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Mehran Mesbahi

Maryam Fazel

Program Authorized to Offer Degree:
William E. Boeing Department of Aeronautics & Astronautics



University of Washington

Abstract

Robust Predictive Control for Uncertain Nonlinear Systems via Funnel Synthesis

Taewan Kim

Chair of the Supervisory Committee:
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William E. Boeing Department of Aeronautics & Astronautics

This thesis studies robust predictive control for uncertain nonlinear systems, with an

emphasis on constrained control synthesis through convex optimization-based approaches.

Ensuring constraint satisfaction and robustness under disturbances and model uncertainty

is a central challenge in the design of control systems for safety-critical applications. The

control framework consists of two modules: a trajectory generation module that computes

a nominal state and an open-loop input, and a state feedback module that compensates

for deviations from the nominal. The combined input is applied to the system to ensure

robustness and constraint satisfaction. This thesis develops novel methods and theoretical

results that enable the design of such systems under broader classes of nonlinearities and

uncertainties, while improving computational efficiency and enhancing the accuracy of

constraint satisfaction.

A central element is funnel synthesis, in which time-varying invariant funnels and

associated feedback controllers are synthesized around nominal trajectories. New

formulations are introduced using time-varying incremental quadratic constraints, enabling

the handling of nonlinearities beyond Lipschitz continuity. The funnel invariance condition

is derived via a differential linear matrix inequality using Lyapunov theory. To solve the

continuous-time funnel synthesis problem, an optimal control framework supporting higher-

order funnel representations is proposed.

Three convex approaches are developed to address continuous-time constraint



satisfaction (CTCS) for funnel synthesis. The first introduces intermediate constraint-

checking points without increasing the number of decision variables. The second

reformulates continuous-time linear matrix inequalities as nodal constraints via an exterior

penalty on constraint violations, evaluated at discrete time points and solved using a

subgradient-based successive convexification algorithm. The third approach, based on a

matrix copositivity condition, achieves CTCS without additional intermediate checking

points or constraint reformulation, offering a structured but conservative alternative.

Finally, joint synthesis algorithms are proposed to compute both the nominal trajectory

and the associated funnel within a unified framework, reducing the conservatism that arises

when they are optimized separately. The proposed methods are demonstrated on systems

including a unicycle, a 6-degree-of-freedom (6-DoF) free-flyer, a 6-DoF quadrotor, and a

powered descent guidance scenario for a 6-DoF rocket.
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Chapter 1

INTRODUCTION

This thesis studies optimization-based constrained robust predictive control for uncertain

nonlinear systems. The control of nonlinear systems under uncertainty has long been a

fundamental challenge in systems and control engineering. Uncertain systems are those

whose exact behavior cannot be fully characterized, often due to unknown parameters,

external disturbances, or incomplete models. Robust control seeks to guarantee stability

and safety despite such uncertainties. A control method is considered to be predictive if

it uses a model of the system to simulate or forecast future behavior, allowing current

control actions to be determined based on predicted future outputs. Constrained control

addresses the need to respect physical, safety, or operational limits on system states and

inputs, which is essential in practical applications. By integrating these aspects, this thesis

develops an optimization-based control framework in which control laws are obtained by

solving optimization problems.

The control framework employed in this research is illustrated in Figure 1.1. The pair

(x̄, ū) denotes the nominal trajectory, consisting of an open-loop state x̄ and input ū,

generated by a trajectory optimization module. The feedback control input, denoted by

ufb, is a function of the current system state x and the nominal state x̄, and is designed

to compensate for deviations caused by uncertainties and disturbances. The operator ∆

represents an uncertainty mapping that receives an input signal q from the system and

produces an output p, which perturbs the system dynamics and captures unmodeled effects.

The external disturbance is denoted by w. This control architecture is referred to as

predictive compensation.

This thesis focuses on two modules within the proposed architecture: trajectory

optimization and state feedback control. The trajectory optimization, which is a subclass of

trajectory generation or motion planning, aims to generate a nominal trajectory by solving
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System
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Figure 1.1: The control architecture employed in this thesis.

a constrained optimization problem. The key properties the nominal trajectory should have

are its ability to satisfy mission constraints and optimize key objectives such as minimizing

time or fuel consumption. To consider a wide range of constraints and objectives, numerous

studies have investigated various modeling, formulation, and solution approaches [72, 77].

The generated nominal trajectory alone is not sufficient to control systems subject to

disturbances or uncertainties. This is because disturbances and uncertainties can easily

cause the system to deviate from the nominal trajectory, and an open-loop control alone

is not able to bring the system back. In this context, feedback control plays a critical role

in compensating for these deviations. With feedback, the closed-loop system can achieve

robustness to disturbances and uncertainties.

While feedback control enhances robustness, imposing constraints on the feedback

control is not straightforward. In trajectory optimization, constraints are imposed directly

on a single nominal trajectory, making enforcement conceptually simple. However, feedback

control governs an entire set of possible trajectories that may arise from different initial

conditions and disturbances. As a result, enforcing constraints under feedback requires
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Figure 1.2: Funnel synthesis: a procedure for computing both the funnel and the associated

feedback control. Figure adapted from [76].

ensuring that all possible closed-loop trajectories remain within the allowable bounds.

One possible approach to remedy this issue is to compute a funnel, which represents

an invariant set of the closed-loop system, and impose constraints on this funnel. By

doing so, it becomes possible to ensure constraint satisfaction for all possible trajectories

resulting from the feedback control policy. Motivated by this, this thesis primarily studies

funnel synthesis that refers to a procedure for computing both controlled invariant funnels

and associated feedback control [97]. Then, the computed funnels serve as a certificate

that, for any state within them, there exists a control signal, provided by the associated

controller, that ensures constraint satisfaction, and consequently, the system’s safety, under

the presence of disturbances. An illustration of funnels is given in Figure 1.2.

The computed funnels and associated controllers can be used for various purposes. First,

they enable constrained robust control for uncertain systems, as they guarantee the closed-

loop system’s constraint satisfaction under the presence of uncertainties [4]. Second, the

funnels can be used to generate feasible trajectories [97] by numerically integrating the
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system dynamics with the synthesized controller. This eliminates the need to repeatedly

solve the trajectory optimization problem when problem data, such as the initial condition,

changes. This can address a common limitation of many nonconvex trajectory optimization

methods, which often lack guarantees that the converged solution satisfies constraints [77].

Furthermore, the computed funnels can be used to ensure recursive feasibility of model

predictive control (MPC) for nominal trajectory tracking. By enforcing a terminal constraint

that requires the predicted final state to lie within the funnel, the method provides a

natural mechanism to maintain feasibility across MPC iterations. In addition, the computed

funnels can be used for feasible-trajectory data generation, which is useful for training neural

network controllers under safety constraints [58].

Due to these benefits of funnels, the problem of computing funnels has been actively

studied in both the control [4, 83] and robotics [24, 74] communities. Despite this progress,

several key challenges remain. First, extending funnel synthesis to broader classes of

nonlinear systems requires going beyond linear or polynomial dynamics by exploiting

structural properties of nonlinearities. Second, ensuring invariance, which is typically

derived through Lyapunov methods [30], Hamilton-Jacobi (HJ) reachability analysis [13],

or direct uncertainty propagation [112], is often computationally expensive, particularly for

high-dimensional or nonlinear systems. Third, achieving constraint satisfaction for all states

and inputs within the associated state and input funnels is nontrivial and is often handled

indirectly by adjusting the nominal trajectory, rather than explicitly enforcing constraints

on the funnel itself. Finally, because funnels are inherently time-varying, they are commonly

represented using basis function approximations, such as zero-order hold or first-order hold

interpolations, which can limit expressiveness.

The design of funnels for uncertain systems traditionally follows a two-step (or separate)

scheme; initially, nominal trajectory planning [18, 77] is performed to compute the open-

loop control and the corresponding state trajectory, followed by the synthesis of the feedback

control and the associated funnel [22, 74] based on the analysis of the perturbed system

around the nominal trajectory. In aerospace applications, the former is often termed as

guidance and the latter is referred to as control. However, such a two step scheme has a

potential drawback; the resulting control law, consisting of both the open-loop and closed-
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loop control, may be overly conservative. This conservatism stems from the lack of joint

consideration of the open-loop and closed-loop control computations for given constraints

such as actuator limits and obstacles.

This thesis aims to address the aforementioned challenges in funnel computation. The

summary of the problem and the approach taken in each chapter is as follows. Chapter 3

formulates a continuous-time constrained funnel synthesis problem for uncertain nonlinear

systems. The formulation considers uncertain nonlinear systems subject to external

bounded disturbances, where uncertainties and nonlinearities satisfy incremental quadratic

constraints (δQCs) [6, 33, 127]. The expression with δQC can characterize a broader

class of uncertainties/nonlinearities, including Lipschitz, L-smooth, and sector-bounded

nonlinearities. The state funnels are defined as time-varying ellipsoidal sets around a

nominal trajectory, described by a quadratic Lyapunov function with a positive definite

(PD) matrix-valued function, as decision variables. Alongside the nominal input, a linear

time-varying (LTV) feedback controller is applied, with the LTV gain matrices serving as

other decision variables. Funnel invariance is ensured by Lyapunov theory, resulting in a

differential linear matrix inequality (DLMI). To ensure constraint satisfaction, all states and

inputs within the funnel must satisfy state and input constraints. When these constraints are

linear or locally linearized around the nominal trajectory, they can be encoded as pointwise-

in-time LMIs. The resulting funnel synthesis problem, involving a DLMI for invariance and

pointwise in time LMIs for state and input constraints, is an infinite-dimensional problem

due to the time-varying nature of the decision variables.

Chapter 4 develops a solution method for the continuous-time funnel synthesis problem

formulated in Chapter 3. To make the problem tractable, the DLMI is reformulated using

a slack variable, transforming it into a differential linear matrix equality (DLME) and a

pointwise-in-time LMI. We refer to this DLME as funnel dynamics, as it behaves analogously

to system dynamics in an optimal control framework. This reformulation enables us to

cast the funnel synthesis problem into a standard form of numerical optimal control so

that we can apply numerical optimal control techniques such as multiple-shooting [16]

and control parameterization [72]. Furthermore, the proposed framework provides two

ways to aim to ensure continuous-time constraint satisfaction (CTCS). The first enforces
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pointwise-in-time LMIs at additional intermediate time points within each subinterval,

improving constraint coverage without increasing the number of decision variables. The

second approach follows a numerical optimal control technique commonly used in prior works

[40, 72] where continuous-time constraints are reformulated by integrating their violations

using an exterior penalty function. This reformulation retains convexity but results in

constraints that are not in a standard conic form. Thus, the proposed solution method

employs a successive convexification (SCvx) approach.

Chapter 5 provides a computational funnel synthesis method for nonlinear systems

under bounded disturbances over a finite-time horizon. The main contribution is proving

that the computed funnel is indeed invariant over the entire time interval. To achieve

this, we first derive an incremental dynamical system representing the behavior relative

to the given nominal trajectory, modeled as an uncertain LTV system. The key idea is

to approximate this LTV system to an uncertain linear parameter-varying (LPV) system

where the approximation error is treated as a state-, input-, and disturbance-dependent

uncertainty. This enables the derivation of a finite number of LMIs whose satisfaction

guarantees the required continuous-time DLMI for the invariance of the funnel. In this

derivation, we employ LMI conditions that ensure matrix copositivity [93]. Including linear

state and input constraints together, the funnel synthesis problem can be finally formulated

as a finite-dimensional semidefinite program (SDP). Since both the system’s nonlinearity and

LPV approximation errors are explicitly accounted for, the resulting funnel is guaranteed

to be invariant for the original nonlinear system.

Chapter 6 proposes a joint synthesis algorithm that jointly synthesizes the nominal

trajectory and the funnel ensuring robustness for nonlinear systems with locally Lipschitz

nonlinearities. The problem formulation can be viewed as a robust trajectory optimization

in which we optimize both the trajectory and the funnel that consists of the forward invariant

set and the corresponding feedback gain. The proposed method has the following steps in

each iteration: First, we update the nominal trajectory while ensuring the feasibility of

the funnel. The next step estimates local Lipschitz constants of the nonlinearity in the

system by sampling state space inside the funnel. With the trajectory computed in the first

step, the third step then constructs a semidefinite programming (SDP) problem derived
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with funnel constraints and a Lyapunov condition to ensure the invariance property of the

funnel. These steps are repeated until the convergence of both the trajectory and the funnel

synthesis. We validate the proposed method through a numerical simulation.

Chapter 7 further develops the joint synthesis framework by formulating the combined

trajectory and funnel design as an augmented optimal control problem. To solve this

nonconvex formulation, a SCvx method based on the penalized trust-region (PTR) approach

is applied, whereby each iteration solves a convex SDP.

1.1 Literature Review

1.1.1 Analysis and stabilization of uncertain nonlinear systems

The computation of the funnel proposed in this paper relies on Lyapunov theory. The

Lyapunov theory was originally developed by Russian Scientist for system analysis and

design [71]. The theory later gained widespread recognition in the Western publications,

such as an article by Kalman and Bertram [50]. The ideas in Lyapunov theory have played

a significant role in analyzing and designing control systems with uncertainty [30, 48, 54,

104, 105]. Based on Lyapunov theory, we can find an invariant set as a sublevel set of a

Lyapunov function, provided the function satisfies certain properties.

The main difficulty in applying Lyapunov theory is that one should find a Lyapunov

function satisfying certain properties to prove the stability. However, there is no general

procedure to obtain such functions for systems. One approach is to assume a specific

function based on mathematical intuition and understanding of the system, and then use

trial and error to verify whether it satisfies the given properties. Alternatively, one can derive

insight from the physics of the system, such as using the energy function as a starting point

in mechanical systems.

The proposed funnel synthesis in this thesis considers a specific class of Lyapunov

functions, namely quadratic Lyapunov functions, which are quadratic forms in the system

state variables. The quadratic Lyapunov function is motivated by the concept of quadratic

stability [29, 31, 32, 55, 68, 138]. The necessary and sufficient conditions for the quadratic

stability of uncertain systems are examined in [14]. This thesis is particularly related to the
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study of necessary and sufficient LMI conditions for the quadratic stability through the use

of multiplier matrices [5].

The funnel is defined as a time-varying set around the nominal trajectory. It is essential

to characterize the system’s behavior relative to the nominal trajectory rather than its

behavior relative to a fixed equilibrium point. Hence, this thesis is related to the concept

of incremental stability that concerns the convergence between arbitrary trajectories of

the system rather than convergence to a fixed point or nominal trajectory. The work in

[73] studied incremental stability based on the theory of contraction analysis for nonlinear

systems. The existence of an equilibrium state for autonomous systems was investigated in

[2] through the quadratic stability of the associated derivative system, which is equivalent

to the incremental quadratic stability of the original system. The paper shows that if the

derivative system is quadratically stable, then the original system has an equilibrium state

that is globally exponentially stable. The work in [9] analyzed incremental stability for

autonomous systems in the context of input-to-state stability. They showed a result on

the existence of globally attractive solutions for input-to-state systems subject to constant

or periodic inputs. Incremental quadratic stability was further investigated in [33], where

the concept of an incremental multiplier matrix is provided and used to derive necessary

and sufficient LMI conditions for the incremental stability of systems. This approach was

utilized in [6] for observer design, and further extended to the simultaneous design of both

observer and controller in [127].

The use of LMIs has gained significant attention as a systematic method for constructing

Lyapunov functions. In this approach, a Lyapunov function, typically of a specific form such

as a quadratic form, can be obtained by solving LMIs. With the development of efficient

interior-point methods [89], LMIs can now be solved in polynomial time, which has further

increased the popularity of this technique. As Stephen Boyd famously stated in [19], the

“grandfather” of this field is Lyapunov, and the “father” is Yakubovich. Many of the

early works in this area were developed based on Yakubovich’s foundational contributions

[128, 129, 130, 132]. This thesis specifically adopts LMI-based approaches incorporating

the concept of multipliers [11, 12], as well as their extension to controller synthesis [2, 3].

More recently, sums-of-squares (SOS) methods have been actively studied as a means to
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construct Lyapunov functions beyond the quadratic form [94, 122].

1.1.2 Integral quadratic constraints

Integral quadratic constraints (IQCs) provide a unified and powerful framework for

robustness analysis of systems with nonlinearities, time variations, and uncertain

parameters. Originating from the work of Yakubovich [131] and influenced by both Western

and Russian control theory traditions, IQCs generalize classical concepts such as passivity

and dissipativity [85, 86]. The primary strengths of the IQC framework are: i) its ability to

encompass classical passivity and dissipativity arguments, ii) its simplification of the use of

multipliers, which are a major hurdle in µ-analysis [37], and iii) its support for computational

tools through convex optimization using LMIs.

The integral constraints employed in the IQC framework can be interpreted in either

the frequency-domain or the time-domain. For the time-domain analysis, the work in [86]

introduces the notions of hard and soft IQCs. A hard IQC requires the integral constraint

to hold over all finite time intervals, while a soft IQC requires the integral constraint to

hold over the infinite horizon and may not hold on finite intervals. The work in [109]

unifies IQC analysis and the dissipativity theory [125, 126] by constructing a quadratic

storage function for hard-IQC multipliers and, via a strict-positivity factorization, extending

the same finite-horizon dissipation inequality to soft IQCs. Building on this approach,

[107] demonstrates that, with a suitable hard factorization of the IQC multiplier, the

finite-horizon dissipation-inequality test is exactly equivalent to the classical frequency-

domain IQC stability criterion. A comprehensive overview of the idea and examples of the

connection between the IQC framework and dissipativity theory can be found in [106] and

references therein. Additionally, in recent years the IQC framework has been extended to

exponential stability analysis [17, 47].

Among IQC-related papers, the work most closely related to the analysis and synthesis

methods developed in this thesis focuses on uncertain LTV systems [22, 107, 108, 110]. The

approach in [108] presents a computational framework for assessing finite-horizon robust

performance of uncertain LTV systems with uncertainties described by IQCs. Building upon
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this, [22] extends the results to the synthesis of robust output-feedback controllers where

Lyapunov parameters and control parameters are iteratively updated. The key distinction

with the thesis’s focus on funnel synthesis is invariant set computation, which necessitates

explicit consideration of state and input constraints. In addition, we employ state-feedback

and formulate the problem as a convex SDP where both funnel and control parameters are

computed together.

1.1.3 Trajectory optimization by sequential convex programming

Trajectory optimization methods have been developed to solve (possibly) nonconvex

trajectory generation problems, e.g., optimal control problems with nonlinear dynamics and

nonconvex constraints [72, 77]. Many different algorithms for trajectory optimization have

been developed, such as sequential convex programming (SCP) [18, 51, 60, 116], differential

dynamics programming (DDP) [62, 118, 119], and indirect methods based on Pontryagin’s

maximum principle (PMP) [56, 114]. With these developed methods, numerous studies

have applied trajectory optimization to various applications, including the control of ground

vehicles [61, 92, 134], autonomous robotic manipulation [64], and aerospace vehicles [60, 116].

This thesis is particularly related to the class of nonconvex optimization methods known

as SCP. In particular, it builds upon a variant called SCvx that has been developed primarily

for trajectory optimization of aerospace vehicles. SCvx methods solve a sequence of convex

subproblems around a nonlinear reference trajectory, incorporating mechanisms to ensure

convergence despite nonconvexity in dynamics or constraints. SCvx algorithms can be

broadly categorized into two classes based on how they manage trust regions: one enforces

an explicit constraint on the trust region radius [79, 80, 81], while the other incorporates the

radius into the cost function via a penalty term [84, 98, 117]. The latter is often referred to

as the PTR method. In recent studies [40], this PTR formulation has been shown to align

structurally with the prox-linear method [39], a general framework for solving composite

optimization problems with convergence guarantees.
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1.1.4 Controlled invariant funnel computation

The computation of funnels has been studied in both robotics and control communities.

To the best of our knowledge, the notion of the funnel was first introduced in [82] where

the term was used as a geometric metaphor to describe how mechanical interactions can

guide a range of initial states toward a desired final configuration. The Lyapunov-theoretic

interpretation where funnels represent invariant sets was later adopted in [24]. Following

this direction, a significant body of work has focused on offline synthesis of funnels as

time-varying controlled invariant sets. Recent approaches rely on sum-of-squares (SOS)

programming, where the system dynamics are approximated by polynomials, and high-

order polynomial Lyapunov functions are employed [74, 120, 121]. This direction of research

was later extended to the computation of the funnel for piecewise polynomial systems

in [49]. To improve computational efficiency, the work in [113] formulates an optimization

problem that establishes the funnel using linear programming (LP), which is significantly

less computationally demanding than SOS programming.

The concept of funnel synthesis was first introduced in [100] and later extended in [97].

They employ the quadratic Lyapunov function that is optimized by LMIs to guarantee the

invariance and the feasibility of the funnel. Although the quadratic Lyapunov function

is simpler than those considered in [74, 120, 121], the distinctive point in [97] compared

to existing studies is that they impose the constraints on the funnel for the safety of the

systems.

The existing studies in funnel synthesis can be separated into two categories depending

on whether they aim to maximize [41, 97, 121] or minimize the size of the funnel [74]. The

funnel computation inherently aims to maximize the size of the funnel to have a larger

controlled invariant set in the state space. On the other hand, when it comes to systems

under uncertainty or disturbances, the funnel has been computed in a way that minimizes

the size of the funnel to bound the effect of the uncertainty. For example, the work in

[74] minimizes the size of the funnel to prohibit collision with obstacles instead of imposing

obstacle avoidance constraints directly. However, minimizing the size of the funnel is against

the original purpose of having a large controlled invariant set in the state space. A recent
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approach in [59] aims to balance maximizing the size of the funnel and minimizing the

effect of the bounded disturbance. To this end, they exploited invariance and attractivity

conditions derived from Lyapunov theory and imposing state and input constraints directly

on the funnel.

1.1.5 Tube-based predictive control

In the control community, controlled invariant funnels, also referred to as tubes, have been

studied extensively in the context of tube-based offline finite-horizon predictive control and

online MPC. Earlier work in this area focused on linear systems subject to disturbances

and stability around an equilibrium point [65, 83, 95]. As the field evolved, approaches

have extended toward trajectory tracking for nonlinear systems [4]. In these problems, the

main solution variables include the nominal trajectory, the invariant set (funnel), and the

feedback controller, typically leading to nonconvex formulations. For tractability in MPC

settings, some of these variables are fixed in advance and assumed to be time-invariant for

simplicity. For example, a tube-based MPC scheme is developed for Lipschitz nonlinear

systems subject to bounded disturbances in [135]. With the precomputed feedback gain

and the tube set, the work optimizes the nominal trajectory online. The work in [63]

computes an incremental Lyapunov function and a corresponding feedback gain offline, and

then optimizes the nominal trajectory and the support value of the invariant set online. In

[124], they obtain both the nominal trajectory and the invariant set by solving an SDP with

the precomputed feedback gain.

The work in [42] proposes a robust tube-based MPC algorithm for obstacle avoidance.

They provide a framework that optimizes the nominal trajectory and the corresponding

funnel based on the derived ellipsoid uncertainty propagation. However, this propagation

provides only an approximate guarantee, that is, the resulting funnel might not be invariant

under the bounded disturbance. Also, they assume that the feedback controllers are pre-

computed and fixed. For further examples of obstacle avoidance using MPC, we refer

the reader to [34, 102, 111]. The most relevant results in robust MPC literature to the

proposed work appear in [87] and [78], which jointly synthesize the nominal trajectory and
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the funnel. The major difference compared to the joint synthesis method in this thesis

is that the resulting funnels in [87] and [78] are only robust for the linearized closed-loop

system (they ignored the higher-order terms due to nonlinearities).

In contrast, several offline approaches jointly optimize the nominal trajectory, the

feedback policy, and the associated funnel, leveraging this additional flexibility to improve

overall performance [57, 66, 67]. Building on the system level synthesis framework [8], the

authors of [66] formulate a method to simultaneously compute a nominal trajectory and a

time-varying linear feedback gain for linear time-varying (LTV) systems that capture the

error dynamics around the nominal trajectory. This joint formulation allows for tighter

integration between planning and control, leading to improved robustness and constraint

handling. The approach was further extended in [67] to account for parametric uncertainties

in the system dynamics.

1.2 Contributions

In this section, we highlight the key contributions of the thesis, organized by chapters.

• The funnel synthesis problem in Chapter 3 considers a broader class of nonlinear

systems by incorporating time-varying δQC. In contrast to previous works limited to

Lipschitz nonlinearities [97], the proposed work considers more general sector-bounded

nonlinearities. In particular, Chapter 3 demonstrates how L-smooth nonlinearities can

be explicitly handled within the δQC framework for reduced conservativeness.

• The proposed work derives a DLMI that implies a dissipation inequality in the

form of an input-to-state Lyapunov condition, ensuring the funnel’s invariance. This

generalizes existing LMI-based robust state-feedback synthesis methods [4] by allowing

the nonlinearity to depend explicitly on external bounded disturbances.

• Chapter 4 presents a numerical optimal control-based solution method for solving the

continuous-time funnel synthesis problem, in which the DLMI appears as one of the

constraints. Unlike existing approaches that are restricted to represent funnels using

zeroth-order hold or first-order hold interpolations, the proposed method supports
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higher-order representations, including second-order hold. Furthermore, it allows the

funnel profile to be aligned with the solution of a Lyapunov differential equation.

• The proposed solution method in Chapter 4 systematically addresses CTCS using

two convex approaches. While prior work often increases discretization nodes [74,

121], which leads to more decision variables, the first approach adds intermediate

constraint-checking points without increasing variable count. The second reformulates

the continuous-time LMI using an integral representation of constraint violation using

an exterior penalty function, leading to nondifferentiable constraints involving the

maximum eigenvalue function. To solve this, a subgradient-based SCvx method is

introduced, along with theoretical support for the existence of suitable subgradients.

• Chapter 5 proposes a funnel synthesis method that can guarantee the continuous-time

invariance of the funnel without increasing constraint-checking points or involving

subgradients. Furthermore, the method employs a matrix copositivity condition [93]

to convert the DLMI into a finite set of LMIs. Compared to existing methods [97],

this conversion is less conservative, allowing the computation of more optimal funnels

while still satisfying the original DLMI condition.

• Chapter 6 proposes a novel algorithm that jointly synthesizes the nominal

trajectory and the funnel for discrete-time nonlinear systems with locally Lipschitz

nonlinearities. By optimizing the trajectory and funnel together, the algorithm

mitigates conservatism that can arise from treating them separately. Chapter 7

extends the joint synthesis framework to continuous-time systems. It further

introduces the use of the prox-linear method [39] supported by its convergence

guarantees.
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Chapter 2

THEORETICAL BACKGROUND

The theoretical foundations of this thesis lie in quadratic stability, incremental quadratic

stability, and numerical optimal control. This chapter briefly covers the main idea of each

theory and technique. This chapter does not include any contributions of the author and

serves solely as background material. More details could be found in [5, 33, 39, 40, 72, 127]

and references therein.

2.1 Quadratic stability

Consider the following nonlinear uncertain systems described by

ẋ(t) = F (t, x(t), w(t)), (2.1)

where t ≥ 0 is the time variable, x(t) ∈ Rnx is the state, and w(t) ∈ W ⊂ Rnw is the

external inputs, such as exogenous disturbance or a reference state, where the setW ⊆ Rnw

are assumed to be compact. We assume that F : R× Rnx × Rnu → Rnx is continuous with

respect to its second and third arguments.

Definition 2.1. System in (2.1) is quadratically stable about the origin with a decay rate

α > 0 and a Lyapunov matrix P = P⊤ ≻ 0 if

x⊤PF (t, x, w) ≤ −αx⊤Px, (2.2)

for all t ≥ 0, x ∈ Rnx, and w ∈ W.

Lemma 2.2. If a system is quadratically stable, one can readily show that every trajectory

of the system (2.1) satisfies

∥x(t)∥ ≤ β∥x(t0)∥e−α(t−t0) for all t ≥ t0,

with β =
√
λmax(P )/λmin(P ) where λmin(P ) and λmax(P ) are the smallest and the

maximum eigenvalues of P , respectively.



16

Proof. Define a Lyapunov function V (x) = x⊤Px where the time argument is dropped. It

follows from (2.2) that V̇ (x) ≤ −2αV (x). This implies that V̇ (x)
V (x) ≤ −2α. By integrating

both sides from t0 to t, we obtain ln V (x(t))
V (x(t0))

≤ −2α(t− t0), which is equivalent to V (x(t)) ≤
e−2α(t−t0)V (x(t0)). This inequality leads to the following inequalities:

λmin(P )∥x(t)∥22 ≤ x⊤Px ≤ e−2α(t−t0)V (x(t0)) ≤ e−2α(t−t0)λmax(P )∥x(t0)∥22.

The desired result can be constructed with the above inequalities as follows:

∥x(t)∥2 ≤ β∥x(t0)∥e−α(t−t0).

This result implies that the system is globally uniformly exponentially stable with decay

rate α.

2.1.1 Invariance and attractivity conditions

Lemma 2.3. Suppose that there exist a decay rate α > 0 and a Lyapunov matrix P =

P⊤ ≻ 0 such that

x⊤PF (t, x, w) ≤ −αx⊤Px when x⊤Px ≥ ∥w∥22, (2.3)

for all x ∈ Rnx, w ∈ W, and t ≥ t0. Then, for every bounded disturbance signal w(·), the
ellipsoid E := {x | x⊤Px ≤ ∥w(·)∥2∞} where ∥w(·)∥∞ = ess supt≥t0∥w(t)∥2 is invariant and

attractive for the system (2.1) in the following sense.

• Invariance: The inclusion x(t0) ∈ E implies x(t) ∈ E for all t ≥ t0 where x(·) is a

solution of the system (2.1).

• Attractivity: For every solution x(·) of the system (2.1), there exists t1 ∈ [t0,∞) such

that x(t) ∈ E for all t ≥ t1.

Proof. We prove the invariance condition by contradiction. Let V be the Lyapunov function

defined as V (x) = x⊤Px. Suppose there exists a time t2 ≥ t0 such that x(t2) /∈ E . Notice

that the solution x(t) of (2.1) is continuous with the bounded disturbance signal w(·).
Therefore, V (x) is also continuous in t. By the intermediate value theorem, there exists a
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time t1 ∈ [t0, t2) such that V (x(t1)) = ∥w(·)∥2∞ and V (x(t)) > ∥w(·)∥2∞ for all t ∈ (t1, t2].

It follows from (2.3) that

d

dt
V (x(t)) ≤ −αx(t)⊤Px(t) < 0,

for all t ∈ (t1, t2]. Now, we can deduce that

V (x(t2)) = V (x(t1)) +

∫ t2

t1

d

dt
V (x(t))dt ≤ V (x(t1)) = ∥w(·)∥2∞.

This implies that x(t2) ∈ E , which contradicts our hypothesis. Hence, x(t) ∈ E for all t ≥ t0.
To show the attractivity, consider the case where the initial condition x(t0) starts in

E . In this case, by the invariant property, x(t) ∈ E for all t ≥ t0. Hence, the attractivity

condition trivially follows. Now, suppose that x(t0) /∈ E . To prove by contradiction, consider

that x(t) /∈ E for all t ≥ t0. The condition x(t) /∈ E implies that V (x(t)) > ∥w(·)∥2∞, so

V (x(t)) ≥ ∥w(t)∥22 for all t ≥ t0. By (2.3), we have V̇ (t) ≤ −αV (t) for all t ≥ t0. This

Lyapunov condition implies that V (t) ≤ V (0)e−α(t−t0). Hence, with sufficiently large t such

that t ≥ t0 + 1
α(lnV (0)− ln∥w(·)∥2∞), it follows that V (t) ≤ ∥w(·)∥2∞. This contradicts our

hypothesis that x(t) /∈ E for all t ≥ t0. Therefore, there exists t1 ≥ t0 such that x(t1) ∈ E .
Given the previously established invariance property, it follows by the same reasoning that

x(t) ∈ E for all t ≥ t1.

2.2 Incremental quadratic stability

Definition 2.4. The system (2.1) is incrementally quadratically stable (δQS) with a decay

rate α > 0 and a Lyapunov matrix P = P⊤ ≻ 0 if

(x− x̃)P [F (t, x, w)− F (t, x̃, w)] ≤ −α(x− x̃)⊤P (x− x̃), (2.4)

for all t ≥ 0, x ∈ Rn, x̃ ∈ Rn, and w ∈ W.

Lemma 2.5. Suppose that the system (2.1) is δQS with a decay rate α and a Lyapunov

matrix P = P⊤ ≻ 0. Then, if x(·) and x̃(·) are any two solutions of system, we have

∥x(t)− x̃(t)∥ ≤ β∥x(t0)− x̃(t0)∥e−α(t−t0), (2.5)

for all t ≥ t0, where β =
√
λmax(P )/λmin(P ).
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Proof. When x(·) and x̃(·) are any two solutions of system (2.1), consider a new variable

δ(t) = x(t) − x̃(t). From the inequality given in (2.4), there exists a matrix P = P⊤ ≻ 0

and a scalar α > 0 such that

δ(t)P δ̇(t) ≤ −αδ(t)Pδ(t).

This represents the quadratic stability of δ(t) given in (2.2) at the origin. This turns out

∥x(t)− x̃(t)∥ ≤ β∥x(t0)− x̃(t0)∥e−α(t−t0),

for all t ≥ t0, where β =
√
λmax(P )/λmin(P ).

2.2.1 Relationship to quadratic stability of the derivative system

Definition 2.6. A derivative system corresponding to the system described by (2.1) for

which ∂F
∂x (t, x, w) exists for all t ≥ t0, x ∈ Rnx, and w ∈ W is defined by

η̇ =
∂F

∂x
(t, ψ(t), w(t))η, (2.6)

where ψ(·) and w(·) are any continuous functions mapping [0,∞) into Rnx and W,

respectively.

Definition 2.7. The derivative system (2.6) is quadratically stable with a decay rate α > 0

and a Lyapunov matrix P = P⊤ ≻ 0 if for all t ≥ 0, w ∈ W, ψ ∈ Rnx, and η ∈ Rnx, the

following inequality holds:

η⊤P
∂F

∂x
(t, ψ, w)η ≤ −αη⊤Pη. (2.7)

Lemma 2.8. Consider the system in (2.1) and suppose F is differentiable with respect to

its second argument. Then, the system is δQS with a decay rate α and Lyapunov matrix

P = P⊤ ≻ 0 if and only if the corresponding derivative system (2.6) is quadratically stable.

Proof. We first show that if the corresponding derivative system is quadratically stable,

then the original system is incrementally quadratically stable. Suppose that the system is

described by (2.1) and its derivative system given by (2.6) is quadratically stable in the sense

of (2.7). Consider any time t ≥ 0, any disturbance w ∈ W, and any two states x, x̃ ∈ Rnx .
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It follows from mean value theorem that for any vector z ∈ Rnx , there exists ψ̂ ∈ Rnx such

that

z⊤F (t, x, w)− z⊤F (t, x̃, w) = z⊤
∂F

∂x
(t, ψ̂, w)(x− x̃).

Using the fact that z is arbitrary, consider z = (x − x̃)P . Since the derivative system is

quadratically stable with a decay rate α and a Lyapunov matrix P , it follows that

(x− x̃)⊤P [F (t, x, w)− F (t, x̃, w)] = (x− x̃)⊤P ∂F
∂x

(t, ψ̂, w)(x− x̃),

≤ −α(x− x̃)⊤P (x− x̃),

where the last inequality comes from (2.7) by taking η = x− x̃. By the definition of (2.4),

we can conclude that the system is δQS with the rate of convergence α and the Lyapunov

matrix P .

Conversely, suppose now that the system (2.1) is incrementally quadratically stable with

decay rate α and Lyapunov matrix P . It follows from (2.4) that

(x− x̃)⊤P [F (t, x, w)− F (t, x̃, w)] ≤ −α(x− x̃)⊤P (x− x̃),

for all t ≥ 0, w ∈ W and x, x̃ ∈ Rn. Choose any x̃, η ∈ Rnx and λ ∈ R such that λ ̸= 0, and

define x as follows:

x = x̃+ λη.

Then, the above inequality can convert to

η⊤P [F (t, x̃+ λη,w)− F (t, x̃, w)]
λ

≤ −αη⊤Pη.

Since λ is arbitrary in R\{0}, we can further deduce

η⊤P
∂F

∂x
(t, x̃, w)η = η⊤P

(
lim
λ→0

F (t, x̃+ λη,w)− F (t, x̃, w)
λ

)
,

= lim
λ→0

η⊤P
F (t, x̃+ λη,w)− F (t, x̃, w)

λ
,

≤ −αη⊤Pη.

This above inequality holds for all t ≥ 0, w ∈ W and x̃, η ∈ Rn, so the derivative system is

quadratically stable at the origin by (2.7).
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2.3 Incremental multiplier matrices and an LMI characterization of
incremental quadratic stability

Consider the following uncertain nonlinear systems:

ẋ = Ax+Bp(t, x, w) + g(t, w), (2.8a)

q = Cx+Dp, (2.8b)

p = ϕ(t, q, w), (2.8c)

where t ≥ 0 is the time variable, x(t) ∈ Rnx is the state, and w(t) ∈ W ⊂ Rnw represents a

system disturbance, a reference state, and/or an input. We arrange the system so that all

nonlinearities depending on the state x are captured by the variable p(t, x, w) ∈ Rnp , while

all other components independent of the state are grouped into g(t, w) ∈ Rn. The auxiliary

variable q(t, x, w) ∈ Rnq is introduced to define an explicit function ϕ that represents the

system’s nonlinearities. The matricesA,B,C,D are constant and of appropriate dimensions.

Definition 2.9. A symmetric matrix M ∈ R(nq+np)×(nq+np) is an incremental multiplier

matrix for ϕ if and only if the following incremental quadratic inequality holds: q − q̃
ϕ(t, q, w)− ϕ(t, q̃, w)

⊤

M

 q − q̃
ϕ(t, q, w)− ϕ(t, q̃, w)

 ≥ 0, (2.9)

where t ≥ 0, w ∈ W and q, q̃ ∈ Rnq .

The incremental quadratic inequality in (2.9) is also referred to as an incremental

quadratic constraint [46, 88, 127].

Lemma 2.10. For the system described by (2.8), if there exists a matrix P = P⊤ ≻ 0, a

scalar α > 0, and an incremental multiplier matrix M =M⊤ for ϕ such that PA+A⊤P + 2αP PB

B⊤P 0

+

 C D

0 I

⊤

M

 C D

0 I

 ≤ 0, (2.10)

then the system is δQS with a decay rate α and a Lyapunov matrix P .



21

Proof. Apply pre- and post-multiplication of the LMI in (2.10) by [(x− x̃)⊤, (p− p̃)⊤] and
its transpose, respectively, where p = ϕ(t, q, w) and p̃ = ϕ(t, q̃, w). This yields:

L0(x, x̃, w) + L1(x, x̃, w) ≤ 0,

where

L0(x, x̃, w) =

 x− x̃
p− p̃

⊤  PA+A⊤P + 2αP PB

B⊤P 0

 x− x̃
p− p̃

 ,
and

L1(x, x̃, w) =

 x− x̃
p− p̃

⊤  C D

0 I

⊤

M

 C D

0 I

 x− x̃
p− p̃

 .
By the definition of the incremental multiplier matrix M in (2.9), we have L1(x, x̃, w) ≥ 0

for all x, x̃ ∈ Rnx and w ∈ W. Therefore, it must be that L0(x, x̃, w) ≤ 0 for all x, x̃ ∈ Rn

and w ∈ W, which implies

(x− x̃)⊤P [A(x− x̃) +B(p− p̃)] ≤ −α(x− x̃)⊤P (x− x̃).

It follows then from (2.4) that the system (2.8) is δQS with a decay rate α and a Lyapunov

matrix P .

Example 2.11. (Lipschitz continuity) A function ϕ(t, q, w) is said to be globally Lipschitz

continuous with respect to its second argument if there exists a constant γ > 0 such that

∥ϕ(t, q, w)− ϕ(t, q̃, w)∥2 ≤ ∥q − q̃∥2,

for all q, q̃ ∈ Rnq . This condition can be expressed in the form of (2.9) with the multiplier

M =

 γ2I 0

0 −I

 .
Example 2.12. (Incrementally sector-bounded nonlinearity) Let p = ϕ(t, q, w) and p̃ =

ϕ(t, q̃, w). Define the incremental variables δp := p − p̃ and δq := q − q̃. The
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nonlinearity/uncertainty ϕ(t, q, w) is said to be incrementally sector-bounded with respect

to its second argument if it satisfies

(δp−K1δq)
⊤S−1(δp−K2δq) ≤ 0

for all q, q̃ ∈ Rnq , where S = S⊤ and K1 and K2 are given matrices. This condition

describes a nonlinearity ϕ(t, q, w) whose incremental behavior lies within the sector defined

by K1 and K2 with respect to its second argument.

This condition can be represented in the form of (2.9) using the multiplier

M =

 −K1(t)
⊤S−1K2(t)−K2(t)

⊤S−1K1(t) ⋆

S−1(K1(t) +K2(t)) −2S−1

 ,
where ⋆ represents the transpose of the corresponding off-diagonal block, i.e., the transpose

of S−1(K1(t) +K2(t)).

See [6, 33] for other examples of nonlinearities and uncertainties that can be characterized

by incrementally quadratic inequality.

2.3.1 Block diagonal parameterization

This subsection considers a block diagonal parameterization of incremental multiplier

matrices [1, 127]. This technique imposes a structural assumption on the multiplier matrices

M . By doing so, it facilitates the derivation of an LMI formulation for robust controller

synthesis in which both the Lyapunov matrix and the feedback gain are treated as decision

variables. to derive an LMI for robust controller synthesis. This subsection considers a

block diagonal parameterization of incremental multiplier matrices [1, 127]. This technique

imposes a structural assumption on the multiplier matricesM . By doing so, it facilitates the

derivation of an LMI formulation for robust controller synthesis in which both the Lyapunov

matrix and the feedback gain are treated as decision variables.

Assume that there exists a set N of matrix pairs (N1, N2), where N1 ∈ Rnq×nq , N2 ∈
Rnp×np , and an invertible matrix T ∈ R(nq+np)×(nq+np) with the block structure

T =

 T11 T12

T21 T22

 ,
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and T22 is invertible, such that every valid incremental multiplier matrix M satisfies

M = T⊤NT, with N =

 N1 0

0 −N2

 .
Example 2.13. The multiplier matrix M for the global Lipschitz nonlinearity described in

Example 2.11 satisfies the above assumption with

T =

 γ2I 0

0 −I

 , N = {(λI, λI) | λ > 0}.

For the sector-bounded nonlinearity illustrated in Example 2.12, the multiplier matrix M

satisfies the assumption with

T =

 K2 −K1 0

K2 +K1 −2I

 , N = {(λI, λI) | λ > 0}.

2.4 Successive convexification by a prox-linear method

This section briefly summarizes a specific variant of the SCvx method, known as the PTR

approach [96]. In PTR, the trust region is not enforced as a hard constraint but is instead

incorporated into the objective function as a penalty term. This soft penalization indirectly

bounds the step size, guiding the solution toward a stationary point. The PTR method can

also be interpreted as an instance of the prox-linear method framework [39].

The PTR method considers the following discrete-time optimal control problem:

min
X,U

Jf (xN ) +
N−1∑
k=0

Jr(xk, uk) (2.11a)

s.t. xk+1 = f(xk, uk), k = {1, . . . , N − 1}, (2.11b)

g(xk, uk) ≤ 0, k = {1, . . . , N − 1}, (2.11c)

h(xk, uk) = 0, k = {1, . . . , N − 1}. (2.11d)

Here, the state and input sets X and U are defined as

X = {x1, . . . , xN}, U = {u1, . . . , uN−1},
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with xk ∈ Rnx and uk ∈ Rnu for each k ∈ {1, . . . , N}. The system dynamics is described

by a continuously differentiable function f : Rnx ×Rnu → Rnx . The inequality and equality

constraints are given by g : Rnx × Rnu → Rng and h : Rnx × Rnu → Rnh , respectively, and

are enforced elementwise as written in (2.11d) and (2.11c). The objective consists of the

terminal cost Jf : Rnx → R and the running cost Jr : Rnx × Rnu → R. For simplicity and

to avoid unnecessary complexity in this chapter, the terminal condition is assumed to be

indirectly enforced through the terminal cost.

The PTR method transforms the constrained optimal control problem in (2.11)

into an unconstrained optimization problem by penalizing the constraints with tunable

hyperparameters. In particular, it employs the L1 penalty functions as described in [90, Eq.

17.22]. The resulting unconstrained problem is

min
X,U

Jf (xN ) +
N−1∑
k=0

J(xk, uk)

+ wvc

N−1∑
k=0

(∥xk+1 − f(xk, uk)∥1 +max(0, g(xk, uk)) + ∥h(xk, uk)∥1) , (2.12)

where the maximum is applied elementwise. Here, wvc > 0 is a penalty weight that governs

the degree to which constraint violations are penalized.

To solve the possibly nonconvex unconstrained problem (2.12), the PTR method

iteratively updates the following convex subproblem and uses its solution to refine trajectory:

min
X,U

Jf (xN , uN ) +
N−1∑
k=0

J(xk, uk) + wvc

N−1∑
k=0

(∥vk∥1 +max(0, wk) + ∥rk∥1)

+ wtr

N∑
k=0

(
∥xk − x̄k∥22 + ∥uk − ūk∥22

)
(2.13a)

s.t. xk+1 = Akxk +Bkuk + zk + vk, (2.13b)

Cgkxk +Dg
kuk + egk ≤ wk, (2.13c)

Chkxk +Dh
kuk + ehk = rk. (2.13d)

Here, (x̄k, ūk) denotes the reference trajectory at iteration k, which is either provided as

an initial guess or obtained from the solution of the previous iteration. The matrices Ak =
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∂f
∂x (x̄k, ūk) and Bk = ∂f

∂u(x̄k, ūk) are the Jacobians of the system dynamics, and the vector

zk = f(x̄k, ūk) − Akx̄k − Bkūk ensures consistency with the linearization. Similarly, the

constraint functions g and h are linearized around the reference trajectory to yield the

matrices Cgk , D
g
k, e

g
k and Chk , D

h
k , e

h
k , respectively. The slack variables vk, wk, and rk

represent the violations of the dynamics, inequality constraints, and equality constraints,

and are penalized in the cost using the weight wvc. The quadratic term weighted by wtr

penalizes deviation from the reference, representing the penalized trust region.

The PTR approach aligns closely with the prox-linear method. Specifically, the

formulation of the convex subproblem in PTR mirrors that of prox-linear methods applied

to composite optimization problems. Since the prox-linear method comes with theoretical

convergence guarantees, the same guarantees carry over to PTR under appropriate

conditions. The following subsection briefly summarizes the prox-linear algorithm and

its convergence properties, providing a foundation for understanding the theoretical

justification behind PTR.

2.4.1 Prox-linear algorithm

The prox-linear method is designed to solve

Θ(y) = J(y) +H(G(y)),

where y ∈ Rny represents the decision variable. Here, H : RnG → R is a convex and αh-

Lipschitz continuous function, and G : Rny → RnG is potentially nonconvex continuously

differentiable with a βg-Lipschitz continuous gradient. To optimize Θ(y), the prox-linear

method iteratively minimizes a convex approximation of Θ(y), given by

Θρ(y; yi) = J(y) +H(G(yi) +∇G(yi)(y − yi)) +
1

2ρ
∥y − yi∥22,

where the subscript i denotes the current iteration index.

The following result describes the descent property of the prox-linear method:

Lemma 2.14. (Lemma 5.1 of [38]) At iteration i of the prox-linear method, the following

holds

Θ(yi) ≥ Θ(yi+1) +
ρ

2
(2− αhβgρ)∥Gρ(yi)∥2,
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where Gρ(·) is the prox-gradient mapping defined as

Gρ(y) =
1

ρ

(
z − argmin

y′
Θρ(y′; y)

)
.

Hence, Θρ(y) is monotonically decreasing for ρ ≤ 1
αhβg

.
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Chapter 3

CONTINUOUS-TIME CONSTRAINED FUNNEL SYNTHESIS

This chapter introduces a generalized formulation of the funnel synthesis problem using

the framework of incremental quadratic constraints (δQCs). The formulation accommodates

a broader class of uncertainties and nonlinearities beyond standard Lipschitz continuity,

including sector-bounded and L-smooth functions. Funnel invariance is enforced through

a differential linear matrix inequality (DLMI) derived via dissipativity theory, specifically

input-to-state Lyapunov methods. The constraint is imposed through pointwise-in-time

linear matrix inequalities (LMIs), leading to a convex optimization problem in terms of

the Lyapunov matrix and feedback controller. This chapter establishes the theoretical

foundation for continuous-time funnel synthesis.

Chapter-specific notation. This chapter denotes by R the set of real numbers, R+ the

set of nonnegative real numbers, R++ the set of positive real numbers, Z the set of integers,

and Rn the set of n-dimensional real column vectors. The set Z[a,b) = {z ∈ Z : a ≤ z < b}
denotes the integers in the half-closed interval from a to b. The set Sn denotes the set of

n × n real symmetric matrices, Sn+ the set of n × n positive semidefinite (PSD) matrices,

Sn++ the set of n × n PD matrices, and Sn the set of n × n real symmetric matrices. The

set L2[a, b] denotes the space of Lebesgue measurable functions x(t) defined on an interval

[a, b] ⊂ R such that
(∫ b

a x(t)
⊤x(t)dt

)1/2
<∞. A property is said to hold almost everywhere

(also expressed as holding for almost every x ∈ X, or almost all x ∈ X) if the set of points in

a measurable space X where it fails has Lebesgue measure zero. For a measurable function

f : [t0, tf ]→ R, the essential supremum of f , denoted by ess supt∈[t0,tf ] f(t), is the smallest

real number M such that f(t) ≤ M for almost all t ∈ [t0, tf ]. For notational brevity, we

omit repeated symmetric terms and write expressions such as (⋆)⊤PA to indicate A⊤PA.

In block matrices, we write

 a ⋆

b c

 where ⋆ represents the transpose of the corresponding
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off-diagonal block (e.g., b⊤). We use ⊕ to denote Minkowski sum and × to denote the

Cartesian product of sets. The zero matrices having m× n size and identity matrix having

n× n size are denoted by 0m×n and In, respectively. The subscript will be omitted when it

is clear from the context. This chapter uses diag(·) to denote a diagonal matrix formed from

its arguments, vec(·) to denote vectorization of a matrix by stacking its columns, and mat(·)
as the inverse operation of vec(·), reshaping a vector into a matrix. For time-varying signals

a(t) and b(t), we write (a, b) to denote the pair of functions {a(·), b(·)}. The chapter omits

the time variable t when it is either clear from context or not essential to the discussion.

3.1 Nonlinear Systems, Funnels, and Invariance Conditions

3.1.1 Nonlinear systems

Consider continuous-time nonlinear dynamical systems of the form

ẋ(t) = f(t, x(t), u(t), w(t)), t ∈ [t0, tf ], (3.1)

where f : [t0, tf ]×Rnx×Rnu×Rnw → Rnx is assumed to be continuous in t and continuously

differentiable in other arguments. The vectors x(t) ∈ Rnx and u(t) ∈ Rnu are the state and

the control input, and w(t) ∈ Rnw is the unknown, but bounded exogenous disturbance. We

assume that u(·) ∈ Lnu2 [t0, tf ] is piecewise continuous, and w(·) ∈ Lnw2 [t0, tf ] is continuous

almost everywhere and essentially bounded, that is,

∥w(·)∥∞ := ess sup
t∈[t0,tf ]

∥w(t)∥2 ≤ wmax, (3.2)

for some wmax ∈ R+. The time instances t0 and tf are the initial and the final time,

respectively, with t0 ≤ tf <∞.

Without loss of generality, we express the model (3.1) in the linear fractional form:

f(t, x, u, w) = Ao(t)x(t) +Bo(t)u(t) + Fo(t)w(t) + Eϕ(t, qo), (3.3a)

qo(t) = Cox(t) +Dou(t) +Gow(t), (3.3b)

where Ao : [t0, tf ] → Rnx×nx , Bo : [t0, tf ] → Rnx×nu , Fo : [t0, tf ] → Rnx×nw are bounded

and continuous in time. A pair (qo, ϕ) represents the system’s nonlinearity, where ϕ :
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[t0, tf ] × Rnqo → Rnϕ is a known nonlinear function with its argument qo(t) ∈ Rnqo that

is a linear function of x, u, and w. The matrices Co, Do, Go, and E are selector matrices

composed of 0s and 1s that are set to organize qo. It is worth noting that the linear

fractional form (3.3) is general enough to illustrate (3.1). This is because simply selecting

E = I, ϕ = f , qo = [x⊤, u⊤, w⊤]⊤ and setting Ao, Bo, and Co to zero matrices of appropriate

sizes recover the original system representation (3.1).

The nominal trajectory refers to a collection of state and open-loop control input

trajectories {x̄(t), ū(t)}tft=t0 , compactly denoted by (x̄, ū), satisfying the original system

dynamics, that is,

˙̄x(t) = f(t, x̄(t), ū(t), 0),

where the nominal disturbance w̄(t) is set as the zero vector for all t.

Now, we focus on the incremental behavior of the system, that is, how the state evolves

relative to a nominal trajectory, also referred to as the difference dynamics. This is essential

because the funnel is centered around the nominal trajectory, not the origin. To formalize

this, define deviation variables as

η := x− x̄, ξ := u− ū, δqo := qo − q̄o,

where q̄o = Cox̄+Doū. Substituting into the linear fractional form yields:

η̇(t) = Ao(t)η(t) +Bo(t)ξ(t) + Fo(t)w(t) + Eδϕ(t, δqo(t)), (3.4a)

δqo(t) = Coη(t) +Doξ(t) +Gow(t), (3.4b)

where δϕ(t, δqo) := ϕ(t, qo)−ϕ(t, q̄o). The expression above shows how the deviation evolves

due to input deviations ξ, the disturbance w, and the incremental nonlinearity δϕ, which

captures the difference in the nonlinear term relative to the nominal trajectory. We will

further refine the expression (3.4) using the Mean Value Theorem in the subsequent section.



30

3.1.2 Funnel definition and invariance conditions

We consider a scalar-valued quadratic storage function (Lyapunov function) V : [t0, tf ] ×
Rnx → R+ defined by

V (t, η(t)) = η(t)⊤Q(t)−1η(t), (3.5)

where Q : [t0, tf ] → Snx++ is piecewise continuous and continuously differentiable. A state

funnel is defined as the sub-level set of V :

Eη(t) = {η | η⊤Q(t)−1η ≤ cQ}, (3.6)

where cQ ∈ R+ is a support value that specifies the level constant of V for Eη. We apply

a linear time-varying feedback controller for the incremental system (3.4) given by ξ(t) =

K(t)η(t) with the piecewise continuous feedback gain K : [t0, tf ] → Rnu×nx . Then, by

Lemma A.1, η ∈ Eη(t) implies K(t)η ∈ Eξ(t) where the input funnel Eξ(t) ⊆ Rnu is defined

as

Eξ(t) = {(cQK(t)Q(t)K(t)⊤)
1
2 y | ∥y∥2 ≤ 1, y ∈ Rnu}. (3.7)

With the state and input funnels, a full funnel is defined as

F(t) = ({x̄(t)} ⊕ Eη(t))× ({ū(t)} ⊕ Eξ(t)). (3.8)

That is, the funnel is a Cartesian product of state and input funnels, shifted to the nominal

trajectory.

Definition 3.1. The funnel defined in (3.8) is invariant for the nonlinear system (3.1) in

a sense that if x(·) is a solution of (3.1) with x(t0) ∈ {x̄(t0)} ⊕ Eη(t0), the control law

u(t) = ū(t) +K(t)(x(t)− x̄(t)), (3.9)

and w(·) ∈ Lnw2 [t0, tf ] satisfying (3.2), then (x(t), u(t)) ∈ F(t) for all t ∈ [t0, tf ].

Definition 3.2. Given a state constraint set X ⊂ Rnx and an input constraint set U ⊂ Rnu,

the funnel defined in (3.8) is feasible if

F(t) ⊆ X × U , ∀t ∈ [t0, tf ]. (3.10)
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Definition 3.3. Given a fixed nominal trajectory (x̄, ū), funnel synthesis refers to a

procedure for computing the functions Q : [t0, tf ]→ Snx++ and K : [t0, tf ]→ Rnu×nx, ensuring

the invariance and feasibility of funnel as defined in Definitions 3.1 and 3.2, respectively.

3.2 Continuous-time Funnel Synthesis Problem

3.2.1 Structured nonlinearity and mean value theorem

Recall that the nonlinear function ϕ in (3.3) is given by

ϕ(t, qo) =


ϕ1(t, q1)

...

ϕnϕ(t, qnϕ)

 ,
where each ϕi : [t0, tf ] × Rnqi → R corresponds to the i-th row of ϕ, and qi ∈ Rnqi is a

subset of the entries of qo. That is, qi is not necessarily equal to qo, but rather represents

the specific argument passed to ϕi drawn from qo, since ϕi may depend only on part of qo.

For a more compact representation, we introduce an index [i] for all i ∈ Z[1,nc] to

represent the i-th nonlinearity channel, which is a group of component indices treated

together in the reformulation. Let ϕ[i] denote the stacked function composed of all ϕj with

j ∈ [i]. The associated argument q[i] ∈ Rnq[i] is defined as the minimal vector containing

all distinct variables that appear as arguments of the functions ϕj in channel [i]. If two or

more ϕj in the same channel share the same argument, that argument appears only once

in q[i]. For example, if ϕ1 and ϕ2 are in channel [1] and q1 = q2, then q[1] = q1 not [q1, q2]
⊤.

We define selector matrices Ci, Di, Gi so that q[i] = Cix +Diu + Fiw. This reformulation

is called structured nonlinearity, whose details can be found in [99, Chapter 6.2.1].

Let q̄[i] := C[i]x̄ + D[i]ū be the nominal value of q[i], and define the increment δq[i] =

q[i] − q̄[i]. Applying the Mean Value Theorem to each channel gives

ϕ[i](t, q[i]) = ϕ[i](t, q̄[i](t)) + ϕ′[i](t, q̃[i](t))δq[i](t),

where q̃[i](t) ∈ Rnq[i] lies on the line segment between q[i](t) and q̄[i](t), i.e., q̃[i] ∈
Co({q[i], q̄[i]}), where Co(·) denotes the convex hull. The Jacobian ϕ′[i] : [t0, tf ] × Rnq[i] →
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R1×nq[i] is taken with respect to the second argument. By adding and subtracting the term

ϕ′[i](t, q̄[i](t))δq[i](t) to the right-hand side, we obtain the followings:

ϕ[i](t, q[i]) = ϕ[i](t, q̄[i](t)) + ϕ′[i](t, q̄[i](t))δq[i](t) + δp[i](t), (3.11a)

δp[i](t) =
(
ϕ′[i](t, q̃[i](t))− ϕ′[i](t, q̄[i](t))

)
δq[i](t), i ∈ Z[1,nc], (3.11b)

where the function δp[i](t) ∈ Rnp[i] and
∑nc

i=1 np[i] = nϕ.

The incremental form of dynamics (3.4) can then be rewritten as

η̇(t) = A(t)η(t) +B(t)ξ(t) + F (t)w(t) + Eδp(t, δq(t)), (3.12a)

δq(t) = Cη(t) +Dξ(t) +Gw(t), (3.12b)

where the vectors δq ∈ Rnq and δp ∈ Rnp are the stacked vector of all channel-wise δq[i] and

δp[i], respectively, with total dimension nq =
∑nc

i=1 nq[i] and np =
∑nc

i=1 np[i] . The matrices

C, D, and G are defined by the vertical stacking of individual selector matrices:

C =


C1

...

Cnc

 , D =


D1

...

Dnc

 , G =


G1

...

Gnc

 .
The time-varying matrices A(t), B(t), and F (t) are given by

A(t) = Ao(t) + Eϕ′(t)Co, (3.13a)

B(t) = Bo(t) + Eϕ′(t)Do, (3.13b)

F (t) = Fo(t) + Eϕ′(t)Go, (3.13c)

where

ϕ′(t) :=


ϕ′[i](t, q̄[i](t))

...

ϕ′[nc](t, q̄[nc](t))

 .
Note that these matrices A(t), B(t), and F (t) are exactly the Jacobian of f evaluated along

the nominal trajectory:

A(t) =
∂f

∂x

∣∣∣∣
x=x̄(t),u=ū(t),w=0

, B(t) =
∂f

∂u

∣∣∣∣
x=x̄(t),u=ū(t),w=0

, F (t) =
∂f

∂w

∣∣∣∣
x=x̄(t),u=ū(t),w=0

.
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Example 3.4. Consider the dynamics of a unicycle model given by

ẋ =


ẋ1

ẋ2

ẋ3

 =


u1 cosx3

u1 sinx3

u2

 ,
where x1 and x2 are x- and y-positions, x3 is the yaw angle, and u1 and u2 are the linear

and the angular velocities, respectively. This model can be written in the form of (3.4) using

the following matrices:

Ao = 03×3, Bo =

 02×2

0 1

 , E =

 I2

01×2

 ,
Co =

 02×2

1

0

 , Do =

 0 0

1 0

 ,
and qo = [x3, u1]

⊤. The nonlinear function is given by ϕ = [u1 cosx3, u1 sinx3]
⊤. Choosing

channels ϕ[1] = ϕ1 and ϕ[2] = ϕ2, we have qo = q[1] = q[2], C1 = C2 = Co, and D1 = D2 =

Do. The stacked Jacobian evaluated on the nominal trajectory is

ϕ′(t) =

 ϕ′[1](t, q̄[1])

ϕ′[2](t, q̄[2])

 =

 −ū1 sin x̄3 cos x̄3

ū1 cos x̄3 sin x̄3

 (3.14)

Thus, the time-varying matrices A(t) and B(t) become

A(t) =

 03×2

−ū1 sin x̄3
ū1 cos x̄3

0

 , B(t) =


cos x̄3 0

sin x̄3 0

0 1

 .

3.2.2 Characterization of nonlinearity using δQC

The incremental form of dynamics system expressed in (3.12) can be viewed as an uncertain

LTV system. The pair (δq, δp), originating from the nonlinearity ϕ in the original system

(3.1), now appears as an uncertainty in the incremental system. To characterize this

uncertainty, we employ the framework of incremental quadratic constraints [5, 33].
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Definition 3.5. Let δp : [t0, tf ] × Rnq → Rnp be an uncertain nonlinear function for the

incremental system (3.12). A symmetric matrix-valued function M : [t0, tf ] → S(np+nq) is

called a time-varying incremental multiplier matrix if it satisfies the following δQC: δq(t)

δp(t, δq(t))

⊤

M(t)

 δq(t)

δp(t, δq(t))

 ≥ 0, ∀δq ∈ Lnqo2 [t0, tf ], t ∈ [t0, tf ]. (3.15)

We denote byM(t) ⊂ Snp+nq the set of all incremental multiplier matrices that satisfy this

condition for the given nonlinearity δp at a fixed time t ∈ [t0, tf ].

Example 3.6. Let K1,K2 : [t0, tf ] → Rnp×nq be two given matrix-valued functions. The

nonlinearity δpo is said to satisfy a time-varying incremental sector bound if, for some

invertible and symmetric weight S = S⊤ ∈ Snp, the following inequality holds:

(δp(t)−K1(t)δq(t))
⊤S−1(K2(t)δq(t)− δp(t)) ≥ 0, ∀t ∈ [t0, tf ].

This condition admits an δQC representation as in (3.15) with the time-varying multiplier

set

M(t) =

λ(t)
 −K1(t)

⊤S−1K2(t)−K2(t)
⊤S−1K1(t) ⋆

S−1(K1(t) +K2(t)) −2S−1

 ∣∣∣∣λ(t) ∈ R+

 . (3.16)

As a special case, if δp satisfied a norm bound ∥δp(t)∥ ≤ γ(t)∥δq(t)∥ with γ(t) > 0, then

(3.16) holds with K1(t) = −γ(t)I, K2 = γ(t)I, and S = I.

To enable the convexification of the funnel synthesis problem, we adopt a block-diagonal

parameterization of the incremental multiplier matrices [4, 127]. We assume that for every

t ∈ [t0, tf ], there exist matrices N1(t) ∈ Snq , N2(t) ∈ Snp , and a nonsingular matrix T (t) ∈
R(nq+np)×(nq+np) such that

T (t)⊤

 N1(t)
−1 0

0 −N2(t)
−1

T (t) ∈M(t), (3.17)

The transformation matrix T (t) is partitioned as

T (t) =

 T11(t) T12(t)

T21(t) T22(t)

 ,
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and we assume that T22(t) is nonsingular for all t ∈ [t0, tf ]. We define the feasible set-valued

function N : [t0, tf ]→ Snq × Snp as the set of all admissible pairs (N1(t), N2(t)) that satisfy

the block-diagonal parameterization condition (3.17).

Example 3.7. The incremental multiplier matrices defined in Example 3.6 can be expressed

in block-diagonal form using

T (t) =

 K2(t)−K1(t) 0

K2(t) +K1(t) −2I

 , N (t) = {(λS, λS) | λ > 0}. (3.18)

3.2.3 Lipschitz and L-smooth nonlinearities

Here we provide the characterization of the uncertain term δp using the δQC (3.15), based

on local Lipschitz and L-smooth properties that are two common assumptions for general

nonlinear systems.

Suppose that each nonlinear component ϕ[i] is locally pointwise Lipschitz. Then, its

Jacobian ϕ′[i] is bounded over any compact set Ω ⊂ Rnq[i] . For each [i] ∈ Z[1,nc], there exists

a time-varying constant γi(t) ∈ R+ such that

∥ϕ′[i](t, q[i])− ϕ′[i](t, q̄[i])∥2 ≤ γi(t), ∀q[i], q̄[i] ∈ Ω, ∀t ∈ [t0, tf ]. (3.19)

If ϕ[i] is Lipschitz continuous with constant γi/2, then its Jacobian is bounded by γi/2, and

hence the above bound holds with γi.

On the other hand, if ϕ is locally L-smooth, then its Jacobian is Lipschitz continuous.

That is, for any compact set Ω ⊂ Rnq[i] , there exists a time-varying constant βi(t) ∈ R+

such that for all i ∈ Z[1,nc],

∥ϕ′[i](t, q[i])− ϕ′[i](t, q̄[i])∥2 ≤ βi(t)∥δq[i](t)∥2, ∀q[i], q̄[i] ∈ Ω, ∀t ∈ [t0, tf ]. (3.20)

Remark 3.8. The representation with (3.20) presents a direct way to control the level

of nonlinearity, whereas the representation with (3.19) does not exploit this flexibility. It

is obvious that the representation with (3.19) has a constant upper bound of the term,

∥ϕ′[i](t, q[i]) − ϕ′[i](t, q̄[i])∥2, for each t whereas the upper bound in (3.20) goes to zero as

the region around the nominal trajectory shrinks to zero (q̄[i] ← q[i]). This implies that
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we can reduce the region, in which we seek for a funnel, arbitrarily to reduce the level of

nonlinearity to zero and hence increase the chance of finding a funnel. This is not the case

with (3.19) because the level of nonlinearity may not be reduced no matter how small the

region is.

With the transformation matrix chosen as the identity T (t) = I, the valid set N (t)

corresponding to the Lipchitz nonlinearity in (3.19) is given by

N (t) = {(N1, N2) : N1 = blkdiag(λ1Inq[1] , . . . , λncInq[nc]
),

N2 = diag(λ1γ
2
1(t), . . . , λncγ

2
nc(t)), λi ∈ R+, i ∈ Z[1,nc]}. (3.21)

Similarly, for the L-smooth nonlinearity in (3.20), the valid set N (t) is given by

N (t) = {(N1, N2) : N1 = blkdiag(λ1Inq[1] , . . . , λncInq[nc]
),

N2 = diag(λ1s1(t)β
2
1(t), . . . , λncsnc(t)β

2
nc(t)),

∥δq[i](t)∥22 ≤ si(t), λi ∈ R+, i ∈ Z[1,nc]}, (3.22)

where s : [t0, tf ] → Rnc+ serves as one of the decision variables. To ensure the validity of

the multiplier matrix for the L-smooth nonlinearity, each inequality ∥δq[i]∥22 ≤ si must be

satisfied. Assuming Gi = 0, it follow that ∥δq[i]∥2 = ∥Ciη(t) + Diξ(t)∥2. Therefore, the

condition ∥δq[i]∥22 ≤ si can be equivalently enforced by the following LMI: si(t)Inx ∗
(CiQ(t) +DiY (t))⊤ Q(t)

 ⪰ 0. (3.23)

Example 3.9. Recall the Jacobian ϕ′ of the nonlinearity ϕ of the unicycle model (see

Example 3.4) given in (3.14). Suppose the control input for the velocity is bounded such

that |u1| ≤ vmax for some vmax ∈ R+. Then, the row-wise norms of ϕ′ can be deduced by

∥ϕ′[1]∥2 =
√
u21 sin

2 x23 + cos2 x23 ≤ max{1, vmax},

∥ϕ′[2]∥2 =
√
u21 cos

2 x23 + sin2 x23 ≤ max{1, vmax}.

Since the Jacobian is bounded, each ϕ[i] is Lipschitz continuous with constant at most

max{1, vmax}, and thus the corresponding constant γi in (3.19) is γi = 2max{1, vmax}
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for i = 1, 2. ∂
∂q[1]

ϕ′[1](t, q[1]) In addition, since ϕ′i is differentiable, we can compute:

∂ϕ′[1](t, q[1])

∂q[1]
=

 −u1 cosx3 − sinx3

− sinx3 0

 , ∂ϕ′[2](t, q[2])
∂q[2]

=

 −u1 sinx3 cosx3

cosx3 0

 .
Taking norms, we find∣∣∣∣∣∣∣∣∂ϕ′[1]∂q[1]

∣∣∣∣∣∣∣∣
2

≤ max{
√
2, vmax},

∣∣∣∣∣∣∣∣∂ϕ′[2]∂q[2]

∣∣∣∣∣∣∣∣
2

≤ max{
√
2, vmax}.

Hence, the valid L-smooth constants βi in (3.20) are βi = max{
√
2, vmax} for i = 1, 2.

3.2.4 Invariance condition by DLMI

We establish funnel invariance using a dissipation inequality based on a Lyapunov function

in the following Lemma.

Lemma 3.10. Let Q : [t0, tf ]→ Snx++, K : [t0, tf ]→ Rnu×nx, λw : [t0, tf ]→ R+ be piecewise

continuous functions. Define the Lyapunov function V : [t0, tf ] × Rnx → R+ as in (3.5).

Suppose that all trajectories of the incremental system (3.12) under the feedback control

ξ(t) = K(t)η(t) satisfy, for almost all t ∈ [t0, tf ], the following inequalities:

V̇ (t, η) + αV (t, η)− λw(t)w(t)⊤w(t) ≤ 0, (3.24a)

0 ≤ λw(t) ≤ α, (3.24b)

for some decay rate α ∈ R++. Then, the state funnel Eη(t), defined in (3.6), with the support

value cQ = w2
max is invariant. That is, if η(·) is a solution of (3.12) with η(t0) ∈ Eη(t0),

then η(t) ∈ Eη(t) for all t ∈ [t0, tf ].

Proof. Start with the dissipation inequality (3.24a) multiply both sides by eα(t−t0):

eα(t−t0)V̇ (t, η) + αeα(t−t0)V (t, η) ≤ λw(t)eα(t−t0)w(t)⊤w(t).

Noting that the left-hand side is the derivative of eα(t−t0)V (t, η), we write

d

dt

(
eα(t−t0)V (t, η)

)
≤ λw(t)eα(t−t0)w(t)⊤w(t).
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Integrate both sides from t0 to t ∈ [t0, tf ]:

eα(t−t0)V (t, η)− V (t0, η) ≤
∫ t

t0

λw(τ)(τ)e
α(τ−t0)w(τ)⊤w(τ)dτ.

Using the pointwise bound ∥w∥22 ≤ w2
max from (3.2) and λw(t) ≤ α from (3.24b), we further

bound the integral:∫ t

t0

λw(τ)(τ)e
α(τ−t0)w(τ)⊤w(τ)dτ ≤ αw2

max

∫ t

t0

eα(τ−t0)dτ = w2
max(e

α(t−t0) − 1).

Therefore,

eα(t−t0)V (t, η) ≤ V (t0, η) + w2
max(e

α(t−t0) − 1).

Multiply both sides by e−α(t−t0):

V (t, η) ≤ e−α(t−t0)V (t0, η) + (1− e−α(t−t0))w2
max.

If η(t0) ∈ Eη(t0), so V (t0, η) ≤ w2
max, and we have

V (t, η) ≤ w2
max.

Therefore, we can conclude that η(t) ∈ Eη(t) for all t ∈ [t0, tf ].

The following lemma shows the invariance of the state funnel Eη implies the invariance

of the full funnel F .

Lemma 3.11. If the state funnel Eη(t) is invariant for the incremental system (3.12) under

the linear feedback gain K(t), then the funnel F(t), defined in (3.8), is invariant for the

uncertain nonlinear system (3.1) in the sense described in Definition 3.1.

Proof. Since x(t0) ∈ {x̄(t0)} ⊕ Eη(t0), it follows that η(t0) = x(t0)− x̄(t0) ∈ Eη(t0). By the

assumed invariance of the state Eη(t), we have η(t) ∈ Eη(t) for all t ∈ [t0, tf ]. Under the

feedback law u(t) = ū(t) +K(t)η(t), it follows that the input deviation is ξ(t) = K(t)η(t),

and hence ξ(t) ∈ Eξ(t). Therefore, (x(t), u(t)) ∈ F(t) for all t ∈ [t0, tf ].

Now, we derive a sufficient condition for funnel invariance by formulating the dissipation

inequality 3.24 as a DLMI. This condition enables the computation of the funnel-shaping

matrices Q(t) and feedback gains K(t) using convex optimization techniques.
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Theorem 3.12. Consider the incremental system given in 3.12. Suppose there exist

functions Q : [t0, tf ] → Snx++ , Y : [t0, tf ] → Rnu×nx, λw : [t0, tf ] → R+, N1 : [t0, tf ] → Snq ,

and N2 : [t0, tf ] → Snp, such that (N1(t), N2(t)) ∈ N (t), 0 ≤ λw(t) ≤ α, and the following

DLMI holds for almost all t ∈ [t0, tf ]: H11(t) +H11(t)
⊤ − Q̇(t) ⋆

H12(t) H22(t)

 ⪯ 0, (3.25)

where the matrix blocks are defined as:

H11(t) = A(t)Q(t) +B(t)Y (t)− ET22(t)−1T21(t)(CQ(t) +DY (t)) +
α

2
Q(t), (3.26a)

H12(t) =


N2(t)T22(t)

−⊤E⊤

F (t)⊤ −D⊤T21(t)
⊤T22(t)

−TE⊤

Σ(t)(CQ(t) +DY (t))

 (3.26b)

H22(t) =


−N2(t) ⋆ ⋆

0 −λw(t)I ⋆

ΛN2 Σ(t)D −N1(t)

 (3.26c)

and the auxiliary matrices are:

Λ(t) := T12(t)T22(t)
−1, Σ(t) := T11(t)− T12(t)T (t)−1

22 T21(t).

Then, with the feedback gain defined as K(t) = Y (t)Q(t)−1, the dissipation inequality (3.24)

holds almost all t ∈ [t0, tf ] and the funnel F(t) defined in (3.8) is invariant in the sense

described in Definition 3.1.

Proof. Throughout, the time argument t is often omitted whenever clear. Define the closed-

loop matrices Acl = A+BK and Ccl = C +DK. Then the DLMI (3.25) becomes:
Q(Acl − ET−1

22 T21Ccl)
⊤ + (Acl − ET−1

22 T21Ccl)Q− Q̇+ αQ ⋆ ⋆ ⋆

N2T
−⊤
22 E⊤ −N2 ⋆ ⋆

F⊤ −D⊤T⊤
21T

−T
22 E⊤ 0 −λwI ⋆

ΣCclQ ΛN2 ΣD −N1

 ⪯ 0.
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Multiply on the left and right by diag(Q−1, N−1
2 , I, I) and apply Schur complement:

(Acl − ET−1
22 T21Ccl)

⊤Q−1 +Q−1(Acl − ET−1
22 T21Ccl)− Q̇+ αQ ⋆ ⋆

T−⊤
22 E⊤ −N2 ⋆

F⊤Q−1 −D⊤T⊤
21T

−T
22 E⊤Q−1 0 −λwI

+

(⋆)⊤N−1
1

[
ΣCcl Λ ΣD

]
⪯ 0.

More compactly, we can write:


A⊤
clQ

−1 +Q−1Acl −Q−1Q̇Q−1 + αQ−1 −Θ ⋆ ⋆

T−⊤
22 E⊤Q−1 0 ⋆

F⊤Q−1 −D⊤T⊤
21T

−T
22 E⊤Q−1 0 −λwI

+Ψ ⪯ 0,

where

Θ := (ET−1
22 T21Ccl)

⊤Q−1 +Q−1(ET−1
22 T21Ccl),

Ψ :=

 Ccl 0 D

0 I 0

⊤  Σ Λ

0 I

⊤  N−1
1 0

0 −N−1
2

 Σ Λ

0 I

 Ccl 0 D

0 I 0

 .
To eliminate the cross-coupling terms and simplify the structure, define:

Tpost :=


I 0 0

T21Ccl T22 T21D

0 0 I

 , Tpre := T⊤
post.

Post- and pre-multiplying by the above by Tpre and Tpost, respectively, yields:
A⊤
clQ

−1 +Q−1Acl −Q−1Q̇Q−1 + αQ−1 ⋆ ⋆

E⊤Q−1 0 ⋆

F⊤Q−1 0 −λwI

+
 Ccl 0 D

0 I 0

⊤

T⊤

 N−1
1 0

0 −N−1
2

T
 Ccl 0 D

0 I 0

 ⪯ 0.

This matrix inequality implies that for all η ∈ Rnx , δp ∈ Rnp , and w ∈ Rnw , we have

V̇ (t) + αV (t) +

 δq

δp

⊤

T⊤

 N−1
1 0

0 −N−1
2

T
 δq

δp

− λw(t)w(t)⊤w(t) ≤ 0.
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It follows from the definition of the δQC (3.15) that the middle term is nonpositive. Thus,

the dissipation inequality (3.24)

V̇ (t) + αV (t)− λw(t)w(t)⊤w(t) ≤ 0,

holds almost all t ∈ [t0, tf ]. By Lemma 3.10, this implies the invariance of the state funnel

Eη(t), and consequently, the invariance of the full funnel F(t) follows from Lemma 3.11.

3.2.5 Funnel constraints

We develop time-varying LMI conditions implying the constraint satisfaction as defined in

Definition (3.2), requiring that all states and control inputs within the funnel respect the

state and input constraints.

Let the feasible sets be defined as:

X =

mx⋂
i=1

X i, U =

mu⋂
j=1

U j (3.27a)

X i = {x | hi(x) ≤ 0}, i = Z[1,mx], (3.27b)

U j = {u | gj(u) ≤ 0}, j = Z[1,mu], (3.27c)

where each hi : Rnx → R and gj : Rnu → R are assumed to be continuously differentiable.

Our goal is to ensure that the state and input funnels remain inside the feasible sets:

(x̄(t)⊕ Eη(t)) ⊆ X , (3.28a)

(ū(t)⊕ Eξ(t)) ⊆ U , ∀t ∈ [t0, tf ], (3.28b)

which can be compactly written as F(t) ⊆ X × U . However, when it comes to general

nonlinear functions hi and gj , it is not tractable to reformulate the conditions (3.28) into

equivalent LMIs. We therefore linearize hi and gj around the nominal trajectory (x̄, ū), to

obtain the following time-varying convex polytope approximations:

Px =

mx⋂
i=1

P ix, Pu =

mu⋂
j=1

P iu (3.29a)

P ix(t) = {x | (ahi (t))⊤x ≤ bhi (t)}, i = Z[1,mx], (3.29b)

Puu (t) = {u | (agj (t))⊤u ≤ b
g
j (t)}, j = Z[1,mu], (3.29c)
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where

ahi (t) =
∂hi
∂x

∣∣∣∣
x=x̄(t)

, bhi (t) = ahi (t)
⊤x̄(t)− hi(x̄),

agj (t) =
∂gj
∂u

∣∣∣∣
u=ū(t)

, bgj (t) = agi (t)
⊤ū(t)− gj(ū).

We now provide LMI conditions that ensures the funnel remains within the linearized

state and input constraint sets (3.29).

Lemma 3.13. Suppose x̄(t) ∈ Px(t) and ū(t) ∈ Pu(t) for all t ∈ [t0, tf ]. Then, the inclusion

F(t) ⊆ Px(t) × Pu(t) is equivalent to satisfying the following LMIs for all t ∈ [t0, tf ],

i = Z[1,mx], and j = Z[1,mu]:

0 ⪯

 (bhi (t)− ahi (t)⊤x̄(t))2 cQa
h
i (t)

⊤Q(t)

cQQ(t)ahi (t) cQQ(t)

 , (3.30a)

0 ⪯

 (bgj (t)− a
g
j (t)

⊤ū(t))2 cQa
g
i (t)

⊤Y (t)

cQY (t)⊤agi (t) cQQ(t)

 . (3.30b)

Proof. We derive the LMI (3.30b) for the input constraint; the state constraint follows

analogously. The inclusion ū⊕Eξ ⊂ Pu means that for all ξ ∈ Eϵ, we must have (agj )
⊤(ū+ξ) ≤

bgj . This is equivalent to

max
ξ∈Eξ

(agj )
⊤(ū+ ξ) ≤ bgj .

Using the definition of the input funnel Eξ in (3.7), we can write

max
∥y∥2≤1

(agj )
⊤(cQKQK

⊤)
1
2 y ≤ bgj − (agj )

⊤ū,

where the term related to ū is moved to the right-hand side since ū is fixed. The solution

of the maximization problem is equal to the norm ∥(cQKQK⊤)
1
2agj∥2. Hence, we obtain:

∥(cQKQK⊤)
1
2agj∥2 ≤ b

g
j − (agj )

⊤ū.

Since the left-hand side is always nonnegative, squaring both sides preserves the inequality:

cQ(a
g
j )

⊤KQK⊤agj ≤ (bgj − (agj )
⊤ū)2.
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Applying Schur complement generates: (b− (agj )
⊤ū)2

√
cQa

⊤K

√
cQK

⊤a Q−1

 ⪰ 0

Multiplying both sides by diag(1,
√
cQQ) and using Y = KQ completes the proof.

The inclusion P ix(t) ⊆ X i (or Pju(t) ⊂ U j) is not guaranteed for general nonlinear

functions hi (or gj). However, this inclusion holds under certain structural assumptions.

Specifically, when the nonlinear functions are concave, the linearized sets are inner

assumptions.

Lemma 3.14. Let hi : Rnx → R be a concave and twice differentiable function, and suppose

x̄(t) ∈ X i where X i is defined in (3.27) for some i ∈ Z[1,mx]. Then, the polytope set P ix(t),
defined in (3.29), satisfies P ix(t) ⊆ X i.

Proof. Pick any x ∈ P ix, and then we want to show that x ∈ X i, that is, hi(x) ≤ 0. By

Taylor’s remainder theorem applied at x̄, we have:

hi(x) = hi(x̄) + (ahi )
⊤(x− x̄) + 1

2
(x− x̄)⊤∇2h(x̃)(x− x̄),

where x̃ lies on the line segment between x̄ and x. Since hi is concave and twice differentiable,

we have ∇2hi(x̃) ⪯ 0, and thus the quadratic term is nonpositive. Also, it follows from

x ∈ P ix that

(ahi )
⊤x ≤ bhi = (ahi )

⊤x̄(t)− hi(x̄),

which implies hi(x̄)+ ahi (x− x̄) ≤ 0. Combining the two, we get hi(x) ≤ 0, i.e., x ∈ X i.

Remark 3.15. If hi is convex instead of concave, the linearized set P ix forms an outer

approximation of X i. In this case, instead of using P ix derived in (3.29), techniques from

polyhedral inner approximation, such as those discussed in [45], can be used to construct a

conservative polytope such that P ⊂ X i. Then, one can enforce the constraint using LMIs

similar to those in (3.30).
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3.2.6 Funnel cost functions

A typical objective in funnel design is to maximize the size of the funnel entry to enlarge the

set of initial states from which the system can be safely controlled. The proposed method

does not restrict the choice of the cost function, as long as it remains convex with respect

to the decision variables. In this subsection, we outline several convex cost functions that

can be used to promote larger funnel entries while maintaining computational tractability.

We consider cost functions J : Snx++ → R that depend on the ellipsoidal shape of the

funnel entry Q(t0). To reflect directional preference or scale differences in the state space,

we define the weighted matrix Qw0 :=W0Q(t0)W0, whereW0 ∈ Snx++ is a diagonal weighting

matrix. The examples of convex cost functions include:

J(Q(t0)) ∈ {−trace(Qw0),− log det(Qw0), trace(Q
−1
w0)}. (3.31)

The first cost function promotes larger funnel entries by maximizing the sum of lengths of

weighted principal axes. The second one is proportional to maximizing the volume of the

weighted funnel entry [20]. The third one is to minimize the sum of the eigenvalues of Q−1
w0,

which encourages increasing the eigenvalues of Qw0, thereby enlarging the funnel entry.

3.2.7 Funnel synthesis problem

We are now ready to formulate the funnel synthesis problem as a continuous-time

optimization problem.

Problem 3.16. Continuous-time funnel synthesis.

min
Q(·),Y (·),N1(·),N2(·),λd(·)

J(Q(t0)) (3.32a)

s.t. Q(t) ≻ 0, (3.32b)

(3.25), (3.32c)

(3.30) (3.32d)

(N1(t), N2(t)) ∈ N (t), (3.32e)

Q(tf ) ⪯ Qf (3.32f)

∀t ∈ [t0, tf ].
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The constraint (3.32b) enforces positive definiteness of the matrix Q(t). The dissipation

inequality implied by the DLMI (3.32c) imposes the funnel invariance condition. The

pointwise LMIs (3.32d) ensure the funnel feasibility. The inclusion (3.32e) enforces valid

multiplier matrices for the nonlinearity. Finally, the terminal condition (3.32f) with

Qf ∈ Snx++ limits the size of the funnel at the final time.

Remark 3.17. The resulting optimization problem is convex in continuous time, except for

the decay rate α. Since α is a scalar, it can be efficiently selected via line search. In the

special case where the disturbance w is absent, setting α = 0 is sufficient for the funnel’s

invariance and leads to a fully convex formulation.

In the rest of this subsection, we specify how the inclusion (3.32e) can be converted into

pointwise (i.e., at each time t) linear constraints or LMIs. Consider the sector bounded

nonlinearity illustrated in (3.18). Then, the inclusion (N1, N2) ∈ N is equivalent to the

following linear equality constraints:

N1(t) = λsec(t)S, N2(t) = λsec(t)S, (3.33)

for any positive scalar-valued function λsec : [t0, tf ]→ R+. In this case, the function λsec(t)

can be treated as an our decision variable with the constraint on λsec(t) ≥ 0, while preserving

the convexity of our funnel synthesis problem (3.32).

For the Lipschitz nonlinearity (3.19) and its associated multiplier matrix (3.21), the

inclusion (3.32e) is equivalent to the following linear equality constraints:

N1(t) = blkdiag(λγ1(t)Inq[1] , . . . , λ
γ
nc(t)Inq[nc]

), (3.34a)

N2(t) = diag(λγ1(t)γ
2
1(t), . . . , λ

γ
nc(t)γ

2
nc(t)), (3.34b)

where λγi : [t0, tf ] → R+ are positive-valued functions that can be optimized as decision

variables with the constraint λγi (t) ≥ 0.

On the other hand, for the L-smooth nonlinearity (3.20) and its multiplier matrix (3.22),

the inclusion (3.32e) can be converted into the following two linear equality and one LMI
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constraint:

N1(t) = blkdiag(λβ1Inq[1] , . . . , λ
β
ncInq[nc]

), (3.35a)

N2(t) = diag(λβ1s1(t)γ
2
1(t), . . . , λ

β
ncsnc(t)γ

2
nc(t)), (3.35b) si(t)Inx ∗

(CiQ(t) +DiY (t))⊤ Q(t)

 ⪰ 0, ∀i ∈ Z[1,nc]. (3.35c)

where λβi ∈ R+ are positive constants and si : [t0, tf ]→ R+ are scalar-valued functions that

can be jointly optimized as decision variables.

3.2.8 Recursive feasibility for nominal MPC

This subsection demonstrates that the funnel computed by solving (3.32) can be used to

guarantee the recursive feasibility of a nominal MPC in which the bounded disturbance in

(3.1) is not neglected. Consider the following finite-horizon optimal control problem (FHC):

min
uo(·)

∫ tfs

tis

JMPC(x(τ), uo(τ))dτ (3.36a)

s.t. ẋ = f(x, uo, 0), (3.36b)

x(t) ∈ X , uo(t) ∈ U , (3.36c)

x(tis) = xs, (3.36d)

x(tfs ) ∈ x̄(tfs )⊕ Eη(tfs ), (3.36e)

where xs ∈ Rnx is the given initial condition and JMPC : Rnx × Rnu → R is the stage cost.

The problem differs from a standard MPC formulation only in the terminal constraint,

which enforces that the terminal state lies inside the funnel at t = tfs , thereby enabling

recursive feasibility.

Lemma 3.18. Suppose the FHC is feasible at t0 with horizon length TMPC
0 such that t0 +

TMPC
0 ≤ tf . Given the funnel F(t) computed by (3.32) and the terminal constraint (3.36e),

the FHC remains feasible at tj for step lengths δj = tj+1 − tj satisfying 0 ≤ δj ≤ Tj and

TMPC
j−1 − δj−1 ≤ TMPC

j for all tj + TMPC
j ≤ tf .
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Proof. We proceed by induction. The base case where t = t0 holds because of assumption.

For the induction step, assume that the FHC is feasible at t = tj , and let uj(t) be its optimal

solution over [tj , tj + TMPC
j ]. The terminal condition (3.36e) implies x(tfj ) ∈ x̄(t

f
j )⊕ Eη(t

f
j )

with tfj = tj + TMPC
j . For the FHC problem at t = tj+1, define the candidate control input

uj+1(t) constructed by

uj+1(t) =


uj(t) t ∈ [tj+1, tj + TMPC

j ]

ū(t) +K(t)(x(t)− x̄(t)) t ∈ [tj + TMPC
j , tj+1 + TMPC

j+1 ]

,

where K(t) is the feedback gain obtained from the funnel synthesis in (3.32). The first

segment is feasible because it is part of the previous optimal solution. At t = tj + TMPC
j ,

the state lies inside of the funnel, and by the funnel construction, the feedback law in the

second segment keeps the state and input feasible. Thus, uj+1(t) is a feasible solution at

tj+1, completing induction.

Remark 3.19. If the terminal time tj + TMPC
j would exceed tf , we simply replace it by

tf . Because the funnel invariance holds up to tf , this modification ensures that the state

remains inside the admissible set until the end of the horizon, thereby preserving recursive

feasibility.

The constructed MPC algorithm can be summarized as follows:

1. Initialization: Set j = 0.

2. Iteration: At each computation time tj , for j ∈ Z[0,∞) and tj ≤ tf perform:

(a) Measure the state x(tj) of the nominal system and set xs = x(tj).

(b) If tj + TMPC
j , solve the FHC problem with tjs = tj and tfs = min(tf , tj + TMPC

j )

to obtain u(t) over t ∈ [tj , t
f
s ].

(c) Apply u(t) to the nominal system over [tj ,min(tj+1, tf )].

(d) If t = tf , terminate the iteration.
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3.2.9 Extension to Uncertain Nonlinear Systems

This subsection describes how to derive the same form of the incremental system (3.12) from

uncertain nonlinear systems. The derivation extends the approach for nonlinear systems

(3.1) under the assumption that the introduced uncertain term satisfies δQC (3.15). We

consider the following uncertain nonlinear systems:

ẋ(t) = f(t, x(t), u(t), w(t)) + Epψ(t), t ∈ [t0, tf ],

qψ(t) = Cψx(t) +Dψu(t) +Gψw(t),

ψ(t) = ∆ψ(t, qψ(t)).

Here, the pair (qψ, ψ) represents the uncertainty where ∆ψ : [t0, tf ] × Rnqψ → Rnψ is an

unknown function, and qψ(t) ∈ Rnqψ is its argument. The matrices Cψ, Dψ, Dψ, and Eψ

are selector matrices with entries of 0s and 1s, chosen to organize qψ and ψ. This uncertain

function ∆ψ is assumed to satisfy δQC (3.15) with the pair (qψ, ψ).

Assumption 3.20. It is assumed that the uncertain nonlinear system (3.37) is well-posed,

that is, for any x(t0) ∈ Rnx, u(·) ∈ Lnu2 [t0, tf ], w(·) ∈ Lnw2 [t0, tf ], there exist unique solutions

x(·) ∈ Lnx2 [t0, tf ] and ψ(·) ∈ Lnψ2 [t0, tf ].

Next, we describe the assumption on the nominal trajectory (x̄, ū) of the uncertain

system (3.37). For the nominal (uncertain-free) nonlinear systems (3.1), it is assumed that

the nominal trajectory is dynamically feasible (3.4a). However, this assumption is not

appropriate for the uncertain systems, since the uncertainty is unknown and cannot be

specified during trajectory generation.

Instead, we assume that the nominal trajectory is dynamically feasible with the following

dynamics:

˙̄x(t) = f(t, x̄(t), ū(t), 0) + Eψψ̂(t), (3.38a)

q̄ψ(t) = Cψx̄(t) +Dψū(t), (3.38b)

ψ̂(t) = ∆̂ψ(t, q̄ψ(t)), (3.38c)

where ∆̂ψ : [t0, tf ] × Rnqψ → Rnψ is a known function serving as an approximation of the

uncertain function ∆ψ in (3.37).
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The incremental dynamical system for the uncertain nonlinear system is given by

η̇(t) = Ao(t)η(t) +Bo(t)ξ(t) + Fo(t)w(t) + Eδϕ(t) + Eψ(ψ(t)− ψ̂(t)).

This can be equivalently rewritten as

η̇(t) = Ao(t)η(t) +Bo(t)ξ(t) + Fo(t)w(t) + Eδϕ(t) + Eψ(ψ(t)− ψ̄(t)) + Eψ(ψ̄(t)− ψ̂(t)),

where ψ̄(t) = ∆ψ(t, q̄ψ). The term ψ̄− ψ̂ represents the dynamic infeasibility of the nominal

trajectory. We assume that this error is bounded by

∥ψ̄(t)− ψ̂(t)∥2 ≤ eψ,

for some eψ ∈ R+ and all t ∈ [t0, tf ]. This can be viewed as a bounded disturbance for

the incremental system. Meanwhile, the incremental uncertain term ψ − ψ̄ represents the

state- and input-dependent uncertainty, which can be modeled by δQC (3.15). The same

machinery for nonlinear systems, including incremental analysis and funnel computation,

can now be applied to uncertain nonlinear systems.
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Chapter 4

COMPUTATION OF FUNNEL SYNTHESIS VIA NUMERICAL
OPTIMAL CONTROL

Continued from Chapter 3, this chapter focuses on solving the continuous-time funnel

synthesis problem (3.32) using an optimal control approach. The notion of funnel

dynamics, represented by a differential linear matrix equality (DLME), is introduced

to reformulate the problem as an optimal control problem. Using numerical optimal

control techniques, the continuous-time problem is approximated by a discrete-time optimal

control problem. To achieve continuous-time constraint satisfaction (CTCS), two methods

are presented: i) introducing intermediate constraint-checking points, and ii) applying

successive convexification (SCvx) with subgradients. The method is demonstrated on two

numerical examples: a unicycle and a 6-degree-of-freedom quadrotor performing obstacle

avoidance.

Chapter-specific notation. This chapter uses the same notation as that of Chapter 3.

4.1 Solution methods

What distinguishes the funnel synthesis problem 3.32 from conventional LMI-based robust

controller synthesis [4] is that it is formulated as a continuous-time optimization problem,

thereby involving DLMI and pointwise LMIs rather than time-invariant LMIs. As a result, it

cannot be directly solved using off-the-shelf SDP solvers. To enable tractable computation,

a dedicated solution method is required to reformulate the problem into a finite dimensional

SDP, and this reformulation must approximate the original problem as closely as possible,

ideally without introducing conservatism.

Our solution methods are based on numerical optimal control techniques. To reformulate

the funnel synthesis problem (3.32) as an equivalent optimal control problem, we first

introduce the notion of funnel dynamics that plays a role analogous to the system dynamics

in a standard optimal control problem.
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4.1.1 Funnel Dynamics

To derive funnel dynamics, we rewrite the DLMI condition (3.26) as an equivalent differential

matrix equation (DME) that serves as the funnel dynamics along with a pointwise LMI

constraint. We consider two types of funnel dynamics: Lyapunov-type and Direct-type,

allowing us the flexibility to choose between them.

The DLMI condition in (3.26) can be equivalently written as

Q̇(t) = H11(t) +H11(t)
⊤ + Z1(t), (4.1a) −Z1(t) ⋆

H12(t) H22(t)

 ⪯ 0, (4.1b)

where a slack symmetric matrix-valued function Z1 : [t0, tf ] → Snx is introduced for this

equivalent conversion. We refer to (4.1a) as the Lyapunov-type funnel dynamics as it

structurally resembles Lyapunov differential equations [15].

Alternatively, the DLMI condition (3.26) can be rewritten as

Q̇(t) = Z2(t), (4.2a) H11(t) +H11(t)
⊤ − Z2(t) ⋆

H12(t) H22(t)

 ⪯ 0, (4.2b)

where Z2 : [t0, tf ] → Snx is a symmetric slack matrix-valued function. We refer to this

formulation (4.2) as the Direct-type funnel dynamics as the slack variable Z2 directly defines

the evolution of Q.

Remark 4.1. It is important to note that both formulations are mathematically equivalent.

However, once control parameterization is applied after discretization, the resulting solution

space differs depending on the chosen funnel dynamics. For instance, piecewise constant

parameterization of Z2(t) yields a piecewise linear Q(t), whereas the same applied to Z1(t)

does not, as Q(t) is implicitly defined as a solution of differential equation (4.1a).

Both formulations, (4.1a) and (4.2a), define LTV systems where Q serves as the state

and all other decision variables , including Y and Z (which corresponds to Z1 in (4.1) or
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Z2 in (4.2)), act as control inputs. Consequently, the block-form LMIs (4.1b) and (4.2b)

naturally represent state-input constraints.

To simplify subsequent analysis, we introduce vectorized variables as follows:

qv := vec(Q), yv = vec(Y ), zv = vec(Z).

Using these variables, both forms of the funnel dynamics, (4.1a) and (4.2a), can be expressed

in the vectorized form:

q̇v(t) = Aq(t)qv(t) +Bqy(t)yv(t) +Bqz(t)zv(t)︸ ︷︷ ︸
:=F (t,qv ,yv ,zv)

, (4.3)

where Aq(t) ∈ Rnq×nq , Bqy(t) ∈ Rnq×ny , and Bqz(t) ∈ Rnq×nq are time-varying matrices that

can be constructed using Kronecker products [21, 59] with dimensions nq = n2x, ny = nxnu,

and nz = nq. We also define the vectorized form of the multiplier matrices N1 and N2 as:

m1,v := vec(N1), m2,v = vec(N2).

4.1.2 Discretization

We consider a uniform time grid defined as

tk = t0 +
k

N
(tf − t0), k ∈ Z[0,N ], (4.4a)

△k = △(tk), (4.4b)

where N ∈ Z++. The symbol △ serves as a placeholder for any time-varying variable, and

we denote its value at t = tk by △k := △(tk). Each △k is referred to as a node point. With

the uniform time grid (4.4), we use the first-order hold (FOH) interpolation for the control

inputs in the funnel dynamics, defined by

□(t) = λmk (t)□
m
k + λpk(t)□

p
k+1, ∀t ∈ [tk, tk+1), (4.5a)

λmk (t) =
tk+1 − t
tk+1 − tk

, λpk(t) =
t− tk

tk+1 − tk
, (4.5b)

for all k ∈ Z[0,N). The symbol □ is a placeholder for any funnel input variables (e.g. yv,

zv, mv) for the funnel dynamics. To employ the zeroth-order hold (ZOH), it suffices to set
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□m
k = □p

k+1 for all k ∈ Z[0,N−1]. Also, continuity at each node point t = tk can be enforced

by □p
k = □m

k for all k ∈ Z[1,N−1].

We adopt a multiple-shooting scheme [16] to enforce the funnel dynamics. Over each

subinterval [tk,tk+1), the funnel state evolves according to

qv(t) = qv(tk) +

∫ t

tk

F (τ, qv(τ), yv(τ), zv(τ))dτ,

where F is defined in (4.3). Enforcing continuity across subintervals yields the funnel

dynamics constraint:

qv,k+1 = qv(tk) +

∫ tk+1

tk

F (τ, qv(τ), yv(τ), zv(τ))dτ. (4.6)

Since F is linear in its arguments except t, and FOH interpolation is used, the right-hand

side of (4.6) is affine in the decision variables qv,k, y
m
v,k, y

p
v,k+1, z

m
v,k, and z

p
v,k+1. Thus, we can

exactly rewrite the constraint (4.6) as

qv,k+1 = Aqkqv,k +Bm
yky

m
v,k +Bp

yky
p
v,k+1 +Bm

zkz
m
v,k +Bp

zkz
p
v,k+1, (4.7)

where Aqk,B
m/p
yk , and B

m/p
zk are appropriately sized matrices that can be obtained via

variational discretization [72].

4.1.3 Positive Definiteness of Q

To ensure the validity of the Lyapunov function (3.5) and the associated funnel (3.6), it is

essential to maintain Q(t) ≻ 0 for all t ∈ [t0, tf ]. Since qv,k is our decision variable, we can

enforce Q(t) ≻ 0 for each t = tk for all k ∈ Z[0,N ]. However, the positive definiteness of Q(t)

within the subinterval (tk, tk+1) depends on the funnel dynamics and the corresponding

control inputs, which may lead to inter-node constraint violations. Here, we present cases

where the funnel state Q preserves its positive definiteness for all t by only imposting

Q(t) ≻ 0 at each node point.

Lemma 4.2. Consider the Direct-type funnel dynamics (4.2a), and let the variable Z(t)

(or its vectorized form zv(t)) be parameterized by the FOH scheme (4.5) such that

Zmk ⪰ Zpk+1 (4.8)
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for all k ∈ Z[0,N−1]. Then, imposing Q(t) ≻ 0 for each t = tk for all k ∈ Z[0,N ] ensures the

solution of (4.2a) preserves the positive definiteness, that is, Q(t) ≻ 0 for all t ∈ [t0, tf ].

Proof. Let the step size be dk = tk+1 − tk > 0 and introduce the local time θt = t − tk.
With this variable, the FOH expression becomes

Z(θt) = Zmk + Zrkθt,

where

Zrk =
Zpk+1 − Zmk

dtk
.

Note that by assumption Zmk ⪰ Zpk+1, so Z
r
k ⪯ 0. Integrating the Direct-funnel dynamics

Q̇(t) = Z(t) from tk to t gives

Q(tk + θt) = Q(tk) + θtZ
m
k +

1

2
θ2tZ

r
k . (4.9)

Setting t = tk+1 (so, θt = dk) reproduces the node value

Q(tk+1) = Q(tk) + dkZ
m
k +

1

2
d2kZ

2
k ≻ 0. (4.10)

Define a convex combination Q̃(t) of Q(tk) and Q(tk+1) for t ∈ [tk, tk+1]:

Q̃(t) := (1− θt
dk

)Q(tk) +
θt
dk
Q(tk+1). (4.11)

Since Q̃(t) is the convex combination of two PD matrices Q(tk) and Q(tk+1), Q̃(t) ≻ 0 for

all t ∈ [tk, tk+1]. Substituting (4.10) into Q̃ generates

Q̃(t) = Q(tk) + θtZ
m
k +

1

2
θtdkZ

r
k .

Comparing this with (4.9) and using 0 ≤ θt ≤ dk together with Z2
k ⪯ 0 gives Q̃(t) ⪯ Q(t).

Hence, Q(t) ≻ 0 for all t ∈ [tk, tk+1]. We can apply this argument for all k ∈ Z[0,N−1], so

Q(t) ≻ 0 for all t ∈ [t0, tf ].

Remark 4.3. It is known that the solution of a differential Riccati equation preserves the

positive definiteness of Q [35]. However, the Lyapunov-type funnel dynamics (4.1a) are not

in exact Riccati form, and therefore do not guarantee Q(t) ≻ 0 over the entire interval. One
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possible way to leverage the positivity-preserving property of Riccati-type dynamics is to treat

the feedback gain K as a decision variable instead of Y . This, however, introduces bilinear

terms between K and Q, leading to a nonconvex formulation. To maintain convexity, we

retain the use of Lyapunov-type dynamics with Y as the decision variable, and instead

address potential inter-sample constraint violations directly in the next section.

4.1.4 Nodal constraint satisfaction

In addition to the funnel dynamics, we must satisfy the invariance condition (4.1b) or (4.2b),

along with the state and input constraints (3.30) for all t ∈ [t0, tf ]. For notational simplicity,

we collectively express these conditions in the unified form:

Ll(t, qv(t), ζv(t)) ⪯ 0, i ∈ Z[1,mL], (4.12)

where ζv := {yv, zv, nv} collects decision variables other than q, and the indices l are

partitioned as follows:

• l ∈ Z[1,minv ]: invariance condition, (4.1b)or (4.2b) where minv = 1,

• l ∈ Z[minv+1,ml]: state constraints (3.30a) and input constraints (3.30b) where ml =

minv +mx +mu.

Enforcing (4.12) continuously over the entire horizon [t0, tf ] is nontrivial, as decision

variables are only defined at discrete node points tk. A practical approximation is to enforce

constraints only at the nodes. Specifically, the nodal constraint satisfaction requires:

Ll(tk, qv,k, ζ
m
v,k) ⪯ 0, (4.13a)

Ll(tk+1, qv,k+1, ζ
p
v,k+1) ⪯ 0, (4.13b)

∀k ∈ Z[0,N−1], ∀l =Z[1,ml].

With the first-order interpolation (4.5), we allow discontinuities of ζv(t) at node points, so

the constraints are enforced at both left and right evaluations of each node, given by (4.13a)

and (4.13b), respectively.
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4.1.5 Discrete funnel synthesis problem

We now derive a finite-dimensional optimization problem based on the discretization of the

continuous-time funnel synthesis problem (3.32) over the uniform time grid (4.4). This

discretized formulation is referred to as the discrete funnel synthesis problem.

Problem 4.4. (Discrete funnel synthesis).

min
qv,k,ζ

m
v,k,ζ

p
v,k

J(Q0) (4.14a)

(4.7), (4.14b)

(4.13), (4.14c)

(mat((m1,v)k),mat((m2,v)k)) ∈ N (tk), ∀k ∈ Z[0,N ] (4.14d)

mat(qN ) ⪯ Qf . (4.14e)

The continuous-time set multiplier set inclusion (3.32e) is imposed at each node point

tk, leading to the pointwise inclusion condition in (4.14d). This nodewise enforcement is

sufficient under the following conditions. For sector bounded nonlinearity (3.18), if the

inclusion constraint (3.33) hold at each node, it holds for all t ∈ [t0, tf ] by convexity and

FOH interpolation. For Lipschitz nonlinearity (3.21), if we define the conservative Lipschitz

constant on each subinterval as

γk := max
t∈[tk,tk+1]

γ(t),

then enforcing the corresponding multiplier condition (3.34) only at the node points ensures

constraint satisfaction throughout the entire interval. For L-smooth nonlinearity (3.22), a

similar bounding can be applied by defining conservative value

βk := max
t∈[tk,tk+1]

β(t).

However, unlike the sector-bounded and Lipschitz cases, the time-varying LMI (3.35c)

associated with L-smooth nonlinearity must be enforced over the entire interval, not just at

the nodes. In our formulation, we address this by including an additional LMI condition in

Ll as described in (4.12), ensuring that the L-smooth constraints are enforced properly.

The discrete funnel synthesis problem (4.14) is a finite-dimensional SDP, which can be

efficiently solved using standard solvers such as Mosek [7] or Clarabel [43].



57

4.2 Continuous-time constraint satisfaction

In this section, we present two techniques to enhance the continuous-time satisfaction of

time-varying LMI constraints (4.12) beyond enforcement only at discrete node points.

4.2.1 Constraint reformulation

In numerical optimal control, continuous-time inequality constraints (e.g., g(x(t)) ≤ 0) are

often difficult to enforce directly at all times. One remedy is constraint reformulation [72, 40]

, where violations over a time interval are quantified and either penalized or constrained via

an integrated form.

We adopt a similar idea to our continuous-time LMI constraints. Specifically, noting

that the matrix inequality Ll(t, qv(t), ζv(t)) ⪯ 0 is equivalent to the scalar inequality

λmax(Ll(t, qv(t), ζv(t)) ≤ 0, the satisfaction of (4.12) over the entire subinterval t ∈ [tk, tk+1]

is equivalent to the integral condition:∫ tk+1

tk

max(0, λmax(Ll(t, qv(t), ζv(t)))
pldt ≤ 0, (4.15)

where the exponent satisfies pl ≥ 1. This equivalence holds because λmax(·) is continuous

[53, Chapter 2, Section 5.1], and q(·), and ζ(·) are continuous on each subinterval [tk, tk+1];

the detailed proof of this equivalence is given in [40, Lemma 2]. Since q(t) and ζ(t) are

linear functions of the decision variables qv,k, ζ
m
v,k, and ζpv,k+1 within the subinterval, we

define the left-hand side of (4.15) as:

hlk(χk) ≤ 0, k ∈ Z[0,N−1], (4.16)

where χk := (qv,k, ζ
m
v,k, ζ

p
v,k+1) collects the relevant decision variables on [tk, tk+1], and h

l
k is

an integral functional.

Lemma 4.5. The function hlk(·) is convex for each subinterval [tk, tk+1].

Proof. For each t ∈ (tk, tk+1), the matrix-valued function Ll is affine in χk. Since

λmax(·) is convex, and max(0, ·) is convex and nondecreasing, their composition

max(0, λmax(Ll(t, q(t), ζ(t)) is convex in χk [20, Chapter 3.2.4]. Finally, integration over

t ∈ [tk, tk+1] preserves the convexity, so hlk(χk) is convex.
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Remark 4.6. Although hlk(·) is convex, it does not take the form of a standard conic

constraint, such as second-order cone or a PSD cone. Hence, it cannot be directly handled

by conventional conic optimization solvers.

4.2.2 Intermediate constraint-checking points

One way to make hlk tractable is to approximate the integral by a finite sum using standard

integration techniques, such as Simpson’s method with the midpoint rule [23]. This yields

the approximation:∫ tk+1

tk

max(0, λmax(Ll(t, qv(t), ζv(t)))
pldt ≈

Ns+1∑
s=0

csmax(0, λmax(Ll(tk,s, qv(tk,s), ζv(tk,s)))
pl ,

where Ns is the number of intermediate points, cs ∈ R++ are integration weights, tk,s for

s ∈ Z[1,Ns] are the evaluation points with tk,0 = tk and tk,Ns+1 = tk+1. Note that the

following equivalence holds:

Ns+1∑
s=0

csmax(0, λmax(Ll(tk,s, qv(tk,s), ζv(tk,s)))
pl ≤ 0

⇔ Ll(tk,s, qv(tk,s), ζv(tk,s)) ⪯ 0, ∀s ∈ Z[0,Ns+1].

This equivalence holds because each cs is nonnegative, and the integrand max(0, λmax(·))p

is nonnegative as well. Therefore, the entire sum is nonpositive if and only if each term in

the sum is zero, which implies that all matrix inequalities are individually satisfied.

As a result, approximating the integral by a finite sum leads to the introduction of

intermediate constraint-checking points tk,s ∈ (tk,tk+1), at which the LMI constraints (4.12)

are enforced. Under the FOH interpolation (4.5) and the linear funnel dynamics (4.3),

q(tk,s) and ζ(tk,s) at any tk,s ∈ [tk, tk+1] become linear functions of the nodal variables

(qk, ζk,ζk+1). Therefore, the conditions

Ll(tk,s, q(tk,s), ζ(tk,s)) ⪯ 0, (4.17)

remain LMIs in the decision variables and can be directly incorporated into the discrete

problem formulation (4.14).
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The intermediate points tk,s can be uniformly distributed over each subinterval using

tk,s = tk +
s

Ns + 1
(tk+1 − tk), s ∈ Z[1,Ns],

where Ns ∈ R++ is the number of intermediate points per subintervals.

Remark 4.7. Adding the intermediate constraint-checking points (4.17) is more efficient

compared to merely increasing the number k of node points. While both strategies improve

constraint satisfaction over [t0, tf ], increasing node points leads to more decision variables

and thus higher computational cost. In contrast, adding checking points only increases the

number of LMI constraints without expanding the optimization variables, offering a more

computationally efficient approach. Another benefit of this approach is that it preserves

the number of control updates, thereby avoiding unnecessary increases in control frequency,

which is often a desirable property in practical applications.

4.2.3 Derivation of subgradient

Instead of approximating the integral, the second approach is to obtain the (sub) gradient

of hlk(·) and apply the successive convexification method illustrated in [40]. In this and next

subsections, we establish some related theoretical results.

We define the function glk as

glk(χk) :=

∫ tk+1

tk

g̃lk(t, χk)dt, (4.18)

where g̃lk ∈ ∂χk{max(0, λmax(Ll(t, qv, ζv)))
pl} denotes a subgradient of the integrand with

respect to χk at time t.

Lemma 4.8. If g̃lk(t, χk) is Lebesgue integrable over [tk, tk+1], then g
l
k(χk) is a subgradient

of hlk at χk.

Proof. For notational brevity, we abuse the notation Ll as a matrix-valued function defined

by:

Ll(t, χk) := Ll(t, qv(t), ζv(t)), t ∈ [tk, tk+1].
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Since qv and ζv are affine in χk, Ll is also affine in χk for each fixed t. Let χ̄k be any point

in the domain. For each fixed t ∈ [tk, tk+1], by the definition of the subgradient, we have

max(0, λmax(Ll(t, χ̄k)))
pl ≥ max(0, λmax(Ll(t, χk)))

pl + g̃lk(t, χk)
⊤(χ̄k − χk).

This inequality holds pointwise in t, and both sides are Lebesgue integrable since g̃lk(t, χk) is

assumed to be Lebesgue integrable. We can therefore integrate both sides over the interval

[tk, tk+1], yielding:

hlk(χ̄k) ≥ hlk(χk) +
∫ tk+1

tk

g̃lk(t, χk)
⊤(χ̄k − χk)dt,

= hlk(χk) + glk(χk)
⊤(χ̄k − χk).

Therefore, glk(χk) is a subgradient of hlk at χk.

About the integrability of g̃lk, we can establish the following result.

Lemma 4.9. For a subinterval [tk, tk+1] and a power pl ≥ 1, there exists a Lebesgue

measurable selection g̃lk(t, χk) ∈ ∂χk{max(0, λmax(Ll(t, χk)))
pl} for almost every t ∈

[tk, tk+1] and this selection is bounded on the subinterval. Hence, g̃lk(t, χk) is Lebesgue

integrable.

Proof. We apply results from [103]. The function λmax(Ll(t, χk)) is measurable in t for

any fixed χk, and continuous in χk for each t ∈ (tk, tk+1). Therefore, it qualifies as a

normal integrand [103, Example 14.29]. According to Proposition 14.44, the composition

max(0, λmax(Ll(t, χk)))
pl is also a normal integrand. Then, by Theorem 14.56, the

subgradient mappings ∂χk{max(0, λmax(Ll(t, χk)))
pl} are closed-valued and measurable.

Finally, Corollary 14.6 ensures that this measurable set-valued map admits a measurable

selection. Because Ll(t, χk) is affine in χk (hence Lipschitz), λmax is 1-Lipschitz on

symmetric matrices, and the scalar maps s→ max(0, s) and s→ spl are Lipschitz on every

bounded interval, their composition is Lipschitz on the compact set [tk, tk+1]×dom(χ) where

dom(χ) ⊂ Rnqv+nyv+nzv denotes the bounded domain of χk. Consequently, its subgradient

is bounded. Hence, the measurable selection g̃lk(t, χk) is integrable.
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While Lemma 26 guarantees that a integrable selection g̃lk(t, χk) exists almost everywhere

on [tk, tk+1], the lemma is purely existential; it does not specify which subgradient is selected

or how to compute it. For implementation, we choose a specific subgradient of the integrand

max(0, λmax(Ll(t, qv, ζv)))
pl at χ̄k, obtained from the chain rule. Let vi be the eigenvectors

associated with λmax(Ll(t, χk)) and M(t, χk) the algebraic multiplicity of λmax(Ll). Define

the matrix

W (t, χk) =
1

M(t, χk)

∑
i:λi=λmax(Ll)

viv
⊤
i ,

which averages the outer products of the eigenvectors associated with the largest eigenvalue.

The subgradient we use at χ̄k is

g̃lk(t, χk) =

[
∂max(0, λmax(Ll(t)))

pl

∂λmax(Ll(t))
· ∂vec(Ll(t))

∂χk
· vec(W (t, χk))

]
χk=χ̄k

, (4.19)

where Ll(t, χk) is compactly written as Ll(t). When pl > 1 and the largest eigenvalue of

Ll is simple (M(t, χk) = 1), the integrand max(0, λmax(Ll(t, qv, ζv)))
pl is differentiable. In

that case the expression above coincides with the exact gradient of the integrand.

4.2.4 Successive convexification with subgradients

We now apply the successive convexification (SCvx) framework proposed in [40] to solve

the convex constraint hlk(χk) ≤ 0, using the subgradient glk(χk) derived in the previous

subsection. The SCvx method can be interpreted as a combination of exact penalization

and prox-linear method [39] that is sequential convex programming for convex-composite

minimization. The goal is to solve the discrete funnel synthesis problem with the ϵ-relaxed

CTCS constraint:

min
qv,k,ζ

m
v,k,ζ

p
v,k

J(Q0) (4.20a)

(4.7), (4.13), (4.14d), (4.14e) (4.20b)

hlk(χk) ≤ ϵ, ∀k ∈ Z[0,N−1], (4.20c)

where ϵ ∈ R++ is a small constant introduced to ensure linear independence constraint

qualification (LICQ), as discussed in [40, Lemma 10]. In practice, ϵ is typically chosen to
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be sufficiently small, for example, less than 10−6, so that it does not significantly affect

the quality of continuous-time constraint satisfaction. Note that the constraints in (4.20b)

include those already present in the discrete funnel synthesis problem (4.14).

At each iteration, the original constraint for the CTCS is replaced by its first-order

approximation using a subgradient. Specifically, at the i-th iteration, the following convex

SDP subproblem is solved:

Problem 4.10. (SDP subproblem)

min
qv,k,ζ

m
v,k,ζ

p
v,k

J(Q0) + wh

N−1∑
k=0

max(0, vlk) + wtr

(
N−1∑
k=0

∥χk − χ̄k∥22 + ∥qv,N − q̄v,N∥22

)
(4.21a)

(4.7), (4.13), (4.14d), (4.14e), (4.21b)

hlk(χ̄k) + glk(χ̄k)
⊤(χk − χ̄k)− ϵ = vlk, ∀k ∈ Z[0,N−1]. (4.21c)

The reference solutions χ̄k for all k ∈ Z[0,N−1] and q̄v,N come from an initial guess or

the previous iteration’s solution. The penalization terms in the objective reflect two key

components of the SCvx method. The first term weighted by wh ∈ R++ enforces the

linearized constraint through exact penalization. The second term weighted by wtr promotes

proximity to the linearization point χ̄k by penalizing the trust-region. This term also aligns

the subproblem structure with the prox-linear method framework [39].

Remark 4.11. When the subgradient glk(χ̄k) coincides with the true gradient, that is,

when the maximum eigenvalue of Ll(t, χk) is simple for almost every t ∈ [t0, tf ], then a

convergence guarantee is available from [40, Theorem 30]. In such cases, the Scvx method

provably converges to a solution of (4.20), under mild assumptions. However, since we

employ subgradients instead of exact gradients, a general convergence guarantee remains

an open question. Nevertheless, this approach offers a practical and meaningful extension

of existing gradient-based methods to settings where differentiability cannot be assumed in

enforcing continuous-time constraint satisfaction.

4.2.5 Summary of algorithm

We summarize the proposed method for solving the continuous-time funnel synthesis

problem with CTCS. The method proceeds in two stages. First, we solve the discrete
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funnel synthesis problem with additional constraint enforcement at a finite number of Ns

intermediate constraint-checking points, as described in Section 4.2.2. The resulting solution

is then used as an initial guess for the Scvx method with subgradients, presented in Section

4.2.4. The overall algorithm is as follows:

Algorithm 1 Funnel Synthesis with SCvx

1: Choose N , Ns, and initialize problem data

2: Solve the discrete funnel synthesis problem (4.14) with additional constraint enforcement

(4.17) at Ns intermediate points per subinterval

3: Set an initial guess χ̄k for all k ∈ Z[0,N−1], and q̄v,N

4: for i = 1, . . . , Niter do

5: Compute the subgradient glk(χ̄k) for each constraint hlk using (4.19)

6: Solve the SDP subproblem (4.21).

7: Update the solutions χ̄k ← χk for all k ∈ Z[0,N−1] and q̄v,N ← qv,N .

8: end for

9: Return solution variables

4.3 Numerical examples

In this section, we validate the proposed method through two numerical examples involving

obstacle avoidance: control of a unicycle and a 6-DoF quadrotor. In both cases, a Mosek

solver is used to solve the SDP (4.14) and (4.21). All simulations are written in Julia and

executed on a MacBook with an Apple M1 Pro processor.

4.3.1 Unicycle

We consider a unicycle model illustrated in Example 3.4. The simulation environment

for all unicycle experiments is configured as follows. The time horizon is set to t0 = 0

and tf = 5 seconds, uniformly divided into N = 9 subintervals. Two circular obstacles,

each with a radius of 0.5m, define state constraints, and input constraints are given by

0 ≤ u1 ≤ 2 (m/s) and |u2| ≤ 2 (rad/s), as specified in (3.27). The cost function is chosen as

trace(Q−1
w0), with the weight matrix W0 = I3 as defined in (3.31). The nominal trajectory
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Figure 4.1: The synthesized state funnel projected on x (x1) and y (x2) position coordinates.

starts at x̄(t0) = (0, 0, 0) and ends at x̄(tf ) = (5, 5, 0). The final funnel matrix Qf , used as

the terminal constraint in (4.14e), is set to diag(0.08, 0.08, 0.06).

Comparison of funnels computed under Lipschitz and L-smooth conditions

We first present results comparing two modeling approaches for the nonlinearity: the

Lipschitz condition (3.19) and L-smooth condition (3.20). Specifically, we consider the use

of global constants, where γi and βi are valid over the entire domain Ω = Rnqi in (3.19)and

(3.20) for each i = 1, 2 and t ∈ [t0, tf ]. As discussed in Example 3.9, the input constraint

|u1| ≤ 2 implies that the global constants are γi = 4 and βi = 2 for all i = 1, 2. For the

L-smooth case, λβi is set to 0.3 for all i = 1, 2, as discussed in (3.35). In this comparison,

the bounded disturbance is set to zero w(t) = 0 for all t ∈ [t0,tf ], and Direct-type funnel
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dynamics (4.2a) is used. The decay rate α is set to zero, as invariance can be guaranteed in

the absence of bounded disturbances, as discussed in Remark 3.17. With zero disturbance,

the level constant cQ in (3.6) can be any positive value, and it is chosen to be 1 in this case.

The synthesized funnel using βi(t) = 2 for all t ∈ [t0, tf ] is shown in Figure 4.1. It

is found that the SDP problem (4.14) becomes infeasible when using the global Lipschitz

constant, indicating that this formulation is overly conservative compared to the L-smooth

case. To continue the comparison, we reduce the Lipschitz constant until the SDP becomes

feasible, which occurs at γi = 0.7, which a value significantly smaller than the true global

value. The resulting funnel is also shown in Figure 4.1. Notably, even though the L-smooth

formulation uses the exact global value, it yields a larger funnel with a cost of 8.17. In

contrast, the funnel computed with the Lipschitz condition has a significantly higher cost

of 14.76, further demonstrating that the L-smooth condition is much less conservative.

To further compare the Lipschitz and L-smooth conditions, we consider the use of local

constants where the domain Ω is strictly subset of Euclidean space. To this end, we first

compute a funnel without considering the nonlinearity, which is equivalent to setting γi = 0

for all i = 1, 2. Since the nonlinearity is ignored, the funnel is larger, but the invariance no

longer holds exactly for the original nonlinear system. This funnel is only used to collect

state and input samples, from which the Lipschitz and L-smooth constants are estimated

for each subinterval; the corresponding values γk and βk are used in the funnel computation

(4.14). As the estimation of these constants is not the focus of this paper, we refer the

reader to [101, 97] for further details. For the L-smooth case, λβi is set to 1.0 for all i = 1, 2.

The resulting funnel are shown in Figure 4.2. It is shown that the L-smooth case achieves a

larger funnel with a lower cost 2.96 compared to the Lipschitz case 5.11, again illustrating

the reduced conservatism of the L-smooth condition.

Comparison of funnel dynamics

In the next simulations, we aim to compare the choice of funnel dynamics: Lyapunov-type

(4.1a) and Direct-type (4.2a). For this comparison, we choose the use of global L-smooth

constants βi = 2 for all i = 1, 2. The bounded disturbance is ignored, and λβi is set to
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Figure 4.2: The synthesized state funnel with local Lipschitz and L-smooth constants.
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0.3 for all i = 1, 2. The computed funnels are illustrated in Fig. 4.3. It is shown that

the funnel computed with the Lyapunov-type dynamics achieves a larger entry size with a

lower cost 7.17 compared to the funnel with the Direct-type dynamics with a cost 8.17. We

conjecture that this is because the Lyapunov-type formulation effectively encodes the DLMI

(3.25) through a Lyapunov differential equation (4.1a), allowing the funnel’s evolution over

time to be captured more naturally and smoothly. In contrast, the direct-type formulation

constrains the funnel evolution to follow a second-order hold structure, which may limit

its expressiveness. However, as discussed in Section 4.1.3, the solution of the Lyapunov-

type dynamics does not preserve the positive definiteness of Q. Figure 4.4 shows the time

evolution of the minimum eigenvalues of Q(t) for both funnel dynamics formulations. The

results reveal that, for the Lyapunov-type dynamics, the minimum eigenvalue occasionally

falls below zero, indicating a loss of positive definiteness and hence invalidating the funnel.

In contrast, as guaranteed by Lemma 4.2, the minimum eigenvalue remains strictly positive

under the Direct-type dynamics, ensuring the funnel’s validity throughout the time horizon.

CTCS by introducing intermediate constraint-checking points

Next, we demonstrate the effectiveness of introducing intermediate constraint-checking

points as described in (4.17). In this simulation, we use the Lyapunov-type funnel dynamics,

and all other settings are kept identical to the previous experiment. We add Ns = 4 checking

points per subinterval. The time evolution of the maximum eigenvalues of each pointwise-in-

time LMI constraint from (4.12) is shown in Figure 4.5. As illustrated, for every constraint

Ll, the maximum eigenvalue remains below zero across the entire time horizon, indicating

that CTCS is achieved.

Figure 4.6 compares the computational cost, measured by Mosek’s solve time, of two

strategies for improving CTCS: increasing the number of node points and introducing

intermediate constraint-checking points. While both approaches enhance constraint

coverage, increasing node points enlarges the decision variable space, which leads to higher

computational complexity. In contrast, adding intermediate checking points preserves the

number of decision variables and only increases the number of LMI constraints. Although
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Figure 4.3: The synthesized state funnel without considering nonlinearity.
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Lyapunov-type
Direct-type
Zero

Figure 4.4: The time history of minimum eigenvalues of Q(t).
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Figure 4.5: Time evolution of the maximum eigenvalue of each pointwise-in-time LMI

constraint Ll(t) associated with the corresponding constraint labeled in each subplot title.
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Figure 4.6: Mosek solve time versus number of constraints for two approaches: increasing

node points and adding intermediate constraint-checking points (proposed).

the solve-time difference may appear modest, this is partly due to Mosek’s internal handling,

where it introduces auxiliary variables for the added constraints. Still, the intermediate-

checking-point method consistently achieves lower solve times and avoids increasing the

control update rate, which is often a desirable property in practice.

CTCS by SCvx with subgradients

In the following simulation, we validate the proposed SCvx-based approach with

subgradients for CTCS, as described in Section 4.2.4. We employ the Direct-type funnel

dynamics, while keeping all other settings identical to the previous experiment. As noted

in Section 4.2.5, the solution to the problem (4.14) with one intermediate checking point

(Ns = 1) for each subinterval is used as the initial guess for the SCvx iteration. The

weights wvc and wtr in (4.21a) are set to 20 and 105, respectively. A total of 30 iterations

are performed, with an average Mosek solve time of 0.2 seconds per iteration. The small

epsilon in (4.21c) is set to ϵ =10−5. The time evolution of the maximum eigenvalues of

the pointwise-in-time LMI constraints associated with the invariance condition (4.2b) and

the validity of the multiplier matrices (3.35c) is shown in 4.7. The plots indicate that as
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Figure 4.7: Time evolution of maximum eigenvalues for pointwise-in-time LMI constraints

in the SCvx-based CTCS approach. Left: Funnel invariance constraint (4.2b), Right: valid

multiplier constraint (3.35c).

the iterations proceed, the constraint violation between node points diminishes. The trust

region penalization term in (4.21a) is plotted in Figure 4.8. The values are normalized such

that the initial iteration starts at 1, for the purpose of clearly illustrating the convergence

behavior.

Funnel under bounded disturbance

Next, we consider the case where the bounded disturbance exerts to the unicycle model:
ẋ1

ẋ2

ẋ3

 =


u1 cosx3

u1 sinx3

u2

+


0.02w1

0.02w2

0

 ,
where the state and input variables are the same as those in Example (3.4), and w =

[w1, w2]
⊤ represents a bounded disturbance with wmax = 1 such that ∥w∥2 ≤ 1. Following

the discussion in Lemma 13.10, the level constant cQ in the state funnel definition (3.6)

is chosen to cQ = w2
max. The decay rate is set toα = 0.1. The Direct-type funnel

dynamics 4.2a is employed and two intermediate checking points (Ns = 2) are used for

each subinterval. All other settings including the cost function, constraint formulations,

and simulation parameters are kept identical to those used in the previous undisturbed

simulations.



72

Iteration

Normalized trust region radius

Figure 4.8: Normalized trust region penalization term from the SCvx cost function (4.21a)

over 30 iterations. The values are normalized to 1 at the first iteration to clearly illustrate

the convergence behavior.

The computed the state funnel centered around the nominal state is illustrated in

Figure 4.9. It can be seen that the computed funnel without the disturbance is larger

than the funnel computed under disturbance. This is expected, as the presence of external

disturbances necessitates a more conservative funnel to ensure invariance is maintained

despite the disturbance. The computed input funnel centered around the nominal input is

illustrated in Figure 4.10. The result shows that the input funnel projected onto each input

dimension satisfies the input limit constraints over entire horizon.

Finally, we check the invariance of the funnel by generating 100 sample trajectories.

The initial states are randomly sampled from the boundary of the computed funnel at t0,

and the synthesized controller is applied to generate the trajectories. For each sample,

a bounded disturbance signal w(t) is randomly generated once at the beginning and held

constant over the entire time horizon. This choice of fixed-in-time disturbance is intended to

create a more persistent influence on the system, which is shown to be more disruptive than

rapidly changing noise. The resulting trajectories are shown in Figure 4.9. To verify funnel

invariance, the corresponding Lyapunov function values V (t, η(t)) are plotted in Figure 4.11.

All values remain strictly below the funnel level constant cQ, confirming that the invariance

condition is satisfied across all sampled trajectories.
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Figure 4.9: Comparison of synthesized state funnels with and without bounded disturbance;

sampled trajectories are generated using the funnel synthesized under disturbance.
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Figure 4.10: The synthesized input funnel projected onto each input dimension.
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Figure 4.11: The Lyapunov function values of sampled trajectories.

4.3.2 6-DoF quadrator

We consider a 6-DoF quadrotor in the East-North-Up (ENU) inertial frame.. The state

is x = (rp, vp,Φ,Ω) where rp ∈ R3 is the position vector, vp ∈ R3 is the linear velocity,

Φ ∈ R3 is the Euler angles, and Ω ∈ R3 is the body angular velocity. The control input

is u = (Fz, τx, τy, τz) where Fz is the thrust along the body z-axis, and (τx, τy, τz) are the

body-frame torques. The system model is given by
˙rT

v̇T

Φ̇

Ω̇

 =


vT

1
mCI/B(Φ)FB + g

R(Φ)Ω

J−1
(
τ − Ω× JΩ

)

 ,

where FB = [0, 0, Fz]
⊤, CI/B(Φ) is the rotation matrix from body to inertia frame, R(Φ) is

the Euler-angle kinematics transformation. Here the following parameters, input constraint

set U , and the final funnel matrix Qf are used

m = 1.325 (kg), g = [0, 0, 9.81]⊤(m/s2),

J = diag{0.03843, 0.02719, 0.060528} (kgm2),

U = {u | ulb ≤ u ≤ uub},

uub = (18, 0.1, 0.1, 0.1), ulb = (0.0,−0.1,−0.1,−0.1)

Qf = diag{0.22, 0.22, 0.22, 0.12, 0.12, 0.12, (5◦)2, (5◦)2, (5◦)2, (2◦)2, (2◦)2, (2◦)2}.

The state constraint corresponds to obstacle avoidance as depicted in Figure 4.12.
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For the 6-DoF quadrotor dynamics, the first three state equations, corresponding to the

position rT , are linear in the states and inputs. Therefore, they do not contribute to the

nonlinear term ϕ(·), and the corresponding rows of the matrix E are zero. Specifically, we

have E =

03×12

I9

. We partition the nonlinearities into three channels, each associated

with a specific subset of states and inputs:

q[1] =

Φ

Fz

 , q[2] =

Φ1:2

Ω2:3

 , q[3] = Ω,

where Φ1:2 denotes the first two components of Φ and Ω2:3 denotes the second and third

components of Ω. The functions ϕ[1], ϕ[2], ϕ[3] ∈ R3 correspond to the nonlinear terms in the

dynamics of vT , Φ, and Ω, respectively. We use the L-smooth nonlinearity characterization,

with the constants β1, β2, and β3 set to 20, 5, and 1, respectively, estimated via sampling.

The number of subintervals is set to N = 15. The nominal trajectory, illustrated in Figure

4.12, starts near (−3, 4) follows a star-shaped path, and returns to its starting point. The

total time of flight is around 15.78 seconds.

We compare two CTCS approaches: (i) introducing intermediate checking points, and

(ii) applying SCvx with the subgradient, illustrated in Section 4.2.2 and 4.2.4, respectively.

Both cases employ the Direct-type funnel dynamics and have a total 15 time subintervals

N = 15. For the intermediate checking point method, we set Ns = 2. For SCvx, we use the

initial guess as the solution of (4.14) without intermediate checking points. The weights

wvc and wtr in (4.21a) are set to 2× 105 and 2× 103, respectively, with ϵ = 10−3. The state

funnels projected onto the x–y coordinates are shown in Figure 4.12. The resulting costs

for the two methods are 76.987 and 75.82, respectively. The total computation time for the

former is 68.30, while for the SCvx method, the average computation time per iteration is

23.36 seconds over a total of 50 iterations. The time evolution of the maximum eigenvalues

of the pointwise-in-time LMI constraints associated with the invariance condition (4.2b)

and the validity of the multiplier matrices (3.35c) is shown in Figure 4.13.

In both methods, the constraint violation between node points is successfully reduced.

For the quadrotor case, the problem dimension is significantly larger than in the unicycle

example, both in terms of the system size and the number of discretization nodes N ,
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Figure 4.12: State funnels projected onto the x and y plane. Left: result obtained

using intermediate checking points. Right: result obtained using the SCvx approach.

Filled ellipsoids indicate funnels at discrete node points, while unfilled ellipsoids depict

intermediate funnels between nodes.
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Figure 4.13: Time evolution of the maximum eigenvalue of each pointwise-in-time LMI

constraint Ll(t) associated with the corresponding constraint labeled in each subplot title.

leading to increased computational cost. In this setting, the iterative nature of SCvx can be

computationally intensive, making the one-shot SDP approach with intermediate checking

points a more efficient alternative.

Numerical simulations showed that funnel computation under the L-smooth condition

yields less conservative results compared to the Lipschitz condition. Between two funnel

dynamics formulations, the Lyapunov-type is not able to preserve the positive definiteness

of Q as anticipated, while the direct-type preserved it as proven. Both CTCS methods,

intermediate checking points and SCvx with subgradients, successfully reduced constraint

violations between node points. For high-dimensional and long-horizon problems such as

the quadrotor case, the repeated SDP solving required by SCvx was computationally heavy,

making the intermediate-checking-point approach more efficient in practice.
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Chapter 5

CONTINUOUS-TIME INVARIANCE BY LMI COPOSITIVITY
CONDITIONS

This chapter proposes a computational funnel synthesis method that guarantees

continuous-time invariance of the funnel. A finite set of linear matrix inequalities (LMIs) is

derived to imply satisfaction of a differential linear matrix inequality (DLMI), ensuring

funnel invariance over the entire time horizon. To achieve this, the uncertain LTV

system is approximated as an uncertain linear parameter-varying (LPV) system, where

the approximation error is modeled as a state- and input-dependent uncertainty. Based

on this approximation, matrix copositivity conditions are employed to certify continuous-

time invariance without requiring constraint sampling or reformulation. Compared to the

two approaches in Chapter 4, this method offers the advantage of maintaining a fixed

number of LMI constraints and requires solving a single semidefinite program (SDP),

avoiding iterative procedures like SCvx. However, this benefit comes at the cost of increased

conservatism in the resulting funnel. The method is validated through two case studies: a

three-dimensional trajectory planning and control problem with obstacle avoidance, and a

six-degree-of-freedom powered descent guidance problem.

Chapter-specific notation. The set notations R, R+, Z and Rn are the sets of real,

nonnegative real, integer, and the n-dimensional Euclidean spaces, respectively. Intervals

are written by Z[a,b) = {z ∈ Z : a ≤ z < b}. The symmetric matrix Q = Q⊤(⪰) ≻ 0

implies Q is a positive (semi) definite PD (PSD) matrix. The set of positive (semi) definite

matrices whose size is n×n are denoted by Sn++(Sn+). The identity matrix having n×n size

is denoted by In. The subscript and the time argument will be omitted when it is clear from

the context. The notation L2[a, b] is a set of Lebesgue measurable functions x(t) defined on

an interval [a, b] ⊂ R such that
(∫ b

a x(t)
⊤x(t)dt

)1/2
<∞. A property is said to hold almost

everywhere, or for almost every x ∈ X with some set X if the set on which it fails is a



79

Lebesgue measure zero set. We abbreviate the notations A⊤PA and

 a b⊤

b c

 as (⋆)⊤PA

and

 a ⋆

b c

, respectively. The Minkowski sum is denoted by ⊕. The stacking of vectors

x and y is denoted by (x, y) = [x⊤y⊤]⊤. The operation diag(·) outputs a diagonal matrix

formed from a given vector.

5.1 Invariance of funnel

5.1.1 Nonlinear systems

Consider the finite-horizon continuous-time nonlinear systems in the form of

ẋ(t) = f(t, x(t), u(t), w(t)), ∀t ∈ [t0, tf ], (5.1)

where x(t) ∈ Rnx is the state, u(t) ∈ Rnu is the input, w(t) ∈ Rnw is the (exogenous)

disturbance, and t0, tf are the initial and final time. The system dynamics f : R+ × Rnx ×
Rnu × Rnw → Rnx are assumed to be continuous in t and continuously differentiable in

x, u and w. We assume that the input signal u(·) ∈ Lnu2 [t0, tf ] and the disturbance signal

w(·) ∈ Lnw2 [t0, tf ] are piecewise continuous. We further assume that the disturbance signal

w(·) is essentially bounded from above by one, that is,

∥w(·)∥∞ ≤ 1, (5.2)

where ∥w(·)∥∞ := ess supt∈[t0,tf ]∥w(t)∥2. Notice that the choice of the upper bound (i.e.,

one) is not restrictive, since if w(·) is bounded above by some constant wmax ∈ R+, we can

redefine w ← w/wmax so that the bound becomes one. We refer to a trajectory as a collection

of the state, the input, and the disturbance signals, denoted together by (x(·), u(·), w(·)).
The nominal trajectory having the zero disturbance (x̄(·), ū(·), 0) is assumed to be given

and dynamically feasible, that is, ˙̄x = f(t, x̄, ū, 0) for all t ∈ [t0, tf ]. With the given nominal

trajectory, we can rewrite the system (5.1) in the linear fractional form

f(t, x, u, w) = A(t)x+B(t)u+ F (t)w + Eoϕ(t, q) (5.3a)

q = Cox+Dou+Gow, (5.3b)
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where the function ϕ : R+ × Rnq → Rnϕ represents the nonlinearity of the system and

q(t) ∈ Rnq is its argument. The matrices A(t), B(t), and F (t) are chosen as first-order

approximations of (5.1) around the nominal trajectory. We assume that A(t), B(t), and

F (t) are bounded for all t ∈ [t0, tf ]. The constant matrices Eo ∈ Rnx×nϕ , Co ∈ Rnq×nx ,

Do ∈ Rnq×nu , and Go ∈ Rnq×nw are selector matrices, composed of 0s and 1s, chosen to

structure the nonlinearity of the system.

Example 5.1. The unicycle model can be written as

ẋ =


ẋ1

ẋ2

ẋ3

 =


u1 cos(x3 + c1w1)

u1 sin(x3 + c1w1)

u2 + c2w2

 , (5.4)

where x1 and x2 are x- and y-positions, x3 are the yaw angle, u1 is the velocity control,

and u2 is the angular velocity control. The disturbances w1 and w2 affect to the yaw angle

estimation and the angular velocity control, and c1, c2 ∈ R+ are system parameters. The

argument q of ϕ can be chosen as [x3, u1, w1] with

Co =


0 0 1

0 0 0

0 0 0

 , Do =


0 0

1 0

0 0

 , Go =


0 0

0 0

1 0

 .
Since the only first two components in f involve with the nonlinearity, the matrix Eo is 1 0 0

0 1 0

⊤

. The time-varying matrices A(t), B(t), and F (t) are given as follows:

A(t) =


0 0 −ū1(t) sin x̄3(t)
0 0 ū1(t) cos x̄3(t)

0 0 0

 , B(t) =


cos x̄3(t) 0

sin x̄3(t) 0

0 1

 , (5.5a)

F (t) =


−c1ū1(t) sin x̄3(t) 0

c1ū1(t) cos x̄3(t) 0

0 c2

 (5.5b)

where x̄ = [x̄1, x̄2, x̄3]
⊤ and ū = [ū1, ū2]

⊤ are the nominal state and input, respectively. The
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nonlinear function ϕ that is the remainder term in (5.3) is given by

ϕ(t, q) =

 c1ū1w1 sin x̄3 − u1 cos x̄3 + u1 cos(c1w1 + x3) + ū1x3 sin x̄3,

−c1ū1w1 cos x̄3 − u1 sin x̄3 + u1 sin(c1w1 + x3)− ū1x3 cos x̄3

 ,
where the time argument is omitted.

5.1.2 Incremental dynamical system and its LPV approximation

The incremental form of dynamics illustrates the behavior of the system (5.1) relative to

the nominal trajectory. To derive it, we first define difference variables as

η(t) := x(t)− x̄(t), ξ(t) = u(t)− ū(t), δq(t) = q(t)− q̄(t),

where q̄(t) := Cox̄(t) + Doū(t). Having η as the state, the incremental dynamics can be

derived as the following uncertain LTV system:

η̇ = A(t)η +B(t)ξ + F (t)w + Eo (ϕ(t, q)− ϕ(t, q̄)) , (5.6a)

δq = Coη +Doξ +Gow. (5.6b)

Since the original system f in (5.1) is continuously differentiable, f is locally Lipschitz,

thereby resulting in ϕ being locally Lipschitz with its second argument. Then, for each

t ∈ [t0, tf ], there exists a local Lipschitz constant γi(t) ∈ R+ such that

∥ϕi(t, q)− ϕi(t, q̄)∥2 ≤ γi(t)∥q(t)− q̄(t)∥2, ∀i ∈ Z[1,nϕ], ∀q, q̄ ∈ Q, (5.7)

for any compact set Q ⊆ Rnq . Here the term ϕ(t, q)−ϕ(t, q̄), due to the nonlinearity of (5.3),

is a state-, input-, and disturbance-dependent uncertainty characterized by the constraint

(5.7). This type of LTV system in incremental form with Lipschitz nonlinearity has been

studied in the context of funnel computation in several existing works. See, for example,

[97, 59] for related formulations and applications.

Now we describe an LPV approximation of the LTV system (5.6). The underlying

motivation of this approximation is that we can derive a finite number of LMIs that imply

the invariance of the funnel for the LPV system, which is not tractable for the LTV system.
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We start by partitioning the time horizon [t0, tf ] into N ∈ R+ uniform subintervals using

time nodes defined as:

tk = t0 +
k

N
(tf − t0), ∀k ∈ Z[0,N ].

On each subinterval [tk, tk+1], we approximate the time-varying system matrices A(t), B(t),

and F (t) using a first-order hold (FOH) approach, which linearly interpolates between their

values at the endpoints of the interval. This results in convex combinations of the matrices

at tk and tk+1. We define:

□̃(t) := σk1 (t)□k + σk2 (t)□k+1, t ∈ [tk, tk+1] (5.8a)

σk1 (t) =
tk+1 − t
tk+1 − tk

, σk2 (t) =
t− tk

tk+1 − tk
, (5.8b)

where □k = □(tk) and the placeholder □ corresponds to A, B, and F . By applying

(5.8) across all k in Z[0,N−1], we obtain continuous piecewise linear approximations

(Ã(t), B̃(t), F̃ (t)) of the system matrices (A(t), B(t), F (t)) over the entire horizon [t0, tf ].

It is worth noting that the system matrices (A(t), B(t), F (t)) are not necessarily piecewise

linear, and therefore the approximation error is generally nonzero. However, it is common in

the literature (e.g., [97, 75]) to assume piecewise linearity to simplify funnel computation. In

contrast, this paper does not assume zero approximation error; instead, the error is modeled

explicitly as a state-, input-, and disturbance-dependent uncertainty.

Using (5.8), we can rewrite (5.6) equivalently as follows:

η̇ = Ã(t)η + B̃(t)ξ + F̃ (t)w +∆e(t)


η

ξ

w


︸ ︷︷ ︸

:=e(t)

+Eoδϕ, (5.9a)

∆e(t) :=
[
A(t)− Ã(t) B(t)− B̃(t) F (t)− F̃ (t)

]
, (5.9b)

where δϕ(t, δq) := ϕ(t, q) − ϕ(t, q̄). Note that two representations (5.6) and (5.9) are

equivalent by the definition of the error term e(t) in (5.9a). Since f is assumed to be

continuously differentiable, the matrices A(t), B(t), and F (t) are continuous, so bounded
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within the finite interval [t0, tf ]. Hence, there exists a positive constant βe(t) ∈ R+ for each

t such that

∥∆e(t)∥2 ≤ βe(t), (5.10)

where ∥·∥2 denotes the matrix 2-norm.

Alternatively, we can express the error term e(t) more compactly as

e(t) = E∆∆(t)q∆(t)

where the matrix E∆ ∈ Rnx×n∆ , the block-diagonal matrix ∆ ∈ Rn∆×nq∆ of uncertainties,

and the vector q∆ ∈ Rnq∆ are given by

E∆ =
[
Eη Eξ Ew

]
, ∆ =


∆η 0 0

0 ∆ξ 0

0 0 ∆w

 , q∆ =


qη

qξ

qw

 ,
with n∆ ∈ R+ and nq∆ = nqη + nqξ + nqw . These components are chosen such that

(A(t)− Ã(t))η = Eη∆ηqη,

(B(t)− B̃(t))ξ = Eξ∆ξqξ,

(F (t)− F̃ (t))w = Ew∆wqw,

where the vectors qη, qξ, and qw are linear functions of η, ξ, and w, respectively, as follows:

qη = Cηη, qξ = Dξξ, qw = Gww.

In this formulation, the uncertainties are captured using the following inequalities:

∥∆□(t)∥2 ≤ β□(t), (5.11)

where β□(t) > 0 bounds the corresponding uncertainty ∆□(t), with the placeholder □

representing the subscripts η, ξ, and w. Compared to the single norm-bounded inequality

in (5.10), these bounds in (5.11) can represent the uncertainly more compactly by exploiting

its structure. More details on the structured uncertainty representation can be found in [99,

6.2.1], [37], [19].
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Now we can summarize the incremental dynamics, written in the form of an uncertain

LPV system, as follows:

η̇ = Ã(t)η + B̃(t)ξ + F̃ (t)w + Ep(t, r), (5.12a)

r := Cη +Dξ +Gw = [q⊤∆, δq
⊤]⊤ (5.12b)

p :=

 ∆(t)q∆(t)

δϕ(t, δq)

 , E :=
[
E∆ Eo

]
, (5.12c)

C :=


Cη

0

0

Co

 , D :=


0

Dξ

0

Do

 , G :=


0

0

Gw

Go

 . (5.12d)

All uncertainties in the system (5.12) are lumped into the vector p(t, r) ∈ Rnp where np =

n∆+nϕ and r(t) ∈ Rnr . We characterize the uncertain term p using the following quadratic

inequality (QI) [3, 4] for each t: r(t)

p(t, r)

⊤

M(t)

 r(t)

p(t, r)

 ≥ 0, (5.13)

where the matrix M(t) ∈ R(nr+np)×(nr+np) is called a multiplier matrix. It follows from

(5.7) and (5.10) that the valid multiplier matrix has the form of

M(t) =

 N1(t)
−1 0

0 −N2(t)
−1

 , N1(t) :=

 Nβ
1 (t) 0

0 1
nϕ
λγ(t)Inq

 , (5.14a)

N2(t) :=

 Nβ
2 (t) 0

0 λγ(t)Γ(t)
2

 , Nβ
1 (t) := diag(λβη(t)I, λβξ(t)I, λβw(t)I), (5.14b)

Nβ
2 (t) := diag(λβη(t)β

2
η(t)I, λβξ(t)β

2
ξ (t)I, λβw(t)β

2
w(t)I), (5.14c)

where Γ(t) = diag(γ1(t), . . . , γnϕ(t)) and any positive real-valued functions λβ□(t) > 0 with

the placeholder □ representing η, ξ, and w, and λγ(t) > 0. This can be verified by deriving
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Figure 5.1: Uncertain LPV system interconnection with feedback control.

the following:  r

p

⊤

M

 r

p

 =
∑

□={η,ξ,w}

1

λβ□
(q⊤□q□ −

1

β2□
q⊤□∆

⊤
□∆□q□)

+
1

λγ

(
nϕδq

⊤δq − δϕ⊤Γ(t)−2δϕ
)
≥ 0,

where the last inequality comes from (5.7) and (5.10). The resulting interconnection in the

uncertain LPV system is illustrated in Figure 5.1.

5.1.3 Invariance condition

We consider a scalar-valued continuous Lyapunov function V : R× Rnx → R defined by

V (t, η(t)) = η(t)⊤Q(t)−1η(t), (5.15)

where Q(t) ∈ Snx++ is a continuous-time PD matrix-valued continuous function. A state

funnel is defined as a 1-sublevel set of V , that is,

EQ(t) := {η | η⊤Q(t)−1η ≤ 1}. (5.16)

We employ the following linear time-varying feedback controller:

ξ(t) = K(t)η(t), (5.17)
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for the system (5.12) with the feedback gain K(t) ∈ Rnu×nx . With this linear feedback, ξ

becomes linear in η. It follows that η ∈ EQ implies ξ ∈ EKQK⊤ where

EKQK⊤(t) := {(K(t)Q(t)K(t)⊤)
1
2 y | ∥y∥2 ≤ 1, y ∈ Rnu}. (5.18)

We refer EKQK⊤ to as an input funnel. We use the subscript KQK⊤ because, when KQK⊤

is PD, the set EKQK⊤ is equivalent to {ξ | ξ⊤(KQK⊤)−1ξ ≤ 1}. When KQK⊤ is only

PSD (not PD), EKQK⊤ becomes a degenerated ellipsoid, which remains well-defined and

compatible with (5.18). Using the state and input funnels, a funnel F(t) is defined as an

Cartesian product of state and input funnel centered around the nominal state x̄(t) and

input ū(t), respectively, that can be written as

F(t) := ({x̄(t)} ⊕ EQ(t))×
(
{ū(t)} ⊕ EKQK⊤(t)

)
. (5.19)

Lemma 5.2. Suppose there exists a PD matrix-valued continuous function Q(t) ∈ Snx++ and

a continuous matrix-valued function K(t) ∈ Rnu×nx such that all trajectories of the system

(5.12) satisfy

If V ≥ w⊤w, then V̇ (t, η(t)) ≤ 0, (5.20)

for almost all t ∈ [t0, tf ]. Then, with every almost everywhere continuous signal w(·) such

that (5.2), EQ(t) defined in (5.16) is an invariant time-varying ellipsoid for the system

(5.12) on [t0, tf ], that is, if η(·) is a solution of (5.12) with η(t0) ∈ EQ(t0), then η(t) ∈ EQ(t)
for all t ∈ [t0, tf ].

Proof. We prove by contradiction. Suppose that the invariance condition does not hold.

Then, there exists a solution η(·) of (5.12) such that η(t0) ∈ EQ(t0) and η(t2) /∈ EQ(t2) for
some t2 > t0. Since V (t, η) is continuous in t by continuity of η and Q, there exists t1 ∈
(t0, t2) such that V (t1, η(t1)) = 1 and V (t, η(t)) > 1 for all t ∈ (t1, t2] by the intermediate

value theorem. It follows from (5.20) that V̇ (t, η(t)) ≤ 0 for almost all t ∈ [t1, t2] as (5.2).

Observe that

V (t2, η(t2)) = V (t1, η(t1)) +

∫ t2

t1

V̇ (t, η(t))dt,

≤ V (t1, η(t1)) = 1.
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This implies η(t2) ∈ EQ(t2) that contradicts our hypothesis that η(t2) /∈ EQ(t2). Thus, EQ(t)
is invariant.

For a detailed discussion of similar Lyapunov conditions in the context of input-to-state

stability, we refer the reader to [115]. The similar Lyapunov condition with the time-

invariant Lyapunov function is also studied in [2, Lemma 1]. While Lemma 5.2 follows a

similar proof, we extend the result to consider more general types of disturbance signals

w(·) that are continuous almost everywhere. In the next lemma, we define the invariance

of the funnel F and its relevance to the invariance of EQ.

Lemma 5.3. If EQ(t) is invariant for the uncertain LPV system (5.12) with the linear

feedback control ξ = Kη, then the funnel F(t) defined in (5.19) is invariant for the original

system (5.1) in a sense that if x(·) is a solution of (5.1) with x(t0) ∈ {x̄(t0)} ⊕ EQ(t0) and
the control law,

u(t) = ū(t) +K(t)(x(t)− x̄(t)), (5.21)

then (x(t), u(t)) ∈ F(t) for all t ∈ [t0, tf ].

Proof. Consider a solution x(·) of (5.1) with x(t0) ∈ {x̄(t0)} ⊕ EQ(t0). This implies that

η(t0) ∈ EQ(t0), and then by the invariance of EQ, we have η(t) = x(t) − x̄(t) ∈ EQ(t) with

ξ(t) = u(t)− ū(t) = K(t)η(t). Thus, (x(t), u(t)) ∈ F(t) for all t ∈ [t0, tf ] with (5.21).

5.1.4 Differential linear matrix inequality

This subsection describes the derivation of the DLMI that implies the invariance condition

(5.20).

Lemma 5.4. Consider the uncertain LPV system in (5.12) with the multiplier matrix M(t)

satisfying (5.14). Suppose there exist Q(t) ∈ Snx++, Y (t) ∈ Rnu×nx, λβ(t) ∈ R+, λγ(t) ∈ R+,
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and λw ∈ R+ such that the following differential matrix inequality holds for some t ∈ [t0, tf ]:

DLMI(t, Q̇, Q, Y, λβ, λγ) :=
W − Q̇ ⋆ ⋆ ⋆

N2E
⊤ −N2 ⋆ ⋆

F̃⊤ 0 −λwI ⋆

CQ+DY 0 G −N1

 ⪯ 0, (5.22)

where W = ÃQ + B̃Y + QÃ⊤ + Y ⊤B̃⊤ + λwQ and N1, N2 are defined in (5.14). Let

K(t) = Y (t)Q(t)−1, and then the condition (5.20) holds for the given t.

Proof. Pre- and post-multiplying (5.22) by diag(Q−1, N−1
2 , I, I) generates

Q−1(W − Q̇)Q−1 ⋆ ⋆ ⋆

E⊤Q−1 −N−1
2 ⋆ ⋆

F̃⊤Q−1 0 −λwI ⋆

Ccl 0 G −N1

 ⪯ 0,

where Ccl = C +DK. By applying Schur complement, we can derive
Q−1(W − Q̇)Q−1 ⋆ ⋆

E⊤Q−1 0 ⋆

F̃⊤Q−1 0 −λwI

+ (⋆)⊤

 N−1
1 0

0 N−1
2

 Ccl 0 G

0 I 0

 ⪯ 0.

By post- and pre-multiplying by diag(η, p, w) and its transpose, respectively, and applying

the identity Q̇−1 = −Q−1Q̇Q−1, we obtain

V̇ + (⋆)⊤

 N−1
1 0

0 N−1
2

 r

p

+ λw(V − w⊤w) ≤ 0,

for all η ∈ Rnx , p ∈ Rnp , and w ∈ Rnw . By using (5.13), S-procedure [19, 132], and λw > 0,

we can conclude that the above inequality implies (5.20).

We omit the time arguments in Lemma 5.4 and its proof for the notational brevity.

The matrices C, D, E, G, and the constant λw are time-invariant, while the terms

Ã, B̃, F̃ , Q, Y, K, W, N1, and N2 are time-varying. Notice that with the fixed positive

constant λw, DLMI(Q̇,Q, Y, λβ, λγ) in (5.22) is linear in its arguments.
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5.2 Funnel synthesis problem

5.2.1 Transformation of DLMI into a finite number of LMIs

To transform the DLMI (5.22) into a finite number of LMIs, we first parameterize Q(t),

Y (t), λβ(t), and λγ(t) by employing the same FOH interpolation used in (5.8), that is,

□̃(t) := σk1 (t)□k + σk2 (t)□k+1, t ∈ [tk, tk+1],

where a placeholder □ corresponds to Q, Y, λβ, and λγ , and the time-varying parameters

σk1 (t) and σ
k
2 (t) are given in (5.8b). Here Qk ∈ Snx++, Yk ∈ Rnu×nx , (λβ)k ∈ R+, and (λγ)k ∈

R+ for all k ∈ Z[0,N ] are our decision variables to be optimized. With this interpolation, the

derivative of Q̇ for each open subinterval (tk, tk+1), denoted by Q̇k, is constant and given

by

Q̇k := Q̇ =
Qk+1 −Qk
tk+1 − tk

, (5.23)

where the superscript k indicates that Q̇ is specific to each subinterval.

To derive a finite number of LMIs that ensure the invariance, we also need to represent

the time-varying constants γ(t) and β(t) with a finite set of values. To this end, we define

(γi)k := sup
t∈[tk,tk+1]

γi(t), βk := sup
t∈[tk,tk+1]

β(t), (5.24)

for all k in Z[0,N−1]. These constants (γi)k and βk serve as upper bounds for γi(t) and β(t),

respectively, on each subinterval [tk, tk+1]. Hence, they become valid constants for (5.7) and

(5.10), respectively on each subinterval [tk, tk+1]. This allows us to incorporate (γi)k and

βk as constants in the LMIs associated with each subinterval, facilitating the derivation of

a finite set of LMIs for the entire horizon [t0, tf ]

With the FOH interpolation (5.8) for the system matrices and our decision variables,

the DLMI condition (5.22) for open subinterval (tk, tk+1) can be equivalently rewritten as

σk1 (t)σ
k
1 (t)H

k
k,k + σk2 (t)σ

k
2 (t)H

k
k+1,k+1 + σk1 (t)σ

k
2 (t)(H

k
k,k+1 +Hk

k+1,k) ⪰ 0, (5.25)
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where Hk
i,j ∈ RnH×nH with nH = nx + np + nw + nr for i, j ∈ {k, k + 1} is given by

Hi,j := −


Wi,j − Q̇k ⋆ ⋆ ⋆

Nk
2,jE

⊤ −Nk
2,j ⋆ ⋆

F⊤
j 0 −λwI ⋆

Lj 0 G −N1,j

 , (5.26)

Wi,j := AiQj +BiYj +QjA
⊤
i + Y ⊤

j B
⊤
i + λwQj ,

Lj := CQj +DYj , N1,j := diag((λβ)jI, (λγ)jI),

Nk
2,j := diag(β2j (λβ)jI, (λγ)jΓ

2
k),

where Γk = diag((γ1)k, . . . , (γnϕ)k) and the superscript k is introduced for the piecewise

constant terms Q̇k, Γk, and βk. Then, observe that (5.25) can be expressed as

(⋆)⊤

 Hk
k,k ⋆

1
2

(
Hk
k,k+1 +Hk

k+1,k

)
Hk
k+1,k+1


︸ ︷︷ ︸

:=P

 σk1 (t)I

σk2 (t)I


︸ ︷︷ ︸

:=Σ

⪰ 0. (5.27)

The condition (5.27) can be achieved by satisfying P ∈ C where

C :=
{
P

∣∣∣∣∀σ1,∀σ2 ∈ R+,Σ = [σ1I, σ2I]
⊤,Σ⊤PΣ ⪰ 0

}
.

It is worth noting that if nH = 1, the set C is equal to the set of 2× 2 copositive matrices

[20]. With this observation, we are ready to derive sufficient LMI conditions ensuring P ∈ C
by adapting techniques from the literature on matrix copositivity [93, 10]. It is worth noting

that we formulate these conditions specifically for our problem so that we can obtain a finite

set of LMIs that guarantee the invariance of the funnel.

Lemma 5.5. Suppose that the following holds:

Hk
k,k ⪰ 0, Hk

k+1,k+1 ⪰ 0, (5.28a)

Hk
k,k+1 +Hk

k+1,k ⪰ 0. (5.28b)

Then, (5.27) holds for all t in (tk, tk+1).

Proof. Each block of P is PD because of the hypothesis in the Lemma 5.5. Since each σki (t)

for i ∈ {1, 2} is nonnegative for all t in (tk, tk+1), we have (5.25).
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Similar results were discussed in [91, 97]. Here, we can further derive a less conservative

LMI condition implying P ∈ C compared to (5.28).

Lemma 5.6. Suppose that there exist Hk
i,j and Xk

i,j for all i, j ∈ {k, k + 1} such that Hk
k,k −Xk

k,k ⋆

1
2

(
Hk
k,k+1 +Hk

k+1,k

)
−Xk

k+1,k Hk
k+1,k+1 −Xk

k+1,k+1

 ⪰ 0, (5.29a)

Xk
i,j = (Xk

j,i)
⊤ ⪰ 0, ∀i, j ∈ {k, k + 1}. (5.29b)

Then, (5.27) holds for all t in (tk, tk+1).

Proof. Notice that the matrix P defined in (5.27) can be written as

P = P1 + P2,

where P1 and P2 are given by

P1 =

 Hk
k,k −Xk

k,k ⋆

1
2

(
Hk
k,k+1 +Hk

k+1,k

)
−Xk

k+1,k Hk
k+1,k+1 −Xk

k+1,k+1

 ,
P2 =

 Xk
k,k ⋆

Xk
k+1,k Xk

k+1,k+1

 .
We have Σ⊤P1Σ ⪰ 0 because of the hypothesis in Lemma 5.6. Also, since every block Xk

i,j

for all i, j ∈ {k, k + 1} in P2 is assumed to be PD, we have Σ⊤P2Σ ⪰ 0. Hence, we can

conclude Σ⊤PΣ ⪰ 0.

By solving either (5.28) or (5.29) for all k in Z[0,N−1], we can guarantee the satisfaction

of the DLMI (5.22) for all t ∈ [t0, tf ] except at each temporal node points t = tk for all k in

Z[0,N ].

Remark 5.7. The matrix-valued function Q(t) with the FOH (5.8) is not differentiable at

each temporal node points t = tk for all k in Z[0,N ]. This does not compromise our objective

of continuous-time invariance since it suffices for the Lyapunov condition (5.20) to hold for

almost all t in [t0, tf ] according to Lemma 5.2.
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It is worth noting that (5.29) is less conservative than (5.28), as every solution of (5.28) is

a special case of (5.29). This follows from the fact that (5.29) with the following constraints

Hk
i,i = Xk

i,i, ∀i ∈ {k, k + 1},
1

2

(
Hk
k,k+1 +Hk

k+1,k

)
= Xk

k,k+1,

is equivalent to (5.28). However, solving (5.29) requires to introduce additional variables

X ∈ RnH×nH that are larger in dimension than the variables Q and Y , making the solution

of (5.29) more computationally expensive than that of (5.28).

5.2.2 Constraints

The proposed funnel synthesis algorithm aims to satisfy not only the invariance of the funnel

but also the state and input constraints. We consider linear state and input constraints

written as

Px = {x | (ahi )⊤x ≤ bhi , i = 1, . . . ,mx}, (5.30a)

Pu = {x | (agj )⊤u ≤ b
g
j , j = 1, . . . ,mu}. (5.30b)

We aim to make the state and input funnels at each node point centered around the nominal

trajectory remain inside the feasible region. This can be stated using the set inclusions as

{x̄k} ⊕ EQ(tk) ⊆ Px and {ūk} ⊕ EKQK⊤(tk) ⊆ Pu for all k ∈ Z[0,N ] where x̄k = x̄(tk) and

ūk = ū(tk). These conditions can be equivalently written by the following LMIs [59]:

0 ⪯

 (bhi − (ahi )
⊤x̄k

)2
(ahi )

⊤Qk

Qka
h
i Qk

 , i = Z[1,mx], (5.31a)

0 ⪯

 (bgj − (agj )
⊤ūk

)2
(agj )

⊤Yk

Y ⊤
k a

g
j Qk

 , j = Z[1,mu]. (5.31b)
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5.2.3 Problem formulation

The proposed funnel synthesis algorithm solves the following SDP problem:

minimize
Qk, Yk, (λβ)k, (λγ)k, X

k
k,k, X

k
k,k+1, X

k
k+1,k+1

J(Q0, . . . , QN ) (5.32a)

subject to (5.28) or (5.29), ∀k ∈ Z[0,N−1], (5.32b)

(5.31), ∀k ∈ Z[0,N ], (5.32c)

0 ≺ Qk ⪯ Qmax,∀k ∈ Z[0,N ]. (5.32d)

The cost function J is assumed to be convex in Qk. The matrix Qmax ∈ Snx++ is introduced

to prohibit the funnel being arbitrarily large. By imposing 0 ≺ Qk for each k ∈ Z[0,N ], the

FOH interpolation (5.8) ensures 0 ≺ Q(t) for all t ∈ [t0, tf ].

Theorem 5.8. Let Q(t) and Y (t) be obtained from the solution of (5.32) with the FOH

interpolation (5.8). Define the feedback gain K(t) = Y (t)Q(t)−1. Then, the funnel F(t)
defined in (5.19) is invariant for all t ∈ [t0, tf ].

Proof. By Lemma 5.5 and 5.6, satisfying (5.32b) implies that the DLMI (5.22) holds for

all t ∈ [t0, tf ] except at each temporal node point t = tk for all k ∈ Z[0,N ]. It follows from

Lemma 5.4 that the Lyapunov condition (5.20) holds almost everywhere. This implies the

invariance of the state funnel EQ followed from Lemma 5.2. Last, it follows from Lemma

5.3 that the funnel F(t) is invariant.

Remark 5.9. The feasibility condition in (5.31) enforces the constraints only at the

temporal node points, which could result in violations between these node points. A possible

remedy is to increase the number of node points. It is important to note that while the

feasibility is only enforced at each node point, the invariance holds across the entire horizon

[t0, tf ] as established in Theorem 5.8.

Remark 5.10. The feasibility of the problem (5.32) depends on many factors such as

the magnitude of γ and β, the density of the node points, the configuration and size of

obstacles, and the bounds on control inputs. Due to this complexity, it is generally difficult

to guarantee feasibility a priori. However, a key advantage of the proposed approach is
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that it is formulated as a convex optimization problem, certifying the problem’s infeasibility.

In particular, if the problem is infeasible, the solver can provide a formal certificate of

infeasibility.

5.2.4 Estimation of the constants via sampling

To solve the problem (5.32), it is necessary to obtain the local Lipschitz constant (γi)k

and the bound βk described in (5.10) for each k ∈ Z[0,N−1]. If the system is globally

Lipschitz, one can directly use the global Lipschitz constant for all k [136]. One effective

way for estimating local γk is to use sampling approaches [97], collecting samples of the

triple (ηs, ξs, ws) around the nominal trajectory, with s denoting each sample. Specifically,

this involves sampling the state deviation ηs within the maximum state funnel Qmax, the

input deviation ξs within the constraint (5.30b), and the disturbance within its bound (5.2)

for each subinterval [tk, tk+1]. To obtain a less conservative constant, one might use the

iterative procedure provided in [97] where the estimation of γk and funnel computation

are alternately repeated until the convergence. This paper does not consider this iterative

process for simplicity as our proposed method can be incorporated with any way to estimate

the Lipschitz constant. On the other hand, the value of ∆e(t) defined in (5.6) is known and

can thus be evaluated at each t. Hence, for each subinterval [tk, tk+1], we pick Ns sample

temporal points ts uniformly, and then (βe)k can be determined through

(βe)k = max
s=1,...,Ns

∥∆e(ts)∥2.

5.2.5 Algorithm summary

The overall procedure for synthesizing the funnel and controller is summarized below.
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Algorithm 2 Funnel Synthesis

1: Input: Nominal trajectory, system dynamics, state/input constraints

2: Estimate γ and β as described in Section 3.4

3: for each λw in the search grid do

4: Solve the SDP problem in (5.32)

5: Store the cost and feasibility status

6: end for

7: Select λw with the lowest feasible cost

8: Return the corresponding funnel and controller

5.3 Numerical simulation

In this section, the proposed method is validated through two robotic motion planning and

control applications: one for a unicycle model and the other for six-degree-of-freedom (6-

DoF) powered descent guidance. For both examples, the Mosek solver is used to solve the

SDP (5.32).

5.3.1 Unicycle model

We consider the unicycle model given in (5.4) with c1 = 0.03 and c2 = 0.05. We divide a

15 second time horizon into N = 20 subintervals, starting at t0 = 0 and ending at tf = 15.

The cost function J in (5.32) is set as −trace(Q0)+trace(QN ) to maximize the funnel entry

and minimize the funnel exit. The nominal trajectory illustrated in Figure 5.2 starts at

(0, 0), passes through (4, 8), and ends at (8, 0). A state constraint for avoiding an obstacle

is taken into account, resulting in a nonconvex state constraint as shown in Figure 5.2. This

nonconvex constraint is linearized around the nominal trajectory to generate the polytopic

constraints in the form of (5.30). The constraints for inputs are defined as follows: 0 ≤ u1 ≤
2 (m/s) and |u2| ≤ 1.5 (rad/s). The parameter Qmax for the maximum funnel size is set to

diag(22, 22, (20π/180)2). To estimate (γi)k and βk, we sample 100 triples of (ηs, ξs, ws) and

20 samples of ∆(ts) for each subinterval [tk, tk+1].

To determine a value for λw, we solved the SDP problem (5.32) across a range of
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Figure 5.2: (Top) The synthesized state funnel projected on x (x1) and y (x2) position

coordinates. (Bottom) Time history of the state funnel projected on yaw angle (x3)

coordinate.
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Figure 5.3: Time history of the synthesized input funnel projected on velocity command

(u1) and angular velocity command (u2) coordinates, shown in the top and bottom figures,

respectively.
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Figure 5.4: The cost results of (5.32) with different values of λw are presented for both

cases: using (5.28) in Lemma 5.5 and (5.29) in Lemma 5.6.
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Figure 5.5: (Top) The results of trajectories propagated from randomly selected samples

within the funnel entry. (Bottom) Time history of Lyapunov function V , as defined in

(5.15), for each trajectory sample.
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Time (s)

Time (s)

Baseline
Proposed

Figure 5.6: (Top) Evolution of the Lyapunov function for the funnel computed using the

baseline approach. (Bottom) Time history of the maximum eigenvalue of DLMI , as defined

in (5.22), for the funnel obtained by both the baseline and proposed methods.
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candidate λw values. The resulting cost values are summarized in Figure 5.4, which shows

that the minimum cost is attained when λw = 0.26. The results of the state funnel and

input funnel are provided in Figure 5.2 and Figure 5.3, respectively. It is clear that state

and input constraints are satisfied at each node point. We conduct a comparison between

two different conditions, (5.28) and (5.29), in terms of the resulting cost and computation

time for synthesizing the funnel. The funnel computed using (5.29) has smaller cost, at

-3.652, compared to -3.600 for the funnel using (5.28). The computational time for MOSEK

to solve the SDP (5.32) with (5.28) is longer, at 11.63s, compared to 1.57s with (5.29),

which is aligned with our expectation. Furthermore, Figure 5.4 shows that for every case,

the cost associated with (5.29) is consistently lower than that obtained by (5.28).

To test the invariance condition of the funnel, we take a total of 500 samples from the

surface of the funnel entry Q0. Then, these samples are propagated through the control law

(5.21). During the propagation, we randomly choose the disturbance w such that ∥w∥2 = 1.

In the bottom figure of Figure 5.5, the value of the Lyapunov function V for each sample

over the time horizon is illustrated. We can see that the values maintain below one, which

means all trajectories remain in the funnel by the invariance property.

We compare the proposed method with a baseline approach that directly discretizes

the DLMI (5.22) using the forward Euler method. This type of discretization has been

commonly used in related funnel computation literature [74, Section 4.2]. To validate the

baseline approach, we follow the same procedure as with the proposed method: 500 samples

are taken from the surface of the funnel entry computed using the baseline, and each sample

is propagated under the control law. The evolution of the Lyapunov function for each sample

is shown in the top of Figure 5.6. Some trajectories exhibit Lyapunov function values greater

than 1, indicating that the funnel computed by the baseline method violates the invariance

condition. To explicitly assess satisfaction of (5.22) over time, we plot the time history of

the maximum eigenvalue of DLMI , which is defined in (5.22), using the decision variables

from both the baseline and proposed methods in Figure 5.6. The results clearly show that

the baseline approach violates the DLMI condition between the node points, whereas the

proposed method satisfies it throughout the entire time horizon.
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5.3.2 6-DoF Powered Descent Guidance

We consider a 6-DoF rigid-body rocket model in an East-North-Up inertia coordinate

described by 
ṗ

v̇

Φ̇

Ω̇

 =


v

1
mCI/B(Φ)F + g

R(Φ)Ω

J−1(T + r × F − Ω× JΩ)

 ,

where the state vector x = (p, v,Φ,Ω) consists of the position p ∈ R3, velocity v ∈ R3,

Euler angles Φ ∈ R3, and angular velocity Ω ∈ R3, and the control input u = (F, T )

includes the thrust force F ∈ R3 and torque T ∈ R3. The constant m ∈ R is the vehicle

mass, J ∈ R3×3 is the inertia matrix, and g ∈ R3 is the gravitational constant. The vector

r ∈ R3 is the position vector from the center of the mass to the location of the thrust.

The matrix CI/B(Φ) is the rotation matrix from the body frame to the inertia frame and

the matrix R(Φ) represents the transformation between Euler angle rates and body-frame

angular velocity. More details in the derivation of the model could be found in [117].

The nominal trajectory has a plane maneuver in the plane defined by rx = ry, with rx

and ry denoting the position components along the East and North axes, respectively. We

use nondimensionalized units, with UT , UL, and UM denoting the units of time, length,

and mass units, respectively. The mass m is set to 2 (UM ) and the gravity is set to

g = [0, 0,−1.625]⊤ (UM/U
2
T ). We divide an entire horizon into N = 5 subintervals, starting

at t0 = 0 (UT ) and ending at tf = 7.457 (UT ). The cost function is set to the same as in

the unicycle example: −trace(Q0)+ trace(QN ). The constraint sets X and U are defined as

X = {x | xlb ≤ x ≤ xub},

U = {u | ulb ≤ u ≤ uub},

xub = diag(8, 8, 8, 2, 2, 2, 30°, 30°, 30°, 45°, 45°, 45°),

xlb = −xlb,

uub = diag(1.5, 1.5, 5.0, 0.1, 0.1, 0.1),

ulb = −diag(1.5, 1.5, 0.0, 0.1, 0.1, 0.1).
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Since the bounded disturbance w is not considered in this example, it is not necessary to

perform the line search for λw; thus λw is set to zero and the matrix F (t) is set to the zero

matrix for all time.

The computed funnels projected onto the two dimensional East-North plane and the

three-dimensional East-North-Up space are illustrated in Figure 5.7 and in Figure 5.8,

respectively. The funnel computed using (5.29) has a cost of -31.982, which is lower than the

cost of the funnel computed using (5.28), -31.890. The MOSEK solver takes 28.10 seconds

to solve the SDP with (5.29) and 17.41 seconds with (5.28).

Similar to the unicycle example, 500 samples are taken from the funnel entry, and

each sample is propagated under the synthesized control law. Each sample’s trajectory

in the position coordinates is illustrated in Figure 5.8. From the results, we observe

that although the nominal trajectory has an in-plane maneuver, the resulting funnel and

sampled trajectories exhibit out-of-plane maneuver. The funnel invariance is validated by

examining the evolution of the Lyapunov function, as shown in Figure 5.10, confirming

that all trajectories remain inside the funnel. The resulting input funnel, projected onto

each input dimension, is given in Figure 5.9, demonstrating that the input constraints are

satisfied. The state funnel projected onto the Euler angle dimensions is given in Figure 5.10.

While the funnel satisfies the state constraints at each node point, slight constraint violations

occur between nodes.
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Nominal
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Figure 5.7: The synthesized state funnel projected onto the position coordinates. Filled

ellipsoids represent the funnels at discrete node points, while the intermediate funnels

between nodes are shown as unfilled ellipsoids.
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Figure 5.8: (Top) The computed funnel projected onto the three-dimensional position space.

The funnel is shown in blue, and the propagated sample trajectories are shown in purple.

(Bottom) Evolution of the Lyapunov function of the sample trajectories.
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5.4 Conclusion

This paper presents a funnel synthesis algorithm for nonlinear systems under bounded

disturbances. The proposed method can satisfy the invariance condition exactly over

the finite time horizon. This is achieved by approximating the incremental system as an

uncertain LPV system and deriving a finite number of LMIs that imply the DLMI resulting

from the invariance condition. Simulation results show that the synthesized funnel satisfies

both invariant and feasibility conditions.
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Chapter 6

DISCRETE-TIME JOINT SYNTHESIS OF TRAJECTORY,
CONTROLLED INVARIANT FUNNEL, AND FEEDBACK CONTROL

This chapter introduces a joint synthesis algorithm that computes both the nominal

trajectory and the associated funnel within a unified optimization framework. While

Chapters 3–5 focused on funnel synthesis with a fixed nominal trajectory, such separation

often leads to conservative solutions. By allowing the trajectory and funnel to be co-

designed, the proposed method reduces conservatism, improving feasibility and overall

system performance. The chapter also presents how nominal dynamics and cost are

integrated into the formulation and demonstrates the effectiveness of the approach through

several simulation examples.

Chapter-specific notation. Let R be the field of real numbers, Rn be the n-

dimensional Euclidean space, and N be the set of natural numbers. A finite set of consecutive

non-negative integers is represented by N r
q := {q, q + 1, . . . , r}. The symmetric matrix

Q = Q⊤(⪰) ≻ 0 implies Q is positive-(semi-)definite matrix, and (Sn+) Sn++ denotes the

set of all positive-(semi-)definite matrices whose size is n × n. The symbol ⊕ denotes

the Minkowski sum. The vector (x, y) represents the concatenation of two vectors x

and u into a longer vector. The notation * represents the symmetric part of a matrix,

i.e,

 a b⊤

b c

 =

 a ∗
b c

, and {x̄k, ūk, w̄k}Kk=0 illustrates {x̄0, ū0, w̄0, . . . , x̄K , ūK , w̄K}.

The symmetric squared root of a symmetric matrix A is defined as A
1
2 by eigenvalue

decomposition [20]. The operation diag(·) is a diagonal matrix formed from its vector

argument.
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6.1 Problem formulation

Consider a discrete-time uncertain nonlinear system of the following form:

xk+1 = f(tk, xk, uk, wk), ∀ k ∈ NN−1
0 , (6.1)

where N ∈ N is the length of the time horizon and tk ∈ R is the time at the k. The function

f : R × Rnx × Rnu × Rnw → Rnx is assumed to be a locally Lipschitz and at least once

differentiable. The vector xk ∈ Rnx is the state, uk ∈ Rnu is the control input, and the

signal wk ∈ Rnw is the exogenous disturbance or model mismatch that is assumed to be

unknown but norm bounded: ∥wk∥2 ≤ 1 for all k ∈ NN−1
0 .

Let {x̄k}Nk=0, {ūk, w̄k}N−1
k=0 be a nominal trajectory that the CIF is centered around,

and is feasible for the nonlinear dynamics (6.1). In this paper, the nominal trajectory is

assumed to have zero disturbances, i.e., w̄k = 0 for all k ∈ NN−1
0 . We define difference state

ηk := xk − x̄k and difference input ξk := uk − ūk, and assume a linear feedback ξk = Kkηk

for all k ∈ NN−1
0 , which leads to a closed-loop system and a control law given by

ηk+1 = f(tk, xk, uk, wk)− f(tk, x̄k, ūk, 0), (6.2)

uk = ūk +Kkηk, ∀ k ∈ NN−1
0 , (6.3)

where Kk ∈ Rnx×nu is a feedback gain. In this paper, we consider a specific class of

funnels that consists of ellipsoids of state and input. The ellipsoid for the difference state

is represented as

EQk := {η ∈ Rnx | η⊤Q−1
k η ≤ 1}, ∀ k ∈ NN

0 , (6.4)

where Qk ∈ Snx×nx++ is a positive definite matrix. With the linear feedback gain Kk, it follows

from Schur complement that ηk ∈ EQk implies ξk ∈ EKkQkK⊤
k

[97]. Now we are ready to

formally define the quadratic CIF.

Definition 6.1. A quadratic controlled positively invariant funnel, Fk, associated with a

closed loop system (6.2) is a time-varying set in state and control space that is parameterized

by a time-varying positive definite matrix Qk ∈ Snx++ and a time-varying matrix Kk ∈ Rnx×nu

such that Fk = EQk ×EKkQkK⊤
k
, and the funnel Fk is invariant and feasible for all k ∈ NN

0 .
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The invariance property of the CIF with the closed-loop system (6.2) and the control

law (6.3) can be mathematically stated as follows:

(η0, ξ0) ∈ F0 ⇒ (ηk, ξk) ∈ Fk, ∀ k ∈ NN
1 . (6.5)

This condition implies that if a particular initial condition is inside the funnel, then a

trajectory propagated with the closed-loop model (6.2) remains within the funnel as well.

The feasibility property for the funnel Fk can be mathematically expressed as:

{x̄k} ⊕ EQk ⊆ X , (6.6a)

{ūk} ⊕ EKkQkK⊤
k
⊆ U , ∀ k ∈ NN−1

0 . (6.6b)

The feasibility conditions require that every state and input in the funnel around the

nominal trajectory should be feasible for the given state and input constraint sets X and

U , respectively.
Now we are ready to derive the problem formulation. The goal of the joint synthesis

of trajectory and CIF is to solve a discrete-time nonconvex optimization problem of the

following form:

minimize

x̄k,Qk,µ
Q
k

∀ k∈NN
0 ,

ūk,Kk,µ
K
k ,∀ k∈NN−1

0

N−1∑
k=0

Jt(x̄k, ūk) + wQ

N∑
k=0

µQk + wK

N−1∑
k=0

µKk (6.7a)

subject to x̄k+1 = f(tk, x̄k, ūk, 0), ∀ k ∈ NN−1
0 (6.7b)

Qk ⪯ µQk I, ∀ k ∈ NN
0 (6.7c)

KkQkK
⊤
k ⪯ µKk I, ∀ k ∈ NN−1

0 (6.7d)

conditions (6.5)− (6.6),

x̄0 ⊕ EQ0 ⊇ X0, (6.7e)

x̄N ⊕ EQN ⊆ XN , (6.7f)

where the summands in the objective function consist of the trajectory cost and the funnel

cost, and 0 < wQ ∈ R and 0 < wK ∈ R are user-defined weights. The function Jt is a cost

for the trajectory and is assumed to be convex in x̄k and ūk. The slack variables µQk ∈ R and
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µKk ∈ R are introduced to minimize the diameter of the ellipsoidal sets EQk and EKkQkK⊤
k
in

the funnel by imposing the constraints (6.7c)-(6.7d). Minimizing the size of the funnel leads

the effect of the propagated disturbances starting from the initial set to be minimized [74].

While minimizing the cost, the formulation guarantees the invariance property in (6.5) and

ensures the feasibility of the ellipsoids encapsulating the nominal states and inputs in (6.6).

For boundary conditions, the initial and final ellipsoids, X0 and XN , are given as

X0 =
{
x
∣∣ (x− xi)⊤Q−1

i (x− xi) ≤ 1
}
, (6.8a)

XN =
{
x
∣∣ (x− xf )⊤Q−1

f (x− xf ) ≤ 1
}
, (6.8b)

where xi ∈ Rnx is a nominal initial state, Qi ∈ Snx++ is a constant matrix defining the

initial ellipsoidal set, xf ∈ Rnx is the nominal final state, and Qf ∈ Snx++ is a constant

matrix defining the final ellipsoidal set. The computed funnel at k = 0 should include the

initial set X0 to generate the trajectory from any state in the initial set. Also, the ellipsoid

corresponding to the state in the funnel at k = N should be a subset of XN so that the

resulting trajectory is guaranteed to terminate in XN .
It is worth mentioning that the system dynamics (6.7b) for the nominal trajectory has

no disturbances (w̄k = 0), but the invariance property is achieved with the closed-loop

dynamics (6.2)-(6.3) in which the disturbances exist. Hence, any trajectory propagated for

the uncertain nonlinear dynamics (6.1) with the control law (6.3) from any initial state in

X0 remains within the feasible region under the presence of norm bounded uncertainties.

The block diagram of the resulting control signal is illustrated in Figure 6.2.

6.2 Iterative Robust Trajectory Optimization

In this section, we discuss the details of the proposed method to solve the robust trajectory

optimization problem given in (6.7a)-(6.7f). The method tackles the problem by iteratively

updating the nominal trajectory {x̄k}Nk=0,{ūk}N−1
k=0 , the parameters of the set {Qk}Nk=0 and

the feedback controller {Kk}Nk=0 in the CIF. In each iteration, the method consists of 3 steps:

the nominal trajectory update, the estimation of the locally Lipschitz constant, and the

funnel update. In this section, we denote an initial guess or solution variables of the previous
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Figure 6.1: A block diagram of the proposed method. Starting from the initial guess, the

method optimizes the trajectory while considering the feasibility of the funnel. The local

Lipschitz constant γk of the nonlinearity around the obtained trajectory is then estimated.

The next step is to optimize the funnel with the funnel constraints and the Lyapunov

condition that ensures the invariance property. The entire process is repeated until both

the trajectory and the funnel converge.

iteration (i.e., reference trajectory and funnel parameters) by {x̂k, Q̂k}Nk=0, {ûk, K̂k}N−1
k=0 .

The block diagram of the proposed algorithms is given in Figure 6.1.

6.2.1 Nominal trajectory update

We require the nominal trajectory to satisfy the (possibly nonconvex) constraints (6.7b)

and (6.6) while minimizing the trajectory cost Jt by approximating the original problem

with a convex sub-problem. This is a typical process in many SCP methods to solve

nonconvex trajectory optimization problems [77]. In contrast to the typical SCP methods,

the feasibility problem in (6.6) involves the funnel parameters that are fixed as the reference

funnel variables {Q̂k, K̂k}N−1
k=0 in this trajectory update step.

In each sub-problem, the intermediate trajectory solution should satisfy the following
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Figure 6.2: A block diagram of the control procedure.

affine system:

xk+1 = Ākxk + B̄kuk + z̄k + vk, ∀ k ∈ NN−1
0 (6.9)

where Āk, B̄k, z̄k define the linearized model of the nonlinear dynamics given in (6.1)

evaluated around the reference trajectory {x̂k, ûk}N−1
k=0 with zero disturbance w̄k = 0. The

term vk is a virtual control variable that serves to prevent the sub-problem from being

artificially infeasible [77] due to linearization of dynamics and constraints.

The feasible sets X and U are expressed as

X = {x | hi(x) ≤ 0, i = 1, . . . ,mx},

U = {u | gj(u) ≤ 0, j = 1, . . . ,mu},

where hi and gj are at least once differentiable functions. While we assume here that X and

U are time-invariant for brevity, the proposed framework, however, can easily incorporate

time-varying sets. The nonlinear constraints need to be linearized to ensure convexity of

the sub-problem. Thus, we approximate the feasible set X and U as polytopes, which are

obtained via linearization around {x̂k, ûk}N−1
k=0 as follows:

Pxk = {x | (axi )⊤k xk ≤ (bxi )k, i = 1, . . . ,mx},

Puk = {u | (auj )⊤k xk ≤ (buj )k, j = 1, . . . ,mu},

where (axi , b
x
i ) and (auj , b

u
j ) are first-order approximations of hi and gj , respectively. Notice

that while X and U are assumed to be time-invariant, their polytopic approximations Pxk



112

and Puk would be time-varying due to the time variation in the reference trajectory x̂k, ŷk.

Then, the feasibility conditions with the fixed funnel parameters {Q̂k, K̂k}N−1
k=0 in (6.6) can

be approximated as linear constraints as follows [97]:

∥(Q̂⊤
k )

1
2 (axi )k∥2 + (axi )

⊤
k xk ≤ (bxi )k, i = 1, . . . ,mx, (6.10a)

∥(K̂kQ̂kK̂
⊤
k )

1
2 (auj )k∥2 + (auj )

⊤
k uk ≤ (buj )k, j = 1, . . . ,mu, ∀ k ∈ NN−1

0 . (6.10b)

The trajectory update step for the nominal trajectory has the following form of a second-

order cone program (SOCP):

minimize

x̄k,ūk,v̄k,x̄N ,

∀ k∈NN−1
0

N−1∑
k=0

Jt(x̄k, ūk) + Jvc(v̄k) + Jtr(x̄k, ūk) (6.11a)

subject to conditions (6.9)− (6.10),

x̄0 = xi, x̄N = xf . (6.11b)

In the cost function, there are two additional penalty terms for virtual control Jvc and

trust region Jtr. The virtual control penalty enforces the virtual control variables vk to

remain small, and the trust region encourages the optimum to stay in the vicinity of the

reference trajectory {x̂k, ûk}N−1
k=0 where the linearization error is small. They are formulated

as follows:

Jvc(vk) = wv∥vk∥1, (6.12a)

Jtr(xk, uk) = wtr(∥xk − x̂k∥22 + ∥uk − ûk∥22), (6.12b)

where wv ∈ R and wtr ∈ R are user-defined weight parameters for the virtual control

and the trust region, respectively. As a result of the optimization problem (6.11), the

solution becomes a new nominal trajectory {x̄k}Nk=0, {ūk}N−1
k=0 that will be used for the funnel

computation in the following section. This type of penalized-trust region-based optimization

has been studied for trajectory optimization [98] and general nonlinear programming [25].

6.2.2 CIF update

In this section, we describe how to optimize the CIF around the nominal trajectory obtained

from the previous section. The optimization problem derived in this section aims to
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make the funnel invariant (6.5) and feasible for the constraints (6.6) and the boundary

conditions (6.7f) for locally Lipschitz nonlinear systems. To this end, we construct a

SDP whose solution provides the parameters of the invariant set and the feedback gains

{Qk}Nk=0, {Kk}N−1
k=0 .

Nonlinear dynamics

Since the nonlinear dynamics in (6.1) is at least once differentiable, it can be re-written as

xk+1 = f(tk, xk, uk, wk), (6.13a)

= Akxk +Bkuk + Fkwk + Epk, (6.13b)

pk = ϕk(qk), (6.13c)

qk = Cxk +Duk +Gwk. (6.13d)

Notice that all nonlinearities are lumped into a vector pk ∈ Rnp represented by a function

ϕk : Rnq → Rnp with its argument qk ∈ Rnq . The matrix E ∈ Rnx×np is introduced

since not all states are affected by the nonlinearities. The matrices Ak, Bk and Fk can be

arbitrary, but we specifically choose Ak, Bk, and Fk to be the first order approximation of

the nonlinear dynamics f around the nominal trajectory as follows:

Ak :=
∂f

∂x

∣∣∣∣
x=x̄k,u=ūk,w=0

, Bk :=
∂f

∂u

∣∣∣∣
x=x̄k,u=ūk,w=0

,

Fk :=
∂f

∂w

∣∣∣∣
x=x̄k,u=ūk,w=0

, ∀ k ∈ NN−1
0 .

With difference state ηk and input ξk, the difference dynamics can be derived as

xk+1 − x̄k+1 = Akηk +Bkξk + Fkwk + E(pk − p̄k) + f(tk, x̄k, ūk, 0)− x̄k+1,

where p̄k = ϕk(q̄k) and q̄k = Cx̄k + Dūk. The term f(tk, x̄k, ūk, 0) − x̄k+1 on the right

hand side exists because of the dynamical error in the intermediate nominal trajectory

{x̄k}Nk=0, {ūk}N−1
k=0 . This error is gradually reduced as the iteration proceeds because the

trajectory update (6.11) ensures that the nominal trajectory becomes dynamically feasible

for the entire interval. Thus, we intentionally do not consider this error in the funnel update

step since it is sufficient for the funnel to satisfy the invariance and feasibility properties
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with the converged nominal trajectory that is dynamically feasible. The difference dynamics

we consider for the funnel update is consequently written as

ηk+1 = Akηk +Bkξk + Fkwk + Eδpk,

δpk = ϕk(qk)− ϕk(q̄k),

δqk = Cηk +Dξk +Gwk,

where δpk := pk− p̄k and δqk := qk− q̄k. With the linear feedback controller ξk = Kkηk, the

inclusion ηk ∈ EQk implies that qk is in a compact set Q that is given as

δQk = ECclk Qk(Cclk )⊤ ⊕ {Fkwk | ∥wk∥2 ≤ 1},

Qk = {q̄k} ⊕ δQk, ∀ k ∈ NN−1
0 ,

where Cclk := C+DKk. The assumption that the function f is locally Lipschitz implies that

the function ϕk is locally Lipschitz as well. Thus, for the compact (closed and bounded) set

Qk, there exists a γk such that

∥ϕk(qk)− ϕk(q̄k)∥2 ≤ γk∥qk − q̄k∥2,

∀ qk ∈ Qk,∀ k ∈ NN−1
0 .

Considering them together, the closed-loop system becomes

ηk+1 = Aclk ηk + Fkwk + Eδpk, (6.14a)

δqk = Cclk ηk +Gwk, (6.14b)

∥δpk∥2 ≤ γk∥δqk∥2, (6.14c)

∥wk∥ ≤ 1, (6.14d)

δqk ∈ δQ, ∀ k ∈ NN−1
0 , (6.14e)

where Aclk := Ak +BkKk.

Invariance of a quadratic funnel

Consider a scalar-valued quadratic Lyapunov function V defined by

V (k, η) = η⊤k Q
−1
k ηk. (6.15)
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For the closed-loop system model (6.14), we aim to design {Qk}Nk=0, {Kk}N−1
k=0 that satisfies

the following quadratic stability condition:

V (k + 1, ηk+1) ≤ αV (k, ηk), (6.16a)

∀ ∥δpk∥2 ≤ γk∥δqk∥2, (6.16b)

∀V (k, ηk) ≥ ∥wk∥22, (6.16c)

∀ k ∈ NN−1
0

where 0 < α < 1. The above condition ensures the quadratic stability (6.16a) whenever the

locally Lipschitz property of the nonlinearity ϕk expressed in (6.16b) holds. The condition

(6.16c) exists to obtain the invariance property of the funnel under the presence of the

bounded disturbance wk. In the rest of this subsection, we construct a condition that

implies the stability condition (6.16). In the following corollary, we also show that the

derived LMI condition ensures the invariance property of the funnel.

Theorem 6.2. Suppose that there exists Qk ∈ Snx++, Yk ∈ Rnu×nx, νpk > 0, λwk > 0, and

0 < α < 1 such that λwk < α and the following matrix inequality holds for all k ∈ NN−1
0 :

αQk − λwkQk ∗ ∗ ∗ ∗
0 νpkI ∗ ∗ ∗
0 0 λwk I ∗ ∗

AkQk +BkYk νpkEk Fk Qk+1 ∗
CkQk +DkYk 0 Gk 0 νpk

1
γ2k
I


⪰ 0. (6.17)

Then the Lyapunov condition (6.16) holds for the closed loop system (6.14) with Kk =

YkQ
−1
k .

Proof. With the closed-loop system (6.14), the condition (6.16) holds if there exists a λpk > 0,

λwk > 0, and 0 < α< 1 such that the following inequality holds by S-procedure [132] for all

ηk ∈ Rnx , wk ∈ Rnw , δp ∈ Rnp :

V (k + 1, ηk+1)− αV (k, ηk) + λwk (V (k, ηk)− ∥wk∥22) + λpk(γ
2
k∥δqk∥22 − ∥δpk∥22) ≤ 0. (6.18)
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This is equivalent to [
Aclk Ek Fk

]⊤
Q−1
k+1

[
Aclk Ek Fk

]
+λpk

 Cclk 0 Gk

0 I 0

⊤  γ2kI 0

0 −I

 Cclk 0 Gk

0 I 0



−


αQ−1

k ∗ ∗
0 0 ∗
0 0 0

+ λwk


Q−1
k ∗ ∗
0 0 ∗
0 0 −I

 ⪯ 0.

With the appropriate re-arrangement and applying Schur complement, we obtain

H1
k ∗ ∗ ∗ ∗
0 λpkI ∗ ∗ ∗
0 0 λwk I ∗ ∗

Q−1
k+1A

cl
k Q−1

k+1Ek Q−1
k+1Fk Q−1

k+1 ∗
Cclk 0 Gk 0 H2

k


⪰ 0

where H1
k and H2

k are given by

H1
k = αQ−1

k − λwkQ−1
k ,

H2
k = (λpk)

−1 1

γ2k
I.

Multiplying both sides by diag{Qk, λ−1
p I,Qk+1, I} yields

αQk − λwkQk ∗ ∗ ∗ ∗
0 νpkI ∗ ∗ ∗
0 0 λwk I ∗ ∗

AclkQk νpkEk Fk Qk+1 ∗
Cclk Qk 0 Gk 0 νpk

1
γ2k
I


⪰ 0,

where νpk = (λpk)
−1. Finally, expanding Aclk and Cclk completes the proof.

Corollary 6.3. The condition (6.17) in Theorem 1 implies the following invariance
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condition for all k ∈ NN−1
0 :

V (k + 1, ηk+1) ≤ 1, (6.19a)

∀V (k, ηk) ≤ 1, (6.19b)

∀∥δpk∥2 ≤ γk∥δqk∥2, (6.19c)

∀∥wk∥2 ≤ 1. (6.19d)

Proof. Observe that (6.18) can be equivalently written as

V (k + 1, ηk+1)− α+ (α− λwk )(1− V (k, ηk)) + λwk (1− ∥wk∥22) + λpk(γ
2
k∥δqk∥22 − ∥δpk∥22) ≤ 0.

This implies V (k + 1, ηk+1) ≤ α with (6.19b)-(6.19d) since 0 < λwk < α and λpk > 0. This is

sufficient for the invariance condition (6.19) since α < 1.

Notice that the matrix inequality (6.17) is a LMI once α and λwk are fixed.

Computing the funnel via SDP

The goal of computing the CIF is to bound the effects of disturbances going forward in time

by minimizing the size of the funnel while satisfying the invariance and the feasibility of the
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boundary conditions. To this end, the funnel computation is posed as the following SDP:

minimize

Qk,µ
Q
k
,∀ k∈NN

0 ,

Yk,µ
K
k ,ν

p
k
,∀ k∈NN−1

0

wQ

N∑
k=0

µQk + wK

N−1∑
k=0

µKk +
N−1∑
k=0

Jtrf (Qk, Yk) (6.20a)

subject to Qk ⪯ µQk I, ∀ k ∈ NN
0 , (6.20b) µKk I Yk

Y ⊤
k Qk

 ⪰ 0, ∀ k ∈ NN−1
0 , (6.20c)

condition (6.17), (6.20d) ((bxi )k − (axi )
⊤
k x̄k)

2 (axi )
⊤
k Q

⊤
k

Qk(a
x
i )k Qk

 ⪰ 0, i = 1, . . . ,mx, (6.20e)

 ((buj )k − (auj )
⊤
k ūk)

2 (auj )
⊤
k Y

⊤
k

Yk(a
u
j )k Qk

 ⪰ 0, j = 1, . . . ,mu, (6.20f)

Q0 ⪰ Qi, QN ⪯ Qf , (6.20g)

where (6.20c) is equivalent to (6.7d) which can be derived by Schur complement with Yk =

KkQk. The LMI constraints in (6.20e)-(6.20f) are the funnel feasibility conditions that are

equivalent to (6.10) that can be derived by Schur complement. The cost Jtrf is given as

Jtrf = wtrf

N−1∑
k=0

(
∥Qk − Q̂k∥2F + ∥Yk − Ŷk∥2F

)
,

where wtrf ∈ R is a user-defined parameter, ∥·∥F is the Frobenius norm, and Ŷk = K̂kQ̂k

for all k ∈ NN−1
0 . This cost, similar to the trust region penalty Jtr, penalizes the difference

between the current solution {Qk, Yk}N−1
k=0 and the previous solution {Q̂k, Ŷk}N−1

k=0 which is

beneficial for the better convergence performance.

The choice of parameters in the proposed method affects the performance of the control

law in (6.3). The weights wQ and wK in (6.7a) balances the size of the state funnel EQk
and input funnel EKkQkK⊤

k
. For example, a relatively larger wQ compared to wK drives the

algorithm to put more effort on minimizing the size of the state funnel over the input funnel,

and vice versa. The choices of the decay rate α and the slack variable λwk resulted from

S-procedure in (6.18) also affects the control performance. As the decay rate decreases,
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the controller places greater emphasis on faster convergence to the nominal trajectory due

to the condition outlined in (6.16a). Likewise, the larger λwk places more emphasis on the

convergence to the nominal trajectory. This is attributed to the term V (k + 1, ηk+1) −
αV (k, ηk) in (6.19) becoming smaller (more negative) as λwk (V (k, ηk)− ∥wk∥22) increases.

Local Lipschitz constant estimation via sampling

To compute the LMI (6.17), the Lipschitz constant γk in (6.16) should be available. We

estimate the Lipschitz constant by employing a sampling method. It is worth mentioning

that the sampling method for the estimation of the Lipschitz constant γk brings about

an algebraic loop: to estimate the Lipschitz constant γk, the funnel variables Qk and Kk

should be available, whereas the computation Qk and Kk in (6.17) requires the constant γk.

However, a well-behaved iterative scheme with the sampling method for γk can make the

funnel computation converge [97].

By sampling a set of Ns pairs of state and disturbance {ηsk, wsk}Nss=1 from the ellipsoid EQ
and the set {w ∈ Rnw | ∥w∥2 ≤ 1}, respectively, we compute

δsk =
∥psk − p̄k∥
∥qsk − q̄k∥

, s = 1, . . . , Ns, (6.21)

where psk and qsk are computed by (6.13). Depending on the discretization method, only

Epk might be available instead of pk. So, it might not be possible to compute (6.21). In

that case, we instead solve the following optimization to obtain the value δsk:

δsk = minimize
∆

∥∆∥2 (6.22a)

subject to ηsk+1 −Aclk ηsk − Fkwsk + x̄k+1 − f(x̄k, ūk, 0) = E∆(Cclk η
s
k +Gkw

s
k), (6.22b)

where ∆ ∈ Rnp×nq . After obtaining δsk by (6.21) or (6.22), the following maximization

operation is performed to estimate the local Lipschitz constant:

γk = maximize
s=1,...,Ns

δsk, ∀ k ∈ NN−1
0 . (6.23)

It is worth noting that the disadvantage of the illustrated sampling-based method is that

the computed γk might be lower than the true level of nonlinearity. To handle this issue,
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one may able to use a probabilistic approach for overestimating the local Lipschitz constant

from samples provided in [28].

Another way to estimate the local Lipschitz constant is to use the optimization-based

approach provided in [99, Section 6.5.1]. To illustrate, we consider

Γ∗
k = maximize

ηk,wk

1

2
δ∗k(ηk, wk)

2 (6.24a)

subject to ηkQ
−1
k ηk ≤ 1, (6.24b)

∥wk∥2 ≤ 1, (6.24c)

where

δ∗k(ηk, wk) = minimize
∆

∥∆∥2 (6.25a)

subject to ηk+1 −Aclk ηk − Fkwk + x̄k+1 − f(x̄k, ūk, 0) = E∆(Cclk ηk +Gkwk).

(6.25b)

The inner optimization (6.25) aims to find the smallest matrix ∆ in terms of the matrix

2-norm for the given ηk, wk, and the outer optimization (6.24) finds the values of ηk, wk

that maximize δ∗k. After solving these optimization problems for each k, the local Lipschitz

constant can be obtained by computing

γk =
√
2Γ∗

k.

To make the outer optimization computationally tractable, one could potentially utilize

an analytic upper bound for the problem’s optimal value. The constraint (6.25b) can be

rewritten as

y(ηk, wk) = E∆(Cclk ηk +Gkwk), (6.26a)

=
[
E(e⊤1 (C

cl
k ηk +Gkwk)) · · · E(e⊤nq(C

cl
k ηk +Gkwk))

]
︸ ︷︷ ︸

:=H(ηk,wk)

∆⃗k, (6.26b)

where y(ηk, wk) = ηk+1−Aclk ηk−Fkwk+x̄k+1−f(x̄k, ūk, 0) and ∆⃗k ∈ Rnpnq is a concatenated

vector that stacks the columns of ∆k. Then, consider the following optimization:

δ∗k(ηk, wk) = minimize
∆⃗k

∥∆⃗k∥2 subject to y(ηk, wk) = H(ηk, wk)∆⃗k. (6.27)
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Since (6.27) is a minimum-norm least squares problem, the solution is ∆⃗k =

H†(ηk, wk)y(ηk, wk) [20] where H† represents the peusoinverse of matrix H. The optimal

value δ∗k of (6.27) is the upper bound of the inner optimization (6.25) as ∥∆∥2 ≤ ∥∆∥F =

∥∆⃗k∥2 where ∥·∥F is the Frobenius norm. Then, the outer optimization (6.24) can be

transformed into

Γ∗
k = maximize

ηk,wk

1

2
y(ηk, wk)

⊤H†(ηk, wk)
⊤H†(ηk, wk)y(ηk, wk) (6.28a)

subject to ηkQ
−1
k ηk ≤ 1, (6.28b)

∥wk∥2 ≤ 1, (6.28c)

More details in the derivation and the computation results can be found in [99, Section

6.5.1].

6.2.3 Algorithm details and summary

To start the algorithm, we need to generate an initial guess hat is used as a reference

trajectory for the first iteration. It is worth noting that the initial guess does not need to be

feasible to constraints for the proposed method. The first way is to employ a straight-linear

interpolation [77] for the initial nominal trajectory {xk}Nk=0, {uk}N−1
k=0 . Then the feedback

gain {Kk}N−1
k=0 can be obtained by solving a discrete-time linear quadratic regulator problem

with a linearized model of (6.1) evaluated around the nominal trajectory. The initial guess

for the ellipsoid variable {Qk}Nk=0 can then be set to a diagonal matrix having user-defined

diameters. The second way to generate the initial guess is to use the separate synthesis;

the nominal trajectory is generated by the SCP algorithm without considering the funnel.

This provides the dynamically-feasible trajectory that can be used as the initial guess of

the nominal trajectory {xk}Nk=0, {uk}N−1
k=0 for the proposed method. Then, the feedback

gain {Kk}N−1
k=0 and the ellipsoid variable {Qk}Nk=0 can be obtained via solving (6.20) with

wtrf = 0 while ignoring the funnel feasibility. The second way is more systematical since it

exploits the result of the separate synthesis and hence gives a better initial guess compared

to the solution computed by the straight-line interpolation in the first way.
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To set the stopping criteria, we define ∆vc,∆dyn,∆T and ∆F as

∆vc =
N−1∑
k=0

∥vk∥1, ∆dyn =
N−1∑
k=0

∥f(tk, x̄k, ūk, 0)− x̄k+1∥2,

∆T = ∥xN − x̂N∥22 +
N−1∑
k=0

∥xk − x̂k∥22 + ∥uk − ûk∥22,

∆F = ∥QN − Q̂N∥2F +

N−1∑
k=0

∥Qk − Q̂k∥2F + ∥Yk − Ŷk∥2F .

Then the stopping criteria is given as the following logical statement:

(∆vc < ∆tol
vc ) ∧ (∆dyn < ∆tol

dyn) ∧ (∆T < ∆tol
T ) ∧ (∆F < ∆tol

F ), (6.29)

where ∆tol
vc ,∆

tol
dyn,∆

tol
T and ∆tol

F are user-defined tolerance parameters. The proposed

algorithm is summarized in Algorithm 3.

Algorithm 3 Joint synthesis

Input: (x̂k, ûk Q̂k, K̂k)

for i = 1 . . . Nmax do

optimize x̄k, ūk by (6.11)

estimate γk via (6.23) or (6.28)

optimize Qk,Kk by (6.20)

if (6.29) is True then

break

end if

update (x̂k, ûk Q̂k, K̂k)← (x̄k, ūk, Qk,Kk)

end for

Output: (x̄k, ūk, Qk,Kk)

While the convergence guarantee of the proposed method has not been a focus of this

paper, one can construct a safety alternative that is assured not to diverge by modifying

the proposed algorithm with results from [25, 97]. Instead of updating the trajectory

and the funnel sequentially in each iteration, the safety approach performs updating only
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the trajectory with a fixed funnel until convergence of the nominal trajectory is achieved.

This part of the process, being solely trajectory optimization, benefits from the established

convergence results in [25]. The subsequent phase involves computing the Lipschitz constant

and updating the funnel with the computed nominal trajectory, with convergence analysis

from [97, Theorem 6.12]. Since each phase of the safety approach has a guaranteed

convergence, it prevents the overall solution from diverging.

6.3 Numerical simulation

In this section, we validate the proposed method via two robotic applications with a unicycle

model and a 6-DoF free-flying spacecraft. For both examples, we used an Apple MacBook

Pro having M1 Pro with 8-core CPU.

6.3.1 Unicycle model

We consider the motion of a unicycle-type model under different disturbance conditions,

represented by w1 and w2

Model I:


ṙx

ṙy

θ̇

 =


uv cos θ + 0.1w1

uv sin θ + 0.1w2

uθ

 , Model II:


ṙx

ṙy

θ̇

 =


(uv + 0.1w1) cos θ

(uv + 0.1w1) sin θ

uθ + 0.1w2

 ,
(6.30a)

Model III:


ṙx

ṙy

θ̇

 =


uv cos(θ + 0.03w1)

uv sin(θ + 0.03w1)

uθ + 0.05w2

 , (6.30b)

where rx, ry, and θ are x-axis position, y-axis position, are heading angle, respectively,

and uv ∈ R is velocity and uθ ∈ R is angular velocity. The scalars w1 and w2 represent

disturbances or model mismatch. Model I depicts direct disturbances on the translational

motion, Model II introduces disturbances affecting both the velocity and rotational control

inputs, and Model III captures disturbances influencing the orientation and the rotation

control. These models are considered to have a comprehensive understanding of how the

system behaves according to different types of the disturbances. It is worth noting that in
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Model II and Model III, the disturbances introduce additional nonlinearities to the system,

while in Model I, they appear as linear additive terms.

For all unicycle models, we consider N = 30 nodes evenly distributed over a time horizon

of 10 s i.e., t0 = 0 and tf = 10. The continuous-time model (6.30) is discretized by following

a variational approach [36, Chap. 10.4] to obtain the matrices Ak, Bk, Fk. The initial

boundary set X0 and the final boundary set Xf in (6.8) have the following parameters:

x0 = [0, 0, 0]⊤, Qi = Qf = diag([0.22 (m), 0.22 (m), 102 (deg)]⊤), and xf = [8, 4, 0]⊤. There

are multiple circular obstacles the unicycle robot should avoid, which leads to nonconvex

constraints on the state represented in set X . All obstacles have a diameter of 1.0m, and

their center positions are illustrated in Figure 6.3. The input constraints for the set U are

given as: 0 ≤ uv ≤ 1.5 and |uθ| ≤ 1.0 (rad). The cost function for the trajectory Jt is a

quadratic function of the input given by u2v + u2θ. Both weight parameters wQ, wK in (6.7a)

are chosen as 1. The decay rate α is set as 0.99 and the parameter λwk is set as 0.2 for all

k. The tolerance parameters ∆tol
vc ,∆

tol
dyn,∆

tol
T and ∆tol

F are all 10−8. The number of samples

Ns used for the Lipschitz constant γk estimation is set as 100, for each k, so a total of 3,000

samples are used for each iteration. We use an interior-point method solver, Clarabel, for

both the trajectory update (6.11) and the funnel update (6.20), using CVXPY in Python.

To test the invariance and the feasibility properties, we sample 100 points at the surface

of the ellipse EQk at k = 0, and then generate the corresponding 100 trajectories with the

nonlinear dynamics (6.1) and the control law (6.3) under the presence of the disturbances. In

this generation process, we randomly set the disturbance w = (w1, w2) such that ∥w∥2 = 1

and keep them constant during the entire horizon for each sample. Note that making

the disturbance constant during the entire horizon increases the impact of the disturbance

compared to varying the disturbance randomly for each interval. The computed nominal

trajectory and the CIF for all unicycle models (6.30) are depicted in Figure 6.3, and the

input results are given in Figure 6.4. The test results of the invariance property for the

trajectory samples is given in Figure 6.6 where the radius rQk is defined as

rQk := (xsk − x̄k)⊤Q−1
k (xsk − x̄k) (6.31)

for each sample s and time k. The result shows that the nominal trajectory and the CIF
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Figure 6.3: Nominal trajectories and synthesized funnels (projected on position

coordinates) of Model I (top-left), Model II (top-right), and Model III (bottom). Each

figure shows the nominal trajectory (orange line), the projection of the state ellipsoid in

the funnel (blue ellipse), and the approximated funnel generated with the linear closed-loop

system (brown ellipse).
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satisfy the invariance and feasibility conditions. For the initial guess, we employ the first

method illustrated in Sec. 6.2.3 using the straight-linear interpolation. The convergence

performance in Figure 6.5 shows that the proposed approach makes the trajectory and the

CIF satisfy the tolerances as the iteration count increases. Table 6.1 summarizes the average

computational time of each subproblem within the iterations.

To obtain a baseline solution to compare against, we compute an approximate funnel that

is generated with the linear closed-loop system where the higher-order terms are ignored,

that can be established by setting Ek = 0 and γk = 0 in (6.14), as considered in [87, 78].

It is worth noting that the approximate funnel, which is used for the comparison with the

proposed method, can yield more optimal solutions compared to [87, 78] under the linear

approximation. This is because the approximate funnel is computed by simultaneously

optimizing the linear feedback gains and the invariant set parameters as decision variables,

whereas [87] determines the invariant set variables by the uncertainty forward equation

and [78] sets the feedback gains by solving a discrete-time linear quadratic regulator

problem. The approximate nominal trajectory and funnel are depicted in Figure 6.3, and

the invariance test rQk ≤ 1 in (6.31) with the trajectory samples is given in Figure 6.6. We

can see that the value of rQk for the approximate funnel is greater than 1 especially for

Model III since the bounded disturbances contribute the nonlinearity of the system. This

violation shows that the approximate CIF does not necessarily guarantee the invariance

property for the original nonlinear system, which can result in safety issues for safety-

critical nonlinear systems. As the contribution of higher order terms increase, e.g., for large

Lipshitz constants, these violations can become more pronounced.
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Table 6.1: Average computational time (s) for each iteration

Subproblem Trajectory update Estimate γk Funnel update

Model I 0.026 0.863 0.577

Model II 0.026 0.895 0.691

Model II 0.025 0.904 0.880
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Figure 6.4: Nominal trajectories and synthesized input funnels (projected on each input

coordinate) of Model I (left), Model II (middle), and Model III (right). The zeroth-order

hold on the input is used to generate the nominal trajectory.
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Figure 6.6: Invariance property tests for Model I (left), Model II (middle), and Model III

(right).
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Figure 6.5: Convergence performance of the proposed method for the unicycle models.
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6.3.2 6-DoF free-flying spacecraft

We consider the following 6-DoF free-flying spacecraft dynamics [77, 69] under the presence

of disturbances:

ṙI = vI , (6.32a)

v̇I = m−1(TI + βTwT ), (6.32b)

Φ̇ = R(Φ)ωB, (6.32c)

ω̇B = J−1(MB + βMwM − ωB × JωB). (6.32d)

The state of the system (6.32) consists of the inertial position rI ∈ R3, the inertial velocity

vI ∈ R3, the ZYX Euler angles Φ ∈ R3, and the body angular velocity ωB ∈ R3. The control

input consists of the inertial thrust TI ∈ R3 and the body torque MB ∈ R3. The constant

m ∈ R is the mass, matrix J ∈ R3×3 is the inertia matrix, and R maps the Euler angles to

the rotation matrix

R(Φ) =


1 sinϕ tan θ cosϕ tan θ

0 cosϕ − sinϕ

0 sinϕ sec θ cosϕ sec θ

 ,
with Φ = [ϕ, θ, ψ]⊤. For the mass and inertia matrix parameters, we choose m = 7.2 (kg)

and J = 0.1083I3×3 (kgm2) where I3×3 is the 3 by 3 identity matrix. The vector wT ∈ R3

and wM ∈ R3 affect the system as disturbances by acting on the control inputs TI and MB

with coefficients βT = 10−3 and βM = 10−6. Further details about the free-flying system

dynamics can be found in [77].

For the free-flying spacecraft example, we consider N = 15 nodes evenly distributed over

a time horizon of 200 s. The initial boundary set X0 and the final boundary set Xf in (6.8)

have the following parameters:

x0 = [r⊤0 , v
⊤
0 ,Φ

⊤
0 , ω

⊤
0 ]

⊤, r0 = [0, 0, 3]⊤(m), v0 = [0, 0, 0]⊤(m/s),Φ0 = [−30, 25, 5]⊤(deg),

ω0 = [0, 0, 0]⊤(deg/s), xf = [r⊤f , v
⊤
f ,Φ

⊤
f , ω

⊤
f ]

⊤, rf = [3, 3, 0]⊤(m), vf = Φf = ωf = [0, 0, 0]⊤,

Qi = Qf

= diag
([

0.22, 0.22, 0.22, 0.022, 0.022, 0.022, (5°)2 , (5°)2 , (5°)2 , (0.1°)2 , (0.1°)2 , (0.1°)2
])
.
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As state constraints for the set X , there are two cylindrical obstacles to avoid, and all

obstacles have a diameter of 0.8m, and their center positions are illustrated in Figure 6.7.

In addition, we have constraints on the velocity and the angular velocity that are ∥vI∥2 ≤ 0.4

(m/s) and ∥ωB∥2 ≤ 1 (deg). The input constraints for the set U are given as: ∥TI∥2 ≤ 10

(mN) and ∥MB∥2 ≤ 50 (µNm). The decay rate α is set as 0.99 and the parameter λwk is set as

0.1 for all k. Similar to the unicycle examples, the tolerance parameters ∆tol
vc ,∆

tol
dyn,∆

tol
T and

∆tol
F are all 10−8. The number of samples Ns used for the Lipschitz constant γk estimation

is set as 256 for each k. We provide the initial guess using the second method illustrated in

Sec. 6.2.3 that uses the result of the separate synthesis, and these used initial trajectory and

funnel are illustrated in Figure 6.7. Starting from the initial guess, the proposed algorithm

converges at 6 iterations. We use Clarabel for the trajectory update (6.11) and MOSEK

for the funnel update (6.20), using CVXPY in Python3. Mosek’s solve time is observed to

scale better than Clarabel’s for large problem sizes. So, for the free-flyer system, we have

used Mosek for the funnel update. The average computational time (s) of the trajectory

update, the estimation of γk, and the funnel update at each iteration are 0.024, 2.698, and

10.072, respectively.

The results of the synthesized trajectory and funnel projected on position coordinates

are illustrated in Figure 6.7. It is clear that the resulting funnel is feasible to the obstacle

avoidance constraints although the initial guess has infeasible trajectory and funnel. Similar

to the test performed for the unicycle models, to test the invariance of the synthesized

trajectory and funnel, we sample 300 at the surface of the initial funnel EQ0 and generate the

corresponding 300 trajectories by propagating the system dynamics (6.32) with the control

law (6.3) consisting of the open-loop input in the nominal trajectory and the feedback

control from the funnel. For each sample, we randomly set the disturbance w = [w⊤
T , w

⊤
M ]⊤

such that ∥w∥2 = 1. The input results of the nominal trajectory and the samples are

illustrated in Figure 6.8. We can see that the input history of the samples remain feasible

within the given input constraints. Finally, we obtain the values of rQk by computing (6.31)

for each trajectory sample, illustrated in Figure 6.9. The result shows that rQk for each

sample and for all time k maintain less than 1 and hence the trajectory samples remain

inside the funnel.
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Figure 6.7: Nominal trajectories and synthesized funnel projected on rxry positions (left)

and rxryrz positions (right), respectively, for the free-flying spacecraft.
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Figure 6.8: The thrust and moment results of nominal trajectory and trajectory samples

for the free-flying spacecraft.
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Figure 6.9: Invariance property tests for trajectory samples of the free-flying spacecraft.

6.4 Conclusions

This paper introduces a method for joint trajectory optimization and funnel synthesis

for locally Lipschitz nonlinear systems under the presence of disturbances. The proposed

method has a recursive approach in which both nominal trajectory and funnel are iteratively

updated. The trajectory update step optimizes the nominal trajectory to satisfy the

feasibility of the funnel. Then, the funnel update step solves an SDP to guarantee the

invariance property of the funnel. The numerical evaluation for a unicycle model and a

6-DoF free-flying spacecraft shows that the converged trajectory and funnel satisfy the

invariance and feasibility properties under the disturbances.
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Chapter 7

JOINT SYNTHESIS VIA SUCCESSIVE CONVEXIFICATION

This chapter extends the joint synthesis framework by employing a penalized trust region

(PTR) variant of the successive convexification method, which is aligned with the prox-linear

optimization structure. This ensures convergence guarantees and handles nonconvexities in

a principled way.

Chapter-specific notation. This chapter uses the same notation as that of Chapter 3.

7.1 Continuous-time joint synthesis problem

7.1.1 Nonlinear systems

Consider the following continuous-time nonlinear systems:

ẋ(t) = f(t, x(t), u(t)), t ∈ [t0, tf ], (7.1)

where x(t) ∈ Rnx is the state and u(t) ∈ Rnu is the control input, and f : [t0, tf ] × Rnx ×
Rnu → Rnx is assumed to be continuously twice differentiable with respect to its second and

third arguments. The time instances t0 and tf are the initial and final time, respectively,

such that t0 < tf <∞. They are assumed to be fixed through this section.

The nominal trajectory, denoted by {x̄(t), ū(t)}tft=t0 , or more compactly (x̄, ū), is assumed

to be dynamically feasible; that is, it satisfies

˙̄x(t) = f(t, x̄, ū). (7.2)

With the nominal trajectory, the original nonlinear system dynamics (7.1) can be expressed

as the following linear fractional form:

ẋ(t) = A(t, z̄(t))x(t) +B(t, z̄(t))u(t) + Ep(t), (7.3a)

p(t) = ϕ(t, q(t)), (7.3b)

q(t) = Cx(t) +Du(t), (7.3c)
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where z̄(t) ∈ Rnx+nu denotes the concatenation of the nominal state and input, i.e., x̄ and ū,

z̄ = [x̄⊤, ū⊤]⊤. The matrix-valued functions A and B are the Jacobian matrices evaluated

at the nominal trajectory given by

A(t, z̄(t)) =
∂f

∂x

∣∣∣∣
z=z̄(t)

, B(t, z̄(t)) =
∂f

∂u

∣∣∣∣
z=z̄(t)

.

The vector p(t) ∈ Rnp represents the remainder term arising from the linearization. The

selector matrix E, composed of zeros and ones, is introduced to account for the fact that

some components of the state dynamics may already be linear. The function ϕ : [t0, tf ] ×
Rnq → Rnp captures all nonlinearities in this system, with its argument given by the vector

q(t) ∈ Rnq . The argument q is constructed to be linear in the state and input, using the

selector matrices C ∈ Rnq×nx and D ∈ Rnq×nu .

For the pair (q,p), we assume that they can be decomposed as follows:

p =


p1
...

pnϕ

 , q =


q1
...

qnϕ

 ,
where nϕ ∈ R+ represents the number of nonlinearity channels, and each pi ∈ Rnpi and

qi ∈ Rnqi corresponds to the output and input of i-th nonlinear channel, respectively. For

each channel i ∈ Z[1,nϕ], we assume the existence of a nonnegative scalar-valued function

γi : [t0, tf ]→ R+ such that, for any compact set Ω ⊆ Rnqi , the following inequality holds:

∥pi(t)− p̄i(t)∥2 ≤ γi(t)∥qi(t)− q̄i(t)∥2, ∀q, q̄ ∈ Ω,

where p̄i(t) = ϕ(t, q̄i(t)). Further details on the construction of such nonlinearity channels

can be found in [99].

7.1.2 Incremental form of dynamics and funnels

To derive an incremental system dynamics that represents the system behavior with respect

to the nominal trajectory, we define deviation variables:

η(t) := x(t)− x̄(t), ξ(t) = u(t)− ū(t),

δq(t) := q(t)− q̄(t), δp(t) = p(t)− p̄(t).



135

With the deviation variables, the incremental system dynamics is given by

η̇(t) = A(t, z̄(t))η(t) +B(t, z̄(t))ξ(t) + Eδp(t), (7.4a)

δq(t) = Cη(t) +Dξ(t). (7.4b)

Consider a scalar-valued Lyapunov function V : [t0, tf ]× Rnx → R+ defined by

V (t, η(t)) = η(t)⊤Q(t)−1η(t),

where Q : [t0, tf ] → Snx++ is piecewise continuous and continuously differentiable. A state

funnel is defined as the sub-level set of V :

Eη(t) = {η | η(t)⊤Q(t)−1η(t) ≤ 1}.

For incremental system dynamics (7.4), we employ the linear feedback control η(t) =

K(t)ξ(t) where K : [t0, tf ]→ Rnu×nx is the piecewise continuous feedback gain.

7.1.3 Funnel’s invariance by Lyapunov condition and DMI

To ensure the invariance of the funnel, we use the Lyapunov condition

V̇ (t, η(t)) ≤ −αV (t, η(t)), t ∈ [t0, tf ], (7.5)

where α ∈ R+ is the decay rate. It is worth noting that setting α = 0 is still sufficient for

the invariance of the funnel.

Now we derive a differential matrix inequality (DMI) implying the Lyapunov condition

(7.5). The DMI is given by
H1(t)− Q̇(t) ⋆ ⋆

N2(t)E
⊤ −N2(t) ⋆

CQ(t) +DY (t) 0 −N1(t)

 ⪯ 0, (7.6)

where the matrix block H1 is defined by:

H1(t) = A(t, z̄(t))Q(t) +Q(t)A(t, z̄(t))⊤ +B(t, z̄(t))Y (t) + Y (t)⊤B(t, z̄(t))⊤ + αQ(t),

(7.7)

where the change of variable Y (t) = K(t)Q(t) is applied.
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Remark 7.1. In (3.25), the nominal trajectory z̄ was assumed to be fixed, which allowed the

DMI (7.6) to be linear in decision variables. However, in the joint synthesis formulation,

z̄ is no longer predefined but is instead treated as a decision variable to be optimized. As a

consequence, the DMI becomes nonlinear, since the system matrices A and B now depend

on z̄ in a non-affine manner when the system is not linear.

7.1.4 Funnel constraints

We consider the following state and input constraint sets:

X =

mx⋂
i=1

{x | hi(x) ≤ 0}, U =

mu⋂
j=1

{u | (agj (t))⊤u ≤ b
g
j (t)}, (7.8)

where hi : Rnx → R is assumed to be twice continuously differentiable for all i ∈ Z[1,mx], and

mx,mu ∈ R+ are the number of the state and input constraint sets, respectively. The state

constraint set X is defined by general nonlinear function hi whereas the input constraint

set is defined by a finite set of linear inequalities, and thus forms a polyhedron.

The goal of imposing these constraints is to ensure that all states and inputs resulting

from the funnel remain within their respective constraint sets. This can be logically written

by the following logical statement:

If η ∈ Eη(t), then x̄(t) + η ∈ X and ū(t) +K(t)η ∈ U , ∀t ∈ [t0, tf ].

To achieve this, we impose the following pointwise-in-time LMIs:

0 ⪯

 hi(x̄(t))
2 ahi (x̄(t))

⊤Q(t)

Q(t)ahi (x̄(t)) Q(t)

 , (7.9a)

0 ⪯

 (bgj (t)− a
g
j (t)

⊤ū(t))2 agi (t)
⊤Y (t)

Y (t)ahi (t) Q(t)

 , (7.9b)

where ahi : Rnx → Rnx is defined by

ahi (x̄(t)) := ∇xhi(x)
∣∣∣∣
x=x̄(t)

.

Both constraints (7.9) are nonconvex with respect to decision variables.

Now we are ready to construct the continuous-time joint synthesis problem.
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7.1.5 Problem formulation

Problem 7.2. Continuous-time joint synthesis.

min
x̄,ū,Q,Y,N1,N2

Jf(Q(t0)) +

∫ tf

t0

Jt(x̄(τ), ū(τ))dτ (7.10a)

s.t. (7.2), (7.6), (7.9),

Q(t) ≻ 0, (7.10b)

(N1(t), N2(t)) ∈ N (t), (7.10c)

x(tf ) = xf , Q(tf ) ⪯ Qf , (7.10d)

∀t ∈ [t0, tf ].

where Jf : Snx++ → R represents the convex funnel cost and Jt : Rnx ×Rnu → R is the convex

trajectory running cost. The vector xf ∈ Rnx is the terminal state and Qf ∈ Snx++ is the

terminal state funnel. The inclusion (7.10c) for the multiplier matrices can be represented

by linear equality constraints as follows:

N1(t) = blkdiag(λγ1(t)Inq1 , . . . , λ
γ
nϕ
(t)Inqnϕ

), (7.11a)

N2(t) = blkdiag(λγ1(t)γ
2
1(t)Inp1 , . . . , λ

γ
nϕ
(t)γ2nϕ(t)Inpnϕ

), (7.11b)

where λγi : [t0, tf ]→ R+ are positive-valued functions as decision variables with constraints

λγi (t) ≥ 0.

The constructed joint synthesis problem is nonconvex because of constraints (7.2),(7.6),

and (7.9). Hence, in the next section, we develop a solution method based on nonconvex

optimization.

7.2 Solution method by successive convexification

Our key idea to solve the continuous-time nonconvex joint synthesis problem (7.10) is to

apply continuous-time successive convexification (SCvx) [40], a variant of sequential convex

programming originally developed for solving optimal control problems. In this chapter,

we present how the joint synthesis problem can be reformulated as an equivalent optimal

control problem. We then detail the process of discretization and convexification required
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to make the problem tractable for an iterative solution method using sequential convex

programming techniques.

7.2.1 Reformulation to an optimal control problem

To reformulate the joint synthesis problem into a standard optimal control framework, we

introduce a slack variable Z : [t0, tf ] → Snx that satisfies the differential linear matrix

equality constraint:

Q̇(t) = Z(t). (7.12)

This substitution allows us to explicitly treat Q(t) as a state variable with its own dynamics,

which is necessary to cast the problem into an optimal control problem. With this

reformulation, the original DMI (7.6) constraint can be equivalently decomposed into the

funnel dynamics (7.12) and the following pointwise-in-time (nonlinear) matrix inequality:
H1(t)− Z(t) ⋆ ⋆

N2(t)E
⊤ −N2(t) ⋆

CQ(t) +DY (t) 0 −N1(t)

 ⪯ 0. (7.13)

To simplify the analysis and facilitate optimization, we introduce vectorized variables :

qv := vec(Q), yv = vec(Y ), zv = vec(Z).

Using these, we define the augmented state and input variables as:

s =

 x̄

q

 ∈ Rns , a =


ū

yv

zv

λγ

 ∈ Rna ,

where ns = nx + n2x and na = nu + nxnu + n2x + nϕ. The corresponding augmented system

dynamics are then given by:

ṡ = F (t, s(t),a(t)) :=

 f(t, x̄(t), ū(t))

Z(t)

 . (7.14)
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With this reformulation, the original continuous-time joint synthesis problem (7.10) is

equivalently cast as the following optimal control problem:

min
s,a

Jf(Q(t0)) +

∫ tf

t0

Jt(x̄(τ), ū(τ))dτ (7.15a)

s.t. ṡ(t) = F (t, s(t),a(t)), (7.15b)

Linl (t, s(t),a(t)) ⪯ 0, l ∈ Z[1,ml], (7.15c)

x(tf ) = xf , Q(tf ) ⪯ Qf , ∀t ∈ [t0, tf ]. (7.15d)

Here all (possibly nonconvex) matrix inequality constraints are collected into Linl .

Specifically, the index sets for Linl are organized as follows:

• l ∈ Z[1,minv ]: invariance condition (7.13), where minv = 1,

• l ∈ Z[minv+1,minv+nϕ]: constraints on λ
γ
l ≥ 0 for each l ∈ Z[1,nϕ],

• l ∈ Z[minv+nϕ+1,ml]: state constraints (7.9a) and input constraints (7.9b) where ml =

minv + nϕ +mx +mu.

7.2.2 Time discretization and control parameterization

We discretize the time horizon [t0, tf ] using a uniform time grid defined by:

tk = t0 +
k

N
(tf − t0), k ∈ Z[0,N ], (7.16a)

△k = △(tk), (7.16b)

where N ∈ Z++ is the number of subintervals. The symbol △ serves as a placeholder for

any time-varying variable, and we denote its value at t = tk by △k := △(tk). Each △k is

referred to as a node point. We apply a continuous first-order hold (FOH) interpolation

over each time interval [tk, tk+1] for the control inputs as follows:

a(t) = λmk (t)ak + λpk(t)ak+1, ∀t ∈ [tk, tk+1), (7.17a)

λmk (t) =
tk+1 − t
tk+1 − tk

, λpk(t) =
t− tk

tk+1 − tk
, ∀k ∈ Z[0,N−1]. (7.17b)
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We adopt a multiple-shooting scheme [16] to enforce the augmented dynamics (7.14). Over

each subinterval [tk,tk+1), the augmented state evolves according to

s(t) = s(tk) +

∫ t

tk

F (τ, s(τ),a(τ))dτ.

Enforcing continuity across subintervals yields the discrete augmented dynamics constraint:

sk+1 = s(tk) +

∫ tk+1

tk

F (τ, s(τ),a(τ))dτ︸ ︷︷ ︸
:=Fd(tk,sk,ak,ak+1)

. (7.18)

Using this discretization and control parameterization, the original continuous-time optimal

control problem is approximated by the following discrete-time optimal control problem:

min
sk,ak

Jf(Q(t0)) +
N∑
k=0

Jt(x̄k, ūk) (7.19a)

s.t. sk+1 = Fd(tk, sk,ak,ak+1), ∀k ∈ Z[0,N−1], (7.19b)

Linl (tk, sk,ak) ⪯ 0, l ∈ Z[1,ml], ∀k ∈ Z[0,N ], (7.19c)

xN = xf , Q(tf ) ⪯ Qf , ∀t ∈ [t0, tf ]. (7.19d)

Here, the continuous-time constraint satisfaction (7.15c) is approximated via nodal

constraint enforcement (7.19c), meaning that the constraints are imposed only at the

discretized node points.

7.2.3 Convex Subproblem Construction in SCvx

To solve nonconvex discrete-time optimal control problem (7.19), we employ the SCvx

method. SCvx iteratively constructs and solves a sequence of convex subproblems that

locally approximate the original nonconvex problem. At each iteration, a convex subproblem

is formed around a reference solution and optimized to update the trajectory. This process

continues until convergence criteria are met. We denote the reference solution, which is

either the initial guess at the first iteration or the previous iteration’s solution, by □̂ where

the placeholder □ refers to any decision variables (e.g., ŝk, âk).

The discrete-time augmented system dynamics (7.18) is linearized around the reference

solution (ŝ, â), resulting in the following discrete-time linear constraints:

sk+1 = Aksk +Bm
k ak +Bp

kak+1 + zk, ∀k ∈ Z[0,N−1], (7.20)
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where Ak,B
m
k , Bp

k, and zk are appropriately sized matrices and vectors that can be obtained

via variational method [72].

The matrix inequality constraints (7.19c) are similarly linearized around the reference

solution as follows:

Linl (tk, ŝk, âk) +

ns∑
i=0

∂Linl
∂si

(tk, ŝk, âk)(si − ŝi) +

ns∑
i=0

∂Linl
∂ai

(tk, ŝk, âk)(ai − âi) ⪯ 0 (7.21)

where si and ai denote the i-th element of the augmented state and input vectors,

respectively. Assuming Linl ∈ SnLl , the partial derivative
∂Linl
∂si

is defined as the matrix

of directional derivative of each entry of Linl with respect to the scalar variable si, evaluated

at the reference solution. That is,[
∂Linl
∂si

]
p,q

:=
∂
[
Linl
]
p,q

∂si
, ∀p, q ∈ Z[1,nLl ]

,

and similarly for
∂Linl
∂ai

.

The resulting convex subproblem to be solved at each SCvx iteration is formulated as:

min
sk,ak

Jall + wvc

N−1∑
k=0

∥vk∥1 + wtr

N∑
k=0

(
∥sk − ŝk∥22 + ∥ak − âk∥22

)
(7.22a)

s.t. sk+1 = Aksk +Bm
k ak +Bp

kak+1 + zk + vk, ∀k ∈ Z[0,N−1], (7.22b)

(7.21), l ∈ Z[1,ml], ∀k ∈ Z[0,N ], (7.22c)

QN ⪯ Qf , ∀t ∈ [t0, tf ], (7.22d)

where Jall = Jf(Q(t0)) +
∑N

k=0 Jt(x̄k, ūk). Here slack variables vk are introduced to softly

enforce the linearized dynamics, allowing minor violations. This improves convergence by

avoiding infeasibility possibly caused by linearization. The ℓ1-norm penalty on vk, weighted

by wvc, promotes sparsity in constraint violations, making the solver favor feasible updates

whenever possible. The term weighted by wtr ∈ R++ defines a trust region penalty,

which keeps the new solution close to the reference and prevents large deviations between

iterations. This subproblem is a semidefinite programming (SDP) problem and can be

solved efficiently using standard convex optimization solvers.
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7.2.4 Details in convexification

In the previous subsection, all pointwise-in-time matrix inequality constraints were

collectively represented using the unified notation Linl . In this section, we unpack these

constraints and describe how each type is individually linearized around the reference

trajectory.

Consider the DMI for the funnel’s invariance (7.13). The nonlinearities in the

inequality arise primarily from bilinear terms such as A(t, z̄(t))Q(t), B(t, z̄(t))Y (t), and

their transposes, as defined in the matrix H1(t) (7.7). Each bilinear term can be linearized

around the reference trajectory (x̂, û). The terms A(t, z̄(t))Q(t) and B(t, z̄(t))Y (t) can be

approximated as:

A(t, z̄(t))Q(t) ≈ A(t, ẑ(t))Q(t) +

nx∑
i=1

∂A

∂xi
(t, ẑ(t))Q̂(t)(x̄i − x̂i)

+

nu∑
i=1

∂B

∂ui
(t, ẑ(t))Q̂(t)(ūi − ûi),

B(t, z̄(t))Q(t) ≈ B(t, ẑ(t))Y (t) +

nx∑
i=1

∂B

∂xi
(t, ẑ(t))Ŷ (t)(x̄i − x̂i)

+

nu∑
i=1

∂B

∂ui
(t, ẑ(t))Ŷ (t)(ūi − ûi),

where the second-order partial derivatives of the system dynamics are defined as:

∂A

∂xi
:=

∂2f

∂xi∂x
,

∂A

∂ui
:=

∂2f

∂ui∂x
,

∂B

∂xi
:=

∂2f

∂xi∂u
,

∂B

∂ui
:=

∂2f

∂ui∂u
.

Next, consider the state and input constraints in (7.9a) and (7.9b), respectively. The

nonlinearities arise from terms hi(x̄(t))
2, Q(t)ahi (x̄(t)), and (bgj (t) − agj (t)

⊤ū(t))2. Each

term can be linearized as follows:

hi(x̄(t))
2 ≈ hi(x̂(t))2 + 2hi(x̂(t))a

h
i (x̂(t))

⊤(x̄(t)− x̂(t)),

Q(t)ahi (x̄(t)) ≈ Q(t)ahi (x̂(t)) + Q̂(t)
∂2hi
∂x2

(x̂(t))(x̄(t)− x̂(t)),

(bgj (t)− a
g
j (t)

⊤ū(t))2 ≈ (bgj (t)− a
g
j (t)

⊤û(t))2

+ 2(bgj (t)− a
g
j (t)

⊤û(t))
(
−agj (t)⊤

)
(ū(t)− û(t)).
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This completes the convexification step required for each constraint in (7.15).

7.2.5 Summary of algorithm

The proposed algorithm is summarized in Algorithm 4. The constant ϵ ∈ R++ serves as

a stopping criteria and Nmax ∈ R++ is the maximum number of iterations. The similar

strategy for the initial guess, illustrated in Chapter 6.2.3, can be employed. Particularly,

the initial guess for the variables Zk and λγk can be chosen arbitrarily (for example, zero),

since they appear linearly in all constraints.

One advantage of the proposed joint synthesis method over that of Chapter 6 is its

convergence guarantee. Because it employs SCvx in the prox-linear form, the joint synthesis

inherits the convergence properties illustrated in Lemma 2.4.1.

Algorithm 4 Joint synthesis

Input: Initial guess on (ŝk, âk)

for i = 1 . . . Nmax do

Optimize sk,ak by solving (7.22)

Update (ŝk, âk)← (sk,ak)

if
∑N

k=0

(
∥sk − ŝk∥22 + ∥ak − âk∥22

)
< ϵ then

break

end if

end for

Output: (sk,ak)
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7.3 Numerical simulations

The goal of this section is to demonstrate the proposed joint synthesis algorithm. Here, we

consider the following double integrator system:

x =


ṙx

ṙy

v̇x

v̇y

 =


vx

vy

ax − cd∥v∥2vx
ay − cd∥v∥2vy

 ,

where rx and ry denote x and y positions, and vx and vy are the corresponding velocity

components. The control input u = (ax, ay) represents the x and y accelerations,

respectively. The constant cd represents the drag coefficients set to cd = 0.1 and v = (vx, vy)

denotes the velocity vector. The terms cd∥v∥2vx and cd∥v∥2vy represent aerodynamic drags

in x and y coordinates. The following constraints and associated parameters are considered

for the simulation:

|vx| ≤ 2.0 (m/s), |ax| ≤ 2.5 m/s2,

|vy| ≤ 2.0 (m/s), |ay| ≤ 2.5 m/s2,

Qf = diag(0.22, 0.22, 0.12, 0.12).

Additionally, obstacle avoidance is considered, which is illustrated Figure 7.1.

The resulting state funnel projected onto x and y coordinates is given in Figure 7.1. The

following trajectory and funnel cost functions are considered:

Jf(Q(t0)) = wf · trace(Q−1
0 ), Jt(x̄k, ūk) = ∥ū∥22,

where wf ∈ R is the weight on the funnel cost. The objective of the funnel is to maximize

the funnel entry and that of the trajectory is to minimize the input energy. The total time

of simulation is set to tf = 5 seconds, which is uniformly divided into N = 9 subintervals.

The average Mosek’s solve time per iteration 0.2 seconds.

Two results are compared: one with priority on the trajectory cost given in the top-left

(wf = 100) and one with priority on the funnel cost (wf = 104) given in the top-right. It

can be observed that when the funnel cost is prioritized, the trajectory introduces a curve
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in its early segment to enlarge the funnel entry. In contrast, when the trajectory cost is

prioritized, the path remains nearly straight in order to minimize input energy. The state

funnel projected onto the velocity coordinates and the input funnel is given in Figure 7.2.

We can observe that the generated funnels satisfy the constraint in every node point.
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Figure 7.1: State funnels projected onto the x and y plane. Top-left: result with priority

on the trajectory cost. Top-right: result with priority on the funnel cost. In top two

figures, filled ellipsoids indicate funnels at discrete node points, while unfilled ellipsoids

depict intermediate funnels between nodes. Bottom: Overlay of both computed funnels

together.
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Chapter 8

CONCLUDING REMARKS

This thesis investigates robust predictive control for incrementally quadratic uncertain

nonlinear systems. Two optimization-based approaches have been proposed: funnel

synthesis and joint synthesis. Funnel synthesis constructs time-varying invariant sets and

state feedback controllers around a given nominal trajectory to ensure robustness and

constraint satisfaction of the closed-loop system. The joint synthesis algorithm integrates

nominal trajectory generation and funnel computation into a unified framework, reducing

conservatism.

Chapter 3 formulates a generalized funnel synthesis problem using incremental quadratic

constraints (δQCs), enabling the treatment of broader nonlinearities such as sector-bounded

and L-smooth dynamics that extend beyond the classical Lipschitz condition. The core

of the formulation is a differential linear matrix inequality (DLMI) derived from a time-

varying Lyapunov function, resulting in a convex optimization problem over time-varying

Lyapunov matrices and state feedback gains. Chapters 4 and 5 develop solution strategies

for this problem, with a particular focus on ensuring continuous-time constraint satisfaction

(CTCS).

Three convex approaches are introduced to enforce CTCS in practice. The first

approach introduces additional intermediate constraint-checking points, allowing the DLMI

to be verified more tightly without increasing the number of decision variables. This

method requires solving only a single semidefinite program (SDP) with additional LMI

constraints, making it computationally attractive. The second approach formulates a

sequential convexification scheme using subgradient-based updates to penalize violations of

the DLMI at a finite set of sample points. While this method avoids increasing the number of

LMIs, it requires solving multiple SDPs iteratively, offering direct control over inter-sample

constraint violation. The third approach approximates the system matrices in such a way
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that the DLMI can be exactly transformed into a finite number of LMIs. This leads to a non-

iterative and checking-point-free method, but typically results in conservative funnel shapes

due to the structural approximation. Each approach offers trade-offs between computational

efficiency, accuracy, and conservatism, and their applicability may vary depending on the

system and performance requirements.

Chapter 6 and Chapter 7 propose joint synthesis algorithms that compute both the

nominal trajectory and the associated funnel in a unified optimization framework. This

joint formulation reduces the conservatism that arises in conventional funnel synthesis

approaches, where the nominal trajectory is assumed fixed and decoupled from the feedback

design. By jointly optimizing the nominal trajectory and funnel, the algorithm balances

trajectory cost and tracking performance (as reflected in the funnel size), while ensuring

robustness to uncertainties and satisfying system constraints. In particular, the method

developed in Chapter 7 employs a SCvx scheme based on the prox-linear method, thereby

inheriting its theoretical convergence guarantees.

8.1 Future Directions

8.1.1 Customized SDP solvers for funnel synthesis

While the current work demonstrates that SDP formulations for funnel synthesis are

computationally tractable, the reliance on general-purpose SDP solvers limits scalability

for large-scale or high-dimensional systems. For instance, as discussed in Chapter 4, solving

the SDP for a unicycle model with relatively small state and input dimensions takes only

about 0.2 s, whereas the same procedure for a 6-DoF quadrotor requires over 20 s. This

gap is still large even after accounting for differences in state and input dimensions as well

as the number of node points, indicating that existing SDP solvers struggle with large-

scale problems. This limitation becomes a significant barrier when applying joint synthesis

methods, which require solving SDPs iteratively, to high-dimensional systems.

Future research should focus on tailored SDP solvers that exploit problem-specific

structure such as block sparsity, low-rank matrix updates, and separability across time

discretization. Custom implementations could integrate warm-start capabilities, exploit
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parallel hardware architectures [27], and leverage interior-point [26, 52, 123] or first-order

methods [44, 70, 137] to accelerate convergence. This would enable real-time or embedded

deployment of funnel synthesis for high-frequency control loops.

8.1.2 Uncertainty quantification for multiplier matrices

For funnel computation, a valid set of multiplier matrices must be specified in order to

employ δQCs. For instance, when Lipschitz (3.19) or L-smooth (3.20) conditions are

considered, the corresponding constants need to be computed. In Chapter 4, these values

were either derived analytically or estimated via sampling-based approaches. However, both

approaches have limitations. The analytically derived constants are typically global values

that hold uniformly over the entire domain, which often leads to overly conservative bounds.

In contrast, sampling-based estimates can be less conservative but risk underestimation,

thereby weakening the theoretical guarantees of funnel invariance.

8.1.3 From δQC to incremental IQC

The proposed funnel synthesis formulation laid out in Chapter 3 models the uncertainty

using δQC. One way to extend the types of uncertainty the formulation can consider is

to extend δQC to incremental integral quadratic constraints (δIQC). Importantly, every

uncertainty or nonlinearity that satisfies a δQC also satisfies a δIQC, but the converse does

not hold. Thus, the δIQC framework is strictly more general and can capture a wider range

of dynamics and interconnection structures.

A major challenge, however, is that the Lyapunov condition (3.24) derived for δQC-

based analysis no longer applies in the δIQC setting. To leverage the expressive power

of δIQCs, new Lyapunov-type or dissipation-based conditions [133] must be developed to

certify invariance. Future research should therefore focus on deriving such conditions and

associated differential matrix inequality.
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[63] Johannes Köhler, Raffaele Soloperto, Matthias A Müller, and Frank Allgöwer. A
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Appendix A

ADDITIONAL LEMMAS AND PROOFS

Lemma A.1. Let Eη = {η ∈ Rnx | η⊤Q−1η ≤ 1} with Q ∈ Snx++, and consider K ∈ Rnu×nx.

Define

Eξ =
{
(KQK⊤)1/2y

∣∣∣ ∥y∥2 ≤ 1
}
.

Then the condition η ∈ Eη is equivalent to Kη ∈ Eξ.

Proof. We can equivalently re-write Eη as

Eη = {Q1/2z | ∥z∥2 ≤ 1},

since Q is PD, so invertible. So applying K to it gives a condition

Kx ∈ {KQ1/2y | ∥y∥2 ≤ 1}.

Take the full singular value decomposition of KQ1/2 as KQ1/2 = UΣV ⊤ where U and V

are orthogonal and Σ is diagonal. Note that KQK⊤ = UΣ2U⊤, so (KQK⊤)1/2 = UΣU⊤.

We have

{KQ1/2y | ∥y∥2 ≤ 1} = {UΣV ⊤y | ∥y∥2 ≤ 1},

= {UΣz | ∥z∥2 ≤ 1},

= {(KQK⊤)1/2y
∣∣∣∥y∥2 ≤ 1},

where we used that V ⊤and U⊤ are orthogonal and invertible, so they preserve the unit

ball.
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