be the Kernel Function.

If φ(x) and φ(x′) ∈ K, then < φ(x), φ(x′) > = K(x,x′) = < s, s′ >.

Proof 1 By Equation (1.1), K(x,x′) =< φ(x), φ(x′) >=
∑
i

φi(x)φi(x
′). Denote the coeffi-

cient in a linear combination representation as ηi(x) for the relevant basis vector η(i). Then
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there is K(x,x′) =
∑
ηi(x)ηi(x

′), i ∈ {1, 2, 3...|S|, |S| + 1...} = < s, s′ > +
∑
ηi(x)ηi(x

′),

i ∈ {|S|, |S| + 1...}. Notice that η(i), i ∈ {|S|, |S| + 1...} is in the orthogonal complement

subspace of S. Then for any i ∈ {|S|, |S| + 1...}, there is ηi(x) = < ηi, φ(x) > = 0. Hence

< φ(x), φ(x′) > = K(x,x′) = < s, s′ >.

As a solution to allow feature selection algorithms select features from Kernel Space

explicitly, EKS works like a feature extraction algorithm. It consists of features extracted

from implicit Kernel Space. Different from results of usual feature extraction algorithms,

EKS tends not to be a ranked feature (even it can be ranked like KPCA). The key point in

proposing EKS is to provide a set of explicit high-dimensional features which can calculate

inner product with Kernel Function.

As a summary, and one of the main contributions of this research work, we propose the

following procedure for the purpose of explicit feature selection in Kernel Space:

Step 1 Generate an EKS S with a feature extraction algorithm from raw data sets, say, D.

Step 2 Project D onto the S.

Step 3 To minimize the calculation cost of inner product, we can use Kernel Function to

substitute inner product in a feature selection algorithm. Without this step, theoret-

ically it will not influence the features selected, but influence the time cost of feature

selection.

Step 4 Perform the feature selection in EKS.

This prototype has its own limitation. To demonstrate this, let us first study certain

properties of EKS. No matter what algorithms are used to generate the basis set {η(i)}, this

process can be seen as an implicit orthogonal basis transformation. The Kernel Space K can

be regarded as a vector space with infinite orthogonal basis, with an assumption that the rank

of data set D equals to N. Extracting features from Kernel Space is in fact rotating (doing
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the orthogonal transformation to) the vector space K, until the moment when projecting the

data set D into the rotated space resulted in that only N dimensions have non-zero value

and all remaining dimensions are zero. EKS consists of these non-zero dimensions.

EKS is based on basis transformation, so does its limitation. Theoretically, it will provide

good support for feature selection algorithms which are mostly based on inner product or

L2-norm, since basis transformation doesn’t affect the distance and inner product between

data points. When using EKS to transform feature selection algorithms based on L1-norm,

however, it may cause some problems since it “shrinks” the remaining dimensions to 0.

Interestingly our test for some algorithms making use of L1-norm (such as LASSO) showed

that such influence is not a major problem.
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Chapter 4

EXPERIMENT AND ANALYSIS

4.1 Test Suite

In the previous Chapter, we proposed EKS as a solution to kernel feature selection. However,

designing testing experiments is not easy. On the one hand, there are too many factors that

can influence the performance of feature selection. On the other hand, we have already made

some assumptions but we still dont know the exact properties of the Explicit Kernel Space.

After rounds of investigation and consideration, we designed the test suit as shown in

Table 4.1 which we believe can best validate and show the performance of EKS. Furthermore,

during our testing efforts, we kept noticing some new interesting properties of EKS and we

will report them in the following sections.

Classification

Data Size Features Number of Features in EKS Classes

wine 178 13 178 3

Breast cancer 200 30 200 2

Breast cancer 300 30 300 2

Regression

Data Size Features Number of Features in EKS

Diabetes 200 10 200

eunite2001 200 16 200

eunite2001 300 16 300

Table 4.1: Test suite
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As a kernel-based method, EKS is very sensitive to data set. According to our observation,

if a data set is not suitable for EKS, the performance will always be bad. Table 4.1 shows

the test data suitable to EKS and used in our experiment. “Wine”, “Breast cancer” and

“Diabetes” are Sklearn1 data sets, whereas “eunite2001” is LIBSVM2 data.

Our tests focused on the performance of transformed feature selection algorithms, thus we

only use Kernel Gram-Schmidt Process to generate the EKS. Because the idea was inspired

by Kernel Relief, we transformed different types of Relief (as shown in Table 4.2) with EKS.

Classification

Relief ReliefF RReliefF

F-score Mutual Information Laplacian score

Regression

RReliefF LASSO F-score

Family-wise error rate False Positive Rate test False Discovery Rate

Mutual Information

Table 4.2: Algorithms

Transformation of all the algorithms in Table 4.2 has followed the 4 steps described in

Section 3.2. We used SVM as a baseline model for classification problem, and linear regression

as a baseline model for regression problem. Regarding the performance measurement, we

used accuracy3 for classification problem and MSE for regression problem. All the test results

were evaluated across 5 folds cross-validation process.

Our work has used three different Python packages. Relief, ReliefF and RReliefF utilize

1http://scikit-learn.org/stable/datasets/index.html

2https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/

3Accuracy = Number of Correct Classified / Number of Samples, the larger the better
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the Sklearn Relief4 package, Laplacian score utilizes the scikit-feature5 package, and all other

feature selection algorithms, machine learning algorithms and performance measurement

methods utilize the scikit-learn6 package. Parameters used in different algorithms are given

in Table 4.3.

LASSO (LASSOLARS-cv) max alpha = 1000 threshold = 1e-5

Family-wise error rate threshold = 0.00005

False Positive Rate test threshold = 0.00005

False Discovery Rate threshold = 0.00005

Table 4.3: Parameter used in some algorithms

We note that not all algorithms in Table 4.2 have test results with data set given in Table

4.1. RReliefF is one such example, and this special case will be discussed later.

4.2 Test Results and Discussion

In this section, we will show detailed results of our tests, while analyzing some interesting

properties of EKS. The program environment information is summarized in Table 4.4.

CPU Intel(R) Core(TM) i7-7700HQ CPU @ 2.80GHz

System Windows 10 Family x64

Platform Python 3.6 with Anaconda 5.2

Table 4.4: Program environment

4https://pypi.org/project/sklearn-relief/

5https://pypi.org/project/skfeature-chappers/

6http://scikit-learn.org
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4.2.1 Test Results

Figure 4.1 - 4.3 showed test results of the classification model. Obviously most of algorithms

we transformed have a higher accuracy than baseline, in particular, the F-score algorithm.

Transformed F-score can improve the performance of machine learning model up to 50%-60%

from the baseline. These test results have validated the effectiveness of our EKS method.

As we expected, not all feature selection algorithms are suitable to EKS such as Mutual

Information and Laplacian score; their performance with EKS were not good and will be

explained later.

Figure 4.1: Test Results: Breast Cancer, size 200, N features: 120

For classification problem, we set the number of features selected from EKS to about

2/3 of all N explicit features. The number of selected features is thus larger than that of

features in the original data space. This may cause some additional computing cost, but the

accuracy has been improved significantly.

As a summary, interesting observations from classification problem testing are given

below:



22

Figure 4.2: Test Results: Breast Cancer, size 300, N features: 200

• The F-score, one of the basic feature selection algorithms, shows very high performance

in EKS.

• The RReliefF, as an algorithm designed for regression but not classification, has better

performance than Relief and ReliefF, which were designed for classification.

• Different from baseline, which trains models used in the original space, EKS is more

sensitive to the size of data sets.

Further discussion on these observations will be presented later.

Figure 4.4 - 4.6 are test results of regression problems. Different from classification prob-

lems, we have LASSO algorithms, which can decide how many features should be selected, in

a smart way. Thus we used different strategies to decide numbers of features to be selected.

For F-score, Mutual Information and RReliefF, we use the same number of features selected

by LASSO. For FDR, FPR and FWE, the threshold required by algorithms are “0.00005”.

The conclusion drawn from regression tests is similar to those of classification problem.
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Figure 4.3: Test Results: Wine, size 178, N features: 125

Not all feature selection algorithms are suitable to EKS; not all data sets are suitable for

testing either. In fact, the case for regression problem is more complicated.

In last Section 4.1, we have claimed that RReliefF doesn’t have all test results for the

data set given in Table 4.1. It still could work with Diabetes data and eunite2001 data when

size is 300. However, some of 5 folds cross-validation tests in these two data sets generated

very poor models.

Below is a summary of some interesting observations from regression tests. They are

similar to those of the classification test results:

• Basic feature selection algorithms showed good performance in EKS. The LASSO al-

ways has the best performance, which we believe is due to its usage of Randomized

method and iteration of 6 times to find the best features. That might also be a potential

property of EKS for regression which is still under investigation.

• EKS is more sensitive to the size of data set in regression problem than in classification

problem. For regression problem, simply changing the size of data set may cause
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Figure 4.4: Test Results: Diabetes, size 200

significant impact on some test results (e.g., RReliefF).

4.2.2 Discussion

The test results validated the effectiveness of EKS. Some transformed algorithms improved

the performance of model greatly, such as F-score for classification test suite, and LASSO,

F-score for regression test suite. In the following, we will have some discussions on the

potential properties and problems we found from tests.

One of the properties is “sensitiveness”. The performance of algorithms in EKS is more

sensitive to data size and number of selected features, especially for regression. We believe

one of the reasons is that when projecting data into high-dimension space, the data points

become sparse, which causes proportion of useful features decreases. For EKS, the number

of features is decided by the size of data set. Thus the size of data set will also influence how

sparse the high-dimension space is.

The other reason is more important. We know that features in EKS are a linear combi-
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Figure 4.5: Test Results: eunite2001, size 200

nation of high-dimension data projection φ(x). Two problems are caused due to this fact.

First, if there exists some terrible noisy data points, features of EKS will be influenced. There

will be some terrible features remaining in EKS and becoming hard to find. Once these bad

features are selected by feature selection algorithms, the machine learning model will learn

a bad model. Thats why sometimes increasing the size of data set cause better results and

sometimes the opposite. Second, the algorithm generating orthogonal basis set has its own

weakness. We all know that Gram-Schmidt process has orthogonality loss problem. Due to

the increasing loss of orthogonality, the feature generated by the Gram-Schmidt process will

be useless.

We already have a clue to solve bad features problem in EKS. For lots of data sets, N

features (here N the size of data set) are more than enough to create a good model. We can

use randomized methods to solve the problem like randomized LASSO we used. In fact, at

the very beginning, we have tried original LASSO. We use randomized LASSO to substitute

LASSO because sometimes LASSO have same problems as RReliefF. Randomized process
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Figure 4.6: Test Results: eunite2001, size 300

will successfully remove bad features from selected features. We can perform some noisy

reduction for the data set or recapture orthogonality loss of Gram-Schmidt process.

The other potential properties we found is “the simpler the algorithm, the better the

performance”, or, “the simpler, the better”. We still can not give a theoretical proof of this

property. But the simplest algorithms like F-score works very well in both classification test

and regression test. We believe the reason is that EKS successfully extracts inner features

of the data set being used. This view may also explain why RReliefF can also work on

classification problem. With good EKS, the classification and regression may be the same

thing.
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Chapter 5

CONCLUSION AND FUTURE WORK

In this paper, we proposed a method to do explicit feature selection in Kernel Space.

The core is to transform the original data space into a so-called Explicit Kernel Space

(EKS). Using this method, most feature selection algorithms are allowed to calculate the

inner product of data points fast in an N-dimension EKS (here N the size of data set), just

like using the well-know Kernel Trick. A general process is presented to show how feature

selection algorithms can be transformed to select features in Kernel Space. Our experiment

includes more than 10 transformed algorithms based on the process. Experimental results

are summarized to validate the effectiveness of our method using EKS. Some interesting

properties of EKS indicated by tests are also discussed.

Our proposed method using EKS still needs further investigation, though. On the one

hand, the tests we have done so far can only prove the usefulness of EKS. We can explain the

“sensitiveness” property and “the simpler, the better” property based on specific assump-

tions, but there are still unknown properties to be explored. On the other hand, our current

largest data set has only 300 data points. With increasing data size, the dimension of EKS

will also increase, followed by 2 potential problems. First, the time cost of generating EKS

will be very large. Second, the proportion of useless features in EKS may increase. To tackle

the problem of increasing dimension is the main target of our future work. One effort we are

going to try is to find a way selecting “important data points” from data set and use these

data points to generate an optimized EKS. Hopefully, the method can also help with the

problem of “bad features” and “high dimension”. Meanwhile, we will analyze and test more

data sets and algorithms. Our ultimate goal is to generate a guideline which can be used to

tell whether or not a data set or an algorithm is suitable for our method based on EKS.
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