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Simulating and understanding magnetic properties are essential for developing new magnetic

materials. In this dissertation, some advances in ab initio methodologies for simulating

magnetic properties based on the variational treatment of magnetic fields are presented.

The new methodologies are applied for properties such as noncollinear spin and magnetic

circular dichroism (MCD), and bring further insights into these phenomena. In Chapter 1,

we give a general introduction of the interaction between matter and electromagnetic fields.

In Chapter 2, the generalized Hartree-Fock formalism with variational magnetic field is

outlined and applied for simulating the non-collinear spin in molecular systems induced by

external magnetic field. We show that the two component formalism is a natural choice for

accommodating the spin collinearity in strong magnetic field. Chapters 3 and 4 present a new

simulation method for magnetic circular dichroism based on linear response with variational

treatment of magnetic fields. This variational treatment is advantageous in both calculation

efficiency and the ability of approaching strong magnetic field compared with the traditional

perturbation theory. We also include spin-orbit coupling variationally, which enables the

simulation of temperature dependence of MCD for open-shell systems. The non-collinear

density functional theory (DFT) and time-dependent density funcrional theory (TDDFT)

are implemented with finite field gauge including atomic orbital (GIAO) to mitigate the



gauge origin dependence problem in simulating magnetic properties. In Chapter 5, the MCD

simulation method by real time electronic dynamics with variational treatment of magnetic

fields is outlined. We showed the relationship between the MCD signal and the magnetically

perturbed electric dipole-dipole response function.
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PREFACE

This dissertation focuses on the recent development in the ab initio simulation of molec-

ular magnetic properties, especially the spin phase transition in the magnetic fields and

magnetic circular dichroism. The non-perturbative treatment of the magnetic fields is high-

lighted. It enables the simulation of spin-noncollinearity caused by the magnetic fields,

simplify the calculation and understanding of the magnetic properties and open up a door

to the strong field realm. My contributions and the contributions of the others’ to the

development of these methods will be outlined in the following chapters.

Chapter 1 provides the preliminaries to understand the phenomena in the magnetic fields.

The magnetic fields are introduced in the Hamiltonian in the form of vector fields. The gauge

transformation and gauge origin dependence problem is discussed in detail, which explain

the advantages of using gauge including atomic orbital in the non-perturbative treatment of

magnetic fields. The light-matter interaction is briefly discussed to provide the basic notions

for studying magnetic circular dichroism in the following chapters.

Chapter 2 present the development of non-relativistic generalized Hartree-Fock formalism

for simulating molecules with a variational treatment of the magnetic fields. It is known to

us that without periodic boundary condition, the magnetic field is the only thing to break

time reversal symmetry, which can cause the spin-non-collinearity in the molecular systems.

Thus, the generalized Hartree-Fock, or two-component formalism is vital for simulating the

magnetic properties and spin-phase transitions. However, for closed shell molecules, when

the magnetic field is not strong, restricted Hartree-Fock is still a valid formalism. Appendix A

outlines the Obara-Saika algorithm for calculating the gauge including atomic orbital inte-

grals, which is important in the ab initio simulation. A relativistic two-component formalism

xiii



for the non-perturbative treatment of magnetic fields is presented in Chapter 4. Without

magnetic field, the spin-orbit coupling induce the spin-anisotropy while conserving the time-

reversal symmetry.

Chapter 3 and Chapter 4 present the development of using linear response method to

simulate and analyze the magnetic circular dichroism. In Chapter 3, the linear response

TDHF is developed and used for simulating closed shell molecules. The non-perturbative

treatment simplifies the explanation and simulation of B term in MCD. The A term caused

by Zeeman effect and peak broadening is discussed in Appendix B Chapter 4 present the

simulation of closed shell and open shell with transition metal compounds. The spin-orbit

coupling and magnetic fields are treated non-perturbatively in the exact two-component

formalism. The excitation energy and transition moments are simulated by non-collinear

TDDFT in the linear response formalism. The temperature dependence of the open shell

systems is a big challenge. With non-perturbative treatment of magnetic field, this can be

simulated by the transition from different microstates weighted by a temperature dependent

Boltzmann factor.

Chapter 5 provide a method of simulating MCD with real-time electronic dynamics. It

is shown that the MCD spectrum can be related to the frequency dependent electric dipole-

electric dipole response function. This response function can be related to the time evolution

of the expectation value of electric dipole perturbed by an electric field. Such relation can

be generalized to the absorption spectra and electronic circular dichroism spectra.

Chapter 6 is about the unfinished work of four component relativistic formalism in GIAO

orbitals.

xiv
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Chapter 1

INTRODUCTION

In order to study the magnetic properties with ab initio simulations, we need to introduce

the magnetic fields in molecular quantum mechanics. We are interested in the interaction

between the magnetic fields and the molecule as well as the plane wave and the electrons.

In this work, we limit our discussion of these interactions to semi-classical treatment of

electromagnetic fields. We believe that in the experimental condition, when the intensity

of the field is not too strong, and the frequency of the plane wave is not too high, the

semi-classical approximation is valid.

First, we introduce the magnetic fields in both Schrödinger’s equation and Dirac’s equa-

tion in the Coulomb gauge. Next, we will brifly go through the light-matter interaction in

the semi-classical treatment.

One difficulty for molecular ab initio simulation of the magnetic properties is the gauge

origin problem. In principle, gauge transformation does not change the physics. However, in

the presence of magnetic fields, with localized atomic orbitals, the simulated energy as well

as other properties will become gauge origin dependent. We will give an explanation and

introduce gauge including atomic orbital to mitigate this unphysical dependence of magnetic

properties upon gauge origin choice.

1.1 Introducing Magnetic Fields in the non-relativistic Hamiltonian

Generally, vector potential and magnetic fields always have the relation

B = ∇×A (1.1)
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Define scalar potential as φ, then the electric field is

E = −∇φ− ∂

∂t
A (1.2)

The gauge transformation can be defined with an arbitrary scalar field of space and time

f(r, t),

A→ A′ = A +∇f (1.3)

φ→ φ′ = φ− ∂

∂t
f (1.4)

and the electromagnetic fields are unchanged after the transformation.

Next, we will introduce the fields in the Schrödinger’s and Dirac’s equation. It can be

proofed that the scalar fields is not involved in the Hamiltonian, thus we only consider the

vector potential in the Hamiltonian.

We choose Coulomb gauge (also known as the radiation gauge) throughout the whole

thesis,

∇ ·A = 0 (1.5)

In the free particle Schrödinger’s equation

i
∂ψ(r, t)

∂t
=

p2

2m
(1.6)

In the Pauli equation, we introduce spin by replacing p with σ · p, and the Hamiltonian

without external fields is the same as Eq. (1.6).

We introduce the vector potential with minimal coupling, i.e., by relplacing p with p−

qA. For electrons, q = −e = −1 in the atomic units. Then the spin-free Schrödinger’s

Hamiltonian of free electron becomes

H = −∇
2

2
− iA · ∇+

A2

2
(1.7)
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and by using the Dirac identity

(σ · u)(σ · v) = (u · v)I2 + iσ · u× v (1.8)

we can show that the spin dependent non-relativistic Pauli’s Hamiltonian becomes

H = −∇
2

2
− iA · ∇+

A2

2
+ µBσ ·B (1.9)

The last term in Eq. (1.9) is the spin Zeeman term, where σ = 2s and µB is Bohr magneton,

which is 1
2

in atomic units.

By introducing the minimal coupling in the Dirac’s Hamiltonian, we have

HD = cα · (−i∇+ A) + βmc2 (1.10)

1.2 Gauge Transformation of Many Electron Systems

Now we want to show that the N electron system is invariant under gauge transformation of

vector potential Eq. (1.3). After the gauge transformation, the many electron Hamiltonian

transform from H =
∑N

i [σ · (pi + A)]2 to H =
∑N

i [σ · (pi + A + ∇f)]2, or from HD =∑N
i cα·(p+A)+βmc2 to HD =

∑N
i cα·(p+A+∇f)+βmc2. The transformed Hamiltonian

can be written as

H(A′) = exp (−iF )H(A) exp (iF ) (1.11)

where F =
∑N

i=1 f(ri). The unitary transformation of Hamiltonian can be proofed by

showing that

(−i∇i + A) exp[if(ri)] = exp[if(ri)](−i∇i + A+∇f(ri)) = exp[if(ri)](−i∇i + A′) (1.12)

The transformation of other operators, such as nuclear attraction operator, electron-electron

repulsion operators, are trivial.
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Corresponding to the change in the Hamiltonian, the wave function is also transformed

Ψ′ = exp(−iF )Ψ (1.13)

with this transformation, the energy is invariant to the gauge transformation, and there is a

connection between the original wave function and transformed wave function. [29,30]

1.3 Gauge Origin Dependence in the Localized Orbitals

If we only have static magnetic fields, then in the scale of molecules, we can usually regard

the static magnetic fields as uniform, B(r) = B, i.e., constant in the whole space. The vector

potential can be defined as

A =
1

2
B× (r−O) (1.14)

where O is the chosen gauge origin.

A change of gauge origin can be seen as gauge transformation. If we change the gauge

origin from O to O′ = O + ∆O , then the new vector potential of the uniform magnetic

field is

A′ =
1

2
B× (r−O′)

=
1

2
B× (r−O + ∆O)

=
1

2
B× (r−O) +∇

[
1

2
(B×∇O) · r

]
(1.15)

which match with the form of gauge transformation Eq. (1.3) with

f =
1

2
(B×∇O) · r (1.16)

.

In Hilbert space, the transformation of wave function Eq. (1.13) can easily be done.

However, in quantum chemistry calculations, usually we use the linear combination of lo-
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Figure 1.1. The wave function before gauge transformation is in the basis space.
The gauge transformation rotate the wave function out of the space (the arrow
out of the basis plane) if the basis space is not complete. The best approximation
is the projection of transformed wave function in the basis space (red arrow).

calized atomic orbitals such as Gaussian orbital and Slater type orbitals to form the molec-

ular orbital. Such localized atomic orbitals are not complete, limiting the transformation

Eq. (1.13) in a subspace of the Hilbert space. As illustrated in Fig. 1.1, before gauge trans-

formation, the projection of the wave function Ψ in the basis space {χ} is 〈χ | Ψ〉. The

gauge transformation rotate the state to exp(−iF )Ψ and the optimal solution obtained

in the original basis space 〈χ | exp(−iF )Ψ〉. If the basis space is not complete, the ex-

pectation value of the energy before and after the transformation (〈Ψ | χ〉 〈χ |H|χ〉 〈χ | Ψ〉

versus 〈exp(−iF )Ψ | χ〉 〈χ |exp(−iF )H exp(iF )|χ〉 〈χ | − exp(iF )Ψ〉) may not be identical,

since the basis space {χ} may not be complete. However, if the basis space can also be

transformed into {exp(−iF )χ}, the projection of the state becomes

〈exp(−iF )χ | exp(−iF )Ψ〉 = 〈χ | Ψ〉 (1.17)
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, and the expectation value becomes

〈exp(−iF )Ψ | exp(−iF )χ〉× (1.18)

〈exp(−iF )χ |exp(−iF )H exp(iF )| exp(−iF )χ〉× (1.19)

〈exp(−iF )χ | exp(−iF )Ψ〉 (1.20)

= 〈Ψ | χ〉 〈χ |H|χ〉 〈χ | Ψ〉 (1.21)

which is identical to the result before the gauge transformation even for an incomplete basis

space. Usually in the quantum chemical simulation, we use localized basis function without

transformation. Thus, the calculation result of molecular systems in the presence of magnetic

fields with Gaussian basis function always shows gauge origin dependence. If we use a more

complete Gaussian basis, the projection of the wave function and Hamiltonian in the basis

space will approximate the complete space better. Thus, a bigger Gaussian basis set have

less gauge origin dependence. However, in order to mitigate the gauge origin problem, the

increase in the computational cost of using a more complete basis can be prohibitively high

in the real cases.

1.4 Gauge Including Atomic Orbital: Defining Local Gauge Origin on Each
Atom

In order to mitigate the gauge origin dependence for a localized atomic orbital without using

a bigger basis set, the gauge including atomic orbital (GIAO) was proposed. In the presence

of uniform magnetic field B, it is defined as

χ̃µ(r,kA) = χµ(r−RA)eikA·(r−RA) (1.22)

where the vector is defined as

kA =
RA ×B

2
(1.23)
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. {χµ(r−RA)} are localized atomic orbital (AO) basis functions centered at nuclear coor-

dinate RA. The GIAO can be regarded as a localized atomic orbital attached with a phase

factor. The phase factor defines the local gauge origin at each nuclear center in the presence

of magnetic field with a plane wave. This can be shown as follows

kA · (r−RA) =
RA ×B

2
· (r−RA) = −1

2
(B×RA) · r (1.24)

which satisfy the form of gauge origin trasformation factor −f in Eq. (1.16) with ∆O =

RA −O, where the original gauge origin O is defined at (0, 0, 0), RA = RA −O, r = r−O

and the fact that RA ×B ·RA = 0. We have

χ̃µ(r,kA) = e−i
1
2

[B×(RA−O)]·rχµ(r−RA) (1.25)

The Hamiltonian in the basis representation

〈χ̃A |H| χ̃A〉 =
〈
χA

∣∣∣e−i 1
2

[B×(RA−O)] H ei
1
2

[B×(RA−O)]
∣∣∣χA〉 (1.26)

transform the gauge origin of the Hamiltonian from O to nuclear coordinate RA. Thus, the

GIAO defines a local gauge origin on each atom in the basis representation. No matter what

gauge origin is chosen in the vector potential, the calculation result does not change.

It should be pointed out that GIAO provides a uniform way of choosing gauge origin in

the localized basis function. Whether or not it is the optimal way of defining a gauge origin

is still under debate.

1.5 Interaction between the plane wave and matter

We can show that with only magnetic fields and radiation fields, the Hamiltonian in the

Coulomb gauge is not dependent on the scalar field. The electrostatic interaction can be

written as charge interaction.

Assume there is no source in the space of interest, in the Coulomb gauge, the scalar
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potential φ = 0. Only vector potential is needed to express the electromagnetic wave. The

equation of motion for vector potential in vacuum is

∇2A− 1

c2

∂2

∂t2
A = 0 (1.27)

the electric and magnetic field is given by

E = −∂A

∂t
(1.28)

B = ∇×A (1.29)

For linearly polarized plane wave propagating in direction κ̂, with polarization unit vector

ε̂i, the complex vector potential

Ã = A0ε̂i exp[i(ωt− κ · r)] (1.30)

The real vector potential

A = Ã + Ã∗ =
1

2
{A0ε̂i exp[i(ωt− κ · r)] + (A0ε̂i)

∗ exp[−i(ωt− κ · r)]} (1.31)

r is the coordinate of interest. the complex form of electric field

Ẽ = E0ε̂i exp[i(ωt− κ · r)] (1.32)

and the real electric field is E = 1
2
(Ẽ + Ẽ∗)

Eq. (1.28) gives the relation

E0 = −iωA0 (1.33)

From Eq. (1.29), we can find the magnetic field of the plane wave

B̃ = −i(κ× ε̂i)A0 exp[i(ωt− κ · r)] (1.34)
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For circularly polarized light, assume the wave is propagating in direction z. The polar-

ization unit vector is

ε̂i = ε̂± =
1

2

(
ε̂x ± iε̂y

)
(1.35)

where

ε̂R = ε̂+, ε̂L = ε̂− (1.36)

The non relativistic field-matter interaction term in the Hamiltonian Eqs. (1.7) and (1.9)

HI =
N∑
i

A · pi (1.37)

The light-matter interaction will be discussed in the response function section. Here we

use the conclusion from Ref. 119 that the transition probability from the ground state to

one excited state is proportional to the square of the norm of transition matrix element

Pi→f ∝

∣∣∣∣∣
〈
f

∣∣∣∣∣
N∑
i

Ã∗ · pi

∣∣∣∣∣ i
〉∣∣∣∣∣

2

Ni (1.38)

where Ni is the population of initial state. Since this excitation absorb photon with positive

frequency, the matter interact with the complex conjugate of Ã. The absorption is propor-

tional to the photon energy, concentration of the molecules, and transition probability and

divided by the intensity of the light A ∝ NiPi→f~ω/(E0)2, thus

A ∝ ω
∣∣〈f |exp(iκ · r)ε̂∗i · p| i〉

∣∣2Ni (1.39)

where the time dependent part of the wave is taken out out the bracket and integrated to

give a delta function of frequency.

For circularly polarized light propagating in z direction, A± = Ax±iAy√
2

, it is easy to show
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that

∣∣〈f ∣∣A∗± · p∣∣ i〉 ∣∣2=
∣∣〈f |A∗0 exp(iκ · r)ε̂∓ · p| i〉

∣∣2 =
∣∣〈f |A∗0 exp(iκ · r)p∓| i〉

∣∣2 (1.40)

where

p∓ =
px ∓ ipy√

2
(1.41)

and the circular dichroism is defined as the difference of absorption of left and right polarized

light, A− − A+. The circular dichroism can be calculated as

∆A ∝ A− − A+ =ωNi

(∣∣〈f |exp(iκ · r)p+| i〉
∣∣2−∣∣〈f |exp(iκ · r)p−| i〉

∣∣2) (1.42)

=ωNi

(∣∣〈i |exp(−iκ · r)p−| f〉
∣∣2−∣∣〈i |exp(−iκ · r)p+| f〉

∣∣2) (1.43)

where we use the relation

〈f |exp(iκ · r)p±| i〉∗ = 〈i |[exp(iκ · r)p±]∗| f〉 = 〈i |exp(−iκ · r)p∓| f〉 (1.44)

In the low frequency limit, κ · r is small, exp(iκ · r) ≈ 1. This is the electric dipole

approximation. Using the commutator relation [p2, r] = −2ip, we can write the matrix

element as

〈i |A0pj| f〉 = A0 〈i |i[H0, rj]| f〉 = i(Ei − Ef )A0 〈i |rj| f〉 = −iωA0 〈i |rj| f〉 = E0 〈i |rj| f〉

(1.45)

where we used the relation Eq. (1.33). This is the length gauge. The transition probability

Pi→f ∝ ω2|A0|2
∣∣〈f |ε̂∗i · r| i〉 ∣∣2= |E0|2

∣∣〈f |ε̂∗i · r| i〉 ∣∣2 (1.46)

The absorption of linearly polarized light in the dipole approximation and length gauge can

be written as

A ∝ ω
∣∣〈f |ε̂∗i · r| i〉 ∣∣2Ni = ω

∣∣〈i |ε̂i · r| f〉 ∣∣2Ni (1.47)
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For circular dichroism, with dipole approximation,

∆A ∝ ω
(∣∣〈i |ε̂− · r| f〉 ∣∣2−∣∣〈i |ε̂+ · r| f〉

∣∣2)Ni

= ω
(∣∣〈i |µ−| f〉 ∣∣2−∣∣〈i |µ+| f〉

∣∣2)Ni (1.48)

where µ± = (rx ± iry)/
√

2. Without the presence of the magnetic fields, the dipole contri-

bution to the circular dichroism is zero.

In relativistic case, the Heisenberg equation of motion gives

cα = −i[r, H0] (1.49)

the light matter interaction can be written as

〈f |HI | i〉 =
〈
f
∣∣∣cα · Ã∗∣∣∣ i〉 = −i

〈
f
∣∣∣r · Ã∗∣∣∣ i〉 (Ei − Ef ) = iω

〈
f
∣∣∣r · Ã∗∣∣∣ i〉 (1.50)

which is similar to the non-relativistic case.

Next, let us go beyond dipole approximation. If we do Taylor expansion of plane wave

for the exponent and cut off at first order, Eq. (1.39) becomes

A ∝ ω
∣∣〈i |(1− iκ · r)ε̂i · p| f〉

∣∣2Ni (1.51)

Focus on the second part 〈i |(κ · r)(ε̂i · p)| f〉.

(κ · r)(ε̂i · p) =
1

2
[(κ · r)(ε̂i · p) + (κ · p)(ε̂i · r)]

+
1

2
[(κ · r)(ε̂i · p)− (κ · p)(ε̂i · r)] (1.52)

It can be shown that

(κ · r)(ε̂i · p)− (κ · p)(ε̂i · r) = (κ× ε̂i) · (r× p) (1.53)
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From Eq. (1.34) we can find that this term is the interaction between the magnetic field and

the magnetic dipole (one half of the orbital angular momentum l = r× p).

From commutator [p2, rr] = −2i(pr + rp), we have pr + rp = i[H0, rr]. The matrix

element of the first term in Eq. (1.52)

1

2
κ · 〈i |rp + pr| f〉 · ε̂i =

i

2
κ · 〈i |[H0, rr]| f〉 · ε̂i =

i(Ei − Ef )
2

κ · 〈i |rr| f〉 · ε̂i

=− iωκ

2
· 〈i |rr| f〉 · ε̂i (1.54)

we notice that κ · ε̂i = 0, thus κ · I3 · ε̂i = 0. And

−iωκ
2
· 〈i |rr| f〉 · ε̂i = −iωκ

2
·
〈
i

∣∣∣∣rr− r · r I3

3

∣∣∣∣ f〉 · ε̂i =
κ

2
· 〈i |Q| f〉 · E0

A0

(1.55)

In summary,

〈i |(1− iκ · r)ε̂i · p| f〉 =− iωε̂i · 〈i |r| f〉 −
i

2
(κ× ε̂i) · 〈i |l| f〉 −

ωκ

2
· 〈i |Q| f〉 · ε̂i (1.56)

=
1

A0

(E0 · 〈i |r| f〉+
B0

2
· 〈i |l| f〉 − iκ

2
· 〈i |Q| f〉 · E0) (1.57)

For circularly polarized light, due to the right hand rule, κ× ε̂x = |κ|ε̂y, κ× ε̂y = −|κ|ε̂x,

thus κ× ε̂+ = −i|κ|ε̂+, κ× ε̂− = i|κ|ε̂−. From Eq. (1.56), we have

〈i |(1− iκ · r)ε̂± · p| f〉 =− iωε̂± · 〈i |r| f〉 −
i

2
(∓i)|κ|ε̂± · 〈i |l| f〉 −

ωκ

2
· 〈i |Q| f〉 · ε̂±

=− iω 〈i |r±| f〉 ∓
1

2
|κ| 〈i |l±| f〉 −

ωκ

2
· 〈i |Q·±| f〉

=− iω
[
〈i |r±| f〉 ∓

i

2
· 〈i |l±| f〉 −

iωκ̂

2
· 〈i |Q·±| f〉

]
(1.58)

where |κ| = ω. Since

iQ± = i(Qxz ± iQyz) = iQxz ∓Qyz = ∓(Qyz ∓ iQxz) = ∓Q∓ (1.59)
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〈i |(1− iκ · r)ε̂± · p| f〉 = −iω
[
〈i |r±| f〉 ∓

i

2
〈i |l±| f〉 ±

ωκ̂

2
· 〈i |Q·∓| f〉

]
(1.60)

Thus

A± ∝
1

|E0|2
| 〈i |(1− iκ · r)ε̂± · p| f〉 |2

=| 〈i |r±| f〉 |2 +

∣∣∣∣ i2 〈i |l±| f〉
∣∣∣∣2 +

∣∣∣∣ωκ̂2 · 〈i |Q·∓| f〉
∣∣∣∣2

± Im(〈f |r∓| i〉 〈i |l±| f〉)

± Re(〈f |r∓| i〉 〈i |Q∓| f〉)

− ωκ̂

2
Im(〈f |l∓| i〉 〈i |Q∓| f〉) (1.61)

Then for

∆A ∝ 1

|E0|2
[| 〈i |(1− iκ · r)ε̂− · p| f〉 |2 − | 〈i |(1− iκ · r)ε̂+ · p| f〉 |2] (1.62)

without the presence of static magnetic field, the contribution to Eq. (1.62) from the second

line of Eq. (1.61) is zero. The lowest contribution to Eq. (1.62) is the third line of Eq. (1.61),

∆A ∝− Im(〈f |r+| i〉 〈i |l−| f〉)− Im(〈f |r−| i〉 〈i |l+| f〉)

=− 2[Im(〈f |rx| i〉 〈i |lx| f〉) + Im(〈f |ry| i〉 〈i |ly| f〉)] (1.63)

assuming the light propagation direction is z. After isotropic average, the electronic circular

dichroism can be calculated by

∆A ∝ Im(〈f |r| i〉 · 〈i |l| f〉) (1.64)
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1.6 Time Evolution of the Observable and the Response Function

In this section, we introduce the response function and relate it to the time evolution of

the expectation value of the operator, i.e., observable. From the response function, we can

obtain the absorption spectra and electronic circular dichroism signal of molecular systems.

This section will provide the background knowledge for simulating MCD with real time

dynamics in Chapter 5. The readers only interested in linear response TDDFT method can

skip this section. In Secs. 1.6.1 and 1.6.2, we mainly follows and expand the derivation of

time evolution of observable in Ref. 112 with more details.

1.6.1 Liouville Equation

Time dependent Schrödinger equation and its complex conjugate are

i
∂

∂t
|ψ〉 = (H0 + Vt) |ψ〉 , −i ∂

∂t
〈ψ| = 〈ψ| (H0 + Vt) (1.65)

where Vt is a time dependent perturbation. It can also be represented in the Fourier trans-

formed form

Vt(r) =

∫ ∞
−∞

dωVω(r)e−iωt (1.66)

Density matrix in Schrödinger picture and interaction picture are defined separately as

ρ = |ψ〉 〈ψ| (1.67)

in interaction picture,

ρI(t) = eiH0t |ψ〉 〈ψ| e−iH0t (1.68)

The equation of motion for density matrix in interaction picture is

i
∂

∂t
ρI =eiH0tVt |ψ〉 〈ψ| e−iH0t − eiH0t |ψ〉 〈ψ|Vte−iH0t (1.69)
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Define operator in interaction picture

Vt(t) = eiH0tVte
−iH0t (1.70)

note that subscript t denote the time in Schrödinger picture, t in parenthesis is the time in

interaction picture. Then we have

eiH0tVt = Vt(t)e
iH0t, Vte

−iH0t = e−iH0tVt(t) (1.71)

So

i
∂

∂t
ρI = [Vt(t), ρI(t)] (1.72)

By integrating the time,

ρI(t) = ρ0 − i
∫ t

−∞
[Vt′(t

′), ρI(t
′)] (1.73)

or in Schrödinger picture

eiH0tρ(t)e−iH0t =ρ0 − i
∫ t

−∞
[eiH0t′Vt′e

−iH0t′eiH0t′ρ(t′)e−iH0t′

− eiH0t′ρ(t′)e−iH0t′eiH0t′Vt′e
−iH0t′ ]dt′ (1.74)

multiply e−iH0t on the left, eiH0t on the right:

ρ(t) =e−iE0tρ0e
iE0t − i

∫ t

−∞
dt′[Vt′(t

′ − t), eiH0(t−t′)ρ(t′)e−iH0(t−t′)] (1.75)

In principle, we can plug the Eq. (1.75) in the right hand side of Eq. (1.75), and obtain

an infinite expansion. In order to explain how real time dynamics works, we cut off the

expansion at first order.
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In linear response approximation, we use ρ0 as the density operator on the right hand

side

ρ(t) = ρ0 − i
∫ t

−∞
dt′[Vt′(t

′ − t), ρ0]dt′ (1.76)

1.6.2 Time evolution of the observable

For operator Ô, the expectation value at time t is

O(t) =
〈
ψ
∣∣∣Ô∣∣∣ψ〉 = Tr(ρO) = 〈0 |O| 0〉−i

∫ t

−∞
Tr([Vt′(t

′−t)ρ0O−ρ0Vt′(t
′−t)O])dt′ (1.77)

Notice that

Tr(Vt′(t
′ − t)ρ0O) = Tr(OVt′(t

′ − t)ρ0) = 〈0 |OVt′(t′ − t)| 0〉 (1.78)

and

Tr(ρ0Vt′(t
′ − t)O) = 〈0 |Vt′(t′ − t)O| 0〉 (1.79)

So

O(t) =O(0)− i
∫ t

−∞
dt′ 〈0 |[O, Vt′(t′ − t)]| 0〉

=O(0)− i
∫ ∞
−∞

dt′Θ(−(t′ − t)) 〈0 |[O, Vt′(t′ − t)]| 0〉 (1.80)

where the step function is

Θ(−(t′ − t)) =

1 −(t′ − t) > 0,which is t′ < t

0 −(t′ − t) < 0,which is t′ > t

(1.81)

The step function is used such that the integral upper limit is changed from t to ∞, and it

will be more convenient for the following derivations.
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Define retarded polarization propagator in time domain,

〈〈Ô;Vt′(t
′ − t)〉〉r = −iΘ(−(t′ − t)) 〈0 |[O, Vt′(t′ − t)]| 0〉 (1.82)

The time evolvement of the expectation value of operator Ô is

O(t) = O(0) +

∫ ∞
−∞
〈〈Ô;Vt′(t

′ − t)〉〉rdt′ (1.83)

decompose Vt′ into frequency domain according to Eq. (1.66), we have

O(t) = O(0) +

∫ ∞
−∞

dω

∫ ∞
−∞

dt′〈〈Ô;Vω(t′ − t)〉〉re−iωt (1.84)

where Vω(t′ − t) is frequency component operator Vω in interaction picture

Vω(t′ − t) = eiH0(t′−t)Vωe
−iH0(t′−t) (1.85)

The purpose of doing this transformation is to take advantage that operator Vω is independent

of time, and it will be easier to analyze the polarization propagator 〈〈Ô;Vω(t′ − t)〉〉r.

1.6.3 Lehmann representation

〈〈Ô;Vω(t′ − t)〉〉r =− iΘ(−(t′ − t))
∑
n

[〈0 |O|n〉 〈n |Vω(t′ − t)| 0〉 − 〈0 |Vω(t′ − t)|n〉 〈n |O| 0〉]

=− iΘ(−(t′ − t))
∑
n

[〈0 |O|n〉 〈n |Vω| 0〉 eiEn(t′−t)e−iE0(t′−t)

− 〈0 |Vω|n〉 〈n |O| 0〉 ei(En−E0)(t′−t)] (1.86)

Now we want to transform the function in time domain into frequency domain. Consider

integral



18

−
∫ ∞
−∞

dω
1

2πi

∑
n

[
〈0 |O|n〉 〈n |Vω′| 0〉
ω − (En − E0) + iη

]
e−iω(t−t′) (1.87)

The pole is at ω = (En − E0) − iη, which is in the lower half plane. When t − t′ > 0, the

path go through the lower half plane, and the contour is clockwise Fig. 1.2.

Figure 1.2. This is lower half plane contour with clockwise path. The dot is
(En − E0)− iη.

So the integral becomes

lim
η→0
−
∫ ∞
−∞

dω
1

2πi

∑
n

[
〈0 |O|n〉 〈n |Vω′ | 0〉
ω − (En − E0) + iη

]
e−iω(t−t′)

=−
(
− 2πi

2πi

∑
n

〈0 |O|n〉 〈n |Vω′| 0〉 e−i(En−E0)(t−t′)
)

=
∑
n

〈0 |O|n〉 〈n |Vω′ | 0〉 e−i(En−E0)(t−t′) (1.88)

when t − t′ < 0, the path go through the upper half plane. Since the upper half plane

has no poles, the integral becomes zero.

Figure 1.3. This is upper half plane contour with counterclockwise path. The
dot is (En − E0)− iη.
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So in summary,

lim
η→0
−
∫ ∞
−∞

dω
1

2πi

∑
n

[
〈0 |O|n〉 〈n |Vω′| 0〉
ω − (En − E0) + iη

]
e−iω(t−t′)

=


∑

n 〈0 |O|n〉 〈n |Vω′| 0〉 e−i(En−E0)(t−t′) t− t′ > 0

0 t− t′ < 0

(1.89)

For the same reason,

lim
η→0
−
∫ ∞
−∞

dω
1

2πi

∑
n

[
〈0 |Vω′|n〉 〈n |O| 0〉
ω + (En − E0) + iη

]
e−iω(t−t′)

=


∑

n 〈0 |Vω′|n〉 〈n |O| 0〉 e+i(En−E0)(t−t′) t− t′ > 0

0 t− t′ < 0

(1.90)

So this integral with η is equivalent to a step function.

− i
(
−
∫ ∞
−∞

dω
1

2πi

∑
n

[
〈0 |O|n〉 〈n |Vω′ | 0〉
ω − (En − E0) + iη

− 〈0 |Vω
′|n〉 〈n |O| 0〉

ω + (En − E0) + iη

]
e−iω(t−t′)

)
= 〈〈O;Vω′(t

′ − t)〉〉 (1.91)

the ω′ in the subscript denote the fourier component of the perturbation V. ω is the frequency

of response function.

Define

〈〈O;Vω′〉〉rω = lim
η→0+

∑
n

[
〈0 |O|n〉 〈n |Vω′| 0〉
ω − (En − E0) + iη

− 〈0 |Vω
′|n〉 〈n |O| 0〉

ω + (En − E0) + iη

]
(1.92)

Then the inverse Fourier transform is From Eq. (1.91), we have the relationship between

response function in time and frequency domain

〈〈O;Vω′(t
′ − t)〉〉r =

∫ ∞
−∞

dω

2π
〈〈O;Vω′〉〉rωe−iω(t−t′) =

∫ ∞
−∞

dω

2π
〈〈O;Vω′〉〉rωeiω(t′−t) (1.93)
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in order to obtain the inverse Fourier transform, we look at

∫ ∞
−∞
〈〈O;Vω′′(t

′)〉〉re−iωt′dt′ =
∫ ∞
−∞

dt′e−iωt
′
∫ ∞
−∞

dω′

2π
〈〈O;Vω′′〉〉rω′eiω

′t′

=

∫ ∞
−∞

dt′
∫ ∞
−∞

dω′

2π
〈〈O;Vω′′〉〉rω′ei(ω

′−ω)t′

=

∫ ∞
−∞

dω′〈〈O;Vω′′〉〉rω′δ(ω′ − ω)

=〈〈O;Vω′′〉〉rω (1.94)

Then we will study the linear response function in frequency domain.

lim
η→0+

〈0 |O|n〉 〈n |Vω′| 0〉
ω − (En − E0) + iη

= lim
η→0+

〈0 |O|n〉 〈n |Vω′| 0〉 [ω − (En − E0)− iη]

[ω − (En − E0)]2 − (iη)2

= lim
η→0+

〈0 |O|n〉 〈n |Vω′| 0〉 [ω − (En − E0)− iη]

[ω − (En − E0)]2 + (η)2

=
〈0 |O|n〉 〈n |Vω′| 0〉
ω − (En − E0)

− iπ 〈0 |O|n〉 〈n |Vω′ | 0〉 δ(ω − (En − E0)) (1.95)

where the last line use the property of delta function

δ(x) =
1

π
lim
ε→0

ε

x2 + ε2
(1.96)

1.6.4 Fourier transformation of the time dependent observable

The response function can be obtained from the time evolution of the expectation value of

the observable after a delta kick. It will be discussed in Chapter 5. With a delta kick of the

form

Vt = V δ(t)κ (1.97)

where κ is the strength of the perturbation, by applying a time-frequency transformation,

we can obtain the response function
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∫ ∞
−∞

(O(t)−O(0))eiωtdt =
κ

2π

∫
dt eiωt

∫
dω′e−iω

′t〈〈Ô;V 〉〉rω′ =κ〈〈Ô;V 〉〉rω′ (1.98)

1.6.5 Relating absorption spectra to response function

We use delta pulse of electric field as a perturbation, and electric dipole as an observable.

〈〈µα;µα〉〉rω = lim
η→0+

∑
n

[
〈0 |µα|n〉 〈n |µα| 0〉
ω − (En − E0) + iη

− 〈0 |µα|n〉 〈n |µα| 0〉
ω + (En − E0) + iη

]
(1.99)

So

Im(〈〈µα;µα〉〉rω) = −π
∑
n

[Re(〈0 |µα|n〉 〈n |µα| 0〉)δ(ω − (En − E0))

−Re(〈0 |µα|n〉 〈n |µα| 0〉)δ(ω + (En − E0))] (1.100)

σ(ω) = − 1

π

∑
α

Im(〈〈µα;µα〉〉rω) (1.101)

1.6.6 Relating ECD to response function

In this case, we use delta pulse of electric as a perturbation, and magnetic dipole as observ-

able. 〈〈mα;µβ〉〉rω. The rotatory strength of ECD can be written as

R(ω) =
∑
n

Im(〈0 |µα|n〉 〈n |mα| 0〉)δ(ω − (En − E0)) (1.102)

The response function

〈〈mα;µα〉〉rω = lim
η→0+

∑
n

[
〈0 |mα|n〉 〈n |µα| 0〉
ω − (En − E0) + iη

− 〈0 |µα|n〉 〈n |mα| 0〉
ω + (En − E0) + iη

]
(1.103)
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We defined Cn = 〈0 |mα|n〉 〈n |µα| 0〉 .The real part of the response function is

Re(〈〈mα;µα〉〉rω) = lim
η→0+

∑
n

[
Re(Cn)[ω − (En − E0)] + Im(Cn)η

[ω − (En − E0)]2 + (η)2

− Re(C∗n)[ω + (En − E0)] + Im(C∗n)η

[ω + (En − E0)]2 + (η)2

]
= lim

η→0+

∑
n

[
Im(Cn)η

[ω − (En − E0)]2 + (η)2
− Im(C∗n)η

[ω + (En − E0)]2 + (η)2

]
=π
∑
n

[Im(Cn)δ(ω − (En − E0))− Im(C∗n)δ(ω + (En − E0)] (1.104)

the second line drop the real part of Cn because for real orbitals, 〈0 |mα|n〉 is real and

〈n |mα| 0〉 is pure imaginary, so Re(Cn) = 0. So

R(ω) = − 1

π

∑
α

Re(〈〈mα;µα〉〉rω) (1.105)

The ECD signal can be simulated from the magnetic dipole-electric dipole resoponse function.
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Chapter 2

GENERALIZED HARTREE-FOCK WITH A
NON-PERTURBATIVE TREATMENT OF STRONG

MAGNETIC FIELDS: APPLICATION TO MOLECULAR SPIN
PHASE TRANSITIONS

In this chapter, we present a framework of an ab initio variational approach to effec-

tively explore electronic spin phase transitions in molecular systems inside a homogenous

magnetic field. In order to capture this phenomenon, the Complex generalized Hartree-Fock

(C-GHF) method is used in the spinor formalism with London orbitals. Recursive algorithms

for computing the one- and two-electron integrals of London orbitals are also provided. A

Pauli matrix representation of the C-GHF method is introduced to separate spin contribu-

tions from the scalar part of the Fock matrix. Next, spin phase transitions in two different

molecular systems are investigated in the presence of a strong magnetic field. Non-collinear

spin configurations are observed during the spin phase transitions in H2 and a di-Chromium

complex, [(H3N)4Cr(OH)2Cr(NH3)4]4+, with an increase in magnetic field strength. The

competing driving forces of exchange coupling and the spin Zeeman effect have been shown

to govern the spin phase transition and its transition rate. Additionally, the energetic contri-

butions of the spin Zeeman, orbital Zeeman, and diamagnetic terms to the potential energy

surface are also analyzed. The work in this chapter is adapted with permission from S. Sun,

D. Williams-Young, T. F. Stetina, and X. Li. Generalized hartree-fock with non-perturbative

treatment of strong magnetic field: Application to molecular spin phasetransition. J. Chem.

Theory Comput., 15:348–356, 2019.
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2.1 Introduction

Electron spin is a fundamental physical property that is important to a wide array of science

and technological applications such as energy storage, quantum computing, and chemical

catalysis. An atomic or molecular system has a spin-dependent many-electron response that

can be perturbed by an external electromagnetic field. Although effective model Hamiltoni-

ans with perturbative treatments of external fields [47, 106, 108,125] have their merits, they

are limited in their description of spin-dependent processes in the strong perturbation limit.

While molecular response to external electric fields has been a subject of extensive theoretical

work, computational frameworks for modeling finite magnetic field effects have been lagging

behind mainly due to three challenges; the gauge-origin problem, spin non-collinearity, and

necessity of complex arithmetic.

For many-atom systems, electronic structure calculations in the presence of electromag-

netic fields become dependent on the choice of the gauge-origin, mainly due to the basis set

incompleteness of Gaussian type orbitals. [22, 29, 30, 38, 59, 84, 90, 127] Among various ap-

proaches to correct for the gauge-origin problem, electronic structure methods using London

type orbitals [23, 101] provide the most satisfactory solution. [4, 10, 56–58, 80, 167] London

orbitals are constructed from conventional atomic orbitals dressed by a complex phase factor

that depends on the external vector potential, and are considered physically appropriate for

modeling chemical systems in an external magnetic field. [59]

In the non-perturbative limit, such as in the presence of a strong magnetic field, vari-

ational treatment of the electronic structure using London orbitals is required. [1, 71, 83]

For this purpose, Helgaker and coworkers have made algorithmic advances for evaluating

one- and two-electron integrals using London orbitals, and applied a variational approach

to study molecules in strong magnetic fields within the spin collinear framework at the

level of Hartree-Fock [155, 156], coupled cluster [146], configuration interaction, [87] density

functional theory, and current density functional theory. [35, 36, 157] While the electronic

characteristics of spin states in a magnetic field can be obtained using a variational spin-
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collinear method, the spin phase transition process, e.g., from singlet to triplet, driven by a

static magnetic field requires a spin-noncollinear treatment.

It is well known that certain symmetry breaking, such as an external static magnetic

field breaking time reversal symmetry and geometric frustration breaking continuous trans-

lation symmetry, will cause noncollinear spin configurations to arise. [2,34,40,45,129] Thus,

a proper description of spin processes must come from a solution of the first-principles spin-

dependent Hamiltonian that allows a variational treatment of non-collinear spin. The gener-

alized Hartree-Fock (GHF) method removes the spin collinear constraint from conventional

restricted and unrestricted Hartree-Fock (RHF and UHF) methods so that spins are allowed

to rotate freely in a non-collinear framework. A detailed history of the early GHF method

can be found in Reference 102 and we refer readers to a recent review [40] on non-collinear

spin. The GHF approach has been shown to be a convenient and inexpensive computational

platform to simulate spin dynamics of a single spin center in a static magnetic field [20] and

in a dissociated reaction. [21]

In this work, we introduce a variational spin non-collinear approach using the complex

GHF (C-GHF) method with London orbitals in the presence of a strong magnetic field. The

method implemented herein is able to model both spin-collinear and noncollinear phenomena

as well as the processes underlying the magnetic field induced spin phase transition. Note

that during the preparation of this manuscript, a variational GHF approach has been applied

to studies of orbital and spin effects in molecules subject to non-uniform magnetic fields. [131]

2.2 Methodology

2.2.1 Spinor Formalism of Generalized Hartree-Fock with London Orbitals

In order to treat non-collinear spins in a non-perturbative magnetic field, one needs to retain

the full vector form of the magnetization m(r) and allow each spin quantization axis to

rotate. This is equivalent to writing the spin orbitals as a superposition of the spin-up and

spin-down manifolds. For Hartree-Fock, this leads to the generalized Hartree-Fock (GHF)
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method, [20, 34, 40, 41, 102, 129, 148, 169] which is similar in structure to the wave function

used in two-component relativistic models. [27,28,64,86,98,100,116–118,164]

The spinor orbital is defined as

ψj(r) =

φαj (r)

φβj (r)

 (2.1)

The spatial functions {φαj (r,kA)}, {φβj (r,kA)} are expanded in terms of a common set of

complex London orbitals {χ̃µ(r,kA)},

φαj (r,kA) =
∑
µ

Cα
µjχ̃µ(r,kA) (2.2)

φβj (r,kA) =
∑
µ

Cβ
µjχ̃µ(r,kA) (2.3)

χ̃µ(r,kA) = χµ(r−RA)eikA·(r−RA) (2.4)

where {χµ(r−RA)} are real atomic orbital (AO) basis functions centered at RA. The

exponential form of the London orbital phase factor defines the local gauge origin at each

nuclear center in the presence of magnetic field with a plane wave vector described by kA =

RA×B
2

, where B is the external magnetic field.

In the spinor orbital basis defined in Eq. (2.1), the Fock matrix (F) and the density

matrix (P with P σσ′
µν =

∑occ
j Cσ

µjC
σ′∗
νj ) have a spin-blocked form, [20] shown in Eq. (2.5)

X =

Xαα Xαβ

Xβα Xββ

 , X ∈ {F,P} (2.5)

In the current implementation, we cast the rank-2 spin-blocked F and P matrices in the
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Pauli matrix basis, [118]

F =
3∑

n=0

Fn ⊗ σn (2.6)

P =
3∑

n=0

Pn ⊗ σn (2.7)

σ0 =

1 0

0 1

 ,σ1 =

0 1

1 0

 ,σ2 =

0 −i

i 0

 ,σ3 =

1 0

0 −1


where the scalar (F0) and spin part (F1,F2,F3) of Fock matrix are defined as [118]

F0 = h0 + J[P0] + K[P0], (2.8)

Fn = hn + K[Pn], n = 1, 2, 3. (2.9)

The Coulomb (J) and exchange (K) matrices are,

Jµν [P0] =
∑
λκ

(µν|κλ)P0,λκ (2.10)

Kµν [Pn] =
∑
λκ

(µλ|κν)Pn,λκ, n = 0, 1, 2, 3 (2.11)

where

(µν|κλ) =

∫
d3r1

∫
d3r2

χ̃∗µ(r1,kA)χ̃ν(r1,kB)χ̃∗κ(r2,kC)χ̃λ(r2,kD)

|r1 − r2|
(2.12)

are the electron repulsion integrals (ERIs). Note that since ERIs using London orbitals

are complex valued, they only have a four-fold symmetry instead of eight, as in the case of

real-valued ERIs,

(µν|κλ) =(κλ|µν) = (νµ|λκ)∗ = (λκ|νµ)∗ (2.13)



28

2.2.2 The Non-Relativistic Hamiltonian in the Presence of a Static and Uniform Magnetic

Field

In the non-relativistic framework, the interaction of an electron spin with external electro-

magnetic field is described by the Schrödinger-Pauli Hamiltonian:

ĥPauli =
1

2
[σ · (p + A)]2 − Û (2.14)

where A and Û are the vector potential and scalar potential of the electromagnetic field,

respectively. p = −i∇ is the momentum operator. Given the relationship between the

vector potential and the magnetic field, A = 1
2
B×r, the one-electron Pauli Hamiltonian can

be written as

hPauli = ĥ0(r) +
1

2
(σ − ir×∇) ·B +

1

8
(B× r)2 (2.15)

where ĥ0(r) is the field-free one-electron Hamiltonian. The second term includes spin and or-

bital Zeeman contributions. The third term is the diamagnetic contribution and is quadratic

in the strength of magnetic field, which can be expanded as

(B× r)2 =(B2
y +B2

z )x
2 + (B2

x +B2
z )y

2 + (B2
x +B2

y)z
2

− 2BxByxy − 2ByBzyz − 2BxBzxz (2.16)

The orbital Zeeman and the diamagnetic term do not directly contribute to the spin dynam-

ics. [20] Although these two terms are relatively small, they are important contributions in

diamagnetism. [49, 50, 120, 121] In the presence of a strong magnetic field, these two terms

account for significant contributions to the interaction between the chemical system and the

external field. [155]

Using the formalism of generalized Hartree-Fock in the Pauli matrix basis (Eq. (2.6)),

spin contributions in Eq. (2.14) can be separated from the scalar part. The resulting scalar
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Fock matrix is

F0 =h0 + J[P0] + K[P0]− i

2
L ·B +

1

8

{
(B2

y +B2
z )qxx + (B2

x +B2
z )qyy + (B2

x +B2
y)qzz

− 2BxByqxy − 2ByBzqyz − 2BxBzqxz
}

(2.17)

where Lµν = 〈χ̃µ|r × ∇|χ̃ν〉 is the orbital-angular momentum integral , and (qnm)µν =

〈χ̃µ|r̂nr̂m|χ̃ν〉 is the electric quadrupole integral. After spin separation using the Pauli ma-

trices, spin components of the Fock matrix are

Fn =
1

2
BnS + K[Pn], n = 1, 2, 3. (2.18)

where S is the overlap matrix.

2.2.3 Electron Integrals using London Type Orbitals

The electronic structure method introduced in this work requires the computation of one- and

two-electron integrals of London orbitals. Integrals are evaluated in complex arithmetic, and

corresponding recursion relationships are presented in the Appendix. In the current work,

one- and two-electron integrals of London orbitals and the complex generalized Hartree-Fock

method are implemented in the Chronus Quantum software package. [94]

2.3 Results and Discussion

The formalism of generalized Hartree-Fock in the spinor basis allows for calculations of non-

collinear spin states within the ab initio framework. With the atomic London orbitals and

associated one- and two-electron integrals, wave functions of chemical systems with multi-

spin-centers in the presence of a static magnetic field can be variationally optimized. In this

current work, we study the spin noncollinearity and magnetic phase transition of molecular

systems driven by static magnetic fields. All C-GHF calculations are done using the Chronus

Quantum software package.
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Figure 2.1. (a): The potential energy surface of an H2 molecule in a homogenous
magnetic field, |Bz| = 0.001 a.u. along the −z direction. (b): The expectation
value of Sz of the C-GHF solution.

The first test case is a H2 molecule in a uniform magnetic field. C-GHF solutions in the

presence of a static magnetic field were obtained with several different basis sets, including

6-31G, 6-31G(d,p), aug-cc-pVDZ, and aug-cc-pVTZ. Although differences in the absolute

energy computed with different basis sets are noticeable, the expectation values of Sz at a

given magnetic field only differ by less than 3%. In the following discussion, we will only

present the results computed at the C-GHF/aug-cc-pVTZ level of theory. [24] In this test

system, the static magnetic field (1 a.u. ≈ 2.35×105 T, based on SI units for magnetic field) is

aligned perpendicular to the molecular axis. Figure 2.1 plots the potential energy curve of an

H2 molecule in a uniform magnetic field (|Bz| = 0.001 a.u. along the −z direction) computed

using the complex generalized Hartree-Fock (C-GHF), complex unrestricted Hartree-Fock

(C-UHF), and complex restricted Hartree-Fock (C-RHF) with London orbitals. C-UHF

and C-RHF calculations are restricted to spin triplet (Sz = 1) and singlet (Sz = 0) states,

respectively. The C-GHF solution is not spin restricted. As a result, at all bond distances,

the C-GHF solution is always the lowest in energy.

From the equilibrium bond length toward the asymptotic dissociation limit, the change in

〈Sz〉 of the C-GHF solution suggests that the system undergoes a spin phase transition from
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〈Sz〉 = 0 to 1. This spin phase transition is a result of the competing driving forces of the

exchange coupling and paramagnetism. This can be understood from the perturbative and

phenomenological spin Hamiltonian including both the spin exchange coupling and Zeeman

effect,

H =− 1

2
J12S1 · S2 − gµBB · (S1 + S2) (2.19)

=− 1

2
J12|S1||S2| cos(θ)− gµBBz(S1z + S2z) (2.20)

where J12 is the exchange coupling strength, g is the spin g-factor, and µB is the Bohr

magneton. For a non-collinear spin alignment in the presence of a static magnetic field in

the z direction depicted in Fig. 2.2, the spin Hamiltonian can be written as in Eq. (2.20),

with the angle between the two spin vectors defined as θ. In the collinear spin electronic

structure framework, such as RHF and UHF, θ can only be 0◦ or 180◦. Without spin-orbit

coupling, the exchange coupling is isotropic.

!
!
2

#

Figure 2.2. Illustration of non-collinearity of two spin vectors.

At the equilibrium bond distance, the exchange coupling is much stronger than the Zee-

man term, giving rise to the antiparallel orientation of the two electrons, i.e., a closed-shell

configuration and θ = 180◦. As the bond length increases, the exchange coupling decreases

exponentially, whereas the strength of the Zeeman effect remains constant. At certain bond

lengths when the exchange coupling becomes weaker than the Zeeman term, the electronic
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system undergoes a spin phase transition. This spin phase transition is a non-collinear pro-

cess where θ can take on any value between 0◦ and 180◦, and the non-collinear spin state has

the lowest energy. In this regime, only the non-collinear C-GHF can describe the electronic

characteristics of the spin system.

Figure 2.3. Spin magnetization vector at different H-H bond lengths. (a):
RHH = 2.6 Å, 〈Sz〉 =0.19428, (b): RHH = 2.9 Å, 〈Sz〉 =0.48588, and (c):
RHH = 3.1 Å, 〈Sz〉 =0.88685. For all cases, the magnetic field strength is 0.001
a.u. along the −z direction. The area enclosed by the mesh has a charge density
> 0.002. The size of the 3D box is 550pm(W)× 300pm(H)× 300pm(D).

Figure 2.3 shows the progression of spin vectors during the spin phase transition when the

bond length is stretched from 2.6 to 3.1 Å, while keeping the magnetic field strength constant,

|Bz| = 0.001 a.u., along the −z direction. When a non-zero 〈Sz〉 moment is obtained in the

system, the overall spin vector is aligned opposite to the magnetic field arising from the spin
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Zeeman effect. As the spins undergo a phase transition, the angle between local spin vectors

decreases from 180◦ to 0◦. At RHH ∼ 2.9 Å (Fig. 2.3b) the two local spin vectors are nearly

orthogonal, exhibiting a strong non-collinearity in the presence of a magnetic field. The

UHF and RHF solutions are restricted by collinear spin configuration, and therefore, can

not capture the progression of spin phase transition via the spin noncollinear configuration.

The framework of C-GHF with London orbitals also allows for a variational exploration of

critical magnetic field strengths that can induce a spin phase transition in molecular systems.

Figure 2.4 plots the spin magnetization vector at different field strengths while keeping the

bond length fixed at 2.6 Å. As the magnetic field gets stronger, the expectation value of

Sz becomes greater, and a non-collinear spin phase transition is observed. In contrast to

the phenomenon in Fig. 2.3 where bond stretching weakens the exchange coupling, the spin

phase transition in Fig. 2.4 arises from the increasing strength of the spin Zeeman effect, due

to the increase in magnetic field strength. At |Bz| = 0.005 a.u., the spin phase transition is

already complete, and the triplet spin-collinear configuration is the lowest energy state.

Figure 2.5 plots the expectation value of Sz as a function of H-H bond length and mag-

netic field strength. Figure 2.5 suggests that the rate of the spin phase transition sensitively

depends on the strength of exchange coupling and spin Zeeman terms. At near the equilib-

rium bond distance with the strongest magnetic field (|Bz| = 0.3 a.u.) considered here, the

spin configuration switches almost immediately. In the weak field or weak exchange coupling

regime, spins can be seen to undergo a much slower phase transition compared to those in

the strong field or strong exchange coupling regime.

Although the orbital Zeeman and diamagnetic terms in Eq. (15) do not directly modify

the spin interaction with the external magnetic field, they are important contributions to the

stability of molecular system in magnetic field and can indirectly influence spin dynamics

through perturbing the spatial extent and energetics of molecular orbitals. [87] Figure 2.6

shows the magnitudes of spin Zeeman, orbital Zeeman, and diamagnetic contributions to

the total potential energy. In the strong exchange couple regime (RHH ∼ 0.4 − 0.6 Å), the

diamagnetic term has the largest contribution, followed by the orbital Zeeman term. These
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Figure 2.4. Spin magnetization vectors for H2 at different field strengths. (a):
|Bz| = 0.001 a.u., 〈Sz〉 =0.19428, (b): |Bz| = 0.003 a.u., 〈Sz〉 =0.59040, and (c):
|Bz| = 0.005 a.u., 〈Sz〉 = 1.0000. The H-H bond length is RHH = 2.6 Å. The
area enclosed by the mesh has a charge density > 0.002. The size of the 3D box
is 550pm(W)× 300pm(H)× 300pm(D).

two terms are different in sign with the diamagnetic term destabilizing the system energy with

respect to the field-free molecular system. In this regime, the system takes on a closed-shell

configuration. As a result, the spin Zeeman contribution is zero. As the system undergoes

a spin phase transition, the non-zero overall spin vector gives rise to an increasing spin

Zeeman contribution that significantly stabilizes the molecular system. Analysis of Fig. 2.6

suggests that in a closed-shell configuration, orbital Zeeman and diamagnetic contributions

are responsible for the interaction between the electronic system and the external magnetic

field. In an open-shell system, the spin Zeeman is the dominant driving force underlying the
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Figure 2.6. Energetic contributions of spin Zeeman, orbital Zeeman, and dia-
magnetic terms. |Bz| = 0.01 a.u.

system-magnetic-field interaction in the weak field regime. As the field strength increases,

the diamagnetic term becomes non-negligible as it increases quadratically with respect to

the field.

In order to probe the spin phase transition in a more complex magnetic molecular system,

we study the spin characteristics of a di-chromium molecular complex, [(H3N)4Cr(OH)2Cr(NH3)4]4+,

in a uniform magnetic field. Figure 2.7 illustrates the molecular structure and computational

setup where the magnetic field is applied in +z direction, perpendicular to the Cr-O-Cr-O

plane. The molecular geometry was optimized [91] with the GAUSSIAN16 software pack-

age [32] at the B3LYP/6-31G level of theory. [9, 88, 144, 163] The electronic structures in
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Figure 2.7. The molecular structure of a di-chromium molecular complex,
[(H3N)4Cr(OH)2Cr(NH3)4]4+ that has D2h symmetry. Each Cr atom is in a
distorted octahedral coordination environment. The magnetic field is applied in
the +z direction, perpendicular to the Cr-O-Cr-O plane.

a magnetic field were calculated using C-GHF with 6-31G London atomic orbitals in the

Chronus Quantum software package.

In the di-Cr(III) molecular complex, the octahedral ligand field splits Cr d orbitals into

e and t2 sets where three unpaired electrons occupy the t2 manifold (Fig. 2.8b). In contrast

to the previous molecular H2 system where the ground state at equilibrium bond length is

in a non-magnetic closed-shell configuration, the ground state of the di-Cr(III) molecular

complex exhibits a magnetic C-GHF solution. Cr(III) cations in an octahedral coordination

environment bridged by oxygen atoms are known to have antiferromagnetic super-exchange

coupling. [18, 19, 46] The J constant in Eq. (2.20) for super-exchange coupling is negative

in sign, favoring the antiferromagnetic spin alignment in the ground state (〈Sz〉 = 0, see

Fig. 2.8b). The lack of electron correlation in Hartree-Fock calculation gives rise to an

overestimation of the J constant magnitude because the correlation effect has an opposite

contribution to the magnetism. [46] Nevertheless, qualitative characteristics and trends of

spin phase transitions can still be captured by C-GHF calculations with London atomic

orbitals.
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Figure 2.8. (a) Total energy of di-Cr(III) complex in a finite magnetic field. (b)
The expectation value of Sz of the C-GHF solution.

In the absence of an external magnetic field, the ground state wave function of the

di-Cr(III) molecular complex obtained from the C-GHF calculation is antiferromagnetic.

Figure 2.8 plots the relative total energy compared to that in the absence of a magnetic

field and the expectation value of Sz as a function of applied magnetic field strength. When

the magnetic field is relatively weak, the system is in the antiferromagnetic state. In this

region, the super-exchange coupling is constant and the small energy change is solely due

to the orbital Zeeman and diamagnetic terms. As the magnetic field reaches a critical

point (∼ 60 × 10−6 a.u.) where a small change in spin alignment can give rise to a spin

Zeeman term strong enough to overcome the antiferromagnetic super-exchange coupling, the

system starts to undergo a spin phase transition. As the magnetic field strength increases,

the energy of the molecule decreases due to the increasing spin Zeeman contribution. The

change of expectation value of Sz indicates that the spin state gradually switches from the

antiferromagnetic 〈Sz〉 = 0 to ferromagnetic 〈Sz〉 = −3 configuration (Fig. 2.8b). This
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case study suggests that C-GHF calculations with London atomic orbitals can be used to

investigate magnetic phase transitions in transition metal complexes.

2.4 Conclusion

Presented in this article is a framework of ab initio variational approach using complex

generalized Hartree-Fock (C-GHF) with London orbitals to effectively explore the spin phase

space in the presence of a homogenous magnetic field. We introduced the implementation

of the C-GHF approach within the spinor formalism. In order to account for gauge origin-

independence in the self-consistent field, the C-GHF is represented in the London orbital

basis with a magnetic field complex phase factor. Recursive algorithms for computing one-

and two-electron integrals of London orbitals are provided in the Appendix. Additionally,

a Pauli matrix representation of the C-GHF is introduced in this work that allows for the

separation of spin contributions from the scalar part of the Fock matrix.

C-GHF with London orbitals in the presence of a homogenous magnetic field has been

applied to study the spin phase transition in a molecular H2 system. Non-collinear spin

configurations have been observed during the phase transition from a singlet to triplet state.

The competing driving forces of exchange coupling and the spin Zeeman effect have been

shown to govern the spin phase transition and its transition rate. In addition, energetic

analysis suggests that in the presence of a static magnetic field, orbital Zeeman and dia-

magnetic terms are important contributions in a closed-shell configuration, while the spin

Zeeman term is the dominant interaction driving force in an open-shell state.

The variational C-GHF method with London orbitals can also be used to compute mag-

netic phase transitions in molecular complexes driven by an external magnetic field. Results

show that there exists a critical point where the spin Zeeman is large enough to compete

with the super-exchange coupling so that the spin phase transition takes place and drives

the magnetic phase transition.

The method presented in this work is based on the single Slater determinant wave function

ansatz which lacks important electron correlation effects. Future developments will use the
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variational C-GHF reference for correlated electronic structure methods which will provide

more accurate descriptions of spin and magnetic phase transitions.
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Chapter 3

AN AB INITIO LINEAR RESPONSE METHOD FOR
COMPUTING MAGNETIC CIRCULAR DICHROISM

SPECTRA WITH NON-PERTURBATIVE TREATMENT OF
MAGNETIC FIELD

Magnetic circular dichroism (MCD) experiments provide a sensitive tool for exploring

geometric, magnetic, and electronic properties of chemical complexes and condensed matter

systems. They are also challenging to simulate because of the need to simultaneously treat the

perturbations of a finite magnetic field as well as an optical field. In this work, we introduce

an ab initio approach that treats external magnetic field non-perturbatively with London

orbitals for simulating the MCD spectra of closed-shell systems. Effects of a magnetic field

are included variationally in the spin-free non-relativistic Hamiltonian, followed by a linear

response formalism to directly calculate the difference in absorption between the left and

right circularly polarized light. In addition to the presentation of underlying mathematical

formalism and implementation, the method developed in this paper has been applied to

simulations of MCD spectra of the sodium anion, 2,2,6,6-tetramethylcyclohexanone, and 3-

methyl-2-hexanone. Results are discussed and compared to experiments. The work in this

chapter is adapted with permission from S. Sun, D. Williams-Young, and X. Li. An Ab

Initio Linear Response Method for Computing Magnetic Circular Dichroism Spectra with

Non-Perturbative Treatment of Magnetic Field. J. Chem. Theory Comput., 15:3162-3169,

2019.

3.1 Introduction

Magnetic circular dichroism (MCD) is an important class of magneto-optical spectroscopy

in which the probing field is a circularly polarized optical light in the presence of a static
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magnetic field. [6] The application of a magnetic field couples the (spin and/or orbital) an-

gular momentum of the system to the field. This affects both the positions and intensities of

peaks in the electronic spectrum: the former due to an energy shift of each electronic state,

and the latter due to perturbations to the wavefunction. This often leads to a breaking of

degeneracies and allows for the in-depth spectroscopic study of the fine structure of ma-

terial systems. Excitingly, because optically active (“bright”) and inactive (“dark”) states

can be coupled together, spectroscopic methods performed in a magnetic field can probe

quantum states that are otherwise inaccessible at zero field. Because MCD experiments pro-

vide a sensitive tool for exploring geometric, magnetic, and electronic properties of chemical

complexes and condensed matter systems, they are widely used in chemistry, biology, and

materials research.

Interpreting and understanding MCD spectra has been traditionally based on the first-

order perturbative model, [11, 73,103,119,143]

∆A′

E
= ΓµBB

∑
J

[
AJ

(
− ∂f(~ω − ~ω0J)

∂~ω

)
+

(
BJ +

CJ

kT

)
f(~ω − ~ω0J)

]
(3.1)

AJ term, which has a derivative band-shape, arises when the degenerate excited states are

split due to Zeeman effect. Perturbation of the transition dipole gives rise to BJ term, which

is the most common effect in MCD. The CJ term is modulated by the Boltzmann distribution

of the ground state when degenerate ground states are split by Zeeman effects. The BJ term

is relatively weak compared to the AJ and CJ terms, as such it will only be obvious when

there are no AJ and CJ term contributions, e.g., in a low symmetry closed shell molecule.

Over the past two decades, there have been many successful developments to compute

MCD spectra in the perturbative regime, including single residue of the quadratic response

function; [17] the complex polarization propagator method; [82, 141, 142] a sum-over-states

expression using truncated configuration interaction, with perturbative treatment of the

magnetic field and spin-orbit coupling; [61,62] magnetically perturbed time-dependent den-
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sity functional theory (TDDFT); [133,134,137] and multi-configurational self-consistent-field

with quasi-degenerate perturbation theory to include Zeeman effects with spin-couplings.

[37, 39, 55] In addition, solvent effects on MCD spectra are also considered. [72, 140] Us-

ing London orbitals to remove the gauge-dependence of finite atom-centered basis set has

been applied in the perturbative calculations of MCD at the level of coupled-cluster, [16,74]

Hartree-Fock, and DFT. [75,81]

To the best of our knowledge, there are only two approaches to compute the MCD terms

with variational treatment of magnetic field. Linderberg and coworkers used the random-

phase-approximation (RPA) in the presence of a static magnetic field with semi-empirical

evaluation of London orbital integrals to simulate the MCD B term [128]. Bertsch and

coworkers included the orbital Zeeman effect in the local-density-approximation (LDA) using

RT–TDDFT integrated over a spatial grid to simulate A - and B-term contributions. [89]

For many-atom systems, electronic structure calculations in the presence of electromag-

netic fields become unphysically dependent on the choice of the arbitrary gauge-origin. This

is due to the use of atomic-centered orbitals, basis set incompleteness, and truncated ex-

pansion of the field-matter interaction, i.e, physical observables become dependent on the

origin of the electromagnetic field. [22, 29, 30, 38, 59, 84, 90, 127] Among various approaches

to correct for the gauge-origin problem, electronic structure methods using London type

orbitals [23,101] provide the most satisfactory solution. [4, 10,56,57,80,167]

In the perturbative treatment of magnetic field effects, explicit electron integrals of Lon-

don orbitals are not necessary. However, in the non-perturbative variational approach,

complex-valued London orbital integrals must be explicitly evaluated in order to remove

the gauge-origin dependence. General recursion relationships for one- and two-electron in-

tegrals using London orbitals were pioneered by Helgaker and were recently implemented in

the complex generalized Hartree-Fock framework. [65,124,131,153,156]

In this work, we introduce an ab initio approach that treats external magnetic field non-

perturbatively with London orbitals for simulating MCD spectra of closed-shell systems.

This method can describe A and B term contributions to the MCD spectrum in a uniform
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way. Effects of a magnetic field are included variationally in the spin-free non-relativistic

Hamiltonian, followed by a linear response theory to obtain the MCD spectrum using a for-

malism that directly computes the difference of absorption between left- and right-circularly

polarized light.

3.2 Methodology

3.2.1 MCD Hamiltonian of a Closed-Shell System

In order to simulate MCD spectra, the fundamental Hamiltonian needs to address perturba-

tions from both a static magnetic field and an oscillating optical field. In the non-relativistic

framework, the interaction of an electron with external fields in an MCD experiment can be

described by the following one-electron Hamiltonian. In this work, we focus on MCD spectra

of closed-shell molecular systems, therefore, the spin-Zeeman contributions do not enter the

Hamiltonian.

h =
1

2
(p + A)2 − U + V (3.2)

= −1

2
∇2 +

1

2
(−ir×∇) ·BM +

1

8
(BM × r)2 +

∑
A

ZA
|r−RA|

− UW + AW · p +
1

2
A2
W + AW ·AM (3.3)

where A and U are the total vector potential and scalar potential of the external fields,

respectively. p = −i∇ is the momentum operator and V is the nuclear attraction potential.

The total vector potential A includes an applied static magnetic field and a probing optical

field (or a plane wave), A = AM + AW . Since UM = 0 for a static magnetic field, only the

scalar potential of the probing plane wave remains in Eq. (3.3). We used the relationship

between the vector potential and the static magnetic field (BM), AM = 1
2
BM × r.

Using the electric-dipole approximation in the length gauge for the interaction between

the system and the probing plane wave and the relationship EW (r, t) = −∇UW (r, t) −
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∂
∂t

AW (r, t), the final working Hamiltonian for simulating MCD experiment is:

h = −1

2
∇2 +

1

2
(−ir×∇) ·BM +

1

8
(BM × r)2 +

∑
A

ZA
|r−RA|

− r · EW (3.4)

Note that in Eq. (3.4), higher order perturbations arising from interactions between the

electronic system and the probing optical field, such as the electric-quadrupole and magnetic-

dipole terms, are ignored.

In the following discussion, we remove the subscript notations “M” and “W” for simplic-

ity, however, readers should keep in mind that B and E fields originate from two different

external perturbations.

The second term in Eq. (3.4) includes orbital Zeeman contributions, and the third term is

the diamagnetic contribution. This is quadratic in the strength of the magnetic field, which

is expanded in Eq. (2.16)

The total one-electron Hamiltonian Eq. (3.4) can be separated as h(t) = h0 +V (t), where

the time-dependent perturbation, V (t) = −r ·E(t), is the electric-dipole interaction, and h0

is the time-independent reference Hamiltonian,

h0 = −1

2
∇2 +

1

2
(−ir×∇) ·BM +

1

8
(BM × r)2 +

∑
A

ZA
|r−RA|

(3.5)

The separation of time-dependent and time-independent contributions to the total Hamil-

tonian allows different procedures to treat the separate external perturbations in an MCD

calculation. Instead of using perturbative treatments for both the static magnetic and oscil-

lating optical fields, we introduce a semi-variational approach in which the wave function is

variationally optimized in the presence of a static magnetic field (Sec. 3.2.2) and the response

to the oscillating circularly polarized optical field is taken at the weak-field limit (Sec. 3.2.3).
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3.2.2 Ground State with Variational Treatment of Magnetic Field using London Orbitals

In the numerical implementation developed in this work, the Hamiltonian is cast in an atomic

basis. In restricted Hartree-Fock, the molecular orbitals {φj(r)} are expanded in terms of a

set of complex London orbitals {χ̃µ(r,kA)},

φj(r) =
∑
µ

Cµjχ̃µ(r,kA) (3.6)

χ̃µ(r,kA) = χµ(r−RA)eikA·(r−RA) (3.7)

where {χµ(r−RA)} are real Gaussian type atomic orbital (AO) basis functions centered at

RA. The exponential form of the London orbital phase factor defines the local gauge origin

at each nuclear center in the presence of magnetic field with a plane wave vector described

by kA = RA×B
2

, where B is the external magnetic field.

The one-electron integral for any one-electron operator Ô1 with London orbitals can be

defined as

O1,µν = (µ|O1|ν) =

∫
d3rχ̃∗µ(r,kA) Ô1 χ̃ν(r,kB) =

∫
d3rχ̃µ(r,−kA) Ô1 χ̃ν(r,kB) (3.8)

and the electron repulsion integrals (ERIs) are,

(µν|κλ) =

∫
d3r1

∫
d3r2

χ̃∗µ(r1,kA)χ̃ν(r1,kB)χ̃∗κ(r2,kC)χ̃λ(r2,kD)

|r1 − r2|
(3.9)

In a perturbative treatment of the static magnetic field, explicit electron integrals using

London orbitals with a finite field are not needed. [16, 74, 75, 81] However, for the varia-

tional approach, complex-valued London orbital integrals must be evaluated. For details

on integral evaluation using London orbitals, we refer readers to Refs. 65, 153, 156. Inte-

grals are evaluated in complex arithmetic, implemented in the Chronus Quantum software

package. [94]

Using the formalism of restricted Hartree-Fock for closed-shell systems, the time-independent
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Fock matrix is defined in Eq. (2.17), which can be written as,

F0 = T + V + J[P0]− 1

2
K[P0]− i

2
L ·B

+
1

8

{
(B2

y +B2
z )qxx + (B2

x +B2
z )qyy + (B2

x +B2
y)qzz

− 2BxByqxy − 2ByBzqyz − 2BxBzqxz
}

(3.10)

where Lµν = (χ̃µ|r × ∇|χ̃ν) is the orbital-angular momentum integral , and (qnm)µν =

(χ̃µ|r̂nr̂m|χ̃ν) is the electric quadrupole integral. The density matrix is defined as

P0,µν = 2

N/2∑
i

CµiC
∗
νi (3.11)

where N is the number of electrons.

The Coulomb (J) and exchange (K) matrix elements are,

Jµν [P0] =
∑
λκ

(µν|κλ)P0,λκ (3.12)

Kµν [P0] =
∑
λκ

(µλ|κν)P0,λκ (3.13)

Because the fundamental electron integrals are complex-valued, in this work, we use

complex restricted Hartree-Fock (C-RHF) as our reference. Note that since ERIs using

London orbitals are complex-valued, they only have a four-fold symmetry instead of eight,

as in the case of real-valued ERIs,

(µν|κλ) =(κλ|µν) = (νµ|λκ)∗ = (λκ|νµ)∗ (3.14)

3.2.3 Perturbation of Left/Right Circularly Polarized Light

In this work, we only consider the electric-dipole contribution to the MCD spectrum (Eq. (3.4)).

Higher order multipole moment contributions, such as electric-quadrupole and magnetic-
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dipole arising from the system-light interaction, are ignored.

In an MCD experiment, the direction of magnetic field is usually made parallel to the

propagation direction of incident light. Defining the direction of the incident light as γ,

where γ can be {x, y, z}, the circularly polarized dipoles are

µ−γ =
1√
2

(µα − iµβ) (3.15)

µ+
γ =

1√
2

(µα + iµβ) (3.16)

where {α, β, γ} ≡ {x, y, z}, {y, z, x} or {z, x, y}, following the right hand rule. The difference

of absorbance between left- and right-polarized light per photon energy can be written as

∆A′

E
=
ε′− − ε′+

E
d l = Γ

∑
J

∑
γ

1

3
(|
〈
0
∣∣µ−γ ∣∣ J〉′ |2 − | 〈0 ∣∣µ+

γ

∣∣ J〉′ |2)f(~ω − ~ω′0J) (3.17)

where primed notations refer to quantities calculated in the presence of a static magnetic

field, E = ~ω is the energy per photon, d is concentration of solution in mol/L, l is the

length of the path through the sample in centimeters, [119] γ is the direction of propagation

of incident photon, f(~ω − ~ω′0J) is the band shape function, and ~ω′0J is the excitation

energy from ground state to the excited state J in the presence of a static magnetic field.

Note that Eq. (3.17) takes on an isotropic average of all directions of incident light and

applied magnetic field where the summation of γ runs over x, y, z. The derivation of the

rotational average can be found in Reference 119.

Γ is the a collection of physical constants defined as [119]

Γ =
N0π

2α2d l log10e

250 ~ c n
(3.18)

where α is the permittivity and n is the index of refraction.

The difference between oscillator strengths of left- and right-circularly polarized light for
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excited state J can be written as [119]:

∑
γ

(|
〈
0
∣∣µ−γ ∣∣ J〉′ |2 − | 〈0 ∣∣µ+

γ

∣∣ J〉′ |2) = i
∑
αβγ

εαβγ 〈0 |µα| J〉γ 〈J |µβ| 0〉γ (3.19)

where εαβγ is Levi-Civita symbol (εxyz = εyzx = εzxy = 1, εyxz = εxzy = εzyx = −1, otherwise

0). We use superscript γ to explicitly denote the direction of the applied magnetic field.

Substituting Eq. (3.19) in Eq. (3.17), we reach the working formalism for computing

MCD spectra,

∆A′

E
= Γ

∑
J

1

3

(
i
∑
αβγ

εαβγ 〈0 |µα| J〉γ 〈J |µβ| 0〉γ
)
f(~ω − ~ωγ0J) (3.20)

Compared to the conventional definition of the B term in perturbation theory, one can

define the MCD strength of excited state |J〉 as

RJ =
i

3

∑
αβγ εαβγ 〈0 |µα| J〉

γ 〈J |µβ| 0〉γ

µB|B|
(3.21)

where µB is Bohr magneton. If the magnetic field does not split excited states of different ML

that belong to a same orbital angular momentum quantum number, the first order approx-

imation of RJ becomes BJ in the perturbative treatment. The MCD strength (Eq. (3.21))

is written in atomic units, whereas the conventional experimentally reported unit is D2 · cm,

where D is Debye. [119] The conversion for RJ from atomic units to the conventional unit

of D2 · cm is 1 a.u. = 2.944× 10−5D2 · cm.

The perturbative approach (Eq. (3.1)) is formulated in terms of the state-specific field-free

parameters AJ ,BJ ,CJ . In contrast, Eq. (3.20) directly computes MCD observables using

a variational treatment of the external finite magnetic field. Compared to the perturbative

approach, the expression in Eq. (3.20) contains AJ and BJ terms, and their higher order

contributions.

Without an applied magnetic field, the absorbance difference between left- and right-
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circularly polarized light is zero for electric circular dichroism (ECD) inactive molecules (or

natural optical inactive molecules). In the presence of a static magnetic field, the imaginary

part of transition dipole (〈0 |µα| J〉γ and 〈0 |µα| J〉γ) has nonzero contribution to the MCD

strength, [6] which can be understood directly from Eq. (3.20). Since the excitation energy

ωγ is computed in the presence of a magnetic field, the breaking of excited state degeneracies,

i.e. the AJ term, as a result of orbital Zeeman and diamagnetic effects are also included in

Eq. (3.20). For closed-shell molecules, there is no spin degeneracy in the unperturbed ground

state. In addition, the optical gap of a molecular system is usually larger than kBT , where

kB is the Boltzmann constant. As a result, almost all molecules are in the ground state in

experimental temperature, and thus the equivalent C term contribution can be ignored.

The computational approach introduced here (Eq. (3.20)) has a unique advantage that

it only requires the computation of a single response to external optical perturbation due

to the variational treatment of a finite magnetic field in the reference state. In contrast,

perturbative approaches, such as the sum-over-states expression, require computations of all

excited states. [82,132] Complex polarization propagator methods [141,142] need to numer-

ically resolve quadratic response functions at different frequencies, but can be advantageous

in the high density-of-state region. Alternatively, AJ and BJ terms can be computed via

the evaluation of the derivatives of transition density and excitation energy with respect to

magnetic perturbation. [133,134]

3.2.4 Linear Response C-TDHF

In order to compute MCD spectra using Eq. (3.20), electronic optical excitations need to be

computed in the presence of a finite magnetic field. In this work, this is achieved using the

linear response complex time-dependent Hartree-Fock (C-TDHF) approach. The reference

of C-TDHF is the solution of C-HF with the finite magnetic field included variationally.
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The working equation of TDHF is given asAγ Bγ

Bγ∗ Aγ∗

 Xγ

Yγ

 = ωγ

I 0

0 −I

 Xγ

Yγ

 (3.22)

Bai,bj = (ai||bj) (3.23)

Aai,bj = (ai||jb) + δabδij(εa − εi) (3.24)

where γ is the direction of the applied finite magnetic field in the ground state reference.

Note, since the GIAO integrals and C-HF are used, matrix elements in Eq. (3.22) are complex

valued.

Given the direction γ of the applied uniform magnetic field, the corresponding transition

dipole can be assembled from the transition density.

〈0 |µα| J〉γ =
∑
i

∑
a

(
〈i |µα| a〉γ Xγ

J,ai + 〈a |µα| i〉γ Y γ
J,ai

)
, µα ∈ {µx, µy, µz} (3.25)

where i and a sum over occupied and virtual molecular orbitals (MOs), respectively, and

〈a |µα| i〉γ and 〈i |µα| a〉γ are the dipole integrals in MO basis.

3.3 Computational Detail

To obtain the transition dipoles required in Eq. (3.20), three separate linear response C-

TDHF calculations were carried out with a magnetic field applied in the x, y, and z directions.

Gauge including atomic orbitals (GIAO) were used to eliminate the gauge origin dependence

in the variational treatment of the finite magnetic field described in Sec. 3.2.2. The geometries

of molecules were optimized with the B3LYP functional [9,88,107] with a 6-31G(d) basis set

[31, 52] without a magnetic field using the GAUSSIAN16 computational chemistry software

package. [33] C-TDHF calculations in magnetic field using the GIAO 6-31G(d) basis set were

performed in the CHRONUS QUANTUM open source package. [94] Computed spectra are
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broadened with a normalized Gaussian function.

fJ(ω) =
1√
πσJ

exp

[
−
(
ω − ω′J
σJ

)2]
(3.26)

where ω and ω′J are in atomic units. A major advantage of MCD over absorption spectra

of linear polarized light is that MCD can resolve Zeeman effects with a higher resolution.

This can be seen via a simple mathematical exercise using Gaussian broadening function, as

shown in the Appendix.

3.4 Benchmark and Discussion

3.4.1 Sodium Anion

The existence of sodium anion was experimentally confirmed from an MCD measurement,

with an absorption peak at ∼600 nm resulting from the s → p orbital transition. [139]

An external magnetic field introduces orbital Zeeman interactions that break the three-fold

degeneracy of the p orbitals, illustrated in Fig. 3.1. This gives rise to two peaks of opposite

sign which leads to a derivative shape, shown in Fig. 3.2. The effects of magnetic field on

the wave functions and properties of the ground and excited states are fully accounted for by

treating the magnetic field variationally. As a result, A and B terms as well as their higher-

order contributions are included in the simulated results. In comparison, it is required by

perturbation theory to include infinite orders of magnetic field perturbations to fully describe

the effects.

Computed excitation energies and associated MCD strengths are listed in Tab. 3.1. In

this calculation, a magnetic field of 5.0 × 10−5 a.u. (∼11.75 T) was applied and the MCD

spectrum was computed using the method introduced here. The relatively large magnitude

of the magnetic field is chosen in the calculation to avoid numerical noise and instability.

Note that we only present the MCD intensity in arbitrary unit because the concentration,

d, and length of the path of light, l, are not defined in the experimental literature. The

center of the computed MCD band is located at ∼720 nm. We do not expect a quantitative
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ω′0J/eV R/×105 a.u.

1.72587 −11.1937
1.72655 0.0000
1.72723 11.1937

Table 3.1. Excitation energies and MCD strengths of Na− s→ p transitions in
a 5× 10−5 a.u. (∼11.75 T) magnetic field.

agreement with the experiment as the experimental conditions are not modeled in this work.

Nevertheless, the derivative band-shape of the Na− MCD spectrum is obtained using the

variational method introduced here.

0
-1

1

ℎ𝜈# ℎ𝜈$

𝑩 = 0 𝑩 ≠ 0

1𝑃

1𝑆

Figure 3.1. Illustration of splitting of the Na− s → p transition. Without the
external magnetic field, the excited states have a three-fold degeneracy. In the
presence of a finite magnetic field, excited states of different ML values split.

3.4.2 2,2,6,6-tetramethylcyclohexanone

In the absence of excited state splitting, the main effect of an external magnetic field comes

from the perturbed transition dipole moment, giving rise to the perturbation-theory equiv-

alent BJ term contribution.

MCD calculation of 2,2,6,6-tetramethylcyclohexanone in a 2.106 × 10−5 a.u. (∼4.95 T)

magnetic field is carried out. In order to be consistent with experimental measurements,
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M
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 nm

Figure 3.2. Simulated MCD spectra of Na− s → p transitions in a 5 × 10−5

a.u. (∼11.75 T) magnetic field. An arbitrary unit and Gaussian broadening with
σ = 0.035 are used.

the computed MCD spectrum is presented as the magnetic-field normalized molar ellipticity,

[θ]M . The calculation of [θ]M , in the conventional unit of Degree(mol/L)−1m−1Gauss−1,

is [θ]M = 0.0014802
∑

J RJωf(~ω − ~ωγ0J) where RJ , ω, and f are computed in atomic

units. [134]

The computed MCD spectrum of 2,2,6,6-tetramethylcyclohexanone is shown in Fig. 3.3,

and the associated excitation energy and MCD strength are reported in Tab. 3.2. The peak

at ∼4.8 eV is characterized as the n → π∗ transition. Although the computed result is of

the correct + sign, the center of the peak is blue-shifted compared to the experimental value

of 4.1 eV. [7] In addition, the magnitude of peak intensity is higher than that measured in

experiment. This is likely due to the lack of solvent effects and electron correlation in the

current work.
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Figure 3.3. Simulated MCD spectrum of 2,2,6,6-tetramethylcyclohexanone in a
2.106× 10−5 a.u. (∼4.95 T) magnetic field. Gaussian broadening with σ = 0.011
is used.

ω′0J/eV R/a.u.

4.79665719 0.038400153724942

Table 3.2. Excitation energies and MCD strengths of 2,2,6,6-
tetramethylcyclohexanone n → π∗ transition in a 2.106 × 10−5 a.u. (∼4.95 T)
magnetic field.

3.4.3 3-methyl-2-hexanone

For natural optical active molecules, such as (R,S)-3-methyl-2-hexanone shown in Fig. 3.4.1

and Fig. 3.4.2, [7] electronic circular dichroism (ECD) spectra can be obtained in the absence

of a magnetic field, however, ECD signals disappear if the ensemble consists of equal amounts

of R- and S-enantiomers. In this case, MCD spectra are particularly useful as the effect of

an external magnetic field can make the MCD signal visible.

Figure 3.5 shows the simulated MCD spectra of 3-methyl-2-hexanone in a 2.106 × 10−5

a.u. (∼4.95 T) magnetic field and the associated numerical values are reported in Tab. 3.3.

The strength of the magnetic field used is comparable to that used in the experiment. [7]

The calculated MCD spectra of (R)- and (S)-3-methyl-2-hexanone are of the same ‘−’ sign,

in agreement with experiment. [7] As a result, even if the sample consists of equal amounts
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Figure 3.4.1. Molecular structure of
(R)-3-methyl-2-hexanone

Figure 3.4.2. Molecular structure of
(S)-3-methyl-2-hexanone

of R- and S-enantiomers, one still can measure the MCD signal. The excitation at ∼4.97

eV (∼250 nm) arises from the excitation from the lone pair electron of oxygen to the π∗

anti-bonding orbital of the CO double bond. The peak position of the calculated spectrum

is about 20 nm blue-shifted compared to the experimental value, [7] however, the height of

the peak is similar to experiment.
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340320300280260240220200
nm

Figure 3.5. Simulated MCD spectra of 3-methyl-2-hexanone in a 2.106 × 10−5

a.u. (∼4.95 T) magnetic field. Gaussian broadening with σ = 0.011 is used.
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ω′0J/eV R/a.u.

4.96819 −0.002011

Table 3.3. Excitation energies and MCD strengths of 3-methyl-2-hexanone in a
2.106× 10−5 a.u. (∼4.95 T) magnetic field.

3.5 Conclusion

In this paper, we presented a mathematical formalism and implementation of an ab initio

method with non-perturbative treatment of magnetic field for computing magnetic circular

dichoism spectra of closed-shell systems. The approach developed in this work utilizes a spin-

free non-relativistic Hamiltonian as the ground state reference that variationally includes

the effects of a finite magnetic field, including orbital Zeeman and diamagnetic terms. MCD

spectra are computed using the linear response formalism and direct calculation of left- and

right-circular polarizations. In order to remove the gauge-origin dependence, London orbitals

are used explicitly in the non-perturbative treatment of the finite magnetic field.

The method developed in this paper has been applied to simulations of MCD spectra

of sodium anion, 2,2,6,6-tetramethylcyclohexanone, and 3-methyl-2-hexanone. Results are

discussed and compared to experiments, and all computed benchmark spectra were able to

return spectra with the correct sign. Particularly, the derivative band-shape of Na− MCD

spectrum was obtained using the variational method developed here, however, due the lack

of electron correlation effect, the computed peak positions are not in good agreement with

experiment. Nevertheless, the electronic transition characteristics in an MCD measurement

can be correctly obtained at a low computational cost using the method developed in this

work.
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Chapter 4

RELATIVISTIC EFFECTS IN MAGNETIC CIRCULAR
DICHROISM: RESTRICTED MAGNETIC BALANCE AND

TEMPERATURE DEPENDENCE

Magnetic circular dichroism of transition metal complexes and open-shell systems are

challenging to simulate and analyze, mainly due to the interplay of spin-orbit couplings

and finite-magnetic-field induced Zeeman effects with the complex selection rules dictated

by the circularly polarized light. In this work, we introduce an ab initio relativistic two-

component formalism based on the restricted magnetic-balanced Hamiltonian for simulating

MCD spectra. Both homogeneous finite magnetic field and relativistic effects are included

variationally in the ground state reference. Finite-field London orbitals are used to enforce

the constrained gauge-origin independence in the calculation using localized atomic orbitals.

Through benchmark studies of AuCl−4 , Pt(CN)2−
4 , and Mo(CN)3−

8 , we discuss how relativistic

effects are manifested in MCD for both closed-shell and open-shell molecular complexes

and how the interplay between spin-orbit coupling and magnetic field modulates the MCD

selection rules. Finally, an investigation on temperature-dependent MCD is carried out and

compared to experiment. The work in this chapter is adapted with permission from S. Sun

and X. Li. Relativistic Effects in Magnetic Circular Dichroism: Restricted Magnetic Balance

and Temperature Dependence. J. Chem. Theory Comput., accepted.

4.1 Introduction

Computational modeling of spectroscopy is an indispensable tool for characterizing optical

properties of molecular complexes. Although excited state calculations are routinely used

to interpret linear absorption spectra and successful stories abound, computational methods
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for studying magnetic circular dichroism (MCD) are not at the same level of practicality for

analyzing experimental spectra and providing theoretical insights. Due to the complexity

of the underlying MCD transition mechanism, the peak assignment can be difficult and

ambiguous without the aid of an accurate theoretical method.

An MCD spectrum is the difference in absorption between left- and right-circularly po-

larized light, measured in the presence of a uniform magnetic field with a component in

the direction of the propagation of the light. MCD is considered a relativistic spectroscopic

method in which absorption signals are driven by the interplay of an external magnetic field,

spin-orbit coupling, and probing circularly polarized light, which are described through the

use of the Dirac Hamiltonian. Spin-orbit coupling is essential for both open-shell molecules

as it gives rise to a unique temperature-dependence in the MCD spectra, and for closed-shell

transition metal or heavy-element complexes as it allows for spin-forbidden transitions which

appear in the spectra. Accurate prediction of MCD spectra requires appropriate treatment

of magnetic field and spin-orbit coupling on equal footing. Simulations of MCD spectra can

be generally categorized into perturbative and variational approaches.

In the perturbative regime, numerous approximations have been developed including

single residue of the quadratic response function; [17] the complex polarization propagator

method; [82, 141, 142] a sum-over-states expression using truncated configuration interac-

tion, with perturbative treatment of the magnetic field and spin-orbit coupling; [61, 62]

magnetically perturbed time-dependent density functional theory (TDDFT) with spin-orbit

coupling treated perturbatively using the ZORA Hamiltonian; [133,134,137,138] and multi-

configurational self-consistent-field with quasi-degenerate perturbation theory to include Zee-

man effects with spin-couplings. [37,39,55]

Variational approaches are more challenging to develop due to the need to use a multi-

component, complex-valued wave funtion requiring novel integrals. In the Dirac Hamiltonian,

magnetic field effects can be introduced through the minimal coupling π = p+A, where p is

the linear momentum and A is the vector potential for electrons. By variationally including

spin-orbit coupling and magnetic field effects in the reference Dirac Hamiltonian, a time-
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dependent perturbation theory can be used to simulate MCD spectra and, in principle, the

resulting spectrum satisfies the MCD selection rules, which are discussed later. There are

only a few developments in the variational domain which consider the effects of magnetic field

within the random-phase-approximation (RPA), linear response TDHF, [128,152] or the real-

time time-dependent density functional theory (RT-TDDFT) frameworks. [89, 151] In this

previous work, only magnetic field effects were variationally included in the non-relativistic

Hamiltonian. As a result, they can only be applied to simulations of MCD spectra on

closed-shell systems with light elements. Open-shell molecular complexes can give rise to

a temperature-dependent MCD feature which requires the inclusion of varationally-treated

spin-orbit coupling.

When both spin-orbit coupling and magnetic field are considered in the Dirac equation,

cast in a Gaussian basis, the magnetic balance condition between the large and small compo-

nent bases is preferred over the kinetic balance condition. [3,85,115] The restricted magnetic

balance was implemented with four-component methods for the simulation of nuclear mag-

netic resonance shielding constants. [78] It was later combined with gauge-including atomic

orbitals (GIAO) to enforce the gauge-origin independence in both the four- [14,77,113,124]

and two-component [53,96,150,170,171] relativistic formalism.

In this work, we introduce a fully variational two-component relativistic approach for

computing the temperature-dependent MCD spectrum with a special theoretical focus on

the magnetic balance condition in the presence of a finite magnetic field. Through bench-

mark studies we will discuss how relativistic effects are manifested in MCD for both closed-

and open-shell molecular complexes, and how the interplay between spin-orbit coupling and

magnetic field modulates the MCD selection rules. Finally, an investigation on temperature-

dependent MCD is carried out.
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4.2 Theory of Exact-Two-Component in the Uniform External Magnetic Field

4.2.1 One-Electron Dirac Hamiltonian in Magnetic Field

The one-electron Dirac equation (in the atomic units) in the magnetic field is:

 V cσ · π

cσ · π V − 2c2

ψL
ψS

 = E

ψL
ψS

 (4.1)

where c is the speed of light, and ψL and ψS are the large and small components of the

bi-spinor wave function. In Eq. (4.1), we used the mechanical momentum π = p + A that

includes the linear momentum p = −i∇ and the vector potential A for electrons.

The relationship between the small component relative to the large component can be

obtained from Eq. (4.1):

ψS = − c

(V − E − 2c2)
(σ · π)ψL (4.2)

As the vector potential in the mechanical momentum is related to the magnetic field through

the expression, A = 1
2
B× r, Eq. (4.2) gives rise to the restricted magnetic balance condition

between the large and small components of the wave function:

lim
c→+∞

2mcψS = σ · πψL (4.3)

or the basis set relation:

χS = σ · πχL (4.4)

Equation (4.4) is the so-called restricted magnetic balance condition. [115]

In order to obtain a Hamiltonian expression that fulfills the magnetic balance condition,

the four-component wave function is transformed into a large and pseudo-large component
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basis: ψL
φL

 = T

ψL
ψS

 (4.5)

using the following transformation matrix:

T =

I2 02

02
σ·π
2c

 . (4.6)

In the basis of large and pseudo large component, the one-electron modified Dirac equa-

tion is: V I2
1
2
(σ · π)(σ · π)

1
2
(σ · π)(σ · π) 1

4c2
(σ · π)V (σ · π)− (σ·π)(σ·π)

2

ψL
φL

 = E

I2 02

02 − (σ·π)(σ·π)
4c2

ψL
φL


(4.7)

In the non-relativistic limit, i.e., the speed of light, c, goes to positive infinity, Eq. (4.7) is

reduced to:
1

2
(σ · π)(σ · π)φL + V ψL = EψL (4.8)

which is the non-relativistic Pauli Hamiltonian in the presence of a magnetic field. [145,

151–153] The asymptotic, non-relativistic limit of Eq. (4.7) as c → ∞ suggests that re-

stricted magnetic balance can give rise to a smooth transition from a fully relativistic to

non-relativistic treatment of electronic structure.

In a uniform magnetic field, the following expressions can be derived for Eq. (4.7):

1

2
(σ · π)(σ · π) = −1

2
∇2 +

1

2
(σ − ir×∇) ·B +

1

8
(B× r)2 (4.9)

(σ · π)V (σ · π) = (σ · p)V (σ · p) + (pV ·A + AV · p)

+ iσ · (pV ×A + AV × p) + AV ·A (4.10)

The first term in Eq. (4.10), (σ · p)V (σ · p) gives rise to pV · p + iσ · pV × p, which are
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the spin-free and spin-coupling terms. Vector potential dependent terms in Eq. (4.10) can

be written in terms of the magnetic field B:

pV ·A + AV · p =
i

2

{
Bx[(∇yV rz + rzV∇y)− (∇zV ry + ryV∇z)]

By[(∇zV rx + rxV∇z)− (∇xV rz + rzV∇x)]

Bz[(∇xV ry + ryV∇x)− (∇yV rx + rxV∇y)]
}

(4.11)

(pV ×A + AV × p)κ =
∑
µ

1

2
Bµ(rκV pµ − pµV rκ) +

1

2
Bκ(pµV rµ − rµV pµ) (4.12)

AV ·A = xV x(B2
y +B2

z ) + yV y(B2
x +B2

z ) + zV z(B2
x +B2

y)

− xV y2BxBy − yV z2ByBz − 2xV zBxBz (4.13)

where κ, µ ∈ {x, y, z}. It is clear that operator ∇βV rα−rαV∇β is Hermitian, thus Eq. (4.12)

is anti-Hermitian, and the operator rαV∇β + ∇βV rα is anti-Hermitian, thus Eq. (4.11) is

Hermitian.

4.2.2 Exact-Two-Component Transformation in Magnetic-Balance Condition

The four- to two-component transformation seeks to decouple the positive and negative

energy solutions in the Dirac equation. The magnetic-balanced, modified Dirac Hamiltonian

(Eq. (4.7)) allows the same basis to be used for the large and pseudo-large components in

the bi-spinor representation. Each spinor is formed as a product of spatial basis with spin

functions f = {χ̃} ⊗ {α, β} where χ̃ is a gauge-including atomic orbital basis. In the spinor

basis, the matrix representation of the restricted magnetically-balanced Dirac equation is:V M

M 1
4c2

W −M

C+
L C−L

C+
S C−S

 =

S 0

0 1
2c2

M

C+
L C−L

C+
S C−S

ε+ 0

0 ε−

 (4.14)

Mµν = 〈fµ|
1

2
(σ · π)(σ · π)|fν〉 (4.15)

Wµν = 〈fµ|(σ · π)V (σ · π)|fν〉 (4.16)
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where S and V are the block-diagonal two-component overlap and potential energy matrix,

and {ε+p }, {ε−p } are the sets of positive/negative eigenvalues with corresponding molecular

orbital coefficients (C+
L C+

S )T for the positive and (C−L C−S )T for the negative energy

solutions.

Following the procedure in Ref. 117, the non-unit metric of the magnetically-balanced

four-component equation, Eq. (4.14), is eliminated through the transformation:

K†
S 0

0 1
2c2

M

K =

I 0

0 I

 (4.17)

K =

K 0

0 2cK
√

2t
−1

 (4.18)

where the two-component matrix K is obtained by solving the following eigenvalue equation:

MK = SKt (4.19)

where t is the diagonal matrix of the eigenvalues. Note that in the presence of magnetic

fields, the full two-component matrices of M and K must be used in the orthogonalization

procedure, since the magnetic field breaks the time-reversal symmetry of the Hamiltonian.

It is easy to show that K diagonalizes both the magnetic balance M matrix and the

overlap S matrix:

K†M K = t, K† S K = I (4.20)

The four-component, magnetically-balanced Hamiltonian can then be transformed:

Hπ = K†HK =

K†VK c
√

2t

c
√

2t
√

2t
−1

K†(σ · π)V (σ · π)K
√

2t
−1 − 2c2

 (4.21)

Upon diagonalizing the orthonormalized four-component Hamiltonian (Eq. (4.21)), the

exact-two-component (X2C) [27,28,42,64,79,86,95,98–100,116,117,126,154] transformation
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in the restricted magnetically-balanced condition can be carried out. The two-component

electron-only X2C Hamiltonian can be constructed as:

HX2C = (K−1)†R†{K†VK+c
√

2tX+Xc
√

2t+X†[
√

2t
−1

K†(σ·π)V (σ·π)K
√

2t
−1
−2c2]X}RK−1

(4.22)

where the X matrix is built using the MOs in the orthogonal basis:

X = C′
+
S (C′

+
L)−1 (4.23)

and the normalization matrix R is:

R = (I + X†X)−
1
2 (4.24)

The restricted magnetically-balanced two-component Hamiltonian in Eq. (4.22) allows

for including magnetic field perturbations variationally in the relativistic Dirac equation.

It ensures that the solution is bound from below in the two-component formalism so that

variational procedures can be applied to obtain the ground state wave function in the presence

of a magnetic field. The restricted magnetic balance was used with X2C to calculate nuclear

and electronic magnetic resonance parameters, including the hyperfine coupling, J-coupling,

and g-tensor, within a response theory at the zero-field limit. [5, 149,166]

4.2.3 Gauge-including Atomic Orbital

For many-atom systems, electronic structure calculations in the presence of electromag-

netic fields become unphysically dependent on the choice of the arbitrary gauge-origin.

[22,29,30,38,59,84,90,127] Among various approaches to correct for the gauge-origin prob-

lem, electronic structure methods using London type orbitals [23, 101] provide the most

satisfactory solution. [4, 10, 56, 57, 80, 167] Using London orbitals to enforce the constrained

gauge origin independence for finite atom-centered basis set has been applied in the per-
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turbative calculations of MCD at the level of coupled-cluster, [16, 74] Hartree-Fock, and

DFT. [75, 81] Variational approaches require the use of finite-field gauge-including atomic

orbital (GIAO) which has been implemented in Hartree-Fock and time-dependent Hartree-

Fock [124,130,131,145,152,153,156], coupled-cluster [51,146], configurational interaction, [87]

DFT and TDDFT methods [123, 151, 157]. Recently, finite-field GIAO has been used in

variational calculations of MCD for closed-shell systems. [151, 152] In this work, finite-

field GIAOs are implemented in a non-collinear formalism of the two-component relativistic

DFT/TDDFT framework. [28,76,118]

4.3 Theory of Temperature-Dependent Magnetic Circular Dichroism

Interpreting and understanding MCD spectra has been traditionally based on the first-order

perturbative model: [11, 73,103,119,143]

∆A′

E
= ΓµBB

∑
J

[
AJ

(
− ∂f(~ω − ~ω0J)

∂~ω

)
+

(
BJ +

CJ

kT

)
f(~ω − ~ω0J)

]
(4.25)

where µB is Bohr magneton and Γ is a collection of physical constants [119]. E = ~ω is the

energy per photon. f(~ω − ~ω0J) is the band shape function, which is often chosen to be a

Gaussian function. ~ω0J is the excitation energy from ground state to the Jth excited state

in the absence of a electromagnetic field. AJ term arises when the degenerate excited states

are split due to Zeeman effects. Perturbation of the transition dipole gives rise to BJ term,

which is the most common effect in MCD. The CJ term is modulated by the Boltzmann

distribution of the ground state when degenerate ground states are split by Zeeman effects,

and is the origin of the temperature dependent features in MCD spectra. Given that the

degenerate ground state will split due to the spin Zeeman effect, in the case of an open-shell

system, the population of the resulting split system will have a temperature dependence

giving rise to different features in the MCD spectra.

The perturbative approach (Eq. (4.25)) for computing MCD spectra is formulated in

terms of the state-specific field-free parameters AJ ,BJ ,CJ , assuming perturbation expan-
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sions for both the optical and magnetic fields, however, with the variational treatment of

the magnetic fields, the A ,B,C terms are not well defined because the non-perturbative

magnetic field effect is already included in the molecular orbitals and energy eigenvalues.

In our previous work we derived mathematical expressions to compute MCD spectra in

a variational framework and response function formalism for closed-shell systems. [151, 152]

The computation of temperature-dependent MCD requires considering spin-Zeeman splitting

in the ground state arising from the interaction with a static magnetic field. Assume there

are N0 and NK numbers of spin-degenerate micro-states that belong to a same spatial ground

and excited state wave function, |0〉 and |K〉, respectively, in the absence of a static magnetic

field. The effects of magnetic-field-split ground and excited micro-states enter the expression

of the MCD equation as an explicit summation over all micro-states with a Boltzmann factor:

∆A′

E
= Γ

N0∑
a

Na

N0

∑
K

NK∑
b

1

3

(
i
∑
αβγ

εαβγ 〈0a |µα|Kb〉γ 〈Kb |µβ| 0a〉γ
)
f(~ω − ~ωγ0a,Kb) (4.26)

where |0a〉 and |Kb〉 are the a-th and b-th micro-state of the ground and excited state,

respectively. µ is the electric dipole operator, {α, β, γ} ≡ {x, y, z}, {y, z, x} or {z, x, y},

following the right hand rule. εαβγ is Levi-Civita symbol (εxyz = εyzx = εzxy = 1, εyxz =

εxzy = εzyx = −1, otherwise 0). We use superscript γ to explicitly denote the direction of the

applied magnetic field, which is also the direction of propagation of incident photon. Note

that Eq. (4.26) takes on an isotropic average of all directions of incident light and applied

magnetic fields since the summation of γ runs over x, y, z. The prefactor Na
N0

describes the

Boltzmann distribution of the near-degenerate micro-state populations in the ground state:

Na = exp

(
− Ea
kT

)
(4.27)

where k is Boltzmann constant, and T is the temperature. Ea is the energy of micro-state |0a〉

relative to the lowest micro-state. For a single transition between micro-states, |0a〉 → |Kb〉,
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the MCD strength can be defined as

R =
i

3

∑
αβγ εαβγ 〈0a |µα|Kb〉γ 〈Kb |µβ| 0a〉γ

µB|B|
(4.28)

where µB is the Bohr magneton (µB = 1/2 in atomic units).

For closed shell systems without ground state degeneracy, Eq. (4.26) can be reduced

to: [151,152]

∆A′

E
= Γ

∑
K

1

3

(
i
∑
αβγ

εαβγ 〈0 |µα|K〉γ 〈K |µβ| 0〉γ
)
f(~ω − ~ωγ0J). (4.29)

Equation (4.29) can also be used to compute the MCD spectrum of an open-shell system at

the low temperature limit when only the lowest energy micro-state is populated.

4.4 Benchmark and Discussion

4.4.1 Computational Detail

Using Eq. (4.26) to compute temperature-dependent MCD, all micro-states in the ground

state manifold and excitations out of these micro-states have to be calculated. In the linear

response TDDFT formalism, this is a non-trivial task. Some attempts using TDDFT were

made for certain special cases to simulate excitations of multiple unpaired electron systems

[135, 136] by choosing a non-degenerate excited state as the reference of TDDFT. In the

current work, we present a different approach to compute temperature-dependent MCD of a

spin doublet ground state using Kramers unrestricted X2C-TDDFT, [28, 118] that relies on

variationally including the magnetic field in the initial state preparation.

To obtain the transition dipoles required in Eq. (4.26), three separate linear response

X2C-TDDFT calculations were carried out with a magnetic field B applied in the x, y, and

z directions for each micro-state in the ground state manifold. Gauge including atomic

orbitals (GIAO) were used to enforce a constrained gauge-origin independence in the varia-

tional treatment of the finite magnetic field. [151,152] The geometries of the molecules were
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optimized using the GAUSSIAN16 computational chemistry software package [33] with the

non-relativistic B3LYP functional [9,88,107] in the absence of a magnetic field. X2C-TDDFT

calculations in the presence of a magnetic field using the GIAO basis sets were performed

in the CHRONUS QUANTUM open source package. [165] Computed spectra are broadened

with a normalized Gaussian function:

fJ(ω) =
1√
πσJ

exp

[
−
(
ω − ωJ
σJ

)2]
(4.30)

where ω and ωJ are in atomic units. The peak width σJ is chosen to fit experimental spectra.

For an open-shell spin-doublet molecule, the lowest micro-state is when the spin is anti-

parallel with respect to the magnetic field. The excitation energy and transition dipole from

this state can be directly computed using X2C-TDDFT from the converged ground state

wave function in the presence of a magnetic field. In order to obtain transitions from the

higher-energy micro-state, the spin-parallel configuration with respect to the magnetic field

must be used as the X2C-TDDFT reference state. An initial guess for the higher-energy

micro-state can be obtained using a magnetic field in the negative x, y, z direction, −B.

Using such an initial guess, a second SCF procedure is applied using the magnetic field

in positive x, y, z direction to converge the wave function to the high-energy micro-state

solution. This technique can be successful if the applied magnetic field is small enough that

it does not induce any spin flip or phase transition. [153]

The MCD selection rule requires that the total angular momentum change by one during

the excitation, ∆MJ = ±1 in double group symmetry. This can arise from changes in the

orbital angular momentum in point group symmetry (∆ML = ±1) or in the spin symmetry

(∆MS = ±1). In the following discussion, we will mainly use the point group, instead

of double group symmetry for analysis because it is more intuitive for understanding the

excited-state splitting and selection rules giving rise to the resulting MCD spectrum. The

point group assignments are chosen to be the dominant molecular orbital contribution to the

TDDFT transition.
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4.4.2 Charge Transfer Excitations in AuCl−4 and Pt(CN)2−
4

Historically, MCD spectra of AuCl−4 and Pt(CN)2−
4 molecular complexes were used to study

optical characteristics of square planar coordination. [66,68,104] The intense peaks in the UV-

Vis region are charge transfer excitations. Arising from their unique molecular orbital align-

ments (see molecular orbital diagrams in Ref. 104), the CT bands in AuCl−4 and Pt(CN)2−
4

have the ligand-to-metal (LMCT) and metal-to-ligand (MLCT) characters, respectively.
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Figure 4.1. Simulated MCD spectra of AuCl−4 LMCT in a 2.9787 × 10−5 a.u.
(∼7 T) magnetic field. An arbitrary unit and Gaussian broadening with σ = 0.006
are used.

Figure 4.1 shows the computed MCD spectrum of AuCl−4 with excitation energies and

MCD strengths of bright excited states listed in Tab. 4.1, compared to experiments. Calcula-

tions were carried out using X2C-B3LYP with the GIAO-Sapporo-DKH3-DZP-NO basis [111]

for Au and the GIAO-Sapporo-DZP-2012-NO basis [110] for Cl. These electronic excitations

are LMCT transitions from Au-d to Cl-p orbitals. The ground state of AuCl−4 has an 1A1g

symmetry which does not split in a magnetic field. The first peak at ∼ 33 × 103 cm−1 (∼4

eV) corresponds to excitations to the low-lying 1Eu state. The derivative shaped peaks at

47 ∼ 53 × 103 cm−1 are characterized as higher energy 1Eu states. These peaks mainly
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state ω0J/eV ω0J/cm−1 R/a.u.

1Eu 4.0239 32455 −6586.8
1Eu 4.0241 32457 6604.7
1Eu 5.0135 40436 −400.1
1Eu 5.0142 40442 399.5
1Eu 6.2836 50682 −58983.5
1Eu 6.2838 50684 58975.9

Table 4.1. Excitation energies and MCD strengths of AuCl−4 LMCT transitions
in a 2.9787× 10−5 a.u. (∼7 T) magnetic field.

involve the ligand eu orbitals with two-fold degeneracy. Since this is a singlet state, spin

Zeeman effect is absent. The splitting is solely due to the magnetic field induced orbital

Zeeman effect. Transitions to Eu states with angular momenta ML = ±1 are allowed by

right- and left-circularly polarized lights, giving rising to a derivative shaped peak.

-10

-5

0

5

10

[θ
] M

 

5045403530
x103 cm-1

 simulation
 experiment

Figure 4.2. Simulated MCD spectrum of Pt(CN)2−
4 in a 4.468×10−6 a.u. (∼1.05

T) magnetic field. Gaussian broadening with σ = 0.003 is used.

All bright transitions in AuCl−4 are characterized as singlet→singlet excitations. Spin-

orbit coupling in this molecular system is weak, and, therefore, does not enable strong
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singlet→triplet excitations. As such, the most important relativistic effect for this system is

the scalar relativity. As the strength of spin-orbit coupling increases in a molecular system,

additional MCD spectral features will appear, and the spectral assignments become more

complex.

Figure 4.2 and Tab. 4.2 present the computed MCD spectrum of Pt(CN)2−
4 . Calculations

were carried out using X2C-B3LYP with the GIAO-Sapporo-DKH3-DZP-ALL basis [111]

for Pt and the GIAO-Sapporo-DZP-2012-ALL basis [110] for C and N. In contrast to the

AuCl−4 molecule, the observed MCD peaks of Pt(CN)2−
4 have MLCT characters, arising

from the excitation of the Pt-d electron to the π∗ orbitals of CN− groups. The first peak at

33.7 ∼ 36.6×103 cm−1 corresponds to singlet→triplet MLCT excitations. This peak can only

be observed in a relativistic TDDFT approach because of the spin-orbit coupling. Because

the 3A2u (J = 1) state does not give rise to an orbital Zeeman splitting, the observed peak

is due to the spin Zeeman effect. Zero-field-splitting induced by the out-of-state spin-orbit

coupling splits the MJ = 0 level from MJ = ±1 manifolds to the 3A2u state. Excitation to

the MJ = 0 micro-state is forbidden because the change in angular momentum is zero from

the 1A1g ground state. The spin Zeeman effect further splits MJ = ±1 into MJ = −1 and

MJ = 1 micros-tates that give rise to the derivative-shaped peak.

The more intense peak at 36.6 × 103 cm−1 also arises from the singlet→triplet MLCT

excitation, however, with a 3Eu symmetry excited state. Analysis of allowed transitions is

more complex because both spin and orbital angular momenta are split in the 3Eu state by

the magnetic field. Among the zero-field-split levels (J = 0, 1, 2) of the 3Eu state, only the

J = 1 level satisfies the MCD selection rule. As such, the observed derivative-shaped peak

at 36.6× 103 cm−1 consists of MJ = −1 and MJ = 1 micro-states of the 3Eu (J = 1) level.

The intense peak at 43.4×103 cm−1 arises from singlet MLCT excitations. Because they

are singlet states, the derivative lineshape is only due to the orbital Zeeman effect. Since

they originate from the singlet excited states, the strengths of these peaks are greater than

the triplet MLCT band. In the experimental spectrum, the small shoulder peak above the

singlet states is the vibronic peak, arising from the coupling of 1Eu electronic state and
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state ω0J/eV ω0J/cm−1 R/a.u.

3A2u 4.1761 33683 −1015.5
3A2u 4.1765 33686 1014.6
3Eu 4.5319 36553 −5321.4
3Eu 4.5323 36556 5376.3
1Eu 5.3779 43376 −43085.0
1Eu 5.3780 43378 42685.2

Table 4.2. Excitation energies and MCD strengths of Pt(CN)2−
4 MLCT transi-

tions in a 4.468× 10−6 a.u. (∼1.05 T) magnetic field.

vibrational modes of CN bonds.

Both computed MCD spectra of AuCl−4 and Pt(CN)2−
4 are in excellent agreement with

experiment in terms of the spectral shape. In the absence of ground state degeneracy, the

computed spectral features are equivalent to the A and B terms from the point of view

of perturbation theory. The temperature dependent C can only arise from an open-shell

ground state configuration. The associated MCD features are rich and spectral assignments

are much more complicated than those from a closed-shell ground state.

4.4.3 Temperature-Dependent MCD of Mo(CN)3−
8

Octacyanometallate complex Mo(CN)3−
8 has a D2d symmetry in solution. [67] In the D2d

ligand field (Fig. 4.3), d orbitals split into b1(xy), a1(z2), e(xz, yz), and b2(x2 − y2), with

increasing energy. In the ground state of Mo(CN)3−
8 , a single electron occupies the b1 orbital

of Mo(V), leading to a doublet ground state, 2B1. For open-shell systems, both orbital

and spin angular momenta play an equally important role in the MCD spectral assignment,

leading to a feature rich and temperature-dependent MCD spectrum. For the following

discussion, we define spin aligned in the +z direction as ‘α’ and −z as ‘β’. We only discuss

the computed result when the magnetic field is aligned in the +z direction, which has the

largest spectral amplitude in the rotational averaged MCD spectra.

Table 4.3 lists the bright excited states with point-group symmetry assignments, com-
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Figure 4.3. Molecular structure of D2d Mo(CN)3−
8 . Ligands labelled as 3, 5, 6,

8 are in the xz plane, and 1, 2, 4, 7 are in the yz plane.

puted using B3LYP with a GIAO-Sapporo-DKH3-DZP-NO basis for Mo and a GIAO-

Sapporo-DZP-2012-NO basis for C and N. The simulated spectrum is shown in Fig. 4.4.

For the Mo(CN)3−
8 molecular complex, the computed MCD peaks are mainly of the d-d

and LMCT transition characters. In the simulated energy range, no MLCT excitation is

observed.

The 2B1 ground state of Mo(CN)3−
8 does not split by the orbital Zeeman effect. The

spin Zeeman effect splits the ground state to 2B1(α) and 2B1(β) micro-states, separated by

|B|, with 2B1(β) level lower in energy. Due to the small splitting, both micro-states can

be populated when T > 0 K, giving rise to the temperature dependent MCD spectrum

(discussed later).

The first two peaks at 24.8 × 103 cm−1 and 25.0 × 103 cm−1 correspond to a linear

combination of e → b1 and b2 → b1 LMCT transitions with b1 mainly consisting of Mo-dxy

orbitals. These orbital transitions lead to states with mixed 2B2 and 2E characters, making

it difficult to analyze how MCD selection rules in term of the change of angular momentum

are manifested in the optical excitations. They also highlight the need for ab initio method

as presented herein to compute MCD spectral features that are too complex to predict based
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State ω0J/eV ω0J/cm−1 R/a.u. Type

2B2 + 2E 3.0812 24852 1608.7 LMCT
2B2 + 2E 3.1006 25008 −1178.4 LMCT

2E 3.2379 26116 1230.1 LMCT
2E 3.2400 26132 −1290.2 LMCT
2E 3.4220 27601 1263.2 LMCT
2E 3.4224 27604 −1334.5 LMCT
2A1 3.4618 27922 60.6 d-d
2E 4.0133 32369 843.5 d-d
2B2 4.5215 36468 1989.0 LMCT
2B2 4.5262 36506 −846.4 LMCT
2E 4.5599 36778 −1277.7 LMCT
2B2 4.6005 37105 −64.5 d-d

Table 4.3. Excitation energies and the z-component of MCD strengths of
Mo(CN)−8 bright transitions in a 3.404×10−5 a.u. (∼8.0 T) magnetic field aligned
in the +z direction (see Fig. 4.3 for molecular structure and orientation).

on selection rules.

The third and fourth peaks at 26.1×103 cm−1 correspond to the e→ b1 LMCT transition

and 2E excited state. In contrast to the B symmetry, the 2E symmetry of the second

excited state will split into 2E+ and 2E− due to the orbital Zeeman effect. In addition,

the spin Zeeman effect will further split 2E+ and 2E− into 2E+(α), 2E+(β), 2E−(α), and

2E−(β) micro-states. A transition from the 2B1 ground state to the 2E excited state is

associated with ∆L = 1. Because the change in orbital angular momentum already satisfies

the MCD selection rule, spin angular momentum must be conserved. As a result, only

2B1(β) → 2E+(β) and 2B1(β) → 2E−(β) transitions are allowed from the 2B1(β) ground

state and these two transitions form a derivative lineshape as they absorb left- and right-

circularly polarized photons, respectively. As the temperature increases, the population

of the 2B1(α) ground micro-state also increases. The allowed transitions from the 2B1(α)

ground micro-state are 2B1(α) → 2E+(α), and 2B1(α) → 2E−(α), whose MCD strengths

have an opposite sign compared to those originated from the 2B1(β) micro-state. Similar
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Figure 4.4. (Left) Simulated temperature-dependent MCD spectra of
Mo(CN)3−

8 in a 3.404 × 10−5 a.u. (∼8.0 T) magnetic field. An arbitrary unit
is used for the MCD strength. In order to produce a spectrum with a similar
band shape compared to experiment, two different Gaussian broadening parame-
ters are used at different energy ranges. For peaks with energies below 0.1341 a.u.,
Gaussian broadening with σ = 0.0023 was used; above 0.1341 a.u., σ = 0.008 was
used. (Right) Experimental temperature dependent MCD spectra of Mo(CN)3−

8 ,
digitized from Ref. 67. Insets are the MCD spectra at 10K.

explanations also hold for the two peaks at 27.6× 103 cm−1 in Tab. 4.3.

The peak at 27.9 × 103 cm−1 is a d-d transition from b1(dxy) to a1(dz2), giving rise to

a 2A1 excited state. The magnetic field splits the 2A1 state into 2A1(α) and 2A1(β) micro-

states through the spin Zeeman effect. In the absence of orbital Zeeman splitting in the

2B1 ground state and 2A1 excited state, the MCD selection rule dictates that spin angular

momentum must change sign during a transition. As a result, only 2B1(β) → 2A1(α) and

2B1(α)→ 2A1(β) are allowed, with the former dominating at low temperature and the latter

seeing more population as the temperature increases. Since these two transitions are of

different signs of the MCD strength, their temperature dependent populations will lead to a

temperature dependent MCD spectrum. Similarly, the excitation at 37.1× 103 cm−1 is also

a spin-flip d-d transition from b1(dxy) to b2(dx2−y2).

The peak around 32.1× 103 cm−1 is the d-d transition from dxy to dxz and dyz orbitals,

resulting in a 2E excited state. This transition is weakly allowed due to the spin-orbit

coupling. Like in the 2E LMCT state, where the spin angular momentum is conserved since
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the transition changes the orbital angular momentum.

The analysis above suggests that all transitions from a B symmetry ground state to a

A or B symmetry excited state requires a change in spin angular momentum to be MCD

active; transitions to E symmetry excited state must conserve spin. All transitions from

the higher energy 2B1(α) micro-state are of an opposite sign of MCD strength compared to

those from the 2B1(β) micro-state. As a result, the overall MCD spectrum depends on the

relative population of the ground micro-states.

The temperature dependent MCD spectrum of Mo(CN)3−
8 is computed using Eq. (4.26).

Figure 4.4 shows that the temperature dependence of the main MCD features is correctly

simulated with the method introduced here. At the low temperature (T = 10 K), the 2B1(β)

ground micro-state has a much greater population (64%) than the 2B1(α) micro-state. Thus,

the averaged MCD is dominated by features arising from the 2B1(β) micro-state. As the

temperature increases, the population of the 2B1(α) micro-state increases, and the resulting

MCD intensity cancels that from the 2B1(β) micro-state. As a result, the overall strength of

the peaks decreases as the temperature increases.

4.5 Conclusion

In the current work, we present a relativistic, two-component TDDFT response theory for

simulating temperature-dependent magnetic circular dichroism spectra of molecular com-

plexes. The method is based on a two-component non-collinear formalism that variationally

includes both relativistic corrections and magnetic field perturbation. In order to correctly

model magnetic field effects within a relativistic Dirac equation, restricted magnetic-balance

condition is used in conjunction with the four- to two-component transformation.

We investigated the relativistic effects in MCD spectra for both closed-shell and open-

shell molecular systems. MCD selection rules were discussed in conjunction with orbital and

spin symmetries. The simulated spectra are in very good agreement with the experiment

measurements. In all test cases, relativistic effects play an important role, particularly,

spin-orbit coupling introduces additional MCD spectral features arising from spin-forbidden
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excitations in closed-shell and open-shell systems. The temperature-dependence of the MCD

spectrum of an open-shell metal complex was satisfactorily demonstrated using the method

introduced in this work.

However, for systems with more than one unpaired electron, the linear response TDDFT

is not able to capture all the micro-states of a nearly degenerate ground state. One has to

resort to variational, relativistic, multi-reference electronic structure theories. [63,69]



78

Chapter 5

SIMULATING MAGNETIC CIRCULAR DICHROISM
SPECTRA WITH REAL-TIME TIME-DEPENDENT DENSITY
FUNCTIONAL THEORY IN GAUGE INCLUDING ATOMIC

ORBITALS

Magnetic circular dichroism (MCD) spectra are able to provide insights to the geometric,

electronic, and magnetic properties of chemical systems. However, they can be challenging

to understand and simulate given the need to simultaneously treat both the finite magnetic

and optical fields. Thus, efficient simulations are desired to understand the spectra and

resolve the molecular electronic states. Real-time dynamics are used widely in the simulation

of electronic spectroscopies such as absorption as well as electronic circular dichroism, but

simulating MCD with real-time dynamics is technically and theoretically challenging. In this

work, we introduce a real-time dynamics based ab initio method with a non-perturbative

treatment of a static magnetic field with London orbitals for simulating the MCD spectra

of closed-shell systems. Effects of a magnetic field are included variationally in the spin-free

non-relativistic Hamiltonian. Real-time time dependent density functional theory dynamics

are then performed, from which we compute the response function in the presence of the

external magnetic field, giving the MCD spectrum. The method developed in this paper

is applied to simulate the MCD spectra for pyrimidine, pyrazine, and 1,4-naphthoquinone.

Results are discussed and compared to experiment. The work in this chapter is adapted

with permission from S. Sun, R. Beck, D. Williams-Young, and X. Li. Simulating Magnetic

Circular Dichroism Spectra with Real-Time Time-Dependent Density Functional Theory in

Gauge Including Atomic Orbitals. J. Chem. Theory Comput., 15:6824-6831, 2019.
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5.1 Introduction

In magnetic circular dichroism (MCD) experiments, the breaking of degeneracies due to the

application of a magnetic field, which couples the (spin and/or orbital) angular momentum

to the field, giving rise to additional spectroscopic features that are otherwise inaccessible at

zero field. [6] There have been many successful developments to compute MCD spectra with

response theory including single residue of the quadratic response function, [17] the complex

polarization propagator method, [82, 141, 142] and magnetically perturbed time-dependent

density functional theory (TDDFT). [133,134,137] Configuration interaction (CI) base tech-

niques include truncated CI with a sum-over-states expression and a perturbative treatment

of the magnetic field and spin-orbit coupling, [61, 62] as well as a multi-configurational self-

consistent-field (MC-SCF) with quasi-degenerate perturbation theory to include Zeeman

effects with spin-couplings. [37, 39, 55] The technique of using London orbitals at zero mag-

netic field has been applied in the perturbative calculation of MCD at the level of EOM-CC,

TDHF, and TDDFT, mitigating the gauge-origin dependence of finite atom-centered basis

sets. [16, 74, 75, 81] Recently, a new class of ab initio computational MCD methods using a

variational treatment of the magnetic field has been developed within the linear response

complex time-dependent Hartree-Fock (C-TDHF) framework. [152]

Compared to response theory based methods, real-time time-dependent theory has many

unique advantages. Real-time approaches can resolve a broad spectra in a single short time

simulation. This is particularly useful for systems with high density of states. For DFT based

methods, real-time dynamics also avoid the implementation of functional second derivatives.

We refer readers to Ref. 43 for a recent review on real-time electronic structure theory. For

absorption spectra and electronic circular dichroism, [44,168] real-time approaches only need

to treat the perturbing electric field. The calculation of MCD spectra, however, requires the

inclusion of both static magnetic and perturbing electric fields. Real-time electronic dynamics

using a real-space local density approximation (LDA) have been applied to simulate effective

A and B terms of MCD spectra. [89]
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Within the density functional theory framework, advanced functional formalisms have

been developed to describe molecules in the presence of a magnetic field. The inclusion of a

magnetic field effect has been represented either by the functional dependence of current den-

sity in current-density-functional theory (CDFT) [12,157–161] or the functional dependence

of the magnetic field in magnetic-field density functional theory (BDFT), [122, 123] where

both of these methods can be mathematically shown as equivalent. [48] When compared to

full-configuration interaction, it has been observed that the exchange-correlation functional

does not depend strongly on the magnetic field. [122]

In this paper, we introduce a real-time TDDFT approach using the generalized gradient

approximation (GGA) of the magnetic-field density functional theory in an atomic orbital ba-

sis. In the time-dependent variational approach, the treatment of the magnetic perturbation

is included non-perturbatively. Effects of a static, uniform magnetic field are included vari-

ationally with London orbitals, [4,10,23,56,57,80,101,152,153,167] which provide the most

satisfactory solution to correct for the gauge-origin problem when an incomplete Gaussian-

type basis is used. [22, 29,30,38,59,84,90,127]

5.2 Methodology

5.2.1 Computing MCD Spectrum with Real-Time Electronic Structure Methods

MCD spectrum measures the response of a molecular system perturbed by a static magnetic

field and probed by left and right circularly polarized light. This type of measurement can

be described by a time-dependent Hamiltonian which consists of a time-independent and a

time-dependent component, H = H0 + Vt.

The magnetic field perturbations can be described by the time-independent Hamiltonian,

H0 = h0+W , where W is the two-electron interaction, and h0 is the one-electron Hamiltonian

defined in Eq. (3.4). [152,153] It can be written as

h0 = −1

2
∇2 +

1

2
(−ir×∇) ·B +

1

8
(B× r)2 +

∑
A

ZA
|r−RA|

(5.1)
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The second term in Eq. (5.1) includes orbital Zeeman contributions, and the third term

describes diamagnetism of a molecular system.

Using the electric-dipole approximation in the length gauge, Vt = −r · EW , for the

interaction between the system and the probing optical field, the MCD spectra (in molar

ellipticity with the conventional unit of Degree(mol/L)−1m−1Gauss−1) can be computed

using the following expression [134]

[θ]M = Γ
∑
J

RJωf(ω − ωγ0J) (5.2)

where the rotatory strength RJ is defined as:

RJ = −1

3

∑
αβγ εαβγIm(〈0 |µα| J〉γ 〈J |µβ| 0〉γ)

µB|B|
(5.3)

〈0 |µα| J〉 is the transition dipole and ωγ0J is the excitation energy from ground state to the

excited state J in the presence of a static magnetic field. f(ω − ωγ0J) is the band shape

function, which for fixed molecular structures we assume infinite excited state lifetime, thus

f(ω − ωγ0J) can be written as a delta function, δ(ω − ωγ0J). εαβγ is Levi-Civita symbol

(εxyz = εyzx = εzxy = 1, εyxz = εxzy = εzyx = −1, otherwise 0). Γ is a collection of physical

constants. [119] RJ , ω, and f are in atomic units. We use superscript γ to explicitly denote

the direction of the applied magnetic field. For detailed derivation of this expression, we

refer readers to Reference 152.

Relating MCD Spectrum to Response Function Formalism

Thus, in order to compute MCD spectra using Eq. (5.2), one needs to extract the imagi-

nary component of the quantity 〈0 |µα| J〉γ 〈J |µβ| 0〉γ from RT-TDDFT electronic dynamics.

However, this is not a quantity that can be easily obtained from direct analyses of time-

dependent observables, e.g., Fourier transformation of electric dipoles. In this work, we

propose a response function based technique that can be used to resolve MCD spectra from
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real-time electronic structure simulations. In the following, we will present derivations that

transform Eq. (5.2) into a response function formalism of the time-dependent signals.

We start by using the following expression,

∑
J

Im(Aαβ,γ0J )δ(ω − ωγ0J) ≈
∑
J

[Im(Aαβ,γ0J )δ(ω − ωγ0J)− Im(Aβα,γ0J )δ(ω + ωγ0J)] (5.4)

where

Aαβ,γ0J = 〈0 |µα| J〉γ 〈J |µβ| 0〉γ = (Aβα,γ0J )∗ (5.5)

The δ function in Eq. (5.4) can be defined as the following limit, [26]

δ(ω − ωγ0J) =
1

π
lim
η→0+

η

(ω − ωγ0J)2 + η2
(5.6)

Using this relationship, Eq. (5.4) can be written as,

∑
J

Im(Aαβ,γ0J )δ(ω − ωγ0J)

≈ 1

π

∑
J

lim
η→0+

[
Im(Aαβ,γ0J )η

(ω − ωγ0J)2 + η2
− Im(Aβα,γ0J )η

(ω + ωγ0J)2 + η2

]

=
1

π

∑
J

lim
η→0+

[
Im(Aαβ,γ0J )η

(ω − ωγ0J + iη)(ω − ωγ0J − iη)
− Im(Aβα,γ0J )η

(ω + ωγ0J + iη)(ω + ωγ0J − iη)

]
(5.7)

Recognizing that Re[Aαβ,γ0J − (Aαβ,γ0J )∗] = 0 and Im[Aαβ,γ0J − (Aαβ,γ0J )∗] = 2Im(Aαβ,γ0J ), we can
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rewrite Eq. (5.7) and factor out ω − ωγ0J − iη and ω + ωγ0J − iη in the denominators,

1

2π

∑
J

lim
η→0+

 Re[Aαβ,γ0J −(Aαβ,γ0J )∗](ω−ωγ0J )+Im[Aαβ,γ0J −(Aαβ,γ0J )∗]η

(ω−ωγ0J+iη)(ω−ωγ0J−iη)

−Re[Aβα,γ0J −(Aβα,γ0J )∗](ω+ωγ0J )+Im[Aβα,γ0J −(Aβα,γ0J )∗]η

(ω+ωγ0J+iη)(ω+ωγ0J−iη)


=

1

2π

∑
J

lim
η→0+

Re

[
[Aαβ,γ0J − (Aαβ,γ0J )∗](ω − ωγ0J − iη)

(ω − ωγ0J + iη)(ω − ωγ0J − iη)
− [Aβα,γ0J − (Aβα,γ0J )∗](ω + ωγ0J − iη)

(ω + ωγ0J + iη)(ω + ωγ0J − iη)

]

=
1

2π

∑
J

lim
η→0+

Re

[
Aαβ,γ0J − (Aαβ,γ0J )∗

ω − ωγ0J + iη
− Aβα,γ0J − (Aβα,γ0J )∗

ω + ωγ0J + iη

]
(5.8)

Using the definition of the response function 〈〈µα;µβ〉〉γω, [112,114]

〈〈µα;µβ〉〉γω = lim
η→0+

〈0 |µα| J〉γ 〈J |µβ| 0〉γ

ω − ω0J + iη
− 〈0 |µβ| J〉

γ 〈J |µα| 0〉γ

ω + ω0J + iη
(5.9)

it is easy to see that Eq. (5.4) in the form of Eq. (5.8) can be simplified to

∑
J

Im(Aαβ,γ0J )δ(ω − ωγ0J) ≈ 1

2π

∑
J

Re(〈〈µα;µβ〉〉rω − 〈〈µβ;µα〉〉rω) (5.10)

The final working equation for calculating MCD spectra becomes,

[θ]M = − Γ

3µB|B|
∑
αβγ

ωεαβγIm(〈0 |µα|n〉γ 〈n |µβ| 0〉γ)δ(ω − ωγ0J)

= − Γ

6πµB|B|
∑
αβγ

ωεαβγRe(〈〈µα;µβ〉〉γω − 〈〈µβ;µα〉〉γω) (5.11)

Calculating MCD spectra using the first expression in Eq. (5.11) requires the computa-

tion of the transition dipole moments and excitation energies in the presence of an external

magnetic field. These quantities can be obtained using the linear response formalism of the

TDHF/TDDFT equation. [152] Alternatively, MCD spectra can be evaluated using the sec-

ond expression in Eq. (5.11) which works with real-time time-dependent electronic structure

methods.
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Relating Time-Dependent Signals to Response Function Formalism

In this section, we will derive the relationship between the response function formalism in

Eq. (5.11) and time-dependent signals obtained from real-time simulations. We will assume

a variational treatment of the static magnetic field applied in the γ ∈ x, y, z direction and

that all time-dependent observables are collected in the presence of the magnetic field.

With an electrical δ-kick of intensity κ applied at t = 0 in direction β ∈ x, y, z, the

perturbation Hamiltonian of the electric field can be expanded in the frequency domain as

V̂t = δ(t)µ̂γβκβ =
µ̂γβκβ

2π

∫ ∞
−∞

e−iωtdω (5.12)

where all the frequencies have the same amplitude. Such an electric field perturbation will

lead to the time-evolution of the dipole moment of a molecular system.

The time-evolution of the α-component of the dipole moment, µα, can be expressed

as [112]

µγα(t)− µγα(0) = −
∫ t

−∞
i〈0|[µ̂α, eiĤ0(t′−t)V̂t′ e

−iĤ0(t′−t)]|0〉γ dt′ (5.13)

Substituting Eq. (5.12) into the Eq. (5.13) followed by a time-frequency transformation,

we have

µγα(ω) =

∫ ∞
−∞

(µγα(t)− µγα(0))eiωtdt

= −κβ
2π

∫ ∞
−∞

eiωtdt

∫ ∞
−∞

e−iω
′tdω′

∫ t

−∞
i〈0|[µ̂α, eiĤ0(t′−t)µ̂β e

−iĤ0(t′−t)]|0〉γ dt′ (5.14)

One can show that Eq. (5.14) can be equivalently written in a response function form,

[112,114]

µγα(ω) = κβ〈〈µα;µβ〉〉γω (5.15)
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where the response function is defined in Eq. (5.9). For detailed derivation, we refer readers

to Reference 112.

Using Eq. (5.15) in Eq. (5.11), we can write the final expression for computing the MCD

molar ellipticity in Degree(mol/L)−1m−1Gauss−1 using quantities in atomic units calculated

from real-time electronic dynamics:

[θ]M = −0.0014802× 1

6π|B|
∑
αβγ

ω εαβγRe

(
µγα(ω)

κβ
−
µγβ(ω)

κα

)
(5.16)

where µγα(ω), ω, |B|, κβ are in atomic units.

Note that the working equation Eq. (5.16) is similar to that in Reference 89 which was

derived via the perturbation of wave function. The derivation presented here builds a con-

nection between the real-time signal and the response function formalism. This approach is

also generally applicable to other types of spectra. Observables computed using the linear

response function with the non-perturbative treatment of magnetic field derived herein are

similar to those calculated using the quadratic response function [17] or the gradient of linear

response [133,134,137].

Since the non-perturbative treatment of magnetic field can account for the splitting of

excited states and perturbation of transition dipole at the orbital level, the response theory

based formalism presented here is able to treat the effects equivalent to A and B terms.

However, the simulation of C term effect of open-shell system requires the inclusion of spin-

orbit coupling, which cannot be simulated directly using the non-relativistic formalism.

5.2.2 Density-Functional Theory with Complex-Valued Orbitals

The molecular orbitals are expanded in a basis of complex-valued London orbitals [101].

φj(r) =
∑
µ

Cµjχ̃µ(r,kA) (5.17)

χ̃µ(r,kA) = χµ(r−RA)eikA·(r−RA) (5.18)
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where {χµ(r−RA)} are real atomic orbital (AO) basis functions centered at RA. The

exponential form of the London orbital phase factor defines the local gauge origin at each

nuclear center in the presence of magnetic field with a plane wave vector described by kA =

RA×B
2

, where B is the external magnetic field.

In the presence of an external magnetic field, the Kohn-Sham matrix in the London

orbital basis for a closed-shell system is defined as [157]:

F′ = T + V + J[P′] + Vxc[P′]− 1

2
cxK[P′]− i

2
L ·B

+
1

8

{
(B2

y +B2
z )qxx + (B2

x +B2
z )qyy + (B2

x +B2
y)qzz

− 2BxByqxy − 2ByBzqyz − 2BxBzqxz
}

(5.19)

where Lµν = 〈χ̃µ|r ×∇|χ̃ν〉 and 〈qnm)µν = (χ̃µ|r̂nr̂m|χ̃ν〉 are the orbital-angular momen-

tum and electric quadrupole integrals, respectively. We also use a primed notation for the

magnetic field perturbed Kohn-Sham (F′) and density (P′) matrices. Equation (5.19) corre-

sponds to a pure density functional when cx = 0.

The magnetic-field density functional theory formalism [122, 123] is used in this imple-

mentation, where the functional does not explicitly depend on the magnetic field. Since the

magnetic field perturbs the electron density and its derivatives, the density functional will

implicitly depend on the magnetic field.

The Coulomb (J) and exchange (K) matrix elements are defined as:

Jµν [P
′] =

∑
λκ

(χ̃µχ̃ν |χ̃κχ̃λ)P ′λκ (5.20)

Kµν [P
′] =

∑
λκ

(χ̃µχ̃λ|χ̃κχ̃ν)P ′λκ (5.21)

The recursive relationships for evaluating one- and two-electron integrals using complex

valued London orbitals have been presented in Ref. 118.

Using London atomic orbitals in Kohn-Sham DFT also implies that the evaluation of
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matrix elements of Vxc requires a careful scrutiny because the density matrix and atomic

orbitals are complex-valued. For GGA, the following quantities need to be evaluated on a

numerical grid in order to compute the matrix element of V xc
µν

V xc
µν =

∂Exc

∂Pνµ

=
∑
i

wi

[
∂fxc

∂ρ(r)
χ̃∗µ(r)χ̃ν(r)

]
r=ri

+
∑
i

wi

[
∂fxc

∂∇ρ(r)
(∇χ̃∗µ(r)χ̃ν(r) + χ̃∗µ(r)∇χ̃ν(r))

]
r=ri

(5.22)

where i runs over all the grid points. fxc defines a density functional that depends on density

variables. The expressions for evaluating ∂fxc

∂ρ
and ∂fxc

∂∇ρ are usually obtained through a chain

rule using auxiliary density variables (see Refs. 28, 118 for implementation details for both

spin collinear and non-collinear cases.). {wi} are weights of the integration grid points based

on the Becke multi-center numerical integration scheme. [8,147]. Note that because London

orbitals are complex valued, the Vxc becomes a complex-valued quantity, even though ∂fxc

∂ρ(r)
,

and ∂fxc

∂∇ρ(r)
are real-valued quantities in the KS formalism and real-time dynamics.

In the evaluation of density and basis set gradients, the derivative of primitive London

atomic orbitals with respect to electronic coordinate rj is needed. The following expression

is derived and used in this work,

∂

∂rj
g̃µ(r−RA; kA; a; ζα)

= −2ζαg̃µ(r−RA; kA; a + 1j; ζα) + aj g̃µ(r−RA; kA; a− 1j; ζα) + i(kA)j g̃µ(r−RA; kA; a; ζα)

(5.23)

where g is the primitive London atomic orbitals centered at RA with orbital angular mo-

mentum a and Gaussian exponent ζ.
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5.2.3 Equation-of-Motion of Real-Time TDDFT

The evolvement of the system is by a time-integration of the Liouville-von Neumann equation:

i
∂P

∂t
= [F,P] (5.24)

with the modified midpoint and unitary transformation (MMUT) approach. [15,43,92,93,97]

See 43 for a recent review on RT-TDDFT.

5.3 Computational Detail

All molecular geometries were optimized [91] in the absence of a magnetic field using the

GAUSSIAN16 computational chemistry software package [33] using the B3LYP [9, 88, 107]

functional and the 6-31G(d) basis. [31, 52]

RT-TDDFT calculations in a magnetic filed with a GIAO basis were carried out with the

CHRONUS QUANTUM open source package [165]using the B3LYP [9, 88, 107] functional

and the London-6-31G(d) basis. [31, 52]. The magnetic field strength is 2.238 × 10−5 a.u.

(∼5.26 T), comparable to that used in experiments. [13,70] At t < 0, the ground state SCF

was converged with a magnetic field applied in direction γ. The external magnetic field

is applied throughout the RT-TDDFT dynamics. At t = 0, an electrical δ-kick is applied

in the direction β. After the pulse, the system evolves according to Eq. (5.24). At each

timestep, the expectation value of electric dipole µ(t) is evaluated. In order to obtain a

spectral broadening, a damping factor, Γ, in the Fourier transformation is used:

µγα(ω) =

∫ ∞
−∞

(µγα(t)− µγα(0)) exp
(
− t

Γ

)
eiωtdt (5.25)

The value of Γ is determined in order to reproduce the experimental linewidth. Six separate

dynamics for each test molecule are carried out with the external magnetic fields applied

in the x, y, and z directions and a pulsed electric field in two directions orthogonal to the

magnetic field. The simulation stepsize is 0.05 a.u. (∼ 0.0012 fs). The simulation time is
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100 fs for pyrimidine, pyrazine and 1,4-naphthoquinone and 500 fs for sodium anion. The

electric field strength is 10−5 a.u.

5.4 Benchmark and Discussion

5.4.1 Sodium Anion

Figure 5.1 compares the MCD spectra of sodium anion in a 5.0×10−5 a.u. (∼11.75 T) mag-

netic field, computed with the real-time TDHF and the linear response TDHF formalisms,

respectively. [152] The MCD spectra computed using these two different methods are indis-

tinguishable. An external magnetic field introduces orbital Zeeman interactions that break

the three-fold degeneracy of the p orbitals, giving rise to two peaks of opposite sign which

leads to a derivative shape, shown in Fig. 5.1. This benchmark shows that the real-time and

the linear response approaches produce equivalent MCD spectra at the weak field limit.

M
CD

850800750700650600
 nm

Figure 5.1. Simulated MCD spectra of Na− s → p transitions in a 5 × 10−5

a.u. (∼11.75 T) magnetic field. An arbitrary unit and spectral broadening with
a damping factor of Γ = 500 a.u. are used.

5.4.2 Pyrimidine and Pyrazine

Pyrimidine and pyrazine are structural isomers of six-membered heterocyclic ring (Fig. 5.2).

With UV/Vis absorption spectroscopy, these two isomers are not differentiable because they
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(A) (B)

Figure 5.2. (A) Pyrimidine, (B) Pyrazine

have very similar linear absorption spectra. In this case, MCD can be a powerful experimental

tool to analyze the photochemical properties of structural isomers due to the difference in

their point group symmetry. In addition, since their n → π∗ and π → π∗ transitions give

rise to alternating positive and negative MCD peaks, they are frequently used as benchmark

systems for theoretical simulations. [13,16,70,74,75,134]

(A) (B) (C) (D)

Figure 5.3. Main molecular orbital contributions to optical excitations in pyrim-
idine.

In the C2v point group, pyrimidine has several low-lying allowed optical transitions. The

first peak at 3.5 × 104 cm−1 is the n → π∗ transition, giving rise to the the 1B1 excited

state, with correpsponding molecular orbitals shown in Fig. 5.3A. The next two excitations

are associated with the 1B2 and 2B1 excited states, with the π → π∗ (Fig. 5.3B) and n→ π∗

(Fig. 5.3C) characteristics, located at 4.7× 104 cm−1 and 4.9× 104 cm−1, respectively. The

last, and strongest, excitation in this simulated spectral range is the π → π∗ excitation

(Fig. 5.3D) from the ground state to the 1A1 state.
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(A) (B) (C)

Figure 5.4. Main molecular orbital contributions to optical excitations in
pyrazine.

The pyrazine molecule has the D2h symmetry. The first peak at 3.1×104 cm−1 corresponds

to the excitation from the ground state to the B3u state. This transition is dominated by

the n→ π∗ transition, where the electron in the lone pair orbital of N atom is excited to π∗

orbital (Fig. 5.4A). The next two excitations in pyrazine both have the π → π∗ character

and give rise to the B2u and B1u states (Fig. 5.4B and Fig. 5.4C).
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θ ]
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 experiment
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0.0

-0.1

-0.2
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] M

 

555045403530
x103 cm-1

 simulation
 experiment

(A) (B)

Figure 5.5. Simulated MCD spectra of pyrimidine (Fig. 5.5A) and pyrazine
(Fig. 5.5B) in a 2.238 × 10−5 a.u. (∼5.26 T) magnetic field, with a damping
factor of 150 a.u. Experimental MCD spectra from Ref. 70 are also plotted in
dashed blue curves.

The MCD spectra of pyrimidine and pyrazine computed using the RT-TDDFT method

introduced in this paper are shown in Fig. 5.5, compared to experiments. [13, 70] For these

closed shell molecules, the excited states with singlet spins have no degeneracy. Therefore,
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Pyrimidine ω′0J/cm−1 ω0J/cm−1

1B1 3.512×104 3.506×104

1B2 4.732×104 4.734×104

2B1 4.916×104 4.880×104

1A1 5.452×104 5.440×104

Pyrazine ω′0J/cm−1 ω0J/cm−1

B3u 3.077×104 3.248×104

B2u 4.448×104 4.454×104

B1u 5.385×104 5.376×104

Table 5.1. Excitation energies of pyrimidine and pyrazine molecules in a 2.238×
10−5 a.u. (∼5.26 T) magnetic field. ω′0J is the estimated excitation energy from
the real-time spectra. ω0J is the excitation energy computed using the linear
response formalism of the corresponding TDDFT in the absence of the external
magnetic field.

the MCD signals is driven by the B term, which is caused by the magnetic perturbation to

the transition dipole. The estimated energies for these characteristic excitations (ω′0J) from

the real-time spectra are summarized in Tab. 5.1 and compared to absorption peaks (ω0J)

in the absence of the external magnetic field. The computed n→ π∗ transitions are in excel-

lent agreement with experimental measurements. However, the π → π∗ transitions in both

molecules are blue-shifted by 0.6 eV, compared to experiments, although the computed signs

and relative magnitudes of all transitions are in agreement with experiments. Compared to

the absorption spectra of linearly polarized light, although the presence of an external mag-

netic field gives rise to a different spectral shape it only slightly shifts the spectral positions.

This comparison suggests that the disagreement with experiments is likely due to the choice

of functional. These results, computed using the time-dependent variational method, are also

consistent with calculations using the excited state gradients. [75] Perturbative calculations

overestimate the magnitude of the 1B2 state of pyrimidine and this work underestimated its

intensity compared to the experiment.
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5.4.3 1,4-Naphthoquinone

O

O
Figure 5.6. 1,4-naphthoquinone

The real-time approach is particularly convenient when simulating a broad spectral

range with many excited states. Figure 5.7 plots the computed MCD spectrum of 1,4-

naphthoquinone using the RT-TDDFT approach. Compared to the available experimental

result [105] at the low energy range, the computed MCD spectrum are in good agreement

with experiment. Figure 5.7B plots a broad energy range (0-30 eV) of the computed MCD

spectrum. In contrast to solving for all excited states in a generalized eigenvalue prob-

lem, real-time approach can produce a broad band MCD spectrum with only three dynamic

simulations.

5.5 Conclusion

In this paper, a real-time time-dependent density functional theory (RT-TDDFT) method,

with a variational treatment of the static magnetic perturbation in London orbital basis,

for simulating MCD spectra is developed and applied to several azaheterocycles. The MCD

spectra can be obtained by the simulation of the linear response function. The Kohn-Sham

formalism with finite magnetic field is extended to the time-dependent case at the level of

hybrid functionals. Due to the use of London orbitals, the exchange-correlation energy and

potentials are evaluated with complex atomic orbitals.
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Figure 5.7. Simulated MCD spectrum of 1,4-naphthoquinone in a 2.238× 10−5

a.u. (∼5.26 T) magnetic field, with a damping factor of 150 a.u. Experimental
MCD spectrum from Ref. 105 is also plotted in a dashed blue curve. Note that
the experimental first ionization energy of 1,4-naphthoquinone is ∼9.4eV. [109]
Spectral features above the first ionization threshold correspond to excitations of
deeper valence electrons.

RT-TDDFT simulations of pyrimidine and pyrazine predict correct signs of MCD absorp-

tion peaks, although excitation energies of the π → π∗ transitions are blue-shifted compared

to experiment. This work also highlights a unique advantage of the RT-TDDFT approach

through the computation of a broad MCD spectrum of 1,4-Naphthoquinone using six dy-

namic simulations.

The scope of the simulation is limited to the effective A and B terms in MCD. Future di-

rections include the development to enable the simulation of open-shell system MCD spectra

and the C term using the time-dependent variational approach.
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Chapter 6

FOUR COMPONENT RELATIVISTIC FORMALISM WITH
GAUGE INCLUDING ATOMIC ORBITALS

In this section, we briefly give the relativistic four component formalism with gauge-

including atomic orbitals in the presence of external magentic field.

The one electron Dirac Hamiltonian is given in Eq. (4.1). In four component relativistic

formalism, there are several choices for two component Hamiltonian, for example, Coulomb

interaction, Gaunt interaction, Breit interaction. For simplicity, we discuss the Coulomb

( 1
r12

) and Gaunt ( 1
r12
− α1·α2

r12
) interactions.

6.1 Two Spinor Basis

Four component wave function are called four spinor. They can be expanded with two spinor

basis. Define four spinor

ψ =

ψL
ψS

 (6.1)

where the two spinors are expanded by two spinor basis as

ψL =
2NB∑
µ=1

aLµ χ̃
L
µ , ψS =

2NB∑
µ=1

aSµχ̃
S
µ (6.2)

where NB is the number of spatial basis function. χ̃X is the two spinor basis.

χ̃Lµ =

χ̃µ
0

 when 0 < µ ≤ NB, χ̃Lµ =

 0

χ̃µ−NB

 whenNB < µ ≤ 2NB (6.3)

χ̃µ is the spatial basis function. In this context, it is gauge including atomic orbital
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(GIAO). Here, X = L, S. 1 ≤ µ ≤ NB. In the presence of magnetic field, restricted

magnetic balance is applied for the large and small component spinor basis.

6.2 Restricted Magnetic Balance

The relationship between the large and small component two spinor basis is

χ̃Sµ =
1

2mc
[σ · (p + A)]χ̃Lµ =

1

2mc
σ · (−i∇+

1

2
B× r)χ̃Lµ (6.4)

this relation ensures that in the non-relativistic limit, where the speed of light becomes

infinity, the Dirac equation becomes Pauli equation like in Eq. (4.8).

6.3 Restricted Magnetic Balance in Detail

In Eq. (6.4), the Pauli matrices are defined as

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 , (6.5)

so

σ · ∇ =

 0 ∇x

∇x 0

+

 0 −i∇y

i∇y 0

+

∇z 0

0 −∇z


=

 ∇z ∇x − i∇y

∇x + i∇y −∇z

 (6.6)

For α spinor basis χ̃Lµ =

χ̃µ
0

 (µ <= NB),

σ · ∇χ̃Lµ =

 ∇z ∇x − i∇y

∇x + i∇y −∇z

χ̃µ
0

 =

 ∂zχ̃µ

(∂x + i∂y)χ̃µ

 (6.7)
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and the α spinor basis for small component

χ̃Sµ =
−i
2c

 ∂zχ̃µ

(∂x + i∂y)χ̃µ

+
σ · (B× r)

4c
χ̃Sµ (6.8)

Now we take a look at the second term on the right hand side

σ · (B× r)

4c
=

1

4c
[(B× r)xσx + (B× r)yσy + (B× r)zσz]

=
1

4c

 (B× r)z (B× r)x − i(B× r)y

(B× r)x + i(B× r)y −(B× r)z


=

1

4c

 Bxry −Byrx Byrz −Bzry − i(Bzyx −Bxyz)

Byrz −Bzry + i(Bzrx −Bxrz) −(Bxry −Byrx)

 (6.9)

thus

σ · (B× r)

4c
χ̃Lµ =

1

4c

 (Bxry −Byrx)χ̃µ

[(Byrz −Bzry) + i(Bzrx −Bxrz)]χ̃µ

 (6.10)

In summary, for α small component spinor, we have

χ̃Sµ =
−i
2c

 ∂zχ̃µ

(∂x + i∂y)χ̃µ

+
1

4c

 (Bxry −Byrx)χ̃µ

[(Byrz −Bzry) + i(Bzrx −Bxrz)]χ̃µ

 (6.11)

For β spinor basis χ̃Lµ =

 0

χ̃µ

 (NB < µ <= 2NB), For β spinor basis of small

component,

σ · ∇χ̃Lµ =

(∂x − i∂y)χ̃µ−NB
−∂zχ̃µ−NB

 (6.12)
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and

σ · (B× r)

4c
χ̃Lµ =

σ · (B× r)

4c

 0

χ̃µ−NB

 =
1

4c

[(Byrz −Bzry)− i(Bzrx −Bxrz)] χ̃µ−NB

(−Bxry −Byrx)χ̃µ−NB


(6.13)

so in summary, for β small component spinors,

χ̃Sµ =

(∂x − i∂y)χ̃µ−NB
−∂zχ̃µ−NB

+
1

4c

(Byrz −Bzry)− i(Bzrx −Bxrz)χ̃µ−NB

(−Bxry −Byrx)χ̃µ−NB

 (6.14)

If χLµ is in Cartesian Gaussian gauge including atomic orbital, we have

∂iχ̃µ(a) = −2ζχ̃(a + 1i) +Ni(a)χ̃(a− 1i) + ikaiχ̃(a) (6.15)

where a = (ax, ay, az) is the orbital angular momentum of χ̃µ. χ̃(a) stands for Gauge

including Cartesian Gaussian orbital with angular momentum a.

The only missing piece now in Eq. (6.11) and Eq. (6.14) are riχ̃µ, we have

riχ̃µ(a) = (ri − Ai + Ai)χ̃µ(a) = χ̃µ(a + 1i) + Aiχ̃µ(a) (6.16)

6.4 Two Electron Integrals in Molecular Orbital

The coulomb integral of four spinors are

(pq|rs) =

∫
dr1

∫
dr2

ψLp (1)

ψSp (1)

†ψLq (1)

ψSq (1)

 1

r12

ψLr (2)

ψSr (2)

†ψLs (2)

ψSs (2)

 (6.17)

= (pLqL|rLsL) + (pLqL|rSsS) + (pSqS|rLsL) + (pSqS|rSsS) (6.18)
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For Gaunt interaction, since we have

ψ†pαψq =
(
ψL†p ψS†p

)0 σ

σ 0

ψLq
ψSq

 = ψS†p σψ
L
q + ψL†p σψ

S
q (6.19)

So

(pαq|rαs) = (pLσqS|rLσsS) + (pLσqS|rSσsL) + (pSσqL|rLσsS) + (pSσqL|rSσsL) (6.20)

6.5 Fock Matrix

The Fock matrix elements are defined in Ref.25. However, there are many typos in the

definition in Ref.25, which will affect the implementation. We decide to list the corrected

definition of Fock matrix here to avoid confusion.

For a Dirac-Coulomb-Gaunt Hamiltonian, the Fock matrix in four spinor MO is (by

Slater-Condon rule)

fpq = hpq +
N∑
i=1

[(pq|ii)− (pi|iq)]−
N∑
i=1

[(pαq|iαi)− (pαi|iαq)] (6.21)

where N is the number of occupied electron.

In two spinor,

fLLpq = hLLpq +
N∑
i=1

[(pLqL|iLiL) + (pLqL|iSiS)− (pLiL|iLqL)]

−
N∑
i=1

[−(pLσiS|iSσqL)] (6.22)
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fSSpq = hSSpq +
N∑
i=1

[(pSqS|iLiL) + (pSqS|iSiS)− (pSiS|iSqS)]

−
N∑
i=1

[−(pSσiL|iLσqS)] (6.23)

fLSpq = hLSpq +
N∑
i=1

[−(pLiL|iSqS)]

−
N∑
i=1

[(pLσqS|iLσiS) + (pLσqS|iSσiL)− (pLσiS|iLσqS)]

fSLpq = hSLpq +
N∑
i=1

[−(pSiS|iLqL)]

−
N∑
i=1

[(pSσqL|iLσiS) + (pSσqL|iSσiL)− (pSσiL|iSσqL)]

Expand the two spinors in AO basis

ψX†p =
2NB∑
µ=1

aX∗µp χ̃
X†
µ (6.24)

ψXq =
2NB∑
µ=1

aXνqχ̃
X
ν (6.25)

ψX†r =
2NB∑
µ=1

aX∗κr χ̃
X†
κ (6.26)

ψXs =
2NB∑
λ=1

aXλsχ̃
X
λ (6.27)
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Then Fock matrix elements in 2 spinor AO basis are

fLLµν = hLLµν +
N∑
i=1

[aL∗κi a
L
λi5(µLνL|κLλL) + aS∗κi a

S
λi(µ

LνL|κSλS)− aL∗κi aLλi(µLλL|κLνL)]

−
N∑
i=1

[−aS∗κi aSλi(µLσλS|κSσνL)] (6.28)

= hLLµν +DLL
λκ [(µLνL|κLλL)− (µLλL|κLνL)]

+DSS
λκ [(µLνL|κSλS) + (µLσλS|κSσνL)] (6.29)

Where the definition of two component density matrix is

DXY
µν =

N∑
i=1

aXµia
Y ∗
νi X, Y = {L, S} (6.30)

And we have the Fock matrix for other blocks

fSSµν = hSSµν +
N∑
i=1

[aL∗κi a
L
λi(µ

SνS|κLλL) + aS∗κi a
S
λi(µ

SνS|κSλS)− aS∗κi aSλi(µSλS|κSνS)]

−
N∑
i=1

[−aL∗κi aLλi(µSσλL|κLσνS)] (6.31)

= hSSµν +DLL
λκ [(µSνS|κLλL) + (µSσλL|κLσνS)]

+DSS
λκ [(µSνS|κSλS)− (µSλS|κSνS)] (6.32)
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fLSµν = hLSµν +
N∑
i=1

[−aS∗κi aLλi(µLλL|κSνS)]

−
N∑
i=1

[aL∗κi a
S
λi(µ

LσνS|κLσλS) + aS∗κi a
L
λi(µ

LσνS|κSσνL)− aL∗κi aSλi(µLσλS|κLσνS)]

= hLSµν +DLS
λκ [−(µLλL|κSνS)− (µLσνS|κSσνL)]

−DSL
λκ [(µLσνS|κLσλS)− (µLσλS|κLσνS)] (6.33)

fSLµν = hSLµν +
N∑
i=1

[−aL∗κi aSλi(µSλS|κLνL)]

−
N∑
i=1

[aL∗κi a
S
λi(µ

SσνL|κLσλS) + aS∗κi a
L
λi(µ

SσνL|κSσλL)− aS∗κi aLλi(µSσλL|κSσνL)]

= hSLµν +DSL
λκ [−(µSλS|κLνL)− (µSσνL|κLσλS)]

−DLS
λκ [(µSσνL|κSσλL)− (µSσλL|κSσνL)] (6.34)

The next thing to do is to write two-spinor integral in the form of spatial orbital integral.

The large component two spinor basis is defined in Eq. (6.3), the details of small component

two spinor basis is given in Eq. (6.11) and Eq. (6.14).
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Appendix A

INTEGRAL EVALUATION

A London orbital is defined as

χ̃(r,kA) = χ(r−RA)eikA·(r−RA) (A.1)

where {χ} are primary atom-centered Gaussian type orbitals,

χa = (x− Ax)ax(y − Ay)ay(z − Az)aze−ζa|r−A| (A.2)

|r−A| =
√

(x− Ax)2 + (y − Ay)2 + (z − Az)2 (A.3)

A = {Ax, Ay, Az} is the coordinate of the atom center and a = {ax, ay, az} is the angular

momentum. ζa is the exponent of primary Gaussian type orbitals.

The London orbital defined in Eq. (A.1) has the following identity,

χ̃∗µ(r,kA) = χ̃µ(r,−kA) (A.4)

The one-electron integral for any one-electron operator Ô1 can be defined as

(a|Ô1|b) =

∫
d3rχ̃∗(r,kA) Ô1 χ̃(r,kB) =

∫
d3rχ̃(r,−kA) Ô1 χ̃(r,kB) (A.5)

and, for a two-electron operator Ô2, the integral is defined as

(ab|Ô2|cd) =

∫
d3r1

∫
d3r2 χ̃

∗(r1,kA)χ̃(r1,kB) Ô2 χ̃
∗(r2,kC)χ̃(r2,kD)

=

∫
d3r1

∫
d3r2 χ̃(r1,−kA)χ̃(r1,kB) Ô2 χ̃(r2,−kC)χ̃(r2,kD) (A.6)
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General recursion relationships for one- and two-electron integrals using mixed plane-

wave/Gaussian type orbitals were presented by Obara and coworkers, [60] and the application

to London orbitals was developed by Helgaker and Teale. [65, 156] In this work, we use a

modified Obara-Saika algorithm to calculate one- and two-electron integrals using London

orbitals. As the derivations are similar to those in references 60 and 156, we only present

the working equations used in this work without going through the detailed mathematics.

Note that recursive algorithms presented herein can be used for evaluating integrals of mixed

plane-wave/Gaussian orbitals with an arbitrary wave vector.

The following intermediate quantities are defined for integral recursion relationships used

in this work,

ζ = ζa + ζb (A.7)

η = ζc + ζd (A.8)

ξ =
ζaζb
ζa + ζb

(A.9)

ρ =
ζη

ζ + η
(A.10)

P =
ζaA+ ζbB

ζa + ζb
(A.11)

Q =
ζcC + ζdD

ζc + ζd
(A.12)

W =
ζP + ηQ

ζ + η
(A.13)

kp = −ka + kb (A.14)

kq = −kc + kd (A.15)
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A.1 Overlap Integral

The recursion for the overlap integral is

(a + 1µ||b) =

(
P +

i(−kA + kB)

2ζ
−A

)
µ

(a||b) +
1

2ζ

{
Nµ(a)(a− 1µ||b) +Nµ(b)(a||b− 1µ)

}
(A.16)

(0A||0B) =

(
π

ζ

)3/2

e−ξ(A−B)2

e−
(−ka+kb)

2

4ζ ei{(−ka)·(P−A)+kb·(P−B)} (A.17)

where Nµ(a) is the µ component of the angular momentum a. a ± 1µ means that the µ

component of the angular momentum a is raised/lowered by one.

A.2 Kinetic Energy Integral

Kinetic integral is the second derivatives of overlap integrals,

(a|T |b) = −1

2

∑
ν=x,y,z

(a||∂2
νb) (A.18)

The recursion relationship for the kinetic energy integral is

−1

2
(a||∂2

νb) =− 2ζb
2(a||b + 2ν) + 2iζbkbµ(a||b + 1ν) +

(
2ζbNν(b)ζb +

1

2
k2
bν

)
(a||b)

− iNν(b)kbν(a||b− 1ν)−
1

2
Nν(b)(Nν(b)− 1)(a||b− 2ν) (A.19)

where kbµ is the µ component of the wave vector kb.
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A.0.1 Angular Momentum Integral

Angular momentum integral is defined as

(a|r×∇|b) = x̂ (a|ry∂z − rz∂y|b) + ŷ (a|rz∂x − rx∂z|b) + ẑ (a|rx∂y − ry∂x|b)

= −x̂ (a|ry∂Bz − rz∂By |b)− ŷ (a|rz∂Bx − rx∂Bz |b)− ẑ (a|rx∂By − ry∂Bx|b)

(A.20)

where x̂, ŷ, ẑ are unit vectors in the x, y, z directions. ∂Bµ is the partial derivative with

respect to nuclear coordinates at atom center B. The integral of the type (a|rµ∂ν |b) where

µ, ν = x, y, z can be evaluated as linear combinations of overlap integrals:

(a|rµ∂ν |b) =−
{

2ζb(a + 1µ||b + 1ν)−Nν(b)(a + 1µ||b− 1ν)− ikbν(a + 1µ||b)
}

− Aµ
{

2ζb(a||b + 1ν)−Nν(b)(a||b− 1ν)− ikbν(a||b)
}

(A.21)

A.3 Electric Quadrupole Integral

The recursion relationship for the electric quadrupole integral is

(a|rµrν |b) = (a + 1µ||b + 1ν) + Aµ(a||b + 1ν) +Bν(a + 1µ||b) + AµBν(a||b) (A.22)

A.4 Nuclear Attraction Integral

Define the operator

V =
1

|r−C|
(A.23)
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where C is the nuclear coordinate. The recursion for nuclear attraction integral is

(a + 1µ|V |b)(m) =(P +
ikpµ
2ζ
−A)µ(a|V |b)(m) − (P +

ikpµ
2ζ
−C)µ(a|V |b)(m+1)

+
1

2ζ
Nµ(a)

{
(a− 1µ|V |b)(m) − (a− 1µ|V |b)(m+1)

}
+

1

2ζ
Nµ(b)

{
(a|V |b− 1µ)(m) − (a|V |b− 1µ)(m+1)

}
(A.24)

(0A|V |0B)(m) =2

(
ζ

π

)1/2

(0A||0B) Fm(T ) (A.25)

T =ζ

(
P−C + i

−ka + kb
2ζ

)2

(A.26)

where Fm(T ) is the Boys function.

A.5 Electron Repulsion Integral

The recursion for electron repulsion integral is

((a + 1µ)b|cd)(m) =

(
P−A +

ikpµ
2ζ

)
µ

(ab|cd)(m)

+

(
W −P− iρ(ka + kb)µ

2ζ2
+
i(kc + kd)µ

2(ζ + η)

)
µ

(ab|cd)(m+1)

+
1

2ζ
Nµ(a)

{
((a− 1µ)b|cd)(m) − ρ

ζ
((a− 1µ)b|cd)(m+1)

}
+

1

2ζ
Nµ(b)

{
(a(b− 1µ)|cd)(m) − ρ

ζ
(a(b− 1µ)|cd)(m+1)

}
+

1

2(ζ + η)

{
Nµ(c)(ab|(c− 1µ)d)(m+1) +Nµ(d)(ab|c(d− 1µ))(m+1)

}
(A.27)

(00|00)(m) =2

(
ρ

π

)1/2

(0A||0B)(0C ||0D) Fm(T ) (A.28)

T =ρ

[(
P + i

kp
2ζ

)
−
(

Q + i
kq
2η

)]2

(A.29)

where Fm is the Boys function. The horizontal recursion can be derived from Eq. (A.27)
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easily. [54]

(a(b + 1µ)|cd)(m) = ((a + 1µ)b|cd)(m) + (A−B)ν(ab|cd)(m) (A.30)



125

Appendix B

MCD PEAK BROADENING

We use two peaks close in energy with opposite sign as an example to illustrate the

derivative peak profile in an MCD measurement. For example, when p orbitals of different

ML quantum numbers split due to the orbital Zeeman term, two excitations with opposite

sign appear in the MCD measurement (Fig. 3.1). The discussion herein can be extended to

other types of Zeeman splitting as well.

The separation of energy is 2∆ω, which is usually on the order of meV. Assuming a

Gaussian broadening, the band shape function of these two peaks can be written as

f(x) = Ce−
[

(x+∆ω)
σ

]2
− Ce−

[
(x−∆ω)

σ

]2
(B.1)

where C is normalization constant. The peak positions are the stationary points of function

f(x), where the first derivative of the band is zero:

df

dx
=

2C

σ2

(
(x−∆ω)e−

[
(x−∆ω)

σ

]2
− (x+ ∆ω)e−

[
(x+∆ω)

σ

]2)
= 0 (B.2)

The solution of Eq. (B.2) can be obtained by locating the intersects of the two functions

in the following equation, shown in Eq. (B.3),

− 4x∆ω

σ2
= ln

x−∆ω

x+ ∆ω
(B.3)

Equation (B.3) shows that the separation between two stationary points are greater than

separation between the two excitations (2∆ω). A larger Gaussian width σ gives rise to a

larger peak separation and a broader profile.
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∆ω

-∆ω

0

Figure B.1. Green and red curves are y = − 4x∆ω
σ2 and y = ln x−∆ω

x+∆ω . Dotted

lines are located at x = +∆ω and x = −∆ω. Positions where − 4x∆ω
σ2 intersects,

ln x−∆ω
x+∆ω , are marked with an ×.
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Appendix C

EVALUATION OF THE ONE-ELECTRON RELATIVISTIC
GIAO INTEGRALS

We only discuss about the spatial integral. The spinor form can be easily obtained once

the spatial orbital integrals are evaluated.

Evaluation of One-Electron Relativistic Integrals

The one electron relativistic integrals can be categorized into several types. 1) The spin-free

integral (ã|pV · p|b̃) and spin-orbit integral (ã|pV × p|b̃) have two derivative operator and

one nuclear potential operator. The tilde shows that it is GIAO integral, and a,b denote

the angular momentum of the basis function. 2) The (ã|∇βV rα|b̃) and (ã|rαV∇β|b̃) in

Eqs. (4.11) and (4.12) have one derivative operator, one cartesian coordinate operator and

a nuclear potential operator. 3) (ã|AV ·A|b̃) have two coordinate operator and a nuclear

potential operator. We will discuss their evaluation separately.

The way to treat the derivative operator is to transform it into the derivative with respect

to the nuclear coordinate

∂

∂rj
χ̃µ(r−RA; kA; a; ζα)

= − ∂

∂RA,j

χ̃µ(r−RA; kA; a; ζα)

= −2ζαχ̃µ(r−RA; kA; a + 1j; ζα) + ajχ̃µ(r−RA; kA; a− 1j; ζα)

+ i(kA)jχ̃µ(r−RA; kA; a; ζα) (C.1)

with that, we can treat the first type of integrals.

1) For spin-free integral and spin-orbit integral, we can rewrite them as the second deriva-
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tive of nuclear attraction integral with respect to nuclear coordinates,

(ã|pV · p|b̃) = −(ã|∇V · ∇|b̃) = (∇ã|V · |∇b̃) =
∑

α=x,y,z

∂Aα∂Bα(ã|V |b̃) (C.2)

(ã|pV × p|b̃) = −(ã|∇V ×∇|b̃) = (∇ã|V × |∇b̃) = εαβγ ∂Aα∂Bβ(ã|V |b̃) îγ (C.3)

according to Eq. (C.1), the second derivative can be evaluated as

∂Aα∂Bβ(ã|V |b̃) =2ζa{2ζb(ã + 1µ|V |b̃ + 1ν)−Nν(b)(ã + 1µ|V |b̃− 1ν)− ikbν(ã + 1µ|V |b)}

−Nµ(a){2ζb(ã− 1µ|V |b̃ + 1ν)−Nν(b)(ã− 1µ|V |b̃− 1ν)

− ikbν(ã− 1µ|V |b̃)}

− ikaµ{2ζb(ã|V |b̃ + 1ν)−Nν(b)(ã|V |b̃− 1ν)− ikbν(ã|V |b̃)} (C.4)

2) For (ã|∇αV rβ|b̃), the rβ can be decomposed into (r − B)β + Bβ, and the derivative

can be treated with Eq. (C.1)

(ã|∇αV rβ|b̃) =− (∇αã|V rβ|b̃) = (∇Aα ã|V rβ|b̃)

=2ζa(ã + 1α|V |b̃ + 1β) +Bβ(ã + 1α|V |b̃)]

−Nα(a)[(ã− 1α|V |b̃ + 1β) +Bβ(ã− 1α|V |b̃)]

− ikaα[(ã|V |b̃ + 1β) +Bβ(ã|V |b̃)] (C.5)

Similarly, we have

(ã|rβV∇α|b̃) =− ∂Bα(ã|rβV |b̃)

=− [2ζb(ã + 1β|V |b̃ + 1α)−Nα(b)(ã + 1β|V |b̃− 1α)− ikbα(ã + 1β|V |b̃)]

− Aβ[2ζb(ã|V |b̃ + 1α)−Nα(b)(ã|V |b̃− 1α)− ikbα(ã|V |b̃)] (C.6)
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Notice that either (ã|∇αV rβ|b̃) or (ã|rβV∇α|b̃) are not hermitian or anti-hermitian. Their

linear combination ∇βV rα − rαV∇β is Hermitian, and rαV∇β +∇βV rα is anti-Hermitian.

3) Operator AV ·A can be expanded as

AV ·A =B2rV · r− (B · r)V (B · r)

=(B2
x +B2

y +B2
z )(xV x+ yV y + zV z)

− (Bxx+Byy +Bzz)V (Bxx+Byy +Bzz)

=xV x(B2
y +B2

z ) + yV y(B2
x +B2

z ) + zV z(B2
x +B2

y)

− xV y2BxBy − yV z2ByBz − 2xV zBxBz (C.7)

where the integral of the type (ã|rαV rβ|b̃) can be evaluated as

(ã|rαV rβ|b̃) = (ã|[(r − A)α + Aα]V [(r −B)β +Bβ]|b̃)

= (ã + 1α|V |b̃ + 1β) +Bβ(ã + 1α|V |b̃) + Aα(ã|V |b̃ + 1β) + AαBβ(ã|V |b̃)

(C.8)

Evaluation of Nuclear Attraction Integral with Finite Width Nuclei

We assume gaussian charge distribution of the nuclei, [162] the nuclear potential is

V (r) = −
∫
d3R

e−ζC(R−C)2

|r−R|
(C.9)

Where e−ζC(R−C)2
is the gaussian distribution of the charge with the nucleus located at C,

ζC is the exponential parameter, which decide how diffused the nucleus is.

The nuclear attraction integral can be viewed as a special case of electron repulsion
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integral,

(ã|V (r)|b̃) =
x

dRdrχ̃a(r)χ̃b(r)
e−ζC(R−C)2

|r−R|

=
x

dRdrχ̃a(r)χ̃b(r)
1

|r−R|
χc(R)χd(R) (C.10)

where

χc = NCe
−g(R−C)2

, χd = 1 = e0 (C.11)

with normalization condition

∫
d3RNCe

ζC(R−C)3

= ZC (C.12)

where ZC is the nuclear charge. χc and χd are gaussian orbital instead of London orbitals.

We define

ζ = ζa + ζb, (C.13)

ρ =
ζζC
ζ + ζC

=
ζζC
ζ + ζC

(C.14)

P =
ζaA + ζbB

ζ
(C.15)

kp = −ka + kb (C.16)

kq = 0 (C.17)

then, we have

W =
ζP + ζCC

ζ + ζc
(C.18)

substitute these quantities in the the recursion of electron repulsion integral in Ref. 153, we
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get the same recursion of nuclear attraction integral

((ã + 1µ)|V |b̃)(m) =(Pµ +
ikpµ
2ζ
− Aµ)(ã|V |b̃)(m) − (Pµ +

ikpµ
2ζ
− Cµ)(ã|V |b̃)(m+1)

+
1

2ζ
Ni(a)

{
((ã− 1i)|V |b̃)(m) − ((ã− 1i)|V |b̃)(m+1)

}
+

1

2ζ
Ni(b)

{
(ã|V |(b̃− 1i))

(m) − (b̃|V |(ã− 1i))
(m+1)

}
(C.19)

with a different definition of the auxiliary integrals

(0̃A|V |0̃B)(m) = ZC(0̃A||0̃B)

(
ζC

ζ + ζC

)m
2

(
ρ

π

)1/2

Fm(T ) (C.20)

where T in the Boys function have a different definition

T = ρ

(
P−C + i

kp
2ζ

)2

(C.21)
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Appendix D

DETAILS OF GIAO DFT AND TDDFT

D.1 Outline of the evaluation of exchange-correlation potential integrals with
Complex Atomic Orbitals

In order to ensure the gauge origin invariance, the 1-e molecular orbitals {ψp(r)} are expanded

in terms of a set of contracted complex London orbitals {χ̃µ(r−RA; kA; a)},

ψp(r) =
∑
µ

Cµpχ̃µ(r−RA; kA; a) (D.1)

χ̃µ(r−RA; kA; a) = χµ(r−RA; a)eikA·(r−RA) (D.2)

where {χµ(r−RA; a)} are real contracted Gaussian type atomic orbital (AO) basis functions

centered at RA, and RA is the nuclear coordinate of atomic orbital µ.

χµ(r−RA; a) =
∑
α

Φµ(r−RA; a; ζα) (D.3)

where we define primitive London atomic orbitals

Φ̃µ(r−RA; kA; a; ζα) = Φµ(r−RA; a; ζα)eikA·(r−RA) (D.4)

When the atomic orbitals are complex valued, the complex arithmetic is required. The

formalism is consistent with [118]. Up to GGA level of functional, the exchange correlation

functional is defined as a function of auxiliary variable {UI},

Exc =

∫
dr f(n+, n−, γ++, γ−−, γ+−) (D.5)
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where the variables are consistent with the definition in Ref. 28 and Ref. 118

n± =
1

2
ρS ± 1

2

√ ∑
α=x,y,z

mαmα

γ±± =
1

4
∇n · ∇n+

1

4

∑
α=x,y,z

∇mα · ∇mα ±
f∇
2

√ ∑
α=x,y,z

∇n · ∇mα∇n · ∇mα

γ+− =
1

4
∇n · ∇n− 1

4

∑
α=x,y,z

∇mα∇mα

f∇ = sgn(∇n ·
∑

α=x,y,z

(∇mα)mα) (D.6)

where sgn is the sign function. Although the variables are constructed from complex atomic

basis, they are real valued.

The exchange-correlation energy of hybrid functional is defined as

Exc[ρ] = EGGA
xc [ρ,∇ρ] + cxE

HF
x [ρ] (D.7)

and the exchange correlation potential

V xc(r) =
δExc

δρ(r)
(D.8)

The details about the implementation of GKS with finite field gauge including atomic

orbital is presented in the earlier works [151].

In order to calculate the exchange correlation integral, V xc
µν (r), we define the auxiliary

variables {UI} and {VI}. Where the exchange-correlation kernel is defined as a functional of

{UI}, and {UI} are the function of {VI}, where {VI} are linear with density matrices.

ρ(r) =
∑
µν

P S
µνχ̃µ(r)χ̃∗ν(r) (D.9)

In the KS formalism and real time dynamics, since the density matrix is always Hermitian,
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the density function is always real.

(ρ(r))∗ =
∑
µν

P S,∗
µν χ̃

∗
µ(r)χ̃ν(r) =

∑
µν

P S
νµχ̃

∗
µ(r)χ̃ν(r) = ρ(r) (D.10)

And similarly the gradient of the density is also real

∇ρ(r) =
∑
µν

P S
µν [(∇χ̃µ(r))χ̃∗ν(r) + χ̃µ(r)(∇χ̃∗ν(r))] (D.11)

V xc,Γ
µν =

∑
I

∑
J

∂Exc

∂UI

∂UI
∂VJ

∂VJ
∂P Γ

νµ

=
∑
i

∑
I

∑
J

wi
∂f

∂UI(ri)

∂UI(ri)

∂VJ(ri)

∂VJ(ri)

∂P Γ
νµ

(D.12)

where Γ = S, x, y, z which label the spin components. In the RKS case, only S is required.

The summation can be decomposed into two parts, one is the density parts, with VJ = nΓ.

We have
∂VJ(ri)

∂P Γ
νµ

= χ̃∗µ(ri)χ̃ν(ri) (D.13)

The other is gradient part, where VJ = ∇nΓ. We have

∂VJ(ri)

∂P Γ
νµ

= (∇χ̃µ(ri))χ̃
∗
ν(ri) + χ̃µ(ri)(∇χ̃∗ν(ri)) (D.14)

We can calculate the exchange correlation potential integral with the complex valued

atomic orbitals as

V GGA,Γ
µν =

∑
i

[ZΓ
µ (ri)]

∗χ̃ν(ri) + ZΓ
ν (ri)[χ̃ν(ri)]

∗ (D.15)

i runs over all the grid points.
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Zµ(ri) = w(ri)

(
1

2
ZΓ
ρ (ri)χ̃µ(ri) +

∑
k=x,y,z

ZΓ
∇,k(ri)(∇kχ̃µ(ri))

)
(D.16)

where k = x, y, z is Cartesian coordinate. and

ZΓ
ρ (ri) =

∑
I

∂f

∂UI(ri)

∂UI(ri)

∂ρΓ(ri)
(D.17)

ZΓ
∇,k(ri) =

∑
I

∂f

∂UI(ri)

∂UI(ri)

∂∇ξρΓ(ri)
(D.18)

Since the value of f, {UI(ri)}, {VI(ri)} are real, the quantities ZΓ
ρ (ri),ZΓ

∇,ξ(ri) are also

real valued. The explicit form of ZΓ
ρ (ri),ZΓ

∇,ξ(ri) is given in Ref. 118:

ZΓ
ρ =

∂f

∂ρΓ
=

1

2


(
∂f

∂n+
+

∂f

∂n−

)
Γ = S(

∂f

∂n+
− ∂f

∂n−

)
KΓ Γ 6= S

(D.19a)

ZΓ
∇,k =

∂f

∂∇kρΓ
=

1

2



∇kρ
S

(
∂f

∂γ++
+

∂f

∂γ+− +
∂f

∂γ−−

)
+
∑

κ=x,y,z∇kρ
κHκ

(
∂f

∂γ++
− ∂f

∂γ−−

)
Γ = S

∇kρ
SHΓ

(
∂f

∂γ++
− ∂f

∂γ−−

)
+∇kρ

Γ

(
∂f

∂γ++
− ∂f

∂γ+− +
∂f

∂γ−−

)
Γ 6= S

(D.20a)

we use the convention for the index, such that capitalized Greek letter (like Γ) are spin

component index running over S, x, y, z. Lower case Greek letter (γ, κ) are spin component

index running over x, y, z only. Lower case English letter k are Cartesian coordinate index,

running over x, y, z. When we limit Γ = x, y, z, the KΓ, HΓ are defined for significant m
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(|m| ≥ 10−12) and small m (|m| < 10−12)

KΓ =



ρΓ

|m|
(Significant m)

1

3
(Small m)

(D.21a)

HΓ =



f∇∇n · ∇ρΓ

√
∇n · ∇m ◦ ∇m · ∇n

(Significant m)

f∇
3

(Small m)

(D.21b)

For closed shell systems and some regions in the open shell system with insignificant mag-

netization, the definition of KI , HI for the small m (|m| < 10−12) makes the GKS result

consistent with RKS and UKS. This definition ensures the numerical stability of Vxc of non-

collinear DFT.

We also define that

ρΓ =

ρ
S = ρ when Γ = S

ρΓ = mΓ when Γ = x, y, Z

(D.22)

D.2 Brief Overview of the Linear Response TDDFT in MO basis

In this derivation, we assume the orbitals are complex. For DFT, the Fock matrix in molec-

ular orbitals is

Fpq =
∑
rs

∂Fpq
∂Prs

Prs =
∑
rs

[(pq|sr)− cx(pr|sq) + fxc,pq,sr]Prs (D.23)

where

fxc,pq,rs =
∂V xc

pq

∂Prs
(D.24)
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If we apply the perturbation Va with frequency ωa, by expanding the Liouville-von Neumann

equation by orders of magnitude of frequencies, the first order gives us the linear response

equation of motion,

ωaP
(a) − [F (0), P (a)]− [F (1)[P (a)], P (0)] = [V a, P (0)] (D.25)

where the unperturbed matrices are

F (0) =

εo 0

0 εv

 , P (0) =

Io 0

0 0

 (D.26)

and the perturbed Fock matrix F (1)[P (a)] is the kernel ∂Fpq
∂Prs

contracted with perturbed

density matrix P (a):

F (1)[P (a)] =
∑
rs

∂Fpq
∂Prs

∣∣∣∣
P (0)

P (a)
rs =

∑
rs

[(pq|sr)− cx(pr|sq) + fxc,pq,sr]P
(a)
rs (D.27)

which means the kernel is evaluated with unperturbed density matrix P (0), and then con-

tracted with perturbed density matrix P (a).

we get equation of elements for vo and ov blocks

[
∂Fai
∂Pbj

+ δabδij(εa − εi)
]
P

(a)
bj +

∂Fai
∂Pjb

P
(a)
jb − ωaP

(a)
ai = −vaai (D.28)[

∂Fia
∂Pjb

+ δabδij(εa − εi)
]
P

(a)
jb +

∂Fia
∂Pbj

P
(a)
bj + ωaP

(a)
ia = −vaia (D.29)

Define

Bai,bj =
∂Fai
∂Pjb

, Aai,bj =
∂Fai
∂Pbj

+ δabδij(εa − εi) (D.30)

in DFT, Bai,bj = [(ai|bj) − cx(aj|bi) + fxc,ai,bj], and Aai,bj = [(ai|jb) − cx(ab|ji) + fxc,ai,jb] +

δabδij(εa − εi).
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Then the linear response equation becomes

Aai,bjP
(a)
bj +Bai,bjP

(a)
jb − ωaP

(a)
ai = −vaai (D.31)

A∗ai,bjP
(a)
jb +B∗ai,bjP

(a)
bj + ωaP

(a)
ia = −vaia (D.32)

since we only want the poles and transition density matrices in this work, we need to solve

the homogeneous equations (generalized eigen value problems)

Aai,bjX
(n)
bj +Bai,bjY

(n)
bj − ωnX

(n)
ai = 0

A∗ai,bjY
(n)
bj +B∗ai,bjX

(n)
bj + ωnY

(n)
ai = 0 (D.33)

where ωn are the pole of excited state n, and X
(n)
bj = P

(n)
bj , Y

(n)
bj = P

(n)
jb are the transition

density matrices of excited state n.

D.3 Implementation of the complex orbital linear response TDDFT

Define transition density matrix in molecular orbitals

Tai = Xai, Tia = Yai (D.34)

where we omit the superscript J for simplicity. {i, j} are index for occupied orbitals, {a, b}

are index for unoccupied orbitals, {p, q} are index for general spin orbitals.

Transform the transition density matrix into atomic orbital basis, we have

Tµν =
∑
pq

CµpTpqC
∗
νq (D.35)

The transition density and the gradient of transition density can be evaluated as

T (r) =
∑
µν

φ̃µ(r)Tµνφ̃
∗
ν(r) (D.36)
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∇T (r) =
∑
µν

Tµν [(∇φ̃µ(r))φ̃∗ν(r) + φ̃µ(r)(∇φ̃∗ν(r))] (D.37)

since Tµν is not a Hermitian matrix, the transition density T (r) and its gradient ∇T (r) is a

complex function of coordinate r.

We can transform the contractions in the left hand side of Eq. (D.33) of this type∑
rs[(pq|sr)− cx(pr|sq) + fxc

pq,sr]Trs from MO basis to atomic orbitals:

∑
rs

[(pq|sr)− cx(pr|sq) + fxc
pq,sr]Trs

=
∑
rs

∑
µνκλ

C∗µpCνqC
∗
κsCλr[(µν|κλ)− cx(µλ|κν) + fxc

µν,κλ]Trs

=
∑
µν

C∗µpCνq
∑
κλ

[(µν|κλ)− cx(µλ|κν) + fxc
µν,κλ]Tλκ (D.38)

The main task is to evaluate the contraction of second order derivative of the functional

kernel with transition density matrix

fxc
µν [T ] =

∑
κλ

fxc
µν,κλTλκ (D.39)

Where the second order derivative of the exchange-correlation kernel is defined with U

and V variable

fxc
µν,κλ =

∑
IJKL

∫ (
∂2f

∂UI∂UJ

∂UI
∂VK

∂UJ
∂VL

+
∂f

∂UI

∂2UI
∂VK∂VL

)
∂VK
∂Pνµ

∂VL
∂Pλκ

d3r (D.40)

The analytical expression of first and second order derivative of U variable with respect

to V variable are provided in Ref. 28. Notice that the P and T in Eq. (D.40) are two spinor

matrix

P = P S ⊗ I2 +
∑

γ=x,y,z

P γ ⊗ σγ (D.41)

T = T S ⊗ I2 +
∑

γ=x,y,z

T γ ⊗ σγ (D.42)
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The basis {φ̃µ, 0 < µ ≤ 2NB} are two-spinor basis, and can be formed from the product of

spin basis {α, β} and spatial basis {χ̃µ, 0 < µ ≤ NB}, where NB is the number of spatial

basis function

φ̃µ =

χ̃µ ⊗ α µ ≤ NB

µ̃µ−NB ⊗ β NB < µ

(D.43)

In the two component formalism, the V variable are divided into Pauli components, Γ =

s, x, y, z, which are defined in Eq. (D.13) and Eq. (D.14). Therefore, the contracted quantity

fxc
µν [T ] can be divided into Pauli components,

fxc,Γ
µν [T ] =

∑
κλ

∑
Γ′=S,x,y,z

∑
IJKL

∫ (
∂2f

∂UI∂UJ

∂UI
∂VK

∂UJ
∂VL

+
∂f

∂UI

∂2UI
∂VK∂VL

)
∂VK
∂P Γ

νµ

∂VL
∂P Γ′

λκ

T Γ′

λκd
3r

(D.44)

and the matrix vector product Eq. (D.38) can be calculated from Eq. (D.44) However, the

definition of the auxiliary variable will cause numerical instability for closed shell systems,

whose magnetization density is small. The analytical expression of derivative and second

order derivative in Ref. 28 is ill defined in this case. It is also problem for open shell

systems, since they have regions where the magnetization is not significant.

Thus in the region where the magnetization is not significant (|m| < 10−12), when

Γ = x, y, z (scalar doesn’t need this treatment), instead of using the treatment for small
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magnetization in Ref. 28, we make the followingchange to the derivative of the U variables

∂n+

∂mα

= δαΓ (D.45)

∂n−

∂mα

= −δαΓ (D.46)

∂γ++

∂(∇n)
=

1

2
∇n+

1

2
∇mΓ (D.47)

∂γ++

∂∇mα

=
1

2
∇mα + δαΓ

1

2
∇n (D.48)

∂γ−−

∂(∇n)
=

1

2
∇n− 1

2
∇mΓ (D.49)

∂γ−−

∂∇mα

=
1

2
∇mα − δαΓ

1

2
∇n (D.50)

Notice that in Eqs. (D.47) and (D.49), the component Γ is chosen the same as the component

of fxc,Γ
µν [T ]. The derivatives of γ+− are not changed.

The second derivative of n+, n− become 0. And the second derivatives of γ variables are

derived from the modified first derivatives,

∂2γ++

∂(∂in)∂(∂jn)
=

1

2
δij (D.51)

∂2γ++

∂(∂in)∂(∂jmα)
=

1

2
δijδαΓ (D.52)

∂2γ++

∂(∂imα)∂(∂jmβ)
=

1

2
δijδαβ (D.53)

∂2γ−−

∂(∂in)∂(∂jn)
=

1

2
δij (D.54)

∂2γ−−

∂(∂in)∂(∂jmα)
= −1

2
δijδαΓ (D.55)

∂2γ−−

∂(∂imα)∂(∂jmβ)
=

1

2
δijδαβ (D.56)

The second derivatives of γ+− are also not changed.

Such changes make the GKS-TDDFT result consistent with the RKS-TDDFT for closed
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shell systems. For open shell system, these changes in the insignificant magnetization region

ensure numerical stability.

For f xc,Γ
µν [T ] with Γ = S in Eq. (D.44), we still use the same definition of the insignificant

magnetization case in Ref. 28.

The matrix element f xc,Γ
µν [T ] can be evaluated with a numerical grid integration,

f xc,Γ
µν [T ] =

∫
d rω(r)

{
FΓ
ρ (r)χ̃µ(r)χ̃∗ν(r) +

∑
k=x,y,z

FΓ
∇,k(r)[(∇kχ̃µ(r))χ̃∗ν(r) + χ̃µ(r)∇kχ̃

∗
ν(r)]

}
(D.57)

where ξ is cartesian coordinate x, y, z, and ω is the weight factor.

If we define

ΛΓΓ′(r) = ∇ρΓ(r) · ∇T Γ′(r) (D.58)

we have

FSρ =

[
∂2f

∂n+∂n+
+

∂2f

∂n−∂n−
+ 2

∂2f

∂n+∂n−

]
T S +

[
∂2f

∂n+∂n+
− ∂2f

∂n−∂n−

] ∑
γ=x,y,z

KγT γ+

ΛSS

(
∂2f

∂n+∂γ++
+

∂2f

∂n−∂γ++
+

∂2f

∂n+∂γ+− +
∂2f

∂n−∂γ+− +
∂2f

∂n+∂γ−−
+

∂2f

∂n−∂γ−−

)
+( ∑

γ=x,y,z

(
ΛγS + ΛSγ

)
Hγ

)(
∂2f

∂n+∂γ++
+

∂2f

∂n−∂γ++
− ∂2f

∂n+∂γ−−
− ∂2f

∂n−∂γ−−

)
+( ∑

γ=x,y,z

Λγγ

)(
∂2f

∂n+∂γ++
+

∂2f

∂n−∂γ++
− ∂2f

∂n+∂γ+−−

∂2f

∂n−∂γ+− +
∂2f

∂n+∂γ−−
+

∂2f

∂n−∂γ−−

)
(D.59)
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FS∇ = ∇ρS
[
ΛSS

(
∂2f

∂γ++∂γ++
+

∂2f

∂γ+−∂γ+− +
∂2f

∂γ−−∂γ−−
+

2
∂2f

∂γ++∂γ+− + 2
∂2f

∂γ++∂γ−−
+ 2

∂2f

∂γ+−∂γ−−

)
+( ∑

γ=x,y,z

(
ΛγS + ΛSγ

)
Hγ

)(
∂2f

∂γ++∂γ++
+

∂2f

∂γ+−∂γ++
− ∂2f

∂γ+−∂γ−−
− ∂2f

∂γ−−∂γ−−

)
+( ∑

γ=x,y,z

Λγγ

)(
∂2f

∂γ++∂γ++
− ∂2f

∂γ+−∂γ+− +
∂2f

∂γ−−∂γ−−
+ 2

∂2f

∂γ++∂γ−−

)
+

T S
(

∂2f

∂γ++∂n+
+

∂2f

∂γ++∂n−
+

∂2f

∂γ+−∂n+
+

∂2f

∂γ+−∂n−
+

∂2f

∂γ−−∂n+
+

∂2f

∂γ−−∂n−

)
+( ∑

γ=x,y,z

KγT γ

)(
∂2f

∂γ++∂n+
− ∂2f

∂γ++∂n−
+

∂2f

∂γ+−∂n+
−

∂2f

∂γ+−∂n−
+

∂2f

∂γ−−∂n+
− ∂2f

∂γ−−∂n−

)]
+

( ∑
γ=x,y,z

Hγ∇ργ
)[

ΛSS

(
∂2f

∂γ++∂γ++
− ∂2f

∂γ−−∂γ−−
+

∂2f

∂γ++∂γ+− −
∂2f

∂γ+−∂γ−−

)
+( ∑

γ=x,y,z

(
ΛγS + ΛSγ

)
Hγ

)(
∂2f

∂γ++∂γ++
− 2

∂2f

∂γ++∂γ−−
+

∂2f

∂γ−−∂γ−−

)
+( ∑

γ=x,y,z

Λγγ

)(
∂2f

∂γ++∂γ++
− ∂2f

∂γ++∂γ+− +
∂2f

∂γ−−∂γ+− −
∂2f

∂γ−−∂γ−−

)
+

T S
(

∂2f

∂γ++∂n+
+

∂2f

∂γ++∂n−
− ∂2f

∂γ−−∂n+
− ∂2f

∂γ−−∂n−

)
+( ∑

γ=x,y,z

KγT γ

)(
∂2f

∂γ++∂n+
− ∂2f

∂γ++∂n−
− ∂2f

∂γ−−∂n+
+

∂2f

∂γ−−∂n−

)]
+

2∇T S
[
∂f

∂γ++
+

∂f

∂γ+− +
∂f

∂γ−−

]
+ 2

∑
γ=x,y,z

Hγ∇T γ
[
∂f

∂γ++
− ∂f

∂γ−−

]
+

2
f∇

|∇n · ∇m|
∑

γ=x,y,z

[
∇ργ

∑
κ=x,y,z

(
ΛκS + ΛSκ

)
(δγκ −HγHκ)

][
∂f

∂γ++
− ∂f

∂γ−−

]
(D.60)
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where

|∇n · ∇m| =
√
∇n · ∇m ◦ ∇m · ∇n (D.61)

For other components Γ = γ = x, y, z,

Fγρ = Kγ

{[
∂2f

∂n+∂n+
− ∂2f

∂n−∂n−

]
T S +

[
∂2f

∂n+∂n+
+

∂2f

∂n−∂n−
− 2

∂2f

∂n+∂n−

] ∑
κ=x,y,z

KκT κ+

ΛSS

(
∂2f

∂n+∂γ++
− ∂2f

∂n−∂γ++
+

∂2f

∂n+∂γ+− −
∂2f

∂n−∂γ+− +
∂2f

∂n+∂γ−−
− ∂2f

∂n−∂γ−−

)
+(∑

κ

(
ΛκS + ΛSκ

)
Hκ

)(
∂2f

∂n+∂γ++
− ∂2f

∂n−∂γ++
− ∂2f

∂n+∂γ−−
+

∂2f

∂n−∂γ−−

)
+( ∑

κ=x,y,z

Λκκ

)(
∂2f

∂n+∂γ++
− ∂2f

∂n−∂γ++
− ∂2f

∂n+∂γ+−+

∂2f

∂n−∂γ+− +
∂2f

∂n+∂γ−−
− ∂2f

∂n−∂γ−−

)}
+

2

|m|

(
T γ −Kγ

∑
κ=x,y,z

KκT κ

)[
∂f

∂n+
− ∂f

∂n−

]
(D.62)
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and for the gradient term

Fγ∇ = ∇ργ
[
ΛSS

(
∂2f

∂γ++∂γ++
− ∂2f

∂γ+−∂γ+− +
∂2f

∂γ−−∂γ−−
+ 2

∂2f

∂γ++∂γ−−

)
+( ∑

κ=x,y,z

Hκ
(
ΛκS + ΛSκ

))( ∂2f

∂γ++∂γ++
− ∂2f

∂γ+−∂γ++
+

∂2f

∂γ+−∂γ−−
− ∂2f

∂γ−−∂γ−−

)
+( ∑

κ=x,y,z

Λκκ

)(
∂2f

∂γ++∂γ++
− 2

∂2f

∂γ++∂γ+− + 2
∂2f

∂γ++∂γ−−
+

∂2f

∂γ+−∂γ+− − 2
∂2f

∂γ+−∂γ−−
+

∂2f

∂γ−−∂γ−−

)
+

T S
(

∂2f

∂γ++∂n+
+

∂2f

∂γ++∂n−
− ∂2f

∂γ+−∂n+
− ∂2f

∂γ+−∂n−
+

∂2f

∂γ−−∂n+
+

∂2f

∂γ−−∂n−

)
+( ∑

κ=x,y,z

KκT κ

)(
∂2f

∂γ++∂n+
− ∂2f

∂γ++∂n−
− ∂2f

∂γ+−∂n+
+

∂2f

∂γ+−∂n−
+

∂2f

∂γ−−∂n+
− ∂2f

∂γ−−∂n−

)]
+

Hγ∇ρS
[
ΛSS

(
∂2f

∂γ++∂γ++
+

∂2f

∂γ++∂γ+− −
∂2f

∂γ−−∂γ+− −
∂2f

∂γ−−∂γ−−

)
+( ∑

κ=x,y,z

Hκ
(
ΛκS + ΛSκ

))( ∂2f

∂γ++∂γ++
− 2

∂2f

∂γ++∂γ−−
+

∂2f

∂γ−−∂γ−−

)
+( ∑

κ=x,y,z

Λκκ

)(
∂2f

∂γ++∂γ++
− ∂2f

∂γ++∂γ+− +
∂2f

∂γ−−∂γ+− −
∂2f

∂γ−−∂γ−−

)
+

T S
(

∂2f

∂γ++∂n+
+

∂2f

∂γ++∂n−
− ∂2f

∂γ−−∂n+
− ∂2f

∂γ−−∂n−

)
+( ∑

κ=x,y,z

KκT κ

)(
∂2f

∂γ++∂n+
− ∂2f

∂γ++∂n−
− ∂2f

∂γ−−∂n+
+

∂2f

∂γ−−∂n−

)]
+

2Hγ∇T S
[
∂f

∂γ++
− ∂f

∂γ−−

]
+ 2∇T γ

[
∂f

∂γ++
− ∂f

∂γ+− +
∂f

∂γ−−

]
+

f∇
2∇ρS

|∇n · ∇m|
∑

κ=x,y,z

(
ΛκS + ΛSκ

)
(δκγ −HγHκ)

[
∂f

∂γ++
− ∂f

∂γ−−

]
(D.63)

For Fγρ in Eq. (D.62) and Fγ∇ in Eq. (D.63), in the region where |m| < 10−12, the definition
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in Eq. (D.56) requires that Kγ and Hγ of small |m| are defined as

Kγ = Hγ = δγΓ when |m| < 10−12 (D.64)

Note that the form of FΓ
ρ and FΓ

∇ are derived with the help of Dr. Alessio Petrone and

Dr. David Williams-Young.
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