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Astronomy

Trans-Neptunian Objects (TNOs) provide a window into the history of the Solar System,

but they can be challenging to observe due to their distance from the Sun and relatively low

brightness. Digital tracking helps address these challenges by algorithmically searching many

possible TNO trajectories in a stack of images, enabling detection of TNOs too faint to detect

in single images. Here we report the detection and characterization of 86 classical TNOs,

5 detached TNOs, 6 resonant TNOs, and 2 scattering TNOs that we could not link to any

other known objects. We report measurements of semi-major axis, eccentricity, inclination,

longitude of ascending node, argument of pericenter, and time of pericenter passage for

these 99 objects. We also report values for the absolute magnitude H in the V R band with

a largest measured H value of H = 9.63. These objects are dynamically classified using

10 Myr Rebound orbital integrations. Additionally, we report the detection of 75 moving

objects with short ∼ 4 day arcs that we could not link to any other known objects and

place constraints on the barycentric distance, inclination, and longitude of ascending node of

these objects. We describe extensions to the Kernel-Based Moving Object Detection (KBMOD)

software that helped enable these detections, including an in-line graphics processing unit

(GPU) filter, a convolutional neural network (CNN) stamp filter, and an astrometric and

photometric post-processing tool. These tools enable KBMOD to take advantage of difference

images and help ready KBMOD for deployment on future big data surveys such as LSST.
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GLOSSARY

CONVOLUTIONAL NEURAL NETWORK (CNN): A neural network algorithm using convo-
lutional layers that is capable of “learning” specific features in images. For example,
CNNs can be trained to help reject false positive candidates in KBMOD.

DIGITAL TRACKING: A similar method to “shift-and-stack” or “track-before-detect” where
images are not necessarily coadded, but rather trajectories may be evaluated based on
an aperture that moves in image-space along a potential trajectory.

KERNEL-BASED MOVING OBJECT DETECTION (KBMOD): A “digital tracking” algorithm
that uses GPU acceleration to quickly search a large grid of rates and angles.

KUIPER BELT: A belt of small bodies orbiting the Sun with a semi-major axis between
about 35 au and 50 au, with low-to-moderate eccentricity and inclination. Sometimes
called the Edgeworth-Kuiper Belt.

LAGRANGE POINT: Equilibrium points in the orbits of two massive bodies (e.g. Jupiter
and the Sun) where the gravitational forces and the centrifugal force are balanced. The
Lagrange 4 (L4) and Lagrange 5 (L5) points are stable equilibrium points 60◦ ahead
(L4) and behind (L5) the orbit of the smaller mass body (e.g. Jupiter).

NEAR EARTH OBJECT (NEO): A small body orbiting the Sun that passes relatively close
to the Earth.

POTENTIALLY HAZARDOUS ASTEROID: A small body orbiting the Sun that has the po-
tential to impact the Earth.

SHIFT-AND-STACK: A method of image coaddition where images are shifted along a grid
of on-sky speeds and angles then stacked. This allows faint moving objects with a
trajectory corresponding to one of the given rates and angles to be recovered with
greater signal to noise than in an individual image.

TRANS-NEPTUNIAN OBJECT (TNO): A small body orbiting the Sun with a semi-major
axis greater than that of the planet Neptune (a > 30.1 au).

v



TROJAN: A small body typically (but not always) orbiting the Sun that resides in either
the L4 or L5 point of a larger co-orbital body.
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Chapter 1

INTRODUCTION

“Things are only impossible until they are not.” - Jean-Luc Picard [113]

A doctoral dissertation is an exercise in perseverance with the goal of pushing through

many inevitable challenges in order to leave something new behind for those who will come

after. Contained herein is my small contribution to the onward march of human knowledge.

This dissertation seeks to explain one method for detecting faint objects in the outer Solar

System and why we should care to do so. This introduction will serve to give some needed

background information that will help contextualize the rest of the work. This includes a

little bit of orbital dynamics, a very brief overview of small bodies in the Solar System, a

slightly less brief overview of the objects in the outer Solar System, some things we can

learn from studying these populations, and a description of the detection method used in

this work.

Much of the work discussed herein is presented in [119] and will be presented in [12], [91],

and [120].

1.1 A brief introduction to magnitudes and orbital dynamics

Before discussing different populations of small bodies and their place in the Solar System,

we must first discuss some general characteristics of objects moving in elliptical orbits around

the Sun.

“How bright is that?” This is perhaps the first and most obvious question one can

answer with regard to a light in the sky. This question can be refined by dividing it into

two categories. “How bright does that look to me?” and “How bright is that in reality?”

To answer these questions, astronomers have long used a logarithmic magnitude scale. This
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tradition dates back to Hipparchus, who cataloged how bright the stars in the sky looked to

him [24]. We now define the apparent magnitude m to be

m = −5

2
log10

F

F0

, (1.1)

where F is the flux of the object and F0 is a reference zero point [108].

Of course, we now know that each star is a specific and unique distance away from the

Earth. Just like a candle up close may appear as bright as the lights of a distant city, so too

will the brightness of a star depend on distance. To account for this, astronomers define the

absolute magnitude M to be the apparent magnitude of the objects if it were 10 pc away

[24].

Solar System objects, which are much closer to the Earth than even the closest star, have

an analogous but different absolute magnitude system. The absolute magnitude H is defined

to be the brightness of the object at 1 au. The visual band brightness of a Solar System object

is primarily determined by the reflected light from the Sun. Just as the moon changes phase,

so too do other Solar System objects change brightness based on the angle of observation.

Additionally, when viewed at opposition1, the brightness of Solar System objects can be

different (typically brighter) compared to a smooth, evenly-scattering spherical surface [e.g.

46]. In 1985, to account for this “opposition effect”, the IAU added a slope term G to the

magnitude system for Solar System objects2. Astronomers therefore often use a value for H

and G when discussing the absolute magnitude of Solar System objects, where H is given by

1Opposition is the point in an orbit when the Sun, Earth, and minor planet are in a line and are in that
order. It is the orbital configuration that maximizes the amount of sunlight that is reflected off of the
minor planet back to the Earth.

2The MPC has an archived version of the IAU general assembly notes discussing this change. See more
here: https://minorplanetcenter.net/iau/ECS/MPCArchive/1985/MPC_19851227.pdf

https://minorplanetcenter.net/iau/ECS/MPCArchive/1985/MPC_19851227.pdf
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the following equations:

H = m+ 2.5 log10(q(α))− 5 log10(rd) (1.2)

q(α) = (1−G)ϕ1 +Gϕ2 (1.3)

ϕi = exp

[
−Ai

(
tan

α

2

)Bi

]
, (1.4)

where α is the phase angle, r is the geocentric distance in au, d is the barycentric distance

in au, and A1 = 3.33, A2 = 1.862, B1 = 0.631, B2 = 1.218 are fixed quantities (see footnote

for the MPC archived version containing these values).

To break down the phrase “moving in elliptical orbits around the Sun” is to cover hun-

dreds of years of history. It has long been known that some of the objects in the sky are

“moving”. Most of the planets have been observed since ancient times. However, it was not

until the 16th century that Nicolaus Copernicus theorized that objects moved “around the

Sun” rather than around the Earth and that the Earth itself is a moving object. His theories

were not published until just before his death in 1543 [29]. Later, in 1609, Johannes Kepler

extended Copernicus’ theories to describe the “elliptical” motion of Mars around the Sun

[73]3.

Thanks to the works of Copernicus, Kepler, and many others, we can now describe the

general motion of two objects bound together by gravitation as they move through space.

Namely, they move in an elliptical orbit where the center of mass of the system is one foci of

the ellipse. In the case of the Solar System, where the Sun is much, much more massive than

other bodies, we can approximate the Sun as being at the foci of this elliptical orbit. In two

dimensional space, this motion can be described with just three numbers: a, e, and M . The

semi-major axis a describes the size of the ellipse along its longest axis. For objects in the

Solar System, a is often described in astronomical units (au). The eccentricity e describes

how elongated the ellipse is; e is between zero and one (0 < e < 1) for bound orbits. The

amount of time it takes for the object to complete one full orbit is called the orbital period

3NASA has a brief summary of Kepler, including a short biography, available here: https://www.nasa.
gov/kepler/education/johannes

https://www.nasa.gov/kepler/education/johannes
https://www.nasa.gov/kepler/education/johannes
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P . P is intrinsically related to a by Kepler’s third law:

P 2 =
G(M +m)

4π2
a3, (1.5)

where G is Newton’s gravitational constant, M is the mass of the larger body (in this case

the Sun), and m is the mass of the smaller body (e.g. the Earth). The mean anomaly M

describes the fraction of the orbital period that has elapsed since the object has made its

closest approach to the center of mass. This point of closest approach is called the pericenter

q, while the point of furthest separation from the center of mass is called the apocenter.

Three more numbers (i, Ω, and ω) can describe the orientation of this orbital plane in

three dimensional space. The inclination i defines the tilt from some reference plane, which

is typically the plane perpendicular to the vector of the total angular momentum of the Solar

System. The longitude of ascending node Ω defines the rotation of the orbital plane relative

to some reference direction. The argument of pericenter ω defines the position of pericenter

along the orbit. These angles are shown in Figure 1.14.

These orbital elements do not precisely describe the real motion of objects in the Solar

System. Objects do not move around the Sun, strictly speaking. They move around the

center of mass of the Solar System, which is called the barycenter. Even the Sun moves

around the Solar System barycenter, although since the barycenter is within about two solar

radii from the center of the Sun, it admittedly does not move very much when compared

to the motion of the planets. Even this is not exactly accurate because objects in the Solar

System do not have a fixed set of Keplerian elements. They perturb each other, causing

minute changes in their trajectories at any given time. To determine the actual positions and

future motion of a given object in the Solar System requires complex numerical simulations

where each timestep accounts for the gravitational force of each body on every other body.

However, it is nevertheless useful to describe the orbit of objects using the Keplerian elements

of what their orbit would be at an instant in time if they were simply orbiting the Sun (or

4Lasunncty at the English Wikipedia, CC BY-SA 3.0 http://creativecommons.org/licenses/by-sa/
3.0/, via Wikimedia Commons

http://creativecommons.org/licenses/by-sa/3.0/
http://creativecommons.org/licenses/by-sa/3.0/
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Figure 1.1: A visualization of the angles of the Keplerian elements in three dimensional space.

Ω, ω, and i describe the orientation of the plane of the elliptical orbit in three dimensional

space.4
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the barycenter) with no other perturbing bodies.

These elements, sometimes called osculating elements, help to separate small bodies into

distinct populations. For example, one can define a number of different types of small bodies

based primarily on their orbital parameters. In the next section, we will briefly describe

some of the different groups of small bodies, as well as provide a bit of historical context and

interesting tidbits about each group.

1.2 A brief summary of small bodies in the Solar System

Small bodies are the final frontier in the study of flux-limited populations in the Solar System.

While these objects are primarily very small and often very distant, it is nevertheless critical

that we strive to understand them. Some can tell us about the formation of the Solar System

and its early history. Others have the potential to violently impact the Earth, destroying

cities, countries, or even entire species. In this section, we will briefly describe many of the

main classes of small bodies in the Solar System, very loosely starting with objects closest

to Earth and moving to more distant populations.

While it is not the purpose of this work, we will first present a very brief summary

of the formation of small bodies in the Solar System and their role in the formation and

evolution of the Earth [131]. Like many stars, the Sun likely formed with a protoplanetary

disk largely made up of H2 and He, with a smaller amount of dust. The Sun would have

formed from nebular material with a gas-to-dust ratio of about 100, but disks generally have

smaller gas-to-dust ratios and hence proportionately more dust [5]. Dust particles grow to

cm sizes, at which point the streaming instability begins to dominate [138]. The streaming

instability can be understood as follows. Gas rotates at sub-Keplerian speeds (i.e. slower

than an orbiting body). Thus, the cm size particles experience a headwind and begin to

migrate inwards towards the star. Where many of these particles accumulate, they speed

up the local gas, lessening the headwind, which in turn makes the cm particles migrate

more slowly. This allows for a greater pile up of particles, which can eventually become

self-gravitating and form planetesimals of 100 km sizes [88]. The gaseous disk around
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the early Sun likely dissipated after only a few Myr [133]. Within about 100 Myr after

the dissipation of the gaseous disk, the terrestrial planets are thought to have formed from

collisions between planetesimals and the forming planetary embryos [134]. The Earth is

thought to have formed with minimal in situ water content5, in part because the ratio of

deuterium to hydrogen (called the D/H ratio) is much higher in the Earth’s oceans than

in protosolar matter [34]. After formation, water and other volatiles are thought to have

been delivered via impacts primarily by C-type asteroids (carbonaceous chondrites), with a

< 10% contribution (possibly < 1%) from comets [131, 87, 83]. See [131] for a comprehensive

review. Impacts therefore played an important role in the formation of the planets as we

know them today. However, these impacts can still occur today, sometimes with devastating

consequences.

Near Earth Objects (NEOs) are small bodies that come relatively close to Earth. More

specifically, they are objects with a pericenter of less than 1.3 au6. As of February 2022, the

JPL small body database lists 28317 NEOs7. These objects are of interest to many people,

both astronomers and the general public, for many reasons, not least of which is the fact that

some of these objects come close enough to the Earth that they could potentially impact our

planet.

The subclass of NEOs that could potentially impact Earth are known as Potentially

Hazardous Asteroids (PHAs), provided they are sufficiently bright. As defined by JPL,

PHAs must have an Earth “Mininum Orbit Intersection Distance” (MOID) of less than 0.05

au. Additionally, they must have an H magnitude of H ≥ 22.0, which corresponds to a

size greater than about 140m6. As of February 2022, the JPL small body database lists

2227 PHAs. These objects have the potential to cause regional-to-global devastation if they

5[131] considers this to be the scientific concensus, but they note that there is some discussion of in situ
water accumulation and formation [e.g. 33].

6JPL has a summary page of NEOs here: https://cneos.jpl.nasa.gov/about/neo_groups.html

7The JPL Small Body Database provides a convenient query tool for small bodies, allowing a user to
query the names, orbital elements, and physical properties of small bodies in the Solar System. It can be
found here: https://ssd.jpl.nasa.gov/sb/

https://cneos.jpl.nasa.gov/about/neo_groups.html
https://ssd.jpl.nasa.gov/sb/
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were to impact the Earth. The most well-known example of such a destructive impact is

the meteor that is believed to have caused the extinction of the dinosaurs. This meteor,

sometimes called the Chicxulub impactor, was quite large with a diameter of about 10 km

[32].

However, even a much smaller asteroid could cause city-wide devastation upon impact.

In fact, on June 30, 1908, an object that was likely smaller than 140 m exploded over the

forests in the Tunguska region of Siberia, releasing about 20 Mt of TNT worth of energy

and damaging about 2,000 square km of forest [135, 6]. Over one hundred years later, on

February 15th, 2013 a meteoroid that was only about 15-20 m exploded in the atmosphere

over the Russian city of Chelyabinsk releasing about 300 kt of TNT worth of energy and

shattering windows over a 5,000 square kilometer area [6]. Not all small bodies in the inner

Solar System come so close to Earth, however.

Main Belt Asteroids (MBAs) have a semi-major axis between Mars and Jupiter. As of

February 2022, the JPL small body database lists 1045489 MBAs. Although there are a large

number of MBAs, the total mass of the asteroid belt is not actually that large. Estimates

place the total mass around 18×10−10M⊙, which is under 5% the mass of the Earth’s moon.

Furthermore, using the values for GM from the JPL small body database8, the three largest

asteroids (Ceres, Vesta, and Pallas) in the asteroid belt account for about 39% of the total

mass.

Trojan asteroids are in stable equilibrium points 60◦ ahead and 60◦ behind an orbiting

body. These points are called the L4 and L5 Lagrange points [77]. Lagrange points are

orbital configurations in the three body problem where, assuming one of the bodies is of

negligible mass, the gravitational force of the other two more massive bodies is balanced by

the centrifugal force of the negligible-mass body. The L4 point is 60◦ ahead of the main

body, while the L5 point is 60◦ behind the main body.

It was over a century after the theoretical description of Lagrange points before an object

8The JPL small body database directly reports GM , where G is Newton’s gravitational constant and M
is the mass of the asteroid.
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was found in one of these points. An object was discovered in the jovian L4 point by German

astronomer Max Wolf in 1906 in Heidlberg. It was soon named “Achilles” and was followed

later that year by an object named “Patroclus”, then the next year by “Hektor” [1]. Other

small bodies detected in the jovian Lagrange points followed the same naming scheme, all

with names from Homer’s Iliad. Objects in the leading L4 point are named after Greeks,

while those in the L5 point are named after Trojans, except for “Hektor” and “Patroclus”,

which are in the L4 and L5 points respectively9.

Trojans have been detected for most planets. Jupiter has the greatest number of known

trojans by far, with 11631 listed by the JPL small body database as of February 2022, but

every planet besides Saturn and Mercury has at least one known trojan. Earth has two known

trojans, both in the L4 point [28, 114]. Uranus trojans are thought to be largely unstable,

and the two known Uranus trojans are only stable for 100 kyr timescales [98, 4, 31]. In

addition to the planetary trojans, several smaller bodies in the Solar System have their own

trojans, including two of the moons of Saturn [117]. Telesto and Calypso are two saturnian

moons that are in the L4 and L5 points of the larger saturnian moon Tethys. Helene and

Polydeuces are similarly in the L4 and L5 points of the saturnian moon Dione. The two

most massive asteroids in the asteroid belt even have their own temporary trojans, although

they are only stable for about 2 Myr [27].

Comets are perhaps some of the most spectacular small bodies. As of February 2022,

the JPL small body database lists 3782 comets. Comets are icy objects that spend most of

their time in the outer Solar System, but they have orbital trajectories that bring them into

the inner Solar System. When this occurs, they heat up and sometimes obtain dramatic and

bright tails. In fact, of all of the small bodies mentioned here, comets were the first to have

been observed and recorded. Chinese oracle bones dating to between 1400 B.C. and 1200

B.C. provide the earliest written record of a comet observed by humans10.

9A MPC list of Jupiter trojans can be found here: https://minorplanetcenter.net//iau/lists/

JupiterTrojans.html

10An archived page discussing Chinese oracle bones and their relationship to comets can be found here:
https://web.archive.org/web/20131005100532/http://www.lib.cam.ac.uk/mulu/oracle.html

https://minorplanetcenter.net//iau/lists/JupiterTrojans.html
https://minorplanetcenter.net//iau/lists/JupiterTrojans.html
https://web.archive.org/web/20131005100532/http://www.lib.cam.ac.uk/mulu/oracle.html
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Perhaps the most famous comet is Halley’s Comet. This object bears the name of Edmund

Halley, who discussed with Sir Isaac Newton the comet observations of 1531, 1607, and 1682,

theorizing that they were all observations of a single object which reappeared about every

75 years. Although unknown to Edmund Halley, this comet had actually been observed by

humans for hundreds of years, with possible (although uncertain) recorded observations as

far back as 466 B.C. [56]. Halley’s comet is still around today, most recently visible with the

naked eye in 1986 and due for another appearance in 2061.

Centaurs are objects that, like comets, are interlopers into the orbital space between

planets. Unlike comets, however, they are constrained strictly to the outer Solar System. The

JPL small body database lists 703 objects with a semi-major axis of 5.5 au < a < 30.1 au.

[50] defines a centaur as having a Tj > 3.05, q > 7.35 au, and a < 30.1 au, where TJ is the

Tisserand parameter with respect to Jupiter. TJ is given by Equation 1 in [50], reproduced

here:

TJ ≡ aJ
a

+ 2

√
aJ
a
(1− e2) cos i, (1.6)

where aJ is the semi-major axis of Jupiter. The Tisserand parameter quantifies how strongly

a small body interacts with a large body, such as Jupiter. Therefore, the centaur definition

from [50] defines these objects to be in the outer Solar System, not strongly influenced by

Jupiter, but not beyond the orbit of Neptune (and therefore not trans-Neptunian Objects).

Far in the outer reaches of the Solar System, often beyond the planets themselves, there

is a wealth of small bodies. Trans-Neptunian Objects (TNOs) are, as the name implies,

simply small bodies with orbits beyond that of the planet Neptune. As of February 2022,

the JPL small body database lists 4159 TNOs. Despite the fact that we call them “small

bodies”, they are only small with respect to the planets. These icy objects can actually be

quite large in size, with diameters of over a thousand km. Furthermore, they take hundreds

of years to complete a single orbit around the Sun. The rest of this work will focus primarily

on TNOs.

Many of the populations listed here can be further sub-divided on, for example, orbital

parameters or composition. Because this work primarily concerns itself with the slow-moving
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bodies in the outer Solar System, we will take some time to describe TNOs and other distant

objects in more detail, separating them into orbital classes and describing some key physical

characteristics of these bodies.

1.3 Populations of small bodies beyond Neptune

As discussed above, there are thousands of objects beyond the orbit of Neptune, many of

which belong clearly to distinct subpopulations. These subpopulations, as well as the objects

that are difficult to classify, can tell us much about the origin and history of the Solar System.

This will be the focus of Section 1.4, but first we need to describe these populations of TNOs.

They will provide the scientific background for the work discussed in Chapters 2, 3, and 4.

One of the main populations in the outer Solar System is called the Kuiper Belt. The

Kuiper Belt is named after the astronomer Gerard Kuiper, who wrote about planetary for-

mation hypotheses in the mid 20th century [75, 76]. Although he did not predict the Kuiper

Belt as we know it today, he did discuss formation methods that would form small bodies

out beyond the orbit of Neptune. From [76]:

The outermost region of the solar nebula, from 38 to 50 astr. units (i.e., just

outside proto-Neptune), must have had a surface density below the limit set by

equation (7)... Condensation products (ices of H20, NH3, CH4, etc.) must have

formed, and the flakes must have slowly collected and formed larger aggregates,

estimated to range up to 1 km. or more in size. The total condensable mass is

about 1029 g., but not all of this could be collected. These condensations appear

to account for the comets, in size, number and composition.

The Kuiper Belt is sometimes called the Edgeworth-Kuiper Belt, after both Kenneth

Edgeworth and Gerard Kuiper. The contribution of Edgeworth is noteworthy because he

predicted the existence of belt of objects beyond Neptune in 1949, predating the publications

of [75, 76]. From [36]:
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In the region outside the orbit of Neptune the material would also be highly

attenuated, and here again condensations would be small and numerous, but the

progress of evolution was slower, and the region is probably populated by a very

large number of small clusters.

The very first Kuiper Belt Object (KBO) was discovered on February 18th, 1930 by

Clyde Tombaugh at the Lowell Observatory in Flagstaff, Arizona. The object was of course

Pluto, and it was not until much later that it became known as a KBO. Originally, Pluto

was called the ninth planet in the Solar System. Pluto has a diameter of 2376 km and a

mass of 1.3029 × 1022, making it smaller than Earth’s moon. Now called a dwarf planet,

Pluto has 5 known natural satellites, the largest of which is call Charon. According to the

JPL small body database, Charon has a mass that is about 12% that of Pluto. Pluto is in

a 3:2 mean-motion resonance with Neptune.

The next KBO was not discovered until 1992 [66]. The object was named 1992 QB1, and

later renamed Albion. This object has an inclination of about i = 2.2◦ and an eccentricity of

about e = 0.11. Because of this, other KBOs with similarly low inclination and eccentricity

are sometimes called “cubewanos”, after the initial name “QB1”. Since the discovery of

Albion, over 4000 unique TNOs have been discovered, leading to both a broader and deeper

understanding of objects in the outer Solar System.

Objects in the Kuiper Belt may still be called “small bodies”, but they are not actually

all that small. TNOs in general are only “small” relative to the planets. The JPL small

body database lists 2869 TNOs with H ≤ 8, which corresponds to a size of approximately

greater than 135 km, depending on the albedo. Known TNOs extend in size all the way up

to Pluto, with a diameter of 2376 km, although there is some reason to suspect there may

still be larger undiscovered TNOs (see Section 1.5). In orbital space, the classical Kuiper

Belt extends from about 30 au to about 50 au, although the outer edge is loosely defined.

TNOs can be further subdivided into classical, resonant, detached, and scattered (or

scattering) populations [50, 74]. The classical Kuiper Belt can be further separated into
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dynamically “hot” and dynamically “cold” populations. Additionally, there are 25 TNOs

listed by the JPL small body database with a > 250 au and q > 30 au, which are sometimes

called “Extreme TNOs” [e.g. 11]. We will briefly describe each of these subpopulations, both

in terms of their orbital dynamics as well as some of their other properties.

1.3.1 Classical KBOs

Using the classification scheme of [50], the classical Kuiper Belt consists of non-resonant

TNOs with e < 0.24. [50] divides the classical Kiuper Belt on semi-major axis, separating

the classical Kuiper Belt into “inner”, “main”, and “outer” sections. They place this division

at a > 39.4 au, 39.4 ≤ a ≤ 48.4 au, and a > 48.4 au respectively.

The classical Kuiper Belt is also sometimes separated into dynamically “hot” and dy-

namically “cold”. The cold classical Kuiper Belt is often defined as objects where i < 5◦,

while the hot classical Kuiper Belt consists of objects in the classical Kuiper Belt with i > 5◦

[21, 88].

Although this cut on inclination is not always used (e.g. [50, 74]), there are a number

of other observables that suggest that there are two different subpopulations in the classical

Kiuper Belt, each with unique origins. Specifically, color, size distribution, and binary

fraction seem to indicate at least two physically distinct subpopulations.

Cold classicals tend to be redder than hot classicals. In 1998, [122] was the first paper

to identify two subpopulations of KBO colors. Using only 11 KBOs, they did not identify

any dependence on “inclination angle, eccentricity, perihelion distance, semi-major axis, or

absolute magnitude”. However, by 2002, [126] used color data from 60 KBOs to identify an

inclination dependence in the Kuiper Belt; namely, lower inclination KBOs are redder than

higher inclination KBOs. Further studies substantiated this relationship, and show that cold

classical KBOs are nearly all relatively red, while more dynamically excited populations have

a broader “grey” distribution of colors [106, 22]. It is worth mentioning that the inclination

of i < 5◦ used to divide the hot and cold populations dynamically does not agree with the

inclination break of i < 12◦ that [106] finds in the color distribution. Recent work ([41, 115])
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suggests that three progenitor populations may reconcile KBO dynamical inclination classes

with KBO color distributions.

Cold classicals are lower-mass and have a different size distribution than both hot clas-

sicals and Jupiter trojans. [15] identified that KBO magnitudes, both “cold” and “excited”,

follow a double power law. [42] extends this to the absolute magnitude H, and shows that

the hot and cold populations do not come from the same size distribution. [42] also esti-

mates the total mass of both the hot and cold classical populations at about 0.01 ME and

0.0003 ME respectively, where ME is the mass of the Earth.

Cold classicals have a relatively high fraction of binary systems. In fact, [41] states quite

clearly that all objects that formed in the region of the present Kuiper Belt would have

formed as binaries. There is, however, a lack of widely-separated binaries in the dynamically

excited TNO populations (including but not limited to hot classical KBOs) [102]. KBO

binarity provides an important constraint on formation hypotheses. Although the hot popu-

lations can be strongly dynamically perturbed (interrupting any widely-separated binaries),

any formation model must reproduce and preserve the large fraction of binaries in the cold

classical population, as well as the distribution of prograde versus retrograde binaries. For

example, [94] leverages this information to provide further support for the streaming insta-

bility planetesimal formation model, which they find reproduces the large fraction of cold

classical binaries as well as the high (approximately 80%) fraction of prograde binaries.

Hot classicals share some similarities to Jupiter trojan asteroids. More specifically, [137]

demonstrates that dynamically hot KBOs and the Jupiter trojans have a statistically indis-

tinguishable color-magnitude distribution. Similarly, [42] is unable to rule out the possibility

that hot KBOs share a size distribution with the Jovian trojans. This similarity suggests

that both the hot KBOs and the Jovian trojans may have come from the same progenitor

population. This observation has important impacts on theories concerning the origin of the

current outerplanetary configuration, as we will discuss in Section 1.4.
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1.3.2 Resonant TNOs

We can define a specific kind of orbital relationship between two bodies orbiting a third

parent body. An object is in a mean-motion resonance (MMR) with another object if their

orbital periods are some integer ratio of each other. In this paper, we well describe resonances

as the number of orbits of the inner object to the number of orbits of the outer object. For

example, if the inner object completes 3 orbits in the time it takes the outer object to

complete 2 orbits, we call this a 3:2 resonance.

Some trans-Neptunian objects are in resonance with one of the giant planets, typically

Neptune. Resonant TNOs are interesting for a few reasons. TNOs in resonance can have

high eccentricity, yet remain stable for Gyr timescales [50]. The relative amount of resonant

objects, as well as their physical properties, can tell us about the orbital evolution of Neptune

in the early Solar System [88]. See Section 1.4.

The most commonly discussed TNO resonances are the 3:2 and 2:1 resonances. However,

[50] lists 17 different mean-motion resonances with at least one TNO that occupies the

resonance. An integer orbital period ratio is necessary but not sufficient for a TNO to be

in resonance with Neptune. Rather, there must be a particular agreement of Ω, ω, and M

[50]. In particular, using the example of [50], a TNO in the 9:4 resonance with Neptune

must be such that the resonant argument oscillates around a particular value. The resonant

argument Φ94 for 9:4 MMR is given by Equation 2 in [50], repeated here:

Φ94 = 9λN − 4λ− 5ϖ, (1.7)

where λ = Ω + ω + M is the mean longitude of Neptune (λN) and the TNO (λ), and

ϖ = Ω + ω is the longitude of pericenter. Numerical simulations are usually required to

show that a particular TNO is in a mean-motion resonance.

Pluto is the most famous example of a resonant TNO, falling in the 3:2 resonance, and

is both the largest TNO and the first TNO to be discovered. For this reason, other TNOs

in the 3:2 resonance are sometimes called “plutinos”.
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1.3.3 Scattered disk objects, the detached population, extreme TNOs, and the Oort Cloud

In addition to the resonant TNOs and classical KBOs, some TNOs are highly eccentric,

highly inclined, very distant, or all three. These objects can be categorized in a number of

different ways, which we will summarize below.

The first category of objects is called “scattered disk objects” (SDO). These objects

interact strongly with Neptune. The dynamics of these objects were first discussed in [35],

who carried out 4 Gyr orbital integrations of 2200 massless test particles that interacted with

Neptune. They found that about 1% of these objects remained after the 4 Gyr simulation

time. [50] makes a point to call these objects “scattering” rather than “scattered” in order

to specify that they are defining these objects to be currently interacting with and scattering

off of Neptune, rather than that they were scattered sometime in the past.

In addition to the population currently scattering off of Neptune, a “detached” population

of TNOs is also commonly defined [50]. [88] calls this population the “fossilized scattered

disk”, which makes a suggestion as to the origin of this population. [50] defines the detached

population to be TNOs with eccentricity e > 0.24 that do not have sufficiently large semi-

major axis to be influenced by extra-solar forces. [50] puts this limit at around a > 2000 au,

corresponding to the approximate start of the inner Oort Cloud.

Eris is perhaps the most famous example of a fossilized scattered disk or detached object,

although it is sometimes also referred to as simply a scattered disk object. It has a semi-

major axis of a = 68.1 au, an inclination of i = 43.8◦, and an eccentricity of e = 0.43, making

it significantly more distant, more eccentric, and more highly inclined than classical KBOs7.

It is actually the most massive TNO, despite being smaller than Pluto, and was initially

announced to be the tenth planet in the Solar System11. However, both Eris and Pluto were

subsequently classified as “dwarf planets”12.

11The archived version of the JPL press release is available here: https://web.archive.org/web/

20070514171359/http://www.jpl.nasa.gov/news/news.cfm?release=2005-126

12The archived IAU resolution defining dwarf planets and reclassifying Pluto is available here:
https://web.archive.org/web/20060928081931/http://www.iau.org/fileadmin/content/pdfs/

Resolution_GA26-5-6.pdf

https://web.archive.org/web/20070514171359/http://www.jpl.nasa.gov/news/news.cfm?release=2005-126
https://web.archive.org/web/20070514171359/http://www.jpl.nasa.gov/news/news.cfm?release=2005-126
https://web.archive.org/web/20060928081931/http://www.iau.org/fileadmin/content/pdfs/Resolution_GA26-5-6.pdf
https://web.archive.org/web/20060928081931/http://www.iau.org/fileadmin/content/pdfs/Resolution_GA26-5-6.pdf
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[88] notes that, using a definition similar to [50], there appear to be two distinct sub-

populations of detached TNOs. At lower perihelion distances of q < 45 au, the detached

population appears to be a more distant, more excited extension of the hot population of

the classical Kuiper Belt. However, in addition to this population, there are currently three

known objects with q > 60 and a > 250 au. The first such object detected is the object

Sedna, which is thought to be a member of a larger population of sednoids [23]. Sedna is an

object with a perihelion of q = 76± 4 au but a semi-major axis of a = 480± 40 au. In fact,

Sedna has the second largest perihelion (after 2012 VP113) of any detected Solar System

object. Therefore, it spends well over 90% of the time on its orbit beyond the detection limit

of the survey that discovered it. This suggests that there may be a numerous and massive

population of objects at high q.

[11] defines a general category of “Extreme TNOs” (eTNOs) to be those objects with

a > 250 au and q > 30 au. This population would include the three known sednoids

and an additional 22 other distant and highly-eccentric. Further surveys of the outer Solar

System, such as LSST and DEEP, will be needed in order to determine whether or not the

detached population should be subdivided and if so, how. However, this subsection has

defined several of the commonly-used subclassifications for the very distant, very eccentric,

and/or very inclined populations of TNOs.

Well beyond the edge of the classical Kuiper Belt lies the Oort Cloud. [50] places the

dividing line between the Kuiper Belt and the Oort Cloud at a = 2000 au. This distance is

chosen such that extra-solar effects like passing stars and galactic tides can have an appre-

ciable effect on the orbital evolution of these objects. There are currently no known objects

with a > 2000 au and q > 30 au. This region is, therefore, a currently un-analyzed region

of TNO parameter space. It is worth noting that there are 175 comets and 2 asteroids with

a > 2000 au and no limit on q, but such low q objects are not the primary topic of this work.
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1.4 Models of the early outer Solar System

TNOs contain many dynamically-unperturbed relics from shortly after the formation of

the Solar System [81]. They provide a window into the early history of the Solar System

and enable tests of planetary formation and migration hypotheses. In this section, we will

discuss several models of planetary migration in roughly historical order, with a focus on the

movement of the giant planets after the gaseous disk dissipated. One of the earlier and more

famous models, the Nice Model [127], suggests that all the giant planets formed well-interior

to 20 au and migrated outwards due to interactions with each other and with a large disk of

planetesimals. Later models built on this concept, refining the details to meet observational

constraints. In this section, we will start with a description of the original Nice Model then

move on to more modern planetary migration models.

The Nice Model was the first to predict a giant planet instability in the early Solar

System [127]. In this initial model, [127] started a numerical orbital integration with the

giant planets all inside of 17 au. They also include a massive belt of planetesimals from

the edge of the outer planetary configuration (about 17 au) to 30 − 35 au. This belt had

a mass between 30 and 50 ME, where ME is the mass of the Earth, and was made up of

1,000-5,000 equal mass bodies. (As we will discuss later, subsequent research based on the

capture probability and current population of Jupiter trojans places this disk mass closer to

15− 20 ME [99]).

Using these simulations, the Nice Model predicts that Jupiter and Saturn enter a 2:1

MMR, which causes Neptune and Uranus to dramatically “swap” positions [127]. This

happens because the giant planets exchange angular momentum with the massive disk of

planetesimals, during which time Jupiter drifts inwards while Saturn, Uranus, and Neptune

drift outwards. When this drift occurs sufficiently close to a MMR between Jupiter and Sat-

urn, the eccentricities of these planets are driven up, which in turn drives up the inclinations

and eccentricities of Uranus and Neptune, sending them out into the massive belt of plan-

etesimals. At this point, dynamical friction [e.g. 25] causes the circularization of the orbits of
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Uranus and Neptune, leaving them in the outer Solar System. In cases where Saturn inter-

acts with one of the ice giants, [127] found agreement between their models and the current

outer planetary configuration to within two standard deviations of their model estimates for

a, e, and i. This explains the relatively high inclination and eccentricity of the outer planets

relative to what might be expected if they had formed in situ in a protoplanetary disk.

The initial jump in the eccentricity of Jupiter and Saturn is expected due to the divergent

nature of the resonance crossing. As mentioned in Section 1.3.2, to be in a stable resonance,

the resonance argument Φ must oscillate or “librate” about a particular point. For example,

[82] describes the mechanisms for the resonant capture of Pluto due to Neptune’s outward

migration. However, there are regions in e cosΦ and e sinΦ space where capture into this

stable libration does not occur. In short, as the two planetary semi-major axes approach exact

MMR resonance, the bodies move from a region of low-eccentricity “internal circulation” to

a high-eccentricity “external circulation”. See the Supplementary Material from [127] for a

description of this as applied to the Nice Model. See [60] for a more in-depth description of

the mechanics of this divergent resonance crossing as well as an application to the formation

of the Kirkwood Gaps in the asteroid belt.

The Nice Model was initially invoked to explain the Late Heavy Bombardment (LHB),

which is thought to have occurred about 700 Myr after the formation of the giant planets

[52]. [52] found that they can delay the crossing of the Jupiter-Saturn 2:1 MMR by up to

1.1 Gyr depending on the location and mass of the outer disk of planetesimals, as well as the

semi-major axes of Saturn, Uranus, and Neptune. Specifically, if the inner edge of the disk

of planetesimals is close to the initial orbit of Uranus, the instability will happen quickly,

while if it is far away, the instability will happen more slowly.

Current studies suggest that the timing delay described in [52] likely could not have

occurred in the Solar System. Observations of the Jupiter trojan binary Patroclus–Menoetius

and subsequent dynamical simulations show that this binary pair would likely have been

disrupted if the predicted giant planet instability occurred more than about 100 Myr after

the dispersal of the gas disk [96]. This timeline is determined by the rate at which binaries in a
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massive planetesimal disk from 20−30 au would have been disrupted by collisional grinding.

After a period of giant planet instability, the Jupiter trojans and the hot population are

thought to be derived from this planetesimal disk. Therefore, since the survival probability

of a binary similar to Patroclus-Menoetius drops below 10% after 100 Myr (and below 1%

after 200 Myr), there could not have been a large (approximately 700 Myr) delay between

the dispersal of the protoplanetary gaseous disk and the predicted giant planet instability.

[96] therefore concludes that the giant planet instability could not have caused the LHB.

Newer studies of the orbital dynamics of early Solar System formation models differ

quantitatively from the original Nice Model presented in [127], but they generally retain the

theme of a sudden giant planet instability causing outward radial migration. In particular,

[89] discusses the orbital evolution of the giant planets in the presence of a gaseous proto-

planetary disk, where the giant planets could have been captured into a resonant chain, then

undergone an instability qualitatively similar to [127] once the gas dissipated. This approach

has the advantage of using more physically-motivated starting conditions. It is worth noting

that [89] still links the dynamical instability to the LHB, a concept which is not supported

by the more modern work of [96].

Other studies investigate the possibility of more than 4 giant planets in the early Solar

System. [10] and [95] both invoke the existence of a fifth giant planet in an initial resonant

chain with Jupiter, Saturn, Uranus, and Neptune. This fifth planet is often ejected during

this instability, as required by the current state of the Solar System. [10] finds that this 5

planet configuration is allowed, but not necessarily preferred over 4 giant planets, while [95]

finds the 5 planet configurations preferable to the 4 planet configuration.

Furthermore, the existence of a fifth giant planet could help meet constraints set by the

inner Solar System. If an ice giant scattered off of Jupiter shortly after the gaseous disk

dissipated, it could cause Jupiter’s semi-major axis to jump by a significant fraction of an

au. This jump ensures that the inner Solar System is not overly disrupted during the early

period of giant planetary evolution [99].

The exact details of an early Solar System giant planet instability have changed signifi-
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cantly from the original Nice Model and are a matter of ongoing research. Regardless, many

of the overall themes remain the same. [99] offers a comprehensive review of this subject. In

short, the current theory is that shortly (< 100 Myr) after the gaseous protoplanetary disk

dissipated, the giant planets interacted which each other and with a massive (15 − 20 ME)

and numerous planetesimal disk from about 20 − 30 au. This disk was strongly disrupted,

with a small percentage (≪ 10%) of members ending up on orbits in the outer Solar System.

During this time, Neptune slowly migrated from about 20−25 au to its present orbit at 30.1

au. A fifth ice giant may have been ejected from the Solar System during this time.

1.5 Modern TNO research

In this section, we will build on the discussion from Section 1.4. We will provide a summary

of important observable features of TNO subpopulations, how they inform models of the

orbital history of the outer Solar System, and what still remains to be studied. We will

place a particular emphasis on areas that contain open questions which could be addressed

by detecting more TNOs.

1.5.1 Hot classicals and the hot populations

Hot classicals are thought to be remnants of a massive protoplanetary disk that were embed-

ded into the modern-day Kuiper Belt during the period of giant planet instability. Because

of this, parameters such as the inclination, size, and color distribution of the hot population,

especially compared to the Jupiter trojan population, serve as important constraints for any

dynamical model of the early solar system.

The observational data that suggest the hot classicals and the Jupiter trojans are similar

in size and color therefore create a strong argument in support of theories of early giant

planet instability. (See Section 1.3.1 for more detail). As discussed in Section 1.4, the idea

is that a massive belt of planetesimals interacted with the giant planets, helping to drive

the planets towards their present orbits. This belt would have been dynamically excited by

this interaction, driving up inclination and eccentricity. During the time of instability, the
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giant planets would have lost any primordial trojan populations they may have had, and

then would have gotten a new population of trojans from the massive disk of planetesimals

[97, 55]. This analysis allows studies of the Jupiter trojans (a population at about 5.2 au) to

help inform our understanding of the hot population of TNOs (a population beyond 30 au).

Direct observation of hot classicals also serve as critical model constraints. For example,

[92] use the inclination distribution of the hot classical Kuiper Belt to suggest that the

migration of Neptune must have been relatively slow, with characteristic timescales of > 10

Myr. Shorter migration timescales do not sufficiently raise the inclination and eccentricties

of hot TNOs. Their model estimates that the initial mass of the disk of planetesimals would

have been between 15 ME and 20 ME, which is consistent with the mass predicted from

studies of the capture rate and current population of Jupiter trojans [99].

It is sometimes useful to discuss all of the hot populations of TNOs together, as opposed to

specifically hot classicals. In this context, the hot populations of TNOs include hot classicals,

detached objects, eTNOs, and sometimes scattering objects. Although the classical Kuiper

Belt is separated into hot and cold populations, and we therefore often discuss the hot

classicals as a separate category from the detached population, the two populations are

closely related. In fact, it is not always clear that there is a distanced-based separation

between the two populations. [50] separates these two subpopulations at e = 0.24 au. [51]

places an edge to the hot classical Kuiper Belt around 50 au, but notes that low e objects

beyond this distance can be considered to be an extension of the hot classical Kuiper Belt.

Dynamically, hot classicals and detached objects should have been generated by similar

mechanisms, although more distant detached objects may be subjected to unique effects (see

Section 1.5.3).

The hot populations are interesting in part because there may still be large undiscovered

objects with diameters greater than that of Pluto. Because the sizes of the hot populations

are characteristically larger than the cold population, and because the hot population can

be said to extend out to the inner Oort Cloud, there may be planet-sized objects in the hot

population that remain to be detected simply because they are very faint. Specifically, [51]
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postulates that there may still be Mars-sized objects hiding in the outer Solar System. They

perform a quick estimate to motivate this prediction. Formation models predict O(1000)

Pluto-sized objects were present in the early massive disk of planetesimals [88]. The efficiency

with which members of the planetesimal disk are implanted into the hot populations (orbits

beyond 30 au) is between 0.1% and 1% [99]. [51] therefore suppose that it is likely that there

exist hot TNOs larger than Pluto but smaller than Earth, hiding somewhere in the outer

Solar System, possibly in the inner Oort Cloud, scattering, detached, or eTNO populations.

1.5.2 Cold classicals

The cold classical Kuiper Belt is different from both the hot population and the Jupiter

trojans. The color and size distribution of the cold classical Kuiper Belt [106, 42, 41, 115], the

low inclination and eccentricity, the lower total population mass [42], and the high fraction

of widely separated binaries [41, 102] all suggest that this population formed separately

from the hot population (likely in situ) and was not strongly disrupted by any giant planet

instability.

With regards to formation models, the un-excited, un-disrupted nature of the cold classi-

cal Kuiper Belt serves as an important constraint. Any model seeking to explain the history

of the Solar System must not significantly raise the eccentricity or inclination of this popu-

lation, nor disrupt the large fraction of widely-separated binary pairs. For example, in their

simulations investigating the inclination distribution of the hot classical Kuiper Belt, [92]

uses the method of [53, 54] to ensure that Neptune’s eccentricity is never particularly large

(e < 0.1), as required to avoid disrupting the cold classical Kuiper Belt.

Another constraining feature of cold classicals is the Kuiper Belt “kernel”. The kernel

is an apparent overdensity of cold classical KBOs at about 44 au [107]. [93] finds that

this kernel could be explained if Neptune’s semi-major axis suddenly jumped, rather than

migrated smoothly outwards. This occurred in a simulation from [95] where Neptune has

a close encounter with the simulated fifth ice giant, which was later ejected from the Solar

System. [51] notes that a jumping Neptune would predict a population of cold classicals
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with 37 au < q < 39 au and that TNOs in the 2:1 resonance would outnumber those in the

3:2 resonance. Neither of these predictions are consistent with observations, although TNOs

in the 2:1 resonance would be more difficult to detect than those in the 3:2 resonance due

to their increased distance [51]. This introduces the question of observational bias, and is

itself a reason for further investigation into TNOs. Further characterization of the Kuiper

Belt kernel and the resonant populations, including ruling out observational bias, will help

to test this hypothesis. At the furthest extreme, observational bias can be ruled out entirely

once the inventory of TNOs down to an H magnitude of about 8 to 9 out to a distance of

about 50 au is complete or nearly-complete. Once we have detected and characterized every

(or nearly every) large TNO in the region of interest (in this case about 30 au to 50 au), the

question of observational bias will be completely resolved. This would require a multi-year

survey with high detection efficiency of the entire ecliptic down to an approximate r band

magnitude of about 26. This is a large and challenging task; however, each additional smaller

(and numerically incomplete) survey of the Kuiper Belt (e.g. [107, 8, 14]) helps to rule out

the likelihood of observational bias accounting for the Kuiper Belt kernel, particularly if the

surveys generate debiased TNO population models and have good detection efficiency out

to about 50 au.

Finally, it is an open question why and where the cold classical Kuiper Belt ends. [51]

discusses this question in detail. There appears to be a drop in the number density of cold

classicals beyond the kernel, and either another drop in number density or else a hard edge

at the 2:1 resonance at 48 au. Since the cold classicals formed in situ, there is no reason for

there to be a hard edge corresponding to the 2:1 resonance. It is possible that the kernel

represents the true edge of the cold classicals, and objects between 44 au and 48 au were

dragged outwards via resonance drop-off [49]. [51] provide further hypotheses for truncating

the edge of the cold classicals, either at 44 au or 48 au, as well as a discussion concerning

the possible existence of cold classicals around 90 au.

In short, the exact nature of the distribution of cold classicals remains to be studied.

Suggested over-densities, edges, and even very distant re-appearances of the cold classicals
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can all be informed by improved detection of TNOs in these parameter spaces.

1.5.3 SDOs, eTNOs, and detached TNOs

Due to their extreme distance, the population of scattered (scattering) disk objects, detached

TNOs, and extreme TNOs (sometimes used interchangably) are some of the most poorly

characterized regions of trans-Neptunian space. These objects can provide constraints on a

number of scientific questions.

If the Sun formed in a stellar cluster, the forces exerted by passing stars would have been

more pronounced due to the greater stellar density in the natal cluster. In this case, these

forces could have raised the perihelion distance of objects with a semi-major axis of only a

few hundred au, such as Sedna [19, 20, 88]. For comparison, extra-solar forces today begin

to act appreciably on TNOs around 2000 au, for which reason [50] adopts 2000 au as the

beginning of the inner Oort Cloud and the end of the detached population. A more dense

natal cluster (and thus a more compact proto-Oort Cloud) could therefore explain a unique

population of eTNOs and could link them mechanistically to the current Oort cloud. For

this reason, Sedna is sometimes used as an observational constraint on formation models of

the inner Oort Cloud [e.g. 19, 20]. If we could increase the number of known sednoids and

other eTNOs, they would provide observational constraints on the formation environment

of the Sun [19] and the Sun’s dynamic history in the Milky Way after leaving its formation

environment [70].

[9] used observed clustering of the pericenter position of eTNOs to argue for the existence

of a current O(10) ME planet in the outer Solar System. This was based on the parameters

of the 6 then-known TNOs with q > 30 which did not strongly interact with Neptune (and

therefore were not part of the scattering population). However, [14] used TNO detections

from the Dark Energy Survey to revisit this problem. They detected 16 TNOs with q > 30

au and a > 150 au, but found minimal evidence for any clustering in Ω, ω, or ϖ. It is

therefore unclear whether or not any angular alignment of eTNOs exists. Further detection

and characterization of eTNOs will help to answer this question.
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In short, better knowledge of the dynamical and physical populations of TNOs would

enable tests of additional and alternative hypotheses regarding the dynamical history of the

Solar System. These hypotheses include smooth migration of Neptune [57, 93, 88], a stellar

flyby [72], and rogue planetary embryos [48]. Improving our understanding of TNO size and

orbital distributions, especially in the low mass and extremely distant regime where they are

more poorly constrained, will be critical for our understanding of these and other hypotheses.

In the next section, we will discuss a class of detection methods called “digital tracking”

algorithms, which are used to detect faint moving objects. Such methods are generally

required to detect ultra-faint TNOs with apparent magnitudes m > 26 and will be crucial

to the characterization of faint TNO populations over the next decade.

1.6 Digital tracking algorithms

“Digital Tracking” is a broad term to describe methods of detecting moving objects that are

too faint to detect in a single image by testing many candidate trajectories. It is not known

beforehand if an object actually exists along the candidate trajectory. Rather, a large grid

of potential trajectories is searched and those trajectories that lead to a high signal-to-noise

ratio are selected for further analysis. The grid is selected such that the searched trajectories

correspond to the likely range of motion of the class of object of interest. “Shift-and-stack”

is a specific type of digital tracking that directly coadds images along various grids. “Track-

before-detect” and “synthetic tracking” are both other names for “digital tracking”.

Broadly, digital tracking can be compared to static image coaddition techniques per-

formed to detect faint stars and galaxies. However, coadding moving objects poses unique

challenges compared to coadding stars. Because stars move very slowly compared to most

survey cadences, coaddition of a stack of aligned images usually increases the limiting mag-

nitude for stars compared to single images. Solar System objects, however, generally move

at on-sky velocities of > 1 arcsec hr−1, due to both the proper motion of the objects and

the reflex motion caused by the Earth’s orbit. This means that traditional image coaddition

typically does not increase the number of detectable moving objects. Known moving objects
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may be tracked and aligned along their orbits to improve the quality of the detection, but to

use image coaddition to detect new objects with unknown orbits, digital tracking is required.

The first successful attempt to use digital tracking on KBOs dates back to 2004. [15] used

a technique known as “shift-and-stack”. This work used the Hubble Space Telescope (HST)

to search a 0.02 square degree region of the sky for TNOs. They detected three new objects

with F606W magnitudes between 26.95 and 28.38. Each of these objects was consistent with

the cold classical Kuiper Belt. The relatively small number of objects detected (three new

objects and one previously-known object) was in stark contrast to the expected 85 detection

based on an extrapolation of the bright-end power law and suggested a break in the TNO

size distribution, which was characterized in detail 10 years later in [42].

New and upcoming approaches to survey astronomy provide exciting opportunities for

the study of the populations of the outer Solar System. For example, the upcoming Legacy

Survey of Space and Time [LSST; lsst.org; 65] expects to survey over 18,000 square degrees

of the sky 825 times over a period of 10 years, generating about 20 TB of data every 24

hours.

LSST plans to detect Solar System objects from individual images, with a single-visit

limiting magnitude in the r band of 24.7, and link these detections to measure orbits. Current

projections ([80]) show that LSST is expected to detect about 40,000 TNOs, which is by

itself a large increase over the currently-known 4159 TNOs. However, if we could coadd

the images to increase the signal-to-noise ratio (SNR) of the Solar System detections, then

we could recover significantly more objects. Following the formula ∆m = (5/2) log
√
N ,

coadding just three months of LSST data would increase the limiting magnitude in the r

band from 24.7 to 26.1. This increase in depth means LSST would detect approximately 8

times more TNOs compared to a single image, assuming the single power-law r band KBO

distribution of [43]. Instead of 40,000 TNOs, we could detect up to 320,000 TNOs. If we

could coadd a year of LSST data, this increases to over 520,000 new TNOs detected (given

our simplified assumptions). None of this requires any more data than LSST will already

acquire.
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However, new approaches are required in order to use digital tracking algorithms with

LSST data, given the wide survey footprint of LSST. Unlike the small field of fiew of [15],

image coaddition on moving objects must be able to span thousands of square degrees to

take full advantage of the data provided by LSST. Furthermore, new algorithms must be as

robust to outliers as possible, minimizing the number of false positives that humans have to

vet. One such algorithm is called KBMOD.

The Kernel-Based Moving Object Detection [KBMOD; 136] algorithm takes a time series

of images of the same RA and Dec, uses a digital tracking approach to account for the

potential motion of objects on an image, and then sums the coadded likelihood of a candi-

date trajectory, thereby increasing the SNR of objects with that candidate trajectory. To

sample all possible orbital parameters requires searching billions of candidate trajectories

even within the footprint of a single charge-coupled device (CCD). Consequently, current

implementations of digital tracking have generally been restricted to narrow-field surveys

[15]. KBMOD addresses this by using GPU-accelerated computing to search over a wide range

of trajectories for a stack of CCDs in O(10) minutes, increasing the possible field of view of

surveys to which digital tracking algorithms can be applied.

KBMOD generates images of likelihood (Ψi) and variance (Φi) from a series of CCD images

as described in [136]. These images are described by Equations 19 and 20 of [136], which

state

Ψ(y) =
∑

j

1

σ2
j

n(xj)T (xj − y) (1.8)

Φ(y) =
∑

j

1

σ2
j

T (xj − y)2, (1.9)

where σj is the variance at pixel j, n(xj) is the number of counts in pixel j at position xj,

and T (xj −y) is the PSF centered at the true position y of a given point source. Assuming a

Gaussian likelihood function, a stack of Ψi and Φi images can then be shifted along a potential

asteroid trajectory and summed in order to get the coadded likelihood of a detection. Thus,
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we get

Ψcoadd =
∑

i

Ψi (1.10)

Φcoadd =
∑

i

Φi. (1.11)

See [103] for the optimal approach for source detection with Poisson noise. We define a SNR

ν for a detection such that νcoadd = Ψcoadd/
√
Φcoadd. In this ν image, generated for each

given angle and velocity vector, any points above some threshold m can be considered to be

m-sigma detections of a moving source. For a single trajectory, we can define the summed

likelihood that there is a source along a given trajectory as

∑
LH = νtrajectory

coadd . (1.12)

The interested reader is directed to [136] for more detail.

The large number (≫ 109) of potential TNO trajectories means that these Ψi and Φi

images must be searched many times over. For this reason, KBMOD uses massively-parallel

GPU computing for the core computations. The current software allows a user to search

over 1010 potential moving object trajectories in a stack of 10-15 4K x 4K images in under

a minute using a consumer-grade GPU (e.g., Nvidia 1080 Ti) [136]. Our pointer-arithmetic

approach means that we never actually shift and stack images. Rather, we merely sum the

previously-calculated likelihoods, utilizing thousands of concurrent GPU threads to keep the

computation feasible on consumer-grade hardware.

1.7 Linking and orbit fitting

The generalized problem of taking a set of single observations on the sky and converting

them to a set of unique objects in space with characterized orbital elements falls into the

category of linking and orbit fitting. Linking and orbit fitting are two separate processes that

each pose their own unique set of challenges and constraints. They are critical to any Solar

System survey because without these steps it is impossible to map detections to physical

locations in space or to say anything with precision about their future motion.



30

1.7.1 Linking

Linking is the process of connecting candidate tracklets into a set of observations that will

be used as inputs for orbit fitting. A tracklet is simply a set of astrometric observations,

often pairs or triplets, that likely belong to a single moving object. These observations

must be time-separated enough that they are clearly not static sources, but also not too

time-separated such that it becomes unclear if they belong to a single object [62].

One method of linking involves moving to heliocentric space [62]. This method takes

tracklets, moves into a heliocentric reference frame, propagates to a common time, and

identifies clusters corresponding to linked objects. To apply this method, one must select

a distance and a radial velocity (or inverse distance γ and radial velocity scaled by inverse

distance γ̇ in the framework of [16] and [62]) likely to correspond to an orbital class of

interest. One advantage of this linking algorithm is the tractable O(N logN) scaling.

As has been mentioned, the observations used to generate tracklets imposes a strong

cadence requirement on surveys. The observations must be taken far enough apart that ob-

jects of interest have moved but not moved too much. This time separation varies somewhat

depending on the class of moving object and becomes an optimization problem for large

survey operations.

One method of linking, called the “Tracklet-less Heliocentric Orbit Recovery” (THOR)

algorithm, helps to alleviate this problem [86]. As the name implies, THOR is a cadence-

independent linking algorithm. Unlike [62], which requires tracklets that are transformed

into heliocentric space, THOR can operate solely on individual detections. This is a large

advantage of THOR over most other linking algorithms. To do this, THOR moves into the

corotating frame of reference of a test orbit and identifies clusters in this space. This requires

searching over many possible test orbits, the exact number of which depends on the orbital

class of interest. Generally, orbital classes close to the Sun, like MBAs and NEOs, require a

finer resolution of test orbits compared to more distant classes like TNOs.

The method of linking presented in [13] is specifically designed for TNOs. Like [62], it
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uses the orbit-fitting framework of [16], which is discussed in more detail in Section 1.7.2.

This method moves single detections into a heliocentric space at a common reference time by

binning in inverse distance (γ). [13] then identifies possible pairs, grows the pairs to triplets,

grows triplets into n-lets, and finally fits full orbits following the method of [16]. This linking

method is applied to the candidates detected in Chapter 4.

1.7.2 Orbit fitting

Orbit fitting is the process of taking a set of (usually) linked detections and parameterizing

both the best-fit orbital elements as well as the goodness of that fit. This can be a challenging

problem for astronomers because the observed quantities are typically only right ascension

and declination, which leaves distance and radial velocity without measured values. However,

due to orbital geometry, the state vector and thus the orbit can still be determined.

One of the oldest orbit fitting methods is called Gauss’ Method. This method was

developed by Carl Friedrich Gauss in 1801 in response to the intial discovery of a then-

unidentified moving object by Giuseppe Piazzi [39]. This object is now known as the dwarf

planet Ceres. A notable feature of Gauss’ Method is that it requires only three astrometric

observations of an object and requires only that the orbit be a conic section. Using this

method, Gauss’s observed orbital parameters for Ceres were remarkably accurate and precise.

For example, Gauss found Ceres had an eccentricity of e = 0.083 and an inclination of

i = 10.62◦, while the JPL Small Body Database reports present values of e = 0.079 and

i = 10.59◦. See e.g. [30] for a presentation of Gauss’ Method as applied to geocentric orbits.

A number of factors contribute to inaccuracy in Gauss’ Method. For example, the method

makes numerical approximations that can be eliminated by numerically solving Kepler’s

Equation. Even by improving the numerical precision of the problem, Gauss’ Method in-

herently relies on a two-body orbital functional form. This means that many perturbing

effects are ignored, including Solar radiation pressure, perturbations from bodies other than

the central body of the orbit, and even non-uniformity in the central body and atmospheric

drag (in the case of geocentric orbits) [30]. More exact methods of orbit fitting require using
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numerical integration techniques such as N-body simulations to account for these perturba-

tions.

One method of orbit fitting used specifically for TNOs is that of [16]. Because TNOs

are quite far from the Sun and move much more slowly than small bodies in the inner Solar

System, over observational time baselines of months or even a couple of years, their motion

can be considered largely inertial and gravitational effects can be treated as perturbations

to their motion. In this formalism, shown in Equation 5 of [16], they define an α, β, and γ

parameter space where α ≡ x0/z0, β ≡ y0/z0, and γ ≡ 1/z0. These values have associated

time derivatives of α̇ ≡ ẋ0/z0, β̇ ≡ ẏ0/z0, and γ̇ ≡ ż0/z0. Here, x0, y0, and z0 are cartesian

coordinates from the orbit, which is parameterized by Equation 2 of [16] in the form x(t) =

x0+ ẋ0t+g(t). g(t) is a gravitational perturbation term given by Equations 3 and 4 of [16].

In the method of [16], g(t) includes gravitational perturbations from the Sun and the giant

planets. Note that this parameterization is similar to scaling the state vector by distance,

with the main difference being that γ is directly inverse distance. This parameterization

makes conceptual sense for TNOs because the reflex motion is the dominant driver of on-sky

motion. In turn, this means that distance is the primary quantity affecting the apparent

motion in right ascension and declination.

1.8 Chapter summaries

Chapter 2 discusses various numerical methods and filtering improvements that have been

created to use with KBMOD. This includes changes and additional options for stamp generation,

a statistically-robust σG-based clipped median lightcurve filter, in-line GPU filtering, and a

convolutional neural network stamp filter.

Chapter 3 discusses the first application of KBMOD to difference images. The data used for

this analysis was the DECam NEO Survey data, P.I. Lori Allen. In this analysis, we detect

24 known KBOs as well as 75 objects we could not link to any known objects. Due to the

short time baselines, we are only able to place constraints on the barycentric distance, i, and

Ω. We compare these objects to published KBO inclination and magnitude distributions
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and find that our detections are consistent.

Chapter 4 discusses the application of KBMOD to the DEEP survey. This survey was

specifically designed for digital tracking methods. The repeat visits to a single field over

multiple years allow us to fit detailed orbits to detected objects. The injection of a large and

dynamically varied population of synthetic objects (or fakes) into this data set allows for

detailed analysis of the performance of KBMOD. In this analysis, we detect and characterize 99

TNOs that we could not link to any known TNOs. We measure and report H magnitudes

and osculating elements for these objects and perform dynamical classification.

In Chapter 5 we discuss the implications of the work presented herein as well as future

work that remains to be done with KBMOD.
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Chapter 2

NUMERICAL METHODS, ALGORITHMS, AND FILTERING:
IMPROVEMENTS TO KBMOD

In this chapter, we present a number of new software tools and enhancements to existing

tools that have been added to KBMOD. These improvements enable KBMOD to run more effec-

tively at scale, more robustly filter out false positives, and apply more generally to differing

data sets.

Several of the tools discussed herein were developed partially in response to the processing

of the DECam NEO data set discussed in Chapter 3. These data presented unique filtering

challenges compared to [136] due to the increased number of potentially-valid trajectories,

the short intra-night cadence, and image differencing artifacts. In [136], detected sources

appearing in the same position in 2 or more images, pixels with counts above 120 counts, and

other mask flags set by the DECam community pipeline or the LSST software stack were

all masked. In the current data set, we use image differencing to subtract static sources.

This enables us to decrease the masked area of the image, only masking sources flagged as

detected if they appear in 10 or more images, as opposed to the more restrictive masking

from [136]. However, despite reducing the number of detected individual sources on the

image by a factor of about 18 (see Figure 3.3), leaving most of the image unmasked (coupled

with difference imaging artifacts) increases the number of trajectories with
∑

LH > 10

by a factor of 10. This problem is worsened by the intranight cadence. The average time

between images within a single night is about 5 minutes. This means that for a characteristic

trajectory with a velocity of 100 px/day, objects will move by less than 1 pixel between

images. Conversely, this also means that if a static source appears along the potential

trajectory, flux from this object will most likely be present in at least 5 trajectory data points,
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introducing repeated outliers into the trajectory. There is a trade-off between decreased

image masking (increasing area) and increased false positives. False positives, however, can

often be filtered out algorithmically. We therefore focused heavily on developing improved

filtering methods to apply to these data.

Although some of these tools were developed in response to the processing challenges of

the DECam NEO data, they are generally applicable to other data sets. For example, the

quantile limits of σG filtering discussed in Section 2.1 are variable and user-programmable.

Similarly, although we used median coadds for the central moment filter, as discussed in

Section 2.3, this option is also user-programmable, and can be reverted to a simple sum as

in [136]. Tooling is also in-place to develop new options for coadded stamp generation.

Other tools, such as the joint-fit discussed in Section 2.6, were developed to serve as

characterization tools to complement KBMOD (which is itself primarly a detection tool). The

joint-fit was applied to the data discussed in Chapter 4, and significantly improved the

astrometric and photometric accuracy and precision for candidate detections. Still other

algorithms, such as the barycentric reprojection discussed in Section 2.5, are primarily proof-

of-concept analysis waiting to be refined and applied to future data sets like LSST.

2.1 σG filtering

In order to deal with the increased number of high likelihood trajectories in the DECam

NEO Survey data (i.e. 107 with
∑

LH > 10) and to decrease the number of false positives

that require human review, we developed faster, more-effective filtering. First, we altered

how the GPU and C++ code handed off data to the Python-based filtering, leading to a

speed increase of up to 300%. This was a relatively small code rewrite which led to significant

optimization. Second, we replaced the Kalman filter used in [136] with a more statistically-

robust quantile-based filtering method. We describe this new filtering method below.

With a traditional quantile-based filter, the filter rejects data points that are greater

than nσ from the central value of the distribution, where σ is a measure of the spread of

the distribution. In the case of a Gaussian distribution, σ might be estimated by computing
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the standard deviation of the data and the central value estimated by computing the mean

of the data. If we take n = 1, then this simple filter would reject any data points that are

greater than 1σ from the mean.

In the presence of significant outliers, the mean and standard deviation become biased

estimators for the central value and the spread of the underlying Gaussian distribution.

Following the approach of [64], we adopt a robust estimator for the central value and the

true standard deviation of a Gaussian distribution with outliers. Consider the cumulative

distribution function (CDF) of a Gaussian distribution

f(x) =
1

2

[
1 + erf

(
x− µ

σG

√
2

)]
, (2.1)

where µ is the mean, σG is the standard deviation of the Gaussian, and erf is the error

function. The inverse, then, is given by

x = µ+ σG

√
2 erf−1 [2f(x)− 1] . (2.2)

By sampling the Gaussian distribution at two quantiles f(xi) and f(xj), we can estimate

σG. To do this, we take the difference of the inverted CDF

xj − xi = σG

√
2
(
erf−1 [2f(xj)− 1]− erf−1 [2f(xi)− 1]

)
(2.3)

=⇒ σG =
1

erf−1 [2f(xj)− 1]− erf−1 [2f(xi)− 1]
(xj − xi) (2.4)

=⇒ σG = C [xj − xi] . (2.5)

Here, C is a coefficient dependent only on the choice of quantiles. xj and xi are estimated

by selecting values from the lightcurve closest to the desired quantile. The choice of upper

and lower quantiles is user-determinable. Here, we estimate σG using data from the 25th

to 75th percentiles, for a coefficient of C25,75 ≈ 0.7413. Then, we can estimate x25 and x75

from the data by selecting the 25th and 75th percentile values respectively from the data.

We can then estimate the standard deviation of the underlying Gaussian distribution with
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Figure 2.1: Number of candidate trajectories at various stages of processing for variable

numbers of results per pixel. The solid line shows the number of candidate trajectories with
∑

LH > 10 returned from the GPU for subsequent filtering. The dashed and dotted lines

show the number of candidate trajectories passing CPU σG filtering (dashed) and central

moment stamp filtering and clustering (dotted). GPU filtering decreases the total number of

candidate trajectories with
∑

LH > 10, but increases the number of candidate trajectories

that pass subsequent lightcurve filtering and stamp filtering and clustering. Because GPU

memory constraints limit the number of candidate trajectories per starting pixel that can be

saved for subsequent analysis, using a GPU filter means that the results that are passed out

of the GPU are more likely to be potentially-valid. These results are then processed with

the CNN filter and subject to human review. These data come from repeated reprocessings

of pointing group 023, CCD 35, which is part of the analysis of the DECam NEO data set

presented in Chapter 3. This pointing group is not part of the search sample. Here, it is

used primarily to compare the relative number of candidate trajectories at various stages of

processing.



39

σ ≈ 0.7413 (x75 − x25). Given a robust estimator of the spread of the distribution (i.e. σG),

we apply a filter that rejects any points that are not within ±nσG (e.g. 2σG) of the median

of the data.

We can apply this method to the likelihood and/or flux values of each trajectory. In the

data presented in Chapter 3, we apply this filter to both the likelihood and the flux. We then

recompute
∑

LH for the trajectory values that pass the filter and reject the trajectory if the

recomputed likelihood (
∑

LH ′) is less than 10. In practice, this filtering method successfully

rejects of order 106 erroneous candidate trajectories in approximately 60s using 30 central

processing unit (CPU) cores.

2.2 In-line GPU filtering

As commercially-available GPUs become more advanced, it is increasingly possible to get a

single GPU with more onboard RAM. For example, the data processed in Chapter 3 was

processed in part with an Nvidia 2080 Ti, with 11GB of onboard RAM. In comparison, by

the time we finished processing the data described in Chapter 4, we were able to use Nvidia

A40 GPUs, each with 48 GB of RAM. This increase is likely to continue as technology

progresses, however it is likely that GPU RAM will remain a constant constraint for KBMOD.

As mentioned, KBMOD searches over a stack of aligned images, which are 2K x 4K in the

data from Chapter 3 and Chapter 4, or two 2K x 4K images stitched together (for a total

image of 4K x 4K) in [136]. If there were no constraint at all on GPU RAM, in principle we

could have run a single search on the entire 60 2K x 4K CCD focal plane of DECam, instead

of searching each CCD individually. The advantage to doing so would be to eliminate the

constraint that a moving object must largely remain within the footprint of a single CCD

in order to be detected. This effect becomes increasingly important for sparse lightcurves

and long baselines, as will be the case when running KBMOD on LSST data. Therefore, the

best-case scenario will likely always be to fit as much imaging data as possible onto the GPU

running the processing.

This problem extends not just to image size, but also to the number of candidate results
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passed from the GPU to subsequent CPU filtering. In [136], KBMOD passed the 4 trajectories

per pixel with the highest
∑

LH from the GPU to the CPU. Other trajectories with the same

starting pixel were discarded. Because KBMOD searches of order 1012 trajectories for a 2K x

4K image, it is computationally infeasible to keep the results of all evaluated trajectories in

GPU RAM. The disadvantage of this approach is that lower-likelihood trajectories may get

removed from the search even if they are valid trajectories of true objects. With reduced

masking, there are many erroneous candidate trajectories with high likelihood. This means

that removing the masks may have increased the probability of discarding valid trajectories.

Applying a variant of the σG filter in the GPU while the search is running, instead of in

post-processing, increases the number of potentially-valid trajectories returned to the CPU

by KBMOD. In-line GPU filtering helps mitigate the problem of limited results per pixel by

applying the filtering method to compute
∑

LH ′ before the trajectory is passed back to the

CPU. This in-line GPU filter means that if a trajectory has a high
∑

LH only due to an

outlier in the data, that trajectory is unlikely to supplant another valid trajectory when GPU

results are passed back to the CPU. As shown in Figure 2.1, after CPU σG filtering, stamp

filtering, and clustering, processing with the GPU filter returns about 2 times more results

per search than with no GPU filter. We also increased the number of returned results per

pixel from 4 to 8. This means that we were able to process about 4 times as many results per

pixel compared to [136]. In principle, we would have liked to increase this number as high

as possible, or even to have removed this constraint entirely, but hardware limitations at

the time of processing required a limit. Qualitatively, the slope of the orange curves (using

GPU filtering) in Figure 2.1 is lower between 4 results and 8 results than it is between one

result and two results or two results and 4 results. As one might expect, this suggests that

there may be diminishing effects to further increasing this number. The in-line GPU filtering

uses a single GPU and is about 10% faster than comparable CPU filtering using 30 CPU

cores, although in practice both GPU and CPU filtering is run. Figure 2.1 demonstrates

how the in-line GPU filter returns more potentially-valid trajectories for a given number of

trajectories per pixel.
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2.3 Median stamp coadd generation

As shown in Figure 3.2, saturated cores and small image misalignments leave a number of

artifacts in the difference image that also have to be accounted for in the filtering process.

As in [136], we computed the central moments of postage stamps for candidate trajectories.

The central moments of an image are a computationally inexpensive way to characterize

some of the properties of the data in that image. For example, the x moment is a measure

of how centered the data in the image is with respect to the x axis. Stamps were rejected

if they did not have central moments that were consistent with a Gaussian. In this data,

we required that the x, y, xy, xx, and yy moments be strictly less than 0.5, 0.5, 1.5, 36.5,

and 36.5 respectively. These values were chosen empirically based on the central moments of

known KBOs. We generated coadded stamps by computing the median pixel value for each

pixel along the trajectory. This mitigates the effect of image differencing artifacts, improving

the performance of the central moment filter.

2.4 CNN filtering

The basic idea of an artificial neural network (ANN) is to assign a probability that a given

input belongs to a given class. This is done by inputting a set of labelled training data. The

network, a connection of different nodes each with an associated weight value, then takes the

input value, breaks it down into some numerical components, scales them by the weight at

each node, and assigns a probability that the input belongs to a class. The network then uses

the label and back-propagates the associated error to each node, adjusting each associated

weight. This allows the ANN to “learn” the weights from the input data. This approach

allows the ANN to efficiently perform convex optimization over a very high-dimensional

parameter space (such as the parameter space of a hand-written word, which varies from

person to person).

The specifics of neural networks vary widely from network to network. There are infinitely

many different possible configurations of nodes, forming different networks which perform
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differently on different data. Additionally, there are various ways to penalize error and a

multitude of hyperparameters that affect the training of a specific network. A full treatment

of neural networks is beyond the scope of this section, but we will give some historical

background and describe the particular neural network we train for the classification of

KBMOD candidates.

The origins of ANNs date back as far as the 1940s. [84] (originally printed in 1943) and

[59] (published in 1949) studied organic neural networks, paving the way for their work to

be applied to the new and exciting device that would come to be called the “computer”. By

the 1980s, computers had become fast enough that they began to have practical scientific

applications (e.g. [110] applied neural networks to protein modelling). By the early 2000s,

GPU applications of ANNs began to be developed, leading to further speedups (e.g. [26]).

Today, neural networks can be used in a wide range of applications, from text-to-speech, to

protein struture modelling [68, 128], to stock market predictions, to the game of Go [118].

One specific kind of ANN is called a Convolutional Neural Network (CNN) [44, 45, 78].

CNNs take tensor inputs, such as RGB images where each color (red, green, and blue) forms

a layer of image data. As the name implies, CNNs have one or more convolutional layers,

where the value of the specific convolutional kernel is itself a learned parameter. This is

in contrast to, for example, astronomical imaging which might convolve an image with a

PSF of a fixed functional form. CNNs are able to “learn” complicated features in images,

identifying animals, stop signs, and, as we will show, TNOs.

Despite the layers of filtering that have been described so far, KBMOD can still return

tens or even thousands of candidate trajectories depending on the
∑

LH level. In the

DECam NEO data set described in Chapter 3, after all filtering described so far there are

still characteristically hundreds to about a thousand candidates per CCD with
∑

LH > 10

and tens to hundreds of candidates per CCD with
∑

LH > 15. Each CCD corresponds

to a KBMOD search. This is shown in more detail in Figure 2.2. Furthermore, in the DEEP

data discussed in Chapter 4, which uses a lower threshold of
∑

LH > 7 and detects fainter

objects, there are tens of thousands of total candidates that would require human vetting
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(see Figure 2.3). Another filtering method is required if a single person is to be able to vet

the candidates results from KBMOD.

To further reduce the number of false positives, we filter using a CNN. We built a Residual

Network with 50 layers (ResNet501) [58]. Residual networks are a type of CNN that add

“shortcut connections” into the network architecture, which help to train deeper networks.

Training a CNN requires a large amount of representative data. In this case, we needed a

large (> 104) labelled set of 21 x 21 stamps containing approximately equal numbers of false

positives and true positives. To generate false positives, we ran an untargeted search (with

similar grid spacing as described in 3.3.1) with a coadded likelihood limit of
∑

LH > 10 along

trajectories unlikely to correspond to real objects (approximately 90◦ from the direction of

the ecliptic)2. We ran a total of 53 searches with data from 34 unique pointing groups. These

pointing groups were not constrained to the search sample. These searches yielded 113,549

21 x 21 false positive postage stamps. Because KBOs are relatively rare, we could not use

real recovered objects to generate the thousands of true positives needed to train the CNN.

To circumvent this limitation, we generated 44,950 simulated true positives. To make these

stamps, we retrieved 25 21 x 21 postage stamps from a CCD along a semi-random trajectory.

Next, we drew a random brightness from an exponential distribution (with dimmer objects

being the most likely). Using this brightness, we added a Gaussian to each background stamp

with a random standard deviation (1 to 2.1 pixels), a random central offset (< 2 pixels),

and a random linear offset (< 2 pixels over the image time baseline). To train the CNN, we

cut the false positive stamps and simulated true stamps down to 40,000 randomly-selected

coadded stamps each. We used 70% of the data for training, 20% for validation, and the

1See https://github.com/priya-dwivedi/Deep-Learning/blob/master/resnet_keras/Residual_

Networks_yourself.ipynb

2Another option would be to run a time-shuffled search, where image times are randomly switched among
the search images. There is a small possibility that this randomization will still result in some signal from
real objects when searching prograde trajectories. This is more likely in cases such as the data set discussed
in Chapter 4, where images do not move very far between images and thus at any given image time there
is more likely to be some overlap between the PSF and the source. However, in general, this time shuffling
is likely a good approach and should be considered for future work, especially in cases where reflex motion
is not the dominant source of on-sky motion (e.g. when searching for MBAs).

https://github.com/priya-dwivedi/Deep-Learning/blob/master/resnet_keras/Residual_Networks_yourself.ipynb
https://github.com/priya-dwivedi/Deep-Learning/blob/master/resnet_keras/Residual_Networks_yourself.ipynb
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remaining 10% for testing. After 20 epochs, the training set accuracy was about 99%, while

the validation set accuracy was about 96%. After training, the test set accuracy was also

about 96%.

This CNN returns a predicted probability that a coadded postage stamp contains a

simulated object. Because the stamps of simulated objects differ from the stamps of real

objects, this probability is not a perfect representation of the likelihood that a coadded stamp

contains a real object. However, it creates a user-programmable threshold that can be used

to reduce false positives enough that the remaining candidate trajectories can be analyzed

by-eye. In the work presented in Chapter 3, we reject any stamps with a CNN probability of

true less than 75%. In the work presented in Chapter 4, we lower the threshold to 50%. We

lower the threshold in part because the network was trained on image backgrounds and using

the cadence from the data in Chapter 3. As shown in Figure 2.2, when reviewing only objects

with a
∑

LH > 15 and using this CNN filter, there are generally fewer than 10 candidate

trajectories per CCD that require human by-eye confirmation or rejection. Because a human

can review about 1 image per second, O(101) is an acceptable number of candidates per

CCD3.

We further analyze this CNN using the DEEP data set described in Chapter 4. We inject

a large and dynamically-varied synthetic (or fake) TNO population into the DEEP data set.

We call these synthetic implanted objects “fakes”4. We made no attempt to replicate the

actual physical population of TNOs when selecting our fakes. Rather, we chose these fakes

to cover a wide brightness range and dynamical range such that both known and potentially

unknown classes of TNOs will be included in this population. (See Section 4.3.3 for more

detail). This allows us to perform a more robust characterization of the CNN efficiency both

3For clarity, we emphasize that this target of O(101) is completely separate from the maximum number
of results per pixel discussed in Section 2.2. Here, the target of O(101) final candidate trajectories per
CCD exists to try to minimize the time it takes for a human to vet all candidate trajectories.

4We stress that “fakes” are different from “false positives”. A false positive is a spurious detection
that should be filtered out and/or rejected by human vetting. A fake should be detected and accepted
by human vetting, as it corresponds to a simulated object implanted in the data set. A fake does not,
however, correspond to a real object in space.
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Figure 2.2: Number of results per CCD image stack from pointing group 190 requiring by-

eye confirmation or rejection (hereafter “candidate trajectories”) for likelihood limits of 10

(dashed line) and 15 (solid line), with (orange) and without (blue) the RESNET 50 CNN

filter described in Section 2.4. These results are from pointing group 190, one of the search

sample pointing groups. Here, the CNN was set to filter out any candidate trajectories with

a probability of true that was less than 75%. When using a LH limit of 15 and the CNN,

the number of candidate trajectories per CCD was reduced to 11 or less. 11 candidates per

CCD can be reviewed by a human in about as many seconds and is therefore an acceptable

number of trajectories for a human to review.
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Figure 2.3: Efficiency of the CNN as applied to DEEP data. For this figure, we removed

the “overflow” criteria, where the minimum likelihood threshold was raised from
∑

LH > 7

to
∑

LH > 10 if a CCD search returned more than 50 results with
∑

LH > 7. See

Section 4.3 for more information. For visibility, data were cut to include only objects with
∑

LH < 100. Top Left: The number of fakes (implanted synthetic objects) found with

“overflow” disabled with a CNN threshold p of p ≥ 0.0 (blue) and p ≥ 0.5 (orange). The

CNN assigns a probability p that a stamp contains a TNO. This value p can then be used

as a user-programmable threshold to accept or reject a canddiate trajectory. “overflow” is

a data post-processing step used in Chapter 4 and is disabled here to better characterize

the effectiveness of the CNN. See Section 2.4 and Chapter 4 for more detail. Fakes are

automatically attributed based on their RA and Dec in the first exposure in the KBMOD search

with a minimum attribution distance d of d < 2.5′′. Top Right: The efficiency with which

the CNN accepts the fakes. These data points were generated based on the number of fakes

in each bin in the orange distribution divided by the number of fakes in each bin in the blue

distribution. Bottom Left: The number of probable false positives returned by the DEEP

KBMOD forward searches with p ≥ 0.0 (blue) and p ≥ 0.5 (orange). For these distributions, we

removed objects that were attributed to fakes, or which subsequently passed by-eye vetting

by Smotherman in the DEEP data set. We therefore label these objects “Probable False

Positives”, because of two possibilities. First, there is the potential for mislabelling by-eye.

See Chapter 4 for labelling false positive rates. Second, there is the possibility that some

objects which are present in the blue distribution but not the orange distribution (i.e. objects

rejected by the CNN) are in fact true positives that are erroneously rejected. The top right

plot quantifies the rate at which this happens as a function of
∑

LH. Bottom Right: The

efficiency with which the CNN rejects probable false positives. The horizontal blue line at

y = 0.813 represents the median of the data.
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in accepting real TNOs and rejecting false positives. Furthermore, this demonstrates that

this CNN filter can be effectively applied to new data sets apart from the one on which it

was trained5.

To analyze the performance of the CNN on DEEP data, we changed some software

parameters relative to what is used to generate the results in Chapter 4. We disabled the

“overflow” functionality in the DEEP data. This “overflow” functionality increased the

minimum likelihood threshold for a candidate trajectory to be considered from
∑

LH > 7

to
∑

LH > 10 if there were more than 50 candidates per search with
∑

LH > 7. Then, we

decreased the automatic fake attribution distance d from d < 5.0 arcsec to d < 2.5 arcsec.

d is the maximum in-image distance between a candidate object and a fake. d is measured

based on the candidate position in the first exposure of a KBMOD search. This decrease was

done to reduce spurious attributions between the KBMOD candidate trajectories and the fakes.

In the DEEP data, we ran a reverse search centered on the direction of increasing ecliptic

longitude (opposite the direction both the real and fake TNOs are expected to move). We

call the candidates from these searches “reverse search candidates”. (See Section 4.3.2 for

further discussion on the reverse search candidates). Making the assumption that all reverse

search candidates are false positives (or more specifically do not correspond to any of the

fakes), we quantify the false association rate by taking the fraction of reverse search candidate

trajectories that link to the fakes. Using d < 2.5 arcsec, in the case of CNN threshold p with

p ≥ 0.0, this false association rate was about 0.11%. For p ≥ 0.5, the false association rate

was about 0.07%.

Overall, this CNN accepts consistently over 90% of the fakes in the DEEP data, except

at the lower likelihood end of the distribution where one would expect slightly worse perfor-

5“Transfer learning” ([18, 109]) may help increase efficacy of apply this CNN to future data. Transfer
learning freezes the weights of the early layers in the neural network. The network then updates the
weights of the later layers using a smaller amount of training data (relative to the amount needed to train
the neural network initially). Future work should investigate the number of early layers to be frozen and
the amount of training data needed to update the CNN.
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mance, while it rejects an average of 81.3% of false positives6. In short, the CNN reduces

the number of candidates a human has to vet by tens of thousands of candidates in the

case of DEEP in exchange for an acceptable loss in efficiency at the very faint end. This is

particularly noteworthy because the CNN was trained using image background and a survey

cadence from the data in Chapter 3 but still performs as described here for the data in

Chapter 4. See Figure 2.3 for a visualization of the CNN acceptance and rejection efficiency.

2.5 Barycentric space

In this section, we will describe a method for searching TNO trajectories with time baselines

of a few months by transforming our trajectory into the frame of the Solar System barycenter.

We will motivate why we would want to make a transformation into barycentric space and

how we can do so, in both KBMOD and in the joint-fit (described in Section 2.6). We will then

characterize the effectiveness of this barycentric transformation, discussing the range of time

baselines this transformation will allow us to search as well as the required grid spacing in

barycentric distance.

KBMOD currently searches a grid of linear trajectories in image space, that is to say topocen-

tric space. The frame of reference of these trajectories is the frame of reference of the telescope

that took the images (the Blanco telescope at CTIO in Chile, in the case of Chapters 3 and

4). The trajectories of moving objects in the Solar System quickly become non-linear in

topocentric space. The speed at which they diverge from linearity depends in part on their

distance. In the case of TNOs, an object may remain on a linear trajectory with less than 1

arcsec (approximately 1 PSF FWHM) deviation for about a week, depending on the precise

orbit. However, within a few weeks, the maximum deviation from the best-fit linear trajec-

tory is typically much more than an arcsecond, meaning that searching a linear trajectory

in topocentric space is no longer possible over the entire time baseline.

However, it is possible to instead parameterize each candidate trajectory as a great circle

6These acceptance and rejection efficiency values will vary depending on the choice of user-programmable
CNN threshold p. These values are for p ≥ 0.5.



51

in barycentric space instead. This is similar to the approach of [62] who transform candidates

to heliocentric space and propagate them to a common epoch in order to more effectively

link moving objects that are bright enough to be detected in a single exposure. Here, of

course, the goal is to detect moving objects that are generally too faint to detect in a single

exposure, rather than link existing detections.

The motion of a TNO on the sky is driven primarily by the reflex motion of the Earth.

Due to the changing angles between the Solar System barycenter (about which the TNO

orbits), the TNO, and the Earth, the deviation of a TNO’s trajectory from a topocentric

linear trajectory is primarily caused by the Earth’s motion. This problem is furthered because

the desired search time baseline is often a significant fraction of the Earth’s orbital period.

For example, when searching over a time baseline of 4 hours, a topocentric linear trajectory

works well because 4 hours is much, much less than 365.25 days. However, when searching

over 1 month, 3 months, or 6 months, the Earth drives strong non-linearity in the topocentric

position of TNOs.

This challenge can be greatly ameliorated with a conceptually straightforward transfor-

mation into barycentric space. Because we know the position of the observatory relative to

the Solar System barycenter, it is possible to remove the Earth’s motion when modelling a

trajectory. To define the cartesian position of the TNO, we must assume a barycentric dis-

tance to the TNO7. Then, using the RA and Dec of the TNO, we can determine the TNO’s

cartesian barycentric position. Once we have the relevant positions, the transformation is

simply

rTNO = r′
TNO + rObs, (2.6)

where rObs is the barycentric position of the observatory, r′
TNO is the topocentric position of

the TNO, and rTNO is the barycentric position of the TNO. We can then model trajectories

in barycentric RA and Dec.

7In order to apply this method of barycentric reprojection to a digital tracking algorithm, we will need
to assume a range of distances with some particular grid spacing. The range of distances will depend on
the population of interest (e.g. about 38 au to 47 au to search the Kuiper Belt). We will discuss estimates
for the required grid spacing later in this section.
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In principle, this method could be extended to more complicated topocentric trajectories

by adding additional vector terms to Equation 2.6. For example, the Hubble Space Telescope

has additional motion due to its orbit around the Earth. With accurate positions for the

Hubble Space Telescope, it may be possible to repeat the results of [15] with KBMOD, possibly

allowing for longer time baselines or increased search grid resolution.

At this point, we must introduce the concept of a great circle. A great circle is the

intersection of the surface of a sphere and a planar cross-section through the center of the

sphere. It is parameterized along the surface of the given sphere. For example, approximating

the Earth as a sphere, the equator of the Earth is a great circle. In astronomical terms, lines

of constant RA form great circles. We will denote RA as α and Dec as δ. Any two points

P1 = (α1, δ1) and P2 = (α2, δ2) on the sky can be connected by a great circle. The angle

between these two points (with the center of the sphere as the vertex) is called the central

angle σ12. We can then define an angular velocity along a great circle as dσ/dt.

In barycentric space, Keplerian orbits move along great circles, with the Solar System

barycenter at the center. This is true for any Keplerian orbit, no matter the eccentricity,

inclination, semi-major axis, or any other orbital parameter. However, eccentricity, for exam-

ple, will affect dσ/dt. Circular Keplerian orbits will move with a constant angular velocity,

while eccentric orbits will have variable angular velocity over the course of the orbit.

In practice, we must model TNO trajectories as barycentric great circles with constant

dσ/dt. The goal of this reprojection is to allow KBMOD to search trajectories over several

months, while adding only one more parameter to the KBMOD search grid. Adding more than

one additional parameter to the search grid is not computationally feasible. We must already

assume a barycentric distance for any given object of interest, so we cannot also assume an

eccentricity without a prohibitive increase in search dimensionality and computational cost.

Using JPL Horizons8, we can show that this reprojection may allow us to model TNO

trajectories for up to 6 months with less than 1 arcsec deviation from the actual trajectory of

8JPL Horizons, along with documentation, can be found here: https://ssd.jpl.nasa.gov/horizons/

https://ssd.jpl.nasa.gov/horizons/
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Figure 2.4: The effectiveness of reprojecting to barycentric space for three objects over a 180

day time baseline. The top, middle, and bottom row correspond to objects 2014 QV510, 2011

SO277, and 2014 US277 respectively. We queried JPL Horizons directly to obtain barycentric

ephemerides for these objects. We model the trajectory as a great circle parameterized by the

starting and ending RA and Dec with a constant velocity in the central angle. We do this in

both topocentric and barycentric space and visualize the deviation between the great circle

trajectory and the JPL ephemeris. Left column: The ephemeris over 180 days in topocentric

space. The color axis shows the deviation from the modelled trajectory. Middle column:

The ephemeris over 180 days in barycentric space. The color axis shows the deviation from

the modelled trajectory. Right column: The deviation of the modelled trajectory from the

barycentric ephemeris. “distance” is total distance in arcsec between the predicted position

from the modelled trajectory and the barycentric ephemeris.
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a TNO. We do this by directly querying the barycentric ephemerides over 180 days for three

different objects: 2014 QV510, 2011 SO277, and 2014 US277. We then use the starting and

ending points (α1, δ1) and (α2, δ2) of the ephemerides to parameterize great circle trajectories

for each object. Finally, we model the entire object trajectory with dσ/dt = σ12/∆t, where

∆t = 180 days. This allows us to compute arbitrary points P (t) = (α(t), δ(t)) along this

great circle.9

The objects 2014 QV510, 2011 SO277, and 2014 US277 were chosen to be approximately

representative of three main classes of interest. 2014 QV510 has a = 43.27 au, e = 0.152,

and i = 31.50◦. It is therefore fairly dynamically hot and represents a somewhat more

challenging TNO to model. 2011 SO277 is a Neptune trojan with a = 30.16 au, e = 0.012,

and i = 9.64◦. It is dynamically colder, with low inclination and eccentricity. It is therefore

a good candidate for modelling its trajectory as a barycentric great circle of constant angular

velocity. Finally, 2014 US277 is an eTNO with a = 99.46 au, e = 0.453, and i = 36.37◦. This

is by far the most eccentric of the three objects, as well as the most distant. It represents

a class of TNOs that is generally difficult to detect and is of great scientific interest (see

Section 1.5).

The effectiveness of modelling the trajectory of these objects as barycentric great circles

is shown in Figure 2.4. We model these trajectories for 180 days and show the residuals

between the modelled trajectory and the JPL reported barycentric ephemerides. In order

to quantify the effectiveness of the reprojection, we quantify the maximum deviation of

the modelled trajectory compared to the JPL ephemeris over the 180 day time baseline.

We consider a 1 arcsec deviation to be a very approximate metric for whether or not the

reprojection error would be unacceptably large. For a single observation, once the overlap

becomes small between the true topocentric position of an object and a PSF placed at the

predicted position (for example, at distances greater than 1 PSF FWHM), that observation

contributes little signal to the coadded likelihood of a hypothetical KBMOD search. In practice,

9A complete write-up of the trigonometry involved in computing σ and (α(t), δ(t)) is available here:
https://en.wikipedia.org/w/index.php?title=Great-circle_navigation&oldid=1084967593

https://en.wikipedia.org/w/index.php?title=Great-circle_navigation&oldid=1084967593
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the exact allowable reprojection error will depend on image quality, pixel scale, the fraction

of the trajectory with high residuals between the predicted and true location, and likely more

parameters besides. For our purposes, we want a constant metric to use among the various

reprojected objects considered here, and we want it to be of the same order of magnitude

as the expected seeing. To this end, 1 arcsec is a reasonable choice to use as a threshold

between “acceptable” and “unacceptable” reprojection error.

All three objects considered in Figure 2.4 have a maximum deviation of below 1 arc-

sec. 2014 QV510 has the largest deviation between the modelled trajectory and the JPL

ephemeris, with a maximum deviation of 0.99 arcsec. 2011 SO277, the dynamically cold ob-

ject, has a maximum deviation of just 0.06 arcsec. Finally, despite being the most eccentric

of the three TNOs, 2014 US277 is not the worst-modelled of the three. It has a maximum

deviation of 0.45 arcsec. This is because the increased barycentric distance (relative to the

other two objects) means that its angular velocity is slower than the other two objects. In

turn, the separation between P1 and P2 is relatively small. In other words, 2014 US277

moves a smaller fraction of its orbit over 180 days than the other two TNOs. This helps to

offset the trajectory modelling error that would be expected for more eccentric objects.

This exercise shows that it could be possible to precisely follow the trajectory of a TNO

for up to 6 months by modelling its trajectory in barycentric space. However, there are

several limitations to this methodology. Some of these limitations are accounted for in the

results of Figure 2.4, but others are not. We will discuss some of these limitations in the

following paragraphs.

First and most fundamentally, TNOs do not move along Keplerian orbits. Instead, we

report the osculating elements that correspond to what the Keplerian orbital elements would

be in a two-body problem. In principle, when considering only the two-body problem of a

TNO orbiting the Sun, a TNO should always move along great circle trajectories in barycen-

tric RA and Dec. In practice, small perturbations from the giant planets and other Solar

System bodies will cause some deviation of the TNO orbit from the expected great circle.

The exact magnitude and timescale of this variation will depend heavily on the specific orbit
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of a given TNO. For example, resonant TNOs will vary in semi-major axis differently from

scattering TNOs which will vary differently from cold classical TNOs (See e.g. Figure 3 of

[51]). These variations in semi-major axis often occur over thousands of years. This effect is

included in the results of Figure 2.4.

Second, as we discussed above, eccentric objects break the assumption of constant angular

velocity. The degree to which this assumption is violated depends on the fraction of the

TNO’s orbital period that is being considered, as well as the proximity to pericenter. This

can help to explain why 2014 QV510 has a greater maximum deviation than 2014 US277,

despite being less eccentric. This effect is included in the results of Figure 2.4.

Third, in addition to the position of the Earth, observatory, and Solar System barycenter,

we must also be able to model the position of a TNO by assuming a single barycentric

distance. We can model the topocentric position (RA and Dec) with a grid of velocities

and angles corresponding to the search space of interest. However, modelling the position

of a TNO in three dimensions requires assuming a distance as well. An incorrect distance

estimate will lead to an incorrect transformation into barycentric space. Therefore, the

precision of the grid spacing for barycentric distance will be important. This effect is not

included in the results of Figure 2.4.

Finally, even without orbital evolution, it is inaccurate to assume a constant barycentric

distance over a series of observations of a potential TNO. Any TNO with a nonzero eccen-

tricity will have a barycentric distance that varies over its orbit. This variation means that

there is no single barycentric distance that will perfectly fit the trajectory. This effect is not

included in the results of Figure 2.4.

We can investigate the effect of these last two limitations by implementing our own

barycentric reprojection, rather than using the “best case” reprojection from JPL. We do this

by assuming a single value for barycentric distance. We sample over a range of barycentric

distances. We can then plot the maximum deviation of the great circle model to the computed

barycentric RA and Dec for a grid of barycentric distances. This simultaneously tests the

effect of assuming a single value for barycentric distance and quantifies the barycentric
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Figure 2.5: The maximum deviation between a great circle model and the barycentric RA

and Dec for three objects as a function of the assumed barycentric distance. A single and

time-invariant barycentric distance is used to perform the reprojection into barycentric RA

and Dec. We perform this reprojection over 30 days, 90 days, and 180 days. For each plot,

blue lines correspond to barycentric distances where the maximum deviation is greater than

1 arcsec. Orange lines correspond to barycentric distances where the maximum deviation is

greater than 1 arcsec. The orange dashed lines define the boundary in barycentric distance

between the blue and orange regions. “Width” describes the distance region bounded by the

orange dashed lines and corresponds to the approximate barycentric grid spacing that would

be required to reproject these objects with a maximum deviation of < 1 arcsec.
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distance grid precision necessary to maintain a maximum deviation of less than one arcsec.

We perform this investigation using 2014 QV510, 2011 SO277, and 2014 US277. We

sample a grid of barycentric distances d centered on the true barycentric distance dtrue (as

reported by JPL Horizons) at time t0, corresponding to the start of the ephemeris. We set

the initial grid spacing to be 0.1 au and sample from dtrue − 1 au < d < dtrue + 1 au. We

use these barycentric distances to reproject the ephemerides into barycentric RA and Dec,

model the trajectory as a great circle, and compute the maximum deviation between the

great circle model and the barycentric RA and Dec. We define the barycentric distance with

the smallest maximum deviation to be d′, and resample the parameter space around d′ with

a grid spacing of 0.001 au and d′ − 0.1 au < d < d′ + 0.1 au. We then update d′. We now

have a range of barycentric distances and maximum deviations, with fine sampling near the

smallest maximum deviation.

We then find the range of barycentric distances that yielded maximum deviations of less

than 1 arcsec. To do this, we use a first order spline interpolation to find the barycentric

distance above and below d′ where the maximum deviation reaches 1 arcsec. We define the

difference between this upper and lower barycentric distance to be the grid width. This

grid width approximately corresponds to the grid spacing in barycentric distance that KBMOD

would need in order to recover these objects.

We perform this investigation for 30 day, 90 day, and 180 day time baselines and show

the results in Figure 2.5. Over 30 days, the barycentric reprojection achieves sub-arcsec

precision over a wide range of barycentric distances. The grid widths over 30 days were

between 0.74 au and 1.00 au. Over 90 days, grid widths decrease significantly to between

0.04 au and 0.23 au. Over 180 days, the two more eccentric objects no longer reproject with

sub-arcsec maximum deviation. 2011 SO277, which is a low eccentricity object, has a grid

width of just 0.02 au.

We therefore conclude that using this technique of barycentric reprojection will likely work

well in practice over time baselines of less than 90 days, but it may be challenging to use this

technique for time baselines greater than 90 days. Despite the limitations discussed above,
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transforming the search coordinates from topocentric space to barycentric space significantly

extends the time baseline over which KBMOD can search.

A version of this barycentric transformation has already been implemented into KBMOD

by Stephen Portillo. The current version searches linear trajectories in barycentric RA and

Dec, approximating the observatory positions as the Earth’s geocenter. It should be possible

to implement a complete great circle model and to include observatory positions. A more

straightforward addition would be to search linear trajectories in barycentric α cos δ and δ,

although a full great circle model will be more accurate and precise. Although these additions

are not necessary for the work presented here, they will be necessary to apply KBMOD to LSST.

We will discuss this in more detail in Chapter 5.

2.6 The joint-fit

One shortcoming of the grid-based approach of KBMOD is the lack of fine astrometric pre-

cision. Because the grid spacing of KBMOD is such that each pixel is the starting point of

a trajectory, there is a fundamental limit to the astrometric precision achievable by KBMOD

governed by the size of each pixel. Then, there is a further limitation due to the grid spacing

chosen for the search10. As shown in Figure 2.6 and Figure 3.7, the fine grid spacing of

KBMOD as applied to DECam data with a pixel scale of 0.263 arcsec per pixel does allow for

sub-arcsecond precision, with a median offset of typically below two pixels (0.526 arcsec).

However, improving the astrometric positions of candidates detected with KBMOD will improve

the linking, characterization, orbit fitting, precovery, and magnitude measurements of the

candidates. In particular, for the short time baselines typical of KBMOD searches, which have

so far typically ranged from hours to days, any improvement we can make to the astrometry

becomes important for followup and characterization.

To this end, we developed an extension to KBMOD meant to improve the measured as-

10Grid spacing is user-programmable. It is therefore not a fundamental limitation, as a user can improve
the search grid spacing at the cost of increased computational cost. However, given the limitation on
starting position, where each trajectory search starts from a single pixel, improving grid spacing has
diminishing returns on improving the recovered starting pixel location of an object.
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trometric positions of candidate objects. We call this extension the “joint-fit”. The goal

here is to take the individual stamps of each candidate that passes all prior levels of filtering

and human vetting, then properly minimize the negative log likelihood of a source along

a trajectory through each candidate’s stamps rather than rely on sampling from a grid of

trajectories. Full processing of all 23,336 candidates in DEEP which pass the CNN filtering

(but have not yet been vetted by humans) takes about 2 days using 3 28 core nodes on a

high performance computing (HPC) cluster, from loading the data to getting final magnitude

estimates. In comparison to KBMOD, which can search, characterize, and filter 256 x 512 x

2048 x 4096 candidate trajectories in a few minutes on a GPU, it becomes apparent why we

use the joint-fit only in the final step of candidate characterization11.

The joint-fit requires a number of additional inputs which are not used directly by KBMOD.

The joint-fit uses a unique PSF for each image derived by the LSST Science Pipelines, as

opposed to a constant-width Gaussian PSF as used by KBMOD. As inputs to this fit, we load

31 x 31 pixel warped difference imaging and calexp cutout stamps, variance planes, PSFs,

magnitude zero points, stamp centers in RA/Dec and pixel space, and associated astropy

WCSs. The stamp size is user-selectable, and was intentionally chosen to be larger than the

21 x 21 pixel stamps used by default in KBMOD. As we will discuss later, we can place bounds

on the trajectories searched within these stamps in later stages of the joint-fit. Loading

these data from the LSST Science Pipelines butler and from the images saved on disk was

about one third of the overall joint-fit processing time for the DEEP data set, even after

optimization efforts.

11The joint-fit would be challenging to fully implement inside a KBMOD search, although some of the
lessons learned in developing the joint-fit may be applicable. For example, the improved PSF model could
be directly implemented into KBMOD, and future work should investigate this improvement. Not all parts of
the joint-fit can be applied to the core KBMOD search. Running a minimization technique inside of the core
KBMOD grid search would likely be prohibitively computationally expensive. However, there would likely be
performance improvements to tying the joint-fit more closely into KBMOD. One could imagine a case where
the joint-fit is still run at the end of a KBMOD search (after all filtering), but takes advantage of the fact
that all images are already loaded into CPU RAM (for the KBMOD search). As another example, perhaps
the joint-fit could be optimized to take advantage of GPU acceleration, since a GPU is already a hardware
requirement to run both KBMOD and the CNN filter.
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Next, we rescale the stamps to a common magnitude zero point (e.g. mV R,0 = 31 in the

case of the DEEP data in Chapter 4). We apply this rescaling by defining a scaling constant

k such that

k = 10−(m0−m′
0)/2.5, (2.7)

where m0 is the magnitude zero point of the image and m′
0 is the new magnitude zero

point to which the image is being rescaled. In the case of the DEEP data, m′
0 = mV R,0 = 31.

Then, the counts in each candidate postage stamp are multiplied by k and the corresponding

variance in each pixel are multiplied by k2.

After loading the data, we run a high-precision fit to minimize the negative log likelihood

that there is a source along a given trajectory. This fit follows the same formalism as KBMOD.

Namely, we still follow the coaddition approach described in Equations 1.10, 1.11, and 1.12.

However, instead of generating each Ψ and Φ image by convolving the image with a fixed-

width Gaussian, we instead convolve each image separately with the best-fit PSF returned

by the LSST Science Pipelines.

Directly loading the WCS, stamp centers, and LSST PSFs allows for flexibility in the

nature of the trajectory that is being fit. As mentioned, this eliminates the limitation imposed

by starting candidate trajectories on a per-pixel basis, as well as searching a fixed grid of

angles and velocities. In addition, it also allows users to define and search more complicated

trajectories as needed for a given data set. In the DEEP data, we applied a topocentric

linear fit characterized by the starting and ending pixel position. This fit was appropriate

given the very short time baseline of about 4 hours for each search. However, for future

applications of KBMOD to LSST and other data sets, where the search time baseline may be

months, this tool allows a user to jointly fit other parameters alongside starting and ending

positions. For example, we have included an option that fits the best linear trajectory in

barycentric space, including a fit for barycentric distance.

The minimization methodology for finding the minimum negative log likelihood uses

scipy.optimize.minimize, which includes a number of minimization methods. We find

the ‘L-BFGS-B’ method ([142]) to be particularly well-suited to our use case. This method
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allows for bounds to be placed on the input fit parameters, allowing a user to focus the joint-

fit closer to the center of the stamps, for example. It also returns the inverse hessian matrix

for the fit. From this, a user can compute the standard deviation of the fit for each parameter

by taking the square root of the diagonals of the inverse hessian matrix. In essence, this

means that this fit method returns uncertainties for each parameter.

We apply this joint-fit method to the DEEP data discussed in Chapter 4. The large

population of injected fakes in the DEEP data allows us to characterize the performance

of the joint-fit method. Figure 2.6 shows the astrometric residuals of these fakes before

and after applying the joint-fit tool using a topocentric linear trajectory. The joint-fit tool

reduces the mean residual in RA from µ = 0.2633 arcsec to µ = −0.0572 arcsec and the

mean residual in Dec from µ = 0.2840 arcsec to µ = −0.0178 arcsec. This is a reduction of

a factor of about 4 in RA and and 16 in Dec. The standard deviation of the residuals in RA

and Dec reduces from σ = 0.3389 arcsec to σ = 0.1873 arcsec in RA and from σ = 0.5427

arcsec to σ = 0.2047 arcsec in Dec. More notably, the value for σG for the distribution of

residuals in RA and Dec reduces from σG = 0.2520 arcsec to σG = 0.0703 arcsec in RA

and from σG = 0.4361 arcsec to σG = 0.0542 arcsec in Dec. Because σG is more robust to

outliers, this reduction in σG may give a better idea of the “typical” decrease in scatter one

might expect from the joint-fit. Finally, there is a visible population of candidates with a

systematic offset in RA and Dec before the joint-fit, which can be seen in Figure 2.6 as a

cloud of candidates shifted up and right (positive RA and Dec residuals). After the joint-fit,

these systematic outliers are re-centered.

However it is parameterized, it is clear that the joint-fit tool improves the precision and

accuracy of the astrometric positions of KBMOD candidates. The main drawback to the joint-

fit, of course, is that it requires candidates to already be detected by KBMOD. This is to say, it

is strictly a characterization technique rather than a detection technique. This is by design,

as KBMOD is primarily a detection technique.
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Figure 2.6: Astrometric residuals of the fakes (implanted synthetic objects) in the DEEP

B1 fields before (left column) and after (right column) a topocentric joint-fit. Residuals are

measured as the difference between the known injected RA and Dec and the measured RA

and Dec of the first exposure of each DEEP B1 field and night. See Table 4.1. The first

row shows the Dec residuals vs the RA residuals. The second row shows a histogram of the

RA residuals. The bottom row shows a histogram of the Dec residuals. The title of each

histogram shows the mean µ, standard deviation σ, and σG value of the given distribution.

The joint-fit improves the astrometric positions by reducing the systematic offset (shown by

µ) as well as the spread of the distribution (shown by σ and σG).
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Chapter 3

KBMOD APPLIED TO THE DECAM NEO DATA SURVEY

3.1 Introduction

In Chapter 2, we presented a number of algorithmic improvements to KBMOD that allow us

to search for moving objects in difference images. Here, we use the Dark Energy Camera

(DECam) NEO Data Survey to validate our improvements. This is a larger survey with a

longer and more irregular cadence than KBMOD has been applied to in the past [e.g. 136].

Successfully running on difference images and a more complicated survey shows that KBMOD

is beginning to be applicable at the scale needed for upcoming big data surveys like LSST.

In Section 3.2, we discuss the DECam NEO Data Survey and the processing we applied to

it using the LSST Software Stack. In Section 3.3, we discuss the results from our analysis,

including the detection of 75 unidentified outer Solar System objects.

3.2 Data

3.2.1 The DECam NEO Survey data

The DECam NEO Data Survey covered an area on the sky of greater than 2000 square

degrees. The ∼6.7 TB data set from the DECam NEO Data Survey (PI Lori Allen) uses

the Dark Energy Camera on the 4m Blanco telescope at the Cerro Tololo Inter-American

Observatory (CTIO) [37]. The DECam NEO Data Survey consists of 32 nights of data. In

the first 10-night observing run in 2014, [123] found 235 unique NEOs.

Each individual image taken by DECam is a composite of 62 2K x 4K science CCDs,

with a fill factor of 0.8 [61]. Each CCD image covers an area of ∼0.04 square degrees with a

pixel scale of 0.27 arcsec. This results in a total field of view for DECam of about 3 square

degrees. The CCDs are 250 µm thick fully depleted devices, with a peak quantum efficiency
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above 85% at ∼ 650 nm [37]. Gaps between CCDs are between 153 pixels (columns) and

201 pixels (rows). Observations for this data set were taken in the VR filter, a broad optical

filter extending from 500 to 760 nm.

We separate this data set into 782 pointing groups based on RA and Dec. CCD 01

and 61 had no data in our images, leading to a set of 60 CCDs per pointing group. We

define a pointing group as a set of DECam exposures within 25 arcsec of a common RA and

Dec and define a pointing as an individual DECam exposure (i.e. a set of 60 CCDs) in a

pointing group. Most pointing groups contain between 5 and 25 pointings. Pointing groups

characteristically have 5 pointings per night, with all data taken over nearly-consecutive

nights. The intra-night pointings are taken about 5 minutes apart for a total intra-night

timespan of approximately 25 minutes.

24 pointing groups had a high stellar number density, with more than 10,000 sources

detected in a CCD. When astrometrically calibrating these images (see Section 3.2.2), these

pointing groups exceeded the memory limits of the available computational resources and

were therefore excluded. The current limitations regarding the processing of dense fields

with LSST Science Pipelines are described in [121]. Detectability of moving objects with

KBMOD, however, is driven strongly by the quality of the difference images.

372 pointing groups contained data from at least 4 unique survey nights. Because of the

short intra-night image cadence, which can cause slow-moving objects to exhibit minimal

motion within a night, we only search over pointing groups with at least 4 unique survey

nights. This ensures that any given KBMOD trajectory will search a sufficiently large number

of unique on-sky positions, thereby reducing the probability of linking of static objects.

In order to efficiently focus computational resources and human effort on higher-quality

data, we selected 43 pointing groups from the set of 372 pointing groups. These 43 pointing

groups have a total effective search area of approximately 132 square degrees. We refer to

these 43 pointing groups as the “search sample”. These pointing groups are shown in Figure

3.1. This down select from 372 pointing groups was as follows. 40 pointing groups existed

where all pointings in the pointing group had a maximum seeing full width at half maximum
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search sample. The red shapes show the DECam camera footprint plotted at the location of

the first image in each pointing group in the search sample. The pointing group number is

annotated over each corresponding camera footprint. The ecliptic is shown as a blue dashed

line. The invariable plane is shown as a black solid line.
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(FWHM) of 1.25 arcsec. These 40 pointing groups make up the bulk of the search sample.

There were an additional 12 pointing groups that had over 20 total pointings, but with only

20 pointings with seeing < 1.25 arcsec. These pointing groups returned a greater number of

erroneous candidate trajectories that required by-eye rejection. This is possibly due to the

inclusion of poor-seeing images in the image differencing template (see Section 3.2.2). Due

to computational limitations, we elected to run KBMOD on only 3 of these pointing groups,

focusing our GPU resources on the 40 pointing groups where all 20 pointings had the required

seeing limits. These 3 pointing groups make up the remainder of the search sample.

3.2.2 Processing the DECam data

The raw DECam images were processed by the DECam Community Pipeline [129] resulting

in a set of InstCal PROCTYPE images, as defined in the NOAO Data Handbook [101]. These

images are bias and linearity corrected, flat-fielded, and sky-subtracted by the community

pipeline. Data quality masks and inverse variance arrays were provided. We downloaded

the compressed InstCal data from the NOAO Data Archive between July and November of

2017.

Prior to running the KBMOD pipeline, we first astrometrically calibrate the images in all

782 pointing groups. This was undertaken using the LSST Science Pipelines Software [69].

Sources were detected in the individual images. Sources with a SNR ≥ 40 were matched

to the data from the GAIA Data Release 1 (DR1). The median astrometric scatter for the

sources used to fit the CCD world coordinate systems (WCS) was 25 mas; 373 CCDs had an

astrometric scatter worse than 100 mas. The median number of sources detected per CCD

was 3575.

As a followup to [136], we use image differencing to remove non-variable and non-moving

sources within an image (as opposed to just masking the sources). We used the LSST Stack

to difference the images in the pointing groups using a method based on [3]. For the DECam

NEO Survey data, we difference each pointing against a coadded template. Given the short

intra-night time separation between images of a given pointing group, objects moving slower
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Figure 3.2: Single pointing (pointing group 011, CCD 29, visit 303605) before (left) and after

(right) image differencing. Similar to DS9, we applied an arcsinh filter to the pixels in this

example in order to better show objects in each image.



72

0 1000 2000 3000 4000 5000 6000 7000
Number of sources

0

1000

2000

3000

4000

5000

6000

Nu
m

be
r o

f C
CD

 im
ag

es

Difference Imaging
Science Imaging
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than of order 1 arcsec hr−1 will not move a full psf width over a single night. We therefore

separate a pointing group into two approximately equal groups such that each image in

the first group will be separated in time from each image in the second group by at least

twelve hours. A coadded template was independently generated from each group and used

to difference the opposite group. Because our minimum search velocity is ≥ 92 px/day (≥ 24

arcsec per day), this guarantees that objects of interest will be much greater than one PSF

away from where they were in the coadded template. This means that pointings in the middle

of a pointing group—with respect to time—will have the shortest image differencing baseline,

and will therefore set a theoretical limit on the slowest-moving objects we can detect.

In order to difference the science images against the coadded template [3, 140, 139, 141],

we need to find a convolution kernel K such that for a science image I(x) and a coadded

template Φ(x), I(x) = K ⊗ Φ(x). Following the approach of [3], we separated the template

into local spatial cells of 128 x 128 pixels. We detected sources in both images, and grouped

them into the spatial cells. Stamps of these sources were created with sizes between 21 x

21 pixels and 35 x 35 pixels, depending on the FWHM of the source. Stamps in each cell

were used to find the local spatially-invariant convolution kernel solutions of each stamp.

The local convolutional kernel was modelled as a set of Gaussian functions multiplied with

a polynomial. The coefficients of the kernel were then found by solving a least-squares

problem. One source (and thus one stamp) was selected for each grid cell based on the

clipped mean of all the kernel solutions in the cell. This gave the local convolution kernel

for that cell. In order to account for spatial variation over the gootprint of an entire CCD,

a spatially-variant global convolutional kernel is required. Chebyshev polynomials of the

first kind were fit to the local kernel coefficients in order to determine a model for spatially-

variant global convolution kernel coefficients. This global kernel was then used to match

the PSF of the coadded template to that of the science image. We matched the template

to the science image, rather than the other way around, because the template has less

noise and the convolution correlates noise. The two images were then subtracted. Finally,

a decorrelation algorithm was run to remove the correlation in the noise of the difference
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image. Decorrelation is particularly important when coadded templates are relatively low

SNR, as is the case with these data. After differencing the image, we warp all images in a

pointing group to the sky plane of the first pointing in the pointing group. This ensures that

a pixel in one pointing will correspond to the same RA and Dec as that of the same pixel in

another pointing.

As an example, Figure 3.2 shows pointing group 023, CCD 35, visit 303665 before and

after image differencing and warping. The final image size for the KBMOD image is set by the

intersection of the image and the template that is subtracted. Slight misalignments of the

pointings in a pointing group may reduce the final image sizes. All pointing groups were,

however, aligned to within 50 arcsec in RA and Dec, with all but 28 pointing groups aligned

to better than 25 arcsec in both RA and Dec. Therefore the reduction in image area was

minimal.

The KBMOD TNO search was run for each aligned stack of DECam CCDs independently;

we did not search trajectories across CCD boundaries. In principle, we might like to search

all plausible TNO trajectories across the largest footprint allowed by the data. Algorithmic

and hardware limitations preclude this possibility, as KBMOD currently requires that all images

and initial search results must fit inside GPU memory. We will discuss this in more detail

in Section 5.4.1. For the data described in this Chapter, the effective area on which we are

able to search for moving objects is, therefore, about 0.04 square degrees. In other words, a

necessary requirement for the detection of a moving object with the KBMOD algorithm is that

the object stays within the field of view of an individual CCD for at least two pointings. In

practice, we require that an object stay in the field for at least 3 nights (typically 15 point-

ings). This means that an object must move slower than about 15 arcsec hr−1 to be detected

by KBMOD. As we will discuss in the next section, our KBMOD search already sets an upper

bound at 6.19 arcsec hr−1 (consistent with typical KBO topocentric speeds). Therefore, this

limitation of the data (which sets an approximate upper bound at 15 arcsec hr−1) imposes

no additional restrictions on detection ability.
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Figure 3.4: An example output for object 2015 GQ56 (pointing group 300, CCD 30) when

using trajectory estimates from the JPL Horizons service. The first row shows the coadded

stamp (left) and the flux lightcurve (right). Orange points in the flux lightcurve are points

that pass σG lightcurve filtering. The remaining rows show the postage stamps for 2015

GQ56 in each individual image. The coadded stamp was generated by taking the median

value at each pixel; this effectively removes image differencing artifacts. This trajectory

was generated using orbital values from JPL Horizons. These figures were generated for all

known KBOs in search sample in order to determine the unfiltered
∑

LH, as well as for

debugging purposes. Each stamp shows the estimated SNR ν of that stamp.
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3.3 Results

3.3.1 Search, detection, and recovery

We ran an untargeted KBMOD search on each stack of CCDs in the search sample for a total

of 2580 searches. Similar to [136], an untargeted search looks for linear trajectories with

velocities between 92 and 550 px/day (1.04 arcsec hr−1 to 6.19 arcsec hr−1) with angles of

±π/10 from the ecliptic angle. Compared to [136], we doubled the resolution of the grid

spacing from 256 velocity steps and 128 angle steps to 512 velocity steps and 256 angle

steps. This ensured that trajectories would end up separated by no more than about two

PSF FWHM from neighboring trajectories.

In order to test the efficiency of these new filtering methods, we generated a list of known

objects in the search sample. We used Skybot [17] and JPL Horizons [47] to find all KBOs

that were present in the search sample, with the additional requirement that they be present

in the first image of the pointing group. We impose this requirement because a KBMOD

search requires that an object be present in the first image1. We generated 21 x 21 pixel

postage stamps of the object in each image in which it is present. We developed a variant of

KBMOD that computes the likelihoods along a single trajectory then runs the aforementioned

quantile-based filtering, and computed the central moments of the postage stamps. Figure

3.4 shows these results for pointing group 300, CCD 30, object 2015 GQ56. We removed

1This is a current algorithmic limitation due to the way that KBMOD handles the results of each candidate
trajectory. Results are generated and stored based on the starting pixel location. Trajectories which
begin off of the CCD are therefore not considered. Future work should investigate ways to mitigate this
limitation.
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Figure 3.5: Best-fit barycentric distance r0, inclination i, and longitude of ascending node Ω

(dots) with respective standard deviations (lines) of the detected known objects (left) and

unidentified objects (right) using the method of [16]. r0, i, and Ω were also fit with Find Orb.

When the value from Find Orb is inconsistent with [16] within 1σ, we show the best-fit value

from [16] with a square instead of a dot. For the known objects, the JPL Horizons value

of the corresponding parameter is overplotted with an x marker. The short time baseline

of the observations allows us only to constrain initial barycentric distance, inclination, and

longitude of ascending node. The medians of the absolute value of the residuals between

the best-fit values and the JPL Horizons values are 0.36 au, 0.32 degrees, and 0.92 degrees

for r0, i, and Ω respectively. As reported by JPL Horizons, the median values of the known

objects for r0 and i are r̃0 = 41.55 au and ĩ = 5.46◦ respectively. The median values of the

unidentified objects for the best-fit r0 and i are r̃0 = 41.28 au and ĩ = 7.67◦.
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KBOs with an unfiltered
∑

LH < 152. This left us with a “recovery sample” of 26 KBOs.

In the untargeted search of the search sample, we recovered 22 out of 26 (or 84.6%) of

the known objects in the recovery sample after all filtering was applied (see Figure 3.6).

The CNN probability threshold was kept at 75%. Recovery statistics for these objects

are shown in Figure 3.7. For object recovery, we discarded any trajectories that had a

starting position more than 5 pixels (approximately 1.35 arcsec, or one PSF FWHM) from

the predicted location or had a velocity difference from the known velocity of more than 5

px/day (approximately 0.056 arcsec hr−1). The median position and speed residuals were

0.427 arcsec and 0.0036 arcsec hr−1 respectively, significantly below the chosen cutoff values.

This velocity error corresponds to approximately a 1.27 pixel position error over 4 days.

Using the NOAO DECam Exposure Time Calculator (ETC), we estimate the single-image

10σ depth to be at most 22.75V. Because the pointing groups contain data from different

nights, we computed this limit assuming a new Moon. It is therefore an upper limit. 18 of

the recovered objects were fainter than the upper-limit single-image 10σ depth. Repeating

this exercise at the 5σ level estimates the single-image 5σ depth to be around 23.53V. There

were 10 recovered objects with known V magnitudes greater than this approximate depth

of 23.53V. This confirms that KBMOD is able to use difference images to find moving KBOs

that are too dim to detect in a single image at the 10σ level, extending the result of [136] to

difference images.

We investigated each of the missed known objects individually. 2013 GY136 (pointing

group 204, CCD 57) failed to process due to a CCD that failed image differencing. This

2As of July 2022, about a year after this initial analysis, there are about 310 KBOs within 90 arcmin
of each pointing group center according to Skybot. There are about 68 KBOs present on the CCD in
the first visit with

∑
LH > 0, and another 7 with

∑
LH < 0. These numbers serve to give an estimate

of the scale of the down-sampling from nearby KBOs, to KBOs that should be present on the image,
and finally to KBOs with recoverable

∑
LH. We specify the time because it is possible that updates to

skybot may have altered the returned list of KBOs since these data were originally processed (e.g. in the
case of new discoveries or updated orbits). However, the maximum discovery year for all KBOs within 90
arcmin of the search sample pointing group centers (as determined from the object name) is 2015. This
may help indicate that there are no newly-discovered KBOs, since the time of the initial data processing.
Furthermore, the number of known objects meeting the criteria for the recovery sample remains at 26, as
of July 2022.
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reduced the total number of images in CCD 57 to fewer than 20, and CCD 57 was therefore

not reprocessed. 2013 GZ137 (pointing group 202, CCD 52) failed CNN filtering with a

threshold of 75%, but passes with a threshold of 50%. 2015 GY55 (pointing group 306, CCD

26) starts within 4 pixels of the chip edge, causing this trajectory not to be searched by

KBMOD. 2013 GH137 (pointing group 192, CCD 41) has two fully-masked stamps, and two

more with partial masking, which may have caused it to be filtered out by stamp filtering

regardless of its
∑

LH value.

In addition to the detected 22 known objects in the recovery sample, we detected 2 ad-

ditional known KBOs. These KBOs had an unfiltered
∑

LH < 15 along the JPL Horizons

trajectories, and were therefore not included in the recovery sample. The best KBMOD trajec-

tories for these objects had a filtered
∑

LH ′ > 15. We then linked these objects back with

known KBOs.

3.3.2 Orbit fitting and analysis

We detected 75 moving objects that we were unable to link to existing objects. We refer

to these objects as “unidentified” rather than “previously unkown” because it is likely that

some of these 75 objects are previously known objects that Skybot was unable to propagate

to the epoch of these data with sufficient precision for them to be included in the recovery

sample of known objects. This could happen if, for example, a TNO was initially discovered

with a short arc and has not yet been followed up. Trajectories with
∑

LH > 15 that passed

all filtering were accepted or rejected with a by-eye examination of the individual stamps,

the coadded stamp, and the flux lightcurve.

As shown in Figure 3.3.1, we used the method described in [16] to fit barycentric distance

r0, inclination i, and longitude of ascending node Ω of both the recovered known objects

and the unidentified objects. For the known objects, we compared the orbital parameters

fit to the KBMOD trajectory with their respective parameters as reported by JPL Horizons.

The medians of the absolute value of the residuals between the best-fit values and the JPL

Horizons values are 0.36 au, 0.32 degrees, and 0.92 degrees for r0, i, and Ω respectively. The
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median values for r0 and i of the known objects reported by JPL Horizons are r̃0 = 41.55 au

and ĩ = 5.46◦ respectively. The median values of the unidentified objects for the best-fit r0

and i are r̃0 = 41.28 au and ĩ = 7.67◦. The three parameters (shown in Figure 3.3.1) that are

well-fit with our data constrain the plane of the orbit and the initial distance of the object

from the Solar System barycenter. Individual values are shown in Table A.1.
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Figure 3.6: Recovered known objects as a function of reported magnitude. We ran an

untargeted KBMOD search on all CCDs in the search sample that had known KBOs on them.

Figure 3.7 shows the recovery statistics for the recovered objects. 18 of the recovered objects

were below the approximate upper-limit single-image 10σ limiting magnitude.
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In addition to the method of [16], we used Find Orb3 to fit r0, i, and Ω. This allowed

us to compare the best-fit values between the two orbit fitting codes. When best-fit values

from Find Orb were not within 1σ of the best-fit value from the [16] code, we show the

value as a square in Figure 3.3.1. We discarded values with inconsistent inclinations from

the remainder of the orbit analysis.

For the known objects with consistent barycentric distance, we find that our analysis with

the Bernstein TNO code overestimates our barycentric distance uncertainties. The median

of the absolute value of the barycentric distance residual is 0.29 au, while the median of

the uncertainty in barycentric distance is 2.50 au. Our estimates of barycentric distance,

therefore, are generally better than the error bars in Figure 3.3.1 would imply.

There were a few noteworthy limitations to our data set and apparent outliers in our

best-fit values. Because of the relatively short time baseline of about 4 days, we were unable

to place any meaningful constraints on the other Keplerian elements individually. For three

unidentified objects (unidentified object numbers 58, 69, and 74), the orbit fitting code did

not return uncertainties. We therefore consider them inconsistent between [16] and Find Orb.

Unidentified object numbers 4, 6, and 8 have a best-fit inclination of ifit > 90◦. Similarly,

known object number 20 (2000 EE173) has a best-fit inclination of ifit = 173.36◦ ± 0.54◦

but a JPL Horizons inclination of iHorizons = 5.95◦4. However, these 4 objects are all marked

as inconsistent between Find Orb and [16]. As such, their best-fit values are removed from

further orbital analysis.

To evaluate the consistency of the properties of our detected asteroids with published

distributions, we apply the analysis of [136] to the detected objects with consistent inclina-

tions reported in this paper. We compared our observed inclination distribution with that

3https://github.com/Bill-Gray/find_orb

4This object in particular can be better understood by looking at both the barycentric distance and
the inclination together. For a retrograde object, the barycentric object motion adds constructively with
the reflex motion. For a given topocentric speed, it is possible for there to be two consistent solutions: a
retrograde orbit at greater barycentric distance and a prograde orbit at smaller barycentric distance. In
this case, the orbit fitting code of [16] selected the orbital solution with a distance consistent with TNOs,
rather than the correct prograde solution with a barycentric distance less than 25 au.

https://github.com/Bill-Gray/find_orb
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of [21] by using a one-sided Kuiper variant of the Kolmogorov-Smirnov (K-S) test. We use

a test statistic of D
√
N where N is the number of objects, and D is given by Equation 30

in [136]:

D = max (Pj − j/N) . (3.1)

Pj is the probability for a given inclination distribution that an object j has an inclination

equal to or below the actual inclination ij. Pj is also a function of the inclination distribution

(in this case the double Gaussian of [21]) and the discovery latitude. As discussed in [136],

Pj varies uniformly from 0 to 1. We therefore call the distribution of Pj the “expected

uniform distribution”, as shown in Figure 3.8. (See Section 4.2.1 of [136] and Section 3.3 of

[21] for more detail). Some TNO sub-populations have non-uniform inclination distributions

around the ecliptic. This is an unmodelled systematic in our test statistic. We compute Pj

using Monte Carlo methods. We take 105 inclinations from the [21] distribution, place them

randomly along circular orbits and take all objects within ±0.5◦ of the ecliptic latitude βj

of discovery. These values allow us to find Pj by calculating the probability that an object

with a given βj has an inclination at or below ij. We run 1000 Monte Carlo simulations,

using the mean D
√
N as our test statistic. See Section 4.2.1 of [136] and Section 3 of [21]

for more detail.

Our mean value for D
√
N was 1.40. As shown in Figure 3.8, we reject the null hypothesis

that our observed inclinations come from the distribution of [21] with only 76.6% confidence,

which is less than the 1σ confidence level of 84.1% (D
√
N = 1.47). This is to say that

we cannot confidently reject the null hypothesis. We can therefore say that our observed

inclinations are consistent with [21].

We repeated the further comparison of [136], using an approximate survey simulation to

identify the distribution of objects with a given inclination that we would expect to find given

the central RA and Dec of our search sample. We modelled the DECam field of view as a

circle with a diameter of 2.2◦. We selected the inclinations and orbits from the Monte Carlo

simulations used to generate Figure 3.8 and recorded the objects visible within the simulated
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camera footprint. We then normalized this simulated object distribution to the number of

detected objects in the search sample. Figure 3.9 shows the simulated distribution (blue)

and the observed distribution (orange). The χ2 value between the simulated and expected

distributions was 8.58, corresponding to a p-value of 0.48. We therefore again say that our

observed inclinations are consistent with [21].

3.3.3 Magnitude estimation and analysis

Figure 3.10 shows our estimates of the VR magnitude of the known and unidentified objects

detected with KBMOD. To fit the VR magnitudes, we generated 25 x 25 pixel postage stamps

in the undifferenced science images following the KBMOD linear trajectory. In each stamp,

we fit for the location of the object by maximizing the value of the flux minus the stamp

background. The flux was calculated by summing the counts within a circular top-hat psf

with a radius of twice the FWHM of the stamp. The local stamp background was estimated

from the region outside of this psf. The magnitude zero point was obtained from the InstCal

images. We then took the median magnitude value from each set of 15 to 20 magnitude

estimates.

As we did in [136], we compared our joint magnitude distribution with the apparent

magnitude luminosity function presented in [43], adjusting for ecliptic latitude by using the

inclination distribution of [21]. We use the mean V R − R KBO color reported by [43].

We note, however, that the DECam VR filter of our observations differs somewhat from

the Mosaic2 VR filter used in [43]. They have similar central wavelengths but different filter

response curves. Individual magnitudes are shown in Table A.1. The magnitude uncertainties

listed in Table A.1 are reported as σG uncertainties estimated from each set of magnitude

estimates.

We approximate the camera footprint as a 3 square degree circle. In practice, our trajec-

tories do not cover the entire camera footprint. Each individual KBMOD search only uses data

from a single CCD, requiring 60 individual searches to cover a full camera footprint. We

further require that each candidate trajectory has at least 15 observations, corresponding to
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a time baseline of about 3 days. Depending on the search velocity and angle, this means that

any objects that start near a CCD edge will not be searched, as the trajectory will go off

the CCD edge before the trajectory has the requisite 15 observations. We define an effective

search fill factor as the fraction of the CCD that is actually searched with KBMOD. For our

search parameters, the search fill factor varies from about 0.5 to about 0.9. Assuming a

typical KBO speed and angle of 275 px/day with an in-image angle of 4.4 radians gives a

typical search fill factor of around 0.7. Multiplying this by the camera active-pixel fill factor

(e.g. [61]) of about 0.8 gives a typical net fill factor of approximately 0.55. The net fill factor

therefore refers to the total fraction of a DECam focal plane that is searchable with KBMOD

relative to a circle with an area of 3 square degrees.

Figure 3.11 shows a histogram of our observed VR magnitudes along with the number

expected from [43] assuming a fill factor of 1.0 and 0.55. Our joint magnitude distribution

is largely inconsistent with [43] assuming a fill factor of 1.0, but is consistent to within

uncertainties up to about V R = 23.25 assuming a fill factor of 0.55.

In Chapter 5, we discuss some of the conclusions we can make from this analysis. We

discuss some of the limitations of the work presented in this chapter, the key parameters we

are able to characterize, and how this work fits into the broader effort of validating KBMOD,

applying it to current data, and preparing it for future surveys.
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Figure 3.7: Statistics for the known objects that were recovered with an untargeted KBMOD

search on CCDs with known objects in the search sample. For object recovery, we discarded

any results that had a starting position more than 5 pixels (approximately 1.35”, or one

PSF FWHM) from the predicted location or had a velocity difference of more than 5 px/day

(approximately 0.056” hr−1). The velocity cutoff was chosen based on the recovery distribu-

tion. As shown in bottom left and bottom right, respectively, the median difference between

predicted and recovered position and speed was significantly lower than these cutoff values.

The upper left plot shows each trajectory’s initial predicted and recovered position on the

CCD image for each object. The upper right plot shows each trajectory’s predicted and

recovered x and y velocity on the CCD image for each object.
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Figure 3.8: One-sided Kuiper variant of the Kolmogorov-Smirnov (K-S) test comparing our

recovered inclinations with the inclination distribution predicted by [21]. We reject the

null hypothesis that our inclinations came from the distribution of [21] with only 76.6%

confidence (less than 1σ). We therefore consider our observed inclinations to be consistent

with the distribution predicted by [21].
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Chapter 4

KBMOD APPLIED TO THE DEEP SURVEY

4.1 Introduction

In this chapter, we discuss the application of KBMOD to another DECam data set called the

DECam Ecliptic Exploration Project (DEEP). The DEEP survey was designed specifically

with digital tracking in mind. As we will discuss in Section 4.4, this enables detections that

are over a magnitude fainter than any detected in Chapter 3. Furthermore, the cadence

of the data allows for objects to be linked across multiple years, leading to accurate and

precise measurements of the osculating orbital elements for many objects. In particular, the

total baseline is sufficient to break the eccentricity-semi-major axis degeneracy which plagues

short time baseline observations.

The work presented here will also be presented in a series of papers by the DEEP Col-

laboration [124, 125, 12, 91, 120].

4.2 Data

DEEP is a survey using the Dark Energy Camera on the 4m Blanco telescope at the Cerro

Tololo Inter-American Observatory (CTIO) [37]. As with the data set in Chapter 3, the data

are taken in the DECam VR band, which has a similar band center to (for example) Pan-

STARRS rp1 but a wider overall bandpass. This makes it a good detection band, although

it is less preferred for precision photometry.

DEEP is setup with a series of “fields” and “nights”. For this survey, we define a “field”

to be a particular RA and Dec observed with DECam. Thus, a field is made up of 60 CCDs

and has a field of view of about 3 square degrees. Many fields are revisited multiple times

over a period of about two years and as of the time of writing, more data are still being taken.
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Therefore, each field also has a “night” associated with it, based on the NITE keyword in the

FITS header. The night is simply a string date identifier based on the night of observation.

Each night is associated with a “long stare”, or a series of between 52 and 130 consecutive

or nearly-consecutive exposures. We run KBMOD on each CCD in a given long stare. We will

therefore describe a set of long stare observations using a combination of field and night.

For example, Field B1b Night 2020-10-15 is a set of 100 exposures taken one after another

on the night of October 15, 2020. Each exposure in a long stare has a 120 second exposure

time.

Furthermore, DEEP is separated into 4 quadrants, indicated by the first two letters of the

field name. These quadrants are “A0”, “A1”, “B0”, and “B1”. Each quadrant is composed

of a number of fields that spread out in a triangular pattern to capture the dispersion of

TNOs over time. This will be described in more detail in [124, 125]. This work focuses on

the 2019, 2020, and 2021 data of the B1 quadrant, which has 10 unique fields and 29 total

nights of data. The total footprint of the DEEP B1 data covers about 30 square degrees and

is shown in Figure 4.1. The fields, nights, and number of exposures of all the data in the B1

quandrant are shown in the following table1. For example, for Field B1a Night 2019-08-28,

there are 102 total exposures in the long stare. The total summed exposure time is therefore

12240 seconds, or 3 hours 24 minutes, long. This long effective exposure time, combined

with digital tracking, is what allows DEEP to detect such faint TNOs from the ground.

1The DECam NEO data set discussed in Chapter 3 has a total of 43 pointing groups. For comparison,
the DEEP data has 29 unique long stares, spread out over 10 unique RA and Dec positions. Therefore,
the DEEP data set covers less total area on the sky. However, the DEEP data set is well-suited to the
purposes of digital tracking detection of TNOs due to the greater number of images, greater exposure time
per image, and repeat visits over two years.
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Table 4.1: Fields, Nights, RA, Dec, and Number of Ex-

posures for all of the nights in the DEEP B1 quadrant

that is searched with KBMOD. RA and Dec correspond to

the central RA and Dec of DECam for the first exposure

in the long stare. Each exposure in each long stare is 120

seconds long.

Field Night RA Dec Number of Observations

B1a 2019-08-28 351.877200 -5.035722 102

B1a 2019-09-26 351.380700 -5.240305 95

B1a 2020-10-18 351.121033 -5.346222 91

B1a 2021-09-09 351.713325 -5.103250 65

B1b 2019-08-29 353.618654 -5.297667 101

B1b 2019-09-27 353.120700 -5.502861 97

B1b 2020-10-15 352.863196 -5.609639 100

B1b 2021-09-12 353.455079 -5.365278 70

B1b 2021-10-01 353.058450 -5.529917 81

B1c 2019-08-27 352.919908 -3.623028 103

B1c 2019-09-28 352.424117 -3.827972 96

B1c 2020-10-16 352.165621 -3.934944 96

B1c 2021-09-06 352.756529 -3.690555 53

B1c 2021-10-04 352.360275 -3.854361 101

B1d 2020-10-19 354.606779 -5.868861 99

B1d 2020-10-21 354.606525 -5.869916 99

B1d 2021-09-27 354.800983 -5.788139 89

B1e 2020-10-17 353.904871 -4.195444 96

B1e 2021-09-04 354.495283 -3.950028 59

Continued on next page
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Field Night RA Dec Number of Observations

B1e 2021-10-06 354.098908 -4.115194 97

B1f 2020-10-20 353.205779 -2.521444 98

B1f 2021-09-03 353.795867 -2.276583 61

B1f 2021-10-02 353.400358 -2.441222 89

B1g 2021-09-28 356.545621 -6.043333 92

B1h 2021-09-08 356.235704 -4.206055 70

B1h 2021-10-05 355.839704 -4.371417 97

B1i 2021-09-05 355.531650 -2.533694 52

B1i 2021-10-03 355.136983 -2.698944 100

B1j 2021-09-30 354.436454 -1.026361 85

The DEEP survey strategy is designed to follow candidate TNOs over two or more years.

As shown in Table 4.1, the B1 data discussed in this chapter extend from 2019 to 2021. In

2019, the DEEP survey took data on Fields B1a to B1c. In 2020, the DEEP survey took

data on Fields B1a to B1f. In 2021, the DEEP survey took data on the entire footprint of the

DEEP B1 quadrant, namely Fields B1a to B1j. This dispersal pattern was chosen so that a

candidate TNO observed in (for example) Field B1a Night 2019-08-28 would be re-observed

in the follow-up observations despite potentially leaving the B1a field. The survey strategy

will be described in more detail in [124, 125]. The overall survey time baselines means that

candidates that can be linked over the entire survey time baseline will have observational

arcs extending for over two years (three oppositions). As of the time of writing, data are

also scheduled to be taken in 2022, which may further extend the total time baseline of the

fields.

Figure 4.1 shows specific nights of the DEEP B1 fields. The nights shown in Figure 4.1

are the first night observed in the 2021 observing run for each individual field. Over various

nights, a given field can vary by up to 0.817 degrees from other observations of that field
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with a median difference of 0.3947 degrees. These intra-field variations were designed in part

to mitigate the effect of chip gaps and gaps between fields. The DEEP B1 fields are aligned

with the invariable plane (the solid black line in Figure 4.1) of the Solar System. Within a

particular long stare, however, the images are well-aligned. The median standard deviation

in RA and Dec within a long stare is σRA = 0.629 arcsec and σDec = 0.070 arcsec. As in

Chapter 3, images are further aligned to a common WCS before running KBMOD.

4.3 Techniques

In this section, we describe how we apply the KBMOD pipeline to the B1 DEEP data [136, 119].

4.3.1 Image pre-processing

As in Chapter 3, we use the LSST Science Pipelines to process the DEEP B1 data [69]. For

these data, we start with DECam raw image files, flat images, and bias images. All but two

long stares have associated flats and biases from the same night. For the two exceptions, Field

B1b Night 2020-10-15 and Field B1d Night 2020-10-19, we use flats and biases from time-

adjacent Night 2020-10-16 and Night 2020-10-18 respectively. We then use the LSST Science

Pipelines to perform instrument signal removal (ISR), photometric calibration, astrometric

calibration, and image differencing. Photometric calibration is performed using Pan-STARRs

data release 1 data [38] as a reference catalog, mapping the VR band to rp1. Astrometric

calibration is performed using GAIA dr2 data [79] as a reference catalog. The LSST Science

Pipelines refer to these photometrically and astrometrically calibrated exposures as ‘calexps’.

After calibration, we inject a population of synthetic TNOs into the calexps. We refer

to these implanted synthetic objects as “fakes”. The goal of this population is to test all

possible bound TNO orbits, rather than to attempt to reproduce any real existing TNO

population structure. To accomplish this, we use DESTNOSIM2 to create a joint distribution

from a KBO-like population, a moderately-excited population, and an isotropic distribution

2The software can be found here:https://github.com/bernardinelli/DESTNOSIM

https://github.com/bernardinelli/DESTNOSIM
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Figure 4.1: An example of the DEEP B1 fields. The fields included here are the first

observation of each field taken in 2021. For example, the B1b field shown here is Field B1b

Night 2021-09-12. Each field is centered on the RA and Dec of the first exposure in the long

stare. Different nights of the same field vary positionally as shown in Table 4.1. This is done

in part to minimize the effect of chip gaps and gaps between fields. The 2019 observing run

took data in Fields B1a to B1c. The 2020 observing run took data in Fields B1a to B1f.

The 2021 observing run took data in all fields shown here (Fields B1a to B1j). This strategy

helps ensure that TNOs detected in e.g. Field B1a Night 2019-08-28 will be re-observed

over the next two years. In turn, this allows these objects to be linked and for accurate and

precise orbits to be fit. The solid line shows the invariable plane while the dashed line shows

the ecliptic.
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with randomly-sampled x, y, and z velocities. The KBO-like population is constrained such

that 30 au < a < 80 au, 0.0 < e < 0.3, and 0◦ < i < 60◦. The moderately-excited

population is constrained such that 20 au < a < 2000 au, 10 < q < 100, and 0◦ < i < 90◦.

For objects with large semi-major axis and pericenter distance (a > 150 au and q > 30 au),

mean anomaly M is chosen such that |M | < 30◦. This helps ensure that these objects are not

placed at large heliocentric distances, where topocentric speeds become so low that detection

is highly unlikely over the approximately 4 hour time baseline of DEEP. We place limits on

the isotropic distribution such that the barycentric distance r0 is distributed between 25 au

and 1000 au. Half of the isotropic population is distributed logrithmically from 80 au < r0 <

1000 au and half is distributed uniformly from 25 au < r0 < 80 au. We propagate these

objects to the epoch of each exposure, adding objects that intersected with the plane of a

CCD to the synthetic catalog. This creates a catalog of 5737 unique fakes that each overlap

with a CCD image between 1 and 9 times, inclusively. Figure 4.4 shows the distributions

of osculating orbital elements for the fakes, taken from the first visit in each long stare,

along with the associated distributions for the fakes recovered with KBMOD. Figure 4.5 shows

the distribution of barycentric distances and topocentric speeds. See Section 4.3.3 for more

detail.

We generate a wide range of possible apparent magnitudes (mV R) for this distribution

of fakes such that we cover the entire parameter space of interest for DEEP. We assign

values for mV R from two uniform distributions, 20 < mV R < 24 and 24 < mV R < 28,

with 20% and 80% of the total objects in the brighter and fainter distributions respectively.

The distribution of magnitudes, taken from the first visit in each long stare, is shown in

Figure 4.5, along with the distribution of fakes recovered by KBMOD. See Section 4.3.3 for

more detail. We propagate magnitudes with respect to changing geocentric distance. Half

of the synthetic population included simulated lightcurves with periods between 2 and 100

hours and amplitudes between 0 and 0.5 mag. See [12] for more detail on the generation

and distribution of this population, with respect both to osculating orbital elements and

magnitudes.
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After injecting synthetic TNOs, we generate coadded image differencing templates from

each night of long stare data and subsequently subtract each calexp to create difference

images. Chapter 3 describes in more detail the astrometric performance of the LSST Science

Pipelines applied to DECam data as well as the image differencing technique. Notably for

this data set, we use the default LSST Science Pipelines coaddition statistic of MEAN.

Because we generate coadded templates from the images of each long stare, we are removing

some flux from the TNOs, both real and synthetic, in the individual images. This removal

will depend on the speed of the TNO and the time baseline of the specific long stare. This

has the effect of reducing our limiting magnitude (reported here asm25) and complicating the

magnitude measurement for each candidate object. For detected candidate objects, we model

and account for this flux loss, as described in Section 4.3.2. Future DEEP data releases will

investigate the use of a non-default coaddition statistic such as MEDIAN or MEANCLIP.

Finally, we warp each CCD exposure to the WCS of the first CCD exposure in the long

stare using the lanczos4 method in the LSST Science Pipelines. This alignment ensures

that, for example, pixel [234,1847] in CCD 10 corresponds to the same RA and Dec for every

exposure in the long stare that will be searched with KBMOD. As discussed in Section 4.2, the

long stares are already well-aligned, so this is a small (< 1 arcsec) adjustment in most cases.

4.3.2 Single-night detection and characterization

After generating calibrated, aligned difference images and injecting a large population of

fakes, we run the digital tracking algorithm KBMOD on each stack of CCD exposures in each

long stare. KBMOD is a GPU-accelerated pipeline that uses pre-convolved likelihood images

(referred to as Ψ and Φ images) to estimate the likelihood that there is a source along a

given trajectory. This likelihood is given by Equations 24, 25, and 26 of [136] and is a simple

sum, division, and square-root to compute the SNR of an object along a trajectory.

This formalism allows the core GPU algorithm in KBMOD to evaluate more than 1010

candidate trajectories in a few minutes using consumer-grade GPUs [136]. For DEEP, a

KBMOD search of a stack of O(100) images for a single CCD has a median runtime of 576s
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using an NVIDIA A40 GPU. This includes loading the data from disk, running the core

GPU algorithm, filtering false positives, and generating stamps. Our total runtime for the

forward searches was about 282 hours. A “forward search” is a search in the direction of

decreasing ecliptic longitude (i.e. the direction a TNO would be expected to move due to

Earth’s reflex motion). In this section, we define a “search” to mean a KBMOD processing run

of a set of images from a single CCD (e.g. DECam CCD 20). Processing a given field and

night, therefore, will require a 60 individual searches. With 60 searches for each of the 29

long stares considered here, we ran a total of 1740 searches with KBMOD.

Our grid choice for KBMOD as applied to DEEP is as follows. Velocity ranges from 90

px/day to 400 px/day (1.0125 arcsec/hr to 4.5 arcsec/hr), with 50 uniform steps. Angles

are centered on the direction of decreasing ecliptic longitude, with offsets of ±45◦, with 30

uniform steps. These values were chosen so that the maximum separation between neigh-

boring trajectories would be less than about 2 PSF FWHM over a 4 hour time baseline3.

The bounds in velocity and angle were chosen to adequately cover the Kuiper Belt. Of the

6445 single-night observations of implanted fakes where the barycentric distance is between

30 au and 60 au, only 9 have topocentric speeds outside of the 150 px/day and 400 px/day

bounds. Recovery of objects given this grid selection is discussed in Section 4.3.3. We set the

minimum sum likelihood threshold for a candidate trajectory to be considered to
∑

LH > 7.

Although we refer to this threshold as a “minimum sum likelihood”, both in this work and

in [119], it is analogous to an approximate SNR threshold.

Due to the number of false positives at very slow speeds4, we discarded candidate tra-

jectories with velocities between 90 px/day and 130 px/day prior to human vetting. For

3This means that a given TNO trajectory within the searched angle and velocity ranges should only be
about 1 PSF FWHM away from the ending position of a search trajectory, even if it falls exactly between
two neighboring grid spacing. Even in this worst-case scenario, the starting position is spaced every pixel
(i.e. every 0.263”, which is much closer together than a PSFW FWHM in these data). Furthermore, the
joint-fit has no grid spacing dependency and does a good job of improving the astrometry for a given
trajectory (see Figure 2.6). We therefore consider this grid spacing to be sufficient.

4The increased number of false positives is often due to the increasing presence of static image artifacts
and static sources within the searched trajectory. The slower trajectories imply lesser total motion across
an image. This means that static sources are present in an increasing fraction of a time-series of images.
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candidate trajectories with velocities between 130 px/day and 150 px/day, we increased the

likelihood threshold from
∑

LH > 7 to
∑

LH > 105. For searches which had more than 50

candidates per search with speed > 150 px/day and
∑

LH > 7, we increase the likelihood

threshold to
∑

LH > 10. This “overflow” occurred in 51/1680 of the forward searches.

In order to characterize our false positive rate, we also run KBMOD searches in the direction

of increasing ecliptic longitude, which is opposite from the direction of a TNO due to the

reflect motion of the Earth. We refer to these searches as “reverse searches”. These reverse

searches are used to select the appropriate SNR cutoff limit for a candidate trajectory to be

labelled “good”. This is described in more detail in Section 4.4.

Finally, we apply the same CNN from [119], discarding candidates with a CNN-assigned

probability of “good” of less than 0.5. The effectiveness of this CNN, both at accepting

good candidates and rejecting false positives, is described in more detail in Section 2.4. We

note that in practice the CNN threshold is merely a user-defined cutoff, rather than any

kind of robust statistical likelihood. For the candidate trajectories that remain after the

aforementioned cuts, we assign a randomized candidate Id and generate images for human

vetting. This is done with the combined results from both the forward and the reverse

searches. We show an example of the images used for human vetting in Figure 4.2. The

rate at which we mislabel reverse search candidates as “good” is about 7.2% for candidates

with 7 <
∑

LH < 10, 1.2% for candidates with 10 <
∑

LH < 12.5, and generally < 1% for

candidates with 12.5 <
∑

LH.

After human vetting, we apply the joint-fit analysis tool described in Section 2.6 to

improve the quality of the astrometric fit and to characterize our errors in starting and

ending position, flux, and magnitude. We rescale each stamp for each candidate object to

a common magnitude zero point of mV R,0 = 31. We use the same formalism as KBMOD for

flux and likelihood estimation, along with the scipy.optimize.minimize routine, to find

5This special treatment between 130 px/day and 150 px/day was done in an attempt to detect objects
at as slow of speeds as possible. However, as we will show in Figure 4.5, our recovery efficiencies drop
quickly for speeds slower than 150 px/day.
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Figure 4.2: This is an implanted fake recovered with KBMOD with an injected magnitude

mV R = 24.9 and a barycentric distance of 60 au. These images are used for human vetting.

The title includes information from the KBMOD search, including
∑

LH, flux, starting x and y

pixel location, and speed. We include the speed, rather than the x and y velocities, because

x and y velocities easily allow a human to differentiate between the forward searches and the

reverse searches. The two postage stamps in the upper left are sum and median coadds, as

well as an approximate SNR estimated from these postage stamps. The graph in the upper

right shows an approximate flux lightcurve. The postage stamps included below are cutouts

from individual images in the long stare.
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the topocentric best-fit line that minimizes the negative log likelihood. We use the “L-

BFGS-B” minimization method and a 3-point jacobian. The best-fit line is parameterized

in starting and ending positions, which are each bounded to be no more than 10 pixels from

the center. We derive astrometric uncertainties for the starting and ending locations from

the square-root of the diagonals of the inverse hessian matrix returned by the minimization

method.

Finally, we measure the magnitude of each candidate object. When fitting best-fit fluxes,

flux error, and magnitudes, we adjust the PSF of each image to model the effect of the

“negative well” around TNOs in the difference image. This negative well is caused by

generating coaddition templates from the images used in the KBMOD search itself. In the

coadded template, the moving TNOs generate a streak as the TNO moves over the time

baseline of a long stare. When subtracting the coadded template from a calexp science

image, this creates a negative “streak” that we are calling the negative well. We model this

effect by generating an effective PSF peff which includes this negative well. This negative well

is modelled for a given exposure i by subtracting the LSST PSF p of each long stare exposure

j scaled by the number of images N in the long stare. There is an implicit assumption of

constant brightness in this method. For exposure i, pi,eff is given by the following equation.

pi,eff(xi, yi) = pi(xi, yi)−
N∑

j=0

pj(xj, yj)/N, (4.1)

where pi(xi, yi) is PSF pi of an exposure i centered at the joint-fit predicted object location

(xi, yi). Similarly, pj(xj, yj) is PSF of image j centered at the joint-fit predicted object

position (xj, yj). To clarify, (xj, yj) is the predicted pixel position of the object in exposure

j. This propagation works in pixel space because images in the long stare are warped to

a common WCS. This subtraction occurs along the trajectory the candidate object would

take through the coadded template, thereby modelling the effect of the lost flux due to the

moving object’s presence in the coadded template. Each exposure has a different peff because

of the dependence of the location of the object in each image j. In short, we are subtracting

the “streak” that the object would make in the coadded template from the image PSF.
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Once we have peff for each image, we then measure the flux in each individual cutout

in a single candidate trajectory. With these individual flux measurements, we use the

astropy.stats.sigma clip routine with “stdfunc=‘mad std’” to iteratively reject outliers

more than 3σ from the median. 3σ is the default value used by astropy.stats.sigma clip.

As used here, the function iterates until no additional points are removed from the distri-

bution, with a cutoff at 100 total iterations. For the cutouts that are not clipped, we then

measure the variance-weighted flux and flux uncertainty as shown in the equations below.

f =

∑
i Ψi∑
iΦi

(4.2)

σf =
1∑
iΦi

, (4.3)

where f is the best-fit flux, σf is the standard deviation in flux, and Ψi and Φi are defined

as in [136]. However, the sum in Ψi and Φi only uses data from the stamps that are not

rejected in sigma clipping. Finally, we add an additional flux error term in quadrature to

the flux uncertainties such that the sigma-clipped standard deviation of the distribution of

the residuals of the implanted and measured fluxes for the simulated objects is 1.00. This

helps to ensure we do not underestimate our uncertainties in flux. Finally, we convert these

fluxes into mV R values using Equation 1.1.

4.3.3 Population of fakes

With the population of fakes, we are able to robustly describe the performance of KBMOD,

CNN filtering, and the joint-fit. CNN filtering and the astrometric results of the joint-fit are

described in Sections 2.4 and 2.6 respectively. Because the method of modelling the negative

well in the difference image in order to fit magnitudes (described in Section 4.3.2) is unique

to this data set, we characterize the technique in this chapter instead of Chapter 2.

First, we must determine which detected candidates are fakes that were artificially added

to the data. After the human vetting described above, we cross-match the starting position
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of all candidates labelled “good” with the catalog of fakes using the measured joint-fit RA

and Dec and the catalog RA and Dec. Here, we will refer to the catalog values as “known”

values and the observed values from either KBMOD or the joint-fit as “measured” values.

We attribute a candidate trajectory with a fake if the distance between the measured RA

and Dec and the known RA and Dec is less than 5 arcsec. Out of the 350 reverse search

candidate trajectories erroneously labelled “good”, only 3 are are linked to fakes, implying a

false association rate of about than 0.86%. In Section 2.4, which also removes the overflow

criteria, we find the false association rate to be as low as 0.07% when using a cross-matching

distance of 2.5 arcsec. However, we find this higher threshold of 5 arcsec to be appropriate

in this analysis, because we would prefer to miss a small percent of real candidate objects

(due to false association) than claim a detection of a real candidate object that is actually

a fake. 5 arcsec (about 19 pixels) is nearly the size of the 21 x 21 postage stamp, meaning

that the actual starting position of a fake would have to be nearly off of the postage stamp

for it not to be associated with its corresponding catalog value. Furthermore, from Figure

2.6 which also uses a 5 arcsec association distance, we find that the standard deviation of

the observed RA and Dec residuals are about σRA = 0.1873 and σDec = 0.2047. In the

case of minimizing the RA and Dec distance from the edge of a 5 arcsec circle, we still

guarantee at least a 5 × 1/
√
2 arcsec association distance in either RA or Dec. Thus, for

us to mis-classify a fake as a real candidate, it would have to be at least a 17σ outlier in

RA or Dec residual. We acknowledge the potential for non-Gaussian outliers, for which σRA

and σDec are not an appropriate metric, but any further increase in the fake association

distance of 5 arcsec would correspondingly increase the false association probability from

the current 0.86%. We therefore consider this an acceptable fake association distance. To

avoid any erroneous associations in our characterization of the recovered fakes, we only use

cross-matched candidates from the forward searches in the following analysis.

Using the fakes, we are able to characterize the performance of our magnitude fitting

technique both with and without the modelling of the negative well. We repeat the flux

estimation method described above, including iterative sigma clipping, using the PSF pro-
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Figure 4.3: The known and measured magnitudes of the fakes in the DEEP data. The top

row shows the results of magnitude fitting including a model for the negative wells that occur

in the images due to the coaddition method used in image differencing (see Section 4.3.2 for

more detail). The bottom row shows the results of magnitude fitting without modelling the

negative wells. In each row, the left plot shows a histogram of the residuals of the known

mV R of the fakes and the measured mV R of the fakes. For visibility, the limits on the x axis

were set to [-1,1].. Bins are set using the numpy “bins=‘auto’” method. In each row, the

right plot shows a scatter plot of the magnitude residuals (known mV R −measured mV R) vs

the known mV R. The title of each row includes the mean µ, median x̃, standard deviation

σ, and σG value for the histogram (left) in each row. As shown here, including a model for

the negative well reduces the systematic offset of the residual (shown by µ and x̃) as well

as decreases both the overall scatter (shown by σ) and the scatter of the core distribution

(shown by σG).
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vided by the LSST Science Pipelines without any adjustment to account for the negative well

in each image. By analyzing the residual of the known mV R and the measured mV R both

with and without a model for the negative well, we are able to characterize the improvement

offered by modelling the negative well. As shown in Figure 4.3, modelling the negative well

in the data shifts the mean of the residual from µ = −0.3021 to µ = −0.0142, effectively

fixing a 0.3 magnitude systematic offset. Furthermore, both the standard deviation σ and

σG (defined in Section 2.1) decrease significantly. Given the non-trivial number of outliers

in each data set, σG is the better choice for estimating the characteristic scatter of the core

distribution of the residuals. This makes it noteworthy that σG decreases from σG = 0.1394

to σG = 0.0562, more than a factor of two reduction. Finally, as a qualitative observation,

the symmetry of the distribution is much improved by modelling the negative well.

The photometric scatter at the bright end does not quite perform as expected. For photo-

metric scatter that is proportional to the inverse of SNR, one would expect the photometric

scatter at (for example) mV R = 20 to be significantly less than that at mV R = 23, but this

does not appear to be the case. This is likely related to the astrometric error that remains

even after the joint-fit (see Figure 2.6). The astrometric scatter is roughly constant along

the bright end. To characterize this, we can consider the distance residuals of the implanted

fakes with SNR > 4.1. For 20 < mV R < 21.5, the standard deviation of the distance resid-

uals is about 0.068 arcsec. For 21.5 < mV R < 23, the standard deviation of the distance

residuals is a similar 0.87 arcsec. Then, for 23 < mV R < 24.5, the standard deviation of

the distance residuals increases significantly to 0.152 arcsec. Thus, astrometric scatter is

fairly consistent between 20 < mV R < 23, which likely contributes to characteristics of the

photometric scatter in this regime (i.e. the bright end of our data).

We use the fakes to visualize our recovered distribution of fakes versus the total distri-

bution of fakes implanted into the images in the DEEP survey as a function of osculating

orbital elements, barycentric distance, limiting magnitude, and topocentric speed. Figure

4.4 shows the distributions of the recovered fakes and the entire population of fakes as a

function of the osculating elements. This figure is particularly noteworthy because it demon-
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strates the difficulty of mapping topocentric recovery efficiencies to osculating elements. For

example, there appears to be an unexpected loss of efficiency in eccentricity in the range of

0.4 < e < 0.75 and in inclination in the range of 140◦ < i < 175◦. Similarly, time of peri-

center passage appears to have a strong and noticeable cutoff in recovery efficiency around

tp < −350 yr. However, as we will demonstrate, these effects are largely a function of the

interactions between the osculating elements, rather than a dependence solely on eccentricity

or solely on inclination. Regardless, we find this figure critical to include for a number of

reasons. First, it demonstrates the distribution of all of the implanted fakes. Figure 4.4

shows that the population of fakes implanted into the images cover a wide range of param-

eter space which we can then narrow down to quantify specific features of our efficiency

function. Second, osculating elements can be used to identify populations of small bodies

in the Solar System (e.g. eTNOs or the Kuiper Belt kernel) and are commonly among the

first parameters used to describe detected Solar System objects. Third, as mentioned, these

plots serve as motivation for the upcoming cuts and deeper analyses of our survey efficiency.

Instead of parameterizing our distributions based on osculating orbital elements, we can

plot both the distributions and the direct recovery efficiencies based on parameters that we

expect to have an impact on detectablility, including barycentric distance, topocentric speed,

and mV R. As shown in the first row of Figure 4.5, barycentric distance has an obvious effect

on detectability, with nearly zero fakes detected at a barycentric distance r0 of r0 > 100

au. Because TNO topocentric motion is driven primarily by the reflex motion of the Earth,

there is a strong causal relationship between barycentric distance and topocentric speed for

these data. We therefore also plot the distributions of topocentric speed. 175 of 14112 total

observations of the fakes go off of the CCD footprint prior to the end of the long stare. These

fakes are excluded from the distributions of topocentric speed discussed here. As shown in

the second row of Figure 4.5, the recovery efficiency for the fakes is roughly constant in

the primary region searched with KBMOD (150 px/day < vtopo < 400 px/day). There are

fakes with vtopo > 400 px/day, and recovery efficiency understandably drops above this limit

(since we do not search speeds above this limit with KBMOD). In future DEEP analysis, we will
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Figure 4.4: Histograms of both the recovered fakes (blue) and all of the fakes (orange)

implanted into the images in the DEEP survey. The histogram of semi-major axis (top left)

is bounded between 20 au and 200 au for visibility. Bins are selected with the “bins=‘auto’”

method in numpy.
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increase the upper speed limit to vtopo = 500 px/day. However, this increase is not critical

in order to cover the Kuiper Belt. Out of 6445 total observations of fakes with topocentric

distance d such that 30 au < d < 60 au, only 9 observations fall outside of the bounds of

150 px/day < vtopo < 400 px/day, indicating that we efficiently cover the Kuiper Belt. For

candidates with 130 px/day < vtopo < 150 px/day, we made an attempt to recover these

candidates by increasing the
∑

LH threshold from
∑

LH > 7 to
∑

LH > 10, but it is

clear from Figure 4.5 that efficiency drops off quickly below vtopo = 150 px/day. Finally, as

expected, efficiency as a function of mV R is approximately constant until it quickly tapers off.

With our understanding of the effects of topocentric speed and mV R on discovery efficiency,

we can now treat each parameter separately to get a more detailed picture of each.

At this stage of analysis, the efficiencies reported in Figure 4.5 are useful only for their

characteristic shape, including the points at which efficiency drops and the speed with which

it drops. Their amplitudes are not particularly informative because they depend entirely on

the choice of the underlying distribution of fakes. Consider, for example, the case of the

recovery efficiency in topocentric speed. One could potentially add 10,000 new fakes with

a mV R > 30, using the same osculating orbital element distributions as before, and none of

them would be detected. However, the amplitude of the recovery efficiency in topocentric

speed would be driven towards zero, even though the shape of the efficiency distribution

would remain approximately the same. Similarly, in the case of magnitude, one could add

10,000 new fakes with r0 > 200 au, and nearly zero would be detected, but the magnitude

efficiency would be driven towards zero. Therefore, for the amplitude of a given efficiency

distribution to be useful, we have to isolate the parameter in question. For example, see the

argument of pericenter subplot in Figure 4.4 for a visualization of both the number of fakes

implanted and the number of fakes detected.

To better characterize KBMOD’s efficiency as a function of magnitude, we cut on topocentric

speed such that 150 px/day < vtopo < 400 px/day. As mentioned, these speeds effectively

cover the region of objects with 30 au < d < 60 au, which includes the Kuiper Belt. These

are the topocentric speed limits of the grid searched by KBMOD when using
∑

LH > 7, as
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Figure 4.5: Visualization of both the recovered fakes (blue) and all of the fakes (orange)

implanted into the images in the DEEP survey. The left column shows a histogram of two

distributions of fakes. Bins are selected with the “bins=‘auto’” method in numpy. The right

column shows the recovery efficiency determined by the fraction of recovered fakes versus all

implanted fakes in each histogram bin from the right column. In the “Topocentric Speed”

efficiency plot, the two orange dash-dot vertical lines correspond to the limits of topocentric

speed vtopo for the vetting candidates output by KBMOD. This limit of 150 < vtopo < 400

px/day corresponds to the parameter space which used a cutoff of
∑

LH > 7.



117

described in Section 4.3.2. As discussed above, this cut is justified in part by the stable

recovery efficiency within these bounds. Following the approach of [67], we can then fit a

probability p(m|m25, c, k1, k2) of observing an object with magnitude m using the function

p(m|m25, c, k1, k2) =
c

[1 + exp(k1(m−m25))][1 + exp(k2(m−m25))]
, (4.4)

where m25 is the magnitude at which the efficiency has dropped to 0.25 of the maximum

efficiency c. k1 and k2 are sharpness parameters. Equation 4.4 is equivalent to Equation

1 of [67], which is written in terms of hyperbolic tangent functions instead of exponential

functions.

We show the results of the best-fit values of Equation 4.4 in Figure 4.6. The primary

blue line shows the best-fit function, which has values of m25 = 26.22, c = 0.7784, k1 = 2.30,

and k2 = 4.54. The orange data points in Figure 4.6 show the approximate efficiency in

each bin in mV R, along with 1/
√
N Poisson errors, where N is the total number of fakes

in each bin. These points are generally consistent with the best-fit function to within the

Poisson error. For visualization purposes, we also include the approximate single exposure

m25, shown by the green dotted line in Figure 4.6. This line is generated using the best-fit

m25 = 26.22 and assuming a
√
N increase in flux for N images due to digital tracking. We

set N = 87.38, which is the mean number of images per long stare. We then compute the

position of the green line using the simplified assumption thatm25,single = m25−5/2 log10
√
N ,

where m25,single is the magnitude at which we draw the green line. This line approximates

the increased depth yielded by digital tracking methods.

Figure 4.6 also shows a fit to data from single long stares, instead of the total analyzed

DEEP B1 quadrant data. The best-fit functional forms for each long stare are shown as

transparent blue lines in Figure 4.6. Although the net efficiency is the primary distribution

of interest, the individual distributions give an idea of the varying quality of different fields

and nights. Similarly to the main dotted green line, the transparent green lines correspond

to the approximate m25,single considering only the data from an individual long stare.

We can visualize the effect of both the number of images and the image quality per
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Figure 4.6: Recovery efficiency of the fakes in DEEP as a function of mV R. Only fakes with

150 px/day < vtopo < 400 px/day are included. The orange data points are the binned

fraction of recovered fakes divided by all implanted fakes. Bins are set with the numpy

option “bins=‘auto’”. Error bars are 1/
√
N Poisson errors. The main blue line is the best-

fit functional form to all data. m25 is the magnitude at which efficiency is equal to 0.25 of the

maximum efficiency c. The primary dotted green line corresponds to the approximatem25 for

single exposure data instead of digital tracking. The transparent thin blue lines correspond

to the best-fit functional forms considering only individual long stare data, rather than the

entire DEEP B1 quadrant data. Similarly, the transparent thin green lines correspond to

the approximate m25 for single exposure data using only data from individual long stares.

For these lines, N is set to the number of images in the corresponding long stare.
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∑
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m0 + 1.25 log
∑

teff , with a best-fit value of m0 = 23.91.
∑

teff was not available for Field

B1a Night 20210909, and is therefore not included in this plot.
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individual long stare on each long stare m25 value. We do this using the parameter teff

defined in [90]. In short, teff is a parameter that quantifies the quality of an image. teff =

1 corresponds to an image of fiducial quality (defined in [90]). In this case, higher teff

corresponds to a better image. We can therefore compare the
∑

teff of each long stare to

the best-fit m25 for that long stare. We show the result of this comparison in Figure 4.7. As

expected, there is a clear correlation between m25 and
∑

teff , approximately following the

expected relationship of m0 + 1.25 log
∑

teff , where the best-fit value of m0 is 23.91.

To further support our use of Equation 4.4, we test two other functional forms for p(m)

and compare the Bayesian Information Criteria [116]. The Bayesian Information Criteria

(BIC) is a metric used to determine which model out of a set of models should be preferred.

Because adding more components to a model may yield a better fit simply because it has

more components, the BIC adds a penalization term for the number of model parameters,

as shown in the following equation

BIC = k lnN − 2 lnL, (4.5)

where k is the number of model parameters (4 in the case of Equation 4.4), N is the number

of data points, and L is the maximum likelihood of the model given the data. In general,

the model with the lowest BIC is preferred.

To test alternative models, we fit a version of Equation 4.4 with a single exponential

(following the approach of [13]) as well a triple exponential, which is included primarily as a

higher-dimensional alternative to Equation 4.4. These have the form

p(m|m50, c, k) =
c

[1 + exp(k1(m−m50))]
(4.6)

p(m|m12.5, c, k1, k2, k3) =
c∏i=3

i=1[1 + exp(ki(m−m12.5))]
. (4.7)

Of the three functional forms for p(m) presented here, Equation 4.4 has the lowest BIC of

BIC = 8055.14, while Equation 4.6 and Equation 4.7 have BIC = 8071.99 and BIC = 8061.12

respectively. The difference between two BIC values is an approximation of minus one half

times the logarithm of the Bayes Factor (i.e. a constant multiple of the logarithm of the
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Bayes Factor). (See [71] for a discussion). Therefore, among a set of models (model 1, model

2, and model 3), we can estimate the odds that a given model fits the data best. If we call

model 1 the model with the lowest BIC, then the odds O that model i best fits the data is

approximately

O = exp [(BIC1 − BICi)/2] , (4.8)

where BIC1 is the BIC of model 1 and BICi is the BIC of model i. The odds against Equation

4.6 fitting the data better than Equation 4.4 are approximately 4570:1 and the odds against

Equation 4.7 fitting the data better than Equation 4.4 are approximately 20:1. We have

therefore confirmed that the model given by Equation 4.4 is likely the best model to report

of the three considered here.

However, we stress that the BIC is an approximate metric and that the choice of model

among these three models does not qualitatively alter our peak efficiency. Among Equa-

tions 4.6, 4.4, and 4.7, peak efficiency is 0.7631, 0.7784, and 0.7749 respectively. Similarly,

Equation 4.6 and Equation 4.4 predict similar drop-off points. Equation 4.6 fits a value for

m50 (the magnitude at which the efficiency has dropped to 0.50 of the maximum efficiency)

of m50 = 25.93. Converting the best-fit m25 from Equation 4.4 to an m50 value, we get a

converted m50 of 25.96. Our results are therefore only weakly sensitive to the choice between

Equation 4.4 and Equation 4.6.

Having established the justification and reasoning for making cuts to the implanted distri-

butions of fakes, we can revisit the question of there being any particular relationship between

recovery efficiency and osculating elements. As mentioned before, the three elements in Fig-

ure 4.4 that appear to have some causal relationship with recovery efficiency are eccentricity,

inclination, and time of pericenter passage. As above, we cut distribution of implanted and

recovered fakes on topocentric speed such that 150 px/day < vtopo < 400 px/day. Using the

magnitude efficiency function derived for Figure 4.6, we compute the magnitude at which our

efficiency has dropped to 90% of the maximum recovery efficiency. We find this point to be

m90 = 25.22. We then cut the distribution of implanted and recovered fakes on magnitude

such that m < m90.
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Figure 4.8: Visualization of both the recovered fakes (blue) and all of the fakes (orange)

implanted into the images in the DEEP survey after applying a cut on topocentric speed

and magnitude. In this plot, we only consider fakes with 150 px/day < vtopo < 400 px/day

and mV R < 25.22. The left column shows a histogram of two distributions of fakes. Bins

are selected with the “bins=‘auto’” method in numpy. The right column shows the recovery

efficiency determined by the fraction of recovered fakes versus all implanted fakes in each

histogram bin from the right column. Error bars are 1/
√
N Poisson errors for each bin.
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We visualize the distribution of implanted fakes and recovered fakes after the cuts have

been applied. Specifically, we show these distributions with respect to eccentricity, inclina-

tion, and time of pericenter passage in Figure 4.8. From this figure, we see that any potential

loss in efficiency from 0.4 < e < 0.75 is merely due to the fact that there are few to no fakes

in the implanted distribution with these eccentricities and the above limitations on vtopo and

mV R. Figure 4.8 shows a similar effect in the range of 140◦ < i < 175◦ and tp < −350 yr.

After the cuts are applied, the adjusted efficiency in eccentricity, inclination, and time of

pericenter passage is uniformly consistent with the predicted recovery efficiency of 77.84%

shown in Figure 4.6. In summary, the driving factor in efficiency is vtopo and mV R, as is

expected when using a digital tracking algorithm like KBMOD.

4.4 Results

In this section, we will discuss the set of candidate detections which we can quantify as

unique physical objects in space. We will apply and discuss additional SNR clipping, linking,

orbit fitting, and filtering of fit orbits. These steps allow us to create a list of objects with

multi-year linkages and detailed orbits. Finally, we will dynamically classify these multi-year

objects that we have detected and quantified.

4.4.1 SNR clipping of candidate single-night detections

Now that we have characterized our recovery efficiency and the performance of KBMOD and

the joint-fit, we can analyze those detected candidates that are likely to correspond to real

moving objects in space. We refer to candidates that are potential moving objects in space

(as opposed to implanted fakes or false positives) as “real”. First, to further ensure no fakes

are in this sample, we run fake association on both starting and ending RA and Dec. From

our list of candidate objects that pass human vetting, we remove any candidate object that

is within 5 arcsec of the starting position or the ending position of a fake in the implanted

fakes catalog. The intersection between using starting or ending position versus just starting

position is negligible. Only 6 additional candidates are associated with fakes when using
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either starting or ending position (rather than solely starting position). Regardless, we

exclude these 6 additional candidates from the real distribution in the following analysis.

First, having run the joint-fit on all candidates that went into human vetting and having

established that the reported flux values are accurate and precise (see Figure 4.3), we are

able to assign a signal-to-noise ratio to each detection. Here, SNR is functionally identical

to the
∑

LH value discussed so far, except it uses the Φ and Ψ values from the joint-fit

and is therefore more closely aligned to the actual SNR of the source. Namely, SNR =
∑

i Ψi/
∑

i

√
Φi, where Ψi and Φi are generated using the negative well modelling described

in Section 4.3.

In order to find the ideal SNR cutoff, above which we can classify a non-fake forward

search candidate as real, we use our recovered fake distribution and our reverse search dis-

tribution. To characterize our false positive rate, we ran reverse searches on all stacks of

CCD exposures in the long stares. This resulted in a total of 6973 reverse search candidates

included in human vetting. Of these, we erroneously label 350 as good. Similarly, to charac-

terize our vetting efficiency, we use the distribution of fakes before and after human vetting.

These distributions are shown in Figure 4.9 as a function of SNR.

Our goal is to find an SNR cutoff that keeps the greatest number of fakes labelled good

while rejecting the greatest number of reverse search candidates labelled good6. We quantify

this cutoff by iteratively increasing the SNR cutoff until the marginal decrease in the number

of fakes kept is consistently greater than the marginal decrease in the number of reverse search

candidates kept. Here, we define “consistently” to mean that the aforementioned comparison

happens three times in a row. Above this cutoff, increasing the SNR discards more fakes

labelled good than it discards reverse search candidates labelled good. For the purpose of

finding the SNR cutoff, we consider the range of SNR from 2 < SNR < 10, with an SNR

6As discussed, reverse search candidates are generated by searching the opposite of the direction TNOs are
expected to move. Because TNO motion is heavily influenced by Earth’s reflex motion, they are expected
to move in the direction of decreasing ecliptic longitude. For the reverse searches, we search in the direction
of increasing ecliptic longitude. The candidates detected in the reverse search are therefore dominated by
false positives. As such, we seek to minimize the number of accepted reverse search candidates.
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Figure 4.9: A visualization of the signal-to-noise ratio cutoff used to determine if a candidate

should be considered real. Top left: The number of all fakes that were included in vetting

(blue) and the number of fakes that were labelled “good” in human vetting. The ideal case

is that the orange histogram matches the blue histogram. SNR is bounded to 0 < SNR <

100 for visibility. Bins are selected using the numpy “bins=‘auto’” method based on the

distribution of all implanted fakes included in vetting. Top right: The number of all reverse

search candidates that were included in vetting (blue) and the number of reverse search

candidates that were labelled “good” in human vetting. The ideal case is that the orange

histogram goes to zero. SNR is bounded to 0 < SNR < 100 for visibility. Bottom: A

parametric plot of the number of fakes kept after human vetting (higher is better) versus the

number of reverse search candidates kept after human vetting (lower is better) as a function

of SNR. The blue vertical line corresponds to the selected SNR cutoff value of 4.10.
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step size of 0.05. As shown in Figure 4.97, we find this cutoff point to be SNR = 4.10. We

will use this cutoff as one of several cuts in linking and orbit fitting.

4.4.2 Linking, Orbit Fitting and Dynamical Classification

Now that we have validated single-night recoveries by comparing to our population of fakes

detected in a single-night long stare, we can link our single-night observations to fit detailed

orbits. Furthermore, we can analyze the population of linked fakes to validate the real objects

and real linked orbits that we detect. In this section, we will describe this process and the

results it begets.

We parameterize each single-night detection as a tracklet of two observations. The two

observations are set as the starting and ending positions using the joint-fit astrometric RA

and Dec. Errors are derived from the covariance matrix from the joint-fit and are set using

the square root of the diagonal terms in the covariance matrix. The greater of the RA error

and the Dec error is used for linking. Tracklets for which the joint-fit failed to return a

covariance matrix are given a default uncertainty in starting and ending RA and Dec of 270

mas (approximately 1 pixel), based on the median KBMOD residuals from Figure 2.6. This

occurred in about 9.58% of cases. We then input these astrometric positions into linking

and orbit fitting.

We use the method of [14] to link all candidate single-night detections (real and fake).

This method first finds pairs of candidate detections that have approximately linear motion

in a barycentric frame. It then grows pairs into triplets. At this point, an orbit is fit to the

“n-let” using the method of [16]. Points within 4σ of the orbital error ellipse are added to

the “n-let”, creating an “(n+1)-let”. The orbit is then refit and the process iterates until no

remaining single-night candidates are consistent with the “n-let”. See Section 2.8 of [14] for

more detail on this method of linking and orbit fitting.

Once we have fit candidate orbits for our single-night detections, we must apply cuts to

7The number of accepted reverse search candidates versus the number of recovered fakes is functionally
similar to a receiver operating characteristic (ROC) curve.
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the large table of all possible orbits in order to create a list of trustworthy multi-night linked

orbits. We require ARC > 0.8 yr and ARCCUT > 0.5 yr. ARC is the time between the first and

last detection in an orbit, and ARCCUT is the ARC after removing any single night of detections

from the orbit. Using ARCCUT as a cut helps ensure that the orbit does not rely solely on the

potentially spurious linkage of single detection months or years later to extend an otherwise

very short ARC. We also require NUNIQUE ≥ 4 and NDETECT ≥ 8, where NUNIQUE is the number

of unique nights in a candidate orbit and NDETECT is the number of individual observations

in a candidate orbit. We then further require that all individual observations link to their

tracklet pair. This has the effect of requiring NDETECT = 2× NUNIQUE and causing NUNIQUE

to be equal to the number of tracklets in an orbit.

Next, we apply filtering based on the properties of the component single-night detections.

We check if a candidate orbit has at least 4 single-night component tracklets with SNR >

4.1 and remove the candidate orbit entirely if it does not8. We separate real and fake

candidate orbits. We require each real candidate orbit to be composed solely of real single-

night detections and each fake candidate orbit to be composed solely of fake (implanted

synthetic) single-night detections. We label candidate orbits with a mix of real and fake

component tracklets as “bad”, because no correct linkage can be composed of both real and

fake component tracklets.

Next, we iteratively remove possible duplicate orbits. We iterate through the list of all

real orbits, fake orbits, and bad orbits separately. For each orbit in the list, we find any other

orbits that share at least one tracklet with the orbit. From this group, we save the orbit with

the lowest χ2/ν and discard any other orbits that share tracklets with this orbit. If there

are any remaining orbits, we again check if there are any shared tracklets and repeat the

process if so. Then, we remove any candidate orbits in the bad population if that candidate

orbit shares any single-night component tracklets with an orbit in the de-duplicated real or

fake orbit populations. This de-duplication requires that each single-night long stare tracklet

8After all cuts, none of the 103 reported real objects with linked orbits contain any tracklets with
SNR ≤ 4.1
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Figure 4.10: The reduced chi squared distribution (χ2/ν) for the real (blue), fake (orange),

and bad (green) linked orbits that have passed all described cuts. The grey dotted line

corresponds to our chosen χ2/ν cutoff of 0.625. Bins are set with the “bins=‘auto’” method.

corresponds to only one orbit in any of the three (real, fake, or bad) populations.

At this point, we investigate which of our fakes are properly linked and which are mis-

linked. A mislinked fake orbit occurs when single-night tracklets from two different implanted

fakes link to a single orbit. Out of 250 candidate orbits, 20 are mislinked fakes and 230 are

properly-linked fakes. We add these 20 mislinked fakes to the “bad” population. With these

populations in mind, we can identify one final cut before investigating the real candidate

orbits.

Following [14], we cut on χ2/ν, where ν ≡ (2× NDETECT− 6) is the number of degrees of

freedom of the orbit and NDETECT is the number of detections in an orbit. We reject candidate

orbits with χ2/ν ≥ 0.625. This threshold was chosen such that it keeps 95% of the properly-

linked fakes. This is a lower threshold than that used in [14] (who removed candidate orbits

with χ2/ν ≥ 4). Lowering this threshold from 4 to 0.625 removes 12 additional correct fake

orbits but also removes 11 erroneous linkages of fake objects. We consider this a worthwhile
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trade to reduce the false positive linking rate. This threshold of 0.625 removes all orbits in

the bad population (removing all the mislinked fakes and all the linkages with a mix of real

and fake component tracklets) and keeps 218 correctly linked fakes. Finally, this threshold

is in a small local minima in the distribution of real candidate orbits, which increase slightly

where 0.65 < χ2/ν < 1.

The choice of cut depends in part on the intended scientific goals. For example, one could

slightly increase this cut in order to accept more real orbits at the expense of potentially

accepting false positives within the real orbital distribution. The minimum χ2/ν from the

bad population is 0.989. Therefore, we could use a cut of χ2/ν < 0.989, which would keep

the number of accepted bad orbits at 0 while increasing the number of properly-linked fakes

to 227. However, within about 0.65 < χ2/ν < 1 there is a small increase in the number of

real candidate orbits, diverging slightly from the characteristics of the properly-linked fake

orbits. We therefore prefer a slightly more cautious limit of χ2/ν < 0.625 derived from

the 95th percentile of the χ2/ν values of properly-linked fake orbits. Future followup (for

example with the scheduled 2022 DEEP B1 data) may be able to confirm many of these real

candidate orbits with 0.65 < χ2/ν < 1. The χ2/ν distributions for the real, fake, and bad

orbit populations can be seen in Figure 4.10, along with our chosen cutoff at χ2/ν = 0.625.

After these cuts, we have a list of 218 correctly-linked fake objects, with 0 incorrectly

linked fake objects. There are a total of 242 fakes in the data input into linking with at least

4 detected tracklets, ARC > 0.8 yr and ARCCUT > 0.5 yr. We therefore recover 218/242 fake

orbits, with 0 mislinked fake orbits, placing our effective linking efficiency at about 90.1%.

While our false positive linkage rate is numerically consistent with 0%, we emphasize that

this does not inherently mean that there are identically 0 false positives in the real objects.

Unanticipated differences between the real and fake populations of objects could cause them

to have slightly different false positive linkage rates. Therefore, some of the real orbits could

potentially be bad linkages. However, 32/38 of the orbits in the bad population are unbound

(e > 1). As we will show, none of the real orbits have e > 1, increasing our confidence in our

real orbits. Future follow up may help to further constrain the false positive rate of the real
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Figure 4.11: Logarithmic residual plots for the 218 recovered fake orbits for semi-major axis

a, eccentricity e, inclination i, longitude of ascending node Ω, argument of pericenter ω, and

time of pericenter passage tperi. Res() corresponds to the residual, calculated as the known

value minus the measured value. The dotted black line corresponds to x̃, where x̃ is the

median of the logarithmic distribution. a is scaled by the known semi-major axis to give a

better understanding of orbit quality. By example, this is because a hypothetical fake object

at 40 au with a 1 au residual is more poorly constrained than an object at 90 au with a 1

au residual. Bins are set with the “bins=‘auto’” method.
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orbits.

Unlike [14], we elect not to cut orbits with FPR > 0.02 because there does not seem to

be a strong benefit to using this cut with our data, and we lose about 7% of the fake linkages

when applying this cut. FPR is the false positive rate of the individual linkage (as opposed

to the measured false positive rate of all linking). FPR is given by

FPR =
∑

j

Aj,searchnj. (4.9)

Aj,search is the area in exposure j consistent within 4σ of the orbit, and nj is the transient

density. Using a cut on FPR decreases the number of recovered fake orbits with χ2/ν < 0.625

from 218/242 to 202/242 (90.1% to 83.5% linking efficiency). In both cases, the number of

mislinked fake orbits with χ2/ν < 0.625 is 0. We therefore elect not to use this cut for this

analysis.

We visualize the quality of the correctly-linked fake orbits and show the results in Figure

4.11. In this figure, we show the residuals of the Keplerian elements, computed as the

known value minus the measured value. We take the logarithm of the absolute value of these

residuals and plot the distributions. These distributions indicate that we can accurately

and precisely measure all Keplerian elements. Semi-major axis, eccentricity, inclination,

and longitude of ascending node are particularly well-constrained. Even for argument of

pericenter and time of pericenter passage, which are slightly more challenging to constrain,

the medians of the residual distributions correspond to residuals of about 0.08 degrees and

0.11 years respectively. For reference, TNO orbital periods are longer than 164 years (the

orbital period of an object at 30 au).

For semi-major axis a, we scale the residuals by the known value of semi-major axis. We

find that the median residual in a is about 10−4.09 of the known value for a, or about 0.01%

of a. Figure 16 of [13] shows a similar (but not identical) quality parameter for OSSOS ([8])

and DES, two large and comprehensive TNO surveys. In this figure, they use data from real

objects and show estimated uncertainty in a divided by a. They call this parameter σa/a. The

median of the distribution of σa/a is O(10−4) for OSSOS and DES. Repeating this exercise
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for our correctly-linked fake orbits, we find a median value of σa/a = 10−2.91, which is larger

than that of OSSOS and DES. However, the disagreement between log10 |Res(a)|/Known a

and σa/a suggests that we are overestimating our errors. This is corroborated by our χ2/ν

distributions for our real and fake orbits. Among those orbits with χ2/ν < 0.625, the median

χ2/ν is 0.268 and 0.266 for the real and fake orbits respectively. These distributions should

peak near 1. We therefore appear to overestimate our positional errors by about a factor of

2. This may be due to correlation in the tracklet errors, which we treat here as uncorrelated.

See Section 5.3 for further discussion and planned future improvements.

After all cuts, we have a list of 103 detected real objects with linkages. These 103 real

objects have a median σa/a = 10−3.30, closer to the results of OSSOS and DES, but still

somewhat worse. We use skybot to identify known objects in the DEEP B1 data. We

associate all single-night candidates input into linking with KBOs reported with skybot. If

both the starting RA and the starting Dec of the detection are within 20 arcsec of the RA

and Dec predicted by skybot, then we consider a candidate associated with a known KBO.

We then apply the cuts on ARC, ARCCUT, and NUNIQUE. This leaves us with 4 known KBOs

(2003 QL91, 2002 PV170, 2002 PX170, and 1999 RX215) all of which are members of the

103 detected real objects with linkages. In the table in Appendix A.2, they have Id 8, 11,

12, 39. These known KBOs are all classical KBOs.

In Figure 4.12, we show the median topocentric discovery distance for the 218 correctly-

linked fake orbits and the 103 real orbits which pass all orbital cuts. This distance is defined

as the median of the topocentric distances reported by the orbit fit at each long stare for

which the object was observed. As expected, these results are consistent with the distances

for the fake objects detected in single long stares, shown in Figure 4.5. The distribution of

discovery distances for the fake orbits encompasses the distribution of the discovery distances

of the 103 real orbits, as one would expect for correctly-linked real orbits.

We follow the classification scheme of [14], which is similar to [50] and [74]. We create

20 clones of each of the 103 real objects. We then use Rebound ([112]) with the WHFast

symplectic integrator ([111]) to integrate the clones for 10 Myr from the starting time t0.
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Figure 4.12: The median topocentric discovery distance for all correctly-linked fake orbits

and all 103 real orbits that pass all orbital cuts. The median is taken from the distribution

of topocentric distances for each long stare (and thus each tracklet) in the linked orbit. Bins

are selected using the numpy “bins=‘auto’” method.

Clones that librate around the resonance argument for more than 90% of the simulation

time are considered resonant. Clones where the semi-major axis varies by more than 3.75%

from a(t0) are considered scattering. Clones where a(t0) < aN are considered inner centaurs,

where aN is the semi-major axis of Neptune. Clones where q(t0) < aN but a(t0) ≥ aN are

considered outer centaurs. Clones with e(t0) > 0.24 are considered detached. Other clones

are considered classicals.

Objects are classified based on the classification of the majority of their clones (> 50%).

Objects where more than 80% of the clones are resonant in the same resonant number are

classified as securely resonant. Objects where more than 50% of the clones are resonant

in the same resonant number are classified as insecurely resonant. Objects where no single

classification reaches a majority are considered insecurely classified. All 103 detected and

linked real orbits are shown in Figure 4.13.
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Figure 4.13: Eccentricity versus semi-major axis (top) and inclination versus semi-major

axis (bottom) for the 103 detected objects with good orbits from the DEEP B1 fields. Color

denotes dynamical classifications, which were determined following the approach [50] and

[14]. Shaded circles denote secure dynamical classifications. Open squares denote insecure

dynamical classifications. Vertical dotted lines correspond to the approximate location of se-

lect Neptunian p:q MMR. Curved dotted lines (top plot only) correspond to lines of constant

pericenter.
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Figure 4.14: The distribution of semi-major axis and eccentricity for the detected and classi-

fied cold classical TNOs (i < 5◦). Grey dotted lines show the bounds of the Kuiper Belt kernel

population modelled by [107]. Bins are selected using the numpy “bins=‘auto’” method.

We identify 6 resonant TNOs, 1 of which is insecurely classified. The securely-resonant

objects are along the 3:2, 7:4, 2:1 resonances, with more objects in the 3:2. This is in line

with previous surveys (e.g. [14]). The survey geometry (often close to Neptune) is such that

the DEEP B1 fields are generally far from the 3:2, 7:4, and 2:1 resonant populations, which

explains the proportionately-smaller number of resonant objects compared to (for example)

[14].

We identify 90 classical TNOs, 1 of which is insecurely classified. The 4 recovered known

objects are in this population. [107] found a component of cold classical TNOs with i < 5◦,

43.8 au < a < 44.4 au, and 0.03 < e < 0.08. Figure 4.14 shows our population of cold

classical TNOs (i < 5◦) along with the bounds of the kernel population from [107]. We

appear to match well in eccentricity, and we seem to reproduce the sharp drop-off around

a = 44.4 au predicted by the kernel population. The kernel population is often discussed

and informs theoretical models of the Solar System. For example, it could be explained by a
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sudden jump in Neptune’s semi-major axis, possibly due to an encounter with a now-ejected

fifth giant planet [93, 95, 99, 51].

We identify 5 detached objects, 0 of which are insecurely classified. One of these detached

objects (a = 77.53 au, e = 0.52, i = 20.69◦) was detected with a median topocentric discovery

distance of 76.23 au. In our data, it is the object with the most distant discovery distance.

We identify 2 scattering objects, 1 of which is insecurely classified. With the detection of

these 2 scattering objects, we demonstrate that we are able to detect and characterize the 4

main populations of TNOs (classical, scattering, detached, and resonant).

Finally, we investigate our observed H magnitude distributions. First, we visualize the

correctly-linked fakes, comparing the residuals of the simulated values for median H magni-

tude and the median of the observed values forH magnitude. Because we did not incorporate

phase information when computing the implanted value of H for the fakes, we likewise do

not incorporate phase information in the measured value of H for the fakes. We show the

results in the top plot of 4.15. The median of the residuals is x̃ = −0.001, indicating that

there is no observable systematic offset in the residuals. The standard deviation is σ = 0.086

and the value of σG is even smaller, with σG = 0.031.

For the 103 real orbits, we use an H −G model to calculate H as described in Equation

1.2. This gives us a number of measurements for H equal to the number of tracklets in

the orbit. We then compute the median value for H. We show the results in the bottom

plot of 4.15. In our data, the object with the largest H value has a median H of HV R =

9.63. Unless otherwise specified, we are reporting HV R, as our data are taken in V R. This

means that there is not a direct comparison to the JPL reported H values values, but we

can make an approximate estimate by assuming a TNO color. Assuming an average TNO

color of V − R = 0.6 ([15]) and V R − R = 0.03 ([43]), we find that HV = HV R + 0.57.

For approximate comparison with JPL, our faintest object would have HV ∼ 10.20. This

would make it the object with the largest HV among those TNOs with q > 30 au and an

observational arc greater than 1 year, according to the JPL small body database as of June

2022. Currently, 2015 VL166 and 2015 VM165, which fit the aforementioned constraints,
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both report HV = 10.10 on the JPL small body database.

We will discuss these results, as well as some of the limitations and next steps, in more

detail in Chapter 5. A table of these detected objects is listed in Appendix A.2.
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Figure 4.15: Top: The residuals in median H magnitude for the correctly-linked fake orbits.

The title includes the median x̃, standard deviation σ, and σG value for the distribution.

H is computed without an H-G model in order to conform to the known value for H from

DESTNOSIM. Bottom: The median H magnitudes of the 103 detected real objects. This is

computed using an H-G model (Equation 1.2) with an assumed value of G=0.15.
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Chapter 5

DISCUSSION

In this chapter, we will summarize and discuss the impacts from the work in Chapter

2, Chapter 3, and Chapter 4. We will also discuss the next steps for KBMOD, including the

possibility of applying KBMOD to upcoming surveys such as LSST.

5.1 Discussion of Chapter 2

In Chapter 2, we present a number of improvements and extensions to KBMOD. σG-based

lightcurve filters robustly remove outliers, while providing user-programmable percentile

thresholds that allow the filter to be tailored to specific data sets. Running the σG filter

in the core GPU algorithm helps to ensure that the most promising trajectories are passed

to the CPU for further analysis, in cases where the number of results per pixel are maxed out.

For the analysis of the DECam NEO data set, Figure 2.1 shows an example of the number

of candidate trajectories at three stages of processing: after they are output from the KBMOD

GPU subroutine, after σG lightcurve filtering, and after stamp filtering and clustering. It

shows this both with and without GPU filtering and as a function of the maximum number

of results per pixel. Characteristically, these filters reduce the number of candidate trajec-

tories output by KBMOD from O(107) candidate results per CCD search to O(102) candidate

results per CCD search. CNNs allow for novel filtering of false positives. As shown in Figure

2.2, the CNN filter we developed is able to lower the total number of candidate results per

CCD by about 1 order of magnitude, yielding O(101) candidate results per CCD search for

subsequent human review. Reprojecting the search space into a barycentric frame may help

extend KBMOD’s searchable time baselines by an order of magnitude. Finally, the joint-fit

allows precise characterization of KBMOD results, which was critical to the linking and orbit
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fitting process in Chapter 4.

These improvements enabled KBMOD to process and characterize the data sets discussed

in Chapter 3 and Chapter 4. In Section 5.4, we will discuss planned extensions to KBMOD

which will build on this work and help to enable KBMOD to process LSST data.

5.2 Discussion of Chapter 3

The improvements presented in Chapter 2 and Chapter 3 helped enable KBMOD to detect 22

out of 26 known objects in the recovery sample. The trajectories of these known objects

were recovered with a median error in starting position of less than two pixels. Furthermore,

KBMOD was able to detect 75 objects that we were unable to link with any previously-known

objects. Although the time baseline of the data was short, we were able to fit the barycentric

distance, inclination, and longitude of ascending node of both the known objects and the

unidentified objects. The inclination distribution of the recovered objects is consistent with

the distribution from [21]. The number of objects detected as a function of magnitude is

consistent with the distribution from [43] assuming a net fill factor of 0.55.

[136] validated KBMOD on the High Cadence Transient Survey (HiTS) [40]. Chapter 3

validates algorithmic improvements to KBMOD filtering with a survey that has a time baseline

of up to 4 nights, compared to the three nights used in [136]. Furthermore, this work validates

KBMOD as applied to images that have been differenced with a coadded template.

In so doing, we demonstrated that KBMOD can recover KBOs in difference images from a

survey with a longer time baseline and an irregular cadence. However, this required more

robust filtering methods. By adding GPU filtering, we have increased the effective number

of potentially-valid candidate trajectories that can be passed out of the GPU for further

filtering and analysis. After σG lightcurve filtering, stamp filtering, and clustering, a search

with the GPU filtering enabled returns about 2 times more candidate results than a search

without the GPU filtering enabled. With the σG-based filtering, we have also implemented

more robust lightcurve filtering that improves filtering with an irregular image cadence. The

CNN ResNet50 stamp filter shows great promise for future stamp filtering methods.
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Given the relatively low inclination (median value of ĩ = 7.67◦) and barycentric distances

between 30 au and 50 au (median value of r̃0 = 41.28 au), we find it likely that the majority

of the unidentified objects presented in Figure 3.3.1 are Kuiper Belt objects. However,

because the short arcs prevent us from placing accurate constraints on semi-major axis and

eccentricity, we are unable to confirm this prediction with the current data. Future follow-up

or precovery attempts1 for these objects may be able to extend the observational arcs enough

to accurately constrain them to the Kuiper Belt, and perhaps place them within a Kuiper

Belt subpopulation (e.g. the cold classical Kuiper Belt).

We will discuss some current limitations of KBMOD in Section 5.4.

5.3 Discussion of Chapter 4

In Chapter 4, we present the first time that results from KBMOD have been used to detect

TNOs with sufficient depth and orbital arcs to fit detailed orbits and perform dynamical

classification. This step indicates that KBMOD (and digital tracking in general) is ready to

serve as a detection tool for state-of-the-art TNO surveys, and indeed has done so already

by being applied to DEEP.

σa/a, a metric of orbital quality, is characteristically worse in the DEEP B1 data than in

OSSOS and DES. However, σa/a is also greater than Res(a)/Known a, indicating that this

may be partially because we are overestimating our errors. The distribution of χ2/ν, which

peaks below 1, also suggests we are overestimating our errors. To address this limitation,

we plan to implement a new fitting method in the orbit fitting code of [16] to allow it to

propagate the tracklet covariance matrices into the fit, rather than relying on uncorrelated

errors between observations.

Using the residuals (which can only be calculated for the fakes), the median value for the

1Follow-up or precovery would likely be challenging for these objects. Precovery would require an
existing data set to overlap with the predicted positions of these objects. Because these objects have short
observational arcs, targeted follow-up may no longer be feasible. Follow-up would therefore likely need
to be similar to precovery efforts, requiring an existing data set that already overlaps with the predicted
positions of these objects. The closer the precovery or follow-up data are to the search sample data (which
were taken in 2014 and 2015), the more feasible these attempts become.
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distribution of log10 |Res(a)/Known a| is −4.09. This is consistent with the O(10−4) values

for σa/a reported in [13]. This suggests that if we can more properly propagate our covariant

errors through the orbit fitting algorithm, our values of σa/a (which should then more closely

agree with the residuals) may reach similar values as those in OSSOS and DES.

We report the detection of 99 real objects with orbits that we were unable to link with

previously detected objects, as well as the recovery of 4 known TNOs. These numbers are

expected to grow as more data from B1 is taken. We have 1935 real single-night detections

with SNR > 4.1 which were not linked to any of the 103 real objects with characterized

orbits. We may be able to link some of these single-night detections once the scheduled 2022

DEEP B1 data are taken and analyzed. There are also 3 more quadrants of data in the

DEEP survey (the A0, A1, and B0) fields, although both the number and quality of images

in B1 suggest that it may remain the most productive quadrant for TNO discovery in the

DEEP survey.

We are able to dynamically classify these 103 detected objects with characterized orbits,

recovering classical TNOs, resonant TNOs, scattering TNOs, and detached TNOs. Because

we can accurately and precisely characterize the orbits, we are also able to compute H

magnitudes for these objects.

Future work on DEEP will use the DESTNOSIM survey simulator to create a debiased

TNO population model. This will allow DEEP to model parameters such as the absolute

size distribution of the Kuiper Belt.

5.4 Next steps and future surveys

Next-generation astronomy surveys will soon be current-generation. This imminent wealth of

data will require new computational tools in order to access its full potential. KBMOD has the

potential to increase the number of TNOs detected with LSST from ∼ 40, 000 to ∼ 320, 000

as well as investigate the faint and mysterious class of objects at the very edge of our Solar

System. (See Section 1.6 for the assumptions used to estimate these numbers). In terms

of probing the sednoids, with three months of coadded data we could detect a Sedna-like
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object at opposition at over 290 au, as opposed to ∼ 210 au for a single image. With a year

of coadded data, 290 au increases to 310 au. If we could coadd the entire LSST survey, 310

au increases to over 415 au. Note that objects on elliptical orbits spend much more of their

time further from the Sun. If Sedna, which was detected near its perihelion around 90 au

[23], is representative of a larger population of sedoids, then most of these objects should be

closer to apocenter than pericenter. Therefore, a linear increase in detection distance should

yield a super-linear increase in the number of detected objects on a similar orbit. With

this coaddition approach, it might even be possible to detect inner Oort Cloud objects with

perihelion near 400 au, and aphelion well beyond.

Further work is needed before KBMOD will be able to run on LSST. This work has presented

many improvements to KBMOD, but there are more improvements still to come. In this section,

we will discuss some planned improvements for KBMOD, motivate their potential impact, and

provide guidelines for how they might be implemented.

5.4.1 Cross-CCD searches and GPU memory limitations

Enabling KBMOD to search across multiple CCDs will increase the effective fill factor, enabling

greater completeness and longer time baselines. CCD chip gaps and camera edges will always

keep the fill factor below 1.0 (relative to a circular footprint). However, with a CCD chip

gap between 153 (columns) and 201 (rows) pixels, a KBO would move past the chip gap and

onto the next CCD in about one night, assuming a typical KBO velocity of 275 px/day.

More importantly, cross-CCD searches will be required in order to search for TNOs over

90 day time baselines. To achieve the estimated increase in TNOs detected by LSST (from

about 40,000 to 320,000 TNOs), we will need to be able to effectively run digital tracking

on about 3 months of LSST data. The barycentric reprojection discussed in Section 2.5

demonstrates that it is possible to efficiently model a TNO trajectory over this time baseline,

if we can search trajectories that span many CCDs. Finite GPU memory causes this to be a

tricky book keeping challenge of loading the relevant images into the GPU at the right stage

of computation in a way that minimizes the effect of memory bandwidth bottlenecks.



149

Image compression may help alleviate the problem of GPU memory and GPU memory

bandwidth, but it is unlikely to solve it entirely. To demonstrate this, we can first place a

very approximate estimate on the data volumes needed to run a KBMOD search using LSST

data. The LSST camera will have 189 4K x 4K CCDs. An uncompressed 4096 x 4096 image

of 32 bit floating point numbers (e.g. the image plane) is about 67.1 MB. An LSST calexp

FITS file has an image plane, a mask plane (which is not 32 bit) and a variance plane, plus

associated metadata. KBMOD takes this information and turns it into 2 32 bit Φ and Ψ images,

which are sent to the GPU to run the core KBMOD algorithm. It does this for N images in a

search. Thus, a search of M CCDs and N epochs will have a total data volume of at least

M×N×2×67.1 MB. LSST will take about 12 images of a single field in r band over 90 days.

The total data size of these images, as sent to the GPU for KBMOD, would be about 304.4 GB.

This data volume does not include result data, which can be as large as 67.1 MB×8×M×6,

when saving 8 results per pixel with each result containing 6 32 bit floating point numbers.

The 6 numbers are the x and y starting position, flux, likelihood, velocity, and angle. x and

y starting pixel values are integer values, but we treat them as floating point numbers for the

purpose of this rough estimate. Given these simplified assumptions, trajectory results could

add up to 608.8 GB, for a total of about 913.2 GB. This is well above the available memory

of current GPUs like the Nvidia A100, which has up to 80 GB of GPU RAM. However, it

should be possible to significantly reduce the GPU memory footprint of KBMOD.

One improvement to KBMOD would be to stream results out of GPU RAM into CPU RAM

(and possibly to disk, if necessary). Although KBMOD results can be up to 8 results per pixel,

in practice KBMOD seldom maxes out this limit for every possible pixel. The exact number of

results returned by KBMOD depends on factors such as image differencing quality, field density,

and KBMOD grid selection. The above 608.8 GB is therefore an upper limit; however, even

608.8 GB could be fit into CPU RAM, which can currently be several TB. Streaming KBMOD

results out of the GPU and into CPU RAM could therefore greatly help with the problem

of limited GPU RAM.

Another improvement to KBMOD would be to allow variable floating point precision for
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images and results and/or various forms of image compression. Switching to 16 bit floating

point numbers reduces the memory footprint by a factor of 2. Switching to 8 bit integer

values reduces the memory footprint by a factor of 4. Using 8 bit integer values would

require applying some scaling to capture the numerical resolution required for each different

variable. Combined with streaming results out of the GPU, this could reduce the GPU

RAM required to 152.2 GB (in the case of 16 bit floats) or 76.1 (in the case of 8 bit int).

Subdividing the LSST focal plane into halves or quarters then further reduces the KBMOD

GPU memory footprint to tractable levels of about 40 GB to 80 GB.

It is also worth mentioning that GPU capabilities are rapidly improving. 10 years ago, 2

GB GPUs were the norm, with some 6 GB workstation GPUs like the Quadro 6000 available

at the high-end 2. Nowadays, the NVIDIA A100 with 80 GB of GPU RAM represents one of

the best available GPUs. In another few years, there may be workstation and server GPUs

with well over 100 GB of GPU RAM.

Despite these proposed memory improvements, many TNO trajectories will still span

two or more LSST focal planes over 90 or 180 days. As shown in Figure 2.4, a TNO may

span several square degrees over 180 days. Even with the 9.6 deg2 field of view of the LSST

camera, any TNOs that are not well-centered in the LSST focal plane will be likely to drift

into adjacent exposures over 90 to 180 days. Given the size estimates of processing even

a single LSST focal plane, it is unlikely that it would be possible to fit several LSST focal

planes into the memory of a single GPU. Therefore, the book keeping problem of loading

relevant images into and out of GPU memory during the KBMOD search is not going away,

but being able to load a wider field of Φ and Ψ images at once should make it easier.

5.4.2 The computational cost of barycentric searches for LSST

Reprojecting into barycentric space significantly changes the computational complexity of

KBMOD. We strongly emphasize that a full characterization of the computational complexity

2See https://en.wikipedia.org/w/index.php?title=List_of_Nvidia_graphics_processing_

units&oldid=1092199809 for a partial list of Nvidia GPUs.

https://en.wikipedia.org/w/index.php?title=List_of_Nvidia_graphics_processing_units&oldid=1092199809
https://en.wikipedia.org/w/index.php?title=List_of_Nvidia_graphics_processing_units&oldid=1092199809
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of a barycentric search will require real scaling tests with precursor data sets. However, the

following quick back-of-the-envelope estimates may shed some light on what those scaling

tests might reveal. Figure 2.5 suggests that barycentric reprojection may require grid spacing

as fine as 0.04 au to cover the Kuiper Belt. Searching from 30 au to 50 au would therefore

require about 500 grid points assuming uniform grid spacing. For circular orbits, we could

assume an exact orbital velocity, completely negating the need to sample from a grid of

speeds. For example, using Kepler’s Third Law we find that a circular orbit at 40 au has

a barycentric angular speed of about 14.03 arcsec day−1. This 40 au TNO would therefore

move an angular distance D about 1262.3 arcsec over 90 days. Using the law of cosines, we

can estimate the angular grid resolution θ required in order to ensure that each trajectory is

less than some value ϕ from neighboring trajectories at the end of a time baseline T . This

is given by the following equation:

θ = arccos
2D2 − ϕ2

2D2
. (5.1)

With a maximum separation ϕ = 2 arcsec3 and D = 1262.3 arcsec, we find θ = 0.128◦. To

cover the full range of allowed objects, angles would need to be sampled from 0◦ to 360◦.

This means that we would need 2804 angular grid points, for a total grid of 500×1×2804 =

1402077. For comparison, the search done in Chapter 3 had 256× 512 = 131072 grid points.

Therefore, just to cover the circular and nearly-circular orbits of the Kuiper Belt would

require searching about 10.7 times as many grid points as was done in Chapter 3.

We can use these numbers to estimate that it may be computationally feasible to process

LSST data with KBMOD. Each stack of 20 2K x 4K CCD searches took about 1300 seconds to

run the core GPU KBMOD algorithm for the data in Chapter 3. Then, to process a full LSST

focal plane of 189 4K x 4K CCDs, assuming 20 images in the stack, we might expect a GPU

processing time of about 1300 s× 189× 2× 10.7 = 1460 hr. To process 90 days of the entire

18, 000 deg2 of LSST would therefore take about 2628253 = O(106) GPU hours, just for the

3A trajectory separation of 2 arcsec means that a given moving object would be no more than about 1
arcsec (or approximately 1 PSF FWHM) from a searched trajectory.
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core GPU algorithm. It would require a similar order of magnitude of CPU hours for post

processing and filtering.

However, these numbers depend heavily on the choice of parameter space. We can repeat

this exercise to instead cover circular orbits from 80 au to 100 au. The barycentric grid

spacing is then approximately 0.23 au, D = 446.3 arcsec at 80 au, so the grid spacing

becomes 87 × 1 × 991 = 495709, which is only 3.78 times the number of grid points of the

search from Chapter 3. The total process time decreases by a factor of 2 to about 929226

GPU hours to process 90 days of LSST data with the core GPU algorithm of KBMOD (again,

with similar processing time for CPU post processing and filtering).

Depending on the simplified assumptions we use, processing time can scale dramatically.

First, we assume processing scales linearly with the number of grid points, which ignores

scaling in memory bandwidth and other factors. Next, we assume circularity, which collapses

the velocity to a single dimension. To search (for example) 4 grid points in velocity would

increase processing time by a factor of 4. However, we also assume that we would search

angles between 0◦ and 360◦. We could instead focus on objects with inclination 0◦ < i < 30◦,

for example, which would reduce the computational cost by a factor of 6. Finally, as we

directly demonstrated, the distance range of interest can vary computational cost by an

order of magnitude.

These estimates are not a substitute for real scaling tests. One of the primary next

steps for KBMOD before it is ready for processingg with LSST will be to use precursor data

sets and/or early LSST data to directly measure the scaling of KBMOD with barycentric

reprojection. As discussed, searching different regions of the outer Solar System changes the

computational cost dramatically. One initial approach might involve getting O(105) GPU

hours on a cluster such as XSEDE (a sizable but realistic allocation) and processing 10% to

25% of LSST data over 90 days, focusing on the class of low-eccentricity orbits. For distance,

one could select an interesting feature with narrow distance ranges, such as the Kuiper Belt

kernel from 43 au to 45 au. Alternatively, one could focus first on more distant objects, such

as those between 80 and 100 au, then move to progressively closer distance regimes. After
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demonstrating that KBMOD can process LSST data, one could then begin to request funding

for the very large allocation of GPU resources required to process all LSST data for the

entire outer Solar System.

5.4.3 Other steps

CPU RAM usage can become large during the filtering stages of KBMOD. Although CPU

RAM can be several TB, and is therefore not as big of a concern as GPU RAM limita-

tions, optimizing the RAM usage for KBMOD could allow it to run more easily on non-server

workstations. This would improve the usability of the code for users who want to run on

desktop PCs. Furthermore, server GPU resources are sometimes partitioned with relatively

small amounts of CPU RAM (e.g. 128 GB). Future work should investigate the feasibility

of creating a “low RAM” mode for KBMOD, where more processing can be efficiently cached

to disk. One area of focus might be during KBMOD’s stamp filtering, when millions of 21 x 21

stamps can be generated and stored in system RAM until final clustering is complete.

Improving the PSF model from a Gaussian to a full PSF model will improve the KBMOD
∑

LH estimate. Currently, implementations of KBMOD have used a Gaussian with constant

standard deviation as the PSF model for creating the Φ and Ψ images. Future work will

investigate the benefits of using a full PSF model from the LSST Science Pipelines. In

particular, using a separate PSF for each image, rather than a single PSF for the entire

search stack, should lead to more accurate and precise estimates for
∑

LH.

Early termination of search trajectories should allow for significant time savings in some

cases. In a Bayesian framework, a given search should be stopped when the data for a given

trajectory demonstrate that the absence of a source is much more likely than the presence of

a source. We can quantify this termination criteria by using a parameter Y . Then, the search

should be stopped when L
(
f̂ |0

)
> Y

∫
L
(
f̂ |f

)
π (f) df , where L

(
f̂ |f

)
is the likelihood of

observing f̂ given that a source of flux f exists. For the simple prior π (f) = δ (f − f0), where

f0 is the source flux, this inequality simplifies to Ψf0 > 0.5f 2
0Φ− log Y . In practice, we can

use log Y instead of Y as the stopping parameter. This is more computationally efficient
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and should decrease any overhead added to the algorithm by computing this inequality. For

30 images, with f0 = 10σ and log Y = 3, early estimates indicate time savings up to a

factor of twenty, for individual trajectories that do not include a source. Future work will

implement early termination in KBMOD and characterize the time savings potential with real

world scaling tests.

Applying transfer learning to the CNN filter should allow it to continue to be applicable

to new surveys. As demonstrated by Figure 2.2, we were able to apply the CNN trained for

the data in Chapter 3 to the data in Chapter 4. This is partially due to creating generalized

training data and selecting a deep CNN architecture that is able to learn generalized features.

This is particularly noteworthy because the data in Chapter 4 has negative wells that were

not present in Chapter 3, but the CNN filter still performs well. However, it is very likely

that retraining the CNN for each new data set would improve the results of the CNN. This is

especially true if the training data consists of injected fakes that cover the speed, brightness,

and trajectories of the objects of interest. Large populations of fakes can be computationally

expensive to inject, search, and recover. One way to mitigate the number of fakes required

to train the CNN would be to apply transfer learning, where the pre-trained weights of an

old CNN are used as the initial state of training. This helps reduce the amount of training

data required. Future work will investigate using transfer learning to quickly and efficiently

update old CNNs to new data sets.

Applying the CNN filter before clustering (replacing the current stamp filter) may improve

KBMOD. If a bright false positive makes it through the stamp filtering stage of processing to

the clustering stage, it may cause nearby faint objects to be removed before human vetting.

One way to mitigate this effect is to improve the performance of the stamp filter. We have

demonstrated that CNN filtering can be highly effective when applied after the clustering

stage. Future work will investigate the speed and effectiveness of replacing existing central

moment stamp filters with CNN stamp filters.

We do not currently address the “look-elsewhere” effect in our search algorithm [e.g.

132]. The “look-elsewhere” effect describes the possibility of randomly obtaining a high
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likelihood false positive because one investigated a very large search volume. However, our

false positives are already dominated by image artifacts and real sources. Even after filtering,

trajectories require human by-eye confirmation or rejection. Because of this requirement of

human review, we consider this an acceptable limitation. Future work will further investigate

necessary algorithmic improvements to enable machine-only object confirmation, including

addressing the “look-elsewhere” effect.

Improving image astrometry and image differencing is likely to reduce the number of

image differencing artifacts, thereby reducing the number of candidate trajectories requiring

by-eye detection. In Chapter 3, the non-uniformity of the image time baseline in this survey

means that artifacts appeared in approximately the same location in up to 5 images. This

posed a unique challenge to filtering out artifacts from candidate trajectories. In Chapter 4,

the time baseline and the use of a “mean” coaddition statistic created deep negative wells

that required careful modelling to account for. Even after this modelling, these negative wells

likely reduced our m25 by about 0.25 to 0.5 mags (depending on the velocity of the class of

objects in question). Future applications of KBMOD should apply the lessons learned in this

work, including trying and validating alternative coaddition statistics such as “median” or

clipped mean.

Although more work remains (as is ever the case with scientific research), this work has

demonstrated numerous novel improvements to KBMOD. It has validated KBMOD in difference

imaging. It has characterized the efficiency of KBMOD on real data with a detailed population

of implanted fakes. Finally, it has proven that KBMOD can detect real objects in a large

multi-year survey with sufficient precision to fit detailed orbits and dynamically classify the

detections. This work therefore demonstrates that KBMOD is a powerful detection tool capable

of producing state-of-the-art science.

Software: KBMOD [136], LSST Science Pipelines [69], astropy [7], scikit-image [130], numpy

[104], CUDA [100], scikit-learn [105], pandas [85], matplotlib [63], tensorflow [2]
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Wing-Huen Ip, Marian Jakubik, R. Lynne Jones, Nathan A. Kaib, Pedro Lacerda,

Christa Van Laerhoven, Samantha Lawler, Matthew J. Lehner, Hsing Wen Lin, Pa-
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Mario Jurić, Jason S. Kalirai, Nitya J. Kallivayalil, Bryce Kalmbach, Jeffrey P. Kantor,

Pierre Karst, Mansi M. Kasliwal, Heather Kelly, Richard Kessler, Veronica Kinnison,

David Kirkby, Lloyd Knox, Ivan V. Kotov, Victor L. Krabbendam, K. Simon Krughoff,
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Hässig, Alessandro Morbidelli, Olivier Mousis, and Martin Rubin. Origins of volatile

elements (h, c, n, noble gases) on earth and mars in light of recent results from the

rosetta cometary mission. Earth and Planetary Science Letters, 441:91–102, May 2016.

[84] Warren S. McCulloch and Walter Pitts. A logical calculus of the ideas immanent in

nervous activity. Bulletin of Mathematical Biology, 52(1):99–115, 1990.

[85] Wes McKinney. Data structures for statistical computing in python. In Stéfan van der
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9 - trans-neptunian binaries (2018). In Dina Prialnik, M. Antonietta Barucci, and

Leslie A. Young, editors, The Trans-Neptunian Solar System, pages 205–224. Elsevier,

2020.

[103] Eran O. Ofek and Barak Zackay. Optimal Matched Filter in the Low-number Count

Poisson Noise Regime and Implications for X-Ray Source Detection. Astronomical

Journal, 155(4):169, April 2018.

[104] Travis E. Oliphant. A guide to NumPy. Trelgol Publishing, USA, 2006.

[105] F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. Thirion, O. Grisel, M. Blon-

del, A. Müller, J. Nothman, G. Louppe, P. Prettenhofer, R. Weiss, V. Dubourg, J. Van-

derplas, A. Passos, D. Cournapeau, M. Brucher, M. Perrot, and É. Duchesnay. Scikit-
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Appendix A

APPENDIX

A.1 Table of Detected Object Parameters from Chapter 3

Identifier

(pg, ccd)

VR Mag Barycentric

Distance

(au)

i (degrees) Ω (degrees) Linked to

Known Object

(190,20) 24.46±0.22 38.38±2.42 8.58±2.99 48.73±4.99 True

(190,23) 24.13±0.82 42.02±2.43 3.10±0.50 84.35±10.33 True

(191,27) 24.27±0.23 39.76±2.41 3.60±1.33 36.21±0.22 True

(191,47) 24.18±0.40 31.87±2.31 4.34±1.69 31.89±1.58 True

(192,06) 24.51±0.27 54.00±2.60 2.52±0.92 206.20±4.28 True

(192,36) 24.48±0.40 41.97±2.46 5.16±1.89 35.82±0.84 True

(192,42) 24.37±0.29 43.62±2.47 2.14±0.78 24.31±5.10 True

(193,05) 24.61±0.29 39.75±2.41 2.75±0.35 90.86±9.91 True

(193,18) 24.44±0.37 42.30±2.51 11.27±4.05 206.48±4.19 True

(193,21) 24.48±0.36 46.19±2.49 2.90±0.67 73.62±9.82 True

(193,23) 23.72±0.19 43.08±2.46 2.82±0.59 173.42±11.60 True

(193,50) 24.31±0.29 32.36±2.51 17.95±7.29 42.20±1.84 True

(301,46) 23.76±0.57 44.95±2.61 2.02±0.74 8.43±5.74 True

(302,06) 22.83±0.29 38.44±3.69 30.55±17.70 199.08±2.98 True

(195,47) 22.97±0.15 32.48±2.45 9.90±3.56 14.35±8.85 True

(202,48) 23.26±0.17 40.88±2.58 16.22±5.92 47.86±3.56 True

(203,09) 24.18±0.68 44.53±2.48 2.08±0.36 166.51±12.63 True
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Identifier

(pg, ccd)

VR Mag Barycentric

Distance

(au)

i (degrees) Ω (degrees) Linked to

Known Object

(203,11) 23.92±0.20 48.25±2.90 24.39±9.49 215.16±1.73 True

(203,43) 24.52±0.47 44.81±2.53 8.68±3.05 45.78±2.30 True

(205,18) 24.04±0.59 41.57±2.47 3.22±0.04 122.65±4.57 True

(284,29) 22.06±0.46 34.99±2.54 173.36±0.54 136.65±10.42 True

(285,22) 20.75±0.07 41.60±3.94 14.00±6.38 349.32±17.52 True

(296,28) 22.69±0.16 41.22±2.71 6.75±1.43 252.08±13.39 True

(300,30) 23.70±0.98 46.90±2.94 17.79±7.56 24.73±0.84 True

(017,46) 23.99±0.33 35.59±2.45 5.31±0.24 285.01±7.11 False

(018,20) 23.93±1.26 38.64±2.45 4.92±0.10 316.13±5.57 False

(018,52) 24.78±0.80 46.17±2.57 12.08±3.39 243.09±8.42 False

(191,19) 24.99±0.58 42.91±2.44 1.58±0.62 39.44±1.65 False

(191,50) 24.14±0.36 30.67±1.17 156.06±4.63 216.93±0.01 False

(192,05) 24.41±0.24 41.54±2.43 1.07±0.49 58.69±10.24 False

(192,08) 24.20±0.23 30.66±1.17 155.99±4.65 216.93±0.01 False

(192,08) 24.74±0.24 40.49±2.42 0.80±0.37 42.48±2.53 False

(192,54) 22.24±0.04 32.95±1.16 166.54±2.55 41.03±0.58 False

(193,07) 24.42±0.33 41.65±2.44 3.00±0.38 91.13±9.69 False

(193,10) 24.65±0.52 42.19±2.44 2.70±0.37 89.64±10.07 False

(193,14) 23.96±0.41 42.47±2.45 4.01±1.17 62.14±7.95 False

(193,14) 25.02±0.93 41.86±2.43 1.83±0.10 107.81±9.23 False

(193,26) 23.97±0.14 42.55±2.44 3.06±0.93 63.12±8.68 False

(193,32) 24.48±0.64 36.70±2.37 4.86±1.69 50.56±5.10 False

(193,40) 24.62±0.31 42.11±2.44 2.22±0.62 66.85±9.23 False

(301,30) 22.65±1.01 41.40±2.73 16.18±6.70 203.61±0.50 False
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Identifier

(pg, ccd)

VR Mag Barycentric

Distance

(au)

i (degrees) Ω (degrees) Linked to

Known Object

(301,40) 23.69±0.40 41.28±2.65 0.63±0.24 238.25±15.08 False

(305,14) 23.27±0.34 39.36±2.42 7.04±2.54 36.55±3.74 False

(305,28) 23.40±0.43 41.71±2.44 1.24±0.04 129.48±8.93 False

(305,60) 23.23±0.46 33.71±2.69 24.33±10.40 206.56±0.24 False

(306,47) 23.42±0.28 42.58±2.51 4.02±0.99 63.85±10.83 False

(306,48) 22.90±0.54 38.66±2.59 13.04±5.12 37.81±4.62 False

(306,49) 22.93±0.69 38.26±2.46 2.75±0.07 130.35±5.44 False

(307,05) 23.36±0.69 32.65±2.60 5.20±0.24 135.87±7.47 False

(310,29) 22.95±0.18 46.00±2.53 4.40±0.11 105.05±5.51 False

(310,29) 23.01±0.55 47.06±2.54 4.18±0.03 125.85±3.95 False

(310,36) 23.93±0.68 39.59±3.05 28.70±12.84 202.30±3.92 False

(311,46) 22.38±0.19 41.20±2.90 25.12±10.68 23.80±0.88 False

(313,60) 22.85±0.24 34.45±2.43 5.22±1.24 248.71±11.50 False

(314,13) 23.21±0.26 34.06±2.38 4.65±1.81 213.63±2.65 False

(316,45) 23.17±0.51 45.23±2.49 6.53±2.19 14.69±4.92 False

(316,55) 23.06±0.22 42.89±2.46 6.75±2.36 19.17±3.99 False

(194,18) 24.61±0.68 43.06±2.45 1.51±0.34 351.73±13.15 False

(194,21) 24.42±0.26 43.55±2.46 2.94±0.83 5.44±9.74 False

(194,27) 24.52±... 34.99±2.46 14.26±5.49 222.73±2.60 False

(195,20) 24.14±0.21 48.32±2.78 21.31±7.74 225.49±3.55 False

(195,60) 24.84±0.70 34.81±2.41 4.34±0.03 311.05±4.15 False

(196,30) 24.61±0.57 35.51±2.58 14.99±6.01 25.81±5.82 False

(197,19) 24.46±0.49 43.06±2.46 2.46±0.34 341.70±11.82 False

(197,34) 22.84±0.23 38.20±2.45 10.77±3.82 229.64±4.24 False
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Identifier

(pg, ccd)

VR Mag Barycentric

Distance

(au)

i (degrees) Ω (degrees) Linked to

Known Object

(197,36) 24.75±0.73 41.91±2.45 3.26±0.80 359.82±11.28 False

(197,58) 24.13±0.60 35.47±2.71 23.38±9.82 32.45±2.94 False

(202,05) 23.88±0.13 41.77±2.45 3.54±0.03 121.93±4.22 False

(202,20) 23.60±0.40 46.02±2.53 8.61±2.62 58.42±6.64 False

(202,27) 23.44±0.28 39.07±2.44 8.62±2.75 57.97±6.73 False

(202,36) 23.71±0.29 38.38±3.22 34.18±15.74 42.95±2.59 False

(202,40) 23.43±0.24 34.43±3.42 35.99±18.64 41.40±2.35 False

(202,42) 24.27±0.60 42.86±4.42 46.16±26.51 41.31±2.46 False

(203,12) 24.18±0.56 45.41±2.56 10.71±3.84 209.74±3.52 False

(203,43) 24.57±1.29 41.76±2.45 1.04±0.01 130.90±14.38 False

(204,21) 23.95±1.04 46.44±2.54 5.71±2.04 211.76±3.18 False

(204,21) 24.04±0.45 42.46±2.48 2.51±0.78 62.47±7.19 False

(204,27) 24.00±0.42 47.18±2.59 10.79±3.91 216.79±1.34 False

(204,41) 24.07±0.48 44.49±2.50 0.61±0.24 177.43±21.56 False

(205,22) 24.37±0.45 38.39±2.49 7.67±2.68 198.45±7.99 False

(205,23) 24.14±0.33 41.25±2.53 11.44±4.13 205.70±5.58 False

(205,49) 24.26±0.40 43.63±2.49 2.33±0.06 139.21±8.76 False

(284,13) 23.45±0.18 36.40±... 31.17±... 10.41±... False

(284,29) 23.59±0.68 37.56±4.53 9.23±4.19 340.77±22.78 False

(284,42) 22.60±0.18 41.54±3.52 10.56±4.43 238.99±18.72 False

(284,52) 23.68±0.27 41.11±3.67 10.45±3.41 340.23±16.58 False

(284,59) 23.25±0.62 36.70±4.97 8.47±3.74 254.19±32.60 False

(288,15) 23.89±0.48 45.70±3.47 17.81±9.31 12.57±4.05 False

(288,29) 23.41±0.28 44.98±4.41 30.20±20.59 204.55±3.45 False
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Identifier

(pg, ccd)

VR Mag Barycentric

Distance

(au)

i (degrees) Ω (degrees) Linked to

Known Object

(288,48) 23.54±0.27 40.10±3.98 19.55±13.47 208.92±6.35 False

(289,48) 23.51±0.41 38.02±6.91 21.02±27.89 213.72±18.67 False

(289,48) 23.82±0.51 42.45±3.30 8.96±3.85 233.24±15.66 False

(290,23) 23.84±0.37 47.45±3.38 26.35±12.60 211.83±4.95 False

(291,08) 23.25±0.26 34.80±... 40.90±... 18.00±... False

(291,27) 23.85±0.61 33.10±10.91 29.45±64.35 206.97±13.80 False

(296,43) 23.60±0.31 38.91±2.78 6.00±0.71 327.10±10.71 False

(297,46) 23.33±0.27 33.72±4.03 7.33±0.07 291.61±6.21 False

(298,22) 23.95±0.41 45.59±4.09 36.73±20.72 216.21±7.06 False

(298,26) 22.38±0.59 33.54±... 39.53±... 17.32±... False

Table A.1: Best-fit parameters estimated from the DE-

Cam NEO Survey data for the objects detected with

KBMOD. Objects are identified based on their detected

pointing group (pg) and CCD. Orbital values and un-

certainties are found using the method of [16]. VR mag-

nitudes are found as described in 3.3.3. VR magnitude

uncertainties are σG uncertainties, estimated based on

the individual stamp VR magnitude estimates. Parame-

ters for which no uncertainty was returned are indicated

with an ellipsis in the uncertainty value.
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A.2 Table of Detected Objects from Chapter 4

Id Class χ2/ν a

(au)

e i

(deg)

Ω

(deg)

ω

(deg)

tperi

(yr J200)

H

0 Classical 0.25 43.00±0.01 0.09 21.71 353.16 359.06 19.62 7.95

1 Resonant 0.26 43.66±0.01 0.06 1.03 329.57 235.42 -94.66 8.74

2 Classical 0.30 44.25±0.07 0.06 0.56 159.63 9.49 163.66 7.82

3 Classical 0.22 46.03±0.02 0.11 1.94 353.90 17.82 33.11 8.84

4 Detached 0.40 51.32±0.03 0.25 0.38 309.65 20.59 7.14 9.09

5 Classical 0.46 43.89±0.02 0.08 0.34 82.81 52.67 130.70 8.33

6 Classical 0.27 45.86±0.10 0.12 4.35 172.75 286.29 100.55 7.29

7 Classical 0.32 44.18±0.04 0.07 0.55 9.34 253.45 -46.29 8.46

8 Classical 0.23 43.02±0.01 0.01 1.54 164.59 201.57 30.51 6.76

9 Classical 0.22 45.84±0.03 0.09 11.19 160.22 224.06 44.46 8.45

10 Scattering 0.24 69.01±0.23 0.52 7.41 7.69 50.57 54.68 7.93

11 Classical 0.17 42.66±0.01 0.01 1.27 88.46 279.53 33.68 6.08

12 Classical 0.22 42.65±0.02 0.04 1.57 119.10 112.16 -68.53 7.16

13 Classical 0.22 42.56±0.02 0.04 1.27 68.70 163.24 -68.24 7.61

14 Classical 0.32 44.33±0.02 0.07 5.55 2.63 248.80 -54.68 8.95

15 Classical 0.17 46.19±0.02 0.13 26.99 352.53 22.29 35.61 8.72

16 Classical 0.19 45.22±0.02 0.10 2.07 146.68 121.58 -40.92 7.85

17 Classical 0.18 42.49±0.01 0.02 3.57 3.55 334.50 9.93 8.53

18 Classical 0.23 45.84±0.02 0.01 0.57 89.95 279.82 35.02 7.74

19 Classical 0.29 43.50±0.02 0.01 1.96 3.11 349.81 20.96 8.06

20 Classical 0.18 37.74±0.02 0.08 26.32 170.52 223.18 43.36 9.46

21 Classical 0.23 42.98±0.04 0.02 1.48 147.01 236.34 44.15 8.60

22 Classical 0.20 46.47±0.01 0.08 0.62 123.95 225.53 17.84 8.11
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Id Class χ2/ν a

(au)

e i

(deg)

Ω

(deg)

ω

(deg)

tperi

(yr J200)

H

23 Classical 0.19 44.07±0.01 0.10 0.89 56.57 239.15 -18.89 8.26

24 Classical 0.24 42.98±0.01 0.02 0.53 87.25 262.91 18.45 7.11

25 Classical 0.36 43.99±0.02 0.07 1.50 138.62 238.80 38.01 9.29

26 Classical 0.38 43.53±0.06 0.08 14.46 353.56 154.01 141.86 9.12

27 Classical 0.29 43.87±0.99 0.06 0.95 69.81 28.64 100.59 8.37

28 Classical 0.46 43.02±0.14 0.05 1.42 38.71 265.27 -14.25 9.60

29 Resonant 0.27 47.69±0.05 0.19 12.24 356.46 226.33 -81.04 7.46

30 Classical 0.26 44.36±0.03 0.10 4.07 156.16 97.36 -51.75 8.79

31 Classical 0.36 42.64±0.02 0.09 13.72 356.41 61.54 63.46 7.27

32 Classical 0.24 43.03±0.02 0.11 9.13 359.12 21.51 37.80 9.45

33 Classical 0.30 43.15±0.09 0.06 1.95 30.28 39.17 75.89 8.98

34 Classical 0.62 45.53±0.02 0.07 3.08 150.48 24.53 -130.98 9.20

35 Classical 0.52 45.73±0.53 0.08 2.72 145.55 254.81 55.44 9.25

36 Classical 0.18 43.04±0.01 0.05 2.39 25.06 125.89 142.69 7.38

37 Classical 0.29 40.44±0.02 0.09 21.03 167.76 262.89 69.37 9.43

38 (Scattering) 0.42 53.73±0.04 0.36 1.84 149.08 160.29 -0.47 9.17

39 Classical 0.25 46.92±0.03 0.14 0.89 99.29 186.15 -25.64 7.22

40 Classical 0.19 44.68±0.01 0.07 6.08 160.52 164.53 1.25 8.74

41 Classical 0.61 42.86±0.07 0.03 2.00 136.03 309.49 90.69 9.12

42 Classical 0.19 43.94±0.01 0.05 1.70 104.47 232.05 8.71 7.10

43 Classical 0.51 45.36±0.11 0.06 2.29 134.82 290.85 77.67 8.60

44 Classical 0.19 45.73±0.01 0.09 1.35 83.34 225.22 -11.07 8.12

45 Classical 0.37 43.21±0.01 0.02 1.45 81.85 133.12 -86.30 8.71

46 Classical 0.23 41.69±0.01 0.13 33.00 353.20 171.22 148.34 8.15

47 Classical 0.17 44.43±0.02 0.04 1.74 103.80 292.19 53.96 8.00

Continued on next page
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Id Class χ2/ν a

(au)

e i

(deg)

Ω

(deg)

ω

(deg)

tperi

(yr J200)

H

48 Classical 0.23 45.48±0.03 0.12 7.00 4.85 24.11 44.64 8.80

49 Classical 0.23 45.21±0.06 0.16 12.13 164.57 305.98 107.09 7.60

50 Classical 0.36 45.48±0.04 0.12 2.22 133.57 222.82 23.77 8.72

51 Classical 0.30 45.42±0.04 0.08 1.69 101.66 0.84 107.27 8.36

52 Classical 0.17 44.58±0.01 0.06 3.58 19.76 239.45 -51.47 6.77

53 Detached 0.22 52.31±0.02 0.28 9.71 1.32 320.85 3.03 7.19

54 Classical 0.42 44.52±0.02 0.07 4.59 153.02 211.01 29.75 9.11

55 Resonant 0.14 39.29±0.02 0.21 11.87 356.29 161.41 130.65 6.90

56 Classical 0.45 44.04±0.03 0.09 3.97 14.82 262.18 -31.81 9.09

57 Classical 0.31 38.44±0.02 0.05 2.16 119.97 281.34 50.04 9.63

58 Classical 0.24 43.08±0.01 0.07 2.26 118.48 233.25 20.27 8.82

59 Classical 0.38 42.73±0.02 0.02 2.31 119.54 19.65 133.38 8.74

60 Classical 0.52 44.46±0.01 0.05 2.34 120.68 98.89 -85.17 8.54

61 (Resonant) 0.18 43.67±0.03 0.07 3.42 23.94 86.66 108.79 7.48

62 Classical 0.26 42.64±0.02 0.08 1.99 111.18 152.44 -41.55 8.48

63 Classical 0.44 43.84±0.03 0.03 1.68 80.22 179.69 -51.93 9.10

64 Classical 0.42 45.70±0.03 0.06 1.93 91.10 19.12 117.12 8.53

65 Classical 0.33 43.93±0.02 0.05 2.62 43.06 322.31 29.76 9.08

66 Classical 0.37 43.90±0.03 0.07 3.78 141.44 308.40 91.86 9.44

67 Classical 0.23 44.44±0.01 0.07 3.69 17.30 273.67 -23.94 8.48

68 Classical 0.21 42.50±0.01 0.16 24.16 355.02 344.58 13.81 9.09

69 Classical 0.20 43.20±0.02 0.04 1.79 50.11 131.44 -112.03 7.27

70 Classical 0.32 43.09±0.02 0.06 2.74 43.92 105.26 140.88 8.94

71 Classical 0.19 43.91±0.01 0.04 1.89 78.76 85.19 159.72 8.41

72 Classical 0.22 44.31±0.02 0.08 3.38 33.84 185.97 -82.28 7.10
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Id Class χ2/ν a

(au)

e i

(deg)

Ω

(deg)

ω

(deg)

tperi

(yr J200)

H

73 Classical 0.20 43.89±0.02 0.08 2.31 116.55 164.86 -28.37 8.11

74 Classical 0.50 43.41±0.01 0.06 2.93 41.34 205.47 -58.48 8.86

75 Classical 0.23 42.90±0.06 0.04 1.89 84.11 286.86 35.25 7.49

76 Classical 0.55 43.17±0.02 0.05 2.32 104.38 164.07 -41.84 9.56

77 Resonant 0.26 39.35±0.03 0.19 12.03 162.87 10.86 -102.40 8.13

78 Classical 0.24 42.84±0.01 0.02 2.54 60.60 142.42 -95.81 8.32

79 Classical 0.53 45.49±0.01 0.07 2.59 56.50 268.66 -0.24 9.01

80 Classical 0.33 43.20±0.01 0.07 2.36 73.84 166.35 -62.35 8.53

81 Classical 0.30 44.10±0.03 0.12 22.00 165.79 184.20 18.34 9.33

82 Classical 0.28 44.88±0.01 0.04 2.64 71.74 147.89 -87.91 8.57

83 Classical 0.36 44.42±0.01 0.06 3.16 51.53 157.94 -94.18 8.32

84 Classical 0.26 55.34±0.03 0.22 18.12 1.18 350.71 19.76 7.25

85 Classical 0.31 39.28±0.07 0.01 11.12 158.94 34.75 -87.81 8.90

86 Classical 0.42 43.76±0.01 0.07 2.83 67.42 205.75 -37.44 9.02

87 Classical 0.44 42.40±0.02 0.01 3.12 102.91 43.36 137.75 8.57

88 Classical 0.33 46.43±0.99 0.21 7.24 146.62 247.13 44.13 8.93

89 Classical 0.26 42.71±0.02 0.06 0.53 35.38 280.50 -5.73 8.32

90 Classical 0.19 43.05±0.05 0.01 1.25 167.63 204.36 35.53 7.89

91 Classical 0.17 43.74±0.01 0.03 1.54 156.22 354.58 145.94 8.11

92 Detached 0.41 90.06±0.62 0.58 24.05 171.36 235.39 51.04 7.71

93 Resonant 0.25 39.45±0.03 0.12 2.78 160.08 15.04 -102.01 8.12

94 Classical 0.32 44.35±0.02 0.07 2.54 6.97 6.15 34.55 8.45

95 Classical 0.26 44.03±0.21 0.07 1.86 354.69 353.21 17.40 9.20

96 Detached 0.38 80.86±0.09 0.51 28.74 170.28 174.01 15.87 8.80

97 Detached 0.34 77.53±2.20 0.52 20.69 169.67 61.39 -92.22 6.21
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Id Class χ2/ν a

(au)

e i

(deg)

Ω

(deg)

ω

(deg)

tperi

(yr J200)

H

98 Classical 0.25 42.59±0.03 0.04 2.81 157.28 200.75 24.48 8.19

99 Classical 0.28 42.87±0.04 0.05 1.19 28.20 2.28 47.39 8.57

100 Classical 0.27 44.27±0.11 0.06 2.85 102.92 236.19 9.85 8.37

101 Classical 0.29 42.57±0.10 0.04 4.25 39.14 184.70 -76.48 8.06

102 (Classical) 0.33 51.78±6.70 0.32 12.04 10.19 53.18 60.89 8.78

Table A.2: A table of the 103 detected real objects from

Chapter 4 which passed all cuts. () surrounding the clas-

sification name denotes an insecure classification. Uncer-

tainty estimates do not fit in the space allowed for all pa-

rameters, and are therefore only included for semi-major

axis. Class “Inner” corresponds to “Inner Centaur”.
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