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In many medical and biomedical applications, we measure the outcome as a “time-to-event”

(e.g., disease progression or death). The aim of this dissertation is to propose frameworks for

survival analysis and prediction with survival data that include many observations, ultra-high

dimensional features, or images. We propose frameworks that are computationally efficient

and stable and are amenable to stochastic-based optimization algorithms. Our proposed

frameworks scale up to extremely large datasets that do not fit into memory.

The aim of survival analysis is to assess the connection between the characteristics of a

patient and the time-to-event outcome. To do this, it is common to assume a proportional

hazards model and fit a proportional hazards regression (or Cox regression). A log-concave

objective function known as the “partial likelihood” is maximized to fit the Cox proportional

hazards model. For moderate-sized datasets, an efficient Newton-Raphson algorithm that

leverages the structure of the objective function can be employed. In large datasets with lots

of observations, this approach has two issues. First, the computational tricks that leverage

the structure of the objective function can lead to computational instability. Second, the

objective function does not naturally decouple over observations. Thus, the model can be

computationally expensive to fit if the dataset does not fit into memory. In Chapter 2, we

propose a novel modified framework for proportional hazards regression to address these



issues. The proposed framework results in an objective function amenable to stochastic

gradient descent. We show that this simple modification allows us to efficiently fit survival

models with extremely large datasets, including lots of observations. Our proposed frame-

work facilitates training complex, e.g., neural-network-based models with survival data. We

propose a straightforward neural network architecture for survival prediction.

The standard Cox model is known to behave poorly (the estimated coefficients may go

to infinity) when the number of features is greater than the number of observations or even

when the number of observations is greater than but close to the number of features. One

way to handle this issue is to use regularization such that we have well-behaved solutions.

The standard approaches (such as the lasso) for modifying Cox proportional hazards regres-

sion tend to fail for large-scale or ultra-high dimensional datasets because of computational

instability and memory limits. In Chapter 3, we extend our proposed modification of the

partial likelihood from Chapter 2 to the penalized partial likelihood to address these issues.

In particular, our proposed framework enables data to be read off the hard drive in chunks

to update our model sequentially. Therefore, our proposed modification facilitates fitting

the penalized Cox model on larger datasets. We apply stochastic proximal gradient descent

(SPGD) in our framework to fit Cox regression models with a convex combination of l1

(lasso) and l2 (ridge regression) penalties, also known as the elastic-net penalty.

In Chapter 4 of the dissertation, we tackle a problem that is a bit different from the

survival analysis we discussed above. In computational pathology, training deep neural

networks using giga-pixel whole-slide images (WSIs) is a challenging task. The fundamental

challenge is the absence of annotation at the patch (instance) level because of the high cost

and the time-consuming nature of hand labeling. This challenge is typically mitigated by

pooling instances that rely on only the slide-level labels. For example, we see this with typical



weakly supervised learning methods, MIL, and attention-based MIL. A WSI typically has

hundreds of thousands of image patches, each of which may carry different information about

the slide label/class. Training a deep neural network with thousands of image patches per

slide is computationally expensive. We propose an adaptive sampling strategy that aims

to save computation by adaptively selecting a subset of highly predictive instances. We

also study other sampling strategies that aim to reduce computation and compare them

with our proposed strategy. Although we proposed the adaptive sampling strategy for the

classification problem, this idea is quite general and can easily apply to survival prediction.
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Chapter 1

INTRODUCTION

It is common in biological contexts to investigate the relationship between patients’ char-

acteristics and time to an event of interest (such as disease progression, recovery, or death)

[1]. Survival analysis aims to study such relationships [2]. Patients may leave the study

prior to experiencing the event of interest, resulting in often-partial patient information in

such situations. Cox proportional hazards model has been widely used to take this partial

information into account [3]. Cox model maximizes a log-concave function known as the

”partial likelihood” to estimate parameters.

With the growth of electronic medical records, biomedical datasets comprising a large

number of observations are becoming more common [4]. Common methods for fitting the

Cox model use the sequential structure of the partial likelihood to speed up computation

[5, 6]. This may lead to computational instability. In addition, the partial likelihood does

not decouple naturally across individuals or groups of individuals. Thus, if the dataset is too

large to fit into memory, fitting the model might become computationally expensive. This

also implies that the objective function based on the partial likelihood is not amenable to

stochastic gradient-based optimization techniques [7]. This decoupling issue makes näıve ap-

proaches to fitting complex models, e.g., neural-networks, impractical for time-to-event data.

Cox model may become computationally expensive or may perform poorly when handling

large survival data, especially those including imaging data.

The standard Cox model performs poorly when the number of features is greater than the

number of observations or even when the numbers are close to each other. There were some
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efforts in the literature to resolve this issue and improve the computational aspects of Cox

model [8, 9, 10, 5, 10]. Unfortunately, the optimization procedure used by these methods

(and more generally those that engage with the full partial likelihood) requires that the entire

dataset be read into memory before the model is fit. This creates problems when engaging

with ultra-high dimensional datasets [11, 12]. These issues become even more severe when

working with giga-pixel images commonly used in oncology applications, e.g., Whole-Slide

Images (WSIs) [13, 14].

Automated visual inspection of sampled tissues through high-resolution Whole-Slide Im-

ages (WSIs) from biopsies has become the gold standard for diagnosing various diseases

in oncology [13, 14]. However, WSIs are giga-pixel images and directly training the deep

neural networks with them is infeasible because of the memory constraint. One immedi-

ate solution is to train such networks by sampling smaller regions of WSIs, also known as

patches or tiles. But the challenge is the lack of pixel-level annotation and that the labels

are only available at the WSI (patient) level. Multiple instance learning (MIL) [15, 16] and

its attention-based version [17], as typical weakly supervised learning methods, have been

proposed to tackle this challenge [15, 16]. But the remaining challenge is that not all the

hundreds of thousands of tiles within a WSI are predictive of the outcome (e.g., disease

outcome). This makes training of deep neural networks for tasks such as classification and

survival prediction time-consuming and computationally expensive when using WSIs [18, 19].

In this dissertation, we propose a re-framed Cox proportional hazards model for big data

and neural networks. In Chapter 2, we propose a modified framework for the Cox model

that is amenable to optimization via stochastic-gradient based algorithms. In Chapter 3,

we extend our proposed framework for the penalized Cox model to fit the Cox model with

the number of features more than the number of observations. In Chapter 4, we propose an

adaptive sampling strategy for training deep multiple instance learning neural networks and

compare it with different sampling strategies. Although we proposed our sampling strategy
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for the classification problems, it is easily extendable to survival prediction via training deep

MIL neural networks.
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Chapter 2

REFRAMING COX MODEL FOR BIG DATA AND NEURAL
NETWORKS

2.1 Introduction

It is commonly of interest in biomedical settings to characterize the relationship between

characteristics of an individual and their risk of experiencing an event of interest (e.g.,

progression of a disease, recovery, death, etc; see [1]). Outcomes of this type are known as

“time-to-event” outcomes, and characterizing such relationships is known as survival analysis

[2]. In such applications, we often only have partial information on patients due to censoring

(e.g., they might leave the study before experiencing the event of interest).

Cox proportional hazards regression model (hereafter, simply called Cox model) [3] is the

most common tool for conducting survival analyses. The Cox model assumes a particular

semi-parametric relationship between the risk at each given time of experiencing an event

and the features of a patient (e.g. age, sex, treatment assignment, etc). To estimate param-

eters in this model, the Cox model maximizes a log-concave function known as the ”partial

likelihood”. Once estimated, this model can provide a person-specific hazard of experiencing

an event (as a function of their features). Such predictions are often used in personalized

medicine, e.g., in the development of prognostic and predictive biomarkers [20]. To max-

imize the partial likelihood, it is most common to use a second-order algorithm such as

Newton-Raphson [21] for datasets with few features (with potentially many observations).

Traditionally, Cox model has been used on data-sets with relatively few features, though

penalized extensions have been developed for high-dimensional applications [5].

It is increasingly common to have biomedical datasets with a large number of observa-

tions, especially with increasing use of electronic medical records [4]. Although the Cox model
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has been widely used for small-to-moderate numbers of observations, common methodolo-

gies for fitting the Cox model faces issues in datasets with many observations. In particular,

in fitting the Cox model, it is common to leverage the sequential structure of the partial

likelihood to vastly speed up computation (from O(n2) to O(n); see [5]). However, when

there are a large number of observations, this can lead to computational instability (which

we illustrate in this chapter).

The second issue is that the partial likelihood does not naturally decouple over individuals

or subsets of individuals. Thus, if the dataset does not fit into memory, the model can be very

computationally expensive to fit: Standard distributed optimization methods such as those

based on the alternating direction method of multipliers [22] cannot directly be used. This

additionally means that the objective is not directly amenable to stochastic gradient-based

optimization methods [7]. Unfortunately, to fit more complex neural network-based models,

it is most common to use stochastic-gradient-based optimization [23]. This decoupling issue

makes it impossible, or at least very impractical, to fit neural-network-based models with

time-to-event data.

In this chapter, we propose a simple framework for conducting survival analysis using

the Cox model [11, 12]. We built our framework upon an objective function that is a

modification of the usual partial likelihood function. In particular, this modified objective

function decouples over subsets of observations, and allows us to employ stochastic-gradient-

based algorithms that engage only a subset of our data at each iteration. We show the

parameters estimated by this new objective function are equivalent to the original parameters

when the assumptions of the Cox model hold (and may actually be more robust with model

mis-specification). In addition, our new objective function is amenable to optimization via

stochastic-gradient-based algorithms that are computationally efficient and stable for this

objective: This approach can easily scale to datasets that are too large to fit into memory.

We further discuss how our new framework can be implemented with both streaming [24]

and non-streaming datasets. We discuss extending our framework to use mini-batches and

present some recommendations for improved performance in practice. We also extend our
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methodology to produce asymptotically valid confidence intervals. We additionally illustrate

how our methodology can be used to fit neural-network-based models with time-to-event

outcome.

2.2 Related work

Although there are fully-parametric (e.g., [25]) and non-parametric (e.g., [26]) approaches

for survival analysis, we focus on those that are based on the Cox model (as those are most

relevant to our proposal). Others have proposals for fitting linear Cox models with large

data [21, 27, 28]; however, those approaches are not amenable to stochastic optimization,

which is crucial for engaging with complex prediction methods such as those with neural

networks (or for applications with data stored in a distributed manner). Authors in [29]

presented SGD-based algorithms for a variety of applications, including the Cox model.

However, their algorithm suffers from two issues: It cannot accommodate streaming data,

and in fact requires ∼ n2 computation (which we are aiming to avoid with our proposal).

Authors in [30] proposed directly maximizing the concordance index [31]. While this is an

interesting predictive target, it moves us away from generative parameters in the Cox model.

As this objective function is discontinuous, confidence intervals may be difficult to obtain.

Authors in [32, 33] connected neural networks to the log-partial likelihood. However, they

engaged with [non-stochastic] gradient descent, which, as we will discuss in this chapter, is

not easily amenable to very large and/or distributed datasets. Another set of work converts

the survival prediction problem into a classification problem by dividing the continuous time-

to-event into non-overlapping intervals [34, 35, 36]. This is an interesting line of work which

we give empirical comparisons to in Section 2.6.2: However, the need to choose a grid for

discretization is a potential downside. The work of [37] is most closely related to ours: As

with [32] and [33], they connect neural networks with the partial likelihood; however, they

note that a stochastic gradient-like optimization method will be needed to scale to large

datasets. They propose a heuristic for an “approximate gradient”. They do not justify the

heuristic (and in fact, their stochastic gradient is not unbiased for their objective function, so
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there is no guarantee, based on previous work, that any of the results of SGD-based methods

will hold). Our re-framing of proportional hazards modeling generalizes and justifies their

heuristic — it both identifies why it should work and proves that it will. Additionally, our

reformulation can be combined in a straightforward way with distributed computing tools

[38]. See Appendix A.1 for more detail on this. Our contributions in this chapter are:

• We propose a new optimization framework based on a modified version of the full

log-partial likelihood that is amenable to stochastic/online optimization, requires O(n)

computation, and is not susceptible to floating-point error.

• We prove that the parameter estimated by our framework is equivalent to the generative

parameter in a correctly specified Cox model.

• We prove that for a linear Cox model, our proposed estimator is statistically rate

optimal (that is, MSE converges at a rate of n−1).

• We theoretically and empirically show that for a linear Cox model, our framework

accommodates construction of asymptotically valid confidence intervals.

• We empirically show that our framework may be more computationally efficient and

stable than the current gold standard implementation for fitting the Cox model when

the dataset is large.

• We propose a simple framework that facilitates flexible survival modeling with neural

networks.

2.3 Methodology

2.3.1 Cox Proportional Hazards Regression Model

The Cox model, proposed by [3], is a commonly used semi-parametric regression model for

evaluating the association between the time until some event of interest and a set of variables
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measured on a patient. More formally, suppose on each patient we measure an event time

T , and a vector of numeric features X = (X1, . . . , Xp). The Cox model engages with the

so-called hazard function

h(x, t) =
p(t|x)

S(t|x)
,

where p(t|x) = d
dt
P (T < t|X = x) and S(t|x) = P (T > t|X = x). The hazard function,

h(x, t), can be thought of as the probability density of having an event at time t, given that

a patient (with covariates x) has not had an event up to that time. The Cox model assumes

a particular form for the hazard function,

h(t,x;β∗) = h0(t) exp (fβ∗(x)), (2.1)

where fβ∗ is a specified function of parameters β∗ = (β∗1 , β
∗
2 , . . . , β

∗
k) that determines the role

played by x in the hazard; and h0(t) is a baseline hazard function (independent of covariates).

Note that fβ∗(x) may be assumed to be of different forms in different applications: For

instance, in many scenarios k is taken to be p, and the simple linear model fβ(x) = xTβ =

β1x1 + · · ·+βpxp is used. This model assumes that the manner in which a patient’s covariates

modulate their risk of experiencing an event is independent of time. In particular, it is

encoded entirely in fβ∗ . This simplifies the estimation and interpretation of the predictive

model.

Our aim is to use data to estimate β∗. In particular, we will assume that we have a

dataset with n independent observations drawn from model (2.1): D(n) = {Di = (yi,x
(i))|i =

1, 2, . . . , n}. For the moment we assume that there is no censoring (all event times are

observed), and no ties (all event times are unique). Estimation is conducted using the log-

partial-likelihood:

pl(n)(β|D(n)) = log

(
n∏
i=1

h(x(i);β)∑
j∈Ri h(x(j);β)

)
=

n∑
i=1

(
fβ(x(i))− log

(∑
j∈Ri

exp (fβ(x(j)))

))
,

(2.2)

where Ri = {j | tj ≥ ti} is the “risk set for patient i”. Note that aside from Ri, the

expression in (2.2) is independent of the event times. Extending this partial likelihood to
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deal with censoring, left-truncation [39] and ties is quite straightforward (see Appendix A.2

for more details of this extension); however, for ease of exposition we do not include these

details here.

2.3.2 Estimation by maximizing the log-partial-likelihood

Using the log-partial-likelihood from equation (2.2), an estimate of β∗ can be obtained as

β̂
(n)

= argmin
β

{
−pl(n)(β|D(n))

}
. (2.3)

When linear fβ(x) = x>β = β1x1+· · ·+βpxp is used, our objective function in (2.3) is convex

in β, and thus the tools of convex optimization can be applied to find β̂
(n)

(see Corollary 1

in Appendix A.3 for the proof of convexity; included for completeness). In the current gold

standard survival package in R [40], Newton-Raphson is used to minimize (2.3) with linear

f . In the later sections, we will refer to this implementation as coxph(). For linear f , one

can show that
∥∥∥β̂(n)

− β∗
∥∥∥2

2
= Op (n−1) which is rate optimal (as is standard for estimation

in parametric models; see [41]).

In current commonly used software implementations, the ordered structure of the loss

(as well as the gradient, and hessian) are leveraged to improve computational efficiency. In

particular, we examine the gradient,

∇β

{
− pl(n)(β|D(n))

}
= −

n∑
i=1

(
ḟβ(x(i))−

∑
j∈Ri ḟβ(x(j)) exp (fβ(x(j)))∑

j∈Ri exp (fβ(x(j)))

)
, (2.4)

where ḟβ(x) = ∇β{fβ(x)} is the gradient of fβ(x) with respect to β. While a näıve calcu-

lation would have O(n2) computational complexity because of the nested summations, this

is not necessary. In the case that the times are ordered t1 < t2 < . . . < tn, we see that

Ri = Ri+1 ∪ {i}. This allows us to use cumulative sums and differences to calculate the

entire gradient in O(n) computational complexity, with a single O(n log(n)) complexity sort

required at the beginning of the algorithm [5]. In discussing computational complexity, we

assume that elementary operations (e.g. addition, subtraction, multiplication, and exponen-

tiation) are O(1). We also assume p is fixed and so, e.g., x>i β = O(1). If we imagined an
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asymptotic regime with growing p, then our O(n) statement on the computational cost for

computing the gradient (once the data are sorted) should be modified to O(np). The same

updating trick mentioned above for the gradient can be used for calculating the Hessian.

Unfortunately, however, when employing this strategy, the algorithm becomes susceptible to

round-off issues, especially with a larger number of observations, n, and features, p, as seen

in Section 2.6.1. Appendix A.12 discusses round-off error issues in more detail in standard

implementations of log-partial-likelihood maximization e.g., coxph().

Additional inspection of the gradient in (2.4) shows why stochastic-gradient-based meth-

ods cannot be used to decouple gradient calculations over observations in the sample: While

the gradient can be written as a sum over indices i = 1, . . . , n, the denominator for the

i = 1 term involves all observations in the dataset. In the next section, we propose a novel

simple modification of (2.3) that admits an efficient stochastic-gradient-based algorithm for

estimating β∗.

2.3.3 Estimation using SGD: BigSurvSGD

We begin by reformulating our problem. We consider a population parameter β(s), defined

as the population minimizer of the expected partial likelihood of s random patients (which

we will refer to as “strata of size s”):

β(s) = argmin
β

{
Es[−pl(s)(β|D(s))]

}
. (2.5)

Here, we think of D(s) as a draw of s random patients from the population. Note that the

minimum value for s is 2; otherwise, expression (2.4) (i.e., the gradient) becomes zero for all

β. By including a superscript s in β(s), we note that this parameter may depend on s. In

fact, when the assumptions of the Cox model hold (2.1), then β(s) = β∗ for all s. The proof

of this is quite simple, with details given in Appendix A.3.

To estimate β∗, we select a small fixed s (s� n) and directly apply stochastic gradient

descent to the population optimization problem (2.5). In practice, this will amount to

calculating stochastic gradients using random strata of size s. One may note that for s
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small, there are
(
n
s

)
such strata to choose. However, results for stochastic gradient descent

indicate that under strong convexity of (2.5), on the order of only m steps (strata) should

be required to obtain a rate optimal estimator (converging at a rate of m−1 in MSE). See

Appendix A.3 for the proof of strong convexity of (2.5) and the convergence rate O(m−1).

In Section 2.6.1, we empirically investigate the effect of strata size s on the efficiency of

our estimator. Based on these results, it seems choosing s = 20 results in negligible efficiency

loss. See Appendix A.13 for more recommendations on how to choose strata size s.

Pairwise concordance (s = 2)

An interesting special case is when we choose strata of size s = 2, and look at pairs of

patients. Then, in the case of no censoring, the population minimizer in (2.5), i.e., β(2)

maximizes the expectation of the pairwise log-partial likelihood

pl(2)(β|D(2)) = log
( exp (fβ(x(1)))

exp (fβ(x(1))) + exp (fβ(x(2)))

)
1(t1 < t2)

+ log
( exp (fβ(x(2)))

exp (fβ(x(1))) + exp (fβ(x(2)))

)
1(t2 < t1). (2.6)

This log-partial-likelihood can be thought of as a smoothed version of the standard con-

cordance measure used in the concordance index [31]. Thus, even when the proportional

hazards model does not hold, the parameter β(2) maintains a useful interpretation as the

population minimizer of the average smoothed concordance index. Also (2.6) is similar to

the objective function for conditional logistic regression (CLR) with strata size s = 2 [42].

In the deep learning literature, neural network models with a conditional logistic outcome

layers are often referred to as Siamese Neural Networks [43].

Our formulation has similarities to boosting [44] where weak learners are repeatedly

trained on residuals from a current fitted model to improve performance, e.g., pairwise con-

cordance in case of s = 2. Our approach is slightly different in that we do not “sketch”

covariates, and we sub-sample observations (though, sub-sampling observations has increas-

ingly become popular with boosting [45]). Our modified loss might fruitfully be engaged

with boosting algorithm (using e.g., trees as base learners).
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Optimization with SGD

Suppose that we have ns independent (without overlap) strata, D
(s)
1 , . . . , D

(s)
ns , each with s

independent patients drawn from our population (with s ≥ 2). For ease of notation, let Im

denote the indices of patients in strata D
(s)
m for each m ≤ ns. For any β we have

∇βEs
[
pl(s)(β|D(s)

m )
]

= Es
[
∇β
{
pl(s)(β|D(s)

m )
}]
, for all m ≤ ns, (2.7)

when x are drawn from a reasonable distribution (e.g. bounded); and fβ(x) is not too

poorly behaved (e.g. Lipschitz). Note that expectation in (2.7) is taken w.r.t. the true joint

distribution of outcomes and covariates. Here ∇β
{
pl(s)(β|D(s)

m )
}

is defined analogously to

(2.4) using D(s)
m

∇β

{
− pl(s)(β|D(s)

m )
}

= −
∑
i∈Im

(
ḟβ(x(i))−

∑
j∈Rmi

ḟβ(x(j)) exp (fβ(x(j)))∑
j∈Rmi

exp (fβ(x(j)))

)
, (2.8)

where Rm
i = {j | tj ≥ ti and i, j ∈ Im} are risk sets that include only patients in stratum m;

and ḟβ denotes the gradient of f w.r.t. β. From here we can give the simplest version of our

stochastic gradient descent (SGD) algorithm for (2.3). We choose an initial β̂(0) (perhaps

= 0), and at each iteration m = 1, . . . , ns, we update our estimate by

β̂(m) = β̂(m− 1) + γm ×∇β

{
pl(s)(β̂(m− 1)|D(s)

m )
}
. (2.9)

Here, γm is the learning rate (which should be specified in advance, or determined adaptively

as discussed later in Section 2.3.3 and Appendix A.6). The computation time to run ns steps

of stochastic gradient descent according to (2.9) for linear fβ is about snsp = np (where

n = sns is the total sample size). If ordering is not leveraged, then around nps computation

is required. In contrast, Newton’s algorithm for optimizing the full log-partial likelihood

requires around np2 computation per iteration when the round-off-error-prone updating rule

is used (and around n2p + np2 if not). Additionally, with these small strata of size s, we

are not prone to round-off issues when using stochastic optimization (because this sum is

calculated separately for each small strata).
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It has been shown that SGD algorithms for strongly convex objective functions are asymp-

totically more efficient if we use a running average of the iterates as the final estimate [46, 47].

Additionally in this case γm = γ can be set to a fixed value (so long as it is sufficiently small).

We denote the running average estimator by

β̃(m) =
1

m

m∑
i=1

β̂(i). (2.10)

Note that the averaging process does not change the values of β̂(m). In our simulations, we

use the averaged β̃(m). Strong convexity of the objective in (2.5) depends on properties of

fβ and (weakly) on the distribution of x. For linear fβ, and x with a non-degenerate

distribution, this objective will be strongly convex (see Appendix A.4 for the proof of

strong convexity of our objective function). In such cases, standard results [48] show that∥∥∥β̃(m)− β(s)
∥∥∥2

2
= Op(m

−1). As a reminder, this is the statistically optimal rate of conver-

gence for estimating β(s) (or equivalently, β∗ when the Cox model assumptions holds) from

m observations. See Appendix A.4 for the proof of this convergence rate O(m−1) for aver-

aging over iterates. When we use this averaged estimator, it has been shown that choosing

the learning rate as γm = C√
m

(where C is a constant) gives us such an optimal convergence

rate [49]. We choose this learning rate in our simulation studies in Section 2.6.1, where we

tune the constant C to optimize the performance.

Streaming vs non-streaming

In the discussion above, we imagined that observations were arriving in a continual stream of

strata, and that we were more concerned with the cost of computation than the cost of data

collection. The algorithm we described engaged with each stratum only once (in calculating

a single stochastic gradient). Algorithm 2 in Appendix A.6 details an implementation of

a streaming algorithm in this imagined scenario. In practice, we generally have a fixed

(though potentially large) number of observations (non-streaming), n, that are not naturally

partitioned into strata. To employ SGD here, we randomly partition our observations into

ns disjoint strata of size s, and then carry out our updates in (2.9). In our work, we call such



14

a pass over a single random partition of the data, an epoch. In practice, we may want to

take more than one epoch, and use mini-batches of multiple strata to improve performance.

Algorithm 3 in Appendix A.6 details an implementation that takes multiple passes over the

data and use mini-batches (we discuss additional bells and whistles in Appendix A.5).

In practice, we may also want to modify the learning rate over iterates to improve the per-

formance of the SGD algorithm. We found using the AMSGrad [50] algorithm for adaptively

selecting the learning rate using moments, using average over iterates as we discussed in Sec-

tion 2.3.3), and taking ∼ 100 epochs over the data generally results in strongest performance

(see Appendix A.11.1).

2.4 Equivalence to U-statistic based optimization

While in this chapter we discuss obtaining an estimator by directly attempting to mini-

mize the population objective function (2.5) using SGD, there is a corresponding empirical

minimization problem. In particular, for strata of size s, one could define an estimator β̂s

by

β̂
(s)

= argmin
β

{
−

∑
D(s)⊂D(n)

pl(s)
(
β|D(s)

)}
(2.11)

As in a standard U-statistic [51], this sum is taken over all subsets of s patients out of our

original n patients (resulting in
(
n
s

)
∼ ns terms). This appears to be a difficult optimization

problem, given the enormous number of terms. However, our approach shows that, in fact,

only ∼ n of those terms need be considered to get a “good enough” approximate minimizer

(and can be chosen randomly): The majority of terms contain redundant information. In

fact, one could see this directly by noting that the objective function in (2.11) decouples

over subsets. An application of stochastic gradient descent here would involve sampling

strata with replacement (no indpendendent assumption among different subsets are needed).

Assuming this empirical objective function is strongly convex, with averaging over iterates,

would converge to a tolerance of 1/m after m steps. This approach, based on incomplete

U-statistics [52] could be taken more generally for losses defined by U -statistics.
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2.5 Inference

For linear fβ(x), we can leverage the formulation of our estimator from Section 2.4 to con-

struct confidence intervals. There are two approaches toward this end. The first approach

uses large sample properties of U-statistic minimizers [53, 54]. In particular, these esti-

mators are asymptotically linear [53], with an influence function based on their Hoeffding

projection [51] which we can use to estimate the variance. The second approach is based

on a non-parametric bootstrap which is discussed and justified by the multiplier U -process

[55]. In practice, we use the non-parametric bootstrap to estimate the standard error of our

coefficient estimates; and combine that with asymptotic normality to construct the confi-

dence interval. Appendix A.7 contains details of the proposed implementation for calculating

standard errors and confidence intervals, covering both theory and methods.

2.6 Results

2.6.1 Simulated experiments

We generate an event time that follows the Cox model (2.1) with simple linear fβ detailed

below. We generate the baseline hazard h0(t) using an exponential distribution with param-

eters λ = 1. We generate the censoring and event times independently. The details of the

data simulation procedure are given below [56]

xi ∼ Uniform(−
√

3,
√

3) (unit-variance variable),

yi ∼ exp(µ = e−x
T
i β

∗
) (time to event/censoring), β∗ = β∗1P×1

δi ∼ Bernoulli(p = 1− pc), pc = Pr(ti > ci) (2.12)

where yi = min(ti, ci), i.e., time to event or censoring whichever comes first. Here pc,

the probability of censoring, is a parameter we can tune. Note that µ = e−X
Tβ∗

is the

scale parameter (and mean) of the exponential distribution. This implies that larger xTβ∗

generate smaller survival times. Although this is not written in the form of (2.1), it is still

consistent with the Cox proportional hazards model assumptions, with fβ∗(x) = β∗>x. In
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all comparisons, we include the performance of coxph() the gold standard R implementation

of Newton’s algorithm for maximizing the partial likelihood. Additionally, in all comparisons,

we normalize all covariates to have variance 1.

Small data results: We first evaluate the statistical efficiency of our estimation proce-

dure (using strata sizes of less than n). We choose β∗ = 1 and evaluate mean-squared error

(MSE) between estimators β̃ (i.e., average over iterates), and β̂(n) (i.e., coxph()) and the

truth, β∗ over 1000 simulated datasets with up to 100 epochs run. The top left panel in

Figure 2.1 illustrates MSE of β̃ with an adaptive learning rate (using AMSGrad) for different

strata sizes s. Although the convergence rate is still ∼ n−1 for all strata sizes, we see that for

small strata sizes (e.g., s = 2), there is some statistical inefficiency (in the constant multi-

plying the rate) when the model is correctly specified. However, there is nearly no statistical

inefficiency for the larger strata sizes (strata sizes larger than s = 20) as compared to the

full partial likelihood.

We next evaluate the performance of averaged SGD with a fixed learning rate, against

averaged SGD with an adaptive learning rate (using AMSGrad) with a fixed strata-size of

s = 20 for both. In addition, we try various numbers of epochs (from 10 to 100). The top

right panel in Figure 2.1 shows performance over 1000 simulated datasets. We see that with

enough epochs (around 100) both approches perform well. However, AMSGrad nearly reaches

that performance with as few as 50 epochs, whereas using a fixed learning rate does not

attain that performance with fewer than 100 epochs. For both of these methods, we tuned

our (initial) learning-rate to be empirically optimal in these experiments. Hereafter, we use

averaged SGD with AMSGrad and we simply refer to it as BigSurvSGD.

In Section 2.3.3, we discussed the potential computational instability of coxph() due to

its updating formulae in small-to-moderate sized datasets and how our framework can avoid

such instability. Here we empirically verify those claims. The bottom left and bottom right

panels in Figure 2.1 compare the MSE and concordance index of coxph() and AveAMSGrad

algorithms for small-to-moderate sample sizes (n) and varying number of features (p) over

1000 simulated datasets. As we see, coxph() performs poorly for larger p and n. For instance,
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as we can see in the bottom left panel in Figure 2.1, coxph() with (p = 50, n = 1000)

performs worse than (p = 50, n = 100). This is because of computational instability with

the recursive updating formulas used by coxph() for larger sample sizes and numbers of

features. One important aspect of these examples is that we include a large amount of signal

(which increases as the number of features increases). With less signal, this instability is less

pronounced unless very large sample sizes are used.

Big Data Results: We next consider the numerical stability of our framework (versus

directly maximizing the full partial likelihood using Newton’s algorithm). We generated

100 datasets with β∗ = 1 and we used 100 epochs for the AveAMSGrad algorithm. The

simulations were conducted on a quad-core Intel Core i7-2600 with 12 GB RAM. Figure 2.2

shows a surprising and unfortunate result for coxph(): We see that as sample size increases

drastically, the performance of coxph() starts getting worse! In particular, for p = 20,

coxph() is basically producing nonsense by the time we get to 1, 000 observations for this

simulation setup. This indicates that for large datasets the current gold standard may be

inadequate, though we do note that there is a large amount of signal in these simulations

(more than we might often see in practice). In contrast, BigSurvSGD has no such issues

and gives very good performance. As a reminder, the statistical performance of the output

of coxph(), due to floating-point issues, degenerates much earlier. We want to be clear

that we do not believe these issues are due to sloppiness in the coxph() function (the

survival package is superbly done), but rather an issue with trying to optimize the full-

partial likelihood. Furthermore, coxph() fails for the medium-to-large datasets as it is poorly

equipped to deal with datasets that do not easily fit in memory (R unfortunately generally

deals somewhat poorly with memory management). The right hand side of vertical blue

line (with number of observations greater than ∼ 3 × 106) shows the area where coxph()

fails due to out-of-memory issue with the system specifications we used. Our proposed

algorithm scales up well with very large dataset: It reads the data in chunks from the hard-

drive (allowing us to engage with datasets difficult to fit in memory) and it continuously

shows improvement by increasing sample size. Note that by big data here, we mean lots
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Figure 2.1: (top left) log10(MSE) of estimates with coxph() and AveAMSGrad for p = 10 fea-

tures, 100 epochs, and different strata sizes (S); (top right) log10(MSE) of estimates with averaged

SGD (AveSGD), averaged AMSGrad (AveAMSGrad), and coxph() for strata size s = 20 and p = 10

features; (bottom left) log10(MSE)Figure and (bottom right) concordance index with BigSurvSGD

(AveAMSGrad) and coxph() for strata size s = 20, different feature sizes p, and different sample

sizes n. For all results, we choose mini-batch size K = 1, probability of censoring pc = 0.2, and the

optimal value C (0.12 for AveAMSGrad and 1.5 for AveSGD) for the learning rate defined as γm = C√
m

.



19

of observations, i.e. larger n. See Appendix A.14 for a discussion on how to deal with the

high-dimensional data, i.e., larger p.

Inference: We next examine how the coverage of the 95% CIs generated from coxph(),

and our bootstrap and plugin approaches behave as a function of sample size (n) and feature

size (p). We choose strata size s = 20, β∗ = 1, and we allow our algorithm to run for

100 epochs to estimate β̃. For the bootstrap approach, we consider B = 1000 bootstrap

resamples and we allow each resample to run for 100 epochs to get the bootstrapped estimates

β̃
b
, b = 1, 2, . . . , B = 1000. For the plugin method, we choose no = 1000 sample strata per

observation to calculate the standard error of our estimate β̃. The left panel in Figure 2.3

presents the coverage from different approaches for p = 10 features and varying sample

sizes over 100 simulated datasets. We observe all methods perform well for the small-to-

medium sample sizes but coxph() fails for the large sample sizes (e.g., n = 105) due to its

computational instability. The right panel in Figure 2.3 presents the coverage from different

approaches for more features p = 20 (higher signal) and varying sample sizes over 100

simulated datasets. We observe both our proposed plug-in and bootstrap approaches give

coverage very close to the nominal 95%. coxph() fails for all ranges of sample size; it behaves

worse for larger sample sizes.

Rare events: We examine the effect of censoring rates, particularly when they are

high (i.e., rare events). We choose p = 10 uniformly-distributed covariates with β∗ =

β∗×(1, 1, 0, ..., 0) where we separately consider β∗ = 0.1, 0.5, 1. For our algorithm we choose

strata size s = 20, and 100 epochs. For the bootstrap approach, we construct confidence

intervals with standard errors estimated using B = 100 resamples and we allow each resample

to run for 10 epochs (starting at our original estimate) to get the bootstrapped estimates

β̃
b
, b = 1, 2, . . . , B = 100. For the plugin method, we choose no = 100 sample strata

per observation to calculate the standard error of our estimate β̃. Figure 2.4 presents the

MSE and coverage from different approaches for sample size n = 1000 and varying rates of

censoring pc over 100 simulated datasets. We observe that proposed approaches and coxph()

perform closely. All approaches perform better when there is more signal, and worse when
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log10(MSE) with BigSurvSD (AveAMSGrad) and coxph() for different sample sizes (n) and feature

sizes (p). We choose mini-batch size K = 1, number of epochs 100, probability of censoring

pc = 0.2, and the optimal value C = 0.12 for the learning rate defined as γm = C√
m

. The grey area

illustrates regions where the code returns out-of-memory error.
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Figure 2.3: (left) coverage for p = 10 features; (right) coverage for p = 20 features. For both

results, we choose mini-batch size K = 1, number of epochs 100, strata size s = 20, probability of

censoring pc = 0.2, and C = 0.12 for the learning rate defined as γm = C√
m

. We use B = 1000

bootstrap resamples for the bootstrap approach and no = 1000 sample strata per observation for

the plugin approach.
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Figure 2.4: (left) log10(MSE); (right) coverage with p = 10 uniformly distributed and nor-

malized features for varying values of probability of censoring pc and levels of signal β with

β = β × (1, 1, 0, ..., 0). (only two covariates carry the signal). We choose mini-batch size

K = 1, number of epochs 100, strata size s = 20, sample size n = 1000, and C = 0.12 for the

learning rate defined as γm = C√
m

. We use B = 10 bootstrap resamples for the bootstrap-t

approach [57] and no = 100 sample strata per observation for the plugin approach.

there is more censoring. Appendix A.11.7 presents results with a larger strata size, s = 50. In

practice, higher strata size improves the efficiency in scenarios with rare event. One benefit

of our approach is that it scales well with a large number of observations, particularly when

the event of interest is very infrequent.

Categorical and skewed covariates: We examine the effect of categorical and skewed

covariates on the performance of coxph() and our proposed approach. We choose p = 10,

five balanced binary covariates and five right-skewed covariates generated with a log-normal

distribution with parameters µ = 0 and σ = 1. We choose β∗ = β × (1, 0, 0, 0, 0, 1, 0, 0, 0, 0)

and separately consider β = 0.1, 0.5, 1. For our algorithms estimates and CIs we use the



23

same parameters as in the rare events simulations. Figure 2.5 presents the MSE and coverage

from different approaches for varying sample size n and level of signal β. We observe that

all methods perform similarly. However, coxph() performs worse when sample size and the

level of signal grow. The reason is that skewed covariates have large outliers, and coxph()

becomes computationally unstable as a result of its recursive updating mechanism (specially

when sample size and levels of signal are high). In contrast, our proposed framework performs

does not have this issue. We also observe the performance of coxph() degrades more when the

covariates become more correlated. Appendix A.11 presents additional results on different

types of covariates, signal levels, and correlations among covariates. Note that here we

focused on small-to-moderate datasets with two independent features carrying the signal

in order to compare coxph() with our proposed framework. For larger problems (with

more signal features) analogous results hold: See Appendix A.11 for more comparisons.

An additional advantage of our proposed framework is that it supports significantly bigger

datasets (as seen in Figure 2.2) and is easily extensible to massive datasets.

Model mis-specification: So far, we assumed that the Cox proportional hazards model

holds. Now we consider a scenario for which the model is misspecified by missing to in include

one of two variables affecting the event time. We compare the the estimate of parameter

calculated by (2.5) for different values of strata size s. Suppose that our event time T and

censoring time C are generated based on hazards functions hT (t, x) and hC(t, x) as following

hT (t, x) = h0(t)eγ1x1+γ2x2 ,

hC(t, x) = h0(t)eαx1 , (2.13)

where γ1 and γ2 formulate the relationship between the event time T , and features x1 and x2;

α formulates the relationship between the censoring time C and feature x1. The observation

time, i.e., time to event or censoring whichever happens first and the event status are given
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Figure 2.5: (left) log10(MSE); (right) coverage for varying values of sample size n and levels of

signal with β∗ = β×(1, 0, 0, 0, 0, 1, 0, 0, 0, 0). We consider for p = 10 covariates: the first 5 covariates

are binary variables generated from the Bernoulli distribution with probability of success 0.5 and

the second five covariares are right-skewed variables generated from the log-normal distribution

with parameters µ = 0 and σ = 1. We choose mini-batch size K = 1, number of epochs 100,

strata size s = 20, probability of censoring pc = 0.2, and C = 0.12 for the learning rate defined as

γm = C√
m

. We use B = 10 bootstrap resamples for the bootstrap-t approach [57] and no = 100

sample strata per observation for the plugin approach.

by

Y = min(T,C),

∆ = I(T ≤ C). (2.14)

The censoring rate (i.e., pc = Pr(C < T )) depends on parameters γ1, γ2, and α. Here we

only observe x1 and we aim to study the effect of covariate x1 through β(s) calculated by the

minimization problem given by (2.5). We are interested in knowing that how different values

of γ1, γ2, and α affect the estimate of β(s) from (2.5). For simulations, we independently
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generate x1 and x2 from a uniform distribution, i.e., x1, x2 ∼ U(0, 1) and then we use (A.47)

and (2.12) to generate survival data with sample size n = 105. All of the following results

are based on averaging over 100 randomly generated survival datasets. Figure 2.6 illustrates

the average censoring rate for different values of γ1, γ2, and α. By noting that x1, x2 > 0,

by following survival data generation mechanism in (2.12), the censoring rates increases by

α and decreases by γ1 and γ2. Figure 2.7 compares the average estimate of parameter β(s)

for different values of γ1, γ2, and α. With γ1 = 0 (the first row in Figure 2.7), i.e., there is

no effect from x1, the estimate of β(s) are very close to γ1. With γ2 = 0 (the first column

in Figure 2.7), i.e., no model misspecification, the estimate of the parameter β(s) is about

the same as γ1 for all models except for higher values of α where the optimization procedure

with strata size s = 2 suffers from very low event rate. For other scenarios, when the model

is misspecified (i.e., γ2 6= 0 and γ1 6= 0), when event rate is not very low, optimization with

strata size s = 2 outperforms others. This is because in one hand, when s → ∞, model

misspecification affect the entire optimization procedure. On the other hand, when s = 2,

model misspecification only affect some pairs (i.e., iterations) of the optimization procedure

given by (2.5), not all of them.

Note that here we assume that x1 and x2 are independent covariates. Also, condition

on observing x1, the event and censoring times are independent. In Appendix A.11.8, we

present two other scenarios, one with x2 = x2
1 (i.e., x1 and x2 are correlated in an quadratic

form) and the other one for dependent censoring.

2.6.2 Survival neural networks

Our proposed framework facilitates the use of neural network-based predictive models. This

section investigates it.
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Figure 2.6: Average censoring rate over 100 randomly generated survival datasets with

sample size n = 105 for different values of γ1, γ2, and α. Event and censoring times are

generated based on hazards models in (2.13) with sample size sample size n = 105 where

censoring rate is calculated by Pr(C < T ).
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Figure 2.7: Average estimate of β(s) (y-axis) over 100 randomly generated survival datasets

with sample size n = 105 from coxph() and bigSurvSGD with strata sizes s = 2 and s = 20.

We considered hazards models in (2.13) to generate event and censoring with different values

of γ1, γ2, α which result in different censoring rate (see Figure 2.6). We choose sample size

n = 105. For our proposed framework, we choose mini-batch size K = 1, number of epochs

100, and C = 0.12 for the learning rate defined as γm = C√
m

.



28

Proposed Neural Network Architecture

Figure 2.8 illustrates a generic network architecture based on our proposed framework in

Section 2.3.3. There are s input lines, each going through a neural network Net. The network

Net can take any custom architecture, e.g., multi-layer perceptron (MLP) for tabular data

dand convolutional neural network (CNN) for imaging data. The network Net is exactly

the same for all s lines, i.e., it shares the same network parameters β among all s lines. At

each update of the network parameters, each line receives features/image(s) from a patient,

goes through sub-network Net, and outputs the risk score fβ(.). Given a random stratum

of s patients with data D(s), we use back-propagation to update the network parameters β

toward maximizing the stratum-average log-partial likelihood.

Tabular Data Examples

This section presents results for different methods using a variety of tabular datasets sum-

marized in Table 2.1 (see Appendix A.11.3 for more details on these datasets). In addition

to our proposed framework BigSurvSGD with linear fβ(x) with varying strata size s, we

also consider a version that uses a a multi-layer perceptron (MLP)-based neural network

for fβ(x), which we term BigSurvMLP. We compare our proposed frameworks BigSurvSGD

and bigSurvMLP with coxph(); CoxCC and CoxTime [37]; DeepSurv [32]; PCHazard and PMF

[35]; DeepHit [34]; MTLR [36]; and random survival forest RSF [58]. Some of these methods

require tuning of hyper-parameters: See Appendix A.10.1 and A.10.2 for more details on the

network architecture and the procedure used to tune hyper-parameters. Table 2.2 presents

the average concordance index over 100 random training/testing splits of data. Our pro-

posed framework bigSurvMLP is competitive on all datasets (it is always among the top two

methods).

While strata-size, s, has at most a minor effect, our method BigSurvSGD with linear

fβ seems to potentially perform slightly better (w.r.t. average concordance index) as we

decrease the strata size: This is interesting as it is somewhat counter to our empirical
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Figure 2.8: A generic network architecture for training the survival prediction model based

on our proposed framework in Section 2.3.3. There are s lines of the sub-network Net which

share exactly the same parameters β. In line i, the sub-network Net extracts the features

from its input (yi, δi,X i) and calculates its risk score fβ(X i). Then the network parameters

β are updated iteratively toward maximizing the stratum-averaged log-partial likelihood

pl(β|D(s)) following (2.9). X can have any structure, e.g., tabular data or imaging data.

efficiency results for a correctly specified model (as discussed in Sections 2.3.3 and 2.6.1).

We believe this occurs because proportional hazards will never exactly hold, and in the

case of this minor misspecification, optimizing a pairwise smoothed concordance on training

data is closest to the pairwise concordance that we evaluate on test data. We additionally

note, as expected, that BigSurvSGD and coxph() have increasingly similar performance as

s increases. Appendix A.11.3 presents additional results for 95% CIs for the FLCHAIN and

GBSG datasets.



30

Table 2.1: Summary of available real-world datasets.

n p pc source

FLCHAIN 6,524 8 0.70 [59]

GBSG 2,232 7 0.43 [60]

METABRIC 1,904 9 0.42 [61]

NWTCO 4,028 6 0.86 [62]

SUPPORT 8,873 14 0.32 [63]
n : sample size, p : number of clinical variables, pc : probability of censoring, and source : source of dataset.

Simulated imaging data

Our proposed framework can also engage with imaging data by using a convolutional neural

network. To illustrate this possibility, we use the MNIST dataset [64] to simulate time-to-

event outcome. The MNIST dataset is a standard benchmark dataset that has been used for

multi-class classification purposes. It contains ntrain = 60, 000 and ntest = 10, 000 greyscale

images with size 28×28 for training and testing. These images correspond to digit numbers

between 0 and 9. We simulate time-to-event outcome yi such that the risk score (i.e., fβ∗(X i)

defined in (2.1)) for individual i is proportional to its corresponding digit value di:

yi ∼ exp(µ = exp (−ηdi)) (time to event/censoring),

δi ∼ Bernoulli(p = 1− pc), pc = Pr(ti > ci), (2.15)

where η controls the amount of signal in our dataset: Higher η corresponds to better separa-

tion of event times for different digits. Note that (2.15) is exactly the same as (2.12) except we

replace XT
i β

∗ with ηdi. Now we create dataset D(ntrain) = {(yi, δi,X i), i = 1, 2, . . . , ntrain}

for training where X i is the handwritten image encoding the digit value di. Note that, with

known digit values (di’s), the problem is as easy as fitting a univariate Cox model. Here

we assume that the digit values are unknown, and we only have the coded digits through

their greyscale images. Therefore, the task of the neural network is to learn event times
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Table 2.2: Average testing concordance index over 100 random training/testing splits for dif-

ferent tabular datasets. For methods with hyper-parameters, we used a 5-fold cross-validation

procedure for tuning. See Appendix A.10 for details about the network architecture and the

procedure for tuning the hyper-parameters.

Method Outcome NN FLCHAIN GBSG METABRIC NWTCO SUPPORT

coxph() Cont. No 0.792 0.661 0.634 0.713 0.569

bigSurvSGD, s=2 Cont. No 0.793 0.667 0.639 0.716 0.573

bigSurvSGD, s=5 Cont. No 0.793 0.665 0.639 0.715 0.573

bigSurvSGD, s=10 Cont. No 0.793 0.664 0.637 0.714 0.572

bigSurvSGD, s=20 Cont. No 0.793 0.663 0.636 0.714 0.571

bigSurvSGD, s=50 Cont. No 0.792 0.662 0.634 0.713 0.570

RSF Cont. No 0.787 0.672 0.646 0.708 0.616

bigSurvMLP Cont. Yes 0.923 0.675 0.651 0.719 0.616

CoxCC Cont. Yes 0.922 0.664 0.642 0.571 0.606

CoxTime Cont. Yes 0.923 0.666 0.634 0.564 0.609

DeepSurv Cont. Yes 0.924 0.670 0.643 0.569 0.609

DeepHit Disc. Yes 0.923 0.660 0.577 0.670 0.587

MTLR Disc. Yes 0.922 0.663 0.626 0.575 0.604

PCHazard Disc. Yes 0.923 0.663 0.627 0.690 0.602

PMF Disc. Yes 0.923 0.665 0.628 0.681 0.608

Cont. : uses continuous time-to-event outcome, Disc. : uses discrete time-to-event outcome, and NN : uses

neural network (multi-layer perceptron) for predicting risk score.

from handwritten images. Only three methods MTLR, PMF, and our proposed CNN-based

framework BigSurvCNN facilitate the use of CNNs. To compare these different methods, we

keep 10,000 testing images as the fixed hold-out testing dataset. To explore the effects of

data constraints (e.g., sample size), we sample a fraction of the original 60,000 training sam-

ples as the training dataset. We consider 100 of such randomly sampled training datasets

with size Nsample. We train our models using the sampled training dataset and report the
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concordance index over the held-out testing dataset. We use the same minimalist network

architecture Net for all three methods. These methods also require tuning of additional

hyper-parameters: See Appendix A.10 for more details on the network architecture and the

procedure for tuning hyper-parameters. Figure 2.5 compares average test concordance index

for varying η and Nsample over 100 randomly sampled training datasets. All three method-

ologies compared perform quite similarly. In very small samples (e.g., Nsample = 100) and

low-to-moderate signals (i.e., η), it appears that bigSurvCNN may have some improvement

(though training CNNs with very small datasets is generally not ideal). We believe that these

results indicate that bigSurvCNN is a strong and flexible candidate method for connecting

neural network architecture to survival analysis. bigSurvCNN could be particularly effective

with slightly more complex study designs, e.g., when a stratified analysis is required (when

there are measured stratification features that are prognostic, but could not be used in future

predictions, e.g. site in a multi-site study).

2.7 Discussion

We propose a simple framework for conducting large scale survival analysis using a Cox

model. Our framework leverages a modified population optimization problem which allows

us to apply iterative methods over only a subset of our observations at a time. In particular,

it allows us to leverage the tools of stochastic gradient descent (and its extensions). This

results in an algorithm that is more computationally efficient and stable than the current

state of the art for problems with a larger number of observations (and features). We

also introduced methods to construct confidence intervals for the parameters estimated by

our framework. We showed that our framework is as effective as the standard Cox model.

However, our proposed is more effective when the standard Cox model suffers from round-

off error or the dataset is too large to fit in memory. In addition, we illustrated how to

employ our framework with a neural-network-based hazard estimator. Using both real-world

and simulated survival datasets, we showed that employing neural networks in our proposed

framework is competitive with other state-of-the-art methods.
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Figure 2.9: Average testing concordance index over 100 random sampled training data gener-

ated by the MNIST dataset. We compare our proposed method bigSurvCNN, MTLR, PMF, and

Oracle for varying sizes of sampled training dataset Nsample. See Appendix A.9 for details

about how we calculate the Oracle concordance. See Appendix A.10 for more details on the

network architecture and the procedure for tuning the hyper-parameters.
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2.8 Software

Our implementation for fitting the Cox model using the stochastic gradient descent (SGD)

algorithm is part of our prepared R package bigSurvSGD. This package is publicly available on

CRAN [65]. The Python codes for implementing our proposed neural network architectures

bigSurvMLP and bigSurvCNN and comparing them with other existing methods are available

in the Github repository https://github.com/atarkhan/bigSurvNN [66].



35

Chapter 3

A PENALIZED EXTENSION FOR HIGH DIMENSIONAL
DATA

3.1 Introduction

Advances in high-throughput technologies have increasingly allowed us to collect massive

datasets with many observations n and features p [4]. In Chapter 2, we discussed that the

Cox model faces computational instability with many observations, even with a few features,

especially if the datasets do not fit into memory. We then proposed a re-framed Cox model

that is directly amenable to stochastic gradient-based optimization algorithms. The proposed

framework scales well in the number of observations because data can be read off the hard-

drive in chunks and the estimator can be updated iteratively. However, in many scenarios,

the number of features is greater than the number of observations (i.e., p > n) (e.g., gene

expression). The standard Cox model is known to behave poorly (the estimated coefficients

may go to infinity) when the number of features is greater than the number of observations

or even when the number of observations is greater than but close to the number of features.

There have been efforts in the literature to tackle the challenge of fitting a model with

many features. Authors in [67] added a lasso (`1) penalty to linear regression to combat

degenerate behavior. Authors in [8] extended the lasso penalty to the Cox model. The

lasso penalized model not only resolves degenerate behavior (gives a well-defined solution),

it also provides sparse solutions with many coefficients shrinking toward zero. Authors in

[9] proposed using an elastic net penalty, which is a convex combination of `1 and `2 norms,

in linear regression. Authors in [10] extended the use of the elastic net penalty to the Cox

model. They used the Newton-Raphson algorithm to fit the penalized model along a path

of penalty parameter values. Authors in [68, 69] fitted the regularized Cox models using
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gradient descent. Although these models work well for small-to-medium datasets, they do

not scale up well to large datasets. Authors in [70] studied L1/2+2 method for gene selection

in the Cox proportional hazards model where L1/2+2 stands for a convex combination of

l1/2 and l2 penalties. Authors in [21] presented tools for fitting regularized Cox survival

analysis models on high-dimensional, massive sample-size data using a variant of the cyclic

coordinate descent optimization technique. However, this method does not scale up well

with many observations because of the use of gradient descent that needs the whole cohort

on the memory. Authors in [28] proposed fitting Cox proportional hazards model with large

data. However, they assumed that n � p that might not be the case for the datasets with

many covariates. Authors in [71] developed an algorithm to fit a regularized Cox model

with l1 penalty based on the Batch Screening Iterative Lasso method [72]. Their algorithm

leverages the screen-solve-check substructure inspired by [73] to screen covariates subset-by-

subset through an ordered regularization path. As the authors mentioned, their algorithm

is slow due to many iterations and cross-language communication implemented in R. Their

algorithm is based on gradient descent that needs the whole cohort to be on the memory.

Authors in [5], inspired by [74], introduced a path-wise algorithm for the penalized Cox

model with the elastic net penalty. They employed a cyclical coordinate descent algorithm

and used warm starts to fit the penalized Cox model. They implemented their work in

an R package, glmnet [75], which efficiently fits the elastic-net regularized Cox model for

moderate n and potentially large p. Unfortunately, this optimization method (and more

generally those that engage with the full partial likelihood) require that the entire dataset

be read into memory before the model is fit. This creates problems when engaging with very

large datasets, including many observations.

In this chapter, we propose a framework for fitting the penalized Cox model that scales

well with p and n, and allows one to fit a penalized Cox model even with data that does not

fit into memory in a single machine. We consider a modification of the log partial likelihood

of Chapter 2 with the addition of a convex combination of l1 and l2 penalties (elastic net).

In particular, this new and modified objective function decouples across subsets (strata) of
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observations. It enables us to use stochastic gradient-based algorithms that engage with a

portion of observations at a time. We use stochastic proximal gradient descent (SPGD) to

iteratively fit our re-framed penalized Cox model. We show that the m-th iterate of our

proposed algorithm based on SPGD can achieve the non-asymptotic bound of O(m−1) in

expectation. We fit the model for a sequence of regularization parameters, borrowing the

idea from [5, 74]. We empirically demonstrate that our proposed framework works when both

the number of observations and the number of features grow (in particular with p � n). I

implemented our proposed framework as part of our publicly available R package bigSurvSGD

[65].

3.2 Penalized Cox model

We consider the standard survival analysis framework presented in Chapter 2. We assume

that the number of features is greater than the number of observations or the number of

observations is greater than but close to the number of features. In such settings, the

solutions in (2.3) are not well behaved and the penalized Cox model is usually used to obtain

well-behaved solutions. In our work, we focus on the penalized Cox model with the elastic

net penalty studied by [74, 5]. The elastic-net penalized full partial likelihood estimator is

given by

β̂
(n)

= argmin
β

{
− 2

n
pl(n)(β|D(n)) + Pα,λ(β)

}
, Pα,λ(β) = λ

(
α||β||1 +

1

2
(1− α)||β||22

)
,

(3.1)

where Pα,λ(β) is known as the elastic net penalty. If we choose λ = 0, the problem in (3.1)

reduces to the one in (2.3). By changing α from 0 to 1 and λ 6= 0, we move from ridge-like

to lasso-like solutions. By adjusting α, we may get solutions that have the benefits of both

penalties. With large-scale and ultra-high dimensional survival datasets, the data is often

too large to be stored in memory, which leads to severe issues when trying to fit (3.1).
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3.3 Re-framed large scale penalized Cox models

We propose to re-frame the penalized model in (3.1) to handle large-scale and ultra-high

dimensional survival datasets. We consider a population parameter β(s), defined as the

minimization of the penalized expected negative partial likelihood of s random patients

β(s) = argmin
β

{
Es
[
l(s)(β)

]}
= argmin

β

{
Es
[−1

s
pl(s)(β|D(s)) + Pα,λ(β)

]}
, (3.2)

where D(s) is a draw of s random patients. The classical optimization methods generally

assume that the objective function is smooth and strongly convex [76, 77]. The objective

function in (3.2) is strongly convex with respect to β: it is the sum of the convex function

−pl(s)(β|D(s)) [6] and the strongly convex elastic net penalty function Pα,λ(β) [9, 78]. There-

fore, β(s) is the unique minimizer of the population optimization problem in (3.2). However,

the objective function in (3.2) is not differentiable for α > 0 because the l1 norm in Pα,λ(β) is

non-differentiable. Given this, the stochastic gradient descent cannot be directly employed.

The stochastic sub-gradient descent generally also results in very poor performance and we

aim to avoid it. However, the problem in (3.2) can be treated as a composite problem which

has been extensively addressed in the literature [79, 80, 81]. In particular, there has been

growing popularity of optimization methods that separate the contribution of smooth and

non-smooth components [82, 83]. To optimize our re-framed problem in (3.2), we write it in

the form of a composite problem as

β(s) = argmin
β

{
Es
[
f (s)(β)

]
+R(β)

}
(3.3)

where f (s)(β) = −1
s
pl(s)(β|D(s)) is a convex and smooth function over randomly selected

stratum of data D(s), and R(β) = Pα,λ(β) = λ
(

1
2
(1 − α)||β||22 + α||β||1

)
is a simple non-

differentiable strongly convex function independent of s. Alternatively, we can consider a

U-statistic-based version of our population loss in (3.2), given by

β̂ = argmin
β

{
− 1

sns

∑
D(s)⊂D(n)

pl(s)(β|D(s)) + Pα,λ(β)
]}
, (3.4)
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where ns =
(
n
s

)
is total number of distinct strata of size s. The minimization problem

in (3.4) is similar to what is known as minimization of (penalized) generalized U -statistics

[84, 85] of degree s with kernel h = −pl(s)(β|D(s)) + Pα,λ(β). One benefit of our empirical

minimization problem in (3.4) compared to (3.1) is that the objective function in (3.4) can

decouple over strata of size s. Therefore, we can use a stochastic-based optimization to

update our estimator β̂ over iterations using (mini-batches of) strata of size s instead of

considering all observations. Additionally, this enables managing extremely large datasets

by reading data off the hard drive in chunks as small as s observations at a time.

We apply stochastic proximal gradient descent (SPGD) [86, 87] to iteratively update our

estimator β̂ using a single or mini-batches of random strata of s observations. Suppose that

we have ns independent strata, D
(s)
1 , . . . , D

(s)
ns each with s independent patients drawn from

our population (with s ≥ 2). The m+ 1 iterate of our SPGD algorithm is given by:

β̂m+1 =
S
(
β̂m + γm

s
∇p`(s)(β̂m|D

(s)
m ), γmαλ

)
1 + γm(1− α)λ

, (3.5)

where S(z, a) is the soft thresholding operator. See See Appendix B.1 for more details on

how we derive updating rule in (3.5). The computation time for SPGD updating rule in

(3.5) is dominated by calculating the gradient ∇p`(s)(β̂m|D
(s)
m ). Therefore, the computation

time for each iteration of our proposed updating rule in (3.5) is of order O(sp) where s

remains fixed. When sample size n grows (massive datasets), the computation time for each

iteration of our proposed method remains fixed. In addition, we can choose s as small as 2

to reduce the amount of data needed to be stored in memory when the dataset is ultra-high

dimensional (i.e., very large p). In practice, we may add some relaxation steps [87] to (3.5) to

give a smoother solution path. Algorithm 1 summarizes the implementation of our updating

procedure with a relaxation step. Note that the definition of epoch in our algorithm is slightly

different. In our algorithm, we define an epoch as iterating over one random partition of the

data, which includes ∼ n/s non-overlapped strata. In practice, we usually iterate over more

than one epoch (random partition) to improve performance. γm is a strictly positive sequence

and τm is a sequence in [0, 1]. Expression (3.6) in Algorithm 1 is a relaxation step proposed
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by [87] to smooth the solutions. This step relaxes the current update of our estimator by

taking a weighted average of the update from the proximal operator and the update from

the previous iterate. When τm = 1, the algorithm reduces to the one proposed by [88].

In Appendix 3.4, we derive the non-asymptotic convergence bound for the m-th iterate in

expectation, i.e., E[||β̂m − β0||2] and show that we can attain bound O(m−1) by choosing

appropriate γm and τm.

Algorithm 1: Stochastic proximal gradient descent algorithm for updating our

estimator

Result: β̂

Initialization:

Choose strata size s

Choose number of epochs nE

m = 0

β̂0 = 0

Choose γm and τm

for (ne = 1, 2, ..., nE) do

Divide original cohort data D(n) into ns disjoint strata D(s)
1 , ..., D(s)

ns with size s.

for (b = 1, 2, ..., ns) do
m = m+ 1

Compute

ym =
S
(
β̂m + γm

s
∇βp`(s)(β̂m|D

(s)
b ), γmαλ

)
1 + γm(1− α)λ

Update β̂m+1 as (relaxation step)

β̂m+1 = (1− τm)β̂m + τmym (3.6)

end

end



41

3.4 Convergence of Algorithm 1

We re-framed the penalized Cox model and proposed an iterative Algorithm 1 including a

relaxation step based on SPGD to solve it. Our proposed algorithm iterates over strata of

size s to update the estimator. With an original cohort of n patients, there will be in total

ns =
(
n
s

)
, i.e., in order of ns distinct strata of size s. However, one benefit of our proposed

re-framed framework is that its m-th iterate can achieve the non-asymptotic convergence

bound of O(m−1) in expectation, i.e., E[||β̂m − β0||2] = O(m−1) where β0 is the unique

minimizer of the population optimization problem given by (3.3). Here, we prove that such

a convergence bound is achievable by choosing appropriate γm and τm. Recall our composite

optimization problem in (3.4). We consider the following conditions throughout this section.

(M1) Gradient of f (s)(β) is an unbiased estimate of the gradient F (s)(β),

(M2) Gradient of f (s)(β) is D-Lipschitz-continuous, i.e., ∀ β1,β2 ∈ Rp, there exists

D ≥ 0 such that,

||∇βf (s)(β1)−∇βf (s)(β2)|| ≤ D||β1 − β2||, (3.7)

(M3) Variance of the gradient of f (s)(β) is bounded, i.e., there exists σ2 ∈ R+ such that

E(||∇βf (s)(β0)||2) ≤ σ2, w.p.1, (3.8)

(M4) Function F (s)(β) is µ-strongly convex and R(β) is ν-strongly convex for some

µ ∈ [0,+∞) and ν ∈ [0,+∞) such that µ+ ν > 0 (i.e., at least one of them is greater than

zero). This guarantees that the problem in (3.2) has a unique solution β0.

(M5) There exist τm and γm such that

∑
m≥1

τmγm = +∞ and
∑
m≥1

τmγ
2
m < +∞, (3.9)
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Corollary 1: For our composite objective function in (3.4) and under the conditions M 1−

M 5 if (1) there exists τ ∈ (0,+∞) such that inf
m≥1

τm = τ , and (2) we choose γm = c1m
−θ

with c1 ∈ (0,+∞) and θ ∈ (0, 1]; the following holds

E[||β̂m − β0||2] =

{
O(m−θ) if θ ∈ (0, 1)

O(m−c) +O(m−1) if θ = 0
, (3.10)

where c = 2c1τ (ν+µε)
(1+ν)2

. There are many choices for (γm, τm) such that conditionM 5 holds. For

instance, M 5 holds if we choose γm = c1
ma

and τm = c2
mb

such that a+ b ≤ 1 and 2a+ b > 1.

In the following, we show that conditions M1-M4 hold for our composite objective function

in (3.4).

Condition M1 automatically holds for our composite objective function in (3.4) based

on the definition of F (s)(β) = Es[f (s)(β)] in (3.2) and that ∇βF (s)(β) = ∇βEs[f (s)(β)] =

Es[∇βf (s)(β)].

The loss function f (s)(β) belongs to C∞ continuous function family and condition (3.7)

is equivalent to

∃D ≥ 0, s.t., ∀ν ∈ Sν = {ν : ||ν||2 = 1}, νT∇2
βf

(s)(β)ν ≤ D. (3.11)

In Appendix A.4, we showed that the gradient of negative log-partial likelihood, i.e., f (s)(β)

is D-Libschitz with D = 0.5 × max
i
||x(i)||22. Thus, our composite function in (3.4) satisfies

condition M2.

In Appendix A.4, we showed that the gradient of negative log-partial likelihood, i.e.,

f (s)(β) is bounded. Thus, our composite objective function satisfies condition M3.

In addition, R(β) = Pα,λ(β) = 1
2
(1 − α)||β||22 + α||β||1 is strongly convex w.r.t. β for

α < 1. As a result, both µ and ν are greater than zero. This satisfies condition M4 for our
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composite objective function in (3.4).

The proof of statement in Proposition 1 follows Theorem 3.2 and Corollary 3.3 in [87].

As a special case of Proposition 1, if we choose θ = 1, τm = 1 = τ for every m ≥ 1, and

choose c1 such that c > 1, we can achieve E[||β̂m − β0||2] = O(m−1).

3.5 Simulation study

3.5.1 Data generation mechanism

We use a Gaussian copula model to generate three types of covariates (features) under various

correlation schemes. We first generate p covariates from a multivariate normal distribution

with mean zero and an exchangeable correlation structure with coefficient ρ. From here,

we transform the first third of our features to marginally generate uniformly distributed the

data between 0 and 1. In the second third, we transform the data to be binary by evaluating

whether they each exceed 0. For the last third of covariates, we use transformation Y = eX

to create right-skewed covariates. From here, we scale all the covariates to have variance

1. We only allow psig covariates of each of the 3 types to carry non-zero signal level β∗.

We generate our survival outcome following [56], using proportional hazards (2.1): We use

an exponentially distributed baseline hazard h0(t) with a scaling parameter 1 and generate

independent event and censoring time as

yi ∼ exp(µ = exp (−xTi β∗)) (time to event/censoring),

δi ∼ Bernoulli(p = 1− pc), pc = Pr(ti > ci) (3.12)

where yi = min(ti, ci), i.e., time to event or censoring, whichever comes first. Here pc, the

probability of censoring, is a parameter we can tune. Note that µ = exp (−xTβ∗) is the

scale parameter of the exponential distribution.
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3.5.2 Simulation methods

We compare our proposed framework (called penSurvSGD) with the state-of-the-art method

implemented in the package glmnet. We use a Linux-based SONY VAIO laptop with

2.90GHz 4-Core Intel Core i7-3520M CPU, memory RAM 12GB, graphics card GeForce

GT 640M LE to run the simulations and gather the results.

We fix α = 0.95 and consider a regularization path of 10 different values for λ which

are equally spaced on the log scale between λmax and λmin. For our proposed method, we

choose mini-batches of size 1 (i.e., a single stratum per each iterate), ne = 100 epochs, 1000

randomly selected strata for estimating λmax, and γm = C√
m

with C = 0.12.

We tune hyper-parameters λ and α to achieve the best model. We fix α = 0.95 and

consider 10 different values of λ on logarithmic scale starting from λmax calculated by (B.11)

and ending to λmin which is selected as 0.01 for p > n and 0.0001 for p ≤ n. To tune λ,

we split our data into 60%, 20%, and 20% for training, validation, and testing. We train

our model over training data for all values of λ along the regularization path. We use the

validation data to determine the best model (i.e., the best value of λ) that maximizes the

validation concordance index. Finally, we select the best-trained model and report the testing

concordance index.

3.5.3 Results

We compare the average testing concordance index (averaged over 50 random splits of data)

of our proposed framework penCoxSPGD with glmnet for varying sample size n, feature size

p, level of signal β∗, number of features carrying the signal psig, and level of correlation ρ.

Tables 3.1 and 3.2 show results for p = 103 with psig = 1 and psig = 3; Tables 3.3 and

3.4 show results for p = 104 with psig = 1 and psig = 3; Tables 3.5 and 3.6 show results

for p = 105 with psig = 1 and psig = 3. We observe that both methods perform very

similarly. As expected, increasing β∗, psig, and n improve the performance. In addition, a

higher correlation among features improves the performance. We believe this occurs because,
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with a higher correlation, those selected covariates with no signal (i.e., with β = 0) better

represent covariates carrying the signal (i.e., with β 6= 0). We also observe that our proposed

framework with the strata size s = 2 performs slightly better than s = 20. We presume this

happens because optimizing a penalized smoothed pairwise concordance on training data

is closest to the pairwise concordance that we evaluate on test data. One benefit of our

proposed framework is that it can be scaled to datasets too large to fit into memory. This

is important for large sample sizes or extremely high dimensional features. For instance,

with p = 105 features, increasing sample size from n = 102 to n = 103 significantly improves

the performance by using our proposed framework (see the second column in Tables 3.5 and

3.6). However, such an improvement is not possible with glmnet on our machine because

the data does not fit in memory (see the last rows in Tables 3.1-3.6 with “−“ for glmnet).

3.6 Discussion

We propose a simple framework for fitting the penalized Cox model using large and ultra-

high-dimensional datasets. We employ the stochastic proximal gradient descent (SPGD)

algorithm in our approach to fit a penalized Cox model with the elastic-net penalty. Our

framework needs a subset of s observations (s� n) per each iterate of the SPGD algorithm.

It handles large datasets by reading data in chunks off the hard drive. However, there are

other algorithms [21, 28, 71] which handles large datasets by considering subsets of covariates

per iteration. We can easily combine our proposed framework with these algorithms to

propose even more scalable algorithms for large and ultra-high-dimensional survival datasets.

It is known that the Lasso penalty results in biased estimates [89]. Therefore, another

extension is to de-bias the estimates given by our proposed framework for high-dimensional

inference [90].

3.7 Software

Our implementation for fitting the penalized Cox model using the stochastic proximal gradi-

ent descent (SPGD) algorithm is part of our prepared R package bigSurvSGD. This package
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ρ = 0.0 ρ = 0.5

β = 0.1 β = 1.0 β = 0.1 β = 1.0

Oracle 0.55 0.80 0.56 0.84

n = 102

glmnet 0.50 (0.01) 0.69 (0.01) 0.51 (0.01) 0.78 (0.01)

penCoxSPGD, s=2 0.49 (0.01) 0.66 (0.01) 0.51 (0.01) 0.77 (0.01)

penCoxSPGD, s=20 0.51 (0.01) 0.66 (0.01) 0.51 (0.01) 0.75 (0.01)

n = 103

glmnet 0.51 (0.00) 0.80 (0.00) 0.53 (0.00) 0.83 (0.00)

penCoxSPGD, s=2 0.50 (0.00) 0.80 (0.00) 0.55 (0.00) 0.83 (0.00)

penCoxSPGD, s=20 0.51 (0.00) 0.79 (0.00) 0.54 (0.00) 0.81 (0.00)

n = 104

glmnet 0.54 (0.00) 0.80 (0.00) 0.56 (0.00) 0.84 (0.00)

penCoxSPGD, s=2 0.53 (0.00) 0.80 (0.00) 0.55 (0.00) 0.84 (0.00)

penCoxSPGD, s=20 0.51 (0.00) 0.80 (0.00) 0.55 (0.00) 0.84 (0.00)

n = 105

glmnet − − − −

penCoxSPGD, s=2 0.54 (0.00) 0.80 (0.00) 0.56 (0.00) 0.84 (0.00)

penCoxSPGD, s=20 0.53 (0.00) 0.80 (0.00) 0.55 (0.00) 0.84 (0.00)

Table 3.1: Comparing concordance index between glmnet and penCoxSPGD with p = 103

covariates among which psig = 1 covariate per each type carries the signal. − indicates that

there is no result due to lack of memory error. We present the results as mean (SE) for 50

random splits of data.

is publicly available on CRAN [65].
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ρ = 0.0 ρ = 0.5

β = 0.1 β = 1.0 β = 0.1 β = 1.0

Oracle 0.58 0.87 0.65 0.93

n = 102

glmnet 0.50 (0.01) 0.58 (0.01) 0.61 (0.01) 0.86 (0.01)

penCoxSPGD, s=2 0.51 (0.01) 0.63 (0.01) 0.61 (0.01) 0.86 (0.01)

penCoxSPGD, s=20 0.51 (0.01) 0.62 (0.01) 0.62 (0.01) 0.86 (0.01)

n = 103

glmnet 0.52 (0.00) 0.87 (0.00) 0.63 (0.00) 0.93 (0.00)

penCoxSPGD, s=2 0.51 (0.00) 0.86 (0.00) 0.64 (0.00) 0.92 (0.00)

penCoxSPGD, s=20 0.51 (0.00) 0.85 (0.00) 0.64 (0.00) 0.92 (0.00)

n = 104

glmnet 0.58 (0.00) 0.87 (0.00) 0.65 (0.00) 0.93 (0.00)

penCoxSPGD, s=2 0.56 (0.00) 0.87 (0.00) 0.64 (0.00) 0.93 (0.00)

penCoxSPGD, s=20 0.54 (0.00) 0.87 (0.00) 0.64 (0.00) 0.93 (0.00)

n = 105

glmnet − − − −

penCoxSPGD, s=2 0.58 (0.00) 0.87 (0.00) 0.65 (0.00) 0.92 (0.00)

penCoxSPGD, s=20 0.57 (0.00) 0.87 (0.00) 0.64 (0.00) 0.92 (0.00)

Table 3.2: Comparing concordance index between glmnet and penCoxSPGD with p = 103

covariates among which psig = 3 covariates per each type carry the signal. − indicates that

there is no result due to lack of memory error. We present the results as mean (SE) for 50

random splits of data.
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ρ = 0.0 ρ = 0.5

β = 0.1 β = 1.0 β = 0.1 β = 1.0

Oracle 0.54 0.80 0.57 0.84

n = 102

glmnet 0.48 (0.01) 0.63 (0.01) 0.48 (0.01) 0.76 (0.01)

penCoxSPGD, s=2 0.47 (0.01) 0.56 (0.01) 0.51 (0.01) 0.76 (0.01)

penCoxSPGD, s=20 0.50 (0.01) 0.53 (0.01) 0.52 (0.01) 0.75 (0.01)

n = 103

glmnet 0.50 (0.00) 0.80 (0.00) 0.55 (0.00) 0.84 (0.00)

penCoxSPGD, s=2 0.50 (0.00) 0.79 (0.00) 0.55 (0.00) 0.82 (0.00)

penCoxSPGD, s=20 0.50 (0.00) 0.75 (0.00) 0.54 (0.00) 0.77 (0.00)

n = 104

glmnet − − − −

penCoxSPGD, s=2 0.51 (0.00) 0.80 (0.00) 0.55 (0.00) 0.84 (0.00)

penCoxSPGD, s=20 0.51 (0.00) 0.79 (0.00) 0.55 (0.00) 0.81 (0.00)

Table 3.3: Comparing concordance index between glmnet and penCoxSPGD with p = 104

covariates among which psig = 1 covariate per each type carries the signal. − indicates that

there is no result due to lack of memory error. We present the results as mean (SE) for 50

random splits of data.
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ρ = 0.0 ρ = 0.5

β = 0.1 β = 1.0 β = 0.1 β = 1.0

Oracle 0.58 0.87 0.65 0.93

n = 102

glmnet 0.49 (0.01) 0.54 (0.01) 0.60 (0.01) 0.85 (0.01)

penCoxSPGD, s=2 0.50 (0.01) 0.52 (0.01) 0.62 (0.01) 0.86 (0.01)

penCoxSPGD, s=20 0.52 (0.01) 0.52 (0.01) 0.63 (0.01) 0.86 (0.01)

n = 103

glmnet 0.51 (0.00) 0.87 (0.00) 0.64 (0.00) 0.92 (0.00)

penCoxSPGD, s=2 0.50 (0.00) 0.86 (0.00) 0.64 (0.00) 0.91 (0.00)

penCoxSPGD, s=20 0.52 (0.00) 0.82 (0.00) 0.64 (0.00) 0.89 (0.00)

n = 104

glmnet − − − −

penCoxSPGD, s=2 0.53 (0.00) 0.87 (0.00) 0.64 (0.00) 0.93 (0.00)

penCoxSPGD, s=20 0.51 (0.00) 0.86 (0.00) 0.64 (0.00) 0.92 (0.00)

Table 3.4: Comparing concordance index between glmnet and penCoxSPGD with p = 104

covariates among which psig = 3 covariates per each type carry the signal. − indicates that

there is no result due to lack of memory error. We present the results as mean (SE) for 50

random splits of data.
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ρ = 0.0 ρ = 0.5

β = 0.1 β = 1.0 β = 0.1 β = 1.0

Oracle 0.54 0.81 0.55 0.85

n = 102

glmnet 0.51 0.01) 0.59 (0.01) 0.50 (0.01) 0.75 (0.01)

penCoxSPGD, s=2 0.49 (0.01) 0.52 (0.01) 0.48 (0.01) 0.69 (0.01)

penCoxSPGD, s=20 0.50 (0.01) 0.49 (0.01) 0.50 (0.01) 0.63 (0.02)

n = 103

glmnet − − − −

penCoxSPGD, s=2 0.50 (0.00) 0.75 (0.00) 0.52 (0.00) 0.74 (0.00)

penCoxSPGD, s=20 0.50 (0.00) 0.51 (0.00) 0.51 (0.00) 0.67 (0.01)

Table 3.5: Comparing concordance index between glmnet and penCoxSPGD with p = 105

covariates among which psig = 1 covariate per each type carries the signal. − indicates that

there is no result due to lack of memory error. We present the results as mean (SE) for 50

random splits of data.
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ρ = 0.0 ρ = 0.5

β = 0.1 β = 1.0 β = 0.1 β = 1.0

Oracle 0.57 0.87 0.65 0.93

n = 102

glmnet 0.51 (0.01) 0.50 (0.01) 0.58 (0.01) 0.84 (0.01)

penCoxSPGD, s=2 0.50 (0.01) 0.49 (0.01) 0.57 (0.01) 0.81 (0.01)

penCoxSPGD, s=20 0.50 (0.01) 0.49 (0.01) 0.52 (0.02) 0.76 (0.01)

n = 103

glmnet − − − −

penCoxSPGD, s=2 0.50 (0.00) 0.78 (0.00) 0.61 (0.00) 0.85 (0.00)

penCoxSPGD, s=20 0.50 (0.00) 0.50 (0.00) 0.57 (0.00) 0.78 (0.00)

Table 3.6: Comparing concordance index between glmnet and penCoxSPGD with p = 105

covariates among which psig = 3 covariates per each type carry the signal. − indicates that

there is no result due to lack of memory error. We present the results as mean (SE) for 50

random splits of data.
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Chapter 4

TRAINING DEEP MULTIPLE-INSTANCE LEARNING
NETWORKS USING INSTANCE SAMPLING

4.1 Introduction

Thanks to the advancements in digital pathology, especially slide scanners, visual inspection

of sampled tissues through high-resolution Whole-Slide Images (WSIs) from biopsies has

become the gold standard for diagnosing various diseases in oncology, such as prostate cancer

[13, 14, 91]. However, the manual inspection of the entire WSI (with a typical size 105× 105

pixels) is costly and time-consuming to be done by an expert. Also, the diagnosis might

differ from one expert to another, known as the observer variability [92].

Computational pathology aims to develop automated machine learning and artificial in-

telligence tools to analyze the giga-pixel WSIs [93, 94, 95]. Such tools save cost and time;

they have showed great accuracy and provided high-quality health care to patients with dif-

ferent diseases [11, 95, 94]. However, developing such automated tools for WSIs comes with

some new challenges, especially when using complex models such as deep neural networks.

WSIs are giga-pixel images, and they are too big to be fed into a deep neural network because

of the memory constraint. One immediate solution is to divide a WSI into many (typically

hundreds of thousands) smaller regions (with the typical size of 256×256 or 512×512), also

known as patches or tiles. One can train a deep neural network by feeding a single or very

few numbers of these small images. However, the main challenge is the lack of pixel-level

annotation and that the labels (i.e., indicating the status of disease) are only available at

the slide (patient) level. A solution might be annotating those smaller image regions (or

patches). Labeling such images by an expert at the pixel level (or in smaller image patches)

is costly (labor and time) [96].



53

Multiple instance learning (MIL), as a typical weakly supervised learning method, has

been proposed to tackle this challenge [15, 16]. In a MIL problem, the aim is to train a

model with bags of instances where the algorithm can only access the labels at the bag

level. Such a scenario often happens in pathology, where one usually divides a gigapixel WSI

image into many smaller image regions, known as tiles or patches. For prostate cancer, for

example, each image tile can be partially related to a sub-type (the bag label), but it may

not represent it by itself. Therefore, the upcoming challenge with the MIL problem is that

not all instances (image tiles) are equally predictive of the bag label (class), and some of

them may even relate to the other classes [97].

Some works considered combining the instance-level responses from a classifier to alle-

viate this challenge [98, 99, 100, 17]. Among them, [17] proposed an attention-based deep

MIL framework to handle this challenge. Their proposed framework includes two networks

: (1) attention network and (2) classification network. These two networks are trained

simultaneously. The attention network has parameters for updating the attention (impor-

tance) weights of different instances, while the classification network has parameters for the

classification task. Although this approach increases flexibility and interpretability of MIL

problems, it still has a challenge: it uses all instances per bag across all iterates when train-

ing the combined network. A WSI has hundreds of thousands of image tiles (e.g., with size

256× 256). Feeding all of these instances, regardless of their predictive information for the

class label, is time-consuming and computationally expensive. An attention MIL network

may not need to be trained by instances that are just noises or have little information for

the class label.

This chapter investigates different sampling strategies for the attention-based deep MIL

framework. We consider four sampling strategies: (1) no sampling, (2) random sampling,

(3) adaptive sampling, and (4) top-k sampling. We show how the sampling strategies sub-

stantially reduces computation time. Among them, we also show that random sampling

strategy can improve performance compared to no sampling (i.e., using whole instances in

the original work [17]) if we choose an enough number of selected instances. We use the Can-
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cer Genome Atlas (TCGA) repository of prostate adenocarcinoma (TCGA-PRAD) dataset

[101] and Camelyon16 [102] to compare different strategies and support our discoveries.

4.2 MIL and Attention-based MIL Networks

4.2.1 MIL problem formulation

Suppose there are N subjects (or patients) with bags of imagesX (1), X (2), . . . , X (N) and bag-

level binary labels y(1), y(2), . . . , y(N) ∈ {0, 1, . . . ,M −1} where M is number of classes. The

bag for n-th patient (i.e., X (n)) contains Kn instance images X
(n)
1 ,X

(n)
2 , . . . ,X

(n)
Kn

. For in-

stance, in computational pathology, we can obtain such Kn instance images by sampling from

different regions of a WSI (i.e., X (n)). In the classical supervised learning, we have Kn = 1,

i.e., there is one image per subject with corresponding label y(n). Note that the number of

instances inside the bag can vary among different subjects. To decrease computing time and

cost, it is common to use a state-of-the-art pre-trained network such as ResNet50 [103] to

extract a low-dimensional embedding feature h
(n)
k from kth instance image of n-th subject,

X
(n)
k . After that, we have dataset {(h(n)

k , y(n), for n = 1, 2, . . . N and k = 1, 2, . . . , Kn}.

The task of the neural network is to predict the label of n-th subject, y(n), through ex-

tracting features from its Kn embedding h
(n)
k , k = 1, 2, . . . , Kn. In computational pathology

applications (e.g., prostate cancer [91]), the instance-level labels y
(n)
k , k = 1, 2, . . . , Kn are

unknown and we only have the bag-level label y(n). The bag-level images (e.g., WSIs) are

too big to feed into the neural networks due to the memory constraint. Multiple-instance

learning (MIL) is a weakly supervised learning approach to train the neural networks using

instances while only bag labels are available [96]. For binary classification task (i.e., M = 2),

the basic assumption of a MIL problem is:

y(n) =

 0, iff
∑Kn

k=1 y
(n)
k = 0

1, otherwise.
or y(n) = max

k
{y(n)

k }, (4.1)

conveying that a bag is labeled positive if it contains at least a positive instance. The above

two expressions are not appealing from the optimization perspective. The other possible
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solutions are to use element-wise maximum and mean operators. But these two operators

are pre-calculated and are non-trainable.

4.2.2 Attention-based MIL

Authors in [17] proposed an attention-based MIL pooling approach that is trainable. They

proposed a combined architecture of two trainable networks: attention network and classifi-

cation network. The attention network is trained so that the weighted average of embedding

features by their trainable attention weights represents the class the most. The classification

network is trained to minimize the prediction error given the pooled embedding feature as

its input. These two networks are trained simultaneously. To allow for the element-wise

non-linearity, (dis)similarities discovery, and a better expressiveness, the authors in [17] pro-

posed to use a gated attention mechanism for MIL pooling. The MIL pooled (aggregated)

feature is given as

h
(n)
bag =

Kn∑
k=1

a
(n)
k h

(n)
k , (4.2)

with

a
(n)
k =

exp
{
wT
(

tanh(V h
(n)
k )� sigm(Uh

(n)
k )
)}∑Kn

k′=1 exp
{
w
(

tanh(V h
(n)
k′ )� sigm(Uh

(n)
k′ )))

)} , (4.3)

where w ∈ RL1×1, U ∈ RL1×L2 , and V ∈ RL1×L2 are trainable parameters included in the

attention network; tanh(.) and sigm(.) are the element-wise hyperbolic tangent and sigmoid

functions; � is an element-wise multiplication. Such an MIL pooling mechanism preserves

flexibility and interpretability (see Section 2.4 in [17]). Finally, the bag-level aggregated rep-

resentation h
(n)
bag is fed into the classification network that includes M individual classification

branches. Each classification branch estimates the predicted score of the corresponding class.

The predicted M × 1 score vector is given as

s
(n)
bag = W T

c h
(n)
bag, (4.4)
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where W c ∈ RL2×M is the trainable classifier with M columns corresponding to the M

branches predicting the score of M classes for the bag. Finally, one can estimate the bag

label by

ŷ(n) = arg max
c
{s(n)

bag}. (4.5)

In many pathology applications, there might be many instances within each WSI which

would increase computing time and cost. In the next section, we present different sampling

strategies to overcome these possible shortcomings.

4.3 Sampling Strategies for Attention-based MIL

4.3.1 Random sampling

With random sampling strategy, we randomly draw a few instances (or images) to train the

deep neural network. The main reason to use this strategy is because of memory constraint:

it is not possible to bring all instances/images of a patient (bag) or a batch of patients into

memory to train the deep neural network. This strategy has been used in the literature [104,

105, 106] demonstrated great success in reducing computing resources and time. However,

there is a lack of investigation on the computing time and performance of random sampling

in the deep attention-based MIL network. On the one hand, different random subsets of

instances for a patient (bag) for training the network over different iterates may increase

generalizability and handle over-fitting better [107]. On the other hand, using a limited

number of instances per iterate may not capture the entire information in predicting the

outcome of the patient. Therefore, it might be worth investigating such a trade-off, which is

one aim of this chapter.

4.3.2 Adaptive sampling

In practical applications (e.g., prostate cancer [91]), there are many instance images that

may not contribute to the bag (patient) class. There have been some works in the litera-

ture handling this issue [108, 109, 110], but they all used whole instances. We propose to
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adaptively draw G well-predictive instances per subject (bag) from an empirical sampling

distribution [18, 19]. For nth patient, we estimate the sampling distribution as a multi-

nomial distribution with a corresponding vector of probabilities P(n) = (p
(n)
1 , p

(n)
2 , . . . , p

(n)
Kn

),

with 0 ≤ p
(n)
k ≤ 1,

∑Kn
k=1 p

(n)
k = 1; we choose p

(n)
k = a

(n)
k (the attention weight extracted from

the forward attention network). We propose to draw a subset of G indices from distribution

P(n) as

(I
(n)
1 , I

(n)
2 , . . . , I

(n)
G ) ∼ P(n). (4.6)

With (4.6), instances that have higher attention weights (i.e., higher a
(n)
k that are well-

predictive of the outcome) will be chosen more often during training. After adaptively

drawing the G instances over each iterate, we train the attention-based neural network

by following (4.2) - (4.5) by replacing Kn with G. Since the estimates of the network

parameters and consequently the attention weights a
(n)
k are noisier over a couple of initial

iterates (epochs), we propose to consider a few initial iterates as warm-up iterates where

we use all instances to train the network. Although the estimation of instance sampling

distribution using the forward attention network is faster than training the whole network,

it may add overload if we do it on every epoch. Therefore, one might decide to estimate P(n)

only after every a pre-specified number of epochs, eupdate.

Note that authors in [111] compared uniform and adaptive instance sampling with other

networks without sampling. But they fixed the attention network for the uniform sampling.

We take a more fair approach and consider the same network architecture for all strategies

we aim to compare in this chapter.

4.3.3 Top-k sampling

An alternative to the adaptive sampling is top-k sampling strategy, which has been used in

the computational pathology literature [112, 113]. In this sampling strategy, top k instances

with the highest instance-level score are selected to train the network. In our comparison,

we select top k = G instances with the highest attention weights given by (4.3). Throughout
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Table 4.1: Grade Group, Gleason score, and their association with the risk level

Grade Group Gleason score Combined Gleason Score Risk level

1 3+3 6 Low risk

2 3+4 7 Favorable intermediate

3 4+3 7 Unfavorable intermediate

4 4+4, 3+5, 5+3 8 High risk

5 4+5, 5+4, 5+5 9 and 10 Very high risk

this chapter, we call this instance sampling method as top-k.

Figure 4.1 illustrates the different instance sampling strategies.

4.4 Dataset, Network Architecures, and Tuning Hyper-parameters

4.4.1 Datasets

TCGA-PRAD (prostate cancer) dataset

We use The Cancer Genome Atlas (TCGA) repository of prostate adenocarcinoma (TCGA-

PRAD) dataset [101] to evaluate our proposed approach. The Gleason score (GS) from

the biopsied tissue is the common method for measuring the cancer status [114]. The GS

is the sum of primary and secondary scores, each ranging from 3 to 5. Therefore, the GS

ranges from 6 (3+3) to 10 (5+5). Another alternative and commonly-used scoring system

is Grade Group (GG) which divides the prostates cancer patients into five groups based on

pathological patterns. Table 4.1 summarizes GS, GG, and corresponding risk levels based on

NCCN Clinical Practice Guidelines in Oncology [115]. Both GG and GS have been widely

used in prostates cancer studies [116].

We follow the same procedure for sampling (with 20× magnification) image tiles (with

size 256×256) from WSIs and the same procedure for pre-processing image tiles as explained

and used in [108]. The bag (patient) size varies among patients, with a minimum of 1,308,
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Figure 4.1: Different instance sampling strategies. (a): pre-processing We sample patches

from the WSIX(n) and use pre-trained network (e.g., ResNet50) to extract lower-dimensional

features h
(n)
1 , ..., h

(n)
Kn

. (b): training procedure We use a subset of G instances (selected

by strategies in panel (c)) and obtain aggregated feature h
(n)
bag using the attention network.

Then, we predict the class label using the classification network. (c): instance sam-

pling strategies We use the trained (fixed) feed-forward attention network to estimate the

sampling distribution P(n) and then draw G instances out of Kn instances using different

sampling strategies.
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a maximum of 130,752, and an average of 49,811 image tiles. To reduce computing time

and cost, we use pre-trained Resnet50 network [103] to extract features from image tiles

(instances) into one-dimensional embedding features with size 1,024 (this procedure is known

as transfer learning [117]). Here, our focus is the binary classification where we divide patients

into two classes: class 0 includes low risk (grade group 1) and favorable intermediate (grade

group 2); and class 1 includes unfavorable intermediate risk (grade group 3), high risk (grade

group 4), and very high risk (grade group 5). The resulted dataset has 318 patients with

129 patients with class 0 and 189 patients with class 1.

Camelyon16 (breast cancer) dataset

The Camelyon16 dataset engages with breast cancer imaging [102]. The aim of this dataset

was to detect lymph node metastases among breast cancer patients using hematoxylin and

eosin (H&E) stained whole-slide images. It is difficult and time-consuming to detect lymph

node metastases with the giga-pixel sized images. It is of interest to develop a procedure

for automated detection of breast cancer metastases in lymph node pictures. We use the

same pre-processing as we used for the TCGA-PRAD dataset. We also used the pre-trained

Resnet50 network [103] to extract features from image tiles (instances) into one-dimensional

embedding features of size 1,024. After pre-processing and feature extraction, we are left

with 80 patients (bags) with cancerous tissue and 123 patients with normal tissue.

PANDA (prostate cancer) dataset

The aim of the Prostate cANcer graDe Assessment (PANDA) dataset was to use automated

tools for diagnosing the prostate cancer [118]. The slide images are from microscopy scans of

prostate biopsy samples, which are quite large. We use the same pre-processing as the one

used for TCGA-PRAD and Camylyon16 datasets. We also used the pre-trained Resnet50

network [103] to extract features from image tiles (instances) into one-dimensional embed-

ding features with size 1,024. Similar to the TCGA-PRAD dataset, we consider binary

classification where we divide the patients into two classes: class 0 includes very low risk
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(grade group 0) low risk (grade group 1) and favorable intermediate (grade group 2); and

class 1 includes unfavorable intermediate risk (grade group 3), high risk (grade group 4), and

very high risk (grade group 5). The resulted dataset has 4643 patients composed of 2916

patients with class 0 and 1727 patients with class 1. To examine the effect of sample size, we

randomly sub-sample this dataset to create datasets with sample sizes 200, 500, 1000, and

4643 (i.e., the whole samples).

MNIST dataset

We use the MNIST dataset [64] to simulate multiple-instance learning datasets. The MNIST

dataset is a standard benchmark dataset that has been used for multi-class classification

purposes. It contains ntrain = 60, 000 and ntest = 10, 000 grey-scale images with size 28×28

for training and testing. These images correspond to digit numbers between 0 and 9. The

reason to choose MNIST dataset is that one can get an accuracy of over 99% for a simple and

non-MIL classification problem even with simple network architectures [119]. We consider

digit 1 as the positive instance and all other digits (i.e., 0 and 2-9) as the negative instance.

We generate two different datasets using the MNIST dataset as follows.

Dataset 1: The first dataset contains no pure noisy instances. This might be the case

where one uses a pre-processing step to exclude pure noisy images (e.g., background

noise) from the bags. This dataset only contains positive instances, negative instances,

and partial instances cropped from both positive and negative instances. We generate

one sample (bag) from this dataset as follows:

(a) With a probability of 0.5, we decide whether the bag has a positive label, i.e.,

contains positive instances (i.e., images from digit 1),

(a.1) if the bag has a positive label, we randomly select 10− 50 images from digit

1 (i.e., positive instances) and 10 − 50 images from other digits (negative

instances),
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(a.1) if the bag has a negative label, we randomly select 20−100 images from other

digits (i.e., negative instances).

(b) We randomly select 1000 − 5000 partial images from all digits 0-9. Such partial

images contain a maximum 25% of the randomly cropped regions of digits. We

assign a value of 0 to the pixels in non-cropped regions.

Dataset 2: The aim of this dataset is to increase the bag size by adding pure noisy

images. This might be the case where a pre-processing step is not available or used.

For generating this dataset, we add the following step:

(c) We randomly generate 5000−45000 pure noisy images whose pixels get a random

value between 0 and 1 from the uniform distribution, U(0, 1).

To examine the effect of sample size, we consider generating datasets with 200, 500, and

1000 samples.

4.4.2 Network architecture

First, we consider a fully connected layer W d ∈ Rd×512 with ReLU activation function to

reduce the dimension of feature embedding space from d (d = 784 for MNIST-based dataset

and d = 1024 for other three datasets) to 512. For the attention network, we consider the

gated attention with U ,V ∈ R256×512, each followed by a single shared branch w ∈ R256×1.

For the classification network, we choose a fully connected layer W c ∈ R512×C where we

choose C = 2 for binary classification. We use the Adam algorithm [120] to optimize the

parameters of the deep neural network for all methods.

4.4.3 Tuning hyper-parameters

To find the best possible model for classification, we consider different hyper-parameters

for all methods evaluated in this chapter: initial learning rate values (10−4, 10−3), regu-

larization rate (10−5, 10−3), and dropout rate (0.2, 0.5). We randomly split the data into
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training/validation/testing datasets (80% training, 10% validation, and 10% training). For

each combination of hyper-parameters, we train a model on the training dataset until there is

no improvement on the validation AUC. We use a stopping criterion [121] with patience=10

epochs (after which there will be no later improvement in AUC on the validation dataset)

to determine when to stop training. We use the best model maximizing the validation AUC

and report testing AUC.

4.5 Results

We consider the binary classification task and compare four sampling strategies: (1) no

sampling where we use whole instances over iterates (this is the standard attention MIL

in [17] and referred to as CLAM-MIL in [108]); (2) random sampling where we randomly

draw G instances, (3) adaptive sampling where we adaptively select G instances; and (4)

top-k sampling where we choose k = G instances with the highest attention weights. We

evaluate different strategies with both TCGA-PRAD and Camelyon16 datasets. We use the

same network architecture, hyper-parameters, and tuning procedure for all methods. For

all methods, we choose the minimum number of epochs as emin = 50, maximum number

of epochs as emax = 300, and patience epatience = 20 for early stopping. For random and

adaptive sampling methods, we consider ten warm-up epochs (ewarm = 10) to initially train

the model using the whole instances. After that, we pick G = 10 (∼ 0.2% of all available

instances), 30, 100, 300, and 1000. We conducted all experiments for TCGA-PRAD and

Camelyon16 on AWS nodes with one NVIDIA Tesla T4 GPU node, 32 CPUs, and 235 GB

memory. For all datasets, we consider ten repetitions of Monte Carlo simulations for splitting

data into training/validation/testing and we report mean ± Standard error (SE).

Figure 4.2 compares the testing AUC, training time, and the number of training epochs

stopping after training by the early stopping algorithm (see Appendix A.10.3 for more details)

for TCGA-PRAD (left panel) and Camelyon16 (right panel).

We observe that all instance sampling strategies reduce the computational complexity as

expected. Also, we observe that random instance sampling with enough selected instances
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(e.g., around G = 100 or more) outperforms no sampling (i.e., using whole instances) strat-

egy. Adaptive sampling might do better than random instance sampling when the number

of instances per patient (bag) is minimal (around G = 10 or less) due to, e.g., memory

constraints. Top-k sampling strategy performs the worst. From the results, we discover

an important fact about using sampling strategies for the attention-based MIL networks:

instance sampling strategies (versus using all instances) not only save computing time and

resources, but can also improve the performance of the patients’ disease status with WSI’s.

Both TCGA-PRAD and Camelyon16 datasets have small sample sizes (318 and 203

patients). We consider the PANDA dataset (with a total size of 4643) to examine another real

dataset and also to explore the effect of sample size. Figures 4.3 and 4.4 illustrate the testing

AUC, training time, and the number of training epochs (with the early stopping algorithm;

see Appendix A.10.3 for more details) for the PANDA dataset with different sample sizes

200, 500, 1000, and 4643. We observe the same patterns here as well: the random instance

sampling with enough selected instances (e.g., around G = 100 or more) outperforms other

strategies including no sampling (i.e., using whole instances). Adaptive sampling outperforms

random instance sampling when the number of instances per patient is limited (around

G = 10 or less) due to, e.g., memory constraints. Top-k sampling strategy performs the

worst. As a natural observation, increasing sample size improves the performance of all

sampling strategies.

Now we consider two synthesized datasets Dataset 1 (with no additional pure noisy

images) and Dataset 2 (with additional pure noisy images), both generated from the MNIST

dataset. Figures 4.5, 4.6, and 4.7 illustrates the testing AUC, training time, and the number

of training epochs (with the early stopping algorithm; see Appendix A.10.3 for more details)

for MNIST-based generated datasets with sizes 200, 500, and 1000. The left panels present

the results for Dataset 1 and the right panels present the results for Dataset 2. For Dataset

1, all strategies perform similarly to each other except for the random sampling strategy

for which the network has a harder task when it only selects one instance (i.e., G = 1).

Adaptive sampling strategies perform very well: they correctly predict the bag label even
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with one selected instance (i.e., G = 1) while reducing the training time. For Dataset 2

(with added pure noisy images), all sampling strategies train the neural network almost four

times faster than no sampling (i.e., using all samples). The adaptive sampling strategies

perform very well, even with one selected instance (i.e., G = 1). However, with additional

pure noisy images, the random sampling strategy needs more selected instances (G ≈ 30

or more) to predict the bag labels correctly. The random sampling strategy requires fewer

selected samples for the correct classification if sample size increases.

4.6 Discussion

We proposed an adaptive sampling strategy for training the attention-based MIL networks.

We also compared our proposed adaptive sampling strategy with other sampling strate-

gies using both real and synthesized (MNIST-based) MIL datasets. The adaptive sampling

strategy significantly reduces computing time (and hence resources) while having a negligible

performance loss, especially when we can only select fewer instances (in order of 10 or less).

We discovered that, if we select more instances (in order of 100 or more), the random sam-

pling outperforms other sampling strategies, including no sampling (i.e., using all instances)

strategy. We can justify this observation as follows. With random sampling, the neural

network sees almost different subsets of instances for each bag (patient) over different iter-

ates (epochs). This behaves similarly to regularization or augmentation to avoid over-fitting,

especially for small datasets.

We used the pre-processing to exclude noisy (e.g., background) tiles or less-informative

tiles beforehand. Then we used a pre-trained network (e.g., Resnet50) to extract low di-

mensional features from remaining image tiles after pre-processing. The reason to use a

pre-trained network was to go to lower-dimensional feature space where comparison with no

sampling (i.e., using all instances) becomes feasible. One issue with using a pre-trained (e.g.,

Resnet50) is that the domain of knowledge might be different. Resnet50 used ImageNet

classification dataset [103] to train the model, which differs from WSIs. It is worth exploring

more complicated scenarios, e.g., fine-tuning some layers of the pre-trained network to ex-
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Figure 4.2: (left column) TCGA-PRAD (right column) Camelyon16; (top) Area under ROC

curve, (middle) training time, and (bottom) number of training epochs; We compare different

sampling strategies: no sampling, random sampling, adaptive sampling, and top-k sampling.
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Figure 4.3: (left column) PANDA with N = 200 (right column) PANDA with N = 500; (top)

Area under ROC curve, (middle) training time, and (bottom) number of training epochs; We

compare different sampling strategies: no sampling, random sampling, adaptive sampling,

and top-k sampling.
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Figure 4.4: (left column) PANDA with N = 1000 (right column) PANDA with N = 4643;

(top) Area under ROC curve, (middle) training time, and (bottom) number of training

epochs; We compare different sampling strategies: no sampling, random sampling, adaptive

sampling, and top-k sampling.
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Figure 4.5: (left column) MNIST, without additional pure noisy images, N = 200 (right

column) MNIST, with additional pure noisy images, N = 200; (top) Area under ROC

curve, (middle) training time, and (bottom) number of training epochs; We compare different

sampling strategies: no sampling, random sampling, adaptive sampling, and top-k sampling.
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Figure 4.6: (left column) MNIST, without additional pure noisy images, N = 500 (right

column) MNIST, with additional pure noisy images, N = 500; (top) Area under ROC

curve, (middle) training time, and (bottom) number of training epochs; We compare different

sampling strategies: no sampling, random sampling, adaptive sampling, and top-k sampling.
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Figure 4.7: (left column) MNIST, without additional pure noisy images, N = 1000 (right

column) MNIST, with additional pure noisy images, N = 1000; (top) Area under ROC

curve, (middle) training time, and (bottom) number of training epochs; We compare different

sampling strategies: no sampling, random sampling, adaptive sampling, and top-k sampling.
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tract more distinct and predictive features out of sampled tiles. By noting that the random

sampling strategy can outperform other strategies with enough number of selected instances,

one can select the number of instances (e.g., G = 100), and use mini-batch stochastic gradient

descent with the original images instead of extracted ones from a pre-trained network.

The idea of adaptive sampling strategies is quite general: it aims to reduce computing

time with bags with tens of thousands instances. We considered a binary classification

problem to show how it performs under different scenarios. However, it is worth extending

training the attention-based MIL network using different sampling strategies to other tasks

such as multi-class classification (e.g., the framework presented in [108]) or survival analysis

[12, 11, 122].
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Chapter 5

CONCLUSION

In this dissertation, we proposed a simple framework for conducting large-scale survival

analysis using a Cox model. Our framework leverages a modified population optimization

problem, which allows us to leverage the tools of stochastic algorithms such as gradient de-

scent, proximal stochastic gradient descent and their extensions. Our proposed framework

results in more computationally efficient and stable algorithms than the current state-of-

the-art Cox model when the dataset is big (either in terms of the number of observations

or the number of features) or the Cox model suffers from round-off errors. We developed

both plug-in and bootstrap-based techniques to construct confidence intervals for the param-

eters estimated by our framework. In addition, we proposed a neural network-based hazard

estimator for conducting survival prediction for both imaging and non-imaging survival data.

We extended our proposed framework for fitting the penalized Cox model using large and

ultrahigh-dimensional datasets where we employed the proximal stochastic gradient descent

algorithm. We showed that our proposed framework performs well when the number of ob-

servations and features grows, particularly when the datasets do not fit into the memory.

We proposed an adaptive instance sampling strategy for attention-based multiple-instance

learning (MIL) networks. The proposed strategy reduces computing time while resulting in

a negligible performance loss. We showed that our suggested adaptive framework outper-

forms alternative sampling strategies when the number of sub-selected instances is modest.

However, if we sub-select more instances, the random sampling outperforms other sampling

strategies, including no sampling strategy (i.e., when all instances are used).
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tiple instance problem with axis-parallel rectangles. Artificial Intelligence, 89(1):31–71,
1997.
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Appendix A

ADDITIONAL MATERIALS FOR CHAPTER 2

A.1 Connection with distributed computing

Authors in [38] proposed an alternating direction method of multipliers (ADMM) [123] type

of estimation algorithm where the optimization problem is broken into smaller pieces, each

easier to handle. Their proposed algorithm is for distributed computing, which is useful

with a large amount of data. These methodologies cannot be easily applied to optimizing

the standard (whole-cohort) partial likelihood because the corresponding objective function

cannot be decoupled. In our work, we proposed another way of formulating the optimization

approach for the Cox model using random strata instead of the whole cohort. Therefore,

one can consider using distributed optimization tools based on our way of formulating the

optimization for the Cox model.

A.2 Extensions for left truncation and right Censoring

In practice, it is common for participants in a study to leave the study before experiencing

an event. This is known as right censoring. In particular, it is often assumed that a patient

has some random “time until censoring” C, and what we observe is min(C, T ), whichever

happens first (the event or censoring), along with δ = I(T < C) an indicator that the

patient experienced an event (rather than censoring). Censored patients still contribute

some information to the estimation of β∗ — in particular, if a patient is censored quite late,

then there is a long period of time during which we know they did not experience an event

(so likely we should estimate them to be low risk). In some studies, it is common to consider

the event time T as the age at which a patient had an event (rather than the calendar on

the study). This means that patients do not enroll in the study at T = 0 (and patients can
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only be observed to fail once they are enrolled). This phenomenon, wherein patients enroll

in a study at times other than T = 0, is known as left truncation.

When i) the assumptions of the Cox model hold; and ii) censoring and truncation times

are independent of event times conditional on covariates x, it is relatively straightforward to

adapt the Cox model to accommodate these missingness mechanisms. The partial likelihood

is modified in 2 minor ways: 1) The outer summation is only taken over indices for which

an event occurred (i.e. that were not censored); and 2) The risk sets, Ri, are modified to

include only patients currently at risk (who have already been enrolled, and have not yet

been censored, or had an event) [124]. We can similarly modify our objective function (5) in

Section 2.3.3, and apply our algorithm with only minor modification (a slight change in the

gradient).

A.3 Proof of consistency for parameter β(s)

In this appendix, for the sake of completeness, we prove the Fisher consistency of parameter

β(s). We treat the Cox model as a counting process [125]. We assume that censoring and

survival times are independent given the covariate vector of interest x and they follow model

(1) with true parameter β∗. We first define some terminology before proceeding with the

proof.

Definition 1: dNi(u). For patient i with time to event ti define the counting process

dNi(u) by ∫ b

a

g(u)dNi(u) =

{
0 if ti 6∈ [a, b]

g(ti) if ti ∈ [a, b]
.

For instance, if we define g(u) = 1, the above expression is an indicator representing whether

patient i failed in interval [a, b] (i.e., 1 represents failure and 0 otherwise). We further define

dN (s)(u) =
∑s

i=1 dNi(u) which is a counting process for failure times over all s patients. We

assume that the failure time process is absolutely continuous w.r.t. Lebesgue measure on

time so that there is at most one failure at any time u (i.e., no ties).
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Definition 2: Mi(u). We define Mi(u) to be an indicator representing whether patient

i is at risk at time u, i.e., ti ≥ u. By this definition, M(u) =
∑s

i=1 Mi(u) indicates number

of patients who are at risk at time u. Note that the independent censoring assumption

implies that those M(u) patients at risk at time u (who have not yet failed or been censored)

represent a random sample of the sub-population of patients who will survive until time u.

Definition 3: F (u). Let F (u) denote the filtration that includes all information up to

time u, i.e.,

F (u) = {(dNi(t),Mi(t), x
(i)), i = 1, . . . , s for t < u and dN (s)(u)}

Note that given F (u), we know whether patient i failed or was censored (i.e., δi), when they

failed/were censored (i.e., yi), and their covariate vectors x(i).

Using the above definitions, one can write the log-partial-likelihood as

pl(s)(β|D(s)) =
s∑
i=1

∫ τ

0

{
fβ(x(i))− log

( s∑
l=1

Ml(u)exp(fβ(x(l)))
)}
dNi(u) (A.1)

where τ is the duration of the study. Note that we keep fβ(x) in the most general form

and we only assume that it is differentiable in β for all x. Then the score function may be

written as

U s(β) =
∂pl(s)(β|D(s))

∂β

=
s∑
i=1

∫ τ

0

(
ḟβ(x(i))−

∑s
l=1Ml(u)ḟβ(x(l))exp(fβ(x(l)))∑s

l=1Ml(u)exp(fβ(x(l)))

)
dNi(u)

=
s∑
i=1

∫ τ

0

(
ḟβ(x(i))−

s∑
l=1

wlḟβ(x(l))
)
dNi(u)

=
s∑
i=1

∫ τ

0

ḟβ(x(i))dNi(u)−
s∑
l=1

∫ τ

0

wlḟβ(x(l))dN (s)(u). (A.2)

where wl =
Ml(u)exp(fβ(x(l)))∑s
l=1Ml(u)exp(fβ(x(l)))

is a weight proportional to the hazard of failure of patient l;

dN (s)(u) =
∑s

i=1 dNi(u).
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Now we show that the parameter β(s) is Fisher consistent, i.e., E[U s(β∗)] = 0.

Eβ∗ [U s(β∗)] = Eβ∗

[ s∑
i=1

∫ τ

0

ḟβ(x(i))dNi(u)−
s∑
l=1

∫ τ

0

wlḟβ(x(l))dN (s)(u)
]

=
s∑
i=1

∫ τ

0

Eβ∗

[
ḟβ(x(i))dNi(u)

]
−

s∑
l=1

∫ τ

0

Eβ∗

[
wlḟβ(x(l))dN (s)(u)

]
(a)
=

s∑
i=1

∫ τ

0

EF (u)

[
Eβ∗|F (u)[ḟβ(x(i))dNi(u)]

]
−

s∑
l=1

∫ τ

0

EF (u)

[
Eβ∗|F (u)[wlḟβ(x(l))]dN (s)(u)

]
(b)
=

s∑
i=1

∫ τ

0

EF (u)

[
Eβ∗|F (u)[ḟβ(x(i))dNi(u)]

]
−

s∑
l=1

∫ τ

0

EF (u)

[
wlḟβ(x(l))dN (s)(u)

]
(c)
=

s∑
i=1

∫ τ

0

EF (u)

[
wiḟβ(x(i))dN (s)(u)

]
−

s∑
l=1

∫ τ

0

EF (u)

[
wlḟβ(x(l))dN (s)(u)

]
= 0 (A.3)

where (a) follows from the conditional expectation given the filtration F (u); (b) follows

from the fact that wl and ḟβ∗(x(l)) are known given F (u); (c) follows from the fact

that Eβ∗|F (u)[dNi(u))] = widN(u). Since Eβ∗ [U s(β∗)] = 0, the parameter β(s) is Fisher

consistent. In the following, we present a sufficient condition under which such a parameter

is a global minmizer of E[−pl(s)(β|D(s))].

Corollary 1: β(s) is a global minimizer of E[−pl(s)(β|D(s))] if fβ(x(i)) is an affine

function of β.

Proof. Suppose that we choose fβ(x(l)) a convex function of β. Then, the first term inside

summation of −pl(s)(β|D(s)) (i.e., −fβ(x(l))) is a concave function. We show that the second

term inside summation of −pl(s)(β|D(s)), i.e., log
(∑s

l=1 Yl(u)exp(fβ(x(l)))
)

is a convex
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function through the following steps:

Step 1: exp(fβ(x(l))) is a convex function because exp(.) is a non-decreasing convex

function and fβ(x(l)) is convex [126, sec. 3.2.4].

Step 2:
∑s

l=1 Yl(u)exp(fβ(x(l))) is a convex function because a non-negative weighted

sum of convex functions is convex [126, sec. 3.2.1].

Step 3: log
(∑s

l=1 Yl(u)exp(fβ(x(l)))
)

is a convex function because log(.) is non-

decreasing concave function and
∑s

l=1 Yl(u)exp(fβ(x(l)) is a convex function [126, sec. 3.2.4].

Therefore, expression −fβ(x(i))Yi(u) + log
(∑s

l=1 Yl(u)exp(fβ(x(l)))
)

is the sum of a con-

cave function and a convex function. A sufficient condition for convexity of this expression

is convexity of −fβ(x(i)) or equivalently concavity of fβ(x(i)). This means that fβ(x(i))

needs to be both convex and concave at the same time. The only functions that satisfy

this condition are affine functions [126, sec. 3.1.1]. By choosing fβ(x(i)) as an affine func-

tion, −pl(s)(β|D(s)) and hence E[−pl(s)(β|D(s))] become convex functions. Therefore, the

parameter β(s) becomes a global minimizer of E[−pl(s)(β|D(s))]. �

Having the loss function E[−pl(s)(β|D(s))] a convex function motivates us to explore the

convergence rate of SGD-based minimization algorithms in the next section.

A.4 Convergence rate of SGD-based estimate

In this appendix, for the sake of completeness, we prove that our SGD-based estimate

can achieve the convergence rate of O(n−1) for fβ(x) = βTx, s = 2, and no ties. We

also assume that our covariates are bounded, i.e., there exists some C < ∞ such that

||x|| < C with probability 1 and that we consider a domain of optimization B such that

max
β∈B

{
||βTx||

}
<∞. We believe these results would hold for s > 2, however the calculation

becomes messier
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For the sake of simplicity of proof, we rewrite our objective function as

β(s) = argmin
β

{
Es[−pl(s)(β|D(s))]

}
= argmin

β

{
Es[L(s)(β)]

}
= argmin

β

{
L(β)

}
, (A.4)

and consider estimating β(s) iteratively using SGD from strata of size s through

β̂(m) = β̂(m− 1)− γm ×∇βL(s)(β̂(m− 1)|D(s)
m ). (A.5)

Authors in [49] showed that if the loss function L(s)(β) satisfies the 4 following assumptions,

then, we can achieve the optimal convergence rate of O(m−1) by choosing γm = Cm−1 for

the single SGD-based iterates β̂(m) and γm = Cm−r, r ∈ [0.5, 1) for averaging over iterates

β̃(m) (i.e., Polyak-Ruppert average).

(A1) Gradient of L(s)(β) is an unbiased estimate of the gradient L(β),

(A2) Gradient of L(s)(β) is D-Lipschitz-continuous, i.e., ∀ β1,β2 ∈ Rp, there exists

D ≥ 0 such that,

||∇βL(s)(β1)−∇βL(s)(β2)|| ≤ D||β1 − β2||, (A.6)

(A3) L(β) = Es[L(s)(β)] is µ-strongly convex, i.e., ∀ β1,β2 ∈ Rp, there exists µ > 0 such

that,

L(β1) ≥ L(β2) +∇βL(β2)T (β1 − β2) +
µ

2
||β1 − β2||2, (A.7)

(A4) Variance of the gradient of L(s)(β) is bounded, i.e., there exists σ2 ∈ R+ such that

E(||∇βL(s)(β∗)||2) ≤ σ2, w.p.1, (A.8)
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In the following, we show that the loss function in our framework, L(s)(β) satisfies all four

assumptions above.

Proof of A1: This assumption is automatically satisfied based on the definition of

L(β) = Es[L(s)(β)] in (A.4) and that ∇βL(β) = ∇βEs[L(s)(β)] = Es[∇βL(s)(β)].

Proof of A2: The loss function L(s)(β) belongs to C∞ continuous function family and

proving (A.6) is equivalent to proving

∃D ≥ 0, s.t., ∀ν ∈ Sν = {ν : ||ν||2 = 1}, νT∇2
βL

(s)(β)ν ≤ D. (A.9)

For fβ(x) = βTx, s = 2 and assuming no ties, ∇2
βL

(s)(β) can be simplified as

∇2
β

{
L(s)(β)

}
= w(1− w)X

 1 −1

−1 1

XT

×
(

1(δ1 = 1)1(y1 < y2) + 1(δ2 = 1)1(y2 < y1)
)

= w(1− w)(x(1) − x(2))(x(1) − x(2))T

×
(

1(δ1 = 1)1(y1 < y2) + 1(δ2 = 1)1(y2 < y1)
)

(A.10)

where X = [x(1),x(2)]; w = w1(x(1),x(2),β) = 1 − w2(x(1),x(2),β) = exp (βTx(1))

exp (βTx(1))+exp (βTx(2))
.

Note that 1(δ1 = 1)1(y1 < y2) + 1(δ2 = 1)1(y2 < y1) ≤ 1 and that w(1− w) ≤ 0.25 because

0 ≤ w ≤ 1. Therefore we have

νT∇2
β

{
L(s)(β)

}
ν ≤ 0.25× νT (x(1) − x(2))(x(1) − x(2))Tν

= 0.25× ||νT (x(1) − x(2))||22

≤ 0.25× ||(x(1) − x(2))||22 × ||ν||22
(a)

≤ 0.25× (||x(1)||22 + ||x(2)||22)

≤ 0.25× 2×max(||x(1)||22, ||x(2)||22)

≤ 0.5×max
i
||x(i)||22, (A.11)



93

where (a) follows the triangle inequality. Therefore, by assuming our covariates x are

bounded, the gradient of L(s)(β) is D−Lipschitz-continuous with D = 0.5 × max
i
||x(i)||2.

This completes the proof of A2. �

Proof of A3: The loss function L(β) belongs to the C∞ continuous function family and

proving (A.7) is equivalent to proving

∃µ > 0, s.t. ∀ν ∈ Sν = {ν : ||ν||2 = 1}, νT I(β)ν ≥ µ. (A.12)

where I(β) = Es[∇2
βL

(s)(β)] is the expected Hessian matrix. Starting from (A.10), I(β) can

be written as

I(β) = Es

[
∇2
β

{
L(s)(β)

}]
= EX,Y,∆

[
∇2
β

{
L(s)(β)

}]
(a)
= EX

[
EY |X

[
E∆|X,Y [∇2

β

{
L(s)(β)

}
]
]]

(b)
= (1− pc)EX

[
w(1− w)(x(1) − x(2))T (x(1) − x(2))

]
= (1− pc)

∫
X(1),X(2)

[
w(1− w)(x(1) − x(2))T (x(1) − x(2))

]
PX(x)

(c)
= (1− pc)

∫
Z

w(1− w)ZTZPZ(z) (A.13)

where (a) follows the expansion of the intersection using conditional probabilities; (b) follow

from the fact that pc = E∆[1(δi = 0))] = P∆(δi = 0) is the probability of censoring and that

we have EY [1(y1 < y2)) + 1(y2 < y1)] = Pr(y1 < y2) + Pr(y2 < y1) = 1; (c) follows from the

change of variable Z = X(1) −X(2). Note that since random variables X(1) and X(2) have

density with respect to the Lebesgue measure, random variable Z also has a density with

respect to the Lebesgue measure. Then we can write νT I(β)ν as

νT I(β)ν = (1− pc)
∫
Z

w(1− w)νTZTZνPZ(z)

= (1− pc)
∫
Z

w(1− w)||νTz||22PZ(z) (A.14)
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Now we prove strong convexity of L(β) by contradiction. The negation of statement

(A.12) is:

∀µ > 0, ∃νµ ∈ Sν = {ν : ||ν||2 = 1}, s.t. νTµ I(β)νµ < µ. (A.15)

Claim 1: Suppose the statement in A.15 holds (or equivalently (A.12) does not hold),

then there exists a ν∗ ∈ Sν = {ν : ||ν||2 = 1} such that we have Pz(||ν∗Tz||2 = 0) = 1.

Proof: Since we assumed βTx is bounded, there exists a constant 0 < Cw < 1 such that

Cw < w < 1−Cw, and hence w(1−w) > C2
w. Therefore, using (A.14), the statement (A.15)

implies that for any µ > 0 there exists νµ ∈ Sν such that

µ > νTµ I(β)νµ = (1− pc)
∫
Z

w(1− w)||νTµ z||22PZ(z)

(a)
> (1− pc)C2

w

∫
Z

||νTµ z||22PZ(z)

= (1− pc)C2
w

∫
Z

(
1(||νTµ z||22 < ε)) + 1(||νTµ z||22 > ε)

)
||νTµ z||22PZ(z)

≥ (1− pc)C2
w

∫
Z

1(||νTµ z||22 > ε)||νTµ z||22PZ(z)

> (1− pc)C2
wεPZ(||νTµ z||22 > ε). (A.16)

Note that ε is an arbitrary positive value. Therefore, for such a νµ, expression (A.16) is

equivalent to

PZ(||νTµ z||22 > ε) <
µ

(1− pc)C2
wε

∀µ, ε > 0 (A.17)

or equivalently,

PZ(||νTµ z||22 < ε) > 1− µ

(1− pc)C2
wε

∀µ, ε > 0. (A.18)

Thus, there exists an infinite sequence ν1, . . . , νk, . . . such that for the choices of µk(δ) =

δ(1− pc)C2
wε and εk = 1

k
we have

∀ δ > 0 ,∃K > 0 , s.t. , ∀ k > K : Pr(||νTk z||2 ≤
1

k
) > 1− δ. (A.19)
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Since Sν is a compact space, this sequence has an infinite subsequence converging to a point

ν∗ ∈ Sν . For such a converging point ν∗, we can write, for all k,

||ν∗Tz||2 = ||(ν∗ − νk + νk)
Tz||2

(a)

≤ ||(ν∗ − νk)Tz||2 + ||νTk z||2

≤ ||ν∗ − νk||2||z||2 + ||νTk z||2
(b)

≤ ||ν∗ − νk||2Cz + ||νTk z||2, (A.20)

where (a) follows the triangle inequality and (b) follows the boundedness of variable Z (i.e.,

||z||2 ≤ Cz) due to boundedness of variable X. From (A.19), we may write

∀ δ > 0 , ε > 0 ,∃K1 > 0 , s.t. , ∀ k > K1 : Pr(||νTk z||2 ≤
ε

2
) > 1− δ, (A.21)

and since νk converges to ν∗, we may write

∀ δ > 0 , ε > 0 ,∃K2 > 0 , s.t. , ∀ k > K2 : Pr(||ν∗ − νk||2 ≤
ε

2Cz
) > 1− δ. (A.22)

Then ∀ δ > 0 and ∀ ε > 0, for Kmax = max(K1, K2) we have that for all k > Kmax

Pr(||ν∗Tz||2 ≤ ||ν∗ − νk||2Cz + ||νTk z||2

≤ ε

2Cz
× Cz +

ε

2
= ε) > 1− δ, (A.23)

taking ε, δ → 0, we have that PZ(||ν∗Tz||2 = 0) = 1. This completes the proof of Claim 1.

�

Claim 2: If random variable X(1) and X(2) have density with respect to the Lebesgue

measure, then we have PZ(||νTz||2 = 0) < 1 for any ν ∈ Sν = {ν : ||ν||2 = 1}.

Proof: Random variables X(1) and X(2) have density with respect to the Lebesgue mea-

sure. Therefore, variable Z also has a density with respect to the Lebesgue measure. There-

fore, for any ν ∈ Sν = {ν : ||ν||2 = 1}, Z cannot only be on a plane orthogonal to ν. In
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other words,

∀ν ∈ Sν = {ν : ||ν||2 = 1},∃εν > 0 and∃δν > 0 s.t. PZ(||ν∗Tz||22 > εν) > δν . (A.24)

Then for any ν ∈ Sν = {ν : ||ν||2 = 1}, the integral
∫
Z
||νTz||22dPZ(z) can be written as∫

Z

||νTz||22dPZ(z) =

∫
Z

(
1(||νTz||22 < εν)) + 1(||νTz||22 > εν)

)
||νTz||22dPZ(z)

≥
∫
Z

1(||νTz||22 > εν)||νTz||22dPZ(z)

> εν

∫
Z

1(||νTz||22 > εν)dPZ(z)

= ενPZ(||ν∗Tz||22 > εν)

> ενδν > 0, (A.25)

indicating that PZ(||νTz||2 = 0) < 1 (or PZ(||νTz||2 = 0) 6= 1). This completes the proof of

Claim 2. �

Claim 1 indicated that if the strong convexity statement (A.12) does not hold, we must

have Pz(||ν∗Tz||2 = 0) = 1. This is in contradiction with the result of Claim 2 indicating

that for random variable Z with Lebesgue density we have Pz(||ν∗Tz||2 = 0) 6= 1. Therefore,

(A.15) is not true and the statement (A.12) holds, i.e., L(β) is strongly convex. This

completes the proof of A3. �

Proof of A4: The gradient of L(s)(β) may be written as

∇βL(s)(β) =
s∑
i=1

1(δi = 1)(x(i) −
∑
j∈Ri

wjx
(j)). (A.26)
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Then we can write

||∇βL(s)(β)||2 = ||
s∑
i=1

1(δi = 1)(x(i) −
∑
j∈Ri

wjx
(j))||2

(a)

≤
( s∑
i=1

(||1(δi = 1)|| × ||x(i) −
∑
j∈Ri

wjx
(j))||

)2

(b)

≤
( s∑
i=1

(||x(i)||+ ||
∑
j∈Ri

wjx
(j)||)

)2

(c)

≤
( s∑
i=1

(||x(i)||+ max
j∈Ri
||x(j)||)

)2

≤ 4S2max
i
||x(i)||2 (A.27)

where (a) follows from the triangle inequality; (b) and (c) follow from the triangle in-

equality and that wj ≤ 1. Therefore, given boundedness of covariates x, we can choose

σ = 2Smax
i
||x(i)||. This completes the proof of A4. �

We showed that all four assumptions are satisfied and thus the results in [49] give us our

claimed convergence rates for both single SGD-based estimates and averaging over estimates

(Polyak-Ruppert average).

A.5 Mini-batches, moment-based-learning-rate, and multiple epochs

For small strata size s, the stochastic gradients given in (8) are potentially quite noisy. In

these cases, rather than using only a single stratum to calculate the stochastic gradient,

it may be preferable to average gradients over multiple strata. This is known as using a

mini-batch [7] in the SGD literature. In this survival context, we use batches of strata, so a

larger strata size s can eliminate the need for mini-batch sizes greater than 1.

Choosing a reasonable value for the hyper-parameter γm (the learning rate) is critical

for good practical performance of the algorithm (see Section A.11.1 for related simulation

results). A number of publications have developed methods for adaptively selecting the

learning rate using moments, including Adagrad [127], and ADAM [128]. However, it was shown
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that ADAM may not converge in some settings and an updated version called AMSGrad has

been proposed [50]. We found substantially improved performance on simulated data with

AMSGrad over the simple non-adaptive updating rule given in (9), especially in combination

with averaging over iterates as discussed in Section 2.3.3.

In practice, taking only a single pass over the data leads to poor empirical performance.

We generally use multiple passes (or “epochs”). In particular, for each epoch, we (1) ran-

domly partition our data into strata; then (2) use the last updated iterate of β̂ from the

previous epoch as the initial iterate of β̂ for the new epoch; and finally (3) apply a full pass of

stochastic gradient descent (with e.g., averaging and momentum) over the partitioned data.

In practice, we found that ∼ 100 epochs was more than enough for very robust convergence

(see the top right panel of Figure 2.1 in Section 2.6.1).

A.6 Implementation of streaming and non-streaming algorithms

In this section, we present the implementations of both streaming and non-streaming mini-

batch stochastic gradient descent algorithms using our proposed framework BigSurvSGD.

Without loss of generality, we only present algorithms without the moment-based step-size

adaptation.

A.6.1 Implementation of streaming algorithm

As we discussed in Chapter 2, our proposed framework facilitates the implementation of

an algorithm using SGD that handles the streaming data. This implementation is very

straightforward: We update the estimate (i.e., β̂) in a streaming fashion using each new

coming mini-batch of data. Therefore, our algorithm does not run into memory issues

because we do not need to collect all the data before the estimation (as would be required by

coxph()). Algorithm 2 summarizes the implementation of a streaming algorithm using our

proposed framework where we use a single stratum for each step (i.e., mini-batches of size

1). Extension to mini-batches of size greater than 1 is very straightforward (see next section).
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Algorithm 2: Implementation of streaming algorithm using BigSurvSGD

Result: β̂

Initialization:

Choose strata size s

β̂(0) = 0

Choose C for γm = C√
m

for (m = 1, 2, ...) do

Draw data D(s)
m including s patients from patient s× (m− 1) + 1 to patient s×m

Update the estimate β̂(m) using

β̂(m) = β̂(m− 1) + γm × ṗl
(s)

(β̂(m− 1)|D(s)
m )

end

Output:

Calculate averaged over iterate estimates as β̃(m) = 1
m

∑m
l=1 β̂(l), l = 1, 2, . . . ,m

A.6.2 Implementation of a non-streaming mini-batch stochastic gradient descent algorithm

In many cases, it is of interest to use each datum more than once (this can empirically

improve performance). In these cases, we still use a mini-batch stochastic gradient descent

algorithm. We split our data evenly into mini-batches, each with K strata of size s. Then

we iteratively update the estimate using the batches of strata. Using multiple, rather than

single strata per batch results in more stable (less noisy) gradients. We use learning rate

γm
K

instead of γm since the gradient in each step of mini-batch gradient descent is the sum

of gradients over K strata with size s. One strength of this implementation compared

to coxph() is we can read the batches of strata chunk-by-chunk from the hard drive.

Therefore, this implementation handles large amounts of data without running into the

memory issues. Algorithm 3 summarizes the implementation of a non-streaming mini-batch

stochastic gradient descent algorithm using our proposed framework.
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Algorithm 3: Non-streaming mini-batch gradient descent algorithm using Big-

SurvSGD

Result: β̂

Initialization:

Choose strata size s

Choose batch size K

Choose number of epochs nE

m = 0

β̂(0) = 0

Choose C for γm = C√
m

for (ne = 1, 2, ..., nE) do
Divide data randomly into nB disjoint batches, b = 1, 2, . . . , nB. Each batch

includes K disjoint strata of patients, D(s)
b,1 , ..., D(s)

b,K with size s.

for (b = 1, 2, ..., nB) do
m = m+ 1

Update the estimate of β̂(m) using

β̂(m) = β̂(m− 1) +
γm
K
×

K∑
k=1

ṗl
(s)

(β̂(m− 1)|D(s)
b,k)

end

end

Output:

Calculate averaged over iterate estimates as β̃(m) = 1
m

∑m
l=1 β̂(l), l = 1, 2, . . . ,m

A.7 Details of implementations for inference

In this section, we present details of implementations for both the plug-in and bootstrap

approaches for constructing a confidence interval.
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A.7.1 Plug-in based approach for inference

We note, in the optimization problem in expression (2.5), the kernel −pl(s)(β|D(s)) is dif-

ferentiable for all values of β, and that β(s) is the unique minimizer of E[−pl(s)(β|D(s))].

Authors in [53] studied the asymptotic properties of approximate minimizers of problems

(2.5) that satisfy [a generalization of] the approximate first-order term condition(
n

s

)−1 ∑
D(s)⊂D(n)

∂

∂β
{−pl(s)(β̂|D(s))} = op(n

−1/2). (A.28)

Under weak regularity conditions, their work shows that the asymptotic behaviour of β̂ is

given by

√
n(β̂ − β)→ N(0,H−1V H−1) (A.29)

where matrices V and H are given by

V = s2 E[r(D,β)r(D,β)T ]

H =
∂

∂β
E[r(D,β)] (A.30)

with r(D,β) in our problem is defined as

r(D,β) = E

[
∂

∂β
{−pl(s)(β|D(s) = {D,Di2 , . . . ,Dis})}

∣∣∣∣D] , (A.31)

the expectation of the first derivative of the kernel with respect to β when one observation

(i.e., D) out of s observations is kept fixed (for more details, see [53]). Finally, authors in

[53] proposed consistent estimators for matrices V and H as

V̂ n =
s2

n

n∑
i=1

r̂(Di,β)r̂(Di,β)T

Ĥn =
∂

∂β

(
1

n

n∑
i=1

r̂(Di,β)

)
(A.32)

with r̂(Di,β) given by

r̂(Di,β) =

(
n− 1

s− 1

)−1 ∑
Di2 ,...,Dis⊂{D(n)\Di}

∂

∂β
{−pl(s)(β|D(s) = {Di,Di2 , . . . ,Dis})}, (A.33)
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an empirical estimate of (A.31) where we fix D = Di and we include all possible
(
n−1
s−1

)
combinations of s− 1 observations {i2, i3, . . . , is} from {1, 2, . . . , n}\{i}.

This plug-in estimator provides an explicit form for our standard error, however, it

is prohibitively computationally expensive because we need to go through
(
n−1
s−1

)
distinct

combinations for each of our n observations. Our solution is to only consider a random small

fraction of
(
n−1
s−1

)
combinations (e.g., no = 1000 �

(
n−1
s−1

)
distinct combinations) for each

observation to estimate the standard error. Algorithm 4 summarizes our implementation

of this plugin approach to estimate a (1 − α) × 100% CI. In practice, sampling 100 ∼ 1000

strata per observation suffice to get near nominal coverage (see Section A.11.2 for related

results). After estimating the standard error, we construct the (1 − α)100% confidence

interval following the asymptotic normality of estimator β̃.

A.7.2 Bootstrap-based approach for inference

The Bootstrap [129, 130] is a popular approach for constructing asymptotically valid

confidence intervals that require no analytical work. For i.i.d. observations D(n) =

{D1,D2, . . . ,Dn}, in simpler examples [130] suggest using a bootstrap sample (sampling

with replacement) Db,(n) = {Db1,Db2, . . . ,Dbn} and calculating the bootstrapped U-statistic as

U b
n(β) =

(
n

s

)−1 ∑
D(s)⊂Db,(n)

{−pl(s)(β|D(s))}. (A.34)

Multiplier empirical processes have been widely studied in literature [51, 131, 132]. Au-

thors in [133, 55] developed the theory of the multiplier (weighted) bootstrap for empirical

processes. The weighted version of bootstrapped U -statistics is given by

Ū b
n(β) =

(
n

s

)−1 ∑
1≤i1<···<is≤n

ωi1 . . . ωishβ(Di1 , . . . , Dis), (A.35)

where ω1 . . . ωn are random variables independent of data D(n); hβ(D(s)) with D(s) =

{Di1 . . . Dis} is the s-order kernel function which is −pl(s)(β|D(s)) for our U -statistics defined



103

Algorithm 4: Construction of a (1− α)100% CI using plug-in method

Result: β̃ and (1− α)100%

Initialization:

Choose strata size s

Choose C for γm = C√
m

Specify significance level α

Calculate β̃ using Algorithm 3

Specify no (no �
(
n−1
s−1

)
), number of strata samples per observation to estimate the

standard error

for (i = 1, 2, ...n) do
Randomly choose M, a set of M distinct subsets of s− 1 elements from

{1, 2, . . . , n}\{i}. Then estimate r̂(Di, β̃) using

r̂(Di, β̃) =
1

M

∑
{i2,i3,...,is}∈M

∂

∂β
{−pl(s)(β|D(s) = {Di,Di2 , . . . ,Dis})}|β=β̃

end

Estimate V̂ n and Ĥn using

V̂ n =
s2

n

n∑
i=1

r̂(Di, β̃)r̂(Di, β̃)T

Ĥn =

[
∂

∂β

1

n

n∑
i=1

r̂(Di,β)

]
β=β̃

Output:

Estimate standard error of β̃ using
−̂→
SE =

√
diag(Ĥ

−1

n V̂ nĤ
−1

n )/n. Report the

(1− α)100% CI as (β̃ − zα
2
×
−̂→
SE, β̃ + zα

2
×
−̂→
SE) where zα

2
is the upper α

2
critical

value for the standard normal distribution.
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in (A.34). While one could directly use this multiplier-based estimator, we do something very

slightly different: We resample observations with replacement and then engage with the re-

sulting U-process (this means we can, in theory, have replicated observations in a single

term). Nevertheless, our bootstrapped U -process in (A.34) can be approximated using the

multiplier U -process in (A.35) by drawing weights from a multi-nominal distribution, i.e.,

(ω1, . . . , ωn) ∼Multinominal(n, 1
n
, . . . , 1

n
).

Because of the possibility of replicates in our process, this approximation is off by a sum

that is in total O(n−1): This is because the probability that a term will contain a pair of

the same observation is bounded by s ∗ (s − 1)/n (and for x and β with bounded support

our U-process is bounded and has a bounded derivative). As we will show, the multiplier

U-process-based estimate converges at a rate of ||β̂−β∗|| = O(n−1/2). Thus, one could show

that the estimate from (A.34) and its approximation by (A.35) asymptotically converge to

the same limiting distribution (via a standard Taylor-series expansion argument). Below, we

focus on showing the asymptotic behavior of the optimizer of the multiplier bootstrapped

U -process approximated by (A.35) with weights drawn from the multinomial distribution.

Let β̂ denote the estimate given by minimizing the original U-statistic in expression

(2.11) (using the original sample) and β̂
b

denote the estimate given by minimizing

the multiplier bootstrapped U -statistic with the b-th bootstrapped sample. We define

β̃ = 1
n

∑n
i=1 β̂(i) and β̃

b
= 1

n

∑n
i=1 β̂

b
(i) as the Ruppert-Polyak averaged estimates of our

original sample and the b-th bootstrap resample, respectively. Authors in [55] showed that

if Assumption A and Condition M (see below) hold,
√
n(β̃ − β∗) and

√
n(β̃

b
− β̃)|D(n)

converge to the same limiting distribution. In the following, we briefly explain notation

when presenting Assumption A and Condition M. For more extensive explanations, we refer

readers to [55, 134].

Assumption A: The following assumptions hold for weights (ω1 . . . ωn):

W1: Weights (ω1 . . . ωn) are exchangeable (i.e., (ω1 . . . ωn) =d (ωπ(1) . . . ωπ(n)) for any



105

permutation π of {1, . . . , n}), non-negative, and
∑n

i=1 ωi = n,

W2: supn
∫∞

0
P(|ω| > t)

1
2sdt <∞ and there exists c > 0 such that

1

n

n∑
i=1

(ωi − 1)2 →Pω c
2 (A.36)

Condition M : Suppose the bootstrap weights (ω1, . . . , ωn) satisfy Assumption A, and the

following conditions hold.

M1: Un(β) has a unique minimizer at β = β∗ and there exists some positive definite

matrix V such that for any β close to β∗ we have

Un(β)− Un(β∗) =
−1

2
(β − β∗)TV (β − β∗) + o(||β − β∗||2) (A.37)

M2: F = {hβ : β ∈ B ⊂ Rp} admits P s-square integrable envelope F such that∫ 1

0

(supQlogN (ε||F ||L2(Q),F , L2(Q)))s/2dε <∞, (A.38)

where N (ε,F , L2(Q)) is the ε-covering number of F relative to norm L2(Q) for probability

measure Q (see [135, 55] for more details).

M3: Suppose β̃ be an estimator of β∗ that minimizes the original U -statistics and β̃
b

be

an estimator of β∗ that minimizes the bootstrapped U -statistics. There exists a measurable

map ∆ : X → Rp such that P∆(X) = 0 and P ||∆||2 <∞, and for rn(.,β) defined as

rn(x, θ) =
π1(hβ − hβ∗)(x)− (β − β∗)T∆(x)

||β − β∗|| ∨ n−1/2
, (A.39)

the following is satisfied for any δn → 0,

supβ:||β−β∗||≤δn|Gnrn(.,β)| = oP (1). (A.40)

Note that π1h(.) is a P -degenerate kernel of order 2 using the Hoeffding decomposition of

U -statistics [51]. If ||β̃ − β∗|| = oP (1) and ||β̃
b
− β∗|| = oP (1) in PD-probability, then

√
n(β̂ − β∗)→d N(0, V −1cov(∆)(V −1)T and

supt∈Rp |PW |D(
√
n(β̃

b
− β̃) ≤ t)− P(c.

√
n(β̃ − β∗) ≤ t)| →PX 0, (A.41)
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where c is the constant in (W2).

Proof of Assumption W :

Proof of W1 and W2 : These assumptions are directly related to assumptions A1-A5 in

Section 2 of [133]. Example 3.1 of that manuscript gives proof for “Efron’s Bootstrap” which

exactly coincides with our choice of multinomial weights.

Proof of condition M :

Proof of M1 : In Appendix A.4, we demonstrated that our objective function is µ-strongly

convex, indicating that β∗ is the unique minimizer. Also, our kernel function hβ(x) is

infinitely differentiable with respect to both of its arguments β and x and is indeed an

analytic function. Therefore, a second-order Taylor approximation is valid at any β.

Proof of M2 : Any finite-dimensional vector space F of measurable functions is a Vapnik-

Chervonenkis (VC) subgraph of dimension smaller than or equal to dim(F) + 1 [51]. Our

kernel function hβ(.) is defined based on a stratum of s patients each contributing by their

risk function. Therefore, our kernel function is a VC class of dimension at most s + 1.

Therefore, the integral in (A.38) is finite [51].

Proof of M3 : Our kernel function is infinitely differentiable with respect to its arguments

and its gradient is D-Lipschitz-continuous (see Appendix A.4). In Appendix A.4, we showed

that by choosing the learning rate as γm = C√
m

, we achieve ||β̃ − β∗|| = OP (m−1/2) after

m iterations of stochastic gradient descent. If the number of stochastic iterations m is

asymptotically at least slightly larger than sample size n, we can achieve
√
n||β̃−β∗|| = O(1).

Also, our bootstrapped estimator based on stochastic optimization is asymptotically close

to the U-process-minimizer-bootstrapped-estimator in (A.35). Therefore, one can use proof

of Claim 1 (as part of proof for Theorem 4.2) in [55] to show that
√
n||β̃

b
− β∗|| = OP (1).

By choosing ∆(x) as the derivative of π1hβ(x) at β = β0, it is straightforward to prove that

this condition holds.

Now that we have verified Assumption W and Condition M, we have that
√
n(β̃ − β∗) and

√
n(β̃

b
− β̃)|D(n) converge to the same limiting distribution. We can construct a confidence

interval for β̃ using quantiles of
√
n(β̃

b
−β̃)|D(n). In our implementation, we use the estimate
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β̃ from the original sample as the initial iterate of the SGD algorithm to calculate the

coefficients β̂
b

for each bootstrap resample.

Algorithm 5 presents details for constructing a (1 − α)100% confidence interval using the

bootstrap approach. The first step of this algorithm is to get an initial estimate β̃ using our

proposed Algorithm 3 in Section A.7.2. The bootstrap steps for getting the bootstrapped

estimates β̃
b
, b = 1, 2, . . . , B are exactly the same as what we presented in Algorithm 3

except we use the bootstrap resamples with initialization β̂
b
(0) = β̃, b = 1, 2, . . . , B. Then,

following the fact that
√
n(β̃−β) and

√
n(β̃

b
−β̃) converge in distribution to the same limiting

distribution (which is gaussian), we construct the (1−α)100% for β̃. To save computing time

one can just use the bootstrap to get at the standard error of the coefficient estimates. In

this procedure, we use knowledge that distribution of the coefficient estimator asymptotically

converges to a normal distribution to construct a symmetric confidence interval (and try to

further improve this using a t-distribution). Suppose that β̃j is j-th (j = 1, 2, . . . , P )

element of our coefficient estimate calculated by Algorithm 3 and β̃bj is corresponding j-th

element of estimated parameters from the b-th (b = 1, 2, . . . , B) bootstrap resample. Then,

one can construct an asymptotic (1− α)100% confidence interval for β̃bj as

(1− α)100%CI :
(
β̃j − qt(1− α/2, df = B) ∗ σ̃Bj , β̃j + qt(1− α/2, df = B) ∗ σ̃Bj

)
, (A.42)

where qt(1 − α/2, df = B) is the (1 − α/2)th quantile of the t-distribution with degrees of

freedom df = B; and σ̃Bj is the sample standard deviation of estimates obtained from those

bootstrap resamples. Details of this procedure are exactly the same as Algorithm 5 except

the last two lines should be modified based on (A.42).

A single-pass bootstrap approach (online bootstrap)

In the scenario wherein we have an enormous amount of data, one may want to consider using

only one pass over the data to calculate our parameter estimates and confidence intervals.

One way to do this is to use the multiplier bootstrap idea proposed by [136]. For one pass of

data, we multiply the gradient of the partial likelihood for each stratum (m) by a weight Wn
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drawn independently from a Poisson(1) distribution with E(Wm) = var(Wm) = 1. Authors

in [136] showed that
√
n(β̃ − β∗) and [the random measure]

√
n(β̃

b
− β̃)|D(n) converge to

the same limiting distribution if we choose γm = Cm−r, r ∈ [0.5, 1) (for Polyak-Ruppert

average) and that assumptions A1-A4 in Appendix A.4 and the following assumption (A5)

is satisfied:

(A5) E||∇L(s)(β)||2 ≤ c(1 + ||β||2) for some c and E||∇L(s)(β−∇L(s)(β0||2 ≤ ζ(||β−β0||)

for some ζ(.) with ζ(x)→ 0 as x→ 0.

We proved that assumptions A1-A4 hold in Appendix A.4 and we only have left to show

that assumption A5 holds too.

Proof of A5: The first expression in A5 holds by following our proof for assumption A4

in (A.27). The proof of the second expression is similar to the proof of assumption A4 (the

same definition for wj, x
(i), δi, and Ri are used here). The gradient of L(s)(β) may be written

as

∇βL(s)(β) =
s∑
i=1

1(δi = 1)(x(i) −
∑
j∈Ri

wjx
(j)). (A.43)
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Then we can write

||∇βL(s)(β)−∇βL(s)(β0)||2 = ||
s∑
i=1

1(δi = 1)(x(i) −
∑
j∈Ri

wjx
(j))

−
s∑

k=1

1(δk = 1)(x(k) −
∑
l∈Rk

w0
l x

(l))||2

= ||
s∑
i=1

1(δi = 1)(
∑
j∈Ri

(w0
j − wj)x(j))||2

(a)

≤ ||
s∑
i=1

∑
j∈Ri

(w0
j − wj)x(j)||2

(b)

≤ (
s∑
i=1

∑
j∈Ri

||w0
j − wj|| × ||x(j)||)2

(c)

≤ max
i
||x(i)||2 ×

s∑
i=1

∑
j∈Ri

||w0
j − wj||)2

(d)

≤ max
i
||x(i)||2 ×

s∑
i=1

∑
j∈Ri

max
j
||w0

j − wj||2

(e)

≤ s2max
i
||x(i)||2 ×max

j
||w0

j − wj||2 (A.44)

where w0
j follows the expression of wj given in Appendix A.4 by replacing β with β0; (a)

follows from 1(δk = 1) ≤ 1 (b) follows from the triangle inequality; (c) and (d) follow from

the fact that each norm is less than or equal to its maximum; (e) follows from the fact

that size of set Rj is less than s. Therefore, given boundedness of covariates x and that

wj is a continuous function with respect to β, if we choose β − β0 → 0 or β → β0, then

x = w0
j − wj → 0, and ζ(x)→ 0 as well. This completes the proof of A5. �
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Algorithm 5: Estimate (1− α)100% confidence interval using bootstrap method

Result: (1− α)100% confidence interval

Initialization:

Choose strata size s

Choose C for γm = C√
m

Specify significance level α

Calculate β̃ using Algorithm 3

for b=1, 2, . . . , B do

Resample D(n) with replacement to get the b-th bootstrap resample D(n),b

Use Algorithm 3 to calculate β̃
b

with resampled data D(n),b, and initialization

β̃
b
(0) = β̃

end

Output:

Calculate qα
2

and q1−α
2

as the α
2

and 1− d
2

quantiles of β̃
b
− β̃, b = 1, 2, . . . , B.

Report the (1− α)100% CI as (β̃ − q1−α
2
, β̃ − qα

2
).

A.8 Details for data examples

We describe the datasets used in Section 2.6.2.

METABRIC: This dataset is from the Molecular Taxonomy of Breast Cancer International

Consortium (METABRIC) study [61]. This study aimed to determine associations between

mutations, driver copy number aberration profiles, clinical-pathological parameters, and sur-

vival. It is available in R package survival (Therneau, 2015). We dropped patients with any

missing features. The resulting dataset has 1904 primary breast cancer samples with nine

features: four gene indicators (MKI67, EGFR, PGR, and ERBB2) and five clinical features

(hormone treatment indicator, radiotherapy indicator, chemotherapy indicator, ER-positive

indicator, age at diagnosis).

FLCHAIN: The aim of Assay Of Serum Free Light Chain (FLCHAIN) [59] was to deter-

mine the association between serum free light chain and mortality. We excluded the variable
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”chapter” as it is the cause of death. We also dropped patients with any missing features.

The resulting dataset has 6542 individuals with eight features: age, sex, the calendar year

in which they sample blood (sample year), serum-free light chain, kappa portion (kappa),

serum-free light chain, lambda portion (lambda), group of free light chain (FLC group),

serum creatinine, and diagnosed with monoclonal gammopathy (0=no, 1=yes).

GBSG: Dataset German Breast Cancer Study Group (GBSG) is from a randomized 2 x

2 trial evaluating hormonal treatment and the duration of chemotherapy in node-positive

breast cancer patients [60]. This dataset is available in R package mfp [137]. It has 2,232

individuals (women) with seven features: hormone therapy (0=no, 1=yes), age, menopausal

status (0=no, 1=yes), tumor size, tumor grade (1 < 2 < 3), number of positive nodes,

progesterone receptor, and estrogen receptor. We used dummy variables for the categorical

variables (e.g., tumor grade) with more than two categories.

NWTCO: This dataset is from the National Wilm’s Tumor [62]. This dataset is avail-

able in R package survival [138]. This dataset aimed to assess the association between

multiple variables and days of tumor relapse. This dataset has 4028 observations with six

features: age, disease stage, study group, histology from the local institution, histology from

the central lab, and a binary variable indicating whether the observation was included in the

subcohort.

SUPPORT: The aim of Study to Understand Prognoses and Preferences for Outcomes and

Risks of Treatments (SUPPORT) [63] was to understand prognoses and preferences for out-

comes and risks of treatment among seriously ill hospitalized adults. It is publicly available

on the Vanderbilt Biostatistics website. We dropped patients with any missing features.

The resulting dataset has 8873 patients and 14 features: age, sex, race, number of comor-

bidities, presence of diabetes, presence of dementia, presence of cancer, mean arterial blood

pressure, heart rate, respiration rate, temperature, white blood cell count, serum’s sodium,

and serum’s creatinine.
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A.9 Concordance index

The concordance index is a measure of goodness of fit for survival that identifies the level of

agreement between predicted risk scores and event times. Without censoring and ties, one

can define the concordance index as

CI =

∑
i,j:Ti<Tj

I[δi = 1]
{
I[ri > rj] + 0.5I[ri = rj]

}
∑

i,j:Ti<Tj
I[δi = 1]

, (A.45)

where ri is the predicted risk score for patient i. With censored observations, the above

formula is modified so that only comparable pairs {(i, j) : s.t. ifTi < Tj , δi = 1} are con-

sidered:
∑

i,j:Ti<Tj
I[δi = 1] counts the number of such pairs. In this definition, which has

been widely used [139], we assign concordance of 1 to a pair of observations if Ti < Tj and

ri > rj (i.e., the patient with a higher risk has the event first), concordance of 0 if Ti < Tj

and ri < rj (i.e., the patient with lower risk has the event first), and concordance of 0.5 if

ri = rj (undecided). For more discussion on this, one can refer to Section 5.1 in [58] (though

we have slightly modified things in the case of ties).

For the discrete time-based models (see table 2.2), we use the negative median predicted

survival time as the risk score in (A.45).

A.9.1 Oracle concordance for the simulation experiments using the MNIST dataset (S = 2)

Figure 2.9 in Section 2.6.2 illustrated how the oracle concordance changes with η and com-

pared it to results from our proposed framework. To calculate the Oracle concordance, we

assume that an oracle perfectly identifies the digit values. From this, we can calculate the

oracle concordance index as

CIOracle(η) =

∑
i,j:Ti<Tj

{
I[di > dj] + 0.5I[di = dj]

}
ntest(ntest − 1)/2

, (A.46)

where ntest(ntest − 1)/2 in the denominator counts the total number of possible pairs from

the test data with size ntest (with the assumption of no censoring). For the MNIST dataset,

we can numerically calculate an upper bound on performance using the oracle concordance
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index. We have ntest handwritten digits uniformly distributed among 10 digits. Therefore,

there is a 10% chance to choose two images from the same class and a 90% chance to choose

two images from different classes. The oracle correctly ranks pairs of images from different

classes giving a concordance of 1. However, the oracle remains undecided for the images

from the same class giving a concordance of 0.5. Averaging these (with weights) we get

the oracle concordance index for our generated survival data using the MNIST dataset as

0.9 ∗ 1 + 0.1 ∗ 0.5 = 0.95.

A.10 Network architectures, hyper-parameters tuning, and stopping criterion

In Section 2.6.2, we compared different methods that build a risk score using neural networks.

This section explains the network architectures, the procedure for tuning hyper-parameters,

and the stopping criteria.

A.10.1 Network architecture

To have a fair comparison among neural network-based models, we choose the same architec-

ture for the sub-network Net in our proposed models and for the networks in other models.

The AMSGrad optimizer showed slightly better convergence results for our proposed meth-

ods (i.e., bigSurvSGD, bigSurvMLP, and bigSurvCNN) while the Adam optimizer performed

slightly better for the other methods. Therefore, we used the AMSgrad optimizer for our

proposed methods and the Adam optimizer for the other methods.

Multi-layer perceptrons (MLP) for tabular data

For the non-imaging datasets, we used two fully-connected layers, each with 32 nodes. Each

of those layers is followed by a ReLU activation and a dropout layer (with varying dropout

rates as a hyper-parameter).
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Convolutional neural networks (CNN) for imaging data

For the imaging data-based simulations (generated based on the MNIST dataset), we used

three convolution layers with 32, 64, and 64 filters with kernel size (5×5) and stride 1. Each

convolution layer is followed by a ReLU activation function, a (2,2) max pool layer with stride

1, and a dropout layer (with varying dropout rates as a hyper-parameter). After all of these

layers, the output is flattened. Models MTLR and PMF treat the survival prediction problem as

a multi-class classification problem by partitioning the time axis into non-overlapping bins.

The number of nodes in their output layer (that comes after the flattening layer) is precisely

the same as the number of bins (classes). For our proposed model bigSurvCNN, we use a

fully connected layer with 128 nodes after the flattening layer and before the last single-node

output layer (that gives the predicted risk score).

A.10.2 Tuning hyper-parameters

Tabular data

Section 2.6.2 compared different methods using tabular datasets. For all methods, we split

data into 80% for training and 20% for testing. We train the models with the training

dataset and then report the concordance index on the testing dataset. Random Survival

Forest (RSF) and neural network (MLP)-based methods have hyper-parameters that need to

be tuned to achieve the best performance. We use a 5-fold cross-validation (CV) procedure

to tune the hyper-parameters. We hold one fold-out, at a time, as the validation dataset

and train our model over the remaining four folds with all possible sets of hyper-parameters.

We determine the best set of hyper-parameters that maximizes the average validation

concordance index over five validation folds. After tuning the hyper-parameters, we train

the model using the entire original 80% training dataset with the tuned hyper-parameters.

Then we calculate the concordance index over the 20% hold-out testing dataset. Finally, we

report the average of the testing concordance index over 100 random training/testing splits.

We next explain the hyper-parameters involved in different models.
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Linear models: For our proposed estimator with a linear scoring function (as opposed to a

neural network), bigSurvSGD, we used parameters: batch size K = 1 pair, C = 0.12, AMS-

Grad optimizer, and 100 epochs. We see that these parameters result in a generally strong

performance from our other simulated examples (see Figure 2.1 here and Section 2.6.1). In

addition, for the full partial-likelihood-based estimator with linear link (for which we used

the R coxph() implementation), there are no hyper-parameters to tune.

Random Survival Forest (RSF): RSF is an ensemble tree method for survival analysis.

It has been shown that constructing ensembles from trees can give strong predictive perfor-

mance [58]. For this method, we consider the following hyper-parameter values: the number

of trees in the forest (100, 500), the minimum size of terminal node (5, 15), and the number

of features randomly selected as candidates for each node split (2, 3, 4, 5).

MLP-based methods: Methods BigSurvMLP, CoxCC, CoxTime, DeepSurv, PCHazard, PMF,

DeepHit, and MTLR use the neural network (MLP) to estimate the risk function fβ(x). For

these methods, we consider the common hyper-parameters: the batch size (64, 256), the

learning rate (0.001, 0.0001), the dropout rate (0.0, 0.2, 0.4), and the number of epochs (up

to 200 epochs) for training. Discrete-time methods PCHazard, PMF, DeepHit, and MTLR di-

vide time axis into non-overlapping bins. For discrete-time models, we use quantiles to divide

the time axis into 100 bins (i.e., classes). When tuning the number of epochs, we observed

that there is no need to iterate up to 200 epochs. To save computation time, we use a

stopping criterion to stop training when it does not improve the generalization error (or

concordance index, alternatively). For each training/testing (i.e., 80%/20%) split, we tune

the hyper-parameters for the MLP-based models as follows:

• We randomly split the training dataset into five folds,

– We hold one fold out for validation and consider the remaining four folds for

training,

∗ For each combination of hyper-parameters (except the number of epochs) we
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do the following,

· We train the model on the four training folds until we are confident that

there will be no improvement of the validation concordance index by

further training. For this purpose, we use a stopping criterion to specify

when (at what epoch) to stop (see Section A.10.3 for more details),

· We determine the maximum validation concordance index along with the

corresponding number of epochs,

∗ We repeat the above two sub-steps for all combinations of the hyper-

parameters,

– We repeat the above sub-steps on all five folds where each fold is considered as

the validation fold at a time,

• We determine the values of the hyper-parameters that maximize the average validation

concordance index over the five hold-out validation folds,

• For the optimal values of hyper-parameters identified in the previous step, we calculate

the average number of selected epochs over the five hold-out validation folds.

CNN for imaging data

For imaging data, there are only three models that facilitate the use of the convolutional

neural network (CNN): our proposed CNN-based model BigSurvCNN, MTLR, and PMF. We sim-

ulated time-to-event outcomes using the MNIST dataset with 60,000 grayscale handwritten

images for training and 10,000 for testing (see Section 2.6.2 for more details). We keep the

provided 10,000 testing images as the fixed hold-out testing dataset. To explore the effects

of data constraints (e.g., sample size), we sample a fraction of the original 60,000 training

images for training purpose. We randomly select 100 of such sampled training datasets with

the size Nsample. We train our models over the sampled dataset and report the concordance

index over the hold-out testing dataset. All three models require tuning of several hyper-
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parameters. We consider the following hyper-parameters for the three models: the batch

size (64, 256), the learning rate (0.01, 0.001, 0.0001), dropout rate (0.0, 0.2, 0.4), l2 penalty

coefficient (0.0, 10−2, 10−1), and number of epochs up to 1000. For discrete models MTLR, and

PMF, we consider the number of bins to partition time into as an extra hyper-parameter with

possible values of (10, 100). We use the following steps for tuning the hyper-parameters:

• We randomly split the sampled dataset (with size Nsample) into training/validation

datasets (80% training 20% validation),

– For each combination of hyper-parameter values (except the number of epochs)

we do the following,

∗ We train the model on the 80% training portion until we are confident that

there will be no improvement of the validation concordance index by further

training. For this purpose, we use a stopping criterion to specify when (at

what epoch) to stop (see Section A.10.3 for more details),

∗ We determine the maximum validation concordance index along with the

corresponding number of epochs,

• We determine the values of the hyper-parameters (except the number of epochs) that

maximizes the validation concordance index,

• For the optimal values of hyper-parameters specified in the previous step, we identify

the optimal number of epochs,

• We train the model using the original sampled training dataset (with Nsample samples)

with the tuned hyper-parameters and report concordance index on the hold-out testing

dataset.

Finally, we report the average testing concordance index for the trained models over 100

sampled training datasets.
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A.10.3 Early stopping criterion

It is crucial to determine the ideal training length for a neural network: While too little

training gives an under-fit model, too much training over-fits and results in poor performance

on the test dataset. One common approach to deal with this is to train the model on the

training dataset until the performance on a validation dataset stops improving. This widely

used approach to training neural networks is known as early stopping [121]. In practice, the

validation error curve is not usually smooth, with some stochastic behavior due to our use

of stochastic optimization: It might have several nearby local minima [121]. To deal with

this, one can continue training for a small number of epochs past the initially identified local

minimum to increase confidence that there will be no later improvement in performance

on the validation set. This approach is known as patience [121]. In our implementation,

we propose an early stopping criterion based on a weighted moving averaged validation

concordance index instead of the single validation concordance index calculated at each

epoch. The weighted moving averaged concordance index considers higher weight on more

recent concordance indices than past indices. For instance, at the j-th epoch of training,

the i-th (i ≤ j) validation concordance index receives weight wj−i, where w (0 ≤ w ≤ 1) is

the moving average weight. Note that w = 0 returns only the latest validation concordance

index (we define 00 ≡ 1 in this instance), while w = 1 returns the simple average of validation

concordance indices. In our implemented early stop criterion, we wait for ep (patience) epochs

before stopping early if there is no improvement on the weighted moving averaged validation

concordance index. Compared with the curve of single concordance indices, the weighted

moving average smooths out the curve and better deals with the stochastic behavior of the

validation concordance index. Therefore, the early stopping criterion based on the weighted

moving averaged validation concordance index increases our confidence that there will be

no further improvement in validation performance when training is stopped. Algorithm

6 summarizes our proposed early stopping criterion used in our implementation. For all

methods, we chose the extra number of epochs (patience) before early stopping as ep = 5.
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For our implementation of the early stopping criterion, we chose the moving average weight

factor as w = 0.8. Although we present our stopping criterion based on the concordance

index (as a measure of accuracy) rather than loss, one can easily modify it based on loss or

the other evaluation criteria.
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Algorithm 6: Early stopping criterion

Result: Maximum validation concordance index and corresponding number of

epochs

Initialization:

Moving average weight factor: w

Maximum number of epochs: emax

Extra number of epochs (patience) before early stopping: ep

Start with e = 1:

while e ≤ emax do

Calculate validation concordance index CIvalid[e]

Calculate the weighted moving averaged validation concordance index as

CIvalidMA [e] =

∑e
j=1 w

j−1CIvalid[j]∑e
j=1w

j−1
.

if
(
e > ep

)
and

max
(
CIvalidMA [e], CIvalidMA [e− 1], . . . , CIvalidMA [e− ep + 1]

)
< CIvalidMA [e− ep] then

Stop training,

emax = e.

else

e = e+ 1,

Continue training

end

end

Report CIvalidopt = max
e=1,...,emax

{
CIvalid[e]

}
as the maximum validation concordance

index and eopt = argmax
e=1,...,emax

{
CIvalid[e]

}
as the corresponding number of epochs.

Calculate validation concordance index CIvalid[e]
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A.11 Complementary results

A.11.1 Effect of misspecification of the initial learning rate

Choosing an appropriate learning rate may help improve the statistical efficiency of our es-

timator for a fixed number of epochs. In practice, we have found that AMSGrad is much

more robust to misspecification of the learning rate. The left panel in Figure A.1 compares

MSE with varying choices of C for the learning rate defined as γm = C√
m

. We use AveAMS-

Grad over 1000 simulated datasets (based on the data generation mechanism explained in

Section 2.6.1 with the probability of censoring pc = 0.2) with 100 and 1000 epochs. We

observe choosing an appropriate value of C (around 0.1) gives a strong performance. Choos-

ing smaller or larger values of C may necessitate more than 100 epochs: Smaller values of

C (e.g., C = 0.05) result in too little ”learning” in each step of the SGD algorithm, while

higher values of C result in too much noise. The right panel of Figure A.1 considers the

same settings as the left panel, except we increase the number of epochs from 100 to 1000.

As we see, our algorithm with the higher number of epochs is relatively robust to a wider

range of C around the empirically optimal value.

A.11.2 Effect of number of sample strata on coverage for plugin approach

In Section A.7, we gave a plugin approach for constructing a (1−α)×100% CI. Although there

are
(
n−1
s−1

)
possible strata per each observation, in practice, we prefer to consider a random

small fraction of them to estimate the standard error. Figure A.2 presents the coverage of

95% CI constructed using the plugin approach with a varying number of strata sampled per

observation (i.e., no). We considered 100 simulated datasets (based on the data generating

mechanism explained in Section 2.6.1 with a probability of censoring pc = 0.2) with 100

epochs to estimate β̃. We observe sampling between 100 and 1000 strata per observation

(no) gives near nominal coverage. This makes our computation tractable, especially for large

datasets (e.g., for sample size n = 10000, we only need 100 sample strata instead of going

through all
(

9999
19

)
≈ 8.06× 1058 sample strata).
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Figure A.1: (left panel) log10(MSE) for varying values of C with 100 epochs; (right panel)

log10(MSE) for varying values of C with 1000 epochs. We choose mini-batch size K = 1, strata

size S = 20, P = 10 features, and probability of censoring pc = 0.2.

A.11.3 Estimation of hazards ratio with 95% confidence interval

We present results of estimates of the hazard ratio with 95% confidence intervals for the

FLCHAIN and GBSG datasets. For the FLCHAIN dataset, variable lambda has a heavily

right-skewed distribution and variable mgus is unbalanced (with 99% value 0 and 1% value

10). For the GBSG dataset, variables tumor size, posnodal, prm, and esm have right-skewed

distributions and variable tumor grade is a categorical variable with three categories. We

chose strata size S = 20, mini-batch size K = 1, C = 0.12 in the learning rate defined as

γm = C√
m

, number of epochs 100, and AMSGrad algorithm with an average of estimate over

iterates (AveAMSGrad). For the plugin method, we used no = 1000 strata per observation

to estimate the standard error. For the bootstrap method, we used B = 1000 bootstrap

resamples with 100 epochs. Table A.1 and A.2 present estimates of hazard ratio with a 95%
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Figure A.2: Coverage versus number of samples per observation (no) for estimating 95% CI

using plugin method. We used AveAMSGrad with empirically optimal C for learning rate

defined as γm = C√
m

), batch size K = 1, number of epochs 100, P = 10 features, strata size

S = 20, and probability of censoring pc = 0.2.

confidence interval for the FLCHAIN and GBSG datasets. As we see, all three approaches

give very close estimates of hazard ratio and 95% confidence intervals for all covariates’

coefficients.
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Table A.1: Estimates of hazards ratio and 95% confidence interval for different covariates in

dataset FLCHAIN (n = 6542, P = 8, pc = 0.7) with coxph() and BigSurvSGD (AveAMS-

Grad). We use strata size S = 20, batch size K = 1, number of epochs 100, and C = 0.12

for the learning rate defined as γm = C√
m

.

coxph() BigSurvSGD-plugin BigSurvSGD-bootstrap

age 1.107 (1.102, 1.113) 1.107 (1.099, 1.114) 1.107 (1.100, 1.113)

sex 0.756 (0.688, 0.831) 0.755 (0.674, 0.847) 0.756 (0.673, 0.844)

sample year 1.056 (1.017, 1.096) 1.054 (1.015, 1.095) 1.054 (1.008, 1.105)

kappa 1.018 (0.952, 1.088) 1.031 (0.939, 1.130) 1.029 (0.891, 1.149)

lambda 1.185 (1.122, 1.251) 1.181 (1.111, 1.254) 1.183 (1.097, 1.311)

FLC group 1.057 (1.035, 1.079) 1.056 (1.032, 1.080) 1.056 (1.026, 1.090)

serum creatinine 1.036 (0.941, 1.141) 1.044 (0.932, 1.170) 1.044 (0.854, 1.244)

mgus 1.303 (0.792, 2.146) 1.292 (0.817, 2.045) 1.293 (0.857, 2.976)

A.11.4 Computing time for different methods

In Section 2.6.1, we showed that our proposed methodology gives reliable estimates and infer-

ence (in-line with results from maximization of the full partial likelihood, when that method

works) and it avoids memory issues. Figure A.3 compares the computing time (in seconds)

of the i) proposed framework estimating only the coefficients; ii) the proposed method with

bootstrap or plugin approach to estimate variance, and iii) the standard coxph(). We eval-

uated these methods for a varying number of observations (n) and covariates (P = 10, 20).

The simulations to get Figure A.3 were conducted on a quad-core Intel Core i7-2600 with

12 GB RAM. The computing time of all frameworks increases almost linearly in the sample

size, n. Figure A.3 shows that the current implementation of our methodologies is slower

than coxph(). The bootstrap methodology with B = 10 re-samples (suffices to give a correct

coverage) suffers less, and the computing time with and without calculating variance is close
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Table A.2: Estimates of hazards ratio and 95% confidence interval for different covariates in

GBSG dataset (n = 2232, P = 7, pc = 0.43) with coxph() and BigSurvSGD (AveAMSGrad).

We use strata size S = 20, batch size K = 1, number of epochs 100, and C = 0.12 for the

learning rate defined as γm = C√
m

.

coxph() BigSurvSGD-plugin BigSurvSGD-bootstrap

htreat 0.707 (0.549, 0.911) 0.687 (0.533, 0.886) 0.689 (0.535, 0.909)

age 0.991 (0.973, 1.009) 0.988 (0.970, 1.008) 0.987 (0.967, 1.007)

menopausal status 1.295 (0.904, 1.855) 1.342 (0.921, 1.955) 1.370 (0.935, 1.973)

tumor size 1.008 (1.000, 1.016) 1.008 (1.000, 1.016) 1.008 (0.999, 1.017)

posnodal 1.050 (1.035, 1.065) 1.056 (1.032, 1.086) 1.057 (1.019, 1.081)

prm 0.998 (0.997, 0.999) 0.998 (0.997, 0.999) 0.998 (0.997, 0.999)

esm 1.000 (0.999, 1.001) 1.000 (0.999, 1.001) 1.000 (0.999, 1.001)

tumor grade 1 0.459 (0.271, 0.776) 0.463 (0.281, 0.763) 0.466 (0.294, 0.833)

tumor grade 2 0.866 (0.663, 1.131) 0.874 (0.661, 1.158) 0.872 (0.647, 1.143)

to each other. The reason is that it can be easily paralleled over the bootstrap re-samples. In

small sample sizes it is definitely better to use the standard coxph(), however, as scalability

becomes an issue, for massive datasets, our framework performs quite well (and coxph() can

no longer be used).

A.11.5 Predicted risk scores for imaging data

In Section 2.6.2, we presented results for the concordance index with a minimalist architecture

for sub-network Net. We observed that the performance improves when training sample size

and η (i.e., the proportion of risk score to digit value) increases. The main reason for

getting a poor performance for small values of the training sample size and η is that the

network may not be able to predict the risk score (i.e., fβ(x)) well enough. Figure A.4
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Figure A.3: Computing time with proposed bootstrap and plugin methods and coxph() for

different sample sizes (n) and feature sizes (p). We choose mini-batch size K = 1, number of

epochs 100, B = 10 bootstrap samples for the bootstrap method (we observed this number

suffices to give a correct coverage), no = 100 samples per observation for the plugin method,

probability of censoring pc = 0.2, and the optimal value C = 0.12 for the learning rate

defined as γm = C√
m

.

presents the predicted risk scores (centered by subtracting the mean) versus true digits for

ntest = 10, 000 testing images using the minimalist architecture for sub-network Net. The

network architecture, hyper-parameters tuning procedure, and optimizer are the same as
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what we considered to get Figure 2.9. We observe that the predicted scores for different digits

become more separated when training sample size ntrain and η increases. More separated

predicted risk scores result in a better ranking of digit pairs, consistent with what we observed

in Figure 2.9. By comparing top images with bottom ones, we also observe that increasing

sample size improves the prediction only when there is enough signal in the images.

A.11.6 More simulation results with different types of covariates

In this section, we compare our methodologies with the current state-of-the-art coxph()

for more simulated scenarios. We consider scenarios including (1) fewer covariates with

different signal levels, (2) categorical covariates, (3) heavily-skewed covariates, and (4) cor-

related covariates. For all simulated data, given the covariate matrix x, we generate time-

to-event/censoring y and event status δ as

y ∼ exp
(
µ = exp (−xTβ∗)

)
δ ∼ Bernoulli

(
p = 1− pc

)
, pc = Pr(t > c).

For all simulation results presented here, we choose mini-batch size K = 1, number of epochs

100, B = 100 bootstrap samples for the bootstrap method, no = 100 samples per observation

for the plugin method, probability of censoring pc = 0.2 (except for rare events), and the

proportional constant value C = 0.12 for the learning rate defined as γm = C√
m

. We average

100 random Monte Carlo simulations to report the results.

We consider P = 10 covariates in total. To examine different levels of signal, we choose

β∗ = β × (1,
−→
0 4, 1,

−→
0 4), i.e., only ps = 2 covariates among all covariates carry a signal

through β. In all of our extended simulations in this section, we choose three values for β:

0.1 for (weak-level signal), 0.5 (medium-level signal), and 1.0 (high-level signal). Note that

we limit our analysis to small-to-moderate datasets that allow us to compare coxph() to

our proposed framework. However, an additional benefit of our proposed framework over

the standard coxph() is that it supports large datasets without encountering computational

issues and could scale up to nearly arbitrary numbers of observations.
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Simulated survival dataset with uniform features

In this scenario, we generate P = 10 uniform covariates and we normalize them to have

variance one. Figure A.5 compares MSE and coverage of our proposed methodologies to the

current state-of-the-art coxph(). We observe that our proposed methodologies and coxph()

perform quite well for varying sample size (n) and signal level β.

Simulated survival dataset with categorical features

In this scenario, we generate P = 10 binary covariates and we normalize them to have

variance one. Figure A.6 compares MSE and coverage of our proposed methodologies to the

state-of-the-art coxph(). We observe that our proposed methodologies and coxph() perform

quite well for varying sample size (n) and signal level β.

Simulated survival dataset with heavily-skewed features

In this scenario, we generate right-skewed covariates using a log-normal distribution with

parameters µ = 0 and σ = 1. We normalize all covariates to have variance one. Figure

A.7 compares MSE and coverage of our proposed methodologies with the state-of-the-art

coxph(). We notice that when the sample size n and signal level β grow, coxph() performs

worse, whereas our methodologies improve as n and β increase. Although we normalize the

covariates to have variance 1, skewed covariates have large outliers, and coxph() becomes

computationally unstable because of its recursive updating mechanism.

Simulated survival dataset with both categorical and heavily-skewed features

In this scenario, we investigate both categorical and skewed covariates. Additionally, we

allow correlation between all covariates. To begin, we generate P = 10 covariates using a

multivariate normal distribution with a mean zero and an exchangeable correlation structure

with a coefficient of ρ. We then apply marginal transformations to obtain the specified

marginal distributions.
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Figures A.8, A.9, and A.10 compare MSE and coverage of our proposed methodologies

with the current state-of-the-art coxph() for coefficients ρ = 0.2, ρ = 0.5, and ρ = 0.8. We

observe that when the sample size n, signal level β and ρ increase, coxph() starts to perform

worse. Our proposed methodologies improve as n and β increase and remain robust against

varying values of correlation coefficient ρ.

A.11.7 Rare event with strata size S = 50

In this section, we examine the effect of the probability of censoring with a different (higher)

strata size, i.e., S=50. Figure A.11 compares our proposed framework to the current state-

of-the-art coxph() with sample size n = 1000, varying values of the censoring probability.

Outside of the strata size, all other settings are the same as we presented in Section 2.6.1

for S = 20. We observe that our proposed methodology performs very closely to coxph().

By comparing Figure A.11 here to Figure 2.4, we observe that choosing a higher strata size

improves efficiency. However, a choice of S = 20 may be good enough in practice.

A.11.8 Correlated covariates and dependent censoring

In Section 2.6.1 of Chapter 2, presented a scenario for a mis-specified model where we missed

including the second covariate affecting the event time. We assumed that two covariates

affecting the event time are independent. In this section, we present two other scenarios, one

for dependent covariates and the other one for dependent censoring.

Correlated covariates

Suppose that we generate event time T and censoring time C based on hazards functions

hT (t, x) and hC(t, x) as following

hT (t, x) = h0(t)eγ1x+γ2x2 ,

hC(t, x) = h0(t)eαx, (A.47)
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where γ1 and γ2 formulate the relationship between the event time T , and feature x and its

quadratic term x2; α formulates the relationship between the censoring time C and feature

x. Similar to the scenario presented in 2.6.1, the observation time and event status are given

by (2.14). Here we only observe x and miss to include term x2 (which is correlated with

x), and we aim to study the effect of covariate x by the minimization problem given by

(2.5). In particular, we are interested in knowing that how different values of γ1, γ2, and α

affect the estimate of β(s). For simulations, we generate x from a uniform distribution, i.e.,

x ∼ U(0, 1) and then we use (A.47) and (2.12) to generate the survival data with sample

size n = 105. All the following results are based on averaging over 100 randomly generated

survival datasets. Figure A.12 illustrates the average censoring rates for different values of

γ1, γ2, and α. As we expect, the censoring rates increase by α, and decrease by γ1 and γ2.

Figure A.13 compares the average estimate of parameter β(s) for different values of γ1, γ2,

and α. With γ2 = 0 (the first column in Figure A.13), i.e., no model mis-specification, the

estimate of the parameter β(s) is about the same as γ1 for all models except for higher values

of α where our proposed framework with strata size s = 2 suffers from very low event rate.

With γ1 = 0 (the first row in Figure 2.7), i.e., there no effect from x but there is an effect

from its quadratic form x2, all methods perform poorly when the model is mis-specified (i.e.,

γ2 6= 0). For other scenarios, when there is a linear effect from covariate x and the model is

mis-specified (i.e., γ2 6= 0 and γ1 6= 0), the optimization with different strata sizes gives an

estimate of β(s) which is far from γ1.

Dependent censoring

Suppose that our event time T and censoring time C are generated based on hazards functions

hT (t, x) and hC(t, x) as following

hT (t, x) = h0(t)eγ1x1+γ2x2 ,

hC(t, x) = h0(t)eα(γ1x1+γ2x2), (A.48)
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where γ1 and γ2 formulate the relationship between the event time T , and features x1 and x2;

α, γ1, and γ2 formulate the relationship between the censoring time C and features x1 and x1.

In this scenario, conditioned on observing x1, the event and censoring times are dependent

(also called residual dependent). Here, we only observe x1 and missed to include covariate

x2. We are interested in knowing that how different values of γ1, γ2, and α affect the estimate

of β(s) from optimization procedure (2.5) for different values of strata size s. For simulations,

we independently generate x1 and x2 from a uniform distribution, i.e., x1, x2 ∼ U(0, 1) and

then we use (A.48) and (2.12) to generate survival data with sample size n = 105. All

the following results are based on averaging over 100 randomly generated survival datasets.

Figure A.14 illustrates the average censoring rate for different values of γ1, γ2, and α. By

noting that x1, x2 > 0, the censoring rates increases by α, γ1, and γ2. Figure A.15 compares

the average estimate of parameter β(s) for different values of γ1, γ2, and α. With γ1 = 0

(the first row in Figure A.15), i.e., there no effect from x1, the estimate of β(s) is very close

to γ1. With γ2 = 0 (the first column in Figure A.15), i.e., no model mis-specification, the

estimate of the parameter β(s) is about the same as γ1 for all models except for higher values

of α where optimization procedure with s = 2 suffers from very low event rate. For other

scenarios, when the model is mis-specified (i.e., γ2 6= 0 and γ1 6= 0), when the event rate is

not very low, optimization with strata size s = 2 outperforms others. But the estimate of

β(s) from (2.5) with s = 2 suffers more when the censoring rate increases.

A.12 Round-off error

In Chapter 2, we discussed that the current gold standard coxph() is susceptible to round-off

error, resulting in computational instability. The reason for this is because of the trick used

to decrease the computational complexity from O(n2) to O(n). In this section, we explain

how such a round-off error happens. As a reminder, the gradient of the log full-partial
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likelihood is given by (see equation (2.4))

∇β

{
− pl(n)(β|D(n))

}
= −

n∑
i=1

(
x(i) −

∑
j∈Ri x

(j) exp (βTx(j))∑
j∈Ri exp (βTx(j))

)
. (A.49)

Suppose we do not have censoring and ties, and all patients are ordered based on their

time-to-event, where patients with smaller time-to-event come first. Because of the nested

summations, a näıve calculation would have computational complexity on the order of O(n2).

Since we have Ri = Ri+1 ∪ {i}, we can write∑
j∈Ri

x(j) exp (βTx(j)) =
∑

j∈Ri+1

x(j) exp (βTx(j)) + x(i) exp (βTx(i))

∑
j∈Ri

exp (βTx(j)) =
∑

j∈Ri+1

exp (βTx(j)) + exp (βTx(i)). (A.50)

Therefore, one can start with the n-th observation and gradually update the numerator

and denominator of (A.49) using the idea in (A.50). This trick reduces the computation

complexity to O(n) but comes with a cost in stability: Round-off error when you add a

minimal number to a very large number or consider something like [(small+ large)− large]

[140]. In the standard coxph() implementation, the chance of round-off error increases as

(1) the number of high-signal features grows and (2) the number of observations grows.

With more high-signal features, the chance of including two observations with significantly

different risks (in different orders of magnitude) in the same risk set grows. When we use

the trick in (A.50) with many observations, round-off error may accumulate when updating

the numerator and the denominator in (A.49).

A.13 Choosing strata size s

In the case of a correctly specified model, one can use U-statistic theory (see Section 2.4) to

derive the variance of our proposed estimator as a function of strata size s. We found that

analytically evaluating the effect of s on that variance is difficult (it is unclear to us how to

simplify terms). Instead, we evaluated this effect empirically as shown in Figure 2.1. We

found that choosing strata size s = 2 (the smallest possible value) results in a small, but
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potentially noticeable, loss in efficiency. For strata sizes, s = 5 and s = 10, the amount of

loss is, by our determination, practically negligible and we have almost no loss for s = 20

or higher. In the case of model mis-specification, we found that choosing strata size s = 2

is very interpretable as we optimize a smoothed pairwise concordance (see Table 2.2 and

Figure 2.9). We also investigate the effect of strata size when the event is rare (Figures 2.4

and A.11). We observed that when the model is correctly specified and the event is rare,

choosing S = 20 generally suffices to achieve the correct estimate and inference (though to

be safe, one might choose S = 50 in this case). Our recommendation is to use S = 20 in

the case that you strongly believe in linearity and proportional hazards and to use S = 2 if

instead, you are just using the partial-likelihood-loss for risk stratification.

A.14 Our big data problem versus high-dimensional data

In Section 2.6.1, we presented results for big data scenarios. We allow the number of observa-

tions n to grow while we keep the number of covariates fixed such that p� n. While it is well

known that an unregularized model will not work well in a high-dimensional problem, we are

illustrating different phenomena here. The problem we engage with is not particularly a high

dimensional problem, in that p � n. Here, the issue is related to computational instability

as opposed to some curse of dimensionality — this is illustrated via the simulation result

in Figure 2.1 in Section 2.6.1 as our proposed method (which is also unregularized) gives

good estimates (and more specifically, unlike coxph() the performance of the method doesn’t

degrade as n increases). However, we have decreased focus on this, as the full signal sce-

nario is admittedly unrealistic, and have instead focused more on the broadened simulation

experiments.
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Figure A.4: Centered predicted risk scores (fβ(X i)) versus centered true digit value (di) for

handwritten digit i in testing data (i = 1, 2, . . . , ntest = 10000) for our proposed methods

bigSurvCNN. The blue line is the best linear line regressing all centered predicted scores

versus their true digit values. The network architecture and parameters are exactly the

same as we considered in Section 2.6.2 to get Figure 2.9 (see Appendix A.4 for more details

about the network architecture and the procedure for tuning hyper-parameters).
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Figure A.5: Comparing log10(MSE) (left panel) and coverage (right panel) for varying sample

size n and varying level of signal β. The total number of uniform features (with variance 1) is

P = 10 but only Psig = 2 among them have a signal level of β. We choose mini-batch size K = 1,

number of epochs 100, B = 100 bootstrap samples for the bootstrap method, no = 100 samples per

observation for the plugin method, probability of censoring pc = 0.2, and C = 0.12 for the learning

rate defined as γm = C√
m

.



136

2.0 2.5 3.0 3.5 4.0 4.5 5.0

−
5
.0

−
4
.0

−
3
.0

−
2
.0

log10 of sample size (n)

lo
g

1
0
(M

S
E

)

coxph(),  β = 0.1

coxph(),  β = 0.5

coxph(),  β = 1
BigSurvSGD,  β = 0.1

BigSurvSGD,  β = 0.5

BigSurvSGD,  β = 1

2.0 2.5 3.0 3.5 4.0 4.5 5.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

log10 of sample size (n)

c
o
ve

ra
g
e

coxph(),  β = 0.1

coxph(),  β = 0.5

coxph(),  β = 1
bootstrap,  β = 0.1

bootstrap,  β = 0.5

bootstrap,  β = 1
plugin,  β = 0.1

plugin,  β = 0.5

plugin,  β = 1
95% nominal coverage

Figure A.6: Comparing log10(MSE) (left panel) and coverage (right panel) for varying sample

size n and varying level of signal β. The total number of binary features (with variance 1) is

P = 10 but only Psig = 2 among them have a signal level of β. We choose mini-batch size K = 1,

number of epochs 100, B = 100 bootstrap samples for the bootstrap method, no = 100 samples per

observation for the plugin method, probability of censoring pc = 0.2, and C = 0.12 for the learning

rate defined as γm = C√
m

.



137

2.0 2.5 3.0 3.5 4.0 4.5 5.0−
5
.0

−
4
.0

−
3
.0

−
2
.0

log10 of sample size (n)

lo
g

1
0
(M

S
E

)

coxph(),  β = 0.1

coxph(),  β = 0.5

coxph(),  β = 1
BigSurvSGD,  β = 0.1

BigSurvSGD,  β = 0.5

BigSurvSGD,  β = 1

2.0 2.5 3.0 3.5 4.0 4.5 5.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

log10 of sample size (n)

c
o
ve

ra
g
e

coxph(),  β = 0.1

coxph(),  β = 0.5

coxph(),  β = 1
bootstrap,  β = 0.1

bootstrap,  β = 0.5

bootstrap,  β = 1
plugin,  β = 0.1

plugin,  β = 0.5

plugin,  β = 1
95% nominal coverage

Figure A.7: Comparing log10(MSE) (left panel) and coverage (right panel) for varying sample size

n and varying level of signal β. The total number of right-skewed features (with variance 1) is

P = 10 but only Psig = 2 among them have a signal level of β. We choose mini-batch size K = 1,

number of epochs 100, B = 100 bootstrap samples for the bootstrap method, no = 100 samples per

observation for the plugin method, probability of censoring pc = 0.2, and C = 0.12 for the learning

rate defined as γm = C√
m

.
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Figure A.8: Comparing log10(MSE) (left panel) and coverage (right panel) for varying sample

size n and varying level of signal β. In total, there are five binary and five right-skewed features,

generated marginally from multi-normal covariates with an exchangeable correlation structure with

ρ = 0.2 (low level of correlation). But only one covariate per each type of covariate has a signal with

the level of β. We choose mini-batch size K = 1, number of epochs 100, B = 100 bootstrap samples

for the bootstrap method, no = 100 samples per observation for the plugin method, probability of

censoring pc = 0.2, and C = 0.12 for the learning rate defined as γm = C√
m

.
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Figure A.9: Comparing log10(MSE) (left panel) and coverage (right panel) for varying sample size n

and varying level of signal β. In total, there are five binary and five right-skewed features, generated

marginally from multivariate normal covariates with an exchangeable correlation structure with

ρ = 0.5 (medium level of correlation). But only one covariate per type has a signal with level

β. We choose mini-batch size K = 1, number of epochs 100, B = 10 bootstrap samples for the

bootstrap method, no = 100 samples per observation for the plugin method, probability of censoring

pc = 0.2, and C = 0.12 for the learning rate defined as γm = C√
m

.
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Figure A.10: Comparing log10(MSE) (left panel) and coverage (right panel) for varying sample

size n and varying level of signal β. In total, there are five binary and five right-skewed features,

generated marginally from multi-normal covariates with an exchangeable correlation structure with

ρ = 0.8 (high level of correlation). But only one covariate per type has a signal with level β. We

choose mini-batch size K = 1, number of epochs 100, B = 100 bootstrap samples for the bootstrap

method, no = 100 samples per observation for the plugin method, probability of censoring pc = 0.2,

and C = 0.12 for the learning rate defined as γm = C√
m

.



141

0.5 0.6 0.7 0.8 0.9

−
2

.6
−

2
.4

−
2

.2
−

2
.0

probCens

M
S

E

coxph(),  β = 0.1

coxph(),  β = 0.5

coxph(),  β = 1
BigSurvSGD,  β = 0.1

BigSurvSGD,  β = 0.5

BigSurvSGD,  β = 1

0.5 0.6 0.7 0.8 0.9

0
.5

0
.6

0
.7

0
.8

0
.9

1
.0

probCens

c
o
ve

ra
g

e

coxph(),  β = 0.1

coxph(),  β = 0.5

coxph(),  β = 1
bootstrap,  β = 0.1

bootstrap,  β = 0.5

bootstrap,  β = 1
plugin,  β = 0.1

plugin,  β = 0.5

plugin,  β = 1

Figure A.11: Comparing log10(MSE) (left panel) and coverage (right panel) for varying levels of

signal β. The total number of uniformly distributed features (with variance 1) is P = 10 but only

Psig = 2 among them have a signal level of β. We choose strata size S = 50, sample size n = 1000,

mini-batch size K = 1, number of epochs 100, B = 100 bootstrap samples for the bootstrap method,

no = 100 samples per observation for the plugin method, and C = 0.12 for the learning rate defined

as γm = C√
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Figure A.12: Average censoring rate over 100 randomly generated survival datasets with

sample size n = 105 for different values of γ1, γ2, and α. Event and censoring times are

generated based on hazards models in (A.47) with sample size sample size n = 105 where

censoring rate is calculated by Pr(C < T ).
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Figure A.13: Average estimate of β(s) (y-axis) over 100 randomly generated survival datasets

with sample size n = 105 from coxph() and bigSurvSGD with strata sizes s = 2 and s = 20.

We choose sample size n = 105. For our proposed framework, we choose mini-batch size

K = 1, number of epochs 100, and C = 0.12 for the learning rate defined as γm = C√
m

.
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Figure A.14: Average censoring rate over 100 randomly generated survival datasets with

sample size n = 105 for different values of γ1, γ2, and α. Event and censoring times are

generated based on hazards models in (A.48) with sample size sample size n = 105 where

censoring rate is calculated by Pr(C < T ).
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Figure A.15: Average estimate of β(s) (y-axis) over 100 randomly generated survival datasets

with sample size n = 105 from coxph() and bigSurvSGD with strata sizes s = 2 and s = 20.

We choose sample size n = 105. For our proposed framework, we choose mini-batch size

K = 1, number of epochs 100, and C = 0.12 for the learning rate defined as γm = C√
m

.
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Appendix B

ADDITIONAL MATERIALS FOR CHAPTER 3

B.1 Derivation of the proposed updating procedure in Chapter 3

With proximal gradient descent (PGD) [141], the updating rule for our optimization problem

in (3.3) is given by

β̂m+1 = proxγm,R

(
β̂m − γm∇βF (s)(β̂m)

)
, (B.1)

where F (s)(β) = Es
[
f (s)(β)

]
; γm is the learning rate (and should be specified in advance);

and proxγ,R(x) is the proximity operator defined as

proxγ,R(x) = argmin
y

{1

2
||y − x||2 + γR(y)

}
. (B.2)

Here, PGD applies the proximity operator (defined by the non-smooth function R(β)) to the

iterations of gradient descent (calculated by the smooth function F (s)(β)). By combining

(B.1) and (B.2), we remain to solve

β̂m+1 = argmin
y

{1

2
||y −

(
β̂m − γm∇βF (s)(β̂m)

)
||2 + γm(1− α)λy + γmα||y||1

}
, (B.3)

which further simplifies to

(1 + γm(1− α)λ) · β̂m+1 = β̂m +
γm
s
∇βEs

[
p`(s)(β̂m|D(s)

m )
]
− γmαλ ∗ sign(β̂m+1), (B.4)

where sign(x) is defined as 1 if x > 0, -1 if x < 0, otherwise it is in (−1, 1). After some

simple calculations, the m+ 1 iterate of our PGD algorithm is given by:

β̂m+1 =
S
(
β̂m + γm

s
∇βEs

[
p`(s)(β̂m|D

(s)
m )
]
, γmαλ

)
1 + γm(1− α)λ

(B.5)

where S(z, a) is the soft thresholding operator defined as S(z, a) = sign(z)(|z| − a)+.
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S(z, a) = sign(z)(|z| − a)+ =

{ z − a if z > a

0 if − a ≤ zj ≤ a

z + a if zi < −a,

(B.6)

Noting the fact that for any β we have

∇βEs
[
pl(s)(β|D(s)

m )
]

= Es
[
∇β
{
pl(s)β|D(s)

m )
}]
, (B.7)

provided that x are drawn from a reasonable distribution (e.g., bounded). Therefore, by

using the alternative U-statistic-based loss in (3.4), we can get the updating rule given by

(3.5).

B.2 A regularization path for λ

Given the objective function, we are usually interested in evaluating the model in (3.2) and

its U -statistics-based version in (3.4) for different values of α and λ. We consider the pathwise

procedure proposed and studied by [74, 5] for tuning λ. To do this, we fix α and evaluate

solutions for a path of λ values starting from λmax and ending with λmin. Choosing λmin

depends on the structure of data but a rule of thumb is to choose λmin = 0.01 for p < n and

λmin = 0.0001 for p ≥ n [5, 75]. Note that λmin = 0 returns the non-regularized solution

that might behave poorly. We next explain how to calculate λmax. The solution of (3.2) is

in the form of ∇βEs
[
`s(β)

]
= Es

[
∇β`s(β)

]
= 0 which is equivalent to

1

s
Es
[
∇βp`(s)(β)

]
= λα ∗ sign(β) + λ(1− α) ∗ β. (B.8)

Given (B.8), a necessary condition to have β = 0 (i.e., βj = 0 for j = 1, 2, . . . , p) is:

∣∣sign(βj)
∣∣ =

[∣∣Es[∇βp`(s)(β)]β=0

∣∣]
j

sλα
< 1 for j = 1, 2, . . . , p, (B.9)

or

λ >
||Es[∇βp`(s)(β)]|β=0||∞

sα
(B.10)
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Remember that, by definition, sign(x) ∈ (−1, 1) for x = 0. The smallest value of λ giving

us all-zero solutions for β is ||∇βp`(s)(β)β=0||∞/α which can be chosen as the maximum

value on the regularization path for λ, i.e., λmax. In practice, we can estimate λmax for our

re-framed penalized Cox model by taking an average over ns (ns �
(
n
s

)
) randomly selected

strata as

λ̂max =

∣∣∣∣∣∣ 1
ns

∑
ns strata

{∇pl(s)(β|D(s))}
∣∣∣
β=
−→
0

∣∣∣∣∣∣
∞

sα
. (B.11)

After calculating λmax, we can select a λ-sequence on the log scale starting from λmax and

ending at a pre-specified λmin. We may consider different sequences of λ for different val-

ues of α to find the best pair of (α, λ)) based on the pre-specified selection criterion (e.g.,

concordance index).

For a specific random strata with data D(s) = {Di = (yi, δi,x
(i))|i = 1, 2, . . . , s}, we can

simplify ∇β

{
pl(s)(β|D(s))

}∣∣∣
β=
−→
0

using matrix multiplications as

∇β

{
pl(s)(β|D(s))

}∣∣∣
β=
−→
0

=
s∑
i=1

(
xTi −

∑
j∈Ri x

T
j e
xTj β)∑

j∈Ri e
xTj β

)∣∣∣
β=
−→
0

=



δ1

δ2

δ3

...

δs−1



T 

1− 1
s

−1
s

−1
s

. . . −1
s

−1
s

0 1− 1
s−1

−1
s−1

. . . , −1
s−1

−1
s−1

0 0 1− 1
s−2

. . . −1
s−2

−1
s−2

...
...

... . . .
...

...

0 0 0 . . . 1
2

−1
2





x(1)T

x(2)T

x(3)T

...

x(s−1)T


.

(B.12)



149

VITA

Aliasghar (Arash) Tarkhan was born to a family of rice farmers in Rostam Rud, a village

in Natel Kenar-e Sofla Rural District in the Central District of Nur County, Mazandaran

Province, Iran. He received two bachelor’s degrees in Electrical Engineering with a focus

on Telecommunication Systems and Power Systems from the Amirkabir University of Tech-

nology in 2008. He received a master’s degree in Electrical Engineering with a focus on

Microwave and Optical Communications in 2011. He also received a master’s degree in Elec-

trical Engineering with a focus on Signal Processing from the University of Washington in

2016.


