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Quantum simulators are devices made up of quantum mechanical components that can be
used to study otherwise hard-to-probe quantum systems in a laboratory environment. These
work by implementing Hamiltonians that accurately describe complex quantum phenomena
and allow full control over the underlying parameters dictating the physics. Using photons as
particles to study various physical phenomena forms the basis of some of the most promising
paradigms for realizing these quantum simulators. A typical photonic quantum simulator
consists of a lattice of programmable non-linear resonators, also called coupled cavity arrays
(CCAs), with complete access to the Hamiltonian being simulated. While recently, numerous
works on quantum simulation with microwave photons have attracted popular attention,
using higher-energy optical photons can provide several additional advantages. In this thesis,
we engineer photonic CCAs operating in the optical regime, which can be used for various
quantum applications. For photonic CCAs to be used as quantum simulators, they need to
be scalable, measurable, and controllable. In this work, we go over approaches satisfying
each of these criteria.

First, we tackle the scalability requirement by demonstrating photonic CCAs implementing

the Su-Schrieffer-Heeger (SSH) model describing a polyacetylene molecule. We discuss the



operation regime we need to be in for optical CCAs to be scalable to a large number of sites
and use the SSH Hamiltonian as a toy model to depict the photonic design requirements
that need to be met to do so. We then discuss the measurability of the realized CCAs by
proposing algorithms to perform tomography of the implemented Hamiltonians by measuring
only at the sites forming the outermost boundaries of these lattices. Next, we focus on adding
controllability to our photonic CCAs and, to that end, develop novel thermo-optical heaters
that allow us to have active control over the implemented Hamiltonian parameters. Finally,
we conclude the thesis by briefly proposing a paradigm whereby, following the approach
outlined in this work and utilizing the recent advancements in integrating novel quantum

emitters with photonic cavities, we can realize truly scalable photonic quantum simulators.
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Chapter 1

INTRODUCTION
1.1 OVERVIEW

Solid-state materials consist of lattices of atoms arranged at fixed locations, which create an
electrical potential profile for the electrons to hop around. Since, electrons are fermionic and
negatively charged, they experience both short- and long-range interactions when moving
around, making these systems highly correlated. To study these solids and their underly-
ing physics or to engineer new materials with unique properties, we need to simulate these
systems. However, simulating these on classical computers becomes intractable as the size
of the underlying lattices increases. Hence, there exists a need to realize devices that are
specifically designed to simulate such systems. We know that a system’s Hamiltonian de-
scribes its eigenenergies and the evolution of its quantum state according to the Schrodinger’s
equation [1]. Therefore, we need devices that have the capability to implement a variety of
desired Hamiltonians.

This is where quantum simulation comes in. Since we are wanting to simulate physics at
the single electron and atomic level, we are squarely inside the quantum regime. Hence, in
his paper [2], Richard Feynman suggested that to efficiently simulate these systems we need
computers that are themselves build with quantum mechanical components. Typically, these
devices are now called quantum simulators.

Quantum simulators are scalable, measurable and controllable devices that are used to im-
plement Hamiltonians to study other quantum systems which are otherwise hard to probe
experimentally. Several platforms have been used to demonstrate prototypical quantum sim-
ulators [3] including laser-trapped cold atoms [4], scalable ion traps [5,6] and photo-detection

based photonics [7]. However, the platform that has attracted the most attention recently



to realize quantum simulators is the superconducting coupled cavity arrays operating in the

microwave regime [8-11].
1.2 CouPLED CAVITY ARRAYS

Coupled Cavity Arrays or CCAs are one-dimensional (1D) or two-dimensional (2D) lat-
tices of coupled resonators which typically operate in superconducting microwave or optical

domain (Fig. 1.1). These can be accurately described by the following Hamiltonian:

H = Z,uvaiav + Z Jv,uaiau (1.1)

where a, (al) denotes onsite photonic destruction (creation) operator, j, denotes the onsite
potential which is equivalent to the resonant frequency of the resonator and J,, denotes the
hopping rate between sites v, u which is equivalent to the coupling strength between the pair
of resonators.

Additionally, these CCAs can be engineered in case of superconducting systems/integrated

with emitters in case of optics to realize non-linear Hamiltonians, for example, of the form:
Hy=H+Y %afag (1.2)
v

where y, denotes the onsite non-linearity. Depending on the relative values of these quantities
namely the u’s, the J’s and the x’s; the CCAs can be engineered to mimic various physical
systems by providing a tailored environment for photons to move around the lattice. This
makes them an ideal platform for both classical and quantum simulation.

In fact, both optical and superconducting microwave CCAs have been used to demonstrate
various classical phenomena like Anderson localization [12] and hyperbolic lattices [13]. Re-
cently, to popular success, these have also been used to simulate various topological phe-
nomena including, but not limited to, demonstration of: topological phases in 2D optical
lattices [14], the Su-Schrieffer-Heeger model [10, 15], topological semimetals [16], strained
graphene model [17] and topological lasing [18].



e Photonic mode
/

Jv,u Hopping rate

Figure 1.1: Schematic depicting a CCA. Each cavity forming the lattice and it’s correspond-
ing photonic mode is denoted by a purple node. The gray bars depict the nearest neighbor
coupling strengths or equivalently the hopping rates J,, between any two sites v,u in the

lattice.

However, when it comes to quantum simulation only superconducting microwave coupled cav-
ity arrays have been successful in simulating quantum physics like localization of interacting

photons [8], Mott insulators [9] and Bose-Hubbard model with long range hopping [11].

1.3 MOTIVATION

In this thesis, we want to lay the foundation for realizing quantum simulators using photonic
CCAs. The first question that naturally arises is why do we want to use photonics? This is
because integrated photonic circuits can provide several advantages over the superconducting

systems, namely:

(a) Photonic performability at higher temperatures: The higher energy of optical photons



means that they can retain their quantum state [19] at much higher temperatures than the
cryostat bound superconducting microwave circuits. This significantly eases the experiment
and reduces the cost of building the system.

(b) Scalability: While superconducting CCAs have been used to demonstrate prototypical
quantum simulators, these are typically restricted to a maximum of few 100s of sites. Though
these sizes are okay for proof of principle demonstrations, in order to actually simulate a
material and its properties we need quantum simulators with a lot larger number of sites.
Access to mature foundry processes leveraging on the immense advancements made in the
electronic fabrication means that photonic integrated circuits can be scaled to truly large
sizes and number of sites [7,20]. Combined with a possibility of not operating at cryogenic
temperatures, small size and high speed of operation, nanophotonics presents one of the most
promising pathways to scale to “practical quantum advantage” [21].

(c) Availability of single photon detectors: As optics has access to single photon detectors, we
can measure single/multi particle correlations directly during experiments [22]. As these are
a key set of experiments that allow to determine the quantumness of the realized state, this

denotes a fundamental advantage that optics enjoys over microwave photon based circuits.

1.4 OUTLINE

Despite the promise that photonic integrated circuits present, there are some key challenges
that need to be addressed before we can utilize these for quantum simulation. Briefly,
realization of photonic analog quantum simulators depends on realization of photonic CCAs
that satisfy the following criteria of:

(i) Scalability: scalable to a large number of sites,

(ii) Measurability: ability to map the realized Hamiltonian with limited access,

(iii) Controllability: control over optical cavities while ensuring minimal additional losses,
(iv) Optical non-linearity: access to non-linearity.

Hence, firstly, we need to figure out pathways to scale photonic CCAs so that these are

suitable for quantum simulation and are not limited by inherent nanofabrication disorder



commonly associated with solid-state devices. We address this issue in Chapter 3. Then
in Chapter 4, we discuss protocols that can be used to characterize the Hamiltonians being
implemented by the photonic CCAs. However, as photonic integrated circuits are confined
in a 2D plane and hence allow reliable, accurate and scalable access to only the boundaries
of the devices, we need algorithms that enable tomography of the realized Hamiltonians
by measuring at sites forming the outermost perimeters of the photonic CCAs. Another
major challenge faced while using photonics is the programmability of the realized devices.
While the photonic cavities making the CCAs are great for confinement of photons for
long durations in small physical dimensions, hence allowing access to strong light-matter
interaction, the extremely confined nature and small sizes make it very hard to control their
characteristics actively during operation. In Chapter 5 we demonstrate one approach based
on thermo-optic tuning to achieve this controllability. Finally, in the last chapter, we discuss
how, by following the approach outlined in the thesis and leveraging the advancements made
in the integration of synthesized quantum emitters, color centers, etc., we can develop an
approach towards realizing truly scalable and useful photonic quantum simulators. However,
before delving into the subject, in Chapter 2, we begin with a short introduction about
racetrack resonators, which act as the building blocks of the CCAs we use in the later

chapters.



Chapter 2
RACETRACK RESONATORS

2.1 INTRODUCTION

The constituent sites of our photonic CCAs are racetrack resonators. At the most basic
level, racetrack resonators consist of an optical waveguide looped onto itself, in, as the
name suggests, a racetrack shape. This folding onto itself creates a photonic cavity where
only specific wavelengths constructively interfere. The resonance condition for a racetrack

resonator can be written as:

%nneffl = 2mm or (2.1)

Negsl = M, (2.2)

where n.rs denotes the effective refractive index of the photonic waveguide, | denotes the
path length of the racetrack resonator, m denotes the mode number, p,, denotes the resonant
frequency or the onsite potential in the CCA terminology, and finally u denotes the resonant
wavelength or the onsite potential in wavelength units.

Schematic of a typical racetrack resonator is depicted in Fig. 2.1. The racetrack resonator
is coupled to two waveguides to couple light in/out of the resonator structure. Depending
on which port is used to input the light into the device, the corresponding through port and
drop port can be defined. These are named so because in case of a lossless resonator, at an
off-resonant wavelength, all the light in the input arm passes through to the through port
without coupling to the racetrack resonator whereas on-resonance, all the light gets coupled
to the resonator and then exits through to the drop port. Note that a racetrack resonator at
any frequency supports two degenerate, uncoupled modes: (i) clockwise circulating, and (ii)

anticlockwise circulating. The direction of input light dictates which of the two modes gets
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(transmission) Y2 (coupling rate)
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Figure 2.1: Schematic depicting a racetrack resonator. The racetrack resonator is coupled
to two photonic waveguides on either side to couple light in/out of the resonator. 7, o
denotes the coupling rates between these waveguides and the resonator. s denotes the loss

rate from the resonator.

excited. In the presence of back scattering, however, there can be coupling between these
modes. For our work, we assume minimal back scattering in the racetracks and will only

refer to one mode at a particular frequency going forward.

2.2 MODELLING

We use input /output formalism to model the cavity and its coupling to the bus waveguides.

The single photon Hamiltonian describing the resonator is simply (A = 1):

H = pa'a (2.3)



where a denote the photonic destruction operator of the racetrack cavity mode and ;1 denotes

the resonant frequency. Using input-output formalism [23] we can then write that:

da K Y1+ Y2

E:—jua—ia—Ta—\/ﬁxl (24)

where x denotes the loss rate from the cavity to the surrounding environment, v; and
denote the coupling rates to the bus waveguides and z; denotes the photonic destruction
operator for the input mode. Taking Fourier transform of the equation then gives:

. . K +
—jwa = —jpa— o - %a — VM (2.5)

Rearranging terms then gives us:

mxlzj(w— (u—jg—j¥>)a (2.6)

Note that the second term in the bracket describes the effect of the effective Hamiltonian
of the device on its scattering properties. The effective Hamiltonian of the above racetrack

resonator can be written as:

JAg et +’Y2> a'a (2.7)

Hep=(p—j= -
ff (,U ]2 J 9

The terms in the above equation can then be rearranged to give the following relation between

the cavity state and the input:

VAL (2.8)

= (=5 - 7752))

a =

Let the output at the through port be denoted by y; (destruction operator for the output
waveguide mode) and similarly at drop port be denoted by y,. Then using input-output

theory we can write:

Y1 =21 +/ma (2.9)

Y2 = /720 (2.10)



Experimentally though we are concerned about the reflection and transmission spectrum of

the racetrack resonator which can be defined as:

2 2
R@)2 = | 2| 5 ITw)P = |2 (211)
T il
Substituting from above then first allows us to obtain the reflection spectrum as:
2 i K Sy1+y2 \)—1 (2
x1— jnri(w— (p—j& —jns2
T1 Z1
J7 ’
— |RW)? = ’1 - ! (2.13)
w— (,u ] : j'71+'72)
W — 2 + K+72 Y1\2
— R = &= T CE (214

o (w— )2+ (H+71+72)2
It can be seen that for a lossless racetrack resonator (x = 0) with equal coupling rates to the

bus waveguides (y; = 72), reflection spectrum at resonance drops to zeroi.e. |R(w = p)|> = 0.

Next, the transmission spectrum of the racetrack resonator can be written as:

2 v 71+”72 —12
T x1
2
— [T(w)]? = VIR (2.16)
w— (1 —j5 —3152)

2 Y172

Similarly, for a lossless racetrack resonator (k = 0) with equal coupling rates to the bus
waveguides (7, = 7»), the transmission spectrum at resonance equals one i.e. |T(w = p)|*> =
1.

We can see from the above equation that the transmission spectrum of a racetrack resonator
is a Lorentzian function centered at cavity potential p and with linewidth of k 4+ v + 7».
This allows us to also calculate the Quality factor or () of the resonator, defined as the ratio
of resonator frequency to the linewidth:

Wy i
— = 2.18
@ Aw K+ + 72 ( )
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Even though we have derived the above model using input-output formalism, in absence of
any modifications in Hamiltonian, the model remains valid in the classical regime by replacing
the operators by their mean field approximations i.e. a = (a). Similarly, the energy stored
in the cavity can be represented by |a|>. This also allows us to show how the @ factor acts

as a measure of resonator losses.

Energy stored in the cavity |a|? 1
0= w, — s - (2.19)
Power loss (K+v+7)|a? K+m+72
1-
IR(w)?
— [T(w)[?
£
~
+ 0.5-
()
o
n 25 GHz
0_

2200 -100 O 100 200
w - M (GHz)

Figure 2.2: Sample reflection and transmission spectra of a racetrack resonator. The res-
onant wavelength is 1550 nm and hence pu ~ 193.4 THz. Loss rate Kk = 5 GHz and
coupling rates are y; = 79 = 10 GHz. The cavity linewidth is denoted by the red dash with
Q~ % ~ 7800.

In Fig.2.2 we plot the reflection and transmission spectrum of a typical racetrack resonator
operating at optical frequencies. Note, that we are using the single mode approximation here
and the racetrack resonators in general support multiple modes satisfying the Eq. 2.1. This

approximation is valid as long as we excite the resonator near its resonant frequency [24]
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and particularly useful while extending this model to simulate CCAs made up of multiple

coupled racetrack resonators.
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Chapter 3
SCALABILITY

The contents of this chapter are adapted from [15]; Abhi Sazena, Yueyang Chen, Zhuo-
ran Fang, and Arka Majumdar. “Photonic topological baths for quantum simulation” ACS

Photonics 9, no. 2 (2022): 682-687; with permission from the authors.

3.1 INTRODUCTION

The first condition that needs to be met for photonic coupled cavity arrays (CCAs) to be
used for quantum simulation is that these must be scalable. Motivated by the recent in-
terest in controlling the topological properties of photonic lattices to utilize the topological
protection of the resulting quantum many body states to realize novel forms of light-matter
interaction in such systems [25-28], in this chapter we focus on realizing scalable photonic
CCAs that implement topological phases on photonic lattices made with high quality (Q)
factor and low mode volume resonators with spectral accessibility to individual super-modes
making them suitable for quantum simulation in the optical domain [29]. Due to unavoidable
imperfections in nanofabrication, these high-Q optical resonator arrays are inherently prone
to disorder in their resonant frequencies. Without undertaking suitable mitigating steps in
design of these arrays, this uncontrolled disorder can be a serious impediment in constructing
photonic CCAs suitable for studying various quantum optical phenomena. Typical CCAs
used to demonstrate topological states in the optical domain [14, 18,24, 30-34] operate in a
regime where fabrication induced disorder is comparable or greater than the relevant hopping
rates between the cavities. While such a regime is sufficient for observing the topological
modes, it is not suitable for estimating all the parameters of a Hamiltonian, as needed for

quantum simulation.
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Here, by increasing the effective mode overlap between resonator sites, we overcome the
effects of the underlying disorder and experimentally realize topological quantum electrody-
namics baths which are photonic analogs of the Su-Schrieffer-Heeger (SSH) model [35]. We
show that these CCAs (with individual Q-factor exceeding 3.1 x 10*) operate in a regime
which is suitable for quantum simulation and can be used to impart special topological prop-
erties to interacting photons, as discussed in depth by Bello et al. [25]. Note that while
the microwave photons in superconducting circuits have already been used to exhibit these
unconventional quantum phenomena [10], such a demonstration is missing in optical domain.
As discussed in the Ch. 1, observing similar effects in optics will not only significantly sim-
plify the experiments due to performability at much higher temperatures, but will also allow

measurements of multi-particle correlations due to the availability of single photon detectors.

3.2 DESCRIPTION OF A SSH PHOTONIC BATH

The SSH model describing the topological photonic bath is illustrated in Fig. 3.1(a). The
photonic lattice consists of sub-lattices A and B of the array, respectively, made up of cavities
with resonant frequency wg. The intracell hopping rate between the sites A and B of a unit
cell is given by J; and the intercell hopping rate between the unit cells is denoted by J;. The

Hamiltonian of this bath can be written as (h = 1):

H = ZUJO(CLICM + bjbz) + Jl (bjal + ajbl) + Jg(bjaprl + Cl;»f+lbi> (31)

where a!(a;) and b!(b;) denote the site bosonic creation (destruction) operators at site A
and B of the " unit cell. Assuming periodic boundary conditions, the Hamiltonian in

momentum space can be written as

. W Jy + Joe IF
H(k) = Co T (3.2)
J1 + Jgejk Wo

The properties of this disorder free bath can be summarized as follows:
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Figure 3.1: (a) Schematic of the SSH bath. The photonic lattice consists of two sub-lattices
A (red) and B (green). The intracell hopping rate is J; and intercell hopping rate is Js.
(b) Dispersion relation of the SSH baths, where the shaded region denotes the band gap.
(c) Resonant frequencies of finite baths consisting of N = 50 sites. Trivial phase (red) is
characterized by J; > Jo, whereas the topological phase (blue) characterized by J; < Jo. (d)
Wave function of the hybridized edge modes of a topological bath with N = 50 sites. Left

edge state is localized on sub-lattice A (red), right edge state is localized on sub-lattice B

(green).

(i) The bath has a chiral symmetry [36] owing to which the eigenstates of the Hamiltonian

H(k) form two symmetric bands about wy given by

wi(k) = wo % \/ T2+ T3+ 2] Jacos(k) (3.3)

where the + denotes the upper/lower pass bands [Fig. 3.1(b)] with a band gap of
2\Jy — Ja.

(ii) This bath supports topologically non-trivial phases [36] depending on whether J; < J,

which is termed as the ‘topological’ phase or J; > Jy which is termed as the ‘trivial’
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phase. In a finite bath, these phases lead to formation of topological states localized
at the edges of the lattice with an exponential decay into the bulk [32,36]. These edge
states lie in the middle of the band gap centered around wy for the topological phase
and disappear for the trivial phase [Fig. 3.1(c¢)]. They have non-vanishing amplitude
over only one of the two sub-lattices A or B and the small amount of overlap in the
bulk causes these edge modes to hybridize as even and odd eigenstates of the system

[Fig. 3.1(d)].

(iii) Bello et al. [25] and Kim et al. [10] have shown that if a quantum emitter with transition
frequency lying at the center of band gap (wy) is coupled to a site of this SSH bath, the
resulting photonic bound state mimics an effective topological edge state in the middle
of the bath. This bound state inherits all the properties of the topological edge states,
localizing the photon to one direction and sub-lattice depending on the site type (A or
B) to which the emitter is coupled. In the presence of several emitters these states can
be used to mediate directional, topological interactions between them which can give

rise to exotic many body phases.

3.3 EFFECTS OF FABRICATION DISORDER

These properties, which are critical to realize unconventional quantum phenomena using a
topological bath, are adversely affected in the presence of fabrication disorder. In optical
domain, a scalable implementation of the SSH bath relies on nanofabrication to create solid
state optical CCAs. The major form of disorder that exists in solid state photonic systems is
in the resonance frequencies of the cavities, arising from the inconsistencies in lithography and
etching as well as from the non-uniformities in the film thickness of the bare wafer itself. This
disorder is modelled by modifying the diagonal terms of the Hamiltonian to include random
d;" s drawn from a zero-mean Gaussian distribution with a standard deviation o [37, 38].

Thus, the modified bath’s Hamiltonian in presence of this diagonal disorder can be written
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as

HT = H o+ (duialai +3ybl) (3.4)

It is straightforward to see that the eigen-properties of this Hamiltonian depend on relative

values of J; — J5, 0 and J; + Jo. Hence, we define a dimensionless parameter

as the measure of relative disorder present in our system. We study the effect of the diagonal
disorder on the key properties of the bath by looking at the evolution of topological bound
states and the transmission spectrum as we sweep across ¢ keeping Ji, Jo constant.

As mentioned in property (iii), the presence of a quantum emitter lying in the middle of the
band gap (wp) induces formation of bound directional states, which are akin to topological
edge states in their properties [25]. We first study the effect of disorder on this type of bound
state. In Fig. 3.2, we consider a bath made of 50 resonators configured in trivial phase with a
quantum emitter coupled to a type A site in the middle of the array. For this system, we plot
the modulus of the amplitude of the induced bound state wave function averaged across 10*
disorder realizations per n. Without any disorder, the bound state envelope extends towards
the right direction and occupies only the B sub-lattice. The presence of diagonal disorder
breaks the chiral symmetry of the Hamiltonian and protection to the bound state weakens.
Despite this, in the region where n << 1 the bound state exists with strong localization
towards one direction and vanishing amplitudes on the conjugate sub-lattice. As the value
71 increases, the bound state becomes more delocalized and has weights over both the sub-
lattices. When n — 1 overall averaged bound state wave function over different realizations
is spread across the array and loses all of its topological properties.

Fabricated photonic baths (CCAs) are experimentally characterized by measuring the trans-
mission spectrum |T'(w)|? as relevant Hamiltonian parameters can be extracted in a straight-
forward manner from such a measurement. To observe the effect of disorder on the trans-

mission spectrum; we simulate and plot |T'(w)]* of a photonic CCA with 8 sites for both

topological and trivial phase, again averaging across 10* disorder realizations per n [Fig.
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Figure 3.2: Modulus of amplitude of bound state wavefunction (normalized) as we sweep
across 7 averaging over 10* disorder realizations per 1. The schematic depicts a quantum
emitter coupled to a SSH bath in trivial phase (J;/J2 = 1.336) at a site of sub-lattice A.
The coherent emitter-cavity coupling rate is g = (J; + J2)/10. In absence of any disorder,
the bound state is localized towards the right with non-zero amplitude on sub-lattice B only.
The direction of this envelope changes if the emitter is coupled to sub-lattice B instead of

A. 25" denotes the position of emitter in the array. Amplitudes on sub-lattice A are in red

and on sub-lattice B are in green.

3.3]. The first thing that becomes immediately obvious is that the transmission amplitude
of the modes farthest from the bare resonance is rather small, even when n = 0. This comes
out naturally in the process of solving a set of coupled mode equations and combining it
with the input-output formalism to express output field in terms of input fields. When the
disorder is added to this model, we find that the transmission of the farthest modes gets
rapidly less prominent, even in the region 7 << 1. Consequently, probing all super modes

becomes very difficult in a cavity array with large number of sites. As the value of 7 further



18

increases, the modal peaks start to merge, and in the region with 7 >> 1 the averaged plot
approaches a broad Gaussian distribution. This behavior clearly indicates that n < 11is a
necessary condition when using the transmission spectrum for accurately identifying eigen-
modes of the simulated Hamiltonian and calculating relevant parameters like location and
size of band gaps which play a critical role in determining quantum properties of the system.
Thus, looking at the behavior of both the topological bound states and the transmission
spectrum with increasing disorder, we can conclude that operating in the regime n << 1 can
mitigate the effects of inherent fabrication disorder and allows us to harness the unconven-
tional topological properties of the SSH bath. This can be achieved by designing the CCA

such that individual sites have much larger hopping rates than the disorder.
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Figure 3.3: Transmission spectrum |T(w)|? of a photonic bath with 8 sites; averaged across
10* disorder realizations per 1 (a) Trivial phase (J;/J, = 1.336) (b) Topological phase

(Jo) Jy = 1.336).

3.4 EXPERIMENTAL REALIZATION

To realize these baths, we implemented the photonic analog of SSH model as CCAs made
from racetrack resonators fabricated in silicon photonics with 220 nm thick Si layer on a 3 um

thick Si0, film [Fig. 3.4(a)]. Each device is probed via a set of grating couplers located
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at the first and last site to coherently measure its transmission and reflection spectra. A
similar platform has been used before [14] to show the existence of higher order edge states in
photonic lattices. Those devices were operated in a regime where localization lengths of the
edge states were extremely small (Jy/J; >> 1) and the band gap (2|J; — Jo|) size was similar
to the disorder magnitude. But their disorder to hopping rate ratio was, n = 1.95 which is
>> 1. While edge states can be observed in this regime, as discussed above, it is not suitable
for enabling bath mediated directional interactions between emitters for quantum simulation
purposes. In order to reach the regime of n << 1 we need to increase the absolute value
of hopping rates between the lattice sites. Hopping rates between optical cavities depend
on the mode overlap of the two resonators J o efes [39,40] where e; and ey denote mode
volume normalized field profiles of the resonator modes. This overlap can be increased in
broadly three ways: (1) by reducing the physical distance between sites, (2) by increasing
the length of the coupling region between the resonators, and (3) by reducing their mode
volumes. The resolution of the lithography process limits the closest gap we can place two
resonators without introducing additional disorder. Therefore, to increase the hopping rates
further, we need to reduce the size of resonators and increase the length of interaction region
between them. To this end, we fabricated device arrays made up of racetrack resonators
which are 60 um long with a 12 pum long coupling region. To obtain two differing hopping
rates between the resonators, we kept the inter-resonator gap to be either 90 nm or 110 nm.
The shorter length of the racetrack resonators not only helps in reduction of the mode volume
but also ensures a large free spectral range for the devices to prevent interaction between
different longitudinal modes of the same resonator. Then, we measured the transmission
spectrum of these devices. It is well-known that the devices fabricated on different parts of
the chip are more susceptible to disorder and suffer from an overall mean frequency shift
owing to variations in nanofabrication processes across the chip area [24,37,38]. We label
this as the global disorder and characterized it via a statistical study of spectral modes across
devices and tracking their mean frequency [Table 3.1]. We fabricated arrays with varying

number of racetrack resonator sites ranging from 1 to 16 on the same chip. Only devices in
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Table 3.1: Disorder compilation of the SSH photonic CCA, J;/2r = 163 GHz , Jy/21 =
122 GHz .

Owpe 0/2n(GHz) 1 # Measured

Global 70.68 0.49 25

Local 8.02 0.056 18

which we could spectrally resolve all the modes, were used to calculate the disorder. Usually
this global disorder, calculated from statistics of the mean frequency of modes is subtracted
from the spectrum as an overall shift to the origin [37]. This approach is strictly valid only
if we are dealing with arrays that have small footprint on a chip. As the cavity arrays have
an increasing number of sites, the device area starts to grow, and therefore within one big
device global disorder cannot just be ignored as an overall origin shift.

We also calculated and characterized local disorder, which persists even after shifting the
spectra to a common origin. To calculate this disorder, we measured the deviation of each

individual mode across instances of similar devices across the chip:

1 (Wi — W™ — Wi )2
Olocal = %\/Z n (36)

where w; is the frequency of the 7" super-mode, w¥,, ;, is the global frequency shift to align

mean
7

the origins and w is the mean position of the super-mode across the same device design
made at different locations of the chip. This method allowed us to combine statistical data
for disorder from devices with various number of sites and with varying phases (topologi-
cal/trivial). The calculated value of 7 for local disorder was 0.056 (<< 1).

The larger hopping rates present in these arrays allow for reduction of the effects of disorder.

In lattices with up to 8 sites we observe spectral accessibility to all the modes and global
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Figure 3.4: (a) Optical micrographs of a photonic SSH CCA. (b) Normalized transmission
spectrum of a SSH photonic CCA with 8 sites. The upper plot (red) depicts the trivial
phase, whereas the lower plot (blue) depicts the topological phase. We can observe the band
gap (shaded) formation in trivial phase, and the existence of edge modes in the middle of
the band gap in topological phase. The schematic depicts the ports i.e., the grating couplers
used for transmission measurement. (¢) A SSH photonic CCA made of 8 unit cells i.e., 16
sites in trivial phase. Measured band gap is A = 0.107 THz which closely matches the
theoretical prediction of 0.11 T Hz.

disorder has minimal effects on devices. This allows for clear comparison of band gap forma-
tion in the case of trivial phase and existence of two edge modes lying inside the band gap in
the topological phase [Fig. 3.4(b)]. For photonic baths with more than 8 sites all modes are
not clearly observable due to vanishing amplitudes further away from the mean frequency
and increasing effects of global disorder on the spectrum. Despite this, the device design
allows for realization of photonic baths (here, trivial phase) with up to 16 sites [Fig. 3.4(c)].
We can observe a clear band gap formation with A = 0.107 THz which is within 3% of

the theoretical prediction. As discussed before, such a photonic bath can be used to endow
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several special properties to coupled emitters also described in detail by Bello et al. [25].
3.5 EFFECTS OF OFF-DIAGONAL DISORDER

In principle, in addition to the diagonal disorder in the resonant frequencies of each site,
off-diagonal disorder in the hopping rates between individual sites of the bath also exists in
such devices. For example, this might arise due to inconsistencies in the gaps between sites
of a photonic bath. We can model this disorder by modifying the off-diagonal terms of the
Hamiltonian to include random 4, Jvi S drawn from a Gaussian distribution with a standard
deviation x. Thus, the Hamiltonian of the SSH bath in presence of off-diagonal disorder can

be written as

W =H+Y <5J1,i(bjai +alby) + 85,4(blai + ajﬂbi)) (3.7)

The eigen-properties of this Hamiltonian depend on the relative values of J; — J5, x and
Ji1 + Jo. Hence, to study the effect of this disorder we can define a new dimensionless

parameter

n’ =2x/( + Jo) (3.8)

Practically though, this form of disorder is expected to have minimal effect on the key prop-
erties of a SSH bath. Both the edge states in the topological phase bath and the photonic
bound state formed via an emitter coupled to a trivial phase bath are protected from the
effects of off-diagonal disorder owing to the preservation of chirality of the modified SSH
Hamiltonian. To illustrate this, in Fig. 3.5 we plot the modulus of the amplitude of the
induced bound state wave function arising from a coherent emitter coupled to the trivial
SSH bath averaged across 10% off-diagonal disorder realizations per 7”.

As evident, unlike the case of diagonal disorder where the breaking of chirality caused loss
of directional and sub-lattice localization, even for increased values of 1/, the bound state
formed still enjoys topological protection from the underlying Hamiltonian (Eq. 3.7). Next
up, we look at the effect of off-diagonal disorder on the transmission spectra of the CCA

mimicking the bath. From engineering considerations, we do not expect this to have signifi-
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Figure 3.5: Modulus of amplitude of bound state wavefunction (normalized) as we sweep
across 0’ averaging over 10? disorder realizations per 1”/. The quantum emitter is coupled
to a SSH bath in trivial phase at a site of sub-lattice A at site 25. Amplitudes on sub-lattice

A are in red and on sub-lattice B are in green.

cant experimental effect because of the high reliability with which electron beam lithography
can attain gaps of the size 90 nm. A maximum upper bound on the off-diagonal disorder can
be obtained by assuming the local disorder to be zero in the statistical analysis of eigenmodes
extracted from the devices. For example, in a CCA made of two coupled resonators with
resonant frequencies wg, hopping rate J and local diagonal disorder d; the difference between

eigenmodes of the device can be written as
Ao — A1 =24/ J2+6%/4 (3.9)

It is easy to see that any additional disorder in J that is y, is always < standard deviation of
(A2 — A1)/2. Following this approach, the experimental maximum value of 77 (the disorder
metric for the coupling rate) was obtained to be maxz(n’) = 0.1 by finding the deviations

in hopping rates from mode positions assuming local disorder to be zero. In Fig. 3.6 we
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simulate and plot the effect of off-diagonal disorder on the transmission spectra of the bath
around this value. It is clear from the figure that even for the experimental maximum value
of n7 which is obtained assuming local disorder .y = 0, the effect of the off-diagonal

disorder is minimal.
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Figure 3.6: Transmission spectrum |T(w)|* of a photonic bath with 8 sites; averaged across

10* disorder realizations per 1’ (a) Trivial phase (b) Topological phase.

3.6 ADDITIONAL PROPERTIES OF THE SSH PHOTONIC BATHS

3.6.1 Band gap & disorder

The band gap of a SSH photonic bath is given by 2|J; — Jo|. If the requirement from an
experiment is only observation of topological states of the photonic bath, the condition on
1 can be somewhat loosened for a transmission spectrum measurement. For example, in
Fig. 3.7 we plot the transmission spectra |T'(w)|* of a SSH CCA with 8 sites in topological
phase averaging across 10* disorder realizations per 7, but this time mark the point where
disorder magnitude o equals the band gap or n = 4|J; — J5|/(J; + J2). It can be seen that if

the measurement is only to be used to validate the existence of topological edge states, it is
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sufficient to operate in a regime where n < 4|.J; — Jo|/(J1+ J2). Similar idea has been used in
other works to demonstrate existence of edge sates [14]. But as demonstrated by Fig. 3.7, if
the experiment involves working with devices for quantum simulation purposes, then n << 1
is a necessary condition when using the transmission spectrum for accurately identifying the
eigenstates of the simulated Hamiltonian and extracting other relevant information like the

band gap of the photonic bath.

Topological

N

¢ = Band gap
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0 0.250.50.751.01.25 1.51.73
n

Figure 3.7: Transmission spectrum |T'(w)]* of a SSH photonic CCA in topological phase
(Jo/J1 = 1.336) with 8 sites; averaged across 10* disorder realizations per 1. The vertical

line denotes the value where o = 2|.J; — Js|.

3.6.2  Localization length

Another important property of the SSH photonic bath is the edge state localization length
¢ in the topological phase which depends on the ratio of the hopping rates Jy/J; as [36]
B 1
~ log(#)

where J, > J; for the topological phase. In Fig. 3.8 we plot the effect of this ratio on the edge

§ (3.10)

states keeping Jo — J; constant (this ensures that band gap = 2|J; — J;| does not change).
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The wave function of the edge states is localized on either side on respective sub-lattices,
with an exponential tail into the bulk. As .J;/J; increases, the localization length decreases

and when Jy/J; >> 1, the edge modes are almost entirely localized on the first and last

sites.
1 1
10

< q
Q ()
=55 5 N3
= ] ]
S | |S
5] 93]

1.1 I . H.
1 257 50LLQ L 10

Site Index

Figure 3.8: Modulus of amplitude of wavefunctions (normalized) for hybridized edge states

as we sweep across Jo/J; keeping Jo — J; constant. Sub-lattice A in red and sub-lattice B

in green.

In Figs. 3.9(a), 3.9(b) we plot the effect of disorder on the edge states for two cases Jo/J; =
6.25 and Jo/J; = 1.33. As seen, a large Jy/J; causes the amplitude on each successive
site to decay very rapidly. This approach is again useful to demonstrate topological edge
states [14] despite a large disorder to hopping rate ratio . But as discussed in the chapter
such a regime of operation, though useful for observation of edge states, is not suitable for
quantum simulation purposes. For using a photonic bath to mediate long range topological
interactions of quantum emitters n < 1 is required. In Fig. 3.10 we demonstrate the effect of
disorder for a bound state arising when an emitter with zero detuning is coupled to a trivial

SSH bath (J; > J) with J;/Jo = 6.25. As evident, the bound state loses it special properties
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Figure 3.9: Disorder study for edge states. Modulus of amplitude of wavefunctions (nor-

malized) for: (a) Hybridized edge state amplitude averaged across 10* disorder realizations

per n with Jo/J; = 6.25. (b) Hybridized edge state amplitude averaged across 10* disorder

realizations per n with J,/J; = 1.33. Sub-lattice A in red and sub-lattice B in green.

like chirality and sub-lattice localization when » — 1. This plot is a counterpart to Fig. 2 in
the main text where we plotted a similar figure but with J;/J; = 1.33. A longer localization
length allows the bath to mediate interactions over a longer range, which was the motivation
for keeping a low J;/J; ratio in our work. Additionally, by using the scheme proposed in
the chapter, we get a free control over Jy/J; and consequently the localization length. This
allows for realization of topological quantum photonic baths with varying physical range of

interactions, as long as we operate in 7 << 1 regime.

3.7 METHODS

In order to calculate the local and global disorder of the SSH photonic CCA, devices with
varying number of sites ranging 1 — 16 were fabricated. In Figs. 3.11(a), 3.11(b) we plot
the transmission spectra |T(w)|* of SSH baths with 4 sites in trivial and topological phase

respectively. Different colors in the plots represent a distinct realization of the same sized
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Figure 3.10: Disorder study for photonic bound state when J;/J; = 6.25. Modulus of
amplitude of photonic bound state wavefunction (normalized) averaged across 10* disorder
realizations per 1. The zero detuned emitter is coupled to trivial bath at site 25. Sub-lattice

A in red and sub-lattice B in green.

bath in a separate area on the chip. For example, Fig. 3.11(a) shows transmission spectra
of 3 separate SSH photonic CCAs with 4 sites in trivial phase. Similarly, Figs. 3.11(c),
3.11(d) show the transmission spectrum of baths with 6 sites in trivial and topological phase

respectively.

Compiled results from these baths of varying sizes are then used to estimate the disorder. In
Fig. 3.12(a) we plot deviations of the mean frequencies of various CCAs which were used to
calculate the global disorder. Similarly, in Fig. 3.12(b) we plot the deviations in the mode
frequencies after adjusting for the global origin shift. These were then used to calculate the

local disorder present in these devices.

Fabricating CCAs of different sizes has two advantages: first, it allows us to observe how

global disorder starts to have increased effect on the bath properties as the number of sites



29

IT(w)?

(a) 14(b)
EO.S‘ “Z 0.5
| \ 1 i

191.7 192.35 193

191.7 19235 193
w/2n w/2n
19(c) 14
g 5 ' ,
E 0.5 1 ‘L L E 0.5
0 1 T = T l O' . — AL ‘Ji l
191.7 192.35 193 191.7 192.35 193
w/2r w/2r

Figure 3.11: Transmission spectra of some selected CCAs. CCAs with 4 resonator sites in
(a) trivial phase, (b) topological phase. CCAs with 6 resonator sites in (c) trivial phase, (d)
topological phase. Different colors in each plot represent a completely distinct realization
of the same sized bath in a separate area on the chip. Compiled results from CCAs with

different sizes are used to calculate the disorder in system.

get larger. Second, smaller sized CCAs unlike their larger counterparts have significant
amplitudes for all the super-modes. This makes them more suitable for calculating the

global and local disorder arising due to fabrication.

3.8 CONCLUSION

In conclusion, using CCAs we experimentally demonstrated topological photonic baths which
are optical analogs of the SSH model. We studied the effect of fabrication induced disorder
on these baths and demonstrated the steps required to overcome its effects. A similar,
more detailed demonstration has been reported in superconducting systems [10] and our
work enables a way to bring such topological baths to optics by developing a paradigm to

harness recent advancements made in topological photonics and applying them to quantum
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Figure 3.12: Disorder plots depicting deviations. (a) Histogram denoting deviations of
mean frequency used to characterize the global disorder. (b) Histogram denoting deviations
of mode frequencies from their respective mean positions after shifting to a common origin,

used to characterize the local disorder.

simulation in optical domain. Through this chapter, we demonstrated the design principles
and experimental approaches through which we could meet the scalability requirement for

using photonic CCAs for quantum simulation purposes.
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Chapter 4
MEASURABILITY

The contents of this chapter will appear in a manuscript currently being prepared.

4.1 INTRODUCTION

In the last chapter, we discussed how recent progress in controlling the topological proper-
ties of the photons by engineering synthetic magnetic fields in photonic lattices [26,31,41,42]
has led to a considerable interest in photonic quantum simulation of topological many body
effects like the fractional quantum Hall effect [43] and topological insulators [44]. We then
discussed the methodology to scale these (topological) photonic CCAs to sizes where these
can be utilized to study the underlying physics of interest.

Now in this chapter we tackle the next requirement of measurability. The first question that
naturally arises is: what is meant by measurability in the context of photonic CCAs? It
is as follows: once these large scale CCAs have been fabricated, in order for them to be
useful for simulating nontrivial many-body phenomena, we need tomography protocols that
accurately map the realized non-linear Hamiltonians. If the experiment allows single and
two-photon measurements between any two arbitrary sites in the lattice, direct tomography
can be performed to obtain both the linear couplings between the two sites, as well as the
local anharmonicities at the site [45]. However, this protocol suffers from a crucial drawback
that in most on-chip implementations of such lattices [10, 14, 46] measurement access of a
node in the interior of the lattice is challenging and typically only the nodes on the outermost
boundary can be accessed for accurate measurements.

These experimental requirements raise an important theoretical question — is it possible

to perform tomography of the implemented Hamiltonian with access restricted to only the
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boundaries of the lattice? This question has been considered in previous works, which have
proposed tomography algorithms with restricted measurement access to the boundary or a
subpart of the lattice for the setting of one-dimensional chains [47,48] and two-dimensional
lattices [49-51] with real-valued coupling strengths and known topologies. Subsequent work
has been done to perform tomography of spin lattices with real-valued couplings and re-
stricted number of probes through measurement of just the system time-traces, both for
closed [52] and open quantum systems [53]. Additionally, work has been done to improve
the efficiency of the tomography algorithms using Bell states [54], identify one-dimensional
Hamiltonians through Zeeman markers [55] and perform entanglement tomography of many-
body Hamiltonians [56].

However, none of these protocols would not be suitable for identification of many body Hamil-
tonians which are typically characterized by complex coupling strengths between modes to
realize non-zero flux in closed loops [31,41,57] and onsite photonic interaction [10,42]. In
this chapter, we show that even under the setting of restricted access to only the outermost
boundary of the lattice, both the linear couplings and onsite potentials can be measured
from scattering matrix measurements. Moreover, we show that onsite anharmonicity can be
measured from two-photon correlation function measurements at the boundaries. We then
discuss the stability of the proposed tomography scheme and numerically establish that in
typical cases, the errors in the linear algorithm scale polynomially with increasing number
of sites in the lattice. Additionally, we demonstrate that under an additional assumption
of the ability to toggle on/off the non-linearities, the anharmonicities in the lattice can also
be determined in a stable manner. Furthermore, at the end we propose a protocol which
by utilizing multi-photon Fock state scattering from the boundaries of the lattice allows to
quantum-enhance the precision in the measured Hamiltonian parameters. To the best of our
knowledge, our work is the first to solve this problem for general topologically non-trivial
bosonic lattices with anharmonic lossy resonators and complex couplings. Moreover, as our
tomography algorithm depends on steady-state measurements in the frequency domain, it

avoids the need: (i) to measure time-resolved traces, which can be challenging for strongly
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coupled systems, (ii) to utilize initial state preparation, or (iii) to perform quick qubit ro-
tations. Several of the schemes mentioned earlier in the last paragraph suffer from one or
more of these potential pitfalls. While our method unlike some quantum Hamiltonian to-
mography algorithms [45, 58] is not applicable for arbitrary photonic lattice geometries it
allows precise identification of most common topological Hamiltonian models like the Hof-
stadter lattices [31,41,57,59], strained graphene Hamiltonians [17], quantized quadrupole
phase lattices [14] and SSH Hamiltonians [14, 15] without requiring experimental access to

all the nodes of the lattice.

4.2 TOMOGRAPHY ALGORITHM

4.2.1 Model

We consider N bosonic modes arranged on a graph (V, £), where V is the vertex set signifying
the bosonic modes and £ are edges which signify the linear couplings between the bosonic

modes (Fig. 4.1). The effective Hamiltonian is given by (h = 1):

H= Zuv ala, + —aT2 2+ Z Jvua Uy, (4.1)

veY u,veE

where the parameters J,, € C (the coupling strengths s.t. J,, = J; ), i, € C (the onsite
potential including decay), x, € R (the onsite anharmonicity) need to be measured. Starting
from the vertices at the boundary of the lattice denoted by Bd(V) = V, C V, we can partition
Y into a sequence of vertices Vi, Vs, Vs... such that V), connects through edges only to Vi,
which connects through edges only to Vs, (and Vy), Vs connects through edges only to Vs (and
V) and so on. Through single and two-photon scattering theory [46,60] we know that the
k

single photon transmission spectrum |7, ,(w)|* and second-order auto correlation function
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Figure 4.1: Schematic depicting the model of the photonic graph (V,€). The set V =
Vo UV UV, U ... can be broken into subsets such that V denotes the set of vertices forming
the outermost boundary, V; denotes the set of vertices forming the perimeter separated by
one edge and so on. (b) Schematic depicting the measurement scheme where two photons are
input on one of the sites in the outermost perimeter and the scattered photon wave packet

is detected from an adjacent site.

g?(0,w) can be written as:

) (Glau|ri) (1 la})G) |
’Tv,u(w)’ = Y Vu Z w — E(l) (42)
1 1 2 2 1 1 2
g(2)(0 w) _ Yo Yu Z (G|av|rg1)><lgl)|av|r&2)>(l&2|al|r&3))(l&3)|aL|G> (4 3)
sl )= I T | 2 (BT — 20)(EY — w)

where 7,, v, denote coupling rates to input/output ports at site u, v; ]lgf )>, \r&l )> denote the left
and right eigenvectors of H in the i’ excitation subspace and |G) denotes the vacuum state of
the lattice with zero photons. Fitting for the respective spectrum then allows determination

of the eigen-energies of H within the single and two-photon subspace, E&l) and E&Q), as well
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as the coeflicients:

MO = (Glay,|rM (1D)al|G), (4.4)
MP = (Glay [r) (1D a, [r@) (1P |ad |rD) 1Dal|G) ¥ u, 0 € W (4.5)

where @ denotes a list of coefficients (ay, ag, arg). In the next sections, we propose a two-stage
tomography scheme which allows reconstructing the Hamiltonian parameters J, ,, i, and x,

from single photon and two-photon boundary measurements.

4.2.2  Reconstructing J,

In the first stage of the scheme, we use Mélgu YV v,u € V, and eigen-energies EY extracted

from boundary single-photon measurements to reconstruct the linear terms of the Hamilto-
nian (J’s, p’s). Beginning at the outermost perimeter, since we have access to all the sites
in V), the onsite potentials and the coupling strengths between them can be reconstructed

using the standard method [45] (Fig. 4.2(a)):

)

My = Z E(gl)Mo(jz)z,v 7Jv,u = Z Eél)Mo(zlz)z,u (46)

The next step involves estimating the couplings along the edges joining V, to V; (Fig. 4.2(b)).
While the phase of the complex couplings along the edges forming the perimeter (V) is fixed
by the measurements, the gauge freedom on the internal vertices leaves some arbitrariness in
the phase of the remaining couplings. To fix a convenient gauge, consider first the sites in the
interior of the lattice that are nearest neighbors to Vy — for each site, we can typically pick
the phase of .J,,, connecting it to a site on the boundary as 0. As an example, in Fig. 4.3(a),
both the couplings J,, ., and J,,,; can be chosen to be positive, while in Fig. 4.3(b), only
the coupling J,, ,» can be chosen to be positive. Consider now a positive coupling .J,, ,,
where v € Vy and v € V; — it follows straightforwardly from the eigenvalue equation for

the Hamiltonian H that

Z(Eg) - Nv)zMo(zlq);,v - Z |Jv,u|2 = |Jv7v’|2 (4.7)

I
« uEN, —v’
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Step 1: Use boundary Step 2: Compute J,,  Step 3: Compute Ma
measurements to Vvely, ue V VoeVo,uweV

oluw Step 4: Repeat recursion.

compute fiy, Jy oV u,v
€V
Figure 4.2: Schematic depicting the tomography algorithm in the single photon space.
Dark-colored sites and solid edges depict the values being computed in that step. In Step
3, shaded branches depict the sites under consideration for computing the next iteration of

coefficients needed to complete the recursion.

where N, denotes the neighborhood of site v, which is a set of all the sites separated from v

(1)

by a single edge. Furthermore, the coefficients M/, ., can now be calculated using

(B = gl = 3 Jalulr®)] [ = p) @@y = 32 T, 00

uEN, —v’ uENy,—v’

- |Jv’,v|2Ma,v’,v’ (48)

Similarly, the coefficients M W MY can also be calculated (see Appendix A).

o,v’ v oo

Next, consider a coupling J, ./, where v € V, and v" € V;, whose phase cannot be fixed (for
e.g., Ju, v in Fig. 4.3(b)). In this case, we first need to evaluate the coefficients Mo(”))v, SO
that we can then use Eq. 4.6 to determine the complex coupling J, .. To calculate these
coefficients, we assume that there exists a closed loop in the lattice (for e.g. v — v; —

vy = ...v, — v — v in Fig. 4.3(c))) such that only coefficients corresponding to the edge

in question (M, élzv,) are not known. If this assumption holds true, the coefficients can be
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Figure 4.3: Schematic depicting photonic graphs. (a) Topology of a photonic graph where
we can assume positive couplings along the edges between two perimeters (phase equals 0,
shaded in green). Let, ¢; denote phase acquired by a photon moving in the depicted closed
loop. The phase along the outer edge ¢,, is fixed during measurement (denoted in gray). The
remaining closed loop phase ¢; — ¢,, gets transferred onto the edge along the inner perimeter
(dashed, unshaded) (b) Topology of a photonic graph where we cannot assume positive
couplings along all the edges between the two perimeters. As soon as phase along one edge
is assumed to be 0, the phase along the remaining edge gets fixed (¢, — ¢y,). (¢) Schematic
depicting the closed loop traversal used to calculate the coefficients M c(jg,v/ when coefficients
along all the other edges of the loop are already known. (d) Topology of a photonic graph
where we can exploit the existence of a closed loop vj — vy — vy — v to determine the
complex coupling along the edge J,; ., (shaded in blue). (e) Topologies of photonic graphs
where there doesn’t exist closed loops that can be exploited to calculate couplings along edges

with non-zero phases. (f) Honeycomb lattice, square lattice and triangular lattice which are

amenable to our protocol.
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calculated using the cyclical property
My (T M) ML)

QU U

1 _
Ma,vﬂ)’ - HZL Mélq),- . (49)

A typical topology where this assumption holds is depicted in Fig. 4.3(d). To solve this

construction, the coupling along J,, ,; can be chosen to be positive and be calculated using
Eq. 4.7. As the site vy € V) is connected to two sites in the inner perimeter (vi,v5 € Vy),
the couplings along these edges can’t both be chosen to be positive. But as there does exist
the closed loop, v} — vy — vy — v}, we can calculate the complex coupling J,; ,, using the
cyclical property (Eq. 4.9). Then the remaining coupling J, ., can be chosen to be positive
and determined using Eq. 4.7. This methodology however falters, if there doesn’t exist
a closed loop in the lattice that will allow us to determine one of these couplings without
choosing it to be positive. Two possible cases where this situation might arise are depicted
in Fig. 4.3(e) in which case our algorithm can not be used to reconstruct the Hamiltonian.
In the first case (top), we have a site in the outer perimeter connected to two sites in the
inner perimeter, with no other existing edge connecting these sites to parts of the lattice
that have already been determined. This means that there doesn’t exist a closed loop which
allows us to determine the coefficients and hence the coupling along one of these edges. The
second case is slightly tricker, as at first glance it may seem that closed loops similar to the
topology in depicted in Fig. 4.3(d) exist in this graph. However, on closer inspection, we can
see that none of these loops have an edge that can be first solved using Eq. 4.7 and then
be used to calculate other edges using the cyclical property, implying that we cannot solve
this/similar constructions.

Finally, the last step involves estimating the coefficients M. for sites in the inner perimeter
(V1) which we would have obtained if we had measurement access to these sites (Fig. 4.2(c)).
These coefficients MSZU Vv eV, u € N, can again be calculated by exploiting the cyclical
relation between the M,gl)s, as coefficients along all the edges connecting the perimeters V),
and V) were already determined in the last step. For example, in Fig. 4.3(a) the coefficients

M(l)

a,v],v

. for v, v}, € V; can be calculated by traversing the path v| — vy — vy — ).
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This then completes the recursion, and the same process can be repeated starting from
perimeter V; and moving inwards until the entire Hamiltonian in single-photon space i.e.
H® is mapped successfully (Fig. 4.2(d)). Despite the mentioned limitation, the outlined
algorithm allows tomography of most experimentally relevant graphs with complex cou-
plings, laid out in the square, triangular and honeycomb topologies (Fig. 4.3(f)) mimicking
topological phenomena like the optical delay lines [31,57] and the topological quadrupole
phases [14]. This is in stark contrast to previous works dealing with limited access tomogra-
phy algorithms [45,47-49] which were restricted to graphs with real couplings or 1D chains
only.

4.2.83  Reconstructing x

The second stage involves working in two-photon space using the determined H® and the

)

measured values of MY to calculate Xv V v € V and hence mapping the full Hamiltonian

H. Similar as above, we work perimeter by perimeter to determine the non-linear part of

the Hamiltonian. Before running this part of the algorithm, we use the measured MPs to
calculate the operators OA&QQ)%U YV u,v € Vy. This can be done as:
(D)y 7D r(2)
A Tar ) (Lo | M2
((122)7%1) = Z Ire, >(<1) i l(l)”’“T’” (4.10)
aras (Glavlrar)(lag|au| G)

where we use the reconstructed H® from the first stage of the scheme to get the eigenvec-
tors |7"&11)>, 1)) . The obtained operators are then used to calculate coefficients, Cgi,v =
(l&11)|0&22),v,u|r&13)> V u,v € V, which are used to reconstruct the x’s.

Again, beginning at the outermost perimeter Vg, x, V v € V, can be estimated using the

following relation with oy = as:
1
Xo =3 > (o + EY) — EQ)CE, (4.11)
aq,a2

Then, as in the first stage of the scheme, the next step involves calculating the coefficients

c® c® andc® voue Vo, v € Vy along the edges joining the two perimeters. The

apw’’ Yauw a,,v
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coefficients C (2)

a,’

,» can for example be calculated using

CéZ,v’,v’ - - ( Z Jv,uC&,u,v’ + Xde’,v,v’ + (Nv + Eéll) - E(()Z))Cd',v,v’> (412)

1
Jv v’
) UE Ny, —v’
where Qa.p0 = (lgl) | (aiav)av|ré22)> (l%) la!, |7’((113)> which can be determined using the coefficients
Ca v by reverting to the operators OASQ)’M, and multiplying by an additional (afa,) before
taking projections on ]l&?), ]7’83) ) to obtain Qgz,.. Similarly, the coefficients c? o

can also be evaluated (see Appendix B).

Finally, the last step involves calculating the coefficients for all sites lying in the inner
perimeter (Céziu V v,u € V). These can now be calculated using the cyclical property of
coeflicients Cg)s and traversing a closed loop in the lattice (for e.g. v = vy = vy — ... v, —
u — v), where except for the edge of interest {v, u} , the coefficients along all the other edges
(Céi))ivarl) in the loop are already known. This can be done by ensuring that the remaining

edges are either part of the outer perimeter or connect the two perimeters. Then C? can

a,v,u

be calculated by cyclical property,

C(}) ( 711—1 0(2) ) C(})

(20 _ dvu a,0i,Vi41 a,vn,u
C&,v,u - n 0(2) (413)
Hl a,0;,0;

This completes the recursion, and we can repeat the process for all the perimeters until all

the ys are determined.

4.2.4  Stability analysis

In real life scenarios, due to measurement errors/noise even in the ideal case, we cannot
determine observable expectation values perfectly since we need to average over many runs.
So, we need to understand how the reconstructed Hamiltonian parameters diverge from true
ones when measurements contain errors. The primary inputs into the first-stage of our
algorithm are the eigenenergies and the coefficients Mo(}q),u . We know that the eigenvalues
are the poles of our measurements and, hence, for a well calibrated setup we assume that

these can typically be determined more accurately than the coefficients. Hence, we focus
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on determining scaling of the error in the reconstructed couplings with the error in the
coefficients. About the point of zero error for an arbitrary hopping rate J, ,, being estimated

we can write that:

aJv u (1)
5(] , — —76MOC o' ! (4.14)
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Figure 4.4: Stability analysis. x-axis denotes number of sites in the array on a log scale,
y-axis denotes the error metric (a) Error metric plot for a SSH chain with J;/Js = 1.2 with
fitted b values being b = 1.28, 1.19 for J;, Jy_; respectively. (b) Error metric plot for a
SSH 2D lattice with J;/Js = 1.2. Each point is in 100 point average with disorder in onsite
potentials to be 10 M H z to avoid absolute degeneracies. The fitted b values are b =1, 23.4
for Jy, Jy_1 respectively. (c) Top: Schematic depicting the measurement scheme for 1D SSH
with a defect site at N/2 s.t. KNz = pny2 + 2J1. Error metric plot s.t. Ji/Jo = 1.2. The

fitted b value for J; is b = 0.62. However, error metric for Jy_; depicts a breakdown in

stability.

Then assuming that errors in the coefficients are independent i.e. (0 M C(ylz)), wOM (ill)/ ) =0
yV1%1 yUg g
as we are dealing with errors at different frequencies, we can define an error metric that is

the logarithm of average first order error about the point of zero error if we assume random
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Gaussian errors in the coeflicients:

aJv u
Error metric = log, Z WT (4.15)

Then, the stability of the algorithm in estimating the arbitrary hopping rate J,, due to
errors in experimentally extracted coefficients Mo(}z),u depends on the behavior of the error
metric with number of nodes in graph (V). If the algorithm is stable with increasing number
of sites N then the defined error metrics should scale as a + blog(N) as this would imply a
polynomial scaling in the number of measurements needed to attain a specific precision.

To illustrate how the metric scales with increasing N we take up a model Hamiltonian, for
example here Su-Schrieffer-Heeger (SSH) model [35]. The SSH Hamiltonian is characterized
with a graph with uniform onsite potentials but alternate coupling strengths between the
sites. In Fig. 4.4 (a) we take a SSH chain with real coupling strengths and plot the behavior
of the error metric for the coupling strengths along the first and last edge in the chain. From
the plot, we can see that the metric scales sub-linearly with N. This suggests that even
though the amount of error in the reconstructed coupling strengths increase with N, we
only need a polynomial increase in the number of measurements to accurately determine the
Hamiltonian in question. We show the same for a 2D SSH model in Fig. 4.4 (b). Finally, we
take an example of a SSH chain with a defect in the middle such that the onsite potential
of this site is greater than two times the maximum hopping rate in the chain. This means
there will exist a defect state in the lattice that will decay as we approach the edge site
at which measurements can be performed. Hence, we expect that in this case there will
exist a N after which a small error in the measurement of coefficients will lead to a blow
up in the error of the estimated coupling strengths. We plot this case in Fig. 4.4 (c). We
confirm from the plot that after a specific N the error metric scales polynomially implying
that an exponentially large number of measurements will be needed to accurately determine
the realized Hamiltonian after this point.

The second-stage of the tomography scheme involving reconstruction of xs, however, is not

demonstrably stable (see Appendix B) and hence in principle can only be applied to lattices
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with a few sites. But, if we assume an additional capability in the system under investigation,
such that the onsite non-linearity can be toggled on/off during the experiment at all nodes,
there exists a modification of the algorithm that remains stable irrespective of the system size
N. The assumption of control over onsite non-linearity is generally valid for most on-chip
typical quantum simulators, as local tunability is a necessity in order to precisely program
the terms of the Hamiltonian being implemented [61]. In these systems, obtaining concurrent
local measurability with local control is experimentally challenging due to the difficulty in
placing impedance matched read-out resonators (for superconducting systems) or lossless
waveguides (for photonics) in proximity of the densely packed resonator arrays used to realize
these bosonic lattices [10,11,13,41,46]. Hence, our modification that overcomes this issue can
be useful for tomography of non-linearities in such bosonic lattices. Under this assumption,
the non-linearity for any site v € V can be calculated as:

Xv = TI(H> - Tr(Hv,off) = Z (Ec(x2) - Eéz%?),off) (416)

e

where Ec(fif s denotes the eigenenergies in two-photon subspace of the lattice measured at
the boundaries with non-linearity at site v: x, turned off, H, ,¢; denotes the corresponding
system Hamiltonian. This modification will then allow us to determine the entire non-linear

part of the Hamiltonian in a stable manner.

4.3 QUANTUM ENHANCED TOMOGRAPHY

It can then be asked if we can achieve an improvement in this precision by utilizing non-
classical states of photons. In this subsection we show that, if we impose a few additional
restrictions on the system being studied, we can reduce the rate in scaling of photons needed
in comparison to the classical interferometry to obtain an A precision in measurement by
utilizing quantum mechanical enhancement due to the entangled nature of the input pho-
tons. Particularly, we make the assumptions that the lattices in question are lossless; we
have control over the number of input/output ports of the system and; that the onsite non-

linearity can be arbitrarily turned on/off during the experiment at all nodes. Then, our
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proposition for this entanglement enhanced protocol is as that the Hamiltonian parameters
Jou, My and x, for a fixed number of sites, can be obtained with a precision A from just
boundary quantum interferometry measurements using NOON states of O(A~2/3) photons.
The quantum-mechanical enhancement in obtaining the linear part of the Hamiltonian fol-
lows straightforwardly from scattering of P photon NOON states from the lattice via the
input/output ports while non-linearity is turned off for the entire lattice. This allows us to
quadratically enhance the precision in measurement of the scattered phase from the lattice,
which enhances the precision in measurement of coefficients MY, Obtaining enhancement in
precision of non-linearities y,’s can be more challenging if we use P photon Fock state scat-
tering from the system while the non-linearities are all turned on, as the output state would
then be a mixed P photon state from which extracting x, becomes extremely hard. Hence,
we propose the following protocol to obtain enhancement in measuring the non-linearities in
the system. Let’s say we want to estimate non-linearity x, at a site v € V, then we carry
out the following steps:

(i) Step 1: With the non-linearity turned off, initialize the system in a superposition of
vacuum and P photon Fock state at site v i.e. (1+ %NG) The input photon wave packet
needed to initialize the system in this state can be pre-designed by reversing the emitted
wave packet from the lattice when a photon on vertex v decays into the output port at the
boundary. We assume that it takes a finite amount of time for such an initialization to be
performed.

(ii) Step 2: Turn on the non-linearity x, at site v for a time period Ty, o \/Lﬁ. Within this
time the photons will not diffuse to the neighboring sites and the state of the lattice will be

A - L
|¢> ~ (1 + e_J(MUP‘FXUw)Ton G/_-P‘) |G> (417)

(iii) Step 3: Use an interferometry setup to measure the operators

O° = |P)(0| + |0)(P] and (4.18)
0* = j(IP){0] + [0)(P]) (4.19)
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k times each at the output port. The operators are chosen such that

(OA‘:)W = cos (MvP + Xv@) and (4.20)
T O (1.21)

(iv) Step 4: Comparing (Oc)|w> or <OAS>|w>, we choose the lesser of these to invert to obtain
Xv-

It can be shown that the above algorithm is provably stable even for the case in which
the error in the reconstructed Hamiltonian in the first excitation space aly s finite, i.e.
|HO — Hﬁi)H% < ON. We can also prove that the protocol allows us to have worst case
scaling of O(A~2/3) in number of photons needed for obtaining A precision in Hamiltonian

parameters (see Appendix C for the proofs).

Finally, to demonstrate the quantum-enhanced protocol, we take a 1D chain made of five
sites and estimate the non-linearity at the middle site (Fig. 4.5(a)) by doing a full quantum
simulation [62]. We then plot how our estimated non-linearity value (x.s.) varies with the
time for which non-linearity was turned-on (7,,) and the number of photons in the Fock state
used for measurement (Fig. 4.5(b)). We expect that for very small turn on time T,, the
estimated value will be very erroneous as the acquired phase by the lattice wavefunction will
initially be dominated by measurement error and for a range of T,, predominantly depend
only on the onsite potential u,. As the turn-on time increases, we expect the error in the
estimated y.s. to decrease due to its increasing contribution to the overall phase. However,
past an optimal turn-on time we will start seeing diffusion of photons to neighboring sites,
which acts as a source of error in our protocol. Hence, we expect there to exist an optimal
turn-on time window for us to accurately estimate the non-linearity y, of the sites forming
the lattice. This behavior is confirmed from our simulation results as well. Additionally, we
also expect the protocol to perform better as the number of photons in the input Fock state

P increase, which is also observed in our simulated plot.
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0 0.125 0.25
T, x 10% a.u.

Figure 4.5: Quantum enhancement protocol. (a) Schematic showing the lattice with one out-
put port (background shaded) at the outermost perimeter and the site v whose non-linearity
Xov 18 being determined.(b) Schematic showing the simulated chain. Jeqn = 95.5 1/a.u.,
oy =3.64 1/a.u., x, = 10 1/a.u.. The colors denote the number of photons P in the input

state.

4.4 CONCLUSION

In this chapter, we developed an algorithm for tomography of non-linear topological quantum
bosonic lattices with measurement accessibility only to the perimeter of the lattice. We
numerically demonstrated the stability of our algorithm and then proposed an extension to
the algorithm to quantum mechanically enhance the precision of the estimated Hamiltonian.
Further, we analytically proved the stability of our quantum enhanced protocol to errors
in reconstructing the linear part of the Hamiltonian. In the future, the algorithm can also
be extended to included other quantum simulation platforms like spin chains. Another
direction of interest for exploration can include the studying protocols to tomographically

probe emitters coupled to such photonic lattices.
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Chapter 5
CONTROLLABILITY

The contents of this chapter are adapted from [46]; Abhi Sazena, Arnab Manna, Rahul
Trivedi, and Arka Majumdar. “Realizing tight-binding Hamiltonians using site-controlled

coupled cavity arrays” arXiv:2210.05070 (2022); with permission from the authors.

5.1 INTRODUCTION

In the previous two chapters, we demonstrated how photonic CCAs can be scaled and de-
veloped tomography protocols that allowed us to map the realized Hamiltonians with access
to sites forming the outermost boundary only. In this chapter, one of the things we propose
is to experimentally test the tomography algorithm. Secondly, we aim to address the third
requirement of making photonic CCAs suitable for quantum simulation: adding controllabil-
ity: i.e., control over all the terms describing the Hamiltonian being implemented. However,
we need to do so while guaranteeing that it does not negatively impact the scalability or
measurability, and additionally ensuring that the ensuing device design allows for future
integration with non-linear optical materials to operate in the quantum non-linear regime.
These added demands, as a precondition, necessitate using high-quality factor (Q) cavities
with small mode volumes as constituents of the CCA to maximize the strength of non-
linear interactions and allow probing of the entire quantized eigenenergy spectra. Though
several experiments showing various physical phenomena using optical CCAs have been pre-
viously reported [12,63,64], none of these CCAs are programmable and have access to the
entire quantized eigenenergy spectra of the Hamiltonian. In the optical regime, achieving
programmability and measurability of the eigen-spectrum concurrently is very challenging

owing to the extremely small physical dimensions involved.
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Here, we tackle these problems by engineering a silicon photonic CCA made of high-Q (in-
trinsic Qs up to 7.1 x 10%) racetrack resonators with thermally controllable onsite potential
using specially designed thermo-optic (TO) island heaters. We specifically focus on 1D

tight-binding lattices which can be described by a set of Gaussian Hamiltonians of the form

(h=1):

H = Z Ll @y, + Jn(aILHan +al anyy) (5.1)

n

where a,, denotes the onsite photonic annihilation operator, pu, is the onsite potential given

b and

by the resonant frequency of the cavity, .J, is the photonic hopping rate between n'
(n + 1)™ sites. Realization of such a set of Hamiltonians requires implementing a potential
profile [p,] = [1o, f11, - - - piv—1] across a photonic lattice with specific inter-site hopping rates
Jn, while ensuring that all the eigenstates of the system denoted by [€,] = [€o, €1, ... €n—1]

remain addressable and measurable.

5.2 DEVICE DESCRIPTION & OPTICAL DESIGN

Experimentally, we implement a Hamiltonian with 8 nodes via a CCA made up of 8 strongly
coupled racetrack resonators fabricated on a silicon-on-insulator platform using 220 nm sil-
icon on top of 3 wm thick silicon oxide (Fig. 5.1a). The spacing between the resonators is
determined by the desired hopping rate between the sites for the tight binding Hamiltonians
being implemented. The spectrum of the resulting system is probed via a set of grating
couplers located at the first and last sites. The scattering properties of this system are
completely described by the effective non-Hermitian Hamiltonian, which incorporates the

coupling to input/output ports and system losses as:

. - , Kn,
H,?ff =H—j <%a$ao + 7]\; 1a;V_1GN—1> —J Z alay, (5.2)

where vy, 7n_1 denote the coupling rates to the grating couplers and k,, denotes the onsite
scattering/absorption losses. In the next subsections, we briefly touch upon a few key aspects

of the design of the optical layer of the device:
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Figure 5.1: Hamiltonian Tomography. (a) Optical image of the electrically controlled CCA
depicting the wiring structure, optical micrograph of the CCA (scale bar: 10 pm). The
constituent racetrack resonators are characterized by longer straight segments that are 12 um
long, shorter straight segments that are 4 um long, and a bending radius of 5 um. (b)
Schematic of the experimental setup used for measuring reflection (|R(w)|?) and transmission
(|7 (w)]?) spectra. (c) From the top: measured reflection spectrum |R(w)|* (dotted purple)
along with the fit generated using the tomography algorithm (cream); followed by a plot
showing contributions of various eigenmodes of the system to |R(w)[?, and finally at the
bottom; experimentally measured transmission spectrum |T'(w)|? (dotted purple) along with
the predicted transmission spectrum |T'(w)|* (pink) from the HY;, obtained using tomography

algorithm.
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5.2.1 Waveguide modes

The racetrack resonators have two differing waveguide sections: (i) a standard ridge waveg-
uide section which is 554 nm wide with an 82° slant and (ii) and an embedded waveguide
section where the resonator makes thermal contact with the heater through the bottom alu-
mina layer of the island heaters. The simulated optical mode profile (using ANSY'S Lumerical
MODE) for both these sections is plotted in Fig. 5.2. The simulated waveguide losses are
9.2 x 10713 dB/em and, 7.8 x 107 dB/cm respectively. As evident the loss is negligible
even for the heater integrated design as we were able to utilize the bottom alumina platform
(which is 265 nm thick) to place the tungsten heater both above the plane of the optical mode

and at a far enough (1.5 pm) lateral distance to ensure minimal increase in the absorption

losses.
(a) (b)
1 1
1.5] 1.5]
- - ~b=554nm _ e =300mM 1.5 pm-,
E L_ 1 1 E
20 = 05 20 f h—150nm| || 0>
> hg; = 220 nm > hpottom = 265 Nm heater
-1.57 -1.54
' . . . . 0 ' - . - . 0
-3 -1.5 0 1.5 3 -3 -1.5 0 1.5 3
X (um) X (um)

Figure 5.2: Waveguide mode profiles (|E|*/|E|?,,,)- (a) Profile of the waveguide mode in
the sections without any cladding layers. The effective index of the mode is n.;; = 2.556
and the group index is n, = 4.13. The simulated loss is 9.213 x 1073 dB/cm. A lateral
undercut of 27 nm occurs during the BOE strip of HSQ resist. (b) Profile of the waveguide
mode where the resonator makes thermal contact with the island heaters with the tungsten

heating element being 1 um wide. The effective index of the mode is n.fy = 2.61 and the
group index is n, = 4.006. The simulated loss is 7.75 x 10~ dB/cm.
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5.2.2  Hopping rates

(a) (b)
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Figure 5.3: Coupled waveguide mode profiles (|E|*/|E|?,,,)- (a) Mode profile of the first

coupled waveguide mode, n.sr = 2.568. (b) Mode profile of the second coupled waveguide
mode, nesp = 2.5525. Angpy ~ 0.0155.

Another aspect of the optical design deals with the interplay of the physical spacing between
the resonators and the corresponding hopping rates between the sites. As the waveguides
forming the coupling region of neighboring resonators in a CCA lie in close proximity, their
respective modes overlap with each other to create two coupled modes as depicted in Fig.
5.3. Their coupling constant k can be estimated numerically by simulating the eigenmodes

of the two adjacent waveguides and is given by the following relation:

WAneffL

k = sin
( "

coupling) (53)

where Angsy is the difference between the effective indices of the coupled waveguide modes,
L coupiing is the coupling length of the resonators and p* is the resonant wavelength of the
resonator. Given the coupling constant between the coupled waveguide sections, the corre-
sponding hopping rate between the resonators (assuming no disorder) can then be calculated

using the following relation [65,66]:
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kv,

J= (5.4)

L resonator

where v, denotes the group velocity of the waveguide mode and the L,csonator denotes the
length of resonator. Combing these two equations, the estimated hopping rate between the

resonators can be written as

TANfy I c
,u)\ coupl'ing)

J = sin( (5.5)

gLresonator

Note that we have substituted v, = ¢/n, where n, denotes the group index of the waveguide
mode, and the hopping rate J is obtained in units of rad/s. Substituting for the values we

get J =~ 69.1 GHz.

5.3 HAMILTONIAN TOMOGRAPHY

Photonic CCAs on a 2D chip can only be accessed reliably through input/output ports at
the device boundaries, and hence require a protocol that allows determination of the realized
Hamiltonians with this boundary-restricted access. To map the initial Hamiltonian H gff
of our CCA post-fabrication, we apply the Hamiltonian tomography algorithm described
in the last chapter for application in 1D nearest neighbor lossy CCAs. Specifically, the
modified algorithm allows for determining the entire Hgff describing the system from a
single reflection spectrum measurement |R(w)[* (Fig. 5.1b) performed at the first site of
the CCA by estimating the contribution of individual eigenmodes of the system to the
measured spectrum. In Fig. 5.1c, we plot the reflection spectrum of our CCA along with the
corresponding contributions of the 8 individual eigenmodes. We then verify the accuracy of
our fit by comparing the experimentally measured transmission spectrum |7'(w)|? of the CCA
to the predicted spectrum of the extracted H gf - Note that, while the reflection spectrum
is needed to map the entire H gf s> the transmission spectrum can be used to find only the

eigenvalues of the Hamiltonian.
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5.8.1 The algorithm

In this subsection, we discuss the specific version of the general algorithm discussed in Ch. 4
which we used for reconstruction of the effective Hamiltonian of our 1D CCA. For a coupled
cavity array with IV racetrack resonators with grating couplers at first and last sites, the non-
interacting system Hamiltonian H is given by Eq. 5.1. Then using input-output formalism

we can write:

da,o Ko

a = —j(uoao + Joay) — an - —@0 — Voo, (5.6)

da,, ) Kn

T —J(pnan + Jp1an-1 + Jus1Gni1) — - n wheren=1,2,...N —2 (5.7)
day_ ) KN_ _

(:]1\; - = —j(pn—1an—1 + In—san—2) — ]\; 1GN—1 - %; 1CLN—1 (5.8)

where k,, denotes the loss rate to environment at each site, 7, denotes the coupling rate
to the grating couplers, xy denotes the destruction operator of the input into the system.

The system can be visualized with the aid of the schematic depicted in Fig. 5.4.

Taking Fourier transform on these equations gives:

Ro

—jwag = —j(poao + Joar) — 5~ —ao — /00, (5.9)

—jwa, = —j(pnan + Jp_10n-1 + Jny1Gns1) — %an, where n =1,2,...N -2 (5.10)

. . KN _— _
—jwan-1 = —j(in-1an-1 + IN_2aN_2) — N2 Lan_1 — 7N2 Lan_1 (5.11)

Rearranging the terms gives:

. K . .
V9oto = J (w - (Ho —]EO - 1702>> ap — jJoa, (5.12)
0=y (u) — (,un —j%)) an — J(Jn_1an_1 + Jpapy1), wheren=1,2,... N —2 (5.13)

0

J (W - (MN— ‘m\;l YN~ )) an-1 — JJIN—2an—1 (5.14)
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Writing as a matrix: .

w—(u—j2—j%) b 0 0 a0
j —J() w—(ﬂn—j%) —Jl 0 ay
0 —Jn—2 w—(pn—1 —J‘%_jwz*l) an-1
\/’%Io
0
= ‘ (5.15)
0
Further, we can define Hss as.
w—(to—J%—J%) —Jo 0 0
—Jo w—(pn—3%) —h 0
Hepy = ’
0 —Jy-g2 Ww—(uNn1—J~ 5+ —775)
(5.16)
and vector |z;,) as:
V0o
0
[Tim) = | (5.17)
0
This allows us to compress Eq. 5.14 into
J(WI = Hegy) |an) = |in) (5.18)

Hence, we obtain |a,) as

|a,) = —j(Wl — Hepp) ™ i) (5.19)
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Figure 5.4: Schematic depicting a general CCA device. Each resonator site is characterized
by the onsite potential p,, and the loss rate to the environment/absorption is denoted by &,,.
The hopping rates between the sites are denoted by J,,. The array is probed using grating
couplers coupled to the first and last sites of the array with coupling rates denoted by ,.
The grating couplers are themselves denoted by the ports Py, P.

From input-output formalism we can also write the output modes as:

|yout> = |':E7,n> + |m&n> (520)

Separately, we know that the two experimentally measurable quantities from the device the

reflection spectrum |R (w)|” and the transmission spectrum |T'(w)|* of the system can be

written as
2 2
R = |27 @) = |2 (5.21)
i o
Substituting for yo from Eqs. 5.19, 5.20 we can obtain |R(w)|* as
|R<W)|2 _ @ 2 _ Ty — j'YOxO <UO| (CL)]I - Heff)_l |U0> 2
o Zo
: _ 2
= |1 =570 (vol (WL — Heyy) ™" |vo)| (5.22)
1
where |vg) =
0

Let €4, |€a) denote the eigenvalues and eigenvectors of H.ss, as H.ss is complex symmetric
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matrix we can write

Hepy = Z €a|€a) (€al (5.23)

(e
Note that (e,| denotes the transpose and not the conjugate transpose of |e,) and (egle,) =

dpq.This also implies that we can expand (Wl — Hpp) ™! as:

1 _ Z |Z}a>_<iz| (5.24)

wll — Heff

then we can write Eq. 5.22

1 —j”YoZ (vo|

«

|€a) (€al

€a
W — €q [vo)

|R(w)]* = (5.25)

(volea)? |
. Vo |€a
= 1—]’702 o —c

a

Similarly, for transmission spectrum |T'(w)|* we have

YN-1
Zo

T (W)° =

2 ’—j\/VOVN—1$o (un—1 (Wl — Hepp) ™" o) r

Zo

= |—jvA0n—1 (vn-1| (WD — Hepp) ™" |vo>‘2 (5.26)

Using Eq. 5.24

2 2
. l€a) (€al - (un-1l€a) (€alvo)
T(w)]* = |—]\/707N—1 Z (Un—1] o —c [vo)| = |—Jv 0 IN—1 Z o — ¢
(5.27)
Going further, exploiting the geometry of the device allows us to write
~ ~ Kn - Tn
Hepp|vn) = fin |vn) + Jnet [Un—1) + o [Ung1) , Wherefi, = p,, — Iy =i (5.28)
0
and |v,) = | 1 | n'* row.
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Taking transpose and multiplying by |e,) we get

(V] Heyy l€a) = (Vn| fin |€a) + (Vn-1| Jn-1 |€a) + (Vni1] Jn |€a) (5.29)
= (Un| €al€a) = (Vn| fin |€a) + (V1| Jn-1|€a) + (Vnya1] Jn |€a) (5.30)
= (€a — fin) (Un]€a) — Jn_1 (Un_1l|€a) = Jn (Vns1|€a) (5.31)

Also using Eq. 5.23 we have

fin = (val Hegslon) = 3 o (valea)? (5.32)

Now we have all the ingredient equations needed for determining H.;s. The general method

we use for Hamiltonian tomography can be summarized as an algorithm SA1:

(i) Measure reflection spectrum |R(w)|? of the device and fit it to a sum N complex

Lorentzian functions to obtain all the €,’s and (vg|€,)’s using Eq. 5.25.
(ii) For the first site (n = 0), obtain the diagonal element fi,, of H.rs using Eq. 5.32.
(iii) Normalize Eq. 5.31 to then obtain the off-diagonal element .J,,.
(iv) Use the value of .J,, to obtain all the (v,+1|€q)s needed for the next iteration.

(v) Repeat steps 3,4, 5 for n > 0 until the entire H.s; has been determined.

We next demonstrate how the algorithm SA1 looks in practice:
(i) We begin with fitting the experimentally measured reflection spectrum |R(w)|* as sum

of N Lorentzians to obtain the values of 7,(vo|€q),€q as

2= 1—9 h = -7 2 =A Jbo .
|R(w)| jzw_ (o Ay | 7 here fa = wa JBas Y0 (Vol€a) o€’ (5.33)

From normalization it also follows that 3. (volea)? =1 = 3. A€/ = 7. Here, fitting

2

for the complex Lorentzians from the reflection spectrum |R(w)|* is done by minimizing
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the following expression to ensure that the finally fitted H.y; falls in the realm of physical
possibility:

Min {H |R(w) Zredicted - |R(w)|3neasured”2 +

Im <Z Aaej%> + Z |Im(JZ)|} (5.34)

(ii) For the first site (n = 0) we use Eq. 5.32 to obtain the diagonal element fiy as

flo = Z €a <00’604>2 = Z(wa - jﬁa)Aa6j¢a/70 (5'35)

(iii) Next we determine the first off-diagonal element Jy using Eq. 5.31 ((eq — fio) (vol€a) =

Jo (v1]ea)) for n = 0 and normalizing for 3~ (vi]e,)” = 1, giving:

Jo = \/Z((Ea — ﬁo) <vo’€a>)2 — \/Z(wa — jﬁaﬂo)ZAaej%/’Yo (5.36)

«

(iv) Finally, we can substitute the obtained Jy back into Eq. 5.31 to obtain (v;|€e,)s needed

for the next iteration as:

(vr]ea) = L= F 3()) olea) _ (e — IFa _Jf‘)) /dac (5.37)

(v) Next for n =1, carrying out steps (ii)-(iv) gives:

fy = Z €a (V1]€a)?, (€a — 1) (1]€a) — Jo (Volea) = Ji (vo]€a) (5.38)

o

then normalizing for 3, (vs]eq)” = 1 gives

Ji = \/Z((Ea — jin) (vilea) — Jo (vol€a))?,

«

(val€q) = (€ — ) <UI|EJC;> ~ o (wole) (5.39)

And so on for n > 1 we can keep iterating over the steps (ii)-(iv) until we obtain all the
fn, J, where n. € [0,...N — 1]. At the end of the algorithm we will have a successfully
mapped effective Hamiltonian H.s; describing the device. A couple of things to note in

the algorithm are: (i) We assume that all J,, have the same sign, and that it is a valid
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Al,0,

Figure 5.5: Heater design. (a) Device schematic depicting the electrical characterization
as voltage V;, is applied to the n'" site while measuring the transmission spectrum (d, =
14.66pm).(b) Exploded view of the TO island heaters. The heater consists of a tungsten
element sandwiched between alumina layers. Inset shows a false colored SEM image (scale

bar: 2um) of a typical TO island (yellow: tungsten, pink: alumina, teal: silicon).

assumption for our devices. (ii) The algorithm SA1 works for determining H.ry when we

fit the measured reflection spectrum |R(w)|* to a sum of complex Lorentzian functions to

obtain the eigenvalues ¢, and spectral weights (vgle, ). While we can also fit the transmission
spectrum |T'(w)|? to a sum of complex Lorentzian functions to obtain the eigenvalues €,s, as
evident from Eq. 5.27 we cannot uniquely determine the involved spectral weights (vg|es),

(un_1|€q) from such a fit.
5.4 THERMAL LAYER DESIGN & CHARACTERIZATION

Thermal control of the CCA has two primary design objectives: (i) minimizing the additional
optical loss incurred when introducing the heaters and (ii) reducing the thermal crosstalk be-
tween heaters, which need to be placed in close proximity owing to the small device footprint

necessary to obtain small mode volumes for each cavity and ensure strong coupling between
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the cavities while maintaining large free spectral ranges [15,24]. We meet both objectives by
engineering TO island heaters made up of tungsten (V') wires sandwiched between two alu-
mina (AlyOj3) layers (Fig. 5.5a, b). In such a configuration, the lower thermal resistance of
the alumina layers than that of the air/silicon oxide channel separating the islands allows for
a more directional transfer of thermal energy from the tungsten heaters to the corresponding
resonators. Since alumina is typically optically lossless in the telecommunication wavelength
range, the islands also allow for placing the tungsten heaters at an adequate distance from
the racetrack resonators. This ensures that the introduction of heating elements occurs
with minimal absorptive losses and allows for achieving much higher Q-factors required for
addressability of individual eigenmodes of a controllable CCA platform. Additionally, the
top alumina layer acts as a protective layer against oxidation for the tungsten heating ele-
ment [67]. In comparison, typical TO control schemes either rely on placing heaters on top
of a universal cladding [68] for minimizing additional dissipative losses or incorporating these
into the resonator structure itself using photoconductive elements [69] for extremely local
control. However, both of these approaches have major drawbacks. The former allows to
obtain very high Q-factors, it suffers from poor local controllability, with our island heaters
outperforming these by more than 50% in reducing stray effects of thermal crosstalk. On
the other hand, while the latter approach gives extremely local control, the photoconductive
elements used to do so inevitably limit the maximum achievable Q-factors due to dopant

implantation in the regions that host the optical mode.

5.4.1 Thermal simulations

In this subsection, we discuss the thermal simulations used to design the island heaters. For
a racetrack resonator we know that n.spl = m,uﬁ, where n.ss is the refractive index of the
racetrack resonator, [ is the length of the resonator, u is the onsite potential (in wavelength

units) and m € Z. Let a segment of length x be affected by change in temperature, such that
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Figure 5.6: Thermal simulation results. (a) Schematic depicting the device with conven-
tional TO heater sitting directly over the resonator separated by 1.5um thick oxide cladding
(label: Cladded). (b) Temperature profile (in K') across the cladded waveguide (cross-section
denoted by red dashed line in the schematic) when V,, = 0.56 V. (c) Schematic depicting a
device equipped with the island TO heater used in our paper (label: Island). (d) Temper-
ature profile (in K') across the island waveguide (cross-section denoted by red dashed line
in the schematic) when V,, = 0.56 V. (e) Plot comparing average temperature across the
straight segment (in yellow) of the (n + 1) resonator. (f) Plot comparing average tempera-
ture across the straight segment (in yellow) of the n'* resonator. (g) Plot comparing 7 factor

in % for the two device designs. (purple: cladded, pink: island).
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its refractive index is given by n(z). Resonance condition for the resonator then becomes:

ness(l — x) + /n(x)dx = m(u) + Apd) (5.40)

Removing the constant terms gives
/(n(a:) — Negp)dr = /An(m)dm =m(Au)) (5.41)

dn
Assuming a constant thermo-optic coefficient g7 We can write An(x) = pAT(z). Conse-

quently,

/pAT(:v)d:c = m(Au)) (5.42)

This implies that shift in onsite potential Au) o< [ AT(x)dz. To estimate this effect of
thermal crosstalk in our system and compare it with typically used thermo-optic (TO) heaters
we perform a set of thermal simulations using ANSYS Lumerical HEAT (Fig. 5.6). In Fig.
5.6(a) we have the schematic depicting a conventional TO heater, where the metallic heating
element sits directly on top of the resonator segment separated by a uniform and universal
1.5 pm SiOy cladding. In Fig. 5.6(c) we have the island TO heater design we used for
our device. For both these cases we have the CCA made up of only 3 sites with the heater
placed on the middle site (n!*). We then record the temperature profile in the shorter straight
segment (highlighted in yellow) of the racetrack resonators for the n'* and ((n+ 1) sites as
we vary the voltage applied V,, across the heater from 0 V' to 0.78 V. Then in Fig. 5.6(b), (d)
we plot the temperature profile (in K') across the waveguide cross-section (denoted by the
red dashed line in the corresponding schematic) for both the designs when 0.56 V' is applied
across the heater. In Fig. 5.6(e) we plot the average temperature across the segments given

by

Avg(T) = %

h site. Similarly, in Fig. 5.6(f) we plot the average temperature

(5.43)

for neighboring (n + 1)

across the segment for n'” site. It is clear from these plots that even though both heater
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designs cause a similar increase in the onsite temperature (n*), the average temperature in
the neighboring sites diverges rapidly between the designs with the temperature difference
already greater than 24 K at 0.78 V. To study the difference in effects of this thermal

crosstalk we then define a dimensionless parameter n given by

AMA-H
n=—"—= 5.44
A (5.44)
Using Eq. 5.42 we can write the above as
J_ A [ AT (@ [ (Te(r) - 30)ds 5.5
Ap) [ AT, (x)dx J(Tn(z) — 300)dz '

5.4.2  Characterization

We characterize the realized CCA by applying a linearly increasing voltage across each heater
one at a time and recording the respective transmission spectra. The eigenenergies are then
extracted from the recorded spectra and combined with our knowledge of Hgf > We estimate
the amount of crosstalk between the heaters. The change in the onsite potential Au, when
expressed in wavelength units is proportional to the square of voltage V,, applied to the n'”
site: Au) o< V2. Note that, we express the onsite potentials y, and eigenvalues e, of the
CCA in wavelength units as u) and ). We plot the effects of voltage V,, applied across
heater h, on the potential profile [1}] of the CCA in Fig. 5.7. The change in respective
onsite potentials Ay is represented by the radii of the circles, whereas the color of the circles
denotes the voltage V,, applied across heater h,. From the plot, we establish that thermal
crosstalk is already low between the nearest neighbors (n £ 1) and becomes negligible as we
go beyond the third-nearest neighbors (n 4 3). In order to obtain this plot we do a fitting
procedure described in the following paragraph.

Let voltage V,, be applied to heater h,, at the n'” site of the CCA. When only one heater h,, is
turned on at a time, using Ohmic heating law we can approximate the change in temperature
at n' site of the CCA as Avg(AT,) o< V,?/R, where R, is the resistance of heater h,. For

d
a constant thermo-optic coefficient d_;’ from Eq. 5.42 we know that Au) oc Avg(AT,).
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Figure 5.7:  Electrical Characterization. Plot showing the effect of heaters [h,] on the
potential profile across the device. The x-axis denotes the heater index h,, switched ON for
a particular set of measurements and the y-axis represents the change in potential profile
[Ap)]. The voltage applied for the measurement (V) across heater h,, is mapped to the color
of the circular surface and the corresponding change in potential is denoted by the radii of
the circle encompassing the surface (0.25 nm of change is depicted by the radii of the circle

in the scale bar).
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Figure 5.8: Thermal crosstalk extraction. Fitting accuracy for sweeps with only one heater
turned on at a time, where the x-axis denotes the voltage applied V,,, the y-axis denotes
the wavelength with the location of the measured eigenenergies is denoted by the dark black
lines in the background. The radii of the circles denote the deviation of the fitted value from
measured values (scale bar on top). The color of the dots denotes the overall prediction error

for that generation.
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Combining the above two relations using a proportionality constant k; allows us to write:
Apd = ki V2 /R, = a,V? (5.46)

where «,, = k1/R,,. Since only h,, is turned on, it also follows that for another site m in the
array, Ap), oc Avg(AT,). Introducing another set of proportionality constants (3, allows

us to write:
A = Bumo V2= B V?Z (5.47)

Using Eq. 5.46, 5.47 we can then estimate the thermal crosstalk by fitting for these coeffi-
cients ay,, 8., by calculating the change in onsite potentials and estimating the eigenenergies
of the modified Hg; whose initial state H_;,; was fitted with the procedure outlined in the

previous subsection.
[Ez]estimated = Elg(Hgff + [A:U’H]ID? [ANQ] = [Oén, ﬁ?lzm] [VnZ] (548)

We do this fitting for all the eight heaters [h,] to obtain corresponding s and 3/,,,,s; accuracy
results of which are plotted in Fig. 5.8. The x-axis denotes the voltage V,, applied to heater
h,, the y-axis plots the eigenenergies as wavelengths. The black lines in the background
denote the measured locations of eigenenergies on application of V,,, the size of the circle
denotes the error of the fit from the measured location of eigenenergy. The color of the circles
denotes the overall fit error for that particular measurement. The extracted values a,,s and

! . are then used to plot Fig. 5.7 where we use these to plot the change in Aus for all Vs

used in the measurements shown in Fig. 5.8.
5.5 CONTROL MODEL

We next model the CCA to accurately predict the eigenenergies of the system on application
of a voltage profile [V,,] = [Vo, V1, ... Vn_1] across the heaters. Here, we define a translation-
ally invariant function f which takes in the input voltage profile and predicts the change in

onsite potential when applied at each site. The function f consists of three sets of terms: (i)
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Figure 5.9: Electrical control model schematic. Visualization of the optimization process
depicting how the model takes in the system Hamiltonian H.;; and fits for the function f
which connects the applied voltage profile [V},] to change in onsite potentials. We predict the
position of eigenenergies on application of [V;] by calculating the change in onsite potentials
which lie along the Hamiltonian diagonal and finding the eigenvalues of the modified Hamil-
tonian. The optimization is initialized using H, gf s shown in the matrix form (only real part
is depicted). All entries are in GH z, with diagonal terms denoting the deviations in resonant
frequency about the mean (dark purple: +wve deviation, tan: —ve deviation) and super/sub
diagonal terms denoting the hopping rates. n &+ ¢ denote indices of sites in neighborhood of
site n on which the function f is being applied on. The coefficients (; are denoted in hues

of blue and ;5 are denoted in hues of purple

a fitting correction to the initial onsite potential denoted by d,, (ii) thermal contributions
from voltages applied across heaters in the thermal neighborhood of site n(n %+ 3) connected
through proportionality coefficients 3;’s (V;?), (iii) cross-terms connected through propor-

tionality coefficients v, x’s (V;Vi s.t. i,4,k € [n—3,n+3]) accounting for the thermal effects
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on heater performances by virtue of these being in the thermal vicinity of each other. We
also use an additional set of coefficients «,, to incorporate the effects of minor variations
in heater resistances due to fabrication inconsistencies. We then express this relationship

mathematically as
A,u?l = f([Vh]) = 6n + Z /Bi(@iVi?) + Z%‘,k(\/ ajaV;Vi) (5.49)
i Jk

Note that, we assume that f is translationally invariant, and hence the number of functional
parameters [3; and 7, needed to model the device behavior can be restricted to 3 and 12
respectively.
We visualize this process in Fig. 5.9 where we show how we can use the model to predict
the location of eigenenergies [e}] by finding the eigenvalues of the modified Hamiltonian.
Starting with the initial Hgf ; and updating its diagonal terms by evaluating the function
f at each site of the array for a particular [V,,] we predict the eigenvalues of the modified
Hamiltonian as:

[en]predicted = Eig(Hysp + [Apn]l) (5.50)
These predicted eigenenergies are then used to fit for f by minimizing the error obtained
by calculating the deviations from experimentally extracted eigenenergies across many mea-

surements (here we limit the number of measurements to 288).

‘[Ez]predicted - [‘Ez]measured|2

Error =

(5.51)

Inorm
The probability distribution of the fitting error normalized to the mean hopping-rate J,orm
is plotted in Fig. 5.10a. Finally, once we have identified f, we use it to predict the location
of eigenenergies for 20 randomly generated voltage profiles in Fig. 5.10b. The centers of the
circles in the figure denote the measured values of eigenenergies, and the error in predicted
values are represented by the radii of the corresponding circle. The net overall error for a
random generation is mapped to the color of the particular set of eigenenergies. From the
plot, we can see that the model allows for the prediction of the eigenenergies of our system

with greater than 96% accuracy.
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Figure 5.10: Eigenenergy prediction. (a) Violin plot denoting the fitting error normalized
to the mean hopping rate J,o., across 288 points. (b) Prediction accuracy plot where the
x-axis denotes the random generation, and the y-axis denotes the wavelength. The location
of the measured eigenenergies is denoted by the dark black lines in background. The radii of
the circles denote the deviation of the predicted value from measured values (scale on top).

The color of the dots denotes the overall prediction error for that generation.

5.6 CONCLUSION

In this chapter, we demonstrated a thermally controlled optical CCA which can be used
to realize a set of tight binding Hamiltonians with addressability to the entire quantized
eigenenergy spectrum. To ensure a compact device footprint and high ) cavities necessary
for reaching the regime of interacting photons and allowing access to the full quantized eigen-
spectrum [29], we engineered special TO islands heaters, which allowed reduction in thermal
crosstalk by almost 50% over previously reported works [68,70]. Our device design allowed us

to realize Q-factors more than 7.1 x 10* for heater integrated racetrack resonators. Finally, we
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presented a mathematical model which allowed for precise control of the eigenenergies of the
implemented Hamiltonians within an error of only 4% of the mean hopping rate. Our device
can already be used to simulate a number of single-particle physical effects like Anderson
localization [12] and the Su—Schrieffer—Heeger model [35]. One potential disadvantage of
using TO heaters is that our dynamic modulation rates are limited to the M H z regime [68]
which rules out the possibility to implement models like the Haldane quantum Hall effect
[71] requiring modulation of onsite potentials at rates comparable to the mean hopping
rate (& GHz). However, what TO heaters might lack, they make up for it by allowing
a larger range of static modulation and ease of scalability in comparison to say electro-
optical modulators which might be much faster but present far more challenges when it
comes to scaling to a larger number of sites [72]. Looking ahead, our TO island heaters
equipped CCAs are hence perfectly suited for implementing a large class of Hamiltonians
that do not require very high-speed modulation, such as the Hofstadter Hamiltonian [8,31],
SSH Hamiltonian [15,35] and non-Hermitian topological Hamiltonians [73], among others.
Further, leveraging the immense scaling potential of photonics, operating in a linear regime
the CCA can be scaled to sizes where it can be used to study classical and quantum bosonic
walks and solid-state lattice band structures [74]. While we did not demonstrate any non-
linearity, our CCA with high Q-factors and a cladding free design has the potential to enable
integration with excitonic materials [75], defect centers [76,77] and reach single photon non-
linear regime [78-80]. Additionally, adopting more complex control algorithms involving
feedback control [81,82] and data-based learning [83] in future works can help to improve the
accuracy of the realized Hamiltonians further. In conclusion, our work shows the scalability,
programmability, and measurability of photonic CCAs for the first time, and is a significant
step forward over state-of-the art photonic quantum simulators, which are traditionally not

programmable or tomographically mappable.
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5.7 EXTENDED DISCUSSION

5.7.1 Fabrication methods

# »
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‘ E beam
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Figure 5.11: Fabrication flow. The CCA was defined on a silicon on insulator (SOI) chip via
electron-beam lithography using HSQ resist. Cly gas was then used to etch the structures.
The resist was then removed using dilute BOE. For the deposition steps positive tone PMMA
resist was used for patterning. Bottom AlyOs layer is 265 nm thick and the sputtered
tungsten (1) layer making up the heating elements is 150 nm thick. The contact pads are
made up of 25 nm Ti / 325 nm Pt layers. The final Al;O3 cladding over the islands is
300 nm thick.

A silicon on insulator wafer (SOITEC) with 220 nm thick film of silicon on 3 pm thick buried
silicon oxide was diced. A 10 mm x 10 mm chip thus obtained was used for further processing.
After cleaning, the chip was spin-coated with Hydrogen silsesquioxane (HSQ) and exposed
using a JEOL JBX6300FS electron beam (e-beam) lithography system. After developing
in 25% TMAH, the chip was etched using an inductively coupled plasma etcher with a
Cly chemistry. The resist was then removed using diluted BOE. The chip then underwent

several cycles of patterning, followed by electron beam evaporation/sputtering of materials
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and lift-off to define the island heaters, and contact pads. The first of these cycles involved
defining the island pattern in positive tone polymethyl methacrylate (PMMA) resist using
e-beam lithography, followed by depositing 265 nm thick AlyO3 layer using evaporation and
finally lift-off to obtain the lower layer of the islands. The next cycle began by patterning
of heating elements using a similar PMMA based e-beam lithography step. A 150 nm thick
tungsten (W) layer was then sputtered, followed by a sonication-based lift-off to obtain the
heaters. The contact pads made up of 25 nm Ti / 325 nm Pt layers were then defined
using a PMMA based e-beam lithography followed by an evaporation and lift-off cycle. The
final 300 nm thick Al>O3 cladding over the islands was then obtained using a similar e-beam

lithography /evaporation/lift-off process cycle.

5.7.2  Quality factor extraction & considerations

The relevant Q-factors for us here are the Q-factors of the eigenmodes of the system which
effect Hamiltonian dynamics and the number of modes we can address for a given hopping
rate, and the intrinsic Qs of the cavities which act as a barometer of loss in our system due
to integration with island heaters. These can be calculated as follows: In the step (i) of the
tomography algorithm we fit each of the supermodes to a complex Lorentzian and hence
obtain both their eigenfrequencies and linewidths. The following table (Table 5.1) shows the

quality factor of each of the eigenmodes calculated using the relation:

Wa

Qa:m

(5.52)

where (), denotes the Q-factor of the eigenmode .

Additionally, after going through the entire tomography algorithm, we know all the complex
onsite potentials lying along the diagonal of the reconstructed Hamiltonian H.ss. Hence,
estimating the intrinsic the Q-factors of the cavities not directly coupled to the grating

couplers (n # 1, N — 1) is straightforward as their complex potentials can be expressed as
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Table 5.1: Q-factors of eigenmodes. Quality factors of the 8 supermodes of the CCA. The
average linewidth of the eigenmodes is 7.41 GHz and the average Q-factor is Avg(Q,) =
2.8 x 10

Qo @1 Q2 @s Q4 Qs Qs Q7
32432 32380 28314 21609 20394 23738 31814 31746

(fi, = pon, — Jkn/2,n # 0, N —1). The intrinsic Q-factor can then be calculated as:

_ Re(ﬂn)

The following table (Table 5.2) then shows the intrinsic Qs for the realized CCA:

Table 5.2: Q-factors of individual cavities. Intrinsic quality factors of the 6 internal cavities

(n € [1,6]).

Q@ Q2 Qs Qi Qs Qs
49821 28467 32146 32148 31137 711666

Finally, as we also obtained the coupling rate to the grating coupler from the algorithm
(v = 11.6 GHz), we can use it to estimate the average loss rate in the CCA from the

following relation:

Avg(ky) =2 ( me fin) ) (5.54)

Then the typical intrinsic Q can be estimated as

Avg(Re(fin))

Ava(i) (5.55)

Expected(Qintrinsic) =

which for our device gives Avg(k,) = 4.49 GHz, Expected(Qintrinsic) = 4.43 x 10%. We also

fabricated some add-drop filters (single racetrack resonators coupled to grating couplers on
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either side) on the same chip and measured their Q-factors before integration of the island

heaters. The measured data is presented in the table (Table 5.3) below:

Table 5.3: Q-factors of single racetrack resonators (in add-drop configuration) before the
addition of island heaters. (); denotes the loaded Q-factor, Q;ntrinsic denotes the unloaded
Q-factor, BW denotes the total bandwidth = loss rate + 2 x coupling rate.

No. QL Qintrinsic BW (GHZ)

18324 99920 23.96
2 8701 257775 22.9
3 8949 192177 22.28

The Q-factor of the add-drop filters post integration of the island heaters was found to
be similar to the Q-factor reported above for the main device. For example, for the add-
drop filter No.3 the Q-factors post integration were: @ = 7073, Qinirinsic = 45067 and
BW = 28.18 GHz. The intrinsic Q-factor matches very well with the Expected(Q;nirinsic)
calculated from the CCA device.

From our simulations in the above sections and measured data, we expect the major source
of loss in our device to be the scattering loss due to mode mismatch between the cladded and
uncladded sections of the racetrack resonator. We also used mode simulations to calculate the
worst-case power coupling between the modes (by estimating their overlap) to be 0.99675;
which is on the lower side, hence confirming our hypothesis. Additionally, based on our
analysis we can perform a back of the hand calculation to estimate the kind of Q-factors
we would ultimately desire in order to realize very large-scale systems made up of say 1000
cavities. We know that the energy band of a 1D infinite tight-binding model is confined within
+2J to —2J about the central potential [24]. As individual addressability to eigenmodes is
desired, the maximum number of cavities that can be present given the average linewidth of

the resonator can then be ball parked as N, = 4J/Avg(k,) where we assume small coupling
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rates to the input/output ports. We can then invert this equation to get an idea about the

Q-factors desired for a CCA consisting of 1000 cavities:

199.29
Expected(Qgesired) ~ Ncavﬁ = 1000

29 69 % 107 .
17 Ix 0072 = 0910 (5.56)

While this is an order of magnitude higher than the current reported Q-factor, in future
works we aim to reduce the loss in the constituent cavities by designing better mode matched
waveguide sections. We also plan to incorporate Euler bends [84] in our racetrack resonators

and further optimize the fabrication processes to improve the Q-factors of our devices.

1.5771 “oo,

1.575 .

n (refractive index)

1.573

1300 1500 1700
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Figure 5.12: Ellipsometry data of evaporated alumina. The refractive index of evaporated
alumina is measured using ellipsometry. The imaginary part of the index is negligible,
denoting that alumina is lossless in the window of operation of our CCA. n (1505 nm) =

1.57532.
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Chapter 6

OUTLOOK

In this concluding chapter, we examine some of our efforts in addressing the final challenge
in realizing a quantum simulator based on photonic CCAs: optical non-linearity. Realizing
on-chip optical non-linearity at the single-photon level is a difficult task due to the extremely
weak interactions between two photons. Despite this, the immense potential of having a sin-
gle photon non-linearity in optics has ensured that the area has attracted a lot of attention
from researchers.

As photons typically don’t interact except at very high power in bulk nonlinear materials,
one of the few ways to reach the quantum non-linear optical (NLO) regime is by utilizing
light-matter interaction. While light-matter interaction itself is typically small, it can be
enhanced using optical cavities, which allow confinement of light to small volumes for long
period of times. In fact, single photon non-linearity has been reported in organic material
integrated cavities [80] and atom-cavity systems [85].

However, the scalability requirements of quantum simulators mean that we need to realize
strong light-matter interaction on a photonic platform. Solid-state photonic systems based
on self-assembled quantum dots have been used to demonstrate photonic blockade and polari-
tons [86], but because it is very difficult to obtain control over their spectral properties and
locations on-chip, these too are not suitable to be used to realize non-linearity on a photonic
chip. On the other hand, while exploiting on-chip optical bulk non-linearities would have
been an ideal option to be used in a photonic CCA due to their compatibility with the other
three requirements for a photonic quantum simulator, the prohibitively large quality factors
required [87] mean that the limitations of current fabrication processes makes this route an

impractical solution for now. One potential alternative to these is solution-processed colloidal
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Figure 6.1: Fabrication flow for integrating PbS colloidal QDs with a photonic CCA. We
use 220 nm thick S7 on 3 pm buried oxide to fabricate the optical layer. The fabrication
process remains same as the last chapter up to this point. However, the next steps vary. To
integrate the colloidal QDs, we spin coat a 800 nm thick PMMA cladding layer and make
windows into it using E-beam lithography. We then spin coat a PbS colloidal QD suspension

at 750 rpm for 60 s to deterministically position the dots onto the racetrack resonators.

quantum dots (QD)s due to their low-cost chemical synthesis, straightforward deposition on
any substrate, and room temperature stability. These characteristics make them a promising
candidate for realizing scalable integrated quantum photonic platforms [88] and in the next
section, we briefly talk about the progress we made in integrating these to silicon-photonic

chips and the outstanding challenges ahead if this approach is to be employed.
6.1 COLLOIDAL QUANTUM DOTS

Building on a previous work from our group, which demonstrated the deterministic position-
ing of colloidal QDs in nanobeam cavities [75], we investigated potential ways to integrate
colloidal QDs with our photonic CCAs. The first challenge that we faced was that our pho-
tonic CCAs operate in the telecom wavelength regime using silicon photonics to ensure the

best pathway forward towards scalability. Therefore, we needed to find alternative colloidal
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QDs which emit in a similar spectral regime. Recently, solution-processed lead sulphide
(PbS) colloidal QDs were used to demonstrate infrared lasing in telecom window using dis-
tributed cavity structures [89]. Building on this work, we investigated if it was possible to
integrate similar dots with our racetrack resonators. To accurately position these dots on
the racetracks, we modified our fabrication process of the optical layer to integrate QDs. In
the updated process, we spin coated a polymethyl methacrylate (PMMA) cladding layer on
the chip and used E-beam lithography to define a window over the resonator regions. This
allowed us to very precisely control where the colloidal QDs interact with the optical mode

of the resonator. The modified fab flow depicted in Fig 6.1.

The fabricated device is depicted in Fig. 6.2 (a). The racetrack resonator used has a bending
radius of 5 um and straight sections that are 10 pm and 3 pm long. The PMMA window size
is 30 pm x 30 pm and the windows are defined such that PbS dots don’t affect the coupling
region between the racetrack resonator and the input/output waveguide. Once the device
was fabricated, we characterized it by performing photoluminescence (PL) measurements.
In Fig. 6.2 (b) we plot the cavity coupled PL spectrum, where we can clearly see the cavity
modes over a broad PL background coming from the colloidal QDs. A broadband super-
luminescent diode (SLED) was used to pump the dots and the PL coming out of the grating

couplers was collected with the aid of a pin-hole in a confocal microscopy setup.

Despite this preliminary success, there are some big challenges that lie ahead if these colloidal
QDs are to be used to obtain optical non-linearity. These include: (i) while the solution-
processed QDs provide ease of scalability to a large number of sites, these suffer from large
dephasing rates; (ii) In our experiments, we found that the spectral properties of these dots
can vary over short durations of time by changing chemical structures caused due to thermal
and optical excitations while pumping. In a previous work, we proposed an experimentally
feasible approach to deal with the first of these problems and engineered a system of two
cascaded photonic cavities to generate indistinguishable single photons from very dissipative
colloidal QDs [79]. The general idea behind the device was as follows: using a device made

up of two weakly coupled cavities, only one of which is coupled to a single colloidal QD, we
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Figure 6.2: PL characterization of the coupled QD-cavity system. (a) Optical microscope
images of the device showing PMMA window over the racetrack resonator with the spun on
PbS colloidal QDs visible as brownish coffee-stains. On the right is a zoomed-in image of the
window region, where we see clearly the PbS dots physically in contact with the resonator
waveguide. (b) PL spectrum for the racetrack resonator coupled to PbS dots is observed in
the telecom regime against the PL background of the bare QDs. The cavity coupled PL is

only collected from the grating coupler using a pinhole to improve the signal-to-noise ratio.
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operate in a regime where the emission from the dissipative QD can be funneled through the
cavities to get highly indistinguishable output photons at somewhat low efficiencies. The
proposed device design is depicted in Fig. 6.3 and a detailed discussion can be found in
the referenced work. A big drawback of the above scheme is that it does not take care of
the chemical instability issue and relies on there only being a single QD coupled to a cavity.
Further improvements in the chemical synthesis of these dots as well as the development
of more sophisticated methods of placing these dots on cavities are needed before solution-
processed QDs can be used for obtaining single photon non-linearity at scale on a photonics

platform.

(a) (b)

Figure 6.3: Experimental proposal to overcome dephasing rate limitation in colloidal QDs.
(a) Design schematic depicting colloidal QD with decay rate v and dephasing rate v* coupled
to the nanobeam cavity with a coupling rate of g. The nanobeam cavity has a decay rate x;
and is coupled to a ring resonator with a coupling rate J. The ring resonator has a decay
rate of ky. The QD is excited by 3 ps wide pulse with an amplitude of P, = 120y. The
output is collected from the waveguide coupled to the ring resonator. (b) SEM image of a

fabricated device structure inside the dotted black box shown in (a).
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6.2 CONCLUDING REMARKS

In this dissertation, we developed the design principles needed to realize photonic CCAs
suitable for quantum simulation. We then experimentally demonstrated 1D photonic CCAs
designed in accordance with these principles, which, when integrated with non-linear optical
materials, would allow the realization of non-linear quantum Hamiltonians on a photonic
platform.

However, as discussed in the last section, a significant amount of work needs to be done in
order to realize scalable on-chip optical non-linearities. One of the more promising direction
for exploring optical non-linearities in photonics comes from the recent progress made in
induced defect centers in Si and SiC platforms. These emitters have already been shown in
St to allow for deterministic placement on a wafer-scale [90], emit single photons [77], and
in Si1C' have been used to demonstrate optical super-radiance and cooperativities as high
as 0.8 [76]. Our photonic CCAs, with their cladding-free design and extremely small mode
volumes, are an ideal platform for investigating the possibility of realizing photon blockade
and single-photon non-linearity using such defect centers on a foundry-compatible solid-state
platform.

Another obvious direction that needs exploration is extending the device from 1D to 2D
and therefore expanding the scope of Hamiltonians that can be implemented. While the
scalability condition for the photonic CCAs remains the same in 2D as in 1D, we need to
develop more sophisticated control protocols that allow control on a 2D-plane. Additionally,
while the tomography algorithm described in Ch. 4 and Appendices A, B is applicable for
2D photonic lattices, it still needs to be experimentally demonstrated for 1D non-linear and
2D Hamiltonians. One of the 2D Hamiltonians of interest in this regard is the strained-
graphene Hamiltonian, which was recently used as an illustrative example to demonstrate
tomographically mappable topological optomechanical superconducting lattices. We can
implement a similar structure in S? photonics and use our developed algorithm to find the

Hamiltonian of the realized device. In Fig. 6.4 we show optical microscope images of such
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2D devices implementing the strained-graphene Hamiltonian and square lattice Hamiltonian,
which are fitted with grating couplers along one of the edges as these are the minimum number

of measurement ports needed to tomographically map the implemented Hamiltonians.

"
CICIC )

111

Figure 6.4: Optical microscope images of 2D photonic CCAs. (a) CCA implementing the
strained-graphene Hamiltonian, scale bar: 20 um. (b) CCA implementing a square lattice
with real hopping rates, scale bar: 15 um. The CCAs are fitted with grating couplers along

one of the edges.

Another aspect of the optical design of CCAs that is of potential interest is the further re-
duction of mode volumes of the cavities that constitute the CCA to enhance the potential
for light-matter interaction with the integrated materials. This, however, needs to be done
in a manner that does not affect the scalability or addressability of the realized CCA. While
the photonic crystal cavities allow for ultra-small mode volumes [91] it is in general hard
to scale these to a large number of sites due to fabrication disorders [38] and their phys-
ical geometry not being readily amenable to a lot of interesting lattices. Recent progress
in inverse-designed photonic cavities and cavity couplers [92] has opened a new avenue of
research in implementing photonic CCAs consisting of high-@QQ and low mode volume cavi-

ties. As these inverse designed structures can be designed to be foundry compatible [93] they
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avoid the scalability issue faced by standard photonic crystals. Additionally, as we have more
control over the design parameters, we can use these to implement lattices in geometries and
Hamiltonian elements in ranges that are not typically achievable using other methods. For
example, in Fig. 6.5, we depict some of the coupled cavity structures we have fabricated up
to this point (we thank Geun Ho Ahn and Prof. Jelena Vuckovic from Stanford University
for helping us on this project and providing us with these designs). More investigations are
required to characterize the exact coupling rates in these structures, but our preliminary
measurements suggest that these allow us to achieve Q-factors in the order of a few tens of
thousands and coupling rates exceeding 1 nm at telecom band frequencies. It can be inferred

from the images that inverse designed structures are greatly promising for realizing unique

lattice geometries with ultra-low mode volume resonators.

Figure 6.5: Images of inverse designed, coupled Fabry-Perot cavities. (a) SEM showing two
Fabry-Perot cavities coupled via a two-way coupler, scale bar: 2 pym. Inset shows a zoom
in of the coupler region, scale bar: 200 nm. (b) SEM showing three Fabry-Perot cavities
coupled via an inverse designed three-way coupler, scale bar: 10 pum. Inset shows a zoom
in of the coupler region, scale bar: 500 nm. (c) Optical micrograph of a snowflake shaped

CCA realized by showing six three-way couplers, scale bar: 10 pm.
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Appendix A
SINGLE PHOTON SCATTERING TOMOGRAPHY

A.1 MODEL

For reconstructing the linear part of the Hamiltonian we restrict ourselves to single photon
excitation subspace. The Hamiltonian of the photonic lattice (V, ) in this subspace can be
written as (basis restricted to 1 photon):

HY = Zuvalav + Z Jwalau (A.1)

VeV uweE

where the parameters J,, € C (the coupling strengths s.t. J,, = J; ), i, € C (the onsite
potential) need to be tomographically mapped. Experimentally, we have access to the single
photon reflection and transmission spectra for all the sites forming the outermost perimeter
V. From one-photon scattering theory we know that the transmission and reflection spectra

of a photon lattice is given by [46,60]:

2

(Glay[r) (18 |at) G)
’TU,U(WMQ = Y Vu Z " E(l) (A2)
2
] Gla, 7“&1) ZS) a:f] G
Ry u(@)? = |1 - g, 3 12 _>; 2 416 (A3)

where 7,7, denote coupling rates to input/output ports at site u, v, (l&l)\, \r&l)) denote the
left and right eigenvectors of H in the 1% excitation subspace and |G) denotes the vacuum
state of the lattice with zero photons. Fitting these spectra then allows determination of the

eigenenergies of HM: E,gl), as well as the coefficients:

M., = (Glayri) (Wl G), ¥ w0 € Vo, (4.4)

,v,U

where we note that: > My, = 6y

)
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A.2 ALGORITHM

The tomography can be then performed as follows: Let N, denote the neighborhood of site

vst. Ny=u U v s.t. u € Vy,v' € V;. We can expand about v to write:

(Eg) - :uv)<v|r¢(x1)> = va Z Jvu u|r (A'5)
UE Ny, —0’

(B — o) (D) = T 00+ > T5 (0 |u) (A.6)
UEN, —v’

Now, multiplying Eq. A.5 by <l&1)\v) and summing over « gives ji, as:
Z E a v,V (A?)

To get J,, we multiply Eq. A.5 by (l&1)|u> and sum over « to get:

JU7U = Z(Eél) - ,uv a,v,u Z E 1)Mavu (AS)

07

Multiplying Eqs. A.5, A.6 and summing over « then gives:
D EY =) Mapw = Y ol + [ (A.9)
a uEN, v
This allows us to obtain Jy , = [Jy |
Now taking all the terms associated with sites in V) onto L.H.S. and again multiplying Eqgs.
A5, A.6 gives:

(B = ) (olr) = uululr )| [(BD = ) (P = >

uENy—v’ UEN, —v’

= |Jy oMy v (A.10)

Using the values of experimentally extracted My v, Mauw, Moy us ¥ U1, U2 € u gives us the
values of M, v V a. Now multiplying Eq. A.5 by (lé1)|v> , rearranging the terms and again
using M, ., also gives:

1
Moo = (B = i) Mo — S Jv7uMa7u,v} (A.11)

!
v v
’ UENy—v’
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and similarly multiplying Eq. A.6 by <v|r&1)> , rearranging the terms and using M, , ., gives:

Ma,v,v’ -

Ji (BD = )Mo — S J Mu} (A.12)

!
v,v UEN,—v'

To complete the recursion now we need to find My, o, Mo o, My, W, Where uw € Ny—v" =

U (Ny N V). First for My s, we know that:

Mewt oMo u Mo = ' [r8) A8 [0)o]rED) A8 u) (ulr ) (1D ) (A.13)
= Mo oMowuMaww = ' [rEY AP 0] 0P o) (ulr8) I u) (A.14)
= My o MavuMonw = (v’|r&1)>(l [u") Mo .0 Moy (A.15)
M, o oMoy oMoy
— Ma o = av viVlavuVlauu A16
T MO{,U,'UMQ,U,’ZL ( )

Similarly M, . .+ can be written as:

Ma,u’,uMa,u,v Ma,v,v’

My = A7

o Ma,u,uMa,v,v ( )
Similarly for Mo, s

Moty o Moor gy = ([ rO YA 1) (0 [r D) (U0 i) (A.18)

= Mo g o Moy, = (i |rS) (0 ) (0[S (10 0') (A.19)

M Ma,ul U’Mav Juh A.20

e au u = .
g = (220

At the end of this part we have determined H® + H®  and hence the eigenvectors |r&1)>,
a1 v a.

A.3 ILLUSTRATION OF ONE EXCEPTIONAL CASE: CORNER OF A SQUARE LATTICE

As we discussed in Ch.4 not all hopping rates along the edges connecting two arbitrary
perimeters V,,, V,11 can be assumed to be positive. We dealt with the general anomalous
cases in the chapter. Here we will illustrate a very commonly encountered sub-case of the

general exceptional cases: the case of a corner of a square lattice depicted in Fig. A.1.
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Figure A.1: Schematic depicting a corner of a square photonic graph. The algorithm allows

us to assume hopping rate along one of the edges to be +uve.

We first expand about v, to write:

(B — o) valrl)) = Jur (010

(Eél) - Nva)as) |Va) = J*
and about v, to write:

(B — to)(wolrl)) = Ty

(Eél) - :uvb)<l((xl) ’Ub> vb v’

UE Ny, —v'

Z l(1)|u

UE Ny, —v’

DL Jualulrd

uENub —v’

Wi+ Y T (10 )

uGNUb—v

Z Jva,u<“|ré1)>

(A.21)

(A.22)

(A.23)

(A.24)

In the closed loop formed by v, v,,v’, v, we can assume one of the non-determined edges to

have a +ve hopping rate. Let J,, ,» be such that |J,, /| = Jy, . Then we want to uniquely

determine J,, ,» and the rest of the quantities needed for the continuation of the algorithm.

Let u,,up denotes sites as u, € N,, —v' and u, € N,, — v'.
9 a b

For site v, we can use the
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following relations without any change:

Hog = Z E(()zl)MOCﬂ)aﬂ)a (A.25)
Jogua = Y B Moy, (A.26)

Multiplying Egs. A.21, A.22 and summing over « then gives:
2 (Ba= o) Moo = D Mowirs + i (A.27)
o UaqENyy —0’

This allows us to obtain J,, v = |Jy, /|-
Now taking all the terms associated with sites other than v" onto L.H.S. and again multiplying

Eqgs. A.21, A.22 gives:

(BD = ) @alri) = 30 e (o) | [ (B = p ) (D)

Uaq €Ny, —0’
- ¥ J;m<z§>|ua>}:|Jvam,\2Mw,,v, (A.28)
Ugq € Nyy =0’

Multiplying Eq. A.21 by <l&1)|va> gives:

1
7 |:(Ec(x1) — Hoa) Mavava — Z J'UavuaMOév'UavU/ai| (A.29)

/
a, Ua,EN'ua —!

Ma,v’,va -

and similarly multiplying Eq. A.22 by (va|7’&1)) , rearranging the terms gives:
1

= 7%
Jva !

Ma,va !

[(Eél) = v ) Mav,,v, Z J;a,uaMa,va,ua} (A.30)

Uaq €Ny, —0’
Now using the closed loop formed by v, v,, v', v, we can write:

Ma,v’,va Ma,va,vMoz,v,vb

My ot oy =
a,v’ vp
o Moz,va,fua Ma,v,v

(A.31)

_ MCM,U{, U Ma,v,va Ma,va,v’

My = —Ctts (A.32)
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The equations for site v can be written trivially. Finally, for site v, we have:

poy = > BV Mo, 0, (A.33)
va,ub = Z Eél)Ma,ub,vb (A34)

and finally to determine the complex J,, ,» we can now just use Eq. A.33 to write:
Sy = Z Etgl)Ma,vb,v’ (A.35)

Which completes the illustration.
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Appendix B
TWO-PHOTON SCATTERING TOMOGRAPHY

To construct the non-linear part of the Hamiltonian we need to work in a higher excitation
subspace. The simplest of these is the two-photon subspace. The Hamiltonian of a photonic
lattice in the two-photon excitation subspace can be written as a part of the full Hamiltonian
as (basis restricted to 2 photons):

=3 palay+ Falfal+ 37 Jafan = HO + HO + 1 (B.1)

veV uweE
where the parameters y, € R (the onsite anharmonicity) need to be mapped. The most com-
monly used two-photon measurement is the second-order auto-correlation function ¢ (0, w).
We use two photon scattering theory to determine the expression for 9(2)(0, w) in the next

section.

B.1 TwO-PHOTON SCATTERING

To calculate g (0, w) we first need to find the two-photon correlation function under a weak
continuous laser. Let the two-photon correlation function when the input laser at frequency
wy, is parked at site u and scattered photons are collected at sites v, w at time 71, 75 be given

by Fyvw(Ti, T2, wr) where v,u,w € V,. Then the second-order auto-correlation function

gq(,?q)L(O, wr) measured at site v when input laser is parked at site u can then be written as [60]:

_ 7v7u|Fu,v,v(07 07 wL)P
4|Tv,U(WL)|4

950, wr) (B.2)

where ,,7, denote coupling rates to input/output ports at site u,v. Hence, we need to

determine an expression for F,, , ., (71, 72, wr), To begin we can write:

o)

Fu,v,w(7—177—27wL):/ (GIT {au(n)aw(r)al (h)al(ts) } |Ghe Dty dt,  (B.3)

t1,ta=—00
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where |G) is the ground state of the photonic lattice, 7 indicates chronological ordering

which for a given set of time indices orders the operators in decreasing order of the time

indices and the operators a;(t) are given by a;(t) = e/ftae™*. Since the above expression

is symmetric with respect to exchange of time indices 7y, 75 and t;, ts we can without loss of

generality assume that 71 > 7 and ¢; > t5. Then we can split the integral into two cases,

depending on whether 7y > t; > 7o >ty or 71 > T > 11 > to.
Fu,v,w(Tl, T2, wL) =2 (Il + IQ)
s.t.
T1 T ]
I; :/ / €_J°’L(t1+t2)<G|av(71)dl(tl)dw@b)al(tg)|G>dt1dt2
t1=72 Jita=—00
T2 t1 A
b / / eI (Glay (11 )i (72) ] (0)al (12) | G)
t1=—00 J ta=—00

First evaluating I;:

L =/ / e 1Lt (Gla, (1)) al (1) |G (Glaw (r2)al (t2)|G)dt, dts
t1=72 Jta=—00

= / eI (Glay, (1) al (£)|GYdt / eI (G (7o) al (t2)|G) dty
t

1=72 f2=—00

The second of these integrals can be evaluated as (note that: e 777|G) = |G)):

T2

T2
A L e
t

9=—00 to=—00
M
/ et 3 (Glawlri ) 1l Ghe T iy

= > (Glalr) \auG>eﬂ‘E’9)”/
t

k 2=—00

2 , (1)
eith(wLiEk )dtz

1 1
3 G\awrr< DIUSIAS

k k _WL)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)
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Similarly for the first integral:

T1 1
/ e (G ()il (1) |Gty = / e (Gla,e Mgl [Gydty (B.13)
t

1=—T2 T2

/ et 3(Glagri I at | GYe B (=) a, (B.14)

T1
= (Glau|r") 1)IaL|G>/ eIt =il T gy, (B.15)

k I

My (1)
— Z (Glay|ry, ") {1y, |af|G) eTIwrm (1 — e_j(El(cl)_‘”L)(Tl_m)) (B.16)
B0 _
k J( wr)

Hence I; can be written as:

(Glayr)) (1) |at] G (Glaw|rey (1) |at|G)

) (1) )
L= Z — u eI (] — e 9B, _WL)(Tl—T2)) Z : 11 e—IwLT2
T J(EBY —wr) " J(EY —wrp)
(B.17)
Moving onto I5:
2 t1
12 :/ / €7ij(tl+t2)<G’&U(Tl)&w(TQ)&L(fl)&L(tQ)’G>dt1dt2 (Blg)
ti=—o0 Jitag=—o0

T2 t1
— / / e_JwL(tlJ’_tQ)<G|CLU€_JH(1)(71_7—2)aw€_jH(2)(T2_t1)aL€_JH(1)(tl_t2)al|G>dt1dt2
ti=—0o0 Jta=—00

(B.19)
1)y /(1 2 1 B (7 -
= > (Glaulri Y0 Jawlri Y (3 laf i) () [af | Gye 5 P (B.20)
k3,k4,ks
where
2 t1 L (2) (1) .
ITz,k4,k5 = / / e_JEk4 (Tz—tl)e—JEkS (t1—t2)e—]wL(t1+t2)dt1dt2 (BQl)
ti1=—0o0 Jta=—00
] _,E(Q)(T —t1) _ipWy — t1 jta(w E
:/ e kg (2T T Bl Pl g mIWL 1/ e JWLT dtg dty (B.22)
ti1=—0o0 to=—o00
2 , *jtl(wL*E;(C?)
:/ e_JEl(ci)(TQ_tl)e_]El(c;tle_Jthle. 0 dtl <B23)
t= J(Ey, —wr)
™ git(2wr— E) —]E<2) 6—j72(2wL—E£i))e—jE(2)
- / B0 th =" 0 (B-24)
t1 ](Ek5 —wr) (Ek4 - QWL)(Ek5 —wr)
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which leads to

1)\ /(1 2)\ /(2 1 —jeM (r1—12) o
S (Glau|riY (U |aw [ rEY 2 |ad ) 15D al |Gy eI %s (17T gmizonm

3

Iy=— 2 1
ks, ka, ks (E1£4) - QWL)(EI;) —wr)

(B.25)

Now of particular interest to us is the case when 75 = 0,77 — 7 = 0. Fy,.,(0,wr) = 2(0+ 1)

as Iy = 0 when 7 — 72 = 0. Hence F,,,,(0,wy) can be written as

Gla, l(l) " l(2 t l(l) e
Frn(0.0) = 3 (Glao|ri)) (1) law|r2) (2 al ) (14 |} |G) (B.26)

2 1
k’3,k24,k5 _05(E]£34) - 2W)(E](€5) - (,U)

Substituting the above in Eq. B.2 then allows us to obtain the second-order auto-correlation

function g\’ )(O,w) as

982 (0,w) =

2
(AT ST T G AT CAT ST AT R

4 2 1
ATt |, o=, —0.5(EY) — 2w)(ES) — w)
where we have substituted for the specific case of interest where v = w and changed the
counting coefficients to a,s for sake of clarity.

Fitting for the spectrum then additionally allows determination of the eigenenergies of H

within two-photon subspace, E(g?), as well as the coefficients:

MY = <G|av|r )( (1)|av|r )( (2)|af|r(1)><lgg|a£|G> Y u,ve,. (B.28)

o,V U

where @ denotes a list of coefficients (ay, ae, 3). Note that we know already know the values

of E{) and <G|av\r&11)>(l&?\amG) Voay, a3 and v,u €V .
B.2 ALGORITHM

In this section, we look at the two-photon scattering tomography algorithm in depth. Ex-

perimentally measuring g( )(0 w) allows us to uniquely determine M £2) and E? V @ =

v,u

(o, 0, 03), v,u € Vp. This implies we can obtain the operators Oawu of the form
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av|r((122)> <l((122) lal as:

> e
Og)vu = | (1)> < al rc o <B29)
> at,as ’ <G|av’7na1 >TC< as |aL|G>7‘c
1 1 2 2 1 1
08, = 3 [rly, 0y, SClalred )l ol G labrea) Qs lalIG) - g
(Glay|rs)), (185 G)re
Gla, l(l) él) e
— Z ’T‘(l) 1 (1)|a |7, ><l822)| | (1)> < |a | ><T 3|a | > (B?)l)
s (Glay|rs)) (18 ab| G)re
= Z |T |(IU|T ><l((122)’a:r¢’r((xt)><lt()i)|7”c (ei)e}rl;se Correctlon) (B32)
a1,03
=pU |T(2)> c(lg?|maLP(1) = av|7’é22)>m<lé22)|rcal (B‘?’S)

where the label “rc” is used to refer to the vectors in the reconstructed global basis obtained
after running the linear part of the algorithm. This is different from the measurement basis
of M ggu and we need to do this transformation before proceeding further. From here on
out we will exclusively work in this reconstructed global basis and will hence drop the labels

rc”. Additionally, P! denotes the projector onto 1° excitation subspace (reconstructed

basis). The projectors onto the 1% and 2"¢ excitation subspaces can in general be written as

Z ‘T'Oq Oq P(l) Zajn’G> <G|am (B34)

1
Zlm Ql=P® = 23" alaf|G)(Clana, (B.35)

n’p
Note that as we already know the values of |r£33>, (l&?| V oy, ag the experimentally obtained
operators can then be used to calculate coefficients of the form of: (lg11)|av|7“&22))< levs |aT |7"(1)>
(1) (afaw)au i) (167 b1}, (162wl 1E2 o (alan) [r6) ¥ en, a2, 0
Before going forward let’s evaluate two more quantities that will be of used later on:

> (a2l Ir)y = 37 Tr (kD a1 al)  (B36)

1,002 Q1,002
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(Z r) (1 Uaﬂré?ﬂl@]ain) =Tr (PWa,PPal) (B.37)
1
=Tr (Z aL|G>(G|aaap§ Z aLaL|G>(G|a5a7afﬂ> (B.38)
a By
1
= §Tr (Z al|G)<G|aaapa;aL|G)(G|alga7a:rn) (B.39)
By
1
=3 Z Tr <aL\G)(G]aaapaLaMG)(GmBavajn) (B.40)
@By
= £ 3 (Glasalal|G){Glaaayabal IG) = (N + N) (B.A1)
a,B,y

for any p, m in the graph G. Note that we used the fact that (w;|we) = Tr(Jws)(w:]). And

secondly,
> (W labalrEH AR rl)y = > Tr (Iri)) A Nabaplr$) (1) ah) (B.42)
aq,02 1,002
(Z |r(1) ai\r&?)(l&%al) =Tr (P(l)az,af,P@)a;) (B.43)
a1,000
51
=Tr (Z al |G)(Glaqal p2 Zaga2|G><G|a5a7a;> (B.44)
@ Byy
1
= §TT' (Z aL|G>(G!awiaia},ai](l}<G\aﬁa7az> (B.45)
By
1
=3 Z Tr <a2|G)<G|aaa;a;a}'3afy|G><G|a5a7a;) (B.46)
By
1
=3 > (Glaga,alal|G)(Glanalalalal|G) = 2 (B.47)
By

Now for v € V, we can write:
a, H|rl)) = EQalrl)) = (8 |acHrS)) = EQN |aulrl) (B.48)
Using the commutator relation of a,, H gives

< |avH|r(2)> (l&ll)|[av,H]+Hav|r&22)> (B.49)



= (I Maw, H][rZ)) + EQ (1) aulr)) = BN |aulr)

Evaluating the commutator [a,, H]:

lay, H av,ZMn an) Xn al? 2+ZJmn al a,)] =0 when m|n # v.
Hence,
[y, H] = [@vauval Ay TQ 2+ Z Jm"a )
nlm=v

Using the following commutator properties,

[ay, ayal] = [a,, a,)al + a,fa,, al] = a, ¥ p # v.
[a,, avaL] = [ay, av]a}t + a,|ay, alu =0V p#o.
[ay, ala,] = [ay, al)a, + al[a,, a,] = a,.

2 2 2 2 2 3
[ay, al?a?] = a,al?a? — al?a?

[av 2 aT av]ag = [avv a?]av

= ([av, al]av + a,lay, al])af) = 2ala3.

We obtain,

[ava H] = HypQy + XUCLI)CL?) + Z Jv,uau
u€ Ny

Substituting into Eq. B.50 we have

o Z (1)|‘IU|T + Xv< (1)|a |7"£u22)> + (Mv + Ec(ull) - EC(MQ))< (1)|av|r(2)>

u€ Ny

Similarly we can write the dual of the above set of equations as:
(1) Hal = B3\l = (&) Hal|rl)) = EZ)(E)allrE)
Using the commutator relation of H, aj, gives

(P [Hal Yy = (P|[H, af] + ol H|r())

0
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(B.50)

(B.51)

(B.52)

(B.53)
(B.54)
(B.55)

(B.56)

(B.57)

(B.58)

(B.59)

(B.60)



= (IH, al]lrl)) + B AR allrl)) = BE) (3 1allri))

a2

Evaluating the commutator [H, al]:

— Z“" an) X” al? 2+2Jmna an),al] = 0 when m|n # v.

Hence,
[H,al] = [ala, + 3al’al + " Jnaalanal]
nlm=v
Also,
[apal, a:r;] = ap[al, a:r)] + [ap, v] a, =0V p#wv.
[aval, al] = a,[a}, al] + lay, al]al, = af ¥ p # 0.
laba,, al] = alla,, al] + [al, af]a, = af.
[al?a?, af] = al*ajal — al’a} = al?[ala] — alal] = al?[a}, o]
= al ([ay, al]a, + al[a,, al]) = 2ai%a,.
Giving,

[H, al] = poal + xoal’ay, + Y Juval,

ueNv

Substituting into Eq. B.61 we have

Juw > (IDallr®)) + xo (1) 1alau|rl)) + (o + ES) — ED)Y(IQal|r()) =0

u€ Ny

We now define the coefficients ngnn = <l&13|0&?,m,n|r&13)) = <lé11)|am|r&22))(lé22)|ajl|ré13)).

To find x, we multiply Eq. B.58 by <l&22)|a:f)\7“&11)> and sum over aq, s to get:

0+ 2Xv + Z (,U/y + ESQ) - Eéi)cgl)}m =0 s.t. a1 = Q3

1,002
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(B.61)

(B.62)

(B.63)

(B.64)
(B.65)
(B.66)

(B.67)

(B.68)

(B.69)

(B.70)

(B.71)
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Note, that if we know the value of coefficients C’am at any point we can revert back to

operators O&?}mm at any time using the relations:

,n

as a2,m,n

D I anlr & 2 al IS (5] = PPan|rl)) (1) ol PY = OF) (B.72)

1,03

and consequently also calculate the coefficients <l((y11)|(aT am)am|7“&22))<lé22)|aL|r&13)>,

( |am]r(2)><l&22)|czll(a;gan)]r%)> which we will denote by Q% Ri m.n respectively go-

a,m,mn’
ing forward.

Now multiplying B.58 by (l%)|al|7“&11)> and rearranging terms gives:

1
OO_Z,U’,U - - ( Z Jv,uC&,u,v + XUQ&’,U,U + (,uv + Eéll) - E(EZ))CO_Z,U7’U) <B73)

JU v’
’ UE Ny, —v’
where v' € V;. Next multiplying B.58 by (1(2 lal, \ra d> where u; € u and rearranging terms

gives:

O&,v’,ul -

( Z Jv,uO&,u,ul + XvQéZ,U,ul + (ﬂv + Eél) Eé?>0d',v,u1) <B74)

UuEN, —v’

v,v

For the duals, we multiply Eq. B.69 by <l&11)|av\r&22)> and rearranging the terms gives:

Cd,v,v’ = ( Z v,u a U, + XvRa v,v + (Nv + Ec(yg) ,gi))cd’,v,v> (B75)

U 0 N\yeN, —v'

And then multiplying Eq. B.69 by (lg(31)|ozu1 |r§2)> and rearranging terms gives:

Oﬁ,uh

(Z wCaanu+ XoRau o+ (o + ES) — (2))O&U1v) (B.76)

UU UE N, —v'
Now to set up the recursion in the algorithm we first calculate Cg ., by multiplying Eq.

B.58 by <l&22) |ai,|r&13)) and rearranging terms to get

1
C&',v’,v’ = - ( Z Jv,uCo'Z,u,v’ + Xon'Z,v,v’ + (,Uv + E((Xll) - E(()Z))C&',v,v’> (B77)

Jv’vl u€Ny—v’
where we used values obtained in Eqs. B.75, B.76. To complete the recursion now we need

to find Cg v, Caw s Cang g, Where u' € Ny — 0" = v U (Ny N V). First for Cg o, we
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know that:

Cawr vCawuCamu = (U5 |aw|rE) A2 al|rl)
(A ar &) U2 al )
(I aulr&) (A2 |al, r8) (B.78)
— CawwCawuCanuw = (8 |aw|rE) (12 |al, IrL)

(e laolr&) (1) 1l Ird)

(A au|r&) (A& al rl)) (B.79)
= Ca0Ca0uCauuw = (I |aw|r@Y 1P al, [r))Ca v O (B.80)
C&' v’ vCEi v uCEf w,u’

:C&v’u’: — — — B.&1

o C&,v,vcﬁ,u,u ( )
Similarly Cg .. can be written as:
C& u’ uCc? u 'L}C& v,

C&'u’ v = — — — B.8&2

o Cd,u,ucﬁ,v,v ( )

Finally for Cg

C&,UII,U/C&7U/,UIQ = < al ’aul |ra2> l ’aT ’7” >
S mv<NWv> (B.83)

(la
)
= CautwCar ity = (I8 |au [ (IS |aT &)
)
{

(1 |av |7“ (1(2 |aT |r ) (B.84)

= CaugwCawra, = (I8 0w [r@Y(IQNal, [1)) Cot (B.85)
C&,u’l ! Cfc‘y',v’,u’2

= Cau,u, = T Ca (B.86)

We can then repeat this process repeatedly until we have covered all the perimeters V, U
Vi) UV, U ...=V forming the graph (V, ) describing the photonic lattice. At the end of

the algorithm we have now completely determined H©® + H® + H®).
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B.3 STABILITY ANALYSIS

We define an error metric to study how the non-linear algorithm behaves in presence of

. 2
measurement error in COEZ )Z

2
X
Error metric = log,, Z 80% (B.87)

where we have assumed that ((506(?2’3},1&,1 50;2,3]57%) = 0. This assumption again holds as we are
dealing with errors at different frequencies. If the algorithm is stable with increasing number
of sites N then the defined error metrics as in Ch. 4 should scale as a + blog(/N) as this
would imply a polynomial scaling in the number of measurements needed to attain a specific

precision. We again use the SSH model to study the stability of algorithm in Fig. B.1.

40- -.-XN ,/,
O i
. ; /,
+— 30 7 //’
— i R4 ‘
5 20
! 4
104 .~
10 12

Figure B.1: Stability analysis where x-axis denotes number of sites in the array on a linear
scale and y-axis denotes the error metric in yy for a SSH chain with J;/J, = 1.2. Error

metric scales linearly with N. The slope of the straight line fit o/ + 'V is ¥ = 3.20.

We notice that it scales linearly with N which implies that reconstructing the non-linear part

of the Hamiltonian requires exponentially number of measurements as the number of sites N
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increases. This indicates that this algorithm despite being applicable for lossy lattices with
complex hopping rates is only practical when the size of the photonic lattice (characterized

by N) is small.
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Appendix C
QUANTUM ENHANCED TOMOGRAPHY

In Appendix B, the algorithm for obtaining the ys using ¢(® measurements was found to
be unstable. In this section, we will demonstrate that if we have the capability to control the
non-linearity, enabling us to turn it on and off at will, there exists a protocol that overcomes
this instability. The proposed protocol requires the initialization of a Fock state at the desired
site to measure the non-linearity. While, initially, it might appear that accessing all sites of
the lattice is necessary for this task, we can overcome this limitation even if we only have
access to the boundary sites. The approach involves initializing P photons at the desired site
by reversing the decay of photons to the output port and determining the required input wave
packet by using the measured linear Hamiltonian. It is important to note that the non-linear
terms are inactive during this process. Consequently, the input wave packet can be obtained
using classical computation within polynomial time complexity (poly(N)). Furthermore, we
can derive an upper bound on the error associated with initializing P photons at any lattice
site, considering deviations from the true values of the linear coefficients in the Hamiltonian.
Let’s consider the precision €, of the parameters .J,, and p, in the linear Hamiltonian
H®. We denote the measured linear Hamiltonian as H,gé). Suppose the computed input
wavefunction is |¢y,), and after a propagation time tp,.p, the evolved wavefunction at site u*

(the site where we want to measure ) is |P):

—q (1) rop — ==
e JHrc tp |¢in> = |77/J;3<tprop)> - |P>

However, the actual wavefunction results from the following equation using the real Hamil-

tonian:

—iHW¢ o o
e tprop |1/Jin> = |¢p(tprop)>
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Lemma 1 For a photonic graph with N sites, and degree d, it is possible to initialize a

P-photon Fock state at any site with a precision of €1 as follows:

IP) =l <6+ e =/t PN(d + Do
Proof: We can quantify the distance between |¢p) and |P) as
I1P) = [e)II* = 2Re(L — (uy| P))

using the derivative of (¢)p|P) with respect to time,

d P o H’rcS —jHW s . )
<céps| ) _ (€ - T W) i (s)) HO — HO) |P(s))

Therefore,
lprop
|HP>—|wp>|!2§2/O ()| HY — BD | P(s))]ds

We can express the term in the integral as:

(Wp(s)| HY — HV|P(s)) = > 8y (thy(s)] alay | P(s) +25uu (1hy(s)] alay |P(s))
u,vEE
< 2¢ Z |(Wy(s)| ala,r |P(s) |+€OZ V,(s)| ala, |P(s))
u,vel

Since |P(s)), and |¢,(s)) are P photon states,

2
[(Wp(s)] abay [P(s))]” < [(Wp(s)] alaw [ ()| [(P(s)] ala, [ P(s))| < P?
By substituting this into the integral:
I1P) = ) I” < torop PN (d + 1)eg

Now if we assume that ¢, is poly(N, 1/Pp), with P, the number of photons used to measure
the linear part of the Hamiltonian, we can conclude that we need poly(NV,1/e;) number of

photons to obtain precision of ;.
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After preparing the state |P), the non-linearity is activated for a duration of 7;,. This time
period should be sufficiently long to allow for the measurable accumulation of the phase
induced by the non-linearity. However, it should also be short enough to prevent the P
photons from diffusing to neighboring sites. To quantify the latter condition, let H be the
full Hamiltonian that includes onsite anharmonicities, linear onsite terms, and coupling

terms. We can define H, as the same Hamiltonian H without the coupling terms, that is:

In order to measure Y, at site u € V, consider the initial wavefunction \%(|P> +0)). The

evolved wavefunction at time T, can be expressed as \%(WX(Ton» +10)), where:

Uy (Ton)) = e IHxTon | P — o= (u P P =) Ton

P)

Since there are no coupling terms in H,, all P photons remain at site v and the evolved
wavefunction simply acquires a phase. When the system evolves under the full Hamiltonian

H, the wavefunction at time Ty, is \%(W(Ton» +10)), where:

[U(Ton)) = €77 | P)

Lemma 2 The distance between |¢(T,,)) and |¢(Ton)) is bounded as:
[[(Ton)) = s (Ton))ll < €2, €2 = V2PJdT,,

Proof: Using the same technique as the previous lemma, we can write :
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= 0(Ton)) = W Tl I <2 [ [t 0) a0 s

-2 f Sl (Plala (s))]) ds

2/0 ST VPP = 1], [(s))] ds

vEN,

<2 /TODZN_\/ )| abay [9(s)) ds

v EML

For the first equality we use the fact that without the coupling terms in the Hamiltonian,
the evolved wavefunction is just a phase applied on the state |P). (P]al, is zero unless
v' = u, therefore in the second equality, we just keep the terms that are neighbors of u,
v € N,. For the last inequality we use the Cauchy—Schwarz inequality, and we consider J

to be the maximum value of J, , over u,v.

TD n

= 19(Ton)) = [ (To))|I” < 2J\/F/O > VNu(s)ds (C.1)

’UGN’LL

The number operator at site v is defined as:

Nv = a;r;av , Ny(s) = ((s)] alav ()

To find the upper bound on the number of photons at site v, we solve the differential equation

for the operator N, in the Heisenberg picture:

dN, -
ds = _j[Nva H] = ]ug (Jv,uaj;au + Ju,vazav)

Therefore the upper bound for the derivative of number operator expectation is obtained as

following:
R

e d

> Il alau )| + | (W] ala [¥)])

uEN,y

<273 \/Nu(s)Nu(s)

’U,GNU



115

— W) o Ve

ueN,

— /N, (s) < 2JdV/Ps (C.2)

in which d is the maximum number of couplings at each site (i.e. degree of the photonic

graph G). Inserting Eq. C.2 into Eq.C.1, the proof will be complete:

(T} — [ (o)) |2 < 2JV/P / S oJdv/Psds < 2PEPTE(C3)

vENY
To ensure that the distance does not grow as a function of P, the evolution time should scale
as Ty, \/iﬁ. This choice ensures that, for short durations of T}, the diffusion of photons
to other sites can be neglected. Thus, by measuring the phase, we can determine the value

of the non-linearity. The measurement operators are given by:
O = |P)X0| + |0)(P|

= J([PX0[ = [0XP])

These operators yield the cosine and sine of the phase in |1, (T5y)), respectively, upon

measurement.

Lemma 3 The expectation value of the measurement operator O € {O%, O} on the state

\/Lg(|1/fx> +10)) can be obtained to a precision €3, with probability 1 — §:

1
‘Ok_<0>¢X’ <€, =2+ —/—

Vok

where Oy, represents the average outcome of k measurements of O on the state —= (|¢) +10)).

Proof: With a probability of at least 1 — 9§, we can derive the following using Chebyshev’s

inequality:

Prob(|0x — (0),] < ﬁ) >1-5 (C.4)

using the triangle inequality:

0= (0),] = |0x - (O

o — [0
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By using the result in Eq.C.3, and ’)O“ =1,

(0}, = (O),,

< 2[|Ol[1) = [l = 2€2

Inserting this into Eq.C.4:

1
Prob(| O~ (0),[ <) 213 . =26+ =

which completes the proof. Note that we interpret Oy as sine or cosine of (uP + 0pXest),

with yest as the estimation of .

Lemma 4 Considering the bounds:
|cos (x10) — cos (x20)| <e3 , |sin(x16) — sin (x20)| < €3
imply the upper limit on the difference between x1 and xo:

O1x1 — x2| < 4es

It should be noted that e; must be less than 1/4.
Proof: 1f €5 is small enough, then either |cos (x20)| < 1 — €5 or [sin (x20)| < 1 — €3.
Suppose the case where [sin (y20)| < 1 —e3. We define g; = cos (x;#). Then we can conclude

that:

1
X1 = ) cos (01)

0’ ‘ /‘92 dQ
X1 — X2| = —
o1\ 1 —p?

|0° — 03] < 20— 0o] < 2¢3

— |(1—Q2)—(1—Qg)‘ <263 — ‘(1—@2)| > |(1—Q§)‘ — 23 > (1 —€3)? — 23

inserting into the first equation we get that:

€
9|X1—X2| < 5

- \/(1 —63)2 —263
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Now, if you consider €3 < }l,

= Olx1 — x2| <4es3

The same result can be achieved in case |cos (x20)| < 1 — €3, which completes the proof.

C.0.1 Quantum enhancement protocol

Theorem 1 Considering the precision €y of the coefficients J,,, and ., in the linear Hamil-
tonian, the non-linearity parameter x can be estimated to a precision A, with a probability

of at least 1 — 23, using O(A~%*?) photons:

4
OXest —x| <A , A= 16\/PtpmpN(d + 1)eo + 8V2PJdT,, + 75

where for P> 1,

16

"=,

[/ torapN (d + Do + VETAT,,] )7 oc O(A727)

This estimation requires a total of 2k measurements, where P photons evolve for a time T,,.
Here, the graph degree is denoted as d, and J represents the maximum value of the coupling
parameters in the Hamiltonian. It is important to note that t,., determines the time to
initialize the two-photon state at a site, which is finite. Additionally, 0 = TOHP(PT_I).

Proof: 1f we apply Lemma 1 twice and Lemma 2 in the case of two photons (P = 2), we can

derive the following bound on the final wavefunction, which is the one we want to measure

the phase of:
I196) = [P0 || < 261 + €

Now, using Lemma. 3, and 4, we can obtain the precision in Y,

1
9|X1 — X2| S 4(2(261 + 62) + —>

Vok

which completes the proof.
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