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Causal Inference Test (CIT) has been proposed to infer the causality mediation from a

genotype to a trait through a candidate mediator, for example certain gene expression.

This thesis aims to study the performance of CIT under diverse settings including partial

mediation where the temporal order of the candidate mediator and the trait cannot be

determined. Through algebraic derivation and simulation, I show that there are scenarios of

partial mediation that CIT will yield false negative results even for a large sample size, and

a scenario where CIT will lead to false positives. In conclusion, CIT may not reliably detect

the direction of the mediation.
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Chapter 1

INTRODUCTION

Through Genome-Wide Association Study(GWAS), thousands of single nucleotide poly-

morphism(SNP) have been reported to be associated with a wide range of phenotypes like

disease, molecular measures, quantitative traits, and social and behavioral traits [3, 22, 27].

SNP is a single nucleotide difference at a specific position in the DNA sequence found in

the human population. To its extreme, such a single base change in a protein coding region

may alter amino acid sequence and lead to a dramatic physiological malfunction, like sickle

cell disease, the most common severe monogenic disorders in the world [19]. Although most

of SNPs don’t directly change amino acid sequences, it still can affect many steps along the

process from DNA to protein: mRNA expression, splicing, stability, translation, and gene

expression [10, 21, 23]. The challenge remains to study the causality and pathway of the dis-

ease development, especially cancer, diabetes, cardiovascular disease, psychiatric issues, and

other common diseases which are under influences of multiple genetic loci and environmental

factors [10].

Because of the observational nature of many genetic association studies , data collec-

tion is typically cross-sectional; for instance, tissue collected at diagnosis for obtaining DNA

sequence and DNA expression data. Although genotypes no doubt precede other traits,

the temporal order of an intermediate variable (e.g., gene expression) and disease diagnosis

cannot be determined. To infer the causality from a genotype to a clinical trait through a

potential mediator like certain gene expression, Causal Inference Test (CIT) [15] was pro-

posed and provides a quantitative measure of uncertainty in the form of a formal p-value

and a call for causal direction. Using this method, genetic variants have been identified
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to affect rheumatoid arthritis risk and metabolic traits in adipose tissue via altered DNA

methylation [13, 28], and to be associated with antibody response to vaccination mediated

by gene expression [7].

1.1 Notations and 5 Models

Let G denote a genotype marker at a specific locus. Let X be a potential intermediate and

Y be an outcome of interest: Y could be molecular trait like DNA expression, metabolic or

clinical traits. The order of the causal effect between X and Y is yet to be determined. In

this case, G is the exposure and cannot be the result of X or Y . The alternative relationships

between these three factors are: 1) X mediates the effect of G on Y (causal mediation model);

2) X is the consequence of Y which is under effect of G (reactive model); 3) the association

between G and X is independent of the association between G and Y (independent model).

Because of the complexity of the biological process, it is rare to have pure causal (or reactive)

model where the effect of G on Y (or X) is completely mediated through X (or Y ). Thus,

for practical reasons, partial mediation model and partial reactive model should also be

considered when studying the relation among genotype markers, intermediates and measured

traits or molecular markers. More comprehensive models may also involve a hidden factor;

or the trait is independent of genotype which is associated with intermediate. In this thesis,

the discussion of the candidate models among the three variables is limited to the five model

displayed in Figure (1.1).

1.2 Causal inference test (CIT)

Adapting from Schadt’s model selection approach and Chen’s Causality Equivalence The-

orem, Millstein [15] used four mathematical conditions to define a causal mediation rela-

tionship, G acting on Y through X: 1) G and Y are associated, 2) G is associated with X

conditional on Y , 3) X is associated with Y conditional on G, and 4) G is independent of Y
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Figure 1.1: Possible relationships between an exposure, a candidate mediator and

an outcome. Genotype as exposure is denoted by G, candidate intermediate is denoted by

X, and Y denotes the outcome, i.e., the measured trait.

conditional on X (Figure 1.1). Each condition can be assessed by one statistical test, using

the following linear regression models:

E[Yi|Gi] = α1 + β1Gi (1.1)

E[Xi|Gi, Yi] = α2 + β2Yi + β3Gi (1.2)

E[Yi|Gi, Xi] = α3 + β4Xi + β5Gi (1.3)

And the hypotheses of four component tests for each condition are:

1) H0 : β1 = 0, H1 : β1 6= 0

2) H0 : β3 = 0, H1 : β3 6= 0

3) H0 : β4 = 0, H1 : β4 6= 0

4) H0 : β5 6= 0, H1 : β5 = 0

Standard F test is used for condition 1 through 3, where each set of parameters equal to

zero in the respective null hypothesis. For the test involving model (1.2) and (1.3), partial

F test is applied. For condition 4, an equivalence test is conducted and null F ∗-statistic

distribution is constructed through bootstrap. Only causal model is expected to reject all of
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four null hypotheses, while reactive and independent model would fail to reject at least one

of them (Table 1.1).

Null Hypotheses

G |= Y G |= X|Y X |= Y |G G ∼ Y |X CIT

Causal Model R R R R R
Reactive Model R FR R R FR

Independent Model R R FR FR FR

Table 1.1: Expected component test status of Causal, Reactive and Independent

model. Under three basic models, rejection(R) or failure to reject(FR) of the null hypothesis

of each component test.

To conduct component test 4, which is an equivalence test, generally the equivalence

interval need to be specified, that is, a close neighborhood around the parameter that is

considered to be compatible with the true null value [30]. In this case, the equivalence

interval is set as the parameter space closer to zero than what would be expected under

the independence model, which is defined by three conditions: 1) G is causal for X, 2) G

is causal for Y , and 3) Y is independent of X|G (Figure 1.1). CIT uses an ingenious trick

to circumvent the standard equivalence test: it generates the null distribution of the test

statistic conditional on the observed Y ∼ G relationship under the independence model (null

model) via bootstrap. the significance of the observed statistic is assessed by whether it is

significantly smaller than what expected under the null:

Step 1: The marginal effect of G on X can be estimated from linear regression Xi =

α4 + β6Gi + εx, where εx is the residuals. The residuals are randomly permuted and denoted

as ε∗x. Note that, because of the random permutation, ε∗x is independent of Y |G. Therefore,

X∗i = α4 +β6Gi+ ε∗x is also independent of Y |G and the triplet {G,X∗, Y } satisfies the three

conditions for the Independent model.



5

Step 2: Two nested models

Yi = α∗3 + β∗4X
∗
i + β∗5Gi + ε∗i

Yi = α∗3 + β∗4X
∗
i + ε∗i

are fitted and test statistic F ∗ is computed under the null distribution.

Step 3: Step 1 and 2 would be repeated B times and an empirical distribution of F ∗

under the independent model would be constructed. With a large number of repeats B, the

observed test statistic F can be compared directly with the empirical distribution of F ∗. On

the other hand, under limited permutation times, the null distribution can be approximated

using the parametric property of F distribution and a small B sample of F ∗. A method of

moment estimator for the non-centrality parameter of the F distribution under the null can

be calculated,

λ̂ =
F
∗
ν1(ν2 − 2)

ν2
− ν1

where ν1 and ν2 denote the degrees of freedom. The distribution is then transformed to a

normal distribution,

Z∗ = Φ−1 (P [X < F ∗])

Z∗ ∼ N
(
0, τ 2

)
where X ∼ Fν1,ν2,λ̂, and the variance τ 2 can be estimated from the empirical distribution of

Z∗. The same transformation is also done to the observed test statistic F ,

Z = Φ−1 (P [X < F ])

The transformed test statistic Z is tested against N (0, τ 2). Thus the p-value for the fourth

condition equals P [Z∗ < Z].

The Causal model is concluded only if all of the four component tests are rejected. That

is, the null hypothesis of the CIT is the union of the H0 from the four component tests,

and rejection region for the CIT is the intersection of four H1. Thus, CIT can be seen as
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an intersection-union test and the p-value for the CIT is the supremum of the four p-values

for the component tests. As shown in Table (1.1), CIT is expected to distinguish causal

model from reactive model and independent model as only true causal model is anticipated

to result a significant CIT p-value.

Millstein also extend CIT into an informal model selection method to call the direction of

mediation (Table 1.2). Switching the order of Y and X, the p-value can be computed for both

the forward direction (G to X to Y) and reverse direction (G to Y to X) as shown in Figure

1.1. The four null hypotheses of reverse-direction component tests are: 1. G is independent

of X; 2. G is independent of Y |X; 3. X is independent of Y |G; 4. G is associated with

X|Y . If only one of the p-values is significant at 0.05, the corresponding model would be

returned as the call. If both p-values are non-significant, the call is independent and if both

are significant, the call is ”no call”. One caveat of the call for mediation direction is that

CIT did not consider partial mediation and partial reactive model in its final call, so the

independent call also includes other non-causal and non-reactive models, such as trait(Y )

completely independent of genotype(G).

1.3 Aims of this thesis

In this thesis, I aim to study the performance of the CIT under diverse settings including

partial mediation and partial reactive models. The CIT test is not designed to address partial

mediation and its performance under the latter two scenarios is yet to be determined. In my

view, complete mediation is nearly impossible and partial mediation is likely true in most

biological systems, therefore the partial causal mediation model should be carefully studied

and perhaps ruled as a causal mediation model. However, partial mediation model would

not meet the fourth condition of the CIT test, i.e., G is independent of Y |X. Thus, the

performance of CIT under partial mediation model is questionable. Note that the similarity



7

Null Hypotheses
Model selectionForward direction Reverse direction

G |= Y G |= X|Y X |= Y |G G ∼ Y |X CIT G |= X G |= Y |X X |= Y |G G ∼ X|Y CIT

Causal Model R R R R R R FR R R FR Causal
Reactive Model R FR R FR FR R R R R R Reactive

Independent
Model

R R FR FR FR R R FR FR FR Independent

Table 1.2: Expected CIT and component tests result of Causal, Reactive and Independent models.

Rejection(R) or failure to reject(FR) of the null hypothesis of each component test in both forward and reverse

direction.
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between partial mediation model and partial reactive model, switching the direction of the

effect between X and Y . So it is also of interest to study whether CIT could correctly

detect the direction of mediation under the two partial models, which are more common in

real studies. In this thesis, I would use CIT p-value as the primary significance criterion,

but also consider its model selection extension as it is now used in the literature [7]. In

Chapter 2, the properties of CIT will be algebraically derived under different models including

partial mediation and partial reactive models. Simulations will be performed in Chapter 3

to evaluate its performance, followed by a real data applied with CIT in Chapter 4. Finally,

I will present concluding remarks that summarize this investigation in Chapter 5.
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Chapter 2

THEORETICAL DERIVATION

In this chapter, I will examine the characteristics of CIT under different models using

algebraic derivation. The special emphasis is its properties under true data-generating partial

mediation and partial reactive models. In the original CIT paper, biallelic markers with co-

dominance were considered [15]. Here we extend the notation of G to be any type of genotype

data: binary as dominate/recessive alleles; or continuous between 0 and 1 as imputed genetic

score. Without loss of generality, the intercepts in the models (αj) are set to 0 as the

predictors and the outcome can be centered at their means. Thus, the linear regression

models used in CIT, model (1.1) to (1.3), can be simplified:

E[Yi|Gi] = β1Gi (2.1)

E[Xi|Gi, Yi] = β2Yi + β3Gi (2.2)

E[Yi|Gi, Xi] = β4Xi + β5Gi (2.3)

And the four component tests are:

1) H0 : β1 = 0, H1 : β1 6= 0

2) H0 : β3 = 0, H1 : β3 6= 0

3) H0 : β4 = 0, H1 : β4 6= 0

4) H0 : β5 6= 0, H1 : β5 = 0

Since the CIT p-value is the supremum of four p-values from the component tests, failure to

reject even only one test would lead to a non-significant CIT test result. In this Chapter, I

will study the power of CIT under causal and partial mediation models, and I would look
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into each of four component tests and list scenarios it may result in false negative. Indeed,

as I show later that it is possible under several scenarios including the partial models that

CIT will never make the correct call no matter how large the sample size is.

2.1 Causal mediation Model

Suppose Gi takes a Bernoulli distribution with probability p. Suppose the true data-

generating model is that Gi causes changes in Xi which then leads to changes in Yi, that is,

a causal mediation model of G (exposure), X (mediator) and Y (outcome):

Gi ∼ B(1, p)

Xi = η1Gi + ε1i

Yi = η3Xi + ε2i

where the ε1i and ε2i represent independent random error, distributed as a Gaussian dis-

tribution with mean zero and variance τ 21 and τ 22 . Later I consider the scenario that error

distributions are arbitrary under regularity conditions.

2.1.1 Component test 1

Applying the iteration formulas to obtain the expected value and variance of Y condition on

G,

E[Y |G] = E {E [Y |G,X]|G}

= E {E [Y |X] |G}

= E [η3X|G]

= η3E[X|G]

= η1η3G

Var[Y |G] = E {Var [Y |G,X]|G}+ Var {E [Y |G,X]|G}
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= E {Var [Y |X]|G}+ Var {E [Y |X]|G}

= τ 22 + Var [η3X|G]

= τ 22 + η23τ
2
1

Therefore, under the causal model and condition on G, Y has a normal distribution:

Y |G ∼ N
(
η1η3G, η

2
3τ

2
1 + τ 22

)
(2.4)

For model (2.1), F test is used to test the null hypothesis β1 = η1η3 = 0. Under the

alternative hypothesis, the F statistic follows a non-central F distribution with degree of

freedom 1 and n − 2 and non-centrality parameter λ. In simple regression problem, λ can

be simplified [20, 29]:

λ = (n− 1)

(
η21η

2
3

η23τ
2
1 + τ 22

)
SD2

G (2.5)

where, SD2
G is the sample variance of G. The power of F test increases with the non-centrality

parameter λ, that is, with sample size n, or with the ”effect size” of the parameter scaled

by the standard error of the random error. With the true underlying distribution (2.4), the

latter equals to the ratio of η1η3 to (η23τ
2
1 + τ 22 )

1/2
. Thus, besides small sample size, the test

could have low power when ηs are small and/or τs are large. This test also implies that

the CIT test always has lower power than the genetic association of G and Y . For complex

diseases, effective sizes of SNPs based genetic association are typically small with limited

power. This becomes a practical limitation of CIT in genetic studies.

2.1.2 Component test 2

Applying the iteration rule to the covariance of X and Y conditional on G,

Cov [Xi, Yi|Gi] = E [XY |G]− E [X|G]E [Y |G]

= E {E [XY |G,X]|G} − E [X|G]E [Y |G]

= E {XE [Y |G,X]|G} − E [X|G]E [Y |G]
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= E
[
η3X

2|G
]
− E [X|G]E [Y |G]

= η3
(
Var [X|G] + [E [X|G]]2

)
− E [X|G]E [Y |G]

= η3
(
τ 21 + η21G

2
)
− η21η3G2

= η3τ
2
1

Thus, condition on G, the pair {X, Y } have a bivariate normal distribution: X

Y

∣∣∣∣∣∣G ∼ N
 η1G

η1η3G

 ,

 τ 21 η3τ
2
1

η3τ
2
1 η23τ

2
1 + τ 22


Then, the distribution of X condition on both G and Y :

X|Y,G ∼ N
(
η1G+

η3τ
2
1

η23τ
2
1 + τ 22

[Y − η1η3G], τ 21 −
η23τ

4
1

η23τ
2
1 + τ 22

)
∼ N

(
η1τ

2
2

η23τ
2
1 + τ 22

G+
η3τ

2
1

η23τ
2
1 + τ 22

Y,
τ 21 τ

2
2

η23τ
2
1 + τ 22

)
(2.6)

For model (2.2), F test is used to test the null hypothesis β3 = η1τ
2
2 /(η

2
3τ

2
1 + τ 22 ) = 0. Under

the alternative hypothesis, F statistic has a non-central F distribution with degree of freedom

1 and n− 3. And the non-centrality parameter in multivariate regression equals [20, 29]:

λ = (n− 1)

(
η21τ

2
2

τ 21 (η23τ
2
1 + τ 22 )

)
SD2

G

(
1−R2

G,Y

)
where, SD2

G is the sample variance of G and R2
G,Y is the value of R2 for the OLS regression

with response G and regressor Y , and the ”effect size” of the parameter (η1τ
2
2 /(η

2
3τ

2
1 + τ 22 ))

scaled by the standard error of the random error (τ1τ2/
√
η23τ

2
1 + τ 22 ). Again, the power of

the test would be low when λ is small, that is, small sample size, small value of η21τ
2
2 relative

to τ 21 (η23τ
2
1 + τ 22 ), or small unexplained variability in G after Y .

2.1.3 Component test 3

Y |G,X ∼ N
(
η3X, τ

2
2

)
Null hypothesis β4 = η3 = 0 is tested in the model (2.3). Under the alternative hypothesis,

F statistic has a non-central F distribution with degree of freedom 1 and n − 3 and the
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non-centrality parameter

λ = (n− 1)

(
η3
τ2

)2

SD2
G

(
1−R2

X,G

)
where, SD2

G is the sample variance of G and R2
X,G is the value of R2 for the OLS regression

with response X and regressor G. Thus, the power of the test decreases with decreasing

ratio of η3 to τ2, apart from smaller sample size and lower unexplained variability in X after

G.

2.1.4 Component test 4

To test the hypothesis β5 6= 0 in model (2.3), X∗ is simulated to construct triplets that follow

an independent model : X∗

Y

∣∣∣∣∣∣G ∼ N
 η̂1G

η1η3G

 ,

 ξ2 0

0 η23τ
2
1 + τ 22


where η̂1 is β estimate in equation X = βG + ε and ξ2 is the variance of X∗|G. Through

bootstrap, the null distribution of F ∗ for the fourth component test is computed comparing

two nested models:

Yi = α∗3 + β∗4X
∗
i + β∗5G1 + ε∗i

Yi = α∗3 + β∗4X
∗
i + ε∗i

that is, testing η1η3 = 0, which can be approximated by a non-central distribution with

degree of freedom 1 and n− 3, and the non-central parameter:

λ∗ = (n− 1)

(
η21η

2
3

η23τ
2
1 + τ 22

)
SD2

G

(
1−R2

G,X∗

)
where, SD2

G is the sample variance of G and R2
G,X∗ is the value of R2 for the OLS regression

with response G and regressor X∗. After transforming to a normal distribution, the proba-

bility of simulated statistics being less than the observed test statistic is considered as the

p-value for this test. With the causal mediation model, the observed F statistic is expected

to follow a centered F distribution. The larger λ∗ is, the smaller the area of left tail under
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the curve, that is, more likely to reject the null hypothesis. This suggests that a small value

of λ∗ could lead to low power in test 4: small sample size, or small ratio of η21η
2
3 to η23τ

2
1 + τ 22 ,

or small unexplained variability in G after X∗. Notice, the non-centrality parameter in this

component test is a faction of the one in component test 1. Therefore, if a parameter space

results low power in component test 1, it is likely to have a low power in the component test

4, too

2.1.5 CIT and model selection

Since the p-value of CIT is the supremum of all p-values from the four component tests,

the power of CIT can be low even if only one of the component tests has a low power. As

introduced earlier in Chapter 1, CIT can be fitted in two directions: G → X → Y and

G → Y → X. To obtain the p-value for the reverse direction G → Y → X, the second

component test is to test the null hypothesis, G is independent of Y conditional on X, i.e.,

β′3 = 0 in the model Yi = β′2Xi + β′3Gi + ε′2i. When the truth is the causal mediation model

in the direction of G → X → Y , this null hypothesis would not be rejected, that is, the

p-value under the reverse diction is expected to be rightfully above 0.05. Thus, as sample

size increases, CIT will correctly call the forward mediation direction G→ X → Y .

2.2 Partial Mediation Model

Suppose Gi takes a Bernoulli distribution with probability p. Suppose the true data-

generating model is that G has effect on Y , which partially mediated by X:

Gi ∼ B(1, p)

Xi = η1Gi + ε1i (2.7)

Yi = η2Gi + η3Xi + ε2i
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where the ε1i and ε2i represent independent random error, distributed as a Gaussian distri-

bution with mean zero and variance τ 21 and τ 22 .

2.2.1 Component test 1

Applying iteration formulas to obtain the expected value and variance of Y condition on G,

E[Y |G] = E {E [Y |G,X]|G}

= E [η2G+ η3X|G]

= η2G+ η3E[X|G]

= η2G+ η1η3G

= (η2 + η1η3)G

Var[Y |G] = E {Var [Y |G,X]|G}+ Var {E [Y |G,X]|G}

= E {Var [Y |X]|G}+ Var {E [Y |X]|G}

= τ 22 + Var [η3X|G]

= τ 22 + η23τ
2
1

Therefore, under the partial mediation model, condition on G, Y has the following normal

distribution:

Y |G ∼ N
[
(η2 + η1η3)G, η

2
3τ

2
1 + τ 22

]
(2.8)

Same as in the causal model, under the alternative hypothesis, the F statistic has a non-

central F distribution with degree of freedom 1 and n − 2. With (2.5) and (2.8), the non-

centrality parameter:

λ = (n− 1)

(
(η2 + η1η3)

2

η23τ
2
1 + τ 22

)
SD2

G (2.9)

where, SD2
G is the sample variance of G. The power of the test decreases with decreasing λ,

that is, small total effect of G on Y relative to the standard deviation of Y condition on G.

Importantly, it is numerically possible that λ would equal to 0; that is when η2 = −η1η3. In



16

this numerical incidence, component test 1 will have no power to reject no matter how large

the sample size. Moreover, when tThe direct effect of G on Y is opposite to the mediated

effect of G on Y through X, the power is low as the overall genetic effect will be small with

the same size. This is a serious drawback of CIT that the test has low or no power to detect

mediation when the direct effect and the indirect effect are in the opposite direction.

2.2.2 Component test 2

Applying the iteration rule to the covariance of X and Y conditional on G,

Cov [Xi, Yi|Gi] = E [XY |G]− E [X|G]E [Y |G]

= E {E [XY |G,X]|G} − E [X|G]E [Y |G]

= E {XE [Y |G,X]|G} − E [X|G]E [Y |G]

= E [X (η2G+ η3X) |G]− E [X|G]E [Y |G]

= η2GE [X|G] + η3
(
Var [X|G] + [E [X|G]]2

)
− E [X|G]E [Y |G]

= η1η2G
2 + η3

(
τ 21 + η21G

2
)
− (η1G) (η2G+ η1η3G)

= η3τ
2
1

Therefore, condition on G, the pair {X, Y } have a bivariate normal distribution: X

Y

∣∣∣∣∣∣G ∼ N
 η1G

(η2 + η1η3)G

 ,

 τ 21 η3τ
2
1

η3τ
2
1 η23τ

2
1 + τ 22


Then, the distribution of X condition on both G and Y :

X|Y,G ∼ N
(
η1G+

η3τ
2
1

η23τ
2
1 + τ 22

[Y − (η2 + η1η3)G], τ 21 −
η23τ

4
1

η23τ
2
1 + τ 22

)
∼ N

(
η1τ

2
2 − η2η3τ 21
η23τ

2
1 + τ 22

G+
η3τ

2
1

η23τ
2
1 + τ 22

Y,
τ 21 τ

2
2

η23τ
2
1 + τ 22

)
(2.10)

Under the alternative hypothesis, the F statistic has a non-central F distribution with degree

of freedom 1 and n − 3. With underlying distribution (2.10), the non-centrality parameter
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can be written as:

λ = (n− 1)SD2
G

(
1−R2

G,Y

)((η1τ
2
2 − η2η3τ 21 )

2

τ 21 τ
2
2 (η23τ

2
1 + τ 22 )

)
where, SD2

G is the sample variance of G and R2
G,Y is the value of R2 for the OLS regression

with response G and regressor Y . Again, the power decreases with decreasing λ. In special

case, λ can equal to 0 when

η1τ
2
2 = η2η3τ

2
1

η1
η2η3

=
τ 21
τ 22

If this numerical coincidence happens and no matter how large the sample is, CIT would

have no power at all to detect the causal relation between {G,X, Y } even the true model is

partial mediation model. While numerical coincidence rarely happens, in realty the power

for the second component test can be low so that CIT will likely fail to reject. This could

be another drawback of CIT test that will fail to detect partial mediation.

2.2.3 Component test 3

As in the set-up of the partial mediation model:

Y |G,X ∼ N
(
η2G+ η3X, τ

2
2

)
Similar to the component test 3 under causal model, the non-centrality parameter

λ = (n− 1)

(
η3
τ2

)2

SD2
G

(
1−R2

X,G

)
where, SD2

G is the sample variance of G and R2
X,G is the value of R2 for the OLS regression

with response X and regressor G. Thus, apart from smaller sample size and lower unex-

plained variability in X after G, the power of the test decreases with decreasing ratio of effect

of X on Y to the standard error of random error deviation of Y |G,X (η3/τ2).
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2.2.4 Component test 4

To test the hypothesis β5 6= 0 in model (2.3), X∗ is simulated to construct an independent

model with {G,X∗, Y }: X∗

Y

∣∣∣∣∣∣G ∼ N
 η̂1G

(η2 + η1η3)G

 ,

 ξ2 0

0 η23τ
2
1 + τ 22


where η̂1 is β estimate in equation X = βG + ε and ξ2 is the variance of X∗|G. Through

bootstrap, the distribution of F ∗ is computed comparing two nested models:

Yi = α∗3 + β∗4X
∗
i + β∗5G1 + ε∗i

Yi = α∗3 + β∗4X
∗
i + ε∗i

which should close to a non-central distribution with degree of freedom 1 and n − 3, and

non-central parameter:

λ∗ = (n− 1)

(
(η2 + η1η3)

2

η23τ
2
1 + τ 22

)
SD2

G

(
1−R2

G,X∗

)
where, SD2

G is the sample variance of G and R2
G,X∗ is the value of R2 for the OLS regression

with response G and regressor X∗. After transforming to normal distribution, the probability

of less than the observed test statistic is considered as the p-value for this test.

When the truth is the partial mediation model,

Y |G,X ∼ N
(
η2G+ η3X, τ

2
2

)
the observed F statistic is expect to follow a F distribution with same degree of freedom, but

the non-central parameter is

λ = (n− 1)

(
η22
τ 22

)
SD2

G

(
1−R2

G,X

)
where, SD2

G is the sample variance of G and R2
G,X is the value of R2 for the OLS regression

with response G and regressor X. Compared to λ∗, the smaller the λ, the more likely the left

tail of the observed F statistic under the computed F ∗ distribution is below 0.05, therefore

rejecting the 4th component test. On the other hand, if λ is close to λ∗, it is less likely to
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result a significantly small p-value. That is, with large sample size, the power of test 4 would

be low if

(η2 + η1η3)
2

η23τ
2
1 + τ 22

=
η22
τ 22

The special condition discussed in the component test 1, η2 = −η1η3, would also lead

to a low or no power in test 4. In this case, it is implied that the β5 equals 0 under the

constructed independent model. The null distribution of the test statistic under independent

model is centered F distribution (λ∗ = 0) while the observed F statistic follows a non-central

F distribution. The area under the null distribution left to the observed test statistic is

impossible to be below 0.05.

2.2.5 CIT and model selection

If CIT for the forward direction G→ X → Y fails to reject component test 3, then this would

result in misclassifyingmake the partial mediation model appear to be theas independent

model becauseas the conditional independence condition tested by the component test 3 is

the equivalent (switchingchanging the order of Y and X) under the forward direction and

under the reverse direction. In addition, the component test 2 in the forward direction

G → X → Y is opposite to the component test 4 in the reverse direction G → Y → X.

Thus, if component test 2 in the forward direction is the only test has a p-value above 0.05,

it is likely that component test 4 in the reverse direction along with other component tests

is below 0.05. Consequently, the final call for the direction of mediation is reactive, which is

opposite to the truth.

2.3 Reactive Model

Suppose Gi is under Bernoulli distribution with probability p, and the true data-generating

model is that its effect on X is mediated completely through Y . Thus, this is a reactive
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model of G, X and Y , where Y is a mediator :

Gi ∼ B(1, p)

Yi = η4Gi + ε3i (2.11)

Xi = η6Yi + ε4i

where the ε3i and ε4i represent independent random errors, both of which are a Gaussian

distribution with mean zero and variance τ 23 and τ 24 respectively.

The null hypothesis of component test 2, β4 = 0 in Xi = β3Yi + β4Gi + εi, could not be

rejected, as the true β4 is equal to 0 in the reactive model. Since the final p-value for the

CIT test is the maximum of all 4 p-values, under the true reactive model, the type 1 error

of CIT will be guarded by component test 2, and is expected to 0.05.

Testing the reactive model with component tests in the reverse direction is equivalent

to test the causal model in the forward direction. Thus, as sample size increases, CIT will

correctly call the reverse mediation direction G→ Y → X.

2.4 Partial Reactive Model

Suppose Gi is under Bernoulli distribution with probability p, and and suppose its effect on

X is partially mediated by Y :

Gi ∼ B(1, p)

Yi = η4Gi + ε3i (2.12)

Xi = η5Gi + η6Yi + ε4i

where the ε3i and ε4i represent independent random errors, both of which are a Gaussian

distribution with mean zero and variance τ 23 and τ 24 respectively.
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2.4.1 Component test 1

As in the set-up of the partial reactive model:

Y |G ∼ N
(
η4G, τ

2
3

)
For model (2.1), F test is used to test the null hypothesis β1 = η4 = 0. At large sample

size, this null hypothesis is expected to be rejected as the true value of η4 is non-zero in the

partial reactive model.

2.4.2 Component test 2

The distribution of X condition on (G, Y ) is given as:

X|G, Y ∼ N
(
η5G+ η6Y, τ

2
4

)
Again, the null hypothesis, β3 = η5 = 0 for model (2.2) would be rejected as the true value

of the parameter is non-zero.

2.4.3 Component test 3

Applying the iteration rule to obtain the expected value and variance of X condition on G,

and covariance of X and Y conditional on G,

E[X|G] = E {E [X|G, Y ]|G}

= E [η5G+ η6Y |G]

= (η5 + η4η6)G

Var[X|G] = E {Var [X|G, Y ]|G}+ Var {E [X|G, Y ]|G}

= E {Var [X|Y ]|G}+ Var {E [X|Y ]|G}

= τ 24 + Var [η6X|G]

= τ 24 + η26τ
2
3

Cov [X, Y |Gi] = E [XY |G]− E [X|G]E [Y |G]
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= E {E [XY |G,X]|G} − E [X|G]E [Y |G]

= E {Y E [X|G, Y ]|G} − E [X|G]E [Y |G]

= η6τ
2
3

Therefore, condition on G, the pair {X, Y } have a bivariate normal distribution: X

Y

∣∣∣∣∣∣G ∼ N
 (η5 + η4η6)G

η4G

 ,

 τ 24 + η26τ
2
3 η6τ

2
3

η6τ
2
3 τ 23


Then, the distribution of Y condition on bother G and X:

Y |X,G ∼ N
(
η4τ

2
4 − η5η6τ 23
τ 24 + η26τ

2
3

G+
η6τ

2
3

τ 24 + η26τ
2
3

X,
τ 23 τ

2
4

τ 24 + η26τ
2
3

)
(2.13)

For model (2.3), F test is used to test the null hypothesis β4 = η6τ
2
3 /(τ

2
4 + η26τ

2
3 ) = 0. Thus,

as long as η6τ
2
3 6= 0, the null hypothesis is expected to be rejected at large sample size.

2.4.4 Component test 4

To test the hypothesis β5 6= 0 in model (2.3), X∗ is simulated to construct an independent

model with {G,X∗, Y }: X∗

Y

∣∣∣∣∣∣G ∼ N
 η̂xG

η4G

 ,

 ξ2 0

0 τ 23


where η̂x is β estimate in equation X = βG + ε and ξ2 is the variance of X∗|G. Through

bootstrap, the distribution of F ∗ is computed comparing two nested models:

Yi = α∗3 + β∗4X
∗
i + β∗5G1 + ε∗i

Yi = α∗3 + β∗4X
∗
i + ε∗i

which should close to a non-central distribution with degree of freedom 1 and n − 3, and

non-central parameter:

λ∗ = (n− 1)

(
η24
τ 23

)
SD2

G

(
1−R2

G,X∗

)
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where, SD2
G is the sample variance of G and R2

G,X∗ is the value of R2 for the OLS regression

with response G and regressor X∗.

With the underlying conditional distribution of Y condition on G and X (2.13), the

observed F statistic is expect to follow a F distribution with same degree of freedom, but

the non-central parameter is

λ = (n− 1)

(
(η4τ

2
4 − η5η6τ 23 )

2

τ 23 τ
2
4 (τ 24 + η26τ

2
3 )

)
SD2

G

(
1−R2

G,X

)
where, SD2

G is the sample variance of G and R2
G,X is the value of R2 for the OLS regression

with response G and regressor X.

The p-value is the area under the computed F ∗ distribution smaller than the observed

F statistic. It is more likely to result in a significant p-value when λ∗ is much larger than

λ. One of the special case would be λ = 0, that is, η4τ
2
4 = η5η6τ

2
3 . Notice, this implies

that β5 = 0, which is the alternative hypothesis of the component test 4. In this case, the

component test 4 could also be rejected. Since the first three component test are expected

to be rejected under the set-up of the partial reactive model, the rejection of the fourth

component test would lead to a significant CIT p-value. Thus, when η4τ
2
4 = η5η6τ

2
3 , CIT

would result a significant p-value in the forward direction, and the final call for the direction

of mediation is causal, which is opposite to the truth.

2.5 Independent Model

Suppose Gi is under Bernoulli distribution with probability p, and its effect on X is inde-

pendent of its effect on Y . Thus, this is an independent model of G, X and Y:

Gi ∼ B(1, p)

Xi = η7Gi + ε5i (2.14)

Yi = η8Gi + ε6i
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where the ε5i and ε6i represent independent random errors, both of which are a Gaussian

distribution with mean zero and variance τ 25 and τ 26 respectively.

Similar to the reactive model, the null hypothesis of component test 3, β4 = 0 in Yi =

β4Xi + β5Gi + εi, could not be rejected, since the true β4 is equal to 0 in the true data-

generating independent model. Thus, under independent model, the type 1 error of CIT

is guarded by component test 3, and is expected to 0.05. When used as a model selection

method for the direction of mediation, since the component test 3 is the equivalent in the

forward mediation direction and in the reverse mediation direction, both non-significant

p-values would let CIT correctly call the final causal direction to be the independent.

2.6 Generalize to Non-normal error model

In previous derivation for the second component test, I assume the normality of the error

distribution and use the properties of a bivariate normal distribution. Here I present al-

ternative derivation when the error distribution is an arbitrary distribution that satisfies

regularity conditions of a proper OLS estimator. This is derived for the causal mediation

model as below. Other model settings can be derived similarly. Suppose Gi is under Bernoulli

distribution with probability p, and causes X which then leads Y , that is, a causal model of

G (exposure), X (mediator) and Y (outcome):

Gi ∼ B(1, p)

Xi = η1Gi + ε1i

Yi = η3Xi + ε2i

where the εj represent independent random error, which follows an arbitrary distribution

with mean zero and variance τ 2j .

Due to centering and no intercept, the OLS estimator of β3 in linear regression (2.2) can



25

be explicitly written as:

β̂3 =
(

0 1
)Y′

G′

(Y G
)−1Y′

G′

X

=
(

0 1
)Y′Y G′Y

Y′G G′G

−1Y′X

G′X


=
(

0 1
) 1

(Y′Y)(G′G)− (Y′G)(G′Y)

 G′G −G′Y

−Y′G Y′Y

Y′X

G′X


=
−(Y′G)(Y′X) + (G′X)(Y′Y)

(Y′Y)(G′G)− (Y′G)(G′Y)

=
−(
∑n

i=1GiYi)(
∑n

i=1XiYi) + (
∑n

i=1GiXi)(
∑n

i=1 Y
2
i )

(
∑n

i=1 Y
2
i )(
∑n

i=1G
2
i )− (

∑n
i=1GiYi)2

=
−ḠY X̄Y + ḠXȲ 2

Ȳ 2Ḡ2 − (ḠY )2

Based on the strong law of large numbers,

GX → E[GiXi], GY → E[GiYi], XY → E[XiYi],

Ḡ2 → E[G2
i ],Ȳ

2 → E[Y 2
i ], as n→∞.

Thus, with the delta-method and under large sample size, n→∞,

β̂3 →
−E[GiYi]E[XiYi] + E[GiXi]E[Y 2

i ]

E[Y 2
i ]E[G2

i ]− (E[GiYi])
2

With

E[GiYi] = E[η1η3G
2
i ] = η1η3E[G2

i ]

E[XiYi] = E{E[XiYi|Xi]} = E{XiE[Yi|Xi]} = η3E[X2
i ]

= η3 E{E[X2
i |Gi]} = η3E{Var [X|G] + [E [X|G]]2}

= η3
(
τ 21 + η21E[G2

i ]
)

= η3τ
2
1 + η21η3E[G2

i ]

E[GiXi] = E{E[GiXi|Gi]} = E[η1G
2
i ] = η1E[G2

i ]
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E[Y 2
i ] = E{E[Y 2

i |Gi]} = E{Var [Y |G] + [E [Y |G]]2}

= E{τ 22 + η23τ
2
1 + [η1η3Gi]

2}

= τ 22 + η23τ
2
1 + η21η

2
3E[G2

i ]

Thus,

β̂3 →
−η1η3E[G2

i ] (η3τ
2
1 + η21η3E[G2

i ]) + η1E[G2
i ] (τ 22 + η23τ

2
1 + η21η

2
3E[G2

i ])

(τ 22 + η23τ
2
1 + η21η

2
3E[G2

i ])E[G2
i ]− (η1η3E[G2

i ])
2

=
η1τ

2
2

η23τ
2
1 + τ 22

This shows that OLS estimator is a consistent estimator, that is, it converges to the true

parameter in large samples and β3 = η1τ
2
2 /(η

2
3τ

2
1 + τ 22 ). This is the same as what I got by

using bivariate normal distribution in section 2.1.2. If the null hypothesis is true, F statistic

converges to chi-square distribution with 1 degree of freedom with large sample size. Under

local alternative hypothesis, F statistic converges to chi-square distribution with 1 degree of

freedom and non-centrality parameter

λ =

(
η21η

2
3

η23τ
2
1 + τ 22

)2

σ−22

(Y′Y)(G′G)− (Y′G)(G′Y)

Y′Y
(2.15)

where σ2
2 is the variance of X conditioned on (G, Y ).
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Chapter 3

SIMULATION

In this chapter I evaluate the power and type I error for CIT under diverse data-generating

models. For each scenario being considered, 1000 simulated datasets were generated. For all

scenario, the probability of the dominant allele is set to be 0.2 (p = 0.2). The desired power

of the test is set to be 0.8 with type I error of 0.05.

3.1 Causal Model

Gi ∼ B(1, p)

Xi ∼ N
(
η1Gi, τ

2
1

)
Yi ∼ N

(
η3Xi, τ

2
2

)
The causal model is generated as above with the normal disturbance assumption. η1 is

denoted as the effect of G on X and τ 21 as the variance of X conditioned on G, where the

effect of X on Y is η3 with conditional variance of Y |X equals τ 22 . There is no direct effect

of G on Y - the effect of G on Y is completely mediated by X. Under different sets of

parameters, the power of CIT along with the rejection percent of each component test is

presented in Figure 3.1. Both component test 1 and 4 are influenced by all the parameters

and the pattern is similar. The decrease in effect of G on X (η1) and the decrease in effect of

X on Y (η3) have similar influence on the rejection percent of test 1 and 4. The increase in τ 22

would result in a much lower rejection rate of the two tests, comparing to the same increase

in τ 21 . The rejection percent of component test 3 is least affected by a smaller effect size or

a larger variability, specifically, only by parameters related to Y (η3 and τ 22 ). Similarly, the
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Figure 3.1: Power of CIT and the percentage of rejection for the four component

tests under Causal model with different parameter values: η1|τ 21 |η3|τ 22 .

rejection percent of test 2 is only affected by parameters related to X (η1 and τ 21 ). Unlike

test 3 whose rejection percent is above 0.8 for sample size above 800, the rejection percent of
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test 2 is lower than 0.4 even with a large sample size when the effect to standard deviation

ratio (η2/τ1) is small. When η1 = η3 = 0.5 and τ 21 = τ 22 = 1, sample size needs to reach 1000

for CIT to have a desired power of 0.8. When the effect size (ηs) decreases or the variance

(τs) increases, the power of CIT decreases notably. Even with sample size of 2000, none of

the other parameter sets reaches sufficient power.

3.2 Reactive Model

Gi ∼ B(1, p)

Yi ∼ N
(
η4Gi, τ

2
3

)
Xi ∼ N

(
η6Xi, τ

2
4

)
The reactive model is generated as above, assuming the error distribution is Gaussian. The

effect of G on Y is represented as η4 with a variance of τ 23 . Let η6 denote the effect of Y on

X with conditional variance of τ 24 . In this model, X is the outcome and the effect of G on

X is completely mediated through Y .

Under different sets of parameters, the Type 1 error rate of CIT along with the rejection

percent of each component test is presented in Figure 3.2. When testing the first null

hypothesis, namely Y is independent of G, the rejection percent decreases only when the

ratio of effect size of G on Y to its error standard error (η4/τ3) is lowered. Based on the

definition of the reactive model, it is trivial to reject the first null hypothesis. Thus, even

with the extreme low ratio, the rejection percent of component test 1 is well above 0.05 when

the true model is reactive model. Similarly, the rejection percent of test 3 is closer to 1 and

is only under the influence of the effect size of Y on X (η6) and its associated error variance

(τ 24 ). For component test 4, most of the scenarios also result in a high rejection percent with

the exception when effect of Y on X is low. As expected in the Table 1.2, only component

test 2 has a low rejection percent, around 0.05, as the null hypothesis that G is independent
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Figure 3.2: Type 1 error of CIT and rejection percent of its component tests

under Reactive model with different parameter values: η4|τ 23 |η6|τ 24
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(partial) causal model (partial) reactive model

G |= Y E |= O E |= M
G |= X|Y E |= M |O E |= O|M
X |= Y |G M |= O|E O |= M |E

Forward Direction

G ∼ Y |X E ∼ O|M E ∼M |O

G |= X E |= M E |= O
G |= Y |X E |= O|M E |= M |O
X |= Y |G M |= O|E O |= M |E

Reverse Direction

G ∼ X|Y E ∼M |O E ∼ O|M

Table 3.1: Mirror test in the forward and reverse direction for (partial) causal and

(partial) reactive model. E denotes for exposure; M denotes for potential intermediate;

O denotes for outcome of interest. The null hypotheses are rewritten as its role in the model.

of X conditional on Y is true under reactive model. Since the CIT p-value is the supremum

of the p-values from four component tests, test 2 guards the CIT to have a type I error under

0.05 when the underlying true model is reactive model.

3.3 Model selection under Causal model and Reactive model

In the causal model, G is the exposure, X as the potential mediate and Y is the outcome

of interest. In the reactive model, the role of X and Y is switched: G still the exposure,

Y as potential mediate and X as the outcome of the interest. After rewriting the null

hypotheses in forward and reverse direction in term of its role in the models (Table 3.1),

causal model tested under causal model is equivalent to reactive model tested under reactive

model; causal model tested under reactive model is equivalent to reactive model tested under

causal direction . Thus, combining the results from Section 3.1 and 3.2, CIT would incorrectly

make an independent model call when the true models are causal or reactive because of low

power to have significant p-values in either direction, for example small effects (ηs) or large

variability (τs), as shown in Figure 3.3.
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(a) Causal model (η1|τ21 |η3|τ22 )

(b) Reactive model (η4|τ33 |η6|τ24 )

Figure 3.3: Call result of CIT under Causal model and Reactive model with

sample size 2000: N for No call; C for causal; R for reactive; I for independent.
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3.4 Partial mediation Model

Gi ∼ B(1, p)

Xi ∼ N
(
η1Gi, τ

2
1

)
Yi ∼ N

(
η2G1 + η3Xi, τ

2
2

)
The partial mediation model is generated as above with the normal disturbance assumption.

η1 is denoted as the effect of G on X and τ 21 as the variance of X conditioned on G, and

the effect of X on Y is η3 with conditional variance of Y |X equals τ 22 . Unlike complete

mediation model, there is also direct effect of G on Y , denoted as η2. Under different sets

of parameters, the power of CIT along with the rejection percent of each component test is

presented in Figure 3.4. The marginal effect of G on Y in partial mediation model equals

η2 + η1η3, which is positively associated with the rejection percent of component test 1.

When the marginal effect of G on Y equals zero (as η1 = 0.5, η2 = −0.25 and η3 = 0.5), the

rejection percent is close to 0 regardless the sample size. In this scenario, CIT has zero power

to detect mediation. Also, the larger the disturbance is, the lower the rejection percent of

test 1 is. For component test 3 which tests the association between X and Y condition on

G, the rejection percent is compromised only when the ratio between the effect size of X on

Y and error standard deviation around Y (η3/τ2) is small. Notice that both cases with low

rejection in test 1 or 3 also result a low rejection percent of the fourth hypothesis that G is

associated with Y |X. As shown in the derivation (Section 2.2.2), when

η1
η2η3

=
τ 21
τ 22

there is no power to reject the null hypothesis of component test 2 as G is independent of

X conditioned on Y .

All the above parameter values that fails to rejection one or more component tests would

lead to a false negative result of CIT. These observations confirm the derivation I made in
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Figure 3.4: Power of CIT and rejection percent of its component tests under

partial Mediation model with different parameter values: η1|τ 21 |η2|η3|τ 22

Chapter 2, that there are scenarios of practically plausible partial mediation, where CIT

will have zero power to detect even for large samples. The test is inconsistent under these
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numerical coincidences. More importantly, CIT will have low power when these effects do

not exactly cancel each other but have opposite sign or subtracting each other.

3.5 Partial Reactive Model

Gi ∼ B(1, p)

Yi ∼ N
(
η4Gi, τ

2
3

)
Xi ∼ N

(
η5G1 + η6Yi, τ

2
4

)
The partial reactive model is generated as above with the normal error assumption. The

effect of G on Y is represented as η4 with a variance of τ 23 and η6 denotes the effect of Y on

X with the conditional variance of τ 24 . There is direct effect of G on X, denoted as η5.

Under different sets of parameters , the type I error rate of CIT along with the rejection

percent of each component test is presented in Figure 3.5. As expected, the first three

component tests would have high rejection percent as the partial reactive model meets the

first three conditions: 1) G is associated with Y ; 2) G is associated with X|Y ; 3) X is

associated with Y |G. The rejection percent is negatively associated with ratio of the effect

size and error standard error: η4/τ3 for test 1, η5/τ4 and η6/τ4 for test 2 and 3. When the

ratio is close to 0, it could result in a low rejection percent.

As shown in the derivation (Section 2.4), when η4τ
2
4 = η5η6τ

2
3 , the rejection percent of

component test 4 is above 0.8 regardless of the sample size. Thus, CIT would incorrectly

return a false positive result. More importantly, when the effects do not exactly equal to each

other, the increasing sample size has the adverse effect of increasing confidence in the wrong

direction (Figure 3.5). With a large sample size, CIT would return a false positive rate 100%

even although the true model is partial reactive model. This is another serious drawback of

CIT that there are plausible scenarios CIT will declare the mediation relationship but the

truth is not.
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Figure 3.5: Type I error of CIT and rejection percent of its component tests

under partial Reactive model with different parameter values: η4|τ 23 |η5|η6|τ 24
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3.6 Model selection under Partial Mediation model and Partial Reactive
model

When applying CIT in both forward and reverse directions to obtain a call of causal direction,

partial mediation model and partial reactive model have mirror result (Table 3.1): partial

mediation model tested under causal direction equivalent to partial reactive model tested

under reactive direction; partial mediation model tested under reactive direction equivalent

to partial reactive model tested under causal direction. Thus, combining the result from

Figure 3.4 and 3.5, one can obtained the call result of CIT under partial mediation model

and partial reactive model (Figure 3.6). The most problematic case is that the partial

mediation model being misclassified as reactive model or partial reactive model misclassified

as causal model. This would happen when η1/(η2η3) = τ 21 /τ
2
2 in the partial mediation model

or η4/(η5η6) = τ 23 /τ
2
4 in the partial reactive model.

Note that the component test 3 is equivalent in both causal and reactive direction,

whether X and Y are associated conditioned on G. If the parameter values that fails the

component test 3, it would automatically result an independent call as both CIT p-values

would be non-significant. Another scenario which would be misclassified as the indepen-

dent model is when the direct effect of G cancels out the mediated (indirect) effect of G,

η2 = −η1η3 (or η5 = −η4η6). This suggests that marginally G is independent of Y (or X),

thus G must be associated with Y |X (or X|Y ) and with X (or Y ) marginally. It further

implies that G is associated with X|Y (or Y |X). Thus, there is no power to rejection the

fourth null hypotheses in both directions and result in an independent call. An interesting

result of the model selection is no call, both the forward CIT p-value and reverse CIT p-value

are significant: ηs= 0.2(or 0.5) and τ 2s= 1 in Figure 3.6. At first glance, it seems impossible

as the component test 4 in one direction is opposite to the component test 2 in the other

direction. For example, the fourth null hypothesis in mediation direction is G ∼ Y |X, and

the second null hypothesis in reactive direction is G |= Y |X. By the set-up of the component
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(a) Partial Mediation model (η1|τ21 |η2|η3|τ22 )

(b) Partial Reactive model (η4|τ23 |η5|η6|τ24 )

Figure 3.6: Call result of CIT under Partial Mediation model and Partial Re-

active model with sample size 2000: N for No call; C for causal; R for reactive; I for

independent.
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test 4, the null hypothesis is rejected if the parameter is closer to zero than what would be

expected under independent model. Thus, one possible scenario resulting in no call would be

that there is a conditional association between G and Y |X to reject the second null hypoth-

esis in the reactive direction, but its effect size is small so that the fourth null hypothesis

in the mediation direction is also rejected. In this case, although CIT is able to detect the

presence of mediation, it could not distinguish the direction of the mediation which usually

is the question the researchers want to answer when applying CIT

3.7 Independent Model

Gi ∼ B(1, p)

Xi ∼ N
(
η7Gi, τ

2
5

)
Yi ∼ N

(
η8Gi, τ

2
6

)
The independent model is generated as above with the normal disturbance assumption. η7

is denoted as the effect of G on X and τ 25 as is error variance, where the effect of G on Y is

η8 with error variance of τ 26 .

Under different sets of parameters, the type I error rates of CIT along with the rejection

percent of each component test are presented in Figure 3.7. As expected the rejection percent

of the component test 3 would be around 0.05, since X is independent of Y conditioned on

G by the definition of the independent model. It guarantees that the CIT p-value would

have a desired type I error when the underlying model is the independent model. Because

of the equivalent third test in both forward and reverse directions, CIT p-values will not be

significant in either direction and therefore would correctly make an independent call (Figure

3.8).
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Figure 3.7: Type I error of CIT and rejection percent of four component tests

under Independent model with different parameter values: η7|τ 25 |η8|τ 26 .
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Figure 3.8: Call result of CIT under Independent model (η7|τ 25 |η8|τ 26 ) with sample

size 2000: N for No call; C for causal; R for reactive; I for independent.
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Chapter 4

APPLICATION TO TCGA DATA

In this Chapter, I will apply CIT to TCGA prostate cancer data to test its performance.

The Cancer Genome Atlas (TCGA), a collaboration between NCI and the National Hu-

man Genome Research Institute, molecularly characterized over 20,000 primary cancer and

matched normal samples spanning 33 cancer types[1]. It produces a rich database includ-

ing genomic, epigenomic, transcriptomic, and proteomic data, that can be studied to better

diagnose, treat and prevent cancer. Prostate cancer is the most commonly diagnosed and

second most deadly cancer in men in the US, with over 248,000 estimated new cases and

over 34,000 deaths in 2021[24]. Studies of twin and worldwide populations have indicated

that genetic is responsible for prostate cancer susceptibility[5, 11, 32]. Through GWAS, the

largest number of risk variants have been identified in prostate cancer compared to any of

the other common cancers[5]. However, most of the prostate cancer risk SNPs are located

in the non-coding regions of DNA, leaving their molecular function unknown[2, 5].

rs12653946 located at chromosome 5 has been identified in multiple GWAS studies as

a risk locus for prostate cancer susceptibility in multiethnic populations [6, 12, 18, 25]. Its

genotype modulates the expression of nearby Iroquois-class homeodomain protein 4 (IRX4 )

gene: an addition of a susceptible allele of rs12653946 is associated with the decreasing

expression of IRX4 [16, 31]. IRX4 is a member of homeobox gene family which acts as

transcription factors. In addition to expressing in developing central nervous system and

skin, IRX4 is predominantly expressed in the cardiac ventricles and an important mediator

of ventricular differentiation during cardiac development [4]. IRX4 has been described as

a tumor suppressor in prostate cancer with the interaction of vitamin D receptor [16]. A
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recent study identified 12 IRX4 transcripts and 4 IRX4 protein isoforms in prostate cancer

cells, which induce distinct functional programming that could contribute to prostate cancer

hallmarks [6]. The transcriptional regulation of IRX4 is still not completely clear in prostate

caner. The SNP might exert an influence on DNA expression via DNA methylation, a crucial

factor in the development and progression of prostate cancer[8, 14]. It has been shown in the

blood tissue that DNA methylation and expression may share a common causal variant and

mechanism[17]. The goal of this analysis is to identify the role of DNA methylation in the

regulation of gene expression in prostate cancer, specifically the role of DNA methylation at

each CpG site in the IRX 4 gene region.

The TCGA data I analyze here is collected from 492 primary Prostate Cancer cases.

Each observation contains the genotype of SNP rs12653946, the expression level of gene

IRX4, and methylation level of 19 CpG sites. All TCGA data were downloaded from the

TCGA portal. CIT is applied to the data in the forward (SNP→CpG→gene) and the reverse

(SNP→gene→CpG) direction for 19 {SNP, CpG, gene} triplets. Hence, the following linear

regression models are fitted:

E[gene] = α1 + β1SNP

E[gene] = α2 + β2SNP + β3CpG

E[CpG] = α3 + β4SNP

E[CpG] = α4 + β5SNP + β6gene

After obtaining the two p-values from the forward and reverse direction, the CIT call result

is obtained as described in section 1.2.

Table 4.1 shows that only cg14823763 site has ”no call” result with the p-values from

both directions are very significant, while the call result for the other 18 CpG sites are inde-

pendent. The parameter estimate and corresponding p-value for testing βi = 0 is shown

https://portal.gdc.cancer.gov
https://portal.gdc.cancer.gov
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CpG

Chromosome
(Position)

Target
Gene

Regulatory
Region

Forward p-value Reverse p-value Call Result

cg00264591 5(1883514) IRX4 TSS1500 0.976 0.946 Independent
cg02238012 5(1880310) IRX4 Body 1.000 0.994 Independent
cg02641288 5(1883011) IRX4 TSS200 0.997 0.999 Independent
cg03398865 5(1879554) IRX4 Body 1.000 1.000 Independent

cg03963198 5(1882871)
IRX4;
IRX4

5’UTR;
1stExon

0.843 0.897 Independent

cg04180086 5(1878499) IRX4 Body 0.794 0.709 Independent
cg07167946 5(1878205) IRX4 Body 0.428 0.496 Independent
cg07733257 5(1882520) IRX4 Body 0.775 0.803 Independent
cg07882671 5(1883005) IRX4 TSS200 0.997 0.980 Independent
cg13974394 5(1882188) IRX4 Body 0.757 0.870 Independent
cg14823763 5(1884365) IRX4 TSS1500 1.823× 10−10 2.423× 10−8 No Call
cg14970046 5(1880021) IRX4 Body 1.000 1.000 Independent
cg17774559 5(1879698) IRX4 Body 0.996 0.988 Independent
cg17838420 5(1877906) IRX4 3’UTR 1.000 0.981 Independent
cg18009496 5(1883940) IRX4 TSS1500 0.809 0.796 Independent
cg18172877 5(1878672) IRX4 Body 0.695 0.717 Independent
cg23121993 5(1883954) IRX4 TSS1500 0.546 0.556 Independent
cg24876960 5(1883214) IRX4 TSS1500 0.973 0.986 Independent
cg24937747 5(1882902) IRX4 TSS200 0.759 0.850 Independent

Table 4.1: CIT result for TCGA dataset. Forward direction is SNP→CpG→gene and reverse direction is

SNP→gene→CpG. Regulatory region represent gene region feature category describing the CpG position from UCSC:

TSS200=0–200 bases upstream of the transcriptional start site (TSS); TSS1500=200–1500 bases upstream of the TSS;

5’UTR=Within the 5’ untranslated region, between the TSS and the ATG start site; Body=Between the ATG and

stop codon, irrespective of the presence of introns, exons, TSS, or promoters; 3’UTR=Between the stop codon and

poly A signal.



45

CpG β1(p-value) β2(p-value) β3(p-value) β4(p-value) β5(p-value) β6(p-value)

cg00264591 -0.78 (5.71×10−37) -13.4 (0.0581) -0.000593 (0.0999) -0.78 (5.71×10−37) -0.000546 (0.0581)

cg02238012 -0.78 (1.38×10−37) 0.945
(6.03×10−04) 0.00832 (0.367) -0.78 (1.38×10−37) 0.0252

(6.03×10−04)
cg02641288 -0.765 (4.14×10−37) -5.79 (1.63×10−06) 0.00128 (0.539)

-0.765
(4.14×10−37)

-0.00793
(1.63×10−06)

cg03398865 -0.754 (1.02×10−37) 2.6 (4.39×10−12) -0.00715 (0.281)
-0.754

(1.02×10−37)
0.0359

(4.39×10−12)
cg03963198 -0.767 (1.63×10−36) -3.61 (9.46×10−04) 0.00154 (0.508)

-0.767
(1.63×10−36)

-0.00612
(9.46×10−04)

cg04180086 -0.75 (2.02×10−36) 2.22 (8.87×10−09) -0.0101 (0.121) -0.75 (2.02×10−36) 0.0295
(8.87×10−09)

cg07167946

-0.772
(2.24×10−36)

-0.741 (5.77×10−36) 1.67 (4.27×10−10) -0.0188 (0.0447)
-0.741

(5.77×10−36)
0.0458

(4.27×10−10)
cg07733257 -0.775 (2.18×10−36) -0.548 (0.487) -0.00565 (0.0813)

-0.775
(2.18×10−36) -0.0018 (0.487)

cg07882671 -0.773 (1.16×10−36) -2.95 (0.0246) -0.000228 (0.906)
-0.773

(1.16×10−36) -0.00349 (0.0246)

cg13974394 -0.77 (1.85×10−36) 0.736 (0.0124) -0.00376 (0.663) -0.77 (1.85×10−36) 0.0173 (0.0124)

cg14823763 -0.531 (1.51×10−15) -1.95 (1.9×10−11) 0.124 (1.36×10−39) -0.531
(1.51×10−15)

-0.0452
(1.9×10−11)

cg14970046 -0.768 (3.09×10−38) 1.53 (1.17×10−09) -0.00295 (0.767)
-0.768

(3.09×10−38)
0.0477

(1.17×10−09)
cg17774559 -0.754 (3.24×10−37) 3.2 (3.84×10−10) -0.00562 (0.252)

-0.754
(3.24×10−37)

0.0241
(3.84×10−10)

cg17838420 -0.757 (2.99×10−37) 2.4 (2.48×10−09) -0.00624 (0.317)
-0.757

(2.99×10−37)
0.0293

(2.48×10−09)
cg18009496 -0.77 (1.88×10−36) -3.13 (0.0249) 0.000627 (0.731) -0.77 (1.88×10−36) -0.00327 (0.0249)

cg18172877 -0.752 (2.42×10−36) 2.02 (6.72×10−08) -0.0102 (0.132)
-0.752

(2.42×10−36)
0.0287

(6.72×10−08)
cg23121993 -0.765 (3.05×10−36) -2.6 (0.00184) 0.00297 (0.331)

-0.765
(3.05×10−36) -0.00758 (0.00184)

cg24876960 -0.771 (9.15×10−37) -4.85 (0.00322) 0.00018 (0.907)
-0.771

(9.15×10−37) -0.00363 (0.00322)

cg24937747 -0.763 (1.67×10−36) -2.5 (6.64×10−05) 0.0037 (0.36)
-0.763

(1.67×10−36)
-0.0128

(6.64×10−05)

Table 4.2: β estimate with p-value from linear regression models for 19 triplets {SNP, CpG, gene}
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in Table 4.2. The association between SNP and DNA methylation presents at cg14823763

with a very significant p-value, while the β4 estimate at other CpG locations are close to

0 and most are non-significant. With all significantly non-zero βs, there may be a partial

mediation relationship among the triplets {SNP, cg14823763, gene}. However, the direction

of the mediation is unclear based on the CIT result: whether methylation level of CpG site

mediates the genetic effect on gene expression or methylation is cased by DNA expression

can not be determined, same as the simulation result in section 3.6

The partial mediation relation among SNP-CpG-gene expression is expected to be com-

mon with the intricate metabolic pathway of DNA methylation in prostate cancer involving

a large group of enzymes and metabolites [14]. There is also evidence for both mediation

effects of DNA methylation on gene expression as well as the influence of gene expression on

methylation[9, 26]. Thus, one should be cautious when using CIT to study the role of DNA

methylation in gene expression regulation. When the true relationship is partial mediation

or partial reactive, CIT may not be able to answer the question of interest when applied

in both directions, as shown in this data application. More importantly, CIT may return a

false positive result when only applied in the forward direction.
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Chapter 5

CONCLUSION

In this thesis, I studied the performance of the CIT under five models of tri-variate

relationship: causal mediation, partial mediation, reactive, partial reactive, and independent

models, as a test of the forward mediation relationship and as a procedure to call the direction

of the mediation. When the true model is reactive or independent model, both theoretical

derivation and simulation shows that CIT will achieve the correct test inference as the type I

error of CIT is close to 0.05 since it is guarded by component test 2 or 3. With a large sample

size, CIT would also correctly call the forward mediation direction when the underlying model

is causal mediation. The threat to the validity of CIT comes from partial mediation or partial

reactive models. I showed that there are two scenarios of partial mediation models that CIT

has no power to detect the mediation even for large sample size: 1) the direct effect and

indirect effect of the exposure on outcome are in the opposite direction and canceled out

in the overall genetic effect; 2) parameter values satisfy η1/(η2η3) = τ 21 /τ
2
2 so that CIT will

make a reactive call when applied in both forward and reverse directions. I also showed

a scenario where CIT will declare the mediation relationship but the truth is not: when

η4/(η5η6) = τ 23 /τ
2
4 under partial reverse model.

As a procedure to call the direction of mediation, CIT may not reliably select the di-

rection of the mediation if both forward and reverse p-values are significant: it is plausible

biologically that the underlying model is a partial mediation or partial reactive model as

shown in data application. Our simulation results confirm the inconsistency of CIT call in

these scenarios.

Only considered the simplest models without involving hidden confounding variables
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or multiple mediators, my study shows that CIT is inconsistent under certain numerical

coincidence and may not reliably distinguish the direction of the mediation. It will be crucial

to improve CIT so that it would detect the direction of the mediation correctly even under

partial mediation or partial reactive models. Future work might also include investigation

of the performance of CIT in more comprehensive settings, considering more variables and

possibly measurement error of the mediator.
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