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Random Matrix Theory is a well-known method in physics and mathematics to model

quantum chaos by studying the statistics of energy states of both fermionic and nucle-

onic systems on the ergodic timescale. Additionally, recent advancements established

Wigner’s Surmise, Gaussian Orthogonal Ensemble symmetry and Quantum Unique

Ergodicity in random band-matrices that model electrons interacting with one an-

other along 1 and 2-dimensions; and associated the width of the band around the

leading diagonal with the non-locality of the eigenvectors, thereby inferring the con-

ductivity of the system under study. Quantum chaos has so far been modeled by

random matrix theory in up to 2 dimensions, and exact or numerical solutions to

dimensions ≥ 3 do not exist.

However, such methods have not yet been applied to the study of inter-electronic

behavior during protein folding in 3 dimensions, where electronic interactions are

critically important, causing a marked change in the conductivity of the protein as

it folds. Protein folding is primarily entropy driven and involves weak hydrophilic-

hydrophobic and Van der Waals interaction between residues and the backbone to

create predominantly hydrogen bonds and other secondary bonds involving empty

or half-empty π-orbitals. Additionally, the water molecules around the proteins are



known to adopt structures that are more regular than bulk water, to the extent that

most of the water in living cells is structured. However, the resulting loss of configu-

rational entropy when proteins and water molecules around them adopt regular stable

structures, is chalked up to vague entropic compensation terms without clarification

on the types of entropy that could compensate for the apparent reduction in entropy.

As a result, our understanding of how protein sequences adopt unique structures and

how such structures directly map to the protein’s function is lacking.

While a mostly classical description of protein folding is inadequate to address the

underlying physical mechanisms of specificity during molecular recognition and in-

formation flow during signal transduction cascades, a quantum mechanical descrip-

tion is currently computationally prohibitive. There is also the issue of decoherence

at the temperatures at which biomolecules operate, due to thermal noise. Several

problems also persist when it comes to predicting how a multitude of biomolecules

specifically interact to execute signaling cascades leading to cellular functions. To de-

termine underlying physics, Physics Inspired Neural Networks, PINNs, have recently

taken center-stage. However, the fact that intrinsically disordered regions (IDRs) of

proteins are involved in specific binding events, makes a simple sequence-structure-

function predictive PINN untenable. The dynamic structures of IDRs necessitate

a variational approach to protein structure prediction. Here we use random graph-

structured matrices to circumvent the < 3-dimension limit to model the electronic

interaction network in a protein while it folds in an aqueous medium.

Assuming a) n points in 3-dimensional finite cubic Euclidean space of volume l3 with

coordinates (x, y, z) ∀ x, y, z ∼ U({−(l/2), ..., (l/2)}) i.i.d., where U({−(l/2), ..., (l/2)})

is the uniform distribution over the set of real numbers between [−l/2, l/2]; b)

Threshold value ε ∈ R+ which is the radius of the sphere in the finite cubic Eu-

clidean space, within which all points interact; Leading to c) An adjacency matrix



An×n(ε) : Aij(ε) = 0 ∀ Dij > ε and Aij(ε) = 1 ∀ Dij < ε where the pairwise Eu-

clidean distance between the n points is given by the distance matrix Dn×n : Dij =√
(xj − xi)2 + (yj − yi)2 + (zj − zi)2; and d) A random real valued square Hermitian

matrix H : HT = H, we show that the continuous differential entropy, denoted as

CDE(A(ε)), of the joint probability distribution of the nonzero elements of the lead-

ing diagonal and the lower triangle (or upper triangle) of the matrix H ◦A(ε) (which

directly represents the distribution of single point correlations of the eigenvalues of

the matrix H ◦ A(ε)) increases as the number of nonzero elements in the lower (or

upper) triangle increases as a result of increasing ε. We also show that if we sample

many random Hermitian matrices H1, H2, ..., HN , N ∈ Z+, N > 40, and denote the

ordered set of eigenvalues of each matrix Hk ◦A(ε), k = 1, 2, ...N as λkH◦A(ε), then the

standard deviation σsp(ε) of the distribution of spacing between any two consecutive

eigenvalues from all the ordered eigenvalue sets λkH◦A(ε) first decreases then increases

for increasing ε values. Moreover, the ratio between the ||L∞|| and the ||L2|| norm

of the eigenvectors V k
λH◦A(ε)

corresponding to the eigenvalues λ ∈ λkH◦A(ε) approaches

a lower bound of 1/
√
n as ε increases, indicating that the eigenvectors become more

delocalized on the ergodic scale.

Our results indicate that the CDE(A(ε)) and σsp(ε) as defined above can be used as

metrics to optimize ε which is directly related to the number of nonzero elements in

the lower (or upper) triangle of the adjacency matrix A. Our results also show that

a) Reduction in configurational and conformational entropy during protein folding

is associated with an increase in information entropy obtained from electron energy

level statistics, and b) Reduction in uncertainty in electron energy levels is associ-

ated with delocalization length of electrons along secondary bonds. We also apply

our numerical simulations to the case of protein folding where we use an all atom

molecular dynamics simulation of a standard polyalanine peptide folding in water



to show that the numerical results hold for the proteins as well, paving the way to

use random graph structured matrices as suitable representations of biomolecules to

study their structure function relationships in greater depth. Our results posit that

the nature of information transfer and flow during signaling cascades could be the

certainty in electron energies of participating molecules. We directly infer the nature

of information flow during signal transduction cascades and postulate about the role

of quantum phenomena and decoherence in biomolecular function. Such notions add

fuel to the idea that quantum mechanical phenomena are intricately and non trivially

involved in protein structure-function relationships, and bolster the conjecture that

water might be a necessary condition for life on earth.

The results show a mathematically accurate and physically relevant, first-principles

based representation of proteins and other biomolecules that would be beneficial in

machine learning approaches to predict secondary structures and in the nascent field

of protein design for medical and technological applications. Therefore, we propose a

future physics inspired variational autoencoder-generative adversarial network deep-

learning model based on our results that could be applied as a more interpretable

biomolecular structure and function predictor.
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PREFACE

The chapters in the document are preceded by the list of figures that lists the

figure titles and their page numbers in the document’s main text. The list of figures

is followed by a glossary of terms that includes common definitions of many terms en-

countered throughout the document, and some definitions have been repeated inside

the document’s main text as well to contextualize the terms. The glossary is followed

by Chapter 1, section 1.1 of which explains the current field in protein science, from

the gaps in our fundamental understanding of how proteins work, to high throughout

sequencing technologies, computational methods of structure prediction, data driven

methods of structure prediction, and physics inspired methods of structure prediction

that are ubiquitous in the literature. section 1.2 expounds upon the literature that

led to the assumptions and hypotheses formed based on those assumptions, that then

the rest of the document tries to test. Section 1.3 states the main problem statement

that this body of work tries to address.

Chapter 2 details the current state of the art in data driven protein structure predic-

tion using deep learning in section 2.1. Section 2.2 then introduces the VAE-GAN

deep learning model, and how it was implemented in the current work by the author,

for further probing of difficulties and limitations of unconstrained graph based deep

learning models in protein structure prediction, especially for intrinsically disordered

regions. Section 2.3 then shows the results of the VAE-GAN model for intrinsically

disordered protein structure prediction and outlines the necessity of random matri-

ces in helping deal with some of the limitations by explaining the physics of protein

folding better.
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Chapter 3 provides some background on what are random matrices, before describ-

ing how random band matrices were recently proven to display universality, quantum

unique ergodicity, and a transition from a global spectral distribution that resembles

a Poisson point process at low band width and localized eigenvectors, to Gaussian

Orthogonal Ensemble symmetry class of random matrices with semicircle distribution

at high band width and non local eigenvectors. This led to the major hypothesis by

the author that the information entropy and other statistical measures of spectral dis-

tributions might explain the protein folding process as well as molecular recognition

and signal transduction.

Chapter 4 talks about the hypotheses and in section 4.1 then specifies how such a hy-

pothesis led to the idea of implementing a random graph-structured matrix model of

electron dynamics during protein folding, and both analytically and numerically probe

the global eigenvalue statistics and eigenvectors of the random graph structured ma-

trices. Sections 4.2 to 4.4 describe the trends in Eigenvalue and Eigenvector statistics

of random graph-structured matrices from numerical simulations and when applied to

a model system of peptide folding and water at ambient conditions, which is followed

by the major conclusions and discussions, as well as avenues for future research in

chapter 5. The document ends with the bibliography and an appendix with details of

how to obtain the code from GitHub repository, followed by a short vita of the author.
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GLOSSARY

AB-INITIO: ‘From the beginning.’ Ab-initio methods model phenomena from first

principles, or fundamental physical theories, which are usually quantum me-

chanical in nature.

ADJACENCY MATRIX: A square (same number of rows and columns), and usually

a symmetric matrix representing a finite graph’s connectivity. The row/column

indices represent the nodes, the matrix elements represent the presence/absence

of edges between the nodes, or some value describing the edges. In the most

basic case, a simple graph’s adjacency matrix is a (0,1) matrix with zeros on

the diagonal.

ALPHA FOLD: A deep learning algorithm developed by DeepMind, a Google sub-

sidiary, that predicts a protein’s 3D structure as seen in the Protein Data Bank,

from its amino acid sequence information.

ALPHA HELIX: The α helix is the most abundant motif in the secondary structure

of proteins and polypeptides. It is a right-handed helix conformation in which

every backbone N–H group hydrogen bonds to the backbone C=O group of the

amino acid located four residues earlier along the protein sequence.

AMINO ACID: Amino acids are organic compounds that contain amino (–NH2 or

–[NH3]
+1 when solvated at neutral pH) and carboxylic acid (–[O=C–OH] or

–[O=C-O]−1 when solvated at neutral pH) functional groups, along with a side
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chain (R–group) specific to each amino acid at its Cα atom that connects the

amino and carboxylic acid functional groups.

BETA SHEET: The β-sheet or a pleated beta-sheet is the second most common

motif of a regular protein secondary structure in 3D. Beta sheets are beta-

strands connected sideways by at least two or three backbone hydrogen bonds,

forming a generally twisted, pleated sheet. There are also beta turns and anti-

parallel beta-sheets under the beta-structure umbrella.

BIAS–VARIANCE TRADE-OFF: In statistics and machine learning, the bias-variance

tradeoff is the conflict in attempting to simultaneously minimize the bias and

variance errors. The bias error comes from erroneous assumptions about the

model prior to training, such as the system’s linearity, while the variance error

stems from hypersensitivity to small fluctuations in the training data set that

might not be present in the test or benchmark data sets.

BINARY CROSS ENTROPY LOSS: It is a type of loss that is minimized during sta-

tistical learning. The BCE-Loss creates a criterion that measures the Binary

Cross Entropy between the target and the output.

BROWNIAN MOTION: A classical mechanical description of random motion of par-

ticles suspended in a fluid medium.

BULK EIGENVALUE STATISTICS: In spectral analysis, statistical distributions and

metrics of the median eigenvalue of a matrix or eigenvalues around the median

eigenvalue, is called bulk statistics.

CHARMM: Chemistry at Harvard Macromolecular Mechanics (CHARMM) is a

ubiquitously used set of partial differential equations and dynamical parameters

viii



of such equations developed as a force-field to be applied in classical molecular

dynamics simulations.

CLASSICAL MECHANICS: It is a physical theory that adequately describes the mo-

tion of macroscopic objects in a continuous, deterministic, and reversible man-

ner.

COHERENT STATES: In quantum physics, the specific quantum mechanical state

of a quantum harmonic system that displays oscillatory dynamics closest to a

quasi-classical or classical description of a harmonic oscillator such as a mass

suspended on a spring. Eigenvectors of the lowering operator usually denote

such states, and they form an overcomplete family, i.e., there exist redundant

eigenvectors, the removal of which will not impact the completeness of the set

of eigenvectors.

CONNECTIVITY MATRIX: An adjacency matrix with ones on the diagonal, i.e.,

includes self-connection. They are sometimes used interchangeably. We refer

exclusively to a connectivity matrix in this work, but we use the term ’adjacency

matrix.’

CONTINUOUS DIFFERENTIAL ENTROPY: It is an analogous form of Shannon’s en-

tropy devised by Claude Shannon to describe information entropy of continuous

distributions. It is defined for a probability distribution p(x) on a random vari-

able x as:

H(x)cde = −
∫
p(x)log{p(x)}dx (1)

It is a limiting case of the actual continuous information entropy, called limiting
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density of discrete points defined as:

Ĥ(x) = −
∫
p(x)log

{
p(x)

m(x)

}
dx (2)

Where if there are N discrete points {xi} in i-dimensions, then as N → ∞, the

density of the N points approaches m(x), an invariant measure.

COVALENT BOND: A type of bond between atoms that is crudely defined as shar-

ing of electrons among them. Quantum mechanically, the probability of locating

each shared electron from a specific energy level is equal around the nuclei of

both atoms.

CROSS ENTROPY: In information theory, the cross-entropy between two probabil-

ity distributions p and q over the same random variables, measures the expected

number of bits needed to identify an event drawn from the random variable if a

coding scheme used for the random variable is optimized for an estimated proba-

bility distribution q on a sample of such events, rather than the true distribution

p on the population of the events. It is defined as:

H(x)cross = −
∑

p(x)logb{q(x)} (3)

where the base b depends on the nature of the discrete random variable x.

DEEP LEARNING: It is a popular subclass of machine learning methods where

artificial neural networks are ubiquitously used to automatically estimate the

necessary representation of training data to predict the features or classify raw

data with reasonable accuracy.

DELOCALIZATION: Eigenvectors are said to be fully delocalized if they do not

possess significant modes anywhere in the array. A fully localized eigenvector
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has a significantly large mode at a certain point. In quantum mechanics, the

eigenvectors of a system of particles are the wavefunctions of particles associated

with the eigenvalues (allowed energy levels). Delocalization pertains to the

uncertainty in measuring the particle’s location once its energy is fully known.

The particle exists as a wave, smeared across the space it occupies, with the

crests of the wave associated with a higher likelihood of locating the particle.

DNA: Deoxyribonucleic Acid or DNA is the sequence of nucleotide: Adenosine,

Guanine, Cytosine, and Thymine, that exists as a double helix, wound into

chromatin fibers and organized into chromosomes, that contains the genetic

code for protein translation and gene expression within cells.

EDGE STATISTICS: In spectral analysis, the statistical distributions and metrics

of the largest and smallest eigenvalues are called edge statistics. In the case of

random matrices, the bulk eigenvalues follow gaussian ensembles and semicircle

distributions, while the edge eigenvalues follow the Tracy-Widom distribution.

EIGENVALUE SPACING: The difference between consecutive eigenvalues arranged

in ascending order.

EIGENVALUES: Eigenvalues are scalar factors that scale the Eigenvectors of a ma-

trix. Physically speaking, upon a linear transformation of a set of basis vectors

in Euclidean space, specific vectors within the space only get stretched or com-

pressed and do not rotate. The amount of stretching or compression is the

eigenvalue associated with the eigenvector. In quantum mechanics, the eigen-

values of the Hamiltonian (a matrix that quantifies the total energy of every

particle) indicate the energies of each state in the superposition of individual

wavefunctions.
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EIGENVECTORS: Eigenvectors are defined as vectors in a vector space defined by

basis vectors that only get scaled but not rotated upon a linear transformation

of its basis vectors.

ERGODICITY: In mathematics, ergodicity is the idea that, given enough time, a

point in a moving system (dynamical or stochastic process) will uniformly and

randomly visit every possible location in the space that the system exists in.

This work uses ergodicity because enough time has indeed passed from a moving

electron’s point of view.

FERMI-DIRAC DISTRIBUTION: It is a type of distribution obeyed by quantum me-

chanical particles that obey Pauli’s exclusion principle that no two particles

with half-integer spins can have a set of all identical quantum numbers. If two

such particles exist in the same quantum state, they must have different spins,

which measures their angular momentum. Such particles with half-integer spins

are therefore termed fermions. Electrons are the most commonly encountered

fermions. For a system of identical fermions in thermodynamic equilibrium,

the average number of fermions in a single-particle state i with energy ϵi and

chemical potential µ is given by:

n̄i =
1

eϵi − µ/kBT + 1
(4)

Where kB is the Boltzmann’s constant of value kB = 1.380649 × 10−23JK−1

FORCE FIELD: The force field refers to the functional form (partial differentials)

and set of parameters utilized to compute the potential energy of a classical

system of atoms or coarse-grained particles in molecular mechanics, molecular

dynamics, or Monte Carlo simulations. The parameters are usually estimated

from empirical evidence or computed from quantum mechanical principles.
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GAUSSIAN ENSEMBLES: The most studied types of random matrices used to model

energy Hamiltonians with and without time-reversal symmetry (Gaussian Or-

thogonal and Gaussian Unitary ensembles, GOE and GUE, respectively) or with

time-reversal symmetry but without rotational symmetry (Gaussian Symplec-

tic Ensemble, GSE). The distribution of the eigenvalues of the random matrices

belonging to the different Gaussian ensembles is invariant under either Unitary,

Orthogonal or Symplectic conjugation.

GENERATIVE ADVERSARIAL NETWORK: It is a sub-type of unsupervised deep

learning models where two artificial neural nets compete in a zero-sum game.

The generator network generates candidates that could belong to the original

population of data samples, while the discriminator network evaluates whether

the candidates are generated by a network or sampled from the true distribution

of the population of data points.

GLOBAL SPECTRAL STATISTICS: Analysis of all eigenvalues of a matrix together

at the same time. In random matrix theory, the semicircle distributions of

Gaussian ensembles are a type of global spectral statistics (empirical spectral

measure), that give the density of states.

GRAPH CONVOLUTION: A type of semi supervised variant of convolutional neural

network class of deep-learning models on graph-structured data represented

usually as weighted connectivity matrices.

GROMACS: It is a free, open-source molecular simulation software developed at

the University of Groningen, Netherlands between 1991-2000, that can run on

both CPUs and GPUs.
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HAMILTONIAN: In quantum mechanics, the Hamiltonian of a system is a matrix-

valued operator that describes the total energy of the system, both kinetic and

potential., where the size of the matrix corresponds to the number of particles

in the system. The eigenvalues of the Hamiltonian correspond to its spectrum

or the set of the system’s allowed total-energy states.

HERMITIAN MATRIX: Square symmetric matrices that are their own adjoint ma-

trices. It is a self-adjoint operator on a finite dimensional complex vector space.

HYDROGEN BOND: Formed due to electrostatic attraction between a Hydrogen

atom covalently bound to a more electronegative atom or radical or functional

group and another electronegative atom bearing a lone pair (covalently unshared

but still in the valence energy level) of electrons. From a quantum mechanical

perspective, the electrons in the lone pair have a non-zero probability of being

located on the hydrogen atom and its covalently bonded partner. Similarly,

there is a non-zero probability of the hydrogen’s electron being located on both

electronegative partners, though there is a higher likelihood of locating the

electron on the covalently bonded partners.

INFORMATION ENTROPY: the entropy of a random variable is the expected value

of uncertainty inherent to the random variable’s possible outcomes. If a discrete

random variable X takes values in the set χ and is distributed according to

P : χ→ [0, 1] the entropy is defined as:

Hdiscrete(x) = −
n∑

i=1

P (xi)logb{P (xi)} (5)

where the base b depends on the type of the random variable.
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INTERPRETABILITY: Statistical models such as those included in artificial intelli-

gence and machine learning models are called interpretable when humans can

reasonably understand the reasoning behind the decisions made by the mod-

els while relating input data to their learned representations and the predicted

features.

INTRINSICALLY DISORDERED PROTEINS: A chain of amino acids that do not read-

ily fold into any fixed or ordered three-dimensional secondary structure, usually

in the absence of its interaction partners such as other ligands, receptors, and

RNA. Intrinsically disordered regions in otherwise larger and structured pro-

teins usually occur at or around their active sites. Such disordered regions

fold quickly into well-organized conformations as soon as they interact with

their specific partners and start the signal transduction cascade. The discovery

of intrinsically disordered regions upended the static ’lock-and-key’ molecular

recognition model.

IONIC BOND: A type of bonding in chemistry that is purely electrostatic where

electrically charged species attract each other with force described by Coulomb’s

law. However, from a quantum mechanical point of view, it results in the

electron(s) of the ’positive’ atom having a higher likelihood of being located on

its counterpart ’negative’ atom. The electrons are thus said to be ’transferred.’

Such a system is more stable than individual atoms in terms of its ionization

energy and electron affinity, both of which depend on the highest unoccupied

and lowest occupied ’molecular’ orbitals in the quantum sense.

KL–DIVERGENCE: The Kullback-Liebler divergence, also known as relative en-

tropy, denoted as DKL(P ||Q) is a ‘distance’ measure between a probability

distribution P and the reference distribution Q. For discrete P and Q on the
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same probability space χ the KL-divergence is defined as:

DKL(P ||Q) =
∑
xεχ

P (x)log

(
P (x)

Q(x)

)
(6)

and if P and Q are continuous then:

DKL(P ||Q) =

∫ ∞

−∞
P (x)log

(
P (x)

Q(x)

)
dx (7)

If the reference distribution Q is an invariant measure and consists of the density

of infinitely many discrete points in space, then the KL-Divergence becomes the

definition of continuous information entropy, as given by Equation 2.

LOCAL SPECTRAL ANALYSIS: The analysis of only a few eigenvalues and their

spacings, instead of all the eigenvalues of a matrix together.

LOSS FUNCTION: The ’error’ function chosen by the user to optimize the machine

learning models. One minimizes the loss function, or cost function, which mea-

sures the ’distance’ between actual and predicted labels in a machine learning

scenario. Some examples include mean-squared loss and cross-entropy loss.

MOLECULAR DYNAMICS: A computer simulation tool used to simulate the time

evolution of Newtonian motion of classically represented particles (atoms and

molecules), where the force field calculates the total potential and kinetic en-

ergies of each particle at a given time and their gradients along the cartesian

dimensions give the force necessary to calculate their positions in subsequent

time frames. The model then minimizes overall energy to converge upon the

equilibrium positions of the particles.

MOLECULAR ORBITALS: Similar to an atomic orbital, a molecular orbital de-

scribes the ’location’ and momentum (energy) of the wave-like nature of the
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electrons in a molecule, as opposed to an atom. Core molecular orbitals exist

that are filled, along with partially filled molecular orbitals and empty or virtual

molecular orbitals. A linear combination of atomic orbitals usually results in

such molecular orbitals.

MOLECULAR RECOGNITION: It refers to the specific static or dynamic interaction

between two or more molecules, usually one of them being a protein, through in-

teractions that are neither covalent nor ionic. Such interactions involve Van der

Waals interactions, hydrophobic/hydrophilic interactions or hydrogen bonds,

and similarly weak interactions.

NUCLEAR MAGNETIC RESONANCE: A physical spectroscopy method where a weak

oscillating magnetic field perturbs atomic nuclei suspended in a constant strong

magnetic field, producing detectable electromagnetic waves with a characteris-

tic frequency of the magnetic field at the nucleus. This method is helpful in the

experimental observation of atomic resolution protein 3D structures by locating

nuclei of the atoms in a folded protein by identifying the characteristic peaks in

the electromagnetic spectrum.

PEPTIDE: A short amino acid chain that is up to 50 amino acids long when ex-

tended and is usually the result of proteolysis, i.e., it is a remnant from a

digested protein. Some proteins are created small; in that case, they are called

microproteins or micropeptides. In this work, we use the term peptide for any

amino acid chain less than 50 amino acids in length, regardless of its origin.

PROTEIN: A long chain of amino acids, more than 50 in length, whose stable

secondary and tertiary structures depend upon their specific sequence, and

the structures affect specific functions in the body. All enzymes, antibodies,

xvii



ion transporting molecules, and several other functional biomolecules either are

proteins or interact with proteins to render their functions.

PROTEIN DATA BANK: Usually referred to as the PDB, the database consists of

thousands of protein sequences, their experimentally observed structures in 3D

space, their associated biological functions, and other empirically measured

properties. Primarily it includes X-ray crystallography and NMR structures.

QUANTUM CHAOS: A branch of physics that attempts to describe how chaotic clas-

sical systems evolve from fundamental phenomena that are necessarily quantum

mechanical. Random Matrix Theory is a tool within the field of quantum chaos.

QUANTUM DECOHERENCE: The phenomena where the quantum nature of a sys-

tem no longer exists upon any measurement, regardless of a conscious human

observer. For example, the collapse of a superposed wavefunction upon collision

with another particle. In such a situation, the quantum nature is shared with

the other system, i.e., a type of quantum entanglement. Consequently, there is

a net loss of the quantum nature of each system. Furthermore, as more systems

get entangled, the quantum nature of their components collapses.

QUANTUM ENTANGLEMENT: A fundamental physical phenomenon occurs when a

group of particles is generated, interacts, or shares spatial proximity in a finite

space such that their individual quantum states are no longer fully describable

independently of the other particles.

RANDOM BAND MATRIX: A random symmetric matrix where only a few rows and

columns are filled out around the leading diagonal, and the rest of the matrix

elements are zeroed out. The width of the band can be expressed as the number

of filled rows or columns around the leading diagonal.
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RANDOM COIL: A protein structure that cannot be described as alpha, beta, or

any well-defined conformation. Intrinsically disordered regions of proteins usu-

ally occur as random coils in nature.

RANDOM GRAPH MATRIX: A random matrix multiplied elementwise with a con-

nectivity matrix that represents random weights on a graph’s edges.

RANDOM MATRIX: A matrix where each element is a random variable of the same

type, described in the same support.

RESONANCE: In mathematics and physics, resonance is a positive interference be-

tween two waves that results in a much higher amplitude of the combined wave.

In chemistry, a resonance structure of a molecule is defined as a superposition

of several canonical structures because all structures of such a molecule exist

equiprobably in nature. It is a direct result of the quantum nature and delocal-

ization of electrons within a molecule, especially when empty molecular orbitals

of similar energies are available.

RNA: Ribonucleic acid, which is a counterpart of the DNA. All genetic code in

eukaryotes and the majority of prokaryotes exist as DNA, which is then tran-

scribed into RNA, especially messenger-RNA, which then gets translated into

proteins in the ribosome of the cells. Several viruses, however, lack DNA and

can carry genetic information only as RNA.

ROSETTA: A molecular Monte-Carlo based simulation software initially developed

by the Baker Lab at the University of Washington, Seattle. The force fields of

the software are obtained from the protein structure data contained within the

PDB.
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SCHRÖDINGER EQUATION: A partial differential equation that describes the wave-

function of a quantum mechanical system, usually depicted in terms of a matrix-

valued equation as:

Ĥψ(r, t) = Eψ(r, t) (8)

Where Ĥ is the Hamiltonian of the system, and E are the eigenvalues of the

Hamiltonian, and ψ are the eigenvectors, that change with location vector r and

time t.

SECONDARY STRUCTURE: Physical 3-dimensional structures of peptides immedi-

ately formed upon synthesizing the sequence. Non-covalent bonds are predom-

inantly the cause of secondary structure formation. Bulkier proteins usually

form higher order structures in a hierarchical manner, known variously as ter-

tiary and quaternary structures.

SEQUENCE: A biomolecule such as DNA, RNA, or protein’s sequence is the se-

quence of monomers (nucleotides and amino acids) appearing from one end to

another. A DNA sequence can be read forward or backward, with one side of a

double helix being precisely complementary to the other side. RNA is usually

single-stranded. Protein sequences are crucial in dictating what structures and

functions the proteins will possess.

SIGNAL TRANSDUCTION: A cascade of chemical and physical signals mediated

by molecular recognition within a cell along a complicated biomolecular path-

way. Specific molecular recognition usually starts a signal transduction cascade

across a specific pathway, resulting in a specified function. Correct secondary

structures and positioning all molecules involved in such a cascade is critical.

Multiple such cascades continuously occur in billions of cells in all organisms.
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TIP3P: A three site water model that represents a water molecule as a usually

rigid triangle. Each vertex has a point charge, and Lennard-jones parameters

for Van-der-Waals interactions with other molecules within a cut-off distance.

The angle subtended at the vertex corresponding to an Oxygen atom is about

104.5◦. It has been shown that a TIP3P water model has highest efficiency with

and incorporated into the CHARMM molecular mechanics software.

TRAJECTORY: In the sense of molecular dynamics simulations, a trajectory is a

path in the energy landscape that is traced by the particles as they are brought

to equilibrium. It is usually depicted as a plot with timestep as the x-axis and

energy of the system or some other tractable metric (Dihedral angles usually)

on the y-axis.

VARIATIONAL AUTOENCODER: It is a type of deep learning model, an artificial

neural network, that attempts to estimate a parametric distribution that the

input data comes from to sample a new data point that is convincingly from the

actual distribution of training data. It is called an autoencoder because it can

automatically encode massive amounts of detailed data in a few parameters.

WAVEFUNCTION: A wave function is a way to describe a particle’s quantum state

mathematically. It is a complex-valued probability wave, which upon multipli-

cation with its complex conjugate, results in the actual spatial probability of

the property being measured, usually the location of a particle.

WIGNER’S SURMISE: Eugene Wigner postulated that the probability that the eigen-

values of a Hermitian random matrix (mean field, i.e., no element is zero) will

overlap goes to zero, i.e., no eigenvalues are redundant, or degenerate. That

postulate was proven accurate and became known as Wigner’s surmise.
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WISHART DISTRIBUTION: It is a generalization of the Gamma-Distribution to

multiple dimensions defined over symmetric, non-negative definite random ma-

trices.

X-RAY CRYSTALLOGRAPHY: In protein science, quickly cooling the crystallized

proteins and then bombarding the crystals with X-rays, results in diffraction

patterns that are studied to estimate electron densities in the crystal, mean nu-

clear positions, and types of bonds present within the crystals. It is the primary

experimental technique used to determine protein structures and comprises the

majority of structural data in the PDB.
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Chapter 1

INTRODUCTION

Multitudinous and varied interactions between proteins, Deoxyribo Nucleic Acid

(DNA), Ribo Nucleic Acid, and their conjugates with lipids, carbohydrates and

other small molecules, mediates all functions in biological systems, such as cellular

metabolism,1,2 cell-regulation,3 intracellular transport,4–7 DNA/RNA replication,8–12

cell-fate decision,13–15 immune response to antigens,16–19 and stimuli sensing and re-

sponse.20–23 The specific structures in 3-dimensional space attained by the biomolecules

influences and regulates molecular recognition and binding of two or molecules, espe-

cially in the case of proteins and their interactions.18,24 The ensuing protein complex

modifies the participating proteins’ geometric structures and initiates specific sig-

nal transduction cascades within the cells.25–27 In such a cell signaling pathway, a

biochemical signal hops across the biomolecular networks, resulting in a specific op-

eration or action carried out at the end of the pathway, usually by another set of

proteins.19,28–30 Researchers not only attempt to model such biological networks but

also endeavor to quantify the information that is carried around in a cell-signaling

pathway. Nevertheless, despite an enriched understanding of the underlying physical

mechanisms of how protein structural modifications result in a cascade of biochem-

ical changes within a cell, the physical nature of the information passed along in a

signaling pathway is still relatively mysterious.26,27,31–37

Moreover, attempts at ab-initio modeling of how protein sequences give rise to specific

hierarchical structures cannot fully describe the causal relationship between the struc-

ture and the next step in the signal transduction cascade.38–42 While misfolding of
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proteins is a fairly commonly observed phenomenon, it’s nonetheless a fact that most

proteins fold correctly, most of the time in most of the cells. But, under conditions of

undue stress, they can unfold or misfold, contributing to diseases such as Alzheimer’s.

How, and indeed, why, do most protein sequences adopt specific structures in almost

all the cells in which they exist, and how and why might that effect precise execution

of the signal transduction cascade along the entire signaling pathway is still not en-

tirely answerable in a classical Brownian motion model.36–38,43.

Furthermore, attempts at using data-driven models to predict how specific sequences

might fold in 3-dimensional space and how such a folded structure might impact the

protein’s intended function are still limited by hitherto unexplored ab-initio physical

mechanisms.38,39,44,45 Understanding such mechanisms and mathematically describ-

ing the protein structures by incorporating the physical mechanisms of folding in

a data-driven scenario is essential to designing end-to-end machine learning models,

from sequence to function, without using conventional molecular modeling techniques.

Such models hold the promise to not only predict how might a given protein sequence

fold but also might shed light on the mechanisms that mediate the causal relationship

between the protein-structures and the resulting signal-transduction cascade, as well

as the nature of the information carried across the signaling pathways.

The current body of work body of work validates a mathematical descrip-

tion of protein structures based on Random Matrix Theory and establishes

several metrics to investigate the underlying ab-initio physical mechanisms

of protein folding, dynamic molecular recognition, and subsequent signal

transduction (see fig 1.1). The resultant mathematical representation and metrics

can be used in various data-driven protein structure prediction models. They can also

be used to understand the fundamental physical mechanisms underlying many protein

functions in living systems. Other sections in the present body of work describe the

background, assumptions, and motivations behind the work undertaken and attempt

to phrase the problem statement that the current body of work endeavors to tackle
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succinctly.

Figure 1.1: Overall schematic of the project: The figure shows the overarch-
ing summary of the current study. Random Graph Matrices (RGM) are used to
infer physical explanations regarding the entropic compensation term during protein
folding, specificity of binding during molecular recognition, and direction of informa-
tion flow in an error-free execution of the signal transduction process. Establishing
metrics, optimization of which in a data-driven model would dynamically evolve the
connectivity of the molecular graphs towards physically real structures in 3D space.

1.1 Background

Proteins are large and flexible organic molecules comprised of several amino acids

strung together in a particular sequence via a covalent ’peptide bond’. A peptide

bond occurs when the –C(=O)–OH terminal of one amino acid and the NH2–terminal

of the next amino acid in the sequence react to create a –C(=O)-NH– bond while a

water molecule is released as a byproduct. Such a reaction is catalyzed by RNA and
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enzymes (which are themselves usually other proteins) within a cell’s ribosome where

previously transcribed messenger-RNA (they carry the RNA nucleotide counterparts

of the DNA sequences that are exposed to transcriptase enzymes) are translated into

proteins, as one of the last stages in gene expression, ubiquitously known as the

central dogma of biology. As the chain of amino acids grows, it starts to fold and

assume its secondary structure almost immediately depending on its sequence.46–49

All naturally occurring proteins are composed of various sequences of amino acids,

chosen from among the 20 natural amino acids. From a mathematical standpoint,

therefore, there could exist 20n unique protein sequences, where n is the length of

a sequence in terms of the number of amino acids. Proteins perform almost all sig-

nificant functions within and outside a cell, including mechanical support, transport,

cellular metabolism, DNA/RNA replication, regulation of cellular processes and en-

zymatic catalysis, cellular reproduction, and signaling that effects in translating stim-

uli into cellular responses.1–23. proteins are also involved in error correction during

DNA/RNA replication, thereby playing a role in mutations and subsequent evolution

of species.

Peptides are much shorter parts of the protein sequences, usually within 2 − 50

amino acids long, but are more directly involved in specific functions carried out

by the proteins and their conjugates such as peptidolipids, peptidoglycans, neuro-

transmitters, etc.38,50,51 Peptides may be a part of a larger protein or may occur

separately. Researchers mainly observe that short functional peptides occur around

the active sites of the proteins, and they are typically intrinsically disordered (i.e.,

without a fixed, extremely likely, and well-defined secondary structure) due to their

shorter lengths.44,45,52,53 Literature labels amino acid chains of less than 15 amino

acids as oligopeptides, while polypeptides contain up to 50 amino acids continuously

strung in a particular sequence into an unbranched chain. In addition, some peptides,

especially non-ribosomal ones, can be cyclic when the N- or C-termini join together
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or to a residue or sidechain.47,53,54

Peptides play many biologically essential, indeed monumental, roles such as antimi-

crobials and antibiotics,55,56 neuropeptides and neurotransmitters,57–60 lipo-peptides

and peptidolipids,61 signaling peptides,62 behavior and phenotype determining hor-

mones,63 compounds in venom,64 immuno-peptides helping prevent diseases,65 gas-

trointestinal peptides helping with digestion and nutrient absorption,66,67 respira-

tory peptides helping with oxygen diffusion,67 renal peptides helping filter blood,68,69

cardiovascular peptides controlling optimum blood circulation,70 and neurotrophic

peptides,71 vaccines, therapeutics, and antibiotic peptides to combat diseases.71,72

Recently, a large class of small but functional proteins, termed miniproteins, micro-

proteins, or micropeptides, have come to light.43,73–77 Such terminology is necessary

for literature to distinguish between traditional peptides–pared down remnants of

longer proteins through proteolysis, and miniproteins born small in the Ribosome.

However, for clarity and cohesion purposes, we use peptide as an umbrella term for

any short chain of amino acids, regardless of its origins.

Levorotatory (left-handed) chirality is present in all naturally occurring amino acids

except Glycine, which is not chiral as it does not have a side chain.78–81 The sequence

of amino acids (that comprise a protein or peptide) confers overall chirality on the

bigger polypeptide chain itself. Proteins and peptides assume various secondary struc-

tures and longer proteins hierarchically fold into stable tertiary, quaternary, and even

higher order structures in 3-Dimensional space, usually in aqueous media. Surround-

ing water molecules and hydrogen bonds within the protein or peptide, as well as

with the solvent, significantly impact the secondary and hierarchical structures.82–84

1.1.1 Secondary Structures

While the primary structure of a protein is its network of covalent bonds along the

backbone (that consists of the peptide bonds stringing the amino acids together)

and within the sidechains, the secondary structure of the proteins denotes the 3-
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dimensional conformation of segments of the protein which come about due to hy-

drogen bonds and other inter and intramolecular weak interactions among the side

chains and the backbone, as well as with the surrounding water molecules. There are

several well-defined types of secondary structures of proteins, α-helices and β-sheets

being the most commonly described ones. Typically, secondary structure components

spontaneously form as the protein folds into a hierarchical structure, immediately as

the proteins get manufactured in the ribosome, leading eventually to a tertiary struc-

ture. Several proteins then fold together to form quaternary structures comprising

a protein complex, with variously accessible active sites, modular sub-units with in-

dividual functions and trapped water molecules. Scientists empirically investigate

the secondary and higher-order structures by spectroscopy methods such as Circular

Dichroism,85–87 X-Ray Crystallography,88–91 cryogenic electron microscopy and Nu-

clear Magnetic Resonance (NMR),92–95 the latter three methods forming the majority

of data source in the Protein Data Bank (PDB).96

In X-Ray Crystallography,97 lyophilizing the proteins (fast cooling leading to crystal-

lization) and then bombarding the resulting protein crystals with high energy X-rays,

results in diffraction patterns that are studied to estimate electron densities in the

crystal, mean nuclear positions, and types of bonds present within the crystals. In

NMR, a weak oscillating magnetic field randomly perturbs the atomic nuclei that are

suspended in a constant strong magnetic field, producing detectable electromagnetic

waves with a characteristic frequency (depending on the size of the atomic nuclei)

of the magnetic field at the site of the atomic nuclei. This method is helpful in the

experimental observation of atomic resolution protein 3D structures by locating nu-

clei of the atoms in a folded protein by identifying the characteristic peaks in the

electromagnetic spectrum. Such experimental methods are slow and cumbersome but

critical to the effort of studying protein secondary structures.

Formally defined as the pattern of hydrogen bonds, an algorithm called DSSP (Dictio-

nary of Protein Secondary Structure)48,49,98 that treats hydrogen bonds from a purely
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classical electrostatic point of view usually assigns secondary structure labels to pro-

tein segments with prior empirical investigation. Accordingly, there are α-helices, 310-

helices, π-helices, parallel or antiparallel β-sheets, hydrogen-bonded turns, β-bridges,

and bends (see fig 1.2). In addition, protein segments or peptides with a higher degree

of intrinsic disorder (more number of unstabke hydrigen bonds with water than the

number of stable ones with itself) usually appear as random coils, an umbrella term

for nonassignable structures. Fig 1.3 shows the differences between the major classes

of protein secondary structures

α-helices are the most common type of secondary structure motifs found in pro-

teins ubiquitously in all organisms. It is a right-handed conformation wherein every–N-

H group on the backbone is in a hydrogen bond with the backbone –C=O group of

the amino-acid four residues earlier in the sequence. Each amino acid corresponds to

100◦ in the helix, and there are 3.6 residues per turn, with a helical pitch of about

5.4Å.48,49,104 Left-handed helices are usually not possible in any naturally occurring

protein on earth except proteins where there are abundant achiral Glycine residues.105

There are other helical structures, such as the 310 and π-helices, which possess a sim-

ilar pattern of hydrogen bonding, but the hydrogen bonds exist between –N–H and

–C=O groups on the backbone, three (310) and five (π) amino acids over along the

sequence respectively.104

The α-helix, the most common protein secondary structure, is also the most stable

conformation under ambient biological conditions.106,107 It is a very tightly packed

structure with all the side-chains pointing outward, utterly accessible to the solvent,

and roughly pointing towards the protein’s N–terminus. Due to their primary cova-

lent and secondary hydrogen bonding patterns, α-helices have a macro dipole moment

from the N– to the C–terminus, resulting in relatively high conductivity.69,108–114 Al-

though lengths of α-helices can range from four to forty residues at a time, literature

presumes that short peptides cannot undergo enough stabilizing phenomena to com-
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Figure 1.2: Types of protein secondary structures: Schematic showing the differ-
ent types of secondary structure in proteins and their location in the coordinate space
defined by the dihedral torsion angles subtended at the backbone (the Ramachandran
plot99–101), ϕ and ψ, each of which takes values in the range (−180◦,+180◦). Based
on whether an amino acid in the structure determined through the X-Ray Crystal-
lography, NMR or CryoEM88 experiments possesses (ϕ, ψ)dihedral angle pairs that
fall in the close vicinity of the ideal (ϕ, ψ) values of α, β, 310, π or other structures,
are annotated as such, and visualized by several open source or commercial software
such as PyMol102 and Chimera.103

pensate for the entropy loss to sustain an α-helix.115 α-helices predominantly occur in

structural proteins such as keratins, muscle fibers, and membrane proteins inside the

hydrophobic lipid bilayer surrounding the cells.76,116,117 Their primary functions are

helping enzymes bind to the DNA or RNA, helping membrane-proteins embed in the

plasma membrane, and providing mechanical and structural support.117 Since they

ubiquitously exist in the integrin and actin protein complexes118,119 and focal adhe-

sion kinases,120 they also participate in a big way in the cell’s response to mechanical

stimuli, which is a significant driver of cell migration along the tissues.121,122 Despite
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being the most stable and abundant secondary structure motif, α-helices only provide

primarily mechanical and structural support to the proteins, a critical function that

enables active sites to hide or become exposed to the solvent as necessary strategi-

cally.123–127

310 and π-helices, on the other hand, are not as abundant; indeed, π-helices occur

in less than 1% of all proteins,124,126,128–132 while 96% of 310-helices have up to four

residues in them.129,130,133 Longer 310-helices are present only in specific transmem-

brane proteins of neurons that sense voltages and operate a voltage-gated potassium

channel to control the firing of neurons.134 π-helices also seem to transition easily into

α-helices and vice versa by a single residue insertion or deletion in the sequence.132

There is also evidence that π-helices, although rare, occur notably around active sites

of specific proteins. The observation establishes their role as evolutionarily conserved

motifs to effect phenotype changes due to point mutations in the genome.135

β-sheets are common secondary structure motifs, although not as common or stable

as alpha helices in living systems.106,107 It consists of beta strands connected hori-

zontally by hydrogen bonds, resulting in a slightly twisted and pleated sheet. An

individual beta-strand is about 3 to 10 amino acids long extended conformation.

The sideways distance between the hydrogen-bonded partners in the beta-sheet is

roughly 5Å.48,49,104 β-sheets also have small dipole moments along the horizontal hy-

drogen bonds and are transversely conductive, although not as much as α-helices.136

Sometimes found in supra-molecular assemblies of proteins leading to fibrillation and

diseases such as Alzheimer’s,137–143 β-sheets also have a predominantly structural

function.46,144–148 Along with α-helices, they participate in a regular low-frequency

oscillatory motion like an accordion,149–151 whose purpose remains unknown.

Random coils, meanwhile, are not as ubiquitously found in proteins as α-helices and

β-structures. They are usually in some conformation that is not stable and does not

fall under the purview of any well-defined structure. The peptides and proteins that

are intrinsically disordered133,152,153 exist as random coils. They form up to 30% of
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all protein structures and predominantly occur at active sites of the proteins.44,45,52,53

They are primarily involved in molecular recognition and signal transduction, which

proteins employ to render their functions, upending the notion that stable structures

at active sites and their binding counterparts work as locks and keys.

Figure 1.3: Comparison between α-helices, β-structures, and random coils:
The figure shows the major differences between the three main classes protein sec-
ondary structures in living organisms.

1.1.2 Molecular Recognition

Molecular recognition refers to the specific static or dynamic interaction between

two or more molecules, usually one of them being a protein, through interactions

that are neither covalent nor ionic.154–156 Such interactions involve Van der Waals

(VdW) interactions, hydrophobic/hydrophilic interactions or hydrogen bonds, and

similarly weak interactions. Additionally, there is a growing repertoire of mounting

incontrovertible evidence that water (the solvent) is, directly and indirectly, involved

in molecular recognition.157 It invariably mediates all biomolecules’ biological and

physicochemical functions, predominantly proteins.158,159 Several biological molecular

recognition events include ligand-receptor,160 antigen-antibody,161 protein-DNA,162

RNA-Ribosome,163,164 and sugar-lectin interactions.165,166

Molecular recognition has two types: (a) Static molecular recognition156 involving
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molecules with fixed geometries that fit together precisely, and (b) Dynamic molecular

recognition167,168 that involves shape-changing molecules that can filter out molecules

that do not satisfy some condition for binding. Static molecular recognition is analo-

gous to the fit between a key and a keyhole; it is a one-to-one complexation reaction

between two molecules to form a supramolecular complex.168 In dynamic molecular

recognition, sometimes the binding of the first molecule to the first binding site of

another molecule affects the interaction probability and strength of the third molecule

with a second binding site of the second molecule, leading to cooperativity in binding

between the molecules. In other types of dynamic molecular recognition in proteins,

which usually occur at intrinsically disordered regions, the binding sites are not of

fixed shape. They instead exist in multiple conformations that keep switching to

filter out molecules that do not satisfy some specific condition for binding as a con-

formational proofreading mechanism.169–171 The dynamic nature of molecular recog-

nition is vitally significant since it provides a mechanism to regulate specific binding

in biological systems. Such types of molecular recognition enhance the ability to

distinguish between several competing target molecules via the conformational proof-

reading mechanism.172 Dynamic molecular recognition is an active research area for

application in highly functional chemical sensors and molecular devices.133,173 How-

ever, Molecular recognition always triggers very specific signal transduction cascade

within the cells.

1.1.3 Signal Transduction

Signal transduction pertains to transducing a signal from one type to another. In

biology, it refers explicitly to the processes by which a stimulus changes into a physic-

ochemical signal which moves within a cell as a series of biochemical cascades,174,175

most commonly a reversible post-translational modification of the proteins (phospho-

rylation) catalyzed by other enzymes such as kinases.176 Such a cascade ultimately

results in a cellular response. The cellular response involves alteration of the expres-
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sion of effector genes or activation/inhibition of targeted proteins.177 At the molecular

scale, cellular responses include changes in the transcription or translation of genes,

post-translational modifications and conformational changes in proteins, and changes

in their spatial location.174,175,178 These molecular events control cell growth,179 prolif-

eration,180 metabolism,181–184 mechanotransduction,185–190 and many other processes.

In multicellular organisms, signal transduction pathways regulate cell communication

in various ways.190–193 Some common signal transduction pathways include the im-

munological complement system194 and the insulin signaling pathway that controls

blood sugar levels.195–197

With the advent of computational biology, analyzing signaling pathways and net-

works has become an essential tool for understanding cellular functions and disease,

including signaling rewiring mechanisms underlying responses to acquired drug re-

sistance.198 However, so far, a complete understanding of the reasons behind the

genesis of such precise execution of molecular changes at every step in every such bio-

chemical signal transduction cascade, eludes scientists.199–201 Although successful

in binding to counterparts, synthetically designed molecules that undergo

molecular recognition events do not necessarily trigger any functionally

important signal transduction cascades.202Furthermore, they are not nec-

essarily specific to the binding site because there is a knowledge gap in

the fundamental principles that lay beneath such superior specificity of

molecular recognition and what is the nature of the stimulus that trig-

gers precise signal transduction cascades.203 A statistical mechanical approach

for molecular recognition that assumes conformational state changes of the random

coil structures between the allowed states as the proof reading mechanism and the

probability of each such state as the origins of an entropy driven recognition event

therefore falls short when linking the recognition event with the signal transduction

cascade. Simply getting a ligand to bind to the receptor of interest isn’t enough to

effect the proper signaling cascade in cells, and therefore there is a need to under-
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stand the physical nature of the information that is passed along the cascade when

the recognition event happens.

1.1.4 Computational Methods for Protein Structure Prediction & de-novo Protein

Design

Understanding how protein structures come about is the first step to comprehending

the principles governing specificity in molecular recognition and signal transduction

precision. Various theories of protein folding exist, mainly from a classical mechan-

ical and thermodynamical point of view, and several explicit computational models

exist that fit the theories with varying degrees of agreement (fig 1.4). On the other

hand, experimental methods of circular dichroism,85–87 X-ray Crystallography,88–91

and Nuclear Magnetic Resonance92–95 can only tell us what the structures are but

not how and why they formed nor how they guarantee the specificity and precision in

the molecular recognition and signal transduction phenomena. Moreover, empirical

methods of structure determination are cumbersome and painstakingly slow. They

also cannot keep up with the pace at which modern sequencing technologies are dis-

covering, identifying, and storing unmanageable amounts of the genome and proteome

of multitudinous species.

Molecular Dynamics

One of the ubiquitous methods for secondary and tertiary protein structure predic-

tion is Molecular Dynamics.204,205 It is a simulation method for analyzing the motion

of atoms and molecules by treating them as classical hard-spheres.205 The algorithm

numerically solves Newton’s equations of motion for the system of interacting parti-

cles under investigation. It calculates the forces and potential energy gradients using

inter-atomic and intermolecular potentials and force fields whose parameters come

from either quantum mechanical calculations or empirical measurements.206,207 MD is
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Figure 1.4: Multiscale computational modeling of proteins: The figure shows
several computational models and the length and time scales they model at compa-
rable computational costs.

often used to refine 3-dimensional structures of proteins and other biomolecules based

on empirical conditions from X-ray crystallography88–91 or NMR spectroscopy92–95.

In addition, the method frequently analyzes the motions of macromolecules such as

proteins and nucleic acids, which help interpret the results of biophysical experiments

and model the interactions with other molecules, as in ligand docking.205

One chooses between explicit and implicit solvents for simulating molecules in a

solvent.208–210 The force field must calculate explicit solvent particles (such as the

TIP3P,208,211 SPC/E,212,213 and SPC-f214 water models) expensively, while implicit

solvents215–217 use a mean-field approach. Employing an explicit solvent is computa-

tionally expensive, requiring the inclusion of roughly ten times more particles in the

simulation. However, the granularity and viscosity of explicit solvent are essential to

reproduce many properties of the solute biomolecules.208 In all molecular dynamics

simulations, the simulation box size must be large enough to avoid boundary condi-

tion artifacts. One often treats boundary conditions by choosing fixed values at the

edges (which may cause artifacts) or by employing periodic boundary conditions in

which one side of the simulation loops back to the opposite side, mimicking a bulk
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phase (which may also cause artifacts of a different type).218

The design of a molecular dynamics simulation considers the available computational

power. One selects simulation size (n = number of particles), timestep, and total

time duration so the calculation can finish within a reasonable period. However, the

simulations must be long enough to be relevant to the time scales of the natural pro-

cesses under study. The simulated time should match the natural process’s kinetics to

make statistically valid conclusions from the simulations. Most literature about the

dynamics of proteins and DNA/RNA use data from simulations spanning nanosec-

onds (10−9s) to microseconds (10−6s). Several CPU days to CPU years are needed to

obtain such simulation data. Parallel algorithms distribute the computational load

among CPUs. With the advent of powerful parallel computing technologies like the

Graphical Processing Units (GPUs), several organizations that maintain Molecular

Dynamics codebases released several newer versions219–222 that are GPU compatible.

Although GPUs massively accelerate MD simulations, they still take several days to

produce microseconds of data. Such time constraints created a need for enhanced

sampling methods such as Replica-Exchange methods223 and Metadynamics.224,225

Other limitations of MD are related to the parameters used in the underlying molecular-

mechanics-based force fields.206,207 For example, many MD simulation optimizes the

protein’s potential energy rather than the free energy, indicating that they may neglect

all the entropic contributions to the thermodynamic stability of proteins’ structures,

including the conformational entropy of the polypeptide chains and hydrophobic ef-

fects.226–229 Another critical factor is intramolecular hydrogen bonds, which are not

explicit in modern force fields.204,230–235 They exist as Coulomb interactions of atomic

point charges, which is a crude approximation. Hydrogen bonds have a strong quan-

tum mechanical nature.236–238

Further, MD algorithms calculate electrostatic interactions using the permittivity of

free space,239 although the surrounding aqueous solution has a much higher permit-

tivity. Moreover, using the macroscopic permittivity (as empirically measured) at
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short interatomic distances is dubious.240,241 Finally, MD algorithms describe Van-

der-Waals (VdW) interactions by Lennard-Jones potentials242 based on a model only

applicable in a vacuum. However, from a classical point of view, all types of VdW

forces are of electrostatic origin and therefore depend on the dielectric properties

of the solvent environment.243 Standard MD simulations neglect the environment-

dependence of VdW forces, leading to the development of several novel polarizable

force fields, such as the interfacial force field.244–249

Computational Quantum Mechanical Models

Classical molecular dynamics usually only represents the ground state of the potential

energy surface in the force field. First principles can provide electronic behavior for ex-

cited states and chemical reactions involving the making and breaking of bonds using

a quantum mechanical method, such as density functional theory,250–252 when a more

accurate representation is needed. Density-functional theory (DFT)251 is a quantum

mechanical computational method that investigates the electronic or nucleonic struc-

ture (primarily the ground state) of many-body systems in specific systems. In DFT,

functionals (functions of mathematical functions) of the spatially dependent electron

density determine the properties of a many-electron system. DFT is the most popu-

lar method in condensed-matter physics, computational physics, and computational

chemistry. Despite new improvements, there are still several difficulties252,253 plagu-

ing the use of DFT to describe adequately, (a) Intermolecular interactions, especially

Van-der-Waals forces; (b) Excitations during charge transfer; (c) Strongly correlated

systems, transition states, global potential energy surfaces, and point-defect inter-

actions; (d) Calculations of the band gap; and (e) Calculation of ferromagnetism in

semiconductors. The poor treatment of Van-der-Waals forces adversely impacts the

precision of DFT in studying systems dominated by weak interactions or where weak

interactions compete significantly with other effects, e.g., in biomolecules.253 There-
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fore, developing new DFT techniques designed to overcome the problem by alterations

to the functional or by including additive terms is an active research area.254

However, despite the current popularity of new DFT techniques, they start straying

away from the search for the exact functional. DFT potentials obtained with mod-

ifiable parameters are no longer ’true’ DFT potentials since they are not functional

derivatives of the exchange-correlation energy.255 Moreover, even though quantum me-

chanical methods are incredibly accurate and robust, they are extremely computation-

ally expensive. A method developed to use DFT with MD to reduce computational

cost, is named Ab Initio Molecular Dynamics (AIMD).232 Due to the computational

cost of studying the electronic degrees of freedom, the computational load of such

simulations is far loftier than classical molecular dynamics. For this reason, AIMD is

typically restricted to much smaller systems and much shorter times, limiting their

applicability for protein folding problems in the ergodic timescale.230,256,257 However,

AIMD methods can calculate the potential energy of a system on the go, as needed for

conformations in an MD trajectory. This calculation is limited to the close neighbor-

hood of the reaction coordinate. Although various approximations exist, these derive

from theoretical concerns, not empirical fitting. AIMD calculations produce massive

information not available from empirical methods, such as the density of electronic

states. A significant benefit of using AIMD methods is the capacity to study reactions

involving breaking or forming covalent bonds, which correspond to multiple electronic

states.258

Moreover, AIMD methods also allow recovering effects beyond the Born–Oppenheimer

approximation259 using strategies like mixed quantum-classical dynamics.260–262 Such

methods are called mixed or hybrid quantum mechanical and molecular mechanics

(hybrid QM/MM).263–266 The most significant advantage of the hybrid QM/MM ap-

proach is the speed. The computational cost of performing classical MD in the most

straightforward case scales O(n2), where n is an integer denoting the number of atoms

in the system. The cost is mainly due to calculating the numerous electrostatic in-
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teractions (every particle interacts with every other particle). Nevertheless, the use

of cutoff radius, periodic pair-list updates, and the variations of the particle-mesh

Ewald’s (PME)133,267 method have reduced the cost between O(n) to O(n2). On

the other hand, the most straightforward AIMD calculations typically scale O(n3)

or worse.268–270 Therefore, only a tiny fraction of the system (typically the active

site of an enzyme) uses quantum-mechanical calculations, and the remaining system

undergoes classical MD treatments. More sophisticated implementations of hybrid

QM/MM methods exist that treat light nuclei susceptible to quantum effects (such as

hydrogen nuclei) and electronic states quantum mechanically.271–273 Such methods al-

low generating hydrogen (proton) wavefunctions (similar to electronic wavefunctions).

Proton wavefunctions help investigate phenomena such as hydrogen tunneling.272 One

such example is the calculation of hydride transfer in the enzyme liver alcohol dehy-

drogenase. In this case, quantum tunneling is essential for the proton, as it determines

the reaction rate of alcohol metabolism.274

1.1.5 Data-driven Methods for Protein Structure Prediction & de-novo Protein De-

sign

Other than explicit ab-initio methods, there are several other extant models of deter-

mining a protein’s secondary and tertiary structures from its sequence. Most of such

methods use some sort of homology modeling,275–279 bioinformatics approaches,280,281

and stochastic methods such as Monte-Carlo Sampling282–284 and machine learning.285

Making use of such methods has also led to advances in the field of de-novo protein de-

sign286–289 where given a required structure, the algorithm generates best fit sequences,

optimized according to the least free energy rule of equilibrium and stability.

One such method is the Rosetta algorithm,290 which uses protein structures from

the Protein Data Bank96,291 repository to generate a fragment library with different

probabilities assigned to each fragment and structure. The algorithm then randomly

samples different fragments and applies the structure to the protein sequence of in-
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terest at different positions along the backbone. After that, Rosetta minimizes the

energy at each location and retains the lowest energy pairing of location and fragment

for further statistical analysis. Protein design286,288,289,292 is the opposite of such a

method, where the algorithm randomly samples protein sequences for which a given

structure exists in the lowest energy well in the energy landscape. The experimental

data stored in the PDB, drives both Rosetta and the protein design algorithms. Such

data-driven models (fig 1.5) constitute one type of bioinformatics analysis called ho-

mology modeling.275–279

Figure 1.5: A typical data-driven structure prediction pipeline: The figure
shows a typical bioinformatics procedure used extensively to study protein structures.
Figure Source: https://www.profacgen.com/homology-modeling.htm

Bioinformatics

Bioinformatics is a multidisciplinary field that invents techniques and software to un-

derstand biological data, mainly when the data sets are massive and complex.280,281

Bioinformatics performs in silico studies of biological questions using computational

and statistical approaches.278–281 Typical bioinformatics use-cases include identifying

candidate genes and single nucleotide polymorphisms (SNPs). Often, such identifica-

tion enables understanding the genetic cause of diseases, desirable properties, unique
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adaptations, or disparities between different demography groups. In genetics, it assists

in the sequencing and annotating of genomes and their observed mutations. It plays

a role in developing biological and gene ontologies to manage and query biological

data. It also helps study gene expression, regulation, and protein translation. Bioin-

formatics techniques also aid in comparing, analyzing, and interpreting genomic and

proteomic data.293–295 More generally, they aid in the understanding of evolutionary

aspects of molecular biology. At a more molecular level, it enables us to analyze and

catalog the signaling pathways and networks that are essential to systems biology.

In structural biology, bioinformatics aids in the simulation and modeling of DNA,

RNA, proteins, and biomolecular interactions in the proteome.295 The proteome is

the full and complete set of proteins produced or altered by an organism or sys-

tem. Proteomics facilitates the identification of ever-increasing numbers of proteins

due to improvements in sequencing technologies enabling deeper exploration of the

sequence space.296,297 Deep mutational scanning298–300 is one such empirical method

taking advantage of newer sequencing technology such as Next Generation Sequencing

(NGS)301–303 combined with huge libraries of protein mutations and biological vari-

ants to explore the phenotypical effects of genome level mutations in a multiplexed

manner in the laboratory.

In molecular biology, Combinatorial mutagenesis304 is a vital laboratory procedure

where the researcher deliberately mutates the DNA of a model organism such as Enter-

obacteria Phage M13,305–307 Escherichia Coli,308 or Saccharomyces Cerevisiae 309–311

to produce libraries of mutant genes, proteins, strains, or other genetically modified

organisms. The researchers mutate numerous components of a gene, its regulatory

elements, and its gene products to examine the functioning of a genetic locus, process,

or product in detail. The mutation produces mutant proteins with exciting proper-

ties or improved or unexplored functions that have the potential to be commercially

useful. Mutant strains may also show up that have a practical applications or allow

the investigation of the molecular mechanisms underlying a particular cell function.
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The ML/AI algorithms use massive amounts of sequence and functionality data to

predict new protein sequences, model evolutionary dynamics, and physics or predict

other related functions, a type of metric learning.312

Directed evolution (DE)313–315 is a technique used in protein engineering that mim-

ics the process of natural selection in a laboratory setting using gene libraries to

guide proteins or nucleic acids toward a user-defined purpose, as shown in fig 1.6. It

consists of subjecting a gene to iterations of mutagenesis, selection (expressing the

mutant variants and separating proteins with the desired function), and amplification

(breeding a template for the next round with a new generation of organisms). It is

performed in vivo (in living organisms) and in vitro (inside freely suspended cells

outside a living organism or in solution).316,317 Directed evolution is used in protein

engineering as a recourse to rationally concocting altered proteins and for experimen-

tal studies of fundamental evolutionary tenets in a controlled, laboratory setting.313

Protein structure prediction is an important application of bioinformatics. The

protein’s amino acid sequence, the primary structure, can be easily translated from

the gene sequence that codes for it. In most cases, this primary structure uniquely

defines a 3D structure in the protein’s native environment. Structural bioinformat-

ics318 is the branch of bioinformatics associated with analyzing and predicting the

three-dimensional structure of biomacromolecules such as proteins, RNA, and DNA.

It deals with abstractions and inferences about macromolecular 3D structures, such

as comparisons of prevalent folds and local motifs, tenets of molecular folding, evo-

lution, binding affinities, and structure/function relationships, operating from exper-

imentally obtained structures and computational calculations. The primary purpose

of structural bioinformatics is the design of new methods of analyzing and exploit-

ing biological macromolecular data to solve problems in biology and generate new

knowledge-base. Comparative modeling, a type of structural bioinformatics known

as homology modeling,275–279 corresponds to constructing 3-dimensional structures
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Figure 1.6: A typical Directed Evolution through Combinatorial Mutagensis
approach: The figure shows a typical high throughput empirical procedure used
extensively to study protein sequences and the effects of mutations on their functions.
Deep Mutational Scanning offers a hitherto unseen glimpse into the phenotypical
effects of point mutations by mutating the the genomes of model organisms such
as Enterobacteria Phage M13.In many experiments, the model organisms have been
modified to express human proteins. Such transgenic microorganisms enable deep
scanning of phenotypical effects of mutations in human essential proteins such as those
involved in the coagulation of blood, Alzheimer’s disease, Anemia, and Diabetes.

from the sequence of a target protein and a template protein with a previously known

structure. The literature agrees that evolutionarily related proteins present a con-

served 3-dimensional structure.319 In addition, sequences of distantly related proteins

with sequence matching/alignment agreement of lower than 20% can present different

folds. Phylogenetically and cladistically related proteins have similar sequences, and

naturally occurring homologous proteins have similar 3D protein structures.320,321

3-dimensional protein structure is evolutionarily more consistently conserved than

is theoretically expected based on sequence conservation alone.321 The structural-

homology model’s quality is conditional on the sequence alignment322–324 and quality

of the template structure. The alignment gaps (commonly called insertion-deletions

or indels)325,326 that indicate a structural region in the target but not in the template
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complicate the homology modeling process.327 Structure gaps in the template arising

from poor resolution in the experimental procedure (usually X-ray crystallography)

make homology modeling suboptimal.328

Model quality diminishes with declining sequence identity from sequence align-

ment algorithms; a typical model has ∼ 1–2 Å root mean square deviation (RMSD)

between the matched Cα atoms at 70% sequence identity but only ∼ 2–4 Å agreement

at 25% sequence identity.322,323 However, the errors are significantly more prominent

in the random coil regions, where the target and template proteins’ amino acid se-

quences may be completely different. In addition, parts of the model created without

a template, usually by loop modeling, are typically much less accurate than the rest

of the model.323 Errors in the sidechain packing and position also grow with reduc-

ing sequence identity, and deviations in these packing configurations constitute a

significant reason for poor model quality at low levels of sequence identity.322 Such

atomic-position errors are considerable and inhibit the application of homology models

for research objectives that mandate atomic-resolution data, such as drug discovery

and design and protein-protein interaction predictions; even the quaternary structure

of proteins may be difficult to predict from homology models of their constituent

subunits. The principal inaccuracies in homology modeling, which deteriorate even

further with lower sequence identity, emanate from errors in the initial sequence align-

ment and unsuitable template selection.

Nonetheless, homology models help reach qualitative inferences about the biochem-

istry of the sequence under study, especially in developing hypotheses about why

specific residues are conserved, which may, in turn, lead to empirical techniques to

study those hypotheses. For example, the spatial arrangement of conserved residues

may suggest whether a particular residue is conserved to stabilize the folding, to par-

ticipate in binding some small molecule, or to foster association with another protein

or nucleic acid.329,330
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Informatics techniques used in structural bioinformatics are (a) Selection of Potential

targets by comparing them with repositories of known structures and sequences. Tar-

gets are also selected based on their protein domain. Protein domains are building

blocks that can rearrange to form new proteins; (b) Tracking X-ray crystallography

trials- X-ray crystallography is used to probe the 3-dimensional structure of proteins.

However, pure protein crystals must form to use X-ray to study those protein crystals,

which can take many trials. Too many trials lead to a need for tracking the circum-

stances, processing conditions, and results of the trials. Similarly, supervised machine

learning algorithms used on the stored data can identify conditions that might increase

the yield of pure crystals; (c) Study of X-Ray crystallographic data- The diffraction

patterns acquired from shooting X-rays onto electrons is the Fourier transform of the

electron density distribution. Bioinformatics-based extrapolation methods can gener-

ate an electron density map, which uses the location of selenium atoms as a reference

to determine the rest of the structure; (d) Study of NMR spectroscopy331,332 data -

Nuclear magnetic resonance spectroscopy experiments yield high dimensional data,

with each peak in the spectrum corresponding to a chemical group within the sam-

ple. Optimization methods convert the spectra into 3-dimensional structures; and (e)

Correlating Structural data with functional details- Structural studies can be used as

a probe for structure-function relationship prediction.

Machine Learning

Besides bioinformatics, several recently developed Machine Learning (ML)333,334 and

Artificial Intelligence (AI)335,336 techniques exist to predict the secondary and ter-

tiary protein structures. Artificial Intelligence methods also exist that use bioin-

formatics principles such as sequence alignment and homology modeling to predict

structure-function relationships and proteins that interact with each other. Several

supervised and unsupervised ML and AI algorithms make use of massive datasets
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of protein structure (PCDDB,337, PDB, UniProt338–340, EMBL-EBI341,342: European

Molecular Biology Laboratory’s European Bioinformatics Institute’s databases), se-

quences in the NCBI databases,343–346 interaction and protein expression data in the

literature,343 and other independent datasets such as the Immuno Epitope Database

(IEDB).347,348 The usual problems324,349 include (a) de-novo prediction of secondary or

tertiary structure in terms of coordinates in a pre-defined euclidean space that agrees

with experimentally observed X-Ray Crystallography or NMR data; (b) Predicting

sequences that bind to a particular target; (c) Prediction of binding affinities or some

other quantitative metric related to protein function; (d) understand the governing

physics of protein structure attainment and related biological function; and (e) quan-

tify and model the evolutionary dynamics to design proteins with desirable functions

for medical, pharmaceutical, and technological use cases. AI models for studying

such problems are an active area of research that includes many examples such as

DeepMHC,350 DeepSeqPan,351 AlphaFold,352 AlphaFold2,353–355 and NetMHC356–358.

One of the significant constraints of ML and AI models is their dependence on high-

quality and high-fidelity data with minimal noise. Experimentally obtained structures

in the PDB database must be parsed, cleaned, and reformatted to be usable by such

algorithms. Moreover, adopting new technologies such as combinatorial mutagenesis,

directed evolution, and deep mutational scans that leverage high throughput meth-

ods such as next-generation sequencing to deliver billions of sequence data within a

few days increased the available data to build better and more robust ML and AI

models. However, the protein sequence space is vast and virtually limitless, whereas

the structural experiments are cumbersome and cannot keep up with the sheer rate

of sequence discovery.

Several information-theoretic approaches help untangle the output sequence data

from such massively parallelized high throughput experimental setups and help clean,

label, and quantify the data correctly for use with ML/AI approaches.336,359–362 How-
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ever, despite massive data sources, robust data-driven models, and extensive ongoing

research in the field, there is still no widespread consensus on the best, most phys-

ically relevant representation of proteins and other molecules.363 AI models are still

primarily limited to treating sequences as binary matrices denoting the presence or

absence of an amino acid or nucleic acid at a particular location in the sequence364;

or letters, where each letter represents a type of nucleic acid or amino acid. AI mod-

els largely ignore several molecules such as peptidoglycans, peptidolipids, peptoids,

and many other physiologically relevant biomolecules because of the inconsistency of

representing such molecules as computer-readable inputs. Several attempts at finger-

printing363,365–369 exist in the literature, but such abstractions lead to erroneous or un-

interpretable correlations while trying to decipher the decisions made by the AI mod-

els. Such difficulties complicate the gleaning of any foundational physical principles

of biomolecular structure adoption and associated functions. Molecular recognition

and Signal Transduction are even more complicated problems than simply predicting

a reasonably acceptable primary or secondary structure and some high-level function.

The motivation to understand the fundamental basis of specificity during molecular

recognition and precision during the signal transduction cascade along the entire sig-

naling pathway necessitates using first principles in conjunction with ML/AI models

to design physically relevant statistical models, called Physics-Informed models78,370

that we describe in the following paragraphs.

Physics-Informed Data-driven Models

Physics-informed Models371,372 are universal mathematical function estimators that

can derive the information about all the dominant physical laws that govern a phe-

nomenon described by a given dataset during the statistical learning process. the algo-

rithms describe the phenomena in terms of partial differential equations (PDEs).373,374

They overcome the obstacles of low and noisy data availability for some engineering or

biological systems that make most advanced ML methods lack robustness, rendering
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them inadequate to model such systems. The preliminary knowledge of known phys-

ical laws is depicted as regularization terms in training ML models and constrains

the permissible solutions’ space.373,375 Such constraints increase the precision of the

function estimation. This way, including this preliminary information into the model,

improves the information content of the available data, enabling the algorithm to

apprehend the right solution and generalize well even with a few training examples.

Partial differential equations depict most physical laws that govern the dynamics of a

system.375 However, such equations cannot be solved precisely and analytically in > 1

dimension (which makes them an Ordinary Differential Equation), and consequently,

numerical strategies must be used (such as finite differences,376 finite elements,377–379

and finite volumes that discretize the space380). These governing PDEs must be

solved in such a setting while including prior assumptions (initial and boundary con-

ditions), linearization, and sufficient time and space discretization.379 Solving the

underlying PDEs of physical phenomena employing deep learning has lately arisen

as a new domain of scientific machine learning, taking advantage of the universal

feature approximation and heightened expressivity of neural networks.381,382 Deep

neural networks could potentially resemble any high-dimensional function, provided

that sufficient training data of good quality exists.383 However, such networks do not

necessarily consider the physical aspects underlying a real-world phenomenon, and

the level of estimation accuracy supplied by the networks is still extremely condi-

tional on careful specifications of the problem geometry and the initial and boundary

conditions. Without this preliminary knowledge, the solution is not unique and loses

physical interpretability384 or agreement. Conversely, physics-informed neural net-

works (PINNs) leverage underlying physical equations of the system to be modeled

in neural network training and hyperparameter tuning.385–390 The training procedure

design of PINNs aims to fit not only the provided training data but also the imposed

governing equations. In this fashion, physical knowledge guides a neural network to

model training data that do not necessarily need to be massive and complete. PINNs
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can potentially find an accurate solution to partial differential equations without

knowing the boundary conditions, purely from data.371 Therefore, with some under-

standing of the physical aspects of the situation and some form of training data (even

sparse and incomplete or noisy), PINNs can find an optimal resolution with high fi-

delity and robustness. PINNs enable addressing an expansive range of phenomena in

computational science and are a pioneering methodology for developing new classes of

autonomous numerical solvers for PDEs. Notably, the trained PINNs can predict the

values on simulation meshes (like that in Finite Element Methods) of different reso-

lutions without the need to be retrained, as interpolation is built-in.391 Additionally,

they allow for exploiting automatic differentiation (AD)392 to compute the required

gradients in the fields described by PDEs, a new category of differentiation methods

widely used to derive optimal connectivity and weight matrices in deep neural net-

works and assessed to be superior to numerical and symbolic derivatives.393–395

1.1.6 Random Matrix Theory

Considering that (a)Physics-informed neural networks (PINNs), as described above,

still use weight matrices with randomly populated weights and (b) Random Matrix

Theory (RMT)396,397 is a well-known branch of applied mathematics that models

nucleonic and fermionic energy states and quantum chaos398,399; it is an admissible

presumption that RMT has a hitherto unknown but critical role to play in the PINN

framework.400

A random matrix is a random variable that takes matrix values, i.e., a matrix in

which all elements are random variables. Several crucial physical phenomena are par-

tial differential equations construed as matrix and eigenvalue problems. For example,

Eugene Wigner introduced the field of random mean-field matrices to study nuclear

energy states and theoretically probe the nuclei of heavy atoms.401 Wigner posited

that the spacings between the energy spectra obtained from a heavy nu-
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cleus with many fermions resemble the trends in eigenvalue spacings of a

random matrix. Furthermore, Wigner claimed that the nuclear spectral

spacings are independent of the individual random variables but depend

only on the symmetry class of the underlying time evolution. Wigner also

postulated that the probability that eigenvalues of such a large random

matrix coincide is vanishingly small.402 This postulate came to be known as

Wigner’s surmise. Wigner’s postulates were since proven accurate, and mean-field

random matrices belonging to Gaussian ensemble classes (see fig 1.7), that follow

Wigner’s surmise now ubiquitously model the behavior of large and disordered Hamil-

tonians (Ĥ, The matrix valued energy operator in the time-dependent Schrödinger

equation, and the more general Dirac Equation formalism of Quantum Mechanics of

many body systems).

Similarly, in quantum chaos,399,403,404 where researchers attempt to model classi-

cal Brownian systems as emergent phenomena from first principles, the Bohigas-

Giannoni-Schmit (BGS) conjecture405 posits that RMT adequately models the be-

havior of the energy value spacings of quantum systems that show chaotic behavior

in the classical realm. RMT has applications to the chiral Dirac operator in QCD

(Quantum ChromoDynamics, a study of quarks),406,407 2-dimensional quantum grav-

ity hypotheses (an attempt to unify general and special relativity),408 physics in the

mesoscopic scale (a scale where biomolecules operate),409 torque during spin trans-

fer,410,411 the fractional quantum hall effect,412, high-temperature superconductors

(necessary for lossless energy transfer and circuitry)413 and quantum dots (necessary

in quantum computing)414,415. RMT has found fame in numerical analysis to de-

scribe errors in computation during matrix multiplication operations416,417 via logic

gates, multivariate statistics in estimating covariance matrices,418–421 optimal control

theory,246 and theoretical neuroscience422–424 where random matrices represent the

unknown synaptic weights in a connectome.
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Figure 1.7: Gaussian Ensemble symmetry classes for single point correla-
tion distribution of eigenvalues of random matrices: The figure shows the
three types of symmetry classes under the Gaussian Ensembles. The first, Gaussian
Orthogonal Ensemble (GOE) models Hamiltonians in the many-body Schrödinger
equation where the particles have both rotational and time reversal symmetry. The
entries of the matrix are real valued and the GOE works in Euclidean space; The Gaus-
sian Unitary Ensemble (GUE) models Hamiltonians in the many-body Schrödinger
equation where the particles do not have time reversal symmetry. The entries of the
matrix are complex values of the form a± ib and the GUE works in multidimensional
Riemann space; The Gaussian Symplectic Ensemble (GSE) models Hamiltonians in
the many-body Schrödinger equation where the particles have time reversal symmetry
but no rotational symmetry. The entries of the matrix are quaternions of the form
t+ x1î+ x2ĵ + x3k̂. The GSE works in Minkowski spacetime (one independent time
dimension and three spatial dimensions).

1.2 Assumptions and Motivation

The main interest in RMT for the current body of work is that RMT models the energy

Hamiltonians Ĥ in the time-dependent Schrödinger equation for many interacting

particles given in equation(8) as:

Ĥψ(r, t) = Eψ(r, t) (8)

Ĥ = − ℏ2

2m
∇2 + V (r, t) (1.1)

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
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where V (r, t) is the potential energy operator, and r is an arbitrary vector in space

with dimensionality ≤ 3. ∇2 changes its dimensions accordingly. Density Functional

Theory (DFT) attempts to precisely estimate the Hamiltonian Ĥ and its eigenvalues

(allowed single-particle energy levels) E and eigenvectors (wavefunctions) ψ(r, t) for

many body systems (it is only exactly solvable for the Hydrogen atom that consists

of just one electron around one proton) by rationally assuming a periodic poten-

tial functional V (r, t). The obtained single-particle energy states (Eigenvalues of the

Hamiltonian Ĥ) are then used in the Fermi-Dirac equation (4) to obtain the number

of particles in each single-particle energy state at the given temperature T.

RMT comes into play by overlooking the search for the true potential functional

V (r, t) and instead modeling the entire Hamiltonian Ĥ as a random matrix. in DFT,

the particles have to be non-interacting, or the exchange correlation functional has

to be assumed differently as well. But in RMT, non-interacting particles v. inter-

acting particles is simply a case of sampling elements of the random matrix with

i.i.d (identically and independently distributed) normal N (0, 1) distribution vs. sam-

pling each random matrix such that each of its elements are formed from dependent

distributions. Wigner used a formulation where he sampled all elements of a real

valued Hermitian matrix H : Hi,j ∼ N (0, 1) i.i.d, to model the statistical behavior

of nucleonic (particles such as protons and neutrons constituting the nucleus of the

atoms with overall half-integer spins) energy spectra. However, a similar formulation

also works for other fermions (particles such as electrons with half-integer spins that

take part in the chemical behavior of atoms). Random Band Matrices (RBMs),425

with non-zero entries around the leading diagonal and all other entries zero, have

recently been used to study electron interactions in systems where valence electrons

are either localized or progressively delocalize, and they found that a sharp transition

occurs. after a certain point, all eigenvectors of such matrices are fully delocalized

(quantum unique ergodicity)426 and the eigenvalue distributions belong to the Gaus-

sian Orthogonal Ensemble class (described further in chapter 3)427. The RBM study
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makes a connection that when electrons are delocalized, or interact over large dis-

tances, their eigenvalue statistics follow the semicircle rule propounded by Wigner,

while localized and independent electron wavefunctions result in a Poisson distribu-

tion of the eigenvalues of the RBM.427 The current body of work attempts to

leverage such formalism of RBM in quantum mechanical interactions to

model the electron dynamics during protein folding because protein folding

leads to conductivity changes, to inquire whether quantum mechanical phenomena

can steer data-driven artificial intelligence models (a novel type of PINN) to predict

protein secondary structures, protein complexes, and biomolecular interactions. The

study also attempts to probe the mysteries behind the specificity of molecular recog-

nition and the flow of information during error-free signal transduction cascades along

the signaling pathway.

1.2.1 Quantum Mechanics in Protein Function

From the discussion so far, it is clear that the significant chasm between current

state-of-the-art computational modeling algorithms (explicitly and implicitly physics-

driven, data-driven, and physics-inspired hybrid algorithms) and the fundamental

understanding of molecular recognition and signal transduction is closing at an inad-

equate pace because of the following:

(a) Incomplete understanding of underlying physical mechanisms,

(b) Sparse and noisy protein structure data,

(c) Unavailability of dynamic protein interaction data,

(d) The impossibility of modeling protein complexes and non-protein, non-nucleotide

biomolecules simultaneously, and

(e) Intrinsic disorder in active functional proteins making the job more challenging.
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Quantum mechanics, although ubiquitously at work everywhere, is not a significant

focus area for researchers in molecular biology and bioinformatics. They assume that,

as in the case of many relatively hot, wet, and noisy systems, quantum mechanical

phenomena transition into classical dynamics. Decoherence428 is the emergent clas-

sical behavior from underlying quantum mechanical behavior where wavefunctions

collapse and subatomic particles behave more like real particles than smeared-out

probability density waves in spacetime.

However, scientists discovered many examples in recent years (fig 1.8) where biolog-

ical phenomena depend on the quantum mechanical behavior of electrons and nuclei

and cannot be described by classical physics.429–431 Some essential questions that the

nascent field of quantum biology aims to answer are:

(a) Quantum mechanical treatment of certain biological phenomena is well-known,

but how is coherence maintained in the cells?

(b) Are quantum mechanical explanations the only explanations that can fully de-

scribe said phenomena?

(c) Did such quantum mechanical phenomena proffer evolutionary advantage to

organisms?

(d) Can quantum mechanics explain the origin and functions of early molecular life

before the first prokaryotic cells? and ultimately,

(e) Is quantum mechanics only trivially involved in biological processes, or is there

a preference for maintaining quantum coherence in specific processes that rely

on the quantum mechanical nature of particles?

Several recent works in the literature have shown that coherence could be conserved

even at high temperatures and aqueous gel-like environments due to structured water
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around all biomolecules and the thermal noise interacting positively with the quan-

tum waves to reinforce rather than collapse the waves.432 Some others posit that

because a chance happening at some point during evolution, a protein so folded that

it structured the water around it to act as a filter for noise, conferring the ability

of the protein to use quantum mechanical behavior.433 Coincidentally, that protein

must have rendered some phenotype advantages to increase the chances of survival

and adaptation of the cell long enough to reproduce, to have been evolutionarily con-

served. Either way, whether water acts as a filter for all proteins, or if only some

proteins evolved to make use of water and their own 3D structures in that manner,

especially because we still do not know the purpose of low frequency oscillations in

both α-helices and β-structures, it would seem that biological processes occur some-

where at the edge where quantum phenomena transition into classical dynamics.

The literature now accepts that quantum mechanical phenomena drive photosynthe-

sis.434 The studies indicate that organisms have evolved to develop ways to protect

quantum coherence435 that enhances photosynthetic efficiency, which has a clear evo-

lutionary advantage. Single-molecule spectroscopy now depicts the quantum aspects

of photosynthesis without the interference of static noise,436,437 and some studies

use this approach to designate reported signatures of electronic quantum-coherence

to nuclear dynamics438 occurring in chromophores. However, analyses investigat-

ing transport dynamics suggest that interactions among electronic and vibrational

excitation modes in photosynthetic protein complexes demand a semi-classical, semi-

quantum rationale for exciton energy transfer.439 While quantum-coherence domi-

nates the short-term dynamics, a classical description accurately describes the exci-

tons’ long-term demeanor.

Similarly, proton tunneling is the mechanism behind alcohol metabolism in the liver

involving alcohol dehydrogenase. Proton tunneling along the hydrogen bonds in

the DNA double helix (tautomerization)440,441, changes the complementarity of nu-

cleotides. It is also among many proposed methods by which mutations occur in the
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DNA double helix strands. Olfaction is another poorly understood biological phe-

nomenon.442,443 The vibration theory of olfaction443 posits that particular molecules

that vibrate with the correct frequencies trigger specific receptors that detect the vi-

bration and send messages to the olfaction center of the organ that controls biological

processes, usually the brain. The assumption is that the resonance between molecular

vibrations of sensing-protein receptors and odor-molecule vibrations creates a virtual

bridge for electrons to pass through and trigger a signaling cascade. Experimental

results in vivo are mixed.444

Quantum mechanical aspects of magneto-reception439,445,446 in some migratory birds

and long-range cooperation between enzymes are undeniable. Empirical and theoret-

ical studies show that cryptochrome proteins in the retina of migratory birds (espe-

cially birds that do not have magnetite crystals in their beaks), such as the European

robin, are replete with the amino acid Tryptophan.447–449 Breaking a Tryptophan

residue into the indole ring and free hydrogen is not impossible in a watery environ-

ment. Indeed, because the radicals now exist in a spin triplet state (two electrons that

used to connect, if separated, do not need to follow Pauli’s exclusion principle and

therefore exist in a superposition of states where the sum of their half-integer spins

equals either 1, 0 or -1 ). Such a spin triplet state is susceptible to slight changes in

the angle of the earth’s magnetic field, as it impacts the spin, which is an angular

momentum like quantity.448,450 Any disruption of the spin-triplet state due to chang-

ing magnetic field angles triggers vision receptors in the retina, enabling the birds

to see the angular change in magnetic field lines in the sky.451 Such susceptibility to

perceiving magnetic field lines guides their annual migration to and from the equator

(earth’s magnetic field lines are perpendicular to the surface at the poles and parallel

at the equator) during winter and spring, respectively.

Meanwhile, in the case of enzyme cooperativity over long distances,453–455 while

synthesizing biomolecules and metabolites, low barrier hydrogen bonds456 enable the
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Figure 1.8: Quantum Mechanics driven phenomena in biological processes:
The figure shows some of the most well-known biological processes that depend on the
quantum mechanical nature of electrons and protons: Photosynthesis and Magnetore-
ception.136,442 The former leverages electron delocalization, while the latter leverages
superposition of spin states, called a spin-triplet-state. Whether such quantum me-
chanical processes can exist at temperatures and levels of thermal noise inside living
cells is a matter of debate, the main hypotheses in favor posit that the water is struc-
tured in such a way around the proteins that they filter out most frequencies of thermal
noise, and only let in frequencies that can enhance the quantum mechanical vibra-
tions.452Figure Sources: https://www.azoquantum.com/Article.aspx?ArticleID=281,
https://www.scienceabc.com/pure-sciences/is-quantum-physics-applicable-in-
biological-systems-too.html#photosynthesis

flow of electrons through a network of water molecules between two or more enzymes

or an enzyme and its target molecule (fig 1.9). A Low-barrier hydrogen bond (LBHB)

is a particular type of symmetric hydrogen bond.457 LBHBs can occur when the pKa

of the two hetero-atoms closely match, allowing the hydrogen to be more equally

shared. This hydrogen-sharing causes the formation of especially short, strong hy-

drogen bonds.458 Such hydrogen bonds leverage the quantum mechanical nature of

hydrogen bonds rather than the purely electrostatic description. Water, for example,

shows a single-well hydrogen bond allowing the hydrogen electron to have an equal
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probability of being at both the Oxygen atoms. It is impossible to say which water

molecule the hydrogen atom belongs to or is covalent bonded. All the water inside

our cells and extracellular space is known to be structured, not randomly positioned.

Standard hydrogen bonds are usually 2.8Å long and are either symmetrical or asym-

metrical. LBHBs are 2.5Å long and are symmetrical necessarily. Single-well hydrogen

bonds are shorter than 2.5Å. Long-term stable LBHBs occur in the hydrophobic and

water-excluding parts of proteins.459,460 Short-lived LBHBs occur at the surface of

proteins with water, while single-well hydrogen bonds exist among water molecules.

Whether enzymes truly leverage such LBHBs for catalysis or cooperativity was a mat-

ter of much debate until, in 2019, scientists proved that enzymes cooperate over long

distances within the cells by using the LBHBs and single-well hydrogen bonds as a sort

of aqueous electric circuit.461 Tautomerization by proton hopping is complimented by

electrons using LBHBs to flit between water molecules, and enzymes, thereby get-

ting entangled with other electrons along the way. The movement of electron waves

(and probable resonance among multiple electron waves) changes the charge state

of each water molecule they pass through, allowing for tautomerization.461 LBHBs

and single-well hydrogen bonds between water molecules are especially great for such

processes because the barrier for electron-wave propagation is either low or absent,

mirroring the barrier to proton delocalization along the hydrogen bond.

1.2.2 Hypotheses for quantum-mechanical phenomena during protein folding, molec-

ular recognition and signal transduction

Despite theoretical and empirical advances in establishing quantum mechanics as a

non-trivial player in some biological processes, it is unclear if they include protein

folding, molecular recognition, and signal transduction. It is also unclear if quantum

mechanics principles were a driving force for protein folding, specificity during molec-

ular recognition, and error-free execution of signal transduction cascades along the
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entire signaling pathway, how would they even be involved.

An early attempt in this area was in 1990 with the creation of the Resonant Recog-

nition Model (RRM).463 Researchers usually transform the sequence of amino acids

and nucleic acids (in the case of RNA/DNA) into a series of numerical values, an

array, representing some physical characteristic of the individual amino- or nucleic

acids when they analyze proteins, DNA, or RNA. In the case of RRM, the numerical

value represented the Electron-Ion Interaction Potential (EIIP) for each amino and

nucleic acid in a given sequence, describing the valence-electrons’ energy states. The

EIIP values for amino acids, for instance, were calculated using the model of the

pseudo-potential from DFT as given by:

⟨
−−−→
k + q | w |

−→
k ⟩ =

Z × sin(1.04Zπ)

8π
(1.2)

where q is the momentum change of the delocalized electron in the interaction with

potential w , and: Z =
∑
Zi/N , where Zi is the number of valence-electrons of the ith

component of each amino acid. N is the total number of atoms in that amino acid.

Each amino acid was represented as its EIIP value, and the researchers converted a

protein sequence into a numerical array of EIIP values. The next step in the RRM

process was to apply a Discrete Fourier Transform to the EIIP series and normalize

the length (the amino acids were assumed to be equidistant in the sequence, with

a separation of 388 pm = 3.88Å) of the series and amplitudes of the pattern ob-

tained.464,465

Discrete Fourier Transform coefficients of EIIP series representing two or more pro-

teins were analyzed to get the cross-spectrum, a correlation matrix. After that, the

main conclusion from the RRM model was that two proteins with similar functions

resonate at particular frequencies obtained from their Discrete Fourier Transform co-

efficients as described above. As the RRM algorithm included more proteins of the

same family from different sources in the fray, the number of resonant frequencies

dwindled until one significant peak remained.466 The RRM developers assigned that
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resonant peak as the frequency signature for the particular function (e.g., Oxygen

binding in the case where RRM was used to analyze many hemoglobin proteins ob-

tained from several species).467 They found that the frequencies also resonated for

proteins that were counterparts in a molecular recognition event, and there was a

phase shift of about 180 degrees at that frequency.467 The observation led some re-

searchers involved with the RRM study to surmise that molecular recognition might

be mediated, at least up to some extent, by resonance between energy level frequencies

along the sequence.467 They also observed that the amino acids whose EIIP values

contributed most to the resonant frequency component were clustered in and around

the active sites of the proteins in 3D space, regardless of their proximity along the

sequence. The second observation led the researchers to posit that electron energy

level frequencies are somehow involved in the 3D organization of proteins and their

folding into secondary and tertiary structures.468,469

Since the 1990s, other groups have added several modifications and updates to the

RRM model, including employing other amino acid properties from the AA-index470

database, with more than 500 different experimentally measured physicochemnical

and structural properties of all the natural amino acids. Even so, the experimental

validation as well as other theoretical studies of the role of electron energy level fre-

quencies along the protein sequence in the 3D structure of proteins and their role in

imparting specificity to molecular recognition through resonance effects with counter-

part molecules is still not established. Fundamental physical explanations of electron

delocalization directly impacting protein folding are lacking because explicitly simu-

lating such a system via DFT or ab-initio MD are computationally prohibitive. DFT

implicitly assumes the Born-Oppenheimer approximation to hold that electron mo-

tion is so fast relative to the nuclear movement that the algorithm ignores any change

in the position of atoms while calculating electronic behavior. Even ab-initio MD has

to follow the Born-Oppenheimer approximation and only advances to the next frame

and calculates new atomic coordinates after all the quantum mechanical calculations
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are complete in the current time frame with static atom positions.

Furthermore, the exact proofreading mechanism behind electron energy level fre-

quencies that might impart specificity to molecular recognition events remains a mys-

tery. The nature of information transfer during signal transduction is still unanswered,

along with the questions surrounding the near error-free execution of the signaling

cascade in trillions of cells in millions of species.

Meanwhile, Random Matrix Theory has advanced since its early days in trying to

model nucleonic energy spectra. Researchers in the Courant Institute and elsewhere

proved that Random Band Matrices425(A random symmetric matrix where only a

few rows and columns are non-zero around the leading diagonal, and the rest of the

matrix elements are zero. The width of the band denotes the number of filled rows

or columns around the leading diagonal) belong to Gaussian Orthogonal Ensembles,

and the width of the band around the leading diagonal determines the locality vs.

non-locality of its eigenvectors. Non-local eigenvectors are associated with eigenvalues

that do not coincide, instead repel on the number line, while localized eigenvectors are

associated with overlapping eigenvalues.426 Since such matrices model valence elec-

trons, delocalized electron wavefunctions (non-localized eigenvectors) are related to

non-degenerate energy levels, i.e., spacings between energy levels increase as faraway

electrons start interacting, as in a conductor. In contrast, localized electrons in an

insulator are related to degenerate energy levels.

Since the conductivity of different protein structures108 tells us that alpha helices

and helices, in general, are more conductive than Beta structures (sheets and turns),

and beta structures are more conductive than random coils, RMT could potentially

provide a means to evolve the secondary bond analogous connectivity of the molec-

ular graph representation of proteins. Moreover, when proteins fold spontaneously,

their conformational entropy necessarily goes down. The literature believes that some

other type of entropy must go up to offset such change. One assumes that either en-
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thalpic changes in the surrounding solvent or greater configurational entropy of solvent

molecules in the vicinity of the proteins, compensates for the loss of conformational

entropy when proteins fold. Both such assumptions are on shaky footing because

protein folding might not be an enthalpic process (one school of thought says that

hydrogen bonds are satisfied either with water or with the protein itself, so no source

of enthalpy change exists. There are differing opinions but there is a lack of experi-

mental evidence on either argument, so possibly there is an yet unobserved enthalpic

component that drives protein folding). The water molecules around the proteins also

get more structured as the proteins fold, indeed participating non-trivially and sig-

nificantly in the processes of both protein folding and molecular recognition events

as described above and elsewhere in the current work. Additionally, the proof for

the presence and empirical validation of LBHBs was only available in 2019 when

long-range enzyme cooperativity was observed to leverage LBHB circuits with water

molecules.462 Unfortunately, current understanding is insufficient to explain entropy-

driven protein folding and specificity of molecular recognition fully. The few candidate

entropy measures that might compensate for the loss of conformational entropy are

either incorrect or unobserved or lack sound theoretical and empirical evidence.

From the discussions above, the current study formulates its hypotheses

as enumerated below (for all cases, we assume that sufficient time has passed for

the system so that the electrons have had enough time to randomly and uniformly

arrive at all coordinates as applicable in the finite space, i.e., the system of particles

achieves ergodicity):

(a) Just as Random Band Matrices (RBM) belong to Gaussian Orthogonal Ensem-

bles, Random Graph Structured matrices (RGM), by being linear transforms

of Random Band Matrices, should also belong to the Gaussian orthogonal En-

semble. The information entropy of the global eigenvalue distribution of such



42

RGMs increases with the number of edges in the graph structure.

(b) Since an increasing number of edges between nodes in a graph embedded in 3-D

Euclidean Space is illustrative of protein folding, the decrease in configurational

and conformational entropy of the protein structures must be anti-correlated

with the information entropy of the energy level distributions of its electrons.

In addition, the energy levels lose degeneracy and become more spread out.

(c) The eigenvectors of RGM in high connectivity regime are non-local. The non-

locality illustrates that electrons tend to delocalize along specific paths during

protein folding. They cannot delocalize along the backbone, but LBHBs that

the residues form with water molecules and the backbone itself, provides a low

resistance path for electron to delocalize. Single-well hydrogen bonds in water

also allow electron delocalization in the relative scarcity of dangling p-orbitals.

(d) Although restricted in their individual spatial spread, electron delocalizations

along LBHBs give rise to entangled systems of electrons with overall wavefunc-

tions spread throughout the protein along the LBHBs. The Eigenvalue statis-

tics, both global and local, of RGM, with the physical analog of electron energy

values in a protein (or any molecule), can shed light on the connection between

quantum mechanics, protein folding, specificity during molecular recognition,

and information transfer during signal transduction cascades.

Fig 1.10 illustrates the major questions that arise during protein folding/unfolding

processes, molecular recognition and signal transduction that the current body of

work tries to probe by modeling electron interactions in proteins with the help of

Random Graph-Structured Matrices (RGM).
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1.3 Problem Statement

Ideally, end-to-end (Sequence to function without using any intermediate non data-

driven models) AI models must include fundamental physical constraints to pre-

dict protein structures and intermolecular interactions between different classes of

biomolecules. The AI models must also provide interpretable insight into protein

folding and molecular recognition mechanisms. In reality, even the most accurate and

widely celebrated AI is uninterpretable, impossible to execute by research groups,

does not provide scientific inference, and cannot establish any specific representation

of proteins as the one best suited to machine learning problems for structure pre-

diction. Such inadequacies render the billion-dollar end-to-end AI models, such as

DeepMind’s AlphaFold355,471–476, a glorified data repository. Since 2020, when Al-

phaFold2472,473 emerged as the state-of-the-art protein structure prediction AI tool,

researchers have used it as a first-step processing method to generate static structures

for simple protein systems. They must follow it up with extensive explicit computa-

tional and empirical modeling. Consequently, researchers have to rely on slow and

cumbersome X-Ray Crystallography, Cryo-Electron-Microscopy (CryoEM), and Nu-

clear Magnetic Resonance (NMR) techniques to experimentally probe the static 3D

structures of proteins (except NMR, as it helps examine dynamic structures in solu-

tion as well). Researchers then either refine the preliminary structures or corroborate

them by computationally intensive explicit modeling methods such as Molecular Dy-

namics, ab-initio methods, and Density Functional Theory to gain bio-physiological

insight.

The current study aims to:

• Investigate the protein folding and molecular recognition problem from first

principles using Random Matrix Theory by modeling proteins as a randomly

weighted graph with connectivity that reflects the electronic connectivity within

the molecule;
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• Obtain physical insight from modeling energy Hamiltonians of electrons in a

protein as Random Graph Structured Matrices;

• Postulate possible bio-physiological mechanisms for entropic compensation dur-

ing protein folding, specificity of molecular recognition, and information flow

during error-free signal transduction cascades along a signaling pathway; and

• As data-driven models that are usually in the form of deep neural networks

also are a series of operations performed on random matrices, the current study

aims to establish metrics defined on random graph-structured matrices that

scientists can use in the loss functions of molecular graph convolution networks

(with any architecture) to include fundamental knowledge of protein folding

into the models in the future.
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Figure 1.9: Low Barrier Hydrogen Bonds in enzyme function: The figure
shows how Low Barrier Hydrogen Bonds (LBHBs) are beneficial when they occur
both within the proteins and at their interface with the water molecules.462 Within
the protein they are stable, but are unstable and keep switching when they exist
between water molecules and at the surface of water and proteins. Such a switching
LBHB network acts as a circuit in long range cooperativity between enzymes such as
transketolase. Two enzymes need to cooperate for thiamine synthesis. For such coop-
eration to happen, hydrogen bonds must be LBHBs, the water has to be structured,
and thermal noise must be filtered out so that only certain frequencies exist that can
enhance the quantum coherence of both protons and electrons of the hydrogen atoms.
Image adapted from: Dai Shaobo et. al.461
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Figure 1.10: Major knowledge gaps in protein structure-function relation-
ships: The figure shows the major issues and knowledge gaps that still exist in fully
exploring entropic compensation and driving forces of protein structure adoption,
specificity during molecular recognition that happens at intrinsically disordered re-
gions, subsequently triggering an error free signal transduction cascade in cells.
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Chapter 2

ARTIFICIAL INTELLIGENCE FOR PROTEIN
STRUCTURE PREDICTION

Understanding how protein structures come about is the first step to comprehend-

ing the principles governing specificity in molecular recognition and signal transduc-

tion precision. Various protein folding theories exist, mainly from a classical mechan-

ical and thermodynamical point of view. Several explicit computational models exist

that fit the theories with varying degrees of agreement. On the other hand, experi-

mental methods of circular dichroism, X-ray Crystallography, and Nuclear Magnetic

Resonance can only tell us what the structures are but not how and why they formed

nor how they guarantee the specificity and precision in the molecular recognition and

signal transduction phenomena. Moreover, empirical methods of structure determi-

nation are cumbersome and painstakingly slow. They also cannot keep up with the

pace at which modern sequencing technologies are discovering, identifying, and stor-

ing unmanageable amounts of the genome and proteome of many species.

Explicit computational models such as Molecular Dynamics, hybrid QM/MM,ab-

initio-MD, and Density Functional Theory are relatively slow and computationally in-

tensive. Although they offer physical inference to scientists ubiquitously, in academia,

research labs, and industry, they do not perform accurately and quickly enough for

practical purposes of structure prediction. They must be complemented by data-

driven methods to keep pace with the discovery rate of new biomolecular targets and

proteins.

The current chapter describes the state-of-the-art AI tool in data-driven protein struc-

ture prediction, the open-source dataset it relies upon, and a preliminary attempt to
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use a deep learning technique called Variational Autoencoder(VAE)–Generative Ad-

versarial Network (GAN)477 for in-house de-novo protein structure prediction.

2.1 The PDB & AlphaFold

2.1.1 Protein data Bank

The Protein Data Bank (PDB)96,291 is a data repository for the 3-dimensional empir-

ical structures of biomacromolecules, such as proteins and DNA/RNA and their com-

plexes with each other. The data commonly comes from X-ray crystallography, NMR

spectroscopy, or cryo-electron microscopy experiments. Biologists and biochemists

from around the world submit data to the repository. In addition, the structures are

freely available on the internet via the websites and web portals of the PDB’s member

organizations (PDBe478, PDBj,479 RCSB291, and BMRB480). The Worldwide Protein

Data Bank, wwPDB, oversees the PDB repository.

The PDB is critical for studying structural biology. Most prominent scientific jour-

nals and a few funding agencies now mandate scientists submit their biomolecular

structural data to the PDB repository. Many other structure databases use biomolec-

ular structures deposited in the PDB. The PDB repository and its holdings list are

updated weekly (UTC+0 Wednesday). As of April 1st, 2020, the PDB comprised:

(a) About 135170 proteins, 2097 nucleic acids, and 6945 protein-nucleic acid com-

plexes from X-Ray Crystallography;

(b) About 11337 proteins, 1325 nucleic acids, and 264 protein-nucleic acid complexes

from NMR; and

(c) About 3475 proteins, 35 nucleic acids, and 1136 protein-nucleic acid complexes

from cryoEM (Cryogenic Electron Microscopy) experiments.

About 134, 146 structures in the PDB repository have a structure factor file. Like-

wise, 10, 289 structures have an NMR restraint file, 4, 814 structures have a chemical
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shifts file, and 4, 718 structures in the PDB have a 3-D EM map file deposited in the

Electron Microscopy (EM) Data Bank481.

Most structures come from X-ray diffraction, but about 10% of structures are from

protein NMR. When using X-ray diffraction, one obtains approximations of the coor-

dinates of the protein atoms, whereas NMR estimates the distance between pairs of

protein atoms. One solves a distance geometry problem to get the final conformation

of the protein from NMR. After 2013, an increasing number of protein structures

come from cryo-electron microscopy. The electron density map is viewable for PDB

structures determined by X-ray diffraction with a structure factor file. The ”electron

density server” stores the data of such structures.

The format initially used by the PDB was called the PDB file format. The width of

computer punch cards restricted the original format to 80 characters per line. wwPDB

phased in the ”macromolecular Crystallographic Information file” format, mmCIF,482

which is an extension of the CIF format, in 1996. mmCIF slowly became the typical

format for the PDB repository by 2014. In 2019, the wwPDB announced they would

only accept depositions for crystallographic methods in mmCIF format. In 2005, an

XML rendition of PDB, called PDBML,483 was defined. These days, the structure

files are accessible and downloadable in any of the three formats, though increasingly,

newer structures do not fit the legacy PDB format. The database labels each struc-

ture submitted and subsequently vetted in the PDB repository with a four-character

alphanumeric identifier, its PDB ID. (This is not a unique identifier for biomolecules

because quite a few structures for the same biomolecule in different environments and

conformations exist in the PDB with different PDB IDs.) All the AI algorithms in

operation currently use the PDB as their main data source and take structure files in

one of the three formats enumerated above.
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2.1.2 AlphaFold

AlphaFold, an AI program from Google’s DeepMind, is the state-of-the-art model

for protein structure prediction.471 It secured first place in the Critical Assessment

of Techniques for Protein Structure Prediction (CASP)360 competition in 2018 by

predicting the most accurate structures for target proteins with unknown templates

from all participants. A newer version of AlphaFold, AlphaFold2, again snitched first

place in the CASP 2020 competition.473 It achieved a > 90 score for about two-thirds

of the target proteins in CASP’s Global Distance Test (GDT), which measures the

accuracy of predicted structures from empirically obtained structures of the target

proteins in terms of a distance measure, usually Euclidean Distance in R3 or a root-

mean-squared-deviation (RMSD) from the backbone conformation. A score of 100

would be an exact match with the empirical structures (backbone conformations of

Cα-atoms obtained from X-Ray Crystallography or NMR experiments on purified,

cooled, and crystallized proteins).

The 2018 version of AlphaFold (AlphaFold1) relied on homology modeling on evo-

lutionarily conserved structures obtained from similarly conserved DNA and Amino-

Acid sequence motifs to find residues that caused synergistic effects in changing pro-

tein structures, regardless of the proximity of the residues in the sequence. The

assumption was that such residues must be close in physical 3-D space, enabling the

estimation of a contact map, a sort of symmetric square matrix with binary or decimal

values, relaying the presence/absence or strength of the contacts between Cα atoms of

the backbone. Contact matrices are easily converted to distance matrices with some

probability distributions over the matrix elements. AlphaFold1 estimated the proba-

bilities over the distance map by minimizing potential energy obtained from the force

field fit with parameters obtained from the PDB data. It treated the potential energy

as a loss function (it is, therefore, a type of PINN). The network architecture was a

Residual Neural Network (RNN)484 with about 21 million parameters, taking both
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1-D and 2-D inputs, including contact and distance matrices, dihedral angle tensors,

evolutionary profiles, and co-evolution features from sequence alignment and homol-

ogy modeling. AlphaFold1 predicts a distance matrix as a fine-grained distribution

of distances over the matrix elements denoting individual Cα atoms. Additionally,

AlphaFold1 also predicts a tensor with ϕ and ψ dihedral angles (ϕi is the dihedral

torsion angle between the Ci−1, N i, Ci
α, C

i , and ψi is the dihedral torsion angle be-

tween the N i, Ci
α, C

i, N i+1 functional-groups, subtended at the ith residue along the

backbone). Together, the distance matrix and the dihedral angle tensor help generate

a 3D structure of the target protein. The AlphaFold1 trained on 29, 000 ’clean’ pro-

tein structures. The DeepMind group identifies that their first approach, combining

localized physics with a force field derived by parsing structural data in the PDB

repository, tends to over-account for physical interactions between residues located

nearby in the protein’s sequence compared to interactions between residues further

apart along the protein’s backbone. As a result, AlphaFold1 tends to prefer models

with more α-helices and β-sheets than is the case in reality. Since α and β structures

are the most prevalent, they dominate the data. Others, such as M.AlQuraishi at

Harvard, attempted to generate even ’cleaner’ databases370 from the PDB repository

to create a better training set.

The 2020 version, AlphaFold2, is significantly different from AlphaFold1.472 The soft-

ware strategy used in AlphaFold1 comprised many modules, each trained individ-

ually, that then produce the force field that modifies the physics-based force field.

AlphaFold2 substituted this with a system of smaller sub-networks associated con-

currently into a solitary differentiable end-to-end model, based entirely on feature

estimation, which trains comprehensively as a single entity (fig 2.1). Physics (Newto-

nian and thermodynamic) of the residues, in the form of energy refinement based on

the AMBER206 force field, is applied only as a final refinement step once the neural

network has converged to a predicted structure with high confidence (a certainty or

confidence label that the AI also produces). The refinement step only slightly ad-



52

justs the AI predicted structure. A crucial part of the AlphaFold2 system is two new

modules, assumed to possess a ”transformer” architecture485, which progressively re-

fines the weights on the edges of a graph representation of the input structures. The

graph represents the interaction between (a) Two amino acid residues of the protein,

(b) Between each amino acid location, and (c) Each of the different sequences in the

input sequence alignment. Inside the architecture, these refinement transformations

contain layers that use the ”attention mechanism,”354 a type of hierarchical kernel

convolution for these interactions, to learn the context of the residues from training

data. These transformations iterate between them with the refined residue/residue

information from the first transformer network feeding into the subsequent refinement

of the residue/sequence information. Then the improved residue/sequence data feeds

into the next residue/residue transformer training run. The final structure prediction

module, which also uses transformers, takes in the output from the previous modules

to train itself iteratively.

In an example shown by the DeepMind group, the final structure prediction mod-

ule achieved the correct topology for the target protein’s backbone on its first iteration,

with a GDT score of 78 but a large number (90%) of nonphysical bond angles and

lengths.473 With successive iterations, the number of such nonphysical features fell,

and the GDT score grew. By the third iteration, the GDT score of the prediction

inched closer to 90, and by the eighth iteration, the number of nonphysical features

was hovering close to zero.473

However, despite being the most accurate model472 for de-novo protein structure

prediction, AlphaFold 2 suffers from the following limitations474–476:

(a) AlphaFold2’s accuracy is not high enough for one-third of its predictions;

(b) It does not reveal the mechanism or governing physics of protein folding;
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Figure 2.1: DeepMind’s AlphaFold2 network architecture: The figure shows
the multiple transformer networks employed in the AlphaFold2 algorithm. One trans-
former first updates its weight matrices (via backpropagation) with context informa-
tion about amino acids from their location in the sequences and their evolutionary
relationships through multiple sequence alignment, feeds the learned relationships it-
eratively as a Bayesian prior to the second transformer network that uses the informa-
tion to learn more about the amino-acid context and interactions in the 3-dimensional
structure. The updated weight matrices of the first and second transformer then act
as a prior for the third transformer network that predicts secondary structures (which
need minor minimization with the AMBER force field. The choice of AMBER was
arbitrary). In the next iteration, the weight matrices of the second network act as
a prior for the first, which then again updates its weights before passing it again to
the second network and then to the third network. The cycle continues until the
overall loss has reduced below a necessary threshold and the model has converged.
Figure Source: https://deepmind.com/blog/article/alphafold-a-solution-to-a-50-year-
old-grand-challenge-in-biology

(c) It has minimal success in predicting structures for Intrinsically Disordered Re-

gions at the active site of proteins, constituting about 30% of all native struc-

tures;

(d) It is not applicable for data not in the PDB database, for example, several pep-

tides, micro proteins, protein-DNA complexes, protein-RNA complexes, protein-

Glycans, protein-lipids, peptidoglycans, peptidolipids, and small molecules that

are crucial for protein function. It only trained on monomeric data, i.e., single



54

protein tertiary structures. Therefore, it can only output one conformation for

proteins with many conformations, such as short and disordered proteins486.

However, the training database includes protein complexes after the October

2021 update (AlphaFold-Multimer)487,488. AlphaFold-Multimer succeeds about

70% of the time at predicting single protein-single protein interactions. Other

molecules are still excluded from training data and cannot be included in any

short-term updates. Performing such a feat requires a universally agreed-upon

representation of biomolecules;

(e) It cannot model the interaction between proteins and other molecules because

it is necessarily trained on experimental data taken from static, frozen, and

purified protein crystals. Such crystals are not in their native aqueously sol-

vated and dynamic conformations and time-dependent interactions that lead to

molecular recognition and signal transduction;489–491

(f) It depends on the force field estimated from the PDB database, as in the case

of the Rosetta Monte Carlo structure prediction method;

(g) Its training sample included 170,000 protein structures, an infinitesimal fraction

compared to the sequence space of all possible naturally occurring proteins on

earth;

(h) It was trained on Google’s servers and took up the processing power of about

100-200 GPUs for several weeks, totaling about $10000 worth of wholesale com-

pute time for converging on the structure of a single protein. In comparison,

the University of Washington’s Mox supercomputing cluster has about ten rea-

sonably powerful GPUs distributed among all the researchers at the University,

and they can only use the GPUs for a few hours to a handful of days at a time

to reduce congestion;
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(i) The deep neural network needed tuning of up to 21 million parameters (most

deep neural networks are ’deep’ because they have several network layers to

operate in the double-descent regime of optimization methods like stochastic

gradient descent and its plethora of variations). However, the sheer number of

parameters necessarily renders the model entirely uninterpretable by scientists

and humans, harming the trustworthiness of any physical inference made from

the analysis of the network; and

(j) After the training process is complete, it takes several days to converge on

each new structure for every new protein, a timescale similar to more rigorous

computational methods such as MD or DFT.

AlphaFold1, in comparison, had even higher inconsistencies and overpredicted α and

β structures due to the dataset being biased toward more prevalent structures and

trained on only 29000 samples.360 In addition, the AlphaFold1’s GitHub site’s ReadMe

file states that the code cannot predict the structure of an arbitrary protein sequence,

instead only on the sequences in the CASP-13 dataset. Notably, both versions of

AlphaFold outperformed all other competitors in the CASP competitions by a sig-

nificant margin. In the CASP-13 competition, AlphaFold1 gave the best-predicted

structures for 25 out of 43 proteins.360 In addition, it obtained a median score of 58.9,

ahead of the two runner-up models at 52.5 and 52.4 (both deep learning models),

which is a significant margin. In CASP-14, AlphaFold2 scored 92.4% on the GDT,

a score almost identical to the X-Ray Crystallography data, a score that AlphFold1

only almost got in two of its 25 best predictions. Comparatively, 88% of the other

competing models in the CASP-14 competition scored more than 80 on the GDT,

with AlphaFold2’s median score of 87 on the most challenging protein targets.473

Furthermore, 88% of AlphaFold2’s predicted structure had less than 4Å RMSD from

X-Ray Crystallography structure’s Cα atoms on the backbone, 76% of predicted struc-

tures had better than 3Å RMSD, and 46% better than 2Å accuracy of RMSD. How-
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ever, two of the three structures that AlphaFold2 performed the worst on were NMR

structures obtained from proteins solvated in water, their native dynamic state.486,489

The third structure is a protein complex. AlphaFold2 failed in these situations as its

training data did not consider such physically relevant situations. AlphaFold2 cur-

rently limits its usability to produce large libraries of predicted structures that can

act as a first step for other rigorous computational models such as MD, ab-initio MD,

and DFT. The limitations enumerated for AlphaFold1 and AlphaFold2 also extend

to several other deep learning models, regardless of details in network architecture,

training protocol, and optimization algorithms. Lastly, none of the models use strate-

gies from quantum mechanics or first principles in their neural network architecture.

In summary, there is still much to be done to realize a genuinely physics-informed

and interpretable AI model for protein structure prediction to discover underlying

physical mechanisms of protein folding and molecular recognition. It is not yet clear

to what extent structure predictions made by AlphaFold2 will hold up for proteins

bound into complexes with other proteins and other molecules, despite the creation

of the AlphaFold-Multimer.492 As a significant fraction of the essential biological

machinery in a cell constitute such complexes or relates to how protein structures

become modified when in contact with other molecules (molecular recognition and

signal transduction), this area will continue to be the focus of considerable experi-

mental and computational attention.

With AlphaFold2 being highly uninterpretable, it is unclear to what extent it is lim-

ited in its ability to recognize novel folds when such folds are underrepresented in the

known protein structure databases. The same concern extends to intrinsically disor-

dered structures with no fixed shape. In addition, it is also ambiguous how suggestive

the frozen protein structures in crystals are of the dynamic forms found in the cells

in vivo. AlphaFold2’s difficulties with structures obtained from NMR methods489 do

not foster confidence.

In its prospect as a means for drug discovery, while the resolution of AlphaFold2’s
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structures may be excellent, the accuracy for active-sites (which aren’t static to begin

with in most cases) needs to be even higher.491 So AlphaFold2’s predictions may only

be a small help in such contexts. Moreover, the prediction of small-molecule bind-

ing to protein targets is worse. Simply predicting a complementary structure isn’t

enough. One must glean physical inference from computational models to understand

how the proteins’ structure and the binding event at the active sites effects function,

and how that fits within the broader scope of interconnected biological processes in

organisms.

Also, since AlphaFold2 processes protein and nucleotide-only sequences by design,

additional associated biomolecules are not assessed. In the absence of metallic ions,

cofactors, and post-translational modifications such as protein glycosylation and phos-

phorylation from AlphaFold models,493 scientists need to peruse other databases, such

as UniProt-KB, for likely absent molecular segments, as they can play an essential

role in the protein’s folding and function. However, scientists can manually add post-

translational modifications to the predicted AlphaFold2 structures and use MD or

other explicit simulation methods to refine the structure.

DeepMind and the EMBL-EBI launched the AlphaFold Protein Structure Database

(AlphaFold-DB)478,494 on July 22nd, 2021. The database initially contained AlphaFold-

predicted structures of proteins from the complete UniProt data of the proteome of

humans and 20 model organisms, totaling over 365,000 proteins. The database does

not incorporate proteins with fewer than 16 (the vast majority of intrinsically dis-

ordered peptides, active sites, and micro proteins) or more than 2700 amino acid

residues. The AlphaFold team intends to incorporate more predicted protein struc-

tures in the AlphaFold-DB to include most of the UniRef90 database’s more than 100

million proteins. As of August 1st, 2022, all the predicted structures from UniRef90

are available on AlphaFold-DB.495

The AlphaFold-DB reduces the scarcity of structural data of simple proteins and en-

ables other groups to develop data-driven models to understand the physics behind
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protein folding, molecular recognition, and signal transduction. The need of the hour

is to develop novel AI algorithms that can take in graph-structured protein data, pro-

vide interpretable models to glean physiological mechanisms, and relate the structures

to observed functions of these complex biomolecules.

The following section describes a preliminary attempt made by the author of the cur-

rent study at creating such an AI model to probe intrinsically disordered regions of

proteins.

2.2 Preliminary VAE-GAN model for Predicting Intrinsically Disor-
dered Peptide Structures

The primary emphasis of numerous recent high-throughput analyses is a molecular

depiction of the entire set of functional, active sites of proteins in the cells, from

protein complexes to post-translational modification sites.493 It is becoming increas-

ingly evident that the functional aspect of the proteins extends well beyond stable,

structured domains. A considerable share of biologically relevant functional biomolec-

ular interactions is mediated by active sites within intrinsically disordered regions of

larger proteins that get recognized and post-translationally modified by complemen-

tary domains of the interacting partner.496 Short interaction motifs (peptide motifs

and post-translational modification, PTM, sites) are usually less than ten residues

in length and allow both wide functional variety and density to contain polypeptide

domains.497 Moreover, on evolutionary timescales, they evolve rapidly, appearing or

disappearing with equal speed, granting unprecedented evolutionary adaptability to

the interactome (The parts of the proteome that interacts with one another and with

other molecules).498 In their paper in 2014,499 P. Tompa et. al., created a table that

shows several types of commonly found peptide motifs in the PDB and Eukaryotic

Linear Motif (ELM) repository,500 such as classical binding, trafficking, targeting,

docking, and degron motifs, moiety addition sites, cleavage, and structural modifica-
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tion sites. The current study uses the identified motifs to parse through the data in

the PDB database and obtain all the disordered structures from the PDB repository

(the vast majority of such disordered structures are parts of larger proteins). The re-

sult was intrinsically disordered domain data of about 62 million structures belonging

to about 3.7 million unique sequences. On average, each sequence has 16 different 3D

structures, reinforcing the notion of intrinsic disorder.

2.2.1 Variational Autoencoders, VAE

The nature of the data for intrinsically disordered regions (each sequence has a statis-

tical ensemble of structures it can take) mandates a variational model where a deep

network attempts to encode the multidimensional inputs in terms of a few parameters

that estimate the distribution from which the input samples were drawn. Variational

autoencoders (VAEs)501 permit statistical inference problems (such as estimating the

distribution of one random variable from another random variable) to be typecast as

statistical optimization problems (i.e., to estimate the parameters that minimize some

target function). They map the input variable to a multivariate latent distribution,

usually in much lower dimensions. In a VAE, the input data samples come from a

parameterized distribution (the Bayesian prior), which in this case is the primary dis-

tance maps of the protein structures. The encoder and decoder are trained together

such that the output minimizes the Kullback–Leibler divergence (DKL, a distance

measure between distributions that has connotations of mutual cross entropy, given

in equation 6,7) between the parametric predicted posterior and the true posterior

distribution.

From a mathematical formalism perspective, given an input dataset x characterized

by an unknown probability distribution P (x), the goal of the VAE-algorithm is to

model or approximate the data’s true distribution P (x) using another parameterized

distribution pθ with parameters θ. If z is a random vector joint-distributed with x,

then z represents a latent encoding of x. Marginalizing over z gives:
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pθ(x) =

∫
z

pθ(x, z)dz (2.1)

where pθ(x, z) is the joint distribution of the input observations x and its latent space

encoding z. According to the chain rule of differentiation, equation 2.1 can be written

as

pθ(x) =

∫
z

pθ(x|z)pθ(z)dz (2.2)

In basic VAEs,477 z is usually a finite-dimensional vector with zi ∈ R and pθ(x|z)

is a normal distribution. One can now define the relationships between x and z

as: prior pθ(z); likelihood pθ(x|z); and posterior pθ(z|x). Unfortunately, as is the

case in many deep learning problems, explicitly computing pθ(x) is prohibitive and

intractable. One therefore introduces a function to approximate the posterior distri-

bution as qϕ(z|x) ≈ pθ(z|x) which is the encoder network with ϕi ∈ R parameterizing

q. The decoder computes the conditional likelihood distribution pθ(x|z).

The VAE algorithm minimizes the reconstruction loss (between input and output)

by optimizing the parameters θ and ϕ to make qϕ(z|x) as closely match pθ(z|x) as

possible. The loss function (re-purposing equation 6) is therefore given by:

DKL(qϕ(z|x)||pθ(z|x)) = Ez∼qϕ(·|x)

[
ln
qϕ(z|x)

pθ(z|x)

]
= ln(pθ(x)) + Ez∼qϕ(·|x)

[
ln
qϕ(z|x)

pθ(x, z)

]
(2.3)

where E(·) is the expectation. The evidence lower bound, ELBO, is given by:

Lθ,ϕ(x) := ln(pθ(x)) −DKL(qϕ(·|x)||pθ(·|x)) (2.4)

The optimization algorithm boils down to θ∗, ϕ∗ = argmaxθ,ϕLθ,ϕ(x). The algorithm

maximizes the log-likelihood of the observed input data and simultaneously minimizes

the divergence of the estimated posterior q from the exact posterior pθ.



61

2.2.2 Generative Adversarial Networks, GAN

Generative Adversarial Networks (GAN),502–504 on the other hand, is a class of ma-

chine learning frameworks where two networks compete in a zero-sum game. Given a

training set, the generator network of the GAN learns to generate new data suppos-

edly drawn from the same statistics as the training set. The discriminator network

learns to distinguish between real inputs and generated data more rigorously with

each iteration. The generator is unconstrained and its only purpose is to confound

the discriminator. The basic GAN from Ian Goodfellow et al.,502 is defined as:

Each probability space (Ω, µref ) defines the support of the game. There are 2 play-

ers, the generator network and the discriminator network. The strategies available to

the generator is the set of all probability measures µG on Ω, denoted as P (Ω). The

strategies available to the discriminator is defined by the set of Markovian kernels

µD : Ω → P [0, 1] where P [0, 1] is the set of probability measures possible on the sup-

port [0,1]. Since the GAN is a zero-sum game, the objective function to be optimized

is given by:

L(µG, µD) := Ex∼µref ,y∼µD(x)[ln y] + Ex∼µG,y∼µD(x)[ln(1 − y)] (2.5)

where G and D stand for the generator and discriminator respectively. The generator

aims to minimize the objective function while the discriminator tries to maximize it

simultaneously. The task of the generator is to estimate µG ≈ µref , i.e., to bring its

output distribution as close as feasible to the reference distribution by minimizing

the Jensen-Shannon divergence which is a mutual information measure. The Jensen-

Shannon divergence is a constrained case of the DKL-divergence, with symmetry

considerations and that it is always finite. The task of the discriminator is to output

a value close to 1 when the input appears to be from µref and 0 if it appears to be

from µG. Practically speaking, the loss function of the discriminator is usually a cross

entropy function (equation 3).
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2.2.3 VAE-GAN

Since the GAN and the VAE are so uniquely compatible, the preliminary AI model

in the current study that is developed to predict secondary structures of

the intrinsically disordered regions of proteins, uses a VAE-GAN architec-

ture477,505 (fig 2.2). While a VAE learns to encode the given input (say, a distance

map obtained from the primary structure connectivity of disordered regions) and then

reconstructs it (but this time with secondary bonds incorporated) from the encoding,

a GAN works to generate new data which can’t be distinguished from real data, in

this case secondary structures. The crucial point behind the operation of a VAE-

GAN is that in case of the VAE section, we use the latent representations generated

by an encoder for various tasks. The decoder of the VAE becomes the generator for

the GAN in such a hybrid model. Since the VAE-GAN is widely popular and

has many statistical guarantees, the current study utilizes it to generate

secondary structures for intrinsically disordered regions.477,505

The main loss function for the discriminator is the binary cross entropy loss between

the real/fake (1,0) labels. In information theory, the binary cross-entropy between

two probability distributions p and q over the same random variables, measures the

expected number of bits needed to identify an event drawn from the random variable

if a coding scheme used for the random variable is optimized for an estimated prob-

ability distribution q on a sample of such events, rather than the true distribution

p on the population of the events. By using equation 3, and considering the binary

case, it is defined as:

H(x)cross =
∑

p(x)logb[q(x)] (3)

H(x)cross =
∑

p(x)log2[q(x)] (2.6)

where the base b depends on the nature of the discrete random variable x. For binary

cross-entropy, b is 2.
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In the current study, the VAE-GAN model is applied to intrinsically disordered

proteins’ structural data (architecture shown in fig 2.2). The model takes in distance

maps of the primary structure of the sequence, and attempts to map them to a latent

space that parameterizes the sample distribution in lower dimensions, the mean and

standard deviation. Then a decoder network (which is also the generator) recreates

the distance maps from the latent space, but also incorporates secondary bonds in

the recreated distance map. The discriminator then tries to distinguish which of

its two inputs (one from generator and one from the real secondary structures sam-

pled from the PDB) is physically real. The algorithm is written as the following steps:

Algorithm:

• Extract sequence motifs from the paper by P. Tompa et al.,499 that correspond

to intrinsically disordered regions;

• Parse the PDB database and extract all structures that match the motifs ob-

tained;

• Test to see if the extracted structures are indeed intrinsically disordered by

randomly sampling from the data and visualizing using PyMol102;

• Use known (ϕ, ψ) dihedral angle pairs corresponding to α−helix and β-structures

to identify any sequences with those structures and delete them from the dataset.

We end up with about 62×106 unique structures with 3.7×106 unique sequences,

an average of ∼ 16 structures per sequence;

• Manually add hydrogen atoms to the N–terminus to make it be an −NH+
3

functional group, and detach hydrogen atoms (if any) from the C–terminus

to make it be a −COO− functional group using PyMol102. Then add more

hydrogen atoms, if necessary, to the side chains based on their pKa values from

the literature. We consider the operating pH to be 7. Any functional group
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with pKa less than 7 will have an added hydrogen atom, while those above 7,

will have lost a hydrogen atom;

• Represent all the cleaned structural data in the ’.PDB’ format for the intrinsi-

cally disordered regions, in terms of (x, y, z) coordinates with the origin at the

Nitrogen at the N–terminus;

• Convert all the (x, y, z) data into an all atom distance matrix by using the

Euclidean distance formula in 3-dimensions:

d =
√

(xj − xi)2 + (yj − yi)2 + (zj − zi)2 where (xi, yi, zi) & (xj, yj, zj) are the

coordinates of the ith & jth atoms respectively;

• From known sequence (contained in the ’.PDB’ file), select rows and columns

from the distance matrix that correspond to the various known lengths of con-

stituent covalent bonds only: C − C,C − O,C = O,O − H,N − H,S − H,

etc., and create the ’primary structure distance matrix’. The original distance

matrix is the ’secondary structure distance matrix’;

• Add padding zero rows and columns to make all the data the same length.

Since the longest motif was 7 amino acids long, the largest distance matrix

was assumed to be of the size corresponding to a peptide with sequence PW-7:

WWWWWWW, as W (Tryptophan) is the amino acid with the most number

of atoms in its side-chain, thereby corresponding to the most number of rows

and columns possible. All other distance matrices were padded with zero valued

rows and columns to match the size of PW-7: 168 × 168;

• Split the data into an 80 : 20 ratio randomly. the larger chunk is kept for

training while the other is kept for testing the VAE-GAN model;

• Send the primary structure distance matrix (now padded) from the training set
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as iterative inputs to the encoder network of the VAE-GAN. The encoder is a

standard PyTorch implemented convolutional neural network that first increases

the matrix size (by sequential matrix multiplication with randomly weighted

matrices of pertinent dimensions that follow the rules of matrix multiplication

to determine product matrix dimensions) until 512×512 and then reduces in size

to 256×256, then 64×64, 32×32, then 16×16, then 8×8 which then reduced to

a 4 × 4 square matrix where each element, after completion of training, would

represent a parameter of the statistical distribution from which the primary

structure inputs were sampled;

• The Generator, which is also the decoder, then blows up the small 4×4 matrix all

the way until it reaches 512×512 size, before compressing it to the original 168×

168 size. This output is now considered as the ’generated secondary structure’,

and is sent into the Discriminator, with a ’False’(0) label as the ’known output’

that the discriminator is expected to match with its own prediction;

• The real ’secondary structure distance matrix’ is simultaneously sent to the Dis-

criminator with a label ’true’(1) that the discriminator is also simultaneously

supposed to match with its own prediction. The two 168× 168 matrices, corre-

sponding to the generated and real secondary structure distance matrices, are

then convolved with random kernels until the size grows to 512×512×2 tensor,

and then falls gradually to 10× 2 and finally to 1× 2 before applying a sigmoid

function finally to convert the final output to either 0 or 1 value, corresponding

to the False or True labels respectively;

• The Discriminator error is a binary cross entropy term between the predicted

[True/False] labels and actual [True/False] labels. The error gradient is then

back-propagated and every matrix along the way, from the end of the discrim-

inator to the beginning of the encoder is updated down the gradient. The
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learning rate or step-size down the gradient at every matrix, is set to 0.001, to

be tuned later as a hyperparameter;

• After the first iteration, we send in the next primary structure randomly sam-

pled, and the process repeats again until the epoch error has converged and

error is no longer reducing even with more and more iterations. We introduced

this convergence criterion because ideally, training with 62 million samples in

every single epoch, is infeasible in a university setting;

• Then the second epoch starts and the training starts again with more randomly

sampled structures, until the epoch error has again converged. The entire pro-

cess repeats until overall error per epoch is no longer reducing or changing, i.e.,

the AI model has converged;

• We plot the training error per epoch and throughout the run, and then use the

learned weights to predict new secondary structures for the test sample.

2.3 Results & Limitations of the VAE-GAN & Necessity for Matrix
Representation of Proteins with Tractable Metrics

The following fig 2.3 shows the discriminator error over training epochs. Clearly, the

discriminator wins the zero-sum game after just 9 epochs, showing that it learns too

fast compared to the generator, while the generator is either stuck in a local mini-

mum, or a saddle point. The discriminator can almost perfectly distinguish the µG

and the µref , as defined in the previous section from each other, i.e., generated and

real structures from each other. The generator seems to be stuck with a very high

reconstruction error, no matter which direction it steps along the gradients, imply-

ing that the gradient might be vanishingly small. PyMol visualizations of predicted

structures for sequences in the test set do not contain any structure that is physically

real. It is apparent in the example of one intrinsically disordered structure for the
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Figure 2.2: Variational Autoencoder-Generative Adversarial Network Ar-
chitecture for disordered structured prediction: The VAE-GAN network de-
signed for training on disordered structure data that have a 1 → many mapping
between sequence and structures. Several other models such as Long short term
memory (LSTM)506 models will not work. VAE-GAN takes in the primary struc-
ture x of a peptide as an all-atom distance map, and maps it to a latent space z.
The unconstrained decoder then generates a distance map x̃ which is the generated
secondary structure. x̃ is then fed into the discriminator, along with one of the real
secondary-structures for the sequence. The discriminator then attempts to correctly
label if the secondary structure comes from the real structural data or from the gen-
erator.

sequence FGVAAIF that the generator predicted from the sample taken from the test

set, as shown in fig 2.3. The Generator has learned that there is a kink but it is still

unable to learn that the backbone must be connected without breaks. This tells us

that there is not much learning happening in the generator after the first few epochs,

and therefore it is not generalizable in its current form, and doesn’t even predict

physically real structures.

One way to deal with vanishing gradients is the Wasserstein GAN.507,508 How-

ever, we have no guarantee if the gradient is indeed vanishingly small by the time

it reaches the initial layers of the generator as back-propagation proceeds, without

actually monitoring the gradients at every single step for every single vector in ev-
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Figure 2.3: Discriminator error over training epochs for the VAE-GAN: The
VAE-GAN trained for about 30 epochs, while the overall Binary Cross Entropy (BCE)
loss has converged to zero starting at 10 epochs, and did not change. This result
indicates that the gradient in the generator might be vanishingly low, so that there
are no significant updates are happening to the generator network. This could also be
a result of a faulty representation, and inadequate physics that cannot constrain the
Generator in any meaningful way. The example peptide structure, on the sequence
FGVAAIF sampled from the test set, shows visually (rendered in PyMol) that the
generator has stopped learning meaningful data for the structure prediction after a
few epochs at most, and the predicted structures are not physically real.

ery layer of the VAE-GAN, which is a cumbersome process. Before we even try to

adopt the Wasserstein-GAN509 formalism that simply uses an even more involved and

complicated distance metric ( than the Jensen-Shannon divergence described for the

basic GAN in equation 2.5), it is imperative to discuss about whether there are any

physics based constraints that we can put on the generator so it does not get stuck,

or that the gradients do not simply go to zero. Can we glean any physical metrics

from the distance matrix representation so that we can modify the error terms for

the VAE-GAN, to use physics-based terms as regularizers and constraints rather than

simply employing more complicated mathematical metrics? The distance matrix, that
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calculates the root squared difference between (x, y, z) coordinates from PDB files,

represents the proteins/peptides as a matrix where each element’s row and column

index is the atom label, and the values are the distance of that atom from all other

atoms in that row or column. This is feasible as a representation, and thereby widely

used in protein structure prediction models, but cumbersome to store, and there are

no known underlying physical metrics to be applied such as a term for steric clashes

or conformal entropy to minimized, or any novel physics to be imparted or learned

from such a representation, without other mathematical representations of the molec-

ular graph. There are no clear mathematical benefits or differences between using

the distance matrix, or the (x, y, z) coordinate values, or some other abstraction of

the protein structure. The value of the representation must therefore come from its

ability to interpret or incorporate underlying physics of the system.

In summary, the take away message is that without understanding the properties of

the distance maps and graphical representations of the molecules and establishing

metrics that are ubiquitous in graphs that can be used to constrain the generator, the

VAE-GAN approach will not work. That is the rationale for pausing on the VAE-

GAN model, and changing gears towards the random matrix theory formalism in the

molecular graph representation context, that forms the bulk of the current study, as

described in the chapters 3, 4 & 5.
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Chapter 3

RANDOM MEAN FIELD MATRICES AND RANDOM
BAND MATRICES

A random matrix is a random variable that takes matrix values, i.e., a matrix

in which all elements are random variables.510 Several crucial physical phenomena

are partial differential equations construed as matrix and eigenvalue problems. For

example, Eugene Wigner introduced the field of random mean field matrices511 to

study nuclear energy states and theoretically probe the nuclei of heavy atoms. Mean

field random matrices (all elements are non-zero) now ubiquitously model the behav-

ior of large and disordered Hamiltonians, an energy operator in the time-dependent

Schrödinger equation which for one particle takes the form:

Ĥψ(r, t) = Eψ(r, t) (8)

where E are the eigenvalues and ψ(r, t) are the orthonormal eigenvectors (in this case

eigenfunctions) of the Hermitian operator Ĥ = Êkinetic + Êpotential.

Êkinetic is the kinetic energy operator for the particles in three Euclidean dimensions

(x, y, z). For a particle of mass m, it is given by:

Êkinetic =
p̂ · p̂
2m

= − ℏ2

2m
∇2 (3.1)

where p̂ is the momentum operator for one particle, ℏ is the Planck’s constant divided

by 2π, and the ∇2 is the Laplacian operator (partial differentials in three Euclidean

spatial dimensions) for one particle given by:

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
(8)
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Conversely, Êpotential is denoted as V(r, t) and does not have a well defined form,

instead depends on the system in which the quantum particle exists.

For N -body systems, such a Schrödinger equation is not analytically solvable, and the

potential energy terms have to be guessed by the researchers with expert knowledge

of the system they are trying to study. Unlike the kinetic energy term, the potential

energy depends on the spatial arrangement of the particles and cannot simply be

denoted as a linear combination of individual potential energies. The Hamiltonian

for an N body system of non-interacting particles as given by the following equation

makes the difference clear:

Ĥ =
N∑

n=1

Êkinetic + Êpotential

= −ℏ2

2

N∑
n=1

∇2

m
+ V(r1, r2, ..., rN , t) (3.2)

Moreover, the kinetic energy term, although expressed as a linear sum of individual

kinetic energy terms, also depends on the configuration of the N particles in spacetime

to conserve total energy (it must compensate for the potential energy and vice versa).

In the more realistic case, where the N particles do interact, or some of them interact

in the very least, the simple linear combination of the Laplacian operators becomes

moot. several Laplacian operators, each for a single particle, must be multiplied

with the other interacting particles’ Laplacian, leading to a convoluted kinetic energy

operator, unsolvable analytically. The Hamiltonian for such systems may be written

as:

Ĥ = −ℏ2

2

N∑
n=1

(
N∏

n=1

∇2
n

mn

)
+ V(r1, r2, ..., rN , t) (3.3)

making it matrix valued and of the Hermitian form because the eigenvalues de-

noting allowed energy levels are always real-valued, and the eigenvectors denoting
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wavefunctions are always orthonormal.

3.1 Introduction to Random Matrices: Random Mean Field Matrices

Density Functional Theory (DFT), although cumbersome and time consuming and

computationally expensive, has the appeal it does, because it is the most accurate

estimator for the combined Hamiltonian of such interacting many body systems (Al-

though many DFT approaches use non-interacting particle formalisms). Conversely,

RMT can model statistical properties of the eigenstates of several many body sys-

tems without having to exactly calculate the individual kinetic or potential energy

terms, and does not need expert knowledge to make a qualified guess about the ki-

netic and potential energy functionals. However, the usage of such RMT models have

been limited to chaotic and isotropic systems so far, such as those in heavy nuclei, or

plasma,512 or in the cores of neutron stars.513 Mesoscopic systems, especially where

molecular shapes are important, and where the Born-Oppenheimer principle cannot

be strictly enforced without straying from physical reality, RMT shows potential by

modeling the large disordered Hamiltonian of the interacting quantum system.

In mathematics, A Hermitian matrix H is also known as a self-adjoint matrix because

it is defined as Adj(H) = H such that for each element in the ith row and jthcolumn

Hij = H∗
ji where the * denotes complex conjugate. It is defined as a complex valued

square matrix that is equal to the conjugate transpose of itself. More generally, an

n× n matrix H is Hermitian iff ⟨v|Hv⟩ ∈ R ∀ v ∈ C where the symbol ⟨·|·⟩ denotes

inner product, R is the set of all real numbers and C is the set of all complex num-

bers. For a real valued Hermitian H, since the complex part is zero, it should equal

its transpose HT , i.e., it is a square symmetric matrix H : Hij = Hji =⇒ H = HT

with eigenvalues λ ∈ R. All Hermitian matrices (including the RMT model of the

Hamiltonian) are unitarily diagonalizable with real eigenvalues. Because eigenvalues

λ ∈ R ∀ square Hermitian matrices H, λ represent measurable real outcomes of the
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operator H in the quantum physical context. If H is the energy operator then λ are

the allowed measurable energy values, if H is the angular momentum operator then

λ are the measurable angular momentum values, etc.

The most studied Random Matrix Theory (RMT) symmetry classes in the quantum

physics context are the Gaussian ensembles514:

(a) The Gaussian Orthogonal Ensemble or GOE(n) is the Gaussian measure (a

generalized concept of functions) with density:

1

ZGOE(n)

e−
n
4
trH2

(3.4)

on the n× n real, symmetric Hermitian matrix space H = (Hij)
n
i,j=1, Hi,j ∈ R.

Here ZGOE(n) is the normalization constant to make the density (sum of all

probabilities) equal to one. The distribution described here is invariant under

orthogonal conjugation. GOE systems model energy Hamiltonians that have

both rotational and time-reversal symmetry, such as fermions and nucleons.

(b) The Gaussian Unitary Ensemble or GUE(n) is the Gaussian measure with den-

sity:
1

ZGUE(n)

e−
n
2
trH2

(3.5)

on the n×n complex symmetric Hermitian matrix spaceH = (Hij)
n
i,j=1, Hi,j ∈ C.

The distribution described here is invariant under unitary conjugation. GUE

systems model energy Hamiltonians without time-reversal symmetry.

(c) The Gaussian Symplectic Ensemble or GSE(n) is the Gaussian measure with

density:
1

ZGUE(n)

e−ntrH2

(3.6)
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on the n×n symmetric and square quaternionic matrix spaceH = (Hij)
n
i,j=1, Hi,j ∈

Q. The distribution described here is invariant under symplectic conjugation.

GSE systems model energy Hamiltonians with time-reversal symmetry but not

rotational symmetry.

The joint PDF (Probability Density Function) for the eigenvalues λH = [λ1, λ2, λ3, ..., λn]

of the random hermitian matrix H that belongs to one of the Gaussian Ensembles is

given by:

jPDF (λH) =
1

Zβ,n

n∏
k=1

e−
β
4
λ2
k

∏
i<j

|λj − λi|β (3.7)

where β = 1, 2, 4 for GOE, GUE and GSE respectively. Zβ,n is an explicitly computed

normalization constant. For any system that belongs to the Gaussian Ensemble sym-

metry classes, the eigenvalues repel (as denoted by the difference term |λj − λi|β) as

the joint PDF has a zero of β-order when there are degenerate or coinciding eigenval-

ues. ∴ ∀ H ∈ GOE the probability P |λj=λi
= 0.

From the sequence of eigenvalues, rearranged in ascending order,λ1(= λmin) < λ2 <

... < λm < λm+1 < ...λn(= λmax), mathematicians define the normalized spacing

variable s = (λm+1 − λm)/⟨s⟩, where ⟨s⟩ = ⟨λm+1 − λm⟩ is the mean spacing. The

PDF of spacings is then approximately denoted by the equation:

pβ(s) ≈ C1(β)sβeC2(β)s2 (3.8)

for GOE, GUE, and GSE. The numerical constants (C1(β), C2(β)) :
∫∞
0
pβ(s)ds = 1,

and ⟨s⟩ =
∫∞
0
spβ(s)ds = 1, for β = 1 ∀ H ∈ GOE, β = 2 ∀ H ∈ GUE,& β =

4 ∀ H ∈ GSE, respectively.510

In the global regime of such matrices, the distributions of linear statistics of the

form Nf,H = n−1trf(H) are of interest. The empirical spectral measure µH is given

by:

µH(A) =
1

n
(λH ∈ A) = N1A,H , A ⊆ R (3.9)
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The Limit:

lim
n→∞

µH(A)

is a deterministic measure in most cases, usually a semicircle for Gaussian ensembles

(Fig 1.7). The Cumulative Distribution Function (CDF):
∫
µH(A)dA is known as

the integrated density of states N(λ).515 If such a CDF is differentiable, then the

derivative describes the density of states ρ(λ). General linear statistics of the form

Nf,H = n−1
∑
f(λj) create interest in the fluctuations about

∫
f(λ)dN(λ). A central

limit theorem
Nf,H −

∫
f(λ)dN(λ)

σf,n

D−→ N(0, 1) (3.10)

exists for several random matrix classes.516,517

In the local regime, the spacing between consecutive eigenvalues s = (λm+1−λm)/⟨s⟩

and joint distribution of eigenvalues jPDF (λH) in an interval of length c/n, c ∈ Z+

are of interest. Bulk statistics pertain to such intervals in the middle of the support of

the limiting measure, i.e., around the median eigenvalues, and edge statistics pertain

to intervals near the boundary of the support, i.e., near λmax and λmin.

In bulk statistics, if we consider a constant λ0 ≈ (λmax + λmin)/2, somewhere near

the median eigenvalue, in the interior of the support of the limiting measure N(λ),

then a point process of the form

Ξ(λ0) =
∑
j

δ (· − nρ(λ0)(λj − λ0)) (3.11)

where λj ∈ λH captures the statistical characteristics of the eigenvalues in the vicinity

of λ0. Such a point process becomes a determinantal point process with a sine kernel

of the form

K(x, y) =
sin (π(x− y))

π(x− y)
(3.12)

for the GUE as n→ ∞. The universality principle states that the limit limn→∞ Ξ(λ0)

depends only on the symmetry class the random matrix H belongs to and not on

the specific model of the random matrices, the median eigenvalue, the λ0, or the
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underlying individual random variables for each element of H. Edge statistics for s,

on the other hand, usually follow a Tracy-Widom distribution.518

Another type of random matrices are square Wishart matrices of the form Hn×n =

XX∗, where Xm×n, (m ≥ n) is a random matrix with i.i.d entries, and X∗ : X∗
ij = X̄ji

is the conjugate transpose of X.519 The method of constructing the matrix H is

through the multiplication of X and X∗, which makes the entries of H dependent

on one another. Therefore, Wishart matrices are essential to estimate covariance

measures in multivariate statistics.520 The Wishart distribution (the joint probability

distribution of the eigenvalues of the Wishart matrices) is the conjugate prior to

the inverse covariance matrix of a multivariate normal random vector in a Bayesian

setting. Wishart matrices are usually used to model quantum systems with individual

wavefunctions that are dependent on each other before they interact. In the analyses

in the current body of work, we do not use Wishart matrices.

RMT’s potential for modeling the Hamiltonian of mesoscopic many-body systems

with extensive interaction between the particles, that are usually modeled as Brownian

classical systems, is limited to isotropic quantum chaotic systems such as the free

electron cloud in a metal of high conductivity. The application of RMT to especially

investigate what happens when electrons are not delocalized throughout the entirety

of the finite space, such as in insulators and semi conductors, gave rise to the non

mean field case, the Random Band Matrix.

3.2 Random Band Matrices in the Delocalized Phase

Random Band Matrices (RBM) are symmetric square matrices that have non zero

elements in rows and columns close to the leading diagonal such that the number of

rows or columns with nonzero elements right near the leading diagonal denotes the

width of the band W . They have been used to model quantum chaotic systems such as

free electron gases in metals.426,427,521,522 Recently, it was proven that there is a strong

relationship between the width of the band around the diagonal, and the shape of the
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eigenvalue distribution in the support of the limiting empirical spectral measure, and

that there is a sharp transition from a Poisson point process to a Gaussian Orthogonal

Ensemble type semicircle.425 According to P. Bourgade et. al,425 if we consider an

N × N symmetric RBM (the band is one dimensional, its width can only change in

one direction, i.e., electrons in the system being modeled can only delocalize in one

spatial direction) with general (∼ i.i.d N (0, 1) distribution of the entries and the band

width W ≥ N3/4 +ε for any ε > 0, then in the bulk of the spectrum (near the median

eigenvalues) and as N → ∞ (i.e., large N), the following results show up:

(i) The semicircle law holds up to the scale N−1+ε for any ε > 0.

(ii) The eigenvalues (λi) locally converge to the point process belonging to the

Gaussian Orthogonal Ensemble.

(iii) All the eigenvectors are delocalized, i.e., their L∞ norms are all simultaneously

bounded by N− 1
2
+ε(after normalization in L2) with overwhelming probability,

for any ε > 0.

(iv) Quantum unique ergodicity (QUE) holds in the sense that the local L2 mass of

eigenvectors becomes equidistributed with overwhelming probability.

In general, for W >>
√
N , delocalization, QUE and Gaussian Orthogonal Ensemble

spectral statistics hold, and for W <<
√
N , eigenstates (the superposed wavefunc-

tions) are localized and the limiting spectral measure converges to a Poisson point

process. In physics terms, when materials conduct, their electrons are delocalized

throughout the material, and are therefore dependent on each other, correlated in

some way. Such dependence leads to them not having the same exact energy, i.e.,

they exist in different non-degenerate energy levels. That is what leads to the semi

circle distribution of eigenvalues (energy levels) for wide band RBMs. For insulators

where electrons are localized and do not correlate with one another, their energy
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values are also independent and there is considerable overlap among their energies,

leading to a Poisson point process distribution of the eigenvalues of narrow band

RBMs, as shown in the fig 3.1 below.

Figure 3.1: Eigenvalue statistics and non-locality of Eigenvectors in a
Random Band Matrix: The figure depicts a one-dimensional random band
matrix (RBM), it’s relationship to the Schrödinger equation, the system that it
models, the shapes of the eigenvectors of such RBMs and how they relate to
the conductivity of a system. Non locality of eigenvectors in wide-band RBMs
depicts that electrons have delocalized throughout the available space uniformly,
i.e., it satisfies quantum unique ergodicity. It is also related to higher con-
ductivity in such a system. The Eigenvalue single point correlation function
for such a case follows the Semicircle rule, and falls under the Gaussian Or-
thogonal Ensemble (GOE) symmetry class of random matrices. In the case of
narrow-band RBM models systems with localized eigenvectors, the model system
is insulating, and the Eigenvalue single point correlation function follows a Pois-
son point process.Figure adapted from https://www.quantamagazine.org/universal-
pattern-explains-why-materials-conduct-20190506/

It is well known that proteins by virtue of being organic molecules are themselves

not conductive. However, electron transport is known to occur in several biological
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processes. What remains vague is that how does this transport occur if proteins are

not conductive. Soliton (single crested waves) models have previously been proposed

but no proof was found.523 It is also unclear if the ’same’ electron actually moves

through the protein structures, or if the potential energy moves from one end to the

other, as in a series of pendulums hung together and barely touching, knocking out

an electron at the other end. The latter explanation, of energy moving instead of the

actual electrons, is more plausible, because proteins are not conductive. However, for

such a phenomenon to occur, the electrons must somehow be entangled together, or

at least their wavefunctions must interact and/or overlap, from one end of the protein

to another. The question then arises, what kind of an entanglement exists and how to

model it in terms of energy levels and wavefunctions (eigenvalues and eigenvectors)

of the energy operator Hamiltonian.

Another well timed evidence comes to light that when proteins fold, they make stable

low barrier hydrogen bonds (LBHBs) with themselves, and also low barrier but un-

stable hydrogen bonds with surface water.461 Whether the folding actually happens

or not depends on the sequence; whether the sequence allows for extensive LBHBs or

just a few, leads to stable structures or disordered random coils respectively. α-helices

are way more ’conductive’ than β-structures, which are way more conductive than

random coils, with the posited reason being the higher number of hydrogen bonds in

each.108 The conductivity is anisotropic. It is higher in the direction of the hydro-

gen bonds, and in both alpha helices and beta structures, two of the most common

structures, accounting for almost 70% of protein structures, the hydrogen bonds are

LBHBs.460 It is not too much of a stretch to therefore imagine that folding into stable

structures via extensive networks of LBHBs, leads to electrons farther along the se-

quence or the backbone to become ’entangled’ via intermediary electrons delocalizing

along the LBHBs. Modeling a Hamiltonian for such electron interactions, despite the

electrons not being delocalized as much as in a metallic conductor, must also follow

the rules laid out by RBM band width analysis. The author in this current body
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of work therefore hypothesizes that:

• If a protein folds into a stable structure, far away electrons become dependent

on one another due to individual wavefunctions overlapping in space over er-

godic timelines via LBHBs or due to intermediate wavefunctions overlapping by

delocalizing over shorter distances, then the eigenvalues of such a randomized

Hamiltonian must repel each other, i.e., the probability of them coinciding goes

down.

• Additionally, if a stable structure does not form and the proteins stay in an

extended structure, then there isn’t many avenues for the electrons in the protein

to interact with one another, rather they interact with the solvent molecules,

delocalizing along single-well hydrogen bonds in water.In such a situation, it is

highly likely that the electrons of the protein are not dependent on each other,

but rather with the solvent, where the LBHBs are unstable, thereby reducing

delocalization of the protein’s electrons over ergodic timelines.

• The random Hamiltonian matrix for such a case would obey the Poisson distri-

bution over its eigenvalues, i.e., there is lots of degeneracy.

• From an information theoretic point of view, as a protein folds and settles into a

stable structure, the global probability distribution over the eigenvalues (allowed

discrete energy levels) of the random Hamiltonian representing the protein’s

electron interaction energies (both potential and kinetic together) becomes wider

as the eigenvalues don’t crowd around the same value on the number line. The

uncertainty of the energy values increases.It becomes more difficult to say, what

energy would an electron picked at random from the protein, would most likely

possess. In other words, the Information entropy of the eigenvalues of the
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Hamiltonian that models a protein structure, must increase when the protein

folds.

• Conversely, if the protein does not have a stable structure, but rather remains in

a disordered state, the uncertainty in its energy values is not as high. The infor-

mation entropy of the eigenvalues of the Hamiltonian that models a disordered

protein, therefore, is low.

The question arises, then, do these hypothesized phenomena actually take place? Can

a random band matrix, optimized for systems where electrons are either totally lo-

calized, or entirely delocalized, be able to model a system where electrons interact

only along certain directions? If yes, then in the absence of rigorous proofs that

the band width rule applies to higher then 2 dimensions (researchers have not per-

formed simulations or written rigorous proofs for 3 or more dimensions of quantum

chaos modeled as a random band matrix), and considering that proteins are chiral

anisotropic molecules, what type of random matrix would be most suitable? The

random graph structured matrices (RGMs) described in the next chapter, come to

the rescue.
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Chapter 4

RANDOM GRAPH STRUCTURED MATRICES IN
PROTEIN FOLDING

4.1 Random Graph Structured Matrices in the Delocalized Phase

Previous iterations of the Random Graph structured Matrix (RGM) in the literature

include random connectivity between nodes equally distributed in several different

finite spaces, including a 3-dimensional Euclidean torus.524,525 The presence or ab-

sence of edges is tuned by a cut-off threshold ε on the Euclidean-distance measure.

Nodes are are said to have edges between them if the distance between the nodes

d < ε. It has been shown that as the dimension of the random matrix n → ∞, then

the limiting density of the single point correlation function of the eigenvalues of the

RGM approaches the semicircle distribution, under Gaussian Orthogonal Ensemble

Symmetry as ε increases.524 The difference between the limiting density of the single

point correlation function of the eigenvalues and the instantaneous density of the same

for the RGM is usually estimated as a KL-Divergence. Since it can be said that

since such an RGM can be obtained by a random combination of row and

column transformations of a Random Band Matrix (RBM) of the same

dimensions with the same number of nonzero elements, the current body

of work hypothesizes that the same statistics as RBM, including univer-

sality of Gaussian Orthogonal Ensembles and Quantum Unique Ergodicity

(QUE), hold for RGM.

To apply RGM formalism to protein structures, the current work assumes that the

proteins can be thought of as nodes (atoms) in a 3-dimensional Euclidean space,

connected by edges (bonds). However, since RGM are suitable to simulate large
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disordered Hamiltonians that are electron energy operators (or other fermion energy

operators; could also be momentum operators), and since the bonds have a one to one

correspondence between electrons rather than atoms (atoms can have single, double

or triple bonds, mandating a weighted adjacency matrix that throws off the requisite

randomness and symmetry in Random Matrix Theory formalism), we further fine-

grain the mental image and imagine proteins (and other molecules) as a bunch of

mostly localized valence electrons (imagined as particles) in 3-dimensional Euclidean

space, forming edges with the valence electrons of the other atoms within a threshold

distance ε ∈ R+ which is the radius of the sphere in the finite cubic Euclidean space,

within which all points interact to form mostly Low Barrier Hydrogen Bonds (LBHB)

and π − π stacking, and some other minor variations of weak secondary bonds.

For the case of numerical simulations, at first, we randomly assign (x, y, z) coordinates

to n nodes, where n is an arbitrarily large positive integer (usually n > 100). The

coordinates are identically and independently sampled from a distribution. For a uni-

formly distributed point cloud in 3-dimensions, we assume n points in 3-dimensional fi-

nite cubic Euclidean space of volume l3 with coordinates (x, y, z) ∀ x, y, z ∼ U({−(l/2),

..., (l/2)}) i.i.d, where U({−(l/2), ..., (l/2)}) is the uniform distribution over the set

[−l/2, l/2] ∀ l ∈ R. The adjacency matrix thus obtained can now be im-

posed as a mask on a mean field random matrix to obtain a random graph-

structured matrix, RGM. An adjacency matrix An×n(ε) : Aij(ε) = 0 ∀ Dij > ε

and Aij(ε) = 1 ∀ Dij < ε where the pairwise Euclidean distance between the n points

is given by the distance matrix Dn×n : Dij =
√

(xj − xi)2 + (yj − yi)2 + (zj − zi)2.

The following paragraphs describe the new math developed in the current body of

work for such RGMs, as applicable to the protein’s electron adjacency.

Now, let G be an n × n real-valued square matrix such that Gij ∼ N (0, 1) i.i.d.

with the mean of the standard normal distribution µ = 0 and standard deviation

σ = 1. Then let H be a square symmetric real-valued Hermitian matrix such that

H = (G+GT )/
√

2n, normalized to belong to the mean-field case of a random matrix
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belonging to the Gaussian Orthogonal Ensemble (GOE) symmetry class. If the adja-

cency matrix A(ε), derived from the graph with n nodes and m edges, then An×n(ε)

is a symmetric matrix, with m non-zero elements either in the lower or upper trian-

gle. We define the random matrix with imposed graph structured as a Hadamard

(element wise) product between the adjacency A(ε) and the symmetric matrix Hn×n

as obtained above: H ◦A(ε) (A(ε) acts as a mask on H). since all the individual ele-

ments (Gaussian random variables in their own right) are independent of each other

the joint probability density (jPDF) of such an RGM is given by the product of all

the non zero random variables in H ◦A(ε). If we would have considered the Wishart

class of random matrices with H = GG∗, G∗
ij = Ḡji, then we wouldn’t be able to

do a simple multiplication to find the jPDF(H ◦ A(ε)) as the elements are no longer

independent of one another. However, as n → ∞, the Wishart matrices are known

to transition smoothly into GOE. Moreover, if λH◦A(ε) denotes the set of the ordered

eigenvalues of the matrix H ◦ A(ε), then
∑n

i (λiH◦A(ε))
2 = Tr(H ◦ A(ε))2. Therefore

in the global regime, the single point correlation function of λH◦A(ε) can be estimated

by the joint-PDF of the elements of the n × n dimensional RGM H ◦ A(ε) which is

given by:

jPDF (H ◦ A(ε)) =
∏

j≥i,Aij |ε ̸=0

P ((H ◦ A(ε))ij)

=
∏

j≥i,Aij |ε ̸=0

C1(A(ε))eC2(A(ε))tr(H◦A(ε))2 (4.1)

where the constants C1(A(ε)) and C2(A(ε)) depend on the number of non-zero ele-

ments in the adjacency A(ε). The values of C2(A(ε)) can be obtained by calculating

the number of nodes (electrons) n and the number of nonzero off-diagonal entries m

in the upper triangle of A(ε). for a protein analog, the number of nodes (electrons) n

will of course vary for different protein sequences, but it stays the same as the protein

folds. However, m will vary as the number of edges (bonds) in the protein changes as

the protein folds, and for different protein sequences as well. Therefore, depending on
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the values of n and m, the overall mean and standard deviation of the diagonal entries

(µdiag = 0, σdiag =
√

2/n) and off diagonal entries(µoff−diag = 0, σoff−diag = 1/
√

2n)

of H ◦ A(ε) can be estimated and C2(A(ε)) can be split into C2(n) and C2(m). One

can then find C1(A(ε)) = C1(n,m) from the properties of PDFs: the integral of the

global eigenvalue PDF from equation 3.15 should be equal to 1. Therefore:

C1(A(ε))

∫ ∞

−∞
eC2(A(ε))Tr(H◦A(ε))2

∏
j≥i,Aij |ε ̸=0

dHij = 1

=⇒ C1(A(ε)) =

∫ ∞

−∞
eC2(A(ε))Tr(H◦A(ε))2

∏
j≥i,Aij |ε ̸=0

dHij

−1

=⇒ C1(n,m) =

(∫ ∞

−∞
eC2(n)Tr(H◦A(ε))2

∏
j=i

dHii

)−1

×

∫ ∞

−∞
eC2(m)Tr(H◦A(ε))2

∏
j>i,Aij |ε ̸=0

dHij

−1

(4.2)

where the integral is the product of integrals over each individual element on the diago-

nal and the off-diagonal upper(or lower) triangle. From the values of µdiag, σdiag, µoff−diag,

& σoff−diag, and by considering n and m as variables, we obtain:

C1(n,m) =

(
1

2

)n(√
n

π

)n+m

(4.3)

C2(n) = −n
2

4
(4.4)

C2(m) = −mn (4.5)

In numerical simulations, we can count n and m = m(ε) explicitly, and use the

well-known normal distribution formula for a random variable x:

N (µ, σ) =
1

2
√
π
e−

1
2(x−µ

σ )
2

Then we plug in the values of µ and σ for diagonal and off diagonal (lower or upper

triangle) entries, and ultimately calculate the values of C1(n,m), C2(n),& C2(m). We
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can also simply estimate the probability density directly from the numerically sam-

pled elements of the RGM in practice.

In the global regime, the single point correlation function of λH◦A(ε) with fixed but

arbitrarily large dimension n > 100 approaches GOE’s limiting density (semicircle)

as m(ε) increases with ε. To figure out if the information entropy of the single point

correlation function (which is a probability distribution) of λH◦A(ε) increases with in-

creasing m(ε), we use the formula for continuous differential entropy of a probability

distribution P given by:

CDE(P ) = −
∫
P ln(P )

CDE(jPDF (H ◦ A(ε))) = −
∫ ∞

−∞

(
C1(n,m)eC2(n,m)Tr(H◦A(ε))2

× ln
(
C1(n,m)eC2(n,m)Tr(H◦A(ε))2

) ∏
j≥i,Aij |ε ̸=0

dHij

= −C1(n,m)

∫ ∞

−∞

(
C2(n,m)Tr(H ◦ A(ε))2

+ ln (C1(n,m))eC2(n,m)Tr(H◦A(ε))2
∏

j≥i,Aij |ε ̸=0

dHij

(4.6)

By solving for the above, with µdiag, µoff−diag and σdiag, σoff−diag obtained from the

transformation H = (G+GT )/
√

2n of each of the normal random variables N (0, 1) for

each element of G and GT , and keeping n and m as variables (in the case of a protein,

n will vary with protein sequence only, while m will vary with protein sequence, and

the number of secondary bonds in a given protein’s secondary structure as well, given

a finite threshold cut-off for electron-electron interaction ε), we get:

CDE(jPDF (H ◦ A(ε))) = CDE(ε) = CDE(n,m)

=
m+ n

2
(1 + ln (n) − ln (π)) +

m

2
ln (2) (4.7)
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for which a numerical value is obtained once we know n and m from A(ε). The

Information entropy can also be directly estimated from the numerical simulations

by estimating the single point correlation function of λH◦A(ε) and then using the dis-

crete version of the information entropy formula given in equation 1. The trends in

CDE(n,m) are visualized for m(with fixed n) and n(with fixed m) in fig 4.1.

Figure 4.1: Numerical Simulation Setup and Checks: (A)–(C)Visual Represen-
tation of n = 500, 1000 and 2000 points, uniformly distributed along all 3 coordinates
in a finite cubic Euclidean Space of volume 1003; (D) The pairwise distance matrix for
the n = 1000 case; (E) Single point correlation function of eigenvalues of a mean field
matrix of dimension 1000×1000;(F) Trends in CDE(n,m) from equation 4.7 evaluated
as m→ ∞ for fixed n = 1000; (G) trends in CDE(n,m) evaluated as n→ ∞ for fixed
m = 10000

Next, we come up with an algorithm to numerically interrogate the properties of a

Random Graph structured Matrix (RGM), as described below:

Algorithm:

• Sample n random points (nodes, electrons) uniformly in a cube (a torus or

a sphere is possible as well). We chose the cube because protein simulations

usually take place in a cubic unit cell. We also chose n >> 100, in a cube of
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volume l3, l = 100 in arbitrary units, origin at (0, 0, 0) and min/max = ±50

for the x, y and z coordinates (See fig 4.1(A)-(C) for visualization).

• Calculate distance of every point from every other point, resulting in an n× n

dimensional pairwise distance matrix D.

• Set a threshold value ε between 0 and the maximum possible distance (body

diagonal of the cube of edge length l) which is dmax =
√

3l2 ∼ 173.20, l =

100 arbitrary units. ε can be calculated by either partitioning dmax into equal

length segments (equispaced) or by partitioning the distribution of the Dij into

equiprobable sections (See fig 4.1(D) and fig 4.2(A)-(D)).

• To the distance matrix D, Apply a threshold ε : ∀ Dij < ε,Aij = 1 else Aij = 0,

where An×n(ε) is the adjacency matrix of the n nodes in the cube.

• Randomly sample n2 values from N (0, 1)i.i.d. and reshape the array of numbers

to obtain an n× n dimensional real-valued random asymmetric matrix G.

• Perform the transformation H = (G+GT )/
√

2n on the matrix G to obtain nor-

malized symmetric random matrix with the mean µdiag = 0 and the standard

deviation σdiag =
√

2/n for the diagonal elements, and the mean µoff−diag = 0

and the standard deviation σoff−diag = 1/
√

2n for the lower and upper triangu-

lar elements to satisfy the symmetry constraints for GOE. Since the standard

deviation of the off diagonal elements is half that of diagonal elements, we can

be rest assured that the random mean field matrix H belongs to the Gaussian

orthogonal Ensemble (GOE), and that it has been properly normalized.

• Repeatedly sample more G matrices, so that we have N different H matrices per

adjacency matrix A(ε),∀ ε, to probe the ”certainty” of the metrics (standard
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deviation about the expected value of the metrics) that we are trying to establish

for any individual RGM corresponding to A(ε).

• Calculate the eigenvalues λkH of the mean field random matricesHk, k = 1, 2, ..., N .

• Calculate the probability density function (as an array, by binning the values

in bins of equal width as in a histogram) of λkH ∀ Hk, k = 1, 2, ..., N together.

That should be the limiting density case as limHk ◦ A(ε) = Hk as ε→ dmax

(fig 4.1(E)).

• Apply the adjacency A(ε) on all the matrices Hk by element-wise multiplication

to obtain the RGMs of interest. Then find the eigenvalues λkH◦A(ε) of the RGMs

Hk ◦ A(ε), k = 1, 2, ..., N, ∀ ε, pool them together, and calculate their prob-

ability density function as a histogram, by equal sized binning, which is their

single point correlation function, after normalization so that the area under the

histogram equals 1 and by scaling so that the min-max range of the eigenval-

ues are comparable. Fig 4.3 shows the plot of all the single point correlation

distribution for all the eigenvalues of the RGM for different values of n and ε.

• Calculate the CDE of the RGMs Hk ◦A(ε), k = 1, 2, ..., N, ∀ ε with adjacency

A(ε) at threshold ε, two ways: first, numerically by applying CDE(m,n) =

−
∑
P ln (P ), where P is the numerically computed single point correlation

function of the eigenvalues of the RGMs; and then from the analytical formula

derived in equation 4.7. Fig 4.3 shows the plot of the trends in analytically

obtained CDE of the jPDF of the RGMs from equation 4.7 and the numerically

computed CDE of the single point correlation function of the eigenvalues of the

RGMs for different values of n and ε.

• Obtain the median and median+1th eigenvalues (λkn/2, λ
k
n/2+1) in the bulk of

the support of all eigenvalues from the RGM Hk ◦ A(ε), k = 1, 2, ..., N, ∀ ε,
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and obtain the distribution of the spacing between them. Usually, the median

eigenvalues should fall in the vicinity of 0 ± 0.1 on the number line. Properly

normalize the spacing values by dividing by the expected value of all consecutive

eigenvalue spacings. As seen in fig 4.3, the median eigenvalue for RGM properly

normalized is at 0.

• Find the mean and standard deviation of the bulk spacing distribution thus

obtained ∀ k & ε.

• Find the mean and standard deviation of the distribution of all eigenvalue-pair

spacings, not just in the bulk.

• Find the mean and standard deviation of the eigenvalue pair spacings at the

edge of the support of the eigenvalues. Trends for all the means and standard

deviations for eigenvalue pair spacings at the bulk and edge of the support of

the eigenvalues for the RGMs are shown in fig 4.4, n = 1000, & ∀ ε.

• Using equation 6, calculate the KL-Divergence DKL(ρ(λHk◦A(ε))||ρ(λH), where

ρ(·) is the probability distribution, λHk◦A(ε) are the eigenvalues of the RGMs

Hk ◦ A(ε), k = 1, 2, ..., N ∀ ε, and λH are the eigenvalues of the mean field

random matrix H. The trends of this metric are shown in fig 4.4 for multiple

values of n and ε

• Obtain eigenvectors of all the RGMs Hk ◦ A(ε) k = 1, 2, ..., N ∀ ε and look for

signatures of quantum unique ergodicity in the ratio of ||L∞||/||L2|| norms for

each RGM. If the ratio is close to 1 then the eigenvectors are heavily localized,

and if the ratio is close to 1/
√
n then the eigenvectors are heavily delocalized.

The ||L∞||/||L2|| ratios of the Eigenvectors as ε values increases are shown in

fig 4.4 and fig 4.5.
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As seen in fig 4.1, the volume l3, l = 100, of the cubic box is kept the same, but

number of points increases, so we can use n as a proxy for density (ρ = n/l3). We

also see in fig 4.1 (F) and (G) that the CDE(n,m) from equation 4.7 increases lin-

early with m at a fixed value of n, and increases logarithmically with n at a fixed

value of m at first before becoming linear asymptotically around n = 200 For lower

values of m, the logarithmic term in CDE(n,m) from equation 4.7 will dominate so

the asymptotic linearity of the CDE(n,m) function will appear at greater values of

n. Nevertheless, as expected, the increase in number of edges (secondary bonds in

the case of a protein as it folds) increases the continuous differential entropy of the

jPDF of all elements in the RGMs, which is analogous to the CDE of the single point

correlation function of the eigenvalues of the RGMs.

In the protein folding scenario, the n and m translate to number of electrons and

number of bonds (that increases while n remains constant during protein folding as

long as the protein folds into a stable structure such as α-helix or β-sheets), the

random entries of the RGM denote the random interaction energies between the elec-

trons. It could also denote momentum, depending on the interpretation, but Eugene

Wigner, as discussed before, established the correspondence of eigenvalue spacings

with energy level spacings of fermions, therefore lending credibility to the idea that

the Random matrices of the GOE type, are analogous to the Hamiltonian energy op-

erator in Quantum Mechanics. Accordingly, the eigenvalue statistics inform us about

the statistics of the allowed energy levels that the electrons can occupy in the protein

or protein-water complex.

From fig 4.2(A),(C) it is clear that the equiprobable thresholds cluster around

the mean of the pairwise distance values, and therefore add a similar number of

off-diagonal entries m to the RGMs as the threshold increases, which is seen in fig

4.2(E). Similarly, we also see that equispaced thresholds (fig 4.2(B),(D)) that simply

segment the maximum distance possible in the cube equally, add unequal number
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Figure 4.2: Applying thresholds on Point Clouds: (A)-(B) Scaled and
binned pairwise distances with equiprobable and equispaced thresholds respec-
tively. In the equiprobable thresholds case, each segment contains similar num-
ber of pairwise distances for each point cloud density n while for the equispaced
case, the x axis is simply segmented into equal length sections; (C)-(D) Same
as (A) and (B) respectively, except the pairwise distributions are normalized to
show the probability of each distance value in the point cloud of density n =
500, 512, 1000, 2000, 2197, 3000, 3375, 4000, 4096 in a 1003 cubic box;(E) Single point
correlation function of eigenvalues of a mean field matrix of dimension 1000×1000;(F)
Trends in CDE(n,m) from equation 4.7 evaluated as m→ ∞ for fixed n = 1000; (G)
trends in CDE(n,m) evaluated as n→ ∞ for fixed m = 10000

of off-diagonal entries (fig 4.2(F)). For an example case of n = 500, we also see

that the single point correlation functions of the eigenvalues of the RGMs show the

expected trend of becoming wider as ε increases for both equiprobable (fig 4.2(G))

and equispaced (fig 4.2(H)) thresholds. The values of ε for equiprobable thresholds are

[0, 27, 35, 41, 46, 51, 55, 60, 63, 67, 71, 75, 79, 83, 87, 92, 97, 103, 111, 173] and the same for

equispaced thresholds are [0, 9, 18, 27, 36, 45, 54, 63, 72, 82, 100, 109, 118, 127, 136, 145,

154, 164, 173]. However, due to the constraints of space and for clarity, in the next

figure (fig 4.3) we do not place the boxplots depicting the single point correlation

function of the eigenvalues at the positions mandated by the actual values of ε, but
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at the index of the individual ε values (i.e., 1, 2, ..., 20, where the first value ε = 0 has

index 1, second value ε = 9(equispaced) or 27(equiprobable) has index 2, ..., and the

last value ε = 173 has index 20).

From the point of view of protein folding, the CDE trends tell us that as the pro-

tein folds, the number of bonds it has with itself, increases, (reflected by increasing

ε value), i.e., more and more electron wavefunctions overlap, and therefore get de-

pendent on one another, leading to a reduction in degeneracy as no more than two

electrons can occupy an energy state, and the electrons also have to have opposite

spins. The same phenomenon is observed when covalent bonds are formed as well.

The molecular orbitals are wider apart, and are of different energies than individual

atomic orbitals with degeneracy.

From fig 4.3, we see that the trends for the single point correlation functions (shown

as a series of boxplots) of eigenvalues of RGM with n = 500, 1000, 2000, 4000 as the

value of ε increases (the plots only show the index of the ε values on the x-axis in-

stead of actual values to avoid cluttering of the plots). In all the boxplots, the median

eigenvalue is the mean eigenvalue, which is at 0, and is shown by the horizontal yellow

line. As expected, the eigenvalues spread out more and the distribution flattens out

further as ε →
√

3l2(max distance possible in a cube of volume l3), until at ε = 173

the single point correlation function is a semicircle (as shown in fig4.1(E)), regardless

of how the ε values were obtained (equispaced or equiprobable partitioning of the

pairwise distance distribution).

Fig 4.3(I),(K), show the CDE(n,m) calculated from actual values of n and m counted

from the adjacency matrices A(ε) computed at the threshold ε applied on the pairwise

distances. As expected, the CDE(n,m) increases as m → n(n− 1)/2 ∀ n. Similarly,

when we obtain the single point correlation function(SPCF ) of the eigenvalues di-

rectly from the generated RGM as described in the algorithm above, and use the
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Figure 4.3: Statistics of Single Point Correlation Function of Eigenval-
ues of RGM: (A)–(D) The trends in the single point correlation function of
the eigenvalues are shown for n = 500, 1000, 2000 and 4000 as ε increases; (E)-
(H) Same as (A)-(D) respectively, except the ε values are from the equiprobable
thresholding;(I) CDE(n,m) from equation 4.7 is evaluated and trends are shown
∀n = 500, 512, 1000, 2000, 2197, 3000, 3375, 4000, 4096, showing the trends in infor-
mation entropy of the distribution of the joint PDF of all elements of the RGM as ε
increases for equiprobable thresholds.(J) Trends in numerically computed CDE of the
binned eigenvalue distribution (histograms) for all n as ε increases for equiprobable
thresholds. (K),(L) same as (I) and (J) respectively but for equispaced thresholds.

equation

CDE(P ) = −
∑

P lnP

to obtain numerical values of the CDE of the SPCF , and plot the trends for

both equispaced and equiprobable thresholds(fig 4.3(J),(L)), we see that the CDE

increases and then stabilizes as m → n(n − 1)/2 ∀ n, similar to the analytical

CDE(m,n) derived on the jPDF of the RGM entries themselves, showing that

CDE(jPDF (H ◦ A(ε)) ∼ CDE(SPCF of λH◦A(ε)).
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In the case of protein folding, the trends in the eigenvalue single point correlation

function tells us that as number of bonds increases within the protein (more and

more electrons start interacting, their wavefunctions overlapping, no longer indepen-

dent), we expect to see a reduction in the degeneracy of allowed energy levels for

the electrons. Since the CDE of the SPCF also increases and then stabilizes, we

can expect that there is a decrease in certainty (information entropy increases, so

the information content, amount of surprise, has increased, but encrypted, according

to the laws of information theory) among the single-point correlation function of the

allowed energy levels of the electrons. The implication is that if we were to mea-

sure the energy of many electrons one by one in a folded protein, many energy levels

will be measured, rather than a certain expected value. In the case of disordered

proteins, however, the proteins do not fold into stable structures, so the informa-

tion entropy of their energy-levels does not increase, and therefore if we measure the

energy of the electrons, one by one, in such a protein, we would mostly measure a

certain expected value of energy that most electrons will possess. Since ligands and

other small molecules bind to proteins at the active sites, and the active sites mostly

have the disordered regions, rather than fully α or β structures, it can be said that

the approaching molecules make some measurement on the electrons present near

the active site. The above discussion posits that since the expected value of electron

energies (regardless of which electron it is) is very certain for the disordered regions

than the folded regions, it is easier to make a measurement at the disordered regions

and therefore bind to it. This can also serve as a template, and only the molecules

that can match a similar expected energy level (frequency of wavefunctions) will bind

to the disordered region of the protein-receptor. Moreover, as a ligand binds to the

receptor on one end and settle into a stable structure momentarily, the other end of

the receptor unfolds to present residue to other ligands to start the signaling cascade.

As such, one part of the protein receptor loses certainty in expected energy, while

the other end gains the certainty, showing a clear direction of information transfer,
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probably mediated by the low barrier hydrogen bonds along the other fully-folded

and more conductive regions of the protein.

Figure 4.4: KL-Divergence of Single Point Correlation Function of Eigen-
values and Statistics of their spacings: (A)–(B) Trends in KL-Divergence DKL

as obtained by applying equation 6 on the SPCF of Eigenvalues of RGMs, with the
SPCF of the eigenvalues of the mean-field random matrix (ε = 173) as the reference
distribution, for both equiprobable and equispaced ε values; (C) Mean value of spac-
ing distributions ∀ ε, Hk ◦ A(ε), k = 1, 2, ...1000, n = 1000 calculated between the
edge eigenvalues (largest and next largest; smallest and next smallest) and the bulk
(median and median+1th) eigenvalues as described in the algorithm; (D) Standard
deviation value of spacing distributions

Fig 4.4(A) and (B) show us the KL-Divergence, a measure (equation 6) of how dif-

ferent two distributions are, with the reference distribution being the single point

correlation function of the eigenvalues, and how this KL-Divergence changes with

increasing values of ε. As can be seen, as ε →
√

3l2 for l = 100, the KL-Divergence
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smoothly reaches zero for both the equispaced and equiprobable threshold values,

confirming that the eigenvalue single point correlation function tends towards GOE

statistics smoothly. This was expected because the KL-Divergence is simply a more

accurate measure of continuous entropy (a better analogue for Shannon’s information

entropy of discrete distributions) than the continuous differential entropy CDE(m,n).

For the Eigenvalue spacing distributions at the edge and the bulk(median and me-

dian+1 eigenvalues, which fall in the range 0 ± 0.1) of the support of eigenvalues, we

see that the mean value of the spacing increases with ε at first and then stabilizes

(fig 4.4(C)), confirming that not only is the SPCF of eigenvalues becoming wider

and more semicircular, but also that the eigenvalues are repelling each other more

and more along the real number line, before maintaining a certain expected spacing

between each other. However, the standard deviation of the spacing distributions fig

4.4(C)), especially for edge eigenvalue spacings, shows a strong minimum at a cer-

tain value of ε before increasing and stabilizing at a significantly higher value than

the minimum. This observation is surprising, and suggests that at a certain level of

connectivity among the points (pertaining to a certain threshold ε value, which is 27

for the example case of n = 1000 points), the eigenvalues not only repel each other

more, but that we get more and more certain about the spacing that is maintained

between the eigenvalues. Interestingly, this spacing that we are most certain of, isn’t

the maximum spacing that the eigenvalues ultimately maintain between themselves,

if connectivity keeps increasing. We can therefore posit that only at the threshold

where the eigenvalue spacings have the lowest standard deviation, and therefore high-

est certainty, the eigenvalues themselves hold their positions on the real number line,

while still maintaining a non-zero spacing between them.

Extrapolating to the case of proteins, such an observation suggests that depending

on density of electrons in 3-D space, as the electrons gain access to more energy levels

when they overlap (as the protein folds, for example), the separation between energy

levels increases, making it more difficult for electrons to gain or lose energy. However,
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at a certain distance of electron-electron interaction, there comes a time when the

allowed energy levels not only maintain a spacing between them, but also that the

spacing becomes more certain, suggesting that the energy levels themselves become

more strongly preferred, indicating the presence of longer time coherence (As long as

we consider the RGM to represent the Hamiltonian energy operator) of the quantum

nature of electrons. It is worth it to investigate what this certain threshold distance is

that could be responsible for maintaining longer time coherence of quantum properties

of electrons. However, if we consider the RGM to represent the momentum operator

instead, the minimum spacing standard deviation at the certain threshold value indi-

cates the distance at which the electron wavefunctions or eigenstates are most highly

delocalized. Since the electron wavefunctions are the eigenfunctions of the momentum

operator, which are the eigenvectors of the RGM, we interrogate the delocalization of

the eigenvectors of the RGM in fig 4.5. In fig 4.5, we can clearly see from the ratio

Figure 4.5: Delocalization of Eigenvectors of RGM: (A) Box-plots showing the
distribution of ||L∞||/||L2|| norm ratio for all eigenvectors of all RGM matrices at
different values of n and equiprobable thresholds ε; (B-(D)) same as (A) but only for
the n = 500, 1000, 2000 cases respectively. the x-axes in )B)-(D) show the threshold
indices rather than the actual threshold value for clarity in viewing the boxplots;
(E)-(H)Same as (A)-(D) but for equispaced thresholds.

of ||L∞||/||L2|| norms for each eigenvector, corresponding to each eigenvalue of each
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RGM Hk ◦ A(ε) ∀ n, and further visualized more clearly in fig 4.5(B)-(D), (F)-(H)

for equiprobable and equispaced thresholds for n = 500, 1000, 2000 cases only. The

||L∞|| norm picks out the maximum value in an array, while the ||L2|| norm is the

root sum-squared value of all the values in an array. So for an array of size n, the

norm ratio will be 1 if the maximum value dominates all the other values combined,

indicating localization, whereas if the ratio approaches 1/
√
n then the maximum value

is no more or less dominant than any other value in the array, indicating total delo-

calization. We can clearly see that the Eigenvectors start out very highly localized at

ε = 0, because the norm ratio is 1, and then as ε increases, they approach their re-

spective 1/
√
n values, which is 0.044, 0.032, 0.023 for n = 500, 1000, 2000 respectively.

The observation indicates Quantum Unique Ergodicity in the RGM pretty early on

in the degree of connectivity, depending on n. In fact, the rate at which the norm

ratio drops to stable low values is dependent on the point density n as we see that

for n = 500, the ratio drops below 0.2 at ε ∼ 27, while for n = 1000, it happens at

ε ∼ 18, and for n = 2000, it happens at ε ∼ 9, seemingly indicating a direct rela-

tionship with the threshold at which we observe the minimum for Eigenvalue spacing

standard deviations.

The implications for the protein folding scenario could be that at a given density of

electrons, the distance threshold below which all the individual electron wavefunctions

are interacting, via either covalent or secondary bonds, leads to a very high degree of

delocalization of superposed wavefunctions (similar in principle to the mathematical

graph percolation effect), accompanied with a high degree of certainty in the spacing

between allowed energy levels (or momenta) and therefore the energy levels them-

selves, displaying a possible long term quantum coherence, as well as a high degree

of certainty in expected value of measured energy of electrons if the proteins remain

disordered, and high uncertainty in measured energy of electrons if the proteins fold

into stable structures. At this particular distance-based interaction threshold, quan-

tum properties are maintained, and we can begin to tease out the secrets of molecular



100

recognition and signal transduction from the point of view of electrons. We must

therefore interrogate what such an ideal threshold could be for the protein folding

case, as well as optimize the following metrics to dynamically evolve graph connec-

tivity:

(a) Maximize the standard deviation of SPCF of eigenvalues w.r.t. m(ε)

(b) Maximize the CDE(n,m) of the RGM and the CDE(SPCF ) of the eigenvalues

w.r.t. m(ε)

(c) Maximize the expected (mean) spacing between consecutive eigenvalues w.r.t.

m(ε)

(d) Minimize the eigenvalue spacing standard deviation w.r.t. m(ε)

However, before one can use the RGM metrics identified above in a data driven

model (such as the previously implemented VAE-GAN as described in chapter 2),

we establish the veracity that indeed the information entropy of the eigenvalue single

point correlation distribution measure of the RGM (that models the large disordered

Hamiltonian of the valence electrons in a protein) increases as the protein folds (rather

than deliberately increase m as we did before by simply increasing ε). Since the

limiting density of the single point correlation function of the eigenvalues is different

for different proteins (no RGM will ever reach the mean field connectivity, but rather

the connectivity, and therefore the number of nonzero off diagonal elements, will

depend on the specific protein sequence and its structure) and is unknowable if the

protein structure is unknown (which makes the whole point of the study moot), there

must exist other parameters or other metrics of the eigenvalue statistics, such as the

standard deviation of the edge and bulk eigenvalue spacing distributions as detailed

above, and non locality of eigenvectors of random graph matrices, that can act as an

opposing phenomenon to the asymptotically linearly increasing CDE. The following
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section describes the algorithm that we adopted to investigate whether CDE (of the

eigenvalue single point correlation distribution of an RGM) increases as a model

protein folds in an aqueous medium, as simulated by the widely accepted Molecular

Dynamics (MD) simulation (a purely classical Brownian motion model of protein

folding), and a control system (pure water) MD simulation. We choose Polyalanine

with 21 Alanine repeating monomers as our protein. It is considered a model sequence,

because it is very well established in the literature that the protein folds into a stable

α-helix structure. We also test other statistics of RGM in the Polyalanine-21 and pure

water model systems to tease out other fundamental physical phenomena and see if

the numerically established metrics have physical relevance during protein folding

in aqueous media. We are unable to use any outside MD simulations because the

trajectories are not comparable due to different force fields and different simulation

parameters as well as the fact that most raw trajectories are not completely uploaded

to publicly accessible repositories.

4.2 Approach & Methods to model protein Folding with Random Graph
Structured Matrices

After establishing some metrics such as the information entropy of the single point

correlation distribution measure of the RGM type Hamiltonian of electron interaction

in proteins during folding, the local spacing distribution and its properties in the bulk

of the support of the spectrum of the RGM, and the overall spacing of the spectrum,

the next step is to come up with a process to use such formulae and abstracted results

on protein folding simulations that are well trusted in the literature, to tease out the

physical relevance of the established metrics.

The step by step process is outlined below (see fig 4.6 for a visual depiction):

Algorithm:

(a) The first step is to find a model protein that takes a well-known stable secondary

structure in water. One such protein is Polyalanine-21, where the sequence is
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composed of just a string of 21 Alanine residues. Polyalanine has a very stable

α-helical structure in solution,115 and Brownian motion models converge on the

structure in a reasonable amount of time. We chose to go with 21 repeats of

Alanine, to ensure we were operating in the large degrees of freedom (large n)

regime for the random matrices. Such a 21 length sequence is termed a peptide

instead of a protein.

(b) The next step was to ascertain a system that has no significant change in its

connectivity during a Brownian model based simulation, as a ’control’ system.

Water is a very obvious choice as it is also the solvent in which Polyalanine-21

is suspended.

(c) To model the Brownian dynamics of Polyalanine-21 folding in water, and the

dynamics of a system of water molecules themselves, we use the CHARMM-27

force field, with default parameters, Van-der-Waals cut off distance at 10Å,

the TIP3P water model, particle mesh ewald summation, Limited-memory

Broyden-Fletcher-Glodfarb-Shanno (LBFGS) minimization (stores only the ma-

jor dynamic modes of the inverse Hessian matrix representing the gradients) to

minimize the potential energy in an NVE ensemble class (constant number of

particles, constant volume, constant free energy), until convergence of the simu-

lation. It took about 30000 time steps, spanning 300ns to converge the peptide

folding simulation of Polyalanine-21. The water simulation used explicit sol-

vent molecules placed inside the periodic simulation box by the MD algorithm

(GROMACS) in such a way as to minimize steric clashes. All the MD simulation

itself did was evolve the system over time. The system already began with as

little potential energy as possible, so no major changes in hydrogen bond num-

bers, or structuring of water is expected without the involvement of the protein.
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The system was simulated for 2500 time steps spanning 25ns. Because classical

molecular dynamics only implicitly use quantum mechanics in the parameters

of their Newtonian force fields, and do not explicitly include electronic behavior,

the success of RGMs in showing statistics of electron dynamics that arise from

such a classical trajectory would be attributable to the nature of quantum me-

chanical interactions, and not to any artifact of molecular dynamics simulations.

RGM would also provide a simpler way to analyze MD trajectories, as well as

to tease out fundamental physics from a meso-scale Brownian dynamical model.

(d) The trajectories of both simulations in spacetime, contain as many frames as

time-steps, obtained as a series of files in the PDB format, listing their (x, y, z)

coordinates, with the Nitrogen at the N–terminus being the origin with co-

ordinates (0,0,0). We first convert the trajectories into an all atom distance

matrix Dij as before. The row and column indices of distance matrices repre-

sent atom indices. We start numbering from the hydrogen on the N–terminus of

Polyalanine-21, all the way until the last hydrogen on the C–terminus. After we

get to the Cα atom, we label the next few indices with atoms from the residue

attached to the Cα atom, then move to the next carboxyl group and so on.

We do not include solvent water in the peptide adjacency but it can be easily

incorporated in future versions. For the water simulation, we start the indexing

of the distance matrix at the first atom at an arbitrary corner of the simulation

box (we keep the indices attached to the same atoms throughout the simulation

runs for consistency).

(e) In the next step, we apply a distance cut off ε to obtain the adjacency matrix A

in terms of 0 and 1. For distances in 3-D space d ≤ ε, where ε ϵ {1Å, 2Å, 3Å, ..., 10Å}.

we repeat the following steps for each value of ε.
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(f) For each adjacency matrix A (corresponding to each time step and each ε),

which is an atom to atom adjacency, indexed as described in part(d) above,

same as the distance matrix, we want to obtain an electronic adjacency. To ob-

tain such an adjacency, we repeat the row and column representing each atom

in the peptide, or water, as many times consecutively as the number of their

valence electrons. Hydrogen gets no repeats as it has one electron in its va-

lence shell. Each row/column pertaining to a Carbon atom repeats 4 times,

each row/column corresponding to a Nitrogen atom repeats 5 times, and each

row/column identified as an Oxygen atom repeats 6 times, to obtain the elec-

tronic adjacency matrix. We consider that all valence electrons in the atoms

interact with their covalent counterparts because they are indistinguishable,

and the valence orbitals hybridize (for example, sp2, sp3 hybridization of va-

lence shell s and px,y,z orbitals in Carbon) we cannot confidently claim which

electrons will form the covalent bonds with the electrons of other atoms. A

covalent bond between atoms from a quantum mechanical viewpoint, is simply

a combined wavefunction of all electrons participating in the bond formation,

with the combined probability of locating the electrons equal at both atoms’

nuclei. In a network of covalent bonded atoms, such as in a protein, the dis-

tinctions between which electron belongs to which atom is moot, and so we do

not distinguish that in the matrix, leading to the formation of a band around

the leading diagonal of the adjacency matrix, with sparsely filled lower and up-

per triangles. As the time steps of the simulations progresses, the adjacency

matrices get more and more filled out. We consider secondary bonding to be

only hydrogen bonding in this case as conveniently, both Polyalanine and water

can only form hydrogen bonds. Van-der-Waals interactions can happen between

any atom but they are much weaker compared to LBHBs. We also limit the
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creation of hydrogen bonds to any atom within the distance threshold, and im-

pose a second restriction that only Hydrogen–Nitrogen and Hydrogen–Oxygen

pairs, regardless of where the hydrogen is coming from (side chain or backbone,

or another water molecule).

(g) For each adjacency corresponding to each threshold cutoff distance, and time

step for both Polyalanine-21 and water simulations, we count the number of

rows denoted as n (corresponding to number of valence electrons in the sys-

tem), number of non-zero elements in the upper triangle (or lower triangle, but

not both) corresponding to the number of bonds (some bonds never changed,

those are the covalent bonds, while some changed over time, and were the hy-

drogen bonds) denoted as m.

(h) We then generate N random matrices Gi, i = 1, 2, 3, ..., N, N > 40 and then

apply the transformation Hi = (Gi +GT
i )/

√
2n generating N random hermitian

matrices, normalized (normalization factor
√

2n so that the standard deviation

of the off-diagonal elements is half of the standard deviation of the diagonal

elements (a property of the Gaussian Orthogonal Ensemble class).

(i) Next, we apply the adjacency matrices as a mask over the Random matrices.

We get N different Random Graph Matrices per time frame of the simulation,

and for each threshold value ε. In total, for the Polyalanine-21 simulation, con-

sidering just the peptide and not its surrounding water, we obtain a N = 1000

(number of samples of the random matrix)×10 (ten different ε values)×30000

(number of timesteps)= 3 × 108 random graph structured matrices (three hun-

dred million).
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(j) For each RGM, we calculated the eigenvalues, the eigenvectors, the local spac-

ings, the global spacing distribution, the continuous differential entropy, the

spacing distribution between the median and median+1 indexed eigenvalues,

and analyze the results. The values for n do not change with time, as number

of electrons is constant, but the values for m changes with time, and with size of

the system (depending on how near or far away is the value for ε. We compare

the trends in CDE, standard deviations, spacing distributions, eigenvectors, and

global empirical spectral measures for various threshold cutoffs and time step

in the simulation, along a decreasing potential energy and decreasing conformal

entropy gradient. Fig 4.6

Figure 4.6: Flowchart describing random matrix theory approach to ob-
serving energy state behavior: The steps shown here correspond to after the MD
simulation has ended, from obtaining a molecule as an atomic graph, to converting
it to an electron adjacency, and subsequent analysis via random Graph structured
matrix modeling.
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4.3 Spectral and Eigenvector Statistics of electrons during Hydrogen
Bonding in Water

We begin the application of random graph structured matrices (RGM) to physical

systems, starting with a simple 1-Dimensional static water network as the simplest

scenario, to observe the trends in the global and local spectral statistics of the RGM

that models the Hamiltonian of such systems. We then move on to a 3-Dimensional

time evolving dynamic water system, simulated via explicit solvent molecular dynam-

ics software, GROMACS,526 with TIP3P208 water model (each water molecule is a

triangle with polarity at the vertices corresponding to hydrogen atoms and oxygen

atom, with a fixed angular separation of 104.5◦ subtended at the center of the oxygen

atom), CHARMM-36m force field,289 Van-der-Waals cut off distance of 10Å, 295K

room temperature and other parameters as described in section 3.3. The next system

to model is the Polyalanine-21 peptide solvated with TIP3P water molecules, with

the classical dynamics of the peptide folding simulated in GROMACS with the same

force field and other parameters.

Classical MD simulations work by initializing the molecular system of concern in an

arbitrary configuration. The software then calculates the free energy of the system

and the forces that each atom is subject to (gradient of potential energy), chang-

ing the configuration of the system in the next time step, (fixed increment of time,

usually in picoseconds) by updating the coordinates of the atoms so that the total

energy is lessened, i.e., the simulation takes a small step along the energy gradient.

The energy and forces are then recalculated, and positions of atoms updated once

more along a slightly new but still decreasing gradient, cycling through an iterative

process until the global energy of the system has converged upon some minimum in

the energy landscape. In some circumstances, a simulation can converge upon a local

rather than a global energy minimum, or even a saddle point. MD Metadynamics

and other advanced sampling techniques can be used to avoid this issue, albeit at a



108

higher computational cost.

Additionally, because the Gibbs Free Energy is minimized in GROMACS Molecular

Dynamics, we should see the free energy asymptotically approach a minimal value as

the system reaches energetic equilibrium527.

GROMACS MD is designed to minimize energy using classical physics methods, so

using a diffusion equation to represent the flow of energy between the lower-energy

solvent and higher-energy peptide, we can expect the the free energy of the peptide

to follow exponential decay (G = −β2eγ2−t +G0), where G0 is the minimum possible

energy of a given system. We assume γ1, γ2, β1, β2 ∈ R, each constant dictated by

initial conditions and constituent molecules of a given system.

Although satisfactory and feasible for use for short time scales, MD simulations

present many problems when considered for implementation in practical purposes.

The smallest proteins have been found to fold over microsecond timescales528, 6 orders

of magnitude larger than the picosecond (ps) time increments necessary for accurate

MD simulations (larger time increments will result in longer steps along the potential

energy gradient, thereby sampling the energy landscape in a shallow manner, and the

simulation may never find the global energy minimum), often rendering MD simula-

tions inaccurate for simulating large or disordered protein folding. MD simulations

already present a relatively high computational cost, which has been improved from

O(N2) to O(Nlog(N)) complexity for an N-body systems by introducing GPUs and

other more modern methods of computing. Moreover, these issues are also continu-

ally being improved by improving the force fields used to calculate the forces on the

system529. However, because the simulation treats molecules classically, as described

before, the atoms are considered as point-like hard spheres utilizing classical thermo-

dynamic principles to obtain order and structure from random oscillations (Brownian

models), these simulations cannot account for quantum mechanical effects, which

may have a role to play in molecular recognition and signal transduction. Further,

we know during protein folding, the conformational entropy of the system decreases.
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However, as previously stated, conformational and configurational entropy is only one

measure of the potential entropy available for a system to possess, so other measures

of entropy must increase to counter the decrease in configurational entropy, although

the exact nature of such entropy measures is so far under intense debate. Random

Graph Matrices, and the entropy of the distribution of their eigenvalues may provide

one such entropic compensation mechanism driving protein folding, specificity during

molecular recognition, and signal transduction.

4.3.1 1-Dimensional time invariant water network

To start the analysis of the 1-Dimensional water network energy states using random

graph structured Hamiltonians, we created two types of 1-dimensional water networks

(indicating only one degree of freedom, along an axis that coincides with the center

of the oxygen atoms involved in the chain of hydrogen bonding, see fig 4.7). These

1D water networks consisted exclusively of mathematically generated water molecules

connected via hydrogen bonding (no molecular dynamics, but a simple network, math-

ematically designed, as shown in fig 4.7). Since the system is water, the hydrogen

bond is single-well type, i.e., one cannot distinguish whether the hydrogen is covalent

or weakly bonded to the neighboring oxygen atoms. The hydrogen nucleus is exactly

in between the two oxygen nuclei, and its electron has an equal likelihood of being

located around both oxygen nuclei. The electrons of oxygen atoms therefore cannot

distinguish between the hydrogen they are covalent bonded with, and the hydrogen

participating in the hydrogen bond. Therefore, as long as the water is still (i.e., no

bulk flow) they readily delocalize along the entire water network. We designed such

networks with an intention to validate the spread of the energy states modeled with

a random graph structured Hamiltonian, with increasing number of hydrogen bonds

in a simple scenario without time evolution. The behavior of the energy states are

analyzed by varying the interaction cutoff distance ε that varies the number of hy-
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drogen bonds in the network. We intentionally never break any covalent bonds.

The first type of network named “Network Type A,” is a chain of water molecules,

where both the water molecules are so configured that both of the hydrogen atoms

of the ith water molecule are hydrogen bonded to each of the two lone pairs on the

next adjacent i+ 1thwater molecule, forming a chain connected via hydrogen bonds,

as shown in fig 4.7(top). Conversely, the second type of network, referred to as “Net-

work Type B,” is a linear chain of water molecules so configured that one of the

hydrogen atoms in the ith water molecule is hydrogen bonded to one of the two lone

pairs on the next adjacent i+ 1th Oxygen atom along the linear axis, and the other

hydrogen atom of the ith water molecule is hydrogen bonded to a lone pair on the

previous adjacent i− 1th water molecule, as shown in fig 4.7(bottom). Both networks,

with the same number of water molecules, resulted in the same number of electrons

(n = 350) and hydrogen bonds. The axis through the oxygen atoms is one dimen-

sional (↕, z -axis, ↔ is the x -axis) for both networks.

At the beginning, we tried to answer the question whether the configuration of the

hydrogen bonds or other long range interactions due to electron delocalization along

single-well hydrogen bonds, which is analogous to the location of the non-zero off-

diagonal elements in the random graph structured Hamiltonian, impacts any statis-

tics of the global or local eigenvalues. We sought to determine if there was any effect

from the position of the bonds, or if the energy state behavior simply depended upon

the number of bonds. We expected no change, since the equations for the probability

density and continuous differential entropy in chapter 3 only concern itself with the

number of on and off diagonal entries in the random graph matrix n,m, and not on

which off-diagonal elements were non-zero. To evaluate whether such an expectation

truly holds true, we created the two networks A and B as described above and their

adjacency by imposing a threshold. We kept all the hydrogen bonds with their next

adjacent water molecules intact throughout the simulation and the threshold only

changed the distance to which electrons are delocalizing along the single-well hydro-
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Figure 4.7: Diagram displaying bond structure and corresponding heat maps
in contrived water Network Type A (top) and Network Type B (bottom)

gen bonds to interact with farther water molecules, i.e., the threshold ε ≥ 2.5Å, the

hydrogen bond distance in water. Such a threshold does not change the number of

hydrogen bonds that will ’definitely’ be there in a water network such as this, but still

adds off-diagonal elements to the random graph structured Hamiltonian, as a way of

depicting long range interaction energies. We next sampled 1000 random matrices

of size n × n, n = 350 where n is the number of electrons in the network A or B.

Since there are same number of water molecules, and the only difference is in the

position of hydrogen bonds, not their number, the size of random matrices remained

the same for both networks. We then transformed each random matrix by the linear

transform Hk = (Gk +GT
k )/

√
2n, k ∈ {1, 2, ..., 1000}, and then masked the adjacency

of the water networks to obtain two sets of random graph structured Hamiltonians,
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(Hk ◦ AA), k ∈ {1, 2, ..., 1000} for network type A and (Hk ◦ AB), k ∈ {1, 2, ..., 1000}

for network type B. The eigenvalues for network type A were then obtained for each

random graph matrix (Hk ◦ AA) and their distribution was plotted. Similarly, the

process was repeated for network type B. The superimposed plots of distributions of

eigenvalue single point correlation shown in fig4.8 of the eigenvalues (energy states)

for each network were identical to each other, suggesting the position of the hydrogen

bonds has no bearing on the eigenvalue spectra, but their number. We also chose two

eigenvalues in the bulk of the support of the spectrum (the median, and median+1

eigenvalues) and calculated their spacings for each of the 1000 RGMs for Network

Type A and Type B separately. We found that the median spacing distributions were

also identical and independent of the position of the bonds (i.e., which off-diagonal

elements were non-zero), but simply dependent upon the number of electron interac-

tions (either hydrogen bonds, or long range interactions), as the energy state spacing

distributions were indistinguishable. This is displayed below in fig 4.8. The result

is in agreement with our expectation because, as seen in the adjacency matrix in fig

4.7 between network type A and B, they are simply a linear variation of each other.

Therefore, we expect to observe the same statistical behavior between the two net-

works with increasing value if the threshold variable ε. From this point forward, we

arbitrarily chose to use Network Type A to analyze spectral statistics behavior for

the RGM with linear water network adjacency.

After choosing to work exclusively using Network Type A, we then moved to observe

the energy level (eigenvalue) SPCF upon allowing electrons to resonate at various

distances, based on the value of ε. Resonance here pertains to the phenomenon where

the electron wave delocalization along the single well hydrogen bonds results in inter-

ference with electrons from other atoms and molecules, resulting in resonance between

all the waves. A similar but slightly different phenomenon exists in chemistry, where

resonating chemical structures of molecules are observed when the electrons are de-

localized, and one cannot affix a covalent or other type of bond at one location. For
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Figure 4.8: Distribution of eigenvalue single point correlation and median
eigenvalue spacing distribution for linear water network A and B: (A) The
Distribution of eigenvalue single point correlation of Network type A with increas-
ing number of hydrogen bonds, denoted by increasing threshold distance, (B) The
Distribution of eigenvalue single point correlation of Network type B with increasing
number of hydrogen bonds,denoted by increasing threshold distance, (C) The median
(bulk) spacing distribution for both network types are identical, indicating that the
configuration of the hydrogen bonds or long range interactions do not affect the statis-
tics, but rather the number of such bonds and interactions.(D) The bulk spacings for
Network type B with increasing number of hydrogen bonds, corresponding to 0.5Å
and maximum distance thresholds.

example, within the benzene rings, which have alternating double and single bonds

among the carbon atoms, due to electron delocalization along dangling p orbitals, the

carbon atoms in the ring each is said to have 1.5 bonds, as it is impossible to confi-

dently say which carbon has the double bond and single bond in which orientation.

We use the threshold variable ε to change the length scale over which electrons can

delocalize along the single-well hydrogen bonds, thereby limiting the distance at which

resonance occurs. Three such distance threshold were compared: no inter-molecular
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resonance (i.e., electrons only in covalent bonds can interact), resonance within a 5Å

cutoff (hydrogen binds and resonance can happen only within adjacent molecules),

and resonance throughout the entire network (all electrons are interacting). As ex-

pected, more bonds (larger resonance distance) corresponded to a more semicircular

distribution (wider distribution radius), validating Wigner’s Semicircle Rule in the

mean field case where all electrons are interacting, as shown in fig 4.9(A). such a case

might not be feasible in ambient water bodies with flowing molecules, but it is within

the realm of possibility in structured systems where water molecules are connected by

strong hydrogen bonds and do not move around, as in cellular systems and vesicles in

cells, as well as extracellular fluid in the tissues. Even blood vessels become increas-

ingly constricted as they enmesh into the tissues, as capillaries, with extremely thin

apertures of just 8 − 10µm diameter and endothelial cell lining, with red blood cells

passing through in a single file.

We next compared the probability distributions of median eigenvalue spacings for var-

ious numbers of bonds (fig 4.9(B)), corresponding to interaction distance cutoffs of

zero non-covalent interactions, interactions only between adjacent molecules, and all

molecules interacting. As expected from the Wigner Surmise, we observed a decrease

in degeneracy of energy states (the mean spacing between median and median+1

eigenvalues increased) as interaction distance increased, with a gradual increase from

single to double molecule resonance (0 to 88 hydrogen bonds) and an obvious jump

from the 88 bond distribution to the distribution for all molecule resonance. We ob-

served that the standard deviations of the spacings seemed to increase from a visual

inspection of the spacing plots and as the electron delocalization and interaction dis-

tance increases. Expecting this may simply be a visual artifact, we calculated the

standard deviation of the spacing distributions at various interaction cutoff distances

ε. For each threshold value, we counted the number of hydrogen bonds, and plot-

ted the standard deviation of median spacing distributions with increasing number

of hydrogen bonds. Unexpectedly, we found that an increase in interaction distance,
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resulting in more number of secondary interactions including hydrogen bonds and

farther electron delocalization, corresponded to an overall decrease in standard devi-

ation (the trend is not smooth, but a clear trend is still observable in fig 4.9(C)). The

jumps in between are significantly large, so we do not draw any conclusions from it at

this point. Instead, we want to see if the decreasing trend comes up again in a larger

system and if the trend is more significant than the noise in the observed standard

deviations, to rule out that the decreasing trend might be an artifact. If the trend

holds significantly for other systems, it can be said that the spacing between eigenval-

ues in the bulk of the spectrum stabilizes as electrons delocalize further, and if more

hydrogen bonds are formed, leading to long range interactions between electrons.

Interestingly, when we analyzed the standard deviation of the distribution of spac-

ing between different adjacent eigenvalue pairs (not exclusively just the median and

median+1 index eigenvalues), we observed that the decrease in standard deviation

with number of bonds is almost invisible when compared to change in trends between

edge and bulk statistics (fig 4.9(D)). Bulk eigenvalue pairs had a much lower stan-

dard deviation of spacing distribution throughout, than spacing distribution of pairs

of eigenvalues at the edges (near index 0 or 350, with the 0th index eigenvalue being

the smallest eigenvalue, and 350th being the largest). Physically speaking, the small-

est and largest eigenvalues, or the lowest and highest energy levels, are respectively

closest to the nuclei or the surroundings more than the eigenvalues in the bulk, so

their behavior is expected to be different. No conclusions can be drawn from their

behavior w.r.t. the standard deviation between eigenvalue spacings at the edge or in

the bulk of the support of the eigenvalues for the RGM, without further investigation

with more intensive numerical simulations, and larger matrices.

4.3.2 3-Dimensional time evolving water network

We simulate 348 TIP3P water molecules in GROMACS (the choice for number of

water molecules was taken by the GROMACS software while solvating a simulation
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Figure 4.9: Global and local statistics of RGMs corresponding to linear wa-
ter network A:(A)Visualizations of GOE spectral statistics for 2D Type A water
network, including overlaid Probability density plot comparing distributions of en-
ergy states (Eigenvalue SPCF) with varied interaction cutoff distances, (B) Overlaid
probability density plot comparing distributions of spacings of energy states at varied
resonance distances, (C) Standard deviation of median eigenvalue spacing distribu-
tions varying with number of electron interactions, including hydrogen bonds, in the
water network A, and (D) 3D plot of standard deviation of eigenvalue spacings for
all consecutive eigenvalue pairs and various number of electron-electron interactions
corresponding to changing delocalization distance cutoffs.

volume of 2nm × 2nm × 2nm = 8nm3). The number of valence electrons per water

molecule is 8 (6 from oxygen and 1 each from the two hydrogen atoms), so the size of

random matrices sampled for this system was 2784× 2784, which is much larger than

the 350 × 350 random graph matrices analyzed for the linear water networks. The

water molecules were also initialized by the system automatically, and already placed

at ideal locations. The simulation was conducted as an NVE ensemble (number of

particles N, volume of system V and total free energy E remains constant) and po-

tential energy was minimized, as is the case for any molecular dynamics simulation.
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The simulation ran for 25ns, with 10ps intervals. We ended up with 2500 snapshots

of the water dynamics along the trajectory.

We aimed to analyze the global eigenvalue distribution, the local bulk spacing

distributions, the entropy of the eigenvalue distribution, as well as the standard devi-

ation of the bulk spacing distribution with time, and increasing delocalization distance

of individual electrons. The MD simulation has no explicit electrons, and is purely

classical, so any trends we observe, must necessarily be related to trends of metrics

that are defined over the Random Graph Structured Hamiltonians, and unlikely to be

caused due to MD artifacts. For each of the 2500 time-frames, we imposed a delocal-

ization distance cut off ε on the all atom distance matrix, ranging from 1Å to 10Å, the

latter of which is the MD cutoff distance parameter for any secondary inter-molecular

interactions. We then converted the all atom adjacency to valence electron adjacency

by not repeating the hydrogen rows and columns, and repeating the oxygen rows and

columns six times each. Therefore, we obtained 10 different adjacency matrices for

each time-frame, where electrons can delocalize up to different distances, thereby able

to interact with other electrons farther along in the volume. We next sampled 1000

random matrices of size n×n, n = 2784 where n is the number of electrons in the sys-

tem of 348 water molecules distributed in 8nm3 volume. We then transformed each

random matrix by the linear transform Hk = (Gk + GT
k )/

√
2n, k ∈ {1, 2, ..., 1000},

and applied the ten adjacency matrices per time-frame (total 25000 different ad-

jacency matrices) as masks for the random matrices, to obtain 25000 random graph

structured Hamiltonians representing the chaotic electron interaction energies of 2500

time-frames and 10 different delocalization lengths in 3D water networks. We then

proceed to analyze the eigenvalue distributions, their continuous differential entropy

(CDE), local bulk spacing distributions, their standard deviation, distribution of all

eigenvalue pair spacing, and its standard distribution over time, and over different

delocalization distances. We also obtain the eigenvectors of the RGM and observe the
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locality or non locality of such eigenvectors (corresponding to the largest 5, middle

5, and smallest 5 eigenvalues) over time, for three chosen time frames. We expected

that since it is an NVE simulation where free energy is kept constant, and since

the software already placed the TIP3P water molecules at almost ideal locations by

implicitly minimizing potential energy in the solvation process, the time simulation

dynamics should not drastically increase the number of hydrogen bonds. We should

not observe any trends over time, but rather over delocalization distance cutoff.

We began by observing the distribution of single point correlation of the eigenval-

ues (we have a total of 2784000 eigenvalues per adjacency matrix) which are analogous

to the allowed energy states of the system. As depicted in fig 4.10(A) below, the dis-

tribution of eigenvalue single point correlation grows wider with increasing interaction

cutoff distance for electron delocalization along single-well hydrogen bonds and long

range interaction (corresponding to a greater standard deviation and greater contin-

uous differential entropy). It can also be said that as the threshold cut off increases,

far away electrons become more dependent on each other, i.e., they ’interact’ in some

way, becoming more and more entangled with each other. From this behavior, we can

infer that an increase in the number of pairwise electron interactions, either as hydro-

gen bonds, or longer range delocalization dependent interactions, correlates with an

increase in the CDE of the system. Recognizing that the CDE of the system should

show no time-dependence because the molecules are already placed at locations cor-

responding to the minimal free energy state during solvation of the simulation box,

and the micro-canonical ensemble for the MD simulation is NVE. This was validated

in fig 4.10(D), as there was no significant trend in the CDE (equation 4.7) of the

energy state distribution over all frames throughout the entire simulation. The CDE

jumped around, but that is to be expected because MD is a stochastic simulation,

that results in noise, and the single-well bonds in water keep breaking and reforming

as the water molecules freely rotate in the simulation box without the presence of a
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protein to structure them around its conformation.

Figure 4.10: Spectral statistics for 3D time evolving dynamic water network:
Visualizations of spectral statistics for 3D MD simulated water network, including (A)
Distribution of eigenvalue single point correlation (energy states/eigenvalue SPCF) for
varied interaction /delocalization distances (ε) demonstrating widening distribution
of eigenvalue single point correlation with increasing delocalization distance. (B) Bi-
variate probability distribution plot of energy states/eigenvalue spacing with time
evolution, at a fixed interaction threshold distance of 5Å (all valence electrons within
that distance interact with one another), (C) Standard deviation of median eigenvalue
spacing varying with the time-frame index of the simulation along the y-axis, the
interaction distance threshold along the x-axis, and (D) CDE(n,m) time evolution
with fixed cutoff distance of 5Å, spanning the entire simulation from 0 to 25ns.

Moreover, as shown in fig 4.11(A)-(D), as anticipated, the mean of the spac-

ing distribution moved further right as the delocalization cut off distance (threshold

ε)increased, indicating an increase in spacing between eigenvalues in the bulk of the

spectrum. Furthermore, in concurrence with the behavior of CDE in fig 4.10(D),
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no noticeable change in the mean of the median eigenvalue spacing distribution was

observed as the simulation progressed, indicating yet again, no overall change in the

system time for this simulation, as expected. However, as shown in fig 4.11(A)-

(D), the median eigenvalue spacing distributions clearly became more erratic and less

tightly distributed as the delocalization cut off distance increased, especially past 3Å.

This indicates that there is a transition in the otherwise well behaved median eigen-

value spacing distribution beyond the threshold delocalization/interaction distance

of 3Å for the 3D water system. We suspected, from the linear water network that

standard deviation of median spacing might decrease with increasing delocalization

cut off distance, but it seems that for a cut off threshold > 5Å, the standard deviation

increases, and there is increased noise in the mean of the median spacing distribution,

as well as a noisy shift towards bimodal or multimodal distributions (fig 4.11(A)-(D)).

We conjecture that farther than 4-5Å delocalization of individual electrons results in

destabilization of the system, and so it might impose an upper bound on how far can

electrons remain delocalized in a water system at room temperature.

We then analyzed the spread of the spacings by creating a surface plot (fig 4.10(C))for

the median eigenvalue spacing distribution’s standard deviation by varying the cutoff

distance (analogous to number of pairwise electron interactions) and the time-frame

of the simulation. Again, as expected, we found no time-dependence of the standard

deviation for this particular system. Interestingly though, we did identify a local

minimum of standard deviation at a particular delocalization/interaction threshold

distance (ε = 4 − 5Å) across all the time-frames, notwithstanding any difference in

positions of the water molecules (which shows up as noise along the frame index direc-

tion). The standard deviation of median eigenvalue spacings grows with an obvious

significant trend (the trend is larger than noise) as the delocalization/interaction cut

off distance increases beyond 5Å. Interestingly, since the O–H bond length is about

0.97Å, and the hydrogen bond length is about 2.5Å, a 4-5Å delocalization distance

corresponds to about the length from the covalent bonded hydrogen atom of one wa-
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ter molecule in a pair of hydrogen-bonded water molecules, through the oxygen, the

hydrogen involved in the hydrogen bond, the other oxygen and to the covalent bonded

hydrogen atom of the other water molecule, which, is well within feasibility range for

electron delocalization distances in still water.

Figure 4.11: Heatmaps depicting the trends in median eigenvalue spacing
distribution: The figure shows the trends in the median eigenvalue spacing distri-
bution with time for four different sample delocalization distance thresholds of (A)
1Å, (B) 3Å, (C) 5Å and (D) 10Å

Next, we take the spacing distribution of all eigenvalue pairs (fig 4.12), for each

of the 1000 random matrices, for three sample time-frames (0, 1250, and 2500) at 5Å

threshold cut off. We observe that there is no change (the distributions are identical)

in the spacing distribution of all eigenvalues with time, as expected from this water

only simulation.
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Figure 4.12: All eigenvalue-pair spacing distribution of the RGM representa-
tion of 3D water network: The figure shows the spacing between all the eigenvalue
pairs of all the 1000 random matrices that model the Hamiltonian for each adjacency
matrix (threshold distance 5Å of the 3D water system at the 0th,1250th and 2500th

time-frame of the MD simulation. X-axis is the value of the spacing, and y-axis is
the number of eigenvalue pairs within a small spacing bin (frequency). All the distri-
butions overlap, and are identical, as expected for the water network simulation with
NVE micro-canonical ensemble.

We also take the largest five, middle five, and lowest five eigenvalues for one of the

1000 random graph Hamiltonians, corresponding to the adjacency matrix obtained

from the 0th,1250th and 2500th time-frame of the MD simulation at 5Å threshold cut

off. For each of these eigenvalues, we obtain the eigenvectors. The plots of the eigen-

vectors are shown in fig 4.13(a) corresponding to the smallest, (b) to the middle, and

(c) to the largest eigenvalues, for each of the three time frames. We observe that

even though, individual electrons interaction distance is just 5Å, and no more, the

eigenvectors for the largest, middle as well as the smallest eigenvalues, for all the
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three time-frames, are non localized. Moreover, the adjacency matrix at 5Å cut off is

very sparse, and yet eigenvectors are delocalized throughout, indicating that far away

electrons might become entangled even with short delocalization distances through

intermediate electrons, leading to ergodic behavior of eigenvectors.

In the next section, we repeat the exact same process, but this time for a system

with Polyalanine-21 peptide folding in TIP3P water as a solvent because polyalanine

has a very stable alpha helix structure in water.115 We do not include the water it-

self in the analyses, rather just the peptide, so we ignore any secondary bonds with

surrounding water, as Polyalanine-21 is mildly hydrophobic. One could analyze the

MD trajectory with as much of the solvent water as one needs by simply including

their coordinates from the output file in the all-atom distance map, before building

the adjacency matrices.

4.4 Spectral and Eigenvector Statistics of electrons during Polyalanine
Folding in Water

We simulate one Polyalanine-21 peptide that is folding in ∼ 40000 TIP3P water

molecules in GROMACS (the choice for number of water molecules was taken by the

GROMACS software while solvating a simulation volume of 10nm× 10nm× 10nm =

1000nm3). Since we just work with the Polyalanine-21 peptide, and ignore the solvent

interactions in this particular work (future work should include solvent water), the

only atoms we need to consider are carbon (4 valence electrons), hydrogen (1 valence

electron), nitrogen (5 valence electrons), and oxygen (6 valence electrons). There are

63 carbon atoms, 107 hydrogen atoms, 21 nitrogen atoms, and 21 oxygen atoms, so

the size of random matrices sampled for this system is 590 × 590. The simulation

was conducted as an NVE ensemble (number of particles N, volume of system V and

total free energy E remains constant) and potential energy was minimized, as is the
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Figure 4.13: Eigenvectors of the RGM representation of 3D water network:
(A) Eigenvectors corresponding to the largest, middle and smallest 5 eigenvalues of
the RGMs constructed with adjacency matrix from frame 0 of the 3D water system
simulation, (B) Eigenvectors corresponding to the largest, middle and smallest 5
eigenvalues of the random graph matrix constructed with adjacency matrix from
frame 1250 of the 3D water system simulation, (C) Eigenvectors corresponding to the
largest, middle and smallest 5 eigenvalues of the random graph matrix constructed
with adjacency matrix from frame 2500 of the 3D water system simulation, and (D)
The eigenvectors for all time frames from 3D water system simulation. Quantum
unique ergodicity is displayed.
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case for any molecular dynamics simulation. The simulation ran for 300ns, with 10ps

intervals. We ended up with 30000 snapshots of the Polyalanine-21 folding dynamics

along the trajectory, from an extended structure in the first time frame, to a fully

folded alpha helix towards the end.

We aimed to analyze the distribution of eigenvalue single point correlation, the

local bulk spacing distributions, the entropy of the eigenvalue distribution, as well as

the standard deviation of the bulk spacing distribution of a large disordered RGM

type Hamiltonian operator with increasing time and increasing delocalization distance

of individual electrons. We also wanted to investigate the eigenvectors, as well as the

spacing distribution of all eigenvalue pairs of the random graph matrices that model

the Hamiltonian during Polyalanine-21 folding, with protein-only adjacency matri-

ces. As usual, the MD simulation has no explicit electrons, and is purely classical,

so any trends we observe, must necessarily be related to trends of metrics that are

defined over the Random Graph Structured Hamiltonians, and unlikely to be caused

due to MD artifacts. For each of the 30000 time-frames, we imposed a delocalization

distance cut off ε on the all atom distance matrix, ranging from 1Å to 10Å, the lat-

ter of which is the MD cutoff distance parameter for any secondary inter-molecular

interactions. We then converted the all atom adjacency of size 212 × 212 to valence

electron adjacency by not repeating the hydrogen rows and columns, and repeating

the oxygen rows and columns six times each, carbon rows and columns four times

each, and nitrogen rows and columns five times each, for a total of 590 rows and

columns. Therefore, we obtained 10 different adjacency matrices for each time-frame,

where electrons can delocalize up to different distances, thereby able to interact with

other electrons farther along in the volume. We next sampled 1000 random ma-

trices of size n × n, n = 590 where n is the number of electrons in the system of

Polyalanine-21 folding by itself in a 1000nm3 volume simulation box surrounded by

∼50000 water molecules. We then transformed each random matrix by the linear
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transform Hk = (Gk + GT
k )/

√
2n, k ∈ {1, 2, ..., 1000}, and applied the ten adjacency

matrices per time-frame (total 300000 different adjacency matrices) as masks for the

random matrices, to obtain 300000 random graph structured Hamiltonians represent-

ing the chaotic electron interaction energies of 30000 time-frames and 10 different

delocalization lengths in 3D water solvated Polyalanine-21 peptide. We then proceed

to analyze the eigenvalue distributions, the distribution of eigenvalue single point

correlation and their continuous differential entropy (CDE), local bulk spacing distri-

butions, their standard deviation, distribution of all eigenvalue pair spacing, and its

standard distribution over time, and over different delocalization distances. We also

obtain the eigenvectors of the RGM and observe the locality or non locality of such

eigenvectors (corresponding to the largest 5, middle 5, and smallest 5 eigenvalues)

over time, for three chosen time frames. We expect to see that as the peptide folds

into a stable alpha helix, the global eigenvalue distribution of the random graph ma-

trices that model the electron interaction Hamiltonian during the event will become

more spread out, increasing the continuous differential information entropy (CDE) of

the distribution of its eigenvalue single point correlation. We should correspondingly

see an increase in the mean of the median eigenvalue spacing distribution, leading

to lower and lower degeneracy among the energy levels of the system. We expect

to also see that the standard deviation of the median eigenvalue spacing distribution

should decrease significantly with increasing electron delocalization distance, and then

increase after a certain threshold due to destabilization of the system, just like we ob-

served in the 3D water simulation. However, we are still unsure of the reason behind

such a trend. We further expect the all eigenvalue pair spacing to show a trend in

this simulation, as opposed to no trend in the previous simulation of just water. We

expect that the eigenvectors in this system will also display ergodic behavior, even

with sparse connectivity.

As displayed below (fig 4.14), for the Polyalanine-21 folding system, we observed that

the mean of the median eigenvalue spacing distribution did increase with delocaliza-
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tion/interaction cut off/threshold distance ε.

Figure 4.14: Median eigenvalue spacing distribution during Polyalanine-21
folding at various threshold distances:Bivariate heat maps depicting probability
distribution of median eigenvalue spacings (along x-axis) and time-frame in MD sim-
ulation (along y-axis), with the map evolving with varied interaction cutoff distances
for Polyalanine-21 folding. Included threshold distances are (A) 3Å, (B) 5Å, (C) 7Å
and (D) 9Å

As shown in fig 4.15(A), the behavior of a Polyalanine-21 peptide folding simulation

followed the expectation that the distribution of eigenvalue single point correlation

of the random graph structured matrices that model electron interaction dynamics

during protein folding, widens as the peptide folds as simulation progresses, increasing

the number of hydrogen bonds, and pairwise electron interactions. It can also be said

that as the peptide folds, far away electrons become more dependent on each other,

i.e., they ’interact’ in some way, becoming more and more entangled with each other,

some delocalizing along the low barrier hydrogen bonds formed within the α-helix,
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which may explain the increased conductivity of the helical structure. From this be-

havior, we can infer that an increase in the number of pairwise electron interactions,

either as hydrogen bonds, or longer range delocalization and interaction along LB-

HBs, correlates with an increase in the CDE of the system. True to expectation, the

CDE in fig 4.15(D) increased as time passed in the simulation, and stabilized around

200ns when the Polyalanine-21 peptide formed its alpha helical structure. The CDE

jumped around, but that is to be expected because MD is a stochastic simulation, that

results in noise. However, the trend is pretty obvious. Moreover, Varying interaction

distance threshold showed that the standard deviation of median eigenvalue spac-

ing distribution first decreases then increases with increasing delocalization distance

threshold, showing a strong minimum along all time frames in the MD simulation at

5Å (fig 4.15(C)). The standard deviation of median eigenvalue spacing distribution

also decreases as the system evolves with time, but the change is not as strong as

with increasing delocalization distance. Mean spacing of median eigenvalue spacing

distribution increases with time as protein folds, until roughly 200 ns, stabilizing

thereafter when the peptide assumes a stable helical structure (fig 4.15). The CDE

for Polyalanine-21 exhibited logarithmic behavior with respect to time as it asymp-

totically approached its stable value in its folded α-helical form, while GROMACS

reduces the potential energy of the peptide exponentially (overlaid theoretical expo-

nential decay in fig 4.15(D)).

We recognize that the standard deviation of the median eigenvalue spacings signifi-

cantly increases with interaction cutoffs greater than 6Å and less than 5Å, indicat-

ing less stable energy spacings for these respective delocalization threshold distances.

This is in agreement with the trend previously observed for the bi-variate energy state

spacing heat maps in fig 4.14. A minimum standard deviation was identified between

5Å-6Å, which is interestingly the distance at which low barrier hydrogen bonds exist

within α-helical peptide structures, the helical pitch being equal to 5.4Å. It is also

the distance between the extreme end hydrogen atoms between two hydrogen bonded
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water molecules, and in case of peptides, it is the distance between the amino group

nitrogen and the carboxyl group oxygen that take part in hydrogen bond formation

in an α-helix.

Figure 4.15: Spectral statistics of RGM representation of peptide fold-
ing:Visualization of spectral statistics for 3D MD simulated Polyalanine-21 peptide,
including (A) Distribution of eigenvalue single point correlation for sample MD-
simulation time-frames in the simulation, (B) Bi-variate probability distribution plot
of median energy states/eigenvalue spacing with time-frames, at a fixed delocaliza-
tion/interaction threshold distance of 5Å,(C) Standard deviation of energy states
varying with the frame index of the simulation along the y-axis, the interaction dis-
tance cutoff along the x-axis, and (D) CDE time evolution with fixed cutoff distance
of 5 angstroms spanning the time domain of the entire simulation, with theoretical
MD energy graph superimposed (bottom right)

Next, we take the spacing distribution of all eigenvalue pairs (fig 4.16), for each of

the 1000 random matrices, for three sample time-frames (0, 20000, and 30000) at 5Å

threshold cut off. We observe that there is a small change in the spacing distribution
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of all eigenvalue pairs with time. Indeed, the standard deviations of the distributions

increase with time.

Figure 4.16: All eigenvalue-pair spacing distribution of the RGM represen-
tation of Polyalanine-21 folding: The figure shows the spacing between all the
eigenvalue pairs of all the 1000 random matrices that model the Hamiltonian for each
adjacency matrix of a Polyalanine-21 peptide at the 0th,20000th and 30000th time-
frame of the MD simulation, at 5Å threshold. X-axis is the value of the spacing, and
y-axis is the number of eigenvalue pairs within a small spacing bin (frequency). Mean
of the distributions increase, showing repulsion between eigenvalues as peptide folds
(note that we have not included the water molecules, which we propose to include
in future case studies. Inclusion of water molecules will impact the trends observed)
into an α-helical structure

We also take the largest five, middle five, and lowest five eigenvalues for each of the

1000 random graph Hamiltonians, corresponding to the adjacency matrix obtained

from the 0th,20000th and 30000th time-frame of the MD simulation at 5Å threshold

cut off. For each of these eigenvalues, we obtain the eigenvectors. The plots of the
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eigenvectors are shown in fig 4.13(a) corresponding to the smallest, (b) to the middle,

and (c) to the largest eigenvalues, for each of the three time frames. We observe

that even though, individual electrons interaction distance is just 5Å, and no more,

the eigenvectors for the largest, middle as well as the smallest eigenvalues, for all the

three time-frames, are non localized. Moreover, the adjacency matrix at 5Å cut off is

very sparse, and yet eigenvectors are delocalized throughout, indicating that far away

electrons might become entangled even with short delocalization distances through

intermediate electrons, leading to ergodic behavior of eigenvectors.

In the next chapter, we discuss the results some more and the repercussions of the

results and relate it with driving forces of protein folding as regards a candidate for the

compensating entropy term, specificity during molecular recognition and information

flow during signaling cascades.
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Figure 4.17: Eigenvectors of the RGM representation of Polyalanine-21 pep-
tide folding:(A) Eigenvectors corresponding to the largest, middle and smallest 5
eigenvalues of the RGMs constructed with adjacency matrix from frame 0 of the
Polyalanine-21 system simulation, (B) Eigenvectors corresponding to the largest, mid-
dle and smallest 5 eigenvalues of the random graph matrix constructed with adjacency
matrix from frame 20000 of the Polyalanine-21 system simulation, (C) Eigenvectors
corresponding to the largest, middle and smallest 5 eigenvalues of the random graph
matrix constructed with adjacency matrix from frame 30000 of the Polyalanine-21 sys-
tem simulation, and (D) all the eigenvectors for all time frames from the Polyalanine-
21 system simulation.
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Chapter 5

CONCLUSIONS & IMPACT

From Chapter 2, we see that although the distance maps are ubiquitous in deep-

learning representation of proteins and other biomolecules, not much is included about

the properties of the distance maps and the molecular graphs themselves. Without

including inherent physics of the molecules that could be gleaned by analyzing the

molecular graphs, it is hard to say what metrics should be optimized so that a VAE-

GAN as described in Chapter 2 could be successful, and would work for predicting

protein structures and functions end to end, without involving conventional molecular

modeling tools. The work on RGM presented in the current work is a preliminary at-

tempt at delineating which metrics obtained from molecular graphs that are originally

obtained by thresholding distance maps can be used to optimize within deep-learning

algorithms for protein structure-function prediction.

For both the simulated water and Polyalanine-21 systems, we observe that the key

tenets of random matrix theory for graph structured matrices are valid. For the wa-

ter network, we observe that the cutoff distance threshold ε at which the standard

deviation minimum of energy state (Eigenvalue) spacing distributions lies between

3-5 Å. This is also the known maximum length of two water molecules connected by

a hydrogen bond. Our analysis of the Polyalanine-21 peptide varied interaction dis-

tance cutoff from 1-10Å that produced median energy state spacings with minimum

standard deviation at a cutoff distance of 5-6Å, which is the corresponding maximum

distance between the Cα atom covalently bonded to the nitrogen (of the –NH– group)

and the Cα atom covalently bonded to the oxygen (of the –C[=O]O– group) involved

in the formation of low barrier hydrogen bonds that stabilize and are a renowned
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feature of the α-helical structure in proteins.

It is a consequential result that such a minimum would occur at such important

lengths, across all the time frames in the MD simulation (regardless of configuration

of water molecules), and that the interaction cut off distance (Lennard Jones Po-

tential) assigned by the MD simulation was 10 Å, two times larger than the 5-6Å

threshold distance. The fact that individual eigenvalue spacings in the bulk of the

spectrum stabilize the most at this interaction length as the Polyalanine-21 peptide

folds and interacts with water, leads us to conjecture that the energy eigenvalues of

the proteins become asymptotically stable as the protein folds, with stable spacings

between them, and that the distances up to which electrons can easily delocalize in

the structure and with the solvent, which is unique to water as the solvent, leads to

stabilization of the energy levels. Any longer lengths of delocalization or interaction

of individual electrons with other electrons, or more asymmetric/longer hydrogen

bonds would not allow for such stabilization of the energy levels, according to our

observations. Moreover, we see that the spacings between the energy levels, although

stabilize, the likelihood that two pairs of energy levels will have the same spacing

between them, goes down. It indicates that as proteins fold, energy levels stabilize at

values that are less and less regularly spaced. If we use Wigner’s idea that the ran-

dom matrices model the Hamiltonian operator, then the stabilization of eigenvalues

have implications for sustained quantum coherence in water, and uniquely in water

due to the happenstance that secondary bond-lengths in water are about 5Å. What

would be needed to prove the conjecture about the importance of water to maintain

quantum coherence, or to measure delocalization of electrons in water-peptide sys-

tems would be to computationally investigate the systems with conventional Density

Functional Theory. Although experimental measurements would be ideal, no experi-

ment currently exists that can measure quantum properties of a water-protein system

at ambient conditions.
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The certainty and uncertainty in measurement of energy levels of the protein recep-

tors by other molecules and ligands, as described previously in chapter 4, section 4.1 in

the context of fig 4.3, indicates that a biomolecule that would favorably interact with

such a protein, must therefore possess the exact complement to the pattern of energy

level spacings and matching wavefunction frequencies of its electrons so that electrons

between the two systems can interact and overlap without a net change in energy,

which is the case during molecular recognition. Such a phenomenon might indicate

an electron energy level spacing patterns in the protein systems can be a candidate

for the fuzzy proofreading mechanism during molecular recognition at well-structured

sites. However, molecular recognition happens more often at locations in the protein

that are intrinsically disordered, i.e., that do not possess a stable structure, rather

keep flitting between different random coil conformations. Such disordered regions,

for example, are found at the top and bottom ends of trans-membrane proteins that

are exposed to the extracellular matrix and the intracellular cytoplasm, while the

well structured α-helical regions are used to embed the protein tightly in the plasma

membrane (lipid bilayer). Such an observation raises an interesting conjecture. Since

disordered proteins do not have stable structures, whichever candidate provides the

easiest way for electrons to delocalize for about 5Å, might be the candidate that the

protein recognizes. It is well known that at the instant of molecular recognition, the

disordered region on one side (for example the extracellular side in transmembrane

protreins) instantly stabilize into conformations, triggering the signal transduction

cascade on the other end (for example the cytoplasm side) of the protein where the

structure unravels for a short while. It subsequently releases the bonded molecule and

goes back to its initial state after the short while, ready for another recognition event.

The events do not last long, agreeing well with very short delocalization times of elec-

trons in the extracellular matrix with ions floating around that disrupt delocalization.

Throughout the protein folding process, a solvent (water in the usual case) also
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becomes more structured than in its isolated form. If sufficient structure were to be

maintained in this gel-like condition, quantum coherence could be preserved on the

inter-protein scale for longer times. Furthermore, the previously discussed quantum

coherent states could be actually bolstered by external thermodynamic noise432,530.

Water is also widely recognized as a key driver of protein folding into its native state.

Structured water is also a candidate medium for information transfer via the experi-

mentally observed low barrier hydrogen bond switching531. Such a mechanism exclu-

sively allowed by quantum mechanics could allow for immediate information transfer

from the disordered active site throughout the rest of the well-ordered peptide via

a cascading of signals and electronic interactions. This offers an explanation for the

long-range, rapid interactions observed in inter-peptide communication but not ex-

plained by classical physics460,531. Such electronic switching has also been observed

in Geobacter, where electron transfer has been identified as a necessity for reliably

producing nanowires532.However, the nature of the information transfer is still some-

what mysterious. The potential explanation that the specificity during molecular

recognition and driving force of protein folding is mediated by the structured water

network, mandates several further investigations. Chiefly, the question of how far this

structured water network could radially extend from the backbone of a peptide must

be explored. The answer to this is crucial to answering whether or not a peptide

could utilize delocalized electrons and protons to relay information. Such structure

has been observed both experimentally and through the use of MD simulations in

water-peptide systems for up to 10 Å away from the peptide backbone. For larger

proteins, that are not isolated in the cytoplasm, the thickness can reach even further.

Going hand-in-hand with the distance water networks can be structured, many scien-

tists have also recently deduced that life likely did not actually originate in the deep

volcanic vents under the ocean, instead originating in shallow pools533–535 near the

banks of freshwater or saltwater bodies, with repeated cyclical periods of hydration

and drying. The important distinction of this discovery is that while oceans would be
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sparsely populated with organic polymers (relative to the amount of water), drying

shallow pools would allow for a critical density of organic structures to be achieved,

coated wioth structured water. The aspect of this goes hand in hand with the struc-

ture of solvent networks because with a critical density of proteins and other organic

molecules in a network, the structure could theoretically extend throughout the entire

solvent network, not allowing thermodynamic noise to perturb the delicate quantum

effects which inter-molecule communication necessitates.

Further, one of the major results of this work, is that as conformal entropy of the

protein goes down when it folds, uncertainty in the electronic energy distribution in-

creases (increase in continuous differential entropy of global eigenvalue distribution),

contributing to an increase in information entropy. Such a clear anti-correlation be-

tween decrease in conformal entropy and increase in information entropy (of the energy

level distribution), posits a candidate that can act as a compensatory term in the en-

tropy driven protein folding phenomenon. Such an increase in entropy as the protein

folds is likely counterbalanced by steric clashes, and the optimum electron interaction

distance of ∼ 5Å at which the energy levels will stabilize. We truly are operating

at the edge of classical and quantum mechanical behavior, necessitating future work

into coherent states which are defined as eigenstates of the Hamiltonians that behave

classically, or display classical oscillations. Quantum harmonic oscillators are an ideal

version if such systems536. Connecting to previous observations, quantum coherent

states have also been experimentally observed in crystallized peptides (Lysozyme).

These coherent states were observed to be involved in capturing energy added to the

system, where they condense into the lowest-frequency vibrational mode of the sys-

tem, exerting large influence on peptide function, including structural changes537.

Additionally, the information entropy in terms of uncertainty of electron energies,

goes up when the proteins attain stable structures. Going back to the scenario of a

transmembrane protein, when the disordered region that is exposed to the extracel-

lular matrix molecularly recognizes its counterpart, it attains a stable structure for
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a short while. For that short while, information entropy of the energy distribution

of electrons at that site increases. Simultaneously, on the end of the protein, which

is exposed to the cytoplasm, the previously hidden structured regions are suddenly

unraveled and exposed, leading to a decrease in information entropy of the electrons’

energy states. Therefore, there exists a very clear direction of information flow, which

could be using the electrons that have delocalized for a short distance and now are

entangled with the far away electrons via stable LBHBs in the intervening α-helical

regions of the protein. It can be thought of as analogous to a system of hanging

pendulums in a row just barely touching each other where any external force on one

end would ideally immediately knock out the pendulum at the other end. RGM

treatment of protein folding therefore provides a candidate mechanism to understand

information flow during signal transduction cascades triggered at every step by spe-

cific molecular recognition events.

Moving forward, these methods can be used to characterize the distance at which

quantum effects are preserved. Namely, we can use this method to convert a solvated

peptide into a graph, and vary how many edges away from the peptide backbone the

structured water bonds and interactions extend. At whatever degree of separation

the continuous differential entropy trends begins to plateau as the protein folds, we

can deem this the maximal distance from the protein until which there is an overall

reduction in conformal entropy and increase in information entropy simultaneously.

The distance might also indicate the preferable length until which quantum coherence

could be preserved.

Equipped with the ability to characterize proteins in terms of their Continuous dif-

ferential entropy of global spectral distributions, standard deviation trends of spacing

distributions in the bulk of the spectrum, and concurrently, the standard deviation

trends of distribution of spacing between all eigenvalue pairs as a protein folds, we now

have another powerful descriptor of the system which is also depicted as a molecular
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graph. However, unlike previous graphical representations of molecules in data-driven

structure prediction models, the metrics we established and our entropic character-

ization is agnostic towards the specific constituent molecules of a system. It also

provides an interpretable quantifier of the disorder of the system, as well as tractable

metrics to optimize a graph upon. Moving forward with this interpretable quantity,

we posit that such metrics and their formulations in chapter 3 should be incorpo-

rated in molecular graph AI systems for both structure prediction, and interaction

prediction purposes. Such networks might actually help glean unknown mechanisms

of protein folding, molecular recognition and signal transduction in the living world.

To summarize the major conclusions and impact of this work (fig 5.1), we list the

following:

(a) Distance matrices alone, although informative representations of molecules, can-

not guide deep-learning models statistically in an interpretable fashion, without

incorporating physically relevant metrics that can be obtained from properties

of the distance matrices and graphs created from them.

(b) Eigenvalues of Random Graph structured Hermitian matrices (RGM) that model

electron dynamics during protein folding, indicate that as the edges between

nodes in the graph increases, the global spectral distribution flattens out until

it asymptotically approaches the semicircle density, as in a Gaussian Orthogonal

Ensemble symmetry class of mean-field random matrices.

(c ) Such spreading out of the eigenvalues indicates that as more and more edges

form between the nodes, analogous to more interactions between electrons in a

molecule, the energy levels become less and less degenerate, agreeing with how

molecular orbitals form upon covalent bonding.

(d) The continuous differential entropy of the global spectral distribution increases
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as more edges form, indicating that as more electrons interact and bonds form,

as when a protein folds, information entropy of the goes up, potentially com-

pensating for the decrease in conformational entropy, driving protein folding

spontaneously.

(e) Eigenvalues of the RGM settle into a stable value as the number of edges in

the graph increases, but only until a certain distance threshold, beyond which

the eigenvalues start becoming more unstable. The result indicates that as a

biomolecule or protein folds and electrons delocalize along the newly formed Low

Barrier Hydrogen Bonds, the energy levels gradually settle into particular values

and don’t change much. Granted that electrons can only delocalize for 5Å along

the LBHBs, if we had any other solvent other than water, or if the structure

were any different, stretching the hydrogen bonds, energy levels wouldn’t be

able to stabilize.

(f) Eigenvalues of the RGM are more irregularly spaced at higher levels of graph

connectivity, also their spacings become more significant and more different

with increasing graph connectivity. Such observations indicate that when the

proteins settles into stable structures, the energy levels form a specific stable

pattern that might act as a proofreading mechanism to ensure specificity during

molecular recognition.

(g) From the point of view of Heisenberg’s uncertainty principle, if a measurement

fixes the location of the electron, then necessarily its momentum (thereby its

energy) is uncertain by the standards of that same measurement in the same

frame of reference. The uncertainty principle is a fundamental property of

waves, rather than a limitation of technological prowess, or observer. It sug-

gests that upon molecular recognition, when two complementary molecules bind

favorably, or when two disordered regions on two proteins fall into a stable struc-
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ture together, a measurement happens.

(h) Such a measurement restricts the location of the electrons to within 5Å and only

along specific LBHBs or single-welled hydrogen bonds, or dangling p orbitals,

necessarily increasing the uncertainty in electron energies, leading to a wider

energy eigenvalue distribution, corresponding to an increase in information en-

tropy of the energy distribution and an overall loss of information. As discussed

above, interconnected networks of electrons delocalizing along LBHB s through

a protein, can relay energetic changes from one end to another almost instantly.

The molecular recognition event on one end of the protein resulting in increasing

information entropy of electron energies on that end, is quickly relayed to the

other end of the protein where previously hidden and structured regions unfold

momentarily, decreasing information entropy on that end, leading to a gain in

information. The deduction might suggest a possible mechanism to investigate

the nature of information flow in signal transduction cascades as a direct result

of the Heisenberg Uncertainty Principle.(fig 5.1)

(i) Since the quantum mechanical properties of electrons, such as delocalization

far enough to become entangled with other electrons in the molecule and the

solvent, resulting in an entropic driving force for protein folding that compen-

sates for reduction in conformal entropy; and a simultaneous stabilization of

energy levels into irregular patterns, as well as enabling an information flow

arrow across proteins participating in signal transduction cascades; depends

entirely on and mediated by structured water networks forming low barrier hy-

drogen bonds with the proteins and single-well hydrogen bonds among the water

molecules, it provides a candidate explanation for the unique necessity of water

for life on earth.

Unfortunately none of the conjectures above have been experimentally tested in a
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laboratory, though all of them are direct results from the random graph structured ma-

trix treatment of protein folding, bolstered by common sense deductions from several

peripheral experiments. The conjectures are simply a result of theoretical calculations

of some metrics obtained from the random graph structured matrix representation

of protein networks at the electronic scale. Quantum properties are notorious for

their difficulty in being observed experimentally, and so we must rely on theoretical

considerations until experimental observations can confidently and rigorously deny or

corroborate the conjectures above.
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Figure 5.1: Main physical inferences and conjectures from the RGM mod-
eling of protein folding:The figure shows the major conclusions and physical infer-
ences that we obtain from the random graph matrix modeling of electron dynamics
during protein folding. RGM modeling of the Hamiltonian of such interacting elec-
trons offers several conjectures that might explain the entropy compensation during
protein folding, specificity of molecular recognition events, and triggering of signal
transduction cascades with clear information flow. The text within the figure reads
as follows: (A) Plasma Membrane (Lipid bilayer): The transmembrane protein
is embedded in it. (b) Structural Changes: Folding/unfolding of the proteins, and
their disordered regions, is mediated by the hydration layer that makes low barrier
hydrogen bonds with the protein. The protein itself forms LBHBs with its com-
ponents wherever possible in order to maximize the delocalization distance of the
electrons through such bonds, but at the same time keeping it limited within 5Å. (c)
Molecular Recognition: Delocalization of electrons (at most 5Å) within proteins
and with water, creates stable but unique energy levels dependent on the sequence.
Since molecular recognition is not an enthalpic process, the complementary molecule’s
aptness to bind is via the proofreading mechanism of energy level spacings.(d) Signal
Transduction: As the complementary molecule binds to the intrinsically disordered
region, the structure becomes momentarily stable. The information entropy at the
binding site increases. The other end of the protein momentarily unfolds, and the
information entropy on that end decreases. Therefore, there is a net flow of informa-
tion from outside the cell to the inside in this example.
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Preston, Carmen Feijoo-Carnero, Nick Schurch, Victoria H. Cowling, Doreen

a. Cantrell, Michal Polonsky, Irina Zaretsky, Nir Friedman, Benjamin M Chain,

Nir Friedman, Courtney R. R. Plumlee, Brian S. S Sheridan, Basak B. B Cicek,

Leo Lefrançois, Joshua J. Obar, Sara L. Colpitts, Evan R. Jellison, W. Nicholas

Haining, Leo Lefrancois, Kamal M. Khanna, Kim Pham, Raz Shimoni, Mandy J

Ludford-Menting, Cameron J Nowell, Pavel Lobachevsky, Ze’ev Bomzon, Min

Gu, Terence P Speed, C Jane McGlade, Sarah M. Russell, Faruk Sacirbe-

govic, Sarah M. Russell, Stephen P. Persaud, Chelsea R Parker, Wan-Lin Lo,

K. Scott Weber, Paul M. Allen, Georgia Perona-Wright, Katja Mohrs, Ka-

trin D Mayer, Markus Mohrs, Marion Pepper, Marc K. K Jenkins, Karin Pelka,

Eicke Latz, Erika L. Edward J. Pearce, Matthew C. Walsh, Pedro J. Cejas,

Gretchen M. Harms, Hao Shen, Li San Lu Wang, Russell G. Jones, Yong-

won Choi, Erika L. Edward J. Pearce, William E Paul, Jinfang Zhu, Kristen E.

Pauken, E. John Wherry, Anoop P Patel, Itay Tirosh, John J Trombetta, Alex K

Shalek, Shawn M Gillespie, Hiroaki Wakimoto, Daniel P Cahill, Brian V Nahed,

William T Curry, Robert L Martuza, David N Louis, Orit Rozenblatt-Rosen,
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tin Wiklund, Björn Önfelt, Hua Gu, Yong rui Zou, Klaus Rajewsky, Jane L.

Grogan, Richard M. Locksley, Markus Mohrs, Brian Harmon, Dee A. Lacy,

John W. Sedat, Richard M. Locksley, J P Griffin, I M Orme, Yuan Gong, Ade-

bola O Ogunniyi, J. Christopher Love, B Y D W Goldman, F Chang, L A

Gifford, E J Goetzl, H R Bourne, Samy Gobaa, Sylke Hoehnel, Marta Roccio,

Andrea Negro, Stefan Kobel, Matthias P Lutolf, Hila Gingold, Disa Tehler,

Nanna R Christoffersen, Morten M Nielsen, Fazila Asmar, Susanne M Koois-



170

tra, Nicolaj S Christophersen, Lise Lotte Christensen, Michael Borre, Karina D

Sørensen, Lars D Andersen, Claus L Andersen, Esther Hulleman, Tom Wur-

dinger, Elisabeth Ralfkiær, Kristian Helin, Kirsten Grønbæk, Torben Orntoft,

Sebastian M Waszak, Orna Dahan, Jakob Skou Pedersen, Anders H Lund,

Yitzhak Pilpel, Jane Gilmour, Paul Lavender, K Gijbels, S Brocke, J S Abrams,

L Steinman, Amanda V. Gett, Federica Sallusto, Antonio Lanzavecchia, Jens

Geginat, Philip D. Hodgkin, Bram Gerritsen, Aridaman Pandit, Ronald N. N.

Germain, Martin Meier-Schellersheim, Aleksandra Nita-Lazar, Iain D C Fraser,

M Gerloni, S Xiong, S Mukerjee, Stephen P Schoenberger, M Croft, M Zanetti,
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Schedlbauer, Stefan Toegel, and Antonio Romero. What is the sugar code?

ChemBioChem, 2021.

[166] Yukiko Kamiya, Daiki Kamiya, Kazuo Yamamoto, Beat Nyfeler, Hans Peter

Hauri, and Koichi Kato. Molecular basis of sugar recognition by the human

l-type lectins ergic-53, vipl, and vip36. Journal of Biological Chemistry, 283,

2008.

[167] Seiji Shinkai. ”dynamic” molecular recognition and chirality segregation utiliz-

ing concepts of molecular machines and molecular assemblies. Proceedings of

the Japan Academy Series B: Physical and Biological Sciences, 95, 2019.

[168] Hua Jiang and Bradley D. Smith. Dynamic molecular recognition on the surface

of vesicle membranes. Chemical Communications, 2006.

[169] Joshua M. Brockman and Khalid Salaita. Mechanical proofreading: A gen-

eral mechanism to enhance the fidelity of information transfer between cells.

Frontiers in Physics, 7, 2019.

[170] Yonatan Savir and Tsvi Tiusty. Conformational proofreading: The impact of



184

conformational changes on the specificity of molecular recognition. PLoS ONE,

2, 2007.

[171] Yonatan Savir and Tsvi Tlusty. Molecular recognition as an information chan-

nel: The role of conformational changes. 2009.

[172] Samuel H. Sternberg, Benjamin Lafrance, Matias Kaplan, and Jennifer A.

Doudna. Conformational control of dna target cleavage by crispr-cas9. Na-

ture, 527, 2015.

[173] Harshad Ghodke, Hong Wang, Ching L. Hsieh, Selamawit Woldemeskel, Si-
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signal processing by ribozyme-mediated rna circuits to control gene expression.

Nucleic Acids Research, 43, 2015.

[201] Maximilian Hörner and Wilfried Weber. Molecular switches in animal cells.

FEBS Letters, 586, 2012.

[202] Silvia Turroni, Manlio Tolomeo, Gianfranco Mamone, Gianluca Picariello,

Elisa Giacomini, Patrizia Brigidi, Marinella Roberti, Stefania Grimaudo,

Rosaria Maria Pipitone, Antonietta Di Cristina, and Maurizio Recanatini. A

natural-like synthetic small molecule impairs bcr-abl signaling cascades and in-

duces megakaryocyte differentiation in erythroleukemia cells. PLoS ONE, 8,

2013.

[203] Charles W.E. Tomlinson, Katy A.S. Cornish, Andrew Whiting, and Ehmke

Pohl. Structure-functional relationship of cellular retinoic acid-binding proteins

i and ii interacting with natural and synthetic ligands. Acta Crystallographica

Section D: Structural Biology, 77, 2021.

[204] Jacob D. Durrant and J. Andrew McCammon. Hbonanza: A computer algo-

rithm for molecular-dynamics-trajectory hydrogen-bond analysis. Journal of

Molecular Graphics and Modelling, 31, 2011.
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[219] Carsten Kutzner, Szilárd Páll, Martin Fechner, Ansgar Esztermann, Bert L.

de Groot, and Helmut Grubmüller. More bang for your buck: Improved use of

gpu nodes for gromacs 2018. Journal of Computational Chemistry, 40, 2019.

[220] Gonzalo Nicolas Barreales, Marcos Novalbos, Miguel A. Otaduy, and Alberto

Sanchez. Mdscale: Scalable multi-gpu bonded and short-range molecular dy-

namics. Journal of Parallel and Distributed Computing, 157, 2021.
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Appendix A

CODE REPOSITORY

All code can be found at https://github.com/rathsidd/QuantropyPro
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