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Abstract

Robust Predictive Control for Uncertain Nonlinear Systems via Funnel Synthesis

Taewan Kim

Chair of the Supervisory Committee:
Behcet Acikmese
William E. Boeing Department of Aeronautics & Astronautics

This thesis studies robust predictive control for uncertain nonlinear systems, with an
emphasis on constrained control synthesis through convex optimization-based approaches.
Ensuring constraint satisfaction and robustness under disturbances and model uncertainty
is a central challenge in the design of control systems for safety-critical applications. The
control framework consists of two modules: a trajectory generation module that computes
a nominal state and an open-loop input, and a state feedback module that compensates
for deviations from the nominal. The combined input is applied to the system to ensure
robustness and constraint satisfaction. This thesis develops novel methods and theoretical
results that enable the design of such systems under broader classes of nonlinearities and
uncertainties, while improving computational efficiency and enhancing the accuracy of
constraint satisfaction.

A central element is funnel synthesis, in which time-varying invariant funnels and
associated feedback controllers are synthesized around nominal trajectories.  New
formulations are introduced using time-varying incremental quadratic constraints, enabling
the handling of nonlinearities beyond Lipschitz continuity. The funnel invariance condition
is derived via a differential linear matrix inequality using Lyapunov theory. To solve the
continuous-time funnel synthesis problem, an optimal control framework supporting higher-
order funnel representations is proposed.

Three convex approaches are developed to address continuous-time constraint



satisfaction (CTCS) for funnel synthesis. The first introduces intermediate constraint-
checking points without increasing the number of decision variables. The second
reformulates continuous-time linear matrix inequalities as nodal constraints via an exterior
penalty on constraint violations, evaluated at discrete time points and solved using a
subgradient-based successive convexification algorithm. The third approach, based on a
matrix copositivity condition, achieves CTCS without additional intermediate checking
points or constraint reformulation, offering a structured but conservative alternative.
Finally, joint synthesis algorithms are proposed to compute both the nominal trajectory
and the associated funnel within a unified framework, reducing the conservatism that arises
when they are optimized separately. The proposed methods are demonstrated on systems
including a unicycle, a 6-degree-of-freedom (6-DoF) free-flyer, a 6-DoF quadrotor, and a

powered descent guidance scenario for a 6-DoF rocket.
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Chapter 1
INTRODUCTION

This thesis studies optimization-based constrained robust predictive control for uncertain
nonlinear systems. The control of nonlinear systems under uncertainty has long been a
fundamental challenge in systems and control engineering. Uncertain systems are those
whose exact behavior cannot be fully characterized, often due to unknown parameters,
external disturbances, or incomplete models. Robust control seeks to guarantee stability
and safety despite such uncertainties. A control method is considered to be predictive if
it uses a model of the system to simulate or forecast future behavior, allowing current
control actions to be determined based on predicted future outputs. Constrained control
addresses the need to respect physical, safety, or operational limits on system states and
inputs, which is essential in practical applications. By integrating these aspects, this thesis
develops an optimization-based control framework in which control laws are obtained by
solving optimization problems.

The control framework employed in this research is illustrated in Figure The pair
(Z,u) denotes the nominal trajectory, consisting of an open-loop state z and input ,
generated by a trajectory optimization module. The feedback control input, denoted by
usp, is a function of the current system state z and the nominal state Z, and is designed
to compensate for deviations caused by uncertainties and disturbances. The operator A
represents an uncertainty mapping that receives an input signal ¢ from the system and
produces an output p, which perturbs the system dynamics and captures unmodeled effects.
The external disturbance is denoted by w. This control architecture is referred to as
predictive compensation.

This thesis focuses on two modules within the proposed architecture: trajectory
optimization and state feedback control. The trajectory optimization, which is a subclass of

trajectory generation or motion planning, aims to generate a nominal trajectory by solving
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Figure 1.1: The control architecture employed in this thesis.

a constrained optimization problem. The key properties the nominal trajectory should have
are its ability to satisfy mission constraints and optimize key objectives such as minimizing
time or fuel consumption. To consider a wide range of constraints and objectives, numerous
studies have investigated various modeling, formulation, and solution approaches [72] [77].

The generated nominal trajectory alone is not sufficient to control systems subject to
disturbances or uncertainties. This is because disturbances and uncertainties can easily
cause the system to deviate from the nominal trajectory, and an open-loop control alone
is not able to bring the system back. In this context, feedback control plays a critical role
in compensating for these deviations. With feedback, the closed-loop system can achieve
robustness to disturbances and uncertainties.

While feedback control enhances robustness, imposing constraints on the feedback
control is not straightforward. In trajectory optimization, constraints are imposed directly
on a single nominal trajectory, making enforcement conceptually simple. However, feedback
control governs an entire set of possible trajectories that may arise from different initial

conditions and disturbances. As a result, enforcing constraints under feedback requires
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Figure 1.2: Funnel synthesis: a procedure for computing both the funnel and the associated

feedback control. Figure adapted from [76].

ensuring that all possible closed-loop trajectories remain within the allowable bounds.

One possible approach to remedy this issue is to compute a funnel, which represents
an invariant set of the closed-loop system, and impose constraints on this funnel. By
doing so, it becomes possible to ensure constraint satisfaction for all possible trajectories
resulting from the feedback control policy. Motivated by this, this thesis primarily studies
funnel synthesis that refers to a procedure for computing both controlled invariant funnels
and associated feedback control [97]. Then, the computed funnels serve as a certificate
that, for any state within them, there exists a control signal, provided by the associated
controller, that ensures constraint satisfaction, and consequently, the system’s safety, under
the presence of disturbances. An illustration of funnels is given in Figure[1.2

The computed funnels and associated controllers can be used for various purposes. First,
they enable constrained robust control for uncertain systems, as they guarantee the closed-
loop system’s constraint satisfaction under the presence of uncertainties [4]. Second, the

funnels can be used to generate feasible trajectories [97] by numerically integrating the



system dynamics with the synthesized controller. This eliminates the need to repeatedly
solve the trajectory optimization problem when problem data, such as the initial condition,
changes. This can address a common limitation of many nonconvex trajectory optimization
methods, which often lack guarantees that the converged solution satisfies constraints [77].
Furthermore, the computed funnels can be used to ensure recursive feasibility of model
predictive control (MPC) for nominal trajectory tracking. By enforcing a terminal constraint
that requires the predicted final state to lie within the funnel, the method provides a
natural mechanism to maintain feasibility across MPC iterations. In addition, the computed
funnels can be used for feasible-trajectory data generation, which is useful for training neural
network controllers under safety constraints [5§].

Due to these benefits of funnels, the problem of computing funnels has been actively
studied in both the control [4, 83] and robotics [24] [74] communities. Despite this progress,
several key challenges remain. First, extending funnel synthesis to broader classes of
nonlinear systems requires going beyond linear or polynomial dynamics by exploiting
structural properties of nonlinearities. Second, ensuring invariance, which is typically
derived through Lyapunov methods [30], Hamilton-Jacobi (HJ) reachability analysis [13],
or direct uncertainty propagation [112], is often computationally expensive, particularly for
high-dimensional or nonlinear systems. Third, achieving constraint satisfaction for all states
and inputs within the associated state and input funnels is nontrivial and is often handled
indirectly by adjusting the nominal trajectory, rather than explicitly enforcing constraints
on the funnel itself. Finally, because funnels are inherently time-varying, they are commonly
represented using basis function approximations, such as zero-order hold or first-order hold
interpolations, which can limit expressiveness.

The design of funnels for uncertain systems traditionally follows a two-step (or separate)
scheme; initially, nominal trajectory planning [I8| [77] is performed to compute the open-
loop control and the corresponding state trajectory, followed by the synthesis of the feedback
control and the associated funnel [22] [74] based on the analysis of the perturbed system
around the nominal trajectory. In aerospace applications, the former is often termed as
guidance and the latter is referred to as control. However, such a two step scheme has a

potential drawback; the resulting control law, consisting of both the open-loop and closed-



loop control, may be overly conservative. This conservatism stems from the lack of joint
consideration of the open-loop and closed-loop control computations for given constraints
such as actuator limits and obstacles.

This thesis aims to address the aforementioned challenges in funnel computation. The
summary of the problem and the approach taken in each chapter is as follows. Chapter
formulates a continuous-time constrained funnel synthesis problem for uncertain nonlinear
systems. The formulation considers uncertain nonlinear systems subject to external
bounded disturbances, where uncertainties and nonlinearities satisfy incremental quadratic
constraints (60QCs) [6, B3, 127]. The expression with 0QC can characterize a broader
class of uncertainties/nonlinearities, including Lipschitz, L-smooth, and sector-bounded
nonlinearities. The state funnels are defined as time-varying ellipsoidal sets around a
nominal trajectory, described by a quadratic Lyapunov function with a positive definite
(PD) matrix-valued function, as decision variables. Alongside the nominal input, a linear
time-varying (LTV) feedback controller is applied, with the LTV gain matrices serving as
other decision variables. Funnel invariance is ensured by Lyapunov theory, resulting in a
differential linear matrix inequality (DLMI). To ensure constraint satisfaction, all states and
inputs within the funnel must satisfy state and input constraints. When these constraints are
linear or locally linearized around the nominal trajectory, they can be encoded as pointwise-
in-time LMIs. The resulting funnel synthesis problem, involving a DLMI for invariance and
pointwise in time LMIs for state and input constraints, is an infinite-dimensional problem
due to the time-varying nature of the decision variables.

Chapter [4 develops a solution method for the continuous-time funnel synthesis problem
formulated in Chapter ] To make the problem tractable, the DLMI is reformulated using
a slack variable, transforming it into a differential linear matrix equality (DLME) and a
pointwise-in-time LMI. We refer to this DLME as funnel dynamics, as it behaves analogously
to system dynamics in an optimal control framework. This reformulation enables us to
cast the funnel synthesis problem into a standard form of numerical optimal control so
that we can apply numerical optimal control techniques such as multiple-shooting [16]
and control parameterization [72]. Furthermore, the proposed framework provides two

ways to aim to ensure continuous-time constraint satisfaction (CTCS). The first enforces



pointwise-in-time LMIs at additional intermediate time points within each subinterval,
improving constraint coverage without increasing the number of decision variables. The
second approach follows a numerical optimal control technique commonly used in prior works
[40, [72] where continuous-time constraints are reformulated by integrating their violations
using an exterior penalty function. This reformulation retains convexity but results in
constraints that are not in a standard conic form. Thus, the proposed solution method
employs a successive convexification (SCvx) approach.

Chapter [5] provides a computational funnel synthesis method for nonlinear systems
under bounded disturbances over a finite-time horizon. The main contribution is proving
that the computed funnel is indeed invariant over the entire time interval. To achieve
this, we first derive an incremental dynamical system representing the behavior relative
to the given nominal trajectory, modeled as an uncertain LTV system. The key idea is
to approximate this LTV system to an uncertain linear parameter-varying (LPV) system
where the approximation error is treated as a state-, input-, and disturbance-dependent
uncertainty. This enables the derivation of a finite number of LMIs whose satisfaction
guarantees the required continuous-time DLMI for the invariance of the funnel. In this
derivation, we employ LMI conditions that ensure matrix copositivity [93]. Including linear
state and input constraints together, the funnel synthesis problem can be finally formulated
as a finite-dimensional semidefinite program (SDP). Since both the system’s nonlinearity and
LPV approximation errors are explicitly accounted for, the resulting funnel is guaranteed
to be invariant for the original nonlinear system.

Chapter [6] proposes a joint synthesis algorithm that jointly synthesizes the nominal
trajectory and the funnel ensuring robustness for nonlinear systems with locally Lipschitz
nonlinearities. The problem formulation can be viewed as a robust trajectory optimization
in which we optimize both the trajectory and the funnel that consists of the forward invariant
set and the corresponding feedback gain. The proposed method has the following steps in
each iteration: First, we update the nominal trajectory while ensuring the feasibility of
the funnel. The next step estimates local Lipschitz constants of the nonlinearity in the
system by sampling state space inside the funnel. With the trajectory computed in the first

step, the third step then constructs a semidefinite programming (SDP) problem derived



with funnel constraints and a Lyapunov condition to ensure the invariance property of the
funnel. These steps are repeated until the convergence of both the trajectory and the funnel
synthesis. We validate the proposed method through a numerical simulation.

Chapter [7] further develops the joint synthesis framework by formulating the combined
trajectory and funnel design as an augmented optimal control problem. To solve this
nonconvex formulation, a SCvx method based on the penalized trust-region (PTR) approach

is applied, whereby each iteration solves a convex SDP.

1.1 Literature Review

1.1.1 Analysis and stabilization of uncertain nonlinear systems

The computation of the funnel proposed in this paper relies on Lyapunov theory. The
Lyapunov theory was originally developed by Russian Scientist for system analysis and
design [71]. The theory later gained widespread recognition in the Western publications,
such as an article by Kalman and Bertram [50]. The ideas in Lyapunov theory have played
a significant role in analyzing and designing control systems with uncertainty [30, 48] (54,
104, T05]. Based on Lyapunov theory, we can find an invariant set as a sublevel set of a
Lyapunov function, provided the function satisfies certain properties.

The main difficulty in applying Lyapunov theory is that one should find a Lyapunov
function satisfying certain properties to prove the stability. However, there is no general
procedure to obtain such functions for systems. One approach is to assume a specific
function based on mathematical intuition and understanding of the system, and then use
trial and error to verify whether it satisfies the given properties. Alternatively, one can derive
insight from the physics of the system, such as using the energy function as a starting point
in mechanical systems.

The proposed funnel synthesis in this thesis considers a specific class of Lyapunov
functions, namely quadratic Lyapunov functions, which are quadratic forms in the system
state variables. The quadratic Lyapunov function is motivated by the concept of quadratic
stability [29, 31, B2, 55, [68], 138]. The necessary and sufficient conditions for the quadratic

stability of uncertain systems are examined in [I4]. This thesis is particularly related to the



study of necessary and sufficient LMI conditions for the quadratic stability through the use
of multiplier matrices [5].

The funnel is defined as a time-varying set around the nominal trajectory. It is essential
to characterize the system’s behavior relative to the nominal trajectory rather than its
behavior relative to a fixed equilibrium point. Hence, this thesis is related to the concept
of incremental stability that concerns the convergence between arbitrary trajectories of
the system rather than convergence to a fixed point or nominal trajectory. The work in
[73] studied incremental stability based on the theory of contraction analysis for nonlinear
systems. The existence of an equilibrium state for autonomous systems was investigated in
[2] through the quadratic stability of the associated derivative system, which is equivalent
to the incremental quadratic stability of the original system. The paper shows that if the
derivative system is quadratically stable, then the original system has an equilibrium state
that is globally exponentially stable. The work in [9] analyzed incremental stability for
autonomous systems in the context of input-to-state stability. They showed a result on
the existence of globally attractive solutions for input-to-state systems subject to constant
or periodic inputs. Incremental quadratic stability was further investigated in [33], where
the concept of an incremental multiplier matrix is provided and used to derive necessary
and sufficient LMI conditions for the incremental stability of systems. This approach was
utilized in [6] for observer design, and further extended to the simultaneous design of both
observer and controller in [127].

The use of LMIs has gained significant attention as a systematic method for constructing
Lyapunov functions. In this approach, a Lyapunov function, typically of a specific form such
as a quadratic form, can be obtained by solving LMIs. With the development of efficient
interior-point methods [89], LMIs can now be solved in polynomial time, which has further
increased the popularity of this technique. As Stephen Boyd famously stated in [19], the
“grandfather” of this field is Lyapunov, and the “father” is Yakubovich. Many of the
early works in this area were developed based on Yakubovich’s foundational contributions
[128, 129, 130}, 132]. This thesis specifically adopts LMI-based approaches incorporating
the concept of multipliers [IT], [12], as well as their extension to controller synthesis [2] 3].

More recently, sums-of-squares (SOS) methods have been actively studied as a means to



construct Lyapunov functions beyond the quadratic form [94, 122].

1.1.2 Integral quadratic constraints

Integral quadratic constraints (IQCs) provide a unified and powerful framework for
robustness analysis of systems with nonlinearities, time variations, and uncertain
parameters. Originating from the work of Yakubovich [131] and influenced by both Western
and Russian control theory traditions, IQCs generalize classical concepts such as passivity
and dissipativity [85][86]. The primary strengths of the IQC framework are: i) its ability to
encompass classical passivity and dissipativity arguments, ii) its simplification of the use of
multipliers, which are a major hurdle in p-analysis [37], and iii) its support for computational
tools through convex optimization using LMIs.

The integral constraints employed in the IQC framework can be interpreted in either
the frequency-domain or the time-domain. For the time-domain analysis, the work in [86]
introduces the notions of hard and soft IQCs. A hard IQC requires the integral constraint
to hold over all finite time intervals, while a soft IQC requires the integral constraint to
hold over the infinite horizon and may not hold on finite intervals. The work in [109]
unifies IQC analysis and the dissipativity theory [125, [126] by constructing a quadratic
storage function for hard-IQC multipliers and, via a strict-positivity factorization, extending
the same finite-horizon dissipation inequality to soft IQCs. Building on this approach,
[107] demonstrates that, with a suitable hard factorization of the IQC multiplier, the
finite-horizon dissipation-inequality test is exactly equivalent to the classical frequency-
domain IQC stability criterion. A comprehensive overview of the idea and examples of the
connection between the IQC framework and dissipativity theory can be found in [106] and
references therein. Additionally, in recent years the IQC framework has been extended to
exponential stability analysis [17], 47].

Among IQC-related papers, the work most closely related to the analysis and synthesis
methods developed in this thesis focuses on uncertain LTV systems [22] 107, 108, [110]. The
approach in [I08] presents a computational framework for assessing finite-horizon robust

performance of uncertain LTV systems with uncertainties described by IQCs. Building upon
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this, [22] extends the results to the synthesis of robust output-feedback controllers where
Lyapunov parameters and control parameters are iteratively updated. The key distinction
with the thesis’s focus on funnel synthesis is invariant set computation, which necessitates
explicit consideration of state and input constraints. In addition, we employ state-feedback
and formulate the problem as a convex SDP where both funnel and control parameters are

computed together.

1.1.83  Trajectory optimization by sequential convex programming

Trajectory optimization methods have been developed to solve (possibly) nonconvex
trajectory generation problems, e.g., optimal control problems with nonlinear dynamics and
nonconvex constraints [72, [77]. Many different algorithms for trajectory optimization have
been developed, such as sequential convex programming (SCP) [18, 5], 60, [116], differential
dynamics programming (DDP) [62), 118, [119], and indirect methods based on Pontryagin’s
maximum principle (PMP) [56, 114]. With these developed methods, numerous studies
have applied trajectory optimization to various applications, including the control of ground
vehicles [61], 92, [134], autonomous robotic manipulation [64], and aerospace vehicles [60, 116].

This thesis is particularly related to the class of nonconvex optimization methods known
as SCP. In particular, it builds upon a variant called SCvx that has been developed primarily
for trajectory optimization of aerospace vehicles. SCvx methods solve a sequence of convex
subproblems around a nonlinear reference trajectory, incorporating mechanisms to ensure
convergence despite nonconvexity in dynamics or constraints. SCvx algorithms can be
broadly categorized into two classes based on how they manage trust regions: one enforces
an explicit constraint on the trust region radius [79] 80, 81], while the other incorporates the
radius into the cost function via a penalty term [84], 98] [117]. The latter is often referred to
as the PTR method. In recent studies [40], this PTR formulation has been shown to align
structurally with the prox-linear method [39], a general framework for solving composite

optimization problems with convergence guarantees.
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1.1.4 Controlled invariant funnel computation

The computation of funnels has been studied in both robotics and control communities.
To the best of our knowledge, the notion of the funnel was first introduced in [82] where
the term was used as a geometric metaphor to describe how mechanical interactions can
guide a range of initial states toward a desired final configuration. The Lyapunov-theoretic
interpretation where funnels represent invariant sets was later adopted in [24]. Following
this direction, a significant body of work has focused on offline synthesis of funnels as
time-varying controlled invariant sets. Recent approaches rely on sum-of-squares (SOS)
programming, where the system dynamics are approximated by polynomials, and high-
order polynomial Lyapunov functions are employed [74] 120}, [121]. This direction of research
was later extended to the computation of the funnel for piecewise polynomial systems
n [49]. To improve computational efficiency, the work in [I13] formulates an optimization
problem that establishes the funnel using linear programming (LP), which is significantly
less computationally demanding than SOS programming.

The concept of funnel synthesis was first introduced in [100] and later extended in [97].
They employ the quadratic Lyapunov function that is optimized by LMIs to guarantee the
invariance and the feasibility of the funnel. Although the quadratic Lyapunov function
is simpler than those considered in [74], 120, 121], the distinctive point in [97] compared
to existing studies is that they impose the constraints on the funnel for the safety of the
systems.

The existing studies in funnel synthesis can be separated into two categories depending
on whether they aim to maximize [41} [97, 121] or minimize the size of the funnel [74]. The
funnel computation inherently aims to maximize the size of the funnel to have a larger
controlled invariant set in the state space. On the other hand, when it comes to systems
under uncertainty or disturbances, the funnel has been computed in a way that minimizes
the size of the funnel to bound the effect of the uncertainty. For example, the work in
[74] minimizes the size of the funnel to prohibit collision with obstacles instead of imposing
obstacle avoidance constraints directly. However, minimizing the size of the funnel is against

the original purpose of having a large controlled invariant set in the state space. A recent
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approach in [59] aims to balance maximizing the size of the funnel and minimizing the
effect of the bounded disturbance. To this end, they exploited invariance and attractivity
conditions derived from Lyapunov theory and imposing state and input constraints directly

on the funnel.

1.1.5 Tube-based predictive control

In the control community, controlled invariant funnels, also referred to as tubes, have been
studied extensively in the context of tube-based offline finite-horizon predictive control and
online MPC. Earlier work in this area focused on linear systems subject to disturbances
and stability around an equilibrium point [65, B3], 05]. As the field evolved, approaches
have extended toward trajectory tracking for nonlinear systems [4]. In these problems, the
main solution variables include the nominal trajectory, the invariant set (funnel), and the
feedback controller, typically leading to nonconvex formulations. For tractability in MPC
settings, some of these variables are fixed in advance and assumed to be time-invariant for
simplicity. For example, a tube-based MPC scheme is developed for Lipschitz nonlinear
systems subject to bounded disturbances in [I35]. With the precomputed feedback gain
and the tube set, the work optimizes the nominal trajectory online. The work in [63]
computes an incremental Lyapunov function and a corresponding feedback gain offline, and
then optimizes the nominal trajectory and the support value of the invariant set online. In
[124], they obtain both the nominal trajectory and the invariant set by solving an SDP with
the precomputed feedback gain.

The work in [42] proposes a robust tube-based MPC algorithm for obstacle avoidance.
They provide a framework that optimizes the nominal trajectory and the corresponding
funnel based on the derived ellipsoid uncertainty propagation. However, this propagation
provides only an approximate guarantee, that is, the resulting funnel might not be invariant
under the bounded disturbance. Also, they assume that the feedback controllers are pre-
computed and fixed. For further examples of obstacle avoidance using MPC, we refer
the reader to [34], 102, IT1]. The most relevant results in robust MPC literature to the

proposed work appear in [87] and [78], which jointly synthesize the nominal trajectory and
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the funnel. The major difference compared to the joint synthesis method in this thesis
is that the resulting funnels in [87] and [78] are only robust for the linearized closed-loop
system (they ignored the higher-order terms due to nonlinearities).

In contrast, several offline approaches jointly optimize the nominal trajectory, the
feedback policy, and the associated funnel, leveraging this additional flexibility to improve
overall performance [57, 66, [67]. Building on the system level synthesis framework [8], the
authors of [66] formulate a method to simultaneously compute a nominal trajectory and a
time-varying linear feedback gain for linear time-varying (LTV) systems that capture the
error dynamics around the nominal trajectory. This joint formulation allows for tighter
integration between planning and control, leading to improved robustness and constraint
handling. The approach was further extended in [67] to account for parametric uncertainties

in the system dynamics.
1.2 Contributions

In this section, we highlight the key contributions of the thesis, organized by chapters.

e The funnel synthesis problem in Chapter [3| considers a broader class of nonlinear
systems by incorporating time-varying 6QC. In contrast to previous works limited to
Lipschitz nonlinearities [97], the proposed work considers more general sector-bounded
nonlinearities. In particular, Chapter [3|demonstrates how L-smooth nonlinearities can

be explicitly handled within the §QC framework for reduced conservativeness.

e The proposed work derives a DLMI that implies a dissipation inequality in the
form of an input-to-state Lyapunov condition, ensuring the funnel’s invariance. This
generalizes existing LMI-based robust state-feedback synthesis methods [4] by allowing

the nonlinearity to depend explicitly on external bounded disturbances.

e Chapter [d] presents a numerical optimal control-based solution method for solving the
continuous-time funnel synthesis problem, in which the DLMI appears as one of the
constraints. Unlike existing approaches that are restricted to represent funnels using

zeroth-order hold or first-order hold interpolations, the proposed method supports
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higher-order representations, including second-order hold. Furthermore, it allows the

funnel profile to be aligned with the solution of a Lyapunov differential equation.

The proposed solution method in Chapter [4] systematically addresses CTCS using
two convex approaches. While prior work often increases discretization nodes [74,
121], which leads to more decision variables, the first approach adds intermediate
constraint-checking points without increasing variable count. The second reformulates
the continuous-time LMI using an integral representation of constraint violation using
an exterior penalty function, leading to nondifferentiable constraints involving the
maximum eigenvalue function. To solve this, a subgradient-based SCvx method is

introduced, along with theoretical support for the existence of suitable subgradients.

Chapter 5| proposes a funnel synthesis method that can guarantee the continuous-time
invariance of the funnel without increasing constraint-checking points or involving
subgradients. Furthermore, the method employs a matrix copositivity condition [93]
to convert the DLMI into a finite set of LMIs. Compared to existing methods [97],
this conversion is less conservative, allowing the computation of more optimal funnels

while still satisfying the original DLMI condition.

Chapter [6] proposes a novel algorithm that jointly synthesizes the nominal
trajectory and the funnel for discrete-time nonlinear systems with locally Lipschitz
nonlinearities. By optimizing the trajectory and funnel together, the algorithm
mitigates conservatism that can arise from treating them separately. Chapter
extends the joint synthesis framework to continuous-time systems. It further
introduces the use of the prox-linear method [39] supported by its convergence

guarantees.
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Chapter 2
THEORETICAL BACKGROUND

The theoretical foundations of this thesis lie in quadratic stability, incremental quadratic
stability, and numerical optimal control. This chapter briefly covers the main idea of each
theory and technique. This chapter does not include any contributions of the author and
serves solely as background material. More details could be found in [5, [33], 39] 40, [72], 127]

and references therein.

2.1 Quadratic stability

Consider the following nonlinear uncertain systems described by
z(t) = F(t,z(t), w(t)), (2.1)

where t > 0 is the time variable, z(¢) € R"* is the state, and w(t) € W C R™ is the
external inputs, such as exogenous disturbance or a reference state, where the set YW C R
are assumed to be compact. We assume that F': R x R? x R™ — R" is continuous with

respect to its second and third arguments.

Definition 2.1. System in (2.1)) is quadratically stable about the origin with a decay rate

a > 0 and a Lyapunov matriz P = PT = 0 if
z' PF(t,z,w) < —ax' Pz, (2.2)
forallt >0, z € R™, and w e W.

Lemma 2.2. If a system is quadratically stable, one can readily show that every trajectory

of the system ([2.1)) satisfies

(0] < Bllz(to)|e™ ") for allt > to,

with B = \/)\mm(P)/)\mm(P) where Apin(P) and Apax(P) are the smallest and the

mazximum eigenvalues of P, respectively.
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Proof. Define a Lyapunov function V(z) = 2" Pz where the time argument is dropped. Tt

follows from ([2.2) that V(z) < —2aV(z). This implies that ggig < —2a. By integrating

both sides from t( to ¢, we obtain In ‘Y((f(%)) < —2a(t—tp), which is equivalent to V (z(t)) <

e 22(t=t0) Y (2(ty)). This inequality leads to the following inequalities:

Amin(P)|x(t)[|3 < 27 Pa < e 2070V (2(ty)) < e 220710 x40 (P) |2 (t0) 3.
The desired result can be constructed with the above inequalities as follows:
lz()|* < Bllz(to) [le™ 10

This result implies that the system is globally uniformly exponentially stable with decay

rate . ]

2.1.1 Invariance and attractivity conditions

Lemma 2.3. Suppose that there exist a decay rate o > 0 and a Lyapunov matrix P =

PT =0 such that
¢ PF(t,z,w) < —az' Pz when z'Pz > |w|3, (2.3)

forallz € R™, w e W, and t > tyg. Then, for every bounded disturbance signal w(-), the
ellipsoid & = {x | 2" Pz < ||w(-)||A} where ||w(:)|lso = esssup;s, ||w(t)|2 is invariant and

attractive for the system (2.1) in the following sense.

o Invariance: The inclusion z(tp) € £ implies z(¢t) € & for all ¢ > ¢, where z(-) is a

solution of the system ([2.1).

o Attractivity: For every solution z(-) of the system (2.1]), there exists ¢; € [tg, 00) such
that x(t) € € for all t > t;.

Proof. We prove the invariance condition by contradiction. Let V be the Lyapunov function
defined as V(z) = " Pz. Suppose there exists a time to > to such that z(t2) ¢ £. Notice
that the solution x(t) of (2.1) is continuous with the bounded disturbance signal w(-).

Therefore, V() is also continuous in ¢. By the intermediate value theorem, there exists a
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time t; € [to,t2) such that V(z(t1)) = ||w(-)||% and V(z(t)) > |w(:)||% for all t € (t1,a].
It follows from ([2.3)) that

%V(x(t)) < —az(t) " Pz(t) <0,

for all t € (¢1,t2]. Now, we can deduce that
2 q
V(z(t2)) = V(z(t1)) + /t1 oV (@(®)dt < V(a(t)) = lw(-) 5
This implies that x(t2) € £, which contradicts our hypothesis. Hence, z(t) € £ for all t > t;.
To show the attractivity, consider the case where the initial condition z(tg) starts in
E. In this case, by the invariant property, x(t) € £ for all t > ty. Hence, the attractivity
condition trivially follows. Now, suppose that z(ty) ¢ £. To prove by contradiction, consider
that x(t) ¢ & for all t > tg. The condition z(t) ¢ & implies that V(z(t)) > |lw(-)|/%, so
V(z(t)) > |lw(t)||3 for all ¢ > to. By (2.3), we have V(t) < —aV(t) for all t > to. This
Lyapunov condition implies that V' (t) < V(0)e~*(*~%), Hence, with sufficiently large ¢ such
that t > to + 2 (InV(0) — Infw(-)[|%), it follows that V'(t) < |lw(-)||%. This contradicts our
hypothesis that x(t) ¢ £ for all ¢ > tg. Therefore, there exists t; > to such that z(t1) € €.
Given the previously established invariance property, it follows by the same reasoning that

z(t) € € for all t > t;. O
2.2 Incremental quadratic stability

Definition 2.4. The system (2.1)) is incrementally quadratically stable (6 QS) with a decay
rate o > 0 and a Lyapunov matric P =P = 0 if
(x — Z)P[F(t,z,w) — F(t,%,w)] < —a(z — %) P(x — &), (2.4)

forallt >0, x e R", £ € R", and w € W.

Lemma 2.5. Suppose that the system (2.1) is 6 QS with a decay rate o and a Lyapunov

matriz P = P = 0. Then, if z(-) and Z(-) are any two solutions of system, we have

lz(t) = 2(#)[| < Bllx(to) — &(to)lle™ 1), (2.5)

for all t > tg, where B = \/)\max(P)/)\min(P)-
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Proof. When z(-) and Z(-) are any two solutions of system (2.1)), consider a new variable
§(t) = z(t) — Z(t). From the inequality given in (2.4)), there exists a matrix P = PT = 0

and a scalar a > 0 such that
S(t)Po(t) < —ad(t)Pa(t).
This represents the quadratic stability of §(¢) given in (2.2]) at the origin. This turns out

l(t) = 21| < Bllz(to) — &(to)[le™ "),

for all t > tg, where 8 = \/)\maz(P)/)\mm(P). O

2.2.1 Relationship to quadratic stability of the derivative system

Definition 2.6. A derivative system corresponding to the system described by (2.1f) for

which %—i(t,x, w) exists for all t > ty, x € R™, and w € W is defined by

0= 5w, wt)n, (2.6)

where () and w(-) are any continuous functions mapping [0,00) into R™ and W,

respectively.

Definition 2.7. The derivative system ([2.6)) is quadratically stable with a decay rate o > 0
and a Lyapunov matric P = PT = 0 if for allt >0, w € W, ¥ € R™, and n € R™, the

following inequality holds:
oF
n' Po—(t, g, w)n < —an' Pr. (2.7)

Lemma 2.8. Consider the system in (2.1) and suppose F is differentiable with respect to
its second argument. Then, the system is 6 QS with a decay rate o and Lyapunov matric

P =P = 0 if and only if the corresponding derivative system (2.6)) is quadratically stable.

Proof. We first show that if the corresponding derivative system is quadratically stable,
then the original system is incrementally quadratically stable. Suppose that the system is
described by and its derivative system given by is quadratically stable in the sense
of . Consider any time t > 0, any disturbance w € W, and any two states z,z € R"*.
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It follows from mean value theorem that for any vector z € R™, there exists 121 € R™ such

that

F .
i

zTF(t, T,w) — 2 F(t,&,w) = D (t, Y, w)(x — T).

Using the fact that z is arbitrary, consider z = (z — &)P. Since the derivative system is
quadratically stable with a decay rate a and a Lyapunov matrix P, it follows that

(x — &) P[F(t,z,w) — F(t,#,w)] = (x — :%)TP({;Z(L O, w)(z — 7),

< —afz—2)"P(x — &),

where the last inequality comes from by taking n = x — Z. By the definition of ,
we can conclude that the system is §QS with the rate of convergence o and the Lyapunov
matrix P.

Conversely, suppose now that the system is incrementally quadratically stable with
decay rate o and Lyapunov matrix P. It follows from that

(x — &) P[F(t,z,w) — F(t,#,w)] < —a(x — &) Pz — &),

forall t > 0, w € W and x,Z € R™. Choose any Z,n € R™ and A € R such that A # 0, and
define z as follows:

T =2+ .

Then, the above inequality can convert to

0 PIF(LE + M, w) — F(t,7,w)]
A

< —an' Pn.

Since A is arbitrary in R\{0}, we can further deduce

OF F(t,z + Mn,w) — F(t,z,w)
T T ) ) )y
P—(t =n P[1
n Po—(t,z,wn=n <Ag% 3 :
= lim nTPF(t7j+)‘n7w) 7F(ta=%7w)’
A—0 A
< —omTPn.

This above inequality holds for all t > 0,w € W and Z,n € R", so the derivative system is
quadratically stable at the origin by (2.7)). O
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2.3 Incremental multiplier matrices and an LMI characterization of
incremental quadratic stability

Consider the following uncertain nonlinear systems:

& = Az + Bp(t,z,w) + g(t,w), (2.8a)
qg=Cx+ Dp, (2.8b)
p= (z)(ta q, UJ), (28C)

where t > 0 is the time variable, z(t) € R™ is the state, and w(t) € W C R"» represents a
system disturbance, a reference state, and/or an input. We arrange the system so that all
nonlinearities depending on the state = are captured by the variable p(t, z,w) € R", while
all other components independent of the state are grouped into g(¢,w) € R™. The auxiliary
variable ¢(t,z,w) € R™ is introduced to define an explicit function ¢ that represents the

system’s nonlinearities. The matrices A, B, C, D are constant and of appropriate dimensions.

Definition 2.9. A symmetric matriz M € RMatm)x(natme) s an incremental multiplier
matriz for ¢ if and only if the following incremental quadratic inequality holds:

T

i M i >0, (2.9)

¢(t7 q, U)) - (z)(ta Cja w) ¢(t7 q, w) - ¢(t7 67 w)

where t >0, w € W and q,q € R".

The incremental quadratic inequality in (2.9) is also referred to as an incremental

quadratic constraint [46], 88, 127].

Lemma 2.10. For the system described by ([2.8)), if there exists a matriz P = P = 0, a

scalar o > 0, and an incremental multiplier matric M = M for ¢ such that

.
PA+ ATP+2aP PB C D C D
+ M

0, (2.10)
B'P 0 0 I 0 I

then the system is 0 QS with a decay rate o and a Lyapunov matriz P.
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Proof. Apply pre- and post-multiplication of the LMI in ([2.10) by [(z — %) ", (p — $) "] and
its transpose, respectively, where p = ¢(t,q,w) and p = ¢(t,q, w). This yields:

£0($,:Z",w) + £1($7fi’w) < 07

where
T
3 r—7I PA+A"P+2aP PB r—I
EO(xax7w): 5
p—7p B'P 0 p—7p
and
T T
Tr— C D C D r—T
Li(x,Z,w) = M
p—Dp 0 I 0 I p—7p

By the definition of the incremental multiplier matrix M in (2.9)), we have £;(x,Z,w) > 0
for all z,2 € R™ and w € W. Therefore, it must be that Lo(x,Z,w) < 0 for all z,z € R"

and w € W, which implies
(z— %) " P[A(z — %) + B(p — p)] < —a(z — i) P(x — ).

It follows then from (2.4]) that the system (12.8]) is QS with a decay rate o and a Lyapunov
matrix P. O

Example 2.11. (Lipschitz continuity) A function ¢(t,q,w) is said to be globally Lipschitz

continuous with respect to its second argument if there exists a constant v > 0 such that

16t q,w) — d(t. G, w2 < llg — 2,

for all q,G € R™. This condition can be expressed in the form of (2.9)) with the multiplier

Example 2.12. (Incrementally sector-bounded nonlinearity) Let p = ¢(t,q,w) and p =
o(t,qG,w). Define the incremental variables dp = p — p and 6q = q — G. The
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nonlinearity /uncertainty ¢(t,q,w) is said to be incrementally sector-bounded with respect

to its second argument if it satisfies
(6p — K16q) ' S~ (0p — Kadq) <0

for all ¢,§ € R, where S = ST and K; and Ko are given matrices. This condition
describes a nonlinearity ¢(t, q,w) whose incremental behavior lies within the sector defined
by K1 and Ko with respect to its second argument.

This condition can be represented in the form of (2.9)) using the multiplier

—Kl(t)TS*lKg(t) — Kz(t)TsflKl(t) *
STHEL(t) + Ka(t)) —2571

M =

where * represents the transpose of the corresponding off-diagonal block, i.e., the transpose

of STHK1(t) + Ka(t)).

See [6,[33] for other examples of nonlinearities and uncertainties that can be characterized

by incrementally quadratic inequality.

2.8.1 Block diagonal parameterization

This subsection considers a block diagonal parameterization of incremental multiplier
matrices I}, 127]. This technique imposes a structural assumption on the multiplier matrices
M. By doing so, it facilitates the derivation of an LMI formulation for robust controller
synthesis in which both the Lyapunov matrix and the feedback gain are treated as decision
variables. to derive an LMI for robust controller synthesis. This subsection considers a
block diagonal parameterization of incremental multiplier matrices [I} [127]. This technique
imposes a structural assumption on the multiplier matrices M. By doing so, it facilitates the
derivation of an LMI formulation for robust controller synthesis in which both the Lyapunov
matrix and the feedback gain are treated as decision variables.

Assume that there exists a set A/ of matrix pairs (N7, Na), where Ny € R"*" Ny €

R™*" and an invertible matrix 7' € R(a+7)*(na+np) with the block structure

T: T
T 11 T2 7
To1r T
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and Tho is invertible, such that every valid incremental multiplier matrix M satisfies

Ny 0
0 —No

M =TT"NT, with N =

Example 2.13. The multiplier matriz M for the global Lipschitz nonlinearity described in
Ezample satisfies the above assumption with

T = . N ={(\L)| >0}

For the sector-bounded nonlinearity illustrated in Ezample the multiplier matriz M

satisfies the assumption with

Ko — K4 0
T = . N = {(ALAD) [ A> 0}
Ky + Ky 21

2.4 Successive convexification by a prox-linear method

This section briefly summarizes a specific variant of the SCvx method, known as the PTR
approach [96]. In PTR, the trust region is not enforced as a hard constraint but is instead
incorporated into the objective function as a penalty term. This soft penalization indirectly
bounds the step size, guiding the solution toward a stationary point. The PTR method can
also be interpreted as an instance of the prox-linear method framework [39].

The PTR method considers the following discrete-time optimal control problem:

N-1
I)?l[I]l Ji(zn) + Z Jr(Tg, ug) (2.11a)
k=0
st. zpr1 = f(zg,ug), k={1,...,N —1}, (2.11b)
g(xg,up) <0, k={1,...,N —1}, (2.11c¢)
h(a:k,uk) = 0, k= {1, v ,N - 1}. (2.11d)

Here, the state and input sets X and U are defined as

X:{xl,...,l‘]\[}, U:{ul,...,uN_l},
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with zp € R™ and u, € R™ for each k € {1,..., N}. The system dynamics is described
by a continuously differentiable function f : R™ x R™ — R"*. The inequality and equality
constraints are given by g : R™ x R™ — R" and h : R"* x R™ — R" respectively, and
are enforced elementwise as written in and . The objective consists of the
terminal cost Jy : R"» — R and the running cost J, : R"* x R" — R. For simplicity and
to avoid unnecessary complexity in this chapter, the terminal condition is assumed to be
indirectly enforced through the terminal cost.

The PTR method transforms the constrained optimal control problem in
into an unconstrained optimization problem by penalizing the constraints with tunable
hyperparameters. In particular, it employs the £; penalty functions as described in [90, Eq.
17.22]. The resulting unconstrained problem is

N-1

IIllIl Jr(zrn) + Z J(xg, ug)
k=0
N-1

+woe 3 (lzen = fl@r, )+ max(0, g(zx, wp)) + [|h(z, w) 1), (2.12)
k=0

where the maximum is applied elementwise. Here, w,. > 0 is a penalty weight that governs
the degree to which constraint violations are penalized.
To solve the possibly nonconvex unconstrained problem (2.12), the PTR method

iteratively updates the following convex subproblem and uses its solution to refine trajectory:

N-1 N-1
1)1?7151 Jr(zn,un) + Z J(xg, k) + Wye Z |kl + max(0, wg) + ||7kl1)
k=0 k=0
N
twp Y (loe = Zxl3 + lJue — ll3) (2.13a)
k=0
s.t. xpp1 = Az + Brug + 2k + vk, (2.13b)
ngk + Diuk + ei < wy, (2.13c¢)
Clay + Dy, + e =1y (2.13d)

Here, (Zy,ux) denotes the reference trajectory at iteration k, which is either provided as

an initial guess or obtained from the solution of the previous iteration. The matrices Ay =
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%(:ﬁk,ﬂk) and By = %(ik,ﬂk) are the Jacobians of the system dynamics, and the vector
zk = f(Zp,up) — ApTr, — Bruy ensures consistency with the linearization. Similarly, the
constraint functions g and h are linearized around the reference trajectory to yield the
matrices Cf, DY, e and Cl', D}, el respectively. The slack variables vy, wy, and 7y
represent the violations of the dynamics, inequality constraints, and equality constraints,
and are penalized in the cost using the weight w,.. The quadratic term weighted by wy,
penalizes deviation from the reference, representing the penalized trust region.

The PTR approach aligns closely with the prox-linear method. Specifically, the
formulation of the convex subproblem in PTR mirrors that of prox-linear methods applied
to composite optimization problems. Since the prox-linear method comes with theoretical
convergence guarantees, the same guarantees carry over to PTR under appropriate
conditions. The following subsection briefly summarizes the prox-linear algorithm and
its convergence properties, providing a foundation for understanding the theoretical

justification behind PTR.

2.4.1 Proz-linear algorithm

The prox-linear method is designed to solve

O(y) = J(y) + H(G(y)),

where y € R™ represents the decision variable. Here, H : R"¢ — R is a convex and oj-
Lipschitz continuous function, and G : R™ — R"¢ is potentially nonconvex continuously
differentiable with a [S4-Lipschitz continuous gradient. To optimize ©(y), the prox-linear

method iteratively minimizes a convex approximation of O(y), given by

1
O (y:yi) = J(y) + H(Gws) + VC(ui)y — ) + 5 Iy = uill3,
where the subscript ¢ denotes the current iteration index.

The following result describes the descent property of the prox-linear method:

Lemma 2.14. (Lemma 5.1 of [38]) At iteration i of the proz-linear method, the following
holds

O(y:) 2 Oyisn) + £(2 — anByn) |G, i)



where G,(+) is the prox-gradient mapping defined as

Go(y) = /1) (z — argmin ©7 (y'; y)) :

Y

1
ahﬁg .

Hence, ©(y) is monotonically decreasing for p <
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Chapter 3
CONTINUOUS-TIME CONSTRAINED FUNNEL SYNTHESIS

This chapter introduces a generalized formulation of the funnel synthesis problem using
the framework of incremental quadratic constraints (6QCs). The formulation accommodates
a broader class of uncertainties and nonlinearities beyond standard Lipschitz continuity,
including sector-bounded and L-smooth functions. Funnel invariance is enforced through
a differential linear matrix inequality (DLMI) derived via dissipativity theory, specifically
input-to-state Lyapunov methods. The constraint is imposed through pointwise-in-time
linear matrix inequalities (LMIs), leading to a convex optimization problem in terms of
the Lyapunov matrix and feedback controller. This chapter establishes the theoretical
foundation for continuous-time funnel synthesis.

Chapter-specific notation. This chapter denotes by R the set of real numbers, R, the
set of nonnegative real numbers, R | the set of positive real numbers, Z the set of integers,
and R" the set of n-dimensional real column vectors. The set Zi,p) = {2z € Z:a < z < b}
denotes the integers in the half-closed interval from a to b. The set S™ denotes the set of
n x n real symmetric matrices, S’ the set of n x n positive semidefinite (PSD) matrices,
S’ . the set of n x n PD matrices, and S" the set of n x n real symmetric matrices. The
set La[a, b] denotes the space of Lebesgue measurable functions z(¢) defined on an interval
[a,b] C R such that (f; l‘(t)TZL‘(t)dt) i < 00. A property is said to hold almost everywhere
(also expressed as holding for almost every € X, or almost all x € X) if the set of points in
a measurable space X where it fails has Lebesgue measure zero. For a measurable function
[+ [to,ts] = R, the essential supremum of f, denoted by esssup;c(y, ;,) f(t), is the smallest
real number M such that f(t) < M for almost all ¢ € [tg,t¢]. For notational brevity, we

omit repeated symmetric terms and write expressions such as (x)' PA to indicate AT PA.

a *
In block matrices, we write where x represents the transpose of the corresponding

b ¢
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off-diagonal block (e.g., b"). We use @ to denote Minkowski sum and x to denote the
Cartesian product of sets. The zero matrices having m X n size and identity matrix having
n X n size are denoted by 0,,x, and I, respectively. The subscript will be omitted when it
is clear from the context. This chapter uses diag(-) to denote a diagonal matrix formed from
its arguments, vec(-) to denote vectorization of a matrix by stacking its columns, and mat(-)
as the inverse operation of vec(-), reshaping a vector into a matrix. For time-varying signals
a(t) and b(t), we write (a,b) to denote the pair of functions {a(-),b(:)}. The chapter omits

the time variable ¢ when it is either clear from context or not essential to the discussion.

3.1 Nonlinear Systems, Funnels, and Invariance Conditions

3.1.1 Nonlinear systems

Consider continuous-time nonlinear dynamical systems of the form

#(t) = J(ta(t),u(t), w(t), € [to,t7], (3.1)

where f : [tg, tf] x R™ xR™ x R™ — R" is assumed to be continuous in ¢ and continuously
differentiable in other arguments. The vectors z(t) € R™ and u(t) € R™ are the state and
the control input, and w(t) € R™ is the unknown, but bounded exogenous disturbance. We
assume that u(-) € £5“[to,tf] is piecewise continuous, and w(-) € L5 [to,tf] is continuous
almost everywhere and essentially bounded, that is,

lw(-)]|oo = esssup|lw(t)]le < wmaz, (3.2)

t€fto,ty]

for some w4, € Ry. The time instances ¢y and t; are the initial and the final time,
respectively, with £y <ty < oo.

Without loss of generality, we express the model (3.1]) in the linear fractional form:

Flta.u,w) = Ag(£)a(t) + Bo(H)ult) + Fo(Hyuw(t) + E(t, o). (3.32)

Go(t) = Cox(t) + Dou(t) + Gow(t), (3.3b)

where A, : [to,tf] = R"™*" B, : [to,tg] — R™*"™ F, : [to,ty] — R™*™ are bounded

and continuous in time. A pair (g,, ) represents the system’s nonlinearity, where ¢ :
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[to,tf] x R"e — R™ is a known nonlinear function with its argument g,(t) € R that
is a linear function of x, u, and w. The matrices C,, D,, G,, and E are selector matrices
composed of 0s and 1s that are set to organize ¢,. It is worth noting that the linear
fractional form is general enough to illustrate (3.1). This is because simply selecting
E=1,¢=fqg=[r",u",w"]" and setting A,, B,, and C, to zero matrices of appropriate
sizes recover the original system representation .

The nominal trajectory refers to a collection of state and open-loop control input
trajectories {a’;(t),ﬁ(t)}if:to, compactly denoted by (Z,u), satisfying the original system

dynamics, that is,

j;(t) = f(t,f(t),ﬂ(t), 0)7

where the nominal disturbance w(t) is set as the zero vector for all ¢.

Now, we focus on the incremental behavior of the system, that is, how the state evolves
relative to a nominal trajectory, also referred to as the difference dynamics. This is essential
because the funnel is centered around the nominal trajectory, not the origin. To formalize

this, define deviation variables as

where ¢, = CoZ + D,u. Substituting into the linear fractional form yields:

0(t) = Ao(t)n(t) + Bo(1)§(t) + Fo(t)w(t) + Edp(t, 6¢0(t)), (3.4a)

8q0(t) = Con(t) + Do(t) + Gow(t), (3.4D)

where d¢(t, dq,) == &(t, qo) — (¢, Go). The expression above shows how the deviation evolves
due to input deviations £, the disturbance w, and the incremental nonlinearity d¢, which
captures the difference in the nonlinear term relative to the nominal trajectory. We will

further refine the expression (3.4]) using the Mean Value Theorem in the subsequent section.
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3.1.2  Funnel definition and invariance conditions

We consider a scalar-valued quadratic storage function (Lyapunov function) V' : [tg,tf] X

R"™ — Ry defined by

V(tn(t) =) Q)" n(t), (3.5)

where Q : [to,ty] — S”, is piecewise continuous and continuously differentiable. A state

funnel is defined as the sub-level set of V:

E(t) ={nn" Q)"0 < o}, (3.6)

where cg € Ry is a support value that specifies the level constant of V' for &,. We apply
a linear time-varying feedback controller for the incremental system given by &(t) =
K(t)n(t) with the piecewise continuous feedback gain K : [to,tf] — R™ ™. Then, by
Lemma n € &,(t) implies K(t)n € E(t) where the input funnel E(t) C R™ is defined

as

Ee(t) = {(cQK QWK M) )2y | Ilyll2 < 1,y € R™}. (3.7)
With the state and input funnels, a full funnel is defined as
F(t) = {z@)} & &(t) x ({u(t)} @ &(1)). (3.8)

That is, the funnel is a Cartesian product of state and input funnels, shifted to the nominal

trajectory.

Definition 3.1. The funnel defined in (3.8)) is invariant for the nonlinear system (3.1)) in
a sense that if x(-) is a solution of (3.1) with x(to) € {Z(to)} ® &,(to), the control law

u(t) = a(t) + K(t)(x(t) — z(t)), (3.9)
and w(-) € Ly [to, t7] satisfying (3.2)), then (z(t),u(t)) € F(t) for all t € [to, ty].

Definition 3.2. Given a state constraint set X C R™ and an input constraint setUd C R,

the funnel defined in (3.8) is feasible if

.F(t) CXxxU, Vte [to,tf]. (310)
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Definition 3.3. Given a fixzed nominal trajectory (Z,u), funnel synthesis refers to a
procedure for computing the functions Q : [to, ty] — Si* and K : [to,ty] — R™*™  ensuring

the invariance and feasibility of funnel as defined in Definitions and respectively.

3.2 Continuous-time Funnel Synthesis Problem

3.2.1 Structured nonlinearity and mean value theorem

Recall that the nonlinear function ¢ in (3.3) is given by

$1(t,q1)
¢(t, QO) = 5
Py (5 Gny)

where each ¢; : [to,tf] x R™ — R corresponds to the i-th row of ¢, and ¢; € R"i is a
subset of the entries of q,. That is, ¢; is not necessarily equal to g,, but rather represents
the specific argument passed to ¢; drawn from ¢,, since ¢; may depend only on part of ¢,.

For a more compact representation, we introduce an index [i] for all i € Zp ;) to
represent the i-th nonlinearity channel, which is a group of component indices treated
together in the reformulation. Let ¢}; denote the stacked function composed of all ¢; with
j € [i]. The associated argument q); € R" is defined as the minimal vector containing
all distinct variables that appear as arguments of the functions ¢; in channel [¢]. If two or
more ¢; in the same channel share the same argument, that argument appears only once
in gj;. For example, if ¢; and ¢2 are in channel [1] and ¢; = g2, then gy = q1 not g1, e
We define selector matrices C;, D;, G; so that g = Cix + D;u + Fw. This reformulation
is called structured nonlinearity, whose details can be found in [99, Chapter 6.2.1].

Let g == CpZ + Dpju be the nominal value of gj;, and define the increment dqp; =

4 — G- Applying the Mean Value Theorem to each channel gives

o) (t, qp)) = ¢pap(t, qpap (1)) + ¢/[z‘] (t, 4 (t))dq (t),

where Gj;(t) € R™ lies on the line segment between q(t) and qp(t), e, G €
Co({q(i), qjiy }), where Co(-) denotes the convex hull. The Jacobian qb’m : [to, ty] x R™0 —
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R ™0 is taken with respect to the second argument. By adding and subtracting the term

9%‘] (t,qpi)(t))dqp (t) to the right-hand side, we obtain the followings:
op (s ary) = D (t, G (1) + ¢y (¢ @1y (1)) dapa (t) + oppay (1), (3.11a)
opp)(t) = ((ﬁfi] (t, du1 (1) — ¢11(t, @ (ﬂ)) oqpay(t), i € Zpyn,)s (3.11b)

where the function dpy;)(t) € R"™06 and S0, Npy = Ng-
The incremental form of dynamics (3.4 can then be rewritten as

i(E) = An(t) + BOOE) + F(tw(t) + Eop(t, 5q(t)), (3.12a)
dq(t) = Cn(t) + DE(t) + Gu(t), (3.12b)
where the vectors d¢g € R" and dp € R"” are the stacked vector of all channel-wise dqp;) and

dpj» respectively, with total dimension ng = 377 ng, and n, = > 1) np, . The matrices

C, D, and G are defined by the vertical stacking of individual selector matrices:

01 Dl Gl

Cnc Dnc Gnc

The time-varying matrices A(t), B(t), and F'(t) are given by

A(t) = Ao(t) + E4' (1)C,, (3.13a)
B(t) = Bo(t) + E¢'(t) Do, (3.13b)
F(t) = F,(t) + E¢'(t)G,, (3.13c)

where
¢y (T, a5 (1))
§ (1) = r
H G0 (1)
Note that these matrices A(t), B(t), and F(t) are exactly the Jacobian of f evaluated along

the nominal trajectory:

_of = P2

Aty =22 S _ .
O =2 (t) u=u(t),w=0 ou =2 (t) u=u(t),w=0 ow o=z (t),u=a(t),w=0



33

Example 3.4. Consider the dynamics of a unicycle model given by

T1 U] COS T3
T=| @9 | = | wysinzs |,
T3 (%

where x1 and Ty are x- and y-positions, x3 is the yaw angle, and uy and us are the linear
and the angular velocities, respectively. This model can be written in the form of (3.4)) using

the following matrices:

O2x2 I
AO = O3><3; BO = ) E= )
0 1 01x2
1 0 0
Co == 02X2 9 DO = ’
0 1 0

and q, = [x3,u1]". The nonlinear function is given by ¢ = [u1 cos x3,u1 sinzs]'. Choosing
channels ¢ = ¢1 and Qg = ¢2, we have qo = q1) = qpz), C1 = C2 = Cy, and Dy = Dy =

D,. The stacked Jacobian evaluated on the nominal trajectory is

‘?5/[1](15:@[1}) _ —UySinZ3 COST3

¢ (t) = (3.14)

¢/[2] (t, 5[2}) %] COST3  sinZs

Thus, the time-varying matrices A(t) and B(t) become

—11 Sin T3 cosxty 0
A(t) = | O3x2 @ cos T3 , B(t)=| sinzz 0
0 0 1

3.2.2  Characterization of nonlinearity using d QC

The incremental form of dynamics system expressed in (3.12)) can be viewed as an uncertain
LTV system. The pair (dq,dp), originating from the nonlinearity ¢ in the original system
(3.1), now appears as an uncertainty in the incremental system. To characterize this

uncertainty, we employ the framework of incremental quadratic constraints [5 [33].



34

Definition 3.5. Let 6p : [to,tf] x R" — R™ be an uncertain nonlinear function for the
incremental system (3.12)). A symmetric matriz-valued function M : [to, ts] — Sptng) g

called a time-varying incremental multiplier matrix if it satisfies the following d QC:

T

oq(t oq(t
Wy | YD 0 vege felotl teftot]. (315

Sp(t, 5q(t)) op(t,dq(t))

We denote by M(t) C S™*"a the set of all incremental multiplier matrices that satisfy this

condition for the given nonlinearity op at a fived time t € [to,ts].

Example 3.6. Let K1, Ky : [to,tf] — R"*" be two given matriz-valued functions. The
nonlinearity 0p, is said to satisfy a time-varying incremental sector bound if, for some

invertible and symmetric weight S = ST € S™, the following inequality holds:
(6p(t) — K1(1)3q(t)) " S~ (K2(t)dq(t) — op(t)) > 0,  Vt € [to, t].

This condition admits an 0 QC representation as in (3.15)) with the time-varying multiplier

set

_ T _ T N
M) = I | TS () — Ka(t) ' ST M) R, V. (3.16)
Sil(Kl(t) + Kg(t)) —28-1

As a special case, if ép satisfied a norm bound ||6p(t)| < v(¢)|0q(t)|| with v(t) > 0, then
(3.16]) holds with K1(t) = —y(t)I, Ko =~(t)I, and S = 1.

To enable the convexification of the funnel synthesis problem, we adopt a block-diagonal
parameterization of the incremental multiplier matrices [4, [127]. We assume that for every
t € [to,ts], there exist matrices Ny(t) € S™, Na(t) € S", and a nonsingular matrix T'(t) €

R(Matnp)x(ngtnp) guch that

Tt)" T(t) € M(t), (3.17)
0 —Ng(t)_l

The transformation matrix 7'(¢) is partitioned as

T(t) _ Tn(t) Tlg(t) 7

To1(t) Tha(t)



35

and we assume that Thy(t) is nonsingular for all ¢ € [tg,t;]. We define the feasible set-valued
function N : [to,tf] = Sp, X Sy, as the set of all admissible pairs (N1 (t), N2(t)) that satisfy

the block-diagonal parameterization condition (3.17]).

Example 3.7. The incremental multiplier matrices defined in Example[3.6 can be expressed

in block-diagonal form using
T(t) = . N(@)={(AS,\S) | A > 0}. (3.18)

3.2.8 Lipschitz and L-smooth nonlinearities

Here we provide the characterization of the uncertain term dp using the §QC , based
on local Lipschitz and L-smooth properties that are two common assumptions for general
nonlinear systems.

Suppose that each nonlinear component ¢y is locally pointwise Lipschitz. Then, its
Jacobian gb’m is bounded over any compact set Q C R"1. For each [i] € Z[1 n.), there exists

a time-varying constant ~;(t) € Ry such that

167 (t, qp) — S (G q)llz < %i(t),  Yau), qu € Q. VE € [to, ] (3.19)

If ¢ is Lipschitz continuous with constant v; /2, then its Jacobian is bounded by ~;/2, and
hence the above bound holds with ~;.

On the other hand, if ¢ is locally L-smooth, then its Jacobian is Lipschitz continuous.
i)

That is, for any compact set Q@ C R there exists a time-varying constant (3;(t) € R

such that for all 7 € Z[l,nc],

107 (t, app) — ¢ (6 @pllz < Bi®)10gp (D)ll2, Ve, @ € 2 VE € [to, ] (3.20)

Remark 3.8. The representation with (3.20) presents a direct way to control the level
of monlinearity, whereas the representation with (3.19) does not exploit this flexibility. It
is obvious that the representation with (3.19) has a constant upper bound of the term,
||qb{i](t,q[i]) - gi){i](t,q[i])ﬂg, for each t whereas the upper bound in (3.20) goes to zero as

the region around the nominal trajectory shrinks to zero (qy < q). This implies that
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we can reduce the region, in which we seek for a funnel, arbitrarily to reduce the level of
nonlinearity to zero and hence increase the chance of finding a funnel. This is not the case
with (3.19)) because the level of nonlinearity may not be reduced no matter how small the

TEGLON 1.

With the transformation matrix chosen as the identity 7'(¢t) = I, the valid set N (t)
corresponding to the Lipchitz nonlinearity in (3.19) is given by

N(t) = {(N1,Ny) : Ny = blkdiag()\lfnqm e Ancfnq[nd ),

Ny = diag(Ar2(8), - A 72 (1), A € Ry, i € Zip ). (3.21)
Similarly, for the L-smooth nonlinearity in (3.20]), the valid set N (t) is given by

N(t) = {(N1, N2) : N1 = blkdiag(Atlng -+, AncIng, ),

) e nq[nc]

Nz = diag(Mis1(t)BE(1), - - Angsn. ()55, (1)),

g O3 < si(t), N €Ry, i € Zjng s (3.22)

where s : [tg,ty] — R serves as one of the decision variables. To ensure the validity of
the multiplier matrix for the L-smooth nonlinearity, each inequality Héqu% < s; must be

satisfied. Assuming G; = 0, it follow that ||dqpll2 = [[Cin(t) + Di&(t)||2. Therefore, the

condition [|dgp;[|3 < s; can be equivalently enforced by the following LMI:

S; (t)Ing; *

= 0. (3.23)
(CiQ() + DY (1) Q(t)

Example 3.9. Recall the Jacobian ¢' of the nonlinearity ¢ of the unicycle model (see
Ezample given in (3.14). Suppose the control input for the velocity is bounded such

that |ui| < Umae for some vy € Ry. Then, the row-wise norms of ¢’ can be deduced by

||¢/[1]||2 = \/u% sin? 22 + cos? 22 < max{1, Vyaz },

”(25/[2]H2 = \/u% cos? 3 + sin? 22 < max{1, vmaz }-

Since the Jacobian is bounded, each ¢y is Lipschitz continuous with constant at most

max{l, Umaz}, and thus the corresponding constant v; in (3.19) is v = 2max{l, Vymaz}
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fori=1,2. %mqb’m (t,qn)) In addition, since @, is differentiable, we can compute:

3¢/[1] (t, qn)) —ujcosxs —sinzs 3¢/[2] (t, q12)) —upsinzs coszs

Iqp) —sinxs 0 ’ Iqpa) COS T3 0

Taking norms, we find

‘ ‘ a4n
dqq)

dqp)

< max{V'2, maz }, H

< Inax{\fQ7 Umaz }-
2 2

Hence, the valid L-smooth constants p; in (3.20) are 5; = max{\/i, Umaz } fori=1,2.

3.2.4 Invariance condition by DLMI

We establish funnel invariance using a dissipation inequality based on a Lyapunov function

in the following Lemma.

Lemma 3.10. Let Q : [to,tg] — S', K : [to, ty] — R™>X" X\, : [to, tf] = Ry be piecewise
continuous functions. Define the Lyapunov function V : [tg,ts] x R™ — Ry as in .
Suppose that all trajectories of the incremental system under the feedback control
£(t) = K(t)n(t) satisfy, for almost all t € [to,tf], the following inequalities:

V(t,m) +aV(t,n) = Aw(Hw(t) Tw(t) <0, (3.24a)
0 < Ao(t) < a, (3.24b)
for some decay rate « € Ry 1. Then, the state funnel £,(t), defined in (3.6), with the support

value cg = w2,,, is invariant. That is, if n(-) is a solution of ([B3.12) with n(to) € &,(to),
then n(t) € &,(t) for all t € [to,ty].

Proof. Start with the dissipation inequality (3.24al) multiply both sides by e®(~%0):
et (¢ ) + et t,n) < 1) e 0w (t) T w(t).
a(t tO)V( 777) (t tO)V( 777) — )"LU( ) (t tO) ( )T ( )

Noting that the left-hand side is the derivative of e*(*=%)V(t,7), we write

d

= (ea(t_tO)V(t,n)) < A (£)e 0y (1) Ta(2).
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Integrate both sides from g to t € [to,t]:

V() = Vi) < [ MmO Du(n) Tu(r)dr.

to
Using the pointwise bound |Jw||3 < w2,,, from (3.2) and A\, () < « from (3.24b)), we further
bound the integral:

t t
/ /\w(T)(T)ea(T*tO)w(T)Tw(T)dT < aw?mx/ e(T—to)qr — w?mx(eo‘(t*to) —1).

to to

Therefore,

XTIV (1) < V(to,n) + w2 e (e — 1),

max
Multiply both sides by e~(t—to).

V(t,n) < e TV (tg,m) + (1 — e *710))y?

max-*

If n(to) € &,(to), so V(to,n) < w2,,,, and we have

max?

V(t,n) < w?,

Therefore, we can conclude that 7(t) € &,(t) for all ¢ € [to, t¢]. O

The following lemma shows the invariance of the state funnel &, implies the invariance

of the full funnel F.

Lemma 3.11. If the state funnel £,(t) is invariant for the incremental system (3.12)) under
the linear feedback gain K(t), then the funnel F(t), defined in (3.8), is invariant for the
uncertain nonlinear system (3.1) in the sense described in Definition .

Proof. Since z(tg) € {Z(to)} & &,(to), it follows that n(ty) = x(to) — Z(to) € &,(to). By the
assumed invariance of the state &,(t), we have n(t) € &,(t) for all ¢ € [to,t¢]. Under the
feedback law wu(t) = @(t) + K(t)n(t), it follows that the input deviation is {(t) = K (t)n(t),
and hence £(t) € &(t). Therefore, (z(t),u(t)) € F(t) for all t € [to,ty]. O

Now, we derive a sufficient condition for funnel invariance by formulating the dissipation
inequality as a DLMI. This condition enables the computation of the funnel-shaping

matrices Q(t) and feedback gains K (t) using convex optimization techniques.
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Theorem 3.12. Consider the incremental system given in [3.12  Suppose there exist
functions Q : [to, ty] — ST, Y : [to, ty] — R™>™e Ay« [to, tf] = Ry, Ny : [to,ty] — S™,
and Ny : [to, tf] — S™, such that (Ni(t), Na(t)) € N(t), 0 < A\y(t) < a, and the following
DLMTI holds for almost all t € [tg,tf]:

Hll(t)—l-Hll(t)T —Q(t) *
His(t) Haa(1)

<0, (3.25)

where the matriz blocks are defined as:

Hii(t) = A()Q(t) + B)Y () — ETos(t) " Tor (£)(CQ(t) + DY (t)) + %Q(t), (3.26a)

NQ(t)TQQ(t)_TET
Hip(t)=| F(t)T — DT To(t) " Toe(t)"TET (3.26b)
() (CQ(t) + DY (t))

Hoo(t) = 0 ) % (3.26¢)
ANy  X()D  —Ny(t)

and the auziliary matrices are:
A(t) = Tlg(t)TQQ(t)_l, Z(t) = Tll(t) — Tm(t)T(t);;Tgl(t).

Then, with the feedback gain defined as K (t) =Y (t)Q(t)~!, the dissipation inequality (3.24))
holds almost all t € [to,tf] and the funnel F(t) defined in (3.8) is invariant in the sense
described in Definition [3.1].

Proof. Throughout, the time argument ¢ is often omitted whenever clear. Define the closed-

loop matrices Ay = A+ BK and C, = C + DK. Then the DLMI ({3.25)) becomes:

Q(Ay — ETy'T51C0y) " + (Ag — ET5'T01Cu)Q — Q + Q% * *
NoTy, ' ET —N, * *
FT - DT T ET 0 Xl

2C04Q AN, D —N




Multiply on the left and right by diag(Q~!, Ny 1.I,1) and apply Schur complement:
(Acl - ET2_21T21CCI)TQ71 + Qil(Acl - ET2_21T2ICCZ) - Q + OZQ * *
Ty ET -Ny x|+
FTQ' - DT T, ETQ ! 0 Mol

(*)TNfl[zcd A YD | =<

More compactly, we can write:

AlQTM 4+ Q140 —Q'QQ ' +aQ 1 -0« «
Ty ETQ! 0 * + ¥ =<0,
FTQ' =D T, ETQ ! 0 —Aul
where
0 = (BET5'T1Cq) Q1 + Q H(ETy' Tn1Cu),

T T
Cq 0 D YA N7YOo0 YA Cq 0 D

0 I 0 0 I 0o -N;! 0 I 0 I 0

U =

To eliminate the cross-coupling terms and simplify the structure, define:

I 0 0
Tpost = T21Ccl T22 T21D ) Tpre = TI;‘FJSt'
0 0 1

Post- and pre-multiplying by the above by T, and T}, respectively, yields:

AR+ QA - QTR +aQ T« %
ETQ! 0« +
FTQ! 0 —Aol
T 1 B
Cq 0 D T Ny 0 T Cq 0 D <0,
0 I 0 0o -N;! 0 I 0
This matrix inequality implies that for all n € R, jp € R™, and w € R™», we have
T 1
. ) N;{ 0 0
Vi) +ave)+ | Ll T 7| | Zau®w®) Tw() <o.

op 0 —N2_1 op

40

0.
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It follows from the definition of the 6QC (3.15) that the middle term is nonpositive. Thus,
the dissipation inequality ((3.24))

V() +aV(t) — Ap(t)w(t) Tw(t) <0,
holds almost all ¢ € [to,t;]. By Lemma this implies the invariance of the state funnel
&,(t), and consequently, the invariance of the full funnel F(t) follows from Lemma O

3.2.5 Funnel constraints

We develop time-varying LMI conditions implying the constraint satisfaction as defined in
Definition (3.2)), requiring that all states and control inputs within the funnel respect the
state and input constraints.

Let the feasible sets be defined as:

x=Na', u=w (3.27a)
i=1 j=1
Z/{] = {u | g](u) < O}a ] = Z[l,mub (327C)

where each h; : R"* — R and g; : R"™ — R are assumed to be continuously differentiable.

Our goal is to ensure that the state and input funnels remain inside the feasible sets:
(Z(t) ® &(t)) C A, (3.28a)
(a(t) ® E(t)) CU, Vi € [to, t], (3.28b)
which can be compactly written as F(t) C X x U. However, when it comes to general
nonlinear functions h; and g;, it is not tractable to reformulate the conditions into

equivalent LMIs. We therefore linearize h; and g; around the nominal trajectory (Z,a), to

obtain the following time-varying convex polytope approximations:

P = ﬁ P, Pu= nﬁ P! (3.29)
i=1 j=1

Pat) ={z | (ai(t) ' SBI(H)}, 0= Zpm,), (3.29D)

Pu(t) = {u| (@) u<b)O)}, J=Lpm,, (3.29¢)
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where
ay=L50 g = ) a8 () — (@),
ox z=%(t)
0g; i i
9y = 291 94 = () Ta(t) — g,
G0 =Go| B0 =)0 - g0

We now provide LMI conditions that ensures the funnel remains within the linearized

state and input constraint sets (3.29)).

Lemma 3.13. Suppose Z(t) € P,(t) and u(t) € Py(t) for allt € [to, ts]. Then, the inclusion
F(t) € Po(t) x Pult) is equivalent to satisfying the following LMIs for all t € [to,tf],

7, = Z[l,mm]; and] = Z[Lmu] J

[ (h(e) — ah() Tz coal(t)T
0< (bi (t) i (1) (t))2 QU (t) Q) ’ (3.30a)
coQ(t)al(t) cQQ(1)
) (b9(t) — al(t)Talt))® cqal(t)TY (t) (3.30D)
coY (t)Tal(t) cQQ(1)

Proof. We derive the LMI (3.30b)) for the input constraint; the state constraint follows
analogously. The inclusion u®&¢ C P, means that for all § € &, we must have (a? )T (a+€) <

b?. This is equivalent to

N (@ <Y,
rgé%?(a]) (u+&) < b

Using the definition of the input funnel & in (3.7)), we can write

max achKKT% <bg.—a9—'—a7
max (a5) (c@KQK )2y < b = (aj)
where the term related to u is moved to the right-hand side since u is fixed. The solution

of the maximization problem is equal to the norm ||(coq KQK T)%ag ||2. Hence, we obtain:

1 _
l(coK QK T)3al ]2 < b7 — () Ta.

Since the left-hand side is always nonnegative, squaring both sides preserves the inequality:

CQ(G?)TKQKTCL? < (b? — (a?)Tﬂ)2.
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Applying Schur complement generates:

(b— (a?)Tﬂ)Q \/@QTK

=0
VeoK Ta Q!
Multiplying both sides by diag(1, ,/cg®) and using Y = K@ completes the proof. O

The inclusion Pi(t) C X% (or Pi(t) C U’) is not guaranteed for general nonlinear
functions h; (or g;). However, this inclusion holds under certain structural assumptions.
Specifically, when the nonlinear functions are concave, the linearized sets are inner

assumptions.

Lemma 3.14. Let h; : R™ — R be a concave and twice differentiable function, and suppose
z(t) € X* where X' is defined in (3.27) for some i € Zi1,m,)- Then, the polytope set Pi(t),
defined in (3.29)), satisfies PL(t) C X°.

Proof. Pick any x € P., and then we want to show that x € X, that is, h;(x) < 0. By

Taylor’s remainder theorem applied at x, we have:
1
hi(x) = hi(@) + ()T (z — &) + (- 7)"V2h(E)(z — ),

where 7 lies on the line segment between & and x. Since h; is concave and twice differentiable,
we have V2h;(Z) < 0, and thus the quadratic term is nonpositive. Also, it follows from

z € P! that

(a) "o < b} = (af) "2(t) — ha(T),

which implies h;(Z) + a?*(z — ) < 0. Combining the two, we get h;(z) < 0, i.e., z € X', O

Remark 3.15. If h; is convex instead of concave, the linearized set P. forms an outer
approzimation of X¢. In this case, instead of using P. derived in (3.29)), techniques from
polyhedral inner approzimation, such as those discussed in [{J], can be used to construct a

conservative polytope such that P C X*. Then, one can enforce the constraint using LMIs

similar to those in (3.30)).
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3.2.6 Funnel cost functions

A typical objective in funnel design is to maximize the size of the funnel entry to enlarge the
set of initial states from which the system can be safely controlled. The proposed method
does not restrict the choice of the cost function, as long as it remains convex with respect
to the decision variables. In this subsection, we outline several convex cost functions that
can be used to promote larger funnel entries while maintaining computational tractability.

We consider cost functions J : S* — R that depend on the ellipsoidal shape of the
funnel entry Q(tp). To reflect directional preference or scale differences in the state space,
we define the weighted matrix Quo = WoQ(to)Wo, where Wy € S%, is a diagonal weighting

matrix. The examples of convex cost functions include:

J(Q(t)) € {—trace(Quo), — log det(Quo), trace(Q.,5) }- (3.31)

The first cost function promotes larger funnel entries by maximizing the sum of lengths of
weighted principal axes. The second one is proportional to maximizing the volume of the

-1

weighted funnel entry [20]. The third one is to minimize the sum of the eigenvalues of @,

which encourages increasing the eigenvalues of @Q),,0, thereby enlarging the funnel entry.

3.2.7 Funnel synthesis problem

We are now ready to formulate the funnel synthesis problem as a continuous-time

optimization problem.

Problem 3.16. Continuous-time funnel synthests.

0O B g (@) (3.32a)
s.t. Q(t) = 0, (3.32D)

[3.25), (3.32¢)

(3-30) (3.32d)

(N1(1), Na(t)) € N (1), (3.32€)

Qty) 2 Qy (3.32f)
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The constraint enforces positive definiteness of the matrix Q(¢). The dissipation
inequality implied by the DLMI imposes the funnel invariance condition. The
pointwise LMIs ensure the funnel feasibility. The inclusion enforces valid
multiplier matrices for the nonlinearity. Finally, the terminal condition with

Qy € S'}7, limits the size of the funnel at the final time.

Remark 3.17. The resulting optimization problem is convex in continuous time, except for
the decay rate o. Since « is a scalar, it can be efficiently selected via line search. In the
special case where the disturbance w is absent, setting o = 0 is sufficient for the funnel’s

mvariance and leads to a fully convex formulation.

In the rest of this subsection, we specify how the inclusion (3.32¢]) can be converted into
pointwise (i.e., at each time ¢) linear constraints or LMIs. Consider the sector bounded
nonlinearity illustrated in (3.18). Then, the inclusion (N7, N2) € N is equivalent to the

following linear equality constraints:
Ni(t) = Nsec(t)S,  Na(t) = Asec(t)S, (3.33)

for any positive scalar-valued function Age. : [to, tf] — Ry. In this case, the function Ase.(t)
can be treated as an our decision variable with the constraint on Age.(¢) > 0, while preserving
the convexity of our funnel synthesis problem ([3.32)).

For the Lipschitz nonlinearity and its associated multiplier matrix , the
inclusion is equivalent to the following linear equality constraints:

Ny(t) = blkdiag(\] (), s A (D], ) (3.34a)

nel

Na(t) = diag(X] ()77 (1), - .-, AT (t)z, (1)), (3.34D)

where X : [to,t] — R4 are positive-valued functions that can be optimized as decision
variables with the constraint A} (¢) > 0.

On the other hand, for the L-smooth nonlinearity and its multiplier matrix (3.22)),
the inclusion can be converted into the following two linear equality and one LMI
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constraint:

N(t) = blkdiag(AfInqm oo A Tng, ) (3.35a)

No(t) = diag(\{s1 (077 (1); -+, Al sn (£)7, (1), (3.35D)
S; t Inz *

( ) =0, Vie Z[an}. (335C)

(CiQM) + DY ()T Q1)
where )\f € Ry are positive constants and s; : [to, t¢] — Ry are scalar-valued functions that
can be jointly optimized as decision variables.
3.2.8 Recursive feasibility for nominal MPC

This subsection demonstrates that the funnel computed by solving (3.32)) can be used to
guarantee the recursive feasibility of a nominal MPC in which the bounded disturbance in

(3.1)) is not neglected. Consider the following finite-horizon optimal control problem (FHC):

min /t . Tupc(@(r), uo(r))dr (3.36a)
st. @ = f(z,u0,0), (3.36b)
z(t) € X, uo(t) €U, (3.36¢)
w(th) = xs, (3.36d)
x(th) € z(t)) @ &,(t]), (3.36¢)

where x5, € R"* is the given initial condition and Jypc : R®* x R — R is the stage cost.
The problem differs from a standard MPC formulation only in the terminal constraint,
which enforces that the terminal state lies inside the funnel at ¢t = tf; , thereby enabling

recursive feasibility.

Lemma 3.18. Suppose the FHC is feasible at ty with horizon length TOMPC such that to +
TMPC < t;. Given the funnel F(t) computed by (3.32) and the terminal constraint (3.36€),
the FHC remains feasible at t; for step lengths 6; = tj41 — t; satisfying 0 < 9; < T; and

Tj]\i[[fc — (5j_1 < TjMPC for all t; + TjMPC <ty.
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Proof. We proceed by induction. The base case where ¢ = ¢y holds because of assumption.
For the induction step, assume that the FHC is feasible at t = t;, and let u;(t) be its optimal
solution over [t;,t; + TJMPC]. The terminal condition implies ac(tjc ) € :Z‘(tf ) B &y (tf )
with tf =t + T]MPC. For the FHC problem at ¢ = t;1, define the candidate control input
uj4+1(t) constructed by

uj (t) LE [ta1,ty + TMPC]

uj1(t) = ,
a(t) + K(t)(a(t) —2(t)) t e ft; + TPt + T

where K (t) is the feedback gain obtained from the funnel synthesis in (3.32)). The first

segment is feasible because it is part of the previous optimal solution. At ¢ = t; + T]MP C

the state lies inside of the funnel, and by the funnel construction, the feedback law in the

second segment keeps the state and input feasible. Thus, u;41(t) is a feasible solution at

41, completing induction. ]

Remark 3.19. If the terminal time t; + Z}-MPC would exceed ty, we simply replace it by
ty. Because the funnel invariance holds up to ty, this modification ensures that the state
remains inside the admissible set until the end of the horizon, thereby preserving recursive

feasibility.
The constructed MPC algorithm can be summarized as follows:

1. Initialization: Set j = 0.

2. Iteration: At each computation time t;, for j € Z ) and t; <ty perform:

a) Measure the state x(t;) of the nominal system and set xs = z(t;).
J J

(b) If t; + T]MPC, solve the FHC problem with #] = t; and th = min(ty, t; + T]MPC)

to obtain u(t) over ¢ € [t;, t1].
(c) Apply u(t) to the nominal system over [t;, min(t;11,t5)].

(d) If t = ty, terminate the iteration.



48

3.2.9 Ezxtension to Uncertain Nonlinear Systems

This subsection describes how to derive the same form of the incremental system (3.12]) from
uncertain nonlinear systems. The derivation extends the approach for nonlinear systems
(3.1) under the assumption that the introduced uncertain term satisfies §QC (3.15)). We

consider the following uncertain nonlinear systems:

E(t) = f(t,z(t), ult), w(t)) + Epp(t), t € [to,ty],
qy(t) = Cyz(t) + Dyu(t) + Gypw(t),

(1) = Ayt gy (t))-

Here, the pair (qy, ) represents the uncertainty where Ay : [to,tf] x R"% — R™ is an
unknown function, and gy (t) € R"% is its argument. The matrices Cy, Dy, Dy, and Ey,
are selector matrices with entries of Os and 1s, chosen to organize g, and . This uncertain

function Ay, is assumed to satisfy 6QC (3.15) with the pair (g, ).

Assumption 3.20. [t is assumed that the uncertain nonlinear system (3.37)) is well-posed,
that is, for any x(tg) € R™, u(-) € L3"[to, t], w(-) € Ly [to, ty], there exist unique solutions
l‘() € ;Cgi [to,tﬂ and @Z)() € E;W [to, tf].

Next, we describe the assumption on the nominal trajectory (z,u) of the uncertain
system (3.37). For the nominal (uncertain-free) nonlinear systems (3.1)), it is assumed that
the nominal trajectory is dynamically feasible . However, this assumption is not
appropriate for the uncertain systems, since the uncertainty is unknown and cannot be
specified during trajectory generation.

Instead, we assume that the nominal trajectory is dynamically feasible with the following

dynamics:
Z(t) = f(t, (1), a(t),0) + Eyi(t), (3.38a)
Gy (t) = CyuZ(t) + Dya(t), (3.38D)
P(t) = Ay(t, @y (1)), (3.38¢)

where A¢ : [to, tf] x R™» — R™ is a known function serving as an approximation of the

uncertain function Ay in (3.37)).
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The incremental dynamical system for the uncertain nonlinear system is given by

0(t) = Ao(t)n(t) + Bo(£)E(t) + Fo(t)w(t) + ES(t) + Ey((t) — $(t)).

This can be equivalently rewritten as

(1) = Ao()n(t) + Bo(t)E(t) + Foltyw(t) + ES(t) + Ey((t) — (1)) + Ey(d(t) = (1)),

where 1 (t) = Ay (t,y). The term ¢ — 1 represents the dynamic infeasibility of the nominal

trajectory. We assume that this error is bounded by

10 (1) = $(B)ll2 < ey,

for some e, € Ry and all ¢ € [to,tf]. This can be viewed as a bounded disturbance for
the incremental system. Meanwhile, the incremental uncertain term 1) — v represents the
state- and input-dependent uncertainty, which can be modeled by §QC . The same
machinery for nonlinear systems, including incremental analysis and funnel computation,

can now be applied to uncertain nonlinear systems.
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Chapter 4

COMPUTATION OF FUNNEL SYNTHESIS VIA NUMERICAL
OPTIMAL CONTROL

Continued from Chapter |3 this chapter focuses on solving the continuous-time funnel
synthesis problem using an optimal control approach. The notion of funnel
dynamics, represented by a differential linear matrix equality (DLME), is introduced
to reformulate the problem as an optimal control problem. Using numerical optimal
control techniques, the continuous-time problem is approximated by a discrete-time optimal
control problem. To achieve continuous-time constraint satisfaction (CTCS), two methods
are presented: i) introducing intermediate constraint-checking points, and ii) applying
successive convexification (SCvx) with subgradients. The method is demonstrated on two
numerical examples: a unicycle and a 6-degree-of-freedom quadrotor performing obstacle
avoidance.

Chapter-specific notation. This chapter uses the same notation as that of Chapter

4.1 Solution methods

What distinguishes the funnel synthesis problem from conventional LMI-based robust
controller synthesis [4] is that it is formulated as a continuous-time optimization problem,
thereby involving DLMI and pointwise LMIs rather than time-invariant LMIs. As a result, it
cannot be directly solved using off-the-shelf SDP solvers. To enable tractable computation,
a dedicated solution method is required to reformulate the problem into a finite dimensional
SDP, and this reformulation must approximate the original problem as closely as possible,
ideally without introducing conservatism.

Our solution methods are based on numerical optimal control techniques. To reformulate
the funnel synthesis problem as an equivalent optimal control problem, we first
introduce the notion of funnel dynamics that plays a role analogous to the system dynamics

in a standard optimal control problem.
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4.1.1  Funnel Dynamics

To derive funnel dynamics, we rewrite the DLMI condition (3.26)) as an equivalent differential
matrix equation (DME) that serves as the funnel dynamics along with a pointwise LMI
constraint. We consider two types of funnel dynamics: Lyapunov-type and Direct-type,
allowing us the flexibility to choose between them.

The DLMI condition in (3.26)) can be equivalently written as

Q(t) = Hy1(t) + Hui(t)" + Z1(t), (4.1a)
—Zl(t) *
Hyo(t) Hoa(t)

=<0, (4.1b)

where a slack symmetric matrix-valued function Z; : [tg,tf] — S"* is introduced for this
equivalent conversion. We refer to (4.1a)) as the Lyapunov-type funnel dynamics as it
structurally resembles Lyapunov differential equations [15].

Alternatively, the DLMI condition (3.26)) can be rewritten as

Q) = Za(2), (4.22)
Hll(t) + Hll(t)T - ZQ(t) * <0 (4 Qb)
Hm(t) H22(t) o

where Zy : [to,tf] — S™ is a symmetric slack matrix-valued function. We refer to this
formulation (4.2)) as the Direct-type funnel dynamics as the slack variable Zs directly defines

the evolution of Q.

Remark 4.1. It is important to note that both formulations are mathematically equivalent.
However, once control parameterization is applied after discretization, the resulting solution
space differs depending on the chosen funnel dynamics. For instance, piecewise constant
parameterization of Za(t) yields a piecewise linear Q(t), whereas the same applied to Z(t)

does not, as Q(t) is implicitly defined as a solution of differential equation (4.1a)).

Both formulations, (4.1al) and (4.2a)), define LTV systems where ) serves as the state
and all other decision variables , including Y and Z (which corresponds to Z; in (4.1)) or
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Zy in (4.2))), act as control inputs. Consequently, the block-form LMIs (4.1b)) and (4.2b])

naturally represent state-input constraints.

To simplify subsequent analysis, we introduce vectorized variables as follows:

qv = vec(Q), vy, =vec(Y), z,=vec(Z).

Using these variables, both forms of the funnel dynamics, (4.1al) and (4.2a]), can be expressed

in the vectorized form:

Gu(t) = Aq(t)qu(t) + By (1)y(t) + Bya(t) 20(2), (4.3)

::F(t7Qv7yv7zv)

where A,4(t) € R"*" By, (t) € R"*™ and B, (t) € R™*" are time-varying matrices that
can be constructed using Kronecker products [21], 59] with dimensions ng = n2, Ny = NgNy,

and n, = ny. We also define the vectorized form of the multiplier matrices Ny and N as:

myy = vec(N1), ma, = vec(Na).

4.1.2  Discretization

We consider a uniform time grid defined as

k
tr =ty + N(tf —t9), k€ Z[(),N], (4.4a)

Ay = A(tr), (4.4Db)

where N € Z .. The symbol A serves as a placeholder for any time-varying variable, and
we denote its value at t = t; by A := A(t). Each Ay is referred to as a node point. With
the uniform time grid (4.4]), we use the first-order hold (FOH) interpolation for the control

inputs in the funnel dynamics, defined by

Ot) = N (OO + A0y, VEE [th, tee), (4.5a)
t —1 t—1
Pt = S () = (4.5b)
Tpt1 — Tk Tpt1 — Tk

for all k& € Zjg ). The symbol [J is a placeholder for any funnel input variables (e.g. v,

Zy, My) for the funnel dynamics. To employ the zeroth-order hold (ZOH), it suffices to set
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Oy =0 4 for all k € Zjg xy_qj- Also, continuity at each node point ¢ = ) can be enforced
by O, = Op for all k € Zp n_qj-
We adopt a multiple-shooting scheme [16] to enforce the funnel dynamics. Over each

subinterval [t ty41), the funnel state evolves according to

t
QU(t) = Qv (tk) + F(T7 Qv (T)v yv(T)a ZU(T))dT,

ti
where F' is defined in (4.3). Enforcing continuity across subintervals yields the funnel
dynamics constraint:

tkt1

dan =0t + [ Fram) () s(m)d (46)

173
Since F' is linear in its arguments except ¢, and FOH interpolation is used, the right-hand
side of (4.6)) is affine in the decision variables g, x, lek,, yﬁ ftls zg}k, and zﬁk +1- Thus, we can
exactly rewrite the constraint (4.6]) as

Quk+1 = Azqwk + Byiyur + ngyﬁ,kﬂ + Blizy, + ngzg,kw (4.7)

where Ai,Bﬁ/ P and BZ/ P are appropriately sized matrices that can be obtained via

variational discretization [72].

4.1.8 Positive Definiteness of Q)

To ensure the validity of the Lyapunov function and the associated funnel , it is
essential to maintain Q(t) > 0 for all ¢ € [tg,tf]. Since g, is our decision variable, we can
enforce Q(t) = 0 for each t = t;, for all k € Zy ). However, the positive definiteness of Q(t)
within the subinterval (tg,txy1) depends on the funnel dynamics and the corresponding
control inputs, which may lead to inter-node constraint violations. Here, we present cases
where the funnel state () preserves its positive definiteness for all ¢ by only imposting

Q(t) > 0 at each node point.

Lemma 4.2. Consider the Direct-type funnel dynamics (4.2al), and let the variable Z(t)
(or its vectorized form z,(t)) be parameterized by the FOH scheme (4.5)) such that

Zy = 7y (4.8)
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for all k € Zig y_1). Then, imposing Q(t) = 0 for each t =) for all k € Z n) ensures the
solution of (4.2a]) preserves the positive definiteness, that is, Q(t) = 0 for all t € [to, ty].

Proof. Let the step size be dy = txy1 — tx > 0 and introduce the local time 6; = t — tj.

With this variable, the FOH expression becomes
Z(0) = Z1" + Z1.04,

where
gr_ e — 4

k= dty,

Note that by assumption Z;* = Z£ 410 80 Z = 0. Integrating the Direct-funnel dynamics
Q(t) = Z(t) from ty, to t gives

1
Q(t + 01) = Q(tx) + 2} + 07 2. (4.9)
Setting t = tx41 (so, 0y = dj) reproduces the node value
1
Qtks1) = Q(ty) + drZ" + idzzg = 0. (4.10)

Define a convex combination Q(t) of Q(t;) and Q(tg41) for t € [ty tps1]:

Q(t) = (1 - %)Q(tk) + %Q(tm). (4.11)
k k

Since Q(t) is the convex combination of two PD matrices Q(t) and Q(tg41), Q(t) = 0 for
all t € [tg,trr1]. Substituting (4.10) into Q generates

5 1
Q) = Qtx) + 02" + S0dn 2.

Comparing this with (£.9) and using 0 < 6; < dj, together with Z2 < 0 gives Q(t) =< Q(t).
Hence, Q(t) = 0 for all ¢ € [ty,tx1]. We can apply this argument for all k& € Zj x_1j, 0
Q(t) = 0 for all t € [to,t5]. O

Remark 4.3. It is known that the solution of a differential Riccati equation preserves the
positive definiteness of Q [35]. However, the Lyapunov-type funnel dynamics (4.1al) are not

in exact Riccati form, and therefore do not guarantee Q(t) = 0 over the entire interval. One
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possible way to leverage the positivity-preserving property of Riccati-type dynamics is to treat
the feedback gain K as a decision variable instead of Y. This, however, introduces bilinear
terms between K and Q, leading to a nonconvexr formulation. To maintain convexity, we
retain the use of Lyapunov-type dynamics with Y as the decision variable, and instead

address potential inter-sample constraint violations directly in the next section.

4.1.4 Nodal constraint satisfaction

In addition to the funnel dynamics, we must satisfy the invariance condition (4.1b)) or (4.2b)),
along with the state and input constraints (3.30]) for all ¢ € [tg,ts]. For notational simplicity,

we collectively express these conditions in the unified form:

Ll(ta QU(t)7 C’U(t)) =0, i€ Z[l,mL]7 (412)

where ¢, = {yy, 2v,n,} collects decision variables other than ¢, and the indices [ are

partitioned as follows:

e | €Zjm,,,): invariance condition, (4.1bjor (4.2b) where mi,, = 1,

® | € Zpy,,,+1,m,): state constraints (3.30a) and input constraints (3.30b) where m; =

Miny + My + My

Enforcing (4.12)) continuously over the entire horizon [tg,t¢] is nontrivial, as decision
variables are only defined at discrete node points t;. A practical approximation is to enforce

constraints only at the nodes. Specifically, the nodal constraint satisfaction requires:

Li(tk, quks Cog) =0, (4.13a)
Ll(tk‘-i-lv q’u,k‘-i-la C’in),k-i-l) j 07 (413b)

\V/k‘ S Z[O,N—I]a Vl :Z[laml]'

With the first-order interpolation (4.5)), we allow discontinuities of (,(t) at node points, so
the constraints are enforced at both left and right evaluations of each node, given by (4.13al)

and (4.13b)), respectively.
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4.1.5 Discrete funnel synthesis problem

We now derive a finite-dimensional optimization problem based on the discretization of the
continuous-time funnel synthesis problem (3.32)) over the uniform time grid (4.4). This

discretized formulation is referred to as the discrete funnel synthesis problem.

Problem 4.4. (Discrete funnel synthesis).

qv,kgin%ﬁcgk‘](QO) (4.14a)
@), (4.14b)
([(@.13), (4.14c)
(mat((m1,,)x), mat((ma,u)x)) € N(tr), Yk € Zjon) (4.14d)
mat(qy) < Q. (4.14e)

The continuous-time set multiplier set inclusion is imposed at each node point
tr, leading to the pointwise inclusion condition in . This nodewise enforcement is
sufficient under the following conditions. For sector bounded nonlinearity , if the
inclusion constraint hold at each node, it holds for all ¢t € [tg,ts] by convexity and
FOH interpolation. For Lipschitz nonlinearity , if we define the conservative Lipschitz

constant on each subinterval as

L= max (),
tE[tk,tk+1] ( )

then enforcing the corresponding multiplier condition (3.34)) only at the node points ensures
constraint satisfaction throughout the entire interval. For L-smooth nonlinearity (3.22)), a

similar bounding can be applied by defining conservative value

Br = max ().
te[tk,tk+1]

However, unlike the sector-bounded and Lipschitz cases, the time-varying LMI
associated with L-smooth nonlinearity must be enforced over the entire interval, not just at
the nodes. In our formulation, we address this by including an additional LMI condition in
L; as described in , ensuring that the L-smooth constraints are enforced properly.
The discrete funnel synthesis problem is a finite-dimensional SDP, which can be

efficiently solved using standard solvers such as Mosek [7] or Clarabel [43].
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4.2 Continuous-time constraint satisfaction

In this section, we present two techniques to enhance the continuous-time satisfaction of

time-varying LMI constraints (4.12)) beyond enforcement only at discrete node points.

4.2.1  Constraint reformulation

In numerical optimal control, continuous-time inequality constraints (e.g., g(x(t)) < 0) are
often difficult to enforce directly at all times. One remedy is constraint reformulation [72}, 40]
, where violations over a time interval are quantified and either penalized or constrained via
an integrated form.

We adopt a similar idea to our continuous-time LMI constraints. Specifically, noting
that the matrix inequality L;(t,q,(t),(y(t)) = 0 is equivalent to the scalar inequality
Amaz (Li(t, qu(t), G(t)) < 0, the satisfaction of over the entire subinterval ¢ € [tg, tx+1]
is equivalent to the integral condition:

/t 80, Aan (Lot gu(8). Co(£))P0dE < 0, (4.15)

k

where the exponent satisfies p; > 1. This equivalence holds because A4, (+) is continuous
[53, Chapter 2, Section 5.1], and ¢(-), and ¢(-) are continuous on each subinterval [ty, tx11];
the detailed proof of this equivalence is given in [40, Lemma 2]. Since ¢(t) and ((t) are
linear functions of the decision variables g, x, C{}?k, and Cf;k 41 within the subinterval, we

define the left-hand side of (4.15]) as:
hi(xe) <0, ke Zio,N-1), (4.16)

where X1 = (v k> Coker Cf i +1) collects the relevant decision variables on [t, tx+1], and hf,c is

an integral functional.
Lemma 4.5. The function hl(-) is convex for each subinterval [ty,t11].

Proof. For each t € (ti,tg+1), the matrix-valued function L; is affine in yj. Since
Amaz () is convex, and max(0,-) is convex and nondecreasing, their composition
max (0, Apaz (L (t, q(t),((t)) is convex in xi [20, Chapter 3.2.4]. Finally, integration over

t € [tr, tk+1] preserves the convexity, so ki (yx) is convex. O
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Remark 4.6. Although h%() is convezx, it does not take the form of a standard conic
constraint, such as second-order cone or a PSD cone. Hence, it cannot be directly handled

by conventional conic optimization solvers.

4.2.2  Intermediate constraint-checking points

One way to make hﬁc tractable is to approximate the integral by a finite sum using standard
integration techniques, such as Simpson’s method with the midpoint rule [23]. This yields
the approximation:

(] Ns+1
/ max(0, Anaz (Li(t, qu(t), Co(t)))Prdt = Z cs max(0, )\max(Ll(tk,s7 Qv (tk,s); Co (tk,S)))plv
t

k s=0
where Ny is the number of intermediate points, ¢, € Ry are integration weights, t; s for
s € Z[I,Ns] are the evaluation points with ¢, 0 = ?; and t; ny,41 = tx41. Note that the
following equivalence holds:

Ns+1

Z Cs maX(O, )\max(Ll(tk,57 Qv (tk,s)v Co (tk,s)))pl <0
s=0

= Ll(tk7sa %}(tk,s)7 Cv(tk,s)) = 07 Vs € Z[O,Ns—f—l]'

This equivalence holds because each ¢, is nonnegative, and the integrand max(0, Amax(-))?
is nonnegative as well. Therefore, the entire sum is nonpositive if and only if each term in
the sum is zero, which implies that all matrix inequalities are individually satisfied.

As a result, approximating the integral by a finite sum leads to the introduction of
intermediate constraint-checking points ¢, s € (tk-ytk;k]_), at which the LMI constraints
are enforced. Under the FOH interpolation and the linear funnel dynamics ,
q(tr,s) and ((trs) at any tgs € [t,tg+1] become linear functions of the nodal variables

(@K, Ck,Cht1). Therefore, the conditions

Li(th,s, q(tr,s), ((tr,s)) =0, (4.17)

remain LMIs in the decision variables and can be directly incorporated into the discrete

problem formulation (4.14)).
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The intermediate points ¢ s can be uniformly distributed over each subinterval using

ths = tr + (tkr1 —tk), s € Zp.ny),

s
Ns+1
where Ng € Ry, is the number of intermediate points per subintervals.

Remark 4.7. Adding the intermediate constraint-checking points is more efficient
compared to merely increasing the number k of node points. While both strategies improve
constraint satisfaction over [to,ts], increasing node points leads to more decision variables
and thus higher computational cost. In contrast, adding checking points only increases the
number of LMI constraints without expanding the optimization variables, offering a more
computationally efficient approach. Another benefit of this approach is that it preserves
the number of control updates, thereby avoiding unnecessary increases in control frequency,

which is often a desirable property in practical applications.

4.2.8  Derivation of subgradient

Instead of approximating the integral, the second approach is to obtain the (sub) gradient
of h (-) and apply the successive convexification method illustrated in [40]. In this and next
subsections, we establish some related theoretical results.
We define the function gi/, as
I et
ahae) = [ akte (118)
where gt € 9y, {max(0, Aaz (Li(t, gvs (»)))P'} denotes a subgradient of the integrand with

respect to xx at time t.

Lemma 4.8. If (¢, xx) is Lebesque integrable over [ty,txi1], then gl (xk) is a subgradient

of hgg at Xk-

Proof. For notational brevity, we abuse the notation I; as a matrix-valued function defined

by:

Li(t, xx) = Li(t, (), Gu(t), T € [k, tha]-
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Since ¢, and (, are affine in xx, L; is also affine in x; for each fixed t. Let x be any point

in the domain. For each fixed ¢ € [tg, tx11], by the definition of the subgradient, we have

HlaX(O, )‘max(Ll (ta Xk)))pl > maX(O, )‘max(Ll(tv Xk?)))pl + fJ;ﬁ (t’ Xk)T(Xk - Xk)'

This inequality holds pointwise in ¢, and both sides are Lebesgue integrable since g;(t, Xk) s

assumed to be Lebesgue integrable. We can therefore integrate both sides over the interval
[t, tht1], yielding:
! ! KA Tk
M) = By + [ gkt (6 - e
tg

= hj,(xx) + gk Ocr) T (" — x)-
Therefore, gt (yx) is a subgradient of h at xy. O
About the integrability of gi, we can establish the following result.

Lemma 4.9. For a subinterval [tg,tp+1] and a power p; > 1, there exists a Lebesgue
measurable selection Gt(t,xx) € Oy, {max(0, \maz(Li(t, xk)))"} for almost every t €
[tk,tkr1] and this selection is bounded on the subinterval. Hence, géﬁ(t,Xk) is Lebesgue

integrable.

Proof. We apply results from [103]. The function Aya.(Li(t, xx)) is measurable in ¢ for
any fixed xj, and continuous in yj for each ¢ € (tg,txy1). Therefore, it qualifies as a
normal integrand [103] Example 14.29]. According to Proposition 14.44, the composition
max(0, Apaz (Li(t, xx)))Pt is also a normal integrand. Then, by Theorem 14.56, the
subgradient mappings 0y, {max(0, Apnaz(Li(t, xx)))P'} are closed-valued and measurable.
Finally, Corollary 14.6 ensures that this measurable set-valued map admits a measurable
selection. Because L;(t,xx) is affine in xj (hence Lipschitz), Apq. is 1-Lipschitz on
symmetric matrices, and the scalar maps s — max(0, s) and s — sP! are Lipschitz on every
bounded interval, their composition is Lipschitz on the compact set [tx, tx11]x dom(x) where
dom(x) C R™w stz denotes the bounded domain of yj. Consequently, its subgradient

is bounded. Hence, the measurable selection gfc (t, xx) is integrable. O
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While Lemma 26 guarantees that a integrable selection g; (t, xx) exists almost everywhere
on [t,tr+1], the lemma is purely existential; it does not specify which subgradient is selected
or how to compute it. For implementation, we choose a specific subgradient of the integrand
max (0, Amaz (Li(t, v, ()P at Xk, obtained from the chain rule. Let v; be the eigenvectors
associated with Ap,q.(Li(t, xx)) and M (t, xx) the algebraic multiplicity of Ajq.(L;). Define
the matrix

1
Wit xk) = 375 -
M(t,Xk’) i:)\'—)\zmzﬂ(Ll) -

which averages the outer products of the eigenvectors associated with the largest eigenvalue.

The subgradient we use at yy is

)  [0max(0, Amaa(Li(H)" Ovec(Ly(t))
3kt xx) = D (L1(0) o 'VeC(W(t,Xk)):| . (4.19)

where L;(t, xx) is compactly written as L;(t). When p; > 1 and the largest eigenvalue of
L, is simple (M(t, xx) = 1), the integrand max(0, Anaz(Li(t, gy, Cp)))Pt is differentiable. In

that case the expression above coincides with the exact gradient of the integrand.

4.2.4  Successive convexification with subgradients

We now apply the successive convexification (SCvx) framework proposed in [40] to solve
the convex constraint hl(yx) < 0, using the subgradient g} (xj) derived in the previous
subsection. The SCvx method can be interpreted as a combination of exact penalization
and prox-linear method [39] that is sequential convex programming for convex-composite
minimization. The goal is to solve the discrete funnel synthesis problem with the e-relaxed

CTCS constraint:

min - J(Qo) (4.20a)
QW,kaC;r}kvgg’k

&7), @13), (@E14d), (@144 (4.20D)

hi(xk) <€ Yk € Zig y_1j, (4.20¢)

where € € Ry, is a small constant introduced to ensure linear independence constraint

qualification (LICQ), as discussed in [40, Lemma 10]. In practice, € is typically chosen to
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be sufficiently small, for example, less than 1079, so that it does not significantly affect
the quality of continuous-time constraint satisfaction. Note that the constraints in (4.20b))
include those already present in the discrete funnel synthesis problem .

At each iteration, the original constraint for the CTCS is replaced by its first-order
approximation using a subgradient. Specifically, at the i-th iteration, the following convex

SDP subproblem is solved:

Problem 4.10. (SDP subproblem)

N-1 N-1
min_ J(Qo) +wp Y max(0,v}) + wyy (Z Xk = Xkll3 + llgo.n — qU,Nn%) (4.21a)

q’u,kvcgszgg,k

k=0 k=0
@A), @13), [@14d), (@149, (4.21b)
(k) + 9k (k) T Ok — Xk) — €= v}, Vk € Zpg n_1)- (4.21c)

The reference solutions xj for all k € Zjg y_y) and g, y come from an initial guess or
the previous iteration’s solution. The penalization terms in the objective reflect two key
components of the SCvx method. The first term weighted by w, € R4 enforces the
linearized constraint through exact penalization. The second term weighted by wy, promotes
proximity to the linearization point Y by penalizing the trust-region. This term also aligns

the subproblem structure with the prox-linear method framework [39].

Remark 4.11. When the subgradient gé()}k:) coincides with the true gradient, that is,
when the mazimum eigenvalue of Li(t, xx) is simple for almost every t € [to,ty], then a
convergence guarantee is available from [{0, Theorem 30]. In such cases, the Scvx method
provably converges to a solution of , under mild assumptions. However, since we
employ subgradients instead of exact gradients, a gemeral convergence guarantee remains
an open question. Nevertheless, this approach offers a practical and meaningful extension
of existing gradient-based methods to settings where differentiability cannot be assumed in

enforcing continuous-time constraint satisfaction.

4.2.5  Summary of algorithm

We summarize the proposed method for solving the continuous-time funnel synthesis

problem with CTCS. The method proceeds in two stages. First, we solve the discrete
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funnel synthesis problem with additional constraint enforcement at a finite number of N,
intermediate constraint-checking points, as described in Section The resulting solution
is then used as an initial guess for the Scvx method with subgradients, presented in Section

The overall algorithm is as follows:

Algorithm 1 Funnel Synthesis with SCvx
1: Choose N, Ny, and initialize problem data

2: Solve the discrete funnel synthesis problem with additional constraint enforcement
at N, intermediate points per subinterval

3: Set an initial guess yy, for all k € Z y_1], and Gy N

4: for i =1,..., Njter do

5: Compute the subgradient gfc()_(k) for each constraint hﬁg using

6: Solve the SDP subproblem .

7: Update the solutions Y < xi for all k € Z[()’N,H and Gy, N < qu,N-

8: end for

9: Return solution variables

4.3 Numerical examples

In this section, we validate the proposed method through two numerical examples involving
obstacle avoidance: control of a unicycle and a 6-DoF quadrotor. In both cases, a Mosek
solver is used to solve the SDP (4.14]) and (4.21)). All simulations are written in Julia and

executed on a MacBook with an Apple M1 Pro processor.

4.83.1  Unicycle

We consider a unicycle model illustrated in Example |3.4. The simulation environment
for all unicycle experiments is configured as follows. The time horizon is set to tg = 0
and t; = 5 seconds, uniformly divided into N = 9 subintervals. Two circular obstacles,
each with a radius of 0.5m, define state constraints, and input constraints are given by
0 <wuy <2 (m/s) and |ug| < 2 (rad/s), as specified in ([3.27). The cost function is chosen as

trace(Q;(l)), with the weight matrix Wy = I3 as defined in (3.31]). The nominal trajectory
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5 |—--Nominal trajectory|
— —Lipschitz funnel ,

—— Lsmooth funnel @

4+ _Qf .
— Obstacle

Figure 4.1: The synthesized state funnel projected on z (x1) and y (x2) position coordinates.

starts at Z(tg) = (0,0,0) and ends at Z(ts) = (5,5,0). The final funnel matrix @, used as
the terminal constraint in (4.14€]), is set to diag(0.08, 0.08, 0.06).

Comparison of funnels computed under Lipschitz and L-smooth conditions

We first present results comparing two modeling approaches for the nonlinearity: the
Lipschitz condition and L-smooth condition . Specifically, we consider the use
of global constants, where ~; and (3; are valid over the entire domain 2 = R"% in and
for each i = 1,2 and t € [to,tf]. As discussed in Example the input constraint
lui| < 2 implies that the global constants are v; = 4 and 3; = 2 for all i = 1,2. For the
L-smooth case, )\iﬁ is set to 0.3 for all 7 = 1,2, as discussed in . In this comparison,

the bounded disturbance is set to zero w(t) = 0 for all ¢ € [tg tf], and Direct-type funnel
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dynamics is used. The decay rate « is set to zero, as invariance can be guaranteed in
the absence of bounded disturbances, as discussed in Remark [3.17] With zero disturbance,
the level constant cq in can be any positive value, and it is chosen to be 1 in this case.

The synthesized funnel using f;(t) = 2 for all ¢t € [to,ty] is shown in Figure It
is found that the SDP problem becomes infeasible when using the global Lipschitz
constant, indicating that this formulation is overly conservative compared to the L-smooth
case. To continue the comparison, we reduce the Lipschitz constant until the SDP becomes
feasible, which occurs at +; = 0.7, which a value significantly smaller than the true global
value. The resulting funnel is also shown in Figure Notably, even though the L-smooth
formulation uses the exact global value, it yields a larger funnel with a cost of 8.17. In
contrast, the funnel computed with the Lipschitz condition has a significantly higher cost
of 14.76, further demonstrating that the L-smooth condition is much less conservative.

To further compare the Lipschitz and L-smooth conditions, we consider the use of local
constants where the domain 2 is strictly subset of Euclidean space. To this end, we first
compute a funnel without considering the nonlinearity, which is equivalent to setting v; = 0
for all 7 = 1,2. Since the nonlinearity is ignored, the funnel is larger, but the invariance no
longer holds exactly for the original nonlinear system. This funnel is only used to collect
state and input samples, from which the Lipschitz and L-smooth constants are estimated
for each subinterval; the corresponding values v and §; are used in the funnel computation
. As the estimation of these constants is not the focus of this paper, we refer the
reader to [L01} 97] for further details. For the L-smooth case, )\f is set to 1.0 for all ¢ = 1, 2.
The resulting funnel are shown in Figure It is shown that the L-smooth case achieves a
larger funnel with a lower cost 2.96 compared to the Lipschitz case 5.11, again illustrating

the reduced conservatism of the L-smooth condition.

Comparison of funnel dynamics

In the next simulations, we aim to compare the choice of funnel dynamics: Lyapunov-type
(4.1a)) and Direct-type (4.2a)). For this comparison, we choose the use of global L-smooth

constants 8; = 2 for all ¢ = 1,2. The bounded disturbance is ignored, and )\f is set to
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5 |—--Nominal trgjectory!
— — Lipschitz funnel
—— Lsmooth funnel

4t |—Qf
— Obstacle

Y (m)

X (m)

Figure 4.2: The synthesized state funnel with local Lipschitz and L-smooth constants.
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0.3 for all i = 1,2. The computed funnels are illustrated in Fig. [£.3] It is shown that
the funnel computed with the Lyapunov-type dynamics achieves a larger entry size with a
lower cost 7.17 compared to the funnel with the Direct-type dynamics with a cost 8.17. We
conjecture that this is because the Lyapunov-type formulation effectively encodes the DLMI
through a Lyapunov differential equation , allowing the funnel’s evolution over
time to be captured more naturally and smoothly. In contrast, the direct-type formulation
constrains the funnel evolution to follow a second-order hold structure, which may limit
its expressiveness. However, as discussed in Section the solution of the Lyapunov-
type dynamics does not preserve the positive definiteness of ). Figure shows the time
evolution of the minimum eigenvalues of Q(t) for both funnel dynamics formulations. The
results reveal that, for the Lyapunov-type dynamics, the minimum eigenvalue occasionally
falls below zero, indicating a loss of positive definiteness and hence invalidating the funnel.
In contrast, as guaranteed by Lemma the minimum eigenvalue remains strictly positive

under the Direct-type dynamics, ensuring the funnel’s validity throughout the time horizon.

CTCS by introducing intermediate constraint-checking points

Next, we demonstrate the effectiveness of introducing intermediate constraint-checking
points as described in . In this simulation, we use the Lyapunov-type funnel dynamics,
and all other settings are kept identical to the previous experiment. We add Ny = 4 checking
points per subinterval. The time evolution of the maximum eigenvalues of each pointwise-in-
time LMI constraint from is shown in Figure As illustrated, for every constraint
L;, the maximum eigenvalue remains below zero across the entire time horizon, indicating
that CTCS is achieved.

Figure [4.6] compares the computational cost, measured by Mosek’s solve time, of two
strategies for improving CTCS: increasing the number of node points and introducing
intermediate constraint-checking points. = While both approaches enhance constraint
coverage, increasing node points enlarges the decision variable space, which leads to higher
computational complexity. In contrast, adding intermediate checking points preserves the

number of decision variables and only increases the number of LMI constraints. Although
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— —Direct
— Lyapunov
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Figure 4.3: The synthesized state funnel without considering nonlinearity.

0.3} — Lyapunov- type
— -Direct- type
\ —--Zero

Time(s)

Figure 4.4: The time history of minimum eigenvalues of Q(t).
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Figure 4.6: Mosek solve time versus number of constraints for two approaches: increasing

node points and adding intermediate constraint-checking points (proposed).

the solve-time difference may appear modest, this is partly due to Mosek’s internal handling,
where it introduces auxiliary variables for the added constraints. Still, the intermediate-
checking-point method consistently achieves lower solve times and avoids increasing the

control update rate, which is often a desirable property in practice.

CTCS by SCvx with subgradients

In the following simulation, we validate the proposed SCvx-based approach with
subgradients for CTCS, as described in Section [£.2.4, We employ the Direct-type funnel
dynamics, while keeping all other settings identical to the previous experiment. As noted
in Section the solution to the problem with one intermediate checking point
(Ns = 1) for each subinterval is used as the initial guess for the SCvx iteration. The
weights wy. and wy, in are set to 20 and 10°, respectively. A total of 30 iterations
are performed, with an average Mosek solve time of 0.2 seconds per iteration. The small
epsilon in is set to € =107°. The time evolution of the maximum eigenvalues of
the pointwise-in-time LMI constraints associated with the invariance condition (4.2bf) and

the validity of the multiplier matrices (3.35¢)) is shown in The plots indicate that as
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Figure 4.7: Time evolution of maximum eigenvalues for pointwise-in-time LMI constraints

in the SCvx-based CTCS approach. Left: Funnel invariance constraint (4.2b)), Right: valid
multiplier constraint ([3.35c]).

the iterations proceed, the constraint violation between node points diminishes. The trust
region penalization term in (4.21a]) is plotted in Figure The values are normalized such
that the initial iteration starts at 1, for the purpose of clearly illustrating the convergence

behavior.

Funnel under bounded disturbance

Next, we consider the case where the bounded disturbance exerts to the unicycle model:

T U1 COS T3 0.02wq
o | = | wysinxg | + | 0.02ws |,
T3 U2 0

where the state and input variables are the same as those in Example (3.4), and w =
[wy,ws] " represents a bounded disturbance with wy,.; = 1 such that |jw|s < 1. Following

the discussion in Lemma the level constant cg in the state funnel definition (3.6])
2

max*

is chosen to cg = w The decay rate is set toaw = 0.1. The Direct-type funnel
dynamics is employed and two intermediate checking points (Ng = 2) are used for
each subinterval. All other settings including the cost function, constraint formulations,
and simulation parameters are kept identical to those used in the previous undisturbed

simulations.
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Figure 4.8: Normalized trust region penalization term from the SCvx cost function (4.21a))
over 30 iterations. The values are normalized to 1 at the first iteration to clearly illustrate

the convergence behavior.

The computed the state funnel centered around the nominal state is illustrated in
Figure [4.9] It can be seen that the computed funnel without the disturbance is larger
than the funnel computed under disturbance. This is expected, as the presence of external
disturbances necessitates a more conservative funnel to ensure invariance is maintained
despite the disturbance. The computed input funnel centered around the nominal input is
illustrated in Figure [£.10] The result shows that the input funnel projected onto each input
dimension satisfies the input limit constraints over entire horizon.

Finally, we check the invariance of the funnel by generating 100 sample trajectories.
The initial states are randomly sampled from the boundary of the computed funnel at ¢,
and the synthesized controller is applied to generate the trajectories. For each sample,
a bounded disturbance signal w(t) is randomly generated once at the beginning and held
constant over the entire time horizon. This choice of fixed-in-time disturbance is intended to
create a more persistent influence on the system, which is shown to be more disruptive than
rapidly changing noise. The resulting trajectories are shown in Figure To verify funnel
invariance, the corresponding Lyapunov function values V (¢,7(t)) are plotted in Figure
All values remain strictly below the funnel level constant cg, confirming that the invariance

condition is satisfied across all sampled trajectories.
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Figure 4.9: Comparison of synthesized state funnels with and without bounded disturbance;

sampled trajectories are generated using the funnel synthesized under disturbance.
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Figure 4.10: The synthesized input funnel projected onto each input dimension.
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Figure 4.11: The Lyapunov function values of sampled trajectories.

4.3.2  6-DoF quadrator

We consider a 6-DoF quadrotor in the East-North-Up (ENU) inertial frame.. The state
is © = (rp,vp, ®,Q) where 1, € R3 is the position vector, vp € R3 is the linear velocity,
® € R? is the Euler angles, and © € R3 is the body angular velocity. The control input
is u = (F}, Ty, Ty, 7.) where F, is the thrust along the body z-axis, and (7, 7y, 7.) are the

body-frame torques. The system model is given by

T . _
vr| | :CryB(®)Fp+g

b R(®)Q ’
Q] [T (r-axJ9))

where Fg = [0,0,F,]T, Cr/p(®) is the rotation matrix from body to inertia frame, R(®) is
the Euler-angle kinematics transformation. Here the following parameters, input constraint

set U, and the final funnel matrix Qs are used

m = 1.325 (kg), g = [0,0,9.81] " (m/s?),
J = diag{0.03843,0.02719,0.060528} (kgm?),
U= {u|up <u<ugt,
Uy = (18,0.1,0.1,0.1), uyp, = (0.0, —0.1, —0.1, —0.1)

Qs = diag{0.2%,0.22,0.2%,0.1%,0.1%,0.1%, (5°)2, (5°)%, (5°)%, (2°)2, (2°)%, (2°)?}.

The state constraint corresponds to obstacle avoidance as depicted in Figure
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For the 6-DoF quadrotor dynamics, the first three state equations, corresponding to the
position rp, are linear in the states and inputs. Therefore, they do not contribute to the
nonlinear term ¢(-), and the corresponding rows of the matrix E are zero. Specifically, we

O3x12
have E = 1. We partition the nonlinearities into three channels, each associated

Iy
with a specific subset of states and inputs:

@ P10
qu) = s 42 = g3 =1,
F, Qo3

where ®1.0 denotes the first two components of ® and {29.3 denotes the second and third
components of €. The functions ¢}, 2], P31 € R? correspond to the nonlinear terms in the
dynamics of vy, ®, and (2, respectively. We use the L-smooth nonlinearity characterization,
with the constants 1, 82, and 3 set to 20, 5, and 1, respectively, estimated via sampling.
The number of subintervals is set to N = 15. The nominal trajectory, illustrated in Figure
starts near (—3,4) follows a star-shaped path, and returns to its starting point. The
total time of flight is around 15.78 seconds.

We compare two CTCS approaches: (i) introducing intermediate checking points, and
(ii) applying SCvx with the subgradient, illustrated in Section and respectively.
Both cases employ the Direct-type funnel dynamics and have a total 15 time subintervals
N = 15. For the intermediate checking point method, we set Ny = 2. For SCvx, we use the
initial guess as the solution of without intermediate checking points. The weights
Wye and wy, in are set to 2 x 10° and 2 x 103, respectively, with e = 1073, The state
funnels projected onto the z—y coordinates are shown in Figure [£.12] The resulting costs
for the two methods are 76.987 and 75.82, respectively. The total computation time for the
former is 68.30, while for the SCvx method, the average computation time per iteration is
23.36 seconds over a total of 50 iterations. The time evolution of the maximum eigenvalues
of the pointwise-in-time LMI constraints associated with the invariance condition
and the validity of the multiplier matrices is shown in Figure

In both methods, the constraint violation between node points is successfully reduced.
For the quadrotor case, the problem dimension is significantly larger than in the unicycle

example, both in terms of the system size and the number of discretization nodes N,
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Figure 4.12: State funnels projected onto the x and y plane. Left: result obtained
using intermediate checking points. Right: result obtained using the SCvx approach.
Filled ellipsoids indicate funnels at discrete node points, while unfilled ellipsoids depict

intermediate funnels between nodes.
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Figure 4.13: Time evolution of the maximum eigenvalue of each pointwise-in-time LMI

constraint L;(t) associated with the corresponding constraint labeled in each subplot title.

leading to increased computational cost. In this setting, the iterative nature of SCvx can be
computationally intensive, making the one-shot SDP approach with intermediate checking
points a more efficient alternative.

Numerical simulations showed that funnel computation under the L-smooth condition
yields less conservative results compared to the Lipschitz condition. Between two funnel
dynamics formulations, the Lyapunov-type is not able to preserve the positive definiteness
of @ as anticipated, while the direct-type preserved it as proven. Both CTCS methods,
intermediate checking points and SCvx with subgradients, successfully reduced constraint
violations between node points. For high-dimensional and long-horizon problems such as
the quadrotor case, the repeated SDP solving required by SCvx was computationally heavy,

making the intermediate-checking-point approach more efficient in practice.
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Chapter 5

CONTINUOUS-TIME INVARIANCE BY LMI COPOSITIVITY
CONDITIONS

This chapter proposes a computational funnel synthesis method that guarantees
continuous-time invariance of the funnel. A finite set of linear matrix inequalities (LMIs) is
derived to imply satisfaction of a differential linear matrix inequality (DLMI), ensuring
funnel invariance over the entire time horizon. To achieve this, the uncertain LTV
system is approximated as an uncertain linear parameter-varying (LPV) system, where
the approximation error is modeled as a state- and input-dependent uncertainty. Based
on this approximation, matrix copositivity conditions are employed to certify continuous-
time invariance without requiring constraint sampling or reformulation. Compared to the
two approaches in Chapter this method offers the advantage of maintaining a fixed
number of LMI constraints and requires solving a single semidefinite program (SDP),
avoiding iterative procedures like SCvx. However, this benefit comes at the cost of increased
conservatism in the resulting funnel. The method is validated through two case studies: a
three-dimensional trajectory planning and control problem with obstacle avoidance, and a
six-degree-of-freedom powered descent guidance problem.

Chapter-specific notation. The set notations R, R}, Z and R™ are the sets of real,
nonnegative real, integer, and the n-dimensional Euclidean spaces, respectively. Intervals
are written by Zp = {# € Z : a < z < b}. The symmetric matrix Q = QT(=) =0
implies @ is a positive (semi) definite PD (PSD) matrix. The set of positive (semi) definite
matrices whose size is n x n are denoted by S}, (S}). The identity matrix having n x n size
is denoted by I,,. The subscript and the time argument will be omitted when it is clear from
the context. The notation La[a, ] is a set of Lebesgue measurable functions z(¢) defined on
an interval [a,b] C R such that <f; x(t)Tx(t)dt) is < 00. A property is said to hold almost

everywhere, or for almost every x € X with some set X if the set on which it fails is a
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bT
Lebesgue measure zero set. We abbreviate the notations A" PA and as (x) T PA
b ¢
a *
and , respectively. The Minkowski sum is denoted by @. The stacking of vectors
b c

x and y is denoted by (z,y) = [Ty "]T. The operation diag(-) outputs a diagonal matrix

formed from a given vector.

5.1 Invariance of funnel

5.1.1 Nonlinear systems

Consider the finite-horizon continuous-time nonlinear systems in the form of

#(t) = F(ta(t),ult), wlt), VEE [toty] (5.1)

where z(t) € R™ is the state, u(t) € R™ is the input, w(t) € R"™ is the (exogenous)
disturbance, and tg,t; are the initial and final time. The system dynamics f: R, x R" x
R™ x R™ — R™ are assumed to be continuous in ¢ and continuously differentiable in
z, u and w. We assume that the input signal u(-) € £5"[to,t] and the disturbance signal
w(-) € L5 [to, t] are piecewise continuous. We further assume that the disturbance signal

w(-) is essentially bounded from above by one, that is,
()l < 1. (52)

where [[w(:)[loc = esssup;ey,,,llw(t)ll2. Notice that the choice of the upper bound (i.e.,
one) is not restrictive, since if w(-) is bounded above by some constant wy,., € Ry, we can
redefine w < w/Wpq, 0 that the bound becomes one. We refer to a trajectory as a collection
of the state, the input, and the disturbance signals, denoted together by (z(-),u(-),w(:)).
The nominal trajectory having the zero disturbance (Z(-),u(:),0) is assumed to be given
and dynamically feasible, that is, z = f(¢,z,u,0) for all t € [to,ts]. With the given nominal

trajectory, we can rewrite the system (/5.1)) in the linear fractional form

flt, z,u,w) = A(t)x + B(t)u + F(t)w + Ex¢(t,q) (5.3a)

q= Cox + Dou + Gow, (53b)
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where the function ¢ : Ry x R™ — R™¢ represents the nonlinearity of the system and
q(t) € R™ is its argument. The matrices A(t), B(t), and F(t) are chosen as first-order
approximations of around the nominal trajectory. We assume that A(t), B(t), and
F(t) are bounded for all ¢ € [tg,tf]. The constant matrices E, € R"*" (C, € R"*"=,
D, € R"*™ and G, € R"*™ are selector matrices, composed of 0s and 1s, chosen to

structure the nonlinearity of the system.

Example 5.1. The unicycle model can be written as

i1 uq cos(xs + crwy)
T= | a9 | = | w Sin(Ig + clwl) ) (54)
T3 Uz + cowsy

where x1 and xo are x- and y-positions, x3 are the yaw angle, uy s the velocity control,
and us s the angular velocity control. The disturbances wy and wy affect to the yaw angle
estimation and the angular velocity control, and c1,co € Ry are system parameters. The

argument q of ¢ can be chosen as [x3,u1,w1] with

0 01 0 0 0 0
Co: 0 00 7DO: 1 0 7G0: 00
0 00 0 0 10
Since the only first two components in f involve with the nonlinearity, the matrix E, is
T
100
. The time-varying matrices A(t), B(t), and F(t) are given as follows:
010
0 0 —uy(t)sinzs(t) cosZz(t) 0
At)=10 0 ay(t)coszs(t) |,B(t)=| sinz3(t) 0 |, (5.5a)
0 0 0 0 1
—C1ul (t) sin 3 (t) 0
Ft)=| ciui(t)coszs(t) 0 (5.5b)
0 C2

where T = [T1, T2, %3] and @ = [ty,U2) " are the nominal state and input, respectively. The
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nonlinear function ¢ that is the remainder term in (5.3)) is given by

o(t.9) c1U1w1 Sin T3 — ug cos Ty + uq cos(ciwy + x3) + U123 sin T3,
t,q) = ;

—C1l Wy COS Ty — uy sin T3 + ug sin(ciwy + x3) — U123 COS Ty

where the time argument is omitted.

5.1.2  Incremental dynamical system and its LPV approrimation

The incremental form of dynamics illustrates the behavior of the system (j5.1]) relative to

the nominal trajectory. To derive it, we first define difference variables as

n(t) = x(t) —z(t), @) =u(t) —u), bq(t) = q(t) —q(),

where q(t) == Coz(t) + Dou(t). Having n as the state, the incremental dynamics can be

derived as the following uncertain LTV system:

n=AM)n+ Bt)§ + Ft)w + E, (6(t,9) — o(t, 7)), (5.6a)

0q = Con + D& 4+ Gow. (5.6b)

Since the original system f in ([5.1)) is continuously differentiable, f is locally Lipschitz,
thereby resulting in ¢ being locally Lipschitz with its second argument. Then, for each

t € [to,ty], there exists a local Lipschitz constant ;(t) € R4 such that

it a) — ¢i(t, @)ll2 < vi(O)lla(t) — a(®)ll2, Vi € Zpnyy, V.7 € Q, (5.7)

for any compact set @ C R™. Here the term ¢(t, q) — ¢(t, §), due to the nonlinearity of ,
is a state-, input-, and disturbance-dependent uncertainty characterized by the constraint
(5.7). This type of LTV system in incremental form with Lipschitz nonlinearity has been
studied in the context of funnel computation in several existing works. See, for example,
[97, 59] for related formulations and applications.

Now we describe an LPV approximation of the LTV system . The underlying
motivation of this approximation is that we can derive a finite number of LMIs that imply

the invariance of the funnel for the LPV system, which is not tractable for the LTV system.
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We start by partitioning the time horizon [to,ts] into N € R uniform subintervals using

time nodes defined as:
k
tk:tO"‘N(tf_tO), VkEZ[O’N}.

On each subinterval [t, tx+1], we approximate the time-varying system matrices A(t), B(t),
and F'(t) using a first-order hold (FOH) approach, which linearly interpolates between their
values at the endpoints of the interval. This results in convex combinations of the matrices

at ty and tx11. We define:

O(t) = of ()0 + o5 () Opg1,  t € [tr, trd] (5.8a)
traq —t t—t

oty = " k)= — (5.8b)
tha1 — te Tyt — T

where [0 = O(t;) and the placeholder O corresponds to A, B, and F. By applying
across all k in Zj y_q), we obtain continuous piecewise linear approximations
(A(t), B(t), F(t)) of the system matrices (A(t), B(t), F(t)) over the entire horizon [to,¢/].
It is worth noting that the system matrices (A(t), B(t), F'(t)) are not necessarily piecewise
linear, and therefore the approximation error is generally nonzero. However, it is common in
the literature (e.g., [97,[75]) to assume piecewise linearity to simplify funnel computation. In
contrast, this paper does not assume zero approximation error; instead, the error is modeled

explicitly as a state-, input-, and disturbance-dependent uncertainty.

Using (5.8), we can rewrite (5.6)) equivalently as follows:

n
i=Atn+BHE+Fw+ Ad(t) | & | +E.0, (5.92)
¢
=e(t)
Adt)=| AW —A() BW)-B(t) F(t)—F() ], (5.9D)

where 0¢(t,0q) = ¢(t,q) — ¢(t,q). Note that two representations (5.6) and (5.9) are
equivalent by the definition of the error term e(t) in (5.9a). Since f is assumed to be

continuously differentiable, the matrices A(t), B(t), and F(t) are continuous, so bounded
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within the finite interval [to,¢s]. Hence, there exists a positive constant f.(t) € Ry for each

t such that

[Ac(t)ll2 < Be(t), (5.10)

where ||-||2 denotes the matrix 2-norm.

Alternatively, we can express the error term e(t) more compactly as
e(t) = EaA(t)qa(t)

where the matrix Fo € R"™*"2 the block-diagonal matrix A € R"4*™a of uncertainties,

and the vector ga € R™a are given by

A, 0 0 an
Ea = Eﬂ Eg E, :|7 A= 0 Ag 0 y  4A = qe )
0 0 Aw qu

with na € Ry and ng, = ng, + ng. + ng,,. These components are chosen such that

(A(t) = A(t))n = EyAnay,
(B(t) — B(t))¢ = EgAgqe,
(F(t) = F(t))w = EwAudu,

where the vectors ¢, g¢, and g, are linear functions of 1, £, and w, respectively, as follows:

an=Cyn, g =D, qu=Gyuw.

In this formulation, the uncertainties are captured using the following inequalities:

[AC(®)[l2 < Ba(t), (5.11)

where fo(t) > 0 bounds the corresponding uncertainty Ap(t), with the placeholder O
representing the subscripts n, £, and w. Compared to the single norm-bounded inequality
in , these bounds in ([5.11)) can represent the uncertainly more compactly by exploiting
its structure. More details on the structured uncertainty representation can be found in [99,

6.2.1], [37], [19].
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Now we can summarize the incremental dynamics, written in the form of an uncertain

LPV system, as follows:

0= A(t)n+ Bt)¢ + F(t)w + Ep(t,r), (5.12a)
ri=Cn+ Dé+Gw = [gh,0q"]" (5.12b)
BNGIRG
p= ( , E= [ EA E, } ; (5.12c)
| 90(t, 0q)
[ C, | [0 ] [0 ]
0 Ds 0
C:= ,D = ,G = . (5.12d)
0 0 w
L CO i L DO | L GO _

All uncertainties in the system (5.12)) are lumped into the vector p(t,r) € R"” where n, =
na+ng and r(t) € R™ . We characterize the uncertain term p using the following quadratic
inequality (QI) [3] 4] for each t:

T

@ | | O
p(t.7) p(t.r)

>0, (5.13)

where the matrix M (t) € R +7m)x(+75) i5 called a multiplier matrix. It follows from

(5.7) and (5.10) that the valid multiplier matrix has the form of

_ B
M(t) = M~ ’ NA (1) = Ny () 0 , (5.14a)
0 —Ny(t)~! 0 MO,
NJ@) 0 5 .
No(t) = s NY () = diag(Ag, (1)1, Ag, ()1, Ag,, ()1, (5.14b)
0 A\(OI(1)?
NP (t) = diag(Ag, (1) B2, Mg, (1) BE(D)T, A, (£)B3(1)]), (5.14c)

where I'(t) = diag(71(t), ..., ¥n,(t)) and any positive real-valued functions Ag(t) > 0 with
the placeholder OJ representing 7, £, and w, and A, (t) > 0. This can be verified by deriving
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Figure 5.1: Uncertain LPV system interconnection with feedback control.

the following:

-
r r 1 1
M = Y (o - gzanAhAom)
p p O={n,&,w} Po o
1 Te o Trp -2
+ ngdq 6q — ¢ ' T'(t)"“d¢ ) >0,
Ay

where the last inequality comes from (5.7) and ([5.10)). The resulting interconnection in the

uncertain LPV system is illustrated in Figure [5.1

5.1.8 Invariance condition
We consider a scalar-valued continuous Lyapunov function V : R x R?* — R defined by
V(t,n(t) =n(t) Q) "n(t), (5.15)

where Q(t) € S'7, is a continuous-time PD matrix-valued continuous function. A state

funnel is defined as a 1-sublevel set of V, that is,
Eo(t) ={nln"Q®)n <1}, (5.16)

We employ the following linear time-varying feedback controller:

£(t) = K(t)n(t), (5.17)
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for the system ([5.12)) with the feedback gain K (t) € R™*™*. With this linear feedback, £

becomes linear in 7. It follows that n € g implies § € Ex i where

Exorr(t) = {(KOQMK®) )2y | [lyll: < 1,y € R™}. (5.18)

We refer Ex g to as an input funnel. We use the subscript KQK' because, when KQK "
is PD, the set £ is equivalent to {¢ | ET(KQKT)™'¢ < 1}. When KQK ' is only
PSD (not PD), €kt becomes a degenerated ellipsoid, which remains well-defined and
compatible with . Using the state and input funnels, a funnel F(t) is defined as an
Cartesian product of state and input funnel centered around the nominal state z(¢) and

input (t), respectively, that can be written as

F(t) = ({zt)} @ Eq(t)) x ({a(t)} & Exqr (1)) - (5.19)

Lemma 5.2. Suppose there exists a PD matriz-valued continuous function Q(t) € S, and
a continuous matriz-valued function K(t) € R™*"= such that all trajectories of the system

(5.12)) satisfy
IfV >w'w, then V(t,n(t)) <0, (5.20)

for almost all t € [to,tf]. Then, with every almost everywhere continuous signal w(-) such
that , Eq(t) defined in is an invariant time-varying ellipsoid for the system
on [to, t¢], that is, if n(-) is a solution of with n(ty) € Eg(to), then n(t) € Eg(t)
for all t € [to,ts].

Proof. We prove by contradiction. Suppose that the invariance condition does not hold.
Then, there exists a solution 7(-) of such that n(tg) € Eg(to) and n(te) ¢ Eq(t2) for
some ty > to. Since V(t,n) is continuous in ¢ by continuity of n and @, there exists t; €
(to, t2) such that V(t1,n(t1)) = 1 and V(¢,n(t)) > 1 for all t € (¢1,t2] by the intermediate
value theorem. It follows from that V (t,7(t)) < 0 for almost all ¢ € [t1,ts] as (5.2).
Observe that
t2 .
Vitsnlta) = Vitne) + [V

< V(t,n(t)) = 1.
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This implies 7(t2) € Eg(t2) that contradicts our hypothesis that n(t2) ¢ Eg(t2). Thus, Eg(t)

is invariant. O

For a detailed discussion of similar Lyapunov conditions in the context of input-to-state
stability, we refer the reader to [I15]. The similar Lyapunov condition with the time-
invariant Lyapunov function is also studied in [2, Lemma 1]. While Lemma follows a
similar proof, we extend the result to consider more general types of disturbance signals
w(-) that are continuous almost everywhere. In the next lemma, we define the invariance

of the funnel F and its relevance to the invariance of £g.

Lemma 5.3. If £g(t) is invariant for the uncertain LPV system (5.12) with the linear
feedback control § = Kn, then the funnel F(t) defined in (5.19)) is invariant for the original

system (5.1)) in a sense that if x(-) is a solution of (5.1) with x(ty) € {Z(to)} ® Eq(to) and

the control law,
u(t) = a(t) + K(t)(x(t) — z(t)), (5.21)
then (z(t),u(t)) € F(t) for all t € [to,tf].

Proof. Consider a solution z(-) of (5.1) with z(ty) € {Z(to)} @ £g(tp). This implies that
n(to) € Eo(to), and then by the invariance of £g, we have n(t) = z(t) — z(t) € Eg(t) with
£(t) =u(t) —u(t) = K(t)n(t). Thus, (z(t),u(t)) € F(t) for all t € [to,tf] with (5.21). O

5.1.4 Differential linear matriz inequality

This subsection describes the derivation of the DLMI that implies the invariance condition

(5.20)).

Lemma 5.4. Consider the uncertain LPV system in (5.12)) with the multiplier matriz M (t)
satisfying (5.14). Suppose there exist Q(t) € ST7,, Y (t) € R™*™  Xg(t) € Ry, A\, (t) € Ry,
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and Ay, € Ry such that the following differential matriz inequality holds for somet € [to, ty]:

DLMI(tv Q7 Q7 Yv Aﬁa )"Y) =

_W—Q * * *_
NoET —N, * *
. =<0 (5.22)
FT 0 Aol *
| CQ+DY 0 G —N |

where W = AQ + BY + QA" + YTBT + \yQ and Ny, Ny are defined in (5.14). Let
K(t) =Y (t)Q(t)™t, and then the condition (5.20) holds for the given t.

Proof. Pre- and post-multiplying (5.22) by diag(Q~', Ny, I, I) generates

QMW -t «+ o+ ]
ET —1 _N—l
- Q 5 * * <0
FIQ—! 0 Ml *

I Cy 0 G —Ni |

where Cy; = C + DK. By applying Schur complement, we can derive
Q'MW -Q)Q" x  x
ETQ! 0 x

FTQ1 0 —Aol

Nfl 0 Cy
0 Ny! 0

0 G
I 0

By post- and pre-multiplying by diag(n, p, w) and its transpose, respectively, and applying
the identity Q™' = —Q1QQ !, we obtain

Nfl 0 T

V('
0 Ny* P

+ X (V —w'w) <0,
for all n € R™, p € R™, and w € R™. By using (5.13|), S-procedure [19, 132], and \,, > 0,
we can conclude that the above inequality implies ([5.20]). O

We omit the time arguments in Lemma [5.4] and its proof for the notational brevity.
The matrices C, D, E, G, and the constant A, are time-invariant, while the terms
A B,F,Q,Y, K, W, N1, and N, are time-varying. Notice that with the fixed positive

constant Ay, Drar(Q,Q,Y, Ag; Ay) in (5.22)) is linear in its arguments.
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5.2 Funnel synthesis problem

5.2.1 Transformation of DLMI into a finite number of LMIs

To transform the DLMI (5.22)) into a finite number of LMIs, we first parameterize Q(t),
Y (t), Ag(t), and A\ () by employing the same FOH interpolation used in (5.8]), that is,

O(t) = of ()0 + o5 () 0hrr,  t € [tr trral,

where a placeholder [ corresponds to @, Y, A\g, and A, and the time-varying parameters
o¥(t) and 0§ (t) are given in (5.8B). Here @y € S'}%,, Y}, € R™*"= (Ag)x € Ry, and (\,)) €
R for all k € Zjg ) are our decision variables to be optimized. With this interpolation, the
derivative of @ for each open subinterval (tg,tr+1), denoted by QF, is constant and given

by

GF =g = Lo = (5.23)
te+1 — Uk

where the superscript k£ indicates that Q is specific to each subinterval.

To derive a finite number of LMIs that ensure the invariance, we also need to represent
the time-varying constants v(t) and 5(t) with a finite set of values. To this end, we define

(vi)k = sup  %(t), Br:= sup B(t), (5.24)
tEtr, tht1] te€ [t tet1]

for all k in Zjg x_1]- These constants (), and B, serve as upper bounds for v;(t) and 5(t),
respectively, on each subinterval [t, tx+1]. Hence, they become valid constants for and
, respectively on each subinterval [tg,tx+1]. This allows us to incorporate (;); and
Bk as constants in the LMIs associated with each subinterval, facilitating the derivation of
a finite set of LMIs for the entire horizon [to, ]

With the FOH interpolation for the system matrices and our decision variables,
the DLMI condition for open subinterval (tg,tx+1) can be equivalently rewritten as

ot (ot () Hi g, + 05 (8)05 () Hii g g1 + 01 (D05 () (HE jpr + Hiya ) = 0, (5.25)
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where Hf] € R"HX"H with ng = ng + ny + ny +n, for i, j € {k, k + 1} is given by

[ Wi, — Qk * * ]
NE ET  —NF. & *
Hi,j = - 2 2J 5 (526)
Fl 0 Xl
L Lj 0 G _Nl,j |
— T TpT
Wij = AiQj + BiY; + Q;A; +Y; B, + @y,
Lj = CQj + DY}, Ny; = diag((Ag);1, (Ay);1),

Ny ; = diag(8; (Ag);1, (A\);T%),

where 'y, = diag((y1)k,- -, (¥ny)x) and the superscript k is introduced for the piecewise

constant terms Qk , I'y, and SBg. Then, observe that (5.25)) can be expressed as

HF * okt I
@ ok . . ;() = 0. (5.27)
3 (Hk,k—l—l + Hk+1,k) Hitq g o5 ()1
=P =%

The condition ([5.27]) can be achieved by satisfying P € C where

¢ {r

It is worth noting that if ngy = 1, the set C is equal to the set of 2 x 2 copositive matrices

Voi,VYos € Ry, = [01],001] ", X7 PY > 0} :

[20]. With this observation, we are ready to derive sufficient LMI conditions ensuring P € C
by adapting techniques from the literature on matrix copositivity [93, 10]. It is worth noting
that we formulate these conditions specifically for our problem so that we can obtain a finite

set of LMIs that guarantee the invariance of the funnel.

Lemma 5.5. Suppose that the following holds:

Hip =0, Hiyp =0, (5.28a)

Hllg,k+1 + H1]:+1,k = 0. (5.28b)

Then, (5.27) holds for all t in (tg,tgs1).

Proof. Each block of P is PD because of the hypothesis in the Lemma Since each o%(t)
for ¢ € {1,2} is nonnegative for all ¢ in (x, tx+1), we have ([5.25). O



91

Similar results were discussed in [91, 97]. Here, we can further derive a less conservative

LMI condition implying P € C compared to (5.28)).

Lemma 5.6. Suppose that there exist Hfj and sz] foralli,j € {k,k+ 1} such that

Hf, — X} *
1 (ggk " k £ k k k =0, (5-292)
B (Hk k1 T Hiq k) — X Hivieo — Xisiem
XF=(X7)"T =0, Vije{kk+1} (5.29b)
Then, (5.27) holds for all t in (tg,tgs1)-
Proof. Notice that the matrix P defined in ([5.27)) can be written as
P=P + P,
where P; and P, are given by
I k k
P — Hy o — Xy *
1= )
1 ( 17k k k k k
| 2 (Hk,k—H + Hk+1,k> — Xk Hipieo — Xisiem
| XF *
Py = kk,k )
| Xirike Xig1e4

We have .7 P;¥ = 0 because of the hypothesis in Lemma Also, since every block Xi’fj
for all 4,7 € {k,k + 1} in P, is assumed to be PD, we have YTPY > 0. Hence, we can
conclude X7 PY. = 0. J

By solving either (5.28) or (5.29) for all k in Zy y_1), we can guarantee the satisfaction
of the DLMI (j5.22) for all ¢ € [to,tf] except at each temporal node points t = ¢, for all k in

Remark 5.7. The matriz-valued function Q(t) with the FOH is not differentiable at
each temporal node points t =ty for all k in Zjy nj. This does not compromise our objective
of continuous-time invariance since it suffices for the Lyapunov condition to hold for
almost all t in [to, tg] according to Lemmal[5.3,
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It is worth noting that ([5.29) is less conservative than ([5.28)), as every solution of ([5.28]) is
a special case of (5.29)). This follows from the fact that ([5.29)) with the following constraints

o, = xk, vie{kk+1},

1,07
Lok k k
3 (Hk,k-H + Hk+1,k) = X gt

is equivalent to (5.28). However, solving (5.29)) requires to introduce additional variables

X € R™X"H that are larger in dimension than the variables @ and Y, making the solution

of (5.29) more computationally expensive than that of ([5.28).

5.2.2 Constraints

The proposed funnel synthesis algorithm aims to satisfy not only the invariance of the funnel
but also the state and input constraints. We consider linear state and input constraints

written as

<Bh, i=1,...,mg), (5.30a)

Po={z| @) u<b!, j=1,...,my}. (5.30b)

We aim to make the state and input funnels at each node point centered around the nominal
trajectory remain inside the feasible region. This can be stated using the set inclusions as
{7} @ EQ(ty) € Pr and {tr} ® Eggp (tr) € Py for all k € Zjy ) where 7j, = Z(ty) and

u = u(ty). These conditions can be equivalently written by the following LMIs [59]:

(b — (a2 (@O, |

0= ( i (az)h ‘Tk) (az) Qk Q= Z[l,mﬂ? (531&)
(- @)Tw) @)Y |

0 j 7 7 J ’j — Z[l,mu}' (531b)
i Yk—rag Qr |
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5.2.83 Problem formulation

The proposed funnel synthesis algorithm solves the following SDP problem:

minimize J(Qo, ..., QnN) (5.32a)
Qi Yiey (A8)kes ) es X oo XF s 1o XE 1 i
subject to or ,Vk € Zjo,N-1]» (5.32b)
(631), V& € Zg ny, (5.32¢)
0 < Qk = Qumaz, Yk € Zjy ny- (5.32d)

The cost function J is assumed to be convex in Q). The matrix Qs € Siﬁ is introduced
to prohibit the funnel being arbitrarily large. By imposing 0 < Q) for each k € Zy nj, the
FOH interpolation ({5.8)) ensures 0 < Q(t) for all ¢ € [to, ty].

Theorem 5.8. Let Q(t) and Y (t) be obtained from the solution of (5.32)) with the FOH
interpolation (5.8). Define the feedback gain K(t) = Y (t)Q(t)~'. Then, the funnel F(t)
defined in (5.19) is invariant for all t € [to,ty].

Proof. By Lemma and satisfying (5.32b)) implies that the DLMI (/5.22)) holds for

all t € [to,ty] except at each temporal node point t = t; for all k € Z nj. It follows from
Lemma that the Lyapunov condition (5.20]) holds almost everywhere. This implies the
invariance of the state funnel £ followed from Lemma [5.2} Last, it follows from Lemma

that the funnel F(t) is invariant. O

Remark 5.9. The feasibility condition in (5.31) enforces the constraints only at the
temporal node points, which could result in violations between these node points. A possible
remedy is to increase the number of node points. It is important to note that while the

feasibility is only enforced at each node point, the invariance holds across the entire horizon

[to, tf] as established in Theorem[5.8,

Remark 5.10. The feasibility of the problem (5.32)) depends on many factors such as
the magnitude of v and 3, the density of the node points, the configuration and size of
obstacles, and the bounds on control inputs. Due to this complexity, it is generally difficult

to guarantee feasibility a priori. However, a key advantage of the proposed approach is
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that it is formulated as a convex optimization problem, certifying the problem’s infeasibility.
In particular, if the problem is infeasible, the solver can provide a formal certificate of

infeasibility.

5.2.4 Estimation of the constants via sampling

To solve the problem , it is necessary to obtain the local Lipschitz constant (v;)g
and the bound [; described in for each k € Zjgn_1. If the system is globally
Lipschitz, one can directly use the global Lipschitz constant for all k& [I36]. One effective
way for estimating local ~, is to use sampling approaches [97], collecting samples of the
triple (ns, &s, ws) around the nominal trajectory, with s denoting each sample. Specifically,
this involves sampling the state deviation 7, within the maximum state funnel @4z, the
input deviation £; within the constraint , and the disturbance within its bound
for each subinterval [tg,tr+1]. To obtain a less conservative constant, one might use the
iterative procedure provided in [97] where the estimation of 7, and funnel computation
are alternately repeated until the convergence. This paper does not consider this iterative
process for simplicity as our proposed method can be incorporated with any way to estimate
the Lipschitz constant. On the other hand, the value of A.(t) defined in is known and
can thus be evaluated at each t. Hence, for each subinterval [tx,tr11], we pick Ny sample

temporal points ts uniformly, and then (S.); can be determined through

(Be)e = _max [[Ac(ts)]2-

s=1,...,Ng
5.2.5  Algorithm summary

The overall procedure for synthesizing the funnel and controller is summarized below.
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Algorithm 2 Funnel Synthesis

1: Input: Nominal trajectory, system dynamics, state/input constraints
2: Estimate v and § as described in Section 3.4

3: for each A\, in the search grid do

4: Solve the SDP problem in

5: Store the cost and feasibility status

6: end for

7: Select \,, with the lowest feasible cost

8: Return the corresponding funnel and controller

5.3 Numerical simulation

In this section, the proposed method is validated through two robotic motion planning and
control applications: one for a unicycle model and the other for six-degree-of-freedom (6-

DoF) powered descent guidance. For both examples, the Mosek solver is used to solve the

SDP (5.32).

5.3.1 Unicycle model

We consider the unicycle model given in with ¢; = 0.03 and c3 = 0.05. We divide a
15 second time horizon into N = 20 subintervals, starting at o = 0 and ending at ¢ty = 15.
The cost function J in is set as —trace(Qo) + trace(Q n) to maximize the funnel entry
and minimize the funnel exit. The nominal trajectory illustrated in Figure starts at
(0,0), passes through (4,8), and ends at (8,0). A state constraint for avoiding an obstacle
is taken into account, resulting in a nonconvex state constraint as shown in Figure[5.2] This
nonconvex constraint is linearized around the nominal trajectory to generate the polytopic
constraints in the form of . The constraints for inputs are defined as follows: 0 < u; <
2 (m/s) and |ug| < 1.5 (rad/s). The parameter Qq, for the maximum funnel size is set to
diag(22,22, (207/180)2). To estimate (y;)k and B¢, we sample 100 triples of (ns, s, ws) and
20 samples of A(ts) for each subinterval [tg, tx41]-

To determine a value for \,, we solved the SDP problem (5.32) across a range of
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Figure 5.2: (Top) The synthesized state funnel projected on z (z1) and y (z2) position
coordinates. (Bottom) Time history of the state funnel projected on yaw angle (x3)

coordinate.
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Figure 5.3: Time history of the synthesized input funnel projected on velocity command
(u1) and angular velocity command (ug2) coordinates, shown in the top and bottom figures,

respectively.
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Figure 5.4: The cost results of (5.32) with different values of \,, are presented for both
cases: using (5.28) in Lemma [5.5] and (5.29) in Lemma [5.6]
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Figure 5.5: (Top) The results of trajectories propagated from randomly selected samples

within the funnel entry. (Bottom) Time history of Lyapunov function V', as defined in

(5.15)), for each trajectory sample.
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Figure 5.6: (Top) Evolution of the Lyapunov function for the funnel computed using the
baseline approach. (Bottom) Time history of the maximum eigenvalue of Dy 7, as defined

in (5.22)), for the funnel obtained by both the baseline and proposed methods.
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candidate A, values. The resulting cost values are summarized in Figure which shows
that the minimum cost is attained when A, = 0.26. The results of the state funnel and
input funnel are provided in Figure [5.2| and Figure [5.3] respectively. It is clear that state

and input constraints are satisfied at each node point. We conduct a comparison between

two different conditions, (5.28]) and (5.29)), in terms of the resulting cost and computation

time for synthesizing the funnel. The funnel computed using has smaller cost, at
-3.652, compared to -3.600 for the funnel using . The computational time for MOSEK
to solve the SDP with is longer, at 11.63s, compared to 1.57s with ,
which is aligned with our expectation. Furthermore, Figure [5.4] shows that for every case,
the cost associated with is consistently lower than that obtained by .

To test the invariance condition of the funnel, we take a total of 500 samples from the
surface of the funnel entry 9. Then, these samples are propagated through the control law
. During the propagation, we randomly choose the disturbance w such that ||wl|s = 1.
In the bottom figure of Figure the value of the Lyapunov function V for each sample
over the time horizon is illustrated. We can see that the values maintain below one, which
means all trajectories remain in the funnel by the invariance property.

We compare the proposed method with a baseline approach that directly discretizes
the DLMI using the forward FEuler method. This type of discretization has been
commonly used in related funnel computation literature [74, Section 4.2]. To validate the
baseline approach, we follow the same procedure as with the proposed method: 500 samples
are taken from the surface of the funnel entry computed using the baseline, and each sample
is propagated under the control law. The evolution of the Lyapunov function for each sample
is shown in the top of Figure Some trajectories exhibit Lyapunov function values greater
than 1, indicating that the funnel computed by the baseline method violates the invariance
condition. To explicitly assess satisfaction of over time, we plot the time history of
the maximum eigenvalue of Dy 7, which is defined in , using the decision variables
from both the baseline and proposed methods in Figure [5.6] The results clearly show that
the baseline approach violates the DLMI condition between the node points, whereas the

proposed method satisfies it throughout the entire time horizon.
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5.3.2 6-DoF Powered Descent Guidance

We consider a 6-DoF rigid-body rocket model in an East-North-Up inertia coordinate
described by

1T ) -
ol LCp(®)F +g
b | R(®)Q ’
Q] | T THrx F-QxJQ) |

where the state vector z = (p,v,®,2) consists of the position p € R3, velocity v € R?,
Euler angles ® € R3, and angular velocity 2 € R3, and the control input v = (F,T)
includes the thrust force ' € R? and torque T' € R3. The constant m € R is the vehicle
mass, J € R3*3 is the inertia matrix, and g € R? is the gravitational constant. The vector
r € R? is the position vector from the center of the mass to the location of the thrust.
The matrix Cy/p(®) is the rotation matrix from the body frame to the inertia frame and
the matrix R(®) represents the transformation between Euler angle rates and body-frame
angular velocity. More details in the derivation of the model could be found in [117].

The nominal trajectory has a plane maneuver in the plane defined by r, = ry, with r,
and r, denoting the position components along the East and North axes, respectively. We
use nondimensionalized units, with Up, Uy, and Ujy; denoting the units of time, length,
and mass units, respectively. The mass m is set to 2 (Ups) and the gravity is set to
g =10,0,-1.625]" (Upr/U2). We divide an entire horizon into N = 5 subintervals, starting
at to = 0 (Ur) and ending at ¢ty = 7.457 (Ur). The cost function is set to the same as in

the unicycle example: —trace(Qo) + trace(Qn). The constraint sets X and U are defined as
X ={z|ap <2 <zw}
U={ulup <u<uyt,
2 = diag(8,8,8,2,2,2,30°,30°, 30°, 45°, 45°, 45°),
Ty = —p,
g = diag(1.5,1.5,5.0,0.1,0.1,0.1),

up = —diag(1.5,1.5,0.0,0.1,0.1,0.1).
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Since the bounded disturbance w is not considered in this example, it is not necessary to
perform the line search for A, ; thus A, is set to zero and the matrix F'(¢) is set to the zero
matrix for all time.

The computed funnels projected onto the two dimensional East-North plane and the
three-dimensional East-North-Up space are illustrated in Figure and in Figure
respectively. The funnel computed using has a cost of -31.982, which is lower than the
cost of the funnel computed using , -31.890. The MOSEK solver takes 28.10 seconds
to solve the SDP with and 17.41 seconds with .

Similar to the unicycle example, 500 samples are taken from the funnel entry, and
each sample is propagated under the synthesized control law. Each sample’s trajectory
in the position coordinates is illustrated in Figure From the results, we observe
that although the nominal trajectory has an in-plane maneuver, the resulting funnel and
sampled trajectories exhibit out-of-plane maneuver. The funnel invariance is validated by
examining the evolution of the Lyapunov function, as shown in Figure confirming
that all trajectories remain inside the funnel. The resulting input funnel, projected onto
each input dimension, is given in Figure demonstrating that the input constraints are
satisfied. The state funnel projected onto the Euler angle dimensions is given in Figure
While the funnel satisfies the state constraints at each node point, slight constraint violations

occur between nodes.
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Figure 5.7: The synthesized state funnel projected onto the position coordinates. Filled
ellipsoids represent the funnels at discrete node points, while the intermediate funnels

between nodes are shown as unfilled ellipsoids.
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Figure 5.8: (Top) The computed funnel projected onto the three-dimensional position space.
The funnel is shown in blue, and the propagated sample trajectories are shown in purple.

(Bottom) Evolution of the Lyapunov function of the sample trajectories.
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Figure 5.10: The synthesized state funnel projected onto each Euler angle dimension.

5.4 Conclusion

This paper presents a funnel synthesis algorithm for nonlinear systems under bounded
disturbances. The proposed method can satisfy the invariance condition exactly over
the finite time horizon. This is achieved by approximating the incremental system as an
uncertain LPV system and deriving a finite number of LMIs that imply the DLMI resulting
from the invariance condition. Simulation results show that the synthesized funnel satisfies

both invariant and feasibility conditions.
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Chapter 6

DISCRETE-TIME JOINT SYNTHESIS OF TRAJECTORY,
CONTROLLED INVARIANT FUNNEL, AND FEEDBACK CONTROL

This chapter introduces a joint synthesis algorithm that computes both the nominal
trajectory and the associated funnel within a unified optimization framework. While
Chapters focused on funnel synthesis with a fixed nominal trajectory, such separation
often leads to comservative solutions. By allowing the trajectory and funnel to be co-
designed, the proposed method reduces conservatism, improving feasibility and overall
system performance. The chapter also presents how nominal dynamics and cost are
integrated into the formulation and demonstrates the effectiveness of the approach through
several simulation examples.

Chapter-specific notation. Let R be the field of real numbers, R™ be the n-
dimensional Euclidean space, and N be the set of natural numbers. A finite set of consecutive
non-negative integers is represented by qu = {q,q + 1,...,7}. The symmetric matrix
Q@ = Q' (=) = 0 implies Q is positive-(semi-)definite matrix, and (S7)S", denotes the
set of all positive-(semi-)definite matrices whose size is n x n. The symbol @& denotes
the Minkowski sum. The vector (x,y) represents the concatenation of two vectors z

and u into a longer vector. The notation * represents the symmetric part of a matrix,

) a b’ a * k. S -
ie, = , and {Zy, Uy, Wy}, illustrates {Zo, o, wo, ..., Tk, UK, WK}
b ¢ b ¢

The symmetric squared root of a symmetric matrix A is defined as As by eigenvalue
decomposition [20]. The operation diag(-) is a diagonal matrix formed from its vector

argument.
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6.1 Problem formulation

Consider a discrete-time uncertain nonlinear system of the following form:
Th+1 :f(tkvx/mukvwk)a vk e-/\/‘()]\[_17 (61)

where NV € N is the length of the time horizon and ¢, € R is the time at the k. The function
f iR xR™ x R™ x R"™ — R™ is assumed to be a locally Lipschitz and at least once
differentiable. The vector z; € R™ is the state, up € R™ is the control input, and the
signal wr € R™ is the exogenous disturbance or model mismatch that is assumed to be
unknown but norm bounded: [wy|l2 <1 for all k € N1

Let {Z4}A . {@k, Wk} o be a nominal trajectory that the CIF is centered around,
and is feasible for the nonlinear dynamics . In this paper, the nominal trajectory is
assumed to have zero disturbances, i.e., Wy = 0 for all k € /\/’év ~1. We define difference state
Nk = x, — ) and difference input & := up — 4y, and assume a linear feedback &, = Kiny

for all k € Név ~1 which leads to a closed-loop system and a control law given by

M1 = [ (b, T, ug, wr) — f(tn, Tn, g, 0), (6.2)
U = ﬂk + Kknlm Vke NéV—l’ (63)

where Kj € R"™*™ ig a feedback gain. In this paper, we consider a specific class of
funnels that consists of ellipsoids of state and input. The ellipsoid for the difference state

is represented as
g =neR™ | n'Qln <1}, VEeNY, (6.4)

where Qj, € S77""" is a positive definite matrix. With the linear feedback gain K, it follows
from Schur complement that 7, € &g, implies & € & KeQuK[ [07]. Now we are ready to

formally define the quadratic CIF.

Definition 6.1. A guadratic controlled positively invariant funnel, Fi, associated with a
closed loop system (6.2)) is a time-varying set in state and control space that is parameterized
by a time-varying positive definite matriz Qi € S, and a time-varying matriz K, € R™= <™

such that Fj, = Eg, X SKkaK;r, and the funnel Fy, is invariant and feasible for all k € NY.
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The invariance property of the CIF with the closed-loop system (/6.2]) and the control
law (6.3 can be mathematically stated as follows:

(n0:é0) € Fo = (k&) € Fiy Ve €N, (6.5)

This condition implies that if a particular initial condition is inside the funnel, then a
trajectory propagated with the closed-loop model (6.2)) remains within the funnel as well.

The feasibility property for the funnel F; can be mathematically expressed as:

{(Z} @ &g, C X, (6.6a)

{w} @ Exqury CU. TheN (6.6b)

The feasibility conditions require that every state and input in the funnel around the
nominal trajectory should be feasible for the given state and input constraint sets X and
U, respectively.

Now we are ready to derive the problem formulation. The goal of the joint synthesis
of trajectory and CIF is to solve a discrete-time nonconvex optimization problem of the

following form:

minimize NZ_I Ji(Zy, u) + wq i MS + wg NZ_I i (6.7a)
@l vkendy, k=0 k=0 k=0
g K ouis v kendy 1
subject to Tpi1 = f(tg, T, g, 0),VEk € ./\/'évf1 (6.7b)
Qr < ulILvEk e N (6.7¢)
KiQuKl < ul1,vk e NN (6.7d)
conditions — ,
Zo ® Eg, 2 A, (6.7e)
N © &gy C A, (6.7f)

where the summands in the objective function consist of the trajectory cost and the funnel
cost, and 0 < wg € R and 0 < wx € R are user-defined weights. The function J; is a cost

for the trajectory and is assumed to be convex in T and @;. The slack variables MS € R and
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Mf € R are introduced to minimize the diameter of the ellipsoidal sets g, and &, o, KT in
the funnel by imposing the constraints —. Minimizing the size of the funnel leads
the effect of the propagated disturbances starting from the initial set to be minimized [74].
While minimizing the cost, the formulation guarantees the invariance property in and
ensures the feasibility of the ellipsoids encapsulating the nominal states and inputs in .

For boundary conditions, the initial and final ellipsoids, Xy and Xy, are given as

Xo={z|(z— ) Q7 (x — ;) < 1}, (6.8a)

Xy = {:c‘(x—xf)TQ;l(x—xf) <1}, (6.8b)

where x; € R™ is a nominal initial state, Q; € S'* is a constant matrix defining the
initial ellipsoidal set, zy € R™ is the nominal final state, and Q; € S}* is a constant
matrix defining the final ellipsoidal set. The computed funnel at k& = 0 should include the
initial set Xy to generate the trajectory from any state in the initial set. Also, the ellipsoid
corresponding to the state in the funnel at kK = N should be a subset of X so that the
resulting trajectory is guaranteed to terminate in Xy .

It is worth mentioning that the system dynamics for the nominal trajectory has
no disturbances (wy = 0), but the invariance property is achieved with the closed-loop
dynamics — in which the disturbances exist. Hence, any trajectory propagated for
the uncertain nonlinear dynamics with the control law from any initial state in
Xy remains within the feasible region under the presence of norm bounded uncertainties.

The block diagram of the resulting control signal is illustrated in Figure [6.2
6.2 Iterative Robust Trajectory Optimization

In this section, we discuss the details of the proposed method to solve the robust trajectory
optimization problem given in —. The method tackles the problem by iteratively
updating the nominal trajectory {a’:k}{cvzo,{ﬂk}g:_ol, the parameters of the set {Qk},]y:o and
the feedback controller { K| k}évzo in the CIF. In each iteration, the method consists of 3 steps:
the nominal trajectory update, the estimation of the locally Lipschitz constant, and the

funnel update. In this section, we denote an initial guess or solution variables of the previous
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Figure 6.1: A block diagram of the proposed method. Starting from the initial guess, the
method optimizes the trajectory while considering the feasibility of the funnel. The local
Lipschitz constant 7 of the nonlinearity around the obtained trajectory is then estimated.
The next step is to optimize the funnel with the funnel constraints and the Lyapunov
condition that ensures the invariance property. The entire process is repeated until both

the trajectory and the funnel converge.

iteration (i.e., reference trajectory and funnel parameters) by {:%k,Qk},iVZO, {ﬂk,f('k}év:_()l.

The block diagram of the proposed algorithms is given in Figure [6.1

6.2.1 Nominal trajectory update

We require the nominal trajectory to satisfy the (possibly nonconvex) constraints
and while minimizing the trajectory cost J; by approximating the original problem
with a convex sub-problem. This is a typical process in many SCP methods to solve
nonconvex trajectory optimization problems [77]. In contrast to the typical SCP methods,
the feasibility problem in involves the funnel parameters that are fixed as the reference
funnel variables {Qk, K k}]kvzfol in this trajectory update step.

In each sub-problem, the intermediate trajectory solution should satisfy the following
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Figure 6.2: A block diagram of the control procedure.

affine system:
Tyl = flkxk + Bkuk +Zzr+v, VEke€ Név_l (6.9)

where Ay, By, %, define the linearized model of the nonlinear dynamics given in
evaluated around the reference trajectory {z, ﬂk}év:_ol with zero disturbance wy = 0. The
term vy is a virtual control variable that serves to prevent the sub-problem from being
artificially infeasible [77] due to linearization of dynamics and constraints.

The feasible sets X' and U are expressed as

X ={z|hi(x) <0, i=1,...,myz},

U={u|gju) <0, j=1,...,my},
where h; and g; are at least once differentiable functions. While we assume here that X and
U are time-invariant for brevity, the proposed framework, however, can easily incorporate
time-varying sets. The nonlinear constraints need to be linearized to ensure convexity of
the sub-problem. Thus, we approximate the feasible set X and U as polytopes, which are
obtained via linearization around {Zy, ak}i\f:_ol as follows:

Pi={z | (af)gaor < Ok, i=1,...,mg},

Pr={ul|(@)ize < Ok, j=1,....,mu},

where (af,b7) and (aqj, b;“‘) are first-order approximations of h; and g;, respectively. Notice

that while X' and U/ are assumed to be time-invariant, their polytopic approximations P;;
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and P}’ would be time-varying due to the time variation in the reference trajectory &y, .
Then, the feasibility conditions with the fixed funnel parameters {Qk, K k}évz_ol in can

be approximated as linear constraints as follows [97]:

~ 1 .
Q)7 @)kl + (af)fan < ()i =1,...,my, (6.10a)

I(KxQrK)

(ST

(@il + (@) fwe < 0k, =1,...,my, Ve Ny (6.10b)

The trajectory update step for the nominal trajectory has the following form of a second-

order cone program (SOCP):

N-1
minimize Y Jy(Zk, k) + Joo(Ok) + Jir(Th, g (6.11a)
L k=0
T Uk, Vg TN »
vkeaN 1
subject to conditions — (6.10)),
To=Ti, IN=Tf. (6.11b)

In the cost function, there are two additional penalty terms for virtual control J,. and
trust region Jy.. The virtual control penalty enforces the virtual control variables v to
remain small, and the trust region encourages the optimum to stay in the vicinity of the
reference trajectory {Z, ﬂk}kN:Bl where the linearization error is small. They are formulated

as follows:

Jve(vr) = wy||vg |1, (6.12a)

Jor (g, u) = wer (|2, — 21113 + [Jug — ax3), (6.12b)

where w, € R and wy. € R are user-defined weight parameters for the virtual control
and the trust region, respectively. As a result of the optimization problem , the
solution becomes a new nominal trajectory {Z}H_,, {ﬂk},]ﬁvzfol that will be used for the funnel

computation in the following section. This type of penalized-trust region-based optimization

has been studied for trajectory optimization [98] and general nonlinear programming [25].

6.2.2 CIF update

In this section, we describe how to optimize the CIF around the nominal trajectory obtained

from the previous section. The optimization problem derived in this section aims to
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make the funnel invariant (6.5) and feasible for the constraints and the boundary
conditions (6.7f) for locally Lipschitz nonlinear systems. To this end, we construct a

SDP whose solution provides the parameters of the invariant set and the feedback gains

{QiH o A Ky

Nonlinear dynamics

Since the nonlinear dynamics in (6.1]) is at least once differentiable, it can be re-written as

Tt = [ (ks Thoy ug, wi), (6.13a)
= Apxy + Brug + Frwi + Epy, (6.13b)

pr = or(ar), (6.13c)
qr = Cx + Duy + Gwy,. (6.13d)

Notice that all nonlinearities are lumped into a vector pp € R™ represented by a function
or : R"™ — R™ with its argument g € R™. The matrix £ € R™*" is introduced
since not all states are affected by the nonlinearities. The matrices A, Br and Fj can be
arbitrary, but we specifically choose Ay, By, and Fj to be the first order approximation of

the nonlinear dynamics f around the nominal trajectory as follows:

4 O S,

Ox =T}, u=uUg,w=0 ou =T}, u=uUg,w=0
Fy, = 9f , VEeNJ

ow =T, u=ug,w=0

With difference state 1, and input &, the difference dynamics can be derived as
Tp1 — Thr1 = Ak + By + Frwy + E(pr — pr) + f(tk, T, Uk, 0) — Tpep1,

where pr, = ¢r(qx) and g = CZy + Dug. The term f(tg, Tk, ur,0) — Txy1 on the right
hand side exists because of the dynamical error in the intermediate nominal trajectory
{z1 1, {ak}i\f:—ol This error is gradually reduced as the iteration proceeds because the
trajectory update ensures that the nominal trajectory becomes dynamically feasible
for the entire interval. Thus, we intentionally do not consider this error in the funnel update

step since it is sufficient for the funnel to satisfy the invariance and feasibility properties
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with the converged nominal trajectory that is dynamically feasible. The difference dynamics
we consider for the funnel update is consequently written as
Nk+1 = ANk + Brér + Frwy + Edpy,

Opr = dk(qr) — Pr(ar),

dqr = Cny + D&, + Gy,

where dpi = pr — D and dqx == qr — qx. With the linear feedback controller & = Kyng, the
inclusion 7, € £g, implies that g is in a compact set Q that is given as

Q= {@} ®0Q, VkeN,
where C’,ﬁl = C'+ DK}. The assumption that the function f is locally Lipschitz implies that

the function ¢y, is locally Lipschitz as well. Thus, for the compact (closed and bounded) set

O, there exists a ~; such that

ok (ar) — o (Tr)ll2 < Yellak — Grll2s
Vap € QpVEk e NP1

Considering them together, the closed-loop system becomes

ka1 = ARy + Fywg + Edpy, (6.14a)
Sqr. = Ci'mi + Gy, (6.14D)
[0pkll2 < Y&ldgx |2, (6.14c)
Jwe| <1, (6.14d)
oqr €0Q, Vke NN, (6.14e)

where Ail = Ap + BL K.

Invariance of a quadratic funnel

Consider a scalar-valued quadratic Lyapunov function V defined by

V(k,n) =g Qi (6.15)
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For the closed-loop system model (6.14), we aim to design {Qx}_,, { K, k}]kvz?)l that satisfies

the following quadratic stability condition:

V(k+1,m+1) < aV(k, i), (6.16a)
Vlopklle < vellogrll2, (6.16b)

Vke N

where 0 < a < 1. The above condition ensures the quadratic stability whenever the
locally Lipschitz property of the nonlinearity ¢, expressed in holds. The condition
(6.16¢|) exists to obtain the invariance property of the funnel under the presence of the
bounded disturbance wj. In the rest of this subsection, we construct a condition that
implies the stability condition . In the following corollary, we also show that the

derived LMI condition ensures the invariance property of the funnel.

Theorem 6.2. Suppose that there exists Qi € Si7,, Y} € R"X"=, 1/5 >0, A} >0, and

0 < a <1 such that \}} < o and the following matrix inequality holds for all k € Név_l:

[ aQr — A\ Qp * * * % ]
0 vl % * *
0 0 AT« « | =0 (6.17)
ApQr + ByYy VviEr Fr  Qrp *
CrQr + DLYy, 0 Gy, 0 V]Z;%I
i z4 |

Then the Lyapunov condition (6.16]) holds for the closed loop system (6.14]) with Ky =

V@

Proof. With the closed-loop system (6.14)), the condition (6.16)) holds if there exists a A}, > 0,
AP >0, and 0 < o <1 such that the following inequality holds by S-procedure [132] for all

M € R wy, € R™, §p € R

V(k+ 1, mr1) = aV (kyne) + A (V (ki) = lwell3) + A (v l|0axl13 = 16pel|3) < 0. (6.18)



116

This is equivalent to

.
Al B, Fk] Q,;il[A;l By Fk}

-
o | G 0 Gy v 0 o0 Gy
+AL
0 I 0 0 —I 0 I 0
aQ;l %k lel x ok

With the appropriate re-arrangement and applying Schur complement, we obtain

H; * * * *
0 )\gl * * *
0 0 AT * * =0
Qfl Acl Q*l E Qfl F Q*l %
k+14%k k+1-k k+14k k+1
oy 0 Gy, 0 H |

where H, ,i and H ,3 are given by

Hi =aQ;t = \PQ;
_1i

2
k

Multiplying both sides by diag{Qp, A, U, Qri1, I} yields

HE = ()1 51

aQr — A\ Q. * * * *
0 I/ZI * * *
0 0 AT % * =0,
AZQy, ViEL Fp Qry1 *
CeQy 0 G, 0 Uﬁ%[ |
where 1! = (AP)~1. Finally, expanding A{ and C¢' completes the proof. O

Corollary 6.3. The condition (6.17) in Theorem 1 implies the following invariance
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condition for all k € Névfl:

V(k+1,me41) <1, (6.19a)
YV (k) <1, (6.19b)
Vl[opkllz < villogrll2, (6.19¢)
Vl[wll2 < 1. (6.19d)

Proof. Observe that (6.18)) can be equivalently written as
V(k+ L) =+ (= AP) (L= V(k, ) + A (1= [[wgll3) + X (vil18ax 3 — [[6pkll3) < 0.

This implies V(k + 1,7;11) < a with (6.19b)-(6.19d)) since 0 < A}’ < a and )\2 > 0. This is
sufficient for the invariance condition (6.19) since o < 1. O]

Notice that the matrix inequality (6.17)) is a LMI once o and A} are fixed.

Computing the funnel via SDP

The goal of computing the CIF is to bound the effects of disturbances going forward in time

by minimizing the size of the funnel while satisfying the invariance and the feasibility of the
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boundary conditions. To this end, the funnel computation is posed as the following SDP:

N N—-1 N-1
minimize  wg Z,ug +wi Z i 4 Z Jer £ (Qrs Y) (6.20a)
Q@ kN k=0 k=0 k=0
Yk,ug,uz,vke./\/’év71
subject to Qg < @I, Vk e N, (6.20D)
UK Y,
et TRl ok e NV, (6.20¢)
Y Qk

condition (6.17)), (6.20d)

[ T _ 2\ T 5 \2 T HT ]
(0 = (af) T)*  (ai)y Qp =0,i=1,...,my, (6.20¢)

I Qr(af)k Qv |
((b;)k - (a;);aky (a?)ngT =0,7=1,..., 1M, (6.20f)

I Yi(a} )k Qe |
Qo = Qi, QN 2 Qy, (6.20g)

where (6.20d)) is equivalent to (6.7d)) which can be derived by Schur complement with Yj =
K;Qp. The LMI constraints in (6.20€])-(6.201]) are the funnel feasibility conditions that are
equivalent to (6.10) that can be derived by Schur complement. The cost J;,; is given as

N-1
Jis = wirr S (1Qk = Qullf + 11V = Vil?)
k=0

where wy,¢ € R is a user-defined parameter, ||| is the Frobenius norm, and Yk =K ka
for all k € Név ~1. This cost, similar to the trust region penalty J;,., penalizes the difference
between the current solution {Q, Yk}i\[:—ol and the previous solution {Qk, ?k}g:_ol which is
beneficial for the better convergence performance.

The choice of parameters in the proposed method affects the performance of the control
law in . The weights wg and wg in balances the size of the state funnel &g,
and input funnel £ KuQuK] - For example, a relatively larger wg compared to wg drives the
algorithm to put more effort on minimizing the size of the state funnel over the input funnel,
and vice versa. The choices of the decay rate o and the slack variable A}’ resulted from

S-procedure in (6.18]) also affects the control performance. As the decay rate decreases,
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the controller places greater emphasis on faster convergence to the nominal trajectory due
to the condition outlined in (6.16al). Likewise, the larger A}’ places more emphasis on the
convergence to the nominal trajectory. This is attributed to the term V(k + 1,7mp41) —

aV (k,ni) in (6.19) becoming smaller (more negative) as A¥(V (k,nx) — ||wg||3) increases.

Local Lipschitz constant estimation via sampling

To compute the LMI , the Lipschitz constant 4 in should be available. We
estimate the Lipschitz constant by employing a sampling method. It is worth mentioning
that the sampling method for the estimation of the Lipschitz constant 4 brings about
an algebraic loop: to estimate the Lipschitz constant v, the funnel variables Q; and Kj
should be available, whereas the computation @ and Kj in (6.17)) requires the constant ~.
However, a well-behaved iterative scheme with the sampling method for v; can make the
funnel computation converge [97].

By sampling a set of N, pairs of state and disturbance {7}, w,‘z}i\ﬁl from the ellipsoid &g

and the set {w € R™ | ||w||2 < 1}, respectively, we compute

.
5,@:”1?’;71?”, s=1,...,N,, (6.21)
g — all

where pj and ¢j are computed by (6.13). Depending on the discretization method, only
Epi might be available instead of pg. So, it might not be possible to compute (6.21]). In

that case, we instead solve the following optimization to obtain the value 4;:
op = miniAmize |A]]2 (6.22a)
subject to njy — AR — Fhwj + Ty — f(Zg, U, 0) = EA(CEn; + Grw}), (6.22b)

where A € R™*"a. After obtaining 6; by (6.21) or (6.22), the following maximization

operation is performed to estimate the local Lipschitz constant:

Vi = maximj\i]ze 55, Vke N (6.23)
s=1 s

,,,,,

It is worth noting that the disadvantage of the illustrated sampling-based method is that

the computed v might be lower than the true level of nonlinearity. To handle this issue,
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one may able to use a probabilistic approach for overestimating the local Lipschitz constant
from samples provided in [2§].
Another way to estimate the local Lipschitz constant is to use the optimization-based

approach provided in [99, Section 6.5.1]. To illustrate, we consider

1
I} = maximize — 0} (1, wy)? (6.24a)
Nk Wk 2
subject to nlezlnk <1, (6.24b)
Jwel2 <1, (6.24c)
where
Or (e, wy) = miniAmize A2 (6.25a)

subject to Me+1 — Azlnk — Frywg + Zi41 — f(i’k, Uk, 0) = EA(CEIT]k + kak).
(6.25b)

The inner optimization (6.25) aims to find the smallest matrix A in terms of the matrix
2-norm for the given 7y, wy, and the outer optimization (6.24) finds the values of g, wy
that maximize ¢;. After solving these optimization problems for each k, the local Lipschitz

constant can be obtained by computing

Yk = \/QFZ.
To make the outer optimization computationally tractable, one could potentially utilize
an analytic upper bound for the problem’s optimal value. The constraint (6.25b|) can be
rewritten as
y(k, wi) = EA(CH i + Grwg), (6.26a)

= | E(e] (Cg'ni + Grwy)) - E(e;q(cglnk+akwk))]&k, (6.26b)

=H (nx,wi)
where y(ny, wg) = Nk+1— AL, — Fywg+Z g1 — f (Tk, g, 0) and Ay € R™M is a concatenated

vector that stacks the columns of Ayg. Then, consider the following optimization:

O (s, wy) = minimize |AL]l2  subject to y(nk,wx) = H(ng, wi)Ay. (6.27)
k
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Since (6.27) is a minimum-norm least squares problem, the solution is ﬁk =
HT(ng, wi)y(ne, wr) [20] where HT represents the peusoinverse of matrix H. The optimal
value 0 of is the upper bound of the inner optimization as [|[Allz < ||AllF =
|Agll2 where ||| is the Frobenius norm. Then, the outer optimization can be

transformed into

« N |
I’y = maximize 51/(%,wk)THT(le,wk)THT(ﬁk,wk)y(nk, W) (6.28a)
ko Wk
subject to nnglnk <1, (6.28b)
|wel2 <1, (6.28¢)

More details in the derivation and the computation results can be found in [99, Section

6.5.1].

6.2.83 Algorithm details and summary

To start the algorithm, we need to generate an initial guess hat is used as a reference
trajectory for the first iteration. It is worth noting that the initial guess does not need to be
feasible to constraints for the proposed method. The first way is to employ a straight-linear
interpolation [77] for the initial nominal trajectory {zj}Y_, {uk},]qv:])l. Then the feedback
gain {K k}g:_ol can be obtained by solving a discrete-time linear quadratic regulator problem
with a linearized model of evaluated around the nominal trajectory. The initial guess
for the ellipsoid variable {Qk}i\;o can then be set to a diagonal matrix having user-defined
diameters. The second way to generate the initial guess is to use the separate synthesis;
the nominal trajectory is generated by the SCP algorithm without considering the funnel.
This provides the dynamically-feasible trajectory that can be used as the initial guess of
the nominal trajectory {zj} ,, {ur}r -, for the proposed method. Then, the feedback
gain {K k}ch:_Ol and the ellipsoid variable {Qx}2_, can be obtained via solving with
wyp = 0 while ignoring the funnel feasibility. The second way is more systematical since it
exploits the result of the separate synthesis and hence gives a better initial guess compared

to the solution computed by the straight-line interpolation in the first way.



122

To set the stopping criteria, we define Ayc, Agyn, Ar and A as

N—-1 N—-1
Aye = v l1, Agyn = Z I.f (th, Th, Uk, 0) — Tpgr || 2,
k=0 k=0
N—-1
Ar =y = anl3+ > ok — &ll3 + [luk — a3,
k=0
N-—1
Ap =1Qn — QnlF + Y I1Qk — Qull3 + Ve — Vll3-
k=0

Then the stopping criteria is given as the following logical statement:

(Ave < A A (Dggn < ALY A (Ar < A A (A < AR, (6.29)

where Af)"cl,Afi‘;ln,Agﬁ’l and Aﬁ?l are user-defined tolerance parameters. The proposed

algorithm is summarized in Algorithm

Algorithm 3 Joint synthesis
Input: (g, Qr, Ki)

fori=1... Nyu: do

optimize Ty, ux by

estimate -y via or

optimize Q, Kj by

if is True then

break

end if

update (Zx, @k Q. Ki) (T, U, Qr, K
end for

Output: (Zy, Uy, Qk, Ki)

While the convergence guarantee of the proposed method has not been a focus of this
paper, one can construct a safety alternative that is assured not to diverge by modifying
the proposed algorithm with results from [25, O7]. Instead of updating the trajectory

and the funnel sequentially in each iteration, the safety approach performs updating only
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the trajectory with a fixed funnel until convergence of the nominal trajectory is achieved.
This part of the process, being solely trajectory optimization, benefits from the established
convergence results in [25]. The subsequent phase involves computing the Lipschitz constant
and updating the funnel with the computed nominal trajectory, with convergence analysis
from [97, Theorem 6.12]. Since each phase of the safety approach has a guaranteed

convergence, it prevents the overall solution from diverging.

6.3 Numerical simulation

In this section, we validate the proposed method via two robotic applications with a unicycle
model and a 6-DoF free-flying spacecraft. For both examples, we used an Apple MacBook
Pro having M1 Pro with 8-core CPU.

6.3.1 Unicycle model

We consider the motion of a unicycle-type model under different disturbance conditions,

represented by w; and ws

i Ty ] [ Uy cos 0 + 0.1wy ry (uy + 0.1wy) cos O
Model I: | 7, | = | wuysinf+ 01wy |, ModelIl: | v, | = (u,+0.1w;)sin6 |,
i 0 i i Uug 0 ug + 0.1wo
(6.30a)
[ Ty ] [ Uy cos(6 + 0.03wy)
Model III: | 7, | = | u,sin(f + 0.03wy) | (6.30b)
0| | up+0.05wy

where r;, ry, and 6 are x-axis position, y-axis position, are heading angle, respectively,
and u, € R is velocity and ug € R is angular velocity. The scalars w; and wsy represent
disturbances or model mismatch. Model I depicts direct disturbances on the translational
motion, Model II introduces disturbances affecting both the velocity and rotational control
inputs, and Model III captures disturbances influencing the orientation and the rotation
control. These models are considered to have a comprehensive understanding of how the

system behaves according to different types of the disturbances. It is worth noting that in
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Model IT and Model III, the disturbances introduce additional nonlinearities to the system,
while in Model I, they appear as linear additive terms.

For all unicycle models, we consider N = 30 nodes evenly distributed over a time horizon
of 10 si.e., tg = 0 and ¢ty = 10. The continuous-time model is discretized by following
a variational approach [36, Chap. 10.4] to obtain the matrices A, By, Fx. The initial
boundary set X and the final boundary set Xy in have the following parameters:
zo = [0,0,0]", Q; = Q; = diag([0.2% (m), 0.2 (m), 10% (deg)]"), and x; = [8,4,0]". There
are multiple circular obstacles the unicycle robot should avoid, which leads to nonconvex
constraints on the state represented in set X'. All obstacles have a diameter of 1.0m, and
their center positions are illustrated in Figure [6.3] The input constraints for the set U/ are
given as: 0 < u, < 1.5 and |ug| < 1.0 (rad). The cost function for the trajectory J; is a
quadratic function of the input given by u?2 + ug. Both weight parameters wg, wg in
are chosen as 1. The decay rate « is set as 0.99 and the parameter A}’ is set as 0.2 for all
k. The tolerance parameters A%, Afi‘;ln, ALl and A% are all 1078, The number of samples
N, used for the Lipschitz constant 7 estimation is set as 100, for each k, so a total of 3,000
samples are used for each iteration. We use an interior-point method solver, Clarabel, for
both the trajectory update and the funnel update , using CVXPY in Python.

To test the invariance and the feasibility properties, we sample 100 points at the surface
of the ellipse &g, at k = 0, and then generate the corresponding 100 trajectories with the
nonlinear dynamics and the control law under the presence of the disturbances. In
this generation process, we randomly set the disturbance w = (w1, ws) such that ||w|2 =1
and keep them constant during the entire horizon for each sample. Note that making
the disturbance constant during the entire horizon increases the impact of the disturbance
compared to varying the disturbance randomly for each interval. The computed nominal
trajectory and the CIF for all unicycle models are depicted in Figure and the
input results are given in Figure The test results of the invariance property for the

trajectory samples is given in Figure where the radius r,? is defined as
= (o) — 3) ' Qp (af — Zn) (6.31)

for each sample s and time k. The result shows that the nominal trajectory and the CIF
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Figure 6.3: Nominal trajectories and synthesized funnels (projected on position

coordinates) of Model I (top-left), Model II (top-right), and Model III (bottom). Each
figure shows the nominal trajectory (orange line), the projection of the state ellipsoid in
the funnel (blue ellipse), and the approximated funnel generated with the linear closed-loop

system (brown ellipse).
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satisfy the invariance and feasibility conditions. For the initial guess, we employ the first
method illustrated in Sec. [6.2.3] using the straight-linear interpolation. The convergence
performance in Figure 6.5 shows that the proposed approach makes the trajectory and the
CIF satisfy the tolerances as the iteration count increases. Table[6.1]summarizes the average
computational time of each subproblem within the iterations.

To obtain a baseline solution to compare against, we compute an approximate funnel that
is generated with the linear closed-loop system where the higher-order terms are ignored,
that can be established by setting E, = 0 and v = 0 in , as considered in [87, [7§].
It is worth noting that the approximate funnel, which is used for the comparison with the
proposed method, can yield more optimal solutions compared to [87, [78] under the linear
approximation. This is because the approximate funnel is computed by simultaneously
optimizing the linear feedback gains and the invariant set parameters as decision variables,
whereas [87] determines the invariant set variables by the uncertainty forward equation
and [78] sets the feedback gains by solving a discrete-time linear quadratic regulator
problem. The approximate nominal trajectory and funnel are depicted in Figure [6.3] and
the invariance test r,? <1lin with the trajectory samples is given in Figure We
can see that the value of r,? for the approximate funnel is greater than 1 especially for
Model III since the bounded disturbances contribute the nonlinearity of the system. This
violation shows that the approximate CIF does not necessarily guarantee the invariance
property for the original nonlinear system, which can result in safety issues for safety-
critical nonlinear systems. As the contribution of higher order terms increase, e.g., for large

Lipshitz constants, these violations can become more pronounced.
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Table 6.1: Average computational time (s) for each iteration

Subproblem Trajectory update Estimate v, Funnel update

Model I 0.026 0.863 0.577
Model II 0.026 0.895 0.691
Model II 0.025 0.904 0.880
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Figure 6.4: Nominal trajectories and synthesized input funnels (projected on each input
coordinate) of Model I (left), Model II (middle), and Model III (right). The zeroth-order

hold on the input is used to generate the nominal trajectory.
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Figure 6.6: Invariance property tests for Model I (left), Model II (middle), and Model 11
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Figure 6.5: Convergence performance of the proposed method for the unicycle models.
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6.3.2 6-DoF free-flying spacecraft

We consider the following 6-DoF free-flying spacecraft dynamics [77, [69] under the presence

of disturbances:

T = v, (6.32a)
vr = m~ YTt + Brwr), (6.32b)

d = R(®)wg, (6.32¢)
wp = J N Mp + Bywir — wi x Jwg). (6.32d)

The state of the system consists of the inertial position r7 € R3, the inertial velocity
vz € R3, the ZYX Euler angles ® € R3, and the body angular velocity wg € R3. The control
input consists of the inertial thrust 77 € R? and the body torque Mg € R3. The constant
m € R is the mass, matrix J € R3*3 is the inertia matrix, and R maps the Euler angles to
the rotation matrix

1 singtanf cos¢tanf

R(®)= 1|0 cos ¢ —sing ;

0 singsecf cos¢psech
with ® = [¢,0,7]". For the mass and inertia matrix parameters, we choose m = 7.2 (kg)
and J = 0.1083/3x3 (kgm?) where I3x3 is the 3 by 3 identity matrix. The vector wr € R?
and wy; € R3 affect the system as disturbances by acting on the control inputs 77 and Mg
with coefficients fr = 1073 and Sy = 1076, Further details about the free-flying system
dynamics can be found in [77].

For the free-flying spacecraft example, we consider N = 15 nodes evenly distributed over

a time horizon of 200 s. The initial boundary set Xy and the final boundary set Xy in

have the following parameters:
20 = [rg ,vg , ®g,wg ] 50 = [0,0,3] T (m), 0o = [0,0,0]T (m/s), By = [~30,25,5] (deg),
wop = [O,O,O]T(deg/s),xf = [r}r,v;, @},w}r]T,rf = [3,3,0]T(m),vf =0 =wy= [O,O,O]T,
Qi =Qy
— diag ([0.22, 0.22,0.22,0.022,0.022,0.022, (5°)2, (5°)2, (5°)%, (0.1°)2, (0.1°)2, (0.1°)2D .
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As state constraints for the set X, there are two cylindrical obstacles to avoid, and all
obstacles have a diameter of 0.8m, and their center positions are illustrated in Figure [6.7]
In addition, we have constraints on the velocity and the angular velocity that are |jvz||2 < 0.4
(m/s) and |lwgl|l2 < 1 (deg). The input constraints for the set U are given as: ||Tz||2 < 10
(mN) and || M3gl]2 < 50 (uNm). The decay rate o is set as 0.99 and the parameter A}! is set as

tol Atol Aggl and

0.1 for all k. Similar to the unicycle examples, the tolerance parameters A;2, dyn>

A%Ol are all 1078, The number of samples N, used for the Lipschitz constant 7; estimation
is set as 256 for each k. We provide the initial guess using the second method illustrated in
Sec. that uses the result of the separate synthesis, and these used initial trajectory and
funnel are illustrated in Figure Starting from the initial guess, the proposed algorithm
converges at 6 iterations. We use Clarabel for the trajectory update and MOSEK
for the funnel update , using CVXPY in Python3. Mosek’s solve time is observed to
scale better than Clarabel’s for large problem sizes. So, for the free-flyer system, we have
used Mosek for the funnel update. The average computational time (s) of the trajectory
update, the estimation of %, and the funnel update at each iteration are 0.024, 2.698, and
10.072, respectively.

The results of the synthesized trajectory and funnel projected on position coordinates
are illustrated in Figure It is clear that the resulting funnel is feasible to the obstacle
avoidance constraints although the initial guess has infeasible trajectory and funnel. Similar
to the test performed for the unicycle models, to test the invariance of the synthesized
trajectory and funnel, we sample 300 at the surface of the initial funnel £p, and generate the
corresponding 300 trajectories by propagating the system dynamics with the control
law consisting of the open-loop input in the nominal trajectory and the feedback
control from the funnel. For each sample, we randomly set the disturbance w = [w;, wL]T
such that ||w|2 = 1. The input results of the nominal trajectory and the samples are
illustrated in Figure We can see that the input history of the samples remain feasible
within the given input constraints. Finally, we obtain the values of r,? by computing
for each trajectory sample, illustrated in Figure The result shows that r,? for each
sample and for all time k£ maintain less than 1 and hence the trajectory samples remain

inside the funnel.
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and 7,7,7, positions (right), respectively, for the free-flying spacecraft.
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samples

Figure 6.9: Invariance property tests for trajectory samples of the free-flying spacecraft.

6.4 Conclusions

This paper introduces a method for joint trajectory optimization and funnel synthesis
for locally Lipschitz nonlinear systems under the presence of disturbances. The proposed
method has a recursive approach in which both nominal trajectory and funnel are iteratively
updated. The trajectory update step optimizes the nominal trajectory to satisfy the
feasibility of the funnel. Then, the funnel update step solves an SDP to guarantee the
invariance property of the funnel. The numerical evaluation for a unicycle model and a
6-DoF free-flying spacecraft shows that the converged trajectory and funnel satisfy the

invariance and feasibility properties under the disturbances.
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Chapter 7
JOINT SYNTHESIS VIA SUCCESSIVE CONVEXIFICATION

This chapter extends the joint synthesis framework by employing a penalized trust region
(PTR) variant of the successive convexification method, which is aligned with the prox-linear
optimization structure. This ensures convergence guarantees and handles nonconvexities in
a principled way.

Chapter-specific notation. This chapter uses the same notation as that of Chapter

7.1 Continuous-time joint synthesis problem

7.1.1 Nonlinear systems

Consider the following continuous-time nonlinear systems:

&(t) = f(t,2(t),u(t), € [to, L], (7.1)

where z(t) € R™ is the state and u(t) € R™ is the control input, and f : [tg,tf] x R™* X
R™ — R™ is assumed to be continuously twice differentiable with respect to its second and
third arguments. The time instances to and ¢y are the initial and final time, respectively,
such that tg <ty < co. They are assumed to be fixed through this section.

The nominal trajectory, denoted by {Z(t), u(t) }if:t ,» Or more compactly (Z, ), is assumed

to be dynamically feasible; that is, it satisfies

#(t) = £(t,5,0). (7.2)

With the nominal trajectory, the original nonlinear system dynamics ([7.1)) can be expressed
as the following linear fractional form:

x(t) = A(t, 2(t))x(t) + B(t, 2(2) ju(t) + Ep(t), (7.3a)

p(t) = o(t,q(1)), (7.3b)

q(t) = Cz(t) + Du(t), (7.3c)
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where z(t) € R" T denotes the concatenation of the nominal state and input, i.e., T and ,
z=[z",u"]". The matrix-valued functions A and B are the Jacobian matrices evaluated

at the nominal trajectory given by

_of
Oz

_of

At 2(1) -5

, B(t,z(t))
z=%(t)

2=2(t)

The vector p(t) € R"™ represents the remainder term arising from the linearization. The
selector matrix F, composed of zeros and ones, is introduced to account for the fact that
some components of the state dynamics may already be linear. The function ¢ : [to,tf] X
R™ — R" captures all nonlinearities in this system, with its argument given by the vector
q(t) € R™. The argument ¢ is constructed to be linear in the state and input, using the
selector matrices C' € R"2*™ and D € R"™a* ",

For the pair (¢,p), we assume that they can be decomposed as follows:

Pny G,
where ng € Ry represents the number of nonlinearity channels, and each p; € R"i and
q; € R™: corresponds to the output and input of ¢-th nonlinear channel, respectively. For
each channel i € Zj , ,]» We assume the existence of a nonnegative scalar-valued function

i : [to, tg] = R4 such that, for any compact set 2 C R", the following inequality holds:
1pi(t) = D)2 < %(O)llai(t) — @(®)ll2s  Va,q € Q,

where p;(t) = ¢(t,q;(t)). Further details on the construction of such nonlinearity channels

can be found in [99).

7.1.2  Incremental form of dynamics and funnels

To derive an incremental system dynamics that represents the system behavior with respect

to the nominal trajectory, we define deviation variables:
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With the deviation variables, the incremental system dynamics is given by
n(t) = A(t, z(8))n(t) + B(t, 2(t))§(t) + Edp(t), (7.4a)
dq(t) = Cn(t) + DE(). (7.4b)

Consider a scalar-valued Lyapunov function V' : [tg,tf] x R"* — R, defined by

V(tn(t)) = n(t) Q)" n(t),

where @ : [to,tf] — S!”, is piecewise continuous and continuously differentiable. A state

funnel is defined as the sub-level set of V:

Ex(t) = {n | n() Q) 'n(t) < 1}.

For incremental system dynamics ([7.4), we employ the linear feedback control n(t) =
K(t)&(t) where K : [to,tf] — R™*™ is the piecewise continuous feedback gain.

7.1.83 Funnel’s invariance by Lyapunov condition and DMI

To ensure the invariance of the funnel, we use the Lyapunov condition

V(t,n(t)) < —aV(t,n(t), t€ to,ts], (7.5)

where a € R4 is the decay rate. It is worth noting that setting o = 0 is still sufficient for
the invariance of the funnel.
Now we derive a differential matrix inequality (DMI) implying the Lyapunov condition

(7.5). The DMI is given by

H(t) - Q(t) * *
No(t)ET —Na(t) * =<0, (7.6)
CQt)+DY({) 0  —Ni(t)

where the matrix block H; is defined by:

Hy(t) = A(t, 2(1)Q(t) + Q1) A(L 2(t)) ' + B(t, 2(1))Y (t) + Y (1) ' B(t, 2(t)) | + aQ(t),
(7.7)

where the change of variable Y (t) = K (¢)Q(t) is applied.



136

Remark 7.1. In , the nominal trajectory Z was assumed to be fized, which allowed the
DMI to be linear in decision variables. However, in the joint synthesis formulation,
Z is no longer predefined but is instead treated as a decision variable to be optimized. As a
consequence, the DMI becomes nonlinear, since the system matrices A and B now depend

on Z in a non-affine manner when the system is not linear.

7.1.4 Funnel constraints

We consider the following state and input constraint sets:
X = hix) <0}, U= ({u] (@) u<bdD)} (7.8)
i=1 j=1

where h; : R"* — R is assumed to be twice continuously differentiable for all i € Zy ], and
my, My, € R4 are the number of the state and input constraint sets, respectively. The state
constraint set X is defined by general nonlinear function h; whereas the input constraint
set is defined by a finite set of linear inequalities, and thus forms a polyhedron.

The goal of imposing these constraints is to ensure that all states and inputs resulting
from the funnel remain within their respective constraint sets. This can be logically written

by the following logical statement:
If n € &(t), then Z(t) +n € X and u(t) + K(t)n €U, Vit € [to,ts].

To achieve this, we impose the following pointwise-in-time LMIs:

(7 a(z T
0 hi(z(t)?  al(z(t) T Q(t) ’ (7.9a)
| Q)al(z(1)) Q(t)
. [ 00() — () Ta()? al()TY(2) | (7.9b)
i Y (t)al(t) Q(t)

where a? : R"% — R™ is defined by
a?(a’:(t)) = Vzhi(x)
x=Z(t)
Both constraints (7.9) are nonconvex with respect to decision variables.

Now we are ready to construct the continuous-time joint synthesis problem.
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7.1.5 Problem formulation

Problem 7.2. Continuous-time joint synthesis.

Ladmn Qo) + /t:f (& (r), a(r))dr (7.10a)
s.t. (7.2), (7.6). (7-9).

Q(t) - 0, (7.10D)

(N1 (1), Na(t)) € N (1), (7.10¢)

a(ty) =xyp, Qty) 2 Qy, (7.10d)

Vit € [to, tf].

where Jg : 8", — R represents the convex funnel cost and J; : R™ x R™ — R is the convex
trajectory running cost. The vector xy € R" is the terminal state and Qy € S}", is the
terminal state funnel. The inclusion (7.10c) for the multiplier matrices can be represented

by linear equality constraints as follows:

Ni(t) = blkdiag(A] () Lng, 5 -, A, (t)In% ), (7.11a)

No(t) = blkdiag(A] ()7 (E) Iy, s - - » A%, (D7 s®In, ), (7.11b)

where )\;Y : [to,tf] = Ry are positive-valued functions as decision variables with constraints
v
Aj(t) > 0.
The constructed joint synthesis problem is nonconvez because of constraints (7.2)),(7.6),
and (7.9). Hence, in the next section, we develop a solution method based on nonconvex

optimization.
7.2 Solution method by successive convexification

Our key idea to solve the continuous-time nonconvex joint synthesis problem is to
apply continuous-time successive convexification (SCvx) [40], a variant of sequential convex
programming originally developed for solving optimal control problems. In this chapter,
we present how the joint synthesis problem can be reformulated as an equivalent optimal

control problem. We then detail the process of discretization and convexification required
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to make the problem tractable for an iterative solution method using sequential convex

programming techniques.

7.2.1 Reformulation to an optimal control problem

To reformulate the joint synthesis problem into a standard optimal control framework, we
introduce a slack variable Z : [tg,t;] — S™ that satisfies the differential linear matrix

equality constraint:
Q)= Z(1). (7.12)

This substitution allows us to explicitly treat Q(t¢) as a state variable with its own dynamics,
which is necessary to cast the problem into an optimal control problem. With this
reformulation, the original DMI constraint can be equivalently decomposed into the
funnel dynamics and the following pointwise-in-time (nonlinear) matrix inequality:

Hy(t) — Z(t) * *
Ny(t)ET —Na(t) * <0. (7.13)
CQ(t) + DY (t) 0 —Ny(t)

To simplify the analysis and facilitate optimization, we introduce vectorized variables :
Qv =vec(Q), 1y, =vec(Y), 2z, =vec(Z).

Using these, we define the augmented state and input variables as:

U
z (Y
s = eR™ a= Yl e R,
q Zv
A\

where ng = ng + n:% and ng = Ny + Ngng + n% + ng. The corresponding augmented system

dynamics are then given by:

§ = F(t,s(t),a(t)) = ft,2(t), u(®)) . (7.14)
Z(t)



139

With this reformulation, the original continuous-time joint synthesis problem ([7.10) is

equivalently cast as the following optimal control problem:

min Ji(Q(t0) + /ttf J(@(r), a(r))dr (7.15a)
st 8(t) = F(t,s(t),a(t)), (7.15b)
Li™(t,s(t),a(t)) 0, 1€ Zym,. (7.15¢)
a(ty) =xp, Qty) 2 Qp, VtE[to,ty]. (7.15d)

Here all (possibly nonconvex) matrix inequality constraints are collected into LI".

Specifically, the index sets for L%" are organized as follows:
® | € Zpm,,,): invariance condition (7.13)), where mi,, = 1,

® | € Ly +1,miny+ng): CONStraints on )\7 >0 for each [ € L1 ng)s

® | € Zpnyyyying+1,m): state constraints (7.9a)) and input constraints (7.9b) where m; =

Miny + Ng + My + My

7.2.2  Time discretization and control parameterization

We discretize the time horizon [to,?f] using a uniform time grid defined by:

k
tr :to—i-N(tf—to), k EZ[O,N], (7.16&)
Ay = Alty), (7.16b)

where N € Z, . is the number of subintervals. The symbol A serves as a placeholder for
any time-varying variable, and we denote its value at t = t; by Ay := A(ty). Each Ay is
referred to as a node point. We apply a continuous first-order hold (FOH) interpolation

over each time interval [tx, tx11] for the control inputs as follows:

a(t) = Al (Hag + AL (t)agt1,  VEE [tg, trgr), (7.17a)

lpr1 =1 t—

A (1) AL (1)

vk € Z[O,N—l}' (7.17b)

tht1 — ti oty — e
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We adopt a multiple-shooting scheme [16] to enforce the augmented dynamics (7.14)). Over

each subinterval [t tx41), the augmented state evolves according to
t

s(t) = s(t) + / F(r,s(r),a(r))dr.

173
Enforcing continuity across subintervals yields the discrete augmented dynamics constraint:

skt = s(t) + / P s(r), a(r))dr . (7.18)

tr

=Fy(tk Sk ak,ak+1)

Using this discretization and control parameterization, the original continuous-time optimal

control problem is approximated by the following discrete-time optimal control problem:

N
min Ji(Q(to)) + kZO Ju (T, U, (7.19a)
s.t. Spr1 = Fylte, sk, ag, akr1), Yk € Zoy_1), (7.19b)
Li™(ty,se,ag) 20, 1€ Ly k€ Zig nys (7.19¢)
N =z, Qty) 2 Qp, Vi€ [to,ty]. (7.19d)

Here, the continuous-time constraint satisfaction (7.15¢) is approximated via nodal
constraint enforcement ((7.19¢), meaning that the constraints are imposed only at the

discretized node points.

7.2.3 Convex Subproblem Construction in SCvz

To solve nonconvex discrete-time optimal control problem , we employ the SCvx
method. SCvx iteratively constructs and solves a sequence of convex subproblems that
locally approximate the original nonconvex problem. At each iteration, a convex subproblem
is formed around a reference solution and optimized to update the trajectory. This process
continues until convergence criteria are met. We denote the reference solution, which is
either the initial guess at the first iteration or the previous iteration’s solution, by [J where
the placeholder OJ refers to any decision variables (e.g., §g, ay).

The discrete-time augmented system dynamics is linearized around the reference

solution (§,a), resulting in the following discrete-time linear constraints:

Sk4+1 = Apsy + anak + Biakﬂ 4z, Vke€ Z[O,Nfl]a (720)
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where Ay, B}, Bi, and z; are appropriately sized matrices and vectors that can be obtained
via variational method [72].
The matrix inequality constraints (7.19¢|) are similarly linearized around the reference

solution as follows:

Ng ; Ns ;.
LG & OLI" o s Ve 0L i & a0 (e — &) <0 (7.21
(b S8, 88) + 5 (Ths S, A1) (83 i)+ e (ko Sk ak)(ai — ;) 20 (7.21)
i=0 t i=0 !

where s; and a; denote the i-th element of the augmented state and input vectors,

respectively. Assuming Lf" € S"™, the partial derivative aaLS i_n is defined as the matrix
of directional derivative of each entry of Lf” with respect to the scalar variable s;, evaluated
at the reference solution. That is,

L oL,
= : Y Z
[ Jsi :|p,q 0s; ’ P4 s [z, ]

in

. oL
and similarly for Do

The resulting convex subproblem to be solved at each SCvx iteration is formulated as:

N-1 N

min Jay + wee kzzo vkl + wer kzzo (e — 8k13 + llax — ax|3) (7.22a)

s.it. spy1 = Apsp + Bil'ag + Bagy1 + 2k + vk, Yk € Zpp n_y), (7.22Dh)
(21), 1e€Zpm, YEkeZpn, (7.22¢)
QN 2 Qy, VtEe [to,ty), (7.22d)

where Ju = Jr(Q(to)) + Z{fzo Ji(Zp, ug). Here slack variables v are introduced to softly
enforce the linearized dynamics, allowing minor violations. This improves convergence by
avoiding infeasibility possibly caused by linearization. The £;-norm penalty on vy, weighted
by wyc, promotes sparsity in constraint violations, making the solver favor feasible updates
whenever possible. The term weighted by wy, € R4y defines a trust region penalty,
which keeps the new solution close to the reference and prevents large deviations between
iterations. This subproblem is a semidefinite programming (SDP) problem and can be

solved efficiently using standard convex optimization solvers.
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7.2.4 Details in convexification

In the previous subsection, all pointwise-in-time matrix inequality constraints were
collectively represented using the unified notation Lf”. In this section, we unpack these
constraints and describe how each type is individually linearized around the reference
trajectory.

Consider the DMI for the funnel’s invariance . The nonlinearities in the
inequality arise primarily from bilinear terms such as A(t, z(¢))Q(t), B(t,z(t))Y (t), and
their transposes, as defined in the matrix H(t) (7.7). Each bilinear term can be linearized
around the reference trajectory (Z,u). The terms A(t, Z2(t))Q(t) and B(t, z(t))Y (t) can be

approximated as:

AL Z)Q() ~ AL 20)Q() + Y- T2 (1 20)Q(0) @ &)
=1 ¢
#3028 1 50 Qu) (s — ),
=1 ¢
) 0B, oo
BUt,2)QU) ~ Bl )Y (1) + 3 90 (1, (1) (1)@ — &)
=1 v
#3098 4 (0¥ () 1 — i),
=1 v

where the second-order partial derivatives of the system dynamics are defined as:
0A _ ) oA _ Py
ox; = Or;0x’ Ou;  Ou;0x’
oB 0% f oB 0% f
oxr;  Ox;0u’  Ou;  Ou;0u’
Next, consider the state and input constraints in (7.9a) and ([7.9bf), respectively. The

nonlinearities arise from terms h;(Z(t))?, Q(t)al(z(t)), and (b?(t) - a?(t)Tﬂ(t))Q. Each

term can be linearized as follows:

hi(@())? ~ hi(&(1))* + 2hi(2(1))af (2(8)) T (

=]
—~
~
S~—
IS
—~
~~
N—
Nl

2.
QU)al (7(1)) ~ QUL (1) + QN T T G0 E(D) — #(1),
((6) = aJ() Ta(t))? ~ (1) — a2(0) ()’
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This completes the convexification step required for each constraint in ([7.15)).

7.2.5 Summary of algorithm

The proposed algorithm is summarized in Algorithm The constant ¢ € Ry serves as
a stopping criteria and Np., € Ry is the maximum number of iterations. The similar
strategy for the initial guess, illustrated in Chapter [6.2.3] can be employed. Particularly,
the initial guess for the variables Z; and )\Z can be chosen arbitrarily (for example, zero),
since they appear linearly in all constraints.

One advantage of the proposed joint synthesis method over that of Chapter [f] is its
convergence guarantee. Because it employs SCvx in the prox-linear form, the joint synthesis

inherits the convergence properties illustrated in Lemma [2.4.1

Algorithm 4 Joint synthesis

Input: Initial guess on (Sg,ax)

for i =1... Ny do
Optimize s, a; by solving
Update (Sk, ax) < (sk, ax)
if 3300 (lIsk — 8k[3 + llax — &x[13) < ¢ then

break

end if

end for

Output: (sg,ar)
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7.3 Numerical simulations

The goal of this section is to demonstrate the proposed joint synthesis algorithm. Here, we

consider the following double integrator system:

T Vg
Ty Uy
T = = )
Uy Ay — CdH'UHQUx
| Uy | | Ay — cal[v|2vy i

where 7, and ry denote x and y positions, and v, and v, are the corresponding velocity
components. The control input u = (asz,ay) represents the x and y accelerations,
respectively. The constant cg represents the drag coefficients set to cq = 0.1 and v = (v, vy)
denotes the velocity vector. The terms ¢g4||v||2v; and cq|v||2vy represent aerodynamic drags
in x and y coordinates. The following constraints and associated parameters are considered

for the simulation:

lvg| < 2.0 (m/s), |az| < 2.5 m/s?,
lvy| <2.0 (m/s), |ay| <2.5 m/SQv

Q = diag(0.2%,0.22,0.1%,0.1%).

Additionally, obstacle avoidance is considered, which is illustrated Figure
The resulting state funnel projected onto x and y coordinates is given in Figure The

following trajectory and funnel cost functions are considered:

Je(Q(to)) = we - trace(Qq '), Ju(aw, ur) = [[ull3,

where wy € R is the weight on the funnel cost. The objective of the funnel is to maximize
the funnel entry and that of the trajectory is to minimize the input energy. The total time
of simulation is set to ¢y = 5 seconds, which is uniformly divided into N = 9 subintervals.
The average Mosek’s solve time per iteration 0.2 seconds.

Two results are compared: one with priority on the trajectory cost given in the top-left
(wg = 100) and one with priority on the funnel cost (wf = 10%) given in the top-right. It

can be observed that when the funnel cost is prioritized, the trajectory introduces a curve
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in its early segment to enlarge the funnel entry. In contrast, when the trajectory cost is
prioritized, the path remains nearly straight in order to minimize input energy. The state
funnel projected onto the velocity coordinates and the input funnel is given in Figure

We can observe that the generated funnels satisfy the constraint in every node point.
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Figure 7.1: State funnels projected onto the x and y plane. Top-left: result with priority
on the trajectory cost. Top-right: result with priority on the funnel cost. In top two
figures, filled ellipsoids indicate funnels at discrete node points, while unfilled ellipsoids
depict intermediate funnels between nodes. Bottom: Overlay of both computed funnels

together.
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Figure 7.2: State funnels projected onto the v, and v, coordinates. Input funnels projected

onto the a, and a, coordinates.
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Chapter 8
CONCLUDING REMARKS

This thesis investigates robust predictive control for incrementally quadratic uncertain
nonlinear systems. Two optimization-based approaches have been proposed: funnel
synthesis and joint synthesis. Funnel synthesis constructs time-varying invariant sets and
state feedback controllers around a given nominal trajectory to ensure robustness and
constraint satisfaction of the closed-loop system. The joint synthesis algorithm integrates
nominal trajectory generation and funnel computation into a unified framework, reducing
conservatism.

Chapter [3] formulates a generalized funnel synthesis problem using incremental quadratic
constraints (6QCs), enabling the treatment of broader nonlinearities such as sector-bounded
and L-smooth dynamics that extend beyond the classical Lipschitz condition. The core
of the formulation is a differential linear matrix inequality (DLMI) derived from a time-
varying Lyapunov function, resulting in a convex optimization problem over time-varying
Lyapunov matrices and state feedback gains. Chapters [4] and [5] develop solution strategies
for this problem, with a particular focus on ensuring continuous-time constraint satisfaction
(CTCS).

Three convex approaches are introduced to enforce CTCS in practice. The first
approach introduces additional intermediate constraint-checking points, allowing the DLMI
to be verified more tightly without increasing the number of decision variables. This
method requires solving only a single semidefinite program (SDP) with additional LMI
constraints, making it computationally attractive. The second approach formulates a
sequential convexification scheme using subgradient-based updates to penalize violations of
the DLMI at a finite set of sample points. While this method avoids increasing the number of
LMIs, it requires solving multiple SDPs iteratively, offering direct control over inter-sample

constraint violation. The third approach approximates the system matrices in such a way
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that the DLMI can be exactly transformed into a finite number of LMIs. This leads to a non-
iterative and checking-point-free method, but typically results in conservative funnel shapes
due to the structural approximation. Each approach offers trade-offs between computational
efficiency, accuracy, and conservatism, and their applicability may vary depending on the
system and performance requirements.

Chapter [6] and Chapter [7] propose joint synthesis algorithms that compute both the
nominal trajectory and the associated funnel in a unified optimization framework. This
joint formulation reduces the conservatism that arises in conventional funnel synthesis
approaches, where the nominal trajectory is assumed fixed and decoupled from the feedback
design. By jointly optimizing the nominal trajectory and funnel, the algorithm balances
trajectory cost and tracking performance (as reflected in the funnel size), while ensuring
robustness to uncertainties and satisfying system constraints. In particular, the method
developed in Chapter [7] employs a SCvx scheme based on the prox-linear method, thereby

inheriting its theoretical convergence guarantees.

8.1 Future Directions

8.1.1 Customized SDP solvers for funnel synthesis

While the current work demonstrates that SDP formulations for funnel synthesis are
computationally tractable, the reliance on general-purpose SDP solvers limits scalability
for large-scale or high-dimensional systems. For instance, as discussed in Chapter [d] solving
the SDP for a unicycle model with relatively small state and input dimensions takes only
about 0.2 s, whereas the same procedure for a 6-DoF quadrotor requires over 20 s. This
gap is still large even after accounting for differences in state and input dimensions as well
as the number of node points, indicating that existing SDP solvers struggle with large-
scale problems. This limitation becomes a significant barrier when applying joint synthesis
methods, which require solving SDPs iteratively, to high-dimensional systems.

Future research should focus on tailored SDP solvers that exploit problem-specific
structure such as block sparsity, low-rank matrix updates, and separability across time

discretization. Custom implementations could integrate warm-start capabilities, exploit
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parallel hardware architectures [27], and leverage interior-point [26, 52] [123] or first-order
methods [44], [70, [137] to accelerate convergence. This would enable real-time or embedded

deployment of funnel synthesis for high-frequency control loops.

8.1.2 Uncertainty quantification for multiplier matrices

For funnel computation, a valid set of multiplier matrices must be specified in order to
employ 0QCs. For instance, when Lipschitz or L-smooth conditions are
considered, the corresponding constants need to be computed. In Chapter ] these values
were either derived analytically or estimated via sampling-based approaches. However, both
approaches have limitations. The analytically derived constants are typically global values
that hold uniformly over the entire domain, which often leads to overly conservative bounds.
In contrast, sampling-based estimates can be less conservative but risk underestimation,

thereby weakening the theoretical guarantees of funnel invariance.

8.1.83 From §QC to incremental 1QC

The proposed funnel synthesis formulation laid out in Chapter [3| models the uncertainty
using dQC. One way to extend the types of uncertainty the formulation can consider is
to extend JQC to incremental integral quadratic constraints (JIQC). Importantly, every
uncertainty or nonlinearity that satisfies a §QC also satisfies a dIQC, but the converse does
not hold. Thus, the d1QC framework is strictly more general and can capture a wider range
of dynamics and interconnection structures.

A major challenge, however, is that the Lyapunov condition derived for §QC-
based analysis no longer applies in the JIQC setting. To leverage the expressive power
of 6IQCs, new Lyapunov-type or dissipation-based conditions [I33] must be developed to
certify invariance. Future research should therefore focus on deriving such conditions and

associated differential matrix inequality.
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Appendix A
ADDITIONAL LEMMAS AND PROOFS

Lemma A.l. Let &, = {n € R™ | n'Q~'n < 1} with Q € S'*., and consider K € R"*"=.
Define

& = {(KQK™)"2y | llyll2 <1}.
Then the condition n € &, is equivalent to Kn € &E.

Proof. We can equivalently re-write &, as
& ={Q"?= | ||zl < 13,
since @ is PD, so invertible. So applying K to it gives a condition
Kz e {KQ"?y||lyl2 < 1}.

Take the full singular value decomposition of KQ'/2? as KQV/2 = ULV " where U and V
are orthogonal and ¥ is diagonal. Note that KQK ' = UX?U", so (KQKT)l/2 =UxU".
We have

{KQ 2y [yl < 1} ={U=V Ty | lyll2 < 1},
= {UEZ ‘ HZHQ < 1}7

= {(KQK )" ?y|llyll2 < 1},

where we used that VTand U' are orthogonal and invertible, so they preserve the unit

ball. O
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