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Graph, consisting of a set of vertices and a set of edges, is a natural tool to study
relations. From a geometric perspective, relations between data points reveal information
about the underlying structure, and a graph as a geometric object can not only visualize
but also mathematical characterize such geometric structures in the data. From a network
perspective, graphs can also model connections between different units and have applications
in various fields such as epidemiology, econometrics, sociology, biology, and astronomy. We
first take advantage of graphs from a geometric perspective and propose a data analysis
framework that constructs weighted graphs, called skeletons, to encode the geometric structures
in the data and utilize the learned graphs to assist downstream analysis tasks such as
clustering and regression.

For clustering, we introduce a density-aided method that can detect clusters in multivariate
and even high-dimensional data with irregular shapes. To bypass the curse of dimensionality,
we propose surrogate density measures that are less dependent on the dimension and have
intuitive geometric interpretations. The clustering framework constructs a concise graph
representation of the given data as an intermediate step and can be thought of as a combination
of prototype methods, density-based clustering, and hierarchical clustering. We show by
theoretical analysis and empirical studies that skeleton clustering leads to reliable clusters
in multivariate and high-dimensional scenarios.

For regression tasks, we propose a novel framework specialized for covariates concentrated
around some low-dimension geometric structures. The proposed framework first learns
a graph representation of the covariates which encodes the geometric structures. Then
we apply nonparametric regression techniques to estimate the regression function on the
skeleton graph, which, notably, bypasses the curse of dimensionality. We derive statistical
and computational properties of the proposed regression framework and use simulations and
real data examples to illustrate its effectiveness. Our framework has the advantage that
predictors for distinct geometric structures can be accounted for and is robust to additive
noise and noisy observations.



Graphs are widely used to represent networks of connections and serve as a helpful tool
in modeling real-world diffusion processes. Network diffusion models are used to study
things like disease transmission, information spread, and technology adoption. However,
small amounts of mismeasurement are extremely likely in the networks constructed to
operationalize these models. We show that estimates of diffusions are highly non-robust
to this measurement error. First, we show that even when measurement error is vanishingly
small, such that the share of missed links is close to zero, forecasts about the extent of
diffusion will greatly underestimate the truth. Second, a small mismeasurement in the
identity of the initial seed generates a large shift in the locations of the expected diffusion
path. We show that both of these results still hold when the vanishing measurement error
is only local in nature. Such non-robustness in forecasting exists even under conditions
where the basic reproductive number is consistently estimable. Possible solutions, such as
estimating the measurement error or implementing widespread detection efforts, still face
difficulties because the number of missed links is so small. Finally, we conduct Monte Carlo
simulations on simulated networks, and real networks from three settings: travel data from
the COVID-19 pandemic in the western US, a mobile phone marketing campaign in rural
India, and an insurance experiment in China.
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Chapter 1

Overview

Graphs, consisting of a set of vertices and a set of edges, have many applications in
various research fields such as machine learning, network analysis, and causal inference. Our
research focuses on two perspectives of graphs. On one hand, graphs, as geometric objects,
can help not only visualize but also mathematical characterize the geometric structures in
data. On the other hand, from a network perspective, graphs model relations or connections
between different units and have applications in various fields such as epidemiology, sociology,
economy, biology, and chemistry.

We first take advantage of graphs from a geometric perspective. Finding meaningful
geometric or topological descriptions of datasets is of great interest in virtue of uncovering
hidden structural information, particularly when data in a high-dimensional Euclidean space
is assumed to lie on a low-dimensional manifold. This is a major focus of Topological Data
Analysis (Wasserman, 2016) and Manifold Learning, in which graphs play an important

role. For nonlinear dimension reduction techniques such as Laplacian Eigenmaps (Belkin



and Niyogi, 2003) and Diffusion Maps (Coifman and Lafon, 2006), a weighted graph is first
constructed based on local neighborhoods, some versions of graph Laplacian is constructed,
and spectral analysis of the graph Laplacian leads to the desired results. Latter works have
shown the convergence of such discrete graph Laplacian to the Laplace-Beltrami operator
(Belkin et al., 2006a; Belkin and Niyogi, 2008; Berry and Harlim, 2014; Berry and Sauer,
2019), which adds topological interpretations to such approaches.

Geometric data is also attracting attention from the deep learning field. Under the
similar principle as Felix Klein’s “Erlangen Programme” (Klein, 1893) that characterizes
geometries through symmetry groups, Geometric Deep Learning (Bronstein et al., 2017;
Battaglia et al., 2018; Bronstein et al., 2021) derives neural network architectures through
group invariance and equivariance. Under this general blueprint, one approach encodes
geometric information through graphs and performs learning tasks with the Graph Neural
Networks (GNNs) (Velickovi¢ et al., 2018; Xu et al., 2019; Chamberlain et al., 2021a,b;
Bouritsas et al., 2022). In particular, Wang et al. (2019) dynamically builds neighborhood
graphs from point clouds and aggregates edge features through layers for classification and
segmentation tasks. Kazi et al. (2022) learns the probabilistic latent graphs in the deep
learning architecture for optimal classification.

One direction of our research is to use graphs to extract the underlying geometric
information in a dataset. Unlike the approaches that set graph vertices as individual points in
the data point cloud, we propose a data analysis framework that constructs representational

weighted graphs, called skeletons, to encode the geometric structures in data with a small



number of vertices, and utilizes the learned graph to assist the downstream analysis tasks
such as clustering and regression.

In addition to representing geometric information, a graph is a structure of connections,
which makes it natural to represent various networks, with the social network or the contact
network being examples. Particularly, due to the advancement in mobile communication
technology, the collection of contact network data, or at least some proxies for it, becomes
feasible, and studies have directly incorporated such data to model epidemic behaviors.
Some early works collect mobility data based on phone calls and text records to model
disease transmission behaviors (Wesolowski et al., 2012; Bengtsson et al., 2015; Engebretsen
et al., 2020; Milusheva, 2020). Mobility networks derived from commute flow data are also
used as proxies to contact networks for epidemic modeling (Fajgelbaum et al., 2021a; Alsing
et al., 2020). Facing the challenge of the global pandemic, the Google COVID-19 Aggregated
Mobility Research Dataset has become a major source to drive research in epidemic modeling
(Kapoor et al., 2020; Ruktanonchai et al., 2020; Venkatramanan et al., 2021).

Despite the importance of contact data in modeling epidemic behavior, collecting contact
networks is still difficult, and, as described above, research teams use proxies for contact
networks, with mismeasurements inevitable. Chandrasekhar et al. (2021) demonstrates that
small misalignment of the model with the underlying network of interactions necessitates
non-trivial failure of local targeting policy guided by epidemiological models. Changes in
contact networks have substantial implications for disease transmissions, which raises concern

over the robustness of epidemic models in this regard. To address one aspect of this concern,



we assess the sensitivity of the diffusion models, in terms of policy decisions, to missingness
about the underlying contact graph.

In Chapter 2, we use graphs to represent the data structures and perform clustering.
We introduce a density-aided method called Skeleton Clustering that can detect clusters
in multivariate and even high-dimensional data with irregular shapes. To bypass the curse
of dimensionality, we propose surrogate density measures that are less dependent on the
dimension but have intuitive geometric interpretations. The clustering framework constructs
a concise representation of the given data as an intermediate step and can be thought of as a
combination of prototype methods, density-based clustering, and hierarchical clustering. We
show by theoretical analysis and empirical studies that skeleton clustering leads to reliable
clusters in multivariate and high-dimensional scenarios.

In Chapter 3, we use graphs to encode the geometric information in the covariate space
and to fit regression functions. We propose a novel framework specialized for covariates
concentrated around some low-dimension geometric structures. The proposed framework
first learns a graph representation of the covariates, which we call the skeleton, to summarize
the geometric structures. Then we apply nonparametric regression techniques to estimate
the regression function on the skeleton, which, notably, bypasses the curse of dimensionality.
We derive statistical and computational properties of the proposed regression framework and
use simulations and real data examples to illustrate its effectiveness. Our framework has the
advantage that predictors from distinct geometric structures can be accounted for and is

robust to additive noise and noisy observations.



In Chapter 4, we focus on the non-robustness of diffusion estimates on networks with
measurement error. We show that estimates of diffusions are highly non-robust to this
measurement error. First, we show that even when measurement error is vanishingly small,
such that the share of missed links is close to zero, forecasts about the extent of diffusion
will greatly underestimate the truth. Second, a small mismeasurement in the identity of
the initial seed generates a large shift in the locations of the expected diffusion path. We
show that both of these results still hold when the vanishing measurement error is only
local in nature. Such non-robustness in forecasting exists even under conditions where the
basic reproductive number is consistently estimable. Possible solutions, such as estimating
the measurement error or implementing widespread detection efforts, still face difficulties
because the number of missed links is so small. Finally, we conduct Monte Carlo simulations
on simulated networks, and real networks from three settings: travel data from the COVID-
19 pandemic in the western US, a mobile phone marketing campaign in rural India, and an

insurance experiment in China.



Chapter 2

Skeleton Clustering: Dimension-Free

Density-Aided Clustering

2.1 Introduction

Density-based clustering (Azzalini and Torelli, 2007; Menardi and Azzalini, 2014; Chacon,
2015) is a popular framework for grouping observations into clusters defined based on
the underlying probability density function (PDF). In practice, when the PDF is usually
unknown, it is estimated via the random sample, and the estimated PDF is then used
to obtain the resulting clusters. Many clustering methods have been proposed within the
framework of density-based clustering. The mode clustering (Li et al., 2007; Chacén and
Duong, 2013; Chen et al., 2016) finds clusters via the local modes of the underlying PDF.
When the kernel density estimator (KDE) is used for density estimation, the mode clustering

can be done easily via the mean-shift algorithm (Fukunaga and Hostetler, 1975; Cheng, 1995;
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Carreira-Perpinan, 2015). Another famous density-based clustering approach is the level-set
clustering (Cuevas et al., 2000, 2001; Mason et al., 2009; Rinaldo et al., 2012), which creates
clusters as the connected components of high-density regions. The well-known DBSCAN
(Density-Based Spatial Clustering of Applications with Noise) method (Ester et al., 1996) is
also a special case of level-set clustering. Moreover, the cluster tree (Stuetzle and Nugent,
2010; Chaudhuri and Dasgupta, 2010; Chaudhuri et al., 2014; Eldridge et al., 2015; Kim
et al., 2016) is a density-based clustering approach combining information from both modes
and level sets. This method creates a tree structure with each leaf representing a mode and
the tree describes the evolution of level-set clusters at different density levels.

Compared to the classical k-means clustering (Lloyd, 1982; Hartigan and Wong, 1979;
Pollard, 1982) and the model-based clustering methods (Fraley and Raftery, 2002), a density-
based clustering approach is capable of finding clusters with irregular shapes and gives an
intuitive interpretation based on the underlying PDF. Furthermore, defining clusters based
on the density function makes it possible to view the clustering problem as an estimation
problem: the clusters from the true PDF are the parameters of interest and the estimated
clusters are sample quantities utilized for approximation.

Although density-based clustering enjoys many advantages, it has a fundamental limitation:
the curse of dimensionality. Because a density-based clustering method often involves a
density estimation step, it does not scale well with the dimension. Specifically, the convergence
rate of a density estimator is Op (n_ﬁ> under usual smoothness conditions (Scott, 2015;

Wasserman, 2006a), which is slow when d is large. To overcome the curse of dimensionality



and to apply density-based clustering to high-dimensional data, we borrow the idea of
merging a large number of k-means clusters from (Peterson et al., 2018; Fred and Jain, 2005;
Maitra, 2009; Baudry et al., 2010; Shin et al., 2019) and propose density-aided similarity
measures suitable for high-dimensional settings.

The idea of merging prototypes has also attracted great attention from model-based
clustering to overcome the limitations of parametric assumptions. In particular, there
are several methods based on merging Gaussian-mixture models (Hennig, 2010), such as
Dip test approach (Hartigan and Hartigan, 1985), ridgeline elevation (Ray and Lindsay,
2005), misclassification method (Tibshirani and Walther, 2005), multi-layer approach (Li,
2005), entropy-based method (Baudry et al., 2010), level set-based method (Scrucca, 2016),
and modal clustering (Chacén, 2019). The work by Aragam et al. (2020) reconstructs a
nonparametric mixture model by fitting the data with a large number of general nonparametric
mixture components and then partitions them into a small number of final clusters.

Our idea can be summarized as follows. We first find a large set of protoclusters (called
knots) by running k-means clustering. Nearby knots are then connected by edges to form a
graph that we call the skeleton. The similarities between connected knots are measured by
density-aided criteria that are estimable even in high dimensions. Finally, we merge knots
according to a linkage criterion to create the final clusters. Because the construction involves
creating a skeleton representation of the data, we call this method Skeleton Clustering.

To illustrate the limitations of the classical approaches and to highlight the effectiveness of

skeleton clustering, we conduct a simple simulation in Figure 2.1. It is a d = 200 dimensional



K-Means Clustering Spectral Clustering

Mean Shift Clu

Skeleton Clustering with Voronoi Density

Figure 2.1: Yinyang Data with dimension 200. On the bottom right is the clustering result of the
skeleton clustering with the proposed Voronoi density similarity measure.

data consisting of five components with non-spherical shapes. The actual structure is in 2-
dimensional space as illustrated in Figure 2.1. We add Gaussian noises in other dimensions
to make it a d = 200 dimensional data (see Section 2.5 for more details). Traditional k-means
and spectral clustering fail to find the five components and the mean shift algorithm cannot
form clusters due to the high dimensionality of the data. However, our proposed method
(bottom-right panel) can successfully recover the underlying five components.

Outline. In section 2.2, we describe the skeleton clustering framework. In section 2.3,
we introduce similarity measures that can be utilized in the skeleton clustering framework.
In section 2.4, we provide some consistency results of the sample similarity measures and
the clustering performance guarantee. In section 2.5, we present simulation results to
demonstrate the effectiveness of skeleton clustering in dealing with different data scenarios
and to guide some choices in the framework for applications. In section 2.6, we test the

performance of skeleton clustering on real datasets. In section 2.7, we conclude the paper



and point out some directions for future research.

2.2 Skeleton Clustering Framework

Algorithm 1 Skeleton clustering

Input: Observations Xi,--- , X, final number of clusters S.

1. Knot construction. Perform k-means clustering with a large number of k; the centers
are the knots (Section 2.2.1).

2. Edge construction. Apply approximate Delaunay triangulation to the knots (Section
2.2.2).

3. Edge weights construction. Add weights to each edge using either Voronoi density,
Face density, or Tube density similarity measure (Section 2.3).

4. Knots segmentation. Use linkage criterion to segment knots into S groups based on
the edge weights (Section 2.2.4).

5. Assignment of labels. Assign a cluster label to each observation based on which

knot group the nearest knot belongs (Section 2.2.5).

In this section we formally introduce the skeleton clustering framework. Let X =
{X1,...,X,} be a random sample from an unknown distribution with density p supported
on a compact set X € R%. The goal of clustering is to partition X into clusters X;,...Xg,
where S is the final number of clusters.

A summary of the skeleton clustering framework is provided in Algorithm 1. ! Figure 2.2
illustrates the overall procedure of the skeleton clustering method. Starting with a collection
of observations (panel (a)), we first find knots, the representative points of the entire data

(panel (b)). Then we compute the corresponding Voronoi cells induced by the knots (panel

!See https://cse512-22sp.pages.cs.washington.edu/SkeletonVis/ for interactive visualizations of
the framework.
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(c)) and the edges associating the nearby Voronoi cells (panel (d)). For each edge in the
graph, we compute a density-aided similarity measure that quantifies the closeness of each
pair of knots. For the next step, we segment knots into groups based on a linkage criterion
(single linkage in this example), leading to the dendrogram in panel (e). Finally, we choose
a threshold that cuts the dendrogram into S = 2 clusters (panel (f)) and assign a cluster
label to each observation according to the knot-cluster that it belongs to (panel (g)).
In summary, the skeleton clustering consists of the following five steps: (1) Knots construction,

(2) Edges construction, (3) Edge weights construction, (4) Knots segmentation, and (5)
Assignment of labels. In what follows in this section, we provide a detailed description of each
step except Step 3. Step 3 is the key step in our clustering framework where we incorporate
the information from the underlying density for clustering in a less dimension-dependent way
and we defer the detailed discussion of Step 3 to Section 2.3 and Section 2.4. We include
a short analysis of the computational complexity of our skeleton clustering framework in

Appendix A.

2.2.1 Knots Construction

The construction of knots is a step aiming at finding representative points in the data that
can help measure similarities between regions in the later stage. The knots can be viewed as
landmarks inside the data where we can shift our focus from the entire data to these local
locations. A simple but reliable approach for constructing knots is the k-means algorithm.

We apply the k-means algorithm with a large number & > S the desired number of final

11



(d) Skeleton

(e) Dendrogram (f) Segmentation (g) Clustering
Figure 2.2: Skeleton Clustering illustrated by Two Moon Data (d=2).

clusters, and this procedure behaves like overfitting the k-means. Notably, we do not use
the k-means procedure to obtain final clustering, but instead, we use it as an intermediate
step to find concise representations of the original data.

The number of knots k is a key parameter in the knots construction step. It controls
the trade-off between the quality of the data representation and the reliability of each knot.
More knots can give a better representation of the data, but, if we have too many knots,
the number of observations per knot will be small, so the uncertainty in estimation in the
later stage will be large. We find that a simple reference rule for k to be around +/n works
well in our empirical studies (Section F). In practice, it is also advisable to prune knots
with a small number of corresponding observations because the density-aided weights (in
Step 3, Section 2.3) are estimated locally by the data belonging to each pair of knots.

Knots with a few data points can lead to unstable similarity measurements and unreliable

12



final clustering. Moreover, to take care of observations in the low-density areas that could
cause problems for the k-means clustering, one may first pre-process or denoise the data by
removing observations in the low-density area and then apply the k-means clustering to find
out the knots.

In this work, we use overfitting k-means as the default way for knots construction, but
there are alternative approaches to find knots such as subsampling, the coreset construction
methods (Bachem et al., 2017; Turner et al., 2020), and the Self-Organizing Maps (SOM)
(Heskes, 2001). We show in Appendix F that the SOM can also be used to find knots but
requires more careful treatments such as removing knots with few or even no observations
and the performance is slightly worse than that of the overfitting k-means. The k-medians
algorithm can be another alternative method but it gave an unstable result when the
dimension is large. Therefore, we choose to use the overfitting k-means algorithm in this

work and recommend using it in practice.

Remark 1. Since the k-means algorithm does not always find the global optimum, we repeat
it many times with random initial points (generally 1,000 times or more) and choose the
one with the optimal objective function. This works well for all of our numerical analyses.
Moreover, since we are only using k-means as a tool to find a useful representation, we do
not need to find the actual global optimum. All we need is a set of knots forming a useful

representation.
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Figure 2.3: Voronoi Tessellation as blue dashed lines and Delaunay Triangulation by red solid lines.
2.2.2 Edges Construction

With the constructed knots, our next step is to find the edges connecting them. Let
1, -+, ¢ be the given knots and we use C = {¢y, -+ , ¢} to denote the collection of them.
We add an edge between a pair of knots if they are neighbors, with the neighboring condition
being that the corresponding Voronoi cells (Voronoi, 1908) share a common boundary. The
Voronoi cell, or Voronoi region, C;, associated with a knot ¢; is the set of all points in X

whose distance to ¢; is the smallest compared to other knots (See Figure 2.3). That is,
Cj={z e X :d(z,¢c;) <d(x,c0) VELF#j}, (2.2.1)

where d(z,y) is the usual Euclidean distance. Therefore, we add an edge between knots
(¢;,¢;) if C;NC; # 0. Such resulting graph is the Delaunay triangulation (Delaunay, 1934)
of the set of knots C and we denote it as DT'(C). In a nutshell, the skeleton graph in our
framework is given by the Delaunay triangulation of C.

The Delaunay triangulation graph is conceptually intuitive and appealing and is utilized
by some clustering methods to identify connected components (Azzalini and Torelli, 2007;
Scrucca, 2016), but empirically the computational complexity of the exact Delaunay triangulation

algorithm has an exponential dependence on the ambient dimension d (Amenta et al., 2007;
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Chazelle, 1993). Given our multivariate and even high-dimensional data setting, exact
Delaunay triangulation is empirically unfavorable. Therefore, in practice, we approximate
the exact Delaunay Triangulation with DT (C) by examining the 2-nearest knots of the
sample data points. The key observation is that, if the Voronoi cells of two knots ¢;, ¢;
share a boundary, there is a non-empty region of points whose 2-nearest knots are ¢;, ¢;.
Consequently, for approximation, we query the two nearest knots for each data point and
have an edge between ¢;, ¢; if there is at least one data point whose two nearest neighbors
are ¢;,c¢;. The complexity of the neighbor search depends linearly on the dimension d,
which is desirable for high-dimensional setting (Weber et al., 1998), and this sample-based

approximation to the Delaunay Triangulation has reliable empirical performance.

2.2.3 Edge Weight Construction

Given the constructed edges and knots, we assign each edge a weight that represents
the similarity between the pair of knots. In this work, we propose some novel density-aided
quantities as the edge weights. Since the description of the similarity measures is more
involved, we defer the detailed discussion of the similarity measures to Section 2.3. It is
worth noting here that the similarity measures proposed in this work are estimated based
on surrogates of the underlying density function (hence density-aided) and the estimation
procedure has minimal dependence on the ambient dimension. Therefore, the estimations of

the newly proposed similarity measures are reliable even under high-dimensional settings.
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2.2.4 Knots Segmentation

Given the weighted skeleton graph, the next step is to partition the knots into the
desired number of final clusters, and we apply hierarchical clustering with the inverses of the
similarity measures as the distance. The choice of linkage criterion for hierarchical clustering
may depend on the underlying geometric structure of the data. We analyze several linkage
criteria under various simulation scenarios in Appendix E. Generally, single linkage gives
reliable clustering results when the components are well-separated, but average linkage works
better when there are overlapping clusters of approximately spherical shapes. Therefore, in
practice, such a choice of linkage should be made based on some exploratory understanding
of the data structure, and experimenting with different linkage methods is computationally
tractable as only the knots need to be segmented.

The number of final clusters S is an essential parameter for the hierarchical clustering
procedure but can be unknown. The dendrograms given by hierarchical clustering can be
a helpful tool in this situation, displaying the clustering structure at different resolutions.
Consequently, analysts can experiment with different numbers of final clusters and choose a
cut that preserves the meaningful structures based on the dendrograms, which takes little
extra computation. However, it is worth pointing out that with the presence of noisy data
points, the final number S being larger than the true number of meaningful components may

be needed to achieve better clustering results (see Appendix E).

Remark 2. Although the dendrogram for knots given by our method is not exactly the cluster

tree, the pruning graph cluster tree procedure proposed in Nugent and Stuetzle (2010) with
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excess mass can be applied to help decide the final segmentation. Peterson et al. (2018) also
presented similar ideas choosing the final number of clusters by looking at the lifetime of
the clusters in the dendrogram. Additionally, the traditional “elbow” methods can be used
to determine the number of clusters. An inferential choice can also be made using the gap

statistics (Tibshirani et al., 2001).

2.2.5 Assignment of Labels

In the previous step, we created S groups of knots and each group has a cluster label.
To pass the cluster membership to each observation, we assign a hard clustering label to
each observation according to which group its nearest knot belongs. For instance, if an
observation X; is closest to knot ¢; and ¢; belongs to cluster ¢, we assign cluster membership

label ¢ to observation X;.

Remark 3. There are other methods in clustering literature for assigning labels of observations
based on identified structures. Azzalini and Torelli (2007) and Scrucca (2016) assign unlabelled
data based on density ratios. DBSCAN and HDBSCAN (Campello et al., 2015; Ester et al.,
1996) assign labels (and identify noisy points) based on k-nearest-neighbor considerations.

One may use these alternatives to assign the cluster label to each observation.

2.3 Density-Based Edge Weights Construction

To incorporate the information of density into clustering, we calculate the edge weights

based on the underlying density function. However, the conventional notion of PDF is not
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Figure 2.4: Left: Orange shaded area illustrates the 2-NN region of knots 1,2. Right: Shaded
areas illustrate the 2-NN region of knots 6,7 and knots 2, 8.

feasible in multivariate or even high-dimensional data due to the curse of dimensionality. To
resolve this issue, we introduce three density-related quantities that are estimable even when

the dimension is high.

2.3.1 Voronoi Density

The Voronoi density (VD) measures the similarity between a pair of knots (¢;, ¢g) based on
the number of observations whose 2-nearest knots are c; and ¢,. We start with defining the
Voronoi density based on the underlying probability measure and then introduce its sample
analog. Given a metric d on R? the 2-Nearest-Neighbor (2-NN) region of a pair of knots
(¢j,ce) is defined as

Ay={r e X :d(z,¢;) > max{d(x,c;),d(z,co)},Vi # j, }. (2.3.1)
In this work, we take d(.,.) to be the usual Euclidean distance and use ||.|| to denote the
Euclidean norm. An example 2-NN region of a pair of knots is illustrated in Figure 2.4.

Following the idea of density-based clustering, two knots ¢;, ¢, belong to the same clusters

if they are in a connected high-density region, and we would expect the 2-NN region of ¢;, ¢,
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to have a high probability measure. Hence, the probability P(A4,,) = P(X; € Aj;) can
measure the association between ¢; and ¢, (see illustration in Figure 3.2 right). Based on

this insight, the Voronoi density measures the edge weight of (c;, ¢) with

P(A;
S;QD _ ( Jf)

g — el

(2.3.2)

Namely, we divide the probability of in-between region by the mutual Euclidean distance.
The division of the distance adjusts for the fact that 2-NN regions have different sizes and
provides more weights to edges between knots close in distance. However, such division
makes the Voronoi density be in the unit of 1/ ||c; — ¢,|| and hence can be scale-dependent.

In practice, we estimate SJ‘QD by a sample average. Specifically, the numerator P(Aj) is

estimated by P,(A;,) = L3 I(X; € Ajp) and the final estimator for the VD is

A Do (A;
ShP = Fuldie) (2.3.3)
llej — cll
Note that here we are assuming that ¢y, --- , ¢ as given beforehand. In the sample version,
we replace them with the sample analog ¢4, - - - , ¢ and replace the region A;, by Ajg.

The Voronoi density can be computed in a fast way. The numerator, which only depends
on 2-nearest-neighbors calculation, can be computed efficiently by the k-d tree algorithm
(Bentley, 1975). For high-dimensional space, space partitioning search approaches like the
k-d tree can be inefficient but a direct linear search still gives a short run-time (Weber et al.,
1998), and with a large number of observations approximate nearest neighbor algorithms
can be incorporated. The denominator requires distance calculation and can be burdensome
in high-dimensional settings, but note that we only need to calculate the distance for edges

present in DT(C), which is far less than k(k — 1)/2, where k is the number of knots. Hence,
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the calculation of VD can be carried out in a fast way even for high-dimensional data with

a large sample size.

2.3.2 Face Density

Here we present another density-based quantity to measure the similarity between two
knots. Since the Voronoi cell of a knot describes the associated region, a natural way to
measure the similarity between two knots is to investigate the shared boundary of the
corresponding Voronoi cells. If two knots are highly similar, we would expect the boundary
to lie in a high-density region and to be surrounded by many observations. Based on this
idea, we define the Face Density (FD) as the integrated PDF over the “face” (boundary)
region. Note that, although the density is involved in FD, by integrating over the face region
the problem reduces to a 1-dimensional density estimation task regardless of the dimension
of the ambient space. Formally, let the face region between two knots ¢;, ¢, be Fj, = C;NC,.

At the population level, the FD is defined as

ShP = /F | () g1 (dx) = /F | dP(z), (2.3.4)

J J

where pi,,(dx) denotes the m-dimensional volume measure.

To estimate the FD, we utilize the idea of kernel smoothing in combination with data
projection. By the construction of the Voronoi diagram, the boundary of two Voronoi cells is
orthogonal to the line passing through the two corresponding knots (called the ‘central line’)
and intersects the central line at the middle point regardless of the dimension of the data (see

Figure 2.3 for reference). Therefore, we estimate the FD by first projecting the observations
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onto the central line and then using the 1-dimensional kernel density estimator(KDE) to
evaluate the density at the midpoint. Specifically, fix two knots c¢;, ¢, let C;,C, be the
corresponding Voronoi cells, and denote I1,;,(z) as the projection of x € X onto the central

line passing through ¢; and ¢y, we define the estimator §ﬁD to be

grp _ % 3 K(HM(Xi) —h(cé T CJ‘>/2) (2.3.5)

X;€eC;uC,

where K is a smooth, symmetric kernel function (e.g. Gaussian kernel) and A > 0 is the
bandwidth that controls the amount of smoothing. It is noteworthy that, while conventional
kernel smoothing suffers from the curse of dimensionality (Chen et al., 2017; Chacén et al.,

2011; Wasserman, 2006a), the kernel estimator in equation (2.3.5) bypasses it.

2.3.3 Tube Density

While FD is conceptually appealing, the characterization of the face between two Voronoi
cells could be challenging since the shapes of the boundaries can be irregular. Here we
propose a measure similar to the Face density measure but has a predefined regular shape.
For a point x, we define the Disk Area centered at x with radius R and normal direction v

(see Figure 2.5 for an illustration) as

Disk(z, R,v) = {y : ||z —y|| < R, (x — y)"v =0} (2.3.6)
To measure the similarity between knots ¢; and c,, we examine the integrated density within
the disk areas along the central line. In more detail, the central line can be expressed as

{¢j+t(ce—¢;) : t €[0,1]}, and any point on the central line can be written as ¢; +t(c, — ¢;)

for some t. For a point ¢; + t(c; — ¢;), we define the integrated density in the disk region
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Figure 2.5: The disk area centered at « with a radius R and a direction v.

(called Disk Density) as

pDisk;, r(t) = P (Disk(c; + t(ce — ¢;), R, co — ¢5)) = / p(x)dz. (2.3.7)

Disk(c;j+t(ce—cj),R,ce—cj)

The Tube Density (T'D) measures the similarity between ¢; and ¢ as the minimal disk density

along the central line, i.e.,
S1P = inf pDisk., n(t 2.3.8
5 o] P ier(t) ( )
In other words, with given c¢;, ¢, we survey all Disk Density along the central line and retrieve
the infimum as the similarity measure between two knots.

In this work, we set R based on the root mean squared distances within each Voronoi

cell. Specifically, for knot ¢; and the corresponding Voronoi cell C;, we calculate

1 2
Ry = \/m—_1 S X (239)

X€C;y

where |C;| denotes the size of set C;. With the uniform radius paradigm where the radius
is the same for all pairs of knots, we set R = %Z?:l R;. Our empirical studies show that
this rule leads to good clustering performances and theoretical analysis also shows that this
reference rule for R leads to the consistency of the sample analog of the TD.

Note that the radius may also be chosen adaptively for each pair: we set the disk radius at
c¢; to be R; for all knots and set the disk radius along the edge to be the linear interpolation

of the radii at the two connected knots. The comparison between the uniform and adaptive
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R is presented in Appendix F, and similar clustering performance is observed for the two
approaches. Hence we use uniform R by default for simplicity.
Similar to the FD, we estimate the TD by a projected KDE. Let IL;,(z) be the projection

of a point  on the line through c;, c,. We first estimate the pDisk via

oDk lf) = > K(Hﬂ(xi) Gt C"))I(IIXZ» ~ (X)) < R)

=1

and then estimate the TD as

/\TD . /\

Sy = tell[’(lfl] pDisk;, p(t). (2.3.10)
where the infimum is approximated by grid search.

Remark 4. The estimations of the FD and the TD involve the use of the projected kernel
density estimation, and we discuss the choices of the kernel and the bandwidth selections for
kernel density estimations in Appendix F. By default, we use the Gaussian kernel with the

normal scale bandwidth selector (NS) (Chacén et al., 2011) for the best empirical results.

2.4 Asymptotic Theory of Edge Weight Estimation

In this section, we focus on the theoretical properties of the similarity measures
to theoretically explain the effectiveness of the newly proposed density-aided similarity
measures. We assume the set of knots C = {cy, ..., ¢} is given and non-random to simplify
the analysis because (1) it is hard to quantify k-means uncertainty, and (2) with large k, it
is extremely likely for k-means to stuck within the local minimum. Note that this implies

the corresponding Voronoi cells C = {Cy,...,Cy} and the 2-NN regions {A;js}; =1, kj2e
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(Equation 2.3.1) of all pairs of knots are fixed as well. We allow k = k,, to grow with respect
to the sample size n. Theoretical results for Voronoi density are described in this section
and theoretical properties for the Face density and Tube density are deferred to Appendix
B and C respectively. In summary, the consistency of FD and TD are obtained based on
the analysis of KDE with additional geometric considerations, resulting in rates similar to
that of the 1-dimensional KDE under some regularity conditions. All proofs are included in

Appendix D.

2.4.1 Voronoi Density Consistency

We start with the convergence rate of the VD and consider the following condition:

(B1) There exists a constant ¢ such that the minimal knot size ming; e P(A;) > ¢ and

ming pee [|¢; — cofl > 11%-
where (j, /) € E means that there is an edge between knots ¢;, ¢, in the Delaunay Triangulation.
Condition (B1) is a condition requiring that no Voronoi cell A;, has a particularly small size
and all edges have sufficient length. This condition is mild because when the dimension of
data d is fixed, the total number of edges in the Delaunay triangulation of k£ points scale at
rate O(k). Because the volume shrinks at rate O(k™'), the distance is expected to shrink at

rate O(k~1/4).

Theorem 1 (Voronoi Density Convergence). Assume (B1). Then for any pair j # ¢ that

shares an edge, the similarity measure based on the Voronoi density satisfies

-0, ( %) , (2.4.1)

24

A%D

J

SVD —1
je




=0, (\/glog k) : (2.4.2)

when n — 00,k — 00,  — o0.

Theorem 1 provides the convergence rates of the sample-based Voronoi density to the
population version of Voronoi density. This result is reasonable because when the knots C are
given, the randomness in the sample-based Voronoi density is just the empirical proportion
in each cell, so it is a square-root-rate estimator based on the effective local sample size
n/k. Consequentially, Theorem 1 suggests that estimating the Voronoi density is easy in
multivariate cases when the knots are given—there is no dependency with respect to the
ambient dimension. The extra logk factor in the uniform bound (Equation 2.4.2) comes

from the Gaussian concentration bounds.

2.4.2 Performance Guarantee for Voronoi Density

We provide below a performance guarantee in terms of the adjusted Rand Index (Rand,
1971; Hubert and Arabie, 1985) for skeleton clustering with Voronoi density edge similarity.
To simplify the problem, we define the true clusters as the connected components of the
skeleton graph with edges having true Voronoi density similarities SJ‘-QD over a known threshold
7 > 0. We show below that cutting the skeleton graph based on estimated edge similarities
at the same threshold 7 recovers the true clustering with a high probability. Since the knots
are fixed, the clustering error comes from partitioning knots into the wrong groups, so we
will focus on the adjusted Rand Index of clustering the knots. Let the true partition of the
knots be £* = {L}},—;

L, where £} contains all the knot indices belonging to the partition

7777
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¢. Let the partition based on estimated edge similarities be L. We assume that

(P1) The true partition £* under the threshold 7 remains the same when the thresholding
level is within (7(1 —€),7(1 + ¢)) for some € > 0.

This is a mild assumption because when we vary the threshold level 7, only a finite number

of values will create a change in the partition. So (P1) holds under almost all values of 7

except for a set of Lebesgue measure 0. Let ARI(L*, £) denote the adjusted Rand Index of

the estimated partition.
Theorem 2 (Adjusted Rand Index Guarantee). Assume (B1l) and (P1) and let py, =
min; ,P(A;¢), then

(2.4.3)

1.2,
P{ARI<£*7ﬁ) < 1} < k(k? — 1) exp (— 2& PminT )

1

Theorem 2 shows that we have a good chance of recovering the “true” clusters defined
by the actual Voronoi density. The above bound is derived from the uniform concentration

bound of the Voronoi density.

2.5 Simulations

To study the effectiveness of skeleton clustering as a clustering method, we conduct several
Monte Carlo experiments. In this section, we present some empirical results to illustrate
the performance of skeleton clustering in multivariate and high-dimensional settings (with
additional data examples in Appendix G). Generally, our framework with the Voronoi density

similarity measure is superior among all the compared clustering methods. In Appendix
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E, we use a systematic set of simulation studies to discuss the choice of linkage criteria
within our clustering framework when dealing with different datasets and at the same
time to demonstrate the robustness of the proposed framework to noisy data points and
overlapping clusters. We include some additional simulations to support some choices within

our framework in Appendix F.

2.5.1 High-dimensional Setting

In this section, we demonstrate the performance of skeleton clustering on simulated
datasets: the Yinyang data and the Mickey data. We also include a simulated dataset
consisting of manifold structures of different dimensions, called the Manifold Mixture data,
in Appendix G and an additional simulation called the Ring data in Appendix G. For
the simulations within Section 2.5.1 and Appendix G, when using the skeleton clustering
methods, the number of knots is set to be k = [{/n] and the knots are chosen by k-means with
1000 random initialization. We select smoothing bandwidth by the normal scale bandwidth
selector for the FD and TD, and the radius of TD is set to be the same for all edges with the
value chosen as described in Section 2.3.3. We use single linkage hierarchical clustering when
merging knots into final clusters with the true number of final clusters S being provided.

To highlight the importance of density-aided similarity measures, we include a similarity
measure called the average distance (AD) for comparison. AD measures the similarity
between c; and ¢, using the inverse of the average Euclidean distances between all pairs

of observations in the two corresponding Voronoi cells. All simulations are repeated 100
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times to obtain the distribution of the empirical performances.

Yinyang Data

The Yinyang dataset is an intrinsically 2-dimensional data containing 5 components: a
big outer circle with 2000 uniformly distributed data points, two inner semi-circles each
with 200 data points generated as 2D Gaussian with standard deviation 0.1, and two
clumps each with 200 data points (generated with the shapes.two.moon function with
default parameters in the clusterSim library in R (Walesiak and Dudek, 2020)). The total
sample size is n = 3200 and according to our reference rule, we choose k = [v/3200] = 57
knots for the skeleton clustering procedure. To make the data high-dimensional, we include
additional variables from a Gaussian distribution with mean 0 and standard deviation 0.1,
and we increase the dimension of noise variables so that the total dimensions are d =
10, 100, 500, 1000. We present results with larger standard deviations for the noisy variable
in Appendix F. We empirically compare the following clustering approaches: direct single-
linkage hierarchical clustering (SL), direct k-means clustering (KM), spectral clustering (SC),
skeleton clustering with average distance density (AD), skeleton clustering with Voronoi
density (Voron), skeleton clustering with Face density (Face), and skeleton clustering with
Tube density (Tube). Since this is simulated data, we know that there are exactly 5 clusters
and we know which cluster an observation belongs to. The true number of clusters is provided
to all the clustering algorithms. We use the adjusted Rand Index to measure the performance
of each clustering method.

The results are given in Figure 2.7. We observe that when dimension increases, traditional
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Knots for Yinyang Data, d=1000

Cluster Dendrogram

Figure 2.6: Knots chosen by k-means on Yinyang data and the Dendrogram for single linkage
hierarchical clustering with similarity measured by Voronoi density.
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Figure 2.7: Comparison of the final clustering performance in terms of adjusted Rand Index with
different clustering methods on Yinyang Data with dimensions 10, 100, 500, and 1000.

methods (SL, KM, SC) fail to give good clustering results while skeleton clustering can

generate nearly perfect clustering. Across all the data dimensions, the Voronoi density, the

simplest measure among the three proposed similarity measures, gives the best performance

in the skeleton clustering framework. Average distance density becomes problematic in high-

dimensional settings but still gives better performance compared to the classical methods.

The fact that all skeleton clustering methods perform better than the traditional methods

highlights the effectiveness of using the skeleton clustering framework. Moreover, all three

density-aided similarity measures outperform the average distance, which illustrates the

power of using density-aided weights in clustering.
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Knots for Mickey Data, d=1000 Cluster Dendrogram

Figure 2.8: An illustration of the analysis of the Mickey data with dimension 100.
Mickey Data

The simulated Mickey data is an intrinsically 2-dimensional data consisting of one large
circular region with 1000 data points and two small circular regions each with 100 data
points. As a result, the structures have unbalanced sizes. The total sample size is n = 1200
and we choose the number of knots to be k = [v/1200] = 35. We include additional variables
with random Gaussian noises to make it a high dimensional data (d = 10, 100, 500, 1000) the
same way as in Section 2.5.1. The left panel of Figure 2.8 shows the scatter plot of the first
two dimensions.

We perform the same comparisons as done on the Yinyang data with the true number of
components S = 3 provided to all the clustering algorithms, and the results are displayed in
Figure 2.9. All methods perform well when d is small but starting at d = 100, traditional
methods fail to recover the underlying clusters. On the other hand, all methods in the

skeleton clustering framework work well even when d = 1000.
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Mickey Data, d= 10 Mickey Data, d= 100 Mickey Data, d= 500 Mickey Data, d= 1000
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Figure 2.9: Comparison of adjusted Rand index using different similarity measures on Mickey data
with dimensions 10, 100, 500, 1000.

2.6 Real Data

In this section, we apply skeleton clustering to one real data example: the graft-versus-host
disease (GvHD) data (Brinkman et al., 2007). Additionally, we analyze the Zipcode data
(Stuetzle and Nugent, 2010) in Appendix H and the Olive Oil data (Tsimidou et al., 1987)
in Appendix H.

GvHD is a significant problem in the field of allogeneic blood and marrow transplantation
which occurs when allogeneic hematopoietic stem cell transplant recipients when donor-
immune cells in the graft attack the tissues of the recipient. The data include samples from
a patient with GvHD containing n; = 9083 observations and samples from a control patient
with ny = 6809 observations. Both samples include four biomarker variables, CD4, CD8,
CD3, and CD8. Previous studies (Lo et al., 2008; Baudry et al., 2010) have identified the
presence of high values in CD3, CD4, CD8 cell sub-populations as a significant characteristic
in the GvHD positive sample and a major objective of our analysis is to rediscovery this
region with the proposed skeleton clustering methods. In addition, our skeleton clustering
procedure shows more information and leads to a novel two-sample test.

The two samples are plotted in the left panel of Figure 2.10 focusing on the three key
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Figure 2.10: Left: 3D scatterplot of the positive sample (red) and the control sample (blue).
Right: Final clustering result of combined GvHD data.

variables (CD3, CD4, CD8f) with blue points from the control sample and the red points
from the GvHD positive sample. We observe that, in addition to the high CD3, CD4, CD8j
region, the distribution of the positive sample is different from the control sample also in
some regions with medium to low CD3, CD4, and CDS8f. Later we will demonstrate that
our clustering framework can identify all such differences in distributions.

To apply the skeleton clustering for a fair comparison of the two samples, we first
construct knots from each sample separately. Specifically, we apply the k-means method
to find k; = [{/n1] knots for the positive sample and find k, = [\/n] knots for the control
sample. This ensures that both samples are well-represented by knots. We then combine
the two samples into one dataset and combine the two sets of knots into one set with &y + ko
knots. We create edges among the combined knots and apply the Voronoi density (VD)
to measure the edge weights. To segment the knots, we use the average linkage criterion
because the clusters can be overlapping and the analysis in Appendix E suggests average
linkage for this scenario. The skeleton clustering result is displayed in the right panel of

Figure 2.10 with the number of final clusters chosen to be S = 14 (Baudry et al., 2010).
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[Cluster 1 2 3 4 5 6 7]

Size 202 948 3881 1859 338 17 812
Prop .458 .343 .008 .296 341 .000 934
pvalue .30 7x1072 0 3x10753 4x108 1x 1074 6x10-103
[Cluster 8 9 0 1 12 13 7]
Size 468 6191 251 37 478 402 8
Prop .690 .888 673 .669 794 841 310
p-value 2x10713 0 1x107% .09 6x1073° 3 x10733 .52

Table 2.1: Table of the sizes of the clusters and the weighted proportion of positive observations
within each cluster. A proportion of 0.5 indicates that the two samples have equal proportions in
the region. The p-value is the simple proportional test to examine if the two samples have equal
proportions in that cluster.

For further insights, we examined the weighted proportion of positive observations in
each cluster. A proportionally smaller weight is assigned to each positive observation to
accommodate the fact that there are more positive observations (n; = 9083 > ny = 6809).
After such normalization, a weighted proportion of 0.5 means that the positive and control
observations are balanced in one region. A summary of the weighted proportion of clusters
is presented in Table 2.1. We note that clusters 7,9,12, and 13 are majorly composed of
positive observations (proportion > 0.75), and clusters 3 and 6 are majorly composed of
observations from the control sample (proportion < 0.25). We also include the p-value for
testing if the proportions equal 0.5. Admittedly, because we use the data to find clusters
and use the same data to do the test, the p-values in Table 2.1 may tend to be small.

Clusters with majorly positive observations and clusters with majorly control observations
are depicted in the two panels in Figure 2.11. Cluster 7 corresponds to the high CD3, CD4,
and CD8f region identified by previous works with nearly all data points belonging to the
positive patient. Cluster 6 is also scattered in the high CD3, CD4, and CD8f regions but

has all the observations coming from the control sample. However, the small size (only 17
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Figure 2.11: Clusters with majorly positive observations and majorly control observations

data points) of Cluster 6 makes it unclear if it is a real structure or due to pure randomness.
Overall our method succeeds in identifying the CD3+ CD4+ CD85+ area for the GvHD-
positive patient like the previous model-based clustering approaches. Note that the data we
are using are two individuals from the original 31 individuals in the GvHD study, which does
not account for the inter-individual variability.

Our clustering approach has some additional findings. Cluster 9, 12, and 13 also have a
high proportion of positive samples. These clusters are in the mid to low CD3, CD4, CD8j
region. For the control case, in addition to the small Cluster 6, Cluster 3 is a large cluster
with nearly all the observations from the control sample. It is located in the high CD8# but
low CD3 and CD4 region.

Model-based clustering approaches Lo et al. (2008); Baudry et al. (2010) have an advantage
for managing this cytometry data as they can parametrically describe the behaviors of data
samples in different regions. The overlapping between different structures and the overall 4-
dimensional feature space are also applicable with model-based clustering methods. However,

the proposed skeleton clustering approach can result in a graphical representation of each

34



cluster that can be visualized for intuitive understanding. We include the skeleton graphs of
the GvHD data clusters from the proposed clustering approach in Appendix F. Moreover,
model-based approaches can still be limited to some regular shapes of the clusters in the
ambient space, while applying the proposed clustering method helps identify clusters with
complex structures. Cluster 9, for instance, shows a hammer-like structure based on the
skeleton representation (see Figure A.27).

Our results suggest a potential procedure for diagnosing GvHD. Biomarkers from a new
patient can be divided into clusters with respect to the learned segmentation, and doctors
can mainly focus on the sample points that fall into regions 3, 7, 9, 12, and 13. If the
patient has many points in Clusters 7, 9, 12, and 13, the patient likely has GvHD. Note that
our current result is only based on two individuals and, with a descriptive purpose, is not
accounting for the variability between different individuals and different cases. To use it for
practical diagnosis, a more comprehensive analysis based on a larger and more representative

sample is required.

2.7 Conclusion

In this work, we introduce the skeleton clustering framework that can handle multivariate
and even high-dimensional clustering problems with complex, manifold-based cluster shapes.
Our method adopts the density-based clustering idea to the high dimensional regime. The
key to bypassing the curse of dimensionality is the use of density surrogates such as Voronoi

density, Face density, and Tube density that are less sensitive to the dimension. We use both
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theoretical and empirical analysis to illustrate the effectiveness of the skeleton clustering
procedure. In what follows, we discuss some possible future directions:

e Accounting for the randomness of knots. For our current theoretical analysis,
we assume that the knots are given and non-random to simplify the problem. But in
practice, knots are computed from the sample data with inherent uncertainty. The
randomness of knots can affect the clustering performance because the location of
knots directly impacts the Voronoi cells, which changes the value of the similarity
measures and consequently the cluster label assignments. In particular, observations
on the boundary of clusters will be more sensitive to any perturbations in the location
of knots.  Currently, there are two technical challenges when dealing with random
knots. First, the randomness of knots may be correlated with the randomness of
estimated edge weight, so the calculation of rates is much more complicated. Second,
while there are established theories for k-means algorithm (Graf and Luschgy, 2000,
2002; Hartigan and Wong, 1979), these results only apply to the global minimum of
the objective function. In reality, we are unlikely to obtain the global minimum, but
instead, our inference is based on a local minimum. It is unclear how to properly derive
a theoretical statement based on local minima, so we leave this as future work.

e Skeleton clustering with similarity matrix. The idea of skeleton clustering may
be generalized to data where we only observe the similarity/distance matrices such
as network data. Knots can be restricted to indices in the data and we choose them

by minimizing some network-based or diffusion-related criteria. While Face and Tube
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density can be difficult to adopt, the Voronoi density is still applicable since we only
need the information about pairs of observations. This might provide a new approach
for community detection in network data (Zhao, 2017; Abbe, 2017).

Detecting boundary points between clusters. Our skeleton clustering method
can be applied to detect points on the boundary between two clusters. The idea
is simple: in the final cluster assignment, instead of assigning only one label to an
observation, we assign h labels to an observation based on the cluster labels of h-
nearest knots. The homogeneity of the label assignments can be used as a quantity to
detect if a point is on the boundary or in the interior of a cluster and may serve as an
uncertainty quantification of clustering. We will pursue this in the future.

Anomaly and noise detection. As illustrated in Appendix E, E, and E, the single
linkage criterion in our Skeleton clustering framework may detect noisy observations
in the data. This suggests the possibility of using our approach for noises or anomalies
similar to the DBSCAN (Campello et al., 2015; Ester et al., 1996). We will explore

this direction in the future.
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Chapter 3

Skeleton Regression: A Graph-Based

Approach to Estimation on Manifold

3.1 Introduction

Many data nowadays are geometrically structured that the covariates lie around a
low-dimensional manifold embedded inside a large-dimensional vector space. Among many
geometric data analysis tasks, the estimation of functions defined on manifolds has been
extensively studied in the statistical literature. A classical approach to explicitly account for
geometric structure takes two steps: map the data to the tangent plane or some embedding
space and then run regression methods with the transformed data. This approach is pioneered
by the Principle Component Regression (PCR) Massy (1965) and the Partial Least Squares
(PLS) Wold (1975). Aswani et al. (2011) innovatively relates the regression coefficients to

exterior derivatives. They propose to learn the manifold structure through local principal
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components and then constrain the regression to lie close to the manifold by solving a
weighted least-squares problem with Ridge regularization. Cheng and Wu (2013) present
the Manifold Adaptive Local Linear Estimator for the Regression (MALLER) that performs
the local linear regression (LLR) on a tangent plane estimate. However, because those
methods directly exploit the local manifold structures in an exact sense, they are not robust
to variations in the covariates that perturb them away from the true manifold structure.

Many other manifold estimation approaches exist in the statistical literature. Guhaniyogi
and Dunson (2016) utilize random compression of the feature vector in combination with
Gaussian process regression. Zhang et al. (2013) follows a divide-and-conquer approach that
computes an independent kernel Ridge regression estimator for each randomly partitioned
subset and then aggregates. Other nonparametric regression approaches such as kernel
machine learning (Scholkopf and Smola, 2002), manifold regularization (Belkin et al., 2006b),
and the spectral series approach (Lee and Izbicki, 2016) also account for the manifold
structure of the data. More recently, Green et al. (2021) proposes the Principal Components
Regression with Laplacian-Eigenmaps (PCR-LE) that projects data onto the eigenvectors
output by Laplacian Eigenmaps and provides the rates of convergence of such nonparametric
regression method over Sobolev spaces. However, those methods still suffer from the curse
of dimensionality with large-dimensional covariates.

In addition to data with manifold-based covariates, manifold learning has been applied to
other types of manifold-related data. Marzio et al. (2014) develop nonparametric smoothing

for regression when both the predictor and the response variables are defined on a sphere.
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Zhang et al. (2019) deal with the presence of grossly corrupted manifold-valued responses.
Lin and Yao (2020) address data with functional predictors that reside on a finite-dimensional
manifold with contamination. In this work, we focus on manifold-based covariates and may
incorporate other types of manifold-related data in the future.

The main goal of this work is to estimate a scalar response with covariates lying around
some manifold structures in a way that utilizes the geometric structure and bypasses the curse
of dimensionality. This is achieved by proposing a new framework that combines graphs and
nonparametric regression techniques. Our framework follows the two-step idea: first, we
learn a graph representation, which we call the skeleton, of the manifold structure based on
the methods from Wei and Chen (2023) and project the covariates onto the skeleton. Then
we apply different nonparametric regression methods with the skeleton-projected covariates.
We give brief descriptions of the relevant nonparametric regression methods below.

Kernel smoothing is a widely used technique that estimates the regression function as
locally weighted averages with the kernel as the weighting function. Pioneered by the famous
Nadaraya—-Watson estimator from Nadaraya (1964) and Watson (1964), this technique has
been widely used and extended by recent works (Fan and Fan, 1992; Hastie and Loader, 1993;
Fan et al., 1996; Kpotufe and Verma, 2017). Splines (Hastie et al., 2009; Friedman, 1991)
are popular nonparametric regression constructs that take the derivative-based measure of
smoothness into account when fitting a regression function. Moreover, k-Nearest-Neighbors
(kNN) regression (Altman, 1992; Hastie et al., 2009) has a simple form based on a distance

metric but is powerful and widely used in many applications. These techniques are incorporated
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into our proposed regression framework.

In recent years, many nonparametric regression techniques have been shown to adapt to
the manifold structure of the data, with convergence rates that depend only on the intrinsic
dimension of the data space. Specifically, the classical kNN and kernel regressor have been
shown to be manifold-adaptive with proper parameter tuning procedures (Kpotufe, 2009,
2011; Kpotufe and Garg, 2013; Kpotufe and Verma, 2017), while recent methods like the
Spectral Series regression and PCR-LE also enjoy this property (Green et al., 2021). The
proposed regression framework in this work also adapts to the manifold, as the nonparametric
regression models fitted on a graph are dimension-independent. This framework has several
additional advantages such as the ability to account for predictors from distinct manifolds
and being robust to additive noise and noisy observations.

Outline. We start by presenting the procedures of the skeleton regression framework in
section 3.2. In section 3.3, we apply nonparametric regression techniques to the constructed
skeleton graph along with theoretical justifications. In section 3.4, we present some simulation
results for skeleton regression and demonstrate the effectiveness of our method on real
datasets in Section 3.5. In section 3.6, we conclude the paper and point out some directions

for future research.

3.2 Skeleton Regression Framework

In this section, we introduce the skeleton regression framework. Given design vectors

{x;}]_, where ; € X C R? for each ¢ and the corresponding responses {Y;}!", in R, a
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(d) S-Kernel Regression (e) Linear Spline

Figure 3.1: Skeleton Regression illustrated by data with covariates having the shape of two moons
in a 2D space.

traditional regression approach is to estimate the regression function m(x) = E(Y|X = ).
However, the ambient dimension d can be large while the covariates are distributed around
some low-dimensional manifold structures. In this case, X can be the union of several
disjoint components with different manifold structures, and the regression function can
have discontinuous changes from one component to another. To handle such geometrically
structured data, we approach the regression task by first representing the sample covariate
space with a graph, which we call the skeleton, to summarize the manifold structures.
We then focus on the regression function over the skeleton graph, which incorporates the
covariate geometry in a dimension-independent way.

We illustrate our regression framework on the simulated Two Moon data in Figure 3.1.
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The covariates of the Two Moon data consist of two 2-dimensional clumps with intrinsically
1-dimensional curve structure, and the regression response increases polynomially with the
angle and the radius (Figure 3.1 (a)). We construct the skeleton presentation to summarize
the geometric structure (Figure 3.1 (b,c) ) and project the covariates onto the skeleton.
The regression function on the skeleton is estimated using kernel smoothing (Section 3.3.1,
illustrated in Figure 3.1 (d) ) and linear spline (Section 3.3.3, illustrated in Figure 3.1 (e)).
The estimated regression function can be used to predict new projected covariates. We

summarize the overall procedure in Algorithm 2.

Algorithm 2 Skeleton Regression Framework

Input: Observations (x1,Y}),..., (€, Ya).

1. Skeleton Construction. Construct a data-driven skeleton representation of the
covariates preferably assisted with subject knowledge.

2. Data Projection. Project the covariates onto the skeleton.

3. Skeleton Regression Function Estimation. Fitting regression function on the
skeleton using nonparametric techniques such as kernel smoothing (Section 3.3.1), k-
Nearest Neighbor (Section 3.3.2), and linear spline (Section 3.3.3).

4. Prediction. Project new covariates onto the skeleton and use the estimated regression

function for prediction.

3.2.1 Skeleton Construction

A skeleton is a graph constructed from the sample space representing regions of interest.
From a statistical perspective, a region is of interest if it encompasses a sufficient measure of
probability distribution. For given covariate space X CR% let V ={V, e R?:j=1,...k}

be a collection of points of interest and E be a set of edges connecting points in V such
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that an edge ej, € E if the region between V; and V; is also of interest. The tuple (V, E)
together forms a graph that represents the focused regions in the sample space. Notably,
different from common graph-based regression approaches that take each sample covariate
as a vertex, the set V takes representative points of the covariate space and has size k < n
where n is the sample size. Moreover, the points on the edges are also part of the analysis
as belonging to the regions of interest, which is different from the usual knot-edge graph.
While the graph (V, F) contains the region of interest, it is not easy to work with this graph
directly. Thus, we introduce the concept of the skeleton induced by this graph.

Let E={tV;+ (1 —t)V, : t € (0,1),e5, € E} be the collection of line segments induced
by the edge set E. We define the skeleton of (V,F) as S = VUE, i.e., S is the points of
interest and the associated line segments representing the regions of interest. Clearly, S is a
collection of one-dimensional line segments and zero-dimensional points so it is independent
of the ambient dimension d, but the physical location of S is meaningful as representing
the region of interest. The idea of skeleton regression is to build a regression model on the

skeleton S.

A data-driven approach to construct skeleton

The skeleton should ideally be constructed based on the analyst’s judgment or prior
knowledge of the focus regions. However, this information may be unavailable and we have
to construct a skeleton from the data. In this section, we give a brief description of a
data-driven approach proposed in Wei and Chen (2023) that constructs the skeleton to

represent high-density regions. The method constructs knots as the centers from the k-
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Figure 3.2: Orange shaded area illustrates the 2-NN region between knots 1 and 2.

means clustering with a large number of centers !. The edges are connected by examining
the sample 2-Nearest-Neighbor (2-NN) region of a pair of knots (V}, V) (see Figure 3.2)

defined as
Bjp ={Xm,m=1,...,n: [z = Vil| > max{[|z — Vj||, |z — Vi[|}, Vi # j, (}, (3.2.1)

where ||.|| denotes the Euclidean norm, and an edge between V; and V; is added if B}, is non-

empty. The method can further prune edges or segment the skeleton by using hierarchical

1
LBy

clustering with respect to the Voronoi Density weights defined as Sj‘;D = Vol
J

We provide

more details about this approach in Appendix I.

Remark 5. The idea of using the k-means algorithm to divide data into cells and perform
analysis based on the cells has been proposed in the literature for fast computation. Sivic
and Zisserman (2003), when carrying out an approximate nearest neighbor search, proposed
to divide the data into Voronoi cells by k-means and do a neighbor search only in the same
or some nearby cells. Babenko and Lempitsky (2012) adopted the Product Quantization

technique to construct cell centers for high-dimensional data as the Cartesian product of

!By default [\/n]. We explore the effect of choosing different numbers of knots with empirical results.
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centers from sub-dimensions.

3.2.2 Skeleton-Based Distance

One of the advantages of the physically located skeleton is that it allows for a natural
definition of the skeleton-based distance function ds(.,.) : S xS — RTU{oo}. Let 5,8, € S
be two arbitrary points on the skeleton and note that, different from the usual geodesic
distance on a graph, in our framework s;, s, can be on the edges. We measure the skeleton-
based distance between two skeleton points as the graph path length as defined below:

o If s;, 50 are disconnected that they belong to two disjoint components of S, we define

d(sj, s¢) = 00 (3.2.2)

e If s; and s, are on the same edge, we define the skeleton distance as their Euclidean
distance that

ds(sj,s0) = ||s; — sdl| (3.2.3)

e For s; and sy on two different edges that share a knot V{, the skeleton distance is

defined as
ds(s;j, se) = [|s; = VoIl + [|se = Vol (3.2.4)

e Otherwise, let knots Vi, ..., Vipn) be the vertices on a path connecting s;, s;, where
Vi) is one of the two closest knots of s; and Vj,,) is the other closest knots of s,. We

add the edge lengths of the in-between knots to the distance that

m—1

ds(sj,80) = |Is; = Vil + I8¢ = View | + D [|Vig: Vi) | (3.2.5)

p=1

46



and we use the shortest path length if there are multiple paths connecting s; and s,.

An example illustrating the skeleton-based distance is shown in Figure 3.3. Like the
shortest path (geodesic) distance that makes a usual knot-edge graph into a metric space,
the skeleton-based distance is also a metric on the skeleton graph. In the following sections,

we will discuss methods to perform regression on space only with the defined metric.

Cc2

s3 C4

S2
S4

s1 c3

C1

Figure 3.3: Illustration of skeleton-based distance. Let C7, Cs, C3, C4 be the knots, and let S5, .S3, Sy
be the mid-point on the edges E12, Fog, F34 respectively. Let S; bet the midpoint between C7 and
Sy on the edge. Let d;j = [|C; — Cj| denotes the length of the edge Ejj. ds(S1,S2) = 1di2
illustrated by the blue path. ds(S2,S3) = %dlg + %dgg illustrated by the green path. ds(S2,S4) =
%dlg + dog + %d34 illustrated by the orange path.

Remark 6. We may view the skeleton-based distance as an approximation of the geodesic
distance on the underlying data manifold. Moreover, to make a stronger connection to
the manifold structure, it is possible to define edge lengths through local manifold learning
techniques that have better approximations to the local manifold structure. However, using
more complex local edge weights can pose additional challenges for the data projection step

described in the next section and we leave this as a future direction.
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3.2.3 Data Projection

For the next step, we project the sample covariates onto the constructed skeleton. For
given covariate x, let I1(x), Ir(x) € {1,...,k} be the index of its closest and second closest
knots in terms of the Euclidean metric. We define the projection function II(.) : X — S for
x € S as (illustrated in Figure 3.4):

Case I If V7, () and Vi, () are not connected, @ is projected onto the closest knot that II(x) =
Vi (@)

Case II:  If V7, (z) and V7, () are connected, @ is projected with the Euclidean metric onto the line

(m_VI1(w))T'(V12(m) Vi (@)

||V12<ac>—‘/11<m->||2

passing through V7, ) and V7, (4 that, let ¢ = be the projection

proportion,
p

0, ift <0

(z) = Vi) + (Vlg(m) - Vh(w)) N1 ife>1 (3.2.6)

t, otherwise

\

where we constrain the covariates to be projected onto the closest edge.

c4
X1

c1 S1 e
c5
Figure 3.4: Illustration of projection to the skeleton. The skeleton structure is given by the black
dots and lines. Data point X is projected to S7 on the edge between C; and Cs. Data point X5
is projected to knot Cj.
Note that with the projection defined above, a non-trivial volume of points can be

projected onto the knots of the skeleton graph as belonging to Case I or due to the truncation
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in Case II. This adds complexities to the theoretical analysis of the proposed regression
framework and leads to our separate analysis of the different domains of the graph in Section

3.3.1.

3.3 Skeleton Nonparametric Regression

Covariates are mapped onto the skeleton after the data projection step and are equipped
with skeleton-based distances. In this section, we apply nonparametric regression techniques
to the skeleton graph with projected data points. We study three feasible nonparametric
approaches: the skeleton-based kernel regression (S-Kernel), the skeleton-based k-nearest-
neighbor method (S-kNN), and the linear spline on the skeleton (S-Lspline). At the end
of this section, we discuss the challenges of applying some other nonparametric regression

methods in the setting of skeleton graphs.

3.3.1 Skeleton Kernel Regression

We start by adopting kernel smoothing to the skeleton graph. Let si,---,s, be the
projections on the skeleton from @xy,--- ,@,, ie., s; = I(x;). With the skeleton-based

distances, the skeleton kernel regression makes a prediction at the location s € S as

_ SV K(ds(sq, 8)/h)Y;
Z;'V:1 K(ds(sj,s)/h) ’

where K (-) > 0 is a smoothing kernel such as the Gaussian kernel and h > 0 is the smoothing

(s) (3.3.1)

bandwidth that controls the amount of smoothing. In practice, we choose h by cross-

validation. Essentially, the estimator 7(s) is the kernel regression applied to a general
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metric space (skeleton) rather than the usual Euclidean space. Notably, the kernel function
calculation only depends on the skeleton distances and hence is independent of neither the
ambient dimension of the original input nor the intrinsic dimension of the manifold structure.

It should be noted that 7:(s) only makes predictions on the skeleton S. If we are interested
in predicting the outcome at any arbitrary point * € X, the prediction will be based on the
projected point, i.e., m(x) = m (II(x)), where II(x) € S. Because of the above projection
property, one can think of the skeleton kernel regression as an estimator to the following

skeleton-projected regression function
ms(s) =E(Y|II(X) =s),s€S. (3.3.2)
We study the convergence of m(s) to ms(s) in what follows.

Remark 7. Admittedly, the projection of the covariates onto the skeleton as described in
Section 3.2.3 introduces the projection error between the true regression function m(x) =
E(Y|X = «) and the skeleton-projected regression function. Bounding this projection
error involves not only a precise characterization of the underlying manifolds and the data
distribution around them but also the physical locations of the skeleton relative to the local
manifold structure. Due to such complexity, a theoretical result bounding the projection
error under some general conditions requires careful formulation (despite that results are
straightforward for particular cases such as having covariates exactly on a 1D circular
segment, with example in Appendix L). We leave the in-depth analysis of the projection as
future work and focus on generalizing the nonparametric regression methods to the skeleton

graph in this work.
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Consistency of S-Kernel Regression

Our analysis assumes that the skeleton is fixed and given and focuses on the estimation of
the regression function. To evaluate the estimation error, we must first impose some concepts
of distribution on the skeleton. However, due to the covariate projection procedure, the
probability measures on the knots and edges are different, and we analyze them separately
(see Chen and Dobra (2020); Chen (2019) for dealing with singular measures). On an
edge, the domain of the projected regression function varies in one dimension, resulting in a
standard univariate problem for estimation. For the case of knots, a nontrivial region of the
covariate space can be projected onto a knot, leading to a nontrivial probability mass at the
knot.

For simplicity, we write Kj(s;j,s¢) = K(ds(s;,s¢)/h) for s;,8, € S. Let B(s,h) =
{s' € § :ds(s’,s) < h} be the ball on skeleton centered at the point s € S with radius h.

We can decompose the kernel regression estimator into edge parts and knot parts as
in(s) = 2%1 Y; K (sj, s)
Zj:l Kn(sj, s)
SO YiKn(s;,8) (85 € &)+ 1 >0 YiKn(sj,8)I(s; € V)
S i Ki(sj,8)I(s; € E) + 1 370 Kul(sj, 8)I(s; € V)
B %Z?:l Y;Ky(s;,s)I(s; € ENB(s, h))+ = > i1 YiKn(sj,8)I(s; € VN B(s, h))
B %Z?:l Kn(sj,8)I(s; € ENB(s,h)) + = > i1 Kn(sj,8)I(s; € VN B(s, h))

In the last line, we emphasize that the knots and edges in the kernel estimator have a

(3.3.3)

meaningful contribution only within the support of the kernel function. We inspect the
different domain cases separately in the following sections.
For the model and assumptions, we let Y; = mgs(S;) + U;,S; € S, and E(U;|S;) =0

almost surely. Let 0?(s) = E(U?|S; = s). Let the density on the skeleton edge be defined as
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P(SeB(s,r))

the 1-Hausdorff density that g(s) = lim, o 5

. Note that g(s) = oo if s is at a knot
point that has a probability mass. We consider the following assumptions:
A1 0?(s) is continuous and uniformly bounded.
A2 The skeleton edge density function g(s) > 0 and are bounded and Lipschitz continuous
for s € £.
A3 mgs(s)g(s) is bounded and Lipschitz continuous for s € £.
K The kernel function has compact support and satisfies [ K (z)dz = 1, [ K*(z)dz < oo,
[xK(z)dz =0, and [2?K (x)dz < oo
Conditions A1l and K are general assumptions that are commonly made in kernel regression
analysis. A2 and A3 are mild conditions that can be sufficiently implied by the boundedness
and Lipschitz continuity of the density and regression function in the ambient space along
with non-overlapping knots that the area of the orthogonal complements have Lipschitz
changes. We do not assume the second-order smoothness commonly required for kernel
regression because requiring higher-order derivative smoothness would necessitate specifying

directions on the graph, which may present difficulties in model formulation. We include

further discussions on formulating the derivatives on the skeleton in Section 3.3.4.

Convergence of the Edge Point

We first look at an edge point s € Ej, € €. In this case, as n — oo, h — 0, for sufficiently
large n, we have B(s,h) C Ej;, and the skeleton distance is the 1-dimensional Euclidean
distance for any point within the support. Therefore, we have a convergence rate similar

to the 1-dimensional kernel regression estimator (Bierens, 1983; Wasserman, 2006b; Chen
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et al., 2017).

Theorem 3 (Consistency on Edge Points). Let s € £ be a point on the edge. Assume
conditions (A1-3) hold for all points in € N B(s, h) and (K) for the kernel function. When

n — 0o, h — 0, nh — oo, we have

a(8) — ms(s)] = O(h) + 0, (\/%) (33.4)

We leave the proof in Appendix K. Theorem 3 gives the convergence rate for a point on
the edge of the constructed skeleton. The convergence rate at the bias is O(h), which is the
usual rate when we only have Lipschitz smoothness (A2) of ms. One may be wondering
if we can obtain a faster rate such as O(h?) if we assume higher-order smoothness of mgs.
While it is possible to obtain a faster rate if we have a higher-order smoothness, we note that
this assumption will not be reasonable on the skeleton because mg(s) = E(Y|II(X) = s)
is defined via projection. The region being projected onto s is continuously changing and
may not be differentiable due to the boundary of Voronoi cells. Therefore, the Lipschitz

continuity (A2) is reasonable while higher-order smoothness is not.

Convergence of the Knots with Nonzero Mass

We then look at the knots with nonzero probability mass that s € V with p(s) > 0, where
we use p(s) to denote the probability mass on a knot. This case mainly occurs for knots
with degree 1 on the skeleton graph, when a non-trivial region of points is projected onto

such knots. For example, refer to knot C2 in Figure 3.4.
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Theorem 4 (Consistency on Knots with Nonzero Mass). Let s € V be a point at a knot and
the probability mass at s be P(Ils(X) = s) = p(s) > 0 and assume 0?(s) bounded. Also,
assume conditions (A1-3) hold for all points in £ N B(s, h) and (K) for the kernel function.

When n — oo, h — 0, and nh — oo, we have

|m(s) —ms(s)|=O(h)+ O, (\/%) (3.3.5)

Theorem 4 gives the convergence result for a knot point with a nontrivial mass of the
skeleton. The bias term O(h) comes from the influence of nearby edge points. For the
stochastic variation part, instead of having the O, <\/%> rate as the usual kernel regression
and in Theorem 3, we have O, <\/%) rate which comes from averaging the observations

projected onto the knots. The proof of Theorem 4 is provided in Appendix K.

Convergence of the Knots with Zero Mass

We now look at a knot point s € V with no probability mass that p(s) = 0. This can be
the case for a knot with a degree larger than 1 like knot C3 in Figure 3.4. Since we define
edge sets excluding the knots, there will be no density as well as no probability mass at
s. Note that, with some reformulation, degree 2 knots can be parametrized together with
the two connected edges and, under the appropriate assumptions, Theorem 3 applies, giving
consistency estimation with O(h) + O, <\/%> rate. However, density cannot be extended
directly to knots with a degree larger than 2, but the kernel estimator still converges to some

limits as presented in the Proposition below.
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Proposition 5. Let s € V be a point at a knot such that the probability mass at s be
P(Ils(X) = s) = p(s) = 0. Assume conditions (A1-3) hold for all points in £ N B(s, h) and
(K) for the kernel function. Let Z collect the indexes of edges with one knot being s. For
¢ € 7 and edge Ey connects s and V;, let go(t) = g((1—1)s+tV;) and ¢,(0) = lim, |0 g¢(z). Let
me(t) = ms((1 —t)s 4+ tVy) and m,(0) = limy o me(t). When n — oo, h — 0, and nh — oo,

we have

1

N _ ZeeImZ(O)gZ<O) i O(h) + Op ( E) . (3.3.6)

Ms) = T 0)

Proposition 5 shows that, under proper conditions, the skeleton kernel estimator on a

zero-mass knot converges to the weighted average of the limiting regression values of the
connected edges, and the convergence rate is the same as the edge points shown in Theorem

3. The proof is included in Appendix K.

Remark 8. The domain S of the regression function can be seen as bounded, and hence
the boundary bias issue can arise. The true manifold structure’s boundary can be different
from the boundary of the skeleton graph, making the consideration of the boundary more
complicated. However, the boundary of the skeleton is the set of degree 1 knots, and, under
our formulation, knots have discrete measures, so the consideration of boundary bias may
not be necessary for the proposed formulation. However, some boundary corrections can

potentially improve the empirical performance and we leave it for future research.

95



3.3.2 Skeleton kNN regression

The k-Nearest Neighbor (kNN) method can be easily applied to the skeleton using the
distance on the skeleton. For a given point on the skeleton at s € S, we define the distance

to the k-th nearest observation on the skeleton as

Ri(s) = min {r >0: i[(dg(si, s)<r)> k} : (3.3.7)

i=1

Note that it is possible to have multiple observations being the k-th nearest observation due
to observations being projected to the vertices. In this case, we can either randomly choose
from them or consider all of them. Here we include all of them in the calculation. The

skeleton-based kNN regression (S-kNN) predicts the value of outcome at s as

mSkNN(S) _ Zz;l Y;[(ds(sh S) < Rk(8)> ' (338)
Zj:l I(ds(sj, s) < Ri(s))

Different from the usual kNN regressor with the covariates «q,...,x,, which selects

neighbors through Euclidean distance in the ambient space, the S-kNN regressor chooses
neighbors with skeleton-based distances after projection onto the skeleton graph. Measuring
proximity with the skeleton can improve the regression performance when the dimension of

the covariates is large, which we empirically show in Section 3.4.

Remark 9. It is well known that the usual k,NN regressor can be consistent if we let k,, grow
as a function of the sample size n, and under appropriate assumptions, Gyorfi et al. (2002)

give the convergence rate of the k,NN estimate m,, to the true function m as

2 L 2/d
E ||m, —m|” < Z— +c - C? (—n>

n n

Later, Kpotufe (2011) has shown that the convergence rate of kNN regressor depends on
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the intrinsic dimension. We expect a similar result with d = 1 rate for the skeleton ANN

regression at an edge point.

3.3.3 Linear Spline Regression on Skeleton

In this section, we propose a skeleton-based linear spline model (S-Lspline) for regression
estimation. By construction, this approach results in a continuous model across the graph.
Moreover, we show that the skeleton-based linear spline corresponds to an elegant parametric
regression model on the skeleton. As the skeleton S can be decomposed into the edge
component £ and the knot component V, the linear spline regression on the skeleton can be

written as the following constrained model:

f:S8 — R such that 1. f(z) is linear on z € &,
(3.3.9)

2. f(x) is continuous at x € V.

While solving the above constrained problem may not be easy, we have the following elegant
representer theorem showing that a linear spline on the skeleton can be uniquely characterized

by the values on each knot.

Theorem 1 (Linear spline representer theorem). Any function satisfying equation (3.3.9) can
be characterized by {f(v) : v € V} and for € £, f(z) is linear interpolation between the

values on the two knots on the edge that z belongs to.

PROOF. Let f be a function satisfying equation (3.3.9). By construct, f is linear for

x € £ and is continuous at x € V. Let V; and V; be two knots that share an edge and
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let Ejp = {z =tV;+ (1 —t)Vi : t € (0,1)} be the shared edge segment. For any = € €&,
there exists a pair (V}, V) such that © € Ej,. Because f is linear in E;;, f can be uniquely
characterized by the pairs (f(e1),e1), (f(e2),eq) for two distinct points e, es € Ej, where
Ejy={x=tV;+ (1 —t)V, : t € [0,1]} is the closure of Ej. Thus, we can pick e; = V; and
ey = Vi, which implies that f on the segment Ej, is parameterized by f(v;) and f(V;), the
values on the two knots.

By applying this procedure to every edge segment, we conclude that any function satisfying
the first condition in (3.3.9) can be characterized by the values of the knots. The second
condition in (3.3.9) will require that every knot has one consistent value. As a result,
any function f satisfying (3.3.9) can be uniquely characterized by the values on the knot

{f(x):2 €V} and f(x) will be a linear interpolation when x € &.

O

Using Theorem 1, we only need to determine the values on the knots. Let 3 € R¥ be the
values of the skeleton linear spline model on each knot with k& = [V| being the number of
knots. As is argued previously, the spline model is parameterized by 3, so we only need to
estimate B from the data. Given 3, the predicted value of each y; is a linear interpolation
depending on the projected location of each x;.

To derive an analytic form of y;, we introduce a transformed covariate matrix Z =
(z1,...,2,)T € R as follows:

1. If @; is projected onto a vertex that s; = V; for some j, then

ziy =1(j' = 7).

o8



2. If x; is projected onto an edge between knots V; and V;, then

|Isi — Vill 2 = I
IV; = Vall’ Vi = Vil

zij — and zij’ =0 for j/ 7é j7 l.

With the above feature transform, the predicted value of y; by the S-Lspline model is
=Bz (3.3.10)
To see this, if x; is projected onto a vertex that s; = V; for some j, the linear model with
transformed covariates gives 37 z; = 3;, the predicted value on vertex V;. In the case where
x; is projected onto an edge between knots V; and V,, let 3; and B¢ be the corresponding

predicted values at V; and V, and the linear interpolation between @, and 3; at s; can be

written as

[Is: = Vil
1V; = Vil

[lsi = Vil
V5 = Vil

[lsi = Vil

'/32 = IBTZi-
[V = Vil

B+ (B —B)) = B +

To estimate 3, we can apply the least squares procedure to get:
8= argminﬁZ(y -9

= argmmﬁz — BTz)?

So it becomes a linear regression model and the solution can be elegantly written as
B=(Z2"2)"'Zy.

Note that in a sense, the above procedure can be viewed as placing a linear model
E(y|X)=p"Z,

where Z is a transformed covariate matrix from X. Note that the S-Lspline model with the

graph-transformed covariates does not include an intercept.
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Remark 10. An alternative justification of the value-on-knots parameterization is to calculate
the degree of freedom. On each graph, the sum of the vertex degrees is twice the number
of edges since each edge is counted from both ends. Let e be the number of edges in the
graph, let v be the number of vertices, and let » be the sum of all the vertex degrees, we
have r = 2e. For the S-Lspline model, we construct a linear model with 2 free parameters
for each edge, and thus without any constraints, the total number of degrees of freedom is
2e. For each vertex V; with degree r;, the continuity constraint imposes r; — 1 equations,
and as a result, the continuity constraints consume a total of Y . 7, —1 = r — v degrees
of freedom. Combining it, we have 2e — (r — v) = v degrees of freedom, which matches the

degrees of freedom given by the parametrization of values on the knots.

Regularized Linear Spline Method

Given the formulation of the S-Lspline as a linear regression with transformed data,
it is natural to incorporate penalization with this method. In this section, we introduce
penalization into the S-Lspline method by making connections to the literature about regularization
on graphs, with a particular focus on graph Laplacian smoothing by Smola and Kondor
(2003) and graph trend filtering by Wang et al. (2016).

Let B be the (unoriented) incidence matrix of the skeleton graph that

1 if vertex v; is incident with edge e; ,
Bij =

0 otherwise.

for : =1,...,k where k is the number of knots and 7 = 1,...,m where m is the number of
edges in the skeleton graph. Let L denote the Laplacian matrix that L = D — A = BBT
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where D is the degree matrix and A is the adjacency matrix of the skeleton graph. The ¢-th

order trend filtering matrix, for ¢ € {0,1,2,...}, is defined as

. L% for odd g,
Alat1

BL9?  for even q.

The ¢-th order Laplacian smoothing can be taken as the Lo penalty with the trend

filtering matrix, and we have the regularized problem to be
argming ||Y — ZB|; + A ||A*TV3),

where HA(HI)BHz = BTLF'3 for Laplacian matrix L, and Z the transformed covariate
matrix from X. This can be solved as a Generalized Ridge problem?.

The Trend Filtering regularization similarly applies a L, penalty and the problem becomes
argming [|[Y — Zﬂ||§ + A HA(kH)ﬂ”l i

We follow Tibshirani and Taylor (2011) to get the solution to the generalized Lasso problem.
We include the algorithm in Appendix K for completeness. Empirically, we observe that
penalization does not improve the regression results of the S-Lspline model (see Appendix
M). To account for this, note that the skeleton graph is a summarizing presentation of the
data with a concise structure, and the S-Lspline method assumes a simple piecewise linear
model on the skeleton which inherits the simple geometric structure and is not a complex

model in nature, and hence adding penalization does not improve the performance of this

2Generally if the penalty matrix L1 is positive definite, the generalized penalty is a non-degenerated
quadratic form in 8, and hence strictly convex. The analytical solution is then
B=(XTX + AL (XTY)
However, the Laplacian matrix is only positive semi-definite, and therefore the loss function need not be
strictly convex. Some work suggests adding |3 Hg as an additional penalty to address this, but we do not
implement that to be consistent with the trend filtering penalization.

61



method.

3.3.4 Challenges of Other Nonparametric Regression

In this section, we discuss the challenges when applying other nonparametric regression
methods to the skeleton. Particularly, the skeleton graph is only equipped with a metric and
does not have a well-defined inner product or orientation, which makes many conventional

approaches not directly applicable.

Local polynomial regression

Local polynomial regression Fan and Gijbels (2018) is a common generalization of the
kernel regression that tries to improve the kernel regression estimator by using higher-order
polynomials as local approximations to the regression function. In the Euclidean space, a

p-th order local polynomial regression aims to choose f(x) via minimizing

}Q—éﬁj(wi_w)jr[((wi;m) (3.3.11)

and predict m(zx) via 3(x), the first element in the minimizer. Note that when p = 1, one

n

2

i=1

can show that this is equivalent to the kernel regression.

Unfortunately, the local polynomial regression cannot be easily adapted to the skeleton
because the polynomial (&; — x)’ requires a well-defined orientation, which is ill-defined at
a knot (vertex). Directly replacing (s; — s) with the distance ds(s; — s) will make all the
polynomials to be non-negative, which will be problematic for odd orders. Unless in some

special skeletons such as a single chain structure, the local polynomial regression cannot be
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directly applied.

Higher-Order Spline

In Section 3.3.3, we introduce the linear spline model. One may be curious about the
possibility of using a higher-order spline (enforcing higher-order smoothness on knots; see,
e.g., Chapter 5.5 of Wasserman (2006b)). Unfortunately, the higher-order spline is generally
not applicable to the skeleton because a higher-order spline requires derivatives and the
concept of a derivative may be ill-defined on a knot because of the lack of orientation. To
see this, consider a knot with three edges connecting to it. There is no simple definition of
derivative at this knot unless we specify the orientation of these three edges.

One possible remedy is to introduce an orientation for every edge. This could be done
by ordering the knots first and, for every edge, the orientation is always from a lower index
vertex to the higher index vertex. With this orientation, it is possible to create a higher-order
spline on the skeleton but the result will depend on the orientation we choose.

Even with edge directions provided and the derivatives on the skeleton defined, higher-
order spline on the skeleton can be prone to overfitting. Classical spline methods use degree
p + 1 polynomial functions to achieve continuity at p-th order derivative. For example,
univariate cubic splines use polynomials up to degree 3 to ensure the second-order smoothness
of the regression function at each knot. However, on a graph, degree p + 1 polynomial
functions may fail to achieve continuity at p-th order derivative, and on complete graphs,

which is the worst case, 2p + 1 degree polynomials are needed instead.
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Smoothing Spline

Smoothing spline Wang (2011); Wahba (1975) is another popular approach for curve-
fitting that attempts to find a smooth curve that minimizes the square loss in the prediction
with a penalty on the curvature (second or higher-order derivatives).

The major difficulty of this method is that the concept of a smooth function is ill-defined
at a knot even if we have a well-defined orientation. In fact, the ‘linear function’ is not
well-defined in general on a skeleton’s knot. To see this, consider a knot Vj with three edges
ey, eq, e3 connecting to Vi, Vs, Vs, respectively. Suppose we have a linear function f; and
fo is linearly increasing on paths V; — Vo — V5 and V; — Vy — V5. However, on the path
Vo — Vi — V3, the function fy will be decreasing (V5 — Vp) and then increasing (Vo — V3),

leading to a non-smooth structure.

Orthonormal Basis and Tree

Orthonormal basis approach (see, e.g., Chapter 8 of Wasserman (2006b)) uses a set of
orthonormal basis functions to approximate the regression function. In general, it is unclear
how to find a good orthonormal basis for a skeleton unless the skeleton is simply a circle or
a chain.

Having said that, it is possible to construct an orthonormal basis borrowing the idea from
wavelets (Torrence and Compo, 1998). The key idea is that the skeleton is a measurable set
that we can measure its (one-dimensional) volume. Thus, we can partition the skeleton S

into two equal-volume sets A;, As. Note that the resulting sets A;, A are not necessarily
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skeletons because we may cut an edge into two pieces. For each set A;, we can further
partition it again into equal volume sets A, 1, A;2. And we can repeat this dyadic procedure

to create many equal-volume subsets. We then define a basis as follows:

fi(s)=1(s€ Ay)—1I(s€ Ay
fa(s) =1(s € A1q) — I(s € A1)

fs(s) =1(s € Agq) — I(s € Ago)

After normalization, this set of functions forms an orthonormal basis. With this basis, it
is possible to fit an orthonormal basis on the skeleton. However, the above construction
creates the partition arbitrarily. The fitting result depends on the particular partition we
use to generate the basis and it is unclear how to pick a reasonable partition in practice.
The regression tree Breiman (2017); Loh (2014) is a popular idea in nonparametric
regression that fits the data via creating a tree of partitioning the whole sample space
whose leaves represent a subset of the sample space and predicts the response using a single
parameter at each leaf (region). This idea could be applied to the skeleton using a similar
procedure as the construction of an orthonormal basis that we keep splitting a region into
two subsets (but we do not require the two subsets to be of equal size). However, unlike the
usual regression tree (in Euclidean space) that the split of two regions is often at a threshold
at one coordinate, the split of a skeleton may not be easily represented as the skeleton is

just a connected subregion of Euclidean space. Therefore, similar to the orthonormal basis,
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regression tree may be used in skeleton regression, but there is no simple and principled way

to create a good partition.

3.4 Simulations

In this section, we use simulated data to evaluate the performance of the proposed
skeleton regression framework. 3 We first demonstrate an example with the intrinsic domain
composed of several disconnected components, which we call the Yinyang data (Section
3.4.2). Then, we add noisy observations to the Yinyang data (Section 3.4.3) to show the
effectiveness of our method in handling noisy data points. Moreover, we present an example
where the domain is a continuous manifold with a Swiss roll shape (Section 3.4.4). In all the
simulations in this section, there are random perturbations in the intrinsic dimensions, and

we add random Gaussian variables as covariates to increase the ambient dimension.

3.4.1 Analysis Procedure

We apply the following analysis procedure for all the simulations in this section. We
randomly generate the dataset for 100 times, and, on each dataset, we use 5-fold cross-
validation to calculate the sum of squared errors (SSE) as the performance assessment. We
use the skeleton construction method described in Section 3.2.1 to construct skeletons with

varying numbers of knots on each training set. In this section, we present results where

3R implementation of the proposed skeleton regression methods can be accessed at https://github.
com/JerryBubble/skeletonMethods and Python implementation can be accessed at https://pypi.org/
project/skeleton-methods/.
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the construction procedure cuts the skeleton into a given number of disjoint components
according to the Voronoi Density weights (Section 3.2.1). We also empirically tested using
different cuts to get skeleton structures with different numbers of disjoint components under
the same number of knots and noticed little change in the squared error performance (see
Appendix M).

We evaluate the skeleton-based nonparametric regressors introduced in Section 3.3: skeleton
kernel regression (S-Kernel), k-NN regressor using skeleton-based distance (S-kNN), and
the skeleton spline model(S-Lspline). For S-Kernel and S-kNN methods, To simplify the
calculation, we only compute the skeleton-based distances between points in the same or
neighboring Voronoi cells. That is the skeleton-based distance between a pair of points is
calculated when they share at least one knot from their respective set of two closest knots. For
the S-Lspline method, we include the results without additional penalization in this section.
We compare the empirical performance of the S-Lspline method with various penalizations
discussed in Section 3.3.3 on the simulated datasets and present the results in Appendix
M, and we observe that incorporating penalization terms does not improve the empirical
performance of the S-Lspline method.

For comparisons, we apply the classical k-nearest-neighbors regression based on Euclidean
distances (kNN). For penalization regression methods, we test Lasso and Ridge regression.
Among the recent manifold and local regression methods, we include the Spectral Series

approach (Lee and Izbicki, 2016) with the radial kernel (SpecSeries) for its superior performance?

4The Spectral Series approach demonstrates similar empirical performance as the kernel machine learning
methods with regularization in RKHS as in Lee and Izbicki (2016).
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and readily available R implementation ®. For kernel machine learning approaches, we include
the Divide-and-Conquer Kernel Ridge Regression (Fast-KRR) method as in Zhang et al.
(2013). For Fast-KRR, we set the penalization hyperparameter A = 1/n and set the number
of random partitions m = y/n where n is the size of the training sample, and use the radial
kernel where the best bandwidth o is given by grid search.

For the simulations presented in this section, we add random Gaussian variables to create
settings with a large ambient dimension of 1000 to demonstrate that the proposed skeleton
regression framework is robust under such challenging scenarios. For completeness, we also
include the simulation results on low-dimensional data settings in Appendix M, and the

skeleton-based regression methods also show competitive performance in such settings.

3.4.2 Yinyang Data

The covariate space of Yinyang data is intrinsically composed of 5 disjoint structures of
different geometric shapes and different sizes: a large ring of 2000 points, two clumps each
with 400 points (generated with the shapes.two.moon function with default parameters in
the clusterSim library in R (Walesiak and Dudek, 2020)), and two 2-dimensional Gaussian
clusters each with 200 points (Figure 3.6 left). Together there are a total of 3200 observations.
Note that the intrinsic structures of the components are curves and points, and, with
perturbations, the generated covariates do not lay exactly on the corresponding manifold

structures. The responses are generated from a trigonometric function on the ring and

Shttps://projecteuclid.org/journals/supplementalcontent/10.1214/16-EJS1112/supzip_1.
p proj g/] pp pzip
zip

68


https://projecteuclid.org/journals/supplementalcontent/10.1214/16-EJS1112/supzip_1.zip
https://projecteuclid.org/journals/supplementalcontent/10.1214/16-EJS1112/supzip_1.zip

constant functions on the other structures with random Gaussian error(Figure 3.6 right).

That is, let € ~ N(0,0.01) and let 6 be the angle of the covariates, then

/

sin(f *4) + 1.5 for points on the outer ring

0 for points on the bottom-right Gaussian cluster
Y=e+41 for points on the right clump

2 for points on the left clump

3 for points on the upper-left Gaussian cluster

\

To make the task more challenging with the presence of noisy variables, we add independent
and identically distributed random N (0,0.01) variables to the generated covariates. In this
section, we increase the dimension of the covariates to a total of 1000 with those added
Gaussian variables.

For the Yinyang data, we cut the skeleton into 5 disjoint components during the skeleton
construction process according to the Voronoi Density weights. We take the median, 5th
percentile, and 95th percentile of the 5-fold cross-validation Sum of Squared Errors (SSEs)
for each parameter setting of each method on the 100 datasets. We present the smallest
median SSE for each method in Table 3.1 along with the corresponding best parameter
setting.

We observed that all the skeleton-based methods (S-Kernel, S-kNN, and S-Lspline)
perform better than the standard kNN in this setting. That is, the skeleton better captures
the geometric structures of the data and improves the downstream regression performance.

The three skeleton-based methods have similar performance on this simulated Yinyang data,
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Yinyang Regression Data

Yinyang Data

X2

T T T T T T
-3 -2 -1 0 1 2
X1

Figure 3.6: Yinyang Regression Data

Method  Median SSE (5%, 95%) nknots Parameter

kNN 204.5 (192.3, 221.9) - neighbor=18

Ridge 2127.0 (2100.2, 2155.2) A=T794

Lasso 1556.8 (1515.4, 1607.9) A =0.0126
SpecSeries  1506.4 (1469.1,1555.6) - bandwidth = 2
Fast-KRR 2404.0 (2370.0, 2440.2) - oc=0.1
S-Kernel  91.6 (81.6, 103.5) 38 bandwidth = 4 74,

S-kNN  92.7 (84.5, 102.8) 38  mneighbor = 36
S-Lspline  94.4 (87.7, 103.2) 38 -

Table 3.1: Regression results on Yinyang d = 1000 data. The smallest medium 5-fold cross-
validation SSE from each method is listed with the corresponding parameters used. The 5th
percentile and 95th percentile of the SSEs from the given parameter settings are reported in

S-Lspline Regression S-Kernel Regression S-kNN Regression

1600 1600

1200 1200

SSE

400 400

100 150 200 50 100 150 200 50 100 150 200
Number of Knots Number of Knots Number of Knots.

Figure 3.7: Yinyang d = 1000 data regression results with varying number of knots. The median
SSE across the 100 simulated datasets with each given parameter setting is plotted.
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but the S-Lspline method can be preferred in this case in terms of computation as it does
not require the skeleton-based distance computations. The spectral method SpecSeries and
the kernel machine learning approach Fast-KRR both perform worse than the classical kNN.
The underlying data structure being comprised of multiple disconnected components in this
case can diminish the power of such manifold learning methods. Ridge and Lasso regression,
despite the regularization effect, resulted in relatively high SSEs. Therefore, the skeleton
regression framework has the empirical advantage when dealing with covariates that lie
around manifold structures.

In Figure 3.7, we present the median SSE of the S-Lspline, S-Kernel, and S-kNN methods
on skeletons with various numbers of knots. The vertical dashed line indicates [\/n] = 51
knots as suggested by the empirical rule, where n is the training sample size. The empirical
rule seems to produce satisfactory results in this simulation study, roughly identifying the

“elbow” position, but it’s advised to use cross-validation for fine-tuning in practice.

3.4.3 Noisy Yinyang Data

To show the robustness of the proposed skeleton-based regression methods, we add 800
noisy observations to the Yinyang data in Section 3.4.2 (20% of a total of 4000 observations).
The first two dimensions of the noisy covariates are uniformly sampled from the 2-dimensional
square [—3.5, 3.5] x[—3.5, 3.5] and independent random normal N (0, 0.01) variables are added
to make the covariates 1000-dimensional in total. The responses of the noisy points are set as

1.5+ € with e ~ N(0,0.01), while the responses on the Yinyang covariates are generated the
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same as in the previous example. The first two dimensions of the Noisy Yinyang covariates
are plotted in Figure 3.9 left and the Y values against the first two dimensions of the
covariates are illustrated in Figure 3.9 right.

To evaluate the robustness of the proposed skeleton-based regression methods, we randomly
generate the Noisy Yinyang data 100 times and follow the analysis procedure as in Section
3.4.1, except that we leave the skeleton to be a fully connected graph. We also took the
median, 5th percentile, and 95th percentile of the 5-fold cross-validation SSEs for each
parameter setting of each method on the 100 datasets. The smallest median SSE for each
method is reported in Table 3.2 along with the corresponding best parameter setting.

It can be observed that all the skeleton-based regression methods outperform the standard
kNN approach, which indicates that the skeleton regression framework can capture the data
structure in the presence of noisy observations and give good regression performance. Among
the skeleton-based methods, the S-Kernel has the best performance, and kernel smoothing
can be a helpful nonparametric technique to deal with noisy observations. The SpecSeries,
Fast-KRR, Ridge, and Lasso regressions again fail to provide good performance on this
simulated dataset. The advantage of the skeleton regression framework is more manifesting
with noisy observations.

In Figure 3.7, we plot the median SSE of the skeleton-based methods on skeletons with
different numbers of knots. Using the empirical rule to construct a skeleton with [v/3200] =
57 knots results in good regression performance and approximately identifies the “elbow”

position in Figure 3.7. However, for some skeleton-based methods, using a number of knots
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Figure 3.9: Noisy Yinyang Regression Data

Method — Median SSE (5%, 95%) Number of knots Parameter
kNN 440.8 (420.4, 463.0) - neighbor=18
Ridge 2139.1 (2102.6, 2171.1) - A=6.31
Lasso 2029.2 (1988.7, 2071.0) - A=0.02
SpecSeries  1532.0 (1490.7, 1563.2) - bandwidth = 2
Fast-KRR  2584.6 (2556.3, 2624.5) - o =0.1
S-Kernel  313.5 (293.2, 331.1) 28 bandwidth = 2 r,,,
S-kNN 352.9 (332.4, 376.7) 28 neighbor = 15
S-Lspline  376.5 (354.3, 399.2) o7 -

Table 3.2: Regression results on Noisy Yinyang d = 1000 data.The smallest medium 5-fold cross-
validation SSE from each method is listed with the corresponding parameters used. The 5 percentile
and 95 percentile of the SSEs from the given parameter settings are reported in brackets.

1200

SSE

800-

S-Lspline Regression S-Kernel Regression S-kNN Regression

50 100 150
Number of Knots

1200 1200

bandrate nneighbor

200 50 100 150 200 50 100 150 200
Number of Knots Number of Knots

Figure 3.10: Noisy Yinyang d = 1000 data regression results with varying number of knots. The
median SSE across the 100 simulated datasets with each given parameter setting is plotted.
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larger than that given by the empirical rule leads to better regression performance. This
improvement is related to the phenomenon observed in Wei and Chen (2023) that when
dealing with noisy observations, it’s better to have a skeleton with more knots and cut the
skeleton into more disjoint components in order to have a cleaner representation of the key
manifold structures. Therefore, when facing data with noisy feature vectors, it’s advised to

empirically tune the number of knots favoring larger values.

3.4.4 SwissRoll Data

The intrinsic components of the covariates in Yinyang data are all well-separated,
which, admittedly, can give an advantage to skeleton-based methods. Moreover, the intrinsic
dimensions of the structural components for Yinyang data covariates are all lower than or
equal to 1 and can be straightforwardly represented by knots and line segments, potentially
giving another advantage to skeleton-based methods. To address such concerns, we present
another simulated data which has covariates lying around a Swill Roll shape (Figure 3.12
left), an intrinsically 2-dimensional manifold in the 3-dimensional Euclidean space. To make
the density on the Swill Roll manifold balanced, we sample points inversely proportional
to the radius of the roll in the X; X3 plane. Specifically, let u;,us be independent random
variables from Uniform(0, 1) and let the angle in the X; X3 plane be generated as 613 = w3"!.

Then for the first 3 dimensions of the covariates we have

X1 = 913 COS(elg), X2 = 4U2, X3 = 913 Sin(913)
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The true response has a polynomial relationship with the angle on the manifold if the X5
value of the point is within some range. Let 9~13 = 013 — 27, and let € ~ N(0,0.3). Then we

set
Y =01 x 63 x [[(Xy <7)+ 121 < X, < 31)] +¢

The response versus the angle 6,3 and X5 is demonstrated in Figure 3.12 right. Independent
random Gaussian variables from N (0, 0.1) are added to make the covariates 1000-dimensional
in total, and 2000 observations are sampled to make the Swiss Roll dataset.

We follow the same analysis procedures as in Section 3.4.1 with the skeletons constructed
to be fully connected graphs without additional graph cuts. We took the median, 5th
percentile, and 95th percentile of the 5-fold cross-validation SSEs across each parameter
setting for each method on the 100 datasets, and reported the smallest median SSE for each
method along with the corresponding best parameter setting in Table 3.3.

All the proposed skeleton-based methods have better performance than the standard
kNN regressor, while the S-Kernel method had the best performance in terms of SSE.
Particularly, the methods that utilize the skeleton-based distances, S-Kernel and S-kNN, have
significantly better performance compared to the S-Lspline method which only utilizes the
knot-edge structure of the skeleton graph. Intuitively, the skeleton-based distances are good
approximations to the geodesic distances on the manifold and hence lead to improvements in
the regression performance. The spectral and penalization approaches do not demonstrate
good performance on this simulated data. Therefore, the proposed skeleton regression

framework can also be powerful for data on connected, multi-dimensional manifolds.
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SwissRoll Data SwissRoll Data

Figure 3.12: SwissRoll Regression Data

Method  Median SSE (5%, 95%) nknots Parameter

kNN 648.5 (607.1, 696.0) - neighbor=12

Ridge 1513.7 (1394.4, 1616.2) - A=20

Lasso 1191.4 (1106.7, 1260.7) - A =0.032
SpecSeries  1166.5 (1081.4, 1238.8) - bandwidth = 2.0
Fast-KRR  1503.5 (1403.2, 1592.9) - c=0.1
S-Kernel ~ 458.2 (409.0, 511.8) 30 bandwidth = 2 7,5

S-kNN 474.7 (417.6, 553.4) 30 neighbor = 18
S-Lspline  569.8 (519.5, 645.8) 60 A=0

Table 3.3: Regression results on the Swiss Roll d = 1000 data. The smallest medium 5-fold cross-
validation SSE from each method is listed with the corresponding parameters used. The 5 percentile
and 95 percentile of the SSEs from the given parameter settings are reported in brackets.

S-Lspline Regression S-Kernel Regression S-kNN Regression
1600 1600 1600

1200- 1200 bandrate 1200 nneighbor

800 800

0 100 200 300 0 100 200 300 0 100 200 300
Number of Knots Number of Knots Number of Knots

Figure 3.13: SwissRoll d = 1000 data regression results with varying number of knots. The median
SSE across the 100 simulated datasets with each given parameter setting is plotted.
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By plotting the median SSE under skeletons with a varying number of knots in Figure
3.13, we observed that the best performance for all the skeleton-based methods is achieved
with the number of knots larger than [v/1600] = 40 knots. Given the intrinsic structure of
the Swiss Roll input space is a 2D plane, having more knots on the plane can give a better
representation of the data structure and, therefore, lead to better prediction accuracy. We
conjecture that the optimal number of knots should depend on the intrinsic dimension of the
covariates, and we plan to discuss this further in future work. However, it’s recommended

to use cross-validation to choose the number of knots in practice.

3.5 Real Data

In this section, we present analysis results on two real datasets. We first predict the
rotation angles of an object in a sequence of images taken from different angles (Section
3.5.1). For the second example, we study the galaxy sample from the Sloan Digital Sky
Survey (SDSS) to predict the spectroscopic redshift (Section 3.5.2), a measure of distance

from a galaxy to Earth.

3.5.1 Cup Images Data

This dataset consists of 72 gray-scale images of size 128 x 128 pixels taken from the COIL-
20 processed dataset (Nene et al.; 1996). They are 2D projections of a 3D cup obtained by
rotating the object by 72 equispaced angles on a single axis. Several examples of the images

are given in Figure 3.15.
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Figure 3.15: A part of the cup images from the COIL-20 processed dataset. Each image is of size
128 pixels.

Method SSE  Parameter

kNN 1147.2 neighbor=3
Ridge - -
Lasso - -
SpecSeries - -
Fast-KRR - -
S-Kernel  1735.0 bandwidth = 27y,
S-kNN 2068.8 neighbor = 2
S-Lspline  1073.4 -

Table 3.4: Regression results on cup images data from COIL-20. The best SSE from each method
is listed with the corresponding parameters used.

The response in this dataset is the angle of rotation. However, this response has a circular
nature where degree 0 is the same as degree 360. To avoid this issue, we removed the last 8
images from the sequence, only using the first 64 images. As a result, our dataset consists
of 64 samples from a 1-dimensional manifold embedded in R'%3% along with scalar values
representing the angle of rotation. To assess the performance of each method, we use leave-
one-out cross-validation, that, in each iteration, one image is taken out of the dataset and the
regression methods are fitted to the remaining images to estimate the angle of the left-out
image.

Similarly to the simulation studies, we use the skeleton construction method with Voronoi

weights in Wei and Chen (2023) to construct the skeleton on the training set. In practice,
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we found that a small number of knots can still lead to loops in the constructed skeleton
structure, and, after some tuning, we fit 2[y/n] = 16 knots to each training set. Additionally,
since the underlying manifold should be one connected structure, we do not cut the constructed
skeleton structure in this experiment. Due to the high-dimensional nature of the data,
Ridge regression, Lasso regressions, and the Spectral Series approach failed to run with the
implementations in R. The best result from each method is listed in Table 3.4 along with
the corresponding parameters.

We observe that the S-Lspline method gives outstanding performance on this real data,
outperforming the kNN regressor, while the other skeleton-based methods also demonstrate
good performance. The lightening conditions of this series of images do not vary much by the
rotation angle, which poses challenges to the similarity calculations based on the Euclidean
distance and hence limits the performance of the classical kNN method. Note that the S-
Kernel and S-kNN methods depend on the skeleton-based distances between data points
while the S-Lspline methods do not, and hence the difference between such methods may
imply that, although the skeleton graph can capture the data structure which leads to the
good performance of the S-Lspline method, the skeleton-based distances can give inaccurate
relations between data points compared to the true underlying data structure. However, the
skeleton graph still provides information about the data structure as the S-Lspline method

has good performance with the simple piecewise linear model assumption on the skeleton.
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3.5.2 SDSS Data

In this section, we applied the skeleton regression to a galaxy sample of size 5000,
taken from a random subsample of the Sloan Digital Sky Survey (SDSS), data release 12
(York et al., 2000; Alam et al., 2015). We repeat the random data subsampling for 100
times to get 100 different datasets. One dataset consists of 5 covariates measuring apparent
magnitudes of galaxies from images taken using 5 photometric filters. These covariates can
be understood as the color of a galaxy and are inexpensive to obtain. The response variable
is the spectroscopic redshift, which is a very costly but accurate measurement of the distance
to the Earth. It is known that the 5 photometric color measurements are correlated with
the spectroscopic redshift. So the goal is to use the photometric information to predict the
redshift; this is known as the clustering redshift problem in Astronomy literature (Morrison
et al., 2017; Rahman et al., 2015).

We construct the skeleton with the same method in the simulation studies. The resulting
skeleton graph is shown in Figure 3.17. In the left panel of Figure 3.17, we color the knots
by their predicted redshift values according to the S-Lspline method and color the edges by
the average predicted values of the two connected knots. For comparison, we color the knots
and edges using the true values in the right panel of Figure 3.17. The predictions given by
S-Lspline are very close to the true values.

For completeness, we perform the same analysis as in Section 3.4 by comparing the 5-fold
cross-validation SSEs of different regression methods on this dataset and include results in

Table 3.5. The classical kNN shows superior performance on this dataset, which can imply
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Figure 3.17: SDSS Skeleton Colored by values predicted by S-Lspline (left) and by true values
(right).

Method  SSE nknots Parameter
kNN 58.6 (1 46.7, 79.1) neighbor=6
Ridge 868.4 (771.8, 984.5) A =0.001
Lasso 861.7 (750.3, 993.8) A =0.0013
SpecSeries  73.0 (54.1, 114.0) bandwidth = 5
Fast-KRR 312.3 (242.5, 396.9) oc=20.1
S-Kernel  78.6 (71.5, 92.4) 126 bandwidth = 4ry,,
SkNN  83.1 (73.9, 98.7) 126 neighbor = 9
S-Lspline  75.9 (69.0, 90.4) 126 A=0

Table 3.5: Regression results on SDSS data. The best SSE from each method is listed with the
corresponding parameters used. The 5 percentile and 95 percentile of the SSEs from the 100 runs
are reported in brackets.
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that the kNN method adapts nicely to the complex structure of the data. Notably, the
Spectral Series regression shows good performance in this low-dimensional setting. However,
note that the Spectral Series regression has a large variation in its performance ranging
over the different subsampled datasets, with SSEs a 5 percentile of 54.1 to 95 percentile of
114.0. Overall, kNN and SpecSeries methods work well in this data and both methods can
adapt to the underlying manifold, while the skeleton-based regression methods also show
comparable results. The Fast-KRR approach demonstrates performance better than the
usual Ridge and Lasso regression, demonstrating the effectiveness of kernel tricks in this
setting. While skeleton approaches do not provide the best prediction accuracy, the skeleton
structure obtained in Figure 3.17 shows a clear one-dimensional structure in the underlying
covariate distribution and an approximate monotone trend in the response. Thus, even if
our method does not provide the best prediction accuracy, the skeleton itself can be used as
a tool to investigate the structure of the covariate distribution, which can be valuable for

practitioners.

3.6 Conclusion

In this work, we introduce the skeleton regression framework to handle regression problems
with manifold-structured inputs. We generalize the nonparametric regression techniques such
as kernel smoothing and splines onto graphs. Our methods provide accurate and reliable
prediction performance and are capable of recovering the underlying manifold structure of

the data. Both theoretical and empirical analyses are provided to illustrate the effectiveness
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of the skeleton regression procedures.

In what follows, we describe some possible future directions:

e Generalizing skeleton graphs to a simplicial complex. From a geometric perspective,
the skeleton graph constructed in this work only focuses on 0-simplices (points) and
1-simplices (line segments). Additional geometric information can be encoded using
higher-dimensional simplices. Recent research in deep learning has explored the use
of simplicial complices for tasks such as clustering and segmentation (Bronstein et al.,
2017; Bodnar et al., 2021). Higher-dimensional simplicies offer a finer approximation
to the covariate distribution but have a higher computational cost and a more complex
model. Thus, it is unclear if using a higher-dimensional simplex will lead to better
prediction accuracy. We will explore the possibility of extending skeleton graphs to
the skeleton complex in the future.

e Connection to Topological Data Analysis. Topological data analysis (TDA) has
long studied the extraction of topological invariants such as homology from discrete
data measures, with two main approaches: One way use localized kernels to construct
weighted graphs and derive discrete operators that converges to the Laplace-Beltrami
operator of the manifold; Another approach is the persistent homology that produces a
series of unweighted graphs to reconstruct topology at different scales. Berry and Sauer
(2019) proposed to use a multi-scale metric called Continuous k-Nearest Neighbors
(CkNN) to construct a single unweighted graph, and they proved that it is a consistent

representation of the geometry of the underlying manifold in the limit of large data

83



and captures topological features at multiple scales simultaneously. We may adopt
such results for skeleton graph construction and potentially provide further theoretical
properties of the resulting graph.

Nonparametric smoothers on graphs. Some other nonparametric smoothing can
be performed on graphs. For example, Wang et al. (2016) generalized the concept
of trend filtering (Kim et al., 2009; Tibshirani, 2014) to graphs and compared it to
Laplacian smoothing and Wavelet smoothing. In contrast to our work, these regression
estimators for graphs are applied to data where both the inputs and responses are
located on the vertices of a given graph. As a result, these graph smoothers, which
include different regularizations, can only fit values on the vertices and do not model
the regression function on the edges.

As Wang et al. (2016) mentioned the possibility of linear interpolation with trend
filtering, it is possible to generalize these methods to the skeleton by constructing
responses on the knots in the skeleton graph as the mean values of the corresponding
Voronoi cell, and then graph smoothers can be applied. Some interpolation methods
can again be used to predict the responses on the edge, and this can lead to another
skeleton-based regression estimator.

It can also be interesting to apply statistical machine learning methods onto the
skeleton graphs. Particularly, we note that the skeleton graph as constructed is a
general metric space, and Steinwart and Scovel (2012) generalizes Mercer’s Representation

Theorem to some general domains. This can serve as a starting point for some
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statistical learning theory on the skeleton graph.

Time-varying covariates and responses. A possible avenue for future research
is to extend the skeleton regression framework to handle time-varying covariates and
responses. Specifically, covariates collected at different times could be used together
to construct knots in a skeleton. The edges in the skeleton can change dynamically
according to the covariate distribution at different times, providing insight into how the
covariate distributions have evolved. Additionally, representing the regression function
on the skeleton would make it simple to visualize how the function changes over time.
Streaming data and online skeleton update. As streaming data becomes increasingly
common, a potential area of future research is to investigate methods for updating
the skeleton structure and its regression function in a real-time or online fashion.
Reconstructing the entire skeleton can be computationally costly, but local updates
to edges and knots can be more efficient. We plan to explore ways to develop a simple

yet reliable method for updating the skeleton in the future.
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Chapter 4

Network Measurement Error and

Non-robustness of Diffusion Estimates

4.1 Introduction

Researchers and policymakers studying the spread of ideas, technology, or disease often
estimate models of diffusion using network data on how individuals interact. Examples
include (i) quantifying the extent of illness or technology take-up; (ii) summarizing diffusion
dynamics (e.g., the reproduction number R of a disease); (iii) targeting interventions (e.g.,
where to seed new information to maximize spread, where to lockdown to prevent spread);
(iv) and estimating counterfactuals (e.g., in estimates of peer effects, as we show in an
empirical example). See Anderson and May (1991), Jackson (2009), Jackson and Yariv
(2011), and Sadler (2023) and references within for all three classes of topics (as well as an

account of how such models are used in the case of strategic behavior).
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In this paper, we focus on a setting where the econometrician has an imperfect measurement
of either the initial seeding or the interaction network, and wants to estimate models of
diffusion or generate forecasts. Importantly, we let this measurement error be very small:
when we study errors in identifying the initial seed or links, we hold the other as known (which
is generous to the econometrician) and assume that the error being studied is small enough
to vanish in the limit. We focus on an intermediate time horizon, where the econometrician
is not focused on predictions on “day 2” of a diffusion, nor are they focused on “long run”
predictions since by that point the diffusion would have saturated. In the long run, forecasts
and predictions of where the diffusion goes are much less consequential for policy. Our
preferred environment captures the setting where an econometrician is equipped with the
richest possible data on individuals and interactions and is interested in making predictions
about the diffusion process in the “medium run” which is critical for policy.

We show that this tiny mismeasurement significantly affects the predictions from the
estimated diffusion model. We show four key results: (i) predictions of where diffusion
goes is considerably sensitive to local uncertainty of the initial seeding; (ii) predictions of
diffusion counts will be grossly under-estimated with even vanishingly small measurement
error of the network; (iii) while aggregated estimated quantities such as the basic reproductive
number R, can be estimated correctly despite the measurement error, it provides limited
information for more disaggregated targets; (iv) because the measurement error is so small,
most data augmentation (either estimating the measurement error or conducting additional

data collection) will be ineffectual. These seemingly pessimistic results, however, provide
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clarity on possible positive strategies to be explored: the extremely high returns to utilize
widespread strategies early in a diffusion.

The key insight in our results is that diffusions are extremely susceptible to measurement
error because missed links create opportunities for the process to propagate out-of-view and
have knock-on effects that eventually overwhelm the econometricians’ estimated predictions.
To give intuition, consider a common network formation where connections occur with a
higher probability for people with some observable commonality (e.g., geography, school,
work) or latent factors (e.g., Hoff et al. (2002)). With a perfectly measured graph, when
a diffusion process is seeded, we can draw a ball around the (known) initial seed that will
exhaustively enumerate the number of nodes possibly activated! by the process. This ball
will expand over time, with the ball’s radius defined by the distance from the initial seed.

Assume there is a small set of idiosyncratic links in this network. Note that even if
the network is fully known, initial seeds that are nearby can effectively have the balls drawn
around each expand somewhat differently—there will be overlap, but there will be non-trivial
divergence. So, small perturbations in the initial seed can lead to misleading conclusions as to
where the disease goes. Now, imagine the seed is known, but a small set of idiosyncratic links
are missed. If any of these missed links reach further than the ball drawn around the seed in
the base graph, the diffusion process can escape past the econometricians’ determined set of
possibly impacted nodes. Since the link is outside of the ball, it spreads even more quickly

because it has the largest possible set of unexposed units to diffuse to. This jump need not

1Since the model applies to diseases, technology adoption, social learning, and other diffusion settings, we
use the term activated to nest the application-specific terms such as “infected,” “informed,” or “adopted”
(Jackson and Yariv, 2007).

88



be far — it simply needs to be a link that creates diffusion unexpected by the econometrician.?

Our results are general: each node can link to a (vanishing) fraction of the population and
this can be arbitrary in structure. This nests cases of only local mismeasurement: e.g., only
missing links to “nearby” locations.

Missing links in the measurement of networks is a common concern (Wang et al., 2012;
Sojourner, 2013; Chandrasekhar and Lewis, 2010; Advani and Malde, 2018; Griffith, 2022),
but our paper highlights the dramatic impact of even the smallest errors when attempting
to forecast diffusion. Mismeasurement can happen for several reasons. The first is practical:
many analyses using empirical data (including one of our own empirical examples) do some
amount of aggregation into groups with measured amounts of interaction. For example,
individuals may be binned into groups location-by-age-by-occupation, and the interactions
between these groups are approximated based on underlying microdata. Using this data
on individuals and interactions to construct compartments and forecast diffusion processes
implicitly assumes that connections occur with a much higher probability for people with
some observable commonality within the bin (Acemoglu et al., 2021; Farboodi et al., 2021;

Fajgelbaum et al., 2021b). These choices may match the average interaction pattern, but

2Like all work in this space, we are indebted to Watts and Strogatz (1998), the seminal paper on
small worlds, demonstrating that small probabilities of rewiring links in lattice-like graphs can yield drastic
reductions in path length and time to saturation of a simple diffusion process. Our analysis is related but
distinct. First and foremost, we do not require that the missed links could go anywhere in the network.
Our most general results allow for nodes to have mismeasurement to potentially only a vanishing share of
nodes in the graph. In our environment, the key condition of polynomial expansion is a joint property of
the graph and diffusion process and not a property of the graph alone. This distinct assumption allows for
analytic analysis of the diffusion processes, while also allowing for a much wider array of graph structures
(including expansive networks). Further, much of the work on small world graphs and diffusion focuses
on phase transitions of the process (e.g., Newman and Watts (1999)), but we compare shifts within the
same (critical) phase. And, of course, our focus is on forecasts of the extent and location of the diffusion,
sensitivities to perturbation of the initial seed, and possible solutions to the identified problems.
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miss underlying heterogeneity, and may also mismeasure cross-compartment connections.
Second, the mismeasurement of the network may occur because the sampling process for
the network is imperfect. Studies surveying individuals may focus on local connections
(e.g. within a school or village), and ignore other connections. Or it may be that certain
connections are not mentioned, despite mattering to the diffusion process. Third, it may be
that a rich snapshot of a network does not capture the relevant links for diffusion by the
time the process reaches an individual.

We proceed as follows. Section 4.4 considers problems with forecasting. Theorem 3 shows
that the econometrician’s estimates of the diffusion count will be of lower order of magnitude
than the true counts in the intermediate run — the prediction will be dominated by the
error. Second, in Theorem 2, we show that diffusion on G,, — even when the error network is
completely known — is not stable with respect to the location of the initial activation. Section
4.5.1 demonstrates we can consistently estimate both the activation rate p, and the basic
reproductive number R, despite the aforementioned problems with forecasting diffusion®.
In Section 4.5.2, we consider two possible solutions: (i) estimating the idiosyncratic links
through supplementary data collection and (ii) widespread node-level sampling (e.g., testing).
In our assumed regime neither solution works. The sample size required to estimate 3, is

unrealistically large, and the fraction of correctly identified locations with positive tests will

be bounded below one in the short run. Section 4.6 contains an extension about the case

3 Alimohammadi et al. (2023) makes a similar point. They study a SIR model on a network and design
an estimation strategy for the parameters and the trajectory of epidemics. They consider a local estimation
algorithm based on sampled network data and show that asymptotically they identify the correct proportions
of nodes that will eventually be in the SIR compartments. These results are analogous to our finding that
one can estimate p, and Ry in a straightforward manner.
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wherein the econometricians’ dataset exhibits exponential expansion, and Theorem 5 shows
that forecasts will still be inaccurate in this scenario.

Empirically, we first examine versions of our main theorems on simulated networks. In
our Monte Carlo exercises, we generate networks that match known features of empirical
data. We set the measurement error probability to be small (8, ~ 1/10n) and find that
forecasts become problematic: underestimates of the diffusion count range from 22% to 83%
across the simulations. We also demonstrate extreme sensitivity to initial conditions. When
we perturb the initial seed in a neighborhood comprising 1% (or 5%) of the graph, the
expected overlap share of activated nodes over perturbations is only 40% (or 13%) by the
time the diffusion could potentially have saturated the network.

We then turn to the analysis of real data. In our first example, we construct a real-
world mobility network from California and Nevada and examine mismeasurement due to
“pruning” — where links between locations are only included if a sufficient number of people
move between them. We find that changing the threshold from five to six people traveling
between Census tracts causes the policymaker to underestimate the extent of diffusion by
nearly 56%. In addition to pruning, we induce errors by removing i.i.d. random links and
find more extreme underestimation by more than 76%. As a second example, we show that
similar patterns hold in a viral marketing experiment in rural India (Banerjee et al., 2019).
We also document extreme sensitive dependence on the seed set: when we move only one
single seed to one of its neighbors, the intersection is only 61% of the activations encompassed

by both diffusions. Finally, we show how our results relate to the estimation of peer effects,
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focusing on the uptake of insurance in China (Cai et al., 2015).

4.2 Model

Environment For a given set of observed nodes V,, with the number of nodes n, we model
the network through a random, undirected, unweighted graph G,, == (V,,, L, U E,,) where L,
consists of the “base” links and E,, collects the missing links?. Generally, we assume that
L, is fixed and known perfectly, and all the links in L, are true links. Each link in F, is
constructed independently following Ber(;;,,) where these can be heterogeneous at the pair
level. The links in FE,, are random and not observed, and hence the randomness of the true
graph G,, only comes from the random realizations of F,,. Particularly, in our model we only
consider the mismeasurement caused by missingness and there are no falsely added links.
With an abuse of notation, we may use L,, and F,, respectively to denote the undirected and
unweighted graph with the base links and the missing links.

The diffusion process spreads over the network G, following a standard Susceptible-
Infected-Removed (SIR) process with i.i.d. passing probability p,. Each node is activated
for a single period and has the opportunity to transmit the process with i.i.d. probability
pn to each of its neighbors. After nodes are activated for a single period, they are removed
and cannot be re-activated. To better represent the randomness in the diffusion process, we

define P,(G,,) as a random percolation on the graph G,, which is a directed, binary graph

4We focus on the case of missing links, as we believe this issue will be the primary one in practice (see
Griffith (2022) for several empirical examples). In the case where the econometrician both misses some links
and incorrectly assumes others exist, the problem becomes much more complex. Globally, the net rate of
missing or added links seems to be the key factor; locally, forecasts could either over or underestimate the
volume of diffusion.
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with each directed link based on G,, activated i.i.d. with probability p,. The diffusion process
is equivalent to a deterministic process emanating from some initial seed through P, (G,),
and hence the randomness in the diffusion process is captured by the random realization of
P.(G,,). Similarly, we let P,(L,) as the percolation on the graph L, given by restricting
P,(G,) with the edges in L.

We conduct asymptotic analysis, taking limits as both n, the number of nodes, and 7', the
number of time periods, become large. We consider a sequence of graphs {G,} = {L,, E,},
where E,, are drawn randomly, that grows with n, and consider T' := T'(n) where T is an
increasing function in n. More details on exactly how T grows are discussed below. We
generally suppress the dependence of T" on n for simplicity.

We define the expected activation for a diffusion on L,, set as
E =E|{z € V,, | x ever activated by the diffusion on L, }|.

To set up our first results, we impose the following conditions on the diffusion process.

Assumption 1. For some constant ¢ > 1 and all discrete-time ¢, & = (") and S, =
E — &1 = O(t?), where a, € O(b,) means a, is bounded both above and below by b,

asymptotically in Bachmann-Landau notation. Furthermore, p, € ((log n) 9/ 1]. 5

We write this assumption over the diffusion process rather than on the graph structure
of L, to allow for more generality. We could have simply assumed that L, itself has a
polynomial expansion®, and, together with the appropriate p, and i.i.d. draw assumptions,

Assumption 1 follows. But, we allow for more general settings. For example, Assumption

5We assume p,, is not changing with time in this case and generalize that in Appendix S.
SFor an arbitrary node in the graph, the number of nodes within r geodesic distance from the reference
node increases polynomially with 7.
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1 covers cases of L, with non-polynomial expansion and i.i.d. draws of p,, but with a
sub-critical passing probability or short time horizons. The lower bound on p, is to ensure
that the diffusion process spreads with sufficient speed — otherwise, the diffusion may halt
before the medium time horizon that we study. For the substance of the assumption, firstly
this condition implies that, as the diffusion progresses, a growing number of nodes become
activated in expectation.” Secondly, this condition governs both the structure of the graph
and the diffusion process. As an example, consider a latent space network where nodes
form links locally in a Euclidean space (Hoff et al., 2002). Since volumes in Euclidean space
expand at a polynomial rate, this ensures that Assumption 1 will be satisfied.® Thirdly, note
the geometric relationship between & and S; — & governs the total volumetric expansion
of the diffusion, while S; governs the shells of the diffusion (e.g., the boundary at time t).
We explore the case where & has exponential growth for completeness in Section 4.6.

We then put specific constraints on the time horizon considered. The first condition
restricts the time so that the diffusion does not reach the edge of the graph.® The second
condition ensures we are making a forecast about a time period appreciably far in the future.
Let a be any positive constant satisfying 2a > 1/(¢ + 1); smaller a is permitted for more

expansive (larger ¢) graphs.

"The basic reproductive number, which is the expected number of cases directly generated by one case
in a population where all individuals are susceptible to infection, must be greater than 1 on L,,.

8 As another example, consider the case where the latent space is equipped with hyperbolic, rather than
Euclidean, geometry (Lubold et al., 2023). While volumes in the space expand at an exponential rate,
Assumption 1 may still be satisfied for some T and p,. In the case of sufficiently small p,, this situation
corresponds to the case when the diffusion simply spreads slowly because it has a low passing probability. In
the case of sufficiently small 7', this situation corresponds to the diffusion not having enough time to reach
a large portion of the graph.

9Formally, this assumption makes sure that the diffusion does not reach the edge of particular subgraphs.
Our proof strategy relies on the construction of independent subgraphs to simplify computations, so we
adjust the upper bound on T to compensate.
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Assumption 2. Ty, has for each n, T}, € [T,,T,] where the following holds: (1) T, = n

and (2) T, = (logn)“.

Our main results will hold for any 7, € [T,,T,]. To get a sense of scale, consider
California with a population of 39 million, and assume the parameters are set at the day
level. If a geographic-type network (¢ = 2) is a good model of expansion, this has an upper
bound of 11 months, and if a slightly more expansive model represents the state (¢ = 3)
then the upper bound is 3 months. The lower bound can be close to 1 in either case.

We set up a general structure on the distribution of E,. We allow a given node ¢ to
only potentially link to a fraction 6, of the nodes through E,,, each with independent linking
probability 3,. The share 9,, controls the support of potential links in F,, and will do so in
an unstructured way. We take no stand as to which js constitute this ¢,-share for any .
The maximum value of §,, is clearly 1, unchanging with n. In this case, both “long-range”
and “short-range” (from the perspective of L,,) links are permitted. But a smaller §,, can
disallow long-range links — it may be that the entire 9,, share of nodes are in a highly localized
neighborhood of i. It is useful to provide some notation to provide a lower bound on ¢,,. We
use the same constant a as in Assumption 2, with 2a > 1/(¢ +1). Let v :=a —1/(2¢ + 2)
simply be the difference. The lower bound on the share of nodes that can be linked to is
given by 0, = (logn)~9. If we consider California, with a population of 38.9 million, and if
it were thought of as a geographic-type network (¢ = 2) or even a more expansive one (¢ = 3)
it is easy to see that rates such as §,, < 0.001 becomes permissible (as do even smaller rates).

Given the unstructured nature, this allows for topologies such as only very rare, local (in L)
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links being formed.

Assumption 3. For every n, i,j, E;; ~ Ber(f,) for up to some share 4,, of the n nodes and
is zero otherwise. Further,

1. 6, € (4,,1]
1 1
2. Bp € (p—m%n,ﬁ).

We can examine [, fixing a given value of §,,. First, note that both the upper and
lower bounds for /3, go to zero as n grows large. Second, Assumptions 1 and 2 ensure that
pn0,T9 € (1,n). This restriction ensures that there are some links in FE,,, with probability
one, as n — oo. Third, the upper bound on (, imposes that E,, is sparse: with probability
one, F, is not a connected graph, nor will it contain a giant component as n — oco. Given
these restrictions, the large forecasting errors we characterized below are not a function of
a dense set of links unobserved by the econometrician. Instead, they are caused by a small
(and disconnected) set of idiosyncratic links that can have an unstructured pattern. While
the forecast errors would also clearly happen if the econometrician missed a dense graph or
a giant component, we focus on a regime where the mismeasurement is sparse, making the

results more surprising.

Econometrician’s Forecasting Problems We study two policy objectives: identify
where the diffusion goes and how much diffusion there is by time 7. The first target is
to estimate which individuals have been activated by time T for a diffusion process that
starts at node iy with percolation P,(G,). Let y;; be an indicator which denotes if node j

has ever been activated through time ¢, and we generally suppress the dependence of this on

96



G,, P,(G,), and ig. The ever-activated set can be written as
Ip, . (io, T) :=={j € Vi, s.t. yjr = 1|Gn, Po(Gh), o}

We then consider the functions of this set. We will generally assume that the econometrician
is not an oracle: while they may have a (potentially large) amount of information, the
realization of P, is not known. Therefore, we will study the distribution (or moments thereof)
induced by the random P,,. As we discuss each objective function, we will make clear what is
known to the econometrician. Throughout, we will assume T, ¢, and L,, are known perfectly.
These are optimistic assumptions that give advantages to the econometrician. Therefore, our

results can be thought of as modeling policy objectives in a best-case scenario.

4.3 Sensitive Dependence on the Seed Set

We first show how the diffusion process is sensitive to the exact starting location.
We consider a local perturbation of the initial activation of the diffusion. We make this
comparison to show a structural lack of robustness of the model caused by mismeasurement
in the initial seed: if seeds differ only slightly, this is enough to generate very different
diffusion patterns. The setup of the result is motivated by a policy-relevant consideration.
Given a slightly incorrect assessment of the seed (e.g., patient zero), even knowing the true
network GG, the policymaker is likely to see large differences as to both where the diffusion
jumps and who is activated.
To define notation, we first fix a percolation, P,, for the diffusion process and vary only

the initial seed between iy and some nearby j,. This removes the randomness from the
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diffusion and holds fixed the set of possible paths that it can take as we vary the initial seed.
The percolation is a useful construct because we can study the resulting activated sets, given
percolation P := P,(G,,), when seeding with some iy versus some jo. Recall that Ip(ig, T')
and Ip(jo,T) denote the ever-activated sets by period T for the two seeds respectively.

For some node e that is activated at time T, if the diffusion process continues for ¢
more periods, then the catchment area is defined as the maximal set of nodes that can
be activated beginning with e, B.(t), which is the ball centered at e with radius ¢ relative
to the true graph G,. In what follows, we will find that, given the extreme sparsity of
E,, for any two nodes e; and ey which have edges in E,, (i.e., there exist nodes €}, e, that
er€y, exe, € E,), the catchment areas (over t periods of transmission) typically will not
intersect: Ber ()N Be (t) = () with probability tending to one. We call ¢ an alter of e; in E,
as it is linked to e; in F,. Intuitively, the catchment areas of these alters in F,, ¢/, and €},
can be thought of as analogous to geographically distinct areas (though the network is not
constrained to geographic structure). Each region has potential size & in expectation and
is bounded above in size by the total number of nodes in a ¢ radius ball around the seed,
where t is the number of periods post-seeding.

We define a sequence of local neighborhoods relative to a realized graph. Let U, ;, =
Bi,(a,) be a ball of radius a,, around the reference node, possibly growing, with a,, /7, — 0.
Relative to the total expansion of the diffusion process over T periods, the local neighborhood
about ¢ we consider is vanishing.

We make use of the fact that relative to seed ig, there are two nodes, e; and e, which
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are the closest and second closest nodes to 7y that have a link to some respective alters in
E,.. In what follows, we condition on the sequence of events {[P!];,., > 0} that there exists
at least one path between j, and ey in the percolated graph. The construct helps us rule out
pathologies and instead focus on cases where escapes are possible. In general, percolation
problems with changes in linkages (e.g., bond percolation) are extremely complicated and
not our focus (see, e.g., Smirnov and Werner (2001); Borgs et al. (2006)). So, we consider
sequences under general conditions of interest here.!’ It is useful to also condition on the
event {|Ip(io,T) N Ip(jo,T)| > 0} that ig and jy are connected in the percolation because

otherwise, the problem is uninteresting since the diffusions never overlap. So, we define
Ly = {[Pg]j()@ > O} A {|IP(i07T) N IP(jOaT)l > 0}'

We will use a version of the Jaccard index (Jaccard, 1901) to compare the expected set
of nodes that are ever activated by both the diffusion processes starting at ig and starting at
Jo relative to the expected number of nodes that are activated by either initial node process.
We call this discrepancy measure A, (ig, jo)— the relative expected number of nodes ever

activated by only one of the epidemics to the expected number activated by both, defined as

.y P, T) N Ip(jo, T))|
Anlio, jo) = { Zr(i0, T) U Ip(jo. T)| ' F"}’

Note that I',, eliminates events where the Jaccard index mechanically takes a value of zero,

which makes the result that this object will be strictly less than one stronger. If A, (i, jo)

is small for a nearby pair iy and jj, then, on average with a fixed percolation, a large set of

10T see an example, with infill asymptotics, one can construct sequences where I',, occurs with probability
tending to zero just by virtue of adding more independent paths in L,, at a sufficiently high rate relative to

Pn.
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nodes is activated through the process by only one diffusion process, and not the other.

Theorem 2. Let Assumptions 1, 2, and 3 hold. Let the stochastic sequence {G,,},, comprised
of a fixed sequence of {L,}, and random {FE,}, and consider i, be an arbitrary initial
seed. Let U,,;, = Bj,(a,) be a ball on G,, of radius a,, around iy with a,/T,, — 0. Then
with probability approaching one over draws of (E,, P,), the following holds: There exists a
sequence of time periods {7}, },, local neighborhoods {U,, ;, }» vanishing relative to the overall
time length that |U,, ;| /T, — 0, and a sequence of shift node sets {.J,,;, } with J,,;, C Un,
for each n that

L. |Jniol/|Unsio| > C for some positive fraction C' independent of n, and

2. the number of catchment regions disjoint from B;, (1)U Bj,(T") activated under seeding

with jo € J;, rather than i is at least
nBppnst > 1,
for growing s,, and may be order constant or even diverge in n.
Further, for any jo € J;,,
A, (o, jo) > ¢
for some fraction ¢ independent of n.
All proofs are in Appendix 4.10 unless otherwise noted.
This result shows that for a non-trivial share of nodes near iy, if the seed were counterfactually
shifted that, we get a disjoint set of locations activated and the overall overlap is potentially

low. The key idea is that for a given g, the realized F,, may generate links to other points

in the network, which then may be traversed in a given draw of P,. When considering a
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diffusion pattern starting at a nearby jy, we must consider whether a percolation would
activate a different shortcut than that beginning with ig. We show that there will always
exist some jy and time period for which this is true. The intuition comes from fixing the
second closest “shortcut” link in F),, to io: before a diffusion pattern from iy can reach this
shortcut, the diffusion from jy will reach this shortcut. This will induce two effects. First, a
non-trivial share of activations will be different due to variation in seed. Figure 4.1 shows a
heuristic construction of the set J;,. Second, there will be jumps in the number of distinct
catchment regions activated in the network. The portion of the proof that tracks the number
of catchment areas serves as a key lemma used in a number of results throughout the paper
and we state it as Lemma 1 below. The intuition is that the number of new catchment

regions activated at each time step will be closely related to the shells of diffusion on L,,.

Lemma 1. Let Assumptions 1, 2, and 3 hold. Let X, be the number of catchment regions

activated in time step s. Then, the following holds:

EPn(Gn),En [Xsn] > nﬁnénpnsz

The intuition is that the number of new catchment regions activated at each time step
will be closely related to how many nodes are in the shell of diffusion on L,. Note that
expectations are taken over both the diffusion process P, (G,) and realizations of FE,. With
an application of Hoeffding’s inequality, Lemma 1 yields the final portion of Theorem 2.

Stepping back, we can also note that jj is close to iy in the sense that their network
distance is small relative to the length of the diffusion, and yet these problems occur. Further,

these alternative seeds are not isolated: the first part of the theorem shows that a non-trivial
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fraction of the location neighborhood about iy contains such problematic alternative seeds.
Our simulations quantify examples to show how extreme the problem can get in even realistic

setups.

Figure 4.1: A heuristic construction of .J;, using R? to represent L,. Let e; and es be the closest
and second closest nodes in L,, that also have a link in F,,. The smaller red dotted circle denotes
Un,iy := Bi,(by), while the larger denotes Be,(a,). The intersection gives the set J;,.

4.4 Forecasting Difficulties

We now show how tiny measurement error leads to large forecasting errors in the diffusion
process. First, we show how using the observed network L, to make forecasts with a known
seed can greatly underestimate the average extent of diffusion on the true network G,.
Second, we show how diffusion patterns can be very different even with small perturbations to
the location of the initial seed, even when the true graph G, is known without measurement
error.

We assume iy and L, are known perfectly. The error we study is one in which the
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econometrician uses the observed L, as a stand-in (mistakenly assuming £, = 0),

Ln7 ZO]

where the expectation is taken with respect to the diffusion process P,(L,) on L,. We

YT(Ln) =Ep, (L) [Z Yi1
j=1

focus on this specific estimator for several reasons. First, it captures what is often done
in practice both out of convenience and feasibility. Surveys about interaction and contact
tracing both face survey fatigue and/or top-coding in data collection. Mobility data routinely
use thresholding to define connections. They also leave out interactions that are not traceable
through phones: e.g., in the developing world where households may have a single phone,
movements of all members without a phone are simply dropped. In information diffusion,
studies about social learning on social media may leave out person-to-person interaction, SMS
off the platform, and so on. Unless one models the entire span of such missed interaction, the
econometrician is really in the situation described here: effectively dropping E,. Second, a
consequence of some of the results below is that recovering the distribution of E,, to integrate
over it may be practically impossible. Even in the simple case of a homogenous 3;;, = 3,
for every i, 7, the imposed rates on (3, make it difficult to identify enough links in F),, to
precisely estimate (3,.

Nonetheless, a reasonable if not forgiving benchmark for }A/T(Ln) is setting the target as

integrating over FE, rather than treating it as known.

LTM 7:0

Yr(Gy) = Ep, p.G) [Z Yyir

J=1

where the expectation is taken with respect to P, (G,,) and realizations of E,,, with known i

and L,. If we compare the econometrician who ignores FE,, entirely to one who uses F,, to the
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full extent, they will surely do worse!!. Comparatively, the case where the econometrician
knows the distribution of F, and integrates over it is a more fair comparison. It also
demonstrates the value of understanding the error distribution (even if it may be difficult to
assess in practice).

We now give the econometrician perfect knowledge of not only L, but iy as well. As
before, the econometrician is assumed to have perfect knowledge of 7" and ¢q. However,
despite these advantages, the econometrician’s forecast error will swamp the forecast as

n — oQ.

Y (Ln)
" Y7 (Gy) 0

Theorem 3. Under Assumptions 1, 2, and 3, as n — o0

We briefly give some intuition of why the forecast error dominates the predicted error
in magnitude. Small errors caused by the error network FE, recursively compound on
themselves, creating massive forecast errors. When considering the diffusion process in
period ¢, it is helpful to consider a volume around the initial node (what we call a “shell”)
of size t. This shell contains all the nodes that could possibly be activated by the process
according to our observed network, L,. As time grows, this shell grows in size, and as one
might expect, the likelihood of hitting a low probability mismeasured link in F,, increases.
This leads to the creation of a new shell elsewhere on the graph.'? This initial missed jump

to other locations in the network does not generate forecasting issues of any consequence.

What creates the issue is that these jumps recursively explode. In totality, these new shells

HFurthermore, computing the expectation treating F,, is known to be NP-Complete (Shapiro and Delgado-
Eckert, 2012).

12With i.i.d. E,, the shell is almost guaranteed to be far, but as we show later, this is not necessary for
our results — we simply need that sufficient number of new shells form that has no overlap with the existing
shells.
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caused by the propagating error dwarf the diffusion captured by the observed graph L,,.

The proof strategy formalizes this intuition, using a key lemma from the proof of Theorem
2. We first compute a lower bound on the number of expected new “shells” in each time
period. To generate a lower bound on expected activations, we introduce a tiling of the graph
and count how many tiles are activated in expectation. We then calculate this number and
scale by the number of nodes activated in each tile.

In Appendix S, we show a similar version of Theorem 3 that allows the diffusion process
to slow over time with decay at a polynomial rate: the resulting structure is equivalent to
considering a diffusion process with a lower ¢. Doing so requires slightly different assumptions:
we require an earlier time window and a higher rate of missing links. The intuition is that
we need additional missing links to “compensate” for the slowing diffusion process to get the

same result.

4.5 Estimation and Possible Solutions

We now consider several estimation procedures in our setting. First, we consider how the
econometrician can estimate the underlying structural parameters like p,, successfully, despite
our pathological results above. Second, we show that what seems like a natural solution to
our results on forecasting — estimating f3,, our error rate, and adjusting for it — is almost
impossible in reasonable samples, because the error rate is so small. Third, we consider a
widespread testing regime and show that the detected number of regions that have activated

nodes willunderestimate the true number of activated regions.
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4.5.1 Estimating Parameters of the Process

We now show that despite the aforementioned pathologies, some core parameters of the
process can be consistently estimated. We assume that the econometrician has perfect
detection that they see all true activations. Using knowledge of observed L,, and y;;_1, the
econometrician will be able to derive the exact number of expected activations for a given
value of p,, and hence consistently estimate p using the observed v;;.'2 It then follows that
the econometrician will be able to consistently estimate R, the basic reproduction number

4 as Ry = pd;, where dy, is the (observed) mean degree of L,, whereas in actuality it is

RO(Gn) = pndL + ﬁnnpn-

Remark 11. Assume that the policymaker has a consistent estimator p of p,, and knows dj,

that Ry is constant, and Assumptions 1, 2, and 3 hold. Consider the estimator Ry = pdy.

Ro

ol 1.

Then, we have —

p

PRrROOF. Note that Ro(G,) = drpn + Budnnp, = drpn (1 + %;") = Ro(L,)(1 + o(1)),
where the final equality follows by assumption. R, is a consistent estimator of Ro(Ly), as
dy, can be computed directly and the econometrician has access to a consistent estimator of

Pn. An application of the continuous mapping theorem completes the result. [

This means that while the econometrician can consistently estimate Ry they will still be
unable to accurately forecast the location or volume of diffusion as shown in Theorems 2

and 3.

13We do not solve a general formulation, as solving the generic problem is known to be NP-Hard (Shapiro
and Delgado-Eckert, 2012). Rather, we show an (inefficient) estimator.
14The number of nodes, in expectation, activated by the first seed in an activation-free equilibrium.
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We give an example of one way an econometrician might estimate p,, consistently. Let
Z(i,t) be the set of neighbors of i activated at period t. Then at time T, a consistent (though

inefficient) estimator of p, will be

p= Zzyitﬂ{yit_l =0,|Z(i,t—1)| = 1}/22 Hyi1=0,|Z(i,t —1)| = 1}

t=1 i=1 t=1 i=1

Note that by restricting attention to susceptible nodes with exactly one activated neighbor,
activations occur independently with probability p,, and hence p/p, —, 1. Note that this

estimator makes use of perfect knowledge of L,, via the sets Z(i,t).

4.5.2 Possible Solutions

We explore two possible solutions that a policymaker might pursue. First, they might
estimate (,, the connection rate for the FE, graph, using supplementary measurements.

Second, they might use widespread testing.

Estimating 3, Given the prior results, one approach for the econometrician might be to
estimate [3,, and use the estimate in order to inform forecasts. Assume the econometrician
already has L,, but is able to obtain follow-up data that they sample m,, nodes uniformly
at random out of the n, and query whether or not each ij link exists in GG,,. In this way,

they can potentially find links in F,, to supplement the information of the known L,. Note

mn

9 ) possible links.

that a sample of size m,, nodes will deliver (
We show that, in practical settings, this strategy will not be feasible. Specifically, our

above theorems have demonstrated forecasting difficulties under extremely small levels of

measurement error, and such small [, poses challenges for estimation. Throughout, we
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assume that 6,, = 1. We view this as a best-case scenario for the policymaker, in the sense
that it makes it as easy as possible to find missing links. In fact, there are two regimes.
First, with a large, growing sample the probability that one does not find a single F,, link
tends to one, even though the rate of 3, is high enough to cause all the problems previously
discussed. Second, one may find some missed links with a (potentially unrealistically) larger

sample, but one will not be able to develop a consistent estimator.

Proposition 6. Under Assumption 3 with §,, = 1, if:
1. m, = o(y/n), P (No links amongst (") found) — 1.

2. my, = O(1/+/B,), there exists e > 0 and ¢ € (0,1) such that Pr(|5,/8, — 1| < €) < c.

To give a sense of scale, say that n is equal to one million. Consider a case where

B, = n(lo—én)Q (which is valid for T = logn and ¢ = 2, which are allowable parameters

under Assumption 2). Then, with constant p,, having m, = o(log(n) x y/n) samples
would still deliver nearly no information, even when this corresponds to a (perfect) survey

of more than 13,800 people out of n equal to a million. For another example, if 8, =

logn
npan/(1+q)

my, = O (n X | —7a=+—— ), an estimator for 3 is not consistent, even if there is information
nl/(1+d) logn )’ )

(which is admissible under Assumption 2), then with constant p,, under any

gained in the survey. To illustrate numerically, keep the population as one million and take
q = 4 a perfect survey of nearly 68,000 people would still generate an inconsistent estimator.
In practice, surveys of 15,000 people, let alone 70,000 people in a city, are uncommon. It is

unlikely that this is an obstacle that can feasibly be overcome in most policy settings.
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Widespread Testing Another potential solution is the use of widespread testing. Say
that a policymaker wishes to estimate where in society activated agents reside at a given
time period, in order to track regions with a disease or locations susceptible to problematic
rumors or where certain technologies have been adopted. We show that the number of true
regions that are activated at some time period will be grossly underestimated.

Specifically, we assume that the policymaker conducts random tests instantaneously and
uniformly throughout the entire society of n nodes and detects the activations with i.i.d.
probability «,,. Under this widespread testing regime, we can calculate the probability that

a region is correctly identified as having been seeded by period T" with the diffusion process.

Theorem 4. Let Assumptions 1, 2, and 3 hold. Consider a test with detection probability
an — 0 with n, such that T < (1/a,,)/@*). Let K% be the expected number of regions
with an activated agent at time step T and let K7 be the expected number of regions with
an observed activated agent at time step T. Assume each activated individual is observed

i.i.d. with probability a,,. Then as n — oo,

A

% <o, T < 1.

This result demonstrates that in the short run, widespread testing will be bounded away
from full effectiveness. The result holds because many regions will have few activations,
making it harder to accurately detect them, but they will comprise a non-trivial fraction of
activated regions. In practice, wide testing can become infeasible with a large population

that asymptotically «,, — 0. Even with an accurate test, there may not be enough tests for

the full population, or it may be hard to make testing compulsory.
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4.6 Extension to the Exponential Case

We now turn to the case of exponential expansion, included for completeness. If there was
significant exponential expansion throughout the network, diffusion would happen so quickly
that from a policy perspective, forecasting would become moot and sensitive dependence
unnecessary as the process will spread through the graph immediately. Nonetheless, we
explore the implications of small mismeasurement even in this case. We make assumptions
that correspond to Assumption 3 and 2, to account for the faster-moving diffusion process.
As before, we assume that each node i can link to a fraction of nodes d,, of the graph through
E,.

Assumption 4. For some constant ¢ > 1 and all ¢, & = O(¢') and S, =& — &1 = O(¢"). In

1
logn*

addition, we assume that p,0d,, >

Assumption 5. T,, has for each n, T}, € [T,,, T,] where the following holds: (1) T, = log(n)

and (2) T, = log(log(n)).

Assumption 6. For every n,i, j, E;; ~ Ber(f,) for up to some share d,, of nodes and is zero

1
Pu =12 (pnénn)

We can then note the differences in the bounds on 7" we impose a smaller lower bound

otherwise. Further:

and a larger upper bound than for a polynomial diffusion process. The smaller lower bound
on T is intuitive: because the diffusion spreads more quickly, the seeds from idiosyncratic

links can cause the diffusion to explode much more quickly.

Theorem 5. Under Assumptions 4, 6 and 5, as n — oo we have that % — 0.
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We make a few comparisons to our previous results. Relative to Theorem 3, we impose
a stronger lower bound on [, — in order for similar results to hold, we require a larger
probability of idiosyncratic links. This change follows from the structure of the proof —
the key comparison is the expansion in all of the areas “seeded” via the idiosyncratic links
compared to the expansion of the original diffusion process. When the original diffusion
process is faster moving, it means that more idiosyncratic links are needed to overwhelm the
original diffusion.

Second, we note that if p,,0,, < 1, then the condition on 5, implies that as n — oo, E,, will
contain a giant component almost surely. This condition will hold generically, in contrast
to the case where the diffusion follows a polynomial process, which generally does not need
E,, to contain a giant component asymptotically. While the fraction of links missed by the
policymaker still goes to zero, the policymaker still misses a large amount of structure.

In both cases, we give the policymaker access to perfect local forecasting, though it
plays distinct roles in each case. We get a similar result as in Theorem 3. Perfect local
forecasting cannot save the policymaker from only identifying a vanishing fraction of expected

activations.

Partial Converse With additional structure on L,, we prove a partial converse to Theorem

D.

Proposition 7. Assume that L, is made up of K, independent regions, which each fulfill
Assumption 4. Furthermore, assume that Assumption 5 holds. Then if 8, = O (ﬁ), we

YT(Ln)
have that AR — 1.
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This result is positive for the econometrician — they correctly identify a fraction of
activated nodes that asymptotically goes to 1. This follows from the fact that the initial
activation creates too many activations for the additional “seeded” activations through F,,
to overwhelm. Note E,, will not contain a giant component asymptotically. Combined with
Theorem 5, this tells us that for a more expansive diffusion, the forecasts made by the
policymaker will not be “accurate” if and only if F,, contains a giant component. The giant
component within £, will have a tree-like structure meaning that the policymaker is missing
a highly expansive structure. Perfect local forecasting plays a positive role — it is what allows
the policymaker to be arbitrarily accurate. But given the nature of the network structure

itself, a very large share of the population becomes activated very quickly.

4.7 Simulations

We present a number of simulations to illustrate our results in finite samples and explore how
variation in parameters affects things quantitatively. We simulate a Susceptible-Infected-
Removed process on a network with one period of activation before removal, analogous to
the processes that we study theoretically. We give an overview of each part of the simulations
in the relevant subsections, with full details in the Online Appendix O.

Throughout, we fix L,, the graph observed by the policymaker and design it to mimic
the sparsity and clustering structure in real data. We first generate L,, by placing nodes in
a g-dimensional lattice on [0, 1]9. The remainder of nodes are placed uniformly at random

throughout [0,1]9. Nodes then link to nearby nodes, with a radius of connection chosen
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to ensure both that the lattice is connected and that all randomly placed nodes will be
connected to the graph. As an illustrative example, we simulate two different networks
with n = 4,000 nodes: one with ¢ = 4 and one with ¢ = 2. For the SIR process on the
graph, we set Ry = 2.5, and then compute p, by dividing Ry by the mean degree in L,,.
Summary statistics are shown for both graphs (along with average summary statistics for
the corresponding G,,) in Appendix A.10.

We choose simulation time length 7" to be twice the diameter of L,, — meaning that for
q = 4, it is chosen to be 38, while for ¢ = 2 it is chosen to be 184. This value is chosen
to cover both periods early on in the diffusion process, and as well as past the time period
covered by our asymptotic theory.!® Since the asymptotic theory we consider cannot speak
to long-run, we simulate to the point when the diffusion extends well past the diameter of

the graph, at which point we would expect the diffusion to conclude.

Forecast Errors We begin by simulating a version of Theorem 3. To do so, we simulate
the error network, F,, as an Erdos-Renyi graph with links that are i.i.d. with probability
Bn = H)Ln = WIOO' We simulate 2,500 iterations of the SIR process on both the fixed L,, and
G, = L, U E,, with E, re-drawn in each simulation. We do so for the L, generated with
both ¢ = 4 and ¢ = 2. Average graph statistics for each G,, are shown in Table A.10. Note
that the degree distribution stays quite similar, as the average additional degree from F,, is
0.100 for both sets of simulations. The initial seed iy is chosen uniformly at random and
Yr(Ln)

held fixed throughout the simulations. We then compute the empirical analogue of )

15Recall the time period bounds from Assumption 2 of Theorem 3.
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the ratio of the expected number of ever-activated nodes under each process.

In Figures 4.2a and 4.2c, we plot the simulated values of % over time for each graph.
For ¢ = 4, the minimum ratio is attained at T = 13 with a value of 0.780, meaning the
policymaker would underestimate the extent of the diffusion by 22%. Once the diffusion
on G, reaches the diameter of the graph, the ratio increases towards a value just below
one. For ¢ = 2, the minimum ratio is attained at 7" = 28, taking a value of 0.169. With
a lower-dimension diffusion process, the simulations are much more sensitive to additional
links in F,. In the Appendix O, we show that with ¢ = 2 and 8, = —i—, the minimum

T00m
ratio of % is still much smaller than the values attained with ¢ = 4. The shape of the
curves in Figure 4.2a and 4.2c are similar to our theoretical results, since our results focus
on asymptotic results where the diffusion cannot reach the edge of the network. Hence, the
ratio in our theoretical results will continue to decline. Appendix Figure A.49 shows exactly
this phenomenon by separating the ratio into separate curves for Y7 (L,) and Y7(G,) — the
separation between the two curves is maximized just after the diameter of G,, is reached.'®

Consequentially, the decline in the period prior to reaching the diameter of G, lines up

exactly with the results anticipated by Theorem 3.

Sensitive Dependence Next, we investigate Theorem 2 in simulation by looking at
perturbations of an initial seed within local balls covering 1% to 5% of the overall number
of nodes. We fix L,, and a particular instance of F,, to form G,,, and set 7y as the center of

the lattice. Then, we construct J;,, the set of possible alternate seeds, and choose a j € J;,

16Note that the ratio asymptotes with T to a value just below 1, as the additional links in G,, allow for
there to be more overall activations in expectation than in L,,.
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Figure 4.2: Panels 4.2a and 4.2c show simulations of Theorem 3, while Panels 4.2b and 4.2d show
simulations of Theorem 2. In Panels 4.2a and 4.2c, we simulate 2,500 iterations of the diffusion
process on both L, and G,, for each value of ¢, re-drawing E,, for each simulation. We then track
the expected number of ever-activated nodes under each simulation at each time period, and then
take the ratio. We plot the diameters of both L, and the average GG,,. Panels 4.2b and 4.2d each
fix a separate draw of E,, then each choose a fixed jo. We then simulate 2,500 diffusion processes
while tracking the Jaccard index after perturbing the initial seed location. Alternate initial location
jo is chosen nearby to ig, in accordance with Theorem 2.
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uniformly at random. To construct J;,, we first find the depth of the second closest links
in F, to iy — call this distance d.,. Then, nodes are included in J;, if they are at distance
de, + 1 from ig. Empirically, for ¢ = 4, d., = 2 meaning that the distance from iy to jo is
3. The local neighborhood around iy, U;, (which contains all nodes at or within distance
de, + 1) of this size makes up 5.3% of the total nodes in the graph, while J;, makes up
64.6% of the local neighborhood. For ¢ = 2, the distance from iy to jo is 4, while the local
neighborhood of this size makes up 1.05% of the graph and the set of j, makes up 31.0% of
the local neighborhood.

To approximate A, (ig, jo), we fix the underlying percolation and examine the set of ever-
activated nodes infected by an epidemic that begins from ¢ and j,. We exploit the connection
between percolations and the one-period SIR process, predetermining which links in the
network will transmit. However, we do not condition on the event that there is some overlap
between the diffusions (in Theorem 2, this is encoded in the object I',, and is assumed), and
do not take expectations over F,,. We call this version of the Jaccard index 7. We generate
a single draw of F,, and then hold it fixed. We simulate the process 2,500 times, and then
take the average over simulations at each time period to get J(7'). Results are shown in
Figures 4.2b and 4.2d.

Figures 4.2b and 4.2d indicate that there is generally little overlap between the diffusions
until the process has reached the diameter of the graph and saturated the network. Recall
that when J(7T') is close to zero, this implies that the share of nodes that would be activated

by both starting conditions as a share of the total activations is small. Hence, this implies
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that the activation paths are following very different portions of the network. This lack
of overlap is despite the fact that iy and j, are extremely local. For ¢ = 4, at T =5 (the
halfway point to the diameter of G,,), the value of 7 = 0.055 indicates almost entirely distinct
processes. For ¢ = 2, at T' = 9 (again half of the diameter of G,,), the value of J = 0.32.
These results are consistent with the theoretical results: there exist time periods early on in
which the diffusions are almost entirely disjoint. Empirically, these results demonstrate that
the diffusions remain disjoint for a relatively long period of time.

While it is clear that our simulations are highly sensitive to measurement error, regardless
of whether ¢ = 2 or ¢ = 4, the changes in sensitivity are instructive. Comparing ¢ = 2 to
q = 4, the simulations demonstrate that the diffusion process is much more sensitive in terms
of the extent of diffusion with lower dimension, rather than the location. This is because
q = 2 ensures that a greater fraction of connections are “local” — therefore, there can be less
local perturbation. However, i.i.d. connections lead to many more activations. Nonetheless,
we note that there is still severe sensitive dependence on initial conditions with ¢ = 2 — in

the short run only a third of the diffusion overlaps on average.

4.8 Empirical Applications

We consider three empirical applications. The first examines the COVID-19 pandemic,
which showcases our results in a large-scale setting. In addition, it demonstrates how only
local linking can still cause errors in diffusion — though we show that the problems are much

worse in the idiosyncratic case. The second example studies mobile phone marketing in India,
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which showcases our results in a much smaller scale setting. Here, sensitive dependence on
initial location has much more dramatic results — volumes of diffusion are more robust in this
setting because the networks themselves are much smaller. Finally, we consider the diffusion
of a weather insurance product in China. Here, we consider how errors in a diffusion model

could impact statistical power when estimating peer effects.

4.8.1 Data from the COVID-19 Pandemic

Kang et al. (2020) introduces a dynamic human mobility flow data set across the United
States, with data starting from January 1st, 2019. By analyzing millions of anonymous
mobile phone users’ movements to various places, the daily and weekly dynamic origin-to-
destination population flows are computed at three geographic scales: census tract, county,
and state. We study tract-to-tract flows on March 1st, 2020, at the start of the COVID-19
pandemic in the United States. Note that this date was before the WHO declared COVID-
19 a pandemic and before the United States declared a national state of emergency. For
the sake of computational tractability, we focus on a region in the Southwest of the United
States that contains all of California and Nevada, along with a small portion of Arizona.
We use this real-world dataset to simulate disease transmission as in Section 4.7. One
approach would be to construct a network with unweighted edges between two census tracts
if at least one person moves between them. However, this results in an extremely dense
graph. The resulting graph has a diameter of 4, a mean degree of 143.82, and a max degree

of 991. The dense network will result in the epidemic spreading everywhere in a very short
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time, negating the need for forecasting.'”

Realistically, researchers may decide to “prune” the network by only including links where
there is sufficient traffic between two census tracts. In this case, a missing link implies a
(potentially large) flow of people between two places, rather than missing a single individual
contact. Hence, we construct the observed L, by linking tracts if the average flow between
them (averaging over directions) is greater than six trips (the 93rd percentile of all flows).
We then consider two ways to define the “true” base graph G,,. The first, denoted G2* links
tracts if the average flow exceeds five trips (the 92nd percentile), meaning that E9? includes
links of exactly 6 trips. Further discussion of the pruning procedure is given in Appendix P.
The other, G, adds links i.i.d. with probability 3, = ﬁ corresponding exactly to the extra
links missed going from the 5 trips to 6 trips, with these links now placed idiosyncratically.
Properties of the resulting L,, and G,, are shown in Table A.12.

We begin by simulating Theorem 3 and calculating the share of Y;(L,,)/Y:(G,) for our
two G, measures. In the first, we look at G = L,,, where L,, amounts to pruning about 18
percent from the G92 graph. Here, because G is a (non-stochastic) function of the data,
we hold it fixed and take expectations only over the path of the epidemic.'® In the second,

we generate G2 via L,, U E,, where E,, has i.i.d. links to generate the same density as the

error graph in the pruning procedure. In both cases, we choose iy uniformly at random and

1"The researcher may use the dense network and assume that p,, is very small. However, with the dense
network, the resulting disease process will look like an Erdos-Renyi random graph, which still follows an
exponential diffusion process, rendering the forecast exercise pointless. Formally, consider the case where G,
is a complete network. Then, the resulting diffusion outcome can be modeled by dropping links in G,, with
i.i.d. probability 1 — p,. The result will then be an Erdos-Renyi random graph generated with probability
Pn, which induces exponential diffusion.

18In the rest of the paper we consider expectations for Theorem 3 over both the epidemic and error graph.
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hold it fixed across simulated epidemics.
We plot Y;(L,,)/Y:(G,) over time in Figures 4.3a and 4.3c. For G2, the pruned network,
the minimum ratio of 0.442 is achieved at T" = 8. We note that this ratio has the same

qualitative pattern as in the simulated graph in Section 4.7 — the ratio achieves a minimum

92

just before reaching the diameter of G)7,

and then slowly increases. When compared to
the previous simulations, the ratio increases much more slowly. This result comes from the
larger dispersion in degrees — it takes longer for the disease to fully saturate the network,
because there are more nodes with very few links. When compared to the i.i.d. errors in G?,
the minimum ratio of 0.234 is achieved at T' = 9. One explanation for i.i.d. errors leading
to additional underestimation follows from the missing mechanism. The pruning procedure
induces spatially clustered errors — so for the same level of error, the spatially clustered
additional links in G2 will not jump as far as G, leading to fewer “new” shells of infection.

Next, we simulate a version of Theorem 2. We follow a similar procedure as with Section
4.7, tracking J(T). We choose jy in a conservative fashion — after fixing a ig uniformly at
random, we choose the set of potential jy, J;,, to be all nodes at distance two from . In
GY2, the local neighborhood containing all potential jo, U;,, makes up 1.57% of the graph,
while the set of J;, makes up 81.68% of the local neighborhood. In G?, U;, contains all j,
comprises 2.93% of the graph, and J;, makes up 93.46% of U,,.

We plot J(t), the amount of overlap between percolations over time, in Figures 4.3b and

4.3d. These results follow the same qualitative pattern as before — J(t) stays close to zero

19We found that when choosing J;, based on the location of links in E,, the distance from iq to the set of
potential jy was typically three. Therefore, our choice of nodes at distance two is truly conservative, in the
sense that we choose jy to be closer to i than what is used in the theory.
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for the first few time steps while the epidemics are almost entirely distinct, but then slowly

increases. For the first few time periods, this graph shows dramatic sensitive dependence on

the initial starting point of the epidemic. For the pruning procedure, halfway to the diameter

of G2 J = 0.42. For the i.i.d. procedure, halfway to the diameter of G2, 7 = 0.023.
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Figure 4.3: Simulated version of Theorems 3 and 2 on L,, and G,, generated from Census tract flow
data in California and Nevada. Panels (A) and (C) show simulations of Theorem 3, while Panels

(B) and (D) show simulations of Theorem 2.

4.8.2 Diffusion in Mobile Phone Marketing

As a second empirical exercise, we study the diffusion of high-value information in Indian

villages. The goal of this exercise is to highlight how the measurement issues can crop up in



settings with much smaller networks, and how the initial seed condition plays a much larger
role here. In Banerjee et al. (2019), one of this article’s authors, along with collaborators,
conducted a randomized controlled trial wherein randomly selected people in villages in
Karnataka were given information on a program where they could receive a high-value cell
phone or smaller cash prizes if they participated. The information about the program then
diffused throughout the village.

We use this data to study the robustness of the diffusion process in an information setting.
Details on how the graphs are constructed are in Appendix Q. In a change from the prior
simulations and analysis, many of the villages have multiple initial seeds. There are on
average 3.26 seeds per village and 196 nodes per village.

We first estimate the passing probability p, for the diffusion process. Villagers could
indicate they heard about the cell phone program by making a free call to the researchers.
While we observe data on the sampled networks connecting households, we only observe
the total number of calls received by the researchers in each village, and we do not observe
whether a given household made a call. Hence, we back out the passing probability p,, using
the method of simulated moments. Formally, we consider the following problem. Let V' = 69
be the number of villages in our data (for which we have network data) and let C, be the
number of calls received in village v. We treat the number of calls as the number of ever-
activated nodes. We then simulate a SIR process with passing probability p and record the

number of simulated calls after T" periods. Let C’j (p) be the simulated number of calls in
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simulation s under passing probability p. Then, we choose p,, as follows:

69 69
. ) 1 1 < 1 1 s
5  argmin, (v 5 (ov iy <p>)> (v 3 (o,, iy ov<p>>>
v=1 s v=1 s
We set T' = 15, just larger than twice the average diameter of a village graph and use

2,500 simulation iterations. We estimate a value of p, = 0.13, meaning that each household
transmits the information with roughly one in six chance. We then use this estimated p,, to
conduct simulations.

Next, we consider the error structure F, on our observed network L,. Since our data
has many separate villages, we consider a slightly more complex structure for F,. Let n, be
the number of households in village v. Then, we form FE, by taking the union over draws
of Erdos-Renyi random graphs in each village, where 3 = ﬁ changes in each village to
keep measurement error proportional to village size. We choose a proportionally larger value
of (3, because there are multiple seeds — because the graph becomes saturated much more
quickly, measurement error has less time to become a problem.

We first simulate a version of Theorem 3. We simulate 2,500 diffusion processes across
each village, adding up the total number of households who ever get the information and
averaging across simulations. We run this both on L,, the set of village graphs, and G,
constructed as above (with a new draw of G, in each simulation iteration). As shown
in Figure 4.4a, the ratio Y7(L,)/Y7(G,) monotonically decreases over time, taking value
0.854 at T' = 15. Despite the village-level networks being relatively small, in aggregate, the

econometrician still underestimates the extent of diffusion by nearly 15 percentage points.

To simulate a version of Theorem 2, we choose a modified seed set for each village. Recall
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that most villages have multiple seeds. Here, we perturb the seed set in each village in a
conservative manner. Say that a seed set is comprised of {ig, jo, ko} in some village. We
choose one element of the seed set at random, say kg, and then replace kg in the seed set
with a neighbor chosen uniformly at random. This corresponds to a local neighborhood of
3.5% of the entire network on average. Despite the conservative perturbation, we still find
similar results (Figure 4.4b). As before, we track J(t), the Jaccard index for the aggregate
patterns of diffusion across all villages over time. While the value of J(¢) does not start at 0
(as in the prior simulations), given the multiple seeds and that we conservatively only perturb
one, it remains below 0.75, indicating that despite the conservative perturbation, there is
still not complete overlap in the perturbed diffusion processes. Halfway to the diameter of

G, the average value of J = 0.61 indicates a lack of overlap.
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Figure 4.4: Simulations of Theorems 3 and 2 on village networks from Karnataka, India. Panel
(A) shows a version of Theorem 3. We take 2,500 diffusion simulations on L,, and G,,, where G,
is constructed at the village level with 8, = i N, 18 the number of households in the village.
Panel (B) shows a version of Theorem 2. We perturb one seed uniformly at random by a single set
in each village. Then, we simulate 2,500 diffusion processes on a fixed draw of G, computing the
average Jaccard index of the process.
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4.8.3 Treatment Effects with Spillovers in Networks

As a third empirical exercise, we study the uptake of insurance in rural China. The goal of
this exercise is to illustrate how the problems we identify in diffusion could affect conclusions
from an estimated model of peer effects. If nodes are seeded with information, then the
take-up behavior of a product may be a function of “exposure to information” through the
diffusion process. A typical peer effects regression would consider the outcome regressed on
this exposure to treatment as defined through a diffusion; our analysis suggests that results
could be biased and estimators could lose considerable power.

In Cai et al. (2015), they give farmers information about a weather insurance product, a
product with low adoption rates that is highly valuable. Intensive information sessions were
randomly given to some farmers. The authors then measure the take-up by other people in
the same village, who were not part of the first set of information sessions. We consider a
measure of exposure to treatment based on a model of information flows.

We first take the data from Cai et al. (2015) and build the village networks.?® We convert
the directed networks from the paper to undirected networks, where household ¢ is linked
to household j in our construction of the data either if ¢ reports j as a link, j reports ¢ as
a link, or both.?! The resulting graph is denoted G,,, for village v. Graph statistics for the

villages are shown in Table A.15.

20Tn their data collection, the authors “top-code” the number of links each household has, by only recording
five outgoing links. This possibly generates measurement error as well, since it creates an artificial upper
bound for all high-degree nodes, but we ignore it for our illustrative analysis (as do they in their empirical
analysis).

21Studying an OR network may be more robust in capturing exposures due to measurement error (Banerjee
et al., 2013).
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We consider an exposure measure based on a model of information flows. For a generic
graph, let A be the corresponding adjacency matrix. Let s be a vector of indicators, with
an entry equal to one if the household attended an information session. For a given p, and

T, we define the vector of “diffusion exposure” as,

DE4 = (Z(pnA)t> s,

t=1

which calculates the expected number of times that each individual hears information through
repeated passing over T' periods (Banerjee et al., 2019). We imagine that the take-up of
insurance in Cai et al. (2015) increases in such exposure to treatment: hearing more about
the product through conversation makes one more likely to take up.?? Note that this exposure
measure, based on how often a person hears about the product, is slightly different than a
typical SIR model. It considers the eventual outcome as depending on the total number
of times person ¢ hears about the topic through 7' periods, rather than a once-and-for-all
decision the first time someone hears about the product. This model is perhaps a more
realistic description of the take-up of an insurance product. Nonetheless, the mechanics of
error we outline in the paper have analogs for this kind of model.

We then simulate an experiment. We treat the data from Cai et al. (2015) as the true
network G,. We then regress insurance take-up (y;,) on the exposure measure (DESU), a

set of household controls (X ,), and village fixed effects (i),

/yiﬂ) =« + VDE'LC:VU + Xi/"u(s + /va + Ei,va

2ZFollowing Banerjee et al. (2019), we compute this measure within each village, setting 7' equal to the
diameter of the village network. We set p, to be equal to one divided by the maximum eigenvalue of the
village adjacency matrix. This is the critical value of p, such that for p, less than this value, entries of
(pnA)! tend to zero as t — oo, and some entries diverge if p,, is larger.
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where ¢ indexes household and v indexes village. To do so, we subset the data to only
households who did not receive the initial informational intervention. We standardize the
exposure measure to have mean zero and standard deviation one for the sake of interpretability.
Results are shown in Table 4.1. A one standard deviation increase in diffusion exposure
increases insurance uptake by 2.9 percentage points (s.e. 1.2 percentage points, p = 0.02),

relative to a mean of 45.9%, in a linear probability model.?

Table 4.1: regression of diffusion exposure on insurance uptake

Insurance Uptake

Diffusion Exposure 0.029
(0.012)
Household Controls Yes
Village FE Yes
Num Obs. 2676
Uptake Mean 0.459

A regression of diffusion exposure on insurance uptake, with diffusion exposure computed from the networks
collected in Cai et al. (2015). Standard errors are clustered at the village level.

We then drop links in G,, with i.i.d. probability 5, and construct L,,. That is, we imagine
that there is a small measurement error in our survey process (or network construction
process) and for this exercise we allow the error to be fully i.i.d. Errors may be correlated
with factors such as geography, place of work, etc., which may be emphasized or used in
constructing network data. Our simulation corresponds to what the researcher would have
observed had information flowed over G,,, but they instead measured L,,.

For each village v, we drop links with probability 3, ,, operationalized by intersecting

23This estimated value is almost exactly half of the value reported by Cai et al. (2015) of 5.8 percentage
points. Given that we use a different specification, the difference is not surprising, but it is reassuring that
the results are of a similar order of magnitude.
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the corresponding village graph with an Erdos-Renyi random graph with links that form

with probability 1 — 3,. We vary the value of 3,, = where d, is the village average

degree and k is a specified constant.?* We vary k from 5 to 15 or 3, ranging from 0.037 to
0.0123 and recompute the diffusion exposure (DEZ-LW), re-estimate the regression, and record
the point estimate and p-values. We repeat this 2,500 times for each value of k. Let 4(G,,)
and 9(L,) be the coefficients of interest from the two regressions.

Figure 4.5 plots the joint distribution of the bias percentage—the percentage difference
between 4(L,,) and §(G,,)—and the rejection level (one-to-one with the p-value) of the null
of the coefficient 4(L,,) being equal to zero. While on average the bias is small, for any
given draw, we see large dispersion in the difference between v(G,,) and v(L,) even when a
very small fraction of links are dropped. This is striking. Notice that in the real world, the
econometrician observes only a single draw—one instance of this phenomenon. The result
shows that enormous biases are likely in any single draw. Here, even with the smallest
£ = 0.012, we find the bias still has a large standard deviation of nearly 8 percentage points.
With # = 0.037, biases upwards of 20% in magnitude are common.

We also see a range of p-values: as we decrease [, we would expect to see the p-values
converge to the true value. Specifically, with no noise we know p = 0.02 and so for very small
[ we might imagine that we reject the null of no peer effect at the 95% level (0.02 < 0.05).

However, with 8 = 0.037, we fail to reject (at the 95% level) the null of no peer effects over

15% of the time. And in the even more extreme case of 5 = 0.012, we still fail to reject the

24We scale 3, by the mean degree, rather than the number of nodes, for the following reason. In order to
drop a link, two things must occur: the link must exist in the first place, and that indicator must be equal
to 0. In order to ensure we actually f,, percent of links, we must scale by degree — because the graphs are
sparse, if we scale by n,, we drop fewer links than intended.
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null of no peer effects 4.5% of the time. This means that even though with no measurement
error we have p = 0.02, with a very small error anywhere between roughly 5% to 15% of the

time we may be unable to reject a null at the 95% level.

Rejection Level vs Bias for Exposure Coefficients
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Figure 4.5: The joint distribution of the difference in 4(L,,) and 4(Gy) (in percentage terms) and
the level at which we can reject the null that 4(L,,) = 0 for different values of k. As k increases,
Bvn decreases. In parenthesis, we include the average value of the corresponding f3,, across villages.
The red, dashed, vertical line denotes the level at which we can reject 4(Gy) = 0. The black dotted
line shows rejection at the 95 percent level.

4.9 Discussion

We have studied the lack of robustness to extremely small quantities of mismeasurement in
SIR diffusion models on networks. Such models are widely used to conceptualize epidemics,
information flow, and technology adoption, among other applications. For the bulk of the
paper we analyze what we call polynomial diffusion over these time horizons, capturing the
idea that if it were globally exponential then the diffusion would blanket the society almost

immediately. These reflect real-world contagion processes where geography, homophily,
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transport infrastructure, and community interactions shape the diffusion.

We have seen that a number of quantities of interest to policymakers, such as diffusion
forecasts, estimates of where the diffusion has occurred in the network, and the efficacy of
further data collection or widespread testing may all be problematic in the face of extremely
small measurement errors in the network. In many cases, network data collection is known
to be imperfect, but the econometrician may have knowledge of the structure of errors. In
the case where the error has a known structure, the econometrician can correct for sampling
error by integrating over the error (Chandrasekhar, 2016). However, this approach will only
work in the case of exactly correct specification of the error model; any departure could
potentially generate missing links, meaning our results become relevant. In the case where
one knew [, one could use this strategy to integrate over F,. However, given Theorem 2,
the set of possibly activated nodes in this exercise could be geographically disparate.

In fact, we have shown that even if the missed links constitute not only a vanishing share
of the overall links at a very rapid rate but also are only concentrated locally to any node
in question the problems persist. This means that the problems are not consequences of
long-range shortcuts and transitioning polynomial-like diffusion to exponential-like diffusion
as in the small worlds literature. Rather, the point is that even small infrequent errors that
are entirely localized wind up aggregating throughout the SIR process, thereby generating
all of the aforementioned problems.

Our work demonstrates the general care needed in identifying the limits of what models

can reasonably predict to inform policy. Tools must be used for exactly what they are
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developed. Aggregate concepts geared towards retrospective calculations may be good for
just that purpose— certain aggregates, e.g., Ro, may better be used as descriptive rather
than prescriptive tools.

This raises practical concerns for any normative work that builds on the scaffolding of such
models. Almost certainly the failure of robustness would propagate to welfare calculations,
which often rely on the extent of diffusion or the locations (or composition or compartments)
of diffusion, if not both (Acemoglu et al., 2021; Fajgelbaum et al., 2021b). It is possible,
though requires future work, that the susceptibility to small measurement error presents an
argument for policymakers to respond earlier and much more aggressively. Barnett et al.
(2023) make the point that in an uncertain world, policymakers may want to pursue more
aggressive containment policies to guard against worst-case scenarios. The full decision
theory exercise is beyond the scope of this paper, but it should be clear that this is the
thrust of the statistical force given the massive uncertainty we document.

This paper is specific to SIR models on graphs, but the phenomenon need not be. In fact,
the same sort of perturbation robustness failure may impact general models of treatment
effects with spillovers (e.g., Aronow and Samii (2017) and Athey et al. (2018)). The final
empirical example that we presented, using the insurance take-up data from Cai et al. (2015),
suggests this is exactly the case. An examination of perturbation robustness failure in general
models of treatment effects with spillovers is likely worth studying in its own right which we

leave to future work.
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4.10 Proofs

Proor orF LEMMA 1. We can start by partitioning L, into K disjoint “tiles”, which
generates strictly fewer activations than if the tiles were still connected. The tiling is a
counting device — instead of counting overall activations, we count the number of tiles that
are activated and then scale those values by the number of periods for which the diffusion
spreads. Each tile is composed of a subset of L,, that is disjoint from every other tile.

Let L, be L, divided into K evenly sized tiles — note that K will depend on both n and T,
along with the other model primitives. We suppress this dependence for the sake of compact
notation. Note that L, is not connected, by definition. We define Xy := Ep, (), Xt
the expected number of tiles that are activated in time step 7. We impose the following
condition in the construction of the tiling for some constant C' € [0,1): C' < ZtT;ll X/ K for
all T'. This ensures that there are inactive tiles for all 7', such that we do not have saturation
of the network by the diffusion. We can always construct a tiling where this is the case
— by subdividing L,, into balls of radius 7" and growing n sufficiently quickly relative to T'
this will be possible. This restriction on the tiling is not entirely without loss. Instead of
imposing that the diffusion does not reach the edge of L,, we need to impose a bound so
that it does not reach the edge of any of the tiles in L,, — as shown in the proof, this is
implied by Assumption 2.

For the sake of tractable computations, we construct a lower bound by only tracking

diffusion spread in each tile that is the result of the first seed in each tile. For this simplified
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computation, we can compute, for 7' > 1:

T—1
XT - /Bn(;npn X ]CT X Z XtST—t
t=0

Diffusion Jumps  Nodes in Tiles to Jump To \
Weight by past spread

t=

T-1 T-1
n
. ( iy »q) S s
t=1 0
T-1

T-1
1
_ upan (1 Ly xt) S s
t=1 t=0
T—1
~ Bn(snpnn Z XtST—t
t=0

where the approximation holds up to a constant by the construction of the tiling. We can

begin by substituting in:

T—1
XT = Bnénpnn Z Xt(T - t)q
t=0

T-1

t1=1

t1—1

t({ + Z(tl - tQ)q (ﬁnénpnn

to=1

to—1

tg + Z(tQ - t3)q(/6n5npnn X

t3=1

Note that the nested summation must be polynomial in 7', despite the multiplicative structure.
While we have combinatorial growth in the number of terms, we are only multiplying
polynomials of T together. As polynomials are closed under multiplication, the result will
be a polynomial in 7', with the lead term to be TY3,,6,np,.

To complete the proof, we verify the validity of the tiling with the given assumptions. We
verify compatibility with Assumption 2. First, note that to have links in E,,, in expectation,

we must have:

1/q
Ppo Tt <n=1T< ( n )
Pnn

Second, recall the assumption we made in the tiling: we have to be able to divide L,,, the
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base graph, into enough tiles. We can collect the relevant conditions:

T-1
K(T,n) > X > Xr_y > Budupan(T — 1),
t=0
n
n>K(T,n)ér = Tari K(T,n)

The first statement holds by construction and evaluation based on prior computations. The
second statement enforces that the total expected number of activations in all tiles must
be less than n — mechanically, this enforces that not all nodes are activated in expectation.
We can combine inequalities to get #=r > Bpdnppn(T — 1)% Given that 3, > m,
asymptotically this gives us that T < na+1. This is the stricter of the two upper bounds on
T, so it binds (and is exactly the upper bound of Assumption 2).

We can consider the resulting structure of the tile level graph, despite E,, not necessarily
being connected. This will give us a lower bound on 7', as we implicitly assume that the
tile level graph to be connected with probability one. We imposed that there are v(7T,n) =
n/K(T,n) nodes per tile. Given f,, the probability of connection between two tiles will be
1— (1= 3,0)"T™* = B,60%(T,n). We want this quantity to be at least logn/n. Re-writing

our expression for the tile link rate in terms of K yields the following expression.

2

1 1
n - ognz>5n5n> ogn

5n5nK(T, n)? n n?

K(T,n)*
We can then consider this expression when £, is as small as possible, and K (7', n) is as large

as possible, and note that this is consistent with Assumption 2 that

1 logn 1 s
pnan = n  T2q+2 = T > (pn logn)

Note that this is a (much) stricter lower bound than what is imposed by Assumption 2. Thus
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the tighter lower bound will still give the desired properties. This completes the proof. [

ProOOF Or THEOREM 2. Fix the percolation P, and recall in what follows I',, is
respected. All distances are with respect to P, NG, meaning the intersection of the realized
graph and the realized percolation. Recall that e; is the closest node to iy in P, that also
has a link in F,,. Let ey be the second closest such node.

Define r := d(ig, e2), the distance between iy and e;. Set T = k - r for some x > 0,
which determines the diffusion duration. Then let a,, = 0,(r) growing in n be a distance
and U, := B;,(a,). Note |U,|/T¢™ —, 0 by construction, meaning that U, is a sequence of
local neighborhoods vanishing relative to the diffusion. Then pick b, = r — ca,, for ¢ € (0, 1),
constant in n. Notice the lens formed, ¢(a,,, b,; ) = U, N Be,(b,) is of constant order relative
to Uy. Let J;, == {(ay,,b,;r), completing the construction of J;,. This proves the first part
of the theorem.

We can show that A, (i, jo) < ¢ < 1 for some positive fraction independent of n. For
any P, the distance between the two nodes is order b,, so the lens between them has order
bl as does the disjoint set. But this is the same order as s which we saw as the volume of
the activations emanating from alter €},. So the result follows as this holds for any P that
respects I',,.

We can then prove the final part of the Theorem. Every j, € J;, reaches e; with at least
sp = cb, — 1 more steps. At that point, at least s¢ activations occur about alter e} of es.
We can think of a new diffusion starting at e, for at least s,, periods. The region around the

alter of e, will be the first region seeded, and there will be potentially more in expectation,
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depending on the parameters. By Lemma 1, the number of regions activated in expectation
will be at least: n3,0,p,si. Recall that this result relies on choosing a tiling with K regions
— we take the regions to be the catchment areas themselves. Note that K is growing in n.

Then, it follows that:
P(Xsn - nﬁnénpnsgl > 6) < exp (—%) -0

Via an application of Hoeffding’s inequality to the set of indicators for if a catchment region

has been activated. This completes the proof. [J

PrOOF OF THEOREM 3. We can first note that the numerator is exactly }A/T(Ln) =&r
and can be bounded from above using Assumption 1. Then, we can construct a tiling and
apply Lemma 1.

Formally:

~

J=1

j=1
The lower bound comes from ignoring the spread between tiles — instead, we only allow for
inter-tile spread through FE,. We will lower bound the expression further by only counting
the first activation in each tile.

Note that Lemma 1 provides a lower bound for the number of tiles seeded in each period
(only tracking first activations), but we want the number of nodes ever activated. This will
be Zfzo XsEr_s, where we weight the spread in each period £r_, by the number of tiles

seeded for the first time in that period. We must weigh the number of tiles by the volume
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of (expected) spread given the initial activation time. Therefore we have the following:

T—1
Yr(Gn) = T9 4+ X, (T — 5)0™!
s=0

T—1
> T 4 Bupn Y (T — )7
s=0
1

g+1
> T 4

BupanT?H

where the second bound comes from taking only the term corresponding to % from the sum,

which will be the largest individual term.?®

Now we can consider our object of interest using these bounds:

Yr(Ly) _ Tt 1

YT(GH) = Tt 4 T20H13 5, pn /420t 1+ T983,6,p,n /421

Then, by Assumption 3, this quantity will go to 0 asn — cc and T'— oco. [

PROOF OF PROPOSITION 6. For (1), We note as m,, = o(y/n) and 3, € ( : 1),

pnnT9? n

then B,m, = o (\%), B,m? = o(1). Then we have that

P (No links amongst (2") found) =(1-— Bn)(wgn) ~1-0, (”;n)

2 _
=1 _an =1 _0(1) +O(n_1/2) N 17

where we use the binomial approximation. Note that this will tend to 1 even in the most
adversarial case, where 3, is as large as possible (m,, = o(y/n)).
For (2), it suffices to show that a necessary condition for the law of large numbers fails.

Let ef; denote a potential edge in E), and zj; = e/, which is a normalized version. Then

25We assume for the sake of more compact notation that T is even — if odd, simply take the floor of 7/2
and the order of magnitude and thus the proof is preserved.
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we can calculate, for s;; a dummy for the pair being sampled,

2 A 2 oy 2(1-p
(= 1) ]le] = B, D) = s

For the law of large numbers to apply we need the variance to go to zero and therefore

we need m2 3, to diverge, and this fails under the hypothesized condition. [

ProOOF OF THEOREM 4. We assume the policymaker observes an activated agent with
a known probability «,. The total number of activations can be accurately estimated by
dividing the observed total count by «,. Say that a region has z activations: then the
probability of at least one activation being detected will be 1 — (1 — a,)* = «,x. Because
this expression is approximately linear, the probability of detecting at least one activation
in period t will be ©(a,t9™) via Assumption 1. We then want to scale by the number of
regions activated in each period. This is exactly analogous to Lemma 1. Here, we take the
tiles used in the proof to be the regions themselves. Recall that at time 7" there will be at

least (,,0,np,T? regions activated in expectation — lower bounding K;.. So we have that

~

ﬁ < anﬁn&nnpnT2q+1 o o (T?)
Ky = Budunp,T1 " Bubymp, T

<, T < 1.

as n — oo, which completes the proof. [

PrROOF OF THEOREM 5. We can begin with a similar computation to the polynomial
case, though the exponential nature of £ makes exact computations possible. We begin with
the analogue of Lemma 1, again working with a tiling of L,. Again assuming that K (7,

the number of tiles, grows sufficiently quickly we can compute:

T-1 T-1
XT 2 ﬁnpnn Z XtST—t = ﬁn&zpnn Z thT_t = ﬂnpn(snn(l _I_ ﬁndnpnn)T_qu
t=0 t=0
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Then, we can compute:

Yr(Ln) _ q" B 1
Yr(Gn) = g7+ 050 Babupan(l+ Bupun)*1qTqT—s 1 4 Lfadunen ol

This quantity then goes to zero by Assumption 6.
We can then verify the validity of the tiling. We begin with our conditions on the tiling

and that not all nodes are activated in expectation.

T-1
n
K(T,n) > 3" X > Xy = Bubupan(1 + Budupan)” 2", and e K(T,n)

t=0

in an identical fashion to the proof of Theorem 3. We can chain inequalities to get:
n o T_
> Pudupun(1+ Bubupnn)’2q"

log(n) > log(5,0,pan) + (T — 2)log(1 + 5,0,pan) + (2T — 1) log(q)
By Assumption 6, we have that §,d,p,n > ¢ > 0 so the bound reduces to T' = O(logn).
This restriction is exactly the first part of Assumption 5. For the second part of the bound,
we repeat the same computation from the proof of Theorem 3, ensuring that the tile level

graph is connected almost surely. We know that the following must hold:

1 1 1 1
Bndp > OggnK(T,n)2 —_ — > ogn? = ¢*" > p,logn

logp, loglogn
2logq  2log(q)

2T log(q) > log(p,) + loglog(n) = T >
So the key condition is T = 2(loglog(n)), which is exactly the second condition on 7" from

Assumption 5. Note that we use Assumption 4 so that this bound is well-defined. This

completes the proof of the Theorem. [

PROOF OF PROPOSITION 7. Recall that under Assumption 4, and L, being divided
into K (T, N) independent tiles, we can compute the expected number of regions activated at
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time 7T via a recursion in the same way as before: Xp = B,p.n(1 + B.p.n)T ¢*. Note that
because we assume L, is divided into tiles, the computation is exact rather than a lower
bound. Note that tracking secondary activations preserves the same order of magnitude.

Then, by the same computation as before we have:

}:/T(Ln) > (1 + (1 + ﬁn(snnpn)T _ 1)_1
YT<Gn) - 1+ /Bnn5npn

which goes to 1 as 3, = O (ﬁ) Verification of the tiling strategy proceeds in much the

same way as in the proof of Theorem 5, which completes the proof. [J
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Chapter 5

Summary and Conclusion

In this work, we use graphs to study relations from two perspectives. First, locational
relations between the data points encode information about the underlying geometric structure
of the data, and graphs as geometric objects can help characterize such data structures.
For this line of work, we propose the skeleton framework that constructs a representational
weighted graph, referred to as the skeleton, to encode the geometric structures in the data and
utilize the learned graph to assist the downstream analysis such as clustering and regression.
For the skeleton clustering, we make connections to density-based clustering literature and
prototype approaches and adopt these methods to data regimes with large dimensionality
and complex structures. A key construct in the skeleton clustering framework is the surrogate
density measure and in particular the Voronoi density is derived from the geometric intuition
of the in-between region and has simple and fast estimation. For the skeleton regression work,
we combine the skeleton graph with the nonparametric regression approaches and manifold

learning techniques and discussed how these methods can be applied to a general metric
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space.

One main topic for future work along the skeleton framework is to provide better theoretical
characterizations of the skeleton construction. This involves analyzing the locations of the
knot and the locations of the edges relative to the underlying manifold accounting for the
randomness in the construction process. In the current theoretical analysis, we assume that
the knots and edges are fixed to simplify the problem, but in practice, knots are computed
from the sample data with inherent uncertainty. For clustering, the locations of knots directly
impact the Voronoi cells, which changes the value of the similarity measures and consequently
the cluster label assignments. In particular, observations on the boundary of clusters will be
more sensitive to any perturbations in the locations of knots. For regression, the proposed
skeleton-based models are defined on the knots and edges, and hence variations in the
skeleton fundamentally change the regression models. Moreover, better characterization of
the skeleton is needed to quantify the projection error between the true regression function
and the skeleton-projected regression.

To start with, there are two major technical challenges when dealing with random knots.
First, the randomness of knots may be correlated with the randomness of estimated edge
weight, so the calculation of rates is much more complicated. Second, while there are
established theories for k-means algorithm (Graf and Luschgy, 2000, 2002; Hartigan and
Wong, 1979), these results only apply to the global minimum of the objective function. In
reality, we are unlikely to obtain the global minimum, but instead, our inference is based on

a local minimum. It is unclear how to properly derive a theoretical statement based on local
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minima. For the next step of the skeleton construction, the edges are connected according
to the approximate Delaunnay Triangulation using the Voronoi density. While we study the
convergence of the Voronoi density to its theoretical true quantity, some results on how such
convergence affects the edge construction can be further developed.

With the skeleton constructed and fixed, we project the covariates onto the skeleton for
regression purposes as described in Section 3.2.3, which inevitably introduces the projection
error between the true regression function m(x) = E(Y|X = @) and the skeleton-projected
regression function. Bounding this projection error requires more than understanding the
skeleton, but also a precise characterization of the underlying manifolds and the data distribution
around them and further the relative location of the skeleton with respect to the local
manifold structure. Therefore, although we have results on the simple examples in Appendix
L, bounding the projection error under some general conditions requires careful formulation
with high complexity.

Despite the challenges of rigorously analyzing the skeleton construction process, we
still see possibilities to further develop the skeleton framework, particularly the potential
to generalize skeleton graphs to a simplicial complex. From a geometric perspective, the
skeleton graph constructed in this work only focuses on 0-simplices (points) and 1-simplices
(line segments). Additional geometric information can be encoded using higher-dimensional
simplices, which offer a finer approximation to the covariate distribution but entail a higher
computational cost and a more complex model. Recent research in deep learning has explored

the use of simplicial complices for tasks such as clustering and segmentation, and some
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intuitions can potentially be relevant.

On network graphs, we have studied the lack of robustness to vanishingly small quantities
of local mismeasurement in SIR diffusion models, which are widely used to conceptualize
epidemics, information flow, and technology adoption, among other applications. We have
seen that a number of quantities of interest to policymakers, such as diffusion forecasts,
estimates of where the diffusion has occurred in the network, and the efficacy of further
data collection or widespread testing may all be problematic in the face of extremely small
measurement errors in the network. Our work demonstrates that network diffusion models
can be limited and tools should be used for exactly what they are developed to inform policy.
Particularly, aggregate concepts geared towards retrospective calculations may be good for
just that purpose- certain aggregates, e.g., Ry, may better be used as descriptive rather
than prescriptive tools.

However, although our work raises practical concerns for network diffusion estimates
along with the consequent policy implications and further discusses the limitation of some
potential solutions, there is no need to be nihilistic. The problematic scenarios we discussed
in this work all happen in a medium-time regime where the estimates are off after running
one fixed model for a sufficient amount of time. This presents an argument for policymakers
to respond to a network diffusion earlier and more aggressively without relying on medium
to long-run estimations. In an uncertain world, policymakers may want to pursue more
aggressive containment policies to guard against worst-case scenarios on network dynamics.

This is the thrust of the statistical force given the massive uncertainty we document and the
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full decision theory exercise can be interesting to pursue in the future.

For this work, we study the robustness of SIR models from the aspect of missing links
on a polynomial expansion network. This paper is specific to SIR models on graphs, but
the phenomenon need not be. In fact, the same sort of perturbation robustness failure
may impact general models of treatment effects with spillovers (e.g., Aronow and Samii
(2017) and Athey et al. (2018)). Other diffusion models on the network with other types of
network mismeasurements like fictitious edges can be studied. Particularly, the examination
of perturbation robustness failure in causal graphical models can be interesting in its own
right. Future research can also formulate the network structure in different ways, particularly
how the geometric properties of the network can affect the robustness of particular diffusion
models on it. Overall, robustness analysis from diverse perspectives can help understand the

limitations of models in different scenarios and hence better inform policymaking.

145



Appendix A

Appendix

Chapter 2 Appendices

A Computational Complexity

Knots construction. The first step of skeleton clustering is choosing knots, and in
this work, we take overfitting k-means as the default method. The k-means algorithm of
Hartigan and Wong (Hartigan and Wong, 1979) has time complexity O(ndkI), where n is
the number of points, d is the dimension of the data, k£ is the number of clusters for k-means,
and [ is the number of iterations needed for convergence. When using overfitting k-means to
choose knots, the reference rule is k = \/n, and hence the complexity is O(n3/2dI). This is a
time-consuming step of our clustering framework, and the complexity increases linearly with
d. Therefore, preprocessing the data with dimension reduction techniques or using subject

knowledge to choose knots can be helpful to speed up this process.
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Edges construction. For the edge construction step, we approximate the Delaunay
Triangulation with DT (C) by looking at the 2-NN neighborhoods (the Voronoi Density
regions in 2.3.1 ). Hence the main computational task for our edge construction step is the
2-nearest knot search. We used the k-d tree algorithm for this purpose, which gives the
worst-case complexity of O(ndk®~1/?), while a brute-force search line search gives a decent
complexity of O(ndk). Notably, the computation complexity at this step is at the worst
linear in d, which is a much better rate than computing the exact Delaunay Triangulation
(exponential dependence on d), and our empirical studies have illustrated the effectiveness
of such approximation.

Edge weight construction: VD. Next, we consider the computation complexity of the
different edge weight measurements. For the VD, its numerator can be computed directly
from the 2-NN search when constructing the edges and hence no additional computation is
needed. The denominators are pairwise distances between knots and can be computed with
the worst-case complexity of O(dk?) because the number of nonzero edges is less than @
With k& = y/n, we have the total time complexity of computing the VD to be O(nd).

Edge weight construction: FD. For the Face density, we calculate the projected KDE
at the middle point for each pair of neighboring Voronoi cells. The projection of one data
point onto one central line can be done by matrix multiplication with complexity O(d). Recall
that we only use data points in local Voronoi cells for FD calculation, and the local sample

size would be at n,. = O(y/n) under the conditions in Section 2.4 and the reference rule

k = [\/n]. Together it takes O(d+/n) to calculate the projected data for one edge. With the
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projected data, KDE calculation has a time complexity O(clog ¢) where ¢ = max;_{n;+mn,}
for any pair of knot indexes j, ¢. Again we have ¢ = O(n/k) = O(y/n) under the previously
mentioned conditions. We need to do KDE for each edge in the skeleton, which gives the
overall time complexity of FD weights to O(k?d+/n + k*clogc) = O(n®/2d + n*?logn).

Edge weight construction: TD. For Tube density, we similarly perform a projected
KDE for each edge. Let n be the maximum number of points in a tube region n =
max; ¢ [{X; @ [[ILe(X:) — Xi|| < R}|, the data projection again takes O(nd) complexity.
Suppose the minimum density is obtained by a grid search with m grid points, the KDE
step takes a total of O(mnlogn) for one edge. To compute the whole edge weights matrix
with k = y/n, we have the complexity to be O(nnd+nmnlogn). Under conditions where the
tube regions for TD estimations are also of size n = O(n/k) = O(Vk), we have the overall
complexity for VD weights calculation to be O(k%dv/n + k*clog c) = O(n*2d +mn?/?logn),
which is larger than that for FD due to the grid search for minimum density.

Knots segmentation. In this work, we segment the learned weighted skeleton using
hierarchical clustering. With links that can be updated by Lance-Williams update (Lance
and Williams, 1967) and satisfy the reducibility condition (Gordon, 1987), hierarchical
clustering can be carried out with computation complexity O(N?), where N is the number
of points to start the algorithm with (Murtagh, 1983). For our empirical results, we favored
single linkage and average linkage, and both satisfy the requirements for an efficient hierarchical
clustering algorithm. We perform hierarchical clustering on the k = y/n knots, and hence

the computation complexity for segmenting the skeleton structure is O(k?) = O(n).
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B Theory for Face Density

Here we derive the convergence rate of the Face Density estimator. Recall that g is
the Lebesgue measure on the d-dimensional Euclidean space and Fj, = C, N C; is the face
region between knots c;,c,. Let 0F};; be the boundary of Fj,. We consider the following
assumptions:

(D1) (Density conditions) The PDF p has compact support X', is bounded away from zero
that inf,ex p(€) > Pmin > 0, sup,cr P(2) < Pmax < 00, and is Lipschitz continuous.

(B2) (Bounded face region) There exist constants cg, ¢; such that the face area

Co . C1
< min 1 (Fip) < max ug_1(Fsp) <
o S n s (Fe) < max paa(Fie) < S5

(B3) (Boundary of face bounded) There exists a constant ¢, such that

C2
—2(0Fy) <
S OB) < oy

(B4) (Intersecting angle condition) There is an angle 6y < m such that, for every pair of
intersecting face regions F;; and Fj,, the maximal principle angle between the two
subspaces 0;; ;, satisfies 0;; ;0 < 0

(K1) (Kernel function conditions) The kernel function K is a positive and symmetric function
satisfying [ K?(z)dx < oo, [ |z|K(z)dz < oo, [2?K(z)dr < occ.

Assumption (D1) is commonly assumed for the density estimation problem, but usually
with higher-order smoothness conditions. Notably, for consistency of the FD estimator we
require only the Lipschitz condition since the bias of the sample estimator will be dominated
by a geometric difference even if we have a higher-order smoothness (see the discussion after

Theorem 8 and Appendix D for more detail). Condition (B2) restricts the shared boundary
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of two Voronoi cells to scale at the rate of O(k’l_é). While this condition may seem abstract,
it is a mild condition. To illustrate this, suppose we have & = m? points that are on a
uniform grid of [0, 1]¢ for some integer m. We form the Voronoi cells of these grid points.
The (d— 1)-dimensional volume of the shared boundary of two neighboring Voronoi cells will
scale at rate O(k'~4) as k — oo. (B3) requires the boundaries of the face regions to scale
at most at a rate of O(k’l_%), and (B4) requires that we cannot have two nearby faces to be
parallel to each other. Assumptions (B3) and (B4) are needed when bounding the geometric
difference between the estimator and the population quantity and are both mild conditions:
When the knots form a spherical packing of a smooth region, these conditions hold. Notably,
(D1) and (B2) imply (B1), and hence the consistency of FD requires more conditions than
the consistency of VD. The condition (K1) is a common assumption on the kernel function
(Wasserman, 2006a; Scott, 2015) satisfied by many common kernel functions, including the

Gaussian kernel.

Theorem 8 (Face Density). Assume (D1), (K1), and (B2-B4). With h — 0, & — oo,

hiMd 0, kf_hl — 00, then for any pair j # ¢, we have
d
Shp k'
sjéD — 1| = O(hk*?) +Op( nhd) (A.0.1)
J

Theorem 8 shows the convergence rate of estimating the FD. Roughly speaking, the rate

is similar to a 1-dimensional density estimation problem. With d — oo, we have the rate

nloch

to be O(h) + Op( %) = O(h) + Op( #>, where n;,. = O(%) is the local effective

sample size. Therefore, the effect of the ambient dimension is negligible when d is large, and
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this is because we are estimating a ‘projected’ density on the central line, which reduces to
a 1-dimensional problem.

Noticeably, the bias term in Theorem 8 is of the order O(h). While this rate is optimal
under the Lipschitz smoothness (D1) for density estimation problem, it is slower than the
conventional rate O(h?) when we have a bounded second-order derivative of p. One may
be wondering if higher-order smoothness of p is assumed, can we improve the convergence
rate? Unfortunately, even if p is very smooth, the bias rate will still stay the same at O(h).
This is because there are two sources of bias. The first one is the usual bias from kernel
smoothing, which can be improved to higher order if we have high-order derivatives of p. The
other source of bias comes from the different geometric shapes of the Voronoi cells C; and
Cy (for illustration see Figure A.1 in Appendix D). Consider the characterization of central
line as ¢; + t(c, — ¢;) for t € [0,1], and the boundary will occur at t = 3. Regions projected
onto the central line will be different depending on the value of t. Specifically, when ¢ > %,
the projected region is from C, whereas when ¢ < %, the projected region is from C;, and
those projected regions can have shapes different from the face region. This difference leads
to an additional geometric bias of the order O(h) and cannot be improved by higher-order
smoothness of p. In a sense, this bias O(h) is similar to the boundary bias in that the
density function is continuous but not differentiable. However, since the non-differentiability
is caused by the geometric difference in two nearby Voronoi cells, it is unclear if we can use

the conventional boundary-correction kernels (Jones, 1993) to correct this bias.

1/3
From Theorem 8, one can see that the optimal bandwidth scales at rate h < (kl;j/d> )
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2 = /n is the average number of

Recall that our reference rule sets k = y/n so that nj,, = .

observations per each knot. When d large, % is negligible. Thus, the optimal bandwidth is

1/3 . -1/3
- "loc

: . ~1/5
. While our empirical rule nloc/

given by h = (%) is not optimal in this case, it
still gives a consistent estimator and our empirical analysis shows that such choice leads to
reliable clustering results; see Appendix F.

One may notice that a small £ in Theorem 8 leads to a better convergence rate, which
suggests to use a small k. While this is true from the perspective of estimation, overall a small
k may lead to a poor representation of the data and result in a bad clustering performance.
Empirical results show that we need a sufficiently large number of knots to represent the
data in order for the skeleton clustering to perform appropriately. Therefore, our reference
rule with & = /n is a suitable balance between the trade-off between representation and

estimation. We include an empirical analysis of the effect of k£ on clustering performance in

Appendix F.

C Theory for Tube Density

In this section we derive the convergence rate of the Tube Density estimator. We consider
the following assumptions, which are slightly stronger than the corresponding ones in the
case of the FD:

(D2) (Density conditions) The PDF p has a compact support and is 3-Hélder and inf ¢y p(x) >

fmin > 0.

(D3) (Disk Density conditions) For any pair ¢;, ¢, the minimum disk density location t* =
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argmin, (o 11pDisk;, z(t) € (0,1) is unique and the second derivative of the disk density
pDisk'? 1 (£*) > Cunin > 0.

(K2) (Kernel function conditions) The kernel function K is a positive and symmetric function
satisfying [ 22K @ (z)dz < oo, [(K®(z))?dz < oo, for all a = 0,1,2, where K
denotes the a-th order derivative of K.

(D2) is a stronger version of (D1) that we require an additional smoothness condition of p.

We need the 3-Holder class (slightly weaker than the requirement of third-order derivatives)

to obtain the rate of estimating the minimum (Chacén et al., 2011; Chen et al., 2016). Also,

a stronger condition (K2) on the kernel function is needed to ensure the gradient estimation

is consistent. Fortunately, common kernel functions such as the Gaussian kernel satisfy these

conditions.

Theorem 9 (Tube Density Consistency). Assume (D2), (D3), and (K2). Let h — 0, k — oo,
R — 0, nh* = co,nhR*™™" — co. Suppose that for every pair ¢;, ¢;, infyepo 1) pDisk;, p(t) and
infycp0,1) [)I/Da<jw(t) do not occur at the boundary ¢t = 0,1. Then for any pair j # ¢ that

shares an edge, we have

pDisk;, r(t) = O(RY™), (A.0.2)

STP [ 1 1

SJ? — ‘ = O(h?) + Op< W) + O, (W) (A.0.3)
J

Theorem 9 shows that the TD estimator converges to the population TD with a rate

consisting of three components. We allow R — 0 as n — oo but this result also applies to

scenarios where R is fixed. The first component O(h?) is the usual smoothing bias. The
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second component O, (. / ﬁ) is similar to the stochastic variation part from usual KDE
but with an additional dependence on R4~!. This is due to the fact that, when R — 0,

we are using fewer and fewer observations to perform smoothing, and nR ! serves as the

1
nh3

effective sample size. The third component Op( ) is due to the error of estimating the
location of the minimum. It is a squared term because the density behaves like a quadratic
function around its minimum due to (D3).

While the convergence rate of TD requires stronger conditions (D2) and (K2) compared
to the conditions (D1) and (K1) when estimating the FD, the TD estimator has a smaller bias
than the FD estimator (comparing Theorem 8 and 9). This is because the TD is evaluated

on a “regular shape”, which leads to a smoother quantity being estimated.

For the stochastic variation part, the second term in Theorem 9 gives Op(,/ W)

1
k'~d
nh

while the second term in Theorem 8 gives Op( ) Note that empirically we choose R

to be the average of the root mean squared distances of each Voronoi cell (Section 2.3.3),

1
Rd—1

which is of order O(k~Y/?) with cell sizes to have the same rates. Hence k'~*/¢ and are

at the same rate and the stochastic variation part is comparable for TD and FD estimators.
However, for TD we have another source of variation coming from the uncertainty of the

location of minimum, which can cause TD to have larger variation than the FD estimator.

1

T < k=14 which implies

Based on the above reasoning, our choice of R leads to

the rate O(h?) + O, ( kln;/d) + O, (35)- Under our reference rule k = \/n the optimal

bandwidth is A = n~150+2). Recall that the local sample size is about ny,. = n/k = y/n and

~H+h
loc

hence the optimal bandwidth is h < n ), When d — o0, this leads to h < nl_oi/5, which
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is the same rate on sample size as given by Silverman’s rule of thumb.

Remark 12. Similar uniform bounds of the Face and Tube density can be derived with an extra
log k factor in the rates through the concentration bound for kernel density estimator (Giné and
Guillou, 2002). Also, similar concentration bounds on the Adjusted Rand Indexes can be achieved

for partition based on the Face and Tube density.

D Proofs

Voronoi Density Consistency

We restate the assumption:

(B1) There exists a constant ¢ such that the minimal knot size ming; g P(Aj) > € and

ming e ||c; — ¢f| > %9, where Ay, is the 2-NN region of knots ¢;, ¢, as defined in

k

Equation 2.3.1.

PROOF OF THEOREM 1.
For given knots ¢;, ¢y, the distance ||c; — ¢/|| is also given. We denote the numerator of
SyP as
pie =P(A;) = EI(X,; : d(X;, c) > max{d(X;, ¢;), d(X;, co),Ym # j,1})
and note that the numerator of S},” is
Po(Ay) = %i (X, 2 d(Xs, em) > maz{d(Xs, c;), d(Xs, c0), Ym # 5, 1}),
i=1

which is a sum of binary variables and has variance o3, = 1@. By the Chebyshev’s
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inequality,

n

Pl = 0yt = 0, (|20 )

Note that the region A, is changing with respect to k. The ratio is then

S5 1= Po(Aye) —1|= LO qpﬂ(l —Pje)}m)
ST P(Aje) pje " n

(1= pye) 1/2 (1 = co/F) 1/2 1\ M2
=0, |—— =0, |—— =0, | -
np;je nco/k n
by assumption (B1) that ming;nepP(A4j) > %, which completes the proof for Equation
2.4.1.

To get the uniform bound, we first start with the concentration bound. Note that (I (X; €

Ajp) —pjg) has zero mean and |I(X; € Aj) — pje| < 1. Hence by Bernstein’s inequalities, we

"

have

PN<AJ'€)
Dje

-1

>5}:IP’{

IP’{ > &?pjg}

= 2P {Z (I(Xi € Aje) — pje) > nepjg}
=1
1.2,2,2
<2expq ——, 2 By 2 1
Zi:l E [(I<Xi € Aﬂ) - pﬂ) ] + 3EP;N
1.2,2 2
=2expq — 2¢ Djelt
1
npje(1 — pje) + 3epjen

12,2
5€ Yl
=2expy — 2= Byt -
pje(l = pje) + 5€pje

Note that plugging in the p;, = Q (%) rate to above concentration bound we can recover the

Bo(Aje) = pje| > gpjé}

1 n
- D (X € A) = pie
=1
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O, (\/%) rate in Equation 2.4.1. Then by union bound, we have
P {(ﬂ?gfs |Sjg/5je — 1| > 6} < P{H}%X|Sj4/5je — 1| > 6}
< ZP{|3je/5je - 1> 5}

j7£

< Mmaxﬂ”{ >€}
2 30

1.2 2
SE° DM
< k(k—1)maxqexp | — 2= Bje :
It pie(1 —pje) + 3Epje

%€2pminn >

pn(Ajf)
Dje

-1

< k(k — 1) exp (-

where pp,i, = minj, pje. Therefore we can derive the uniform error bound that

A%D \/E
J — — —
n}%x Sj‘-izD 1| =0, - logk ],

when n — oo,k — oo, # — oo.

O

PROOF. of Theorem 2 (Performance guarantee for Voronoi density) We note that, assuming

(P1),
P {ARI(C*, L) < 1} < P {there exists at least one wrongly cut edge}
=P 5., /S, — 1
{é%ie}fs |Sje/ Sje | > 5}
)
<k(k—1)exp | ——2"""
O

by the uniform bound derived above.
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Face Density Consistency

Let p(z) be the density function of the data distribution, let 14 be the Lebesgue measure
on the d-dimensional Euclidean space, let Fj, = C, ﬂ@j denote the face between knots c¢;, ¢y,
and let 0F), be the boundary of Fj,. We consider the following assumptions: Again, we
recall the assumptions:

(D1) (Density conditions) The PDF p has compact support X', is bounded away from zero
that inf,ex p(€) > Pmin > 0, sup,cr P(2) < Pmax < 00, and is Lipschitz continuous.

(B2) There exist constants ¢, ¢; such that the face area

Co C1

< min 1 (Fip) < max ug_1(Fsp) <
klﬁ > W)GE/M 1( ]Z) > (M)GE/M 1( ge) = klﬁ

(B3) There exists a constant ¢, such that max; necp pa—2(0F)) < kff%,
(B4) There is an angle 6, < 7 such that, for every pair of intersecting face regions F;; and
F}j, the maximal principle angle between the two subspaces 0;; ;¢ satisfies 8;; ;o < 0

(K1) (Kernel function conditions) The kernel function K is a positive and symmetric function

satisfying [ K?(z)dx < oo, [ |z|K(z)dx < oo, [2?K(z)dr < oco.

PROOF OF THEOREM 8.

Our analysis starts with the usual bias-variance decomposition that

SEP —SEP = 8P E(SLP) +E(SEY) - 5.

TV TV
stochastic variation bias

We analyze the two terms separately. Before we start our proof, we first recall some useful
notations.

Recall that the face region between two knots c¢;, ¢, is Fj = @j NC, and ¢, = ¢+ %(Cg —
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¢;) = 3(ce+¢j) and Ljy = {¢; — a(ce — ¢;) : a € [0, 1]} is the central line passing through c;
and ¢, and for a value a € [0,1]. The face Fj, = {x € @j ucC; : I (z) = c*}, where I,
denotes the projection onto L;,. The quantity ps(dr) denotes the integration with respect
to s-dimensional volume. We now reparametrize any point in L, using a unit distance ¢.

Let Tjoy = {o € X : () = ¢, + t-—2=1} be the subspace orthogonal to LLj, at the point

llee—e;ll

cp—C;j

— t is 1-dimensional distance to c, along the line passing through c¢; and ¢,. Let

Qo) = / (@) (da)
((CjU(Cg)ﬂTjg,t

With these quantities, S5” = ¢;(0) and that g;(t) is a 1-dimensional quantity. Our

Gt g,

estimator is

A 1 Lo (X;) — c. — =

i=1

Bias: We study the bias part first. A direct computation shows that

. 1 < IL(X;) — c. =
=1
= %/ K(W) I(z € C; UCy)p(z)pa(dz) (A.0.5)
reX
() () UCR =)
= K . P _(dy) )d| ¢; + t——-T—
W, h oty P ) Jd e b
(A.0.6)

co—Cj

%/R (H |Cghc]||) J()dt (A.0.7)
— %AK(%)qjg(t)dt (A.0.8)

- [ Ktwarayin (4.09)

cp—Cj
llee=¢;ll

where for the third equality, we split the integration with respect to ¢; + t—2- € Lj,
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and the integration with respect to the subspace orthogonal to L;, at ¢; + t% This is
possible because all the points in T},; have the same projection onto L,,. For the fourth
equality, we used the symmetry of the kernel function. the property of the kernel function
that K () = K(||z||). For the last equality, we used the change of variable that u = + and
got the simplified form.

The expansion of

w)= [ ()

is more involved when ¢t ~ 0. Let

Wie(t) = (C; UCy) N Ty,
(
CjNTyy, t<O0,

=VYCeNTjy, t>0,

(@j U@g) N Tjg,() = Fjg, t=20

\

be the region that leads to ¢;,(t). For a face Fj, and a real number ¢ € R, we denote

Fﬂ@t:{ﬁtﬂ:xepﬂ}.
|lee — ¢l

By the above notation, we can decompose
Wie(t) = [Fje ® 1] U A (1),
where A;,(t) is the additional region when moving away from ¢ = 0; see Figure A.1 for an

example.

Thus, the difference

p()a s (dy) — / p(y)1tas (dy)

W;e(0)

() = 0) = [
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—

L A;,(0)

Figure A.1: Decomposition of Wj,(t). The dark red segment is Fj, & t, which has the same shape
as Fj;. The green segments consist of A;,(t), the part leading to geometric bias.

Figure A.2: Decomposition of Wj,(t). The red regions are Fj, and the projected Fj, & t, while the
blue band region denotes Aj;,(¢). All the a angles such as ZFAH and all the 3 angles such as
ZHAD are bounded by 6y from assumption (B4).

- /F ﬂ@hup(y)ud_l(dy) - /F j p(y)ﬂd—l(dyi‘i‘ /A ﬂ(hu)p(y)ﬂd_l(dy)J.

() (In)

(I) is the usual bias caused by the change in density. Note that the Lipchitz condition in
(D1) implies that there is a constant C,, such that |p(x1) — p(x2)| < Cylz1 — 22|. Since every
point can be matched nicely between Fj, @ hu and Fj,, it can be bounded by

()] < pra—1(Fje) Cohlul.
(IT) is the bias due to the change of volume, so we call it a geometric bias. With an upper

bound of the density, (II) can be bounded by (I1) < pg—1(Aj(hw)) - Pmag- Thus, we only
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need to bound the volume pq_1 (A, s(hu)).

A;(t) is illustrated by the blue region in Figure A.2. The width of the band region like
FH will all be bounded by ttan(fy) = O(t), and as t — 0 the surface area (circumference)
will be bounded by O (pq—2(9Fj)).

Thus, the volume of the blue region z14-1(A;(t)) < O(pa—2(9Fj)t), which leads to the

bound
(IT) < O(hlu| - pa—2(0Fj0)) - Pmaa-
Putting altogether, we have
|gje(hut) = q;0(0)| < pta—1(Fye) Cyhlu| + prazhlul - O (pa—2(0Fje) tan(6y)) (A.0.10)
This, together with equation (A.0.9), implies that

m@ﬂ—@@w:Amemw—wmm

—SED
< [ Kwla(hn) - g,(0)du
R
< h{/ |u|K(u)du} X {pd_l(Fﬂ)C’g +pma$0</ld—2(3Fjg))}
R
(B2-3) 1 1
=0 (1 ] ) <o (- [ )
As a result,
. h h
D D
Moreover, note that
1-2/d 1
h b 0 (A.0.12)

pd X T T pyd

since k — oco. Therefore the bias given by the geometric difference (IT) dominates the bias
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given by the change in density (I). Even if we assume a higher-order derivative, the bias in
(IT) will still dominate the component in (I).

Therefore, the overall bias can be expressed as reduces to

X h
[E[S}"] = 85" =O(—k1_z/d> (A.0.13)

Stochastic variation: For the stochastic variation part, we have

Var(SEP) Var(nlhi[(<w)[()(¢ e@u@)

< #E [K%W)H& e U@E)]

1
< — | Ku )<q]e(0) + 11 (Fje)Cy +pmathUIud-z(5Fje)tan(Qo))du

h h
/K2 (W +0<k1 w) +o(k1 2/d>)du
(A.0.14)

by the same decomposition in (A.0.9) and the bound in (A.0.10) and the assumptions (K1).

| /\

Note that similar to(A.0.12), the second term in (A.0.14) is at a slower rate than the third

term, so we can simplify it as

Var(35°) = 0 (%:L(}?)) +0 (ﬁ) . (A.0.15)

Combining (A.0.11) and (A.0.14), we conclude that for Vj, ¢,

. _h q5¢(0 /1

Note that the volume of face region Fj, decreases when k increases. By assumption (D1)

and (B2), we have

__ oFD . o Co
2j¢(0) = Sii" > Prin pin, pa—1(Fje) = Prin” T (A.0.17)

d

For the theorem, we again take the ratio between the estimated and the true face density
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to accommodate the fact that the true face density decreases with the number of knots, and

we have that This implies that

gjiD 1/d Kl k
— 1| = 2 A0.1
5tP O(hk )+Op( vy )+Op( n) (A.0.18)

When hkY¢ — 0,

K- n 1
- = — A.0.1
— Xk hkl/d—>oo, (A.0.19)

so the second term dominates the third term in (A.0.18) and the rate reduces to
gD

-1
S5

-3
= O(hk'?) + O,,( knh ) (A.0.20)

which completes the proof.

O

Tube Density Consistency

We consider the following assumptions, which are slightly stronger than those in the case of

the FD:

(D2) (Density conditions) The PDF p has compact support, is in the 3-Holder class, and
infoex p(x) > fuin > 0.

(D3) (Disk Density conditions) For any pair ¢;, ¢;, the minimum disk density location t* =
argmin, (o 11pDisk;, z(t) € (0, 1) is unique and satisfies pDiskﬁ?R(t*) > Coin > 0.

(K2) (Kernel function conditions) The kernel function K is a positive and symmetric function
satisfying [ 22K @ (z)dz < oo, [(K®(z))?dz < oo, for all @ = 0,1,2, where K@

denotes the a-th order derivative of K.

PrRoOOF OF THEOREM 9.
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Let t* = argmin,pDisk;, z(t) and tr = argmintpDAiskje,R(t). Then the tube densities

i’ = Inf pDisk;q r(t) = pDiskj¢ ("),

STP = inf pDisk , p(t) = pDisk,, z(i*).

g t€[0,1]
Since the ratio difference
oTD
1= ks (577 - 57)
Sjil;D Sj?; J J

we will focus on the difference SﬂD — SﬂD .

The difference admits the following decomposition:
S'ﬂD - SﬁD = pDAiskjé,R(f*) — pDiskj&R(t*)

= pDisk;, 5 (£*) — p[)Aiskj&R(t*)J + PDAiskj&R(t*) - E(ptiiskm(t*))l

() (I1)

+ E(pDisk,, »(t*)) — pDisk; z(t") -

- >

(IT1)
It is easier to start with term (III) then term (II) and then term (I).

Recall that

)= [ paydn
Disk(y,R,v)

and hence pDisk;, (t) = qe,—c; r(c; — t(ce — ¢5)).

(TIII): Bias. Note that the kernel weights w(z) = K(Hﬂ(m)fcft(cﬁcj)) is the same for all

x € Disk(c; —t(ce —¢;j), R, co — ¢j). Let Lj, = {¢; — t(ce — ¢;) : t € R} be the line passing
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through ¢; and ¢,. Then

]E[pD|Sk]ZR (nh ZK( je(X h —t(ce — Cj))](HXi —ILi(X5)|] < R)>
/wex K(Hﬂ(x) - th_ fr Cj>>1 (|z = Ie(2)|] < R)p(x)paldz)

1
h
1 z—c; —t(cp —¢j)
=—[| K p(Y)ua—1(dy) |dz
h Lje h Disk(z,R,co—cj)
1 z—c; —t(eg —¢y)

E /ve K( J n J )ch—Cj,R(Z)dZ

J

C; Cg G~
| e — ©l || / ( | J ||>QC¢—CJ',R<CJ' — 5(04 — Cj))dS
]f

where for the third equahty we split the 1ntegration with respect to z € Lj and the

integration with respect to y € Disk(z, R,c; — ¢;), and for the last equality we set z =

¢; — s(cg — ¢;) and utilized the symmetry of the kernel function K.

Then by another change of variable that u = % and Taylor expansion, we have

C J—
E[lesk]ER /K U)Gey—c; R(c] t(ce —¢j) — hu e—)du

llej — el
— [ 80 (el e = ) B g1t G0 g+ O0) )
where

T
Cp — Cj
mz(———L)'V%ﬁa@—ﬂw—@)

llej — |

T
Cyp — Cj Cyp — C4
g = <#) VVGey e m(c; — t(er — ¢;)) (#)

llej — el [lej — el
When R — 0, assumption (D2) implies that there is a constant Cy_; that

2PminCa_1 R < pDisk; () < 2pmaxCa—1 R = O(R™1) (A.0.21)

where 0 < pmin < infiex p(x), supyer P(2) < Pmax < 00. Since the disk density is shrinking

at rate O(R?™1), one can easily verify that the gradient and Hessian of the disk density
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function are also at rate O(R?™!). Namely,
g =0(R""),  g2=0(R").
By assumption (D2) we have g; and g» to be bounded and therefore Thus,
E[P/Di\Skje,R(t)] = Gey—c;,r(¢; — t(ce — ¢5)) /K(u)du + h{/UK(U)dU} !
+ %hQ {/uﬁ((u)du} - g2 + O(R*R1)
= Gey-c,.r(¢j — tee — ¢)) + O(h*R™Y)
= pDisk;, z(t) + O(K*R™1),
where for the second equality we used, by assumption (K)
/K(u)du = 1,/uK(u)du = 0,/u2K(u)du < 00
so we conclude that |E[p/D§<j&R(t)] — pDisk,, z(t)] = O(K*R™1)

(IT): Stochastic variation.

Var(pDisk,y p(t)) = Var (i > K(Hﬂ(Xi) —5 = Hee = Cj))I(HXZ- (X)) < R))

— nh? n
1

1
—o—
(5)
by the same analysis procedure as for Face Density and the assumptions (D1), (K1).

Now, by assumption (D2), the face density qe,—c, r(c; — t(ce — ¢;)) = O(R*'), which

leads to

— Rdfl
Var(pDisk;, z(t)) = O ( — ) :
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Therefore,

— — Rd*l
Dk, 1) — ElDk (0] = 0, (1) )

and

@E%R(t) — pDisk;, z(t)] = O(P*R*™") + O, (\/%) (A.0.22)
(I): Change in position. Finally, we bound the term
(1) = pDAiSij,R(f*) - p[jiSkjﬁ,R(t*)'
Note that the minimizer ¢* satisfies the gradient condition
pDAisk;e,R(f*) = 0.
By a simple Taylor expansion at t*, we obtain
(1) = _(pDAiSij,R(t*) - pDAiSkjé,R('E*))

* T S T 1 * T SR T * T
=—(" -t )leSkjE,R(t )_§(t —t )2pD|Sij,R(t ) +O(t =)
=0

=O(|t" = ).
Thus, we only need to derive the rate of t* — ¢*.

Now by the fact that t* solves the population gradient condition pDisk}Z’ r(t*) =0, we

have
oo . . . £ . S
pDisk;, p(t*) — lesk;-E’R(t ) = pDisk;, »(t*) — pDisk, (")
— pDisk,, () (t* — &) + O(|t* — I*]).

Because pDAisk;/& r(t) R pDisk’, (t*) from the analysis of terms (II) and (III), we conclude
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that

% * S * H * — Rdil
t* —t* = O(pDisk , z(t*) — pDisk)y, z(t*)) = O(K*R*™") + Op ( — ) :
Note that the above rate analysis follows from the same analysis as term (IT) and (IIT) except

that we are using gradient rather than density.

As a result, we conclude that

(I) = O(|t* — #*[2) = O(h*R*2) + Op (R 1) .

nh3
Combining together, we have
87 = SJP| = (1) + (D) + (111)
d—1

4 >2d—2 R 2 d—1 Ri—1
=O0O(h'R )+ 0, PyEs +O(h*R") + O, T

d—1 d—1
= O(h*R*1) + Op< B;h ) + O,(%).

Using the fact that S};D > 2PpminCy_1 R4 from equation (A.0.21), we conclude that

SﬁD =0(h*) + 0 ! O1
7o | = OO\ g ) O\ s )

which completes the proof.

OJ

E Choice of Linkage

In this section, we use different simulations to investigate the effect of different linkage
criteria under our skeleton clustering framework. We start with the same Yinyang data to
illustrate how different linkages cope with well-separated clusters in Appendix E. Next, we

add noisy observations to the Yinyang data and make the comparison again in Appendix
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E. Moreover, we repeat this comparison using different simulation scenarios when there are
overlapping clusters; the comparisons in Appendix E, E, E, and E.

Except for the linkage criterion, all other procedures are the same with the following
settings: we use k-means clustering with & = \/n to find knots and use the Voronoi density
as the density-aided similarity measure. We vary the total number of final clusters from 1
to 40 and compare the adjusted Rand Index (ARI) to the actual cluster label. The entire
procedure is repeated 100 times for the comprehensive comparison of various linkage methods
from the hclust function in R. The medium performances of the resulting clusterings are
summarized in Table A.1. For datasets without noisy points, we only present the medium
ARI at the true number of clusters, while for data with noisy points, we show the best
medium ARI across different S and record the corresponding S in the bracket. The best
linkages for each data scenario are in bold.

From Table A.1, either average linkage or single linkage achieve the best and most reliable
performance. Thus, we recommend using one of them as the linkage criterion. We include
a more detailed analysis of each dataset in the following subsections and we plot the 5th
percentile, medium, and 95th percentile of the adjusted Rand index for single linkage, average
linkage, and complete linkage. Plots comparing all the linkages on the different datasets are

deferred to Appendix E.

Yinyang Data

We begin by comparing the different linkage methods on the Yinyang datasets with

different numbers of noisy dimensions (same data as in Section 2.5.1). The results are shown
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average centroid | complete | mcquitty | median | minimax single Ward

Yinyang,d=10 1.000 0.119 -0.017 1.000 0.111 0.027 1.000 1.000
Yinyang,d=100 1.000 0.098 -0.008 1.000 0.097 0.055 1.000 1.000
Yinyang,d=500 0.560 0.074 -0.028 0.587 0.054 0.062 1.000 0.526
Yinyang,d=10000 0.533 0.107 -0.029 0.555 0.021 0.106 1.000 0.456
MixMickey,d=10 0.731 -0.005 0.017 0.380 0.007 0.010 -0.004 0.194
MixMickey,d=100 0.740 -0.005 0.005 0.341 0.010 0.043 -0.001 0.129
MixMickey,d=500 0.710 -0.003 0.003 0.356 0.013 -0.003 -0.004 0.180
MixMickey,d=10000 0.692 -0.006 -0.014 0.297 0.011 -0.045 -0.006 0.217
MixStar,d=10 0.763 0.0001 0.00532 0.510 0.001 0.0488 0.0001 0.424
MixStar,d=100 0.763 0.0001 0.007 0.540 0.001 0.0503 0.0001 0.415
MixStar,d=500 0.762 0.0001 0.004 0.537 0.001 0.039 0.0001 0.444
MixStar,d=1000 0.721 0.0001 0.005 0.533 0.001 0.050 0.0001 0.418

NoisyYinyang,d=10 0.875(S=4)

NoisyYinyang,d=100 | 0.875(S=3) | 0.182(6) |0.103
NoisyYinyang,d=500 | 0.875(S=3) |0.121(10)|0.107
NoisyYinyang,d=1000 0.875(S=3) | 0.176(7) |0.111
NoisyMixMickey,d=10 | 0.686(S=5) |0.119(34) | 0.093(2

0.182(4) |0.102(35) | 0.397(3
5) | 0.798(2
28) | 0.783(3
27) | 0.875(3
9)| 0.413(6

(6

(7

) | 0.180(13) [ 0.132(28) | 0.968(16) | 0.535(4
) |0.242(20) | 0.135(23) | 0.999(14) | 0.695
) 10.209(20) | 0.143(21) | 0.999(11) | 0.539
) |0.193(28) | 0.149(19) | 0.998(10) | 0.372
)
)
)

0.077(39) [ 0.157(15) | 0.501(31) |0.235

3 (2 (4
( ( ( (4
Siemis des :
5
NoisyMixMickey,d=100 | 0.700(S=5) |0.141(37)|0.094(29) | 0.358(6) | 0.095(39) | 0.158(16) | 0.506(31) |0.221(6
NoisyMixMickey,d=500 | 0.697(S=5) |0.095(37)|0.091(30) | 0.359(7) | 0.098(39) | 0.155(17) | 0.502(31) |0.232(6
NoisyMixMickey,d=1000 | 0.692(S=5) |0.122(36) | 0.091(29) | 0.386(6) |0.104(39) | 0.153(17) | 0.497(31) | 0.241(5
NoisyMixStar,d=10 | 0.783(S=10) | 0.109(40) | 0.221(30) | 0.613(11) | 0.140(40) | 0.330(17) | 0.623(31) | 0.476(4
( ( (4 ( ( (4

( ( ( ( ( (4

( (2 (4 ( ( (4

NoisyMixStar,d=100 | 0.779(S=9) |0.129(40) | 0.220(28) | 0.627(10) | 0.171(40) | 0.334(18) | 0.667(30) | 0.487
NoisyMixStar,d=500 | 0.788(S=8) |0.115(40) | 0.220(29) | 0.604(9) |0.158(40) | 0.328(16) | 0.651(30) | 0.498
0)|0.333(15) | 0.621(30) |0.476

NoisyMixStar,d=1000 | 0.791(S=9) |0.113(40) | 0.219(29) | 0.599(9) |0.150

Table A.1: Comparison of the linkage methods across different simulated datasets. All reported
values are mediums of 100 random simulations. For datasets without noisy points, the performance
at the true number of clusters is reported (S = 5 for Yinyang, S = 3 for Mix Mickey and Mix
Star). For datasets with noisy points, we report the best performance across different numbers of
clusters and include the number of clusters at which the max is achieved in the bracket.

in Figure A.3. For each dimension (d = 10, 100, 500, 1000), the medium adjusted Rand index
of the 100 runs is plotted with the solid line, and the 5 percentile to 95 percentile range is
depicted with a lighter color band. The true number of clusters S = 5 is shown as the red
dotted vertical line.

We observe that single linkage and average linkage have similar performance for lower
dimensions d = 10 and d = 100, with medium performance achieving nearly perfect clustering
at the true number of clusters. However, the clustering results returned by single linkage are
more stable, having a narrower band while the band of average linkage is much wider. For
cases with higher dimensions d = 500, 1000, we observe single linkage still stably achieves

nearly perfect clustering at k& = 5, which corroborates our results in Section 2.5.1, but
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Linkage Methods on Yinyang

d=10 d=100 d=500 d= 1000
|
L I
x 0.8 | b
E | I linkage
2 | ! 4 average
Soa ! 1 1 I 9
o I 1 1 I —— complete
2 1 1 1 1 .
3 1 | 1 1 —— single
o
<0.0- ! | !
1 1 1
1 1 1 1
1 | | | | ] | | 1 | | | | ) | ]
10 20 30 40 10 20 30 40 10 20 30 40 10 20 30 40
# Clusters # Clusters # Clusters # Clusters

Figure A.3: Clustering results with different linkage methods across different numbers of final
clusters on Yinyang data. Line for medium and band from 5th percentile to 95th percentile. The
vertical red dashed line indicates the true number of 5 clusters.

average linkage fails to get such good clustering performance when dimensions get higher.
Therefore, single linkage has superior performance on the Yinyang data, arguably because
the true manifold of the data has well-separated clusters that single linkage is suitable for

separation.

Noisy Yinyang Data

To create additional noise, we added 640 (20% of the number of signals) noisy points to
the Yinyang dataset, sampled uniformly from [—3,3] x [—3,3] in the first two dimensions,
with random Gaussian variables in the other dimensions the same way we generated Yinyang
data. The adjusted Rand indexes are calculated only for the true signal data points and the
results are shown in Figure A.4.

Average linkage can achieve slightly better performance than single linkage around the
true number of clusters S = 5 for lower dimensions (d = 10,100), but fails to achieve
satisfactory clustering performance when dimensionality gets higher (d = 500,1000). The

performance of single linkage improves with S being slightly larger than the actual number
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Linkage Methods on Noisy Yinyang
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Figure A.4: Clustering results with different linkage methods across different numbers of final
clusters on Yinyang data with noisy points. The vertical red dashed line indicates the true number
of 5 clusters.

Noisy Yinyang Data, s=5 Noisy Yinyang Data, s=7 Noisy Yinyang Data, s=12 Noisy Yinyang Data, s=16

Figure A.5: The clustering results with single linkage in skeleton clustering with a different number
of final clusters S for Noisy Yinyang data, d = 1000.

5 and can yield nearly perfect clusters with S being around 15 to 20. A further investigation
reveals that large S will group noisy points into separate clusters and hence improve the
clustering performance; see Figure A.5. This suggests that our framework may be used for

anomaly detection.
Mix Mickey Data

The well-separated structures in the Yingyang data may provide advantages to the single
linkage. To investigate the effect of linkage criteria on the overlapping clusters, we consider

a three-Gaussian mixture model in a 2D case that we call the Mix Mickey data. The large

cluster is centered at (0,0) with the covariance matrix being a diagonal matrix of 2 and
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Mix Mickey

Figure A.6: First two dimensions of Mix Mickey data.
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Figure A.7: Clustering results with different linkage methods across different numbers of final
clusters on Mix Mickey data. The vertical red dashed line indicates the true number of 3 clusters.

has 2000 points. The two smaller clusters are centered at (3,3) and (—3,3) respectively,
and both have a covariance matrix being a diagonal matrix of 1, and each has 600 points.
Random Gaussian variables are added to make the data d = 10, 100, 500, 1000 dimensions in
the same way we generate the Yinyang data. Figure A.6 presents a scatter plot of the first
two dimensions; the three clusters have a substantial amount of overlap so that it is difficult
for clustering methods to separate them into three distinct clusters. The results under the
same linkages analysis pipeline are shown in Figure A.7.

Remark 13. GMM can be favored in this data example but is unstable and cannot work with too

many noisy dimensions. We present some comparisons including GMM in Appendix F.

We observe that average linkage gives good performance at S = 3 (the true number of
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Linkage Methods on Noisy Mix Mickey
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Figure A.8: Clustering results with different linkage methods across different numbers of final
clusters on Mix Mickey data with Noise. The vertical red dashed line indicates the true number of
3 clusters.

clusters) and single linkage fails to give a satisfying performance under this scenario, giving
non-informative clusters at low S (only extracting small clusters) and too fragmented clusters
at high S. The average linkage is a criterion that tends to create spherical clusters with
similar sizes and hence is better suited for this simulated data. Thus, our experiment shows
that, for data containing overlapping clusters with roughly spherical shapes, the average

linkage criterion in the knots segmentation step is preferred.

Noisy Mix Mickey Data

In this section, we experiment with a scenario with both overlapping clusters and noisy
observations. We added 640 (20% of the number of signals) noisy points to the Mix Mickey
dataset, sampled uniformly from [—6, 6] x [—5,6] in the first two dimensions, with random
Gaussian noises in the other dimensions the same way as in Mix Mickey data. The adjusted
Rand indices are measured only on the true signal data points with the results shown in
Figure A.8.

Average linkage still gives good performance and is superior to the single linkage, which
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Mix Star

Figure A.9: First two dimensions of the Mix Star data.

fails to give reasonable clustering performance under a decent number of clusters. Notably,
average linkage achieves the best performance with the S being slightly higher than 3 due

to the introduction of noisy data points.

Mix Star Data

We present here the Mix Star dataset, another 3-GMM data but with a more elongated
shape as illustrated in Figure A.9. The three clusters are all generated as 2D Gaussian with
5 and 0.3 on the diagonal of the covariance matrix with respective centers at (4,0), (—4,0),
and (0,—4), and then are rotated to get a star-like shape. Each cluster has 1000 sample
points, and random Gaussian variables with standard deviation 0.1 are added to make the
data d = 10,100, 500, 1000 dimensions. There is still a decent overlap among clusters, but
each cluster is more distinct compared to Mix Mickey. We apply the same analysis pipeline
as the Yinyang and Mix Mickey data and compare different linkage criteria. Figure A.10
displays the median clustering performance. Again, we see that average linkage has the best

performance.
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Figure A.11: Clustering results with different linkage methods across different numbers of final
clusters on Mix Star data with Noise.

Noisy Mix Star

To investigate the effect of added noises, we make the data similar to the Noisy Mix Mickey

by adding 600 (20% of the number of signals) noisy points to the Mix Star dataset, sampled

uniformly from [—10, 10] x [-10, 5] in the first two dimensions, with random Gaussian noises

in the other dimensions generated the same way. The results of the linkage comparison

results are shown in Figure A.11. Average linkage still gives the best clustering results in

this scenario.

In summary, as illustrated by all the simulations in this section, our skeleton clustering
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Linkage Methods on Yinyang
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Figure A.12: Clustering results with different linkage methods across different numbers of final

clusters on Yinyang Data.

framework is able to handle noisy data points by tuning the number of final clusters and
can cope with overlapping clusters by choosing appropriate linkage criteria for skeleton
segmentation. Broadly speaking, the appropriate choice of linkage method depends on
the intrinsic geometric structure of the data and may require subject matter knowledge
or exploratory analysis. Specifically, if the intrinsic clusters are well-separated, the single
linkage is preferred as it gives clear cuts for disjoint components. However, if the clusters
are believed to have some degree of overlapping with each cluster approximately spherically

shaped, the average linkage criterion can lead to better performance.

All Linkage Comparisons

Figures A.12 and A.13 display the median clustering performances of all linkage methods
under different numbers of clusters using Yinyang and noisy Yinyang data. We see that
average linkage and single linkage dominate all other methods, while single linkage is superior

in those two cases.
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Linkage Methods on Noisy Yinyang
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Figure A.13: Clustering results with different linkage methods across different numbers of final
clusters on Noisy Yinyang Data.

Figures A.14 and A.15 present the median clustering performance under different numbers
of clusters for the Mix Mickey and noisy Mix Mickey data (same setup in Section E). Similar
to the case of Yinyang data, we observe that average linkage and single linkage dominate all
other methods, while average linkage is superior among the two.

To further investigate what the clusters will be like in high dimensions, we present 2D
scatterplot of clustering results under S = 3 (final number of clusters is 3) of the first two
coordinates in Figure A.16. We use the data with d = 1000 and color the clusters using
red, green, and blue. Clearly, average linkage successfully recovers the actual clusters while
other methods fail to recover. Note that single linkage does not perform well because clusters
overlap with each other.

Figures A.17 and A.18 present the median clustering performance under different numbers
of clusters for the Mix Star and noisy Mix Star data. We observe that average linkage and

single linkage dominate all other methods.
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Linkage Methods on Mix Mickey
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Figure A.14: Clustering results with different linkage methods across different numbers of final

clusters on Mix Mickey data.

Linkage Methods on Noisy Mix Mickey

d=10 d=100

0.25-

Adjusted Rand Index

0.00-

-025- V. ‘ ‘ - e ; .
10 20 30 40 10 20 30

# Clusters # Clusters

Figure A.15: Clustering results with different linkage methods across different numbers

clusters on Mix Mickey data with Noise.
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Figure A.16

_‘
o
&

Adjusted Rand Index

0.00-

-0.25-

Mix Mickey

Average Linkage

single Linkage

Complete Linkage

WPGMA Linkage

Median Linkage

ward.D Linkage

Minimax Linkage

=
-~
N

o
o
&

0.25-

10

d=10

20 30
# Clusters

40

10

Linkage Methods on Mix Star

d= 100

20 30
# Clusters

40

10

d=500

20 30
# Clusters

40

10

d= 1000

: Comparing linkage criteria in segmentation on the Mix Mickey data, d = 1000.

linkage

—_—

—_—

—_—
e
——

20 30 40
# Clusters

Figure A.17: Clustering results with different linkage methods across different numbers

clusters on Mix Star data.
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Linkage Methods on Noisy Mix Star

d=10 d= 100 d=500 d= 1000
1.00- ! -1 -1 -1 linkage
1 1 1 1
: 0 ; ; —— average
é 0751 [ [ [ —— centroid
j< 1 1 1 1 ot
—— complete
2 050 ! - : - P
& —— mcequitty
e .

% 0.25 1 —— median
':% —— minimax
0.00- § 1 B i single

! ! ! ! — Ward
025 V. i EnE. i . -

10 20 30 40 10 20 30 40 10 20 30 40 10 20 30 40
# Clusters # Clusters # Clusters # Clusters

Figure A.18: Clustering results with different linkage methods across different numbers of final
clusters on Mix Star data with Noise.

F Additional Data Analysis
Performance with Different Number of Knots

We analyze how the number of knots would affect the performance of the skeleton
clustering. We empirically test the effect of the number of knots, k, on the final clustering
performance on Yinyang data with dimensions 10, 100,500 and 1000. For each dimension,
we simulated the Yinyang data 100 times, and for each simulated data we carried out the
default skeleton clustering procedure with single linkage and different & (other steps the same
as in Section 2.5.1). Figure A.19 displays the median adjusted Rand index given by each
method across different k, where the reference rule with k& = 57 is marked by the vertical

dash line. We see that as long as k is sufficiently large, skeleton clustering works well.
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Figure A.19: Adjusted Rand indexes of different clustering methods against different numbers of
knots on 100 simulated Yinyang data.
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Self-Organizing Map

The Self-Organizing Map (SOM) is another popular prototype clustering method and
can be used as an alternative to k-means clustering in finding knots. Thus, here we conduct
a simple experiment to examine the performance of using SOM to find knots. We examine
the performance using Yingyang data with d = 10 to d = 1000. The identical procedure as
in Section 2.5.1 is applied except that the knots are now detected by the SOM rather than
overfitting k-means. The total number of grid points in the SOM is the total number of knots
we obtain and, to be comparable to k-means with k& = \/n knots, we used [n'/4] breaks for
each dimension of the SOM grid, giving a total of [n'/4]? initial grid points. However, the
SOM may return knots with very tiny sample sizes, on which the density-aided similarity
measures cannot be calculated. Therefore, we remove knots with less than 3 data points and
use the remaining ones for skeleton construction.

Figure A.20 summarizes the result. The top left panel shows the knots from the SOM
(after post-processing), which are located around the main data structures and are representative
to the original data as well. The dendrogram shows the cluster structure of the SOM
knots using Voronoi density on one 100-dimensional Yinyang data. In the bottom row,
we display the adjusted Rand indices from the clustering methods. Compared to the results
of Figure 2.6, the adjusted Rand indices given by the skeleton clustering with SOM knots
are similarly good when the dimension is not so high (d = 10 and 100). But when the data
dimension becomes high (d = 500, 1000), knots constructed by SOM lead to worse clustering

results. Therefore, overfitting k-means is favored in this work. Another limitation of SOM is
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Knots Chosen by SOM on Yinyang Data, d=100
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Figure A.20: Adjusted Rand indexes using SOM for knots selection on Yinyang data.

that we need to perform some post-processing to remove tiny knots; in the case of k-means,

we do not need such a procedure.

Bandwidth Selection Yinyang Data

The estimations of the FD and the TD involve the use of the projected kernel density
estimation, for which the type of kernel and the bandwidth need to be specified. Similar to
the usual KDE, the kernel function does not affect the final performance much, so by default
we use the Gaussian kernel in all of our empirical studies. It is worth noting that using the
uniform kernel can save some computation since it has compact support, but empirically we
find using the Gaussian kernel leads to better final clustering results. In what follows, we
focus on the bandwidth selection.

It is known that the bandwidth is a pivotal parameter that can significantly affect the

estimation result of a kernel density estimator. In Figure A.21, we conduct a simulation using
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Figure A.21: Performance of skeleton clustering on Yinyang data d = 10,100,500,1000 with
Face and Tube density by different bandwidth selectors. Voronoi density result is included for
comparison.

the Yinyang data with different dimensions of noisy Gaussian variables (see Section 2.5.1
for more details) and compare the performance of three common bandwidth selectors: the
normal scale bandwidth (NS) (Chacén et al., 2011), the least-squared cross-validation (LSCV)
(Bowman, 1984; Rudemo, 1982), and the plug-in approach (PI) (Wand and Jones, 1994).
Each edge is allowed to have its own bandwidth. Voronoi density performance results
are also included for comparison. We found that the NS performs reliably well while the
others may have unstable performance. A similar comparison of the bandwidth selectors
on another dataset is presented in Appendix F and the NS also performs relatively better
than the other bandwidth selectors. As a result, we recommend using the NS as the default
bandwidth selector. Additionally, since the density estimations are all 1-dimensional, in
practice it is possible to examine the estimated density to assess the degree of oversmoothing
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or undersmoothing and manually adjust the bandwidth.

In addition to different bandwidth selectors, we also study how the bandwidth should
depend on the sample size for clustering purposes. In 1-dimensional data, the normal scale
bandwidth agrees with Silverman’s rule of thumb (Silverman, 1986) giving the bandwidth

1/5 .

_ 4 -1/
as h = 3 0Ny,

° where ¢ is the standard deviation of the sample used in the edge weight
calculation, and n;,. the number of sample points used. Empirically we tested the clustering
performance with FD and TD calculated under bandwidth with rates on n,. from —1/3
to —1/10 (see Appendix F). We found that the clustering performance with FD and TD
generally stays stable with varying bandwidth rates, although a larger bandwidth (slower
rate than O(n;i/ 5)) may give better clustering results with TD when the dimension of the

data is high.

Bandwidth Selection with Mix Mickey

We present additional results comparing different bandwidth selectors on the Mix Mickey
dataset generated the same way as in Section E. We use average linkage for all the included
skeleton clustering approaches. The results are presented in Figure A.22. The selectors have
similar performances on this Mix Mickey dataset, but NS again seems to perform better with

larger dimensions, which corroborates our default choice of using NS for bandwidth.

Performance under Different Bandwidth Rate

In this section we present empirical results on how changing the bandwidth rate affects

the performance of clustering. We consider the Yinyang data in Section 2.5.1 with d =
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Figure A.22: Performance of skeleton clustering on Mix Mickey data d = 10,100, 500, 1000 with
Face and Tube density by different bandwidth selectors. Voronoi density result is included for

comparison.
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Figure A.23: Adjusted Rand indexes of skeleton clustering with Face and Tube density under
different bandwidth rates on 100 simulated Yinyang datasets. The thick lines indicate the median
adjusted Rand index of a given method.

10,100, 500, 1000. We compare the Face and Tube density where the bandwidth is selected

~1/10
loc

by Silverman’s rule of thumb with different rates, ranging from nl_ol/ Pton . Note that
the original Silverman’s rule of thumb will be at rate nl_mlz/ °. We repeat the experiment 100
times and record the adjusted Rand index in Figure A.23.

When the dimension is low (top panels), all bandwidth within this range works well.

When the dimension is large (bottom panels), a slower rate (larger bandwidth) seems to

be showing a better performance for the TD. Interestingly, the face density yields a robust
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Figure A.24: Comparison of radius choices on Yinyang data with dimensions 10, 100, 500, 1000.

result across different rates of bandwidth. Note that for the TD, the theory (Theorem 9)

1/5

suggests the choice at rate h < n,, /" is optimal for estimation in large d, the same rate may

not lead to the optimal clustering performance. Figure A.23 bottom-right panel suggests

that the choice h < nfoi/ 10 may have a better clustering performance in this case.

Adaptive Radius for Tube Density

We compare the clustering performance of Tube density when using fixed radius and that
when using adaptive radius as described in Section 2.3.3. The data is the same Yinyang data
in Section 2.5.1 and the results are presented in Figure A.24. The two approaches (adaptive

and fixed radius) have a similar performance.

Higher Standard Deviations for Noisy Dimensions

We investigate how changing the noise level of the added noisy dimensions of our simulation
examples changes the clustering performance. Here we simulate Yinyang data with different
standard deviations of the added dimensions. We apply the same analysis procedure as
in Section 2.5.1 is applied. The adjusted Rand indexes of each clustering method on 100

simulated datasets with under setting are presented in Figure A.25.
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Figure A.25: Adjusted Rand index performance of clustering methods on Yinyang data with
different standard deviations for added dimensions.

191



We observe that increasing the standard deviation of the noisy dimensions (noise level)
has a stronger impact than adding more noisy variables. For example, increasing ¢ =
0.1 — 0.2 scales the standard deviation by a factor of 2 (scales the variance 4 times), but
the clustering performance with o = 0.2, d = 100 is worse than that with o = 0.1, d = 500.
However, we still observe that the skeleton clustering with Voronoi density similarity measure

can give good clustering performance even under the setting with ¢ = 0.4 and d = 100.

Mix Mickey with GMM

We compare the performance of Gaussian Mixture Models (GMMs) to our methods
using the Mix Mickey data same as in Section E. Unfortunately, the GMM method from
clusterR package in R cannot work with dimension 500 and 1000 case because of too
many noisy dimensions, so we only compare the case of dimension 10 and 100. For the
skeleton clustering, we use average linkage for the segmentation step the same as in Section
E. Because this data is generated from 3-GMM and we fit the GMM with 3 components, the
GMM naturally has the best performance. However, our proposed approaches may achieve
comparable performance to the GMM and are capable of handling high dimensional data

(d = 500, 1000).

Graphical Representation of GvHD Data Clusters

We visualize the skeleton structure of the clusters identified on the GvHD dataset in
Section 2.6. These graph representations are generated by the igraph package in R. Cluster

6 only has 1 knot with 17 corresponding data points and is hence omitted in Figure A.27.

192



MixMickey, d= 10 MixMickey, d= 100

1.00- 1.00-

0.75- — ; 075 =
==

o

o

=)
o
o
3

=)

o

&
e
o
iy

Adjusted Rand Index
Adjusted Rand Index

0.00- $ . 0.00- %

SL KM SC AD VoronFace Tube GMM SL KM SC AD VoronFace Tube GMM

Figure A.26: Comparison of clustering methods on Mix Mickey data d = 10,100 with GMM
included.
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Figure A.27: Skeleton structures of the clusters identified for the GvHD dataset in Section 2.6
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We observe that most clusters display a hammer-like structure, which is non-spherical and
not favorable for some classical clustering methods. Only Cluster 3 has a spherical shape in

this data.

G Additional Simulated Data Examples
Manifold Mixture Data

In the Yinyang data and the Mix Mickey data experiments, the underlying components
are all two-dimensional structures. Here we consider the data composed of structures of
different intrinsic dimensions called the manifold mixture data. The simulated manifold
mixture data, as illustrated in the left panel of Figure A.28, consists of a 2-dimensional
plane with 2000 data points, a 3-dimensional Gaussian cluster with 400 data points, and
an essentially 1-dimensional ring shape with 800 data points. There are a total of 3200
observations and we choose k = [v/3200] = 57 knots. Similar to the other two simulations, we
include Gaussian noise variables to make the data high-dimensional (d = 10, 100, 500, 1000)
and make comparisons between the same set of clustering methods. The true number of
components S = 3 is provided to all the clustering algorithms.

Figure A.29 summarizes the performance of each method. Traditional methods (SL,
KM, and SC) do not perform well when d > 10 while all methods of skeleton clustering
perform very well when d < 500. Notably, the skeleton clustering with VD still has a perfect
performance even when d = 1000, whereas skeleton clustering based on other similarity

measures gives satisfying results.
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Figure A.28: Results on Manifold Mixture data with dimension 100.
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Figure A.29: Comparison of adjusted Rand index using different similarity measures on Manifold
Mixture data with dimensions 10, 100, 500, 1000.

Ring Data

The ring data is constructed by a mixture distribution such that with a probability of % we
sample from the ring structure and with a probability of % we sample from the central part.
The ring structure is generated by a uniform distribution over the ring {(z1, z5) : 23 +2% = 1}
and is corrupted with an additive Gaussian noise N(0,0.22I,). The central part is simply
a Gaussian N(0,0.2°T,). We generate a total of n = 1200 points from the above mixture
and add the high dimensional noise with the same procedure as in Section 2.5.1. The same
skeleton clustering approaches are applied as well as the classical approaches, with the final
number of clusters chosen to be 2. The result is displayed in Figure A.31. Again, the

density-based skeleton clustering methods work well even when the dimension is large.
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Figure A.30: Results on Ring data with dimension 1000.
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dimensions 10, 100, 500, 1000. Medium of 100 repetitions.
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H Additional Real Data Examples

Zipcode Data

This dataset consists of n = 2000 16 x 16 images of handwritten Hindu-Arabic numerals
from (Stuetzle and Nugent, 2010). We use the overfitting k-means to find £ = 45 knots.
Similar to the procedure in Section 2.5.1, we consider four similarity measures to obtain the
edge weight: VD, FD, TD, and AD. We use single linkage for the four skeleton clustering
approaches and compare them to three traditional methods: direct single linkage hierarchical
clustering (SL), direct k-means clustering (KM), and spectral clustering (SC).

The result is shown in the left panel of Figure A.32 with the adjusted Rand index plotted
against different numbers of total cluster S. The gray vertical line indicates S = 10, which
is the actual number of digits. The skeleton clustering with VD (Voron) gives the best
clustering result in terms of adjusted Rand index at the true 10 clusters and gives good
clustering results when the number of clusters is specified to be larger than the truth.
However, we note that spectral clustering (SC) and naive k-means clustering (KM) give
comparably good results with a small number of clusters.

The right panel of Figure A.32 is the “denoised” version of the digits. We estimate
the density of each observation by [y/n]-nearest-neighbor density estimator and remove the
observations with the lowest 10% density. We see that all clustering results are slightly
improved, but such improvement may come from the decreased total sample size after
denoising. Notably, the skeleton clustering with Tube density (Tube) generates significantly

better clustering results after denoising the data, giving adjusted Rand indexes comparable
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Figure A.32: Comparison of different similarity measures on all Zipcode Data.
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Figure A.33: The clustering performance under different numbers of final clusters of the Olive oil
data.

to skeleton clustering with Voronoi density. This shows skeleton clustering with Tube density
can be sensitive to noises in real data but still has the potential to give insightful clustering

results.

Olive Oil Data

We consider another real dataset: the Olive Oil data (Tsimidou et al., 1987), a popular
dataset for cluster analysis. This data set represents d = 8 chemical measurements on
different specimens of olive oil produced in 9 different regions in Italy (northern Apulia,
southern Apulia, Calabria, Sicily, inland Sardinia, and coast Sardinia, eastern and western

Liguria, Umbria). There are a total of n = 572 observations in the dataset.
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The same comparison procedure as in Section H is employed. The performance of different
similarity measures is presented in Figure A.33. Different color denotes different similarity
measures and the gray vertical line indicates the actual number of clusters 9. Overall, the
skeleton clustering with Voronoi density and Tube density works well; the spectral clustering
also performs well in this case. The fact that average distance fails to capture clusters in the
data highlights the importance of using a density-aided similarity in this case. Note that we
also include the clustering performance on the ‘denoised’ data, in which we remove the 10%

observation with the lowest y/n-Nearest-Neighbor density estimate.

Chapter 3 Appendices

I Skeleton Construction with Voronoi Density

In this section, we provide a more detailed description of the procedures for constructing
the skeleton and computing the density-aided edge weight called the Voronoi density, following

the work in Wei and Chen (2023).

Knots Construction

The knots in the skeleton serve as reference points within the data, allowing us to
focus our attention from the overall data to these specific locations of interest. We utilize
the k-means algorithm with a relatively large value of a number of knots k£ to create these
knots in a data-driven way. The number of knots is a crucial parameter in this procedure

as it governs the trade-off between the summarizing power of the representation and the
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preservation of information. Empirical evidence from Wei and Chen (2023) suggests that
setting k to around /n can be a helpful reference rule, while the dimensionality of the data
should be taken into consideration when choosing k.

In practice, since the k-means algorithm may not always find the global optimum, we
repeat it 1,000 times with random initial points and select the result corresponding to the
optimal objective. We also advise pruning knots with only a small number of with-in-cluster
observations. Additionally, it can be helpful to preprocess or denoise the data by removing

observations in low-density areas to address issues that could arise for k-means clustering.

Edges Construction

We denote the given knots as ¢y, - - - , ¢, and represent their collection as C = ¢y, -+ , .
An edge is added between two knots if they are neighbors, which is determined by whether
their corresponding Voronoi cells share a common boundary. The Voronoi cell associated
with a knot ¢; is defined as the set of points in & whose distance to ¢; is the smallest among

all knots. That is,
Cj={r e X :d(z,c;) <d(x,c0) VI # j}, (A.0.23)

where d(x,y) is the usual Euclidean distance. We add an edge between knots (c¢;,¢;) if
their Voronoi cells have a non-empty intersection. This graph is referred to as the Delaunay
triangulation of C, denoted as DT'(C).

Although the Delaunay triangulation graph is conceptually intuitive, the computational

complexity of the exact Delaunay triangulation algorithm has an exponential dependence on
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the ambient dimension d, making it unfavorable for multivariate or high-dimensional data
settings. To overcome this issue, we approximate the Delaunay triangulation with le(C)
by examining the 2-nearest knots of the sample data points. We query the two nearest
knots for each data point and add an edge between c;, ¢; if there is at least one data point
whose two nearest neighbors are ¢;, ¢;. The computational complexity of this sample-based
approximation depends linearly on the dimension d, making it suitable for high-dimensional

settings.

Voronoi Density

The Voronoi density (VD) measures the similarity between a pair of knots (¢;, ¢¢) based on
the number of observations whose 2-nearest knots are ¢; and ¢,. We first define the Voronoi
density based on the underlying probability measure and then introduce its sample analog.
Given a metric d on R? the 2-Nearest-Neighbor (2-NN) region of a pair of knots (c;, ¢/) is

defined in Equation 3.2.1 as

By={Xmnm=1,...,n: ||z — Vi|| > max{|lz = V|, ||z — V|| }, Vi # 7, (}.
Figure 3.2 provides an illustration of an example 2-NN region of a pair of knots. If two knots
c;, ce are in a connected high-density region, then we expect the 2-NN region of ¢;, ¢, to have
a high probability measure. Therefore, the probability P(B;,) = P(X; € Bjy) can measure
the association between c¢; and ¢,. Based on this insight, the Voronoi density measures the
edge weight of (c;, c/) as

SiP = (A.0.24)

c; — ¢l
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The Voronoi density adjusts for the fact that 2-NN regions have different sizes by dividing
the probability of the in-between region by the mutual Euclidean distance.
In practice, we estimate S}QD by a sample average. The numerator P(Bj,) is estimated

by P.(Bj) = LS I(X; € By), and the final estimator for the VD is:

(A.0.25)

Calculating the Voronoi density is fast. The numerator, which only depends on 2-nearest-
neighbors calculation, can be computed efficiently by the k-d tree algorithm. For high-
dimensional space, space partitioning search approaches like the k-d tree can be inefficient,

but a direct linear search still gives a short run-time.

Graph Segmentation

After obtaining the weighted skeleton graph, it can be helpful to prune certain edges
that are not of interest or segment the skeleton into disconnected components. The edge
weights defined above can be utilized to achieve this. We start by first converting the edge
weights into dissimilarity measures. Specifically, let s;;i # j be the edge weights, where only
connected pairs can take non-zero entries, and let smax = max;.; s;;. We then define the
corresponding dissimilarities as d;; = 0if i = j, and d;; = Smax—5;; otherwise. Next, we apply
hierarchical clustering using these distances. The choice of linkage criterion for hierarchical
clustering depends on the underlying geometric structure of the data. Single linkage is

recommended when the components are well-separated, while average linkage works better
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when there are overlapping clusters of approximately spherical shapes. To determine the
resulting segmented skeleton graph, dendrograms can be useful in displaying the clustering
structure at different resolutions, and analysts can experiment with different numbers of final
clusters and choose a cut that preserves meaningful structures based on the dendrograms.
However, it is important to note that the presence of noisy data points may require a larger

number of final clusters S to achieve better clustering results.

J Computational Complexity

In this section, we briefly analyze the computational costs of the proposed skeleton
regression framework. The first main computational burden of the proposed regression
procedure is at the skeleton construction step. Wei and Chen (2023) has provided the
computational analysis on this. In particular, when constructing knots, the k-means algorithm
of Hartigan and Wong Hartigan and Wong (1979) has time complexity O(ndkl), where n is
the number of points, d is the dimension of the data, k is the number of clusters for k-means,
and [ is the number of iterations needed for convergence. For the edge construction step, the
approximate Delaunay Triangulation only depends on the 2-NN neighborhoods, and the k-d
tree algorithm for the 2-nearest knot search gives the worst-case complexity of O(ndk(1=/4).
For the edge weights with Voronoi density, the numerator can be computed directly from the
2-NN search without additional computation, and the denominators as pairwise distances
between knots can be computed with the worst-case complexity of O(dk?).

Given the skeleton, we then project original feature vectors onto the skeleton, which is
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not very time-consuming. Finding the edge to project onto depends on identifying the two
nearest knots, which is provided in the skeleton construction step. The projection takes
inner product computations and takes O(nd) for all the covariates.

The next computational task is to calculate the skeleton-based distance between points
on the skeleton. Note that this step is not needed for the S-Lspline method but is necessary
for S-Kernel and S-kNN. To find the shortest path on a graph between two faraway knots,
the general version of Dijkstra’s algorithm Dijkstra (1959) takes ©(|&] + |V|?) = ©(k?) for

n—1)

each run. However, in practice, we don’t need the n(n-1)

5— Ppairwise distances between all the

projected points as the skeleton-based regressors proposed can perform with distances in
local neighborhoods, which do not require path-finding algorithm for the skeleton-distance
calculation.

With all the pairwise skeleton-based distances between projected feature points given,
the S-kernel estimate at one point takes ng,. kernel weights computation where n;,. refers to
the local support of the kernel function. S-Lspline takes O(n) time to transform the data

and then a single run of matrix multiplication and inversion to get the coefficients.

K Proofs

Kernel Regression: Convergence on Edge Point (Theorem 3)

PROOF. Let B(s,h) C S be the support for the kernel function K,(.) at point s € S with
bandwidth h. For an edge point s € Ej, € £, where £ is the overall set of edges defined as

open sets. As n — oo, h — 0, for sufficiently large n, by the property of an open set, we
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have
B(S, h) - Ejg
and by our definition of skeleton distance, for two points s, s’ € E;; on the same edge in the

skeleton, ds(s, s’) = ||s — §|| where ||.|| denotes the Euclidean distance and is 1-dimensional

as parametrized on the same edge. Also we have

Ki(sj, 8¢) = K(ds(s. 80)/h) = K(||s; = sell /h) = K ( " >

Consequently, the skeleton-based kernel regression estimator reduces to

a2 KR
mn(s) - L Zn K(Sj—S)
nh 7=1 h

and we can use the classical asymptotic results for kernel regression in the continuous case

(A.0.26)

Bierens (1983); Wasserman (2006b); Chen et al. (2017).

Let gn(s) = % 2?21 K (Sj}; s). We express the difference as

o (8) — me(g) = Tn(8) = ms(8)]ga(s) _ o 2g1 [V — ms(s)] K (22)
M (8) —ms(s) = 7(5) = TS R (A.0.27)

and we analyze the denominator and numerator below.

Let g(s) be the density at point s on the skeleton. For the denominator, we start with

the bias:

B0u(6) ~ 96o)l = | [ 5 (552 )atwits - oto) [ w01
- | [ K Osts - 1) - st

< /K(z)01 ] dz — Clh/K(z) 12| dx = O(h),
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where (' is the Lipschitz constant of the density function. For the variance, we have

O e e

_ [ /K2 )z + Cih /K2 |z[dz}
_ 2
_nhg /K dz—i—o(nh)

Putting it all together, we have

. 1

4:(5) — 9(s)| = O(h) + O, ( m) -
Note that we only assume Lipschitz continuity and hence have the bias of rate O(h) rather
than the usual O(h?) rate with second-order smoothness. Higher-order smoothness of g may
not improve the overall estimation rate due to the fact that we only have Lipschitz continuity
of the regression function.

Now we analyze the numerator of equation (A.0.27). We start with the decomposition

(s~ ms(sats) = 3" 0ys (252

q(s)
= {imsto) = ms (52 )~ B[ mstsy) - mstolre (252 ) 1|
) q;(;)
i3l e (52
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First, we show that

Let

and we have

Thus, its mean is

and the variance is

S —8;

E[vmj(s)Q]:EszK( - 3)2

> al()gls) [ K(Pdz=00),

where for the second equality we use the change of variable and by assumption, we have

1
au(s) =0, ( E) )

For the second term, note that E(g2(s)) = 0 and the variance is

[ K(z)*dz < oo. Therefore,

E [Viha(s) - / ims(s — hz) — ms(s)2g(s — he)K (2)%dz

] [imsts = 1) = mstslats - hz>K<z>dz}2

—0
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when h — 0, and hence,

For the last term, note that we have
() = [ Ims(s — hz) = ma(o)lg(s — h2) K(2)d:
— [ Ims(s = hog(s — hz) — ms(s)g(s)K )z — m(s) [ lo(s — h) = g(s)) K (2)dz
< Clh/ 2K (2)dz + cgh/ 12K (2)d>

where C is the Lipschitz constant for m(s)g(s) and C; is the Lipschitz constant for g(s).

Therefore,

Putting all three terms together, [m(s) —m(s)]g(s) = O(h) + O, (« / %) As a result,
equation (A.0.27) becomes

A na(s) —ms()as) _ OW+ 0 (/)

ma(8) —ms(s) = - =

by the Taylor expansion of the fraction.

O

Kernel Regression: Convergence on Knot with Zero Mass (Proposition 5)

For the ease of proof, we first prove Proposition 5 and then prove Theorem 4.

PROOF. Let s € V be a knot with no mass, i.e., P(s; = s) = 0. The kernel regression
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can be decomposed as

o w2 YiKa(sy,8)I(s; € ENB(s, b)) + 5 300 YiKn(sy, 8)1(s; € VN B(s, h))
m(s) == IZJ 1Kh(:s:J,s)[(s ESOB(s,h))jL%Z? 1 Kn(sj,8)I(s; € VN B(s, h))
Z; 1 YK (s, 8)1(s; GSQB(S,h))—f-%Z?:lY}I(SJ s)
IZ] 1 Kn(s5,8)1(s; GSQB(s,h))—f-%Z?:l I(sj = s)
51,71( )+V1n(3)
)

52,71( ) + VQ,n(S

Because s is a point without probability mass, 14 ,(s) = va,(s) = 0, so the above can

further reduce to

nh Z] YK (sj,8)(s; € ENB(s, h))
= ijl Ki(s;,8)I(s; € ENB(s,h))

However, different from the case on edges, the support of the kernel intersects with

m(s) =

multiple edges even when h — 0, so we study the contribution of each edge individually.
Note that when h — 0, the only knot that exists in the intersection B(s,h) N E is s. So we
only need to consider contributions of edges adjacent to s.

Let Z collect all the edge indices with one knot being s, i.e., ¢ € Z implies that there
is an edge between s and vy € V. Let E; be the edge connecting s and v,. The indicator

function I(s; € ENB(s,h)) = > s 1(s; € EyNB(s,h)). With this, we can rewrite 1m(s) as
) - Ster s S5y Yokl 9, € B0 Bl 1)
ZZGZ nh Zj:l Kh(‘gjv S)I(Sj € E,NB(s, h))
_ > vex Mne(8)gn,e(8)
D tet ne(S)

where

n,e(s hz (

a(5) - nels) = hZYjK(S

> I(s; € E;NB(s,h)),

L S) I(s; € E,n B(s, h)).
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Thus, we will analyze g, ¢(s) and M, ¢(s)dne(s). For a point s; on the edge Ey, we can
reparamterize it as s; = Tjv, + (1 — 1j)s for some T; € (0,1). The location s corresponds
to the case T; = 0 and any s; € £, will be mapped to T} > 0. With this reparameterization,

we can write

ni(s ZK ( (v — s)) I(s; € E;N B(s, h)),

1 o(8) - Gne(8) = — ZYK ( (v, — s)) I(s; € ;N B(s, h)).

To study the limiting behavior when h — 0, let go(t) = g((1 — t)s + tvy), g¢(0) =
limg o ge(x); me(t) = ms((1 — t)s + tvy), me(0) = limyomye(t); and o7(t) = E(|U;*s; =
(1 —1t)s+twvy) , 02(0) = limyyp 0Z(t). Then with the new notations, we can write

E(f(Tj(ve — 8))I(s; € E N B(s, h))) = E(f(s; — s)I(s; € B, B(s, h)))
= [ ft)g(t)dt

t>0

for any integrable function f. The bias of the denominator can be written as

Binit) - 50)| = | [ K (3 )aoar - a0 [ K0

2)[ge(hz) — g:(0)]dz

/ K(z)Cihzdz

= Chih / K(z)zdz = O(h).
For stochastic variation, we have

Var (Gne(s
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1

< —
< nh/ 0) + C |h2])dz

_ L,

nh

/ K*(z dz+01/ K*(z ]z|dz}

Thus,

For the numerator,

T 0(8) G (8 hZUK( ) (s; € E,NB(s, h))
~ y

thg s;) ( ) (s; € E,NB(s,h)),

~ y

where U; = Y; — mgs(s;). Using the fact that E(Uj|s;) = 0, E(Q1) = 0, and the variance is

t

Var(@) < i [ o 0R?(} )t

For ()5, we have

E(Q:

‘ ‘ / t/h dt mg gg / K d
t>0

/ Omg(hz)K(z)gg(hz)dz—mg(O)gg(O)/ OK(z)dz

= /z>o { [me(0) + Cohz] [9u(0) + Crha] - me(o)gé(o)}f((z)dz

< [C1me(0) + Cag6(0 / K(z)zdz + o(h) = O(h).
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The variance of ()5 is bounded via

1 9 of T
Var(gs) < W/bo my(t) K (E)gg(t)dt
1

:% z>0
1

— nh z>0

_ % {mg@)gg(()) / ESC O(h)}

o3

Putting the terms )1 and (), together, we have

m;(hz)K*(2)ge(hz)dz

{m(0) + Cy |hz|}2 K?*(2) {g¢(0) + Cy |hz|} d=

Mp0(8)Gn,e(8) = %mg(O)gZ(O) +O(h) + O, ( %) :

As a result, we conclude that

() = Dz als)inls)
Zéez gn,f(s)

= > ierme(0)ge(0) + O(h) + O, (\/%)
230z 90(0) + O(h) + O, <\/%>

)
(

Y mil0)gi(0) T

Y *O(h)wz’( nh)

Doz me(0)g(0) 1
T ez 90) *O(h”o”( m)’

which completes the proof. [

Kernel Regression: Convergence on Knot with Nonzero Mass (Theorem 4)

PROOF.

Let s € V be a point where P(s; = s) = p(s) > 0. Recall that the kernel regression can
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be expressed as

o) T V(s )5 € €0 Bl ) + £ 0, VK 8)1 (s, € V1 (s, 1)
B S Kn(sj 8)I(s; € ENB(s, b)) + 5 30 Kn(sj,8)I(s; € VN B(s, h))
Z; 1 YK (s, 8)1(s; GSOB(Sah))—}_%Z?:lY;I(SJ_S)
IZ] 1 Kn(s5,8)1(s; GSQB(Sah»‘*‘%Z?ﬂ](sJ s)
_ 51,71( )+V1n(3)
52771( )+V2n(s)

We look at each term individually and note that we have the edge components terms

identical to the proof of Proposition 5, so

51n —h{zmﬁ gﬁ (h)+0p<\/%>}20(h>+0p< %)7

i a0 om0, (1)} -omr < 7).

For the terms on the knots, they are just a sample average, so
1
VQ’n(S> = p(S) + Op E

n

and similarly

nals) = =3 (ms(s) + U)I(s; = 5)

IR (/£) + ms(s)p(s) + 0, (1/2)
o) +0, (/1) + () + 0, (1/1)
— O(h) + O, ( %> n ms(8)p(s)

O +0, (/1) +p(s)  O) +0, (/1) +p(s)
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which completes the proof.

O

Dual Path Algorithm for Generalized Lasso Problem

For the generalized Lasso problem:
minimizeg [ly — X 5|5 + A | D),

If D is invertible or the matrix D has dimension m x p with rank(D) = m, this can be

converted into a standard Lasso problem by setting § = D[, and the problem reduces to
minimizeg ||y — XDflﬁHg + A6,
However, this is not the case for the incidence matrix with the number of edges larger than

the number of nodes. Hence, we turn to the Lagrange dual problem. Let rank(D) = m, then

we want to solve
minimizeueRm% (XTy — DTu) (XTX)Jr (XTy — DTu)

subject to |lull, < A, DTu € row(X)

214



We then follow the dual path algorithm by Tibshirani and Taylor (2011). For notation, use
AT to denote the Moore-Penrose pseudo-inverse of matrix A, and use subscript —B to index

over all rows or coordinates except those in set B. The algorithm is described in Algorithm

3.

Algorithm 3 Dual path algorithm for generalized Lasso problem
Start with & = 0, \g = 00, B=0,s = . While \; > 0:

1. Compute a solution at A\, by least squares as
iirng, -5 = (D_sD%y)" D_p (y — MD}s) (A.0.28)
2. Compute the next hitting time hyyq by
[(D—BDTB)JF D—By:| .
! (A.0.29)

[(DsDTR) D sDTys| 41

tghit) _

where only one of +1 or —1 will yield a value in [0, \¢], and this is the “hitting time” of

coordinate 7. Hence the next hitting time is

o1 = max £ (A.0.30)

3. Compute the next leaving time ¢4, by first defining
i =i+ | D [I = D%y (D-sD"5)" Dos]y] . (A.0.31)
d = s, - [DB [1 — DTy (D_gD"y)" D_B] Dgs]i (A.0.32)

and then the leaving time of the ith boundary coordinate is

(leave) Ci/di7 if ¢; <0and d; < 0,
= (A.0.33)

0, otherwise
Therefore, the next leaving time is

U1 = max tl(-leave) (A.0.34)
4. Set A\pp1 = max{hgi1,les1}. If hgyr > lryq, then add the hitting coordinate to B
and its sign to s, otherwise remove the leaving coordinate to B and its sign from s. Set

k=k+1.
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L Preliminary Theory on Skeleton Projection

An essential step in the proposed regression framework is the projection onto the
constructed skeleton. In this section, we provide some preliminary theoretical analysis of

this projection step.

Characterizing Skeleton Projection

To begin with, for simplification for analysis, we let all the data points be lying exactly
on an underlying manifold M with intrinsic dimension g and let da((.,.) denote the geodesic
distance between two points on M. Note that for the empirical results, we allow intrinsic
noise in the data structure that the data points are lying around the manifolds rather than
exactly on the manifold, and the ability to deal with such data is an advantage of the proposed
regression framework. The exact manifold assumption is made here for ease of theoretical
analysis. To make a distinction, we use || — y|| to denote the Euclidean distance between
two points in the ambient space z,y € X C R? Also, for notation we have II7! : S — R?
that the reverse projection gives the normal space to a point on the skeleton. For j = 1,... k,
let M; = C;NM be the j-th segmentation of the manifold within the ambient space Voronoi
cells C; = {x € X|dx(z,V;) < dx(z, Vi), # j}. We let A denote the closure of a set A.
Denote the diameter of M; as Diam; = sup,pecp, da(a,b) and let the reach of M be
T =sup{t >0:Vr € R, 3y e M s.t. dist(xr, M) = ||z —y||}. Intuitively, you can roll a
ball with radius 7 freely along the manifold.

M1 (Local Manifold Structure) Assume each ./\;lj, 7 =1,...,k, is a compact, connected,
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¢j-dimensional Riemannian submanifold with ¢; < ¢ embedded in R? for some 0 < ¢ <
d. Denote the diameter of M; as Diam; and the reach of M be 7 and assume that
Diam; < 7.

M1 indicates that locally within each Voronoi cell, the underlying manifold satisfies usual
regularity conditions and that locally the closest point is well-defined. For a large enough
number of segments k, the local regions can be small and the local manifold structure within
each segmentation can be well-structured.

B1 (Bounding Diameter of Local Manifold ) For each j = 1,...  k, there exists a constant

(' such that

<Cl
= 1

Diam;
Assumption B1 states that the diameter of the segments on the manifold according to
the geodesic distance decreases with rates depending on the intrinsic dimension. This rate

makes sense if the manifold is segmented in a balanced way that each local submanifold has

volume at rate O(1/k).

Remark 14. We employ k-means to perform data segmentation in the proposed framework for
its empirical performance and existing theoretical guarantees. Previous works have viewed
the k-means clustering objective as equivalent to finding a measure i, supported on at most
k points such that Wy (p, fix) is small and have provided concentration properties in this
regard. Canas and Rosasco (2012) shows that for sufficiently large k& and X a compact,

smooth d-dimensional manifold, there exists constants C' and C’ and a measure i such that

Wa (1, fir) < CTk~ " with probability 1 — e~
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on the basis of n = C'k?>**/¢ samples. Weed and Bach (2019) further shows that, in high
dimensions with d > 4, the empirical measure ji; satisfies
EWs (1, fu) < Cok™'/*
for any s > d and C” a constant and that
Wa (1, i) < Ctk~'* with probability 1 — e ™™
that clustering on the basis of k i.i.d. samples from p is asymptotically optimal.

Proposition 10 (Fréchet Mean and Knot Distance). Assume conditions M1 and B1 hold.
For arbitrary g-Hausdorff measure on M;, let ‘7] be the Fréchet mean of M; with respect
to the geodesic distance on the manifold. Let the knots V; be constructed within the convex

hull of data points in C;. For every j =1,...,k, we have

where (] is the same constant as in Condition B1.

- C
-V < ok (A.0.35)

PrROOF OF PROPOSITION 10. Let Conv(M,) be the convex hull of M in the ambient

space and note that

: , C
Diam(Conv(M;)) = Diam(M;) < kl—/lq

The knot V; given by the k-Means algorithm is a convex linear combination of points from

M, and hence V; € Conv(M,), and as V; € M C Conv(M;), hence

< Diamy(Conv(M;)) < Gy

Vi=V; S 11

0J

The above proposition ensures that the knots we constructed are not far from the Fréchet
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mean centroid on the manifold. A direct corollary by triangular inequality is that

204

Viw: Vi || < 117

gy@—H@WSH%WmHSWA%%wWF

so the projection distance is bounded with the rate decreasing with respect to the intrinsic
dimension. This is a loose bound and note that there is no particularity about f/j that the
distance between V; and any point in M, can achieve this same rate. Potentially the bound
can be improved with some additional conditions and to argue for the specialty of the Fréchet
mean, and we leave this as future work.

By projecting onto the skeleton large dimensional space is essentially projected onto 1-
dimensional and 0-dimensional structures, and the next lemma characterizes the projection

sets.
Lemma 11. For any z € M; for j =1,...,k, we have
I~ (I(2)) € C;
and hence IT"!(I1(2))NM C M, where IT"! : S — X such that I[I7(s) = {x € X|II(z) = s}
for s € S.
This lemma essentially shows that the points that can be projected onto the same point

on the skeleton belong to the same Voronoi cell, and therefore are located in the same

manifold M.

Proor oF LEMMA 11. By the definition of projection onto the skeleton, we discuss
the two cases of projections separately.

If z is projected onto the knot Vj, then as only points with the closest knot being V; can
be projected onto V;, trivially we have II"'(V;) C C;.
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For z projected onto an edge in the skeleton, the edge must be connecting V; and the
second closest knot from z, which, without loss of generality, we denote as V;. Since z € M;,
by definition we have ||V; — z|| < ||V; — z]|, and as we are doing orthogonal projection from
z onto the edge, we have ||V, —II(z)|| < [|[Vy —II(2)|| that the projection is on the edge
closer to V;. Although II(2) on the edge may not be contained in V; in some special cases,
we still have IT"1(II(z)) € M; as argued below. Further, we have ||V; — y|| < ||V, — y|| for
all y € TI"}(TI(2)). Also note that, by the definition of skeleton projection, for a point y to
be projected onto the edge connecting V; and V;, the closest knot from y must be either V;
or V. Combining above, we have for all y € II"1(II(2)), [|V; — y|| < ||Vi —yl|,¢ # j. Hence
I 1(II(z)) € M;.

O

Bounding Projection Error

In this section, we provide a bound on the projection error between the true regression

function
m(x) =EY|X =x),xe X
and the skeleton-projected regression function
ms(s) =E(Y|X €1I"'(s)),s €S

where IT7!(s) = {z € X|II(xz) = s}.
L1 (Smoothness of the Regression Function ) The true regression function is Lipschitz

continuous with respect to the geodesic distance on the manifold. That is, there exists
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a constant L such that, for arbitrary 7 in 1,...,k, for any @,z € M,
m(x) —m(z)| < L-du(x, 2). (A.0.36)

Proposition 12 (Projection Error Bound for Data Projected to Knot). Assume conditions
M1, B1, and L1 and assume all the data points are lying on the manifold M. Then we

have

Cy
sup l/m(x) — ms(x)| < L——
sup fm(z) — ms ()] < Ly

(A.0.37)

PRrROOF. For z € M, with a bit abuse of notation we let mg(z) := mg (II(2z)). and by

the tower rule of expectation, we have
mes (T(z)) = E (Y| (TI(2)))
~E[E(Y|X e T} (II(2)), X = 2) |X € T (I1(z))]
— E [m(@)|X € 17! (1I(2))]

Without loss of generality, we let z € M; C C;. By Lemma 11, we have I[I"'(II(2)) C M;.

Therefore,
im(z) —ms(z)] < sup  |m(x) — m(z)]
zell~1(II(x))
<L swp du(m(@) —m(z))
zell-1(TI(x))
. Cy
S L- Dzamj S Lm
and hence
Ch
sup m(z) —ms(@)| < L
O
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Theorem 12 provides a bound with the rate depending on the intrinsic dimension for the
projections error between the true regression function on the manifold and the projected
regression function on the skeleton. Note that this bound also applies to points projected
onto the skeleton edges, but generally, there can be some improvement in the convergence

rate for edge points.

Lemma 13 (Submanifold Dimension). Assume condition M1. For z € M; such that
II(z) € & that z is projected onto the edge j¢ of the skeleton. Let N, (M;) denotes
the normal space to M; at * € M; and let Ny (€;¢) be the subspace normal to the line
extending from the edge £;y. Assume for every j, ¢ and every € M;NII~* (I1 (z)), we have
Ng(M)NN, (IT71(T1(z))) = {0}. Then we have II"*(II(2))N.M; to be a (¢—1)-dimensional

submanifold of M.

PROOF. Note that II"*(II(2)) = Nz (€j¢). Then the lemma follows from tangent space
arguments. M, and II7*(II(2)) respectively have codimensions d — ¢ and 1. So II"(TI(z))
is defined (locally) as the set of zeros of a differentiable function fo : U — R""! defined
on an open neighbourhood U of & with surjective derivative df;. The kernel of dfs is the
tangent space to II"'(II(z)) which is 1 dimensional. If we now look at fo | M;, then
d(fy | My) : T.(M;) — R""! is again surjective since the kernel of df, is the tangent space to
Nr(z) (€;r). The intersection of the two tangent spaces has dimension g + 1 — d so the rank
nullity theorem gives the dimension of the image as ¢ — (¢ + 1 — d) = d — 1. Thus the zero
set of fo | M is the a submanifold of M; and is equal to II"*(II(2)) N M, with dimension

(¢g—1). O
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Note that the assumption in Lemma 13 is essentially saying that the edges connected
to the knot V; are not within the normal bundle of the manifold M;. With a carefully
constructed skeleton, this should not be an issue. Lemma 13 shows that, generally, the set of
points projected onto a point on the skeleton edge is generally of 1 dimension lower than the
intrinsic dimension of the manifold. However, further assumptions and analysis are needed
to translate this lower-dimensional space into a lower convergence rate. We show below a
special case that for the underlying data structure to be a 1D manifold, the edge point on
the skeleton has zero projection error, and leave the general theory comparing the rate of

the edge point to the knot point as future work.

Projection Error for 1D Manifold

In this section, we look at the special case that the underlying manifold M has Hausdorft
dimension ¢ = 1 and provide the bounds for the projection errors onto knot points and edge

points.

Corollary 14 (Projection Error onto Knots for Data on 1D Manifold). Assume conditions
M1, B1, and L1 and assume all the data points are lying on the manifold M with Hausdorff

dimension 1. Then we have

sup |m(x) — ms(x)| < L— (A.0.38)

xreX

This follows directly from Proposition 12 with ¢ = 1. Note that, with k¥ = /n, the
projections error between the true regression function on the manifold and the projected

regression function on the skeleton has rate O (n‘l/ 2).
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Then we show that, on the 1D manifold, projection onto the edge point enjoys zero error,

which is a lower error compared to the projection onto a knot point.

Proposition 15 (Zero Projection Error for 1D Edge Point). Assume the data manifold has
Hausdorff dimension 1, conditions M1, and the conditions in Lemma 13 hold. Then for

I (&) ={x e X :Il(zx) € £}, we have

sup |m(x) —ms(x)| =0 (A.0.39)
zell~1(€)

Proor. By Lemma 13, for a 1D manifold, the projection set of an edge point has
dimension ¢ — 1 = 0, so can only be composed of points. Also by assumption M1 each
submanifold has a diameter smaller than the reach so that the closest point is unique.
Therefore, if the data point is projected onto an edge of the skeleton, then that projection is
unique and has a one-to-one correspondence between the manifold point and the edge point.

O

Intuitively, for a data point on the 1D manifold that is projected onto an edge of the
skeleton, such projection is bijective and there is no loss in information with the projection.
Particularly, compared to Proposition 14 when bounds the projection error onto knots of
the skeleton, when bounding the projection error from 1D manifold onto the skeleton edge,
Proposition 15 does not depend on condition B1 which assumes the shrinking rate on the
size of the submanifolds and condition L1 which imposes smoothness on the true regression

function.

Remark 15. To gather the previous propositions into an overall theorem for the projection
error for data on a 1D manifold, we need to measure the set of points projected onto the
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Figure A.34: Example of the difference between the knot C' and the Fréchet mean F on a circular
segment.

skeleton knots. However, we need a more precise characterization of the skeleton graph
for this purpose. Briefly, for a knot with degree 0 or 1, we can bound the measure of the
corresponding knot projection set by the volume of the submanifold as O(1/k), but then we
need the count of how many knots are of degree 0 or 1. For a knot with a degree greater
than or equal to 2, then the knot projection set depends on the principle angles between the
edges in the ambient space and the shape of the local manifold. Due to such challenges, we

leave the general result on this as future work.

Example of 1D Circular Manifold in 2D Euclidean Space

Facing the challenges for a general theory as discussed above, here we look at a particular
example that the manifold is a 1D circular segment embedded in the 2D Euclidean space.
In particular, let M; be a segment of the 1D circle with radius r embedded in R? satisfying
condition M1, so that the segment is smaller than a half circle. See Figure A.34 for
illustration.

We first analyze the distance between the knot and the circular manifold. Under this

setup, we know the Fréchet mean (F) is the midpoint of the curve, and the knot C'is on the
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line bisecting the curve. Let ¢ = diam; be the length of the curve, and we know half of the
angle for the circular sector is 0 = 5/72 Then the distance from the Fréchet mean (F) to the

line segment between the two endpoints is

6 o 0> 02
—r— = et — | <=
d(F,A) =r —rcosf r(l 1+2 24—1— >_7’2 &
Therefore,
AF.C) = tar 4y < £
2 T T 16

that the distance decreases at the rate of the square of the diameter. Then bounding the

diameter with the rate in Assumption B1 we have the following result:

Proposition 16 (Knot to Circular Manifold Distance). In this circular manifold setting and

under assumption M1, B1, we have

Note that this is the square of the rate as in Proposition 10 and only applies to the Fréchet
mean. Hence, under appropriate conditions, a general result with the format in Proposition
10 can be possible.

Then we analyze the volume of the set of points on the circular manifold that are projected
onto the skeleton knots rather than edges. For this analysis we provide another illustration as
shown in Figure A.35. Let the submanifolds be the circular segments between GB, BD, and
DE, the knots of the submanifold are M, C, and Q, and the skeleton edges are line segments
between MC and CQ. Line IC' 1. C'M and intersect the manifold at /. Line JC 1 CQ and
intersect the manifold at J. The set of points on the manifold that are projected onto the
knot C'is the circular segment between [ and J.

226



(a) Hlustration of the knot project set of a circular
segment. The submanifolds are the circular
segments between BD, GB, and DE (colored solid
blue). The Skeleton is colored in red.

%

A c F
i /

(b) Ilustration for the calculation of (c¢) Ilustration for the calculation of
knot project set. knot project set.

Figure A.35: Tllustration of the knot project set of a circular segment.

To calculate the length of this knot projection set, we start with some notations and give
a more detailed illustration in Figure A.35b. Let the radius for the circular manifold (such
as d(F,A)) given to be r, let the distance between the knot C' and the circular manifold
d(F,C) = e, and let the angle ZFCI = 6. To find the curve length ¢r; between F, I, we
need the angle of ZFAI = «, and denote the angle ZAIC := 3. Trivially we have a4+ = 6.

Then by the law of sines, we know

(A1) _ d(AC)

sin(ZACI)  sin(ZAIC)
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which leads to

r—e r—e

ﬂ:m@m[ amw—m]:m@m{ ﬂmm]

”
and therefore

r—e

r

a=0— =0 — arcsin { sin(@)}

By the Taylor expansion of arcsin(z) = x + %3 + % + .-+ >x, and sinf > 6 — %, we know

the curve length

r

lpp=r-a=r- [9— arcsin {T — esin(@)”

r—e

cr o= )

r—e 03 03
<r.lo— 2 = o)
<r [9 . (9 6” e+ (r —e) 5

To bound the angle ZFCI = 0, let lp,, = max;{diam;} = O (k™'), and let v =

Reach(M). For an illustration of angle bound refer to Figure A.35c. The angle

JBAD — !sp _ diam; < [/
r r v

and this bound similarly holds for the angle ZGAB. Note that the knots are on the angular

bisecting line of the corresponding circular segments, and therefore we have

LMAC < bmas
Y

As 0 := ZICF and let ZNMK =n > 0, and we know that
(/2 —=0)+ (m/2—n) + LMAC =7
and hence

0+n=/MAC
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For a loose bound we have

1
0 < /MAC < bmas < C—k;—l
Y v

Combining with the above, we have the curve length between F| I

I Sy 6)96_3 0 (k%) x 0 (k) + O(1) x O(k™®) = O(k~)

This bound also applies to the length of the circular segment ;. Therefore, the measure

of the set of points projected onto knot C' is
bry=VLpy+lpr = O(k_3) + O(/{_?’) = O(k_?’).

Proposition 17 (Knot Projection Set for 1D circular Manifold). Let the underlying manifold
be a 1D circular segment. Let the submanifolds partition the circular segment and the
skeleton graph has a chain-like structure. Assume conditions M1, B1 hold. Then for any

knot V' with degree 2, we have

That is, the measure of the projection set of an in-between knot decreases with a rate of
the cubic of k, which is fast. Then, as a corollary to Proposition 17, we can bound the total

measure of all the knot-projecting points.

Corollary 18. Let the underlying manifold be a 1D circular segment. Let the submanifolds
partition the circular segment and the skeleton graph has a chain-like structure. Assume

conditions M1, B1 hold. Then we have

pim (UveyITH (V) = O (K71).

PRrooOF. Overall, by Proposition 17, the set of points projected onto any connecting knot
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has a measure smaller than or equal to (k —2) x O(k™%) = O(k~?).

For end knots (with degree equal to 1, or 0), we can bound the measure of the set of
points projected onto one of these knots by the measure of the corresponding submanifold,
with rate O (k~'). In this case, we have the number of end knots to be 2, which is O(1).

Together, we have the total measure of all the knot-projecting points to be bounded by
Ok) x O(k*)+0(1) x O (k') =0 (k)

which diminishes as k increases.

O

That is, in this 1D circular manifold case, the total measure of knot-projecting point is
only a small proportion of the total measure of the data space and decreases with the number

of knots k.

M Additional Simulation Results
Vary Skeleton Cuts

In this section, we examine the effect of cutting the skeleton into various numbers of disjoint
components on the final regression performance. We use the same simulated datasets from
Section 3.4, including Yinyang data, Noisy Yinyang data, and SwissRoll data. The analysis
procedure is mainly the same, where we use 5-fold cross-validation SSE to evaluate the
regression results for each dataset and repeat the process 100 times with randomly generated
datasets. The main difference is that, during the skeleton construction step, we segment the
skeleton graph into different disjoint components using single-linkage hierarchical clustering
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with respect to the Voronoi Density weights, as outlined in Section 3.2.1. We then fit and
evaluate the skeleton-based regression methods on the skeletons that have been differently

cut.

Vary Skeleton Cuts for Yinyang Data

In this section, we investigate how cutting the skeleton into different numbers of disjoint
components affects the performance of skeleton-based methods using the Yinyang data (from
Section 3.4.2). We randomly generate 1000-dimensional Yinyang data 100 times and use 5-
fold cross-validation to calculate the SSE on each dataset. We fit the skeleton-based methods
in the same manner as in Section 3.4, with the exception that the number of knots is fixed at
38 and we cut the initial graph into various numbers of disjoint components (ranging from 1
to 25) when constructing the skeleton. The median 5-fold cross-validation SSEs across the
100 datasets for different numbers of disjoint components are plotted in Figure A.36.

Our results show that the S-Lspline method is sensitive to changes in the skeleton
structure. In the case of Yinyang data, since there are 5 true disjoint structures in the
covariate space, a cut of 5 results in the best regression performance. By design, S-Lspline
regressors may incorporate unrelated information from one structure to another when an
edge connects two structurally different areas, thus leading to a decline in the regression
performance. For future research, incorporating edge weights into the S-Lspline regressor
may help to mitigate the interference between different structures. The S-Kernel regressor
also achieves optimal performance when the skeleton is segmented into 5 disjoint components.

Skeleton-based kernel regression methods exhibit large changes in performance as the skeleton
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Figure A.36: Yinyang d = 1000 data skeleton regression results with the number of knots fixed as
38 but segmented into varying numbers of disjoint components. The medium SSE across the 100
simulated datasets with each given parameter setting is plotted.

segmentation changes when the bandwidth is large. This is understandable as larger bandwidths
allow more information from large distances, which are more likely to be non-informative as
the segmentation changes. On the other hand, the S-kNN regressor has the best regression
performance when the skeleton is left as a fully connected graph. This may be due to the
locally adaptive nature of the k-nearest-neighbor method that ensures regression results are

accurate as long as local neighborhoods are identified accurately.

Vary Skeleton Cuts for Noisy Yinyang Data

We then evaluate the performance of the skeleton-based regression methods on the Noisy
Yinyang data (from Section 3.4.3) when the skeletons are constructed with different numbers
of disjoint components. Similarly, we randomly generate 1000-dimensional Noisy Yinyang
data 100 times and use 5-fold cross-validation to calculate the sum of squared errors (SSE)
on each dataset. We fix the number of knots to be 71 and construct skeletons with different
numbers of disjoint components. The median 5-fold cross-validation SSEs across the 100

datasets for different numbers of disjoint components are plotted in Figure A.37.
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Figure A.37: Noise Yinyang d = 1000 data skeleton regression results with the number of knots
fixed as 38 but segmented into varying numbers of disjoint components. The medium SSE across
the 100 simulated datasets with each given parameter setting is plotted.

With the presence of noise, the S-Lspline method does not show significant variations
in performance when the skeleton graph is cut into different disjoint components. The best
regression result is obtained when the graph is left as a fully connected graph. In contrast,
the performance of the S-kernel method varies with the number of disjoint components. The
best results, regardless of the bandwidth, are obtained when the skeleton is segmented into
around 13 components, which is larger than the true number of 5 components in the data.
Lastly, the S-kNN method demonstrates an increase in SSE with an increase in the number

of disjoint components.

Vary Skeleton Cuts for SwissRoll data

In this section, we evaluate the performance of skeleton-based methods on SwissRoll
data (from Section 3.4.4) with skeletons cut into different numbers of disjoint components.
Similarly, we randomly generate 1000-dimensional SwissRoll data 100 times and use 5-fold
cross-validation to calculate the sum of squared errors (SSE) on each dataset. We fix the

number of knots to 70 and construct skeletons with different numbers of disjoint components.
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Figure A.38: SwissRoll d = 1000 data skeleton regression results with the number of knots fixed as
70 but segmented into varying numbers of disjoint components. The medium SSE across the 100
simulated datasets with each given parameter setting is plotted.

The median 5-fold cross-validation SSEs across the 100 datasets for different numbers of
disjoint components are plotted in Figure A.38.

We find that the S-Lspline regressor is sensitive to changes in the skeleton structure, with
the best regression results obtained when the skeleton is constructed as one connected graph.
This makes sense as the covariates lie on one connected manifold. The S-Kernel regressor
also performs best on the fully connected skeleton. After an initial increase in SSE as the
number of disjoint components increases, the SSE of the S-kernel regressor remains relatively
stable. The S-kNN regressor also achieves the best regression performance when the skeleton
is left as a fully connected graph. Overall, the SSE of the S-kNN regressor increases with the
number of disjoint components, but for a small number of neighbors, there can be a decrease
in SSE when the skeleton is cut into more disjoint components. One possible explanation
is that, as the response function has discontinuous changes, segmenting the covariate space

into more fragments can improve estimation in regions where the response changes abruptly.
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Penalized S-Lspline Empirical Results

In this section, we present the results of the S-Lspline regression with penalizations as
introduced in Section 3.3.3. We use the same datasets as the simulations in Section 3.4 and
follow the analysis procedure but with the regression methods to be the S-Lspline method
with different types of penalties and varying penalization parameters \.

The results of the penalized S-Lspline methods on the Yinyang d = 1000 data are
summarized in Table A.2 with the plots illustrating the effect of a varying number of knots
and varying penalty parameters shown in Figure A.39.

The results of the penalized S-Lspline methods on the Noisy Yinyang d = 1000 data are
summarized in Table A.3 with plots in Figure A.40. We observe that adding penalization
does not improve the regression results.

The results of the penalized S-Lspline methods on the Swill Roll d = 1000 data are
summarized in Table A.4 with plots in Figure A.41. Including penalization terms for the
linear spline model does not improve the regression results in this setting.

Overall, we observe that adding penalization terms to the linear spline model based on the
skeleton graph has minimal effect on the regression performance, and having no penalization
actually gives the best results although by a very tiny margin. We also test the penalized
versions of the S-Lspline method on the real data examples (COIL-20 and SDSS datasets)
and similarly observe that having penalization terms only leads to minimal effects on the
regression performance much and the vanilla version of the S-Lspline can give the best result

for most of the times.
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Method Medium SSE (5%, 95%) lambda nknots

No Penalization 110.4 (105.6, 118.5) - 38
Laplacian Smoothing Order 0 110.4 (105.6, 118.5) 0.001 38
Laplacian Smoothing Order 1 111.2 (104.4, 117.8) 0.001 38
Laplacian Smoothing Order 2 110.2 (104.7, 118.9) 0.001 38
Trend Filtering Order 0 110.6 (105.6, 118.9) 0.001 38
Trend Filtering Order 1 111.3 (104.4, 118.0) 0.001 38
Trend Filtering Order 2 110.3 (104.7, 120.5) 0.001 38

Table A.2: S-Lspline regression results on Yinyang d = 1000 data with varying penalties and
parameters. The smallest medium 5-fold cross-validation SSE from each method is listed with the
corresponding parameters used. The 5th percentile and 95th percentile of the SSEs from the given
parameter settings are reported in brackets.
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Figure A.39: S-Lspline regression results on Yinyang d = 1000 data with varying penalties and
parameters. The medium SSE across the 100 simulated datasets with each given parameter setting
is plotted.
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Method Medium SSE (5%, 95%) lambda nknots

No penalization 375.0 (354.7, 396.3) - 57
Laplacian Smoothing Order 0 377.0 (355.1,394.4) 0.001 42
Laplacian Smoothing Order 1  375.0 (354.7, 396.3) 0.001 57
Laplacian Smoothing Order 2 377.2 (355.9, 403.3) 0.001 71
Trend Filtering Order 0 377.0 (355.1, 394.4) 0.003 42
Trend Filtering Order 1 375.0 (354.7, 398.0) 0.001 57
Trend Filtering Order 2 378.0, (355.9, 399.0) 0.001 42

Table A.3: S-Lspline regression results on Noisy Yinyang d = 1000 data with varying penalties and
parameters. The smallest medium 5-fold cross-validation SSE from each method is listed with the
corresponding parameters used. The 5th percentile and 95th percentile of the SSEs from the given
parameter settings are reported in brackets.
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Figure A.40: S-Lspline regression results on Noisy Yinyang d = 1000 data with varying penalties
and parameters. The medium SSE across the 100 simulated datasets with each given parameter
setting is plotted.
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Method

Medium SSE (5%, 95%)

No penalization

Laplacian Smoothing Order 0
Laplacian Smoothing Order 1
Laplacian Smoothing Order 2
Trend Filtering Order 0
Trend Filtering Order 1
Trend Filtering Order 2

572.7 (521.0, 640.9)
573.4 (521.4, 632.6)
583.7 (524.7, 633.1) 0.001
573.1 (521.5, 641.3)
580.2 (524.6, 685.7)
583.7, (524.6, 633.0)
574.4, (522.0, 657.1)

lambda nknots
- 60
0.001 60
60
0.001 60
0.01 60
0.001 60
0.001 60

Table A.4: S-Lspline regression results on Swiss Roll d = 1000 data with varying penalties and
parameters. The smallest medium 5-fold cross-validation SSE from each method is listed with the
corresponding parameters used. The 5th percentile and 95th percentile of the SSEs from the given

parameter settings are reported in brackets.
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Figure A.41: S-Lspline regression results on Swill Roll d = 1000 data with varying penalties and
parameters. The medium SSE across the 100 simulated datasets with each given parameter setting

is plotted.
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Low Dimensional Simulation Data Examples

For the simulations in Section 3.4, we add random Gaussian variables to make the datasets
have a large dimension, and illustrate that the skeleton regression framework can have
advantages in dealing with such large-dimensional datasets. In this section, we look instead
at the low-dimensional settings where the datasets do not have noisy variables. We show
that the skeleton-based regression methods can also have competitive performance in such

settings compared to existing regression approaches.

Yinyang Data d = 2

We use the same data generation mechanism as in Section 3.4.2 but without additional
noisy variables (having d = 2). We follow the same analysis procedure as in Section 3.4.2
and take the median, 5th percentile, and 95th percentile of the 5-fold cross-validation Sum
of Squared Errors (SSEs) for each parameter setting of each method over the 100 simulated
datasets. We present the smallest median SSE for each method in Table A.5 along with
the corresponding best parameter setting. The plots illustrating the effect of varying the
numbers of knots are included in Figure A.42.

We observe that all the skeleton-based methods (S-Kernel, S-kNN, and S-Lspline) have
performance comparable to the standard kNN in this setting. Ridge and Lasso regression,
despite the regularization effect, resulted in relatively high SSEs. The SpecSeries method as
a spectral approach and the Fast-KRR method as a kernel machine learning approach have

improved performance compared to the classical Ridge and Lasso penalization regression
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Method  Medium SSE (5%, 95%) nknots Parameter

KNN  60.1 (57.1, 63.0) ~ neighbor=36

Ridge 1355.3 (1312.0, 1392.5) A =0.001

Lasso 1354.8 (1311.4, 1391.9) A =0.001
SpecSeries  71.2 (67.2, 74.1) - bandwidth = 0.1
Fast- KRR 115.9 (108.4, 124.2) - o=1
S-Kernel ~ 60.4 (57.3, 64.7) 63 bandwidth = 4 7,

S-kNN 60.9 (58.0, 63.9) 76 neighbor = 36
S-Lspline  60.0 (57.0, 63.7) 63 -

Table A.5: Regression results on Yinyang d = 2 data. The smallest medium 5-fold cross-validation
SSE from each method is listed with the corresponding parameters used. The 5th percentile and
95th percentile of the SSEs from the given parameter settings are reported in brackets.

S-Lspline Regression S-Kernel Regression S-kNN Regression
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Figure A.42: Yinyang d = 2 data regression results with varying number of knots. The medium
SSE across the 2 simulated datasets with each given parameter setting is plotted.
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methods, but do not give the top performances. This can be due to the underlying data
structure being comprised of multiple disconnected components which diminishes the power
of such manifold learning methods. Therefore, the skeleton regression framework also gives
competitive performance in datasets without noisy variables, but the advantage of skeleton-
based methods is manifested more if the number of noisy variables in the input vector gets

larger (see Appendix 3.4.2).

Noisy Yinyang Data d = 2

We follow the same data generation mechanism as in Section 3.4.3 to get Noisy Yinyang
data without the additional variable dimensions and only have d = 2. We follow the same
analysis procedure as in Section 3.4.3 and take the median, 5th percentile, and 95th percentile
of the 5-fold cross-validation Sum of Squared Errors (SSEs) for each parameter setting of
each method over the 100 simulated datasets. We present the smallest median SSE for each
method in Table A.6 along with the corresponding best parameter setting, with the plots
illustrating the effect of varying the numbers of knots included in Figure 3.7.

We observe similar patterns as shown in the Yinyang data that all the skeleton-based
methods (S-Kernel, S-kNN, and S-Lspline) have performance comparable to the standard
kNN in this setting. Ridge and Lasso regression methods result in relatively high SSEs, while
the SpecSeries method and the Fast-KRR method have improved performance compared to
the classical Ridge and Lasso penalization regression methods. Notably, the Spectral Series
regression gives a top-level performance in this setting, and this can be due to the noisy

observations adding a uniform density to the data space and making the structures in the
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Method  Medium SSE (5%, 95%) Number of knots Parameter
KNN 2285 (213.0, 244.3) - neighbor=6
Ridge 1938.5 (1906.0, 1973.0) - A =0.005
Lasso 1938.6 (1905.8, 1972.9) - A =0.0016
SpecSeries  243.9 (229.0, 259.0) - bandwidth = 0.1
Fast-KRR  497.8 (475.3, 520.6) - sigma = 1
S-Kernel  239.0 (223.2, 254.4) 226 bandwidth = 4 7y,
S-kNN  250.7 (234.4, 264.7) 226 neighbor =9
S-Lspline  234.3 (218.5 249.8) 226 -

Table A.6: Regression results on Noisy Yinyang d = 2 data.The smallest medium 5-fold cross-
validation SSE from each method is listed with the corresponding parameters used. The 5 percentile
and 95 percentile of the SSEs from the given parameter settings are reported in brackets.
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Figure A.43: Noisy Yinyang d = 1000 data regression results with varying number of knots. The
medium SSE across the 100 simulated datasets with each given parameter setting is plotted.
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Method  Medium SSE (5%, 95%) nknots Parameter

KNN  309.1 (281.5, 342.1) ~ neighbor=6

Ridge  1123.8 (1054.6, 1202.4) ~ A= 0.00126

Lasso  1123.3 (1053.9, 1201.3) - A=0.0025
SpecSeries  331.8 (307.3, 351.8) - bandwidth = 0.1
Fast- KRR 563.8 (533.0, 598.6) - o=1
S-Kernel  348.1 (345.5, 365.3) 320  bandwidth = 8 ry,

S-kNN  363.5 (361.6, 406.7) 320  neighbor = 9
S-Lspline  368.9 (329.4, 409.1) 160 -

Table A.7: Regression results on SwissRoll d = 3 data. The smallest medium 5-fold cross-validation
SSE from each method is listed with the corresponding parameters used. The 5 percentile and 95
percentile of the SSEs from the given parameter settings are reported in brackets.

S-Lspline Regression S-Kernel Regression S-kNN Regression
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Figure A.44: SwissRoll d = 3 data regression results with varying number of knots. The medium
SSE across the 100 simulated datasets with each given parameter setting is plotted.

data connected.

SwissRoll Datad = 3

We follow the same data generation mechanism as in Section 3.4.4 but with d = 3 so
that no random normal variables are added as additional features. We present the smallest
median SSE for each method in Table A.7 along with the corresponding best parameter
setting, and the plots illustrating the effect of varying the numbers of knots are included in

Figure 3.7.
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The kNN method has the best performance in this setting, and the skeleton-based
methods have comparable performance. Note that the Spectral Series approach has performance
slightly better than the skeleton-based methods in this case, which corroborates its effectiveness

in dealing with connected and smooth manifolds.

N Additional Real Data Examples

In this section, we present results on some additional examples from the COIL-20 dataset
Nene et al. (1996), following the same procedure as in Section 3.5.1. Each dataset consists
of 72 gray-scale images of size 128 x 128 pixels as 2D projections of a 3D object obtained
through rotating the object by 72 equispaced angles on a single axis. The response is the
angle of rotation, and to avoid the circular response issue, we remove the last 8 images
from the sequence and only use the first 64 images from each dataset. We use leave-one-out

cross-validation to assess the performance of each method.

Lucky Cat Data

This dataset consists of gray-scale images from rotating a lucky cat by equispaced angles
on a single axis. Several examples of the images are given in Figure A.46. Following the
same analysis procedure from Section 3.5.1, we use leave-one-out cross-validation, and the
best SSE from each method is listed in Table A.8 along with the corresponding parameters.

We observe that the kNN method gives outstanding performance on this real-world data.
The salient regions of black regions of the lucky cat make Euclidean distance between the

pixel vectors reliable for this series of images, and hence the kNN method can always correctly
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Figure A.46: A part of the lucky cat images from the COIL-20 processed dataset. Each image is
of size 128 pixels.

Method SSE  Parameter

kNN 175.0 neighbor=2
Ridge
Lasso
SpecSeries
Fast-KRR - -
S-Kernel 551.4 bandwidth = 0.1257y,,,
S-kNN 456.3 neighbor = 2
S-Lspline  338.1 -

Table A.8: Regression results on Lucky Cat data from COIL-20. The best SSE from each method
is listed with the corresponding parameters used.
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identify the two closest neighboring images and has the correct predictions and only give out
errors at the beginning and ending parts of the sequence of images. Among the skeleton-
based methods, the S-Lspline method gives the best SSE result, while the S-Kernel method
using kernel smoothing on the skeleton-based distance gives a result worse than the other

methods, which is similarly observed for the cup data in Section 3.5.1.

Sauce Box Image Data

We look at another sequence of images taken around a sauce box, with some example
images in Figure A.48. The best SSE from each method is listed in Table A.9 along with the
corresponding parameters. In this case, the usual kNN regressor gives the best performance
in terms of SSE, while the S-Lspline method gives satisfactory results. The good performance
of the kNN regressor can be due to the distinctive marks on the box, which makes neighbor
search through Euclidean distance on the vectorized image inputs effective. However, the
S-Lspline method explicitly models the latent structure of the data and can give a more
structured model of the response. Among the skeleton-based methods, the S-Kernel and S-
kNN methods using the skeleton-based distance give worse results, which is similarly observed

for the cup data in Section 3.5.1.
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Figure A.48: A part of the sauce images from the COIL-20 processed dataset. Fach image is of
size 128 pixels.

Method SSE  Parameter

kNN 931.3 neighbor=2
Ridge - -
Lasso - -
SpecSeries - -
Fast-KRR - -
S-Kernel 1996.3 bandwidth = 0.57},,s
S-kNN 2450.0 neighbor =1
S-Lspline  1220.1 -

Table A.9: Regression results on sauce images data from COIL-20. The best SSE from each method
is listed with the corresponding parameters used.
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Chapter 4 Appendices

O Simulation Detalils

To illustrate and expand on the results from the main text, we run a number of simulations.

Here, we describe the simulations in detail.

Graph Generation

Graph geometry plays a key role in our results. We build a network as follows, to generate
an empirical analogue to the L, that we study theoretically. L, is generated as a graph of
n nodes in the following manner.

1. The base construction of the graph is a ¢g-dimensional lattice, to mimic the properties

of Assumption 1. We place ng;q. nodes evenly spaced on [0, 1]?, meaning that there are

q
side

n.. . mnodes in the lattice portion of the graph.
2. The remainder of n nodes are placed uniformly at random throughout [0, 1]9.
3. All nodes, regardless of whether they are in the lattice or placed randomly, link to all

nodes within distance r. We set r as:

r:max{ LI 11}

)
Ngide — 1 2 Ngide —

This ensures that the graph is connected, even when ¢ is large and thus nodes can be
far apart.
We use the following parameters to generate L, in the graphs used in the main texts. In the

first specification, we set n = 4,000, ¢ = 4 and ngq. = 7. In the second specification, we set
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n = 4,000, ¢ = 2, and ngg. = 50. To generate G,,, we add links with i.i.d. probability 3,.

1

As a base rate, we use 3, = 13- — in one variant of parameters, we set 3, = Summary

_1
100n -
statistics are shown in Table A.10 in the main text, and for additional simulations in Table

A1l

Table A.10: Graph statistics for L,, with n = 4,000 nodes

Statistic L, G, L, G,
Dimension 4.0 4.0 2.0 2.0
Diameter 19.0 11.609 | 93.0 20.439

Mean Degree 10.164 10.263 | 5.826  5.926

Min Degree 3.0 3.095 2.0 2.0

Max Degree 24.0  24.103 | 16.0 16.13

Mean Clustering Coefficient | 0.265  0.258 | 0.379  0.37
Average Path Length 7.548  6.018 | 31.807 10.312

For g = 4, 60 percent of nodes are in the lattice, while with ¢ = 2 62.5 percent are. Statistics for
G, are the expectation over 2,500 draws of F,, which is drawn Erdos-Renyi with n = 4,000 and

Jé; -1 _ _1
m — T0n — 40000°

Diffusion Process

We use a Susceptible-Infected-Removed (SIR) diffusion process. Each node is infected
(activated)for a single period and has the opportunity to transmit the process with i.i.d.
probability p, to each of its neighbors. After nodes are activated, they are removed and
cannot be re-activated. We set the basic reproductive number to be Ry = 2.5, and set

Pn = Ro/d, where d is the mean degree in L,,.

Simulation of Theorem 3

To investigate the content of Theorem 3, we directly simulate the sample analog. For 2,500

simulations, we do the following. We choose the initial seed 7y uniformly at random and fix
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Figure A.49: This figure plots the same information as Figure 4.2, but separated by graph for both
g = 4 and g = 2. The trajectory of Yp(L,) initially lags behind that of Yr(G,), leading to the
decrease in the ratio shown in Figure 4.2. As Y7(L,,) catches up, the ratio increases.

it throughout the process. The SIR process is simulated for T" periods, where we set T" to be
twice the diameter of L,,.

1. Simulate the SIR process on L,.

2. Generate a draw of F,,, with links i.i.d. with probability 3,.

3. We define G,, := L, U E,,, and simulate the SIR process on G,,.
We track the number of ever-activated nodes in each simulation at each time step. We then
take the average over simulations at each time step. In the main text, results are shown in

Figure 4.2. Additional results are shown in Figures A.49 and A.50.

Simulation of Theorem 2

As an analog to Theorem 2, we simulate SIR processes on a fixed GG,, with slightly perturbed
starting points. We choose iy to be in the center of the lattice of L,, which forms the

backbone of G,. Then, we build a set of alternative seeds J;,. First, we find the second
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Figure A.50: Simulations meant to emulate Theorem 3, disaggregated into the standard SIR
framework. The figure is a result of averaging over simulation draws. Note that we see a larger
spike in activations under G,,, which makes intuitive sense — the additional links allow for more
infections to occur. We show results for both ¢ = 4 and ¢ = 2, both with 5, = ﬁ. Note that the
gap between total activations with ¢ = 2 is larger, as the additional links have a larger effect.
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distance of the closest link in F,, — denote this d(es). Then, all nodes at d(es)+ 1 are included
in .J;,. We then choose a jy € J;, uniformly at random.

The SIR process is then run, starting at both iy and j,. We record which nodes are ever
activated at each step of the process, under each simulation. To follow Theorem 2, we fix
the percolation across the simulation starting at g and j5. To do so, we use the fact that
for a one-period SIR model, each link can transmit the disease at most one time. Therefore,
we can simulate ex-ante which links will be able to transmit, which occurs with probability
Pn, and intersect this with G,, to get the realized percolation.

We then compute a standard Jaccard index to track the intersection of the two epidemics.
Let Ip(ig) be the set of ever-infected nodes under the epidemic from iy, and Ip(jo) be the

corresponding set from j;. Then, we compute:

_ [ Hp(io) N 1p(jo)|
[1p(i0) U Ip(jo)|

We define the Jaccard index J in a slightly different fashion than to A,,, the Jaccard index

J:

| G, P

in Theorem 2. Note that J is a re-arrangement of A,: the union of Ip(ig) and Ip(jo)
contains the intersection and the disjoint set, which are the key pieces of A,. We use
this index because we do not condition on the event that the epidemics have some overlap
(denoted as I',, and that there exists a path from j, to the second closes link to ig in F,.
Empirically, instances in which there is no overlap during some time periods are common,
meaning that the empirical analog of A,, will not be well defined (as the denominator will be
zero). Thus, we re-arrange terms and use the standard Jaccard index J. Note that due to

the re-arrangement, small values of 7 indicate very little overlap between epidemics, similar
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to high values of A,,.

Aggregate Patterns Are Well-Approximated by Compartmental Models

As an additional exercise, we study the approximation of the diffusion process by a standard
differential equations SIR compartmental model. In practice, diffusion occurs between a
discrete set of m agents and transmission occurs over discrete time. The compartmental
differential equations model simplifies matters by using a mean field approximation, but
there is a potential for error which we now explore.

Instead of the network-based SIR model, we assume the policymaker estimates the
parameters of a version of the standard differential equation SIR model. Changes in the

number of susceptible (S(¢)), infected (1(t)), and removed (R(t)) at time ¢ are given by:
S(t) = —%S(t — DIt 1)
i(t) = %sa —DI(t—1) —rI(t—1)
R(t) :=rI(t—1)
Where s and r are parameters that govern the disease process. Note that Ry = s/r. This
model is exactly a discrete-time analog of the standard SIR model.
We assume that the policymaker estimates s and 7 from observed data via a set of moment
conditions, matching both the number of infected and removed people at each time step.
It will be useful to define some additional notation. Let N be the number of simulations.

Let I:(t) be the number of infected people at time ¢ in simulation n. Let RZ(t) be defined

analogously for recovered. Let I(t;s,r) be the number of infected at time ¢ with parameters
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r and s. Let R(t;s,7) be defined analogously. Then, the policymaker solves the following
problem for each simulation run, given T periods of data. We then collect the moment

conditions in the following vector:

Then the policymaker solves:

T
1
Sp, Ty} = argmin_, — M, (t) M, (t
(S s= avguin, - 3 M (0 (0
For each simulation. Then, we compute the following quantities, getting the average trajectory

from the fitted SIR models.

1 & 1 < 1N s
I(t) = — I(t; sp,m0 R(t) = — t; Sn, ), = %7 =
(t) N;:l: (t: $nsr), R(1) N;:l:R(,s ra), Reo N;:l:rn

We can also compare directly to the metric of average ever activated, our policy object of
interest for much of the main text, by computing I(t) + R(t) at each time period.

We conduct two exercises. In the first exercise, we simulate a diffusion process on G,, for
T periods. We then estimate the parameters of interest, (7, ) at t= T/4 and we generate
forecasts from the compartmental model. We compare this to the actual diffusion trajectory.
The second exercise replicates the first, with the only change being that we simulate the
diffusion process on L, instead. Note that this is not what generates the diffusion process
in the “real world”—that is diffusion on G,,. However, together the two simulations capture
two features: (a) the deviation of the mean-field model from the underlying discrete process
and (b) how the deviation depends on the relative structure of G,, to L, = G,, — E,,. We

repeat both sets of simulations for both ¢ = 4 and ¢ = 2.
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Figure A.51 presents the results. We begin with ¢ = 4 and it is helpful to look at
the diffusion on L,, first in Panel A.51la. Recall that this shows how well the mean-field
approach captures the dynamics of a hypothetical network structure ignoring links in FE,,.
In the periods where the SIR process is fit to the simulated data, the fit is very good. The
estimated Ry, derived by taking the average across simulations of 4 /7, is 1.46 under }A/T(Ln),
well below the true Ry of 2.5. Note that while Lemma 11 implies that there exists a consistent
estimator of Ry, the estimator we propose in theory uses activation-level data. Here, we base
our estimate of Ry using the aggregate diffusion pattern. The estimated forecasts (in orange)
diverge quickly from the true diffusion, Y(Ln) Because of the initially exponential growth
structure of the compartmental model, early in the medium run, it overshoots, though the
diffusion saturates much earlier, and in fact, the overall diffusion count, in the long run, is
underestimated.

That is, in a sample, the compartmental model can be made to fit well, but with a lower
growth rate for the number of ever-infected nodes. However, because of the lower implied
Ry, the compartmental model dramatically underestimates the total number of expected
activations out of the sample. Ex-post, a policymaker could fit this type of model and do
extremely well, but it would not be helpful for predicting the future trajectory.

In Panel A.51b, we turn to diffusion on G,. The estimated Ry, derived by taking the
average across simulations of §/7, is 1.52 under Y7(G,,), still below the true R of 2.5. We
find very similar results as the case with L,,. The principle difference is that the idiosyncratic

links, F,, generate a slightly closer forecast curve to the true trajectory. Also of note, the
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implied diffusions from the compartmental model on L, and G,, are also similar. While the
estimates are such that the historical fit is quite good, the exponential structure makes the
process run too fast and then fade too early as well, relative to a slower more persistent

polynomial process (which of course could be historically fit by looking backwards).

4000

Mean Trajectories of Ever Activated, L,

Mean Trajectories of Ever Activated, G,

| 4000 -
I
|
|
I
3000 - } B — 3000 —
ki ‘ ] B e
2 | s /
2 | 7 2
G 2000 I / © 2000 - /
< | / < /
@ } 5 /
> > /
w | / o
1000 | / 1000 /
| / Observed Y ,(L,) / Observed Y ,(G,)
} / Simulated from Estimated Parameters / Simulated from Estimated Parameters
)% Data cutoff d Data cutoff
0 i L n 0 — 1 1 1
10 20 30 10 20 30
Time Time
(a) g=4 (b) g=14
Mean Trajectories of Ever Activated, L, Mean Trajectories of Ever Activated, G,
4000 | 4000 - ‘
I I
I I
I I
| A
3000 |- I 3000 i
° | — ° T
9} o}
- I - I
2 ! 2 !
2 I 2 I
0 2000 F | © 2000 + |
< | < |
= I = I
@ | o / |
> > /
w | w | |
1000 | ! 1000 | |
| Observed Y ;(L,) / | Observed Y ;(G,)
| Simulated from Estimated Parameters / | Simulated from Estimated Parameters
\ — — — Data cutoff / | — — — Data cutoff
0 — I I

L
50

n n
100 150
Time

(c)g=2

. n
50 100
Time

(d)g=2

n
150

Figure A.51: A comparison of the mean ever activated under the true network SIR model and the
estimated trajectory from the differential equations model. Panel (A) and (B) use ¢ = 4, while
(C) and (D) use ¢ = 2. Panel (A) shows simulations when Y7(L,) is used as the data generating
process, while Panel (B) shows when Y7(G,,) is used. The data cutoff is at T'/4. Before this point,
the compartmental SIR model is fit to the data via the generalized method of moments. After this
point, we run the differential equation model forward to see how it performs out of sample.

For ¢ = 2, there is a shift between L,, and G,. With ¢ = 2 and L,,, as seen in Panel

A.51c, the process cannot be well approximated by the model. The fitted compartmental

SIR looks almost nothing like the true trajectory: while fitting to data the SIR model makes



a complete “S” curve shape, it dramatically underestimates the total activations. Turning
to the G, case, as seen in Panel A.51d, the compartmental SIR model is able to match the
data more closely, because the diffusion moves much more quickly.

For Y7 (L,), the average (across simulations) root mean squared error (RMSE) is 11.43,
while with Y7 (G,,) it is 11.89. Unsurprisingly, the RMSE under Y7 (G,,) is larger, as the data
is inherently noisier. The simulated trajectories quickly diverge from the data out of sample.
In the next 7'/4 periods, the average RMSE with YT(L,L) is 429.08, while with )A/T(Gn) it 1s
354.21. This divergence is shown in Figure A.51.

As an additional exercise, we plot the difference between the simulated forward and
“true” trajectories under each data-generating process. Results are shown in Figure A.52.
We can note that under the true data-generating process of YT(Gn), the maximum under and
over-estimation by the SIR differential equation model is smaller than under Y7(L,). The
additional i.i.d. links increase the degree of the polynomial, meaning that an exponential
SIR model can more closely approximate the process. This effect is much larger with ¢ = 2
than with ¢ = 4, as this is when the SIR model approximates the process more poorly.

As discussed above, Figure A.53 demonstrates that the fitted value of Ry is typically
below the true value of Ry = 2.5. In particular, with ¢ = 2 and L,,, the estimation procedure
dramatically underestimates the true value of Rg. As discussed in the main text, this is
because the estimation procedure does not use the micro-data of exactly which nodes are
activated and when, as suggested in Proposition 11.

In sum, a compartmental SIR model can, in many cases, fit well looking backward to a
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Figure A.52: Differences between Y7(L,) and Y7(G,) and the fitted values from the differential
equation SIR model, for both ¢ =4 and ¢ = 2.

polynomial diffusion process. This fit is even better the higher the dimension of L, as it
admits more expansive balls. But in all cases, the compartmental SIR estimates too rapid a
diffusion that saturates and stabilizes too quickly: historical aggregate fits may be excellent

and at the same time may serve as poor forecast tools.

Extreme Sensitivity with ¢ = 2

We explore an additional set of simulations in the case of ¢ = 2, this time using a much

1

smaller value of 3, = 155-. We show average graph statistics in Table A.11. Results are

shown in Figures A.54.

As shown in Figure A.54, despite a much smaller value of 3, forecasting issues persist.
The minimum value of Y7 (L,)/Yr(G,) is achieved at T = 46, taking a value of 0.649. This
value is still lower than the case with ¢ = 4 and 3, = I(]Ln (which had a minimum of 0.780),

showing the extreme sensitivity in the lower dimension. Note that over very short time

ranges, the value of the ratio is slightly above 1 — this is a result of finite sample noise,
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Figure A.53: Distribution of estimated 7@0 across simulations when L, is based on ¢ = 4. Note
that the distribution of values sits below the true value of Ry = 2.5. Values very close to zero come
from data where the epidemic stops after a very small number of activations.

with several diffusion processes on L, infecting a large number of nodes quickly, and a few
processes on (&, infecting very few nodes. For sensitive dependence, j, is at a distance 16
from ig: this much larger distance comes from both the clustered nature of the graph, and
the lack of i.i.d. links to connect disparate locations (due to the low value of f3,,). Because
there are so few links in F,,, due to the small value of 3, the local neighborhood containing
all jg is 7.13 percent of the graph, and only 10.90 percent of the neighborhood is candidate j.
With this in mind, it is not surprising to see the process exhibit severe sensitive dependence

on the seed location: at half of the diameter of G, (T = 22), the value of J = 0.09 on

259



Table A.11: Graph statistics for L,, generated with ¢ = 2 and G,, generated with 5, = ﬁ

Statistic L, G,
Dimension 2.0 2.0
Diameter 93.0 45.059

Mean Degree 5.826  5.836

Min Degree 2.0 2.0
Max Degree 16.0  16.007

Mean Clustering Coefficient | 0.379  0.38
Average Path Length 31.774 18.802

Statistics for G,, are taken as an average over 2,500 draws.

average, indicating almost totally disjoint diffusion processes.

The third and fourth panels of Figure A.54 show the compartmental SIR fitting exercise.
Here, the introduction of F, has less of an impact, as shown by the relative similarity
between the results for L, and G,. This result is not surprising, given the very small value
of B,. Recall that we fit the SIR model to Y7 (L,) and Y7(G,,), over the first 46 time steps
(corresponding to T'/4, equivalent to half of the diameter of L,). In the fitting period, using
Yr(Ly,), the average RMSE is 62.069, while in the next T'/4 periods it is 1235.168 — a very
similar set of values to the ¢ = 2 case in the main text. With Y7(G,,), the within-sample
average RMSE is 101.128, while in the next 7'/4 periods it is 1242.687. These values are
much more similar to the L,, case than the corresponding values for ¢ = 2 in the main text —
this is because there are many fewer additional links in G,,. Therefore, while the additional
links increase the dimensionality of the diffusion process, the compartmental SIR model still
gives a poor approximation. As further evidence, in both cases, the compartmental model

dramatically underestimates the true value of Ry = 2.5: under L, it is estimated as 1.10,

and under (G, it is estimated as 1.21.
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Figure A.54: Results with ¢ = 2 and 8, = g5.. Panel (A) shows the ratio Y7 (L) /Y7 (Gr),
while Panel (B) shows the Jaccard index J. Panels (C) and (D) show the fitted values of a SIR
differential equation model, fit to Y7 (L,) and Y7(G,). Averages are taken over 2,500 Monte Carlo
simulations.

P Empirical Example: Location Data from the COVID-19 Epidemic

We give a detailed description of the data processing procedures, along with additional results
using a graph constructed from location data. We build a network using visitor flows based
on cell phone location data, provided by SafeGraph (Kang et al., 2020). Our primary analysis
studies the entirety of California and Nevada, with a small portion of Arizona included. Note
that we only include areas in the United States. The region includes major cities including

San Francisco, Los Angeles, and Las Vegas. We work with Census tracts as the unit of
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observation, which each contain approximately 4,000 people. Given privacy concerns, we
focus on movement between tracts, rather than tracking individual people. We use tract-
to-tract flows on March 1st, 2020. This date was before the WHO declared COVID-19 a
pandemic, and before the United States government declared a national state of emergency.
We construct graphs in the following manner. Fix a cutoff ¢. Then we take the following
steps.
1. For each pair of Census tracts a and b, we construct the average flow between tracts
by taking the average of the flow from a to b and the flow from b to a. Call this value
Jab-
2. Tracts a and b will be linked in the graph only if f,, > c.
We choose ¢ based on the empirical distribution of f,,, the flows between tracts. We refer
to this procedure as “pruning.” If the process results in a disconnected graph, we choose the

largest connected subgraph. As before, we set T" as twice the diameter of L,.

Disease Process

As with the simulated graphs, we fix Ry = 2.5. We then compute p, = Ro/d, where d is the
average degree in L,. Note that in this case, the meaning of Ry is substantively different
— because nodes now refer to Census tracts, infecting 2.5 nodes in the disease-free state on

average means infected 2.5 tracts on average.
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Errors Induced by Cutoff Choice

We first study errors induced by choosing different cutoffs for pruning the graph. We
construct G, by setting ¢ = 5, which is at the 91st percentile of the empirical distribution
of tract-to-tract flows. Then, we generate L,, by choosing ¢ = 6. Note that every link in L,
will be in GG,,, meaning that we can construct the implied error graph F,,.

We conduct the same three analyses that we did with the simulated graph. First, we
study a version of Theorem 3, comparing the expected number of infections on each graph.
Second, we study a version of Theorem 2, comparing the overlap between epidemics after
perturbing the starting point. Finally, we consider the exercise of fitting a SIR differential
equation model.

For the sake of brevity, we only note differences unique to this section when compared
to the procedures discussed in Section O. When considering the simulation of Theorem 3,
the key change is that we hold G, fixed: it is generated once from the data. When we
take expectations, they are taken only over the disease process only. Otherwise, the process
is identical. When considering the simulation of Theorem 2, the only change is how i is
selected — we set iy to be the node with the highest degree in G,,. The process of fitting
a differential equation SIR model is exactly as before. In addition, we conduct simulations
with E, taken to be an Erdos-Renyi random graph, rather than via the pruning procedure.

In the main text, we set 3, so that the i.i.d. errors generate the same expected volume of

1

links as the pruning procedure. As an additional set of results, we set 3, = 13-,

to compare

with the Monte Carlo simulations. Summary statistics of the resulting graphs are shown in
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Table A.12.

Table A.12: Graph statistics for L,, and both hypothetical G,,s constructed from California, Nevada,
and Arizona Census tract flow data

Statistic L, G2 G?
Error Type —  Pruned 11D
Diameter 21.0 15.0 7.687
Mean Degree 12.962 15486  16.172
Min Degree 1.0 1.0 1.839
Max Degree 298.0 329.0 301.148
Mean Clustering Coefficient | 0.389 0.393 0.234
Average Path Length 7.253 5.866 4.03

Statistics for G¥ with i.i.d. errors are averaged over 2,500 draws.

Additional Results

We again estimate the compartmental SIR model using the simulated epidemics above. This
process is identical to the procedure conducted in Section 4.7. One pattern of note is that
the model fit to Y7(G,,) generated from the pruning procedure underestimates the average
number of infections, while the model fit to YT(Ln) overestimates.

In the estimation period before T'/4, the RMSE for Yy (L,) is 202.98, while in the next
T'/4 periods it is 1953.41. When fit to Y7(G), the RMSE in the first 7'/4 periods is 452.09,
while in the next 7'/4 periods it is 1320.60. Notably, the model has a much better fit out of
sample for G2. For the i.i.d. errors on G, the results are similar. In the estimation period,
the RMSE fitted to Y7 (L,) is 200.541, while in the next 7/4 periods it is 1944.63. When fit
to Y7(G,), the RMSE in the first 7'/4 periods is 700.93, while in the next 7'/4 periods it is
1095.14.

We then show a set of additional figures, corresponding to the simulations from the
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Figure A.55: A comparison of the mean ever infected under the true network SIR model and the
estimated trajectory from the differential equations model. Here, L, is generated from location
flow data in California, Nevada, and a portion of Arizona. Panel (A) and (B) use the pruning
procedure, while (C) and (D) have i.i.d. links. Panel (A) shows simulations when Y7 (Ly,) is used as
the data generating process, while Panel (B) shows when Y7(G,,) is used. The data cutoff is at T/4.
Before this point, the SIR model is fit to the data via the generalized method of moments. After
this point, we run the differential equation model forward to see how it performs out of sample.

main text. We first disaggregate the simulated diffusion processes into a standard SIR
framework, as shown in Figure A.56. Second, we show the distribution of estimated Ro
across simulations in Figure A.57. Figure A.56 demonstrates that with i.i.d. errors, the
infection profile is relatively sharp, as the epidemic quickly expands to cover the whole

graph during the intermediate range of T

265



SIR Process on L,

SIR Process on G,

8000 | gooo |
—s \\ —s
; \ —
——R \ —R
0 6000 0 6000 - o
[ (V) \
B 3 //
4 ~ z \ /
g |
5 — — N \ /
o 4000 | = — o o 4000
] _— @ \
o - o /
: //////// E \\\\\\
=3 =)
z z ~
2000 - / 2000 | / —
- - L — e — — 0 ’/

40

L i 1
10 20 30
Time

(b) Pruned

.
40

SIR Process on G,

8000

o
=3
S
S

4000

Number of Nodes

2000 -

— 1 1 1 1
0 10 20 30 40
Time

(c) LLD.

Figure A.56: Trajectories of Y7 (Ly,) and Y7 (G,,) disaggregated into the standard SIR curves for
L,, and G, for each scenario. Note that the L,, specifications are identical, as it is exactly the same
graph.

Lower Rates of 1.1.D. Errors

To make a more direct comparison to the Monte Carlo simulations, we repeat the simulation
exercises using FE,, generated i.i.d. with 3, = 10%1' Graph statistics are shown in Table A.13,
again for L,, and the average statistics for G,, over 2,500 draws of F,. Compared to GG, in
the main text (in Table A.12), note that the change in degree, clustering, and average path
length are all much smaller, as E,, is much more sparse in this case.

Results are shown in Figure A.58. We take averages over 2,500 simulations. The first

panel shows the simulation of Theorem 3. Note that in this case, the minimum ratio of
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Figure A.57: The distribution of values of R estimated when fitting the compartmental SIR model
to the COVID-19 travel data.

Yr(Ly,)/Yr(G,) is achieved at T = 18 and takes the value 0.686. This value is much larger
than the values from the main text with either the pruned or i.i.d. errors and comparable
to the values with the same level of 3, and graph dimension ¢ = 4 in the Monte Carlo
simulations. The second panel shows the simulation of Theorem 2. As in the main text, we
choose the local neighborhood containing all jo conservatively: we chose the set to be all
nodes within distance 2 of iy. The distance from i to jg is therefore 2, and the neighborhood
that contains all possible jo contains 0.80 percent of the graph. Of the neighborhood, 89.55

percent of the nodes are candidates for j,. Halfway to the diameter of G,,, the value of the
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Table A.13: Average graph statistics with i.i.d. errors in the travel data for California, Nevada,
and a small portion of Arizona

Statistic L, G,
Diameter 21.0 16.874
Mean Degree 12.962  13.062
Min Degree 1.0 1.0
Max Degree 298.0  298.106
Mean Clustering Coefficient | 0.388 0.38
Average Path Length 7295  6.116

1

G is generated from L, using i.i.d. additional links, which occur with 3, = 5.

average Jaccard index is 0.24, indicating largely distinct epidemics.

The third and fourth panels of Figure A.58 show the fitted compartmental SIR models,
relative to Y7 (L,) and Y7(G,,). As before, the compartmental model underestimates the true
Ry = 2.5: under Yy (L,), it estimates a value of 1.40, and under Y7(G,) estimates a value
of 1.49. In the first T'/4 periods, in sample, the average RMSE under ?T(Ln) is 198.96. In
the next T'/4 periods, it is 1,966.58. Under YT(GH), in sample, the average RMSE is 222.11,
whereas in the next T'/4 periods it is 1389.65. Similar to the Monte Carlo exercise, we see
that the additional links in £, help increase the dimensionality of the epidemic, leading to

a better fit with the exponential compartmental model.

Q Empirical Example: Diffusion in Mobile Phone Marketing

We use data from Banerjee et al. (2019) as an additional empirical example of our diffusion
results. We build 69 separate village graphs, by composing networks based on survey data
from Karnataka, India. We have a number of directed networks:

1. Relative
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Figure A.58: Results using the COVID-19 travel data, with G,, using F, generated i.i.d. with
Bn = 7o-. Panel (A) shows the ratio Y7(L,)/Y7(Gy), while Panel (B) shows the Jaccard index 7.
Panels (C) and (D) show the fitted values of a SIR differential equation model, fit to Yr(L,) and

Yr(Gr). Averages are taken over 2,500 Monte Carlo simulations.

2. Give advice: does the household i give advice to household j

3. Seek advice: does household i get advice from household j

4. Go to visit: does household ¢ visit household j in free time

5. Come to visit: does household ¢ come visit household j in free time
6. Borrow: does i borrow kerosene or rice from household j

7. Lend: does i lend kerosene or rice to household j

To construct a set of undirected networks for each village, we take the union of these seven
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networks. Links are assumed to be undirected, and the network is made symmetric. This
network data comes from a sequence of studies conducted in Karnataka, India. We use the
2012 data in our setting, the more recent of two waves of data collection. Graph statistics

are shown in Table A.14.
Table A.14: Average village graph information from Banerjee et al. (2019).

Statistic L, G,
Nodes 196.072  196.072
Diameter 7.087 6.787
Mean Degree 6.541 6.849
Min Degree 1.0 1.004
Max Degree 25.71 26.219
Mean Clustering Coefficient | 0.228 0.199
Average Path Length 3.303 3.168

For L,,, averages are taken across the 69 villages in our sample. For G,,, averages are taken across the 69
villages and 2,500 draws of E,,, where E,, is generated with 3,, = ﬁ in each village separately, where n,, is

the number of households in the village.

R Empirical Example: Peer Effects in Insurance

We use data from Cai et al. (2015) to investigate an example with peer effects in a diffusion
setting. In order to encourage weather insurance, a valuable product with low takeup in
rural China, the researchers conducted two waves of information sessions.

To construct network data, we use the list of directed links given in their data along with
additional survey data. We drop some households who are listed in the network data but
not in the additional survey data — we assume that this is a result of attrition between the
surveys. We then transform the directed network in each village into an undirected network:
if household 7 lists household j as a friend, or vice versa, we link ¢ to j.

We use the same definition of treatment as in Cai et al. (2015). A household is considered
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to be treated if they participate in an intensive information session in the first wave of the
experiment. We then compute diffusion exposure using these households as seeds. When we
estimate the effect of diffusion exposure, we include only households that did not participate
in the first wave of the information sessions. This procedure is consistent with the prior
research.

In addition, we include a number of controls to be in line with the original paper. We
control for the head of household gender, age, education, and area of rice production. In
addition, following the approach in Cai et al. (2015), we control for the degree to address
potential concerns about selection on household sociability. Finally, we include village fixed
effects. Tables A.15 and A.16 report graph summary statistics for all values of k£ for the

Monte Carlo simulations conducted in the main text.

Table A.15: Average graph statistics from Cai et al. (2015)

Graph Statistic Value
Nodes 104.30
Min Degree 0.40
Max Degree 15.79
Mean Degree 6.51
Components 5.60
Average Path Length 3.59
Diameter 8.06
Local Clustering 0.30
Exposure 0.99

Averages are taken over the 47 villages in the data. When there are multiple components, paths of infinite
length (when nodes are disconnected from one another) are ignored. Mean exposure is computed before

standardizing to have mean zero and standard deviation one, as we do in the regressions.
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Table A.16: Graph statistics for the average graph L, generated by dropping links with i.i.d.
probability 3, = ﬁ in each village

k MinDeg MaxDeg MeanDeg Comp. PathLen. Diam. Clus. Exposure

- 0.38 13.32 2.60 5.60 3.59 8.06 0.30 1.10
15.00 0.37 13.19 5.54 5.63 3.61 8.10  0.29 1.10
14.00 0.37 13.19 5.53 5.64 3.61 8.10 0.29 1.10
13.00 0.37 13.17 2.53 5.64 3.61 8.10  0.29 1.10
12.00 0.37 13.16 5.52 5.64 3.61 8.11  0.29 1.10
11.00 0.37 13.15 5.51 5.65 3.61 8.11 0.29 1.10
10.00 0.37 13.13 5.51 5.65 3.62 8.12  0.29 1.10

9.00 0.37 13.11 5.49 5.66 3.62 8.12 0.29 1.10
8.00 0.36 13.09 5.48 5.67 3.62 8.13 0.29 1.10
7.00 0.36 13.05 5.46 0.68 3.62 8.14 0.29 1.10
6.00 0.36 13.01 0.44 5.69 3.63 8.15 0.29 1.09
5.00 0.35 12.95 5.40 5.71 3.64 8.17 0.28 1.09

“Comp.” stands for the number of components. “PathLen.” stands for path length. “Diam.” stands for

diameter. “Clus.” stands for the clustering coefficient.

S Additional Theoretical Results
Decaying Diffusion in the Polynomial Case

Assumption .1 (Polynomial Diffusion Process). For some constant ¢ > 1 and all discrete-
time t, & = O(t7!) and S; = & — &1 = O(t?). Furthermore, let p,(T) = % for some

_q
constant 0 < A < ¢ and p, o € <( L >2q+2 ,1].

Togn
We assume that diffusion decays at a polynomial rate over time, governed by the constant
A. It follows that we only have expected diffusion through links in E,, if A < ¢. In the case
where p,(T') were to decay exponentially quickly, it would then follow we still would not have
expected diffusion through E,. With fast decay on p,(7"), the missing links do not have a
large impact because the diffusion process just dies before hitting regions that cause lots of

damage.
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We note that the graph classes that are allowed under the homogenous p,, are still valid
here, with sufficiently slow decay of p,. For example, again consider a latent space network
where nodes form links locally in a Euclidean space with dimension ¢. Since volumes in
Euclidean space expand at a polynomial rate and for A < ¢, this ensures that Assumption

.1 will be satisfied.

Assumption .2 (Forecast Period). We impose that the sequence T,, has for each n, T, €
[T,,T,] where the following holds:

1 1
- . — q—A
1. T, =min< nett [ =

Pn,0

2. T, = (pnologn) AT

Again, the assumption is very close to that of the main text, adapting the constants to
deal with the decaying diffusion rates. We can note that the time frame considered will

generally start earlier, but also potentially end earlier.

Assumption .3. (5, € <; 1).

npn,0TI=>? n
Compared to the homogeneous diffusion rate case where we assume 3, € (L, l),
npp,0T1’ n
with decaying p,(7T) we impose a larger missing link rate. Under these conditions, a similar

result to Theorem 3 holds.

Theorem .1. Under Assumptions .1, .2, and .3, as n — oo, % — 0.

This result forms a direct analog of Theorem 3 with a decaying diffusion rate, and thus

the proof is omitted as it proceeds in an identical manner.
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