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Abstract

Electronic and transport properties in carbon nano structures

Wei Chen

Chair of the Supervisory Committee:
Professor Anton Andreev
Department of Physics

This dissertation studies the electronic and transport properties in one and two di-
mensional carbon systems, including carbon nanotubes, carbon chains and graphene.
The focus is on the effects of e-e interaction on these properties. First we studied
the electron band structure of armchair CNTs under interaction. The interactions
destroy the metallic ground states in the non interacting picture and open a gap in
the electron energy spectrum. The e-e interaction results in a Mott transition and
opens a Mott gap while the e-phonon interaction leads to a Peierls transition and
opens a Peierls gap accompanied by a lattice deformation. We examined both tran-
sitions and studied the interplay of the two interactions. The final ground state of
an armchair CNT is discussed based on the studies of the two transitions. Next, the
transport properties and energy dissipation of a two terminal carbon nanotube device
are studied and the relation between the conductivity and the plasmon decay rate
is explored. Particularly, the plasmon decay rate was evaluated and the correction
to the conductance due to the interaction was studied in both undoped and doped
case. While a uniform doping suppresses the Umklapp processes exponentially and
for that reason a long armchair CN'T remains metallic, in the non uniformly doped
case, particularly in an armchair CNT pn junction, the relevance of the Umklapp
scattering can be tuned by the doping electric field. Depending on the steepness of

the doping potential, the device can go through a quantum phase transition from






a metal to insulator at zero temperature. The behavior near this critical point was
studied by the epsilon expansion. At last, we studied the electron transport through a
device composed of a one dimensional chain or wire connected to two graphene leads.
Electrons get through the device by narrow resonance states with certain energies due
to the vanishing density of states of the graphene leads at the junction. This feature

of transport can be generalized to other molecular devices with graphene leads.
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Chapter 1

INTRODUCTION

The main subject of this dissertation is the electronic and transport properties in
low dimensional interacting systems, particularly in carbon systems. In the 2D and 3D
case, the interacting Fermi systems can be described by Landau’s Fermi liquid theory,
which states that the properties of an interacting system remain essentially similar
to those of free fermionic particles, although the elementary particles now are not
the individual electrons anymore but electrons dressed by the density fluctuations
around them, namely quasiparticles. The situation is drastically different for 1D
system. In the 1D case, the Fermi liquid theory breaks down. An electron that tries
to propagate has to push its neighbors because of e-e interactions. For that reason, no
individual motion is possible and all excitations become collective and Bosonic, which
is the physical foundation of the Bosonization method in 1D system. Most of this
dissertation will be using the Bosonization method to study 1D interacting systems,
particularly carbon nanotubes, so I will first give an introduction of Bosonization and
the Luttinger liquid theory in this chapter, and in the second section I will have an

overview of the dissertation.

1.1 Bosonization and Luttinger liquid theory

The peculiarity of the particle-hole spectrum in 1D inspired the Bosonization method,
which is one of the most useful tools to tackle 1D interacting system. In contrast to
high dimensions, when one excites an electron in 1D with momentum k below the
Fermi level to above the Fermi level with momentum k+q, the particle-hole excitation

or density wave fluctuation has both fixed energy and momentum with linear disper-



(a) (b)

Figure 1.1: (a)schematic picture of electron hole excitation spectrum of 2D and 3D
systems. (b) Electron hole excitation spectrum of 1D system. The spectrum has a

well defined dispersion relation at small . (¢)A schematic picture of the displacement
field ¢ as a function of position.



sion relation w = vp | ¢ | when q is small, as shown in Fig.1. This linear dispersion
relation is identical to that for phonons in one dimension. As an analog to phonon,
we can then introduce a displacement field ¢ to describe this linearly dispersing den-
sity wave fluctuation p = 9,¢(x)/m, [1] while the full electron density takes the form
p(x) = (kp + 0,¢)/m and kp/m = po is the mean electron density which is canceled
by the positive background charge.

To get a full mapping from the single particle Fermionic field ¢ (z) to the Bosonic
fields, one can consider the Jordan-Wigner transformation on a 1D lattice v; =
exp (immXi<;n;)b; where b; is a Bosonic field and takes the form b; = /njexp (it);),
exp (immX;<;n;) is a string attached to satisfy the Fermionic commutation relations
and m is an odd integer. In the continuum limit, i.e., when the scales considered are
long compared to the lattice spacing, we replace n; by p(x) and 6; by 0(x). As usual,

the density and phase satisfy the commutation relation:

[p(x), 0(2)] = id(x — ') (1.1)

which is equivalent to taking

[6(r),0(a")] = T sgn(z — ) (12)

so the canonical conjugate momentum of ¢(x) is just 9,0(x) and the same is true with
¢ and 6 exchanged.

The Fermionic operator then has a general form
(x) ~ Dy, e TEFEHD) 10() (1.3)

The m = +1 terms correspond to the left and right moving pieces and describe the
slowly varing modes of the electron field. In the low energy regime or continuum
limit, the higher harmonics are usually less relevant and the average over them in a
scale larger than lattice spacing vanishes so we ignore them. In some special cases,

the higher harmonics could become relevant, but we will mention them only when we



encounter this situation. In most of the cases in this dissertation, only the m = +1
terms are important and included. The electron field operator containing only these
two pieces is

¢<x) — ¢R _|_ wL — eik‘paf,’eiQR + e—ik‘Flfe—i‘:DL (14)

where ®p/;, = ¢ £ 0. These two fields commute with each other and satisfy
[@r(z), Pr(2")] = —[®r(z), Pr(2)] = irsgn(z — 2) (1.5)

The right and left moving electron densities are

1
PRL =5 2 PR.L (1.6)
i
And the total charge density is
p = pr + pr + 2kp component (1.7)

pr and pp correspond to charge excitation close to the right and left Fermi point
respectively, while the 2kr component corresponds to excitation from the left side to
right side near the Fermi surface or vice versa. In the continuum limit, the average of
the 2k component over distance larger than lattice spacing vanishes and the smeared
density is p = pr + pr = 0.¢/.
The Hamiltonian of the non-interacting system resembles that of a 1D density
wave, which includes the kinetic energy and elastic energy and can be written as
1= 38 [ g0+ 0.07) (1.9
T g
where g = 1 in the noninteracting case and is renormalized under e-e interaction. The

equation of motion of the Bosonic fields at g = 1 satisfy

apR,L

T i[H, pr,1] = Fvrdipr1 (1.9)

Thus the densities pg ; and the fields ¢p  are only functions of x — ut and x + ut.

These fields describe excitations that propagate only in the right and left direction



respectively. For that reason, they are called chiral fields. In presence of interaction,
the left and right Fermions interact, but one can still find an excitation (that contains
both right and left Fermions) that propagates solely to the right or to the left.

It’s worth mentioning that the Fermionic field containing only the m = +1 terms is
an exact mapping from Fermionic fields to Bosonic fields for linear electron spectrum.
In the low energy limit, only excitation near the Fermi surface is possible and in this
narrow regime of excitation, the spectrum is approximately linear, so in low energy

case we can write
W(x) = 2= (), and () ~ eirkra gi(ré(x)+0(z)) (1.10)

where r = =+1 represents right and left mode. This is the mapping we will use
extensively in this dissertation.

Another important point we need to note is that since we are only interested in
the density wave excitation with respect to the ground state, we should exclude the
infinitely occupied Fermi sea in ground state when defining the density operator. To
do so, one introduces the normal ordering of a product of operators :ABC:. In a normal
ordered product the destruction operators (with respect to a given vacuum) are put
on the right and creation operators on the left. For two operators that are linear
combinations of creation and destruction operators the normal ordering is equivalent
to subtracting the average value in the vacuum : AB := AB— < 0| AB |0 >. In the
Bosonic form, the normal ordered product of two exponential operators satisfies the

relation

. piadn(@) . iBer(a) . (:L‘ . x/)aﬁ . pir(adr(z)+iBor(z")) . (1_11)

The normal ordering symbol on the right hand side means omitting the contractions

between x and 2’. For the density operator, we then have

¢I($)¢T<xl) = i(C(} — :E,)_l : ei(_(br(x)"“br(x/)) .
2
1 1
= 5t 5-10:® — 1.12
2m(x — ') o0 o) + Oz — o) (1.12)



Omitting the singular term when z = 2/, which is equivalent to excluding the infinite
Fermi sea, the density operator is obtained as p(x) = pr(z) + pr(x) = 0,¢(x) /7.

We have already shown that the noninteracting Hamiltonian has a nice quadratic
form in Bosonic language. Next let’s check the e-e interaction. The Coulomb inter-
action has the form

Hip = /de(:c — ') p(x)p(x) (1.13)
The density operator is given in Eq.( 1.7). We can see that the interaction can be
classified by two kinds of processes: forward scattering processes which are quadratic
in the Bosonic fields and backward scatterings which have an exponential form of the
Bosonic fields. The quadratic part only renormalizes the velocity of the spectrum but
will not change it qualitatively, yet the backscattering processes may open a gap and
destroy the non interacting ground state, which we will investigate in more detail in

the following chapters.

1.2 Overview of the dissertation

A major part of this dissertation will be applying the Bosonization method to study
the interaction effects in 1D systems, specifically CNTs, including the effects on the
ground state spectrum and transport properties. A minor part of the dissertation will
be transport through a molecular wire connected to 2D graphene leads.

In Chapter 2, we will apply Bosonization to study how interactions, namely e-e
interactions and e-phonon interactions, change the non-interacting ground state of a
single metallic armchair CNT as well as the interplay between these interactions in
determining the ground state. The non interacting spectrum of armchair CNT is pre-
dicted to resemble a linear gapless Dirac spectrum from the tight binding model. The
effect of e-phonon interaction in CN'Ts without taking into account e-e correlation
had been studied in Fermionic language by previous workers, and a twist instabil-
ity accompanied by a metal insulator transition occurring at very low temperature

(less than 0.1 K) was predicted. Our work revealed that the e-e correlation greatly



enhances the transition temperature 7, (by more than two orders of magnitude) to
an experimentally easily accessible region. We also showed that the e-e correlation
changes the T, dependence on e-phonon coupling strength from an exponential law
to a power law. Yet the e-phonon interaction is not the only interaction that results
in an insulator of a CNT at low temperature. The e-e Umklapp processes were also
shown to turn the CNT into a Mott insulator at low temperature. The interplay of
these two interactions was then studied and we found that the e-phonon processes and
e-e Umklapp processes compete in determinating the ground state of a CN'T. In wide
CNTs, the competition results in a Mott insulator while in very narrow CNTSs, the

competition may result in a Peierls insulator with twisted lattice at low temperature.

In chapter 3 the plasmon decay in CNTs due to e-e and e-phonon interactions is
studied and related to the electron transport properties in a two terminal device. In
a pure Luttinger liquid, the Bosonic modes don’t decay because they are eigenmodes
of the Hamiltonian and there is no dissipation. Yet with backscattering, the Bosonic
modes gain a finite lifetime and the transport through the Luttinger liquid becomes
dissipative. In armchair CNTs, there are four Bosonic modes: the plasmon mode
which carries charge, and three neutral modes. The e-e and e-phonon back scatter-
ings cause the plasmon mode to decay into neutral modes or Phonon modes. This
mechanism leads to a correction to the otherwise perfect conductance quanta in a
two terminal CNT device. The intrinsic energy dissipation rate in CNTs is propor-
tional to the plasmon decay rate. The latter is related to the ac conductivity of a
homogenous CNT through a Drude-like formula. In a real two terminal device, when
L > Ly = vr/T, the boundary is not important and the tube can be considered to
be homogeneous and this is the case we are interested in. In the case L < vp/A,,
either for an undoped tube or doped one, the tube remains metallic and the decay

rate is small so it can be computed perturbatively.

In chapter 4, we study the electron transport through an armchair CNT pn junc-

tion, which reveals an unusual quantum critical phenomenon in such a structure. The



pn junction can be formed experimentally by applying a nonuniform doping potential
through two gates. Again the back scatterings, e-e Umklapp processes and e-phonon
back scatterings make corrections to the otherwise perfect conductance quanta. The
Umklapp processes take place only at the center region of the junction due to mo-
mentum conservation, which makes the pn junction resemble a single barrier. Yet in
contrast to single barrier scattering in Luttinger liquids, which is always relevant and
results in an insulator at low temperature at any strength of the barrier or electron
repulsion, the relevance of the e-e Umklapp backscattering in the CN'T pn junction
can be tuned by the doping electric field. At zero temperature, the pn junction can
go through a quantum phase transition from insulator to perfect conductor controlled
by the built-in doping field. This also indicates an unstable intermediate fixed point
of conductance. The finite temperature conductance at the two limits of weak back
scatterings and weak tunneling are obtained by perturbation theory, while the behav-
ior at the fixed point is studied from the RG equations using an epsilon expansion

near the marginal point.

In Chapter 5, we switch gears to study the transport through a device consisting
of a molecular wire connected to two graphene leads. One such device achieved in
experiments is a full carbon device consisting of two graphene leads connected by a
single-atom carbon chain. As an initial step, we ignore the e-e interaction which is not
so important in a short wire and in a 2D system. Using the Greens function method,
we obtained the spectrum of the bulk states as well as the edge states in the graphene
leads. From Fermi’s golden rule, the tunneling coefficient through one junction can
be estimated as T ~| v |* vy, where 7 is the tunneling matrix through the lead
and wire, v, and v, are the local density of states (DOS) of the wire and graphene
lead at the connecting points respectively. The local DOS of the wire is a constant
yet the local DOS of the graphene lead at the connecting point, either coming from
the bulk states or the edge states, is linear in the energy counted from the Dirac

point. Thus the tunneling coefficient through one junction vanishes linearly with the



energy at small doping even if the coupling between the wire and graphene lead is
strong. The whole device acts as a Fabry-Perot interferometer and the transmission
through the whole device has a very sharp resonance feature with energy due to the
strong reflection at the junction. This feature is common for molecular devices with
graphene leads only if the electron states in the molecule or wire are extended through
the whole molecule or wire. The resonance feature of the transmission makes such
devices different from devices with normal metallic leads and being candidates for
atom scale transistors.

The details of most of the work above can be obtained from the following papers:

1. Twist instability in strongly correlated carbon nanotubes

Wei Chen, A. V. Andreev, A. Tsvelik, D. Orgad, Phys. Rev. Lett. 101,

246802(2008)

2. Decay of a plasmon into neutral modes in carbon nanotube
Wei Chen, A.V. Andreev, E.G. Mishchenko, L.I.Glazman, Phys. Rev. B 82,
115444(2010)

3. Quantum criticality in a Mott pn junction in an armchair carbon nanotube

Wei Chen, A.V. Andreev, L.I.Glazman, Phys. Rev. Lett. 106, 216801(2011)

4. Conductance of a single atom carbon chain with graphene leads

Wei Chen, A.V. Andreev, G. Bertsch, Phys. Rev. B 80, 085410(2009)
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Chapter 2

ELECTRON STRUCTURE IN A STRONGLY
CORRELATED ARMCHAIR CNT

2.1 Introduction

In this chapter, we study the interaction effects on the electron structure in armchair
carbon nanotubes (CNT). The non-interacting ground state of an armchair carbon
nanotube is nominally metallic with gapless Dirac spectrum by the zone folding of
the spectrum of graphene from the tight binding model.[2] Yet under interaction, this
image may be destroyed. Experiments reveal that all CNT's are actually gapped at low
temerature.[3] The origin of the gap could come from both the e-phonon interaction
and e-e interaction. The former can induce the Peierls transition and the latter induce
the Mott transition. Both transitions result in a gap in the electron spectrum. In
this chapter we examine both interactions in CN'Ts under the Luttinger liquid theory

frame and discuss their interplay as well.

It’s well known that in a single band 1D system, the response function with wave
vector 2kr diverges and leads to various instabilities at low temperature. The response
of an electron gas to e-phonon interaction results in a charge density wave ground
state consisting of a periodic charge density modulation accompanied by a periodic
lattice distortion, both periods with wavelength A\g = 7/kr. Consequently both the
electron and phonon spectra are strongly modified by the formation of the charge
density waves. Generally the phonon spectrum is strongly renormalized near 2kg,
referred to as the Kohn anomaly. At a finite temperature wyey o, — 0 indicating a
phase transition, known as the Peierls transition. For a partially filled electron band,

the period )\g is incommensurate with the underlying lattice. The periodically varying
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lattice distortion leads in turn to a single particle gap at the Fermi level, turning the
material into an insulator. [4] Meanwhile, e-e Coulomb interaction may also change
the electron band structure due to the repulsion between electrons and result in a
Mott transition. As a result, the electron spectrum develops a gap.

The Mott transition in armchair carbon nanotubes has been studied by previous
workers in the Luttinger liquid theory framework.[15, 16] The e-e Umklapp interaction
turns an armchair CNT into a Mott insulator. The gap was estimated in different
ways. The Peierls transition in armchair carbon nanotubes was also studied by previ-
ous workers, but in the non-interacting picture. A twist instability happens at wave
vector ¢ = 0 instead of 2k and as a result, instead of a periodic lattice distortion with
wavelength 7/kpr at low temperature, the carbon nanotube lattice develops a twist
in the circumferential direction with a long wavelength and the electron spectrum
develops a Peierls gap.

In this chapter we study the Peierls transition in armchair CNTs within the Lut-
tinger liquid theory frame, i.e., taking into account e-e interaction. We found that the
e-e interaction strongly enhances the Pierls transition temperature 7, and changes the
T, dependence on the e-phonon coupling strength from an exponential law to a power
law. We also estimate the Pierls gap and twist angle upon transition by a mean field
variational method which is valid in the ordered state.

To determine the ground state of the CNT in the presence of both e-e interaction
and e-phonon interaction, we studied the interplay of the two interactions and found
that they compete with each other and only one transition can happen at one time.
Which one wins depends on the condensation energy upon the transition, which in
turn is determined by the energy gap developed. The possible ground state in a
realistic CN'T is discussed at the end.

This chapter is organized as follows: In Sec.2.2, we present the noninteracting
spectrum of carbon nanotubes under tight binding approximation. In Sec.2.3, we

study the Luttinger liquid theory in armchair CNT and the Mott transition due to
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e-e Umklapp interaction. In Sec.2.4, we study the Peierls transition in the armchair
CNT in the Luttinger liquid theory frame. In Sec.2.5, we study the interplay between
the Mott transition and Peierls transition and discuss the ground state of an armchair

CNT under both e-e interaction and e-phonon interaction.

2.2 Non-interacting spectrum of carbon nanotubes

The non interacting spectrum of carbon nanotube can be obtained by zone folding of
the spectrum of graphene from the tight binding model. Consider a graphene sheet
as shown in Fig.2.1(a). The sp® hybridized orbits form 3 binding orbits and 3 anti
binding orbits. The 3 binding orbits are fully occupied yet the 3 anti-binding orbits
are empty. The remaining p, orbit is perpendicular to the graphene plane and forms
a conducting band. Since there are two atoms in each unit cell, two conducting bands
are formed from the combination of the two p, orbits of two sublattices. In this section
we present the tight binding approximation approach to the spectrum of these two
bands. [5]

The Bloch wave functions of the two sublattices of the graphene in the tight

binding model are written as
1 — 1 -
Ya = \/—Nzelk'ﬁ%ﬁ(?_ﬁfl); Yp = \/—Nzem'ﬁBW?_ﬁB) (2.1)
A B

where ¢(7 — R 4) and (7 — ﬁB) are the local wave functions for an isolated A
and B atom respectively. The electron wave function in the graphene has the form

1 =14 + Mpp. The energy satisfies the equation
Hy = Ev (2.2)

where the Hamiltonian H includes the kinetic energy of the electron and the periodic
potential experienced by the electron from the lattice. The spectrum can be solved

by the secular equation
Haa—E  Hap
| |=0 (2.3)
Hpsy  Hpp—FE
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Figure 2.1: (a) Schematic picture of a graphene sheet. (b) 2D electron spectrum of
a graphene sheet. (c)Reciprocal lattice of the graphene sheet in (a). (d)Schematic
picture of an armchair carbon nanotube and its non interacting electron spectrum.
Green and blue circles denote atoms in the A and B sublattices. The arrows show
atomic displacements in the TA and LO phonon modes. + and — denote the parity
of the bands. @ = 41 corresponds to the two valleys with Fermi points at +kp.
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where Hag = (Ya | H | ¥a), Hap = (Ya | H | ¥p), and similarly for Hgp and
Hp,. Assuming there is no overlapping between ¢(?> — ﬁA) and ¢(? — ﬁB), ie.,
i — ﬁ@(b(? — ﬁB)dr =0, one gets

Hu = 5 > T [o@ - Hame - Radr

Ra,R 4/
1 e
Has = + 3 ezk@BﬁA)/gﬁ*(? ~ROHO(T - Bp)dr  (2.4)
Ra,RB
Assuming [ o (T — ﬁA/)Hgb(? — ﬁA)dr = &9 is non vanishing only for A = A’ and
that [ N R AHO(T — 7 p)dr = t is nonvanishing only for nearest neighbor

atom A and B, we obtain the equation

—
o — FE thn 6lk'ﬁAB

| -
> etk Han go— F

=0 (2.5)

where the sum is only over the three nearest neighbor B atoms of A or vice versa.

The spectrum is thus obtained as

V3k,a
2

k k
E:esoj:|t|\/1+40032%a+4cos%acos (2.6)

Setting €y = 0, i.e., the energy is counted from the center of the band, one gets the
spectrum of graphene as shown in Fig.2.1(b).

Carbon nanotubes can be considered as a rolled sheet of graphene and have differ-
ent chirality when rolled in different directions. The momentum in the circumferen-
tial direction is quantized as k, = 2wm/R to satisfy the periodic boundary condition,
where m is a non negative integer. The spectrum of a carbon nanotube contains a
series of 1D bands cut by the quantized k, from the 2D graphene spectrum. The
nanotubes are gapless and metallic if the k, = m/R plane crosses one of the Dirac
points. Otherwise, they are semiconducting with a gap. At room temperature, only
the lowest band is excited and carbon nanotube can be considered as a 1D wire. In

this dissertation, we are most interested in the armchair carbon nanotubes, which
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are tubes rolled along the (N, N) direction. The momentum in the circumferential

direction has quantized values k, = N%}%am with m =1,2,..., N — 1, N which cut the
reciprocal lattice of graphene as in Fig.2.1(c). The lowest two bands correspond to

ky = % and have spectrum
Ey = F|t|[1 — 2cos (kya/2)] (2.7)

From here on, we drop the | on t and by default t means |¢| and represents the nearest
neighbor hopping integral. The two bands cross each other at the Dirac points as
shown in Fig.2.1(d). The armchair CNT has a symmetry plane that goes through the
tube axis and maps the A and B sublattices to each other. The electron spectrum

and the phonon modes are both characterized by the parity £1 due to this symmetry.
2.3 Luttinger liquid theory and Mott transition in the CNT

The low energy electron bands of an armchair CN'T form two pairs of spin-degenerate
right and left branches intersecting at the band center, which also locates the two
Fermi points. At low energy only the modes near the Fermi surface are important

and the electron field operator can be written as
\IIU(x) = Z eiakwaara (28)

where a = 1, 2 represent the two valleys, r = 41 represent the left and right movers
respectively, and o0 = 41 represent the two spin modes. The electron operator can

also be expanded in terms of the Bloch waves of the two sublattices p = +1,

\I’U(‘Ta y) = Z eiakpxwara - Z SOpa ('I’ y)¢p,a7a($) (29)

e*iakFr

with the phase factor . (x,y) = o The field operator on the two sublattices

can be transformed to the basis of left and right movers by the unitary transformation

¢paa - \/Li ZT:i<Ta)(lip)/2¢ocrU~
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Near the Fermi surface, the spectrum can be linearized and the low energy free
Hamiltonian can be written as

Hye = ihvp Y / Az, ;0300 r0 (2.10)

a,r,o

The e-e interaction contains forward and backward scattering terms. At low en-

ergy, only scatterings with ¢ ~ 0 and ¢ ~ 2kpr are important. The interaction
Hamiltonian can be written as

1 /
H’L’nt = 5 Z Z /dxd$/¢;ala(x)w;’aga’ (‘T/)Voip (33' - $/)¢p/a30/ (xl)wpcma(x)
pp’oo’ arazazaq
(2.11)
where p = £1 labels two sublattices and v, ., () is the field operator on sublattice

p. The 1D potential

2TR
Var (z—2') = / AYdY' @pa, (T, Y) Oy (0", Y VU (=", y=4' +0d6p, 1y ) 1t 05 (T V) 0pr0a (T, Y)
0

(2.12)
where U(x — ',y — ¢') is the Coulomb potential, d is the shift between the two
sublattices.

The terms with oy = a4 and ay = a3 but a; # as correspond to forward
scatterings and the ones with oy = —ay = a3 = —ay correspond to back scat-

tering. For undoped tubes, there are Umklapp processes too, corresponding to
a1 = Qg = —Q3 = —0y.

The forward scattering Hamiltonian can then be written as

1
Hps = 5 / drda’ p(z)Vo(x — 2')p(a’) (2.13)
h
wihere 2R dy 27R dy/
_ 4y o 2.14
i = [ o [ vy ) (2.14)

and p(z) = >, Ul opac varies slowly in space and doesn’t distinguish lattice so

we can write

Hrs = Vil =0) [ dep(o)p(z) (2.15)
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For unscreened Coulomb interaction U(x,y) = T 2+4e;2 — Vo(k) for kR <
K (ZO x s~ (y

1 is reminiscent of a 1D quantum wire and Vy(k) = (¢?/k)[2]In (kR)| + 7 In2]. The

lower cutoff of k is 1/L with L the length of the tube and the upper cutoff of k
is 1/R. There is another forward scattering term due to the short range (r < a)
Coulomb interaction, but the interaction strength ~ e*/R is much less than Vy(k =
0) = (¢?/k)[2]In(R/L)| + m1In2] and this term can be combined to the long range
forward scattering.

The backscattering term contains intra lattice (p = p’) and inter lattice (p = —p')
interactions. The intrasublattice backscattering strength V,,,(2kr) is estimated to be
of order ~ ae?/R where a is the nearest bond length. The inter lattice interaction is
much less than the intra lattice interaction due to the C5 symmetry of the graphene
sheet which leads to the vanishing of V), _,(2kp) for a plane graphite sheet.

The above Hamiltonians can be bosonized by writing

Varo(T) = f;%fea:p[i(@w + 1P )] (2.16)

Here F,, are the Klein factors, 1/ is an upper momentum cutoff and ¢ is the radius
of the nanotube. [24] The boson operators in the exponential satisfy the following

equal time commutation relations
(@00 (), Onror (21)] = 1000050 0(x — '), (2.17)

with @(z — ) being the step function. By introducing the modes combining spins

and valleys in different ways as [13]

1

1
q)czl: - 5 Z(qDIU + cI)QJ)? (I)Si - 5 Z O-((plff + ¢)20>’ (218)

g o

and the corresponding conjugate momentum

1

1
@cﬂ: = 5 Z(@lo =+ @20)7 @szl: = 5 Z(@lU + @20)7 (219)

o oz
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the Luttinger liquid Hamiltonian containing only the free part and forward scattering

part can be written as

Hoe = fup >, [ dz[(V®;)? + (VO;)?’] + Vo(k = 0) [ dzx(VP.y)?
= gruj 2 [ dalK;(Ve;)? + £-(V6;)’] (2.20)

Here j = c+, s+ labelling the above defined modes. K; = 1/4/1 + 2rVy(k = 0)/vph
for j = ¢+, which is a charged mode and 1 for j = ¢—, s+, which are there neutral
modes. u; is the velocity of the j mode and u; = vp/K;. It is seen that K. < 1
due to strong e-e interaction in carbon nanotube and it is about % ] For the same
reason, the ¢+ mode is much faster than the other modes.

Collecting all the backscattering terms in Eq.( 2.11) and bosonizing them, one finds
that the most relevant terms correspond to the so-called Umklapp processes, which
transfer two right-moving electrons into left moving ones or vice versa [13, 14, 15, 16].

The bosonized form of the umklapp interaction can be written as [16]

1
H, = —W/dxcos(\/ECIDCJF)

{93 cos(VATO,_) + (g3 — g1) cos(VAr®,)
+g1[cos(Vard,_) — COS(\/E(I)S_)]} : (2.21)

where the coupling constants originate from the short range part of the Coulomb
interaction, V44 and Vg, between electrons on the A and B sublattices. Explicitly,
one finds g3 = Vaa(2kr) +Vap(2kr) and g; = Vaa(0) —Vap(0) [15, 16], both ~ ae®/R
where a is the bond length.

The scaling of the Umklapp coupling constant is 1 — K. In the case K., < 1,
the Umklapp processes are strongly relevant and result in a Mott transition at low
temperature accompanied by a gap. The gap could be obtained by the mean field
variational method as in Ref.[15]. The gaps obtained in this way are different for the
four modes, greatest for the charge mode and proportional to the coupling constant

for the neutral modes. Yet they all have the same scaling with respect to the radius
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1
of the tube as A ~ (}%)H“Kwr . In the limit of K., — 0, the charge mode ®,, is fully
pinned and the average < cos2®., >~ 1. In this case we can take the adiabatic limit
and integrate out the fast charge mode. The remaining part containing the neutral

modes can be refermionized by the mapping [6]

l

Yo —lvr = — cos 20
Rl —rpr = Wig cos 20 (2.22)

The Dirac fermionic fields can be decomposed to Majorana Fermionic operators as

1
s = = +1
(0 ,R/L \/§(X1,R/L Xz,R/L)
1 )
YofR/L = E(XS,R/L + iXo,r/L)
1 .
Vrrir = E(nl,R/L + in2,r/L) (2.23)

and the Umklapp Hamiltonian can then be written as

3 2

1

Humkl = Zﬂ__g[gt Z Xi,kRXi,L + JoXorXoL — 1 Z nirMiL] (2.24)
=1 =1

where ¢; = g3 + g1, 9o = ¢1 — g3. The Hamiltonian manifests SU(2) symmetry. The
triplet of Majorana fermions transforms according to the spin S = 1 representation
of the SU(2) group and the fermion labeled by i = 0 is a singlet under the SU(2).
The quadratic part of the Hamiltonian can be written as

2 . 3

0
Z(—m,Ram,R +0i,00Mi.1) + 5 Z<_X1,R8Xi,R+Xi,L8Xi,R) (2.25)

=1 i=0

Ho = Ho[®..] +%

The Hamiltonian including the Umklapp interaction is then equivalent to a Hamilto-
nian of massive Dirac Fermions. The masses of the Dirac Fermions give the gaps of

the spectrum, which is

My =2 My, =2 M, =L (2.26)
s

7€’ €
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These gaps correspond to neutral excitation. The charge gap is

Der = \fr(MZ +3M2, + M2,) (2.27)
Since g; ~ 1/R and £ ~ R, the gap scales as A ~ 1/R2,

2.4 Peierls transition in the armchair CNT in the Luttinger liquid the-
ory framework

In this section we study the Pierls transition in an armchair CNT due to e-phonon
interaction.

There are 6 phonon modes in an armchair CNT altogether. Among them, three
have positive parity: LA, TO and RA, where L represents longitudinal, T transverse
and R radial; and three have negative parity: TA, LO and RO. The positive parity
phonon modes cause intraband e-e scattering and the negative phonon modes cause
interband e-e scattering. [17] The e-phonon interaction arises from the change of the
hopping matrix element induced by the atomic displacement. The coupling of the RO
phonon to electron is proportional to the curvature of the tube and is smaller than
other couplings by a factor of 1/N so we ignore this coupling. [19] By calculation we
found that the phonon assisted electron forward scatterings cause only softening of the
phonon modes but are not strong enough to result in a Peierls transition so we will not
pay much attention to them. The backscattering includes intravalley backscattering
with ¢ = 0 assisted by TA and LO phonons and intervalley backscattering with
q = 2kp assisted by LA and TO phonons. Since the phonons with wavevector 2kp
have much higher frequency ~ 1000K than the ¢ = 0 phonons, they are harder to
be softened to zero frequency so instability will happen only to ¢ = 0 phonons that
cause intravalley backscattering, i.e., the Pierls transition will happen only to TA
phonons with long wavelength in armchair CNT. Yet we will see that although the
LO phonons do not soften to zero frequency, they enhance the twist instability since

they lead to the same electron backscattering processes. For this reason we will focus
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on the electron interaction with TA and LO phonons, which are schematically shown
in Fig.2.1(d).

The classical Hamiltonians of the TA and LO phonon are respectively
B p ,  psk ~ _ p 2, 20 N2
Hpy = dx(ﬁ(ﬁtuT) + T(aqu) ); Hro = dxi((ﬁtuL) +wi(ur)”)  (2.28)

where ur 1, is the displacement of atoms relative to equilibrium position, p is the linear
mass density of the nanotube, sp is the sound velocity of the TA mode and wy is the
LO phonon frequency.
In k space, the LO and TA phonon Hamiltonian can be written in a unified form
o =2 5 S [liala)? + ala)luala)?] (2.29)
a=L,T q
The electron-phonon interaction is treated within the tight-binding approxima-
tion [26, 27, 17]. The coupling of electrons to the TA and LO phonons is described
by the Hamiltonian

H,, — / Ao M (2)[grOwur(x) + grus (x)], (2.30)

with M(x) = —i >, arYl, ()Ya—rs. The bosonized form of the operator M is

aroc

M = —% [Hcos(ﬁ@cy)sin(ﬁq)su)

7T ==

+ [ [ sin(v7®e,) cos(v/rdy,) | - (2.31)

By writing M in this form we adopted the convention FI_F,, = 1. For K., < 1 the
e-ph coupling (2.31) leads to a strong renormalization of the twist mode.

The Feynman diagram of the TA and LO phonon propagators is shown in Fig.2.2.
The free phonon propagators of unperturbed Hamiltonian can be written in terms of

a 2 X 2 matrix,
Dy, O
Do(wn, q) = (2.32)
0 Do,
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?
?

Figure 2.2: Schematic Feynmann diagram of the TA and LO phonon modes. The
thick dashed line and wave line on the left hand side represent the full TA and LO
phonon propagator respectively at the presence of interaction. The thin dashed line
and wave line on the right hand side represent the free TA and LO phonon propagator
respectively. The solid line of the bubble represents the electron propagator with
respect to the Luttinger liquid Hamiltonian Eq.(2.20).



23

where w, = 2n7T = 2n7/[3 is the Matsubara frequency and D Hwn, @) = Sa.aplw? +

w?(q)] is shown in Appendix A. The propagation of phonons dressed by the interaction

a

with the electrons is described by the matrix

Daa Dao

‘DO(l DOO
It is related to the free phonon propagation matrix Dy by D = Dy + DoV D, where the
interaction process is described in the diagrams in Fig.2.2 and the interaction matrix

V can be written as

* 2 - *
9gr9rq —t9rgr4
V=| " g g P(wy,q) (2.34)
i9L9rd  9L9r
Here gr 1 are the e-ph interaction strength at the vortex and P(wy,, ¢) is the electron
polarization operator represented by the bubble. To second (lowest) order of the e-

phonon interaction, the polarization P(w,,q) = [ dre™»™4(M(0)M(r)) and (...)

denotes thermal averaging with respect to the Luttinger liquid Hamiltonian (2.20).

The phonon propagator matrix thus becomes D(wy,q) = [Py (wn, @) + X(wn, q)] 7,

where ¥(w,,, q) is the self energy due to the e-ph interaction and has the form

2.2 —4 *
Sy q) = —Planmsgq) | 1T T (2.35)

igLgra gLl
In the bosonized representation P(w,, q) is equal to
2d27’ ; ; ™ 2
Plwnq) — / 24T i iqe g S ([ (1)~ (0))2)
(m€)?
due to the Debye-Waller relation (Tje3%s (A6 +B0))y — o= (Tr[52,(4;0(ri)+ By6(ri)))%)
and the correlator is nonvanishing only if 7, A; = 0 and }_; B; = 0. The correlation
BPu?

functions of the Bosonic fields ([®;(r) — ®;(0)]?) = L In [~ (sinh? (E—fj) + sin? (%F))]

) m2E2
as given in the Appendix C of Ref [24]. In the long wavelength limit, ¢,w — 0, and
for K.y < 1 we obtain,

P(0,0)=P = ! (@)1/232 (g}l) (2.36)

- m2up \ mé
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where B(a,b) is the Euler Beta function.
The renormalized phonon frequencies are given by the poles of det[D(wy,, q)] ana-

lytically continued to real frequencies. The instability first appears when the renor-

malized frequency of the acoustic mode, wr, turns to zero

1 — (97 +gi)vrP _
1—g%vpP

where gr = gr/+/ ,032TUF and g, = gr/+/pw2vr are the characteristic dimensionless
e-ph coupling constants for TA and LO phonons respectively. The mean field twist

0, (2.37)

~2 2
(,UT:U}T

instability temperature is then
T.= (97 + 92)2;]—%34 (g i) . (2.38)
In one dimension fluctuations destroy any finite temperature long range order and
shift the mean field instabilities to zero temperature. In the case under consideration
the order parameter 0,u is real and the instability is of the Ising type. As a result, a
finite order parameter exists only at 7" = 0, whereas at finite 7" one finds a state with a
finite density of solitons (domain walls separating regions with different signs of d,u).
The mean field T, is, however, not devoid of meaning and gives an estimate of the
spectral gaps associated with the strong e-ph coupling. Using Feynmann’s variational
principle we can estimate the magnitudes of the gaps of the singlet excitations of the
fields. @, [24] These excitations represent small fluctuations around the minima of

the action.

Generally one can write the partition function
Z = /que_s = /nge_soe_(s_so) = Zole~ 5750y, (2.39)
where Sy is a trial action and S is the original one. The free energy is
F = Fy — T'log[(e~ 5% ] (2.40)

which satisfies

F < Fyup = Fo+T(S — Solo (2.41)
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due to the relation (e=(5=%)) > ¢=((5=%))  The idea is to use a tentative action Sy
that’s simple and solvable yet as close as possible to the original physical one. One
can then use this optimized action to compute physical properties of the condensed
state. For the gapped state at low temperature, one reasonable trial action is the
harmonic oscillator around the minimum of the backscattering Hamiltonian, which

can be written as

= (28L)7' ) Y G (W, )| (wn, @) (2.42)

] Wn,q
with
1 1 A?
-1
G em 0) = el g + ) (2.43)

In the condensed state, we assume that the lattice is statically deformed, 0, ur = 7,

ur, = ¢, and the elastic energy due to this deformation is
1
-Flatt = §Nm[8%772 + WECQL (244)

where N is the total number of atoms in the CNT and m is the mass of a carbon
atom.

The action of the electron including the e-phonon interaction is
h 2, 1 2
= %sz dzdr[K;(V®;)” + E(V@j) |+ [ dedrM(x)[grn + grC], (2.45)
J

The total free energy corresponding to the variational action is

1
Foo = §Nm[s§n2 + w?¢ Tjgqun i(wn, @)] + Z 27rK WZ;] —]w + u; k%) G (wn, )

__gﬁL(ng—FgLC)e T iisnq Osn ) (2.46)
Minimizing the free energy with respect to G(wy, q), i.e. 82@:21) =0, we get the self
consistent equation for the gap as

A2 en;\ M
J j
= - + — . 2.47
i = o+ o) TT (57) (2.47

jet
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in the limit K., — 0. Minimizing the total variational free energy with respect to

the static deformations ¢ and 7 one obtains in the same limit

1/4
0= e TT() (2.48)

2
€ ps v
$PST i \ UF

¢ = Ll 11 (ﬁ)m. (2.49)

2
(0 0y v
gp Oj;éc+ F

Combining Eqgs. (2.47)-(2.49) gives identical gaps for the four electronic modes,

~ ~ 2
- [ o

and a spontaneous twist angle of magnitude

2w A

n= T .
1+ (90/97)* \/psZvrp

In the framework of the tight binding model, the values of the coupling constants

(2.51)

oJ(r)
or

can be expressed [27, 26, 17, 19] in terms of the derivative, , of the transfer

integral J(r) with respect to the bond length r. For armchair nanotubes these coupling
constants were found to be gr = \/Tga%(:) and g; = %%, where a = 2.5A is the
9J(r) _

graphene lattice constant, ¢ = 1.4 A is the bond length, and 5 = —AJo/c with

Jo = 2.6eV the hopping integral [28]. Here A is a dimensionless constant whose
theoretical value is 2 [18]. Theoretical calculations [8] give for the twiston phonon
velocity s ~ 1.4 x 102ms™! and for the LO phonon energy wy ~ 0.18 ¢V. The linear
mass density of an (IV, N) armchair nanotube is p = 4N M /a with M being the carbon
atom mass. Consequently, the dimensionless couplings gr and g;, are proportional to
1/+/R, which in turn implies a 1/R? scaling of the twist gap, Eq. (2.50). For a (5,5)
armchair nanotube with R ~ 0.35nm, our estimate for the transition temperature,
Eq. (2.38), is about 40 K and the estimate for the gap, Eq. (2.50), is about 70 K. As
expected, the mean field instability temperature and the gap have the same order of

magnitude. The twist angle is n ~ 3 x 104 rad.



27

As mentioned above, solitonic effects will restore the symmetry at finite temper-
atures. However, if the length of the tube is shorter than the typical inter-soliton
distance, the system will appear twisted on experimental time scales. The estimated
characteristic twist angle for (5,5) nanotubes, ~ 0.01°, is too small to be detected
by STM imaging. However, for a freely suspended tube clamped at one end the
accumulated rotation angle at a distance = from the clamp, 6(z) = nz/R, becomes
substantial for x ~ 1 pum. This twist can be detected in torsional nanomechanical
resonators, similar to those studied in Ref. [29], by measuring a deflection angle of a

paddle attached to an armchair tube.

2.5 Competition between Pierls and Mott transition and the ground
state of an armchair CNT

In the presence of both e-ph coupling and e-e interaction, the fate of the ground state
of armchair CNT depends on the values of the coupling constants. If g; > g3 > 0 it
is easy to see from Egs. (2.21) and (2.31) that the Umklapp processes and the twist

instability cooperate and favor the same condensation pattern, (®.,, &, , Psy, Py ) =
(0,0 VT VT

, Y5+, %5+), for the bosonic fields. However, it is expected [15] that in nanotubes
g3 > g1 > 0, leading to a competition between the twist instability and the Umklapp
processes, which in this case favor a different condensation pattern, (&, , ¢, , ®5y,0, ) =
(0,0,0,0). The outcome of the competition depends on which transition gains more
energy. The condensation energy of the two transitions can be estimated using the
mean field action above. It turns out that the condensation energies of the two tran-
sitions are equal when the Peierls gap and the Mott gap are equal. So the insulating
state with larger gap wins at low temperature. To estimate the gaps, we need to know
the interaction constants. The e-phonon coupling constants are estimated within the
tight binding approximation in the above text, and the Peierls gap for a (5,5) tube
is about 70K. The gap scales with radius as ~ 1/R3. Yet the theoretical estimate of

the Umklapp coupling constant is difficult because of their sensitivity to the details of
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the short range part of the e-e interaction. Numerical estimate of the Umklapp gap
for (5,5) CNT ranges from under 100K to several hundred K depending on the short
distance cutoff of the Coulomb interaction. And the Umklapp gap scales as 1/R2.
So in wide tubes the Umklapp processes win. In ultra thin tubes, the Peierls gap
may exceed the Mott gap and the twist instability may happen accompanying with

a deformed lattice.
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Chapter 3

PLASMON DECAY IN ARMCHAIR CARBON
NANOTUBES

3.1 Introduction

In this chapter we consider plasmon decay in a finite geometry illustrated in Fig. 3.1.
In this experimentally motivated [41] setup, a carbon nanotube connected to two
metal leads is subject to THz electric field. Plasmon modes are excited by the THz
electric field. The finite length of the device enables us to study the plasmon decay
processes using perturbation theory in the backscattering interactions. We investi-
gate how the decay processes affect the plasmon resonances and modify the device

conductance.

In the conventional Fermi liquid description applicable to higher-dimensional con-
ductors, separation of excitations into plasmons and Fermi-quasiparticles is not ex-
act, leading to a plasmon decay by exciting quasiparticles [40]. In contrast, in one-
dimensional conductors quasiparticles are ill-defined, and plasmon decays into other
collective excitations of the electron liquid. In armchair carbon nanotubes, the other
collective excitations are three neutral Bosonic modes. In the Luttinger liquid de-
scription, which contains only e-e forward scattering interaction, the plasmon mode
as well as the three neutral modes is one of the eigenmodes of the linear spectrum so
it does not decay. In the presence of backscattering, however, the plasmon mode is
no longer an eigenmode and is subject to decay.

The plasmon decay is directly related to the energy dissipation in the device.
Without backscattering, the plasmon mode excited by the THz electric field or tem-

perature flushes to the metallic leads after a few reflections at the boundaries and is
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CNT
Lead I Lead

Figure 3.1: (Color online) Schematic representation of the device. A carbon nanotube
(CNT) connected to two metal leads is subjected to ac-electric field.

dissipated in the leads. The backscattering in the carbon nanotube causes an intrin-
sic dissipation and the plasmon decays into neutral modes in the device. The same
mechanism leads to the deviation of the device conductance from perfect conductance
quanta. In a finite device with length I < vgp/A, or at high temperature or high
frequency, i.e. T or w > A,, perturbation calculation of the intrinsic plasmon de-
cay rate is valid. We computed this decay rate and show that it’s related to the ac

conductivity of a uniform carbon nanotube by the Drude formula.

The chapter is organized as follows. In Sec. 3.2 we present the plasmon resonance
in the absence of backscattering and the dissipation of plasmon into the leads. In
Sec. 3.3 we study the intrinsic plasmon decay due to backscattering and its influ-
ence on energy dissipation. The relation between the plasmon decay rate and the

ac conductivity in a uniform tube is also explored. Our results are summarized in

Sec. 3.4.
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3.2 Plasmon resonance in the absence of intrinsic dissipation

We consider the setup shown in Fig. 3.1. The plasmons excited in the tube get
partially reflected from the junctions with the leads. The plasmon can be described

by a one dimensional Luttinger liquid model introduced in Chapter 2,
u .
Hy+ Hy =3 2 /dx[Kj—l(axcpj)? +K(0,0,)), (3.1)
J

with spatially dependent Luttinger parameters [44, 45, 46] defined as follows. For the
charge mode the Luttinger parameter is equal to K., inside the tube, 0 < x < L,
and unity in the leads. The Luttinger parameters in the neutral modes are equal to
unity both in the tube and in the leads.

We denote the THz electric field by E,(z). Its distribution along the wire depends
on the details of the device geometry and is a solution of the Maxwell equations with
proper boundary conditions; here we assume E,(x) is known. The dissipation rate of

the electric field energy in the device can be written as

W(w) = %Re/o dxlfo dxo B, (x1)E (29)0, (21, 22), (3.2)

where o,,(x,2’) is the nonlocal conductivity, which can be expressed via the retarded

current-current correlation function by the usual Kubo formula,
2

0u(z,2') = %/m dt ! ([j(x, 1), (2, 0)]). (3.3)
0

We assume that the electric field: (i) varies smoothly on the scale of the lattice
constant within the tube and (i) preserves the reflection symmetry of the tube. Be-
cause of (i) it will not scatter electrons between the valleys, which involves momentum
transfer ~ 2Q). Due to (4) parity conservation also forbids backscattering of electrons
within the same valley. Thus the electric field couples only to the smooth part of the
current density, which can be expressed in the bosonized form as j = 2£0,®.,. There-

fore we can express the conductivity in terms of the Green’s function of the ®., field,

»iw
7T2

Gz, ), (3.4)

ou(z,2") = 4e
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where
Gy = =i [ dte (e e.t). B’ 0) (35)
0
is the retarded GF of the plasmon mode.

We denote the Green’s function of the plasmon mode in the absence of backscat-

tering by G{f,(x,2'). It satisfies the differential equation

{a,,: (KZ—I(’;)@ + “’—2} GE (2, 2') = 76z — ), (3.6)

Ufr

with the boundary conditions: (1) G§,(z, ') is continuous at x = 0, L and = = a;
(2) [vr/K?(2)]0,GE,(x,2") is continuous at 2 = 0,L. For our model (K(z) equal
to K., inside the tube and unity outside) the Green’s function can be expressed in
terms of the reflection amplitude, r, of the plasmon from the junction with the lead.

The latter is determined by the ratio of the plasmon velocities in the tube and in the

1-Key
T+ Koy

lead and is given by r =
The dissipated power in Eq. (3.2) depends only on the Green’s function inside the

tube. In this region, for 0 < x < 2’ < L, it is given by
7TKC+ eiwL/u
2iw 1 — r2e2iwl/u

In the region 0 < 2’ < x < L the Green’s function is obtained by exchanging = and

w

(7% +1ei¥?) x (a‘u(ﬂf’*m +re*i%<m’*“)- (3.7)

G(Ifw(x, r') =

2’ in the right hand side.
The above Green’s function has poles as a function of frequency w. The real part of
the pole gives the resonance frequency w,, = nmwu/L, and its imaginary part gives the

resonance half-width, v;. Expressing the plasmon reflection amplitude r in terms of

the Luttinger parameter K., we obtain for the escape half-rate, vz = 7 log (i?i)
In the limit of high charge stiffness, K., < 1, it becomes much smaller than the
spacing between consecutive resonances and independent of the interaction strength,
V. ~ 2K} = 2vp/L.

The dissipated power is given by Egs. (3.2), (3.4), and (3.7) and depends not only
on the properties of the tube but also on the spatial distribution of the electric field

(as mentioned above, the latter depends on the geometry and is assumed known).
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3.3 Intrinsic plasmon decay due to back scattering in the device

The energy dissipation described by the ac conductance obtained in Sec. 3.2 corre-
sponds to the emission of plasmon waves into the leads. The THz electric field excites
plasmon modes of the electron fluid, which after a few reflections from the contacts
with the leads are radiated out into the leads. Thus the energy absorbed from the
THz radiation is re-radiated into the leads in the form of a plasmon flux.

In the presence of backscattering interactions, there is an additional contribution
to the dissipation energy in the device. The plasmon waves generated by the THz
radiation can decay into neutral modes before escaping into the leads. In this dissi-
pation channel the absorbed energy is carried into the leads by the neutral modes.
We discuss the intrinsic plasmon decay and the energy dissipation in the device due
to back scattering interaction in Sec. 3.3.1. In Sec. 3.3.2, we evaluate the intrinsic

plasmon decay rate and relate it to the ac conductivity of the tube.

3.3.1 Intrinsic plasmon decay and energy dissipation in the device

The backscattering interactions lead to the possibility of plasmon decay into the
neutral modes. Using the fact that the backscattering interactions are small in 1/N
we evaluate the decay rate and the corresponding correction to the device conductance
using perturbation theory. We work in the regime where the cumulative plasmon
decay rate in the device is smaller than the rate of elastic escape of plasmons into the
leads. In this case the correction to the device conductance due to plasmon decay can
be treated perturbatively.

Both the Umklapp and the e-ph backscattering interactions are expressed in terms
of exponentials of the charge mode, ®.,. As a result, their contribution to the plasmon
decay and the device conductance can be evaluated along similar lines.

To second order in perturbation theory there is no cross-correlation between the

Umklapp and electron-phonon backscattering processes, and the retarded Green’s
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function of the charge mode can be expressed as
L L
Gl(z, ') = G, (x,2') —i—Z/ d:cl/ dzxs G(Ifw(a:,xl)lCﬁ(xl,xQ)G&w(:cg,x’), (3.8)
. Jo 0

where the index 7 denotes either the Umklapp (7 = u) or the electron-phonon (1 =
ep) interaction, and the kernel Kﬁ(ml, x9) can be expressed in terms of the retarded

correlation function of the corresponding backscattering perturbation as
Ke(r,a) = —id? / dt [ [ (. ), Hy (2, O)])o—
L
| el 1€ 0aba — 29| (39)
0

Here a, is the coefficient in the exponential dependence, ~ (e“n®<+ + h.c.), of the
corresponding backscattering perturbation on the charge field ®.,. The derivation
of Egs. (3.8) and (3.9) is outlined in Appendix B. The first term in Eq. (3.8) is
the Green’s function of the plasmon in the Luttinger liquid approximation, Eq. (3.7).
The remaining terms represent correction due to backscattering interactions. The first
term in the right hand side of Eq. (3.9) corresponds to the usual RPA-like diagram,
the second term comes from the tadpole diagram and describes elastic scattering. The
average (. ..)q is performed with respect to the quadratic Luttinger liquid Hamiltonian,
Eq. (3.1).

In the spatially inhomogeneous setup considered here the kernel Ky (21, 72) de-
pends not only on the coordinate difference but also on the center of mass coordinate
(x1 + x2)/2. Its evaluation leads to rather cumbersome expressions. The situation
simplifies in the physically relevant regime, where the characteristic thermal wave-
length of the neutral modes, Ly = vgp/T, is much shorter than the size of the device
L, while the wavelength of the plasmon resonance is on the order L.

In this case the Green’s functions of the plasmon mode in the second term of
Eq. (3.8) depend on z; and x5 on the scale of wavelength of the plasmon resonance,

~ L. On the other hand, because backscattering operators depend exponentially on
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the neutral modes, H,(v,t) ~ exp(ia,®;(r,t)), their correlator K (z1,z9) falls off
exponentially for |z; — z3] > Lz, which is much shorter than the length of the tube
L. This is especially apparent in the case of a uniform wire for which the correlators

of exponentials of bosonic fields have a simple form [24],

<€ia¢’j(z7t)€—wq>j(070)>0 = H(Kj7 a;x, t)

= — (WfTKJ;/vF)“ e o (3.10)
{sinh[rT(K;x/vp —t_)] sinh[xT(K;z/vp +t_)]}* "

where t_ =1 — te.

In the inhomogeneous situation the kernel Kg(xl, x9) still decays exponentially for
|x1 — x9| > Lp. Therefore the main contribution to the Green’s function correction in
Eq. (3.8) comes from the region |1 — x| < Lp. At such separations only the fluctu-
ations of bosonic modes with wavelengths less than L contribute to the correlator.
In the regime of interest, Ly < L, such short wavelength vibrations can be described
semiclassically and are insensitive to the boundary conditions at the junctions, which

1 Thus we come to the conclusion that in the bulk of

describe reflection processes
the nanotube, i.e. with the exception of the regions of size L near the junctions the
correlator Ky (w1, x2) is the same as in a homogeneous tube, and can be replaced by

the local kernel

K (w1, m2) — 6(21 — 22)K (g = 0), (3.11)
where

Ky(g=0)= —iai /_OO dx /000 dt(e™" — 1) x ([H,(x,t), H,(0,0)])o. (3.12)

This observation enables us to express the correction to the dissipated power due

to decay of plasmons into neutral modes in terms of intrinsic parameters of uniform

IThe quasiclassical treatment becomes inapplicable in the regions within Ly of one of the junc-
tions, but the contribution of these regions to the overall decay rate is small as compared to that
of the rest of the tube.
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nanotubes. Accordingly, all correlation functions of backscattering operators will be
evaluated for infinite homogeneous nanotubes below.
With the aid of Eq. (3.11) the power dissipation rate in Eq. (3.2) can be written

in the form

W(w) = Wo(w) +Im Y~ K2(q = 0)F(w). (3.13)

Here the first term corresponds to the dissipation rate due to the escape of plasmon

to the leads and is given by

W()(LLJ) =

2¢2w [ L
5 / dxl/ dzy x Im B, (21) ES(22)GE, (21, 72). (3.14)
0 0

™

The second term in Eq. (3.13) corresponds to the intrinsic dissipation due to the
electronic Umklapp processes and electron-phonon backscattering. It can be expressed

in terms of kernel for an infinite tube, Eq. (3.12), and the form-factor F'(w),

2620) L L L
3 / dl’l / dIL‘Q / d[L'3 Ew(l'l) EZ)([L’;;) X G(Ifw(l‘l, ZL’Q) Gé%’w("l)g, ZL’3),
0 0 0

(3.15)

F(w) =

which is quadratic in the THz electric field and depends, through its spatial distribu-
tion, on the geometry of the device.

Both the electric field and the unperturbed Green’s function G, of the Luttinger
liquid are temperature independent. Therefore Wy(w) and the form-factor F'(w) do
not depend on temperature. All the temperature dependence of the dissipation rate
W(w) is thus totally determined by intrinsic properties of a uniform CNT and is
described by the kernel Ky'(q = 0).

3.3.2  Plasmon decay rate and the ac conductivity of the tube

We note that the kernel K'(q = 0) also determines the ac-conductivity o,,(¢ = 0) of
an infinite wire [24] in the high frequency or high temperature regime, where back-

scattering interactions can be treated perturbatively. The latter can be expressed in
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the form
4€2KC+U

Here 7, is the relaxation rate due to the Umklapp (1 = u) or electron-phonon (7 = ep)

o(w,T)= (3.16)

back-scattering, which can be expressed in terms of the local kernel as
/L. W
Ty = ~Kerties Kil(g = 0). (3.17)
Thus with the aid of Egs. (3.13), (3.15) and (3.17) the temperature dependent
part of the power dissipation in the device can be expressed in terms of the intrinsic
plasmon decay rate in a uniform CNT, ~,, which is given by Egs. (3.17) and (3.12).
In the remainder of this section we evaluate the intrinsic plasmon decay rate due

to various backscattering processes.

Umklapp mechanism of attenuation

We begin by considering Umklapp-mediated plasmon decay rate, v,. The Umklapp
Hamiltonian density in the equation below contains exponential operators of both ®-
and O-fields corresponding to the neutral modes:

cos(2®., —4kpz)
2w

H, = {g3c08(20,_)+(g3—g1) cos(2®,, )+g1 [cos(2P,._)—cos(2P,_)]}.
(3.18)
Because the Luttinger parameter K for neutral modes is equal to unity, the cor-

relators of exponential operators of ®- and ©-fields coincide. As a result we obtain

2 2 2 2
(Mo, £ M (0,0))0 = ST 298 = 20195 (o oqpeo)  T(K, 2 2, OTI(L, 2 2, ).

16(m¢)*
(3.19)

The analogous correlator corresponding to the opposite ordering of backscattering

operators can be obtained from the identity

<HU(0> O)HU(xv t)>0 = <Hu($v t)Hu(Oa 0)>S
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Using Eqgs. (3.17), (3.12), (3.10), and (3.19) we obtain

_ (7T¢ et 302 4 992 — 2¢1 45 w vpkp
T u AT (m€ )2 \7T )

(3.20)

where F,(£,“E5) is a scaling function depending on the ratio w/7T" and vpkr/T. It

is given by the following double integral,

w vpkp T [ o 0y 4kpvp
Fu(?; T )ZZ/—oodX/o dY(eT —l)cos( T X
1 1
— c.c.
(sinh (L X +Y_)sinhw(LX — Y_))Ket+ sinh (X + Y_)sinh (X — Y_) ’
(3.21)

where Y_ =Y —ie.

Using the standard deformation of the integration contour, Y_ — Y —i/2, in the
above equation one may express the real part of the scaling function in the form that
is more convenient for numerical evaluation,

w vpkp

RE, (T’ T > -

T w [ /OO ay cos (yw/nT) cos (4kpvpx /7T)
—s  |cosh

5 sinh — dx K .
2w 2T |_ (Keyx + y) cosh (Koo — y)]"°t cosh (x 4 y) cosh (x — y)
(3.22)

In the limit of high charge stiffness, K., — 0, the above expression simplifies to,

w vpkp L sinh £
RE, | =, = 2w 2 . 3.23
<T T ) cosh (—41“‘7:7’? +°’) cosh (—4kFZ75 _“’) ( )

In the temperature regime of interest, 7' > w ~ u/L, the function F,(%, ”FjlfF) in

Eq. (3.21) reaches the dc limit F, (0, ”FI{“F ), which is purely real and depends only on
the doping level. For comparison, in Fig. 3.2 we plot the static limit of the scaling
function F,(0, kpvr/T) evaluated numerically at K., = 0.2 using Eq. (3.22) and the
analytical expression from Eq. (3.23) for K., = 0.

At small doping, the scaling function goes to a constant and -, exhibits a power

law dependence on the temperature, ~y, ~ T2?%+~1 At strong doping, 2kpvp > T
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Figure 3.2: Dependence of the scaling function in the static limit, F,(0,z) on the
doping parameter z = £ for K., = 0.2 (solid line) and K., = 0 (dashed line).
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the scaling function acquires an activated temperature dependence. This results in
exponential decay of v, ~ T?%<+~lexp(—2kpvr/T). The physical reason for the
exponential temperature decay can be understood from simple inspection of energy
and momentum conservation, which shows that energetically optimal process involves
backscattering of two thermal quasiparticles exactly at the Dirac point k£ = Q. At
strong doping, krvrp > T the occupancy of such states is exponentially small, ~
exp(—2kpvp/T).

Equation (3.20) and the subsequent equations express the plasmon decay rate 7,
in terms of the somewhat arbitrary short distance cutoff, &, which has the order of
the radius of carbon nanotube. Alternatively, v, can be expressed in a renormalized
form as a function of an intrinsic cutoff-independent low energy scale. In the case of
Umklapp interactions the role of such a low energy scale is played by the Umklapp gap.
Namely, the Umklapp interaction is a relevant perturbation relative to the Luttinger
liquid fixed point and drives the system to a Mott insulating state with the gap [15],

A~ (&ym_m .
§ \vr
Here g, ~ ¢?/N is the strength of the Umklapp interaction. This gap depends on
the radius of the CNT as R~IFV/(=Ket)l and is hard to evaluate theoretically due
to the ambiguity of the coupling constant, but numerical results estimate that it’s
of the order of 1 — 10 meV for an armchair CNT of radius ~ 1 nm [15]. For the
perturbation calculation to be applicable, the temperature we consider should be
above the Umklapp gap. Up to a numerical coefficient on the order unity the plasmon

decay rate in Eq. (3.20) can be expressed in terms of this gap as

T 2Ket—1 w ’Upkp

At zero doping, v, ~ T for K., — 1, i.e., without considering the Luttinger lig-

uid effect. Yet in the Luttinger liquid description with strong Coulomb interaction,

Kc+ — 07 Yu ~~ Ai/T
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Note that according to Egs. (3.16) and (3.24) the Umklapp processes yield o(w =
0,T) o< T'=2Ke+ at zero doping and high temperature, which is consistent with the
result obtained in a previous work [13]. In the case K.y — 1, i.e., in the absence
of Luttinger liquid effects, the decay rate due to Umklapp processes v, ~ T, and
the resistivity has linear dependence on temperature at high temperature, which is
consistent with the perturbative calculation of the plasmon decay rate from Umklapp
processes in CNTs [47, 23]. We can see that the inclusion of the long range interaction
significantly modifies the dependence of the plasmon decay rate on temperature due
to Umklapp processes. In the case of strong Coulomb interaction, i.e., K., — 0, the
temperature dependence of decay rate is strongly modified and becomes 7, ~ T~ at

high temperature.

Phonon-assisted mechanism of attenuation

We now consider plasmon decay rate due to electron-phonon interactions, «.,. The
e-phonon processes were studied in Chapter 2 and the Hamiltonian in Bosonized form
is

H,, - / 4 M (2)[grdsur(z) + grug (@), (3.25)

where the operator M (z) has the form

M = 4 [Hcos(ﬁ@cy)sin(ﬁq)su)

e
+Hsin(ﬁ<bcy) cos(v/TP,,) | - (3.26)

Its physical mechanism can be understood as follows. Parity-breaking deforma-
tions in the TA mode cause single particle backscattering, which causes the plasmon
decay. Due to the presence of the adiabatic parameter sy/vyp ~ 2 x 1072 < 1 the
lattice deformations are effectively static. Thus the energy of the decaying plasmon
is transferred into the neutral modes of the electron liquid. Therefore this mech-

anism, which we analyze below, may be characterized as phonon-assisted plasmon
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decay. In two dimensions it has been studied in Ref. [51]. At finite doping single
electron backscattering involves phonons with momentum 2kr. With the exception
of very low temperatures, T' < 2kpsr, the occupation numbers of such phonons are
large, ~ T'/2kpsp. This corresponds to the classical thermal fluctuations of the lat-
tice. Since the probability of such fluctuations is determined by the elastic energy
~ exp(—sr [ dz[d,¢r(x)]?/2T), the one-electron backscattering potential ~ d,¢ra(z)
(see Eq. (3.25)) may be viewed as d-correlated in space. More precisely, the correla-
tor of backscattering potential ~ 0,¢74(x) becomes exponentially small at distances
greater than sy /T, as is clear from Eq. (3.28) below. As the electron correlators de-
pend on the spatial coordinates on much larger scales ~ Ly > sr/T the correlator of
deformation potentials becomes effectively short range. In this respect the phonon-
assisted plasmon decay mechanism is similar to that induced by a short range disorder
potential. The temperature dependence of the disorder-induced conductivity was ob-
tained in Ref. [42] as, ogis ~ (V2)THEe+=D/2 where (V2) is the variance of the random
potential. In contrast to the temperature-independent variance of the disorder poten-
tial, the variance of the phonon correlator scales linearly with the temperature. This
gives the power law 7, ~ TUHE+)/2 which is confirmed by the calculations below.

The phonon-assisted decay rate 7., can be evaluated similarly to the case of Umk-
lapp processes. Using Eq. (3.10) we obtain the following expression for the correlation
function for the electron-phonon Hamiltonian densities given by Eq. (3.25),

(Hep(z,t)Hep(0,0)) = 2(9—2) cos (2kpxz) Dpp (2, t)

™

X HH (K, 1;2,1), (3.27)

where j = c%,s%, and D,p(x,t) = (Vor(z,t)Ver(0,0)) is the phonon correlator

given by

B (7T /s7)?
Dunla,t) = = Z | 2sinh’[rT(L + vt )] (3.28)
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The correlator with opposite ordering can be obtained from Eq. (3.27) using the
identity (Hupl(0,0)Hey(,8)) = (Hey(, )M,y (0,0))".

Substituting Egs. (3.27), (3.10) and (3.28) into Eq. (3.12) and using Eq. (3.17)
we obtain the phonon-assisted rate v.,. While carrying out the spatial integration
in Eq. (3.12) we may neglect the position dependence in the electronic correlation
functions and replace them by II(K;, 1;2 = 0,¢) (this is justified by the small value

of the adiabatic parameter sy/vr). Doing so we obtain

1 Ket
-9 TUR 7TT§ 2 7TT£ 2 w STICF
op = 04— | —— —_— F,l =, , 3.29
Ter = IT7¢ (’UF) u P\ T (3.29)

where gr = gr/+/STvr is the dimensionless coupling constant of e-ph interaction,

Fop(%, STTkF ) is the scaling function for the phonon-assisted decay rate. Introducing

dimensionless variables X = 27'/sp and Y = Tt we can express it as

w STkF T o o i@y 2kF5T
Fol =5 —— ) =— Y X (e'th —1 X
ep(Ta T ) W/o d /_Ood (e'T )cos( T
1

Linh2 (w(i{ +Y.)) S (m(X — Y_))] (sinh (rY") iinh(_ﬂ/)> e

(3.30)

Similar to the Umklapp case, the real part of the above scaling function can be

expressed in a more convenient form,

W ST]{?F
Rk (T’ T >

T w [ o 1 1 cos Y cos 2kESTT
= ——sinh — d dx + L L
2w 2T Y /_Oo [cosh2 (x+y) cosh?(z —y)] (coshy)@+ker)/2
(3.31)

From the above equations it is clear that the phonon-assisted decay rate is prac-
tically unaffected by doping as long as 7' > 2kgrsy. Because of the slow velocity st

of the phonon mode, with the exception of very low temperatures, this condition is
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satisfied for all practically accessible doping levels. In this regime Eq. (3.31) simplifies

to

2T w 3+I2(c+ B<3+KC+— w 3+KC++ ’lu)) (332)

w
RE. (—,0):— inh 9”5t , .
P\7°) T w2 S T % 1 orT 4 " onT
34K,

In the limit w < 7', the scaling function goes to a constant, F.,(0,0) =272 B([3+
Ko /4,3 + Ko /4) /72

Similarly to the case of Umklapp processes the phonon assisted decay rate can be

expressed in terms of a renormalized form, which does not involve the short distance
cutoff. In this case the role of the low energy scale for the electron-phonon interaction
with the TA mode is played by the twist Peierls gap [48], A, ~ £ Qf,,/ (1=Ket)  which
depends on the radius of the CNT as ~ R~-[1+%/0-Ket)l and in the limiting case
K.+ — 0 is on the order of a few tens of Kelvin for a (5,5) armchair CNT. This
gap is induced by the Peierls instability of the armchair tube with respect to a twist

distortion [8, 9, 48]. Up to a numerical coefficient of the order of unity the phonon-

assisted decay rate can be expressed in terms of the twist Peierls gap as,

+Kep

T 2 w STkF
,yep ~ Aep (A_> Fep (T, T) . (333)

ep

In the dc limit and at zero doping, the Luttinger liquid effects manifest themselves
by changing the power dependence of ., or resistivity from 7., ~ T for the non-
interacting case [49] to 7., ~ T2 in a Luttinger liquid at temperatures above
the Peierls gap. Experiments on phonon-induced resistivity to date [49, 50] have
been conducted on CNTs placed on substrates rather than freely suspended CNTs,
and exhibit linear temperature dependence of resistivity, consistent with the non-

interacting electron approximation, K., = 1.

3.4 Summary of the results

We studied the intrinsic plasmon decay rates in clean armchair nanotubes. Plasmon

oscillations decay into neutral electron modes. Such processes are facilitated by e-e
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and electron-phonon backscattering processes. In the second order of perturbation
theory in the backscattering interactions, the total decay rate is given by the sum
of partial decay rates due to each mechanism. For undoped CNT, both electron-
electron and electron-phonon rates reveal power law dependence on the frequency of
oscillations or the temperature of the system with non-integer exponent, that depends
on the Luttinger liquid parameter K., .

The plasmon decay processes lead to temperature dependent corrections to the
power dissipation in the device depicted in Fig. 3.1. Therefore they can be studied ex-
perimentally in a finite device by measuring the temperature dependence of the power
dissipation. In the regime where the temperature length Ly = vp/T is shorter than
the plasmon wavelength the temperature-dependent part of the dissipated power can
be expressed in terms of the instrinsic plasmon decay rate + in homogeneous nanotube
using Eqs. (3.13-3.15) and (3.17). Furthermore, in this regime 7 can be related to the
intrinsic ac conductivity of carbon nanotubes via Eq. (3.16). Thus intrinsic plasmon
decay rate in CNT can, in principle, be extracted from measurements in finite size
devices.

Our description of a finite-length CNT as a one-dimensional system is applicable if
the length scale Ly lies between the CNT length and the length of its circumference.
For a long (~ 10 um) single-wall CNT of a typical radius of Inm this condition is
satisfied in the temperature range of 1K < T < 10* K. The long wavelength limit
used to describe phonons reduces the upper constraint to ~ 3 x 10? K.

Among the electron-electron interactions resulting in plasmon decay the most
relevant ones are the Umklapp processes. They correspond to backscattering of pairs
of electrons and lead to a decay rate that scales as 7, ~ T2%<+~1 at zero doping
and becomes exponentially small, ~ exp(—2kpvr/T), at large doping, see Eq. (3.20).
This rate can be expressed in terms of the short distance cutoff and Umklapp coupling
constants, see Eq. (3.20) or in terms of the cutoff-independent Umklapp gap, as in
Eq. (3.24).
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In contrast to the Umklapp processes, the phonon-assisted decay rate depends on
the doping level only on a very large scale, vpkp ~ Tvp/sr =~ 0.6 x 10*T. With the
exception of rather low temperatures the practically achievable doping levels lie below
this scale. In this regime the phonon-assisted decay rate scales as 7., ~ TO+Ke+)/2 a9
given by Eq. (3.29). It can also be expressed in terms of a cutoff-independent energy
scale A, associated with electron-phonon interactions, see Eq. (3.33). This scale is
given by the gap in the electron spectrum induced by the twist Peierls instability.

If the plasmon frequency is smaller than the temperature, the ratio of the phonon-
1-Kop

assisted rate and the Umklapp one at zero doping is Yep/7u ~ (TZA%E”) ° . The
phonon assisted decay is dominant in the wide range of temperatures, T > (A /A,)Y/3.
With the exception of the region of very low temperatures it is dominated by electron-
phonon scattering and scales as TU+5e+)/2 This is consistent with the temperature

dependence of phonon-induced resistivity [13].



47

Chapter 4

QUANTUM CRITICALITY IN AN ARMCHAIR
CARBON NANOTUBE PN JUNCTION

4.1 Introduction

In this chapter, we study the electron transport through a non uniformly doped
armchair carbon nanotube, more specifically a pn junction in a clean CNT. The pn
junction can be formed by applying a non uniform gate voltage to the carbon nan-
otube. We will show that the transport in such a structure manifests a quantum
critical behavior controlled by the built-in doping field, which makes the pn junction
in an armchair CNT drastically different from a semiconductor pn junction. [52] The
doping potential is assumed to be smooth so it doesn’t cause single particle backscat-
terings. Such processes can not be induced by the e-e interactions either, due to the
parity symmetry we discussed in the previous chapters. Yet the pair backscatterings
or Umklapp processes are present due to the e-e interaction. In a CNT pn junction,
the Umklapp processes occur only at the central region of the junction due to momen-
tum conservation. The width of the central region is controlled by the doping field E.
When E is strong the width is narrow and the Umklapp processes are irrelevant. In
this case electrons have perfect transmission at zero temperature. When E is weak,
the Umklapp processes become relevant and pn junction becomes an insulator at zero
temperature. The existence of two stable fixed points at zero temperature indicates
the existence of an unstable intermediate fixed point of the conductance at certain
E and a quantum phase transition tuned by the doping field. The backscattering
assisted by e-phonon interaction will not destroy this phase transition because of its

irrelevance at low temperature. This feature makes a CNT pn junction drastically
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different from either a simple barrier in Luttinger liquid or an ordinary band pn junc-
tion. The former results in an insulator at zero temperature however weak is the
barrier. The latter has a tunneling conductance which obeys the exponential law and
also results in an insulator at zero temperature.

The transport near the two stable fixed points of the conductance can be studied
by perturbation theory because near perfect transmission, the backscattering correc-
tion is small and near the insulating phase the tunneling amplitude is small. Yet near
the intermediate fixed point neither of them is small. To approach the physics near
this critical point, we apply an epsilon expansion of the RG equations of the inter-
action strength treating the scalings of Umklapp interaction in the pn junction and
its generalized higher order term as small parameters. The values of the conductance
and critical index at the intermediate fixed point are obtained from the RG equations.

This chapter is organized as follows: In Sec. 4.2, we study the transport in the
weak backscattering and weak tunneling cases respectively and indicate the existence
of quantum phase transition and intermediate fixed point. In Sec. 4.3, we examine
the physics at the intermediate fixed point using epsilon expansion. In Sec. 4.4, we
study the effect of e-phonon interaction and magnetic field on the phase transition.
We will show that the e-phonon interaction doesn’t destroy the quantum phase tran-
sition due to the Umklapp processes, yet the magnetic field induces single particle
backscatterings which drive the pn junction to an insulator at zero temperature and
destroy the quantum phase transition. In the last section, we briefly summarize the

chapter.

4.2 Perturbation theory of the transport through an armchair CNT pn
junction and quantum phase transition

We consider a single pn-junction that is formed by a static potential U(x) imposed
by two gates, as in Fig. 4.1(b). In the p- and n- regions U(z) saturates to £Uy, while

near the center of the pn-junction U(x) ~ eEx, where —e is the electron charge and
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Figure 4.1: (a) Electron spectrum near the Dirac points & = +1 (+ or — indicates
parity). (b) Near z = 0 the gate potential is U(z) ~ —eEx and saturates to £Uj in
the p- and n- regions. (c¢) Schematic picture of the conductance dependence on E at
different temperatures. The G(E) curves at different temperatures intersect at the
fixed point and increase monotonically with £. The step in G(E) at T' = 0, indicates
a quantum phase transition. (d) RG flow for the conductance.



20

E is the built-in electric field. If the gate potential is not too strong, |Uy| < vp/R,
where R is the CNT radius (we set & = 1 in the intermediate formulas), the pn-
junction may be modeled using the low energy CNT band structure shown in Fig. 4.1
(a). We assume that U(z) is smooth on the interatomic scale and does not break
the symmetry between the A and B sublattices. Then both inter- and intra-valley
backscatterings due to U(z) are absent, and we may write the noninteracting part of
the electron Hamiltonian as

Hy = Z/da:z/}am —irvp0y + U(2)] Yore (). (4.1)

aroc

Here vy ~ 8 * 10° m/s is the Fermi velocity, o = + is the valley index, r = 41 labels
left and right movers, and ¢ the electron spin.

The gate potential U(z) results in a position-dependent doping density character-
ized by the Fermi wave vector kp(z) ~ —U(x)/vr. The potential field U(z) could be
eliminated from Eq.(4.1) by a gauge transformation (x) — v/ (z)e~* "/ U@dz/vr o

equivalently we can add this factor to the standard bosonization procedure [24]

Faa zr ! — x)]|+i T
R~ G (1.2)

Here ¢ ~ R is the short distance cutoff, F,, are Klein factors. The bosonic fields & and
© obey the standard commutation relations [®,, (), Ou o ()] = —im0a0d5er0(z—2").

We assume that the number of unit cells N around the circumference of an (N, N)
armchair CNT is large. The backscattering strength of Coulomb interaction is small

in 1/N [23]. The forward scattering part of the e-e interactions is,

Vi = @/dxn Zwarg %m ) (43)

aro

Here V(0) = 2¢*In(d/R) is the forward scattering matrix element (we assume that
the Coulomb interaction is screened by the gate at a distance d from the CNT).

In the bosonic representation the electron density is n(z) = 4kp(z) /7=, 0:Pas () /7,
where kp is counted from the Dirac point. After abandoning the static electric en-

ergy due to the average charge density 4kp(z)/m, the forward scattering part of the
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Hamiltonian H; = Hy + V; reduces to the same form as in an undoped CNT
dx
Hy = /% Zuj [K;(0:0;)* + (0.9,)*/K;] . (4.4)
J

Here j = c+, s+ labels charge (¢) and spin (s) modes that are symmetric (+) or
antisymmetric (—) in the valley index «. They are related to the fields ®,, by
Sy = [Pey + P + 0Dy + 0P, _] /2. Only the c+ mode carries charge and the

other three are neutral. The mode velocities are u; = vp/K;, where the Luttinger

parameters are K., = 1/4/1 +4V(0)/7vr < 1 and K; = 1 for the neutral modes.
As discussed in Chapter 2, backscattering interactions are small in 1/N [23],
and may be treated as perturbations to the Hamiltonian (4.4). The most relevant
backscattering interaction corresponds to the Umklapp processes, which scatter two
right-movers into left-moving states or vice-versa [15, 16]. In the presence of doping

the Umklapp Hamiltonian can be written as

Hy = - [ s (2<1>c+<a:> —af kF<y>dy) 9

{93 cos[20,_(z)] + (g3 — g1) cos[2®s (2)]

+ g1(cos[2®._(x)] — cos[2®,_(x)])} . (4.5)

Here the coupling constants ¢g; and g are of order €?/N and g3 > g; as discussed in
the last chapter. The low energy electron Hamiltonian of the pn-junction is given by

the sum of Eqs. (4.4) and (4.5),

The position-dependent Fermi vector kr(z) in Eq. (4.5) saturates to constant values

+ko in the deep n- and p- regions whereas near x = 0 it has a linear dependence of =z,
kp(z) = —x/L3. (4.7)

Here the length scale Lg is defined by the built-in electric field £ controlled by the

gate voltages, Ly ~ \/vp/eE. We assume in the experiments, the maximum doping
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potential U, far exceeds the temperature. In this case we will show that only the
center region with length 7'/ E contributes significantly to the resistence so we could
extend the linear dependence of kr to the whole device in the model and the physics
will not be affected.

The dc current in a 1D system is uniform in space, and the nonlocal conductivity
ou(z,x') varies slowly within the length scale min{\, [}, where X is the plasmon
wavelength and [ is the mean free path. In the dc limit and in a clean tube, min {\, [}

is much larger than the length scale of the tube so one gets

Jw ~ 0,(0,0) /d:r;’E(a;’) =GV (4.8)

where G = 0,(0,0) is the conductance of the wire and o, (z,2") can be expressed by
the usual Kubo formula as

2

ool ) = & / e [ ), 4 0)) (4.9)

w
The current operator is related to the charge field as j = —2e0;®., (v = 0,t)/7 so

o I

ou(z,2") = 4e QR(:B ') (4.10)

where G (z,2) = —i [ dt e ([D. (), Doy (', 0)]) is the retarded Green’s function
(GF) of the c+ mode.
In the absence of Umklapp interactions evaluation of the Green’s function in a

Uniform CNT is straightforward and gives
Gz, 2') = —im(Keoy [2w.) e+ l/ues (4.11)

where wy = w + . In a CNT pn junction, the shift of Bosonic field ®., to
D + 2fkp )dz doesn’t affect the current since kaF x)dzx is static. For the
two terminal device, there are two boundaries with the leads. Here we assume that
the connection to the leads is adiabatic, i.e., electrons enter the leads from the tube

without backscattering at the boundaries. In the absence of Umklapp interactions,
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the Green’s function G°(z — 2’) of the setup with two boundaries was solved in the
last Chapter and in the dc limit, we got G°_,(0,0) = —im(1/2w, ) which is to replace
K. in Eq.(4.11) by 1. The reason is that in the dc limit, the Bosonic modes have
wavelengths much larger than the length of the tube and extend to the leads, where
LL effects are absent. Thus the Luttinger parameter K., should be set to unity when
evaluating G(0,0) [44], yielding Gy = 4e?/h, which is the same as the conductance for
the non-interacting case, that is to say, the forward scattering due to e-e interaction

doesn’t modify the conductance of the two terminal device.

The Umklapp processes degrade electric current by backscattering pairs of elec-
trons and thus decrease the device conductance. They are most effective near the
zero doping point x = 0 and strongly suppressed deep in the p- and n- regions. In
the deep p and n region where vpky > T, the Umklapp backscatterings in the p- and
n- regions result in exponentially small resistivity ~ exp(—2vgko/T") as shown in the
last chapter. We assume that the lengths of the p- and n- regions are not sufficient
to compensate for this exponential smallness and neglect this contribution. In this
approximation the main contribution of the backscattering arises from the spatial re-
gion |z| < T/eE, where |kp(x)| < T/vp. We assume T' < Uy in the experiment then
the spatial dependence of kp(x) in the region |x| < T'/eE is linear. Therefore the
pn-junction may be modeled by the Hamiltonian (4.6) with kp(x) given by Eq. (4.7)

in the entire space.

The Green’s function with interaction can be expressed as,

G.(0,0) = G°(0,0) + /OO dzdz'G2(0, 2)T,,(z,2")G2 (2", 0). (4.12)

— 00

Here T,,(x, z') is the part of the T-matrix that corresponds to scattering of a plasmon

into neutral modes. Using Wick’s theorem (c.f. Appendix B) one can show that in
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the lowest order of interaction it can be expressed as

T(x.2)) = —id? / dt [ [, (. ), oy, O)])o—
| st 26 0obta - )| (4.13)

where H,(z,t) is the interaction Hamiltonian density and a, is the coefficient in the
exponential of the Hamiltonian. For Umklapp interaction, a, = 2.

The correlation function of the Umklapp interaction Hamiltonian density Hy de-
cays exponentially with decay length Ly = vp/T as shown in last chapter, which is
much less than the plasmon wavelength, so we can express the Green’s function of
the charge mode as

G..(0,0) = G°(0,0) + G°(0,0) / dada' T, (z, 2')G°(0, 0). (4.14)

In the dc limit the unperturbed Green’s functions G° in Eq. (4.14) are given by

Eq. (4.11) with K., = 1. Then the deviation 6G of the device conductance from the

ideal value, 4e?/h, may be expressed as

h w—=0 w

2 2 [e'e)
3G = —i" lim =~ / dz dz' T, (z, /). (4.15)

The T-matrix properties are dominated by the fluctuations of bosonic modes with
frequencies on the order of the temperature 7" and characteristic spatial scale of
Ly ~ vp/T. Provided the device length is much longer than Ly, the boundary of the
device is not important and the correlation function of the T-matrix can be replaced
by the corresponding correlator of a homogenous tube.

The energy gap A ~ (vp/€)(gs/ve) =%+ [15] induced by the Umklapp interaction
in a uniform CNT at zero doping defines an additional characteristic length scale,
¢ = vp/A. The Umklapp coupling constants renormalize to the order of magnitude 1
at length scale (, so backscattering at the pn-junction is weak for Ly < ¢ and strong

for Lg > (.
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For Lp < ( the correction to the ideal conductance may be expanded in pertur-
bation series in Hy, Eq. (4.5). Using Egs. (4.16), (4.13) we get to second order in
Hy;, the correction to the conductance is

2 )
G = —i—lim—/ dr dx'T,(z,2")

—0o0

= —~ lim — /000 dr(e™™ — 1)(Hy(7)Hy (0))

= —c (20T uey ) (L /&) (37 — 29195 + 292) v (4.16)

where ¢ = (2 /h)B(K.+ +1, K. +1)/2m, with B(z,y) being the Euler Beta function.
This result may be rewritten as §G® ~ (e2/h)(Lg/¢)?(T/A)* <. It vanishes as
T — 0, which corresponds to the irrelevance of point-like Umklapp scatterings in the
renormalization group (RG) sense.

Although higher order terms in the perturbation theory are smaller in powers
of Lg/C they have different temperature dependence. All higher order corrections
are less relevant than the second order one above except for a fourth order term.
The fourth order perturbation of Umklapp interaction can generate a backscattering

process with effective Hamiltonian density

cos (4P, ) (4.17)

The correction to the conductance due to this term can be obtained following the same
procedure as for the Umklapp term and is 6G™ ~ —(e?/h)(Lg /) (T/A)¥+=2. In
the case K., > 1/4, this correction is irrelevant and the CNT is still a perfect con-
ductor at "= 0. In the case K., < 1/4, the above term becomes relevant and results
in an insulator at 7' = 0. The RG fixed point (FP) at perfect transmission is unstable
in this regime, and the system flows to strong backscattering even at Ly < (. The
expected RG flow is shown in Fig. 4.1(d). We note that in this case the temperature
dependence of conductance is nonmonotonic. In the regime of the applicability of the

perturbation theory 6G = —a (Lg/¢)* (T/A)* t —b(Lg/O)* (T/A)* 72 where a
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and b are constants on the order of ¢?/h. The maximum conductance is reached at
T ~ A (LE/C)I/(I_?)KCJF)-

Because of the large value of the interaction constant, e?/vr a2 2.7 and the sensi-
tivity of the forward scattering matrix element V' (0) to screening by the gates both
cases K.y < 1/4 and K., > 1/4 may be realized.

For K., > 1/4 all backscattering operators generated in the process of renormal-
ization are irrelevant by perturbation theory. Therefore the FP at perfect transmis-
sion is stable for weak backscattering, Ly < (. At the same time, the analysis below
shows that a perfect reflection fixed point is stable at K., < 1 at strong backscat-
tering, i.e.,for Ly > (. This indicates the existence at 1/4 < K., < 1 of a quantum
phase transition in the conductance of pn-junction, controlled by the ratio Lg/(.

At strong backscattering, Lr > (, the pn-junction may be viewed as two semi-
infinite Luttinger liquids separated by a strong barrier where the bosonic fields are
pinned to one of the classical minima of the Umklapp Hamiltonian at zero tempera-
ture. The minima form a periodic lattice in the four-dimensional space ®; = 7n;/2,
where n; are integers, which are either all even or all odd. At zero temperature, no
current could pass by. At finite temperature, the Bosonic fields could tunnel from
one minimum to another, which corresponds to charge transport from the p region
to the n region or vice versa. The most relevant tunneling events are those be-
tween the nearest neighboring minima, e.g., from (®.y, ®._, @, ®,_) = (5,5, 5, 5)
to (Pey, Pe—, Psy, Ps—) = (0,0,0,0) which transfer charge e from the left side to the
right side of the pn junction or vice versa. The tunneling operator corresponding to
the shift {n;} — {n;+dn;} is exp{i >_;[0;(x1) — 0;(22)|6n;/2}, where 21 and x, label
the points just to the left and to the right of the barrier. At the boundary of a semi-
infinite Luttinger liquid the correlation function (es(®m)/2e=i;(m2)/2) ~ (_L_)1/4K;

T1—T2

and (e/®i(nm)/2e7i®i(@m2)/2) o (L_)Ki/4[24] The scaling dimension of the tunneling

operator is then 1 — 3 .(dn;)?/(4Kj). For K.y < 1 all of them are irrelevant. A phe-

nomenological Hamiltonian corresponding to the tunneling between nearest neighbor
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minimum can be written as

H - %Ftl [ [tz 4 pe] (4.18)
j=ck,st

The bare tunneling amplitude ¢; ~ e L#/¢. The scaling dimension of this tunnel-
ing Hamiltonian is iz ].(1 — KL]), which gives the lowest order RG equation of the

tunneling amplitude as
dty 1 1
— == 1——)t. 4.19
OISl (4.19)
Since K; < 1, the tunneling is irrelevant and flows to a stable fixed point ¢; = 0 at
zero temperature. At finite T, we stop the flow when the energy cutoff is of the order

of the temperature and obtain the conductance as

62 2

x € $2,0-7)

which vanishes at 7" = 0 and results in an insulator.

The stable FPs at perfect transmission and reflection for 1/4 < K., < 1 must
be separated by an unstable FP with an intermediate value of zero temperature
conductance. The pn-junction can be tuned to this F'P by adjusting the parameter Lg.
The dependence of conductance on Lg at low temperature is schematically presented
in Fig. 4.1(c). The critical conductance and critical exponents at the intermediate

fixed point depend on the values of the Luttinger parameters K.
4.3 Epsilon expansion approach near the intermediate fixed point

The behavior near the intermediate fixed point is hard to approach in general be-
cause there is no small physical parameter there. Yet in some special situation, a
small parameter exists and we can access the intermediate fixed point perturbatively.
Near K., = 1/4 we note that the two most relevant backscattering operators, i.e. the
Umklapp operator in Eq.(4.5) and Eq.(4.17): Hy and Hy, both have scaling dimen-

sions that are reasonably small (respective scaling dimensions 4K.; — 1 and K.y).
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All other operators are strongly irrelevant. Near this point one can use a kind of
e-expansion to obtain the RG equations in which both € = K., and ¢ = K.y — 1/4
are assumed small. In this case the intermediate FP is perturbatively accessible.
Since in this case the backscatterings are irrelevant, which corresponds to narrow
pn junction, the Bosonic fields in the pn junction are uniform in the central region
and the effective pinning Hamiltonian can be written as Herr = Afrycos(4®..) +
cos(2®cy) >, rq cos(2®,)], where A = vp/€ is the high energy cutoff, ry, r, are di-
mensionless amplitudes and a labels the neutral modes. The RG equations can be
obtained by the real-space perturbation method invented by Anderson, Yuval and
Hamann. This procedure involves first integrating out closely spaced dipole charges
separated by a distance between 7, and 7, + d7., where 7. is the short distance cutoff
in time domain. Then rescale 7. + dr, to restore the original cutoff. As shown in the

Appendix, we obtain the RG equations to leading order in €, ¢4 as

dry/dl = —€r,+rqry, (4.21a)

d7“4/dl = —4647’4+ZT2/4, (421b)

where dl = dr./7.. The intermediate FP exists for ¢, > 0 and is located at r} = ¢
and Y, r:? = 16e4¢ when the right hand side of the RG equations equals to zero.
The FP conductance can be found by using lowest order perturbation theory shown
in the last section with FP values of the reflection amplitudes [55], and is obtained to
be G* = 4(e*/h)(1 — €4 — €%/32¢,). The presence of the ¢4 in the denominator in the
last term signals that Eq. (4.21) is valid provided ¢4 > €.

To get the critical index near the critical point, we linearize the RG equations
near the fixed point and get

d5(2a 7“2) _ 2\ %
— = Z(T ) ry

d5T4

_ 2
— = —4e40r4 + 5(2 ri)/4, (4.22)

a
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The eigenvalues \; of the above linearized equations are \p = —2¢4 £ 2¢/€7 + 2¢ey,
which correspond to the scaling dimension of backscattering amplitude near the fixed
point. The positive eigenvalue describes the behavior of a scaling field that’s unstable
near the fixed point, whereas the negative eigenvalue describes a stable scaling field
near the fixed point. In the system we study, by this analysis, the positive eigenvalue
is the one that describes the critical behavior of conductance near the intermediate
fixed point. At finite temperature, T serves as the low energy cutoff, which is related
to the long distance cutoff by T = vp/L. By setting ¢! = vp/TE, we bring the
high energy cutoff down to the value T and get the renormalized backscattering
amplitude at temperature T as r — r* ~ (”T—g))‘ﬁ The conductance is related to the
backscattering amplitude as G — G ~ r?, so the critical index of G on temperature
is the same as r. Near the FP we thus obtain that the conductance behaves as
G(T) — G* ~ (2/h)(1 — L/ L) (hop/TEM where A = —2¢4 + 24/€ + 2¢ey.
Similarly, the intermediate fixed point is also perturbatively accessible near the
point K; = 1 where the single electron tunneling process is marginal, by performing
the RG equations of the tunneling amplitudes to higher order. Yet near K; = 1,
the following tunneling processes are also marginal and will renormalize the single

electron tunneling process,
Hj = L[eiCe=05@0) 4 pc] (4.23)
Q@

Here j includes all the four bosonic modes. The Hamiltonian H., describes two-charge
tunneling process while the other three Hamiltonians describe tunneling of neutral
modes. Near K; = 1, we obtain the RG equations of the tunneling amplitudes to

second order as

dtl €;
= —Xj:ztl +22j:t1tj

dt;

= —eitj + 2t] (4.24)

following the same method in Appendix A, where ¢; = 1 — K. These RG equations
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Zj €j
163, ij

point G* = %(f{Q +4¢%%) is universal and separates the flow to the two stable phases,

and t; = % 2 < The conductance at the fixed
I 2y

exhibit a fixed point at t] =

\g|

as shown in Fig.1(c) and (d). The critical exponent of the conductance near the
fixed point can be extracted from the one relevant eigendirection at the critical fixed
point as G — G* ~ (;—‘2)’\& where A, is the one positive eigenvalue of the linearized
RG equations near the fixed point. The eigenvalue equation for the above flows is in
general fifth order and hard to solve analytically, but in the case K; are the same for
the four modes, Ay = ¢;.

Interpolation between the two limiting cases above gives the RG flow shown in

Fig. 4.1(d).
4.4 The role of e-phonon interaction and magnetic field

The above picture is modified if single-electron backscattering is present. In a sym-
metric armchair CNT it can be caused by a magnetic field B applied along the CNT
axis or by the electron-phonon (ep) interactions. The corresponding backscattering
Hamiltonian may be written as [57, 49, 48]

6H = —i / dz Y Ul (@) e ror[au(x) + Ap), (4.25)

aro

where Ag and A, are respectively the gaps induced in the single particle spectrum by
the magnetic field, Ap = (7/2)eBvpR, and by the lattice deformation. At low tem-
peratures only the twist acoustic (TA) phonons are important and A, (x) = gro,u(z),
where u(x) is the TA mode displacement and gr ~ 1/v/N < 1 is the correspond-
ing coupling constant. The bosonized form of the e-phonon Hamiltonian is shown
in Chapter 2, Eq.(2.31). As in the case of two-particle processes, single electron
backscattering is effective only in the vicinity of the pn-junction, |z| < Lg. The
leading perturbative correction to the conductance due to the e-TA phonon backscat-

. . . g% §+Kj . 2 1+K0+ .
tering is given by dReG., ~ —FT2772" in a strong field E and ~ —g772"72" in

a weak field E, following the same steps as for perturbative Umklapp correction. In
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both cases, the conductance corrections are irrelevant and vanish at 7' = 0. Thus
the e-phonon interaction doesn’t destroy the quantum phase transition due to the
Umklapp processes.

When a magnetic field is applied along the tube axis, however, the above quantum
phase transition will be destroyed. The magnetic field causes intravalley single particle

backscattering with Hamiltonian [57]

A
Hp = Apg Z/dx(w;rngaRo +h.c.) = ﬁ Z/dmcos D, (4.26)

_ g wR2B

where Ap = =3 o, is the gap opened by the magnetic field in a uniform CNT. When
the applied magnetic field is weak and the tilting field E is strong, the perturbative

correction to the conductance due to the magnetic field, or the magnetoconductance,

is given by JReG) ~ —%(%)17}2{@r ﬁ—%ﬂ and relevant. At a weak tilting field, the
correction is even more relevant. Thus at any field E, the magnetic field drives the
conductance to zero at T' = 0 and the quantum phase transition is destroyed. This
also reveals that magnetoresistance of a CN'T pn-junction is strongly enhanced by the

Luttinger liquid effects.

4.5 Conclusion

In conclusion, we studied the electron transport in an armchair CNT pn junction
formed by a tilting field E. Without e-e backscattering, the two terminal conductance
has perfect value 4¢?/h. However this value is corrected by backscattering. In a strong
tilting field E, the correction due to Umklapp processes is irrelevant for K., > 1/4,
resulting in perfect transmission at 7" = 0; and relevant for K., < 1/4, resulting in
an insulator at 7' = 0. While in a weak tilting field E, the correction is relevant for
any 0 < K., <1 and the current is totally blocked at zero temperature. A quantum
phase transition thus happens by tuning the tilting field E in the case 1/4 < K., < 1.
The existence of the two stable phases at 7' =0 and 1/4 < K., < 1 corresponding to
high and low tilting field E suggests an unstable fixed point of the conductance at a
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finite value G*. The intermediate fixed point is perturbatively accessible by an epsilon
expansion near the two special cases K.y ~ 1/4 and K.y ~ 1. The conductance and
critical index at the intermediate fixed point is universal and only depends on K, .
The quantum phase transition will not be destroyed by e-phonon backscattering at
any field E. However, a magnetic field along the tube axis will drive the conductance to
zero at T' = 0 at any tilting field E and destroy the possible quantum phase transition

at zero magnetic field.
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Chapter 5

TRANSPORT OF MOLECULE DEVICES WITH
GRAPHENE LEADS

5.1 Introduction

The efforts to miniaturize electronic devices have long motivated studies of electron
transport in molecular and atomic scale devices. Creating reliable electrical contacts
with the molecule presents a major challenge in molecular electronics. Until recently,
in molecular electronic devices the molecule was typically attached between two nor-
mal metal electrodes, such as gold. [60, 61, 62, 63, 64, 65].

Carbon-based conductors have long been expected to be promising components of
electronic devices [66]. Apart from bulk graphite there are also quasi-one dimensional
(carbon nanotubes [67]) and two-dimensional (graphene [68]) forms, which have re-
markable mechanical and electrical properties. This offers the prospect of building
entire electronic devices or circuits out of carbon-based materials. Remarkably, for-
mation of single atom carbon chains (SACCs) between graphene electrodes fabricated
by stretching a graphene strip has been observed in Ref. [74]. Such a structure could
form a basic unit for integration into more complicated circuits in the future.

In this chapter we study the electron transport through such a structure as shown
in Figh.1 in the non-interacting electron approximation by an analytically solvable
model and claim that the major feature of electron transport of such a device could
be generalized to other molecular devices with graphene leads too.

We found that the conductance of the system is qualitatively different from that in
the case of metal leads. For all electron energies corresponding to practically relevant

temperatures and doping levels the junction between the chain and the graphene lead
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is almost perfectly reflecting even at strong coupling between the chain and the lead.
The transmission coefficient of the contact vanishes linearly with electron energy as
the latter approaches the Fermi energy of undoped graphene. This suppression of
transmission results from the vanishing of density of states (DoS) in graphene at
zero doping. Even though edge states can appear in graphene leads and the edge
states have a linear dispersion relation, their wave functions extend into the bulk
to distances inversely proportional to the energy and give a linearly vanishing local
density of states at the contact point. The whole device behaves like a Fabry-Perot
interferometer and electrons get through the device only through narrow resonance
states with certain energy, due to the strong reflection at the junctions. The width
and the position of the resonances depend on the length of the interconnect and the
details of its coupling to the leads. The shape of low energy resonances is universal but
markedly different from the Breit-Wigner form, which is the typical case for molecular

devices with metallic leads.

Due to the resonant character of transmission the device conductance is very sensi-
tive to the number of atoms in the chain. The conductance difference between chains
with odd and even number of atoms in the SACC appears as the difference between
the on- and off- state of the device, which suggests that they can be components of

atomic scale transistors.

The chapter is organized as follows. In Sec. 5.2 we qualitatively discuss the es-
sential features of electron transport in SACC interconnects between graphene leads.
In Sec. 5.3 we formulate an analytically solvable model of electron dynamics in the
system. In Sec. 5.3.1 we derive a general formula for the reflection amplitude of the
junction between the chain and the lead in terms of the electron Green function (GF)
of the lead. In Sec. 5.3.2 we evaluate the GF and study the tunneling density of states
at the junction due to the bulk and edge electron states in the lead. In sec. 5.4 we
evaluate the transmission coefficient of the device and obtain the universal formula

for the resonance shape. We discuss our results and experimental implications in
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Sec. 5.5.
5.2 Qualitative discussion

First we discuss the possible ground state of the SACC. As a first step study of the
device, we consider the non-interacting picture. As shown in Chapter 2, Coulomb
interaction could destroy the non-interacting ground state of a 1D single atom chain
in an infinite system, but in experiments, when the length of the chain is short, the
interaction is not essential and the system can still be described by the non-interacting
picture.

As we know, in a single carbon atom chain, two of the four valence electrons fill
the sp hybridized orbits and form ¢ bands with neighboring sp hybridized electrons.
The two lower o bands are then fully occupied. The remaining two p orbital electrons
in each atom form two half filled 7 bands which are conducting. The two bands are
degenerate and have angular momenta +1 about the molecule axis. This symmetry
prohibits the Jahn-Teller instability which mixes the two orbits by a distortion with
respect to the symmetry axis and lower the energy. Another possible distortion is the
dimerization along the molecule axis due to Pierls instability, resulting in a structure
as (+--C—-C=C—C---). Yet Ab initio calculations [76] show that because of large
quantum fluctuations of the atomic positions, the dimerised state is unstable. Instead
only the cumulene structure (---C=C=C=C---) is stable.

As the conduction 7 band in graphene leads is formed by the p, orbitals, which are
perpendicular to the graphene plane, only the electrons from the p, band in SACC can
propagate into the leads. Thus electron transport is mediated by a single conducting
band in the chain.

Because of the long mean free path of electrons in graphene [68], electron motion
in the leads may be assumed to be ballistic. The device conductance is then deter-
mined by the elastic electron scattering at the junctions between the molecular wire

and the leads and backscattering in the chain. Backscattering in the SACC due to



66

electron-phonon interaction corresponds to emission or absorption of phonons with a
wavelength of order of the interatomic spacing and energy of the order of 103K. As a
result such processes are exponentially suppressed [82, 83| even at room temperature.
Although imperfections in the substrate and deviations of the atomic positions from
the ideal configuration cause some backscattering of electrons in the wire, we show
below that the strongest reflection of the electron wave in the chain occurs at the
contact with the graphene lead.

With the aid of the Fermi’s golden rule the transmission coefficient of the contact
can be estimated as 7, ~ |fyc\21/wug. Here . is the tunneling matrix element that
couples the last atom in the chain to the lead, v, is the local DoS at that atom and
v, the DoS at the graphene atom that is connected to the chain. The local DoS in
the chain is energy independent and can be estimated as v, ~ 1/7,, where 7, is the
nearest neighbor hopping integral in the atomic wire. The DoS in graphene, on the
other hand is strongly energy dependent and is of the order of v, ~ |e|/77, where
g is the nearest neighbor hopping integral in graphene and € is the electron energy
measured from the Fermi level of undoped graphene. It might seem that the presence
of edge states might give rise to an energy-independent contribution to the tunneling
DoS at the point. This is not true however. The wave functions of the edge states at
low energies extend into the bulk to distances inversely proportional to the electron
energy. As a result their contribution to the local DoS at the contact is also linear
in €. The edge states are analyzed in detail in section 5.3.2. Thus the transmission
coefficient of the contact can be estimated as

 Delel
Y'Y

(5.1)

The hopping integrals in graphene and SACC are of the same order of magnitude.
Therefore at typical doping levels, |e| < 7, the transmission coefficient is small even
at strong coupling between the chain and the lead, when all hopping integrals between

nearest neighbor carbon atoms are of the same order, 7, ~ 7, ~ 7,.
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Figure 5.1: Schematic picture of the device. The atoms in the wire are labeled by
n = 1,2,.... The unit vectors of the graphene Bravais lattice, a; and as, are shown
by blue arrows. Each unit cell (dashed rhomboid) is labeled by (Ny, N).
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Neglecting the weak backscattering in the wire, the transmission coefficient through
the whole device can be obtained through the scattering matrix, or S matrix. As-
sume the reflection amplitudes at the two contacts are r; and ry respectively and the
transmission amplitude ¢; and t5 respectively. The left and right going states in the

chain and leads are labeled in Fig 5.1 and they satisfy the relations:

Y} _ [ b VL, ; Y, | _ [ 2 7 Vi (5.2)
() ot Vg, () Ty to Vg,
The states in the chain satisfy
Y, =Y, e VYry = ¢R;€_ikL (5.3)

The S matrix is unitary due to the conservation of the probability current. Without a
magnetic field, S is not only unitary but also symmetric due to time reversal symmetry,
i.e. 719 =Ty, t12 = t],. Thus the phase of r and ¢ satisfy d(r)12 = —d(t)12. From

these relations, we get

i () 2ta(c)
Ve = Ton T(O = T @D + 2 @@l —cosg) Y

where 7T (€) is the transmission coefficient of the device, 11/2(€) = |r1/2(€)| exp(idy)2),
t12(€)]> = 1 — |riy2(€)|? are the transmission coefficients of the junctions, and ¢
is the phase accumulated by an electron upon returning to the same point in the
chain after being reflected from both contacts. It can be expressed as ¢ = 2kN +
51 + 02, where N is the number of atoms in the chain, k is the absolute value of the
dimensionless (measured in units of the inverse lattice spacing d of the chain) electron
quasimomentum, and d;/, are the phases of the reflection amplitudes of the contacts.
In the case the two leads are symmetric, which is the case we consider in this chapter,
ry =1y =1, t; =ty = t, the transmission coefficient reduces to

(Ir[* = 1)?
(1 —1|r?)2 +2|r]2(1 — cos @)

T = (5.5)
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Figure 5.2: Dependence of the transmission coefficient 7 in Eq. (5.38) on €/¢y (dashed
line) with N = 10 and « ~ 1. The solid curve is the Breit-Wigner resonance with the
same resonance energy ¢, and width.

Because at low energies the junctions become strongly reflective appreciable trans-
mission through the device in this regime occurs only near resonances, where the phase
¢ equals an integer multiple of 2. In the chain, € ~ vpk near the Fermi surface, so
the energy spacing between adjacent resonances is ~ 7./N.

To obtain a simplified expression for the transmission coefficient near a low en-
ergy resonance we write the reflection amplitudes of the junctions at low energies as
[71/2(€)] = 1 — c1/2l€| /7y, where ¢1/5 is a numerical coefficient of the order of unity.
This expression follows from Eq. (5.1). Linearizing the energy dependence of the
phase ¢ near the resonance energy €, ¢ = c4(€ — €9)/7,, where cs ~ N is a numerical

coefficient, we can write the transmission coefficient of the device as,

T(e) = {Tol +a <1 - 6—0)2} o (5.6)

€
Here To = (c1 + ¢2)?/(4cicq) is the transmission coefficient at the resonance, and
o = c;/(4cic) ~ N2

The width of the resonance is of the order of ¢y/N. In the case of symmetric
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contacts, ¢; = cq, the device becomes perfectly transmitting on resonance. The shape
of the resonance is shown in Fig. 5.2. It is strongly asymmetric and markedly different
from the Breit-Wigner form which arises in the case of metal leads.

Since low energy transmission through the device proceeds via a single resonant
state in the chain it is clear that Eq. (5.6) holds under very general conditions. The
assumption that the coupling v. between the chain and the lead is energy independent
holds as long as the propagation time of an electron across the junction is much shorter
than the time of propagation across the chain. This is true if the SACC is longer than
the junction (for example a small peninsular extending between the graphene lead and
the chain). As long as the backscattering in the chain does not lead to localization
the resonant state will remain coupled to both leads. The backscattering will merely
modify its energy and the strength of the coupling to the leads, and can be accounted
for by the change of parameters in Eq. (5.6). Similarly electron-electron interactions
in a finite chain will renormalize the energy and the coupling of the resonant state
with the leads.

In the remainder of the text we present a quantitative treatment of simple model
of electron transport through a cumulene SACC interconnect between graphene leads.
The transport properties through this structure also manifest in other molecular de-
vices with graphene leads only if the electron states in the molecules extend to the

graphene leads (i.e. they are not localized).
5.3 System and model

Consider an ideal cumulene SACC connected to graphene leads with perfect zigzag
edges, as shown in Fig. 5.1.

As a first step in the theoretical analysis of the system, we assume that the atoms
in the SACC are in the ideal cumulene configuration. We work in the noninteracting
electron approximation and describe the electron motion in the conducting 7, and

7, bands using the nearest neighbor tight binding approximation. More complicated
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band structure of the carbon wire will not significantly modify our conclusions.
Electron transport through the device is fully determined by the reflection ampli-
tude of the contact between the SACC and the graphene lead. We derive in Sec. 5.3.1
a general formula for the reflection amplitude of the contact in terms of the local DoS
in the lead evaluated at the atom which is connected to the SACC (Eq. (5.23). This
expression applies for an arbitrary shape of the lead. Then in Sec. 5.3.2 we specialize
to the case of graphene leads with zigzag edge. The zigzag edge is likely to be formed
as a result of an electric failure [73] or a tear of a graphene strip because it has the
least number of dangling bonds per unit length. We find that the edge states present
in the case of zigzag edge provide a significant contribution to the tunneling DoS at
the edge of the lead, and thus carry a significant portion of the current through the

device.

5.83.1 Reflection amplitude of the junction

Let us first consider a single junction between the SACC and a graphene lead. We
label the sites in the chain by an integer n which enumerates the atoms starting from
the junction, see Fig. 5.1. The reflection amplitude of the contact can be found from
the retarded Green function of the auxiliary system evaluated between two points

inside the semi-infinite wire using the expression,
G(n,n') ~ exp[—ik|n — n'|] + r(e) exp[—ik(n + n')]. (5.7)

Here k is the absolute value of the energy-dependent quasimomentum of the electron
in the chain, and the Green function is defined in terms of the system Hamiltonian

H in the standard way,
G(n,n') = (n|Gln') = (n|(ey = H) M), (5.8)

where €, = € 4 0.
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We write Hamiltonian of the system as

H=H,+H,+V, (5.9)
where H,, and ]:Ig are respectively the Hamiltonians of the semi-infinite wire and
the semi-infinite graphene lead, and V is the perturbation, which describes electron
tunneling between them.

Introducing the Green function of the unperturbed system , Go = (e+—Hw—f[ )L

we can express the Green function of the full system as
G = Gy + GoT Gy, (5.10)
where 7' is the T-matrix of the junction between the chain and the lead given by
T=(1-VGy)™'V. (5.11)

In the nearest neighbor tight binding model the tunneling perturbation V couples
only the |[n = 1) orbital in the chain and a single contact site in the graphene lead,
which we label as |0). In the 2 x 2 subspace spanned by these states the tunneling

perturbation V can be written as
V=1, , (5.12)

where 7, is the hopping integral at the contact between the chain and the graphene
lead. In this case the T-matrix depends only on the unperturbed Green function
within the 2 x 2 subspace, where it has the form
. G,(0,0 0
Go = +(0.0) : (5.13)
0 Gu(1,1)
Here G,(0,0) is the Green function of the graphene lead at the contact site |0) and

Gw(1,1) is the Green function of the semi-infinite wire at the site n = 1.
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From Egs. (5.11) and (5.12) it is clear that all matrix elements of the T-matrix
outside the 2 x 2 subspace vanish. Therefore the Green function, Eq. (5.8), within

the chain can be expressed in terms of the T-matrix of the contact as
G(n,n') = Gy(n,n') + Gu(n, T (1,1)G,(1,7n). (5.14)
Here T(1,1) = (1|T'[1) is the (1,1) matrix element of the T-matrix and
Gu(n,n') = (nf(er — Hy) ™'’
is the Green function of an isolated semi-infinite wire.
We use the tight binding model to describe the electron Hamiltonian of the chain,

oy = 3 (waln) (0] + ) (n -+ 1] + [n + 1){n]), (5.15)

n=1
where 7, is the nearest neighbor hopping matrix element in the wire, and the on-site
energy 1,7V, describes the difference in the work functions between graphene and the
carbon chain (in our notations the Fermi energy of the undoped graphene sheet is set
to zero).
We construct the Green function of the semi-infinite wire from that of the infinite
wire by adding a perturbation that nullifies the hopping between the two halves.
The retarded Green function of the infinite wire in k space is diagonal and given
by
Gow(k) = (¢ — e +i0)* (5.16)
with
€ = UpYw + 27w cos k. (5.17)

The real space Green function is obtained by integrating over k as

Go(n,n') = 2i /deoyw(k)eik("”/) (5.18)

T
which gives

1 .
G07w<n, n’) = m exp(—zk]n — n'\) (519)
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where k is the magnitude of the electron quasimomentum related to the energy by
€ = Uy Yo + 2V cOS k.

The perturbation V,, which cuts the wire to two halves has non-vanishing matrix
elements only in the 2 x 2 subspace spanned by the orbitals with n = 0 and n = 1,

where it is given by

V(0,0 Vu(0.1) ) [ 0 . (5.20)
Vi(1,0) Vi(1,1) Yo 0

The T matrix defined in Eq. (5.11) is also nonvanishing only in the 2 x 2 subspace

and can be expressed solely in terms of the matrix elements of GO,w in the 2 x 2 space,

Go,w(o, 0) Goyw(o, 1) 1 1 €_ik

T Diysink | i (5.21)
Gow(1,0) Gou(1,1) ivysink \ ik
Using Egs. (5.19), (5.20), (5.21), (5.10) and (5.11) we obtain the Green function

of the semi-infinite wire, Eq. (5.22).

1 . , ,
Guln) = < —ikln'—n| _ —zk(n+n>> . 5.22
(n, ) 21y, sink ‘ ‘ ( )

Here k is the magnitude of the electron quasimomentum, which is related to the
energy of the electrons by € = Yy + 27, cos k.

With the aid of Egs. (5.11), (5.12) and (5.13) we can readily express 7'(1,1) in
Eq. (5.14) in terms of the Green function of the graphene lead, G,4(0,0). This yields
for the combined Green function evaluated within the wire,

G(n,n') = e.—ik(n"—n) 1-— Lo Vei’.c G9(0.0) it
2iry, sink 1 —~e *G,4(0,0)

Here we introduced a combination of hopping integrals in the junction and in the

chain, v = 72 /7.
Comparing the last expression with Eq. (5.7) we obtain the reflection amplitude

of the junction, .
1 —ve*G,(0,0)
1—vye*G,0,0)

r(e) = (5.23)
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Equation (5.23) expresses the reflection amplitude at the contact in terms of the
Green function of the lead at the contact point with the wire, G4(0,0), and holds for

an arbitrary lead.

5.3.2  Graphene leads with zigzag edges

We now specialize to the case in which the graphene lead is terminated at the zigzag
edge. The zigzag edge has the smallest number of broken bonds per unit length. It is
therefore likely that the gap which appears in the graphene strip in the experiments
of Ref. [73] is formed along this edge.

We use the nearest neighbor tight binding model to describe the electron dynamics
in graphene and denote the electron m-orbitals localized at the atomic sites by |A, N)
(A sublattice) and |B,IN) (B sublattice). Here N = (N7, N,) labels the unit cell with
a Bravais lattice vector Nja; + Noag, see Fig. 5.1. The site |[A,N = 0) is chosen at
the atom which is connected to the carbon chain.

In these notations G,4(0,0) in Eq. (5.23) can be expressed in terms of the Green

function of the semi-infinite graphene plane, ég = (e; — I:Ig), as follows:
G4(0,0) = (A,N = 0|G,|A,N = 0). (5.24)

In order to evaluate the Green function of the semi-infinite plane @g we start with
the infinite graphene plane and add the perturbation f/;], which nullifies the tunneling
through the bonds which separate the plane into two halves along the zigzag edge,
see Fig. 5.3.

The Green function of the infinite plane is diagonal in the quasimomentum repre-
sentation due to the translation symmetry. We introduce the spinor Bloch functions
as WL (N) = exp(iK 1Ny + iKyNo)(¢a(k),v¥p(k)), where k is the quasimomentum,
K, =k-a; and Ky = k - ay are the projections of the quasimomentum onto a; and
ay, and 14,/ are the wave function amplitudes on the A/B sublattices. In the quasi-

momentum representation the (inverse) Green function of an infinite graphene plane
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Figure 5.3: Ap infinite graphene plane is separated into two halves by adding the
perturbation Vj, which nullifies the tunneling along the dashed bonds.

can be written as a matrix in the A/B sublattice space,

_ iK1 —iK>
Gil(k) = — e+ reTite . (5.25)
079 g 1+€71K1 _|_62K2 _€+

Here v, denotes the nearest neighbor hopping integral in graphene and we introduced

the dimensionless energy e = ey /7,.

The Dirac points at the corners of the hexagonal Brillouin zone correspond to
K, = Ky = £27/3. At these points the off-diagonal matrix elements in the above
equation vanish. The Hamiltonian near these points reduces to the familiar Dirac

equation with the linear spectrum near the Dirac points as shown in Fig. 2.1.

The perturbation Vg that cuts the graphene plane into two halves is given by (see
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Fig. 5.3),
~ oN 0 0
Vo = 70NNy | Ug ONy N :
0 5]\[171
B 0 ON;,00N7 1 (5.26)
0Ny, 1087 0 0

The second matrix in the brackets nullifies electron tunneling between the two halves
of the plane, and the first matrix describes the on-site potential for the atoms along
the zigzag edge. This potential is parameterized in our model by the dimensionless
parameter ug, which is equal to the ratio of the on-site potential to the hopping
integral 7,. Because of the diminished number of neighbors for the edge atoms the
on-site potential is expected to be positive and have a magnitude of the order of eV,
i.e. of the same order as the hopping integral, 0 < u, < 1.

Due to the symmetry of the problem with respect to translations along the edge,
(N1, No) — (N1, No+m) the corresponding quasimomentum, K5, is conserved. There-
fore below we use a mixed position/quasimomentum representation, (Ny, K3).

In this representation the matrix \79 is independent of K5 and has nonzero matrix
elements only in the 2 x 2 space spanned by the states |A, Ny = 0) and |B, Ny = 1),
which correspond to the carbon atoms on the opposite sides of the bonds cut. In this

2 X 2 subspace VQ is given by

u, —1

Ve =1 (5-27)

-1 wuy,

The reflection amplitude of the junction, Eq. (5.23), depends only on the Green
function of the semi-infinite graphene inside the same 2 x 2 subspace. In the mixed

representation the latter satisfies the equation
Gy(K2) = Goy(K2) + Goy(K2)V,Gy(K), (5.28)

where the perturbation Vj is given by Eq. (5.27) and Gg4(K>) is the unperturbed
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Green function inside the 2 x 2 subspace (in the mixed representation). The latter is

evaluated in Appendix D and is given by

1 € 1—C+e%++ab
Gog(Ks) = : (5.29)
YgVab \ 1—C+e2++/ab €
where we introduced the notations
2 Ko 2 2
C = 4cos T,a:(l—l—a) —C,b=(1—-¢)*—-C. (5.30)

The branch of vab in Eq. (5.29) is determined by analytic continuation of & from the
positive imaginary axis, where Vab takes positive real values.
Using Eqgs. (5.27), (5.28) and (5.29) we obtain
C2Vab+ (L —ug)a+ (L+u)b [ 1 0

o) = (L) \ o 1 ) (5:31)

The off-diagonal matrix elements in the above expression vanish, as they should due
to the absence of tunneling between the two half-planes. The (1,1) matrix element
determines the Green function at the zigzag edge for a given quasimomentum K
along the edge. Its imaginary part gives the tunneling density of states into the edge
for a given quasimomentum. It arises from two distinct contributions of the edge and

bulk states, which we discuss next.

Tunneling density of states into the zigzag edge

The tunneling density of states at the zigzag edge of graphene is described by the
imaginary part of the diagonal matrix elements in the Green function Eq. (5.31).
Physically, the density of states at the edge contains the contributions from the bulk
and edge states. The contribution of the bulk states is described by the imaginary
part of vab whereas the contribution of the edge states corresponds to the pole at
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Figure 5.4: The solid curve represents the intersection of the bulk state spectrum of
graphene with the Ky = 27/3 plane that goes through the Dirac point. The dashed
curve represents the spectrum of the edge states, which exist only for 27/3 < Ky < 7.
The edge state spectrum lies below the bulk state spectrum.

(1 —uy)?a — (14 uy)?b = 0. This condition defines the spectrum of the edge states,

14 u? — \/(1 +u2)? + duZ(2cos Ky + 1)
o (5.32)

2uy

with cos Ky < —1.

This spectrum is plotted in Fig. 5.4. The inequality cos Ky < —% reflects the fact
that for u, > 0, the edge states exist only for ¢ > 0 as shown in the following text. For
e < 0, the density of states for the edge states vanish, or the numerator in Eq. (5.31)
vanishes together with the denominator, eliminating the pole.

For weak on-site potential at the edge, u, < 1, the edge state spectrum reduces
to e = —uy(1+2cos Ky), with cos Ky < —%. In this limit the spectrum and the wave
functions of the edge states can be understood quite easily. In the absence of the on-
site potential at the edge, uy, = 0, these states have wave functions which reside only
on the A-sublattice and are eigenfunctions of the quasimomentum k = (K7, K5). It
is easy to see from Eq. (5.32) that these states form a degenerate band of zero energy
states, in agreement with Ref. [78]. From Eq. (5.25) it follows that in order to obey
the Schrodinger equation in the interior of the lead the quasimomentum of such states

—iK; -1 = eiKQ.

must satisfy the condition e Further, since the wave function of



30

these states vanishes on the B-sublattice they remain eigenstates of the Hamiltonian
even after the plane is separated into two halves. The normalizability condition for
the edge states is ImK; < 0, implying |1 + €'52| < 1, which is equivalent to the
inequality below Eq. (5.32). And the amplitude of the edge states decay with a factor
of 2 cos (K3/2). For weak on-site potential at the edge, u, < 1 the edge state spectrum
may be obtained from the first order in perturbation, e(K2) = u,ltha(K2)[?, where
1a(K3) is the wave function of the edge state at the edge atoms. The normalization
condition gives |14 (K5)|> =1/ Z?Vl:_oo exp(2NImK) = —(1 + 2 cos K3).

The above consideration illustrates that in the presence of the on-site potential
at the edge the band of edge states acquires a finite width of order of the on-site
potential. For strong on-site potential at the edge perturbation theory is no longer
applicable and the spectrum of the edge states is given by Eq. (5.32). At zero energy
the spectrum of these states is linear, which results in a finite density of states in 1
dimension along the edge. It might seem therefore that at small energies, ¢ < 1, the
contribution of the edge states to the tunneling density of states will be much larger
than that of the bulk states. This is not so however because at small energies near
Ky = 27 /3 the wave functions of edge states extend into the bulk over many lattice
spacings, so that the local density of such states at the edge vanishes linearly with
energy. As a result, for u, ~ 1 the contribution of these states to the tunneling DoS
at the edge turns out to be of the same order as that of bulk states.

The real space Green function G,(0,0) at the contact point is obtained by in-
tegrating the diagonal element of G,(K3)(0,0) in Eq. (5.31) over Ky: G,(0,0) =
S % Gy4(K3). We write this integral as a contour integral over the unit circle of
the variable zo = exp(iK3). Inside the contour the integrand has a simple pole cor-

responding to the edge states and a branch corresponding to the bulk states. We
denote the contribution of the pole and the branch cut by G, and Gy, respectively,

1
Gg(oa O) = _(Gpole + Gbc)- (533)

g
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A lengthy but straightforward calculation gives,

Il (-
Ug \/3uZ — 2uge — %’

Gpole = - (534)

where 6(e) is the step function indicating that the density of states due to edge states
is present only for € > 0. The contribution of the branch cut, Gy, can be evaluated

analytically at low energies,

1 € 1+ u? 2le e

Gy = 3. + 2( g) 2log el —zcu,
Ug Mg \/3ug — 2uge — € \/3(3u§ — 2uge —€2) +3uy — ¢ tg

(5.35)

where c = (1 4+ 2 — 22

5 5= Wg) ~ 0.22. The imaginary parts of both contributions (and

with them the tunneling DoS at the edge) vanish linearly with energy at small energy.

Reflection coefficient of the junction at low energies

Substituting the previous Eqgs. (5.33)-(5.35) into Eq. (5.23) we obtain a simple ex-

pression for the reflection coefficient of the junction at low energies, |¢| < 1,
Ir(e)? =1—mne (5.36)

with 7 = —2/4 —u2 [(1 —u?)/+/3ug + ¢/ (ug + i — %), In this regime the electron

wave incident from the carbon chain into the junction is almost perfectly reflected.

5.4 Device conductance at low energies: asymmetric resonances

The strong reflection at the junction at low energies indicates that the transmission
coefficient of the whole device in Eq. (5.5) also tends to vanish at small energies except
in the vicinity of resonances, cos(2N'k + 20y) = 1. Substituting |r,,(€)| = |r(€)| from
Eq. (5.36) into Eq. (5.5) we obtain a simple expression for the transmission coefficient

of the device at low energies,

T(e) = |14 21 — cos(2Nk +25)]| . (5.37)

€
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Here 6y = 2arctan(y/3u) is the contact scattering phase shift at zero energy and
k = 2/n?, where 7 is a number of order unity defined below Eq. (5.36).
Expanding the cosine near a resonance energy € = ¢y, we obtain a simple expression

for the transmission coefficient at small energies,

€0 2]t

T(e) = |1+a (1 - —) , (5.38)
€

where a = N?k/2 is a dimensionless parameter. This reproduces the result (5.6)

expected from qualitative considerations in the case of symmetric coupling. The

resonance width is T' ~ ¢ /AN. The resonance shape is strongly asymmetric and

markedly different from that of the Breit-Wigner resonance, as shown in Fig. 5.2.
5.5 Summary and discussion

We studied electron transport through a single atom carbon chain connected to
graphene leads. The simplicity of the hybridization pattern of electron orbitals in
graphene and carbon chains enabled us to construct an analytically solvable model
and thereby gain physical insight into the essential features of electron conduction in
the system.

Transmission through the device is dominated by scattering at the contacts be-
tween the chain and the lead. For typical temperatures and doping levels in graphene
the current-carrying electron states have energies much smaller than the band width.
At these energies the contact between the chain and the lead becomes almost perfectly
reflecting. Its reflection amplitude can be expressed in terms of the Green’s function,
G4(0,0), of the lead at the atomic site connected to the carbon chain, see Eq. (5.23).
In this equation the parameter v describes the strength of coupling between the chain
and the lead. At low electron energies the phase factor e’* may be assumed energy in-
dependent, as it changes appreciably only at energy scales of order of the band width

in the wire. In this regime the energy dependence of the transmission coefficient is

dominated by that of the density of states in the lead. For graphene leads it becomes
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linear, see Egs. (5.36) and (5.1).

For leads with zigzag edges both the bulk and edge states contribute to the DoS
at the contact point. Due to the difference in the on-site energy between the atoms
at the edge and in the interior of graphene the band of edge states acquires a finite
dispersion. The spectrum of this band is given by Eq. (5.32) and is plotted in Fig. 2.2.
Although the edge state spectrum is linear at small energies its contribution to the
local DoS at the edge is not constant, but rather is linear in the electron energy,
~ €f(e). This occurs because the edge state wave functions extend into the bulk to
distances which are inversely proportional to €, as explained in Sec. 5.3.2. As the
difference in the on-site potential between the atoms at the edge and in the interior
of the lead is of the same order as the band width the contribution of edge states
to the DoS is of the same order as that of the bulk states. Therefore a substantial
part of the current through the carbon chain is propagated into the lead by the edge
states. The energy dependence of the reflection coefficient of the junction is described
by Eq. (5.36).

The interference between reflection amplitudes of the left and right junctions gives
rise to the transmission coefficient of the device described by Eq. (5.37). Due to the
nearly perfect reflection at the contact the energy dependence of the transmission
coefficient of the interconnect has resonant character. Near the resonance the trans-
mission coefficient is described by a simple expression, Eq. (5.38).

Our main conclusions, namely the linear energy dependence of the transmission
coefficient of the junction between the chain and the lead and the shape of the res-
onance in Eq. (5.38) do not depend on many of the simplifying assumptions of our
model.

The linear energy dependence of the junction transmission coefficient holds if the
coupling between the chain and the lead is energy independent. This assumption
is valid as long as the electron energy is smaller than the inverse propagation time

across the contact and holds for more complicated junctions, e.g. a small peninsular
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connecting the chain to the lead. In this case Eqgs. (5.23) and (5.37) will still hold,
provided v and 7 are replaced by the appropriate parameters describing the coupling
strength between the chain and the lead at low energies. Similarly, Eq. (5.38) will also
hold provided the resonance energy and the parameter « are chosen appropriately.
The generalization of the resonance shape to the case of asymmetric contacts is given
by Eq. (5.6).

The resonant character of transmission will be preserved even in the presence of
the Coulomb interaction in the wire, as long as the wire is short enough so that
the one-dimensional correlation effects can be neglected. Such a wire will act as a
molecule with a single resonant level participating in transport. For longer wires
the one-dimensional correlations need to be taken into account. In this respect the
Umklapp processes and the formation of Friedel oscillations near the contact points

are especially important. The study of these effects is left for future work.
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Appendix A

GREEN FUNCTION OF FREE PHONONS AND
BOSONIC FIELDS

The calculation of the Green function of free phonons follows the same line as that
of the Bosonic modes of Luttinger liquid because they both have the Hamiltonian of
harmonic oscillators.

For convenience, we define a dimensionless phonon field
6u(x) = V/p5u(7) (A1)
and the corresponding conjugate momentum
0, (2) = —i0:6,(z)/5, (A.2)
The action of free phonons in imaginary time space is

SOfph - foﬁ dr f dl’[ﬁ(&,—(ﬁT)Q + %(abeT)Q] + foﬁ dr f dm[i(af(buy + %(qﬁo)ﬂ
= 3> g (Wi 4+ W) (@)bu(—q) (A.3)

where ¢ = (wn, k), w, = w, for the optical phonon and w, = srk for the TA phonon.

1 iqr
bu(r) = JiL Eq: bu(q)e (A.4)

The correlator < AB > is equal to

1
<AB>o= / [[Po.P11, ABe S0/ (A.5)
2]

where

7 = / [[ Po. D11, De 50/ (A.6)
v,j
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is the partition function.

The correlators for phonon fields are then

Su
< T(b,,(?"l)(b,,(’l“g) >q0: m (A?)
For Bosonic fields of the Luttinger liquid,
i
< T®(q)®; (q) >0= wz—] (A.8)
u_: + Ujk?2
The interested real space correlators of TA phonon is
< Vor(nVor(0) > = [ dwdk—5"—
—eTer
_ (srr)’—a?
= errmeT? (4.9)
For Bosonic fields
< T[®;(r) — ;(0)]* >0= K;Fy(r) (A.10)
where
Fyi(r) ! Z[l cos(kx + wr)] 2T
, - _ Al—t
Y BL < w2 + u3k?
_ /OO dkefgka(ujk)Q(l — cos(kx)cosh(Tu;k))
0 k
o0 —€k(1 — —u;k|7|
+/ ar Co‘z(k:”)e ). (A.11)
0

and ¢ is an upper momentum cutoff. The factor e=¢* is to prevent the integral from
diverging.

At finite temperature and (x,ur) > &,

1 ui T . o, T
Fyy(r) = §log[7r25§ (Smh2(@—uj) + 3“12(?))] (A.12)
When £ < 3, i.e. at temperature much lower than the energy bandwidth, Fij(r)

uj
reduces to a much simpler form
2%+ (uy | 7] +€)°

Fij(r) = 1log[ e

2

] (A.13)



87

Appendix B
FUSION RULES

Equation (3.8) can be derived by noting that both the Umklapp and electron-
phonon backscattering Hamiltonian densities have exponential dependence of the
charge field ®.,, ~ (e!®+ + h.c.) and using the following identity that holds for

Gaussian averages,

(Gey (x)eian¢c+($1)e—ian¢c+ (xz)qﬁc_i_ (z')o =
—(ia)* (Pes () Per (1) )0 (e nPer (T i@t (@2)) o (G5 (29) ey (27) )0

+(iy)*(Pes () Pes (1) o (Pt () emt0n0er (02} (G (1) s (2))0 +

same terms with z; <> o9 + (¢ey (2)er (7))o (e Per @) emiander (22)) 0 - (B.1)

This formula can be derived by expanding the exponentials in the left hand side in
the Taylor series and applying Wick’s theorem to each term. The resulting series
sums to the expression in the right hand side.

The last term in the right hand side corresponds to a disconnected diagram and

does not contribute to the correlation function.
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Appendix C

RENORMALIZATION GROUP EQUATIONS IN THE
MARGINALLY IRRELEVANT BACKSCATTERING
CASE

In this appendix, we use the real space renormalization group method invented
by Anderson, Yuval and Hamann to derive the RG equations for the backscattering

coupling constants in Eq.(4.21).

As shown in the text, the effective Hamiltonian we study is

H.rr = A[rycos(4®.. ) + cos(2P.4) Z T4 cos(2P,)] (C.1)

a

where A = vg/¢ is the high energy cutoff, r4, 7, are dimensionless amplitudes and a

labels the neutral modes.

The partition function of the above Hamiltonian is

zZ 1
% Z / [[Dojesos Heaser (C.2)
J

where Sy is the action of the Luttinger liquid Hamiltonian Eq. (4.4), Z; is the partition

function corresponding to action Sp. To obtain the RG equations to the order of r2,
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we expand the partition function to the 3rd order as

A 1
= = 1+ —/A2d71d7'2 (cos 2P,y (1) cos 2P,y (T2)) Zr cos 2P, (1) cos 2P, (73))
Zy 2

+ ri{cos 4P, (1) cos 4P, (72)) }
1

— 3 A3dridrydrs3{cos 20, (1) cos 2@ (72) cos 4P, (73))

[Z r2{cos 2@, (1) cos 2(1)“(72))]

a

1 1 T 2+2kc+ 1 T 8KC+
= 14 - A%drd - 2 = —r? -
+2/TQ T104Ts [4%:%(71_72) +2r4 P —

1 1 (rq—r 2K0+7'2KC+ C2K“
——/Tc A3d7'17'27'3— ( ! 2) Z'I“ ’1"4(7_1— (03)

2 8 (11 — ) (72 — 73)]* et — 1)
The procedure involves first integrating out the correlatlon functions with distance
between 7, and 7. 4 d7. and then rescaling the cutoftf 7. 4+ dr. back to 7., which is
equivalent to first integrating out the fast mode in k space and then rescaling k to
restore the whole Hilbert space. After the procedure, we get

Z 1 2919,/ 1 2 Te e —2K4dl 1 2 Te Btet (2—8K 4 )dl
70 — 1—|—§/78Ad71d72 ZZTG P e + +§7“4 —T{—’Té e +

a

1 C C d C
/A dﬁdTng ra( T — & )FrEer et 0Te

4 TL — To Te
1 T, dr,
A%drd R —
8/ T1 TQZT T4 7_1_7_2) 7
1 (7.1 _ ,7_2)2Kc+7_2KC+ 7_2Ka B
- A3d drodT== c 2 c (1-2Kc4)dl C.4
5 /TC T1AT2 7’38 (11 — 73) (12 — 73)] et ;mm—(ﬁ — 7_2)2;(_&6 (C.4)

and we already take K, = 1 for the neutral modes.

In the above equation, e = Tetdr
c

From above, we get the RG equation for the backscattering coupling constants as

shown in the text,
dro/dl = —€ery+1ryry, (C.5)
dry/dl = —ders+ Y r2/4, (C.6)

where e = K.y, ¢4 = K.y — }1.
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Appendix D

DERIVATION OF THE GREEN FUNCTION OF A HALF
GRAPHENE SHEET

In this appendix we derive the expression for the half plane graphene Green func-
tion within the 2 x 2 subspace spanned by the rows of atoms on the opposite sides of
the dashed link in Fig. 5.3.

The unperturbed Green function in the quasimomentum representation is obtained

by inverting the matrix in Eq. (5.25),

1 —€ 1+e'fr4ethe
Goalk) =~ o ,
1471 4 ik —€

where D =, [€? — (L4+e7 K1 + 52 (1 €K1 7K.
In the mixed representation the Green function GO,Q(K 2) in the 2 x 2 subspace of
states |A, Ny = 0) and |B, N; = 1), can be obtained by the inverse Fourier transform

of Gg 4(k) with respect to K;. An elementary calculation gives

(4,0/Clo,4(K2)|A,0) = (B, 1|Goy(K2)|B, 1)

dK, ¢ €
- e 7 D.1
/ 2 D VgV ab (D-1)

and

(A,0Go4(K,)|B, 1) = (B, 1]|Go4(K>)| A, 0)"
_ / dK 1+ +em g
2 D

_ 1 2
_%\@[1—0% +Vab| (D.2)

where a, b and C' are defined in Eq. (5.30).

Combining the above matrix elements into one 2 x 2 matrix we arrive at Eq. (5.29).
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