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Classical geometric path-following controllers for autonomous ground vehicles compute
steering commands from cross-track and heading error. However, they do not directly check
whether the requested motion can be achieved by the vehicle under tire force and friction
limits. This thesis develops an iterative force-consistency inversion framework for the com-
plementary problem: given an achievable trajectory demand and a vehicle model that is
close enough to the real plant, compute a set of steering and longitudinal inputs that make
the nonlinear tire-force model realize that demand. The needed inverse is solved online
with a Newton or Levenberg—-Marquardt update step using an enhanced bicycle model with
nonlinear tire forces, load transfer, roll dynamics and steering lag.

The central result is that a pure feedforward inverse alone is not sufficient for path
tracking because model error produces steady-state drift. To compensate for this, the inverse
must be paired with an outer error-feedback loop. In simulations, improving the internal
model from a kinematic approximation to the enhanced physics model lowers the RMS
cross-track error of the feedback inverse on runs that stay within the track. This model
improvement also increases the number of runs that leave the track bounds. A model-fidelity
sweep across track shapes and speeds shows the limit of the current residual-correction layer:
SINDy, Koopman/EDMD, and GP-SSM residual models can be fit using replay data, but
they increase closed-loop failures when inserted directly into the Newton inverse. Model
fidelity and closed-loop stability must be assessed together; learned residual corrections fit

the replay data well but have not yet produced a closed-loop performance gain.



Planning under drift and friction constraints provides the trajectory-feasibility front end
to this inverse-control problem. The planner tests whether a demanded trajectory or acceler-
ation profile lies inside the available friction budget, and whether the path must be reshaped
before inversion can produce meaningful inputs. The physical RC-car platform, equipped
with dual IMUs, a 360° LiDAR, OptiTrack integration, telemetry, logging, and state es-
timation, provides the pipeline for future hardware validation. All quantitative controller
benchmarks reported in this thesis are simulation-only. The hardware closed-loop controller

comparison is reserved for future work.
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1 Introduction

Autonomous ground vehicles often need to operate near the limits of tire adhesion to execute
rapid maneuvers such as tight turns, avoiding obstacles, or high-speed trajectory tracking.
Classical trajectory tracking controllers are typically derived from the kinematic bicycle
model and rely on assumptions of low speed, negligible inertial effects, and perfect tire
grip |1,12]. These assumptions allow for a simplified controller design, but they also limit
performance when tire forces and friction constraints dominate the achievable motion.

Many widely used controllers treat steering and velocity as separate problems, with a
lateral controller computing steering from cross-track and heading error and a longitudinal
loop regulating speed independently. This decoupling works well at low to moderate speeds,
but aggressive maneuvers often require lateral and longitudinal tire forces to be coordinated,
and purely geometric commands can then request motion that the available friction cannot
support, leading to tracking error, input saturation, or loss of stability.

Model inversion maps desired vehicle motion directly to control inputs, bypassing the
decoupled geometric formulation. For the kinematic bicycle model this map can be obtained
algebraically, but including tire dynamics and friction constraints makes the input-to-motion
relationship nonlinear, state-dependent, and not globally invertible in closed form. Lineariz-
ing about an operating point recovers a tractable design but reintroduces the same structural
limits as the kinematic model, and those limits matter most in the regimes where slip and
nonlinear tire behavior are significant.

The inversion strategy developed here is based on force consistency rather than geometric
inversion. Rather than solving directly for the steering angle that reproduces a desired
trajectory, the solver first computes the lateral force needed to achieve the target curvature
and speed, then solves for the steering input that matches the tire model’s predicted force to
that demand. A Newton or Levenberg—Marquardt update performs this at each control step
and produces a feedforward command consistent with the vehicle’s dynamic constraints.

The resulting controller consists of a trajectory planner that specifies curvature and
velocity, a nonlinear inverse that converts that demand into tire-consistent control inputs,
and a feedback controller that corrects for modeling error and disturbances. The planner
screens the requested motion against the available friction budget; the inverse converts the
resulting demand into actuator commands, while the feedback layer absorbs the residual
mismatch between model and plant.

This thesis makes four main contributions. First, a force-based inversion framework
is developed that connects trajectory curvature to achievable tire forces, and second, an
iterative inverse algorithm is introduced that computes control inputs for a nonlinear vehicle
model without requiring a closed-form inverse. Third, the framework is evaluated in MuJoCo
simulation to measure how inverse-control performance depends on the fidelity of the internal
model and on the presence of an outer feedback loop. Fourth, five different data-driven
residual identification methods (SINDy, Koopman/EDMD, GP state-space model, hybrid
sparse—neural network, and symbolic regression) are compared as model-refinement tools,
and closed-loop results are used to expose the gap between one-step prediction accuracy and
practical controller improvement.

All quantitative controller comparisons in this thesis are simulation-only. The physical
RC-car platform provides sensing, logging, state estimation, LiDAR, and OptiTrack motion



capture as ground truth for future closed-loop experiments, but it is not yet the benchmark
source because communication latency in the control network has not been characterized
and compensated for.

Section [2| introduces the vehicle models including the enhanced bicycle model; Sec-
tion [3] covers tire force models. Section W] describes the standard geometric, hybrid, and
optimization-based controllers, while Section |5 develops the force-based nonlinear inverse
family and iterative solver. Section [6] addresses path planning and reference replanning in
the context of the broader motion-planning literature [3,/4], and Section [7| presents data-
driven residual identification. Experimental results and the simulation benchmark protocol

appear in Sections [§ and [8.1]



Nomenclature

Symbol Meaning Unit

Vehicle Geometry

L Wheelbase m

a CG to front axle m

b CG to rear axle m

h CG height m

w Track width m

Vehicle State

XY Inertial position m

10) Yaw heading angle rad

Vg Longitudinal veloc- m/s
ity

Uy Lateral velocity m/s

r=d¢ Yaw rate rad/s

v Speed m/s

Groll Roll angle rad

Q.Sroll Roll rate rad/s

Inputs

¥ (or 0) Steering angle rad

ay Longitudinal accel. m/s?
cmd

F Drive/brake force =~ N

Tire

af, o Slip angle (f/r) rad

Cot, Car Cornering stiffness N/rad

7 Friction coefficient —

F, o, > 10 Static normal load N

F.r F., Dynamic normal N
load

Fyr, Fyr Lateral tire force N

Fy ¢, Fyp Longitudinal  tire N
force

B, C, D FE Pacejka MF factors —

AF, Load transfer N

Symbol Meaning Unit

Control / Path

K Path curvature 1/m

e (CTE) Cross-track error ~ m

0 Heading error rad

Ly Lookahead dis- m
tance

k, ks Stanley gain / soft- —
ening

w(t) Blend weight —

Wnin, Wmax Blend weight —
bounds

Enhanced Model

I, Yaw inertia kg m?

I, Roll inertia kg m?

Ky, Dy Roll stiff- N'm/rad
ness/damping

Cy Aero drag coeffi- —
cient

A Frontal area m?

p Air density kg/m3

T Steering lag con- s
stant

Data-Driven

A, Lateral accel. m/s?
residual

Ar Yaw accel. residual rad/s?

AF, s, AF,, Tire force correc- N
tion

AF, s, AF,,  Load correction N

Ad Steer correction rad

J Jacobian Or/0u -

A LM damping fac- —

tor




2 System Modeling
2.1 Vehicle Model

Figure 1: Ackermann Kinematics

Consider first the simplest kinematic representation: the Ackermann bicycle model. It as-
sumes no tire slip, so it is most accurate at low lateral accelerations and low to moderate
speeds. Following the kinematic bicycle model in [5, Chapter. 2 | and the autonomous-
driving control design literature [1,[2], the model can be described by

& = vcos(¢),
y = vsin(o), (1)
¢ = 7 tan(®),

where

e (z,y) is the rear axle center,

e ¢ is the heading angle,

11



e v is the forward velocity,
e ¢ is the steering angle,
e [ is the wheelbase.

Four assumptions bound the model’s validity. The tire contact patches satisfy a pure rolling
constraint, so they do not experience lateral slip. The velocity vector aligns with the wheel
orientation, and the vehicle operates below the lateral tire-force saturation limit. Neglecting
track width and differential effects, the front and rear wheel sets share a single ground contact
point along their respective axles. Roll, pitch, suspension, load transfer, and compliance are
all omitted. Finally, 1) is taken small enough that tant remains finite. In simulation, this
last assumption is also supported by hard steering limits.
The no-lateral-slip assumption can be written as:

—sin (¢)2 + cos (@)y =0

This is a Pfaffian constraint from the rear wheel set rolling without slipping. It enforces zero
velocity perpendicular to the heading and makes the kinematic vehicle model non-holonomic.
The kinematic bicycle model can be rewritten compactly by grouping the control inputs

u:{v}, w:gﬁ:%tandg

Note: v and w are virtual inputs corresponding to forward vehicle velocity and yaw rate.
These are not actual inputs on the vehicle.

Using this representation, like terms can be collected so that each input multiplies a vector
field.

) 1 0

| =w |0] +v [cos(¢)

Y 0 sin ¢

This yields the control-affine form
) 0 L0 7
T| = 0 + 10 cos¢ [v] .
U 0 0 sing
—~ —_——
A(x) or drift B(¢)

Representing the dynamics in terms of yaw rate w eliminates the explicit nonlinearity
tan()) from the input channel. In this form, the input v governs translational motion in the
plane, while w governs rotational motion of the vehicle.

2.2 Linearization and Controllability of the Kinematic Bicycle
Model

The FITENTH Gym Simulator is a commonly used environment for evaluating control
strategies, and its physics are based on the standard kinematic bicycle model [1,2,[5]. In

12



many control architectures, the longitudinal channel is regulated by a separate velocity loop,
as in the Stanley controller, where velocity is set by a PI controller. For the linearization
here, the steering angle and longitudinal acceleration are treated as inputs by augmenting
(1)) with

Define the state and input vectors

X = [x y o U]T, u = [w a}T, (2)

so that x = f(x,u).

2.2.1 Continuous-time linearization
Linearizing about an operating point (X, u) yields

o

0x = Adx + Bu, A::ﬁ , = )
ox ( ou (%.00)

%,1)

For ([I)-(2.2) with variables (¢, ) as defined above, the Jacobians are

0 0 —wvsing cos¢ 0 0

10 0 wcos¢ sing - 0 0
A= 00 0 Ttan |’ B= 2sec’y 0]’ (4)

0 0 0 0 0 1

evaluated at (¢,v,v) = (¢,v,1).
This model is underactuated in inertial coordinates. The inputs (¢, a) or (¢,v) do not

directly actuate the inertial position states (z,y); instead, they influence position through
vehicle heading and forward speed. Consequently, controllability of the linearized model
depends on the operating point, and the standard linear controllability rank test can be
misleading if interpreted as a statement about the nonlinear system.

To make this explicit, consider the controllability matrix of the linearized continuous-time

system
C = [B AB A’B A3B}. (5)

At low speed v = 0, the steering channel decouples from heading dynamics:

and the linearized model loses the ability to affect the heading state through . In that
regime, the rank of C' drops, showing that changing steering angle cannot change the vehicle
pose when the vehicle is not moving. Physically, this is the stationary-car case: turning the
steering wheel alone does not change the vehicle state.

For inversion-based or aggressive tracking control, this points toward a formulation that
works with acceleration-level quantities rather than using small-signal controllability conclu-
sions in inertial coordinates. The active controller implementation in this thesis therefore
uses acceleration-domain inverse targets rather than a full dynamic-extension controller.

13



2.2.2 (ii) Dynamic single-track model (higher-speed)

State:

Tgt =

@3RS o

where r == ¢ is yaw rate and [ is the vehicle body slip angle at the center of mass.
The simulator uses the following position kinematics, consistent with the planar dynamic
bicycle formulation used in autonomous-driving control design |1}2]:

X =wvcos(¢p+ f), Y = wvsin(¢ + 3). (6)

Steering and longitudinal channels:

5 = Wws, V= a,
and yaw kinematics: '
o =r.
For compactness, define g = 9.81 and L = Iy +[,. With these definitions, the single-track
yaw-rate and slip-angle dynamics are:

. m
i = = L (13Css(gle — ah) + Cs, (gl + ah) ) 7
m
+ 22 (1 Gl + ah) = 1 Csy (gl — ah)) 8
m
+ 22 1,Csy(gly — ah) 3,

5 = (5 (Cselaly + ah)ly = Coglgly — ah)iy) =1) r
— - (Cslgly + ah) + Csslgl, —al)) 8

1
— l, —ah)?é.
‘I‘ULCSf(gT a )

State-space form. Define f, : R” x R? - R” by
jjst = fSt(xStu U),

with
[vcos(¢p+ B)]
vsin(6 1 9)

Ws
fst(xsta u) = a )




where 7(-) and §(-) are given by [@.

2.2.3 Hybrid switching used in the simulator

The implementation switches between models based on speed:

if 0] < v, T = fis(z,w); else @ = fy(x,u),

with vy, = 0.5 m/s in the provided code. The Jacobian matrices depend explicitly on the
operating trajectory. Although these Jacobians can be computed analytically, the resulting
linear system remains structurally underactuated in inertial coordinates.

In particular, longitudinal velocity acts only along the vehicle’s body-fixed axis, and
steering affects orientation indirectly through curvature. As a result, the inertial position
states (z,y) are not directly actuated. Controllability is achieved only through integration
over time.

This behavior appears in the controllability matrix of the linearized system, which is
rank deficient when evaluated at a fixed operating point. The rank deficiency reflects a
geometric limitation of the kinematic bicycle model expressed in inertial coordinates, not a
shortcoming of the model.

Physically, the point is easiest to see for a vehicle moving on a flat plane with no external
disturbances or landmarks. Absolute position in the plane does not affect the dynamics, and
instantaneous control inputs cannot independently set motion in both inertial directions.

Consequently, linear controllability analysis of the kinematic bicycle model provides lim-
ited insight into tracking performance or inversion-based control. This is why the con-
troller used later in the thesis works in the acceleration domain, targeting desired longitudi-
nal/lateral acceleration and yaw-rate response.

2.3 Dynamic Single-Track Model

The planar single-track model is written in the body-fixed frame with the augmented state
:L“Z:[XY(I)Ux Uy reAzﬂT, u::[az 6} ,

where X,Y are inertial position coordinates, ® is yaw angle, v, and v, are the longitudinal
and lateral body-frame velocities at the center of mass, and r = ® is yaw rate. The inputs
are commanded longitudinal acceleration a, and steering angle 6. The vehicle mass is m,
yaw inertia is I, the distances from the center of mass to the front and rear axles are a
and b, and the wheelbase is L. = a + b. The center-of-mass height is denoted by h, the
tire-road friction coefficient by u, and the front and rear static normal loads by F s, and
F, ,0, consistent with the standard reduced-order bicycle-model setup used for force-balance
vehicle dynamics [1,2,5]. Figure [2[ provides the full four-wheel free-body layout used to
interpret the force and moment balances in the model. The drawing serves as a geometric
force map in the style used in vehicle-dynamics texts such as Pacejka’s Tire and Vehicle
Dynamics [6, Chapters 1-2] and Rajamani’s Vehicle Dynamics and Control [5, Chapters 2—
3]. The full-model notation in the figure is richer than the reduced planner model: it may
distinguish per-wheel tire forces, multiple inertia components, angular deflection variables,

15



and load-transfer lever arms that do not appear explicitly in the planar single-track equations.
The reduced model used for planning and inversion is obtained by summing wheel-pair forces
and collapsing the rotational dynamics to the planar yaw channel, following the common
kinematic/dynamic abstraction used in autonomous-driving control design [1,2].

Figure 2: Four-wheel free-body diagram used to interpret the drift-capable vehicle model.
The figure shows the body-fixed axes, steering angle, center-of-mass location, front/rear mo-
ment arms, load-transfer geometry, and the longitudinal, lateral, and normal force channels
at the tire contact patches. The control-oriented model used later in the thesis is obtained
by reducing this double-track force picture to equivalent front- and rear-axle resultant forces
and a planar yaw moment balance.

The last two states are path-tracking error coordinates computed in the Frenet frame of
the reference path. Here e is the signed lateral deviation (positive to the right of the path),
and A1) = ® — 1) is the heading error relative to the local path tangent angle ,.s. The road
curvature of the reference path is x (positive for a right-turning path under the body-frame
convention used here), and § is the path-progress speed, approximated as § ~ v, for small

A,

Four-wheel interpretation and reduction. Figure[2]should be read as the physical four-
wheel or double-track model, in which each contact patch can carry its own longitudinal,
lateral, and normal force components. In that setting one may use wheel-indexed quantities
such as

Fa;,fla Fa:,f?“u Fa:,rla Fz,rm Fy,fh Fy,fr) Fy,rb Fy,rry Fz,fl; Fz,fm Fz,rlu Fz,rra

16



along with additional geometric or inertial variables that support roll, pitch, and load-transfer
reasoning. This is the appropriate level for interpreting inside/outside tire unloading, brake-
induced front loading, rear unloading during turn-in, and the force asymmetries that motivate
drift-capable maneuvers.

The planner and inverse-controller model used in the present thesis is a reduced planar
single-track model, obtained by summing left/right wheel pairs into equivalent front- and
rear-axle resultants,

Fx’f - Fx,fl + Fx:f“ Fz,r = Fx,rl + Fz,rra (8>
Fy,f = Fy7fl+Fy,f7“a Fy,r = y,rl‘I’Fy,rra (9)
Fz,f :Fz,fl+Fz,fT7 Fz,r :FZ,TZ+FZ,TTa (10)

and then retaining only the planar translational and yaw dynamics. In the reduced equations
below, r denotes yaw rate, I, is the yaw moment of inertia, and the front /rear axle resultants
(Fup, Fyyp, Fag) and (Fy,, Fy,, F,,) carry the effect of the underlying four-wheel contact
forces. The four-wheel model gives the physical interpretation layer; the single-track model
is the control-oriented state-space form used for planning and inversion.

With the force layout of Figure [2] the state equations are

[ vy cos P — v, sin |

[ X ] vy sin ® 4 v, cos ©

Y r

fi) F, fcosd — F,¢sind + Fy, +ro,

Vz | _ Fy s siné—i—ﬁfcosd—l—Fw . (11)

'Uy — TUg

. m

T a(Fypsind + F, fcosd) — bF,,

é' I
| A ] vy + Vv AY

r— KS

The path-error rows follow from the Frenet-frame kinematics: é = v, 4+ v, A gives the
lateral deviation rate under the small heading-error approximation, and A¢ =1r — kS is the
yaw rate minus the rate at which the path tangent rotates.

The front and rear tire-frame velocities are

v, ;= sind (v, + ar) + cos d vy, v, = cosd (v, + ar) —sind v, (12)

vl = Vg, vy, = Uy — br. (13)
Sign and frame conventions. Throughout this work the vehicle body frame follows the
convention shown in Figure 2} X points forward, ¥ points to the vehicle’s right, and Z
points downward. Yaw rate r = ® is positive for a right-turning, clockwise rotation about
+Z, and steering angle ¢ is positive for a right steer. Slip angles a; and «, are defined
as the tire velocity direction relative to the wheel-plane heading; under this definition, a
positive slip angle produces a restoring lateral force in the negative Y direction in the linear

17



Fiala/Pacejka regime. Equivalently, when v, = r = 0, a positive steering command gives a
negative front slip angle and a positive rightward lateral force. The vehicle body-slip angle
B = arctan(v,/v,) uses the body-frame velocity sign: positive § means the velocity vector
points to the right of the vehicle nose.

Thus the front and rear slip angles are

o —sind v, —b
oy = arctan(cos (v, + ar) = sindv ) : Q, = arctan(vy 7") : (14)

sin d (v, + ar) + cosd v, Vg

Equivalently,
Cf)S(S (vy +ar) — Sinévgc7 tanq, = vy — b?“. (1)
siné (v, + ar) 4+ cosd v, Vg

tanay =

Figure [2| gives the global four-wheel force and moment layout, while Figure [3]isolates the
axle-local slip geometry of the reduced single-track model. At each axle contact point, the
velocity vector is set by the body-frame velocity and yaw rate. The slip angle is the angular
difference between that velocity direction and the wheel-plane heading.

Slip angle geometry at the front axle (left) and rear axle (right)

<
>
<

wheel plane (6)

ar
\'"/3

\

X
wheel plane (6 =0)

Front axle Rear axle

Figure 3: Slip angle geometry at the front axle (left) and rear axle (right). At the front,
the slip angle oy is measured between the steered wheel plane and the velocity vector vy =
(vl f, vy ;). At the rear, o, is measured between the vehicle longitudinal axis (6 = 0) and the
rear contact-point velocity. The sign convention used in the benchmark scripts is checked by
requiring positive steering at v, = r = 0 to produce positive rightward lateral acceleration
and positive yaw response.

Under longitudinal load transfer,

h h
Fz,f = Fz,fO — mT(II, Fz,r — Fz,rO + mTaa;-

This front—rear load shift corresponds directly to the normal-force channels shown in Figure 2}
braking (a, < 0) increases the front normal load and unloads the rear, while throttle does the

(16)
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opposite. In the full four-wheel picture, the same mechanism is resolved into left /right wheel
loads. The reduced single-track normal forces F, ; and F,, should therefore be interpreted
as the corresponding axle sums.

Define the Fiala stick-region operator

C?2 c?

Ftiok(T, Fy) = —Com + 3/;?2 7| T — 27M§F3 3 (17)
and the slip-region operator
Faip(er, F,) = —pF, sgn(a). (18)
Using
Ty = tanay, T, = tan a,,

the front and rear lateral tire forces are selected according to the stick or slip regime at each

axle.
The longitudinal tire forces are limited by the friction bounds

F,;=sgn(Fy ) min(IFin,fI, \/max{(,qu,f)Q - F, 0}) , (19)

Fy, = sgn(Fay) min<|Fm], ymax{(uF.,)? — F2,. o}> . (20)

The state equations retain the same form in all regimes; only the definitions of F, ; and
F, , change. The four cases are given below.

Front tire state

Stick Slip
f, Case 1 Case 3
9 = ) ) . :
© ] Stick / Stick Slip / Stick
L7
(4]
1
=
)
E a Case 2 Case 4
o] Stick / Slip Slip / Slip

Figure 4: Combination of front and rear tire operating regimes used in the dynamic model.

19



Case 1: Front stick, rear stick

3,quf 3/LFZT
< arct L) .| < arct )
lay| < arc an( c. ) || < arc an( c.

Fy,f - Fstick(Tfa Fz,f)y Fy,’/‘ = stick(Tm Fz,r)7

Here

Thus

or explicitly,

cosd (v, +ar) —sind v,
Fy,f = —Cu—
sin d (v, + ar) + cos 6 v,

c? cosd (v, + ar) —sind v, | cosd (v, + ar) —sind v,

+

sind (v, + ar) 4+ cosd v, | sind (v, + ar) + cosd v,

3 (Fego — %a)

B 3 (cosé(vy—i-ar) —sinévx)g
a$)2 ,

2712 (F, g0 — ™0 sin 0 (vy + ar) + cos 0 v,

vy — br| v, — br

—b C?
FZ/,T = _Cavy : + N h
Ug 3,U<Fz,r0 + mTaa:)

Vg Vg

c3 (vy - br)3
27:“’2 (FZ,TO + mTham)2 Vg .

(21)

(22)

(23)

Here both axles generate unsaturated lateral force, so 5 remains small and evolves smoothly.

This regime corresponds to normal driving.

Case 2: Front stick, rear slip

Here S S
WLz ¢ HL %
< arct : .| > arct .
lay| < arc an< . > || > arc an( . )
Thus
Fy,f = ]:stick(Tfa FZ,f)? Fy,'r = slip(ara Fz,r)’
that is,
B, ——C cosd (v, +ar) —sind v,

“sind (v, + ar) + cosd v,
02

cosd (vy + ar) —sind v, | cosd (v, + ar) —sind v,

+

sind (v, + ar) 4+ cosd v, | sind (v, + ar) + cosd v,

3u(F 0 — "7 0a)

c3 (cosé(vy—l—a'r) —sinévw)?’
a,)’ ’

B 272 (F, go — sind (v, + ar) + cosd v,

h
F,r=—u (Fz,rO + mfax) sgn(a.).
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Here, rear lateral force saturates first, reducing rear stabilizing authority and tending to
increase [ more aggressively. This is the oversteer regime. Deliberately driving the tran-
sition from Case 1 to Case 2 can allow faster and tighter turns in some racing conditions.
That possibility motivates trajectory planning and control designs that can use Controlled
Oversteer without losing recoverability on the race track.

Case 3: Front slip, rear stick

Here S S
|y > arctan(ﬂc—:’f) , | < arctan( NC:’T) :
Thus
Fy,f :fslip(afan,f)y Fy,r == stick(Tran,r>7 (27>
that is,
mh
F,r=—u (Fz’fo — T%> sgn(ay), (28)
Fyr:_cavy—br_i_ C? ] vy — br| v, — br
’ Uy 3:“/(Fz,7'0 + mTa:E) Uz Uz

c3 (vy - br) ’
27:“’2 (FZ,TO + mThar)Q Vg .
Here, front lateral force saturates first, limiting front turn-in authority and typically produc-
ing larger path-tracking error with more gradual growth in 5. This is the understeer regime.

In racing, a driver may mitigate it by briefly applying the brakes to shift load forward and
increase steering authority.

Case 4: Front slip, rear slip

SuF, SuE, .,
s > arctan(%) , || > arctan( MC : ) :

« e}

Here

Thus
Fy,f = }—slip(afv Fz,f)» Fy,r = }_slip(aw Fzm)» (30)

or explicitly,

mh

mh
Fy,f =—p <Fz,f0 - TCLI> Sgn(af)> Fyﬂ“ = —H (Fz,ro + I ax) Sgn(O‘T)' (31)
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In all four cases, the state equation remains

[ vy cos P — v, sin ]

Da v, sin @ + v, cos P

Y r

fb F,fcos0 — F, ssind + F,, 1o,

Vo | F,psiné + ]}Zf cosd + F, ; (32)

0, — TV,

, m

T a(F, rsind + F, ycosd) — bE, ,

e I,
i Uy + vz A

r—KS

with F} ; and F),, selected according to the active stick-slip regime.

In Case 4, both axles saturate, so the evolution of /3 is determined primarily by the friction
envelope rather than tire cornering stiffness. This regime is strongly nonlinear, and additional
steering input produces diminishing lateral force response. A sudden reduction in surface
friction (for example, black ice) may cause rapid transitions from Cases 1-3 into Case 4 as
slip angles exceed the stick threshold. Aggressive corrective inputs, such as simultaneous
steering and braking, typically increase tire force demand and accelerate growth in 3, often
leading to spinout. Smooth inputs and wheel alignment with the velocity vector reduce tire
force demand and promote recovery of lateral stability.

2.4 Enhanced Bicycle Model

The kinematic and dynamic models omit several physical effects that grow in importance
at higher speeds and lateral accelerations. The enhanced bicycle model used in simulation
adds these effects progressively on top of the planar bicycle model, with each effect enabled
or disabled through the simulation configuration. The tire-force layer can use Pacejka Magic
Formula (MF 5.2), Dugoff, or a linear cornering stiffness approximation, depending on the
level of tire detail needed for a given run. Quasi-static lateral load transfer, AF, = Mha, /W,
redistributes normal load across the left and right sides under lateral acceleration, which
changes the local friction limit at each tire. When roll dynamics are enabled, the model
adds the states (¢, gzﬁ) and couples roll angle into the load-transfer calculation, capturing
the delay between lateral acceleration onset and full weight transfer. At higher speeds,
the longitudinal force balance also includes quadratic aerodynamic drag, F,eo = %C’dApvi.
Finally, the steering channel can include a first-order actuator lag, & = (demq — 0)/7, so the
simulated steering angle follows the commanded steering angle with a finite response time.
Figure |p| illustrates how these layers compose on top of the base bicycle model.
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+ Steering lag: & = (dema — 0)/7 (optional)

aYa
AN

+ Aero drag: Farag = %CdApvg (optional)

aYa
AN

+ Roll ODE: (¢, ¢) cou-
ple roll into AF, (optional)

aYa
AN

+ Load tranSfer: AFZIat - MhUmT/W sim_config.toml
(lateral), AFP™ — M ha, /L (longitudinal) toggles each layer

AN

aYa

+ Tire model: Linear / Pace-
jka MF / Dugoff (selectable)

aYa
AN

+ Dynamic EOM: v, 0y, 7
with Fiala lateral forces

aYs
A\

Kinematic bicycle model: XY, gf), v

. J

Figure 5: Enhanced bicycle model layer stack. Each row adds physics on top of the previous
layer; all additions are individually configurable. The tire model selection (linear / Pacejka
/ Dugoff) and the optional roll, aero, and steering-lag layers can be enabled independently
for ablation studies.

The three tire models in the enhanced bicycle model all saturate lateral force nonlinearly,
each at a different level of fidelity. The linear model uses F,, = Cya, which is valid only for
small slip angles. The Pacejka Magic Formula [6] (MF 5.2) is

F, = Dsin(C arctan( Ba — E(Ba — arctan(Ba)))), (33)

where D = uF, is the peak force, C' is the shape factor, B is the stiffness factor such that
the initial slope equals BC'D, and E controls the curvature at the transition to saturation.
To capture the dependence of tire stiffness on vertical load, the stiffness factor is scaled as

B(E.) = Bogn ( 22om )" (34)
z - nom Fz Y
where the exponent p controls how strongly the tire stiffness changes with normal load. The
Dugoff model [7] provides a more compact saturation law:

2-MA A<l uF.

— K= 35
1 A>17 2C,| tan a|’ (35)

F,=—-Cytana - f(A), f(A) = {

where ) is a normalized saturation index. The quasi-static load transfer approximation uses
a, =~ v,r (centripetal acceleration), so the effective normal loads fed into Equations —
are F, f = F, o — AF, and F,, = F, .o + AF,, with AF, = Mhuv,r/W.

Table [1] lists the parameter values used in the enhanced-model simulation studies.
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Table 1: Default vehicle and enhanced-model parameters used in simulation.

Parameter Symbol Value Unit

Vehicle Geometry

Wheelbase L 2.500 m

CG to front axle a 1.250 m

CG to rear axle b 1.250 m

Track width W 1.400 m

CG height h 0.500 m
Mass and Inertia

Vehicle mass M 1500 kg

Yaw inertia I, 2500 kg-m?

Roll inertia I, 500 kg-m?
Tire Properties

Front cornering stiffness Coy 80000 N/rad

Rear cornering stiffness Cor 90 000 N/rad

Peak friction coefficient " 0.90 -

Pacejka shape factor C 1.90 -

Pacejka curvature factor E 0.97 -

Load sensitivity exponent P 0.30 -
Enhanced Model Additions

Roll stiffness Ky 25000 N-m/rad

Roll damping D, 2000 N-m-s/rad

Aero drag coeff. Cy 0.35 -

Frontal area A 2.20 m?

Air density p 1.225 kg/m3

Steering lag T 0.05 S
Control Limits

Max steering angle Omax +24 deg

Acceleration range [@min,s Gmax] [—3.0, 2.5] m/s?

This enhanced model provides a physics baseline between the pure bicycle model and
the full MuJoCo simulation. It also serves as the starting point for data-driven residual
identification.

Implementation note: slip angle conventions. The enhanced-model implementation
uses the small-steering-angle approximation for the front slip angle,

ap=10— arctan(vy a ar) : (36)

Vg
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which is the linearisation of the exact formula in Section [2| for cosd ~ 1, sind ~ . With
the +Y right convention, a positive right steer from v, = r = 0 gives the correct positive
rightward response after the corresponding tire-force sign is applied. For the rear axle the

convention is b
v, — br
a, = — arctan( Y > : (37)
Vg

where the leading minus sign keeps the rear slip variable paired with the restoring-force
convention used by the tire model. Load transfer uses the quasi-static centripetal approxi-
mation a, ~ v,r, giving AF, = Mhuv,r/W. A higher-fidelity implementation would replace
vpr with the body-frame lateral acceleration v, 4 v,7r. Both conventions produce the same
result at steady cornering (v, = 0).

The reported scripts do not all store slip angle with the same intermediate sign. Some use
a = d—arctan((v,+ar)/v,) and a restoring-force convention, while the sweep implementation
stores the opposite signed angle and pairs it with the corresponding tire-force law. The
thesis uses the physically verified input-output convention throughout: a positive steering
command at v, = r = 0 must produce positive rightward lateral acceleration and positive
yaw acceleration in the script that generated the reported table. The active sweep code now
includes this sign-convention smoke test.

3 Tire Models

3.1 Fiala Tire Model

In the tire coordinate frame, the Fiala lateral-force approximation follows the classical tire-
force formulation used by Fiala, Dugoff, and Pacejka [6-8].

3,LLFZ Ca

—~Ca tan(a) + 50| tan(a)| tan(a) — gk tan’(a); o] < arctan(%4F)
Fy = paFz ‘ (38)
— k% sgn(); otherwise

Where:
C, is the tire cornering stiffness,
4 is the tire-road coefficient of friction,
« is the slip angle, and
F, is the normal tire force.
The slip angle in the tire reference frame is defined as

v Jtire
a = arctan(—22)
Ux,t'ire
or
v J2tire
tan(a) = L
Ux,tire

This ratio is an intermediate variable that can be substituted directly into the Fiala tire
model.
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For the front tire frame, this gives the following lateral-force expression.

_C Vy,tire + CCQI |'Uy,tire Vy,tire Ci [Uy,tire]?). |'Uy,tire < 3ukF,
Fy — o Uz, tire 3/'LFZ Vg, tire ' Uz tire 27N2FZQ Vg tire ! Vg, tire Ca (39)
Uy tire . :
—uFngn(arctan(m)), otherwise

The transformation from the tire frame to the vehicle frame uses the standard rotation
matrix.
For the front tire set, this gives

|:Fy7f:| _ [ cos & siné] [ijmnm-re] (40)

Fx,f —sind cosd Fx,fronttire

For the rear tire set, the steering rotation is the identity transformation.

|:Fyﬂ":| _ |:1 0:| |:Fy,rear tire
Fm,'r N 0 1 Fz,'rea'rtire
% r (41)
_— yr| — y,rear tire
FCC,T Fz,rear tire
The same frame transformation applies to velocity:
_va:,front tire- . [ cos 0 sin 5— [ Ve |
Uy fronttire| | —Sind cosd| |v, + ar| (42)
Reordering the velocity components gives:
[0y fronttire| _ |cosd  —sind| [v, + ar] (43)
_va:,front tire | N _Sin 0 cos o 1L Ve i
Multiplying through yields
Uy fromttire| €08 (v, + ar) — sind v, ] (44)
U fronttire]  |SINO(vy + ar) 4 cosd v,

The front slip angle is therefore
cosd(vy + ar) —sind v,
sin d(vy, + ar) + cosd v,

tan(ay) =

For the rear tire set, the velocity components are

Uy,rear tire — 10 Uy — br —_— Uy,rear tire _ Uy — br (45)
Vg rear tire 01 Vg Uz rear tire Uy
The front lateral force in the tire frame becomes

_ cos §(vy+ar)—sin d vy + c2 | cos §(vy+ar)—sin d vy | cos 6(vy+ar)—sin d vy
@sin §(vy+ar)+cosd vy 3uF; sin §(vy+ar)+cosd vy | sind(vy+ar)+cosd vy

Ja R . cB [cos 6(vy+ar)—sin5vx]3‘ |’Uy,ti7‘e 3uF,
y,fronttire — 272 F2 Lsin 6 (vy+ar)4cosdvg 1 7 Uz, tire Ca
cos 6 (vy+ar)—sind vz \\ . .
pF.sgn(arctan( FoeTrar) Teos s )); otherwise
(46)
Similarly, the rear lateral force in the tire frame becomes:
_ Vy —br C2 | vy—br| vy—br o C2  rvy—bri3. vy —br 3uF;
Fy rear tire — Ca Ve + SuF | Ve b | Ve 27”2F22[ U ] ’ | Ve | = Ca (47)
’ —uF,sgn(arctan(*=2)); otherwise
V. ’
x
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3.2 Roll Dynamics and Load Transfer

For the bicycle model, longitudinal load transfer is represented using the standard quasi-
static weight-transfer approximation from vehicle-dynamics texts [5./6].

szf:FZ»fO_Asz FZ,T:FZ,TO+AF27
h mh (48)
AR, =g =,
z I x, 7 a

Forward acceleration unloads the front axle and loads the rear axle; deceleration reverses
this effect.

This formulation is still vulnerable to wheel spin, where the requested force input Fj;p.
or throttle setting may not match the longitudinal force actually generated at the contact
patch.

The input force can be split between the front and rear wheel sets using a weight w:

E = Hn,f + Rn,'f‘a En,f = wEnu EH,T = (1 - U}) En?

For example, front wheel drive (FWD) uses w = 1, while rear wheel drive (RWD) uses
w = 0. For the experimental vehicle, this work uses w = 0.5, an all-wheel-drive (AWD)
approximation for a drivetrain that applies the same motor rotation to the wheels.

Each axle can generate only a friction-limited longitudinal force because the contact patch
obeys Coulomb friction. In 2D, this limit is the friction circle

JE2+F2 < pF,

which is the planar cross-section of the 3D friction cone at the wheel. The enhanced bicycle
model also includes lateral load transfer. During cornering, centrifugal inertia shifts normal
load from the inner tires to the outer tires. Under the quasi-static approximation a, ~ v,r,
the lateral shift is
Mheg vy
W Y
where W is the track width. Figure [0 illustrates this redistribution, and Figure [7] shows the
resulting friction-circle constraint at each tire. When a tire must also produce lateral force
F,, the available longitudinal force budget is reduced according to

AF = (49)

‘Fx,{f,r}| < Fw,max,{f,r} £ \/(,U/Fz,{f,r})2 - F;’{f,r} (5())
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\ I centripetal

\

\ 4

l
F

F

Figure 6: Lateral load transfer during cornering. The centripetal acceleration a, ~ v,r shifts
normal load AF = Mhegv,r/W from the inner tire (left, lightly loaded, red) to the outer
tire (right, heavily loaded, green). This redistribution reduces the inner tire’s friction limit
and increases the outer tire’s.
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Friction circle constraint

1.0- _ - T T~ - L
A R Y N HF;
P RN \
/ e S
05- £ ¢HE N
/ / (inner tire) \ \
/ \ \ C_ " Friction circle
N / / \ \ = = Inner tire limit
L ] J ! @® Casel
3 I ! |
= 0.0 | 7 1 Case 2
\>‘ \ ] 1 Case 3
w \ \ 1 / @ Case4
\ \ // X Limit
\ \ o . ‘
—-0.5- \ e T /
7
\ S~o e
N T )(
~ 7
o ~ o -
-1.0- -—-
-1.0 -0.5 0.0 0.5 1.0
Fx/(uFz)

Figure 7: Friction circle constraint. Each tire’s combined force vector (F,, F},) must remain
within the friction circle of radius pF,, while the inner tire’s limit shrinks to puF? after lateral
load transfer. The plotted cases show representative operating points: Case 1 remains com-
fortably inside the limit, Case 2 and Case 4 show other feasible combined-slip configurations,
and Case 3 lies near the full friction boundary.

3.3 Combined Friction Formulation

Substituting the load-transfer expressions F, ; = F, fo—mTha/x and I, , = FZ7T0+mTham into the
Fiala model, and using 7; := tan oy and 7, := tana, from the slip-angle definitions above,
the lateral force in the front tire frame can be written as a combined-slip approximation
consistent with the Dugoff/Fiala tire literature [6-8]:

+ Cgc 7| 0034 3 || < 3k s

. —C,1 T T — —=——=%—T13, |7 ,

Fle = EETT R T Ca (51)
—uF, psgn(ay), otherwise,

mh, . The corresponding lateral force in the rear tire frame is

where F, ;= F, jo — "f
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C? c3 3uF,
; _Ca r — r|fr — 37 r < Zﬂ"a
Fiire — Tt g, T T e v Ml < (52)
—uF, . sgn(oy), otherwise,
where F,, = F, ;o + mThaw.

The slip-region branch uses sgn(a) because sgn(arctan(7)) = sgn(7) for all finite 7. The
vehicle-frame forces F, ; and F,, follow from the tire-to-vehicle rotation matrices given in
the Fiala section above.

3.4 Slip Angle Analysis

The slip angle § at the center of mass is the standard vehicle-body velocity angle used in
bicycle-model derivations [1}/5]:

B =tan! ] (53)
Vg

where v, is the longitudinal velocity of the car in the body frame and v, is the lateral velocity
in the body frame.

The time derivative of the slip angle describes how the vehicle heading evolves relative
to its velocity vector. This relationship becomes important when analysing understeer and
oversteer behaviour in later sections.

. dtan™! Z—z
T at

1,
1+ (2)20,

1 (V30 — vy Uy)
1+ (34)? vz
_ (VpUy — vy Uy)
= W

(54)

Substituting v, = (a, — ¢v,) and v, = (a, + dv,) gives

(vz(ay — ¢'U:v) — vy (a, + évy))
V2 + V2

B =

Vply — VpQUy — Uyly — Uy,
V2 + 02

. . (55)
Vgly — Vyly — QU — QU3

2 2

vy + Uy

_ Ugly — Vyly —é
o 2 2
vy + Uy
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B _ 'Uxay —'Uyax _¢

2 2
vy + vy

This result gives the direction-of-travel relation 6 = ¢+ 3. The corresponding rate of change
is

0=9¢+p
S UpQy — Uy
= Sy v f 55
¢ + 'Ug + 'Ug ¢ rom eq (56)
Vpy — Uyl
N v2 + vg

The accelerations can then be expressed through the forces acting at the center of mass.

F

Tem

= Mmay : F,

Yem

= May,

Fxcm = Fx,front tire COS 0 — Fy,front tire S1I1 o + Fx,rear tire
chm = F:c,front tire SH1 J + Fy,front tire COS 0 + Fy,rear tire

4 Controllers

This section covers several steering strategies for trajectory tracking. Each method reflects a
different modeling perspective, ranging from purely geometric correction to model-informed
prediction [9-12]. Comparing their assumptions and limitations provides context for the
iterative inversion approach developed later.

Figure [§| organises the controllers into four families according to the information they use:
purely geometric methods that operate on path errors without a vehicle model; kinematic
inversion methods that exploit the bicycle model equations; model-predictive and sampling-
based optimisation methods; and hybrid methods that blend feedforward and feedback paths.
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Figure 8: Taxonomy of the steering controllers evaluated in this work. Geometric controllers
use path-error signals alone. Inversion-based controllers derive steering from a vehicle model.
Optimisation-based controllers solve a receding-horizon problem. Hybrid controllers combine
feedforward prediction with geometric or error-based feedback.

4.1 Algebraic Kinematic Inverse

Consider the planar kinematic bicycle model in [T}

T = v oS @, 7 = vsin ¢, ¢ = %tanw, (57)

Naive inertial-coordinate inversion (fails). A direct attempt to recover v from the
inertial velocity components gives two conflicting expressions:

1 .
U CcOoS x
sin(@) Y
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This formulation is ill-defined whenever cos¢ = 0 or sin¢ = 0. It also produces conflicting
values for v unless the motion lies exactly along a coordinate axis. Thus, there are no valid
answers for ¢ = {0,%} wheren € 1,2,3,....

Alternatively, the input velocity can be computed as:

[o] = [Ev# + 7] (59)

This removes the singularity but discards directionality and gives two roots. Since v
is a signed scalar encoding forward or reverse motion, this mapping is not one-to-one and
therefore unsuitable for inversion-based control.

Corrected body-frame inversion (well-posed). Both failure modes above are resolved
by projecting the inertial velocity onto the vehicle’s body frame before inverting:

v =& cos(¢) + ysing (60)

In this form, there are no singularities at ¢ = {0, %"}, and the velocity retains an as-
sociated direction. Using this velocity, the steering angle can be recovered algebraically

as _
= arctan( . L ) . (61)

2 cos ¢+ ysin ¢

-

This gives the corresponding velocity and steering inputs:

- [t

arctan ( T cos ¢~y sin ¢

This representation defines a locally well-posed inverse of the kinematic bicycle model
in the low-speed regime. For any sufficiently smooth trajectory (x(t),y(t), ¢(t)) satisfying
v(t) # 0, the corresponding realizable velocity and steering inputs can be recovered uniquely
and algebraically from the state derivatives.

4.2 Stanley Controller

The Stanley control law [9] regulates lateral tracking by combining heading alignment with
lateral error correction. The steering command is defined as

k-CTE)

—_— 64
ksoft +v ( )

7#stamley = 96 + arctan (

where
o 0, = ¢t — 0 denotes the heading error,
e CTE is the signed Cross-Track Error measured relative to the path,

e k is the gain applied to lateral correction,
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® kyf prevents excessive steering at low speeds. As v — 0, tan™'(00) — +m/2

The first term aligns the vehicle orientation with the local path tangent. The second
term adds a velocity-scaled lateral correction that drives the vehicle toward the reference
path. Figure [J illustrates the key geometric quantities.

lps tanley

é ';'e\’;r‘ _
;/ X; Heading
e .
Pref/g ?_\f: ef

g ~
ﬁ s

-

.

-

® Signed CTE =" .

r’{f

Figure 9: Stanley controller geometry. The front axle is projected onto the nearest reference-
path point p.s to compute the signed cross-track error e. The heading error 6, = ¢ — 0
is the angular difference between the path tangent direction and the vehicle heading. The
Stanley steering command %stantey combines both signals.

Assumptions. This formulation implicitly assumes that steering directly determines cur-
vature. Because it is based on the kinematic model, the same assumptions apply: pure
rolling, no lateral slip, low speed, and negligible load-transfer effects. Tire forces and friction
limits are not modelled.

Advantages. The controller requires only geometric information about the path and the
vehicle pose. This simplicity gives it low computational cost and predictable lateral conver-
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gence in nominal operating conditions. Relying only on relative position and orientation, it
is straightforward to implement and tune without tire parameters or vehicle mass.

Limitations. Because the controller does not model tire forces or dynamic constraints, it
may command curvature that the vehicle cannot execute. In high-speed or high-curvature
manoeuvres, the pure-rolling and no-slip assumptions fail, and load transfer is no longer
negligible. In these regimes, force limits rather than geometry govern the vehicle response,
so the controller may produce oscillations, saturation, or degraded tracking performance. No
feasibility check against the friction ellipse is performed, since the commanded curvature is
geometric and may be physically unrealisable.

4.3 Blended Stanley Controller

The Blended Stanley controller augments the geometric Stanley law with a feedforward
curvature term derived from the reference path. Rather than relying only on error correction,
it blends a curvature-feedforward command g with the Stanley feedback command ) using
a CTE-driven weight [9,/10]:

P(t) = w(t) g + (1 — w(t)) s, (65)
where the blend weight is

—a|CTE(?)]

w(t) = Clamp (e » Wmin, wmax) ) (66>

with default parameters wy;, = 0.30, wyna = 0.90, and a > 0 controlling how quickly the
weight decays with cross-track error. The signal-flow architecture is shown in Figure [10]

{Reference curvature) R KX\

Kref — ¢ff J ]
OTE = ¢ —————| () = comp(e”*, i, i) Ol
(1—w)

Stanley law 1 9
98, e — wst J VU

Figure 10: Blended Stanley block diagram. An exponential weight w(t), driven by the cross-
track error, interpolates between the feedforward curvature command g (from the reference
path) and the Stanley feedback command g (from heading and CTE). Near the path,
w — 0.90 gives mostly feedforward; as error grows, w — 0.30 shifts authority to Stanley
correction.
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Weight interpretation. When |CTE| = 0, the vehicle is on path and w — 0.90, so the
command is 90% feedforward curvature and 10% Stanley correction. As CTE grows, w
decays toward 0.30, shifting authority toward the Stanley term to pull the vehicle back to
the path.

Assumptions. The feedforward curvature k.. is assumed to be realizable. The Stanley
component is valid under the kinematic, low-slip assumptions described in Section [4 and
CTE is treated as a reliable lateral error signal.

Advantages. The single additional tuning parameter a controls the transition rate. Near
the path, the feedforward term reduces steady-state lag and improves tracking on curved seg-
ments without requiring tire-force knowledge. If the deviation grows, the Stanley correction
pulls the vehicle back toward the path.

Limitations specific to friction-limited conditions. As the operating regime approaches
the friction limit, the blended Stanley structure inherits several limitations from its kinematic
feedback component. The Stanley correction ignores tire-force feasibility, so a large steering
command can request lateral force outside the friction bound. The CTE-based weight also
cannot distinguish between path error caused by saturation and path error caused by model
bias, even though those failure modes require different responses. Because neither g nor
1 is projected onto the friction ellipse, the blended command can remain infeasible. The
blend is also insensitive to speed, slip angle, and lateral acceleration; at high speed, the
floor wy,;, = 0.30 may preserve too much feedforward authority. Finally, when CTE is small
but heading error is large, the controller shifts toward feedforward even though curvature
feedforward alone cannot correct the heading transient.

Sections show how the inversion-based controller addresses these five deficits by con-
struction, with Section [§| providing quantitative validation against the geometric baselines.

Relation to feedforward methods. The structure ¢ = w g+ (1 —w) 1)y anticipates the
architecture used by the Curvature Feedback Inverse: a feedforward command augmented
by a geometric error-correction term. Replacing g with a Newton-inverse feedforward com-
mand while retaining the feedback component yields a hybrid that is both dynamically aware
and geometrically self-correcting. This motivates replacing purely kinematic corrections with
model-aware residual corrections from the data-driven methods of Section [7l

4.4 Pure Pursuit

Pure pursuit [10] computes a steering command by fitting a circular arc from the vehicle’s

current pose to a lookahead point on the reference path at distance Ly. In the vehicle frame,

the lookahead point has coordinates (1., y1.). The required arc curvature and corresponding
steering angle are

o — 2Y1a

L2°

Figure [11] illustrates the geometry.

1 = arctan(Lk). (67)

36



Lookahead point

Figure 11: Pure pursuit geometry. A circular arc (green) is fit from the rear axle to the
lookahead point at distance Ly on the reference path. The dashed circle indicates the looka-
head radius, and the lateral offset of the lookahead point in the vehicle frame, ., determines
the arc curvature x = 2y,,/L? and the corresponding steering command ).

Assumptions. The method assumes that a valid lookahead point at distance L, exists on
the reference path, that the path curvature at the lookahead distance is realizable (i.e., &
does not exceed the steering limit), and that slip angles are small enough for the kinematic
bicycle model to provide an adequate steering-to-curvature mapping.

Advantages. Pure pursuit provides inherently smooth anticipatory steering. The con-
troller responds to upcoming path geometry rather than only current error, which reduces
oscillation near the reference. The formulation is computationally cheap and straightforward
to implement, and the lookahead distance L; gives a single intuitive tuning parameter that
trades path-following tightness for smooth transients.
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Limitations. Performance is sensitive to the choice of L;: too short a lookahead can
lead to oscillation, while too long a lookahead can cause corner-cutting on tight curves.
The method does not account for actuator limits or vehicle dynamics, and it may produce
infeasible curvature commands at high speeds or on sharp curves. Steady-state lateral error
is not explicitly corrected; unlike Stanley, there is no direct cross-track error feedback term.

4.5 Geometric Replanning with Circular Arcs

An alternative to direct error correction is to generate a locally feasible path at each timestep.
One approach connects the current vehicle pose to a lookahead point using a circular arc,
which is the same geometric idea used in classic path-tracking formulations such as pure
pursuit [4,/10]. Expressing the lookahead point in the vehicle frame gives the arc curvature

2 oca.
= e (68)
Llocal + Yiocal
with the corresponding steering command
Y = arctan(L k). (69)

This formulation replaces explicit feedback with local geometric planning. The controller
determines a feasible path segment and then commands the curvature required to follow it.

Assumptions. This approach relies on the same geometric assumptions as the kinematic
bicycle model. Steering uniquely determines curvature by assumption, and the vehicle is
taken capable of realizing the arc. Feasibility follows from the vehicle pose and lookahead
point alone, with no account for tire forces, load transfer, or dynamic limits.

Advantages. Because steering is derived from a locally planned arc rather than instan-
taneous error, the resulting commands are typically smooth and anticipatory. The method
naturally incorporates future path geometry through the lookahead point, which can improve
stability compared to purely reactive feedback. Curvature varies continuously with the local
geometry, helping avoid abrupt steering changes.

Limitations. Since feasibility is judged only from geometry, the method does not ac-
count for tire-force limits or saturation. Performance depends strongly on the choice of
lookahead distance: short lookahead can cause oscillations, while long lookahead can delay
correction. When the curvature required by the arc exceeds what the vehicle can physically
realize, the controller has no mechanism to enforce feasibility, and tracking may degrade.

Motivation for Iterative Inversion. All of the preceding methods operate under the
implicit assumption that a commanded curvature is realizable. In practice, achievable cur-
vature is limited by tire forces, friction, and vehicle dynamics. When commanded curvature
exceeds these limits, geometric controllers may generate oscillations, saturation, or loss of
tracking.

This limitation motivates a different formulation. Instead of commanding curvature
directly, the controller should determine the inputs required to produce the lateral force
associated with the desired trajectory. Because tire forces depend nonlinearly on the control
inputs, this mapping is not generally available in closed form. The iterative inversion method
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introduced in the next section addresses this problem by solving for control inputs that satisfy
the dynamic force balance at each timestep.

4.6 Hybrid Control (Feedforward 4 Stanley Feedback)

To improve nominal tracking, geometric feedback in the Stanley controller can be combined
with a feedforward steering prediction obtained from a model-based inverse, following the
standard hybrid feedforward/feedback pattern used in path tracking [9,/10]. Let ¢g denote
the steering angle predicted from the desired curvature. The combined control law is

’QZ) = w(t) 77/}ﬂr + (1 - U}(t)) ¢stanley7 (70)
where the weighting function
w(t) = max(wmin, min(wmax, e‘“lCTE‘)) (71)

adjusts the balance between feedforward and feedback.

When tracking is accurate, the controller relies primarily on feedforward curvature predic-
tion. As deviations grow, the feedback term takes over. This structure separates trajectory
tracking into two components: a predictive term that enforces nominal curvature and a
corrective term that compensates for disturbances and modeling errors.

Assumptions. This formulation inherits the same assumptions as the Stanley controller.
Steering determines curvature, and the commanded inputs are achievable by the vehicle. The
feedforward term therefore predicts the curvature required by the reference trajectory, while
the feedback term is intended only to correct deviations, not to enforce physical feasibility
of the motion.

Advantages: By incorporating feedforward prediction, the controller can reduce steady-
state tracking error and avoid excessive reliance on corrective steering. The resulting com-
mands are typically smoother because the feedforward term tracks reference curvature di-
rectly, reducing the corrective steering needed at each step. At the same time, the feedback
component preserves robustness to disturbances and modeling inaccuracies, allowing the
controller to recover when deviations arise.

Limitations: Despite these improvements, the formulation still assumes that the vehicle
can execute the commanded curvature. If the feedforward prediction requests a manoeuvre
requiring more force than the tires can provide, the controller has no mechanism to enforce
command feasibility. The feedback term can only react after the deviation has occurred.
Consequently, performance may degrade in aggressive maneuvers where force limits, rather
than geometric considerations, govern the achievable motion.

This limitation motivates controllers that reason directly about the forces required to
produce the desired motion, rather than relying solely on curvature prediction.

Thus, while the hybrid formulation improves nominal behavior, it does not fundamentally
address feasibility of the commanded motion.

4.7 Model Predictive Control

Model Predictive Control (MPC) [11] formulates trajectory tracking as a finite-horizon op-
timal control problem. At each time step, MPC chooses a sequence of future control inputs
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that minimizes a cost function penalizing tracking error, control effort, and input variation,
subject to the vehicle dynamics and actuator constraints. Only the first control input of the
optimized sequence is applied, and the optimization is repeated at the next time step using
updated state information.

Let the discrete-time prediction model be written as

Tpp1 = flag, ug),

where xy, is the state and uy = [ag, 1] denotes longitudinal acceleration and steering input.
Given a prediction horizon H, MPC solves

H-1
min > (Ilecer P, + lenenarliBy + lewrld, + luellf + 1Az, ) (72)
{uk}k:() k=0
subject to the system dynamics and actuator limits
Umin S Uk S Umax, Aumin S Auk S Aumau(- (73>

Here,

e e . denotes cross-track error,

® c1..q denotes heading error,

e ¢, denotes speed tracking error,

e Auj = uy — up_1 penalizes rapid control variation.

The resulting optimization produces control inputs that explicitly balance tracking accu-
racy, smoothness, and feasibility. Unlike geometric controllers, MPC accounts for actuator
limits directly during planning and can incorporate additional constraints such as steering
rate limits, acceleration bounds, or tire-force approximations. MPC is included here as a com-
parison baseline that characterises constraint-aware receding-horizon tracking. A four-speed
numerical benchmark (1.0, 4.0, 7.0, 10.0 m/s; ellipse and circle trajectories; friction-plant
simulation) is reported in Section [§ alongside Stanley and MPPI; see Table .

Modeling assumptions. The controller assumes that the prediction model adequately
represents the vehicle dynamics over the horizon. In practice, a kinematic or reduced dynamic
model is used, and receding-horizon feedback corrects disturbances or modeling errors. The
approach further assumes that the optimization can be solved within the available control
update time.

Advantages. MPC explicitly enforces actuator constraints and produces dynamically fea-
sible control inputs. By looking ahead over a finite horizon, it incorporates future trajectory
information, improving tracking smoothness and stability at higher speeds. The framework
also provides a systematic way to balance competing objectives such as tracking error, control
effort, and smoothness.
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Limitations. The method requires solving an optimization problem at each time step,
which increases computational cost. Performance depends on the accuracy of the prediction
model and the tuning of the cost weights. If the model is inaccurate or the solver cannot
converge within the control period, tracking performance may degrade.

Relation to inversion-based control. Where inversion computes the control required
to achieve a desired instantaneous motion, MPC searches for a sequence of feasible controls
that best approximate the desired trajectory over a horizon. This makes MPC particularly
suitable when actuator limits or dynamic constraints prevent exact inversion of the motion
equations.

4.8 Model Predictive Path Integral Control

Model Predictive Path Integral (MPPI) control [12] is a sampling-based optimal control
method that approximates the solution of a finite-horizon stochastic optimal control prob-
lem through Monte Carlo simulation. MPPI evaluates many randomized control sequences
and computes a cost-weighted average over predicted performance, without requiring a deter-
ministic optimizer. Similar to MPC, MPPI is included as a comparison baseline representing
the sampling-based end of the controller spectrum. A four-speed numerical benchmark is
reported in Section [§ alongside Stanley and MPC (Table , providing quantitative context
for where the Newton-type inversion approach sits relative to both deterministic optimisation
(MPC) and stochastic sampling (MPPI).
Let the system dynamics be written in discrete time as

T = f(2g, ur),

where x;, is the vehicle state and uy, = [ag, 1] " denotes acceleration and steering input. At
each time step, a nominal control sequence

U= {ug,ut,...,ug_1}
is perturbed by additive noise samples
u,(f):uk—i-e,(f), 1=1,..., K,
where (—:,(f) are drawn from zero-mean Gaussian distributions with prescribed variances.
For each sampled trajectory, a cumulative cost is evaluated:

H-1
S9 = 3 (el il + el sy + 41, + 101). ™
k=0

The control update is then computed using a soft-min weighting:

K . ‘
Z exp (_XS(Z)) eg)

Z exp (——S(i))
i=1 A
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where ) is a temperature parameter controlling selectivity. The nominal control sequence is
updated by
up < ug + Auy, (76)

and only the first control input is applied before the process is repeated at the next time
step.

Modeling assumptions. MPPI assumes that the forward simulation model captures the
dominant vehicle dynamics over the prediction horizon. Unlike gradient-based MPC, MPPI
does not require differentiability of the dynamics and can accommodate nonlinearities or
discontinuities. The approach also assumes that enough samples can be generated within
the control period.

Advantages. MPPI naturally handles nonlinear dynamics and can incorporate actuator
constraints and cost shaping without analytic gradients. It is well suited to highly nonlinear
regimes where inversion or quadratic programming approaches may struggle. The method
is also highly parallelizable because trajectory rollouts are independent.

Limitations. Performance depends on the number of samples and the noise tuning. A
large sample count increases computational cost, while insufficient sampling may lead to
suboptimal control updates. Unlike deterministic MPC, constraint satisfaction is typically
enforced through cost penalties rather than strict guarantees.

Relation to inversion-based control. Inversion attempts to compute the control input
that produces a desired instantaneous motion. MPC searches deterministically for a feasible
control sequence that minimizes tracking error over a horizon. MPPI instead estimates
an optimal control update statistically through sampling. This makes MPPI attractive in
regimes where dynamic nonlinearities or tire-force saturation make closed-form inversion
inaccurate, while still retaining a receding-horizon structure.

4.9 Comparison of Control Strategies

The controllers evaluated in this work cover geometric, inversion-based, and optimization-
based approaches [9412]. Geometric controllers, such as Pure Pursuit and Stanley, compute
steering commands directly from the vehicle’s instantaneous geometric relationship to the
reference path. These methods are computationally efficient and simple to implement, but
they do not explicitly account for actuator limits or vehicle dynamics.

Inversion-based methods compute the control inputs required to reproduce a desired
vehicle motion derived from the reference trajectory. When the underlying model accurately
captures the vehicle dynamics, inversion can provide precise tracking performance. Exact
inversion may fail, however, or produce infeasible commands when the desired motion exceeds
the physical limits imposed by tire friction or steering constraints.

Optimization-based approaches determine control inputs by solving a finite-horizon opti-
mal control problem. Deterministic methods such as Model Predictive Control (MPC) com-
pute the control sequence that minimizes a cost function subject to system dynamics and
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actuator limits. Sampling-based methods such as Model Predictive Path Integral (MPPI)
estimate an optimal control update by evaluating many randomized control sequences and
weighting them according to predicted cost. These approaches are more computationally
demanding, but they naturally accommodate nonlinear dynamics, actuator constraints, and
friction limits.

In practice, geometric controllers trade model complexity for simplicity and robustness.
Inversion-based controllers track accurately when the model is valid, and optimization-based
methods handle nonlinear dynamics and tire-force limits most flexibly.
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Title

Mathematical formulation

Notes (A / + / -)

Inverse (curvature)

Blended Stanley
(Sec. |4.3)

Inverse + B
(Inverse FB)

Lookahead
(arc / pure pursuit style)

Stanley PI

Newton
(body-accel inverse)

g = arctan(Lkyer)

7/} = U”/JH + (1 - w)%t;

st = O + arctan(kkgff)

Y =g + g,

(feedback from geometric error)

2yla
oh

1 = arctan(Lk)

KR =

Y =1y + kr [ CTEdt

Solve [Uy;0y | = f(Fin, )
via Newton

A: Kin model; low slip; feasible k.
+: Smooth feedforward; low com-
pute; simple tuning.

—: No disturbance reject; infeasi-
ble k; dynamics ignored.

A: Kin steering— k; CTE sign
correct; mild slip.

+: Better nominal tracking; ro-
bust correction; smooth blend.

—: Model bias leaks; no force lim-
its; tuning sensitive.

A: Additive steering valid; errors
measurable; small angles.

+: Cancels drift; improves tran-
sients; modular design.

—: Can oversteer; saturations hid-
den; dynamics ignored.

A: Local arc feasible; lookahead
point valid; mild slip.

+: Anticipatory steering; smooth
curvature; fewer oscillations.

—: Lg4 sensitive; corner cutting; in-
feasible curvature.

A: Bias is slow; CTE integrable;
bounded windup.

+: Rejects steady bias; reduces
offset; simple add-on.

—  Windup risk; oscillations;
needs anti-windup.

A: Tire model valid; derivatives
smooth; good warm-start.

+: Enforces dynamics; handles
coupling; reduces slip error.

—: Iteration cost; can diverge;
needs model params.

Table 2: Summary of control methods (part 1 of 2). Notes: A = assumptions, + = advan-

tages, — = limitations.
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Title Mathematical formulation Notes (A / 4+ / )

Newton LA [az, aylaes = [axpr, ayrer + ayial;

A: Lookahead errors reliable; model
Newton solve

valid; stable step.
—+: Better robustness; anticipates cur-
vature; fewer overshoots.
—: More tuning knobs; compute cost;
still saturation-limited.

Predict under ug, compute (CTE, 6,)

Newton Pred LA on predicted state, add Ycorr

A: Predictor close; dt small; errors
smooth.

+: Compensates delay; cleaner steer-
ing; improved stability.

—:  Predictor mismatch; extra com-

pute; corner cases.

— 2y£a
Lz

A: Lookahead point valid; arc feasible;
1 = arctan(Lk)

mild slip.

+: Anticipatory; single tuning param
Lg; smooth transients.

—: Lg sensitive; corner-cutting; no

CTE feedback.

Pure Pursuit

Body-accel Solve ¥, = a‘;es for

R : 1. ,des .
verse (Fin, 6); opt. lookahead A: Dyn. model valid; a;,*® computable;

feasible inputs.

+: Explicit dynamics; lookahead vari-
ant reduces delay.

—: Model error propagates; compute
cost; saturation blind.

Fullstate Lo M solve for (Fiy, 6):

. match (vg, Uy, )next; A: State targets computable; LM
inverse
+ yaw-rate feedforward converges; yaw ff stable.
+: Jointly inverts all states;

curvature-aware ff; robust.
—:  Most expensive; requires warm-
start; three target states.

Table 3: Summary of control methods (continued, part 2 of 2). Notes: A = assumptions, +
= advantages, — = limitations.
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5 Non-linear Inversion: Newton Inverse

5.1 Algebraic vs. Iterative Inversion

Model inversion, the problem of finding the control input that produces a desired vehicle
motion, takes two fundamentally different forms depending on the complexity of the vehicle
model.

Algebraic (closed-form) inversion. When the vehicle model is linear or low-degree and
invertible, a closed-form expression can give the steering angle directly, without iteration. For
the kinematic bicycle model, tire lateral force tracks slip angle instantaneously and sideslip is
negligible by assumption. Under those assumptions, a single algebraic step gives the required
steering angle for reference curvature k.o and speed vy

Oalg = arctan(L /‘iref), (77)

where L is the wheelbase. This mapping is one-to-one, requires no iteration, and evaluates
immediately. It underlies the geometric controllers (Stanley, Pure Pursuit) and simple kine-
matic feedforward terms, where desired curvature maps directly to steering angle through
geometry without consulting a tire force model. The algebraic inverse therefore acts on the
geometric structure of the vehicle, mapping path curvature to wheel angle. It remains valid
only while the kinematic assumptions of negligible sideslip and linear tire behavior hold.

Iterative (Newton-type) inversion. Once tire nonlinearity, saturation, or state-dependent
effects are included, a closed-form map from desired motion to control input is generally no
longer available. The enhanced bicycle model, with Fiala or Pacejka tire force, defines a
map u — X that is nonlinear in both the steering input 6 and the current state. Finding the
input u* that produces a desired acceleration a,.f requires solving the nonlinear equation

f(u*; X) = ag (78)

iteratively. The iterative inverse therefore acts on the vehicle’s force-generation structure. It
searches for the steering angle whose tire forces are consistent with the desired acceleration,
while checking feasibility against the friction ellipse at every Newton step.

Table 4] summarises the key behavioral differences.

Table 4: Algebraic vs. iterative inversion: key behavioral differences.

Property Algebraic inverse Iterative inverse (Newton-LM)
Closed form Yes - single expression No - solved numerically

Model Kinematic / linear tire Nonlinear (Fiala, Pacejka, enhanced)
Acts on Geometric curvature Tire force balance

Friction check Not explicit At each Newton step (friction ellipse)
Computation  O(1) O(niter), typically 3—5 steps

Validity Low slip, low curvature Any regime within model validity

Failure mode  Silently infeasible command Convergence failure / saturation flag

46



The most important practical difference is in how each method fails. When the reference
curvature exceeds the friction-limited capability of the tire, the algebraic inverse still returns
a steering command; the formula produces a value whether or not the tire can generate the
required force. The iterative inverse either converges to a feasible solution inside the friction
ellipse or raises a convergence flag when none exists, giving explicit per-timestep feasibility
information that geometric controllers lack. Near the friction limit, this makes iterative
inversion more robust, since it verifies feasibility rather than assuming it.

Nonlinear inversion

Newton inverse
friction model

u* such that
F,(u*) = Fyr‘af

Y

{ Reference }

Rref, Uref

Curvature to
desired lateral force

Y
Slip to steering
conversion

5& = fgeom(U*7 Rref, /Uref)

0 u® ' O + Om Saturation
Initial input guess G Soma = sat(0g + O
u©@ from linear tire i cmd ffrom

ref __ .2
a’y - Uref/{ref

ref __ ref
Fy =ma,

or previous step
5cmd
Feedback !
controller Vehicle
5fb plant

measured states

Figure 12: Block diagram of the nonlinear inverse using the Newton method to compute a
feedforward steering command from the force implied by the reference trajectory.

The nonlinear inverse pipeline maps a desired path to a feedforward steering command by
inverting the nonlinear tire model. As shown in Fig.[I2] the reference path enters as curvature
and speed profiles, k(s) and vef(s). At each step, these define a desired lateral acceleration

ref

a,”, which converts to an equivalent desired lateral tire force F;ef. That force, together with

the current tire and state parameters, feeds into the nonlinear inverse friction block. The
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Nonlinear inverse friction model

Inputs
F°f tire parameters,
initial guess u(®

Y

Evaluate model
Fymodel _ Fy(u(k)) L.

| __ pmodel _ poref i
- U=h i 4D :
| : Evaluate derivative Update (Scaled Newton/LM) | !
| lgl < e oy _ 4y k+1) _ k) _ 9 |
| yes ‘ :
: {Hmall no |
| yes |
1 Output !
: p' Flag singularity 1
.| Converged input u* : !
| or saturation ;

Figure 13: Flowchart for the Newton-iteration procedure in the nonlinear inversion block of
Fig. [12] showing model evaluation, convergence checks, and update steps used to solve for
the converged input u*.
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initial internal tire-input guess u(?) comes either from a linearized tire approximation or from
the converged solution at the previous time step.

The flowchart in Fig.[13|summarizes the internal operation of the nonlinear inverse friction
model. Given the current guess u(®), the tire model is evaluated to produce F;“’del = F, (u(k)),
and the scalar residual g(u(’“)) measures the mismatch between the model and the desired
lateral force. If |g(u®)| is below a prescribed tolerance, the algorithm declares convergence
and returns the current iterate as the solution u*. Otherwise, it performs an update step to
reduce the residual. The system also guards against singularities and records diagnostic logs
when |¢/(u®)] is near zero; in that case the residual manifold is locally flat, so changing the
input produces little change in the residual.

Once a consistent tire input u* is found, it is mapped through the geometric tire—steering
relationship to a feedforward steering angle dg,

5ff = fgeom<U*a Rref, Uref) 5 (79)

which represents the steering command required to generate the desired lateral force at the
current operating point. This feedforward term is then combined with the feedback correction
0, and passed through the steering saturation block to produce the final commanded steering
input d¢nq to the vehicle plant, as indicated in Fig. [12]

The implementation uses a Newton update to invert the nonlinear friction model, al-
though other update rules are possible. Alternatives include gradient descent, momentum-
based methods (Momentum GD and Nesterov Accelerated Gradient), quasi-Newton updates
such as Broyden’s method, and one-dimensional secant updates. Short of a precomputed
lookup table with interpolation, Newton’s method is the fastest, most reliable, and simplest
option in this setting. It converges rapidly while keeping the implementation light enough
for low-power onboard processors such as the Raspberry Pi 3 or Pi 5, even when the full
state estimator and trajectory logic run concurrently.

To assess the suitability of different update rules for feedforward control, the inversion
routine was evaluated over randomly sampled desired accelerations from a fixed initial state.
The resulting metrics, summarized in the following figures, show each method’s convergence
behavior, final accuracy, iteration count, and feasibility rate. These results guide the choice
of update step when inverse dynamics is embedded in a fast closed-loop controller.

For a fixed initial state with randomly sampled desired accelerations, Figures [14] and
summarize the residual envelope, final accuracy, iteration-count distribution, and feasibility
rate for the update rules.
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Residual error envelope vs requested acceleration magnitude
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(a) Residual error envelope vs. requested acceleration magnitude.
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(b) Boxplot of final residual norms across methods.

Figure 14: Comparative evaluation of inverse-dynamics update rules (1/2): residual envelope
and accuracy boxplot.
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KDE density of iteration counts across methods

0.06 -
Newton
Newton Scaled
Broyden
Momentum Gradient Descent
0.05 Levenberg
Levenberg Scaled
Nesterov
Secant
0.04 -
2
2003+
@
[a)
0.02 -
g
d
0.01 -
0 1 L L £ |
-200 0 200 400 600 800 1000 1200
Iterations
(a) KDE of iteration counts across all update schemes.
40 Feasibility rate over sampled accelerations
T T T T T T
35 —
30 —

N
a

+ Feasible cases [%]
= [N)
(4] o

10

0 .
rof \ed aet cent 0o’ Aed oo ot
WeW on e eo¥ pes ovet (9 S° nest e
vt (68 Y e
et
Mot

(b) Feasibility rate over randomly sampled accelerations.

Figure 15: Comparative evaluation of inverse-dynamics update rules (2/2): iteration count
distribution and feasibility rate.

Scaled Newton and especially Scaled Levenberg-Marquardt , show better conver-
gence robustness, lower iteration counts, and higher feasibility than unscaled or first-order
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methods.

These results show that the inverse-dynamics update step strongly affects convergence
and feasibility when solving for the wheel force (throttle) and steering input that reproduce
a desired body-frame acceleration. Newton and Gauss—Newton-like schemes can reach low
residuals, but their reliability deteriorates when the Jacobian is ill-conditioned or the re-
quested acceleration lies near the edge of the friction circle. The high iteration counts and
low feasibility rates reflect this failure mode.

Both scaled variants, Newton and Levenberg-Marquardt, show higher feasibility and
lower variance in residual error. The diagonal scaling improves numerical conditioning,
especially for the Scaled LM method, by preventing overshoot and suppressing directions
with amplified curvature. Its damping mechanism allows the update to move smoothly
between gradient-like and Newton-like behavior, producing the most consistent performance.

The Newton method preserves quadratic convergence when the linearization is accurate
and the Jacobian is well-conditioned. LM damping reduces the convergence order to at most
super-linear, but it improves robustness when the Jacobian is ill-conditioned. Consequently,
Newton converges in fewer iterations under favorable, low-transition acceleration demands,
while LM is preferred in poorly conditioned cases.

Table 5: Summary of statistical comparison of inversion update steps.

Method Feas. Iter. Iter. Residual Residual Runtime
Rate Mean Median Median Mean [s]
(7]

Newton 1.67 889.07 900 5.25 5.19 0.0360

Newton Scaled  39.56 547.43 900 6.24 6.16 0.0238

Broyden 1.67 889.28 900 5.99 5.57 0.0217

Momentum Gra- 0.00 875.16 900 5.68 5.69 0.0342

dient Descent

Levenberg— 3.56 868.40 900 5.15 5.09 0.0361

Marquardt

Levenberg— 39.44 121.72 9 6.25 6.16 0.0071

Marquardt

Scaled

Nesterov 0.00 875.62 900 6.10 6.14 0.0343

Secant 1.67 894.62 900 6.50 5.96 0.0206
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Table 6: Summary of update rules for inverse-dynamics solvers.

Method

Update Equation

Notes

Newton

Broyden’s first

Momentum Gradient
Descent

Nesterov Accelerated
Gradient

Levenberg—
Marquardt (Damped
least squares)

Levenberg—
Marquardt (Scaled)

Secant Method

kD) = (k) — (JTJ)f1 JTr

e A O AP A
Ar, — B Aug) A
By = By (Ar e B A

o+ = k) _ gy JEOT ok

(1D equivalent approximation)

u(k) — u(k_l)

) Sa®) — g{u )

Same as Newton, but
with a diagonal scal-
ing matrix S:

S = diag(1/]]J]]).

Ary = Tpy —
Thy AUp = U1 — Up.

With momentum co-
efficient 0 < 8 < 1.

Where X > 0 tunes
between Gauss—
Newton and gradient
descent.

diagonal
weighting matrix

W = diag(w;).
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In the update expressions above, the control vector is u = [Fj,, §]T, and the residual is
r(u) = y(u) — Yres, where y(u) = [dv,(u), dv,(u), 7(u)]" denotes the model-predicted body
accelerations and Yarget is the desired acceleration vector. Newton-type and gradient-based
methods use the Jacobian J = dr/du € R3*?  computed numerically by finite differences.
The parameters n > 0 and 0 < # < 1 denote the gradient-descent step size and momen-
tum coefficient, respectively. Quasi-Newton schemes use an approximate Jacobian or inverse
Jacobian By, updated from the increments Auy = u*+Y — u®) and Ar, = rkt) — k),
Levenberg-Marquardt variants introduce the damping factor A > 0, while scaled formula-
tions use diagonal weighting matrices S or W. Momentum-based methods add an auxiliary
velocity variable v*), and Nesterov acceleration evaluates the gradient at the extrapolated
point y*) = u®) 4+ B(u® — kD),

5.2 Nonlinear Inverse Family and Solver Variants

The abstract Newton inverse framework appears at two distinct layers. Controller families
define the inverse target and feedback architecture, while solver variants define the numerical
update used inside that inverse. The main controller families are the Body-Acceleration
Inverse, the Lookahead Inverse, the Curvature Feedback Inverse, and the Full-State LM
Inverse. Table [7| compares solver update rules, not ten separate controller architectures.

Residual function. The original MATLAB/Fiala inverse variants use the same derivative-
level residual. For state (v,,v,,r) and control candidate u = [F},, 6]", define

j(u) € R?

as the Fiala/Pacejka model prediction for the body-frame acceleration vector [0 pred, Uy preds Tpred)-
The inverse solve compares this prediction with the target

des
Ay + T Uy

y = lads —ro, |, (80)

7;.des

where the first two components convert desired body-frame accelerations into time derivatives
of v, and v,, while 9% specifies the desired yaw acceleration. The residual is then p(u) =
§u) -y € RS,

The MuJoCo sweep and oracle controllers use a closely related, but not identical, resid-
ual. They compare Coriolis-corrected body accelerations [aiong, Gat, 7] rather than the raw
state derivatives [0, 0y, 7]. This distinction is easy to miss, but it matters when results are
compared across tables because the two residual definitions are not interchangeable. The
results and provenance sections therefore identify the artifact behind each table so that the
formulation remains traceable.

Jacobian structure. The 3 x 2 Jacobian J = 97/0u € R3*? is approximated by finite
differences at each Newton iteration:

T~ ?J(U+€F 61) —?J(U) g(u+eses) — y(u) : (81)
EF &s
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with e = max(1, |Fiy|) X 107% N and €5 = 107° rad. The weighted Gauss-Newton step
Au=—(WJITJWT + AN T W)

is applied with diagonal weight W = diag(1,1,0.2) that de-emphasises the yaw channel and
Levenberg-Marquardt damping A for regularisation.

Body-Acceleration and Lookahead Inverses. The Body-Acceleration Inverse family
inverts the equations of motion at the body-frame acceleration level. Given desired lateral
acceleration aj® and current state (vg, vy, 7), the inverse solve finds (6, Fi) such that j(u) ~
y* with 7% = 0. The Lookahead Inverse variant adds a geometric correction to the desired
lateral acceleration: .

ages — ages + K, %7 (82)

look

where ey, is the projected cross-track error at lookahead time Tjyox and K, is a gain (default
1.0). The predictive variant first propagates the vehicle state one timestep under the feed-
forward command, then computes the geometric correction from that predicted state. This

reduces sensitivity to communication and actuation delay.

Architectural requirement: inversion must be paired with feedback. A critical
architectural distinction separates the Body-Acceleration Inverse from the Curvature Feed-
back Inverse. The former is pure feedforward; the latter wraps feedforward inversion with
error feedback.

The Body-Acceleration Inverse computes (6, Fi,) from a desired lateral acceleration ag™
derived only from the reference curvature at the nearest waypoint. If the vehicle drifts off
the path, ages does not change. The controller continues to target the same curvature, so
the vehicle can track a permanently offset path. Any steady-state model error, including
incorrect Cyy, tire mismatch, or load-transfer error, becomes an uncorrected force bias that
integrates into growing position error.

The Curvature Feedback Inverse closes this loop by augmenting the inversion target with
heading-error and cross-track-error feedback terms, analogous to Stanley’s correction but
applied at the force level rather than the steering-angle level. When the vehicle drifts e,y m
off-path, the feedback term adjusts ages proportionally, driving the inversion toward a steering
command that returns the vehicle to the reference.

This distinction strongly affects benchmark performance. In the Enhanced bicycle-model
simulations, pure feedforward inversion is sensitive to steady-state model error because it
has no path-error term to pull the vehicle back after drift begins. When a residual correction
changes the effective tire response, the Body-Acceleration Inverse can command proportion-
ally less steering, understeer, and diverge. The Curvature Feedback Inverse sees the same
model change, but its error-feedback term can correct the resulting drift. The numerical
results in Section therefore compare inversion architectures as much as model fidelity
levels.

The practical implication is unambiguous: the force-consistency benefit of
iterative inversion is only realised when inversion is used as the feedforward
component of a feedforward+feedback architecture. In the tested benchmarks, a
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pure feedforward inversion controller is less stable than a simple geometric controller with
feedback, because geometric controllers such as Stanley inherently include cross-track and
heading correction. Inversion should therefore be paired with an outer error-feedback loop.
The Curvature Feedback Inverse follows this pattern and is the preferred architecture for
future hardware deployment.

Chassis-coupling instability, solver geometry, and inversion extension. The fixed v3
ablation quantifies this boundary: tire-only corrections leave the pure body-acceleration in-
verse stable at 4.58 m CTE, but adding chassis and roll correctors causes divergence because
the identified state-coupling coefficients (r—A7 &~ —29 rad/s?, v,—Av, ~ 16 m/s?) inject
forces proportional to yaw rate and lateral velocity at every RK4 substep. Those forces grow
monotonically through a corner and go unmodelled by the inversion target.

The Newton-LM solver is not trapped in a local minimum, flat basin, or saddle point.
It converges in 3-5 iterations to the exact root of the uncorrected residual. The solution is
numerically accurate, but it solves the residual of the uncorrected model, not of the corrected
plant. Because AFyChaSSiS(X) depends on x and not on the control input u, it does not reshape
the residual landscape seen by the solver. The residual surface is unchanged, and the solver
converges to its root without difficulty. What fails is the equation itself. The corrected plant
adds a state-dependent force offset at runtime that the solver never sees. The closed-loop
geometry is therefore neutral-stability with a growing disturbance input, not a saddle or flat
minimum. Without feedback to arrest drift, errors accumulate monotonically rather than
oscillating or plateauing.

To extend the inversion to handle state coupling, fold the chassis prediction directly into
the Newton residual before each solve step. Let AaS'(x) = (1/m) Echassis ¢(x) be the lateral
acceleration perturbation predicted by the chassis corrector at the current state. Replace
the standard residual with the augmented form

r(u) = Fy(u; x) + mAa:f/h(x) - F;es. (83)

Since Aagh depends on x but not on u, the Jacobian dr/0u is unchanged and no additional
solver iterations are needed. The augmentation is a free pre-shift of the inversion target,
so the solver finds the steering angle consistent with the corrected plant. This would allow
the pure body-acceleration inverse to remain stable under all-subsystem corrections without
relying solely on the outer feedback loop used by the Curvature Feedback Inverse.

Full-State LM Inverse. The Full-State LM Inverse controller inverts the full (v, vy, 1)
state jointly. Desired body-frame velocities at the next timestep are obtained from the
reference curvature and speed. The controller then uses scaled Levenberg—Marquardt to
find the (Fi,,d) pair that drives the model prediction toward those targets, with yaw-rate
feedforward defined by

(/{next - "inow) Uref

-des
7 = A7 (84)

This term comes from the reference curvature change rate. Input preconditioning uses
scales S = diag(mg, 0.3), with force scaled to vehicle weight and angle scaled to ~ 17°, which
improves numerical conditioning across the full speed range.
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Ten inversion variants benchmarked. A broader family of ten numerical update rules
was benchmarked against the same inverse residual:

# Key name Description

1 Newton Weighted+scaled Newton (Gauss—Newton with W, S)
2  Broyden Rank-1 quasi-Newton (Good Broyden)

3 Momentum Heavy-ball Newton (momentum-damped gradient)
4 Levenberg Scaled+weighted Levenberg—Marquardt

5 Nesterov Nesterov-accelerated gradient descent

6 Secant Frozen-Jacobian secant method

7 LevenbergPlain Plain LM (no W or S preconditioning)

8 NewtonPlain Plain damped least-squares Newton

9 Adam Adaptive moment estimation (Adam)

10 RMSProp RMS-gradient adaptive step size

Table 7: Ten inversion solver variants. All share the residual in and Jacobian in ;
variants differ in step computation and preconditioning. Methods 1-6 directly mirror the six
MATLAB solver implementations.

Across the MuJoCo ellipse benchmark at v, = 7 m/s, the scaled Levenberg-Marquardt
and scaled Newton variants achieved the lowest residual norm per iteration. Both benefited
from the S preconditioner, which balances the force (~ mg = 14700 N) and angle (~ 0.3 rad)
scales. Plain methods (7-8) and momentum methods (3, 5, 9, 10) converged more slowly
under the default 5-iteration budget, though RMSProp produced slightly smoother control
histories.

Solver conditioning, low-speed behaviour, and feasibility. Three operating condi-
tions require explicit treatment:

Low-speed singularity. Below approximately v, < 0.5 m/s the slip-angle denominators
approach zero (the front denominator is sind (v, + ar) 4+ cosdv,; the rear is simply
v;). The resulting Jacobian columns are ill-conditioned and any Newton step becomes
unreliable. The implementation gates the inversion below this speed threshold, falling
back to a geometric (Stanley) command rather than invoking the nonlinear solve.

Friction saturation. In the full-slip regime (|a| > agip), the Fiala force saturates at pF,
and 0F,/00 ~ 0. The Jacobian column corresponding to ¢ effectively vanishes, mak-
ing the normal equations ill-conditioned. The Levenberg-Marquardt damping term
A regularises this case, since as ||JJ|| shrinks, A\ dominates and the step reduces to
a small gradient descent move. Increasing A\ when saturation is detected (e.g., when
|JTJ|| < €sar) provides an additional safeguard.

Feasibility. A control candidate u* is considered feasible if, after convergence: (a) the resid-
ual satisfies || p(v*)|| < pmax, (D) |Fin| < pmg (within the friction-limited traction circle),
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and (¢) |0] < dmax- If any bound is violated after the iteration budget is exhausted, the
command is clipped to the nearest feasible point and the solver reinitialises from zero
on the next timestep. This ensures that the inversion never issues a command that is
geometrically or physically infeasible, directly addressing the limitation of the geometric
controllers described in Section [l
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6 Path Planning and Reference Replanning

A feedforward controller reads a desired curvature ke(t) from the global reference path and
converts it instantaneously into a steering command. When the vehicle is exactly on the
path this works well. When the vehicle deviates, the nominal curvature no longer points
toward the path, and the feedforward command propagates the error rather than correcting
it. A replanning layer sits between the global reference and the feedforward computation.
Reading the current pose error, it produces a locally corrected curvature target, which the
feedforward controller then converts into a steering command. This section describes the
five concrete replanning strategies implemented in the codebase, ordered from the simplest
to the most structured [41|94|10].

6.1 Reference Curvature Extraction

Every controller begins by projecting the current vehicle position onto the reference path via
a monotone nearest-point search. The search window [¢ — 5, 7 + 500] around the previous
index ¢ prevents the match from retreating while still allowing a small backward correction.
The reference curvature at the matched index @ is

Href(t) = (i:éz))a (85)

and the nominal feedforward steering command is

O = arctan(L /ﬁ?ref). (86)

Starting from this base curvature estimate, all feedforward and blended controllers compute
their commands. Without any correction, this command tracks the reference curvature
exactly at the nearest point but generates no restoring force when the vehicle is displaced
from the path.

6.2 Lookahead Geometric Correction

The first replanning strategy substitutes the current nearest-point error for an error measured
at a point Ly metres ahead along the reference arclength. The lookahead distance is pro-
portional to speed, matching the path-tracking framing used in classic autonomous-vehicle
steering methods [4]:

Ly= maX(Ld,min; Vg * ﬂook>7 (87>

with Tioox = 1.0 s and Lgmin = 0.5 m as defaults. The lookahead index j is obtained by
walking forward from ¢ along the reference until the accumulated arclength Zi;i | prsc1 —
Pkl > Lg. At index j, the heading error and front-axle CTE are evaluated:

09) = 6.(j) — ¥, (88)
e =sin ¢, (j) (vt — 2,(4)) — co8 6, (5) (Yt — ¥+ (5)), (89)
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where (2, yra) = (v + Lcost, y+ Lsin) is the front-axle position. The correction applied
on top of the feedforward inverse output iy, is

K, eld)

d

Veorr = 09 + arctan( > , 0 = Oinv + Yeorr- (90)
This correction is used by the Lookahead Corrected Body-Acceleration Inverse family with
gain Kj, = 1.0. The effect is a local path replan. By connecting the vehicle’s predicted
front-axle position to the lookahead point on the reference, the correction generates a restor-
ing curvature command even when the Newton inverse output is exactly on the nominal
curvature.

In the Predictive Lookahead Inverse, the lookahead index is computed in time steps rather
than arclength: j = min(k + |Tleox/At], N — 2). The vehicle state is propagated one step
under the current feedforward command before evaluating 0 and el ), which compensates
for actuator lag between command and actuation.

6.3 Curvature-Space PD Correction (Feedback Inverse)

The Curvature Feedback Inverse performs replanning in the curvature domain rather than the
steering domain. The feedforward curvature kg = tan dg/L is augmented by a PD correction
computed from the current heading and lateral errors, in the same geometric-feedback spirit
as classical Stanley-style path correction [4}9]:

ko = Ky O + Kggbe + Kpee+ Kgeé, (91)

with default gains K, 4 = 0.8, Kq4 = 0.10, K, = 0.6, K4, = 0.15. To prevent the curvature
correction from dominating at low speed (where geometric controllers are well-conditioned)
and avoid large transients, the raw correction is gated by a speed-dependent sigmoid and
low-pass filtered:

B 1
9(We) = T oo

K, = QK prey T (1 — ) g(v2) K, = 0.85. (93)

Umia = 0.7m/s; k, = 0.25 m/s, (92)

The total curvature command and steering output are
Ktot = K + Ky, Oemd = arctan(L Ktot). (94)

Since the correction enters in the curvature domain, it is geometrically consistent; the re-
sulting steering command always corresponds to a physically realisable circular arc of radius
1/Kior- The low-pass filter with ov = 0.85 prevents chattering from derivative terms, and the
sigmoid gate keeps the correction negligible below ~ 0.7 m/s where the denominator of the
kinematic model becomes ill-conditioned.

6.4 CTE-Driven Blending (Blended Stanley)

The Blended Stanley controller (Section can be understood as a replanning strategy
that selects between two reference representations depending on how far the vehicle is from
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the path. When the CTE is small, the controller trusts the global reference curvature
(feedforward); when the CTE is large, it switches toward a locally corrective path implied
by the Stanley law [9,/10]:

d = w g + (1 — w) dstanley w = clamp(e’“ld, Winin, Wnax )- (95)

In this view, the Stanley term Oganey = 0. + arctan(k e/ (ks + v)) implicitly defines a locally
corrected heading target - one that points the vehicle back toward the reference with a cur-
vature proportional to the lateral error. The exponential weight w continuously interpolates
between the global reference plan and this local geometric replan. The default parameters
Wiin = 0.30 and wya.e = 0.90 ensure that even when the vehicle is far off-path, the feedfor-
ward contributes at least 30% of the command, preventing the controller from abandoning
the global trajectory entirely.

Compared to the lookahead correction in Section 5.2, the Blended Stanley replan is
reactive (it acts on the current CTE rather than a future one) and uses a kinematic correction
that does not account for tire force limits. The lookahead correction, by contrast, uses the
force-aware Newton inverse as its base and adds a geometric correction on top, so the physics
constraints are satisfied first.

6.5 Yaw-Rate Anticipation Feedforward (Full-State LM Inverse)

When the reference curvature changes rapidly, as it does on entry to a tight hairpin corner,
a purely reactive replanner incurs a lag equal to the controller’s settling time. The Full-State
LM Inverse controller reduces this lag by passing the desired yaw acceleration directly into
the inversion as a feedforward term, extending the standard model-based feedforward and
replanning idea used in trajectory-tracking literature [9}|11]:

. Ur k+1 Rk+1 — Urk Rk
T'des = At s (96)

where rj, = ¢,.(k)/v.(k) is read from the reference tuple one step ahead. Passed as the
third component of the target vector y* in , this term lets the Levenberg-Marquardt
solver account for the anticipated curvature change when finding (F},,d). The result is a
steering command that begins rotating the vehicle before the corner geometry is encountered,
reducing the transient CTE on corner entry. This anticipatory feedforward is only meaningful
when the reference curvature derivative is non-negligible; on straight segments or constant-
radius arcs (7ges &~ 0) the term has no effect.

Corner-entry CTE improvement from yaw-rate anticipation feedforward is quantified in
Section

6.6 Minimum-Time Drift-Aware Corner Planning

The replanning methods above modify the curvature target used by a tracking controller. A
separate question is whether the reference itself should change when the demanded motion
is close to, or outside, the tire friction boundary. In this thesis, drift-aware planning serves
as a feasibility layer, establishing whether the requested trajectory lies within the achievable
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friction budget before the inverse controller computes inputs. A minimum-time corner plan-
ner implements this idea by comparing a grip-constrained optimal-control problem with a
drift-allowed variant on the same corner geometry. The planner uses the reduced dynamic
bicycle model from Section [2.4], with state

Tr = [Xa Y7 ’l/}u (o Uy7 T]T
and either the two-control input uy = [0, a,]" or the explicit four-control input

uy = [6, throttle, brake, handbrake]".

Both formulations share the same vehicle dynamics, path geometry, track bounds, speed
floor, actuator limits, and tire-utilization checks; they differ in the permitted sideslip envelope
and the warm-start family used to initialize the nonconvex solve.

For a fixed radius R, turn angle A, entry speed vy, and friction coefficient j, the planner
minimizes corner traversal time subject to discrete dynamics,

T = f(og, ug),

and feasibility constraints on path deviation, tire utilization, speed, and terminal progress.
The drift-allowed solve is therefore not counted as a success merely because it produces a
shorter nominal trajectory; it must also satisfy the same admissibility checks as the grip
solution. In the analysis tables, a scenario is classified as a drift win only when both plans
are feasible and

Tarip — Tariee > 0.05 s.

Smaller differences are treated as ties.

The four-input transient maneuver planner inserts an outer parameter search before local
refinement. Rather than optimizing a full control sequence from scratch, it samples over
interpretable maneuver phases: braking onset and magnitude, preload and flick steering,
throttle reapplication, handbrake timing and duration, target sideslip, and catch gain. The
best rollout candidate then warm-starts local direct shooting, keeping the discrete search
over maneuver families separate from the continuous refinement step.

Planner results are interpreted with a mechanism label. A low-sideslip drift win, with
| Bpeak| < 5°, is labelled a line-shaping win: the drift-allowed optimizer found a faster admis-
sible line, but the result is not evidence of high-angle drifting. Wins with 5° < |Speax| < 10°
are labelled moderate-sideslip wins. A controlled-oversteer claim requires |Bpeax| > 10° to-
gether with recovery evidence after the corner exit. Flick or handbrake claims are reserved
for trajectories whose explicit four-control sequence contains the brake/preload/flick/catch
structure and whose transfer is validated without collapsing the handbrake channel into a
net longitudinal acceleration.

Finally, the planning claim is tied to recoverability. A drift-allowed plan is counted as
practical evidence only if it is faster than the grip plan, passes the nominal feasibility checks,
and recovers from bounded perturbations in entry speed, lateral offset, heading offset, and
friction. This definition prevents a faster but fragile trajectory from being counted as a
useful drift benefit.
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7 Data-Driven Residual Identification

7.1 Motivation

Even with the enhanced bicycle model, MuJoCo rollouts show a persistent gap between
predicted and observed state derivatives. Since this gap appears across trajectories and
operating points, the analysis treats it as a structured residual rather than random numerical
error. Residual identification learns a correction Af(z,u) so that the corrected model,
T = fenhanced (T, u) + Af(x,u), better matches the MuJoCo-observed dynamics. This follows
the residual-learning framing used in modern data-driven dynamics work [15-19).

The methods surveyed here serve different modeling roles. SINDy and symbolic regression
are most useful when interpretability matters, since they recover sparse, physically grounded
terms. Gaussian process state-space models add explicit uncertainty estimates and provide a
route toward online adaptation, which is useful when measurements arrive incrementally. For
real-time prediction, Koopman and eDMD embeddings trade some representational flexibil-
ity. Hybrid sparse-neural models sit between these extremes, combining a readable physics
backbone with the additional capacity of a learned residual [15H19].

7.2 Four-Subsystem Architecture

Residual identification is decomposed into four physically motivated subsystems. Each sub-
system is fitted independently and applied in cascade at each RK4 substep. The methods
span sparse discovery [15], Koopman lifting [16], variational latent dynamics [17], and sym-
bolic regression [18}/19)]:

Order Subsystem Features Target Applied as
1 Steering Ocmds Uz Ad Corrects effective steer before slip angles
2 Roll Ay, Vg, T AF,s, AF,,. Corrects normal load before tire eval
3 Tire afp, o, F7 2 F}  AF,¢, AF,, Injected inside EOM as extra lateral force
4 Chassis Vg, Uy, T, 0 Avy, A7 Post-hoc state-rate residual

Table 8: Cascade architecture for residual identification. Each subsystem is fitted indepen-
dently; subsystems are applied in order at each integration step.

The tire correction is injected at force level before v, and 7 are computed, so all four
RK4 substeps integrate the corrected forces. Injecting at force level prevents the coupling
loss that post-hoc state-rate addition would otherwise introduce. Figure [18]illustrates the
signal flow.
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Stage 3 — Body-frame derivatives [stanley, v=4.0]
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Figure 16: Body-frame state-derivative comparison: enhanced bicycle model prediction (or-
ange) vs. MuJoCo finite-difference ground truth (blue). The shaded gap between the two
traces is the systematic residual Ao, and Ar that the data-driven correctors must learn.
The residual is persistently one-sided rather than random, indicating a structural gap in the
physics model. Legends appear to the right of each subplot panel.
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Stage 1 — Training-Set State-Space Coverage
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Figure 17: Training-set state-space coverage of the enriched dataset (/320000 MuJoCo
samples, 4 trajectories X 4 speeds x 4 controllers). Each panel shows one 2-D slice of the
(v, vy, 7, 0) state space. Dense coverage at low v, and sparse coverage at high |v,| and |r|
reflects the operating regime of the reference trajectories; the correctors should be applied
with caution at operating points outside the dense region.
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Figure 18: Four-subsystem cascade architecture. Subsystems (1)—(4) are fitted independently
and applied in order at each RK4 substep. Steering correction adjusts the effective steer
angle before slip angles are evaluated; roll correction adjusts normal loads before tire force
evaluation; tire correction injects extra lateral force at force level; chassis correction adds a
post-hoc state-rate residual.

7.3 Methods Compared

The residual study evaluates five method families. SINDy [15] (Sparse Identification of
Nonlinear Dynamics) uses mixed-integer optimization (MIOSR) to select a sparse set of
basis functions from a physics-inspired library. Koopman/EDMD ([16] lifts the state into
an expanded observable space using polynomial and RBF features, then fits a linear predictor
by least squares. GP-SSM [17] applies sparse variational Gaussian processes, providing
uncertainty estimates that can gate the applied correction. Hybrid SINDy+NN |[19]
uses SINDy for the interpretable part of the residual and a multilayer perceptron for the
remaining error. Symbolic Regression [18| uses a physics-constrained genetic search to
recover compact analytical expressions.

SINDy is the baseline because it produces readable, differentiable corrections. Sparse
polynomial or bilinear terms can be read directly from the coefficient vector. That read-
ability is important when the learned correction is embedded inside an inverse controller.
The chassis, roll, and steering subsystems fit this structure well because their governing
relationships are low-order in the chosen variables. The tire subsystem presents a harder
identification target. Pacejka-style force laws contain sin(arctan(-)) compositions that or-
dinary polynomial libraries cannot reproduce exactly, so the study includes methods with
stronger approximation capacity.

Gaussian-process residual models return a mean correction together with an uncertainty
estimate. In an online setting, the uncertainty estimate could gate the feedforward com-
mand in low-confidence regions. The posterior covariance structure also opens a path to
friction adaptation, though neither has been validated in closed-loop hardware or MuJoCo
experiments here. This thesis does not claim that such online adaptation has been validated
on hardware or in closed-loop MuJoCo experiments; here the GP-SSM is evaluated as an
uncertainty-aware residual predictor.

Koopman/eDMD represents the dynamics with a linear operator in a chosen lifted feature
space. That structure suits real-time prediction: one matrix—vector multiply propagates the
lifted state at each step, with no nonlinear solve. In practice, a single fitted Koopman
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Stage 6 — Subsystem SINDy Coefficients (Page 1)
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Figure 19: SINDy-identified coefficients for each of the residual-identification subsystems.
Non-zero bars indicate which library terms were selected by the sparse solver; zero bars
indicate terms that were pruned. The physics-constrained tire library (odd-in-a, no cross-
axle terms) is visible in the tire and chassis-related panels.

67



Stage 6 — Subsystem SINDy Coefficients (Page 2)
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Figure 19: SINDy-identified coefficients for each of the residual-identification subsystems

(continued).
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operator must cover low-slip, high-slip, and saturated operating regimes simultaneously.
Koopman therefore serves as a complement to the inversion framework rather than evidence
that a single lifted linear model can replace the nonlinear controller.

Hybrid SINDy+NN and symbolic regression anchor opposite ends of the accuracy-interpretability
tradeoff. Keeping the sparse SINDy component, the hybrid model adds a neural residual to
absorb structure the library misses. Symbolic regression runs offline as a structure-discovery
diagnostic; it is not embedded in the runtime controller. If symbolic regression finds a com-
pact equation that differs from the assumed Pacejka structure, the implication is that the
physics baseline itself needs revision before any residual corrector is added.

7.4 Physics-Constrained Tire Library

For the tire subsystem, the basis function library is constrained to match known tire physics:
basis terms are odd in slip angle o because cornering force is antisymmetric, cross-axle
coupling terms are excluded, and constant offsets are not permitted because zero slip should
produce zero lateral force. These constraints cut overfitting, make the identified correction
interpretable, and align with the tire-model assumptions in the bicycle and Magic-Formula
literature [5-8].

7.5 Wheel-Resolved Normal-Load Identification

The two-wheel bicycle model used by the inverse controller treats each axle as a single
lumped contact with a fixed normal load. Real vehicles redistribute load dynamically under
braking, acceleration, and cornering. That redistribution introduces wheel-specific Pacejka
asymmetry that the bicycle model cannot capture. This subsection extends the residual-
identification stack to four-wheel normal-load prediction, using MuJoCo contact forces as
ground truth.

Calibrated four-wheel analytical baseline. A spring—damper suspension correction is
added per wheel:
Fz,w = ijj;tlc + kfs Ty + Cfs jjwa (97)

where x,, is the suspension deflection at wheel w, and differential evolution fits kg and cg
globally to the MuJoCo contact force dataset. Benchmark v8 yields ki = —141.9 kN/m and
cis = +12,983 N-s/m. Figure shows the step response of the calibrated suspension and
the resulting normal-load prediction on a representative front-left wheel rollout, where the
uncalibrated proxy achieves RMSE 2476 N, dropping to 622 N after the kg /cg correction, a
75% reduction.
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Hybrid SINDy+NN — SINDy Coefficient Sparsity
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Figure 20: SINDy/Hybrid coefficient sparsity pattern across all four subsystems. Bar height
is coefficient magnitude; features pruned to zero by the sparsity threshold are absent. Only
selected terms are non-zero, confirming interpretable structure in the residual correction.
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GP-SSM — Representative Uncertainty Rollout (Stanley PI)
Stanley Pl — XY Trajectory
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Figure 21: GP-SSM uncertainty rollout (Stanley PI). Top: XY trajectory; reference (dash-
dot), bicycle model (solid), GP mean (dashed). Bottom: CTE with +10 and 5-95% bands;

expanding bands mark low-confidence regions.
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Figure 22: Suspension calibration validation. (Left) Quarter-car step response of the cal-
ibrated spring—damper; natural frequency w, = 64 Hz, damping ratio ¢ = 18.4. (Centre)
Correction force AF, during a representative rollout, peak ~400 N. (Right) Front-left wheel
normal load: MuJoCo ground truth vs. two-wheel proxy vs. calibrated four-wheel model.
RMSE drops from 2476 N (proxy) to 622 N (calibrated). Script provenance is listed in Ap-

pendix [D]

Data-driven residual models. All four data-driven models are trained and tested against
the calibrated four-wheel physics baseline, using a 29-feature library that includes a roll-rate
proxy, longitudinal load transfer, and per-axle slip terms. SINDy uses DAgger iteration and
MIOSR best-subset selection to keep the correction sparse. Koopman/Hankel-DMD uses a
5-delay Hankel embedding with spectral-norm clipping. Of the models evaluated, it is the
clearest candidate for future real-time linear-predictor deployment. GP-SSM uses an ARD
kernel and SVD-ICM coregionalization with a capped training set and multiple restarts to
expose uncertainty. Hybrid SINDy+NN keeps the sparse SINDy component and clips the
neural correction to suppress high-slip extrapolation. Symbolic regression is run as an offline
structure-discovery diagnostic for this benchmark and is excluded from the aggregate RMSE
table.

Benchmark results. Table[Qreports aggregate per-wheel RMSE across all four controllers
on a chronological hold-out from the same ellipse trajectory at 7 m/s. Figure [23| shows the
grouped bar chart by model and controller.
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Table 9: Aggregate wheel-load RMSE (N) for the four-wheel normal-load benchmark, eval-
uated on a chronological hold-out from the same ellipse 7 m/s rollouts. “Proxy” is the
two-wheel axle-level baseline; improvement is computed relative to that proxy. Script and
CSV provenance are listed in Appendix |I_5l

Model Aggregate RMSE (N) vs. Proxy
2-wheel proxy (baseline) 1512 -
4-wheel physics 1147 +24.2%
SINDy 1201 +20.6%
Koopman/Hankel-DMD 1044 +30.9%
GP-SSM (ARD) 1067 +29.4%
Hybrid SINDy+NN 1033 +31.7%

Wheel-Load Prediction RMSE by Controller and Model
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Figure 23: Grouped aggregate wheel-load RMSE by model and controller for the ellipse 7 m/s
hold-out. Hybrid SINDy+NN has the lowest aggregate RMSE (1033 N, 31.7% improvement
vs. the two-wheel proxy), and Koopman/Hankel-DMD is second (1044 N, 30.9%), making it
the best linear-predictor candidate for future real-time evaluation.

All four implemented data-driven models reduce wheel-load RMSE below the two-wheel
proxy on this hold-out. Hybrid SINDy+NN achieves the lowest aggregate RMSE (1033 N).
This result is enabled by constraining the neural correction to £2000 N, which prevents
over-correction in the high-slip extrapolation regime. Among the wheel-load predictors,
Koopman/Hankel-DMD is the strongest candidate for future real-time evaluation. It achieves
a 30.9% improvement. The underlying linear Koopman operator supports direct linearised
control synthesis, which the nonlinear SINDy and GP models do not. The SINDy model
(1201 N) performs below both Koopman and GP despite having the most interpretable struc-
ture. The learned coefficients show that DAgger iteration broadens the training distribution
but also brings in distribution shift that the sparse polynomial library cannot fully absorb.
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Four-Wheel Stack — Controller Deep-Dive (MujoCo fltenth)
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Figure 24: Per-controller four-wheel normal-load deep dive: XY trajectory (top row), cross-
track error (middle row), and per-wheel F, time series comparing MuJoCo ground truth, the
two-wheel proxy, and the best learned model (bottom row). Four columns correspond to the
four benchmark controllers.
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7.6 Results Summary

Table (10| reports the one-step prediction RMSE of each method at dataset points drawn from
the enriched MuJoCo dataset (4 trajectories x 4 speeds x 4 controllers, ~320k samples).

Table 10: Residual-identification error on an 8000-sample MuJoCo evaluation set. The table
reports end-to-end one-step residual prediction error for all methods. Per-subsystem values
are reported only for SINDy because it is the only decomposed pipeline whose intermediate
tire, chassis, and roll targets are exported separately; the other methods are evaluated as
end-to-end correctors. The raw generation artifacts are listed in Appendix @

RMSE RMSE

Method Ay A7 Notes

(m/s?) (rad/s?)
SINDy 27.33 12.54 sparse interpretable baseline
Koopman/eDMD 27.78 12.57 lifted linear predictor
GP-SSM 27.25 12.30 uncertainty-aware predictor
Hybrid SINDy+NN  29.43 12.57  sparse model plus neural residual
Symbolic Reg. 27.27 12.39 offline expression search

The residual RMSE of approximately 27-29 m/s? in A9, is larger than the typical lateral
acceleration magnitude (a, € [—5,45] m/s* at v, = 7 m/s in the dataset). At this stage, the
identified corrections do not reliably recover the true MuJoCo residual. The finding is nega-
tive and diagnostic. While the learned residual models can be fit and compared, the current
data and model structure are insufficient to improve closed-loop controller performance reli-
ably. Two interpretations are consistent with this result. First, the four-subsystem cascade
decomposition may not cleanly isolate residual sources, so errors in upstream subsystem
fits contaminate downstream targets. Second, the enriched dataset likely under-represents
the high-slip operating points, where the model gap is largest. Future work should explore
tighter data coverage near the friction limit or end-to-end identification without cascade
decomposition.

Section [§levaluates the residual identification pipeline by its effect on closed-loop tracking,.
The evaluation criterion is the trustworthiness of the resulting controller when plugged into
the inversion framework, not the one-step prediction RMSE of the regressor.

8 Experimental Evaluation

Section [§ benchmarks the iterative inverse controller in MuJoCo simulation. The section
also addresses model-fidelity dependence, the speed-tracking caveat that confounds raw CTE
comparisons, and the sensitivity of the inverse controller to friction-model mismatch. For all
quantitative controller and model comparisons in this section, results come from MuJoCo
simulation rather than hardware. The physical RC-car platform, telemetry stack, OptiTrack
integration, and LIDAR/IMU state-estimation workflow are documented in Appendix [A| as
the intended hardware-validation pipeline. No hardware CTE benchmark appears in the
present work.
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Figure 25: Violin and box plots of one-step residual prediction error at 8000 randomly sam-
pled MuJoCo dataset points. All methods show similar RMSE (~27-29 m/s? for Av,, ~12.3—
12.6 rad/s? for A7), indicating that the gap is systematic rather than method-dependent.
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Figure 26: State-grid analysis. (a) Heatmap of total Av, correction predicted by the SINDy
corrector over the (v, d) state grid; largest corrections at high speed and high steering angle.
(b) Maximum pairwise disagreement between any two methods at each grid point, with high-
disagreement regions indicating where model uncertainty is largest.

8.1 Simulation Benchmark Protocol

The following conditions produced the quantitative controller and residual-identification re-
sults in Table and Figures 31; all runs can be reproduced from the MuJoCo model
and the dataset collection loop [20].

Reference trajectories. The model-fidelity benchmark uses four analytically parameter-
ized reference trajectories. The benchmark parameterizes each trajectory as a closed-form
(Xief(8), Yiet(s)) curve with a corresponding curvature profile k.¢(s). The ellipse (semi-axes
20 m and 10 m) subjects the controller to sustained cornering with slowly varying curva-
ture. A 15 m-radius circle isolates the constant-curvature regime for a steady-state stability
check. The figure-8, formed by two 10 m-radius circles joined at a crossing, reverses lateral
acceleration sign once per lap. The slalom uses a 5 m sinusoidal lateral offset with 40 m
pitch, producing the most rapid steering transients in the benchmark.

Reference speeds. The benchmark evaluates each trajectory at four reference speeds:
4.0, 5.5, 7.0, and 8.5 m/s. At 4.0 m/s the slip-angle linearisation breaks down, placing the
controller in the high-slip low-speed regime; at 8.5 m/s the lateral acceleration on the tightest
circle segment reaches ~ 4.8 m/s? at the nominal y = 0.90, approaching the friction limit.

MuJoCo simulation settings. All simulation benchmarks run in the race-car MuJoCo
scene, which includes a 6-DOF free joint, per-wheel suspension, and six-dimensional frictional
contact. The MuJoCo timestep is 4 ms, and the model-fidelity sweep evaluates the controller
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Stage 7 — SINDy-Augmented Tracking Comparison (Page 1) | Mean CTE improvement: -158.4%
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Figure 27: Trajectory and cross-track-error comparison for the ellipse reference at 7 m/s.
The controller-wise panels are split across two figure pages so each row remains legible.
Each row contrasts the original enhanced bicycle model, the SINDy-corrected model, and
the MuJoCo ground truth against the same reference path.

78



Stage 7 — SINDy-Augmented Tracking Comparison (Page 2) | Mean CTE improvement: -158.4%
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Figure 27: Trajectory and cross-track-error comparison for the ellipse reference at 7 m/s
(continued).
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Figure 28: RMS cross-track error by controller: original enhanced bicycle model (solid) vs
SINDy-corrected (hatched). Controllers where the SINDy corrector reduces CTE are those
whose operating regime is covered by the training dataset.

at the same interval. Gravity is the standard 9.81 m/s*. The simulation applies no wind
disturbance, and the vehicle starts at the reference-trajectory origin with zero velocity. The
analysis excludes the first 0.5 s of each run so that suspension transients do not dominate
the tracking statistics.

Controller saturation limits. All controllers share the same actuator and solver limits.
The controller saturates steering at the servo hardware limit |§| < 24° (Table [1)) and clips
longitudinal acceleration to a, € [—3.0, 2.5] m/s?. For v, < 0.5 m/s, the Newton/LM solver
falls back to Stanley so the inverse does not operate at the zero-velocity singularity.

Success metrics. RMS cross-track error (RMS CTE) is the root-mean-square signed lat-
eral error over the evaluated portion of a run, reported in metres. RMS CTE measures
path-tracking accuracy. A controller that reduces speed to track a tighter path will show a
lower CTE without necessarily being more capable; the speed-tracking record must be read
alongside the CTE.

Heading RMSE is the root-mean-square heading error |Av| over the same evaluated
interval, reported in degrees when used in tables. For inverse controllers, the feasibility rate
is the fraction of control steps at which the inverse solve returns a command that passes all
three checks: the residual threshold, the iteration budget, and the actuator limits. Because
geometric controllers do not run an inverse solve, the benchmark records their feasibility rate
as N/A, not zero.

Divergence criterion. The benchmark flags a run as diverged when the lateral error
exceeds |e| > 2.0 m at any point, or when the MuJoCo contact solver reports a body—
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boundary penetration event. Diverged runs are tabulated separately from the non-diverged
RMS CTE summaries; a finite RMS value from a failed trajectory would otherwise overstate
the controller’s tracking accuracy. When a table reports a non-diverged mean, the divergence
count must be read alongside it.

8.2 Data Collection for Model Training and Controller Bench-
marking

Simulation results vs. hardware results. All quantitative results in Sections
and [§] come from MuJoCo simulation: the residual RMSE table (Table [L0]), controller
RMS CTE bar chart (Figure , trajectory overlays (Figure , and CTE time-series
plots (Figure . No hardware CTE measurements are reported numerically. Appendix
describes the physical validation pipeline, including sensor architecture, state estimation,
LiDAR-based odometry, OptiTrack calibration, telemetry, and the full 3D MuJoCo model
provenance. A full hardware CTE comparison across the controller set requires a long
straight-and-curved track with continuous OptiTrack coverage; this infrastructure was not
available for the present study.

The study collects MuJoCo [20] simulation data across a structured grid of operating
conditions to train the data-driven residual correctors and establish a physics ground truth
for controller comparison. The residual-identification dataset covers four trajectory types: an
ellipse (steady-state cornering), a circle (constant curvature), a figure-8 (lateral-acceleration
sign reversal), and a slalom (rapid steering transients). For each trajectory type, the data-
collection loop logs data at four reference speeds (4.0, 5.5, 7.0, and 8.5 m/s) using Stanley,
the Body-Acceleration Inverse, the Curvature Feedback Inverse, and Pure Pursuit. This
yields 64 MuJoCo runs and approximately 320,000 samples. The expanded controller-sweep
runner supports a larger robustness grid: eight synthetic trajectories, eight integer speeds,
and five deterministic initial-condition perturbations per trajectory-speed pair. Those fields
are logged separately from the residual-identification dataset to keep the provenance clear.

Each sample contains the MuJoCo body-frame state (v,,v,,r,d), its finite-difference
derivative, and the corresponding enhanced bicycle model prediction. The difference forms
the residual target for each subsystem corrector. Each fitted corrector is evaluated on the
same dataset; Section [7] reports the resulting RMSE metrics.

The same MuJoCo dataset is also used for the simulation controller comparison. The nu-
merical CTE results below come from MuJoCo simulation, not the hardware LiDAR pipeline.
That pipeline is documented as the intended physical-validation path for future work. In
future hardware runs, wall-boundary curves extracted by DBSCAN/OPTICS/BIRCH from
consecutive scans can provide a local reference path; OptiTrack or AprilTag pose would then
supply the ground-truth alignment needed to measure cross-track error.

8.3 Representative Closed-Loop Simulation Comparisons

Figures present grouped RMS CTE and per-controller CTE time histories for repre-
sentative conditions; the aggregate model-fidelity and robustness summaries follow in Sec-
tion R.5
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Figure 29: Grouped RMS cross-track error for all controllers across physics levels and
residual-correction methods. Physics baselines are shown with a hatch pattern. The main
comparison is model-fidelity dependence: the feedback inverse can achieve lower non-diverged
CTE with the enhanced model, but divergence count must be read alongside the bars.
Learned residual corrections are judged by closed-loop stability rather than one-step fit
alone.
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Figure 30: XY trajectory overlays for Stanley (left) and the Body-Acceleration Inverse (right)
under all physics/data-driven levels. Each curve is one method; MuJoCo ground truth is
shown as a dotted line.
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Figure 31: Cross-track error over time for Stanley (top) and the Body-Acceleration Inverse
(bottom). The plot illustrates the architectural difference between geometric feedback and
feedforward inversion: without an outer error-feedback term, an inverse controller can drift
when model mismatch changes the effective force response. The aggregate model-fidelity
and divergence results are summarized separately in Table .

Table adds a rebuilt single-condition quality check for the same ellipse trajectory
at 7 m/s. This table is not the canonical aggregate result. The inverse-family controllers
can fail badly under a single condition even when their aggregate non-diverged means look
competitive; this case exposes that failure mode.
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Table 11: Single-run controller quality metrics at the Enhanced model level (MuJoCo sim-
ulation, ellipse trajectory at 7 m/s, p = 1.0). RMS speed error is computed from logged
body-frame longitudinal speed relative to the prescribed 7 m/s reference. Feasibility rate
is the inverse-controller feasibility flag logged by the sweep; geometric controllers have no
inversion step (N/A). This diagnostic rebuild includes the Full-State LM Inverse row and
uses the same divergence criterion as the model-fidelity sweep. Script and CSV provenance
are listed in Appendix [D}

Controller RMS CTE RMS Av Diverged Feasib. LM

(m) (m/s) rate iter
Stanley 0.802 6.625 No N/A N/A
Pure Pursuit 0.819 6.625 No N/A N/A
Body-Acceleration Inverse 8.833 6.495 Yes 0.008 4.0
Full-State LM Inverse 8.831 6.495 Yes 0.008 4.0
Curvature Feedback Inverse 8.833 6.495 Yes 0.008 4.0

Single-condition velocity-error diagnostic for Table 11
0.52 ©.52 6.50 6.50 6.50

RMS longitudinal speed error (m/s)

o a‘-\\e\l

Figure 32: RMS longitudinal speed error for the single-condition diagnostic in Table The
large errors show that this diagnostic condition is not a clean speed-tracking success case; it
is retained to expose failure modes rather than to support an aggregate controller ranking.

8.4 Drift-Aware Trajectory Feasibility Results

This chapter treats drift-aware planning as a trajectory-feasibility layer; it does not assert
that drifting is broadly superior to conventional path following. The planner asks whether
the requested path, speed, and acceleration demand lie inside the available friction budget.
When the demand is infeasible, the reference trajectory must be reshaped before the Newton
inverse can compute valid inputs.
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The simulation results justify a limited, condition-specific role for this planner. In se-
lected near-limit corner cases, allowing sideslip or flick-style motion yields faster achievable
references that remain recoverable within the tested bounds; the conditions and recoverabil-
ity evidence are documented in Appendix [B] Those references are useful to the thesis only
when they produce an achievable demand for the inverse controller. Supporting artifacts
(diagnostic plots, recoverability notes, and open blockers) appear in Appendix

8.5 Model-Fidelity Dependence of Inverse Control

RMS CTE vs Model Fidelity Level
{non-monotonic — see discussion)
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Figure 33: RMS cross-track error as a function of model fidelity level for each controller,
averaged over 16 conditions (4 trajectories X 4 speeds, p = 1.0). An x marker indicates all
runs at that level diverged (mean CTE undefined). Script and CSV provenance are listed in

Appendix D]

The model-fidelity sweep (Figure , Table aggregates 16 MuJoCo runs per cell (4
trajectories X 4 speeds, u = 1.0). Geometric controllers are unaffected by model level:
Stanley holds 0.793 m mean RMS CTE with 2 divergences out of 16 across all six fidelity
levels. Diverging on all kinematic runs, the Body-Acceleration Inverse recovers to 0.617 m
non-diverged mean RMS CTE at the Enhanced level, with 9/16 divergences. At the En-
hanced level, the Feedback Inverse improves to 0.630 m non-diverged mean RMS CTE (from
1.385 m at kinematic), though its divergence count worsens from 6/16 to 9/16. These re-
sults confirm that inversion quality is model-fidelity-limited. They do not establish that the
inverse controller is uniformly more stable than geometric feedback.

None of the three learned residual corrections (SINDy, Koopman/Hankel-DMD, or GP-
SSM) improves closed-loop stability relative to the physics-only Enhanced model; all three
increase both divergence count and mean CTE (Table [12). Among learned corrections,
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the best for the Body-Acceleration Inverse is Koopman (0.662 m, 14/16 div.), yet it still
performs worse than Enhanced alone (0.617 m, 9/16 div.). This open-loop/closed-loop gap
indicates that residual corrections fit on replay data extrapolate unfavourably into the tight-
curvature and high-speed regimes; these are the same conditions that trigger divergence in
the Newton-LM loop. Section [7] discusses this issue further.

Table 12: Mean RMS CTE (m) and divergence count across model fidelity levels (Mu-
JoCo simulation, 16 runs per cell: 4 trajectories x 4 speeds, p = 1.0). Cell format:
mean RMS (div./16). N/A indicates all runs diverged, so no finite mean is reported. Kine-
matic and Kinematic+Friction are identical because the friction-correction path does not

affect the bicycle model used for controller prediction. Script and CSV provenance are listed
in Appendix [D]

Controller (:??jﬁ‘;fr‘i ) [Tnhanced Enh.+SINDy Enh.+Koop. Enh.+GP
Stanley 0.793 m (2/16)  0.793 m (2/16)  0.793 m (2/16)  0.793 m (2/16)  0.793 m (2/16)
Pure Pursuit 0.799 m (2/16)  0.799 m (2/16)  0.799 m (2/16) 0.799 m (2/16)  0.799 m (2/16)
Body-Acceleration Inverse N/A (16/16) 0.617 m (9/16)  0.875 m  0.662 m 0.677 m
(14/16) (14/16) (14/16)
Curvature Feedback Inverse 1.385 m (6/16)  0.630 m (9/16)  0.816 m  0.929 m  0.929 m
(14/16) (12/16) (13/16)

8.6 Speed-Tracking Fidelity and the Validity of CTE Comparisons

When controllers regulate speed differently, cross-track error alone gives an incomplete pic-
ture of performance. A controller that implicitly reduces cornering speed operates in a
kinematically easier regime, and any CTE advantage it achieves is partly attributable to the
lower friction demand rather than superior path-following authority. A separate matched
speed-tracking benchmark quantifies this effect; its results should not be pooled with the
16-run model-fidelity sweep unless the benchmark difference is stated.

In the friction-plant benchmark (Table , Stanley’s RMS speed error grows monotoni-
cally with reference speed: 0.09 m/s at 1.0 m/s (9%), 0.47 m/s at 4.0 m/s (12%), 1.23 m/s
at 7.0 m/s (17%), and 2.23 m/s at 10.0 m/s (22% below reference). MPC and MPPI hold
effectively zero speed error at all four conditions. The Feedback Inverse also holds speed
error near 0.15 m/s across the higher-speed cases, while the Body-Acceleration Inverse ex-
poses a separate low-speed singularity by diverging at 1 m/s on both reference trajectories.
Stanley’s speed deficit follows from the tire-force allocation: Stanley commands a geomet-
rically correct steering angle without consulting the friction ellipse; at high cornering speed
the lateral tire force demand approaches pumuv?/R, partially saturating the tire; the residual
tire capacity for longitudinal thrust is reduced; the PI speed controller cannot overcome this
drag; and the vehicle settles at a lower equilibrium speed at which the kinematic bicycle-
model assumptions become approximately valid again. The result is that Stanley’s low CTE
numbers reflect an operating point that Stanley itself selected, one where its own modelling
assumptions hold, not the commanded reference condition. The two operating points are
not equivalent for comparing tracking authority.
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Longitudinal speed tracking error
matched ellipse/circle friction-plant benchmark
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Figure 34: RMS longitudinal speed error for Stanley, the inverse-family controllers, MPC,
and MPPI at 1.0, 4.0, 7.0, and 10.0 m/s reference speeds, averaged over ellipse and circle
trajectories. Numeric labels above the bars report RMS speed error in m/s. The y-axis is
logarithmic; zero-error MPC/MPPI bars are plotted at a small floor for visibility. This is
a separate matched speed-tracking benchmark, not part of the 16-run model-fidelity sweep.
Script and CSV provenance are listed in Appendix |E|

Unlike Stanley, the inverse-family controllers target the commanded speed and lateral
acceleration simultaneously through the joint (v,,v,) or (vs,v,,r) inversion. This places
the full commanded friction demand on the tire simultaneously, producing a harder control
problem at the same nominal reference. The correct reading of the CTE table is that Stan-
ley reframes the tracking problem by self-regulating to a lower-speed regime. Its apparent
tracking advantage is partially attributable to operating at a self-selected condition rather
than the commanded one. The intended role of the inverse controller is to track an achiev-
able commanded-speed trajectory in the tire-saturation regime, precisely the regime where
geometric controllers cannot maintain reference speed and path simultaneously without an
explicit force-feasibility check.
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Cross-track error versus speed error

matched friction-plant benchmark
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Figure 35: RMS CTE versus RMS speed error per benchmark run (one point per controller
X trajectory x speed condition; four speeds 1.0-10.0 m/s). Divergent low-speed Body-
Acceleration Inverse runs are retained so the plot shows both tracking quality and failure

cases.

Table 13: Four-speed matched friction-plant benchmark: RMS cross-track error (m) for all
controllers on ellipse and circle trajectories. Regime labels refer to Pacejka tire operating
point at R = 100 m (aj,; = v?/R): stick < 0.5 m/s?, transitional &~ 0.5 m/s?, slip > 1.0 m/s%.
MPC uses H = 10 with SLSQP and warm-start; MPPI uses H = 25, K = 500, A = 5.0.
Diverged rows are marked “div.” Script and CSV provenance are listed in Appendix H

RMS CTE (m)

Controller Traj 1.0 m/s (stick) 4.0 m/s (stick) 7.0 m/s (trans.) 10.0 m/s (slip)
Stanley ellipse 0.030 0.108 0.090 0.205
circle 0.055 0.066 0.112 0.275
Body-Acceleration Inverse  ellipse div. 0.829 0.316 0.207
circle div. 1.091 0.283 0.099
Curvature Feedback Inverse ellipse 0.019 0.173 0.242 0.274
circle 0.034 0.137 0.229 0.272
MPC ellipse 0.057 0.175 0.140 0.137
circle 0.086 0.098 0.098 0.091
MPPI ellipse 0.049 0.167 0.140 0.147
circle 0.088 0.093 0.093 0.098
Stanley RMS Av (m/s) 0.09 0.47 1.23 2.23
Curvature Feedback Inverse RMS Av (m/s) 0.04 0.15 0.15 0.15
MPC / MPPI RMS Av (m/s) 0.00 0.00 0.00 0.00
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8.7 Friction Coefficient Sensitivity

Ezperimental scope note. The friction-sensitivity sweep varies the assumed friction coeffi-
cient p passed to the Enhanced bicycle-model prediction (the controller’s internal model)
while holding the MuJoCo plant at its nominal friction (fplant = 1.0). The sweep is a mu-
sensitivity test, which quantifies how controller performance changes when the operator’s
friction estimate is conservative relative to the plant value. The present study defers the full
surface-friction degradation test (modifying MuJoCo geom friction directly) to future work
(Section [3.9)).

Table [14] reports divergence counts and mean RMS CTE as the assumed g drops from
1.0 to 0.5, Enhanced model level, 16 runs per cell.

Table 14: Divergence count and mean RMS CTE (non-diverged runs) as a function of
assumed friction coefficient p in the Enhanced controller model (MuJoCo plant held at
Kplant = 1.0). 16 runs per cell (4 trajectories x 4 speeds). Script and CSV provenance are

listed in Appendix [D]

Controller uw=1.0 uw=0.38 uw=20.6 uw=20.5

Stanley 0.793 m (2/16) 0.793 m (2/16)  0.793 m (2/16)  0.793 m (2/16)
Pure Pursuit 0.799 m (2/16) 0.799 m (2/16)  0.799 m (2/16)  0.799 m (2/16)
Body-Acceleration Inverse  0.617 m (9/16) all div. (16/16) 0.874 m (13/16) 1.295 m (15/16)
Curvature Feedback Inverse 0.630 m (9/16) 0.581 m (15/16) 0.736 m (14/16) 1.295 m (15/16)

~— — — —

Geometric controllers are completely unaffected by the assumed p because they do
not query the vehicle physics model. Their 2/16 baseline divergences reflect the hardest
trajectory—speed combinations (figure-8 and slalom at 8.5 m/s), not friction sensitivity. In-
verse controllers are highly sensitive. Both the Body-Acceleration Inverse and the Curvature
Feedback Inverse diverge significantly more at p < 1.0 because the Newton-LM feasibility
region shrinks as the friction estimate decreases, making it harder to find a valid steering
command within the physical saturation limit. The assumed friction coefficient must be
close to the plant value; an overly conservative estimate shrinks the Newton—LM feasibility
region and can induce divergence even when the actual surface provides adequate grip.

8.8 Robustness to Model Parameter Error

A systematic one-variable-at-a-time parameter mismatch sweep is left as future work. That
sweep would vary cornering stiffness C,, mass, inertia, and wheelbase in the controller’s
model while holding the MuJoCo plant fixed. The friction coefficient sensitivity results
(Section indicate that tire-related parameters (C, and u) are the most critical axes
of model uncertainty for the Newton—-LM loop, because they set the feasibility boundary
against which each candidate steering command is clipped.

Main thesis claim. The central claim of this work is that iterative inverse control provides
a fast, force-consistent input-generation method for aggressive path tracking, provided the
trajectory is physically achievable under the tire-force constraints and the model used inside
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the inverse is close enough to the plant. The supporting evidence is organized around five
points:

1.

Force feasibility gap. Classical geometric controllers ignore tire force feasibility: they
command curvature without checking whether the required lateral force falls within
the friction ellipse. Geometric controllers also avoid part of this failure mode by self-
regulating to lower cornering speeds where kinematic assumptions hold (Section :
Stanley’s RMS speed error grows from 0.09 m/s at 1 m/s to 2.23 m/s at 10 m/s
(Table , operating at effective cornering speeds progressively below reference. This
speed self-regulation reduces lateral friction demand and partially explains the compet-
itive CTE of the geometric baseline in the stick-stick regime. The inversion controller
targets the commanded speed and path simultaneously, placing greater demand on
the friction budget and making the comparison operationally harder for the inversion
approach.

Model dependency. Inverse methods require model fidelity. An iterative Newton—
LM inversion is only as good as the mapping from steering input to lateral force that
the vehicle model provides.

Model-fidelity dependence. Across the 16-run model-fidelity benchmark (Table,
non-diverged mean RMS CTE for the Feedback Inverse falls from 1.385 m (kinematic,
6/16 div.) to 0.630 m (Enhanced, 9/16 div.), confirming model-fidelity limitation
while also showing a higher divergence count. Stanley holds 0.793 m throughout all
six levels, unaffected by model choice. Adding learned residual corrections (SINDy,
Koopman, GP) increases divergence to 12-14/16 and raises mean CTE, revealing an
open-loop/closed-loop accuracy gap: corrections that reduce prediction error in replay
nonetheless destabilize the Newton-LM inversion loop at higher speeds and tighter
curvatures.

Friction coefficient sensitivity. The assumed friction coefficient p is a critical pa-
rameter for inverse control. Geometric controllers are completely insensitive to as-
sumed g (they do not query the physics model), while both inverse controllers show
markedly increased divergence when the controller’s assumed p drops below 1.0 (Ta-
ble . This supports accurate friction estimation as a practical requirement for the
current Newton—LM inversion loop. A true surface-friction degradation experiment is
future work.

Mismatch threshold. A full one-variable-at-a-time parameter mismatch sweep (cor-
nering stiffness C,, mass, inertia, wheelbase) is identified as future work. The friction
coefficient sensitivity result (point 4 above) suggests that tire parameters are the most
critical axis of model uncertainty for the inversion loop.

Taken together, these results support a pipeline view of the thesis. In this pipeline,
planning produces an achievable force/acceleration demand and the Newton inverse converts
that demand into steering inputs. Feedback then corrects residual tracking error, while
model refinement narrows the gap between the inverse model and the plant. The Fiala and
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Pacejka tire models (Section [3|) show how geometric controllers command curvature without
accounting for saturation. At the force level, the Newton-inverse framework (Section
explicitly checks feasibility against the friction ellipse. The data-driven residual identification
results (Section 7)) quantify the remaining model gap, though one-step residual accuracy does
not automatically translate into closed-loop improvement.

8.9 Limitations and Scope Boundary

The quantitative controller benchmark in this thesis is simulation-only. No head-to-head
comparison has yet been completed on the physical RC car, and the data-driven residual
models (SINDy, Koopman, GP-SSM, and hybrid sparse-neural corrections) were trained
and evaluated on MuJoCo-generated trajectories rather than hardware data. The effective
vehicle model used by the controller was fitted from OptiTrack-grounded experiments, but
those identification runs occurred at lower speeds than the 7-8.5 m/s simulation benchmark.
Hardware closed-loop evaluation across the full controller set has not been completed and is
reserved for future work.

The drift-aware planning results also have a conditional scope. They do not show that
drift is universally faster than grip; the evidence contains selected wins, grip wins, ties,
infeasible cases, and invalid or timed-out rows. Several drift-allowed OCP wins have small
peak sideslip and are best interpreted as faster line-shaping results, not as evidence that high-
angle drifting is the active mechanism. Recoverability is plan-specific. Broad perturbation
sweeps show bounded recovery for ready case families, but exact replay has not yet been
completed for every exported OCP drift win. The four-control handbrake transfer remains
unvalidated because the current MuJoCo screen collapses Uy = [§, throttle, brake, handbrake]
to a two-control approximation. The tight-radius hairpin test case is one of the corner families
used to stress-test planner-to-MuJoCo transfer. Its tuned transfer profile can be made to
settle after corner exit, but the resulting times are slow and do not constitute evidence of
drift superiority.

9 Conclusion and Future Work

This thesis examined iterative inverse control as a fast input-generation layer for aggressive
path tracking. The central result is that inversion is useful only as part of a pipeline.
To succeed, the planner must request an achievable force and acceleration demand, the
inverse must use a model close enough to the plant, and feedback must correct the remaining
tracking error. In the current 16-run model-fidelity benchmark (4 trajectories X 4 speeds,
i = 1.0), the Curvature Feedback Inverse improves from 1.385 m non-diverged mean RMS
CTE with the kinematic model (6/16 diverged) to 0.630 m with the Enhanced physics model
(9/16 diverged), while Stanley holds a constant 0.793 m across the same model levels. This
supports a narrow model-fidelity claim that improving the model inside the inverse improves
non-diverged tracking error, but does not by itself solve reliability or divergence.

The data-driven residual results expose a second boundary. Residual models can reduce
one-step prediction error in replay, but the current SINDy, Koopman, and GP-SSM correc-
tions increase divergence when inserted directly into the Newton—LM closed-loop controller.
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The learned model therefore cannot be judged only by fit quality; it must also be judged by
whether it improves the closed-loop inverse. The friction-coefficient sensitivity sweep rein-
forces the same point: the inverse controller depends on the friction estimate used inside the
model, while geometric controllers do not query that estimate directly.

The CTE comparison must also be read alongside speed tracking. In the MuJoCo bench-
mark, the geometric baseline self-regulates to a lower effective speed in high-curvature cor-
ners, reducing its friction demand and making the path-following problem easier than the
commanded reference implies. The inverse controller targets the commanded speed and path
simultaneously. That is the harder operating condition, but it is also the condition needed
for racing-style trajectory tracking. Under this interpretation, the thesis does not claim that
inversion is universally better than a geometric controller. It claims that, when the trajec-
tory is feasible and the model is sufficiently accurate, iterative inversion provides the fast
force-consistent input map that geometric steering laws lack.

The drift-aware planning evidence extends this claim from tracking a fixed reference
to choosing a feasible aggressive reference. Its role is to determine whether the requested
motion is inside the achievable friction budget and to reshape the trajectory when it is not.
The present results support a conditional statement: drift-allowed and flick-style planning
can improve corner time in selected near-limit cases while remaining recoverable in bounded
tests. The benefit depends on radius, speed, friction, and corner angle. Many current OCP
wins are low-sideslip line-shaping wins rather than high-angle drift maneuvers, and faithful
four-control handbrake transfer remains future work until the MuJoCo plant accepts direct
throttle, brake, and handbrake commands.

The results also show that controller quality and model quality cannot be separated
cleanly in this problem. The Newton/Levenberg-Marquardt inversion method is only as
effective as the map from steering and longitudinal input to lateral force, yaw response, and
feasibility margin. For that reason, a substantial portion of the thesis focused on improving
the modeling layer through enhanced bicycle dynamics and data-driven residual correction.
The residual-identification results show that a gray-box workflow is practical: begin with a
physically interpretable model, measure where it fails against MuJoCo, and learn only the
remaining structured discrepancy. In this formulation, the performance gain traces to better
agreement between commanded accelerations and the forces the model predicts the vehicle
can realize.

At the same time, the present draft has an important scope boundary. The quantita-
tive controller benchmark reported here is simulation-only. The RC-car platform, telemetry
stack, OptiTrack integration, and LIDAR/IMU sensing pipeline establish the hardware in-
frastructure needed for future closed-loop validation. They do not yet form a complete hard-
ware comparison across all controllers. The hardware contribution of this thesis is therefore
infrastructural and methodological: it provides the sensing, logging, synchronization, and
system-identification pipeline required to bring the same inversion idea onto the physical
vehicle in a controlled way.

Several extensions follow naturally from these results. The most immediate next step is a
structured hardware validation campaign in which steering and throttle maps are identified
from OptiTrack-grounded experiments, an effective vehicle model is fitted, and the iterative
controller is tested against Stanley under matched conditions. The MuJoCo study should also
be expanded with explicit robustness sweeps over friction, parameter mismatch, latency, and
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sensor noise so that the dependence of inversion performance on model fidelity is quantified
directly rather than inferred qualitatively. The current inverse controller should then be
extended from locally parameterized curvature references to richer waypoint and racing-
line formulations, including explicit braking authority and combined-slip longitudinal and
lateral coordination. The drift-aware planner needs clean full-grid OCP sweeps, exact-plan
recoverability replay for every counted drift win, planned-trajectory inverse-solver tracking
benchmarks, and true four-control MuJoCo handbrake validation. Finally, the data-driven
residual layer should be judged not only by one-step prediction error, but by closed-loop
improvement per unit model complexity. The practical question is not simply which regressor
fits best; it is which one produces the most trustworthy controller.

Overall, this thesis argues for a specific control philosophy for autonomous racing and
aggressive path tracking: treat feedforward control as a model-inversion problem at the
force level, treat feedback as a necessary correction layer rather than an optional refinement,
and treat model refinement as the main lever that determines whether iterative inversion
succeeds. In the tested benchmark, the pure Body-Acceleration Inverse is less stable than
Stanley because it lacks cross-track and heading correction; model error therefore integrates
into drift rather than being rejected by feedback. The force-consistency advantage of inver-
sion is realized only when inversion serves as the feedforward component of a feedforward
plus feedback pair. Feedback provides stability, and inversion provides physical feasibility.
Under that view, the central engineering question is how accurate the model and trajectory-
feasibility layer must be before iterative inversion becomes more useful than a geometric
baseline.
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A Hardware Validation Pipeline

The hardware material in this appendix documents the physical validation path for the
iterative inverse controller. It is retained for reproducibility and future experiments, while
the quantitative controller comparisons in the main text remain simulation-only.

A.1 Experimental Platform Overview

The hardware platform used for sensing and state estimation is a 1/10-scale RC car instru-
mented with dual LSM6DSOX+LIS3MDL IMU/magnetometer breakouts (front and rear),
an LD0O8 360° single-plane LiDAR at 10 Hz, an ESP32 microcontroller running Madgwick
and Mahony AHRS filters for onboard yaw fusion [21}22], and a Windows laptop as the
logging host [23,24]. An OptiTrack MoCap system provides ground-truth vehicle pose
through NatNet telemetry (130 sessions logged, 33 with meaningful vehicle motion). The
controller architecture in firmware version v19 supports three modes: pure teleoperation,
OptiTrack-guided waypoint following, and inversion-based autonomous steering. The cali-
bration workflow fits an effective bicycle model from OptiTrack-grounded experiments using
fit_effective_bicycle model.py; this modelis the source of effective_vehicle model. json
used by all simulation experiments.

The experimental vehicle is a custom Ackermann-steered racecar equipped with multiple
sensors for real-time state estimation, mapping, and controller evaluation. It integrates:

1. dual MARGs for body-frame inertial sensing,

2. a LiDAR for range-based motion cues and environmental structure,

3. one or more cameras for AprilTag-based global localization,

4. an OptiTrack motion-capture interface for ground-truth validation, and

5. an ESP32 microcontroller for low-latency telemetry transmission. All data streams
are fused on a Raspberry Pi 5 running a Python-based state estimator and control
pipeline.
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A.1.1 Onboard Sensors and Electronics

Figure 36: 1/10-scale RC car modified for Wi-Fi operation

e Dual IMUs (front and rear): LSM6DSOX modules mounted at two longitudinally
separated locations to measure angular rate, linear acceleration, and magnetic heading.
The spatial separation enables yaw-rate consistency checks and vibration rejection.

e RPLiDAR A1MS8 or LDO08: 360° scanning LiDAR providing between 2,000— 8,000

points per revolution, used for odometry, motion cues, and local map reconstruction

[25].

e PiCamera v2: Used for AprilTag detection via the pupil_apriltags library, provid-
ing 6DoF tag poses for global localization in the field [26].

e ESP32 Telemetry Board: Streams IMU data, remote-control inputs (steering,
throttle), and timing packets over UDP with a fixed 21-float packed binary protocol.
Supports fallback serial forwarding and passes throttle and steering as PWM inputs to
the motors.

e Raspberry Pi 5: Serves as the central compute unit, running multi-threaded Python
processes for sensor ingestion, filtering, logging, visualization, and control.

e OptiTrack Motion Capture: A NatNet 3.1 client running on the Pi consumes
rigid-body poses for ground-truth comparison and calibration. The same telemetry is
received by the controlling laptop for logging and diagnostics.
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A.2 Data Acquisition Pipeline

The hardware dataflow uses separate acquisition, parsing, and synchronization stages. Sensor
streams are processed asynchronously, time-stamped, and synchronized between the Rasp-
berry Pi and the laptop before being compared with OptiTrack ground truth.

A.2.1 ESP32 Telemetry Stream

The ESP32 firmware runs on a dual-core Xtensa LX7 processor (240 MHz) [23]. The two
ESP32 nodes, a hand-held transmitter and an onboard receiver, communicate over Wi-Fi
UDP sockets (802.11b/g/n, 2.4 GHz); the proprietary ESP-NOW layer is not used. The
receiver runs as a Wi-Fi Access Point, and the transmitter associates to it as a station, as
described in Section [A.2.2] The receiver firmware drives the ESC and servo on GPIO 32
and GPIO 33 using the LEDC peripheral at 50 Hz with 16-bit resolution [27], mapping the
1000-2000 ps pulse-width range via the formula duty = |7,5/20,000 x 65535]. For the ESC,
a pulse of 1500 ps corresponds to neutral/brake; values above 1500 us command forward
throttle, and values below the neutral band engage reverse after a mandatory brake pulse.

The transmitter reads two 12-bit ADC channels (0-4095 counts, 3.3 V reference) from
the RC joystick and encodes them as a comma-separated ASCII pair transmitted at ap-
proximately 10 Hz during manual operation. In the closed-loop telemetry configuration the
packet is extended to a fixed-length binary structure:

/ / / / / /
Packet = {Clx, Ay, Qzy Gy Gyy Gz Qg Qyy Qps Gy Gy G2 esteera Tthrottle) Ata s }
~ RN D —_—— ——
NV ~" . . j
IMU front IMU rear RC timing+misc

consisting of 21 single-precision floats (84 bytes) plus a CRC16 checksum. The Pi decodes
packets using a dedicated UDP listener thread, providing:

e Raw accelerometer (£16 g) and gyroscope (2000 °/s) readings from both LSM6DSOX
IMUs sampled at 104 Hz internally,

e RC command inputs (steering and throttle as normalised [—1, +1] floats),
e A precise integration timestep At for dead-reckoning,
e Optional magnetometer readings from the LISSMDL (if fitted).

The ESP32 sends at 100-150 Hz during closed-loop operation, and the Pi control loop
runs at the same rate, consuming the latest packet at each step. Serial debugging is available
at 115200 baud for both transmitter and receiver nodes.

A.2.2 End-to-End Command and Telemetry Loop

The full communication architecture separates a command path (laptop — car actuators)
from a telemetry path (car sensors — laptop). Both run concurrently. Figure [37|summarizes
the data flow.
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Figure 37: End-to-end command and telemetry loop for the RC car platform.

Command path. The host laptop generates throttle and steering commands either from
a human operator or autonomously through the SerialCarDriver class. Commands are
expressed as pulse-width microsecond values on the standard RC range of 1000-2000 us,
with 1500 us serving as neutral for both channels:

command = 7,5 , d, , 7,0 € [1000,2000] ps.
—~

throttle steering

These are encoded as a comma-separated ASCII string and written over a USB serial link
at 115200 baud to the transmitter ESP32:

"<throttle_us>,<steering_us>\n"

The transmitter and receiver communicate over a Wi-Fi UDP socket, not the Bluetooth-
style ESP-NOW protocol. The receiver ESP32 runs as a Wi-Fi Access Point (AP) with
SSID "ESP32_AP"| assigned the fixed I[P 192.168.4.1, and listens for UDP datagrams on
port 12345. The transmitter ESP32 connects as a Wi-Fi Station (STA) to this AP and
targets 192.168.4.1:12345 for every outgoing packet. An event-driven auto-reconnect loop
(pumpWiFiReconnect ()) retries the association every 2 s after any disconnection and re-
initialises the UDP socket on the next successful IP lease, so a brief RF dropout does not
require a power cycle.

The transmitter has two operating modes selected by a debounced push-button (GPIO 33):

e Joystick mode (default-off, button-selected): reads two 12-bit ADC channels (GPIO 34
and GPIO 35, range 0-4095 counts, 11 dB attenuation for 0-3.3 V full scale) from the
physical RC joystick potentiometers [23,28]. A software deadband of £20 us around
the calibrated neutral point (ADC count 1850) maps each axis to PWM microseconds
using the piecewise linear function mapVoltage(+), then clamps to [1000, 2000] us.

e Serial mode (default-on): reads newline-terminated commands from the USB-UART
at 115200 baud in the format "thr_us,str_us\n". Values are parsed as floats,
rounded to integers, and clamped to [1000, 2000] ps. The last valid command is re-sent
every loop iteration (~100 Hz) so the car does not coast to a stop on a slow host.

In both modes the outgoing UDP payload is a comma-separated ASCII string of the two
microsecond values:

UDP payload =" 7,5, d,5" Tus, Ous € [1000,2000].
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Packets are sent at approximately 100 Hz (10 ms loop delay).

On receiving a UDP datagram the receiver firmware parses the payload into throttle and
steering integer values. The values are then converted to 16-bit LEDC duty-cycle counts via
a helper that maps microseconds to the 65535-count register for a 20 ms PWM period [27]:

duty = L Tws o 65535J .

R L A

20,000 ps

LEDC channels 0 and 1 drive GPIO 32 (ESC) and GPIO 33 (servo) respectively at 50 Hz [27].
A two-stage reverse arming sequence prevents the ESC from ignoring a reverse command:
when 7, falls below the neutral band the firmware first emits a brake pulse for 300 ms, then
issues the reverse PWM. Forward throttle and neutral are written directly without delay.

Telemetry path. While the car is running, the onboard Raspberry Pi 5 executes three
concurrent Python processes. Fach feeds a streaming SSH subprocess to the host laptop:

1. IMU / actuator telemetry (test_serial.py on the Pi, forwarded via SSH to the
host). The receiver ESP32 echoes every received UDP packet to its USB-UART at
115200 baud, appending the computed PWM values. The line format matches the 24-
column raw_stream log layout (Table 1): interleaved front and rear IMU readings
(accelerometer, gyroscope, magnetometer), the onboard Madgwick + Mahony fused
yaw [21,122], received throttle and steering, and the integration timestep At. The
host’s parse_esp32_line() function de-interleaves these fields into accell/accel2,
gyrol/gyro2, magl/mag2, avg yaw, throttle, steering, and dt columns, then en-
queues each row for flushing to raw_stream_log_<TS>.csv.

2. LIDAR scan stream (1d08_parser.py /dev/ttyLIDAR on the Pi, forwarded via
SSH). The LD08 LiDAR connects to the Pi via /dev/ttyLIDAR at its native baud
rate. The parser assembles raw UART frames into (angle_deg, distance_-mm) tuples
and prints one tuple per beam. On the host, parse lidar line() extracts tuples
using a fixed regex, converts to Cartesian coordinates (z,y) = (dcosf,dsinf) m, and
appends to lidar_stream_log_<TS>.csv. This stream runs at roughly 10 Hz (one
full 360° revolution per frame) and provides the primary positioning input to all eight
odometry algorithms [25].

3. Camera / AprilTag stream (RTAT_corner.py on the Pi, forwarded via SSH). The
PiCamera captures frames at the Pi’s native rate. Each frame is processed by the
pupil_apriltags detector, which returns the tag ID, 3 x 3 rotation matrix, translation
vector (x,¥, z), and four corner pixel coordinates. Detections are prefixed with [TAG]
and printed to stdout; the host’s parse_apriltag line() recovers the full 6-DoF pose
from the rotation matrix and logs to apriltag_log_<TS>.csv. AprilTag poses serve
as drift-free position resets for the inertial state estimator.

All three SSH streams run as daemon threads and populate in-memory deque buffers that
the PyQtGraph UI reads at ~30 Hz. A dedicated logger thread drains three queue.Queue
objects to disk asynchronously so that disk I/O never blocks the parsing threads. An atexit
handler guarantees all queued rows are flushed on exit.
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Timing and synchronisation. Each log row is timestamped at the host using time.time ns()
at parse time. LiDAR rows also retain the original Unix wall-clock from time.time() at the
moment the SSH line arrives. Frame boundaries in the LiDAR log are recovered offline from
timestamp gaps > 50 ms. All downstream odometry and benchmark scripts match sessions
across streams by the shared YYYY-MM-DD_HH-MM-SS suffix appended to every log filename.

A.2.3 RPLiDAR / LD08 LiDAR Stream
A Python LiDAR driver (a port of the C++ LDPKG/LiPkg parser) performs:

1. byte-level packet assembly,

2. angle and distance extraction,

3. flipping, angle unwrapping, and time ordering,
4. per-beam filtering (invalid ranges, angle jumps),
5. transformation into Cartesian coordinates.

Each completed scan also contains a timestamp allowing frame-to-frame motion estima-
tion or ICP-based scan matching.

AprilTag Pose Estimation Camera images are processed with the pupil_apriltags
library, which implements the AprilTag fiducial pipeline described by Olson [26]. For each
detected tag:

(r,t) = solvePnP(tag corners, K, D)

yielding a 6DoF camera-to-tag pose. When tags are placed in known global frames, this
provides:

Tworldecar = Tworldetag T’tagecam Tcamecar-

AprilTag detections serve as drift-free position resets for the inertial estimator.

A.2.4 OptiTrack Mocap

A NatNet Python client streams ground-truth pose data [29]:

(Prmocap; Ymocaps Omocaps Pmocap)
at ~ 120 Hz. This is used for:
e validating state-estimator performance,
e calibrating LiDAR and IMU extrinsics,

e benchmarking inverse-model controllers.
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A.3 Filtering and State Estimation

A.3.1 IMU Filtering

Front and rear IMUs are processed independently:
e Madgwick or Mahony filters estimate quaternion orientation [21}22].
e Bias-compensated gyroscope integration refines yaw-rate consistency.

e Accelerometer low-pass filtering rejects vibration from the motors.

Yaw estimates from both IMUs are fused via:
w = wfwf + wrwm
where wy, w, are confidence weights determined by vibration metrics and variance of gyro-
scope readings.
A.3.2 Global State Estimator
The estimator maintains the state:
T
X:[x y U vy vy bg} .
The prediction step uses:
QZJ =Wz — bga Vit = Vg + R(%Zf) Aimu At,

with gravity removal and optional suspension filtering.
Measurement updates incorporate:

e AprilTag pose (full 6DoF) [26],
e LiDAR-derived scan-matching displacement,
e Mocap pose when available.

A complementary or EKF-like structure blends inertial and exteroceptive cues.

A.4 LiDAR-Based Odometry

LiDAR odometry operates in two modes and follows the standard feature-tracking and scan-
alignment ideas used in classical image and point-cloud odometry [30-32]:

e Real-time mode: Frame-to-frame motion from scan centroids, ICP seeds, or point-
density shifts.

e Offline mode: Dense reconstruction via KLT optical flow on LiDAR range images.

The range image is created by mapping each measured beam:
(x;,y;) = (d; cosb;, d;sinb;)
into a normalized grid. Lucas—Kanade optical flow produces motion vectors approximating:

Ap = median over features.

103



A.5 LiDAR Scan Clustering

Several clustering and feature-based grouping strategies were evaluated to extract stable
geometric structures from consecutive 2D LiDAR scans. The goal is to obtain coherent
point groups corresponding to track boundaries, walls, or large obstacles. These groups can
then be approximated by smooth curves and used for local map building and odometry.

A.5.1 Shi-Tomasi Feature-based Grouping

In the first variant, image-space features derived from LiDAR scans drive the clustering.
Each 2D LiDAR frame is rasterized into a fixed-resolution depth image, and salient point
features are detected using the Shi-Tomasi “Good Features to Track” criterion [31]. Let I(x)
denote the intensity (here, normalized depth) at pixel location x = [z,y]". The Shi-Tomasi
score at x is defined as

R(x) = min(A, \a), (98)

where \; and A\, are the eigenvalues of the second-moment matrix

BRSNS AN
Mx) = Z () {[x(u)[y(u) I,(u)?

ueN (x)

: (99)

with I, I, the spatial image gradients and w(-) a local weighting kernel. Points with R(x)
above a threshold are retained as salient features.

These features are then tracked across consecutive frames using a pyramidal Lucas—
Kanade optical flow method [30], producing short feature tracks over time. For LiDAR
scans, the tracked points are re-projected into the original (z,y) scan coordinates. Spatially
nearby feature tracks are grouped into clusters, for example through connected components
in feature space. Each cluster is then fitted with a robust polynomial curve using the PCA-
aligned least-squares model described in Section [A.5] This “Shi-Tomasi version” favors
regions where the local depth map has strong corner or edge structure, which often coincides
with curb lines or wall boundaries in the environment.

A.5.2 Density- and Hierarchy-based Clustering of Raw Points

In the second family of methods, clustering is performed directly on the raw (z,y) LiDAR
points without rasterization. The evaluation includes several standard clustering algorithms:

DBSCAN Density-Based Spatial Clustering of Applications with Noise (DBSCAN) [33]
groups points into clusters when they lie within an e-neighborhood of sufficiently many
neighbors. Formally, a point is a core point if its neighborhood N.(p) contains at least
min samples points. Clusters are grown by connecting core points and their density-reachable
neighbors, while points not assigned to any cluster are treated as noise. In the implementa-
tion, DBSCAN is applied to each scan to obtain labels ¢; € {—1,0,1,...}, and only clusters
with at least 80 points are retained for curve fitting. The tunable parameter search explored
the range ¢ € [0.04,0.18] m and min samples € [5,20]; the nominal operating point was
€ =0.12 m and min_samples = 10.
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OPTICS Ordering Points To Identify the Clustering Structure (OPTICS) [34] extends
DBSCAN by computing an augmented ordering of the data points together with reachability
distances. This captures cluster structure over a range of density parameters. In this work,
the sklearn OPTICS implementation with the &-based cluster extraction is used, with
min_samples € [3,40] and £ € [0.01,0.20] as the tuning bounds (nominal: min_samples
= 10, £ = 0.05). The resulting labels are post-processed with the same 80-point minimum-

size threshold as for DBSCAN.

BIRCH Balanced Iterative Reducing and Clustering using Hierarchies (BIRCH) [35] in-
crementally builds a tree of clustering features (CF-tree) and clusters points using cluster
feature summaries, which is efficient for large point sets. We employ BIRCH in its single-pass
mode with a threshold radius in [0.05,0.50] m controlling leaf-node splitting. This tends to
produce a moderate number of spatially compact clusters around structural elements such
as walls or barriers.

K-means For comparison against density- and hierarchy-based methods, a centroid-based
k-means clustering method [36] is also evaluated with k& € [2,12] clusters. Given a preset
number of clusters k, the algorithm iteratively assigns points to the closest centroid and
updates each centroid as the mean of its assigned points. Although simple and fast, k-means
assumes roughly spherical, equal-variance clusters and does not explicitly model noise. As a
result, elongated track boundaries can be fragmented or merged inappropriately.

The full scan pipeline subsamples each LiDAR frame to at most 4000 points before
clustering, using random subsampling when the raw count exceeds this limit. It operates on
consecutive scan pairs separated by a fixed time gap of 50 ms and computes a composite
score weighting coverage, compactness, curve fit quality (RMSE, = 0.03 m), inter-frame
alignment match, and cluster count. Hyperparameter tuning used a gradient-free surrogate
optimizer (Bayesian-style with random-perturbation jitter) with up to 120 LiDAR frames
per evaluation run drawn from hardware scan logs.

A.5.3 Scoring and Curve Extraction

For each clustering method, clusters are first filtered by size. Each surviving cluster is then
passed through the PCA-based polynomial fitting routine implemented in curve from cluster.
The quality of a cluster curve is measured by a span—RMSE score and, for pairs of consec-
utive scans, by how well the best curve matches a corresponding cluster in the next frame
under an SE(2) alignment [32]. These metrics are combined with coverage, compactness,
and silhouette-based cohesion into a scalar score used to compare clustering strategies across
long sequences of LiDAR frames.

A.6 Intended Closed-Loop Hardware Control Pipeline

The combined pipeline for racecar control proceeds as:

1. Acquire multi-sensor data (IMUs, LiDAR, RC commands).
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2. Fuse IMU orientation and estimate global yaw using Madgwick/Mahony AHRS up-
dates [21}122].

3. Compute global velocity and position.

4. Incorporate AprilTags or Mocap if available [26].

5. Feed state into the nonlinear inverse controller or MPC.
6. Send commanded steering/throttle to the ESC/servo.

7. Log all data for replay, SLAM evaluation, and controller tuning.

B Drift Planner Evidence Appendix

The drift-aware planner experiments are organized around the constraint question that pre-
cedes inversion: when is the requested trajectory physically achievable, and when should the
reference be reshaped before the inverse controller is asked to compute inputs? Allowing
sideslip or flick-style motion is useful only if it creates an achievable acceleration demand
that remains recoverable. The current evidence table is built from the minimum-time OCP
summaries, the OCP sweep artifacts, the recoverability perturbation sweep, MuJoCo corner
replay, and the four input transient maneuver rollout screens. These artifacts are normalized
into normalized_evidence_table.csv; Table [15|lists the planner-specific derived tables.
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Table 15: Planner-evidence artifacts used to answer the drift/grip research questions. The
current row counts reflect the available local artifacts; the table deliberately distinguishes
completed evidence from staged or blocked evidence.

Artifact Rows Role in the argument

planner _regime map.csv 64 Grip/drift feasibility, = corner time,
sideslip, tire utilization, and verdict by
scenario.

planner mechanism labels.csv 64 Separates low-beta line-shaping wins from
moderate/high-sideslip candidates.

planner_recoverability_by_ocp_win.csv 12 Links drift wins to available perturbation
evidence and marks exact-plan recovery
gaps.

mujoco_planner_replay._results.csv 336 Closed-loop MuJoCo replay evidence for

the radius-8 m, 90-degree corner and
tight-radius hairpin case families.

mujoco_4ctrl_replay results.csv 6 Approximate collapsed Uy — Us transient
maneuver replay plus the true four-control
replay blocker.

warm_start_ranking.csv 29 Random/CEM rollout and OCP-mode
warm-start comparison rows, with equal-
budget rows marked separately.

inverse_tracking fidelity.csv 337 Existing controller replay rows plus an
explicit not-run marker for planned-
trajectory tracking.

The current OCP-derived regime map is useful as an evidence organizer, but it is not yet
a final broad-regime proof. Existing rows include exploratory sweep outputs and targeted
OCP summaries; rows known to originate from incomplete or stale sweep artifacts are marked
as not final evidence. In the available rows, the verdict distribution contains drift wins, grip
wins, ties, one-sided feasible cases, infeasible cases, and invalid /timeout rows. This already
rules out a universal “drift is always faster” claim, but a clean full Cartesian sweep is still
required before making a broad surface-regime claim about gravel, tarmac, or ice.
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Figure 38: Planner diagnostic plots generated from the current regime-map artifact. Positive
values on the vertical axis indicate that the drift-allowed solution is faster than the grip
solution. The plots are used to distinguish a faster drift-allowed line from a genuine high-
sideslip mechanism.

The mechanism labels show that the current OCP drift wins are primarily low-sideslip
line-shaping wins rather than high-angle drift evidence. The defensible interpretation is
therefore that the drift-allowed optimizer can find faster admissible cornering lines in selected
near-limit cases, not that large-angle drifting is broadly proven to be the mechanism. A
controlled-oversteer claim is deferred unless the plan reaches the high-sideslip threshold and
recovers under the exact perturbation sweep defined in Section [6.6]

Recoverability is presently stronger for broad case families than for individual OCP wins.
The white-box perturbation sweep completed all tested ready cases and recovered sideslip in
those cases, but the normalized link table marks most current OCP drift wins as requiring
exact-plan perturbation replay before they can be counted as robust drift wins. This dis-
tinction is intentional. Recoverability must be tied to the same exported plan that produced
the time advantage.

MuJoCo replay provides conditional transfer evidence. The radius-8 m, 90-degree corner
case supports a positive drift/flick signal under shared-complete perturbation comparisons.
The tight-radius hairpin test case, by contrast, fails in direct MuJoCo transfer because of
large exit cross-track error. A tuned transfer profile makes the corner executable, but only
conservatively and at slow pace, so it is not counted as a drift performance win. The col-
lapsed Uy — U, transient maneuver replay is a negative screen; faithful handbrake validation
remains blocked until MuJoCo exposes direct throttle, brake, and handbrake channels.

Taken together, the planning evidence currently supports a conditional feasibility claim:
drift-allowed and flick-style planning can identify faster achievable references in selected
near-limit 90-degree cases and can remain recoverable in bounded tests. The result should
be interpreted as support for the inversion pipeline, not as a standalone proof that drifting
is broadly superior. A full regime-level claim still requires clean long sweeps, exact-plan
recoverability for every counted OCP win, planned-trajectory inverse tracking, and true
four-control MuJoCo replay.

C RPLiDAR SDK and LiDAR Odometry Appendix
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C.1 RPLiDAR SDK Setup
C.1.1 Prerequisites

Before proceeding, ensure you have the following installed:

e A C++ compiler (GCC, Clang, or MSVC)

e CMake > 3.10

e RPLIDAR SDK (download from github.com/Slamtec/rplidar_sdk)

o Git

C.1.2 Project Setup

1.

1

2

Clone the SDK repository:

git clone https://github.com/Slamtec/rplidar_sdk.git
cd rplidar_sdk

Create a new project directory:

mkdir -p examples/new_project
cd examples/new_project

. Add a CMakeLists.txt linking the SDK static library.

C.1.3 Minimal Application

#include "rplidar.h"
#include <iostream>

using namespace rp::standalone::rplidar;

int

main() {
RPlidarDriver *driver =

RPlidarDriver::CreateDriver (DRIVER_TYPE_SERIALPORT) ;
if (!driver) {

std::cerr << "Failed to create RPLIDAR driver." << std:

return -1;
3
// application code
RPlidarDriver::DisposeDriver (driver) ;
return O;

:endl
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C.1.4 CMake Build

cmake_minimum_required (VERSION 3.10)
project (MyRPLidar)

set (SDK_DIR ../../sdk)

include_directories (${SDK_DIR}/include)

add_library(rplidar_sdk STATIC ${SDK_DIR}/src/rplidar_driver.cpp)
add_executable (${PROJECT_NAME} main.cpp)

target_link_libraries (${PROJECT_NAME} rplidar_sdk)

Build and run:

mkdir build && cd build && cmake .. && make
./MyRPLidar

C.2 LiDAR Odometry Pipeline

This section documents the software pipeline that implements and benchmarks eight 2D
LiDAR odometry algorithms against OptiTrack motion-capture ground truth. All scripts
reside in car_data_logs/.

C.2.1 Pipeline Overview

Script Role

cluster_chain methods.py Core primitives: clustering, polynomial fitting, ego-motion
cluster_chain temporal.py Temporal extensions: Kalman tracker, particle filter
cluster_chain fit_lidar motion.py Scan-pair pipeline: produces per-frame SE(2) deltas
primitive map_odometry.py Algorithm 8: wall-primitive map with corner anchoring
Curl_script_lidar.py Algorithm 7: Circulation-Flux (Green’s theorem) odometry
lidar_mocap_benchmark.py Benchmark runner: all algorithms vs. MoCap, 33 sessions
collate benchmark runs.py Aggregates per-session outputs into summary CSV /plots

Figure 39: LiDAR odometry pipeline scripts. lidar mocap_benchmark.py imports the prim-
itives from cluster_chain methods.py and dispatches each algorithm over the session log
pairs.

C.2.2 cluster_chain methods.py — Core Primitives
This module provides the building blocks shared by all polynomial-fitting algorithms (Algo-
rithms 1-6):

_pca_local frame(P) Returns a 2D rotation R, centroid t, and local coordinates for a clus-
ter point cloud P. The first principal axis is forced into the +x world half-plane to
prevent inter-frame sign flips that accumulate into systematic heading bias.
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_irls huber(X, y, delta, iters) Iteratively re-weighted least squares with a Huber loss
scaled to 3 cm (matching the LDO8 inter-point spacing at 2 m range). Used internally
by curve_from_cluster to fit polynomials robustly to noisy wall returns.

curve_from _cluster(pts, degree) Fits a degree-d polynomial in the PCA local frame.
Returns a PolyModel dataclass with coefficients, inlier ratio, support length, and mean
squared residual. Inlier ratio < 0.5 or support < 0.3 m causes the cluster to be rejected.

ego_delta from reports(prev, curr, ...) Matches polynomial models between consec-
utive frames (nearest-centroid + orientation guard) and solves the SE(2) rigid-body
constraint via weighted least-squares. Returns (dyond, dYworia, d0).

accumulate poses(deltas) Dead-reckons the full trajectory from a list of SE(2) deltas.

C.2.3 cluster _chain temporal.py — Temporal Extensions

Implements three components used by Algorithm 6 (Temporal Cluster Odometry):

ClusterKalmanFilter Constant-velocity Kalman filter tracking a cluster centroid in the
world frame. Residual velocity from the KF provides a gentle drift-correction signal:
under zero-ego-motion the environment should be stationary, so any estimated cluster
velocity indicates estimator drift.

ClusterTracker Multi-object tracker using the Hungarian algorithm
(scipy.optimize.linear sum assignment) for frame-to-frame cluster assign-
ment. Maintains persistent IDs so that the Kalman filter can accumulate multi-frame
evidence. The Hungarian assignment requires stable cluster identities, which is why
radius-connected-components clustering (single-linkage, » = 0.12 m) is preferred over
DBSCAN for this algorithm: DBSCAN’s noise-point handling can split or merge
clusters at frame boundaries, causing track fragmentation.

SlidingWindowOdometry Main pipeline wrapper. Accepts raw per-frame SE(2) deltas from
cluster_chain methods, applies the KF velocity correction, and returns a 5-frame
median-smoothed pose. The window length was tuned empirically: windows shorter
than 3 frames provided no smoothing; windows longer than 7 frames introduced latency
visible as a lag in the MoCap ATE time-series.

C.2.4 1lidar_mocap_benchmark.py — Benchmark Runner

The benchmark script is the authoritative entry point for reproducing the metrics reported

in this thesis and in the MECC 2026 papers.

Inputs. For each session the script expects a matched triplet in car_data_logs/:
e lidar_stream log <TS>.csv — per-frame LiDAR scan arrays

e raw_stream log <TS>.csv — IMU/RC telemetry (throttle filter)

111



e logs/Telemetry <TS>.csv — OptiTrack NatNet rigid-body pose

Sessions with < 0.5 m of measured MoCap displacement are excluded so stationary captures
do not pollute the statistics.

Algorithms dispatched.
1. SVD-ICP (plain)
2. Shi-Tomasi ICP
3. Poly-RANSAC
4. PolyFit-Shi (Poly-Shi)
5. Fused (ICP + polynomial)
6. Temporal Cluster (SlidingWindowOdometry)
7. Circulation-Flux (Stokes / Green’s theorem)

8. Curvature ICP

Metrics computed per session per algorithm.

ATE (m) Absolute Trajectory Error: RMSE of the estimated path vs. the Umeyama-
aligned MoCap path.

RTE (m) Relative Trajectory Error: mean step-wise displacement error (frame-to-frame).

HDG (°) Heading MAE: mean absolute heading error after zeroing both sequences at
frame 0.

Outputs.

e comparison results/mocap_benchmark <TS>/per_session <TS>.png — 3-panel fig-
ure (XY trajectory, ATE time-series, heading time-series)

e comparison results/mocap_benchmark <TS>/metrics.csv — full numerical table
(one row per algorithm per session)
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Canonical benchmark numbers. The final full 9-algorithm results (33 sessions, source:
mocap_benchmark 20260421 200203) are reproduced in Table (16| for reference.

Table 16: Full 9-algorithm LiDAR odometry benchmark (33 MoCap sessions). Lower
ATE/RTE is better; lower HDG is better. Best per column in bold. (Source: hardware
runs, OptiTrack ground truth.)

Algorithm ATE (m) RTE (m) HDG (°) Wins
Circ-Flux (Stokes) ~ 0.508 0.051 40.6 4
Shi-Tomasi ICP 0.516 0.057 33.6 4
SVD-ICP (plain) 0.525 0.048 35.4 6
Poly-Shi 0.539 0.060 32.6 2
Poly-RANSAC 0.544 0.051 41.3 7
Fused 0.636 0.065 40.4 2
Temporal Cluster 0.725 0.052 25.1 )
Curvature ICP 0.792 0.092 56.2 0

C.2.5 Clock Synchronisation and Coordinate Convention

NatNet timestamps and the host-PC LiDAR timestamps are not guaranteed to be synchro-
nised. Trajectory comparison therefore uses frame-index parameterisation: ATE and HDG
are computed after SE(2) Umeyama alignment (handles any fixed rotation + translation
offset between the two coordinate frames). In the benchmark script, both streams are first
converted to elapsed time from their own first sample; MoCap pose is then interpolated onto
the LIDAR frame times wherever the two windows overlap. This removes constant start-time
offsets without assuming a shared hardware clock. Heading traces are unwrapped and then
zeroed at frame 0 before comparison, so the reported HDG metric captures relative turning
drift rather than absolute yaw offset.

MoCap coordinate frame: Z-up right-hand; floor-plane position (z,y); heading =
arctan 2(2(quwg: + ¢uqy), 1— 2(q; +4¢?2)) (standard aerospace/ROS Z-up yaw). LiDAR odome-
try pose is accumulated as an SE(2) transform in the floor plane, with heading extracted from
the rotation block as arctan 2(Ry1, R1;). Because the LD08 scan angle increases clockwise
when viewed from above, sign handling is normalised inside each algorithm wrapper before
the benchmark metrics are computed; the appendix should therefore be read as comparing
already-normalised headings rather than raw sensor angles.

C.3 MuJoCo Simulation Pipeline

The quantitative controller and residual-identification benchmarks reported in Sections
and [§|are generated entirely in MuJoCo simulation. The relevant scripts live in mojuco_sim/.

C.3.1 race_car_env.py — Environment Wrapper

This file is a lightweight gym.Env sandbox used for interactive simulation, not the main
closed-loop benchmark harness used for the thesis figures. It loads a MuJoCo XML model,
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exposes a 4-channel control vector via step(action), switches wheel friction when the vehi-
cle enters the named “ice” or “oil” zones, and returns a synthetic LiDAR observation along
with AprilTag detections and a triangulated pose estimate in the info dictionary.

In other words, race_car_env.py is best viewed as a perception-rich playground for
testing contact changes and onboard sensing hooks. The quantitative controller benchmarks
reported in Chapters 7-8 instead use the dedicated sweep / comparison scripts described
below, which log body-frame state, solver diagnostics, and MuJoCo ground-truth trajectories
directly.

C.3.2 run racecar_sim.py — Hardware Log Replay

Replays a recorded hardware run (raw_stream log <TS>.csv) inside MuJoCo by applying
the same steering/throttle PWM commands to the simulated model and logging the body-
frame sensor outputs alongside the real IMU stream. Used for calibrating the simulation
parameters and for the sim-vs-real IMU comparison in Section [8]

C.3.3 Data Collection for Controller Benchmark

The 64-run enriched dataset (4 trajectories x 4 speeds x 4 controllers, ~320,000 samples)
is collected by running the environment wrapper in a loop and recording body-frame state,
finite-difference derivative, and the enhanced bicycle model prediction at each step. The
per-step residual (state derivative minus model prediction) forms the target for the SINDy,
Koopman/EDMD, GP-SSM, Hybrid, and Symbolic regression correctors. Fitted correctors
are then frozen and used to close the loop for the grouped RMS CTE benchmark (F igure.

Trajectory types and speed schedule.

Trajectory Reference speeds (m/s) Purpose

Ellipse 4.0, 5.5, 7.0, 8.5 Steady-state cornering

Circle 4.0, 5.5, 7.0, 8.5 Constant curvature

Figure-8 4.0, 5.5, 7.0, 8.5 Lateral-acceleration sign reversal
Slalom 4.0, 5.5, 7.0, 8.5 Rapid steering transients

Controller success criteria. A run is flagged as diverged if the lateral error |e| > 2.0 m
or the simulation contacts a boundary. Diverged runs are excluded from the CTE statistics
and counted separately as failure events.
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D Script and Figure Appendix

Table[17]lists the major scripts used to generate the quantitative results, figures, and tables in
this thesis. Paths are written relative to the workspace root CSE 583/ unless a row explicitly
begins with Thesis/.

Table 17: Script-to-figure mapping for reproducibility. Paths are relative to the CSE 583/

workspace root unless otherwise noted.

Script Purpose Figure/Table generated Key inputs Key outputs
Thesis/mojuco_sim/run_sweep. Multi-controller sweep tab:model_fidelity, tab: --controllers, -- Thesis/mojuco_
Py runner controller_quality_metrics model-levels, --mu sim/results/*/

Thesis/mojuco_sim/plot_model_
fidelity.py

Thesis/mojuco_sim/plot_speed_
tracking.py

run_mpc_mppi_benchmark.py

model_comparison_four_wheel.
12

plot_four_wheel_comparison.py

suspension_step_response.py

comparison_results/
divergence_analysis/summary_
divergence.csv
Thesis/car_data_logs/lidar_
mocap_benchmark.py

Model-fidelity figure

Matched speed-tracking
figures

Matched Stan-
ley /inverse/MPC/MPPI
benchmark

Four-wheel normal-load
benchmark

RMSE

Four-wheel
grouped plot

Suspension calibration
figure

Residual-model  error
summary

LiDAR odometry
benchmark

fig:rms_cte_vs_model_level

fig:speed_tracking_
comparison, fig:effective_

speed_vs_cte

tab:mpc_mppi_bench

tab:fw_rmse,
dive

fig:fw_deep_

fig:fw_rmse_bars

fig:susp_validation

tab:residual_rmse

Table 1 in mecc_paper

metrics_summary.
csv

results/mpc_mppi_
benchmark.csv

ellipse/circle  refer-
ence trajectories

MuJoCo four-wheel
load datasets

comparison_
results/four_
wheel/benchmark_
v8/summary.csv

calibrated  spring—
damper parameters

sampled residual

predictions

MoCap + LiDAR
logs

metrics_summary.
csv

Thesis/
comparison_
results/fig_
rms_cte_vs_model_
level.{png, pdf}
Thesis/
comparison_
results/fig_
speed_tracking_
comparison.png
results/mpc_mppi_
benchmark.csv

comparison_
results/four_
wheel/benchmark_
v8/summary . csv
comparison_
results/four_
wheel/benchmark_
v8/fig_model_
rmse_bars.png
comparison_
results/four_
wheel/suspension_
validation.png
RMSE/MAE/bias
table

metrics.csv
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Statement on Use of Al Tools

Generative Al tools were used in a limited supporting role during the preparation of this
thesis. Their use included editorial revision, LaTeX formatting support, code-debugging
assistance, benchmark scripting support, and literature categorization for contextualizing
related work. Generated suggestions were treated as draft support. The author reviewed,
modified, tested, and validated all code, scripts, analysis outputs, and written material before
including them in the thesis.

The research questions, controller design, mathematical derivations, simulation studies,
analysis, interpretation of results, novelty claims, and conclusions are the author’s own. The
author takes full responsibility for the final content of this thesis.
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