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There has been considerable interest in non-equilibrium phenomena in recent years. For

example, the development of femtosecond lasers has led to many experiments involving

non-equilibrium systems. In these experiments, the electrons and lattice are in an out-

of-equilibrium state due to the significantly longer electron-lattice relaxation time than the

energy absorption of the electrons. Understanding the interaction between the electrons and

atomic structures in these short live non-equilibrium state of matter can provide new in-

sight for next-generation spintronic devices and high energy density physics. Time-resolved

x-ray absorption spectroscopy (TR-XAS) has an advantage over diffraction spectroscopy by

probing the local atomic structure and local electronic properties. Analyzing the spectra

requires accurate modeling of the excitations across a wide range of conditions but such

analysis codes are not widely available. Our goal is to develop a first-principle theoreti-

cal framework which quantitatively agrees with absorption near-edge structure (XANES)

This thesis aims to develop a finite-temperature electronic structure theory that accounts

for the temperature dependence of the exchange-correlation and the phonon interactions.

We first describe the theory of x-ray absorption at finite temperature with the inclusion of

temperature dependent exchange-correlation using the multiple-scattering formalism. Dy-

namic effects from the lattice can be included in the theory using molecular dynamics or

the computation of dynamical matrix. This method has been implemented in the real-space



multiple scattering code, FEFF10. Finally, we present the finite temperature generalization

of the COHSEX approximation to the quasiparticle electron self-energy. This contribution

highlights the importance of the dynamic corrections to the COH approximation especially

for high energy unoccupied states. These developments make possible simulations of a wide

variety of systems and experiments with temperatures up to the warm dense matter regime.
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1

Chapter 1

INTRODUCTION

X-ray absorption spectroscopy (XAS) is an important tool for the study of physical

processes in many fields ranging from materials science to chemistry, geophysics and astro-

physics.[1, 2, 3, 5, 6, 4] XAS has been extensively used to probe the local electronic properties

and local atomic structure simultaneously at various synchrotron facilities around the world.

With the development of x-ray free electron lasers (XFELs), XAS experiments have been

extended to treat ultra-short temporal resolution of order 10−15 ~10−12 seconds. This time-

resolved capability is important when investigating the dynamic response of a sample like

spin relaxation [7, 6] and electron-phonon energy transfer [5, 8].

A typical x-ray absorption spectrum consists of a rapidly raising edge due to the creation

of a photoelectron from a core electron and is followed by an oscillating decay in amplitude

up to several hundreds of eV. The energy range of ~10eV from the edge is called the x-

ray absorption near-edge structure (XANES). Interpreting the spectra is highly non-trivial

due to the complex nature of XANES. Standard analysis of XANES involves comparison

between experimental spectra and numerical simulations. In addition, the validity of the

theory under extreme thermodynamic conditions and strongly non-equilibrium conditions

still requires validation. A goal of this work is to extend the theory to finite temperatures,

up to the warm dense matter regime.

Modern theory of XAS is based on Fermi’s golden rule.[9] The quasiparticle approximation

is often used to make the calculation of the many-body cross section tractable. A common

approach to evaluate the cross section is to employ ground-state density functional theory

(DFT) [11, 10] or the real-space multiple-scattering approach (RSMS) [12, 13]. Exchange-

correlation functionals in many DFT implementations are only available for ground-states
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which requires additional corrections [17, 14, 16, 15] to the functionals for excited states in the

XAS calculation. On the other hand, the RSMS approach uses complex-valued self-energy

in place of the ground-state exchange-correlation.

At low temperatures, the exchange-correlation contributions are weakly dependent on

temperature. Thus, zero temperature self-energy and exchange-correlation functionals are

sufficiently good approximation at low temperature. However, in the warm dense regime,

the temperature dependence is crucial to capture the phase transition from the exchange-

dominated regime to correlation-dominated regime.[18] However, most codes lacks the treat-

ment of the electron temperature dependence for finite-temperature calculations. Construc-

tion of the pseudopotential is often based on the zero temperature exchange-correlation

functionals.

These considerations have motivated the work in this thesis. The body of this work con-

sists of four chapters which summarize our contributions to the theory of finite-temperature

and non-equilibrium x-ray absorption. In addition to the theoretical developments, which

also include the development of finite-temperature self-energy approximations, we have ap-

plied the approach to a number of systems, including finite-temperature metals and pump-

probe experiments, including validation with experiments.

1.1 Background

1.1.1 X-ray Absorption

X-ray absorption spectroscopy measures the absorption of an incident photon as a function

of its energy. From the Beer-Lambert law, the x-ray absorption coefficient µ(E) is given by

µ(E) = 1
z

log
[
It
Ii

]
(1.1)

for an incident photon with energy E = ~ω on a sample with thickness z. Ii and If are the

incident and transmitted intensities respectively. The measured quantity µ(E) is related to

the total absorption cross section σ which could be computed from quantum theory:

σ(E) = µ(E)
c

, (1.2)
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Figure 1.1: Experimental cobalt (Co) K-edge absorption spectrum versus incident photon

energy at room temperature.[19]

where c is the concentration of the absorbing atoms. When the incident photon has energy

less than the excitation energy of a core electron, E0, there is no absorption. When E ≈ E0,

the absorption increases rapidly. We show a typical XAS spectrum in Fig 1.1 for the K-

edge of cobalt metal. The spectrum is divided into two regions: XANES and extended

x-ray absorption fine structure (EXAFS). The XANES region consists of a raising edge and

is dominated by many-body effects which make interpreting the spectra complicated. The

EXAFS region consists of decaying oscillations. This is mainly due to the back-scattering

interference of the photo-electron by the neighboring atoms. While the theory of EXAFS

provides a quantitative description, the analysis of XANES is mostly qualitative due to

the complex many-body effects such as shake-up, shake-off, and exciton excitations in the

region. The goal in this work is to extend the theory of XAS to finite temperature, as

described below.
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1.1.2 Warm Dense Matter

Warm dense matter (WDM) is a unique phase of matter that exists in between the hot

plasma and cold condensed matter. It exists in many astrophysical objects like white dwarf

stars [20, 21], planetary interiors [22, 23] and core of neutron stars [24]. This state of matter

can also be found in the early stage of an inertial confinement fusion reaction. This state of

matter is currently routinely studied in the lab, e.g. with intense laser sources.[25, 5, 27, 26,

4]

To define WDM, it is often useful to illustrate the phase space that it occupies. Fig

1.2 shows the temperature-density phase space adapted from Ref [28]. The WDM regime

has a loosely defined boundary occupying between the regimes of classical statistics and

full quantum statistics. This state of matter is characterized by the reduced temperature

parameter Θ = kBT/EF , plasma coupling parameter Γ = Ec/kBT , and the quantum coupling

parameter rs/aB. Here EF is the Fermi energy, rs is the Wigner-Seitz radius, Ec is the

Coulomb energy and T is the electron temperature.[29, 30] A state of matter is consider

WDM when Γ and rs/aB are of order unity. The strong ion couplings and partial degeneracy

in the system pose a challenge in simulating WDM. In the condensed matter regime, the

low electron temperature allows perturbation corrections to the thermal effects in periodic

systems. In hot plasma regime, ions are sparsely separated leading to weak interactions.

Quantum statistics can be treated classically with the Maxwell-Boltzmann distribution for

most of the plasma properties. However, for WDM, a fully quantum theory is required due

to the small spacing between the ions Further, due to the high temperatures low electron

temperature perturbation approximation is no longer valid. Therefore, a numerical approach

is typically used to accurately treat Coulomb coupling correlations, thermal excitations, and

fermionic exchange effects on equal footing as required for WDM.

Finite-temperature DFT [31] and quantum Monte Carlo [32, 29] are commonly used to

explore the properties of WDM. At the same time, high temperature plasma models such

as the average atom model and hyper-netted-chain have also been adapted to the study of
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Figure 1.2: Temperature-density phase diagram for two-component plasma adapted from

Ref [28]. The separation between the different statistics regime is define by the electron

(ion) degeneracy parameter χe (χi) where χa = naλ
3
D and the de Broglie wave length λD =

h/
√

2πmakBTa.

WDM [34, 35, 33]. These efforts have led to different parameterizations of the temperature

dependent exchange-correlation functional for DFT calculation. However, many current

electronic structure calculations for WDM do not include the finite-temperature exchange-

correlation corrections. In addition to that, the temperature correction to the electron self-

energy for understanding excited-state properties in WDM such as x-ray absorption and

thermal conductivity is an ongoing research topic.

On the experimental side, direct measurement of WDM poses a challenge because WDM

is opaque to the optical wavelengths and even in the soft x-ray regime. Hence, most experi-

mental studies of WDM require the use of hard x-rays to penetrate the interior of the sample.

One of the common x-ray diagnostic methods is x-ray absorption spectroscopy (XAS). Several

works [25, 5, 27, 36] are devoted to understanding the edge response in XAS measurements.
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Correlations between the spectral features of XAS and the electron temperature have been

shown to be a useful diagnostic tool when coupled to a theoretical model. At the same time,

extensive testing is still needed to verify the regime of validity of the theoretical models. One

of our objectives in this thesis is to make such quantitative comparisons.

1.1.3 Magnetism of Transition Metals

Another goal of our thesis is to treat the effects of magnetism on XAS. In isolated atoms,

the existence of magnetism is due to the total angular momentum J of partially filled shells.

The magnetic moment MJ of an atom is given by

MJ = −gJµBJ, (1.3)

where gJ is the Landé-factor and µB is the Bohr magneton. MJ of an atom is an integer(half-

integer) multiple of µB. However, the measuredMJ in solids are not. The presence of crystal

field effects in solids suppress the orbital angular momentum. Thus, the spin moment is a

good approximation to the magnetic moment in solids. For 3d-transition metals, conducting

3d-electrons are the source of magnetism. The d-shell wavefunctions in these metals have

non-negligible overlap with neighboring atoms. Historically, there are two major theories to

describe the collective phenomenon of magnetism in these metals. Fig 1.3 shows a simplified

schematic illustrating the two theories using a collection of spin vectors.

The Stoner model [37] which is an itinerant electron model describes the magnetism

within the band structure theory. In this model, the spin majority (up) and spin minority

(down) 3d bands are shifted in the opposite direction by the exchange interaction. The size

of the exchange spin splitting is determined by

∆ex = n↑ − n↓
n↑ + n↓

I, (1.4)

where I is the Stoner parameter I and n↑,↓ is the spin up(down) density of states.[37] The

difference in the spin up and down occupation results in a non-zero net magnetic moment.

The magnetic moment can be reduced via the creation of Stoner excitation (electron-hole
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𝑇 =0 0 < 𝑇 < TC

Stoner

Heisenberg

Figure 1.3: A schematic spin vector configuration illustrating the differences between Stoner

model and Heisenberg model. The thermal response of Stoner model reduces the overall spin

amplitude whereas in the Heisenberg model, a spin disorder is induced.

quasiparticle with opposite spin). This theory is successful in determining the ground state

exchange splitting between the Fermi levels of the up and down bands for Fe, Co and Ni.

However, it overestimates the Curie temperature and fails to predict the Bloch T 3/2 law for

the magnetization at low temperature.[38]

On the other hand, the Heisenberg model describes the magnetic ordering in terms of

localized atomic spin moments at each lattice site. The interaction between the spin at site i,

Si with the spin at site j, Sj is given by (ignoring anistropy and antisymmetric contributions)

[39]

Hex = 1
2
∑
i 6=j

JijSi · Sj, (1.5)

where Jij is the exchange constant. In this picture, the Hamiltonian admits spatial fluc-

tuation solutions of spin moments known as magnons (spin wave). At low temperatures,

the magnons contribution to the decrease in the magnetization is proportional to T 3/2.[38]

In this model, the magnon has infinite life-time. A more physical model will allow these
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magnons to decay into Stoner excitations. For an accurate description of thermodynamic

properties of itinerant magnetism, both stoner excitations and magnons need to be included

in the theory.[38]

While the static magnetism in atoms is well understood, ultrafast magnetic dynamics is

still an active subject of research. In absent of electron transport, the ultrafast demagneti-

zation measurements for nickel [40, 41] and gadolinium [42] reveal a dominant contribution

from Stoner excitations to the demagnetization process, whereas the experiments for iron

[43, 44] show transverse spin fluctuation as the dominant channel. A recent experiment

for cobalt [45] shows that the long-range disorder due to the magnons and the collapse of

exchange splitting have equal contribution to the demagnetization. The transition from

3d↑ → 3d↓ in transition metals requires an energy comparable to the exchange splitting ∆ex

while a transition from 4sp↑ → 3d↓ requires much lower energy [40]. In a typical pump-probe

experiment, the electronic temperature could reach about 0.1∼0.2eV. Thus, the collapse of

exchange splitting is more energetically favorable in nickel (∆ex ∼ 0.2eV )[46] than in iron

(∆ex ∼ 2eV )[44]. It should be noted that the Brillouin zone sampled may differ depending

on the spectroscopy methods used in the experiment.

1.2 Goals and Contributions

The main goal of this thesis is to develop the theory of finite-temperature and non-equilibrium

x-ray absorption and to extend the current numerical capability for non-equilibrium systems.

While there exists similar numerical tools for the calculation of electronic structure, the use of

pseudo-potential does not include temperature effects in the exchange-correlation. The tem-

perature correction is important for accurate simulation of warm dense systems. In line with

the objectives, we have develop the finite-temperature generalization of the COHSEX approx-

imation to the quasiparticle self-energy. Finally, we implemented several finite-temperature

related algorithms in the FEFF10 code for the calculation of finite-temperature XAS. The

new implementation enabled us to analyze non-equilibrium systems. Our new implementa-

tion has enabled us to analyze the dynamics and finite-temperature properties of a number
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non-equilibrium systems, including both electronic, lattice and spin-degrees of freedom.

1.3 Organization of this Dissertation

In chapter 2, we provide an overview of the theory of finite-temperature x-ray absorption.

We formulate the conventional theory in the multiple scattering framework and describe the

numerical routine for computing the x-ray absorption. In chapter 3, we present an overview

of the methods used to model non-equilibrium dynamics of the nuclei and temperatures. We

discuss sampling techniques used to generate a set of nuclear configurations that converge

to the appropriate limit. Furthermore, we describe the dynamics of electron temperature

using the 2-temperature model (2TM) introduced by Anisimov et al. [47] and its extension to

include the spin degree of freedom. Next, in chapter 4, we present results for several systems

using the FEFF10 code. We compared our density of states calculation for aluminum to

those of Ref [48, 35]. In addition, we calculate and compare the XANES for warm dense

copper [5] and metal-insulator heterostructure [Fe/MgO]8 [8] to the experiments. In chapter

5, we present the finite-temperature generalization of the quasiparticle electron self-energy

within the COHSEX approximation which was originally published in Ref [49]. The COH-

SEX approximation was introduced as an efficient approximation to the computationally

expensive GW self-energy. While it is of interest to include the temperature correction for

the excited-state calculation, there has been no analysis into the finite-temperature COHSEX

approximation to our knowledge. We present the finite-temperature theory and elucidate the

important properties of the theory using the homogeneous electron gas. Finally, in chapter

6, we present the summary of our work and propose areas of future research.
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Chapter 2

THEORY OF FINITE-TEMPERATURE X-RAY ABSORPTION

X-ray absorption near edge spectroscopy is a well established tool in many fields ranging

from materials science, chemistry, biology and plasma physics. It offers a way to probe the

local electronic properties and local atomic structure simultaneously. With the development

of ultrafast lasers, the technique has been extended to resolve fast measurements of the

order of 10−15 ~10−12 seconds. The time-resolved x-ray absorption near edge spectroscopy

(XANES) allows direct observation of transient physics like spin relaxation and warm dense

matter (WDM). However, interpreting the spectra is highly intractable due to the complex

nature of XANES. Standard analysis of XANES involves comparison between experimental

spectra and numerical simulations.

The modern theory of x-ray absorption (XAS) is based on approximations of the many-

body Fermi’s golden rule.[9] The quasiparticle approximation is often used to make the

calculation of the many-body cross section tractable. Standard approaches to simulating

XAS can be divided into two categories: band-structure ground-state density functional the-

ory (DFT) and real-space multiple scattering. The former combines the developed theory

of band-structure with ground-state DFT to evaluate the Fermi’s golden rule. While the

ground-state electronic structure theory is well understood [10, 11], the excited-state theory

is still under active investigation. Exchange-correlation functionals in many DFT implemen-

tations are only available for the ground states. Many works have been done to introduce

corrections to the funtionals for excited states in the XAS calculation.[17, 14, 16, 15] On the

other hand, the real-space multiple-scattering approach is an all-electron real-space approach

that uses a one-particle Green’s function instead of wavefunctions or orbitals. Unlike the

DFT approach, a complex valued self-energy is used in place of the ground-state exchange-
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correlation which is applicable to the excited states. However, many implementations of the

real-space multiple-scattering approach use the spherical muffin-tin (MT) approximations to

further simplify the calculations. Progress has been made to extend beyond the MT potential

to full potential which is beyond the scope of this thesis.[50, 51]

For finite-temperature calculation of XAS, a finite-temperature theory of electronic struc-

ture is required. At low temperature, the exchange-correlation contributions are weakly

dependent on the temperature. Zero temperature self-energy and exchange-correlation func-

tionals are sufficiently good approximations at low temperature. However, in the warm

dense regime, the temperature dependence is required to capture the phase transition from

the exchange- to correlation-dominated behavior.[18] Fig 2.1 shows the exchange εx and

correlation εc contributions to the the exchange-correlation energy per particle εxc for the

homogeneous electron gas model. A crossover from the exchange- to correlation-dominated

regime happens close to the Fermi temperature. In this chapter, we present the quasiparticle

theory of XAS and its finite-temperature generalization within real-space multiple-scattering

framework. We derive the absorption cross section from the Fermi’s golden rule and rewrite

the expression in terms of a one-particle electron Green’s function. Then, we highlight out the

relevant changes required for a finite-temperature calculation. In particular, our construction

of the muffin-tin potential includes the temperature correction to the exchange-correlation

potential. Our current implementation builds upon the theory and FEFF9 code developed

by Rehr and coworkers.[52]

The remainder of the chapter is organized as follows: in the next section we review the

quasiparticle XAS theory and present the real-space Green’s function formalism of the theory.

The next section focuses on the implementation of a finite-temperature self-consistent field

calculation, followed by a summary of the finite-temperature generalization made within the

FEFF10 code. Examples of XANES calculated using our implementation of FEFF10 are

presented in chapter 4.
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Figure 2.1: The exchange εx and correlation εc contributions to the the exchange-correlation

energy per particle εxc versus temperature for the homogeneous electron gas model adapted

from Ref [18].

2.1 Quasiparticle XAS

In this section, we briefly describe the quasiparticle theory of XAS. While the theory ignores

some many-body effects such as multi-electron excitations, it includes a dynamic self-energy

and the effect of lattice vibrations and disorder. The quasiparticle theory has been successful

at reproducing many experimental result qualitatively.

The absorption cross section σ for a material can be computed via Fermi’s golden rule in

atomic unit (me=e=~=1)

σ(ω) = 4π2ω

c

∑
I,F

|〈I|D̂|F 〉|2δ(ω + EI − EF ) (2.1)

where |I〉 is the many-body ground state with energy EI , |F 〉 is the many-body excited state
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with energy EF and D̂ is the many-body excitation operator by the x-ray field.

Next, we make two assumptions to the above many-body formula to simplify the calcu-

lation. We assume that electrons are independent particles such that the excited electron

can be separated from other electrons. Hence, we can approximate the many-body states as

|I〉 = |φc〉 ⊗ |ΦN−1
0 〉 and |F 〉 = |φkphotoelectron〉 ⊗ |ΦN−1

n 〉 where |ΦN−1
n 〉 is the nth excited state

of the N-1 electrons system and |φc〉 is the single-electron core state. The second assumption

is that the electron-photon coupling is mediated by the dipole interaction, d̂ = ∑
i,f dij â

†
f âi.

This transforms Eq. (2.1) into an effective single-particle cross section [53]

σQP (ω) = 4π2ω

c
S2

0
∑
i,f

|〈i|d̂|f〉|2δ(ω + εi − εf ) (2.2)

where S2
0 = |〈ΦN−1

0 |ΦN−1
0 〉|2 is the amplitude reduction factor. εi and εj are the eigenenergy

for quasiparticle |i〉 (deep-core) and |f〉 (photo-excited) states. Within the independent

particle picture, a core-electron leaves behind a hole after being excited into the photo-

electron state. Thus, the final state is modified by the interaction with the core hole potential.

2.2 Green’s Function Approach

We adopt the real-space Green’s function formalism to overcome the computational bot-

tleneck of the double sum and the translational symmetry requirement in Korringa-Kohn-

Rostoker (KKR) band structure method.[52] The retarded single-electron Green’s function,

GR
l′j′,lj at site j with angular momentum l is given by[17]

GR
l′j′,lj(E) =

∑
fll′
|l′j′〉〈l

′j′|f〉〈f |lj〉
E − εf + iΓ 〈lj| (2.3)

− 1
π
Im GR

l′j′,lj(E) =
∑
fll′
〈l′j′|f〉〈f |lj〉δ(E − εf )|l′j′〉〈lj| (2.4)

where Γ is the core hole life time, εf is the eigenenergy of the final-state Hamiltonian H ′ =

p2/2 + Vf + Σ(E), Vf is the effective one electron Coulomb potential in the presence of a

screened core hole and Σ is the dynamically screened electron self-energy. By inserting GR
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into Eq. (2.2), the final states are implicitly summed in the calculation of σQP

σQP (ω) = −4πω
c
S2

0Im
∑
ill′
〈i|d̂ GR

l0,l′0(ω + εi) d̂†|i〉fT (εi)
(
1− fT (ω + εi)

)
(2.5)

where site 0 is the absorbing atom, fT (E) = 1/
(
1 + exp[(E − µ)/kBT ]

)
is the Fermi-Dirac

distribution and µ is the chemical potential of the final system. The distribution 1 − fT

accounts for the unoccupied states. For T > 0, the Fermi surface is not well defined and the

chemical potential can lie below the Fermi level. Eq. (2.5) depends explicitly on the tem-

perature through fT and depends implicitly on the temperature through the self-consistent

calculation of GR. For deep core excitation, the single-particle state is a good approximation

to the initial state and for most cases, the initial excitation involves only a single state.

From here onward, we will drop superscript for G. Using the multiple-scattering theory,

G can be expanded in terms of the free propagator G0

G = G0 +G0V G (2.6)

= G0 +G0V G0 +G0V G0V G0 + . . . (2.7)

An alternative decomposition of the potential V into a superposition of atomic potentials∑
i vi allows us to separate the site-centered contribution Gc and the scattering contribution

Gsc[54]

G = G0 +G0TG0 +G0TG0TG0 + . . . (2.8)

= Gc +
∑
i 6=c

GctiG
c +

∑
i,j 6=c

GctiG
0tjG

c (2.9)

= Gc +Gsc (2.10)

where Gc = G0 + G0tcG
c and T = ∑

t ti is the local scattering matrix with contribution

ti = vi + viG
0ti at site i. In the multiple-scattering expansion, the contributions to the

EXAFS converges rapidly with increasing order. However, for XANES an infinite summation

of the series is required. It can be shown that the sum of the series Gsc is given by[13]

Gsc =
(
1− Ḡ0T

)−1
G0 (2.11)
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where Ḡ0 is the Green’s function whose diagonal terms are zeros to exclude self-scattering

contributions.

2.2.1 Constructing Green’s Function

The construction of the full Green’s function involves solving the single site Dirac-Fock

equation to obtain the phase shifts δLn and regular spinor solutions RLn (irregular solution

HLn). The details for the derivation can be found in Ref [13, 54]. The full Green’s function

is then [54]

G(r, r′, E) = −2k
[∑
LL′

HLn(r>)R†L′n′(r<)δLL′δnn′ +

RLn(rn)eiδLnḠsc
Ln,L′n′eiδL′n′R†L′n′(r′n)

]
(2.12)

where the labels n is the site nearest to r, rn = r −Rn where R is the center of site n and

r<(r,>) is the min[r, r′] (max[r, r′]). The prefactor k is determined from the Wronskian

between the regular solution and the irregular solution.[54]

2.3 Finite-Temperature Self-consistent Field Potential

In this section, we outline the procedure for computing a self-consistent muffin-tin potential

for the construction of the full Green’s function. The initial charge density is constructed

from the atomic electron densities from solving the relativistic Dirac-Fock equation within

the muffin-tin (MT) approximation. Then, the density is used to construct a new set of

potentials V = V MT
coulomb(ρold) + Vxc(T ) and a new chemical potential, µ(T ). The static

exchange-correlation potential Vxc(T ) is added to account for the finite-temperature ground-

state electron correlation effect. For the final-state calculation, V MT
coulomb is replaced with a

non-hermitian Coulomb potential in the presence of a core hole. The self-consistent field

(SCF) calculation is terminated when the charge neutrality condition within the Norman

radius is satisfied. The SCF subroutine is summarized as follows
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1. Compute atomic density ρold and chemical potential µ(T ) by solving the relativistic

Dirac-Fock equation.

2. Construct a new potential V = V MT
coulomb(ρold) + Vxc(T ).

3. Compute a new density ρnew and a new chemical potential µnew(T ).

4. Update the old density ρold = αρold + (1− α)ρnew with some mixing parameter α.

5. Repeat steps 2 - 4 until the charge neutrality condition is satisfied.

For the case of spin polarized density, we follow the von Barth-Hedin prescription [55]

where the source of magnetization is mainly due to the atomic magnetization. In this case, we

consider only the spins from partially filled d and f states to construct the initial atomic den-

sities from a given spin configuration. Mattern [56] extended the SCF to finite-temperature

in his thesis for the study of non-resonant inelastic x-ray scattering. However, the code is

not publicly available.

2.3.1 Contour Integration

Within the finite-temperature SCF procedure, the electron density ρ(r) is computed. The

electron density depends on the temperature implicitly via the SCF. It can be obtained ρ(r)

from the spectral relation of the Green’s function G

ρ(r, r′, E) = − 1
π
Im G(r, r′, E) (2.13)

The electron density ρ(r) can be easily obtained by integrating the Green’s function G.

ρ(r) = − 2
π

∫ ∞
EB

dE Im G(r, r, E)fT (E − µ) (2.14)

The factor of 2 accounts for the spin degeneracy. The integral extends from some energy level

EB above the core states but below the valence states to infinity (usually some large cutoff).

However, a direct integration of G can be problematic since there are singularities along the
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real energy axis. A typical approach is to extend the integral to the complex energy plane

where the excitation structures are smeared out. In the complex plane, the integrals can be

decomposed into a sum of Matsubara poles and a smooth complex line integral.[57]

ρ(r) = − 2
π

∫
C
dω Im G(r, r, ω)fT (ω − µ)

+4i Im
N∑
i=1

Res[G(r, r, zi)fT (zi − µ)] (2.15)

where zj = µ± iπ(2j− 1)kT are the Matsubara poles and N is the number of poles enclosed

by contour C and the real axis. The contour C is shown in Fig 2.2. When the height of the

contour C passes the middle of two adjacent Matsubara poles, the Fermi-Dirac distribution

takes the same value as on the real axis. A few number of points are needed to integrate

the first term because G changes slowly with energy. As example, we computed the density

of states for copper along different heights in Fig 2.3. The highly oscillating features are

broadened out with increasing height. The complex contour integration is also used to

evaluate Eq. (2.5).

2.4 Core Hole Lifetime and Instrumental Broadening

The quasiparticle cross section calculated via Eq. (2.5) does not account for the finite lifetime

of the core hole. The decay of the core hole broadens the linewidth of the cross section. The

effective cross section is a result of a convolution between quasiparticle cross section σQP

with a Lorentzian of width Γcorehole. The finite resolution of detector is treated similarly

with a Lorentzian of width Γdetector.

σeff (ω) =
∫
dω′σQP (ω′) π/Γ

(ω − ω′)2 + Γ2 (2.16)

= −4πω
c
S2

0Im
∑
ill′
fT (εi)

∫
dω′

π/Γ
(ω − ω′)2 + Γ2

×〈i|d̂ Gl0,l′0(ω + εi) d̂†|i〉
(
1− fT (ω + εi)

)
(2.17)

where Γ = Γcorehole + Γdetector.
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Figure 2.2: Energy contour for electron density calculation at temperature T>0. Here,

ωj = π(2j − 1)kT denotes the imaginary part of the Matsubara poles of fT (E, µ). The

integration starts from some energy level EB above the core states but below the valence

states. Contour A (blue) represents the original integration path along the real axis while

contour C (red) represents the integration path in the imaginary plane.

2.5 Finite-temperature X-ray Spectroscopy Code FEFF

In this section, we summarize our implementation of the finite-temperature XAS calculation

in FEFF10. FEFF10 is a x-ray spectroscopy code that uses the relativistic real-space Green’s

function approach based on quasiparticle approximation and spherical muffin-tin potential

approximation.

This code takes a set of Cartesian coordinates for the nuclei and the charges as input.

Then, the atomic densities are computed for each unique species from the Dirac-Fock equa-

tion. Next, the spherical MT potential, the chemical potential and Green’s function are



19

30 20 10 0 10 20 30 40
Re(ω)

0

10

20

30

40

50

D
e
n
si

ty
 o

f 
S
ta

te
 (

st
a
te

/e
V

)

Im(ω)=0.1eV
Im(ω)=0.8eV
Im(ω)=1.6eV
Im(ω)=2.3eV

Figure 2.3: Example of a density of state ρ(ω) along different height in the complex plane.

The imaginary part of ω increases from blue to red.

determined self-consistently from the overlapping atomic potentials from the atomic densi-

ties. Once self-consistency is achieved, the absorption is computed and convolved with the

a Lorentzian. The control cards for the finite-temperature XANES subroutines are docu-

mented in Appendix C.

In this code, the KSDT exchange-correlation potential [32] for the construction of the

muffin-tin potential. A shortcoming of the current implementation is the use of the Hedin-

Lundqvist dynamically screened self-energy Σ(T = 0) for the excited states.[58] Currently,

there is a lack of efficient parameterization for Σ(T > 0). Work is in progress to develop an

accurate parameterization of the self-energy based on our work in chapter 5.
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2.6 Summary

We presented the theory of finite-temperature quasiparticle XAS. The theory is based on the

generalization of the standard theory of quasiparticle XAS. The self-consistent muffin-tin

potential accounts for the temperature correction through the use of temperature dependent

exchange-correlation potential such as the KSDT parameterization for the homogeneous

electron gas.[32] This generalization of the potential improves the ground-state wavefunction

calculation needed for the construction of the free one-particle Green’s function. Next, the

electron self-energy is generalized to a finite-temperature self-energy within the Matsubara

formalism. This generalization is crucial for the XAS since it accounts for the temperature

correction to the final-state effects. A feasible calculation of the XAS requires an efficient

implementation of the finite-temperature self-energy. The final modification to the standard

theory of the XAS is the smearing of the Fermi level. At finite temperature, the Fermi

level is no longer well defined and the contributions of states below the chemical potential

are weighted according to the Fermi-Dirac distribution. In summary, the theory of finite-

temperature quasiparticle XAS is a generalization of the standard theory of XAS to include

the electron temperature response but it does not account for the dynamic response of the

atomic structure which will be addressed in chapter 3.

Implementation of the finite-temperature theory is straightforward, provided an accu-

rate parameterization of the finite-temperature exchange-correlation potential and the finite-

temperature self-energy are available. We implemented the theory on top of the FEFF9 code

by Rehr et al.[52] In our implementation, we use the KSDT exchange-correlation potential

[32] for the construction of the muffin-tin potential. Further details and example calculations

are given in Appendix C. Due to a lack of finite-temperature parameterization of the elec-

tron self-energy, our code uses the zero-temperature Hedin-Lundqvist self-energy. However,

the temperature correction is weakly dependent on the temperature when the temperature

is below the Fermi temperature.[18] In order to validate the theory, the approach has been

applied in a number of cases and compared with quantitative experiments in chapter 4.
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Chapter 3

MODELING OF NON-EQUILIBRIUM DYNAMICS

The theory of finite-temperature XAS introduced in chapter 2 addresses the electronic

response of a sample for a fixed structure. Since most physical systems are probed under

non-zero temperature conditions and possibly laser excitations, a static theory may not

always describe the real world. The dynamic response of the lattice is usually characterized

by the attenuation of the measured intensity. Lattice vibrations can also induce forbidden

electronic transitions which result in non-trivial changes to the XANES such as additional

pre-edge structure.

The advances in calculation electron-phonon interactions from first principles has made

it possible to calculate XAS at finite lattice temperature.[59] Here, we briefly describe two

approaches, molecular dynamics and Monte Carlo sampling to calculate XAS at finite lattice

temperature. They do not require direct calculation of electron-phonon coupling matrix

elements and combine naturally with the theory of finite-temperature XAS without any

modification. Thus, these methods also allow the treatment of non-equilibrium electron and

lattice systems.

The introduction of electron and lattice temperature introduces additional parameters

to the theory. The temperatures are known accurately for samples in thermal equilibrium

but they are usually approximated when probing non-equilibrium samples. Short pulse

laser can heat electrons to a very high temperature in a short time driving the sample out

of equilibrium. To analyze the XAS, the energy transport from the hot electron to other

subsystems of the sample is required to accurately describe the evolution of the temperatures.

Historically, the first model proposed to study the transfer of energy between the electrons

and lattice is introduced by Anisimov et al.[47] The model is called two-temperature model
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due to the two degrees of freedom assumed in the model. The dynamics of the electron

and lattice temperatures are governed by the conservation of laws and are derived from the

Boltzmann equation. The works of Allen[60], and Qiu et al.[61, 62, 63] contributed the

understanding of heat transfer in metals.

In this chapter, we present an overview of the techniques required to extend the anal-

ysis of finite-temperature XAS to non-equilibrium systems. We first describe the ab initio

molecular dynamics and Monte Carlo sampling method for the calculation of XAS at finite

temperature. Next, we introduce the two-temperature and three-temperature models to

describe the ultrafast thermal response of the electron and lattice.

3.1 Effects of Thermal Disorder

In the experiments, the thermal average of the x-ray absorption 〈σ(E)〉T is measured. The

lattice vibrations can induce forbidden electronic transitions which result in additional pre-

edge structure in XANES. If we know exactly the probability distribution P (R) that gener-

ates the atomic configuration R, then we can evaluate the absorption. However, P (R), in

general, is hard to compute. The most common approach to approximate the average is to

numerically approximate P (R) by importance sampling.

〈σ(E)〉T =
∫
dR σ(E; R)P (R) (3.1)

≈ 1
S

S∑
i=1

σ(E; Ri) (3.2)

where S is the total number of atomic configurations. Therefore, in this section, we briefly

describe two methods for generating the atomic configuration samples: ab initio molecular

dynamics (AIMD) and the Monte Carlo sampling of dynamical matrix method.

Classical lattice vibrations and anharmonic effects are readily included in AIMD [64] when

the temperature is much greater than the vibrational frequency. This method is widely used

in the analysis of warm dense matter and liquid systems [65, 5, 66, 26, 67]. At low tempera-

tures where quantum zero-point motion dominates, methods such as path integral molecular

dynamics (PIMD) [68], phonon spectral convolution [69, 70] and Monte Carlo vibrational
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mode sampling of dynamical matrix [71, 72] have been used to describe the nuclear motion in

XANES. Depending on the precision required, different methods are employed for maximal

computation efficiency.

3.1.1 Ab Initio Molecular Dynamics

In the AIMD method, the electron dynamics is treated quantum mechanically while the

nuclei positions are updated classically using Newton’s second law from the forces exerted

by the electrons via Hellmann–Feynman theorem [73]. For a system consisting of nuclei with

position vectors R and electrons with position vectors r, the associated Hamiltonian is given

by

H(r,R) = TN + Te + Vee(r) + VNN(R) + VeN(r,R) (3.3)

where T is the kinetic operator for the nucleus and electron, Vee is the electron-electron

repulsion, VNN is the nucleus-nucleus repulsion and VeN is the electron-nucleus attraction.

Given that the mass of the nucleus is several orders larger than the mass of the electrons, we

can decouple the wavefunctions of the nuclei ψ(t,R) and the electrons φ(r) provided that

the kinetic energy of the nuclei is much smaller than the electrons. Therefore, we end up

with a coupled equation that can be solved iteratively.

[
Te + Vee(r) + VeN(r,R)

]
φ(r) = ε(R)φ(r) (3.4)[

TN + VNN(R) + ε(R)
]
ψ(t,R) = ∂

∂t
ψ(t,R) (3.5)

where ε is the eigenenergy of the many-electron wavefunction φ(r). ε is found using density

functional theory [11, 10] at the ground-state configuration R(t−1) of the previous time step

t− 1. Instead of solving Eq. (3.5) quantum mechanically, it is solved using Newton’s second

law and Hellmann–Feynman theorem. The force on a nucleus with mass Mi at position Ri

can be written as

Mi
d2Ri

dt2
= − ∂

∂Ri

〈φ0|
[
Te + Vee(r) + VeN(r,R)

]
|φ0〉 (3.6)
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where φ0 is the ground state of Eq. (3.4). In this picture, the nuclei evolve along the

minimum of Born-Oppenheimer (BO) potential energy surface.

The molecular dynamics at finite temperature can be performed in the microcanonical

ensemble settings where the number of particles, the total volume and total energy are

fixed. One simple method is called velocity rescaling introduced by Woodcock.[74] The

initial velocities are randomly assign to the nuclei such that they satisfies the thermodynamic

relation

〈EK〉 = 3
2NkBT (3.7)

where EK is the kinetic energy, N is the total number of atoms and kB is the Boltzmann

constant. Then, the velocities are adjusted by a factor
√
T/Tcurrent when the current average

temperature Tcurrent is much greater or less than the desired temperature T . While this

method is fast and simple, it fails to produce the correct canonical ensemble. Andersen [75]

was the first to propose a scheme called Andersen thermostat that guarantees the correct

canonical distribution. The nuclei interacts with a heat bath randomly with some specified

collision probability. When a nuclei interacts or collides with the heat bath, it is assigned a

new velocity sampled from the Maxwell-Boltzmann distribution.

Since then many other schemes such as Langevin dynamics [76], Berendsen thermostat

[77] and Nosé-Hoover thermostat [79, 78] have been proposed. Nosé-Hoover thermostat

is the most common thermostat used today. The scheme is deterministic and generates

the correct canonical ensemble. The algorithm uses an auxiliary system consisting of a

single particle with mass Q, position s, and velocity ṡ in a potential 3kBT log(s). The

potential is chosen such that the correct canonical ensemble is obtained. The position s is

a scaling factor for transforming the time τ in the auxiliary system to the physical time t:

dτ = sdt. Therefore, the molecular dynamics simulation at constant temperature using the

Nosé-Hoover thermostat is governed by the Hamiltonian

H = s2∑
i

Mi

2 Ṙ2
i + V (R) + 1

2Qṡ
2 + 3kBT log(s) (3.8)
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where the first and second terms are the kinetic energy and potential energy of the physical

system and the third and fourth terms are the kinetic energy and potential energy of the

Nosé-Hoover thermostat. The auxiliary mass Q is generally set close to the center frequency

of phonon spectrum. If Q is too large, the phase-space sampling will be inefficient. If Q is

too small, the physical system will decouple from the thermostat.[79]

3.1.2 Monte Carlo Vibrational Mode Sampling

While AIMD is able to simulate the lattice dynamics for various state of matter, AIMD can

be computationally expensive due to the small time step required. Monte Carlo vibrational

mode sampling (MCVMS) method provides an alternative method for sampling the config-

uration space at a lower cost as long as the harmonic potential approximation holds. In

addition, a subset of modes can be selectively excited using MCVMS to study the effects of

non-equilibrium phonons.

Within the Born-Oppenheimer (BO) approximation, small perturbation to the nuclear

configuration can be approximated using the harmonic approximation. Hence, at equilibrium

configurations R0, the Hamiltonian for the nucleus is given by (spectrum is shifted by ε(R))

[80]

H ≈
∑
α

P 2
α

2Mα

+ V BO + 1
2
∑
α,i

∑
α′,i′

∂2V (x)
∂uα,i∂uα′,i′

∣∣∣∣∣
x=R0

uα,iuα′,i′ (3.9)

where Pα is the momentum of the nuclei, Mα is the mass, V BO = V (R0) is the constant BO

potential energy surface and uα,i is the displacement of α-th nucleus in the i-direction. The

second derivative of V is called the inter-atomic force constant which will be denoted by Φ.

Another useful quantity is called the dynamical matrix D [80]

Dαi,α′i′(q) =
∑
n

Φαi,α′i′√
MαMα′

eiq·Rn (3.10)

where Rn is the Bravais lattice. D is Fourier transform of the mass normalized Φ and its

eigenvalue problem ∑
α′i′

(
Dαi,α′i′(q)− δαi,α′i′ω

2
µ(q)

)
ε

(µ)
α′i′(q) = 0 (3.11)
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defines the 3N vibrational modes of the system. In a solid crystal, there are 3N − 3 modes

due to translation symmetry. The eigenvectors ε(µ)
α′i′ are also called the normal modes. The

dynamical matrix can be computed numerically by a finite difference method or using density

functional perturbation theory.[82, 81] Additional details on the derivation of the eigenvalue

problem can be found in Appendix B along with its connection to the Debye-Waller factor.

Once the dynamical matrix is obtained, a set of configurations can be generated by the

following displacement [71]

uαi = 1√
Mα

3N∑
µ=1

aµx
µ
i ε

µ
αi (3.12)

where aµ =
√

1
2ωµ coth

(
β~ωµ/2

)
is the normal length, xµi is a standard normal random

variable and εµαi is the eigenvector of the real-space dynamical matrix D. A sufficiently

large real-space supercell is required to include all the relevant long wavelength modes. This

method can also be extended to include thermal expansion effects via the quasi-harmonic

approximation.

3.2 Dynamic Response Approximations

Phenomenological models [47] have been studied and used in analyzing ultrafast relaxation

processes. Allen [60] extended the Ansimov’s model to metals. Since then, TTM has been

extended to include spins[7, 83, 84], non-thermal phonons[85] and non-thermal electrons[86].

3.2.1 2-Temperature Model of Dynamic Response

Here, we focus on the 2TM model proposed by Anisimov et al. [47] for metallic system where

the electronic heat capacity (Ce) is much smaller than the lattice heat capacity (Cl). In the

two-temperature model (2TM), we are assuming that there are two thermal reservoirs (Te &

Tl) in the system under investigation. This assumption is justified in many cases since the

thermalization of electron gas is of order of ~100 fs. The next assumption is the electron-

electron scattering and phonon-phonon scattering proceed at a much rapid rate than the



27

electron-phonon scattering. Under these assumptions, it is valid to describe the occupations

of the electrons and phonons by their respective local equilibrium distributions fe and fl.

fe(E) = 1
1 + eβ(E−µ) (3.13)

fl(ω) = 1
eβ~ω − 1 (3.14)

The energy balance equations of the electron and lattice subsystems give the spatial temporal

dynamics of the electronic and lattice temperatures in a set of coupled non-linear differential

equation [47, 87]:

Ce
dTe
dt

= ∇[Ke(Te)∇Te]−Gel(Te − Tl) + P (t) (3.15)

Cl
dTl
dt

= ∇[Kl(Tl)∇Tl] +Gel(Te − Tl) (3.16)

where Ce,l are the heat capacities of the electrons and lattice, Ke,l are the thermal conduc-

tivities of the electrons and lattice, Gel is the electron-phonon coupling factor, and P is

the laser source term. P is usually modelled with a temporal Gaussian profile. In many

studies, the traverse thermal gradients are ignored because of the relatively long time scale

of the heat propagation given a typical beam spot diameter of order ~10 µm. Longitudinal

temperature gradients are also neglected in thin film samples. The parameters Ce and Gel

in 2TM have been computed from first principle by Lin et al. [87] for various metals based

on Allen’s electron relaxation theory [60] for metals.

Fig 3.1 shows an example 2TM calculation for a copper foil system described in Ref [5].

The heat diffusion in Eq (3.15) and Eq (3.16) are ignored. The parameters for Cl is chosen

to be 3.5 ×106 J/m3K as in Ref [5] while Ce and Gel are taken from Ref [87]. The laser

source P (t) is modeled with Beer-Lambert law for a Gaussian profile 400 nm laser incident

on a 70 nm thick copper foil. The lattice response quickly to the changes in the electron

temperature due to the strong electron-phonon coupling Gel and proceeds to equilibrate over

~10 ps. Knowing the electron temperature evolution can help to initialize a grid search for

fitting the temperature in a XAS calculation.
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Figure 3.1: Dynamics of electron temperature (blue) and lattice temperature (red) based on

two-temperature model calculation. The absorption power is calculated using Beer-Lambert

law for a Gaussian profile 400 nm laser source for a 70 nm thick copper.

.

3.2.2 3-Temperature Model of Spin Dependent Systems

The 2TM model can be easily extended to N-temperature models. For the case of spin

polarized system, a 3TM model is often adopted to analyze the system. In the most general
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form, the 3TM is written as

Ce
dTe
dt

= ∇[Ke(Te)∇Te]−Gel(Te − Tl)−Ges(Te − Ts) + P (t) (3.17)

Cl
dTl
dt

= ∇[Kl(Tl)∇Tl] +Gel(Te − Tl)−Gls(Tl − Ts) (3.18)

Cs
dTs
dt

= ∇[Ks(Ts)∇Ts] +Ges(Te − Ts) +Gls(Tl − Ts) (3.19)

Beaurepaire et al.[7] were the first to use the 3TM to describe the experimental measurement

of ultrafast demagnetization in ferromagnetic nickel. Although the three-temperature model

(3TM) was based on phenomenological model, it is successful to predict the electron spin

relaxation process.[7] Recent works [88, 89] have derived the coupling factors G from atomic

spin models.

3.3 Summary

We have introduced AIMD and Monte-Carlo vibrational mode sampling method as approx-

imations to the lattice dynamics for the calculation of x-ray absorption theory presented in

chapter 2. Vibrational mode sampling is suitable for modeling the vibronic effects below

the melting point as long as the quasi-harmonic approximation holds. The method is com-

putationally cheap to produce many random configurations for various temperatures from

a single dynamical matrix calculation. AIMD is able to model lattice dynamics for various

phases of matter when coupled with a suitable thermostat. In addition, anharmonic effects

are included implicitly in the calculation. High quality samples (configurations) are gener-

ated by randomly sampling the well thermalized trajectory. These methods can be included

into the existing x-ray absorption calculation without any modification to the codes.

Furthermore, the N-temperature model for describing the evolution of electron tem-

perature is a complementary tool for studying the dynamical response in XAS. The two-

temperature model for metals is well studied by Allen [60] and Lin et al. [87]. The electron-

phonon coupling factor and electron heat capacity can be calculated from the electron density

of states. For spin systems, an additional degree of freedom is introduced to the system. Cal-

culating the couplings for the spin with the electron and lattice subsystems is non-trivial.
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Chapter 4

CALCULATIONS OF FINITE TEMPERATURE
X-RAY SPECTRA

In this chapter, we present our results calculated using our implementation of finite

temperature XAS code FEFF10. We investigate some well-studied simple metal systems to

explore the range of applicability of FEFF10. We also apply the code to study the response

of a metal-insulator heterostructure under a ultrafast laser heating.

4.1 Warm Dense Aluminum

Aluminum (Al) is a prototypical system for testing electronic structure calculation. The

electronic density of states (DOS) for Al is similar to free electron model with a square root

like dispersion. We compute the chemical potential for aluminum up to Te = 10 eV in Fig

4.1 using temperature independent exchange-correlation potential von Barth Hedin (vV BHxc )

[55] and temperature dependent exchange-correlation KSDT (vKSDTxc ) [32]. The temperature

correction to the chemical potential is negligible for T < 1 eV. In addition, our vV BHxc chemical

potential agrees with the GGA T=0K DFT calculation [87] up to T = 4 eV. The chemical

potential exhibits free electron like behavior up to 10 eV.

In Fig. 4.2, we compare our calculated density of states at 10 eV to the non-relativistic

KKR code of Starrett [48] and the average atom code Tartarus [35]. We see a good agreement

with our implementation and with the KKR code. The KKR code is similar to FEFF with

the use of the spherical muffin-tin potential and real-space multiple scattering approach.

However, it solves the non-relativistic Schrödinger equation. In our calculation, we include

states up to angular momentum lmax = 8. The s, p and d states (l < 3) contributes to the

DOS below 40 eV. The structure of the DOS in the KKR code and our code is due to the
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Figure 4.1: Chemical potential for aluminum, µ(T )−µ(T = 0) versus electron temperature,T

using von Barth Hedin exchange-correlation potential (blue) [55] and KSDT exchange-

correlation potential (red) [32]. The T=0K DFT calculation (orange) by Lin et al. [87]

is shown up to T = 4 eV.

multiple-scattering effects which is absent in the average atom model. The bound state in

the average atom model can only exists as Dirac delta functions which is seen near E = 0

eV. On the other hand, the sharp peak below E = 0 eV in our calculation is due to the

discontinuity of the derivatives near the chemical potential.

Next, we investigate the temperature dependence of the K-edge x-ray absorption at solid

density up to warm dense Al. We compute the K-edge absorption for electron temperature

Te = 0.025, 0.5, 1.4 and 3.0 eV in Fig 4.3. The behavior of the K-edge is similar to the

broadening of the Fermi-Dirac distribution due to the simple free electron like density of

states of Al. The onset of the pre-edge is due to the increasing contribution of states below

the Fermi level. In addition, we compare our multiple-scattering approach within the cor-

related Debye model (TDebye = 430 K) to two other models.[25] The first model is based on

the DFT coupled with quantum molecular dynamics (QMD). The absorption cross section
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Figure 4.2: Density of states for aluminum at electronic temperature Te = 10 eV: (blue) our

calculation including states up to lmax = 8, (black) the non-relativistic KKR calculation by

Starrett [48] and (red) the average atom model, Tartarus [48, 35].

.

calculated using the DFT orbitals is averaged over QMD runs. The second model is the

hyper-netted-chain neutral pseudo atom (HNC-NPA) model described in Ref [90, 67]. This

model assumes that the ions are surrounded by a spherical electron cloud forming a locally

neutral sphere. This approximation has been proven to be effective at computing properties

of hot dense plasma when QMD is prohibitively expensive. Mančić et al. investigated the

Al K-edge under isochoric heating condition (Te = TL) at solid density.[25] The absorption

measurements are taken at equilibrium temperatures Te = TL = 0.025, 0.09, 0.27, 1.40 and

1.76 eV as shown in Fig 4.4. They found that the QMD-DFT approach agrees better with

the experiment at low temperature (T < 0.4 eV) while HNC-NPA is a better model for higher

temperatures. Our model agrees qualitatively with the experiment up to T = 0.27 eV with

the correlated Debye model. At low temperatures, our model provides a good approximation

to the more computationally demanding QMD-DFT method. However, the correlated De-
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Figure 4.3: Electron temperature dependence of K-edge absorption for Al at Te = 0.025, 0.5,

1.4 and 3.0 eV.

bye model breaks down at high temperature when the anharmonicity contribution becomes

large which is expected at temperatures well above TDebye. Fine structures are completely

suppressed in the correlated Debye model at T = 0.27 eV which is about 8TDebye while the

other two models retains some structure.

4.2 Warm Dense Copper

Copper is a transition metal. It has different excited-state property compared to simple

metals like aluminum due to the highly localized d-band below the Fermi level. Hence, at el-

evated temperatures, the changes in XAS will be different from other simple metals. Several

works [5, 27, 26, 36] have been conducted to study these non-trivial changes to the L3,2-edge

in warm dense matter using a more accurate but a more computationally expensive AIMD

simulation. Here we investigate the changes in XANES for the L3,2 within the correlated

Debye model approximation to the lattice dynamics. Fig 4.5 shows the simulated XANES



34

1550 1560 1570 1580 1590 1600
Energy (eV)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

A
b
so

rp
ti

o
n
 (

a
rb

. 
u
n
it

)

T=0eV

T=0.09eV

Exp
QMD-DFT
HNC
FEFF

1550 1560 1570 1580 1590 1600
Energy (eV)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

A
b
so

rp
ti

o
n
 (

a
rb

. 
u
n
it

)

T=0.27eV

T=1.40eV

T=1.76eV

Exp
QMD-DFT
HNC
FEFF

Figure 4.4: K-edge absorption for equilibrium Al (Te = TL) at solid density. (Left) Experi-

mental absorption spectra at T = 0 and 0.09 eV.[25] FEFF simulation are done at the same

temperature as the experiment. From bottom to top, QMD-DFT are simulated at T = 0 and

0.07 eV while HNC-NPA are simulated at T = 0 and 0.1 eV. (Right) Experimental absorp-

tion spectra at T = 0.27, 1.4 and 1.76 eV. From bottom to top, QMD-DFT are simulated

at T = 0.43, 0.86 and 0.07 eV while HNC-NPA are simulated at T = 0.5 and 1.0 eV. FEFF

simulation are done at T = 0.27, 1.4 and 3.0 eV.

spectra at solid density for various temperatures. Our calculation is broadened with a Gaus-

sian to match the DFT spectra by Jourdain et al. [91]. The increase in electron temperature

induces the rise of the pre-edge structure consistent with the results reported in Ref [5, 27,

26, 36]. The pre-edge structure in the XANES can be attributed to the increasing contri-

bution from the d-states as the Fermi-Dirac distribution broadens. Conversely, states right

above the Fermi level have a smaller contribution leading to a smaller peak at the edge. The

changes in XAS due to electronic temperature are mainly localized near the edge whereas

the lattice response broadens the fine structure. To extract the edge shift and pre-edge area
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Figure 4.5: Copper L3-edge at solid density for (Left) electron temperature Te = 300 K up

to 9000 K at lattice temperature TL = 300 K and (Right) for lattice temperature TL = 300

K up to 5000 K at electron temperature Te = 300 K. The DFT calculation by Jourdain et al.

[91] is shown for Te = 300 K (light blue) and 5800 K (green). The lower panels show the

change in absorption with respect to the ambient condition Te = TL = 300 K.

under the curve, the edge boundary is defined to be the first local maximum of the first

derivative in the reference XANES spectrum. The electron temperature dependence of the

edge shift and pre-edge area are shown in Fig 4.6. The pre-edge area is linearly correlated

to the electron temperature up 6000 K before the pre-edge structure amplitude is significant

compared to the absorption above the edge. On the other hand, the pre-edge area is a slowly

varying function of the electron temperature even at elevated temperature. Our calculation

shows a non-linear relation below 6000 K with a transition to a linear relation at high tem-

perature similar to the result obtained by Jourdain et al. [91]. Therefore, the pre-edge area

is a better proxy to the electron temperature compared to the edge shift.

Next, we compare our finite-temperature calculation to the time-resolved XANES exper-

iment of warm dense copper by Cho et al. [5]. The system under investigation is a 70 nm
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Figure 4.6: (Left) Edge shift in the L3-edge as a function of electron temperature. The blue

curve is a linear fit of the FEFF calculation (red). The error bar represents the standard

deviation of the edge shift over different lattice temperature up to TL = 10000 K. (Right)

The change in pre-edge area as a function of electron temperature. The DFT calculation

(green) by Jourdain et al. [91] is computed using ABINIT at lattice temperature TL = 300

K.

copper foil heated optically by a 400 nm laser at a fluence of 0.33 J/cm2. The electrons

are optically excited leading to a huge pre-edge peak below the L3-edge. To model the

temperature evolution, the 2TM model introduced in section 3.2.1 is used. We chose the

same parameters as Cho et al. with the ab initio electron heat capacity and electron-phonon

coupling factor from Lin et al.[87] The temperature evolution is shown in Fig. 3.1. The

lattice temperature raises quickly above the melting temperature ~1358 K under 1 ps due to

the strong electron-phonon coupling in copper.

In our simulation, we compute the XAS from 20 atomic configurations from QMD sim-

ulation using the VASP package [92, 93] with the generalized gradient approximation [94].

We use the PAW potentials with an energy-cutoff of 590 eV. The 2×2×2 supercell system is
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propagated with a time step of 1 fs to reach equilibration and the sampling of configurations

is performed by randomly sampling from a 2 ps long trajectory with a time step of 1 fs.

We compare our simulation at the temperatures Te = 300 K, 10200 K and 6000 K for the

time-delays t < 0 ps, t= 2 ps and t= 9 ps respectively with the DFT calculation by Cho

et al. [5] in Fig 4.7. Our calculation overestimates the Fermi level for Te = 10200 K (t=2 ps)

by a few eV leading to the shift in the XANES.

4.3 Non-equilibrium Fe/MgO Heterostructure

In this section, we consider a metal-insulator system made up of eight 2 nm layers of iron

(Fe) and magnesium oxide (MgO) stacked in alternating order as shown in Fig. 4.8. The

heterostructure is grown on a 200 nm thick Si3N4 membrane with a 100 nm thick Cu as heat

sink. Rothenbach et al. [8] investigated the energy transport across the Fe-MgO interface

by measuring the Fe L3-edge and O K-edge. The Fe layers are optically excited by a 264

nm laser with an incident fluence of 20 mJ/cm2 and a pulse duration of 50 fs. A maximum

change in absorption is reported at 240 fs for Fe and at 870 fs for O after the initial laser

heating.

We compute the XAS for Fe/MgO using a 5×5×2 supercell with 573 atoms based on the

24 atom optimized primitive cell structure by Markus Gruner and Rossitza Pentcheva [95]

as shown in Fig. 4.9. The center layers of iron and oxygen are labeled L1. The intermediate

layers are labeled L2 and L3. The interface layers are labeled L4. We define 13 unique

potentials for type of atom in each layer including the potential for the absorbing atom. A

spin occupation of 3.5, 3.5, 3, 2.5 for the iron layers L1, L2, L3, L4 respectively is chosen

such that the density of states matches as close as possible to the density of states computed

in Ref [8] supplemental material. In contrast, the spin occupation for bulk iron is 4.

Fig 4.10 shows the ferromagnetic ground state density of states for L1 and L4. A complete

DOS for each layer can be found in the Appendix E. The Fe and O spin down density of

states in the interface layer L4 has a localized empty states right above the Fermi level. This

is due to the hybridization between the Fe and O at the interface. However, the interface
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Figure 4.8: [Fe/MgO]8 heterostructure made up of eight 2 nm Fe and 2 nm MgO grown on

a Si3N4 substrate with a Cu heat sink.

Figure 4.9: The cross section of the structure used in our calculation provided by Markus

Gruner and Rossitza Pentcheva. Atoms in gold are Fe, in red are O and in orange are Mg.

The inner layer is labeled L1. The intermediate layers are labeled L2 and L3. The interfaces

are labeled L4.



40

state in the O is placed at the wrong location due to the incorrect placement of the Fermi

level right above the valence states in the MgO. The spherical muffin-tin approximation is

not able to accurately determine the charge transfer in oxides.The computed layer resolved

x-ray absorption for Fe L3-edge and O K-edge are shown in Fig 4.11. The L3-edge of metal is

characterized by a huge white line. The absorption edge of Fe in L4 is red-shifted compared

to the bulk layer as the edge state is closer to the Fermi level. On the other hand, the

presence of the edge state in MgO induces a pre-edge structure at L4.

4.3.1 Fe L3-edge

To understand the magnetization dynamics of Fe, we employ the three temperature model

(3TM) as in Ref [88].

Ce
dTe
dt

= −Gel(Te − Tl) + P (t) (4.1)

Cl
dTl
dt

= Gel(Te − Tl) (4.2)
dTs
dt

= τ−1
M (Te − Ts) (4.3)

where Ce and Cl are the electronic specific heat capacity and lattice specific heat capacity.

P(t) is the laser source term. Gel is the electron-phonon coupling constant. Since the

atomic moment of iron is coupled to the electronic temperature, the spin temperature in this

model describes the overall macroscopic magnetization of the system. A demagnetization

time constant τM is used to model the dynamic. Ce and Gel are modeled with the zero-

temperature DFT calculation in Ref [87]. The parameter Cl = 2.2×106 Jm−3K−1 [88] is taken

to be temperature independent and τM = 0.34 fs to be the same as the demagnetization time

constant of cobalt [88]. The laser source is modeled with the experiment fluence of 20 mJ/cm2

with a pulse width of 50 fs. We employ Beer-Lambert law for the laser attenuation. We

also account for the temporal resolution of the detector (150 fs) by convolving the electronic

temperature with a Gaussian. We ignore the heat exchange between the MgO by assuming

the heat exchange between Fe and MgO is at a longer time scale. The result of the simulation
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Figure 4.11: Layer resolved x-ray absorption of Fe/MgO heterostructure for: (left) Fe L3-

edge and (right) O K-edge. Layer 1 corresponds to the middle layer and layer 4 correspond

to the interface layer. The average absorption spectra (black) are slightly offset.

is shown in Fig 4.12. Te reaches the maximum in ∼100 fs while Ts reaches a temperature

well above the Cure temperature of 1043 K in ∼200 fs. This simplified model does not

account for heat transfer between the iron and magnesium oxide. The temperatures in this

simulation are likely to be overestimated but it serves as an initial guess to the electron

temperature in fitting the XAS. In our first analysis, we investigate the effect of the change

in atomic magnetization. We compare the L3-edge x-ray near-edge absorption (XANES) for

the paramagnet Fe/MgO and ferromagnet Fe/MgO at an electronic temperature Te=300K

and 1600K. The layer-averaged absorptions are shown in the Fig 4.13. The calculated energy

shift (about 1eV) between the two absorption spectra is much larger than the measured shift

at time-delay of 240 fs. This is because of the large exchange splitting (∼ 2eV) in the density

of state. The huge spin down occupation at 1.5 eV in Fig 4.14 is shifted towards the Fermi

level when the atomic magnetization decreases to zero. Therefore, our calculation based on
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Figure 4.12: Dynamics of 16 nm Fe layer induced by a laser pulse with fluence of 20 mJ/cm2,

width of 50 fs and wavelength of 263 nm. The electronic temperature with detector temporal

resolution of 150 fs is shown in dashed.

the collapse of exchange splitting is not able to explain the demagnetization of Fe/MgO.

Next, we present our results in Fig 4.15 based on the assumption that the spin rotation

is the major contribution. The top plot shows the layered-resolved Fe L3-edge absorption at

Te = 300 K. The middle plot shows a comparison between the experimental measurements

at a time-delay of 240 fs with our layer-averaged calculation. The relaxation of the non-

equilibrium electrons is accompanied by the creation of magnons which reduces the net

magnetization of the hetero-structure. The resulting differences in the absorption is shown

in the bottom plot of Fig 4.15 is mainly due to the Fermi-Dirac broadening and the shift in

chemical potential. To include the temperature effects on the atomic moment, we reduces the

spin occupation according to the atomic magnetization curve computed by Chimata et al.
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paramagnetic excited system. In black and red are the unpumped and pumped experimental

measurements at 240 fs time-delay.

[88]. Here we assume that the atomic moment is characterized by the electronic temperature

Te. At Te = 2000 K, the reduction in atomic moment is less than 2%. The resulting

differences in the absorption are shown in dashed lines.

4.3.2 O K-edge

For the oxygen K-edge, the experimental measurement of the absorption signals have sub-

stantial background in the pre-edge region. This is due to a technical difficulty with the

experimental setup that prevents measurement of the reference incident intensity. [8] How-

ever, the background is canceled out when taking the difference between the pumped and

unpumped signal. Appendix E details the post-processing background subtraction for ex-
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spin-polarized density in the plot above.

perimental absorption.

We model the thermal disorder by a correlated Debye model with a Debye temperature

of TDebye = 470 K. Since MgO is an insulator and for temperatures below 1 eV , the Fermi-

Dirac broadening effect is negligible. Fig 4.16 shows the results for fixed Te = 300 K at

various lattice temperatures Tl. The top plot shows a comparison between the experimental

measurements at a time-delay of 870 fs with our layer-averaged calculation. The pre-edge

structure in the experiment is obscured by the huge background. The bottom plot shows the

differences in absorption between the absorption before and after pumping. In this short time

frame, the lattice excitation is highly non-thermal [8] with certain optical vibrations modes

being activated. Our theory approximates the phonons contribution to the XANES through
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In the solid lines are the calculated differences due to change in electronic temperature only.

In dashed lines are the calculated differences (Te = 1500, 2000 K) due to the change in

electronic temperature and atomic spin based the magnetization curve in Ref [88].

the single scattering Debye-Waller factor. Further investigation is required to separate the

contribution from the hot phonons and cold phonons.

While the phonon dynamics at 870 fs is dominated by highly thermal incoherent excita-

tions, the correlated Debye model is a better description for the equilibrium phonons at 90

ps.[96] Fig 4.17 shows a comparison between our calculation and the experiment at 90 ps for

the O K-edge. In this experiment, the pre-edge structure of is visible and the change in ab-

sorption is more localized compared to our calculation near the edge. This can be attributed
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Figure 4.16: (Top) Comparison between layer-averaged XANES (with 0.1 offset) and exper-

imental measurement at 87 fs time-delay. Substantial background is present in the pre-edge

region but it does not affect the spectral difference. (Bottom) Change in absorption be-

tween elevated temperature absorption and the room temperature absorption. In black is

the experimental differences. In the solid lines are the differences due to Debye-Waller factor

only.

to the incorrect placement of the localized state at the oxygen interface layer. Above the

edge, our calculation is able to capture the changes in the fine structure. Since the phonons

are thermally coherent in this case, the lattice temperature of correlated Debye model is a

well defined quantity and our estimated temperature of 400 K agrees with the temperature

estimate 430±10 K from the diffraction measurement of Rothenbach et al. [8].
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Figure 4.17: (Top) Comparison between layer-averaged XANES (with 0.1 offset) and exper-

imental measurement at 90 ps time-delay. Substantial background is present in the pre-edge

region but it does not affect the spectral difference. (Bottom) Change in absorption be-

tween elevated temperature absorption and the room temperature absorption. In black is

the experimental differences. In the solid lines are the differences due to Debye-Waller factor

only.

4.4 Summary

In this chapter, we have demonstrated FEFF10’s capability in calculating the finite temper-

ature XAS for different metal systems up to warm dense regime. We achieve good agreement

with experimental results and other DFT codes. AIMD can be combined with FEFF10 to

simulate the response to x-ray for non-periodic systems up to warm dense regime. In particu-

lar, the XANES for Al and Cu for various temperatures at solid density are presented in this
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chapter. The simple metals like Al have different temperature response near the absorption

edge compared to 3d transition metals at elevated temperatures. The pre-edge absorption

in L3-edge of Cu is determined by the localized states below the Fermi level. Moreover, the

pre-edge area and edge shift are correlated the electron temperature. These correlations can

be used as a quick diagnostic for the electron temperature. Further investigation is required

to quantify the quality of estimations at various extreme conditions.

In addition, the analysis of the XANES for Fe/MgO heterostructure results in an under-

standing of the physical processes that led to the observed spectral changes. The Fe layers

in the heterostructure have similar demagnetization response to the Fe film [44, 97]. They

do not exhibits the signature of exchange splitting collapsing. Furthermore, the changes in

the O K-edge in the MgO layers are dominated by the lattice response up to the picosecond

regime.
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Chapter 5

FINITE-TEMPERATURE SELF-ENERGY CORRECTION

[Originally published as: Tun S. Tan, J. J. Kas, and J. J. Rehr Phys. Rev. B 98, 115125 (2018)]

In this chapter, we present the finite temperature generalization of the quasiparticle electron

self-energy Σ within the COHSEX approximation. This work is tangent to the development

of finite temperature XANES since there are considerable interest in properties of matter

at finite-temperatures (FT) and extreme conditions.[98, 99, 100] Such properties are often

treated using the FT generalization of DFT, with an appropriate FT exchange-correlation

functional.[31, 101, 102, 103] However, many properties, such as band-gaps and optical

spectra require many-body corrections for an accurate treatment. Consequently a more

detailed treatment of exchange and correlation effects beyond DFT are often needed.[104]

Formally, such effects can be described in terms of the one-electron Green’s function G,

which satisfies a Dyson equation G = G0 + G0ΣG, which is also applicable at finite T for

either the Matsubara or retarded Green’s functions. Here G0 is the one-electron Green’s

function, and Σ the one-electron self-energy which accounts for many body exchange and

correlation effects due to electron-electron interactions v. In principle, Σ can be calculated

using many-body perturbation theory with an expansion in powers of v. However, this

procedure converges poorly, and a better strategy is to expand in powers of the screened

Coulomb interactionW (q, ω) = ε−1(q, ω)vq in momentum- and frequency-space, where ε(q, ω)

is the dielectric function and vq = 4π/q2 the bare Coulomb interaction. While there have

been many works focusing on higher order (vertex) corrections to the self-energy,[105, 106]

here we keep only the leading term first order in W , i.e., Σ = iGW , yielding the GW

approximation of Hedin.[107, 108]

The GW approximation has been highly successful e.g., for quasiparticle properties such
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as corrections to DFT calculations of band-gaps, and has also been extended to finite tem-

peratures.[109, 110] On the other hand, the GW self-energy Σ(k, ω) is state and frequency

dependent, and its calculation is computationally demanding. In an attempt to develop a

more efficient approximation, the static COHSEX has been introduced, in which the screened

Coulomb interaction W (q, ω) is replaced by its static limit W (q, 0), and the self-energy Σ is

split into statically screened exchange (SEX) and Coulomb-hole (COH) terms.[108] Although

the separation into exchange and correlation parts is arbitrary, depending on the treatment

of exchange, the explicit separation of the COH and SEX contributions in the COHSEX ap-

proximation is physically motivated,[108, 111] and serves to elucidate the nature of exchange

and correlation effects in the theory.

Since its inception, the T = 0 COHSEX approximation has been well studied.[108, 112]

however, its behavior at finite-temperature has heretofore been unexplored. The main goal of

this chapter is therefore to develop the FT generalization of the COHSEX approximation, and

to assess it’s accuracy. Our approach is based on an extension of the FT GW approximation

to the self-energy.[113] We present a systematic analysis similar to that for T = 0, comparing

the static COH and SEX approximations with the fully dynamic GW quasiparticle self

energy. We also present a brief analysis of the physical basis of these results. As in other

investigations of the GW approximation,[109, 106, 103] we limit our explicit calculations

here to the homogeneous electron gas (HEG). However, the approach can be applied more

generally as an approximation to the GW self-energy.

The remainder of the chapter is organized as follows: in the next section we review the T =

0 case and present the FT generalizations of the GW and static COHSEX approximations.

Subsequent sections discuss the static and fully dynamic results, followed by an analysis

and a summary and conclusions. Throughout this chapter we use Hartree atomic units

e = ~ = m = 1, with energies in Hartrees and distances in Bohr, unless otherwise noted.
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5.1 COHSEX Approximation

5.1.1 Zero-temperature

We begin with a summary of results for the GW self energy and the COHSEX approxima-

tion at T = 0. All the quantities discussed in this limit are time-ordered, as in standard

zero-temperature many-body perturbation theory. Formally, the GW approximation to the

quasiparticle self-energy in momentum-k and frequency-ω space at T = 0 is the GW self-

energy given by[107, 108]

ΣT (k, ω) =
∫ d3q dω′

(2π)4 GT
0 (k− q, ω − ω′)W T (q, ω′)e−iω′δ+

, (5.1)

where GT
0 is the non-interacting, time-ordered one-particle Green’s function and W T the

time-ordered, dynamically screened Coulomb interaction. For a given dielectric function

ε(q, ω), the screened interaction W T can be expressed in terms of its spectral representation

W T (q, ω) = vq +W T
p (q, ω), (5.2)

W T
p (q, ω) =

∫ ∞
−∞

dω′
D(q, ω′)

ω − ω′ + iδ sgn(ω′) , (5.3)

whereD(q, ω) = (1/π)|ImW T (q, ω)| sgn(ω) is the anti-symmetric (in frequency) bosonic exci-

tation spectrum andW T
p (q, ω) the polarization part ofW T . Thus the poles ofW T (q, ω) in the

ω-plane correspond to the peaks in the loss function (1/π) |Im ε−1(q, ω)|. Formally the GW

self-energy Σ can be partitioned into fully dynamic screened exchange (SEX) and Coulomb-

hole (COH) terms, which are defined from the poles of GT
0 and those ofW T respectively.[107]

At zero temperature this yields the exact separation ΣT (k, ω) = ΣSEX,T (k, ω)+ΣCOH,T (k, ω)

where

ΣSEX,T (k, ω) = −
∫ d3q

(2π)3f(εk−q)W T (q, ω − εk−q), (5.4)

ΣCOH,T (k, ω) =
∫ d3q

(2π)3

∫ ∞
0
dω′

D(q, ω′)
ω − εk−q − ω′ + iδ

. (5.5)

The COHSEX approximation to the quasiparticle self-energy, is then defined as the stat-

ically screened approximation to the on-shell GW self-energy Σ(k,Ek), where the quasipar-

ticle energy satisfies Ek = εk + Σ(k,Ek). The bosonic spectral function D(q, ω) becomes
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small at large q; if this decay is sufficiently rapid, then since Ek ≈ k2/2 one can to a good

approximation replace ω − εk−q ≈ 0 in W in Eq. (5.4) and (5.5).[108] Then, using the spec-

tral representation of W , the static COH and SEX approximations, which are independent

of frequency ω, can be denoted with a subscript k and given by

ΣSEX
k = −

∫ d3q

(2π)3f(εk−q)W T (q, 0), (5.6)

ΣCOH
k = 1

2

∫ d3q

(2π)3W
T
p (q, 0), (5.7)

where f(ε) = θ(µ − ε) is the zero-temperature Fermi factor. The factor 1/2 is due to the

anti-symmetry of D(ω) about ω = 0, and has been attributed to the adiabatic turn on of

the screened interaction.[108] Their sum is referred to as the static COHSEX self-energy

ΣCOHSEX,T
k ≡ ΣCOH,T

k + ΣSEX,T
k . (5.8)

This approximation is often used as an efficient method for obtaining quasiparticle corrections

∆k = Ek−εk to DFT single-particle energies εk, since it obviates the necessity of calculating

dynamic screening. Indeed, the calculation of the dynamically screened Coulomb interaction

W is by far the most computationally demanding part of GW calculations, where typically of

O(102) frequency points are required for converged results for the fully dynamic quasiparticle

self energy with ω = Ek from Eq. (5.4) and (5.5).[108] Thus the static approximation can

reduce the computational cost immensely. Nevertheless the static COHSEX approximation

turns out to be fairly rough, and cannot be relied on, e.g. for accurate calculations of band

gaps, as discussed below. Recently, Kang and Hybertsen,[112] have investigated the errors

in the static COHSEX approximation at T = 0 by comparing each contribution to the

corresponding term in the full GW quasiparticle energy. They found that while the static

SEX approximation is generally a good approximation to the fully dynamic SEX, the static

Coulomb hole approximation yields errors of order 10-20% to the fully dynamic COH terms

for the occupied states. In addition, they suggest a method for correcting the static COH

term which give significant improvements for both occupied and low lying unoccupied states.
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5.1.2 Finite-temperature

We now derive the finite temperature generalization of the static COHSEX approximation

to the GW quasiparticle self-energy. Our treatment follows mutatis, mutandis, from the

zero-temperature theory with FT generalizations of GT
0 , W T and ΣT . Additional details are

given in the Appendix D. To this end, we replace the time-ordered quantities in Eq. (5.1)

with Matsubara quantities,[114]

ΣM(k, iω) = −kBT
∫ d3q

(2π)3

∑
neven

GM
0 (k + q, iω + iωn)WM(q, iωn). (5.9)

Then taking the analytic continuation to the real-ω axis, the fully dynamic FT retarded

self-energy ΣR in the GW approximation is given by[115]

ΣR(k, ω, T ) =
∫ ∞

0
dω′

∫ d3q

(2π)3D(q, ω′)×

×
[
f(εk−q) +N(ω′)
ω + ω′ − εk−q + iδ

+ 1− f(εk−q) +N(ω′)
ω − ω′ − εk−q + iδ

]
, (5.10)

where f(ε) = 1/[eβ(ε−µ) + 1] is the Fermi factor, µ = µ(T ) the chemical potential, and

N(ω) = 1/[eβω − 1] the Bose factor, each with implicit temperature and electron density

dependence, β = 1/kBT and n = N/V = 3/4πr3
s in the thermodynamic limit. The static

exchange term is given by Σx(k, T ) =
∫

[d3q/(2π)3]f(εk−q)vq. The spectral function D has

implicit temperature dependence from that of the RPA dielectric function ε(q, ω, T ),

ε(q, ω, T ) = 1 + 2vq
∫ d3k

(2π)3
f(εk+q)− f(εk)
ω − εk+q + εk

, (5.11)

The imaginary part of ε(q, ω, T ) is analytic,[116, 117] and the real part is calculated via a

Kramers-Kronig transform.

As in the T = 0 case, the fully dynamic self-energy at finite temperature and it’s COH

and SEX parts are obtained by evaluating the poles of G0 and W respectively. The SEX

terms with the Fermi factor arise from G0, while the COH terms with the Bose factors

come from the screened Coulomb interaction W . Separating these contributions in the fully
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dynamic FT quasiparticle GW retarded self-energy yields

ΣSEX,R(k, ω) = −
∫ d3q

(2π)3f(εk−q)WR(q, ω − εk−q) (5.12)

ΣCOH,R(k, ω) =
∫ ∞

0
dω′

∫ d3q

(2π)3D(q, ω′)×

×
[

N(ω′)
ω + ω′ − εk−q + iδ

+ 1 +N(ω′)
ω − ω′ − εk−q + iδ

]
. (5.13)

At finite T , Eq. (5.12) is identical in form to Eq. (5.4), apart from implicit temperature

dependence in f(ε) and WM(q, ω). Eq. (5.13) reduces to Eq. (5.5) at T = 0; however, the

Bose factors N(ω) become increasingly important at finite T . In the limit of static screening,

we therefore obtain the FT generalization of the COHSEX approximation. The real parts of

the FT COHSEX approximation to Σk are similar to those for T = 0 in Eq. (5.6) and (5.7)

ΣSEX
k (T ) = −

∫ d3q

(2π)3f(εk−q)WR(q, 0), (5.14)

Re
[
ΣCOH
k (T )

]
= 1

2

∫ d3q

(2π)3W
R
p (q, 0). (5.15)

As at T = 0 the static exchange term is given by Σx(k, T ) =
∫

[d3q/(2π)3]f(εk−q)vq.

However, in contrast to the zero temperature case, the static approximation for the FT

COH term is complex valued, with a negative imaginary part given by

Im
[
ΣCOH,R
k (T )

]
= −

∫ d3q

(2π)2 lim
ω→0+

N(ω)D(q, ω). (5.16)

Note that at low frequency, Dq(ω) ∝ ω due to particle-hole continuum excitations and

N(ω) → kBT/ω mirrors the high temperature behavior. Thus, the imaginary part of the

static COH contribution to Σ increases with temperature. Explicit calculations, however,

show that the imaginary part of the static COH term is quite small at all temperatures

compared to the contribution from the dynamic COHSEX term.

5.2 Static vs Dynamic COHSEX

As an illustration of the FT theory, we first compare the static and fully dynamic SEX and

COH contribution to the quasiparticle GW self-energy on the energy shell Σk = Σ(k,Ek) for
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Figure 5.1: (Color online) Results for the SEX (left) and COH (right) contributions to

the static (dashed) and full dynamic (solid) quasiparticle self-energy vs k/kF at various

temperatures T/TF for the homogeneous electron gas for rs = 2.0: (from blue to red) the

curves denote T/TF =0.01, 0.5, 1.0, and 2.0. Note that the COH contribution is always

significantly larger in magnitude than the SEX and persists to higher k/kF , while the SEX

becomes for unoccupied states above kF .

the homogeneous electron gas (Fig. 5.1 left) from Eq. (11-14). For all cases the agreement

between static and fully dynamic SEX contribution is quite good, both at low and high

k, and become increasingly accurate with increasing temperature. On the other hand the

COH terms dominate the GW self-energy Σk for all k, but there are substantial errors in

making the static approximation at low temperatures, which become smaller with increas-

ing temperature. The dispersion of the fully dynamic COH and SEX contributions largely

cancels for k < kF at low temperature. However, this cancelation does not persist at higher

temperatures (T/TF > 0.5), where the dispersion of both contributions is positive. It is

important to note that the static COH contribution ΣCOH
k is actually constant, independent

of k, and hence entirely local. In contrast the dynamic COH terms become strongly momen-

tum dependent beyond a cross-over point kp = [2(ωp + εF )]1/2, corresponding to the onset

of plasmon-excitations, with the real part approaching zero asymptotically at high momenta

and the imaginary part becoming large. Thus for unoccupied states at high k > kp dynamic
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Figure 5.2: (Color online) The real part of static COHSEX approximation (dashed) vs

fully dynamic self-energy (solid) for various densities: (from blue to orange) rs =1.0, 2.0,

3.0, 4.0 at T/TF = 0.01 (left) and 1.0 (right). Note that the high temperature behavior is

considerably smoother than near T = 0 and the change in behavior beyond about k = kp

reflecting the onset of plasmon excitations. For reference the LDA-vxc(T )[113, 101] for each

rs are added as circles at kF .

corrections to the COHSEX approximation are essential, and necessary to account for the

substantial broadening of the high energy unoccupied states.

This behavior is illustrated in Fig. 5.2 with a comparison between the static total static

COHSEX and and fully dynamic self-energy for various densities rs = 1, 2, 3 and 4, and

T/TF = 0.01 and 1. Note also that the static approximation exhibits considerably less

variation with respect to rs, k, and T than the fully dynamic results. At high T , the

dispersion in the quasiparticle self-energy Σk is also fairly well represented by the total static

COHSEX for k < kp, and has a much smoother variation with temperature than the low T

behavior. For comparison we also show the FT-DFT exchange-correlation potential vxc for

rs = 1, 2, 3 and 4. As expected, the value of vxc is nearly identical to the quasiparticle energy

correction at the k = kF . However, at high T, the Fermi surface broadens and ceases to be

a precisely defined concept, and the chemical potential can even lie below the bottom of the

band. Thus at high T , vxc(T ) is no longer equivalent to the quasiparticle correction at the
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Figure 5.3: (Color online) Fully dynamic COH (solid) and SEX (dashed) contributions to

the imaginary part of the quasiparticle correction to the DFT energy εk vs k/kF for rs = 4.0,

for various temperatures: (from blue to red) T/TF =0.01, 0.5, 1.0, and 2.0. Note that the

dominant contribution comes from the COH terms, while the dynamic contributions to the

SEX from particle-hole excitations are significant only near kF .

Fermi level. Although the static COHSEX approximation captures much of the quasiparticle

correction to the DFT, significant errors remain, especially for excited states at high k > kp.

We show in Fig. 5.3 the imaginary part of the quasiparticle self-energy |Im ∆k = Im Σk| vs

temperature from the COH (solid) and SEX (dashed) contributions at various temperatures.

Unlike the fully dynamic results, the static COHSEX has zero imaginary part at T = 0 ,

while at finite T , the COH term alone contributes, resulting in a value of ≈ −0.02i H at

T/TF = 4, i.e., about 10% of the GW self-energy.
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Figure 5.4: (Color online) The electron energy-loss function L(q, ω) = |Im ε−1(q, ω)| for

rs = 2.0 at various temperatures: (from blue to red) T/TF =0.01, 0.5, 1.0, and 2.0 for

momentum q/kF = 0.5 (left) and 2.0 (right).

5.3 Analysis

In an effort to better understand the static COHSEX approximation and dynamic corrections

to the GW self energy, we now present a brief analysis. Physically the GW approximation

describes the quasiparticle self-energy due to a dynamically screened exchange-correlation

hole. The separation into COH and SEX terms arises naturally in the GW approximation

from the poles ofW and those of G0 respectively. The static approximations then amount to

replacing the frequency argument ofW (q, Ek−εk−q) with zero. Thus the static FT screened

Coulomb interaction W (q, 0) = 4π/[q2 + κ(T )2] has a temperature dependent screening

constant κ(T ) that varies from the Thomas-Fermi value at T = 0 to the Debye-Hückel

limit at high T .[100, 113] The FT behavior of the loss function L(q, ω) = |Im ε−1(q, ω)| is

illustrated in Fig. 5.4. At high temperature, higher energy plasmons contribute less to the

full COH due to the broadening. By examining Eq. (5.15), the full COH gets closer to the

static COH as the blue-shifted plasmons contributes less to adiabatic accumulation of the

Coulomb hole from Wp.

Why is the static approximation so good for the SEX term, while at best only fair for



60

the COH term and only for the occupied levels? In an attempt to answer this question,

we examine Eq. (5.12) and (5.13) in the limit of zero momentum and low temperature, as

investigated in detail e.g., by Lundqvist.[118] for the T = 0 case. For the SEX term, the

Fermi function and the screened Coulomb potential have the same argument q2/2, up to

a sign. As a result, the frequency argument in W (q, ω) is limited to ω < εF , and hence

the substantial variation of W near the plasmon excitation energy ωp - which is usually

larger than the Fermi energy εF for low to normal (rs ≈ 2− 6) densities - is never accessed.

At high momenta k/kF � 1, the Fermi function acts to ensure that q/kF must also be

large for any significant contribution. Consequently the frequency argument of W is large

only when the momentum is also large. This suppresses the matrix element in the total since

W (q, ω) ∝ 1/q2 for large q. Consequently dynamic corrections are small for the SEX term. In

contrast, the static COH term in Eq. (5.13) has no limitations on the arguments of W (q, ω).

Physically, the dynamic contributions to the SEX arise only from low energy excitations,

e.g., the particle-hole continuum. In contrast the dynamic COH term includes excitations

at all energies and its dynamic contributions are dominated by plasmon-excitations and to a

much lesser extent particle-hole excitations. These effects are evident in the imaginary part

of the self-energy in Fig. 5.3, where Im ΣSEX(k,Ek) is limited to momenta near or below kF ,

while that for ΣCOH(k,Ek) is appreciable even beyond the onset of plasmon excitations kp.

Another consequence of the static approximation is that the COH contribution is completely

local, i.e., k-independent. This is a drastic approximation, and fails to account for the

substantial variation of the self-energy for k > kp due to plasmon excitations.

Although the COHSEX approximation is perhaps most useful for estimates of the quasi-

particle self energy, it is interesting to consider other corrections to the quasiparticle ap-

proximation at finite T . These are reflected for example, in the the renormalization factor

Zk = [1− ∂Σ(k, ω)/∂ω]−1
ω=εk . Since deviations of Zk from unity correspond to the fraction of

satellites in the spectral function, Zk provides a diagnostic of the validity of the quasiparticle

approximation. For a more detailed analysis and illustrations of the behavior of the finite-T

spectral function, we refer the reader to Ref[113, 119]. Fig. 5.5 shows the renormalization
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Figure 5.5: Real (solid) and imaginary (dashed) parts of the renormalization constant Zk
vs k/kF for rs=4.0 at (blue to red) T/TF =0.01, 0.5, 1.0, and 2.0.

factor as a function of k for rs = 4.0 and T/TF =0.01, 0.5, 1.0, and 2.0. Clearly the quasi-

particle approximation becomes increasingly valid for very high energy states well above the

plasmon frequency εk � ωp. However, this is the range for which the static COH has the

largest errors. Since deviations of Zk from unity correspond to the fraction of satellites in the

spectral function, Zk provides a diagnostic of the validity of the quasiparticle approximation.

For a more detailed analysis and illustrations of the behavior of the finite-T spectral function,

we refer the reader to Refs. [113, 119]. Note in addition that the renormalization constant is

Zk ≈ 0.75 for rs = 4, even at high T/TF , indicating that the quasiparticle energy correction

is reduced in magnitude compared to that calculated at the bare energy. This suggests that

errors in the static COHSEX approximation of order 20% may well be a best case scenario.

Thus while the renormalization constant shows the importance of satellites in the single par-

ticle spectrum, it is not a good diagnostic for the quality of the static approximation to the

quasiparticle energies.



62

-0.2

-0.15

-0.1

-0.05

 0

 0.05

 1  1.5  2  2.5  3  3.5  4

E
n
e
r
g
y
 
(
H
a
r
t
r
e
e
)

rs

Figure 5.6: (Color online) Dynamic correction to COHSEX self-energy Σ(k,Ek)−ΣCOHSEX
k

at the Fermi level kF as a function of rs: from blue to red, the curves denote T/TF =0.01,

0.5, 1.0, and 2.0.

Finally, Fig. 5.6 shows the magnitude of the dynamic corrections to the static COHSEX

self-energy at the Fermi momentum as a function of rs. These results show that for all

temperatures, the dynamic correction is smoothly decreasing (increasing) with increasing rs
for T > (<)TF . This behavior suggests that a simple additive correction to the DFT exchange

correlation potential may be a reasonable approximation to correct the static COHSEX

approximation for states 0 < k < kp.

5.4 Summary

We have generalized the COHSEX approximation to the GW self-energy to finite tempera-

tures, with an explicit treatment of both the COH and SEX contributions. We find that the

FT COHSEX approximation is similar in many-respects to that for T = 0. Formally the sep-

aration of the fully dynamic GW self-energy into COH and SEX terms and their definitions
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are similar to their counterparts at T = 0, apart from explicit temperature dependence in

their ingredients. The static SEX approximation continues to be a very good approximation

to the fully dynamic SEX over a broad range of densities, temperatures, and momenta, but

is only substantial for occupied levels below about kF . The COH term is generally much

larger than the SEX and persists to higher energies, with a cross-over at the onset of plas-

mon excitations at k = kp. While the static COH approximation is only fair for mostly

occupied and low-lying unoccupied states k < kp at low temperture, it completely fails to

describe dynamic effects in the ΣCOH(k,Ek) at high k > kp. This behavior is similar to that

in the analysis by Kang and Hybertsen for the T = 0 case.[112] However, a key difference

for finite-T is that the static COHSEX approximation becomes complex valued, even at the

Fermi level, with an imaginary part that grows with temperature. While these deficiencies

can be remedied for the nominally occupied states, e.g., by generalizing the extended COH-

SEX approximation[112] to finite temperature, the static COH approximation still retains

it’s unphysical spatial locality, independent of k. This limitation has the consequence that at

high T , equilibrium properties will be increasingly error-prone since they depend on the high

momentum behavior of the electrons. Nevertheless, the static COHSEX approximation does

provide a fair approximation of corrections to DFT for quasiparticle energies with typical

errors of about 10-20%. While this degree of accuracy provides rough estimates of quasi-

particle corrections to DFT, dynamic corrections are always important. Eventually, the FT

COHSEX approximation could replace the T=0 Hedin-Lundqvist self-energy approximation

in FEFF.
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Chapter 6

SUMMARY AND CONCLUSIONS

In this thesis, we presented several contributions to the theory of finite-temperature

and non-equilibrium x-ray absorption. This work opened up new possibilities for efficient

simulation of finite-temperature XAS including dynamics and non-equilibrium behavior in

generic systems up to the WDM regime. We extended the current theory for calculating

XANES based on the multiple-scattering framework by including the temperature correc-

tion to the exchange-correlation. The x-ray absorption depends on electron temperature

through the Fermi-Dirac distribution and self-consistent electronic density. Lattice dynam-

ics are included by averaging the x-ray absorption over a set of configurations generated by

the dynamical matrix and the molecular dynamics. Next, we developed the FEFF10 code

which implements the finite-temperature theory for the calculation of x-ray absorption. The

finite temperature theory can be combined with ab initio molecular dynamic simulation or

Monte Carlo sampling to model non-equilibrium systems. The electron temperature can be

estimated from XAS measurement by combining the theory with the energy transport equa-

tion in the form of a two-temperature model. In addition, we demonstrated the FEFF10

code on three examples: warm dense Al, warm dense Cu, and [Fe/MgO]8 heterostructure.

We showcased the effects of the finite temperature exchange-correlation effects to the XAS

of Al. We showed an example of paramagnetic system, Cu and an example of ferromagnetic

system, [Fe/MgO]8. We analyzed the XANES of [Fe/MgO]8 right after the laser heating and

inferred the relaxation dynamics of the electrons and lattice. Lastly, we developed a finite

temperature generalization of the quasiparticle self-energy within the COHSEX approxima-

tion. Our analysis highlighted the importance of dynamical response of the coulomb-hole

correlation even at finite temperature. In this chapter, we review these contributions and
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propose directions for future work.

6.1 Theory of Finite-Temperature XAS

In chapter 2, we showed the generalization of the quasiparticle XAS. We formulated the

x-ray absorption cross section using the one electron Green’s function. Finite tempera-

ture corrections to the ground states and excited states were introduced in the form of

exchange-correlation potentials and quasiparticle self-energy. The theory can be combined

with ab initio molecular dynamics or Monte Carlo sampling for non-equilibrium systems as

described in chapter 3. This development resulted in the finite-temperature XANES work-

flow shown in Fig 6.1. We illustrated this theory on warm dense Al, warm dense Cu and

[Fe/MgO]8 heterostructure in chapter 4. In particular, our calculations showed the difference

in absorption edge temperature response in simple metal like Al and in 3d transition metal

like Cu. In addition, ferromagnetic system exhibits magnetic response that is measurable in

XANES. We analyzed the changes in the Fe L3-edge and O K-edge of [Fe/MgO]8 in response

to a demagnetizing laser excitation. We compared the role of exchange splitting and the

Fermi-Dirac broadening on Fe L3-edge response. The O K-edge in the [Fe/MgO]8 exhibits

Debye-Waller-like attenuation and is not sensitive to the changes in the electron temperature.

With the new code, we provided an alternative to compute XANES at finite temperature

without the need of a constructing a temperature dependent pseudopotential.

6.2 Finite-Temperature COHSEX Self-Energy

In chapter 5, we derived the finite-temperature generalization of the quasiparticle self-energy

within the COHSEX approximation from the Matsubara formalism. Our explicit compar-

isons of the static and dynamic screened exchange and Coulomb-hole contributions for the

homogeneous electron gas showed that the static SEX approximation agrees well with the

fully dynamic SEX at all temperatures and densities. In contrast, dynamic corrections to

the COH approximation are always significant, especially for high energy unoccupied states.

We also showed that the COHSEX quasiparticle self-energy is complex valued at finite tem-
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Figure 6.1: Finite-temperature XANES workflow in FEFF10. The red boxes highlight the

temperature dependent steps in the workflow.

perature even at the Fermi level.

6.3 Future Work

The theory and code developed in this work make possible general calculations of XAS at

finite temperature in systems throughout the periodic table for both equilibrium and non-

equilibrium systems. However, there are many possible ways to extend the theory. A few

examples are listed below:

• Finite-temperature Many-body Effects

The finite-temperature quasiparticle theory presented in this work ignores many-body

effects such as shake-up, shake-off, and exciton excitations which has been shown to

be important for correlated systems. Moreover, our theory treats the amplitude reduc-

tion factor S2
0 , the many-body response of a system to the creation of the core hole,
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as a constant. As a further matter, the quasiparticle GW self-energy predicts plas-

mon satellites far away from the quasiparticle energy. Further, only the quasiparticle

excitation is included in the quasiparticle theory of XAS and the satellite contribu-

tion is neglected. A recent development in the finite-temperature retarded cumulant

formalism by Kas et al. [120] improves the treatment of quasiparticle GW self-energy

by introducing implicit vertex correction at finite temperature. The cumulant formal-

ism is no more complex than the GW self-energy calculation and requires minimum

modification to the existing theory and code. This method has been shown to yield

good agreement in exchange-correlation energies and potentials with state of the art

quantum Monte-Carlo simulations [32, 102]. While the cumulant formalism provides

a better model for the plasmon satellites, neutral excitations like the electron-hole

pair can be treated in the Bethe-Salpeter framework.[121] Further investigation into

finite-temperature excitons up to the warm dense regime is required.[29, 122, 123]

• Efficient Parameterization of Finite-temperature Self-Energy

Computation of GW self-energy is computationally expensive but is necessary for x-

ray response. In a XANES calculation which typically takes a few CPU hours to

compute on modern PCs and laptops, a full calculation of GW self-energy can quickly

become a bottleneck. Efficient approximations and algorithms such as the plasmon-pole

model and SternheimerGW [124] have been introduced for zero temperature GW self-

energy. In our current code, we approximate the self-energy with the Hedin-Lundqvist

plasmon-pole model [58]. This approximation is sufficiently accurate for XANES. To

the best of our knowledge, there is currently no similar parameterization for the finite-

temperature self-energy. To address the shortage of efficient approximation, our work

on the finite temperature generalization of COHSEX can be adapted to an efficient

parameterization of the quasiparticle self-energy at finite temperatures. In addition,

generalization of Kang et al.’s [68] enhanced static approximation to the dynamical

Coulomb-hole correction can potentially alleviate the need of a full finite-temperature
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GW self-energy calculation.

• Self-consistent Spin-polarized Density

The spin-polarized density of state is currently determined by the self-consistent spin-

unpolarized density of state. In addition, we consider only the spin polarization of

the d and f -electrons spin polarization and neglect the spin contributions from the

s and p-electrons. A more accurate treatment of the magnetic systems requires the

self-consistent spin-polarized density of state for all the shells.

6.4 Concluding Remarks

We have extended the theory of XAS to finite temperatures and non-equilibrium behavior.

The theory has been implemented in an efficient general purpose code FEFF10, which is

applicable to systems throughout the periodic table. The theory and code have been tested

against modern experiment and are in very good quantitative agreement. These develop-

ments have considerable promise for the interpretation of experiments in many fields, in

particular for studies of warm-dense-matter and non-equilibrium behavior.
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Appendix A

NUMERICAL SOLUTION OF CONVOLUTION INTEGRAL

Direct integration of Eq. (2.16) along the real axis contains poles from the Green’s

function G. We can extend it to the complex plane where G is smooth as discussed in

section 2.3.1. However, the Lorentzian also contributes two additional poles to the contour

integral. It can be numerically unstable when nπkT = Γ for some odd integer n. One of

the poles from the Lorentzian (E = ω + iΓ) will lie on the complex contour. The typical

approach to numerical integration involving a simple pole is to isolate the problematic term

from the integrand. Thus, the effective quasiparticle cross section (σeff ) becomes

σeff (ω) = −4πω
c
S2

0Im
∑
ill′
fT (εi)

∫
dω′

[
g(ω′)− g(ω + iΓ)

] π/Γ
(ω − ω′)2 + Γ2

[
1− fT (ω′ + εi)

]
+ g(ω + iΓ)

∫
dω′

π/Γ
(ω − ω′)2 + Γ2

[
1− fT (ω′ + εi)

]
(A.1)

where g(ω) is the matrix dipole element 〈i|d̂ Gl0,l′0(ω + εi) d̂†|i〉. The first term can be

extended to the complex plane as discussed in Section 2.3.1 and the second term can be

integrated on the real axis since it does not contain any poles along the real axis.
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Appendix B

HARMONIC APPROXIMATION OF X-RAY ABSORPTION

B.1 Derivation of Dynamical Matrix

In this section, we derive the expectation of value of an observable A(R) within the harmonic

approximation to the nuclear potential V . Starting from the Hamiltonian for the nuclei in

Eq. (3.9) and Bloch’s theorem unαi = 1√
Mα
εαi exp[iq ·Rn− iωt], we can obtain the dynamical

matrix equation by extremize the Euler-Lagrange equation:[125]

ω2(q)εαi =
∑
α′

Φαi,α′i′(n′)√
Mα

√
Mα′

εα′eiq·Rn′ (B.1)

where Φα,β(n) is the second derivative of V in the n-th unit cell and Rn is the Bravais lattice.

If we can define a new quantity called the dynamical matrix D(q):

Dαi,α′i′(q) =
∑
n

Φαi,α′i′(n)√
MαMα′

eiq·Rn (B.2)

Dαi,α′i′(Rn) =
∑

q
Dαi,α′i′(q)e−iqn·Rn (B.3)

then we can rewrite Eq. (B.1) into Eq. (3.11).

∑
α′i′

(
Dαi,α′i′(q)− δαi,α′i′ω

2
µ(q)

)
ε

(µ)
α′i′(q) = 0 (B.4)

Once the eigvectors ε(µ) are identified, any displacement ~unα can be expressed as a linear

combination of the eigenvectors:

~unα(t) = 1√
N

∑
q,µ

Q(µ)(q, t) 1√
Mα

~ε(µ)(q)eiq·rnα (B.5)

where Q(µ) is called the normal coordinate and rnα is the position of atom α with respect to

the reference origin O. The harmonic time dependence is absorbed into the definition of Q(µ)
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and the representation for Q(µ) is not unique. Since Ŝnα(t) is real, Q(µ)∗(q) = Q(µ)(−q). By

substituting Eq. (B.5) back into the Hamiltonian in Eq. (3.9), we can rewrite the equation

as[126]

H = 1
2
∑
q,µ

(∣∣∣Q̇(µ)(q)
∣∣∣2 + ω2

µ(q)
∣∣∣Q(µ)(q)

∣∣∣2)+ V BO (B.6)

It is straightforward to show that the conjugate momenta is given by P (q) = Q̇(q) and that

they satisfy the canonical commutation relation
[
Q(µ)∗(k), P (ν)(q)

]
= i~δµ,νδk,q. Therefore,

we can transform the canonical variables into the creation-annihilation operators â†(â) with

the standard transformation:

Q(µ)(q) =

√√√√ ~
2ωµ(q)

(
âµ(q) + â†µ(−q)

)
(B.7)

P (µ)(q) = −i
√
~ωµ(q)

2

(
âµ(q)− â†µ(−q)

)
(B.8)

Therefore, the Eq. (B.6) can be expressed as

H =
∑
q,µ

~ωµ(q)
(
â†µ(q)âµ(q) + 1

2

)
+ V BO (B.9)

which is a collection of independent harmonic oscillators. In the normal coordinates, the

n-th excited nuclear wavefunction χn is expressed as a product of 1-dimensional quantum

harmonic wavefunctions φ.

χn = Πq,µφnq,µ(Q(µ)(q)) (B.10)

n =
∑
q,µ

nq,µ (B.11)

φnq,µ(Q(µ)(q)) =
(2πa2

q,µ)−1/4√
2nq,µnq,µ!

Hnq,µ

(
Q(µ)(q)√

2aq,µ

)
exp

[
− Q(µ)(q)2

4a2
q,µ

]
(B.12)

where Hn is the Hermite polynomial, aq,µ = 1/
√

(2Mpωµ(q)) is the normal length and Mp is

some reference mass.
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Within the harmonic potential approximation, the thermal expectation value of an ob-

servable A(R) can be expressed as [127]:

〈A〉T = 1
Z

∞∑
n=0

e−βEn〈χn|A(R)|χn〉

= 1
Z

∞∑
n=0

e−
∑

nν
βEnν

3N∏
ν=1
〈φnν |A(R)|φnν 〉

=
∫ 3N∏

ν=1
dxν A(R)

∞∑
nν=0
‖φnν (xν)‖2 exp[−βEnν ]

Zν

=
∫ 3N∏

ν=1
dxν A(R)

(
1√

2π〈x2
ν〉T

exp
[
− x2

ν

2〈x2
ν〉T

])
(B.13)

where 〈x2
ν〉T = a2

ν(2nB(Ων , T ) + 1) and nB(ω, T ) = 1/(exp(ω/kT )− 1). The integral can be

easily approximated by importance sampling. The set of independent random configurations

R are generated from a standard normal z vector:

Ri = R0
i +

√
Mp

mi

∑
ν

eνi zν
√
〈x2

ν〉T (B.14)

where R0
i is the equilibrium position of the i-th atom.

B.2 Debye-Waller Factor

The Debye-Waller factor 2k2σ2(T ) quantifies the thermal disorder in x-ray absorption where

σ2 is the mean-square relative displacement and k is the photo-electron wave number. σ2

is dependent on the path chosen between two atoms. For a given path R, σ2 is expressed

as[128]

σ2(T ) = 1
2µ

∫ ∞
0

dω

ω
coth

(βω
2
)
ρ(ω) (B.15)

where µ is the reduced mass for the atoms along the path R, ρ is the projected vibrational

density of state (VDOS) along path R and β = 1/kBT . The vibrational density of state ρ

can be approximated with the correlated Debye model which yield good results for isotropic

systems.[129] Within the correlated Debye model, the projected VDOS is given by[128]

ρ(ω) = 3ω2

ω3
D

(
1− ωR/v

ωR/v

)
(B.16)
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Figure B.1: Temperature dependence of σ2(T ) for the nearest neighbor (left) and next nearest

neighbor (right) single scattering path in iron. The σ2(T ) computed using the dynamical

matrix with GGA functional (blue) is compared to the correlated Debye model (green) and

experiment measurements [131] (red).

where ωD = kBTD, v = ωD/kD, TD is the Debye temperature, kD = (6π2a)1/3 and a is the

atomic density number. The first principle based approach to VDOS involves the use of

Lanczos algorithm to compute the phonon Green’s function matrix element[130]

ρ(ω) = Im〈0| 1
ω +D + iδ

|0〉 (B.17)

where |0〉 is a random initial state for the Lanczos procedure, D is the dynamical matrix

introduced in the previous section. In Fig B.1, we compare σ2(T ) for the correlated Debye

model and the dynamical matrix approach using the GGA functional with the experiment

for the nearest neighbor and next nearest neighbor single scattering path in iron. The GGA

functional is known to produce a stiff bond which results in an overestimation of σ2(T ).[129]



74

Appendix C

FEFF10 FINITE-TEMPERATURE CODES

C.1 Finite-temperature Related Cards

FEFF10 introduces two new control cards related to the finite-temperature calculation of

XANES: TEMP and SCFTH. The TEMP card is required setting the electron temperature. The

SCFTH card is an optional card that sets the parameters for the finite-temperature SCF. In this

section, we provide the description and arguments for the cards. A complete documentation

of FEFF10 can be found at feffproject.org.

TEMP etemp iscfxc

Description: Sets electronic temperature and exchange-correlation potential

etemp: in unit of eV [default: 0]

iscfxc: 11 - von-Barth Hedin 1971 [default]

12 - Perdew-Zunger

21 - Perrot Dharma-Wardana 1984

22 - KSDT

SCFTH iscfth emaxscf negrid nmu xntol

Description: Sets the parameters for thermal SCF calculation.

iscfth: 2 - Use exact integral [default]

emaxscf: Set upper bound of energy grid

if 15kT is smaller than emaxscf [default: 68.0275eV]

negrid: Number of energy points [default: 320]

nmu: Number of iterations for chemical potential [default: 100]

xntol: Tolerance for electron counts [default: 1e-4]

http://www.feffproject.org/
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C.2 Description of Subroutines

In this section, we briefly describe the main subroutines for finite-temperature calculation in

alphabetical order. The source codes for each subroutines are available at https://github.

com/times-software/feff10.

1. FF2X/m_thermal_xscorr.f90

Compute the x-ray absorption from the convolution of quasiparticle cross section with

the lifetime of the core hole and experimental broadening.

2. POT/m_thermal_scf.f90

Compute the density of states, total number of electrons and chemical potential.

3. XSPH/phmesh2T.f90

Generate the energy grid for computing the Green’s function.

C.3 Example Calculations

In this section, we provide the L3-edge XANES calculation for early transition metals (ti-

tanium and vanadium) where the d-bands are partially filled and for late transition metals

(silver and gold) where the d-bands are full. Fig C.1 and C.2 show the temperature de-

pendence of titanium (Ti) and vanadium (V) respectively. The XANES of Ti and V are

blue-shifted with increasing temperature because the chemical potential are located in the

middle of the d-bands and the density of states above the chemical potential are higher.

At the same time, the broadening of the Fermi-Dirac distribution includes a wider energy

range of d-states in the transition which resulted in the onset of the pre-edge. In contrast,

the XANES of silver (Ag) and gold (Au) are red-shifted as shown in Fig C.3 and C.4 re-

spectively. The opposing behavior is due to the higher density of states below the chemical

potential. The onset of the pre-edge structures are due to the broadening of the Fermi-Dirac

https://github.com/times-software/feff10
https://github.com/times-software/feff10
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Figure C.1: (Top) Electron temperature dependence of L3-edge in titanium for Te= 0.025,

0.5, 1.0 and 3.0 eV. (Bottom) The difference in absorption with respect to the Te= 0.025 eV

absorption spectrum.

distribution. In summary, the changes in XANES is sensitive to the details of the density of

states near the chemical potential.
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absorption spectrum.



78

0.0

0.2

0.4

0.6

0.8

1.0

1.2

A
b
so

rp
ti

o
n
, 

X
A

S
 (

a
rb

. 
u
n
it

)

Te=0.025eV
Te=0.5eV
Te=1.0eV
Te=3.0eV

3340 3360 3380 3400 3420 3440 3460 3480 3500
Energy (keV)

0.1
0.0
0.1
0.2
0.3

∆
X

A
S
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absorption spectrum.
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Appendix D

DERIVATION OF STATIC COHSEX APPROXIMATION

In this section, we present some additional details of the derivation of the static FT

COHSEX approximation from the fully dynamic FT quasiparticle COHSEX self-energy.

Starting from Eq. (5.12) and (5.13) and using the Sokhotski-Plemelj formula, we can separate

the COH term into real and imaginary parts as

Re[ΣCOH(k, ω)] = P
∫ ∞

0
dω′

∫ d3q

(2π)3D(q, ω′)
[

N(ω′)
ω + ω′ − εk−q

+ 1 +N(ω′)
ω − ω′ − εk−q

]
(D.1)

Im[ΣCOH(k, ω)] = −π
∫ ∞

0
dω′

∫ d3q

(2π)3D(q, ω′)
[
N(ω′)δ(ω + ω′ − εk−q)+

+ [1 +N(ω′)] δ(ω − ω′ − εk−q)
]
, (D.2)

where P denotes the principal value. To further simplify Eq. (D.2), we use the antisymmetric

property of D(q, ω) and N(−ω) = −1−N(ω), so that

Im[ΣCOH(k, ω)] = −π
∫ d3q

(2π)3

[
D(q, εk−q − ω)N(εk−q − ω)θ(εk−q − ω)

+D(q, ω − εk−q)
[
1 +N(ω − εk−q)

]
θ(ω − εk−q)

]

= −π
∫ d3q

(2π)3

[
D(q, εk−q − ω)N(εk−q − ω)

]
. (D.3)

In the limit of static screening (ω − ε → 0+), the imaginary part is found by evaluating

D(q, ω) and N(ω) at low frequency: D(q, ω) ∝ ω due to particle-hole continuum excitations,

and N(ω) → kBT/ω because kBT is large compared to ω → 0+ for T > 0. On the other

hand, the Bose factors in the real part cancel identically for all ω′ after taking the static limit,

so we end up with the same form as in the zero temperature limit, up to the temperature
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dependence of the screened coulomb interaction. Therefore, the FT static COHSEX becomes

Re[ΣSEX(k)] = −
∫ d3q

(2π)3f(εk−q)Re[WM(q, 0)], (D.4)

Re[ΣCOH(k)] = P
∫ ∞

0
dω′

∫ d3q

(2π)3D(q, ω′)
[
N(ω′)
ω′

+ 1 +N(ω′)
−ω′

]

= P
∫ ∞

0
dω′

∫ d3q

(2π)3
D(q, ω′)
−ω′

= 1
2

∫ d3q

(2π)3Wp(q, 0). (D.5)

Im[ΣSEX(k)] = −
∫ d3q

(2π)3f(εk−q)Im[W (q, 0)] = 0, (D.6)

Im[ΣCOH(k)] = −π
∫ d3q

(2π)3 lim
ω′→0+

D(q, ω′)N(ω′)

= −πkBT
∫ d3q

(2π)3α(q), (D.7)

where α(q) = dD(q, ω)/dω|ω=0 is the proportionality constant. While the imaginary part of

the static COH is linear in temperature, it is relatively small compared to the fully dynamic

FT quasiparticle self-energy. To complete the derivation, we then use the following relations

to convert the retarded static COHSEX results into time-ordered quantities

Re[GR(k, ω)] = Re[GT (k, ω)], (D.8)

Im[GR(k, ω)] = coth(ω/2T ) Im[GT (k, ω)]. (D.9)
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Appendix E

FE/MGO HETEROSTRUCTURE

E.1 Normalization of O K-edge

In this section, we describe the method used to handle the pre-edge background in the O

K-edge measurements. The left plot in Fig. E.1 shows the raw experiment measurements

for O K-edge at time-delay t = 870 fs and 90 ps. The measurements of O K-edge at 870

fs time-delay have significant background obscuring the pre-edge. Due to the setup of the

experiment, the background is same in both the signal before and after pumping. Thus,

the background does not affect the spectral differences but it is hard to estimate the relative

amplitude of the peaks in the 870 fs measurement. To overcome this, we perform background

subtraction on both measurements using Larch [132] and offset the 870 fs measurements to

match the 90 ps measurements. The resulting absorption amplitude after the background

subtraction process is shown in right plot of Fig E.1. This process allows us to get an estimate

for the fine structure amplitude above the edge.

E.2 Density of State Calculation

In this section, we present the full layer resolved density of states (DOS) for Fe/MgO het-

erostructure. We perform the local spin density approximation electronic structure calcula-

tion using a 5 × 5 × 5 supercell with a full multiple scattering radius rfms = 6.0 Å. In our

calculation, there are 8 unique layers in the heterostructure namely, the center layer (L1)

of Fe, adjacent layer (L2) of Fe, next adjacent layer (L3) of Fe, interface layer (L4) of Fe,

L1 of MgO, L2 of MgO, L3 of MgO and L4 of MgO. The DOS are shown in Fig E.2. The

FEFF DOS for MgO are shifted by -2.6eV and Fe are shifted by 0.2eV to match the Fermi

level of the DFT. Our calculated Fe DOS in the bulk (L1,L2,L3) are similar to the DFT
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Figure E.1: (Left) Oxygen K-edge X-ray absorption before background subtraction at time-

delay t = 870 fs and 90 ps. In black are the measurements before pumping and in red are

the measurements after pumping. The differences in the signals are very small to observed.

(Right) Background subtracted absorption measurement before pumping at time-delay t =

870 fs (black) and 90 ps (blue).

calculation by Rothenbach et al. [8]. At the edge, there is a highly localized state above the

Fermi level due to the hybridization with oxygen at the interface. For the MgO layers, our

oxygen calculation agrees well with the DFT in the bulk (L1,L2,L3). But at the interface,

the localized state due to the hybridization is at the wrong energy due to the error in the

Fermi level placement (prior to the -2.6 eV shift. Refer to Fig 4.10). This results in large

states near -2eV in spin down DOS at the MgO interface layer. In addition, the MgO DOS

are also different from the DFT results. FEFF is known to not yield accurate result for light

oxide elements like MgO.[133]
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