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High-dimensional observational data, including electronic health records and omics measure-
ments, create substantial challenges for causal inference. The growing complexity of such
data can hinder both estimation and interpretation. This dissertation focuses on hetero-
geneous treatment effects, individualized treatment regimes, and mediation analysis, and
develops dimension-reduction and representation-learning methods tailored to their causal
targets to facilitate inference.

First, we propose a sufficient dimension-reduction method that directly targets treatment
effect heterogeneity by identifying a low-dimensional linear subspace of the covariates. Com-
bined with kernel-based covariate-balancing, this representation facilitates the estimation
of optimal individualized treatment regimes through outcome-weighted learning in obser-
vational settings. Second, we develop an envelope-based dimension-reduction method for

causal mediation analysis with high-dimensional mediators. The method identifies media-

il



tor variation associated with both the exposure and the outcome while separating variation
unrelated to one or both components of the mediation pathway.

Finally, we develop a nonlinear representation-learning method for conditional average
treatment effect estimation. The proposed neural-network architecture promotes information
sharing among the nuisance functions and the conditional average treatment effect function
through shared latent representations. The proposed framework can accommodate complex
structured and unstructured covariates, such as images.

Together, these methods provide a framework for extracting causally relevant repre-
sentations from complex, high-dimensional data, with the goal of improving the accuracy,

interpretability, and applicability of causal inference methods in complex data settings.
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Chapter 1

Introduction

Modern causal inference increasingly confronts the challenges of high-dimensional data. This
is particularly relevant when analyses rely on observational data sources, such as electronic
health records (EHRs), which often contain a large number of variables with complex depen-
dence structure. This challenge has been further intensified by advances in data collection
technologies. For example, modern omics technologies generate complex, high-dimensional
measurements, creating a need for causal inference methods capable of effectively extracting
information relevant to the estimand of interest while controlling for confounding and other
sources of bias.

Drawing causal conclusions from observational data is of great scientific and clinical in-
terest, as these data reflect real-world patient populations. They also enable researchers
to investigate the causal questions that are often infeasible or unethical to address through
randomized controlled trials. One important causal inference problem is the estimation of
the conditional average treatment effect (CATE), which characterizes how treatment effects
vary with an individual’s characteristics. Although sophisticated methods for CATE estima-
tion have been developed, opportunities remain to improve their performance and broaden
their applicability to increasingly complex data structures. Closely related to CATE is the
problem of estimating an individualized treatment regime (ITR), which defines a mapping
from patient characteristics to a treatment decision rule with the goal of maximizing the
expected clinical outcome (Murphy et al. 2001; Robins 2004). Existing methods for CATE

and ITR estimation often struggle to accommodate high-dimensional covariates and sam-



pling or treatment assignment biases in observational studies, thereby limiting their accuracy,
interpretability, and applicability in real-world settings.

Another important class of problems arises in causal mediation analysis. Despite the vast
methodological and theoretical developments in mediation analysis with single and multiple
mediators (Daniel et al. 2015; Imai and Yamamoto 2013; VanderWeele and Vansteelandt
2014; VanderWeele et al. 2014), the increasing availability of high-dimensional data has
introduced new challenges, as modern causal mediation analyses often involve a large number
of mediators. Existing methods for handling high-dimensional mediators primarily rely on
(non-) linear or other low-dimensional transformations (Chén et al. 2018; Huang and Pan
2016; Nath et al. 2023). However, these approaches often do not explicitly distinguish
between material variation in the mediators that is relevant to the mediation mechanism
and immaterial variation that is unrelated to the causal pathways of interest.

In this dissertation, we develop statistical methods to address the challenges posed by
high-dimensional data through dimension reduction. Unlike general-purpose dimension re-
duction approaches that primarily preserve variation in the observed data, our methods learn
lower-dimensional representations tailored to the causal estimands of interest, specifically
heterogeneous treatment effects and natural indirect effects. A summary of the proposed
methods is provided in Table 1.1.

Specifically, in Chapter 2, we propose a novel sufficient dimension reduction (SDR) that
directly targets the treatment effect heterogeneity and identifies a low-dimensional linear
subspace of the covariates capturing treatment effect heterogeneity that can be used under
both randomized and non-randomized treatment assignment. Previous methods either as-
sume that the propensity score is known or consistently estimated (Liang and Yu 2022), or
impose the restrictive assumption that the subspace sufficient for modeling heterogeneous
treatment effects is also sufficient for confounding adjustment (Huang and Chan 2017). To
accommodate observational data, our method incorporates kernel-based covariate balancing
weights (Wong and Chan 2018) in both the dimension reduction and ITR learning. This
avoids potential bias arising from misspecified propensity score models and allows treatment
assignment to depend on the full covariate set. The proposed method enables an accurate
estimation of an optimal ITR within the outcome-weighted learning framework (Zhao et al.

2012; Zhou and Kosorok 2017). Under standard assumptions, we establish the universal



consistency of the estimated decision rules in the dimension-reduced covariate space.

In Chapter 3, we develop a novel dimension reduction approach for causal mediation
analysis based on envelope models (Cook et al. 2013a; Cook, R. D. et al. 2010). Mediation
occurs through components of the mediator that are associated with both the exposure and
the outcome conditional on exposure. We therefore define the material mediation subspace as
the intersection of the exposure-relevant and outcome-relevant mediator subspaces. Existing
literature on dimension reduction (e.g., Chén et al. 2018; Huang and Pan 2016; Nath et al.
2023) generally does not distinguish this intersection from mediator directions associated
with only one of these two relationships. Consequently, they may retain a larger subspace
containing exposure-only and outcome-only variation that does not contribute to a complete
mediation pathway. Under the linear structural equation modeling (LSEM) framework,
the proposed method finds the linear subspace of the mediator that distinguishes material
variation in the mediators that is relevant to both the exposure and the outcome from
immaterial variation that is unrelated to one or both. By isolating the material mediation
subspace, the proposed method enables more efficient estimation of the natural indirect
effect. We further establish the asymptotic normality of the proposed estimator both with
and without a normality assumption on the error terms.

In Chapter 4, we develop a nonlinear representation learning method for CATE estimation
using neural networks trained under the R-learner loss (Nie and Wager 2021). The proposed
architecture learns a CATE model by jointly learning the nuisance functions (conditional
outcome expectation and propensity score) and the CATE function. This joint learning
approach is motivated by the fact that these functions depend on overlapping features and
can therefore benefit from shared representations. By exploiting this common structure, the
proposed method aims to improve upon the conventional two-stage, cross-fitted R-learner.
Moreover, it leverages the flexibility of neural networks to learn lower-dimensional represen-
tations that retain information relevant to treatment effect heterogeneity. We further extend
this framework to multimodal settings in which the covariates consist of both unstructured
data, such as images, and structured data. In simulation studies, we show that the proposed
method effectively addresses the ultra-high dimensionality introduced by the unstructured
data. This extension provides a flexible approach to estimating heterogeneous treatment

effects from complex, high-dimensional, and multimodal data.



Below, we detail the aims of each of the statistical methods.

Table 1.1: Overview of the dissertation.

Causal target Dimension-reduction strategy
Chapter 2 CATE and optimal ITR Sufficient dimension reduction with co-
variate balancing
Chapter 3 Natural indirect effect Envelope model
Chapter 4 CATE Nonlinear representation learning via

neural networks

The remainder of this dissertation is organized as follows. Chapters 2—4 present the three
methodological contributions described above. We introduce the notations and assumptions
for each method development within each chapter. Chapter 5 summarizes the main findings

and outlines directions for future research.



Chapter 2

Sufficient Dimension Reduction for

CATE and ITR Estimation

2.1 Introduction

An individualized treatment regime (ITR) is a mapping from individual-level characteris-
tics to a treatment rule, which aims to maximize the expected outcome and accommodate
treatment effect heterogeneity across the population (Murphy et al. 2001; Robins 2004; Zhao
et al. 2019). Statistical methods for identifying optimal treatments have been applied across
a range of clinical areas, including inflammatory bowel disease, cancer, depression, substance
abuse, and beyond (Rosthgj et al. 2006; Xie et al. 2022; Zhao et al. 2019; Zhao et al. 2009).

Broadly, there are two main approaches to learning I'TRs: wndirect and direct meth-
ods. Indirect methods model the conditional mean of the potential outcomes under each
treatment, {Y'(4+1),Y(—1)}, given covariates X, that is, E[Y (+1) | X] and E[Y(—1) | X]
(Murphy et al. 2001; Schulte et al. 2014; Watkins and Dayan 1992; Zhao et al. 2009). Alter-
natively, they may model the conditional average treatment effect, E[Y (+1) — Y (—1) | X]
(Murphy 2003; Robins 2004; Schulte et al. 2014). In these approaches, the optimal treatment
at a given covariate value X = z is defined as the one yielding the larger expected outcome
(under the convention that larger outcomes are preferable). Therefore, the problem effec-
tively reduces to accurate estimation of treatment effect heterogeneity, and methods such

as R-learning (Nie and Wager 2021) can then be used to derive optimal treatment regimes.



Direct methods, on the other hand, aim to learn the treatment rule that maximizes the ex-
pected potential outcome by formulating an optimization problem over a prespecified class
of decision functions. For example, outcome-weighted learning (OWL) and its extensions
formulate this problem as a weighted support vector machine (SVM) (Liu et al. 2018; Zhao
et al. 2012; Zhou and Kosorok 2017; Zhou et al. 2017). While these methods can outperform
indirect approaches, they remain sensitive to high-dimensional covariates (Dasgupta et al.
2019).

Sufficient dimension reduction (SDR) techniques provide a powerful tool to mitigate the
curse of dimensionality and improve performance across a variety of statistical modeling tasks
(Cook 2018b; Cook and Li 2002). In this work, we propose an SDR framework for estimating
individualized treatment regimes. The proposed SDR aims to project high-dimensional co-
variates onto a lower-dimensional subspace that preserves the conditional average treatment
effect, while allowing treatment assignment A to depend on the full covariate set X. We
show that by targeting the subspace that retains treatment effect heterogeneity, our approach
enables a more accurate estimation of optimal treatment regimes via direct methods.

The idea of reducing the dimensionality of the covariate space to facilitate learning I'TRs
has been explored in prior work. For example, Park et al. (2021) proposes a single-index
model that linearly transforms the covariates into a one-dimensional variable. This reduced
representation is then used to estimate the treatment—covariate interaction effect, from which
an optimal treatment rule can be derived. However, this approach relies on the assumption
that a single linear combination of covariates adequately captures treatment effect hetero-
geneity, which may be overly restrictive. SDR approaches for learning ITRs that relax this
assumption have been proposed by Park et al. (2020) and Zhou et al. (2021). Specifically,
Park et al. (2020) formulate the problem of estimating a reduced subspace of the covariates
as a constrained least squares problem, modeling the interaction between treatment and
the reduced covariate representation within a Reproducing Kernel Hilbert Space (RKHS).
However, this approach is limited to randomized clinical trial settings, where treatment
assignment is independent of the covariates. Zhou et al. (2021) focus on the setting of
continuous treatments, proposing a direct and pseudo-direct learning approach. Both ap-
proaches use the Nadaraya—Watson estimator of the conditional expectation function. How-

ever, the direct approach involves a computationally intensive alternating algorithm that



iteratively updates the basis for the reduced subspace and the decision rule. The pseudo-
direct method, on the other hand, relies on the additional assumption that the outcome
depends only on the dimension-reduced covariates. Both approaches require solving non-
convex objective functions and depend on aggressive dimension reduction to enable the use
of the Nadaraya—Watson estimator.

Some SDR approaches designed for average treatment effect (ATE) estimation can also
be used to learn ITRs. For example, joint SDR (Cheng et al. 2022; Huang and Chan
2017) identifies a transformation B'X such that {Y(+1),Y(-1)} 1L X | BTX and A L
1L X | BTX. Based on this reduced representation, an ITR can be learned by estimating
the conditional ATE given B'X. However, this approach relies on the strong assumption
that there exists a subspace span(B) such that the conditional independence holds for the
potential outcomes under both regimes, i.e., Y (+1) and Y (—1). This assumption is relaxed
in Huang and Yang (2023); however, it is still assumed that A 1L X | BT X, which can
also be restrictive as it assumes that the subspace sufficient for modeling treatment effect
heterogeneity is also sufficient for adjusting for confounding.

Our proposed SDR approach estimates a reduced subspace for learning ITRs. Specifi-
cally, we build upon gradient kernel dimension reduction (gKDR) (Fukumizu and Leng 2014)
to identify a subspace that captures the relationship between the covariates and the con-
trast between the two potential outcomes. This nonparametric method avoids the elliptical
distribution assumption required by classical techniques such as sliced inverse regression (Li
1991). In addition, gKDR offers a computationally efficient procedure that scales well to
large datasets and high-dimensional covariates, which are often challenging to deal with us-
ing other methods that also circumvent the ellipticity assumption: e.g., MAVE (Xia et al.
2002) and KDR (Fukumizu et al. 2009).

Our approach accommodates observational settings by allowing treatment assignment to
depend on the full set of covariates, rather than restricting it to the same reduced subspace
that captures treatment effect heterogeneity. This is achieved by incorporating covariate
balancing weights into the proposed SDR framework to account for differences in covariate
distributions across treatment groups. Several strategies exist for estimating such weights.
The most common is inverse propensity weighting (IPW), although this can be sensitive

to model misspecification. Recently, machine learning methods such as extreme gradient



boosting (XGBoost) and neural network (NN) approach (Shang et al. 2025) have been pro-
posed to address the misspecificaiton issue. As an alternative, a growing literature proposes
methods that directly estimate balancing weights in the context of ATE estimation (Chan
et al. 2016; Hirshberg et al. 2019; Imai and Ratkovic 2014; Kallus and Santacatterina 2022;
Wong and Chan 2018; Zubizarreta 2015). Chen et al. (2024) introduce a covariate balanc-
ing technique for learning ITRs with OWL methods. Here, we integrate the kernel-based
covariate functional balancing (KCB) approach proposed by Wong and Chan (2018) in our
SDR framework and develop asymptotic theory demonstrating its suitability for learning
ITRs. Finally, the estimated subspace and the balancing weights are used to learn optimal
treatment regimes via augmented outcome-weighted learning (AOL) (Liu et al. 2018; Zhou
and Kosorok 2017). We establish theoretical guarantees for the overall procedure under mild
regularity conditions.

Figure 2.1 illustrates the proposed framework. In Figure 2.1(a), we show the data,
which consist of triplets of outcome Y, covariates (X ' (2)), and treatment group A.
The solid line represents the linear transformation BT X that best captures heterogeneity
in treatment effect. Figure 2.1(b) shows the pseudo-outcomes, defined as Y/Pr(+1|X) and
—Y/Pr(—1|X) for treatment groups A = +1 and A = —1, respectively, as a function of V' =
BT X. Pseudo-outcomes allow us to account for differences in covariate distributions across
treatment groups. Figure 2.1(c) shows the pseudo-outcomes as a function of V+, the subspace
perpendicular to span(B). Note that there is no notable heterogeneous treatment effect
when the covariates are projected onto this direction. Using the proposed SDR framework,
we estimate the direction that best captures treatment effect, shown as the dashed line in
Figure 2.1(a). Figure 2.1(d) depicts the pseudo-outcomes as a function of the estimated
subspace and the optimal decision rule fitted using AOL. The sign of the true heterogeneous
treatment effects (solid line) and the fitted decision function (dashed line) are equal in the
range V € (—1,1), in which approximately 95% of the data points lie. Moreover, using
an unsupervised dimension reduction method such as principal components analysis would
provide a poor reduction for the purpose of identifying optimal ITRs, since the first principal
direction is more closely aligned with V+.

The remainder of the paper is organized as follows. Section 2.2 introduces the notation

and outlines the assumptions underlying the proposed framework. In Section 2.3, we present



our methodology for SDR and describe the subsequent steps for optimal I'TR estimation.
Section 2.4 establishes the theoretical guarantees of the proposed approach. We present
simulation results in Section 3.4. In Section 3.5, we demonstrate the utility of our method

using intensive care unit sepsis patient data.

2.2 Preliminaries

We first introduce notation and the problem setup for learning ITR. Let A € {—1,+1}
denote a binary treatment assignment, X € X C RP the vector of covariates, and Y € R a
continuous outcome. We denote potential outcomes (Rubin 1974) by {Y(A) : A € {—1,+1}}
and the observed outcome by ¥ = 1(A = +1)Y(+1) + I(A = —1)Y(—1), where 1(-) is
the indicator function. We use standard asymptotic notation throughout: if a sequence of
random variables X, is such that X,, = O,(a,), then X, /a, is bounded in probability. If
X, = op(an), then X, /a, converges to zero in probability as n — oco. We use X,, —, X
when X, = X + 0,(1).

In practice, the observed data consist of triplets {(4;, Y;, X;) : i € [n]}, where n denotes
the sample size and [n] denotes the index set {1,2,...,n}. We denote the j-th component
of a random vector X by X, The propensity score is defined as 7(A, X) = Pr(4 | X). An
RKHS defined on a space S is denoted by Hs, and its associated norm and inner product
are || - ||ns and (-, -)xs, respectively.

Our proposed methodology in Chapter 2 is based on the following assumptions:

Assumption 2.2.1 (No unmeasured confounding). The potential outcomes are independent

of treatment assignment given covariates: {Y (+1),Y(-1)} 1L A | X.

Assumption 2.2.2 (Positivity). The propensity score is strictly positive: 7(a,z) > 0 for
alla € {—1,+1} and all z € X.

Assumption 2.2.3 (Central mean subspace). There exists a central mean subspace (CMS),
span(By), such that E[Y (+1) — Y (=1) | X] = E[Y(+1) — Y(=1) | By X], where B, € RP*“
with u < p. Moreover, span(By) is the minimal subspace for which this equality holds (Cook
and Li 2002).
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Figure 2.1: Blue points correspond to the treatment group ”+1” and red points correspond
to the treatment group ”-1”7. The sample sizes for the +1 and -1 treatment groups are 110
and 90, respectively. (a) shows the distribution of the data with respect to the covariates
(X M X (2)). The magnitudes of the outcomes are represented by varying point sizes. The
solid line represents the true projection line that best captures treatment effect heterogeneity;,
while the dashed line denotes the estimated projection line obtained from our proposed
SDR. approach. (b) displays the true pseudo-outcomes (Y/Pr(+1|X) and —Y/Pr(—1|X)
for treatment groups A = +1 and A = —1) in the reduced subspace, where (X WX (2))
is projected onto V' = Bj X. The curve represents the heterogeneous treatment effect as a
function of V. (c¢) shows the pseudo-outcomes projected onto V+, the space perpendicular to
that spanned by By. The solid line shows the treatment effect as a function of V4. (d) shows
the pseudo-outcomes as a function of V. = BT X, where B is an estimate of By obtained
using the proposed SDR framework. The solid line shows the true heterogeneous treatment
effect along the different levels of the dimension-reduced covariate. The dashed line shows
the estimated decision rule along the different levels of the dimension-reduced covariate. The
signs of these functions, which determine the true and estimated treatment assignments, are
equal in the range V € (—1, 1), where approximately 95% of the data points lie.
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Assumptions 2.2.1 and 2.2.2 are standard in the causal inference literature and are
required to ensure identifiability. Assumption 2.2.3 is central to the proposed methodology,
which estimates a CMS such that Bj X captures treatment effect heterogeneity. This enables
a more efficient estimation of an I'TR based on the reduced covariate representation. A key
feature of our approach is that we do not assume {Y(+1),Y(=1)} 1. X | By X, thereby
allowing for complex relationships between the potential outcomes and the covariates, as
long as their contrast depends on a lower-dimensional subspace. Also, we do not impose the
assumption A 1l X | BT X, thus accommodating settings where the subspace sufficient for
capturing treatment effect heterogeneity may not be sufficient for adjusting for confounding.

Let d: X — {—1,+1} denote a decision rule that defines an ITR. This can be expressed
as the sign of a decision function f: X — R as d(-) = sign o f(-). The value function, rep-
resenting the expected reward under the decision rule d, is defined as the expected potential

outcome under the treatment assigned by d, and is given by

E[Y{d(X)}] = E ﬁn{dm _ A}} _E [ﬁn{signo FX) =AY (@21)

Without loss of generality, we assume that larger values of the outcome are more desirable.

Given span(By), we define the dimension-reduced covariates as Vo = By X € V, where
V={v:v=Bjz, v € X} C R denotes the corresponding reduced subspace. Given
an estimate B of the subspace basis with rank @ selected based on an appropriate tuning
procedure, the estimated low-dimensional covariates are V=BTXc¢€ f/, where V = {v :
v = E’Tx, r € X} C R% The decision functions in these reduced spaces are denoted by
fV:V >R and f“\? YV > R, respectively. With a slight abuse of notation, we use d(-) to

denote the decision rule defined on either V or V, depending on the context.

2.3 Method

In this section, we present our proposed methodology. Section 2.3.1 introduces a gradient
kernel dimension reduction for identifying a low-dimensional subspace that captures the
dependence of the contrast between potential outcomes on the covariates. We begin by

constructing a suitable pseudo-outcome and then develop the gKDR framework for this
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variable. Section 2.3.2 describes how the estimates obtained via KCB can be integrated
into our SDR procedure to account for differences in covariate distributions across treatment
groups. Finally, Section 2.3.3 outlines how AOL can be applied within the identified sufficient

subspace of the covariates.

2.3.1 Gradient kernel dimension reduction for the difference be-

tween potential outcomes
Construction of the pseudo-outcome

The value function (2.1) is maximized when the decision function has the same sign as
E[Y(4+1) — Y(—1)|X = z]. Hence the conditional ATE characterizes the Bayes-optimal
decision boundary (Zhao et al. 2012). Assumption 3 ensures that SDR with respect to
E[Y(4+1) — Y(—1)|X = z] enables the identification of a low-dimensional subspace of the
domain of the optimal decision rule. Under Assumptions 1-3, we can identify span(By) by
noting that E[AY/7(A, X) | By X] = E[E{AY/n(A, X) | X} | B X] = E[Y(+1) = Y(-1) |
By X] = E[Y(+1) =Y (=1) | X]. Therefore, the problem reduces to finding a matrix By such
that E[AY/7(A, X) | X] = E[AY/n(A, X) | By X]. To facilitate estimation, we introduce a
function g defined as the projection of {1/7(A, X)—1}Y onto the linear span of X, evaluated
at x:

g(z) =E [z"(EXXT]) ' X{1/m(A,X) - 1}Y]. (2.2)

Throughout the paper, we assume that E[X X '] is positive definite and E[X{1/7(4, X) —
1}Y] exists, so that g(x) is well-defined. As motivated in Section 2.3.3, we then define the
pseudo-outcome Z = A{Y — g(X)}/m(A, X), which can be interpreted as a contrast be-
tween weighted residuals. Note E [Ag(X)/7(A, X) | X] = g(X)E[A/7(A, X) | X] = 0 since
E[A/m(A, X) | X] = 0. Then Assumption 3impliesE [Z | Bf X] =E [E[Z | X] | B] X| =
E[Y(+1) =Y (—1)| X]. Next, we describe our approach for estimating span(By), and in

Section 2.3.2 we outline our procedure for estimating g(x).
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Gradient kernel dimension reduction

Gradient-based approaches have been widely used for developing SDR methods, including
IADE (Hristache et al. 2001) and wOPG (Kang and Shin 2022). Here, we extend gKDR
(Fukumizu and Leng 2014) to our setting, targeting estimation of the central mean sub-
space using pseudo-outcomes. Let Hy denote the RKHS of real functions f : X — R,
equipped with a reproducing kernel Kx : R? x R? — R inducing an inner product (-, )z,
Let Pxz be the joint distribution of (X,Z). Then, for any z € X, E[Kx(z,X)Z] =
[ Kx(z,2) [ ZdPyx(#'|z")dPx(2') = [ Kx(z,2")E[Z|X = 2'|dPx(x'), where Py x and Px
are the distributions of Z|X and X, respectively. Under the additional assumption that
E[Z|X = 1] € Hx, we have (CxYE[Kx (-, X)Z]) (z) = E[Z|X = z], where CYY is the
inverse of the covariance operator Cxx : Hy — Hx, which admits the integral operator

representation (Cxx f)(x) = [ Kx(x,2') f(a")dPx(z'). Then,
E[Z|X = 2] = (EB[Z]IX = |, Kx(, 7))y, = (CxxE[Kx(, X)Z], Kx (- ), (23)

by the reproducing property. We use the gradient of E[Z|X = -] to estimate By by noting

0 T
S E[Z1X =] =Y B, maz o BIZ| By X =], (2.4)

a€lu]

where By, is the (m,a)-th entry of By. Moreover, in the Appendix, we show that from

Equation (2.3) and Assumption (A6) (also defined in the Appendix), we have that

0

WE Z|X =x] = <C)—(§<E[KX(.7X)Z]78KX—("3:)>H . ) {C)—&wz . (2.5)

Ox(m)

Equating (2.4) and (2.5) yields ) | BomaOE[Z|B) x = v]/ov@ = E [C)}ﬁ(aKX(X, x)/(?x(m)Z]
Next, define the matrix M (z) € RP*P with entries

a€lu]

0 ]
Mpj(z) =Y Bo,mamEmBOTX =v] 28 ) Bo,jaWE[Z]BOTX = 0]

a€lu] a€lu]
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Then, M (z) = ByD(x)B, , where D(z) € R**" is a symmetric matrix with entries D(x) =
OE[Z|B] x = v]/0v\¥ - OE[Z|BJ x = v]/0v®. Since, E[M(X)] = BoE[D(X)]B{, a basis for
span(By) can be obtained from the leading u eigenvectors of E[M (X)].

Gradient kernel dimension reduction with balancing weights

In practice, constructing the empirical counterpart of the pseudo-outcome requires estimating
the inverse propensity score. While this is trivial in randomized settings, the estimates of the
propensity score in observational studies can substantially affect the results of the analysis.
Although the proposed SDR framework is compatible with any plug-in estimator of the
propensity score, in this work, we adopt a kernel-based covariate balancing approach and
integrate the resulting balancing weights w; in our SDR and ITR frameworks. This yields
the empirical pseudo-outcome Z; = w; Ai{Y: — 90(X;)}, where w; and g, (X;) are defined in
Section 2.3.2. Once {Z;; i € [n]} are obtained, for any = € X, we estimate M(z) using
W (z), whose (m, j)-entry is given by:

A 1 ~ _ 3[( XZ',.T ~ 1 ~
Winj () = { ~ D (Cxx + eul) 1%@ ~ D (Cxx +enl)

i€[n] i€[n]

-1 aKX(X’L: 33) Z
Ox) Y

where [ is the identity operator, €,/ is a Tikhonov regularization (Nashed 1986), and Cxx
is the empirical covariance operator such that (Cxx f)(z) =n"" D i Kx (2, Xi) F(X5).
Finally, we estimate E[M(X)] by the empirical average W, = n~! > icin] W(X,). In
Theorem 2.4.5, we show that WW,, converges in probability to E[M(X)], for every z € X. The
top 4 eigenvectors of W, are used to obtain B. From Corollary 2.4.6, and under appropriate

identifiability conditions to resolve invariances, it follows that B —p Bo in Frobenius norm.

Remark 2.3.1. A limitation of gKDR is that the rank of the estimated matrix W, and
therefore B, is bounded by that of the outer-product ZZ 7, where Z = (Zl, e ,Zn)T. The
latter may be rank-deficient (Fukumizu and Leng 2014), for example, in randomized studies
with binary outcomes. In such settings, the gKDR-v variant can be used (Fukumizu and Leng
2014), which partitions the data, estimates M (x) within each subset, and then aggregates the
results to obtain W,,. In observational studies, however, the pseudo-outcomes Z; typically

take many distinct values, so the standard gKDR procedure is usually sufficient.
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2.3.2 Kernel-based covariate balancing

We propose using the KCB of Wong and Chan (2018) to compute the balancing weights,
{a; : i € [n]}. These appear both in the construction of the pseudo-outcome {Z;} and the
objective function for learning the optimal [TR. We illustrate KCB for the treatment group
A = +1, but equivalent results hold for A = —1. KCB is motivated by the moment condition
E{m(X)1(A =+1)/n(+1,X)} = E{m(X)}, for all measurable m : X — R, which ensures
that the mean of any m(X) matches the marginal mean of the potential outcome under
A = +1. Introduce H,, = {m € Hx;|m|2 =n~! 2 i) m?(X;) = 1}. The empirical and

penalized counterpart of this moment condition, used to estimate {w; : A; = +1}, is then

2

1 1 1
min | sup - w;m(X;) — — m(X; — M\ ||m|? + Ao— w?
win | mup § |5 2 om0 =232 | Mol g 3

(2.6)
This enforces the moment condition above for all m : X — R in a rich function space,
with appropriate regularization, thereby reducing the risk of misspecifying the covariate
function used for balancing. The weights {w; : A; = —1} can be obtained similarly. A
key contribution of this work is Theorem 2.4.1, which establishes that the resulting weights
satisfy n™' 37, 4 _{wi—1/7(As, Xi)}? = 0,(1), under mild regularity conditions. Therefore,
these weights provide a suitable notion of covariate balancing within our SDR framework
and, as shown in Section 2.4, ensure universal consistency of the estimated decision rule
based on the dimension-reduced covariate space. We also emphasize that the RKHS Hy
used for defining the covariate balancing weights need not be the same as the one used for
gKDR. Propensity score models based on nonparametric or machine learning methods can
be employed. However, the IPW may be unstable when the propensity scores are close to 0

or 1 in some regions of the covariate space.

Estimation of g(x)

We can estimate g(z) in (2.2) consistently under correct model specification by replacing
the population expectations with sample moment estimators. When 7(A, X) is known,
this is achieved by using gn(z) = n™' 3, 2T (07 XTX) 7' X;(1/7(A4;, X;) — 1)Y;, where
2T (n ' XTX)7X; is the sample analogue of 2" (E[X X '])"1X, and X € R is the design
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matrix. We show g,(z) uniformly converges to g(x) in probability in Appendix. When
(A, X) is not known, we propose using gy (z) = n~" 3,y (0T XTX) T (w; — 1)Y] in
place of g,. As with g,(x), we can show that g,;(z) converges uniformly in probability to

g(z) (see Corollary 2.4.2).

2.3.3 Estimation of optimal ITRs

The optimal decision function that maximizes the value function (2.1) can be characterized as
the minimizer of the risk R(f) = E[Y/m(A, X)1{signo f(X) # A}|. As shown in Appendix,

this can be equivalently written as

R(f) =E[Y —g(X)|/m(A, X)1{A - sign(¥Y — g(X)) # sign o f(X)}]
+E[XT{EXXT]} " Elr(—A, X)XY/x(A, X)] + E[max{—Y + g(X),0}/7(A, X)].

Since the last two terms do not depend on the decision function f(X), minimizing R(f)
is equivalent to minimizing E[|Y — ¢g(X)|/m(A, X)1{A - sign(Y — g(X)) # sign o f(X)}].
Moreover, given that the Bayes optimal decision rule is determined by the sign of E[Y (41) —
Y(-1)|X] = E[Y(+1) — Y(=1)| B, X], this loss can be equivalently minimized in the re-
duced space using a function fV : ¥V — R. Replacing the discontinuous and nonconvex 0-1

loss with a convex surrogate loss ¢(-) and using the decision rule fV leads to the definition

of the (¢, g)-risk, Ryy(fV) = E[IY = g(X)|/m(4, X)o(A-sign{y = g(X)} - [ (B X)) |.
Minimizing R 4( fv) is then a convex optimization problem, therefore addressing the po-
tential non-convexity that arises when negative values are observed for either Y/m(A, X) or
{Y — g(X)}/n(A, X). Fisher consistency of ¢(-), meaning that any minimizer of the (¢, g)-
risk is also a minimizer of the original 0-1 loss, can be shown by using classical results (Bach
2024; Bartlett et al. 2006).

Let K, : R* X R* — R be a kernel. Using the observed (X;, A;,Y;), balancing weights w;

and the estimator g, (x), we define for any fV .V — R in the RKHS induced by K,,,

Q(77) = = S nl¥i - ga(X)] 6 sign {¥; — ga(X)} /7 (BTX0)) + A" G

i€[n]

where fV(BTz) =Y ](xiKu(éTXi, BTz) + ap, G € R i the Gram matrix with (i, 5)-

i€n
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th entry Ku(BTXi, BTXj), ap € R, and o = (o, a9, ,a,,)" € R™. Finally, we estimate
the decision function using f,‘f = argmin Q ( f‘?), and the corresponding decision rule is
given by signo fV(BTz).

In Lemma 2.4.7, we show that R, (f}) — inf ;o Rey(f) —, 0. Let f*: X — R and
f*:V — R be the Bayes optimal decision functions from which the Bayes rule is given by
d*(x) = sign o f*(z) or d*(BJ x) = sign o f*(Bj z). Let R* = R(f*) be the corresponding
optimal risk. In Proposition 2.4.8, we establish universal consistency of our estimator of the
optimal decision rule, sign o fV(-), that is, R(f") —p R

Note that indirect methods can also be applied once the covariates have been dimension-
reduced. One may use Nadaraya-Watson regression to estimate the treatment effect hetero-
geneity and identify an optimal treatment. However, such methods often suffer in practice
when the reduced subspace is not extremely low-dimensional (e.g., dimension lower than

four). Dimension-reduced covariates can also be used in conjunction with more flexible

learners, such as the R-learner framework (Nie and Wager 2021).

2.4 Theoretical guarantees

Here, we provide theoretical guarantees for the proposed approach to estimating optimal
ITRs. The proofs are provided in Appendix A. We first show that the balancing weights

{w;}, converge to the true IPWs in mean squared error, as stated in the following theorem.

Theorem 2.4.1. Assume A\ < n™', and let the KCB weights {1; : A; = +1} be the solution
to the optimization problem in (2.6). Then, under the regqularity conditions (A1) — (A5) in
Section A.1 of the Appendiz,

1 ) 1 ?
"2 {“’i - 7r<+1,Xi>} = o)

By a symmetric argument, n ! Zi:Aizfl {w; — 1/77(—1,)(})}2 = 0,(1) for {w; : A; = —1},
hence n™' 37, i —1/m(Ai, Xi)}? = 0,(1). To the best of our knowledge, no existing result
establishes convergence of KCB weights to the true IPW. In contrast, Wong and Chan (2018)
show only that |n™' 3>, , . wim(X;) —n' 30, m(Xi)| = O, (n=172).
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Theorem 2.4.1 implies that the difference between g;(x) and g(x) is uniformly negligible

in probability over x € X, as formalized in the following corollary.

Corollary 2.4.2. Suppose X is compact and E[Y?] < co. Then,

sup g () — g(x)] = 0p(1).

zeX

By using Theorem 2.4.1 and Corollary 2.4.2, we can establish the consistency of our
estimator for E[Z f(X)], where f : X — R is any measurable function. This is an important
building block for showing the convergence of the estimator of span(By) obtained from the

proposed gKDR approach. This result is formalized in the following theorem.

Theorem 2.4.3. Let {w;;i € [n]} denote the KCB weights, and recall the pseudo-outcomes
Z = A{Y — g(X)}/7(A,X) and Z; = 0; Ad{Y; — go(Xi)}. Then, for any measurable f :
X — R on compact X, such that E[Z? f*(X)] < oo and E[f*(X)] < oo, we have

1 .
- Z Z; [(X;) = E[Z f(X)].
i€[n]
The following theorem establishes the consistency of the empirical (¢, g)-risk when the
KCB weights are used. Intuitively, from Corollary 2.4.2, we expect that the number of
discrepancies between the signs of ¥; — g(X;) and Y; — ¢4 (X;) to be controlled.

Theorem 2.4.4. Let {w;;1 € [n]|} be the KCB weights. Suppose X is compact and that
the second moment of |Y — g(X)|¢(A - sign{Y — g(X)}f(X)) is bounded. Assume that the
distribution P of (X, A,Y) satisfies |Y — g(X)|/m(A, X) < My and |f(X)| < My almost

everywhere, where My, M; € R are sufficiently large constants. Then

% Z w;|Y; — guU(Xi)|¢<Ai -sign{Y; — gw(Xi)}f(Xi)) —p R¢79(f)'

i€[n]

A

To establish that span(B) is a consistent estimator of span(By), we first show the con-
vergence of W (x) to M(x) and that of W, to E[M(X)]. We additionally make assumptions
(A6)—(A10), in the Appendix, which are adapted from those in Fukumizu and Leng (2014).
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Let C’i}l be the (£ + 1)-th power of the covariance operator Cxx. The following theorem
formalizes these statements.

Theorem 2.4.5. Assume E[Y2{O%0K (z, X)/02®}?], E[g*(X){Cx%0K (z, X)/02¥}?] <
oo for any x € X and a € [p], with p fized. For a constant & > 0 suppose that OK (-, z)/0z@
is in the range of C’i’}l Then, under assumptions (A6)-(A10), for every x € X,

Moreover, if E[||M(X)||2] < oo and K (-,z)/0x' = O has, where hop € Ha and
EHha,xHHX < o0, then

W%—EMHXML:%G)

Assumptions (A6)-(A10) are needed to derive the estimator for By. When 0K (z, X)/0x(®) €
Ha, CxxOK (2, X) /01 € Hy from assumption (A8). If the kernel for H y is bounded, the
moment condition can be relaxed to E[Y?], E[g(X)?] < oco.

Theorem 2.4.5 implies the following corollary, which follows from Theorem 2 of Yu et al.

(2015), a variant of the Davis-Kahan sin # theorem (Davis and Kahan 1970).

Corollary 2.4.6. Let By and B be matrices whose columns are the eigenvectors correspond-

ing to the u largest eigenvalues of B[M(X)] and W,, respectively. Suppose the non-zero

eigenvalues of E[M(X)] are distinct. Then, ||W, — E[M(X)]H = 0,(1) implies that there
F

exists an orthogonal matriz O € R*** such that
HBO—BﬂF:%ﬂ)

Assuming X is compact, then Corollary 2.4.6 implies that O"Bx —, Bgjz for any
x € X. When 7(a,x) is known, we can establish convergence rates in which the number of
covariates p grows with the sample size (see Remark A.1 in Appendix).

For the following analysis, we make a technical assumption as in Wong and Chan (2018)
and Athey et al. (2018), and assume w; < M,n'/3, i € [n], where M, is a large constant.

This upper bound constraint can be incorporated in the estimation of {w; : ¢ € [n]|} in (2.6).

Lemma 2.4.7. Assume that the surrogate loss function ¢(-) is Lipschitz continuous and the

kernel satisfies K, (v,v) < oo for allv € R*. Suppose X is compact, and A, > 0 with A, — 0
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and n/?-\, = 0o asn — co. Let ozgn be the estimated intercept of ﬁ‘f Additionally, assume
that and the distribution P of (X, A,Y) satisfies |Y —g(X)|/m(A, X) < M, and |\/)\_na(‘;/n| <
M,, < oo almost everywhere, and the second moment 0f¢(A -sign{Y —g(X)}fV(ETX)> is
bounded. Furthermore, suppose that for a sufficiently large constant M,,, w; < Myn'/? for
all i € [n]. Then,

Rog(fY) = ij?va@g(fv)

By combining this result with Lemma A.3 and Lemma A.4 in Appendix A, we establish
the universal consistency of the ITR learned by the proposed method under the hinge loss.

This is formalized in the following proposition.

Proposition 2.4.8. Suppose that the RKHS of fv .V — R is induced by a universal
kernel, and X is a compact metric space. Let ¢(-) be the hinge loss function. Assume that

the conditions stated in Lemma 2.4.7 hold. Then,

R(JETY) —p R™.

2.5 Simulations

In this section, we evaluate the finite-sample performance of the proposed dimension-reduced
outcome-weighted learning, which here we refer to as DOL, across three settings. The data
were generated in both randomized and non-randomized scenarios, where Pr(A = +1 |
X)=Pr(A=—-1|X) =1/2 in the randomized setting. We compare the DOL against five
methods: (AOL) the augmented outcome-weighted learning by Zhou and Kosorok (2017),
which uses the full covariate set X; (MAVE) the interaction MAVE (Liang and Yu 2022);
(SI) constrained single-index regression (Park et al. 2021); (QL) an ¢;-penalized partial least
squares (¢1-PLS) Q-learning method (Qian and Murphy 2011); and (RL) R-learner using
Gaussian kernel ridge regression (Nie and Wager 2021).

In the non-randomized setting, we additionally compared four covariate balancing strate-
gies for the proposed method — KCB and three methods that directly estimate IPW — logistic
regression, XGBoost, and neural network (Shang et al. 2025). The same balancing weights
were applied for both the gKDR and the ITR estimation.
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Performance was evaluated using accuracy and the value function. Accuracy measures
the proportion of the learned rules that agree with the Bayes optimal rule. In each setting,
a test set of 10,000 observations, was generated. For each Monte Carlo iteration, a training
set was generated, the decision rule was estimated, and performance was evaluated by using
the test set (see Appendix A.9.1). The hinge loss, ¢(z) = max(0,1 — x), was used as
the surrogate loss in AOL and the proposed DOL. In both methods, the penalty term A,
was selected from a grid of candidate values by choosing the one that yielded the largest
two-fold cross-validated value function. Further details on the software implementation and
estimation of ITRs are deferred to Appendix A.9.2.

In the Appendix, simulation results to show the decreasing projection errors along in-
creasing sample size is presented in A.10.2. Furthermore, we show in Section A.10.2 that
using KCB weights with gKDR yields the lower projection error than using propensity scores
from XGBoost (Matthew Cefalu et al. 2024) or neural network (Shang et al. 2025). The
computational advantage of gKDR is demonstrated by comparison with interaction MAVE

(Liang and Yu 2022) in Appendix A.10.3.

2.5.1 Simulation settings

We considered n = 500 and n = 1,000, with all settings using p = 50. We randomly generated
a latent factor Z € R from a uniform distribution over the range [—2,2]. This was then used
to generate the observed covariates X € R°. With the main effect, (X), and the treatment-
covariate interaction, f¥(V), the outcomes were generated from N{u(X) + A - fV(V),1}.
Further details of simulation settings are in Appendix A.9.3.

Setting 1 considers V = Bj X € R% The decision boundaries over the original co-
variates X and the reduced subspace are shown in Figure 2.2. Setting 2 also considers
V = Bj X € R% The decision boundaries are shown in Figure A.1 of the Appendix A.
This scenario introduces additional complexity due to the non-smoothness of the decision
boundary. Setting 3 considers higher-dimensional reduced subspace where V = Bj X € R*.

This setting introduces two pairs of highly correlated covariates in the reduced subspace.
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Figure 2.2: Scatterplot of the Bayes optimal treatment regimes for different values of the
covariates generated under Setting 1. The red circles and blue crosses represent data points
from the test dataset, corresponding to d*(X) = —1 (or d*(Vp) = —1) and d*(X) = +1 (or
d*(Vp) = +1), respectively. The solid lines in the left plot display the decision boundaries in

the dimension-reduced space, defined as {v = (v®,v®) fr(v) = 0}.

2.5.2 Results

We show the results for n = 1,000. The results for n = 500 are provided in Appendix A.10.1,
showing similar trends. Figure 2.3 displays the results for the randomized scenario. DOL-O
refers to the proposed method using the oracle g(z) defined as E[{1/7(A, X) — 1}Y|X = «]
which is an alternative formulation of g(z) originally proposed to be used in the AOL by
Zhou and Kosorok (2017). DOL-L uses g,(x) that estimates g(x) with linear regression as
described in Section 2.3.2. MAVE-L implements the proposed method by using interaction
MAVE for dimension reduction and uses g,(z). AOL-O represents the estimator from AOL
that uses the oracle g(z). From Figure 2.3, the DOL outperforms the existing methods in
Setting 2 and 3. MAVE-L performs best in Setting 1, illustrating the effectiveness of SDR
for ITR estimation. But, it is outperformed by DOL in Settings 2 and 3. In particular,
MAVE-L exhibits substantially higher variability in Setting 3. DOL-L performs close to
DOL-O, indicating that the proposed method that uses g, (x) performs close to using the
true form of the oracle g(x).

The results for the non-randomized scenario are in Figure 2.4. We considered two cases
for the DOL: the estimator that uses the oracle g(z) (KCB-0O), and another where g;(z) is
obtained via linear regression (KCB-L). Interaction MAVE used the KCB weights and g4 (x)
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Figure 2.3: Simulation results for n = 1,000 from the randomized scenarios across the

three different settings. Accuracy represents the proportion of correctly predicted optimal
treatments. Value (%) represents the value function recovered by the estimated decision
rule as a percentage of the Bayes optimal value function. The performance of the proposed
method is shown under DOL-O and DOL-L: DOL-O uses the oracle g(z), while DOL-L
uses g () estimated via linear regression. MAVE-L uses interaction MAVE for dimension
reduction and uses the fitted values g,(x) obtained via linear regression.

(K-MAVE-L). We considered logistic regression for IPW using the oracle g(z) (IPW-0), and
using estimated gz (z) (IPW-L). The SDR and ITR were learned by using the misspecified
IPW. IPW-L misspecifies g(x) since it uses misspecified IPW estimator. We also considered
XGBoost and a neural network (Shang et al. 2025) (XGBoost-L, NN-L). The estimated IPW
was used in place of w; in g4 (x) for IPW-L, XGBoost-L, and NN-L. AOL was implemented
using the true propensity scores and the oracle g(z) (AOL-O). AOL uses no dimension
reduction, SI imposes a single-index, and IPW-O estimates By with misspecified IPW.
First, we can observe that using KCB weights (KCB-O) outperforms using inverse propen-
sity scores from a misspecified logistic regression model (IPW-0O). IPW-O tends to achieve
higher accuracy and value function than KCB-L on occasion which is expected as the AOL
is a doubly robust method, so that using the oracle g(z) suffices for universal consistency.
However, it shows unstable performance and is outperformed by KCB-L in Setting 3. IPW-L
shows notable declines in both accuracy and value function when the g(x) is estimated by

using the propensity scores estimated from a misspecified logistic regression model.

KCB-L demonstrates strong performance across all three settings and outperforms XGBoost-
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Figure 2.4: Simulation results for n = 1,000 from the non-randomized scenarios across the
three different settings. Accuracy represents the proportion of correctly predicted optimal
treatments. Value (%) represents the value function recovered by the estimated decision
rule as a percentage of the Bayes optimal value function. The performance of the proposed
method is shown under KCB-O and KCB-L: KCB-O uses the oracle g(z), while KCB-L
uses the fitted values of g;(x) obtained via linear regression. MAVE-L uses interaction
MAVE for dimension reduction and uses KCB weights along with the fitted values of g;(z)
obtained via linear regression. IPW-O uses the oracle g(z), and IPW-L uses g;(z) from
linear regression, with propensity scores estimated via logistic regression. XGB-L uses g, ()
from linear regression, with propensity scores estimated via XGBoost. NN-L uses g, (x) from
linear regression, with propensity scores estimated via a neural network.
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L which shows the best performance among the methods that estimate IPW and use gg(z).
This suggests that KCB is an effective weighting strategy for use in non-randomized studies.
Despite using g4 (x) which is an estimator of g(z), KCB-L outperformed AOL-O, which used
the true form of the oracle g(x) and the true inverse propensity weights. In Setting 3, KCB-L
achieves higher accuracy compared to KCB-O; however, this improvement does not translate

into a much higher value function.

2.6 Application

We illustrate our proposed method by investigating ITR recommendations for using transtho-
racic echocardiography (TTE) in intensive care unit (ICU) sepsis patients. We retrieved data
on 6,361 patients from the MIMIC-III database (Johnson et al. 2016), as described in Feng
et al. (2018). In the dataset, TTE was performed on 3,262 patients (51.3%) during or within
24 hours before ICU admission, and the remaining 3,099 (48.7%) did not receive TTE. The
outcome is binary, indicating 28-day survival (1 if survived, 0 if not). We used 35 baseline
variables (see Appendix A.11). Missing values were imputed by using MissForest (Stekhoven
and Biithlmann 2012).

To estimate an optimal ITR, we used the proposed DOL, the AOL, ¢;-PLS (QL), and
the decision rule that prescribes TTE for every patient (Treat all), which represents the
average treatment effect of TTE. We randomly sampled 1,000 subjects without replacement
as a training set to learn I'TR. The remaining 5,361 subjects served as a validation set by
comparing the 28-day survival between the treatments (TTE or non-TTE) that match the
estimated ITR and those that differ. We repeated this procedure over 100 Monte Carlo
replications. At each iteration, we evaluated the modified value function (Chen et al. 2024),
E[Y{d(X)} — Y{—d(X)}], with the ITR estimated from the training set. In our data, this
indicates the improvement in the 28-day survival rate. See Appendix A.11.1 for the details
on learning I'TR and the evaluation of the modified value function.

The average modified value function of treating all patients with TTE is around 3.69%,
and the modified value functions are substantially higher in the AOL and the DOL results,
with averages of 4.95% and 6.72%, respectively (Figure 2.5). This suggests the existence

of treatment effect heterogeneity and that treatment assignment based on a decision rule
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Figure 2.5: Modified value functions over the 100 repeats. DOL represents the proposed
method. AOL used the raw patient characteristics for learning ITR and fitting logistic
regression to estimate IPW. QL is the ¢1-PLS. “Treat all” represents the average effect of
TTE. P-values from paired ¢-tests are displayed using asterisks: **** < 0.0001; *** < 0.001;
* < 0.05.

that considers the individual patient characteristics could improve the survival rate. The
proposed method further improves upon AOL, which demonstrates the benefit of dimension

reduction combined with KCB weighting for learning I'TR in observational studies.

2.7 Conclusion

We propose a novel gradient kernel dimension reduction approach that identifies a sufficient
subspace for modeling heterogeneous treatment effects, enabling more accurate estimation of
optimal ITRs using direct approaches. To account for differences in covariate distributions
across treatment groups, we incorporate covariate balancing weights from the KCB method.
This allows treatment assignment to depend on the full set of covariates. We then formu-
late the problem of learning an optimal I'TR as a weighted SVM problem on the reduced
representation of the covariates.

Theoretical guarantees are provided for the proposed procedure, which required, among
other results, a new bound on the mean squared error of the balancing weights from the
KCB method and a generalization of gKDR to the setting of a pseudo-outcome defined

using estimated weights. In simulation studies, we demonstrated that the proposed method
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is effective and exhibits excellent performance in both randomized and observational settings.
The real data analysis with ICU sepsis patients corroborates the simulation results.

The proposed method involves several hyperparameters. Existing tuning strategies were
effective in our numerical studies, whereas the development of a systematic tuning procedure
is left for future work. The balancing weights are critical for reliable SDR and ITR. Balancing
methods over even larger function classes could be considered for a future study.

Assumption 3 is crucial, but cannot be verified from the observed data. It can be assessed
indirectly by comparing the predictive performance of models with and without SDR, as in
the real data analysis. The proposed approach assumes that the data contain no missing
values. A possible extension of this work is to adapt the proposed method, and specifically
gKDR, to handle missing data without relying on imputation. Other extensions include

accommodating multi-valued treatments and dynamic treatment regimes.
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Chapter 3

Envelope Models for
High-Dimensional Mediation Analysis

3.1 Introduction

Causal mediation analysis often involves high-dimensional mediators, particularly in ar-
eas such as genomics and imaging. Dimension reduction provides a principled approach
to addressing this high dimensionality and may enable the construction of a linear lower-
dimensional representation of the mediator M, which we denote as G'' M, that preserves the
relevant mediation effect. Specifically, such a representation aims to capture the components
of the mediator that are associated with both the exposure and the outcome.

A body of prior work focuses on unsupervised linear projections, such as (sparse) PCA
(Huang and Pan 2016; Zhao et al. 2020), to identify a low-dimensional representation of
the mediator. Supervised dimension reduction methods have also been studied. Chén et
al. (2018) has introduced a directions of mediation (DM) that reduces the mediators to
orthogonal components in a way that maximizes the likelihood from the linear structural
equation model (LSEM). LASSO-based methods are also widely used to find meaningful
mediators. Zhao and Luo (2022) introduce pathway LASSO. Gao et al. (2019) suggest
debiased LASSO to adjust for the bias. Nonlinear dimension reduction approaches have
also been proposed. For example, Nath et al. (2023) uses machine learning to estimate a

proper nonlinear transformation of the mediator. Bayesian methods have also been adopted
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to address high-dimensional mediation analysis (Xu et al. 2026). However, these methods
do not explicitly separate the material variation in the mediator that is relevant to both
the exposure and the outcome from the immaterial variation that is unrelated to either,
potentially reducing estimation efficiency.

Envelope model provides an effective framework for projecting either multivariate out-
comes or predictors onto lower-dimensional subspaces while retaining the information rel-
evant to estimation of the association between outcomes and predictors. Through this di-
mension reduction, envelope methods are known for their potential to improve estimation
efficiency. Cook, R. D. et al. (2010) initially introduced the response envelope model for
multivariate regression analysis which linear transforms the high-dimensional response to a
lower dimension. Su and Cook (2011) introduce the partial envelope that accounts for the
adjusting covariate. Cook et al. (2013a) introduced the predictor envelope model, which
aims to reduce the dimensionality of the predictor while retaining the relevant association
with the response.

In this chapter, we propose an envelope-based approach for estimating mediation effects
within the linear structural equation modeling (LSEM) framework under normality assump-
tions. The proposed method identifies the subspace corresponding to the intersection of
the predictor and response envelopes. Figure 3.1 illustrates the proposed framework. Our
aim is to find the reducing subspace spanned by the columns of the semi-orthogonal basis
matrix G such that G'" M captures the variation in M relevant to both the exposure A and
the outcome Y. The remaining variation in mediator is immaterial in that it provides no
additional information about the exposure or the outcome beyond the material component
G M. Envelope models have shown the potential to enhance efficiency (Cook, R. D. et al.
2010; Su and Cook 2012, 2011). Likewise, the proposed dimension reduction has the poten-
tial to substantially improve estimation efficiency by removing variation that is irrelevant to
the mediation mechanism.

We show that the reducing subspace is the maximizer of the joint likelihood of outcome
and mediator models in the LSEM. Moreover, we show that the projection to the reducing
subspace that maximizes the likelihood is y/n-consistent. Furthermore, we propose a method
that uses singular value decomposition (SVD) to obtain the initial estimates of the reducing

subspaces. We also verify the initial estimates are y/n—consistent.

29



A PIGTMPl Y

]/

o] M

DM

Figure 3.1: Causal DAGs for the association between exposure (A), outcome (Y'), and
the target transformation of mediator (M). The linear transformation, G' M, retains the
mediation effect, and is distinguished from the immaterial projections: I'j M, ®j M, and
DJ M.

An envelope space admits many equivalent basis representations. Specifically, G and GO
span the same subspace for any semi-orthonormal basis matrix G' and any orthogonal matrix
O. This non-identifiability induces overparameterization, causing the Fisher information
matrix to be singular. Shapiro (1986) introduces an asymptotic theory for overparameterized
moment structure models using local regularity and generalized inverse matrices. Cook et al.
(2013b), Cook, R. D. et al. (2010), and Su and Cook (2012) formulate the envelope models
within the moment structural model framework to establish the asymptotic normality of
the envelope estimators. Likewise, we establish the asymptotic normality of the estimators
obtained from the proposed method.

The remainder of the chapter is organized as follows. We introduces the notation and
assumptions underlying the proposed framework, and provide an overview of envelope model
in Section 2.2. In Section 3.3, we present our proposed envelope model approach for estimat-
ing the material projection, describe the procedure for estimating the mediation effects, and
establish the asymptotic properties of the resulting estimators. The simulation results are
presented in Section 3.4. In Section 3.5, we analyze the Trans-Omics for Precision Medicine
(TOPMed) data to demonstrate the implementation of our method. The proofs for the

propositions are provided in Appendix B.
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3.2 Preliminaries

Prior to presenting the proposed method, we introduce the notations and the model set up.
For a random variable X, X is the sample mean, and Sx is the sample variance such that
Sy =n"1 D i (Xi — X)(X; — X)T. The covariance between two aribrary variables X; and
X, is denoted by Cov(X;, X3). We use Y| X to denote the conditional distribution of ¥ on
X, and Sy|x is its sample variance. We use span(B) to denote the space spanned by the
columns of B, and the projection onto span(B) is Pg = B(B'B)"'BT. Furthermore, the
projection onto span(B) with A inner product as Ppa) = B(BTAB)*BTA". We use | - ||
and || - || to denote spectral norm and Frobenius norm of a matrix, respectively, and || - |2
represents the Euclidean norm. We use 0, or 0,4, to denote the zero vector of length p and
p X q zero matrix, respectively. When the dimension is clear from the context, we omit the
subscript for notational simplicity.

The outcome is Y € Y C R; mediator is M € M C R"; exposure is A € A C R;
confounder is X € X € RP. The observed data consist of {(A4;,Y;, M;, X;) : i € [n]}, where
n denotes the sample size and [n] denotes the index set {1,2,...,n}. Under the potential
outcomes framework {M(a) : a € A} and {Y (A) : A € A} denote the potential mediator and
the potential outcome, respectively. Furthermore, {Y (a, M(a)) : a € A, M(a) € M} is the
nested potential outcome (Pearl 2001; Robins and Greenland 1992). For the identifiability
of the natural indirect and direct effects, we assume Y (a,m) 1L A|X; Y(a,m) 1L M|(X, A);
M(a) 1L A|X; and Y(a,m) 1L M(a’)|X. We assume that there is no interaction between
exposure and mediator. Without loss of generality, we suppose that M and A are centered
to have sample mean 0. We develop our method based on the linear structural equation
model (LSEM) framework introduced in Baron and Kenny (1986) under which we aim to

evaluate mediation effect (Robins and Greenland 1992) from the following model set up:

M = a1 A+ e, (3.1a)
Y:BQ—F/BlM‘f“ﬁQA—i—Ey. (31b)

where €y ~ N(0,, p14) and €y ~ N(0,0%) are independent.
A subspace R is the reducing subspace of a matrix ¥ € R™" when ¥ = Pr¥Pgr + (I, —

Pr)X(I, — Pr), where I, is the r x r identity matrix and Pg is the projection operator to
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R. For a semi-orthonormal matrix B, the X-envelope of span(B), Ex(B), is defined as the
smallest reducing subspace of 3 that contains span(B). We use envelope models to find the
reducing subspaces of Ys4. Throughout, we focus on the scenario in which n > r and r is
fixed. The proposed method can be extended to n < r by adopting pre-screening methods
such as the envelope component screening (ECS) (Zhang and Cook 2018) or by preprocessing
the mediators and retrieve /(< n) principal components. Rimal et al. (2019) showed that

using the principal components performs well for predictor envelope model.

3.2.1 Review of envelope model

In this subsection, we introduce the envelope models based on the formulation in (3.1).
Further details on the envelope models can be found in Cook (2018a) and Lee and Su

(2020).

Response envelope

First, we use the response envelope model to perform dimension reduction on M based
on (3.1a). The response envelope model aims to find the projection that distinguishes the
material part of M, PrM from the immaterial part, QrM, so that (i) Cov(PrM,QrM |
A) = 0 and (ii) [g M 1L A, where I' € R™? (d < r) is a semi-orthonormal basis matrix,
Qr = I, — Pr, and span(I'g) = span(I')*. Note that (i) is fulfilled when Pr¥pnaQr = 0y,
Then, ¥4 = (Pr + Qr)Xnma(Pr + Qr), from which

Suja = PeZanaPr + QrEyaQr = IT X aTT T + Tl Spyaloly .

We have (ii) as long as Pr,aq = 0,, hence span(a;) C span(I') from which a; = I'np for
n € R*. Therefore, the response envelope model is used to find a basis matrix [' of the
reducing subspace such that &, , (span(ai)) = span(l'). From (3.1a), we obtain the low-
dimensional I'" M which is the material part of M in that is associated with the exposure:
E[l'TM|A] = T'T'nA = nA. Note that the immaterial T'j M is invariant with respect to A:
E[L] M|A] = TJThA = 0,.
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Predictor envelope

We use the predictor envelope model for the dimension reduction of M based on (3.1b). To
obtain the material part of M that is associated with the response Y in presence of A, we

first address the correlation between the mediator and the exposure. We reformulate (3.1b)

by using the residual R = M — E[M|A] = M — a; A as

Y = fo+ Bi(M — a1A) + Bi(a1A) + foA + ey
= Bo+ LR+ BA + ey,

where 35 = S1a1 + fa. Then (3.1b) can be reformulated as
Y = Bo + B1R + ey, (32)

where Y =V — B3A. Then, the predictor envelope model finds the projection, ®'R (® €
R™4; ¢ < r), that satisfies (iii) Cov(Y,®J R | ®" R) = 0 and (iv) Cov(®J R, ®" R) = 0, where
®, R is the immaterial part of R and span(®,) = span(®)1. As long as span(3;) C span(®)
(iii) holds from which Cov(Y,®J M|®TM, A) = 0. By construction, R = €y, from which
Y r = Xja. Moreover, (iv) holds as long as Cov(®TR,®J R) = ®TXgd, = (IDTZMM(I)O =0,
and this implies Cov(®"M,dJ M|A) = 0. Let Qs = I, — Pp. Then, Suma = (Po +
Q)X ma(Ps + Qs), hence

S = PoXuaPs + QoZaaQe = O Ty a®d " + Opd] 34D Py -

Therefore, the predictor envelope model is used to find a basis ® of the reducing subspace

such that EZMIA(Span(BlT)) = span(®) so that Y = By + ET®TM + B A + ey

3.3 Methods

As illustrated in Figure 3.1, we aim to identify the dimension reduction G'M € R* that
represents the material component of the mediator that is associated with both the exposure

(A) and the outcome (Y'). We use that span(I') is composed of the two exclusive subspaces:
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span(G) and span('y), where G € R™% and 'y € R"*%2 are semi-orthonormal basis matrices,
and d = u + dy. This implies that I'j M is associated with A but not with Y. Likewise,
span(®) can be decomposed as to the union of two exclusive subspaces span(G) and span(®,),
where ®; € R"*% is a semi-orthonormal basis matrix for ¢ = u + ¢». This implies that ®J M
is associated with Y but not with A. Then span(G) can be retrieved as the intersection
span(I') Nspan(®). Since span(G), span(I'y), and span(®Py) are pairwise orthogonal reducing
subspaces, the corresponding basis matrices satisfy: G'T'y = Ouxds GTd, = Ouxgy, and
®yTy = 0pyxa,- We can further specify the reducing subspace of Xy 4, span(Dy), where
Dy € RT*U—u=d2=a2) i 5 semi-orthonormal basis matrix such that DJ M is associated with
neither A nor Y and Dy is orthogonal to G, I'y, and ®,. From this, (3.1) can be reformulated

as

M = GmA+TomA + ey, (3.3a)
Y =B+ & GTM + & @y M+ oA+ ey (3.3b)

with the variance decomposition
Sua = GQeGT +ToUTy + ®o0®y + DoQoDy (3.4)

where QG = GTEMlAG, Ql = F;—ZM‘AFQ, QQ = (D;—EM‘Aq)Q, and QO = DJEM|ADO This
formulation implies that @ M retains the variation in M associated with A and I'j M retains
the variation associated with A and Y. This observation leads to the following inclusion

relationship.

Proposition 3.3.1. Let I'j M and ®] M denote the immaterial components of M from the

response and predictor envelope models in Section 3.2.1. Then
span(I'y) C span(®q) and span(®,) C span(Ty).

We show in Appendix B.1 that Proposition 3.3.1 implies that G' M, T'J M, ®, M, and
DJ M are mutually uncorrelated given A. Consequently, (3.4) represents an orthogonal

decomposition of ¥4 in which all cross-covariance terms are zero.
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Remark 3.3.2. Under the nested potential outcomes framework (Pearl 2001; Robins and
Greenland 1992), the potential outcome under A = @ and M(a') = m is Y (a,m). When
the error terms are normal, we have the mutual independence (G'M 1. I'JM 1L &; M 1L
DJ M) | A. Then natural indirect effect is defined based on G M, so that

E[Y(a, M(a"))]—E[Y (a, M(a))] = /E[Y|A =a,G"M = mi]{dP(m|A = a')—dP(m,|A = a)}.

We further illustrate the details in Appendix B.7.

3.3.1 Estimation for span(G), span(I'y), and span(®s)

We estimate the basis matrix G over Grassmannian manifold that consists of u-dimensional

subspaces of R". Define S;m? = Sgiy <IT — PG(SR\Y)); Sit =5 <I — Pé(5&1)>; Spyy =

: -1 _ q-1 . . .
Sriy <Ir - P&"Z(Sm?))’ and Sy, =S, (IT — sz(sj\j))’ The estimate for the basis matrix G
can be obtained by minimizing either one of the two objective functions:

Q1(G, Ty, ®y) = log |G S,/ G| + log ‘GTSRWG‘ +log [ @5 S5 @, + log )¢>§S;|¢I>2

+1log [Ty Saral’a| 4 log [Ty S37 '

Q2(G, Ty, @3) = log [ By Sy Po| + log |y Si' @y + log [Ty Sayjala| + log [T S,/ Tl
+ log |GTSRD~/G| +log |G S;/G.

We derive the objective functions based on the likelihood functions from the normality of €,

and ey in Appendix B.8. When G is given, the objective function )5 can be decomposed to

Ly(Ty) = log ’F;SM\AF2| + log |F2TSE\71F2

. Ly(®5) = log |©] S ®s | + log ‘@J s;;‘i,cpz‘ ,
Likewise, when [y and &, are given, minimizing (); is equivalent to the minimization of
L(G) = log |GT5'R‘§/G\ +log |G TS G.

In Section 3.3.1, we introduce the estimation of the coefficients 1y, 12, &, and &; by using
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the estimated basis matrices. Given the independence assumption of €); and ey, the joint

log-likelihood of the equation system (3.3) is

nr n 1
Y log 2m — 5 log [Zara] — 3 Z(Mz — GmA; = T Ay) 'S5 (M — GmA; = Tanp Ay)
i€[n]
1 3 (Yi = Bo — &/ GTM; — & @3 M; — o Ay)?

og2m — glogag/ ~3

o
2

2
o
i€[n] Y

(3.5)

The following proposition aligns the optimization of )1 or () with the conventional media-

tion analysis that uses the joint-likelihood (3.5).

Proposition 3.3.3. Let (@,fg, @)2) denote the estimates obtained by minimizing either ()q
or (Qy. Let (771,772,51,52) be the corresponding maximum likelithood estimators conditional
on these estimated envelope bases. Then the resulting estimators, (é,fg,&)z,ﬁl,ﬁg,él,éz),
are the maximum likelihood estimators of the joint log-likelihood in (3.5) under the proposed

envelope parameterization.

Proposition 3.3.3 establishes the likelihood framework used in Section 3.3.2 to derive the
asymptotic distribution of the envelope estimators. Furthermore, the minimizing )1 or ()2

identifies the target reduced subspaces.

Proposition 3.3.4. When the true covariances Xpys XM, and Xy 4, are given, the semi-

orthogonal basis matrices G, ', and ®o that minimize Q1 or QYo satisfy
span(G) = span(I")Nspan(®); span(I's) = span(I')\span(G); and span(®,) = span(P)\span(G).

Existing optimization strategies for envelope model estimation use objective functions in-
volving log-determinants of quadratic forms with symmetric positive definite matrices (Zhang
and Cook 2018; Zhang et al. 2023). However, the log-determinant terms in L, Lo, and L
do not satisfy this property — they use singular positive semi-definite matrices. In addi-
tion, existing methods typically estimate a single semi-orthonormal basis matrix, while the
remaining covariance parameters admit closed-form maximum likelihood estimators. In con-
trast, minimizing L, Lo, and L requires the estimation of multiple semi-orthonormal basis

matrices and covariance parameters.
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Computation details

In this subsection, we describe the computational approach for estimating GG. By using the
initial estimates of I'y and ®,, we perform a column-wise optimization while imposing the
orthogonality constraints as in the 1D algorithm (Cook and Zhang 2016).

Let {gx : k € [u], gr € R"} be the column vectors of G so that G = (g1, g2, -+ , gu) € R™™.
Here we provide the procedure for minimization of L based on the initial estimates I’y and

&,. For k = 0,1,2,--- ,u — 1, the k + 1-th column of G can be obtained by
Jry1 = argmin{lOg(glcTHSRngH) + 10g(9g+1517419k+1) + )\(gicT+19k+1 —1)}
subject to
T —0-\Y; . T — -\ . T — 0\
Gr1Yi = 0;Vi € [da]; gpy1di = 03 Vi € [go]; Gpp19i = 0; Vi € [E].

Note that the Lagrangian constraint is used to incorporate orthonormality of G. We need

to incorporate the orthogonality constraint within the computation. To do so, we define
ngrl(U) = (IT - PG',k - P‘I)2 - PFz)U = Ay,
where P, = Zie[k] Gig; - Note that Pg,o=0and AL A, = A, Then

Gk1 = argming, (log{gy1(1)S g gre1 ()} + log{gys1 (V)53 ger1 (0)} + Mgiss (V) gera (v) — 1}

= argming(v):Akv{log(vTAkS’RWAkv) +log(vT ApSyt Arv) + Mo Ao — 1)},

We still need to account for the Lagrangian constraint and that Apv is a unit vector:
|Agv||2 = 1. These can be handled by defining Ayv = Agx/||Agz||2. Then the optimization

problem becomes finding = that minimizes
log(a:TAkSRD;Akx) +log(x " ApSy/ Apx) — 2log(z " Ap).

From this, we obtain = by unconstrained optimization and obtain gi,,. The process for esti-

mating G is described in Algorithm 1. Similar approach can be used for updating estimates
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for I'y; and @, after estimating G.

Algorithm 1 Iteration for estimating G
Require: &, and I'y given; Ay =0
for k=0,1,--- ,u—1do
A I, — Zie[k] LCA]ngT — Pr, — Py,
Tpg1 = argming cpu log(xTAkgR‘g,Akx) + log(z " ApSy Arz) — 2log(z " Ap)
Jer1 = ApTipr /| AnTria ]2
end for
Return G = (91,02, » Gu)

Estimation of envelope parameters by SVD

In this subsection we introduce a method that uses singular value decomposition to obtain
the initial estimates for I'y and ®,. The initial estimates can be used to obtain S RV and
S]T/[l to minimize L with respect to G from an off-the-shelf optimization tool.

From Proposition 3.3.1, span(I's) C span(®y) and span(®;) C span(I'p). This im-
plies that span(I'y) = span(I") N span(®y) and span(Py) = span(P) N span(ly). By SVD,
e, = UlAlVlT, where U; € R¥™% and V; € R%*% are orthonormal matrices, and
A, € R%*4 jg a diagonal matrix whose nonzero entries are the singular values. Then
[TT®, = (ITU;)AV," is a matrix whose first dy columns are the columns of I'y and the rest
are 0,. Therefore, span(I'T"®g) = span(I'U;) = span(I';). Similarly, we can use the singular
value decomposition T'g ® = Uy A,V to obtain T'gUs such that span(IgUs) = span(®,). Note
that this satisfies the orthogonality condition I'] ®; = 0 since U, I'"T'qUs = 0. Alternatively,
we can use the singular value decomposition of q)g I' =ViA; UlT and @'y = V2A2U2T , and
use ®oV; and ®V5 to obtain I'y and ®o, respectively. This allows for the identification of
basis matrices for span(I'y) and span(®,) as long as we use the true bases for span(I') and
span(®). Similar approach can be used to obtain G by using SVD I'"® = UgAgVg . Then
G is the basis matrix for the subspace that satisfies span(G) = span(I'Ug) = span(PVy).

With finite samples, the SVD can use I and ® to obtain fg, @2, and G. The existing
methods are provide y/n-consistent estimators for I' and ® (Cook et al. 2013a; Cook and
Zhang 2016). We establish in Proposition 3.3.5 that as long as we use the y/n-consistent
estimators for I" and ®, the SVD estimators of G, ®,, and I'y are also y/n-consistent.
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Proposition 3.3.5. Let f2 = fUl be the estimate obtained from the SVD fTéo = UMV
<i>2 = foUz be the estimate obtained from the SVD f‘OT(fD = UyAyVs; and G = f‘UG be
the estimate obtained from the SVD I'T® = UgAgVy. Then |Pr, — Pr,llr = Op(1//n),
1P, — Pa,|lr = Op(1//n), and ||Pg — Pa|lr = Op(1/+/n). The same holds when Iy = V4,
<i>2 = (i)Vg, and G = éVg.

However, the SVD estimates do not necessarily maximize (3.5). In Appendix B.9, we
present simulation results to show that this approach may yield an inflated variability of the

NIE estimates compared to the proposed method that solves for the optimization problem

Ly and L.

Estimation of NIE and NDE

From the estimated semi-orthonormal matrices G' and (iJQ, we estimate for & and &, and n;:
&= G Sy a5y &=y Sy aSky: T =G SuaSy

We show that these are the maximum likelihood estimates for &, &, and 7; in Appendix

B.8. The natural indirect effect, $;c4, becomes
NIE = (&) GT+& ©5 ) (Gm+Tam) = & GTGm+&] GTTanp+&; @3 G+, @y Tany = & 1.

This is estimated as NIE = élT 71. The natural direct effect is estimated by either regressing
Y on (6] GT 4+ & & )M and A or subtracting the NIE from the total effect. Note that 'y

and 1), for the evaluation of neither mediation effects.

3.3.2 Asymptotic properties

In this subsection, we introduce the asymptotic properties of our proposed NIE estimator

based on the optimization of (3.5). Let € be the vector of envelope parameters,

0= (77;—7 77;—7 f;ra 5;7 527 VeCT(G)7 VeCT(F2)> VeCT<(I)2)> VeChT(QG’)a VeChT(Ql)a VeChT<Q2)7 VeChT(QD)> 0)2/) !
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Define the estimable function
h(0) = (h(0), ha(0), ha(0), ha(0), hs(0)) " = (@IaﬁlaﬁmVeChT(zM\A),U%/)T
— (G +Tam) T, (GE + o) T, o, vech (GQGGT + ToU T + 8,085 + Do Dy ), %)

Under (3.1), the corresponding Fisher information, J € R{2r+r(r+1)/2+2px{2r+7(r+1)/2+2} "ig

SO 0 0 0 0
0 (Smpa + araf 03)oy” oloyion 0 0
J = 0 odoylal 0% /0% 0 0
0 0 0 05E (Sya @SB 0
0 0 0 0 0.50;*

where ® denotes the Kronecker product and E, € R”*7(+1)/2 jg the expansion matrix and
C, € R7+1/2x7 i the contraction matrix such that E,vech(U) = vec(U) and C,vec(U) =
vech(U) for an r x r symmetric matrix U. Let ro =7 —u —dy — gz and U®?> = U @ U for an

arbitrary matrix U. The Jacobian of h(6), H, is

G Ty 00 0n L nal, 0 0 0 0 0 0
0 0 G & 0 & @I, 0 & 1, 0 0 0 0 0
H=f0o 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 Vghy Vrhs Va,hy C.G®E, CIYE; C.93*E, C.DY’E, 0
00 0 00 0 0 0 0 0 0 0 1

where Vghs = 0h3(0)/0vec(G) T, Vi, hs = Ohs(0)/0vec(Ty) ", and Vg, hs = Ohz(0)/0vec(®s) .
Define Go = (T ®, Dp): T9= (G @ D,): 9= (G Ty Dy),and 0 = GJ TanaGo;
Q) =T978al9; Q3 = Y754 PY. Then hs(6) = vech(GQeGT+GoQLG, ) = vech(Do Ty +
N9QTYT) = vech(®2Q2,®) + PINIPYT). From this, we have Vghs = 2C,. (G @ I, — G ®
GoQLG, ), Vr,hs = 2C. (T @ I, — Ty @ TIOTYT), and Vg, hs = 2C, (90 @ I, — Py @
BODIT).

Since H is overparamterized, the information matrix with respect to 6 is singular and
the usual asymptotic normality results for maximum likelihood estimators is not applicable.

Instead, we utilize the fact that h(f) is estimable and use generalized inverse to find the
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asymptotic variance by using the results from Proposition 4.1 of Shapiro (1986) to establish

A

the approximate distribution of h(6). Let avar(-) denote an asymptotic variance.

Proposition 3.3.6. Let a; and BIT be the MLE estimators. Under the LSEM represented

by (3.3) with the normal errors and known envelope dimension u, we have
Vi (h(0) = h(B)) = N(O, P T P ).

Moreover, J=' — Py J ' Py = 0 and avar(y/nfpié, ) — avar(y/nfyé;) > 0.

Proposition 3.3.6 implies that the envelope estimator of the NIE is at least as efficient
as the MLE estimator. Note that PH(J)J_IPI}—(J) = H(H"JH)'H", where 1 denotes the
Moore-Penrose inverse.

We can establish the asymptotic normality of \/ﬁ(é — ) based on Proposition 4.2 of
Shapiro (1986). Since span(I') and span(®) are estimable, span(G) = span(I") N span(P)
is estimable. Thus, Poay = Gn; and Pgf; = G&; are estimable and we can establish the

normal approximation of the material components of coefficients a; and 3/ .

Proposition 3.3.7. Under the LSEM represented by (3.3) with the normal errors and known

envelope dimension u, we have

-
G G G 0 n @I, G 0 n @I,
\/ﬁ A7Z1 B m ~nlo ™ I, T
G& G& 0 G &l 0 G &l

Proposition 3.3.7 can be useful for analyzing the component-wise contribution of each
mediator to the NIE. For statistical inference, we can consider a similar testing procedure as

in Huang and Pan (2016) to perform resampling from the asymptotic normal distribution.

Asymptotics without normality

Normal approximation also holds under non-normal errors. Let W € R™*"+1) be the design
matrix whose i-th row is the i-th observation of M and A: (M,", A;), and let vector Y €
R" be the corresponding outcome Y;,Ys,---,Y,. Let &y = SyaSy, 8 = (31, 5)T =
(WIW)~"WTY, Sara, and s3,, 4) be the standard maximum likelihood estimators of A(6).
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Lemma 3.3.8. Under the model (3.1), suppose that the errors, ey and €y, are independent
and have finite fourth moments. In addition, suppose that the the maximum diagonal entry,
maxX,e Pii, of Pw = W(WTW)YWT converges to 0 as n — oo. Then the standard maz-
imum likelihood estimators v, B, vech(Sya), and S%,|(M7A) converge to a joint mean-zero

normal distribution.

In Appendix B.6, we show the explicit form of the variance, and verify that the maximiza-
tion of the joint-likelihood (3.5) can be formulated as the minimum discrepancy function in
Shapiro (1986). From this and Lemma 3.3.8 we can establish that the envelope estimators,
h(é), are asymptotically normally distributed even without the normality assumption, using
an argument analogous to that under normal errors, while retaining their efficiency gains.
Furthermore, we establish that the envelope parameters, 0, and the estimators of the ma-

terial components for the NIE, Gn; and G&;, also approximate normal distribution without

the normal errors.
Proposition 3.3.9. Given the conditions in Lemma 3.3.8, we have that \/n (h(é) — h(@))

. - T
and \/n <(Gﬁ1 —Gn) T, (G — G&)T> converge to mean zero normal distribution.

. A NT
The expressions for the asymptotic variances of /n{h(6)} and \/n ('th GT ¢ GT> are

given in Appendix B.6.2.

3.3.3 Selecting dimensionality u

In envelope models, there are three different approaches for selecting the dimensionality u of
the reducing subspace span(G): sequential likelihood ratio test, information criterion such
as the Akaike information criterion (AIC) and the Bayesian information criterion (BIC), and
k-fold cross-validation. However the likelihood ratio test, AIC, and BIC are applicable when
the number of parameters to estimate differs at different values of u. However, in Appendix
B.8.5, we show that the number of parameters is 7?/2 + 7 + d + q + 3 for our model and
does not depend on u. Furthermore, using k-fold cross-validation is challenging because u
is determined jointly by the mediator and outcome models. For example, selecting u to
minimize a combined prediction error requires balancing prediction performance across two
distinct models. Since deriving a systematic method for selecting u is challenging, we instead

propose a reasonable ad hoc approach rather than a fully rigorous selection procedure.
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Singular values for choosing u

An alternative approach for tuning is to use the singular values of I'"®. Given the true I'
and @, the singular values are either zero or one, and the overlap dimension is equal to the
multiplicity of the singular value of one (Figure 3.2). We use the singular values of I to
select the dimension 4. As in Figure 3.2, the first several singular values of ['"® are near
one followed by smaller singular values.

Eigen-gap based approaches have been used in spectral clustering and signal detection
(Ding and Yang 2022; Onatski 2009) where the number of clusters or signals is determined
based on the maximum of eigen-gap ratios. We use a heuristic singular-value gap ratio
criterion to estimate u. Let Ay > Ay > --- > A, be the singular values of f’T@, where
p = min(d,q). We can first obtain the gaps between the singular values as d; = \; —
Ait1 for @ € [p — 1], and obtain the gap ratios as d;/d;—;. Then we choose @ as 4 =
argmax;e(os .., 131di/di—1}. Since this rule may select @ based on relatively small singular
values, we additionally apply a threshold to exclude selected dimensions whose singular values
are not sufficiently close to one. Specifically, we retain only dimensions above a preselected
threshold. In our implementation, we use a threshold of 0.9. For example, if Ay < 0.9 while
A1 > 0.9 then @ = 1. Furthermore, if the eigen-gap ratio criterion yields v = p — 1, we set

U = p whenever A\, > 0.9.

3.4 Simulations

In this section, we evaluate the finite-sample performance of the mediation analysis that
uses proposed dimension reduction. We study three settings that correspond to different
correlation structures between mediators. Figure 3.3 shows the three correlations. We gen-
erate response, mediator, and exposure based on the association in (3.3). The variance
decomposition as in (3.4) was used. We study the performance when the sample size is
n = 100, 200, 500, 1,000 and M € R, Within each setting, we performed 50 iterations.
In all settings, we considered binary exposure that takes value of A = 1 with probability

1/2.
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Figure 3.2: An example of singular values of I'"®. Using the threshold 0.01 for the relative
difference from the largest singular value chooses u = 2.
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Figure 3.3: Mediator correlations for the three different settings. The left plot corresponds
to Setting 1; the middle plot corresponds to Setting 2; the right plot corresponds to Setting
3.
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3.4.1 Setting 1

Setting 1 considers M € R, u = 2, dy = 10, and ¢o = 10. The variance, X4, is
decomposed by Qg € R**? is the diagonal matrix whose entries take values from 0.1 to 0.2;
Q; € R0 i5 the diagonal matrix whose entries take values from 50 to 60; €, € R!9x10
is the diagonal matrix whose entries take values from 30 to 40; and €y € R?8*?8 is the
diagonal matrix whose entries take values from 90 to 100. The coordinate vectors n; € R*
and 7o € R?% were generated from Unif(1,3); & € R* was generated from Unif(1,3) and
& € R%2 was generated from Unif(1,3).

3.4.2 Setting 2

Setting 2 considers M € R, u = 2, dy = 5, and ¢o = 2. We construct S 4 as a block-
diagonal correlation matrix, where mediators are grouped into three correlated clusters with
17 mediators in each, exhibiting an AR(1)-like structure. We first generate a 51 x 51 block-
diagonal matrix V where each block is a 17 x 17 correlation matrix whose entries are 0.9/~
fori,j € {1,2,---,17}. Then Qg € R¥?is0.1-G"VG; Q) € R?*?i5200-T'y VTy; Qy € RS
is 100 - ) V®y; and Q € R*2*42 is 1000 - DOTVDO. The coordinate vectors 17 € R* and
ny € R% were generated from Unif(1,3); & € R* was generated from Unif(1,3) and
& € R” was generated from Unif(1,3).

3.4.3 Setting 3

In Setting 3, we study the case when the five largest eigenvalues of ¥4 comprise 90% of
total variance. We use M € R, u = 2, dy = 3, and ¢, = 5. We first generate a matrix
whose singular values take five 100 and forty five 0.5. By using this, we construct an N x 50
matrix, where N = 10000. We also generate an error matrix, £/ € RY, whose entries are
from normal distribution with mean 0 and standard deviation 0.1. Then we add the two
generated matrices, and retrieve the covariance, V. From this, we compute Viz = GTVG,
Vi =Ty VT, Vo = & V®y, and Vy = DJVDy. Then we generate Qg € R**? by setting
Qg = Vg O € R33 by setting ©; = 2000 - Vi; Qy € R>*5 by setting Q5 = 1000 - V5; and
Qp € R¥X40 by setting €y = 20000 - Vy. The coordinate vectors n; € R* and 7, € R%
were generated from Unif(1,5) and Unif(2,5), respectively; & € R" was generated from
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Figure 3.4: The distributions of the estimated natural indirect effects from different methods.
The left plot corresponds to Setting 1; the middle plot corresponds to Setting 2; the right
plot corresponds to Setting 3.

Unif(1,5) and & € R% was generated from Unif(1,3).

3.4.4 Results

The simulation results for n = 100 are presented in Figure 3.4. More results can be found in
Appendix B.9.1. OLS performs mediation analysis based on the multivariate linear regression
analysis. HDMA uses the debiased-lasso method from Gao et al. (2019). DM uses the
direction of mediation proposed in Chén et al. (2018). Env estimates the coefficients «
and [ based on the outcome and predictor envelope models, respectively, and evaluates the
mediation effects based on fﬁ and ®¢. Tuning for the dimension of ' and ® were based on
the BIC criterion — we chose d and ¢ that minimize the BIC in the response and predictor
envelope models. The proposed method estimates the projection onto the intersection of the
predictor and response envelopes and is referred to as PIE (Projection onto the Intersection
of Envelopes). Broyden—Fletcher—Goldfarb—Shanno algorithm was used for the optimization
of L and L from which we retrieved G, él, and 7; to estimate NIE. Oracle represents the
proposed method that uses the true I's and ®5, and the true dimensions u, ds, and ¢y to
perform the optimization of L and estimate G.

As shown in Figure 3.4, the proposed method, PIE, yielded substantially lower variability
in the estimated NIEs than the existing methods across all settings. This finding highlights
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the benefit of distinguishing mediator variation that is relevant to the mediation pathway
from immaterial variation. Env also separates the material and immaterial components of the
mediators; however, its material subspace retains directions relevant to either the exposure-
to-mediator or the mediator-to-outcome relationship. The simulation results suggest that
retaining these directions may not be sufficient for precise estimation of the NIE. In contrast,
PIE further targets the intersection of the subspaces relevant to these two relationships,

resulting in lower variability in the estimated NIEs.

Additional Evaluation of Dimension Selection and Projection Convergence

In the Appendix B.9.2, we additionally present results using a hard-thresholding approach for
selecting u to assess the robustness of the proposed method to the choice of the dimensional-
ity. Specifically, we consider threshold values of 0.7 and 0.99 and estimate u by counting the
singular values of ['T® that exceed the corresponding threshold. Furthermore, we also inves-
tigate the performance of the SVD-based approach for estimating NIE discussed in Section
3.3.1. Figure B.4 displays the resulting NIE estimates under the different dimension-selection
strategies. The results shows the robustness of the proposed method to the selection of w,
whereas SVD-based approach is sensitive to the choice of u and exhibits greater variability.
In addition, Appendix B.9.3 investigates how the Frobenius error || Pg — Pg||r decreases with

increasing sample size. The results indicate that the error decreases at an approximately

V/n-rate.

3.5 Application

We implement the proposed method onto the Trans-Omics for Precision Medicine (TOPMed)
study. We study the mediation effect of Olink proteomic biomarkers in the pathway from
diabetes to the kidney function measured by estimated Glomerular Filtration Rate (eGFR,
mL/min/1.73m?). The dataset consists of 5,888 adults aged 65 or older, and 28 demographic
and clinical characteristics from the Cardiovascular Health Study collected during years 2-11
and year 18 following study enrollment. There are 5,201 participants in the original cohort
and 687 participants in the supplemental cohort. We use the data from the original cohort.

The proteomic assay results from the Olink Explore HT panel were used. The assays consist
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of the total of 5,420 proteins. The proteomic biomarkers are quantified using normalized
protein expression, which represents protein abundance on log, scale.

Previous studies have reported strong interconnection between kidney function, inflam-
mation, and cardiovascular disease (CVD) (Arnlov 2009; Ronco et al. 2008). Based on this,
Carlsson et al. (2017) studied association between kidney function (eGFR) and the proteomic
biomarkers linked to CVD and inflammation included in the Olink Proseek Multiplex CVD
I panel. The list is often extended to include the proteins in the Olink Target 96 CVD II,
CVD III, and inflammatory panels (Aylward et al. 2025; Daniels et al. 2021). For the real
data application, we use 275 proteins measured on the Olink Proseek Multiplex CVD I panel
and the Olink Target 96 CVD II, CVD III, and Inflammation panels. Figure B.6 shows the
correlation structure between these proteins.

For the mediation analysis, we applied our proposed method using diabetes status at
the baseline (year 2) as the exposure, proteomic biomarkers at year 5 as mediators, and
eGFR at the year 9 follow-up as the outcome. We adjusted for baseline eGFR, age, smoking
status, race, and gender as confounders. Among the 5,201 participants, we used n = 2,153
for the analysis. Figure B.7 illustrates the sample selection process. The participants had
on average —7.90 (mL/min/1.73m?) change in the eGFR from year 2 to year 9 follow-up.

The dimensions d = 13 and g = 18 were selected for estimating I' and ®, respectively,
based on the BIC. We chose & = 3 based on the singular values of ['Td that are close to
1 (Figure B.8). Bootstrap analysis was used with 500 iterations to estimate the standard
error (SE) of the mediation effect estimates. The spectral norm of the material component
of the mediator was ||Q¢|| = 10.54 while that of the immaterial component [|Q%|| = 54.50.
Thus, the immaterial component of the mediator has higher variance than the material
component. The NIE was —1.31 (SE = 0.388), the NDE was —0.84 (SE = 0.726), and the
total effect was —2.14 (SE = 0.787). The classic envelope model estimated NIE by using
the coefficient estimates from the response and the predictor envelope models as in Env in
Section 3.4. The estimated NIE was —2.08 (SE = 0.629) while the NDE and total effect
were —1.14 (SE = 0.725) and —3.00 (SE = 0.743), respectively. The OLS estimated NIE as
—3.00 (SE = 0.743) with the largest standard error, NDE as -0.440 (SE = 0.916), and the
total effect as -3.44 (SE = 0.887). The estimate for the mediation effects from the proposed

method varies depending on the choice of the dimensionality u. The estimated NIE remained
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relatively stable when moderately larger values of u were selected. For larger values of u,
the estimated NIE became more variable and generally more negative (Appendix B.10). We
additionally considered d = 250 and ¢ = 65 from which we chose u = 58 based on the singular
values of I'T®. We obtained the NIE similar to the OLS, NIE = —2.86 (SE = 0.627). NDE
was —0.56 (SE = 0.768).

The component-wise indirect effects of individual proteins, {fixa1y : k € [r]}, were com-
puted from the parameter estimates to assess the contribution of each protein to the overall
indirect effect. Each component-wise indirect effect was standardized by dividing it by the
standard deviation of the corresponding proteomic biomarker. The twenty proteins with the
largest component-wise indirect effects in magnitude, as estimated by the proposed method,
were selected, and their estimated effects from each method are depicted in Figure 3.5. The
corresponding protein names to each UniProt ID can be found in Table B.1.

According to the proposed method, diabetes exerts a negative indirect effect on kidney
function through each of the identified proteins. In contrast, the OLS, the classic envelope
model, and the proposed method with over-specified overlap dimension (u = 58) estimates
suggest that some proteins have positive indirect effects. For example, diabetes has been
shown to be associated with increased expression of endothelial-leukocyte adhesion molecule-
1 (ELAM-1, P16581) (Siddiqui et al. 2023). Moreover, increased expression of ELAM-1 has
been reported in the kidneys of patients with diabetic nephropathy (Hirata et al. 1998),
suggesting a role for ELAM-1 in the progression of diabetic kidney disease. Therefore,
a negative component-wise indirect effect for ELAM-1 is consistent with its established
involvement in endothelial dysfunction and renal injury. In contrast, the other approaches

estimate a positive indirect effect for ELAM-1.
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Figure 3.5: Component-wise NIEs standardized by each corresponding mediator’s standard
deviation. The largest 20 standardized NIEs from each method are presented. The proteins
are specified by the UniProt identifier. From the left: the proposed method with u = 3,
OLS, classic envelope, and the proposed method with u = 58.

Moreover, the NIE estimates from the alternative approaches tend to exhibit greater
variability, with several estimates having large magnitudes. One potential contributor to
this pattern is collinearity among the protein mediators, as illustrated in Figure B.6. This
issue may be more evident when correlated mediators are modeled simultaneously, as in the
outcome-mediator model. As shown in Figure B.9, the three alternative approaches gener-
ally produce more dispersed coefficient estimates for the outcome-mediator model than the
proposed PIE method, with OLS exhibiting particularly large dispersion and several extreme
estimates. In contrast, the coefficient estimates from the mediator-exposure model are more
comparable between PIE and the alternative approaches. For the the classic envelope model
and the PIE with v = 58, the greater dispersion in the outcome-mediator coefficients tend to
persist as the estimated reduced subspace may not have adequately separated the material

variation from the immaterial variation (Figure B.9).
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3.6 Conclusion

We propose a novel envelope model approach for estimating mediation effects via dimension
reduction in a high-dimensional setting. A reducing subspace of X4 is identified such that
the transformed mediator preserves the variation associated with both the exposure and the
outcome. By restricting estimation of NIE to this material component, the proposed method
removes immaterial variation and improves the accuracy and efficiency of mediation effect
estimation.

We established several theoretical properties of the proposed method. In particular,
under the true covariance structure, the basis matrices that optimize the objective functions
span the desired reducing subspace, which captures the variation jointly associated with the
exposure and the outcome. We further showed that these estimators are also the maximizers
of the joint likelihood, thereby enabling the derivation of the asymptotic normality of the
resulting envelope estimators with and without the normality assumption.

In simulation study, we showed that the proposed estimator has substantially lower vari-
ability than the existing methods while being unbiased. The real data analysis used TOPMed
data to investigate the mediating effects of proteomic biomarkers linked to cardiovascular
disease and inflammation in the pathway from diabetes status to kidney function. We also
studied the mediator-specific indirect effects to find proteins that mediate larger difference
in eGFR. The estimated indirect effects were consistent with the established associations of
the identified proteins with both diabetes and kidney function.

Potential extension of the proposed method can adopt to various types of responses via
generalized linear model as in Zhu and Su (2020). We have focused on the high-dimensional
setting where the number of mediators is large but remains smaller than the sample size. This
can be extended to settings with n < r by applying envelope component screening (Zhang
and Cook 2018), or by integrating the proposed method with the envelope regularization
(Kwon and Zou 2025) and envelope-based sparse partial least squares (Zhu and Su 2020).
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Chapter 4

Representation Learning for
Heterogeneous Treatment Effect

Estimation Using Multimodal Data

4.1 Introduction

In clinical practice, decisions are often made not only based on structured patient information
such as age, sex, blood pressure, etc., but also information contained in unstructured data
including medical images and clinical notes. It is therefore reasonable to expect that data-
driven approaches should also be capable of incorporating multimodal data, consisting both
of structured and unstructured data. Given the high dimensionality of such data, dimension
reduction is often desirable.

However, linear dimension reduction may not be well suited to unstructured data, which
in this chapter we focus on in the form of images. To illustrate, suppose we apply a linear di-
mension reduction approach, similar to that proposed in Chapter 2, to learn low-dimensional
features tailored to heterogeneous treatment effect estimation. Let X; denote the vectorized
image and consider a low-dimensional representation B X;. Such a representation may offer
some interpretability by identifying image regions that contribute strongly to the treatment
effect through the weights in B. Nevertheless, applying linear dimension reduction directly

to vectorized images has important limitations. Vectorization ignores spatial relationships
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Figure 4.1: An illustration of the misalignment issue is shown here. The red squares indicate
different clusters of four pixels. Pixels at the same coordinates across images may correspond
to different anatomical structures. For example, the rightmost pixel corresponds to the
shoulder in one individual (upper-left image) but to part of the lung in another (upper-right
image).

among neighboring pixels, and corresponding features may not be aligned across individuals.
For example, as shown in Figure 4.1, some pixel locations may correspond to empty regions
in one chest X-ray but to anatomical structures in another, so pixels at the same coordinates
do not necessarily represent the same underlying features (Figure 4.1). Therefore, image
features associated with treatment effect heterogeneity are likely to exhibit nonlinear and
hierarchical structure that cannot be adequately captured by a linear projection. To accom-
modate these characteristics, we develop a nonlinear representation-learning approach based
on neural networks that preserves spatial structure while learning image representations
targeted to heterogeneous treatment effect estimation.

Neural networks have gained popularity in causal inference because of their flexibility
in modeling complex relationships, for instance, between confounders and outcomes. They
are also a powerful tool for encoding unstructured data (Bengio et al. 2013). For example,
clinical notes have been encoded using BERT (Devlin et al. 2018) and convolutional neural

networks (CNN) have been used to learn representations of image data. Neural networks have
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also been adopted for representation learning of structured covariates in high-dimensional
settings (Clivio et al. 2024; Scholkopf et al. 2021). These recent developments motivate our
use of neural networks to learn nonlinear covariate representations specifically tailored to
conditional average treatment effect (CATE) estimation.

In this chapter, we denote the binary treatment as A € {0,1} following the conven-
tion commonly used in the CATE literature. We adopt the no unmeasured confounder
(Assumption 2.2.1) and positivity of propensity score (Assumption 2.2.2) assumptions
from Chapter 2 for the identifiability of CATE.

To describe the existing methods, we classify CATE estimators other than the R-learner
into two broad categories: one-step plug-in learners and pseudo-outcome regression learn-
ers. One-step plug-in learners separately estimate py(z) = E[Y(1)|X = z]| and po(z) =
E[Y(0)|X = z] and obtain CATE by taking their contrast, 7(z) = ui(x) — po(z). On the
other hand, the pseudo-outcome regression learners estimate 7(x) directly by regressing a
constructed pseudo-outcome on the covariates, rather than deriving it from separately fitted
models. Curth et al. (2021) shows that the one-step plug-in methods may be preferable
when g1 () or po(z) do not follow a simple form. In particular, directly targeting 7(x) could
be more effective when the response surfaces are complex but the treatment effect has a
comparatively simple structure. A concrete example illustrating this limitation can be found
in Nie and Wager (2021).

In this chapter, we propose JointRNet, which uses a joint R-loss function (4.1) to simul-
taneously estimate the nuisance functions and learn the CATE within a single end-to-end
neural network rather than the two-step procedure employed by the conventional R-learner
(Nie and Wager 2021). We show that the proposed joint R-loss is minimized at the oracle
nuisance functions and the true heterogeneous treatment effect. However, JointRNet uses an
architecture that facilitates information sharing between the nuisance and CATE function.
Through extensive studies, we show that JointRNet improves on the existing two-step R-
learner and performs competitively with existing CATE estimators. For this purpose, we also
introduce a multimodal data-generating process that provides a benchmark for evaluating
machine learning models through numerical experiments.

The rest of the chapter is organized as follows: In Section 4.2, we review related works

and provide additional background. In Section 4.3, we present our proposed JointRNet
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method. In Section 4.4, we describe the data-generating process used in the simulations and
compare the performance of JointRNet with existing methods. In Section 4.5, we summarize

our findings and provide concluding remarks.

4.2 Related work

Machine learning methods have been widely adopted for estimating treatment effect hetero-
geneity. Among the approaches most closely related to ours are causal forests, which provide
flexible, nonparametric estimators of the CATE for structured covariates (Athey et al. 2019;
Wager and Athey 2018). However, these methods do not readily generalize to unstructured
covariates. Neural network-based approaches are better suited to this task and have been

developed under a variety of formulations, as summarized in Table 4.1 and Table 4.2.

4.2.1 One-step plug-in approaches

Many model-agnostic CATE estimators follow a plug-in strategy: they first estimate the
treatment-specific conditional mean outcome functions and then obtain the CATE from their
contrast. Kiinzel et al. (2019) introduced T-, S-, and X-learners for estimating CATE. The
T-learner is the most basic plug-in approach that separately estimates the treatment-specific
outcome models using the treated and control samples and then obtains the CATE by taking
the contrast between their predictions. Shalit et al. (2017) propose Treatment-Agnostic
Representation Network (TARNet), which learns a representation to be used for estimating
the two potential outcome models, and use their difference to estimate CATE defined as
pi(z) — po(x). Shi et al. (2019) proposes DragonNet, a multitask architecture that uses a
shared covariate representation to estimate the treatment-specific outcome models and the
propensity score jointly which enables information sharing. Hassanpour and Greiner (2020)
propose disentangled representations for counterfactual regression (DR-CFR), which learns
separate representations for features associated with treatment assignment only, outcome
only, or treatment and outcome (confounding). The representations are disentangled using
an orthogonality penalty and a representation-balancing regularizer. More generally, neural
network implementations of these estimators can incorporate representation learning directly

into estimation (Curth and Schaar 2021).
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4.2.2 Pseudo-outcome regression approaches

Pseudo-outcome regression learners often use a two step estimation procedure. In the first
step, a pseudo-outcome is constructed from the estimated nuisance parameters such as p(x),
po(x), and 7w(x) = Pr(A = 1|X = z). Then the pseudo-outcome is regressed on the covari-
ates. One choice defines the pseudo-outcome as the contrast of inverse-propensity-weighted
outcomes (PW). We refer to this approach as the PW-learner. Kennedy (2023) propose
the doubly robust (DR)-learner whose pseudo-outcome is motivated by the augmented in-
verse propensity weighted estimator (Robins et al. 1995). Curth and Schaar (2021) propose a
regression-adjusted (RA)-learner, which is a variant of X-learner, and uses a pseudo-outcome
without inverse propensity weighting. This avoids the potential instability caused by propen-

sity scores that are close to 0 or 1. The specific expressions of the pseudo-outcomes are

displayed in Table 4.2.

4.2.3 R-learner

The R-learner (Nie and Wager 2021) directly estimates the CATE, 7(x), by minimizing the
R-loss function, E [(Y —m(X)—{A- W(X)}T(X))Q], which is motivated by the Robinson
transformation (Robinson 1988). The estimation takes two steps. In Step 1, the nuisances
m(z) and 7(z) are estimated. In Step 2, 7(z) is estimated using the nuisance estimates. In

both steps, flexible modern machine learning methods can be utilized.

Table 4.1: Summary of one-step plug-in learners for CATE estimation. The one-step plug-in
estimators and their corresponding estimated quantities are presented.

One-step plug-in learners

Method Parameters
T-learner po(z), p(x)
TARNet to (), ()

DragonNet, g (), i (x), ()
DR-CFR MO(x)vul(x)ﬂr(x)
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Table 4.2: Summary of pseudo-outcome regression learners for CATE estimation. The
pseudo-outcome regression learners and their associated pseudo-outcomes are presented.
The two-step extensions indicate which plug-in estimators from Table 4.1 can be used in
the first stage to construct the corresponding pseudo-outcomes.

Pseudo-outcome regression learners

Method Pseudo-outcome Two-step
extensions
Regression Yra = A{Y — fip(X)} TNet+RA,;
adjustment + (1= A){(X) =Y} TARNet+RA;
(RA) learner DragonNet+RA;
DR-CFR+RA
= A 1-A
Propensity Ypw = {%(X) — 71 2(X) } Y DragonNet+PW;
weighting (PW) DR-CFR+PW
learner
~ ALY — (X
Doubly robust  Ypr = u1(X) — fio(X) + {7?(;1)()} DragonNet+DR;
(DR) learner N DR-CFR+DR,;
(1= A{Y — (X))}

1 - 7(X)

4.2.4 Multimodal causal inference

A growing literature incorporates unstructured data into causal inference. Veitch et al.
(2020) introduce causal BERT that extends BERT (Devlin et al. 2018) to learn text embed-
dings for estimating ATE on the treated and the natural direct effect. Jerzak et al. (2023)
introduces an approach based on Bayesian CNN for estimating treatment effect heterogene-
ity by using unstructured satellite image features. Their method can also be extended to
incorporate structured data along with the image features. However, the approach is primar-
ily developed for randomized designs. A related line of research considers settings in which
the unstructured data encode the treatment itself rather than pretreatment effect modifiers.
For example, Fong and Grimmer (2023) study the causal effects of low-dimensional latent
treatment attributes embedded within high-dimensional interventions such as text. Schulte
et al. (2025) use fixed representations from pretrained neural networks to adjust for non-
tabular confounding in ATE estimation. They discuss CATE estimation and multimodal
adjustment as potential extensions but do not develop these settings.

Liang et al. (2025) propose an approach for building a predictive model for estimating
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the outcome in the presence of modalities that are missing not at random. Their method
includes a data fusion step that combines text, image, and structured data while accounting
for the missingness pattern. However, this approach is more centered on predicting the

outcome under missingness rather than estimating a potential outcome.

4.3 Method

Let ¢, (), ¢r(z), and ¢,.(z) denote possibly nonlinear covariate representations used for
modeling the conditional mean outcome, the propensity score, and the CATE, respectively.
Let h,, h,, and h;, be functions that map the corresponding representations to their respec-

tive quantities, i.e.,

m(x) = hp{dm(z)}, (1) =hoddr(x)}, 7(2) = h{p-(2)}.

For a binary treatment, the conditional mean outcome satisfies m(z) = E(Y | X = z) =
po(x) + w(x)7(x). Therefore, m(z) = hy(x) = po(z) + ho{d- () }h{p.(x)}. This re-
lationship shows that the conditional mean outcome depends on information relevant to
the baseline outcome, propensity score, and CATE components. Motivated by this struc-
ture, we define the representation for the conditional mean outcome through the fusion
O (%) = fruse (T, ¢-(x), ¢r(x)). JointRNet exploits this structure by jointly learning these
components, thereby enabling information sharing across all three tasks.

Specifically, we propose a single-step implementation of R-learner that simultaneously
estimates the nuisance functions and the heterogeneous treatment effect by optimizing the

joint objective function:
Lim,7,7) =E|a1 Ly (Y,m) + aela(A,7) + ({Y —m(X)} — {4 - W(X)}T(X))2i| , (4.1)

where a; > 0 and ay > 0 are tuning hyperparameters, and Ly (Y, m) and L4(A, 7) are the
loss functions for the conditional mean and propensity score, respectively. Typically, Fisher-
consistent losses are used for Ly and L£4. That is, for Py-almost every x, arg min,eg E{Ly (Y, u) |
X =2} =E[Y | X = 2] and argmin,co ) E{La(A,p) | X =2} =Pr(A=1| X =z). For

example, squared-error loss is used for the conditional mean, and binary cross-entropy loss
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is used for the propensity score. We establish that the joint (unconstrained) minimizers of

(4.1) are the oracle nuisances and the true CATE. The proof is provided in Appendix C.

Proposition 4.3.1. Suppose that A € {0,1}, E(Y?) < oo, and 0 < Pr(A =1 | X =
x) < 1 almost surely. Suppose that we use Fisher-consistent losses for Ly and L. Over all

measurable functions for which (4.1) is finite, the objective is minimized by

m*(z) =E(Y | X =x),

() =EA| X =2)=Pr(A=1| X =2),
Y~ COHA = 7' (X)} | X =4
E{A —m(X)}? | X =]
—E(Y |A=1,X=g2)—E(Y |A=0X = z).

T(z) = El

Note that the minimizing 7(z) is identical to the optimal CATE function based on the
oracle nuisance functions in the two-step R-learner.

For estimation, we propose using an end-to-end neural network architecture as illustrated
in Figure 4.2. The proposed architecture enables information sharing across the nuisance
functions and the heterogeneous treatment effect through shared intermediate representa-
tions. Specifically, intermediate representations learned for the propensity score and the

CATE are shared with the conditional mean model.

4.3.1 Estimation with multimodality

Neural networks provide a flexible framework for incorporating multimodal data, with es-
tablished architectures available for learning representations from different data types. For
example, CNN can extract representations from images, while transformer-based models
such as BERT can encode text. The well-documented predictive performance and robust-
ness of deep neural networks make them particularly useful for representation learning and
model estimation with unstructured data (Scholkopf et al. 2021).

Figure 4.2 presents a multimodal extension of the proposed method that combines image
covariates, denoted by X;, with structured covariates, denoted by Xg. The image repre-
sentation is first learned and fused with the structured covariates in the feedforward neural

networks. The architecture enables information sharing across the model components, as the
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Figure 4.2: Neural network architectures for JointRNet and RNet for estimating treatment
effect heterogeneity. Each architecture admits the raw image features (X;) and the structured
covariates (Xg) as input.

intermediate representations learned for the propensity score and the CATE are additionally
connected to the conditional mean. The resulting representations are used to estimate the
nuisance functions and the CATE.

Similar neural network architectures can also be used to implement existing CATE learn-
ers in multimodal settings. RNet implements the conventional two-stage R-learner by using
separate deep learning models to obtain 7 (x) and 7(z) in the first step and then uses these
plug-in estimates to minimize the R-loss in the second step (Figure 4.2). As illustrated in
Figure 4.2, a distinct representation of the raw image is learned within each model. The
neural network implementation of the T-learner (TNet) estimates p;(z) and po(z) using
separate networks without information sharing (Figure 4.3). In contrast, other one-step
plug-in methods in Figure 4.3 adopt architectures that allow varying degrees of information
sharing. TARNet shares an intermediate representation between the outcome models for
p1(x) and po(x), while DragonNet additionally shares this representation with the propen-
sity score model. DR-CFR employs a more complex architecture with multiple shared and

component-specific representations.
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Figure 4.3: Neural network architectures for the one-step plug-in methods. Each architecture
admits the raw image features (X;) and the structured covariates (Xg) as input.
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4.4 Experiments

4.4.1 Tabular data - IHDP benchmark

Prior to evaluating the proposed method on multimodal data, we first investigate the per-
formance of different neural network architectures for estimating heterogeneous treatment
effects using structured covariates. To do so, we use the semi-synthetic data generated from
the Infant Health and Development Program (IHDP) data. Specifically, we use the IHDP-
100 data shared by Shalit et al. (2017), which are 100 realizations of data generated based
on Setting B of Hill (2011). This setting is based on the ground-truth outcome models

() = exp{(x + 0.5 1) T8} and po(a) =275 +w,

where € R?, 1,5 is a vector of fifty ones, and w € R take different values in each iteration
to ensure that the average treatment effect on the treated is 4.

We compared the proposed method, RNet, and the learners in Table 4.1 and Table 4.2.
For RNet, we used 5-fold cross-fitting to estimate the nuisance functions m(z) and w(z) by
implementing separate neural networks. Then we estimate 7(x) by fitting a second-stage
network that minimizes the R-loss, using the cross-fitted nuisance estimates. Each semi-
synthetic dataset consists of 747 observations (139 treated and 608 control). To implement
the neural network algorithms and test the estimators, we split the data into train, validation,
and test sets based on the ratio of 63% (n = 471), 27% (n = 201), and 10% (ngest = 75),
respectively.

The root mean squared error (RMSE) of the estimated CATE from the training set was

evaluated over the 100 datasets based on the test set as

\/n;e; S {AX) - (X))

1€ [ntest]

Because the scale of the true CATE varies across the semi-synthetic datasets, the correspond-
ing raw RMSE values are not directly comparable. Following Curth and Schaar (2021), we
rescale the outcomes in each dataset by the standard deviation of its true CATE, thereby

placing the treatment effects and RMSE values on a comparable scale. The results are pre-

62



sented in Figure 4.4. Because the propensity-weighted and doubly robust pseudo-outcome
regression learners (Table 4.2), as well as the T-learner, exhibited large estimation errors,
possibly due to unsuccessful hyperparameter tuning, their results are omitted.

JointRNet outperformed the one-step plug-in estimators considered in our study. This
result differs from that of Curth et al. (2021), who found one-step plug-in approaches to
perform best in the same setting and attributed their advantage to the complex structure
of the treatment-specific response surfaces, () and po(z). Consistent with their findings,
however, the RNet performed relatively poorly under this data-generating process. The
performance difference between JointRNet and RNet suggests that joint estimation and
information sharing among the nuisance and CATE components can substantially improve

the performance of the R-learner.
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Figure 4.4: Performance comparison between different learners. The distributions of the
RMSE evaluated on the test set are displayed. Results from T-learner and PW- and DR-
learner extensions of TARNet, DragonNet, and DR-CFR are omitted due to large errors.

4.4.2 Multimodal data - Chest MNIST

We use ChestMNIST from the MedMNIST database (Yang et al. 2023) as the source of image

covariates in simulation studies evaluating CATE estimation in the context of unstructured
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covariates. These are X-ray images derived from NIH ChestX-rayl4, an extension of the
ChestX-ray8 dataset introduced by Wang et al. (2017), whose images have a resolution of
1024 x 1024 pixels. ChestMNIST contains 112,120 frontal chest X-ray images from 30,805
individuals, resized to 28 x 28 pixels and annotated with 14 binary indicators of thoracic
conditions. The predefined data split comprises 78,468 training images, 11,219 validation
images, and 22,433 test images.

In each simulation iteration, we sampled 1,000 observations without replacement from
the 78,468 training observations to estimate the CATE function. We also sampled 500 obser-
vations without replacement from the 11,219 validation set for model selection and tuning.
Performance was evaluated using the RMSE computed over all 22,433 test observations.

To generate the remaining variables from the image covariates in the simulation study, we
use the pretrained feature representations for ChestMNIST provided by Yang et al. (2024).
These representations were learned by a model trained to predict the 14 binary indicators
of thoracic conditions. This gives the 512-dimensional feature representation ¥ = ¢(X;) €
R5'2_ where X; denotes the raw image pixels. Then we randomly generated B € R3'2%5 from
standard normal distribution (seed = 999) to retrieve BTW = Z; € R®. When estimating
the CATE, we use the raw image X; as the observed image covariate, while Z; is treated as
an unobserved latent representation used only to generate the simulated data.

The tabular features were generated from latent factors Z € R, whose components
were sampled from a uniform distribution over the range [0,4]. From the latent factors,
the covariates Xg € R% are defined as X5 = exp(Z1/2); X&' = Z® /{1 + exp(ZM)};
X = (z0.23/2540.6)% X = (2?0 + 2D +2)2, XY = 20 for i € {5,--- ,50}. The

main effect was generated as
(X)) =5+62"+82% +32% + 52" 4720,

The treatment effects were generated as 3} Z +ﬁIT 421. For each treatment arm A € {0, 1},
the components of coefficient 54 were independently sampled from {0,0.5,2,2.5,4} with
probabilities {0.6,0.1,0.1,0.1,0.1}, respectively. A random seed was used (seed = 998) for
the initial draw, and the resulting coefficient values were held fixed across all generated

datasets, so that the generated data share the same underlying coefficient. For 3; 4, we used
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Bri=1(0.1,0.2,0.3,0,0.5)" and f;9 = (0.1,0.2,0,0.4,0) .

4.4.3 Settings

For the simulation study, we consider two different settings. Setting 1 uses the similar
data generating process as in the semi-synthetic data in Setting B of Hill (2011). Let X =
(Xs, X1)". We denote a vector of fifty ones as 159. The outcome models for the two treatment

arms were
11(X) = 5-p(X) +expl(B] Z+ BT, Z0) /54051501 /2 pio(X) = 5+ u(X) + (8] Z + BTy 21) 2.

Then the response is generated by Y ~ N (po(X) + A - (u1(X) — po(X)), 1). Within Setting
1, we consider two different scenarios: balanced and imbalanced treatment assignment. In
the balanced scenario where the number of treated and controls are similar, the propensity

score 1is
Pr(A=1|X) = expit (-ZW/2+ 2® + Z2W + 20 1 7O 4 200 y 1] 7).

The propensity scores, 7(x), range from 0.09 to 0.92 with 54% of the training observations

assigned to A = 1. In the imbalanced scenario, treatment is assigned according to
Pr(A =1|X) = expit (-2 /2 = Z2® — 20 — 7O _ Zz® _ 700 _177)).

This gives the propensity scores, 7(z), ranging from 0.01 to 0.58, resulting in a treated

proportion of 12% in the training set. In Setting 2, we consider a simpler process where
(X)) = w(X) + 8 Z + 1, Zr: po(X) = u(X) + By Z + BloZr.

As in Setting 1, we consider the balanced and the imbalanced scenarios with the same

propensity scores.
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4.4.4 Results

We compared the root mean squared errors fromm the proposed method, RNet, and the
learners in Table 4.1 and Table 4.2. We used two-fold cross-fitting to estimate the nuisance
functions in RNet, thereby reducing the computational burden of fitting separate CNNs for
the nuisance functions and the CATE function. The simulation results are presented in
Figure 4.5. Consistent with the findings in Section 4.4.1, the PW- and DR-learner variants,
as well as the T-learner, produced substantially larger RMSE values and were omitted from
the figure. Across all scenarios, JointRNet achieved a lower RMSE than the RNet, providing
finite-sample evidence that joint estimation and information sharing improve performance.
The one-step plug-in approaches and the regression adjustment (RA) learner also achieved
RMSE values comparable to or lower than those of RNet; however, JointRNet outperformed
these methods across the scenarios considered. These results suggest that JointRNet adapts
effectively to settings in which the treatment-specific response surfaces are complex functions

of the observed covariates.
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Figure 4.5: Simulation results for different methods. JointRNet is the proposed single-step
neural network approach for R-learners. The RMSEs of the estimated CATE functions over
the 100 iterations are presented for balanced and imbalanced treatment assignment scenarios
within Setting 1 and Setting 2.

Moreover, we examined the MSE of JointRNet as the sample size increased from 500 to
10,000 across all simulation scenarios. The MSE decreased consistently with increasing sam-

ple size, providing empirical evidence of convergence (Figure 4.6). The observed rates were
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comparable to those reported for existing neural-network-based CATE estimators (Curth
and Schaar 2021). This suggests that JointRNet may admit similar excess-risk guarantees.
Establishing formal excess-risk bounds for JointRNet remains an important direction for

future research.
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Figure 4.6: MSE along increasing sample size.

Nuisance parameters

We compared the accuracy for estimating the nuisance functions between the JointRNet and

the RNet across all settings. We analyzed the RMSE of each nuisance parameter:

-1 A 2 -1 ~ 2
e Y AM(X) =m(X)Y5 ey Y {R(X) = w(X0)).
ie[ntest] iE[ntest]
As shown in Figure 4.7, JointRNet yields lower estimation errors for both nuisance functions.
These results suggest that its joint, single-step learning framework and shared representations
also improve nuisance-function estimation. The improvement is particularly pronounced for

the conditional mean function, for which JointRNet achieves substantially lower errors.

4.5 Conclusion

We propose JointRNet, a deep-learning approach for learning CATE that enables shared rep-
resentations across the nuisance function and CATE components. JointRNet simultaneously

estimates the nuisance functions and treatment-effect heterogeneity by minimizing a joint
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Figure 4.7: Comparison of nuisance functions estimates between the JointRNet and the
RNet. The RMSEs of the estimated m(z) and 7(z) over the 100 iterations are presented for
balanced and imbalanced treatment assignment scenarios within Setting 1 and Setting 2.

R-learner objective. We showed that, at the population level, this objective is minimized by
the true conditional mean function, propensity score, and CATE.

Through empirical experiments, we demonstrate that JointRNet accurately estimates
the CATE in settings involving either tabular covariates alone or multimodal covariates
comprising tabular data and unstructured images. Across all scenarios, JointRNet improved
on the two-step R-learner and had smaller estimation error than the other CATE learners
considered in this study, while also improving nuisance-function estimation. Furthermore,
its mean squared error exhibited a desirable decreasing trend, approximately proportional to
n~%, as the sample size increased. Further theoretical development is needed. In particular,
future work could establish excess-risk bounds for JointRNet.

The proposed architectures integrate multimodal data using feed-forward fusion. Future
studies could explore more advanced multimodal fusion strategies, such as attention-based
fusion, to better capture interactions across modalities (Nagrani et al. 2021). Further-
more, the representation learned for CATE estimation, ¢.(z), could be incorporated into
the dimension-reduced outcome-weighted learning framework as in Chapter 2 to estimate

individualized treatment regimes.
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Chapter 5

Discussion

This dissertation develops dimension reduction and representation learning methods for
causal inference with high-dimensional covariates and mediators. The three novel meth-
ods address distinct causal estimands — optimal individualized treatment regimes, natural
indirect effects, and conditional average treatment effects. They share a common principle
that the representations should preserve information relevant to the causal target rather than
simply capture variation in the observed data. The proposed methods implement this prin-
ciple through sufficient dimension reduction, envelope models, and nonlinear representation
learning.

For the linear dimension reduction methods developed in Chapter 2 and Chapter 3, we es-
tablished theoretical properties supporting their use for the corresponding causal estimands.
Across all three projects, simulation studies demonstrated favorable performance relative to
existing approaches, while real and semi-synthetic data analyses illustrated their applicabil-
ity to complex, high-dimensional settings. The results for JointRNet further demonstrate
the potential of nonlinear representation learning for causal analyses involving multimodal
covariates.

Specifically, in Chapter 2, we proposed a method for learning optimal individualized treat-
ment regimes by combining the novel sufficient dimension reduction with covariate-balancing
weights. We established that the risk of the proposed method converges in probability to
the Bayes risk.

In Chapter 3, we developed an envelope-based dimension reduction method that identifies
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the material component of the mediators within a linear structural equation model. Under
the normality assumption, the material and immaterial reduced features are independent,
and the natural indirect effect is determined solely by the material component. Future
research could extend this framework to nonlinear structural equation models with more
general error distributions, establish identification conditions for the natural indirect effect
under weaker assumptions, and develop corresponding dimension-reduction methods.

Finally, in Chapter 4, we investigated neural network implementations of CATE learners
with multimodal covariates and proposed JointRNet. JointRNet improved upon the original
two-step, cross-fitted R-learner by jointly learning the nuisance functions and CATE through
shared representations. Further theoretical work is needed to characterize its estimation
error and establish excess-risk bounds. Its architecture could also be extended using more
sophisticated multimodal fusion and representation-learning strategies.

Taken together, these findings demonstrate that dimension reduction in causal inference
should be guided by the causal estimand and its underlying pathways. Extending this princi-
ple to nonlinear, multimodal, and other complex data settings offers a promising direction for
developing interpretable and scalable methods for personalized decision-making and causal

mechanism analysis.
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Appendix A

Chapter 3 Appendix

A.1 Proof for Theorem 2.4.1

For simplicity, here we use H in place of Hy and K : X x X +— R in place of Kx : X XX — R.
Furthermore, define S; = {i € [n]; A; = +1}. We first recall the regularity conditions and

the statement of the theorem below.

(A1) The covariate space X is compact, and the covariates have a continuous density sup-

ported on X.
(A2) The propensity score functions w(+1,x) and w(—1,x) are continuous in x € X.

(A3) The kernel Ky (x1,x2) defining #H is continuous, non-negative, bounded, and satisfies

K(z,z) >0 forall z € X.

(A4) The RKHS # is dense in the space of continuous functions on X with respect to the

supremum norm.
(A5) The unit ball #; = {m € H : ||m||l < 1} is a P-Donsker class.

Theorem. Assume \; < n~!, and let the KCB weights {w; : A; = +1} be the solution to

the optimization problem (2.6)

1 A
min | sup ¢ | =Y win(X0) = - m(X) | = Afmlf o+ 22wl

w1 n
meHn i€S, i€[n] i€



where H,, = {m € H;|m|; = n~' 3,y m*(Xi) = 1}. Then, under the regularity condi-

tions (A1) — (A5),
1 ) 1 ?
n 2 {wi - M} — 0,

€S

in probability, as n — oo.

Define m,, € H,, as m,, = m/||m||, for any m € H such that m # 0. Without loss of
generality, assume that the Gram matrix A, derived from the kernel K : X x X — R, is

positive definite. By eigendecomposition, A = T" AT From this,
Imall3, = a"Aa=n-(n"Y2ATTa) A (0" 2AT Ta) = n - BTATIB,

where « is a vector of coefficients and f = n=/2AT'Ta. Note that 378 = n~'a'TA T Ta =
ntaTA%a = ||m,|? = 1. Therefore, ||m,||3, < n/tmin, where t,,;, is the minimum
eigenvalue of A. Since A\; < n~!, it is bounded by n='D; < \; < n~'D, for constants
Dy > Dy > 0. From this, \i||m,||3, < n7 Dy n/tmin = Da/thyin. Therefore, we have the
upper bound as
frmally < 2.
AMUmin

Let ¢, = \/W and define m; = ¢;-m,,. Then we have ||m4||3, < 1 and m; € H;. We
present the proof for my, and the result can be extended to m,, € H,, by scaling: m,, = m;/c;.

The proof can be written in three steps, similar to the proof of Theorem 1 of Chen et al.

(2024): characterization of the dual problem; finding the limiting form of the dual problem;

and showing convergence in probability to the limiting form.

A.1.1 Step 1: Characterization of the dual problem

Define an operator M : R" +— H such that

i€S]
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where S = {i; A; = +1}. Define h = 1%, K(X;,-). Since m; € H,,

1€[n]

{% Z(T@-wi — 1)m1(Xi)} — \i|lma |, = {% Z(Tiwi - 1)<m1,K(.,Xi)>H} — Allmall3,

2
1 n
= <m1, =~ (Twi — 1)K(-7Xz-)> = il I3,

i=1 H
1 < i
— Y (Tw; = DK (-, X;)
n

=1

— Aillmall3,
H

2

1 1
= [ma 13, - > wiK (-, X;) - - STKCX)| = Mllmall3,

i€S i€n] H

2

1
= [l - 02| wiK (- Xi) —n- - STKCX)| = Mllmall3,

1€S5] i€[n] o
_ 2
= [lma3, - n = | Mw — nh|l3, — M|lma |3,

= [l |3, - n 2 {||Mw — nhllz, —n®A}

where Aj,, = n?)\;. The inequality follows from Cauchy-Schwarz inequality. Define s(x) and

r(f) as follows:
s(r) = Al) + 2 32

i€S1

where A(x) =0 when x = 1 and A(z) = oo, otherwise, and

)\1n

1
#(f) = Ilf b, — 22"

Then minimization of (2.6) with respect to w is equivalent to minimizing the primal p :

R" — R U {oo} defined as

€S 1€S51 1€[n]

We can obtain the Fenchel-Rockafeller dual, d(f), (Peypouquet 2015) of the primal p(w):

d(f) = s (=M"f) + (),
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where s* and r* are Fenchel conjugates of s and r, respectively. Furthermore, M* : H — R"
is the adjoint operator of M.
Obtaining Fenchel conjugate for s(z)

By definition of Fenchel conjugate,

s*(y) = St;p{yTx —s(z)} = Slip{yng —A(x) = Sa'x}

A
= sup{y'z — EQSCTQZ}
x:x—1

The optimization problem can be written as

Qr)=y'z— %xTx —~T(1—2).

The vanishing gradient of Lagrangian of the Karush-Kuhn-Tucker (KKT) conditions (Boyd
and Vandenberghe 2004) requires

V.Q(x)=y—Az"+7=0

for v = 0, where x* is the optimum. By solving for this equation,

. 1
r = /\—2(9+7)~
From this,
*( ) 1 T 1 T
s = — - — )
Y 2)\211 Y 2)\27 Y

For each i € Sy, #F = Ay ' (y; +;) implies v; = Aoz’ —y;. We additionally need v;(1— ;) =0
for complementary slackness of the KKT condition (Boyd and Vandenberghe 2004). Then

1 and v; = X —y; >0
ot = neeTy (A1)

,\%y% %yl >1 and~ =0.
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Note that v; = L1(y; < A2)(Aa — y;) = max(A\y — y;,0). By definition of adjoint operator,
we have (M*f e;)yy = (f,Me;)n = f(X;), where e;; @ € [n] is a standard basis vector.

Eventually, we have

. 1
s (=M 2)\ ;f Q—)Q;:lmax{)\2+f(Xi),O}.

Obtaining Fenchel conjugate for r(f)

The Fenchel conjugate of r(f) can be derived similarly:

() =sup{ . ahw — gl = il + 2.

geEH 2

By using functional differentiation, the optimum g satisfies f —g*+nh = 0, hence ¢g* = f+nh.

By plugging this in,
)\1n
r(f) = _HfH?-L + Zf

Combining s*(—M*f) and r*(f), we obtain the following Fenchel-Rockafeller dual as

= o S PO S SO0 = 5 S max [ + SN 0] + 2

€51 i€[n) zesl
Obtaining w;

Let f = argmin;,,d(f). By Theorem 3.51 of Peypouquet (2015), d(f) = —p(w), and
—M*f € 9s() = { A\t — ;v = 0}. Therefore, for i € Sy,

~

—f(X3) = My — max{ Xy + f(X;), 0},
By rearranging,

= f(X3) +max{ + f(X;),0}

w; =
A2

- max{l, —f(xi)/xg} . (A.2)
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A.1.2 Step 2: Limiting form of the dual problem
By dividing d(f) by n, we get

1 An
2)\2an +—Hf||7-z Zf ———Zmax{)\2+f( D, O}—|— 1

n
ze[n 1€51

As n — o0, this converges to

LE [W("‘LX)JCQ(X)} + E[f(X)] — LE [7r(+1,X) max{ Az + f(X),O}ﬂ + ¢,

I(f) = Mg 2y

where ¢, € R is a constant from that A\j,,/n = nA; < 1. When Ay + f(z) < 0, the derivative
of max{\s + f(z), 0} with respect to f is 0. Otherwise, the derivative of max{\y+ f(z),0}?
with respect to f is 2max{As + f(z),0}. Thus, J(f) is minimized with f* such that

/\%W(—i—l z)f*(z)+1— )\%W(—H x)max{A, + f*(x),0} = 0.

Then,

@) =~ + max{\z + f*(x), 0}.

1
Aop——
27(+1, X)

By plugging this in equation (A.2), we obtain

. —f(Xi) + max{As + f*(2),0}

w = "
— %2 {_ <_A2m + max{\; + f*@),o}) + max{ Ay + f*(rc),O}}
_ m

A.1.3 Step 3: Identification of the convergence in probability

We show the convergence n™" 37, ¢ (" —w;)* = 0 as n — oo, where w"" is obtained from
the optimization without the constraint w = 1. Hirshberg and Wager (2017) shows a general

case of convergence of the unconstrained problem. Since w; = max (w™, 1) from (A.2), we
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have the following inequality:

LS )

1
1€S1 i€S1w}>1 i€S1wl=1
1 1
== > e T > (" — w;)?
n n
1€S1:w; >1wun >1 1€51:w; >1Lwun <1
1 ~un *\ 2 1 ~un *\ 2
"‘ﬁ (0™ — wy) +ﬁ (0™ — wy)
i€S1:w; =1wi" >1 1€S1 W =1Lwi" <1
1 1
Zﬁ E (w;m_w;«)2+ﬁ E (; — w;)?
i€S1:w; >1;wvn>1 i€S1:w; >1wvn <1
1 1
N 2 2
+ = > (W —wi)" + = > (Wi — wy)
n n
i€S1w; =1wi">1 €S Wl =Lwi"<1
1
~ E (Wi — w; )2,
1€S7:
which follows from
Aun *\ 2 - *\2 *\ 2
E (0" —wi)” > § (0; —w;)” = § (1 —wy)
1€S1w >Lwvn <1 i€S1:w; > 1w <1 i€S1:w; >1wun <1
and
~AUN *\ 2 ~ *\2
§ (0" — wi)” > § (w; —w;)” = 0.
1€S1:w; =1wi" <1 1€S1 W =1Lwi" <1
; ; ; ~un -17 * —1 rx _
Without the Lagrangian constraint, we have w!" = —\;" f(X;) and wf = =\, f*(X;) =

1/m(+1, X;). Note that wf = 1/7(+1, X;) with and without the constraint in the optimiza-

tion of the limiting term of d(f). Define the penalized least squares problem

3w wh)?

1€S51

A2 :
+ 2w

This can be rewritten as follows from the dual expression:

2

(X)) AF h
(e

n

-/
A

: Z
n
IS H
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_%Z

_f(Xl) * ? 1 2

{

1€ST



whose minimization is equivalent to that of

an=-5 {3

€S

Let f = argminfeHcZ(f) and § = f — f. Then

0=l ~(f+t<5) —d(f)
f
--%
IS
-y
1€S51

S
—ut} + 3l

Xi)+ > wid(X) + (. 0)n

i€ST

+ (], ).

Let the Fenchel-Rockafellar dual without the Lagrangian constraint be

dun(f) = 55 o3

1€S]

From this, define R(0) as follows:

1 ~ 1 ~
_ 11 9 1 f(X
n 29 Z g (Xl) Z 2
IS i€S]
11 1
= - ) (X)) == ) s
n2A2 €Sy i€y
11 1
= - Y (X)) - =) s
n 2)\2 1€S €S
1 1
i€S1
1
e SR Se?
2)\2n €S 1€S]
1
= G() — HG) + oI = I},
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zE [n]

)\ n
—||f||H+Zf -
i€[n]
P2 000) + o 1B o
zEn]
bS8 + o I~ o 1B

2n "o op H
zE[n]

1 2 1 12
P3O0 + o 1B
ze[n]

(A.3)
25 +_||f fI3,



where

_ 1 2
G(8) = ; o ; 5%(X;) and
1 i} 1
H(0) == wid(X;) =~ 6(Xy),
1€51 i€[n]

and the lines from (S4) are derived by subtracting n™! {— > ies, (Wi — wi)o(X;) + (f, 5)%}-
From Section A.2 of Hirshberg and Wager (2017), we can show that @ ~ @ as long as
R(5) <0.

By Lemma A.1 and Lemma A.2, there exists d,, = o(n~'/*) such that for all ¢ > 0 and

u € Hy,
E[u*(X)] > d? implies n; ' Y " u?(X;) > 27 E[u’(X)] (A.4)
i€ST
E[u?(X)] < d? implies |H (u)| < d? (A.5)

with probability at least 1 —e. Define b, = max{4Xy-n/ni,2n-d;}, where ny = 37,0 1(A4; =
+1). Consider the case when 0/b,, € H; from which ||0/b,,||3 < 1, hence ||d]| < b,. Suppose
E[0%(X)] < b2d?, so that E[6*(X)/b?] < d2. Then by Lemma A.2, |H(d/b,)| < d?, and

[H(0)] = by - [H(8/bn)| < budy.
This leads to the following inequality:
R(0) > G(8) = [H(0)| = G(6) — budy,.

Therefore, R(§) < 0 is only possible when G(§) < b,,d>.
On the other hand, suppose E[0%(X)] > b2d?. Let ny; = |Si|. By Lemma A.1,
1

B[5*(X)] = 54,

| —

ni Z 5*(X;) >

i€ST

with probability at least 1 — e, where 8 = \/E[0%(X)]. Note that 8 > b,d,,. By rearranging,
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we obtain

1 n1
52 (X;) > 2,

1€S51

Define §; = d,, - 6/8. Then

d, -6
s

_ H5||Hdn < bndn <

H&HH:\ Pl e

Also, we have

d? - 6%(X d? - E[6*(X
By Lemma A.2, |[H(6;)] < d?. Thus,

Bor\|  BIHG) _ B o B*d, _ B?
|\H |_'H( )’_—dn Sﬁdi_ﬁdn 3 gbn.

where the last inequality comes from 1/b,, > d,,/3. Note that

1 n
(X;) 2 _ ™M g ™ g
G( 2)\2” nlz 2)\271 2 [5( )] 2)\2% 2 4)\2715’
hence
> >
R(6) > G(d) — |H(0)| > Don bnﬁ >0

from that b, > 4\on/n;.
Now let ||d]|% > b,. Define k = ||0]|3,/(bn) > 1. Let 62 = 6/k. Then

J

o= |7

b
ZlI0lle < =10l < bn
w K 19112

Note that § = kdy. Then

R(8) — kR(5,) = R(kd,) — kR@z)

SO — (k= WH(E) + bk~ 1) |6l

€S

= k(k—1)

2)\271

> 0.

This shows that R(§) > kR(d2) > R(J2). Therefore, R(d5) > 0 implies R(d) > 0. Note that

91



102]|% < b,,. When E[03(X)] > b2d?, R(d2) > G(d2) — |H(d2)| > 0 from the similar derivation
as above. Suppose E[05(X)] < b2d%. Then, also from the derivation above, |H(d,)| < b,d?,
and

1
R(d2) > G(62) — [H(02)| + %HCEH?{
From this, we have the following:

1 1
02) > —|H (62)| + =102, = —bnd? + 2.
R() > ~|HO)| + 5102l > ~budl + 1
The lower bound is non-negative since b, > 2nd2.
Therefore, R(§) < 0 with probability at least 1—e only when G(8) < b,d2. Since f = f+4

minimizes d(f), this inequality holds when § = f — f, from which G(8) < b,d2. Then

Since d, = o(n~*) and b, = O(y/n), bpd> — 0 as n — co. When n is sufficiently large,

there exists a small n > 0 such that 1 < b,d?. From this,

)\2 Aun ~ \2 )\2 AUN ~ \2 2
Pr<%2(wi — ;) Sn)EPr<%Z(wi — ;)" <bpdy, | > 1—e

1€ST 1€ST

Therefore, £ 37 ¢ (@™ — w;)* — 0 in probability.
From the regularity condition that H is universal with respect to the supremum norm,
we can choose a sequence {u;;j € N} C H such that ||u; — f*||cc = 0 as j — oo, where N
denotes the set of natural numbers. Moreover, we can choose the subsequence {u;, } such that
|winlln/v/n = o(1) as n — oco. We can find the corresponding weights v;,; = —ujn(X;) /Ao
from which
T

=" .e%i<| — v (Xs) + fF(X5)] — 0.

2
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Since f is the minimizer of d(f), we have

1 2 - =
= (0 —w))* < —d(f)
nes oY)

— 1 *\ 2 2

= = (s = w1,

i€S1
; L [Jujnll?
— 2nd(u]n> — Igé%i{(vjnz 1) + )\2 \/ﬁ

The last line converges to 0 as n — 00, so = > . ¢ (w; — wy)*> — 0 in probability. By

triangular inequality,

S - < S [ i)

i€ST IS IS

Therefore, n=' 37, o (W™ — wf)* = 0 in probability. This implies n~" Y7, ¢ (0 — w})? =
op(1).

Lemma A.1. Suppose v € H; has the second moment Pu? > d?, where d > d,, = o(n*1/4).
Then
1
Pr (]P’nu2 > §Pu2) > 1 — 2exp(—dnd? /M2 (H1)),

where Mo (H1) = sup,cy, SUPgex |f(7)|, and d, is a constant that depends on the multiplier

1/2.

Proof. The proof follows from Lemma 4 and Section A.5.1 of Hirshberg and Wager (2017)
that uses Corollary 3.3 of Mendelson (2017) and introduces the uniform lower bound on the

ratio of the empirical and the true second moments that gives
Pr (IP’nUJQ/Pu2 >¢)>1- 2 exp{—dnd> /M2 (H1)},

where & < 1. We chose £ = 1/2. O

Lemma A.2. Define an operator H : H — R as

H(u) = %Zw:u(Xz) — % Z u(X;).

1€S5] i€[n]
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Suppose u € H; has the second moment Pu? < d?, where d,, = o(n~*/*). Then for all € > 0,
Pr(|H(u)| <d?)>1—e
Proof. Note that E[1(A = +1)w*(X)u(X)] = E[u(X)]. Therefore,

H(u) = % Z wiu(X;) — % Z u(X;)

ISH i€[n]
= S () — S u(X) ~ E[L(A = 1) (X)u(X)] + E[u(X)]
i€S1 i€[n]

= (P, — P){1(A = +D)w*u} — (P, — P)(w).

Since 7(+1,z) > 0, 1(A = +1)w*(x) is bounded above. Hence the function class {t -
w*(x);t € {0,1}} is uniformly bounded and P-Donsker. Also, from the regularity condition,
for all u € Hy,

|u(x)| = |<u7K(7:E)>H| < “uH'H \% K(x,x) S v K<x>x) < 0.

Therefore, from Corollary 9.32 (v) of Kosorok (2008), {1(A = +1)w*u : u € H,} is a P-
Donsker class. From Section A.5.1 of Hirshberg and Wager (2017), there exists dy,, = o(n~1/4)
such that

Pr((IP’n —P){1(A = +D)w'u < d%n/2}> >1—¢/2.

Similarly, for da, = o(n=4), Pr {(P, — P)(u) < d3,/2} > 1—¢/2. Define d,, = max(d,, day,).

By combining these two inequalities, we have

Pr(|H(u)| <d?)>1—e
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A.2 Convergence of g;(z) to g(z)

We first demonstrate that sup,cy |gn(z) — g(x)| = 0,(1) for compact X. Then we use this
result to show that sup,cy |9y, (2) — g(2)] = 0,(1)

A.2.1 Convergence of g,(z) to g(z)

We show that g,(z) uniformly converges to g(x) in probability for compact X. Let Y =
(77'(A,X) —1)Y. Then

|gn(2) = g(2)| = —Zx (n”'XTX) XY - Elr {E(XXT)} XY

= 2" XTX) T DY XY | - {E(XX )} E[XY]

i€[n]

By the weak law of large numbers,

(nXTX) T = BXX T+ RS Y XY = EIXY] 4,

1€[n]

where R,, — 0,x, and r, — 0, as n — oo in probability. From this

(n'XTX) [0 ) XY | =, {E(XX D)} E[XY).

i€[n]
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By the Cauchy-Schwarz inequality;,

sup |gn(z) — g(z)| = sup |z" (' XTX) [ n” ) — s {E(XX ) E[XY]
zeX zeX
_ T —1T -1 %
=suplz' { (7' X'X)" Z Y E(XX ")V 'E[XY]
reX icln)
< sup|z|s - ||[(n'XTX)" ZXZ | = {E(XXT)}'E[XY]
zeX
i€[n]
= Sl€lp 2] - 0p(1) = 0p(1),
since sup, ¢y ||| < oo follows from compactness of X.
A.2.2 Proof of Corollary 2.4.2
For any x € X', by Cauchy-Schwarz inequality,
sup g () — gn(z)| = sup |— Z 2 (nTXTX) X (b — 1)Y;
zeX zeX ze[n]
——Zx xx)x L by
(A, Xi) Z
i€[n]
1
—1gT -
= sup |— T X'X)~ X{wi——}}ﬁ
reX nzez[n] m(Ai, Xi)
< LS suplaT (X)X - Y- !
o iem) zEX ' ' ' (Ala X )
1
~1xTy)-1 .
<1 ;wp ol | (730, Xl - [ = s
= sup ||z|2 [|(n'XTX) 7|, - max || X - ! Z Y? 1 Z w; —
reX ’ i€l nze[n] z nze[n} T
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Since X' is compact sup,cy [|2]]2 < 0o and max;ep || Xi|l2 < 0o. Also, by weak law of large

numbers, ||(n™'XTX)7!|, =, [{E[XXT]}7!||,. Thus

sup ||z]|2 - ||(n_1XTX)_1H2 . IIIGI%E]( | X2 = Sg}lz |z]|2 - H{E[XXT:I}_IHQ : I;Iéﬁf]{ [ Xill2 + 0, (1).

reX

Hence, we can express the left hand side by O,(1). From Theorem 2.4.1,

1 2
sup |9 (2) — gn(@)| < Op(1), [= > V7 W — —————
zeX Z J zez[;] { 7T<Ai7 Xl) }

— 0,(LEY?] - 0,(1)

= 0,(1).

Therefore, g,(x) — g(x) over x € X in probability from that sup,cy |ga(z) — g(z)] <

SUD e |90 (%) — gn ()| + sup,er |9n(2) — g(z)| = 0,(1) by triangular inequality.

A.3 Proof of Theorem 2.4.3

Let w;k = 1/7T(A1,XZ) Then

LN 2 = S i AdY: - ga(X)) (X))

i€[n] i€[n]

== Z —w)AAY; — ga( X))} f(Xi) + % Z w; Ai{Y; — ga(Xi) }f(X3)

Ze[n] b

= EZ[:] — wi)A{Y; = g(Xi)}f(Xa) + % EZ[:](w — w)A{g(X) — 9o (Xi)} (X))
5 ;Hw? Adg(Xi) = ga (XM (X + ;w*A A = g(X)} (X))

— % ;(w —wi)A{Y; — g(Xa) }f(Xo) + % ;(w —w)A{9(X)) — 9o (X))} (X)
+ % ZH wi Ai{g(Xs) — ga(Xi) H (Xi) + E[Z£(X)] + 0,(1),
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where the last equality comes from the weak law of large numbers. We show that the first

three terms are 0,(1). By the Cauchy-Schwarz inequality, the first term is bounded by

LS — w2 [2 S - a0 x) = op<1>\/% 3 A XY, - g(X)2F(X)

ze [n] ze[n] i€[n]

T

i€[n]

1)\/E[ZQfQ(X>] +0,(1) = 0,(1).

The second term is bounded by

Z Z{g Xi)}2f2(X5) < 0p(1) suplg(z) — ga()], [~ ZfQ
" iem) " e vex i€ln)

\/Ef2 )]+ 0p(1) = 0p(1),

since sup,cy |9(z) — go(x)| = 0,(1) (Corollary 2.4.2). The third term is bounded by

Zw*Q{g — 90 (X5) Z 12X, < max{w }sup |9(X;) — ga(X5)| - 1 Z f2(X5)

ze [n] x€[n] n

= max{uf} - 0,(1)y/EL2(X)] +0,(1) = 0,(1).

which follows from 1/7m(A, X) < oo from Assumption 2. By combining these results, we

have n™ Y00 Zif (Xi) = E[Zf(X)] + 0,(1).

A.4 Proof of Theorem 2.4.4

The empirical ¢-risk can be expressed as

© Y Yoo (A sign(Yy, )0} = 1 Y fi - (A“ Wil (A sign(vy, )7 (X0)

i€[n] i€[n]

# 2 30 Ml asien,, 0500}

’l[] 9
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By multiplying and dividing by 7(A;, X;), the first term becomes

1 Uy‘_—l (A, Yol - sign ; -
22 {0 o | T XD o L s, ) £ (X))

By Cauchy inequality, the first term is bounded by

VE ) i

Z (A, X;) <%¢ {4 Sign(ng)f(Xi)})
i€ln] v

i€[n]

< J U (o o) J by (Mmool sy )

i€[n] i€[n]

where the inequality comes from 7(A;, X;) < 1. By Corollary 2.4.2,

1Y = go(@)] = [V — g(a)]| <Y — galz) —{Y — g(2)}]
= |g(z) — ga(z)| = 0,(1).

Moreover, by Assumption 2 and compactness of X, 1/7(A, X) < M, < oo where 1/M, =
inf,e 4 zex m(a, z). Then
Y —ga@)| _ Y —9@)] | l9(x) —gal@)] _ [Y —g(=)]

TAX) S F7AX) T r2AX) | awAX)

+ 0,(1).

Furthermore, ¢ {4; - sign(Y,, ,)f(X;)} is either ¢ {f(X;)} or ¢ {—f(X;)}. Since ¢(-) is a
continuous function and —My < f(x) < My, |[p{f(z)}| < C for a constant Cy € R. Thus,

Y (e (s, )F0)} ) =2 3 (10 (A s, )70} ) o)

i€[n] i€[n]

and

IN

% Z ¢? {A; - sign(Y,, ) f(X))}

i€[n]

% Z (%(ﬁ {A;- sign(ng}i)f(Xi)})

i€[n]

%ZCZ_MQCZ
n VA

i€[n]

IA
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Therefore, by Theorem 2.4.1 and Cauchy-Schwarz inequality;,

n
i€[n]

1 R 1 .
— {’wi — m} Y; — g (X3) |0 {As - 81gn(ng-)f(Xi)} = Op(l)-

For the convergence of the second term, we use that |r|-¢{sign(r)- f} is a continuous function
with respect to r. Then by Corollary 2.4.2, continuous mapping theorem, and the law of

large numbers, the second term becomes

—Z B0 (s sen(Yy (X)) — B | 0ot s, 7003

in probability. Therefore,

Po]Y — g (X)|¢ {A - sign(Yy, ) f(X)} = Ro(f)

in probability.

A.5 Proof of Theorem 2.4.5

The proof relies on assumptions (A6) to (A10) adopted from Fukumizu and Leng (2014):
(A6) Hy is separable; (A7) Kx(-,-) is measurable, and E[K x (X, X )| < oo, E[Z?] < co; (AR)
Kx(z,2') is continuously differentiable and 0K x (-, z)/0z® is in the range of the covariance
operator Cxx for a € [p]; (A9) E[Z]|X = -] € Hx; (A10) The function v — E[Z|B] X = ]
is differentiable for any v € V. These are not explicitly used in this proof. We additionally
introduce assumptions (A1ll) and (A12) which are also adopted from Fukumizu and Leng
(2014): (A11) For each p = py, there are , > 0 and C,, > 0 such that a function h,, € Hx
satisfies
8%}(5{5 z) O

and ||hgql|n, < Cp for any a € [p] and x € X; (A12) With X', an independent copy of X,
define oy, = /E[K% (X, X)] — E[K%(X, X")]. Then o, //n — 0 as n — oo.
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By triangular inequality,

Wi (@) = My ()| <

Mij(z) — Mij(z)) .

The first term:

1 . COKx (X ) 5| |1 . 0K (X, 1), -
1€[n] i€[n]
1 A _ 0K (XZ,I') it 1 A _ oK (XZ,ZE)
+ ﬁz{:}(CXX_FETLI) l—gx(m) (Z: — Zy)| - —;(Cxx-i-enl) 1—gx(j) |
i€[n i€[n

Define (Cxx + €,]) 'K x (-, 2) /02 = f,.(-) and Cx 0K (-, )02 = f,.(-). Let w} =
1/m(A;, X;). Let Sy = {i € [n] : A; = +1}. Then

N a2 = S YK — S 0 Yifue(X)

i€[n] €851 1€851
1 - ~ A *
_{ﬁzin;’fa,x( i _—Zw Y;fax i }
’i¢51 l¢sl
1 5 .
- Z fa;v wzgw z) + E Z fa,x(XZ)wlgﬁi(XZ)
zESl 1451
1 . ~
- _ZA Yfax( z) - EZAlwlgﬁ)(Xl)fa,l‘(Xl)
i€[n]

Then the first term in the latter equality becomes

_ZA i — Wy Yfaa: i) < Z 7112}/;2 Af,x(*Xi)

i€[n] i€[n]

— 0,1 {¢EY%2 ]+ 0117

by law of large numbers (Fukumizu et al. 2007), Theorem 2.4.3 and the finite second moment
assumption of the product of Y and the inverse covariance operator. Likewise, the second

term, n~' S, Aitdigao(Xi) faw(X5), is 0,(1) from the proof of Theorem 2.4.3. Similarly,

1€[n]
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n~! > icin) fon(Xi)Z; is O,(1) and

% Z faulXi)Zi = % Z fouX)(Zi — Zi) + % Z fow(Xi)Zi = 0,(1) + O, (1).

i€[n] 1€[n] 1€[n]

From Theorem 3 and Theorem 4 of Fukumizu and Leng 2014, ‘MZ(SL‘) — M;;(z)| =

O, (n~min{1/3,(264D)/(+D}) By combining these results,

Wi; (x) — M;; (3:)‘ = Op(l) +0, (n— min{l/3,(2§+1)/(4§+4)}> '

Since the dimensionality is fixed, this rate of convergence applies to ||W (z) — M(z)| s.
Define M,, as W, so that the (4, j)-th entry is n ™! > keln] M;;(X}). By triangular inequal-

ity,

S W) BV < |- ST W) — |+ |8~ B )|

i€[n] r i€[n] r

» .

From the derivation above, the first term on the right hand side of the inequality is bounded

as

~

LS - AL =30 S {0 - a0}

n
ke[n] r t€lpl i€l keln]
2
<> Y Tty ‘I/T/ij(Xk) - Mz‘j(Xk))
i€[p] j€lp] keln]
= pop(1).

Therefore, H% > keln] W(Xy) — M,

= 0,(1). By Theorem 3 of Fukumizu and Leng 2014,
F

the second term on the right hand side is
HM” . IE[M(X)]H ~0, (m min{ 3,565 ) .
F

We obtain the convergence in probability by combining these results.

Remark A.1. Theorem 2.4.5 can be extended to the setting where the number of covariates
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p grows with the sample size, generalizing to our setting Theorem 4 of Fukumizu and Leng
(2014), under the assumption that the true propensity scores are known. Specifically, under

the additional assumptions (A11) and (A12), we can establish

. 1 26p+1
) ) 06127 mln{§74£p+4}
i) - o, = |- ()

for any x € X, and

~ C? a? mm{%%}
3, B, =0y [ 249G (;)

as n — oo, where «,, C,, and §, are quantities that depend on the dimensionality p. Fur-

thermore, Theorem 4 of Yu et al. (2015) extends this to

2 26p+1 }

» 1 o2\ {3 3
HBBT - BBTH =0, | p*=2 + p2ct (—”)
F n n

However, establishing analogous results for KCB weights presents significant technical chal-

lenges.

A.6 Proof of Lemma 2.4.7

Let Yy, =Y — gs(X), Y,,: =Y — ga(X;). Recall that

o 1 o A A
QUY) = = 3 nlYs — ga(X)lo { A - sign(Vy ) /¥ (BT X0) } + Aua” G
i€[n]

Since Q(f") is minimized when o = & € R™ and o = dgn, fY(BTz) = hZ(BTx)+a&, where
hW(BTz) = D ic] 6;K,(BTX;, BTx). Let fV(BTz) = h(BTz) + ap, where hV (B z) =
Y, ;K. (BTX;, BTx). Then,

Po]Y — ga(X)|6 { A sign(V,, ) Y (BTX) b < BV — ga(X)|6 { A sign(V,) Y (BTX) |+ AulhY |

Asign(Vy,) [/ (BTX) |+ Mall¥ 1,
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where [|hY]|2 = &TGéa and ||V |2 = o Ga. We have |fV(BT2)| < || fY||- Ku(B 2, BT2) < oo
from Cauchy-Schwarz inequality for a bounded kernel K,. By replacing f(X) by f V(BTX )
in Theorem 2.4.4 and from that A\, — 0,

PolY = ga(X)l0 {4 - sien(¥) [ (BTX) |+ MY I = Ry () = 0

in probability. Hence, with probability 1,

inf Ry, () = PadY = ga(X)|6 { A sign(v,,) f (B7X) |
fV

< R (J}) = Putd]Y = ga(X) |6 { A - sign(¥y, )Y (BTX) }

The left hand side is
inf R (F¥) = Batdl¥ = 9a(X)16 {A - sign(¥ ) 1V (BTX)}+ R (7)) = Raa(7))
= inf Ry (FY) = Ry (1) + Rog(£) = ButdlY = g2l {A-sign(v,) [ (BTX) .

Therefore, Rd),g(f,f) — infzy R¢7g(f‘>) — 0 as long as
PV, |0 (A sign(Vo ) 7Y (BTX)) 4+ Aallb |2 = Rog(F)) = 0(1).

Since Ry, g, ( oy - Ryq( iy = 0p(1) by continuous mapping theorem, we show that
Py, 9 (A - sign(Vy, ) FY (BY X)) 4+ AallbE 12 = R () = 05(1),

For any hV (BTz) = 3, s K, (BT X;, BTx) and o € R,

Py, 6 { A - sign(V, ) JY (BTX) |+ Aallhl 2 < Pl Yol (A - sign(Vy, ) (¥ (B7X) + ao})

+ Y2,
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hence we can choose b =0 (o =0 Vi € N) and o = 0 so that

Py 6 (A - sign(Y, )Y (BTX)) + Aallnf 12 < 0(0) |1,
Y — ga(X)]
(A, X)

N |Y - guv(X)|
< ¢(0)inm

= $(0)P, (A, X)

Define K; = X (n'X"X)"'X;(1; — 1) € R. Then |K;| < MxM,n'/3 where My < oo
is the bound such that | XT(n !'X"X)"1X;| < Mx. When n 'X"X is singular, we can use
ridge-regularization and replace it with n™!X"X + \I,,, where A > 0. We have 1/7(A, X) <
M, < oo as in the proof of Theorem 2.4.4 by Assumption 2 and the compactness of X
Furthermore, since g(z) is well-defined and X is compact, we have |g(X)| < M almost surely

for M < oo. Note that

Y —ga(X)] _ Y —g(X) +9(X) — ga(X)]

T(AX) (A, X)
Y —g(X)| | [9(X) — ga(X)]
(A, X) (A, X)
_ — T/ AvTWw)— N
<M+ 7Y ey 9(X0) — T Xy X (T XTX) TG (0 - 1Y
(A, X)

Mo In~! D iem19(Xi) — KiYi}

I (A, X)

In~! D icm 1Gi9(Xi) — K5 + (1 — Ki)g(Xi)

I (A, X)
< M. + n! > iepm [Killg(Xi) — Vi n nt D i 11— Killg(X5)]
- (A, X) (A, X)
g e OO YR XD | S 1 Killg(X0)
- W(A,X) W(A,X)

< M, + MyMyx M, Myn** + MM, + MxM,MM,n'"*
< {M, + M,Mx MM, + (Mx M, + 1) M M}In'/3.

Define M}, as My, = /¢(0)M,{ M, + MyMx MM, + (MxM, + 1)M,M}. Then, ARV (2 <
M2, where \* = n~2/3),. From this, we have the bound |[\/A:hY|| < M,. Note that we
have |/Aad | < |[vVAwad,| < My, A5 — 0, and nA; — co.
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Define the RKHS with bounded kernel as Hy = {y/A;h 1 [[\/ALh|| < My}, Since the
RKHS norm is bounded, |\/)\_;‘th | < H for an envelope function H such that PH? < oo.
Also, from the proof of Lemma A.9 of Hable (2012), H y satisfies the uniform entropy bound.
Thus Hy is P-Donsker. Likewise, {v/A5(h + ag) : [[\/ A5k < Mh, |V ALao| < Mg} is P-
Donsker. Let C be the Lipschitz constant of ¢(-). Define ¢y (c \/ng (¢/+/A%). Note
that

Ox;(c2) = dx; (1) = VN0l VNL) = VNsd(er/ V)
—\/FC CQ/\/__Cl/\/F CQ—Cl

Hence, ¢y (-) is Lipschitz continuous. Also,

¥ |}/9w| . 5T . | * T
\/)\_nﬂA’X)(b(A-&gn(ng){h(B X)+a0}> = (A\/)\_ sign(Y,, ) {h(B X)—i—ao}).

Since |Y — g4(X)|/7(A, X) < My and ¢y (-) is Lipschitz, it follows that

{\//\_;'; !Z )|(>¢<A sign(Y, ){h(BTX —i—ozo}) H\/)\_*hH < Mh,\\/_oz0| < Mao}

is P-Donsker by Corollary 9.32-(iv) of Kosorok (2008). This implies that

Y,, o
P%(' Ai”)L)(b(A-sign(ng)f,Y(BTX)) Rogn(F7) = 0p(1/1/nN0).

Since nA;, — oo and by Theorem 2.4.4 we have

Py, 0 (A - sign(Ye, )Y (BTX)) = Ry, (] + )

. ' .
= Pyl [0 (A-sign(Y )Y (B)) — P (A - sin(v,.) /7 (7))
Y, oA X N
FPy—0 (A sV, )Y (B7X)) = R (0 + )

= 0,(1) + 0y (1//n;) = 0,(1)

This implies that Ry(f}) — inf 5 Re(f7) = 0 in probability.
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A.7 Proof of Proposition 1

We establish two lemmas on the excess risk bound and the expressive power of RKHS from

a universal kernel prior to presenting the proof.

A.7.1 Expressive power of an RKHS from a universal kernel

Let f(}f » be a minimizer of Ry 4( f) over all continuous functions f : V — R and RQ‘Z’; =
Ryq( fq‘f »). We present a slight modification of Lemma 2.5 of Zhou and Kosorok (2017) to
establish that the minimum of R, , over RKHS functions f V.V > R from a universal kernel
is equivalent to Rg”;. Note that the difference from Lemma 2.5 of Zhou and Kosorok (2017)
is that the decision function is defined on V instead of X'. However, since V consists of linear
transformed variates of X', we can apply Lusin’s theorem by using the regular measure g
on X. Then, we can approximate fd‘)/ , from a continuous function fl(ETx) such that for all

e >0,
ple e X i(BTe) £ [l (BTa) b <

The proof easily follows from the proof of Lemma 2.5 of Zhou and Kosorok (2017) by replacing
f(X) to f(BTX).

Lemma A.3. Suppose that the covariate space X € R? is a compact metric space and that
the RKHS of functions f‘? .V +— R uses the universal kernel. Suppose that ¢ is Lipschitz
continuous, and fg;‘ .V — R is measurable and bounded for any B: |f(¥;‘| < M; < .
Given any distribution P of (X, A,Y) with the bound |Y,|/7(A,X) < M, < oo almost

everywhere with regular marginal distribution on X, we have
1;1Vf Rog(f') =Ry

A.7.2 Excess risk bound

We present a slight modification of Theorem 2.2 of Zhou and Kosorok (2017) to establish
the bound of excess risk, 'R(ﬂ/) — R*, by the excess (¢, g)-risk, R¢’g(f;§/) — Ry
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Prior to introducing the bound, we define 7;(z) and ny(x) as follows:
() = Elmax{y — g(X), 01X = 2, A = +1] — Efmax{—(¥ — (X)), 0}X = 2,4 = 1]

ne(x) = Emax{Y — g(X),0}HX =2, A = —1] — Emax{—(Y — ¢(X)),0}|X =z, A = +1].

By algebra, we have
m(2) = ma(X) = E[Y|X =2, A= +1] — E[Y|X = 2,4 = —1],

and that
Rog(f) = E[m(X)e{f(X)} + m(X)o{—f(X)}],

where fV(BJ X) and fY(BTX) can be used in place of f and f(X). Motivated by this

expression, we can define a generic conditional (¢, g)-risk function as

Gy 2 (@) = Mp() + Mao(—0)

for ;1 > 0,1, >0, and @ € R. As long as ¢(-) is convex, ¢y, ,,(-) is convex. Note that

]E[qm(X)m(X)(f)] = Rd),g(f)-

Lemma A.4. Assume ¢(-) is convex, ¢'(0) exists and ¢/'(0) < 0. Suppose that for constants
C > 0 and s <1 such that

=1l < € {0 0) < i g |
Then, for a decision rule fV € Hy,
R(fY) = R* < C{Ro(f7) = Ry }V*.

Proof. The proof mostly follows from the proof of Theorem 2.2 of Zhou and Kosorok (2017)
by replacing f(X) with fV(ETX ). For the optimal Bayes decision function f* such that
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d*(By z) = sign o f*(z) and R* = R(f*),

Y . VipT _
E mﬂ{fl#&gnof (B X)}|X—x]—]E{

Y

WH{A +signo f*(Bi X))} | X = x}

—(EY|X =2,A=+1] - E[Y|X =2, A= —1]} [l{sign o F*(BJ )} — 1{sign o fV(BTx)}]

< Im(@) = ()] - 1 {sign o /¥ (BTa)(m(x) - ma(x)) < 0}

Taking expectation on the left hand side of the equality leads to R(fV)—R*. Let A, (X)ma(x)(0) =
@2 (0) —minger ¢y, . (). By taking the expectation on the right hand side of the inequality,

we have

R(FY) =R < B [In(X) = m(X)| - 1 {signo 7 (BTX) (m(X) ~m(X)) < 0]

< <]E [|771(X) —m(X)°- 1 {sign o fV(BTX)(m(X) — (X)) < O}Dl/s

< - (B[ Ay x)000)(0) - 1 {sign o 7 (BT X) (1 (X) = ma(X)) < O}Dl/s

<C- (E :AQm(X)mz(X)(fv) 1 {Sign o f(BTX) (m(X) = m(X)) < O}DUS
- o~ 1/s ~7 1/s

<C- (E _Aqm(X),mm(fv)D =C (Rdw(fv) - RZ’@) !

where the second inequality follows from Jensen’s inequality, and the third inequality follows
from the given condition. From the given condition on ¢(-), ¢(-) is Fisher consistent. Since

sign(fV) - (n —n2) < 0 implies that 0 lies in between f¥ and f*, Ty (0) < qmm(fv). Thus,

the fourth inequality follows from that Agy, (x).mx)(0) < Agy x)me0) (fY)- O

In case of hinge loss, we have that g, ,,,(0) — mingeg g, n, (@) = |m — 72|. Thus, when

C=1and s =1 in Lemma A 4,
R(f)) =R < Rog(fi) =Ry

A.7.3 Proof of proposition

Let \¥ = n~/3),. It follows from the proof of Proposition 2.7 of Zhou and Kosorok (2017)
that /A*ay is bounded. From the proof of Lemma 2.4.7, we have that ||\/A:hY || < co.
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Figure A.1: The distribution of the optimal treatment regimes according to different levels of
covariates in Setting 2. The red circles and blue crosses are data points from the test dataset
and represent d*(X) = —1 (or d*(Vp) = —1) and d*(X) = +1 (or d*(Vp) = +1), respectively.
The solid lines on the left plot display the decision boundaries in the dimension-reduced

space {vg o (U(()l),v(()z)> ;f*(UO) = 0}-

Note that | fq‘( o1 <1 for hinge loss from Appendix A of Zhou and Kosorok (2017). Then by
Lemma A.3, inf 7 Ry.q( f V) = Rg’; By combining these results and the triangular inequality,

Rog(fi) = Riy < [Rog(F) = REG + IR, = R,
< [Rog () =10 R ()] + 110 Ry (1) = Rl + IR = Ry -

From Lemma 2.4.7, |R¢7g(f2/)—inffv Roo(Ff7)] = 0,(1). Lemma A.3 implies | inf 7 Roo(f7)—
R};’;| = (0. For a uniformly bounded continuous function f : R* +— R and by Theorem
Corollary 2, we have f(OTBTz) — f(BJx) for an orthogonal matrix O by continuous
mapping theorem and Corollary 2.4.6. Thus, inf 7l Rq( f) — infp Ryq( f ), from which,
IRY: — R, ,| = 0p(1). When ¢(-) is the hinge loss, Lemma A.4 implies R(f,) — R* <
R¢7g(f7‘3) — R}, - Therefore, we have R(fV) - R* = op(1).

A.8 Equivalence of the risk and its alternative form

In Section 2.3.3, we claimed that the minimization of R(f) = E[Y/m(A, X)1{sign o f(X) # A}]
is equivalent to the minimization of E[|Y —g(X)|/7(A, X)1{A-sign(Y —¢g(X)) # signof(X)}].
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Let m(a,z) = Elz" (E[XX ")) "' X7(—a,X)/n(—a,z)E]Y | X, A = d]] for a € {—1,+1}.

Then g(z) can be re-expressed as
g(x) =7m(—=1,2)m(+1,z) + 7(+1,z)m(—1,x).

Note that d(x) = sign o f(z). Define

h(z,d) = m(+1,2)1{d(z) = +1} + m(—1,z)1{d(z) = —1}.

First, we show that

Y — h(X,d)

E (A, X)

1{d(X) = A} + h(X,d)

-5 | a0 = 4.

where the left hand side is the doubly robust form of the value function introduced in Zhang

et al. (2012). Note that

- h(X,d)1{d(X) = A}

E |h(X,d) — AT

h(X,d)1{d(X) = A}
(A, X) | X”

h(X,d)1{d(X)
m(+1, X)

=+l | X, A= +1] 7(+1, X)
R(X,d)1{d(X)

= -1} ] |
(-1 | X, A=—-1|n(—-1,X)

= ]E[ﬁ(_X, _d)] —E[h(X,d)1{d(X)+1}] — E[}NL(_X, d)ll{d(X_) —1}]

— E[A(X, d)] — E[(X,d)] = 0.
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Therefore,

Y — h(X,d)

E (A, X)

1{d(X) = A} + h(X,d)| = E [ Y faex) = A}}

(A, X)

- hX,d)1{d(X) = A}

+E |h(X,d) — A X

—E L(ZX) 1{d(X) = A}} .

The integrand on the left hand side can be rearranged as follows

A j“;)d) A0 = A} + i, - LD I B ey -y )
Y —yg(X) B
=y M0 = 4}
9(X) = h(X, d)

TAX) 1{d(X) = A} + h(X, d).

The last two terms become

g(Xi(I—LLh)(())(, d) ﬂ{d(X) _ A} N B(X7 d) _ [77-(—1, X) — ﬂ{géi))(:) —1-1}]?”77/(—0—17)() ﬂ{d(X) — A}
LX) - ﬂ{ig}; “UIMEL X ) x4y

+i(+1, X)1{d(X) = +1} + m(—1, X)1{d(X) = —1}.
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When A = +1,

20 D 1 a(x) = +1) + b - HER AT ZHIIRCL D ) — 1
[m(+1, X) — ﬂﬁﬁ;)_l}]m_l’){)ﬂ{d()() )

+ (41, X)1{d(X) = +1} + (=1, X)1{d(X) = —1}
_ m(“?ii{‘fg) U X)1{d(X) + 1}
m(+1, X)L{d(X) + 1}
a m(+1, X)
(=1, X)1{d(X) — 1}1{d(X) + 1}
m(+1, X)

(41, X)1{d(X) = +1} + i(—1, X)1{d(X) = —1}
(=1, X)1{d(X) = +1} + m(—1, X)1{d(X) = —1}

+(—1, X)1{d(X) = +1}

(-1, X).

Likewise, when A = —1,
9(X) — h(X,d)

m(—1,X) 1{d(X) = —1} + h(X,d) = m(+1, X).

From these two results,

9(X) — h(X,d) B N L
TAx) M) =AY (X d) = m(-A,X),
Therefore,
Y~ hX,d) _ ; _ Y —y(X) B _
Wﬂ{d(}() = A} + h(X,d) = A X) 1{d(X) = A} +m(—A, X).

From this, maximizing the value function E[Y{d(X)}] is equivalent to the maximization of

Y —g(X)

E (A, X)

1{d(X) = A} + m(—A, X)| .
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By using the finding in Section 2.2 of Liu et al. (2018),

Y —g(X)|
(A, X)

E {Y — 9 1 (x) = A} + m(—A,X)] ~E {

A X) 1A= sign(Y (X)) = dX)}

max{—Y + ¢g(X), O}] .

+mmprn+E{

(A, X)
Note that
Efi(—A, X)] = / E {xQE[XXTDl XZ((Z’,;)EM Xoal _a]} e
= [ [& |emexxmy x T wy x4 = —al| apaxale)dre (o
/ { T(EXXT)" 1)(% [Y|X,A:—1]} 7(+1, 2)dPy (z)
LX)

+/IE {xT(E[XXT]) 1xt mi=

Lo B A= +1]} 7(—1,z)dPyx (x)

Ez"(EXXT) ' X{r(+1, X)E[Y|X,A = —1] + n(~1, X)E[Y|X, A = +1]}|dPx (x)

m(—A, X)
(A, X)
(=4, X)
(A, X)
(=4, X)
(A, X)

E {xT(E[XXT])lXE { Y | X” dPx ()

Il
—— —

E [:J(E[XXT])—U(E ( y)] dPx ()

—E[XT]{EXXT]}'E [ XY] .

Note that only the first term contains the decision rule. Therefore, the decision rule that
maximizes the value function is equivalent to the decision rule that maximizes the first term.

Equivalently, the minimizing d(z) of R(f) is the minimizer of

Y —g(X)|

£ (A, X)

1{A - sign(Y" — g(X)) # d(X)}
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A.9 Simulation details

A.9.1 Performance evaluation

The accuracy of the fitted decision rules was evaluated using the test data as

Ntest

nt—eit Z 1 {dA (Xfest) —d (Xitest)} ’
=1

while the value function was evaluated using the unbiased estimator of (2.1) from Qian and

Murphy (2011):

n};}gt ; 1 {Agest — CZ(XZest)} Y;test/ﬂ. (AEESt, X;fest)

Ntest N ) (A6>
M 2 LAt = d (X | fm (Al Ko
iz
where the superscript test indicates that the observation comes from the test set. Note that

d (Vl) is evaluated in place of J(XZ) in for the proposed DOL method.

A.9.2 Estimation of ITR

The KCB weights were obtained by using the R package ATE.ncb (github.com/raymondkww/
ATE.ncb). We used the R package provided in https://github.com/muxuanliang/iMAVE
to implement interaction MAVE. IPW estimated by using XGBoost was implemented via
R package twang (Matthew Cefalu et al. 2024). We implemented neural network estima-
tion of propensity scores (Shang et al. 2025) by using R codes provided in github.com/
ys3298/RobustPSvialossCalibration and performed minimization by using Adam algo-
rithm (Kingma and Ba 2014). Default options were used. In gKDR, the dimension u of the
central mean subspace was selected using the same two-fold cross-validation procedure as
for \,. We used ¢, = 1077 for Setting 1 and ¢, = 107° for Setting 2 and 3. RKHS with
Gaussian kernels were used to estimate ITRs and to implement gKDR. Median heuristic
bandwidths were selected as recommended in Gretton et al. (2012). The R function ipop
from the kernlab package (Karatzoglou et al. 2004) was used to implement the weighted
SVM formulation implementing AOL. The SI model was fitted using simml and pred.simml
from the simml package (Park, Hyung et al. 2021). The function ql from the R package
DTRlearn2 (Chen, Yuan et al. 2020) was used to fit the ¢,-PLS models. R-learner was imple-
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mented by using rkern from R package rlearner (https://github.com/xnie/rlearner).
The median heuristic bandwidths were used for the kernel ridge regression model and the
regularization parameters were tuned by the five-fold cross-validation. The decision rule was

obtained by the sign of the estimated heterogeneous treatment effect.

A.9.3 Simulation settings

A.9.4 Setting 1

The observed covariates X € R are defined as XM = exp(ZM/2); X® = Z@ /{1 +
exp(ZMN)L:XG) = (ZW . 23 /25 4 0.6)3; XW = (Z@ + Z2W 1 20)2; XO = ZO for
i € {5,--+,50}. The basis matrix By consists of two columns (0.6/a, 0.5/a, —0.2/a,0};) " and
(0,0.2/b,0.5/b,0,—0.5/b,0/) ", where a = /0.6 + 0.52 + (—0.2)2 and b = 1/0.22 + 0.52 + (—0.5)2.

Therefore, the dimension-reduced covariates are V = Bj X € R% The outcome values were

generated from the following main effect and treatment-covariate interaction term:

w(X)=5+621 +82® 1323 4 574 4 520),

]FV(V) = 5.sin ( ) + 2.5 -sin (Wv(l)) -log (_V(Q)) :

T 1
v +1 VO
from which ¥ ~ N{u(X) + A- fV(V),1}. The propensity score for the non-randomized
study is

exp (Z(l) 7@ _g@ _76) _ 708) _ Z(lo))

Prid=HX) = [ (20 = 20 — 200 — 20 — 7 — Z00)

A.9.5 Setting 2

We set X € R by defining X(V) = exp(ZM +1)+2@); X@ = 72)2. 70), XG) = 5in(220)).
(ZW+5)% XW = (Z®3 + ZW +10)- (2P + ZW3 4 10); XD = ZO for i € [n]\{1,2,3,4}.
The dimension-reduced covariate V = B X € R? is defined as in Setting 1. The outcome is

generated as N{u(X)+ A- fV(V),1}, where

w(X) =10+720 41320 41520 +1520 41020 +72© 41320 41528 41529 110210,
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fY(V) = 6sin (V(l)/i’))-log (!V@)! +1)+4 cos (V(Z) \V(l)o +5tan~! {2 (V(l) — 1) log (‘VO(Q)‘ + 1) } :
For the non-randomized study setting, we define the propensity score as

exp (—Z® +22W — Z6) —0.52©)
1+ exp (—Z® + 220 — Z6) —0.520)

Pr(A = +1]X) =

Figure A.1 displays the distribution of the Bayes rule at different levels of covariates for

Setting 2.

A.9.6 Setting 3

In Setting 3, we consider a higher dimension for the central mean subspace. We set X € R
by defining X = (Z® —0.22® +6)%; X1 = exp (0.52®); X© = 201 4 exp (20)}
X® = (20 4+ 2® 4 20)2; X® = 70 for i € [n]\{2,4,6,8}. The dimension-reduced co-
variate V = BJ X € R* is defined from a basis matrix that consists of (1/v/2, —1/v/2, OIS)T,
(1/v2,1/v2,0) ", (0,0,1/v/2,—1/v/2,0%) ", and (0,0,1/v/2,1/v/2,0};) . The outcome
is generated as N{u(X)+ A - fV(V), 1}, where

w(X) =620 +62? +102% +102W +1220) +122© 4820 4+ 82®) 1+ 62 4 6209,

(V) = (VO 4 10) cos {2mlog (VI = 2)} + 3v/=VE) -sin (0.57V 1) / (v VD)

+tan~ {2log (V@) }/[VW — 4| - 3.

For the non-randomized study setting, we define the propensity score as

Pr(A — +11X) — exp (0.62(1) +122® 11270 _g874 — z06) _ Z(6))
r(A=+1|X) = 1+ exp (0.620 + 1220 +1.226) — 0824 — Z6) — 7))

A.10 Additional simulation results

A.10.1 Results for n = 500

The simulation results for the smaller sample size (n = 500) in the randomized and non-

randomized scenarios are displayed in Figure A.2 and Figure A.3, respectively. With the
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smaller sample size, we can observe that the performance of the proposed DOL is more

pronounced than the results with n = 1000 when compared to AOL in all settings.

Setting 1 Setting 2 Setting 3
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Figure A.2: Simulation results for n = 500 from the randomized scenarios across the three
different settings. Accuracy represents the proportion of correctly predicted optimal treat-
ments. Value (%) represents the value function recovered by the estimated decision rule as
a percentage of the Bayes optimal value function. The performance of the proposed method
is shown under DOL-O and DOL-L: DOL-O uses the oracle g(x), while DOL uses ¢, (z)
estimated via linear regression. MAVE-L uses interaction MAVE for dimension reduction

and uses the fitted values g, (z) obtained via linear regression.

A.10.2 Projection error

Here we introduce additional simulation results that show decreasing trends along the in-
creasing sample size in the difference between the estimated projection from B and the true
projection from By. To do so, we iterated the process of obtaining B and computing the
Frobenius distance from By by HBéT — ByBy || at different sample sizes: 200, 500, 1,000,
and 2,000. The simulation was performed on the three non-randomized settings used for
comparing different approaches, where the B obtained from the pseudo outcomes that use

KCB weights. The dimensions for B were fixed at the true values and the Tikhonov penalty
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Figure A.3: Simulation results for n = 500 from the non-randomized scenarios across the
three different settings. Accuracy represents the proportion of correctly predicted optimal
treatments. Value (%) represents the value function recovered by the estimated decision
rule as a percentage of the Bayes optimal value function. The performance of the proposed
method is shown under KCB-O and KCB-L: KCB-O uses the oracle g(z), while KCB-L
uses the fitted values of g, (x) obtained via linear regression. K-MAVE-L uses interaction
MAVE for dimension reduction and uses KCB weights along with the fitted values of g;(z)
obtained via linear regression. IPW-O uses the oracle g(z), and IPW-L uses g;(z) from
linear regression, with propensity scores estimated via logistic regression. XGB-L uses g4 ()
from linear regression, with propensity scores estimated via XGBoost. NN-L uses g, () from
linear regression, with propensity scores estimated via a neural network.
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Figure A.4: Simulation results that display the change in the error in the projection from
B along different sample sizes represented by ||BBT — ByB] || (y-axis). From left to right,
the figures correspond to the non-randomized treatment assignment scenarios of Settings 1,
2, and 3. The means and standard deviations are depicted at each sample size.
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Figure A.5: Comparison of projection errors of B (||BBT — ByB{ || ) between the proposed
KCB, XGBoost (Matthew Cefalu et al. 2024), and neural network (Shang et al. 2025). From
left to right, the graphs correspond to the non-randomized treatment assignment scenarios
of Settings 1, 2, and 3. The means and standard deviations are depicted at each sample size.

was fixed at 107° to focus on the association with the sample size. The results are displayed

in Figure B.5. We can notice the decline in the projection errors as the sample size increases.

Comparison of projection error

We further compared the projection errors of B, estimated by gKDR, between different
weighting methods — KCB, XGBoost (Matthew Cefalu et al. 2024), and neural network
(Shang et al. 2025). Figure A.5 shows that using KCB weights for estimating B in gKDR

has the lowest error.
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A.10.3 Computation time

To study the computation costs of the two dimension reduction methods, we conducted
simulation study to compare the computation times. Specifically, we compared the compu-
tation times of the proposed gKDR with the interaction mean average variance estimation
(iIMAVE) from (Liang and Yu 2022). We implement iMAVE from the iMAVE package in
https://github.com/muxuanliang/iMAVE. The simulation used the true dimension u of
the projected covariates. Both the gKDR and the iMAVE used the rule of thumb bandwidth
for the kernel bandwidth h — gKDR used the median heuristic approach to choose h to be
used in Gaussian kernel and the IMAVE used h = {4/(u + 2)}}/ @+ . n=1/ (w4 for Jocal ker-
nel smoothing. We implemented iMAVE with single iteration and the maximum iteration
of five. The simulation was performed for all three simulation settings in Section 5 with
n = 500 and n = 1000. The results are presented in Figure A.6.

The iMAVE had larger computation times than gKDR at all three settings with the
difference being multifold even when iMAVE used a single iteration. Moreover, the iIMAVE
tends to have greater computation cost as the dimension u of the reduced subspace increases
from the Setting 3 results where u = 4, whereas u = 2 for Setting 1 and Setting 2. This
is expected since iMAVE uses kernel smoothing regression in local kernel smoothing in the
objective function. This potentially limits the effective implementation of the method to
settings there the effective dimension reduction space is low dimensional while gKDR admits
moderately high dimensional reducing subspace. On the other hand, gKDR reduces the
problem to kernel matrix operations and eigenspace estimation. Furthermore iMAVE uses
iteration until convergence. Hence, it takes longer time to converge with larger iterations
when the reduced subspace has larger dimension. We can observe this from the bottom row
of Figure A.6 that displays the computation cost comparison where the iMAVE uses up to

five iterations to estimate the dimension reduction space.

A.11 Real world data

In this section, we layout the details on the 35 baseline variables: age (18-91), gender,
weight, and indicator of service unit (medical ICU or surgical ICU); severity at admission

measurements from simplified acute physiology score, the sequential organ failure assess-
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Figure A.6: Computation time (seconds) ratios for dimension reduction measured as the
runtime of gKDR divided by the runtime of iMAVE, where the iIMAVE runtime corresponds
to a single iteration (top) or five or less iterations (bottom). Within each row, the left plot
shows results for n = 500, and the right plot shows results for n = 1000. The horizontal
dashed line indicates a ratio of 1.
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ment, and Elixhauser comorbidity score; comorbidity indicators, which are congestive heart
failure, atrial fibrillation, chronic renal disease, liver disease, chronic obstructive pulmonary
disease (COPD), coronary artery disease (CAD), stroke, respiratory failure, and malignant
tumor; vital signs measured from mean arterial pressure, heart rate, temperature (°F); inter-
ventions that use mechanical ventilation, inotropic and vasopressor agents, and/or sedative
drugs within 24 hours of ICU admission; laboratory results that measured white blood cell,
hemoglobin, sodium, potassium, bicarbonate, chloride, creatinine, pH, partial pressure of
carbon dioxide (PCO2), platelet count, partial pressure of oxygen (P0O2), lactate, and blood

urea nitrogen.

A.11.1 Estimation of ITR and evaluation of modified value func-
tion

The gKDR was implemented by selecting the regularization parameter €, out of 8 candi-
date values (107°-1072) and the dimension of central mean subspace (u) out of 9 candidate
dimensions (1-9) from five-fold cross-validation.

AOL was implemented by using the IPW estimated from logistic regression. In DOL,
g () was estimated by linear regression. Likewise, g(x) was estimated by linear regression
with the estimated propensity scores. The tuning parameter )\, was chosen from five-fold
cross-validation.

The modified value function is evaluated by using the validation set as

Ntest
1 es Yitest

Ntes Z:; (At X i) 1 {ae = d (e - n{aet = d(xie) )]

The true propensity scores are not available to compute the modified value function with
the validation set. Thus, the propensity scores were estimated from gradient boosted models
(McCalffrey et al. 2004) as done in Feng et al. (2018) by using ps from R package twang
(Matthew Cefalu et al. 2024), and were used in place of 7(ALest, Xtest),
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Appendix B

Chapter 4 Appendix

B.1 Proof of Proposition 3.3.1

Since GG + ©y®) + PP = I, we have GG M + ®y®g M + ®¢®J M = M. Then
[y GGTM + Ty @@ M 4Ty &g®g M =Ty &gy M =T, M.

Since this holds for an arbitrary M, we have I'; ®,®] = Ty or ®,®jTy = Ty, hence
span(I'y) C span(®y). Similarly, we have span(®y) C span(ly).

Since span(T'y) C span(®g) and Cov(®"M,®"M | A) = 0, we have Cov(['y M, ®T M |
A) = 0. Hence Cov(lg M,G"M | A) = 0 and Cov(I'y M,®JM | A) = 0. Likewise,
span(®;y) C span(ly) and Cov(T'g M,T'"M | A) = 0 additionally implies Cov(®) M,G" M |
A) = 0. Since span(Dy) = span(®g)Nspan(Ty), we have Cov(DJ M,GTM | A) = Cov(Dj M,TJ M |
A) = Cov(DJ M,®] M | A) = 0.

B.2 Proof of Proposition 3.3.3

The proof is provided in Section B.8.4. The proof uses the notations and results from Section

B.S.
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B.3 Proof of Proposition 3.3.4
Define (Qy as
Qo = log [T Eppal| + log [T T,/ T] 4 log |® TS5 ®| + log |75, ®|.

Note that the objective functions )1 and Qs were derived from further analyzing ). From
that the column vectors of I' and & consist of the bases for G, I's, and ®,, this can be

equivalently expressed as

+ log (G FQ)TEMI <G F2>

(¢ @) = (¢ @)

The minimizing triplet (G, 'y, ®3) also minimizes @)1 and ()2 that uses the true covariance

Qo = log (G FQ)T Xma (G F2>

tlog|(G @,) Sy (6 @,)|+ 1o

matrices Y4, Xgjy, and Xy From Proposition 6.1 of Cook (2018a), the minimum of
Qo is log [Sasja] + log |£3/]. This is achieved when span(G) U span(Ts) = span(I') and
span(G) U span(®,) = span(®). Therefore, span(G) C span(I') and span(G) C span(®).
Furthermore, we have span(G) Nspan(I'y) = @ and span(G) Nspan(®,) = & from the given
orthogonality condition G'TI'y = 0,4, and G'®y = 0,,,. Therefore, span(G) = span(T’) N
span(®). Moreover, span(I'y) = span(I")\span(G) and span(®2) = span(®)\span(G).

B.4 Proof of Proposition 3.3.6

The normal convergence of \/n (h(é) - h(0)> follows from Proposition 4.1 of Shapiro (1986).
Thus, we show the proof of the inequalities of the variances.

Since PH(j)J_lpl—{r(J) =H(H"JH)H", J=! - PH(J)J_lP;(J) =J '-HH"JH)H" =
JTV2{L = JVPHHTIH)HT Y2} Y20 Sinee JTY2{L, — JY2PH(HTJH)THTJY?} J=1/2
is positive semi-definite, J =1 — PH(J)J’lP;(J) = 0. By delta method,

a7 aq

Jn <11Th(9) - M(e)) vl ] - N (0, LH(H JH)H'L))

1 1
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where

I, 0 000
0 4., 0 00

Then by applying delta method once more, we have

Vi (UL} = {LhO)}) = Vi (Brés = fron)

.
Bir T o TyT BIT
SN o, IH(H JH) HL ,
aq a1
where ¢ {(af, 81)"} = Bicy. Similarly, we have
.
- By I~
Vi (Bién = Bras) > N | 0, IJ7'T)
aq aq
Therefore,
.
5~ A B —1 T trrTy 7T B
avar(y/nfB1a1) — avar(v/nf1ay) = I, (J7'—HH'JH)'H")T, > 0.
(o %1 aq

B.5 Proof of Proposition 3.3.7

By Proposition 4.2 of Shapiro (1986), v/n( — 6) is asymptotically normal with one admis-
sible covariance matrix I = (H'JH)'. Let H; be the matrix built with the columns of
H that correspond to the gradients of h(f) with respect to ny, &, and vec(G). Let Hy be
the matrix built with the remaining columns of H. Define Uy = J — JHo(H, JHy) H) J.
Then \/n { (ﬁlT, &l Vec(CA?)T>T — (n. &, Vec(G)T)T} converges to a mean zero normal dis-
tribution where I1; = (H, Uy H,)' is one particular variance. Since span(I") and span(®) are
estimable, span(G) = span(I') N span(®P) is estimable. Thus, Psay = Gn; and Psf = G&
are estimable. Define ¢ {(an, §1T,Vec(G)T)T} = ((Gm)", (Gﬁl)T)T. Then the Jacobian of
v, Vb is
G 0 n/ @I

Vip =
0 G el
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By delta method,

h m G a
Vide | & |-e| e |p=vad [ ) - [TT] } = N, vemveT).
¢h) \ee
vec(Q) vec(Q)

B.6 Proof of Proposition 3.3.9

We provide proofs for Lemma 3.3.8 and Proposition 3.3.9 after following the formulation of

the maximum log-likelihood to the minimum discrepancy function.

B.6.1 Formulation of likelihood to discrepancy function

First, we show that the maximization of the joint-likelihood in (3.5) can be formulated into
that of the moment structural model problem. Shapiro (1986) introduces the discrepancy

function F'(x,xo) that is used to find the minimizing estimator x of the parameter x,. Let xg =

~

h(6y) and x = h(0) for h(F) introduced in Section 3.3.2 which is at least twice differentiable
with respect to . When /n(X — %) converges to normality then, we can establish the

asymptotic normality of \/n(h(0) — h(6,)) under the following regularity conditions:
o I(x,%0) > 0;
e F(x,x0) =0 only if x = ¢;
e F'is twice differentiable.
e There exist C' > 0, € > 0 such that F'(x,xq) > € whenever ||x — x| > C.

Define 8 = (B1,32)" and W; = (M,", A;)", so that B M; + ByA; = SW;. Omitting the

constant terms, (3.5) is the sum of ¢;(ay, Xpja) and €o(8, 0% ), where

n 1
(o1, Bara) = =5 10g [Saral — 5 ST — ai A) TS (M — an Ay)

i€[n]

and

n 1
(B, 0%) = =3 logay — = > (Vi — BWi)* /oy

i€[n]
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The two log likelihoods can be formulated as

n 1
£1<051,ZM|A) = —ElOg ’ZMM‘ — 5 Z(MZ — OélA ) 21\41|A(MZ — OélA,L'>

i€[n]
n 1 - -
= —5 log ’ZMM‘ — 5 Z(M - OélA + OélAl - OélA ) M|A(MZ - OélAi + OélAl - ozlAZ-)
i€[n]
nl
— ——log [Saal = 5~ D (M; — @A) TS (M — @ Ay)
1€[n]
1 . 1~
Be) Z(Oél —an) 'S, (0 — an) A
1 . 1~
= ——log ’2M|A\ tr <2M|ASM\A) 3 Z(Oél - al)TEMﬁA(Oél - Oél)Az2
i€[n]

and

(8, 03) =~ log} — 5 (¥ — AW/}

2 :
1€[n]
n nl = =
=—glogo} — o= > (Yi— Wi+ W, — BW;)* fo}
i€[n]
_ Mgz - 1 Y, — BW)2 + (BW; — BW;)?
= —5 logoy - 22”2 (Y; = BW;)" + (BW; — W)
Ty i€[n]
 Mlogat —BIW LS5 e
= 5 g 3% 5 012/ 9 1 Y

i€[n]

o T
Let X = <&I,61,62,V6Ch<SM‘A>T,S%/) and xg = (af,ﬁl,ﬁz,vech(EMM)T,a%,)T. Define
U(an, B, Barja, 03) = b+ bo. Let lyoy = C1(00, Sara) + ZQ(B, sf,m,) which is the maximum

log likelihood. Then the minimum discrepancy function can be constructed as
Fmin (5(7 XO) = ‘gmam - E(Oél, 57 2M|A> 012/)

Note that F,;, (X,x9) = 0 as long as o = X and it is always nonnegative. Also, since F,,;,
is constructed based on the log-likelihood of multivariate normal distribution, it is at least
twice differentiable. Therefore, the minimum discrepancy function satisfies the regularity

conditions for the discrepancy function introduced in Shapiro (1986).
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B.6.2 Proof of Lemma 3.3.8

Throughout this proof, we assume that M and A are centered. For the proof, we use Theorem

B of Serfling (1980); for completeness, we restate it below.

Theorem B.6.1. Let {X;} random vectors have means {p;} and covariance {%;}, and

distribution functions {F;}. Suppose

Yi+p 4+ X,
n

—p 2,

and

1
= SEIIXG - P11 — pll > e/m)] 0

i€[n]

Then the following distributional convergence follows:

ZX — N Zuz,

ze[n 16 [n]

Let o, BT, Sha, and sy |W? be the maximum likelihood estimators based on the joint

log-likelihood (3.5). We have the following differences:

N 1
041—041252 GiGM,i:—E le

i€[n] i€[n]
1
= ﬁ ZwiEY,z’ = Z L2z
i€n] ze[n
1 T T 1+
vech(Sara) — vech(Epa) = - Z vech (eM,ieMJ. — EM|A) — vech | €€y, + ﬁeMPAeM
ze[n}
1€[n
Si\w — oy Z EYz - (& + e} Pwey) = Z Ly + 0,(1

i€[n] ze[n

where A € R™! is a vector of A;’s, a; = A;/ <n71 Zie[n} A?), w; is the i-th row of
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W(W' W /n)~!, and Ls; = vech (eM’ieLJ—EM‘A), Ly, = €, — 0%, ey € R is the

A

matrix whose i-th row is €),;, and ey € R"™ is a vector of ey;’s. Su and Cook (2012)

show that vech (€€}, + 2ej,Paer) = 0,(1), and similarly, & + e} Pyey = 0,(1). Furhter-
more, Ls; and L,; are independent and identically distributed with mean zero. Define

L3, = vec (EM,iEJTLi — EM|A) = €ni @ €ar; — vec(Xaga). Define

Ll,i A€M G
Lo Wi€y,;
-‘/; pr— ’ pu— ’
*
LS,i EMJ‘ X EMJ' — VGC(EMM)
2 2
Ly €, — Oy

Define u; to be a vector with n components such that the i-th component is 1 while others

are 0. Note that w, = u] W(WTW/n)~!. Therefore

WVill? = [1Zall® 4 [ Lol 4+ 12501 + (| Laal?
2
- a?HEMﬂ’HQ + ||wl||2€%/z + ||L§z||2 + (E?/z - 012/)

= a?lenril® + u] WWTW/n) 2Wu; - €, + || L3112 + (¢ — 03),
and |lw;]|?/n = uf WWTW /n)=2W T u; /n. Then

> lwill?/n =Y u WWW/n) W u/n =Y tr {(WW/n) "W uu] WWTW) ™}

1€[n] 1€[n] 1€[n]
=tr {(W'W/n)"'} =, tr () -

Likewise, > ;) wyw] /n —, Yyt . Similarly,

2 1 A2
yi-ly Ao
i€[n] i€ln] (n—l Zie[n] Af)
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For any C > 0,

Ly e (U

i€[n]

Vil
n

)] ZE[H‘;“Q (HVH2 >]

i€[n]

n n

1€[n]

112 L 2 L24 174 2
_ZEH_” e bl VR H (1
n ’ n

<)

<E [ {(ATA/n) " learall? +tr { (WTW/m) " | &+ 1307 + L3, }

1(J, >C?],

where

- |2 ||L A7 L2,
J, = A2 (ATA Z, A2 2 [[ws]] L
l€nql| ( /n) Ifé%( /ey, fzrel‘%( . n + -

Since maxi € [n]p; — 0 as n — 0o, we have J,, — 0 as n — oo. Moreover, the finiteness of

the fourth moments of the error terms imply
E[(ATA/n) " llearall? + b { (WTW/n) " &+ IIL3 2 + 3,] < o0,

from which n~! > icin E [IVIPL (IVi]l/v/n > C)] =, 0. The variance of V;, 3;, is

CL?EM‘A aiE[ey7ieM7i]wiT CLZ'E[EMJ(EMJ X GMJ')T] CLZ'E[G%/JGM’Z‘]
wyw, - 0% wiEleyi(enri @ i)' le[ei’/J

E [{EM,z‘ ® €rri — vec(ZM|A)}2} E[E;i(EM,i ® enri)] — vee(Xpra)oy

E[(e}; — o%)7]

where E [{e; ® enr; — vec(Ear4)}?] is a diagonal matrix with the diagoanl entries being

the marginal variances. We have following convergence of n~* Zie[n > to X

S 0 0 0
> = S oy ’ "
E [{en ® eari — vec(Xaa)}?] 0

E(e},; —03)%]
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This follows from
e Since n~! Zié[n] a; —p 2217 Zz’e[n} G%EM\A —p EEIEMIA'

e Since ey; 1 epr, we have Eley enri] = Eleyi]Elears] = 0, hence a;E[ey epri]w; = 0.

Likewise, ™' 37, aillev,i(en; @ eri) ] =0and n! > icl) a; B[y enri] = 0.

e From the independence of the error terms, we have E[€3; (err,; @ €nr,i)] — vec(Xna)0y =

E [6},] Elear: ® enri] — vee(Saa)oy = 0.

e Sincen™! > icin Ai —p E[A] = 0 from the mean zero assumption, we have nt D icin % =

0. From thiS, n-! Zz‘e[n] aiE[EM,i(EM,i & EMJ')T] —p 0.
e Since n~! > icin] wyw, —, Sy, nTt > icin] wyw, 0% —, Byt oz

e Since n= 1)
have n=1 >

il Wi = 7 Dyl WWTW/n) =t = n = 1T W(WTW/n)~" —, 0, we

wEle);] —, 0.

ien Tt

Consequently, by Theorem B.6.1, n~'/? Ziem V; converges to mean zero normal distri-
bution with variance ¥. Let D be the elimination matrix such that D,vec(S) = vech(S) for
a symmetric matrix S. Since the components of L3 ; are a part of L3, V/n(X—xq) converges

to a mean zero normal distribution and variance

.
I, 0 0 0 I, 0 0 0
0 Iy 0 0 0 Iy 0 0
Y = . o i
0 0 D, 0 0 0 D, 0
0 0 0 1 0 0 o0 1

. . . . 2 2
for an elimination matrix D, € R"™*"".

B.6.3 Proof of Proposition 3.3.9

In Section B.6.1 we showed that the minimum discrepancy function Fj,;, defined by the MLE
x satisfies the four regularity conditions in Shapiro (1986), and /n(X — x¢) is approximately

normal from Lemma 3.3.8. Also, the function h(-) is twice differentiable which meets the
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definition of regularity of # in Definition 2.3 of Shapiro (1986). Therefore, by Propositon 4.1
of Shapiro (1986),
Vn{h(0) — h(0)} — N(0, HH"SH)THT).

As in Section 3.3.2, we construct Uy = X — X Hyo(H) X Hy)"Hy ¥ and 11} = (H| UyH,)t. Then

-
G G G 0 n @I G 0 n &I,
\/ﬁ jl B m =N ]o, Ui\ H,l T
G& G& 0 G &l 0 G &l

B.7 Expression for F[Y (a,M(d'))] in reduced subspace

Under the nested potential outcomes framework (Pearl 2001; Robins and Greenland 1992),
the natural indirect effect (NIE) would be

ElY(a,M(a))|X = x] — E[Y (a, M(a™))|X = z]

_ /E[Y|A — 0 M =m, X = 2{dP(m|A = a,X = x) — dP(m|A = a*, X = 2)}

From this, we have

ElY(a,M(a))|X = z] = /E[Y(a,m)|M(a/) =m, X = z|dP(M(a') = m|X = 1)
= /E[Y(a,m)|X =x|dP(M =m|A=d,X =x)

= /E[Y]A:a,M:m,X =z|dP(M =m|A=d,X =z).

With X omitted for simplicity, we show that the mediation effect in E[Y (a, M (d'))|X = z]
depends only on G M.

E[Y (a, M(a'))] = /E[Y|A 4, M = m]dP(m|A = d)

=(a) /E[Y|A =a,G"M =my, ') M =my, &) M = mg,DOTM = mg|dP(my, ma, msg, mo|A = a)

—®) ///EmA — 0, GTM = my, ®] M = my]dP(ma|A = a')AP(ms| A = o/ )dP(ms] A = o)
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=© /// E[Y|A=a,G"M =my,®] M = mg]dP(m|A = a’)dP(ms3)dP(ms|A = d)
— // EY|A=a,G"M = my, ) M = mg]dP(m,|A = a’)dP(ms) /dP(mQyA = a)
= //E[Y|A =a,G"M = my, ®) M = ms]dP(my|A = a')dP(ms)
= / U EY|A=0a,G"M =my, & M = mg]dp(mg)} dP(mi|A = d)

- /E[Y]A — 0, GTM = my]dP(mi|A = d).
The first three equalities arise from the following:

(a) The equality follows from that span(G)Uspan(I'y) Uspan(®s) Uspan(Dy) = R”, hence

we are still working on the space that M lives in.
(b) The equality follow from that:

— The outcome Y is not associated with 'y M given A (Figure 3.1).

— In the envelope model with the normal error terms, the dimension reduction is

performed to achieve
G'M 1L Ty M 1 27 M|(A).
— D¢ M is associated with neither A nor Y.

(c) The outcome A is not associated with ®; M (Figure 3.1).

The rest follows from rearranging.

B.8 Derivation of the objective function

The objective functions are derived from the likelihood functions of M, Y, and R. We use

the normality assumption on the error terms €y, and ey.
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B.8.1 Response envelope

We begin from building the objective function for the response envelope model based on
the likelihood of M. Let A, = q); Qo®y + DOT QgDy. Suppose M has mean zero. Since
YA = GG + o) + ToA Ty, we have

oy

le 2

og(27) — glog GOGGT + To T + ToA T |
1 ¢ -
— 5 Z(MZ - GnlAz — F27]2Ai)—r (GggGT + PQQlF;— —+ FgAlFJ) ! (Mz — GT]lAZ — FQT]QAZ)
=1
nr n n n
= —— log(27) — 7 log Q6| — 5 log [l —  log |A]
1 ¢ _
- 5 Z(Ml — G?”]lA,L — F2772A1)T (GQGGT —+ FQerg —+ FOAJ‘J) ! (Mz — G?hAl — FQT]QAZ)
=1

nr n n n n
=-5 log(2m) — 5 log Q| — 5 log €] — 5 log | Ay - 5" tr(SarjaZy)-

When G and I'y are given, L, is maximized when X4 and aq are Sys4 and M, respectively.

Then, L, becomes

L, = —% log(2m)

n 1 & T Ao
- §log |QG’ ) ; {GTMi - 771Az'} ch {GTMi - 771A¢}
— Elog 1] — 12”: {FTM» — 772A~}TQ_1 {FTM~ — 772A-}
9 9 - 2 7 7 1 2 7 7
~og|ay| — lzn:Mr AT M,
2 1 2 - i1 041 0 7
_m_n
2 2

oy
2

n n
og(2m) log ]GTSM|AG] — §log |F;SM|AF2] -3 log \FJSM‘AFM
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Define I's = <G FO). From this, We can express ‘FgSM‘ AF2| in terms of G as follows:

W

I TTSyal r
‘FgSMVlFQ’: (Fg Fg) 3 OMAT2

— |Sarial - )FTS
0 TTSyal) \I? | ajal

~

a7 GTSyi G GTS LT

:’SM|A| S]\_4|A G FO :‘SM\A| _
e ( ) FTSM‘ 4G FTSMllA

= Sutal - |67 TG - [TESAAT0| = Saaal - |67 SA,G] - [T Sanal |

Also,

= [I7S/'T||Su|. From these, the likelihood becomes

Ly = const. — - 10g |GTSuaG| = % log |67 S31,G| = T log [T SuaT| - 5 log [17'S5,

where const. = —% log(2m) — % log [Sn| — 5 log !SM|A‘ Note that GTSy4G = Qg and
GTsS ' G = Qg . Therefore,

M|A
n n _ n ~ | A
—§log |GTSM|AG| - §log ‘GTSMllAG) = _Elog ‘le )QGl) =0.
Therefore, we end up with the objective function for the outcome envelope model:

log |T"'Sajal’| + log |[T7S3,/'T| .

By using that I' consists of the columns of G and I'y, let I' = (G F2> for without loss of

generality. This can be retrieved by permuting I'. Then we have

GT
T _
T T Sapal| = o7 Swmia (G’ Fg)
(G SunG G ST\ | | (GTSwaG 0
17 SuaG TESyals 0 TJSuals
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Moreover,

GT
TUSyTl= || | S (G r2>
F2
GTS,}G GTS;/'Ty
I)S,/G T35, T,

= |GT S/ G| T3 5y T2 — T3 53/ G(GT S/ G) G783/ Ty
= G5,/ G| T3 {8y — 53/ G(CT 53/ G) TGS/
= |GTS,/ G| T3 55T

Therefore, the objective function with respect to (3.3a) can be constructed as
log ‘GTSMMG‘ + log ‘GTSA’;G‘ + log ‘FZTSM|AF2| + log |F;SH1F2‘ ,

where S = Sy — Sy G(GTS,}G)IGT Sy = (I, — PG(S;;))TS;;. Note that (B.1) can
also be expressed as [['] S;,/T2||GT S, 'G — GTS,/To(Td 83,/ T2)7'TJ S3/ G|, so that

DTSy T| =05 Sy ol |G {8y — Sy Ta(T3 53, T2) " 'T5 53, 16|
=I5 53Tl |GT S,/ G,

where Sy = Sy — Sy Ta(lg Sy )Ty Syt = (I — PFQ(S;;))TS;/[I. Then the objective

function for (3.3a) can be equivalently expressed as
log ‘GTSMMG‘ + log ‘GTSA}IG‘ + log ‘F;SM‘AFA + log |F2TS;41F2} )

We show the derivation of the maximum likelihood estimators of 7, and 7, based on the

estimated G.
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Estimation of ancillary parameters: 7; and 7,

We illustrate the process for obtaining the maximum likelihood estimator for n; given G.

We suppose the exposure A is centered. MLE for 7y can be obtained similarly. From that

_% > {GT(M; — M) = mA;} QGG (M; — M) — m A},

i€[n]

we have
1 _
m) =3 ST = M)TGOG mA; + Am] Q' Al
i€[n]
_ - 1 B
- Z [(Mi — M)'GQg'mA; - EAﬂhTQGl?h}
i€[n]
Then

_ _ 1 B
Vi l(m) = Z [(Mz - M)TGgglAi - §Ai : 2771TQG1:| )
i€[n]

from which the optimal 7, solves for

Z(Mz - M)TGAz‘ = Z AﬂhT

i€[n] i€[n]

Therefore .

=247 | D AGTAML— M) | = GTSuaSy"

i€[n] 1€[n]
B.8.2 Predictor envelope

Define C' = (R",Y")" and Ay = & 34Po. Then

Spy = Cov(R, B+ & GTR+& ®) R+ ey)
= XRG& + EpPebo
= Ypja(G& + ©6)
= (GQGGT + P20y + By )(GEL + Do)
= GQg& + D26,
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From this,

> Yr gy GQeGT + P @) + PeAP] GQe&r + Doy
C pr—
Yy Xy G QG+ & Py Yy

This can be factorized as

Qa 0 0 Q& GT 0

G o, Py 0 0 Q 0 Q o) 0
2 %o 2 282 2 051 O,

0 0 0 1 0 0 Ag 0 o 0

Q¢ &9 0 3y 0 1

where we omit the subscripts for the 0 matrices, and

G &, oy 0
0 0 0 1

and
Qa 0 0 Q&

0 Qs 0 6
0 0 Ay 0
§Q¢ &% 0 Iy

EOTC =

The objective function can be formulated as

F(Sc, 20) = IOg |Zc| + tr(SCEEI)
=1log |0Zo7cO | + tr(0TScO%, % )

= log ’20T0| + tr(SoTczger).

With G and @, fixed, the objective function is minimized when ¥z (= Xag4), Xy, and

Yy are estimated by corresponding MLEs Sr = Syja, Sy, and Spy, respectively. From
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the model, the least squares fit for 3] = ®¢ is BlT = S]EISR?. Note that

ve=(c a) (&) = oo

2

Therefore, GT®¢ = GT(GE; + P2&) = & Then
Qcé = GTYRGE = GTLRGGT dE.

In Section B.8.2, we introduce the derivation of MLE for £. By replacing ®¢ with its MLE

fit and using Sk in place of X g, we get

Qe = (GTSRG)GT SR Sy
= GT(GQGT + D0D] + DoAGD) VGG (GGG + 0,05 0] + DA D)) S e
= 0eG TGOS G Sy = G Sy,
where QG = GTSRG, QQ = &) Spd,y, and AO = <I>OTSR(I>0. From this, we replace Qg€ by its

MLE G Spy. Similarly, the MLE for ®,&, is ®) Spy. By replacing the covariance matrices

by the corresponding MLEs, we can re-express o7 as

GTSRrG 0 0 GTSpy
0 OJ Sp®, 0 D) Sps
SOTC -
0 0 D) Spdy 0
SyrG Sy p®s 0 Sy

Then the objective function becomes log |Sprc|. The determinant |[Spre| can be obtained

by expressing Sorc as a 2 x 2 block matrix

A B
C D

SOTC -
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where

GTSRG 0 0 G Spy
A= 0 &) Srdy 0 , B=|®]S, |- C=B", D=5"
0 0 Py SrPo 0
Then
|Sotel =14~ BD™C| - |D|
GTSRrG 0 0 GTSpy
=1l 0 eIsed 0 | = | 97Su [ S5 (SeaG Spa®e 0)]-1Sv
0 0 D Sr®Pg 0
GTSRrG — GTSR{,S};ISY/RG _GTSRY/S;IS{/RQQ 0
= —(I)JSR};S?SyRG (I)QTSR(I)Q — (I)}SRySglsyR(I)g 0 . |S{/|
0 0 ) SpPy
GTSRWG —GTSRf/Sg/lSYR(I)Q 0
= || P2 SryS; Sy rG ©] Sy Pa 0 157
0 0 Dy SrPo
G'S,+G ~GTS,:8'5: P
= . R\_Y1 JT%Y v PYR*2 -\@OTSR@(J’ . ‘S?’ (B.2)
-, SRY/S{/ Sy rG o, SRD;(IDQ
= GTSR‘?G . @;SRD}@Q — CIDQTSRB;S?S‘;RG(GTSRWG)’1GTSR,~,S§15?R<I>2
x |@Sp'®| - |k - |Sy]
= GTSR‘{/G . (I);—SRD?(I)? — @;SRysglsyRG(GTSRlyG)_1GTSR{/S};15§/R(I)2

X |GTSR'G| - |®g Sp'®s| - Sk - ISyl
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where the last equality comes from
GT
75510 = Si' (G @)
©;)

| ((GTSEG GTSRe, | | [GTSRG 0
Dy Sp'G Dy SR Dy 0 ®g S, @y

= |GTSG - |®) S5 Dy
R R

since G185 Py = GT(GOQGGT + 0,05 105 + DA 0] )Py = Q5 GTd, = 0. We have
(P;—SR{/S};IS{/RG(GTSR‘{/G)_IGTSR{/S};IS?R¢2
= @;(SR — Sgp+ SRf/S;lSyR)G(GTSR‘Y/G)flGT(SR — Sgp+ SRf/Sg/lSY/R)(I)Q
= @;—SRG(GTS]ﬂ?G)_lGTSR@Q — (I);—SRG(GTSRD;G)_IGTSRW(DQ
—@;SRD;G(GTSR‘{/G)_1GTSR(I)2 + @;—SRD}G(GTSmyG)_1GTSRD7CI>2
- (I);—Sle/G(GTSRDN/G)_1GTSR|Y/¢2

Then, |SoT¢| becomes

G785 G-

Oy {Spy — SpyG(G T SppG)'G T Spy 1P,

X |GTS§1G|~‘@;Slglq)g‘-|53|-\5y|.
Therefore, the objective function for G and ®5 with respect to (3.3b) can be constructed as

log ’GTSRWG’ +log |07 5% - @,

R|Y

+1log |GTSR'G| 4 log |, S5 P,

Y

where S;D; = SR|)7 — SRD}G(GTSRD}G)*lGTSRD; = ([T — PG(SRD?))TSRD?'
From that
GTSRD}G _GTSR{/S};IS}"}R©2
—(I);—SR{/S};l»SY/RG @;SRD'}@Q

= ‘@;SR|?‘P2| ) |GTSR|17G - GTSR?S;;IS?R@?(CI’;SR\Y‘%)_I‘I)zTSRYSQISYRG‘
= |®3 Sy ®a| |G Sy GG (Sp—Sr+Sgy Sy Sy r)Pa(Py Spyy @) '@y (Sp—Sp+SpySy ' Sy ) G|
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= [y Sy Pol|G T Spp G — G Spyy®o(Dy Spyp®s) '@y Sy Gl
= @;SR\Y/(%HGT{SRW - SR|17(I)2(QJSR\?CI)?)?%DQTSRW}G’7

the equivalent expression for (B.2) is
|3 Sy P2l |G Sy GIIGT SR G|y SR @[Skl Sy,

native expression of the objective function with respect to (3.3b) can be constructed as
log \@;SRW%] + log |GTSVRD~/G| +log |G "SRG + log [Py Sp' @y

We introduce the derivation of the maximum likelihood estimates of &; and & when G
and ¥, are given.
Estimation of ancillary parameters: £ and &

The probability density function of (f/, R) can be expressed as the product of the two density

functions:

5 1 _ 1
fyr(@lr) = \/—Q—Wgyf(M,A) exp {—5(3/ —fo—&GTr— szCI)zTT’)z/U‘ZA(M,A)} 3

$ur) = 2l s { == ) 55 R — )}

Then the log likelihood becomes

logL = log(ZWa?/‘(M,A))fnﬂ + log |27TEM|AFH/2

1 (Yi—Bo— & GTR — & O R)? 1 Teo1
iy S S

2
i€ln] Ty |(M,4) i€[n]
Then & is estimated by solving for

1 ~
Ve &) =~ > 2(Yi = fo— & GT R — & 0] Ri)(GT Ri)oy iy 4y = 0.

1€[n]
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Since the MLE for f is 5’0 =n"t Zie[n] Y;, the left hand side becomes

1 - 1 1
- > (Yi—Bo)(GTR;) - - > (EGTR)(GR) - o Y (& @ R)(GR) =0.
i€[n] i€[n] i€[n]
By rearranging,
1 TAT T 1 oA T
- YRTG) = = Y. — ,
- %(51 GTR)(R/G) = Z{}( i = Bo)(GTRy)

From this, the MLE él is

&= (% > GTRiRzTG) (% > (GTR)(Y; - BO))

i€[n] i€[n]
= (GTSrG)'GT Sy

=G S'GGT Spy

=G'S; Spy

where the last equality comes from that

G5 Spe = GT(GGTSF'GGT + @30, S5 Dydy + PPy S5 P®( )Sps
=G GG SR GG Sy
=G SR'GG " Spy

B.8.3 Derivation of the objective function

By combining this with the objective functions from the response envelope and predictor

envelope models, we have
log |G SuaG| + log |67 S,/ G| + 1og |67 Sy G| + 10g |67 16

+ log ‘@;S§1®2| + log

‘I)zT{SRn? - SRIYG(GTSR\Y/G)AGTSRW}%

+1log |T3 Sanala| +log [T {93} — Sy G(GT S/ G) "G S/ 1Ty
~log|GT S5 G| + log ‘GTSRWG‘
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+log \cbg s§1@2| + log ‘@J{SRW — SRWG(GTSR‘?G)”GTSRP;}CDQ

+log |3 Saala| + log T3 {Sy) — S/ G(GT S G)'GT S,/ 1Ty

Y

where the equality comes from that

GG |GG = |G SwaG |67 S314G

= Ozt =1

QG(.

This is equivalent to minimizing
log |®3 Sgyy P2| + log |@5 S5 o] + log T3 Sprjal's| 4 log |T5 Sy, T

+1og |GT{Sryy —Sryy 2(P5 Sryy ®2) '3 Spy }G|+log |GT{Sy) =Sy T2(T5 S5/ T2) ' T3 83/ }G.

With &, and I's fixed, we solve for this second expression, optimize with respect to G. With

G fixed, we can solve for the alternative expression, and optimized over ®5 and I'y, subject

to (I)gFQ =0.

B.8.4 Equivalence to joint likelihood maximization

Here, we provide the proof for Proposition 3.3.3. The objective functions ); and () were
constructed by adding the two different objective functions that correspond to the response
envelope and the predictor envelope formulations for (3.3a) and (3.3b), respectively. We
show that minimizing ¢ and @ is equivalent to maximizing the joint likelihood (3.5).
Let fara(m|a) be the density function of the distribution of M conditional on A with the

constant term omitted. First, (J; aims at the maximization of

n 1
Z log fara(M;|A;) = 3 log ’2M|A\—§ Z(Mz'—GnlAi—Fﬂ]zAi)TEX/II\A(Mi—GTHAi—F2772A7;)-

i€[n] i€[n]

Let f(p vy be the density function of (R, 17) with the constant term omitted. Likewise, define

fr (= fua), [y r» and fy|(a,4) as density functions of random variables represented by the
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subscripts. Based on the normality of (R, 37), (22> aims at the maximization of

Z log f(R,f/)(Ri,Y/i) = Z {log fY|R(Y/z"Ri) + log fR(Ri>}
i€[n]

i€[n]

=Y {log fyjar.a) (Vi Mi, A;) + log fana(M;|A;) }

1€[n]
— _ogo? — 1 S (Yi =By =& GTM; - £ D3 M; — B Ai)?
2 2 i€[n] Ty
n 1
- §log 1Xaral — 3 Z R;EﬁlARi.
i€[n)

By combining the two and replacing ¥4 by the corresponding MLE, Sysj4, the minimiza-
tion of @)1 + ()2 maximizes the following with respect to G, @5, 29, 11, 12, &1, ot
nr n 1

i1€[n]

n n , 1 (Vi — By — &/ GTM; — &3 &) M; — BA4;)* n 1 T
—§log27r—§10goy—§z o2 _510g’SM|A‘_§ZR SM|ARZ'

i€[n] i€[n]

When R; = M; — a1 A;, where & = S;llSAM, we have

1 nr
Tg T
_ZR M|A = ( RRSM|A):7>
i€[n]
where R, is the n x r design matrix whose i-th row is R;. Also, log Sy 4| is a constant that
does not change to any envelope model estimate. Therefore the estimates G, <i>2, Qg, M, N2,

él, fz also maximize

nr n 1

1€[n]

n n o 1 (Yi = Bo — & GTM; — & Dy M; — B A;)?
_§log27r—§logay—§;” o2 .
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B.8.5 Total number of parameters

From the above formulation, we can derive the number of parameters to be estimated is

Ny=r+u+dy+1+u+qg+1+1

+u(r —u) + do(r — da) + g2(r — q2) — uga — udy — gads
N u(u2+ 1) N dg(d22+ 1) N QQ(QQ2+ 1) N (r—u—dy— qg)(r2— u—ds —qa+1)

2

.
=g +r+d+qa+3,

where d = u+ds and ¢ = u+qy. First r parameters come from estimation of ag; u parameters
come from 7);; dy parameters come from 7),; 1 parameter comes from [y; u parameters come
from &;; g parameters come from &; 1 parameter comes from [; 1 parameter comes from
0?; u(r — u) parameters come from estimating G from the Grassmannian manifold G(u,r);
do(r — dy) parameters come from estimating I's from the Grassmannian manifold G(da, 7);
¢2(r — ¢q2) parameters come from estimating ®5 from the Grassmannian manifold G(ga,7);
—ugy — uds — gady from the mutual orthogonality constraints G'T'y = 0, G'®, = 0, and
®,; Ty = 0; u(u + 1)/2 parameters come from estimating of Qg; da(dy + 1)/2 parameters

come from estimating of Q; ¢2(q2 + 1)/2 parameters come from estimating of {2y; and

(r—u—dy—q)(r —u—dy— ga + 1)/2 parameters come from estimating of .

B.9 Additional simulation results

We present additional simulation results from different sample sizes and different approaches
for choosing u. Moreover, we present the projection accuracy of the estimated Pg and study

the rate of convergence from the simulation results.

B.9.1 Results when n = 200, 500, 1000

We present the simulation results with larger sample sizes. Figure B.1, B.2, and B.3 present
the simulation results with n = 200, 500, and 1,000, respectively. We can observe that the
variability from each method decreases as the sample size increases. The proposed envelope

method (PIE) shows outstanding performance.
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Figure B.1: The distributions of the estimated natural indirect effects when n = 200 from
different methods. The left plot corresponds to Setting 1; the middle plot corresponds to
Setting 2; the right plot corresponds to Setting 3.
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Figure B.3: The distributions of the estimated natural indirect effects from when n = 1000

different methods. The left plot corresponds to Setting 1; the middle plot corresponds to

Setting 2; the right plot corresponds to Setting 3.
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Figure B.4: The distributions of the estimated NIEs obtained from different dimension

selection approaches. PIE and SVD represent estimates from @ that used eigengap ratio

criterion. PIE0.99 and SVDO0.99 represent the estimates from selecting @ that correspond to

the number of singular values larger than 0.99. PIE0.7 and SVDO0.7 represent the estimates

from selecting @ that correspond to the number of singular values larger than 0.7. From the

top to the bottom row, the results used n = 100, 200, 500, and 1,000.
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B.9.2 Hard threshold selection of u

We conducted additional simulation study to analyze the robustness of the proposed envelope
methods to the selection of the tuning parameter u. To do so, we considered using hard
thresholding approach where the counts of singular values larger than 0.99 and 0.7 are
chosen for u. The results are displayed in Figure B.4. We can observe that the SVD method
tends to be more sensitive to the dimension u as more outlying NIE estimates are observed

from the SVD results - SVD0.7 and SVD0.99 in Figure B.4.

B.9.3 Projection accuracy

In this section, we present the relationship between the projection error of Pp estimated via
the proposed method with the increasing sample size — n = 200, 500, 1,000, and 5,000. We
conducted the Monte Carlo simulation over 50 iterations. Figure B.5 displays the mean of
log || Py — Pe||r at each log of sample size. We can observe that the slopes are near 1/2

which corresponds to the y/n-rate of decrease.

-2.54
-3.01 3.5
-3.04
3.5 -4.01
-3.51

4.0 451

4.0
4.5 5.0

5.298 6215  6.908 8.517 5298 6215  6.908 8517 5.298 6215  6.908 8.517

log (n) log (n) log (n)
Figure B.5: Projection errors represented by Frobenious norms (|| Pz —FPg|| ) of the difference
between Pz and FPg. The y-axis represents the mean log Frobenious error for the three
simulation settings — Setting 1, 2, and 3 from left to right. The true dimensions of I', ®, and

G were used for the simulation.
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B.10 Real data analysis

The correlation structure of the proteins are given in Figure B.6. There are a number of
proteins that are highly correlated. Figure B.7 shows the sample selection procedure. In the
original cohort, there are 5,201 individuals. We use 2,153 to implement the proposed method
and perform the data analysis. Figure B.8 shows the singular values of 7 for choosing
the dimensionality u. Figure B.9 shows the distributions of OLS estimates for the outcome-
mediator and mediator-exposure models. We can observe that some of the estimates are
amplified in the outcome-mediator model, partially attributable to the collinearity.

Based on the estimate I’ and ®, we performed the singluar value decomposition on 7o
to choose the dimension for the reducing subspace. We choose u = 3 based on the number of
singular values that are close to 1 (Figure B.8). The estimated NIE remained relatively stable
when moderately larger values of u were selected, yielding NIE = —1.665 (SE = 0.406) and
NIE = —1.509 (SE = 0.407) for u = 4 and u = 5, respectively. However, for larger values
of u, the estimated NIE became more variable and generally more negative. Specifically,
for u = 6,7,---,10, the estimates were NIE = —2.291 (SE = 0.483), —3.133 (SE =
0.500), —3.739(SE = 0.585), —2.088 (SE = 0.513), and —2.790 (SE = 0.674).
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Figure B.6: Heatmap of the correlation structure of the 275 proteins relevant for inflamma-

tion and CVD.
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Figure B.7: Flow chart of sample selection
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Figure B.8: Singular values for choosing dimensionality of the reduced subspace with the

subset of biomarkers. The top three singular values of ['"® are near 1.

Table B.1: UniProt identifiers and corresponding protein

names.
UniProt Protein

000253 Agouti-related protein

Q14005 Interleukin-16

Q07011 TNF receptor superfamily member 9 (4-1BB/CD137)
P02778 C-X-C motif chemokine ligand 10 (IP-10)

P35318 Adrenomedullin

Q496F6 CD300e molecule

P14210 Hepatocyte growth factor

000182 Galectin-9

Q13478 Interleukin-18 receptor 1

QIGZV9 Fibroblast growth factor 23

P20333 TNF receptor 2 (TNFR2)

Continued on next page
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Table B.1 — continued from previous page

UniProt Protein

Q03405 Urokinase plasminogen activator receptor (uPAR)
QIY6Q6 RANK

P01579 Interferon gamma

P05112 Interleukin-4

P15090 Fatty acid binding protein 4

QINSA1 Fibroblast growth factor 21

P07204 Thrombomodulin

P19438 TNF receptor 1 (TNFR1)

P16581 E-selectin

Q96D42 Hepatitis A Virus Cellular Receptor 1 (KIM-1)
Q99988 Growth Differentiation Factor 15

QINQ30 Endothelial Cell-Specific Molecule 1 (Endocan)
Q02763 TEK Receptor Tyrosine Kinase (Tie2)

P01137 Transforming Growth Factor Beta 1

Q76LXS ADAM Metallopeptidase with Thrombospondin Type 1 Motif 13
P35442 Thrombospondin 2

P49763 Placental Growth Factor

P21583 KIT Ligand (Stem Cell Factor)

P01732 CD8 Alpha Chain

P25116 Coagulation Factor II Receptor (PAR1)
P07339 Cathepsin D

P42702 Leukemia Inhibitory Factor Receptor

043508 TNF Superfamily Member 12 (TWEAK)
QINZQ7 Programmed Death-Ligand 1 (PD-L1)

P09237 Matrix Metalloproteinase 7

P33241 Lymphocyte Specific Protein 1

Q16651 Prostasin

Q08334 Interleukin-10 Receptor Beta
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Figure B.9: The distributions of the component-wise estimates for the outcome-mediator
(left) and mediator-exposure effects (right). PIE displays results for u = 3.

Table B.1 — continued from previous page

UniProt Protein

P09603 Colony Stimulating Factor 1 (M-CSF)
014558 Heat Shock Protein Beta-6 (HSP20)
P01730 CD4 Molecule

000220 TRAIL Receptor 1 (DR4)
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Appendix C

Chapter 5 Appendix

C.1 Proof of Proposition 4.3.1

For simplicity of the proof, we suppose a; = 1 and as = 1 for simplicity. We prove the
result when both £y and L4 are squared-error losses. This can be generalized to other
non-negative losses.

Our target is to minimize
E[{Y = m(X)P +{A—7(X)} + ({¥ = m(X)} = {A = 7(X)}r(X))’

=E [E[{Y — m(X)P|X] + E[{A - 7(X)}*|X] + E[({Y —m(X)} - {A - n(X)}7(X))’ | X]]

We can focus on minimizing the conditional expectations:
E[{Y —m(X)P*|X] + E[{A - 7(X)}?|X] + E[({Y —m(X)} — {A - 7(X)}7(X))* |X]
The first term can be expressed as
E[{Y — m(X)PIX] = E{Y — EIY[X]}X] + {E[Y|X] - m(X)}.
Likewise, the second term becomes

E[{A - m(X)}*|X] = E[{A — E[A]X]}*|X] + {E[A|X] — «(X)}*.
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Moreover, the third term can be written asd
2
B (1 =m0} - (4 - 7C0}(x)) 1]

~E [({Y ~E[Y|X]} - {A- E[A\XWX))?X] +(ELY |X]-m(X) —{EA|X]-r(X)}r(X))

By combining these results, we have
E{Y — E[Y[X]}|X] + {E[Y|X] = m(X)}* + E[{A — E[A]X]}?|X] + {E[A]X] — 7(X)}?

+E [({y ~E[Y|X]} - {A - E[A|X]}T(X)>2|X] +(E[Y|X]—m(X)—{E[A|X]—w(X)}r(X))2.

The terms in red are non-negative, and are minimzed at 0 as long as m(X) = E[Y|X] and

7m(X) = E[A|X]. Therefore, the objective function is minimized by 7(z) that minimizes
2
| (1Y - EYIX]) - {4~ EAX)r(0) 1]

from which
() = E{Y — E[Y|X]} - {A - E[A|X]}|X]
E{A — E[A[X]}?|X]
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