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We analyze several problems in causal inference from the perspective of maximum likelihood.

Two archetypal likelihoods are primarily concerned: Gaussian likelihood for continuous data

and multinomial likelihood for discrete data.

In the first half of this dissertation, Gaussian likelihood is considered for testing and

estimation. Motivated by the selection of causal graphs, in Chapter 2, we study testing be-

tween marginal and conditional independence in a Gaussian setting with the likelihood ratio

test (LRT). We introduce a class of “envelope” distributions by taking pointwise suprema

over asymptotic distribution functions of LRT. We show that these envelope distributions

are well-behaved and lead to uniformly consistent model selection procedures. In Chapter 3,

we consider the estimation of total causal effects under causal sufficiency and linearity. We

derive a simple recursive least squares estimator as the MLE under Gaussian errors, which

can consistently estimate any identified total effect, under either point or joint intervention.

Further, this estimator is shown to be asymptotically efficient even beyond the Gaussian

assumption, when compared to a reasonably large class of estimators.

In the latter half, we study the inference of instrumental variable (IV) models with

discrete data. In Chapter 4, we develop non-asymptotic tail bounds for the likelihood ratio

statistic under multinomial sampling. Such bounds are established by bounding the moment

generating function of the statistic uniformly over all multinomial parameters, which can be



viewed as a finite-sample version of Wilks’ theorem. Then, in Chapter 5, such bounds are

combined with a convex parametrization of the IV model to streamline statistical inference

as convex programming. This approach delivers strong guarantees and circumvents the

difficulty in identification and post-selection inference. The approach is illustrated with

a case study on the distributional effect of military service on annual earnings, using the

Vietnam draft lottery as a monotone instrument. Finally, we study partial identification of

the average treatment effect in a latent variable formulation and make connections to the

Bell-CHSH inequalities in quantum mechanics.
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Chapter 1

INTRODUCTION

1.1 Motivation

In this dissertation, we present analyses of several problems from causal inference, including

model selection (Chapter 2), estimation (Chapter 3), partial identification and post-selection

inference (Chapter 5). The solutions to these problems are based on, inspired by or related

to the principle of maximum likelihood. We will use two archetypal likelihood functions: the

Gaussian likelihood for continuous data (Chapters 2 and 3) and the multinomial likelihood

for discrete data (Chapters 4 and 5). Although many causal models can be posited non-

parametrically and there is often a concern on the misspecification of a parametric model

(especially for continuous data), we argue that the analysis through Gaussian or multino-

mial likelihood serves as an essential first step, which can provide valuable insight from the

following aspects.

First, for a new class of graphical models, it is customary to understand its parametriza-

tion in terms of Gaussian or discrete data; see, e.g., Lauritzen (1996, Chap. 4–5), Richardson

and Spirtes (2002, §8), Evans and Richardson (2014, §5). Such parametrization sheds light

on the smoothness of the model. If a model can be parametrized as a curved exponential

family, it is considered smooth. On the other hand, if singularities are shown to be present

(e.g., Drton, 2009a), the model is non-smooth and its practicality may be limited.

Second, the analysis of the multinomial likelihood is a useful guide for extending to the

nonparametric case; see Chamberlain (1987).

Third, estimators that naturally arise as maximum likelihood estimates (MLE) can have

optimality properties beyond the specific parametric setting. We show such a result for least

squares in Chapter 3.
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Finally, for certain problems, restricting the set of distributions is even necessary for

making progress, such as testing conditional independence when the conditioned variable is

continuous (Shah and Peters, 2020) or testing the instrumental variable assumption when

the treatment is continuous (Gunsilius, 2020).

1.2 Notation

The following notations are used throughout. Rn×n
PD denotes n×n positive definite matrices.

Typically, Θ denotes the parameter space. Symbol M denotes a model, which is a subset

of the parameter space or a subset of laws. We use P and Q for probability measures,

Pn and Qn for sequences of measures, as well as Pn and Qn for empirical measures. µ is

reserved for Lebesgue measure. Lower-case letters p, q denote the densities of P,Q with

respect to µ. P n
n denotes the n-sample product (tensorized) measure of Pn, namely the law

of X1, . . . , Xn
iid∼ Pn. We write Pn →d P if Pn converges (weakly) to P in law. For Xn(t) a

stochastic process indexed by t ∈ T , we write Xn  X if Xn(t) converges weakly to X(t).

For two sequences {an} and {bn}, we write an = O(bn) if there exists a constant c < ∞

such that an ≤ cbn for large enough n; an = o(bn) and bn = ω(an) if limn→∞ an/bn = 0;

an � bn if an = O(bn) and bn = O(an). Also, we write x . y if x ≤ cy for some constant

c > 0. We write x ∨ y = max(x, y) and x ∧ y = min(x, y).

1.3 Organization

The rest of this dissertation is organized as follows. In Chapter 2, which is based on Guo

and Richardson (2020), we consider selecting between two Gaussian graphical models that

are non-nested. “Envelope” distributions are introduced to define correct critical values for

non-standard likelihood ratio tests. In Chapter 3, we consider recursive least squares for esti-

mating total effects under linearity and causal sufficiency. New efficiency bounds are derived

for a restricted class of estimators. In Chapter 4, which largely follows Guo and Richardson

(2021), we develop state-of-the-art tail bounds for the multinomial likelihood ratio. Finally,

Chapter 5 is devoted to automating the inference of discrete instrumental variable models,
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which are prescribed as convex polytopes. New results on partial identification are presented.
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Chapter 2

TESTING MARGINAL VERSUS CONDITIONAL
INDEPENDENCE

In this Chapter, we are concerned with selecting between two Gaussian graphical models

that are non-nested, a problem that is motivated by model selection of causal DAGs. We

study selection rules based on the likelihood ratio test (LRT), but in a setting where standard

χ2 asymptotics do not hold. New techniques are developed to control the probability of

selecting the wrong model in a uniform sense.

More concretely, we focus on the problem of selecting between marginal independence

and conditional independence in a trivariate setting. The two models are non-nested and

their intersection is a union of two marginal independences. We consider two sequences

of such models, one from each type of independence, that are closest to each other in the

Kullback-Leibler sense as they approach the intersection. They become indistinguishable if

the signal strength, as measured by the product of two correlation parameters, decreases

faster than the standard parametric rate. Under local alternatives at such rate, we show

that the asymptotic distribution of the likelihood ratio depends on where and how the local

alternatives approach the intersection. To deal with this non-uniformity, we introduce a

class of “envelope” distributions by taking pointwise suprema over asymptotic cumulative

distribution functions. We show that these envelope distributions are well-behaved and

lead to model selection procedures with rate-free uniform error guarantees and near-optimal

power. To control the error even when the two models are indistinguishable, rather than

insist on a dichotomous choice, the proposed procedure will choose either or both models.

The rest of this Chapter is organized as follows. Section 2.1 describes the setup. In

Section 2.2, we derive the maximum likelihood estimates under the two types of indepen-
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dence models, and obtain the loglikelihood ratio statistic in a closed form. In Section 2.3,

we characterize the information-theoretic limit to distinguishing the two models, and outline

two regimes on the boundary of distinguishability. Then in Section 2.4, we consider local

alternative sequences in the two aforementioned regimes and establish the asymptotic dis-

tribution of the loglikelihood ratio. Section 2.4.3 provides a geometric perspective in terms

of limit experiments. We then deal with non-uniformity issue of asymptotic distributions in

Section 2.5 by introducing a family of envelope distributions. Next in Section 2.6 we propose

model selection procedures with a uniform error guarantee. In Section 2.7, we compare the

performance of several methods through simulation studies. We present a realistic example

in Section 2.8 on inferring the American occupational structure. Finally some discussions

are given in Section 2.9. Additional proofs are delegated to Appendix A.

2.1 Introduction

It is often of interest to test marginal or conditional independence for a set of random

variables. For example, in the context of graphical modeling, the PC algorithm (Spirtes

et al., 2000) for directed acyclic graph model selection determines the orientation of an

unshielded triple X − Z − Y based on whether the separating set of X and Y contains Z:

if so, X ⊥⊥ Y | Z and Z is not a collider; if not, X ⊥⊥ Y and the triple is oriented as

X → Z ← Y . The reader is referred to Dawid (1979); Lauritzen (1996); Koller et al. (2009)

and Reichenbach (1956) for more discussion.

Here we consider the simplest case, namely testing X1 ⊥⊥ X2 versus X1 ⊥⊥ X2 | X3 in a

trivariate Gaussian setting. For testing whether a specific marginal or conditional indepen-

dence holds, it is common to use the correlation coefficient or partial correlation coefficient

under Fisher’s z-transformation (Fisher, 1924) as the test statistic. Under independence,

the transformed correlation coefficient is approximately distributed as a normal distribution

with zero mean and variance determined by the sample size and the number of variables be-

ing conditioned on (Hotelling, 1953; Anderson, 1984). In this Chapter, however, we assume

at least one type of independence holds (from prior knowledge or precursory inference) and
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we want to contrast the two types. To this end, we will use the likelihood ratio statistic,

which often provides intuitively reasonable tests for composite hypotheses (Perlman and Wu,

1999), especially in terms of model selection.

Setup For (X1, X2, X3) ∼ N{0,Σ = (σij)} with parameter space Θ being the set of 3× 3

real positive definite matrices R3×3
PD , we consider testing

M0 : X1 ⊥⊥ X2 versus M1 : X1 ⊥⊥ X2 | X3. (2.1)

M0 and M1 are algebraic models (Drton and Sullivant, 2007) as represented by equality

constraints

M0 : {σ12 = 0}, M1 : {σ12σ33 = σ13σ23} (2.2)

imposed on Θ. They are visualized in the correlation space (ignoring the variances) in

Figure 2.1.

Figure 2.1: The two models visualized in the correlation space: M0 : ρ12 = 0 (grey plane)

and M1 : ρ12 = ρ13ρ23 (checkerboard). M0 ∩ M1 consists of the ρ13 and ρ23 axes; they

intersect at the origin Msing. See also Evans (2020, Figure 3).
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M0 and M1 are non-nested and they further intersect at the origin

Msing : {σ12 = σ13 = σ23 = 0}, (2.3)

which is a singularity within M0 ∩M1 that corresponds to diagonal covariances. At Msing

the likelihood ratio statistic is not regular in the sense that the tangent cones (linear approx-

imations to the parameter space; see Bertsekas et al. (2003, Chap. 4.6)) of the two models

coincide. As pointed out by Evans (2020), we will see that the equivalence of local geometry

between the two models presents a challenge for model selection. It is also worth mentioning

that, in the setting of nested model selection, the behavior of the likelihood ratio of testing

M0∩M1 against a saturated model, especially at the singularity, has been studied by Drton

(2006a); Drton and Sullivant (2007); Drton (2009b).

2.2 Maximum likelihood

The log-likelihood of a Gaussian graphical model under sample size n (Lauritzen, 1996, Chap.

5) is

`n(Σ) =
n

2
(− log |Σ| − Tr(SnΣ−1)), (2.4)

where Sn is the sample covariance computed with respect to mean zero (i.e., the scatter

matrix divided by n). A model can be scored by its log-likelihood maximized within the

model contrasted against the saturated model

λ(i)
n := 2

(
sup
Σ∈Θ

`n(Σ)− sup
Σ∈Θi

`n(Σ)

)
≥ 0 (2.5)

for i = 0, 1, which is the quantity considered in nested model selection. The saturated model

attains maximal likelihood when Σ = Sn, yielding

`sat
n := sup

Σ∈Θ
`n(Σ)

= −n
2

(
log
(
s11s22s33 + 2s12s23s13 − s11s

2
23 − s2

13s22 − s2
12s33

)
+ 3
)
.
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To contrast M0 and M1, we instead consider

λ(0:1)
n := λ(1)

n − λ(0)
n

= 2

(
sup

Σ∈Θ0

`n(Σ)− sup
Σ∈Θ1

`n(Σ)

)
= 2

(
`n(Σ̂(0)

n )− `n(Σ̂(1)
n )
)
,

(2.6)

where Σ̂
(0)
n and Σ̂

(1)
n are MLEs within the two models. Intuitively, a positive value of λ

(0:1)
n

prefers M0, and a negative value prefers M1.

2.2.1 MLE within M0

By X1 ⊥⊥ X2, we can factorize the likelihood of M0 as

p(X1, X2, X3) = p(X1)p(X2)p(X3 | X1, X2)

= N (X1; 0, σ11)N (X2; 0, σ22)N (X3; β32·1X1 + β31·2X2, σ33·12).

where the parameters σ11, σ22, β32·1, β31·2, σ33·12 are variation independent (Barndorff-Nielsen,

2014, Chap. 10.2). The MLEs for them are given by

σ̂
(0)
11 = s11, σ̂

(0)
22 = s22, (2.7)

β̂
(0)
32·1 =

s22s13 − s12s23

s11s22 − s2
12

, β̂
(0)
31·2 =

s11s23 − s12s13

s11s22 − s2
12

,

and

σ̂
(0)
33·12 = s33 −

s22s
2
13 − 2s12s23s13 + s11s

2
23

s11s22 − s2
12

.

Mapping them back to the original parameters via relations β32·1 = σ13/σ11, β31·2 = σ23/σ22

and σ33·12 = σ33 − σ2
13/σ11 − σ2

23/σ22, in addition to Eq. (2.7) we have the MLEs as

σ̂
(0)
13 =

s11 (s22s13 − s12s23)

s11s22 − s2
12

, σ̂
(0)
23 =

s22 (s11s23 − s12s13)

s11s22 − s2
12

(2.8)

and

σ̂
(0)
33 = s33 −

2s12 (s12s13 − s11s23) (s12s23 − s13s22)

(s11s22 − s2
12) 2

. (2.9)

This derivation is essentially the same as executing the iterative conditional fitting algo-

rithm of Chaudhuri et al. (2007) in the order of X1, X2, X3. Plugging Eqs. (2.7) to (2.9) into

Eq. (2.4), we have the following closed-form expression of maximized log-likelihood of M0

`(0)
n = −n

2

[
log

(
s11s22

(
s22ŝ

2
13 − 2s12s23s13 + s11s

2
23

s2
12 − s11s22

+ s33

))
+ 3

]
. (2.10)
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2.2.2 MLE within M1

The MLE within M1 in the covariance parametrization is simpler. By writing σ12 =

σ13σ23/σ33 and simplifying the score condition, we obtain

σ̂
(1)
11 = s11, σ̂

(1)
22 = s22, σ̂

(1)
33 = s33, σ̂

(1)
13 = s13, σ̂

(1)
23 = s23, (2.11)

all of which are their sample counterparts. Plugging into Eq. (2.4), we have

`(1)
n = −n

2

[
log

(
(s2

13 − s11s33) (s2
23 − s22s33)

s33

)
+ 3

]
. (2.12)

2.2.3 Likelihood ratio

Finally, M0 and M1 are contrasted with

λ(0:1)
n = 2(`(0)

n − `(1)
n ) = n log

(
(s2

13 − s11s33) (s2
23 − s22s33)

s33

)
−

n log

(
s11s22

(
s22s

2
13 − 2s12s23s13 + s11s

2
23

s2
12 − s11s22

+ s33

))
. (2.13)

2.3 Optimal error

We study the information-theoretic limit to distinguishing the two models. Specifically,

consider two sequences of sampling distributions — one withinM0 and the other withinM1,

as they approach the same limit inM0∩M1. Let Pn be the sequence inM0 under covariance

Σ
(0)
n ∈ M0 \ M1, and let Qn be the sequence in M1 under covariance Σ

(1)
n ∈ M1 \ M0.

Further, let P n
n and Qn

n be the product measures of n independent copies of Pn and Qn

respectively.

The fundamental limit to distinguishing two distributions P and Q is characterized by

their total variation distance dTV(P,Q) := supA{P (A) − Q(A)}. We have the following

classical result on testing two simple hypotheses, where the minimum total error is achieved

by the likelihood ratio test.

Lemma 2.1 (Theorem 13.1.1 of Lehmann and Romano (2006)). For testing H0 : X ∼ P

versus H1 : X ∼ Q, the minimum sum of type-I and type-II errors is 1− dTV(P,Q).
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The optimal error above does not permit a tractable formula. The analysis for a prod-

uct measure is more tractable in terms of the Hellinger squared distance H2(P,Q) :=

(1/2)
∫

(p1/2 − q1/2)2 dµ, for which it holds that

H2(P n
n , Q

n
n) = 1−

{
1−H2(Pn, Qn)

}n
. (2.14)

The total variation is related to Hellinger by Le Cam’s inequality (Tsybakov, 2009, Lemma

2.3)

H2(P n
n , Q

n
n) ≤ dTV(P n

n , Q
n
n) ≤ H(P n

n , Q
n
n)
{

2−H2(P n
n , Q

n
n)
}1/2

. (2.15)

Lemma 2.2 (see also Theorem 13.1.3 of Lehmann and Romano (2006)). It holds that

1− dTV(P n
n , Q

n
n)→

0, H2(Pn, Qn) = ω(n−1)

1, H2(Pn, Qn) = o(n−1)

.

And when nH2(Pn, Qn)→ h > 0, it holds that

0 < 1− {1− exp(−2h)}1/2 ≤ lim inf
n→∞

{1− dTV(P n
n , Q

n
n)}

≤ lim sup
n→∞

{1− dTV(P n
n , Q

n
n)} ≤ exp(−h) < 1.

Proof. Using Eq. (2.14) and Eq. (2.15), we have

1− dTV(P n
n , Q

n
n) ≤ 1−H2(P n

n , Q
n
n) =

{
1−H2(Pn, Qn)

}n
= exp

[
n log

{
1−H2(Pn, Qn)

}]
.

It follows that

lim sup
n→∞

{1− dTV(P n
n , Q

n
n)} ≤ lim sup

n→∞
exp

[
n log

{
1−H2(Pn, Qn)

}]
=

0, H2(Pn, Qn) = ω(n−1)

exp(−h), nH2(Pn, Qn)→ h > 0

.

Similarly, we also have

lim inf
n→∞

{1− dTV(P n
n , Q

n
n)} ≥ lim inf

n→∞
1−H(P n

n , Q
n
n)
{

2−H2(P n
n , Q

n
n)
}1/2

=

1, H2(Pn, Qn) = o(n−1)

1− {1− exp(−2h)}1/2, nH2(Pn, Qn)→ h > 0

.
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The proof is finished by combining the previous two displays with the fact that

lim inf
n
{1− dTV(P n

n , Q
n
n)} ≤ lim sup

n
{1− dTV(P n

n , Q
n
n)}

and noting dTV ∈ [0, 1].

Corollary 2.1. Under nH2(Pn, Qn) → h > 0, the optimal power of an asymptotic α-level

procedure satisfies

1− exp(−h) ≤ optimal asymptotic power ≤ α + {1− exp(−2h)}1/2. (2.16)

Proof. This directly follows from Lemma 2.2 since (1 − optimal power) + type-I error =

1 − dTV(P n
n , Q

n
n) for type-I error asymptotically between 0 and α, and then passing to the

limit.

By Lemma 2.2, the asymptotic error converges to zero (exponentially fast) if Pn and Qn

are separated by a distance that is decreasing more slowly than rate n−1/2. For example, when

Pn = P , Qn = Q are fixed distributions from which we observe n independent samples, that

is, when P n
n = P n and Qn

n = Qn. The analysis above shows that the ability to differentiate Pn

and Qn based on n samples depends on the distance between Pn and Qn. The consideration

of Pn and Qn as n → ∞ is necessitated by the development of asymptotic results that are

applicable in a specific analysis with a fixed n. In particular, here we want to investigate

what happens when the sample size is small compared to the signal strength, or equivalently,

when signal strength is weak under a given sample size. This is modeled by the regime that

yields a non-trivial optimal error strictly between 0 and 1. By Lemma 2.2, we need to choose

sequences Σ
(0)
n and Σ

(1)
n such that H2

(
P

Σ
(0)
n
, P

Σ
(1)
n

)
� n−1. More specifically, we choose

Σ
(1)
n that is the most difficult to distinguish from Σ

(0)
n . That is, we choose Σ

(1)
n to minimize

DKL

(
P

Σ
(0)
n
‖P

Σ
(1)
n

)
, i.e., Σ

(1)
n is the MLE projection of Σ

(0)
n in M1 by Eq. (2.11). The two



12

sequences take the form of

Σ(0)
n =


σ11,n 0 ρ13,n

√
σ11,nσ33,n

0 σ22,n ρ23,n
√
σ11,nσ33,n

ρ13,n
√
σ11,nσ33,n ρ23,n

√
σ11,nσ33,n σ33,n

 ,

Σ(1)
n =


σ11,n ρ13,nρ23,n

√
σ11,nσ22,n ρ13,n

√
σ11,nσ33,n

ρ13,nρ23,n
√
σ11,nσ22,n σ22,n ρ23,n

√
σ22,nσ33,n

ρ13,n
√
σ11,nσ33,n ρ23,n

√
σ22,nσ33,n σ33,n

 .

(2.17)

Both of them converge to Σ∗ ∈M0∩M1 as n→∞. We assume the variances σii,n → σii > 0

for i = 1, 2, 3. For H2
(
P

Σ
(0)
n
, P

Σ
(1)
n

)
→ 0, it is necessary that either (or both) ρ13,n and ρ23,n

converges to zero. The squared Hellinger distance is calculated as

H2
(
P

Σ
(0)
n
, P

Σ
(1)
n

)
= 1− |Σ(0)

n |1/4|Σ(1)
n |1/4

|(Σ(0)
n + Σ

(1)
n )/2|1/2

=


ρ2

13,nρ
2
23,n/8 +O(ρ4

13,n + ρ4
23,n), ρ13,n, ρ23,n → 0

ρ2
23(1− ρ2

23)−1ρ2
13,n/8 +O(ρ4

13,n), ρ13,n → 0, ρ23,n → ρ23 6= 0

ρ2
13(1− ρ2

13)−1ρ2
23,n/8 +O(ρ4

23,n), ρ23,n → 0, ρ13,n → ρ13 6= 0

. (2.18)

The calculation reveals that H2(P
Σ

(0)
n
, Q

Σ
(1)
n

) � 1/n if and only if ρ13,nρ23,n � n−1/2. This

entails two distinct regimes.

The weak-strong regime Between ρ13,n and ρ23,n, one (the weak edge) converges to zero

at n−1/2 rate, and the other (the strong edge) converges to a non-zero limit ρ ∈ (−1, 1).

The limiting model is onM0∩M1 \Msing, namely one of the axes excluding the origin

in Fig. 2.1.

The weak-weak regime ρ13,n, ρ23,n → 0 and
√
nρ13,nρ23,n → δ 6= 0. The limiting model is

on Msing, namely the origin in Fig. 2.1.

Remark 2.1. The result can be rephrased as the sample size required to distinguish M0

and M1. Consider distinguishing M0 and M1 in a Euclidean m−1/2-neighborhood of Σ∗ ∈
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M0 ∩M1 as m →∞. The sample size required is m2 if Σ∗ ∈ Msing, and m if Σ∗ /∈ Msing.

This phenomenon is described by Evans (2020) in terms of equivalence of local geometry.

M0 and M1 are 1-equivalent at Σ∗ ∈ Msing in the sense that their tangent cones coincide;

and they are 1-near-equivalent at Σ∗ /∈ Msing in the sense that they have distinct tangent

cones. See Evans (2020, Theorem 2.8).

Proposition 2.1. In testing M0 versus M1, the sample complexity required isn = ω
(

1
ρ213ρ

2
23

)
, for consistent model selection

n �
(

1
ρ213ρ

2
23

)
, for asymptotic total error ∈ (0, 1)

. (2.19)

2.4 Local asymptotics

In this section, we analyze the asymptotic distribution of the log-likelihood ratio statistic

λ
(0:1)
n = 2(`

(0)
n − `(1)

n ) under the two regimes outlined earlier.

2.4.1 Weak-strong regime

Without loss of generality, we choose ρ13,n = γ/
√
n as the weak edge and ρ23,n → ρ 6= 0 as

the strong edge. γ ∈ R characterizes the size of the local asymptotic, and is also referred to

as a local parameter (van der Vaart, 2000, Chapter 9). We consider asymptotics under local

sequences Σ
(0)
n and Σ

(1)
n approaching the limiting covariance

Σ∗ =


σ11 0 0

0 σ22 ρ
√
σ22σ33

0 ρ
√
σ22σ33 σ33

 ∈M0 ∩M1 \Msing. (2.20)

We consider the following local alternatives of size γ on the correlation scale. Again, Σ
(1)
n is

the KL-projection (i.e., MLE-projection) of Σ
(0)
n .

Σ(0)
n =


σ11 0 γ

√
σ11σ33/

√
n

0 σ22 ρ
√
σ22σ33

γ
√
σ11σ33/

√
n ρ
√
σ22σ33 σ33

 ∈M0 \M1, (2.21)
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Σ(1)
n =


σ11 γρ

√
σ11σ22/

√
n γ
√
σ11σ33/

√
n

γρ
√
σ11σ22/

√
n σ22 ρ

√
σ22σ33

γ
√
σ11σ33/

√
n ρ

√
σ22σ33 σ33

 ∈M1 \M0. (2.22)

At the limit, both models are correct (intersection); see Figure 2.3. However, the sequence

approaches the limit only on one of the models, and the size of violation of the other model

is |γ|n−1/2. To ensure positive definiteness, we require |ρ| < 1.

Proposition 2.2. Under local alternative Σ
(0)
n ,

λ(0:1)
n →d ρ

(Z1 +
γ√

2(1− ρ)

)2

−

(
Z2 +

γ√
2(1 + ρ)

)2
 ; (2.23)

and under local alternative Σ
(1)
n ,

λ(0:1)
n →d ρ

(Z1 + γ

√
1− ρ

2

)2

−

(
Z2 + γ

√
1 + ρ

2

)2
 , (2.24)

where Z1, Z2 are two independent standard normal variables.

We leave the proof to Appendix A, which is done geometrically. Alternatively, the dis-

tribution can be derived by a change of measure with Le Cam’s third lemma; see van der

Vaart (2000, Example 6.7).

Asymptotically the log-likelihood ratio statistic is distributed as a scaled difference of

two independent non-central χ2
1 variables, with non-centralities scaled by γ and weighted by

ρ differently, depending on the true model. Note that the distribution only depends on the

absolute values of γ and ρ. The asymptotic distributions under the two types of sequences

(truths) are visualized in Fig. 2.2. We can see that the mean is positive underM0 \M1 and

negative under M1 \M0. However, a pair of these distributions are not symmetric to each

other in terms of shape. They are further separated apart (more easily distinguished) as |γ|

or |ρ| becomes bigger, and only become identical (distributed as ρ(Z2
1 − Z2

2)) when γ → 0.

Remark 2.2. The models are locally asymptotically normal at Σ∗ /∈ Msing. By regularity,

replacing the constant elements in Eqs. (2.21) and (2.22) with sequences in n that converge

to the corresponding limits does not alter the asymptotic distribution of λ
(0:1)
n .
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Figure 2.2: Asymptotic distributions of λ
(0:1)
n under Σ

(0)
n ∈ M0 \M1 and Σ

(1)
n ∈ M1 \M0

in the weak-strong regime.

X1 X2 X1 X2 X1 X2

X3 X3 X3

M0 \M1 M1 \M0 M0 ∩M1

Figure 2.3: Two types of local sequences and their common limit.

2.4.2 Weak-weak regime

Now we study the asymptotic under ρ13,n, ρ23,n → 0 and
√
nρ13,nρ23,n → δ. The limiting

covariance is Σ∗ = diag(σ11, σ22, σ33) ∈Msing, towards which we consider two local sequences

Σ(0)
n =


σ11 0 ρ13,n

√
σ11σ33

0 σ22 ρ23,n
√
σ11σ33

ρ13,n
√
σ11σ33 ρ23,n

√
σ11σ33 σ33

 ∈M0 \M1 (2.25)
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and

Σ(1)
n =


σ11 ρ13,nρ23,n

√
σ11σ22 ρ13,n

√
σ11σ33

ρ13,nρ23,n
√
σ11σ22 σ22 ρ23,n

√
σ22σ33

ρ13,n
√
σ11,nσ33 ρ23,n

√
σ22σ33 σ33

 ∈M1 \M0. (2.26)

Proposition 2.3. Given ρ13,nρ23,n = δn−1/2 +o(n−1/2) for δ 6= 0 and ρ13,n, ρ23,n → 0. Under

Σ
(i)
n ∈Mi \M1−i for i = 0, 1, we have

λ(0:1)
n →d δ(2Z + (−1)iδ) =d N

(
(−1)iδ2, (2δ)2

)
. (2.27)

The limit is a centered Gaussian shifted and then scaled by δ. Plots for a few values of

δ are given by Fig. 2.4.

δ = 0.5 δ = 1 δ = 1.64 δ = 2.5

−5 0 5 −5 0 5 −5 0 5 −5 0 5
0.0

0.1

0.2

0.3

0.4

λ(0:1)

de
ns

ity truth
M0 \ M1
M1 \ M0

Figure 2.4: Asymptotic distribution of λ
(0:1)
n in the weak-weak regime underM0 \M1 (red)

and M1 \M0 (blue). The vertical lines and shaded areas correspond to 95% upper/lower

quantiles.

Remark 2.3. The Gaussian asymptotic in Proposition 2.3 does not depend on how ρ13,n

and ρ23,n approach zero individually. We verify it with simulations shown in Figure 2.5. We

simulate under n = 10, 000 for 5, 000 replicates. We set ρ13,n = rn−a and ρ23,n = tn−(1/2−a)

such that ρ13,nρ23,n = δn−1/2 for δ = rt under different values of a.
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Figure 2.5: Simulated distribution of log-likelihood ratio under ρ13,n = rn−a and ρ23,n =

tn−(1/2−a) such that ρ13,nρ23,n = δn−1/2 for δ = rt. Red and blue solid curves are theoretical

distributions.

2.4.3 Limit experiments

We establish the equivalence of testing the two models local asymptotics to that of a limit

experiment, which sheds light on the form of the asymptotic distribution. As we will see,

the limit experiments are Gaussian location experiments and the problem is asymptotically

equivalent to testing the location between two lines from a single normal observation. Further

by weak convergence, λ
(0:1)
n is asymptotically distributed as the likelihood ratio statistic

arising from the limit experiment. The reader is referred to van der Vaart (2000, Chapter 7,

9 and 16) for more background.

The weak-strong regime We characterize the limit experiment in the weak-strong regime.

Proposition 2.4. The family of distributions {PΣ∗+Gh/
√
n : h ∈ R2} is locally asymptotically
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normal, where

Σ∗ =


σ11 0 0

0 σ22 σ23

0 σ23 σ33

 , h = (h1, h2)>,

and G : R2 → R3×3 is a linear operator

Gh :=


0 h1 h2

h1 0 0

h2 0 0

 .

Proof. The Gaussian model PΣ is differentiable in quadratic mean at Σ∗. The result follows

from van der Vaart (2000, 7.14 and 7.15).

The limit experiment of a LAN (locally asymptotically normal) family is a normal location

experiment.

Proposition 2.5. The sequence of experiments indexed by the local parameter h converges

to the following normal location experiment

(
PΣ∗+Gh/

√
n

)
h∈R2  

(
N (h, I−1

Σ∗ )
)
h∈R2 , (2.28)

where

I−1
Σ∗ = σ11

 σ22 ρ
√
σ22σ33

ρ
√
σ22σ33 σ33

 .

Proof. {PΣ∗+Gh/
√
n : h ∈ R2} is LAN with non-singular Fisher information I∗Σ, which is the

conditional information matrix of (σ12, σ13) under PΣ given (σ11, σ22, σ33, σ23), corresponding

to (h1, h2). The result then follows from van der Vaart (2000, Corollary 9.5).

The local sequences Eq. (2.21) and Eq. (2.22) can be identified as Σ∗ + Gh/
√
n with h

taking value of

h0 = (0, γ
√
σ11σ33)>, h1 = (γρ

√
σ11σ22, γ

√
σ11σ33)> (2.29)
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respectively. ModelsM0 andM1 correspond to the set of h0 and h1 respectively as γ varies

in R. That is, M0 and M1 are represented by local parameter spaces

H0 = {0} × R, H1 = {(γρ
√
σ11σ22, γ

√
σ11σ33)> : γ ∈ R}, (2.30)

which consist of all limits of
√
nG−1(Σ

(i)
n −Σ∗) for i = 0, 1 (see van der Vaart (2000, Chapter

7.4)). Note H0 and H1 are lines in R2 (affine) and they correspond to tangent cones from

M0 and M1 at Σ∗ under Chernoff regularity; see also Drton (2009b) and Geyer (1994).

Proposition 2.6. Suppose I−1
Σ∗ = LL>. For i = 0, 1, under P n

Σ∗+Gh/
√
n

for h = hi, it holds

that (−1)iλ
(0:1)
n is asymptotically distributed as the likelihood ratio statistic of testing

µ ∈ L−1Hi versus µ ∈ L−1(H1−i − hi) (2.31)

from a single observation Z ∼ N (µ = 0, I2).

Now we derive limit experiments based on Proposition 2.6. The Cholesky decomposition

gives

L =
√
σ11

 √
σ22 0

ρ
√
σ33

√
(1− ρ2)σ33

 ,

L−1 =
1
√
σ11

 1/
√
σ22 0

−ρ/
√

(1− ρ2)σ22 1/
√

(1− ρ2)σ33

 .

We have, when h = h0

L−1H0 = {0} × R, L−1(H1 − h) =


 0

−γ√
1−ρ2

+ u

 ρ√
1− ρ2

 : u ∈ R

 , (2.32)

and when h = h1

L−1(H0 − h) = {−γρ} × R, L−1H1 =

u
 ρ√

1− ρ2

 : u ∈ R

 . (2.33)

They are visualized in Figure 2.6. The limit experiments Eq. (2.32) and Eq. (2.33) are

of the same type as they are both characterized by an angle and an intercept. The two have

the same angle θ = arcsin ρ and their intercepts are related by a factor of 1/
√

1− ρ2.
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M0

M1

θ = arcsin ρ

γ/
√

1− ρ2

M1

M0

θ = arcsin ρ

γ

Mi M1−i

δ

Figure 2.6: Three limit experiments: (1)M0 \M1 in the weak-strong regime, (2)M1 \M0

in the weak-strong regime, and (3) Mi \M1−i in the weak-weak regime for i = 0, 1.

The weak-weak regime The Gaussian limit in Proposition 2.3 shows that the limit

experiment of the weak-weak regime is testing the location of a univariate normal between

two points; see the last panel of Fig. 2.6.

Corollary 2.2. TestingM0 versusM1 under
√
nρ12,nρ13,n → δ for δ 6= 0 with ρ12,n, ρ13,n →

0 is asymptotically equivalent to testing H0 : µ = 0 versus H1 : µ = δ from a single observa-

tion Z ∼ N (µ, 1).

2.5 Envelope distributions

Though it may at first appear otherwise, the asymptotic distributions as obtained in Propo-

sition 2.2 and Proposition 2.3 are not directly applicable to forming decision rules. This is

due to the non-uniformity of the asymptotics.

Firstly, the asymptotic depends on the regime: weak-strong versus weak-weak, namely

where the local sequence converges to. And the law is discontinuous between the two regimes.

That is, the law in the weak-strong regime (scaled difference of noncentral chi-squares) does

not converge to that of the weak-weak regime (Gaussian) as ρ→ 0. Furthermore, a procedure

that firstly estimates the regime and then uses the corresponding distribution to form decision

boundary, is susceptible to irregularity issues. Additionally, it is difficult to judge if an edge

is weak based on whether its confidence interval contains zero without further assumptions,
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as illustrated by the following example.

Example 2.1. Suppose Xi
iid∼ N (γ/

√
n, σ2) for i = 1, · · · , n. The usual (1− α)-level confi-

dence interval for the mean of X is X̄n ± zα/2σ̂n/
√
n. The probability that it contains zero

is

Pr
(
0 ∈ (X̄n ± zα/2σ̂n/

√
n)
)

= Pr
(√

nX̄n/σ̂n ∈ (±zα/2)
)

→ Pr(Z + γ ∈ (±zα/2)) < 1− α

for γ 6= 0 and Z ∼ N (0, 1). A large enough γ can be chosen to make this probability

arbitrarily small.

Secondly, given the regime, the distribution depends on the value of a local parameter (γ

for strong-weak and δ for weak-weak), which determines how the local sequence converges.

Due to the
√
n factor, the standard error for its estimator does not vanish and in general

the local parameter cannot be consistently estimated. The reader is referred to Berger and

Boos (1994); Andrews (2001) for discussions in the literature on the treatment of asymptotic

distributions involving nuisance parameters that are not point-identified. Here we take a

different approach, presented as follows.

The non-uniformity of asymptotic distributions motivates us to seek a procedure that

circumvents the inference on the regime and the local parameter. In this section, we study

the “extremal” distributions arising from the asymptotic distributions as the local parameter

varies in R.

Definition 2.1. Given a family of distribution functions {Fh : h ∈ H} on R, define

F̄ ∗(x) = sup
h∈H

Fh(x),

and

F̄ (x) =

F̄
∗(x), F̄ ∗ is continuous at x

limy→x+ F̄
∗(y), F̄ ∗ is discontinuous at x

. (2.34)

We call F̄ the envelope distribution of {Fh : h ∈ H} if F̄ is a valid distribution function.



22

Lemma 2.3. F̄ ∗(x) is left-continuous if every Fh(x) for h ∈ H is continuous.

Proof. Fix any x and δ > 0, for ε > 0 we have |F̄ ∗(x)−F̄ ∗(x−ε)| = suph Fh(x)−suph Fh(x−ε).

By definition of supremum, there exists h′ ∈ H such that Fh′(x) ≥ suph Fh(x)− δ/2. Hence,

|F̄ ∗(x) − F̄ ∗(x − ε)| ≤ δ/2 + Fh′(x) − Fh′(x − ε). By continuity of Fh′ , choosing ε > 0 such

that Fh′(x)− Fh′(x− ε) ≤ δ/2 shows that F̄ ∗(x) is left-continuous.

Lemma 2.4. If F̄ ∗(x)→ 0 as x→ −∞, then F̄ (x) is a valid distribution function.

Proof. Given any x ≤ x′, suph Fh(x) ≤ suph Fh(x
′) by monotonicity of every Fh. Since

F̄ ∗ is non-decreasing, by Folland (1999, Theorem 3.23), the set of points at which F̄ ∗ is

discontinuous is countable. By redefining the function value at these points to be their right

limits, F̄ is right continuous. Also, F̄ (x) ≥ F̄ ∗(x) → 1 as x → +∞ since every Fh(x) → 1.

Finally, as x→ −∞ if F̄ ∗(x)→ 0 , then F̄ (x)→ 0. F̄ is a distribution function.

2.5.1 Weak-weak regime

Proposition 2.7. Let Gδ = {N (δ2, (2δ)2) : δ ∈ R} be the asymptotic distributions for the

weak-weak regime under M0 \M1. The envelope of {Gδ} is an equal-probability mixture of

(−χ2
1) and a point mass at zero, namely

Ḡ(x) =
1

2

(
1− Fχ2

1
(−x)

)
Ix<0 +

1

2
Ix≥0 (2.35)

The corresponding envelope under M1 \M0 is distributed as its negation.

Proof. It suffices to consider δ ≥ 0. Given any x < 0,

sup
δ

Pr(δ2 + 2δZ ≤ x) = sup
δ>0

Φ

(
x− δ2

2δ

)
= sup

δ>0
Φ

(
−
[
−x
2δ

+
δ

2

])
= Φ(−

√
−x),

where δ∗ =
√
−x is the maximizer; Given any x ≥ 0, δ = 0 maximizes the probability to

one. Hence, the envelope CDF is

Ḡ(x) =

Φ(−
√
−x), x < 0

1, x ≥ 0

,
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from which it follows that

ḡ(x) = Ḡ′(x) =
1

2
fχ2

1
(−x)Ix<0 +

1

2
δ0(x).

The envelope for M1 \M0 follows from symmetry.

Since when M0 is true, the region for rejecting M0 should take the form (−∞, r) for

some r < 0, only the negative part of Ḡ is relevant for decision making. It follows from

Proposition 2.7 that the negative part of Ḡ is distributed as χ2
1. The formation of the

envelope is visualized in Fig. 2.7, which aligns with the behavior observed in Fig. 2.4, where

as δ grows, the quantiles for α = 0.05 first moves outward for δ ∈ (0.5, 1.64) and then moves

inward for δ ∈ (1.64,∞).
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Figure 2.7: The envelope CDF Ḡ for the weak-weak regime.

2.5.2 Weak-strong regime

Now we study the envelope distributions under the weak-strong regime. We first observe that

the envelope distributions, if they exist, must be symmetric for Eq. (2.23) and Eq. (2.24),

in the sense that they are distributed as the negation of each other. The symmetry holds
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because the two local parameters are related by a factor of 1/
√

1− ρ2 (see Fig. 2.6), and

hence the suprema are taken over the same set of laws up to a difference in the sign. Fix ρ,

let {Fρ,γ : γ ∈ R} be the family of asymptotic distributions in the weak-strong regime under

M0 \M1 as given in Eq. (2.23). Let F̄ρ be its envelope distribution function.

Proposition 2.8. F̄ρ is a valid distribution function for |ρ| ∈ (0, 1].

The following result shows Fρ,γ=0 constitutes the envelope for the positive part of F̄ρ.

Proposition 2.9. The positive part of F̄ρ for |ρ| ∈ (0, 1] is distributed as the positive part

of ρ(Z2
1 − Z2

2) for Z1, Z2
iid∼ N (0, 1).

Corollary 2.3. F̄ρ(0) ≡ 1/2.

Unfortunately, we do not have an analytic form of the distribution for the negative part

of F̄ρ, which is the part relevant for decision making, except for ρ→ 0 and ρ = 1.

Proposition 2.10 (Bessel envelope). F̄ρ=1 =d Z
2
1 − Z2

2 for Z1, Z2
iid∼ N (0, 1).

The distribution in Proposition 2.10 is a difference between two independent χ2
1 variables.

The density, as plotted in Fig. 2.8, is

pB(u) =
1

2π
K0(|u|/2),

where K0 is a modified Bessel function of the second kind. It is referred to as a K-form

Bessel distribution in the literature; see Johnson et al. (1995, Chapter 4.4), Bhattacharyya

(1942) and Simon (2007, Page 25).

Proposition 2.11 (Continuity of envelope). F̄ρ →d Ḡ as ρ → 0, where Ḡ is the envelope

distribution for the weak-weak regime given in Proposition 2.7.

Perhaps surprisingly, Proposition 2.11 shows that the asymptotic envelope is continuous

between the two regimes, which bridges the discontinuity of the asymptotic distributions of

λ
(0:1)
n as presented in Propositions 2.2 and 2.3. Therefore, taking the envelope resolves the
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Figure 2.8: The density for F̄ρ=1 =d Z
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Figure 2.9: The envelope distribution F̄ρ under the strong-weak regime for ρ = 0.3, 0.7.

non-uniformity issue in terms of both the regime and the local parameter. Now with this we

extend the definition of the envelope F̄ρ to ρ ∈ [0, 1] by writing F̄ρ=0 = Ḡ.

Figure 2.9 showcases two envelopes. In the absence of an analytic form for ρ ∈ (0, 1), the

envelopes can be numerically simulated by taking the supremum over a grid of values for

γ. We observe from simulations that there exists γ∗(x, ρ) ∈ (0,∞) such that ±γ∗ uniquely

maximizes Fγ,ρ(x).
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Finally, we conclude this section by noting the following envelope of envelopes. See

Figure 2.10 for an illustration. This result will be used in the next section to form simple

decision rules based on the Bessel distribution.

Proposition 2.12 (Envelope of envelopes). The negative part of the envelope of {F̄ρ : ρ ∈

[0, 1]} is distributed as the negative part of F̄ρ=1 (Bessel).
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Figure 2.10: The negative part of envelope of {F̄ρ : ρ ∈ [0, 1]} is the negative part of F̄ρ=1.

2.6 Model selection procedures

Since we are selecting between two non-nested models, we want to refrain from choosing

one of them as the default (the null hypothesis). By treating M0 and M1 symmetrically,

however, a procedure that takes output value in {M0,M1} cannot simultaneously control

both types of error under a given tolerance. It can be seen from Figs. 2.2 and 2.5 that

there are cases where the asymptotic distributions of λ
(0:1)
n under P

Σ
(0)
n

and P
Σ

(1)
n

significantly

overlap. In such cases, insisting on a dichotomous choice will inevitably result in a high

probability of error under at least one model.
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To deal with this possible indistinguishability, we opt for a procedure with three options :

if two models can be sufficiently distinguished, it selects one of them; otherwise it refrains

from commitment by selecting both models, formally denoted as the union M0 ∪M1. It is

worth stressing that we always assume at least one of the two models is true. By such a

design, when the procedure does not output the union, we are ensured that the probability of

choosing the wrong model is small, being controlled below a given tolerance α. In contrast,

in the usual hypothesis testing framework where supposedly M0 is the null and M1 is the

alternative, one typically cannot simultaneously control both type-I and type-II error. In

other words, our procedure selects model with “confidence”. Recently the same notion has

been investigated by Lei (2014) in a classification setting; Robins et al. (2003) also allows a

test to make no decision when faced with ambiguity. We formalize the concept as follows.

Suppose (X1, X2, X3) ∈ Rn×3 consists of n independent samples from N (0,Σn), where

Σn ∈ M0 ∪M1 is allowed to change with n and Σn → Σ∗. The sequence Σn models signal

strength relative to the sample size. We consider a deterministic decision rule

φn(Sn) : R3×3
PSD → {M0,M1,M0 ∪M1}, (2.36)

where sample covariance Sn is the sufficient statistic. For a given sequence of Σn ∈Mi\M1−i

with Σn → Σ∗ ∈Mi∪M1−i, we define the asymptotic (type-I) error of φn as the large-sample

probability of rejecting the true model, i.e.,

perr((Σn)) := lim sup
n→∞

Pr(φn(Sn) =M1−i), (2.37)

where the probability is taken under P n
Σn

. Similarly, the asymptotic power is defined as

ppow((Σn)) := lim inf
n→∞

Pr(φn(Sn) =Mi). (2.38)

We say that the error is uniformly controlled below a given size α > 0, if

p(0)
err := sup

(Σ
(0)
n )

perr((Σ
(0)
n )) ≤ α and p(1)

err := sup
(Σ

(1)
n )

perr((Σ
(1)
n )) ≤ α, (2.39)

where for i = 0, 1 the supremum for (Σ
(i)
n ) is taken over all converging sequences of Σ

(i)
n

within Mi \M1−i (the limit can be in either Mi \M1−i or Mi ∩M1−i). In general, the



28

power ppow((Σn)) depends on the sequence considered and we do not seek power optimality

or guarantee in a uniform sense. In the next section, we will compare the power of several

proposed procedures to the theoretical optimal for Σn considered in the two regimes of local

asymptotics.

By construction, using the α-quantile of the envelope as the decision boundary achieves

uniform error control. Based on the envelope of envelopes, a simple uniform rule is

φunif
n =


M0, λ

(0:1)
n > −F̄−1

ρ=1(α)

M1, λ
(0:1)
n < F̄−1

ρ=1(α)

M0 ∪M1, otherwise

. (2.40)

To gain more power, since F̄ρ is continuous in ρ and ρ can be consistently estimated (recall

that ρ = ρstrong in the weak-strong regime, and ρ = 0 in the weak-weak regime), an adaptive

rule can be formed as

φada
n =


M0, λ

(0:1)
n > −F̄−1

ρ̂n
(α)

M1, λ
(0:1)
n < F̄−1

ρ̂n
(α)

M0 ∪M1, otherwise

, (2.41)

where ρ̂n = |ρ̂13,n| ∨ |ρ̂23,n| is the MLE for |ρ|. If it is desired to report a p-value, consider

a potentially conservative p-value = F̄ρ(−|λ(0:1)
n |). For ρ = 1 and ρ = ρ̂n respectively, the

uniform rule and the adaptive rule can be then restated as

φn =


M0, λ

(0:1)
n > 0 and p-value < α

M1, λ
(0:1)
n < 0 and p-value < α

M0 ∪M1, otherwise

.

The conservative p-value can be computed numerically by Monte Carlo and then taking the

maximum over a grid of values for γ.

Theorem 2.1. The adaptive rule φada
n controls asymptotic error uniformly below α for 0 <

α < 1/2.
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Proof. We show error guarantee when M0 is true. The same argument holds when M1 is

true. It suffices to show for any converging sequence Σn ∈M0 \M1,

perr((Σn)) = lim sup
n→∞

Pr(φn(Sn) =M1) ≤ α,

where the probability is measured under P n
Σn

. Suppose Σn → Σ∗ ∈ M0 ∪ M1. If Σ∗ /∈

M0∩M1, then λ
(0:1)
n is unbounded in probability towards +∞. Hence Pr(φn(Sn) =M0)→ 1

and perr(Σn) = 0. In the following we prove the claim for Σ∗ ∈ M0 ∩M1. Suppose ρ̂ij,n,

ρij,n and ρij respectively denote the corresponding correlation coefficient of Sn, Σn and Σ∗.

We have three cases depending on the rate at which Σn converges.

1. When |ρ13,nρ23,n| � 1/
√
n, there are two regimes depending on Σ∗.

(a) In the weak-strong regime, without loss of generality suppose
√
nρ13,n → γ 6= 0

and ρ23,n → ρ 6= 0. By consistency ρ̂n = |ρ̂13,n| ∨ |ρ̂23,n| →p |ρ| and the definition

of envelope, we have

lim sup
n

Pr(λ(0:1)
n < F̄−1

ρ̂n
(α)) = Fγ,ρ(F̄

−1
ρ (α)) ≤ Fγ,ρ(F

−1
γ,ρ (α)) = α.

(b) In the weak-weak regime, suppose
√
nρ13,nρ23,n → δ 6= 0. We have ρ̂n = |ρ̂13,n| ∨

|ρ̂23,n| = (|ρ13,n| ∨ |ρ23,n|) + Op(1/
√
n) →p 0 since both ρ13,n, ρ23,n → 0. By

Proposition 2.11, we have

lim sup
n

Pr(λ(0:1)
n < F̄−1

ρ̂n
(α)) = Gδ(F̄

−1
ρ=0(α))

= Gδ(Ḡ
−1(α)) ≤ Gδ(G

−1
δ (α)) = α.

2. When |ρ13,nρ23,n| = o(1/
√
n), we have λ

(0:1)
n →p 0. Since F−1

ρ (α) < c < 0 for α < 1/2,

we have Pr(φn(Sn) =M0 ∪M1)→ 1.

3. When |ρ13,nρ23,n| = ω(1/
√
n), we have Pr(λ

(0:1)
n > c)→ 1 for any constant c and hence

Pr(φn(Sn) =M0)→ 1.
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As can be seen from the proof, the consistency of model selection based on the loglikeli-

hood (or AIC/BIC since in this caseM0 andM1 have the same dimensions) is a special case

when |ρ13,nρ23,n| = ω(n−1/2), i.e., under strong signal or large enough sample size. However,

under |ρ13,nρ23,n| = O(n−1/2), simply choosing the model with the highest loglikelihood (or

the lowest AIC/BIC) can lead to large errors, as we will illustrate in the next section. Note

that Theorem 2.1 provides a “rate-free” guarantee, in the sense that it does not require any

a priori assumption on the rate of signal strength relative to the sample size. The envelope

of envelopes leads to the same guarantee for the uniform rule.

Corollary 2.4. The decision rule φunif
n controls asymptotic error uniformly below α for

0 < α < 1/2.

Proof. It follows from Theorem 2.1 and Proposition 2.12.

The uniform rule can be easily applied by comparing the difference in log-likelihoods

to a single number, e.g., 3.19 for α = 0.05 and 5.97 for α = 0.01. The adaptive rule

can be implemented by numerically evaluating F̄−1
ρ (α) via Monte Carlo on a grid of ρ and

interpolating. Some values are plotted in Fig. 2.11 and tabulated in Table 2.1 based on 107

samples. It is interesting to notice that F̄−1
ρ (α) is not monotonic in ρ ∈ [0, 1].

Table 2.1: Envelope quantiles −F̄−1
ρ (α) (Monte Carlo standard errors ≤ 0.01)

ρ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

α = 0.05 2.71 2.71 2.68 2.65 2.58 2.48 2.42 2.39 2.58 2.90 3.19

α = 0.01 5.41 5.41 5.40 5.34 5.27 5.21 5.11 5.05 5.02 5.40 5.97
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Figure 2.11: Negated α-quantiles of F̄ρ evaluated on a grid.

2.7 Simulations

In this section we conduct numerical simulations to assess the performance of the adaptive

and uniform decision rules proposed in the previous section. In subsequent simulations we

use α = 0.05. In addition to the two methods we propose, we also consider the following

methods for comparison.

Naive The naive procedure selects the model with a higher likelihood (or equivalently, a

lower AIC/BIC, since M0 and M1 have the same dimensions), namely

φnaive
n =

M0, λ
(0:1)
n > 0

M1, λ
(0:1)
n < 0

.

This is effectively choosing a single model based on AIC/BIC since the penalty terms cancel

out as M0 and M1 have the same dimension.

Interval Selection This method is adapted from Drton and Perlman (2004). We construct

(1 − α)-level non-simultaneous confidence intervals on correlation coefficients ρ12 and ρ12·3
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with Fisher’s z-transform (Fisher, 1924). The decision rule is

φinterval
n =


M0, 0 ∈ C.I.(ρ12) and 0 /∈ C.I.(ρ12·3)

M1, 0 ∈ C.I.(ρ12·3) and 0 /∈ C.I.(ρ12)

M0 ∪M1, otherwise

. (2.42)

Note that the interval selection method controls asymptotic error below α. For example,

when M0 is true,

lim sup
n

Pr(φinterval
n =M1) ≤ lim sup

n
Pr(0 /∈ C.I.(ρ12)) ≤ α.

We conduct numerical simulations in the following three settings.

2.7.1 Local hypotheses

We simulate under Σ
(0)
n and Σ

(1)
n (variances are set to unity) for the two regimes considered

in Section 2.4. The power is compared to the theoretically optimal. Since exact values of the

total variation distance are intractable, we plot bounds given by Eq. (2.16) in grey curves.

We perform 4,000 replications for each point on the graphs.

See Figures 2.12 and 2.13 for the size and power in the weak-strong regime (Eqs. (2.21)

and (2.22)) under n = 1, 000. Smaller sample sizes n = 100, 200, . . . generate very simi-

lar results. See Figure 2.14 for the size and power in the weak-weak regime (Eqs. (2.25)

and (2.26)), where we set ρ13,n = n−a/4, ρ23,n = n−1/2+a/4 and let a vary. We observe that

(i) the naive method does not control error at all; (ii) the other three methods control error

uniformly even under relatively small n. We also observe that the relation “adaptive” >

“uniform” > “interval” holds in general in terms of both size and power. By comparing

to the grey curves, we regard the adaptive rule as achieving near-optimal power in these

settings.
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Figure 2.12: Size Pr(φn = M1−i|Mi) of the procedures (with 95% confidence intervals)

under the weak-strong regime of local hypotheses. α = 0.05 is marked as dashed. The naive

method is only included in the second plot for better visualization.
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Figure 2.13: Power Pr(φn = Mi|Mi) of the procedures (with 95% confidence intervals)

under the weak-strong regime of local hypotheses. α = 0.05 is marked as dashed. Grey

curves are bounds on the theoretically optimal power.

2.7.2 Projected Wishart

We generate a covariance matrix by firstly drawing Σ̃ from the Wishart distribution (with the

scale matrix chosen as σij = (−1/2)|i−j|) and then projecting Σ̃ intoM0 orM1 respectively

by finding the MLE under each model. Then we perform model selection based on two sets

of zero-mean Gaussian samples generated with the two projected covariances respectively.

We vary the degrees of freedom for the Wishart distribution. See Figure 2.15 for the results.

2.7.3 Conditional on covariates

We consider the common regression setting where two types of independences are contrasted

conditional on a set of covariates X ∈ Rp. In other words, we want to select between

M0 : Y1 ⊥⊥ Y2 | X and M1 : Y1 ⊥⊥ Y2 | Y3, X. We generate instances by

(Y1, Y2, Y3) = X>(β1, β2, β3) + E, E ∼ N (0,Σ), (2.43)
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Figure 2.14: Size Pr(φn = M1−i|Mi) and power Pr(φn = Mi|Mi) of the procedures (with

95% confidence intervals) under the weak-weak regime of local hypotheses (ρ13,nρ23,n =

n−1/2). α = 0.05 is marked as dashed. Grey lines are bounds on the theoretically opti-

mal power in the second plot. The naive method is excluded due to its large type-I error.
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Figure 2.15: Size Pr(φ = M1−i|Mi) and power Pr(φ = Mi|Mi) of the procedures on

projected Wishart matrices (with 95% confidence intervals). α = 0.05 is marked as dashed.

The naive method makes large errors and is excluded.
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where we use the previous projected Wishart to generate error covariance Σ under M0 and

M1. We perform model selection by firstly regressing (Y1, Y2, Y3) onto X with least squares

and then apply the model selection procedures to the residual covariance. Covariates are

randomly drawn from standard Gaussians and regression coefficients are generated from a t-

distribution with 4 degrees of freedom. We fix n = 1, 000 and vary the number of covariates p.

The results are presented in Figure 2.16. We observe that the proposed procedure continues

to maintain nominal size until p is relatively large compared to n. The power performance,

on the other hand, does not seem to vary much as p grows.
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Figure 2.16: Size Pr(φ = M1−i|Mi) and power Pr(φ = Mi|Mi) of the model selection

procedures conditioned on p covariates (with 95% confidence intervals). Error covariances

are generated from the projected Wishart. The procedures are applied to the least-squares

residual covariance. α = 0.05 is marked as dashed.

2.8 Example: American occupational structure

In this section we showcase an example of applying the method to edge orientation in learning

a DAG. In studying the American occupational structure, Blau and Duncan (1967) measured
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the following covariates on n = 20, 700 subjects:

V : father’s educational attainment,

X: father’s occupational status,

U : child’s educational attainment,

W : status of child’s first job,

Y : status of child’s occupation in 1962.

The data is summarized as the following correlation matrix of (V,X, U,W, Y )

Sn =



1.000 0.516 0.453 0.332 0.322

0.516 1.000 0.438 0.417 0.405

0.453 0.438 1.000 0.538 0.596

0.332 0.417 0.538 1.000 0.541

0.322 0.405 0.596 0.541 1.000


.

At level α = 0.01, the PC algorithm identifies the skeleton by d-separation, which only

removes the edge between V and Y based on Y ⊥⊥ V | U,X. This is because the PC

algorithm tests for conditional independence given smaller conditioning sets first. By a

common-sense temporal ordering {V,X} < U < {W,Y } among the variables, edges can be

oriented except for X − V and W − Y ; see Fig. 2.17. The edge V − X does not involve a

collider and the orientation is statistically unidentifiable.

However, the orientation of W − Y raises the interesting question of testing

M0 (Y → W ) : V ⊥⊥ Y | U,X versus M1 (Y ← W ) : V ⊥⊥ Y | W,U,X.

We apply our method to the conditional correlation of (V,W, Y ) given (U,X). We have

λ
(0:1)
n = 3.72 and p-value = 0.026 under the envelope distribution F̄ρ̂n . Therefore, under α =

0.01 the adaptive procedure would chooseM0∪M1 and leave the orientation undetermined



39

V U

X W

Y

Figure 2.17: CPDAG inferred from Blau and Duncan (1967) dataset. The skeleton is inferred

based on d-separation at level α = 0.01 with the PC algorithm. Blue edges are oriented based

on temporal ordering {V,X} < U < {W,Y }.

(the procedure would choose Y → W under α = 0.05). This example illustrates the potential

ambiguity in model selection even under a large sample size. The reader is referred to Spirtes

et al. (2000, Section 5.8.4) for another discussion of the same example.

2.9 Discussion

We have considered choosing between marginal independence and conditional independence

in a Gaussian graphical model, assuming we know at least one of them is true. The loglike-

lihood ratio statistic converges to a tight law under a sequence of truths converging to the

intersection of the two models at a certain rate. The asymptotic distribution is shown to

be non-uniform as it depends on where and how the sequence converges. We address this

non-uniformity issue by introducing a family of envelope distributions that are well-behaved

and bring back the continuity of asymptotic laws, as indexed by a parameter that can be

consistently estimated. Contrary to the usual Neyman–Pearson hypothesis testing, we treat

the two models symmetrically and develop model selection rules that choose both models

when they are indistinguishable under a given sample size. Such rules can be designed ac-

cording to the quantiles of the envelope distributions to uniformly control the type-I error

below a desired level. As noted before we believe that “rate-free” asymptotic guarantees that

are uniform are more useful in practice, since they do not rely upon untestable assumptions
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regarding the sample size and the signal strength.

In this Chapter, we restricted ourselves to the Gaussian case. For testing conditional

independence, some form of distributional assumption seems inevitable, since recent work of

Shah and Peters (2020) shows that testing conditional independence without restricting the

form of conditional independence is impossible in general.

Selection of non-nested models routinely relies on penalized scores based on loglikelihoods,

such as the negated AIC and BIC. However, as we show, in the context of a weak signal

relative to the sample size, simply choosing the model with the highest score can lead to

considerable errors. To select models with “confidence”, one should also look at the “gaps”

between the top scores. We believe that the method developed here may be generalizable to

a wider range of model selection problems.



41

Chapter 3

EFFICIENT LEAST SQUARES FOR LINEAR CAUSAL
MODELS

Linear causal models, also known as linear structural equation models (SEMs), are widely

used to postulate causal mechanisms underlying observational data. In these models, each

variable equals a linear combination of a subset of the remaining variables plus an error term.

When there is no unobserved confounding or selection bias, the error terms are assumed to

be independent. We consider estimating a total causal effect in this setting. The causal

structure is assumed to be known only up to a maximally oriented partially directed acyclic

graph (MPDAG), a general class of graphs that can represent a Markov equivalence class of

directed acyclic graphs (DAGs) with added background knowledge.

We propose a simple estimator based on recursive least squares, which can consistently

estimate any identified total causal effect, under point or joint intervention. This estimator

is derived as the MLE under Gaussian errors. Interestingly, we show that even when the

errors are not necessarily Gaussian, this estimator still achieves excellent performance. In

fact, it achieves efficiency bound among all regular estimators that are based on the sample

covariance, which subsumes common estimators previously proposed in the literature.

This Chapter is organized as follows. In Section 3.2, we review related work on efficient

estimation of total effects in over-identified settings. In Section 3.3, we introduce the pre-

liminaries on linear SEMs, causal graphs and the identification of total effects. The concept

of bucket decomposition is introduced. In Section 3.4, we introduce a block-recursive repre-

sentation for the observational data and identify the total effect under such a representation.

We first derive the proposed least squares estimator by finding the MLE under the assump-

tion of Gaussian errors in Section 3.5. We then prove the optimal efficiency of our proposed
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estimator under arbitrary error distributions in Section 3.6. Numerical comparisons are pro-

vided in Section 3.7. Additional preliminaries, proofs and numerical results can be found in

Appendix B.

3.1 Introduction

A SEM specifies a causal mechanism underlying a set of variables (Bollen, 1989). Each

variable equals a linear combination of a subset of the remaining variables plus an error

term. A SEM is associated with a mixed graph, also known as a path diagram (Wright,

1921, 1934), which consists of both directed edges and bi-directed edges. A directed edge

i → j represents that variable i appears as a covariate in the structural equation defining

variable j. The equation for variable j takes the form

Xj =
∑
i:i→j

γijXi + εj, (3.1)

where εj is an error term. Often, the errors are assumed to follow a multivariate normal

distribution, but it need not be the case. A bi-directed edge i ↔ j indicates that errors

εi and εj are dependent, which is assumed when there exists an unobserved (i.e., latent)

confounder between i and j. The mixed graph is usually assumed to be acyclic, i.e., the

graph does not contain cycles made of directed edges.

We focus on the setting when there is no unobserved confounder or selection bias, a

condition also known as causal sufficiency ; see Spirtes et al. (2000, Chap. 3) and Pearl

(2009, Chap. 6). In this setting, all the error terms are assumed to be mutually independent

and the mixed graph associated with the linear SEM is a directed acyclic graph (DAG), often

called a causal DAG. Aside from being a statistical model for observational data, the linear

SEM is also a causal model in the sense that it specifies the behavior of the system under

interventions (see Section 3.3.2). Therefore, the total causal effect of one treatment variable

(point intervention) or several treatment variables (joint intervention) on some outcome

varibles can be defined.

The underlying causal DAG is usually unknown. In fact, linear SEMs associated with
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different DAGs may define the same observed distribution (Drton et al., 2011). Without

further assumptions on the error distributions, the underlying DAG can only be learned from

observational data up to its Markov equivalence class, which can be uniquely represented

by a completed partially directed acyclic graph (CPDAG) (Meek, 1995; Andersson et al.,

1997). Additional background knowledge, such as knowledge of certain causal relationships

(Meek, 1995; Fang and He, 2020) or partial orderings (Scheines et al., 1998), restrictions on

the error distributions (Shimizu et al., 2006, 2011; Shimizu, 2014; Hoyer et al., 2008; Peters

and Bühlmann, 2014), and other assumptions (Hauser and Bühlmann, 2012; Wang et al.,

2017b; Rothenhäusler et al., 2018; Eigenmann et al., 2017) can be used to further refine

the Markov equivalence class of DAGs, resulting in representing the causal structure as a

maximally oriented PDAG (MPDAG), which is a rather general class of graphs containing

directed and undirected edges that subsumes DAGs and CPDAGs (Meek, 1995). A given

total causal effect is identified given a graph, if it can be expressed as a functional of the

observed distribution, which is the same for every DAG in the equivalence class. Recently,

a necessary and sufficient graphical criterion for identification given an MPDAG has been

shown by Perković (2020). In general, there may be more than one identifying functional.

Naturally, the next step is to develop estimators for an identified total effect with desirable

properties. When the effect is unidentified, the reader is referred to IDA-type (Maathuis

et al., 2009; Nandy et al., 2017) or enumerative (Guo and Perković, 2021) approaches, which

are beyond the scope of this Chapter. Among others, we consider the following desiderata.

Completeness. Can the estimator consistently estimate every identified effect, under either

point or joint interventions?

Efficiency. Does the estimator achieve the smallest asymptotic (co)-variance compared to

a reasonably large class of estimators?

To the best of our knowledge, no estimator proposed in the literature fulfills both desiderata.

Indeed, the commonly used covariate adjustment estimators (Pearl, 1993; Shpitser et al.,

2010; Maathuis and Colombo, 2015; Perković et al., 2015) do not exist for certain total
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effects under joint interventions (Nandy et al., 2017; Perković et al., 2018; Perković, 2020).

Furthermore, when they exist, even with an optimal adjustment set chosen to maximize

efficiency (Henckel et al., 2019; Rotnitzky and Smucler, 2020; Witte et al., 2020), we will

show in Section 3.7 that covariate adjustment can compare less favorably against a larger

class of estimators.

We propose an estimator that is based on simple recursive least squares, that affirmatively

fulfills both desiderata. In particular, our proposed estimator achieves the efficiency bound

among all regular estimators that only depend on the sample covariance; see Section 3.6 for

the precise definition of the class of estimators. Remarkably, our result holds regardless of

the type of error distribution in the underlying linear SEM. Our method is implemented in

the R (R Core Team, 2020) package eff2 (https://github.com/richardkwo/eff2), which

stands for “efficient effect” (estimate).

Admittedly, our estimator can be less efficient when compared to an even larger class of

estimators, such as the class of all regular estimators considered in standard semiparametric

theory. A semiparametric efficient estimator, relative to all regular estimators, can in prin-

ciple be constructed by computing the efficient influence function and employing estimation

strategies such as one-step correction or targeted maximum likelihood estimation (van der

Laan and Rose, 2011). In fact, the semiparametric model we consider (see Eq. (3.21)) is

a generalized, multivariate location-shift regression model with additional conditional inde-

pendence constraints; see also Tsiatis (2006, §5.1) and Bickel et al. (1993, §4.3). While it

is theoretically possible to construct a semiparametric efficient estimator by firstly estimat-

ing the error score and then solving the associated estimating equations (Bickel et al., 1993,

§7.8), the resulting estimator tends to be too complicated and unstable for practical purposes

unless the sample size is very large (Tsiatis, 2006, page 111). On the other hand, despite the

potential loss of efficiency, our least squares estimator is easily computed and numerically

stable. Hence, our proposal can be viewed as a deliberate trade-off between optimality and

practicality.

https://github.com/richardkwo/eff2
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3.2 Related work

The statistical performance of an estimator of a total causal effect, in over-identified settings,

has recently received more attention; see, e.g, Kuroki and Miyakawa (2003); Henckel et al.

(2019); Witte et al. (2020); Gupta et al. (2020); Rotnitzky and Smucler (2020); Smucler et al.

(2020); Kuroki and Nanmo (2020). Here, “over-identified” (Koopmans and Reiersøl, 1950)

refers to the fact that the total causal effect can be expressed as more than one functional of

the (population) observed distribution, all of which coincide due to the additional conditional

independence constraints obeyed by the observed distribution. For example, in the case

where a total causal effect can be identified through covariate adjustment, usually there

exists more than one valid adjustment set (Henckel et al., 2019). This is in contrast to

the more traditional setting of causal inference, where the observed data distribution is

nonparametric and is not expected to satisfy extra conditional independences.

Intuitively, the conditional independences in over-identified models can be exploited to

maximize asymptotic efficiency; see, e.g., Sargan (1958); Hansen (1982) for early works in this

direction. Under a linear SEM with independent errors, a total causal effect can be estimated

via covariate adjustment as the least squares coefficient from the regression of the outcome on

the treatment and adjustment variables. Henckel et al. (2019) recently showed that, under

a linear SEM with independent errors, a valid adjustment set that minimizes asymptotic

variance, also referred to as the optimal adjustment set, can be graphically characterized;

see also Witte et al. (2020) for further properties of such an optimal set. This result was

generalized by Rotnitzky and Smucler (2020) beyond linear SEMs: an optimal adjustment

set is shown to always exist for point interventions, and a semiparametric efficient estimator

is developed for this case. Note that, while valid adjustment sets (called “time-independent”

adjustment sets by Rotnitzky and Smucler (2020)) exist for point interventions (Perković,

2020, Proposition 4.2), they may not exist for joint interventions (Nandy et al., 2017; Perković

et al., 2018; Perković, 2020).

Less is known about how to efficiently estimate the total causal effect of a joint inter-
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vention, at least in a generic fashion. For linear SEMs with independent errors, with the

knowledge of the parents of the treatment variables in the underlying causal DAG, Nandy

et al. (2017) considered two estimators for the joint-IDA algorithm, one based on recursive

least squares and one based on a modified Cholesky decomposition. However, the efficiency

properties of these estimators were not explored. In Section 3.7, numerical comparisons will

show that our proposed estimator significantly outperforms these estimators.

Other results on the linear SEM include explicit calculations and comparisons for typical

examples with either a particular structure or only a few variables; see, e.g., Kuroki and Cai

(2004); Gupta et al. (2020). Gaussian errors are also assumed in these calculations.

3.3 Linear SEMs, causal graphs and effect identification

3.3.1 Linear SEMs under causal sufficiency

A linear SEM postulates a causal mechanism that generates data. Let X denote a vector

of variables generated by a linear SEM, where X is indexed by V (X = XV ). Let D be

the associated DAG on vertices V . For this |V |-dimensional random vector X, the model in

Eq. (3.1) can be compactly rewritten as

X = Γ>X + ε, Γ = (γij), i→ j not in D ⇒ γij = 0. (3.2)

where Γ ∈ R|V |×|V | is a coefficient matrix, and ε = (εi) is a |V |-dimensional random vector.

DAG D is associated with the linear SEM in Eq. (3.1) in the sense that the non-zero entries

of Γ correspond to the edges in D.

Under causal sufficiency (no latent variables), we assume

{εi : i ∈ V } are independent, E ε = 0, E εε> � 0, (3.3)

where for a real symmetric matrix A, A � 0 means A is positive definite. The errors

{εi : i ∈ V } are not necessarily Gaussian, nor identically distributed.

The law P (X) is called the observed distribution. For a given D, we will use PD to denote

the set of possible laws of X, namely the collection of P (X) as Γ and the error distribution
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vary subject to Eqs. (3.2) and (3.3). The linear SEM poses certain restrictions on the set

of laws PD. Let Pa(i,D) denote the set of parents of vertex i, i.e., {j : j → i is in D}. For

any P ∈ PD, among other constraints, (i) P factorizes according to D, (ii) E[Xi | XPa(i,D)] is

linear in XPa(i,D) and (iii) var[Xi | XPa(i,D)] is constant in XPa(i,D).

We observe n iid samples generated by the model above, namely X(i) = (I −Γ)−>ε(i) for

i = 1, . . . , n. Note that (I−Γ) is invertible because Γ can be permuted into a lower-triangular

matrix by a topological ordering (i.e., causal ordering) of vertices in D.

3.3.2 Interventions and total causal effects

The assumed linear SEM also dictates the behavior of the system under interventions. Let

A ⊆ V be a set of vertices indexing treatment variables XA. We use do(XA = xA) to denote

intervening on variables XA and forcing them to take values xA (Pearl, 1995b). We call

this a point intervention if A is a singleton, and a joint intervention if A consists of several

vertices, which correspond to the case of multiple treatments. While XA is fixed to xA,

the remaining variables are generated by their corresponding structural equations Eq. (3.1),

with each Xi for i ∈ A appearing in the equations replaced by the corresponding enforced

value xi (Strotz and Wold, 1960). This generating mechanism defines the interventional

distribution, denoted by P (X|do(XA = xA)), where the conditional probability notation is

only conventional. More formally, the interventional distribution is expressed as

P (X|do(XA = xA)) =
∏
j∈A

δxj(Xj)
∏
i/∈A

P
(
Xi|XPa(i,D)

)
, (3.4)

where δ denotes a Dirac measure. Factor P
(
Xi|XPa(i)

)
is defined by the structural equation

for Xi. Eq. (3.4) is known as the truncated factorization formula (Pearl, 2009), manipulated

density formula (Spirtes et al., 2000) or the g-formula (Robins, 1986).

Definition 3.1 (Total causal effect, Pearl, 2009; Nandy et al., 2017). Let XA be a vector of

treatment variables and XY with Y ∈ V \ A be an outcome variable. The total causal effect
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of XA on XY is defined as the vector τAY ∈ R|A|, where

(τAY )i =
∂

∂xAi
E[XY | do(XA = xA)], i = 1, . . . , |A|.

That is, τAY is the gradient of the linear map xA 7→ E[Y |do(XA = xA)]. When mul-

tiple outcomes Y = {Y1, . . . , Yk}, k > 1, are considered, the total causal effect of XA on

XY1 , . . . , XYk can be defined by concatenating τAY1 , . . . , τAYk . Therefore, throughout, we as-

sume the outcome variable is a singleton without loss of generality. Each coordinate of the

total causal effect τAY can be expressed as a sum-product of the underlying linear SEM

coefficients along certain causal paths from A to Y in D, that is, certain paths of the form

A1 → · · · → Yi for A1 ∈ A; see also Wright (1934); Sullivant et al. (2010).

3.3.3 Causal graphs

Two different linear SEMs on the same set of variables can define the same observed distri-

bution. For example, under Gaussian errors, linear SEMs associated with DAGs A→ Y and

A ← Y , define the same set of observed distributions, namely the set of centered bivariate

Gaussian distributions. Without making additional assumptions on the error distribution,

such as non-Gaussianity (Shimizu et al., 2006), partial non-Gaussianity (Hoyer et al., 2008),

or equal variance of errors (Peters and Bühlmann, 2014; Chen et al., 2019), the underlying

causal DAG can only be learned from the observed distribution up to its Markov equivalence

class (Pearl and Verma, 1995; Chickering, 2002).

CPDAGs Two DAGs on the same set of vertices are Markov equivalent if they encode

the same set of d-separation relations between the vertices. The d-separations between the

vertices, prescribe conditional independences between the corresponding variables (known

as the Markov condition (Lauritzen, 1996, §3.2.2)); see Appendix B.4 for the definition of

d-separation and more background. This equivalence relation defines a Markov equivalence

class, which consists of DAGs as elements. A Markov equivalence class can be uniquely

represented by a completed partially directed acyclic graph (CPDAG), also known as an
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essential graph (Meek, 1995; Andersson et al., 1997). A CPDAG C is a graph on the same

set of vertices, that can contain both directed and undirected edges. We use [C] to denote the

Markov equivalence class represented by CPDAG C. A directed edge i→ j in C implies i→ j

is in every D ∈ [C], whereas an undirected edge i − j in C implies there exist D1,D2 ∈ [C]

such that i → j in D1 but i ← j in D2. Given a DAG D, the CPDAG C representing the

Markov equivalence class of D can be drawn by keeping the skeleton of D, adding all the

unshielded colliders from D and completing the orientation rules R1–R3 of Meek (1995);

see Fig. B.3 in Appendix B.4. For example, DAGs A → Y and A ← Y are represented by

CPDAG A− Y . To slightly abuse the notation, for a distribution Q, we write Q ∈ [C] if Q

factorizes according to some DAG D ∈ [C]; see Lauritzen (1996, §3.2.2).

There are various structure learning algorithms that can be used to uncover CPDAG C

from observational data. Some well-known examples are the PC algorithm (Spirtes et al.,

2000) and the greedy equivalence search (Chickering, 2002). Choosing an appropriate algo-

rithm for the dataset at hand is beyond the scope of this Chapter; the reader is referred to

Drton and Maathuis (2017, §4) for a recent overview.

MPDAGs Certain background knowledge, if present, can be used to further orient some

undirected edges in a CPDAG C. Typically, knowledge of temporal orderings can inform

the orientation of certain undirected edges; see Spirtes et al. (2000, §5.8.4) for an example.

Adding these background-knowledge orientations and the additionally implied orientations

based on the orientation rules of Meek (1995) to C results in a maximally oriented partially

directed graph (MPDAG) G. See Fig. B.3 and Algorithm 1 in Appendix B.4. MPDAGs

are a rather general class of graphs that subsumes both DAGs and CPDAGs. An MPDAG

G represents a restricted Markov equivalence class of DAGs, which we also denote by [G].

Analogously to the case of a CPDAG, i→ j in G implies i→ j is in every D ∈ [G], and i− j

in G implies there exist D1,D2 ∈ [G] such that i→ j in D1 but i← j in D2.

For the rest of the Chapter, we will assume that we have access to an MPDAG G that
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represents our structural knowledge about the underlying DAG D. That is,

causal DAG D ∈ [G], G is an MPDAG, (3.5)

where [G] represents a collection of DAGs that are Markov equivalent, but can be strictly

smaller than the corresponding Markov equivalence class due to background knowledge.

3.3.4 Causal effect identification

Throughout we will use the following notations. Given treatment variables XA and an

outcome variable XY such that Y /∈ A, we are interested in learning the total causal effect

τAY . We assume that we have access to an MPDAG G, and to observational data that are

generated as iid samples from a linear SEM defined by Eqs. (3.2) and (3.3), where the causal

DAG D is in [G]. Before estimation can be performed, we need to make sure that τAY can

be identified from observational data. That is, we need to ensure that τAY can be expressed

as a functional of the observed distribution that is the same for every DAG in [G]. We have

the following graphical criterion.

Theorem 3.1 (Perković, 2020). The total causal effect τAY of XA on XY is identified given

an MPDAG G if and only if there is no proper, possibly causal path from A to Y in G that

starts with an undirected edge.

Theorem 3.1 is Proposition 3.2 of Perković (2020), which holds for nonparametric causal

graphical models. It does not require that the data is generated by a linear SEM. However,

Perković (2020) proves that when the criterion fails, then two linear SEMs with Gaussian

errors can be constructed such that their observed distributions coincide but their τAY ’s are

different. Hence, even if we restrict ourselves to linear SEMs, Theorem 3.1 still holds.

A few terms need some explanation. A path from A to Y in G is a sequence of distinct

vertices 〈v1, . . . , vk〉 for k > 1 with v1 ∈ A and vk = Y , such that every pair of successive

vertices are adjacent in G. The path is proper when only its first vertex is in A. The path

is possibly causal if no edge vl ← vr is in G for 1 ≤ l < r ≤ k. The reader is referred to
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Appendix B.4 for more graphical preliminaries. When G satisfies Theorem 3.1 relative to

vertex sets A and Y , the interventional distribution P (XY |do(XA = xA)), and hence the total

effect, can be computed from the observed distribution P (X). To express the identification

formula, we require the following concepts.

Buckets and bucket decomposition

Let G = (V,E, U) be a partially directed graph, where V is the set of vertices, and E and

U are sets of directed and undirected edges respectively. Let B1, . . . , BK be the maximal

connected components of the undirected graph GU := (V, ∅, U). Then V = B1 ∪̇ . . . ∪̇BK ,

where symbol ∪̇ denotes disjoint union. Note that all the directed edges within each Bi are

due to background knowledge. If we ignore the distinction between directed and undirected

edges, then the subgraph induced by each Bi is chordal (Andersson et al., 1997, §4).

Suppose the connected components are ordered such that

i→ j ∈ E, i ∈ Bi, j ∈ Bj ⇒ i < j. (3.6)

One can show that such a partial causal ordering always exists, though it may not be unique;

see Algorithm 2 in Appendix B.4 to obtain such an ordering. Our result does not depend on

the particular choice of partial causal ordering. We call B1, . . . , BK the bucket decomposition

of V and call each Bk for k = 1, . . . , K a bucket ; see Fig. 3.1(a) for an example. If it is clear

which graph G is being referred to, we will shorten Pa(j,G) as Pa(j) to reduce clutter. For

a set of vertices C in G, we use Pa(C) := ∪i∈C Pa(i) \ C to denote the set of their external

parents. Clearly, Pa(Bk) ⊆ B[k−1], where B[k−1] := B1 ∪ · · · ∪Bk−1.

Lemma 3.1. Let i and j be two distinct vertices in MPDAG G = (V,E, U) such that

i→ j ∈ E. Suppose that there is no undirected path from i to j in G. If there is a vertex k,

and an undirected path j − · · · − k in G, then i→ k ∈ E.

By definition of the parent set above we have that Pa(Bk) = ∪i∈Bk Pa(i) \ Bk, k =

1, . . . , K. However, since a bucket Bk is a maximal subset of V that is connected by undi-

rected edges in G, Lemma 3.1 implies the following important property.



52

Corollary 3.1 (Restrictive property). Let B1, . . . , BK be the bucket decomposition of V in

MPDAG G = (V,E, U). Then, all vertices in the same bucket have the same set of external

parents, namely

Pa(Bk) = Pa(i) \Bk, for any i ∈ Bk, k = 1, . . . , K.

The causal identification formula for P (XY |do(XA = xA)) of Perković (2020) relies on

a decomposition of certain ancestors of Y in MPDAG G according to the buckets. We call

vertex i an ancestor of vertex j in G if there exists a directed path i→ · · · → j in G; we use

the convention that j is an ancestor of itself. We denote the set of ancestors of j in G as

An(j,G), or shortened as An(j).

Let GV \A = (V \ A,E ′, U ′) denote the subgraph of G induced by the vertices V \ A,

where E ′ includes those edges in E that are between vertices in V \A, and similarly for U ′.

Consider the set of ancestors of Y in GV \A, denoted as

D := An(Y,GV \A). (3.7)

The bucket decomposition D1, . . . , DK of D, induced by the bucket decomposition of V , is

simply

D =
⋃̇K

k=1
Dk, Dk = D ∩Bk, i = 1, . . . , K. (3.8)

Lemma 3.2. When the criterion in Theorem 3.1 is satisfied, we have Pa(Dk,G) = Pa(Bk,G)

for every nonempty Dk.

Proofs of Lemmas 3.1 and 3.2 are left to Appendix B.2.

Theorem 3.2 (Perković, 2020). Suppose the criterion in Theorem 3.1 is satisfied for A, Y

in MPDAG G = (V,E, U) such that Y /∈ A. Let P (X) be the observed distribution. Let

D = An(Y,GV \A) and D1, . . . DK be the bucket decomposition of D as in Eq. (3.8). Then the

interventional distribution P (XY |do(XA = xA)) can be identified as

P (XY |do(XA = xA)) =

∫ {
K∏
k=1

P
(
XDk |XPa(Dk)

)}
dXD\Y (3.9)

for values XPa(Dk) in agreement with xA, where P
(
XDk |XPa(Dk)

)
≡ 1 if Dk = ∅.
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The expression in Eq. (3.9) above is a generalization of the truncated factorization

Eq. (3.4) from DAGs to MPDAGs. Theorem 3.2 holds generally even when an underly-

ing linear SEM is not assumed.

3.4 Block-recursive representation

In this section, we express the observed distribution P (X) induced by a linear SEM com-

patible with MPDAG G = (V,E, U) in a block-recursive form. Each block corresponds to a

bucket in the bucket decomposition of V . Such a reparameterization is necessitated by the

fact that the causal ordering of D is unknown, whereas the buckets can be arranged into a

valid partial causal ordering as in Eq. (3.6). We will use this representation to compute an

estimator for the total causal effect.

Recall that PD denotes the family of laws of X arising from a linear SEM Eqs. (3.2)

and (3.3) compatible with DAG D. Let PG := ∪D∈[G]PD, which denotes the family of laws

of X arising from a linear SEM compatible with a DAG in [G].

Proposition 3.1 (Block-recursive form). Let D be the causal DAG associated with the linear

SEM and G an MPDAG such that D ∈ [G]. Further, let B1, . . . , BK be the bucket decompo-

sition of V in G. Then the linear SEM Eqs. (3.2) and (3.3) can be rewritten as

X = Λ>X + ε,

for some matrix of coefficients Λ = (λij) ∈ R|V |×|V | and random vector ε = (εi) ∈ R|V | such

that

j ∈ Bl, i /∈ Pa(Bl,G) ⇒ λij = 0, (3.10)

E ε = 0, E εBkε
>
Bk
� 0, (k = 1, . . . , K), εB1 , . . . , εBK are mutually independent, (3.11)

and

law of (εBk) ∈ PGBk , k = 1, . . . , K, (3.12)

where GBk is the subgraph of G induced by Bk.
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Note that in contrast to symbol ε used in Eqs. (3.2) and (3.3), symbol ε is used here to denote

the errors in the block-recursive form. The coordinates within each εBk may be dependent.

Proof. For k = 2, . . . , K, by Eq. (3.2) and the restrictive property (Corollary 3.1), we have

XBk = Γ>Pa(Bk),Bk
XPa(Bk) + Γ>BkXBk + εBk ,

where Pa(Bk) = Pa(Bk,G). The expression can be rewritten as

XBk = (I − ΓBk)
−> Γ>Pa(Bk),Bk

XPa(Bk) + (I − ΓBk)
−> εBk

= Λ>Pa(Bk),Bk
XPa(Bk) + εBk ,

where εBk := (I − ΓBk)
−> εBk for k = 1, . . . , K (note that XB1 = εB1). Additionally,

ΛPa(Bk),Bk = ΓPa(Bk),Bk (I − ΓBk)
−1 for k = 2, . . . , K.

Matrix Λ ∈ R|V |×|V | in the statement of the proposition is defined by blocks ΛPa(Bk),Bk

for k = 2, . . . , K and zero entries otherwise. Therefore, λij = 0 if j ∈ Bl and i /∈ Pa(Bl)

for some l = 1, . . . K. Hence, by putting the blocks together, the model can be written as

X = Λ>X + ε.

The “new” errors ε satisfy

εBk = Γ>BkεBk + εBk , k = 1, . . . , K.

It then follows from Eqs. (3.2) and (3.3) that for every k,

law of εBk ∈ PDBk ⊂ PGBk ,

since D ∈ [G]. Moreover, for every k,

E εBk = 0, E εBkε
>
Bk

= (I − ΓBk)
−> E εBkε

>
Bk

(I − ΓBk)
−1 � 0,

where both (I − ΓBk) and E εBkε>Bk are full rank, because ΓBk can be permuted into an

upper-triangular matrix and E εε> � 0 by Eq. (3.3).
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Corollary 3.2. Under the same conditions as Proposition 3.1, it holds that

XB1 = εB1 ,

XBk = Λ>Pa(Bk),Bk
XPa(Bk) + εBk , εBk ⊥⊥ XPa(Bk), k = 2, . . . , K,

(3.13)

where Pa(Bk) = Pa(Bk,G).

Next, we show that if the total causal effect τAY is identifiable from MPDAG G (Theorem

3.1), then it can be calculated from Λ in the block-recursive representation of Proposition

3.1. Therefore, the distribution of ε is a nuisance relative to estimating τAY .

Proposition 3.2. Suppose the criterion in Theorem 3.1 is satisfied for A, Y in MPDAG

G = (V,E, U) such that Y /∈ A. Let Λ be the block-recursive coefficient matrix given by

Proposition 3.1. The total causal effect of XA on XY is identified as

τAY = ΛA,D

[
(I − ΛD,D)−1

]
D,Y

, (3.14)

where D = An(Y,GV \A) and the last subscript denotes the column corresponding to Y ∈ D.

Proof. We derive this result using Theorem 3.2. Recall that D1, . . . , DK is a partition of D

induced by the bucket decomposition B1, . . . , BK of V in the sense that Dk = D ∩ Bk for

k = 1, . . . , K. When Dk = ∅, we use the convention that P (XDk |XPa(Dk)) ≡ 1. By definition

of D = An(Y,GV \A) and Eq. (3.6), observe that a vertex in Pa(Dk) = Pa(Dk,G) is either

in D1 ∪ · · · ∪ Dk−1 or in A. Let Fk := A ∩ Pa(Dk). In Eq. (3.9), we note that the joint

interventional distribution of XD is given by

P (XD|do(XA = xA)) =
K∏
k=1

P (XDk |XPa(Dk)) =
K∏
k=1

P (XDk |XPa(Dk)\Fk , XFk = xFk),

where xFk is fixed by the do(XA = xA) operation. Further, fix a factor i ∈ {1, . . . , K}. By

Lemma 3.2, Pa(Di) = Pa(Bi). By Eq. (3.13) and εDi ⊥⊥ XPa(Bi), we have

XDi |
{
XPa(Di)\Fi , XFi = xFi

}
=d Λ>Pa(Di)\Fi,DiXPa(Di)\Fi + ΛFi,DixFi + εDi

= Λ>Pa(Di)∩D,DiXPa(Di)∩D + ΛPa(Di)∩A,DixPa(Di)∩A + εDi
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The fact that the display above holds for every i = 1, . . . , K implies that the joint interven-

tional distribution P (XD|do(XA = xA)) satisfies

XD = ΛT
D,DXD + Λ>A,DxA + εD.

It follows that XD = (I − ΛD,D)−>(Λ>A,DxA + εD) and hence

E[XD | do(XA = xA)] = (I − ΛD,D)−>Λ>A,DxA.

Since Y ∈ D, by Definition 3.1 we have

τAY =
∂

∂xA
E[XY | do(XA = xA)] = ΛA,D

[
(I − ΛD,D)−1

]
D,Y

.

We say vertex j is a possible descendant of i, denoted as j ∈ PossDe(i), if there exists a

possibly causal path from i to j. For a set of vertices A, define PossDe(A) := ∪i∈A PossDe(i).

See Appendix B.4 for more details.

Corollary 3.3. If Y /∈ PossDe(A), then τAY = 0.

Proof. Since D = An(Y,GV \A) and Y /∈ PossDe(A), ΛA,D = 0.

3.5 Recursive least squares

Consider the special case when the errors in the linear SEM Eq. (3.1) are jointly Gaussian.

In this case, by the standard maximum likelihood theory, the Cramér–Rao bound is achieved

by the maximum likelihood estimator (MLE) of the total causal effect, which can be obtained

by plugging in the MLE for Λ in the block-recursive form (Proposition 3.1) into the formula

Eq. (3.14). We now compute the MLE for Λ given an MPDAG G.

When ε is multivariate Gaussian, the block-recursive form in Proposition 3.1 is a linear

Gaussian model parameterized by {(Λk)
K
k=2, (Ωk)

K
k=1}, where Λk := ΛPa(Bk),Bk and Ωk is
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the covariance for εBk . Because ε are independent between blocks (Proposition 3.1), the

likelihood factorizes as

L((Λk)k, (Ωk)k) =
K∏
k=1

N
(
XBk − Λ>kXPa(Bk); 0,Ωk

)
. (3.15)

Denote the MLE of Λ by Λ̂G, which consists of blocks (Λ̂Gk )Kk=2 and zero values elsewhere,

and the MLE of Ω by Ω̂G = (Ω̂Gk )Kk=1. The superscripts highlight the dependence on MPDAG

G. The MLE maximizes L((Λk)k, (Ωk)k) subject to Eq. (3.12), namely

N (0,Ωk) ∈ PGBk , k = 1, . . . , K,

where GBk is the subgraph of G induced by Bk. This further translates to a set of algebraic

constraints on (Ωk)
K
k=1, namely for k = 1, . . . , K,

det
[
(Ωk){i}∪C,{j}∪C

]
= 0, if i and j are d-separated by C in GBk ; (3.16)

see, e.g., Drton et al. (2008, §3.1). Although the constraints Eq. (3.16) may seem daunting,

we will show that they do not affect the MLE for Λ.

Let the sample covariance matrix be computed with respect to mean zero, i.e.,

Σ̂(n) :=
1

n

n∑
i=1

X(i)X(i)>, (3.17)

where n is the sample size, and the superscripts are reserved to index samples. To reduce

clutter, for a set of indices C, we often abbreviate ΣC,C as ΣC .

Lemma 3.3. Suppose X(i) : i = 1, . . . , n is generated iid from a linear SEM Eqs. (3.2)

and (3.3) associated with an unknown causal DAG D. Suppose the error ε is distributed as

multivariate Gaussian. Suppose D ∈ [G] for a known MPDAG G. Let Σ̂(n) be the sample

covariance as defined in Eq. (3.17). The MLE for Λk = ΛPa(Bk),Bk in the block-recursive form

is given by

Λ̂Gk =
(

Σ̂
(n)
Pa(Bk)

)−1

Σ̂
(n)
Pa(Bk),Bk

, k = 2, . . . , K. (3.18)
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Proof. By factorization in Eq. (3.15), MLE (Λ̂Gk , Ω̂
G
k ) is the maximizer of log-likelihood

`n(Λk,Ωk)

= −1

2

n∑
i=1

(
X

(i)
Bk
− Λ>kX

(i)
Pa(Bk)

)>
Ω−1
k

(
X

(i)
Bk
− Λ>kX

(i)
Pa(Bk)

)
− n

2
log det(Ωk)

= −1

2
Tr

(
n∑
i=1

Ω−1
k (X

(i)
Bk
− Λ>kX

(i)
Pa(Bk))(X

(i)
Bk
− Λ>kX

(i)
Pa(Bk))

>

)
− n

2
log det(Ωk),

subject to Eq. (3.16). Taking a derivative with respect to Λk ∈ R|Pa(Bk)|×|Bk|, we have

∂`n(Λk,Ωk)

∂Λk

= −2
n∑
i=1

X
(i)
Pa(Bk)X

(i)>
Bk

Ω−1
k + 2

n∑
i=1

X
(i)
Pa(Bk)X

(i)>
Pa(Bk)ΛkΩ

−1
k .

For any positive definite Ωk satisfying Eq. (3.16), setting the derivative `n(Λk,Ωk)/∂Λk to

zero yields the estimate

Λ̂Gk =

(
1

n

n∑
i=1

X
(i)
Pa(Bk)X

(i)>
Pa(Bk)

)−1(
1

n

n∑
i=1

X
(i)
Pa(Bk)X

(i)>
Bk

)
=
(

Σ̂
(n)
Pa(Bk)

)−1

Σ̂
(n)
Pa(Bk),Bk

.

Remark 3.1. Because of the restrictive property (Corollary 3.1), each Λ̂Gk is computed by

optimizing over the space of |Pa(Bk)|×|Bk| matrices and the resulting MLE takes the simple

form as above; see also Anderson and Olkin (1985, §5) and Amemiya (1985, §6.4) for earlier

discussions of this phenomenon.

However, such a simple form is unavailable in general, when the zero constraints on Λ do

not obey the restrictive property, even if we ignore the algebraic constraints Eq. (3.16) on Ω.

In fact, the likelihood function can be multimodal; see also Drton and Richardson (2004);

Drton (2006b); Drton et al. (2009) on seemingly unrelated regressions.

Since Λ̂G is obtained by simply regressing each Bi onto Pa(Bi,G) using ordinary least

squares, we call this specific recursive least squares G-regression. The resulting MLE for an

identified total causal effect is a plugin estimator using the formula in Proposition 3.2.
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Definition 3.2 (G-regression estimator). Suppose X(i) : i = 1, . . . , n is generated iid from

a linear SEM Eqs. (3.2) and (3.3) associated with an unknown causal DAG D. Suppose

D ∈ [G] for a known MPDAG G. Further, suppose for A ⊂ V , Y ∈ V \ A, τAY is identified

under the criterion of Theorem 3.1. The G-regression estimator for the total causal effect

τAY is defined as

τ̂GAY = Λ̂GA,D

[
(I − Λ̂GD,D)−1

]
D,Y

, (3.19)

where Λ̂G is given by Eq. (3.18).

3.6 Efficiency theory

In this section, we establish the asymptotic efficiency of our G-regression estimator, when

the errors in the generating linear SEM are not necessarily Gaussian, among a reasonably

large class of estimators—all regular estimators that only depend on the sample covariance.

This class of estimators, despite not covering all the estimators considered in the standard

semiparametric efficiency theory, includes many in the literature, such as covariate adjust-

ment (Henckel et al., 2019; Witte et al., 2020), recursive least squares (Gupta et al., 2020;

Nandy et al., 2017), and modified Cholesky decomposition of the sample covariance (Nandy

et al., 2017).

Definition 3.3. Consider an estimator θ̂n of θ, θ ∈ Rk. We say that the asymptotic covari-

ance of θ̂n is S, and write acov θ̂n = S, if
√
n(θ̂n − θ) →d N (0, S). When k = 1, we write

avar θ̂n for asymptotic variance.

For real symmetric matrices A and B, we say A � B if A − B is positive semidefinite.

We now state our main result.

Theorem 3.3 (Asymptotic efficiency of the G-regression estimator). Suppose data is gener-

ated iid from a linear SEM Eqs. (3.2) and (3.3) associated with an unknown causal DAG D.

Suppose D ∈ [G] for a known MPDAG G. Further, suppose for A ⊂ V , Y ∈ V \ A, τAY is

identified under the criterion of Theorem 3.1. Let τ̂GAY be the G-regression estimator of τAY
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(Definition 3.2). Consider any consistent estimator τ̂AY = τ̂AY (Σ̂(n)) that is a differentiable

function of the sample covariance. It holds that

acov (τ̂AY ) � acov
(
τ̂GAY
)
.

It is clear from definitions that both τ̂GAY and τ̂AY are asymptotically linear. Therefore,

their asymptotic covariances are well-defined. To prove Theorem 3.3, it suffices to show that

for every w ∈ R|A|

avar
(
w>τ̂AY

)
≥ avar

(
w>τ̂GAY

)
.

To this end, for any fixed w ∈ R|A| we define τw as

τw := w>τAY = τw(Λ), (3.20)

which is a smooth function of Λ. The corresponding G-regression estimator τ̂Gw := w>τ̂GAY =

τw(Λ̂G) is still a plugin estimator (now of τw). Additionally, for a consistent estimator τ̂AY of

τAY , the corresponding τ̂w := w>τ̂AY = τ̂w(Σ̂(n)) is a consistent estimator of τw, in the form

of a differentiable function of the sample covariance. It suffices to show avar τ̂w ≥ avar τ̂Gw for

every w ∈ R|A|.

The rest of this section is devoted to proving Theorem 3.3. First, we introduce graph Ḡ

as a saturated version of G (Proposition 3.3). In Section 3.6.1, we show that G-regression

with G replaced by Ḡ, aptly named Ḡ-regression, is a diffeomorphism between the space of

covariance matrices and the space of parameters. In Section 3.6.2, we characterize the class

of estimators relative to which G-regression is optimal. To prove Theorem 3.3, we establish

an efficiency bound for this class of estimators in Section 3.6.4 and verify that G-regression

achieves this bound in Section 3.6.5. Some of the proofs are left to Appendix B.1. See also

Fig. B.1 in for an overview of the dependency structure of our results in this section.

3.6.1 Ḡ-regression as a diffeomorphism

Proposition 3.3 (Saturated MPDAG Ḡ). For MPDAG G = (V,E, U), an associated sat-

urated MPDAG is Ḡ = (V, Ē, U), such that Pa(Bk, Ḡ) = B[k−1] for k = 2, . . . , K, where

(B1, . . . , BK) is a bucket decomposition of V in both G and Ḡ.
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The proof can be found in Appendix B.2. In words, to create the saturated MPDAG Ḡ,

we add all the possible directed edges between buckets B1, . . . , BK subject to the ordering

B1, . . . , BK . By construction, Ḡ also satisfies the restrictive property in Corollary 3.1. See

Fig. 3.1 for an example.

1 2 3

456

(a)

1 2 3

456

(b)

Figure 3.1: (a) MPDAG G = (V,E, U) with buckets B1 = {1}, B2 = {2, 3, 4} and B3 = {5, 6}

and (b) its associated saturated MPDAG Ḡ = (V, Ē, U). The new edges in Ē \E are drawn

as dashed. Both G and Ḡ satisfy the restrictive property in Corollary 3.1.

In the following, we introduce Ḡ-regression as a technical tool for establishing a diffeo-

morphism between the space of sample covariance matrices and the space of parameters in

our semiparametric model. This link is the key to analyzing the efficiency of the estimators

under consideration.

Recall that PG is the set of observed distributions generated by some linear SEM associ-

ated with a causal DAG D ∈ [G], which is characterized by Proposition 3.1. More explicitly,

let Qk be the law of εBk for k = 1, . . . , K. The set of laws is explicitly prescribed as

PG =

{
Q1(XB1)

K∏
k=2

Qk

(
XBk − Λ>B[k−1],Bk

XB[k−1]

)
: Qk ∈ PGBk , i→ j not in G ⇒ λij = 0

}
(3.21)

where the law is indexed by Λ = (λij) and (Qk)
K
k=1. This is a semiparametric model and

(Qk)k is an infinite-dimensional nuisance parameter (van der Vaart, 2000, Chap. 25).
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Consider the set of laws PḠ associated with the saturated graph. Let Ωk := EQk εε>

be the covariance of Qk for k = 1, . . . , K. Let Rn×n
PD denote the set of n × n symmetric,

positive definite matrices. By our assumption, Ωk ∈ R|Bk|×|Bk|PD . Also, consider the coefficients

Λ = (λij) such that λij 6= 0 only if i→ j in Ḡ, or equivalently, i ∈ Bl and j ∈ Bm for l < m.

Then, the covariance of X, denoted as Σ, under any P ∈ PḠ is determined from (Ωk)k and

Λ. Let us write this covariance map as

Σ = φḠ
(
(Λk)

K
k=2, (Ωk)

K
k=1

)
,

where Λk = ΛB[k−1],Bk is of dimension (|B1|+· · ·+|Bk−1|)×|Bk|. It follows from Corollary 3.2

that the covariance map φḠ is explicitly given by

ΣB1 = Ω1, ΣBk = Λ>k ΣB[k−1]
Λk + Ωk, ΣB[k−1],Bk = ΣB[k−1]

Λk, k = 2, . . . , K. (3.22)

Further, the covariance map φḠ is a diffeomorphism between its domain and the set of

|V | × |V | positive definite matrices.

Lemma 3.4. Covariance map φḠ given by Eq. (3.22) is invertible. Further,
(
(Λk)

K
k=2, (Ωk)

K
k=1

)
↔

Σ given by φḠ and its inverse φ−1
Ḡ is a diffeomorphism between

(
ŚK

k=2 R(|B1|+···+|Bk−1|)×|Bk|
)
×(

ŚK
k=1 R

|Bk|×|Bk|
PD

)
and R|V |×|V |PD .

Proof. By definition, covariance map φḠ is differentiable. To show diffeomorphism, we need

to show that φ−1
Ḡ (Σ) exists for every Σ ∈ R|V |×|V |PD and that φ−1

Ḡ is differentiable. For any

positive definite Σ, the inverse covariance map φ−1
Ḡ (Σ) is explicitly given by

Λk =
(

ΣB[k−1]

)−1

ΣB[k−1],Bk , k = 2, . . . , K, (3.23)

and

Ωk = ΣBk·B[k−1]
= ΣBk − Σ>B[k−1],Bk

Σ−1
B[k−1]

ΣB[k−1],Bk , k = 1, . . . , K, (3.24)

where ΣBk·B[k−1]
is the Schur complement of block Bk with respect to block B[k−1]. Because Σ

is positive definite, Schur complement Ωk is also positive definite (Horn and Johnson, 2012,

page 495). Clearly, the map φ−1
Ḡ (·) is differentiable.



63

By Eqs. (3.23) and (3.24), Λk is the matrix of population least squares coefficients in a

regression of XBk onto XB1∪···∪Bk−1
according to Ḡ, and Ωk is the corresponding covariance

of regression residuals. Hence, φ−1
Ḡ (Σ) is called “Ḡ-regression”.

Remark 3.2. In the special case when G is a DAG such that every bucket Bi is a singleton,

Lemma 3.4 reduces to (Λ, ω)↔ Σ given by (φḠ, φ
−1
Ḡ ) being a diffeomorphism between

{
Λ ∈ R|V |×|V | : Λ is upper-triangular

}
×
{
ω ∈ R|V | : ωi > 0, i = 1, . . . , |V |

}
←→ R|V |×|V |PD .

The covariance map is Σ = φḠ(Λ, ω) = (I−Λ)−> diag(ω)(I−Λ)−1, and the inverse covariance

map φ−1
Ḡ is given by the unique LDL decomposition of Σ−1. Lemma 3.4 is a generalization

of Drton (2018, Theorem 7.2).

3.6.2 Covariance-based, consistent estimators

We now characterize the class of estimators relative to which the optimality of our estimator

is established. Recall that under P ∈ PG, Σ̂ = Σ̂(n) is the sample covariance, Σ is the

population covariance and τw = w>τAY . We assume that n > maxk{|Bk| + |Pa(Bk,G)|}

such that Σ̂(n) is positive definite almost surely (Drton and Eichler, 2006, Sec. 3.1). For

simplicity, the superscript (n) is often omitted.

Definition 3.4. The class of estimators for τw under consideration is

Tw :=

{
τ̂w

(
Σ̂(n)

)
: R|V |×|V |PD → R :

τ̂w differentiable, τ̂w(Σ̂(n))→p τw(P ) as n→∞ under every P ∈ PG
}
. (3.25)

By definition, in particular, Tw includes all regular estimators computable with least

squares operations.

Characterizing Tw Let (Λ̂Ḡk )Kk=2, (Ω̂
Ḡ
k )Kk=1 be the image of Σ̂ under φ−1

Ḡ . Recall that

(Λk)
K
k=2, (Ωk)

K
k=1 is the image of Σ under φ−1

Ḡ . For a matrix C, let vecC denote vector-
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izing C by concatenating its columns. Each vec Λ̂Ḡk can be split by coordinates into vectors

Λ̂Ḡk,G =
(
λ̂Ḡij : j ∈ Bk, i ∈ Pa(Bk,G)

)
, Λ̂Ḡk,Gc =

(
λ̂Ḡij : j ∈ Bk, i ∈ Pa(Bk, Ḡ) \ Pa(Bk,G)

)
,

(3.26)

where
(

Λ̂Ḡk,G

)
k

corresponds to between-bucket edges in G and
(

Λ̂Ḡk,Gc
)
k

corresponds to

between-bucket edges in Ḡ but not in G. In the example of Fig. 3.1, we have Λ̂Ḡ2,G =

(λ̂Ḡ12, λ̂
Ḡ
13, λ̂

Ḡ
14)>, Λ̂Ḡ3,G = (λ̂Ḡ45, λ̂

Ḡ
46)> and Λ̂Ḡ2,Gc = NULL, Λ̂Ḡ3,Gc = (λ̂Ḡ15, λ̂

Ḡ
16, λ̂

Ḡ
25, λ̂

Ḡ
26, λ̂

Ḡ
35, λ̂

Ḡ
36)>.

Similarly, vec Λk can be split into Λk,G and Λk,Gc for k = 2, . . . , K.

The following lemma directly follows from Definition 3.4 and Lemma 3.4.

Lemma 3.5. An estimator τ̂w ∈ Tw can be written as

τ̂w

(
Σ̂(n)

)
= τ̂w

(
(Λ̂Ḡk,G)

K
k=2, (Λ̂Ḡk,Gc)

K
k=2, (Ω̂Ḡk )Kk=1

)
for function τ̂w

(
(Λ̂Ḡk,G)

K
k=2, (Λ̂Ḡk,Gc)

K
k=2, (Ω̂Ḡk )Kk=1

)
that is differentiable in its arguments.

The consistency of τ̂w implies the following two results.

Lemma 3.6. For any τ̂w ∈ Tw, it holds that

τ̂w
(
(Λk,G)

K
k=2, (0)Kk=2, (Ωk)

K
k=1

)
≡ τw

(
(Λk,G)

K
k=2

)
(3.27)

for all (Λk,G)k and all positive definite (Ωk)k.

Proof. Under any P ∈ PG, since Σ̂ →p Σ as n → ∞ by the law of large numbers, by

Lemma 3.4 and the continuous mapping theorem (van der Vaart, 2000, page 11), we have

Λ̂Ḡk,G →p Λk,G, Λ̂Ḡk,Gc →p 0 and Ω̂Ḡk →p Ωk for k = 2, . . . , K. By Lemma 3.5 and continuous

mapping again, τ̂w →p τ̂w
(
(Λk,G)

K
k=2, (0)Kk=2, (Ωk)

K
k=1

)
. The result then follows from the

consistency of τ̂w under every P ∈ PG.

Corollary 3.4. For τ̂w ∈ Tw, at any ((Λk,G)
K
k=2, (0)Kk=2, (Ωk)

K
k=1), it holds that

∂τ̂w
∂Λk,G

=
∂τw
∂Λk,G

(k = 2, . . . , K),
∂τ̂w
∂Ωk

= 0 (k = 1, . . . , K). (3.28)
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Proof. Let 〈·, ·〉 denote the inner product. Since τ̂w is differentiable (Lemma 3.5), by a Taylor

expansion at ((Λk,G)
K
k=2, (0)Kk=2, (Ωk)

K
k=1), we have

τ̂w
(
(Λk,G + ∆Λk,G)

K
k=2, (0)Kk=2, (Ωk + ∆Ωk)

K
k=1

)
− τ̂w

(
(Λk,G)

K
k=2, (0)Kk=2, (Ωk)

K
k=1

)
=

K∑
k=2

(〈
∂τ̂w
∂Λk,G

,∆Λk,G

〉
+ o(‖∆Λk,G‖)

)
+

K∑
k=1

(〈
∂τ̂w
∂Ωk

,∆Ωk

〉
+ o(‖∆Ωk‖)

)
,

which by Lemma 3.6 must equal τw((Λk,G + ∆Λk,G)
K
k=2) − τw((Λk,G)

K
k=2). The result then

follows from the differentiability of τw(·) and the definition of derivatives.

Note that Corollary 3.4 is similar to the conditions imposed on influence functions in

standard semiparametric efficiency theory; see, e.g., Tsiatis (2006, Corollary 1, §3.1). How-

ever, the gradients ∂τ̂w/∂Λ̂Ḡk,Gc for k = 2, . . . , K are free to vary because Λ̂Ḡk,Gc →p 0. That is,

an estimator τ̂w ∈ Tw can take arbitrary values as its second argument varies in the vicinity

of zero, as long as differentiability is maintained.

3.6.3 Asymptotic covariance of least squares coefficients

We use this section to derive some asymptotic results that will be used to prove Theorem 3.3.

Consider a vertex j ∈ Bk for k ∈ {2, . . . , K} and a set of vertices C such that Pa(Bk,G) ⊆

C ⊆ Pa(Bk, Ḡ). Let λ̂
(n)
C,j ∈ R|C| be the least squares coefficients from regressing Xj onto

XC under sample size n. Let λC,j be the corresponding true edge coefficient vector from Λ

in Proposition 3.1. Then λC,j has non-zero coordinates only for those indices in Pa(Bk,G).

Because Xj = λ>C,jXC +εj with εj ⊥⊥ XC by Corollary 3.2, we have λ̂
(n)
C,j →p λC,j under every

P ∈ PG. Moreover, we have the following asymptotic linear expansion.

Lemma 3.7. Let j be a vertex in bucket Bk for k ∈ {2, . . . , K}. Let C be a set of vertices

such that Pa(Bk,G) ⊆ C ⊆ Pa(Bk, Ḡ). Under any P ∈ PG, it holds that

λ̂
(n)
C,j − λC,j =

1

n

n∑
i=1

(ΣC)−1X
(i)
C ε

(i)
j +Op(n

−1),

where Σ = EP XX>, λ̂
(n)
C,j is the vector of least squares coefficients from regressing Xj onto

XC under sample size n, and λC,j is the vector of true coefficients in Proposition 3.1.
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We now use Lemma 3.7 to obtain the covariance structure of Ḡ-regression coefficients

(Λ̂Ḡk )Kk=2. Recall that Λ̂Ḡk ∈ R|B[k−1]|×|Bk| with B[k−1] = B1 ∪ · · · ∪Bk−1 and(
(Λ̂Ḡk )Kk=2, (Ω̂

Ḡ
k )Kk=1

)
= φ−1

Ḡ

(
Σ̂(n)

)
,

as given by Eqs. (3.23) and (3.24). For matrices A ∈ Rm×n, B ∈ Rp×q, the Kronecker product

A⊗B is an mp× nq matrix given by

A⊗B =


a11B · · · a1nB

...
. . .

...

am1B · · · amnB

 .

Lemma 3.8. Let (Λ̂Ḡk )Kk=2 be the Ḡ-regression coefficients under sample size n. Under any

P ∈ PG, it holds that

√
n


vec(Λ̂Ḡ2 − Λ2)

...

vec(Λ̂ḠK − ΛK)

→d N
(

0, diag

{
Ω2 ⊗

(
ΣB[1]

)−1

, . . . ,ΩK ⊗
(

ΣB[K−1]

)−1
})

.

Remark 3.3.
√
n vec(Λ̂

(n)
k − Λk)→d N

(
0, Ωk ⊗

(
ΣB[k−1]

)−1
)

is equivalent to

√
n(Λ̂

(n)
k − Λk)→dMN

(
0,
(

ΣB[k−1]

)−1

,Ωk

)
,

where the RHS is a centered matrix normal distribution with row covariance (ΣB[k−1]
)−1 and

column covariance Ωk; see Dawid (1981).

Similarly, we can compute the asymptotic covariance of the G-regression coefficients. To

obtain the result below, we rely on the restrictive property of G (Corollary 3.1).

Lemma 3.9. Let (Λ̂Gk )Kk=2 be the G-regression coefficients as defined in Lemma 3.3 under

sample size n. Under any P ∈ PG, it holds that

√
n


vec(Λ̂G2 − Λ2)

...

vec(Λ̂GK − ΛK)

→d N
(
0, diag

{
Ω2 ⊗

(
ΣPa(B2,G)

)−1
, . . . ,ΩK ⊗

(
ΣPa(BK ,G)

)−1
})

.
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3.6.4 Efficiency bound

We first notice a simple fact of the quadratic form and a property of the Kronecker product.

Lemma 3.10. Let S ∈ Rn×n
PD , x ∈ Rn and suppose that (A,B) is a partition of the set

{1, . . . , n}. For any fixed xA, it holds that

x>Sx ≥ x>A(SA·B)xA,

where SA·B = SA,A − SA,BS−1
B,BSB,A. The equality holds if and only if xB = −S−1

B,BSB,AxA.

Lemma 3.11 (Liu (1999, Theorem 1)). Let A ∈ Rm×m and C ∈ Rn×n be non-singular.

Suppose α ⊂ [m], β ⊂ [n]. Let αc, βc denote their respective complements. Let γc =

{n(i− 1) + j : i ∈ αc, j ∈ βc} and γ = [mn] \ γc. We have

Aαc·α ⊗ Cβc·β = (A⊗ C)γc·γ.

Lemma 3.12. Suppose the assumptions of Theorem 3.3 hold. Fix w ∈ R|A| and let τw =

w>τAY = τw((Λk,G)
K
k=2) as in Eq. (3.20). Consider any estimator τ̂w ∈ Tw given by Defini-

tion 3.4. Then under any P ∈ PG, it holds that

avar(τ̂w) ≥
K∑
k=2

h>k Ωk ⊗ (ΣPa(Bk,G))
−1hk, (3.29)

where (Ωk)
K
k=2 and Σ are determined by P , and the gradient vectors hk = ∂τw((Λk,G)k)/∂Λk,G

for k = 2, . . . , K evaluated at (Λk,G)k are determined by τw(·) and P .

Proof. By Lemma 3.5, estimator τ̂w ∈ Tw can be written as

τ̂w = τ̂w

(
(Λ̂Ḡk,G)

K
k=2, (Λ̂Ḡk,Gc)

K
k=2, (Ω̂Ḡk )Kk=1

)
,

where the arguments correspond to the image of Σ̂ under φ−1
Ḡ ; see Eq. (3.26). Estimator

τ̂w ∈ Tw is asymptotically normal. By the delta method (Shorack, 2000, Sec 11.2), we have

avar(τ̂w) =


∂τ̂w/∂(Λk,G)

K
k=2

∂τ̂w/∂(Λk,Gc)
K
k=2

∂τ̂w/∂(Ωk)
K
k=1


>

acov


vec (Λ̂Ḡk,G)

K
k=2

vec (Λ̂Ḡk,Gc)
K
k=2

vec (Ω̂Ḡk )Kk=1



∂τ̂w/∂(Λk,G)

K
k=2

∂τ̂w/∂(Λk,Gc)
K
k=2

∂τ̂w/∂(Ωk)
K
k=1

 ,
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where the partial derivatives of τ̂w(·) are evaluated at
(
(Λk,G)

K
k=2, (0)Kk=2, (Ωk)

K
k=1)

)
, the image

of Σ under φ−1
Ḡ .

Using ∂τ̂w/∂Ωk = 0 for k = 1, . . . , K from Corollary 3.4, it follows that

avar(τ̂w) =

 ∂τ̂w/∂(Λk,G)
K
k=2

∂τ̂w/∂(Λk,Gc)
K
k=2

> acov

 vec (Λ̂Ḡk,G)
K
k=2

vec (Λ̂Ḡk,Gc)
K
k=2


 ∂τ̂w/∂(Λk,G)

K
k=2

∂τ̂w/∂(Λk,Gc)
K
k=2


=

K∑
k=2

 ∂τ̂w/∂Λk,G

∂τ̂w/∂Λk,Gc

> acov

 Λ̂Ḡk,G

Λ̂Ḡk,Gc


 ∂τ̂w/∂Λk,G

∂τ̂w/∂Λk,Gc

 ,

where we have used the block-diagonal structure of the asymptotic covariance from Lemma 3.8.

Let

S(k) := acov

 Λ̂Ḡk,G

Λ̂Ḡk,Gc

 , k = 2, . . . , K,

which equals

S(k) = Ωk ⊗
(

ΣB[k−1]

)−1

, k = 2, . . . , K,

by Lemma 3.8. From Corollary 3.4, note that ∂τ̂w/∂(Λk,G)k ≡ hk is fixed for k = 2, . . . , K.

Then, Lemma 3.10 yields the lower bound

avar(τ̂w) ≥
K∑
k=2

h>k S
(k)
G·Gchk,

where indices G and Gc correspond to the coordinates in Λ̂Ḡk,G and Λ̂Ḡk,Gc respectively. Indices

G correspond to {(i, j) : j ∈ Bk, i ∈ Pa(Bk,G)}; by construction of Ḡ, indices Gc correspond

to {(i, j) : j ∈ Bk, i ∈ Pa(Bk, Ḡ) \ Pa(Bk,G)}. Now, to abuse the notation slightly, we apply

Lemma 3.11 with

A = Ωk, C = (ΣB[k−1]
)−1, α = ∅, β = Pa(Bk, Ḡ) \ Pa(Bk,G),

such that

αc = {1, . . . , |Bk|}, βc = Pa(Bk,G), γ = Gc, γc = G.

We obtain

S
(k)
G·Gc = Ωk ⊗

[
(ΣB[k−1]

)−1
]
βc·β

= Ωk ⊗
(
ΣPa(Bk,G)

)−1
,

where the last step follows from (H−1)βc·β = (Hβc,βc)
−1 (Horn and Johnson, 2012, §0.8).
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3.6.5 Efficiency of G-regression estimator

In Section 3.5, we have seen that when the errors are Gaussian, the G-regression plugin is the

MLE and hence achieves the efficiency bound. Here, we show that this is still true relative

to the class of estimators we consider, even though the errors are not necessarily Gaussian.

We verify that τ̂Gw = w>τ̂GAY achieves the efficiency bound above.

Lemma 3.13. Let τ̂Gw := w>τ̂GAY , where τ̂GAY is the G-regression estimator (Definition 3.2).

Under the same assumptions as Lemma 3.12, it holds that τ̂Gw ∈ Tw and τ̂Gw achieves the

efficiency bound in Eq. (3.29) under every P ∈ PG.

Proof. By Definition 3.2, τ̂Gw ∈ Tw. Further, note that

τ̂Gw = τw

(
(Λ̂Gk )Kk=2

)
,

where (Λ̂Gk )Kk=2 are the G-regression coefficients in Eq. (3.18). Under any P ∈ PG, we now

verify that avar τ̂G matches the RHS of Eq. (3.29). By the delta method (Shorack, 2000, Sec

11.2), we have

avar τ̂Gw =
(
∂τw/∂ vec (Λk)

K
k=2

)>
acov

{
vec (Λ̂Gk )Kk=2

}(
∂τw/∂ vec (Λk)

K
k=2

)
(i)
=

K∑
k=2

(∂τw/∂ vec Λk)
> acov

{
vec Λ̂Gk

}
(∂τw/∂ vec Λk)

(ii)
=

K∑
k=2

(∂τw/∂ vec Λk)
>Ωk ⊗

(
ΣPa(Bk,G)

)−1
(∂τw/∂ vec Λk) ,

which equals the RHS of Eq. (3.29). The partial derivatives of τw(·) are evaluated at (Λk)
K
k=2.

Step (i) follows from the block-diagonal structure of the asymptotic covariance of Λ̂G given

by Lemma 3.9, and (ii) follows from the same lemma.

Finally, we complete the proof of our main result.

Proof. of Theorem 3.3. Fix any P ∈ PG. It suffices to show that for every w ∈ R|A|,

w> acov(τ̂AY )w ≥ w> acov(τ̂GAY )w,
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or equivalently

avar
(
w>τ̂AY

)
≥ avar

(
w>τ̂GAY

)
.

This is true because for every τ̂AY in consideration, τ̂w := w>τ̂AY ∈ Tw and hence τ̂w is

subject to the lower bound in Lemma 3.12. Meanwhile, by Lemma 3.13, such a lower bound

is achieved by τ̂Gw = w>τ̂GAY . The proof is complete because the choice of w is arbitrary.

Remark 3.4. For Theorem 3.3 to hold, the independence error assumption Eq. (3.3) of the

underlying linear SEM cannot be relaxed to uncorrelated errors. This comes from inspecting

the proof of Lemma 3.8 in Appendix B.1. To show that the Ḡ-regression coefficients are

asymptotically independent across buckets, the independence of errors is used to establish

that for 2 ≤ k < k′ ≤ K, j ∈ Bk, j
′ ∈ Bk′ , cov(εjXB[k−1]

, εj′XB[k′−1]
) = 0.

Suppose for now {εi : i ∈ V } are only uncorrelated and hence {εBk : k = 1, . . . , K}

are only uncorrelated across buckets. Further, suppose B1 = {1}, B2 = {2}, B3 = {3} with

j = k = 2 and j′ = k′ = 3. Then, we have

cov
(
εjXB[k−1]

, εj′XB[k′−1]

)
= cov

(
ε2ε1, ε3(ε1, γ12ε1 + ε2)>

)
= E[ε1ε2(ε1ε3, γ12ε1ε3 + ε2ε3)>],

which may be non-zero.

3.7 Numerical Results

In this section, the finite-sample performance of G-regression is evaluated against contending

estimators. We use simulations and an in silico dataset for predicting expression levels in

gene knockout experiments. All the numerical experiments were conducted with R v3.6,

package pcalg v2.6 (Kalisch et al., 2012) and our package eff2 v0.1.

3.7.1 Simulations

We compare the performance of G-regression to several contending estimators under finite

samples. We roughly follow the simulation setup of Henckel et al. (2019); Witte et al. (2020).
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First, we draw a random undirected graph from the Erdős-Rényi model with average degree

k, where k is drawn from {2, 3, 4, 5} uniformly at random. The graph is converted to a DAG

D with a random causal ordering and the corresponding CPDAG G is recorded. Then we

fix a linear SEM by drawing γij uniformly from [−2,−0.1] ∪ [0.1, 2] and choosing the error

distribution randomly at random from the following:

1. εi ∼ N (0, vi) with vi ∼ Unif(0.5, 6),

2. εi/
√
vi ∼ t5 with vi ∼ Unif(0.5, 1.5),

3. εi ∼ logistic(0, si) with si ∼ Unif(0.4, 0.7),

4. εi ∼ Unif(−ai, ai) with ai ∼ Unif(1.2, 2.1).

We generate n iid samples from the model. Treatments A of a fixed size are randomly

selected from the set of vertices with non-empty descendants, and Y is selected randomly

from their descendants; the drawing is repeated until τAY is identified from G according to

the criterion of Theorem 3.1. Finally, the data and graph G are provided to each estimator

of τAY .

We compare to the following three estimators:

• adj.O: optimal adjustment estimator (Henckel et al., 2019),

• IDA.M: joint-IDA estimator based on modifying Cholesky decompositions (Nandy et al.,

2017),

• IDA.R: joint-IDA estimator based on recursive regressions (Nandy et al., 2017).

They are implemented in R package pcalg. The two joint-IDA estimators use the parents of

treatment variables to estimate a causal effect. Both of them reduce to the IDA estimator

of Maathuis et al. (2009) when |A| = 1. Admittedly, compared to G-regression and adj.O,

the joint-IDA estimators require less knowledge about the graph, namely only Pa(i) for each

i ∈ A.

For each estimator τ̂AY , we compute its squared error ‖τ̂AY−τAY ‖2
2. Dividing ‖τ̂AY−τAY ‖2

2

by the squared error of G-regression, we obtain the relative squared error of each contending
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estimator. We consider |A| ∈ {1, 2, 3, 4}, |V | ∈ {20, 50, 100} and n ∈ {100, 1000}; each

configuration of (|A|, |V |, n) is replicated 1,000 times.

Fig. 3.2 shows the distributions of relative squared errors. In Table 3.1, we summarize

the relative errors with their geometric mean and median. Our estimator dominates all the

contending estimators in all cases, and the improvement gets larger as |A| gets bigger. Even

though adj.O achieves the minimal asymptotic variance among all adjustment estimators, it

can compare less favorably to our estimator by several folds. In general, the IDA estimators

have very poor performances. Moreover, the results in Table 3.1 are computed only from the

replications where a contending estimator exists. As mentioned in the Introduction, unlike

G-regression, none of the contending estimators is guaranteed to exist for every identified

effect under joint intervention (adj.O always exists for point interventions); see Table 3.2 for

the percentages of instances that are not estimable by contending estimators, even though

the effect is identified by Theorem 3.1 and hence estimable by G-regression.

|V|: 20

n: 100

|V|: 20

n: 1000

|V|: 50

n: 100

|V|: 50

n: 1000

|V|: 100

n: 100
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Figure 3.2: Violin plots for the relative squared errors of contending estimators (‘·’: geometric

mean, ‘+’: median).
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Table 3.1: Geometric average (brackets: median) of relative squared errors compared to

G-regression

|V | = 20 |V | = 50 |V | = 100

|A| n = 100 n = 1000 n = 100 n = 1000 n = 100 n = 1000

adj.O

1 1.3 (1.0) 1.3 (1.0) 1.4 (1.0) 1.3 (1.0) 1.5 (1.0) 1.5 (1.0)

2 3.4 (1.7) 4.2 (2.0) 4.7 (2.6) 4.9 (2.6) 4.2 (2.6) 4.5 (2.7)

3 6.3 (3.8) 5.9 (3.4) 7.4 (4.9) 7.2 (4.4) 7.8 (5.7) 8.0 (5.2)

4 9.3 (5.0) 9.3 (5.8) 12 (8.0) 14 (8.7) 12 (8.6) 12 (8.9)

IDA.M

1 20 (17) 19 (16) 61 (57) 48 (45) 103 (78) 108 (90)

2 62 (48) 65 (51) 220 (153) 182 (120) 293 (205) 356 (272)

3 93 (72) 119 (108) 354 (249) 396 (205) 749 (547) 771 (604)

4 154 (111) 222 (147) 533 (448) 895 (440) 1188 (752) 1604 (1508)

IDA.R

1 20 (17) 19 (16) 61 (57) 48 (45) 103 (78) 108 (90)

2 33 (29) 38 (29) 121 (96) 113 (89) 176 (140) 199 (168)

3 30 (22) 39 (30) 171 (141) 135 (125) 342 (281) 312 (292)

4 48 (34) 50 (41) 187 (132) 214 (143) 405 (391) 432 (342)

In Appendix B.3, we report additional simulation results where the CPDAG is estimated

with the greedy equivalence search algorithm (Chickering, 2002) and provided to the esti-

mators. The improvements are more modest but are still typically by several folds.

3.7.2 Predicting double knockouts in DREAM4 data

The DREAM4 in silico network challenge dataset (Marbach et al., 2009b) provides a bench-

mark for evaluating the reverse engineering of gene regulation networks. Here we use the

5th Size10 dataset (Marbach et al., 2009a) as our example, which is a small network of 10

genes. Fig. 3.3 shows the true gene regulation network, which is constructed based on the

networks of living organisms. A stochastic differential equation model was used to generate

the data under wild type (steady state), perturbed steady state and knockout interventions.
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Table 3.2: Percentage of identified instances not estimable using contending estimators

(all estimable with G-regression)

Estimator |A| |V | = 20 |V | = 50 |V | = 100

adj.O

1 0% 0% 0%

2 17% 10% 5%

3 30% 18% 15%

4 36% 29% 22%

IDA.M

1 29% 32% 32%

2 47% 51% 50%

3 61% 59% 63%

4 72% 69% 71%

IDA.R

1 29% 32% 32%

2 47% 51% 50%

3 61% 59% 63%

4 72% 69% 71%

A task in the challenge is to use data under wild type and perturbed steady state (both

are observational data) to predict the steady state expression levels under 5 different joint

interventions, each of which knocks out a pair of genes. For our purpose, we also use the true

network as input. However, the true network contains one cycle (other networks in DREAM4

contain more than one cycles). In the following, we remove one edge in the cycle and provide

the resulting DAG to the estimators. Necessarily, the causal DAG is misspecified. Results

are reported under 4 different edge removals.

Unfortunately, the wild type data only consists of one sample. To estimate the observa-

tional covariance, we use the perturbed steady state data, which consists of 5 segments of
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Figure 3.3: Gene regulation network from DREAM4 dataset, which contains a cycle (blue).

time series. A sample covariance is computed from each segment, and the final estimate is

taken as their average. For a double knockout of genes (i, j), we use G-regression to estimate

the joint-intervention effect of A = (i, j) on every other gene. The effect is identified because

the DAG is given. For gene k, let sk and s
(ij)
k respectively denote its expression level under

wild type and double knockout of genes (i, j). The expression level under double knockout

is predicted as

ŝ
(ij)
k =

sk − (si, sj)
>τ̂ij,k, k /∈ {i, j}

0, k ∈ {i, j}
.

The performance is evaluated with normalized squared error

E =

∑
(i,j)∈A

∑10
k=1(ŝ

(ij)
k − s(ij)

k )2∑
(i,j)∈A

∑10
k=1(s

(ij)
k )2

,

where A = {(6, 8), (7, 8), (8, 10), (8, 5), (8, 9)} consists of 5 double knockouts available in the

dataset. For comparison, we also evaluate the performance of adj.O (optimal adjustment,

Henckel et al. (2019)) and IDA.R (joint-IDA based on recursive regressions, Nandy et al.

(2017)); IDA.R is chosen because it outperforms IDA.M according to Section 3.7.1. Unfor-

tunately, adj.O is not able to estimate the effect on every k and a modified metric E∗ is
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computed by only summing over those estimable k’s; the same metric E∗ of G-regression is

also computed for comparison. As a baseline, we also compute E from naively estimating

s
(ij)
k with just sk.

Table 3.3: Normalized squared errors of predicting gene double knockouts

edge removed E∗ E

from cycle @ adj.O adj.O G-reg IDA.R G-reg baseline

5→ 6 36% 43% 35% 46% 30% 81%

6→ 8 42% 29% 32% 33% 26% 81%

8→ 7 60% 39% 35% 45% 44% 81%

7→ 5 46% 40% 33% 45% 34% 81%

Table 3.3 reports the results, where the column ‘@ adj.O’ lists the percentage of effects

not estimable by the adjustment estimator. In almost all the cases, G-regression dominates

all the contending estimators. In this example, even though both the causal graph and the

linear SEM are misspecified, one can still witness some usefulness of our estimator.

3.8 Discussion

We have proposed G-regression based on recursive least squares to estimate a total causal

effect from observational data, under linearity and causal sufficiency assumuptions. G-

regression is applicable to estimating every identified total effect, under either point inter-

vention or joint intervention. Further, via a new semiparametric efficiency theory, we have

shown that the estimator achieves the efficiency bound within a restricted, yet reasonably

large, class of estimators, including covariate adjustment and other regular estimators based

on the sample covariance. Note that the restriction on the class of estimators is motivated

by computational simplicity and numerical stability as mentioned in the Introduction. To
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construct confidence intervals and conduct hypothesis tests, bootstrap can be easily applied

to estimate the asymptotic covariance of our estimator. This is implemented in R package

eff2.

A

O1

O2

Y

(a)

A

O1

O2

Y

(b)

Figure 3.4: (a) and (b) lead to the same G-regression estimator of τAY . The independence

between O1 and O2 in (a) is dropped in (b).

We conclude this Chapter with a remark. We have seen that conditional independence

constraints in Eq. (3.12) play no role for the restricted class of estimators considered — a

feature that holds under the restrictive property (Corollary 3.1). For example, the marginal

independence between O1 and O2 in Fig. 3.4(a) can be ignored without changing the G-

regression estimator of τAY . However, this is no longer true when linearity is dropped.

For nonparametric causal graphical models, the asymptotic relative efficiency resulting from

ignoring O1 ⊥⊥ O2 can be arbitrarily large; see Rotnitzky and Smucler (2020, Lemma 23).
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Chapter 4

NON-ASYMPTOTIC BOUND OF MULTINOMIAL
LIKELIHOOD RATIO

In this Chapter, we develop non-asymptotic tail bounds for the likelihood ratio statistic

(for testing a simple null) under multinomial sampling with n samples and k categories.

Data under this type of sampling is typically represented as a contingency table (Lauritzen,

1996, Chap. 4). Ignoring the usual factor of 2 and dividing by the sample size n, the statistic

is also the relative entropy (Kullback-Leibler divergence) of the empirical probability vector

with respect to the true probability vector.

Background and motivation are provided in Section 4.1. In Section 4.2, we generalize

the technique of Agrawal (2020) and show that the moment generating function of the

statistic is bounded by a polynomial of degree n on the unit interval, uniformly over all true

probability vectors. We characterize the family of polynomials indexed by (k, n) and obtain

explicit formulae. Asymptotic properties of these polynomials are studied. In Section 4.3,

we present the resulting Chernoff bound and a closed-form approximation under large n.

In Section 4.4, we show that our bound dominates the classic method-of-types bound and

is competitive with the state of the art. Finally, in Section 4.5, we showcase a statistical

application in estimating the proportion of unseen butterflies in Malay Peninsula. The bound

defines a convex confidence region for the sampling probability vector, which will be used for

statistical inference of discrete instrumental variable models in the next Chapter. Additional

proofs can be found in Appendix C.
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4.1 Introduction

Consider a multinomial experiment on an alphabet of size k ≥ 2

(X1, . . . , Xk) ∼ Mult(n; (p1, . . . , pk)), (4.1)

where (p1, . . . , pk) belongs to the unit simplex ∆k−1. The empirical measure is identified

with the probability vector (p̂1, . . . , p̂k) = (X1/n, . . . , Xk/n). We are interested in its entropy

relative to the true probability vector p, namely

D(p̂‖p) =
k∑
i=1

p̂i log(p̂i/pi), (4.2)

where conventions 0 · log(0) = 0 and 0 · log(0/0) = 0 are adopted. The quantity D(p̂‖p) is

also known as the Kullback-Leibler divergence of p from p̂. By the law of large numbers,

D(p̂‖p)→ 0 as n→∞ almost surely.

Note that

nD(p̂‖p) =
k∑
i=1

Xi log
p̂i
pi

= log

(
n

X1,...,Xk

)∏k
i=1 p̂

Xi
i(

n
X1,...,Xk

)∏k
i=1 p

Xi
i

is also the log-likelihood ratio statistic (without the usual extra factor of 2). By standard

asymptotic arguments (see, e.g., van der Vaart (2000, Example 16.1)), for fixed k and n→∞,

it holds that

nD(p̂‖p) →d χ2
k−1/2 =d Ga((k − 1)/2, 1), (4.3)

which is a gamma distribution with shape (k − 1)/2 and rate one.

Motivation We are interested in upper bounding the probability that nD(p̂‖p) exceeds

a given threshold. Tail bounds of this type are of interest to many problems in probabil-

ity, statistics and machine learning, including Sanov’s theorem in large deviations (Cover

and Thomas, 2006, §11.4), goodness-of-fit tests (Cressie and Read, 1984; Jager and Well-

ner, 2007), construction of non-asymptotic confidence regions (Chafai and Concordet, 2009;

Malloy et al., 2020) and the performance guarantees of various learning algorithms (Vinayak

et al., 2019; Nowak and Tánczos, 2019).
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The classic bound of this type is

P (nD(p̂‖p) > t) ≤ exp(−t)
(
n+ k − 1

k − 1

)
, (t > 0) (4.4)

obtained by the “method of types” (Csiszár, 1998, Lemma II.1). For fixed k and t, this bound

is asymptotically tight as n→∞, in the sense that the exponent exp(−t) matches the rate

of the asymptotic gamma distribution in Eq. (4.3). Nevertheless, the bound above is far

from optimal. There are recent developments in the literature that provide sharper results.

In particular, Mardia et al. (2019) and Agrawal (2020) provide significant improvements over

the method-of-types result by gaining tighter control for the binomial case (k = 2), and a

reduction from multinomial (k > 2) to binomial, although their approaches are different.

Additionally, bounds on the moments of D(p̂‖p) have been studied; see Jiao et al. (2017);

Mardia et al. (2019); Paninski (2003).

On a side note, by Pinsker’s inequality, a tail bound on relative entropy implies a bound

on the total variation. For bounds on the latter, see also van der Vaart and Wellner (1996,

Appendix A.6) and Devroye (1983); Biau and Gyorfi (2005).

4.2 Bounding the moment generating function

In a vein similar to that of Agrawal (2020), we develop bounds with Chernoff’s method, a

classic workhorse for deriving exponential tail bounds; see, e.g., Vershynin (2018, §2.3). The

key is to upper bound the moment generating function (MGF) of nD(p̂‖p), which is defined

as

ϕk,n(λ, p) := E exp (λnD(p̂‖p)) , (4.5)

where the expectation is taken over Mult(n, p = (p1, . . . , pk)).

It follows that

ϕk,n(λ, p) =
∑

X1,...,Xk

(
n

X1, . . . , Xk

) k∏
i=1

pXii

{(
n

X1,...,Xk

)∏k
i=1 p̂

Xi
i(

n
X1,...,Xk

)∏k
i=1 p

Xi
i

}λ

=
∑

X1,...,Xk

(
n

X1, . . . , Xk

){ k∏
i=1

p̂Xii

}λ{ k∏
i=1

pXii

}1−λ

,

(4.6)
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where X1, . . . , Xk are non-negative integers that sum to n.

Definition 4.1. For k ≥ 1, n ≥ 1, p ∈ ∆k−1 and λ ∈ [0, 1], define

Gk,n(λ, p) :=
∑

X1,...,Xk

(
n

X1, . . . , Xk

) k∏
i=1

[λXi/n+ (1− λ)pi]
Xi , (4.7)

where the summation is over non-negative integers that sum to n.

By definition, Gk,n(λ, p) is a polynomial in λ of degree at most n. For the trivial case of

k = 1, it is easy to see that G1,n(λ) ≡ 1.

The multinomial probability in Eq. (4.6) is log-concave in (p1, . . . , pk). For 0 ≤ λ ≤ 1,

by Jensen’s inequality, we have

ϕk,n(λ, p) ≤ Gk,n(λ, p), p ∈ ∆k−1.

The obvious obstacle here is to obtain a bound on the RHS that does not depend on the

true probability vector p.

4.2.1 Family of Gk,n(λ)

First comes a surprising fact noticed by Agrawal (2020) in the k = 2 case.

Proposition 4.1. Gk,n(λ, p) does not depend on p = (p1, . . . , pk).

Proof. This is true for k = 1. Fix any k ≥ 2, we prove by induction on n that Gk,n(λ, p)

does not depend on p. For the base case,

Gk,1(λ, p) =
k∑
i=1

(λ+ (1− λ)pi) = kλ+ 1− λ,

which does not depend on p.

Suppose Gk,m(λ, p) ≡ Gk,m(λ) for m ≤ n − 1. We now show that Gk,n(λ, p) does not

depend on p. Since pk = 1− p1− · · · − pk−1, it suffices to verify that ∂Gk,n(λ, p)/∂pi ≡ 0 for
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i = 1, . . . , k − 1. Further, by symmetry, it suffices to show ∂Gk,n(λ, p)/∂p1 ≡ 0. Replacing

pk with (1− p1 − · · · − pk−1), we have

Gk,n(λ, p) =
∑

X1,...,Xk

(
n

X1, . . . , Xk

) k−1∏
j=2

[λXj/n+ (1− λ)pj]
Xj

× [λX1/n+ (1− λ)p1]X1 [λXk/n+ (1− λ)(1− p1 − · · · − pk−1)]Xk ,

and

∂Gk,n(λ, p)

∂p1

=
∑

X1,...,Xk

(
n

X1, . . . , Xk

) k−1∏
j=2

[λXj/n+ (1− λ)pj]
Xj

{
(1− λ)X1 [λX1/n+ (1− λ)p1]X1−1 [λXk/n+ (1− λ)pk]

Xk

− (1− λ)Xk [λX1/n+ (1− λ)p1]X1 [λXk/n+ (1− λ)pk]
Xk−1

}
.

Hence, it suffices to show

∑
X1,...,Xk

(
n

X1, . . . , Xk

) k−1∏
j=2

[λXj/n+ (1− λ)pj]
Xj

×X1 [λX1/n+ (1− λ)p1]X1−1 [λXk/n+ (1− λ)pk]
Xk ≡

∑
X1,...,Xk

(
n

X1, . . . , Xk

)

×
k−1∏
j=2

[λXj/n+ (1− λ)pj]
Xj Xk [λX1/n+ (1− λ)p1]X1 [λXk/n+ (1− λ)pk]

Xk−1 .

We first simplify the LHS. Clearly, those summands with X1 = 0 are zero and can be

dropped. For X1 ≥ 1, X1

(
n

X1,...,Xk

)
= n

(
n−1

X1−1,X2,...,Xk

)
. Let λ′ := λ(n−1)/n. For j = 2, . . . , k,

by setting p′j := 1−λ
1−λ′pj < pj, we have

λXj/n+ (1− λ)pj = λ′Xj/(n− 1) + (1− λ′)p′j.

Further, letting p′1 := 1−
∑k

j=2 p
′
j it is easy to see that

λ′
X1 − 1

n− 1
+ (1− λ′)p′1 = λ

X1

n
+ (1− λ)p1.
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Therefore, by introducing X ′1 = X1 − 1, we have

LHS = n
∑

X′1,X2,...,Xk

(
n− 1

X ′1, X2, . . . , Xk

)
[λ′X ′1/(n− 1) + (1− λ′)p′1]

X′1

×
k∏
j=2

[
λ′Xj/(n− 1) + (1− λ′)p′j

]Xj
= nGk,n−1(λ′, p′),

where the summation is over non-negative integers X ′1, X2, . . . , Xk summing to n−1. For the

RHS, similarly, let q′j = 1−λ
1−λ′pj for j = 1, . . . , k−1 and q′k = 1−

∑k−1
j=1 q

′
j. With X ′k = Xk−1,

it follows that

RHS = n
∑

X1,...,Xk−1,X
′
k

(
n− 1

X1, . . . , Xk−1, X ′k

) k−1∏
j=1

[
λ′Xj/(n− 1) + (1− λ′)q′j

]Xj
× [λ′X ′k/(n− 1) + (1− λ′)q′k]

X′k

= nGk,n−1(λ′, q′).

Finally, by the induction hypothesis,

LHS = nGk,n−1(λ′, p′) = nGk,n−1(λ′, q′) = RHS.

In view of this fact, we shall write Gk,n(λ) in place of Gk,n(λ, p). The set of polynomials

{Gk,n(λ)} are characterized by the following recurrence.

Proposition 4.2. For 0 ≤ λ ≤ 1, it holds that

Gk,n(λ) = Gk−1,n(λ) + λGk,n−1

(
n− 1

n
λ

)
, k ≥ 2, n ≥ 1 (4.8)

with G1,n(λ) ≡ 1 and Gk,0(λ) := 1.

By Proposition 4.1, we have the freedom to choose p in the definition to evaluate Gk,n(λ).

In particular, by choosing pk = 0 and p1 + · · · + pk−1 = 1, we can decompose Gk,n(λ) into

Gk−1,n(λ) and a remainder. By a similar manipulation used in the previous proof, the

remainder can be expressed in terms of Gk,n−1. We leave the detailed proof to the Appendix.
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Theorem 4.1. For k ≥ 2, n ≥ 0 and 0 ≤ λ ≤ 1, it holds that

Gk,n(λ) =
n∑

m=0

n!

nm(n−m)!

(
m+ k − 2

k − 2

)
λm. (4.9)

Proof. We prove this by induction. For the base case, the formula gives Gk,0(λ) ≡ 1 for

k ≥ 2, which matches the value imposed by Proposition 4.2.

First, supposing the formula holds for G2,n−1, we show that it also holds for G2,n. By

Proposition 4.2, it is easy to check that

G2,n(λ) = G1,n(λ) + λG2,n−1(λ(n− 1)/n)

= 1 +
n−1∑
m=0

(n− 1)!

nm(n−m− 1)!
λm+1 =

n∑
m=0

n!

nm(n−m)!
λm.

Now, for any k ≥ 3 and n ≥ 1, suppose the formula holds for Gk−1,n and Gk,n−1. We

show that it also holds for Gk,n. By Proposition 4.2, we have

Gk,n(λ) = Gk−1,n(λ) + λGk,n−1(λ(n− 1)/n)

=
n∑

m=0

n!

nm(n−m)!

(
m+ k − 3

k − 3

)
λm +

n−1∑
m=0

(n− 1)!

nm(n−m− 1)!

(
m+ k − 2

k − 2

)
λm+1

=
n∑

m=0

n!

nm(n−m)!

(
m+ k − 3

k − 3

)
λm +

n∑
m=1

n!

nm(n−m)!

(
m+ k − 3

k − 2

)
λm

=
n∑

m=0

n!

nm(n−m)!

(
m+ k − 2

k − 2

)
λm,

where in the last step the addition formula
(
n
l

)
=
(
n−1
l

)
+
(
n−1
l−1

)
is used (Graham et al., 1994,

§5.1).

Remark 4.1. For k ≥ 2, Gk,n(λ) is not a moment generating function of some distribution.

Suppose Gk,n(λ) is the MGF of random variable Y . Since Gk,n(λ) is a polynomial of degree

n, then EY 2n = G
(2n)
k,n (0) = 0, which implies Y is zero almost surely. However, the MGF of

zero is identically one.

A few polynomials Gk,n(λ) are listed in Table 4.1.
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Table 4.1: Polynomials Gk,n(λ)

n = 1 n = 2 n = 3 n = 4

k = 2 1 + λ 1 + λ+ 1
2
λ2 1 + λ+ 2

3
λ2 + 2

9
λ3 1 + λ+ 3

4
λ2 + 3

8
λ3 + 3

32
λ4

k = 3 1 + 2λ 1 + 2λ+ 3
2
λ2 1 + 2λ+ 2λ2 + 8

9
λ3 1 + 2λ+ 9

4
λ2 + 3

2
λ3 + 15

32
λ4

k = 4 1 + 3λ 1 + 3λ+ 3λ2 1 + 3λ+ 4λ2 + 20
9
λ3 1 + 3λ+ 9

2
λ2 + 15

4
λ3 + 45

32
λ4

4.2.2 Asymptotic properties

We consider the asymptotic behaviors of Gk,n(λ), which can inform how well it captures the

right dependence on k and n.

n→∞ under fixed k

Lemma 4.1. For k ≥ 2, Gk,n(λ) increases in n.

Proof. By Theorem 4.1, it suffices to show that

n!

nm(n−m)!
≥ (n− 1)!

(n− 1)m(n−m− 1)!

for m = 0, . . . , n. By canceling factors from both sides, this is equivalent to (1− 1
n
)m ≥ 1−m

n
,

which holds by Bernoulli’s inequality.

Proposition 4.3. For 0 ≤ λ < 1 and any fixed k ≥ 2, we have

Gk,n(λ)↗ Gk,∞(λ) := (1− λ)−(k−1), as n→∞. (4.10)

Proof. For k = 2 and λ ∈ [0, 1),

G2,n(λ) =
n∑

m=0

n!

nm(n−m)!
λm ≤

n∑
m=0

λm → 1

1− λ
,

where we used
n!

nm(n−m)!
=
n× (n− 1)× . . . (n−m+ 1)

n× · · · × n
≤ 1.
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Further, by Lemma 4.1, G2,n(λ) must converge as n → ∞ for λ ∈ [0, 1). Suppose the limit

is G2,∞(λ). Clearly, G2,∞(λ) = limnG2,n(λ) = supnG2,n(λ) is lower-semicontinuous. Taking

limits on both sides of Eq. (4.8), we have

G2,∞(λ) = 1 + λG2,∞(λ−),

where we note n−1
n
λ↗ λ. Meanwhile, by Theorem 4.1, G2,n(λ) is increasing in λ. Hence, we

have G2,∞(λ−) = G2,∞(λ) by lower-semicontinuity and monotonicity of G2,∞(λ). It follows

that G2,∞ = (1− λ)−1. Applying the same reasoning to k = 3, we have

G3,∞(λ) = G2,∞(λ) + λG3,∞(λ),

and hence G3,∞ = (1 − λ)−2. Iterating this process, we get Gk,n(λ) ↗ (1 − λ)−(k−1) for

λ ∈ [0, 1) and k ≥ 2.

Note that Gk,∞(λ) = (1 − λ)−(k−1) is the moment generating function of Ga(k − 1, 1).

Further, nD(p̂‖p) →d Ga((k − 1)/2, 1). This means, for fixed k and n → ∞, Gk,n(λ) is

asymptotically tight in the exponent (rate parameter of gamma), but loose by a factor of 2

in the polynomial term (shape parameter of gamma).

k →∞ under fixed n

Proposition 4.4. For fixed 0 < λ ≤ 1 and n ≥ 1, as k →∞ we have

logGk,n(λ) � n log k. (4.11)

Proof. By Theorem 4.1, for fixed n and λ, the diverging term should be the largest term of

{
(
m+k−2
k−2

)
: 0 ≤ m ≤ n}, which is when m = n. And log

(
n+k−2
k−2

)
� n log k.

The following shows that, as k → ∞, the logarithmic dependence on k for an upper

bound on the logarithm of MGF is also necessary.

Proposition 4.5. Suppose Hk,n(λ) ≥ ϕk,n(λ; p) for all p and all λ ∈ (0, 1). For fixed

0 < λ ≤ 1 and n ≥ 1, we have lower bound logHk,n(λ) & λn log k as k →∞.
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Proof. Let p = (1/k, . . . , 1/k). It follows from Eq. (4.6) that

ϕk,n(λ, p) = n−λn
∑

X1,...,Xk

(
n

X1, . . . , Xk

) k∏
i=1

(
Xλ
i

k1−λ

)Xi
.

We claim that ϕk,n(λ, p) � kλn. Consider the configurations of (X1, . . . , Xk) such that n of

them are one and the rest are zero. As k →∞, ignoring the factors that do not depend on

k, the sum over these configurations becomes

n−λn
(
k

n

)(
1

k1−λ

)n
� kλn.

We now show that the sum from all the other configurations is O(kλn−1). Consider the

contribution from those configurations with m non-zero categories. Their sum is

n−λn
(
k

m

) ∑
Y1,...,Ym

(
n

Y1, . . . , Ym

) m∏
i=1

(
Y λ
i

k1−λ

)Yi
=:

(
k

m

)
k−n(1−λ)Cn,m(λ)

where Y1, . . . , Ym are positive integers that sum to n. It follows that

n−1∑
m=1

(
k

m

)
k−n(1−λ)Cn,m(λ) <

(
max

1≤m≤n−1
Cn,m(λ)

)
k−n(1−λ)

n−1∑
m=1

km � kλn−1.

Hence, logHk,n(λ) & λn log k.

Remark 4.2. Agrawal (2020) uses the upper bound G2,∞(λ) on G2,n(λ) to further bound

Gk,n(λ) for k > 2, by appealing to the chain rule of relative entropy (Cover and Thomas,

2006, §2.5). This leads to the following bound:

ϕk,n(λ) ≤ (1− λ)−(k−1) = Gk,∞(λ) (0 ≤ λ < 1). (4.12)

However, observe that for fixed n and large k, the logarithm of the above bound above grows

linearly in k. In contrast, as we have shown via a direct approach, the bound logGk,n(λ) has

the right logarithmic dependence.
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4.3 Chernoff bound

To highlight the dependence on (k, n), let p̂k,n denote the empirical probability vector under

k categories and n samples. For any λ ∈ [0, 1], we have

P (nD(p̂k,n‖p) > t) ≤ exp(−λt)Gk,n(λ). (4.13)

Minimizing over λ ∈ [0, 1] yields the tightest bound.

Theorem 4.2. For k ≥ 2, n ≥ 1, let p̂k,n be the empirical probability vector from Mult(p, n)

for p ∈ ∆k−1. For t > 0, it holds that

P (nD(p̂k,n‖p) > t) ≤ min
λ∈[0,1]

exp(−λt)Gk,n(λ). (4.14)

Proposition 4.6. The bound in Theorem 4.2 is meaningful (RHS < 1) if t > min(logGk,n(1), k−

1).

Proof. Let fk,n(λ, t) := exp(−λt)Gk,n(λ). Let ψk,n(t) := minλ∈[0,1] f(λ, t) be the RHS of

Eq. (4.14). First, suppose t > min(logGk,n(1), k − 1) and we show that ψk,n(t) < 1.

Clearly, either t > logGk,n(1) or t > k − 1. If t > logGk,n(1), then ψk,n(t) ≤ fk,n(1, t) =

exp(−t)Gk,n(1) < 1. If t > k − 1, ψk,n(t) ≤ ψk,∞(t) by Proposition 4.3. One can show that

ψk,∞(t) =

0, t ≤ k − 1

exp(k − 1− t)
(

t
k−1

)k−1
, t > k − 1

.

Writing t = k − 1 + δ for δ > 0, it follows that

ψk,n(t) ≤ ψk,∞(k − 1 + δ) = exp

{
(k − 1) log(1 +

δ

k − 1
)− δ

}
< 1

by log(1 + x) < x for x > 0.

We have verified that the converse also holds at least for k ≤ 500.

Let λk,n(t) be the minimizer in Theorem 4.2. Unfortunately, in general, λk,n(t) does

not permit a closed-form solution. In fact, finding λk,n(t) is a non-convex problem and
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exp(−λt)Gk,n(λ) can have more than one local minima on the unit interval. In the following,

we develop a simple closed-form approximation to λk,n(t) that leads to a bound that is only

slightly looser than Theorem 4.2, when n is relatively big compared to k.

Large n expansion of the minimizer By Proposition 4.3, when n→∞ we have

exp(−λt)Gk,n(λ)→ exp(−λt)(1− λ)−(k−1) = e−λt−(k−1) log(1−λ).

Note that λ 7→ −λt−(k−1) log(1−λ) is convex. The previous display is uniquely minimized

at

λk,∞(t) = 1− k − 1

t
, for t > k − 1. (4.15)

Plugging in λk,∞(t) into Eq. (4.13) yields the following bound.

Corollary 4.1 (without correction). For t > k − 1, it holds that

P (nD(p̂k,n‖p) > t) ≤ e−tek−1Gk,n

(
1− k − 1

t

)
. (4.16)

λk,∞(t) is the zeroth-order large n approximation to λk,n(t). Yet, the bound can be

significantly tightened by a further correction.

Proposition 4.7. Suppose k ≥ 2 and t > k − 1. As n→∞, we have

λk,n(t) = λk,∞(t) +
k

k − 1

t− k + 1

n
+ o(n−1). (4.17)

Proof. Fix k ≥ 2 and t > k − 1. Let fk,n := exp(−λt)Gk,n(λ). First, we claim that there

exists N(k, t) such that f ′k,n(λk,n) = 0 for n ≥ N(k, t) at the minimizer λk,n. To see this, note

that asymptotically λk,n cannot be 0 or 1. In particular, (i) λk,n = 0 would imply RHS = 1

for Eq. (4.14), and (ii) λk,n → 1 would imply RHS → ∞ for Eq. (4.14) — both contradict

Proposition 4.6. Given

f ′k,n(λk,n) = f ′k,n(λk,∞) + f ′′k,n(λk,∞)(λk,n − λk,∞) + o(|λk,n − λk,∞|),

it follows that

λk,n = λk,∞ −
f ′k,n(λk,∞)

f ′′k,n(λk,∞)
+ o(|λk,n − λk,∞|).
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Since fk,n → fk,∞ = exp(−λt)Gk,∞(λ), it is easy to check that

f ′′k,n(λk,∞) = f ′′k,∞(λk,∞) + o(1)

= (k − 1)e−λk,∞t(1− λk,∞)−(k+1) + o(1),

where the limit (k − 1)e−λk,∞t(1− λk,∞)−(k+1) is non-zero and finite. Meanwhile, we have

f ′k,n(λk,∞) = e−λk,∞t
(
G′k,n(λk,∞)− tGk,n(λk,∞)

)
.

Using λk,∞ = 1− (k − 1)/t, it follows that

λk,n = λk,∞ +
e−(t−k+1)

[
k−1

1−λk,∞
Gk,n(λk,∞)−G′k,n(λk,∞)

]
(k − 1)e−(t−k+1)

(
k−1
t

)−(k+1)
+ o(1)

+ o(|λk,n − λk,∞|).

It is easy to check that the proof is complete given the following lemma.

Lemma 4.2. For k ≥ 2 and λ ∈ (0, 1), it holds that

n

(
k − 1

1− λ
Gk,n(λ)−G′k,n(λ)

)
→ k(k − 1)λ

(1− λ)k+2
, as n→∞. (4.18)

The proof relies on asymptotic expansions of the incomplete Gamma function and is left

to the Appendix.

Remark 4.3. The correction in Proposition 4.7 can be viewed as a one-step Newton’s

iteration based on λk,∞(t).

In Fig. 4.1, we compare the correction term (the n−1 term) from Proposition 4.7 to the nu-

merical values. The numerical value corresponding to a pair (t, k) is obtained by numerically

finding λk,n(t) for a sequence of n varying from 200 to 2× 104, then fitting log(λk,n − λk,∞)

against − log n in least squares, and finally taking the intercept and exponentiating.

Plugging the correction into Eq. (4.13) yields the following bound.

Corollary 4.2 (with correction). Let λ̂k,n := min
{

1− k−1
t

+ k
k−1

t−k+1
n

, 1
}

. For n ≥ 1, k ≥ 2

and t > k − 1, it holds that

P (nD(p̂k,n‖p) > t) ≤ exp(−λ̂k,nt)Gk,n(λ̂k,n). (4.19)
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Figure 4.1: The ideal correction limn n(λk,n(t)−λk,∞(t)) (dots, fitted from numerical values)

and the theoretical first-order correction k(t − k + 1)/(k − 1) (lines), both plotted against

the deviation t.

4.4 Discussion

In this section, we discuss the behavior of our bound and compare to bounds previously

proposed in the literature.

4.4.1 Comparison

We briefly compare the bounds for several sample sizes under k = 6 in Figure 4.2; see

also Fig. 4.3 for k = 20. First, our bound is always tighter than Agrawal (2020), since

Agrawal (2020) uses Chernoff bound based on Gk,∞, which upper-bounds Gk,n. Second, in

the settings plotted, our bound is tighter than that of Mardia et al. (2019) for t smaller than

some Tk,n and vice versa for t > Tk,n — an explanation for this phenomenon is provided in

the following section. Third, the closed-form correction-based bound is significantly tighter

than the bound without correction, and is in fact very close to the exact bound, with the

difference between the two only noticeable when both n and t are small.
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Figure 4.2: Comparison of probability bounds on P (nD(p̂k,n‖p) > t) for k = 6 and t >

min(logGk,n(1), k − 1). The y-axis is in logarithmic scale. The methods compared include:

“exact” (Theorem 4.2 from numerical minimization), “correction” (Corollary 4.2), “w/o

corr.” (Corollary 4.1), Agrawal (2020, Theorem 1.2), Mardia et al. (2019, Theorem 3), and

the asymptotic bound that is the exact probability when n→∞. Note that “asymp.” might

not be a valid bound and is for reference only.

4.4.2 Combinatorial scaling

Recently Mardia et al. (2019) considered a bound of the form

P (nD(p̂k,n‖p) > t) ≤ C(k, n) exp(−t), (4.20)
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Figure 4.3: Comparison of probability bounds on P (nD(p̂k,n‖p) > t) for k = 20 and t >

min(logGk,n(1), k − 1). The y-axis is in logarithmic scale. The methods compared include:

“exact” (Theorem 4.2 from numerical minimization), “correction” (Corollary 4.2), “w/o

corr.” (Corollary 4.1), Agrawal (2020, Theorem 1.2), Mardia et al. (2019, Theorem 3), and

the asymptotic bound that is the exact probability when n→∞. Note that “asymp.” might

not be a valid bound and is for reference only.

where C(k, n) captures the combinatorial dependence on k and n. This is motivated by the

classic method-of-types inequality Eq. (4.4), which holds with

CT(k, n) =

(
n+ k − 1

k − 1

)
.

Note that CT(k, n) is the number of ways that {1, . . . , n} can be partitioned into k groups,

and hence counts the “types” of possible empirical distributions. Mardia et al. (2019) showed



94

that CT(k, n) can be improved to

CM(k, n) =
12

π

k−2∑
i=0

Ki

(
e
√
n

2π

)i
,

where

Ki =


π(2π)m/2

2×4×···×m (m is even)

(2π)(m+1)/2

1×3×···×m (m is odd)

, K−1 = 1

are constants. It can be shown that CM(k, n) is smaller than CT(k, n) for all k, n ≥ 2.

Since the choice of λ that tightens our bound depends on t, the bounds presented in the

previous section do not take the form of Eq. (4.20). For comparison, we use the following

bound from setting λ = 1 in Eq. (4.13), which is not the tightest bound except for very large

t.

Corollary 4.3. For n ≥ 1, k ≥ 2 and t > 0, it holds that

P (nD(p̂k,n‖p) > t) ≤ Gk,n(1) exp(−t).

Like CM(k, n) the resulting combinatorial factor Gk,n(1) is also uniformly smaller than

the method-of-types combinatorial factor CT(k, n).

Proposition 4.8. For k ≥ 2, n ≥ 1, Gk,n(1) < CT(k, n).

Proof. By Theorem 4.1,

Gk,n(1) =
n∑

m=0

n× (n− 1)× · · · × (n−m+ 1)

nm

(
m+ k − 2

k − 2

)
<

n∑
m=0

(
m+ k − 2

k − 2

)
=

(
n+ k − 1

k − 1

)
,

where the last equality follows from the “parallel summation” (Graham et al., 1994, Eq. (5.9)).

In fact, the improvement can be significant when n is large.
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Proposition 4.9. For fixed k ≥ 2, as n→∞,
logGk,n(1)

logCT(k,n)
→ 1/2.

This basically says, in the regime of fixed k and large n, Gk,n(1) is a square-root improve-

ment over the method-of-types combinatorial factor. We leave its proof to Appendix C.3.

In fact, CM(k, n) achieves the same rate of improvement in the same regime; see Mardia

et al. (2019, §1.2). For other regimes, we do not have an explicit comparison. Instead,

in Fig. 4.4 we graphically compare the combinatorial factors for a few (k, n). We observe:

(i) logGk,n(1) and logCM(k, n) scale quite closely; (ii) for a fixed k, one can check that

Gk,n(1) < CM(k, n) for small n, and vice versa for large n. Note that (ii) explains why in

Fig. 4.2 the bound of Mardia et al. (2019) becomes tighter than our bound for very large

deviations when n ∈ {100, 200, 500} — the tightening λk,n(t) = 1 for t large enough and the

exact bound reduces to Corollary 4.3.

log Gk,n(1)
log CM(k,n)
log CT(k,n)

CM(6, n)
G6,n(1)

20 40 60 80 100 120 140
n

100

1000

104

105

Figure 4.4: Comparison of combinatorial scaling factors Gk,n(1) (ours), CM(k, n) (Mardia

et al., 2019) and CT(k, n) (method of types).

Finally, we stress that the improved combinatorial factors are by no means optimal. To

see this, note that as n→∞, Gk,n(1)→∞ for any fixed k ≥ 2 and CM(k, n)→∞ for any

fixed k ≥ 3, which would render the bound in the form of Eq. (4.20) meaningless (for fixed

k and t). However, by Proposition 4.3 because Gk,∞(λ) only diverges at λ = 1, our bounds

stated in Theorem 4.1, Corollaries 4.1 and 4.2 do not suffer from this problem. Nevertheless,
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we expect future improvements on C(k, n) such that C(k,∞) <∞ for k ≥ 2.

4.5 Application: unseen butterflies

The bound developed can be used to obtain a conservative critical value for the multinomial

likelihood ratio. The bound in Theorem 4.2 can be determined numerically by searching for

the minimizer over the unit interval, which is a non-convex but smooth, univariate optimiza-

tion. Further given a level α ∈ (0, 1) (e.g., α = 0.05), by a binary search, a critical value

tk,n(α) can be determined such that the bound at tk,n(α) evaluates to α. The critical value

on the likelihood ratio can be inverted to form a convex confidence region on p, which is

guaranteed to contain p with probability at least (1 − α). This can be applied to the cases

where k is comparable to n, and the standard large-sample χ2 approximation is unlikely to be

accurate (see Frydenberg and Jensen (1989)). We demonstrate with the following example.

Proportion of the unseen butterflies Table 4.2 shows the famous dataset (Orlitsky

et al., 2016) that naturalist Corbet presented to Ronald Fisher in the 1940’s. Corbet spent

two years trapping butterflies in Malay Peninsula, and his intriguing question to Fisher

was how many new species would he discover had he spent another two years on the islands.

Corbet’s original question led to the fruitful investigation of estimating the number of unseen

species; see Fisher et al. (1943); Good and Toulmin (1956); Orlitsky et al. (2016).

Table 4.2: Butterflies recorded by Corbet

Frequency 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Species 118 74 44 24 29 22 20 19 20 15 12 14 6 12 6

However, here we pose a different question — what percentage of butterflies in Malay

Peninsula belonged to the species that Corbet had not seen? That is, we want to estimate

the proportion of butterflies from all the unseen species. Clearly, the MLE is zero based on
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the sample. Instead, we ask for an upper bound with 95% confidence. Let k = 435+1, where

435 is the number of species observed by Corbet. Let p̂ = (q̂, 0), where q̂ is the empirical

distribution corresponding to Table 4.2. The sample size is n = 2, 029 and the corresponding

critical value is tk,n(α) = 481.20. The upper bound is given by the convex program

max pk s.t. p ∈ ∆k−1, nD(p̂‖p) ≤ tk,n(α),

which evaluates to 21.1%. See Appendix C.4 for the R code.

4.6 Conclusion

We have shown that for a multinomial experiment with alphabet size k and sample size n, the

moment generating function of the entropy of the empirical distribution relative to the true

distribution (scaled by n) can be uniformly bounded by a degree-n polynomial Gk,n(λ) over

the unit interval. We generalize Agrawal’s (2020) result on k = 2 and characterize the family

of Gk,n(λ). The result gives rise to a one-sided Chernoff bound on the relative entropy for

deviations t > min(logGk,n(1), k− 1). The bound significantly improves the classic method-

of-types bound and is competitive with the state of the art (Mardia et al., 2019). Further,

since the tightest Chernoff bound does not permit a closed-form, we have developed a first-

order large-n expansion of the minimizing λ, which provides a good approximation to the

tightest bound in closed form. On a technical note, our approach directly constructs bounds

for a generic k, in contrast to some other approaches (Mardia et al., 2019; Agrawal, 2020)

that are based on a reduction from multinomial to binomial via the chain rule of relative

entropy.



98

Chapter 5

CONVEX ANALYSIS OF DISCRETE INSTRUMENTAL
VARIABLE MODELS

In this Chapter, we study instrumental variable (IV) models when the state space is

finite. Such models can be viewed as a convex polytope in the space of counterfactual

distributions, which maps to another convex polytope in the space of observed distributions.

In Section 5.1, we review some background on IV and summarize common variants of IV

assumptions. In Section 5.2, we present a framework for analyzing discrete IV models and

illustrate with the case of Vietnam draft lottery data. Using the lottery number as an

instrument, we study the effect of military service on annual earnings. We show that the

difficulty in inference can be handled in an automated fashion with the aid of modern convex

optimization and likelihood ratio bounds developed in the Chapter 4. Finally, in Section 5.3,

we study partial identification of the average treatment effect. We show that, in a binary IV

model, the Balke–Pearl bounds on the average treatment effect, which are typically derived

under untestable cross-world assumptions, can be recovered under testable assumptions that

hold naturally in a population single-world intervention graph (SWIG). The key ingredient

is a set of inequalities that are implied by the latent confounder, which are analogues to the

famous Bell-CHSH inequality in quantum mechanics. Polytope computation aids the proof

of our result.

5.1 Background and assumptions

The instrumental variable approach is widely employed to infer a causal effect when there is

latent confouding between treatment X and outcome Y . Intuitively, the instrument provides

exogeneity for identifying the effect, an idea that dates back to Wright (1928). Roughly
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speaking, variable Z is called an instrument if the following three conditions are met.

1. Exclusion restriction: Z has no direct effect on Y other than through X.

2. Exogeneity: Z is independent of the latent confounder between X and Y .

3. Relevance: Z is not independent of X; or, Z has a non-zero effect on X.

Many designed experiments and natural experiments can be viewed and analyzed from

this perspective. Examples include clinical trials with non-compliance (Imbens and Ru-

bin, 1997a), encouragement design, Mendelian randomization (Gray and Wheatley, 1991),

environment factors (Miguel et al., 2004), etc; see Angrist and Krueger (2001, Table 1) for

more examples.

5.1.1 IV model in econometrics

Traditionally, IV models are analyzed in the framework of linear structural equation models

(SEM). Due to the focus of this Chapter on nonparametric IV models, we only give a brief

overview of linear IV models; see Angrist and Pischke (2008, Chap. 4) for more details.

2SLS Linear IV model postulates structural equations

1st-stage : X = πZ + αU + ηX ,

2nd-stage : Y = βX + δU + ηY ,
(5.1)

where U is an unobserved latent confounder. The parameter of interest is β, which measures

the effect of X on Y . We assume all variables have zero mean and finite variance. The

three IV assumptions are fulfilled as (1) Z does not enter the 2nd stage equation (exclusion),

(2) Z ⊥⊥ U, ηX , ηY (exogeneity), and (3) π 6= 0 (relevance). By substituting the 2nd-stage

equation into the 1st-stage equation, we get

reduced form : Y = βπZ + β(αU + ηX) + ηY .
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Note that β(αU + ηX) + ηY ⊥⊥ Z in the reduced form and αU + ηX ⊥⊥ Z in the 1st stage.

Hence, by regressing Y on Z and regressing X on Z, we can identify βπ and π respectively,

leading to

β̂ =
β̂π

π̂
=

cov(Y, Z)/ varZ

cov(X,Z)/ varZ
=

cov(Y, Z)

cov(X,Z)
.

This estimator can be rephrased as the two-stage least squares (2SLS):

1st stage : π̂ from X ∼ Z

2nd stage : β̂ from Y ∼ π̂Z,

where π̂Z is the fitted value of X from the 1st-stage regression. When Z is binary, this is

also known as Wald’s estimator

β̂ =
cov(Y, Z)

cov(X,Z)
=

E[Y |Z = 1]− E[Y |Z = 0]

E[X|Z = 1]− E[X|Z = 0]
. (5.2)

When X is multivariate, 2SLS can be generalized to cases when dimZ ≥ dimX. Because

2SLS takes the form of a division, its finite-sample behavior can be erratic when π is close

to zero, in which case Z is called a weak instrument ; see Stock et al. (2002) for a survey of

tools to handle this case.

Heterogeneity and LATE Assumptions posed by Eq. (5.1) that lead to the point identi-

fication of β may seem rather strong: for every individual, Z has a constant effect on X and

X has a constant effect on Y . Suppose both Z and X are binary and let us drop Eq. (5.1).

Intuitively, one is unable to identify the effect for those whose treatment status is unchanged

by the instrument. Imbens and Angrist (1994) shows that under a monotonicity assumption

that X(z = 1) ≥ X(z = 0) for every individual, the effect of X on Y can be identified for the

subgroup of compliers, namely the set of individuals with X(z = 1) = 1 and X(z = 0) = 0,

or in other words, those who are treated if and only if Z = 1. This effect is called the local

average treatment effect (LATE) and can be estimated with Eq. (5.2). We will describe a

generalization of this idea in Section 5.2.
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5.1.2 Discrete IV models

For the rest of the this Chapter, we will focus on another line of research that revolves around

(nonparametric) discrete IV models, where the state spaces for X, Y and Z, denoted by X ,

Y and Z, are finite. A primary case is when X = Y = Z = {0, 1}, such as clinical trials with

non-compliance (Z: assigned treatment, X: actual treatment, Y : recovery status). These

models can also arise from discretizing an IV dataset with continuous variables.

Studies of discrete IV models are primarily concerned with two tasks: partial identification

and falsification. Without additional assumptions, the counterfactual distributions of Y (or

the treatment effect) are not uniquely identified from the observed distribution of X, Y and

Z. However, non-trivial bounds on these parameters of interest are often implied from the

observed distribution; such as the bounds obtained by Balke and Pearl (1997); Robins (1989);

Manski (1990) for binary IV models. Similarly, non-trivial inequalities on the observed

distribution (Pearl, 1995a; Balke and Pearl, 1997; Bonet, 2001; Kédagni and Mourifié, 2020)

are typically implied by IV assumptions, which can be exploited for falsification tests. As

one can imagine, the purpose of both tasks is to characterize sharp bounds or implications

that cannot be improved. However, the sharp characterization can vary according to the

exact form of IV assumptions postulated; see Swanson et al. (2018) for a survey of partial

identification results under different assumptions. Next, we review some common variants

of exclusion restriction and exogeneity assumption suitable for discrete IV models; stronger

assumptions are listed first. Note that relevance, as a form of faithfulness assumption, is not

closed under weak convergence and is not useful for the purpose of partial identification and

falsification.

Exclusion restriction We have the following variants.

Assumption 5.1 (individual exclusion). Y (x, z) = Y (x, z′) = Y (x) for all x ∈ X , z, z′ ∈ Z.

Assumption 5.2 (latent-variable stochastic exclusion). There exists a latent variable U

such that P (Y (x, z) = y | U) = P (Y (x, z′) = y | U) for all x ∈ X , y ∈ Y and z, z′ ∈ Z
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Figure 5.1: SWIGs for IV models, where Z is randomly assigned in (a) but not in (b). U

and U ′ are latent variables.

almost surely.

Assumption 5.3 (stochastic exclusion). P (Y (x, z) = y) = P (Y (x, z′) = y) for all x ∈ X ,

y ∈ Y and z, z′ ∈ Z.

Clearly,

individual exclusion⇒ latent-variable stochastic exclusion⇒ stochastic exclusion,

where the second “⇒” follows by marginalizing. Stochastic exclusion can be interpreted as

the average controlled directed effect of Z on Y holding X fixed being zero. While individual

exclusion is not subject to any empirical test, stochastic exclusion, being a statement on

equality between groups stratified by Z, can be tested in a future experiment that randomizes

both X and Z. Individual exclusion can be read off from SWIGs in Fig. 5.1 by noting z 6→

Y (x, z). Assumption 5.2 and Assumption 5.3 can be read off from a population interpretation

of SWIGs (Richardson and Robins, 2013, §7); see (Shpitser et al., 2020, Rule 3 of §3).

Exogeneity The assumption depends on whether Z is randomly assigned; compare the

two SWIGs in Fig. 5.1.

Assumption 5.4 (random assignment). Z ⊥⊥ {X(z), Y (x, z) : x ∈ X , z ∈ Z}.

Assumption 5.5 (joint exogeneity). Z ⊥⊥ {Y (x, z) : x ∈ X , z ∈ Z}.
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Assumption 5.6 (latent-variable marginal exogeneity). There exists a latent variable U

such that Z ⊥⊥ U and Y (x, z) ⊥⊥ Z,X(z) | U for each x ∈ X and z ∈ Z.

Assumption 5.7 (marginal exogeneity). Z ⊥⊥ Y (x, z) for every x ∈ X and z ∈ Z.

Exogeneity is also referred to as (statistical) independence or exchangeability. We have

random assignment⇒ joint exogeneity⇒ latent-variable⇒ marginal exogeneity,

where the second “⇒” follows from identifying U with (Y (x, z) : x ∈ X , z ∈ Z), and the third

follows from contraction axiom of conditional independence. Latent-variable exogeneity can

be read off from the SWIGs in Fig. 5.1. Contrary to the first two, marginal exogeneity does

not make cross-world assumptions and can be (hypothetically) tested if the natural value of

Z is observed immediately before X and Z are intervened on.

5.2 Inference via convex programming: Vietnam draft lottery

In this Section, we use the convex programming technique developed to analyze the effect

of Vietnam war veteran status on annual earning. We use the CPS (Current Population

Survey) extract dataset1 prepared for Angrist and Krueger (1992b, 1995).

5.2.1 Background and motivation

Each year between 1970 and 1973, the priority for military service in Vietnam for draft-

age men was determined by lotteries. In each lottery, all 366 days of a year are randomly

permuted and each birthdate is assigned with a Random Sequence Number (RSN) between

1 and 366. Men are drafted for service by the order of their RSNs, with people with lower

numbers called first. At some point during the year, a ceiling RSN is announced such that

only those with RSNs below the ceiling are officially draft-eligible. However, of course, the

RSN does not completely determine the veteran status. Many men, especially those with

a lower RSN, would voluntarily enlist to improve their service conditions (Angrist, 1991).

1https://economics.mit.edu/faculty/angrist/data1/data/angkru95

https://economics.mit.edu/faculty/angrist/data1/data/angkru95
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In addition, there was great uncertainty associated with the exact ceiling RSN, which was

generally unknown untill later in the year. For example, the 1971 ceiling RSN (125) was

announced in October, 5 months after the number was called for service. Therefore, even

for those with a relatively high RSN, there was incentive to seek draft deferment (e.g., by

remaining in school).

Men were drafted by lottery from specific birth cohorts. The 1970 lottery drafted men

born between 1944 and 1950; each lottery between 1971 and 1973 only drafted men born in

a specific year, namely 1951-1953 accordingly. For the purpose of this Section, we focus on

a subsample consisting of 14,464 white men (after removing individuals with missing data),

born between 1949 and 1953. The dataset records the annual earnings in the surveyed year

and the wages are converted to 1978 dollars using the CPI (Angrist and Krueger, 1992b). To

protect anonymity, the dataset was curated such that RSNs are recoded into 14 groups: each

of the first 13 groups contains 25 consecutive numbers (RSN 1-324), while the last group

contains all the remaining numbers.

RSN group
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Figure 5.2: Propensity of veteran status by lottery RSN groups.
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Instrument and monotonicity Let Z denote the RSN group, X denote military service

(X=1 for served) and Y denote the annual earning. Since (1) Z is randomly assigned

(exogenous), (2) Z has no effect on Y except through X, (3) Z is associated with X, Z is an

instrument; see Angrist (1990) for more discussions. Fig. 5.2 shows the empirical propensity

of service for each level of Z. Let X(z) denote the potential outcome of enlistment had the

person been assigned with RSN level z. Suppose Z takes levels 1, . . . , |Z|. Consider the

following monotonicity assumption.

Assumption 5.8 (Monotonicity). X(z) ≥ X(z + 1) almost surely for z = 1, . . . , |Z| − 1.

In words, this says that if a person is enlisted, then he must still be enlisted had he been

assigned to a lower RSN group.

LATE analysis of counterfactual distributions The dataset was analyzed by Abadie

(2002) in terms of the counterfactual distributions of the annual earning of the treated

(military service) versus the untreated (no military service). By assuming monotonicity

(Assumption 5.8), the counterfactual distributions of Y (0) and Y (1) among the compliers can

be identified (Imbens and Rubin, 1997b). More specifically, let Z ′ = IZ>4 be a dichotomized

instrument. Note that under Assumption 5.8, X(z′ = 0) ≥ X(z′ = 1) almost surely. Under

monotonicity, joint exogeneity and positivity, the distribution functions of Y (0) and Y (1)

among the compliers can be identified as

P (Y (1) ≤ y | X(0) = 1, X(1) = 0) =
E[IY≤yX|Z ′ = 0]− E[IY≤yX|Z ′ = 1]

E[X|Z ′ = 0]− E[X|Z ′ = 1]
,

P (Y (0) ≤ y | X(0) = 1, X(1) = 0) =
E[IY≤y(1−X)|Z ′ = 0]− E[IY≤y(1−X)|Z ′ = 1]

E[1−X|Z ′ = 0]− E[1−X|Z ′ = 1]
,

(5.3)

where individuals with X(0) = 1 and X(1) = 0 are called compliers. Replacing the condi-

tional expectations above with their empirical estimates, the two counterfactual distribution

functions can be estimated from data; see Fig. 5.3. It can be seen from the figure that

military service seems to reduce the lower quantiles of the earnings, while leaving the upper

quantiles unaffected (Abadie, 2002).



106

0 10000 20000 30000 40000 50000 60000

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Annual earning

C
um

ul
at
ive

di
st
rib
ut
io
n

service
no service

Figure 5.3: Counterfactual CDFs of annual earning among the compliers estimated by

the method of Abadie (2002); the estimates seem to suggest that the untreated distribu-

tion stochastically dominates the treated distribution. The instrument employed is the di-

chotomized Z ′ = IZ>4.

Hence, in other words, did the military service make the poor even poorer? This obser-

vation is far from being conclusive. There are a few issues.

1. It is unclear whether the difference in the lower quantiles is statistically significant.

Abadie (2002) conducted a bootstrap test for the hypothesis of the first-order stochastic

dominance of Y (0) over Y (1) among compliers, namely

P (Y (0) ≤ y | X(0) = 1, X(1) = 0) ≤ P (Y (1) ≤ y | X(0) = 1, X(1) = 0), ∀y,

with a modified Kolmogorov-Smirnov statistic (McFadden, 1989), and found the hy-

pothesis not rejected. However, this by no means proves the hypothesis.
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2. The analysis is restricted to the group of compliers relative to the binary instrument

Z ′ = IZ>4. It is unclear whether the same observation can be made for compliers rela-

tive to other thresholds, or more generally, for the whole population. This is concerning

given that most of those who served in Vietnam were likely volunteers who would have

enlisted regardless of the assigned lottery number (Angrist and Krueger, 2001).

3. The empirical plugin estimate for Eq. (5.3) does not account for the restrictions on

the observed distribution imposed by the counterfactual assumptions. There are two

further points.

(a) The plugin estimates are inefficient and may result in large biases. For the same

reason, inverse probability weighting (IPW) estimators are inefficient and can be

augmented to maximize efficiency (Tsiatis, 2006, Chap. 9)

(b) The analysis does not test for falsification implications of the assumed counter-

factual model. Ideally, one should test for such implications, and if the model is

not rejected, proceed with further analysis. However, this is usually a challenging

post-selection inference problem.

There are various methods (Pearl, 1995a; Wang et al., 2017a; Kédagni and Mou-

rifié, 2020) for falsification tests of IVs. Meanwhile, there is also a growing liter-

ature on the inference of “intersection bounds”, bounds defined as supremum or

infimum of conditional moments; see Chernozhukov et al. (2013); Andrews and

Shi (2013); Fan and Park (2014), to name a few. However, most methods do not

formulate this as a post-(model)-selection inference problem. For an exception,

see Ramsahai and Lauritzen (2011) for an approach to binary IV based on spe-

cialized bootstrap (Andrews, 2000); see also Bi et al. (2019) for a related issue on

weak instruments.

To address these issues, in what follows, we present a non-asymptotic analysis of the same

data using a discrete IV model, conducted via convex programming in a unified fashion.
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5.2.2 Counterfactual model

Recall that Z is the RSN group with |Z| levels, and X(z) ∈ {0, 1} is the veteran status po-

tential outcome. We discretize the earning Y by binning into brackets. Suppose the resulting

Y takes |Y| levels. Let Y (x, z) be its potential outcome. In addition to Assumption 5.8,

we make counterfactual assumptions of individual exclusion (Assumption 5.1) and joint exo-

geneity (Assumption 5.5). By Assumption 5.1, we suppose that the RSN group has no effect

on an individual’s earning except through military service. In other words, there is only one

pathway that RSN can affect earning. That being said, it is hypothesized that RSN can

also affect earning through schooling; see Angrist and Krueger (1992a). Assumption 5.5 is

implied by the random assignment of Z.

5.2.3 Monotonicity, complier types and identification

Assumption 5.8 states that X(z) is a non-increasing function of ordinal variable z. This

assumption can be interpreted as dividing the population into |Z|+ 1 monotone types :

• always taker (AT): X(1) = · · · = X(|Z|) = 1

• never taker (NT): X(1) = · · · = X(|Z|) = 0

• complier type k (CPk): X(1) = · · · = X(k) = 1, X(k + 1) = · · · = X(|Z|) = 0, for

k = 1, . . . , |Z| − 1.

For simplicity, in this subsection, we illustrate with |Z| = 3. See Fig. 5.4 for the four types.

Lemma 5.1. Under Assumptions 5.5 and 5.8, the probability of each monotone type is

identified.

Proof. From Fig. 5.4, it is easy to see that

P (AT) = P (X(3) = 1) = P (X(3) = 1|Z = 3) = P (X = 1|Z = 3),
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Figure 5.4: Four types of individuals when |Z| = 3: always taker (AT), never taker (NT),

complier 1 (CP1) and complier 2 (CP2).

where we used Assumption 5.5. Similarly, P (NT) = P (X = 0|Z = 1). Now, note from the

graph that P (X = 1|Z = 2) consist of both AT and CP2. Hence, we have

P (CP2) = P (X = 1|Z = 2)− P (X = 1|Z = 3).

Similarly, it holds that

P (CP1) = P (X = 0|Z = 2)− P (NT) = P (X = 0|Z = 2)− P (X = 0|Z = 1)

= P (X = 1|Z = 1)− P (X = 1|Z = 2).
(5.4)

The case for other levels of Z follows similarly.

Corollary 5.1. Under Assumptions 5.5 and 5.8, the observed E[X|Z = z] is non-increasing

in z. Further, it is strictly decreasing if the probability of each monotone type is positive.

This prediction seems to be compatible with Fig. 5.2.

Lemma 5.2. Suppose Assumptions 5.1, 5.5 and 5.8 hold. Also, suppose the probability of

each monotone type is positive. Then, the marginal distribution of Y (0) for NT and the

marginal distribution of Y (1) for AT are identified. Further, for each k = 2, . . . , |Z| − 1,
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the marginal distribution of Y (0) and the marginal distribution of Y (1) among each CPk are

identified.

Proof. Note distribution of Y (0) among NT is identified from

P (Y (0) = y|NT) = P (Y (0) = y|X(1) = 0) = P (Y (0) = y|X(1) = 0, Z = 1)

= P (Y = y|X = 0, Z = 1),

where we used Assumption 5.5 and consistency. Similarly, distribution of Y (1) of AT can be

identified from P (Y |X = 1, Z = 3).

Now we identify Y (0) and Y (1)’s marginal distributions for CP2. Note

P (Y = y,X = 0|Z = 3) = P (Y (0) = y,X(3) = 0|Z = 3)

= P (Y (0) = y,X(3) = 0)

= P (Y (0) = y,X(2) = 1, X(3) = 0) + P (Y (0) = y,X(2) = 0, X(3) = 0)

= P (Y (0) = y|CP2)P (CP2) + P (Y (0) = y,X(2) = 0)

= P (Y (0) = y|CP2)P (CP2) + P (Y (0) = y,X(2) = 0|Z = 2)

= P (Y (0) = y|CP2)P (CP2) + P (Y = y,X = 0|Z = 2),

where the 4th equality uses monotonicity X(2) = 0⇒ X(3) = 0. Using Eq. (5.4), we get

P (Y (0) = y | CP2) =
P (Y = y,X = 0|Z = 3)− P (Y = y,X = 0|Z = 2)

P (X = 0|Z = 3)− P (X = 0|Z = 2)
.

Similarly, by decomposing P (Y = y,X = 1|Z = 2), we get

P (Y = y,X = 1|Z = 2) = P (Y (1) = y,X(2) = 1|Z = 2)

= P (Y (1) = y,X(3) = 0, X(2) = 1) + P (Y (1) = y,X(3) = 1, X(2) = 1)

= P (Y (1) = y|CP2)P (CP2) + P (Y (1) = y,X(3) = 1)

= P (Y (1) = y|CP2)P (CP2) + P (Y (1) = y,X(3) = 1|Z = 3)

= P (Y (1) = y|CP2)P (CP2) + P (Y = y,X = 1|Z = 3).

Dividing through by the formula for P (CP2), we have

P (Y (1) = y|CP2) =
P (Y = y,X = 1|Z = 2)− P (Y = y,X = 1|Z = 3)

P (X = 1|Z = 2)− P (X = 1|Z = 3)
.
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The identification among CP1, or any other CPk, follows in the same way.

It then follows that, the distributional treatment effect among each CPk

F1(y|CPk)− F0(y|CPk) := P (Y (1) ≤ y|CPk)− P (Y (0) ≤ y|CPk) (5.5)

is identified. However, the distributional treatment effect over the whole population

F1(y)− F0(y) := P (Y (1) ≤ y)− P (Y (0) ≤ y)

is unidentified because P (Y (0)|AT) and P (Y (1)|NT) are unidentified. However, we will show

that non-trivial bounds can still be obtained for the overall effect.

5.2.4 Convex program

We now describe the convex program for our analysis. The programming variable is the

counterfactual probability table

P (X(1), . . . , X(|Z|), Y (0), Y (1)),

which is an element in probability simplex ∆2|Z||Y|2−1. The counterfactual probability table

is subject to the following constraints.

1. Assumption 5.4: For all z ∈ Z,

P (X(1), . . . , X(|Z|), Y (0), Y (1)) ≡ P (X(1), . . . , X(|Z|), Y (0), Y (1)|Z = z). (5.6)

2. Assumption 5.8: All the non-monotone types have probability zero. That is,

P (X(1) = x1, . . . , X(|Z|) = x|Z|) = 0,

for all (x1, . . . , x|Z|) such that xi < xi+1 for some i. The equation is linear in P because

marginalization is linear. There are (2|Z| − |Z| − 1) such equalities.
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3. Consistency: Describe the observed distribution in terms of conditional probability

tables

Q(X, Y |Z = z), z = 1, . . . , |Z|.

These tables are linear functions of P through consistency conditions

Q(X = x, Y = y|Z = z) = P (X(z) = x, Y (x) = y), x ∈ {0, 1}, y ∈ Y , z ∈ Z, (5.7)

where Eq. (5.6) is implicitly used. There are 2|Y||Z| such equalities. These linear maps

automatically ensure that Q(X, Y |Z = z) is a probability table.

Finally, the observed distribution Q is linked to the data via a LRT concentration bound

developed in the previous Chapter.

5. LRT concentration: Let Qn denote the empirical distribution. We have∑
z∈Z

nzD (Qn(X, Y |Z = z)‖Q(X, Y |Z = z)) ≤ Cα, (5.8)

where Cα is a non-asymptotic α-level critical value that can be computed by tightening

the Chernoff bound. Note that the Kullback-Leibler divergence is convex in Q (Cover

and Thomas, 2006, Theorem 2.7.2), and therefore the LHS above is also convex in P .

Remark 5.1. While there are other methods that construct smaller (in Lebesgue measure)

confidence regions for the multinomial probability vector, such as Chafai and Concordet

(2009); Malloy et al. (2020) in particular, these typically produce non-convex (even discon-

nected) confidence regions that are not suitable for the type of analysis presented here.

Confidence region Under the assumed causal model, the feasible region of this convex

program is a confidence region that is guaranteed to contain the underlying the counterfactual

distribution with at least (1 − α) probability. More explicitly, let P denote the space of

counterfactual model P . Let Q denote the induced space of observed distributions, i.e.,

Q = {Q(P ) : P ∈ P}, where Q(P ) is the linear map Eq. (5.7). Let Qn be the set of
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observed distribution allowed by Eq. (5.8). Then, the confidence region for the counterfactual

distribution is given by

Pn := Q−1(Q∩Qn) = {P ∈ P : Q(P ) ∈ Qn}.

See Fig. 5.5 for an illustration. If this feasible region is empty, then the assumed causal

model is rejected at level α.

If the feasible is non-empty, bounds of a functional f(P ) can be computed. In particular,

the lower bound of a convex f , the upper bound of a concave f , and both bounds of a linear f

can be easily obtained by optimizing f over Pn. Suppose f is a linear functional of P that is

not point-identified from observed Q(P ). Interval [minP∈Pn f(P ),maxP∈Pn f(P )] computed

in such a way is guaranteed, with at least (1−α) probability, to contain the population-level

interval [minP∈Q−1(Q) f(P ),maxP∈Q−1(Q) f(P )], which further contains the true f(P ). The

reported interval is called an ignorance region (Vansteelandt et al., 2006), which can often

be slightly shortened for the purpose of just covering f(P ) instead of the entire population-

level interval (Imbens and Manski, 2004) — an idea we do not pursue here. By definition

of confidence region, given a collection of functionals f1, f2, . . . , the resulting intervals are

guaranteed to cover the corresponding functionals simultaneously with probability at least

1− α. The guarantee is uniform; no multiplicity correction is required.

Figure 5.5: The confidence region Pn is the inverse image of the intersection of observed

model and LRT lower level set.
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5.2.5 Results

We now present our analysis of the CPS extract data. Since the size of the program is

exponential in |Z|, to fit into memory, we have to reduce the levels of Z to 5 by regrouping

{1, 2} 7→ 1, {3, 4, 5} 7→ 2, {6, 7, 8} 7→ 3, {9, 10, 11} 7→ 4, {12, 13, 14} 7→ 5.

Outcome Y is binned into 12 levels using breaks

0.1, 4000, 7279, 9500, 11486, 13451, 15540, 17931, 21620, 30000, 50000,

which are based on empirical deciles; the first bin is used to signify zero income. We choose

significance level α = 0.05 and the corresponding critical value Cα = 143.13, which is com-

puted with R package2 multChernoff. The convex program is specified with R package

CVXR (Fu et al., 2020) and solved with MOSEK (Andersen and Andersen, 2000). The

feasible region is non-empty so the assumed model is not rejected.

Table 5.1: Proportions of monotone types

NT AT CP1 CP2 CP3 CP4

overall (MLE) 0.652 0.183 0.061 0.060 0.028 0.016

overall (empirical) 0.660 0.188 0.054 0.058 0.030 0.009

among veterans (MLE) 0 0.768 0.034 0.085 0.063 0.051

Monotone types Table 5.1 shows the MLE for the six monotone types. Compliers CP1–

CP4 only make up 16% of the population. As discussed in Angrist and Krueger (2001), most

of the veterans indeed seem to be volunteers (AT).

2https://github.com/richardkwo/multChernoff

https://github.com/richardkwo/multChernoff
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Remark 5.2. It is perhaps interesting to notice from Table 5.1 that the MLEs for monotone

types are different from their empirical estimates. Due to the convex polytope described by

the causal model, the information on Y is used to estimate the proportions of types. To

understand this phenomenon, consider estimating a 2× 2 table
(
p r
r q

)
whose minor diagonal

entries must be identical, with empirical frequencies
(
a b
c d

)
. Although either margin of the

model is unconstrained (the projection of the polytope is the unit interval), the MLE for the

margin is not the corresponding empirical margin, because otherwise p+r = a+c contradicts

p+ r = a+ d. In fact, the MLE is
( a (b+c)/2

(b+c)/2 d

)
with margin (a+ (b+ c)/2, d+ (b+ c)/2).

Distributional treatment effect within each complier type By definition, the dis-

tributional treatment effect Eq. (5.5) among CPk is given by the ratio

F1(y|CPk)− F0(y|CPk)

=
P (Y (1) ≤ y,X(k) = 1, X(k + 1) = 0)− P (Y (0) ≤ y,X(k) = 1, X(k + 1) = 0)

P (X(k) = 1, X(k + 1) = 0)
, (5.9)

which is not an affine function of the counterfactual distribution P . Since Y (0) stochastically

dominates Y (1) if and only if F1(y)−F0(y) ≥ 0, the sign of the effect is determined simply by

the sign of the numerator, which is linear in P . Hence, we compute the confidence bands for

the numerator from the convex program, which are confidence bands on the distributional

effect up to an unknown positive constant. For ease of presentation, dividing the bands by

the MLE of the denominator (bounds beyond [−1,+1] are capped to [−1,+1]), we get the

results shown in the first column of Fig. 5.6. There is hardly any evidence from data to

determine the direction of the effect.

To get an idea on the sample size required to reach the conclusion, the 2nd and 3rd

columns show the results if the counts in the contingency table were multiplied by 5 or 10.

Because these CPk effects are identified (Lemma 5.2), the width of the bands decreases at

n−1/2 rate. Still, no conclusion can be reached even at ×10 sample size.
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Figure 5.6: 95% confidence bands on distributional treatment effect F1(y|CPk)− F0(y|CPk)

within each complier subgroup (rows: complier types CP1 through CP4; columns: data, ×5

sample size, ×10 sample size). The bounds drawn are computed from dividing the bounds

on the numerator of Eq. (5.9) by the MLE of P (CPk).

Overall distributional treatment effect Fig. 5.7 shows the confidence bands for the

distributional treatment effect over the whole population. Still, no conclusion can be reached.

Note that, because F1 − F0 is unidentified, the width of bands does not diminish at n−1/2

rate.

Falsifiability The assumed counterfactual model would be rejected (empty feasible region)

if the sample size is multiplied by 12 with empirical frequencies unchanged. This is to say,

hypothetically, at ×12 sample size, the empirical distribution significantly violates the the

implication on the observed distribution P (X, Y, Z). In particular, the violation does not

stem from the P (X,Z) margin because the empirical estimates of monotone types are positive

(Table 5.1), which is compatible with the monotonicity of E(X|Z = z) (Corollary 5.1). What
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Figure 5.7: 95% confidence bands on the overall distributional treatment effect F1(y)−F0(y)

(columns: data, ×5 sample size, ×10 sample size).

is violated is the implications on P (Y |X,Z); see Richardson et al. (2011, §4) for implications

in the binary case.

n: data n: x5 n: x40

0 20k 40k 60k 0 20k 40k 60k 0 20k 40k 60k
−1.0

−0.5

0.0

0.5

1.0

earning

F 1
−
F 0

am
on
g
co
m
pl
ie
rs n: data n: x5 n: x40

0 20k 40k 60k 0 20k 40k 60k 0 20k 40k 60k
−0.8

−0.4

0.0

0.4

earning

F 1
−
F 0

Figure 5.8: 95% confidence bands on the distributional treatment effect F1(y)− F0(y) using

the dichotomized instrument Z ′ = IZ>4. (left: among compliers, right: the whole popula-

tion). Columns: data, ×5 sample size, ×40 sample size.

Comparison to the analysis of Abadie (2002) From our results, there is no evidence

to conclude that the military service lowered annual earnings, with respect to each complier

type or the whole population. Fig. 5.8 additionally shows the results from using the same
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instrument Z ′ = IZ>4 as Abadie (2002) — significance from distributional treatment effect

among compliers would require about ×40 sample size.

5.3 Balke–Pearl bounds, CHSH inequality and SWIG independences

We conclude this Chapter by studying partial identification of the average treatment ef-

fect (ATE) in terms of IV model on X = Y = Z = {0, 1}; no monotonicity is assumed.

We resolve a long-standing gap between two set of bounds on the ATE — the stronger

Balke–Pearl/“sharp IV” bounds and the weaker Robins-Manski/“natural” bounds. In the

literature, the Balke–Pearl bounds are typically derived (Balke and Pearl, 1997; Richardson

and Robins, 2014) under stronger assumptions, i.e., either individual exclusion or joint exo-

geneity, which are untestable cross-world statements, while the natural bounds only require

testable assumptions. In this Section, we derive Balke–Pearl bounds under the latent-variable

assumptions of marginal exogeneity (Assumption 5.6) and stochastic exclusion (Assump-

tion 5.2); further, these bounds are shown to be sharp. The “secret sauce” that closes this

gap is a set of CHSH-type inequalities (Clauser et al., 1969), a generalized form of Bell’s

(1964) inequality, implied by the latent variable.

5.3.1 Background

The latent-variable formulation of stochastic exclusion and marginal exogeneity

Assumption 5.2 : P (Y (x, 0) = 1 | U) = P (Y (x, 1) = 1 | U), x ∈ {0, 1} (5.10)

Assumption 5.6 : Z ⊥⊥ U, Y (x, z) ⊥⊥ Z,X(z) | U, x, z ∈ {0, 1} (5.11)

can be read off from the population SWIG (Richardson and Robins, 2013, §7) drawn in

Fig. 5.1(b), reproduced below in Fig. 5.9(a). In particular, Eq. (5.10) can be read off from

the fact that the fixed node z is d-separated from Y (x, z) by U ; see Shpitser et al. (2020,

Rule 3 of §3).

Marginalizing over U , these latent-variable assumptions imply stochastic exclusion and
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Figure 5.9: (a) SWIG for IV model (b) DAG for a Bell-CHSH experiment, where the potential

outcomes are A (Alice’s outcome when her setting is a), A′ (Alice’s outcome when her setting

is a′), B (Bob’s outcome when his setting is b) and B′ (Bob’s outcome when his setting is b′).

Latent variables are shaded. Note the correspondence: U − source, X(z)−Alice’s outcome,

z − Alice’s setting, Y (x, z)− Bob’s outcome and x− Bob’s setting.

marginal exogeneity:

Assumption 5.3 : P (Y (x, z) = 1) = P (Y (x, z′) = 1), x, z, z′ ∈ {0, 1} (5.12)

Assumption 5.7 : Z ⊥⊥ Y (x, z), x, z ∈ {0, 1}, (5.13)

which leads to ATE τ := E[Y (1, 0)]− E[Y (0, 0)] being partially identified as

max


−P (X = 1, Y = 0 | Z = 0)− P (X = 0, Y = 1 | Z = 0)

−P (X = 1, Y = 0 | Z = 1)− P (X = 0, Y = 1 | Z = 1)

P (X = 1, Y = 1 | Z = 0) + P (X = 0, Y = 0 | Z = 1)− 1

P (X = 1, Y = 1 | Z = 1) + P (X = 0, Y = 0 | Z = 0)− 1

 ≤ τ

≤ min


−P (X = 1, Y = 1 | Z = 0)− P (X = 0, Y = 0 | Z = 0)

−P (X = 1, Y = 1 | Z = 1)− P (X = 0, Y = 0 | Z = 1)

1− P (X = 1, Y = 0 | Z = 0) + P (X = 0, Y = 1 | Z = 1)

1− P (X = 1, Y = 0 | Z = 1) + P (X = 0, Y = 1 | Z = 0)

 , (5.14)

known as the natural bounds (Robins, 1989; Manski, 1990). These bounds are sharp under

Eqs. (5.12) and (5.13).

Suppose that we strengthened the assumptions to individual exclusion and joint exogene-
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ity:

Assumption 5.1 : Y (0, 0) = Y (0, 1) =: Y (0), Y (1, 0) = Y (1, 1) =: Y (1) (5.15)

Assumption 5.5 : Z ⊥⊥ Y (0), Y (1). (5.16)

Note that both assumptions are cross-world statements, for which no consistent test exists

even by a hypothetical randomized experiment. Under these assumptions, the interval can

be narrowed to

max



−P (X = 1, Y = 0 | Z = 0)− P (X = 0, Y = 1 | Z = 0)

−P (X = 1, Y = 0 | Z = 1)− P (X = 0, Y = 1 | Z = 1)

P (X = 1, Y = 1 | Z = 0) + P (X = 0, Y = 0 | Z = 1)− 1

P (X = 1, Y = 1 | Z = 1) + P (X = 0, Y = 0 | Z = 0)− 1

P (X = 1, Y = 1 | Z = 0)− P (Y = 1 | Z = 1)− P (X = 1, Y = 0 | Z = 0)− P (X = 0, Y = 1 | Z = 0)

P (X = 1, Y = 1 | Z = 1)− P (Y = 1 | Z = 0)− P (X = 1, Y = 0 | Z = 1)− P (X = 0, Y = 1 | Z = 1)

P (X = 0, Y = 0 | Z = 1)− P (Y = 0 | Z = 0)− P (X = 1, Y = 0 | Z = 1)− P (X = 0, Y = 1 | Z = 1)

P (X = 0, Y = 0 | Z = 0)− P (Y = 0 | Z = 1)− P (X = 1, Y = 0 | Z = 0)− P (X = 0, Y = 1 | Z = 0)


≤ τ

≤ min



−P (X = 1, Y = 1 | Z = 0)− P (X = 0, Y = 0 | Z = 0)

−P (X = 1, Y = 1 | Z = 1)− P (X = 0, Y = 0 | Z = 1)

1− P (X = 1, Y = 0 | Z = 0) + P (X = 0, Y = 1 | Z = 1)

1− P (X = 1, Y = 0 | Z = 1) + P (X = 0, Y = 1 | Z = 0)

−P (X = 1, Y = 0 | Z = 0) + P (Y = 0 | Z = 1) + P (X = 1, Y = 1 | Z = 0) + P (X = 0, Y = 0 | Z = 0)

−P (X = 1, Y = 0 | Z = 1) + P (Y = 0 | Z = 0) + P (X = 1, Y = 1 | Z = 1) + P (X = 0, Y = 0 | Z = 1)

−P (X = 0, Y = 1 | Z = 1) + P (Y = 1 | Z = 0) + P (X = 1, Y = 1 | Z = 1) + P (X = 0, Y = 0 | Z = 1)

−P (X = 0, Y = 1 | Z = 0) + P (Y = 1 | Z = 1) + P (X = 1, Y = 1 | Z = 0) + P (X = 0, Y = 0 | Z = 0)


,

(5.17)

which is known as the Balke–Pearl bounds (Balke and Pearl, 1997). The Balke–Pearl bounds

are sharp under Eqs. (5.15) and (5.16). Hence, the obvious gap here is to understand if

Balke–Pearl bounds can hold under weaker, falsifiable assumptions in the latent variable

formulation.

5.3.2 CHSH inequality

Fig. 5.9(b) shows the DAG that depicts the Bell-CHSH experiment in quantum mechanics.

Two particles are generated at the source and then travel away from each other; en route, they

are measured by Alice and Bob. Alice and Bob measure the spin of a particle along particular
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directions, denoted by Alice’s setting and Bob’s setting. Alice’s setting is randomly chosen

from a and a′; Bob’s setting is randomly chosen from b and b′. The spin measurement is

either +1 or −1. So, depending on the setting, Alice observes either A = ±1 or A′ = ±1, and

Bob observes either B = ±1 or B′ = ±1. The CHSH inequality describes constraints obeyed

by correlations EAB, EA′B, EAB′ and EA′B′, predicted by the local hidden variable

theory; see Gill (2014) for a statistician’s derivation.

Here we derive CHSH-type inequalities for Fig. 5.9(a), which describes inequalities im-

plied by the latent variable U . See also Richardson et al. (2017, Example 57) for a related

inequality. We start with a simple fact.

Lemma 5.3. For a, b, u, v ∈ [0, 1], we have

0 ≤ (1− a)(1− b) + av + ub− uv ≤ 1.

Proof. The expression is equivalent to

0 ≤ (1− a)(1− b) + ab− (u− a)(v − b) ≤ 1.

This can be proved by first noting that

min {−ab,−(1− a)(1− b)} ≤ −(u− a)(v − b) ≤ max{a(1− b), b(1− a)}, (5.18)

from which the conclusion then follows.

The claim (5.18) can be seen by noting that f(u, v) = −(u − a)(v − b) is a hyperbola

with saddlepoint (a, b), hence for (u, v) ∈ [0, 1]2, maxima will occur at either (0, 1) or (1, 0)

and minima will occur at (0, 0) or (1, 1).

Proposition 5.1 (CHSH). Suppose X, Y, Z are all binary. Under Assumptions 5.2 and 5.6,

we have

0 ≤ P (X = 1, Y (x, z) = 1 | Z = z) + P (X = 0, Y (1− x, z) = 0 | Z = z)

+P (X = 0, Y (x, 1−z) = 0 | Z = 1−z)−P (X = 0, Y (1−x, 1−z) = 0 | Z = 1−z) ≤ 1, x, z ∈ {0, 1}.



122

Proof. By marginalization, it suffices to prove for x, z ∈ {0, 1},

0 ≤ P (X = 1, Y (x, z) = 1 | Z = z, U) + P (X = 0, Y (1− x, z) = 0 | Z = z, U)

+P (X = 0, Y (x, 1−z) = 0 | Z = 1−z, U)−P (X = 0, Y (1−x, 1−z) = 0 | Z = 1−z, U) ≤ 1.

The first term can be rewritten as

P (X = 1, Y (x, z) = 1 | Z = z, U)

= P (X(z) = 1, Y (x, z) = 1 | Z = z, U)

= P (X(z) = 1 | Z = z, U)P (Y (x, z) = 1 | X(z) = 1, Z = z, U)

= P (X = 1 | Z = z, U)P (Y (x, z) = 1 | U).

The first step uses consistency. The last step uses Eq. (5.11) and consistency again. Applying

a similar argument to the other three terms, we get

P (X = 1, Y (x, z) = 1 | Z = z, U) + P (X = 0, Y (1− x, z) = 0 | Z = z, U)

+ P (X = 0, Y (x, 1− z) = 0 | Z = 1− z, U)− P (X = 0, Y (1− x, 1− z) = 0 | Z = 1− z, U)

= P (X = 1 | Z = z, U)P (Y (x, z) = 1 | U) + P (X = 0 | Z = z, U)P (Y (1− x, z) = 0 | U)

+ P (X = 0 | Z = 1− z, U)P (Y (x, 1− z) = 0 | U)

− P (X = 0 | Z = 1− z, U)P (Y (1− x, 1− z) = 0 | U)

= {1− P (X = 0 | Z = z, U)} {1− P (Y (x, z) = 0 | U)}

+ P (X = 0 | Z = z, U)P (Y (1− x, z) = 0 | U)

+ P (X = 0 | Z = 1− z, U)P (Y (x, 1− z) = 0 | U)

− P (X = 0 | Z = 1− z, U)P (Y (1− x, 1− z) = 0 | U)

= {1− P (X = 0 | Z = z, U)} {1− P (Y (x, z) = 0 | U)}

+ P (X = 0 | Z = z, U)P (Y (1− x, z) = 0 | U)

+ P (X = 0 | Z = 1− z, U)P (Y (x, z) = 0 | U)

− P (X = 0 | Z = 1− z, U)P (Y (1− x, z) = 0 | U),
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where the last step uses Eq. (5.10). The result then follows from applying Lemma 5.3 with

a = P (X = 0 | Z = z, U), b = P (Y (x, z) = 0 | U), u = P (X = 0 | Z = 1 − z, U) and

v = P (Y (1− x, z) = 0 | U).

5.3.3 Balke–Pearl bounds

The natural bounds can be “boosted” to Balke-Pearl by CHSH inequalities.

Theorem 5.1. Suppose X, Y, Z are all binary. Under Assumptions 5.2 and 5.6, the Balke-

Pearl bounds in Eq. (5.17) hold and are sharp.

Proof. Suppose the bounds hold. For sharpness, note that by identifying

U = (Y (0, 1), Y (1, 0), Y (0, 0), Y (1, 1)),

model defined by Eqs. (5.15) and (5.16) is a submodel and the same bounds are achieved

under the submodel; see Richardson and Robins (2014, Theorem 2).

Now we prove Balke–Pearl bounds by polytope computation. Parametrize variables

P (X, Y | Z = z) and P (X, Y (0, 0), Y (0, 1), Y (1, 0), Y (1, 1) | Z = z) for z = 0, 1. The

variables are subject to (1) simplex constraints, (2) consistency, (3) stochastic exclusion

Eq. (5.12) and (4) marginal exogeneity Eq. (5.13). Also, importantly, they obey (5) the CHSH

inequalities in Proposition 5.1. Note that all of these constraints are affine in the variables.

Additionally, introduce affine function τ = EY (1, 0)− EY (0, 0) as a programming variable.

Under the constraints, the variables P (X, Y | Z = z), P (X, Y (0, 0), Y (0, 1), Y (1, 0), Y (1, 1) |

Z = z) for z = 0, 1 along with τ define a degenerate convex polytope. We obtain its

projection on coordinates P (X, Y | Z = 0), P (X, Y | Z = 1) and τ by Fourier–Motzkin

elimination. The computation is done with Julia packages JuMP.jl (Dunning et al., 2017),

Polyhedra.jl (Legat et al., 2021) and CDDLib.jl (Legat et al., 2020; Fukuda, 2007); see

Appendix D for the code.

The projection is a polytope characterized by 2 supporting hyperplanes and 28 supporting

half-spaces. There are 16 half-spaces that involve τ , which exactly give the Balke–Pearl

bounds:
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P (0, 0|0) P (1, 0|0) P (0, 1|0) P (0, 0|1) P (1, 0|1) P (0, 1|1) τ ≤

0 1 1 0 0 0 1 1

0 1 0 0 0 1 1 1

0 2 1 -1 -1 0 1 1

0 -1 -1 0 0 0 -1 0

1 0 0 -1 -1 -1 -1 0

1 -1 -1 -1 -1 0 -1 0

0 0 1 0 1 0 1 1

0 1 2 1 1 0 1 2

-1 -1 -1 1 0 0 -1 0

-1 -2 -2 1 1 0 -1 0

0 0 0 0 1 1 1 1

-1 -1 0 0 2 1 1 1

0 0 0 0 -1 -1 -1 0

-1 -1 0 1 -1 -1 -1 0

1 1 0 -1 -2 -2 -1 0

1 1 0 0 1 2 1 2
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Appendix A

APPENDIX TO CHAPTER 2

A.1 Asymptotic distribution of LRT

Proof of Proposition 2.3. For convenience, we assume the form of (sub)sequences of ρ13,n and

ρ23,n as

ρ13,n = ηn−a, ρ23,n = τn−(1/2−a)

for a ∈ (0, 1/2) and ητ = δ. We perform a manual change of measure by relating the

law under P
Σ

(i)
n

to that under PI , which is independent sampling of N (0, I). Under sample

size n, suppose Ωn is the sample covariance under N (0, I). Now suppose S
(i)
n is the sample

covariance under P
Σ

(i)
n

for i = 0, 1. Then it holds that

S(i)
n =d L

(i)
n ΩnL

(i)>
n , (A.1)

for some L
(i)
n such that Σ

(i)
n = L

(i)
n L

(i)>
n . Here we choose them as the Cholesky decompositions

L(0)
n =


σ

1/2
11 0 0

0 σ
1/2
22 0

n−aησ
1/2
33 na−

1
2 τσ

1/2
33 (1− η2n−2a − τ 2n2a−1)

1/2
σ

1/2
33


and

L(1)
n =

 σ
1/2
11 0 0

ητn−1/2σ
1/2
22

(
1− η2τ2/n

)1/2
σ
1/2
22 0

n−aησ
1/2
33

(
na − γ2n−a

)
τ(n− η2τ2)−1/2σ

1/2
33

(
1− η2n−2a

)1/2 (
n2aτ2 − n

)1/2
(η2τ2 − n)−1/2σ

1/2
33

 .

By the central limit theorem, we have

n1/2(Ωn − I)→d W (A.2)
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for W a 3 × 3 matrix of joint Gaussian variables whose covariance is determined by the

Isserlis matrix. The asymptotic distribution of λ
(0:1)
n can be obtained by substituting

S(i)
n = L(i)

n

{
I + n−1/2W + op(n

−1/2)
}
L(i)>
n (A.3)

into the closed-form expression of Eq. (2.13) in the main text and simplifying. We have

under Σ
(0)
n

λ(0:1)
n = γτ(γτ − 2w12) + op(1), (A.4)

and under Σ
(1)
n

λ(0:1)
n = −γτ(γτ + 2w12) + op(1). (A.5)

The result is immediate from w12 ∼ N (0, 1) and γτ = δ.

Proof of Proposition 2.6. Under P n
Σ∗+n−1/2 Gh

, by van der Vaart (2000, Theorem 16.7) λ
(0:1)
n

is asymptotically distributed as the loglikelihood ratio statistic for testing H0 and H1 based

on a single sample from N (h, I−1
Σ∗ ). The theorem still applies to our case even though H0

and H1 are non-nested, as its proof does not require the two models to be nested. That is,

given X ∼ N (m = 0, I−1
Σ∗ ), we have

λ(0:1)
n →d ‖I1/2

Σ∗ (X + h)− I1/2
Σ∗ H0‖2 − ‖I1/2

Σ∗ (X + h)− I1/2
Σ∗ H1‖2

=d ‖I1/2
Σ∗ X − I

1/2
Σ∗ (H0 − h)‖2 − ‖I1/2

Σ∗ X − I
1/2
Σ∗ (H1 − h)‖2,

(A.6)

which is equivalent to testing m ∈ H0− h versus m ∈ H1− h from X. Given I−1
Σ∗ = LL>, by

rewriting X =d LZ for Z ∼ N (µ = 0, I2), the testing problem is mapped to that from Z by

L−1. Hence, this is further equivalent to testing

µ ∈ L−1(H0 − h) versus µ ∈ L−1(H1 − h)

from Z. Note that Hi − hi = Hi since Hi is affine.

Proof of Proposition 2.2. Since the limit experiments are of the same type, we only derive

for local alternatives Σ
(1)
n ∈ M1 \M0. We set the coordinate system as in Fig. A.1, where
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Figure A.1: Derivation of the asymptotic distribution Eq. (2.24) from the limit experiment

of M1 \M0 under the weak-strong regime (the middle panel of Fig. 2.6).

the bisector of angle ∠BCA = θ = arcsin ρ is the y-axis. The standard Gaussian vector

centered at B is represented as Z = (x, y) = (γ sin(θ/2)− Z1, Z2). By the limit experiment,

we have λ
(0:1)
n →d d

2
1 − d2

2. M0 and M1 are respectively represented by lines y = ±kx + a

for k = cot(θ/2) and a = −γ cos(θ/2). We have

d2
1 − d2

2 =
(a+ kx− y)2

1 + k2
− (a− kx− y)2

1 + k2

= 2ρ(Z1 − γ sin(θ/2))(Z2 + γ cos(θ/2)),

where we used
2k

1 + k2
=

2 cot(θ/2)

1 + cot2(θ/2)
= sin θ = ρ.

By a change of variables (Z1, Z2) =d ((U + V )/
√

2, (U − V )/
√

2) for another pair of inde-

pendent standard normals and using the fact√
1 +

√
1− ρ2 −

√
1−

√
1− ρ2 =

√
2(1− ρ),
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upon simplifying we have

λ(0:1)
n →d d

2
1 − d2

2 =d ρ

(U + γ

√
1− ρ

2

)2

−

(
V + γ

√
1 + ρ

2

)2
 .

A.2 Proofs of envelope distributions

Proof of Proposition 2.11. Firstly, we note that F̄ρ(0) = Ḡ(0) = 1/2 and by Proposition 2.9

the non-negative part of F̄ρ also converges to that of Ḡ as ρ → 0, namely a point mass at

zero. It remains to be shown that the negative part of F̄ρ converges in law to the negative

part of Ḡ. It suffices to show for any x ≤ 0

sup
γ

Pr

ρ
{Z1 + γ

(
1 + ρ

2

)1/2
}2

−

{
Z2 + γ

(
1− ρ

2

)1/2
}2
 ≤ x

→ Pr(−Z2 ≤ x)/2

as ρ→ 0. Given ρ > 0, the maximized probability can be rewritten as

sup
γ

Pr

ρ
{Z1 + γ

(
1 + ρ

2

)1/2
}2

−

{
Z2 + γ

(
1− ρ

2

)1/2
}2
 ≤ x


= sup

γ
Pr

(
(γρ)2 + 2γρ

{(
1 + ρ

2

)1/2

Z1 −
(

1− ρ
2

)1/2

Z2

}
≤ x− ρ(Z2

1 − Z2
2)

)

= sup
δ

Pr

(
δ2 + 2δ

{(
1 + ρ

2

)1/2

Z1 −
(

1− ρ
2

)1/2

Z2

}
+ ρ(Z2

1 − Z2
2) ≤ x

)
= sup

δ
Pr {Xρ(δ) ≤ x} ,

where we define

Xρ(δ) = δ2 + 2δ

{(
1 + ρ

2

)1/2

Z1 −
(

1− ρ
2

)1/2

Z2

}
+ ρ(Z2

1 − Z2
2)

for ρ ∈ [0, 1) and δ ∈ R. Note that supδ Pr(X0(δ) ≤ x) = supδ Pr(δ2 +2δZ ≤ x) = Pr(−Z2 ≤

x)/2 for Z ∼ N (0, 1) by Proposition 2.7. We are left to show supδ Pr (Xρ(δ) ≤ x) →
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supδ Pr (X0(δ) ≤ x) as ρ→ 0. Choose x < M <∞ and define

Yρ(δ) :=

Xρ(δ), Xρ(δ) ≤M

M, Xρ(δ) > M

.

We observe that ∣∣∣∣sup
δ

Pr (Xρ(δ) ≤ x)− sup
δ

Pr (X0(δ) ≤ x)

∣∣∣∣
=

∣∣∣∣sup
δ

Pr (Yρ(δ) ≤ x)− sup
δ

Pr (Y0(δ) ≤ x)

∣∣∣∣
≤ sup

δ
|Pr (Yρ(δ) ≤ x)− Pr (Y0(δ) ≤ x)|

= sup
δ

∣∣E (IYρ(δ)≤x − IY0(δ)≤x
)∣∣→ 0,

where the last step follows from weak convergence {Yρ(δ) : δ ∈ R}  {Y0(δ) : δ ∈ R} in

`∞(R) as ρ→ 0 for a bounded stochastic process; see van der Vaart (2000, Chap. 18).

Proof of Proposition 2.7. It suffices to consider δ ≥ 0. Given any x < 0,

sup
δ

Pr(δ2 + 2δZ ≤ x) = sup
δ>0

Φ

(
x− δ2

2δ

)
= sup

δ>0
Φ

(
−
(
−x
2δ

+
δ

2

))
= Φ(−(−x)1/2),

where δ∗ = (−x)1/2 is the maximizer; Given any x ≥ 0, δ = 0 maximizes the probability to

one. Hence, the envelope CDF is

Ḡ(x) =

Φ(−(−x)1/2), x < 0

1, x ≥ 0

,

from which it follows that

ḡ(x) = Ḡ′(x) =
1

2
fχ2

1
(−x)Ix<0 +

1

2
δ0(x).

The envelope for M1 \M0 follows from symmetry.

Proof of Proposition 2.8. Since F̄ρ = F̄−ρ, it suffices to consider ρ ∈ (0, 1]. First con-

sider ϕρ,γ(x), the density function for X2 − Y 2 with X ∼ N
(
µ1 = γ

(
1−ρ

2

)1/2
, 1
)

and
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Y ∼ N
(
µ2 = γ

(
1+ρ

2

)1/2
, 1
)

for γ ∈ R and ρ ∈ (0, 1]. Since p(X2 − Y 2 = v2, Y 2 = t) =

p(Y 2 = t)p(X2 = t + v2), the density ϕρ,γ has the following integral representation from

marginalization

ϕρ,γ(v
2) =

∫ ∞
0

χ2
1(t;µ2

2)χ2
1(v2 + t;µ2

1) dt

=
1

2π
exp

(
−v2/2− γ2/2

) ∫ ∞
0

exp(−t) cosh

(
γ
{

(1+ρ)t
2

}1/2
)

cosh

(
γ
{

(1−ρ)(t+v2)
2

}1/2
)

{t(t+ v2)}1/2
dt.

Recall that . allows for a positive multiplicative constant. Using cosh(x) < exp(x) for x > 0,

we have

ϕρ,γ(v
2) . exp(−v2/2− γ2/2)

∫ ∞
0

e−t cosh

(
γ
{

(1+ρ)t
2

}1/2
)

cosh

(
γ
{

(1−ρ)(t+v2)
2

}1/2
)

{t(t+ v2)}1/2
dt

< exp(−v2/2)

∫ ∞
0

exp

(
−t− γ2/2 + γ

{
(1+ρ)t

2

}1/2

+ γ
{

(1−ρ)(t+v2)
2

}1/2
)

{t(t+ v2)}1/2
dt.

We note that

−γ2/2+γ

{
(1 + ρ)t

2

}1/2

+γ

{
(1− ρ)(t+ v2)

2

}1/2

≤ 1

2

[{
(1 + ρ)t

2

}1/2

+

{
(1− ρ)(t+ v2)

2

}1/2
]2

by completing the square in γ. It then follows that

ϕρ,γ(v
2) < exp(−v2/2)

∫ ∞
0

exp
(
−t+ 1

2

[
t+ 1−ρ

2
v2 + {(1− ρ2)t(t+ v2)}1/2

])
{t(t+ v2)}1/2

dt

= exp

(
−1 + ρ

4
v2

)∫ ∞
0

exp
(
−t/2 + {(1− ρ2)t(t+ v2)}1/2/2

)
{t(t+ v2)}1/2

dt

≤ exp

(
−1 + ρ

4
v2

)∫ ∞
0

exp
(
−t/2 + (1− ρ2)1/2(t+ v2/2)/2

)
{t(t+ v2)}1/2

dt

= exp
(
−v2{1 + ρ− (1− ρ2)1/2}/4

) ∫ ∞
0

exp
(
−{1− (1− ρ2)1/2}t/2

)
{t(t+ v2)}1/2

dt

= exp
(
−ρv2/4

)
K0

({
1− (1− ρ2)1/2

}
v2/4

)
,

where we used 2{t(t+v2)}1/2 ≤ 2t+v2 in the third line. Kν(·) is the modified Bessel function

of the second kind, and has the following asymptotic expansion for z > 0 (Abramowitz and
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Stegun, 1972, Page 378)

Kν(z) =
( π

2z

)1/2

exp(−z)

{
1 +

4ν2 − 1

8z
+O(z−2)

}
.

Hence for large v2, we have

ϕρ,γ(v
2) .

exp
[
−v2{1 + ρ− (1− ρ2)1/2}/4

]
{1− (1− ρ2)1/2}v2

.

Recall that {Fρ,γ : γ ∈ R} is the family of distributions in Eq. (2.23). With γ′ = (1−ρ2)1/2γ,

ρ

{Z1 + γ

(
1 + ρ

2

)1/2
}2

−

{
Z2 + γ

(
1− ρ

2

)1/2
}2
 ∼ Fρ,γ′ .

It follows that the density function

fρ,γ′(−v2) = ϕρ,γ(v
2/ρ) .

ρ exp
[
−v2{1 + ρ− (1− ρ2)1/2}/(4ρ)

]
{1− (1− ρ2)1/2}v2

, (A.7)

where the exponent
{

1 + ρ− (1− ρ2)1/2
}
/(4ρ) ∈ (1/4, 1/2]. By Definition 2.1, we have

F̄ ∗ρ (−v2) = sup
γ′∈R

Fρ,γ′(−v2)

= sup
γ′∈R

∫ ∞
v2

fρ,γ′(−u) du .
∫ ∞
v2

ρ exp
[
−u{1 + ρ− (1− ρ2)1/2}/(4ρ)

]
{1− (1− ρ2)1/2}u

du <∞,

and hence F̄ ∗ρ (−v2) → 0 as v → ∞. By Lemma 2.4, F̄ρ is a distribution function for every

ρ ∈ (0, 1].

Proof of Proposition 2.9. Fix ρ ∈ (0, 1] and v2 ≥ 0, with γ′ = γ(1 − ρ2)1/2 it follows from

Proposition 2.2 that

1− Fρ,γ′(v2) = Pr
{

(Z1 + µ1)2 − (Z2 + µ2)2 ≥ v2/ρ
}
, (A.8)

where µ1 = γ{(1 + ρ)/2}1/2, µ2 = γ{(1 − ρ)/2}1/2. Since Fρ,γ′ is symmetric in γ, we

show γ = 0 maximizes Fρ,γ′(v
2) by showing that the probability on the right hand side

of Eq. (A.8) increases in γ ∈ (0,∞). The probability can be interpreted as the standard

Gaussian measure of the hyperbolic set {(x, y) : x2− y2 ≥ v2/ρ} with the Gaussian centered



150

x

y

V

U
v̄

D

C

B

A
O

G
φ

x

y

V

U
v̂

C

D

F

E

B

A

O

G
φ

Figure A.2: The distribution function Fρ,γ(·) at can be interpreted as the probability of a

hyperbolic set (inside the two branches of blue curves) as measured by a standard normal

centered |γ| away from the origin, lying on the line V with slope tanφ = {(1−ρ)/(1+ρ)}1/2.

The asymptotes of the hyperbola are y = ±x.

at G = (µ1, µ2) = γ({(1 + ρ)/2}1/2, {(1 − ρ)/2}1/2). This is visualized in Fig. A.2, where

γ = OG, tanφ = {(1− ρ)/(1 + ρ)}1/2 and the hyperbolic set consists of the area inside the

two branches. As γ increases from zero, the center moves away from the origin along the

V line. Let U be the line perpendicular to V . The Gaussian measure has two independent

standard normal projections (U, V ), which is a rotation of (Z1, Z2). Now we show that for

every v > 0, by conditioning on |V | = v, the conditional probability of U in the appropriate

“section” of the hyperbolic set, denoted by probability q(v), increases with γ.

Let [A,B] and [C,D] be the line segments that V = −v and V = v intersect the hyperbola

respectively. By independence of U and V , we have q(v) = Pr(U ∈ [A,B]) + Pr(U ∈ [C,D]).

Let v̂ and v̄ be the distance from G to the tangent to the left and right branch of the hyperbola

respectively, parallel to line U ; see Fig. A.2. There are three cases. (i) When v ≤ v̄ (the

first panel of Fig. A.2), as γ increases, both [A,B] and [C,D] become bigger, and thus q(v)

increases. (ii) When v̄ < v ≤ v̂, [A,B] is empty but [C,D] becomes bigger, so q(v) increases.
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(iii) When v > v̂, as γ increases (the second panel of Fig. A.2), [C,D] increases but [A,B]

decreases. Let [E,F ] be the segment symmetric to [A,B] about the origin. We observe that,

as γ increases by an infinitesimal ∆γ, the amount that Pr(U ∈ [A,B]) decreases equals the

amount that Pr(U ∈ [E,F ]) increases, which is smaller than the amount that Pr(U ∈ [C,D])

increases. Hence, q(v) still increases.

By the monotonicity for every value of |V |, we conclude that the total probability on the

right hand side of Eq. (A.8) increases in γ. Hence, Fγ,ρ(v
2) is maximized at γ = 0 for every v,

namely F̄ρ = Fρ,γ=0. It follows that for X ∼ F̄γ, (X)+ =d ρ(Z2
1 − Z2

2)+ for two independent

standard normal variables Z1, Z2.

Proof of Proposition 2.10. Under ρ = 1, the CDF is

Fγ(x) = Pr
{

(Z1 + γ)2 − Z2
2 ≤ x

}
= EZ2

[
Pr
{

(Z1 + γ)2 ≤ x+ Z2
2 | Z2

}]
.

Since the conditional probability is non-negative, it suffices to show that given any x ∈ R,

γ = 0 maximizes Pr {(Z1 + γ)2 ≤ x+ z2
2 | Z2 = z2} = Pr {(Z1 + γ)2 ≤ x+ z2

2} for all z2 ∈ R.

When x+z2
2 ≤ 0, the conditional probability is zero and γ = 0 is trivially a maximizer. When

x+ z2
2 > 0, then Pr {(Z1 + γ)2 ≤ x+ z2

2} = Φ((x+ z2
2)1/2−γ)−Φ(−(x+ z2

2)1/2−γ). Setting

the derivative with respect to γ to zero requires φ(−(x+ z2
2)1/2− γ) = φ((x+ z2

2)1/2− γ), to

which γ = 0 is the unique solution. Therefore, γ = 0 is the unique maximizer of Fγ(x) for

all x.
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Appendix B

APPENDIX TO CHAPTER 3

B.1 Proofs of asymptotic efficiency

Lemma 3.7 Lemma 3.9 Lemma 3.13

Lemma 3.8 Lemma 3.12 Theorem 3.3

Lemma 3.4 Lemma 3.5 Lemma 3.6 Corollary 3.4 Lemma 3.10

Figure B.1: Dependency structure of proofs in Section 3.6 of main text.

Proof of Lemma 3.7. For simplicity, we drop the superscripts in Σ̂(n) and λ̂(n). Since j ∈ Bk

and Pa(Bk,G) ⊆ C ⊆ Pa(Bk, Ḡ), we have

λ̂C,j − λC,j = (Σ̂C)−1Σ̂C,j − (ΣC)−1ΣC,j

=
(

ΣC + Σ̂C − ΣC

)−1 (
Σ̂C,j − ΣC,j

)
+
(

(Σ̂C)−1 − (ΣC)−1
)

ΣC,j.

We compute the two terms separately. The first term becomes(
ΣC + Σ̂C − ΣC

)−1 (
Σ̂C,j − ΣC,j

)
=
(
ΣC +Op(n

−1/2)
)−1
(

Σ̂C,j − ΣC,j

)
= (ΣC)−1

(
Σ̂C,j − ΣC,j

)
+Op(n

−1),

where we used the fact that ΣC is positive definite (Lemma 3.4) and ‖Σ̂C,j − ΣC,j‖ =

Op(n
−1/2), ‖Σ̂C − ΣC‖2 = Op(n

−1/2) by the central limit theorem.
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In the second term,

(Σ̂C)−1 − (ΣC)−1 =
(

ΣC + Σ̂C − ΣC

)−1

− (ΣC)−1

=
[
I −

(
I − (ΣC)−1Σ̂C

)]−1

(ΣC)−1 − (ΣC)−1.

Since ‖I − (ΣC)−1Σ̂C‖2 = Op(n
−1/2), using Neumann series (I −H)−1 = I + H + H2 + . . .

for H = I − (ΣC)−1Σ̂C with ‖H‖2 →p 0 < 1, we have

(Σ̂C)−1 − (ΣC)−1 =
[
I +H +Op(n

−1)
]

(ΣC)−1 − (ΣC)−1

= H(ΣC)−1 +Op(n
−1)

=
[
I − (ΣC)−1Σ̂C

]
(ΣC)−1 +Op(n

−1).

Combining the two terms, we obtain

λ̂C,j − λC,j = (ΣC)−1
(

Σ̂C,j − ΣC,j

)
+
[
I − (ΣC)−1Σ̂C

]
(ΣC)−1ΣC,j +Op(n

−1)

= (ΣC)−1Σ̂C,j − (ΣC)−1ΣC,j + (ΣC)−1ΣC,j − (ΣC)−1Σ̂C(ΣC)−1ΣC,j +Op(n
−1)

(i)
= (ΣC)−1

(
Σ̂C,j − Σ̂CλC,j

)
+Op(n

−1)

=
1

n

n∑
i=1

(ΣC)−1
[
X

(i)
j X

(i)
C −X

(i)
C X

(i)>
C λC,j

]
+Op(n

−1)

=
1

n

n∑
i=1

(ΣC)−1X
(i)
C

(
X

(i)
j − λ>C,jX

(i)
C

)
+Op(n

−1)

(ii)
=

1

n

n∑
i=1

(ΣC)−1X
(i)
C

(
X

(i)
j − λ>Pa(Bk,G),jX

(i)
Pa(Bk,G)

)
+Op(n

−1)

=
1

n

n∑
i=1

(ΣC)−1X
(i)
C ε

(i)
j +Op(n

−1),

where (i) uses λC,j = (ΣC)−1ΣC,j and (ii) follows from Proposition 3.1 and Pa(Bk,G) ⊆ C ⊆

Pa(Bk, Ḡ).

Proof of Lemma 3.8. For each k = 2, . . . , K, note that for C = Pa(Bk, Ḡ) = B[k−1], vec Λ̂Ḡk =

(λ̂
(n)
C,j)j∈Bk by concatenation. By Lemma 3.7, we have the following asymptotic linear expan-

sion

λ̂
(n)
B[k−1],j

− λB[k−1],j =
1

n

n∑
i=1

(
ΣB[k−1]

)−1

X
(i)
B[k−1]

ε
(i)
j +Op(n

−1). (B.1)
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By the central limit theorem,

√
n


vec(Λ̂Ḡ2 − Λ2)

...

vec(Λ̂ḠK − ΛK)


converges to a centered multivariate normal distribution. Further, we claim that the asymp-

totic covariance must be block-diagonal according to k = 2, . . . , K. To see this, take k < k′,

j ∈ Bk, j
′ ∈ Bk′ and let C = B[k−1], C

′ = B[k′−1]. Using Eq. (B.1), we have

lim
n→∞

n−1 E
(
λ̂

(n)
C,j − λC,j

)(
λ̂

(n)
C′,j − λC′,j

)>
= (ΣC)−1 cov(εjXC , εj′XC′)(ΣC′)

−1

= (ΣC)−1
{
E
[
εjεj′XCX

>
C′

]
− E [εjXC ]E

[
εj′X

>
C′

]}
(ΣC′)

−1.

In the expression above, because εBk ⊥⊥ XB[k−1]
and εBk′ ⊥⊥ XB[k′−1]

by Corollary 3.2 and

j ∈ Bk, j
′ ∈ Bk′ for k < k′, we have E

[
εjεj′XCX

>
C′

]
= E εj′ E

[
εjXCX

>
C′

]
= 0, E εjXC = 0

and E εj′XC′ = 0. It follows that the display above evaluates to 0 and hence the asymptotic

covariance matrix is block-diagonal.

It remains to be shown that acov vec(Λ̂Ḡk − Λk) = Ωk ⊗ (ΣB[k−1]
)−1 for k = 2, . . . , K. Fix

k, take any two distinct j, j′ ∈ Bk and let C = B[k−1]. Again using Eq. (B.1), we have

acov

 λ̂(n)
C,j

λ̂
(n)
C,j′

 =

H F

F> D

 ,

where

H = (ΣC)−1 cov(εjXC , εjXC)(ΣC)−1 = var(εj)(ΣB[k−1]
)−1,

F = (ΣC)−1 cov(εjXC , εj′XC)(ΣC)−1 = cov(εj, εj′)(ΣB[k−1]
)−1,

D = (ΣC)−1 cov(εj′XC , εj′XC)(ΣC)−1 = var(ε′j)(ΣB[k−1]
)−1.

Noting that Ωk = cov(εBk) and vec Λ̂Ḡk = (λ̂
(n)
C,j)j∈Bk , the result then follows from comparing

the expressions above to the definition of Kronecker product for every pair j, j′ ∈ Bk.

Proof of Lemma 3.9. Note that by the restrictive property of G (Corollary 3.1), we have

vec Λ̂Gk =
(
λ̂

(n)
Pa(Bk,G),j

)
j∈Bk

for k = 2, . . . , K. Using Lemma 3.7 with C = Pa(Bk,G), we have
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the following asymptotic linear expansion

λ̂
(n)
Pa(Bk,G),j − λPa(Bk,G),j =

1

n

n∑
i=1

(
ΣPa(Bk,G)

)−1
X

(i)
Pa(Bk,G)ε

(i)
j +Op(n

−1). (B.2)

The rest of computation follows similarly to the proof of Lemma 3.8.

Proof of Lemma 3.10. Since S ∈ Rn×n
PD , by completing the square, we have

x>Sx = x>ASA,AxA + x>BSB,AxA + x>ASA,BxB + x>BSB,BxB

− x>ASA,BS−1
B,BSB,AxA + x>ASA,BS

−1
B,BSB,AxA

= x>A(SA,A − SA,BS−1
B,BSB,A)xA + (xB + S−1

B,BSB,AxA)>SB,B(xB + S−1
B,BSB,AxA)

≥ x>A(SA,A − SA,BS−1
B,BSB,A)xA = x>ASA·BxA,

where the equality holds if and only if xB = −S−1
B,BSB,AxA.

B.2 Proofs of graphical results

Proof of Lemma 3.1. Let the undirected path between j and k be p = 〈j = V1, . . . , Vl = k〉

with l > 1. First note that i is not on p because there is no undirected path between i and

j in G.

Further, since i→ j − V2 is in G, by Meek rules R1 and R1 (Fig. B.3 in Appendix B.4),

i− V2 or i→ V2 is in G. Since, by assumption, there is no undirected path from i to j in G,

i− V2 /∈ U . Hence, i→ V2 ∈ E and if l = 2, the statement of the lemma holds. If l > 2, we

can apply the above reasoning iteratively until we obtain i→ Vl ∈ E.

Proof of Lemma 3.2. Let l ∈ Dk. Since Dk ⊆ Bk, l ∈ Bk. Then by Corollary 3.1, we

have that Pa(Bk) = Pa(l) \ Bk. Therefore, Pa(Bk) ⊆ ∪j∈Dk Pa(j) \ Bk and furthermore,

Pa(Bk) ⊆ ∪j∈Dk Pa(j) \Dk = Pa(Dk). Hence, it suffices to show Pa(Dk) ⊆ Pa(Bk).

We prove Pa(Dk) ⊆ Pa(Bk) by contradiction. Suppose there exists j ∈ Pa(Dk) \Pa(Bk).

By definition D = An(Y,GV \A) and D = ∪Kr=1Dr. Therefore, if k = 1, then j ∈ A; if

k > 1, j must be contained in ∪k−1
r=1Dr or in A. If j ∈ A, this leads to a contradiction with

Lemma B.1 in Appendix B.4. Suppose k > 1 and j ∈ ∪k−1
r=1Dr. Because ∪k−1

r=1Dr ⊆ ∪k−1
r=1Br
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and buckets {B1, . . . , BK} are disjoint, we have (∪k−1
r=1Dr)∩Bk = ∅. However, this contradicts

that j ∈ Bk.

Proof of Proposition 3.3. By construction, the undirected component of Ḡ remains the same

as that of G. Hence, Ḡ has the same bucket decomposition as G. We only need to show that

Ḡ is an MPDAG. It is enough to show that the edge orientations in Ḡ are closed under rules

R1–R4 of Meek (1995) that are displayed in Fig. B.3 of Appendix B.4. Note that since G an

MPDAG it is closed under R1–R4. So if any of the left-hand-side graphs in Figure B.3 are

induced subgraphs of Ḡ, then at least one of the directed edges in these induced subgraphs

must have been added in the construction of Ḡ.

Since the construction of Ḡ does not involve adding directed edges within a bucket, the

left-hand-side of rules R3 and R4 in Figure B.3 cannot appear as induced subgraphs of Ḡ.

Hence, edge orientations in Ḡ are complete under rules R3 and R4.

Consider the left-hand-side of rule R1 in Figure B.3, A→ B −C, for some A,B,C ∈ V .

For A → B − C to be an induced subgraph of Ḡ, A → B must have been added in the

construction of Ḡ from G. Hence, A and B would need to be in different buckets in V in

G. Since B and C are in the same bucket because of edge B − C, A → C would also be

added to G in the construction of Ḡ. Hence, A→ B − C will also not appear as an induced

subgraph of Ḡ and edge orientations in Ḡ are also closed under R1.

Consider the left-hand-side of R2 in Figure B.3, and suppose for a contradiction that

A → B → C and A− C is an induced subgraph of Ḡ for some A,B,C ∈ V . Then A → B,

B → C, or both A → B and B → C, were added to G in the construction of Ḡ. Because

of A − C, suppose A and C are in the same bucket Bi for some i ∈ {1, . . . , K} in G. Also,

suppose B ∈ Bj. Because only directed edges between buckets are added, i 6= j.

Now, A→ B and B → C cannot be both added to G to construct Ḡ, because that would

imply that i < j and j < i. By R1, B → C −A cannot be an induced subgraph of MPDAG

G, so A→ B alone also could not be added to G. Therefore, B → C alone was added to G.

But C − A → B is an induced subgraph of G, so i < j, which contradicts the direction of
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B → C.

B.3 Additional simulation results

In this section, we report additional simulation results. The setup is the same as Section 2.7

of main text, but we replace the true CPDAG with the CPDAG estimated with the greedy

equivalence search algorithm (Chickering, 2002) based on the same sample. The relative

squared errors of the contending estimators are shown in Fig. B.2 and are summarized in

Table B.1. Compared to the results with the true CPDAG, the performance improvement of

G-regression is more modest but still matters in practice. The reduced improvement is due

to the error in estimating the graph, which diminishes as n increases.

Table B.1: Geometric average (brackets: median) of relative squared errors compared to

G-regression when CPDAGs are estimated

|V | = 20 |V | = 50 |V | = 100

|A| n = 100 n = 1000 n = 100 n = 1000 n = 100 n = 1000

adj.O

1 1.0 (1.0) 1.0 (1.0) 1.2 (1.0) 1.3 (1.0) 1.8 (1.1) 1.6 (1.0)

2 2.0 (1.1) 3.1 (1.2) 2.4 (1.3) 3.1 (1.4) 3.2 (1.9) 3.7 (2.0)

3 3.3 (1.7) 5.2 (2.7) 4.0 (2.4) 5.9 (2.8) 4.7 (2.5) 5.5 (2.8)

4 4.6 (2.2) 7.9 (4.2) 5.0 (2.1) 9.0 (5.7) 10 (5.9) 8.9 (5.6)

IDA.M

5 2.9 (1.4) 4.1 (1.4) 4.5 (2.7) 10 (5.7) 7.3 (4.5) 18 (11)

6 4.2 (2.0) 6.6 (2.1) 7.3 (4.8) 14 (7.2) 13 (7.9) 22 (14)

7 6.2 (3.1) 6.8 (2.5) 12 (7.1) 16 (8.3) 15 (10) 28 (18)

8 9.5 (5.6) 9.0 (3.1) 13 (10) 20 (12) 19 (14) 37 (26)

IDA.R

9 2.9 (1.4) 4.1 (1.4) 4.5 (2.7) 10 (5.7) 7.3 (4.5) 18 (11)

10 2.7 (1.3) 4.6 (1.2) 4.5 (2.3) 9.6 (4.0) 8.5 (5.9) 15 (9.5)

11 3.1 (1.5) 4.1 (1.2) 5.8 (3.0) 7.8 (2.5) 7.6 (5.2) 14 (8.9)

12 3.6 (1.6) 4.2 (1.3) 4.9 (2.8) 8.2 (3.6) 8.1 (5.4) 15 (10)



158

|V|: 20

n: 100

|V|: 20

n: 1000

|V|: 50

n: 100

|V|: 50

n: 1000

|V|: 100

n: 100

|V|: 100

n: 1000

|A|:1
|A|:2

|A|:3
|A|:4

adj.O IDA.M IDA.R adj.O IDA.M IDA.R adj.O IDA.M IDA.R adj.O IDA.M IDA.R adj.O IDA.M IDA.R adj.O IDA.M IDA.R

1e+00
1e+02
1e+04
1e+06

1e+00
1e+02
1e+04
1e+06

1e+00
1e+02
1e+04
1e+06

1e+00
1e+02
1e+04
1e+06

method

sq
ua

re
d

er
ro

rr
el

at
ive

to
G

−r
eg

re
ss

io
n

Figure B.2: Violin plots for the relative squared errors of contending estimators (‘·’: geomet-

ric mean, ‘+’: median). The estimated CPDAGs are provided to the estimators.

B.4 Graphical preliminaries

Graphs, vertices, edges A graph G = (V, F ) consists of a set of vertices (variables) V

and a set of edges F . The graphs we consider are allowed to contain directed (→) and

undirected (−) edges and at most one edge between any two vertices. We can thus partition

the set of edges F into a set of directed edges E and undirected edges U and denote graph

G = (V, F ) as G = (V,E, U). The corresponding undirected graph is simply GU = (V, ∅, U).

Subgraphs and skeleton An induced subgraph GV ′ = (V ′, F ′) of G = (V, F ) consists of

V ′ ⊆ V and F ′ ⊆ F where F ′ are all edges in F between vertices in V ′. A skeleton of a

graph G = (V, F ) is an undirected graph G = (V, F ′), such that F ′ are undirected versions

of all edges in F .
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Paths. Directed, undirected, causal, non-causal, proper paths A path p from i

to j in G is a sequence of distinct vertices p = 〈i, . . . , j〉 in which every pair of successive

vertices are adjacent. A path consisting of undirected edges is an undirected path. A directed

path from i to j is a path from i to j in which all edges are directed towards j, that is,

i → · · · → j. We will use causal path instead of directed path when talking about causal

graphs. Let p = 〈v1, . . . , vk〉, k > 1 be a path in G, p is a possibly directed path (possibly

causal path) if no edge vi ← vj, 1 ≤ i < j ≤ k is in G. Otherwise, p is a non-causal path in G

(see Definition 3.1 and Lemma 3.2 of Perković et al., 2017). A path from A to Y is proper

(w.r.t. A) if only its first vertex is in A.

Directed cycles A directed path from i to j and the edge j → i form a directed cycle.

Colliders, shields and definite status paths If a path p contains i → j ← k as a

subpath, then j is a collider on p. A path 〈i, j, k〉 is an (un)shielded triple if i and k are

(not) adjacent. A path is unshielded if all successive triples on the path are unshielded. A

node vj is a definite non-collider on a path p if there is at least one edge out of vj on p, or

if vj−1 − vj − vj+1 is a subpath of p and 〈vj−1, vj, vj+1〉 is an unshielded triple. A node is of

definite status on a path if it is a collider, a definite non-collider or an endpoint on the path.

A path p is of definite status if every node on p is of definite status.

Subsequences and subpaths A subsequence of a path p is obtained by deleting some

nodes from p without changing the order of the remaining nodes. A subsequence of a

path is not necessarily a path. For a path p = 〈v1, v2, . . . , vm〉, the subpath from vi to

vk (1 ≤ i ≤ k ≤ m) is the path p(vi, vk) = 〈vi, vi+1, . . . , ak〉.

Ancestral relations If i→ j, then i is a parent of j, and j is a child of i. If there is a causal

path from k to l, then k is an ancestor of l, and l is a descendant of k. If there is a possibly

causal path from k to l, then k is a possible ancestor of l, and l is a possible descendant of

k. We use the convention that every vertex is a descendant, ancestor, possible ancestor and
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possible descendant of itself. The sets of parents, ancestors, descendants and possible descen-

dants of i in G are denoted by Pa(i,G), An(i,G), De(i,G) and PossDe(i,G) respectively. For

a set of vertices A, we let Pa(A,G) = (∪i∈A Pa(i,G))\A, whereas, An(A,G) = ∪i∈A An(i,G),

De(A,G) = ∪i∈A De(i,G) and PossDe(A,G) = ∪i∈A PossDe(i,G)

DAGs, PDAGs A directed graph contains only directed edges. A partially directed graph

may contain both directed and undirected edges. A directed graph without directed cycles

is a directed acyclic graph (DAG). A partially directed acyclic graph (PDAG) is a partially

directed graph without directed cycles.

Blocking and d-separation (See Definition 1.2.3 of Pearl (2009) and Lemma C.1 of

Henckel et al. (2019)). Let Z be a set of vertices in an PDAG G = (V,E, U). A definite

status path p is blocked by Z if (i) p contains a non-collider that is in Z, or (ii) p contains a

collider C such that no descendant of C is in Z. A definite status path that is not blocked

by Z is open given Z. If A,B and Z are three pairwise disjoint sets of nodes in a PDAG

G = (V,E, U), then Z d-separates A from B in G if Z blocks every definite status path

between any node in A and any node in B in G.

CPDAGs, MPDAGs Several DAGs can encode the same d-separation relationships.

Such DAGs form a Markov equivalence class which is uniquely represented by a completed

partially directed acyclic graph (CPDAG) (Meek, 1995; Andersson et al., 1997). A PDAG

G = (V,E, U) is a maximally oriented PDAG (MPDAG) if it is closed under orientation rules

R1-R4 of (Meek, 1995), presented in Figure B.3. The MPDAG can then be alternatively

defined as any PDAG that does not contain graphs on the left-hand side of each orientation

rule as induced subgraphs. Both DAGs and CPDAGs are types of MPDAGs (Meek, 1995).

Background knowledge and constructing MPDAGs A PDAG G ′ is represented by

another PDAG G (equivalently G represents G ′) if G ′ and G have the same adjacencies and

unshielded colliders and every directed edge i → j in G is also in G ′. Let R be a set of
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B

A

C

R1

⇒
B

A

C A

B

C

R2

⇒
A

B

C

D C

A B

R3

⇒
D C

A B

D A

C B

R4

⇒
D A

C B

Figure B.3: The orientation rules from Meek (1995). If the graph on the left-hand side of

a rule is an induced subgraph of a PDAG G, then orient the blue undirected edge (−) as

shown on the right-hand side of the rule. Hence, the graphs on the left-hand side of each

rule are not allowed to be induced subgraphs of an MPDAG.

directed edges representing background knowledge. Algorithm 1 of Meek (1995) describes

how to incorporate background knowledge R in an MPDAG G. If Algorithm 1 does not

return a FAIL, then it returns a new MPDAG G ′ that is represented by G. Background

knowledge R is consistent with MPDAG G if and only if Algorithm 1 does not return a FAIL

(Meek, 1995).

Remark B.1. The MPDAG output by ConstructMPDAG(G, R) is the same independent of

the ordering of edges in R. This stems from the fact that the orientation rules of Meek (1995)

are necessary and sufficient for the construction of an MPDAG given a set of adjacencies

and unshielded colliders.

G and [G] If G is a MPDAG, then [G] denotes every DAG represented by G.

Causal and partial causal ordering of vertices A total ordering, <, of vertices V ′ ⊆ V

is consistent with a DAGD = (V,E, ∅) and called a causal ordering of V ′ if for every i, j ∈ V ′,

such that i < j and such that i and j are adjacent in D, i→ j is in D. There can be more

than one causal ordering of V ′ in a DAG D = (V,E, ∅). For example, in DAG i ← j → k
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Algorithm 1: ConstructMPDAG, (Meek, 1995; Perković et al., 2017)

Data: MPDAG G, background knowledge R

Result: MPDAG G ′ or FAIL

1 Let G ′ = G;

2 while R 6= ∅ do

3 Choose an edge {X → Y } in R ;

4 R = R \ {X → Y } ;

5 if {X − Y } or {X → Y } is in G ′ then

6 Orient {X → Y } in G ′;

7 Close the edge orientations under the rules in Figure B.3 in G ′;

8 else

9 FAIL;

10 end

11 end

both orderings j < i < k and j < k < i are consistent.

Since an MPDAG may contain undirected edges, there is generally no unique causal

ordering of vertices in an MPDAG. Instead, we define a partial causal ordering, <, of a

vertex set V ′, V ′ ⊂ V in an MPDAG G = (V,E, U) as a total ordering of pairwise disjoint

vertex sets A1, . . . , Ak, k ≥ 1, ∪ki=1Ai = V ′, that satisfy the following: if Ai < Aj and there

is an edge between i ∈ Ai and j ∈ Aj in G, then i→ j is in G.

Buckets and bucket decomposition Algorithm 2 describes how to obtain an ordered

bucket decomposition for a set of vertices V in an MPDAG G = (V,E, U). By Perković (2020,

Lemma 1), the ordered list of buckets output by Algorithm 2 is a partial causal ordering of

V in G.

Lemma B.1. (see Lemma D.1 (i) of Perković, 2020) Let A and Y be disjoint node sets in
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Algorithm 2: Partial causal ordering (Perković, 2020)

input : vertex set V in MPDAG G=(V,E, U) and MPDAG G.

output: An ordered list B=(B1, . . . , Bk), k ≥ 1, of the bucket decomposition of V in

G.

1 Let GU denote the undirected subgraph of G;

2 Let ConComp be the bucket decomposition (i.e., maximal connected components)

of V in GU ;

3 Let B be an empty list;

4 while ConComp 6= ∅ do

5 Let C be any element from ConComp;

6 Let C be the set of vertices in ConComp that are not in C;

7 if all edges between C and C are into C in G then

8 Remove C from ConComp;

9 Add C to the beginning of B;

10 end

11 end

12 return B;

MPDAG G = (V,E, U). Suppose that there is no proper possibly causal path from A to Y

that starts with an undirected edge in G, that is, suppose that the criterion in Theorem 3.1

is satisfied. Further, let D = An(Y,GV \A) and D =
⋃̇K

i=1Di for Di = D ∩ Bi, i = 1, . . . , K,

where B1, . . . BK is the bucket decomposition of V . Then for all i ∈ {1, . . . , K}, there is no

proper possibly causal path from A to Bi that starts with an undirected edge in G.
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Appendix C

APPENDIX TO CHAPTER 4

C.1 Proof of Proposition 4.2

Proof. By Proposition 4.1, Gk,n(λ) = Gk,n(λ, p) for pk = 0 and p1 + · · · + pk−1 = 1. By

Eq. (4.7), we split Gk,n(λ) = A+ B, where A sums over those X with Xk = 0, and B sums

over those with Xk ≥ 1. Clearly,

A =
∑

X1,...,Xk−1

(
n

X1, . . . , Xk−1

) k−1∏
j=1

[λXj/n+ (1− λ)pj]
Xj ,

where the summation is over non-negative integers X1, . . . , Xk−1 such that they sum to n.

Further, (p1, . . . , pk−1) forms a probability vector. Hence, A = Gk−1,n(λ).

Now we evaluate

B =
n∑

Xk=1

∑
X1+···+Xk−1=n−Xk

(
n

X1, . . . , Xk

) k∏
j=1

[λXj/n+ (1− λ)pj]
Xj .

Using the fact that
(

n
X1,...,Xk

)
=
(

n
Xk

) (
n−1

X1,...,Xk−1,Xk−1

)
and pk = 0, we have

B =
∑

X1,...,Xk−1,X
′
k

n

X ′k + 1

(
n− 1

X1, . . . , Xk−1, X ′k

)(
λ(X ′k + 1)

n

)X′k+1

×
k−1∏
j=1

[λXj/n+ (1− λ)pj]
Xj

= λ
∑

X1,...,Xk−1,X
′
k

(
n− 1

X1, . . . , Xk−1, X ′k

)(
λ(X ′k + 1)

n

)X′k k−1∏
j=1

[λXj/n+ (1− λ)pj]
Xj ,

(C.1)

where X ′k := Xk − 1 ∈ {0, . . . , n − 1} and the summation is over (X1, . . . , Xk−1, X
′
k) such

that they sum to n− 1. Let λ′ := n−1
n
λ and

p′j :=
1− λ
1− λ′

pj (j = 1, . . . , k − 1), p′k :=
λ/n

1− λ′
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such that
∑k

j=1 p
′
j = 1−λ

1−λ′ + λ/n
1−λ′ = 1. Then we have

λ(X ′k + 1)

n
= λ′

X ′k
n− 1

+ (1− λ′)p′k,

λXj/n+ (1− λ)pj = λ′
Xj

n− 1
+ (1− λ′)p′j (j = 1, . . . , k − 1).

Hence, by Eq. (4.7) and Proposition 4.1, Eq. (C.1) becomes

B = λ
∑

X1,...,Xk−1,X
′
k

(
n− 1

X1, . . . , Xk−1, X ′k

) k∏
j=1

[
λ′Xj/n− 1 + (1− λ′)p′j

]Xj
= λGk,n−1(λ′) = λGk,n−1

(
n− 1

n
λ

)
.

Putting A and B together, we have Gk,n(λ) = Gk−1,n(λ) + λGk,n−1

(
n−1
n
λ
)
.

C.2 Proof of Lemma 4.2

We will use the following two properties of the incomplete Gamma function

Γ(a, z) :=

∫ ∞
z

ta−1e−t dt.

Lemma C.1 (DLMF, §8.8). It holds that

Γ(a+ 1, z) = aΓ(a, z) + zae−z, (C.2)

and

Γ(a, z) =
Γ(a)

Γ(a− n)
Γ(a− n, z) + za−1e−z

n−1∑
k=0

Γ(a)

Γ(a− k)
z−k, (C.3)

where n is a non-negative integer.

Lemma C.2 (DLMF, §8.11(iii)). For fixed γ > 1, as a→∞, it holds that

Γ(a, γa) = zae−z

{
n∑
k=0

(−1)kbk(γ)

(γ − 1)2k+1
a−k−1 + o(|a|−n−1)

}
, (C.4)

where b0(γ) = 1, b1(γ) = γ, b2(γ) = γ(2γ + 1), and for k = 1, 2, . . . ,

bk(γ) = γ(1− γ)b′k−1(γ) + (2k − 1)γbk−1(γ). (C.5)
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Proof. We first express Gk,n(λ) in terms of the incomplete Gamma function. For the case of

k = 2, we have

G2,n(λ) =
n∑

m=0

n!

nm(n−m)!
λm

= λn
n∑

m=0

n!

nm(n−m)!
λ−(n−m)

= n−nλnn!
n∑

m=0

(n/λ)m

m!
= n−nλnen/λΓ(n+ 1, n/λ),

(C.6)

where we used the fact (DLMF, Eq. 8.4.8) that

Γ(n+ 1, z) = n!e−z
n∑
k=0

zk

k!
, n = 0, 1, 2, . . . .

Similarly, we have

G′2,n(λ) = n1−nλn−2
{(n

λ

)n
+ (λ− 1)en/λΓ(n+ 1, n/λ)

}
.

The LHS of Eq. (4.18) with k = 2 can be expressed as

n

(
1

1− λ
G2,n(λ)−G′2,n(λ)

)
=

B

(1− λ)λ2
,

where

B = en/λn2

(
n

(1− λ)2

λ
+ λ

)(n
λ

)−n−1

Γ(n+ 1, n/λ)− (1− λ)n2.

Using Lemma C.1, B can be expressed in terms of Γ(n, n/λ) as

B = λ2n− λ(1− λ)n2 + en/λn3

(
n

(1− λ)2

λ
+ λ

)(n
λ

)−n−1

Γ(n, n/λ).

By Lemma C.2, plugging in

Γ(n, n/λ) =
(n
λ

)n
e−n/λ

{
2∑

k=0

(−1)kbk(λ
−1)

(λ−1 − 1)2k+1
(n/λ)−k−1 + o(n−3)

}
into the previous display and simplifying, we get

B = λ2n− λ(1− λ)n2 + (1− λ)2

[
λ

1− λ
n2 − λ2

(1− λ)3
n+

λ−1(2/λ+ 1)

(λ−1 − 1)5
+ o(1)

]
+ λ2

[
λ

1− λ
n− λ2

(1− λ)3
+ o(1)

]
=

2λ3

(1− λ)3
+ o(1).
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And therefore,

n

(
1

1− λ
G2,n(λ)−G′2,n(λ)

)
=

2λ

(1− λ)4
+ o(1).

By a similar computation for k = 3, 4, . . . , one can show that

n

(
k − 1

1− λ
Gk,n(λ)−G′k,n(λ)

)
=
k(k − 1)λ

(1− λ)k+2
+ o(1).

C.3 Proof of Proposition 4.9

Lemma C.3 (DLMF, §8.11(v)). As z →∞, it holds that

Γ(z, z) = zz−1e−z
(√

π

2
z1/2 +O(1)

)
.

Proof of Proposition 4.9. For k = 2, we have

G2,n(1)
(i)
= (e/n)nΓ(n+ 1, n)

(ii)
= (e/n)nnΓ(n, n) + 1

(iii)
=

√
π

2
n1/2 +O(1),

where (i) follows from Eq. (C.6), (ii) from Lemma C.1 and (iii) from Lemma C.3. And hence,

lim
n→∞

logG2,n(1)

log
(
n+1

1

) = lim
n→∞

log n1/2

log n
= 1/2.

By a similar computation for k = 3, 4, . . . , one can show that

lim
n→∞

logGk,n(1)

log
(
n+k−1
k−1

) = lim
n→∞

log n(k−1)/2

log nk−1
= 1/2.

C.4 R code for unseen butterflies

The following R code is used to compute a 95% confidence upper bound on the total proba-

bility of unseen butterflies.
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library(multChernoff) # https://github.com/richardkwo/multChernoff

library(CVXR)

library(plyr)

# Corbet butterfly data

# https://en.wikipedia.org/wiki/Unseen_species_problem

corbet.butterfly <- data.frame(j=1:15, n_j=c(118,74,44,24,29,22,20,19,20,15,12,14,6,12,6))

n.butterfly <- Reduce(c, alply(corbet.butterfly, 1, function(.df) rep(.df$j, .df$n_j)))

alpha <- 0.05

n.observed <- c(n.butterfly, 0) # the last one is the unseen

n <- sum(n.observed)

k <- length(n.observed)

p.observed <- n.observed / n

# critical value

t.alpha <- criticalValue(k, n, p=alpha, verbose = TRUE)

cat(sprintf("critical value = %f\n", t.alpha))

# convex program

p <- Variable(k)

obj <- p[k]

constr <- list(p>=0,

sum(p) == 1,

2 * n * sum(p.observed * (log(p.observed) - log(p))) <= t.alpha)

prob <- Problem(Maximize(obj), constr)

result <- solve(prob, verbose=TRUE)

# result

print(result$status)

unseen <- result$value

p.maximizer <- c(result$getValue(p))

cat(sprintf("unseen <= %f\n", unseen))

The convex program is specified with R package CVXR (Fu et al., 2020) and solved with
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MOSEK (Andersen and Andersen, 2000). The session information is printed out as below.

> sessionInfo()

R version 4.0.2 (2020-06-22)

Platform: x86_64-apple-darwin17.0 (64-bit)

Running under: macOS 10.16

Matrix products: default

LAPACK: /Library/Frameworks/R.framework/Versions/4.0/Resources/lib/libRlapack.dylib

locale:

[1] en_US.UTF-8/en_US.UTF-8/en_US.UTF-8/C/en_US.UTF-8/en_US.UTF-8

attached base packages:

[1] stats graphics grDevices utils datasets methods base

other attached packages:

[1] plyr_1.8.6 CVXR_1.0-8 multChernoff_0.0.0.9000

loaded via a namespace (and not attached):

[1] bit_4.0.4 compiler_4.0.2 R6_2.4.1 Matrix_1.2-18 tools_4.0.2 gmp_0.6-1

[7] Rmosek_9.1.0 Rcpp_1.0.5 bit64_4.0.5 grid_4.0.2 Rmpfr_0.8-2 lattice_0.20-41
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Appendix D

APPENDIX TO CHAPTER 5

D.1 Code for polytope computation

The following Julia v1.5 code is used for proving Theorem 5.1.

using JuMP # https://github.com/jump-dev/JuMP.jl

using Polyhedra # https://github.com/JuliaPolyhedra/Polyhedra.jl

using CDDLib # https://github.com/JuliaPolyhedra/CDDLib.jl

model = Model()

# counterfactuals P(X, Y(x=0,z=0), Y(0,1), Y(1,0), Y(1,1) | Z=z) for z=0,1

@variable(model, P[1:2, 1:2, 1:2, 1:2, 1:2, 1:2] >= 0)

# observed Q(X, Y | Z=z) for z=0,1

@variable(model, Q[1:2, 1:2, 1:2] >= 0)

# simplex constraints

@constraint(model, sum(P[:,:,:,:,:,1])==1)

@constraint(model, sum(P[:,:,:,:,:,2])==1)

@constraint(model, sum(Q[:,:,1])==1)

@constraint(model, sum(Q[:,:,2])==1)

# ME: marginal exogeneity

@constraint(model, sum(P[:,1,:,:,:,1]) == sum(P[:,1,:,:,:,2]))

@constraint(model, sum(P[:,:,1,:,:,1]) == sum(P[:,:,1,:,:,2]))

@constraint(model, sum(P[:,:,:,1,:,1]) == sum(P[:,:,:,1,:,2]))

@constraint(model, sum(P[:,:,:,:,1,1]) == sum(P[:,:,:,:,1,2]))

# stochastic exclusion

@constraint(model, sum(P[:,1,:,:,:,1]) == sum(P[:,:,1,:,:,1]))

@constraint(model, sum(P[:,:,:,1,:,1]) == sum(P[:,:,:,:,1,1]))

# consistency Q(X=x, Y=y | Z=z) = P(X=x, Y(x,z)=y | Z=z)

# x=0, y=0, z=0

@constraint(model, Q[1,1,1]==sum(P[1,1,:,:,:,1]))
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# x=0, y=0, z=1

@constraint(model, Q[1,1,2]==sum(P[1,:,1,:,:,2]))

# x=0, y=1, z=0

@constraint(model, Q[1,2,1]==sum(P[1,2,:,:,:,1]))

# x=0, y=1, z=1

@constraint(model, Q[1,2,2]==sum(P[1,:,2,:,:,2]))

# x=1, y=0, z=0

@constraint(model, Q[2,1,1]==sum(P[2,:,:,1,:,1]))

# x=1, y=0, z=1

@constraint(model, Q[2,1,2]==sum(P[2,:,:,:,1,2]))

# x=1, y=1, z=0

@constraint(model, Q[2,2,1]==sum(P[2,:,:,2,:,1]))

# x=1, y=1, z=1

@constraint(model, Q[2,2,2]==sum(P[2,:,:,:,2,2]))

# CHSH

# 0 <= P(x0,y(x0,z0)=0 | z0) + P(x1,y(x0,z1)=1 | z1)

+ P(x0,y(x1,z1)=0 | z1) - P(x0,y(x1,z0)=0 | z0) <= 1

@constraint(model, 0 <= sum(P[1,1,:,:,:,1]) + sum(P[2,:,2,:,:,2])

+ sum(P[1,:,:,:,1,2]) - sum(P[1,:,:,1,:,1]))

@constraint(model, sum(P[1,1,:,:,:,1]) + sum(P[2,:,2,:,:,2])

+ sum(P[1,:,:,:,1,2]) - sum(P[1,:,:,1,:,1]) <= 1)

# 0 <= P(x0,y(x1,z0)=0 | z0) + P(x1,y(x1,z1)=1 | z1)

+ P(x0,y(x0,z1)=0 | z1) - P(x0,y(x0,z0)=0 | z0) <= 1

@constraint(model, 0 <= sum(P[1,:,:,1,:,1]) + sum(P[2,:,:,:,2,2])

+ sum(P[1,:,1,:,:,2]) - sum(P[1,1,:,:,:,1]))

@constraint(model, sum(P[1,:,:,1,:,1]) + sum(P[2,:,:,:,2,2])

+ sum(P[1,:,1,:,:,2]) - sum(P[1,1,:,:,:,1]) <= 1)

# 0 <= P(x0,y(x0,z1)=0 | z1) + P(x1,y(x0,z0)=1 | z0)

+ P(x0,y(x1,z0)=0 | z0) - P(x0,y(x1,z1)=0 | z1) <= 1

@constraint(model, 0 <= sum(P[1,:,1,:,:,2]) + sum(P[2,2,:,:,:,1])

+ sum(P[1,:,:,1,:,1]) - sum(P[1,:,:,:,1,2]))

@constraint(model, sum(P[1,:,1,:,:,2]) + sum(P[2,2,:,:,:,1])

+ sum(P[1,:,:,1,:,1]) - sum(P[1,:,:,:,1,2]) <= 1)
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# 0 <= P(x0,y(x1,z1)=0 | z1) + P(x1,y(x1,z0)=1 | z0)

+ P(x0,y(x0,z0)=0 | z0) - P(x0,y(x0,z1)=0 | z1) <= 1

@constraint(model, 0 <= sum(P[1,:,:,:,1,2]) + sum(P[2,:,:,2,:,1])

+ sum(P[1,1,:,:,:,1]) - sum(P[1,:,1,:,:,2]))

@constraint(model, sum(P[1,:,:,:,1,2]) + sum(P[2,:,:,2,:,1])

+ sum(P[1,1,:,:,:,1]) - sum(P[1,:,1,:,:,2]) <= 1)

# ATE = P(Y(1,0)=1) - P(Y(0,0)=1)

@variable(model, ATE)

@constraint(model, ATE == sum(P[:,:,:,2,:,1]) - sum(P[:,2,:,:,:,1]))

# CDD

lib = CDDLib.Library(:exact)

_hrep = hrep(model)

var_names = dimension_names(_hrep)

# CCD H representation

poly = polyhedron(_hrep, lib)

removehredundancy!(poly)

proj_index = collect(65:73)

proj_names = var_names[proj_index]

proj = project(poly, proj_index)

removehredundancy!(proj)

vrep(proj)

print(proj)
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