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Lklivers ity of Washington

Abstract

THERMAL AND INERTIAL CORRECTIONS

FOR THE HOLE PRES5UlE PROBLEM

by Radhakr ishnan Srinivasan

Chairperson of the Supervisory Commi t tee' Professor Bruce A. Finlayson

Dept. of Chemical Engineer ing

The hole pressure problem is an area of active research in ro1

-Newtonian f luid mechanics. the objective be ing to relate hole pressure

measurements to a prop.rty of polymeric liquids known as the first

normal stress difference. The present work focuses on the

Higashitani-Pr itchard theory (HP theory). wh ich is successfully extended

to include nonisotherma l and inerti al effects.

The nonisothermal hole pressure problem IS stud ied

computationa lly for the f irst time, and the computationa l results verify

the theoretical predictions to within 3%over a wide range of conditions;

this indicates that the HP theory is highly successful in predicting the

nonisotherma l effect.

Iner tial effects are included r igorously in the HP theory. also for

the fi r st time. The extended HP theory pr oposed in this work provides

conclusive evidence as to the reasons for the failure of the Newtonian

hole pressure as a correction factor at higher ReynoldS rumbers. Hence a

computational investigation of the inertial effects is a worthwhile

problem for fu ture stUdy.
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INTROOUCTION

The hole pressure prootern is of current interest in the literature

because of a des ire to re late the measured hole pressure (PH) to the first

norma l stress di ffererce (N ,) of the f luid. Sirce the prolJ lem was first

discovered by Broadbent ~ J!l. I t} in 1956, there have been severa l

theoretical, numer ica l and expecimental attempts to deduce a

relationship between PH and N" and lim ited success has been achieved

under creeping flow conditions and very small Reynolds numbers. The

objective of the present work is twofold'

(a) To investigate theoretically and computationally the importarce of

nonlsothermal effects, induced by viscous diss ipation, on the hole

pressure.

(b) To include inertia l effects rigorously in the exist ing theory, and thus

examine the shortcomings In the current technique being used to

estimate iner tial ef fects.

Definitions and Notation

Fig.! shows the flow domain, with fUlly developed f low existing at the

Inlet and outlet. The hole pressure (PH) is defined as the normal thrust

at point B minus that at point A'

III

The average hole pressure, PH(avg), is def ined as the average normal

thrust at the top of the channe l (in the hole area) minus that at the

bottom of the hole. The notation used is the same as in Bird et at. (2l. P- -
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Fig. 1: Tr ansverse sl ot geomet r y

is the isotrop ic pressure, and e , the extra-stress tensor. The total

st ress tensor (n:) is def ined as ,

where £ is the unit stress tensor.

The x-y-z notation refers to the Cartesian coordinate system, while

Q,-Q2-q, (and the 1-2-3 SUbscripts) refer to the orthogonal curv ilinear

coordinate system (shear coordinates) of ref. (2).

Hole Pressure Theory

Currenlly. two theor ies that relate the hole pressure to the f irst normal

stress di fference (N,) are available' the Tanner-Pipk in theory (3) and

the Higashi tani-Pritchard (HP) theory (4). The Tanner-Pipkin theory

applies only to the creeping flow of a second-order fluid, and is limited

in practical application. Hence the focus of this work is on the HP

theory. which is descr ibed below.
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HP Theorll

Higashi tanl and Pritchard {4) transformed the momentum equation to the

shear coordinates of ref. (21. and deduced the following equation for the

hole pressure'

P = ­H
[3J

{where N,=t' W t'22. and t's is the.wall shear st ress at point B of fig.1.)

Baird {51 differentiated [3] to obtain the follow ing equation for N,'

[41

where t'w is the wall shear stress. and N, is evaluated at this shear

stress. For fluids with N, proportional to 7f!1. [31reduces to ,

PH= - N,/ 2n, [51

where Nt Is evaluated at the wal l sh""r stress. From [41 and [51. the

fOllowing equation is ootalreo

[6J

Equations [4} and [61 suggest the possibil ity of using hole pressure

measurements to calculate N,. if t he theory is suff iciently accurate. The

assumptions used in der iving [3] are the following'
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(A,) Creepi"J f low exists (the Reynolds rumber (Re) is very small , so

that the inertial terms in the momentum equation are negl igible).

(A,) The velocity fie ld is symmetric about the hoie centerline.

(A,) U'lidirectional shear f low ex ists (and 8"12/8q, = 0) along the hole

centerl ine.

(~) 8rrll /8q, =0, along the hole center line.

When the leve l of elast icity (as indicated by the Weissenberg

rurnoer, We) is high, assumptions A, and A, are questionable; assumption

~ is def initely not valid for Poiseulle flow (Which Is driven by a

pressure drop) in the channel region, especially towards the top of the

channel. However, inspite of t he fact that the assumptions of the HP

theory are speculative in nature, computationa l and exper imental results

in the l iterature do show that the HP theory is reasonably successful in

predlctlrq the hole pressure at low levels of elastici ty and creepirq

flow conditions. A literature survey on the hole pressure computations

and experiments can be found in the papers by Webster {5} and Jackson

and Finlayson m.
In the present work, t he HP theory is mod if ied to include

nonisothermal effects (under special condit ions) and also inert ial effects

rigorously (i .e., the HP theory is formulated usi"J only assumptions A, to

~). The theoretical and computati ona l resul t s on the noni sothermal hole

pressure problem are discussed in chapter I. In chapter II, the inertial

correction theory is formulated.



CHAPTER I' THE NONISOTHERMAl HOLE PREssl-'lE PROBLEM

Problem definition

Fig. 2 shows the domain and boondary cond itions.

Ful ly developed
+- veloci ty and

oT/ox=O

u=y=T=O at al l wall s

rB

~
.I

<- -> rL=3W
y

D

je- w--; 1

Fully developed
yel oci t y, t emp., ->
stress profiles

A

Fig. 2: Boundttry condit ions for nonisothermul problem

An Isothermal boondary condition Is imposed at the walls. Fully

developed velocity. temperature and stress profiles are Imposed at the

inlet of the domain. At the outlet, only the fully developed velocity

profile is Imposed ; a natural boundary condition Is used for the

temperature. The width of the channel (H) is 1.0 em, and the width of

the hole (W) Is 1.0 em ror most of the calcu lations reported (W/H : 1)

and 0.5 em for a few cases (W/H : 0.5). The entry and exit regions have

a length equal to three times the width of the hole; hence for the two

geometri es studied. the entr y and exit regi ons have lengths of 3 em

(W/ H: l ) and 1.5 em (W/ H: 0.5). Th is length Is considered SUff icient for

fully developed conditions to ex ist at the Inlet and ootlet of the doma in

(th is Is justi f ied~; the computed results show a change or
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less than 0.1 % and I % in the veloc ities and st resses f rom the inlet to

the second (third in case of stresses) ruw of nodes respectively). The

depth of the hole (D) is twice the charnel w idth (H) in all cases; th is is

sUff icient to cause stagnation at the bottom of the chamel (ref. (7), and

also from the results obta ined in this work).

Discussion of temperature boundar y conditions

it is wel l krown that both isothermal and ad iabatic boundary cond itions

(BC) are idealizations diff icult to atta in in practice. Huwever, in the

interest of simpl icity, only these Be were cons idered at the walls of the

domain; an isothermal BC was preferred for the reason discussed below.

Because of the isothermal BC imposed at the walls, the inlet and

outlet temperalure profiles are identical and fully developed. If an

adiabat ic BC (8T/ 8rFO, where n is in the direction normal to the

bOUndary) were to be imposed at the walls, there would have to be a net

increase in the temperature of the flu id f rom inlet to outlet because of

the heat generated by viscous dissipation (which is the only heat

source). Huwever , with adiabatic walls, the specif ication of the inlet and

outlet ve locity and temperature profiles poses a diff icull problem; the

fully developed profiles (which were generated using isolhermal wal ls)

cannot be imposed. Nor can a natural BC (8T/8rFO) be used for the

temperature at the inlet and outlet, since viscous dissipation causes the

temperature of the fluid to keep changing in the axial direction.

Consti t utive Equation

The constitutive equation is of the convected Maxwell t ype, modif ied to
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irc lude shear thim ing and temperature dependerce of the viscometr ic

furctions (the modilied Whi te-Metzner model, same as that used by

Finlayson and McC lelland (9)). The model reproduces experimentally

measured temperature dependent viscos ity and normal stress data in

viscometric flow. The model equation is as follows'

The convected derivati ve is given by'

t:(,) =v.Vt: • (Id .t: - t: .Id)12 - (if. t: . t:.if)/ 2

and the rate of delormatiUl and vorticity tensors are'

[ 1.2J

• •'If = Vv • Vv , •Id = Vv - Vv [ 1.31

The dimensionless viscosity and time-constant lurctions are given by'

11.41

•TJo (Tw') and A,,'(T w') are the viscosity and time-constant lurctions

evaluated at zero shear rate and wall temperature. All primed quantities

are dimensional. The dimensional time-constant lurction is defined as'

[1.51
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where 'l' l' is the pr imary normal stress coeff icient:

'1' ,' : -(. '" - . '22)/'i,.2 [ 1.61

The We issernerg rumber (We), appearing in equation [1.11, and the

recoverable shear (50) (Which is a more representative measure of the

elasticity than We when there is shear-thiming) are given by the

following equations'

We : >.,, '(Tw') (v,', /H

50 : '1',' a-'I21] ' : A'a-'

[ 1.71

[ I.BI

H is the width of the channel, (V,'> is the average ve locity in the channel

and >.,,'(Tw ' ) is a time cmstant characteristic of the system. 1]' and A'

are the vi scosity and t ime-cmstant functions evaluated at the shear

rate «, def ined in equations [ 1.41 and [ 1.51.

Equations of Change

The fluid is assumed to be characterised by constant density (p), thermal

conductivity (K) and thermal diffusivity (0<). The dimensionless

momentum and energy equations are'

Re v.Vv : -VP - v.•
Pe v.VT : V2T - Br ...'Vv

[1.gJ

[1. 10)

Gravitational terms are neglected in the momentum equation. The
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equations are l"'ICX'ld imensiona lised as fol lows:

X ; x'/H v » Y'I <v," T; (T' -Tw') /(T,, -Tw')

P ; P'H/ '" '(T ')<v " ... ; ...'H/ '" '(T ')<v "' 10 ." III ' LO IN I(

Re =p<V," H/ T] o'(Tw') Pe ; <v," H/",

Br ; '" '(T ')<v ,,2/" (T '- T ')'to W II . b w

Br 000 Pe ore the Br irl<mon 000 Peclet rurnoers respectively. T" is 0

standard temperature def ined as-

T,, ; Tw " I (K)

Hence the rxn:li mensiDnil I temperature (T) represents the ectua:

temperature r is e (in K) above the woll temperature.

Fluid Properties

The fluid properties are modelled in the some way as given in ref. {9)'

Viscos it!!

T] '(li", T') = T]o'(T')/[ I '(A ,'(T' )li" )2f '-0)12

where:

A,'(r); A,'(Tw') exp{a2(1 /T'-I /Tw' »)

T]o'(r) ; T]o'(Tw') exp[a ,(I /T '-I /Tw')]

lli!mal stress coef r~

'I'. '(li",T') ; '!' i, o(T' )/[ I ' (A2'(r)li")2f2-oV 2

where:

'!' ;,o(T') ; '!' i,o(Tw') exp[a, ( I/T'-I /T w'»)

Ai(r) ; Ai(Tw') expla.( I /T '- I/Tw')J

[I. 12J

[1.13)

[1.14)

[ 1.15)

[ I. 16)



The time-cons tant of the f luid is given by'

Ao'(Tw')" "' ;,D(Tw')/ 2'1lo'(Tw')

10

11. 17J

Fluids Used

Nylon-6 is the ma in fluid used, as in (9).The values of the paramelers

fOf ny10fl-6 are'

Viscos ity

'Ilo'(Tw') = 368 .7 Ns/m' a, "8327 K

n=0.7687 A,'(Tw')=0.01 766 s

NOfma l Stress Coefficient

"';,o(Tw') = 12,66 Ns'/m' a3=18630 K

n' = 1.201 Ai(Tw') " 0.1455 s

Ao'(Tw')" 0.0 17 17 s

a, =17305 K

a.=5 113 K

The wall temperature used is Tw' = 535 K throughout. The density (p),

thermal COflductivity (K), and thermal diffusi vity («) are assumed

constant at the values available at wall temperature (535 K)'

p = 986 Kg/m3 K=0 .25 W/mK

The time-constant (AD'(Tw'», thermal COflductivity and thermal

diffus ivity were varied to test the effect of We, 8r , and Pe respectively

on the ronlsotrermat hol e pressure. The viscomelric furctions were also

var ied to lest the general ity of l he proposed roolsotnermai IheOfY. These
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changes are indicated as reeoed. The Reynolds rumber (Re) foc th is fl uid

is of the ocder of 10- 3, so that the creeping flow assumption of the HP

theocy (assumption AI) is essentially sat isf ied.

Generation of Boundary Condit ions

The finite element mesh used is shown in fig. 3 and is the same 3 5 that

used by Jackson and Finlayson (7l . The fUlly developed velocity,

temperature llnd stress boorKiary o:nditicns were generated CXl a separate

rectangular mesh of the same degree of refinement across the charnel as

at the inlet of the domain shown in fig. 3. The wall temperature used is

535 K. A trial and error procedure was used to ge""rate the boondary

e<n1it ions, starting from a Newtonian veloci t y profile as the f irst guess.

With natural boondary cond itions being used foc the temperature at the

inlet and ootlet , the velocity boondary coodi t loos were repeatedly

updated using the solut ion from the middle of the rectangular mesh (a

mo-e eff ic ient procedure woold be to use a long domain and natural Be at

the outlet foc both ve loci t y and temperature, i.e., to sol ve the entry

length problem). Th is process was conti rued unti l the veloci t y,

temperature and stress profiles did not change to 5 sign if icant digits in

the f low direction, and the solution ootaireo was used as the fu lly

developed boondary e<n1i tions.

Proposed Nonisotherma l Hole Pressure Theory

The Hiqashltanl-Pr itcnarn theocy (equation [3]) predicts the hole pressure

under isothermal ccndilions. Foc the rroisathermal case with coostant

wall temperalure, the same assumptions (A I- A,) as in the isotherma l
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theory are used. The stress tensor along the hole centerli ne is assumed

to be the same as in unid irect ional shear flow. but at dirferent

temperatures at each point. This impl ies that the integral in equation [31

should be evaluated as a l ine integra l , ta~ i ng into account the chang ing

temperature along the hole centerl ine. Heoce the problem reduces to

predict ing the temperature profi le along the hole center lire. Two

approaches are used;

(I ) The temperature along the hole centerl ine is postulated to be the

same function of shear stress as in fully developed channel flow, which

occurs at the inlet of the oonain, By this postulate, the integrand of

equation 131 would sti ll be a function of only the shear stress for the

nonisothermal case. Hence the fol lowing equatioo is obtained for the

nonisothermal hole pressure'

P (N IT ) = -HI

r La (NIT)

I N
'
(' I2 ' T(' I,))/Z'I, d" ,

J o

[ 1.1 81

The upper lim i t of Integration is new the wall shear st ress at point B

correspond ing to the nonlsothermal case. The Isothermal hole pressure

(PH(Tw)) Is evaluated wi th the viscornet r lc functions at the wall

temperature (Tw) ' using equati on [31 w ith the upper l imi t as the wall

shear stress at point B correspond ing to the Isothermal computed

solution'

P(T )= -
H w

r,.(T"')

I N'('I, .T",)/Z", d" ,
JO

[ 1.1 91
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The cocrect ioo factor, defined as the rat io of the rcni sothermal to the

isothermal hole pressures. is given by;

( 1.201

CF1 is the theoret ica l correction factor. USIng the postulate defired

ear l ier . The upper limi ts of integration used in the numerator and

denominator of [1.20) are the computed wall shear st resses at point B

( l .e.. the solution from the f ini te element code VEHEATD). since the

theory requires that the actual shear stress at point B be used. However .

sirce it is not clear wnetner this shear stress is available in practice,

results are also reported (as CFI(fd)) using the rully developed wall

shear stresses as upper limi ts in [ 1.201. Hence no pr ior computat ion is

recessary to calcu late CFI (fd). which can be used to pred ict the

computed correction factor (CF. def ired in equation [ 1.23 ]) .

The postUlate that the temperature along the hole center l ire is the

same function of shear stress as in fully developed shear flow is not

theoretically rigorous . However . it is found to be a reasonab le

approximation mainly because of the isothermal boundary condition

imposed at the walls; w ith adiabatic walls. the temperatures along the

hole centerlire would definitely be greater than at the inlet of the

doma in (due to viscous dissipation). and the longer the inlet region. the

greater would be the difference. Higher Peclet numbers also favour a

slower rate of change of temperature in the axia l direction. which tends

to justi f y the postulate (ore calculati on is reported for zero Pe; the

results indicate that the influerce or Pe en the hole pressure is very
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smal l).

(2) A secood approach in predict ing the nonisothermal effect is to

evaluat e the integral in [ 1.1 81 at an emp ir ical ly determined average

temperature (T. ). The nonisothermal hole pressure according to this

definit ioo is given by:

rli'B(T..,)

I N l ( li' ,T . )12~12( li' ,T.) d~12/dli'( li' ,T. ) dli'
J o

[ 1.211

The integrand or [1.211 is expressed as a ruoct tm of shear rate rather

than shear stress (so that the Integrand can be expl Icitly evaluated). The

upper limit of Integratic,", used 15 the shear rate at point 8 correspood lng

to the Isothermal soiuuoo, The isothermal hole pressure Is the same as

before, i.e., as given by equatioo [ 1.1 91. Equivalently, the isothermal hole

pressure can be calculated by evaluat ing the Integrand of [ 1.211 at the

wall temperature (T..,). The correctloo factor according to this defin it loo

15:

11.221

The computed correctloo factor, CF , 15 oer ined as the ratio of the

computed nonisothermal to isothermal hole pressures (the word

'computed' 15 used to derate the finite element soiuu oo. generated by

the program VEHEATD):

[ 1.231
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The ccmputed isothermal solution is generated at the same average

ve locity (and herce the same Re and We) as the rKYlisol herma l snlut ion,

but with the viscosi ty and ramal stress evaluated at wall temperature

ooly (nerce the isothermal solut ioo is qererateo by setting a,=a2=a,=a.=0

in [ 1.11)-11.161).

The criterion used to fix the average temperature (T.', used to

evaluate t he integrand of [ 1.2 1I) is that the axnpu ted correctioo factor

(CF) matdl CF2 as closely as possible. The following emp irical equation

is used to determ ine the average temperature:

[ 1.24J

The primes indicate dimensional values, and Tm',' is the mixing cup

temperature in fully developed (viscometr ic) flow, as given by the

following equatloo:

0.5

J u(y)T(y) dy

o

0.5

/ Ju(y) dy

o
[ 1.251

y=O correspoods to the wall , and y=0.5, to the dlamel center l ire, u(y)

and T(y) are the velocity and temperature profiles in fu lly deve loped

f low. The integratioo in [1.251 is performed using f inite element

interpolatioo (piecewise quadratic) for u(y) and T(y), from the solutioo

at the inlet of the domain (nodes 1-5 in fig. 3).

The factor of 0.76 in [ 1.241 was f ixed by a tr ial and errror

procedure; T, ' was dlosen so as to force CF2 to match CF for a test
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case, and it was roond that the TI ' thus calcula ted was related to Tmb '

by [1.2 41. For all subsequent catcutatioos. [ 1.241 was used to calcu late

1.' ~pricri.

An alternative procedure IS to calculate an "effective"'

temperature. To'. accordirq to the followirq equation'

T • - T . = 0 7 (T • - T .)
.W"rNIX'W

[ 1.261

Tmo><' is the max imum temperature at the channel center Iine in fully

developed flow . To' coold be used in place of To' in [1.211. 11.261 was

determined by a s imilar trial and error procedure to that used in

generatirq 11.241. For the catcutatioos reported in this work. both To' and

To' are f oond to be identical to wi thin two decimal places. However.

11 .241 is a more useful equation in that t he rn lxirq cup t emperature can

be measured experimentally. unlike the maximum temperature. Hence To'

is determ ined f r om 11.241. and used in [1.2 II and 11.221 to calculate CF2.

The empirically determined CF2 predicts t he computed CF to

w ithin I % In most cases; in contrast. CFI. which has more theoretical

basis . has a sl ightly greater error of 1-3%. The impact of mesh

refinement on these results, however. needs to be studied. In the next

section. rurner lcat results comparirq CF, CFl and CF2 are presented.

Computational and Theoretica. Results

Results [ or ruJoo-6 and effect of !leometry

Table I shows the results for nylon-6. Computatiens were carr ied oot to

a maximum recoverable shear (50) of 0.21. and a maximum temperature



17

rise (T"",) of 12.3 K at the chamel centerl ine, using the f inite element

code VEHEATD. This temperature r ise causes the viscos i ty of ~lon-6 to

drop by a factor of 30% at zero shear rate. Figures 4-7 show the

viscosity, normal stress coeff icient, shear stress and ncrmal stress

respectivel y for ~lon-6, as a fucetion of shear rate ancl temperature.

The isothermal hole pressure is computed with the viscosity ancl rumal

stress evaluated at wall temperature only, at all shear rates; the same

average velocity. ancl nerce the same Re and We, is used in eva luat ing

the isothermal hole pressure. Figures B ancl 9 show the streamline plots

for the isothermal ancl roo isothermal cases in Table I, case (c). The

correspCOCl ing temperature contour ancl 3-d imensional plots are shown in

f igures 10 ancl 11 respec~ i vely. The comput ed correct ion factor (CF , row

14) is the ratio of the computed rooisothermal to isothermal hole

pressures (rows 10 ancl 9 respectively ), as given by 11.231. CF t (row IS)

is calculated f r om 11.20J, using t he rooisothermal ancl isothermal wall

shear stress at point B (rows 12 ancl I I respectively) as upper l imi t s.

CFI(fd) (row 24) uses the correspCOCl ing fully developed wal l shear

stresses (rows 23 ancl 22) as the upper l imits in [ 1.20). CF2 ancl CF2(fd)

(rows I S ancl 25) use the isotherma l wall shear rate calcuated f r om the

correspCOCl ing isothermal shear stresses (rows I I ancl 22 respect ively)

in both the numerator am derorntnator of [1.22). The theoretica l

isothermal hole pressure calculated from equation 11. 191 is shown in row

13; a comparison with the computed isotherma l hole pressure (row 9)

incl icates an error of the order of 12%. The average hole pressures are

shown in rows 19 ancl 20, these are calculated by averaging the ruma l

thrust in the hole area. The average hole pressure is much closer to the
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theoretica l hole pressure than the point value; this is seen from a

conper isoo of rows 9, 13 and 19, and is il lust rated in Figure 12. The

mixing cup temperature (row 28) is calculated from (1.251 and used in

11.241 to calculate T,'; row 29, wh ich is the rati o of (T,' - Tw ' ) to (Tm;,'­

Tw ' ) , shows that T,' , calculated from [ 1.25), is identical to T,' as given

by [ 1.241. t o w itt-In two dec imal places. Append ix A provides an outline

of the rumer tcat integrati01 procedure used in eva luating CFI and CF2.

The errors between CF and CFI, and CF and CF2 (row s 17. 18

respecti ve ly) in Tab le I are of the order of 1-3%. which indicate that

CFI and CF2 are successful in pred icting CF. Figure 13 shows a

conpar ison of CF. CFl and CF2 for nglon-5 (Table I ). CF 1(fd) has a

s l ight ly greater error (row 25); CF2(fd) is vi r tual ly equ ivalent t o CF2 ,

which indicates that CF2 is less sens itive to the upper limits of

integrati01 than CFI. Rows 25 and 27 indicate that CFl (fd) and CF2(fd)

are successful in predicting CF to within 3% in most cases. Siree

CFI (fd) and CF2(fd) use the fully developed wall shear stresses as the

upper l im its in [1.20} and [1.221. no pr ior conputati m is necessary to

calculate these, unl ike CFI and CF2. The correcti01 factor is also

vi r tual ly independent of geometry in the range 112(W/ H( 1. as seen from

the results in cases (e) and ro in Table I; these shou ld be compar ed to

cases (a) and (c).

fffect of Br inkman romber

Table 2 shows the effect of Br inkman rumber 01 the nonisothermal hole

pressure. The Brinkman rumber is varied from 8.0 to 15.0, keep ing all

other parameters constant . This is equ ivalent to varyi ng the thermal
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conducti vity of the f luid alone . The visconet r ic functions used are the

same as that of ~lon-5 , except that the cormal stress coef f ic ient is

reduced by a constant rnutt ipucation factor of 0.67 (I .e., the parameter

'l' ;,o(Tw ' ) is specif ied as 11.01 2 Ns2/ m2 instead of 12.55 used for

rld1cn-6; thi s change was made to obta in easier corwergeoce, but was rot

necessary). The ccrrectioo factor drops with ircreasing Br, because of

the increasing temperatures (as seen from row 6). This effect is

predicted with remarkable accuracy by both CF I and CF2: the err or is of

the order of 1%.

Effect of~Iet an\! We issenberg numbers

Table 3 shows the effect of Peclet and We issenberg numbers. The

viscornetric furetions used are the same as in Table 2. Cases (g) and (I)

of Table 3 differ only in the Peclet number (case (g) shown in Table 3 is

the same as that shown in Table 2). The effect of a change in Pe from 0

to 7572 is only a 2X lrcrease in the nmisothermal hole pressure; heree

the correction factor can be deemed virtually independent of Pe. Cases

(m) and (n) of Table 3 should be compared with case (g), Table 3, and

case (d), Table I respectively; the on ly change is in the Weissenberg

number . The results indicate that chang ing the We issenberg number from

0.05 to 0.11 causes CF to change from 0.622 to 0.632, and a change in

We from 0.3 to 0.2 changes CF from 0.55 to 0.59. The effect of

Weisseroerg rurnber is sma ll, within rumer icat error, but compari son

over a wider range is deslraote: unfor tunately, convergent result s could

not De obtained at We~O.~ .
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Viscometric Furctions

To ensure that the proposed equations for the nmisothermal hole

pressure are not specif ic to Ndton-6, different viscometric rurclions are

coosloerec, Acro ding to the HP theory. the rooisotnerrnat hole pressure

is lower than the isothermal hole pressure due to two reasons:

( I) The lowering of the integrand in equation [ 1.1 61 due to the higher

temperatures along the hole centerl ine.

(2) The lower ing of the wall shear stress at point B (" .) due to the

temperature thim ing of viscosi t y (this lower ing occurs because the

same average ve loci ty is used in the isothermal and ncnisotherma l

cases).

To check if both phenomena are modelled by equations 11.16) ­

[1.25), computations were carried out wi th the fOllowing viscometric

functi ons'

(a) The temperature dependence is removed f rom the viscosity function

of nylon-5, but that of the normal stress coefficient is retained. wi th

the following choice of parameters (to be used in [I. I I )- (1.1 ~ ]) ,

Yi:;<;os it y

Al'(T",'); 0.0 1755 5

3 ,:=32=0.

Ai(1",') ; 0.1~55 5

a,; 16530 K, a,;5113K

1]o'(T",');356.7 Ns/ m2

n ; 0.7567

'I', '(1",') ; I 1.012 Ns2/m2

n' ; 1.201
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The normal stress coeffic ient is the same as in Tab les 2 arc 3. Any

lowering of the ronisctherma! hole pressure in this case must be due to

reason (I), i.e ., t he lowering of t he normal stress olrrererce: t he

viscosi ty is irxlependent of temperature ( the temper at ure deperxlence of

the normal stress does not have a significant influence tTl the wal l shear

stress for the case shown).

(b) The intergrarxl of [ 1. 181, (N,It: '2)' '5 made indeperxlent of

temperature w ith the following choice of parameters '

Viscosit.Y

", '(T",:) = 0. 1 5
a, =8327 K, a2=51 13 K

Norma l Str ess Coerr ic ient

"2'(T,,':) = 0.1 5

a,=1 6654 K, a.=5113K

1]o'(T,,': )=368.7 Ns/m2

n = 0.7687

'l' ,'(T",:) = 5.006 Ns2/ m2

n' = 1.5374

This choice of visccxnetric functicns makes N, /'t'12 a function of "t12

only, independent of temperature. Appreciably greater shear thiming (as

conpered to nylon-6) has been introduced, to test the genera l i ty of the

proposed equations for the nonisothermal hole pressure . Figures 14- 17

show the viscos ity, normal stress coeff ic ient, shear st ress and normal

stress as a fu nct ion of temperature and shear ra te f or t he above choice

of parameters. Any lower ing of t he nonisothermal hote pressure in th is

case must be purely due to r eason (2), i.e., the lower ing Of the wa l l

shear stress at point 8 due to the t emperat ur e thiming of viscosi ty.

The r esul t s w ith v iscomet ric f unctions (a) arxl (b) are shown In
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Table 4 (cases (0) and (p) respectively). CF2 is seen to predict CF to

within 1% in.notn cases, while CF I has a higher error or 2- 3%. Herce the

ccmputed results conf irm the tneoet ical predict ions.

Mesh Rerinement

Finally, it is to be noted that the mesh used in all the simu lations

(shown in f ig. 3) has only one element across the top half of the channel,

where there is maximum var ialicn in the temperature and the stresses.

For W/ H; I , the t op half of the channel contributes (as seen

computationall y) as much as 50X of the total hole pressure. Hence it

may be wor thwhi le to study the effect of mesh ref inement in the channel

region. However, for W/H; I I2, the t op half of the channe l contributes

only about l OX of the total hole pressure, which ind icates that the

computed result s for this geometry are liKely to be more accurate. It is

to be noted that the correction factor CFI is independent of the mesh

chosen, unless the upper limit of integration (••) is mesh dependent.

CF2, however , was developed using the computed result s on this mesh; it

is desirable to stUdy the effect of mesh ref inement on CF2 (I .e., whether

the factor of 0.76 used in 11.241 to calculat e the average temperature is

satisfactory on a more refined mesh).

In order to test the need for mesh ref inement , t he f init e element

code VET IME2D was used to generate the isothermal solution in Table I,

case (c). Figure 16 shows the streamline plot for this case. VETlME2D

uses quadratic interpolation for the stresses compared to the linear

interpol at icn used by \lEHEATD. Both programs use linear inlerpolal icn

f or the pressur e, and quadratic interpolation for the veloc ity . The resu lts
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are as given bel ow;

VEHEATO VETIME2D

1. PH.e(T",) 0.52 15 0.4541

2. PH(avg, T",) 0.5960 0.5566

3. PH(T",) 0.596 0.596

The results w ith VETlME2D are signif icantly different ( PH is

lower by aooet 12%, ana PH(avg) is lower by aboot 7%). Therefore mesh

ref inement stUdy is desirable, al thoogh it is possible that the rat io of

the ronisathermal to isothermal hole pressures (eF) does not change

significantly w ith mesh ref inement , even if the inaivi dual hole pressures

change.

Conclusion

The roni sathermal effect on the hole pressure is s igni f icant. For the

case of constant wall temperature, constant physical properties (densit y,

thermal canauctivi ty, ana thermal di ffusivity), fu lly developed inlet

canaitions ana creeping flow, equat ions (1.201 ana 11.221 predict the

computed correct ion factor satisfactor ily (to within 3%), with 11.22J

being more accurate ( less than 1% error in most cases). The followi ng

range of canaitions were tested in this worK'

1 /2 ~W/H ~1 , 5o ~0 . 3 , TMAX ~1 2 .3 K , 0~ Pe <l2 134

The theory of Higashi t ani ana Pri t chard is highly successfu l in predicting

the ratio of the ronisathermal to isothermal hole pressures , althoogh the

errors in ei ther of the inaivi dua l predictions is of the order of 10-30%.

The ronisathermal ef fect is irdependent of geometry as predicted by the

proposed equations, althoogh mesh ref inement stUdy is des irable.
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Notation Used in Tables 1- 4

Rltia or hole widLh to chel'll'MlI lMight
Reynolds flUl'TIber
s ecret nc.mber
Br i....man n..rnber
Wel~g~

RK OVW'HlI, she.,. (isothef'lNl)

RecowrClI, she.,. (noni~thvmal l

tllllei rnum oondimension.l lemperebr, I t cn..MIl cenwline

Comput.d iso thlr'm.1 hoi, pr.ss..r.

Comput.d noni~lherrTl8l hoi, pr.ssur.

wan shell" stress at poInt a (n g. 2). Isothermal

Well she.- strl'iS .t point B (rig. 2), nonisolhermal

n.or. lial i~thermal holl prlS,"",1 (1qI'l. (1 ,19 ))

Compulld Con"Iction (1Idor (row 10/ r ow 9, .qn. '1.23 ))
Theorl tlc.1 correction (Klol" (tql . (I.20»
Theor.Ucel COl'T"Ktion (K Lor (1q"l, 1I .12])
ErTOt' between Cf and Cf I (rows 14 and 15)
Error belw..n Cf "CF2(rows 14~ 16)
Avtrtge hole pre5Slre, Isolh8rmlll

Aver8ge hole presse-e, nonlsoUlermal

Peat nondlmenstOOllI~rallre occ\rlng al node, 152 " 166

(In ng. (3)) ror .11 cases wl Lh "N/H'"1 , except for case (t) Where
the peak OCCIIS Il node 160. For W/H:112 (t.ble H,) and' (r)),
Ule pea: OCClS"s.t nodes 144 100 176.

f ully dev'8 loped lsolhermel wi ll shear stress

FUlly deve loped nooisotheNnal Wi ll w .. stress

TheGrelicl1 correction factor usi ng fully developed s tresses in
rOWS 23 If'ld 22 IS~ limits In runerltor InC! cJeoomlntlor of
11.20 ] respeclively .
Theoreti cal ce-recuon ractor using w.lI shear r ille Cilcuia Led
(rom row 22 es l4lP&I" limil In runet'.lor .-d denominator of
11 .22!.
Error btlween Cf and Cf 1((d ).
Error between CF and CF2(fd).
Nondimensionll mixing C\4I t..mperlbre in fully developed

(vls cometric ) n ow .
Rlllo c r nondimensional ,rr,clive to mhring cup lImperlll.ns;

T.' IS calculeted (rom / 1.261.



25

Tab le I : Computed and Theor et ical Result s for Ny l on-6

c.S41 : I.) lb) Id ld) l. ) In
---- -- -------------~- -- ----------------- -

I. WIH I I I I 1/2 1/2
2. '" 0 .0014 0 .0017 0 .002 0 .003 1 0 .0014 0 .002
3. .. 5<25 6644 7672 12134 5425 7672
4. e.- 4 .0 0 .0 6 .0 20.0 4 .0 6 .0
5 . W. 0089.04 0 .1095 0 .1 265 0 .20 0 .0894 0 .1 265
o. SoITloll 0 .163 0 .174 0 .16 1 0 .2 12 0 .1 63 0.16 1

7. SolNIT) 0 .160 0 .169 0 .1 75 0 .193 0 .160 0.175

6 . ' mo, 2 .637 4 .1 62 5 .456 12 .34 2 2 .a37 5 .456

9 . PH,C (Tw) 0 .465 0.500 0 .52 2 0 .565 0 .537 0 .593

10. PH,C (NIT) 041 9 0 .432 0 .435 0 .39 1 0 .483 0.492

11. 1:'8 (Tw) 4.69 7 4 .859 4B2S 4.611 5 .654 5.562

12 . 'to (NIT) 4.690 4 .567 "1 .464 3 .949 5.424 5.1 63

13. PH (Tw ) 0.530 0 .509 0 .596 0.674 0 .650 0 .724

14. CF 0 .900 0 1164 0.633 0 .692 0 .699 o.eao
15. cr I 0 .909 0 .610 0 .637 0 .672 0 .915 0.647
16. Cf2 0 .901 0 .562 0.620 0 .663 0 .903 0.629
17. ""'01' 1, X 1.0 0 .69 D."" -2 9 1.6 2 .0
18 . """01'2. I 0 .11 -0 .23 -<l.64 -42 0.44 -0.12
llil . PH(.-..g.Tw ) 0.529 0 .570 0 .596 0.666 0 .574 0 .641

20 . PH (...-g.NIT) 0 .-413 0 .487 D._ o.... 0514 0.526

21. Tp 29'31 4.362 5 .755 13.02 2.920 5 .620

22. t:w((d,Tw) 5 .676 5 .621 5 .782 5 .509 5 .876 5 .627

23 . t:w (fd,NlT) 5 .631 5 .462 5 .350 4 .720 51>3 1 5 .482

24 . Cf Hrd) 0 .915 0 .8 79 0 .646 0.69 1 0.9 15 0 .879
25 . Cf 2(Jd) 0 .903 0 .665 0.630 0 .669 0 .903 0_
26. lIfTor'l(rd). • 1.03 1.06 1.77 -0 .14 1.63 1.06
27 . error2(rd). • -0 .33 0 .11 -oze - 3.32 -<l.3J 0 .11

28 . Tmix 2.607 3 .626 5 .021 11 .39 2.607 5 .021

29 . T, ITmix 0 .762 0 .761 0 .761 0.759 0 .162 0.761
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Table 2: Effect of Brinkman Number

c." : (,I (hi Ii) (JI «)
---------------- ----_ ._--- -

I. W/H 1 I I I 1
2. ., 0 .002 0 .002 0 .002 0002 0 .002
3. p, 7672 7672 7672 7672 7672
4. 6, 6 .0 10 .0 12.0 14 0 16.0
S. W, 0 .11 0.1 1 0 .11 0 .11 0 .11
6 . Sol'wi 0.157 0 .157 0 .157 0 .157 0 .1 57

7. SolNITI 0.152 0.151 0 .150 0 .1-48 0.1<47

6. '"", 5._ 6.71.11 7.060 9.176 10 .369

9 . PH•C (T"') MS6 0 ._ 0_ 0_ 0.ess
10. PH,C (NIT) 0 .379 0 .362 0 .347 o.m 0.3 18

11 . 't"e (Tw) 4633 4= 4 .633 4.633 4.633

12 . 1:
0

(NIT) 4.470 4.379 4.299 4 .222 4.146

13. PH (TW) 0.519 0.5 19 0 .51 9 0 .5 19 0.519

14 . a 0 .632 0 ,79.11 0 .761 0 .729 0.698
IS. al 0.837 0 .80 1 0 .769 0 .739 0.111
16. a2 0 .626 0 .790 0 .756 0 .725 0.6941
17. error I, ~ ObO 0 .88 1.05 1.37 1.66
16. eM'Ol"2. ~ -0 ,84 -o.s -<1 66 -0.55 -<1.57
19. PH (.-..0.T"') 0.525 0.525 0 .525 0.525 0.525

20. PH (~ .NIT) 0.428 0.401 0.390 0.:572 0.356

2 1. 'p 5 .75 1 7.066 8.374 9 .646 10.890

22. 't'W(fd,Tw) 5.762 5.162 5 .782 5 .762 5 .782

23 . 7:wUd,NlTl 5.356 5.249 5 .155 5.065 4.978

24. Cf il"l 0 .648 0 .814 0.763 0.755 0.728
25 . Cf2(fd) 0 .829 0 .794 0.76 1 0.730 0.700
26. error IUd), • 1.92 2.52 2.69 3.57 4.30
27. error2(rd). • -<1 .36 0.0 0.0 0.1 '" 0.29
26 . Tmilc 5.02\ 6 .1 60 7.333 6.460 9 .563

29. TiT mill 0.7f:11 0.760 0.760 0 .759 0.759
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Tab l e 3: Effeet of Peelet and Weissenber g Numbers

e.se. (,) (I) (m) (0)

------ -----
I. WIH 1 1 1 1
2. '" 0 .002 0.001 0.002 0 .0031
3 . P. 7672 0 7672 11134
4. ... ' .0 . 0 BO 20 .0
5 . W. 0 .11 0 .11 O.OS 0.30
6 . SofTW) 0 .157 0 .1 57 0 .072 0.316

7. Sof"1T) 0.152 0.152 0 .069 0.290

B. T"", 5.4S6 54S6 S.4S6 12.342

9. PH.C (Tw) 0 .456 0.456 0 .21 1 0.660

10. PH,C (NIT) 0.379 0.372 0.174 0.576

11 . 1:. (TWI 4 .833 4llJJ 4.65' 4.625

12. 't'B (NIT) 4.470 4 .434 4- 3 .932

13. PH (1W> 0.5 19 0.519 0 .230 0 .996

14. Cf 0.6:52 01"6 e.en 0.655
15. Cfl 0 .637 0 .827 0.034 0 .677
16. Cf 2 0 .626 0 .626 0.627 0.663
17. et'TOl" I . 'I: 0 .60 1.35 1.46 3.J6
re. error2. 'I: -<l.B4 1.2 0 .6 12
19 . PH (avg,T w) 0 .525 0.s25 0 2 46 0 .955

20. PH <"".NIT) 0.426 0.423 0.199 0 .627

21. T, 5 .75 1 7.268 5.721 13.02

22. 't'W «(d.Tw ) 5 .762 5 .762 5.762 5 .S69

23. 1:
W

(fd.NlT) 5 .JS6 5 .356 5 .JS6 4 .726

24. Cf l(fd) 0.... 0.... 0 .... 0.69 1
25 . CF2(" ) 0 .629 0.529 0 .629 0.670
26 . tN'0l" l(fd), • 1.92 3.92 3 .16 5.SO
27. error2(fd). • -0 .36 1.59 0 .65 229
28. TmlK 5.021 5 .02 1 5 .02 1 11 .366

29. Tllmix 0.761 0 .76 1 0 .76 1 0 .759
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Table 4: Effect of Viscometri c Functions

e.se : (0 ) (p)

----- -- -- - -- ---- - -
1. "'I" I I
2 . "" 0 .002 0 .001
3 . P. 7672 1672
•• Or 6 .0 6 0
s. "'. 0 .1 1 0 .05
6 . SofT",) 0.157 0 .230
7 . ~NIT) 0 .153 0 .216

6 . Tm llK 5 .727 4.176

9 . PH,c crw) O.<SO 0.286

10 . PH,c (NIT) 0.365 0 .247

11 . "t"8 (Tw) 4.833 3 .930

12. 't"e (NIT) •.- 3 .707

13. PH(lw) 0 .519 0.366

I• . CT 0.60 1 0.665
IS . CTI O.1n 0 .890
16. CT2 0 .609 0_
17. ItI'TOl'" 1. X -3 .7 2 .69
16 . error2, X 0 .97 -0.12
19 . PH (8Vlj.T \Ii) 0 5 25 0 .347

20 . PH (MJ.NIT) 0.419 0 .299

21. Tp 6 .034 4.374

22. 'rw (rd.Tw) 5 .762 4.5 16

23 . 1:w(rd,N1T) 5.182 .263

2' . Cf l( fd) 0.802 0 .690
25 . CF2((d) 0 .8 10 0 .664
26 . .,.,.or IUd). • 0. 12 2.69
27. error2(.rd), • 1.1 2 -0 .12
28 . Tmb 5 .252 3.634

29. T, IT mill 0 .763 0 .762
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Fig. 8: Streamlines. Isothermal. case (c)
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Fig . 9: Streamlines. nonisothermal , case (c)
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Fig. II' 3-D Temperature plot , case (el
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Chapter II: Inertia l Correction Theory for a Transverse Slot

The Higashi tani-Pri tchard theory (HP theory, discussed in the

Intrcxiuction) is valid only under aeeping flow conditions, i.e., the theory

neglects the inertia l terms in the momentum equation. When inertial

effects are important (which woo ld be the case f or polymer solutions),

the hole p"essure device can be advantageous in measur irg the f irst

norma l stress difference (N,), especially at high shear rates. The cone

and plate device (Weissenberg Rheugoniomet er), currently be ing used to

measure N,. cannet handle high shear ra tes when iner tial effects are

import ant. because of secondary flows caused by the centr i fugal force.

Henee there is a need to inelude inertial ef fects in the HP theory, in

order t o aDta in reasonable predictions of the elastic hole pressure at

high Reynclds rurnbers. The hole pressure device is currently being used

to measur e N, at shear r ates as hi gh as 3' 105 5-', corresponding to

Re= 15 (by A.S. Lcxige at the Rheology Research Center, lXIivers ity of

Wisconsin-Madison); such high shear rates are presumably rot atta inable

with the Weissenberg Rheogoniometer on polymer soiutions.

Previous Work

Aimost all prev ioos attempts at calculating inert ial effects have

depended on two postulates;

(1 ) The tota l hole pressure '5 the sum of an inertial and an elastic

contr ibution;

[2. II



46

where PH is the tota l hole pressure. PtH is the inerti al hole pressure (or

the inert ial correction) and PEH the elastic hole pressure predicted by the

HP theory (equat ion 13)).

(2) The iner tial contribution (P,H) can be evaluated from the hole

pr essure that is exhibi ted by a Newtonian l iquid or equal densi ty and

vi scosity (at wall shear stress). at the Reynolds number or interest.

One or the ear l iest papers that uses these two postu lates is that

by Richards and Townsend (10). These authors usee the finite element

method to simulate the flow in a transverse sial with an implicit

Oldroyd-type model. Lodge and de Vargas (5) used the Newtonian resul ts

of Jackson and Finl ayson (7) to suggest the following corre lation f or the

inertial hole pressure (P,H)'

12.21

where Re, is the hole-based Reynolds number given by'

[2.31

Here ifw is t he wa l l shear rat e in und isturbed (f ully developed) f low, and

T] (ifw) is the viscos ity at thi s shear rate. The other symbols in [2.3J have

the meanings descr ibed in chapter I. 12.21r epr oduces the Newtonian hole

pressure data of Jackson and Finlayson (7) accurately for Re, ~ 2. and to

w ithin 5% for upto Re" ~ 10, it has been suggested for values of Re, ~ 10 in

a later paper by Lodge (II) and used in this range by Malkus and

Bernstein (12).
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The results or these simu lations as wel l as exper iments have

shown tnat when tne iner tial ccn ect ion is esl imal ed rron postulate (2)

(i .e., rron lhe hole pressure of a Newtonian fluid), lhe resullanl elastic

hole pressure (P' H) is lower lhan l he pred icled tneo-et ical elastic hOle

pressure (equation [3]) and lhe agreement wrrsere as both lhe Reynolds

and Weissenberg rurnoers increase. This raises l he f ol lowing question' Is

lhe pocy agreement due 10 a fai lur e of lhe assumptions (Az- A.,) of tne HP

l hecyy, CY is il because of lhe fa ilure of postulates ( I) and (2) (Which

have not been thecyetically justified)? Thi s question is addressed in the

present wCYk; inertia l effects are irctuoeo rigcyoosly in the HP thecyy,

and postulate ( I ) (equation [2. 1]) is justif ied. The thecyetical r esults

obtained also provide ind ications as t o why postu late (2) is

unsatisfactory in estimating the iner ti al contribul ion, especially at high

Reynolds and Weissenberg rumber s.

Extended HP theory

The rnonentum equation is given by (neglecting gravitationa l t erms)'
•

Re v.Vv • VP ' V .r = 0

By assumption A, (gi ven in the Int roduction), the inertial terms in the

momentum equation are neglected in the a eeping flow HP thecyy (4),

leading to the following equation'

VP ·V.r = O [2.51
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(2.5) is transformed to an or thogonal curvil inear coord inate system, and

assumpt ions A-rA1 are used to obtai n equat ion (3 ) of the introduction.

When iner tial effects are important (Re>O), symmetry can no

lCJ1Qer be expected about the hole centerl ine. This is espec ially clear

from the exper imental fl ow visual izat ions and computations of Cochrane.

Wal t er s aoo Webster ( 13). Hence, in the extendeo theor!" loca l symmetry

an<l shear flow are postulated aleng the path of zero stcoe of the

str eamlines (path 5), which is illustrated in fig. 19.

B

• p.p

-;.-;::
~ //

Q

P '(x, y)

P , ( xs'Y)
Q , (Xs' Ys )

A

Fig , 19: Path of zer o sl ope of streomlines (Poth 5)

Path 5 is def ined as that path c losest to the hole centerl ine aleng which

the stream lines have a zero slope at every point with respect to the

Cartesian coordinate system. It is assumed that a contiruoos path 5 is

identifiable, althoogh this need not always be true in the vortex region.

The resu lt s of (13) show that the effect of iner t ia is to displace path 5

beyond the hole centerline in the flow di rection.

To formulate the exten<led HP theory aleng path 5, the isotropic

pressure term in [2 .41 is spl it into inertial and elastic parts (PI and PE
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respectively)'

12.5)

The def initicns of PI and PE are given in Append ix B; it is to be noted

that P, and PI individually depend 00 the path 5 while p. the pressu-e.

does not. These definitioos ensure that 12.51 holds aleng the entire

domain; aleng path 5 in particu lar. the follow ing equatioos must hold'

Re (v.Vv},; . VP,s =0
•

VPI.S • (V.t:)s =0

!2.71

12.81

The subscr ipt 5 in 12.71 and 12.8) (and the equatioos that fo llow)

indicates that the variables are to be evaluated aleng path 5. 12.71 and

12.8} f ollow from the detiniticos given in Appendix 8. and provide the

basis for the extended HP theory. The simi larity of 12.81 and 12.51

suggests the following def ini t ioo of the elastic hole pressure'

12 .91

where the SUbscripts 8 and A refer to the points 8 and A in fig. 1.

Assumptioos A2 to A., are now modi f ied to hold aleng path 5. instead of

the hole centerline. Further. assumptioo A., is now mod if ied to read '

12.1 0)
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Along path 5, the t -d irect too corresponds to the x-d irect ion. The

mod ification in 12. 101 is that P has been replaced by P, . From 12.61. the

followirwJ equation can be obtained;

aP/ax =ap,/ ax • ap, /ax 12 .1 11

Along path 5, if the assumption of symmetry is satis f ied, 12.71 indicat es

that ap"s /ax = 0; hence 12.111 reduces to the f ollowing equation if

symmetry exists:

12,1 21

12.12J shows that assumption A" of the creep ing flow theory, and its

modif ication, represented by 12.10J, are equivalent if symmetry exist s

along path S. The mod if ied assumptions of the extended HP theery are

row restat ed as fol lows '

(A2) The str eaml ines are locally symmetric along path S.

(A,) lXlidirectiona l shear f low exists (and at"'2/aq, =0) along path S.

(A,) a(p,· t"I1 )s/aqt =0, along path S.

Equat ion 12.8J is transfermed to an erthogona l curvi linear ccrrdinate

system along path 5, in the same way that 12.5J is transfermed in the

creeping flow theory, USing assumptions A2 to A" row leads to the

f ollowing equation fer the theeretica l elastic hole pressure '

f t".

p," = - I N, /2t"t2 dt"'2
Jo

12. 13J
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p," is the elast ic hole pressure del 'rEd by 12.91 12.131 is the tneoretical

elast ic hole pressure; it is the solution of (2.81 sub ject to the

assumptions A2 to A-.. In order to check. the va li dity of these

assumpt icos, the exact (or computed) solution of 126) cou ld be ootaireo

by dir ectly int egl3ting it 310ng the patti of zero slope. A lternatively.

equat ioo 12.7) could be inteqrated along path S. t o olJtain the following

equat ion fa the inert ial hole pressure (P1H) :

I 10 \

I (ulau/ax ox • av/ax dylls
J

1A)

12 .1~1

In 12.1 ~ J. u and v are the x and y- ccrnpooents of the veloci ty. The

integral is evaluated along path 5 (as shown by the subscript 5) with the

l imits (A) and (6) indicating that the values of x and y at these points

are to be used. 1 2 .1~ 1 reduces to the following equat ion if path 5

coincides w ith the hole center l ine (in which case (dxls' O) or i f local

symmetry exists along path 5 (i.e., (au/ax)s' O)'

,Yo
P,H=-Re J (uav/ax)s dys 12.151

YA

From 12.4J. 12.6J to 12.91. and [ 2 .1~1. the following equation Is olJta lned'

[2 .1 61

12.1 61 provides the just ification lor postulate ( I) (Le.. equation 12 .1Il

and is the exact solu tion of 12.61. Equations 12 .1 31 to 12 .161 represent the
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end point of this ana lysis. 12. 131 is the theoretica l elast ic hole pressure,

12 . 1 ~1 the irert ial carection. and 12.161 the comput ed elast ic hole

pressure. The extent of agreement Det ween 12. 131 and 12 .1 61 depends only

()') the validity or the assumptions A2 to A... wnicn are the same as in

t he creeping flow theay. Since assumpl ion A, is ro longer reeded. the

conclus ion is thai irert ial effects have been included exactly in the

extended HP theory.

Discussion of the Ext ended HP t heor y

When irertial effecls are Important. assumption A, ( local symmetry

along path 5) is likely to dom inate the error in the extended HP theory;

the results of Webster (6) lead us to conclude that th is would tend to

increase the computed (a actual) elastic hole pressure (given by 12.161)

above the thea et ical prediction 12.13J; i.e.• there wou ld be a regative

error in the theory. This is especially true when inert ia is large relative

t o elasticity . Hence it would seem necessary to irc tuoe a correction

facta for asymmetr y in the extended HP theory. This could be dare using

the approach of Webster (6). by forci ng the theory to be exact f or a

Newtonian liqu id. Two additiona l correction factas are defi red as

follows;

r 16)

PSlt = I ( a' v/ ax' • a'v/ay')dy)s 12.171

J IA)

r16)

p... = I « a' u/ ax' • a'u/ay')dxls 12.181
J

(A)
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The integrals in 12 .1 71 and 12.161 are eva luated along path 5. tron point

A to point 6. 12.1 51 is modifi ed t o trc luoe these additi ona l correct ion

factors, and the elastic hole pressure is defined as follows:

12.1 91

P,H is the inertial correction given by 12.141. PSH can be viewed as a

correction fact or for asymmet ry (assumption A,). and P"". for

assumption A., . It is eas i ly seen that w ith these additiona l correction

factors. 12. 191 predicts a zero elastic hole pressure f or Newtonian

liqu ids, in accordaree wi th the theory 12.131. It is to be roted that while

PIH is a rigorous correct ion (f or assumption A,. i.e.• for inertial effects),

PSH and P"" are net so for the rrn-Newtonian case.

The current theory uses postulate (2). i .e., a Newtonian hole

pressure as a correc tion factor , according to the following-

[2.201

The Newtonian hole pressure (PH•H) can be vi ewed as follows-

12.2 11

where the subscr ipt N indica tes a Newt onian velocity profile . The three

terms on the right hand side of [2.211 are evaluated rron 12.1 41, 12 .1 71

and 12.161 respectively, for the Newt onian prof i le. 12. 191 r equires that

the above corr ection factors be eva luated fr OOl the actual, rather than
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the Newtonian, ve locity prof i le. A compar ison of the Newtonian velocity

profile with the elastic solutions shows two important differerces:

(a) The Newtcnian veloci ty prof ile quickly loses symmetry aboul path 5,

as the Reynolds rurnber increases. In an elastic fluid, l he oppos ing effecl

of elastici t y preserves some of th is symmetry (13). Asymmelry due to

inertia l ends to cause a grealer pressure at point B than at point A (5),

i.e.. asymmet ry opposes the inertial effect. Hence PSH,N and PSH are

pos iti ve rurnoers: lhis imp l ies that '

P~.N > PSH 12.221

i.e., the Newtcnian prof i le has a correct icn factor for asymmetry that is

larger than required.

(b) A secooo important difference between Newtcnian and elastic

velocit y profiles is thai the st reaml ines in elastic flow tend to dip

deeper into the hole as the elasticit y increases, as seen f rom the lower

pos iticning of the primary vortex in the hole for the elastic case { 131;

f or a Newtcnian case, the vortex tends to move in the oppos i te dir ecticn

as the Reynolds rurnoer increases (7, 121. Th is is oOserved both

experimentally (1 3) and computaticnally 17,12,13), although the

computed results are less dramatic than the experimental eres. The

irnpucatlon of th is ooservat ion is that the curvature of the streamlines

along path 5 in elastic flow is higher than in the Newtcnian case, and

the difference is greater as Re and We increase. In append ix C, it is

pr oved that the inertia l ccntr ibuticn, as given by 12. 141, is directly

proporticna l to the curvature of the streamlines in the special case or a
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symmetr ic velocity profile , l.e.,

12 231

This implies that IPIN.N1< 1PIN I, or, si ree PIN is a reqat ive Quantity '

~ .p~ 12 241

The effects of both the errors 12.221 anil 12.241 caused by the Newtonian

profile tenil to prOduce a positive error in the theory, i.e., they t erd t o

reduce the comput ed or actual PEN below the t heoretical PEN; these errors

ircrease as Re aoo W. ircrease. Thus t he conclusion is that 12 .221 anil

12.241 provide the reasons for the failure of the Newtonian hole pressure

as a correction factor at higher Re.

Conclusion

lrertial effect s have been successfully irc tuoed in the HP t heory . The

exteniled HP theory proposed in this work pr ovides insight as t o why the

current technique of using a Newtonian hole pressure as the inertial

correct ion is unsati sfact ory, anil suggest s that the irert ia: cont ribution,

eva luated from the actua l velocity profile, is a fureti on of both Re ard

We. Extensive crmputatloo is needed to device a suitable ccrrect ion

factor for asymmetry in the exteniled HP theory proposed in this work

((2.1 71 is exact only f or the Newtonian case) arc also t o correlate the

inertial correction as a function of geometry. elastici ty. Ret and wall

shear stress.
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Append ix A: Evaluation of Theoretical Correction Factor s

Evaluat i on or CFl

The temperature and shear stress at the inlet of the cnarre: are

ca lcu lated as a ruocu oo of posit ioo (y) using finile element interpolat im

(quadratic lemperalure. l inear stresses) in the oot.tom hal f of tne

enannel , wnicn has a greater degree of refinemenl tnan l ne top nai f. Tne

parameter y is el iminated between the equaticns for temperature and

stress, to cotam the temperature direct Iy as a rurct ioo or shear stress

(T("2)' used in [1.18)) . The shear stress is used as tne independent

variable of integratioo, and the temperature at a given value of the shear

stress is calcu lated from tne ebove functim. The sneer r at e is

calcu lated fr om t he availaOle shear stress and t empera ture, using [1.111.

The norma l stress is then evaluated at the avaltable shear rate and

temperature from 11. 141. The integratim of [1.181 is done using

Simpsm's rule. Equat ion [1.191 is integrated with the viscometr ic

functions ([ 1.1 11 and [ 1. 14)) evaluated at the wall temperature mly . CFI

is evaluated from [ 1.20} as tne ratio of tne nooisothermal to isothermal

hole pressures.

Evaluation of CF2

SuOstituting t he viscomelr ic f unctions [1.111 and [ 1. 141 in [1.211 yields

the follow ing eqeat im for the nOfldimens ional note pressure at a given

temperat ure 1"
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IA 110,;"
2[HAl '(T ');)" J> f' -'V' IH A,'(T' );)" )' 1

( 11"

J - - - - - -
o

where C ' H'I' '(T') /I" '(T 'jcv ')1TI ,O ,,0 W II:

The correction factor CF2 is evaluateo from (1.221 anO [A. 11 as follows'

{A.21

T.' is t he average temperature evaluated (rom 11.241. The value or

iB'(Tw ' ) used as the upper limit in Doth rumerator anO dencrninator of

1A.21 is the the wal l shear rate at point B calculated from the isothermal

VEHEATD solution. The dencrn inator ot (A.21 is t he isothermal nola

pressure, equ ivalent t o 11.191.
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Appendix 8 : Def initions of Iner ti al and Elastic Pressures

The ob jective of this sect ioo is to define the quantities PI arKJ p[

uniquely thr ooghoo l the domain, such mat equations 12.61. 12.71 and 12.81

are satisf ied along the path of zero slope of t he stream lines (path 5,

shown in f ig. 19). The fo llowing functions are def ined to hold at any

arbitrary point (x,y) (fig. 19) in the domain'

f ,(x,y) ; -Ae(uau/ ax • vau/ay)

f 2(X,y) ; - Ae(uav/ ax • vav/ay)

g,(x,y) ; -(a"" l ax • a"./ay)

g2(X,y) ; -(a""" l ax • a"y/ay)

(8.i1

18.21

IB.31

[B.11

The quanti ties P, and p[ are now defined in terms of these functions at

any point (x,y); in the defin itions that f ollow, the SUbscript 5 ind icates

tnat the var iables are to be evaluated along path 5'

P,(x,y) ; p,... IB.51

IB.51

In IB.51 and IB.5I, X. refers to the x-ccxrdinate of that point on path 5

whose y-ccxrdinate is y (t he point (xs,y) is shown in fig . 19) , and xis a

dummy variable or integration; x" and y" represent the coordinates or

the point A in fig. 19; P,(x,y) and p[(x,y) are the inertial and elastic
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pressures at aN,! point (x,y) in the domain. P". and P", are arbit rary

constants representing the inertia l and etastic pressures at point A. and

satisfying the condi tion'

IB.71

where PAis the pressure at point A.

It is eas ily veri f ied that [B.5J and [B.51satisfy 12.5J. [2 .71 and 12.61.



Appendix ( : Proof that inert ia l correction is proportional to

curva ture of stream lines

The slope of a streamIi,., at a"!J point is given by'

dy/dx=v/ u IC. I J

Different iating IL I I wi th respect to x and USing the equation of

cont inu ity yields·

u2d2y/dx2 = (uav/ax • vav/ ay) - dy/dx (uau/ox • vau /ay)

Compar ing I( 2) wi th 12.7) (which is valid along path 5) y ields'

The subscript 5 refers to path 5, which is def i,.,d such that '

(dy/ dx)s = 0

Hence [C.3) reduces to'

lUI

lUI

IC .41

IC.5)

If symmetr y exis ts along path 5, (ap,/ax)s = 0; the i,.,rl ial hole pressure

is then given by integrating I(5) along path 5. Equation IL5J shows that
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the inertial correcti on IS propor t iooal to the curvature of the

streamlines along path 5 , for the specia l case of a symmetr ic veloci ty

pror; Ie.

Compar ison to Newtonian Hole Pressure

IC.51 maces possible a conpar tsoo bet ween postulate (2), which uses a

Newtonian hole pressure as the iner ti al correct ion, and equation 12.151

(which reduces to [C.51. as shown above) for small Re, when path 5 is

close to the centerl ine. The y-COOlponent of the momentum equation in

Newt onian flow (as denoted by subscr ipt N) is given by '

When Re is small , pa th 5 is assumed to be close to the center l ine;

further local symmetry is also assumed along the center line . lXlder these

condi tions, (82YN/8x2)s and (82YN/ 8y2)S are both identically zero

«(82YN/8x2)s is zero because YN musl be an anti-symmetr ic function or x

about the hole centerline if the streaml ines are symmetric, and hence

must pass through zero curvature with respect to x at the center l ine;

this is also seen f rom the follow ing finite difference expression'

lU I

where i refers to t he hole centerline. lXlder cond it ions of symmetry of

streamlines, VN,i =O and VN.i" l = -VN.i_1; hence it fallows that

(82YN/8x2)s'O. (82YN/ 8y2)s also equals zero because YN is identically zero
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alooq the hole centerline if symmetry exists). Therefor e (C. 6) reduces to:

I( 8)

IC.8) is similar l o 12.1 51. which is valid under condi lioos or local

sgmrnetru: heree I( 8 ) can be reduced to an equalion similar to ILSI by

an identical oer ivat iov

IC .91

I( 9) shows thal under condilioos or local symmetry about the hole

center line, a Newtcnian hole pressure (which is the inerti al ccrrecticn

as given by postulate (2)) is propor lionaI to the curvature of the

st reaml ines in Newtonian flow; (CSI shows that the iner lial correclion

proposed in the present work (under condi lioos of local symmelry. as

given by 12.15]) is proporlional lo the curvature of the streaml ines In

elaslic f low. Siree the curvatur e of the stream l ines along path S In

elaslic flow is found to be higher than that in Newton ian flow (as seen

f rom the lowering of the primary vortex in elaslic f low). [CS1 would

yield a higher inert ial correct ion than IC.91.
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