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Abstract

Axion-like Dark Matter Detection with Mercury-199 Atoms

Yi Chen

Chair of the Supervisory Committee:
Professor Blayne R. Heckel
Department of Physics

The objective of this dissertation is to search for axion dark matter through the coupling
between the axion field and the electric dipole moment(EDM) of mercury-199 atoms. If the
axion is the significant fraction of dark matter, the coupling leads to a time-varying nuclear
EDM that oscillates at the frequency proportional to the axion mass, m,. We use the data
that measures the static EDM of 'Y H g atoms to look for a simple sinusoidal signal on the top
of the static EDM value. The Lomb-Scargle periodogram, as a power spectrum estimator,
allows us to analyze our unequally spaced EDM data in time. With two different approaches
both with and without error weighting, they give a consistent result on no detection of dark
matter. The most significant peak among the four EDM periodograms has a false alarm
probability of 31% calculated with the Bootstrap method. The magnitude of the maximum
peak can be generated by injecting a sinusoidal signal with the amplitude of 1.81x10~%
e - cm. The smallest periodic signal our measurement can detect as the maximum peak
in the periodogram with 95% confidence in the frequency range of 0 to 6.17x10~* Hz is
2.3x107% e - cm.

The static EDM of 9 Hg by itself is an important topic. This thesis will only briefly

mention it and mainly cover the parts that are relevant to time-varying EDM analysis.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . e iii
Glossary . . . . . . . vii
Chapter 1: ~ DARK MATTER . . . . . . . . . . . ... 1
1.1 WIMPs . . . e 1

1.2 Axion/Axion like particles . . . . . . .. ..o o 2

1.3 Strong CP problem . . . . . . . . .. .. 3
1.4 Matter-Antimatter Asymmetry . . . . . . . ... ... 4

1.5 Oscillating nuclear EDM . . . . .. ... ... 0o 5
Chapter 2:  Introduction to EDM . . . . . . ... ... ... ... . ........ 6
2.1 Atomic EDMs . . . . . . .. 6
2.2 Mechanisms that induce an atomic EDM . . . . .. .. .. ... ... .. .. 7
2.3 the Schiff moment . . . . . ... 8
2.4 Nuclear enhancement mechanisms . . . . . . . . .. .. ... ... .. .. .. 9
Chapter 3:  EDM experiment . . . . . . . .. . .. .. o 10
3.1 Heavy atom with an unpaired neutron . . . . . . . . . ... ... ... ... 11
3.2 the Advantages of Hg experiment over others. . . . . . . . . ... ... ... 11
3.3 The result of mercury 199 . . . . . . . . ..o 15
Chapter 4: Static EDM . . . . . . .. 17
4.1 Four cell magnetometry . . . . . .. ..o oL 17
4.2  HV sequence, string analysis, and data taking routine . . . . . . . ... . .. 20
Chapter 5: Oscillating EDM . . . . . .. .00 23

5.1 Introduction on classical periodogram and Lomb-Scargle periodogram . . . . 23



5.2  What does the FT output: Evolution theorem . . . . . ... ... ... ... 25

5.3 The Lomb-Scargle periodogram and its extension . . . ... ... ... ... 29
5.4 The interpretation on peaks . . . . . . ... 35
Chapter 6:  Data Analysis . . . . . . . . . . .. .. 41
6.1 Facts . . . . . . 42
6.2 Oscillating EDM result . . . . . .. ... ..o 46
Bibliography . . . . . . . 58

i



LIST OF FIGURES

Figure Number

3.1
3.2

3.3

4.1

4.2

5.1

Improvement of the Hg EDM measurement . . . . . . . ... ... .....

EDM vapor cells with 25-mm inner diameter and 10.1-mm height. They are
fabricated from Heraeus Suprasil fused silica and filled with 0.56 atm of CO
buffer gas and 0.5 mg of isotopically-enriched ' Hg . . . . . . .. ... ...

An simplified illustration on the EDM apparatus. The EDM vessel(dark gray)
and the two HV electrodes(dark gray) are made out of the same material,
graphite-filled polyethylene, to make them conductive. The front and back
walls of the vessel are removed to show the details inside. Inside the EDM ves-
sel, the top half is the cross sectional view of the HV feedthrough(red), the HV
feedthrough guide(blue), the top HV electode(dark gray), the outer top vapor
cell(yellow), the middle top vapor cell(yellow), and the ground plates(brown).
The vapor cell has two stems on two sides perpendicular to the light beam’s
propagation. The two circles in the middle of the two middle vapor cells are
the stems pointing out of page. . . . . . . . ... .. L

A simplified drawing of the stack of four cells under a common magnetic field.
Only the middle two cells experience the electric field across them. . . . . . .

These two panels are a typical overnight run before and after string analysis.
The left panel is the raw data of EDM combo. This run is consisted with 274
scans and the cycle time is 250 seconds. The overall drift is dominated by the
field gradient shift in time. The right panel is the EDM values after applying
string analysis on the raw data. All the string points in the right panel are
correlated with two neighboring points ahead and behind it. . . . . . . . ..

Example of the Lomb-Scarlge periodogram of pure Gaussian noise. The upper
panel is the raw data of 128 points. They are Gaussian distributed at random
times between 0 and 100 seconds with zero mean and .5 standard deviation.
The bottom panel is its Lomb-Scargle periodogram with the significant levels
of 10% and 50% calculated by the bootstrap method. . . . . . . . .. .. ..

1ii

24



5.2

5.3

5.4

9.5

6.1

6.2

Example of Lomb-Scargle periodogram with Gaussian noise and an injected
signal. In the upper panel, the fake signal with an amplitude of .5 and fre-
quency .398 Hz is injected to the raw data, 128 Gaussian distributed data
points at random times between 0 and 100 seconds with zero mean and .5
standard deviation. The bottom panel shows its Lomb-Scargle periodogram
has a peak corresponding to the injected signal with the significance level of

10%. .« o o

An illustration of convolution theory. The left top two panels are the underly-
ing signal and the time coordinate of data taking. The left bottom panel is the
actual observed data. The three panels on the right are the Fourier transforms
of the functions on their left. The window function of the evenly-spaced data
(middle right panel) gives delta functions spaced by W Therefore, the
convolution of the FT of the underlying signal and the F'T of time coordinate
in the right bottom panel maintains the size of the peak in the FT of the

underlying signal. Reproduced from Ref.[42] . . . . . . ... ... ... ...

An illustration of convolution theory. The left top two panels are the underly-
ing signal and the time coordinate of data taking. The left bottom panel is the
actual observed data. The three panels on the right are the Fourier transforms
of the functions on their left. The window function of the unevenly-spaced
data (middle right panel) gives peaks at random frequency locations. The
convolution of the FT of the underlying signal and the F'T of the time coor-
dinate in the right bottom panel fails to present the frequency information of
the underlying signal. Reproduced from Ref.[42] . . . . . .. ... ... ...

An illustration of bootstrap method. The original data points can be thought
of as n balls with n different colors shown in the top of illustration. The
bootstrap samples are consisted with the points that are drawn randomly
with replacement from the original data set. It allows the same data point
can be drawn more than once. Therefore, the bootstrap samples are expected
to have n balls with the number of colors less than n, what the original data
has. . . . e

EDM measurements combining HV settings of 6kV and 10kV verse time. 6kV
data has scaled by 10/6. Measurements are mostly equally spaced in time
except the large gaps where the experiments are paused for maintenance. . .

The EDM periodogram from the correlated EDM data. The overall 1/f shape
is due to the string analysis. . . . . . . . . . . ... L

v

26

29

30

40

41

43



6.3

6.4

6.5

6.6

6.7
6.8

6.9

6.10

6.11

6.12
6.13

The periodograms before(top panel) and after(middle panel) the string anal-
ysis on a simulated Gaussian-distributed data. The overall 1/f shape in
frequency is caused by the string analysis. By decoupling the correlation
among data points in the middle panel, the frequency range of the final peri-
odogram(bottom panel) is shorten by a factor of three. . . . . . ... .. ..

A histogram of EDM cycle time. EDM data are mostly evenly spaced in time
and the most common setup for a cycle time is 270 seconds. . . . . . . . ..

The window function of EDM data. Because the data are mostly evenly
spaced in time, so the window function(top panel) has clear peaks spaced by
Wletime’ where the three is due to decoupling the correlation among data.
An enlarged look(bottom panel) on the structure of one of the peaks.

The window function with an injected large signal at 4.9 x 10~* Hz. The

mirrored peaks indicate the effective Nyquist frequency:6.17 x 10~ Hz
An illustration on the two approaches to obtain the final periodogram.

EDM periodograms with error weighted. The left panel is the Combined HV
peridogoram with the maximum peak at 3.92 x 107° Hz with the FAP of
31%. The right panel is the 2HV peridogoram with the maximum peak at
1.29 x 10~* Hz with the FAP of 82%. The horizontal lines are the FAP of the
maximum peak at 5% and 0.3%. . . . . . .. ...

The first step of the second approach to EDM periodogram is to calculate the
6kV (top panel) and 10kV(bottom panel) periodograms separately. . . . . . .

EDM periodograms without error weighted. The left panel is the Combined
HV peridogoram with the maximum peak at 9.34 x 107° Hz with the FAP
of 65%. The right panel is the 2HV peridogoram with the maximum peak at
3.92 x 1075 Hz with the FAP of 94%. The horizontal lines are the FAP of the
maximum peak at 5% and 0.3%. . . . . . .. ...

Comparison between the histogram of all 6kV data and the histograms of each
night’s 6kV data both from the first split group. The histogram of all 6kV
data forms an almost perfect Gaussian function. But, each night’s histogram
shows the size of scatter varies by a small amount. . . . . . . ... ... ...

An illustration about calculating sensitivity of the measurement. . . . . . . .

Both the sensitivity of the periodogram and the size of peak in the peri-
odogram are not frequency dependent. The left panel shows the sensitivity
of the error weighted Combined HV Periodogram in the frequency range 0 to
6.17 x 107* Hz is 2.3 x 1072 ¢ - em with 95% confidence. The right panel
shows the maximum peak in the periodogram can be generated by a periodic
signal with the magnitude of 1.81 x 107 e-cm. . . . . . . . . . .. .. ...

44

45

46

A7
48

20

ol

52

23
o4



6.14 An illustration of procedure for estimating the size of the potential periodic
signal. . ..o

vi



GLOSSARY

EDM: electric dipole moment

CMB: cosmic microwave background

DM: dark matter

CDM: cold dark matter

CP: charge parity

CPT: charge parity time
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Chapter 1

DARK MATTER

The existence of dark matter(DM) in galaxies was concluded with detailed cosmolog-
ical observations on the orbital velocities of interstellar matter in 1970[35]. By studying
the cosmic microwave background(CMB), it has been shown that the baryonic matter only
comprises a small fraction(less then 5%) of the total energy density in the Universe and the
dark matter contributes about 27% of it[1][9]; however, DM has not been directly observed.
Because DM does not seem to interact with electromagnetic radiation, such as light, and
more specifically, it seems to only interact with gravity, DM cannot be any particle in the
standard model and it is a challenge to determine what DM is made of. As we know so
far, the dominant fraction of DM has the properties of being non-relativistic, non-baryonic,
and stable[5]. The two most motivated candidates for DM are weakly interacting massive
particles(WIMPs) and axion/axion-like particles(ALPs) because they not only have the prop-
erties of DM mentioned above but also can solve other long standing problems in particle
physics[5].

The nuclear electric dipole moment(EDM) is a good probe to search for low energy dark
matter[22] due to the coupling between dark matter field and gluons and quarks. The low
energy dark matter can be thought of as a classical scalar field in space and causes the
nuclear EDM to oscillate with its field. This thesis is to search for this time-varying EDM

in the static EDM measurement.

1.1 WIMPs

WIMPs, standing for weakly interacting massive particles, are not a specific element but

a broad class of possible particles[5]. They are expected to have the masses between 10



and 1000 GeV. The most motivated candidate for DM in WIMPs is the neutralino. It
is a hypothetical particle in supersymmetric theories which may solve the gauge hierarchy
problem. It is also used to calculate how many of them would still be around today assuming
it is the dominant DM, and the number they end up with matches closely to the amount of
dark matter experimentally observed. It is called WIMP miracle.

The WIMP experiments can be categorized as three varieties. The first is to detect them
directly with the underground detectors while they are elastically scattered off nuclei, such
as LUX][3] and XENONJ4]. The second kind is to detect them indirectly by looking for
radiation signals reaching Earth from space following collision and annihilation processes.
These kinds of experiment usually have their detector pointing to the sky where there might
be rich resources of DM, such as the Milky Way[10]. The third is to detect DM with powerful
particle collisions, such as at the Large Hadron Collider at CERN([34].

1.2 Axion/Axion like particles

An axion is a hypothetical elementary particle first introduced by Peccei and Quinn in 1977
to be the solution of the strong CP (CP standing for charge parity) problem[31]. It is also
recognized to be a well-motivated cold dark matter(CDM) candidate if its mass is within
the range of 1-100 peV[14]. Because its mass and all couplings are extremely small, it is also
called the invisible axion. As a pseudo-Goldstone boson of a global symmetry that is broken
at some scale, f,, the axion decay constant, its couplings with radiation and matter are in
the derivative form shown below:

1

N 1 N
T, GG (1.1)

where F and G are the field tensors of electromagnetism and quantum chromodynam-

ics(QCD). Its pure Goldstone nature could be broken leading to the generation of a mass, m,,

Adep
fa

fa, is expected to be O(10'2 — 10'7) GeV based on astrophysical bounds and cosmological
bounds|14].

close to

, where Agep is the scale that QCD becomes strong. The axion decay constant,



ADMX, standing for the axion dark matter experiment, is the most compelling axion
experiment[14]. It uses a microwave cavity in a strong magnetic field to look for axion-
photon coupling as shown on the left of Eq.1.1. In a static magnetic field, axions will decay
into photons via the Primakoff effect. The energy of the photons is equal to the rest mass
of the axion with a small contribution from its kinetic energy. The experiment is designed
to detect axions with peV mass range. Recently it has achieved the necessary sensitivity to
detect the dark matter axion if they are at that mass range.

Like the QCD axion, axion-like particles(ALPs) are also good dark matter candidates|22].
Similar to the QCD axion, they are also pseudo-Goldstone bosons with ultralight mass and
weak couplings to radiation and matter. They have less strict limitations and different
sources of mass generation mechanisms than the QCD axion. Their mass depends not only

on f, but also on an additional parameter that depends on the mass generation mechanism.

1.3 Strong CP problem

The strong CP problem in particle physics is an unsolved physics question of why quantum
chromodynamics(QCD) does not seem to break CP symmetry. The problem is the term in
QCD Lagrangian that could violate the symmetry of CP:

2

33;_2 QQCDtT’Gé (12)

where G is the gluon field strength of QCD and g, is the QCD gauge coupling. 6gcp

LD

being non zero can create an electric dipole moment(EDM) of the neutron which would be
comparable to 107'%0gcp e - em with fgep unknown according to the Standard Model(SM)
while the current experimental upper bound is 3.6 x 1072 ¢ - em set by neutron EDM

experiments([32] and the mercury EDM experiment[23].

d, = 1.2 x 107 %0gcpe - cm (1.3)

In the SM, there is no reason why 6gcp is so small. For a long time, no theories could

explain it. Until 1977, Peccei and Quinn proposed a compelling solution to the strong CP



problem by introducing an additional global U(I)pg symmetry of the Lagrangian which has
a mixed anomaly with QCD and a dynamical field, the axion[31][30]. The axion arises as
the pseudo-Goldstone boson of the global U(I)pg symmetry that is broken at a high scale f,
and the 0gcp is dynamically tuned to zero while the axion redshifts towards the minimum
of its potential. Therefore, solving the strong CP problem gives motivation to discover new

physics beyond the SM.

1.4 Matter-Antimatter Asymmetry

The SM of elementary particles, containing the knowledge of electromagnetic, weak, and
strong interactions, has successfully provided experimental predictions in many cases but
falls short to explain the experimental observation of the asymmetry between matter and
antimatter. In 1967, a remarkable paper from Sakharov established that three conditions
were required in the early Universe to cause the matter-antimatter asymmetry now|36]:

eBaryon number violation

eViolation of charge conjugation(C) symmetry and the combined charge conjugation par-
ity (CP) symmetry, and

eDeparture from thermal equilibrium

Both CP violation sources in the SM, 6gcp in the strong forces and the phase, n, in the
CKM matrix in weak interactions, are still not enough to explain the baryon asymmetry.
Therefore, extensions to the SM are necessary to resolve it. The Supersymmetry models, the
grand unified theories, and the models with right handed neutrinos, which are well-known
extensions, all include much more P and CP violation sources. Low energy experiments,
such as the measurements of electric dipole moments, provide essential constraints to such
extension theories of the SM. The Hg EDM experiment especially provides great information

on both CP violation beyond the SM and fgcp CP violation.



1.5 Oscillating nuclear EDM

In an addition to the fgcp axion with an energy range from 0.5 peV to 1 meV, there
might be some other kinds of axions outside of this range that are also dark matter. Peter
Graham from Stanford University proposes that ultralight particles such as the axion and
ALPs can be thought of as a background classical field coupling with gluons and quarks
and then lead to a time-varying nuclear EDM[21][22]. It is under the assumption that these
ultralight particles have a large number density and are a significant fraction of the dark
matter. Consequently, the oscillation can be described in the form: a = ag cos(m#gt) with
amplitude ag set by the energy density and the frequency proportional to the dark matter
mass, m,. Depending on the mass generation mechanism, the mass of the dark matter can
be generated from different sources. For example, 0gcp axion first introduced by Peccei and
Quinn has a mass proportional to fLa where f, is the axion decay constant.

Unlike other current experiments searching for the axion or ALPs through their coupling
with the photon and limited by the coverage of the mass above meV, this time-varying EDM
is a new detector for dark matter with mass m, < 107 eV, corresponding to a theoretically

well-motivated axion decay constant, f, > 10'6GeV .

~



Chapter 2
INTRODUCTION TO EDM

An electric dipole moment is defined by a pair of opposite charges(+q) separated by a
distance z, giving an EDM of d = ¢x, where x is pointing from —g to +¢. For a distribution

of charges with charge density p(r), the edm is defined as:

d= /p(r)rd?’r (2.1)

2.1 Atomic EDMs

A permanent EDM of an atom can be thought of as the result of how the electrons and
nuclei distribute in an atom. An atomic EDM arises from the mixing of opposite parity
wave functions generated by intrinsic EDMs of the constituents and a P,T-odd interaction

Hpr [20].

The atomic EDM induced in an atomic state, K, due to admixture with the opposite-

parity wave functions M is given by

MY{(M|Hpr|K) F

o = dutom () (2.2)

datom =2 Z <K|D‘
M

where D = —¢ > I; is the electric dipole operator, Hpr is the P, T-odd operator that mixes
K with the set of wave functions M, and F' is the total angular momentum of the atom cor-
responding to the state K. An atomic EDM is directed along the total angular momentum

F', the only vector specifying the system.



2.2 DMechanisms that induce an atomic EDM

A typical EDM experiment is conducted under parallel electric and magnetic fields. The

Hamiltonian for a spin % system is:

H=—-p-B—d-E (2.3)

By reversing the direction of the electric field, the linear Stark shift can be easily obtained

by measuring the change in frequency.

Without considering relativistic effects and the finite-size of nucleus, the charges inside a
neutral atom under an external electric field will redistribute themselves perfectly to cancel
the external electric field such that there is no atomic EDM induced. However, if magnetic,
relativistic or finite-size effects are taken into account, the electron shielding is incomplete

so an atomic EDM can be induced as shown by Schiff[39].

Four mechanisms that can induce an atomic EDM are: an electron EDM, a P,T-odd
electron-nucleon interaction, a nucleon EDM, and a P,T-odd nucleon-nucleon interaction.
Each atomic EDM typically is induced by multiple mechanisms with different sensitivity
levels. For instance, % Hg EDM is most sensitive to P,T-odd nuclear forces, nucleon-nucleon
and electron-nucleon interactions, but it also has sensitivity to the static EDM of the neutron

and electron. The neutron EDM experiment is a special case that only measures the intrinsic

neutron EDM.

Different EDM species and systems have various sensitivities to mechanisms inducing
an atomic EDM. For instance, the paramagnetic systems, with nonzero total electron an-
gular momentum, are most sensitive to electron EDM but the diamagnetic systems, with
zero total electron angular momentum, are most sensitive to P,/ T-odd mechanisms in the
hadronic sector. Therefore, it is important to search for EDMs in different systems to gather

complementary information to understand the underlying physics.



2.3 the Schiff moment

The last two EDM mechanisms in the previous section, nucleon EDMs and P,T-odd nucleon-
nucleon interactions, are often grouped together because they are both at the nuclear scale
and produce P,T-odd nuclear multipole moments. In our mercury EDM experiment, it is
most sensitive to the nuclear Schiff moment due to the nucleon distribution. This section is
the detail of how to obtain the Schiff moment from the setup of a neutral atom under an
external electric field.

An external electric field acting on a neutral atom, before considering the finite size of
the nucleus and relativistic electrons near the nucleus, is screened at each particle. Because
the neutral atom is not accelerating, the net electric force exerting on the atom is zero
without considering magnetic forces. The electrostatic potential of the nucleus can be shown

below[20][41]:

o(R) = E{’—fl'd?’wé(d-w/%d% (2.4)

where V; = 52, p(r)is the nuclear charge density, [p(r)d*r = Z, and

d= /erp(r)d3 = d% (2.5)

is the P,/ T-odd nuclear EDM. Naively the second term in Eq.2.4 is expected to be the first
leading P,T-odd term in this electrostatic potential; However, the first expansion term is
actually canceled by the second expansion term of the first term of Eq.2.4 after Taylor
expansion. Therefore, there is no first-order interaction between the dipole and the field[39].
And the first nonzero P,T-odd term in Eq.2.4 can be repackaged to @octupoie + @schifr Where

1 1 11 1
Doctupole = 5 Oijkvivjvkﬁ + YA Qi;(d - v)vivjﬁ (2.6)

Osenifs = 47S - V&*(R) (2.7)



S is the P,T-odd nuclear Schiff moment, O;;; is the P,T-odd nuclear electric octupole
moment, and @);; is the P,/ T-even nuclear electric quadrupole moment. The nuclear Schiff

moment is given by

_ L 23, 0.1 233, _
S—lo[/ep(r)rrdr 3dZ p(r)rdr}—SI/I (2.8)

P, T-odd nuclear moments, such as Schiff moments, induced by the nucleon-nucleon inter-
actions are typically 10-100 times larger than the ones arising by a nucleon EDM[20]. And
it is why the mercury EDM generated by the Schiff moment can set a tighter constraint on

many CP-violating parameters than the result of neutron EDM does.
2.4 Nuclear enhancement mechanisms

The atomic nucleus consists of nucleons, protons and neutrons. The number of nucleons
strongly affect the shape and the properties of the nucleus. If the nuclei have a certain
number of protons and a certain number of neutrons(called the magic number), they are very
stable and have spherical shape. However, the ones with extra nucleons beyond the magic
numbers, the long-range effective forces between the valence nucleons distort the shape from
spherical symmetry and the nuclei are deformed|[2].

The nuclei without spherical symmetry can have an enhanced sensitivity to CP violation
due to the small energy separation between states of opposite parity and the same angular
momentum as the ground state[16]; see Eq.2.2. Radium is a good example of nuclear octupole
deformation. Due to the collective interactions between nucleons, the nucleus deforms to a
pear shape with energy eigenstates being opposite parity states of the symmetric and anti-
symmetric sum of the pear and inverted pear. The radium Schiff moment is expected to be

several hundred times larger than 1% Hg whose nucleus has spherical symmetry[20].
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Chapter 3

EDM EXPERIMENT

The measurement of the permanent electric dipole moment of mercury 199 has been
improving almost linearly in a log graph with time shown in the figure below since the first
published result in 1987. This chapter addresses the reasons why mercury 199 is a good
candidate to search for an electric dipole moment, the advantage of this experiment over

other EDM groups and the most recent result on Hg EDM.

107

mmmmay |

'87: 13! published Hg EDM

]
107

'93-'95: Improved flash lamp

107 ® . Mmeasurements

. '01: 1%t laser-based measurements

10
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Hg EDM 95% Confidence Limit

10% a Current work

10‘30\I\III\IIIII\IIIII\IIIIII\IIII!\III
1985 1990 1995 2000 2005 2010 2015 2020

Publication Year

Figure 3.1: Improvement of the Hg EDM measurement
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3.1 Heavy atom with an unpaired neutron

Hg is a good element to search for a nuclear EDM because it is a heavy atom with nuclear
charge Z equal to 80. As mentioned in section 2.3, the Hg EDM is most sensitive to the
Schiff moment arising from the nucleon-nucleon interaction.

From Eq.2.6 to Eq.2.8, it shows that the P, T-odd part of the electrostatic nuclear potential
is mainly from inside of the nucleus. An atomic EDM induced by the interaction of electrons
with Schiff moment is proportional to the Schiff moment and the amplitude of the electronic
wave function at the nucleus. The interaction Hpr in Eq.2.2 can be shown as —e > i Psenifr

and it mixes the opposite parity electron orbitals, s and p.

(s| — e@senirrlp) = 4meS - (Vi) roo (3.1)

The Schiff moment is a r3-weighted integral over the difference in the nuclear charge and
EDM distributions shown in Eq.2.8 so it increases with the nuclear charge Z. The second
part, 11, inside the nucleus, is proportional to Z?a® where « is the fine-structure constant
and Z is the nuclear charge. And that is why heavy atoms are favored in the studies of
T,P-odd moment.

The Hg EDM not only is sensitive to the Schiff moment but also gives competitive
limits on the neutron EDM and proton EDM. The nucleus of ' Hg has an unpaired valence
neutron. The limit on the neutron EDM extracted from Y Hg is competitive with the best
bare neutron EDM experiment at Paul Scherrer Institute(PSI). Not only so, it also sets a
tighter constraint on the proton EDM than the TIF molecule used to set the proton EDM

upper limit.
3.2 the Advantages of Hg experiment over others

The three leading ongoing nuclear EDM experiments are the bare neutron EDM at PSI, the
Hg EDM at University of Washington and the Ra EDM at Argonne National Laboratory.

They have different sensitivities to various mechanisms that induce an EDM. The funda-
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mental limit on the sensitivity for these experiments can be estimated by using the formula

for the energy splitting:

_ e
- 2E

where w goes as % for a single particle with spin coherence time 7. With a number N of

§d (3.2)

samples, the uncertainty is reduced by v N. A number of % independent measurements can
be performed, reducing the uncertainty by \/g with the total integration time T'. Therefore,
the lower bound of the uncertainty is:

h
0d = —F—— 3.3
2ENVNTT (3:3)

The following subsections will discuss the advantage of the Hg EDM experiment over

other experiments based on its sensitivities according to Eq. 3.3.

3.2.1 Multiple measurements simultaneously

The biggest advantage of the Hg EDM experiment over other EDM groups is that we can
store ~ 10'* Hg atoms in small vapor cells and perform an unlimited number of spin pre-
cession measurements. We also have the ability to measure the mercury atoms precession
frequencies under different field configurations at the same time. Therefore, we can remove
the common mode noise from the signal and extract the EDM signal directly. A few reasons
that enable us to do it are: first of all, it is a table-top experiment with a comparatively sim-
ple data taking routine because it involves neither complicated procedures, like transferring
samples to a detected region, nor big-scale operation, such as a nuclear reactor. Secondly,
the large room temperature vapor pressure of Hg allows us to store the atoms in a fused
silica vapor cell shown in figure 3.2 and operate it at room temperature. As a result, a large
number of samples N and an extra factor of \/LE from the apparatus setup can increase the
sensitivity of each measurement; see Eq.3.3.

The mercury vapor cell which holds mercury in place in the apparatus has a cylindrical

shape and is prepared in a vacuum system to avoid any contamination. Making a mercury
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VAPOR CELL FOR THE ELECTRIC DIPOLE MOMENT SEARCH

Figure 3.2: EDM vapor cells with 25-mm inner diameter and 10.1-mm height. They are
fabricated from Heraeus Suprasil fused silica and filled with 0.56 atm of CO buffer gas and
0.5 mg of isotopically-enriched *°Hg

cell with a long coherence lifetime is an art even though there are only few elements inside:
mercury isotope 199, CO and wax. The detailed procedure of fabricating a Hg vapor cell
is addressed in [24]. Once the mercury vapor cell is built and prepared, it does not require
much additional work during data taking. In comparison with other EDM experiments,
such as Ra and the neutron EDM experiments, the signal source cannot be stored in a vapor
cell so it needs to be confined or even transferred to a specific detected region by optics
techniques. For example, Ra atom’s vapor pressure is too low to operate in a vapor cell so
laser cooling and trapping are required to measure Ra’s EDM|8]. Ultra-cold neutrons from
a nuclear reactor are confined by a material medium providing a step potential relative to
vacuum for long-wavelength neutrons[6]. During the process it is really common to lose a big
portion of the samples. Therefore, one of their challenges is to maintain as many samples as

they can throughout the process.

The mercury experiment gains sensitivity through the large number of atoms in a vapor

cell. The mercury vapor cell with 25 mm inner diameter and 10.1 mm in height is filled



14

with 0.56 atm of CO buffer gas and ~ 0.5 mg of isotopically-enriched mercury 199 and wax.
The ideal gas law says that about 10'* atoms are in the vapor phase in a vapor cell. For
Ra[8] and neutron EDM experiment[32], they can only obtain about 103 to 10° particles after
transferring samples to the detected region.

The ability of measuring multiple field configurations simultaneously not only allows us
to remove the common mode magnetic field noise but also increase the sensitivity of each
measurement by v/2. The Mercury EDM measurement consists of a stack of total of four
cylindrical mercury vapor cells sitting inside of a grounded conducting plastic vessel under
a common magnetic field shown in Fig.3.3. The outer two cells are placed inside the high
voltage(HV) electrodes connecting to HV so they don’t see potential difference across them
and serve as magnetometers. The middle cells have a ground plane sandwiched between them
and another side of the middle cells is in contact with the HV electrodes. Therefore, the
middle two cells experience an opposite direction of the electric field relative to the magnetic
field’s direction. By comparing the frequency difference between the middle two cells, twice
the energy shift due to the EDM interaction with the electric field can be obtained which
increases the sensitivity of the measurement by 2 and also adds additional noise by /2 with

the assumption that all the individual measurement are independent.

3.2.2  Long lifetime and interrogation time

The sensitivity of the measurement increases as the square root of coherence time and the
total integration time shown in Eq.3.3. Therefore, the long coherence time of the mercury
vapor cell is essential in this experiment. And it is also one of the biggest breakthroughs
in the most recent Mercury EDM result[23]. Fabricating a vapor cell with long coherence
time is very challenging because it involves lots of unknown chemical interactions among
different elements in the cell. In the most recent result on the mercury EDM, the four cells
have coherence time from 250 seconds to 600 seconds. Comparing with 100 seconds in 2000’s
result and 200 seconds in 2009’s result, this breakthrough allows us to apply the Ramsey’s
method to detect the EDM signal. Instead of watching the mercury atoms precess about the
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magnetic field for a long period of time under the probing laser as the previous Hg EDM
experiments did, the Hg atoms are set to precess in the dark without any interaction with
the laser for 170 seconds between two 30-second short laser probings. These two short probes
allows us to read the initial and final phases right before and after the laser turns off and
on to determine the actual precession frequency in the dark. The precession in the dark not
only avoids the laser decreasing the coherence time but also eliminates any systematic effect
due to the interactions with the laser. Comparing with our 170-second coherence time in the
dark in one cycle of our Hg EDM measurement, Ra atoms precess under the probing laser

for 40 seconds and neutrons for 130 seconds.

3.3 The result of mercury 199

Our results[23] for this frequency shift are consistent with zero; we find the corresponding
YHg EDM |dyy| = (2.20 £ 2.7554 + 1.48,,5) x 1073 - em. We use this result to place a
new upper limit on the ' Hg EDM |dy,| < 7.4 x 107%% - cm (95% C.L.), improving our
previous limit by a factor of 4. More details about the static EDM are addressed here[24].
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Figure 3.3: An simplified illustration on the EDM apparatus. The EDM vessel(dark gray)
and the two HV electrodes(dark gray) are made out of the same material, graphite-filled
polyethylene, to make them conductive. The front and back walls of the vessel are removed
to show the details inside. Inside the EDM vessel, the top half is the cross sectional view
of the HV feedthrough(red), the HV feedthrough guide(blue), the top HV electode(dark
gray), the outer top vapor cell(yellow), the middle top vapor cell(yellow), and the ground
plates(brown). The vapor cell has two stems on two sides perpendicular to the light beam’s
propagation. The two circles in the middle of the two middle vapor cells are the stems
pointing out of page.
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Chapter 4
STATIC EDM

The existence of the static EDM causes a small energy shift shown in the Larmor preces-
sion frequency due to the interaction with an external electric field. This chapter describes
the analysis methods this experiment uses to extract the EDM signal and look for systematic

effects.

Opr =1
E
B ‘ ‘ =0

Figure 4.1: A simplified drawing of the stack of four cells under a common magnetic field.
Only the middle two cells experience the electric field across them.

4.1 Four cell magnetometry

The Hg experiment consists of four Hg cells in a stack in a vertical arrangement such that
it gives us many frequency combinations to extract the EDM signal and to observe potential

systematic effects. The four cells are symmetrically placed relative to the median plane of
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the apparatus under a common vertical uniform magnetic field. The magnetic field can be

expanded at the center of apparatus with y = 0 and the cells locate at y = {—3[, —[, 1, 3[}.

Bly) = B(0) + B(0)y + 3 B'(0)y" + sB"(0)y” + O(y") (4.1

where ' = %.

According to Eq.2.3, the energy shift for an atom with an EDM under parallel magnetic
and electric fields is Aw equal to —p- B—d- E. In one of the four Hg EDM field configurations,
the four cells are under a common uniform upright magnetic field but only the two middle
cells experience an electric potential difference across them and pointing outwards from the
median plane shown in Fig 4.1. The outer two cells are inside of conducting plastic high

voltage electrodes so they do not see an electric field across them. Plugging the cells’ distances

corresponding to the medium plane in Eq.4.1, Larmor frequencies for these four cells are:

wor = —% [3(0) +31B'(0) + 2123”(0) + 2133”’(0)} (4.2)
T = —% [3(0) +IB'(0) + %ZQB”(O) + %133’”(0)} - %E (4.3)
warp = —% [B(O) —IB'(0) + %ZQB”(O) - ézé’B'"(O)] + %E (4.4)

Won = —% [3(0) —3IB'(0) + 2123”(0) - 2533’”(0)} (4.5)

where the subscript of OT', MT, M B, and OB are the short scripts for the outer top cell,
middle top cell, middle bottom cell and outer bottom cell. From here, it is clear to see the
frequency combinations from different cells shown in table 4.1.

The frequency combinations in table 4.1 can be categorized as two-cell, three-cell and
four-cell combinations. In the actual measurement, the Larmor precession frequency is the
average frequency of all the atoms in the volume of the vapor cell but here the cells are
treated as point objects for the analysis purpose. The zero-order field fluctuation is not
listed in one of the columns because taking the frequency difference between cells removes

the common-mode magnetic field.
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Frequency combination Magnetic + EDM contributuin
EIB'(0) %ZQB”(O) %ZQB’”(O) %E
WMT — WMB 2 3 2
wor — WoB 6 9
wor — WMT 2 4 % -1
WMB — WOB 2 -4 % -1
WoT — WMB 4 4 ¥ 1
WMT — WOB 4 -4 % 1
WMT — %WMB - %WOT -2 -2 %
WMB — FWMT — 3WOB -2 2 -3
WMT — 2Wor — SWOB -4 -2 1
WMB — 3WoB — sWoT -4 !
wor +wop — (Wur + wWuB) 8
wyr —wup — 3(wor —wop) -2 2

Table 4.1: List of the linear combinations of cell precession frequencies that we regularly
monitor in terms of the uniform field expanding at the center of the apparatus. The numbers
shown on the right are the coefficients of the field gradient with different orders.

The first six channels are the two-cell frequency differences. wyr — wyp is sensitive to
EDM signal but also has contribution from linear field gradient. wor —wop is most sensitive
to the linear field gradient among all the monitored channels and the piece of linear field
gradient is expected to be three times bigger than what wy;r — wy/p has due to three times
larger distance between the cells. Because it is insensitive to EDM signal, the average value
should be zero and should be consistent with zero within the error bar. Therefore, it is used
to look for potential systematic effects.

The next four frequency combinations in table 4.1 include three cells to remove field

gradients up to the linear term so they are most sensitive to the second-order field gradient.
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The top two have both MT’s and MB’s frequencies in the frequency combinations and are
1.5 times more sensitive to EDM signal than a single cell by itself. They can show a more
meaningful result than the four-cell frequency combination(wyr — wyp — %(wOT —wop)) if
one and only one of the outer cells is acting out of whack. For the same reasons, another
two three-cell frequency combination can be very useful if one and only one of the middle
cell is not running normally.

WMT —WMB — %(wOT —wop), the "EDM combo”, gives us the most sensitive EDM signal
among all and is immune to the field fluctuations up to the second order. wor + wop —
(wyr + warp) is another four-cell combo. It is also called a ”leaktest” combo and has zero
contribution from a true EDM. Therefore, it is used for systematic error tests, especially
the systematic acting like second-order field fluctuations. We concentrate upon the EDM

combo, leaktest and wor — wop.

4.2 HYV sequence, string analysis, and data taking routine

The middle two cells shown in Fig.4.1 are EDM sensitive because only these two cells have an
electric fields across them. During EDM data taking, the HV sequence switches the electric
field direction between pointing outwards and pointing inwards such that the EDM combo
channel is sensitive to Q%E and some third order field gradient for one run and sensitive to
—Q%E and some third order field gradient for the next run. With only a nonzero EDM, the
EDM measurement is expected to obtain a data jump between Q%E and —Q%E. However,
the signal is much smaller than the magnetic field drift. The left panel in Fig.4.2 shows an
overnight run with 274 points. Each point is a 250-second scan. The shift in the frequency
difference of EDM combo is about 400 nrad/s over a night due to the change of the third
order field gradient along the 4-cell axis. To remove this slow drift, we apply three-point

string analysis such that:

iAwi_l + Awiﬂ — 2sz
4

measure the same quantity 2%E shown in the right

Awrer = (=1)

()

(4.6)

new

Therefore, all the points in Aw
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panel in Fig.4.2. Without the string analysis, the result is dominated by the slow drift in

time. Because of this string analysis, the EDM data points, Aw™"

, correlate with the two

neighboring points ahead and another two neighboring points behind.
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6.3e-06 -

Raw Data [rad/s]

5.8e-06 -
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21550

21600

21650 21700
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21750 21800

Figure 4.2: These two panels are a typical overnight run before and after string analysis.
The left panel is the raw data of EDM combo. This run is consisted with 274 scans and the
cycle time is 250 seconds. The overall drift is dominated by the field gradient shift in time.
The right panel is the EDM values after applying string analysis on the raw data. All the

string points in the right panel are correlated with two neighboring points ahead and behind
it.

About the EDM data taking routine, one overnight run is usually about 12 to 15 hours
and it is consisted with 220 to 250 scans. Each scan is about 270 to 285 seconds. Every
morning, we stopped the run and took another short measurement with the HV sequence
being 0, +, 0, - to look for systematic effects instead of the regular HV sequence setting, +,
-, +, -, for the overnight runs. Then, we would fine tune the optics and adjust the apparatus
to make sure all the setups are in the best shape. Like the change on the HV sequence,
there are other parameters we changed on the regular basis for systematic effects analysis. It
includes the change in HV value between 6kV and 10kV, two HV ramp rates, two magnetic
field directions. There are total eight different configurations. One sequence is consisted
with two sets of these eight configurations. It usually takes about one month to complete.
After that, we rotated the positions of the four cells for a new sequence. About the halfway

through the EDM measurement, we also modified the vessel which holds the four cells and HV
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feedthroughs in place. All the pauses and stops, such as extra measurement for systematic
effects study and apparatus maintenance, during the EDM measurement have shown as gaps
in time in Fig.6.1. Searching for the time-varying EDM signal in such unevenly spaced
data requires another algorithm other than Fourier transform spectrum to characterize the

periodic signals in the unevenly-sampled data.
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Chapter 5
OSCILLATING EDM

As described earlier, ultra light particles such as an axion or ALPs can couple with
gluons and quarks and then lead to an oscillating nuclear EDM. The " Hg static EDM
measurement (23] is used to look for the possible oscillation on the top of the static EDM
value. The EDM data taking routine has an almost 24 /7 schedule but it pauses everyday for a
short time to reset and maintain the apparatus conditions. For such unevenly sampled data,
the power spectrum calculated from Fourier transform(FT) fails to present the actual power
density of the underlying continuous signal. Instead, the Lomb-Scargle(L-S) periodogram is
used in the analysis to detect the simple sinusoid periodic signal. As the result, the size of
the most significant peak in the EDM periodograms can be generated by an injected periodic
signal with an amplitude of 2.3 x 1072 e-cm and we conclude our EDM dataset can identify
an oscillating signal with the magnitude of 1.81 x 1072 e-cm as a largest peak with 95%

confidence in the frequency range between 0 Hz and 6.17x10~* Hz.

5.1 Introduction on classical periodogram and Lomb-Scargle periodogram

Periodogram is a technique commonly used especially in the field of astronomy to look for
possible periodic signals in unequally spaced time series. It is similar to the Fourier power
spectrum in the way that both of them are interested in extracting the frequency information
in the signal. However, conceptually they are two different things.

The classical periodogram, also called the Schuster periodogram, was first proposed by

Schuster in 1898. It has the exact form of the power density calculated from FT besides the

1

normalization factor, -, where N is the number of data points(see Section 5.3.1). However,

its statistical property is no longer retained when data is unequally spaced in time. In 1976,
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based in part on earlier work by Barning and Vanicek, Lomb developed the periodogram
with the least-squared method. It not only greatly mitigates the difficulties of the previous
periodgrams but also includes additional features. The Lomb-Scargle periodogram, some-
times called standard periodogrm, is the result Scargle elaborated from Lomb’s work in a
systematic way. It is well-motivated and widely accepted due to its three properties. First of
all, L-S periodogram reduces to the classical form in the case of equally spaced time series.
Second, the periodogram’s statistics is analytically computable. Third, the periodogram is
insensitive to global time shift. Therefore, L-S periodogram is the first method to use when
analyzing periodic signals, especially a simple sinusoid signal in an unevenly-spaced time

series.

Simulated White Noise and its Periodogram
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Figure 5.1: Example of the Lomb-Scarlge periodogram of pure Gaussian noise. The upper
panel is the raw data of 128 points. They are Gaussian distributed at random times between
0 and 100 seconds with zero mean and .5 standard deviation. The bottom panel is its Lomb-
Scargle periodogram with the significant levels of 10% and 50% calculated by the bootstrap

method.



25

Figure 5.1 shows the results of applying Lomb-Scargle periodogram as discussed above.
In the upper panel, the raw data is plotted against time. The 128 data points are randomly
distributed in time and the value is Gaussian distributed with expected zero mean and the
standard deviation of 0.5. The bottom panel is the periodogram of the raw data. The
horizontal lines are significance levels, 0.5 and 0.1. The significance level is estimated with
bootstrap method which is explained in section 5.4. As a note, significant level and false
alarm probability(FAP) are used interchangeably. It is a method to measure how likely the
peak is caused by noise. You may think of the significance level as being 1-C'F', where C'F

is the tradition ”confidence level”.

Figure 5.2 shows the raw data with an injected fake signal with amplitude of .5 and
frequency of .398 Hz. The upper panel is the amplitude of the signal against the time and
the bottom figure is the Lomb-Scargle periodogram with a peak corresponding to the injected

signal with significance level of 1071,

5.2 What does the FT output: Evolution theorem

Any signal can be decomposed to sine and cosine waves with various amplitudes and frequen-
cies. The Fourier transform is a method that decomposes the signal, a continuous function
of time, into frequencies that comprise. The squared amplitude of the FT at each frequency
grid presents the power component at that frequency in the underlying continuous signal.
This Fourier-driven power spectrum is commonly used to analyze periodic signal for data
evenly spaced in time. However, it fails to present the correct amount of power in the fre-
quency base when data are not sampled with a fixed sampling rate. By looking into the
property of the FT: evolution theorem, it gives a clear explanation on what the F'T does on

the data and what we actually obtain from the FT.

The FT of a signal, g, is denoted by adding a circumflex: §. For a continuous time series
g(t) infinite in length, its FT is symbolically presented as g(f) or F{g(t)} in Eq.5.1 and
calculated by the formula in Eq.5.2.
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Simulated Noise with a Fake Signal and its Periodogram
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Figure 5.2: Example of Lomb-Scargle periodogram with Gaussian noise and an injected
signal. In the upper panel, the fake signal with an amplitude of .5 and frequency .398 Hz is
injected to the raw data, 128 Gaussian distributed data points at random times between 0 and
100 seconds with zero mean and .5 standard deviation. The bottom panel shows its Lomb-
Scargle periodogram has a peak corresponding to the injected signal with the significance
level of 10%.

9(t) — 3(f), Fla(t)} (5.1)

Mﬂ:/fgwe%ma (5.2)

o0

The convolution theorem shows the Fourier transform of a convolution of two functions,

F{gx* [}, is equivalent to the point-wise product of the individual Fourier transforms shown

in Eq.5.3.

Flg* f}=Fg}  F{f} (5.3)
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where * denotes convolution in this context, and not multiplication. And - denotes point-wise

multiplication. It always works in another way:

Fg- 1} = Flgp = F{f} (5.4)

Fig.5.3 illustrates the second case of the evolution theorem in Eq.5.4 for the case with
a fixed sampling rate. The three right panels are the Fourier transform of the function on
their left. The top left panel is the underlying continuous signal we are trying to measure.
Here the Gaussian signal is chosen as the example. In reality, even though we can sample
the signal so fast, there is no way we can obtain the actual continuous function. The data
taking routine with a fixed sampling rate can be presented as many delta functions evenly
spaced in time as shown in the middle left panel, which is called the window function. The
obtained data are discrete points sampled at each sampling time as shown in the bottom left
panel. It is also the point-wise product of the underlying function and the window function.
As the evolution theorem states, the F'T of the obtained data shown in bottom right panel
is equivalent to the convolution of the FT of the underlying continuous signal shown in top
right panel and the FT of the window function shown in middle right panel. The FT of
the obtained data is NEITHER the direct FT of the underlying continuous signal shown in
Eq.5.2 NOR the top right panel. The FT of evenly-spaced delta functions as the window
function is also delta functions evenly spaced proportional to the inverse of the time spacing
shown in the middle two panels. As a result, the product of the two FTs has the window
function imprinted on the FT of the underlying signal shown in the bottom right panel.
Furthermore, the peak height presents the size of the frequency’s component consistent with
the peak in the Fourier transform of the signal source.

Mathematically, the obtained data is the point-wise product of the underlying signal and
a set of delta functions, g(t)-I11x(t), where g(t) is the signal and 111 .(t) is the observation
points and the observation time is spaced by At. The FT of the data can be shown below
in Eq.5.5 with applying the convolution theorem.
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Flg(t) - I ()} = F{g(t)} = F{III7(t)} (5.5)
= i g(nAt)e 2mimatl PR—— Z gpe2mifnAat (5.6)

where g, = g(nAt), ITIx,(t) =02 6(t —nAt) and

n=—oo

FUITs)} = 11T () = 52 3 67 —n) (5.7

At

The result is the discrete Fourier transform.

However, if the data is not evenly sampled in time as shown in the bottom left panel
in Fig.5.4, the window function shown in the middle left panel in Fig.5.4 does not have
an evenly-spaced delta functions like the one in the middle left panel in Fig.5.3. Its FT
becomes many peaks at random places in frequency as shown in the right bottom panel
in Fig.5.4. This FT of the window function imprinted on the actual signal randomizes the
peaks originally in the FT of the signal. The largest peak in the FT of the obtained data no
longer present as the largest frequency component in the signal. Therefore, the FT observed
data does not produce a meaningful result if the time coordinate does not have data points

evenly spaced.

Both the periodogram and the Fourier power spectrum are used to extract the power
information of periodic signals. However, they are conceptually two different things. The
Fourier power spectrum gives the actual power density of the underlying continuous signal
within its frequency sensitive range for evenly-spaced data. But, if the data are not evenly-
spaced, the FT fails and the periodogram only serves as a power estimator to look for possible

periodic signals.
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Figure 5.3: An illustration of convolution theory. The left top two panels are the underlying
signal and the time coordinate of data taking. The left bottom panel is the actual observed

data. The three panels on the right are the Fourier transforms of the functions on their left.
The window function of the evenly-spaced data (middle right panel) gives delta functions

spaced by . Therefore, the convolution of the F'T of the underlying signal and the

1
cycletime

FT of time coordinate in the right bottom panel maintains the size of the peak in the FT of
the underlying signal. Reproduced from Ref.[42]

5.3 The Lomb-Scargle periodogram and its extension

5.3.1

classical form

The classical periodogram, also called Schuster periodogram, has the same form as the Fourier

power spectrum besides a normalization factor %,

where N is the number of data points.

The discrete Fourier transform of a sampled data set, {g, = g(t,),n = 1,2,,..., N}, can be

shown as F{g,}. The classical form is defined as:
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Figure 5.4: An illustration of convolution theory. The left top two panels are the underlying
signal and the time coordinate of data taking. The left bottom panel is the actual observed
data. The three panels on the right are the Fourier transforms of the functions on their
left. The window function of the unevenly-spaced data (middle right panel) gives peaks at
random frequency locations. The convolution of the F'T of the underlying signal and the FT
of the time coordinate in the right bottom panel fails to present the frequency information
of the underlying signal. Reproduced from Ref.[42]

1
P(f) =~ [ Flon}l" (5:8)
1 ZN |
N j=1 gne 2T

= % {( Zgn cos(27rfifn)>2 + (Zgn sin(27rftn)>2} (5.10)

The classical form ignores data not being evenly spaced. The real peaks in the spectrum

2

(5.9)

give rise to many other peaks of various heights across the spectrum as the case shown in
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the bottom right panel in Fig.5.4. It works beautifully with evenly-spaced data but has no
well-defined properties for others. Scargle[37] pointed out that researchers had moved away
from this method and categorized its problems into two: statistical difficulties and spectral
leakage. The main statistical problem is the spectrum is very noisy no matter how many
data points there are. Increasing the number of data points also adds the number of available
frequencies in proportion so the noise does not get averaged out. The second issue, spectral
leakage, is adopted from the frequency analysis with the number of data being finite. For
a sinusoidal signal with a single frequency, its classical periodogram has a peak not only at
the correct frequency but also at other frequencies.

There are different methods to analyze unevenly-spaced data. Each method can also have
several slightly different forms such as the way of normalizing the periodogram. It leads to

different statistical properties.

5.3.2  L-§ periodogram

The L-S periodogram is inspired by Fourier analysis and modified with the concept of least-
squares frequency analysis. Therefore, the standard form has some similarities with the
Fourier power spectrum. It can be partially derived with a Fourier analysis approach[37]
and fully derived with a least-squares frequency analysis approach[28][45]. Here I want to
briefly explain how to obtain the standard form with Least-squares frequency analysis.

The core concept of the least squares method is to find the best model to represent
the actual data by minimizing the difference between the two. The intuitive model for a
simple periodic signal with a single frequency is a linear combination of sine and cosine
functions. For each frequency, theoretically we can obtain the coefficients of the sine and
cosine functions as a function of frequency by minimizing the sum of squares. Then, we can
construct a periodogram as a collection of the sums of squares as a function of frequency.
The smaller the peak is, the better fit the model presents. However, the calculation is not
trivial. Lomb keeps the core concept of the least squares method by minimizing the sum of

squares: 25:1 [g(tn) — gf(tn)]2 where ¢(t,,) is the actual data and g¢(¢,) is the model you
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are fitting to. Instead, Lomb constructs a periodogram as a set of quantities which shows
how well the models represents the actual dataset, not the chi-square value directly. The
greater the value is, the closer the model is to the actual data. This quantity extracts the
magnitude of the specified frequency’s component in the model that the actual data also
obtain. It can be thought of as a dot product of two vectors pointing in two directions[44].
One vector is the data and another one is the unique solution in the model that minimizes
the sum of squares. And the dot product extracts the component of the data vector parallel
to the solution vector. If the model can describe the data well, the dot product of the two
gives a value close to 1 with the proper normalization.

Also Lomb implements a time shift, 7, in the time base which makes the periodogram
invariant under a global time shift. On the other hand, mathematically, this constant, 7,
greatly simplifies the calculation to obtain the coefficients of the sine and cosine functions in
the model by just adding a phase in the functions without changing the solution.

The Lomb-Scargle peridogram can be shown as the form:
A? 2 B2 , 2
P(f) = 7(;% cos(2rf[tn — 7))+ 7(;% sin(2r f[tn — 7])) (5.11)

This form has lots of similarities to the classical form in Eq.5.8. A, B and 7 are arbitrary
function of the frequency f.

Plugging in A, B and 7, the Lomb-Scargle periodogram without any normalization has

the form:
2 . 2
, 1 (Sagmeos@rfftn—7D)) (S, gusin@nfltn — 7)) 512
es(f) = 5{ S sl — 1) S sl (2 [t — 7)) } (5.12)
where the 7 is specified for each frequency f to ensure time-shift invariance:
1 1 (>, sin(4m ft,,)
= A f tan <Zn cos(47rftn)> (5.13)

Eq.5.12 can be normalized with a factor of ﬁ.

n
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5.8.3  Modifications of L-S periodogram

Lomb-Scargle periodogram shown in Eq.5.12 has two drawbacks. First, it does not include
the error bars of the data in the analysis. Gilliland and Baliunas[19] and Irwin et al.[26]
first provided a version of the modified L-S periodogram for the unequally weighted data.
Scargle[38] also included the form of a periodogram for data with uneven weights. The second
drawback is the L-S periodogram assumes the data has pre-centered so that the mean of the
data and the mean of the fitted sine function are the same. Its modification has been called
various names: the data-compensated discrete Fourier transform by Ferraz-Mello[17], the
floating-mean periodogram by Cumming et al.[12] and VanderPlas and Ivezic 2015[43]), and
the generalized Lomb-Scargle periodogram by Zechmeister and Kurster[45]. Mainly, it adds
an offset term in the fitted model at each frequency. It is not equivalent to subtracting the
mean from the signal to remove the signal offset. It is because the signal most likely does
not have the full phase coverage on the observed measurement. Removing the mean might
suppress periodic signals in the periodogram. VanderPlas[42] has shown an example on this

case.

These two are the most important modifications of L-S periodogram. Zechmeister and
Kurster have derived the modified L-S periodogram in detail. With a sampled data set,
{gn,n = 1,2,.., N} with the corresponding uncertainties, {o,}, the L-S peridogram with

uneven weighting can be presented as:

. ! (5 walon — 3) cos@nfltn — 7))

- > wn(gn —79)? { > wy cos? (2 f[t, — 7)) — > wy cos(2m flt, — 7)) - D> wy, cos(2m ft, — T])
X (% walgo = 9)sin2rfltn — 7))
S w, sin? (2 flt, — 7)) — S wy sin(2w f[t, — 7)) - > w, sin(27 f[t, — 7))

} (5.14)

where ¢ is the weighted mean and w,, is the weight of each measurement and w,, is normalized

with the total weight, W, as shown below.



34

g= angn (515)

11 1
R = (W=Zp an=1) (5.16)
5.8.4  Normalization

The L-S periodogram is inspired by Fourier analysis and also can be viewed as a special case of
Least Squares method. These two perspectives have slightly different interpretations on what
the periodogram is measuring. Here I will introduce two commonly-used normalizations:
PSD normalization and Least-Squares normalization.

Eq.5.12 itself without an additional normalization factor, ﬁ, is the resulting peri-
odogram in the Fourier perspective for the case of no measurement uncertainty included. It
outputs the standard Fourier power spectrum for the special case of evenly spaced data. It
is called the PSD normalized periodogram or unnormalized L-S periodogram. It can also be

expressed in Least-Squares language as:

1

P(f) = 5[0 = ()] (5.17)

Xo? is the non-varying reference model. For the case of Eq.5.12 without measurement uncer-
tainties, Xo” = > (gn)?. And Xo® = W 3" w,(g, —7)? for the case of Eq.5.14 with considering
floating-mean value and uneven weighting.

For the evenly spaced data, Eq.5.17 is consistent with the result of the Discrete Fourier
power spectrum with N data points: \FFT (gn)|°

Without considering the data uncertainties, the unit of the periodogram is O[g?] and
it measures the squared-amplitudes of Fourier components at each frequency. With the
uncertainties, its unit is unitless and it measures the periodic signal in signal-to-noise ratio.

Eq.5.12 with the normalization, m, is the periodogram with least-squares normaliza-

tion. It measures the inverse of the goodness-of-fit for a model. The expression in Least-
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squares language is:

P(f) = XOQ_—W (5.18)
X0

2(f) describes the fit between the actual data and the model. When the model perfectly
fits to the data, X2(f) is zero then P(f) is equal to 1. For other cases, the x*(f) is greater
than zero and P(f) lies between 0 and 1. This normalization gives a value proportional
to the result of an unnormalized peridogram. The unit of the least-squares peroidogram is

dimensionless.
There are more than two normalizations of the L-S periodogram but they are barely
used in the literature. Different normalizations can have different statistics of the resulting

periodogram when interpreting the significance of the peak. Baluev[7] has a summary on

normalization and its statistical properties.

5.4 The interpretation on peaks

In my experience of analyzing unevenly-spaced data, I encountered one important concept
of the periodogram after learning the basic knowledge. That is how to interpret the peaks in
the periodogram. Without it, it is meaningless to calculate the periodogram. The statistics
of the periodogram gives us more insight to obtaining various size of peaks. Before jumping
into the core, it is good to know how the peridogram with different normalization can have
different statistical properties.

The periodogram and Fourier power spectrum have very different information about
periodicity of the signal so they have very different ways to interpret the peaks. In a Fourier
power spectrum, the width of the peak is an important quantity because it determines the
uncertainty of the frequency you detect. It decreases with the number of data points and
signal-to-noise ratio. However, the width of a peak in periodogram does not depend on these
two parameters. More than that, periodogram is not about how precise you can determine
the frequency in the data but, as power estimators at each frequency, how unlikely the

largest peak with such magnitude is caused by noise fluctuation. A good quality of data
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in the periodogram reflect on how distinguished the height of the peak from others caused
by noise. This quantity is false alarm probability(FAP). It is based on a null hypothesis
to assume no periodic signal but only white Gaussian noise exist in data and estimates the
probability the peak in the periodogram is caused by the noise. A larger peak leads to a
smaller value of FAP which corresponds to a smaller value of significant level. The smaller

the significance level is, the more unlikely it is caused by just noise.

5.4.1 Statistics of the L-S periodogram

For even-sampled data, the powers at different frequencies in the Fourier power spectrum have
a well known statistical distribution. If the signal is white Gaussian noise, the histogram of
the power gives a chi-squared distribution with two degrees of freedom which is an exponential
probability distribution. For the case of unevenly spaced data, Scargle shows the spectral
estimator at one frequency in the unnormalized L-S periodogram in Eq.5.12 gives the same
exponential probability distribution. It can be useful because for certain instances it gives

information about the significance level of peaks.

Scargle derived the result by starting with a generalized discrete Fourier transform(DFT)
with a preselcted frequency, f. Its periodogram power has an exponential probability distri-
bution if the source signal is independently and normally distributed data with zero mean
and constant variance[37]. A generalized DFT of a set of N data points with the sampling,

{t,},can be shown as

N
FT,(f) = % Zgn [Acos(?wftn) +iBsin(2n ft,) (5.19)
n=1

A and B are unspecified functions of f. The corresponding periodogram of the DFT is:
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Porr(f) = | FT,(1)P

2 2
— A? [Z gncOS(QWftn] ’ + 37 [Zgn sin(2w ft,) i (5.20)

=[x+ 5]

where C(f) =AY gncos(2mft,) and S(f) = B)_, gnsin(2wft,). The result is under the
assumption that C'(f) and S(f) are uncorrelated.

As shown in Eq.5.20, the periodogram can be generalized as the sum of the squares
of two normally distributed, zero-mean random variables with the same variance so it is
by definition a chi-squared distribution with two degrees of freedom which is an exponential
probability distribution[29]. Let X and Y be two zero-mean random variables with variances,
0% and 0% and 0% = of = 0. Papoulis[29] derived that Z = X? + Y2 has the exponential

distribution:

1
Py(z) = %e—z/w (5.21)

where 2z is the power in L-S periodogram, Ps[37]. As a result, with only the pure Gaussian
noise as signal, powers at each frequency in the periodogram have an exponential probability
distribution. The spectral estimator of a sampled data set, {g, = g(t,),n =1,2,,..., N}, at
a given frequency, fo, is Zyg = P,(fo) in the unnormalized L-S periodogram, the probability
of obtaining a peak larger than Z; is e and the probability of obtaining a peak less than
Zy is (1 —e~%). The probability of obtaining a peak greater than the value Z; decreases
as e~%0 with an increased Z;. This value is directly useful if the signal at this frequency
is the only one of interest. However, most of cases, we are more interested in the largest
peak in a range of frequencies. And we want to be able to know what is the probability
of obtaining this peak if there is no actual periodic signal in the data. It requires us to
examine the height of the spectral estimator at each frequency in the range. Assuming the

spectral estimators at each frequency are independent from each other, for a simple case of
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only three frequencies in the range, the probability of obtaining a peak greater than Z; in
all three frequencies is e x e=%0 % e=%0 which is extreme small. But, the probability that
the largest peak among these three frequencies is greater than 7 is (1—Prob[none of them
obtains a peak greater than Zy]). That is 1 — (1 — e~%0)3. However, the assumption is not
realistic. Sampling time being unevenly spaced causes the values at different frequencies to
correlate with one another. There are various approach to estimate the effective independent

number of frequencies, N.s¢, and the FAP is shown as:

Prob[Zmee > Z) =1 — [1 — exp(—2Z)|Nett (5.22)

Because of the survey window function, it is not a trivial task to determine the Nss.
Horne and Baliunas[25], Cumming[11], and Frescura et al.[18] has proposed ways to estimate

this value but they are all just approximations.

5.4.2 Bootstrap

Another approach to estimate FAP is the bootstrap method. It estimates the statistic of the
periodogram from the statistic of the bootstrap samples’ periodograms. In the oscillating
EDM analysis, FAP of the largest peak in the periodogram is estimated by comparing with
the distribution of the maximum peak’s magnitude from the periodograms of the bootstrap
samples. To contain a similar noise level and wash out any possible periodic signal to
satisfy the assumption of Null hypothesis, the bootstrap sample is consisted with points that
are randomly drawn with replacement from the original dataset such that some values can
appear more than once in the bootstrap sample. The time coordinate is kept the same so
the maximum peak distribution has taken the survey window into account. By collecting the
magnitude of largest peak from the periodogram of each bootstrap sample, we can obtain the
maximum peak’s magnitude distribution of the bootstrap sample’s periodogram. Depending
on where the largest periodogram peak of the actual dataset fall in the distribution, it gives

the probability of obtaining the peak with such a magnitude in the expected maximum peak’s
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magnitude probability distribution which is the FAP of the peak.

Bootstrap was first proposed by Efron in 1979[15]. And it is believed to be a better
and more primitive way to estimate the FAP than N.;; method mentioned in section 5.4.1
because of three reasons. First of all, it has fewer assumptions on the form of periodogram
probability distribution than the N.f; method does. Second, it has accounted for the effect
of the survey window with keeping the same time coordinate in resampled data. And third,
the N.ss method tends to under-estimate the FAP and still has an unambiguous issue on
determining N.ss. Jacob[42] has compared the result of FAPs from several methods including
Ncss and bootstrap. The drawback of bootstrap is the computation cost could be high
especially for the case of very small value of FAP. Also, the application of the bootstrap

method on the correlated signal can be very complicated, see [27].
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Figure 5.5: An illustration of bootstrap method. The original data points can be thought of
as n balls with n different colors shown in the top of illustration. The bootstrap samples are
consisted with the points that are drawn randomly with replacement from the original data
set. It allows the same data point can be drawn more than once. Therefore, the bootstrap
samples are expected to have n balls with the number of colors less than n, what the original

data has.
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Chapter 6
DATA ANALYSIS

This chapter first discusses the two important procedures while applying the L-S peri-
odogram on EDM data and then presents our result of the L-S periodogram analysis and
the sensitivity of our measurements. First of all, EDM data cannot directly be analyzed
because the EDM string points are not independent. Also, the Nyquist limit of EDM data is
well defined because it is very nearly evenly spaced. It is also reflected in the window power

spectrum.

EDM Combo

EDM Combo

0 100 200 300 400
Time [days]

Figure 6.1: EDM measurements combining HV settings of 6kV and 10kV verse time. 6kV
data has scaled by 10/6. Measurements are mostly equally spaced in time except the large
gaps where the experiments are paused for maintenance.

Figure 6.1 is the static ! Hg EDM data. There are 52,695 data points over 284 completed
days. They are EDM values after applying the string analysis mentioned in earlier chapters.
The sensitivity of the static EDM measurement is proportional to the high voltage applied

across the middle two cells. For the systematic analysis purpose, we switch the HV setting



42

between 6kV and 10kV frequently. As a result, the data with 6kV scatters about % more
than the data with 10kV. In Fig.6.1, the 6kV data has been scaled by 16—0 to combine with
10kV data. For searching for a time-varying EDM, these 52,695 data points are either error
weighted without 6kV data rescaling or weighted equally with 6kV data rescaled in the
periodogram analysis. The error of each data point is calculated by the scatter of the data
points in that night. During the data taking, the measurements are mostly equally spaced by
the cycle time between 270 seconds to 285 seconds. The gaps between points in Fig.6.1 are the
times we paused the experiment every morning for the apparatus maintenance, configuration

setup, or fixing the apparatus.

6.1 Facts

6.1.1 EDM data being not independent

The static EDM data cannot be directly interpreted in the frequency domain through the
Lomb-Scargle periodogram for searching an oscillating EDM because the string analysis,
mentioned in the section 4.2, takes the linear combination of three neighboring EDM points
to remove the time-dependent linear field gradient drift. Therefore, all the EDM string points
are not independent and the noise are not Gaussian white noise. If directly calculating the
L-S periodogram on the EDM string points, the result has an overall % structure as shown
in Figure 6.2.

Figure 6.3 shows the results of the Lomb-Scargle periodogram both from the Gaussian
distributed independent data in the upper panel and the data after applying string analysis
in the middle panel. Both data sets are assigned with the time array as the one of EDM data
and points are evenly weighted. The upper figure shows peaks spreading across the whole
frequency range without obvious structure. However, the L-S periodogram of the data after
string analysis has a spectrum with a % structure. The high frequency signals are suppressed
from the string analysis which averaging every three neighboring raw points. Because the

periodogram is normalized by the standard deviation of the data, the low frequency signals
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EDM Periodogram with Correlated Noise
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Figure 6.2: The EDM periodogram from the correlated EDM data. The overall 1/f shape is
due to the string analysis.

have bigger amplitudes than the one in the upper panel.

Instead of analyzing the correlated string points directly, I split the data points to three
groups such that the first(second and third) group contains the first(second and third) string
point and every other two points in the data set. Therefore, all the points in each group
are independent. Then, the final periodogram is the average of the three periodograms from
the three groups. Each periodogram is calculated with standard normalization so it has the
form of 1 — % as mentioned in Eq.5.15. Coming from the same data source, Yo from
each group is expected to be the same. Therefore, it is reasonable to take the average of the
power estimators at the same frequency from three groups to get the final power estimator
at that frequency. Repeating it for all the frequencies, we can obtain the final periodogram.

This is the method we are using to detect the oscillating EDM with the static EDM data.

Applying it on the simulated data set in the middle panel in Fig.6.3, the final periodogram

does not have the % structure as shown in the bottom panel. The periodogram becomes three
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Periodogram Before and After String Analysis
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Figure 6.3: The periodograms before(top panel) and after(middle panel) the string analysis
on a simulated Gaussian-distributed data. The overall 1/f shape in frequency is caused by
the string analysis. By decoupling the correlation among data points in the middle panel,
the frequency range of the final periodogram(bottom panel) is shorten by a factor of three.

times shorter than before which will be discussed in section 6.1.2.

6.1.2 Effective Nyquist frequency and window function

The regularly-sampled data has a well-defined Nyquist limit due to the symmetry in its Dirac
comb window function. The uneven spacing of the samples randomize the locations of the
peaks in the Fourier transform. As a result, it does not always have a Nyquist limit. Even
if it does, normally the Nyquist limit is larger than the case of evenly-spaced data[43]. For

the static EDM measurement, the observations are nearly equally-spaced. Each EDM value
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is calculated from the neighboring cycles with the string analysis and each cycle has a fixed
length between 240 seconds and 300 seconds in that day. Figure 6.4 shows number counts
for various intervals between the observations. The most common setup is 270 seconds for
a cycle time. As a result, the window function has clear peaks spaced by 1.23 x 10~ Hz
which is equal to the inverse of three cycle times, 3X—1270, shown in the upper panel in Fig.6.5.
The factor of 3 is due to the step of decoupling the correlation between neighboring points
mentioned in section 6.1.1. If the data was perfectly evenly-spaced, the peaks would be many
delta functions with larger magnitude and without any additional small peaks besides it as
in the bottom-right panel in Fig.5.3. Because of the nearly equally-spaced observation, we
can treat fy, = % = 6.17 x 10~* Hz as the effective Nyquist limit for the oscillating EDM

analysis.
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Figure 6.4: A histogram of EDM cycle time. EDM data are mostly evenly spaced in time
and the most common setup for a cycle time is 270 seconds.

By injecting a periodic signal with a large amplitude into the EDM data, the periodogram
shows the fake signal’s folded peaks at the position mirrored about the effective Nyquist
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Figure 6.5: The window function of EDM data. Because the data are mostly evenly spaced
in time, so the window function(top panel) has clear peaks spaced by Wletime’ where the
three is due to decoupling the correlation among data. An enlarged look(bottom panel) on
the structure of one of the peaks.

frequency, 6.17 x 10~* Hz, shown in Fig.6.6. The dash lines indicate the frequencies at
6.17 x 107* Hz, 2 x 6.17 x 107* Hz, 3 x 6.17 x 107* Hz, and 4 x 6.17 x 10~* Hz.

6.2 Oscillating EDM result

The EDM data set has a total of 52,697 string points over 284 completed days. I analyze
the data with two different approaches both with and without error weighting shown in
Fig.6.7. The first approach, the Combined HV Periodogram, is to split the data to three
groups first so all the points in the group are totally independent from each other. The
final periodogram is the average of these three sets’ periodograms shown in the left panel in
Fig.6.8 and in Fig.6.10 for the cases with and without error weighting. As mentioned earlier

in this chapter, because 6kV data is expected to scatter about %0 more than the 10kV data,



47

EDM Periodogram with a Large Fake Signal
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Figure 6.6: The window function with an injected large signal at 4.9 x 10~* Hz. The mirrored
peaks indicate the effective Nyquist frequency:6.17 x 10~* Hz

it is rescaled by %0 in the case of the Combined HV Periodogram without error weighting.
The error weighted Combined HV Peridogram does not need to rescale 6kV data because
the size of scattering is taken into account with error weighting.

Because the EDM data scatter with HV value and the EDM data taking sequence switches
HV setting between 6kV and 10kV every other day, it could act like a time varying signal.
Therefore, another approach to obtain the final result on the periodogram, called 2HV Pe-
riodogram and shown in the bottom panel in Fig.6.7, is to separate 6kV and 10kV data
first and calculate their individual periodogram by averaging the three split data sets’ pe-
riodogram as shown in Fig.6.9 and then take the average of these two results to obtain the
final periodogram shown in the right panel of in Fig.6.8 and Fig.6.10 for the cases with and
without error weighting. Because 6kV and 10kV data are separated first before calculating
the periodogram, there is no need to rescale 6kV data.

The measurement is sensitive in the frequency range from 0 Hz to 6.17 x 10~* Hz as

explained in the section 6.1.2. The frequency grid is suggested to over-sample the peak with
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Two approaches to obtain the EDM periodogram

1st approach : combined HV periodogram

index 1,4,7,.
EDMdata |/ Avg
6kV &10kV index 2,5.8,.. (Final Result)
index 3,6,9,..

2nd approach : 2HV periodogram

|ndex 1,4,7,.

‘ 6 kV ‘lndex 2,58,. Avg
|ndex 3,6,9,.
EDM data Avg
6kV &10kV P (Final Result)
index 1,4,7,..
| 10kv index 2,5,8, Avg

P : Periodogram
Avg : Average

Figure 6.7: An illustration on the two approaches to obtain the final periodogram.

expected width by a factor of 5[40][43] to 10[13][33] so that each peak has 5 to 10 samples.
In the oscillating EDM analysis, there is no information about the potential signal’s width
so I use the inverse of the total time length, ~15.45 months, as the peak’s width and an

oversampling factor of 5 makes a frequency grid to be m =4.99 x 107 Hz.

There are a total of four periodograms calculated from two approaches with and without
error weighting shown in Fig.6.8 and Fig.6.10. The two dashed lines in the plots are the
significance levels corresponding to the maximum peak’s FAP of 5% and .3%. The most
significant peak among four periodograms has a FAP of 31% at 3.92 x 107° Hz with a
magnitude of 1.11 x 1073 in the error weighted Combined HV Peridogram. It says this peak

with such a magnitude, assuming no periodic signal in the dataset, has 31% probability to
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be caused by noise. The common mistake is to interpret it as a 69% probability ro be caused
by a periodic signal regardless of the calculation on FAP being based on the assumption of
no periodic signal. Therefore, I claim the four periodograms are consistent and detect no
periodic signal with a significant value in the periodograms.

The FAP, more specifically called the FAP of the maximum peak, is only relevant to
the magnitude of the maximum peak in the peridogoram here. The FAP is determined by
comparing the size of the maximum peak in EDM periodogram with the the maximum peak
distribution of bootstrap samples’ periodograms using the bootstrap method. For EDM data,
we construct 1,000 periodograms from resampling the original data as explained in section
5.4.2. Each data point in bootstrap sample is randomly drawn with replacement from the
original set so any points in the original data set can be picked more than once. The maximum
distribution consists of 1,000 magnitudes of the maximum peak of each periodogram. As
the first approach, the Combined HV periodogram, being the average of three, these 1,000
periodograms are also the averaged periodogram of the three. The EDM data is split to three
groups first and then the points in three resampled data sets are randomly picked from these
three groups separately but with the same corresponding order in the split group among the
three groups. After calculating the L-S periodogram of these three resampled data sets and
taking the average of the three periodograms, we can obtain one maximum peak magnitude
of the averaged periodogram. Repeating it with different resampling combinations 1,000
times gives us the maximum peak distribution.

For the second approach of the EDM periodogram, the 2HV peridogram, the bootstrap
method is also used to generate the maximum peak distribution. Because the 2HV perido-
gram is the average of the 6kV and 10kV periodograms, the procedure of constructing the
maximum peak distribution has to be slightly altered such that the 6kV data and 10kV data
are separated before splitting to three groups and each maximum peak is from the averaged
periodogram of 6kV and 10kV periodogram of the resampled data.

A small subtilty in generating bootstrap samples in my analysis is to bootstrap each

night of data separately and independently from other nights of data after splitting to three
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groups. And then, I combine all the bootstrap samples from each night to calculate the L-S
peridogram of one group. It is because each night’s data has a slightly different distribution
from each other. Some nights might scatter more than another night. It can be seen in the
histograms of each night of 6kV data in the first group shown in the right panel of Fig.6.11.
The left panel in Fig.6.11 shows the histogram of the first group of all the 6kV data in a
logarithmic scale. The distribution of the data fits to a Gaussian function as shown in blue
line very well. The data value has the unit of angular frequency per 10 kV electric field
strength before converting to EDM unit:e - em. The conversion factor is 1.648 x 1072°. And

all the data still have a common blind offset so the mean value of the fit is not meaningful

here.
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Figure 6.8: EDM periodograms with error weighted. The left panel is the Combined HV
peridogoram with the maximum peak at 3.92 x 10~® Hz with the FAP of 31%. The right
panel is the 2HV peridogoram with the maximum peak at 1.29 x 10~* Hz with the FAP of
82%. The horizontal lines are the FAP of the maximum peak at 5% and 0.3%.

The sensitivity of our measurement with 95% confidence is defined as the smallest periodic
signal which can be detected as the maximum peak with 95% probability. It is determined

by injecting a fake signal in the resampled data constructed from resampling the real EDM
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Figure 6.9: The first step of the second approach to EDM periodogram is to calculate the
6kV (top panel) and 10kV(bottom panel) periodograms separately.

data and see whether the peridogram of the resampled data can identify the fake signal
as the maximum peak. The procedure is very similar to the way we obtain the maximum
distribution using bootstrap method. The fake signal is injected in three resampled data sets
after data points are randomly picked from three split groups of EDM data separately but
with the same order. Then, we can calculate the periodograms of three resampled data and

the averaged periodogram of the three.

The difference is we are interested in how well the periodgram of the resampled data with
injecting fake signal can successfully detect the fake signal as the largest peak. Therefore,
we collect the frequency of the maximum peak instead of maximum peak’s magnitude in the
periodgram. Repeating it many times gives us enough samples to conclude the probability
of obtaining it as the largest peak in the periodgram with the given size and the given
frequency of the fake signal. Fig.6.12 illustrates the steps to calculate the sensitivity of our

measurement. In my analysis, [ repeat 1,000 times for each injected signal and any maximum
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Figure 6.10: EDM periodograms without error weighted. The left panel is the Combined
HV peridogoram with the maximum peak at 9.34 x 10~° Hz with the FAP of 65%. The right
panel is the 2HV peridogoram with the maximum peak at 3.92 x 107° Hz with the FAP of
94%. The horizontal lines are the FAP of the maximum peak at 5% and 0.3%.

peak locating within two frequency-grid size, 2 x 4.99 x 10~° Hz, away from the correct
frequency counts as successfully detected. Therefore, the sensitivity of the measurement
with 95% confidence is defined by the size of the injected signal which can be detected as the
maximum peak within 2 x 4.99 x 10~? Hz accuracy with 95% probability in the periodograms
of EDM bootstrap samples.

As a result, the four periodograms give similar results on the sensitivity of the measure-
ment. For the case of the Combined HV Periodogram with error weighted shown in the left
panel in Fig.6.13, the successful detection probability increases with increased amplitude of
the signal but it does not seem to depend on the frequency of the signal. The lines in Fig.6.13
from top to bottom present the average probabilities of 95%, 89%, 77%, and 59% with the
injected fake signal’s amplitude being 2.3 x 1072, 2.14 x 1072, 1.98 x 107%?, 1.81 x 10~2*
e - cm at seven different frequencies. 2.3 x 1072° e - c¢m is the sensitivity of our measurement
with the first approach with error weighted to the EDM periodogram.

To estimate the size of the potential periodic signal in the EDM periodogram, I inject
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Figure 6.11: Comparison between the histogram of all 6kV data and the histograms of each
night’s 6kV data both from the first split group. The histogram of all 6kV data forms an
almost perfect Gaussian function. But, each night’s histogram shows the size of scatter varies
by a small amount.

a fake signal with a given frequency into the resampled data and repeat it many times to
take the average of magnitudes at that frequency in the peridograms. Fig.6.14 illustrates
the procedure of estimating the size of signal with the bootstrap method. In the right
panel of Fig.6.13, it shows the size of the peak in the periodogram increases with the size
of the injected signal. It does not seem to be frequency dependent. Also, a signal with the
magnitude of 1.27 x 1073 can be generated in the error weighted Combined HV periodogram

by a periodic signal with an amplitude of 1.81 x 1072% e - cm.

In conclusion, the four periodograms give a consistent result. None of them shows a
significant detection on a periodic signal. The sensitivity of the four periodograms and the
estimated signal size for the maximum peak are shown in Table 6.1. I take the result of the
Combined HV Periodogram and conclude the sensitivity of the measurement is 2.3 x 10729
e-cm with 95% confidence. The maximum peak in the periodogram is estimated be generated

by a periodic signal with the magnitude of 1.81 x 1072 ¢ - cm.
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Figure 6.12: An illustration about calculating sensitivity of the measurement.

Oscillating 1% Hg EDM

FAP of max. peak

95% correct detection

as max. peak [ e-cm }

Estimated amplitude

of max. peak [ e-cm ]

Combined HV with error
2HV with error
Combined HV without error
2HV without error

31%
82%
65%
94%

2.3 x107%
2.52 x107%
3.4 x107%
3.29 x10~%

1.81 x10=%
1.81 x107%
1.5 x10=%
1.3 x10=%

Table 6.1: A summary result of the four periodograms.
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Figure 6.13: Both the sensitivity of the periodogram and the size of peak in the periodogram
are not frequency dependent. The left panel shows the sensitivity of the error weighted
Combined HV Periodogram in the frequency range 0 to 6.17 x 10~* Hz is 2.3 x 1072 ¢- em
with 95% confidence. The right panel shows the maximum peak in the periodogram can be
generated by a periodic signal with the magnitude of 1.81 x 1072 ¢ - cm.

6.2.1 Discussion on the two limits: static and oscillating

The EDM data puts a limit on both static and oscillating EDMs. For the static EDM, the
statistical uncertainty is 2.75 x 1073% e - em. The averaged magnitude of 2.88 x 107 e - em
is the limit on the oscillating EDM with 95% confidence.

These two numbers are trying to answer for two very different questions. To simplify the
situation and understand where the factor of 10 comes from between these two limits, 1024
Gaussian-distributed points with zero mean, .5 standard deviation and evenly spaced in time
without considering measurement uncertainties are used as an simulation. In this analysis,
the data being evenly-spaced allows me use the L-S periodogram with psd normalization
which is consistent with the Fourier power spectrum. Because the power is exponentially

distributed and the power of a given frequency is proportional to its squared amplitude
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signal.

of the signal, we can determine the oscillating signal corresponding to 95% of the power

distribution in the periodogram is .054. It is a factor of 3.4 larger than the static limit,

\/numbejo FoomTs \/(ib% = (0.016. By resampling this Gaussian distributed data and injecting

a signal on top of it, the injected signal of .09 has a 95% probability of producing a peak

greater than 95% of the power distribution. Furthermore, the amplitude of .12 has a 95%
probability of obtaining its peak as the maximum peak in the periodogram of the resampled
data. It is a factor of 7 larger than the static limit.

The sensitivity of EDM measurement is proportional to high voltage(HV) value. With
two HV setups, 6k Volts and 10k Volts, the EDM measurment is expected to be two Gaussian

distributed data with the corresponding standard deviation to be 16700 and o. Taking the HV
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into account, the simulated data has two sets of 512 Gaussian-distributed data with standard

10
G

deviations of 0.5 and 0.5 x As the result on resampled data with an injected signal, a
signal of .16 has 95% probability of obtaining the injected signal as the maximum peak in
the periodogram. It is a factor of 10 comparing to the static limit.

To compare the limits between static one and oscillating one, the simulated data has to
be evenly spaced in time. That is because the statistical properties of periodogram with psd
normalization no longer holds when the time is not evenly spaced. The periodogram with
standard normalization takes the standard deviation of the data into account so the injected
periodic signal changes the overall shape of the power distribution. Also, FAP in the L-S
periodogram is used to look for the probability of obtaining a peak with such magnitude

assuming there is no periodic signal. L-S periodogram cannot tell the size of the signal

causing a specific peak in the periodogram.
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