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Abstract

Convex Optimization Over Integer Points

Haotian Jiang

Chair of the Supervisory Committee:
Yin Tat Lee
Computer Science & Engineering

Many problems in discrete optimization can be succinctly encapsulated as the question of
minimizing a convex function f, which captures the combinatorial structures of the problem,
over integer points that are typically {0, 1}", i.e. mingego13» f(x). At a high level, this thesis
focuses on the efficient solvability and approximability of this optimization problem, with
the aim of uncovering general principles towards understanding and utilizing the interplay
between continuous and discrete optimization for the future development of algorithm design.

In seminal work, Grotschel, Lovasz, and Schrijver (Combinatorica’81, Prog. Comb. Op-
tim.’84, Springer’88) identified a central condition for the efficient solvability of this optimiza-
tion problem: that the minimizer of f lies in {0, 1}" itself. Under this condition, Grotschel,
Lovasz, and Schrijver designed a unified framework using the ellipsoid method to establish
the polynomial solvability of a broad range of combinatorial optimization problems.

When the integer minimizer condition fails, the problem typically becomes computa-
tionally intractable, as witnessed by the NP-Hardness of the Integer Linear Programming
problem. In this case, one has to resort to solving a convex relaxation, which is typically the
linear relaxation mingep 1j» f(2), and then rounding the fractional solution to an integer one,
where the rounding error is classically known to be related to the discrepancy of the system
(Lovész, Spencer, and Vesztergombi, Eur. J. Comb.’86). Over the past decade, following a
breakthrough of Bansal (FOCS’10), there has been a burst of progress in developing efficient



algorithms for fundamental discrepancy results which were once thought to be computa-
tionally intractable. Consequently, this opens up the opportunity to develop a unified and
systematic framework for rounding, and more broadly for algorithm design, through the lens
of discrepancy theory.

In this thesis, we make substantial progress in both of the directions discussed above.

The contributions of this thesis are summarized below:

e Under the integer minimizer condition, we give a faster and unified algorithm for solving
the problem min,cg 13~ f(z) based on a reduction to the Shortest Vector Problem in
lattice theory, improving upon the classical work by Grotschel, Lovéasz, and Schrijver
from the 1980s in its full generality. Consequently, we obtain the first sub-cubic strongly
polynomial oracle complexity algorithms for Submodular Function Minimization in its
50 years of study. We complement our algorithms by proving stronger hardness results

for Submodular Function Minimization.

e We advance the frontier for central problems in discrepancy theory and obtain new
applications of them to algorithm design. In particular, we prove the Matrix Spencer
Conjecture, a generalization of the seminal result of Spencer (Trans. Am. Math.
Soc.’85) in discrepancy theory, up to poly-logarithmic rank; we also obtain the first
poly-logarithmic discrepancy algorithms for Online Discrepancy Minimization, com-
plementing Spencer’s classical result over 40 years ago which states that random col-
oring cannot be improved against adaptive adversaries (Spencer, J. Comb. Theory
Ser. B'77). We further demonstrate applications of these results to the problems of

Quantum Random Access Codes and Online Fair Allocation.
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Chapter 1

INTRODUCTION

Optimization problems arise widely and naturally in business, artificial intelligence, en-
gineering, and applied sciences, and they have been extensively studied in computer sci-
ence, machine learning, operations research, economics, and mathematics. Over the past
few decades, the most prominent and successful approach for discrete optimization is to first
solve a tractable convex relaxation using continuous optimization tools and then to round the
fractional solution to an integral one. This generic “relax-and-round” approach, under the
broader scope of the interplay between continuous and discrete optimization, has achieved
enormous and unprecedented success, leading to better and sometimes even theoretically

optimal algorithms for many fundamental discrete optimization problems.

However, despite its tremendous success, a systematic framework for implementing this
approach, i.e., a theory that brings new techniques and understandings together in a unified
and principled manner to be conveniently and effectively applicable to classical and new
optimization problems, remains largely undeveloped. The main goal of this thesis is therefore
to develop systematic tools and general principles to contribute towards building this unified

framework for discrete optimization.

For most problems in discrete optimization, the relax-and-round approach can be suc-
cinctly formulated as the problem of minimizing a convex function f over integer points

which are typically {0,1}". This leads to the central problem studied in this thesis:

,Jninf (). (1.1)

Here, the convex function f captures the combinatorial structures of the problem at hand. In



its full generality, problem (1.1) generalizes the Integer Linear Programming (ILP) problem
which is known to be computationally intractable in general. This hardness result is, in
particular, responsible for the NP-Hardness of many combinatorial optimization problems.
In spite of this computational bottleneck in general, clear exceptions have presented them-
selves for problems such as maximum matching, minimum spanning tree, and submodular
function minimization, where clever efficient algorithms are known. This phenomenon leads

naturally to the quest for a characterization of the efficient solvability of problem (1.1):

For which convex functions f is problem (1.1) efficiently solvable?

Convex Functions with Integer Minimizers. An outstanding answer to the above
question goes back to the seminal work of Grotschel, Lovasz, and Schrijver in the 1980s
[GLS81, GLS84, GLS88|, where they identified a fundamental condition for which problem

(1.1) becomes computationally tractable:

The minimizer of the convex function f lies inside {0, 1}". (1.2)

Under this condition, they showed that the ellipsoid method [Sho77, YN76], which is used to
give the first polynomial time algorithm for solving Linear Programming (LP) [Kha80], can
be applied to solve problem (1.1) exactly in polynomial time. Not only so, they showed that
the problem can be solved in strongly polynomial time, with runtime depending only on the
dimension n but not on the “size” of the function f. Their approach further generalizes to the
setting of rational polyhedra, where the set of minimizers of the convex function is a polytope
whose vertices are all rational vectors with bounded bit complexity. As a result, Grotschel,
Lovész and Schrijver were able to prove the weakly and strongly polynomial solvability of a
wide range of combinatorial optimization problems using a unified framework.

Despite the tremendous success of their general framework, the original techniques used
by Grotschel, Lovasz, and Schrijver were not efficient enough compared with problem-specific

algorithms, where problem structures are heavily exploited, often in an ad-hoc way, to achieve



fast runtime guarantees. The lack of general principles and techniques for obtaining algo-

rithms with fast runtimes motivates the first central question of this thesis:

How fast can one solve problem (1.1) when it is efficiently solvable? And what

is the computational limit for solving it?

Rounding. When condition (1.2) fails, problem (1.1) typically becomes computationally
intractable, which unfortunately is the case for many problems in combinatorial optimiza-
tion. For these problems, the main approach over the past fourty years has been to solve
the relaxation of problem (1.1) with the integer constraints x € {0,1}" replaced by linear
constraints x € [0, 1]*, for which the problem becomes efficiently solvable, and then to round
the fractional solution to an integer one with provable guarantees on the rounding error.
Despite the prevalence and enormous success of this approach, the design of rounding
algorithms over the past many decades has mostly been problem-specific. The lack of a
unified way to design and analyze rounding algorithms motivates the following second central

question of this thesis:

What is the optimal rounding error for problem (1.1) when it is not computa-

tionally tractable?

In subsequent chapters of this thesis, we develop general principles and techniques for
providing better answers to the two central questions above. We also discuss our general
approaches in the context of some of the most classical questions within the subject, and il-
lustrate how they imply better algorithms for these specific problems. More broadly, the goal
of this thesis is to provide new insights into the efficient solvability and approximability of
problem (1.1), with the aim of uncovering general principles towards understanding and uti-
lizing the interplay between continuous and discrete optimization for the future development

of algorithm design.



1.1 Convex Functions with Integer Minimizers

As mentioned earlier, in their pioneer work, Grotschel, Lovész, and Schrijver [GLS81, GLS84,
GLS88] showed that under the integer minimizer condition (i.e., condition (1.2)), problem
(1.1) can be solved efficiently in weakly and strongly polynomial time using the ellipsoid
method. Their work not only successfully explained the polynomial time solvability of a wide
range of discrete optimization problems for which efficient algorithms were known but also
gave the first polynomial time algorithms for fundamental problems including submodular

function minimization (SFM).

Submodular Function Minimization. Submodular function minimization has been rec-
ognized as an important problem in the field of combinatorial optimization. Submodular
functions are ubiquitous in many applications, e.g., graph cut functions, matroid rank func-
tions, set coverage functions, utility functions in economics, etc. Since the foundational work
by Edmonds in 1970 [Edm70], submodular functions and submodular function minimization
have served as popular modeling and optimization tools in various areas of theoretical com-
puter science, operations research, game theory, and, more recently, machine learning [B*13].

One of the most fundamental results for submodular function minimization is that it
can be solved in strongly polynomial time: this was first shown by Groétschel, Lovasz, and
Schrijver in the 1980s [GLS81, GLS88] and then combinatorically by Iwata, Fleischer, Fu-
jishige, and Schrijver around the year 2000 [Sch00, IFFO01]. These foundational results were
recognized as recipients of the Fulkerson prize' in 1982 and 2003. After decades of efforts
since these initial endeavors [FI03, Iwa03, Vyg03, Orl09, I009], the best strongly polyno-
mial time algorithms by Lee, Sidford, and Wong [LSW15] and Dadush, Végh, and Zambelli
[DVZ18] have O(n?log®n) oracle complexity”® (see Table 1.1 for the history of SFM). It was
even believed at that time that no algorithm can achieve sub-cubic oracle complexity even

information-theoretically.

IThe Fulkerson prize is the triennial award for up to best three papers in discrete mathematics.

2It is a standard model that submodular functions are given by querying an evaluation oracle.



’ Authors ‘ Year ‘ Oracle Complexity ‘ Remarks
[GLS81, GLS88] | 1981,88 | O(n®) [McC05] first strongly
[Sch00] 2000 O(n?) first comb. strongly
[IFFO1] 2000 O(n"log(n)) first comb. strongly
[F103] 2000 | O(n)
[Twa03] 2002 O(n®log(n))
[Vyg03] 2003 | O(n")
[Orl09] 2007 O(n®)
[1009] 2009 O(n®log(n))
[LSW15] 2015 O(n®log*(n)) previous best strongly
[LSW15] 2015 O(n?log(n)) exponential time
[DVZ18] 2018 O(n?log®(n)) previous best strongly
Chapter 2 2021 O(n?loglog(n)/log(n))
Chapter 2 2021 O(n?*log(n)) exponential time

Table 1.1: Strongly polynomial algorithms for submodular function minimization. The oracle
complexity measures the number of calls to the evaluation oracle EO. In the case where a
paper is published in both conference and journal, the year we provide is the earliest one.

A Reduction to the Shortest Vector Problem. In Chapter 2, we refute this belief by
giving an algorithm with strongly polynomial oracle complexity® O(n?logn). In particular,
we give a generic reduction from submodular function minimization to the shortest vector
problem — the most central computational problem in lattice theory, which has been studied
for more than a century since Minkowski’s theorem from 1889 — that explicitly links their
computational complexity for the first time. Our results naturally lead to the hypothesis
that ©(n?) is the optimal strongly polynomial oracle complexity for SFM algorithms, and we
discuss progress on proving the corresponding lower bounds in Section 1.2 and Chapter 3.

Unified Framework of Minimizing Convex Functions with Rational Minimizers.
Most algorithms for submodular function minimization in the last 30 years heavily exploited

the geometric and polyhedral properties of submodular functions. In contrast, our algorithm

3If the algorithm is required to run in polynomial time, the oracle complexity is O(n?loglogn/logn.)
This computational bottleneck for getting O(n?logn) oracle complexity in polynomial time comes from
solving the shortest vector problem and is unrelated to submodular function minimization itself.



uses submodularity only in a minimal way and works much more generally beyond submod-
ular function minimization. In fact, the only property our algorithm uses is that the set
of minimizers of the convex function forms a rational polyhedron, a setting pioneered in the
work of Grotschel, Lovasz, and Schrijver [GLS81, GLS88], which they used to establish the
polynomial solvability of a wide range of combinatorial optimization problems.

Despite its incredible generality, the original Grotschel-Lovasz-Schrijver approach used
simultaneous Diophantine approximation to perform dimension reduction; hence, it is not
efficient enough to compete with problem-specific algorithms. In our algorithm, we leverage
the approximate shortest vector algorithm on an auxiliary lattice to perform dimension
reduction much more efficiently, and we give a potential function analysis that correctly
amortizes the progress made by the algorithm. As a result, we improve the performance
of the Grotschel-Lovasz-Schrijver approach by a factor of n in its full generality, leading to
our nearly quadratic, strongly polynomial oracle complexity result. This improves over all
previous algorithms that are specifically tailored to submodular function minimization via a

general algorithmic framework for solving problem (1.1) under condition (1.2).

Chapter Notes. Chapter 2 is based on my solo paper [Jia21], which appeared in the ACM-
SIAM Symposium on Discrete Algorithms (SODA21), and its journal version [Jia22], which
appeared in the Journal of the ACM (JACM). [Jia22] is a substantial strengthening of the

conference version [Jia21] and obtains the full reduction to the shortest vector problem.

1.2 Lower Bounds for Submodular Function Minimization

Given the results of Chapter 2, a natural question to ask is: how tight are the results in
Chapter 2, for the general problem of (1.1) and for the more specific problem of submodular
function minimization? As we shall remark in Chapter 2, for the general problem of (1.1)
where the function f is accessed through a separation oracle (see Definition 2.1.1), the
number of separation oracle calls by the algorithm in Chapter 2 is tight up to a O(logn)
factor. But restricting ourselves to the context of submodular function minimization, this

question becomes much more intriguing and will be the main topic of discussion in Chapter 3.



Query Complexity Lower Bound for SFM. Despite the rich history of SFM research,
obtaining lower bounds on the query complexity for SEFM has been notoriously difficult.
[Har08] described two different constructions of submodular functions whose minimization
requires n-queries to an evaluation oracle; in fact, both can be minimized by querying all
the n singletons. Later, [CLSW17]| showed that one of the examples in [Har08] also needs
n/4 gradient queries to the Lovasz extension of the submodular function. This remained the
best lower bound, until recently [GPRW20] proved a 2n-query lower bound on SFM via a

non-trivial construction of a submodular function (which can be minimized in 2n queries).

Parallel Lower Bound for SFM. More recently, there has been an interest in under-
standing the parallel complezity of SFM. Note that any SFM algorithm proceeds by making
queries to an evaluation oracle in rounds, and the parallel complexity of SFM is the minimum
number of rounds (also known as the depth) required by any query-efficient SFM algorithm
that makes at most poly(n) evaluation oracle queries. All SFM algorithms above proceed
in Q(n)-rounds. The best-known parallel complexity is obtained by the algorithm in [Jia22]
which runs in O(nlogn) rounds. On the lower bound side, [BS20] proved that any query-
efficient SFM algorithm must proceed in Q(logn/loglogn)-rounds. This was improved in
[CCK21] to an Q(n/3)-lower bound on the number of rounds for query-efficient SFM. The

1/3

latter paper also mentioned a bottleneck of n'/° to their approach and left open the question

of whether a nearly-linear number of rounds are needed, or whether there is a query-efficient

§

SFM algorithm proceeding in n'~° many rounds for some absolute constant § > 0.

Improved Lower Bounds for SFM. In Chapter 3, we provide improved lower bounds for
both the query complexity for SFM, and the parallel complexity for query-efficient parallel
SFM. Our first main result is that any deterministic SFM algorithm requires Q(nlogn)
queries to an evaluation oracle. This result is the first super-linear query complexity lower
bound in the history of SFM, lending support for the hypothesis that SFM needs quadratic
queries to the evaluation oracle. Our second main result is that any parallel SFM algorithm

making at most poly(n) queries must proceed in 2(n/logn) parallel rounds, which matches



the parallel complexity of the algorithm in Chapter 2 up to poly-logarithmic factors.

Chapter Notes. Chapter 3 is based on my joint work with Deeparnab Chakrabarty, An-
drei Graur, and Aaron Sidford [CGJS22] which appeared in the 63rd IEEE Symposium on
Foundations of Computer Science (FOCS 2022).

1.3 Unified Algorithms Through the Lens of Discrepancy Theory

When condition (1.2) fails, then problem (1.1) typically becomes computationally intractable.
This is the case even when f is a linear function defined over a polytope (and is infinity outside
of it), which already captures the NP-Hard problem of Integer Linear Programming. For
such computationally intractable problems, one prominent strategy is to solve the relaxation
of (1.1) with the linear constraints x € [0, 1]" instead and then round the fractional solution
to an integer one. The major question then is how to bound the rounding error.

In seminal work, Lovész, Spencer, and Vesztergombi [LSV86] showed that the rounding
error of a linear system is closely related to the hereditary discrepancy of the linear con-
straints, but this connection had few algorithmic consequences at that time because most
fundamental discrepancy results were non-algorithmic [Spe85, Ban98]. Following a ground-
breaking result of Bansal [Ban10] in 2010, the past decade has seen a surge of progress in
giving efficient algorithms for fundamental discrepancy results [LM15a, Rot17, ES18, BDG19,
LRR17, BDGL18, DNTTJ18], opening up an opportunity for rounding, and more generally
algorithm design, through the unified lens of discrepancy theory.

Notably, discrepancy theory has recently found a wide range of applications in many
different areas: coresets and sketches in machine learning [Phi09, KL19], approximation
algorithms [EPR13, BRS22|, graph sparsification [RR20a|, randomized experiment design
[HSSZ19], (quantum) random access codes [ANTSV02, HRS22, BJM22b], differential privacy
[MN12, NTZ13], and many more classical applications, such as quasi-Monte Carlo, sampling,
and pseudorandomness that are presented in classical textbooks [Cha00, Mat99].

Despite these significant applications, many fundamental discrepancy questions are not

yet well understood, resulting in the sub-optimality of many of the current applications of



discrepancy theory to rounding and algorithm design. In Chapters 4 - 9 of this thesis, we
present substantial progress on two central discrepancy problems: matrix discrepancy theory

and online discrepancy theory.

Matrix Discrepancy Theory. Matrix discrepancy theory has attracted significant atten-
tion in the last decade: the classical result of Batson, Spielman, and Srivastava on graph
sparsification [BSS12], Marcus, Spielman, and Srivastava’s breakthrough on the Kadison-
Singer problem [MSS15], and the widely-known notion of quantum random access codes
[ANTSVO02] all essentially concern matrix discrepancy [RR20a, HRS22]. However, funda-
mental matrix discrepancy questions remain unanswered, a famous example of which is the

matrix Spencer conjecture [Zoul2, Mek14].

Conjecture 1.3.1 (Matrix Spencer Conjecture, [Zoul2, Mekl4]). Given symmetric ma-
trices Ay, ..., A, € R™™ with each ||Aillop < 1, there exist signs x € {£1}" such that
>, xiA,-Hop < O(y/n - max{1,+/log(m/n)}). In particular, the matriz discrepancy is
O(y/n) for m =n.

Conjecture 1.3.1 generalizes a seminal result of Spencer [Spe85] (see Theorem 4.1.1) which
establishes the conjecture when all matrices A; are diagonal. Apart from this classical result,
progress on the matrix Spencer conjecture has stagnated for a long time despite tremendous
effort. In Chapter 4 - 6, we describe multiple progress, in chronological order, towards
resolving this conjecture. In Chapter 4, we give the first non-trivial improvement over the
naive random coloring bound for this problem, based on a general framework for proving
matrix discrepancy bounds via mirror descent. In Chapter 5, we use the inverse polynomial
barrier to obtain a strengthening of the result in Chapter 4 and in independent work by
Hopkins, Raghavendra, and Shetty [HRS22].

Finally, in Chapter 6, we show how to resolve the matrix Spencer conjecture up to poly-
logarithmic rank. This result implies an almost tight logn — 3loglogn qubit lower bound
for quantum random access codes encoding n classical bits with advantage > 1//n. It

also demonstrates a phase transition phenomenon for quantum random access codes that is
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absent in the classical world: while (1/2)logn qubits suffice to achieve ¢/+/n advantage for a
small constant ¢ > 0, it requires at least logn — 3loglogn qubits to obtain C'/y/n advantage

for some large constant C' > 0.

Online Discrepancy Theory. Consider the following online discrepancy question: vectors
U1, Vg, ..., vp € R™ arrive online, and upon the arrival of each vector v, a sign y; € {£1}
must be chosen irrevocably so that the /,-norm of the signed sum d; = xjv1 + ... + x¢vt,
also called the discrepancy, remains as small as possible. This problem was initially studied
in the 1970s but did not receive much interest since the /7' discrepancy by random coloring
cannot be improved against adaptive adversaries [Spe77].

It is therefore natural to ask if relaxing the power of the adversary can lead to interesting
new algorithms that achieve poly(logT') discrepancy. In Chapters 7 and 8, we gave the
first algorithms achieving poly-logarithmic bounds for the online discrepancy problem in
the stochastic? setting. Our results also imply poly-logarithmic bounds for online geometric
discrepancy (Tusnéddy’s problem) and online fair allocation that minimizes envy, a notion of
fairness studied widely in the economics literature [Fol66, TV85, LMMS04, Bud11]. A simple
but very powerful algorithm, known as the self-balancing walk, for the online discrepancy
problem in the more difficult oblivious adversary setting was given by Alweiss, Liu, and
Sawhney [ALS21]. Their original analysis of this algorithm is based on the notion of mean-
preserving spread and is less explicit. In Chapter 9 of this thesis, we present a more direct

folklore® proof of their result, which also appeared later in [DM21].

Chapter Notes. These chapters are based on multiple joint papers with Daniel Dadush,
Victor Reis, Nikhil Bansal, Raghu Meka, Sahil Singla, and Makrand Sinha [DJR22, BJM22a,
BJM22b, BJSS20, BJM*21]. Matrix discrepancy theory is studied in Chapters 4 - 6, and

the three different approaches we present for this problem, one in each chapter, are based on

4The stochasticity assumption is sometimes necessary, even in the simple case of interval discrepancy
[JKS19].

5To the best of our knowledge, this potential-based analysis of the self-balancing walk has been indepen-
dently reconstructed multiple times.



11

the three papers [DJR22, BJM22a, BJM22b]|. The online discrepancy problem is considered
in Chapters 7 - 9, where the approaches we present are based on the papers [BJSS20] and
[BJMT21], and a folklore proof of the result in [ALS21].
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Chapter 2

MINIMIZING CONVEX FUNCTIONS WITH RATIONAL
MINIMIZERS

In this chapter, we study the problem of minimizing a convex function whose minimizer
is an integer (and more generally, rational) point. We present a general algorithm for this
problem that improves upon the framework of Grotschel, Lovész, and Schrijver in its full gen-
erality. Our algorithm is based on a generic reduction of the problem to the Shortest Vector
Problem in computational lattice theory. This chapter is based on my single-author paper
[Jia21], which appeared in the ACM-SIAM Symposium on Discrete Algorithms (SODAZ21),
and its journal version [Jia22], which appeared in the Journal of the ACM (JACM).

2.1 Introduction

We investigate the problem of minimizing a convex function f on R" accessed through a
separation oracle SO [GLS81]. When queried with a point z, the oracle returns “YES”
if x minimizes f; otherwise, the oracle returns a hyperplane that separates x from the
minimizer of f. An algorithm is said to be strongly polynomial [GLS88] for such a problem
if it makes poly(n) calls to SO, uses poly(n) arithmetic operations, and the size of numbers
occurring during the algorithm is polynomially bounded by n and the size of the output of
the separation oracle.

Designing strongly polynomial algorithms for continuous optimization problems with cer-
tain underlying combinatorial structure is a well-studied but challenging task in general. To
this date, despite tremendous effort, it remains a major open question to solve linear pro-
gramming (LP) in strongly polynomial time. This problem is also widely known as Smale’s

9th question [Sma98]. Despite this barrier, such algorithms are known under additional as-
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sumptions: linear systems with at most two non-zero entries per row [Meg83, AC91, CM94]
or per column [Végl7, OV20] in the constraint matrix, LPs with bounded entries in the con-
straint matrix [Tar86, VY96, DHNV20|, and LPs with 0-1 optimal solutions [Chul2, Chul5].

For minimizing a general convex function f, strongly polynomial algorithms are hopeless
unless f satisfies certain combinatorial properties. In this work, we study the setting where
the minimizer of f is an integral point inside a box with radius' R = 2P°(®)_ The integrality
assumption on the minimizer is natural, and is general enough to encapsulate well-known
problems such as submodular function minimization, where R = 1. Prior to our work,
an elegant application of simultaneous Diophantine approximation due to Grotschel, Lovész
and Schrijver [GLS84, GLS88] gives” a strongly polynomial algorithm that minimizes f using
O(n*(n+1log(R))) calls to the separation oracle and an exponential time algorithm that finds
the minimizer of f using O(n?log(nR)) oracle calls.

In fact, Grotschel, Lovasz and Schrijver’s approach applies to the more general setting
of rational polyhedra, which they use to derive polynomial time algorithms for a wide range
of combinatorial optimization problems [GLS81, GLS88|. In the rational polyhedra setting,
the set of minimizers of f is a polyhedron K™ inside a box with radius R, and the vertices
of K* are all rational vectors with LCM vertex complexity® bounded by at most ¢ > 0
(Definition 2.3.6). In particular, the case of integral minimizers in the previous paragraph
corresponds to when ¢ = 0. For the more general setting of rational polyhedra, Grotschel,
Lovasz and Schrijver’s approach implies a polynomial time algorithm that finds a vertex of

K* using O(n*(n + ¢ + log(R))) separation oracle calls, and an exponential time algorithm

Tt’s easy to show that strongly polynomial algorithm doesn’t exist if log(R) is super-polynomial (see
Remark 2.1.4).

2The original approach by Grétschel, Lovéasz and Schrijver was given in the context of obtaining exact
solutions to LP, but it is immediately applicable to our problem. Their approach was briefly described
in [GLS84] with details given in [GLS88]. Their approach originally used the ellipsoid method which is
sub-optimal in terms of oracle complexity. The oracle complexity given here uses Vaidya’s cutting plane
method [Vai89].

3Here we use a slightly different definition from Grétschel, Lovész and Schrijver’s original definition of
vertex complexity in [GLS81, GLS88| so that ¢ = 0 corresponds to the setting of integral minimizers.
More details can be found in Section 2.3.
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that uses O(n?(¢ + log(nR))) oracle calls. We refer interested readers to [GLS88, Chapter
6] for a detailed presentation of their approach. The purpose of the present chapter is to
design a new method to improve the number of separation oracle calls.

A closely related problem, known as the Convex Integer Minimization problem (problem
(1.1)), asks to minimize a convex function f over the set of integer points. Dadush [Dad12,
Section 7.5] gave an algorithm for this problem that takes n°®™ time and exponential space.
In fact, the Convex Integer Minimization problem generalizes integer linear programming
and thus cannot be solved in sub-exponential time under standard complexity assumptions,
so the integrality /rationality assumption on the minimizer of f is, in some sense, necessary
for obtaining efficient algorithms.

The number of separation oracle calls made by an algorithm for minimizing a convex
function f, known as the oracle complexity, plays a central role in black-box models of convex
optimization. For weakly polynomial algorithms, it’s well-known that ©(nlog(nR/¢€)) oracle
calls is optimal, with € being the accuracy parameter. The first exponential time algorithm
that achieves the optimal oracle complexity is the famous center of gravity method discovered
independently by Levin [Lev65] and Newman [New65]. As for polynomial time algorithms,
an oracle complexity of this order was first achieved over thirty years ago by the method of
inscribed ellipsoids [KTE88, NN89|. In contrast, the optimal oracle complexity for strongly
polynomial algorithms is largely unknown to this date. This motivates the present chapter

to place a focus on the oracle complexity aspect of our algorithms.

2.1.1 Owur results

To formally state our result, we first define the notion of a separation oracle as formulated

in [GLSS1).

Definition 2.1.1 (Separation oracle [GLS81]). Let f be a convex function on R™ and K* be

the set of minimizers of f. Then a (strong) separation oracle SO for f is one that:

(a) when queried with a minimizer v € K*, it outputs “YES”;
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(b) when queried with a point x ¢ K*, it outputs a non-zero vector ¢ € R™ such that

minge g« cly>cla.

The setting of integral minimizers. The main result of the chapter in this setting is
the following reduction to the Shortest Vector Problem (see Section 2.3.2) given in The-
orem 2.1.2. The seemingly strong assumption (%) guarantees that our algorithm finds an
integral minimizer of f, which is crucial for our application to submodular function mini-
mization. To find an arbitrary minimizer of f, we only need the much weaker assumption

that f has an integral minimizer (see Remark 2.1.5).

Theorem 2.1.2 (Main result for integral minimizers). Given a separation oracle SO for a
conver function f defined on R"™, and a y-approximation algorithm APPROXSVP for the
shortest vector problem which takes Tsyp arithmetic operations. If the set of minimizers K*

of f is contained in a box of radius R and satisfies
(x) all extreme points of K* are integral,

then there is a randomized algorithm that with high probability finds an integral minimizer

of f using O(nlog(ynR)) calls to SO and poly(n,log(yR)) - Tsyp arithmetic operations.

In particular, taking APPROXSVP to be the polynomial time 27 1°glog(m)/1og(")_approximation
algorithm in [AKSO1] (which improves upon the celebrated LLL algorithm [LLL82] and
Schnorr’s block reduction algorithm [Sch87]), or the exponential time algorithms for exact

SVP [AKSO1, MV13, ADRSD15] give the following corollary.

Corollary 2.1.3 (Instantiations of main result). Under the same assumptions as in Theo-
rem 2.1.2, there is a randomized algorithm that with high probability finds an integral mini-

mazer of f using

(a) O(n(nloglog(n)/log(n) + log(R))) calls to SO and poly(n,log(R)) arithmetic opera-

tions, or
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(b) O(nlog(nR)) calls to SO and exp(O(n)) - poly(log(R)) arithmetic operations.

More generally, for any integer r > 1, one can use the /")

-approximation algorithm
in 20 poly(n) time for SVP given in [AKS01, MV13] to obtain a smooth tradeoff between
time and oracle complexity in Theorem 2.1.2, but we omit the explicit statements of these

results.

Remark 2.1.4 (Assumption (%) and lower bound). Without assumption (), we give a
22 information theoretic lower bound on the number of SO calls needed to find an integral
minimizer of f. Consider the unit cube K = [0,1]" and let V(K) = {0,1}" be the set of
vertices. For each v € V(K), define the simplex A(v) = {x € K : |lz —v|; < 0.01}.

Randomly pick a vertex uw € V(K) and consider the conver function

0 X K Uve K UA’U
fue) = € K\ (Uvev()\fu} ()).

00 otherwise

When queried with a point x € A(v) for some v € V(K)\{u}, we let SO output a separating
hyperplane H such that K N H C A(v); when queried with x ¢ K, we let SO output a
hyperplane that separates x from K. Notice that u is the unique integral minimizer of f,,
and to find u, one cannot do better than randomly checking vertices in V(K) which takes
22 gqueries to SO.

We next argue that Q(nlog(R)) calls to SO is information theoretically necessary in
Theorem 2.1.2. Consider f with a unique integral minimizer which is a random integral
point in Boo(R) NZ", where Boo(R) is the {s ball with radius R. In this case, one cannot
hope to do better than just bisecting the search space for each call to SO and this strategy
takes Q(nlog(R)) calls to SO to reduce the size of the search space to a constant.

Remark 2.1.5 (A weaker assumption). As shown in the previous remark, it is impossible
in general to find an integral minimizer of f efficiently without assumption (). However,

one can still find a minimizer (which is not necessarily integral) of funder the much weaker
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assumption that f has an integral minimizer, i.e. K* NZ" # (). In this case, one can use
the same algorithm as in Theorem 2.1.2 until SO first returns “YES” and simply output the

query point. The guarantees in Theorem 2.1.2 also applies to this case.

Generalization to the rational polyhedra setting. Theorem 2.1.2 generalizes to the
setting of rational polyhedra, where the set of minimizers K* of f is a polyhedron contained
in a box of radius R, and all vertices of K* are rational vectors with LCM vertex complex-
ity at most ¢ > 0. Roughly speaking, this means that the least common multiple of the
denominators in the fractional representation of each vertex is upper bounded by 2¥. We
postpone the precise definitions of LCM vertex complexity and rational polyhedra to Sec-
tion 2.3 (Definition 2.3.6 and 2.3.7). The proof of the following theorem (which also implies

Theorem 2.1.2) will be given in Section 2.6.

Theorem 2.1.6 (Main result for rational polyhedra). Given a separation oracle SO for a
convex function f defined on R™, and a ~vy-approzimation algorithm APPROXSVP for the
shortest vector problem which takes Tsyp arithmetic operations. If the set of minimizers K*
of f is a rational polyhedron contained in a box of radius R and has LCM vertex complexity at
most ¢ > 0, then there is a randomized algorithm that with high probability finds a vertex of
K* using O(n(e-+log(ynR))) calls to SO and poly(n, ¢,log(yR))-Tsye arithmetic operations.

2.1.2  Application to Submodular Function Minimization

Submodular function minimization (SFM) has been recognized as an important problem in
the field of combinatorial optimization. Classical examples of submodular functions include
graph cut functions, set coverage function, and utility functions from economics. Since the
seminal work by Edmonds in 1970 [Edm70], SFM has served as a popular tool in various
fields such as theoretical computer science, operations research, game theory, and machine
learning. For a more comprehensive account of the rich history of SFM, we refer interested

readers to the excellent surveys [McC05, Iwa08].
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The formulation of SFM we consider is the standard one: we are given a submodular
function f defined over subsets of an n-element ground set. The values of f are integers,
and are evaluated by querying an evaluation oracle that takes time EO. Since the break-
through work by Grotschel, Lovasz, Schrijver [GLS81, GLS88] that the ellipsoid method can
be used to construct a strongly polynomial algorithm for SFM, there has been a vast litera-
ture on obtaining better strongly polynomial algorithms (see Table 1.1). These include the
very first combinatorial strongly polynomial algorithms constructed by Iwata, Fleischer and
Fujishige [IFFO01] and Schrijver [Sch00]. Very recently, a major improvement was made by
Lee, Sidford and Wong [LSW15] using an improved cutting plane method. Their algorithm
achieves the state-of-the-art oracle complexity of O(n®log?(n)) for strongly polynomial al-
gorithms. A simplified variant of this algorithm achieving the same oracle complexity was
given in [DVZ18§].

The authors of [LSW15] also noted that O(n®log(n)) oracle calls are information the-
oretically sufficient for SFM ([LSW15, Theorem 71]), but were unable to give an efficient
algorithm achieving such an oracle complexity. They asked as open problems ([LSW15,
Section 16.1]):

(a) whether there is a strongly polynomial algorithm achieving the O(n®log(n)) oracle

complexity;

(b) whether one could further (even information theoretically) remove the extraneous

log(n) factor from the oracle complexity.

The significance of these questions stem from their belief that ©(n?) is the tight oracle
complexity for strongly polynomial algorithms for SFM (see [LSW15, Section 16.1] for a
more detailed discussion).

We answer both these open questions affirmatively in the following Theorem 2.1.7, which
follows from applying Corollary 2.1.3 to the Lovasz extension f of the function f, together

with the standard fact that a separation oracle for f can be implemented using n calls to
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the evaluation oracle ([LSW15, Theorem 61]). We provide details on these definitions and
the proof of Theorem 2.1.7 in Section 2.7.

Theorem 2.1.7 (Submodular function minimization). Given an evaluation oracle EO for a

submodular function f defined over subsets of an n-element ground set, there exist

(a) a strongly polynomial algorithm that minimizes f using O(n>loglog(n)/log(n)) calls
to EO, and

(b) an exponential time algorithm that minimizes f using O(n*log(n)) calls to EO.

To the best of our knowledge, the results in Theorem 2.1.7 represent the first algorithms
that achieve o(n®) oracle complexity for SFM, even information theoretically. The first
result in Theorem 2.1.7 breaks the natural O(n?) barrier for the oracle complexity of strongly
polynomial algorithms. The second result pushes the information theoretic oracle complexity
for exact SFM down to nearly quadratic.

Our algorithm is conceptually simpler than the algorithms given in [LSW15, DVZ18].
Moreover, while most of the previous strongly polynomial algorithms for SFM vastly exploit
different combinatorial structures of submodularity, our result is achieved via a very general

algorithm and uses the structural properties of submodular functions in a minimal way.

2.2 Proof Overview

Without loss of generality, we may assume that f has a unique minimizer x* in Theorem 2.1.2
and 2.1.6. To justify this statement, suppose the set of minimizers K* of f satisfies assump-
tion (x). Let z* € K* be the unique lexicographically minimal minimizer, i.e. every other
minimizer x € K* satisfies x; > xf for the smallest coordinate i € [n] in which x; # x}.
Whenever SO is queried at a minimizer y € K* and outputs “YES”, our algorithm continues
to minimize the linear objective e, z, where i € [n] is the smallest index such that the ith

standard orthonormal basis vector e; is not orthogonal to the current working subspace, by
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pretending that SO returns® the vector —e; (until its search set contains a single point).
Equivalently, our algorithm minimizes the linear objectives e/ z,--- ,e!x in the given or-
der inside K*, and this optimization problem has the unique solution z*. We make the
assumption that f has a unique minimizer x* in the rest of this chapter.

For simplicity, we further assume in the subsequent discussions that z* € {0,1}", i.e.
R =1 in the setting of integral minimizer, which does not change the problem inherently.

On a high level, our algorithm maintains a convex search set K that contains the integral
minimizer z* of f, and iteratively shrinks K using the cutting plane method; as the volume
of K becomes small enough, our algorithm finds a hyperplane P that contains all the integral
points in K and recurse on the lower-dimensional search set KN P. The assumption that x* is
integral guarantees that ©* € KNP. This natural idea was previously used in [GLS84, GLS88|
to handle rational polytopes that are not full-dimensional and in [LSW15] to argue that

O(n?®log(n)) oracle calls is information theoretically sufficient for SFM. The main technical

difficulties in efficiently implementing such an idea are two-fold:

(a) we need to find the hyperplane P that contains K N Z";

(b) we need to carefully control the amount vol(K) is shrunk so that progress is not lost.

The second difficulty is key to achieving a small oracle complexity and deserves some further
explanation. To see why shrinking K arbitrarily might result in a loss of progress, it’s
instructive to consider the following toy example: suppose an algorithm starts with the unit
cube K = [0,1]™ and z* lies on the hyperplane K; = {x : z; = 0}; suppose the algorithm
obtains, in its ith call to SO, the halfspace H; = {z : x; < 27'}. After T calls to SO,
the algorithm obtains the refined search set K N Hy with volume 27, However, when the

algorithm reduces the dimension and recurses on the hyperplane K, the (n — 1)-dimensional

4Note that this implementation of the separation oracle for the lexicographically minimal minimizer
z* does not quite satisfy the conditions in Definition 2.1.1. In particular, even when x* is queried, the
separation oracle for finding * might not realize it unless the current working subspace is trivial (i.e.
0-dimensional). However, all our results and proofs still hold under this slightly weaker implementation of
the separation oracle.
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volume of the search set again becomes 1, and the progress made by the algorithm in shrinking
the volume of K is entirely lost. In contrast, the correct algorithm can reduce the dimension

after only one call to SO when it’s already clear that x* € Kj.

The Grotschel-Lovasz-Schrijver Approach. For the moment, let’s take K to be an
ellipsoid. Such an ellipsoid can be obtained by Vaidya’s volumetric center cutting plane
method® [Vai89]. One natural idea to find the hyperplane comes from the following geometric
intuition: when the ellipsoid K is “flat” enough in one direction, then all of its integral points
lie on a hyperplane P. To find such a hyperplane P, Grotschel, Lovasz and Schrijver [GLS84,
GLS88] gave an elegant application of simultaneous Diophantine approximation. We explain
the main ideas behind this application in the following. We refer interested readers to [GLS88,
Chapter 6] for a more comprehensive presentation of their approach and its implications to

finding exact LP solutions.

For simplicity, we assume K is centered at 0. Let a be the unit vector parallel to the
shortest axis of K and piy,i, be the Euclidean length of the shortest axis of K. Approximat-
ing the vector a using the efficient simultaneous Diophantine approximation algorithm by
Lenstra, Lenstra and Lovasz [LLL82], one obtains an integral vector v € Z™ and a positive

integer g € Z such that
lga —v||oe < 1/3n and 0<q< 2.
This implies that for any integral point z € K N {0, 1}",
T T 1
[v 2l < lga o[+ ol < ¢ pmin +1/3.

When piin < 2’3"2, the integral inner product vz has to be 0 and therefore all integral

SPerhaps a more natural candidate is the ellipsoid method developed in [YN76, Sho77, Kha80]. This
method, however, shrinks the volume of K by a factor of O(n) slower than Vaidya’s method. In fact,
the Grotschel-Lovész-Schrijver approach [GLS84] originally used the ellipsoid method which results in an
oracle complexity of O(n*) for their polynomial time algorithm.
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points in K lie on the hyperplane P = {z : v'2 = 0}. An efficient algorithm immediately
follows: we first run the cutting plane method until the shortest axis of K has length i, ~
2_3”2, then apply the above procedure to find the hyperplane P on which we recurse.

To analyze the oracle complexity of this algorithm, one naturally uses vol(K) as the po-
tential function. An amortized analysis using such a volume potential previously appeared,
for example, in [DVZ20] for finding maximum support solutions in the linear conic feasibil-
ity problem. Roughly speaking, each cutting plane step (corresponding to one oracle call)
decreases vol(K') by a constant factor; each dimension reduction step increases vol(K) by
roughly 1/ptmin ~ 237" As there are n dimension reduction steps before the problem be-
comes trivial, the total number of oracle calls is thus O(n?®). The exponential time oracle
complexity bound of O(n?log(n)) can be obtained similarly by using Dirichlet’s approxi-
mation theorem on simultaneous Diophantine approximation (e.g. [Cas71, Section 1.10])
instead.

One might wonder if the oracle complexity upper bound for their polynomial time algo-
rithm can be improved using a better analysis. However, there is some fundamental issue in
getting such an improvement. In particular, the upper bound of 20(n*) on q in efficient si-
multaneous Diophantine approximation corresponds to the 20 -approximation factor of the
Shortest Vector Problem in lattices, first obtained by Lenstra, Lenstra and Lovész [LLL82].
Despite forty years of effort, this approximation factor has only been improved slightly to

grloglog(n)/logn for polynomial time algorithms [AKSO1].

Lattices to the Rescue: A Reduction to the Shortest Vector Problem. To bypass
the previous bottleneck and prove Theorem 2.1.2, we give a reduction to the Shortest Vector
Problem directly. We give a new method to find the hyperplane for dimension reduction based
on an approximately shortest vector of certain lattice, and analyze its oracle complexity via
a novel potential function that captures simultaneously the volume of the search set K and
the density of the lattice. The change in the potential function after dimension reduction is
analyzed through a high dimensional slicing lemma. The details for this algorithm and its

analysis are given in Section 2.5 and 2.6.
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Finding the hyperplane. We maintain a polytope K (which we assume to be centered
at 0 for simplicity) using an efficient implementation of the center of gravity method due to
Bertsimas and Vempala [BV04]. The following sandwiching condition is standard in convex

geometry
E(Cov(K)™) C K C2n-E(Cov(K)™), (2.1)

where Cov(K) is the covariance matrix of the uniform distribution over K. Sufficiently good
approximation to Cov(K') can be obtained efficiently by sampling from K [BV04] so we

ignore any computational issue for now.

To find a hyperplane P that contains all integral points in K, it suffices to preserve all
the integral points in the outer ellipsoid £ = 2n - E(Cov(K)™!) on the RHS of (2.1). Let

r € ENZ" be an arbitrary integral point. For any vector v,

‘UTl"’ < H/UHCOV(K) : Hfo”cov(K)—l <2n- H/UHCOV(K)' (2.2)

As long as |[v][coyx) < 1/10n and v’z is an integer, we can conclude that v’z = 0 and
this implies that all integral points in K lie on the hyperplane P = {z : v'x = 0}. Note
that by (2.2), such a vector v with small ||v||cov(x) essentially controls the ellipsoid width

widthg(v) := max,cp v’z — mingepv' .

One might attempt to guarantee that v'x is integral by choosing v to be an integral
vector. However, this idea has a fundamental flaw: as the algorithm reduces the dimension
by restricting on a subspace W, the set of integral points on W might become much sparser.
As such, one needs vol(K) to be very small to guarantee that [[v[|co,x) < 1/10n and this

results in a very large oracle complexity.

To avoid this issue, we take v = Il (z) # 0 as the projection of some integral point

z € Z" on W, where W is the subspace on which K lies. Since z —v € W+, we have

v'z = z'x and this guarantees that v’z is integral. For the general case where K is not
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centered at 0, a simple rounding procedure computes the desired hyperplane. We postpone

the details of constructing the hyperplane to Lemma 2.4.1.

How do we find a vector v € Il (Z") \ {0} that satisfies [|v||c,,x) < 1/10n? This is
where lattices come into play. In particular, since A = Iy (Z") forms a lattice, we can apply
any ~y-approximation algorithm for the Shortest Vector Problem. If the shortest non-zero
vector in A has Cov(K)-norm at most 1/10yn, then we can find a non-zero vector v that

satisfies [|v|coy gy < 1/10m.

The algorithm. This new approach for finding the hyperplane immediately leads to the
following algorithm: we run the approximate center of gravity method for one step to de-
crease the volume of the polytope K by a constant factor; then we run the v-approximation
algorithm for SVP to find a non-zero vector v for dimension reduction. If [|v||c,,x) = 1/10n,
then we continue to run the cutting plane method; otherwise, we use the above procedure to
find a hyperplane P containing all integral points in K, update the polytope K to be K NP

and recurse.

Potential function analysis. To analyze such an algorithm, one might attempt to use
vol(K) as the potential function as in the Grétschel-Lovasz-Schrijver approach. However,
one quickly realizes that vol(K' N P)/vol(P) can be as large as [[vly / [|0]|coy(x)- While it’s
expectable that [|v]|c,, g is not too small since we are frequently checking for a short lattice

vector, one has no control over [|v|, in general.

Key to our analysis is the potential function ® = vol(K) - det(A) that measures si-
multaneously the volume of K and the covolume det(A) of the lattice A. Essentially, this
potential function controls the lattice width min,eca\ oy widthg(v) of the outer ellipsoid FE.
In fact, Minkowski’s first theorem (Theorem 2.3.4) implies that there always exists a vector
v € A\ {0} such that widthg(v) < poly(n)-®'/" and thus the potential function would never

get too small before dimension reduction takes place.

Continuing with the analysis via the potential function ®, while vol(K) increases by

[v]ly / [[v]lcou( after the dimension reduction, standard fact on lattice projection (Fact 2.3.2)
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shows that the covolume of the lattice decreases by a factor of ||v||,. The decrease in the
covolume of the lattice thus elegantly cancels out the increase in vol(K), leading to an overall
increase in the potential of at most 1/ [|v[|ce, () = O(yn). It follows that the total increase
in the potential over all n dimension reduction steps is at most (yn)". Note that each
cutting plane step still decreases the potential function by a constant factor since the lattice

is unchanged. Therefore, the total number of oracle calls is at most O(nlog(yn)).

High dimensional slicing lemma for consecutive dimension reduction steps. The
argument above ignores a slight technical issue: while we can guarantee that HUHCOV( K) =
1/yn after cutting plane steps by checking for short non-zero lattice vectors, it’s not clear
why ||| cov(x) cannot be too small after a sequence of dimension reduction steps. It turns
out that this can happen only when Cov(K’) becomes much smaller (e.g. the hyperplane P
is far from the centroid of K) after dimension reduction, in which case vol(K') as well as the

potential also become much smaller.

To formally analyze the change in the potential function after a sequence of k consecutive
dimension reduction steps, we note that the polytope K (which we assume to be isotropic for
simplicity) becomes a “slice” K NW and the lattice A becomes the projected lattice Iy (A),
where W is a subspace. One can show using standard convex geometry tools that vol(K N
W) /vol(K) is at most k°*) and via Minkowski’s first theorem that det(ITy(A))/ det(A) is at
most V& /A1(A)*, where \;(A) is the Euclidean length of the shortest non-zero vector in A.
We leave the details of this high dimensional slicing lemma to Lemma 2.4.2. Since we know
that A;(A) > 1/yn in the first dimension reduction step, the potential function increases by
a factor of at most (yn)°%*) over a sequence of k consecutive dimension reduction steps. This

gives a more precise analysis of the O(nlog(yn)) oracle complexity.
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2.3 Preliminaries

2.8.1 Notations

We use R, to denote the set of non-negative real numbers. For any positive integer n, we
use [n] to denote the set {1,--- ,n}. Given a real number a € R, the floor of a, denoted as
la], is the largest integer that is at most a. Define the closest integer to a, denoted as [a],

to be [a]| := |a+1/2]. Given an integer ¢ > 0 and a € R, we use [a], to denote the closest

rational number to a with denominator at most 2¢. Given integers aq,--- ,a, which are
not all 0, we denote ged(ay, -, an,) their greatest common divisor. Given non-zero integers
a, -+ ,any, we denote lem(ay, - -+ , a,,) their least common multiple.

For any i € [n], we denote e; the ith standard orthonormal basis vector of R". We use
B,(R) to denote the £,-ball of radius R in R" and B, = B,(1) the unit ¢,-ball. For any set
of vectors V' C R™, we use span{V'} to denote the linear span of vectors in V. Throughout,
a subspace W is a linear subspace of R” with 0 € W; an affine subspace W is a translation
of a subspace of R" (and thus might not pass through the origin). Given a subspace W, we
denote W+ the orthogonal complement of W and Ily(+) the orthogonal projection onto the
subspace W. Given a PSD matrix A € R™"™ and a subspace V' C R", we say A has full rank
on V if rank(A) = dim(V') and the eigenvectors corresponding to non-zero eigenvalues of A

form an orthogonal basis of V.

Given a subspace V' C R"™ and a PSD matrix A € R"*" that has full rank on V', the
function (-,-) 4 given by (x,y)4 = 2" Ay defines an inner product on V. The inner product
(-,-) induces a norm on V, i.e. ||z|, = /{z,x)4 for any x € V, which we call the A-norm.
Given a point xy € R™ and a PSD matrix A € R™", we use E(x, A) to denote the (might
not be full-rank) ellipsoid given by E(xg, A) := {z € 2o + W : (z — 2¢) " A(x — 20) < 1},
where W, is the subspace spanned by eigenvectors corresponding to non-zero eigenvalues
of A. When the ellipsoid is centered at 0, we use the short-hand notation F(A) to denote
E(0,A).
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2.8.2 Lattices

Given a set of linearly independent vectors by, - - - , by, € R™, denote A(by, - ,by) = {Zle Aibiy \i €
Z} the lattice generated by by, --- ,bx. Here, k is called the rank of the lattice. A lattice
is said to have full-rank if £ = n. Any set of k linearly independent vectors that generates
the lattice A = A(by,- - ,b;) under integer linear combinations is called a basis of A. In
particular, the set {by,--- ,bg} is a basis of A. Different basis of a full-rank lattice are related
by unimodular matrices, which are integer matrices with determinant +1.

Given a basis B € R™**  the fundamental parallelepiped of A = A(B) is the polytope
P(B) = {35 \ibi - A € 0,1),Vi € [k]}. The determinant of the lattice (also known as the
covolume), denoted as det(A), is defined to be the volume of the fundamental parallelepiped,

which is independent of the basis. We also define the notion of dual lattices below.

Definition 2.3.1 (Dual lattice). Given a lattice A C R™, the dual lattice A* is the set of all
vectors x € span{A} such that (x,y) € Z for all y € A.

We refer interested readers to standard textbooks (e.g. [Sch98]) for a more comprehensive

introduction to lattice theory.

Lattice Projection and Intersection with Subspaces. The following standard facts on

lattice projection follow from Gram-Schmidt orthogonalization.

Fact 2.3.2 (Lattice projection). Let A be a full-rank lattice in R™ and W be a linear subspace
such that dim(span{A N W}) = dim(W). Then we have

det(A) = det(AN W) - det(ILy . (A)).

Fact 2.3.3 (Dual of lattice projection). Let A be a full-rank lattice in R™ and W be a linear
subspace such that dim(span{A N W?}) = dim(W). Then we have the following duality

(M (A))* = A" N W,
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Minkowski’s First Theorem. Minkowski’s first theorem [Min53] asserts the existence of
a non-zero lattice point in a symmetric convex set with large enough volume. An important
consequence of it is the following upper bound on A (A, A), the length of the shortest non-zero

vector in lattice A under A-norm.

Theorem 2.3.4 (Consequence of Minkowski’s first theorem, [Min53]). Let A be a full-rank

lattice in R™ and A € R™™ be a positive definite matriz. Then
M(A,A) < /i - det(AY2)™ . det ()Y

The Shortest Vector Problem and the Lenstra-Lenstra-Lovasz Algorithm. Given
a lattice A and a PSD matrix A that has full rank on span{A}, the Shortest Vector Problem
(SVP) asks to find a shortest non-zero vector in A under A-norm®, whose length is denoted
as A\ (A, A). SVP is one of the most fundamental computational problems in lattice theory
and is known to be NP-hard. For this problem, the celebrated Lenstra-Lenstra-Lovasz (LLL)
algorithm [LLL82] finds in polynomial time a 2"/2-approximation to A;(A, A). Building on
top of a block-reduction algorithm by Schnorr [Sch87], Ajtai, Kumar and Sivakumar [AKSO01]

obtained the current best polynomial time approximation factor of 271gloe(m)/log(n) for SVP,

Theorem 2.3.5 ([AKSO01]). Given a basis by, -+ ,b, € Z" for lattice A and a positive definite
matriz A € Z™". Let D € Z be such that ||b;||, < D for any i € [n]. Then there eists an

algorithm that outputs in poly(n,log(D)) arithmetic operations a vector b such that
10, < gnloglog(n)/log(n) | A(A, A).

Moreover, the integers occuring in the algorithm have bit sizes at most poly(n,log(D)).

In fact, for any integer r» > 1, [AKSO1] gave a 2°()poly(n)-time r°™/"-approximation

algorithm for SVP, allowing a smooth tradeoff between time and approximation quality.

5Equivalently, one could think of finding an approximately shortest vector under the Euclidean norm in
the lattice AY/2A.
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For solving SVP exactly, the state-of-the-art is a deterministic O(22")-time and O(2")-
space algorithm given by Micciancio and Voulgaris [MV13], and a randomized 2n+o(n)_time
and space algorithm due to Aggarwal et al. [ADRSD15]. We refer to these excellent papers

and the references therein for a comprehensive account of the rich history of SVP.

Rational Polyhedra. We start with the definition of the LCM vertex complexity of a

rational vector.

Definition 2.3.6 (LCM vertex complexity). Given a rational vector a = (p1/q1, -+ s Pn/Gn),
where integers p; and q; > 1 are coprime for all i € [n], we define its LCM vertex complexity
to be the smallest integer o > 0 such that the 1-dimensional lattice L, = {a"z : z € Z"} s

a sub-lattice of Z/q for some positive integer q < 2%.

In particular, the number ¢ above is lem(qy, -+ ,q,). When ged(py, -+ ,p,) = 1, by
Bézout’s identity, we in fact have that L, = Z/q. We next formally define the notion of
rational polyhedra with bounded LCM vertex complexity.

Definition 2.3.7 (Rational polyhedra with bounded LCM vertex complexity). A bounded
conver set K C R™ is a rational polyhedron with LCM vertex complexity at most ¢ > 0 if K

is a polyhedron and the LCM vertex complexity of every vertex of K is at most .

For convenience, we define the set of all rational vectors with bounded LCM vertex

complexity.

Definition 2.3.8 (Rational vectors with bounded LCM vertex complexity). For any integer

¢ >0, we define S, the set of all rational vectors in R™ with LOCM vertex complexity at most

@Y.

Remark 2.3.9 (Different definitions). We remark that our definition of LCM wvertex com-
plexity in Definition 2.3.0 is different from the standard definition of vertex complexity in
the literature used by Grdtschel, Lovdsz and Schrijver [GLS88], who defined the vertex com-

plexity of a rational vector a to be its binary description length, i.e. bit complexity. The
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LCM vertex complexity of a rational vector as in Definition 2.5.6 is always smaller than its
bit complexity, and in fact might be much smaller. The reason we deviate from Grotschel,
Lovdsz and Schrijver’s more standard notion of verter complexity is that Definition 2.5.6
allows a slightly cleaner presentation of the results and proofs in this chapter. In particular,

one can obtain the results and proofs in the setting of integral minimizers by taking p = 0.

2.3.8  Convex Geometry

A function g : R" — R, is log-concave if its support supp(g) is convex and log(g) is concave
on supp(g). An integrable function g : R" — Ry is a density function, if [;, g(z)dz = 1. The
centroid of a density function g : R — Ry is defined as cg(g) = [g. g(x)zdz; the covariance
matrix of the density function g is defined as Cov(g) = [, 9(x)(z — cg(g))(z — cglg)) " da.
A density function g : R" — R, is isotropic, if its centroid is 0 and its covariance matrix is
the identity matrix, i.e. cg(g) = 0 and Cov(g) = I.

A typical example of a log-concave distribution is the uniform distribution over a convex
body K C R™. Given a convex body K in R", its volume is denoted as vol(K). The centroid
(resp. covariance matrix) of K, denoted as cg(K) (resp. Cov(K)), is defined to be the
centroid (resp. covariance matrix) of the uniform distribution over K. A convex body K is
said to be isotropic if the uniform density over it is isotropic. Any convex body can be put
into its isotropic position via an affine transformation.

Sometimes we will be working with a bounded convex set K C W, where W is an affine
subspace that might not be full dimensional. For convenience, we extend the definitions
above to this case by first applying a linear transformation and then restricting to W so that

K becomes full-dimensional.

Theorem 2.3.10 (Brunn’s principle). Let K be a convex body and W be a subspace in R™.
Then the function giw : W+ — Ry defined as grw(z) := vol(K N (W + x)) is log-concave

on its support.
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Theorem 2.3.11 (Property of log-concave density, Theorem 5.14 of [LVO07]). Let f : R" —

R, be an isotropic log-concave density function. Then we have f(x) < 28nn"/2 for every .
We also need the following result from [KLS95].

Theorem 2.3.12 (Ellipsoidal approximation of convex body, [KLS95]). Let K be an isotropic

convex body in R™. Then,

T
"t B, CKC\/nntl)- B,

n

where By is the unit Fuclidean ball in R™.
The following lemma is an immediate consequence of Theorem 2.3.12.

Lemma 2.3.13 (Stability of covariance). Let K be a convex body in R™ and x € K satisfies
|z — cg(K)lcou(r)-1 < 0.1. Let H be a halfspace such that x € H, then we have

1
ol Cov(K) = Cov(K N H) < n*- Cov(K).
n

Proof. Without loss of generality, we may assume that K is in isotropic position, in which
case the condition that ||z — cg(K)||coy(s)-1 < 0.1 becomes [z, < 0.1. Theorem 2.3.12 then

gives

1
JE B, C K C\/a(nt 1) B
n

Let halfspace H; be the translation of halfspace H such that x lies on its boundary
hyperplane Hj. Note that K N H; € K N H. Let o' := Ilg(cg(K)) be the orthogonal
projection of cg(K) = 0 onto the hyperplane H{. Then,

[2]l2 < [|l= = Ofl2 < 0.1.
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This shows that the hyperplane Hj is at Euclidean distance at most 0.1 from 0. It then

follows that "T“Bg N H; contains a ball of radius at least

1
1 n+1—0.1 20‘45\/71—1—12\/11—%17
2 n n 5n

where the last inequality uses v/5x0.45 > 1. Since we have "T“BgﬂHl CKNH, C KNH,

this implies that K N H contains a ball of radius ”5—21, and is contained in a ball of

radius y/n(n +1). Consider the ellipsoid Exng = {y : y'Cov(K N H)"'y < 1}. Then
Theorem 2.3.12 implies that

+1
cg(KmH)ﬂ/”n Ewxnn CKNHCcg(KNH)+/nn+ 1) Exnn.

We thus have ﬁ By C Exng € n- By, and the statement of the lemma follows immediately.

]

We note that some of these convex geometry tools have previously been used, for example,

to find the densest sub-lattice in arbitary norm [DM13].

2.3.4 Cutting Plane Methods

Cutting plane methods optimize a convex function f by maintaining a convex set K that
contains the minimizer of f, which gets refined iteratively using the separating hyperplanes
returned by the separation oracle. One of the most classical cutting plane methods is the

center of gravity method, discovered independently by Levin [Lev65] and Newman [New65].

Theorem 2.3.14 (Center of gravity method [Lev65, New65]). Given a separation ora-
cle SO for a convex function f defined on R™ with minimizers K*, and a convex body
K C R" containing K*. If cg(K) doesn’t minimize f, then the convexr body K' returned
by CenterOfGravity(SO, K) above contains K* and satisfies vol(K’) < (1 —1/e) - vol(K).
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Algorithm 1

1: procedure CENTEROFGRAVITY (SO, K)

2 Query SO at cg(K)

3 if SO outputs “YES” then

4: Return “YES”

5: else

6 Let ¢ be the output of SO

7 Return K’ := KN{z:c'z > c'cg(K)}
8 end if

9: end procedure

The center of gravity method is not efficient as it involves computing the centroid of
convex bodies. Using sampling techniques to estimate cg(K') and Cov(K), an efficient imple-
mentation of the center of gravity method was given in [BV04]. We start with the definition

of e-approximate centroid and covariance.

Definition 2.3.15 (e-approximate centroid and covariance). Let 0 < € < 1 be a parameter.
Given a conver body K C R", we call xxx € R™ an e-approximate centroid of K if ||xx —
cg(K)||cov(r)-1 < €. We call PSD matriz X € R™™ an e-approzimate covariance matriz if

(1—¢€)-Cov(K) =Xk <X (1+¢€)-Cov(K).

Constructing e-approximate centroids and covariance matrices via sampling for well-
rounded convex bodies appeared in the works of [KLS97, ALPTJ10, SV13]. The formulation
of the following theorem is from [JLLV21, Lemma 2.5 and Theorem 2.7] together with the

standard fact that the uniform distribution over a convex body is log-concave.

Theorem 2.3.16 (Approximate centroid and covariance by sampling, [KLS97, ALPTJ10,
SV13]). Let parameters 0 < e <1 and 0 < § < 1/2. Given a convex body K C R"™ specified
by m constraints, a point x € K and a PSD matric A € R™™™ such that the following

sandwiching condition holds

4+ E(A) C K C x4 2V . B(A), (2.3)
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then there is a randomized algorithm that uses m-poly(n, 1/€,log(1/9)) arithmetic operations
to compute, with probability at least 1—0, an e-approzimate centroid xx and an e-approximate

covariance matriz X of K.

Since approximate centroid and covariance matrix of a convex body give a sandwiching
condition as in (2.3), [BV04] obtained the following efficient implementation of the center
of gravity method. The theorem below comes from directly using Theorem 2.3.16 in the

algorithmic framework of [BV04].

Theorem 2.3.17 (Approximate center of gravity method, [BVO04]). Let parameters 0 < € <
0.01 and 0 < 0 < 1/2. Given a separation oracle SO for a convex function f defined on
R™ with minimizers K*, a polytope K with m constraints containing K*, an e-approrimate
centroid x ¢ K* and an e-approximate covariance matriz X of K, there exists a random-
ized algorithm RandomWalkCG(SO, K, zk, Yk, €,0) that makes one call to SO and an extra
m - poly(n,1/e,1og(1/8)) arithmetic operations to return a polytope K', a point xy € K' and
a PSD matrix X such that the following hold with probability at least 1 —§:

(a) K* C K' and K' is the intersection of K with a constraint output by SO at rk,
(b) vol(K') < 2 - vol(K),
(c) xgr is an e-approzimate centroid of K', and
(d) Yk is an e-approximate covariance matriz of K'.
2.4 Technical Lemmas
In this section, we prove a few technical lemmas which are key to our result.

2.4.1 Dimension Reduction that Preserves Low-Complexity Rational Points

Recall from Definition 2.3.8 that S is the set of rational vectors with LCM vertex complexity

at most ¢ > 0.
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Lemma 2.4.1 (Dimension reduction that preserves low-complexity rational points). Given
an affine subspace W = xq + Wy, where Wy is a linear subspace of R™ and xo € R" is
a fized point, and an ellipsoid E = FE(xq, A) that has full rank on W. Given a vector
v € My, (Z™) \ {0} with |[v|| 4o1 < 1/2%T1 where ¢ > 0 is an integer, then there exists
a hyperplane P 2 W such that E N S, € PNW. In particular, let z € Z" be such that

v =1y, (z), then P can be taken as

P={z:v'z= (-2 2o+ [z 20)0}

Proof. Clearly we have E N SZ C W since E C W. It therefore suffices to show that the

hyperplane P given in the lemma statement satisfies P 2 W and E N Sy C P.

Since v € Wy \ {0} and Wy is a translation of W, we have P 2 W. If ENS? = (), then
the lemma statement trivially holds. We may therefore assume £ NSy # () in the following.

Then for any rational vectors xq, x5 € E N Sg, we have

vl (@1 = 22)| < loll gon - lon — 224

1 1
< 92p+1 (|1 = xOHA + [Ja2 — xOHA) < 22

Since x1,19 € W N SZ;, we have 71 — x2 € Wy N Sy,. As v = Iy, (2) where z € Z", we have
v (zy — 19) = 2" (21 — 1) € Z/q,
for some positive integer ¢ < 22%. It then follows that v'a; = v'x,. Finally, we note that

for any rational vector z; € E'N .57, we have

1

2" (21— o)| = [v" (21 — 20)| < [0 41 - w1 — @oll 4 < 92p+1"
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T

Since z"x1 € Z/q' for some ¢’ < 2%, we have z'z; = [2"x¢],. Therefore, we have

v'iay = [2"20)p+ (v—2) "7 = [2T 30, + (v — 2) 20,
where the last equality is because v — z € W3- and x; — g € Wy. This finishes the proof of

the lemma. O

We remark here that the rounding [-], in the construction of the hyperplane P can be
efficiently computed using the continued fraction method (e.g. [Sch98, Corollary 6.3a]).

2.4.2  High Dimensional Slicing Lemma

Lemma 2.4.2 (High dimensional slicing lemma). Let K be a convex body and L be a full-rank
lattice in R™. Let W be an (n—k)-dimensional linear subspace of R™ such that dim(LNW) =

n — k. Then we have

vol(K N W) _ vol(K) kO ®)

det(LNW) = det(L) M (L*, K)¥’

where L* is the dual lattice, and \(L*, K) is the shortest non-zero vector in L* under the

norm H.HCOV(K)'

Proof. Note that vol(K N W)/det(L N W), vol(K)/det(L), and A\;(L*, K) are preserved
when applying the same linear transformation to K and L simultaneously. We can therefore
rescale K and L such that Cov(K) = I. We may further assume that KNW # () as otherwise
vol(K N W) = 0 and the statement trivially holds.

We first upper bound vol( KNW) in terms of vol(K). To this end, we apply a translation on
K to obtain K such that cg(Ky) = 0, i.e. Ky is in isotropic position, and it suffices to upper
bound the cross-sectional volume vol( KN (W + 1)) for an arbitrary # € W+. By identifying
W+ with R¥, we note that the function f(z) defined as f(x) := vol(KoN (W +x))/vol(Kp) is
a log-concave density function on R* by Brunn’s principle (Theorem 2.3.10). Furthermore,

f(x) is isotropic since Kj is in isotropic position. It thus follows from Theorem 2.3.11 that
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f(z) < k°® for any € R*. Note that K = Ky+cg(K), we obtain from taking z = —cg(K)
that

2.4
vol(K') (2.4)
We next upper bound det(L) in terms of det(L N W). Note that
det(L
det(L) = det(L N W) - det(Iy. (L)) = —<UE0 W) (2.5)

" det(Zr N W)’

where the first equality follows from Fact 2.3.2, and the second equality is due to Fact 2.3.3.
By Minkowski’s first theorem (Theorem 2.3.4), we have

M (L¥) < M(L*NWH) < V- (det(L N WH)VE,

Combine this with the earlier equation (2.5) gives

_ det(LOW):- Vi

det(L) ML) (2.6)
It then follows from (2.4) and (2.6) that
vol(K W) det(L) _ kO®)
vol(K) det(LNW) = A\ (L*)k
This finishes the proof of the lemma. O

2.5 DMeta Algorithm

In this section, we present a simple meta algorithm (Algorithm 2) that achieves the oracle
complexity in Theorem 2.1.6. While this meta algorithm requires computing the centroids
and covariance matrices of polytopes and is therefore not efficient, its oracle complexity

analysis contains most of the key insights of this paper. We give an efficient (but more
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complicated) implementation of this meta algorithm and prove Theorem 2.1.6 in Section 2.6.

Theorem 2.5.1 (Oracle Complexity in Theorem 2.1.6). Given a separation oracle SO for
a convex function f defined on R™, and a y-approximation algorithm APPROXSVP for the
shortest vector problem. If the set of minimizers K* of f is a rational polyhedron contained in
a boz of radius R and has LCM vertex complexity at most ¢ > 0, then there is a randomized
algorithm that with high probability finds a vertex of K* using O(n(y + log(ynR))) calls to
SO.

2.5.1 The Meta Algorithm

By the argument in the beginning of Section 2.2, we may assume without loss of generality
that f has a unique minimizer z* € S57. We therefore describe our algorithm under this
assumption.

Our meta algorithm maintains an affine subspace W, a polytope K C W containing the
rational minimizer z* of f, and a lattice A. It also maintains the centroid zx and covariance
matrix Y of the polytope K. In the beginning, the affine subspace W = R", polytope
K = B (R) and lattice A = Z"™. In each iteration of the algorithm (i.e. each while loop),

the algorithm uses the ~v-approximation algorithm APPROXSVP to find a short non-zero

_ 1
10n22#

vector v € A under Yg-norm. If the vector v satisfies [[v||g > then the algorithm
runs the center of gravity method (Theorem 2.3.14) for one more step, and updates zx and
Yk to be the centroid and covariance matrix of the new polytope K. We remark that the
criterion for performing the cutting plane step comes from the convex geometry fact that

K Cag +2n-E(XZ") (Theorem 2.3.12).

then the algorithm uses Lemma 2.4.1 to

If, on the other hand, that [[v]y < T

find a hyperplane P that contains K N S}, where we recall from Definition 2.3.8 that S is

the set of all rational vectors in R™ with LCM vertex complexity at most . Specifically,
T

v

the hyperplane P = {z : v'z = (v — 2)"wx + [2 2k],} for some integral vector z € Z"

such that v = Iy, (2) and Wy = —xx + W is the translation of W that passes through
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the origin. One may find such a vector z € Z" efficiently by solving the closest vector
problem min,ezn ||z — v|| Puy’ where Py, is the projection matrix onto the subspace Wy. As
mentioned earlier, the rounding [-], can also be performed efficiently using the continued
fraction method. After constructing the hyperplane P, the algorithm then recurses on the
lower-dimensional affine subspace W N P, updates K to be K N P, and updates xx and
Yk to be the centroid and covariance matrix of the new polytope K N P. The algorithm
obtains a new lattice with rank reduced by one by projecting the current lattice A onto P,
a translation of P that passes through the origin.

The above procedure stops when dim(W) = 0, in which case K contains a unique rational
point z* which will be the output of the algorithm. Note that when dim(W) = 1, the
algorithm reduces to a binary search on the segment K C W. A formal description of the
algorithm is given in Algorithm 2.

We remark that Algorithm 2 is not efficient since it requires the computation of the
centroid and covariance matrix in Line 8 and 13. Line 8 can easily be made efficient using
the approximate center of gravity method as in Theorem 2.3.17. However, it is not clear
how to efficiently implement Line 13 since we do not know an ellipsoid satisfying condition
(2.3) in Theorem 2.3.16, and thus approximate centroid and covariance matrix might not be

efficiently computable by sampling. We address this computational issue in the next section.

2.5.2  Oracle Complexity Analysis

We start by proving the correctness of Algorithm 2.

Lemma 2.5.2 (Correctness of METAALG). Assuming the conditions in Theorem 2.5.1 and

that f has a unique minimizer x* € S, Algorithm 2 finds z*.

Proof. Note that in the beginning of each iteration, we have K C W and A C W), where
W is the translation of W that passes through the origin. We first argue that the lattice A

is in fact the orthogonal projection of Z™ onto the subspace Wy, i.e. A = Iy, (Z"). This is
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Algorithm 2

1: procedure METAALG(SO, R, ¢)

2: Affine subspace W < R", polytope K < B, (R), lattice A + Z"

3: Centroid zx < cg(K), covariance matrix X < Cov(K) >
v+ E(E)/2C K Cag+2n- E(S)

4: while dim(W) > 0 do

5: v < APPROXSVP(A, Xk) >ve A\ {0}
6: if [[v]ly,, > fggz then

7 K < CENTEROFGRAVITY(SO, K)

8: rg < cg(K), L « Cov(K)

9: else

10: Find z € Z" such that v = Iy, (2) > Subspace Wy = —xx + W
11: Construct P+ {y:v'y=(v—2)"azx + [2T2K],}

12: W—WnP K+~ KNP > Dimension reduction
13: rg < cg(K), X + Cov(K)

14: Construct hyperplane Py + {y : vy = 0}

15: A+ TIIp,(A) > Lattice projection
16: end if

17: end while

18: Return unique point x* € K

19: end procedure
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required for Lemma 2.4.1 to be applicable. Clearly A = Ily,(Z) holds in the beginning of
the algorithm since A = Z" and W = R". Notice that the CENTEROFGRAVITY procedure
in Line 7 keeps A and W the same. Each time we reduce the dimension in Line 11-15, we

have

HWoﬂPO (Zn) = HWOmPO (HWO (Zn>) - HWOOPO (A)’

where the first equality follows because Wy N Py is a subspace of Wy. Since Ilp (A) =
Mwonp, (A) as v € Wy, this shows that the invariant A = Ily, (Z") holds throughout the
algorithm.

We now prove that Algorithm 2 finds the unique minimizer x* € S7. Note that in the
beginning of the algorithm, we have z* € K. Since CENTEROFGRAVITY in Line 7 always
preserves x* € K, we only need to prove that dimension reduction in Line 11-15 preserves
x* € K. In the following, we show the stronger statement that each dimension reduction
iteration in Line 11-15 preserves all rational points in K N .57,

Since Algorithm 2 maintains zx = cg(K) and Yk = Cov(K) in every iteration, an

immediate application of Theorem 2.3.12 gives the following sandwiching condition:
T+ E(3S)/2C K Cag+2n- E(X). (2.7)

Now we proceed to show that each dimension reduction iteration preserves all rational
points in K N SZ. By the RHS of (2.7), we have K NS C (zx +2n - E(SE')) N S2. Since

is satisfied in a dimension reduction iteration, Lemma 2.4.1 shows that all

1
1olls, < onzes

rational points in (zx + 2n - E(S¢')) N S% lie on the hyperplane given by P = {y : vy =
(v—z)Tzk + [2T2k],}. Thus we have K N S? C K N P and this finishes the proof of the

lemma. O
Next, we prove the oracle complexity upper bound of Algorithm 2 in Theorem 2.5.1.

Lemma 2.5.3 (Oracle complexity of METAALG). Assuming the conditions in Theorem 2.5.1



43

and that f has a unique minimizer x* € S7, Algorithm 2 makes at most O(n(yp +log(ynR)))
calls to SO.

Proof. We note that the oracle is only called when CENTEROFGRAVITY is invoked in Line 7,
and each run of CENTEROFGRAVITY makes one call to SO according to Theorem 2.3.14.
To upper bound the total number of runs of CENTEROFGRAVITY, we consider the potential

function
® = log(vol(K) - det(A)).

In the beginning, ® = log(vol(B(R)) - det(])) = nlog(R). Each time CENTEROFGRAVITY
is called in Line 7, we have from Theorem 2.3.14 that the volume of K decreases by at least

a constant factor, so the potential function decreases by at least (1) additively.

To analyze the change in the potential function after dimension reduction, we consider
a maximal sequence of consecutive dimension reduction iterations to + 1,--- ,tg + k, i.e.
CENTEROFGRAVITY is invoked in iteration tg and tg + k 4+ 1, while every iteration in ¢ +
1,-++ ,to + k decreases the dimension by one. We shall use superscript (i) to denote the
corresponding notations in the beginning of iteration t;, + i, for any integer ¢ > 0. In
particular, in the beginning of iteration ¢, + 1, we have a convex body K" C K© C w© =
WM, and after the sequence of dimension reduction iterations, we reach a convex body
K& = KO Akt ¢ KO q W EHD - The lattice changes from A© = A C WO(I) to
AGFD = HW£k+1)(A(1)) = HWék+1)(A(O)), where we recall that subspaces Wéi) are translations
of the affine subspaces W that pass through the origin. Note that the potential at the

beginning of this maximal sequence of dimension reduction iterations is

vol(K(©)

@ _ 0)y . Oy = =~
e vol(K'™) - det(A'™) et (AT
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The potential after this sequence of dimension reduction iterations is

e = vol (K - det(AFHD) = vol (KW N W*HD) . det(IT sn) (A?))
0
vol (KM n T tk+1)) vol (KM N T tk+1)) vol (K@ n 77 ¢k+1))
<

+ det((Myeen (A®)))  det((A©) nWEF) T det((A@) n )

where the last equality follows from the duality (I, s (A®))* = (A®)* N WD in
0
Fact 2.3.3. Since W*+Y is a translation of the subspace Wékﬂ), we can apply Lemma 2.4.2

by taking L = (A®)* to obtain

R U kO®) ’
M (A0, KO

(2.8)

where A\ (A©, K(©) is the shortest non-zero vector in A®) under the norm [l cov(re)- As

CENTEROFGRAVITY is invoked in iteration t;, we have HU(O)HE(O) > for the output
K

1
10277
vector v € A®\ {0}. Since the APPROXSVP procedure is y-approximation and that

E(IS) = Cov(K©), this implies that A, (A, K©) > 20 Tt then follows that

yn22¢

This shows that after a sequence of k£ dimension reduction iterations, the potential increases
additively by at most O(klog(yn2¥)). As there are at most n dimension reduction iterations,
the total amount of potential increase due to dimension reduction iterations is thus at most

O(nlog(yn2?)).

Finally we note that whenever the potential becomes smaller than —10n log(20nv22¢),
Minkowski’s first theorem (Theorem 2.3.4) shows the existence of a non-zero vector v € A

with [lvflg, < This implies that the y-approximation algorithm APPROXSVP for

1
20ny22%

the shortest vector problem will find a non-zero vector v' € A that satisfies ||v'[|y, < m,

and thus such an iteration will not invoke CENTEROFGRAVITY. Therefore, Algorithm 2
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runs CENTEROFGRAVITY at most O(nlog(yn2?) + nlog(R)) = O(n(p + log(ynR))) times.
Since each run of CENTEROFGRAVITY makes one call to SO, the total number of calls to SO

made by Algorithm 2 is thus O(n(y¢ +log(ynR))). This finishes the proof of the lemma. [

Proof of Theorem 2.5.1. By the argument in the beginning of Section 2.2, we may assume
without loss of generality that f has a unique minimizer z* € S7. The correctness of Algo-
rithm 2 is given in Lemma 2.5.2, and its oracle complexity is upper bounded in Lemma 2.5.3.

These finish the proof of the theorem. m
2.6 Efficient Implementation of the Meta Algorithm

In this section, we give an efficient implementation of Algorithm 2 from the previous section

and prove Theorem 2.1.6 which we restate below for convenience.

Theorem 2.1.6 (Main result for rational polyhedra). Given a separation oracle SO for a
convex function f defined on R™, and a ~y-approzimation algorithm APPROXSVP for the
shortest vector problem which takes Tsyp arithmetic operations. If the set of minimizers K*
of f is a rational polyhedron contained in a box of radius R and has LCM vertex complezity at
most ¢ > 0, then there is a randomized algorithm that with high probability finds a vertex of
K* using O(n(e-+log(ynR))) calls to SO and poly(n, ¢,log(yR))-Tsyp arithmetic operations.

2.6.1 The Efficient Implementation

By the argument in the beginning of Section 2.2, we may assume without loss of generality
that f has a unique minimizer z* € S7. For simplicity, we present our algorithm under this
assumption.

As mentioned in the last paragraph of Section 2.5.1, we can efficiently implement Line 8
of Algorithm 2 by using the approximate center of gravity method in Theorem 2.3.17. We
now address the issue of efficiently implementing Line 13 of Algorithm 2 in the following.

To obtain an approximate centroid and covariance matrix of the polytope K after dimen-

sion reduction, our efficient algorithm maintains two polytopes Kso C Kgee. The polytope



46

Kso plays the same role as K in Algorithm 2, and is the polytope formed by the separating
hyperplanes from SO. And Kj.e is a simple polytope for which we always know an approxi-
mate centroid zx and covariance matrix Y. Our algorithm explicitly maintains the lists of
constraints for the polytopes Kso and Kgee to efficiently perform computations on them. In
particular, our algorithm can efficiently certify” that Kgee = Kso when all the constraints for

Kso appear in the list of constraints for K., since it is always maintained that Ko C Kfee.

In the beginning of the algorithm, Kee = Kso and we run RANDOMWALKCG for both
polytopes at the same time. When dimension reduction happens in Line 16-21, Kgo is
updated to be K" = Kso N P and we no longer have approximations to cg(KZg") and
Cov(KZ8"). To bypass this difficulty, our strategy is to update Kjpee to be a simple polytope
KpeY containing K& for which we know cg(KfsY) and Cov(K{eY), and “learn” cg(K ") and

free free free

Cov(KE8") by shrinking K7S¥ via RANDOMWALKCG until it coincides with K2§*. Whenever

free

KoY = K8 happens again (in the aforementioned sense that the constraints for K28 all

appear in the list of constraints K{V), we have successfully learned an approximate centroid

free

and covariance matrix of KZg", and can continue to shrink KJg" using RANDOMWALKCG

as before.

Now we specify our choice of K7 in the strategy above. Note that K C PN (v +

free
2n- E(X4")). Denoting the ellipsoid PN (zx +2n-E(X')) = E(w, A), we can simply choose
K" to be the smallest hyperrectangle containing E(w, A), i.e. K} = w + A~'/2B, for

free free

which it is easy to compute an exact centroid and covariance matrix.

Such choice of K7 blows up the volume of the outer ellipsoid PN (z +2n- E(X5Y)) by

free

a factor of n°™ and thus shrinking K" seems to require much more SO calls. The crucial

observation here is that when we shrink the volume of K% we do not need to make calls to

free »

SO since we already know the polytope K§" C Kfct'. Instead, we simulate the separation

free *

oracle using the smaller polytope K" via the procedure FREECG (see Algorithm 4) until

"In general, our algorithm might not be able to efficiently verify that the geometric objects Kfee being
the same as Ksg. So whenever we say Kfee = Kso, we always mean it in the sense that it can be efficiently
certified by checking that all constraints for Kso appear in the list of constraints for Kfee.
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new __ new

we have K{S¥ = K& again, at which point we regain approximations to cg(Kg8") and

free

Cov(KE8"). If we are ever able to find a hyperplane P"" containing Kfew N S, even before

reaching the point K& = KZ&", we can further reduce the dimension. A formal description

of the efficient implementation is given in Algorithm 3.

Algorithm 3

1: procedure MAIN(SO, R, ¢)

2: Affine subspace W « R", lattice A « Z"

3: Polytopes (Kfree; Ks0) < (Boo(R), Boo(R)) > Maintain constraints explicitly for
Kfree and KSO

4: T cg(Kpee) and Lg < Cov(Kiee) > 75 + E(X5)/2 € Kfree C 7 + 20 - E(35)
5: € < 0.01, 0 < 1/poly(n, ¢, log(vR)) > Parameters in Theorem 2.3.17
6: while dim(WW) > 0 do
7 v <= APPROXSVP (A, Xk) >ve A\ {0}
8: if [[v]l, > fgngzs then
9: if Kqee = K50 then > List of constraints for Kgee include that of Kgo
10: (K", xg,3Kk) < RANDOMWALKCG(SO, Kfee, Tk, Xk, €,9) as in Theo-
rem 2.3.17
11: (Kfree,Kso)<—(K,,K/),.CEK(—.’EK/, Y — X
12: else
13: (Kf,ee,xK, EK) — FREECG(Kfree, KSQ,LL’K, EK) > No SO call in this step
14: end if
15: else
16: Find z € Z" such that v = Iy, (2) > Subspace Wy = —xx + W
17: Hyperplane P <+ {y:v'y = (v —2)"ox + [2 2k, }
18: W+ WnNP, Ksgo+ KsoNP > Dimension reduction
19: Kee +— w+ A7V2B, > Ellipsoid E(w, A) := PN (zx + 2n - BE(XY))
20: T  C8(Kee), Uk < Cov(Kfree)
21: Hyperplane Py + {y : vy = 0}, lattice A < IIp,(A) > Lattice projection
22: end if
23: end while
24: Return unique point x* € Kso

25: end procedure
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Algorithm 4

1: procedure FREECG (Kfree, Ks0, Tk, LK)

2 if x5 ¢ Kso then > Check the constraints for Kso

3 Find constraint a'z < b of Kso violated by xx

4: H+{z:a'vx<a'zg} > xx lies on the boundary of H

5: Koo ¢ Kiee N H > Volume of Kj.e shrinks

6 Obtain e-approx. centroid g and cov. X of Ki,. as in Theorem 2.3.17

7 else

8 Find any constraint H = {z : a"z < b} of Kso that is not a constraint of Kpee >
r € H

9: K. « Kfee NH > Kee learns one more constraint of Kgo

10: Obtain e-approx. centroid g+ and cov. g of K{. as in Theorem 2.3.16 >
Validity by Lemma 2.3.13

11: end if

12: Return K ., vx, Xk

13: end procedure

2.6.2  Proof of Main Result

By the argument in the beginning of Section 2.2, we can assume wlog that f has a unique
minimizer z* € S7. We first prove the correctness and oracle complexity of Algorithm 3.
These proofs are very similar to the proofs of Lemma 2.5.2 and 2.5.3 from the previous

section, so we only highlight the differences.

Lemma 2.6.1 (Correctness of MAIN). Assuming the conditions in Theorem 2.1.6 and that

[ has a unique minimizer x* € S, Algorithm 3 finds x*.

Proof. As in the proof of Lemma 2.5.2, we only need to verify that z* € Ko is pre-
served under dimension reduction in Line 16-21. Let’s assume that z* € Kso before
dimension reduction. Since Theorem 2.3.17 guarantees ||zx — cg(Kfree)|/(nx)-1 < € and
(1 —€)-Cov(Kee) X X = (1+¢€)- Cov(Kfee) with e = 0.01, it follows from Theorem 2.3.12
that (2.7) still holds with K replaced by Kfee:

i + E(X5)/2 C Kiee € 75 +2n - BE(X).
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Proceeding from here, the same argument as in the proof of Lemma 2.5.2 shows that
Kiee N Sg C P. Also note that Algorithm 3 always maintains Kso C Kfee. It follows that
KSODS;L C KfreeﬂS;} C P, i.e. all rational points in KsoﬂS; are preserved during dimension
reduction. This implies that 2* € KsoN P after dimension reduction and completes the proof

of the lemma. n

Lemma 2.6.2 (Oracle complexity of MAIN). Assuming the conditions in Theorem 2.1.6
and that f has a unique minimizer x* € S3, Algorithm 3 makes at most O(n(yp +log(ynR)))
calls to the separation oracle SO with high probability.

Proof. Note that Algorithm 3 always maintains Kso C Kfee, and SO is only called in Line 10
when Kso = Kfee. Since each run of RANDOMWALKCG in Line 10 succeeds with probability
d = 1/poly(n, p,log(vR)) for a large enough polynomial by Theorem 2.3.17, union bound
implies that with high probability, the first O(n(¢ + log(ynR))) run of RANDOMWALKCG
in Line 10 all succeed. We condition on this event. Then applying exactly the same analysis

as in the proof of Lemma 2.5.3 to the potential function
q)so = 10g(v0|(K50) : det(A))

gives the oracle complexity bound in the lemma. O

Next, we show that Algorithm 3 makes at most poly(n, ¢, log(yR)) calls to FREECG with
high probability. Since each call to FREECG can be implemented in poly(n, ¢, log(yR)) time
by checking all the constraints of Ko, this will imply the bound on the number of arithmetic

operations in Theorem 2.1.6.

Lemma 2.6.3 (Number of FREECG calls). Assuming the conditions in Theorem 2.1.6 and
that f has a unique minimizer x* € S}, Algorithm 3 makes at most poly(n, ,log(vYR)) calls
to FREECG with high probability.

Proof. As in the proof above, we condition on the high probability event that the first
poly(n, ¢,log(vR)) calls to RANDOMWALKCG as well as the sampling algorithm in Theo-
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rem 2.3.16 all succeed. In the beginning of the algorithm, Kso = B (R) and thus can be
specified using 2n constaints. An additional constraint is placed on Kso each time SO is
called, and since the number of SO calls is at most O(n(¢ + log(ynR)), the number of con-
straints Algorithm 3 maintains for the specification of Kso can be at most O(n(¢+log(ynR))
throughout.

Now we upper bound the number of calls to FREECG. In fact, we show that the to-
tal number of cutting plane steps for Kge. in Line 10 and 13 of Algorithm 3 is at most

poly(n, p,log(yR)). Our strategy is to consider the potential function
Dfree 1= log(vol( Kfree) - det(A)),

and repeat the analysis as in the proof of Lemma 2.5.3. However, there are two main

differences that we highlight below.

The first main difference is that when we reduce the dimension in Line 16-21 of Algo-
rithm 3, we are not simply slicing Kgee by the hyperplane P. Instead, we first replace Kfee
by its outer containing ellipsoid xx + 2n - E(X%'), then further replace the sliced ellipsoid
E(w, A) = PN(xx+2n-E(3:)) by its outer containing hyperrectangle KP¢ := w+A~Y2B,,.

Since we have the sandwiching condition that
Tr + E(E}l)/2 C Kfree Cxpc +2n - E(E;(l),

replacing Kfee by xx + 2n - E(El}l) increases its volume by at most nP™  Also note that
replacing an ellipsoid by its outer containing hyperrectangle increases its volume by at most

O Tt then follows that these replacements contribute to at most a factor of n®™ to

n
vol(Kfee) for each dimension reduction step. As there are at most n dimension reduction

steps, the increase in ®gee due to these replacements is at most O(n?log(n)) additively.

The second main difference is that not every call to FREECG decreases vol(Kgee) by a

constant factor. In particular, this is the case if xx € Kso in Algorithm 4 and we add to
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Ksee one constraint of Ksg that is currently not a constraint of Kg... However, since we have
shown above that Kso has at most O(n(¢ + log(ynR))) constraints, this case can happen at
most O(n(p+log(ynR))) in each dimension until all the constraints for Kso appear in the list
of constraints for Kjee, in which case our algorithm can efficiently certify that Kqee = Kso.
Whenever this happens, no additional call to FREECG will happen until the dimension is
further reduced.

Incorporating the above two differences into the analysis as in the proof of Lemma 2.5.3,
we obtain that the total number of cutting plane steps in Line 10 and 13 applied to Kfee
is at most O(n?(¢ + log(ynR))). This is also an upper bound on the number of calls to

FREECG, and thus proves the lemma. O

Proof of Theorem 2.1.6. By the argument in the beginning of Section 2.2, we may assume
without loss of generality that f has a unique minimizer z* € S7. The correctness of Algo-
rithm 3 is given in Lemma 2.6.1, and its oracle complexity is upper bounded in Lemma 2.6.2.
We are thus left to upper bound the total number of arithmetic operations used by Algo-
rithm 3.

By Lemma 2.6.3, Algorithm 3 makes at most poly(n, ¢,log(yR)) calls to FREECG and
each such step can be implemented using poly(n, ¢, log(vR)) arithmetic operations. Since
APPROXSVP is called after each cutting plane step in Line 10 and 13, the total number of
calls to APPROXSVP is at most poly(n,¢,log(yR)). Note that the remaining part of the
algorithm takes poly(n, p,log(vR)) arithmetic operations. This gives the upper bound on

the number of arithmetic operations and finishes the proof of the theorem. O

2.7 Submodular Function Minimization

In this section, we do not seek to give a comprehensive introduction to submodular functions,
but only provide the necessary definitions and properties that are needed for the proof of
Theorem 2.1.7. We refer interested readers to the famous textbook by Schrijver [Sch03] or

the extensive survey by McCormick [McC05] for more details on submodular functions.
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2.7.1 Preliminaries

Throughout this section, we use [n] = {1,--- ,n} to denote the ground set and let f : 2"l — Z
be a set function defined on subsets of [n]. For a subset S C [n] and an element ¢ € [n], we
define S + i := SU {i}. A set function f is submodular if it satisfies the following property

of diminishing marginal differences:

Definition 2.7.1 (Submodularity). A function f : 2" — 7Z is submodular if f(T + i) —
F(T) < f(S+1i)— f(S), for any subsets S CT C [n] andi € [n]\T.

Throughout this section, the set function f we work with is assumed to be submodular
even when it is not stated explicitly. We may assume without loss of generality that f(()) = 0
by replacing f(S) by f(S) — f(0). We assume that f is accessed by an evaluation oracle,
and use EO to denote the time to compute f(S) for a subset S. Our algorithm for SFM
is based on a standard convex relaxation of a submodular function, known as the Lovasz

extension [GLSS8S].

Definition 2.7.2 (Lovisz extension). The Lovdsz extension f : [0,1]" — R of a submodular

function f is defined as

f(@) = Epoylf({i 25 > 1)),

where t ~ [0, 1] is drawn uniformly at random from [0, 1].

The Lovész extension f of a submodular function f has many desirable properties. In

particular, f is a convex relaxation of f and it can be evaluated efficiently.

Theorem 2.7.3 (Properties of Lovész extension). Let f : 2"l — 7Z be a submodular function
(mdf be its Lovasz extension. Then,
(a) f is conver and mingejo 1) flz) = mingcp f(5);

~

(b) f(S)= f(Is) for any subset S C [n|, where Ig is the indicator vector for S;



93

(c) Suppose x € [0,1]" satisfies vy > -+ > x,, then f(x) =0 (f(E]) = f(i = 1]))xs;
(d) The set of minimizers off is the convex hull of the set of minimizers of f.

Next we address the question of implementing the separation oracle (as in Definition 2.1.1)

using the evaluation oracle of f.

Theorem 2.7.4 (Separation oracle for Lovasz extension, Theorem 61 of [LSW15]). Let
f 2 = 7 be a submodular function cmdf be its Lovasz extension, then a separation oracle

forf can be implemented in time O(n - EO + n?).

2.7.2  Proof of Theorem 2.1.7

Before presenting the proof, we restate Theorem 2.1.7 for convenience.

Theorem 2.1.7 (Submodular function minimization). Given an evaluation oracle EO for a

submodular function f defined over subsets of an n-element ground set, there exist

(a) a strongly polynomial algorithm that minimizes f using O(n®loglog(n)/log(n)) calls
to EO, and

(b) an exponential time algorithm that minimizes f using O(n*log(n)) calls to EO.

Proof. We apply Corollary 2.1.3 to the Lovész extension f of the submodular function f
with R = 1. By part (a) and (d) of Theorem 2.7.3, f is a convex function that satisfies the
assumption (%) in Corollary 2.1.3 Thus Corollary 2.1.3 gives a strongly polynomial algorithm
for finding an integral minimizer of f that makes O(n?loglog(n)/log(n)) calls to a separation
oracle of f, and an exponential time algorithm that finds an integral minimizer of f using
O(nlog(n)) separation oracle calls. This integral minimizer also gives a minimizer of f. Since
a separation oracle for f can be implemented using O(n) calls to EO by Theorem 2.7.4, the
total number of calls to the evaluation oracle is thus O(n?loglog(n)/log(n)) for the strongly
polynomial algorithm, and is O(n?log(n)) for the exponential time algorithm. This proves

the theorem. O
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Chapter 3

LOWER BOUNDS FOR SUBMODULAR FUNCTION
MINIMIZATION

In this chapter, we present improved lower bounds for the query complexity and parallel
complexity of Submodular Function Minimization. In particular, the parallel complexity
lower bound in this chapter matches the upper bound given by the algorithm in Chapter 2
up to poly-logarithmic factors. This chapter is based on my joint work with Deeparnab
Chakrabarty, Andrei Graur, and Aaron Sidford [CGJS22] which appeared in the 63rd IEEE
Symposium on Foundations of Computer Science (FOCS 2022).

3.1 Introduction

A real-valued function f : 2 — R defined on subsets of an n-element ground set V is
submodular if f(X U{e}) — f(X) > f(Y U{e}) — f(Y) forany X C Y C V and e €
V'\Y. Submodular functions are ubiquitous and include cut functions in (hyper-)graphs, set
coverage functions, rank functions of matroids, utility functions in economics, and entropy
functions in information theory, etc.

Given the expressive power of submodular functions, the optimization of these functions
has been extensively studied. The problem of submodular function minimization (SFM),
i.e. mingcy f(5), given black-box access to an evaluation oracle, which returns the value
f(S) upon receiving a set S C V, encompasses many important problems in theoretical
computer science, operations research, game theory, and more. Recently, SFM has found
applications in computer vision, machine learning, and speech recognition [BVZ01, KKT08,
KT10, LB11]. Correspondingly, SEM has been the subject of extensive research for decades

and is foundational to the theory of combinatorial optimization.
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Throughout the chapter, unless specified otherwise, we focus on the strongly-polynomaial
regime for the query complezity of SFM. We refer to an SFM algorithm as strongly-polynomial
(in terms of query complexity) if the number of evaluation oracle queries it makes is at most a
polynomial in n and does not depend on the range of the function. After decades of advances
[GLS81, Cun85, GLS88, Sch00, FI00, IFF01, Iwa03, Vyg03, Orl09, I009], the current state-
of-the-art strongly-polynomial algorithms include an O(n?logn)-query, exp(O(n))-time al-
gorithm [Jia22] and an O(n?loglog n/ log n)-query, poly(n)-time algorithm [Jia22], which im-
proved (in query complexity) upon O(n?)-query, O(n?)-time algorithms of [LSW15, JLSW20,
DVZ21].!

Despite the rich history of SFM research, obtaining lower bounds on the query complexity
for SFM has been notoriously difficult. [Har08] described two different constructions of
submodular functions whose minimization requires n-queries to an evaluation oracle; in fact,
both can be minimized by querying all the n singletons. Later, [CLSW17] showed that one
of the examples in [Har(08] also needs n/4 gradient queries to the Lovész extension of the
submodular function. This remained the best lower bound, until recently [GPRW20] proved
a 2n-query lower bound on SFM via a non-trivial construction of a submodular function
(which can be minimized in 2n queries). For more discussions on difficulties in obtaining

super-linear lower bounds, we refer the reader to Section 3.1.3.

More recently, there has been an interest in understanding the parallel complexity of SFM.
Note that any SFM algorithm proceeds by making queries to an evaluation oracle in rounds,
and the parallel complexity of SFM is the minimum number of rounds (also known as the
depth) required by any query-efficient SFM algorithm that makes at most poly(n) evaluation
oracle queries. All SFM algorithms described above proceed in Q(n)-rounds. The best known
round-complexity is the algorithm due to [Jia22] which runs in O(nlogn) rounds. On the
lower bound side, [BS20]| proved that any query-efficient SFM algorithm must proceed in
Q(log n/ loglog n)-rounds. This was improved in [CCK21] to an Q(n'/3)-lower bound on the

IThroughout, we use O(-) to hide polylogarithmic factors.
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number of rounds for query-efficient SFM. The latter work also mentioned a bottleneck of
n'/3 to their approach and left open the question of whether a nearly-linear number of rounds
are needed, or whether there is a query-efficient SFM algorithm proceeding in n'~° many

rounds for some absolute constant § > 0.

3.1.1 Our Results.

In this chapter we provide improved lower bounds for both the query complexity for SFM,
and the round complexity for query-efficient parallel SFM. We prove that any deterministic
SFM algorithm requires 2(nlogn) queries to an evaluation oracle, and that any parallel

SFM algorithm making at most poly(n) queries must proceed in (n/logn) rounds.

Theorem 3.1.1 (Query complexity lower bound for deterministic algorithms). For any finite
set V. with n elements and deterministic SFM algorithm ALG, there exists a submodular
function F : 2V — R such that ALG makes at least %logy(%) evaluation oracle queries to

minimize .

Theorem 3.1.1 constitutes the first super-linear lower bound on the number of evaluation

queries for SEM. The previous best lower bound was 2n, due to [GPRW20].

Theorem 3.1.2 (Parallel lower bound for randomized algorithms). For any finite set V' with
n elements, constant C > 2, and (possibly randomized) parallel SEM algorithm ALG that
makes at most QQ := n® queries per round, there exists a submodular function F : 2V — R

such that ALG takes at least m rounds to minimize F with high probability.

Theorem 3.1.2 improves upon the previous best parallel lower bound of Q(n'/?) due to
[CCK21]. Furthermore, Theorem 3.1.2 is optimal up to logarithmic factors due to [Jia22],
which yields an O(nlogn)-round, O(poly(n))-queries algorithm.”.

2This query bound is due to the fact that an algorithm in [Jia22] solves SFM with O(nlogn) compu-
tations of the subgradients of the Lovasz extension. Further, each computation of a subgradient can be
implemented by making n queries to an evaluation oracle for the submodular function in parallel, i.e. a
single round.
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Both Theorem 3.1.1 and Theorem 3.1.2 are obtained by constructing a new family of
submodular functions. This family of submodular functions and the analysis of their proper-
ties is our main technical contribution. At a high level, we glue together simple submodular
functions, each of which is defined on a distinct part of a large partition of the ground set
V and has a unique minimizer. The main novelty of our construction is an approach to
assemble these functions into a layered structure in such a way that any SFM algorithm
needs to effectively find the minimizer of one layer before obtaining any information about
the functions in later layers. This forces any parallel algorithm to have depth equal to the
number of parts, which implies our parallel lower bound. We also show that minimizing
a single part needs a number of queries super-linear in the size of that part, implying the
super-linear query complexity lower bound for deterministic algorithms. More insights into

our construction and proofs are given in Section 3.1.2.

3.1.2  Our Techniques

Previous works on proving lower bounds for parallel SFM [BS20, CCK21] apply the following
generic framework. At a high level, they design a family of hard submodular functions which
are parameterized using a partition (P, ..., P;) of the ground set. The key property they
show is that even after obtaining answers to polynomially many queries in round 7, any
algorithm (with high probability) doesn’t possess any information about the elements in
P, q,..., P, Further, the construction also has the property that knowing which elements
are in the final part P, is crucial in obtaining the minimizer. These properties prove an ¢ — 1
lower bound on the number of rounds for parallel SFM.

This chapter also proceeds under the same generic framework, but departs crucially from
prior work in the design of the family of hard submodular functions F, which is the main
technical innovation of this chapter. With this new construction, our query complexity
lower bound follows by a careful adversarial choice of function F' € F, and our parallel

round complexity lower bound follows by choosing a random function uniformly at random

from F.
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Recap of Previous Constructions. Before we dive into a high-level discussion of our
construction, here we remind the reader of the construction ideas in [BS20] and [CCK21],
and why they stop short of proving a nearly-linear lower bound on the number of rounds
for parallel SFM. Both these works construct so-called partition submodular functions F
where one is given a partition (Py,..., ), and the value of F(S) depends only on the
cardinality of the sets |SNPy|,...,|SNP,|. Note that when the algorithm has no information
about Py, ..., P, for instance in the first round of querying, then for any query set S, these
cardinalities are roughly proportional to the cardinalities of each part. The main idea behind
the constructions in [CCK21, BS20] is to come up with submodular functions where this
“roughly proportional” property is used to hide any information about the parts Ps, ..., P,.
However, the fact that |[S N P|’s can typically differ by a standard deviation necessarily
requires each part P; to be “sufficiently large” and this, in turn, puts a o(n) bottleneck on
the number of parts ¢. As it stands, it is not clear how to obtain a better than n'/3-lower
bound on the round complexity of parallel SFM using partition submodular functions.
Interestingly, a similar approach as above has also been the main tool to prove lower
bounds for parallel convex optimization [Nem94, BS18, BJL"19, DG19]. We defer to Sec-

tion 3.1.3 for a more detailed discussion of this broader context.

Ideas Behind our Construction. Our construction deviates from the notion of partition
submodular functions in that the function value F'(S) crucially depends on the identity of the
set SN P; rather than the size, which helps us bypass the bottleneck in previous constructions
and obtain nearly-linear lower bound on the number of rounds.

It is convenient to think of the family of functions we construct in a recursive fashion.
Pick a subset A C V of size 2r, which corresponds to the first part P, in the partition
described above, and denote B := V' \ A the remainder parts P, U --- U P,. For notational
convenience, we denote Sy := SN A and Sg := SN B for any set S C V. Let R C A be a

subset of size |R| = r = |A|/2, and consider the following function F': 2" — R defined as

F(S):=hg(S)+ 5 -1(Sa=R) - g(Sp), (Meta Definition)
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where 1(+) is the indicator function, and g is a submodular function which will recursively be
the same as F' defined over the smaller universe B. The parameter [ is a small scalar, and
should be thought of as @(\71|> We aim to design the function hg(-) to have the following

two properties:

(P1) Any set S C V is a minimizer of hg if and only if Sy = R,

(P2) The function F' defined in (Meta Definition) is submodular whenever g is submodular.

We now claim that obtaining such a function hg suffices to prove an ﬁ—lower bound

Clo

on the number of rounds required by any exact parallel SEM algorithm making < n® queries
per round. In particular, the subsets R C A C V with |R| = |A|/2 = C'logn, as well as the
recursively defined function g, will be chosen uniformly at random.

To see this, first observe that when § is sufficiently small, if S} is a (unique) minimizer
of the function g, then the set S* := RU S is a (unique) minimizer of F. This crucially
uses property (P1) which says that R U Sp is a minimizer of hg for any Sp C B. Next,
consider the first round of queries Q',...,Q%. Since R C A is chosen uniformly at random,
and because |R| = |A|/2 = Clogn, the probability that one of these Q% = R is negligible
if T < n®. Therefore, all the answers to the queries in the first round are precisely hr(Q;),
revealing no information about the function g. On the other hand, the minimizer of F

needs to minimize g. Therefore, if we pick g randomly from the same family of ' but over

the smaller universe B, we could apply the above argument recursively with 2C log n fewer

n

———-lower bound on the number
2C logn

elements and one fewer round. In this way, we prove an
of rounds needed to exactly minimize the random submodular function F'.
The big question left, of course, is whether one can construct a function hr with the

properties mentioned above. This is what we discuss next.

Obtaining Submodularity.Let us first discuss an idea that does not work and then fix
it. One way to define hy is to take a submodular function fr defined only over elements of

A, whose (unique) minimizer is the subset R, and then extend it as hgr(S) := fr(Sa). In
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particular,

F(S) = fr(Sa) + B-1(5a = R) - g(Sp). (First Try)

Note that it satisfies property (P1), i.e. S is a minimizer of hg if and only if Sy = R.
Unfortunately, the resulting function F' may not be submodular even if both fz and g are
submodular. To see this, consider an element e € B and consider the marginal increase in
F when e is added to a set S. Since fr only depends on S4 and e € B, in the marginal

calculation of F'(S 4 e) — F(S), the fr terms cancel out. In particular, we get that

F(S+e)~ F(S)=8-1(Sa = R) - (9(Su +¢) — g(Sa)).

Suppose the parenthesized term is positive for some Sp (e.g. the maximal minimizer of g)
and consider the sets S := RU S and S’ := R'U Sp, where R’ is any strict subset of R. In
this case FI(S +¢e) — F(S) > 0 while F(S" 4+ ¢) — F(S’) = 0 and since S’ C S, this violates

submodularity.

To fix the above idea, we pad the function fr(S4) with what we call a “submodularizer
function” ¢(S). Think of ¢ as taking two sets (5S4, Sp) as input; the first set is a subset of
A the other is a subset of B. We define hg(S) := fr(Sa) + #(Sa, Sp) and therefore,

F(S) := fr(Sa) + ¢(Sa,Sp) + B -1(Sa = R) - g(SB). (Layered Function)

What properties do we need from ¢? First, since (P1) requires that when Sy = R, the set
S is a minimizer of f + ¢ irrespective of what Sp is, this suggests ¢(R, Sp) is the same for
any Sg C B. For simplicity, assume this is 0. That is, when S4 = R, the ¢ function doesn’t
have any effect. However, considering the reason our first attempt failed, when ', is a strict
subset of R, then ¢(S’, Sp) should be so defined such that adding an element e € B to Sp
strictly increases the function value. This would make sure that F(S" 4+ e) — F(S’) > 0 for
the violating example in the previous paragraph. Not only that, this strict increase should

be greater than the increase in F'(S + e) — F(S), where S = (R, Sp) is as in the previous
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paragraph, and this increase is § times some marginal of g. To ensure that this occurs, we
choose B to be “small enough”; it suffices to choose a constant factor less than the strict
increase of the function ¢. A similar argument also leads us to the conclusion that when Sy
is a strict superset of R, then ¢(S4,Sp) should strictly decrease in value when an element is

added to Sp. A definition of ¢ that works is the following:

(

+43|Sp| if Sa strict subset of R

¢(Sa,SB) == § —48|Sp| if Sy strict superset of R (Submodularizer)

0 otherwise, and in particular if S4 = R
\

Note we still have the parameter § unspecified, and we set it soon.

The above discussion only considered marginals of an element e € B to the function
F'. One also needs to be careful about the case when the element e € A. This will put a

restriction on what fr and [ are, and will form the last part of our informal description.

Consider an element e € A\ R and consider the function ¢(R, Sg) for an arbitrary Sp C B.
Note that, as defined, the value of ¢(R, Sp) = 0 and ¢(R+e,Sp) = —4/5|Sp|. That is, adding
e to RU Sp can decrease the ¢ function value by —45|Sg|. On the other hand, adding e to
(A —e) U Sp doesn’t change the ¢-value. Indeed, ¢(A, Sg) = ¢(A — e, Sg) = —43|Sp| since
both A and A — e are strict supersets of R (remember e ¢ R). In short, the function ¢ is

not submodular and this endangers the submodularity of the sum function hg = fr + ¢.

To fix this, we make sure that the function fg has a “large gap” between fr(R + ¢) and
fr(R). In particular, we ensure that fr(R + e) — fr(R) = Q(1) while 5 = O(1/n). In
this way, although adding e € A\ R to (R, Sp) can decrease the ¢ value by —43|Sg|, since
B = O(1/n) this decrease is smaller than the increase caused by fr(R + ¢) — fr(R) when

the constants are properly chosen. In particular, we define the function fr on the universe
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A as follows

;

0 ifSy=R

fr(Sa) =91 if Sy is a strict superset or a strict subset of R (3.1)

2 otherwise
\

[t is not too hard to see that this function fr is submodular; in fact, this function (or a
scaled version if it) has been considered before in the submodular function literature [Har08,
CLSW17]. This completes the informal description and motivation of our construction of
hard functions; a formal presentation of our construction and the full proof of its properties

can be found in Section 3.3 and Section 3.5.

Query Complexity Lower Bound. While discussed and motivated in terms of the number
of parallel rounds for SFM, our construction can also prove an Q(nlogn) lower bound on the
query complexity of any deterministic SFM algorithm. Indeed, for this part, we consider the
family where the size of |A| = 2, and R is a singleton among these two elements. Instead of
selecting a random function from this family, we adversarially choose a worst-case function
depending on the deterministic algorithm. Note that the function definition above doesn’t
require the size |A| to be large; we made it large in the previous discussion since we were
ruling out polynomial query parallel algorithms.

The main observation is the strong property that until the algorithm queries a set S with
S4 = R, it obtains no information about the function g. Therefore, if we can prove a lower
bound L(n,r) on the number of oracle queries any algorithm needs to find such a set, with
7 being the size of R, then we can obtain an (% - L(n,r)) lower bound on the exact SFM
query complexity.

It is actually not too hard to prove L(n,2) > |log,n| —1 for any deterministic algorithm.
Note that R is a singleton element, and we overload notation and call that element R as
well. First, note that for any query S, if Sy # R, then the value of F(S) only reveals

whether S contains “both” the elements of A, “none” of the elements of A, or the “other”
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element in A that is not R; in the first case, the ¢-function is negative, the second case it
is positive and the last case it is 0. The lower bound can now be proved using an adversary
argument against the deterministic algorithm, by choosing the function so that the oracle
never answers “other.” Since the algorithm is deterministic, the adversary can choose the set
A depending on the queries. The adversary maintains an “active universe” U which initially
contains all the elements. If the first query S contains < |U|/2 active elements, then the
adversary puts both elements of A in V' \ S, answers “none”, and removes U N S from U,
if S contains > |U|/2 active elements then the adversary puts both elements in S, answers
“both”, and removes U \ S from U. The algorithm can never reach the desired set until the
number of active elements goes below 2. Since the number of active elements can at best be
halved each time, this proves a log, n — 1 lower bound on the number of queries. Together
with our construction, we obtain an 2(nlogn) lower bound on the query complexity of any

deterministic SFM algorithm. This is the first super-linear lower bound for this question.

Limitations and Open Questions. We end this overview section by pointing out some
limitations of our construction; we believe bypassing them would require new ideas. The
first issue is the range of our submodular functions. Our current way of constructing the
submodularizer ¢ in (Submodularizer) requires that the range of ¢ be distinctly smaller than
the marginal increase in the fr function. This is noted by the parameter g which is set to
©(1/n). If there are ¢ = n/2r parts to the function, then due to the recursive nature of
our construction, the smallest non-zero value our function takes is as small as O(%) When
¢ = ©(n/logn), as is the case in our lower bound for parallel SFM, this is 27©(. Put
differently, if we scale the function such that the range is integers, then our function’s range
takes exponentially large integer values. Therefore, our lower bounds are more properly
interpreted in the strongly polynomial regime where the round/query-complexity needs to be
independent of the range of the submodular function. In contrast, the submodular functions
constructed in [CCK21] which proves an Q(n'/?) lower bound on the number of rounds
have range {—n,—n+1,...,n —1,n}, and thus also constitute a lower bound in the weakly

polynomial regime (its definition is deferred to Section 3.1.3). Interestingly, the lower bound
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construction in [BS20| also has a large range; it remains an interesting open problem to
prove a nearly-linear lower bound on the number of rounds for query-efficient parallel SFM
for integer-valued submodular functions with poly(n)-bounded range.

We prove an Q(nlogn) lower bound for the query complexity of deterministic algorithms
for SFM. Improving this to an n'T¢lower bound for some constant ¢ > 0 is an important
open question. The collection of functions we construct can be minimized in é(n) queries,
and so one may need new ideas to obtain a truly super-linear lower bound. The main idea
behind this algorithm is that in (Layered Function), an element of R can be recognized in
polylog(n) queries using a binary-search style idea. Basically, given any set S the function
value F'(S) gives the information whether S, is a subset/superset of R (in which case it also
gives the size |S4l), or it tells if S4 is neither a subset or superset of R. With some work
this leads to an O(r) query algorithm to find R (here r is the size of R), and thus in n/2r
rounds with a total query complexity of O(n) one minimizes F.

A final limitation is that we fall short of proving an Q(nlogn) query lower bound for
randomized SFM algorithms. Indeed, if one looks at the structure of our Q(nlogn) proof, the
“logn” arises from L(n,2) which is a lower bound on the number of queries a deterministic
algorithm needs to make to find a set S such that Sy = R. With randomization, this problem
is trivially solved in O(1) queries; a random set that contains each element with probability
1/2 would do. One may wonder if r = |R| was increased, whether a super-linear in r lower
bound could be proved for L(n,r). Unfortunately this is not possible; there is a randomized
algorithm which finds a set S with S4 = R in expected O(r) queries. We leave proving a
super-linear lower bound on the query complexity of randomized algorithms for SFM as an
open question. The family we construct is a potential candidate for the lower bound, just

that a new technique would be needed to show this.

3.1.3 Further Related Work

Other Regimes for SFM. Apart from the strongly-polynomial regime, there have also

been multiple recent improvements to the complexity of SEFM in other regimes that depend
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on M, the range of the function, i.e. maxgcy |f(S)| when f is scaled to have an integer
range. In particular, we refer to an algorithm as weakly-polynomial if the number of eval-
uation oracle queries it makes is polynomial in n and log M, and pseudo-polynomial if the
number of queries is a polynomial in n and M. State-of-the-art weakly-polynomial algorithms
include O(n? log M)-query, O(n?-poly(n, M))-time algorithms [LSW15, JLSW20], and state-
of-the-art pseudo-polynomial algorithms include O(n - poly(M))-query, O(n - poly(M))-time
algorithms [CLSW17, ALS20].

Query Lower Bounds and Cuts. As far as the query complexity of SFM is concerned,
lower bounds have been stagnating at €2(n). The first known lower bound, of n queries, is due
to [Har08]. Motivated the problem of improving the lower bound, [RSW18] considered graph
cut functions, which is a subclass of submodular functions, and the problem of computing
a global minimum cut in a graph using cut queries. However, they instead showed an
upper bound of O(n) queries to find a (non-trivial) global minimum cut in an undirected,
unweighted graph. [GPRW20] improve the lower bound for SFM to 2n using an adversarial
input technique, and also introduce a novel concept, called the graph cut dimension, for
proving lower bounds for the min-cut settings. The main insight is that the cut dimension
of a graph, defined as the dimension of the span of all vectors representing minimum cuts
(binary vectors in RF), is a lower bound on the number of cut queries needed. However,
[LLSZ21] has shown that the cut dimension of an unweighted graph is at most 2n — 3,
essentially eliminating the hope for a super-linear lower bound using this measure. Further,
the recent work of [AEG'22] provides a randomized algorithm that makes O(n) queries and

computes the global minimum cut in an undirected, unweighted graph with probability 2/3.

Parallel Convex Optimization. As far as parallel lower bounds are concerned, the general
framework described in Section 3.1.2 and employed in [BS20, CCK21] is similar in spirit to
the approach taken in [Nem94| to bound parallel non-smooth conver optimization. More
precisely, [Nem94| considers the problem of minimizing a non-smooth convex function f

(rescaled to be have range [—1,+1]) up to e-additive error in an /,.-ball, where one has
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access to first-order oracle and can make poly(n) queries to it in each round. [Nem94] shows
that any query-efficient algorithm with parallel depth O(n®log(1/¢)) must have ¢ > 1/3.
The proof relies on the idea of partitioning the universe V into r = Q(n'/3log(1/¢)) parts,
and considering functions f that are the maximum of functions f; defined on these partitions.
[BJLT19] uses a similar framework to show that any query-efficient algorithm achieving
parallel depth O(n¢log(1/¢)) must have ¢ > 1/2. [Nem94] hypothesises that such algorithms
must have ¢ > 1, but this is still open. The problem has also been studied [DBW12, BS18,
DG19, BJLT19] when the dependence on 1/¢ is allowed to be a polynomial, and we refer the

interested reader to these works for more details.

Approximate SFM. Since the Lovasz extension of a submodular function is a non-smooth
convex function, the discussion in the above paragraph is related to understanding the parallel
complexity of e-approrimate SFM. In this problem, we assume by scaling that the range of
the function is in [—1,+1] and the objective is to obtain an additive e-approximation to the
minimum value. The construction in [CCK21] shows that any query-efficient e-approximate
SFM algorithm with depth O(n¢log(1/¢)) must have ¢ > 1/3. Note the similarity with the
lower bound in [Nem94| mentioned in the previous paragraph; this is not an accident since
the bottlenecks due to standard deviation considerations are similar in both approaches. A
reader may wonder if the constructions in this chapter also prove that any query-efficient
e-approximate SFM algorithm with depth O(nlog(1/¢)) must have ¢ > 1. This is not the
case; the functions we consider can be e-approximated in O(log(1/¢))-rounds. This stems
from the limitation in our construction that the “scale” of the functions we consider across
the layers decay geometrically, and thus one can get e-close in O(log(1/¢))-rounds.

The e-approximate SFM question is also interesting when the dependence of the depth on
1/e is allowed to be a polynomial. In this setting, one can leverage the parallel convex opti-
mization works mentioned in the previous paragraph to obtain query-efficient e-approximate
SFM algorithms with depth being truly sub-linear in n. For instance, the algorithm in
[BJL*19] implies a query-efficient e-approximate SFM algorithm running in O(n2/3g=2/3)-
rounds. On the other hand, the construction in [CCK21] shows that any query-efficient
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e-approximate SFM algorithm with depth (1/¢)¢ must have ¢ > 1. Understanding the
correct answer for query-efficient e-approximate SFM, both when the dependence on ¢ is

poly(1/e) and when it is log(1/¢), is an interesting open question.

3.2 Preliminaries

Throughout, log denotes logarithm with base 2. For any two sets X and Y, we use X C Y
to denote that X is a subset of Y with possibly X =Y’; we use X C Y to denote that X is a
strict subset of Y, i.e. X C Y and there exists at least one element e € Y such that e ¢ X.
Further, supersets, D, and strict supersets, 2, are defined analogously.

For any set X and element e ¢ X, we let X + e denote the set obtained by including e
into X, i.e. XU{e}. Given two sets X and Y, we define Y\ X = {e €Y : e ¢ X} to denote

the set of elements in Y but not in X.

Definition 3.2.1 (Marginals). Let f : 2V — R for finite set V. For any X C V and
e € V\ X, we define 0.f(X) := f(X +e) — f(X), the marginal of f at X when adding

element e.

Definition 3.2.2 (Submodular functions). A set function f : 2V — R for finite set V is
submodular if 9. f(Y) < 0. f(X), for any subsets X CY C V ande € [n]\Y. An alternative
definition is that for any two subsets X, Y C V| the following inequality holds

JEO+ F(Y) > FXUY) + f(XNY). (3.2)

3.3 Our Construction

In this section, we describe our recursive construction of the family of non-negative functions
F-(V') on subsets of a given set of elements V', where r € Z, is an integer such that 2r divides
|V|. We prove that any function F' € F,(V) is submodular and its unique minimizer takes

a special partition structure which is crucial to our proofs of lower bounds in Section 3.4.
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We define the main building block behind our construction in Section 3.3.1, and use it

to recursively construct the function family F,.(V') in Section 3.3.2.

3.3.1 Main Building Block

We start by describing the main building block for our construction, which relies on two
components. The first component is a standard submodular function corresponding to the
sum of the rank functions of two rank-1 matroids [Har08, CLSW17]. The second component
is a “submodularizer” function ¢. Despite not being submodular itself, this submodularizer

function guarantees the submodularity of our main building block function.

Component I: Sum of Two Rank-1 Matroids. For any sets R C A, we define the

function far:24 — R as

0 if S=R,
far(8) =141 if SC Ror S 2R, (3.3)
2 otherwise.

\

As noted in [Har(08], the function f4 r above corresponds to the matroid intersection of

two rank-1 matroids, and is therefore submodular.

Lemma 3.3.1 ([Har08]). For any R C A, the function fap : 2 — R defined above is

submodular.

In fact, the submodular function f4 r (appropriately scaled) has previously been used in
[Har08] to prove an n lower bound on the number of evaluation oracle calls, and in [CLSW17]

to show an n/4 lower bound on the number of sub-gradients of the Lovasz extension for SEM.

Component II: The Submodularizer. Let R C A C V be subsets of the ground set V,
and denote B :=V \ A. For any subset S C V', we denote Sy := SN A and Sg := SN B.
Ideally, we would like to recursively define a function on V' to be of the form f4 z(Sa) +

1(S4 = R) - g(Sp), where g : 2% — R is a submodular function on B. However, as men-
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tioned in Section 3.1.2, such a function may not be submodular even when both fr 4 and
g are submodular. For our recursive construction to go through, we define the following

submodularizer function: ¢y.ap: 2" — R as

p

|SB| it S4 C R,
dv.ar(S) = § —|S| if 4 D R, (3.4)
0 otherwise, and in particular when S, = R.

\

Note that the function ¢y 4 r defined above is not submodular, as witnessed by the
following violation of the marginal property in Definition 3.2.2. To see this, let X CY CV
be any two subsets such that X4, = R, A # Yy 2 X4, and Xp # 0. Note that Y, is
a strict superset of X4. Pick an element e € A\ Y4. Then observe that 0.9y .4 r(X) =
—|Xg|] < 0 since ¢y ar(X Ue) = —|Xp| and ¢y 4 r(X) = 0. On the other hand, both
dvar(Y Ue) = dvar(Y) = —|Yp| implying Ocpyar(Y) = 0 > Ocdvar(X). This is
a violation of submodularity. However, these are the only cases where submodularity is
violated, and it turns out that this “almost submodularity” property helps to guarantee the
submodularity of our main building block which we define next.

The main building block. Let R C A C V be non-empty subsets of a finite set V' and
denote B := V' \ A. Let g: 28 — R be a set function on B and M > 0 be a parameter such
that maxgcp [¢(5)| < M. Our main building block is the function F%;fR : 2V — R defined

as

FYEp(S) = far(SNA) + 5 - dv.ar(S) + ! 1(S4=R)-g(SNB).  (35)

The function F‘]/w 1’4‘{ g Will be used in Section 3.3.2 to construct a function family on V' by
choosing ¢g from the function family recursively defined on B. To show the submodularity
and structural properties of minimizers of this recursive constructed function family, we first

prove the following properties of the function F‘]/W f R



70

Lemma 3.3.2 (Properties of main building block). Let V' be a finite set of elements, R C
A CV be non-empty subsets of V, and denote B :=V \ A. Let g: 28 — R be a submodular
function taking values in [0, M] that has a unique minimizer S; C B. Then the function

F .= F‘%\%R defined in (3.5) satisfies the following properties:
1. (Non-negativity and boundedness) For any subset S C'V, we have F(S) € [0, 2],
2. (Unique Minimizer) F has a unique minimizer R U Sy,

3. (Submodularity) F is submodular.

As mentioned in Section 3.1.2, the main insight behind the proof of Lemma 3.3.2 is that
the scale of the function W -1(S4 = R) - g(Sp) is smaller than that of ﬁ - ov.ar(S),
and both are much smaller than that of f4 z. As such, the minimizer S* and the range
of F‘],VI ;f r are dominantly determined by the function f4 g, enforcing S = R and thus
far(Sh) = ¢v.ar(S*) = 0. Moreover, most cases where submodularity fails to hold for the

function 1(Sa = R) - g(Sp) can be corrected by the submodularizer %V‘ - dv.ar(S),

1
aMv] *
and the very few cases where submodularity fails to hold for ﬁ - ¢v.ar(S) can be fixed
by the dominant submodular function f4 r. We postpone a formal proof of Lemma 3.3.2 to

Section 3.5.

3.3.2  The Function Family

Using our main building block described in Section 3.3.1, we now define the function family
F (V) recursively for all finite sets V' with |V| divisible by 2r.

The base case: when |V| = 2r. In this case, we let F.(V) :={fvr: RCV,|R| =7}

Recursive definition. Suppose the function family F,.(V) has been defined for all |V| =
2r(k — 1) for integer k > 2, we now define the family F,.(V') for |V| = 2rk as follows:

Fo(V) ={Fr: RCACV,|R| = |A|/2=r,g€ F.(V\ A},
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where we recall from (3.5) that

1

F2% p = far(Sa) + AV dv.a,r(S) 1(Sa=R) - g(SB). (3.6)

il
This completes the recursive definition of the family of functions F,.(V'), where |V| is divisible
by 2r. When |V| is not a multiple of 2r, we may also naturally extend the definition above
by making |V| — 2r - L%j elements “dummy” in V. More precisely, we let V' C V be an

arbitrary subset with size |V/| = 2r - [%J, and define the function family to only depend on

elements in V.

Explicit Formula for Our Construction. We give more explicit expressions for functions
in F,.(V) recursively defined above, assuming |V/| is divisible by 2r. Let ¢ := |V|/2r, and
consider any partition A of the universe V- = A; UAyU- - -UA,, where |A;| = 2r for all i € [{].
Furthermore, we select subsets R; C A; for each i € [¢] with size |R;| = r. Let R denote
the collection of these R;’s. We denote B; := U‘_A; = V'\ (U;;llAj) the remaining set of
elements when Aq,---, A;_1 are removed from V. Given the partition A and the family of
subsets R, we define a function Fux : 2V — R as follows. For any S C V, let kg be the
smallest index k € [¢] such that S4, := SN Ay # Ry. If such an index kg does not exist,
that is S N Ay = Ry for all k € [{], then we set F 4 x(S) := 0. Otherwise, we define its value

he 1 1
Fur(S) = <JH0 W) ' (fAkS,RkS(SAkS) + ABe| DBy Arg Rig (SBkS)) (3.7)

where fa, g, and ¢p, 4, R, as defined in (3.3) and (3.4).

We now claim that the function family F,. (V') defined above coincides with the collection
of all functions Fu g, for all partitions V' = A; U Ay U--- U A, with |4;| = 2r,Vi € [(]
and subsets R; C A; with |R;| = r,Vi € [¢]. To see why this is the case, note that in
(3.6), the functions fa, r,(Sa;,) = ¢B,.4,r,(SB,) = 0 for all j < kg — 1, and the indicator
1(Sa,, = Rig) = 0. It follows that the functions fa, ks and ¢p,  a,, g, are the only

non-zero components when we expand out the recursive part ¢ in (3.6).
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The explicit expression (3.7) reveals important insights into why functions in F,.(V) take
a large number of rounds to minimize. Roughly speaking, any query S would only reveal
information about the subsets R; C A; for j < kg, but nothing about subsets R; C A;
for any 5 > kg + 1. If in each round of queries, an algorithm advances kg by at most 1,
then obtaining full information about the function F4,3 (g, requires at least n/2r rounds of

queries.

Properties of Our Construction. The following lemma collects properties of the function
family F,.(V). In particular, any function F' € F,.(V') is submodular, and its unique minimizer
admits a partition structure. These properties follow from the corresponding properties of

our main building block proved in Lemma 3.3.2

Lemma 3.3.3 (Properties of our construction). Let V' be a finite set of elements and r € Z

satisfies 2r divides |V|. Then any function F € F,.(V) satisfies the following properties:

1. (Non-negativity and boundedness) For any subset S C V', we have F(S) € [0, 2],

2. (Unique Minimizer) F has a unique minimizer of the form S* = U‘_| R;, where V =
Ay U---U A forms a partition with ¢ = |V|/2r and |A;| = 2r,Yi € [{], and subsets
R; C A; have size |R;| = r,Vi € [{],

3. (Submodularity) F is submodular.

Proof. We prove the lemma by induction based on the size of the ground set V.

The base case. The base case is when |[V| = 2r and the statement in this case follows
because the function fy r has range {0, 1,2}, unique minimizer R and is submodular by
Lemma 3.3.1.

The induction step. Suppose we have proven the three properties of the lemma when the
size of the ground set is 2r(k — 1) for some k > 2, we now prove the three properties for

V| = 2rk.
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Note that any function F' € F,.(V') takes the form

1

F(S) = F2% 5(S) = fan(Sa) + GR dv,a,r(S) 1(S4=R) - g(Sp).

n 1
8|V
for some subsets R C A C V such that |R| = |A|/2 = r, and function g € F,.(B) with
B = V' \ A. By induction hypothesis, ¢ satisfies the three properties in the lemma. The
three properties for function F' then follows immediately from applying Lemma 3.3.2 with

M = 2. O]
3.4 Lower Bounds

In this section, we leverage our construction of the function family F,.(V') from Section 3.3
to prove lower bounds for SEFM. In Section 3.4.1, we prove an Q(nlogn) evaluation query
complexity lower bound for any deterministic algorithm that minimizes functions in F,.(V),
even when r = 1. Then, in Section 3.4.2, we show that any randomized parallel SFM
algorithm that makes at most () = poly(n) evaluation oracle queries per round, with high
probability, takes at least Q(n/logn) rounds to minimize a uniformly random function F' €

F (V) for r = ©(logn).

3.4.1 Query Complexity Lower Bound for Deterministic Algorithms

In this subsection, we prove the query complexity lower bound for deterministic SFM algo-
rithms in Theorem 3.1.1, with the function F' chosen adversarially from the function family
F1(V'). More specifically, we prove the following theorem which immediately implies Theo-
rem 3.1.1.

Theorem 3.4.1 (Query complexity lower bound for deterministic algorithms). Let V' be
a finite set with n elements. For any deterministic SFM algorithm ALG, there exists a
submodular function F € F1(V) such that ALG makes at least 5 log,(%) evaluation oracle

queries to minimize F.
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Let us fix a deterministic algorithm ALG. We prove that there exists a function F' € Fy (V)
on which ALG must make at least 7 log (%) evaluation oracle queries. From (3.6), recall
that any function F' € Fi(V) is specified by subsets R C A C V where |A] = 2 and
|R| =1, and a function g € Fy(B), where B :=V \ A. As R contains only a single element
and we abuse notation and call that element R as well. The function F' is then given by
F(S) = far(Sa)+ ﬁ ~ov.ar(S)+ ﬁ -1(S4 = R) - g(Sg). Recall S4 is the shorthand for
SN A and Sp is the shorthand for S N B. By Lemma 3.3.3, F'(S) has a unique minimizer
S* with S% = R and S} is the unique minimizer of g(Sg).

By construction, until ALG queries a set S with Sy = R, that is, S N A is precisely the
singleton R, it obtains no information about g. More precisely, the answers given to ALG
are the same no matter which g € F;(B) is picked. The heart of the lower bound is the
following lemma which asserts that an adversary can always choose an (A, R) pair such that

the first O(logn)-queries of ALG “miss R”, that is, ;N A # R.

Lemma 3.4.2. Fiz a deterministic algorithm ALG and let T := |logn]| — 1. There exist
R C ACV with |R| =1 and |A| = 2 such that the first T (possibly adaptive) queries
St oo+ ST made by ALG to the evaluation oracle EO satisfy S% # R for all i € [T).

Before we prove the above lemma, let us first use it to prove Theorem 3.1.1.

Proof of Theorem 3.1.1. Fix a deterministic algorithm ALG. For any even integer n >
2, let h(n) denote the smallest integer such that ALG makes at most h(n) oracle calls to
minimize any submodular function F' € Fi(V) with |V| = n, even when ALG is given
the information that the submodular function is picked from this family. We claim that
h(n) > %log(%). Since by Lemma 3.3.3, any function F' € F(V) is submodular, this
would imply Theorem 3.1.1. We prove the claim by induction; the base case of n = 2 holds
vacuously.

Let T = |logn| — 1. By Lemma 3.4.2, we can choose subsets R C A C V such that
|R| =1, |A| = 2, and for the first T' (possibly adpative) queries S!, ..., ST of ALG, we have
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S # R hold for all i € [T]. Now consider the function F' € F;(V') defined as

1

F(S) := far(Sa) + SV ¢v,a,r(S) 1(Sa = R) - g(S),

L
8|V
where (A, R) are these subsets, B =V \ A, and g, by induction, is the function in F;(B) on
which ALG takes h(n —2) queries (since |B| = |V| —2) to find the unique minimizer. By the
choice of (A, R), since S} # R, the evaluations of F(S?) are the same for all g € F;(B). In
other words, in its first 7' = |logn| — 1 queries, ALG does not obtain any information about

the function g.

After T' queries, suppose we provide ALG with (A, R). By Lemma 3.3.3; ALG now needs
to minimize g. Since the answers received by ALG are consistent with any g € Fi(B), by
induction, ALG takes at least h(n — 2) queries to minimize g. Therefore, we get the recursive
inequality h(n) > h(n —2)+ |logn| — 1. This implies h(n) > % log(%). proving the theorem

statement. ]
Now we are left to prove Lemma 3.4.2.

Proof of Lemma 3.4.2. The proof is via an adversary argument where the EO is an adversary
trying to foil the deterministic algorithm ALG. In particular, EO can choose to not commit
to the sets (A, R) in the definition of the function F' € F; at the beginning. Instead, at
every query S%, the adversary oracle EO gives an answer consistent with a function F(S) =
far(Sa) + ﬁ - dyar(S)+ 1(Sa = R)g(Sp) for some (A, R) such that S% # R and such
that all previous query answers are also consistent with .S. We now show that this is possible
for the first T' queries.

It is in fact convenient to consider the following modified evaluation oracle EQ’. When
queried with a set S C V', EQ’ returns the following information: (1) whether Sy = R, or
Sa C R,or R C Sy, orif S4 is neither a subset nor a superset of R, and (2) the size of |S4|.
Note that unless S4 = R, the information returned by EQ’ is enough for the algorithm to
compute F(S). Indeed, when Sy # R, the function F(S) = far(Sa)+ ﬁ - dy.a.r(S) so the
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information in (1) and (2), together with |S| determine the value of F'(S). In short, we can
use EQ’ to simulate EO till a query S with S4 = R is made. We now show how to construct
the adversary EQ’ such that in the first 7' queries, it can give answers such that S% # R for
all 7 € [T] and there exists an R C A C V consistent with all answers given so far.

The adversary EQ’ maintains an active set U! of elements which is initialized to V.
Consider the first query S' made by ALG. If |[U'N S| > |U'|/2, then EQ" does the following:
(a) it sets U? <+~ U'N S', and (b) answers S} = A, that is, R C S} and |SY| = 2. If
U N S < |UY/2, then EQ does the following: (a) it sets U? <— U'\ S, and (b) answers
SY =0, that is, R 2 S} and |S}4| = 0. In short, the adversary EQ’ commits that A C U?
and for any such A and any R C A, the answer given above would be consistent.

More generally, at the beginning of round 7, the adversary EQ" has an active set U? with
> 4 elements. Upon query S, if |[U* N SY| > |U*|/2, then EQ" answers R C S and |SY| = 2,
and modifies U™ <+ U N S, otherwise, EQ" answers R 2 S% and |S%| = 0, and modifies
U« Ui\ S,

Since the size of U’ can at most halve, at the end of T = |logy(n)] — 1 rounds, the
adversary EQ" ends up with a set UT*! with > 2 elements. At this point, EQ’ can choose
any subset R C A C UT™! with |A| = 2 and |R| = 1, and (a) all answers given above are

consistent, and (b) S% # R for all ¢ € [T]. This completes the proof of the lemma. O

Remark 3.4.3. We note that Lemma 3.4.2 is false if ALG is allowed to be randomized.
Indeed, if |A] =2 and R C A has |R| = 1, then any query S which picks every element with
probability 1/2 will satisfy Sa = R with probability 1/4. Therefore, the proof idea breaks down
for randomized algorithms. On the other hand, we do not know of a randomized algorithm for

minimize functions in F1 (V') that makes O(n) queries and succeeds with constant probability.

3.4.2  Parallel Lower Bound for Randomized Algorithms

In this subsection, we prove the Q(n/C logn)-lower bound on the number of rounds for (pos-

sibly randomized) parallel SFM algorithms in Theorem 3.1.2. By Yao’s minimax principle,
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Theorem 3.1.2 is implied by the following theorem where the function F' is chosen uniformly

at random from the family F,. (V) with » = C'logn.

Theorem 3.4.4 (Parallel lower bound for randomized algorithms). Let C' > 2 be any con-
stant. Let'V be a finite set with n elements, and r > C'logn be an integer such that 2r divides
n. Then any parallel algorithm that makes at most Q := n® queries per round, and runs for
< (n/2r) rounds, fails to minimize a uniformly random submodular function F € F.(V),

with high probability.

Proof. By the recursive construction of the function family F,.(V') in Section 3.3.2, we may
view a random submodular function F' drawn from the uniform distribution over F,.(V') being
obtained as follows. We first select a uniformly random subset A; C V' of size |A;| = 2r and
a uniformly random subset R; C A; with size |R;| = r. Denoting B := V' \ A;, we then draw
a uniformly random function g € F.(B), and let F(S) := fa, r,(Sa,) + ﬁ cdva,r (S) +
ﬁ -1(S4, = R1) - g(Sg). Coupled with F'(S) in terms of the randomness of the subsets A;

and Ry, we also let I'(S) := fa, r,(Sa,) + ﬁ - Ov.a, R (5).

Since we have specified a distribution over submodular functions, it suffices to prove

that any deterministic algorithm which runs in < - rounds and makes < n® queries per

round, fails to find the minimizer of F' with high probability. In the remainder we prove this
statement.

Consider the set of queries S}, -+ | S? made by a deterministic algorithm ALG in the first
round. We start by showing that with high probability, Si N A; # R, for all ¢ € [Q]. This

is because for any S¢ and any fixed outcome of A;, since R; is a uniformly random subset
1 )
22r nQC

511 = Clognid possible choices of R. Therefore, for any

of A; with size r, there are (2:) >
query S} and any fixed outcome of A;, the probability that SiNA; = R; is at most QCIEQ%H
It then follows by a union bound over all Si that with probability at least 1 — %, the
event & = {Si N A; # Ry,Vi € [Q]} holds.

Now conditioning on the event &, the output of the evaluation oracle when queried with

St would be F(Si) = F'(Si), for all i € [Q]. Note, however, that the function F’ does not
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depend on the randomness of g € F,.(B). Thus, even when given the information of R and
A after the first round of queries, ALG does not obtain any information about the uniformly
random function g € F,.(B). Therefore, we can apply the argument in the previous paragraph
to the set of queries S;,..., 52Q in the second round of the algorithm. In particular, with
probability at least 1 — 1/n%, the event & := {S5N Ay # Ry, Vi € [Q]} holds.

More generally, if the algorithm makes k < n/2r rounds of queries, then with probability

>1— ncl,l all the events &; occur. This implies that the answers obtained

>1— k(Qlegn—&—l)
by the algorithm are consistent with any function in F,.(V') where the sets Ay, ..., A; and
Ry, ..., Ry are fixed, but the sets Agyq,..., Apjor and Ryp1, ..., Ry 2, are completely random.
Since the unique minimizer of F' is the set (R U Ry U--- U R, /s, ), no matter which set the

deterministic algorithm returns, it will err with probability at least 1 — # This completes

the proof of the theorem. O
3.5 Proof of Properties of Main Building Block

In this section, we give the proof for Lemma 3.3.2 which we restate below for convenience.

Lemma 3.3.2 (Properties of main building block). Let V' be a finite set of elements, R C
A CV be non-empty subsets of V., and denote B :==V \ A. Let g : 2% — R be a submodular
function taking values in [0, M] that has a unique minimizer Sy, C B. Then the function

F .= F‘]/\&[{R defined in (3.5) satisfies the following properties:
1. (Non-negativity and boundedness) For any subset S C V', we have F(S) € [0, 2],
2. (Unique Minimizer) F' has a unique minimizer RU S,

3. (Submodularity) F is submodular.

Proof. We prove the three properties in the lemma statement separately below.

Property 1: Non-negativity and boundedness. For any subset S C V| we consider

three different cases depending on the relation between S, and R.
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Case 1: Sy = R. In this case, fa r(Sa) =0 and ¢y 4 r(S) =0, so we have

F(S)=0+0+ Sg)

Ly
)Y

Since ¢(Sg) € [0, M] in this case we get F(S) € [0, ﬁ] € [0,1/4].

Case 2: S4 C R or Sy 2 R. In this case, far(Sa) = 1 and |¢v.ar(S)| = |S5] < |V|.

= =

Furthermore, 1(S4 = R) = 0. Thus,

F(S)=1+ ﬁ - ov,a,r(S)

So, in this case, F(S) € [0.5, 1.5].
Case 3: 54 is neither a subset nor a superset of R. In this case, f4 r(54) = 2 and
dv.ar(S) =0, and therefore F(S) =2 € [0,2].

This completes the proof of Property 1.
Property 2: Unique minimizer. An inspection of the cases in the above argument
regarding Property 1 shows that for any subset S with S4 # R, we have F'(S) > 0.5, while
when Sy = R, we have F(S) < 0.25. Therefore, the minimizer S of F' must have S4 = R.
Furthermore, when S, = R then F(S) = W - g(Sp) and the function is minimized when
Sp = S,. This proves the second property in the lemma statement.
Property 3: Submodularity. This is the most interesting part of the proof. Let X, Y C V

be two arbitrary subsets of the ground set. Our goal is to prove
FX)+FY)>F(XUY)+ F(XNY). (3.8)

In the following, we prove (3.8) by a case analysis. For convenience, define the collection of
subsets of A that are either subsets or supersets of Ras Hap:={S CA: S C Ror S D R}.
Note that R lies in this family as well. We consider three different cases depending on whether
or not X4 and Yy lie in the set family H 4 r. For notational simplicity, the subscripts in the

notations fa g, ¢v,ar and Ha r will be dropped throughout the rest of this proof since the
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sets V, A, R have been fixed and there is no ambiguity.

(Case 1): X4,Y4 ¢ H. In this case, we have ¢(X) = ¢(Y) = 0, f(Xa) = f(Ya) = 2,
and 1(X4 = R) = 1(Y4 = R) = 0. Thus the LHS of (3.8) is simply F(X) + F(Y) =
f(Xa) + f(Ya) =4

Now, note that (XUY )4 := (XUY)NA = X UY4 and (XNY)4 := (XNY)NA = X4NYa.
Therefore, if X4,Y4 ¢ H, then neither (X UY)4 nor (XNY),4 can be R. If the former, then
both X4,Ys C R implying both are in H. If the latter, then both X4,Ys O R implying
both are in H. Therefore, the RHS of (3.8) doesn’t have any “g-terms”, and is

RHS = f(XanNYa)+ f(XaUYy) + (X NY)+o(XUY)).

b
2|V
Note that if we also have X4 NY4, X4 UYs ¢ H, then the contribution of ¢ to the RHS
would be 0, and LHS > RHS follows from the submodularity of f in Lemma 3.3.1. So we
only need to consider the scenarios where X4 NYy € H or X4 UYy € H (or both). In any
of these scenarios, we have f(X4NY4)+ f(XaUYy) <3, since f(S4) =1 for Sy € H. Now
since |¢(S)| < |V for any subset S C V', we have ﬁ (X NY)+o(XUY)) <1. Thus,
RHS < 4, and (3.8) immediately follows.

(Case 2): X4,Y4 € H. In this case, we need to consider multiple further subcases depending

on whether X4 or Y, coincide with R.

Case 2.1: X, = Y4 = R. In this subcase, F(S) = f(Sa) + W - g(Sp) for all S €
{X,Y, XNY, XUY}, so (3.8) follows from the submodularity of f and g.

Case 2.2: R C X4,Y4. In this subcase, we have R C X4 UY, and R C X, NYy. Ifit
happens that X4 NY4 = R, then we have

LHS = f(X4) + f(Ya) + (9(X) + o(Y)),

1
2V

RHS = f(R) + f(XaUYa) + W -9(
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Notice that f(Xa) = f(Ya) = f(XaUY4) =1Dbut f(R) =0. It follows that

1

1 1
LHS —-RHS=1—-— — - (| X Y; — | XgUYs| — — - g( X5 NY;
2V (| XB| +| B|)+2W| | X5 U Y5 IM[V] 9(XpNYp)
1 1
=]1—— | XgNYp| — —— - g(XgNYr) >0

where the last inequality follows because the range of g is within [0, M] by lemma assumption.

If, on the other hand, that R C X4 N Yy, then the RHS of (3.8) becomes

RHS = f(XanNYa)+ f(XaUYy)+ (X NY)+o(XUY)).

1
2|V
By a simple counting we have

d(X)+ oY) =—(|Xp|+|Ys]) = =(|XgNYs|+ |[XpUYg|]) =o(XNY)+o(XUY).

and in this case, LHS — RHS = 0.
Case 2.3: X4,Y, € R. The analysis in this subcase is almost identical to Case 2.2.

Case 2.4: X, C RCYyor Yy C RC X4 We assume it is the former by symmetry
between X and Y. Then we have X, NYy = X4 C Rand X, UY, =Y, 2 R. From the
definition of F', it follows that

LHS — RHS = (f(Xa) + f(Ya) = f(XaNYa) = f(XaUYa))+

ol (B(X)+¢(Y) — (X NY)+—p(X UY))
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The first term is > 0 because of the submodularity of f. Furthermore, in this case

‘ ~

(X)) +o(Y) = 2V| (| XB| —1YB])
HXNY) + (X UY) = ﬁ (X5 N Y5] — | X5 UYg|) < ﬁ (1Xs] — Y&

and thus the second term is also > 0. This proves (3.8) in this case.

Case 2.5: X4 C R=Y4 0r Y4y C R= X4. We assume wlog that it is the former. Note

=

that X, NY, = X4 and X4 UY, =Y, = R. Therefore,

LHS = f(Xa) + f(Y4) + =

RHS = f(Xa) + f(Y4) + =

In the above, if Xp = Xpg N Yp then it must be that Xp C Yp. It follows that Y =
Xp U Yp and we obtain equality in (3.8). On the other hand, if Xp # Xp N Yp, then
| Xg| > | XpNYp|+1, and so we have

LHS — RHS > L !

-(g(Yg) — g(X Yg)) > ——

where we used the lemma assumption that the range of g is within [0, M]. This again proves

(3.8).

Case 2.6: Xy =R CY or Yy=RC X, Assume wlog that it is the former. Then we

have

LHS = f(X4) + f(Ya4 Y|,

1
g XR) — —
) v 9~ 5

RHS — £(X4) + f(Ya) + (X5 (1Y) — = - [ XU V|

] oV]

The analysis from here is almost identical to that in Case 2.5.
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(Case 3): Xy e H,Ya¢ Hor Yy€ H, Xa¢ H. We assume wlog that it is the former.
Note that f(Y4) = 2. This case is further divide into three subcases below depending on the

relation between X4 and R.

Case 3.1: X4 = R. And so, f(X4) = 0. In this subcase, note that X4 NY4 C R since R
isn’t be a subset of Y4, and R C X4 UYy. So, f(XaNYy) = f(XaUYy)=1. Then,

1
Xg) =24+ ——-9g(Xp) > 2

LHS = f(Xa) + f(Ya) + v

RHS = f(XaNYa) + f(XaUYa)+ (X NYp| - |XpUYs[) <2.

2IV]

where we used the non-negativity of ¢ in the argument about LHS. In this case, we have

established (3.8).

Case 3.2: X4 C R. And so, f(X4) = 1. In this case also, we have X, NY4 C R. Also note
that X, UY4 # R since Yy is not a subset of R. Therefore,

LHS = f(Xa) + f(Ya) + gy - 1Xl = 34 557 - X,
1
RHS = f(XAaNYy)+ f(XaUYy) + — 2|V| I XpNYs|+ = 2|V| -P(XUY)
1 1
:1+f(XAUYA)+T‘/|'|XBﬂYB|+m'¢(XUY).

If X,UYs € H, then f(XqUYy)=1and ¢(XUY) <|XpUYg| <|V]. Thus,

RHS <2+ —|XpUYp|+ ——

XpNYg| <25
2|V| | B B| + =

Xp| < LH
2|V| oy KBl < LHS

2|V|
Thus, (3.8) holds.

If XAUY4 ¢ H, then f(X4UY,4) = 2 and ¢(XUY) = 0, and so RHS = 3+ 5+
LHS and thus (3.8) holds in this case as well.

a1 XBNY5| <
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Case 3.3: R C X 4. In this case, we have R C X4 UY, and then

1 1
LHS = f(X Ya) — = |Xp| =3 — =—— - |X
1 1
RHS:f(XAmYA)+f(XAUYA)+m-qs(XmY)—m-|XBuYB|
1 1
=1 XaNY, —0(XNY)—- —-|XpUY,

From here one can proceed similarly as in Case 3.2 to prove (3.8).
Combining all the cases above, we established (3.8) which implies the submodularity of

the function F. This completes the proof of the entire lemma. n
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Chapter 4

MATRIX DISCREPANCY I:
PARTIAL COLORING BOUNDS VIA MIRROR DESCENT

In this chapter and the next two chapters, we study matrix discrepancy, a topic that
has attracted significant attention in the last decade. The main problem that we will study
is the matrix Spencer conjecture (Conjecture 1.3.1). In this chapter, we present our first
non-trivial progress towards resolving this conjecture, which improves upon the naive bound
obtained by a random coloring. This chapter is based on a joint paper with Daniel Dadush
and Victor Reis [DJR22| that appeared in the 54th Annual ACM SIGACT Symposium on
Theory of Computing (STOC 2022).

4.1 Introduction

Discrepancy minimization has been a well-studied area of research both in mathematics
and computer science [Cha00, Mat99]. We start with a classical setting: given vectors
aiy,...,a, € R™ each satisfying ||a;|lc < 1, the goal is to find a coloring x € {£1}" that
minimizes the discrepancy, defined as || Y, z;a;]|co. A seminal result of Spencer [Spe85|

improves upon the O(y/nlogm) bound of a random coloring via Chernoff and union bound:

Theorem 4.1.1 (Spencer [Spe85]). Let m > n. Given vectors ay, . .., a, € R™ with ||a;|le <

1, there exists v € {£1}" such that || )"\ ;a;]|0 < O(y/nlog(2m/n)).

In particular, when m = n, Theorem 4.1.1 states that the discrepancy is at most O(y/n),
as opposed to the O(y/nlogn) bound for a random coloring. Spencer’s theorem is known to
be tight up to constants for all m > n [Cha00, Mat99].

The Partial Coloring Method. All known proofs of Spencer’s theorem are essentially

based on the partial coloring method, one of the most important and widely applied tech-
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niques in discrepancy theory. The method states that to obtain the type of discrepancy bound
in Theorem 4.1.1, it suffices to prove the same bound for a partial coloring « € [—1, 1]" with
at least Q(n) coordinates in {#1}. This process is then iterated over the set of coordinates
{i : |x;] < 1} to obtain a full coloring. For Spencer-type problems, the discrepancy of the
full coloring is at most a constant factor off from the discrepancy of the partial coloring (see
Corollary 4.3.2).

The partial coloring method was developed in the early 80s by Beck and refined by
Spencer using the entropy method [Bec81, Spe85]. A convex geometry view of partial color-
ing was developed independently by Gluskin [Glu89]. While these original arguments used
the pigeonhole principle and were non-algorithmic, a breakthrough result of Bansal [Ban10],
followed by a rich line of work [LM15a, Rot17, LRR17, ES18, RR20a], gave various algorith-
mic versions. These recent developments also led to new results in approximation algorithms

and differential privacy [Rot13, NTZ13, BCKL14a, BN17].

Matrix Spencer Setting. A natural generalization of Spencer’s setting to matrices is the
following. Given matrices Ay,..., A, € R™™ each satisfying ||A;illop < 1, the goal is to
find a coloring x € {£1}" that minimizes || >, | z;A;|lop. In particular, Spencer’s setting
corresponds to the case where all matrices A; are diagonal.

In the matrix Spencer setting, the non-commutative Khintchine inequality of Lust-Piquard
and Pisier [LPP91, Pis03] shows that a random coloring € {£1}" has expected discrep-
ancy E[|| -7, 2;4:]lop] < O(y/nlogr), where each matrix A; has rank at most r < m. It is

conjectured that the discrepancy bound in Theorem 4.1.1 can be generalized as follows:

Conjecture 1.3.1 (Matrix Spencer Conjecture, [Zoul2, Mekl4]). Given symmetric ma-
trices Ay, ..., A, € R™™ with each ||Aillop < 1, there exist signs x € {£1}" such that
>, xiAiHop < O(y/n - max{1,+/log(m/n)}). In particular, the matriz discrepancy is
O(y/n) for m =n.

In particular, when /n < m < n, the conjectured discrepancy bound is O(y/n). De-

spite significant effort, Conjecture 1.3.1 has remained largely open, with partial progress
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for block diagonal matrices [LRR17] and rank-1 matrices [MSS15, KLS20]. A solution to
Conjecture 1.3.1 will thus likely lead to new techniques and insights in discrepancy theory
beyond what is currently known for vector discrepancy.

We note that in Spencer’s setting (Theorem 4.1.1) we may assume without loss of gen-
erality that m > n by the iterated rounding technique [BF81, Bar08, LRS11]. For matrix
Spencer, however, the interesting regime starts at m > y/n (iterated rounding only works

when m? < n). Conjecture 1.3.1 remains open even when m = n'/2*¢ for any constant £ > 0.

Matrix Discrepancy for Schatten Norms. More generally, let! 2 < p < ¢ < oo,
we consider the following matrix discrepancy setting for Schatten norms. Given matrices
Ay, ... A, € R™™ each satisfying [|A;|s, < 1, where || - ||, denotes the Schatten-p norm.
The goal is to find a coloring € {£1}" to minimize || -7 ; z;4;]|s,, the S, — S, discrepancy.
In particular, the matrix Spencer setting corresponds to the case where p = ¢ = oo.

The diagonal case of S, — S, discrepancy, i.e. ¢, — ¢, discrepancy for vectors, is well
studied (see [DNTTJ18, RR20a] and the references therein). In fact, the well-known Komlés
conjecture asserts that the o — /. discrepancy can be upper bounded by a universal

constant. For general ¢, — ¢, discrepancy, Reis and Rothvoss [RR20a] proves an optimal

partial coloring bound of O(y/min(p, log(m/n)) - n'/2=1/P+1/4) assuming m > n and 2 < p <

q < oo. It is a natural question whether these bounds generalize to S, — S, discrepancy.

The Challenge in Using Partial Coloring Method for Matrix Discrepancy. Central
to the partial coloring method is to show that the discrepancy body D = {x € R" :
| S0 2 Al <t} ie. the set of fractional colorings with discrepancy at most ¢ under norm
| -], is “large” in some sense. A natural notion of largeness, due to Gluskin [Glu89], is
that the body D has Gaussian measure at least 279, This measure of largeness has been
adopted (sometimes implicitly) in essentially all work on partial coloring [Ban10, LM15a,
Rot17, LRR17, ES18, RR20a].

For the setting in Theorem 4.1.1, the discrepancy body D is a polytope defined by the

'We make the assumption that p < ¢ to avoid a polynomial dependence on m in the discrepancy bound.
If ¢ < p, then even a single matrix (i.e. n = 1) can have discrepancy m'/4=/7.
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intersection of strips of the form |(r;, z)| < t, where r; € R™ are the rows of the m x n matix
whose columns are ay, ..., a,. Therefore, Siddk’s lemma [Sid67] can be readily used to give
a Gaussian measure lower bound of the form 7, (D) > [[%, v ({z € R™ : [(r;, x)| < t}).

In the setting of matrix discrepancy, however, the discrepancy body D has an infinite
number of facets. This prevents the use of Gaussian correlation inequalities to lower bound
Yn(D). To get around this barrier and use the partial coloring method for matrix discrepancy,

one needs a different approach for proving Gaussian measure lower bounds.

4.1.1  Our Results

We lower bound the Gaussian measure of the discrepancy body D via covering numbers
for its polar D° with respect to the .-ball (see Section 4.3.1). We then prove the desired
covering number estimates using mirror descent, the powerful convex optimization primitive
of Nemirovski and Yudin [NY83] (see Sections 4.3.2 to 4.3.4). Our method yields the following

applications.

Matrix Spencer for Low-Rank Matrices. Our first result is the following improvement

over the O(y/nlogr) bound for random coloring in the matrix Spencer setting.

Theorem 4.1.2 (Matrix Spencer for Low-Rank Matrices). Let m > /n. Given symmetric
matrices Ay, ..., A, € R™™ with ||Aillop < 1 and rank(A;) < r for all i € [n], one can

efficiently find a coloring x € {£1}" such that

< O(y/n - max(1,log(r - min(1,m/n)))).

op

n
H inAi
i=1

When the input matrices have rank » < O(n/m), the discrepancy bound in Theorem 4.1.2

is O(y/n) and this proves Conjecture 1.3.1 for low rank matrices in the regime where m < n.

Matrix Spencer for Block Diagonal Matrices. Our second application is the following

improved matrix Spencer bound for block diagonal matrices.
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Theorem 4.1.3 (Matrix Spencer for Block Diagonal Matrices). Let m > /n and h < m.
Given block diagonal symmetric matrices Ay, ..., A, € R™™ with || Aillop < 1 and block size

h x h, one can efficiently find a coloring x € {£1}" with

< O(y/n - max(1,log(hm/n))).

op

H Zn: T A;
i=1

In particular, Theorem 4.1.3 proves Conjecture 1.3.1 whenever h < O(n/m). This bound
was previously proved in [LRR17] under the assumption h < /n, which we remove here.
We also obtain the following reduction of Conjecture 1.3.1 to the construction of a better

quantum relative entropy net for the spectraplex S, := {X € R™*™ : X = 0,tr(X) = 1}.

Corollary 4.1.4 (Better Entropy Net Implies Matrix Spencer). Let m > +/n. If we can
find T C S, with |T| < 2°M such that for each X € S,, there exists Y € T with S(X||Y) <
O(max(1,log(m/n))), where S(X||Y) is the quantum relative entropy between X and Y, then

the matrixz Spencer conjecture is true.

In particular, in the proof of Theorem 4.1.3, we construct a O(max(1,log(hm/n)))-relative
entropy net for the set of block diagonal matrices on S,, with block size h x h (see Sec-

tion 4.3.4). Our construction of such relative entropy nets might be of independent interest.

Matrix Discrepancy for Schatten Norms. Theorem 4.1.2 is a special case of the fol-

lowing general matrix discrepancy bound for Schatten norms.

Theorem 4.1.5 (Matrix Discrepancy for Schatten Norms). Let m > y/n and 2 <p < g <
0o. Given symmetric matrices Ay, ..., A, € R™™ with [|A;|ls, < 1 and rank(A;) < r for

all i € [n], one can efficiently find x € [—1,1]" so that |{i : |x;| = 1}| > n/2 and

p < O(y/n - min(p, max(1, log(rk))) - k/P~1/1),

where we denote k := min(1,m/n). Moreover, we can find a full coloring x € {£1}" at the

expense of a factor of (1/2+1/q—1/p)~%.
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Our partial coloring result in Theorem 4.1.5 is tight when either m = ©(y/n) (for which
we give an alternative proof using Banaszczyk’s result [Ban98] in Section 4.7), or when r = 1
and m > n. We provide matching lower bounds for both cases in Sections 4.6.1 and 4.6.2.
In particular, our lower bound examples imply a tight ©(y/n) lower bound for rank-1 matrix

Spencer when m = n.

Corollary 4.1.6 (Rank-1 Matrix Spencer Lower Bound). There ezist rank-1 symmetric
matrices Ay, ..., A, € R with ||A;llop < 1 such that any x € {£1}" has || Y1, 2 Aillop >

Q(v/n).

Another immediate consequence of our lower bounds is an optimal Q(y/min(m,n)) lower
bound for Sy, — S discrepancy. This is in stark contrast to the well-known Komlés conjec-
ture for vectors, which asserts that the fo — (, discrepancy is O(1). Corollary 4.1.7 states

that such a conjecture is far from being true for matrices.

Corollary 4.1.7 (Lower Bound for Matrix Komlés). For any m and n, there exist symmetric

matrices Ay, ..., A, € R™™ with || A;||p < 1 such that any x € {£1}" has || > 2 Aillop >

Q(y/min(m,n)).
Finally, we propose the following generalization of Conjecture 1.3.1:

Conjecture 4.1.8 (S, — S, Matrix Discrepancy). Let m > /n and 2 < p < q < oo. Given

matrices Ay, ..., A, € R™™ with ||A;||s, < 1, there exists x € {£1}™ such that

s, < O(\/n - min(p, max(1,log(m/n))) - min(l,m/n)l/f"l/q),

n
H inAi
i=1

When m = n, the right hand side is O(y/n), and for diagonal matrices the conjecture is
known to be true for any 2 < p < ¢q. When p = ¢, the conjecture is also known to be true

for diagonal matrices for all m and n [RR20a].
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4.1.2  Owverview of Our Approach

We give a brief overview of our partial coloring framework in this subsection, and leave a

more detailed discussion to Section 4.3.

Partial Coloring via Covering Numbers. Let K := {z €¢ R : || Y " | 7;A4;]| < 1} be the
unit discrepancy body* and ¢ be the target discrepancy bound. A recent refinement by Reis
and Rothvoss [RR20a] of Gluskin’s convex geometry approach [Glu89] shows that whenever
Yn(tK) > 279M for any constant in the exponent, one can efficiently find a partial coloring
x € O(K) N [—1,1]" with at least n/2 coordinates in {—1,1} (see Theorem 4.3.1). For

Q(1)

settings where the target discrepancy bound is n**'"), we may iterate the partial coloring to

find a full coloring with the same discrepancy bound up to constants (see Corollary 4.3.2).

Our new approach for proving a Gaussian measure lower bound ~, (tK) > 2790 is via
the covering numbers (Definition 4.2.2) of K or K° with respect to the Euclidean ball BY
or the {y, ball B”. Informally, for convex bodies A, B C R", we use N (A4, B) to denote
the minimum number of translates of B to cover A. In particular, since 7,(y/nBY) has
constant Gaussian measure, as long as N'(y/nBy, tK) < 29 we get 7, (tK) > 279", Using
the duality of covering numbers and connections with volume, we obtain several equivalent
conditions for 7,(tK) > 279 in terms of covering (Lemma 4.3.3). The condition that we

will work with is N'(K°, £B2) < 290 where K° = {((4;,U),...,(4,,U)) : |U|. < 1} is
the polar discrepancy body.

Covering via Mirror Descent. We prove the covering number bound N (K°, tB2) <
20(") yusing mirror descent, a powerful convex optimization primitive of Nemirovski and
Yudin [NY83] (see Section 4.3.2 for an overview). In particular, denote the linear map
AU) = ((A,U), ..., (A,,U)). We shall assume that each ||A;]] < 1. This is true for the
matrix Spencer setting with || - || being the operator norm. In the more general setting of

matrix discrepancy for Schatten norms, we have ||4;||s, < 1 while the norm for measuring

2To avoid confusion when talking about discrepancy bodies, K denotes the unit discrepancy body, and
D denotes a scaling of K by the target discrepancy bound.
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discrepancy is || - ||s,- One can get around this issue by leveraging known covering number
estimates between Schatten classes (Theorem 4.2.6).

For any matrix ||U||, < 1, consider minimizing the function fy(X) := [[A(X — U)llw
over the dual unit ball B, := {U : |U||« < 1}. The function has minimum value fy(U) =0
and since it has subgradients in {+A;,...,+A,} with ||4;|| < 1, the function fy(X) is 1-
Lipschitz with respect to the dual norm || - ||.. So as long as there exists a 1-strongly convex
mirror map ® on B,, we can minimize fi;(X) by starting from some matrix Uy = Uy(U) € B,
and running mirror descent for n steps. Denoting by U, the matrix in the s-th step, standard
guarantees for mirror descent (Theorem 4.3.5) yield

wmin fy (U) = min fu(U,) — fy(0) < /22200, (4.)

s€[n] s€[n] n

where Dg(U,Uy) = ®(U) — ®(Up) — (VO(Uy), U — Up) is the Bregman divergence. We let T’
be the set of all matrices encountered when running mirror descent for all possible U € B,,
ie. T:={Us:s € n],U € B,}, and Ty := {U, : U € B,} be the set of all starting matrices.
The net A(T") will be our covering for K°.

To see that this indeed gives a good covering, we denote Dg®* := supycp, Do (U||Uy). By
the definition of the function f;, we have from (4.1) that

Y

2D (U, Un) _ \/ 2 Dpax
n - n

gwmm—Awmmg¢

and so the dual body admits the covering K° C A(T) + /2D3**/n - BZ. Thus as long as
our target discrepancy bound ¢ < /2nD§**, we have N(K°, £ B2 ) < |T'|, which we need to

show to be at most 20,

The key observation we make here is that for our choices of the mirror maps in Sections 4.4

and 4.5, U, only depends® on the sum of the subgradients, but not on their order. Since there

3In general, mirror descent projects back onto the feasible set according to the Bregman divergence in
each iteration, and therefore might not satisfy this property.
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are only 2n choices of subgradients {4 A, };c}») and we run mirror descent for n steps, a count-
ing argument reveals that there are at most 29 possible sums of gradients (Lemma 4.3.6).

So long as the starting matrices satisfy |Ty| < 290", we have |T| < |Tp| - 200 < 20,

A View of Mirror Descent as Refining the Net. In the diagonal case, i.e. Spencer’s
setting, we can directly build the net T" by repeatedly sampling the ith diagonal coordinate
e;ej proportional to its weight in the target matrix. Since the set of diagonal matrices on the
Schatten-1 ball has only 2m vertices {:l:eieiT}ie[m], the approximate Carathéodory theorem
(see [Verl8|, Theorem 0.0.2) implies that the image of the net A(7T) already gives a good

covering for K°, and mirror descent is not necessary in this case.

However, this argument fails beyond diagonal matrices, as the number of vertices becomes
infinite. In these more general cases, we use mirror descent to boost a coarse net T} to a finer
net T which has a better covering guarantee in the image space, at the expense of increasing

the size of the net by a factor of 20",

Relative Entropy Nets for the Spectraplex. For our application in Section 4.5 to
low-rank matrices, it suffices to take Ty = {0}. For the application in Section 4.4 to block
diagonal matrix Spencer, we run mirror descent on the spectraplex S,,, := {X € R™*"™ : X »
0,tr(X) = 1} and carefully construct a set |Ty| < 2°™ with small DF®*. Since Dg(X||Y) is
the quantum relative entropy between X and Y in the spectraplex setup, we refer to such

Ty as a (quantum) relative entropy net (Definition 4.3.7).

We use an operator norm net for the Schatten-1 ball from [HPV17] to construct a rel-
ative entropy net with error O(log(m?/n)) for the spectraplex S,, (Lemma 4.3.8). When
restricted to block diagonal matrices with block size h x h, we use a hybrid of this argument
and the earlier approximate Caratheodory argument to find a refined relative entropy net
with error O(log(hm/n)) (Theorem 4.3.9). Taking Tj to be this net in our mirror descent
framework gives Theorem 4.1.3. This also allows us to reduce the matrix Spencer conjecture
to the existence of a better relative entropy net with error O(log(m/n)) for the spectraplex

(Corollary 4.1.4).



95

4.1.3  Further Related Work

Banaszczyk’s Approach. While the partial coloring method has been extensively applied
in discrepancy and obtains the optimal bound for many problems, for several applications
where the target discrepancy bound is n°) (e.g. the Komlds problem or Tusnady’s problem),
partial coloring is potentially sub-optimal by a logarithmic factor. In breakthrough work,
Banaszczyk [Ban98] obtained an improvement over the partial coloring method for these
applications using deep techniques from convex geometry. While Banaszczyk’s original proof
is non-constructive, a fascinating recent line of work has obtained algorithmic versions of

Banaszczyk’s result [DGLN16, BDG16, BG17, LRR17, BDGL1S].

Matrix Spencer Conjecture and Non-commutative Random Matrix Theory. The
typical value of || > " | z;4;||op for a random coloring has attracted significant attention in

random matrix theory. For commutative matrices, the bound

|50

OP] < O(y/nlogm)

by matrix Khintchine [LPP91, Pis03] or matrix Chernoff bound [AW02] is in general tight.
It is also known to be tight for Toeplitz matrices [Mec07]. For matrices with certain non-
commutative structures (e.g. random Gaussian matrices), improved bounds of O(y/n) are
known (see [Verl8, BBvH21]). In the context of Conjecture 1.3.1, these results imply that
a random coloring already achieves the conjectured bound when the input matrices have
certain non-commutative structures. On the other hand, by Theorem 4.1.1, Conjecture 1.3.1

is known when all the matrices commute.

4.2 Preliminaries

Norms and Convex Bodies. A convex body is a compact convex set with non-empty
interior. We say a convex set K is symmetric if z € K implies —z € K. We use ||-||,, to denote

the ¢,-norm and || - ||g, to denote the Schatten-p norm. In particular, the operator norm
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I llop = Il - lls.. and the Frobenius norm |- ||z = || - ||s,. We use B} to denote the unit £,-ball
in R" and By :={A € R"™" : [[A][s, < 1} to denote the unit Schatten-p ball in R"*", with
Bg, == Bg . Let R’} denote the set of non-negative vectors in R™ and denote the simplex
A, ={x € R} : ||z||; = 1}. Let S (resp. ST, ) denote the set of positive semidefinite (resp.
positive definite) n x n matrices, and define the spectraplex S, := {X € S} : tr(X) = 1}.
For a norm || - || in R", we define the dual norm as ||z|. := sup{(y,z) : y € R™,||y|| < 1}.

Dual norms are similarly defined for matrix norms.

Convex Functions. A convex function f : X — R is said to be L-Lipschitz with respect to
a norm || - || if ||g||« < L for all subgradients g € df(x). We say that f is a-strongly convex
with respect to a norm || - || if f(y) > f(z) +g' (y —2) + £[lz — y|]?, for all 2,y € X and all
subgradients g € df(x).

Polar. Given a convex set K C R™ with 0 € K, we define the polar of K to be K°:={y €
R"™ : sup,ep(z,y) < 1}. It is immediate from the definition that for any constant ¢t > 0,
(tK)° = 1K°. When K is closed, the polarity theorem states that (K°)° = K.

Lemma 4.2.1 (Polar of Discrepancy Set). Given matrices Ay, ..., A, € R™™ and a norm
| || in R™ ™, we define the unit discrepancy set as K = {x € R" : || >0 x;A;| < 1}.
Then K' .= {({(A1,U),..., (A, U)) : ||U||l« < 1} is the polar body K' = K°.

Proof. By the definition of polar body, we may write

(K')° = {:c cR": ixi(Ai,U> <1,V Ust |U]. < 1}

i=1

{x ER": <inAi,U> <1,V Ust. |U|. < 1}
=1
K,

by the definition of dual norm. It then follows from the polarity theorem that K’ = K°. [

Covering Numbers. We start with the definition of covering numbers.
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Definition 4.2.2 (Covering Numbers). For two convez bodies K,T C R™, we define the cov-
ering number N (K, T) as the minimum number N such that there exist centers xy,...,xy €

R" with K C UY (z; +T), i.e. K can be covered by N translates of T
We need the following few standard facts about covering numbers (see [AAGM15]).

Lemma 4.2.3 (Volume Bounds for Covering Numbers). Given convex bodies K, T C R". If
T
T is symmetric, we have % < N(K,T) < 2" %K(;)Z)

Lemma 4.2.4 (Symmetrization). Let K C R" be a convex body, then N (K — K, K) < 20™.
Theorem 4.2.5 (Duality of Covering Numbers, [KM87]). Given symmetric convex bodies
K, T CR", we have

279 N(T°, K°) < N(K,T) < 2°W . N(T°, K°).

We will also need the following upper bound on the covering numbers of Schatten balls®.

Theorem 4.2.6 ([HPV17], Theorem 1.1). Let m,n € N and 1 < p < q < co. Then we have

1/p=1/q
N(Bgn,min (1, T) Bgf‘> < 20,
P n q
Gaussian Measure. We use 7,(+) to denote the standard Gaussian measure on R". Gaus-
sian measure is log-concave, i.e. Y,(AA + (1 — A\)B) > 4,(A)*y,(B) for any compact
subsets A, B C R". In particular, by taking A = —z + K and B = z + K for any =z € R"”

and symmetric convex body K, and A = 1/2, we have the following lemma.

Lemma 4.2.7 (Translation Decreases Gaussian Measure). Given any symmetric convex body

K CR™ and x € R™, we have v,(K) > v,(z + K).

We also use the following powerful Gaussian correlation inequality.

4We note that [HPV17] claims the bound only up to a constant depending on p and ¢, but their argument
readily gives a universal constant in the regime of p,q > 1.
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Theorem 4.2.8 (Gaussian Correlation Inequality, [Royl4]). Given any symmetric convex

sets K, T CR", we have v,(K NT) > v,(K) - v(T).
4.3 Our Framework for Partial Coloring

4.3.1 Partial Coloring via Covering Numbers

Given symmetric matrices Ay,..., 4, € R™™ a norm || - | on R™*™ for measuring the
discrepancy, and a target discrepancy bound ¢, let D := {x € R™ : || 3" | 2;4;]] <t} be the
associated discrepancy body. The following partial coloring lemma from [RR20a] states that

one can efficiently find a partial coloring with discrepancy O(t) as long as 7, (D) > 279,

Theorem 4.3.1 ([RR20a], special case of Theorem 6). For any constant o > 0, there is a
constant ¢ := c¢(a) > 0 and a randomized polynomial time algorithm that for a symmetric
convex set D C R™ with ~,(D) > 27" and a shift y € (—1,1)", finds x € (c- D) N [-1,1]"
so that x +y € [-1,1]" and |{i € [n] : |(x +y);| = 1}| > n/2.

We have the following corollary for full colorings. Here Kg:= KN{x € R" : x; = 0,Vi ¢
St.

Corollary 4.3.2. Let K C R" be a symmetric convezr set. Given a function f : [n] — Ryg
with vs(f(|S]) - Kg) > 279U for every S C [n], there exists a randomized polynomial time
algorithm to find a full coloring x € {£1}" so that x € AK, where A\ < O(Z}fgnj f(n/2Y).

In particular, when f(n) < O(nf) for some 8 < 1, we have A < O(%nﬁ).

Proof. Indeed, repeated iterations of Theorem 4.3.1 with 1y, := 0 and subsequent shifts ;4
being the coordinates not reaching {—1,1} find = := g+ -+ - + xp € {£1}" for T := |logn|
with z; € O(f(n/2!)) - K. When f(n) < O(n?), the summation is upper bounded by

i(n/i")ﬁ —(1-2%) 1. pf < O(% ),

and this proves the statement. O
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We show that a 2790 Gaussian measure lower bound is equivalent to a 290" upper

bound for certain covering numbers.

Lemma 4.3.3. The following conditions are equivalent for a symmetric convex body D C R"™:
1. yu(D) > 2790,
2. N(y/nB},D) <200,
3. N(nB}, D) < 20
4. N(D°, 5=By) < 20,
5. N(D°,Lpn) <20,

Proof. We start by proving that condition (1) implies (2). Suppose 7,(D) > 27 then
Theorem 4.2.8 implies v, (D) > 279 where we define D’ := D N y/nBy. We thus also
have vol,, (D) > 7,(D’) > 2790 Then by Lemma 4.2.3, we have

vol,(v/nBjy + D) < on. vol, (2y/nBy) < 90(n)

N(vnBy,D) < N(vnBy,D') < 2" vol, (D) = vol,,(D")

We next show that condition (2) implies (1). Since v, (v/nBjy) = (1), we have v, (x + D) >
2790 for some x € R”. Lemma 4.2.7 then gives 7, (D) > v,(z + D) > 279,
The implication (3) = (2) immediately follows from /nBY C nB}. To prove the reverse

implication (2) = (3), we use Lemma 4.2.3 to obtain

vol, (v/nBY + By) < 90(m) . vol, (v/nBY) < 90(n)

N(VnBY, By) < 2" =00 = < vol, (B) ~ ~

It thus follows that A (nB}, D) < N (nB},\/nBY) - N (y/nBy, D) < 20,
The last two equivalences follow from the duality of covering numbers in Theorem 4.2.5.

]
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For our mirror descent framework, we use the following corollary:

Corollary 4.3.4. Given matrices Ay, ..., A, € R™™ et K2, = {({A,U),...,(A,,U)) :
U € Bg,U = 0}. If we have N (K.,

coloring x € [—1,1]" with |{i : |x;| = 1}| > n/2 and || Y°1; z:Aqlls, St

IBL) < 200 " then we can efficiently find a partial

Proof. Recall that D := {z € R™ : || Y1 2;4;||s, < t} denotes the discrepancy body. Since
tD° C Ko, — K¢, by Lemma 4.2.4 we have N'(D°, L B2 ) = 200" The equivalence (1) < (5)

in Lemma 4.3.3 implies v, (D) > 279 and Theorem 4.3.1 gives the corollary. O

4.8.2  Mirror Descent: An Overview

The mirror descent method was introduced by Nemirovski and Yudin [NY83]. Here, we
follow the presentation in [Bubl15]. Let D be an open subset of R™ and X a subset of its
closure. We fix a convex function f : X — R assumed to be L-Lipschitz with respect to a
norm || - ||, and a differentiable function ® : D — R that is p-strongly convex with respect
to || - || and has a surjective gradient V® : D — R™. The mirror descent algorithm, given a

starting point o € X ND, consists of the iterations

Vq)(%-i—l) = Vq)(xt) — NGt

Tty = argminxeXﬂDD‘P(m? Yis1)

where g; € df(z;) and Dg(z,y) := ®(z) — ®(y) — VO®(y) " (x —y) is the Bregman divergence.

Note that y; € D and z; € X N'D for all t > 0. We use the following convergence guarantee:

Theorem 4.3.5 ([Bubl5], Theorem 4.2). Let f be L-Lipschitz and ® be p-strongly convex

with respect to || - ||, and D§*™ > Dg(x*,x0) be any upper bound. Then the mirror descent
algorithm with n := % % satisfies

2Dmax
i — fz) <L L
min flzg) = f(a") < T
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The Spectraplex Setup. Here we take X' := S,,, = {X € ST : tr(X) = 1}. The mirror

map is ®(X) = tr(X log X), defined on D = ST, which is i-strongly convex with respect

to the Schatten-1 norm by the quantum Pinsker inequality [Car16]. Then the convergence

bound in Theorem 4.3.5 becomes 2L w, where S(X||Y) := tr(X(log X — logY)) is

the quantum relative entropy between matrices X,Y € §,,. The projection step corresponds

m

to a trace normalization, so given a starting point Xy € S,, N ST,

we may write in closed

form

exp(log Xo — 1 25:0 i)

Xiy1 = )
tr(exp(log Xo — 7 Zfzo gi))

(4.2)

for subgradients g; € 0f(X;).

The Schatten Norm Setup. Here we take X = D = R™*™, so that X; = Y, for all

t. The mirror map is ®(X) := ﬁ“X |%,, which is known to be I-strongly convex for all

p € (1,2] [BCL94]. Thus given a starting point X, € R™ ™, we may write in closed form

Xip1 = VO ! (V<I>(X0) _y i gi), (4.3)

for subgradients ¢g; € 0f(X;).

4.3.8  Covering via Mirror Descent

Given symmetric matrices Ay, ..., A, with ||4;]| <1 for all ¢ € [n], where the dual norm |-||.

is either the Schatten-1 norm or the Schatten-p norm for some p € (1,2], we apply mirror

descent on functions of the form fi;(X) := m?u]c |(A;, X — U)| to cover the polar discrepancy
i€[n

body

K° = {A(U) : |U||. < 1}, where A(U) := (A, U),. .., (A, U)).



102

Note that fy(X) = || A(X) — A(U)||« and that f is 1-Lipschitz with respect to || - ||.. The
key property of such functions is that we may always choose subgradients from the set of 2n
matrices {£A; : ¢ € [n]}, which allows us to upper bound the number of different matrices

encountered during the mirror descent process.

Lemma 4.3.6. Let || -||. be either ||-||s, as in the Spectraplex Setup, or || -||s, with p € (1,2]
as in the Schatten Norm Setup, and X, D be defined accordingly. Let Ty C X N'D be a set
with size |Ty| < 2°M and K° D K' = A(T") the convex body to be covered, where T' C XND.
If for every U € T" there exists a starting point Uy := Uy(U) € Ty with De(U,Uy) < DF>*,

N(K',,/EB:;) < 920,
n

Proof. The key observation is that in either setup of mirror descent, the point X in (4.2) or

then we can bound

(4.3) depends only on the starting point Uy and on the sum of gradients gy, ..., g;—1, but not
on their order. Moreover, we can always choose from the set of 2n gradients {£+A; : i € [n]}
at each step. Thus applying mirror descent to the function fy for all possible U with the

same starting point Uy, the total number N (Uy) of points visited in T" := n iterations satisfies

“~ (t+2n—1 3n .
N(U0)§Z( on 1 )S(n+1)~<n>§20( ),
t=0

Since |Ty| < 29 we obtain a set of 2°(™ points U such that for every Y = A(U) € K', there
exists some U € U so that [|A(T) = AU)||le = fu(U) = fu(U)— fu(U) < O(/Dp>/n). O

In the Schatten Norm Setup, we shall pick K = K° and Ty = {0}, i.e. Uy is always 0.
For the Spectraplex Setup, we carefully choose a set of starting points |Tp| < 29 which has
small D§** with respect to K’ = {A(U) : U € S,,}. Since Dg(X||Y) is the quantum relative
entropy between X and Y in the Spectraplex Setup, we shall refer to the set of starting

points Tj as a (quantum) relative entropy net for S,,.
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Definition 4.3.7 (Quantum Relative Entropy Net). Given subsets T, M C S,,, T is a

relative entropy net of M with error € if for any X € M, we can find Y € T such that
S(X|Y) <e.

4.8.4  Initialization for Spectraplex Setup: Relative Entropy Net

We start with the following lemma which constructs a relative entropy net on §,, from an

operator norm net.

Lemma 4.3.8 (Relative Entropy Net from Operator Norm Net). Let X,Y € S, satisfies
| X —Y|lop < € for some e > 1/m. Then S(X|Y') < log(2me), where Y’ := (Y +1n) € S,,.

Proof. Recall that log(-) is operator monotone and note that X <Y + ¢l,,,. We then have

S(XIY") =1tr(X - (log X —logY"))
<tr(X - (log(Y +el,) — logY"))

<tr(X) - |[log(Y + €l,,) — log Y ||op

Y +¢el,

<log | 2- v 1 In

< log(2me),

op

where the first inequality follows from the operator monotonicity of log(+), the second follows

from matrix Hélder, and the last follows because ¢ > 1/m and [|Y[[op < 1. O

Using the lemma above, we give the following construction for relative entropy nets on

S

Theorem 4.3.9 (Entropy Net for Spectraplex). Given positive integers h,m and n such
that m/h is an integer, let S" C S,, be the set of m x m block diagonal matrices on the
spectraplex with block size h x h. Then we can find a relative entropy net T for 8" with error

at most max(1,log(2hm/n)) and size |T| < 20,
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Proof. By merging blocks as needed, we may assume hm > n. By Lemma 4.3.8, it suffices

max{h,log(m/hn)}

Let ¢ := m/h be the number of blocks, Xi,...,X, € R"" denote the blocks of matrix
X e &t

m?

7 ={z¢ ZZZO : Zle z; = N}, and for each z € Z, we define

to find an operator norm net 7" with size |T'] < 2°™ and distance ¢ =

and N := 2/e = 2n/max{h,log(¢/n)} (we assume that N is an integer). Let

T.:={X € 8" . tr(X;) = 2/N,Vi € [{]}.

It follows from a standard rounding argument that for any matrix X € 8", one can find a

matrix Y € U,ezT, with || X — Yoo < 1/N =¢/2.

We first show that |Z| < 29, When ¢ < 2n, we have

2n
e ()2 (13 () e
n n

When ¢ > 2n > N, we can bound

7| < <N—i—€) < (%) < ( 36 ) < (eﬁlog(ﬁ/n))log“/") < 20,
N N h n

fog(¢/m)

It therefore suffices to construct an £/2-operator norm net for each 7.

Fix an arbitrary z € Z. Note that the ith block of the matrices in T, comes from % - Sp,.

Pick n; := z;h, we have from Theorem 4.2.6 that

N (580 5 ngp) = N (S, %ng) < 200),

We denote this net as fzz It follows from the above that for any X; € %S, there exists
Y; € T.; with || X; = Yillop < 2 - & = £/2. Define T, := {diag(V1,...,Ys) : V; € T, Vi € [(]}.

Then for any X € T, there exists Y € T, such that || X — Ylop < €/2, and thus T. is indeed
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an ¢/2-operator norm net for 7,. Furthermore, the size of i can be upper bounded as

|Tz| S H 20(711) — 20(2?:1 zih) — QO(Nh) S 20(71)7
i€[¢]

since N < 2n/h. This proves that T .= U.e ZT; is an e-operator norm net for Sﬁl and has size
at most |f | <29 where we recall that & = M. Finally, invoking Lemma 4.3.8,

T can be transformed into a relative entropy net T with size |T'| < 2°™ and error at most

log(2me) < log(2hm/n). This finishes the proof of the theorem. O
4.4 Applications of the Spectraplex Setup

In this section, we prove our matrix Spencer bound for block diagonal matrices in Theo-

rem 4.1.3, which we restate below.

Theorem 4.1.3 (Matrix Spencer for Block Diagonal Matrices). Let m > /n and h < m.
Given block diagonal symmetric matrices Ay, ..., A, € R™™ with || A;llop < 1 and block size

h x h, one can efficiently find a coloring x € {£1}" with

< O(y/n - max(1,log(hm/n))).

op

Proof of Theorem /.1.5. By Theorem 4.3.9, we can find a relative entropy net Ty of S* with
error DI® := max(1, log(2hm/n)) and size |Tp| < 2°C). Then using Lemma 4.3.6 with the

Spectraplex Setup for K’ := A(S") and Ty being the relative entropy net, we obtain

N <K’, zBgo) < 9000
n

where ¢t = y/nmax(1,log(2hm/n)). Let S be the set of m x m symmetric block diagonal
matrices with block size h x h. Define convex body K” := A(BZ NSk NST). We first
prove that A(K”,LB%) < 290, Since N(K’,LB%) < 2°M by Theorem 4.3.9, we also
have N (LK’ LBn) < 290 for each integer j € [n%. We let H; be the set of centers
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for the minimum covering of n%K " by translates of %BQO and define H = Uj¢cp2 H;. Since

|H;| < 29M it follows that |[H| < 200, For each X € BY that satisfies X = 0, we let %

be the multiple of % that is closest to tr(X), and set X’ := #(X) - X. Then we have
' 1 t
MK = AX) oo < — - [AX)loo < .

As tr(X') = 4, we can also find Y € H; with ||A(X") — Y|« < L. Therefore, ||A(X) —
Yoo < 2, and it follows that K” C H + 2 B" . This implies N (K", LB ) < 20,

Next note that the dual discrepancy body is K° := A(Bg) = A(B% N'Sk) since each
A; € Sh. We have K° = K" — K", so using Lemma 4.2.4 we get N'(K°, K") < 2°™_ Thus

¢ ¢
J\/(KO, —Bgo> < N(K° K") -N(K”, —Bgo) < 90,
n n

and 7, (tK) > 2790 by using Lemma 4.3.3. Corollary 4.3.2 then gives a full coloring = €
{£1}" with discrepancy || > | z;A;|lop < O(t). This finishes the proof of the theorem. [

The analysis above also shows that if we can improve the bound in Theorem 4.3.9 to

O(log(m/n)) for any block size h, then the matrix Spencer conjecture is true.

Corollary 4.1.4 (Better Entropy Net Implies Matrix Spencer). Let m > \/n. If we can
find T C S, with |T| < 2°M such that for each X € S,, there exists Y € T with S(X||Y) <
O(max(1,log(m/n))), where S(X||Y) is the quantum relative entropy between X and Y, then

the matriz Spencer conjecture is true.
4.5 Matrix Discrepancy for Schatten Norms

In this section, we prove the following generalization of Theorem 4.1.2 for arbitrary Schatten

norms by using a different regularizer for mirror descent.

Theorem 4.1.5 (Matrix Discrepancy for Schatten Norms). Let m > y/n and 2 <p < g <

co. Given symmetric matrices Ay, ..., A, € R™™ with [|A;|ls, < 1 and rank(A;) < r for
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all i € [n], one can efficiently find x € [—1,1]" so that |{i : |x;| =1}| > n/2 and

< O(y/n - min(p, max(1, log(rk))) - k/71/1),
Sq
where we denote k := min(1,m/n). Moreover, we can find a full coloring x € {£1}" at the
expense of a factor of (1/2+1/q—1/p)~%.

We first use mirror descent to prove the following covering lemma.

Lemma 4.5.1. Let m > /n, 2 < p < q < 00, k := min(1,m/n), t := \/(p — 1)n - k'/P~1/a
and ¢* = q/(q — 1). Given symmetric matrices Ay, ..., A, € R™™ with ||Aills, < 1, we

have
t
m -p") < O(n)
N(A(BSQ*), nBOO) <2

Proof. Denote p* := p/(p — 1). Theorem 4.2.6 implies N(A(B’S’fz*),kl/q*_l/”*A(Bg;*)) <

20 g0 it suffices to show

1
N (ABE.). pTBgo) < 200,

This is a direct consequence of Lemma 4.3.6 with norm || - [[s ., as the Bregman divergence
is Do (U,0) = ®(U) < griigy = 25 for [[U]ls,. < 1. O

Lemma 4.5.1 together with Lemma 4.3.3 immediately gives the following weaker measure

bound, which we then bootstrap to prove the stronger bound in Theorem 4.1.5.

Corollary 4.5.2. Let m > \/n, 2 < p < ¢ < oo and k := min(1,m/n). Given symmetric

matrices Ay, ..., A, € R™™ with ||A;||s, < 1, define the convex body

K = {xER”: HixlAl . < 1}.
i=1 e
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Then n(v/(p — D)n - kMP~1a . ) > 2700,

Proof of Theorem J.1.5. Let py := max(2,log(2rk)). For p < py the result follows directly
from Corollary 4.5.2, so we may assume p > pg. Also note that we may assume rk > 1
since we can increase smaller values of r without changing the bound on the right side.
Remark that || 4;]|s,, < r'/77P||A;|ls, < r'/Po=1/P since the matrices have rank at most r.

Corollary 4.5.2 then implies that the convex body
V/Don - Ei/po=1/a  ,.1/po—=1/p | [

has Gaussian measure 279, Since ,/pon - k'/Po=1/a . pl/ro=1/p < O(,/pon - k*/P~1/9) by the

choice of pyg, it follows that

%(\/n max(1,log(rk)) - E/r=1/a K) > 2—O(n)7

so that Theorem 4.3.1 and Corollary 4.3.2 yield the partial coloring and full coloring, respec-
tively. The factor (1/2+1/p —1/¢q)~! comes from the contribution of the exponent of n in

the geometric sum, analogous to the second part of Corollary 4.3.2. O

4.6 Lower Bound Examples for Matrix Discrepancy

In this section, we give a few examples to illustrate the tightness of our results in Theo-

rem 4.1.5 for various regimes of the dimension m and rank r of the input matrices.

4.6.1  Low Dimension Regime of m = ©(y/n)

In the regime of m = O(y/n), we have kK = min(1,m/n) = ©(1/y/n) and r < O(y/n) and our
partial coloring bound in Theorem 4.1.5 is thus O(n!/?*1/24=1/2P) " This bound is tight up to

constants due to the following example®.

5Thanks to Aleksandar Nikolov for suggesting this construction.
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Lemma 4.6.1 (Example: m = \/n). Let m = /n be a power of 2, and 2 < p < q¢ < 0.
There exist matrices® Ay, ..., A, € R™™ with ||A;lls, < 1 such that || >0 x;Aills, >

Q(nt/2H1/2a=1/20) for any partial coloring x € {£1}" with |{i : |z;| = 1}| > n/2.

Proof. The idea is to construct an orthogonal basis on R™*™ with ||4;]|% = m. Let H €
R™*™ be the Walsh-Hadamard matrix, and Dy, ..., D, be diagonal matrices with (D;);; :=
H; ;. Let Py,..., P, be disjoint permutation matrices, i.e. each F; permutes the standard
orthonormal basis {ej,...,e,} and each pair P, P; have disjoint non-zero entries. For
instance, we may take (P);) = 1if j —k =¢ mod m and 0 otherwise. We then define the
n matrices A; i := D;P; for i,j € [m]. Note that these matrices form an orthogonal basis

of R™*™ g0 for any partial coloring x € {£1}" with |{i : |z;| = 1}| > n/2, we have

n n 2 "
HszAz iztr (ZI1A1> Zle‘? > mn/2.
=1 i=1 i=1

By Holder’s inequality, this implies that

> Q(n1/2+1/2q).

n
H Z ;A
i=1

> m!/a 12 H T A;

S

Also note that each matrix A; has all singular values equal to 1, and therefore ||A4;[/s, =
m!P = n'/?_ Scaling the matrices A; down by a factor of n'/? proves the lemma. O
4.6.2  Rank-1 Matrices and m >n

In the regime of r = 1 and m > n, we may assume wlog that p = 2. Then the discrepancy

bound in Theorem 4.1.2 is O(y/n). This bound is again tight up to a constant factor.

Lemma 4.6.2 (Example: r =1 and m =n). Let 2 < q < co. There exist symmetric rank-1

matrices A, ..., A, € R™" with ||A;||r < 1 such that any partial coloring x € [—1,1]™ with

6These matrices can easily be made symmetric in R?™*2™,
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{i: @] = 1} = n/2 satisfies

> Q(v/n).

op

n
H Z z;A;
i=1

n
[

Proof. For each i € [n — 1], we define the rank-1 matrices A; := %(ei + en)(e +e,) ' for
i € [n], where e; € R™ is the unit vector with a single 1 in the ith coordinate and 0 elsewhere,
and A, = 0. Note that each ||A;||r = 1 by definition. For any partial coloring = € [—1, 1]"
with |{i : |z;] = 1}| > n/2, we have

ry 0 - 0 1
0 xo --- 0 To
& 1
E .T,LAz:—
. 2
=1
0 0 Tn—1 Tn—1
n—1
Ty Ty o Tper Dy T

It then follows that

H Zz:;m/lz o > H ZZ:;:EZ-Aien , > Q(V/n).

This completes the proof of the lemma. O

As an immediate corollary of Lemma 4.6.2, we obtain an ©(y/n) lower bound for matrix

Spencer when m = n and all matrices are rank-1.

Corollary 4.1.6 (Rank-1 Matrix Spencer Lower Bound). There exist rank-1 symmetric
matrices Ay, ..., A, € R with || Aillop < 1 such that any x € {£1}" has || > | i Aillop >

Q(v/n).

Another immediate consequence of Lemma 4.6.2 is a lower bound of £2(1/min(m,n)) for

Schatten-2 to operator norm discrepancy, which is the generalization of the Komlds problem
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to matrices. This shows that the Komlds conjecture, which states that the ¢ to ¢, vector

discrepancy is upper bounded by a universal constant, cannot be true for matrices.

Corollary 4.1.7 (Lower Bound for Matrix Komlés). For any m and n, there exist symmetric

matrices Ay, ..., A, € R™™ with |A;||p < 1 such that any x € {£1}" has || Y1, i Aillop >

Q(y/min(m,n)).

4.7 An Application of Banaszczyk’s Theorem

We give an alternative simpler proof of the O(m!*/4=1/P) hound for S, to S, matrix dis-

crepancy when m = O(y/n) using the following theorem of Banaszczyk [Ban98].

Theorem 4.7.1 (Banaszczyk [Ban98]). Let K C R™ be a convex body with ~,,(K) > 1/2.
Then for any vectors v,...,v, € R™ with ||v;|ls < 1, there exists x € {£1}" such that
Z?:l ZT;0; € 5K.

Applying Theorem 4.7.1 to a suitable scaling of the operator norm ball immediately gives

the following matrix discrepancy bound.

Corollary 4.7.2. Let 2 < p < g < oo. Given matrices Ay, ..., A, € R™™ with ||A;||s, <1,
there exists x € {£1}" such that || Y1, x;A;]|s, < O(m!H1/a=1/p),

Proof. Note that ||A;|ls, < 1 implies ||A;|ls, < m!/>7¥/?. Tt is well-known that v,,(4m!/? -
By) > 1/2 (see Theorem 7.3.1 of [Verl8]). Thus, Theorem 4.7.1 yields some x € {£1}"
such that Y7 | z;4; € O(m!*~7) - B 1t follows that || Y1 24,5, < O(m!TVe=1/r) O

Corollary 4.7.3 (Matrix Komlds). Given matrices Ay, ..., A, € R™™ with ||Ai||r < 1,
there exists x € {£1}" such that || Y1 z;Aills, < O(y/min(m,n)), matching the lower
bound in Corollary 4.1.7.

Proof. Tt suffices to take the best between a random coloring, which has discrepancy O(y/n),
and that of Corollary 4.7.2. m
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Chapter 5

MATRIX DISCREPANCY II:
THE INVERSE POLYNOMIAL BARRIER METHOD

In this chapter, we continue our study of the matrix Spencer conjecture (Conjecture 1.3.1)
and present an elementary approach for this problem based on the inverse polynomial barrier
potential function. In particular, we show that this approach gives a stronger result than
the ones in Chapter 4 and an independent and concurrent work [HRS22]. This chapter is
based on an unpublished joint work with Nikhil Bansal and Raghu Meka [BJM22a].

But before we present our new approach, for the convenience of the readers and for the
current chapter to be self-contained, let us briefly recall the motivations and definitions that

have already been presented in the preceding chapter.

5.1 Introduction

Let us start with the classical discrepancy setting where given vectors aq,...,a, € R™
satisfying [|ai]|ec < 1 for all i € [n], and the goal is to find signs z1,...,z, € {£1} to
minimize the discrepancy || Y, #;a;||. In a celebrated result, Spencer showed that the
O(yv/nlogm) bound obtained by a random coloring is not tight and showed the following

bound, which is also the best possible in general.

Theorem 4.1.1 (Spencer [Spe85]). Let m > n. Given vectors ay, . .., a, € R™ with ||a;|le <

1, there exists v € {£1}"™ such that || > ;| a0 < O(y/nlog(2m/n)).

In particular for m = O(n), this gives an O(y/n) bound, in contrast to the O(y/nlogn)
bound for random coloring obtained by applying Chernoff and union bounds.
To prove this result, Spencer developed the powerful partial-coloring method via the

entropy method, building on previous work of Beck [Bec81]. Another approach to prove
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Theorem 4.1.1 based on convex geometry was developed independently by Gluskin [Glu89].
While these original arguments used the pigeonhole principle and were non-algorithmic, in
recent years there has been a rich line of work [Ban10, BS13, LM15a, Rot17, LRR17, ES18,

RR20a] on their algorithmic versions.

Matrix Spencer Setting. A natural generalization of Spencer’s problem to matrices is
the following. Let Ay,..., A, € R™*™ be symmetric matrices with maximum singular value,
or operator norm, ||4;||op < 1. Find a coloring x € {£1}" that minimizes || > 7 | 2;A;|lop- In
particular, Spencer’s result corresponds to the case when all the A; = diag(a;) are diagonal.

As in the vector case, for a random coloring x € {#+1}", the matrix Chernoff bound of

Ahlswede and Winter [AW02], generalizing the scalar Chernoff type bounds, gives that
1/2
W)

This implies a bound of O(y/nlogm) on the matrix discrepancy. Matrix concentration

B[l S wall,] = o Viogm- | 4

bounds are powerful and widely used tools in mathematics and computer science, and it is
natural to ask when one can beat them. In particular, the following natural analogue of

Spencer’s result for matrices has received considerable attention recently. H S a:iAiHop <
O(y/n - max{1, \/log(m/n)}).

Conjecture 1.3.1 (Matrix Spencer Conjecture, [Zoul2, Mekl4]). Given symmetric ma-
trices Ay, ..., A, € R™™ with each ||Aillop < 1, there exist signs x € {£1}" such that

H Sy xiAiHOp < O(y/n - max{1, y/log(m/n)}). In particular, the matriz discrepancy is
O(y/n) for m =n.

While this conjecture is still open, there has been interesting progress on important special

cases.

Low-Rank Matrices. Recently, Hopkins, Raghavendra and Shetty [HRS22] established

an ingenious connection between matrix discrepancy and quantum communication complex-
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ity, and used sophisticated methods from quantum information theory and sketching to
show that Conjecture 1.3.1 holds for matrices of rank O(y/n). More generally, they show the

following.

Theorem 5.1.1. (Moderate-Rank Matriz Spencer [HRS22]) Given symmetric matrices
Ay, .. A, € R™™ each satisfying ||Aillep < 1 and Frobenius norm || A||r < n'/%, there
exist signs x € {£1}" such that || > | xiAillop < O(y/n). Moreover, these signs can be

computed efficiently.

It also known that the discrepancy must be Q(y/n), even for rank-1 matrices [DJR22].

This result significantly improves upon the previous O(y/nlogr) bound based on the
non-commutative Khinchine inequalities [LP86, LPP91, Pis03]. A more refined O(y/logr -
1>, A?Hcl,,/,g) bound' was given by Kyng, Luh and Song [KLS20] for » = 1, based on the
breakthrough work of Marcus, Spielman and Srivastava on the Kadison-Singer problem
[MSS15], and extended to general r by Song and Zhang [SZ20]. Making these results al-
gorithmic is an outstanding open question. Recently, Dadush, Jiang and Reis [DJR22] gave
a O(y/nlog(rm/n)) bound based on a convex geometric approach. This improves upon the
O(yv/nlogr) bound from non-commutative Khinchine inequalities for m < n, but is weaker
than the bound in Theorem 5.1.1.

Notice, however, that the rank condition on the matrices A; can be quite restrictive,
e.g., already in Spencer’s classical setting, the diagonal matrices can have rank (n). In
fact, for diagonal matrices with rank /7, a substantially better O(n'/*\/logn) bound follows

from Banaszczyk’s result on the Komlds problem [Ban98§].

Block-Diagonal Matrices. A natural generalization of the diagonal setting in Spencer’s
result is the setting of block-diagonal matrices. Let us say that a symmetric matrix A € R™*™
is h-block diagonal if it can be written as A = diag(B,..., By/), where each B; is a

symmetric A X h matrix. For such matrices, Levy, Ramadas and Rothvoss [LRR17] and

'However this can be as large as v/nlogr in general.
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Dadush, Jiang and Reis [DJR22] showed the following result®.

Theorem 5.1.2 (Matrix Spencer for Block-Diagonal Matrices [LRR17, DJR22]). Given h-
block diagonal symmetric matrices Ay, ..., A, € R™™ each satisfying ||A;|lop < 1, one can

efficiently find a coloring x € {£1}" with
H ZziAiHop < O(v/n - max{1, \/log(hm/n)}).

This generalizes Theorem 4.1.1, which corresponds to h = 1.

Notice that Theorems 5.1.1 and 5.1.2 handle very different types of matrices: Theorem
5.1.2 only uses the block-diagonal structure and works for arbitrary rank. On the other hand,
Theorem 5.1.1 only uses the rank condition, and does not seem to give anything better if
matrices have additional properties such as block-structure or if m is small.

Their proofs also use very different techniques — convex duality, quantum communication
lower bounds and sketching in [HRS22], Gaussian volume and covering number bounds for
geometric bodies in [DJR22], and a variant of the multiplicative weight approach in [LRR17].
This makes it unclear how to combine these ideas and obtain results for more general classes

of matrices.

5.1.1 Our Results

An Elementary Approach for All State-of-the-Art Results. In this work we show
that all the known state-of-the-art results for the Matrix Spencer problem, and more, can be
obtained in an elementary and unified way using a barrier-based potential function approach.
This unified approach also allows us to prove the Matrix Spencer Conjecture for a wider class
of matrices that simultaneously generalizes the results in both Theorems 5.1.1 and 5.1.2.
We develop this barrier approach for the matrix discrepancy setting in Section 5.3, and

give a general condition that expresses the matrix discrepancy in terms of simple parameters

2The result of [LRR17] requires the mild restriction that h < v/n.
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of the matrices. In Section 5.4.1, we show how the results for block-diagonal matrices in
[LRR17, DJR22] follow directly from these conditions. Next, in Section 5.4.2 we use this
framework to obtain the bounds of [HRS22]. We first show the following version of Theorem
5.1.1.

Theorem 5.1.3 (Matrix Spencer for Moderate-Rank Matrices, Theorem 1.3 in [HRS22]).
Given symmetric matrices Ay, - -+, A, € R™™ with [|A;llep < 1 and >0 | AillF < nf, then

one can efficiently find a coloring x € {£1}" with
IS wAill,, < 0 (Vi max{1, Viog(F2/n)})

In its most general form, [HRS22] showed the following bound for partial coloring. Note

that Theorem 5.1.4 is scale-invariant and does not require the assumption [|A4;||op < 1.

Theorem 5.1.4 (Theorem 3.1 in [HRS22]). Given symmetric matrices Ay, --- , A, € R™*™,
one can efficiently find a partial coloring x € [—1,1]" with [{i : x; € {£1}}| = Q(n) such

that
|| Zi:xiAiHop <0 <H Zl:Af ;/)2 - max {1, \/log (%) }) )

In Section 5.6 we show how this follows from the proof of Theorem 5.1.3.

We also remark that our barrier-based algorithm is deterministic, while the previous

algorithms in [DJR22] and [HRS22| are both randomized.

A More General Matrix Discrepancy Bound. Next, in Section 5.5, we describe a
more general setting that combines both the moderate-rank and block-diagonal settings as

special cases, and show the following more general matrix discrepancy bound.

Theorem 5.1.5 (General Matrix Discrepancy Bound). Given block-diagonal symmetric
matrices A; = diag(D},--- , DY) with diagonal blocks D! € R">". If |D! ||, < 1 and

S IDIE < gn for all i € [n] and j € [f], then one can efficiently find a coloring
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x € {1} with

H inAiHop <0 (ﬂ max{1, \/log(g%/n)}> :

For the moderate-rank case, setting ¢ = 1 recovers Theorem 5.1.3 (and therefore The-
orem 5.1.1). For the block-diagonal case, writing the bound in Theorem 5.1.2 as O(y/n -
max{1, \/log(h2{/n)}) (since m = £h), we see that the bound of O(y/n-max{1, \/log(g2¢/n)})
in Theorem 5.1.5 can only be better as ||D||% < h for any h x h block D with || Dl < 1,

and hence g < h.

Note that the bound in Theorem 5.1.5 can be strictly stronger than both bounds in
Theorem 5.1.3 and Theorem 5.1.2 simultaneously. For instance, consider m = n and each
matrix A; = diag(D}, -+, Df) is h-block diagonal with h = \/n (i.e. there are { = \/n
diagonal blocks), and each || D/||% = v/h = n'/%. For this parameter setting, f = vhl = n’/*
in Theorem 5.1.3 and thus the bound in Theorem 5.1.3 is O(y/nlogn); hm = n/? so the
bound in Theorem 5.1.2 is also O(y/nlogn). However, notice that g = vh = n'/* and ¢ =
v/n, and therefore Theorem 5.1.5 gives a bound of O(y/n), matching that of Conjecture 1.3.1

for this parameter setting.

5.1.2 Technical Overview

The algorithm proceeds by maintaining a fractional coloring z(t) € [—1,1]™ over time. Ini-
tially, #(0) is the all-zero coloring and eventually all variables reach +1. Once a variable
reaches £1 it is no longer alive and is not updated any more. Using standard ideas, it suffices
to bound the discrepancy for a partial coloring, where the number of alive variables reduces
from n to n/2°.

For a fractional coloring = € [—1,1]" at time ¢, let D(t) = >, x;A; denote the current

discrepancy. To ensure a discrepancy bound of || D(t)[lop < /b(t), we adopt the standard

3 As our discrepancy bounds scale as = n'/2, the total discrepancy over logn partial coloring phases only
is only O(1) factor worse than in the first phase.
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barrier function approach. We define the m x m slack matrix

for square discrepancy and ensure that S(t) > 0 for all time step ¢ as the coloring evolves.

To do this, we consider the potential function

for a suitable parameter p > 1, and ensure that the potential can only decrease over time as
the coloring is updated. This suffices as S(0) = b(t) - I,,, initially, and thus ®(t) < &(0) =

m - b(0)7? for all ¢ which ensures that the eigenvalues of D(t)? never get too close to b(t).

Updating the Coloring. Fix some time t. We now describe how to update the coloring
when ¢ advances by At so that the potential does not increase. Let Axz(t) denote the update
of z(t), and AD(t) = > . Az;(t)A; be the corresponding discrepancy update. We will also
increase b(t) by Ab(t) = ¢(t). To guarantee progress, Ax(t) is chosen orthogonal to z(t) so
that [|z(¢)||2 monotonically increases. For simplicity, we drop the dependence on t below
when the context is clear.

Now @ decreases due to the increase of b and could possibly increase due to the update
AD, so our goal is to choose AD (via Ax) such that the increase is less than the decrease.
Let 0 < s1 < --- < s, be the eigenvalues of S with corresponding eigenvectors qi, ..., ¢y,. It
turns out that the small s; contribute relatively more to A® upon the update AD. Roughly
speaking, the contribution to A® due to s; is proportional to —c(t) + [[(AD)g;||* - p/s;.

Blocking small s;. So the first main idea is to simply block the small s; by choosing
Az so that (AD)g; = (>, Ax;A;)g; = 0. Since g; € R™, blocking each such s; gives
m linear constraints (and h if the matrices are block-diagonal) in the variables Az;. As

there are roughly n such variables for partial coloring, we can block the smallest J = n/2m
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eigenvalues s;, while keeping n/2 degrees of freedom for choosing Az. Then, averaging over
a random choice of Az _Lx respecting the above constraints lead to a condition on ¢(t) that is
sufficient for potential decrease (see (5.6) and (5.9) for details). Setting the parameters c(t)
and p appropriately, this gives a partial coloring discrepancy bound of O(W ) in
a generic way.

It is useful to compare this with random coloring, which incurs discrepancy O(y/nlogm).

So this ability to block the smallest J directions crucially gives us the improvement.

Recovering the State-of-the-Art Bounds. In the block-diagonal setting, as we can
block J = n/2h smallest s;, we have m/J = 2hm/n and the generic framework above gives
the bound O(y/nlog(hm/n)), which proves Theorem 5.1.2.

Theorem 5.1.1 requires more care. Let us suppose for the discussion here that m = n and
the matrices A; have rank f = y/n, and our goal is to prove the O(y/n) bound. As m =n, a
priori the generic framework above only lets us block J = n/m = O(1) constraints, which is

not at all useful. To get around this, we will show how to use the rank condition to effectively
reduce m ~ f, in which case the generic framework will give the bound O(y/nlog(f2/n)) =
O(v/n).

Let us denote M = Y, A7 and note that [[M|lo, < n as [|Allop < 1. Now, if we
had that [|[M|o, < n/logm, then a random coloring would already work, as by matrix
Chernoff bounds || 3, z;Ailop & vIog m-||M||op < v/ with high probability. So suppose that
|M||op > n/logm. But since tr(M) < nf, at most mg = flogm = O(y/n) eigenvalues of M
can be larger than n/logm. Intuitively, this suggests that only these my (heavy) directions
should require careful handling, which may allow us to pretend that A; essentially behave like
moxmg matrices. If so, applying the generic framework above to obtain O(+/nlog(m2/n)))
O(y/n) discrepancy.

The intuition above is over-simplified and not quite correct, but it can be made precise
by decomposing the matrices A; into different classes & > 0. We refer to Section 5.4.2

for details, but roughly we decompose each A; into certain L-shaped pieces Ly ; for classes
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k=1,...,0(logn), corresponding to eigenvalues of M of size n/10%, i.e. || > .(Lii)*|lop <
n/10%. We then apply the generic framework to all these classes simultaneously with different
parameters bg(0), cx(t) and py and k different potential functions @, (), so that the resulting
partial coloring satisfies || >, z: Lk illop < O(27%/2\/n) for each class k simultaneously, The

O(y/n) bound then follows as || >, z;A;llop < > _p I Do; il

op Dy the triangle inequality.

A More General Matrix Discrepancy Bound. The two main ideas of blocking small
s; and dividing into different weight classes allow us to cleanly interpolate between the
block-diagonal setting in Theorem 5.1.2 and the moderate-rank setting in Theorem 5.1.1.
In particular, if the matrices A; = diag(D}, -+ , Df) are both block-diagonal and satisfy the
moderate-rank condition 3", | D/[|% < gn for alli € [n] and j € [¢], then one can essentially
use the same multi-class potential analysis but can block the small s;’s with fewer constraints
due to the block-diagonal structure. This leads to the general matrix discrepancy bound in
Theorem 5.1.5 that is stronger than both Theorem 5.1.1 and Theorem 5.1.2. We leave the
details to Section 5.5.

5.1.3 Further Related Works

Discrepancy Theory. Discrepancy theory is widely studied and has applications to many
other areas in mathematics and computer science. We refer readers to the excellent books
[Cha00, Mat99, CST*14] for a more comprehensive account of the rich history of discrep-
ancy theory. Recent developments of discrepancy theory lead to numerous applications in
approximation algorithms, differential privacy, fair allocation, experimental design and more

[MN12, Rot13, NTZ13, BCKL14b, BN17, JKS19, HSSZ19, BJSS20, BRS22).

Matrix Discrepancy and Non-Commutativity Random Matrix Theory. Many
natural problems can be viewed as questions about matrix discrepancy, e.g. graph sparsifi-
cation [BSS12, RR20b], the Kadison-Singer problem [MSS15] and its generalization [KLS20],
and the design of quantum random access codes [ANTSV02, HRS22].
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Matrix discrepancy is also closely related to non-commutative random matrix theory,
where the typical value of || ). x;A;||op for a random coloring x has received significant
attention. The bound of E[|| Y, ;4:|lep] < O(y/nlogm) by matrix Chernoff [AW02] or
matrix Khintchine [L.LP86, LPP9I1, Pis03] that is generally tight for commutative matrices,
can be often improved in the non-commutative case (e.g. [Verl8, BBvH21] and the references
therein). We refer readers to the book [Taol2, Vul4] for a more comprehensive account of

random matrix theory.

Barrier Potential Function Approach. The inverse polynomial barrier potential func-
tion was first used in the seminal work of Batson, Spielman and Srivastava on graph sparsifi-
cation [BSS12]. Similar potential functions have also been used in the context of discrepancy
[BS13, BS20]. Recently, Bansal, Laddha and Vempala [BLV22] showed how various state-of-
the-art results in vector discrepancy can be obtained using this method. We remark that the
way the barrier potential function is typically used in discrepancy theory is different from
that in [BSS12]. In discrepancy, one typically obtains a fractional update on the coloring,

while in [BSS12] a rank-1 update is incurred from adding a single vector.
5.2 Preliminaries

We recall some basic facts about matrices and describe the notation. For a square matrix A €
R™ ™ with entries a;;, its trace tr(A) = Y, a;; and Frobenius norm ||Al|p = /tr(ATA) =
(224 a)/2. If A is symmetric with eigenvalues Ai,..., A, then we have tr(4) = Y.\,
|Allr = (32, AH)Y? and its operator norm [|Allop = max|,|,=1 ||Az|l> = max; |\;|. For a
rectangular matrix R its operator norm || R||op = max,=1 || Rz||2 = /R R[|op-

By the spectral theorem, any symmetric matrix A can be written as A = QDQ? where
D is a diagonal matrix with entries D;; = \; and @ is an orthogonal matrix where the
columns of () are the corresponding unit eigenvectors of A. A symmetric matrix A is positive

semidefinite (PSD) if all its eigenvalues A\; > 0, and denote this as A = 0 and A > 0 if the

A are strictly positive. For symmetric matrices A, B € R™*™, we have the partial ordering



122

A<Bit B—A*D0.
A standard computation together with the cyclic property of trace tr(ABC) = tr(CAB),

gives the following.

Lemma 5.2.1 (Directional Derivatives of tr(X7)). Let X € R™ ™ be positive definite and
p > 1, then the first and second order directional derivatives of the function ®(X) = tr(XP)

are given by

DO(X)[H] = —p - tr( X~ PV )

D*®(X)[Hy, Hy] =p - Ztr “RH X PH2R ),
We need the following generalized Lieb-Thirring inequality. The proof below is from
[E1d13].

Lemma 5.2.2 (Generalized Lieb-Thirring). Given a symmetric matriz B, a PSD matriz A
and « € [0,1], we have tr(A*BA'"*B) < tr(AB?).

Proof. Working in the eigenbasis of A, wlog we can assume that A = diag(ay, - ,a,) is

diagonal. Then by the AM-GM inequality,
tr(AozBAlfaB Z&aal aBQ < Z aa; + 1 — G])sz

:aZaiBﬁj (1—a) 2%32 = tr(AB?). O
4,J

5.3 Barrier Potential for Matrix Discrepancy: A Meta Analysis

To handle both the moderate-rank setting of Theorem 5.1.1 and the block-diagonal setting
in Theorem 5.1.2, we need to work with the more general matrix discrepancy setting for
rectangular matrices. In particular, given rectangular matrices Ry,--- , R, € R™™  the

goal is to find a coloring x € {£1}" to minimize the discrepancy || >\ | ; R;||op-



123

As is standard for Spencer-type result, it suffices to find a partial coloring = € [—1, 1]"
with |[{i: x; € {£1}}] = Q(n) that has small discrepancy.

5.8.1 The Barrier Potential Function for Squared Discrepancy

The algorithm starts with an initial coloring x(0) and updates x(¢) at each time ¢ based on
a barrier potential function ® that controls the squared discrepancy [|[R(z(t)) R(z(t))|lop,
where R(x) := >, ;R;. We will assume for simplicity that x(0) is the all-zero coloring,

as this will not affect any of the arguments below.

Let b(t) > 0 be a target upper bound for the squared discrepancy at time t. Let the slack
matrix S(t) € S™*™ be defined as

S(t) == b(t) - In — R(x(t)) TR (z(t)), (5.1)

and the potential function

O(t) = tr(S(1)"),

where the parameter p > 1 will be specified later. Note that initially ®(0) = m-b(0)"P. The
algorithm will inductively maintain the conditions S(¢) > 0 and ®(t) < ®(0), at each time ¢.

Suppose these conditions hold at time ¢. We update b(¢) and z(t) as follows. Advancing
time by At, we update b(t) by Ab(t) := b(t + At) — b(t) = c(t)At where ¢(t) > 0, and
the coloring by Axz(t) := x(t + At) — z(t) = e(t)v(t)V/At, where £(t) is a +1 sign and
v(t) € R™ is a unit vector, that will be chosen suitably so that the change in potential

AD(t) := d(t+ At) — (t) < 0.

We will also require that v(¢) Lz(t) which ensures that ||z(t + At)||3 = ||z(t)]|3 + At, and
thus ||z(¢)]|3 — ||z(0)||3 = t for all ¢.

For simplicity, we drop (¢) from our notations below when the context is clear.
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Change in the Potential. Now we analyze the change in the potential function. Using
Lemma 5.2.1 and second-order Taylor expansion, we have
p+1

AD ~ —p-tr(S~PFDAS) + g 3 tr(STFASSPTIAS)

k=1

< —p-tr(S_(p+1)AS) +@-tr(5 (p+2) (AS) ),

where the second inequality follows by applying Lemma 5.2.2 with B = AS and A = §~(#+2)
and o = k/(p+2) for k =1,...,p+ 1. As is completely standard (see e.g., Lemma A.1
in [BLV22]), the error in the approximation of A® in the first step via second-order Taylor

expansion can be made negligible by choosing small enough At = n~%(),

As R(x + Ax) = R(z) + R(v)evV At and Ab = cAt, the slack in (5.1) changes as
AS = (eI, — R(v)"RW))At — (R(v)"R(z) + R(x) " R(v))eVAL.

Choosing ¢ € {£1} uniformly at random gives

E;[it@ Lo —te(sm0 el - R(w)TR@)) + ]%1 tr(S~H(Z + Z7)),

where we denote Z := R(v) R(x).

Let 0 < 51 < --- < s, be the eigenvalues of S, and consider its spectral decomposition
S = Q' diag({s;}-,)Q for some orthogonal matrix @ € R™*"™. Let R; == R,Q and R(z) :=
R(z)Q be the matrices after diagonalizing S, and similarly let Z := R(v) R(z). Then

| _ i S (e — (R(v)TR(v ))H)+p+123 T Z+Z27)) (62)

7=1

pAt

We next show how to find a random vector v_Lx (with support of size at most n) such that
the RHS of (5.2) is at most 0 in expectation. This will imply that there exists a deterministic

choice of v and ¢ € {£1}, which can be efficiently computed, for which ® does not increase.
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For clarity, we will use j to index the coordinates in [m] and 7 to index those in [n].

5.8.2  Blocking Small Figenvalues of the Slack Matrix

Notice that the first term in (5.2) scales as s;(p +1), while the second term scales as sj_(p ),
This can be problematic when some of the s; become tiny, as the second summand can be
much larger than that the first, leading to an increase in the potential. To prevent this, we
“block” these small s; by choosing v such that ((Z + ZT)Q)M — 0. Since Z = QTZQ, this
condition is equivalent to (Z + Z7)Q; = 0, where Q; is the jth column of Q.

Expanding out, each such j gives the following constraints on v,

n

0=(Z+27)Q; =) wulRR()Q; +R(z)"RiQ;). (5:3)
i=1
As R/ R(2)Q; + R(z)"R;Q; € R™, in general (5.3) gives a linear system for v with m

constraints.

Remark 5.3.1. When the matrices R; have certain sparsity pattern (e.g. they are all block-
diagonal matrices), then (5.3) can have much fewer than m constraints. Later, we will
exploit this sparsity structure to recover the state-of-the-art bounds matrix discrepancy for
block-diagonal matrices in [LRR17, DJR22], as well as to prove our more general bound in

Theorem 5.1.5.

The Meta-Algorithm. A coordinate i € [n] is called alive if x; € [-1+ 1/n,1 — 1/n].
Let n; be the number of alive coordinates at time ¢, and we assume wlog these are the first
n; coordinates. As we only update the alive coordinates, we may view v as a vector in R™
by ignoring all its zero coordinates in {n; +1,...,n}.

We block the smallest few s; so that the total number of constraints in (5.3) from all
blocked s; is at most n;/2—1. Let J; (which will be specified in each of the later sections) be

the number of s; that can be blocked in this manner, and W be the subspace orthogonal to
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these constraints and to the current coloring vector z. Note that dim(W) >n;, — (J; +1) >
nt/2

Recalling our convention that 0 < s; < --- < s,,, for any vector v € W, we thus have

E.[AD o B B P+l = ~ -
D S e RO RO+ LTS 5 TE 2y,
p Jj=1 Jj=Je+1
<=3 5" e (RO)TRW) )+ +1) Y ;22T +Z27Z);; (54)
Jj=1 Jj=Je+1

where the second inequality uses (Z + Z )2 < 2(ZZ" + Z" Z).

Choosing v. Let uy, -+, ugimw) be an orthonormal basis of the subspace W, we will set
v to be one of uy, - -+, Ugim(w) uniformly at random. So we have
1 21
E[vv'] = Iy <
o] dim(W) "~ n,

Next we analyze the expected potential change due to such a random choice of v.

5.8.8 Potential Decrease via an Averaging Argument

Let ]5;(95)] be the jth column of the matrix R(z). Since S = b- I, — R(z) R(z) = 0, we
have ||§(ZL‘)T§($)I|OP, ||§(x)}§(m)T||op < b, which in particular implies ||]§(x)]||§ < b. Then

we have

E.[(Z2Z7);] = E[R(v)] R(2)R(2) "R(v);] < b~ Eu[I|R(0);]3]

)
op

2b -
= b- QER() RWIQ; < - H ; RTR,

where the last inequality uses E[vv "] < (2/n;)I, and ||Q;]|2 = 1 as @ is orthogonal. Similarly,

B((772)14) = R RIRWRE) R, < 2| 3 Rif]

op
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Let o(R)? = max{HZ?zl RIRiHOp I, RiRiT”op} be the variance parameter for the

matrices Ry, -, R,. Then the above bounds imply that

max {Ev[(ZZT)j,j],EU[(ZTZ)J.J]} <2 e

ny

Also note that as E,[ovT] < (2/n,)1, we have that E,[(R]Ry);;] < (2/n) - 0(R)2.

Plugging these bounds into (5.4), we obtain

E. v[Aq)] - —(p+1) ( 2 2) 4b(p + 1) 2 - —(p+2)
——— < =) s c—— 0o(R)* )+ —=-0(R S :
pAt ; J g (R) T (R) sz;q J

Then it follows that to satisfy E. ,[A®] <0, it suffices to choose

4b(t) - 1
+ 46) - (p+1) -0(R)? - max s; .
n Ny Jj=>Ji+1

(5.6)

When ¢(t) is chosen to satisfy (5.6), as ¢ € {£1} and v comes from a set of at most n

vectors, we can choose ¢ and v deterministically such that A® < 0 at time ¢. For small

enough At, this maintains the invariants S(¢) > 0 and ®(¢) < ®(0).

5.3.4  Partial Coloring Matrixz Discrepancy Bound

To obtain a partial coloring x € [—1,1]" with |{i : z; € {£1}}| > n/2, we run the above

potential-based algorithm until some time T when the number of alive variables reaches

nr = n/2. Note that T < n as ||z(t)||5 = ¢ for all .

For any time step ¢ < T, since we have by induction hypothesis that ®(t) < ®(0) =

m - b(0)7? and as we block the J; smallest s, it follows that max;> s, 1157 < ®(0)/J;, and

hence

max 5! < ( ®(0) )1/:0 _ b(0) - ( m )1/17'

j>Je+1 ? Jy+1
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Therefore, for (5.6) to hold, it suffices to satisfy the condition

t) > —
C()_nt un Jt+1

- (2+ b(LO()ﬂ(JﬁJW) ’ U? - (5.7)

Suppose the initial barrier 6(0) and the rate ¢(s) of increasing b(s) at time s can be chosen

. m \ /P
2 X O'(R)2 4 4b<t> (p+ 1) -U(R)Z A b(o)fl ( )
8p

so that for all ¢ < T, the barrier b(t) satisfies

b(t) = b(0) + /t c(s)ds < 2b(0). (5.8)

Then to satisfy (5.7) it suffices to choose

c(t) > 4(1 + 8p<Jtﬂi 1>1/p) : “(5)2. (5.9)

To summarize, we have shown the following. If we can choose b(0) and c(t) to satisfy
conditions (5.8) and (5.9), then the meta-algorithm above deterministically finds a partial
coloring z(T") with n/2 coordinates +1 and squared discrepancy ||[R(z(T))"R(z(T))llop <
2b(0), and hence partial coloring discrepancy bound [|[R(z(T"))|lop < 1/26(0).

5.4 Warm-Up: Recovering State-of-the-art Bounds

In this section, we prove Theorem 5.1.2 and 5.1.3 based on the framework described above. A

common generalization and strengthening of both of these results will be given in Section 5.5.

5.4.1 Block-Diagonal Matrices

Let us recall Theorem 5.1.2 for block-diagonal matrices [LRR17, DJR22].

Theorem 4.1.3 (Matrix Spencer for Block Diagonal Matrices). Let m > y/n and h < m.

Given block diagonal symmetric matrices Ay, ..., A, € R™™ with || Aillop < 1 and block size
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h x h, one can efficiently find a coloring x € {1} with

H Xn:a:iAi o < O(y/n - max(1,log(hm/n))).
i=1

Proof. We directly apply the strategy in Section 5.3 by taking the matrices R; = A; with
dimension R; € R™ ™. As each R; is h-block diagonal, the matrix R(z)"R(x) = R(x)?,
where we recall that R(z) = >, 2;R;, is also h-block diagonal for any x € R". Thus the
orthogonal matrix @ = Q(t) that diagonalizes S(t) = b(t)[—R(x(t))? is also h-block diagonal.
So the number of constraints in (5.3) for blocking one s; is at most h, and thus blocking the
Jy = |[ny/2h| smallest s; incurs only n;/2 constraints (in particular the corresponding @,
has at most h non-zero entries).

For the purpose of obtaining a partial coloring « € [—1, 1] with [{i : x; € {£1}}| > n/2,
we have n; > n/2 and so J; > [n/4h|. Also note that o(R)* = || .7, A?|lop < n since each
| Aillop < 1. Thus to satisfy condition (5.9), it suffices to choose p = max{1, /log(4hm/n)}

and

m 1/p
c(t)y=c:=4 (1 +8p (m) ) = O(max{1,log(hm/n)}).

Then setting b(0) = cn guarantees b(t) = b(0) + ¢I" < 2b(0) in condition (5.8). This gives a
partial coloring = € [—1,1]" with |{i : x; € {£1}}| > n/2 such that

1D wiill,, < /200 = O(Vnmax{1, v/log(hm/n)}).

Repeatedly applying the argument above gives a full coloring € {+1}" with discrepancy

at most O(y/n - max{1, y/log(hm/n)}). This proves the theorem. O

5.4.2  Moderate-Rank Matrices

We now prove Theorem 5.1.3 for moderate-rank matrices due to [HRS22].

Theorem 5.1.3 (Matrix Spencer for Moderate-Rank Matrices, Theorem 1.3 in [HRS22]).
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Given symmetric matrices Ay, - -+, A, € R™™ with [|Allep < 1 and >0 | AillF < nf, then

one can efficiently find a coloring x € {£1}" with
| " widi],, < O (v max{1, Viog(F/n)})

The remainder of this subsection is devoted to proving Theorem 5.1.3.

Proof of Theorem 5.1.5. Let M := Y"1 | A? and note that tr(M) = > tr(A?) = >, [[ A3 <
nf, by our assumption. Also, we can assume wlog that f > 2y/n and just prove the bound
O(y/nlog(f?/n)) in Theorem 5.1.3. As m can be arbitrarily large, we cannot directly apply
the analysis in Section 5.3. Instead, we carefully exploit that M only has O(f) eigenvalues

of size Q(n) (as tr(M) < nf), and in general, at most f - 10* eigenvalues larger than n10~*.

Dividing into Classes. By applying a rotation to the matrices A;, we may assume wlog
that M is diagonal. Note that each diagonal entry M;; = > A;(-,7) " Ai(-, j), where
A;(+,j) is the jth column of matrix A;. We divide the diagonal entries of M into multiple
classes as follows. Let my = f - 10* be the dimension for class k. Let the top mg diagonal
entries be class 0, then the next m; largest diagonal entries be class 1, and in general, once
we have defined class < k, let the next m, biggest entries be class k. This decomposes the

rows/columns of the matrices A; accordingly.

Intuitively, class 0 corresponds to the heaviest columns of the matrices A;, which con-
tribute the most to the discrepancy of ). x;4;, class 1 to the next heaviest and so on. We
ensure that the contribution of the class k columns to the discrepancy decreases geometri-
cally with k. Roughly, this allows us to focus on the class 0 columns and view each A; as an
m X mg matrix. As mg = f, the strategy in Section 5.3 will imply the desired \/nlog(f?/n)

bound. We now give the details.

Decomposing the matrices. Let I, C [m] be the indices for class k, and Is; = Uysily,

for classes u > k. For each class k and matrix A;, define the L-shape class-k matrix Ly ; €
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RIzk*I2k a5

Ay, 2) ifyely,z€ sy orifye s,z €I
Lii(y, 2) :=
0 otherwise.

In other words, Ly, is obtained from A; as follows: First consider the |I>;| X [I>5| submatrix
of A; of rows and columns of class > k. Then set A;(y,z) = 0 if both y and z are in
class > k 4+ 1. Note that the L, for £ = 0,1,2,..., partition the entries of A;. Next, let
Ry, € R=+*1k he the restriction of A; to the entries in Iy, x 1. Note that Ry, ; is exactly the
vertical |Isy| X |I;| rectangular part of Ly ;. Define A(z) :=>""" | x;A;, Li(x) ==Y 1 2Ly,
and Rg(x) := >, x;Ry; the corresponding discrepancy matrices.

It turns out that to bound the discrepancy of the matrices A;, it suffices to control the

discrepancy of the rectangular matrices Ry, for all class k.

Claim 5.4.1 (Discrepancy of R suffices). Let x € R™ be any fractional coloring, and define
Up = ||Ri(2) "Ri(2)||op for all k>0, then we have [|A(z)llop < 2> 420 VU

Proof. We write Ry(z) = (X,Y)", where X = A(x);,«y, is the I}, x I}, principal submatrix

X Y
of A(z). Then we have Li(z) = , and that

YT o0
Ur = [Ri(2) " Ri(@)llop = | X* + YY" op.
It immediately follows that || X||o, < v/Us. Note that we also have
I(Lr(2) — diag(X,0))*[lop = [|diag(YY ", Y"Y)lop < U

This shows that || Lk (2)|lop < 2v/Uy. Finally, note that since Ly, are symmetric, we have

o < Z H Z%le
k ;

A op = || D i = 2@y <23 VT
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This completes the proof of the claim. O

The key benefit of defining multiple classes comes from the following upper bound on
the variance parameter for class k. Recall from Section 5.3 (e.g., see (5.6)) that the variance

parameter crucially determines the final discrepancy bound.

Claim 5.4.2 (Variance Parameter for Class k). Define the variance parameter for class k
op}'

Proof. Note that we have > | Rl Rp; = My, 1., and > " | Rp;Rl, =< My, 1.,. It then

as

7
op

o(Ry)? := max {H Z R;iRk,i Z Rk,iR]Ii

Then we have o(Ry)? < tr(M)/(1 4+ 570 m;) < n/10".

=0

follows that o(Ry)* < [[Mp, 1o, llop- Since My, ;. is obtained from M by removing the

largest Z?;é m; diagonal entries, the bound in the claim follows. O

An immediate consequence of Claim 5.4.2 is that we only need to consider classes k with
10¥ < n'®. To see this, let k' be a class with 10* > n'® then by Claim 5.4.2 we have
0(Rw)? < 1/y/n. Then for any coloring x € {£1}", we can bound

Ry () R (@)lop < |- D BB < m-0(Rur)” < v

Thus an arbitrary coloring would have small discrepancy for class k'.

The Potential Function for Class k. We will apply the potential function meta analysis
from Section 5.3, but define an individual potential function ®(t) for each class k. In

particular, let the slack matrix Si(t) € S™+*™* for class k be
Sk 1= bi(t) - Lny, — Ru(a(t)) R (t)),

and the potential function be ®y(¢) = tr(S."*), where p;, > 1 will be specified later, and

will be different for each class k. Ideally, we would like to show that there is some choice
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of v and ¢ such that every ®; decreases simultaneously. However, there is no way to ensure
this, and instead we will control ®(t) =, ®(t), the sum of the potential functions of each
class k. As in Section 5.3, we assume inductively that ®(¢) < ®(0) and Sk > 0 for all classes
k. Then we update Az(t) = e(t)v(t)V/At for unit vector v € R(t)™ and e(t) € {£1}, and
Aby(t) = cx(t)At. The goal is to find v(t), e(t) such that ®(¢) does not increase.

We run the same analysis as in Section 5.3.1-5.3.3, by blocking J; = 2kf+mk of the
smallest sy, ;(t) from each class k. By (5.3), the number of constraints from blocking one
sk,;(t) is at most my, and thus across all classes k, the total number of constraints incurred

from blocking is at most

kajk,t = Z % < nt/2-
k

k

It follows from (5.5) that the change of each ®(t) is given by

E. ,[ADk(1)]
prAt
S - 2 4by,(t +1 m -
< — Sk,j(t) (pk+1)(ck(t) — n_ta(Rk)2> + %U(ka Z Sk,j(t) (Pr+2)
=t j=Jn

Then to satisty E. ,[A®,(¢)] < 0 for all class k, it suffices to choose

4bi(t) - (pr + 1) _
2 k k . 2 _ 1
+ o o(Rx) jﬂ?fil sk ()7 (5.10)

exlt) > n3 o(Ry)

Note that since the smallest Ji; of the sy ;(t) have been blocked, we have

s 0 < (20) < (RO

J2 g +1 Jk:,t +1 Jk,t +1

where the last inequality follows from the inductive assumption that >, ®4(t) = ®(t) < ®(0).

Parameter Setting for Partial Coloring. We run the above process until some time

T < n such that np = n/2. By Claim 5.4.2 we have 0(Ry)? < n/10%. Asn; > n/2, to satisfy
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(5.10), it suffices to have

4 8bp(t)-(pr+1) [ ®(0) \/*
> T 105 ( ) . (5.11)

cp(t) > — + T+ 1

Now we fix the parameter setting so that (5.11) holds. Let us choose py = 100log(f?/n) and
bo(0) = 100npy. We set by,(0) = by(0)/2%, and choose py, such that ®,(0) = ®¢(0)/2*. This
guarantees that ®(0) = >, ®(0) < 2d((0) = 25 - §4(0). The value of p;, satisfies that

@1 (0) = 1 (by(0)) ™ = f - 10" - (0(0)) 77 = Bo(0)/2° = f - 27" - (b(0)) 7™
Using bx(0) = bo(0) - 27%, we obtain the equality
207 - bo(0)P0 = (27F - by(0))P~.

This implies that pr > py > 100. Next, we claim that p, < 4py. This is because we are
only considering classes k with 10¥ < n!'®, and this together with by(0) > 10n imply that
275Dy (0) > by(0)'/? and 20* < 2F . 10% < n?. Using these bounds, the equality above gives
that n? > by(0)P+/2770 and as by(0) > 10n we have p;, < 2py + 4 < 4py.

Finally, we set cx(t) = ¢, := 25p;5~* independent of ¢ for any class k. Note that since
br(0) = 100npy - 27%, and as p;, < 4py, this choice of c(t) guarantees that for any t < n,

Now we check that (5.11) holds under these parameter settings. For any class & > 0, using
D(0) < 281, (0) = 2M110% f - b (0) 7P and J), = T3 2 grrargry, then (5.11) is implied
by

92k+41 )2k f2 ) 1/pk

cr(t) > 4-107% + 16(py + 1)be(0) - 1077 - b (0)~* ( -

Note that pp > po > 100log(f?/n), so the factor (22+410%* f2 /n)V/Pr < 2k, Tt follows that
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our choice of ¢ (t) = 25py - 5% satisfies the above inequality.

Partial Coloring Discrepancy Bound. By the parameter setting above, we have by (T') <
201,(0) = 200np, - 27%. Tt follows that for each class k, the partial coloring z(T") satisfies

IRx(2(T)) " Ri(2(T))llop < 2b5(T) < O(27F) - nlog(f*/n).

Then Claim 5.4.1 implies that [[A(2)[lep < 2D 450 v/20k(T) = O(y/nlog(f?/n)). Finally,

iterating the above partial coloring procedure, one finds a full coloring with discrepancy

O(y/nlog(f?/n)), completing the proof of the theorem. O
5.5 A More General Bound for Matrix Spencer

In this section, we consider a more general class of matrices, and prove the following more

general theorem that contains both Theorem 5.1.1 and Theorem 5.1.2.

Theorem 5.1.5 (General Matrix Discrepancy Bound). Given block-diagonal symmetric
matrices A; = diag(D},--- , DY) with diagonal blocks DI € RM*". If |D! ||, < 1 and
S IDHNE < gn for all i € [n] and j € [{], then one can efficiently find a coloring
x € {1} with

H inAiHop <0 (\/ﬁ max{1, \/log(gzé/n)}> .

Notice that applying Theorem 5.1.3 directly (with f = g¢) to this class of matrices gives
a worse discrepancy bound of O(y/n - max{1, \/W )}

As mentioned in the last paragraph of Section 5.1.1, there are instances where Theo-
rem 5.1.5 is strictly stronger than Theorem 5.1.3 and Theorem 5.1.2. In particular, when
m =mn, h; = h=/nand |D!||% = vh = n/* for all j € [{], the bound in Theorem 5.1.5 is
O(y/n) while both Theorem 5.1.3 and Theorem 5.1.2 give O(y/nlogn).

Before proving Theorem 5.1.5, we first give some intuition on how its proof differs from

that of Theorem 5.1.3. At a high level, as in the proof of Theorem 5.1.3, we follow our general
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framework in Section 5.3 to guarantee a discrepancy bound of O(y/n-max{1, y/log(mo/Jo)}),
where my is the number of heavy rows (corresponding to diagonal entries of M := Y, A? that
are roughly n), and Jy is the number of small sy ; we can block when at least n/2 coordinates
i € [n] are alive.

We can only take mg = gf as before, but our gain comes from being able to block more
So; when ¢ > 1. In Theorem 5.1.3, we can block at most n/2¢¢ smallest sq;. But now, since
there are at most g heavy rows in each block, and since blocking each s ; requires at most g
constraints in (5.3), we can afford to block Jy = n/2¢g directions. This leads to the improved
discrepancy bound of O(y/n - max{1,y/log(¢g2¢/n)}) in Theorem 5.1.5. Next, we present a

more formal proof.

Proof of Theorem 5.1.5. Let M7 := Y7 (D?)? for each block j € [¢], which by assumption
satisfies tr(M) < gn. Define M := """ | A? = diag(M',--- , M*) as before, which we assume
is diagonal wlog. We may also assume wlog that g > 2\/n_/€ so the bound in Theorem 5.1.5
is O(y/nlog(g?¢/n)). Again, we decompose the columns of the A; matrices into multiple

classes.

Dividing into Classes. Let m; = g - 10 be the number of class k columns for each
diagonal block j € [¢]. For each block j € [(], we let the largest m, diagonal entries of M7 be
class 0, then the next m; largest diagonal entries be class 1, and so on so forth. For all blocks
j € [€], there is a total of my = 7l class k entries. Let I] C [m] be the indices for class k
that come from block j € [¢]. Let Iy C [m] be the indices for class k, and Is; = Uy>l, the
indices for classes u > k. As in the proof of Theorem 5.1.3, we define L;; € R=xX1=k and
Ry € Rz:%Ik he the L-shape and rectangular matrices for each class k, which again satisfy
Claim 5.4.1 and Claim 5.4.2.

The key observation is that the matrices Rj; admit the following common structure:
the 7 columns R, € R=+*1i from each diagonal block j € [¢] are supported on different
rows for different j € [¢]. This implies that (RiZ)TRfC,l = 0 whenever j # j'. Thus for

any fractional coloring z € R™, the squared discrepancy matrix Ry(x) "Ry (z) € RT>Tt g
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block-diagonal with block size ;. X my.

The Potential Function for Class k. As in the proof of Theorem 5.1.3, we define
Sk(t) := be(t) - Iny, — Rie((t)) " Ru((1)),

and use our meta analysis from Section 5.3 to bound the potential function ®(t) = >, Py (%),
where each ®x(t) = tr(Sk(t)™*). Then by (5.3), the constraints incurred by blocking one
Sk 18

f Z vi(t) - (R Ri(2()Quy(t) + Ri(x(t)) T RiiQus(t)) = 0.

Since Ri(x(t)) "Ry(z(t)) is block-diagonal with block size my x My, so does S(t) and the
orthogonal matrix Q(#) in the spectral decomposition S (t) = Qx(t) " diag({sk;(t)} 1= )Qr(t).
Thus the vector (R}, Ry(x(t))Qr;(t) + Ri(x(t)) " RyiQr,;(t)) would be supported only on
one of the blocks in [f], and so the number of constraints above is at most my, instead of
my, = myl. Therefore, we can set Ji; = n;/(Mp2"2) so that the total number of constraints

incurred from blocking is at most n; /2.

Parameter Setting for Partial Coloring. Running the same analysis as in the proof of

Theorem 5.1.3, we have the same sufficient condition (5.11) on ¢x(t) which we rewrite below

4 8b(t) - (pe+ 1) ®(0) /7
er(t) > Top + o : (Jk,t+ 1) . (5.12)

The only difference in our parameter setting from that of Theorem 5.1.3 is that we set
po = 1001og(g?¢/n). Then we can set by (0) = 100npo/2%, cx(t) = cx = 25pr5~" and pj, such
that @,(0) = ®4(0)/2* as before. Following along the lines of the proof of Theorem 5.1.3,

one can verify that these parameter settings satisfy condition (5.12).
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Partial Coloring Discrepancy Bound. By the parameter setting above, we have by (1) <
205,(0) = 200np, - 27%. Tt follows that for each class k, the partial coloring z(7T') satisfies

1Rx(2(T)) " R (2(T))llop < 266(T) < O(27%) - mlog(g*(/n).

Then Claim 5.4.1 implies that [|A(z)|lop < 2,50 v/206(T) = O(y/nlog(g*/n)).

Finally, iterating the above partial coloring procedure, one finds a full coloring with

discrepancy O(y/nlog(g?¢/n)), completing the proof of the theorem. ]
5.6 Missing Proof

In this section, we prove Theorem 5.1.4 which is restated below for convenience.

Theorem 5.1.4 (Theorem 3.1 in [HRS22]). Given symmetric matrices Ay, --- , A, € R™*™,
one can efficiently find a partial coloring x € [—1,1]" with |{i : x; € {£1}}] = Q(n) such

I bl =0 ([ s e () )

The proof of Theorem 5.1.4 largely follows from the proof of Theorem 5.1.3 with a different

that

parameter setting, so we only highlight their differences below.

Proof of Theorem 5.1.4 (Sketch). For simplicity, we denote M := Y. A? as before, and de-
note 5 :=tr(M) and « := ||M]||op for simplicity. Note that if we multiply all matrices A; by
a factor A > 0, then the bound in Theorem 5.1.4 also gets multiplied by A. Therefore, we
may rescale the matrices A; such that & = n. We may also assume without loss of generality
that 3 > 2a/n so that the bound in Theorem 5.1.4 is O(y/alog(52/a?n)).

Our rescaling of the matrices A; above might violate the assumptions ||4;[|op < 1 in the
statement of Theorem 5.1.3. However, we can still repeat the proof of Theorem 5.1.3, as our
analysis for obtaining a partial coloring discrepancy bound only uses the bound on o(Ry)?,
and the only way we are using ||4;||op < 1 is to obtain a bound on o(Ry)?. More precisely,

we can simply repeat the proof of Theorem 5.1.3, by setting m, = g - 10¥ instead. Dividing



139

into classes using this new my, value, we have o(Ry)?* < O(mik) < O(+gr)- As in the proof of

Theorem 5.1.3, we can still block Jj; = #Ttmk smallest s ; from each class k as before, and
(5.11) still suffices for potential decrease.

The only difference in the parameter setting is that now we use py = 100 log(m3 /n). The
rest of the parameters are set in the same way as in the proof of Theorem 5.1.3, namely
bo(0) = 100npg, b (0) = b(0)/2F, ci(t) = cx := 25pr5*, and pj, such that @, (0) = Oy (0)/2*.
Following along the lines of the proof of Theorem 5.1.3, one can verify that these param-
eter settings satisfy (5.11) for all classes k. The discrepancy bound is then O(4/by(T)) =
O(y/alog(B?/a®n)). O
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Chapter 6

MATRIX DISCREPANCY III: MATRIX SPENCER
CONJECTURE UP TO POLY-LOGARITHMIC RANK

In this chapter, we present our latest progress on the matrix Spencer conjecture (Con-
jecture 1.3.1). In particular, we detail a proof of the matrix Spencer conjecture up to poly-
logarithmic rank, which also implies a nearly optimal lower bound for quantum random
access codes using a connection obtained in [HRS22|. This chapter is based on a joint paper
with Nikhil Bansal and Raghu Meka [BJM22b].

This chapter is intended to be self-contained so that readers who are interested in un-
derstanding the latest progress on the matrix Spencer conjecture can directly start reading
through this chapter without having to recall any definitions and notations from the previous
two chapters. To make for a self-contained presentation, this chapter starts by repeating the

motivations and definitions that have already appeared in the last two chapters.

6.1 Introduction

We study discrepancy minimization in the matrix setting. Let us start with the classical
discrepancy setting where given vectors ay, ..., a, € R? satisfying ||a;]|. < 1 for all i € [n],
and the goal is to find signs z1, ..., z, € {£1} to minimize the discrepancy || D", ;a;||. In
a seminal result, Spencer [Spe85] showed that the O(y/nlogd) bound obtained by a random
coloring is not tight and showed the following bound, which is also the best possible in

general.

Theorem 4.1.1 (Spencer [Spe85]). Let m > n. Given vectors ay, . .., a, € R™ with ||a;|le <
1, there exists v € {£1}"™ such that || >, a0 < O(y/nlog(2m/n)).

In particular for d = O(n), this gives an O(y/n) bound, in contrast to the O(v/nlogn)
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bound for random coloring obtained by applying Chernoff and union bounds.

To prove this result, Spencer developed the powerful partial-coloring method via the
entropy method, building on the previous work of Beck [Bec81]. Another approach to prove
Theorem 4.1.1 based on convex geometry was developed independently by Gluskin [Glu89].
While these original arguments used the pigeonhole principle and were non-algorithmic, in
recent years, there has been a rich line of work [Ban10, BS13, LM15a, Rot17, LRR17, ES18,

RR20a] on their algorithmic versions.

Matrix Spencer Setting. A natural generalization of Spencer’s problem to matrices is
the following. Let Ay, ..., A, € R¥4 be symmetric matrices with maximum singular value,
or operator norm, ||4;|lop < 1. Find a coloring x € {£1}" that minimizes || > ., z;4;|lop. In
particular, Spencer’s result corresponds to the case when all the A; = diag(a;) are diagonal.

As in the vector case, for a random coloring = € {£1}", the non-commutative Khintchine
inequality of Lust-Piquard and Pisier [LP86, LPP91, Pis03], or the matrix Chernoff bound
[01i10, Trol15], give that

1/2). (6.1)

op

B[l 3 wall,] - o viogd | 3 4

This implies a bound of O(y/nlogd) on the matrix discrepancy. This inequality also holds
when one picks x € R” to be standard Gaussians, which will play an important role in our
results.

Matrix concentration bounds are powerful and widely used tools in mathematics and
computer science, and it is natural to ask when one can beat them. In particular, whether
the following natural analog of Spencer’s result for matrices holds is a tantalizing open

question.

Conjecture 1.3.1 (Matrix Spencer Conjecture, [Zoul2, Mekl4]). Given symmetric ma-

trices Ay, ..., A, € R™™ with each ||Aillop < 1, there exist signs x € {£1}" such that
>, {L‘iAiHop < O(y/n - max{1,+/log(m/n)}). In particular, the matriz discrepancy is
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O(y/n) for m =n.

While this conjecture is still open, there has been exciting progress on important special
cases. Recently, Hopkins, Raghavendra and Shetty [HRS22] proved Conjecture 1.3.1 where
each matrix A; has rank O(y/n); in a different direction, Levy, Ramadas and Rothvoss
[LRR17] and Dadush, Jiang and Reis [DJR22] established Conjecture 1.3.1 for block-diagonal
matrices with block size h = O(n/d). Recently, Bansal, Jiang, and Meka [BJM22a] gave an
approach based on barrier functions to achieve a bound that unifies and slightly strengthens

the results of [HRS22, DJR22].

6.1.1 Our Results
The main result of this chapter is the following theorem.

Theorem 6.1.1 (Matrix Spencer Up to Poly-logarithmic Rank). Given d x d symmetric
matrices Ay, ..., A, € R>? each with ||Ai|lep < 1 and ||A;]|% < n/log’n, there exist signs
r € {£1}" such that || > " z;Aillep = O(v/n). Moreover, these signs can be computed

efficiently.

Note that the condition ||A;]|2 < n/log®n is satisfied when each A; has rank at most
n/log® n or in particular if d < n/log® n. Thus Theorem 6.1.1 resolves Conjecture 1.3.1 up to
poly-logarithmic dimension or poly-logarithmic rank. We remark that even when assuming
the matrices A; have small rank (even rank 1) or small dimension (even d = /n), it is
known that one cannot hope for a bound better than ©(y/n) [DJR22]. For instance, let
e1,...,e, € R" be the standard basis vectors and take A; = (1/2)(e; + ¢;)(e1 + e;)T. Then,
for any x € {£1}", the first column of >, z;A4; has norm Q(y/n) so its spectral norm is
Q(y/n). This is in sharp contrast to the diagonal case, where an O(+/rlogn) bound for rank
r matrices holds [Ban98], and a O(,/r) bound was conjectured [BF81].

Further, when matrices A; have dimension d = w(n) but rank(4;) < n/log®n, the bound
in Theorem 6.1.1 is O(y/n) and is stronger than the w(y/n) bound suggested by Conjec-
ture 1.3.1.
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A new ingredient in our proof is a recent strengthening of the non-commutative Khint-
chine inequality for Gaussian random matrices of the form ) g;A; where ¢i,...,g, are
independent standard Gaussian random variables due to Bandeira, Boedihardjo, and van
Handel [BBvH21|. The central idea is to pick a suitable projection of the random matrix to
a subspace so that the bound of [BBvH21] matches O(y/n). We defer the details to the full
proof.

The same proof strategy also implies the following improvement over the random col-
oring bound of O(y/nlogd) whenever the matrices have rank(A;) = o(n), and in particular
whenever the dimension is d = o(n), by using the result of [Trol8] together with [BBvH21].
Previously, nothing better than the random coloring bound was known even when d = n'/?+¢

for any small constant € > 0.

Corollary 6.1.2 (Improvement Over Random Coloring). Given d X d symmetric matrices
Ay, A, € R each with ||Aillop < 1 and ||Ai]|% < r, there exist signs x € {£1}"
such that || 37, z;A||lop = O (Vn(logd)'/* + (nr)/4\/logd). Moreover, these signs can be
computed efficiently.

We leave the details of the proof of Corollary 6.1.2 to Section 6.4.

Implications for Quantum Random Access Codes. [HRS22| identified a beautiful
connection between the matrix Spencer conjecture and quantum random access codes that
achieve advantage C'/y/n for a big enough constant. They use this connection in their proof
of the conjecture for matrices of rank O(y/n).

Consider the following two-party communication problem: Alice is given a vector x €
{£1}" and Bob an index i € [n]. We are interested in the one-way quantum communication
complexity (from Alice to Bob) of computing x;. That is, Alice gets to send a quantum
message to Bob and Bob must use this message to compute a guess for x;. For a protocol II,
let advp(z,i) = max(0, P[II(x,i) = x;] — 1/2) be the advantage over random guessing that
Alice and Bob have. Note that the randomness is over that of the protocol.

The seminal works of [ANTSV02] showed that for any protocol II with E, ;[advy(x, )] =
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Q(1), Alice must send Q(n) qubits to Bob'. In [HRS22], the following elegant connec-
tion between Conjecture 1.3.1 and the above communication problem is made: The con-
jecture is true if and only if there is some constant C such that any protocol II with

min, E;[advy(z,i)] > C/y/n must send at least log, n — O(1) qubits from Alice to Bob.

As our main result, Theorem 6.1.1, proves the conjecture for matrices of dimension

n/ log® n, this combined with Claim 1.6 in [HRS22] immediately imply the following corollary:

Corollary 6.1.3 (QRAC Lower Bound). There exists a universal constant C' > 0 such that
the following holds. Any quantum one-way protocol 11 as above with min, E;[advy(x,7)] >

C/\/n requires at least logyn — 3logylogyn — O(1) qubits of communication from Alice to
Bob.

Note that the leading constant of 1 in front of log, n is right for the first time and is
the best possible (for sufficiently large constant C' > 0). Previously, the results of [HRS22,
DJR22] imply a lower bound of (1/2)log, n — O(1) on the quantum one-way communication
complexity.

Further, a modification of the example in [DJR22] shows that there exists a protocol II
such that for all x € {£1}",i € [n], advy(x,7) > ¢/+/n for some constant ¢ > 0 and involves
at most (1/2)log,n + O(1) qubits of communication. Combined with our lower bound,
this shows a somewhat sharp transition in the communication required for protocols as in
Corollary 6.1.3: for some constants 0 < ¢ < C, achieving an advantage of C'/\/n requires
log, n—O(loglog n) qubits, whereas one can achieve ¢/+/n advantage with (1/2)log, n+O(1)
qubits. Interestingly, the transition is a quantum phenomenon and is absent for classical
randomized communication; a tight bound of log, n +©(a?) bits of communication is known

for achieving advantage «/+/n for all a > 0.

1On a related note, if one is not interested in the exact constant, one can obtain an (n) bound easily
from the matrix Chernoff bound in (6.1) (without using any quantum information theory).
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6.1.2 Further Related Works

Discrepancy Theory. Discrepancy theory is widely studied and has applications to many
other mathematics and computer science areas. We refer readers to the excellent books
[Cha00, Mat99, CST*14] for a more comprehensive account of the rich history of discrep-
ancy. Recent developments in discrepancy have led to several applications in approximation
algorithms, differential privacy, fair allocation, experimental design, and more [MN12, Rot13,

NTZ13, BCKL14a, Ban19, JKS19, HSSZ19, BJSS20, BRS22].

Matrix Discrepancy and Non-Commutativity Random Matrix Theory. Many
natural problems in the study of spectra of matrices can be viewed as questions about
matrix discrepancy, e.g., graph sparsification [BSS12, RR20b], the Kadison-Singer problem
[MSS15] and its generalization [KLS20], and the design of quantum random access codes
[ANTSV02, HRS22].

Matrix discrepancy is also closely related to non-commutative random matrix theory,
where the typical value of || > . x;A4;||op for a random coloring z has received significant
attention. The bound of E[|| ", z;4;|lop] < O(y/nlogm) by matrix Chernoff [AW02] or
matrix Khintchine [LP86, LPP91, Pis03] that is generally tight for commutative matrices,
can be often improved in the non-commutative case (e.g. [Verl8, Trol8, BBvH21] and the
references therein). We refer readers to the book [Taol2, Vul4] for a more comprehensive

account of random matrix theory.
6.2 Preliminaries

We first recall some basic facts about matrices and describe the notations. For a square

matrix A € R™™ with entries a;;, its trace tr(4) = ), a;; and Frobenius norm ||A|p =
Vir(ATA) = (32 a5)V?. Tf A is symmetric with eigenvalues i, ..., A,, then we have
tr(A) = Y, h [[Allr = (32, M)Y? and its operator norm ||Allep = max|,,—1 [|Az|2 =
max; [A;|. A symmetric matrix A is positive semidefinite (PSD) if all its eigenvalues A\; > 0.

For a linear subspace H C R", let H* denote its orthogonal complement. For any matrix
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A€ R4 we let (A) € R? be the vector formed by the d? entries of A in a fixed order. For
a subspace H and convex set K C H, denote vy (K') the Gaussian measure of K restricted

to H, i.e. the probability that a standard Gaussian vector on H lies in K.

6.2.1 Matriz Concentration

Let X € R%*4 be a symmetric multi-variate Gaussian random matrix (i.e., the entries of X are
jointly Gaussian). Equivalently, we can assume that X is of the form X = """  ¢;A; where
g; are independent standard Gaussians and Aj,..., A, € R%? are symmetric matrices.
Note that this representation of X is not unique, and by the rotational invariance of the
Gaussians, one also has X = 7. ¢;B; where B; = 37, (v/);4; for any n x n orthogonal
matrix with columns 7.

Let 0(X)? = [[E[X?]|lop = || >_; AF|lop- The fundamental matrix-Chernoff inequality or

non-commutative Khintchine inequality implies, among other things, that for X as above,

we have

E[| Xllop] = O(o(X) - /log d).

Note that this bound is tight in general, for instance, if X is a suitable diagonal matrix.
Much attention has been given to finding special cases where the v/log d factor in the bound
above can be improved. Of particular note is the work of Tropp [Trol18] where he introduced
a specific matrix alignment parameter to capture the non-commutativity of the matrices A;.

Recently, Bandeira, Boedihardjo, and van Handel made substantial progress in this di-
rection in [BBvH21]. In particular, they related the matrix alignment parameter of Tropp
to the following more natural parameter. Let

Cov(X) = E[(X)(X)"] = E| 3 (4:){4))7] (6.2)

=1

2Tt will be useful to think of the matrix X by itself as a random matrix, and only use the specific
representation . g; A; when needed.
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be the d? x d? covariance matrix of its d? scalar entries and define
v(x)? = [|Cov(X)|lop-

Bandeira, Boedihardjo, and van Handel [BBvH21] showed the following refinement of the
non-commutative Khintchine inequality of Lust-Piquard and Pisier [LP86, LPP91, Pis03].

Theorem 6.2.1 ([BBvH21|, Theorem 1.2). Given symmetric matrices Ay, --- , A, € R¥*?

let X = Z?:lgiAi where g; are i.i.d. standard Gaussians. Then
E[|| Xlop] < C - (a(X) + (log** d)o(X)*v(X)"?),

where C' is some universal constant. In particular, E[|| X ||op] = O(0(X) + (log*? d)v(X)).

We remark that the bound in [BBvH21] is substantially more potent and, in particular,
gives the optimum constant for the o(X) term and even control over the full spectrum of X.

However, the weaker version above suffices for our purposes.

6.2.2 Partial Colorings in Convezr Sets

The seminal work of Gluskin [Glu89] introduced the idea of finding partial colorings via
techniques from convex geometry. At the core is the idea that any symmetric convex set
K C R™ with sufficiently large Gaussian volume must contain a vector from {—1,0, 1}" with
2(n) non-zero coordinates (i.e., a good partial coloring). In particular, Giannopoulos [Gia97]
showed that if v(K) > e~ for a sufficiently small constant &, then K must contain a good
partial coloring. Rothvoss [Rot13] gave an algorithmic version of Giannopoulos’s result and
extended it to subspaces with dimension close to n. This extension will be useful for our

purposes.

Lemma 6.2.2 ([Rot17], Lemma 9). Let ¢ < 1/60000 and § := 3elogy(1/e). Given a

subspace H C R" of dimension at least (1 — 6)n, a symmetric convex set K C H with
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vu(K) > e and a point vy € (—1,1)". There exists a polynomial time algorithm to find a
point x € (xg + K) N [—1,1]" so that |{i : z; € {£1}}| > en/2.

6.3 Proof of the Main Result

Following the standard approach, it suffices to find a partial coloring with O(n'/?) discrep-
ancy. We show this below in Section 6.3.1, and then show how Theorem 6.1.1 follows from

it in Section 6.3.2.

6.3.1 Main Partial Coloring Lemma

Lemma 6.3.1 (Main Partial Coloring Lemma). There exist constants ¢, ¢’ > 0 such that the
following holds. Given symmetric matrices Ay, ..., A, € R that satisfy || > i, A?|lop < 02

and 3" | AillF < nf? and a point g € (—1,1)", there exists a point v € [—1,1]" such that

H i(ﬂfz - io,i)Ai

< c(o+ (log”* d)\/of ),
op

and [{i : x; € {£1}}| > n. Moreover, such a point can be found in polynomial time.

The partial coloring upper bound could be changed to the clearer bound of O(c +
(log d)3/2f) without too much loss; but the above is better for our recursion. In particu-
lar, note that if o < /n and f? < n/log®d (which will be true when [|A;|lo, < 1, and
rank(A;) < n/log”d), we get a partial coloring with a spectral norm bound of O(y/n).

The idea behind the proof is as follows. Let X = >"" | ¢;A; where g; are i.i.d standard

Gaussian random variables. Consider the convex body

K= {x eR": HiszZ
i=1

< ca} C R"”
op
for some suitably large constant ¢ > 0. If K had Gaussian measure v(K) > exp(—£(n)),
then we could directly use Rothvoss’s partial coloring result [Rot17]. As o(X) < o, one may

hope that the improved concentration bound in Theorem 6.2.1 can be used to show such a
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lower bound on v(K). However, it is unclear how to do this directly, as we do not have any
control on v(X) and it might even be larger than o(X). So our key idea is to work with a
suitable slice of the body K.

A key observation is that even if v(X) itself is large, the number of large eigenvalues
of Cov(X) must be small as tr(Cov(X)) = >, | 4il|% < nf* In particular, if we set
A? > f?/5, then the number of bad eigenvectors of Cov(X) with eigenvalue greater than AZ
is at most on. The main idea is to restrict the g;’s to lie in a subspace H C R" so that ify € H
is drawn from the standard Gaussian distribution on H, the resulting matrix Y = > v, 4;
is perpendicular to each of the bad eigenvectors of Cov(X). This ensures that v(Y) < A and
by Theorem 6.2.1, E[||Y[|op] = O(0 + (log** d)\/o - f). Further, as the number of such bad
eigenvectors of Cov(X) is small, we can ensure that H has dimension at least (1 — §)n. We

can now apply Lemma 6.2.2 to get the desired partial coloring. We now give the details.

Proof of Lemma 6.5.1. We define constants e := 1/60000 and § := 3elog,(1/¢) to be as in
Lemma 6.2.2. We define X = >"" | ¢;A; where g; are i.i.d. standard Gaussian random vari-

ables. Consider the PSD matrix Cov(X) € R¥*% defined in (6.2). Note that by assumption,

tr(Cov(X)) = Y I(A))ll3 = D [A4ill} < 6nA?,
1=1

=1

where A% := f2/§. This implies that there can be at most k := dn eigenvalues of Cov(X)

exceeding A%, Let Vi, -+, Vi € R¥? be such that (V) is the eigenvector for the jth largest

eigenvalue of Cov(X). Define the subspace
H = {y ER" Yy tr(AV;) = 0,V) € [k]}.
i=1

Now we sample the standard Gaussian vector g € R™ as follows: first sample a standard
Gaussian vector y € H, then sample an independent standard Gaussian vector r € H*,
and finally let ¢ = y + 7. We define Y := > " | y;A; and R := > | r;A;, which implies

X =Y + R. Since Y and R are independent and have zero mean, we immediately have that
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E[X?] = E[Y?] + E[R?] and therefore o(Y) < o(X) < o by the assumption in the Lemma.

We next show that v(Y) < A. Astr(Y'V;) = 0 for any j € [k], we have (Vj)TCOV(Y)(V}-) =
0. As Cov(Y) is a PSD matrix, W := span{(Vl), e ,(Vk)} C R¥ must be a subspace of the
eigenspace corresponding to the eigenvalue 0 of the matrix Cov(Y). For any vector v € R%

with v L W, we thus have that
v Cov(Y)v < v'Cov(X)v < A?,

as Cov(X) = Cov(Y) + Cov(R), and the (k + 1)th eigenvalue of Cov(X) is at most A2, This
proves that ||Cov(Y)|lop < A2, or equivalently v(Y) < A.

Now we want to apply Theorem 6.2.1 to Y = >""" | 1;A;. A crucial but elementary fact is
that Theorem 6.2.1 holds for any (symmetric) matrix-valued random variable whose entries
are jointly Gaussian and the final bound only depends on the overall distribution of the
random matrix and not on the specific representation as a sum of independent matrices.
Clearly, the matrix Y we have is a multi-variate Gaussian random variable so we can apply

their result.

To be precise, we can justify its validity even though the vector y does not have indepen-
dent coordinates as follows. Let v!,...,v¥ € R™ be an orthonormal basis for H. Then, we

can write y = Z?Zl h;jv? where h; are i.i.d standard Gaussian variables. We can now write
n k n k

V==Y (Swna) = s,

i=1 j=1 j=1

i=1

where we define B; = > 1" (v7);4;. Thus Y can be written in the form of a Gaussian matrix

series in terms of the i.i.d. standard Gaussians h;.

Thus we can apply Theorem 6.2.1 to Y and obtain for universal constant C' > 0,

E[|Ylop] < C - (o(Y) + (log®* d) - /o (Y)u(Y)) < e(o + (log”* d)/o - f), (6.3)
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for a sufficiently big constant ¢ > C(1 + 1/v/6). Let us consider the convex body

K = {m € H: Hzn:x,Az
i=1

< 2¢(o + (log¥* d)\/o - f)}
op
By Markov’s inequality and (6.3), it follows that vy (K’) > 1/2 > e™°". Also note that
dim(H) > (1—0)n since H is defined by dn constraints. It then follows from Lemma 6.2.2 that
we can efficiently find a point x € (zo+K')N[—1, 1] such that |{i : |z;| = 1}| > en/2 = Q(n).
By the definition of K, the guarantee that = € xq + K’ translates to

H i(iﬁz - 370,1;)141’

< 2¢(0 + (log¥* d) /o - f).
op
This completes the proof of the lemma. As (log** d)/o - f < (0 + f(logd)*/?)/2, this implies
a partial coloring discrepancy bound of at most O(c + (logd)*2f). O

6.3.2 Proof of Main Theorem

We can now prove Theorem 6.1.1 (restated below) by recursively applying Lemma 6.3.1.

Theorem 6.1.1 (Matrix Spencer Up to Poly-logarithmic Rank). Given d x d symmetric
matrices Ay, ..., A, € R>? each with ||Aillep < 1 and ||A;]|% < n/log’n, there exist signs
r € {£1}" such that || >, z;Aillop = O(/n). Moreover, these signs can be computed
efficiently.

Proof of Theorem 6.1.1. Denote f? := n/log®n. First, without loss of generality, we can
assume that d < n?. Indeed, suppose to the contrary that d > n® Define M := >" 4 A?
and note that tr(M) = >_" | ||Ai]|% < nf? By a change of basis, we may assume without
loss of generality that M is diagonal and its diagonal entries are in descending order. Note

that M2 .2 < tr(M)/n* < f?/n. Define B; € R@"*)xd the matrix obtained by removing
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the first n? rows of A;. We have for any coloring = € {£1}",

< f?
op

Y

Sl = () (Sem)], <[ S s
i=1 °p i=1 i=1 op i=1

where the inequality follows as z,z;(B] B; + B B;) < (B B; + B} B;) for all i,j. Now we

let L; € R¥4 be the matrix obtained by zeroing out the top left n? x n? block of A;. Since

matrices A; are symmetric, it follows that for any coloring = € {£1}",

H Y iLi SQH Y iBi
izlx . ;x

< 9f.
op

This shows that we only need to keep the top left n? x n? block of each matrix A; without
affecting the discrepancy by more than an additive term of 2f. We thus assume henceforth

that d < n?.

By assumption, the matrices 4; satisfy || Y"1, A?[lop < n and >, [|Ai||F < nf?. There-
fore, we can apply Lemma 6.3.1 with 2y = 0 to obtain a partial coloring (") € [—1,1]"
with || 0, 2 A llop = O(v/n) and |{i : |27 = 1}| = Q(n). Next we let I := {i € [n] :
|:1c§1)| < 1}, and recursively apply Lemma 6.3.1 to the set of matrices {A;};c;, with point
zM |7, Continuing this process of recursively applying Lemma 6.3.1 to the set of coordinates
i such that |z;| < 1, the number of such coordinates decreases by a constant factor in each

iteration.

Let () € [—1, 1]" be the resulting vector in the tth iteration and let n; denote the number
of coordinates in #® that are in (—1,1). Then, we have n,,; < An; for some constant A < 1
and by using Lemma 6.3.1 with o < \/n;, we get that the discrepancy increases additively
by at most ¢(y/n; + (log** d) - fl/gntl/4). Therefore, repeating it for O(logn) iterations, we

get a full coloring with discrepancy at most

> (Vg + (log* d) - £1/2n") = O(v/n) + O((log™* n) - f1/*n!/4),

t
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where we have used that d < n? and n,’s form a geometrically decreasing series. The theorem

now follows since we have chosen f2 = n/log®n. n

Remark 6.3.2. One can also use the version of Lemma 6.2.2 without defining the subspace
as in the proof above, but this requires assuming ||A;||% < n/log*d in Theorem 6.1.1. In
particular, by taking (A;) to be the eigenvectors of the matriz Cov(X) = > 1, (Ai)(Ai)T in
descending order of eigenvalues \y > --- > X,, the random matriz Y ., g,»/\il/QA; has the
same distribution as > i g;A;. One can then guarantee that v,(K) > 279M by consid-
ering the event that gi,--- ,gx are all 1/poly(n) small for k = ©(n/logn), and applying

Theorem 6.2.1 to control || Y27, gi)\;/QAgHop.

6.4 Improvement Over Random Coloring for o(n)-rank Matrices

In this section, we sketch how the strategy in the proof of Theorem 6.1.1 can be used
to prove Corollary 6.1.2, which we restate below for convenience. In particular, Corol-
lary 6.1.2 improves over the random coloring bound of O(y/nlogd) whenever the matrices

have rank(A4;) = o(n), and in particular for all dimension d = o(n).

Corollary 6.1.2 (Improvement Over Random Coloring). Given d x d symmetric matrices
Ay, A € R each with ||Aillop < 1 and ||Ai]|% < r, there exist signs x € {£1}"
such that || 37 z;A||lop = O (Vn(logd)'/* + (nr)/4\/logd). Moreover, these signs can be
computed efficiently.

Proof of Corollary 6.1.2 (sketch). The main observation is that instead of using the bound

given by Theorem 6.2.1, one can combine Corollary 3.6 in [Trol8] with Proposition 4.6 in

[BBvH21] to obtain the bound

B[] X lop] = O ((log )"/ (X) + (log d)*/*\/v(X)o(X) ) (6.4)

for any symmetric Gaussian random matrix X € R%?. Notice the improved (log d)'/? factor

in the second term here compared to the factor of (logd)** in Theorem 6.2.1, but at the
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expense of the worse (logd)'/* factor in the first term.

As tr(Cov(X)) < nr for r = max; rank(4;), by the argument in the proof of Lemma 6.3.1
we can assume that v(X)? = O(r) by restricting to the subspace H orthogonal to the large
eigenvectors of Cov(X). Plugging this into (6.4), the argument in Lemma 6.3.1 implies
a partial coloring with discrepancy O (v/n(logd)/* + (nr)'/*\/logd), improving upon the
random coloring bound of O(y/nlogd) whenever r = o(n). Finally, as in the proof of
Theorem 6.1.1, the O(logn) iterations of partial coloring to get a full coloring only leads to

an O(1) factor loss overall. O
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Chapter 7

ONLINE DISCREPANCY I: CHANGE OF BASIS

In this chapter and the next two chapters, we turn to the study of online discrepancy. The
online discrepancy question was first studied by Spencer [Spe77] in the 1970s, who showed
that the v/T discrepancy by random coloring cannot be improved against adaptive adver-
saries. In this chapter, we give an algorithm with poly(log7") discrepancy for this problem
in the stochastic setting. We also give the first poly-logarithmic discrepancy algorithm for
online geometric discrepancy problems. This chapter is based on a joint paper with Nikhil
Bansal, Sahil Singla, and Makrand Sinha [BJSS20] that appeared in the 52nd Annual ACM
SIGACT Symposium on Theory of Computing (STOC 2020).

7.1 Introduction

Consider the following online vector balancing question, originally proposed by Spencer
[Sho77]: vectors vy, vy, ..., v € [—1,1]™ arrive online, and upon the arrival of vy, a sign x; €
{#£1} must be chosen irrevocably, so that the £,,-norm of the signed sum d; = x1v1+. ..+ X0
remains as small as possible. That is, find the smallest B such that max;cp [|di|| < B.
As we shall see later, the problem arises naturally in various contexts where one wants to
divide an incoming stream of objects, so that the split is as even as possible along each of
the various dimensions that one might care about.

A naive algorithm is to pick each sign x; randomly and independently, which by standard
tail bounds gives B = O((T'logn)'/?) with high probability. In most of the interesting
settings, 1" > n, and a natural question is whether the dependence on 7" can be improved

from T%/2 to say, log T, or removed altogether (possibly with a worse dependence on n).
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Offline setting. The offline version of the problem, where the vectors vy, ..., vy are given
in advance and the goal is to minimize max;e(r) ||d¢||oo, is known as the signed-series prob-
lem. It was first studied by Spencer [Sho77], who obtained a bound independent of T, but
exponential in n. This was later improved by Barany and Grinberg [BG81] to B < 2n.
Chobanyan [Cho94] showed a beautiful connection between the signed-series problem and
the classic Steinitz problem on the rearrangement of vector sequences—any upper bound
on B also holds for the latter problem. Steinitz problem has a much longer history, origi-
nating from a question of Riemann and Lévy in the 19th century (c.f. the survey [Bar08]
for some fascinating history). A long-standing conjecture for both the problems, still open,
is that B = O(n'/?). Another notable bound is due to Banaszczyk [Ban12], who showed
that B = O((nlogT)"/?). While the original argument in [Ban12] was non-constructive, a

polynomial time algorithm to find such a signing was recently given in [BG17].

In general, there has been extensive work on various offline discrepancy problems over
last several decades, and several powerful techniques such as the partial coloring method
[Spe85] and convex geometric methods [Gia97, Ban98, Ban12, MNT14] have been developed,
which significantly improve upon the bounds given by random coloring. While these initial
methods were mostly non-algorithmic, several new algorithmic techniques and insights have
been developed in recent years [Banl0, LM15b, Rot17, ES18, BDG16, LRR17, BDGLI1S,
DNTTJ18].

Online setting. The online setting was first studied in the 70’s and 80’s, but it did not
receive much interest later as it was realized that the best guarantees are already achieved
by trivial algorithms. In particular, the 7/ dependence on T achieved by random coloring
cannot be improved [Sho77]. See [Spe87, Bar79] for even more specific lower bounds. The
difficulty is that the all-powerful adversary, upon seeing the signs chosen by the algorithm

until time ¢—1, can choose the next input vector v; to be orthogonal to d;_,. Now, irrespective
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of the choice of the sign x;, the resulting signed sum d; satisfies

Idellz = Nde-s +xevells = de-all3 + 2xelder, v0) + Jvellz = Nde-all3 + [lvellz. (7.1)

For any d;_;, one can always pick v; with' [|v¢|le < 1 and ||vg]|3 > n — 1, resulting in
ldi||? > (n — 1)t, and hence ||dy||oo = Q(t'/?) for all ¢ € [T] (as long as n > 1).

It is therefore natural to ask if relaxing the power of the adversary, or making additional
assumptions on the input sequence, can lead to interesting new ideas and to algorithms that
perform much better, and in particular, give bounds that only mildly depend on T'.

A natural assumption is that of stochasticity: if the arriving vectors are chosen in an
i.i.d. manner from some distribution p, can we maintain that the /., norm of the current

signed-sum d;—henceforth, referred to as discrepancy—is poly(n) or poly(n,logT)?

Previous work and challenges. Recently, this stochastic setting was studied by Bansal
and Spencer [BS20], where they considered the case where p is the uniform distribution on all
{—=1,1}" vectors. They give an online algorithm achieving a bound of O(y/n) on the expected
discrepancy, matching the best possible offline bound, and an O(y/nlog T') discrepancy bound
at all times ¢ € [T, with high probability.

In general, the algorithmic discrepancy approaches developed in the last decade do not
seem to help in the online setting. This is because in the offline setting, the algorithms
can ensure that the discrepancy stays low by simultaneously updating the colors of various
elements in a correlated way. In the online setting, however, the discrepancy must necessarily
rise (in the ¢y sense) whenever the incoming vector v; is almost orthogonal to d;_;, which
can happen quite often. The only thing that the online algorithm can do is to actively try
to cancel this increase, whenever possible, by choosing the sign x; cleverly.

The algorithm of [BS20] crucially uses that if the coordinates of v, are independently

For any d € R", any basic feasible solution to (d,z) = 0 with x € [—1,1]" has at least n — 1 coordinates
+1.
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distributed and mean-zero?, then for any d;,_; the incoming vector v, will typically be far
from being orthogonal to d;_;. More quantitatively, the anti-concentration property for
independent random variables gives that for any d;_; = (di,...,d,), the random vector

vy = (Xyq,...,X,) with Xi,..., X, being independent and mean-zero satisfies

E, [|<dt,1,fut>y] =Q (<id’2 . E[le) 1/2) .

Whenever |(d;_1,v)| is large, the algorithm can choose x; appropriately to create a negative
driftin (7.1), to offset the increase due to the ||v;]|* term. We give a more detailed description

below in §7.2.1.

In many interesting settings, however, the X;’s can be dependent. For example, motivated
by an envy minimization problem, Jiang, Kulkarni, and Singla [JKS19] considered the fol-
lowing natural online interval discrepancy problem: points zy, ..., x7 arrive uniformly in the
interval [0, 1], and the goal is to assign them signs online to minimize the discrepancy of every
sub-interval of [0,1]. (For adversarial arrivals, [JKS19] show poly(7") lower bounds.) View-
ing the sub-intervals (after proper discretization) as coordinates, this becomes a stochastic
online vector balancing problem, but where the random variables X; corresponding to the
various sub-intervals are dependent (details in §7.2.2). They give a non-trivial algorithm
that achieves T/ 1°81e T discrepancy, which is much better than the 7/ bound obtained by

random coloring, but still substantially worse than polylog(7T).

In general, the difficulty with dependent coordinates X; is that even a small correlation
can destroy anti-concentration, which makes it difficult to create a negative drift. For exam-
ple, suppose the distribution p is mostly supported on vectors with an equal number of 41
and —1 coordinates. Now if d has the form d = ¢(1,...,1), then the incoming vector v; is

almost always orthogonal to it, and ||dr||, can potentially increase as fast as Q(7/2).

In this chapter, we focus on the stochastic setting where the coordinates have depen-

“Note that this holds in the case of uniform distribution over {—1,1}".
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dencies, and give several results both for specific geometric problems and for general vector
balancing under arbitrary distributions. In general, there are various other ways in which
one can relax the power of the adversary, and in §7.8 we describe several interesting open

questions and directions in this area.

7.1.1  Our Discrepancy Bounds

We first consider the following interval discrepancy problem. Let x = xy,...,z7 be a se-
quence of points drawn uniformly in [0, 1] and let x1,...,x7 € {£1} be a signing. For an
interval I C [0, 1], let 1; denote the indicator function of the interval /. For any time ¢ € [T,

we define the discrepancy of interval I to be
disc;(I) := |x11s(x1) + - -+ + xe 17 ()]
We show the following bounds on discrepancy.

Theorem 7.1.1 (Interval Discrepancy). There is an online algorithm which selects signs x; €
{£1} such that, with high probability’, for every interval I C [0, 1] we have maxer) disc,(1) =
O(log®T). Moreover, with constant probability, for any online algorithm,

max maxdisc;(I) = <\/1ogT> :

1C[0,1] te[T]

This gives an exponential improvement over the 7%/1°81°¢ 7 hound of [JKS19], and is tight
up to polynomial factors. The lower bound also improves a previous bound of Q(logl/ 4T of
[JKS19].

There are two natural d-dimensional generalizations of the interval discrepancy problem,

and our framework, which we will describe in §4.3, can handle both of them.

3Throughout the chapter, “with high probability” means with 1 — 1/poly(n,T) probability where the
exponent of the polynomial can be made as large as desired, depending on the constant in the discrepancy
upper bound.
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d-dimensional Online Interval Discrepancy: Consider a sequence of points zq,..., 27
drawn uniformly from the unit cube [0,1]%. The goal is to simultaneously minimize the
discrepancy of every interval for all the d-coordinates. In other words, to minimize the

following for every interval I and every coordinate i € [d]:
disc!(1) := |xalr(z1(d)) 4 ... 4 xed(z(0))].

The offline version of this problem for d > 2 is equivalent to the classic d-permutations
problem, where an upper bound of O(v/dlogT) [SST97] and a breakthrough lower bound
of Q(logT) [NNN12, Fra21] for d > 3, and Q(v/d) in general is known for the worst-case

placement of points.

We show the following generalization of Theorem 7.1.1 that matches the best offline

bounds, up to polynomial factors.

Theorem 7.1.2 (d-dimensional Interval Discrepancy). There is an online algorithm which
selects signs x; € {£1} such that, with high probability, for eachi € [d] and I C [0,1],
we have maxepr disc(I) = O(dlog® T). Moreover, with constant probability, for any online

algorithm there exists an interval I and a coordinate i € [d], such that maxcr disci(I)

= Q(y/dlog (T/d)).

Previously, Jiang et al. [JKS19] could extend their analysis for online interval discrepancy
to the d = 2 case and prove the same T/ 98187 hound. However, their proof is rather ad-hoc
and does not seem to generalize to higher d. In contrast, our bound holds for any d, and is

tight up to polynomial factors.
The second natural generalization of interval discrepancy is to d-dimensional axis-parallel
boxes, which gives the following online version of the extensively studied Tusnady’s Problem.
d-dimensional Online Tusnady’s Problem: Consider a sequence of points x1, . .., zy drawn

uniformly from the unit cube [0, 1]¢. The goal is to simultaneously minimize the discrepancy
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of all axis-parallel boxes. In other words, to minimize the following for every box B:
discy(B) := |x11p(z1) + ... + xe1a(x)|.

The (offline) Tusnady’s problem has a fascinating history (see [Mat99] and references
there in), and after a long line of work, it is known that for the worst-case placement of points,
the offline discrepancy is at most Od(logd_% T) [Nik17] and at least Q4(log® ' T') [MN15]. We

show the following result in the online setting, which is tight to within polynomial factors.

Theorem 7.1.3 (Tusnddy’s Problem). There is an online algorithm which selects signs x; €
{£1} such that, with high probability, for every azis-parallel box B, we have maxcy disc,(B) =
Od(log2d+1 T). Moreover, for any online algorithm, with constant probability, there exists a

box B such that maxcpr disc,(B) = Qd(logd/2 T).

In contrast, the proof approach of [JKS19] completely breaks down for the Tusnady’s
problem even in two dimensions and does not give any better lower bounds in terms of d.
We recently learned that results similar to Theorems 7.1.1 and 7.1.3 were also obtained by
Dwivedi et al. [DFGGR19], in the context of understanding the power of online thinning in
reducing discrepancy.

Remark: Although all the problems above are stated for uniform distributions, one can
use the probability integral transformation to reduce any product distribution to the uniform
distribution without increasing the discrepancy, so our results in Theorems 7.1.2 and 7.1.3
also apply to any product distribution over [0, 1]%.

Finally, note that Theorem 7.1.1 follows as a direct corollary of either of the above

theorems.

General distributions. We now consider the setting of arbitrary distributions for the
online vector balancing problem. Here we need to tackle the orthogonality issue which gave
Q(T'/?) lower bounds discussed in (7.1). As discussed earlier, for the uniform distribution

over {—1,+1}", Bansal and Spencer [BS20] get around this issue since this does not happen
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for the uniform distribution reasonably often, and hence, E[(d;_1,v;)] is large for any vector
d;,_1. Using this, they obtain the bound O(n'/?logT). Our next result shows that such a

poly(n,log T') upper bound is possible even for arbitrary distributions.

Theorem 7.1.4. (Vector Balancing Under Dependencies) For any sequence of vectors
v1,...,or € [=1,1]" sampled i.i.d. from some arbitrary distribution p, there is an online

algorithm which selects signs x; € {1} such that, with high probability, we have

= O(n*(logT + logn)).

o0

max }

v+ ...+ v
i) X101 XUt

In §7.4.2 we show that the dependencies on n and log T in this theorem are tight up to
polynomial factors as there is an Q(n'/2 + (log T'/ log log T')'/?) lower bound.

All of the above results follow from a general framework that we discuss next. In addition
to the framework below, the key new technical ingredient is an anti-concentration inequality
for dependent random variables, which we describe below in Theorem 7.1.5. This may be of

independent interest.

7.1.2  Our Framework

To tackle the orthogonality issue, one of our key idea is to work with a different basis for
the discrepancy vectors. More specifically, instead of maintaining bounds on the individual
coordinate discrepancies d;(7), we maintain bounds on suitable linear combinations of them.
This basis ensures that the (new) coordinates of the incoming vector are uncorrelated, i.e.,
E[X (i) - X(j)] = E[X(4)] - E[X(j)] for distinct coordinates i,j. Note that this condition is
only on the expected values, and is much weaker, e.g., even pairwise independence. Once
one finds a suitable new basis, which turns out to be an eigenbasis of the covariance matrix,
the anti-concentration bound for such random variables (proved below in Theorem 7.1.5),
together with the standard exponential penalty based framework used in previous works
[BS20, JKS19], gives Theorem 7.1.4.

For our results on geometric discrepancy problems, there is an additional challenge, we
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cannot afford to lose a poly(n) factor, as in Theorem 7.1.4 above, since the dimension n =
O(T'). In this case, however, the update vectors are (log7)-sparse in the original basis
(see §7.2) and one could hope to utilize this sparsity. Yet another challenge in this case
is that bounding the discrepancy in a new basis preserves f»-discrepancy in the original
basis, but could lead to a y/n loss in f-discrepancy. To get polylog(7) bounds, we use a
natural basis from wavelet theory, called the Haar system, which simultaneously has sparsity,
uncorrelation, and avoids the /5 to £, loss. This also easily extends to higher dimensions as
these wavelets can be tensorized in a natural way to get a suitable basis for higher dimensional
versions of the problems. A more detailed description of our framework is given in §7.2. Next

we discuss our anti-concentration results.

7.1.83  Our Anti-Concentration Results for Non-Independent Random Variables

Suppose X7, ..., X, are independent {—1,+1} random variables with mean zero. Then, it
is well-known that | >, X;| has mean ©(n'/2), and moreover, this value is at least Q(n!/?)
with constant probability.

Now, on the other hand, consider the following distribution. Let H,, be n x n Hadamard
matrix and let H, (i) denote its i-th row for ¢ € [n]. Consider the random vector X =
(X1,...,Xp), where X = &+ H,(i) for a Rademacher random variable ¢ € {—1,+1} and
a uniformly chosen i € [n]. Then the X;’s are still mean-zero and {—1,+1}, and in fact,
pairwise independent. However, the magnitude of the sum | ). X;| behaves very differently
from the i.i.d. setting above. It takes value n with probability only 1/n (if X = & - H,(1),
the row of all 1’s) and is 0 otherwise. In particular the mean is E[| >, X;|] = 1 (instead of
n'/? above), and moreover the entire contribution to the mean comes from an event with
probability only 1/n.

Nevertheless, we can say interesting things about the anti-concentration of sums of such
random variables. In particular, we show the following results for uncorrelated or pairwise

independent random variables.
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Theorem 7.1.5. (Uncorrelated anti-concentration) For any (ay,...,a,) € R™, let Xq,..., X,
be uncorrelated random variables that are bounded | X;| < ¢, satisfy E[X;X;] =0 for all i # j,
and have sparsity s (the number of non-zero X;’s in any outcome). Then

E’ZaiXi > E[meﬂ é (7.2)

2

Moreover, this bound s tight, even for pairwise independent random variables.

The tightness holds for the Hadamard example above, where E| Y. X;| =1, s =n, c =1,
and E[>, X?] = n.

Theorem 7.1.6. (Pairwise independent anti-concentration) For any (ai,...,a,) € R", let

X1, ..., X, be mean-zero pairwise independent random variables with sparsity s < n. Then

EHZCLX] > E[Zmim] % (7.3)

i

Note that this bound is also tight for the Hadamard example. In general, the bound (7.3)
is stronger than in (7.2); and a simple example in §7.3.2 shows that (7.3) cannot hold for
uncorrelated random variables.

Although the anti-concentration properties and the small-ball probabilities for indepen-
dent variables have been extensively studied (c.f. [NV13]), the uncorrelated and pairwise
independent setting does not seem to have been studied before, and Theorems 7.1.5 and

7.1.6 do not seem to be known, to the best of our knowledge.

7.1.4  Applications to Envy Minimization

A classic measure of fairness in the field of fair division is envy [Fol66, TV85, LMMS04,
Bud11]. A recent work of Benade et al. [BKPP18] introduced the online envy minimization
problem where T items arrive one-by-one. In the two player setting, on arrival of item

t € {1,...,T} we get to see the valuations v;; € [0,1] for both the players i € {1,2}.
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The goal is to immediately and irrevocably allocate the item to one of the players while
minimizing the maximum envy. There are two natural notions of envy: cardinal and ordinal
(see §7.7 for definitions). Benade et al. [BKPP18] show an Q(7%/2) lower bound for online
envy minimization in the adversarial model—the reason is similar to Bardny’s [Bar79] lower
bound for online discrepancy. Can we obtain better bounds when the player valuations are
drawn from a distribution?*

In the special case of product distributions (each player independently draws their value),
Jiang et al. [JKS19] observed that the 2-dimensional interval discrepancy bounds also hold
for online envy minimization. In particular, they obtained a 7"/'°¢%°e” hound on the ordinal
envy. Our new interval discrepancy bound from Theorem 7.1.2 immediately improves this to
an O(log® T') bound on ordinal envy. Moreover, we use our vector balancing result to obtain

an O(logT') bound on the cardinal envy even for general distributions.

Corollary 7.1.7. Suppose valuations of two players are drawn i.i.d. from some distribution p
over [0,1] x [0,1]. Then, for an arbitrary distribution p (i.e., player valuations for the same
item could be correlated), the online cardinal envy is O(logT). Moreover, if p is a product
distribution (i.e., player valuations for the same item are independent) then the online ordinal

envy is also O(log® T).

Chapter Organization

The rest of the chapter is organized as follows: in §7.2, we give an overview of previous
challenges and our main ideas. In §7.3, we prove our key anti-concentration theorems that
are necessary for our upper bounds on discrepancy. In §7.4, we give upper and lower bounds
for online discrepancy under certain “uncorrelation” assumptions on the distribution. Then,
we apply these bounds in §7.5 to obtain our vector balancing result (Theorem 7.1.4). In §7.6,

we again apply these bounds to obtain our geometric discrepancy results (Theorems 7.1.2

41f we make a simplifying assumption that the distribution does not depend on the time horizon T, better
bounds are known [ZP19, DGK ' 14].
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and 7.1.3). In §7.7, we show why our results immediately apply to online envy minimization.

Finally, in §7.8 we end with some discussion of open problems and directions.
7.2 Proof Overview

Let us start by reviewing the approach considered by Bansal and Spencer [BS20] in the case
of independent coordinates. We also discuss the challenges involved in extending it to the

setting of dependent coordinates.

7.2.1 Independent Coordinates: Bansal and Spencer

Consider the online vector balancing problem, when each arriving vector is uniformly chosen
from {£1}", so that all the coordinates are independent. To design an online algorithm,
it is natural to keep a potential function that keeps track of the discrepancy and chooses a
sign x; for the current vector v, that minimizes the increase in the potential. Formally, let
di = x1v1 + ... + xtv; denote the discrepancy vector at time t. For a parameter 0 < A < 1,

define the potential function

P, = Z cosh(Ady(7)),

i€[n]

where d;(i) denotes the ith coordinate of d; and cosh(z) = 1 - (e” + ™) for all z € R. One
should think of the above potential function as a proxy for the maximum discrepancy as ®;
is dominated by the maximum discrepancy: ®; ~ el

On the arrival of vector v;, the algorithm chooses a sign x; € {£1}, which updates the
discrepancy vector to d; = d;_1 + x;v; and changes the potential from &, ; to ®,. If we can
show that whenever ®;, > 2n, the drift A®, := &, — &, ; is negative in expectation for the
sign x; chosen by the algorithm, then we can say that the potential after T" arrivals, ®,
is bounded by poly(n7") with high probability. This implies cosh(\||dr||~) is bounded by
poly(nT'), which means a bound of O(A~!logT') on the maximum discrepancy.

Let us try to compute the expected drift. Define d = d;_;. By considering the Taylor

expansion, we get cosh(z+6) < cosh(z)+sinh(z)d+ cosh(x)d* where sinh(z) = 1 - (e” — ™)
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for all z € R. So,

~ Y <)\s1nh (A()) - (xevs(i)) + A2 cosh(Ad(i ))-(Xtvt(z'))2> — AL+ 220,

i€[n]

where L = 37, sinh(Ad(7)) - v(@) is the linear term and @ = >7,c(, cosh(Ad(2)) is the

icln
quadratic term from the Taylor expansion (note that (x;v,(7))?> = 1). Since the algorithm
is free to choose the sign x; to minimize the drift, A®; ~ —\|L| + A\2Q. Now if one can
show that E,,[|L|] > ]E2[f\2 , we would get that the expected drift E[A®,] < 0, and this would
translate to a good discrepancy bound of O(A~tlogT') if A is large as described above.
Since cosh(z) and |sinh(z)| only differ by at most 1, we can make the approximation
Q ~ 3 icpy | sinh(Ad(i))[ up to some small error. So, denoting 8 = 1/A and a; = sinh(Ad(7)),

our task reduces to proving the following anti-concentration statement:

Question. Let Xi,..., X, be independent random variables with |X;| < 1. What is the
smallest 3 such that the following holds:

.]Z%.E[ZWX;] (7.4)

In the case where the X;’s are independent Rademacher (+1) random variables, classical

Khintchine’s inequality and Cauchy-Schwarz tell us that

B[S ax) = 2 (Xa)” = %_n(iezwyai\) = = [T lx?]

ic[n] i€[n] i€ln]

so 8 = O(y/n), which suffices for the discrepancy application. In general, when X;’s are not
Rademacher but are still bounded (|X;| < 1), mean-zero, and independent, then following
[BS20] one can still show that § = O(y/n).

The above gives a bound of O(y/nlogT) on the maximum discrepancy at every time
t € [T]. However, when the input distribution has dependencies across coordinates, i.e. the

X,’s are dependent, one can not take [ to be small in general. For example, f — oo when
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all a;’s are one and a random set of coordinates S C [n] of size n/2 (say n is even) take value
+1 and the remaining coordinates in [n] \ S take value —1.

Next we discuss the simplest geometric discrepancy problem—the interval discrepancy
problem in one dimension—where such a situation already arises if we use the same approach

as above.

7.2.2  Interval Discrepancy: Previous Barriers

Recall, we have T points z1,..., 27 chosen uniformly from [0, 1] which need to be given
+1 signs online. Consider the dyadic intervals Iy := [k277, (k 4+ 1)277] where 0 < k < 27
and 0 < j < log7. For intuition, imagine embedding the unit interval on a complete
binary tree of height logT; now sub-intervals corresponding to every node of the binary
tree are dyadic intervals. Note that the smallest dyadic interval has size 27'°¢7 = 1/T. By
a standard reduction, every sub-interval of [0, 1] is contained in a union of some O(logT')
dyadic intervals, so it suffices to track the discrepancy of these dyadic intervals.

Denoting by 1; the indicator function for an interval I, define
di(I) == xadlp(w1) + .. 4 xedi(z).

Note that |d;(I; )| is the discrepancy of the interval [;; at time t. A natural choice of

algorithm is to use the potential function
O, =Y cosh(Mdy(I),
j.k

which is a proxy for the maximum discrepancy of any dyadic interval. Ideally, we want to
set 0 < A < 1 as large as possible. Defining d;; = d;—1(; %), and doing a similar analysis as

before, we derive

AD, =~ AL + N0,

where L = 7. sinh(Ad;x) - 17, () and @ = Y7, cosh(Ad;x) - 11, (2,)?. The problem
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again reduces to showing an anti-concentration statement as in Eq. (7.4) with X;’s being the
indicators 17, for all j, k. It turns out that the smallest § one can hope for this setting is
exponential in the height of the tree (see Appendix 7.9 for an example), which for binary

trees of height log T only yields a poly(T") bound on the discrepancy.

One can still leverage something out of this approach—letting B = T/°8leT it was
shown by Jiang, Kulkarni, and Singla [JKS19] that by embedding B-adic intervals on a
B-ary tree of height loglog T, the above approach gives a sub-polynomial 7"/ 1°&1s™ hound
for the interval discrepancy problem. However, this cannot be pushed to give a polylog(7T)

bound because the above obstruction does not allow us to handle trees of height logT'.

7.2.8 Interval Discrepancy: A New Potential and the BDG Inequality

To get around the previous problem, we take a different approach and instead of directly using
the discrepancies in the potential ®;, we work with linear combinations of discrepancies with
the following desirable properties. First, if there is a bound on these linear combinations then
it should imply a bound on the original discrepancies. Second, and more importantly, the
term L in A®, can be viewed as a martingale, which leads to much better anti-concentration
properties, i.e., smaller 8 in (7.4).

More specifically, consider the previous embedding of the dyadic intervals of length at
least 1/T on the complete binary tree of depth log7". For any interval [;, let the left half
interval be 1 jlk and the right half interval be I7,, and consider the difference (see Figure 7.1)

of their discrepancies

d, (L) := dt(fjl;k) — di(I7},).

Note that if |dy(I; 1 )| < v and also |d; (Ijx)| < «, then both |dy(I} )| < cvand |dy(1],)] < a. A
simple inductive argument now shows that if |d;([0, 1])| < a and the differences of discrepancy
for every dyadic interval I;; satisfies |d; (I;)| < «, then every dyadic interval also has

discrepancy at most «, thus satisfying the first property above. So let us consider a different
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potential function:

Z¢ = cosh(Ad:(Iop)) + Z cosh(Ad; (I x))

gk
with 7, k ranging over all the dyadic intervals (corresponding to internal nodes of the tree) and
0 < A < 1is a parameter that we want to set as large as possible. Denoting d;, = d,_;(l;),

as before, we can write A%, ~ v AL + \2Q, with

L = sinh(Ad; (1o ) Z sinh( Adj), X, k(xy) and

@ = cosh(Ad(Lop)) + Zcosh (Adjp) - X, k(2)%,

Jsk

where X, =1 i, = 1 I, for any interval I; . Note that X, takes value 1 on the left half of

I, and —1 on the right half of I;;, and is zero otherwise.

) )

d1,0 di1 dao —d21 doo —da3

dao da dao da3

(a) The discrepancy d; ;, terms for intervals (b) The difference of discrepancy d
Tk d; (1) terms for intervals I; x

Figure 7.1: Some terms appearing in the new potential function =;. Note that the hyperbolic
cosine for the highlighted terms appears in =;.

Anti-concentration via Martingale analysis. Now we show how the random variable L

can be viewed as a (logT)-step martingale. Let us view a uniform point = € [0, 1] as being



171

sampled one bit at a time, starting with the most significant bit. At any point where j bits
of = have been revealed, the interval I;; on the j™ level of the dyadic tree is determined.
Now, consider the process that starts with the value Yy = sinh(Ady ) at the root and at any
time 0 < j < log T, the process is on some node of the ;' level. Conditioned on this node
being I, i, the payoff Y, := a;X; where a; = sinh(d;k) and X, equals 1 if the process moves
to the left child and equals —1 otherwise. Defining L; = Y, + Y ... + Y], it follows that the
sequence Ly, ..., Liog7 is @ martingale and L = Liog 7.

Moreover, by the approximation cosh(z) = |sinh(z)|, we get that Q = |Yo| + [Yi|+ ... +
[Yiog|- Letting ag = Yy and Xy = 1, the question then becomes—what is the smallest
such that the following holds:

logT

Z aiXi

1=0

1

E > —-K

logT
3 |ai|xf]
=0

logT
|3l

=

For martingales, a statement similar to Khintchine’s inequality is implied by the well-

known Burkholder-Davis-Gundy (BDG) inequality (see Theorem 7.10.1 in Appendix 7.10):

logT

()"

=0

max‘ E a;
t<logT

z] ZCE

for a positive constant ¢. One can also prove (see Lemma 7.10.2 in Appendix 7.10) that

logT

£y

(1+1ogT) -

max ‘ E
t<logT

Then, similar to the analysis for independent Rademacher random variables, using Cauchy-

Schwarz,
logT logT 1/2 logT
2
(14 1logT) - Zaz c-E (;%) ] > logT Z‘az]'

So we can conclude that 5 = polylog(7"), which gives a polylog(7") bound on interval discrep-
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ancy.

How to extend this analysis to d-dimensional Tusnady’s problem? The martingale anal-
ysis above strongly relied on the interval structure of the problem, which is not clear even
for the two-dimensional Tusnady’s problem. To answer this question, we take a much more

. . . 5
general view of our online discrepancy problem.

7.2.4 A More General View of Changing Basis

One can also view the above analysis of the interval discrepancy problem as a more general
underlying principle—that of working with a different basis. For example, let us take a linear
algebraic approach to interval discrepancy and consider it as a vector balancing problem in
RP, where D = {I;;, | 0 < j <logT,0 < k < 27} is the set of all dyadic intervals. When a

new point x € [0, 1] arrives, the coordinate I € D of the update vector v, is given by

Note that the update v, lives in a T-dimensional subspace V of the (27'—1)-dimensional space
RP since the T-intervals, Log 7, at the bottom layer determine the rest of the coordinates.

The original potential function ¢ from §7.2.1 corresponded to working with the original
basis, but with the potential function = from §7.2.3, our approach consisted of bounding the
(-discrepancy in a different basis of the subspace V. In general, we may choose any basis
and then define a potential function as the sum of hyperbolic-cosines of the coordinates. To
choose the right basis, we need several properties from it, but most importantly we need

uncorrelation.

Uncorrelation and anti-concentration via the Eigenbasis. Recall that we say random
variables X, Y are uncorrelated if E[XY] = E[X] - E[Y], which is a condition only on the

expected values of the random variables. Using Theorem 7.1.5; to show anti-concentration

®The more general view in fact gives a (slightly) better bound for interval discrepancy than the martingale
based argument above. However, we include this martingale argument here, as it is insightful and could
be useful for other problems.
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it suffices that the coordinates in the new basis are mean-zero and uncorrelated, i.e.,

Ey[o(2)v(j)] = 0

for distinct coordinates i, j.

For our vector balancing results under arbitrary distributions in Theorem 7.1.4, we work
in an eigenbasis of the covariance matrix. As will be shown in the proof later, standard
results from linear algebra imply that the coordinates are uncorrelated in any eigenbasis.
Our next lemma uses this anti-concentration (along with the hyperbolic cosine potential) to
bound discrepancy in the new basis in terms of sparsity—number of non-zero coordinates—of

the incoming vectors.

Lemma 7.2.1. (Bounded discrepancy) Let p be a distribution supported over s-sparse vec-
tors in [—1,1]" satisfying B, plv(i)v(j)] = 0 for all i # j € [n]. Then for vectors vy, ..., vr
sampled i.i.d. from p, there is an online algorithm that maintains O(s(logn + logT)) dis-

crepancy with high probability.

Even though this lemma implies low discrepancy in the new basis, we need to be careful

in bounding discrepancy in the original basis.

Sparsity and going back to the original basis. As discussed briefly in §4.3, although
working in an eigenbasis allows us to obtain polynomial bounds for vector balancing, this is
apriori not sufficient for our polylogarithmic geometric discrepancy bounds. There are two
main challenges—firstly, working in a new basis might lose any sparsity that we might have
in the original basis; e.g., in the one-dimensional interval discrepancy problem the arriving
vectors are (logT')-sparse (dyadic intervals) in the original basis, but could be Q(T")-sparse
in the new basis; and secondly, even if one can find a new basis where the coordinates are
uncorrelated and have low sparsity, Lemma 7.2.1 only implies low /,,-discrepancy in the new
basis. So going back to the original basis might lose us a factor \/n more (we can only claim

(-discrepancy is the same). Recall, when we view interval discrepancy as vector balancing,



174

n = O(T), so we cannot afford losing /n. Fortunately, there is a special basis consisting of

Haar wavelets that allows us to prove polylog(7") geometric discrepancy bounds.

7.2.5 Haar Wavelets: Polylogarithmic Geometric Discrepancy

There is a natural orthogonal basis associated with the unit interval—the basis of Haar
wavelet functions. These consist of the functions V¥, ;’s shown in Figure 7.2. Together these
functions are known to form an orthogonal basis for functions on the unit interval with

bounded Ly-norm.

Yo,0 Ui Wy Uy,

1 1
 —
-1 =]
T3 W31 U2 U3 3
1
-1

Figure 7.2: Haar wavelets in one dimension

Associated with the one-dimensional Haar wavelets is a natural martingale, which is the
same martingale that our previous analysis in §7.2.3 relied on (e.g., X;x = W;114 in the
notation of §7.2.3.). It turns out that the Haar wavelets have nice orthogonality and sparsity
properties that allow us to use Lemma 7.2.1—in particular, E,[h(z)h/(x)] = 0 for distinct

Haar wavelet functions h # b’ and x sampled uniformly from [0, 1]. Moreover, moving from
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the basis of Haar wavelets to the original basis does not incur any additional loss in the

discrepancy bound, since for any dyadic interval I, one can show that its discrepancy
(D] < a1,

where « is a bound on the discrepancy in the Haar basis and ||1]|; is the ¢;-norm of the
function 1; in the Haar basis. We prove that this £;-norm is one, so |d;(I)| < «. This gives
a more direct proof of the polylog(T") interval discrepancy bound and also extends easily to

the d-dimensional interval discrepancy problem.

ﬂ =
-
r

H i
1 1
EE
a ©

-
-
'
-

Figure 7.3: Haar wavelets in two dimensions

Tusnady’s problem. Given the above framework of working in the Haar basis, our ex-
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tension to the d-dimensional Tusnady’s problem now naturally follows. For example, in two
dimensions, we work with the basis of Haar wavelet functions which is formed by a taking
tensor product W, ; X U, s of the one dimensional wavelets (see Figure 7.3). These functions
form an orthogonal basis for all bounded product functions over [0, 1]* and have nice sparsity
properties. Moreover, we prove that for any axis-parallel box, the ¢;-norm of the Haar basis
coefficients is one, so we do not lose any additional factor in the discrepancy bound while
moving from the Haar basis to the original basis. This gives a polylogarithmic bound for

two-dimensional Tusnady’s problem, and also extends easily to higher dimensions.

7.2.6 Notations

All logarithms in this chapter will be base two. For any integer k, throughout the chapter [k]
will denote the set {1,...,k}. For a vector u € R we use u(i) to denote the i*" coordinate
of u for i € [d]. Given another vector v € R, the notation u < v denotes that u(i) < v(i)
for each i € [d]. The all ones vector is denoted by 1. Given a distribution p, we use the
notation x ~ p to denote an element x sampled from the distribution p. For a real function
f, we will write E,,[f(x)] to denote the expected value of f(z) under x sampled from p. If

the distribution is clear from the context, then we will abbreviate the above as E,[f(x)].

7.3 Anti-Concentration Estimates

In this section we prove the anti-concentration results: we first prove it for uncorrelated ran-
dom variables, and then give an improved bound for pairwise independent random variables.
Although in the rest of this chapter we only use the weaker bound for uncorrelated ran-
dom variables, we think the improved anti-concentration for pairwise independent random

variables is of independent interest and will find applications in the future.

7.8.1 Pairwise Uncorrelated Random Variables

The following anti-concentration bound will be used in our discrepancy applications.
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Theorem 7.1.5. (Uncorrelated anti-concentration) For any (ay,...,a,) € R™, let Xq,..., X,
be uncorrelated random variables that are bounded | X;| < ¢, satisfy E[X;X;] =0 for all i # j,
and have sparsity s (the number of non-zero X;’s in any outcome). Then

E’ZaiXi > E[meﬂ é (7.2)

2

Moreover, this bound s tight, even for pairwise independent random variables.

Note that if we have pairwise uncorrelated mean-zero random variables X, ..., X,,, then
we get E[X;X;] = E[X;] - E[X|] = 0, so the above lemma implies anti-concentration in this
case. The bound in the above lemma is tight because of the Hadamard example described

previously in §7.1.3.

The following is the main claim in the proof of Theorem 7.1.5. Roughly it says that

> L.maxyepy Eflax| X7]. Combined with the observation that maxyep, E[|ax| X7 >
L.E [ lax|X7] this implies Theorem 7.1.5 when sparsity s = n. However, to get inequality

(7.2) in terms of sparsity s, the statement of the claim has to be more refined.

Claim 7.3.1. For any (a4, ...,a,) € R" and random variables X1, . .., X,, satisfying | X;| < ¢
and E[X;X;| = 0 for distinct 1, j, the following holds for any k € [n],

1 2

E '1Xk7£0] > — - Efjag|X;].

C

‘ Z CLZ‘XZ‘

Proof. Using that | Xj| < ¢, we have

=FE ||axX? + ZaiXiXk‘] > E |sign(ay) <akX,3 + ZaiXiXk>] :
L itk ik




178

Since E[X; X;] = 0 for i # k, it follows that

c-E ‘ Zain- Ix,20| > E [|ak|X,f] + Zai -sign(ag) - E [ X; X
i ik
O
When combined with the following easy claim, this will prove Theorem 7.1.5.
Claim 7.3.2. Let Yi,...,Y, be correlated random wvariables such that for any outcome at

most s of them are non-zero. Moreover, suppose there is a random variable L which satisfies
E[|L| : 1Yk¢0] > E[|Yk|] for all k € [n].

Then, E[|L|] > § 32, E[|Yi]-
Proof. Sum the given inequality for all k € [n] to get

ZE“YM] < ZE[|L|-1Y#O] - E[|L|-Zlyk¢0] < E[|L|-s]

Proof of Theorem 7.1.5. Applying Claim 7.3.1 and Claim 7.3.2 (with L = )", ¢;X; and Y =
. Ja;|X?), we get that

E

‘ Z CLZ'Xi

1
Sl -
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7.3.2  Pairwise Independent Random Variables

In the special case of pairwise independent random variables, it is possible to obtain an

improved inequality over Theorem 7.1.5.

Theorem 7.1.6. (Pairwise independent anti-concentration) For any (a4, ...,a,) € R", let

X, ..., X, be mean-zero pairwise independent random variables with sparsity s < n. Then

E[‘Zax] > E[Zyaim] % (7.3)

Notice, (7.3) immediately implies (7.2) for mean-zero pairwise independent random vari-
ables with | X;| < ¢. One cannot hope to prove the stronger statement (7.3) for uncorrelated

random variables due to the following example.

Example. Let 0 < < 1. Suppose X7, X5 are real random variables distributed over four

(1 1) ( 1 1) R
-, =] or { —=,—= W.p. 57553 each,
(Xl,Xg) _ 55 5 5 2(14+462)

(1,—1) or (—1,1) W.p. 3 — gy each.

outcomes:

Here X; and X, are uncorrelated because

1 52 52
B = 5 oE-t(-ms) o

Now it is easy to verify that X; and X, are mean zero, and

2+20
1462

and E[|X,|+ |X2|] =

2
E[|X; + X5|] = 5

Therefore, the ratio between the two expectations can be made arbitrarily bad by making
o —0.

Next, we prove Theorem 7.1.6. We start with the following claim.
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Claim 7.3.3. For any (ay,...,a,) € R" and mean-zero pairwise independent random vari-

ables Xy, ..., X,, the following holds for any k € [n],

EH ;aiXi

x| 2 EllarXy]

Proof. We have

E H Z a; X - 1)@;&0} =E||apXr + Z a; X - 1Xk7£OH
i ) i#k
Z E sign(aka) (aka + Z CLiXi . 1Xk7£0>}
- itk
= |CLka| =+ sign(aka) Z CLZ'Xi . 1Xk7g0i| .
- itk

Since X; and X}, are mean-zero and pairwise independent for i # k, we have E[X, f(X})] =

E[X;] - E[f(Xk)] = 0 for any function f. Therefore,

.1Xk¢0] > E[|akaH—i—ZE[sign(aka).aiXi.le?éO] = E[|aeXx]].
i#k

Proof of Theorem 7.1.6. Combining Claim 7.3.3 with Claim 7.3.2 completes the proof of
Theorem 7.1.6. [

7.4 Online Discrepancy under Uncorrelated Arrivals

In this section we consider the vector balancing problem in the special case when the input
distribution has uncorrelated coordinates. All our upper and lower bounds will then follow
from choosing a suitable basis to reduce the original problem to a basis with uncorrelated

coordinates.
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7.4.1 Upper Bounds

We say a vector in R is s-sparse if it has at most s non-zero coordinates. The following

lemma bounds the discrepancy for uncorrelated sparse distributions.

Lemma 7.2.1. (Bounded discrepancy) Let p be a distribution supported over s-sparse vec-
tors in [—1,1]" satisfying E,,[v(i)v(j)] = 0 for all i # j € [n]. Then for vectors vy, ..., vr
sampled i.i.d. from p, there is an online algorithm that maintains O(s(logn + logT)) dis-
crepancy with high probability.

Proof of Lemma 7.2.1. Our algorithm will use the same potential function approach de-
scribed in §7.2; and uses our anti-concentration lemma from §7.3 to argue that the potential

always remains polynomially bounded.

Algorithm. At any time step ¢, let d; = x1v1 + ... + x4v: denote the current discrepancy
vector after the signs x1, ..., x: € {£1} have been chosen. Set A = QLS and define the potential

function

o, = Z cosh(Ady(1)).

i€[n]
When the vector v; arrives, the algorithm chooses the sign y; that minimizes the increase

O, — Dy .

Bounded Positive Drift. Let us fix a time ¢. To simplify the notation, let A® = &,— b, 4,
let d =d;_q, and let v = v;.
After choosing the sign x;, the discrepancy vector d; = d + x;v. To bound the change

A®, since cosh’(z) = sinh(x) and sinh’(x) = cosh(z), using Taylor expansion

2

A0 = 3 (Asinb(M(9) - (xew(i)) + 5y cosh(Ad(i)) - (i) + --- ).

%

< Z ()\ sinh(Ad(4)) - (x;v(i)) + A* cosh(Ad(7)) - (Xtv(i))Q),
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where the last inequality follows since | sinh(z)| < cosh(z) for all x € R, and since |x;v(i)| < 1
and A < 1, the higher order terms in the Taylor expansion are dominated by the first and
second order terms.

Set L =Y, sinh(Ad(4))v (i), and Q* = >, cosh(Ad(i))v(i)?, and Q = >, | sinh(Ad(4))|v(i)?
Since cosh(x) < |sinh(z)| + 1 for x € R and |v(i)| < 1, we have Q* < @ + n. Therefore,

AP <y, - AN-L+X-Q+ \n.
Since, the algorithm chooses x; to minimize the increase in the potential:
AD < —X-|L|+X°-Q + \n.

Now, since E,[v(i)v(j)] = 0 for all 4, j € [n], we can apply Theorem 7.1.5 with X; = v(i) and
a; = sinh(Ad(4)) to get that E,[|L]] > 1 -E[Q] = 2X - E[Q], which yiclds that

EJA®] < — XN -EJ|L|] + X E,[Q]+ X n < — A -EJ[Q]+Nn < n.

Discrepancy Bound. The above implies that for any time ¢ € [T, the expectation E[®;] <
nT'. By Markov’s inequality and a union bound over the T' time steps, with probability at
least 1 — T2, the potential ®; < nT* for every time ¢ € [T]. Since at any time ¢, we have
cosh(A ||di|| ) < @y, this implies that with probability at least 1 — 72, the discrepancy at

every time is
O (log(nT4)

3 ) = O(s(logn +logT)),

which finishes the proof of Lemma 7.2.1. O

7.4.2  Lower Bounds

We now show that the dependence on s and log7T in Lemma 7.2.1, cannot be improved up

to polynomial factors. In particular, a lower bound of €(s'/?), even when the time horizon
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is T' = n, follows directly from the following more general statement for the vector balancing
problem under distributions with uncorrelated coordinates. This general version will later

also imply our lower bounds for geometric discrepancy.

Lemma 7.4.1. Let p be a distribution supported over vectors in [—1,1]" with y-norm k,
such that for every i # j € [n] we have E,,[v(i)v(j)] = 0. Then, for any online algorithm
that receives as input vectors vy, ..., v, sampled i.i.d. from p, with probability at least 3/4,

the discrepancy is Q(k) at some time t € [n].

We remark that the above lower bound may not hold if the algorithms are offline.

Proof of Lemma 7.4.1. Since the distribution p over inputs is fixed, we may assume that the
algorithm is deterministic. Let d; = x1v1 + ... + xv: denote the discrepancy vector at any

time ¢ € [n]. Consider the quadratic potential function:

o = dl; = Z|dt(i)|2-

i€[n]

We will need the following claim that shows ®; increases in expectation for any online

algorithm. Let us define A®; = &, — &,;_;.

Claim 7.4.2. Conditioned on any vy, ...,vi—1 and signs x, . .., Xt—1 such that ||di_1]| , < %,

we have
E,, [A®,] > k?/2 (7.5)

where the expectation is taken only over the update v, ~ p.

Proof. Set A® = AP,, vector v = vy, and d = d;_;. When the update v arrives, note that
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d; = d + xsv. Therefore, the increase in the potential is given by

n

AD = }jcw@-Mmo+(mw>2):=zux§jd @)+ ol = 2L+

i=1

(7.6)
where L =y (X, d()u(i)).
To bound the expected value of L, we use Jensen’s inequality and E,[v(i)v(j)] = 0 for

1 # j to get:

n

EJL)? < BIL] = Y [d0)F - Eufo(i)’] + Y d(0)d(j) - Eufu(@)o(j)]

i=1 i;éj

= S HOPELGY < EZE L T

Therefore, plugging the above in (7.6), we get

v

4 1/2
EJAD] > —2-[EJ[L]| + & > —2-<lf—6) e

To prove Lemma 7.4.1 using the last claim, we define 7 to be the first time that ||d. | >
k/4 if such a 7 exists, or 7 = n otherwise. Let us define a new potential ®; which remains

the same as ®; for ¢t < 7 and increases by k?/2 deterministically for every ¢t > 7.

Note that for all possible random choices,

nk? nk? nk?
P < D b <
no= 1t S g T

where the second inequality holds since ||d-_;[|., < k/4 and therefore, &,y < & - nk*.

Moreover, let £ be the event that ||d;||, < k/4 for every t < n. Note that when £ occurs
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then the final potential @} < % -nk?. Defining p = P[£], we have

. nk? nk?  nk? nk? nk?
E[®;] < P'1—6+(1—p)(1—6+7) = EJr(l—p)—- (7.7)

Moreover, from Claim 7.4.2 and the definition of ®;, it follows that E[®}] > 5 - nk®.
Comparing this with (7.7) yields that p < 1/8. Hence, with probability at least 7/8, the

discrepancy must be k/4 at some point. ]

Dependence on 7. We next show that the discrepancy must be Q((log T/ loglog T)'/?)
with high probability even when n = O(1) (we assume n > 2 throughout this discussion).
We only sketch the proof here as the arguments are standard. The idea is that for large T,
there is a high probability of getting a long enough run of consecutive vectors with each v
almost orthogonal to d;_.

Let p be the uniform distribution® over vectors on the unit sphere S®~!. For any vector
u € R", and v sampled from p, there is a universal constant ¢ so that for all § < 1, we have
P[l(u, )| < lulla/n¥/?] > b

Let f > 1 be some parameter that we optimize later. Setting § = 1/(4/5) gives that
whenever ||d,_, || < An'/?, there is at least ¢/(43) probability that [(d;_1,v,)| < 1/4, and
hence irrespective of the sign yy,

Idellz > Nlde-sllz = 20{de—1, v0)| + loells > lldeallz +1/2.

So for any 7 consecutive steps, with at least (¢/43)" probability, this happens at every

1/2 at some step), and hence the discrepancy

step (or the ly-discrepancy already exceeds n
has /-norm at least Q(71/2).

Partitioning the time horizon 7" into 7T'/7 disjoint blocks, and setting 5 = log(T), and

60ur argument works for a wide class of distributions p, as long as for any d;_; € R", the random
incoming vector v; sampled from p has a non-trivial probability of having a small inner product with d;_.
We only give the argument for the uniform distribution on the unit sphere for simplicity.
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T = Q(logT/loglogT), the probability such a run does not occur in any block is at most
(1 — (¢/4B)7) /") = 7= by our choice of the parameters. This gives the claimed lower
bound.

7.5 Online Vector Balancing: Polynomial Bounds
In this section, we prove our vector balancing result for arbitrary distributions.

Theorem 7.1.4. (Vector Balancing Under Dependencies) For any sequence of vectors
v1, ..., or € [=1,1]" sampled i.i.d. from some arbitrary distribution p, there is an online
algorithm which selects signs x; € {1} such that, with high probability, we have

= O(n*(log T + logn)).

o0

X1U1 + .. X

max ’
te([T]

Proof of Theorem 7.1.J. Without loss of generality, we may assume that the distribution p
is symmetric, i.e. both v and —v have the same probability density, since we can always
multiply the incoming vector v with a Rademacher +1 random variable without changing
the problem. Let P € R denote the covariance matrix of our input distribution, and
since p is symmetric, we get P = E,.,[vv”]. Let U denote the orthogonal matrix whose
columns uq, . . ., u, form an eigenbasis for P. Note that in terms of its spectral decomposition,
P =" Aewguf for \p € R.

To prove our discrepancy bound, instead of working in the original basis, we will view
our problem as a vector balancing problem in the basis given by the columns of U. Now the

1

update sequence is given by wy, . .., wr where w, = —= - UTv is the normalized update vector

B

in the basis U.
Since ||v]|s < /n and orthogonal matrices preserve fo-norm, we have [|[UTv|y = ||v]ls <
v/n. It follows that for any ¢, we have [Jw|| < [Jwi|l2 = \/iﬁ )|JUTv||2 < 1. Furthermore, any

two coordinates of the update vectors w;’s are uncorrelated, i.e., for any i # j € [n| we have

Blui) wi(i)] = Bl o)) = Bulwlu] = ulPu = 0
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where the last equality holds since P = Y_,_, A\puf uy.

Thus, we can use the online algorithm from Lemma 7.2.1 to select signs xi,...,xr €
{£1}. Let d; = x1v1 +. ..+ x:v; denote the discrepancy in the original basis. Now using the
trivial bound of s < n on sparsity in Lemma 7.2.1, we get that with high probability,

1
7 HUTdtHoo = O(n(logn +logT)).
Again, using that orthogonal matrices preserve f>-norm,

ldilloe < ldille = U dells < Vo |[UTd||, = O(n*(logn+logT)).

7.6 Online Geometric Discrepancy: Polylogarithmic Bounds

In this section, we will prove our results on geometric discrepancy problems. For this, we
will need a special basis of orthogonal functions on the unit interval called the Haar system.

We briefly review its properties.

7.6.1 Preliminaries: Haar System

Let ¥ : R — R denote the mother wavelet function

/

1 ifo<z<;
U(r) =< -1 ifi<a<1

0 otherwise.
\

The unnormalized Haar wavelet functions (recall Figure 7.2) are defined as follows: let

Uoo(z) =1 for all z € R, and for any j € N* and 0 < k < 29! define

U, p(2) = W(2 e — k).
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We call j as the scale and k as the shift of the wavelet.
The Haar wavelet functions have nice orthogonality properties. In particular, let z be

drawn uniformly from the unit interval [0, 1]. Then, one can easily check that

E,[Ux(7)?] =261 for 7 > 0,
E.[¥;k(2)] =0 for j > 0, (7.8)
E,[¥; k(@)W p(z)] =0 unless j =j and k =k’

The Haar wavelet functions are not just orthogonal, but they form an orthogonal basis
(not orthonormal), called the Haar system, for the class of functions on the unit interval
with bounded Le-norm. In particular, we have the following proposition where for j € Zxg

we denote H; = Uycpep-1{¥;x} and let H = ;50 H;-

Proposition 7.6.1 ([Wal04], Chapter 5). For any f : [0,1] — R such that E,[f(z)?] < oo,

we have

f=>_fh)h(z)

heH

where f(h) = W 1s the corresponding coefficient in the Haar system basis for h € H.

Indeed, since the Haar system forms an orthogonal basis, we also have that

E.[f(2)?] = > F(h)* - Balh(x)?).
heH
A simple corollary of Proposition 7.6.1 is that H®? is an orthogonal basis for the linear space
spanned by all functions over the unit cube [0, 1]¢ that have a product structure and bounded
Ly-norm. In particular, let h = (hy, ..., hy) be an element of H®? which we will view as a
function from [0, 1) — R by defining h(z) = []%, hi(x(i)) for = € [0,1]%. Note that distinct

h and k' are orthogonal since for z drawn uniformly from [0, 1]%,

d

Efh(o)h(@)] = [[Eewlhule@hi6)] = 0. (7.9)

i=1
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Moreover, any product function can be expressed by functions in H®? as given in the following

proposition’.

Proposition 7.6.2. For any f : [0,1]% — R such that f(z) = [, fi(z(i)) for some
fi 2 10,1] = R satisfying E,;)[fi(x(7))?] < oo, we have that

=" Jhh,

heH®d

where J?(h) = W'

Proof. Expressing each f; in the Haar system basis using Proposition 7.6.1, we get the

statement of the proposition by tensoring. O]

Let H<; = Uj,gj H;:, and define H.;, H~;, H>; analogously. Then, we have the following

lemma about the Haar system decomposition of indicator functions of dyadic intervals.

Proposition 7.6.3. Let 1;, . denote the indicator function for the interval Iy, = [mQ_Z, (m-+

1)27%). Then,

> I, (=27,

heHto

3" A, (0] =27 for any 1< j < ( and
hE’Hj

I[[’m(h) =0 for any h € H~y.

In particular, we have ), 4 |Lé’m (M) = 2hene, ]LML (h)] = 1.

Proof. First, observe that for any j > ¢, either ¥; ;(x) = 0 identically on the interval I,,, or

it takes 41 and —1 values on equal size sub-intervals of Iy, so that E,[1;, (2)¥;(z)] = 0.

"More generally, Proposition 7.6.2 holds for any L-integrable function f € Lo([0,1]%), as the linear span
of product functions with domain [0, 1] is dense in Lo ([0, 1]¢).
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For W, notice that E,[1;, , (2)Wog(x)] = 27¢ and E,[¥o(2)?] = 1. Therefore, we have

> I, (=27

heHo

Now consider any 1 < j < £. Then, there exists a unique 0 < k* < 277! such that ¥, -
takes the constant value +1 or —1 identically on the interval I ,,, and the function ¥;, is
identically zero on the interval Iy, for any k # k*. It follows that E,[17,  (z)¥;-(7)] =
+£270 B[V (2)?%] = 270D and E,[1;,, (2)¥;k(z)] = 0 for any k # k*. Therefore, for

1 <5 </, we have

S iy, (h)] = 27,

hEHj

From the above, it also follows that

l
SAm = Y W) = 24> — a2 = 1
j=1

heH heH<,
]
We also get a similar proposition about dyadic boxes. In particular, let £ = (¢y,...,44)
for non-negative integers ¢;’s and let m = (my,..., my) for integers 0 < m; < 2%. Let

H?ﬁ = H<p, X -+ X Hzy,. Then, for the dyadic box

]E,m = I€1,m1 XKoo X Ifdmrl’

we have the following proposition. Below we write min{e, f} to denote the vector whose i*®

coordinate is min{e(i), f(i)} for e, f € R?.
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Proposition 7.6.4. Let 1;,,. denote the indicator function for the dyadic box Iy . Then,
N (14, ()] = 27 1M for any § < € and
Ile’m(h) =0 for any h ¢ H<,.

In particular, we have Z ‘T[e!m(hﬂ = Z ’IIE,m(h)| =1

®d ®d
her heH?,

The proof of the above proposition follows from Proposition 7.6.3 by tensoring.

7.6.2  Online Interval Discrepancy Problem

Now we prove Theorem 7.1.2 for the d-dimensional interval discrepancy problem. Let x =
(z1,...,27) be a sequence of points in [0,1]? and let y € {£1}T be a signing. For any
interval I C [0, 1] and time t € [T, recall that the discrepancy of interval I along coordinate

direction ¢ at time ¢ is denoted

disci(I,x,x) := |x117(z1(7)) + - - + xe 17 (2 (0))].

We will just write disc!(/) when the input sequence and signing is clear from the context.

Upper Bounds. To maintain the discrepancy of all intervals, it will suffice to bound the
discrepancy of every dyadic interval I;; = [k277, (k 4+ 1)277) of length at least 1/7" along
every coordinate direction ¢. Let D = {I;; | 0 < j <logT,0 < k < 27}. Then, we prove the

following.

Lemma 7.6.5. Given any sequence x1,...,xry sampled independently and uniformly from
0,1]¢, there is an online algorithm that chooses a signing such that w.h.p. for every time
t € [T], we have

maxdisc,(1) = O(dlog?T) for all I € D.

i€[d]
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Before proving Lemma 7.6.5, we first show why it implies the upper bound in Theo-

rem 7.1.2.

Proof of the upper bound in Theorem 7.1.2. Without loss of generality, it suffices to consider
half-open intervals. Every half-open interval I C [0, 1] can be decomposed as a union of at
most 2logT" disjoint dyadic intervals in D and two intervals Iy C liog 7 and Iy C figg7 e for
some 0 < k, k’ < T. Note that the length of I; and I, is at most 27187 = 1/T. We can then
write,

disci(I) < (2logT) - ; zgcdisci(]) + disci (1) + disci(15).
S

Applying the algorithm from Lemma 7.6.5, the discrepancy of every dyadic interval can
be bounded w.h.p. by O(dlog?T). The last two terms can be bounded by N; and N,
respectively where N; (resp. Ns) is the number of points whose projections on any of the i
coordinates is in I; (resp. I5).

The probability that a random point z drawn uniformly from [0, 1]% has some coordinate
z(i) for ¢ € [d] in I or I3 is at most 2d/T. It follows that E[N; + Ns] < 2d, so by Chernoff
bounds, with probability at least 1 — 7%, the number N; + N, < 4dlogT.

Overall, w.h.p. for any interval I, we have

maxdisc,() < 2logT - (dlog’T) +4dlogT = O(dlog’T).
1€

Next, we prove the missing Lemma 7.6.5.

Proof of Lemma 7.6.5. We will consider the d-dimensional interval discrepancy problem as
a vector balancing problem in |[d] X H<jogr| dimensions, where H <o, 1 are the Haar wavelet
functions with scale parameter at most log 7. Note that |H<jer| = T, so the update vector

in the vector balancing version will be T'd-dimensional. Let us abbreviate H' = H<jog .
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At any time when the point x; € [0, 1] arrives, then the (i, k) coordinate of the update

dxH'

vector vy € [—1,1] is given by

v (i, h) = h(z(7)).

Note that all the coordinates (i, V) for ¢ € [d] will always have the same value where
U is constant Haar wavelet. So, to apply the online algorithm given by Lemma 7.2.1 we
will only consider the subspace spanned by the coordinates (i, h) where i € [d] and h # Uy
and the extra coordinate (1, Wgp).

Let us check first that we satisfy the conditions Lemma 7.2.1. First, note that the
|lv]], < 1 and the vector v, has at most dlog T'+ 1 non-zero coordinates, since for any fixed
scale 0 < j < logT and any point z € [0, 1], all but one of the values {h(2)}nes, are zero.
The last condition to check is that the coordinates of the vector v; are uncorrelated. This is
a consequence of (7.8), since whenever coordinates (i, h) and (7', h') satisfy i # ¢’ or h # I/,

we have

By, [vi(i, h) - ve(i', B = Ba [A(x(0)) - 1 (2:(i')] = 0.

To elaborate more, first note that we cannot have h = h' = Uy since we are working in the
aforementioned subspace. Now, if ¢ # i’ then the coordinates z;(i) and x;(i) are sampled
independently from [0, 1], and E,[h(z)] = 0 for h # Wgo when z is drawn uniformly from
[0,1]. Otherwise, for i =4’ but h # k', it follows from the orthogonality of the Haar system
that E,[h(z)Rh'(2)] = 0.

Next, applying the online algorithm from Lemma 7.2.1, we select signs xi, ..., xr such
that we get an {«, bound on the vector d; = ), <t xivi- In particular, with high probability

we have

(i, h)] = ‘leh(xl(i))‘ — O(dlog?T) for any i € [d],h € M.

<t

Note that the bound on |d.(i, W )| for i # 1 follows since |di(i, Wo0)| = |de(1, Yo )|
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To finish the proof, we need to bound the discrepancy of every dyadic interval in terms
of ||d||..- Note that for any dyadic interval I € D, its coefficients in the Haar system basis
1;(h) = 0 for h € Hiogr using Proposition 7.6.3. Now, for any i € [d] and dyadic interval

I € D, we can write

disi(1) = | S xitsm@)| = |30 X Lih(n)

1<t 1<t heH’
=T (X @) = | D Tamydiin)
heH' 1<t heH’
<lddloo- (X T) < dil = O(dlog?T),
heH’
where the second last inequality follows again from Proposition 7.6.3. O]

Lower Bounds. Next we present the proof the lower bound in Theorem 7.1.2.

Proof of the lower bound in Theorem 7.1.2. Set A = T/d. We will again consider the d-
dimensional interval discrepancy problem as a vector balancing problem in |[d] X H<jog 4]
dimensions where H<jos 4 are the Haar wavelet functions with scale parameter at most log A.
Note that |H<iogr| = A, so the update vector in the vector balancing version will be T-
dimensional. Let us abbreviate H' = H<jog 4.

At any time when the point x; € [0, 1]¢ arrives, then the (i, h) coordinate of the update
vector v, is given by

0 lf ]'L = \IJ070
vt(ia h) =

h(z¢(i))  otherwise.

Here we are essentially ignoring the coordinates (i, h) with h = W . Since for any fixed
scale 0 < j < log A and any point z € [0, 1], all but one of the values {h(2)}ney, are zero,
the vector v; has dlog A non-zero coordinates all of which take value +1. It follows that the
Euclidean norm of any update vector v; is /dlog A.

Furthermore, from the orthogonality of the Haar system, it follows that the coordinates
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of the vector v; are uncorrelated:
B, [ve(d, h)ve(i', B)] = Eu, [B(2e () 1/ (24 ()] = 0.

Then, applying Lemma 7.4.1, we get that with probability at least 3/4, there is a t € [T]
and a coordinate (i, h) with h # Wq o such that |d.(i, h)| = Q(v/dlog A).

Let h = ¥, for some j, k where j > 0 (recall that coordinates (i, h) where h = ¥ are
always 0). Then, by definition h = 15, — 17, where I; and I, are the first and second halves

of the interval I;_; ;. In this case,

|di(i,h)] = ‘(thlh(:cs)>—(thllz(xs)>) < 2max{|disct([1)],\disct(12)|}.

s<t s<t

7.6.3  Online Tusnddy’s Problem

Let x = (z1,...,77) be a sequence of points in [0,1]? and let x € {+1}T be a signing.
For any axis-parallel box B C [0,1]? and any time ¢ € [T], recall that the discrepancy of

axis-parallel box B at time ¢ is denoted

disc,(B,x, x) := |x(1) - 1p(z1) + ...+ x(t) - 1p(xy)|.

We will just write disc;(B) when the input sequence and signing is clear from the context.

Upper Bounds. As in the interval case, it will be sufficient to work with dyadic boxes.
Recall that [, = [k277, (k+1)277) for j € Z>o and 0 < k < 27. To maintain the discrepancy

of all boxes, it will suffice to bound the discrepancy of every dyadic box



196

with 7,k € Z? with 0 < 7 and 0 < k < 27 with each side length at least 1/7". In particular,
let D={Bjr|0<j<(logT)l, 0<k <2} where 1 € R? is the all ones vector. Then,

we prove the following lemma to bound the discrepancy of every dyadic box.

Lemma 7.6.6. Given any sequence x1,...,xry sampled independently and uniformly from
[0,1], there is an online algorithm that chooses a signing such that w.h.p. for every time
te [T,

disc;(B) = O (log™™" T'), for all B € D.

Before proving Lemma 7.6.6, we first show why it implies Theorem 7.1.3.

Proof of the upper bound in Theorem 7.1.5. Without loss of generality, it suffices to consider
axis-parallel boxes B = I; X - - - x I; where I;’s are half-open sub-intervals of [0, 1]. Recall that
every half-open interval I C [0, 1] can be decomposed as a union of at most 2log T disjoint
dyadic intervals in D and two intervals I’ C liogr and I” C Liggr s for some 0 < k, k' <T
(note that the length of I’ and I” is at most 2787 = 1/T).

From this, it follows that for any axis-parallel box B, there exists a set of dyadic boxes
D' C D of size |D'| = (2log T')¢ and a set Z of size |Z| = 2d of disjoint intervals of length at
most 1/7", such that B can be decomposed as the union of boxes in D’ and some other boxes

of the form I{ x --- x I';, where I] € T for at least one i € [d]. We can therefore bound,
disc,(B) < (21log T)* - (r}gla%(disct(B)) + N,
S

where N is the number of points z in the input sequence such that z(i) € I for some i € [d]
and I € 7.

Applying the algorithm from Lemma 7.6.6, the discrepancy of every dyadic box can be
bounded by O(log*™ T) with high probability. Also, since the length of every interval in Z

is at most 1/T', for z drawn uniformly from [0, 1]¢, we have

. , 2d?
P, [Elz € [d], 3I € T such that z(i) € I] < -
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Therefore, we have that E[N] < 2d* and applying Chernoff bounds, it follows that with
probability at least 1 — 7%, the number N < 4d?logT.

Overall, with high probability for any axis-parallel box B, we have

disc(B) < (2logT)"(log™"' T) +4d’log T = Oqlog*' T).

Next, we prove the missing Lemma 7.6.6.

Proof of Lemma 7.6.6. We will consider the d-dimensional Tusnady’s problem as a vector
balancing problem in H%logT dimensions where H<jog 7 are the Haar wavelet functions with
scale parameter at most log 7. Note that |H<jog7| = 7', so the update vector in the vector
balancing version will be T?dimensional. Let us abbreviate H' = H<iogr and also recall
that for any b = (hy,..., hq) in H'®? we view it as a function from the cube [0,1]% to R by
defining h(z) = [T, hi(z(i)).

At any time when the point x; € [0, 1]¢ arrives, then the h := (hy,..., hy) coordinate of

the update vector v; € [—1,1]%*" is given by

We will apply the online algorithm given by Lemma 7.2.1. Let us check first that we
satisfy the conditions of that lemma. First, note that the ||v|| < 1 and the vector v, has
at most (log7T + 1) non-zero coordinates, since for any fixed scale 0 < j < logT and any
point z € [0, 1], all but one of the values {h(z)}rey, are zero. The last condition to check is
that the coordinates of the vector v; are uncorrelated. This follows from the orthogonality

of h and h'. In particular, if h # h’, then

By [vi(h)oi(R)] = Eq [h(z)h (z,)] = 0.
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Applying the online algorithm from Lemma 7.2.1, we select signs xi, ..., xr such that

we get an £, bound on the vector d; = y1v1 + ... xsv;. In particular, with high probability

|di(h)] = ‘ leh(xl)) = O(log™™' T) for any h € H'®.
1<t
To finish the proof, we next bound the discrepancy of every dyadic box in terms of ||d,|| .
For any dyadic box B € D, since each side consists of dyadic interval I;; where j < logT,
Proposition 7.6.4 implies that 1;(h) = 0 for any h ¢ H'®?. Therefore, we have

disct(B):‘lelg(:cl)‘ = ’ZXZ Z /1\B(h>h($l)‘

1<t 1<t hen'®d

=| X T (X wh)| = | X Tatdn)

he/®d <t het/®d

<l (D [Ash)]) < Jdlle = Ollog™'T),
heH'®d

where the second last inequality follows again from Proposition 7.6.4. ]

Lower Bounds.

Proof of the lower bound in Theorem 7.1.3. Set A = T"/®. We will consider the d-dimensional
interval discrepancy problem as a vector balancing problem in H%ﬁ)g , dimensions where
H<iog 4 are the Haar wavelet functions with scale parameter at most log A. Note that
|H<iog 4] = A, so the update vector in the vector balancing version will be A‘-dimensional.
Let us abbreviate H' = H<jog 4 and also recall that for any b = (hy,. .., hy) in H'®?, we view
it as a function from the cube [0,1]¢ to R by defining h(z) = []C, hi(z(7)).

At any time when the point x; € [0, 1]¢ arrives, then the h := (hq, ..., hy) coordinate of

the update vector v; € [—1, 1]H,®d is given by
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We will apply Lemma 7.4.1. Let us check first that we satisfy the conditions of that
lemma. Similar to the proof of Lemma 7.6.6, we note that the vector v; has exactly (log A+1)¢
non-zero coordinates that take the value 1. This implies that that Euclidean norm of any
update v; is (log A + 1)%2. Also from the orthogonality of h and h’, the coordinates of the

vector v; are uncorrelated — if h # h', then
By [vi(h)oi(R)] = Eq [h(z)h (z,)] = 0.

Applying Lemma 7.4.1 tells us that with probability at least 3/4, there exists a time ¢ €
[T] and a b € M’ such that |d;(h)| = Q ((log A + 1)%/?). Note that since h(z) = T, hi(z(2))
and h; can always be expressed as 17, or 17, —1 T for some intervals I; and I/, it follows that

there exists a set B of at most 2¢ axis-parallel boxes and some x € {4-1}7 such that

dy(h) =) xp - discy(B).

BeB
di(h
By averaging, it follows that there is an axis-parallel box B € B such that disc,(B) > | t2( y ) .
Substituting A = T/?, we get that for some box B,
. 1
disc,(B) = Q(i log®/? A) = Qu(log??T).
m

7.7 Applications to Online Envy Minimization

In this section we use our vector balancing and two-dimensional interval discrepancy results
to bound online envy. Let us first give the formal definition of envy.

Recall that there are two players and T items where for item ¢ € {1,...,T}, the val-
uation of the player i € {1,2} is vy € [0,1]. The cardinal envy is the standard notion of

envy studied in fair division, which is the max over every player the difference between the
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player’s valuation for the other player’s allocation and the player’s valuation for their own
allocation [LMMS04, Bud11]. Formally, if Player i is allocated set S; by an algorithm, the

cardinal envy is defined as

envyC(VI,Vg, Sl,SQ) = max { ZUM — ZUH y ZUQt — Z’UQt}.

teSy teSt teSy teSs

The notion of ordinal envy is defined ignoring the precise item valuations, but only with
respect to the relative ordering of the items. Roughly, it is the worst possible cardinal envy
for [0, 1] valuations consistent with any given relative ordering. Thus for valuations in [0, 1]
the ordinal envy is always at least the cardinal envy [JKS19]. For i € {1,2}, let m; denote
the decreasing order with respect to the valuations v;;. Denote 7! the first ¢ items in the

order 7. If Player i is allocated set S;, the ordinal envy is defined as
envy, (7, ma, S1, S2) 1= max {]SQ Nyl = [Sinal|, |SiNah —]S2N 7r§|}

Jiang et al. [JKS19] discuss three equivalent definitions of ordinal envy.

Next, we prove Corollary 7.1.7, which is restated below.

Corollary 7.1.7. Suppose valuations of two players are drawn i.i.d. from some distribution p
over [0,1] x [0,1]. Then, for an arbitrary distribution p (i.e., player valuations for the same
item could be correlated), the online cardinal envy is O(logT). Moreover, if p is a product
distribution (i.e., player valuations for the same item are independent) then the online ordinal

envy is also O(log T).

Proof. When the player valuations are drawn independently in [0, 1], the “moreover” part
is immediate from the following lemma of [JKS19] along with our Theorem 7.1.2 for 2-

dimensional interval discrepancy.

Lemma 7.7.1 (Lemma 26 in [JKS19]). For two players with independent valuations, any
upper bound for 2-dimensional interval discrepancy problem also holds for 2-player online

ordinal envy minimization.
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Next, we bound online cardinal envy under arbitrary distributions. In the following

lemma we reduce this problem to 2-dimensional vector balancing.

Lemma 7.7.2. For two players taking values from an arbitrary distribution p over [0, 1] X
[0,1], any upper bound for 2-dimensional vector balancing problem also holds for 2-player

online cardinal envy minimization.

Proof. For i € {1,2}, let u; denote the valuation of Player i for #* item. We define the
corresponding vector v; = (uyy, —ug). If our online vector balancing algorithm assigns the
next vector vy a + sign, we give the item to Player 2, and otherwise we give it to Player 1. The
crucial observation is that d;(1) and d;(2) capture precisely the cardinal envy of Players 1 and

2, respectively. Thus, any bound ||d;|| implies a bound on the maximum cardinal envy. [

The last lemma when combined with Theorem 7.1.4 finishes the proof of Corollary 7.1.7.
O

7.8 Open Problems and Directions

We close this chapter by mentioning some interesting open problems that seem to require
fundamental new techniques, and new directions in online discrepancy that remain unex-

plored.

Improving the dependence on n for general distributions. Theorem 7.1.4 gives a
bound of O(n%logT) for online vector balancing problem under inputs sampled from an
arbitrary distribution. However, an optimal dependence of O(n'/?) on n is achievable in
the special case where the distribution has independent coordinates [BS20], and also in the

offline setting with worst-case inputs [Ban12]. This motivates the following question.

Question 1. Given an arbitrary distribution p supported over [—1,1]", is there an online
algorithm that maintains discrepancy v/n-polylog(T) on a sequence of T inputs sampled i.i.d.

from p?
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As the anti-concentration bound in Theorem 7.1.5 for uncorrelated variables is a n'/2

factor worse than that for independent random variables, even getting a dependence of

n - polylog(T') is an interesting first step.

Bounds in terms of sparsity. Several natural problems such as the d-dimensional inter-
val discrepancy and d-dimensional Tusnady’s problem are best viewed as vector balancing
problems where the input vectors are sparse. This motivates the following online version
of the Beck-Fiala problem, where the online sequence z1,...,xr is chosen independently
from some distribution p supported over s-sparse n-dimensional vectors over [—1,1]". In
the offline setting with worst-case inputs (and where we care about the discrepancy of every

prefix), the methods of Banaszczyk [Ban12] give a bound of (slogT')'/2.

Question 2. Given an arbitrary distribution p supported over s-sparse vectors in [—1, 1],
is there an online algorithm that maintains discrepancy poly(s,logT,logn) on a sequence of

T inputs sampled i.i.d. from p?

Resolving the above question would imply polylogarithmic bounds for Tusnady’s prob-
lem in d-dimensions (similar to that in Theorem 7.1.3) in the much more general setting
where the points zr are sampled from an arbitrary distribution over points in [0, 1]¢. Cur-
rently, Theorems 7.1.2 and 7.1.3 only hold when the points x; are sampled from a product
distribution on [0, 1]%.

Prophet model. The last decade has seen several online problems being studied in the
prophet model where the online inputs are sampled independently from known non-identical
distributions (see, e.g., [Lucl7]). The model clearly generalizes the i.i.d. model and for
point mass distributions it captures the offline problem. This model becomes useful for
online problems where the adversarial arrival guarantees are weak, which raises the following

question.

Question 3. Given arbitrary distributions ps, ..., pr supported over vectors in [—1,1]",

is there an online algorithm that maintains discrepancy poly(n,logT,logn) on a sequence of
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T inputs where vector vy is sampled independently from p; ?

The techniques in Theorem 7.1.4 do not work since the eigenbasis may change with each
arrival. It will be also interesting to study this prophet model for distributions over s-sparse

vectors.

Oblivious adversary model. A very interesting direction that is strictly harder than
the above stochastic settings is to understand online vector balancing when the adversary is
oblivious or non-adaptive, i.e., the adversary chooses the entire input sequence (without any
stochastic assumptions) beforehand and is not allowed to change the inputs later based on
the execution of the algorithm.

Recall that if the adversary is fully adaptive, then one cannot hope to prove a bound

better than ©(T"'/2), but this might be possible for oblivious adversaries.

Question 4. [s there an online algorithm that maintains discrepancy poly(n,logT) on
any sequence of T' wvectors in [—1,1]" chosen by an oblivious adversary?
One could also consider the same question in the Beck-Fiala setting, and ask if better

bounds are possible when there is sparsity.

Question 5. Is there an online algorithm that maintains discrepancy poly(s,log T, logn)
on any sequence of T wvectors in [—1,1]" that are s-sparse and chosen by an oblivious adver-

sary?
Resolving Questions 4 and 5 would also have implications for both online geometric

discrepancy and online envy minimization problems in the oblivious adversary setting.

7.9 Tight example for Anti-Concentration in the Original Basis for Interval
Discrepancy

Let us briefly recall the setting. Consider the complete binary tree of height log T" where the

nodes are the dyadic intervals ;5 for 0 < j <log7 and 0 < k < 27, Our objective was to
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find the smallest 3 such that

EQC[

Y sinh(Ad; ) - 1]].,,6(95)“ > % E, [Z cosh(Ad, ) - 111.7,?(3;)], (7.10)
Jik 4.k
where z is a uniform point on the unit interval [0, 1], the function 1;,, is the indicator for
the dyadic interval [, and A > 0 and d;;, € R. For simplicity, we set A = 1 henceforth.
Observe that when a uniform random point z arrives at a leaf dyadic interval liog7,
then only the variables along that root-leaf path contribute to both sides. Moreover, since x
is uniform, the chosen leaf interval is also uniform among the leaves. Therefore, denoting by
¢ the random leaf and P, the corresponding root-leaf path, we want to ask for the smallest

[ satisfying

] 2 5B X taul] (7.11)
I EP;
where a; ), = sinh(d; ;) for a node I;; in the dyadic tree. Note that to get (7.11) from (7.10),
we made the standard approximation that cosh(x) & |sinh(z)| for z € R.
The following lemma shows that in general 8 could be exponentially large in the height of
the tree, so in the above case since the height is log 7', the value of § = Q(poly(7)). We remark
that for non-binary trees, this was already shown by Jiang, Kulkarni, and Singla [JKS19].

Lemma 7.9.1. There exists d; for 0 < j < h and 0 <k <27, such that = exp(2(h)) in
(7.11).

Proof. Our construction has a fractal structure. Let d > 0 be a sufficiently large integer.
Let T denote the tree structure shown in Figure 7.4(a) where the labels are the values that
will be used for constructing d;;’s. We embed this structure in the complete binary tree of
dyadic intervals and assign the d; ;, values as follows: the root interval has value doy = d and
its left children has the structure 7 with the values d;; as assigned by the corresponding

labels in 7", while the right child has value d;; = 2d/3 and has two child subtrees with
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(a) Fractal structure T (b) Embedding of 7 in the dyadic tree

Figure 7.4: Construction of d;;’s satisfying (7.11)

structure T (see Figure 7.4(b)). The d; values for all the unassigned nodes (these lie in the

subtree rooted at the nodes having values d;, = —d) are taken to be zero.

Note that 7 has the property that with probability 1/4 it ends in a node I;; with
aj = sinh(—d), and otherwise it enters another 7 (unless we already reached a leaf).

The proof now follows because if we take a random root-leaf path in our dyadic tree, with
probability 1 —exp(—Q(h)) it will end in a leaf with sinh(—d), which will cancel with sinh(d)

at the root. Since every other entry on a root leaf path has magnitude at most sinh(2d/3),

the left hand side in (7.11) will be

IEPZH 3 aMH < (1—eXp(—Q(h))> I - | sinh(2d/3)] + exp(—Q(h)) - - | sinh(d)|

I; x€P,
| sinh(d)|
~ exp(Q(h))’

while the right hand side is

Er| > lasal] = |sinh(d)].

Ij kel
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Therefore, § = exp(2(h)) in (7.11). O
7.10 Burkholder-Davis-Gundy Inequality

Let Zy, Zy,...,Z; be a discrete martingale (with respect to Wi,..., W;) and let AZ, =
Zs — Zs—1 denote the differences for all s € [t]. Note that Z, = AZy + AZy + ... + AZ,.
Define Z} = maxg<s<: |Zs| to be the maximum value of the martingale process till time ¢.

Then, the well-known Burkholder-Davis-Gundy inequality says the following.

Theorem 7.10.1 ([BDGT72]). Let 1 < p < co. Then, there exist positive constants ¢, and
C) such that

t P/ 2 ¢ P/ 2
¢ E (Z MP) < E[ZY] < C,-E (Z |AZS|2>
s=1 s=1
Note that the inequality holds in much more general settings, but the above setting is
sufficient for the purposes of this chapter.
Furthermore, for p = 1, which is the case we need for the purposes of this chapter, one

can relate expected magnitude of Z; and Z; by the following inequality.
Lemma 7.10.2. E[Z;] < (t+ 1) - E[|Z}]] .

Proof. First note that f(Zy),..., f(Z;) is a sub-martingale with respect to Wy,..., W, for
any convex function f. Choosing f(z) = |z|, it follows that the absolute value of the above
martingale is a sub-martingale. Applying Doob’s optional stopping theorem to this sub-
martingale, one gets that E[|Z;|]] > E[|Zy|]. Since, we could have started this sequence
anywhere, it also follows for any s < ¢ that E[|Z;|] > E|[|Z]].

Since Z; = max,<; |Zs| < Y2'_, | Z.|, using linearity of expectation, we get that

E(z;] < ) ElZ[] < (t+DE[Z]].
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Chapter 8

ONLINE DISCREPANCY II:
A BETTER POTENTIAL FUNCTION

In this chapter, we continue our study of the online discrepancy problem. While the
discrepancy bound in Theorem 7.1.4 from Chapter 7 depends poly-logarithmically on the
number of vectors 7', its dependence on the dimension n is large and sub-optimal. In this
chapter, we present a better algorithm that achieves an optimal dependence on the dimension
n for the online discrepancy problem in the stochastic setting. Our new algorithm is based
on a better potential function. This chapter is based on joint work with Nikhil Bansal,
Raghu Meka, Sahil Singla, and Makrand Sinha [BJM™21] that appeared in the ACM-SIAM
Symposium on Discrete Algorithms (SODA21).

8.1 Introduction

We consider the following online vector balancing question, originally proposed by Spencer
[Sho77]: vectors vy, ve, ..., vr € R™ arrive online, and upon the arrival of vy, a sign y; € {£1}
must be chosen irrevocably, so that the {.-norm of the discrepancy vector (signed sum)
d; == x1v1 + ... + xsv; remains as small as possible. That is, find the smallest B such
that maxicpr) ||di|l« < B. More generally, one can consider the problem of minimizing

maxer ||dy ||k with respect to arbitrary norms given by a symmetric convex body K.

Offline setting. The offline version of the problem, where the vectors vy, ..., vy are given
in advance, has been extensively studied in discrepancy theory, and has various applications

[Mat99, Cha00, CST*14]. Here we study three important problems in this vein:

Tusnady’s problem. Given points x1,...,z7y € [0,1]¢, we want to assign + signs to the

points, so that for every axis-parallel box, the difference between the number of points inside
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the box that are assigned a plus sign and those assigned a minus sign is minimized.

Beck-Fiala and Komlés problem. Given vy,...,vy € R” with Euclidean norm at most
one, we want to minimize max;er ||d;||. After scaling, a special case of the Komlés problem

is the Beck-Fiala setting where vq,...,vr € [—1,1]" are s-sparse (with at most s non-zeros).

Banaszczyk’s problem. Given vy, ...,vpr € R" with Euclidean norm at most one, and a
convex body K € R" with Gaussian measure' 7, (K) > 1 —1/(2T), find the smallest B so
that there exist signs such that d; € B - K for all t € [T].

One of the most general and powerful results here is due to Banaszczyk [Banl2]: there
exist signs such that d; € O(1) - K for all ¢ € [T] for any convex body K € R" with
Gaussian measure” 7, (K) > 1 — 1/(2T). In particular, this gives the best known bounds
of O((log T)*/?) for the Komlés problem; for the Beck-Fiala setting, when the vectors are
s-sparse, the bound is O((slogT)'/?).

An extensively studied case, where sparsity plays a key role, is that of Tusnady’s problem
(see [Mat99] for a history), where the best known (non-algorithmic) results, building on a
long line of work, are an O(log? 2T upper bound of [Nik17] and an almost matching
Q(log™™* T) lower bound of [MN15].

In general, several powerful techniques have been developed for offline discrepancy prob-
lems over the last several decades, starting with initial non-constructive approaches such
as [Bec81, Spe85, Glu89, Gia97, Ban98, Banl2], and more recent algorithmic ones such as
[Ban10, LM15a, Rot17, MNT14, BDG16, LRR17, ES18, BDGL18, DNTTJ18]. However,

none of them applies to the online setting that we consider here.

Online setting. A nailve algorithm is to pick each sign x; randomly and independently,
which by standard tail bounds gives B = O((T logn)'/?) with high probability. In typical

interesting settings, we have 7' > poly(n), and hence a natural question is whether the

!The Gaussian measure 7, (8) of a set 8§ C R" is defined as P[G € §] where G is standard Gaussian in
R™.

2We remark that if one only cares about the final discrepancy dr, the condition in Banaszczyk’s result
can be improved to 7, (K) > 1/2 (though, in all applications we are aware of, this makes no difference if
T = poly(n) and makes a difference of at most v/logT) for general T').
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dependence on T can be improved from T2 to say, poly-logarithmic in T, and ideally to
even match the known offline bounds.

Unfortunately, the Q(7"/?) dependence is necessary if the adversary is adaptive’: at each
time t, the adversary can choose the next input vector v; to be orthogonal to d;_;, causing
ldi|l2 to grow as Q(T'/2) (see [Spe87] for an even stronger lower bound). Even for very
special cases, such as for vectors in {—1,1}", strong ©(2") lower bounds are known [Bar79].
Hence, we focus on a natural stochastic model where we relax the power of the adversary
and assume that the arriving vectors are chosen in an i.i.d. manner from some—possibly
adversarially chosen—distribution p. In this case, one could hope to exploit that (d;_1,vs)
is not always zero, e.g., due to anti-concentration properties of the input distribution, and
beat the Q(T'/?) bound.

Recently, Bansal and Spencer [BS20], considered the special case where p is the uniform
distribution on all {—1,1}" vectors, and gave an almost optimal O(n'/?log T') bound for the
{~ norm that holds with high probability for all ¢ € [T']. The setting of general distributions
p turns out to be harder and was considered recently by [JKS19] and [BJSS20], motivated by
envy minimization problems and an online version of Tusnady’s problem. The latter was also
considered independently by Dwivedi, Feldheim, Gurel-Gurevich, and Ramadas [DFGGR19]
motivated by the problem of placing points uniformly in a grid.

For an arbitrary distribution p supported on vectors in [—1, 1]", [BJSS20] give an algo-
rithm achieving an O(n?log T') bound for the /,,-norm. In contrast, the best offline bound is
O((nlog T)Y?), and hence Q(n*/?) factor worse, where €(-) ignores poly-logarithmic factors
innand 7.

More significantly, the existing bounds for the online version are much worse than those
of the offline version for the case of s-sparse vectors (Beck-Fiala setting) — [BJSS20] ob-
tain a much weaker bound of O(snlogT') for the online setting while the offline bound of

O((slog T)'/?) is independent of the ambient dimension n. These technical limitations also

3In the sense that the adversary can choose the next vector v, based on the current discrepancy vector
dt_ 1-
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carry over to the online Tusnady problem, where previous works [JKS19, DFGGR19, BJSS20]
could only handle product distributions.

To this end, [BJSS20] propose two key problems in the i.i.d. setting. First, for a general
distribution p on vectors in [—1, 1], can one get an optimal O(n*/2) or even O(n) dependence?
Second, can one get poly(s,logT’) bounds when the vectors are s-sparse. In particular, as
a special case, can one get (log 7)°@ bounds for the Tusnaddy problem, when points arrive

from an arbitrary non-product distribution on [0, 1]¢.

8.1.1 Our Results

In this chapter we resolve both the above questions of [BJSS20], and prove much more general
results that obtain bounds within poly-logarithmic factors of those achievable in the offline

setting.

Online Komlés and Tusnady settings. We first consider Komlés’ setting for online
discrepancy minimization where the vectors have /5-norm at most 1. Recall, the best known
offline bound in this setting is O((logT)"/?) [Ban12]. We achieve the same result, up to

poly-logarithmic factors, in the online setting.

Theorem 8.1.1 (Online Komlés setting). Let p be a distribution in R"™ supported on vectors
with Fuclidean norm at most 1. Then, for vectors vy, ...,vr sampled i.i.d. from p, there is

an online algorithm that with high probability maintains a discrepancy vector d; such that

|d||oe = O(log*(nT)) for all t € [T].

In particular, for vectors in [—1, 1]” this gives an O(n'/?log*(nT')) bound, and for s-sparse
vectors in [—1,1]", this gives an O(s'/2log*(nT)) bound, both of which are optimal up to
poly-logarithmic factors.

The above result implies significant savings for the online Tusnady problem. Call a set
B C [0,1]™ an axis-parallel box if B = I; x --+ x I, for intervals I; C [0,1]. In the online
Tusnady problem, we see points 1, ..., 27 € [0,1]¢ and need to assign signs x1, ..., xr in

an online manner to minimize the discrepancy of every axis-parallel box at all times. More
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precisely, for an axis-parallel box B, define®
discy(B) := |x11p(z1) + ... + xe1a(x)|.

Our goal is to assign the signs xi,...,x: so as to minimize max;<y disc;(B) for every
axis-parallel box B.

There is a standard reduction (see Section 8.5.2) from the online Tusnddy problem to
the case of s-sparse vectors in RY where s = (log7)? but the ambient dimension N is
O4(T%). Using this reduction, along with Theorem 8.1.1, directly gives an O(log*¥/***T)
bound for the online Tusnady’s problem that works for any arbitrary distribution on points,
instead of just product distributions as in [BJSS20]. In fact, we prove a more general result
where we can choose arbitrary directions to test discrepancy and we use this flexibility (see

Theorem 8.1.3 below) to improve the exponent of the bound further, and essentially match

the best offline bound of O((log?~"/?T") [Nik17].

Theorem 8.1.2 (Online Tusnddy’s problem for arbitrary p). Let p be an arbitrary distri-
bution on [0,1]%. For points x1,...,xp sampled i.i.d from p, there is an algorithm which
selects signs x; € {£1} such that with high probability for every azis-parallel box B, we have
max;e (7 disc;(B) = O4(log™™ T).

Theorem 8.1.1 and Theorem 8.1.2 follow from the more general result below.

Theorem 8.1.3 (Discrepancy for Arbitrary Test Directions). Let 8 C R™ be a finite set of
test vectors with Euclidean norm at most 1 and p be a distribution in R™ supported on vectors
with Fuclidean norm at most 1. Then, for vectors vy, ...,vr sampled i.i.d. from p, there is
an online algorithm that with high probability maintains a discrepancy vector d; satisfying

max |d] 2| = O((log(|8]) +1ogT) - log*(nT)) for every t € [T.

zE

4Here, and henceforth, for a set S, denote 1g(z) the indicator function that is 1 if € S and 0 otherwise.
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In fact, the proof of the above theorem also shows that given any arbitrary distribution on
unit test vectors z, one can maintain a bound on the exponential moment E, [exp(|(dy, 2)|)]
at all times.

The key idea involved in proving Theorem 8.1.3 above, is a novel potential function
approach. In addition to controlling the discrepancy d; in the test directions, we also control
how the distribution of d; relates to the input vector distribution p. This leads to better
anti-concentration properties, which in turn gives better bounds on discrepancy in the test

directions. We describe this idea in more detail in Sections 8.1.2 and 8.2.

Online Banaszczyk setting. Next, we consider discrepancy with respect to general norms
given by an arbitrary convex body K. To recall, in the offline setting, Banaszczyk’s seminal
result [Ban12] shows that if K is any convex body with Gaussian measure 1 — 1/(27), then
for any vectors vy,...,vr of fo-norm at most 1, there exist signs xi,..., xr such that the
discrepancy vectors d, € O(1) - K for all t € T'.

Here we study the online version when the input distribution p € R™ has sufficiently good
tails. Specifically, we say a univariate random variable X has sub-exponential tails if for all
r >0, P[|X — E[X]| > ro(X)] < e %", where ¢(X) denotes the standard-deviation of X.
We say a multi-variate distribution p € R™ has sub-exponential tails if all its one-dimensional

projections have sub-exponential tails. That is,

P,., [

(v,0) — ug}‘ > 0p - r} < e for every 8 € S"! and every r > 0,

where py and oy are the mean and standard deviation® of the scalar random variable Xy =
(v, 0).

Many natural distributions, such as when v is chosen uniform over the vertices of the
{£1}" hypercube (scaled to have Euclidean norm one), uniform from a convex body, Gaus-

sian distribution (scaled to have bounded norm with high probability), or uniform on the

5Note that when the input distribution p is a-isotropic, i.e. the covariance is al,,, then og = « for every
direction 6, but the above definition is a natural generalization to handle an arbitrary covariance structure.
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unit sphere, have a sub-exponential tail and in these cases our bounds match the offline

bounds up to poly-logarithmic factors.

Theorem 8.1.4 (Online Banaszczyk Setting). Let K C R™ be a symmetric convex body with
Yn(K) > 1/2 and p be a distribution with sub-exponential tails that is supported over vectors
of Fuclidean norm at most 1. Then, for vectors vy,...,vr sampled i.i.d. from p, there is
an online algorithm that with high probability maintains a discrepancy vector d; satisfying

d, € Clog®(nT) - K for allt € [T and a universal constant C.

The proof of the above theorem, while similar in spirit to Theorem 8.1.3, is much more
delicate. In particular, we cannot use that theorem directly as capturing a general convex

body as a polytope may require exponential number of constraints (the set 8 of test vectors).

Online Weighted Multi-Color Discrepancy. Finally we consider the setting of weighted
multi-color discrepancy, where we are given vectors vy,...,vr € R" sampled i.i.d. from a
distribution p on vectors with /;-norm at most one, an integer R which is the number of
colors available, positive weights w. € [1,7] for each color ¢ € [R], and a norm ||-||.. At
each time ¢, the algorithm has to choose a color ¢ € [R] for the arriving vector, so that the

discrepancy disc; with respect to ||-||,, defined below, is minimized for every t € [T7:

dc(t)/wc - dc’(t)/wc’
1/we + 1/we

Y

disc,(||-]|,) := Ir;a),cdisct(c, ) where disci(c,d) = ‘

*

with d.(t) being the sum of all the vectors that have been given the color c till time ¢. We

note that (up to a factor of two) the case of unit weights and R = 2 is the same as assigning

+ signs to the vectors (v;);<r, and we will also refer to this setting as signed discrepancy.
We show that the bounds from the previous results also extend to the setting of multi-

color discrepancy.

Theorem 8.1.5 (Weighted multi-color discrepancy). For any input distribution p and any
set 8 of poly(nT') test vectors with Euclidean norm at most one, there is an online algorithm

for the weighted multi-color discrepancy problem that maintains discrepancy O(logz(Rn) .



214

log*(nT)) with the norm || - ||, = max.es|(-, 2)|.

Further, if the input distribution p has sub-exponential tails then one can maintain multi-

color discrepancy O(log®(Rn) - log®(nT)) for any norm || - ||« given by a symmetric convex

body K satisfying v,(K) > 1/2.

As an application, the above theorem implies upper bounds for multi-player envy mini-
mization in the online stochastic setting, as defined in [BKPP18], by reductions similar to
those in [JKS19] and [BJSS20].

We remark that in the offline setting, such a statement with logarithmic dependence in
R and 7 is easy to prove by identifying the various colors with leaves of a binary tree and
recursively using the offline algorithm for signed discrepancy. It is not clear how to generalize
such a strategy to the online stochastic setting, since the algorithm for signed discrepancy
might use the stochasticity of the inputs quite strongly.

By exploiting the idea of working with the Haar basis, we show how to implement such
a strategy in the online stochastic setting: we prove that if there is a greedy strategy for the
signed discrepancy setting that uses a potential satisfying certain requirements, then it can

be converted to the weighted multi-color discrepancy setting in a black-box manner.

8.1.2 High-Level Approach

Before describing our ideas, it is useful to discuss the bottlenecks in the previous approach.
In particular, the quantitative bounds for the online Komlés problem, as well as for the
case of sparse vectors obtained in [BJSS20] are the best possible using their approach, and
improving them further required new ideas. We describe these ideas at a high-level here,

and refer to Section 8.2 for a more technical overview.

Limitations of previous approach. For intuition, let us first consider the simpler setting,
where we care about minimizing the Euclidean norm of the discrepancy vector d; — this will
already highlight the main issues. As mentioned before, if the adversary is adaptive in the

online setting, then they can always choose the next input vector v; to be orthogonal to d;_;
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(i.e., (di_1,v;) = 0) causing ||dy||2 to grow as TV/2. However, if (d;_1,v;) is typically large,

then one can reduce ||d;||s by choosing x; = —sign({(d;_1, v;)), as the following shows:

dell3 = ldecall3 = 2x¢ - (domr, o) + |lvell3 < — 2(dir, ve)| + 1. (8.1)

The key idea in [BJSS20] was that if the vector v; has uncorrelated coordinates (i.e.,
Ey,~p[ve(i)vi(7)] = 0 for ¢ # j), then one can exploit anti-concentration properties to essen-
tially argue that |(d;_1, v;)| is typically large when ||d;_1||2 is somewhat big, and the greedy
choice above works, as it gives a negative drift for the ¢o-norm. However, uncorrelated vec-
tors satisfy provably weaker anti-concentration properties, by up to a n'/? factor (s'/? for
s-sparse vectors), compared to those with independent coordinates. This leads up to an

1/2

extra n'/“ loss in general.

Moreover, to ensure uncorrelation one has to work in the eigenbasis of the covariance
matrix of p, which could destroy sparsity in the input vectors and give bounds that scale
polynomially with n. [BJSS20] also show that one can combine the above high-level uncor-
relation idea with a potential function that tracks a soft version of maximum discrepancy in

any coordinate,

Oy =Y exp(Adi_i(i)), (8.2)
i=1
to even get bounds on the ¢ .-norm of d;. However, this is also problematic as it might lead

to another factor n loss, due to a change of basis (twice).

To achieve sparsity based bounds in the special case of online Tusnady’s problem, previous
approaches use the above ideas and exploit the special problem structure. In particular, when
the input distribution p is a product distribution, [BJSS20] (and [DFGGR19]) observe that
one can work with the natural Haar basis which also has a product structure in [0,1]¢ —
this makes the input vectors uncorrelated, while simultaneously preserving the sparsity due

to the recursive structure of the Haar basis. However, this severely restricts p to product
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distributions and previously, it was unclear how to even handle a mixture of two product

distributions.

New potential: anti-concentration from exponential moments. Our results are
based on a new potential. Typical potential analyses for online problems show that no
matter what the current state is, the potential does not rise much when the next input
arrives. As discussed above, this is typically exploited in the online discrepancy setting
using anti-concentration properties of the incoming vector v; ~ p — one argues that no
matter the current discrepancy vector d;_1, the inner product (d;_q,v;) is typically large so

that a sign can be chosen to decrease the potential (recall (8.1)).

However, as in [BJSS20], such a worst-case analysis is restrictive as it requires p to have
additional desirable properties such as uncorrelated coordinates. A key conceptual idea in our
work is that instead of just controlling a suitable proxy for the norm of the discrepancy vectors
d;, we also seek to control structural properties of the distribution d;. Specifically, we also
seek to evolve the distribution of d; so that it has better anti-concentration properties with
respect to the input distribution. In particular, one can get much better anti-concentration
for a random variable if one also has control on the higher moments. For instance, if we can
bound the fourth moment of the random variable Y; = (d;_1,v;), in terms of its variance,
say E[Y!] < E[YV?]?, then the Paley-Zygmund inequality implies that Y; is far from zero.
However, working with E[Y;?] itself is too weak as an invariant and necessitates looking at

even higher moments.

A key idea is that these hurdles can be handled cleanly by looking at another poten-
tial that controls the exponential moment of Y;. Specifically, all our results are based on
an aggregate potential function based on combining a potential of the form (8.2), which en-
forces discrepancy constraints, together with variants of the following potential, for a suitable

parameter A\, which enforces anti-concentration constraints:

Oy ~ By exp(Al(de, v)])]-
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This clearly allows us to control higher moments of (d;,v), in turn allowing us to show
strong anti-concentration properties without any assumptions on p. We believe the above
idea of controlling the space of possible states where the algorithm can be present in, could

potentially be useful for other applications.

To illustrate the idea in the concrete setting of ¢5-discrepancy, let us consider the case
when the input distribution p is mean-zero and 1/n-isotropic, meaning the covariance 3 =
Eyp[vv'] = I,/n. Here, if we knew that the exponential moment E,,[exp(|{d;_1,v)])] < T,
then it implies that with high probability [(d;_1,v)| < log T for v ~ p. To avoid technicalities,
let us assume that |[(d;_1,v)| < log T holds with probability one. Therefore, when v; sampled
independently from p arrives, then since E[|AB|] > E[AB]/||B||« for any coupled random

variables A and B, taking A = (d;_1,v;) and B = (d;_1,v)/log T, we get that

1
log T

1
]Evt [d;rflvtv;rdtfl] == m . dllEdt,l

[l

S .
E(|(de—1,v:)|] > nlogT

Therefore, whenever ||d;_1|2 > (nlogT)'?, then the drift in fy-norm of the discrep-
ancy vector d; is negative. Thus, we can obtain the optimal /5-discrepancy bound of

O((nlog T)'?).

Banaszczyk setting. In the Banaszczyk setting, the algorithm uses a carefully chosen set
of test vectors at different scales that come from generic chaining. In particular, we use a
potential function based on test vectors derived from the generic chaining decomposition of

the polar K° of the body K.

However, as there can now be exponentially many such test vectors, more care is needed.
First, we use that the Gaussian measure of K is large to control the number of test vectors at
each scale in the generic chaining decomposition of K°. Second, to be able to perform a union
bound over the test vectors at each scale, one needs substantially stronger tail bounds than
in Theorem 8.1.3. To do this, we scale the test vectors to be quite large, but this becomes

problematic with standard tools for potential analysis, such as Taylor approximation, as the
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update to each term in the potential can be much larger than potential itself, and hard to
control. Nevertheless, we show that if the distribution has sub-exponential tails, then such

an approximation holds “on average” and the growth in the potential can be bounded.

8.2 Proof Overview

Recall the setting: the input vectors (v;),<r are sampled i.i.d. from p and satisfy ||v|2 < 1,
and we need to assign signs xi, ..., xr in an online manner so as to minimize some target
norm of the discrepancy vectors d; = ZTgt X+vUr. Moreover, we may also assume, without
loss of generality that the distribution is mean-zero as the algorithm can toss a coin and
work with either v or —v. This means that the covariance matrix ¥ = E,[vv"] satisfying

0x¥<x1,.

8.2.1 Komlos Setting

Here our goal is to minimize ||d;||~. First, consider the potential function E,.,[cosh(\ d; v)]

where cosh(a) = 3 - (¢* 4+ e~®). This however only puts anti-concentration constraints on
the discrepancy vector and does not track the discrepancy in the coordinate directions. It
is natural to add a potential term to enforce discrepancy constraints. In particular, let

Pz = 3P+ 3Py, where p, is uniform over the standard basis vectors (¢;);<n, then the potential
®; = E,p, [cosh() d] 7)], (8.3)

allows us to control the exponential moments of (d;_1,v;) as well as the discrepancy in the
target test directions. In particular, if the above potential &, < poly(7'), then we get a
bound of O(A™'logT) on ||d¢||eo. Next we sketch a proof that for the greedy strategy using
the above potential, one can take A = 1/log T, so that the potential remains bounded by
poly(T) at all times.

Claim 8.2.1 (Informal: Bounded Drift). If ®;,_; < T?, then E,,[A®,] := E,,[®; — P; 4] < 2.
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The above implies using standard martingale arguments, that the potential remain bounded

by T? with high probability and hence ||d¢||. = polylog(T) at all times ¢t € [T].

To continue, let us first make a simplifying assumption that ¥ = [,,/n and that at time
t, the condition A|d] ,v;| < 2logT holds with probability 1. We give an almost complete
proof below under these conditions. The first condition can be dealt with by an appropriate
decomposition of the covariance matrix as sketched below. The second condition only holds
with high probability (1 —1/poly(T")), because we have a bound on the exponential moment,

but the error event can be handled straightforwardly.

By Taylor expansion, we have that for all a,
cosh(A(a+6)) —cosh(Aa) < Asinh(Aa)-6+\?|sinh(Aa)|- 0%+ \? for all [0| <1, (8.4)

where sinh(a) = 1 - (e* —e™*) and we used that cosh(a) < |sinh(a)| + 1. Therefore, since

d; = d;_1 + xvs, by the above inequality we have

AD, < ;- AE, [sinh(Ad] z) - 2"v] + NE, [|sinh(Ad,_ 2)] - |z v|]

= X AL+ XQ + N2

Since the algorithm chooses x; to minimize the potential, we have that E,,[A®,] <
—AE,, [| L] + NE,, [Q).

Upper bounding the quadratic term. Using that ¥ = E,,[v;v, ] = I,,/n, we have

E,[Q] = E,.[sinh(\d, 2)|-2"vw' 2] = E,[sinh(\d]  2)| 27 2]

1 ) 1 .
=~ Bellsimh(AdL )| el?] £ Bl sinh(d], o)

where the last inequality used that ||z[[; < 1.
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Lower bounding the linear term. For this we use the aforementioned coupling trick:
E,,[|L|] > E,[LY]/||Y|ls for any coupled random variable Y °. Taking Y = |d,_ v|, we
have that ||Y|o < 2A"!logT. Therefore,

A
E,[L]] = E,|E, [sinh(Ad 2)-27v,]| > TiogT Eve [sinh(Ad,_ )] - = "vp, dyi]
1 ‘ 1 :
= W : Ew[Slnh(Ad:_ll’) : )\d;r_ll’] Z W : ]EacH Slnh()\d;r_lx)ﬂ — 2,

using that sinh(a)a > |sinh(a)| — 2 for all a € R.

Therefore, if A = 1/(2logT’), we can bound the drift in the potential

A . \2 .
< - nlosT -E.[|sinh(A\d,_,2)[] + — -E,[|sinh(A\d_,z)[] +2+ A < 3.

E,,[AD,]
Non-Isotropic Covariance. To handle the general case when the covariance X is not
isotropic, let us assume that all the non-zero eigenvalues are of the form 27* for integers
k > 0. One can always rescale the input vectors and any potential set of test vectors, so
that the covariance satisfies the above, while the discrepancy is affected only by a constant

factor. See Section 8.4 for details.

With the above assumption ¥ = Y, 27*1I; where II; is the orthogonal projection on
to the subspace with eigenvalues 27%. Since, we only get T vectors, we can ignore the
eigenvalues smaller than (nT)~* and only need to consider O(log(nT)) different scales. Then,
one can work with the following potential which imposes the alignment constraint in each

such subspace:

o, = Z Eyrp, [cosh(\ d] TTix)].
K

As we have O(log(nT')) pairwise orthogonal subspaces, we can still choose A = 1/polylog(nT’)
and with some care, the drift can be bounded using the aforementioned ideas. Once the

potential is bounded, we can bound ||d;||~ as before along with triangle inequality.

SHere ||Y || denotes the largest value of Y in its support.
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8.2.2  Banaszczyk Setting

Recall that here we are given a convex body K with Gaussian volume at least 1/2 and our
goal is to bound K-norm of the discrepancy vector ||d;||x. Here, ||d||x intuitively is the
minimum scaling v of K so that d € yK. To this end, we will use the dual characterization
of K: Let K° = {y : sup,er [(z,y)| <1}, then [|d| x = supyege [(d, y)].

To approach this first note that the arguments from previous section allow us not only
to bound ||d;||e but also max,cg(d;, z) for an arbitrary set of test directions S (of norm at
most 1). As long as [8]| < poly(nT"), we can bound max,cs(d;, z) = poly(log(nT)).

However, to handle a norm given by an arbitrary convex body K, one needs expo-
nentially many test vectors, and the previous ideas are not enough. To design a suit-
able test distribution for an arbitrary convex body K, we use generic chaining to bound
|l di|lx = sup,ego(ds, z) by choosing epsilon-nets’” of K° at geometrically decreasing scales.
Again let us assume that the 3 = I, /n for simplicity.

First, assuming Gaussian measure of K is at least 1/2, it follows that diam(K°) = O(1)
(see Section 8.3.3). So, one can choose the coarsest epsilon-net at O(1)-scale while the finest
epsilon-net can be taken at scale ~ 1/4/n since by adding the standard basis vectors to the
test set, one can control ||d;||2 < +/n (ignoring polylog factors) by using the previous ideas
in the Komlos setting.

Now, one can use generic chaining as follows: define the directed layered graph G (see
Figure 8.1) where the vertices T, in layer ¢ are the elements of an optimal g,-net of K° with
g = 27% We add a directed edge from a vertex u € Ty to vertex v € Ty if |[u — v|s < &
and identify the corresponding edge with the vector v —u. The length of any such edge v —u,
defined as ||v — ul|2, is at most ;.

Let us denote the set of edges between layer ¢ and ¢ + 1 by 8. Now, one can express

any z € K° as ), wy + Wer where wy € 8 and ||Were||2 < 1/4/n. Then, since we can control

"We remark that one can also work with admissible nets that come from Talagrand’s majorizing measures
theorem and probably save a logarithmic factor, but for simplicity we work with epsilon-nets at different
scales.
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Figure 8.1: The chaining graph § showing epsilon-nets of the convex body at various scales. The edges
connect near neighbors at two consecutive scales. Note that any point z € K° can be expressed as the sum
of the edge vectors wy where wy = vy — vo—1, and (ve_1,v¢) is an edge between two points at scale 2- (=1
and 2.

ld:||2 < v/n, we have

sup (dy, z) < Y max(d,w) + max (d, we,) = O(logn) - max max(d, w).
2€K° 7 wWESy ||w||2§n—1/2 ?  weSy
Thus, it suffices to control max,es,(d, w) for each scale using a suitable test distribution in

the potential.

For example, suppose we knew that Eg[cosh(Ad"w)] < T for @ uniform in r? - §; for
a scaling factor 72. Then, it would follow that max,es,(d,w) = O(A"'r~?log|8,| - log T).
Standard results in convex geometry (see Section 8.3.3) imply that |8, < e©(/) so to
obtain a polylog(nT) bound, one needs to scale the vectors w € 8, by a factor of r = 1/¢,.

This implies that the £y-norm of scaled vector 72 - w could be as large as y/n.

This makes the drift analysis for the potential more challenging because now the Taylor
expansion in (8.4) is not always valid as the update § could be as large as v/n. This is where
the sub-exponential tail of the input distribution is useful for us. Since the input distribution

is 1/n-isotropic and sub-exponential tailed, we know that if |w|s < /1, then for a typical
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choice of v ~ p, the following holds

NN

<Ut’w> ~ Evt[<vtvw>2] = ]E’Ut [wTth;—w] - HZH <1

Thus, with some work one can show that, the previous Taylor expansion essentially holds
"on average” and the drift can be bounded. The case of general covariances can be handled
by doing a decomposition as before. Although the full analysis becomes somewhat technical,

all the main ideas are presented above.

8.2.3  Multi-color Discrepancy

For the multi-color discrepancy setting, we show that if there is an online algorithm that
uses a greedy strategy with respect to a certain kind of potential ®, then one can adapt the

same potential to the multi-color setting in a black-box manner.

In particular, let the number of colors R = 2" for an integer h and all weights be unit.
Let us identify the leaves of a complete binary tree 7 of height h with a color. Our goal is
then to assign the incoming vector to one of the leaves. In the offline setting, this is easy
to do with a logarithmic dependence of R — we start at the root and use the algorithm for
the signed discrepancy setting to decide to which sub-tree the vector be assigned and then
we recurse until the vector is assigned to one of the leaves. Such a strategy in the online
stochastic setting is not obvious, as the distribution of the incoming vector might change as

one decides which sub-tree it belongs to.

By exploiting the idea used in [BJSS20] and [DFGGR19] of working with the Haar basis,
we can implement such a strategy if the potential ® satisfies certain requirements. Let us
define dy(t) to be the sum of all the input vectors assigned to that leaf at time ¢. In the same
way, for an internal node u of T, we can define d,(t) to be the sum of the vectors dy(t) for
all the leaves ¢ in the sub-tree rooted at u. The crucial insight is then, one can track the

difference of the discrepancy vectors of the two children d; (t) for every internal node u of
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the tree 7. In particular, one can work with the potential

ueT
for some parameter 3, and assign the incoming vector to the leaf that minimizes the increase
in ¥;. Then, essentially we show that the analysis for the potential ® translates to the setting

of the potential W, if ¢ satisfies certain requirements (see Section 8.7).

8.3 Preliminaries

8.3.1 Notation

Throughout this chapter, log denotes the natural logarithm unless the base is explicitly

mentioned. We use [k] to denote the set {1,2,...,k}. Sets will be denoted by script letters
(e.g. T).

Random variables are denoted by capital letters (e.g. A) and values they attain are
denoted by lower-case letters possibly with subscripts and superscripts (e.g. a, aq,d’, etc.).
Events in a probability space will be denoted by calligraphic letters (e.g. £). We also use 1¢
to denote the indicator random variable for the event £. We write Ap + (1 — A)p’ to denote

the convex combination of the two distributions.

Given a distribution p, we use the notation x ~ p to denote an element x sampled from
the distribution p. For a real function f, we will write E,.,[f(z)] to denote the expected
value of f(z) under x sampled from p. If the distribution is clear from the context, then we

will abbreviate the above as E,[f(x)].

For a symmetric matrix M, we use M™* to denote the Moore-Penrose pseudo-inverse,

| M||op for the operator norm of M and Tr(M) for the trace of M.
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8.3.2  Sub-exponential Tails

Recall that a subexponential distribution p on R satisfies the following for every r > 0,
Pl — 1| > or] < e U where pp = E,[7] and 0 = E,[(z — p)?]. A standard property of a
distribution with a sub-exponential tail is hypercontractivity and a bound on the exponential

moment (c.f. §2.7 in [Verl§]).

Proposition 8.3.1. Let p be a distribution on R that has a sub-exponential tail with mean
zero and variance 0. Then, for a constant C > 0, we have that E,,[e?*]] < C for all

|s| < 1/20. Moreover, for every k > 0, we have E,,[|z|[*]'/* < C - ko.

8.8.3 Convex Geometry

Given a convex body K C R", its polar convex body is defined as K° = {y | sup,cx [(z, y)| <
1}. If K is symmetric, then it defines a norm || - || which is defined as || - ||x = sup, e (-, ¥)-
For a linear subspace H C R"™, we have that (K N H)° = Iy (K°) where IIy is the

orthogonal projection on to the subspace H.

Gaussian Measure. We denote by 7, the n-dimensional standard Gaussian measure on

R"™. More precisely, for any measurable set A C R", we have

_ 1 o l1713/2 4,
(A = (\/%)n/ﬂ da.

For a k-dimensional linear subspace H of R™ and a set A C H, we denote by 7x(A) the
Gaussian measure of the set A where H is taken to be the whole space. For convenience, we
will sometimes write v (A) to denote Yaim(m)(A N H).

The following is a standard inequality for the Gaussian measure of slices of a convex

body. For a proof, see Lemma 14 in [DGLN16].

Proposition 8.3.2. Let K C R™ with v,(K) > 1/2 and H C R™ be a linear subspace of
dimension k. Then, v,(K N H) > ~,(K).
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Gaussian Width. For a set T C R”, let w(7T) = E,[sup,cs(g,z)] denote the Gaussian
width of T where g € R™ is sampled from the standard normal distribution. Let diam(T) =
sup, ,er |2 — yll2 denote the diameter of the set 7.

The following lemma is standard up to the exact constants. For a proof, see Lemmas 26

and 27 in [DGLN16].

Proposition 8.3.3. Let K C R" be a symmetric convex body with ~,(K) > 1/2. Then,
w(K°) <3 and diam(K°) < 4.

To prevent confusion, we remark that the Gaussian width is ©(y/n) factor larger than
the spherical width defined as Ey[sup,cs(6, )] for a randomly chosen 6 from the unit sphere
S™~1. So the above proposition implies that the spherical width of K° is O(1/y/n).

For a linear subspace H C R™ and a subset T C H, we will use the notation wy(7T) =
E,[sup,cs(g, z)] to denote the Gaussian width of T in the subspace H, where g is sampled
from the standard normal distribution on the subspace H. Proposition 8.3.2 and Proposi-

tion 8.3.3 also imply that wy(T) < 3/2.

Covering Numbers. For a set T C R" let N(T,¢) denote the size of the smallest e-net
of 7 in the Euclidean metric, i.e., the smallest number of closed Euclidean balls of radius e

whose union covers J. Then, we have the following inequality (c.f. [Wail9], §5.5).

Proposition 8.3.4 (Sudakov minoration). For any set T C R™ and any ¢ > 0

w(T) > =+/log N(T,¢), or equivalently, N(T,e) < /=,

€
-2

Analogously, for a linear subspace H C R" and a subset T C H, we also have wy(7T) >
$V/log Nu(T,¢), where Ny (7, €) denote the covering numbering of T when H is considered

the whole space.
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8.4 Reduction to Dyadic Covariance

For all our problems, we may assume without loss of generality that the distribution p has
zero mean, i.e. E,.,[v] = 0, since our algorithm can toss an unbiased random coin and work
with either v or —v. Now the covariance matrix 3 of the input distribution p is given by
¥ =FE,p[vv']. Since |[v]|2 < 1, we have that 0 < ¥ < I and Tr(X) < 1.

However, it will be more convenient for the proof to assume that all the non-zero eigen-
values of the covariance matrix X are of the form 2% for an integer k. In this section, by
slightly rescaling the input distribution and the test vectors, we show that one can assume
this without any loss of generality.

Consider the spectral decomposition of 3 = Z?:l Jiuiuj, where 0 <o, <... <01 <1
and uy,...,u, form an orthonormal basis of R™. Moreover, since we only get T" vectors, we
can essentially ignore all eigenvalues smaller than, say (nT)~%, as this error will not affect
the discrepancy too much.

For a positive integer k denoting the number of different scales, we say that X is k-dyadic

if every non-zero eigenvalue o is 27% for some k € [x].

Lemma 8.4.1. Let § C R" be an arbitrary set of test vectors with Euclidean norm at
most nI’ and v ~ p with covariance ¥ = ) . owuzu; . Then, there exists a positive-semi
definite matriz M with ||M|o, < 1 such that the covariance of Mv is k-dyadic for k =
[8log(nT)]. Moreover, there exists a test set 8' consisting of vectors with Euclidean norm
at most maxyes ||y||, such that for any signs (x¢)ier, the discrepancy vector d, = Zizl X+Ur

satisfies the following with probability 1 — (nT)™,
Tl _o. T
max |dy y| =2 - max |(Md,) 2|+ O(1).

Proof. For notational simplicity, we use d to denote d;. We construct matrix M to be postive
semi-definite with eigenvectors uy,...,u,. For any i € [n] such that o; € (27% 27%1] for

some k € [k], we set Mu; = (280;)™"/% - u;, and for every i € [n] such that o; < 27%, we set
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Mu; = 0. It is easy to check that the covariance of Mv for v ~ p is k-dyadic.

We define the new test set to be &' = {$M*y | y € S} where M* is the pseudo-inverse
of M. Note that ||[M™||o, < 2, so every z € &’ satisfies ||z||2 < maxyes ||y|| < nT. To upper
bound the discrepancy with respect to the test set, let Il be the projector onto the span
of eigenvectors u; with o; < 27" and let II be the projector onto its orthogonal subspace.

Then, for any y € S, we have
|d"yl < |d"Iy| + |d Teny| < [(Md)" (M y)| + 0T - [|Herd]] -

Note that E||Ie,d||3 < (nT)~8-(nT)?, so by Markov’s inequality, with probability at least
1 — (nT)~*, we have that ||Il.d||2 < (nT)~! and hence, |d' [l.,y| = O(1) for every y € 8. It
follows that
max |d"y| < 2 max |(Md) 2] + O(1).

For all applications in this chapter, the test vectors will always have Euclidean norm at
most nT’, so we can always assume without loss of generality that the input distribution p,
which is supported over vectors with Euclidean norm at most one, has mean E,,[v] = 0, and
its covariance ¥ = E,[vv '] is k-dyadic for x = 8[log(nT")]. We will make this assumption

in the rest of this chapter without stating it explicitly sometimes.

8.5 Discrepancy for Arbitrary Test Vectors

In this section, we consider discrepancy minimization with respect to an arbitrary set of test

vectors with Euclidean length at most 1.

Theorem 8.1.3 (Discrepancy for Arbitrary Test Directions). Let 8 C R" be a finite set of
test vectors with Euclidean norm at most 1 and p be a distribution in R™ supported on vectors

with Fuclidean norm at most 1. Then, for vectors vy, ...,vr sampled i.i.d. from p, there is
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an online algorithm that with high probability maintains a discrepancy vector d; satisfying

max |, 2| = O((log(|8]) +log T) - log*(nT)) for every t € [T].
ze

Before getting into the details of the proof, we first give two important applications of
Theorem 8.1.3 to the Komlés problem in Section 8.5.1 and to the Tusnady’s problem in

Section 8.5.2. The proof of Theorem 8.1.3 will be discussed in Section 8.5.3.

8.5.1 Discrepancy for Online Komlos Setting

Theorem 8.1.1 (Online Komlds setting). Let p be a distribution in R™ supported on vectors
with Fuclidean norm at most 1. Then, for vectors vy, ...,vr sampled i.i.d. from p, there is
an online algorithm that with high probability maintains a discrepancy vector d; such that

ldi||lso = O(log*(nT)) for all t € [T.

Proof of Theorem 8.1.1. Taking the set of test vectors 8§ = {ej,--- ,e,} where ¢;’s are the
standard basis vectors in R”, Theorem 8.1.3 implies an algorithm that w.h.p. maintains a

discrepancy vector d; such that ||dy||oc = O(log*(nT)) for all ¢ € [T]. O

8.5.2  An Application to Online Tusnady’s Problem

Theorem 8.1.2 (Online Tusnddy’s problem for arbitrary p). Let p be an arbitrary distri-
bution on [0,1]%. For points x1,...,xp sampled i.i.d from p, there is an algorithm which
selects signs x; € {£1} such that with high probability for every azis-parallel box B, we have
max;e (7] disc;(B) = O4(log™™ T).

Firstly, using the probability integral transformation along each dimension, we may as-
sume without loss of generality that the marginal of p along each dimension ¢ € [d], denoted
as p;, is the uniform distribution on [0, 1]. More specifically, we replace each incoming point

x € [0,1]¢ by (Fy(x1),- -+, Fy(zq)), where F; is the cumulative density function for p;. Note
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that Fj(x;) is uniform on [0, 1] when x; ~ p;. We make such an assumption throughout this
subsection.
A standard approach in tackling Tusnady’s problem is to decompose the unit cube [0, 1]¢

into a canonical set of boxes known as dyadic boxes (see [Mat99]). Define dyadic intervals

i =[k279,(k+1)277) for j € Z>p and 0 < k < 27. A dyadic box is one of the form

Bjk = Lja)kq) X - X Lj(a) k)

with 7,k € Z% such that 0 < 7 and 0 < k < 27, and each side has length at least 1/T. One
can handle the error from the smaller dyadic boxes separately since few points will land in
each such box. Denoting the set of dyadic boxes as D ={Bjr |0<7 < (logT)1, 0 <k <
29} where 1 € R? is the all ones vector, we note that |D| = O4(T9).

Usually, one proves a discrepancy upper bound on the set of dyadic boxes, which implies
a discrepancy upper bound on all axis-parallel boxes since each axis-parallel box can be
expressed roughly as the disjoint union of Od(logd T) dyadic boxes. This was precisely the
approach used for the online Tusnddy’s problem in [BJSS20]. However, such an argument
has a fundamental barrier. Since each arrival lands in approximately Og4(log? T') boxes in
D, one can at best obtain a discrepancy upper bound of Od(logd/ 2 T) for the set of dyadic
boxes, which leads to O4(log®¥? T discrepancy for all boxes.

Using the idea of test vectors in Theorem 8.1.3, we can save a factor of Og(log®?T)
over the approach above. Roughly, this saving comes from the discrepancy of dyadic boxes
accumulates in an £, manner as opposed to directly adding up. A similar idea was previously

exploited by [BG17] for the offline Tusnady’s problem.

Proof of Theorem 8.1.2. We view Tusnddy’s problem as a vector balancing problem in |D|-
dimensions with coordinates indexed by dyadic boxes, where we define v,(B) = 1p(z;) for

each arrival ¢ € [T] and every dyadic box B € D. Each coordinate B of the discrepancy
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vector d; = S._, xiv; is exactly disc;(B). Notice that [jvi]ls < Og(log”?T) since v; is
Og4(log T )-sparse. Note that v;’s are the input vectors for the vector balancing problem.
Now we define the set of test vectors 8§ that will allow us to bound the discrepancy of
any axis-parallel box. For every box B that can be exactly expressed as the disjoint union
of several dyadic boxes, i.e. B = Upgiep' B’ for some subset D’ C D of disjoint dyadic boxes,
we create a test vector zp € {0, 1}l with 2z(B’) = 1 if and only if B’ € D’. We call such
box B a dyadic-generated box. Since there are multiple choices of D’ that give the same
dyadic-generated box B, we only take D’ to be the one that contains the smallest number

of dyadic boxes. 8§ will be the set of all such dyadic-generated boxes.
Recalling that |D| = O4(T?), it follows that |§| < 2|D| = O4(T?), as each coordinate of

a box in 8 corresponds to an endpoint of one of the dyadic intervals in D. Moreover, every
test vector zp € 8 is Og(log? T')-sparse and thus ||z < O4(log?? T). Using Theorem 8.1.3
with both the input and test vectors scaled down by Od(logd/ 2T, we obtain an algorithm

that w.h.p. maintains discrepancy vector d; such that for all ¢ € [T7,
max |d, zg| < Og(log™ T).
zB €S

Since d; zp = disc;(B) which follows from B being a disjoint union of dyadic boxes, we

have disc,(B) < O4(log?™ T) for any dyadic-generated box B.

To upper bound the discrepancy of arbitrary axis-parallel boxes, we first introduce the
notion of stripes. A stripe in [0, 1]¢ is an axis-parallel box that is of the form I; x --- x I
where exactly one of the intervals ; is allowed to be a proper sub-interval [a, b] C [0, 1]. The
width of such a stripe is defined to be b — a. Stripes whose projection is [a, b] in dimension
i satisfying b — a = 1/T correspond to the smallest dyadic interval in dimension 7. We
call such stripes minimum dyadic stripes. There are exactly T minimum dyadic stripes for
each dimension i € [d]. Since minimum dyadic stripes have width 1/7" and the marginal
of p along any dimension is the uniform distribution over [0, 1], a standard application of

Chernoff bound implies that w.h.p. the total number of points in all the minimum dyadic
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stripes is at most Oy(log(7")) points.

For a general axis-parallel box B , it is well-known that B can be expressed as the disjoint
union of a dyadic-generated box B together with at most k£ < 2d boxes By, ..., By where
each B; C 5; is a subset of a minimum dyadic stripe. We can thus upper bound

N k k
disc;(B) < disc;(B) + Zdisct(Bi) < disc;(B) + Zri.
i=1 i=1
where r; is the total number of points in the stripe S;. As mentioned, w.h.p. we can
upper bound 3% r; = O4(log(T)) and thus one obtains disc,(B) = Oy(log™* T) for any

axis-parallel box B. This proves the theorem. O]

8.5.8 Proof of Theorem 8.1.3

Potential Function and Algorithm. By Lemma 8.4.1, it is without loss of generality to
assume that p is k-dyadic, where k = 8[log(nT’)|. For any k € [k|, we use II; to denote the
projection matrix onto the eigenspace of 3 corresponding to the eigenvalue 2% and define

IT=5";_, II; to be the sum of these projection matrices.

The algorithm for Theorem 8.1.3 will use a greedy strategy that chooses the next sign
so that a certain potential function is minimized. To define the potential, we first define a
distribution where some noise is added to the input distribution p to account for the test
vectors. Let p, be the uniform distribution over the set of test vectors 8. We define the
noisy distribution p, to be p, := p/2 + p./2, i.e., a random sample from p, is drawn with
probability 1/2 each from p or p,. Note that any vector x in the support of p, satisfies
|z|l2 < 1 since both the input distribution p and the set of test vectors 8 lie inside the unit

Euclidean ball.

At any time step t, let d; = xi1v1 + ... + xv; denote the current discrepancy vector

after the signs x1,...,x: € {£1} have been chosen. Set A™! = 100« log(nT') and define the
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potential
K

o, = D(dy) = ZE“NPI [cosh()\dtTHkx)}.

k=1
When the vector v; arrives, the algorithm greedily chooses the sign y; that minimizes the

increase ®; — ®;_;.

Analysis. The above potential is useful because it allows us to give tail bounds on the
length of the discrepancy vectors in most directions given by the distribution p while simul-
taneously controlling the discrepancy in the test directions. In particular, let G; denote the
set of good vectors v in the support of p that satisfy \|d/ [Tv| < & - log(4®;/d). Then, we

have the following lemma.

Lemma 8.5.1. For any 0 > 0 and any time t, we have
(a) Puop(v ¢ Gi) < 6.

(b) |d[ Tz| < X\tlog(4|8|®;) for all z € 8§ and k € [k].

Proof. (a) Recall that with probability 1/2 a sample from p, is drawn from the input
distribution p. Using this and the fact that 0 < exp(z) < 2cosh(z) for any = € R, we
have 37, g Evp [exp(A|d] TTyv|)] < 4®,. Note that for any v ¢ Gy, we have A|d/ ITv| >
K - log(4®;/8) by definition, so it follows that A|d, I v| > log(4®;/§) for at least one
k € [k]. Thus, applying Markov’s inequality we get that P,.,(v ¢ G;) < 9.

(b) Similarly, a random sample from p, is drawn from the uniform distribution over 8§ with
probability 1/2, so exp (Ald"II;z|) < 4|8|®; for every z € 8 and k € [x]. This implies
that |d'TI,z| < A~ tlog(4|8]|P;).

O

The next lemma shows that the expected increase in the potential is small on average.
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Lemma 8.5.2 (Bounded positive drift). At any time step t € [T)], if ®;,_1 < 3T°, then
E,[@] - @ 4 <2.

Using Lemma 8.5.2, we first finish the proof of Theorem 8.1.3.

Proof of Theorem 8.1.5. We first use Lemma 8.5.2 to prove that with probability at least
1 — T4, the potential ®; < 375 for every ¢t € [T]. Such an argument is standard and has
previously appeared in [JKS19, BJSS20]. In particular, we consider a truncated random
process ét which is the same as @, until ®,, > 37T° for some time step ty; for any ¢ from
time ¢ to T, we define ®, = 37°. Tt follows that IP’[:I;t > 37°] = P[®; > 37°]. Lemma 8.5.2
implies that for any time ¢ € [T], the expected value of the truncated process ZI;t over the
input sequence vy, ...,vyr is at most 37". By Markov’s inequality, with probability at least
1 —T7* the potential ®; < 3T for every t € [T].

When the potential ®; < 37, part (b) of Lemma 8.5.1 implies that |d'1I;z| = O\ -
(log(|8|) +1ogT")) for any z € 8§ and k € [k]. Thus, it follows that for every z € §,

7z < ) 1d 2| = O(kA™ (log(|8]) + log T)) = O((log(|8) +log T') - log® (nT)),

ke(r]

which completes the proof of the theorem.

To finish the proof, we prove the remaining Lemma 8.5.2 next.

Proof of Lemma 8.5.2. Let us fix a time t. To simplify the notation, let & = &, ; and
AP = &, — ®, and let d = d;_; and v = v;. To bound the change AP, we use Taylor

expansion. Since cosh’(a) = sinh(a) and sinh’(a) = cosh(a), for any a,b € R satisfying
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la — b] <1, we have

2

cosh(Aa) — cosh(Ab) = Asinh(\b) - (a — b) + % cosh(\b) - (a — b)? + - - -
< Asinh(Ab) - (@ — b) + A? cosh(Ab) - (a — b)?

< Asinh(Ab) - (@ — b) + A?|sinh(Ab)| - (a — b)? + A\*(a — b)?,

where the first inequality follows since |sinh(a)| < cosh(a) for all a € R, and since |[a—b| <1
and A < 1, so the higher order terms in the Taylor expansion are dominated by the first and
second order terms. The second inequality uses that cosh(a) < |sinh(a)| + 1 for a € R.
After choosing the sign x;, the discrepancy vector d; = d + xyv. Defining sg(z) =
sinh(\-d"IIyz) and noting that |v "I x| < 1, the above upper bound on the Taylor expansion

gives us that

AP = Z E, [cosh ()\(d + Xtv)THk:):)} — Z E, [cosh ()\dTHkx)]

kelk] kelk]

< Xt Z ANE, [sk(x)vTHkx} + Z M\ E, Usk(:p)\ .xTHkvaﬂkx}
ke[x] ke(x]

-~ -~

= XtL = Q

+ Z A E, [xTHkUUTHk$],

kelk]

J/

J/

-~

= *

where L, (@, and @), denote the first, second, and third terms respectively. Recall that
our algorithm uses the greedy strategy by choosing y; to be the sign that minimizes the

potential. Taking expectation over the random incoming vector v ~ p, we get

E,[A®] < —E,[[L]] + E,[Q] + Ey[Q.].

We will prove the following upper bounds on the quadratic (in A) terms @ and Q..
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Claim 8.5.3. E,[Q] < 2X2 Y, ;27" E,[|si(2)]] and E,[Q.] < 4)2,

On the other hand, we will show that the linear (in A\) term L is also large in expectation.

Claim 8.5.4. E,[|L|]] > AB™! > kels] 27F E,[|si(x)]] = 1 for some value B < 2k - log(®?kn).

By our assumption that ® < 37°, we have that 2\ < B~!. Therefore, combining the

above two claims, we get that

E,[A®] < (2X* — V| D2 Eallse(@)] | +1+4X° < 2.
ke(x]
This finishes the proof of Lemma 8.5.2 assuming the claims which we prove next. O]

Proof of Claim 8.5.5. Recall that E,[vv"] = ¥ and that 11,311, = 27*II;. Using linearity

of expectation,

Z)\2 sk - 2 I 2] = /\222 PR, [|sk(x)] - 2" ]
kel[x] k€lx]
< 202 27F Eyfsi(a)],
ke(r]

where the last inequality uses that |||, < 1. Similarly,

= > NE [z IEMa] < 22> 278 <4\’
ke[k] kel[x]

Proof of Claim 8.5./. To lower bound the linear term, we use the fact that |L(v)| > || f]l= -
f(v) - L(v) for any real-valued non-zero function f. We will choose the function f(v) =

d"TIv - 1g(v) where G will be the event that |d'IIv]| is small, which we know is true because
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of Lemma 8.5.1. In particular, set 6~' = A®T and let G denote the set of vectors v in the
support of p such that \|d'Iv| < k - log(4®/5) := B. Then, f(v) = d'Ilv - 1g(v) satisfies

| fllsoe < A71B, and we can lower bound,

E,[|L]] > 1 Z Eyolse(z) - d v - v iz - 16(v)]
ke[n]
A2
== Z E[se(z) - d IEz] — = Z Ey[se(z) - d IS e liz], (8.5)
ke[m] ke[’f}

where X, = E,[vvT (1 — 15(v))] satisfies [|[Zer|lop < Pyonp(v & G) < & using Lemma 8.5.1.
To bound the first term in (8.5), recall that si(x) = sinh(\d"II;z). Using I, = 27FI,
and the fact that sinh(a)a > |sinh(a)| — 2 for any a € R, we have

A Eyfsp(z) - d TIZiz] = 277 Byfsp(z) - Ad'Tz] > 27% (Bu[|su(x)]] — 2).
For the second term, we use the bound || Xen|lop < 0 to obtain
A" M e x| < [[Berllop - lldll2 - lll2 < dlld]l2.

Since ||d||2 < T always holds, by our choice of ¢,

MNd T, x| < &1
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Plugging the above bounds in (8.5),

EJL] > 5 3 0 Bl ~2) — 5 07 [ 0 Eallsu(a)]

ke(k] ke(x]
A
k k+1
S STV IEINE SIS
ke(k] ke[x]
2—22 CE,[|sk(2)]] - 1,
ke[k]
where the second inequality follows since Zkem E.[lsk(2)]] < ®. ]

8.6 Discrepancy with Respect to Arbitrary Convex Bodies

Our main result of this section is the following theorem.

Theorem 8.1.4 (Online Banaszczyk Setting). Let K C R™ be a symmetric convex body with
Yn(K) > 1/2 and p be a distribution with sub-exponential tails that is supported over vectors
of Euclidean norm at most 1. Then, for vectors vy,...,vr sampled i.i.d. from p, there is
an online algorithm that with high probability maintains a discrepancy vector d; satisfying

d, € Clog®(nT) - K for all t € [T and a universal constant C.

8.6.1 Potential Function and Algorithm

As in the previous section, it is without loss of generality to assume that p is x-dyadic,
where k = 8[log(nT")]. For any k € [k], recall that II; denotes the projection matrix onto
the eigenspace of X corresponding to the eigenvalue 27% and II = > 7_ II;. Further, let
us also recall that Il is the projection matrix onto the subspace spanned by eigenvectors
corresponding to eigenvalues of 3 that are at most 27". We also note that dim(im(Il;)) <
min{2* n} since Tr(X) < 1.

Our algorithm to bound the discrepancy with respect to an arbitrary symmetric convex
body K C R™ with ~,(K) > 1/2 will use a greedy strategy with a similar potential function

as in §8.5. Let p, be a distribution on test vectors in R™ that will be specified later. Define
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the noisy distribution p, = p/2 + p./2, i.e, a random sample from p, is drawn from p or p,
with probability 1/2 each.

At any time step t, let d; = xi1v1 + ... + xv; denote the current discrepancy vector
after the signs xi, ..., x: € {£1} have been chosen. Set A™! = 100k log(nT'), and define the

potential

O, = d(dy) = Z Esp, [exp (A d] Iz)] .
ke[k]

When the vector v; arrives, the algorithm chooses the sign x; that minimizes the increase

(I)t - (I)tfl.

Test Distribution. To complete the description of the algorithm, we need to choose a
suitable distribution p. on test vectors to give us control on the norm || - [[x = sup,cg- (-, )
For this, we will use generic chaining.

First let us denote by Hy, = im(Il;) the linear subspace that is the image of the projection
matrix II;, where the subspaces { H }xc[x) are orthogonal and span R". Moreover, recall that
dim(H},) < min{2* n}.

Let us denote by Ky = K N Hy the slice of the convex body K with the subspace
Hy.. Proposition 8.3.2 implies that vy, (K) > 1/2 for each k£ € [k] and combined with
Proposition 8.3.3 this implies that Ky := (Kj)° = II;(K°) satisfies diam(K}) < 4 and
wp, (Ky) < 3/2 for every k.

Consider e-nets of the polar bodies K}, at geometrically decreasing dyadic scales. Let
gmin<k) _ 27{10&(% dim(Hk)y‘ and 5max(k) _ 2—10g2[1/diam(Kg)'|7

be the finest and the coarsest scales for a fixed k, and for integers £ € [logy(1/emax(k)), 1085 (1/min(k))],
define the scale (¢, k) = 27°. We call these admissible scales for any fixed k.

Note that for a fixed k£ € [k], the number of admissible scales is at most 2log,(nT)
since diam(K}) < 4. The smallest scale is chosen because with high probability we can

always control the Euclidean norm of the discrepancy vector in the subspace Hj to be
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At log(nT)\/m using a test distribution as used in Komlos’s setting.

Let T(¢, k) be an optimal £(¢, k)-net of K;. For each k, define the following directed
layered graph Gy, (recall Figure 8.1) where the vertices in layer ¢ are the elements of T(¢, k).
Note that the first layer indexed by logy(1/emax(k)) consists of a single vertex, the origin.
We add a directed edge from u € T(¢, k) tov € T(l + 1,k) if [|[v — ul|2 < (¢, k). We identify
an edge (u,v) with the vector v — u and define its length as ||v — ul|o. Let 8(¢, k) denote the
set of edges between layer ¢ and ¢+ 1. Note that any edge (u,v) € 8(¢, k) has length at most
e(¢, k) and since wy, (K}) < 3/2, Proposition 8.3.4 implies that,

IS(C.k)| < |T(+1,K))> < 216/:E0° (8.6)

Pick the final test distribution as p, = px/2 + p,/2 where px and p, denote the distri-

butions given in Figure 8.2.

(a) px is uniform over the eigenvectors uyq, ..., u, of the covariance matrix 3.

(b) py samples a random vector as follows: pick an integer & uniformly from [k] and an
272/5(@,]{?)2

W. Choose a uniform vector from
e b

r(l, k)% - 8(¢, k), where the scaling factor r(¢, k) := 1/e(¢, k).

admissible scale (¢, k) with probability

Figure 8.2: Test distributions ps; and p,

The above test distribution completes the description of the algorithm. Note that adding
the eigenvectors will allow us to control the Euclidean length of the discrepancy vectors in
the subspaces Hy as they form an orthonormal basis for these subspaces. Also observe that,
as opposed to the previous section, the test vectors chosen above may have large Euclidean
length as we scaled them. For future reference, we note that the entire probability mass

assigned to length r vectors in the support of p, is at most 272" where r > 1 /4.
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8.6.2 Potential Implies Low Discrepancy

The test distribution p, is useful because of the following lemma. In particular, a poly(n,T")
upper bound on the potential function implies a polylogarithmic discrepancy upper bound

on ||d| -

Lemma 8.6.1. At any time t, we have that

|Tedi]|2 < A log(4n®,)\/dim(Hy)  and  ||dil|x < O(k - A7 - log(nT) - log(®;)).

Proof. To derive a bound on the Euclidean length of II,d;, we note that a random sam-
ple from p, is drawn from the uniform distribution over {u;};<, with probability 1/4, so
exp (A|d jw|) < 4n®, for every k € [k] and every i € [n]. Since {u;}i<, also form
an eigenbasis for I, we get that |d; IIyu;| < A~'log(4n®;) which implies that ||TI;d|l> <

A Llog(4n®,)+/dim(Hy).

To see the bound on ||d;||x, we note that

ldillc = sup (diy) < 37 sup (Medsy) < 3 ( sup rdzﬂm+amin<k>unkdtuz),
yeK®°

kelx) yeKy ke[x] z€T(£4,k)

(8.7)
where the last inequality holds since T(¢, k) is an emin(k)-net of Ky. By our choice of i (k)
and the bound on |[II;d;||s from the first part of the Lemma, we have that e, (k)||TIxd]|2 <
10log(4nd,).

To upper bound sup, ey, k) (Ixds, 2), we pick any arbitrary 2z € T(£, k) and consider any
path from the origin to z in the graph Gj. Let (us, ug1) be the edges of this path for ¢ €
[10g5(1/€min);1085(1/emax)] where uy = 0 for £ = logy(1/emax) and u, = z for £ = logy(1/emin)-

Then z = ), w, where w;, = (ue11 — u). By our choice of the test distribution, the bound
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on the potential implies the following for any edge w € 8(¢, k),
exp (A= (6 k)? - [d] Tw]) < 22507 18(0, k)| - 4®, < 218500 40,

where the second inequality follows from [§(¢, k)| < 2'6/¢K)* in (8.6). This implies that for
any edge w € 8(¢, k),
|d] TTw| < A 'log(4®,).

Since z = >, wy and there are at most log(n) different scales ¢, we get that |d; IIzz| <
A1 log(n) - log(4®,). Since z was arbitrary in T(¢, k), plugging the above bound in (8.7)
completes the proof. O

The next lemma shows that the expected increase (or drift) in the potential is small on

average.

Lemma 8.6.2 (Bounded Positive Drift). Let p be supported on the unit Fuclidean ball in R™
and has a sub-exponential tail. There exist an absolute constant C' > 0 such that if ®,_; < T°

for any t, then E,,,[®:] — &1 < C.

Analogous to the proof of Theorem 8.1.3, Lemma 8.6.2 implies that w.h.p. the potential
®; < T5 forevery t € [T]. Combined with Lemma 8.6.1, and recalling that x = O(lognT') and
A1 = O(klog(nT)), this proves Theorem 8.1.4. To finish the proof, we prove Lemma 8.6.2

in the next section.

8.6.3 Drift Analysis: Proof of Lemma 8.6.2

The proof is quite similar to the analysis for Komlos’s setting. In particular, we have the
following tail bound analogous to Lemma 8.5.1. Let G; denote the set of good vectors v in

the support of p that satisfy A|d] TTv| < & - log(4®;/6).
Lemma 8.6.3. For any § > 0 and any time t, we have P,,(v ¢ G;) < 9.

We omit the proof of the above lemma as it is the same as that of Lemma 8.5.1.
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Proof of Lemma 8.6.2. Recall that our potential function is defined to be

P, .= Z Esnp. [eXp ()\ d;erm)} ,
ke(k]
where p, = p/2+ ps/4+ p,/4 is a combination of the input distribution p and test distribu-

tions px and p,, each constituting a constant mass.

Let us fix a time t. To simplify the notation, we denote ® = &, ; and A® = &, — D,
and denote d = d;_; and v = v;. To bound the potential change AP, we use the following
inequality, which follows from a modification of the Taylor series expansion of cosh(r) and

holds for any a,b € R,

2

cosh(Aa) — cosh(Ab) < Asinh(Ab) - (a — b) + /\? cosh(Ab) - el (a — b)2. (8.8)

Note that when |a — b] < 1, then el < 2. 5o one gets the first two terms of the Taylor

expansion as an upper bound, but here we will also need it when |a — b| > 1.

Note that every vector in the support of p and px has Euclidean length at most 1, while
y ~ p, may have large Euclidean length due to the scaling factor of r(¢, k). Therefore,
we decompose the distribution p, appearing in the potential as p, = %pw + }lpy, where the

distribution p,, = %p + %pz is supported on vectors with Euclidean length at most 1.

After choosing the sign x; for v, the discrepancy vector d; becomes d + x;v. For ease of
notation, define s;(x) = sinh(\ - d"IIyz) and cx(x) = cosh(\ - d'Ix) for any x € R". Now
(8.8) implies that AP := Ad; + AP, where

AP < ;- 2 Z AE, [sk(w)vTka] + Z Z N Ey [er(w) -wTHkvaka}

kelk] kelk]

= XtLl + Ql?
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and

1
AD,y <y, - kze[:] AE, [si(y)v Hyy] | + 1 ,CZE[:] N E, [ck(y) : eM”TH’“myTﬂkvaHk?/]

= XtLQ + QQ.

Since our algorithm chooses sign x; to minimize the potential increase, taking expectation

over the incoming vector v, we get
E,[JA®] < —E,[[L1 + Lo|] + E,[Q1 + Q2].

We will prove the following upper bounds on the quadratic terms (in \) @1 and Q5.
Claim 8.6.4. E,[Q1+ Q2] < C-N* 37, 27F E,ex(2)||z||3] for an absolute constant C' > 0.

On the other hand, we will show that the linear (in \) terms L; + Ly is also large in

expectation.
Claim 8.6.5. E,[|L;+Ls|] > AB™! D kelH] 27F B, [ex(2)||12||2]—O(1) for some B < 4rlog(®*nk).

By our assumption of ® < 7%, so it follows that 2\ < B~!. Therefore, combining the

above two claims,

EJA®] < 2N —=ABY) | DY 27 E, [a(@)|z]3] | +C < C,
ke[k]
which finishes the proof of Lemma 8.6.2 assuming the claims. O]

To prove the missing claims, we need the following property that follows from the sub-

exponential tail of the input distribution p.
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Lemma 8.6.6. There exists a constant C > 0, such that for every integer k € [k|, and any

y € im(I1y) satisfying ||ly|l2 < v/min{2%, n}, the following holds

Eymp [e’\‘“Ty‘ : \vaIQ] <C-27%ly|3 for all X < 1.

We remark that this is the only step in the proof which requires the sub-exponential tail,
as otherwise the exponential term above may be quite large. It may however be possible to
exploit some more structure from the test vectors y and the discrepancy vector to prove the

above lemma without any sub-exponential tail requirements from the input distribution.

Proof. As y € im(Il;), we have that v'y = v"Ily which is a scalar sub-exponential random

variable with zero mean and variance at most
2 = Efo P < [ISelyl} < 2783 < 1/16.

Using Cauchy-Schwarz and Proposition 8.3.1, we get that

IN

E, [ek\va\ . |va|2} E, [e207v] - \/E, [[vTy]]

< C-E, [o'wl?] < C-27" |yl

where the exponential term is bounded since o, < 1/4. O]

Proof of Claim 8.6./. Recall that E,[vv"] = 3 which satisfies II,XII;, = 27*II,. Therefore,

using linearity of expectation,

3
Z M E cw TLEw] = A2 1 Z 27 Ey[en(w) - w Tw]

k:e[n]

<2 Z 27+ E,fes(w) ). (8.9)

ke (K]



246

We next use Lemma 8.6.6 to bound the second quadratic term
1
E,[Q:] = 1 Z A2 E, [Ck(y> : €A|”Tnky|yTHkvaHky )
ke(x]

For any k € [k] and any y € im(II;) that is in the support of p,, we have that

1 - 1 -
MIeylle < A lylle < AMemn(k) < )\-m -y/dim(Hy) < Z\/mm{n, 2k}

On the other hand, if y € im(Ily/) for &' # k, then the above quantity is zero. Lemma 8.6.6

then implies that for any y in the support of p,,
E e M o IyP) < Cr- 278 MLyl < CiN® - 278y 3,

where (] is some absolute constant. Therefore, we obtain the following bound

E.[Q] < Ci-X- ) 27" Eyfan(y)llyl3): (8.10)
ke[k]
Summing up (8.9) and (8.10) finishes the proof of the claim. O

Proof of Claim 8.6.5. Let L = Ly+ Lo. To lower bound the linear term, we proceed similarly
as in the proof of Claim 8.5.4 and use the fact that |L(v)| > ||f]l=} - f(v) - L(v) for any real-
valued non-zero function f. We will choose the function f(v) = d' v - 1g(v) where G will

be the event that |d'Tlv| is small which we know is true because of Lemma 8.6.3.

In particular, set 1 = A72n - @ - log(4n®) and let G denote the set of vectors v in the
support of p such that \|d'v| < & - log(4®/§) := B. Then, f(v) = d'Ilv - 1g(v) satisfies
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| fllce < A71B, and we can lower bound,

A3
B[] > 155+ 7 2 Bulse(w) - d "M o i - 1g(v)]
keu
1B 2 ZEW si(y) - d v - v Ty - 16(v)]
ke(r]
=% —ZE sp(w) - d IEMuw] — = —ZE sp(w) - d' X e ITw]
ke[ n] ke[”]
ZIE sp(y) - d ISy — = ZE si(y) - d IS e Iy,
ke (k] ke[”]

(8.11)
where 3¢, = E,[vv" (1 — 15(v))] satisfies || Zer|lop < Pop(v ¢ G) < § using Lemma 8.5.1.

To bound the terms involving X in (8.11), we recall that si(z) = sinh(Ad'Ilzz) and
cx(x) = cosh(A\d ' II,x). Using IIXII, = 2711, and the fact that sinh(a)a > cosh(a)|a| — 2

for any a € R, we have
AEy[sp(w) - d'TISMpw] = 27% Ey[sp(w) - Ad ' Tiw] > 275 (Ey[ep(w)|Ad Tw|] — 2),

and similarly for y.

The terms with X, can be upper bounded using ||Xer|lop < 9. In particular, we have

@ e x| < ([T Berelop [l < O[|TI 2|2

Since II = Zke[m] I, and (Il )efx are orthogonal projectors, Lemma 8.6.1 implies that
|Td|ls < A ~tlog(4n®)/n. Moreover, we have ||w|ls < 1 and |yl < ming{1/emn(k)} <
5 - v/n. Then, by our choice of 671 = A72nd® - log(4n®), we have

Md TN Iz] < oA 'nlog(4n®) = &1
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Plugging the above bounds in (8.11), we obtain

E[[L]] >

| >
oo

A 1
> 278 By (w)| M Tiw|] + 51 = 2P By le(y)|Ad Tyl —
kelk] ke[’f]

(8.12)

where we used the upper bound }_, . E.[|sk(z)|] < @ to control the error term involving

Eerr .

To finish the proof, we bound the two terms in (8.12) separately. We first use the
inequality that cosh(a)a > cosh(a) — 2 for all a € R and the fact that |Jw|]2 < 1 for every w

in the support of p, to get that

Euler(w) M Tw|] > Eufer(w)] =2 > Eylox(w)lw]f3] — 2. (8.13)

To bound the second term in (8.12), we recall that the entire probability mass assigned
to length r vectors (i.e. e(¢,k) = 1/r) in the support of p, is at most 272 where r > 1/4.
Let £ be the event that [AdTTI,y| < |lyl|3. Note that c(y)||y||3 < 272 if |jy||s = 7. This

implies that

Eylex()IAd Tryl] > Eyler@)llyll2] — Bylex@)lyll2 - 1e(y)]

> E,feu(w)llyld - /1/4 222 > B )lyll — 1 (8.14)

Since p, = 3p, + 1py, plugging (8.13) and (8.14) into (8.12) give that

E[|L[] > AB™ Y 27 Eafei() ]3] - C,

ke[r]

for some constant C' > 0. This completes the proof of the claim. n



249

8.7 Generalization to Weighted Multi-Color Discrepancy
In this section, we prove Theorem 8.1.5 which we restate below for convenience.

Theorem 8.1.5 (Weighted multi-color discrepancy). For any input distribution p and any
set 8 of poly(nT) test vectors with Euclidean norm at most one, there is an online algorithm
for the weighted multi-color discrepancy problem that maintains discrepancy O(log?(Rn) -
log*(nT)) with the norm || - ||, = max.cs | (-, 2)|.

Further, if the input distribution p has sub-exponential tails then one can maintain multi-
color discrepancy O(log®(Rn) - log®(nT)) for any norm || - ||« given by a symmetric convex

body K satisfying v,(K) > 1/2.

Theorem 8.1.5 follows from a black-box way of converting an algorithm for the signed
discrepancy setting to the multi-color setting.
In particular, for a parameter 0 < A < 1, let & : R® — R, be a potential function

satisfying

O(d+ av) < ®(d) + AaLy(v) + NaQq(v) for every d,v € R" and |a| < 1, and,

— X Eppl|La(0)[] + A - Epop[Qa(v)] = O(1)  for any d such that ®(d) < 377,

(8.15)
where Ly : R" — R and Q4 : R® — R, are arbitrary functions of v that depend on d.

One can verify that the first condition is always satisfied for the potential functions
used for proving Theorem 8.1.3 and Theorem 8.1.4, while the second condition holds for
A = O(1/log*(nT)) because of Lemma 8.5.2 and Lemma 8.6.2.

Moreover, for parameters n and T', let By be such that if the potential ®(d) = @,
then the corresponding norm ||d||, < By log(nT®). Part (b) of Lemma 8.5.1 implies
that for any test set 8§ of poly(nT’) vectors contained in the unit Euclidean ball, if the
norm | - [ = max.es|(,2)|, then By = O(log*(nT)). Similarly, if ||-||, is given by a
symmetric convex body with Gaussian measure at least 1/2, then Lemma 8.6.1 implies that

By = O(log*(nT)).
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We will use the above properties of the potential ® to give a greedy algorithm for the

multi-color discrepancy setting.

8.7.1 Weighted Binary Tree Embedding

We first show how to embed the weighted multi-color discrepancy problem into a binary tree
T of height O(log(Rn). For each color ¢, we create |w.] nodes with weight w./|w.| € [1,2]
each. The total number of nodes is thus My = >° g |we] = O(Rn). In the following, we
place these nodes as the leaves of an (incomplete) binary tree.

Take the height h = O(log(Rn)) to be the smallest exponent of 2 such that 2" > M,. We
first remove 2" — M, < 2"~! leaves from the complete binary tree of height h such that none
of the removed leaves are siblings. Denote the set of remaining leaves as £(7). Then from
left to right, assign the leaves in £(7) to the R colors so that leaves corresponding to the
same color are consecutive. For each leaf node ¢ € L(T) that is assigned the color ¢ € [R],
we assign it the weight w, = w./|w,|.

We index the internal nodes of the tree as follows: for integers 0 < j < h — 1 and
0 <k <2, we use (j,k) to denote the 2F-th node at depth j. Note that the left and right
children of a node (j, k) are the nodes (j + 1,2k) and (j + 1,2k + 1). The weight w,;, of an
internal node (j, k) is defined to be sum of weights of all the leaves in the sub-tree rooted
at (j, k). This way of embedding satisfies certain desirable properties which we give in the

following lemma.
Lemma 8.7.1 (Balanced tree embedding). For the weighted (incomplete) binary tree T
defined above, for any two nodes (j, k) and (j,k") in the same level,

Proof. Observe that each leaf node ¢ € L(7T) has weight w, € [1,2]. Moreover, for each
internal node (h — 1,k) in the level just above the leaves, at least one of its children is

not removed in the construction of 7. Therefore, it follows that w;; = ;2" for some
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ajr € [1/2,2] and similarly for (j,%’). The lemma now immediately follows from these

observations. N

Induced random walk on the weighted tree. Randomly choosing a leaf with prob-
ability proportional to its weight induces a natural random walk on the tree 7: the walk
starts from the root and moves down the tree until it reaches one of the leaves. Condi-
tioned on the event that the walk is at some node (j,k) in the j-th level, it goes to left
child (j + 1,2k) with probability qé-’k = wjy1 91/ wjy and to the right child (j + 1,2k + 1)
with probability ¢, = Wjt1,2k+1/Wj . Note that by Lemma 8.7.1 above, we have that both
¢ @5y € [1/5,4/5] for each internal node (j, k) in the tree. Note that w;/woo denotes the

probability that the random walk passes through the vertex j, k.

8.7.2 Algorithm and Analysis

Recall that each leaf ¢ € L£(T) of the tree T is associated with a color. Our online algorithm
will assign each arriving vector v; to one of the leaves ¢ € L(7) and its color will then be
the color of the corresponding leaf.

For a leaf ¢ € L£(T), let dy(t) denote the sum of all the input vectors that are associated
with the leaf ¢ at time ¢. For an internal node (j, k), we define d;x(t) to be the sum
ZzeL(TM) dy(t) where £(T; ) is the set of all the leaves in the sub-tree rooted at (7, k). Also,
let d},(t) = djr10k(t) and d} . (t) = djy12k41(t) be the vectors associated with the left and
right child of the node (7, k).

Finally let,

1 ! - ,
i (1) = d5 (1)) G — 5 () /@ —gd () — g
Yy 1/q§,k + 1/q;’k J:kgk 5,k%5 ko

denote the weighted difference between the two children vectors for the (j, k)-th node of the

tree.
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Algorithm. For g = 1/(400h), consider the following potential function

U= ) OB d; (1)),

7,keT

where the sum is over all the internal nodes (j, k) of 7.

The algorithm assigns the incoming vector v; to the leaf ¢ € L(T), so that the increase
in the potential ¥; — W,_; is minimized. The color assigned to the vector v, is then the color
of the corresponding leaf /.

We show that if the potential ® satisfies (8.15), then the drift for the potential ¥ can be
bounded.

Lemma 8.7.2. If at any time t, if U,y < T°, then the following holds
]Evtwp[A\I]t] = Evt/vp[\ljt — qjt—l] = O(l)

Using standard arguments as used in the proof of Theorem 8.1.3, this implies that with
high probability ¥, < 7% at all times ¢.
Moreover, the above potential also gives a bound on the discrepancy because of the

following lemma.
Lemma 8.7.3. If U, < T°, then disc; = O(ﬂ_lf%BH.”* log(nTV,)) = O(h2 . B||.||* log(nT)).

Combined with part (b) of Lemma 8.5.1 and Lemma 8.6.1, the above implies Theo-

rem 8.1.5. Next we prove Lemma 8.7.3 and Lemma 8.7.2 in that order.

Bounded Potential Implies Low Discrepancy. For notational simplicity, we fix a time

t and drop the time index below.

Proof of Lemma 8.7.5. First note that @(ﬂdj_k) < W, and therefore, ||d]_k

LS BTB(ANL) =

U for every internal node (j, k).
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We next claim by induction that the above implies the following for every internal node

(j7 k)?

Wi,k

djk — doo - < B;U, (8.16)

*

Wo,0

where 8; =1+4/5+ -+ (4/5)7.
The claim is trivially true for the root. For an arbitrary node (j + 1, 2k) at depth j that
is the left child of some node (j, k), we have that

Zg+l2k j+1,2k I ik
dj12k = doo - < |\ djrr2k — djk - ———|| + s - ||djk — doo - ——
w W J, w
0,0 * 7.k % 0,0 || &
! I !
< de,k —dik - qixll, + G550,

since wj1 .08/ Wy = ¢, and ¢4, ¢5 . € [1/5,4/5]. Note that d;, = d’ , +dJ, so the first term
above equals Hd]_kH* Therefore, it follows that ||dji10k — doo - (Wjs1.26/Wop0)ll, < Bi+1U.

The claim follows analogously for all nodes that are the right children of its parent.

To see the statement of the lemma, consider any color ¢ € [R]. We say that an internal
node has color c if all its leaves are assigned color ¢. A maximal color-¢ node is a node
that has color ¢ but its ancestor doesn’t have color c. We denote the set of maximal c-color
node to be M,. Notice that |M.| < 2h since c-color leaves are consecutive. Also, note that
> ke, Wik = we and that 37y djx = d is exactly the sum of vectors with color c.

Therefore, we have

We ;
Hdc/wc - d0,0/wo,UH* S ‘ dc - d0,0 : S Z ‘ dy,k - d0,0 ﬂ - O(h : U)a
Wo,0 . Wo,0
T (J.k)EMe o
where the first inequality follows since w, > 1 and the last follows from (8.16).
Thus, for any two colors ¢ # ¢/, we have
. dc/wc_dc’/wc’ dc/wc_dOO/U)OO dc’/wc’ _dOO/wOO
d ') = < — =2 =O(h-U).
|Sct(cy C) ’ 1/wc + 1/wc/ . = ‘ 1/wc + 1/wc/ . + 1/wc + 1/wc, . ( )
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This finishes the proof of the lemma. O

Bounding the Drift. Now we give the proof of Lemma 8.7.2.

Proof of Lemma 8.7.2. We fix the time t and write ;) = d;,(t — 1). Let X (¢) - v; denote
the change of d;; when the leat chosen for v; is £. More specifically, X (0) is qj . if the leaf
¢ belongs to the left sub-tree of node (j, k), is —qé.’k if it belongs to the right sub-tree, and is
0 otherwise. Then, d,(t) = d;, + X;x(¢) - v, if the leaf £ is chosen.

By our assumption on the potential, we have that AW, < SAL + 32\2Q where

Z Xjp(€) - Lyj(ve)

(G,k)EP (L)
Q=Y X0 Qir(uy),
(4,k)EP()
and P(¢) is the root-leaf path to the leaf /.

Consider choosing leaf ¢ (and hence the root-leaf path P(¢)) randomly in the following
way: First pick a uniformly random layer j* € {0,1,--- ,h — 1} (i.e., level of the tree), then
starting from the root randomly choose a child according to the random walk probability
for all layers except j*; for layer j*, suppose we arrive at node (5%, k), we pick the left child
if Lj*,k(vt) < 0, and the right child otherwise. Note that conditioned on a fixed value of j,,
this ensures that Ey[X;L;x(v:)] is always negative if j = j, and is zero otherwise.

Since we follow the random walk before layer j*, for a fixed choice of j* we get a node in
its layer proportional to their weights. Let us write N; for the set of all nodes at depth j.
In expectation over the randomness of the input vector v; and our random choice of leaf ¢,

we have

h—

,_.

]Evt 1 min{Qg,kv qy,k} ' Evt HLJJ?H

D‘I*—‘

.

=0 keN,; 2_jen; Wik

For the @) term, recall that one is randomly picking a child until layer j*, in which one
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picks a child depending on Lj« 5, and then we continue randomly for the remaining layers.
Note that since () is always positive, this can be at most 20 times a process that always picks

a random root-leaf path, since we have qik, ¢ € [1/5,4/5]. Therefore, we have

E,[Q] < 20- ZZE Lt — EulQ]

=0 EEN; jen; W

By our choice of § = 1/(400h), the above implies that

h—1
B (A0 < =30 50 < (B Ll + 205N, Q)

IN

Ty - wig 1 (=AEy, [|L;x]] + NEy [Qi4]) = O(1).

Jj=0 keN; JEN; Wi k 8000h2

Since the algorithm is greedy, the leaf ¢ it assigns to the incoming vector v produces an even

smaller drift, so this completes the proof. n
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Chapter 9

ONLINE DISCREPANCY III: A POTENTIAL FUNCTION
BASED ANALYSIS OF THE SELF-BALANCING WALK

In this chapter, we study the online discrepancy problem in the oblivious adversary set-
ting, which is more difficult than the stochastic setting studied in the previous two chapters.
It turns out that poly(logT") discrepancy bound can also be achieved in this more general
setting. This result was first proved by Alweiss, Liu, and Sawhney [ALS21] using a simple
but powerful algorithm known as the self-balancing walk. However, their original analysis
of this algorithm was based on the notion of mean-preserving spread and is less explicit. In

this chapter, we present a more direct folklore proof of their result.

9.1 Introduction

We revisit the Online Komlés problem studied in Chapter 8: vectors vy, vs,...,vp € R”
with Euclidean norm at most 1 arrive online, and upon the arrival of v, a sign z; € {£1}
must be chosen irrevocably, so that the ¢, -norm of the discrepancy vector (signed sum)
dy := x1v1 + ... + 20 remains as small as possible. That is, find the smallest B such that
maxer] ||dil|oo < B.

In Chapter 8, we proved the following Theorem 8.1.1 for the Online Komlés problem

under the assumption that vectors vy, ..., vr are sampled i.i.d. from some distribution p.

Theorem 8.1.1 (Online Komlds setting). Let p be a distribution in R™ supported on vectors
with Fuclidean norm at most 1. Then, for vectors vy, ...,vr sampled i.i.d. from p, there is

an online algorithm that with high probability maintains a discrepancy vector d; such that

di|loe = O(log*(nT)) for all t € [T].

While Theorem 8.1.1 matches the best known offline discrepancy bound of O((log T')'/?)
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due to Banaszczyk [Banl2] up to poly-logarithmic factors, the stochasticity assumption that
the vectors are sampled i.i.d. from a distribution is not known to be necessary. It is natural
to ask if Theorem 8.1.1 can be extended to the stronger oblivious adversary setting. Here, an
adversary fixes vectors vy, --- ,vp € R™ ahead of time, and then the player is presented with
the vectors vy, - -+, vr in an online manner. It was first proved by Alweiss, Liu, and Sawhney
[ALS21] that poly-logarithmic discrepancy bound can indeed be achieved even against an

oblivious adversary.

Theorem 9.1.1 (Self-Balancing Walk, [ALS21]). For any vectors vy,...,vpr € R™ with
Euclidean norm at most 1, there is an online algorithm that with high probability maintains

a discrepancy vector d; such that ||di|| = O(log(nT)) for all t € [T].

Alweiss, Liu, and Sawhney designed a simple but powerful algorithm for Theorem 9.1.1
known as the self-balancing walk, which we present in Section 9.2. Their original analysis
of this algorithm is rather implicit, relying on the notion of mean-preserving spread. In the
rest of this chapter, we present a more direct analysis of their algorithm using a potential
function similar in spirit to the one we used in Chapter 8. The analysis presented in this

chapter is folklore', which also appeared later more formally in [DM21].

9.2 Self-Balancing Walk

In this section, we present the algorithm given in [ALS21], known as the self-balancing
walk. At the start of the algorithm, it picks a target discrepancy bound of ¢ > 0. The
algorithm starts with dy = 0 and maintains the discrepancy vector d; until the current time
step t € [T]. In the t-th step, the algorithm checks the conditions (1) |{di—1,v:)| > ¢, and
(2) the discrepancy ||di—1]|cc > ¢. If any of these two conditions hold, then the algorithm
aborts and outputs “Fail”; otherwise, it chooses the signs probabilistically according to the
inner product |(d;—1,vs)|, with bias towards —1 if (d;—y,v;) > 0. A formal description of the

self-balancing walk algorithm is given in Algorithm 5.

1To the best of our knowledge, this potential-based analysis of the self-balancing walk has been indepen-
dently reconstructed multiple times.
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Algorithm 5 Self-Balancing Walk

1: procedure SELF-BALANCING(vy, -+ ,vr) > v, -+, op € R™ and each ||v;][2 <1
2 d() +~0

3 ¢ + 1001log(nT)

4 fort=1,---,T do

5 if |(di—1,v)| > cor ||di—1]|ec > ¢ then

6 Fail

7 end if

3 poe g — g

9: x¢ <— 1 with probability p;, and z; < —1 with probability 1 — p;
10: dy < di_q + 204

11: end for

12: end procedure

9.3 Potential Function Analysis for ALS

In this section, we give a folklore analysis of the self-balancing walk (Algorithm 5) and prove

Theorem 9.1.1, which we restate below for convenience.

Theorem 9.1.1 (Self-Balancing Walk, [ALS21]). For any vectors vy,...,vpr € R"™ with
FEuclidean norm at most 1, there is an online algorithm that with high probability maintains

a discrepancy vector dy such that ||di]|c = O(log(nT)) for all t € [T1.

Proof of Theorem 9.1.1. Let d; be the discrepancy vector maintained at time step ¢ € [T].
Note that Algorithm 5 might output “Fail” at some time step tq. If this happens, we let
d; = 0 for all steps t > 1, i.e., we move the discrepancy vector back to the origin. Note that
under this definition, we always have ||d;|| < ¢, where ¢ = 100log(nT’) as in Algorithm 5.

Our goal is to use induction to prove that for all time steps t € [T],
Elexp((d;, 0))] < exp(c||@]|3), for all vector § € R, (Induction Hypothesis)

where the randomness is over the outcome of d;, i.e., the algorithm’s choice of zq,--- , z;.
Note that (Induction Hypothesis) is equivalent to saying that the random discrepancy vector

d; is O(y/c)-subgaussian.
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Before proving (Induction Hypothesis), we first show how it implies the theorem. If
(Induction Hypothesis) holds for all time step t € [T], we have via Markov’s inequality
that P[|(di—1,v:)| > ¢] < 1/poly(n,T) and P[||di—1||cc > ¢] < 1/poly(n,T) for large enough
poly(n, T). This implies that the probability that ¢ € [T] is the first step where Algorithm 5
outputs “Fail” is at most 1/poly(n,T). Union bound over all ¢ € [T'] shows that Algorithm 5
never outputs “Fail” with high probability. The discrepancy bound of ¢ then follows imme-
diately as the algorithm always outputs “Fail” in step ¢ if ||d;—1]|oc > ¢. We are therefore left

with proving (Induction Hypothesis).
Induction Basis. Since dy = 0, (Induction Hypothesis) is clearly satisfied at ¢ = 0.

Induction Step. Assuming (Induction Hypothesis) holds for the current step ¢, we now
prove that it holds for the next step t + 1. For notational simplicity, we drop the subscripts
and let d be the current discrepancy vector, v be the incoming vector, x be the (random)
sign chosen for v, and y = d 4+ zv be the (random) discrepancy vector in the next step. Let
0 € R™ be an arbitrary test vector for which we want to establish (Induction Hypothesis) in
the next step.

For now, let us assume that the condition |(d,v)| < ¢ holds for every outcome of d, and
the algorithm proceeds by picking a +-sign in the current step. It’s easy to handle the case
|(d,v)| > ¢ (where the algorithm moves d to 0) using symmetry and we do that towards the

end of this proof. Conditioning on an outcome of d, we note that

Efy|d] = (%—%) .<d+v>+<%+m) (d—v) = (I—£>d.

2c c

We can write y = E[y|d] + r, where r is a random vector in the direction of v such that

IIr|l2 < 2||v]]a < 2. Using these notations, we can bound

sttt = o ({ (1 ) 0 -]
<omitoa 2o ({(1- ") ao))]
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where we condition on d and take the expectation only with respect to the randomness over

r. Now for the second term above, we can write

L d. 0 :<d,9)—M: g0 w0\
<< C> > c < c >

Applying (Induction Hypothesis) on d using the test vector § — @ -v € R™ gives

)

v 2
< exp((0.0)%)-exp (e 1~ 200,67+ 12 (0,62 < expte [01B)

-,

Elexp((y, 0))] < exp((v,0)?) - exp (c' .

Since the test direction 6 € R" is arbitrary, this completes the induction proof assuming that
we always have |(d,v)| < c.

Finally we handle the issue of possibly having some outcome of d = d* which satisfies
|(d*,v)| > c. The point mass at such an outcome d* will be moved to y = 0 in the next step.
The main observation is that due to symmetry, the outcome d = d* and d = —d* has the

same probability mass. Using this symmetry, we note that the inequality

Elexp((y, 0))|d* or — d*] < exp({(v,0)?) - E [eXp << (1 — ﬂ) d, (9>)

C

d* or — d*} (9.1)

is still correct when we average over the two symmetric point masses of d at d* and —d*. This
is because the LHS of (9.1) is 1 (since y = 0) and the RHS of (9.1) is at least 1 by symmetry.
We can then proceed exactly as in the main case where there’s no violation to |(z,v)| < c.
This completes the proof of (Induction Hypothesis) and by our earlier argument, the proof

of the theorem. O
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