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Autonomous systems increasingly rely on optimization-based planning and control to
achieve complex tasks while satisfying dynamics, actuator limitations, safety requirements,
and mission objectives. As these systems are asked to operate in more demanding environ-
ments, two challenges become central. First, mission requirements must be modeled in a
mathematically precise and optimization-compatible way. Second, the resulting nonconvex
trajectory generation and guidance problems must be solved reliably and efficiently. This
dissertation addresses both challenges through the joint development of modeling frameworks
and high-performance algorithms for trajectory optimization with mission-level specifications,
together with a decentralized Markov-chain synthesis framework for swarm guidance.

The first part of the dissertation develops a common numerical optimal-control backbone
based on free-final-time formulations, time-dilation, finite-dimensional control parameteri-
zation, multiple-shooting discretization, and exact-penalty finite-dimensional transcriptions.
Building on this foundation, the dissertation develops smooth and exact modeling tools for
mission-level specifications using generalized mean-based smooth robustness (GMSR). At the
logical level, the resulting constructions provide C'-smooth and exact parameterizations of
temporal logic operators. At the temporal level, the framework is extended from discrete-
time STL to continuous-time STL through two complementary realizations: a dense-time

realization that is sound and complete up to the accuracy of the underlying numerical inte-



gration scheme, and an augmentation-based realization that embeds temporal aggregation
directly into augmented dynamics and is particularly attractive for implementation. These
constructions avoid the locality and masking behavior of standard quantitative semantics
and yield a more favorable landscape for gradient-based optimization.

To solve the resulting optimization problems, the dissertation develops prox-convex, a
structure-preserving sequential convex programming algorithm for composite problems in
which convex penalties act on smooth features and smooth outer maps act on convex inner
features. Each prox-convex step linearizes only the smooth maps while preserving the available
convex structure, and the method is equipped with adaptive proximal regularization, optional
curvature injection, and convergence guarantees that include sufficient decrease, complexity
bounds, and local linear convergence under a local error-bound condition.

The modeling and algorithmic ingredients are then integrated in a range of trajectory
optimization applications, including illustrative continuous-time STL examples, nonlinear
model predictive control with continuous-time constraint satisfaction, perception-constrained
motion planning for information acquisition, rocket landing with compound state-triggered
constraints, and quadrotor flight with continuous-time STL requirements.

The dissertation also addresses large-scale distributed guidance through decentralized
state-dependent Markov-chain synthesis (DSMC). A state-dependent consensus protocol is
first developed and shown to achieve exponential convergence under mild technical conditions
without relying on conventional connectivity assumptions on the dynamic graph topology.
Building on this protocol, the dissertation develops a decentralized Markov-chain synthesis
method that converges exponentially to a desired steady-state distribution while respecting
transition constraints and reducing unnecessary state transitions. Its effectiveness is demon-
strated on probabilistic swarm-guidance problems, where it achieves substantially faster
convergence than existing Markov-chain-based methods.

Taken together, the results of this dissertation provide a unified perspective on how
expressive modeling and structure-preserving algorithms can be combined to enable reliable

and efficient guidance for both individual autonomous vehicles and large-scale swarms.
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Chapter 1

INTRODUCTION
1.1 Background and Contributions

Autonomous systems increasingly rely on optimization-based planning and control to
achieve complex tasks while satisfying dynamics, actuator limitations, safety requirements,
and mission objectives. In modern guidance, navigation, and control (GNC) architectures,
trajectory optimization occupies a central role by converting high-level goals into dynamically
feasible reference trajectories that can be executed by lower-level feedback controllers [29,
30, 183]. As the capabilities of autonomous systems grow, so does the complexity of the
constraints they must satisfy. This creates a dual challenge. Mission requirements must first
be modeled in a mathematically precise yet optimization-compatible way, and the resulting
nonconvex trajectory-generation problems must then be solved reliably and efficiently.

A particularly important source of modeling complexity comes from mission-level specifi-
cations. Temporal logic provides a systematic language for expressing sequencing, timing,
persistence, implication, and conditional behaviors in dynamical systems [19, 178]. Signal
Temporal Logic (STL), in particular, is well suited to physical systems because its predicates
are defined over real-valued signals and its quantitative semantics allow temporal logic require-
ments to be incorporated into optimization [89]. However, standard robustness constructions
based on nested min / max operators are not well matched to high-performance numerical
solvers. They are either nonsmooth or rely on approximations that sacrifice exactness, and
they often suffer from locality and masking effects that degrade gradient-based optimization.
These issues become even more pronounced in continuous time, where node-wise enforce-
ment may fail to guarantee inter-sample safety for always specifications and can introduce

conservatism for eventually specifications [284-286].



At the same time, solving the resulting trajectory-generation problems requires numerical
algorithms that exploit structure while preserving the properties that make the problem
computationally tractable. In direct optimal-control methods, continuous-time problems
are transcribed into finite-dimensional optimization problems through time-dilation, control
parameterization, and discretization [29, 30, 36].

Once transcribed, these problems can be solved using nonlinear programming methods
such as interior-point methods (IPMs), sequential quadratic programming (SQP), or sequen-
tial convex programming (SCP) frameworks [104, 147, 184]. For real-time and embedded
applications, solver design is therefore inseparable from modeling design, since the way
a problem is formulated strongly influences whether a fast, reliable algorithm can solve
it in practice. This dissertation adopts this perspective and develops modeling tools and
optimization algorithms in tandem.

A second, complementary theme of the dissertation concerns distributed guidance for
large populations of agents. When the goal is to guide the spatial distribution of a swarm
rather than a single trajectory, probabilistic swarm guidance provides a natural density-based
modeling framework, while Markov-chain synthesis provides a mechanism for steering that
distribution toward a desired steady state [3]. In that setting, scalability, decentralization,
and convergence guarantees become central concerns. Existing probabilistic swarm-guidance
methods based on homogeneous or time-inhomogeneous Markov chains can be effective, but
they may rely on global information, degrade in sparsely connected state spaces, or provide
only asymptotic convergence guarantees [4, 21, 141]. This motivates the development of new
state-dependent synthesis rules with exponential convergence guarantees and better practical
performance.

The main contributions of this dissertation are as follows.

1. It develops a smooth and exact modeling framework for mission-level specifications based
on generalized mean-based smooth robustness (GMSR). At the logical level, the resulting
constructions provide C'-smooth and exact parameterizations of STL operators. At the

temporal level, the framework is extended from discrete-time STL to continuous-time



STL through both dense-time and augmentation-based realizations, thereby enabling

smooth trajectory optimization with rich mission specifications [284-286].

. It develops a structure-preserving sequential convex programming algorithm, prox-

convex, for a broad class of nonconvex optimization problems of the form
F(x) = g(z) + h(C(x)) + s(R(x)),

where convex penalties act on smooth features and smooth outer maps act on convex
inner features. The method linearizes only the smooth maps, preserves the convex
structure, supports adaptive proximal regularization and optional curvature injection,

and is equipped with convergence, complexity, and local linear-rate guarantees [291].

. It integrates these modeling and algorithmic ingredients into trajectory optimization
with mission-level specifications. The resulting framework combines free-final-time
optimal control, time-dilation, control parameterization, multiple-shooting discretization,
exact-penalty formulations, smooth mission-specification modeling, and SCP-based
solution methods [104, 284-286]. Its practical utility is demonstrated on illustrative
CT-STL examples, nonlinear model predictive control with continuous-time constraint
satisfaction, perception-constrained motion planning for information acquisition, rocket
landing with compound state-triggered constraints, and quadrotor flight with combined
CT-STL requirements [284, 287, 289, 290].

. It develops a decentralized state-dependent Markov-chain synthesis (DSMC) framework
for swarm guidance. The chapter first introduces a state-dependent consensus protocol
with exponential convergence under mild technical conditions and without conventional
connectivity assumptions on the dynamic topology. Building on that protocol, it
constructs a state-dependent Markov-chain synthesis algorithm that converges expo-
nentially to a desired steady-state distribution while respecting transition constraints
and reducing unnecessary state transitions. The resulting swarm-guidance strategy is
shown numerically to converge substantially faster than previous Markov-chain-based

approaches [288].



1.2 Dissertation Outline

Chapter 2 introduces the continuous-time optimal-control and numerical ingredients
used throughout the dissertation. It develops the common transcription backbone based
on free-final-time optimal control, time-dilation, finite-dimensional control parameterization,
multiple-shooting discretization, and exact-penalty finite-dimensional formulations.

Chapter 3 develops smooth and exact modeling tools for mission-level specifications. It
reviews STL and standard robustness semantics, introduces generalized mean-based smooth
robustness for logical operators, extends the construction to dense-time temporal operators,
develops an augmentation-based realization of continuous-time STL, and studies the resulting
smoothness, exactness, monotonicity, and gradient-behavior properties.

Chapter 4 develops prox-convex, a structure-preserving sequential convex programming
algorithm for nonconvex composite optimization. The chapter introduces the problem class,
derives convex local models and adaptive proximal metrics, establishes the main global and
local convergence guarantees, and demonstrates the numerical advantages of preserving convex
inner structure.

Chapter 5 brings together the modeling and numerical machinery of the preceding
chapters in trajectory optimization applications with mission-level specifications. It begins
with illustrative continuous-time STL examples for the always, eventually, and until
operators, and then treats richer applications including receding-horizon obstacle avoidance,
information-acquisition motion planning, rocket landing with compound state-triggered
constraints, and quadrotor flight with continuous-time STL requirements.

Chapter 6 turns from single-trajectory generation to distributed swarm guidance. It
develops a consensus protocol with state-dependent weights, builds the decentralized state-
dependent Markov-chain synthesis (DSMC) algorithm, establishes exponential convergence
guarantees, and demonstrates the resulting framework on probabilistic swarm-guidance
examples.

The dissertation concludes with a final chapter summarizing the main findings and

discussing directions for future research.



Chapter 2

OPTIMAL CONTROL AND NUMERICAL PRELIMINARIES
2.1 Introduction

Optimization plays a central role in modern guidance, navigation, and control, where it
is used to generate reference trajectories and feedforward control inputs that satisfy system
dynamics, boundary conditions, and performance objectives while accommodating increasingly
complex operational constraints [29, 30]. In trajectory generation problems for autonomous
systems, these constraints may arise from actuator limits, state bounds, safety requirements,
sensing requirements, or mission-level task objectives. As a result, continuous-time optimal
control provides a natural modeling language for expressing such problems, while numerical
optimization provides the computational machinery needed to solve them reliably in practice
[170, 183].

For general nonlinear systems, practical trajectory optimization is dominated by direct
methods, in which the continuous-time optimal control problem is transcribed into a finite-
dimensional optimization problem through control parameterization and time discretization
[36]. Many widely used software tools follow this paradigm. Collocation- and pseudospectral-
based packages such as GPOPS-II and Dymos provide high-level modeling interfaces for
aerospace and multidisciplinary applications, while shooting-based environments such as
ACADO and acados emphasize high-performance implementations for embedded and real-
time control [111, 136, 226, 294]. In many of these workflows, the resulting sparse nonlinear
program is solved by generic nonlinear optimization packages such as IPOPT or SNOPT,
or by structure-exploiting quadratic programming solvers such as HPIPM inside SQP-based
real-time implementations [120, 122, 294, 295].

More recently, sequential convex programming frameworks have emerged as powerful



alternatives for nonconvex trajectory generation, especially in applications where one wishes
to preserve convex structure while handling complex nonlinear dynamics and constraints
[104, 183, 184, 291]. Representative applications include quadrotor path planning and obstacle
avoidance [270, 272, 284, 290], aircraft approach and landing [155], spacecraft rendezvous,
station keeping, and cislunar relative motion [64, 106, 182, 227, 264], hypersonic reentry
[193, 194], and rocket landing [49, 145, 238, 274, 289]. These ideas have also been extended to
trajectory optimization with temporal logic specifications and to embedded code generation

for real-time implementations [147, 284-286, 289)].

The purpose of this chapter is not to survey these algorithms in full detail, but rather to
establish the common numerical optimal-control backbone used throughout the dissertation.
To that end, we introduce the continuous-time free-final-time optimal-control formulation, its
conversion to fixed-horizon form through time-dilation, finite-dimensional control parameteri-
zation, multiple-shooting discretization, and the exact-penalty finite-dimensional formulations
that will underlie the later modeling and algorithmic developments. These ingredients form
the shared numerical substrate on top of which the mission-level specification models of
Chapter 3, the structure-preserving optimization framework of Chapter 4, and the application

chapters are built.

2.2 Free-final-time optimal control problems

Consider a nonlinear continuous-time dynamical system
#(t) = F(t,z(t),ult)),  t€ [t (2.1)
where z(t) € R" is the state, u(t) € R™ is the control input, ¢; € R is the initial time,

and t; > t; is a free terminal time. The dynamics map F' is assumed to be continuously

differentiable in its arguments.



A generic free-final-time optimal control problem may be written in Bolza form as

winimize s (t7,2(t7)) + /t;f o(t,2(0), ult)) dt (2.22)
subject to  (t) = F(t,x(t),u(t)),  t€ [titf, (2.2b)
u(t) eU, t €t ty], (2.2¢)
P(ti,x(t:), ty, a(ty)) <0 (2.2d)
Q(ti x(t:) ty.x(ty)) = 0. (2.2¢)

Here, ¢ denotes the running cost, ms denotes the terminal cost, i C R"™ is a convex admissible
input set, and P and @) collect the terminal and boundary inequality and equality constraints,

respectively.

Remark 2.1 (Path constraints). Continuous-time path constraints are not included explicitly in
(2.2), because the machinery used to model their continuous-time satisfaction is introduced in
the next chapter, together with more general mission-level temporal logic specifications. The
corresponding modeling technique was first developed for continuous-time path constraints in

[104] and later extended to continuous-time STL specifications in [284].

For numerical optimization, it is often convenient to convert (2.2) into Mayer form by

augmenting the dynamics with the scalar state

so that the objective becomes
my(tr,2(ty)) +n(ty). (2.4)

Accordingly, the state vector x may be interpreted as already including any auxiliary states

needed for cost accumulation or later modeling constructions.



2.3 Time-dilation

To handle the free terminal time, the problem is transformed to a fixed normalized horizon
using time-dilation. Let 7 € [0, 1] denote the dilated-time variable, and let
t:0,1] = [ti, ty] (2.5)

be a strictly increasing continuously differentiable mapping satisfying

t(0) = t,, t(1) =ts (2.6)
Its derivative )
s(r) = dz;(:) (2.7)

is called the dilation factor. Since ¢ must be strictly increasing, we require
s(t) >0, T € [0,1]. (2.8)
The terminal time is then recovered from

1
tr=t +/ s(7) dr. (2.9)

0
To rewrite the dynamics on the fixed interval [0, 1], physical time is appended as an

additional state and the time-dilated state and input are defined as

#(r) = (i) L) = uffm)| (2.10)

t(r) s(7)

Applying the chain rule to (2.1) yields the time-dilated dynamics

dz(T ~ B
d(T ) = F(:L'(T),u(T)) =

(2.11)

Hence, the free-final-time optimal control problem on [t;,tf] is equivalently transformed into
a fixed-final-time problem on the normalized interval [0, 1]. The free terminal time is now
represented through the additional input s(7) rather than through a moving horizon.

A key benefit of time-dilation is that it enables local temporal allocation. Different parts of
a trajectory may be stretched or compressed by varying the dilation factor over the normalized

horizon, while the computational grid in dilated time remains fixed.



2.4 Control parameterization

The infinite-dimensional optimal control problem is transcribed to a finite-dimensional
one by parameterizing the input functions with finitely many variables. Although other
parameterizations can also be employed, this dissertation primarily uses first-order hold
(FOH) for the physical control and zero-order hold (ZOH) for the dilation factor.

Let the normalized interval be partitioned into K nodes,

O=m<m<- <1 =1, AT = Tjpy1 — Ty ke ={1,..., K -1}, (2.12)
where, for simplicity, a uniform grid is assumed. The nodal state, control, and dilation-factor
values will form the primary decision variables of the discretized problem.

2.4.1 First-order hold for the control input

The physical control input, viewed on the normalized horizon through the map 7~ £(7),

is parameterized by FOH:

~ T - T T — T,
U(t<7')) = U,k% + Uk+1 AT k, T € [Tk, Tk+1], (213)

By slight abuse of notation, we will often refer to this normalized-horizon representation
simply as u(T).
This choice has several advantages. First, it yields a continuous control signal. Second, if

the admissible control set U is convex, then constraining the nodal inputs,

u €U, k=1,.... K, (2.14)
is sufficient to guarantee u(7) € Y for all 7 € [0, 1], since (2.13) is a convex combination of
endpoint values.

2.4.2  Zero-order hold for the dilation factor
The dilation factor is parameterized by ZOH:

s(T) = Sk, T € [Tk, Tht1), kek. (2.15)
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Thus, the physical duration of interval k is
Tk+1
Aty = / s(T)dr = spAT. (2.16)
Tk

To ensure strictly forward physical time, we impose

Sk 2 Smin > 0, ke K. (217)

Why ZOH is used for s(7). The use of ZOH for the dilation factor is deliberate. If s(7)
were parameterized by FOH instead, then the physical interval lengths would satisfy

1
Aty = 5(51« + sp41) AT, (2.18)

which couples neighboring interval lengths through shared nodal variables. Thus, under FOH,
a local change in one interval duration generally propagates to adjacent intervals through
the common nodal values. In particular, the interval lengths are no longer independently
represented by the nodal dilation variables, and not every positive interval-length sequence
can be realized by nonnegative nodal dilation values.

This restriction can already be seen in a simple example. Define the normalized interval

lengths
Aty
Api=—F
FTOAT

Suppose one wishes to realize the positive sequence

ke .

A=]1,3 1]

Under FOH, (2.18) implies
1
Ay = §(Sk + Skt1),

so the nodal dilation values would have to satisfy
So = 2 — 89, s3=06— 59 =4+ 51, S4 =2— 83 =—2—57.

Hence s, < 0 for every s; > 0, so no nonnegative FOH dilation sequence can realize the

positive interval-length sequence [1, 3, 1].
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More generally, the following proposition characterizes exactly which interval-length

sequences are realizable under FOH.

Proposition 2.2 (FOH imposes a realizability restriction on interval lengths). If the dilation

factor were parameterized by FOH, then the physical interval lengths would satisfy
1
Aty = §<Sk + Sk+1)AT.

As a result, the normalized interval-length sequence Ay, = Aty/AT would have to satisfy a
coupled linear system As = A with s > 0. Such a system is feasible if and only if every
alternating sum over every contiguous odd-length block of A is nonnegative, namely

J

S (=1)'A, >0, VI<i<j<K-1, j—i even.
Hence, FOH imposes a structural restriction on the realizable physical interval lengths, so not

every positive interval-length sequence can be represented by nonnegative nodal dilation values.

Proof. Suppose the dilation factor is parameterized by FOH. Then
1
Atkzi(sk—i_SkJrl)AT’ kzl,,K—l

With Ay := Aty /AT, realizability of a prescribed interval-length sequence is equivalent to

As = A, s >0, (2.19)
where i i
% % 0 --- 0
o 1L 1
A _ 2 2 c R(K—I)XK‘
’ 0
o0g

By Farkas’ lemma, (2.19) is feasible if and only if

ATy<0 VyeRE1st ATy <o. (2.20)
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The inequalities ATy < Oarey; < 0,91 +y <0 (2<i< K —1), yx_1 <0. The cone
defined by these inequalities is polyhedral, and its extreme rays are supported on contiguous

odd-length blocks with alternating signs:

0, otherwise,

1<i<j<K-—1, j—ieven. Therefore, it suffices to check (2.20) on these extreme rays,

which yields
ATy <0 = Y (-1)"A, >0,
V1<:<j< K-—-1, j—1even. This proves Proposition 2.2. |
Under ZOH, by contrast, the interval lengths are given by
Atk = SkAT,

so each interval duration depends only on its own dilation variable. Hence any positive
interval-length sequence can be represented directly, without coupling adjacent intervals
through shared nodal values. This decoupling is also advantageous numerically, since local
time allocations can be adjusted independently, making the temporal mesh more flexible and
easier to optimize than under FOH.

For compactness in the next section, define the hybrid nodal input
Uy = ) kel (2.21)

and let

e = , (2.22)

where the second component of g is irrelevant, since the dilation factor is parameterized

over intervals and is therefore used only for k£ € .
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2.5 Multiple-shooting discretization

After time-dilation and input parameterization, the continuous-time dynamics are tran-

scribed to a finite-dimensional optimization problem using multiple shooting [36, 232]. Let
QNS']C = .i'(’]'k), k’zl,...,K, (223)

denote the nodal values of the time-dilated state. On each interval |7y, 7x41], the state
is propagated from Z; under the parameterized inputs introduced in Section 2.4. The

corresponding flow map is written as
ST, Uk, Upg1) = T + / F(I(T), U(T)) dr, (2.24)
Tk

where z(7) is the continuous-time solution of (2.11) satisfying Z(7;) = Z; on that interval.
Here, the notation is understood in the hybrid sense introduced above. On interval |7y, Tky1],
the control component is parameterized by FOH using u; and wug,q, while the dilation
component is parameterized by ZOH using sz. Whenever f7X is written in terms of g, the
latter is understood as a notational placeholder formed from the terminal control ugx and an
unused terminal dilation entry.

Under the standing smoothness assumptions on the dynamics and the chosen control
parameterization, the flow map is continuously differentiable with respect to its arguments.

The multiple-shooting constraints are then imposed as

T = [T (T, Ug, Uptr), k ek, (2.25)

Tk

or, equivalently, via the defect equations
dk(Z) = Tpa1 — f:_;f*l (c%mﬂk?ﬂk—&-l) =0, ke K:, (226)

where Z denotes the stacked decision vector. Stacking these interval defects gives the global

defect map
D(Z) = (di(2),...,dx-1(Z)). (2.27)
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A typical decision vector, therefore, takes the form
J = (i‘l,...,f[(, ’al,...,ﬂ,[{),

possibly augmented with additional variables depending on the modeling layer introduced
later. Recall that the second component of g is irrelevant, since the dilation factor is
parameterized over intervals and is therefore used only for k£ € K.

For gradient-based optimization, one also needs the Jacobians of the flow map and of the
defect equations. These can be computed by integrating the associated variational equations

alongside the state trajectory on each interval. Define the FOH shape functions

a Thal — T T —T
)\k (7—) = %7 )\k+<7—> = ATk7 T E [TkaTkJrlL

so that the physical control on interval k is

u(F(7)) = Ap (P)wr + N (7).

Along the interval trajectory, define
Ap(r) = VaF (i(r), (7)), Bi(r) = VuF(i(r) (7)),  Si(r) = 0.F(3(r), a(7)).

The sensitivities of the propagated state with respect to the active nodal variables on interval

k are then obtained from the linear time-varying initial-value problems

L ag(r) = Aulr) i), Bi(n) = 1.
L i (r) = Al (1) + BulrN (7), By () = 0,
£ 0 (r) = AL (7) + BN (), B () =0,
L a3(r) = Alr)Bi(r) + Sulr), i) =0, (2.9)

for 7 € [Tk, Tk11]. Their terminal values yield the Jacobians of the flow map:

A = Qp(Tii1) = Oy f7F (T, Uy Uney 1),

Th
By = Q4 (Tiy1) = Ouy J75 (Tgey Uk, Uper1),
Blj = (I)k+ Tk+1> = 8“k+1 72€+1(jk>ak7ﬂk+1>7

Sk = q)i(Tk:-i-l) = (98kf;f+l (i'ky ﬂk) ak-‘rl)‘ (229)
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Consequently, the Jacobians of the defect constraints are obtained immediately as

k+1

Ou, di(Z) = =By, 0

Uk+1

dy(Z) = —Bf,  8,,dy(Z) = —5S;.

If one prefers to work directly with the hybrid inputs 4, and g, 1, the corresponding Jacobians
are obtained by assembling these blocks together with the obvious zero blocks for inactive
components. The same variational equations may also be integrated only up to an intermediate
time 7 € [Ty, Tg11], which yields the Jacobians of intermediate integration subnodes. Thus,
every subnode state on interval k is a differentiable function only of the local variables %y, 1y,
and 1. This observation will be important in Chapter 3, where dense-time STL robustness
values are evaluated at integration subnodes and differentiated with respect to the original
nodal decision variables.

The main appeal of multiple shooting is that the nonlinear dynamics are propagated
directly on each interval, while inter-interval consistency is enforced only through the de-
fect constraints. This makes the resulting transcription well-suited to nonlinear trajectory

optimization and to linearization-based numerical methods.
2.6 Exact-penalty convex-constrained formulation

After time-dilation, parameterization, and multiple-shooting discretization, the continuous-
time optimal control problem becomes a finite-dimensional nonlinear optimization problem.

A useful representation is obtained by separating the constraints into
1. convex constraints retained explicitly in the feasible set, and
2. nonlinear equality and inequality constraints moved into the objective through exact
penalties.
This yields a convex-constrained nonconvex optimization problem.

Let © denote the explicitly retained convex feasible set. This set may include, for example,

convex bounds on states and inputs, convex cone constraints, and positivity constraints on
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the dilation variables. Let the remaining nonlinear constraints be written abstractly as
Deq(Z) = 07 Dineq(Z) < O, (230)

where D, typically includes the multiple-shooting defect map and any other nonconvex
equalities, while Dj,eq collects the remaining nonlinear inequalities. Then the discretized

problem can be written as

minizmize Ja(Z) (2.31a)
subject to  Z € (), (2.31b)
D.(Z) =0, (2.31c)
Dineq(Z) < 0. (2.31d)

An /;-type exact-penalty formulation of (2.31) is

DGQ(Z)‘ +wi—£eq {Dineq(z)]+7 (232)

minimize Ji(Z) + we,
where weq and wineq are elementwise positive penalty-weight vectors, |-| is applied elementwise,
and || denotes the elementwise positive-part operator.

For sufficiently large finite penalty weights, (2.32) is exact in the standard sense. Under
standard regularity assumptions, feasible local minimizers or stationary points of the penalized
problem correspond to local minimizers or KK'T points of the original constrained problem;
see the classical exact-penalty literature [80, 129, 215]. Thus, selected nonlinear constraints
may be shifted from the feasible set into the objective without losing the desired optimality
structure. This representation is particularly useful because it produces a problem with a

convex feasible set and a nonconvex objective, which is precisely the structural form exploited

later in the dissertation.
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Chapter 3

SMOOTH AND EXACT MODELING OF MISSION-LEVEL
SPECIFICATIONS

3.1 Introduction

Temporal logic provides a systematic language for specifying complex task requirements
in dynamical systems [19]. Its expressive power makes it especially attractive for mission-level
specification, since it can encode sequencing, timing, persistence, implication, and conditional
behaviors in a mathematically precise manner. In this sense, temporal logic provides a natural
bridge between high-level mission requirements and optimization-based trajectory generation.
As a result, it has become an important tool in planning and control, with applications
spanning autonomous driving [250], robotic manipulation [162], multi-agent coordination
[85], mobile robotics [55, 58, 249], and UAV mission planning [23, 224]. Temporal logic
constraints have also been incorporated into learning frameworks to enforce structural and
behavioral properties in classification, prediction, preference learning, and policy synthesis
[11, 12, 39, 148, 176]. These developments have created a strong demand for formulations
that integrate temporal logic specifications directly into modern optimization and learning
pipelines [164].

Among temporal logics, linear temporal logic (LTL) has played a central role in formal
synthesis for discrete-event systems [228]. Classical approaches rely on automata-theoretic
constructions [13], together with receding-horizon variants and supporting software tools [299,
300]. Mixed-integer formulations have also been developed to encode temporal specifications
directly into optimization problems [149]. For continuous and hybrid systems, however,
specifications must capture not only logical structure but also quantitative timing and

predicates over real-valued signals. Metric temporal logic (MTL) [159] and metric interval
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temporal logic (MITL) [14] enrich temporal logic with bounded timing intervals, while signal
temporal logic (STL) augments these dense-time modalities with predicates over continuous-
valued signals [178]. This makes STL especially well suited to trajectory generation and
control for physical systems.

A key step toward optimization-based synthesis with STL was the introduction of quanti-
tative semantics. Robust semantics for MITL were proposed in [109], and the now-standard
space robustness (SR), together with time robustness, was introduced for STL in [89]. These
semantics assign a real-valued robustness score to a formula by recursively combining predicate
values through min and max operators, thereby turning logical satisfaction into a numerical
quantity that can be optimized [27, 172]. In this way, temporal specifications can be encoded
as objective terms or constraints within optimization-based synthesis and control.

Most optimization-oriented work has focused on discrete-time STL (DT-STL), where
the signal is evaluated only on a finite temporal grid [59, 123, 128, 173, 187, 196, 198, 223,
233, 244, 245, 247, 292]. Existing DT-STL methods can be understood through a trade-off
between exactness, smoothness, and numerical tractability. Mixed-integer encodings preserve
Boolean correctness, but their worst-case complexity typically scales poorly with the number
of binary variables [233, 244, 245, 247]. Direct use of SR avoids combinatorial structure,
but the underlying min and max operators make the resulting objectives and constraints
nonsmooth, which can severely hinder gradient-based optimization. This has motivated a large
body of work on smooth approximations of DT-STL robustness. Log-sum-exp relaxations
were introduced in [223] and extended to cumulative robustness in [128]; softmax-based
approximations were proposed in [123]; and polynomial smoothings were used in [187]. While
these formulations improve differentiability, they are inherently approximate and typically
recover exact Boolean consistency only in an asymptotic limit of the smoothing parameter.

A different line of work has sought to improve numerical behavior by reducing the
dependence of robustness on isolated critical samples. This is motivated by two well-known
pathologies of standard robustness, namely locality, where the robustness value depends

on a single time instant, and masking, where one subformula dominates a conjunction or
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disjunction and suppresses information from the others [197]. Averaged STL [10], discrete
average space robustness (DASR) and simplified DASR [173], and arithmetic-geometric mean
(AGM) robustness [196] all attempt to distribute information more evenly across time and
subformulas. These semantics improve certain numerical aspects, but they do not fully resolve
the tension between smoothness and exactness. Some retain nonsmooth operators, some
require auxiliary soundness constraints, and some apply only to restricted classes of formulas.
Weighted generalizations of SR and AGM have also been developed to encode preferences
among sub-specifications [59, 198]. Another exact alternative is proposed in [292], but the
resulting functions are non-monotone and not C', which limits their suitability for numerical
optimization.

Against this background, the discrete-time modeling line developed in this dissertation
builds on the generalized mean-based smooth robustness (D-GMSR) introduced in [286].
D-GMSR replaces the key min and max operators of standard discrete-time robustness with
generalized-mean compositions that are C'-smooth while preserving the sign of the original
robustness semantics. As a result, the resulting parameterization is both sound and complete
with respect to the underlying STL semantics, while simultaneously providing first-order
sensitivity properties that directly mitigate locality and masking. This yields a smooth,
exact, and numerically attractive DT-STL parameterization. More broadly, such smooth
exact formulations enable the use of high-performance numerical solvers with convergence
guarantees for optimization problems involving STL specifications [1, 92, 147, 291]. Table 3.1
summarizes this landscape and highlights the combination of properties that motivates the

generalized mean-based smooth robustness construction adopted in this dissertation.

For continuous-time systems, however, enforcing STL only on a finite temporal grid is often
inadequate. For always-type specifications, node-wise satisfaction does not preclude inter-
sample violations and therefore cannot by itself guarantee safety along the full trajectory. For
eventually-type specifications, restricting satisfaction to mesh points can be unnecessarily
conservative and may degrade optimality, since the desired event may occur between nodes

even when no sampled state satisfies the predicate. These issues motivate the study of
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[89] | [223] | [123] | [196] | [292] | D-GMSR
Cl-smoothness X v v X X v
Soundness v v v v v
Completeness v v v v
Monotonicity v v v v X v
Locality & Masking | x AN A v v v

Table 3.1: Comparison with representative robustness measures from the STL literature.
Here, © indicates a property that is recovered only for very large smoothing parameters, while

/A indicates a property that is obtained only for sufficiently small smoothing parameters.

continuous-time STL (CT-STL), where the semantics are enforced over dense-time rather
than only over a discretization grid.

A steadily growing literature addresses dense-time STL satisfaction for continuous-time
systems. On the control-synthesis side, several works translate STL requirements into time-
varying invariance and reachability conditions and enforce them using control barrier functions
(CBFs) or related barrier-based controllers. Representative examples include foundational
CBF constructions [172], continuous-time model predictive control (MPC) formulations [68],
actuation-constrained CBF frameworks [56], and extensions to certain nested formulas [306].
These approaches are valuable for online controller synthesis, but they do not by themselves
provide a general smooth parameterization of STL specifications that can be inserted directly
into a standard trajectory optimization framework.

On the trajectory optimization side, dense-time guarantees have so far been obtained
mainly through a few specialized mechanisms. One approach augments mixed-integer planners
with CBF-derived intersample conditions under zero-order hold, thereby restoring dense-time
correctness between sampling instants [304]. Another guarantees continuous-time satisfaction
for quadrotor missions by planning over sparse waypoint sequences, enforcing strictified
sampled-time specifications, and combining these with intersample deviation bounds and

a hierarchical tracking architecture [224]. More recent methods optimize directly over
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continuous trajectory families, including sound mixed-integer formulations over continuous
Bézier trajectories for temporally robust multi-agent planning [293], Bézier control-point
and acceleration conditions for CT-STL satisfaction with time-varying robustness [311],
and their extension to multiple quadrotors through piecewise Bézier reference generation
with explicit tracking-error bounds [310]. A recent sampling-based planner also encodes
a fragment of STL into a forward-invariant time-varying set and searches for dynamically
feasible trajectories within that set [188]. On the semantics side, average-based robustness has
been extended to continuous-time signals [197], but these formulations remain nonsmooth and
do not by themselves yield a tractable reformulation for standard gradient-based nonlinear
programming.

In parallel, continuous-time successive convexification frameworks were developed to
guarantee continuous-time satisfaction of path constraints, i.e., always-type specifications, in
trajectory optimization [104]. These methods augment the system dynamics with penalized
path-constraint states, so that continuous-time enforcement of the original path constraints
is achieved by enforcing satisfaction of the corresponding augmented dynamical constraints.
Their numerical effectiveness has been demonstrated in several applications, including GPU-
accelerated trajectory optimization for 6-DoF rocket landing [66], nonlinear model predictive
control for obstacle avoidance [287], and trajectory optimization for 6-DoF aircraft approach
and landing [155]. This framework was later combined with GMSR in [289] to handle the
continuous-time satisfaction of compound state-triggered constraints, which are implication-
type mission specifications, in a 6-DoF rocket landing problem. Its practical utility was
further illustrated in perception-constrained drone motion planning [290] and in a related
rocket-landing problem with implication-type constraints solved using an auto-tuned SCP
method [195]. In parallel, these ideas were incorporated into SCvxGEN, an automatic code-
generation framework for fast embedded trajectory optimization [147]. These developments
show that smooth and exact formulations are possible for important subclasses of mission

specifications, but they remain focused primarily on always-type logic.

Taken together, the existing literature still falls short of a smooth and exact treatment
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of general CT-STL in trajectory optimization. Available methods either remain node-based,
achieve dense-time guarantees only through specialized machinery such as barrier certificates,
strictification, mixed-integer encodings, or restricted trajectory families, or apply only to
limited subclasses of continuous-time specifications. In particular, a general framework that
naturally accommodates richer temporal operators such as eventually and until while
remaining smooth and numerically suitable for gradient-based optimization has been lacking.
The modeling developments consolidated in this chapter address this gap by building
on the generalized mean-based smooth robustness framework introduced in [286] and its
subsequent continuous-time extensions [284, 285]. At the logical level, D-GMSR provides
smooth and exact parameterizations of the Boolean operators of STL [286]. At the temporal
level, this chapter develops two complementary realizations of continuous-time STL. The first
is an augmentation-based realization, in which temporal aggregation is embedded directly
into augmented continuous-time dynamics [284]. In particular, continuous-time satisfaction
of always-type specifications is handled in the spirit of [104], by augmenting the system with
penalized constraint states and enforcing the resulting augmented dynamical constraints. This
realization is attractive from an implementation standpoint because it is largely transcription-
independent and can be incorporated into existing optimal-control pipelines with minimal
structural changes. The second is a dense-time realization, in which CT-STL formulas are
evaluated directly on the dense trajectory representation already used in numerical integration
[285]. This realization is sound and complete up to the numerical accuracy of the underlying
integration scheme. By evaluating predicates on the integration subnodes, the dense-time
realization can permit substantially coarser temporal grids without sacrificing inter-sample
safety or logical fidelity. In turn, this can reduce the dimension of the resulting nonconvex
program, which is often the dominant factor in overall trajectory generation cost [285].
These constructions together provide a smooth and optimization-friendly framework for
modeling mission-level specifications in continuous time. In contrast to existing CT-STL
approaches that rely on conservative inter-sample bounds, specialized trajectory parameteri-

zations, or mixed-integer formulations, the proposed framework guarantees continuous-time
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satisfaction of always-type specifications, which is critical for safety constraints such as
obstacle avoidance, while removing the node-induced conservatism of eventually-type speci-
fications by allowing satisfaction at any time within the prescribed interval. Moreover, by
inheriting the favorable sensitivity properties of GMSR, the resulting formulations avoid the
locality and masking issues that commonly degrade standard quantitative semantics, thereby

yielding a more favorable landscape for gradient-based solvers.

The remainder of the chapter is organized as follows. Section 3.2 reviews the syntax
of STL together with the standard Boolean and quantitative robustness semantics that
serve as the semantic target of the proposed constructions. Section 3.3 develops generalized
mean-based smooth robustness for STL, beginning with the logical operators and then
extending the construction to dense-time temporal operators. Section 3.4 presents the
augmentation-based realization of CT-STL. Section 3.5 introduces weighted extensions that
allow preferences among sub-specifications to be encoded. Finally, Section 3.6 summarizes
the main theoretical and numerical properties of the resulting robustness measures, including

soundness, completeness, monotonicity, locality, masking, and gradient behavior.

3.2 Signal Temporal Logic and standard robustness semantics

This section reviews the syntax of Signal Temporal Logic (STL), together with its standard
Boolean and quantitative robustness semantics. The continuous-time presentation serves as
the primary semantic reference for this chapter, while the sampled discrete-time restriction
is recorded afterward since it forms the starting point for the discrete-time generalized

mean-based smooth robustness (D-GMSR) construction developed later.

3.2.1 Signal Temporal Logic

Let

X RZO — R"=
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be a continuous-time signal. Let p be an atomic predicate associated with a real-valued

predicate function

g:R"™ — R.
Its Boolean evaluation at time t is defined by
(2,8) i 4= gla(t)) > 0. (3.1)

That is, the predicate p is satisfied at time ¢ if and only if g(x(¢)) > 0.

For numerical optimization, the regularity of the predicate functions is important.
Assumption 3.1. All predicate functions are C'-smooth.
The syntax of an STL formula ¢ is defined recursively as
=T |l e[ erher | @iUayes, (3.2)

where ¢, and 5 are STL subformulas, = and A denote negation and conjunction, respectively,
and Ul,y denotes the bounded until operator over the interval [a,b] C R>o with 0 <a <
[178].

The standard derived operators are recovered from the primitive syntax via

P1V 2 = 2(7p1 A ps), (3.3)

Y1 = P2 =1V e, (3.4)
Fopp = TUpy e, (3.5)
Gy = ~Flap . (3.6)

Here, Fj,; and G|, denote eventually and always, respectively.
Throughout this chapter, we consider finite-horizon signals and formulas with finite horizon,
and we assume that the temporal intervals are chosen so that all evaluations appearing in

the semantics are well defined.
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3.2.2 Boolean semantics

The Boolean semantics determine whether a signal satisfies a formula at a given time

instant. We write
(z,t) E v

to denote that the signal x satisfies the formula ¢ at time ¢, and

(z,t) v
otherwise.

Definition 3.2 (Continuous-time STL Boolean semantics [89, 178]). For a continuous-time
signal x : R>g — R™ and time t € R>g, the Boolean satisfaction relation (x,t) = ¢ is defined

recursively as summarized in Table 5.2.

3.2.83  Standard quantitative robustness semantics

While Boolean semantics provide only a binary true/false evaluation, optimization-
based synthesis requires a real-valued measure of the degree of satisfaction or violation of
a specification. The standard choice is the quantitative robustness semantics introduced in
[89, 109].

Let p¥(x,t) denote the robustness of formula ¢ at time ¢. These semantics are sign-

consistent with Boolean satisfaction in the sense that
(z,t) E o <= p?(z,t) > 0. (3.7)

Moreover, p?(z,t) > 0 implies strict satisfaction, p?(z,t) < 0 implies violation, and p?(x,t) =

0 corresponds to the boundary between satisfaction and violation.

Definition 3.3 (Continuous-time standard robustness [89, 109]). The standard quantitative

robustness semantics of STL are defined recursively as summarized in Table 3.5.
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Formula ¢ Boolean semantics (z,t) = ¢

T true

f g(x(t)) =0

~p ~((z,1) E o)

P1 A P2 (@,8) Eor A (2,0) = 2
P1V o2 (@,0) o1 V (2,0) F ¢

o= ¢ (@t ) v (@0) Ee

G[a,b}QO Vi et+a,t+b], (z,t') = ¢
Fiop¢ It eft+at+b] st (x,t) e
o Upppe 3t €t +a,t+b]st. (z,t1) = @2

and Vi, € [t 1], (x,t2) E o1

Table 3.2: Continuous-time Boolean semantics for STL.

Because the signals and predicate functions considered in this dissertation are continuous
and the temporal intervals are compact, the extrema in Table 3.3 are attained. Accordingly,
the standard continuous-time robustness can be written using min and max directly rather

than inf and sup.

The standard robustness semantics provide an exact quantitative characterization of STL
satisfaction. For example, the robustness of an always formula is determined by the least
robust point in the prescribed interval, whereas the robustness of an eventually formula is
determined by the most favorable point in that interval. Likewise, the robustness of an until
formula captures the best admissible tradeoff between maintaining the first subformula and

achieving the second one within the specified time window.
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Formula ¢ Quantitative robustness p¥(z,t)

T g9(x(t))

—p —p?(z,1)

N mm(p“”l (x t))

P1V oy m‘abX(p“’1 ), p72(x, 1))

P11 = P2 ( P (z, 1), pP*(z t))

Glone t/e[ﬁg%} prla,t)

Fo ¢ e p?(z,t)

1Ua)p2 ,cnax min <p‘” (z,t1), o PP (z, tz))

Table 3.3: Standard quantitative robustness semantics for continuous-time STL.

3.2.4  Discrete-time restriction

For optimization on sampled trajectories, STL is often evaluated only on a finite temporal
grid. This leads to the standard discrete-time STL semantics and to the corresponding
discrete-time space robustness (D-SR), which serves as the starting point for D-GMSR [286].

Let

X : ZZO — R"

be a discrete-time signal. The logical recursion is unchanged, while the temporal operators
are evaluated over finite index sets. In particular, the discrete-time robustness of the temporal

operators is given by

ple? (@, k) = max(p (@, k +a), pP(ak +at 1), pPa k4 D), (38)

pCen?(x, k) = min(p?(z.k +a), pP(a.k+at 1), (e kD), (39)
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p‘PlU[aqb]W (x, k) = max (min(pG[“’“ﬁp1 (z, k), p**(x, k + a)),
min(pG[a,a+l]<P1 (I, k)7 p‘P? (x’ k + a + 1))7 ey

rnir1<pc*'[a,bw’1 (2, k), p?2(x, k + b))), (3.10)

with the logical operators still represented by the same min / max recursion as in Table 3.3.
A common way to smooth the discrete-time space robustness (D-SR) semantics is to replace
the key min and max operators by smooth approximations. In particular, the discrete-time

smooth space robustness (D-SSR) construction uses the smoothed operators

1 n
min,(y) = - log (Z e_“yi> : (3.11a)
i=1

n RY;
e yie™

: (3.11b)

max,(y) = e
where y € R™ and xk > 0 is a sharpness parameter that controls the approximation accuracy
[123, 223]. The resulting smoothed robustness is sound and C'-smooth, and converges
pointwise to the standard discrete-time robustness as the sharpness parameter increases.
However, as discussed later in this chapter, these sharp smooth approximations remain
vulnerable to locality and masking because their gradients become concentrated on a small
subset of active samples or subformulas.

The discrete-time restriction is computationally natural, but it introduces a structural
limitation for continuous-time trajectory optimization. Even if an always-type specification
is satisfied at all nodes, violations may still occur between nodes, and eventually-type
specifications may become unnecessarily conservative when satisfaction is artificially restricted
to the sampling grid. These issues motivate the dense-time constructions developed in the
next sections.

The standard semantics reviewed above, therefore, play two roles in this chapter. First,
they define the exact semantic target that the proposed smooth constructions must preserve.
Second, their nested min / max structure reveals the two main modeling challenges addressed

next, namely the nonsmoothness of the logical and temporal operators and the mismatch

between node-based evaluation and dense-time mission requirements. Section 3.3 addresses
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the first of these through generalized mean-based smooth robustness, and then extends the

resulting framework to dense-time temporal operators.

3.3 GMSR: A smooth and exact parameterization of CT-STL specifications

This section develops the baseline generalized mean-based smooth robustness (GMSR)
constructions used throughout the remainder of the chapter. We begin with the logical
operators, where GMSR replaces the nonsmooth min / max operators of the standard ro-
bustness semantics with smooth and exact generalized-mean compositions. We then extend
the same idea to dense-time temporal operators by evaluating the resulting smooth logical

constructions over a dense representation of the continuous-time signal.

Remark 3.4 (Simplified version of GMSR). The presentation below uses the simplified uniform-
weight form adopted in the CT-STL line of work [284, 286]; the more general weighted and

curvature-controlled family is deferred to Section 3.5.

3.3.1 Logical operators

The starting point is the generalized mean-based smooth and exact parameterization of
conjunction and disjunction introduced for discrete-time STL in [286].

For a vector y € R", define

N|=

ety = (M5(1nl2))F - (Me(wi2))? (3.12)

and

Yhe(y) = —"h(—y), (3.13)

where ¢ € R, is a positive regularization shift, and

yls = max(y,0),  |yl- = min(y,0) (3.14)
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are applied elementwise. The generalized means in (3.12) are
n 1/n
M§(z) = (c" +11 zz> , (3.15)
i=1

Me(z) = c+izz,-, (3.16)

for z € RE,.

The function “h¢ is designed to play the role of a smooth exact surrogate for conjunction,
while Yh¢ plays the corresponding role for disjunction. Both can be evaluated in O(n)
elementary operations, so their computational cost scales linearly with the number of inputs.

The key property is that these functions preserve the sign pattern of conjunction and

disjunction exactly:

M"(y) >0 = ¥ >0, Yie{l,...,n}, (3.17)

Vhé(y) > 0 <= Jie {1,...,n} such that y; > 0. (3.18)

Thus, “h¢ and ¥ h¢ provide smooth and exact parameterizations of conjunction and disjunction.

Formal soundness and completeness statements are deferred to Section 3.6.

Remark 3.5 (Sign-dependent behavior and the role of ¢). The values of “h¢ and Yh® depend

on the signs of the entries of y as follows:

. 1/2 .
- (Ms(ly2)) ™ =2 g =0, Wi,
he(y) = (3.19)

1/2
c/? — (Mf(|y|2_)> / , otherwise,

M2 — (M), <o, Vi,
Vhe(y) = (3.20)

1/2
(Mf(’?/‘i)) / —c'2 otherwise.

Accordingly, in the all-positive orthant, “h¢ is governed by the shifted geometric-mean branch,
whereas in the mixed-sign or violating regime, it is governed by the shifted arithmetic-mean
branch. The situation is reversed for Yhe.

The parameter c regularizes the transition near the switching regions. If ¢ = 0, then

M§ and M7 reduce to the geometric and arithmetic means, respectively. In that limiting
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Figure 3.1: Tllustration of the logical GMSR key functions “h¢ and ¥h¢ for a two-dimensional
input y = (y1,y2) and two representative values of the shift parameter ¢. In both cases,
"he(y) > 0 if and only if both inputs are nonnegative, whereas Yh¢(y) > 0 if and only if at
least one input is nonnegative. Increasing ¢ smooths and flattens the transition near the

switching regions.

case, the geometric branch can produce unbounded derivatives near zero. For every ¢ > 0,
the functions “h¢ and Vh¢ become C'-smooth while preserving exact sign consistency. As ¢
increases, the transition near the switching region becomes flatter and the gradients become
smaller; as ¢ decreases, the functions more closely reflect the unshifted generalized-mean
behavior, but with larger gradients near zero. In practice, it is typically preferable to choose
a small positive value of ¢, so as to retain smoothness and bounded gradients without making

the robustness landscape overly flat.

The behavior described in Remark 3.5 is illustrated in Figure 3.1, which shows how the
functions change as the shift parameter ¢ varies.

Let I'?(z, t) denote the GMSR robustness of formula ¢ at time ¢ along the continuous-time
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Formula ¢ GMSR robustness I'?(z,t)
p g(x(t))

P —Ff($, t)

©1 A\ P2 /\h61<rfl (LC, t): FfQ (l’, t))

oV e ‘(P2 ,0). T2, ))

o= o e~ T2 (a,0), T2 (a.1) )

Table 3.4: Smooth and exact GMSR parameterization of the logical operators of STL.

signal x, where c collects the positive shifts associated with the recursive GMSR compositions
appearing in the parse tree of ¢. The logical operators are then parameterized as summarized

in Table 3.4.

Accordingly, for predicates of the form ¢; := (g;(z) > 0),

@Ok Ap = W(a@0).0.((0) 2 0, 3.21)
(z,t) = {Zw = Vh(qu(x(t)), ..., ga(x(1))) > 0. (3.22)

More generally, the recursion in Table 3.4 yields
(x,t) Ep <= T¢(x,t) >0 (3.23)

for any formula ¢ constructed from predicates through the logical operators shown in the

table.

Remark 3.6. The sign conditions in (3.17)—(3.18) are equivalently expressed by the simplified
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tests
"he(y) >0 <= > |yil2 =0, (3.24)
=1
Vhe(y) > 0 <= []luil* = 0. (3.25)
=1

These equivalent conditions clarify the exactness of the logical parameterization. However, the
full GMSR expressions (3.12)—(3.13) are numerically preferable, since the generalized-mean
normalization and outer square roots yield better-scaled robustness values and gradients than

the raw sum/product tests.

3.3.2  Dense-time temporal extension

The logical constructions above resolve the nonsmoothness of the Boolean operators. To
obtain a smooth and exact CT-STL parameterization, it remains to extend GMSR from
discrete-time temporal operators to dense-time temporal operators. The key idea, developed
in the CT-STL line of work [284, 285], is to evaluate the temporal operators directly on the
dense trajectory representation already generated by numerical integration, rather than on a
separate coarse sampling grid. This avoids introducing an additional STL discretization and
allows the specifications to be enforced on the same dense numerical trajectory representation
used by the optimizer.

Suppose the trajectory is parameterized by nodal variables
X = {m}io, U= {u}iy,

over a grid

O=ti <to< - <t ="T.

On each interval [ty, tx11], numerical integration under the chosen control parameterization

produces intermediate subnodes

=1t <th <0 <tN =t
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Figure 3.2: Relation between nodal states, integration subnodes, and the flattened dense-time
trajectory representation used for CT-STL evaluation. The optimization variables remain the
nodal states and controls; the dense-time states are generated by numerical integration from

those nodal variables.

Flattening these subnodes over the horizon yields the dense-time grid
{tutmo, M =(K-1)N+1,

with associated dense-time states

The relation between the nodal states, interval subnodes, and flattened dense-time states is
illustrated in Figure 3.2.

The optimization variables remain only the nodal variables in (X,U). The dense-time
states x,, are not independent decision variables; rather, they are generated by numerical
integration and are therefore well-defined functions of (X,U). Moreover, provided the
numerical integration scheme is differentiable, each z,, is differentiable with respect to
(X, U); in practice, these derivatives are obtained from the same interval-wise variational
equations used in the multiple-shooting discretization of Chapter 2. Consequently, the CT-
STL robustness values evaluated on the dense-time grid are themselves smooth functions of
the original discretized trajectory variables.

For an atomic predicate p := (g(z) > 0), define

(X, U;ty) = g(Tm), (3.26)

where the dependence on (X,U) enters entirely through the dense numerical trajectory.
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Formula ¢ Dense-time GMSR robustness at #,
I?[CLJ)]SD Vh61<[ ff (X7 U7 2?771) ]meIg[mb])
Glap) Ah“([ L2(X,U; tm) ]mGIg[a,b])

Table 3.5: Exact dense-time GMSR extension of the always and eventually operators on a

dense trajectory representation.

For composite formulas, the values ff(X ,U;t,,) are obtained recursively from the logical
constructions of Section 3.3.1.
Now consider a formula evaluated at dense-time node ¢, and a temporal interval [a, b].

Define the corresponding dense-time index set
Tla,b] = {m €{l,...,M}:f € [fs+ta, tg+b]}, (3.27)

assuming the interval lies within the time horizon. If a boundary point is not already
present on the dense grid, it may be inserted by locally refining the corresponding integration
subinterval.

The exact dense-time GMSR realizations of always and eventually are summarized in
Table 3.5.

Thus, always is realized as a smooth dense-time conjunction over all samples in the
interval, while eventually is realized as a smooth dense-time disjunction over those samples.
Similarly, the until operator is parameterized by introducing, for each admissible witness
time t,,,

Zm = /\hCQ(f‘fz <X7 U; t_m)v /\h03([ f‘fl (Xv U; {(1) ]Z]nf)) ) (328)

and then applying a dense-time disjunction over all admissible witness indices:

~f1U[a,b]§02 (X,U:t) = \/hcl([ Z ]meIg[a,b]) (3.29)



36

This construction mirrors the standard robustness semantics exactly on the dense trajectory

representation:
(2,0) £ Flaye < Te(X,Us,) >0, (3.30)
(2,5) = Gyp < Te"(X,Us) >0, (3.31)
— ~ 1Ua 2 —
(2,t0) E @1Uppypa <= Te (X, U;t) > 0. (3.32)

Accordingly, the dense-time realization is smooth with respect to the optimization variables
and exact on the dense numerical trajectory representation. When the dense grid is generated
by numerical integration of the continuous-time dynamics, the only remaining discrepancy
with the underlying continuous-time signal is the numerical integration error itself.

This dense-time viewpoint has two practical consequences. First, it guarantees inter-sample
satisfaction of always-type specifications on the dense numerical trajectory representation,
which is essential for path constraints such as obstacle avoidance. Second, it removes the
node-induced conservatism of eventually-type specifications by allowing satisfaction at
any dense-time sample in the interval, rather than forcing satisfaction only at the coarse
transcription nodes. Thus, although the dense-time realization requires additional predicate
evaluations on the integration subnodes, it can also permit substantially coarser transcription
grids without sacrificing logical fidelity or inter-sample safety [285].

From an implementation standpoint, the derivatives required by gradient-based solvers

are obtained directly by the chain rule. For an atomic predicate,
VX, Ustm) = V9(Zm) V(x,0)Zm, (3.33)

and for composite formulas the same principle applies recursively through the smooth logical
operators “h¢ and Vhe. If Z,, lies on the interval [ty, txy1], then Z,, depends only on the local
nodal variables xy, u, and ugy 1. Its Jacobians with respect to those variables are obtained
by evaluating at the corresponding intermediate subnode the same variational sensitivity

equations used to compute the multiple-shooting flow-map Jacobians in Section 2.5; see
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(2.28)—(2.29). Therefore, the dense-time CT-STL robustness is not only smooth in principle,

but also directly differentiable in practice with respect to the optimization variables.
3.4 Augmentation-based realization of CT-STL specifications

Section 3.3 extended GMSR to dense-time temporal operators by evaluating the STL
semantics directly on a dense numerical representation of the continuous-time trajectory.
That realization is exact on the chosen dense-time trajectory representation, up to the
numerical accuracy of the underlying integration scheme, but it is tied to the discretization
used to represent the signal. An alternative realization is obtained by embedding temporal
aggregation directly into augmented continuous-time dynamics. This augmentation-based
viewpoint is largely transcription-independent and can therefore be incorporated into an
existing optimal-control formulation by augmenting the state alone. The construction was
first developed for continuous-time path constraints in [104] and then extended to CT-STL
temporal operators in [284].

For notational simplicity, the temporal formulas in this section are presented as being
evaluated at time 0. The construction at a general evaluation time ¢, is obtained by replacing

the signal z(-) with the shifted signal
Ty, (8) = x(to + ), s >0,

and applying the same formulas to x,.

3.4.1 Continuous-time temporal aggregates

In the discrete-time GMSR constructions, temporal operators are built by applying smooth
conjunction/disjunction operators to a finite collection of robustness values over a temporal
window. This leads to generalized means involving finite products and finite sums. The
augmentation-based continuous-time realization replaces these finite products and sums by
their continuous-time analogues, namely a normalized geometric integral [22, 265] and a

normalized ordinary integral.
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Let I = [a,b] C R>( be a compact interval with length

lI| =b—a.
For a scalar signal y : I — R, define
c 1 b 2
il )=+ o o [Clog(Iw(0) +<) e (3.34)
My D) =+ / ly()[2 dt, (3.35)

where ¢ € R, is the positive GMSR shift inherited from the logical construction, and
¢ € Ry, is an additional regularization used only in the geometric-integral term.

The quantity in (3.34) is the continuous-time analogue of the geometric-mean branch in the
discrete GMSR construction, while (3.35) is the continuous-time analogue of the arithmetic-

mean branch. Accordingly, the continuous-time conjunction/disjunction surrogates are

He(y 1) = (M D) = (MswD) (3.36)
YH(y; 1) = = "HI(—y; I). (3.37)

The shift € > 0 is needed because the geometric-integral branch involves a logarithm, and
ly(¢)]2. may vanish on part or all of the interval. Thus, the augmentation-based realization is
not strictly exact for fixed € > 0. Its only source of approximation is this regularization, and
the resulting effect can be made arbitrarily small in practice, as discussed in Section 3.4.3.

A useful feature of the augmentation-based construction is that the geometric-integral

term admits two equivalent continuous-time realizations.

Multiplicative realization. Introduce the auxiliary state

i(6) = on(®) la(lwOF +<). nle) =1 (3.38)

Then

n(b) = exp(ﬁ_| /b log(!y(zﬁ)]%r + 5) dt) : (3.39)
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so that
0.y I) = c+mn(b). (3.40)

Because the dynamics are normalized by |I|, the state evolves on the scale of the geometric

mean rather than the geometric product.

Logarithmic realization. Alternatively, define

1

() = ilog(lv®l +¢). o) =0, (3.41)

Then
I 2 b
¢(b) = |I|/a log;(|y(t)|+ + 6) dt, n(b) = ) (3.42)

The two realizations are equivalent in exact arithmetic. In the sequel, we use the
multiplicative realization because it embeds directly into the augmented dynamics in a
compact form.

The additive realization of the arithmetic-integral term is the same as in [104]:

1

= m!y(t)ﬂ §(a) =0, (3.43)

£(t)
so that
M (y; I) = c+ £(b). (3.44)

3.4.2  Auxiliary-state realization of temporal specifications

Let I'¢(z,t) denote the logical GMSR robustness introduced in Section 3.3.1. The
augmentation-based realizations of the CT-STL temporal operators are summarized in
Table 3.6.

Table 3.6 shows that the temporal operators are still built from the same conjunction/dis-
junction pattern as in the logical and dense-time constructions. The difference is that finite
aggregations over samples are replaced by continuous-time integral surrogates. These for-

mulas become practically useful once the corresponding temporal aggregates are realized
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Formula ¢ Augmentation-based robustness at time 0
Gro rére(x,0) = "HE (t — [¢(x, t); I)

Frp TE(x,0) = VHE (t > TE(x, 1); 1)

©1Urp2 L (z,0) = VHE (Z(')§ f),

A(t) = Ahcz(rfz (2.1), 4o, (t)),

Gy (1) = "HE (s T8 (2, 5); [0,1])

Table 3.6: Augmentation-based realization of the CT-STL temporal operators.

through auxiliary continuous-time states. We now give these realizations explicitly for always,

eventually, and until.

Let 1;(¢) denote the indicator of the interval I = [a,b], i.e.,

1, tel,
1;(t) =
0, tel.

always. For ¢ := Gy, define the augmented state

¥ (t) = (x(t)aﬂe(t)ufe(t)>,

with auxiliary dynamics

i6(8) = (71 1(0) n) log ITE (. 1) + ).
1

mlz(t) Fé(z, )2, &e(0) =0

alt) =

Then, for any terminal time t; > b,

ne(0) = 1, (3.45)

(3.46)

LS1(2,0) = (et ne(tn) " — (e + &alt) . (3.47)
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eventually. For ¢ := Fjyp, define the augmented state

() = (2(6),me (1), &r (1)),

with auxiliary dynamics

ie(t) = |}|1I<t> np(t) log(IP%(z, D +2),  np(0) = 1, (3.48)
éF<t>=|}|1[<t>|rf<x,t>|i, £r(0) = 0. (3.49)

Then, for any terminal time t; > b,

1/2

LPP(r,0) = (e + &e(te) — (c+ ne(tr) (3.50)

Remark 3.7 (Relation to continuous-time path constraints). When ¢ is an atomic predicate
corresponding to a continuous-time path constraint, the state g in (3.46) recovers the
path-constraint accumulation mechanism developed in [104]. Thus, the augmentation-based
realization of G'rp extends the continuous-time path-constraint construction by supplementing

the negative-part integral with the geometric-margin term inherited from GMSR.

until. The until operator requires both a running prefix condition and an outer witness

condition. For

w = (101U19027 I= [CL> b]7

the first step is to construct a continuous-time surrogate for the statement that ¢ has held

on the prefix interval [0, ¢].

Introduce the prefix states 7, and & via

m(t) = m(t) log(I'g (@, )2 +¢),  m(0) =1, (3.51)

&(t) =Tz, 0, &(0)=0. (3.52)
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To convert these cumulative quantities into prefix-normalized aggregates on [0, t], define

~ m(t)e, t>0,
m(t) = (3.53)
0e (2, 0)% +e, t=0,

~ &(8)/1, t>0,
&i(t) = (3.54)
0% (z,0)>, t=0,

and set

1/2

4o () = (3 +m(®)”* — (e + &) (3.55)

This is a smooth continuous-time surrogate for the statement that ¢; has held on the prefix
interval [0, t].

Next, combine this prefix signal with ¢, at each time using the logical GMSR conjunction

z@)::Ah”(Ff%x,ﬂ,qw(ﬂ). (3.56)

The outer witness condition is then realized by an eventually-type augmentation over the

interval . Introduce auxiliary states ny and & satisfying

0(t) = O log(|=0F +2). () =1, (3.57)
&) = U EOR. @0 =0 (3.58)

Then, for any terminal time t; > b,

1/2

Ll (a,0) = (o + §U(tf))l/2 A CR D) (3.59)

Thus, the augmentation-based realization of until has a two-level structure. It first
constructs a running always-type prefix condition for ¢; and then performs an eventually-
type witness search over the interval I for the conjunction of that prefix condition with
9. This mirrors the structure of the standard robustness semantics, but through smooth

continuous-time integral surrogates.



43

Remark 3.8 (Regularization near ¢ = 0). The normalization in (3.53)—(3.54) can be regularized
in practice by replacing ¢ with ¢ 4 ¢ for a small 6 > 0. This avoids numerical issues near t = 0
while preserving the intended prefix-aggregation behavior. The induced perturbation can be

made arbitrarily small as 6 — 0%.

3.4.8 Discussion

The augmentation-based realization is attractive because it requires only state augmen-
tation and therefore integrates naturally into existing optimal-control pipelines. Its main
advantage is implementation flexibility. Once the auxiliary dynamics are introduced, the
temporal operators are handled through an augmented continuous-time system and stan-
dard boundary conditions, without requiring explicit storage or manipulation of dense-time
samples.

At the same time, the realization is only approximately exact because of the regularization
parameter € required by the geometric-integral term. This approximation enters only through
the shifted logarithmic branch, and its practical effect can often be made arbitrarily small.
For critical always-type safety constraints such as obstacle avoidance, a small physical buffer
in the predicate restores strict engineering safety, while asymmetric weighting can reduce
the influence of the geometric-integral term relative to the negative-part integral. In the
limiting case, for always-type constraints one may retain only the integral penalty on the
negative part, thereby recovering the CTCS-style path-constraint construction of [104], at
the cost of losing the positive-margin shaping effect contributed by the geometric term. For
eventually-type specifications, if the target set has nonempty interior, the positive-part
integral can dominate the shifted geometric term, making the conservatism induced by e
arbitrarily small. The same principle carries over to until through its inner always-type
prefix condition and outer eventually-type witness condition.

The exact dense-time realization and the augmentation-based realization are therefore
complementary. The dense-time realization is semantically exact on the dense numeri-

cal trajectory representation, whereas the augmentation-based realization provides a more
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transcription-friendly continuous-time alternative whose only source of approximation is the
geometric-integral regularization. The next section extends both constructions to weighted
formulations that allow relative priorities among subformulas and time instants to be encoded

directly within the robustness model.

3.5 Weighted extensions

The constructions in Sections 3.3 and 3.4 used the baseline GMSR choice, namely unit
weights and the arithmetic-mean branch with exponent p = 1. That baseline is often sufficient
and is the form used in most of the examples in this dissertation. Nevertheless, many
trajectory generation problems naturally call for nonuniform priorities. Some subformulas
may be more important than others, some time instants may deserve stronger emphasis than
others, and some temporal witnesses may be preferred over others. Weighted robustness
semantics have been explored previously for standard robustness and AGM-type constructions
[59, 198], and the general D-GMSR family already supports such extensions in a smooth
and exact manner [286]. This section records the corresponding weighted extensions for the

logical operators and for both CT-STL temporal realizations.

3.5.1 Weighted logical operators

Let ye R*", let ce Ry, ,let pe Z,, and let
w=(w,...,w,) €LY,

be a strictly positive weight vector. Define the weighted generalized means

. e 1/(17w)
Mg, (2) = "+ ][ =" , (3.60)

1 n 1/p
M (2) = (c” + = waf) , (3.61)
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for z € RY,. The weighted GMSR logical operators are then

M) = (Mg, (1w2)) " = (g, (1w2)) (3.62)

YY) = = "Ry (<), (3.63)

The unit-weight, arithmetic-mean baseline of Section 3.3.1 is recovered by taking

A further structural consequence of combining smoothness with exact sign preservation is

that the key GMSR operators cannot be idempotent.

Remark 3.9 (Non-idempotence of the logical GMSR operators). Note that “h¢ , and VA
are non-idempotent since they are C'-smooth and preserve the soundness of the robustness
measure [292, Proposition 1]. This implies that the values of "h¢ ,(y) and VhS ,(y) at y = al

for a € R are not equal to a. More precisely, for a > 0,
1/21Tw
“he p(al) = (clTw + a21T“’) e S
while for a < 0,
Agc 1/2 P 2p 1/(2p)
hy,(al) =c/= — (c + |a| ) #a

The same conclusion holds for Vh;w by the identity

YR W (y) = =05 (=),

This non-idempotence is not a defect of the construction, but rather a structural price
paid for exact sign preservation together with C!-smoothness.
The exponent p also controls the limiting relation between the weighted GMSR. operators

and the extremum operators that they replace.
Proposition 3.10 (Limit behavior). Let y and w be fized. Then the following limits hold:

o Ifmin(y) <0 and c'/? < |min(y)|, then

lim "he () = min(y) + c/2.

p—oo  PW
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o Ifmax(y) > 0 and c'/? < max(y), then

lim Vhe , (y) = max(y) — c/2.

p—oco  PW

Proof. If z € R, then

]\/[goyw(z) = max(z)

for any w € Zm, [260]. If ¢'/? < max(z), then
Mg, ., (z) = max(z).

Therefore, if min(y) < 0 and ¢'/? < | min(y)|, then

lim b, () = 2~ Tim (Mg, (1)

= /2 — (max(|y\2_))1/2

— V2~ [ max(yil )

= min(y) + /2.

Since
Chyw(y) = ="y (=),
it follows that
Jlim Vhp,(y) = — min(—y) — ¢/ = max(y) — ¢'/?

if max(y) > 0 and c¢!/? < max(y). [

Remark 3.11 (Practical choice of p and w). The general weighted GMSR family allows both
curvature and weighting to be tuned. In practice, the parameter p controls how extremum-like
the power-mean branch becomes, while the weight vector w controls the relative influence
of different subformulas or time samples [286]. Larger values of p make the power-mean
term closer to an extremum-type aggregation, whereas p = 1 yields the arithmetic-mean
choice used throughout the baseline constructions in this dissertation. In the numerical

developments underlying this dissertation, the choice p = 1 is generally preferred.
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Formula ¢ Weighted GMSR robustness I'? ,, (7,t)
1 9(z(1))

- —Ff,p’w(ac, t)

o1 N P2 Ahfall,m(F%M (z,1),T¢2 ,(z, t))

01V Qg Vhfall,m(Fﬁ%,w (z,t), 172 (7, t)>

o1 = oo Vh;m( —Tgn (1), T2 (, t)>

Table 3.7: Weighted GMSR parameterization of the logical operators of STL.

The weight vector w € Z | can be used to encode priorities. If the satisfaction of one
subformula is more important than others, or if certain time instants should matter more
strongly, the corresponding entries of w may be chosen larger. The partial derivatives of the
weighted GMSR operators with respect to their active arguments are proportional to these
weights, so larger weights directly increase the influence of the corresponding subformulas or

time indices on both the robustness value and its gradient.

As in the unweighted case, the sign pattern is unchanged by positive weights:

“hew(y) >0 <= y; >0, Vi, (3.64)

Yhy w(y) >0 <= Fisuch that y; > 0. (3.65)

Thus, weighting modifies the geometry of the robustness landscape without changing the

underlying logical semantics.
Let I'Y, ,,(z,t) denote the weighted GMSR robustness of formula ¢, where the vectors c,

p, and w collect the parameters of the weighted GMSR operators appearing in the parse tree

of ¢. The weighted logical recursion is summarized in Table 3.7.
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Formula ¢ Weighted dense-time GMSR robustness at t,
ﬂa,b]@ thlhwé‘j[a’b]([ Ff,p,w(‘)() U7 Em) ]mEZg[a,b}>
Glo 02 e (1F2p (X Uttn) Inerfon

Table 3.8: Weighted dense-time GMSR extension of always and eventually.

3.5.2  Weighted dense-time temporal extension

The dense-time realization of Section 3.3.2 is extended by assigning weights directly to
the ordered robustness values over the dense-time interval of interest. Fix an evaluation time

ty and interval [a, b], and recall the dense-time index set
Lila,b] = {m it € [te+a,ty+ b]}

For each temporal operator occurrence, one may choose a strictly positive weight vector

We [a,b] c Zlfﬁa’b” .

These weights can be used, for example, to emphasize earlier or later times within the
interval, to prioritize specific dense-time samples, or to encode nonuniform importance over
the temporal window.

The weighted dense-time parameterizations of F' and G are given in Table 3.8.

For the until operator, weighting enters both the outer witness search and the inner

prefix aggregation. For each admissible witness index m € Zy[a, b], define

= 0 o T80 (X, Ustin), "B e ([T (X,U;tq)];":g», (3.66)

z
m p27w2< cpw pswhc\L " cpw

where

pre m—_{+1
Wy, € Z—}—-l—
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weights the prefix interval [t, t,,]. The weighted dense-time robustness of the until formula

is then

Ula,y) c1
o (0380 = ek (Lo Imeian) (3.6)

p1,w,
where
Wilag) € zlpe
weights the candidate witness times.
As before, the unit-weight baseline is recovered by taking all temporal weight vectors
equal to the all-ones vector and all temporal exponents equal to 1. Because all weights remain
strictly positive, the sign-consistency and exactness properties of the dense-time realization

are preserved. Weighting changes the relative influence of samples and subformulas, but not

the underlying truth conditions.

3.5.8  Weighted augmentation-based extension

The augmentation-based realization can be weighted in continuous time by replacing
discrete weight vectors over dense samples with a strictly positive weighting density over the

time interval. Let I = [a,b] and let
w:l— R++

be a strictly positive weighting density. Define the normalization constant

Q = / w(t) dt. (3.68)
I
The weighted continuous-time aggregates are then
1
el =+ exp(Q /1 "0 1og(|y<t>|3 te)dr), (3.69)
. 2p 1/p

M (g1 (c” + = / dt) | (3.70)

The corresponding weighted continuous-time conjunction/disjunction surrogates are

. . 1/2 . 1/2

Hyoei D) = (Mo D) = (Mp i) (3.71)

VH;wa( I) = /\Hzcma( ). (3.72)
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The baseline augmentation-based realization is again recovered by taking p = 1 and
constant weighting densities. Positive weighting densities preserve the same qualitative
semantics as in the unweighted case, but allow selected portions of the interval to receive
more influence in both the robustness value and its gradient.

These weighted aggregates induce weighted augmentation-based realizations of always,
eventually, and until by replacing the corresponding unweighted temporal surrogates in
Section 3.4 with their weighted counterparts. Since this extension is entirely parallel to the

unweighted construction, the explicit operator-level formulas are omitted here for brevity.

3.6 Theoretical and numerical properties of the proposed robustness measures

This section summarizes the main properties of the robustness constructions developed
in Sections 3.3-3.5. The emphasis is on smoothness, soundness, completeness, locality and
masking, and the resulting gradient behavior that makes these constructions suitable for
trajectory optimization. The logical GMSR constructions inherit their main properties from
the discrete-time generalized mean-based smooth robustness framework [286], while the
continuous-time dense-time and augmentation-based realizations extend those properties in

different ways [284].

3.6.1 Smoothness and exactness
In Propositions 3.12 and 3.13, we assume
¢ € Ry, pi € Ly, w; € 2, Vi€ Zy,
and do not restate this for brevity.

Proposition 3.12 (C'-smoothness of logical GMSR). Assume that all predicate functions are
Ct-smooth. Then, for every finite-horizon STL formula ¢ constructed recursively from predi-
cates using negation, conjunction, disjunction, and implication, the corresponding weighted
logical GMSR robustness

|84 (.7 t)

c7p7w
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is Ct with respect to its signal arguments.

Proof. 1t is enough to show that the key operators Ah;,w and Vh;yw are C! on R”, since

the STL robustness is obtained by recursively composing these functions with C' predicate
functions.

First, note that for a scalar variable r € R,
7|3 = max(r,0)%,  |r|2 = min(r,0)?

are both C! functions of r. Indeed,

d d
a‘ﬂi - 2|T|+7 %lﬂg - 2|T|—7

and both derivatives are continuous. Hence the vector-valued maps

y=yl, oy |y

are C! on R™.

Next, consider the weighted generalized means
n 1/(17w)
T .
M) = (T I
1 n 1/p
My, (2) = (Cp 1w Zwﬂf) ;

=1

defined for z € R%,. Because each w; € Z,, and p € Z, , the maps

n n
2 [ 2", Z Y wEl
=1 i=1

are polynomial-type smooth functions on R%,. Since ¢ > 0, the quantities
17 & I
U+ 12" and P+ —) w2l
Z‘Zl_Il 2 1Tw 12::1 1™

are strictly positive for every 2z € RY,. Therefore, the outer power maps

.
7 /() 7 /P
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are C* on the relevant positive domains, and hence both

(&
Mg

C
Mg,

[e.9] n
are C* on R%,.

Composing these smooth maps with |y|2 and |y|> shows that

yer Mg, (yl3), v My (lyl)

are C! on R™. Since ¢ > 0, both quantities are bounded below by ¢, so the square-root map

is smooth on their ranges. It follows that

1/2

) = (M5, (192) " = (M5, (1912))

is C! on R™. Finally,
Vic . AW N
hp,w(y) - hp,w(_y)
is also C!.
Since the predicate functions are C! by assumption, and every logical robustness formula

is obtained by finitely many compositions of C! predicate functions with the C! key operators

“hg ., and Vhe . the resulting robustness

1_‘f,p,w ('7 t)
is C'. The baseline case is the special case p; = 1 and w; = 1. [ |

Proposition 3.13 (Soundness and completeness of logical GMSR). For every finite-horizon
STL formula o constructed recursively from predicates using negation, conjunction, disjunction,
and implication,

(x,t) Fp <= 17 ,(x,t) >0. (3.73)

C’p7w

Thus, the logical GMSR constructions are sound and complete, and hence exact, with respect

to the standard STL semantics.
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Proof. We first prove the sign-exactness of the conjunction operator Ahz‘;w.

Let y € R™. From the definitions,
Mg, (yl3) = e My, (lyl2) > e
Moreover,

M (lyl3) > c = [[lwli" >0 <= |yil+ >0, Vi < y; >0, Vi.
=1

Likewise,

M ([y]2) > ¢ = Zwi\yiﬁp >0 <= 3Jisuch that |y;|- > 0 <= 3i such that y; < 0.
i=1

Since the positive and negative parts cannot be simultaneously active for the same coordinate,

the following implications hold:
Mg(yl3) > ¢ = My, (ly[2) =<,

and

My (1y12) > ¢ = Mg, (ly[3) =c.

We now characterize the sign of A, (y).

If some entry of y is negative, then M¢ (Jy|*) > ¢ and Mg ,(|y]3) = ¢, so
. . 1/2
M () = = (Mg, (%)) < 0.

Hence

min(y) <0 = "h; ,(y) <O0.

If all entries of y are nonnegative, then |y|> =0, so M¢,([y|>) = ¢, and
1/2
e W) = (Mg, (1y12) T = > > 0.
Moreover, the value is strictly positive if and only if all entries are strictly positive. Thus

min(y) >0 <= "hy,(y) > 0.
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/\ c . .
Therefore, "*h; ,, has exactly the same sign pattern as min(y).

Since
vhjco,'w (y) = _/\h;,w(_y>7

it follows immediately that Yh¢ , has exactly the same sign pattern as max(y):
Vic
hyw(y) >0 <= max(y) > 0.

We now prove (3.73) by structural induction on the formula . The atomic predicate case

follows directly from the definition
(x,t) Fp <= g(z(t)) >0 < T*(z,t) > 0.

The claim for negation, conjunction, disjunction, and implication then follows immediately by
structural induction on the parse tree of ¢, since the recursive GMSR construction mirrors
the recursive Boolean semantics exactly, with Ah;w and Vh;w replacing the sign behavior of
min and max. Therefore,

(x,t) Ep = T¢, (1) >0

C1p7w

for every finite-horizon STL formula . |

The exact dense-time realization introduced in Section 3.3.2 inherits the key properties
of the logical GMSR operators directly. Indeed, the temporal constructions for always,
eventually, and until are obtained by applying the same smooth and sign-exact operators
Ahfw and Vhfw to vectors of robustness values indexed over dense-time. Consequently, on
the dense numerical trajectory representation, the resulting CT-STL robustness is C! with
respect to the optimization variables, and sound and complete up to the numerical accuracy
of the underlying integration scheme.

By contrast, the augmentation-based realization introduces a regularization parameter

€ > 0 in the geometric-integral term.

Proposition 3.14 (Augmentation-based smoothness and approximate exactness). Assume

that all shift parameters satisfy ¢; € Ry, all exponents satisfy p; € Z ., all discrete weight
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vectors satisfy w; € 21y, , all predicate functions are C'-smooth, the underlying continuous-time
dynamics are C* in state and input, and every weighting density w : I — R is fived and
continuous on its compact interval I. Then the augmentation-based temporal operators, both in
their weighted and unweighted forms, are Ct with respect to the signal and decision variables.
Howewver, for fized € > 0, the augmentation-based realization is only approximately exact. Its
deviation from exactness is solely due to the e-reqularization required in the geometric-integral

term.

Proof. Consider the scalar functions

ac(r) =log(|rf +¢),  By(r) = |r[*

Since r — |r|3 and r — |r|? are C', and |r|3 + & > ¢ > 0, both . and 3, are C' on R.
For a fixed positive weighting density w on a compact interval I, multiplication by w(t)
and normalization by

le/w(t)dt>0
I

preserve smoothness. Hence the weighted continuous-time aggregates

Coclyi D) =c+ exp(Qll /I W) (y(t)) dt)

and

M) = (¢ + g [8,00) dt)l/ v

1

are C! functions of the signal y. The corresponding surrogates

N1qqc Vaqyc
H Hp7w75

p,UJ7E7

are therefore C! as well. The unweighted case is recovered by taking constant densities and
p=1
The logical robustness functions I'f , ,(x,t) are C' by Proposition 3.12. Therefore, all

right-hand sides appearing in the augmented dynamics for G, F', and U, in both the weighted

and unweighted constructions, are compositions of C* functions. Hence the augmented vector
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Construction C'-smoothness | Soundness | Completeness | Monotonicity | Locality & Masking
Logical GMSR layer v v v v v
Dense-time GMSR realization v v v v v
Augmentation-based GMSR realization v v v

Table 3.9: Summary of the main properties of the proposed GMSR constructions. Here,
indicates approximate soundness and completeness due only to the geometric-integral

regularization parameter £ > 0.

field is C! in its state and input arguments. By the standard smooth dependence of ODE
solutions on initial conditions and parameters, the corresponding auxiliary states and their
terminal values depend C'-smoothly on the decision variables. Since the augmentation-based
robustness values are obtained from those terminal auxiliary states by addition and square

root, they are themselves C!.

It remains to explain approximate exactness. The only difference between the ideal
exact continuous-time construction and the implemented one is the replacement of |y(¢)|2 by
ly(t)|2 + ¢ inside the logarithm of the geometric-integral branch. If |y(¢)|2 vanishes on part
of the interval, the unregularized logarithm is undefined, whereas the regularized expression
remains finite. Thus, for every fixed ¢ > 0, the geometric-integral branch is a regularized
surrogate of the ideal exact construction. The integral branch is unchanged, and the weighting
densities only reweight the corresponding integrands; they do not alter the underlying sign
logic and do not introduce any additional approximation. Accordingly, the only source of
deviation from exact sign-exactness is the regularization parameter ¢, and this deviation

vanishes as the regularization is reduced. [ |

The main distinctions among the constructions are summarized in Table 3.9.

The next subsection develops the gradient-based interpretation underlying the monotonic-

ity and locality /masking behavior summarized in Table 3.9.
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3.6.2  Gradient behavior, locality, and masking

The main numerical advantage of GMSR is not only that it is smooth and exact, but
also that it distributes gradient information across multiple relevant subformulas and time
instants. This subsection makes that mechanism explicit. We first contrast the gradient
structure of standard smooth min/max-based robustness with that of GMSR, then verify the
resulting operator behavior numerically, illustrate its impact on a trajectory optimization
problem, and finally explain how the same mechanism extends to the continuous-time CT-STL

constructions.

Gradient behavior of standard smooth robustness. Let p denote a smooth min/max-
based relaxation of discrete-time space robustness, such as the D-SSR construction in [123].
In such relaxations, the values of multiple predicate functions across subformulas and time
instants are still composed through smooth approximations of the min and max operators.
As a result, the robustness value is typically dominated by one extremizing predicate at one
extremizing time instant, which is precisely the source of the locality and masking pathologies
(197, 286]. In other words, although the robustness function is smooth, its effective gradient
information remains highly localized.

To make this precise, let f; : R™ — R for all i € {1,...,n}, let

y=(f1(@), fo(x), ., ful)),

and define the index sets

Smin = {1 fi(z) < fi(x), Vi€ {1,...,n}}, Smax = {11 fix) > fi(x), Vj e {1,...,n} }.

For sufficiently large sharpness parameter x, the gradients of the smooth min/max approxi-

mations satisfy
erﬁﬁln(y) = Z a; V. fi(x), (3.74)
i=1
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where
1
T /o v { € Smin7
a; ~ card(Smin) (3.76)
0, otherwise,
1
T/ o Vv { S Smaxa
b ~ { Card(Smax) (3.77)
0, otherwise.

Hence, when D-SSR is used inside a gradient-based iterative optimizer, the update direction
is determined almost entirely by the gradient of a single predicate at a single time instant.
All other predicate values and time-indexed evaluations are nearly ignored. This is the

mechanism underlying locality and masking [123, 286].

Example 3.15 (Illustration of D-SSR operator behavior). Consider the operator-level mazi-
mization of

5PN (1, k) and PPV (2, k),

where p?(x, k) = fi(xr) € R forie {1,...,5} and the smooth min/mazx approximation uses

k= 25. Equivalently,
PN k) = inaly), 5o, k) = (),

with
y = (fi(@r), folmr), - - f5(zn)).

The same operator-level interpretation also applies to
~G 1:5]%¥ — S ~F1: %) LT
priA(z,0) = ming(y),  p ¥ (x,0) = max.(y),

when p¥(x, k) = f(xx) and
Yy = (f(xl)mf(x?)’ s >f<x5))

Figure 3.3 illustrates the resulting numerical behavior. During the maximization of

the conjunction-type expression, only the predicate attaining the minimum value changes
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significantly at each iteration, and the active minimum shifts only when that predicate has
been sufficiently improved. During the maximization of the disjunction-type expression,
only the predicate attaining the maximum value changes significantly, so the same witness
typically remains active throughout the iterations. These plots numerically verify the gradient

concentration predicted by (3.74)—(3.77).

Conjuction - Always Disjunction - Eventually

154 15 4

104

fi(wr)
i
fi(xr)

0 5 10 15 20 0 2 4 6 8 10
iterations iterations

=
k)

—
o
L

ﬁ’mﬂvz/\mﬂvs (.T, k)
(=}

£

;f
: 51

2
T 0

~101 Y

lO T T T IQ 75 1 T T T
0 5 10 15 0 2 4 6 8 10
iterations iterations

Figure 3.3: Changes in the predicate values and robustness values while maximizing con-
junction/always and disjunction/eventually operators using D-SSR. The color gradient from
purple to red corresponds to predicate values from fi(xy) to f5(zx), or equivalently from

f(zq) to f(x5) in the temporal interpretation.

Gradient behavior of D-GMSR. The key functions of D-GMSR are built from generalized
means in a way that avoids the gradient collapse of (3.74)—(3.77). Let again f; : R™ — R for
alli € {1,...,n}, let

Yy = (fl(x)af2<x)> X 7fn($>)v



and consider the weighted GMSR key operators Ah;w and vh;,w' Then

where

VI/\h;,w(y) - CE]FV$M(‘):,U)(|y|3—> - C;VIM;,w(lyF_)a
Vb (y) = ¢y Ve My, (113) — ¢ Va Mg, (Jyl2),

i=1 |yilo

V.M, (ly2) = pmzwz|yz IV i),
i=1

with O € {+,—} and

n_ 1 2\ 2
& =3 (M. (5)
1 . —-1/2
4= Q(Mp,wum%)) ,
2w;
o |?JJ ’
CO,m - 1Tw—1"
1Tw(M5,w<ry|a>)
2
O
Cp,m = p—1-

1w (Mg, (1))
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(3.78)
(3.79)

(3.80)

(3.81)

(3.82a)

(3.82b)

(3.82¢)

(3.82d)

Substituting (3.80)—(3.81) into (3.78)—(3.79) yields the weighted gradient-sum representation

where

Ve /\hc Zwlalv filz),

AT Zwlbv filz),

1
Cgcgmly /\h;,w(y) > 07

‘2p 1

Cp Cpm| Vi , otherwise,

1 .
— ¢ COMW’ Vh W(y) <0,

+ -t 2p—1 :
Cycmluil ™, otherwise.

(3.83a)

(3.83b)

(3.84a)

(3.84D)
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Thus, unlike D-SSR, the gradient of D-GMSR is a weighted sum of the gradients of multiple
active predicates. The relative weights of these active contributions are determined by the sign

pattern of the arguments and by the inverse- or direct-proportional scaling in (3.84a)—(3.84b).

Example 3.16 (Illustration of D-GMSR operator behavior). Consider the same operator-level

setup as in Example 3.15, but now mazimize

Lo A5 (1 k) and TV (g k),

7p7 cpw

with parameters

Equivalently,

TONres (o, k) = M0 (y),  TEVYes (k) = VRS, (1),

¢,p,w ¢,p,w

where
y = (filzr), f2(zn), - - -, f5(1)-

The same interpretation applies to
(& F : (&
F&Pw ( ,0) = Ahp,w(w» c,[zll,ﬂ:p(%o) = vhp,w(y)v

when
y=(f(z1), f(x2), ..., f(x5)).

Figure 3./ numerically verifies the analytic derivative statements above. For conjunction-
type aggregation, when positive and negative values coexist, only the negative-valued arguments
are pushed upward until they meet at 0. When all arguments are positive, they all continue to
increase, with smaller margins increasing more strongly. For disjunction-type aggregation, if
all values are negative, all of them move upward, with the near-feasible ones moving most
strongly; if positive and negative values coexist, only the positive-valued arguments continue

to increase, and the strongest witness grows fastest [280].
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Figure 3.4: Changes in the predicate values and robustness values while maximizing conjunc-
tion/always and disjunction/eventually operators using D-GMSR. The color gradient from
purple to red corresponds to predicate values from fi(zy) to f5(zx), or equivalently from

f(zq) to f(x5) in the temporal interpretation.

Examples 3.15 and 3.16 verify the gradient mechanisms of the D-SSR and D-GMSR
operators. The behavior observed in Figure 3.4 is a direct consequence of the monotonicity

and locality /masking properties of the GMSR, key operators, which we state next.

Monotonicity, locality, and masking. It follows directly from the derivative expressions

above that the logical GMSR key operators are monotone.

Proposition 3.17 (Monotonicity). The functions "h , : R" — R and VA, : R" — R are

monotone. More specifically, each function is nondecreasing in each of its arguments.

Proof. We prove that the partial derivatives of Ah;w and Vh;w with respect to each of their
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variables are nonnegative. Equation (3.83) implies that
Oy "y oo (y) = wiai, 0y, "I, o, (y) = wibi.

The nonnegativity of the constants appearing in the derivative construction preceding (3.83)
implies that the coefficients

g, b;

in (3.84) are nonnegative for all i € {1,...,n}. Therefore,
wia; > 0, w;b; > 0,

for all w € Z% , , which proves that both “h¢ , and YA, are nondecreasing in each argument.

Proposition 3.18 (Locality & masking). Consider the logical GMSR operators "hs, ,, and
Vh;w. Whenever one of these operators has a negative value, its derivative with respect to
every argument that contributes to that negative value is positive. Furthermore, whenever the
derivative with respect to an argument is nonzero, its magnitude is either directly or inversely

proportional to the magnitude of that argument, up to the corresponding positive weight.

Proof. We prove the result using the derivative formulas derived above for the logical GMSR
operators.

If “hg ,(y) < 0, then there exists at least one index i € {1,...,n} such that y; <0, and
the negative branch of “hg , is active. Therefore, the corresponding coefficient multiplying
the gradient contribution of that variable is positive, which implies that the derivative of
"hs ., with respect to every active negative-valued variable is positive.

Furthermore:

L. If "hg ,(y) > 0, then the positive branch is active and

0y he W (y) o Wibs

. Vije{l,...,n}.
Oy, g, (y) Wy

Thus, for equal weights, smaller positive margins receive larger gradient emphasis.
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2. If "hg ,(y) <0, then

Oy 'S w(y)  wylyi*P!

p7w

Cx M
Oy, he W(y) — wyly;[PP71

Vi,jE{kka<0},

and

0y, he w(y) =0  Vie{k:y, >0}

p7w

Similarly, if vh;w(y) < 0, then all entries of y are negative and the corresponding active-
branch coefficients are positive, so the derivatives with respect to all contributing variables

are positive.

Furthermore:

3. IfVhe ,(y) <0, then

ayivh;,w (y) w; ‘yj ’
Vhe X
ayj hp,w<y) w]‘yl|

, Vi,je{l,...,n}.

Thus, for equal weights, among negative entries, those closest to zero receive larger
gradient emphasis.
4. 1f Vhs ,(y) > 0, then
Oy, o (y)  wiy”™

—, Vi, j € {k:yr >0},
aijhg,w(y) wjyjz'p !

and

9, he W(y) =0 Vie {k:y, <0}

p?w

These properties precisely explain why GMSR avoids the extreme localization and masking
behavior of standard min / max-based robustness and of their sharp smooth approximations.
The practical implication for trajectory optimization is that D-SSR may focus the optimizer
on a single extremizing node or time instant, while D-GMSR continues to propagate gradient

information to multiple relevant
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Example 3.19 (Trajectory-level illustration of locality and masking). Consider the trajectory

optimization problem

. ~ F1.9p
mazimize prEKI?(2,0)  or Tepaw (x,0)
Tk, Uk

subject to  xpi1 = T) + Uy, ke{l,..., K —1},
z1 = (0,0), (3.85)
i = (8,0),
||ug|| < 1.5, ke{l,...,K},

with K =9, where the goal is to eventually reach a circular target set centered at p, with

radius r.,. The predicate is

f@) =ry =z =pul,  ¢=(f(z)20).

The D-SSR case uses k = 25, whereas the D-GMSR case uses

The initial and converged trajectories, together with the corresponding predicate values and
robustness values over the iterations, are shown in Figure 3.5.
For the chosen initial trajectory, the second node is the closest one to the target set.

Consequently, in the D-SSR case,
Vo o E12(2,0) =0,  ke{l,...,K}\{2},

so the optimizer effectively acts only on the second node. As illustrated by the red trajectory
in Figure 3.5, the control bound prevents that node from entering the target set, even though
other nodes could do so. The optimization therefore converges to a trajectory that still violates
the STL specification.

By contrast, in the D-GMSR case,

Fyq.
vxkrc7%;5]¢<x7 O) = a kaf($k),
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with

a>ap >0,  kef{l,... K}\{2}.

Thus, the optimizer still prioritizes the second node, but it also continues to move the other
nodes toward the target set. As illustrated by the blue trajectory in Figure 3.5, one of the
other nodes eventually reaches the target region, and the specification becomes satisfied. This

example makes the trajectory-level consequences of locality and masking explicit [250].

Continuous-time extensions. The same gradient logic carries over directly to the
continuous-time constructions, since both realizations are built from the same weighted
GMSR operators applied either to dense-time samples or to continuous-time aggregates.
For the exact dense-time realization, the same coefficient structure appears after replacing
the vector of logical subformula values by a vector of dense-time robustness values. In

particular, for conjunction-type aggregation, one has

O"Nh¢ W;

— P y; > 0, 3.86
| Y; Yi ( )
ONhe

|ayiLw| X wi|yi|2p_17 Y < Oa (387)

whereas for disjunction-type aggregation, one has

OVhe w;

p,w 1
— , y; <0, 3.88
‘ 0Yi Iyil ( )
OVhe
‘ ?,w X wi|yi|2p*1, Yi > 0. (389)

Thus, always behaves as a smooth worst-case aggregation over dense-time, eventually
behaves as a smooth best-candidate aggregation, and until combines the two through its
outer witness search and inner prefix aggregation [284, 285].

For the augmentation-based realization, the same interpretation persists in continuous

form. If y(t) is the active signal and w(t) is the temporal weighting density, then the
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conjunction-type surrogate /\7-[]‘;7%8 satisfies

5/\ c
Hy e  w(t) y(t)

0 W, y(t) >0 geometric-integral branch, (3.90)
6 H e 9p-1 :
WIZ)» o w(t) |y, y(t) < 0 integral branch. (3.91)

and the disjunction-type surrogate has the dual behavior. Therefore, the augmentation-based
realization also distributes gradient information across an interval rather than collapsing it
to a single critical time. The only difference from the exact dense-time realization is that
the inverse-proportional geometric branch is recovered only approximately because of the
unavoidable e-regularization [284, 285].

Thus, the continuous-time extensions do not introduce a fundamentally different gradient
mechanism; rather, they lift the same GMSR structure from discrete collections of predicate
values to dense-time samples and continuous-time aggregates.

Taken together, the preceding analysis explains the numerical behavior observed in the
DT-STL and CT-STL studies. D-SSR and related smooth min/max relaxations inherit
gradient concentration from the underlying extremum operators, which can lead to locality
and masking and can prevent the optimizer from finding a satisfying trajectory even when
one exists. GMSR replaces this behavior with a distributed gradient structure that remains
smooth, exact, and monotone while emphasizing the most relevant active margins. In the
dense-time CT-STL realization, the same mechanism is distributed across dense-time samples;
in the augmentation-based realization, it is distributed across intervals through integral
and geometric-integral surrogates. This yields a substantially more favorable optimization

landscape for trajectory generation with temporal logic mission specifications.
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Figure 3.5: Trajectory-level illustration of locality and masking. The black dotted curve

denotes the initial trajectory, while the red and blue dotted curves denote the converged

trajectories obtained using D-SSR and D-GMSR, respectively. The accompanying predicate-

value and robustness plots illustrate how D-SSR concentrates gradient information on a single

near-witness node, whereas D-GMSR. continues to propagate gradient information to multiple

relevant nodes.
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Chapter 4

PROX-CONVEX: A STRUCTURE-PRESERVING SEQUENTIAL
CONVEX PROGRAMMING ALGORITHM FOR NONCONVEX
OPTIMIZATION

4.1 Introduction

The previous chapters established two ingredients that are central to the remainder of the
dissertation. First, Chapter 2 developed a numerical optimal-control backbone based on time-
dilation, finite-dimensional control parameterization, multiple-shooting discretization, and
exact-penalty finite-dimensional formulations. Second, Chapter 3 introduced smooth and exact
modeling tools for mission-level specifications, culminating in GMSR-based parameterizations
of temporal logic requirements in both discrete and continuous-time. When these two
ingredients are combined, the resulting finite-dimensional trajectory-generation problems
often exhibit a structured form of nonconvexity. Smooth nonlinear features may appear
inside convex penalties, while convex, possibly nonsmooth features may be coupled through
smooth outer maps. This chapter develops an optimization algorithm tailored precisely to
that structure.

Motivated by this structure, we consider composite problems

min F(z) = g(z) + h(C(x)) + s(R(z)), (4.1)

zER™
where g : R™ — R U {+00} is proper, closed, and convex, h : R? — R is finite-valued,
closed, and convex, C' : R" — R? s : R® — R are C'-smooth, and R : R™ — R",
R(z) = (r(x),...,r(x)), with each r; : R™ — R finite-valued, closed, and convex. For
the convergence analysis developed later in this chapter, we further impose mild technical
regularity and Lipschitz assumptions, which are stated in the assumptions subsection of

Section 4.2. This class generalizes well-studied convex-composite problems because of the
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term s(R(x)), which is an essential feature for the motivating examples considered in this
dissertation. In particular, the finite-dimensional exact-penalty formulations of Chapter 2
naturally give rise to terms of the form h(C(z)), while the smooth and exact mission-
specification parameterizations of Chapter 3 naturally give rise to terms of the form s(R(z))

when smooth robustness maps act on convex predicate functions.

Remark 4.1 (Modeling breadth). The decomposition (4.1) covers a wide range of structured
objectives. Here, g collects convex objectives and indicator functions of convex constraints;
h(C(z)) captures convex penalties applied to smooth (possibly nonlinear) feature maps; and
s(R(x)) models smooth couplings of convex (possibly nonsmooth) features such as predicate
functions used in temporal logic specifications.

Importantly, the split between R and s is not unique and can be chosen to preserve convex
structure. Only those features that we want to keep as convex coordinates need to appear
inside R. Any additional smooth dependence on x (even if not convex) can be absorbed
into the smooth outer map by augmenting the inner map with the identity. Concretely, if
a modeling term has the form 3(R(x),q(z)), where R is convex (possibly nonsmooth) and
q is smooth, then it can be written as s(R(z)) by setting R(x) = (R(z),z) and defining
s(y, z) = 5(y,q(2)). Thus, one may assume without loss of modeling generality that R collects
the convex building blocks, while all smooth components are handled by s.

Representative instances covered by (4.1) are summarized in Table 4.1.

For this broad class of problems, this chapter develops a prox-convex algorithm that
linearizes only the smooth maps while preserving all convex structure. At a current point xy,
we form a convex model F(x;x;) and solve the strongly convex subproblem

siss = argmin { Flai o) + 3o = aull, |,
with the positive-definite proximal metric

Qk = ukI+H,j > 0.

Here py, > 0 is chosen by a predicted /actual reduction ratio test to enforce sufficient decrease,

and H," = 0 optionally injects curvature from C? components of the smooth maps, with
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Component | Modeling role Typical instances
Convex objectives %HAZE — 0|12, ||[Az — bll2, a =z, Allzll1, Allz|l2, TV, nuclear norm X ||«
g(x)
Convex constraints via dx(z) (compact convex sets: boxes/balls/polytopes/simplices)
indicator dxc(z) (SOC/SDP cones), indicator of affine equalities/dynamics
Composition of Convex loss | Nonlinear regression: %(|C(2)|13, [|C(z)||1, [|C(z)]|c
h(C(x
(C69) with smooth features Robust fitting: Huber loss on C(z)
Exact penalization of smooth For sufficiently large w:
(possibly nonconvex) constraints | Equality constraints (C(x) = 0): w||C(x)|1
Inequality constraints (C(x) SO): w ZI(CZ (z))+, where (t)4 =max{0,t}
Temporal Logic Specifications | Smooth and Exact Parameterizations of the Specifications [286]
with convex predicate functions
s(R(x))

Disjunction (OR)

\/ (ri(2) <0)

=1

Implication

(7"1 (z) < 0) = (7‘2(:10) < 0)
Compound

(rl(x) <0Vra(z) < 0) =
(7"3(90) <O0Ara(z) < O)

Disjunction (OR)
—VhS ( —ri(x),..., —rn(az)) <0 <= HZ,L:I (rl(z))i =0

Implication

—Vhe , (r1(2), —ra(2)) <0 = (_Tl(x))a

N (7"2(&:))2+ =0

Compound
Vg (M (ra (@) 2 (@), M (= ra(e), —ra(e) ) <O =

(( - rl(ac))i + (f 7’2(:1:))1) ((Ts(m))i + (7"4(1))i> =0

where (t)+ = max{0,t}

Table 4.1: Modeling examples covered by the decomposition F'(z) = g(x)+h(C(z))+s(R(x)).

H;" = 0 when such information is not available. This design keeps g and h exact and retains

the convex inner map R(-) inside the linearized s term, while the quadratic regularizer ensures

stability and strong convexity of the subproblem.

Under standard boundedness and Lipschitz model-error conditions, accepted steps of

prox-convex monotonically decrease F' and drive the metric prox-gradient

Go.(zr) = Qr(xr — Tps1)

to zero. Moreover,

min

0<j<N

1Ga; ()]

O(N—2),
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so that O(e72) accepted steps suffice to obtain

1Ga (zp)l| < e

A local error-bound condition further yields a metric step-size error bound and thus local
Q-linear convergence of the function values.

The Taylor-like framework of Drusvyatskiy, loffe, and Lewis [93] transfers this residual
control to stationarity: every cluster point is limiting stationary and, by the subdifferential-
regularity result developed later in this chapter, also Fréchet stationary. The same framework
also justifies robustness to inexact subproblem solves and a model-decrease stopping rule.
Curvature terms H,™ provide local acceleration without weakening global guarantees.

At a high level, the developments of this chapter are: (i) a structure-preserving prox-convex
subproblem that avoids unnecessary linearization of convex components, (ii) an adaptive
proximal metric with optional second-order information to improve conditioning and local
progress, and (iii) a convergence theory with explicit quantitative guarantees. Additional
details about these developments are placed in context through the related-work discussion

below.

Related works. The development of algorithms for nonsmooth, nonconvex optimization
has a rich history, evolving from classical methods for nonlinear programming to modern
techniques designed for the large-scale, structured problems common in data science. The
prox-convex algorithm developed in this chapter builds upon several key lines of research,
which we now survey to place the chapter’s contribution in context.

The core idea of iteratively minimizing a simplified model of a difficult problem has deep
roots in numerical optimization. For nonlinear least-squares,

min L[ ()],

the Gauss—Newton method generalizes Newton’s method [215, Section 3.3] by linearizing

the inner function to create a tractable subproblem [215, Section 10.3]. It is a classical
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workhorse for nonlinear least-squares and nonlinear regression, widely used for parameter
estimation in statistical models and inverse problems [32].
The Levenberg—Marquardt method [165, 189] (see also [215, Section 10.3]) improves

robustness by minimizing the regularized model
min 3| f(ee) + Jed|” + [P

to stabilize poorly conditioned steps, a concept that was later analyzed and extended [54, 212].
In practice, Levenberg-Marquardt underlies standard nonlinear least-squares libraries such
as MINPACK and Ceres, and is widely used for curve fitting, parameter estimation, and
geometric calibration across engineering and the physical sciences [9, 205, 283].

These ideas are generalized into the powerful trust-region framework for smooth
objectives,

min f (),

which at each iteration solves

min mu(d
|l <A #(d)

and accepts or rejects by predicted/actual reduction agreement [73, 116]; early analyses
established convergence even for nonsmooth objectives [309].

In parallel, proximal methods emerged as a unifying abstraction for nonsmooth struc-
tures. The classic proximal point algorithm, introduced by Martinet [190] and developed
by Rockafellar [241], addresses

min /()
via regularized subproblems

- 1 k)2
min h(z) + 5l — 2"

While often too expensive to apply directly, the proximal-point method serves as the concep-
tual basis for many practical splitting schemes, including Douglas—Rachford, ADMM, and
Chambolle-Pock, which form the algorithmic core of modern large-scale signal processing,

imaging, and distributed optimization methods [47, 63, 72, 98].
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This idea specializes to the influential proximal-gradient (forward-backward) method

for convex “smooth + simple” objectives,
min f(z) + h(z),

with accelerated variants such as FISTA improving worst-case rates [25, 213]. Proximal-
gradient and its accelerated variants are central to modern data science, underpinning
large-scale sparse learning, such as Lasso and structured sparsity, and ¢;-type regularized
inverse problems in imaging and compressed sensing [25, 62, 72, 75, 280]. Comprehensive
treatments and unifying perspectives appear in [24, 90, 225].

To achieve the fast local convergence rates, whether superlinear or quadratic, character-
istic of second-order methods, proximal algorithms are extended to incorporate curvature

information [163]. For additive convex composites,

min f(x) + h(z),
prozimal Newton (PN) at xj solves the local problem

mdin Vf(zy)'d+ id" Hyd + h(zy + d),

with

H E~ V2f(xk),
while prozimal quasi-Newton (PQN) replaces Hy by a curvature approximation By. Under stan-
dard local assumptions, such as strong convexity near the solution and a Lipschitz-continuous
Hessian for PN, or Dennis—Moré-type conditions for PQN, these methods attain local quadratic
and superlinear convergence rates, respectively, mirroring smooth Newton/quasi-Newton
behavior [163].

The proximal-gradient framework has also been significantly extended to handle fully

nonsmooth nonconvex problems,

min f(x) 4+ h(z).
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A major theoretical breakthrough in the analysis of nonconvex algorithms came with the
application of the Kurdyka—F.ojasiewicz (K—¥) inequality. The work of Attouch, Bolte,
and Svaiter [18] provided a unified framework for proving convergence of a vast class of
descent methods for nonsmooth, nonconvex functions that satisfy the K-t property. This
framework guarantees that if an algorithm produces a sequence that satisfies a sufficient
decrease and a relative error condition, its iterates will converge to a single stationary point.

Bolte, Sabach, and Teboulle [37] provided a prime example of this framework’s power
by using it to prove the convergence of the widely used Proximal Alternating Linearized

Minimization (PALM) algorithm for block problems
min f(z) + g(y) + H(z,y).
A complementary strategy replaces direct descent on
min f () + h(z)

with a smooth model. Themelis, Stella, and Patrinos [279] introduced the forward—backward
envelope (FBE), an exact, strictly continuous penalty for the original problem. Performing
a line search on the FBE yields global convergence guarantees for proximal-gradient schemes;
moreover, when the search directions satisfy a Dennis—Moré condition, for example through
quasi-Newton updates, one obtains superlinear convergence to a critical point [279].
Second-order information can also be incorporated in the nonconvex regularized setting.

For fully nonconvex regularized objectives,
min f(z) + h(z),
proximal quasi-Newton trust-region (PQNTR) methods minimize the trust-region model

min  Vf(zy) ' d+ 2d" Bpd + h(zy, + d),

ldI<Ag

using predicted/actual reduction ratio tests and adaptive radii to secure global convergence

to first-order points with worst-case complexity O(¢72) [16]. In nonsmooth regularized least
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squares,

min 3|/ ()| + ().

Levenberg-Marquardt ideas yield regularized subproblems
min S (k) + Jedl]? + 2Nl d))? + hax + d),

which deliver robust global behavior alongside fast local progress [17].
The prox-linear (ProxDescent) algorithm extends the proximal-gradient method to the
more general composite setting

min g(x) + h(C(2)),

by, at each iteration, minimizing the local linearized model
min g(z) + h(C’(:ck) + VC(zg)(x — mk)) + Ll — .

This approach has a long history, with foundational ideas appearing in the 1980s [50, 115, 309],
and has been the subject of intense recent study and analysis [61, 92, 167].

Prox-linear and related composite-model methods have been successfully applied to
structured nonlinear inverse problems, including robust phase retrieval and quadratic sensing
[94], robust blind deconvolution and bilinear sensing [67], and nonconvex constrained trajectory
generation via successive convexification [104, 147, 286].

A unifying viewpoint for such composite problems is provided by the Taylor-like model
framework [93], which studies algorithms driven by first-order models with two-sided quadratic
approximation error. Within this framework, a slope error bound plays a central role. Under
two-sided quadratic model error bounds, a local slope error bound for F' implies a step-size
error bound, which in turn yields local linear convergence of model-based methods [91, 93, 138].
In particular, for broad classes of prox-regular functions, slope error bounds are equivalent,
up to constants, to subdifferential error bounds and to the K-¥. property with exponent 1/2;
in the convex setting, quadratic growth, slope error bounds, subdifferential error bounds,

K-FL exponent 1/2; and step-size error bounds become equivalent notions of local regularity
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(38, 91, 93]. Thus, in practice, any one of these conditions is sufficient to obtain a step-size
error bound and hence a local linear rate.

Second-order theory for the composite problem
min g(z) + h(C(z))

is also well developed. Classical local convergence theory for Newton and quasi-Newton
methods for this composite problem uses second-order epi-derivatives to establish optimality
conditions and sensitivity results [242; 243]. More recent analyses frame the problem using
generalized equations [240] and establish strong metric (sub)reqularity of the associated KKT
mapping, particularly for piecewise linear convex functions [70]. The work of Burke et al.
[53] extends this framework to piecewise linear-quadratic structures, see also [15, 243], by
augmenting the generalized-equations approach with techniques from partial smoothness
[168], thereby enabling Newton-style steps with superlinear or quadratic local rates under
appropriate regularity [52, 53]. When higher-order derivatives of the smooth component are
accessible, higher-order composite methods can further sharpen oracle-complexity bounds
and have been shown to substantially reduce iteration counts in practice [86].

Relative to the prox-linear method, prox-convex explicitly accommodates an additional
smooth—convex composite term s(R(z)), thereby allowing smooth couplings of convex, and
possibly nonsmooth, features. Such terms naturally arise when signal temporal logic spec-
ifications are encoded via smooth robustness maps acting on convex predicate functions
[89, 286]. In powered descent guidance [289], implication-type specifications, that is, state-
triggered constraints, give rise to objectives and constraints of the form s(R(z)). Likewise,
eventual satisfaction requirements for convex range, field-of-view, and direction constraints
in perception-aware motion planning for quadrotor flight are modeled through the same
smooth—convex composite structure [290]. These are precisely the kinds of structures that
arise once the modeling machinery of Chapter 3 is combined with the finite-dimensional
transcription and exact-penalty backbone of Chapter 2.

Such structures have also been studied by Ochs et al. in a line of work on nonconvex,
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nonsmooth optimization [216, 217]. In [216], they propose iteratively reweighted majorization—

minimization schemes for problems of the form
Fi(z) + F2(G(2)),

with convex F}, coordinatewise convex G, and nonconvex but coordinatewise nondecreasing
F5. A key contribution is the design of convex majorizers for popular nonconvex penalties,
leading to convex subproblems. This framework is flexible within those classes, but it relies on
constructing explicit convex models for F5, which becomes difficult outside the specific penalty
families treated there. Moreover, the composite structure F5» o G must still be amenable to
efficient convex solvers.

In follow-up work, Ochs et al. [217] propose a unifying Bregman-proximal line-search
framework: at each iteration, a convex model together with a Bregman distance generates a
trial point, and an Armijo-type condition on the true objective enforces descent. This abstract
scheme covers, among other cases, composite objectives F; o G with smooth, coordinatewise
nondecreasing outer functions F, and convex GG, while more general smooth but sign-indefinite
F5 are not treated in detail. Their analysis, based on the K—¥. property, unifies a broad class
of algorithms and guarantees convergence to critical points under standard assumptions. The
price of this generality is a mainly asymptotic theory, without explicit iteration-complexity

bounds or quantitative links between model decrease, inexact model solves, and e-stationarity.

Main contributions of this chapter. This chapter develops prox-convex, an extension of

the prox-linear method to
F(x) = g(z) + h(C(x)) + s(R(x)),

that linearizes only the smooth maps C and s while preserving the convex structure in g, h, and
in the convex inner map R. Compared with fully linearizing s o R, this structure-preserving
design is especially effective when R is highly curved, ill-conditioned, or nonsmooth: the local
model is tighter, accepted steps tend to be larger, the required proximal regularization is

milder, and progress per solve improves.
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Adaptive globalization. At iterate xy, prox-convex minimizes a convex model plus a quadratic
term |z — x|y, with

The scalar proximal weight py is chosen by a predicted/actual reduction ratio test that
balances model error bounds and step length, yielding monotone decrease on accepted steps

while avoiding both instability and overly conservative progress [52, 73].

Second-order injection. When available, the algorithm injects curvature via H;f = 0 using C?
components of C' and s, which tightens the model, improves conditioning, and accelerates

local convergence [51].
Theory backbone and guarantees.

1. Subdifferential regularity: under the monotone-or-smooth condition, F' is regular so

OF = §F and stationarity is unambiguous [71, 243).

2. Convergence and complezity with an adaptive prozimal metric: under mild Lipschitz/s-
moothness constants, a spectral threshold ensures acceptance, only finitely many rejec-
tions can occur, and the proximal metrics remain uniformly conditioned; accepted steps
vield sufficient decrease and an O(£72) bound, in accepted steps, to drive ||Gg, (zx)|| < .

3. Linear convergence from error bounds: building on the error-bound analysis of the
prox-linear method with a fixed scalar proximal weight [91], the theory is extended in
three directions: matrix-valued, iteration-dependent proximal metrics Jx; asymmetric
quadratic model-error bounds; and corresponding matrix-valued gradient inequalities
for the metric prox-gradient. Under a metric step-size error bound, this yields local
@-linear convergence of the function values for prox-convex; in the special case of a
fixed scalar metric Q) = t~'I and symmetric model error, the resulting rate constant
reduces to that of the prox-linear algorithm.

4. Taylor-like framework and stationarity: combining quadratic model-error bounds with
boundedness, asymptotic regularity ||zx.1 — x| — 0, and the Taylor-like model

framework [93], every cluster point of the accepted iterates is limiting stationary. Under
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the regularity conditions above, this further implies Fréchet stationarity. The same
framework also covers inexact subproblem solves and provides a model-decrease stopping

rule.

Numerical validation and implementation. Numerical experiments on representative examples
illustrate the practical benefits of preserving convex inner structure, including tighter local
models, faster convergence, improved robustness to initialization and proximal-weight selection,
and markedly better scaling on ill-conditioned problems. The implementation is available at
https://github.com/UW-ACL/prox-convex.

The remainder of this chapter is organized as follows. Section 4.2 presents the prox-
convex method, including the structural assumptions, the structure-preserving convex local
model, the update rule, and the adaptive proximal metric with optional curvature injection.
Section 4.3 develops the theoretical analysis, including subdifferential regularity, global descent,
complexity, and local linear convergence guarantees. Finally, Section 4.4 presents numerical
examples illustrating model quality, convergence behavior, robustness to initialization and
proximal-weight selection, and the practical benefits of preserving convex inner structure.
Supplementary technical results supporting several model-comparison and Hessian-augmented

bounds are collected at the end of the chapter.

4.2 The prox-convex method

This section presents the prox-convex method. After collecting the standing assumptions,
we define the convex local subproblem solved at each iteration and then describe an adaptive
variable-metric choice Q; > 0, with optional curvature injection to improve conditioning and

local progress.

4.2.1  Assumptions

We begin by stating a structural condition that rules out “concave-through-a-kink” patholo-

gies, for example z — —||z||;, and ensures regularity.


https://github.com/UW-ACL/prox-convex
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Informally, for each coordinate 7, we require that either the outer map s is locally

nondecreasing in the ¢-th direction, or the inner map r; is smooth near the point of interest.

Assumption 4.2 (Monotone-or-smooth per coordinate). For each € dom F', there exists a
neighborhood W of R(Z) such that, for every index i € {1,...,n}, the following holds: if r; is

not Ct on any neighborhood of T, then
Vis(z) > 0 forall z € W.
In particular, whenever
V.is(R(z)) <0,

Assumption 4.2 guarantees that r; is C! near Z, so Vr;(z) is well defined and can be used to

build the convex model on coordinates where
Vis(R(z)) < 0.

We next record mild Lipschitz and smoothness conditions on the constituent mappings,
which will be used to control model errors, descent estimates, and conditioning of the proximal

metric in the theoretical analysis.

Assumption 4.3 (Standing assumptions). Let xo € dom F' be the starting point and define
the initial level set

Xo:={x €domF : F(z) < F(xg)}.
Assume Xy is nonempty and compact. Moreover, assume:

h:R? = R is convex and Ly-Lipschitz;

C :R™ — R? 4s C' with Be-Lipschitz Jacobian;

5:R™ = R is C' with B,-Lipschitz Jacobian;

each r; : R™ — R is conver and L, -Lipschitz, so that R : R™ — R" is Lgr-Lipschitz

with respect to || - ||2, where

Lp:=|(Ly,..., L)
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If there exists a point v € Xy and an index i such that
V.is(R(z)) <0,

then preserving convexity of the local model may require linearizing the corresponding compo-

nent r; at such points. Therefore, we additionally assume:

Vsl < Ls  for ally € {R(x) : F(x) < F(zo)};

o any component r; that is ever linearized on the level set Xy is C* with a (3,,-Lipschitz

gradient. Let T~ denote the set of all such indices, and define

1/2
B ( 5 BZ) |

i€~
4.2.2  Convex local model and prox-convex update

Given an iterate xy, we construct a convex model of (4.1) by: (i) linearizing the smooth
inner map C' inside the convex function h, as in classical convex-composite modeling, and (ii)
linearizing s while treating each convex coordinate map r; according to the sign of V;s(R(xy))
so that convexity is preserved.

We define the convex model of (4.1) at iteration k by
F(w;24) = g(x) + h(C(ar) + VO (ar) (w — 1)) + s(R(xx) ) + 3 Vis(R(xx) ) Bi(; ),
i=1

where

ri(x) —ri(xg), if Vis(R(xy)) >0,
Q;(x; ) =
(Vri(zy), (x —xg)), if Vis(R(zx)) <O.

We denote the set of linearized channels at xj by

I, = {Z e{l,...,n}: Vis(R(zy)) < O}.
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Remark 4.4. If V;s(R(zy)) > 0, then the contribution
v Vis(R(wy)(ri(w) — ri(zr)

is convex, since it is a nonnegative scalar times a convex function, so we keep the convex
structure intact in the subproblem.

If V;s(R(xy)) < 0, then
v Vis(R(ay)(ri(x) — ri(zi))

is concave. To preserve convexity of the model, we replace this concave term by its affine

first-order expansion

r — Vis(R(xg)) (Vri(zy), (x — k),
which is a global convex majorant of that concave channel. Thus, z — F(x;xy) is convex.

Next, we define the proximal model at iteration k as
1 2
Fo(w;0x) = F(;2p) + S llw = axllg,

where Qp = upI + H," . Here Qy is a positive definite matrix that may vary across iterations.
Each @}, combines a scalar proximal weight p, > 0 with a curvature approximation H;" = 0
that captures local second-order information. Since F'(-;zy) is convex and @ = 0, the
function

x— Fo, (z;2)

i Amin (@ )-strongly convex.
The prox-convex update at xj; is the unique minimizer of the strongly convex model
Fo, (x;xy):

T1 = argmin Fy, (z; Tg).

This subproblem can be solved efficiently either by interior-point methods [150, 199, 214]
or by first-order primal-dual schemes [47, 63, 308], depending on the structure of g and the r;.
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Remark 4.5 (Choosing inner vs. outer linearization). For composite functions, when one
mapping is convex and both mappings are C!, linearizing only the nonconvex component while
keeping the convex component intact yields a convex subproblem; under stronger smoothness
and Lipschitz assumptions, Proposition 4.22 shows that this single-component linearization is
uniformly tighter than linearizing both components.

When both mappings are convex and C*, a practical guideline is to keep the more curved
component exact and linearize the less curved one. Even in the special case where the outer
mapping is nondecreasing, so that the composite is convex, see [42, (3.10)], a linearized

formulation may still be preferable for compatibility with standard convex solvers.

4.2.83  Adaptive proximal metric

This subsection specifies the proximal metric @ > 0. We describe a practical construction
that combines a scalar damping term with optional curvature information, and we show how

to adapt the scalar weight online using predicted-versus-actual decrease.

Construction of the Hessian Approximation

When C' or s are twice continuously differentiable, one can construct H;f from their
Hessians to enhance curvature adaptation. If such Hessian information is unavailable or

computationally intractable, H," can be safely set to zero.

Curvature for h(C(z)) (inner-only). Since h is kept ezact in the subproblem, we do
not include any outer curvature. When C'is C? and tractable, we add the inner curvature
weighted by a subgradient of h:
d
HC,k = Zyj Vij(ajk), Yy E ah(C(.iEk))
j=1
If h is smooth, we take

y = Vh(C(zx)).

If C' is not C? or Hessians are intractable, we set He, = 0.
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Curvature for s(R(z)) (outer pullback + inner compensation on linearized chan-
nels). When s is C?, we include the outer pullback. When, in addition, a linearized channel
i € 7, has r; € C* and a tractable Hessian, we also include its inner curvature, which is
negative semidefinite once weighted by the negative outer component:

H,y = Ggrlay)' V2s(R(xy) Grly) + > [Vs(R(z)] VPri(an)

€T,

outer pullback (if s € C?)

inner compensation on linearized channels (if r; € C?)

Here
T
91k

Grlzg) =1 |, Gix € Ori(zy).

-
In k

)

When each r; is smooth,
ik = Vrz(xk) and GR(LUk) = JR(.Z‘k)

For nonsmooth 7;, the stacked subgradients form an affine first-order model of R(z). For
channels with

[Vis(R(xx))]i = 0,
we keep r; ezact in the subproblem and therefore do not add its positive curvature. If s is

not C? or the required Hessians are unavailable, we set H,; = 0.

Final metric and bounds. We assemble the curvature as
Y o= o (How + o). Qu=pd + 1,

where Ilg, denotes the projection onto the positive semidefinite cone.

Remark 4.6 (Justification of the Hessian construction). Under the local second-order smooth-
ness conditions assumed for the Hessian-based model, in particular bounded or Lipschitz
Hessians, see Assumption 4.23, the unprojected Hessian model is locally third-order accu-
rate. After PSD projection, the only second-order discrepancy is the nonpositive quadratic

“projection gap”, while the remaining error terms are third order or higher, see Corollary 4.26.
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Adaptive scalar proximal weight

The local error bounds of each model are governed by two varying quantities, namely the
outer and inner curvatures of the composite function, so any static proximal weight inevitably
becomes either unstable, when too small in highly curved regions, or overly conservative,
when too large in flat regions. Our adaptive prox-convex scheme therefore tunes the proximal
metric

Qr = el + H

from iteration to iteration using the agreement between predicted and actual decrease: when
the model is accurate, we decrease the scalar proximal weight . to take bolder steps; when
it is not, we increase uy to restore reliability, implicitly tracking the unknown local constants
without ever computing them.

Whenever C or s is C? and Hessian evaluation is tractable, we enrich @, with PSD
curvature blocks H;" = 0, which tighten the model, improve conditioning, and sharpen the
local decrease rates. Otherwise, we fall back to first-order damping while preserving Q. > 0.
This combination yields robust step acceptance with larger effective steps in benign regions
and safe contraction near strong inner curvature, translating into faster and more reliable
convergence in practice.

The trust-region idea dates back to the 1970s [229] and is classically used to update the
radius [73, Ch. 6]; analogous ideas update scalar proximal weights [61]. Here we adopt an
adaptive scheme that scales the proximal metric in the quadratic term rather than a scalar

alone. The resulting adaptive prox-convex algorithm is presented in Algorithm 1.

4.3 Theoretical Analysis

This section establishes global convergence and complexity guarantees for prox-convex.

We proceed as follows:

1. We first prove subdifferential regularity

OF (z) = OF(Z)
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Algorithm 1 Adaptive prox-convex with proximal metric update
1: Input xg, o > 0, fmin > 0, thresholds 0 < a1 < ag < 1, factors vipe > 1 > Vgee > 0

2: for k=0,1,2,... do
3: Build H,ji();

4: repeat > inner loop (retries on rejection)
5: Set Qi < I + H;;

6: r} = argmin, {F(x,xk) - %||x—:1:k||ék},

7: Predy = F(xy) — Fo, (x;2x); Acty, = F(zx) — F(z)f) > predicted and actual

decreases

8: if Pred;, = 0 or ||Qx(xr, — 27)|| < €orm then > termination criteria
9: return z;

10: end if

11: pr = Acty/Predy > acceptance ratio
12: if p, < a; then > poor agreement
13: Mk <= Vinc bk

14: end if

15: until p, > oy > acceptance criteria
16: Thi < T

17: if pp > ay then > excellent agreement
18: [okt1 4= MAX{ fhmin, Vdec ks }

19: else > moderate agreement
20: M1 < Mk

21: end if

22: end for
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in Theorem 4.7, under the monotone-or-smooth condition of Assumption 4.2.

. For the actual prox-convex model, we derive two-sided quadratic error bounds with

Ly = LpBc + L%%ﬂsa Ly = Ly + Lsfg,

in Lemma 4.8.

. We analyze the acceptance mechanism: a simple spectral threshold guarantees accep-
tance (Lemma 4.10); at most finitely many consecutive rejections occur (Lemma 4.11);

and the adaptive proximal metrics @ enjoy uniform spectral bounds (Lemma 4.12).

. As a consequence, accepted steps achieve a sufficient decrease and an O(e7?) bound, in

accepted steps, for reducing the norm of the metric prox-gradient ||Gg, (zx)|| below €

(Theorem 4.13).

. We then establish linear convergence under local error bounds: extending the error-
bound analysis of the prox-linear method with a fixed scalar proximal term in [91] to
our iteration-dependent matrix metric Qr and asymmetric two-sided model constants
(L, Ly), we derive matrix-valued gradient inequalities for the metric prox-gradient
and show that a metric step-size error bound implies local Q-linear decay of function
values (Theorem 4.18); in the fixed-metric scalar case Q) = t~'I with symmetric model
constants, the resulting rate constant reduces to that of the prox-linear algorithm

(Remark 4.19).

. Finally, combining our quadratic model error bounds with sufficient decrease, hence
asymptotic regularity ||xp1 — 2x|| — 0, and boundedness of the accepted iterates, and
invoking the Taylor-like model framework of Drusvyatskiy—Ioffe-Lewis [93], we prove
that every cluster point of the accepted iterates is limiting-stationary (Theorem 4.20).
Under the regularity conditions of Theorem 4.7, this further implies Fréchet stationarity.
The same framework also justifies a model-decrease termination rule and robustness to

inexact subproblem solves.
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4.3.1 Subdifferential Regularity

We begin by ensuring that the various subdifferential notions agree at the points of
interest, so that “stationarity” can be stated unambiguously for limit points of the iterates.
For a proper, lower semicontinuous function F', one typically distinguishes the Fréchet
(regular) subdifferential OF, the limiting (Mordukhovich) subdifferential OF, and, for locally
Lipschitz F, the Clarke subdifferential 9°F [71, 243]. These coincide for smooth or convex

functions, but in the nonsmooth, nonconvex setting the inclusions
OF(Z) C OF(Z) C 0°F(z)

may be strict.
A simple example is F(z) = —|z||; at 2 = 0, where dF(0) = 0 dF(0) = {—1,1} in one
dimension, or the set of sign vectors in higher dimensions, and 0°F(0) = [—1,1].
The following result shows that, under our monotone-or-smooth condition, F' is subdiffer-
entially reqular at x, so that
OF(z) = OF ().
In particular, all standard first-order stationarity conditions agree at .

Theorem 4.7 (Subdifferential regularity). Suppose Assumption 4.2 holds at x. Let W be the
corresponding neighborhood of R(Z) and define

I; = {ie{l,...,n}:vis(z) >0 for allzGW},

so that for every i & Iz, the channel r; is C* on a neighborhood of T.
Then F is subdifferentially reqular at x; in particular, its Fréchet and limiting subdifferen-
tials coincide:
OF(z) = OF ().
Moreover,

OF(z) = 0g(z) +VCO(z) 0 )+ Y Vis(R(z)) 0ry(z) + Y Vis(R(z)) Vri(T),

1€Lz 1¢71z

where the sums are Minkowski sums.
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Proof. By convex analysis, g is regular with
09(z) = dg(1).
Since h is convex and C'is C', the basic chain rule in [243, Thm. 10.6] yields
A(h(C(x))) = D(h(C(x))) = VCO(2)" Oh(C(T)).
Since s is C!, it is regular at R(7) and

9s(R(z)) = {Vs(R())}.

Moreover, each r; is convex finite, hence R is locally Lipschitz (strictly continuous) near z.

Thus the equality case of the extended chain rule [243, Thm. 10.49] applies provided y' R
is regular for y = Vs(R(z)). By Assumption 4.2, for each i, either y; > 0, so y;r; is convex
and therefore regular, or r; is C! near Z, so y;r; is smooth and therefore regular. Hence y' R
is regular and

O(s(R(¥))) = D*R(7)|9s(R())] = 3 Vis(R()) 0ri(7) + Y Vis(R(T)) Vri(T),
i€Zz i¢ 1z

where D*R(z) denotes the limiting coderivative of the mapping R at . Therefore, so R is
regular at .

Finally, h o C' and s o R are locally Lipschitz, hence
0% (hoC)(z) =0"(so R)(x) = {0},

so the horizon qualification in [243, Cor. 10.9] is automatic. Since g, ho C, and s o R are

regular at x, the addition rule yields

OF(r) = 0g(x) + d(h(C(7))) + O(s(R(2))),

and F'is regular at z, i.e.,

OF(z) = OF ().
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4.3.2  Global descent and complexity bound

We show that the prox-convex model satisfies explicit two-sided quadratic approximation

bounds, and therefore fits the Taylor-like model framework.

Lemma 4.8 (Quadratic Model Error). For all x, the model error is bounded by

Ly
2

L
o =2l < Flo) = Flasar) < o -,

where

Ly = Ly + LBk, Ly = LiBc + L% fs.

Proof. The proof strategy is to decompose the error F(x) — F(x;z) into its two main
composite parts and then establish both an upper and a lower bound for each component.

Let d, := x — x. By construction, the terms involving g(z) cancel, leaving

F(z) = F(z;zi) = [h(C(2)) = h(Clay) + VO (21)ds )|
Term (I): Error from hoC
+ [s(R(x)) = s(R(zx)) — Vs(R(wy)) @ (w;21)|

Term (II): Error from soR

Bounding Term (I). This term represents the error from linearizing the inner map C. Let
Ac = C(z) — C(xy) — VC(vk)dy-
Since V(' is [¢-Lipschitz, we have
2l < 2 a e

The Lj-Lipschitz continuity of h then provides the symmetric quadratic bound

~ LufBc
2

LiBe

dI? < (I) <
]2 < (1) < =

Id 1%
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Bounding Term (II). This term represents the error from the prox-convex approximation

of the composition s o R. Let

Ag = R(z) — R(xy).
We rewrite Term (II) as

(I1) = {S(R(ZL‘)) — s(R(zy)) — VS(R(ZEk))TAR} + Vs(R(z)) " (Ar — ®(2;23)) -

Model Design Error

Smoothness Error

The standard inequality for the [s;-smooth function s bounds the Smoothness Error.
Furthermore, by construction of our model, the Model Design Error is always nonpositive.

For each component 1,

0, if Vis(R(zx)) >0,
ri(z) — ri(xg) — Qi (z;2p) =
ri(x) — ri(zg) — (Vri(zg), dy), otherwise.

By convexity of r;,

7"1(1’) - rl($k> - <vr1($k)7 dz> > 0.

This implies

n

Vs(R(zp)) " (Ag — ®(z; 1)) = Zvis(R(:vk)) (rz(x) —ri(xg) — Dy(x; xk)) <0.

i=1
This immediately gives the upper bound

BsL

dy ||
2, |

() < 2 jagiP +0 <

For the lower bound, we use the other side of the smoothness inequality together with

Cauchy—Schwarz:
Bs
() > =S Arl” = IVs(R) [ |Ar = @ (x5 24)].

The error vector Ap — ® has nonzero components only if Vz-s(R(xk)) < 0. For these

components, our additional assumption provides the bound

Br,

d.|*.
2

i) = rilex) = (Vri(r), da)| <
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Therefore,

Br
1A - @] < 2, |

Substituting this into the lower bound for Term (II), and using

[Vs(R(zp))|| < Ls,  ||Agll < Lglld.]],
we obtain
BsL3 Lyj
(1) > ==l = =5

Adding the bounds for (I) and (IT) gives
LL LU
L < ) - Flai) < 24

where
Ly := Ly + Lsfg, Ly := LpBc + L3 fs.
[ |

Remark 4.9 (Model constants). As will be shown, Ly controls how large @ must be to
ensure acceptance, and hence directly governs the effective step size, whereas L, is needed to
translate model progress into stationarity guarantees and to establish the linear convergence
rate.

Key points.

1. We linearize a channel r; only when the outer directional influence is negative, so the
contribution is locally concave; the affine term is a global majorant and preserves
convexity.

2. Curvature of such linearized inner channels enters only through an additive term in Ly,
via the design-error bound, and does not affect L;; hence step-size selection depends
solely on Ly .

3. If no channel is linearized, that is, Z= = (), then the bound is symmetric and L; = Ly .

We connect model error bounds to the predicted/actual reduction ratio test, proving that

a minimal amount of proximal metric guarantees acceptance.



Lemma 4.10 (Sufficient condition for step acceptance). Let Q > 0 and write oy, :=

If
Ly

2—0617

O =

then the trial point ;" is accepted, i.e.,
pr = Acty/Predy > .
Proof. By strong convexity of z — Fg, (z; ;) and optimality of z;,
F(ay) = Fo (i ar) > Fou(ai o) + gllai — zillg,.

and therefore

Predy := F(zy) — Fo, (zi;21) > %Hx; — kaék
Moreover, by expanding Fp, at zj,
Pred;, = F(xy,) — F(z;x1) — %Hx; — kaék,
hence
F(xy) — F(x,j, xy) = Predy, + %Hx; — $k||2Qk

By the upper bound in Lemma 4.8 at x = z},
Acty, := F(xy,) — F(xf) > F(ay,) — F(a) ;) — L—UkaIr —

and therefore

Acty, > Predy + gllzy — 2|5, — B llad — o).

If zf — 2, = 0, then

ACtk = Predk = O,
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)‘min(Qk)'

(4.2)

and the trial point is accepted trivially. Assume instead that z; — 2 # 0. Dividing by

Pred; > 0 yields

_Acte sl —all, — Sl —
Predk - Predk )

Pk
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If

sl = wnllg, — % llwi — zell* > 0,

then pr > 1, and hence pp > aq since a; < 1.
Otherwise,

sllai = 2l — i —al* <0,

and using the lower bound (4.2) gives

St — mully, — Yllai = wl? ot —
pr > 14 2%~ Tllo, 7 5 I :2_LU||+k k:||2_
5”9% _mkHQk ||$k _IkHQk
Finally,
2 — @Iy, > owllei — xxl?
implies
L L
P > 9 U > o whenever oy, > v_.
O 2—0&1

Thus, once the trial curvature exceeds the model smoothness threshold Ly, discounted by
the acceptance ratio 2 — oy, the predicted/actual reduction ratio test always passes.
We next bound the number of consecutive rejections via geometric growth of the scalar

proximal weight, thereby ensuring progress of the inner loop.

Lemma 4.11 (Finite rejections). Assume the setting of Lemma 4.10. Let Qy = upl + H;
with H,j = 0 fized within the inner loop, and update py < Vincft on each rejection, with

Vine > 1. Writing
2 — CY1’

(R

after at most
N;, < [10g<w/ﬂk) / log(vincﬂ+
rejections we have

)\min(Qk) Z ¢7

so the step is accepted. In particular, if py, > 1, then Ny = 0. Here [-]; := max{0, [-]}.
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Proof. Within the inner loop the curvature block H,' is fixed and only the scalar u is updated.

After 7 consecutive rejections,
QV =1+ HE, pY = v
Since H;" = 0,
)\min(Q(j)> 2 ,u(])
By Lemma 4.10, acceptance is guaranteed once
)\min(Q(j)) 2 wa

which is implied by @ > . Using u9 = v, gives

log (/i)
= log(Vine)

Taking the smallest integer j satisfying the inequality and clipping at 0 yields the claim. If
pi > ¥, then N, = 0 and the first trial is accepted. [ |

We next show that the adaptive proximal metrics remain uniformly well-conditioned,

which is crucial for descent and complexity.
Lemma 4.12 (Uniform spectral bounds for Q). Run Algorithm 1 with
0<ag <ag <1, Vine > 1, Vaee € (0,1), fhmin > 0.

Let
Qr = el + H

where H; is constructed as in Section 4.2.5. Then there exist constants
0<g<g<o

independent of k, such that
gl = Qp 2 gl (Vk), (4.3)
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with

VincL 7
q = min{,UOa ,Urnin}’ 7= maX{Mo, 2 S } o
— Qa1

and the curvature cap

h = BcLp + BsLy + Ly Br|.

Proof. Step 1 (Spectral bound for H;f ). Because the projection Ilg, is nonexpansive,
IHE < 1 How + Hopl-
Assumption 4.3 and standard Lipschitz—Hessian bounds yield

>y V2Cj(wy)
j

< Bellyllz < Be L,

and

Gr(zi) V2s(R(zi)) Grlzr)|| < 8. L3

If each linearized channel

el CI°
satisfies
r; €C' with 1V2r(2)|| < By,
then using
IVs(R(zp)|| < Ls,

we have

> [Vs(R()], VPrian)| < [Vs(R@o)ll Br < Ly Br.

€Ty

Therefore,

0 S )\mm(H]j_) S )\max(H]:—) S E = ﬁC’Lh + BSLQR + LsﬁR'
Step 2 (Lower spectral bound for @)y ). By the update rules in Algorithm 1,
Vinebks if rejected,

Hk+1 = § max{fimin, Vdectit }, if accepted with excellent agreement,

Hokes if accepted with moderate agreement,
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so by induction

x> min{ pg, fmin b for all k.

Since H; = 0, we have

)\min(Qk) Z Hk Z gv

hence

gl = Q.

Step 3 (Upper spectral bound for Q). Let

Ly
w.—2_a1.

By Lemma 4.11, within any inner loop the step is accepted once p > v, and during rejections

we only multiply p by vj,.. Therefore the scalar at acceptance obeys

VincLU

Hacc < Vincw = ’
2 — (6%}

and during that inner loop p never exceeds this cap. Across outer iterations, acceptance

either keeps or shrinks u, hence

VincL
e < max{,uo, 5 — OZ} (VEk).
Finally,
+ VincLU N _
)\max(Qk) < 1957 + Amax(Hk ) < max{,uo, 5 o } + h = q.
— o
Thus Qr = g1, completing (4.3). [ |

With acceptance and conditioning in place, we derive a per-step decrease and a global
O(e7?) bound in accepted steps. Throughout, let S C N denote the set of accepted indices
produced by Algorithm 1, and write

Ap = F(zg) —inf F < 0.
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Theorem 4.13 (Global descent and O(e7?) complexity on accepted steps). Let F' be bounded
below and let {xy}res be the accepted iterates of Algorithm 1 with ratio threshold oy € (0,1)
and metrics Q. satisfying Lemma 4.12. Then for every k € S,

Q a1 q
F(xy) — Fzg) > 51 2h1 — 2l = 5 ke = ze]®. (4.4)
Consequently,
> ek — allg, < oo,
keS
hence

k1 = 2llQ, — 0.

By Lemma 4.12,

1Ga, ()|l = |Qu(@r — 2rr)|| < Gl|Trsr — 22l| < —= || Tp1 — 21ll@, — O

‘él‘@\

along S.
Moreover, with Ap := F(zo) — inf F' and for the first N accepted indices Sy,

< .
N min 1Gq. (zr)]] < o N

1
+ X Ga )l <

keSn

Hence N = O(e72) accepted steps suffice to reach

. ..
min (|G, (wr)ll < €

Proof. For accepted k,

ACtk 2 (05} Predk.

Strong convexity of x — Fy, (z; %) and optimality of xp41 give
Pred), > £ ||zt — xk||2Qk,

yielding the first inequality in (4.4); the second follows from Q) > ¢I.

Summing over accepted indices and using inf F' > —oo gives

Z |Tgpr1 — xk||ék < 0.
keS
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For (4.5), note that Q' =g '1, so

(07 «
Fag) = Frgen) = fllgcak(l"k)llé;l > ?gllg@k(ffk)ll2~

Summing over Sy, dividing by N, and using min < average gives the claim. [ |

Remark 4.14 (Effect of rejections). If at most juax consecutive rejections occur between

accepted steps, cf. Lemma 4.11, then at most
(1 + jmax)N

subproblem solves are needed to obtain N accepted steps. Thus, the overall evaluation

complexity remains O(e72) up to a constant factor.

Remark 4.15 (Unconditional decrease without the ratio test). Combining the same inequalities

used in the proof of Lemma 4.10 yields

L
F(xy) — F(rp41) > ;(2 — U:) [E A [ Ok = Amin(Qr)-

Thus, whenever

o > %LU,

we have descent even without invoking the ratio test.

4.3.3  Linear rate of convergence

Conceptually, this subsection mirrors the prox-linear analysis with a fixed scalar proximal
weight in [91], but in a more general setting: our prox-convex scheme uses an iteration-
dependent matriz metric (), and relies on the asymmetric two-sided model bounds of
Lemma 4.8, with distinct constants Ly and L, rather than a single symmetric constant.

We first derive matrix-valued gradient inequalities for the metric prox-gradient Gg,, a
matrix analogue of [91, Lem. 5.1]. Combined with a metric step-size error bound in the sense
of [91, Def. 5.4], these estimates yield local Q-linear convergence of function values following

the template of [91, Thm. 5.5]. In the fixed-metric scalar case

Qr=t'1 and L;=Ly,
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the resulting rate constant reduces to that of the prox-linear algorithm.
Lemma 4.16 (Gradient inequality for prox-convex). Let
Tpr1 = arg min {F(az, xy) + |z — kaék}
and define the metric proz-gradient mapping
Go,(z) = Qu(zr — k1), Q1.'Go, (T1) = ) — Thy1.

Then for all y € R™, the following hold.

Fly;ar) > Fo(xeer; xr) + (Gou (2n), y — 2) + 5(Q% 'Ga, (1), Gau(x1)).  (4.6)
If Lemma 4.8 holds with constants Ly, Ly, and oy = Ain(Q), then

Ply) 2 Flae)+{Ga, (o), y—oe)+ (1= 4 ) Q5 o (an), o (ar)) = 4 ly—aill*. (47)

In particular, setting y = x5 gives the sufficient decrease estimate

Fry) = F(rpa) = ( - QL;;) (Qr'Gor (k). Goi(2n)) = %(2 - ﬁi) k1 — 2xllg,- (48)

When Qi = t™'1 and Ly, = Ly = L, the symmetric-error-bounds case of [91], (4.7) reduces

to

F(y) 2 Flarn) + (G (@), y — o) + 52 = L) |G (@) |* = 5lly — 2,

which matches [91, Lem. 5.1] in the scalar-stepsize case.

Proof. For brevity let dy := x4 — x; and

Gar = 9q,. (1) = Qr(Tr — Tpy1) = —Qrdy.

Consider the strongly convex function Fy, (z;xy). Since xx1q is its unique minimizer, for

all y,

FQk(y;xk) > FQk(ka;ﬂ?k) +%Hy—ﬂsz+1|’ék-
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Therefore,
F(y;zr) + 3lly — zelly, = Fou (@i ze) + 5lly — zrrally,.
Write
y— tpi = (y — 21) + Q1 'Go,

and expand:

ly = ziallg, =y — 2ellg, +2(Ge.. ¥ — =i) +(Qk ' Gau Gau)-

Substituting this into the previous inequality and cancelling %Hy — $k||2Qk from both sides
yields (4.6).

For the function values, Lemma 4.8 gives, for all y,

Fly) > Fly;zr) — 2y — x|

Combining this with (4.6) yields

F(y) > FQk(wk-i-l; wk) + <ng>y - xk) + %<Q;1QQIN ng) - %”y - xk’”z (4‘9>

Lemma 4.8 also gives, at xy1,
F(apy; o) > Flag) — B ldi.

Thus
Fou (Thy1; mx) = Fzpg; ) + %Hdkllék
satisfies
Fou(zisnize) = Flan) + Ldul2, — 2lldil
Since Q) = oI, we have

ldi]l* < o I,

SO

Fou(onssson) = Flawa) + (5= 2 ) Il
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and therefore
Fo(oevioe) = Flawe) + (5~ £ )(Q" o, Gan)

Combining this with (4.9) yields

Fly) = Flow) + (Gouy — o) + (1= 2 )(Q 6o, Gar) — Ylly — will
which is (4.7). Setting y = x;, removes the last term and gives (4.8). |

Definition 4.17 (Metric step-size error bound). Let {x} be generated by Algorithm 1, and
let * be a limit point of {xy}. We say that {x\} satisfies a metric step-size error bound at
x* if there exist a constant k > 0, a neighborhood U of x*, and an index K such that, for all
k> K,

e, o -2t < k|G, (z)| (4.10)

Relation to existing error-bound notions and implications for proz-convexr. When
Qr = (1/1)1,

condition (4.10) reduces exactly to the scalar step-size error bound of [91, Def. 5.4]. More

generally, if the metrics are uniformly well-conditioned,
Jmin[ j Qk j Jmauxla

then the metric step-size error bound (4.10) is equivalent, up to constants depending only on
(Crmins Omax), to the corresponding scalar step-size error bound by norm equivalence. Combined
with the Taylor-like model error bounds of Fy, (-; ), any local slope error bound, or in the
convex/composite case, any of its equivalent forms such as a K-¥. exponent 1/2 or quadratic
growth, therefore yields a step-size error bound of the form (4.10) [93, Thm. 3.5], which
is exactly the ingredient used below to establish @-linear convergence of the prox-convex

iterates.
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Theorem 4.18 (Q-linear convergence under a metric step-size error bound). Assume Defini-
tion 4.17 holds at a limit point x* of the sequence {xy} generated by Algorithm 1, and the

uniform lower spectral bound satisfies

Ly
> .
g 2 — (0%}
Set
F*:= F(z").

Then all steps are accepted, by Lemma 4.10, and
F(xpy) — F* < ¢q* (F(xk) - F*) forallk > K, (4.11)

with contraction factor

9_ Lu
4

¢ =1- min{l, _2} €[0,1), K :=max{l,k}. (4.12)
R

Consequently, {F(zy)} converges Q-linearly to F(x*).

Proof. Let
ng = ng (xk)a O = )\min(Qk)-

Applying Lemma 4.16 with y = z*, and using

<Q’;1ng~7 ng> > q_ngQk”2 and O 2 (,

gives

Ly/q—2

* * LL *
Fap) = F@) < NGallllze — o + = llox — 2% + 2 1Ga. 1% (4.13)

Define

KE := max {1 7ka _ x*H
M ) )
1Gau |l

with the convention that the ratio is 0 when Gg, = 0. Then

|zr — 2| < Kel|Gg, |l
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and

o = 2*|1* < wgllGq.II*.
Therefore, from (4.13),

Ly/q—2

L
Flzp) — F(2*) < ki + %ﬁi + 2(]] G, 1%,

and hence

F(zpy) — F(z¥) < 5 2%

L Ly/q—2
(1+ )+/] Gl

On the other hand, the sufficient decrease estimate (4.8) and the bound

<QI;1ng7 ng> > qil Hng H2

yield
I _ Ly
U _
Flan) = Flow) > (1-20) Qi 0a) > —5-% Gl
QQ 2q
Combining the last two displays, we obtain
Lp\,2 4 Lu/g—2 = Lp),2
F(xpy1) — F* - (1 + 7)@ +— B 2q<1 + 7)/@% .
Fag) = F(rpa) — 2- LU 2L '
27 -
Hence
Fap) = F* < G (Flaw) = Flan)),
where
(L

Rewriting this as

Flapg) — F* < — % (F(ax) — F*),

we see that the per-iteration contraction factor is

L
e G T4
T 2q(1+ 42 )w3
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Now invoke the metric step-size error bound (4.10). For all sufficiently large £,

lzx = 27| < K[ Gayll;

and therefore

ke < Kk :=max{l,k}.

Hence, for all sufficiently large k,

9_ Lu 9_ Lu
q q
g < 1- l =1 !
g 2q(1+ L) &2 q(2+ L) &>
and thus
9 _ Lu
¢¢ < 1-mindl, —2 % =¢"€]0,1).
: { q(2+ L) R? 0.1
This gives (4.11) and completes the proof. [

Remark 4.19 (Comparison with prox-linear). In the scalar case Q = t~'I, the prox-convex

step coincides with the prox-linear step with parameter ¢ from [91], and

G, (1) = Gi1 (p).

The metric error bound (4.10) then specializes exactly to the scalar step-size error bound of

91, Def. 5.4]:

[ =27 < w[|Ge1 ()]

In this scalar setting we have
g:qul and Ly=L, =1,

where L is the symmetric-error-bounds constant of [91]. The general contraction factor (4.12)

therefore becomes

. t(2 — Lt) _
q S 1—m7 K/:maX{17/€}.
Choosing the standard stepsize ¢ = 1/L yields
* < 1 1
T = L2+ L)Rr?

which ezactly matches the prox-linear linear rate constant in [91, Thm. 5.5].
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4.3.4  Taylor-like framework and stationarity

We now complete the argument using the Taylor-like model framework of Drusvyatskiy—
Toffe-Lewis [93]. Their key estimate [93, Thm. 3.1}, proved via Ekeland’s variational principle
[99], shows that a uniform quadratic model-error bound yields a nearby point with small
stationarity measure; see also [93, Cor. 3.2].

Building on this, [93, Cor. 3.3] implies subsequence stationarity under exact model

minimization, asymptotic regularity
kaJrl - xk” — 07

and boundedness. In our setting, these requirements are ensured by
1. two-sided quadratic model error bounds, Lemma 4.8;
2. sufficient decrease and asymptotic regularity along accepted steps, Theorem 4.13;
3. boundedness of the accepted subsequence.

Therefore, every cluster point of the accepted iterates is first-order stationary; combined with

Theorem 4.7, stationarity holds for both the limiting and Fréchet subdifferentials.

Theorem 4.20 (Stationary cluster points). Let {z}res be the accepted iterates of Algorithm 1.
Assume F' is proper, closed, bounded below, {xy}res is bounded, and Lemma 4.8 holds. Then

every cluster point T of {xy}res is first-order stationary:
0 € 0F (7).
Proof. By Theorem 4.13, we have
[ 241 = xp]| = 0

along S.

Moreover, Lemma 4.8 and the spectral upper bound

)\maX(Qk’) < q
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imply that for all y and all accepted indices k € S,

< LL + Amax(Qk)

|Fo () — Fy)| < ; ly = 2l < w(lly — k),

where
w(r) = %(LL +q)r?.

Thus the growth condition of [93, Cor. 3.3] holds.
Since {z}res is bounded, it has a cluster point z; take a subsequence x;, — Z. By
accepted-step monotonicity and boundedness below, F'(z)) converges along S, hence F'(xy,)

converges as well; in particular,
(@, Fa,)) = (2, F(Z)).
Applying [93, Cor. 3.3] yields that Z is stationary for F, i.e., 0 € OF(Z). [

Remark 4.21 (Inexact solves and model-decrease termination). By the Taylor-like framework

of [93], our two-sided model bounds imply robustness to inexact subproblem solves. If
Fou(Tryrs o) < i{u}f Fo. (y; vx) + ex,
then [93, Cor. 5.2] guarantees a nearby point Zj with

IVE|(Zr) < V12meer + 3npl|wpgr — o], Mk = L1, + Amax(Qk)-

Consequently, if

er — 0 and |z — a2kl = 0

along accepted steps, the stationarity conclusions remain valid.

Moreover, the model decrease
Ay = F(xy) — iI;f Fo, (y; xx)

is a practical stopping criterion: [93, Cor. 5.5] yields, for any n > n;, the existence of & with

IVF|(2) < 12nA.



109

4.4 Numerical Experiments

We illustrate the practical behavior of prox-convex through three progressively richer
examples. Section 4.4.1 uses a one-dimensional problem to visualize how the two decomposition
strategies, h(C(z)) and s(R(x)), produce different convex models and why the s(R(z))
formulation yields a tighter surrogate. Section 4.4.2 treats a log-of-quadratic objective that
admits both an h(C(z)) and an s(R(x)) decomposition, and compares prox-gradient, prox-
linear, and prox-convex with and without adaptive proximal weights. Section 4.4.3 presents
the main benchmark, a disjunctive feasibility problem in which either r; or r5 is required to be
nonpositive and whose GMSR parameterization reduces to a product-of-quadratics objective,
together with an extensive study of convergence behavior, sensitivity to initialization and
proximal weight, and dependence on the condition number of the inner maps.

Throughout, all methods share identical trust-region parameters (aq, o, Vine, Vaec) unless
explicitly noted. The initial proximal weight ug is specified separately for each experiment.
Termination is declared when the absolute objective decrease |F(zy) — F(xky1)| falls below
1078 or the step size ||zy1 — || falls below 1071°. Subproblems are solved with QOCO [65];
all timing measurements are wall-clock times on a single core. The implementation is available

at https://github.com/UW-ACL/prox-convex.

4.4.1  Model quality: one-dimensional illustration

We begin with the one-dimensional example

(4.14)

Y

f@) = |32 4| = ol |1+%

whose global minimizers are x = 0 and x = —2, both satisfying f(z) = 0. This example is
adapted from [93], where it is used to illustrate that, for nonsmooth problems, convergence
to a local minimum does not necessarily require the gradient to converge to zero.

The function admits two natural decompositions.

« h(C(z)) (prox-linear): set h(z) = |z| and C(z) = 32 + z. Here h is convex and kept


https://github.com/UW-ACL/prox-convex
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exact, while the smooth inner map C' is linearized. The resulting convex model at z( is

mP!(a; a0) = |C(wo) + C" (o) (x — o)

Y

that is, the absolute value of an affine approximation of the parabola.

e s(R(x)) (prox-convex): set
s(z1, 22) = 2129, R(x) = (|x|, 11+ %D

In this representation, the smooth outer map s is linearized, while the convex inner

components are kept exact. Since
Vs(R(xo)) = (14 %1, o) >0,
the convex model becomes
mP (x5 o) = [T+ 9 ] + [ol |1+ 5| = [ol |1 + F|.

Figure 4.1 compares these two convex models at two representative expansion points. The
prox-linear model mP! is built from a single tangent line to the smooth parabola C'(x) = %J}Q—i—x,
so it only captures the behavior of the objective through that local affine approximation and
yields a relatively loose surrogate near the kinks at + = 0 and z = —2. By contrast, the
prox-convex model mP™ preserves the full piecewise-linear geometry of |z| and |1 4+ x/2|, and
therefore automatically captures both kinks regardless of the expansion point. As a result,
the prox-convex model is uniformly tighter in this example.

This tightness has a particularly simple consequence here. For the s(R(x)) decomposition,
the minimizer of the prox-convex subproblem is also a minimizer of the original objective.
Therefore, once the problem is represented in this form, convergence can be achieved in a
single iteration. This makes the example a useful visual illustration of the central idea of
the paper: preserving convex inner structure can yield a much more informative local model

than fully linearizing the composite objective.
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X0=—1.2 X0=1.2
N \ .2
4 \ \ — f(x)—|§x + x|
g \\ — — prox-linear model m?'
\ \ = prox-convex model mP™

value

Figure 4.1: Convex models for the one-dimensional problem (4.14) at two expansion points
1o € {—1.2, 1.2}. Solid: true objective f(x). Dashed: prox-linear model mP!, which linearizes
C(x) = 32° + x and keeps h(z) = |z| exact. Dash-dotted: prox-convex model mP™, which
linearizes s(z1, z2) = 2122 and keeps R(x) = <|:Jc|, |1+ z/ 2|> exact. The prox-convex model

preserves both kinks and tracks the true objective more tightly at both expansion points.

4.4.2  Dual decomposition of a log-of-quadratic

We next consider an objective that admits both decompositions simultaneously, allowing a
direct comparison between the prox-linear and prox-convex subproblems on identical ground.

Define
F(z) = log(Q@)) +8,  Q(x) =A@z —2)|* +¢, (4.15)
where A = diag(v/5, 1), Z = (5,2), and ¢ = e~®. The function @ is a strictly convex quadratic,
so F' is smooth, nonconvex (concave composite of convex), with its unique global minimizer
at ©* = & where F* =log(c) + 8 = 0.
Two decompositions.
o Prox-linear (h(C) form): set h(z) = —log(z) +8 (convex) and C(x) = 1/Q(x) (smooth,

nonconvex). The model linearizes C’; the high curvature |C”| oc Q73 near the optimum
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makes the linearization increasingly poor.
» Prox-convex (s(R) form): set s(z) = log(z) + 8 (smooth, concave) and R(z) = Q(x)
(convex quadratic). The model linearizes s; since s is concave increasing and R is convex,

the linearized model is a global majorizer of F:
F(z) =s(R(x)) < s(R(zx)) + Vs(R(:ck))(R(x) - R(xk)> = F(x;xy). (4.16)

Non-adaptive regime. Because (4.16) holds globally, the prox-convex model guarantees
descent for any p > 0, no matter how small; moreover, since the model’s unique minimizer
approaches * =  as u — 0, prox-convex converges in a single accepted iteration from any
starting point when g is chosen sufficiently small.

In sharp contrast, prox-linear and prox-gradient become increasingly conservative as
the iterates approach the minimizer. Near z*, the reciprocal map C(z) = 1/Q(z) becomes
highly curved, so convergence in a non-adaptive scheme requires a very large fixed proximal
weight in order to keep the iterates stable over the entire trajectory. In our experiments, the
smallest fixed values that still yielded convergence from zo = (1.5, —1.5) were uP® = 2260 for
prox-gradient and pP' = 2110 for prox-linear. Even then, the required iteration counts were
extremely large: approximately 27,700 for prox-gradient and 25,900 for prox-linear to reach
|F(zr) — F*| < 107", Prox-convex avoids this issue by keeping the quadratic map @ exact
and linearizing only the outer logarithm. For this example, the minimizer of the prox-convex
subproblem coincides with the minimizer of the original objective, and convergence can

therefore be obtained in a single iteration.

Adaptive regime. With the adaptive trust-region scheme of Algorithm 1 enabled (a; = 0.1,
ag = 0.75, Vine = Vgee = 1.2), all three methods converge reliably from xy = (1.5, —1.5). For
prox-gradient and prox-linear, we use po = 0.1. For prox-convex, we use jo = 1078, which
is safe in this example because the linearized s(R(z)) model is a global majorizer of the
objective. Figure 4.2 compares their convergence history and Figure 4.3 shows the iterate
trajectories. Prox-convex converges in just 2 accepted iterations (with 2 total subproblem

solves), reaching F' ~ 1.7 x 10714 in 6.0 ms. Prox-gradient requires 37 accepted iterations
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(96 solves, 66.0ms) and prox-linear 55 accepted iterations (93 solves, 64.1 ms). Prox-convex
maintains the smallest proximal weight pu; throughout, while prox-linear has more accepted
iterations than prox-gradient in this instance because its inner map C(z) = 1/Q(z) becomes

highly curved near the optimum, which leads to more rejected trials.

Log-of-quadratic: F(x) =10og(Q(x)) + 8, adaptive Ly

(a) Objective (log scale) (b) Objective (linear scale)
od I 124 \ —— prox-gradient
104 prox-linear
—-10 1 \ == prox-convex
= 81
™ P
g —-20 \%‘ 6 -
8\ w
— =30 4 1
—— prox-gradient
—40 prox-linear 2 A
== prox-convex L
0 B
0 10 20 30 40 50 0 10 20 30 40 50
Accepted iteration Accepted iteration
(c) Step size (d) Adaptive proximal weight pg
0.0 - =~ — prox-gradient 103 A
. prox-linear
E 25 = Prox-convex 10 A
| -1
L ol 10
i < 10—3 4
X -75
o N .
1075 4 —— prox-gradient
2 1001 N
] prox-linear
—-12.51 10 | —— Pprox-convex
0 10 20 30 40 50 0 10 20 30 40 50
Accepted iteration Accepted iteration

Figure 4.2: Adaptive convergence on the log-of-quadratic problem (4.15) from xy = (1.5, —1.5).
Prox-gradient and prox-linear use jo = 0.1, whereas prox-convex uses py = 1078, (a) Log
objective log F'(z,) vs. accepted iteration. (b) Objective F(xy) (linear scale). (c) Log step
size log ||zxs1 — x||. (d) Adaptive proximal weight p. All three methods use identical trust-
region parameters. Prox-convex (blue) converges in 2 accepted iterations, while prox-gradient
(red, 37 iters) and prox-linear (orange, 55 iters) require substantially more iterations and

higher proximal weights.
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- Trajectories: F(x) =1og(Q(x)) + 8

—e— prox-gradient (37 iters) (
—+— prox-linear (54 iters) \
—#— prox-convex (2 iters)

2.0 A

1.5 1

1.0 1

0.5 1

X2

0.0 1

—0.5 1

-1.0 1

—-1.51

-2.0

Figure 4.3: Tterate trajectories over the level sets of F(x) = log(Q(z)) + 8. The gold star
marks the unique minimizer 2* = z = (5,2). Prox-convex (blue squares, 2 iters) takes a
nearly direct path to z*, while prox-gradient (red circles, 37 iters) and prox-linear (orange
triangles, 55 iters) take many small steps, oscillating as the adaptive proximal weight adjusts

to the rapidly increasing curvature near x*.

4.4.8  Product of quadratics

We now turn to the main benchmark, a disjunctive feasibility problem in which at least
one of two nonnegative quadratic functions is required to be nonpositive. Via the GMSR
parameterization of disjunction, this condition is represented by requiring a product-of-

quadratics objective to vanish. Specifically, we consider

F(z) = ri(z)ra(z), ri(x) = 3(x — ) Pi(x = ¢), (4.17)
with centers ¢; = (5,2), ¢; = (2,1) and matrices P, = diag(5, 5/k), P» = diag(5/k, 5), where

x > 1is the condition number. Because each r;(x) > 0, the condition F'(z) = 0 is equivalent
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to requiring that at least one of ri(x) or ro(x) vanish, and hence the global minimizers are
z =c; and T = cs.
Decomposition. For this benchmark, we do not use a nontrivial h(C(z)) representation.

Instead, the natural structure-preserving formulation is the s(R) decomposition

s(z1, 22) = 2129, R(x) = (rl(x), rg(x)).

Since
Vs(R(zy)) = (r2(xx), ri(xx)) 2> 0,

because both quadratic channels are nonnegative, the prox-convex model takes the form

F(z;xr) = ro(zg)ri(x) + ri(zg) ro(x) — ri(zg) ro(zg). (4.18)

This model is convex, being a nonnegative weighted sum of convex quadratics minus a
constant, and it preserves the full quadratic geometry of both r; and 5. By contrast, the
fully linearized baseline replaces F' by a single tangent hyperplane and discards this curvature
information. Accordingly, for this problem the main practical comparison is between prox-
gradient, which fully linearizes the objective, and prox-convex, which preserves the convex

quadratic channels.

Model quality and conditioning. For s(z) = 2125, the outer smoothness is fixed, with

Hessian
0 1

V2s(z) = :
10
so the curvature of the outer map does not change with x. What changes with « is the
anisotropy of the quadratic channels r; and ry: as k increases, their level sets become
increasingly elongated and the geometry of the product objective becomes more ill-conditioned.
In this regime, the difference between the two local models becomes more pronounced. The
fully linearized prox-gradient model ignores the exact quadratic structure and therefore

becomes increasingly conservative in practice, typically requiring more accepted iterations

and larger proximal weights. By contrast, prox-convex retains the exact quadratic channels in
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the subproblem, so the local model continues to reflect the geometry of the original objective
much more faithfully. This is precisely the effect observed in the condition-number sweep: as
k increases, the iteration advantage of prox-convex grows substantially, while its accepted

iteration count remains comparatively stable.

Setup. All experiments use Algorithm 1 with a; = 0.1, ag = 0.75, Vipe = Vgee = 1.5.

Single-run comparison

From the starting point zq = (0,0) with k = 10, Figure 4.4 shows the convergence history
and Figure 4.5 displays the iterate trajectories over the level sets of F'. Prox-convex converges
in 7 accepted iterations (7 subproblem solves, 8.8 ms) while prox-gradient requires 43 accepted
iterations (72 solves, 53.5 ms)—a 6.1x reduction in iterations and 6.1x speedup in wall-clock
time. Prox-convex maintains a “consistently” lower proximal weight u; throughout. The
trajectory plot reveals that prox-convex follows a more direct path toward ¢y = (2,1), the

nearer minimizer, while prox-gradient takes many small, conservative steps.

Robustness across initializations

To verify that the advantage of prox-convex is not an artifact of a particular starting
point, we run both methods from N = 50 random starting points drawn uniformly from
[—2,8] x [-2,5], all with kx = 10 and po = 10. All 50 runs of both methods converge
within the iteration limit. Figure 4.6 shows the distribution of accepted iteration counts
and wall-clock solve times. The median iteration count is 46.5 for prox-gradient vs. 7 for
prox-convex (a 6.69x ratio), and the median wall-clock time is 52.1ms vs. 9.4 ms (a 5.39x
ratio). Prox-convex exhibits both a lower median and a tighter interquartile range in both

metrics, indicating faster and more predictable convergence across diverse initializations.
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Product of quadratics: F=R1'R;, k=10

(a) Objective (log scale) (b) Objective (linear scale)
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Figure 4.4: Convergence comparison on the product-of-quadratics problem (4.17) with x = 10,
xo = (0,0), po = 10. (a) Log objective vs. accepted iteration. (b) Objective (linear scale).
(c) Log step size log ||zx+1 — zx||. (d) Adaptive proximal weight 1, (log scale). Prox-convex
(blue, 7 iters) converges faster and operates with lower 1, than prox-gradient (red, 43 iters),

reflecting its tighter model that preserves the quadratic geometry of r1 and 7.

Effect of inner curvature

We next investigate how the relative performance changes as the quadratic channels

become more anisotropic. To this end, we sweep the condition number
k€ {1,2,5,10, 20,50, 100, 200, 500},

and, for each value of x, run both methods from N = 50 common random starting points.

Table 4.2 and Figure 4.7 report the results.
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20 Iterate trajectories over level sets of F

—e— prox-gradient (43 iters)
2.5 1 —=— prox-convex (7 iters)
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Figure 4.5: Iterate trajectories over the level sets of F'(x) = ri(z)rq(x) with £ = 10. Gold
stars mark the two global minimizers ¢; = (5,2) and ¢ = (2, 1). Prox-convex (blue squares, 7
iters) reaches ¢y via a direct path, while prox-gradient (red circles, 43 iters) takes many small
steps. The prox-convex subproblem (4.18) “sees” both ellipsoidal sublevel sets simultaneously,

whereas prox-gradient sees only a single tangent plane.

The empirical trend is clear: as k increases, the advantage of prox-convex grows substan-
tially. The median iteration ratio (prox-gradient / prox-convex) rises from 2.31x at k = 1
to 83.33x at kK = 500. A similar effect is observed in wall-clock time, where the median
time ratio grows from 3.38x to 46.38x over the same range. At the same time, the accepted
iteration count for prox-convex remains remarkably stable, with medians between 6 and 14

across the entire sweep, whereas the prox-gradient median grows steadily from 14 to 500.

This behavior is consistent with the geometry of the benchmark. As x increases, the
quadratic channels become increasingly elongated, and the fully linearized prox-gradient
model becomes much more conservative in practice. By contrast, prox-convex retains the exact
quadratic structure of both channels in the subproblem, so its local model continues to reflect

the geometry of the original objective much more faithfully. This effect becomes particularly
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Distribution over N = 50 random starts (k = 10)
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Figure 4.6: Distribution over N = 50 random starting points (x = 10, py = 10). Boxes
span the interquartile range (25th—75th percentile); the interior line is the median; whiskers
extend to 1.5x IQR. (a) Accepted iterations: median 46.5 (prox-gradient) vs. 7 (prox-convex).
(b) Wall-clock time: median 52.1 ms vs. 9.4 ms. Prox-convex has a lower median and narrower

spread in both metrics, confirming that the structural advantage persists across initializations.

pronounced for large x: at k = 200 and x = 500, only 33/50 and 21/50 prox-gradient runs

converge within the iteration limit, whereas all 50/50 prox-convex runs converge throughout.

Sensitivity to the initial prorimal weight

We next examine the sensitivity of the adaptive trust-region scheme to the initial proximal

weight po. To do so, we sweep
o € {1072,107", 1,10, 102, 10%},

and, for each value of pg, run both methods from N = 20 common random starting points
with x = 10. Table 4.3 reports the median accepted iterations, total subproblem solves, and

wall-clock time.
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Table 4.2: Median accepted iterations and wall-clock time over N = 50 random starting
points for each condition number k. All prox-convex runs converge; prox-gradient convergence

rates are reported in the last column.

prox-gradient prox-convex ratio

k iters time (ms) iters time (ms) iters time pg conv.

1 14 27.9 6 81 231 3.38 50/50

2 19 28.2 6 76 3.07 3.82 50/50

5 27 35.7 6 9.0 4.00 4.12 50/50
10 47 48.8 7 9.0 646 5.49 50/50
20 83 81.0 8 10.2 9.88  8.20 50/50
50 176 159.3 14 13.7 14.82 12.47 50/50
100 258 225.8 10 10.5  27.20 20.60 50/50
200 408 351.9 6 8.5 60.83 36.99 33/50
500 500 396.4 6 7.6 83.33 46.38 21/50

The adaptive mechanism makes both methods reasonably robust to the choice of 1, but
the difference between them remains substantial across the entire sweep. For prox-gradient,
the median accepted iteration count stays in the range 4448, while for prox-convex it ranges
from 7 to 22. The corresponding iteration ratios vary from 6.86x at py = 1072 to 2.13x
at jo = 103. Wall-clock time shows the same qualitative pattern, with median time ratios

between 2.13x and 5.78 x.

The trends are also intuitive. When g is too small, the methods incur a few extra rejected
trials before the trust region expands to a reliable scale. When py is too large, the initial
steps become overly conservative, which increases the accepted iteration count, especially for
prox-convex. Nevertheless, the relative advantage of prox-convex persists uniformly across
four orders of magnitude of yy. This indicates that the observed performance gap is not a

fragile consequence of tuning, but rather a structural consequence of preserving the exact
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Effect of inner curvature (N =50 random starts per k)

(a) Speedup vs condition number (b) Iterations vs condition number
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Figure 4.7: Effect of increasing anisotropy on relative performance. (a) Median iteration
ratio (prox-gradient / prox-convex) versus condition number x; the shaded band shows the
interquartile range over N = 50 random starts. The ratio grows rapidly as x increases. (b)
Absolute median iteration counts. Prox-convex iterations remain comparatively stable across
the sweep, while prox-gradient iterations grow sharply and eventually hit the iteration limit

on a significant fraction of runs.

quadratic channels in the local model.

4.5 Supplementary technical results

The results in this section collect technical comparison and Hessian-augmented model

bounds used to justify remarks in the main text.

4.5.1 Model errors

In composite problems, the effective level of linearization depends on the roles of the
outer and inner maps. If the outer map is smooth and the inner components are convex,
linearizing the outer layer preserves convexity; if the outer is convex and the inner is smooth

but nonconvex, linearizing the inner layer is natural. When both s and the r; are convex
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Table 4.3: Sensitivity to the initial proximal weight py (k = 10, N = 20 random starts per py).
All values are medians. “Iters” denotes accepted iterations, and “solves” includes rejected

trials.

prox-gradient prox-convex ratio

fo iters solves time (ms) iters solves time (ms) iters time

1072 48 74 54.2 7 7 94 6.86 5.78
1071 44 66 46.9 8 8 9.7 5.93 4.82
100 45 66 478 10 10 11.1 450 4.30
100 47 58 417 14 14 14.2 348 293
102 46 52 39.3 17 17 15.7 2.71 2.50
108 48 62 44.0 22 22 20.6 2.13 213

and C'-smooth, the choice is less obvious. We therefore compare three models: (i) full
linearization F2 (ii) inner-only linearization F™, and (iii) outer-only linearization F°" and
derive clean error bounds that reveal the dominant constants.

To compare the three linearization levels on equal footing, we strengthen Assumption 4.3

for this subsection as follows: in addition to the original standing assumptions, we assume
IVs(y)ll < Ls

on the relevant image of the level set, and that every r; is C* with 3, -Lipschitz gradient. We

then write

n 1/2
Br = <Z 53) .
=1

Proposition 4.22 (Modeling error bounds). Fiz xy, write

dy == — 1, Ry == R(xy), i = Jr(zk), Ap = R(r) — Ry.
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Define

Fa“(x; xy) = s(Ry) + VS(Rk)T(Jkdx)a

F™ (x5 ) == s(Ry, + Jidy), EY (z;2p) := s(R(x)) — F (w; x).

Fou(z;ap,) = s(Ry,) + VS(Rk)T(AR)7

Under the assumptions abowve,

L% L
B < (B B

LS/BR
2
Bl
2

) I,

|E™ (25 21)| < I 1%,

| B2 (5 2p)| < Iz ]I*.
Proof. Let the inner Taylor remainder be
er(x) := R(x) — (Rk + Jkdw).
By componentwise [3,.-smoothness and stacking,
<Pryq e 4
ler(@)ll < =7l (4.19)

Lipschitz continuity of R yields

[ARN < Lelldall, 1 Jkdal < Lilldel]. (4.20)

For s we use the descent lemma and a gradient-bound shift:

68||u—v|]2, [s(u) = s(v)| < Lau—v].  (421)

‘S(U) —s(v) — Vs() " (u— v)‘ < 5

All:

B = |s(Ry + Ag) — s(Ry) — Vs(Ri) " (Jids)

< [s(R+ Ap) — s(Ri + Jpds)

+[s(R + Juds) — s(Re) = Vs(Ry) " (Jida)

<Lsller(=)ll <Bs || Jpda |2

LsﬂR /88L2
< Z2R 2 4+ R 4,2
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by (4.19), (4.20), and (4.21).

In:
LsﬁR
2

[E™| = |s(Ri + Ag) = s(Ry + Jidy)

< Lyller(z)| < Iz -

Out:

S SL2
2 = [s(Ri+ An) — s(Re) — Vs(Ra) T Ag| < T Arl? < DB 2

The outer-only model is favored when

/BSLZR < LsBRa

that is, under strong inner curvature but gently curved outer geometry, while the inner-only
model is preferable in the opposite regime. The full linearization combines both penalties
and is typically dominated. In prox-convex, the preserved-structure model is then paired
with an adaptive proximal metric and, when tractable, second-order curvature blocks, further

tightening local models and improving observed progress.

4.5.2  Bounds for Hessian-augmented models

In this subsection, in addition to Assumption 4.3, we assume the following higher-
order smoothness conditions to provide bounds for Hessian-augmented models supporting

Section 4.2.3.

Assumption 4.23 (Additional smoothness assumptions). In the level set Xy, we assume:
e h:R?— R is Ly-Lipschitz and C* with By,-Lipschitz Jacobian;
e« C:R™ = R js Lo-Lipschitz and C? with

IV2Ci(u) = V()| < yellu —vll;

e s:R"” = R is C? with
IV2s(u) — V2s(0)|| < sllu —ol;



o R:R™ — R" is C' with Br-Lipschitz Jacobian.
Proposition 4.24 (Inner curvature cancellation). Let
Jp = Jo(xg), y := Vh(C(zy)).
Define

d
HC,k = Z Y V2Cz<l’k),

i=1
and the model

1
F}CI'CJC (l’; xk) = h’<C(~rk> + Jkd> —+ idTHC,kda d:=x— T
Then, for x near xy,

[P(C () = Fa,, (;2)| < MENdI* + M|,

where
Lyve  BulcBe + BuBE . BuLene
M3 = Mg = )
© 6 T 2 © 8§ 6
Proof. Let q(d) € R? with
[q(d)];: = <V20i(xk)d7 d),
and let r3 be the cubic remainder in
1
Clay +d) = Clay) + Jd + 5a(d) + 73, la(d)]| < Belld?,  irs]l < %Clldll?’o
Let
1
z = C(xy) + Jid, )= iq(d) + 73,
so that

C(z)=246.

By Taylor’s theorem with (3),-Lipschitz gradient,

h(z+8) = h(z) + (Vh(z),0) + ;(F (VQh(z + 75))5, IV2h(z + 76)|| < Bh.
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Add and subtract VA(C(zg)):

Wz +0) — h(z) = (VR(C(x)), 0) + (Vh(2) — VA(C(z)), 8) + ;dTVQh(-) 5.

=5 (v,a(d)+(yr3) I 11
Since
1 - 1
§d Hepd = §<y,q(d)>,

subtracting F gc . leaves

h(C(x)) — Fgc,k(:r; xg) = (y,r3) + T+ 1L

Bounds:
lyll = [[VA(C ()|l < L
gives
Livye
o) < ).
Moreover,
Vh(z) = VR(C(xp)|| < Bullz — Clai)|l = Bull Jdll < BuLclld],
and
1 1 Yo P
o1 < Slla(@ll + lirs ]l < 5Belldll® + 5=l
hence
BrLcBe BrLcrye
[ < ===l + === d]|".
Finally,

1 Bui3?
1] < SBulld]* < %Ildll4 +O0([ld|P).
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Collecting the cubic and quartic terms and absorbing higher-order terms gives the stated

bound.

Proposition 4.25 (Outer curvature cancellation). Fiz x) and write

d =z — xy, A = R(x) — R(xy), Ji = Jr(xp), er(z) == R(x) — R(xy) — Jid.



Set
[:[87/6 = VQS(R<:U7€))> HS,k = Jl;rﬁs,kt]k:

and define

Fyy, (wi) == s(R(zy)) + Vs(R(wi)) T (R(x) - R(xy)) + ;dTHS,kd.

Then, for x near xy,
|s(R(x)) — Ffy,  (w;2)] < M7||d]® + M |d],
where

M3 _ /BSLR/BR + '7ng1’% M4 _ 6561%2
8 2 6 5 8

Proof. Apply Taylor’s theorem with third-order remainder to s at R(xy):

S(R(@)) = s(R(zp)) + Vs(R(zx) A + ;ATﬁs,kA + Ry,

with
[Bo| < A
With
A = Jpd+ e, e :=eg(x),
we have

1 - 1 _ 1 + ~
§ATHS,,CA = 5dTHs,kd + (Jpd) " H, e + EeTHs’ke.
Subtracting Fy;  yields
- 1 - -
s(R(x)) — Fyy_, (z;21) = (Jid) " Ho e + 5eTHs,ke + Rs.

Using
1yl < By

gives

. 1+~ 1
(D) Hope < BTl el %3¢ Hope < Bl

127
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while

Rl < AP,
Thus
s 1 Vs
[s(R(2)) = Fiy,, (@:00)] < Bl Il le(@) | + 5B ler(@)]* + FIIAIP.

Substituting the auxiliary estimates
Br
1Tdll < Lalldll, —ller(@)ll < Z=1dl”, AL < Lgld]
yields the claimed bound. |

Corollary 4.26 (Projection after summation). Adopt Assumption 4.23 and the notation of
Propositions /.24 and 4.25. Let

Hk = HC,k+Hs,k> H]j = HS+(Hk), H]; = ,:F—Hki()
Define the joint Hessian-augmented model

FH;(x; xy) = g(z) + h(C’(xk) + Jo(zg) (z — xk))
inner first order
+s(R(x)) + Vs(R(x)) (R(x) — Rxy))
outer first order

1
+ 5(3: — ) TH (x — p).

Then, for x near xj, and d := v — xy,
(Upper bound)  F(x) = Fys (w;2%) < (M2 + M2)|d||* + (M + M&) | d||*,
1
(Lower bound)  F(x) = Fyys (w304) 2 —5d " Hid — (M2 + M) |d||* — (M) + ME)|ld]*,
where the block constants M2, M} and M2, M{ are those in Propositions 4.2/ and }.25.

Equivalently, using

d'Hpd < |[Hg |||,

the lower bound can be written with || H,, || ||d]|*/2.



129

Proof. Apply the inner and outer curvature expansions of Propositions 4.24 and 4.25 at xy,

and add the resulting identities. The exact second-order terms sum to
1+ 1+
id (HC,k + Hs,k)d = §d de

Subtracting the model’s quadratic
1
5dTH,jd
leaves
1 1

—idT(H,j — Hp)d = —§dTH,;d,

which is the sole second-order projection gap. The remaining terms are exactly the cubic and
quartic remainders already bounded in the two propositions, and they add linearly, yielding

the stated upper and lower bounds. Using
d'Hyd < || Hy ||[|d]?

gives the norm form. [ |
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Chapter 5

TRAJECTORY OPTIMIZATION WITH MISSION-LEVEL
SPECIFICATIONS

5.1 Introduction

This chapter demonstrates how the numerical optimal-control foundation of Chapter 2,
the mission-specification modeling framework of Chapter 3, and the structure-preserving
optimization machinery developed in Chapter 4 come together in trajectory optimization
problems with mission-level specifications. We begin with simple illustrative CT-STL ex-
amples that isolate the always, eventually, and until operators. The later sections of
the chapter consider richer trajectory generation problems, including receding-horizon ob-
stacle avoidance, perception-constrained motion planning, rocket landing with compound

state-triggered constraints, and quadrotor flight with CT-STL specifications.
5.2 Illustrative CT-STL trajectory optimization examples

This section presents three fixed-final-time double-integrator examples constructed to
illustrate the always, eventually, and until operators in isolation. In all cases, the primary
objective is specification satisfaction. To keep the presentation focused, the exact code-level
scaling and smoothing constants used in the implementation are omitted here.

In our implementation, JAX is used to integrate the augmented dynamics and to compute
the first-order derivative information of the smooth residual maps required for lineariza-
tion [48]. Each convex subproblem is modeled in CVXPY [81] and solved using QOCO [65]. The

implementation is available at https://github.com/UW-ACL/TrajOpt_CT-STL.

Remark 5.1 (Satisfaction-oriented surrogates). In some of the examples below, the objective

is only to generate trajectories that satisfy the target specification. Accordingly, the auxiliary-


https://github.com/UW-ACL/TrajOpt_CT-STL
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state constructions are chosen to capture the relevant satisfaction mechanism of each operator,
rather than to reproduce the full CT-GMSR robustness exactly. We therefore denote
the terminal objective quantities by [ rather than by I'. These surrogates are sign- and
satisfaction-oriented, but need not coincide with the full CT-GMSR robustness value.
5.2.1 Double-integrator examples
Base dynamics and common continuous-time path constraints
For the three double-integrator examples, let
T = (7”, U), r= (Tymry:rz)a v = (Umvyvvz); U= (ux7uy7uz>7
with dynamics
7(t) = v(t), 0(t) = u(t) — goes, go = 9.806 m/s*.

All three examples are subject to the same continuous-time tilt, thrust, and speed

constraints,
w2 +up < (cosbmaxuz)®,  Nulla € Twaxs  [[0ll2 < Vinax,

with Opax = 45°, Tinax = 1.75 gy, and v = 6 m/s. Defining the predicates

po(u) := ((cos Ormax U2)? — u? — “32/ > O),

pr(u) i= (T = = ud = o 2 0),

pol0) i= (v = 02 = 03 = 02 2 0),
the common path-constraint formula is

pan = Gioag (1o A iz A p1y).

In the implementation, these continuous-time always constraints are enforced through an

accumulated path-penalty state np,

(1) = Xo(u(t)) + xr(u()) + xo(v(1),  7(0) =0,
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where
2 272
{ COS O ax uZ — Uy — uyL,
{T R —uzr_,
2

Vs — U3 — V2 — 0 L,

and [s]; := max(s,0), [s]- := min(s,0). Hence,
Mp(te) =0

certifies satisfaction of the common continuous-time path constraints.

To avoid repeating the boundary conditions, define
Xi(ry) = {(r v) ERCr =1y, v = O}
Xe(re) = {(T,v) ERC:r =1, v = 0} :
and let
n = (0,0, 90)
denote the gravity-compensating input. Then the common endpoint conditions are
z(0) € Xi(ry), x(te) € Xe(re), u(0) = u(ts) = up.

The three examples below differ only in the additional mission-level requirement imposed

on top of the common continuous-time path-constraint formula @pagn-

Example 1: always obstacle avoidance

The first example uses
= (-5,0,0), re = (5,0,0), ly =Ts, K =6,

and requires the vehicle to always avoid two implication-type obstacle regions. The obstacle

specifications are

Gobsp (1) == (a1 <1y <by = 1, <),

Gobs,2(1) = (az <1y <by = 1, > Ca),
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with
(al, bl, Cl) = (—325, —025, —2), (CLQ, bg, Cg) = (025, 325, 2)

Thus, the overall task is

Palw = Ppath A G[O,tf] (onbs,l A onbs,Q) .

We augment the state as
'I‘palw = (x7 77P7 gla 62)7

where 7, handles the common path constraints and &;, {, accumulate obstacle violations:

E(t) = a1 — 1% [re — 0] [ — %, €(0) =0,
E3(t) = [ag — 7] [re — ba]? [ry — co]2,  £(0) = 0.

We therefore define the terminal surrogate

~

Lot == — (wnnp(tf) + w1 & (t) + wzfz(tf)>,

with positive weights w,,, wq, wy. Maximizing falw, or equivalently minimizing its negative,
favors trajectories that satisfy both the common path constraints and the obstacle-avoidance
requirement.

The resulting continuous-time problem is

maximize [y
aPalw (-),u()

subject to  7(t) = v(t), 0(t) = u(t) — goes,

ip(t) = Xo(u(t)) + xr(u(t)) + xo(v(t)),

E(t) = [ag — 15)2 [re — 012 [e1 — )2,
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Figure 5.1 shows the optimized trajectory for the always obstacle-avoidance example. The
vehicle departs from the straight start-to-goal path, bends around the two implication-type
forbidden regions, and passes through the admissible corridor before reaching the terminal
state. The color-coded speed profile along the trajectory also indicates a smooth acceleration
and deceleration pattern, with no abrupt maneuvers required to satisfy the obstacle-avoidance
task. Figure 5.2 confirms this behavior quantitatively. The plotted obstacle-margin signals
remain in the safe region for the entire horizon, so the trajectory never enters either forbidden
set. The common continuous-time tilt, thrust, and speed constraints are also satisfied
throughout the maneuver.

Example 2: eventually visit three waypoints

The second example uses

r; = (—10,0,0), re = (6,0,0), tr =12 s, K=T1,
and requires the vehicle to visit three waypoint regions centered at

Pua = (=8,-5,0), puz=(-6,50), pus=(-4,-5,0),
all with radius r,, = 0.5. Define the waypoint margins

pir) =y = Ir —pualz, =123
and the corresponding predicates
i (1) := (pi(r) > 0), 1=1,2,3.
Then the temporal task is
Pevt = Ppath N Flo g w1 N Flo g w2 N Flot) w3

We augment the state as

t .
x@ev T ($777p791,217y2,22,ys,z3)>
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Figure 5.1: Optimized trajectory for the always obstacle-avoidance example. The vehicle
departs from the direct start-to-goal path, passes through the admissible corridor between
the two forbidden rectangular regions, and reaches the terminal state without entering either

avoidance region. The trajectory is color-coded by speed.

where 7, again enforces the common path constraints, and for each waypoint we introduce a

geometric-integral state y; and an additive state z;:

0 = E tog (e + 102 ), i(0) =1,
40 = L p0E, 5(0) =0,

The state y; acts as a geometric-integral measure of how strongly the trajectory stays outside

waypoint 7, while z; accumulates only when the vehicle is inside waypoint i. We define the
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5 Safe Zone (d > 0)
Collision Zone
E = Distance to O1
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Figure 5.2: Obstacle-clearance histories for the always example. Both clearance signals
remain in the safe region throughout the maneuver, confirming continuous-time satisfaction

of the two obstacle-avoidance constraints.

corresponding waypoint-wise terminal surrogates

Lyii= (szt + Oéizi(tf))l/z - (Cgvt + ﬁiyi(tf))l/2>

for © = 1,2,3 with positive constants ceyt, i, 3;. Thus, entering waypoint ¢ increases I', ;

through z;, whereas remaining outside decreases it through y;.
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The resulting problem is

3
maximize — wy,n,(tr) + Z Iy
i=1

zeevt ()u(-)
subject to  7(t) = v(t), 0(t) = u(t) — goes,

ip(t) = Xo(u(t)) + xr(u(t)) + xu(v(t)),
) = yi(t)

ui(t . 10g<5evt+[pi<r)]2_>a Vi,
40 = Ln@)R. ¥

z(0) € &i(ry), x(ts) € Xe(re),
w(0) = u(ts) = un,  1p(0) =0,
yi(0)=1,  z(0)=0, Vi

Figure 5.3 shows the optimized trajectory for the three-waypoint eventually example.
Rather than proceeding directly to the goal, the trajectory bends toward each waypoint
region in turn and then continues to the terminal state. The result highlights the role of the
continuous-time event formulation. Satisfaction is achieved through the actual continuous-
time trajectory rather than being tied to a small set of coarse discretization nodes. Figure 5.4
verifies that all three distance traces enter the satisfaction zone d < r,, at some time in the

interval. This behavior is exactly consistent with the three eventually requirements.
Ezxample 3: until charging-station task
The third example uses
r; = (—6,0,0), re = (6,0,0), ty =5.5s, K =6,

and requires the vehicle to keep its speed below a threshold until it reaches a charging-station

region centered at

pC = (_47 _27 0)7 dC == 0'27 Usafe - 2.0 HI/S.
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Figure 5.3: Optimized trajectory for the three-waypoint eventually example. The vehicle
successively bends toward and visits all three waypoint regions before proceeding to the

terminal state. The trajectory is color-coded by speed.

Define

IU’S(U> = (Us2zzfe - ”UHS > 0)7

He(r) i= (d2 = v = pell3 = 0),

so that the desired temporal task is

Punt = Ppath A (H’S U[O,tf} HJC) .

To keep this example simple, the implementation uses a reduced augmentation tailored to

the satisfaction mechanism of the until condition. We augment the state as

Pt = (2, mp, Y, 2),
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Satisfaction Zone (d < 1)
1 = IIr®) = puwal (WP 1)
= [Ir(®) = puw2l (WP 2)
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Figure 5.4: Distances from the vehicle to the three waypoint centers in the eventually
example. Each trace enters the satisfaction zone d < r, at some time in the interval,

confirming continuous-time satisfaction of all three eventually requirements.

where 1, handles the common path constraints, y accumulates the pre-arrival speed-threshold
violation, and z acts as a multiplicative witness-state for the coupled until condition.

First, define
2

. Lr g 2
90 = [l = I0IE] . w(0) =0,
Thus, y(t) remains small only if the speed bound is respected up to time ¢. We then introduce
the normalized pre-arrival violation measure
_ y(®)

t+ 5,57

q(t)

where g, > 0.

Next, define the charging-station miss measure

d(r) = ||r — pell3 — d

Cc)

which is negative inside the charging region and positive outside. The speed and charging
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conditions are coupled through

1) = CF L Q0 + ) - €

with C7 > 0. This quantity can be small only when the vehicle is near or inside the charging
region and the pre-arrival speed-violation measure is also small.

Finally, the multiplicative witness-state z evolves according to

0= o0y, 07 +2), =0 =1,

with €, > 0. Since z(0) = 1 and the dynamics are multiplicative, the terminal value z(t)
depends on the entire time history of the coupled miss measure y. We therefore define the

terminal surrogate

f’unt =y — 2\ 2(te),

with ¢, > 0. Maximizing funt, or equivalently minimizing z(t¢), favors trajectories for which
the coupled quantity x remains small in the sense required by the until semantics.

The resulting problem is

Iﬁ%i?{){%%? — Wy (te) + Dune

subject to  7(t) = v(t), 0(t) = u(t) — goes,
ip(t) = Xo(u(t)) + xr(u(t)) + xo(v(t)),
) = - [ = I01B]°

200 = 2 og (\r(1), (0. 17 + 22).

z(0) € Xi(ry), x(tg) € Xe(re),
u(0) = u(ts) = un,  7,(0) =0,
y(0) =0, 2(0) = 1.

Figures 5.5-5.7 show the optimized trajectory, speed history, and charging-station margin

for the until example. The vehicle first diverts toward the charging station and only



141

@ Start ~
8  Goal 12\5
*  Charging Station 0 « 5 ?

%

Figure 5.5: Optimized trajectory for the charging-station until example. The vehicle first
reaches the charging-station region and then proceeds to the terminal state, consistent with

the continuous-time until specification. The trajectory is color-coded by speed.

afterwards proceeds to the terminal state. The speed trace remains below the prescribed
threshold vs,f. before the visiting event, while also remaining below the global speed bound
for the entire maneuver. The signed charging-station margin is negative before arrival, crosses
zero at the station boundary, and becomes positive inside the charging region. The first zero
crossing therefore identifies the witness time at which the charging event occurs, exactly as

required by the until semantics.

5.3 Receding-horizon extension: NMPC with always specifications

This section specializes the continuous-time path-constraint machinery of Chapters 2 and 3
to a receding-horizon setting. In the language of Chapter 3, the constraints considered here are
always-type mission specifications, while the numerical transcription and solution strategy
build directly on the time-dilation, multiple-shooting, exact-penalty, and convexification
ingredients introduced earlier. The resulting nonlinear model predictive control (NMPC)
framework ensures continuous-time constraint satisfaction and accurate evaluation of the

running cost without sacrificing the efficiency required for real-time implementation.
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Figure 5.6: Speed profile for the charging-station until example. The speed remains below
the pre-charging threshold vg,f. until the charging event occurs, while also remaining below

the global speed bound throughout the maneuver.

5.3.1 Introduction

Nonlinear model predictive control (NMPC) is a promising method for autonomous systems
owing to its ability to achieve key mission objectives while satisfying constraints and ensuring
robustness to uncertainties [119]. This capability stems from the optimal-control viewpoint,
in which control objectives and constraints are encoded in a finite-horizon optimization
problem that is repeatedly solved online in a receding-horizon fashion. Due to these benefits,
NMPC has been widely applied to various real-world applications, including the control of
wind turbines [257], humanoid robots [276], ground vehicles [79], and autonomous aerospace
systems [108].

Different types of optimal-control solvers have been used for NMPC. Indirect methods
based on the maximum principle [169] solve a two-point boundary value problem induced by
the necessary conditions for optimality and have been used in real-world NMPC applications
[153, 303]. Another important family is differential dynamic programming (DDP) [191],
which iteratively performs a forward rollout of the system dynamics and a backward dynamic-

programming update. DDP has been used for MPC problems with dynamics and initial-
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Figure 5.7: Signed charging-station margin for the until example. The margin is negative
outside the charging region, zero on its boundary, and positive inside. The first zero crossing

marks the witness time for the charging event in the until specification.

condition constraints [276], extended to input constraints through constrained dynamic
programming [277], and combined with augmented Lagrangian techniques to handle more

general state and input constraints [139].

The direct optimal-control approach to NMPC has also received significant attention
[235]. In this approach, the infinite-dimensional optimal control problem is first discretized
to yield a finite-dimensional problem using methods such as single shooting [253] or multiple
shooting [36, 232]. The resulting nonlinear program is then typically solved using nonlinear
interior-point methods [120], sequential quadratic programming (SQP) [137], or sequential
convex programming (SCP) [184]. SQP-type approaches have seen widespread adoption
owing to their real-time capability [231], especially in conjunction with the real-time iteration
(RTI) scheme [82, 126]. SCP-based approaches to NMPC have also been gaining popularity
recently [83, 186, 207].

The SCP approach adopted here has several advantages over SQP [183, 202]. First,
SCP requires only gradients, that is, first-order information, whereas SQP typically requires

Hessian information as well. Second, SCP subproblems depend only on the primal variables
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from the previous iteration, whereas SQP subproblems also depend on dual variables. Third,
the SCP formulation used in this dissertation can preserve the existing convex structure.
Convex objectives and convex constraints can be kept intact, while only the nonconvex
smooth components are locally approximated. Because the framework used in this section is
built entirely from C!-smooth functions after reformulation, gradient-based SCP methods are
particularly attractive.

Typically, NMPC implementations are developed for nonlinear dynamics with relatively
simple input constraints, often box-type constraints [177]. Moreover, because piecewise-
constant, i.e., zero-order hold, or piecewise-affine, i.e., first-order hold, control parameteriza-
tions are commonly adopted, and because the imposed control constraints are usually convex,
continuous-time satisfaction of such control constraints can often be guaranteed directly from
nodal enforcement. Modern applications, however, require more general mission constraints
involving both state and control variables [133]. In such settings, the standard practice is
to enforce constraints, and to approximate the running cost, only at finitely many instants,
typically at the transcription nodes. While this is often computationally convenient, it does
not in general guarantee continuous-time constraint satisfaction, nor does it preserve accurate
accumulation of the running cost between nodes. A common mitigation strategy is to use
dense grids or adaptive mesh-refinement techniques [117]. However, these approaches increase
the problem dimension and computational burden, in direct conflict with real-time require-
ments [312]. Other approaches to continuous-time safety rely on maximal robust control
invariant sets, especially for linear systems [248, 298] and sampled-data systems [127, 203].
To the best of our knowledge, however, a systematic real-time-capable model-based NMPC
framework for continuous-time constraint satisfaction had remained unavailable prior to the
line of work built on the CTCS framework [104].

To address these issues, this section develops an NMPC framework based on the continuous-
time constraint-satisfaction ideas introduced earlier in the dissertation. More specifically, it
uses the path-constraint reformulation of Chapter 3, the multiple-shooting transcription of

Chapter 2, and a SCP solution strategy. The resulting framework has three key features:
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1. a constraint and cost reformulation that enables longer planning horizons with fewer

nodes without degradation in inter-sample constraint satisfaction or running-cost accu-

racy;

2. multiple-shooting exact discretization using the inverse-free variational approach [36,

144, 231];

3. a convergence-guaranteed SCP method, namely the prox-linear method [91], which

supports warm-starting and premature termination and is therefore well suited to

real-time receding-horizon implementation. This is precisely the composite structure

discussed in Chapter 4, specialized here to the prox-linear setting.

The efficacy of the resulting framework is demonstrated on an NMPC reference-tracking

problem with obstacle avoidance. The implementation corresponding to the original paper is

available at https://github.com/UW-ACL/nmpc-ctcs.

5.8.2  Receding-horizon optimal control problem with always specifications

To distinguish the physical plant state from the auxiliary states introduced by the

reformulation, let

£(t) € R™

denote the physical state and
u(t) € R™

the control input. Consider the continuous-time system

(1) = F(1,€(0), u(t)).

subject to path constraints

where g and h are vector-valued functions.

(5.1)


https://github.com/UW-ACL/nmpc-ctcs
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At each current time ¢. € R and horizon length ¢, € R, 1, the receding-horizon optimal

control problem is

minimize B(&(te +ta)) + /:Hh L(t.&(1), u(t)) dt (5.3a)
subject to  &(t) = F(£,(t),u(t)),  t€ [tote+tal, (5.3b)
g(t &), ut)) <0, t € [tete+ 1], (5.3¢)
h(t (1), ult) =0, t€ [to te +ta], (5.3d)
§(te) = &, (5.3¢)
(ke +1n)) <0, (5.3f)

where &, is the current state estimate, L is the running cost, ® is the terminal cost, and W is
a terminal constraint function. We assume that F, g, h, L, ®, and ¥ are C' and potentially
nonconvex.

Following the running-cost augmentation introduced in Chapter 2 and the continuous-time
path-constraint construction introduced in Chapter 3, the path constraints and running cost

are reformulated by augmenting the dynamics. Define the augmented state

where ¢ accumulates the running cost and y accumulates the continuous-time path-constraint

violation. The augmented dynamics are
F(t,4(t),u(t))
(t) = L(t,£(0), u(t)) = f(t,x(t),u(t)). (5.4)
2
g (t,€(t), u(t)) 2+ 17A(t, (1), u(t))
The integral term in (5.3a) is therefore equal to ((t. + t;) when the initial condition

0t.) =0

is imposed. Continuous-time satisfaction of the path constraints is enforced through the

periodic boundary condition

y(te) = y(te +th), (5.5)
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which is the receding-horizon counterpart of the always-type path-constraint construction
used earlier.

Defining the augmented terminal functions

®(2(te +th)) 1= (E(te +ta)) + L(te + tn), (5.6)
U (2(te+ 1)) = U (E(t+ 1)), (5.7)

we obtain a Mayer-form receding-horizon problem in the augmented variables. The multiple-
shooting transcription, FOH control parameterization, and exact-penalty finite-dimensional
formulation follow exactly the machinery developed in Chapter 2, so they are not repeated
here in detail. Likewise, the resulting penalized finite-dimensional problem belongs to the
g + h(C') subclass of the composite optimization framework discussed in Chapter 4, and is
solved here by the corresponding prox-linear method [91].

For numerical implementation, the continuous-time boundary condition (5.5) is relaxed
interval-wise after discretization as in the CTCS framework, using a small parameter € > 0
to preserve constraint qualifications. The resulting SCP subproblems are convex and retain
the same structure regardless of the number or type of path constraints, which is particularly
useful for real-time and code-generated implementations.

More explicitly, after discretization and exact penalization, the finite-dimensional receding-

horizon problem has the compact form
migiergize G(Z) +wep, H(C(Z)), (5.8)

where Z = (z1,...,2N,U1,...,ux), the set Z collects the convex constraints, and H o C'is a
convex-composite term built from the discretized defects and terminal conditions. At SCP

iteration j + 1, the prox-linear method solves the convex subproblem
minimize G(Z) + wepH(C’(Zj) +VC(Z29)(Z — Zj)) + %uz — 773, (5.9)

where Z7 is the solution from the previous SCP iteration. This is precisely the composite

structure discussed in Chapter 4, specialized here to the prox-linear setting.
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In the implementation corresponding to the original NMPC paper, CVXPY is used for
modeling, together with ECOS or MOSEK for solving the convex subproblems [81, 88, 208].
Customizable conic solvers such as the proportional-integral projected gradient (PIPG)
algorithm [307, 308], especially when combined with conditioning techniques [146], could
also be used for efficient implementations. A useful feature of the reformulation is that,
once a fixed path-constraint template is chosen, the resulting convex subproblem structure
is largely unaffected by the specific number and type of active path constraints. This is
especially beneficial for customized solver generation and code generation, because enabling
or disabling constraints does not change the conic program template and therefore does not
require re-parsing or re-customization [103, 143].

To assess the convergence of SCP within each NMPC call, we monitor three quantities:

N-1
Jo =By Y (uf + ) (5.10a)
k=1
N-1
Jy =By > (il + ), (5.10b)
k=1
N . .
2 2
oo = 3 (I = 3 + s~ ), (5.100)
k=1

where E, extracts the running-cost accumulator and F, extracts the path-constraint accu-
mulator. Here, g and p;, denote the interval-wise relaxation variables introduced in the
multiple-shooting transcription, while E, and E), are selector row vectors that extract, respec-
tively, the running-cost and path-constraint accumulator components from the corresponding
relaxed defect channels. Taken together, these quantities measure the linearization error in
the running-cost accumulation, violation of the continuous-time path constraints, and overall

convergence of the SCP iterates.

5.3.3 The NMPC framework

The NMPC algorithm recursively solves the receding-horizon problem (5.3). In the present
setting, the path-constraint and running-cost reformulation makes it possible to operate with

relatively sparse discretization grids without sacrificing inter-sample feasibility or running-cost
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accuracy. This is particularly important in the receding-horizon setting, where the horizon
must be long enough to anticipate future events but the optimization problem must still be
solved in real time.

Let the horizon [t.,t. + t;] be discretized by N nodes, so that

th

At = .
N -1

Let K < N — 1 denote the number of subintervals between consecutive NMPC calls. The

time between successive NMPC runs is then
Atype = K At.

The choice of N and K should balance two competing considerations. On the one hand, N
must be large enough to provide sufficient control degrees of freedom and to handle stiffness
[296] in the augmented dynamics. On the other hand, keeping N modest and K reasonably
large is essential for computational efficiency. The CTCS reformulation is particularly valuable
in the non-stiff setting, where it allows the discretization to be selected primarily according
to control expressiveness rather than inter-sample feasibility requirements. In situations
where the state changes rapidly or the objectives and constraints vary quickly, the augmented
dynamics can become stiff, and then choosing N large enough to make At sufficiently small
is desirable to alleviate ill-conditioning in the sensitivity matrices and to allow the controller
to react promptly. In non-stiff settings, by contrast, the reformulation permits the use of
relatively sparse node grids without risking inter-sample constraint violations or degrading
the running-cost accuracy.

A second key ingredient is warm-starting. Since consecutive NMPC problems differ only
gradually, the solution from the previous horizon provides a highly effective initialization for
the next SCP call. The left superscript of the optimization variables denotes the NMPC run,
while the right superscript denotes the SCP iteration within that run. When K is a positive
integer, SCP at the current time instant is warm-started by shifting the SCP solution from

the previous time instant. Figure 5.8 illustrates the procedure.
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Figure 5.8: Illustration of the warm-starting procedure. The blue and purple trajectories
form the SCP solution at the :th NMPC run. The purple and red trajectories form the
initialization to SCP at the (i + 1)th NMPC run.

The shifted warm start is defined by

i+1.fj :in+K, (5].1)

My ="ujy g, j=1,...,N - K. (5.12)

For the remaining control nodes, we set

HFLZ]N*K%»]' :iuNJ .] = 17"'7K7 (513>
and the remaining states are generated by propagating the augmented dynamics forward

from the terminal state of the previous horizon under the held terminal control:

i1 . tettn+jAt . .
“ fN—K—i—j :sz+ f(t,[[’(t),ZUN> dt, ] = 1,...,K. (514)
tc+th

Therefore, if the preceding SCP solution is dynamically feasible, then the initialization for the
subsequent SCP call is dynamically feasible as well. This aspect of warm-starting is crucial

for achieving rapid convergence.



151

Because warm-starting typically places the new iterate near the current receding-horizon
solution, the SCP algorithm can be terminated well before full convergence, in a manner
analogous to RTI schemes [82]. In the present framework, premature termination does
not compromise solution quality significantly in practice, while it substantially improves
computational efficiency.

The overall NMPC framework is summarized in Algorithm 2.

Algorithm 2 NMPC Framework
Inputs: T, t,, K, N, jmax, 'Z

141
t. <0
At < t,/(N —1)
Atype — KA
while t. < T do
2(t.),’L,"q,’h + SENSOR(z(t.))
17« scphr, (2(t),'L,"g,'h,'Z)
#17 < WARM__START(*Z)
2(te + Atype) < EVOLVE(z(t.), Z)
14 1+1
te < te + Atypc

end while

At each NMPC run, sensor information provides the current state estimate together with
the current running-cost and path-constraint data, both of which may vary over time. A fixed,
small number of prox-linear iterations is then performed to solve the current horizon problem.
The resulting suboptimal solution is used both to generate the applied control input and to
warm-start the next NMPC run. In this way, the framework combines continuous-time path-
constraint satisfaction, warm-started receding-horizon optimization, and early termination of

SCP iterations in a unified and computationally efficient NMPC loop.
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5.83.4  Numerical results

We demonstrate the proposed NMPC framework on a reference-tracking problem with
obstacle avoidance for a double-integrator system with drag and bounded control inputs. The

physical state is

where 7(t) and v(t) denote position and velocity, and the governing dynamics are

P(t&(t),u(t)) = o) , (5.15)
u(t) — callo(t)||v(t)

with drag coefficient c,.

The running cost is chosen as the reference-tracking penalty

L(t &), u(®)) = [Ir(t) = ree(t)]1* (5.16)

where r,¢ is the desired output trajectory. We assume that the vehicle has a local sensor,
such as LiDAR, with sensing radius rs,s, and that only the currently detected obstacles are
incorporated into each receding-horizon problem. If the total number of obstacles is ngps,

)

‘s and shape matrices S, then the detected index set at time ¢, is

with centers r

Ou(t,) = {z € {1, mos) : S (r(te) — 7%, )| < 7"} (5.17)

The path-constraint function then includes the corresponding obstacle-avoidance terms,

g(te,u®)) = 1= | —rig)| . i€ Oulte). (5.18)

Strictly speaking, the obstacle-margin function is nondifferentiable at the obstacle center;
in practice this causes no issue unless the iterate is initialized exactly at such a point. The

control input is constrained by

U:={ueR?: ||lu|| < tmax}-
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As in the original CTCS development, the discretized relaxation parameter ¢ > 0 may
admit a pointwise path-constraint violation unless a small tightening parameter d,,s > 0
is introduced. For each fixed € > 0, there exists a corresponding d.,s > 0 such that the
tightened integral condition is equivalent to exact obstacle satisfaction in continuous time. In
the experiments below, the value of d,s is chosen empirically.

The system and simulation parameters are summarized in Table 5.1.

Table 5.1: Parameters for the NMPC reference-tracking and obstacle-avoidance example.

Parameter Value

T, ty, K, N, Jmax | 30 s, 8s, 4, 17, 3

Umax 5ms’2
Cd 0.05 m™!
—10 +2t/3

Tref(t)

5e 00 sin (/2 + /5 + t%/36)
. 24 0
Sii=1,...,5

0 04

—-6.5 —1.8 0.5 2.7 6.2
Tobs

-3 35 =35 15 -3
50bs 0.05
T'sens 61’11

We first study the impact of premature termination on solution quality. Within each
NMPC run, SCP is executed for ten iterations, and the quantities Jg, J,, and Jpox from
(5.10) are recorded at each iteration. When these quantities converge to small values, the

reformulated running cost is being accumulated accurately, the obstacle-avoidance constraint
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is satisfied, and the overall SCP iteration is close to convergence. Figure 5.9 shows the mean
and standard deviation of these quantities along the trajectory as a function of the number
of SCP iterations. The plots indicate that terminating SCP after only three iterations yields

an acceptable solution.

- 10°
2- |
s \ 107
0 o .
0.4+

3 1071
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\\\i;\\\:~§‘:———1\ _ ?1072

0.0 \/\
107 109
4
& 107!
™ ?
0 : ,
3 1072
2 A 6 8 10
Tterations

Figure 5.9: Mean and standard deviation of J;, J,, and J0x along the trajectory as functions
of the number of SCP iterations. The left axis corresponds to the mean and standard deviation
shown by the blue curve, while the right axis corresponds to the mean shown by the red
curve on a logarithmic scale. The black dashed line marks the premature-termination choice

used in the NMPC simulation.
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We next compare the proposed continuous-time formulation against the standard node-
only approach, in which the running cost and obstacle constraints are evaluated only at

transcription nodes. Figures 5.10 and 5.11 summarize the results.

Figure 5.10 shows that in the node-only case, the obstacle-avoidance constraint is violated
by the continuous-time trajectory obtained by propagating the system dynamics under the
NMPC control law, even though the constraint is satisfied at all transcription nodes. By
contrast, the CTCS formulation guarantees that the obstacle-avoidance constraint is satisfied

at all times along the trajectory.

5.0 1 Reference output
~\ === Node-only
251 / 3\ PN CTCS

—5.0 1

—10 ) 0 5 10

Figure 5.10: Reference-tracking and obstacle-avoidance trajectories obtained by NMPC. The
green solid curve denotes the reference output, and the black ellipses denote the obstacles.
The red dashed curve is the trajectory obtained with the node-only formulation, while the
blue dotted curve is obtained with the CTCS formulation. The node-only formulation violates

obstacle avoidance between nodes, whereas the CTCS trajectory remains continuously feasible.
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Figure 5.11 shows that both formulations achieve comparable output-tracking performance.

The CTCS formulation incurs only a slight degradation in tracking accuracy, and this

difference is precisely what enables the continuous-time satisfaction of the obstacle-avoidance

requirement. Thus, the reformulated NMPC framework preserves the overall control objective

while eliminating inter-sample safety violations.

) —— Node-only - Mean: 0.21

-« CTCS - Mean: 0.44
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Figure 5.11: Comparison of tracking and obstacle-avoidance performance. The first plot

shows the discrepancy between the reference output and the trajectories obtained from

NMPC using the node-only and CTCS formulations throughout the simulation; the legend

reports the average discrepancy over the full simulation. The second plot shows the obstacle-

avoidance violation, quantified by 17|g(¢, £(t), u(t))|, throughout the simulation. The CTCS

formulation maintains zero continuous-time violation, whereas the node-only formulation

does not.
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These results illustrate the main point of this section. By embedding both the running
cost and the path constraints into the continuous-time dynamics, one can operate NMPC
on relatively sparse grids without sacrificing inter-sample path-constraint satisfaction or
running-cost accuracy. When combined with warm-starting and early termination of the
SCP iterations, this yields a practically efficient receding-horizon control framework for

continuous-time constrained nonlinear systems.

5.4 Quadrotor motion planning for information acquisition under sensing
limitations

This section applies the modeling and optimization machinery developed in the previous
chapters to a perception-constrained motion-planning problem. In contrast to the illustrative
CT-STL examples of Section 5.2 and the receding-horizon setting of Section 5.3, the objective
here is to generate a trajectory that both satisfies the vehicle dynamics and constraints and
acquires a prescribed amount of information about multiple monitoring targets under sensing
limitations. A key modeling distinction is that the continuous-time path constraints and the
accumulated-information requirement are embedded directly into the augmented dynamics,
while the sensing windows that guarantee nonzero information-acquisition rate and nonzero
gradient are enforced through discrete-time STL specifications parameterized by generalized
mean-based smooth robustness. The resulting finite-dimensional problem is then solved using
the continuous-time successive convexification machinery of Chapters 2 and 3, together with

the convexification framework developed in Chapter 4.

5.4.1 Introduction

Monitoring distributed infrastructures, such as power lines, roadways, and water net-
works, for preventive maintenance, or tracking large-scale natural phenomena like erosion,
forest overgrowth, and farmland flooding for risk mitigation is a labor-intensive, physically
demanding, and potentially hazardous task. These challenges make automation technologies

an ideal solution to alleviate the burden on human operators by mitigating the associated
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risks and difficulties [97, 114, 313]. Rather than dispatching people to survey impervious and
faraway areas, teams of autonomous robots, for example drones potentially supported by
ground robots acting as mobile base stations, can be deployed to gather information about
monitoring targets, which can then be reviewed and analyzed for corrective actions or further
investigation.

As a result, in recent years there has been growing interest in using robots for monitoring
purposes. In particular, it may be convenient to use small and inexpensive mobile robots in
larger numbers as opposed to fewer, larger robots for cost, safety, and increased parallelization.
Lower-cost robots, such as micro-drones, are often equipped with less capable sensors,
making it crucial to consider sensor limitations and information-acquisition performance
when planning drone operations. For instance, considering sensor limitations such as range
and field of view, decisions must be made on whether to fly at low altitude for detailed target
acquisition or at a higher altitude to scan a larger area.

In prior works on automated monitoring, task-assignment problems for dispatching drones
based on current knowledge of the targets have been investigated in [171, 278], and motion
planning for ground robots serving as mobile stations for drone deployment and recovery
has been studied in [154]. More recently, there has also been growing interest in perception-
aware planning and control [41, 110, 125, 251, 267, 282]. Most of these works focus on
limitations imposed by the information perceived about the environment rather than on
planning trajectories specifically to acquire information while accounting for sensor limitations.

The present section addresses motion planning for information-acquisition tasks, such
as monitoring, while explicitly accounting for acquisition performance in relation to sensor
limitations including range, field of view, and target acquisition direction. We introduce a
smooth, nonnegative information-acquisition metric that quantifies the rate of information
acquisition and takes a positive value only when all relevant sensing limitations are satisfied.
The smoothness of the proposed metric makes it compatible with optimization-based trajectory
generation and, in particular, with the optimal-control framework reviewed earlier in Chapter

2, where information acquisition can be imposed by continuous-time path constraints [104].
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A fundamental difficulty, however, is that the information-acquisition metric is uniformly
zero beyond the sensor limitations, which also yields a uniformly zero gradient and therefore
hinders numerical optimization. To address this issue, we impose signal temporal logic
specifications that ensure the information-acquisition metric remains positive and retains
a nonzero gradient over designated time intervals. These specifications are parameterized
using the generalized mean-based smooth robustness framework of Chapter 3, yielding an
exact smooth parameterization of the underlying discrete-time STL condition that remains

compatible with the convergence guarantees of the optimal-control framework [104, 286].

5.4.2  Information acquisition metric

We consider an agent with dynamics

#(t) = F(t x(t), u(t)), (5.19)

where u € R™ is the input vector, x € R" is the state vector that includes position r € R3,
attitude Q € R3, and possibly additional states, and where the agent is subject to path
constraints

g(t,x(®),u(t)) <0, h(tx(t),u(t) =0. (5.20)
Given a set of targets indexed by i € [1:n,,], we seek a trajectory from an initial state zq to
a final state x that collects a desired amount of information ¢, for each target ¢ located at
position py,,.

The information acquired at each time instant is modeled as dependent on the target
distance, the angle from which the target is observed, and the sensor field of view. We
therefore introduce a nonnegative information-acquisition metric, as a function of r and €2, to
quantify the information gathered per unit time. The metric is positive only when all of the

following are satisfied:
1. the distance between the sensor and the target is below a prescribed threshold;

2. the sensor lies within the acquisition cone defined by the target position and its desired

acquisition direction;
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3. the target lies within the field-of-view cone determined by the position and direction of

the sensor.

Accordingly, the metric increases as the sensor gets closer to the target and aligns with the
centers of the acquisition and field-of-view cones.
To represent these effects, we define three component functions associated with target ¢,

namely mg,, m,,, and my,; see Figure 5.12. The first is a distance-dependent term,
-1
ma, (r(t)) == 1+ cw, ((1 + emiri®) T 0.5) , (5.21a)

where

pi(t) = [lr(t) = pm [, (5.21b)

Cm; 1S a scaling coefficient, and 7,,, is the acquisition-decay rate for distance.
The second component models acquisition direction via the scaled cosine similarity between

the desired acquisition direction of the ith target, dy,,, and the actual acquisition direction

(r(t) = Pm,):

M, (r(1)) =}, (r(t) = pm,), (5.21c)

Ma, (r(t)) — cos(ag)
1 — cos(ad)

ma, (r(1)) = : (5.21d)

where ozgi is the acquisition-cone maximum angle.
The third component models sensor field of view via the scaled cosine similarity between

the sensor field-of-view direction,
dy(Q) == R(Q)d®, (5.21e)
and the acquisition direction (r(t) — pm,):

i (r(2),2(0)) = ~d, () (r(t) — pun). (5.21f)

000 o= O —onle) (5.21¢)

1 — cos(ad)
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Acquisition cone

ag>’:

\af} dy (Q (t))

T(t) Field of view cone

Figure 5.12: Illustration of the key components of the information-acquisition metric, including
the range between the agent position r and target position p,,,, the field-of-view direction

d,(€2), and the desired acquisition direction d,, .

where d? is the sensor direction in the body frame and ad is the field-of-view maximum angle.

With proper scaling, the quantities mgq,, m,,, and m,, attain a maximum value of 1
and become zero at the boundary of the corresponding sensing limitation. Beyond these
boundaries they become negative, which is not meaningful from an information-acquisition
standpoint, since it would indicate increasingly negative information acquisition. We therefore

compose them with the C!'-smooth function
c 2 | 2\1/2
¢“(x) = (max(O,:L’) +c ) —c, c>0, (5.22)

and define, for simplicity,

q“(my) =:mj. (5.23)
When applied to vector-valued arguments, the function ¢¢ is understood elementwise. The
resulting composed functions under-approximate the original functions in (5.21) by an
arbitrarily small amount and are exactly zero beyond the sensing limitations; see Figure 5.13.

The instantaneous information acquisition for target ¢ is then modeled as the product of

the modified components,

mi(2(t)) = mimd, (r(6)) md, (r(1) m2 (r(t), Qt)), (5.24)
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Figure 5.13: Top: mq, and m{, for ¢ = 0.05, as functions of distance to the target, ||r — pu,||,

for ¢y, = 2.2 and 7,,; = 0.203. Bottom: m,,, my, and the corresponding m , ml. for ¢ = 0.05,

as functions of the angle o for ad = 10° and o = 10°, respectively.

where m; denotes the maximum achievable acquisition rate for target . This imposes that
information is acquired only if all sensor limitations are satisfied and increases as the trajectory
moves farther away from the sensing boundaries. The cumulative acquired information then

evolves as

a(t) =m(2(t)) = (ma(2(®)), -, 7y, (1)) (5.25)

Based on (5.25), we seek a trajectory x(t), t € [0, 1], that satisfies the agent dynamics

and constraints while collecting a sufficient amount of information for each target:

2(0) =0, 2(ts) > cm = (le, Crngs - - - ,cmnm). (5.26)
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5.4.83  Driving information acquisition by STL specifications

In the regions where the sensing limitations (5.21) are not satisfied, the information-
acquisition metric m;(x) is uniformly zero, resulting in a uniformly zero gradient that causes
convergence issues for gradient-based trajectory generation. To mitigate this, we enforce the
existence of time intervals over which the information-acquisition rate and its gradient remain
nonzero by imposing signal temporal logic specifications.

We first define the predicates

ot = (fa,(r(1) 2 0) = (r8e = Ir(t) = pu,]| > 0), (5.27a)
o= (fa(r() 2 0) 1= (17, (r(t)) — cos(al) > 0), (5.27b)
Yot = (fu(r(), Q1) > 0) == (1, (r(£), QE)) — cos(ad®) > 0), (5.27c)
where
af <al, al*<al

If (5.27) holds at time ¢, then the corresponding modified sensing components are nonnegative,
and hence the sensing limitations are satisfied at time ¢.
To ensure that all three sensing conditions hold over a time window of duration tg, > 0,

we impose the STL formula
B’ = Gloan) (' A0 AV, (5.28)

where G is the always operator. We then require this condition to occur sometime within a
larger window by enforcing

fol = ﬂtsi,tsiH*tEi]g@Div (5.29)

where F' is the eventually operator and the interval satisfies

ty, <tsg., —ts..

k3

i+1

The interpretation is that, during the horizon assigned to target i, the trajectory must

eventually enter and remain within an information-acquisition window for a sufficient duration.



164

Composing eventually and always in (5.29) ensures that, for sufficiently small Tgf and

with

a® < o st < «

a; a;’? v

if (5.29) is satisfied, then there exists
t'e [tSHtSH—l - th]
such that m;(z) and its gradient are nonzero for almost every

te [t t +tg).

This is precisely the mechanism needed to avoid the flat, zero-gradient regions that otherwise

hinder numerical optimization.

5.4.4  Trajectory generation formulation and solution

The trajectory generation problem for information acquisition is formulated as a free-final-

time Mayer optimal control problem with additional constraints on cumulative information

acquisition and on the satisfaction of the STL specifications:

minimize L(t¢, x(t
2()u(-) (tr,2(t)

subject to  &(t) = F
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Here L is the terminal cost, g and h are the path-constraint functions, and P and () collect

the boundary conditions. The additional terminal inequality
Cm — 2(tg) <0

ensures that the total information acquired for each target exceeds the prescribed threshold.

A key modeling point is that the continuous-time path constraints and the information
accumulator are embedded directly into the continuous-time dynamics, while the STL
conditions are imposed through the discrete-time GMSR parameterization after discretization.
This is the hybrid structure emphasized throughout the present application. Continuous-time
path-constraint satisfaction is handled through the augmentation, whereas the mission-
level requirements that guarantee useful sensing intervals are enforced via smooth exact
discrete-time STL specifications.

To ensure continuous-time satisfaction of the path constraints, we introduce the auxiliary

state y and define the augmented state

with augmented dynamics

F(t,x(t),u(t))
Falt) = Fua(toza(t) ult)) = | 17¢(g(t 2(t)u(®))) + 1Tq* (Rt 2(),u®)) | (5:31)

where

¢(z) = (® +d*)V? -4, d>0, (5.32)

and the periodic boundary condition

y(0) =0,  y(ts) =0 (5.33)

ensures continuous-time path-constraint satisfaction.
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Time-dilation, FOH parameterization and multiple-shooting discretization then follow
the machinery of Chapter 2. The free-final-time problem is transformed to a fixed-final-time

problem through the time-dilated dynamics

B(r) o= (2a((7), (7)), (7)== (ulE(7), s(7)),

and then discretized on a finite node set using multiple shooting.

After time-dilation and discretization, the continuous-time windows

[tSw tSiJrl - th’]

and durations ¢, are represented by the corresponding node indices kg, , kg,,,, and integer

i+19
window lengths ng, .

The STL specifications are parameterized using the D-GMSR constructions of Chapter 3.
In particular, the inner always condition in (5.28) is parameterized over a finite node window

as

Fiﬁiw (j7 k) = /\h;,w </\hzc),w (fsi(TkU Qk))? SR /\h;,w (fsz (Tk+nEi> Qk+nEi ))) )

where
fS¢ (Tk, Qk) = (fdi(rk)7 fai(rk)a fvi(rk7 Qk))

Here, 7, and €2, denote the values of 7(#(7)) and Q(#(73)), respectively, and ng, € Z,, is

chosen such that
E(Tk-H’LEi) - E(Tk) > tEi'

The corresponding outer eventually specification in (5.29) is then parameterized exactly

as the smooth disjunction

f, i

r'e (7,0) = Vie,, <Fij§7w(i~, k). T5 (3 ks, — i, — 1)),

where kg, and kg, , are the node indices defining the interval

141

[k’si Iks — 1],

i+1
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over which the inner always specification may start.

This discrete-time STL condition is used to select sensing windows after transcription.
In continuous time, the information-acquisition metric is still accumulated through the
augmented dynamics, so useful information can be gathered throughout the intervals, not
only at the nodes. The role of the STL constraint is to ensure that at least one admissible
window contains node points for which the sensing predicates are satisfied, thereby placing
the trajectory inside a region where the information-acquisition metric is positive and has
nonzero gradient. This avoids the zero-gradient regions that would otherwise prevent the
optimizer from discovering informative sensing trajectories.

In the implementation, only the nonnegative side of this outer disjunction is needed to

certify satisfaction. For that reason, we use the simpler satisfaction-oriented surrogate

ks, 1 —nm; —1 ng,
an (2,0) = — H Z (1T ( s, Tk’-l—ka’-l‘j))) (5.34)
k=ks,

where ¢° is applied elementwise. This surrogate preserves the relevant sign logic:

e (#0)>0

C’p7w

if and only if there exists an admissible start index

ke [ksi :ksi+1 —NE; — 1]

such that
Jsi(Trrgs Qi) 2 0
componentwise for all 7 =0, ..., ng,. Hence,

e (#0)>0

C’p’w

certifies satisfaction of the corresponding eventually-always requirement, even though T

need not coincide with the exact GMSR robustness value.



168

After exact penalization of the nonlinear constraints, the resulting finite-dimensional

problem takes the composite form

minimize Ju(Z2) 1= G(Z) + we, H(C(Z2)), (5.35)

Zez
where Z = (Z1,...,Zn,U1,...,Uy), the convex set Z collects the convex constraints, and G
and H o C' encode the objective, penalized defect constraints, boundary conditions, and the
parameterized STL specifications. As in Sections 5.3 and 5.5, this problem is solved by the

prox-convex method discussed in Chapter 4, with adaptive proximal weighting.

5.4.5  Case study: monitoring drone

We demonstrate the proposed framework in a case study where a quadrotor must acquire
information about six targets. We consider a small quadrotor drone with mass m = 1 kg and

principal moments of inertia about the body-frame axes
(I, 1,,I.) = (0.07,0.07,0.127) kg m*.

The vehicle is modeled by 6-DoF translational and rotational Euler-Lagrange dynamics,
where (7, 7,,7,) is the position vector in the inertial frame, (v,, vy, v,) is the velocity vector in
the body frame, (¢, 6,) are the roll, pitch, and yaw angles, and (p, ¢,r) are the corresponding
angular rates. The control inputs are thrust 7" and torques (74, 79, 7y) in the body-frame axes.
Angular rates, pitch and roll angles, altitude, velocity, thrust, and torques are all subject
to bounds, and the drone must keep a distance of at least 1.5 m from the targets to avoid
collisions.

The acquisition-cone directions for the six targets are given in Table 5.2. Some targets
use directions in the (z,y) plane, while others use tilted directions.

In the simulation, the sensing model uses

Crn, = 2.2, m; = 0.38, i€[l1:6],

3

with acquisition-decay parameters

m = (0.223, 0.063, 0.223, 0.085, 0.223, 0.223),
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Vector | Value
ORI T
0 % 0 —% 0 0

Table 5.2: Acquisition directions for the six targets, arranged as columns of d,.

field-of-view angle

ad = 20°,

and acquisition-cone angles

al =20°, i€ [l:6].

The target sequence is assumed to be preassigned, for example by the task-allocation method
of [278].
The STL specification (5.29) is implemented with

r$ = (6, 20, 6, 15, 6, 6) m,

af®=15°,  af=15° i€ [1:6],

and

ks = (1, 16, 25, 36, 45, 50, 61), ng, = 3, i€ [1:6].
The smoothing parameters in (5.22) and (5.32) are set to
c=d=10"%,

to ensure smoothness with negligible effect on the numerical algorithm.

For the given boundary conditions, we use

N =61
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node points and treat the flight time as a decision variable to be minimized. The optimization
is initialized with a trajectory composed of straight-line segments connecting the initial
position to the target sequence and then to the final position, with node points distributed
uniformly along this path. Affine scaling is also applied to improve numerical conditioning.
The implementation uses CVXPY [81] together with the Clarabel solver [124].

Figure 5.14 shows the optimized monitoring trajectory. Figures 5.15 and 5.16 show,
respectively, the information-acquisition history for each target and the associated state and
control trajectories. The quadrotor acquires the required information for each target in less
than 51 s while satisfying the state and input constraints continuously during the flight.

For comparison, a conventional method that decouples motion planning and information
acquisition, where the agent repeatedly flies to a point, stops to acquire information, and then
proceeds to the next, results in a total mission time of 66.17 s, comprising 42.31 s for motion
and 23.86 s for acquisition. This is approximately 29% longer than the proposed approach.
In addition, if the sensor field-of-view and acquisition-direction cones are too narrow, such a
decoupled strategy may fail altogether for targets with steeply tilted acquisition directions,
since acquisition is then impossible without drone pitching, which prevents the flight from
being stationary.

The computation of the trajectory in a simple, nonoptimized Python implementation
takes approximately 14.5 s on a 2023 MacBook Pro. Speedups of 10x—40x are expected
through code optimization, compilation, and translation to C/C++. Thus, although the
proposed method is primarily intended for offline trajectory generation, a receding-horizon
implementation with a shorter time window and fewer nodes may be able to achieve real-time

operation.
5.5 Rocket landing with compound state-triggered constraints

This section applies the modeling and optimization machinery developed in the previous
chapters to a free-final-time powered-descent guidance problem with six-degree-of-freedom

rocket dynamics and compound state-triggered constraints, a subset of STL specifications. In
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Figure 5.14: Trajectory generation for a quadrotor acquiring information from six targets. The
trajectory color represents speed, as indicated by the colorbar. Snapshots show the quadrotor
at different time instants together with targets (red spheres), collision areas (black spheres),
acquisition cones (yellow cones), and sensor fields of view during information acquisition

(blue cones).

contrast to the receding-horizon setting of Section 5.3 and the sensing-driven information-
acquisition problem of Section 5.4, the emphasis here is on embedding mission specifica-

tions directly into a continuous-time trajectory optimization problem for a highly nonlinear
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Figure 5.15: History of information acquired during the quadrotor flight for each target, from

red (first target) to purple (last target).

aerospace vehicle. The continuous-time state and control bounds are handled through the
path-constraint machinery of Chapters 2 and 3, while the compound state-triggered con-
straints are parameterized through the smooth and exact logical constructions of Chapter 3
and solved using the convexification framework developed in Chapter 4. This example there-
fore illustrates how the general framework can accommodate free-final-time 6-DoF dynamics
together with implication, conjunction, and disjunction structures that arise naturally in

powered-descent missions.

5.5.1 Introduction

Autonomous guidance algorithms are an enabling technology for future manned and
unmanned planetary missions. Powered-descent guidance (PDG) involves generating reference
trajectories and feedforward control commands to facilitate the soft landing of a rocket-powered
vehicle on a planetary surface, playing an essential role in enabling human exploration missions
to destinations within the solar system [60]. Polynomial guidance methods developed for
PDG [200, 261, 263] have played a crucial role in the Apollo program for the landing of
the lunar module on the Moon [158] as well as in the Mars Science Laboratory (MSL) and

Mars 2020 missions for the landing of the Curiosity and the Perseverance rovers on Mars
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Figure 5.16: History of state and control variables during the quadrotor flight (blue solid)

together with the corresponding constraints (green dashed).

(252, 297]. While polynomial guidance methods have achieved remarkable success for PDG
in space missions, the requirements for precise landing in challenging environments and the
imposition of complex mission constraints have driven the development of more advanced

PDG algorithms.



174

Advancements in numerical optimization algorithms have enabled the formulation and
solution of the PDG problem as an optimal control problem. The effectiveness of optimiza-
tion algorithms on the PDG problem has been demonstrated in the landings of vertical-
takeoff/vertical-landing reusable space rockets [33]. The development of interior-point methods
[118, 214] has enabled the solving of convex optimization problems [42] to global optimality,
ensuring convergence within polynomial time. Lossless convexification (LCvx) is a transfor-
mative method that applies convex optimization algorithms to solve the PDG problem [6].
Through the introduction of a slack variable, the nonconvex thrust-magnitude lower-bound
constraint in the three-degree-of-freedom (3-DoF) PDG problem is transformed into a convex
one. By leveraging Pontryagin’s maximum principle, the convex problem’s optimal solution is
also optimal for the original nonconvex problem. LCvx is subsequently extended to address a
variety of constraints, including general nonconvex input sets [5], minimum-error landing [34],
thrust-pointing constraints [2], affine and quadratic state constraints [130, 131], nonlinear
dynamics [35], and binary constraints [180]. Customized second-order cone programming
solvers [95, 96] are developed to assess the real-time performance of LCvx, while the Guidance
for Fuel Optimal Large Divert (G-FOLD) algorithm [7, 255, 256] was specifically developed
to test LCvx on Masten Space Systems’ vertical-takeoff /vertical-landing suborbital rocket,
Xombie [209, 210]. Although considering only translation dynamics and constraints related
either to translation or to the thrust vector via a 3-DoF model achieved sufficient success
to solve the PDG problem, six-degree-of-freedom (6-DoF) modeling of vehicle dynamics
and increasing complexity of mission constraints necessitate the solution of more general

nonconvex problems.

Sequential convex programming (SCP) has emerged as an effective method for transitioning
from fully convex 3-DoF PDG problems to more complex, nonconvex 6-DoF PDG problems,
which often include nonconvex constraints [183, 184]. SCP is an iterative method that handles
nonconvex problems by successively solving a sequence of locally convex approximations,
achieved through linearizing the nonconvexities [40, 61, 92, 185, 237]. Therefore, SCP

algorithms enable the handling of more general formulations of vehicle dynamics and mission
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constraints, which often introduce nonconvexities, such as aerodynamic forces on the vehicle
[269], free-final-time formulation [268], multi-phase landing [144], state-triggered constraints
(238, 273, 274], and integer constraints [179, 182]. The SCP algorithm has been further
employed to solve quadrotor flight [270-272] and hypersonic entry problems [192—-194], and
its real-time capability has been demonstrated in quadrotor flight [270-272] as well as
PDG problems [181, 237]. An SCP-based solution method utilizing the dual quaternion
formulation for the PDG problem [238] has been selected as the candidate PDG algorithm
for NASA’s Safe and Precise Landing — Integrated Capabilities Evolution (SPLICE) project.
This algorithm has been flight-tested in an open-loop configuration on the Blue Origin
New Shepard suborbital rocket [87, 266]. The traditionally utilized interior-point method
to solve each convex subproblem in these algorithms is replaced with the customized first-
order proportional-integral projected gradient (PIPG) algorithm [307, 308| for addressing
the 3-DoF PDG problem via LCvx, leading to a significant improvement in the solution
speed of the problem [103]. The PIPG algorithm is then employed to solve the 6-DoF PDG
problem formulated via dual quaternion, resulting in a significant enhancement in real-time
performance [143].

In all of these algorithms, path constraints are imposed only at the node points of the
discretized continuous-time problem, so inter-sample constraint satisfaction is not guaranteed.
The continuous-time successive convexification framework (CT-SCVx), first developed for
continuous-time path constraints and reviewed in Chapters 2 and 3, combines continuous-
time path-constraint reformulation, time-dilation, multiple shooting, exact penalties, and
a convergence-guaranteed SCP scheme to solve the resulting finite-dimensional nonconvex
optimal control problem [104]. Implementations of this framework have been demonstrated
for passively safe [105] and GPU-accelerated [66] trajectory optimization for 6-DoF PDG,
nonlinear model predictive control for obstacle avoidance [287], and trajectory optimization

for 6-DoF aircraft approach and landing [155].

While formulations exist to impose state-triggered constraints [238, 273, 274] and integer

constraints [179, 182], a general formulation has not yet been addressed for imposing temporal
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logic specifications by ensuring their continuous-time satisfaction within an SCP framework.
Signal temporal logic (STL) provides a general framework for imposing temporal and logical
specifications on optimization problems [27, 89, 178]; however, the standard robustness se-
mantics involve nested min and max operators, leading either to mixed-integer formulations
[233, 247] or to smooth approximations that compromise soundness, completeness, or numeri-
cal robustness [123, 128, 187, 223, 292]. Moreover, the direct use of min and max can give rise
to locality and masking effects [196], which can prevent local optimization algorithms from
finding feasible solutions even when the problem is feasible. Chapter 3 addressed these issues
through the generalized mean-based smooth robustness (GMSR) formulation [286], which
is smooth, sound, complete, and equipped with favorable gradient properties for numerical

optimization.

The present section applies that modeling machinery to a 6-DoF rocket landing problem
with compound state-triggered requirements. In particular, we employ the exact smooth
logical constructions of Chapter 3 to parameterize the compound state-triggered constraints,
and we use the numerical optimal-control machinery of Chapter 2 and Chapter 4 to solve
the resulting powered descent guidance problem while ensuring continuous-time constraint

satisfaction and convergence.

5.5.2  6-DoF powered descent guidance problem with C'T-c¢STC's

This subsection presents the 6-DoF powered descent guidance problem with continuous-
time compound state-triggered constraints (CT-cSTCs). We first outline the rocket dynamics,
general state and control constraints, and boundary conditions, adapted from [143, 274].
We then describe the altitude-triggered gimbal-deflection, speed, angular-velocity, tilt-angle,
glideslope, and line-of-sight constraints, together with speed- and tilt-triggered thrust con-

straints.
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Rocket dynamics

The state vector and the control input of the vehicle are defined as

T = (m7TI,U17QB<—IawB)7

u = (T7 567 ¢e7 6b7 ¢b)7

where subscripts Z and B denote quantities expressed in the inertial and body-fixed reference
frames, respectively; m € R, is the mass of the vehicle; 77 € R? is the position vector;
vr € R? is the velocity vector; g7 = (1, ¢2, q3,q1) € R is the quaternion parameterizing
the transformation from the inertial frame to the body frame; wg € R? is the angular-velocity
vector; and T', §°, ¢°, °, and ¢” denote the thrust magnitude, engine gimbal deflection and
azimuth angles, and boresight gimbal deflection and azimuth angles, respectively.
The dynamical system of the rocket is given by
i(t) = F((t), u(t))
' 0| T (1) 2
vz(t)

_ e s(t) (To(t) + As(t)) + g1 C (530)

a m(t) .
§Q(W6(t)>QB’<—I(t)
Jo(t) " ([remeXTa(t) + [repsx) As(t) — wt) x (Jn(B)uis(t)) )

In this model,
1

[spgo ’

where I, is the vacuum specific impulse of the engine and g, is standard Earth gravity. The

Ay = gz ‘= (07 Oa _90)7

moment-of-inertia matrix of the vehicle about its center of mass at time ¢ is denoted by
Js(t) € RY*. The thrust moment arm, which is the vector from the vehicle’s center of mass
to the engine gimbal hinge point, is denoted by 7.y, 5 € R?. The aerodynamic moment arm,
which is the vector from the vehicle’s center of mass to the center of pressure, is denoted by

TepB € R3.
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The thrust vector

Ty e R3

is defined by
T sin(6°) cos(¢®)
T := | T'sin(6°) sin(¢°) | ,
T cos(6°)
where T is the thrust magnitude and ¢, ¢° are the gimbal deflection and azimuth angles of
the engine.

The aerodynamic force Ag is given by

Ast) = 3 pllz(t)SaCaCsex(tur(t),

where p is the ambient atmospheric density, S4 € R, is the reference area, Cy € R3? is the
aerodynamic coefficient matrix, and Cp, 7 = CF, 5 € SO(3) is the direction-cosine matrix
that encodes the attitude transformation from the inertial frame to the body frame. The

matrix Cz.7 is defined by

1—2(¢3 +4q7) 2(q2qs + q1qa)  2(¢2q4 — 1q3)
Cez = |2(qeqs — uas) 1—2(63 +a3) 2(q304 + 142)
20pu +qas) 2(@au —ae) 1-2(6+4)

The skew-symmetric matrix operator €2(-) and the vector cross-product matrix [-x] are

defined by

o e e e
5 051 ;2 _23 0 -6 &
Q) = | YL = s 0 -l
S & 0 &
& & 0
& & —& 0

for f = (51,52,63) € R3.
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General state and control constraints

The vehicle’s fuel consumption, tilt angle #, angular rate wp, and glideslope angle v are

subject to the constraints
Mary < m(t),
c08(Opax) < 1 — 2(q§(t) + qu,(t)),
lws(®)l2 < winax,

tan (Ymax )| [€1 62]T7“I(t)H2 < e;rz(t),

where e; denotes the ith basis vector of R3.
Additionally, the gimbal deflection and azimuth angles of the engine and the boresight

vector are constrained by

18°(l1 < O 187011 < O

“¢e(t)|‘1 < fnax’ H¢b(t)Hl < (bglax'

Since the thrust force is itself regulated by state-triggered constraints, it is not explicitly

constrained in this subsection. For clarity, we represent the state and control constraints as

Gz (x) < 0451, Gu(u) < 0451,

where
gr : R™ — R* Gu : R™ — R*,
and both ¢, and g, are convex componentwise.
Boundary conditions
The boundary conditions are
m(0) = my, m(te) > Mayy, rz(0) =i, rz(te) = e,

vz(0) = v, vz(te) = vy, q81(0) = qBe1;, qB1(tr) = 1/

WB(O) = w&, wg(tf) = LdBf.
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For clarity, these boundary conditions are represented compactly as

(2(0), 2(ts)) € X,

where X is a closed convex set.

Compound state-triggered constraints

The altitude-triggered gimbal-deflection angle, speed, angular-velocity, tilt-angle, and

glideslope constraints are defined as

(egTrI(t) < hﬁ“g> = < 5Stc> A (H’UI N2 < v}tc>
A (nws 1)z < o )

A | cos(67) <1 —2((]2( )+Q§(t))>

A (tan(wsm) le1 BQ]TTI(t)H2 < e;rz(t))

The altitude-triggered line-of-sight angle constraint is defined as

-
(egr;f( ) < h) = ( () lIrz(®) = rella < (r2(t) = re) CZFBWB(t))?
where % is the view-cone angle and the boresight vector in the body frame is

sin (5b(t)) Ccos (gbb(t))
(5(t) == |sin (5b(t)) sin ((bb(t))
Cos (5"(2&))

The speed- and tilt-triggered thrust constraints are

(1er0ll < o) (coso) < 1-2(z0+60)) ) = (73t < 70100 < 732,

and, if either the speed or the tilt angle exceeds the specified threshold,

(1 < Jort1a ) (1-2(30 4 80) < costo™)) — (20 < 700 (700 < 722 )



181

For clarity, the state-triggered constraints are represented compactly as

(s (@) <0) = A (7)< 0). (5.57a)

(57%() <0) = (5" <0). (5570

(9755 (w) < 0) A (g5 (2) < 0) = (¢"(u) SO) A (¢"(w) <0),  (5.37c)
(—g™@) <0)v (=g @) <0) = (9" <0) A (7" () 0).  (5:37d)

5.5.8  Smooth parameterization and trajectory optimization formulation

Following Chapter 3, the compound state-triggered constraints (5.37) can be parameterized
exactly and smoothly using the GMSR logical constructions. Since only logical operators
appear here, the sign-equivalent algebraic constraints can be written directly in terms of
nonnegative products and sums of positive-part functions. Applying the exact conjunction

and disjunction reductions from Chapter 3 yields

5

2

max( g™ (z ( > maX [ :c)) =0,
=1

2 2

max (0 —g'™ie2 ()
max (07 _gtrigs (@)2 A (07 _gtrig4 (m))2 ( hax (O gstC7 (u)>2 n max O gsms )
) )) =

(max (07 g\igs (@)2 « (07 gtriss (x))2> <maX (0, gStCQ(u)) n max 0 g0y 2

max (0 g°* (u)

Remark 5.2. Because all functions in (5.38) are nonnegative, these constraints do not require
an exterior penalty function when they are embedded into the continuous-time path-constraint

reformulation. This is a particularly convenient feature of the present logical subset.

For clarity, we denote the vector of smooth exact state-triggered constraints by

hae(2(),u(t)) = Onxr,  hae s R x R™ — RY.
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The resulting free-final-time powered descent guidance problem can then be written as

minimize ¢
te, T, u

subject to a:(t) =F x(t),u(t)), t €0, ],

S O4><17 t S [Outh

To ensure continuous-time satisfaction of the path constraints, we follow the construction

reviewed in Chapter 3. Introduce the augmented state

Ta = (z,y)

with auxiliary dynamics

F(x(t), u(t))
1T1e (92 (2(8)) ) + 1T16e (90 (u(®)) ) + 1T hse (2(8), u(®))

where

qe(s) = max(0, s)?

is applied elementwise. The periodic boundary condition

y(0) = y(ts)

(5.40)

then certifies continuous-time satisfaction of the original state, control, and compound

state-triggered path constraints.
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Accordingly, the reformulated continuous-time optimal control problem becomes

minimize t;

tf, Ta, u

subject to ,(t) = Fa<xa<t>7u(t>)7 t € [0, 1],
VE(za(tr) — 2(0)) =0,
("Exa(0), "B, (t)) € X,

where *F and YE' extract the components corresponding to x and vy, respectively.

From this point onward, the free-final-time transcription follows the common numerical
machinery already established in Chapter 2 and Chapter 4. In particular, the problem is
converted to a fixed normalized horizon via time-dilation, the physical controls are param-
eterized by first-order hold, the dynamics are transcribed via multiple shooting, and the
remaining nonlinear equalities are transferred into the objective through exact penalties. In
the present specialization, the objective and all constraints other than the dynamics are linear
after reformulation, so only the dynamic constraints require exact penalization. The resulting
finite-dimensional nonconvex problem is then solved by the prox-convex algorithm.

A convenient compact representation of the penalized finite-dimensional problem is

e . dyn
minimize G(Z) +wg H(C(Z))7

where Z stacks the nodal states and controls, Z collects the convex constraints, GG is a proper
convex function containing the discretized final-time objective and convex side constraints,
and H o (' is a convex-composite exact-penalty term associated with the multiple-shooting
defects.

At SCP iteration j + 1, the corresponding prox-convex convex subproblem takes the form

J

minimize G(Z) +wl"H(C(27) + VC(27)(Z - 27)) + Dorox 7 7i|2,

D
ZeZ 2
where Z7 is the previous SCP iterate and w’ __ is the adaptive proximal weight. The exact

prox

interval sensitivities entering the linearized defect map are computed through the standard
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variational equations of the multiple-shooting flow map; see Chapter 2 and Chapter 4, as
well as [66, 104], for the details of this construction. In the original implementation, CVXPY
together with ECOS or MOSEK is used for modeling and solving the convex subproblems
(81, 88, 208]. Customizable conic solvers such as the proportional-integral projected gradient
(PIPG) algorithm [307, 308], especially when combined with conditioning and preconditioning

techniques [146], could also be used for efficient implementations.

5.5.4  Numerical results

The solution to the powered descent guidance problem with continuous-time compound
state-triggered constraints is illustrated in Figures 5.17 and 5.18. The system and simulation
parameters are presented in Table 5.3. To improve the performance of the optimizer, affine
scaling is applied to the state and control inputs. Initial guesses are set as follows: the state

is interpolated linearly between initial and final values, the thrust force is set to

1 (Tstc1 + Tstq)

2 max min

throughout the flight, the gimbal deflection and azimuth angles are set to zero, and the
free-final-time is initialized at 21 s.

At approximately 5.72 s, the vehicle’s speed and tilt angle drop below the specified
thresholds,

vy ig and gtrie
with the thrust constraints satisfied immediately afterward. Around 11.07 s, the altitude
decreases below
B
triggering satisfaction of the line-of-sight constraint. Finally, the altitude decreases below

trig
hi

around 15 s, followed by satisfaction of the gimbal-deflection angle, speed, angular-velocity,

tilt-angle, and glideslope constraints. All conditions are met between consecutive node points,
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and the corresponding constraints are satisfied in continuous time immediately afterward.

The implementation is available at https://github.com/UW-ACL/CT-cSTC.

—— Projections of the trajectory
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Figure 5.17: The landing trajectory of the rocket.

5.6 Quadrotor flight with CT-STL specifications

The double-integrator examples in Section 5.2 isolated the always, eventually, and
until operators in simple settings. The present section returns to the main nonlinear example

from the CT-STL study and shows how the modeling framework of Chapter 3, together with


https://github.com/UW-ACL/CT-cSTC
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Table 5.3: Vehicle, boundary-condition, and state-triggered-constraint parameters used in the

6-DoF rocket-landing example.

Parameter Value Parameter Value
K 15 Wnax 90 deg s71
0 9.806 m s~ Omax 90 deg
max 35 de
p 1.225 kg m™3 K &
O 10 deg
Isp 330 s
. ax 180 deg
J(t m(t)diag([60, 60, 1.5]) kg m?
5(t) (t)diag(] ]) ke . 20 deg
Ca diag([0.4068, 0.4068, 0.0522]) - 180 deg
2 .
Tem,B (07 07 _14) m h;ﬁg 200 m
Tep. (0,0,3) m Ve 35 m s~
m; 100000 kg gtrie 60 deg
Mary 85000 kg vz 20 m s~
stc —1
ri (200, 200, 500) m w 2.5 deg s
gste 5d
Tt (Oa 07 0) m o
~yste 5 deg
v (0,0,—50) m s~
1/}Stc 5 deg
v (0,0,—5) m s7!
ste 1 deg s71
_ 2,v/2,0,0
B (V2,v2,0,0) Tt 2200000 kg m s~
G51, (1,0,0,0) st 830000 kg m s~
wg, (0,0,0) deg s~ Tste2 || 6600000 kg m s~
Wa (0,0,0) deg s~* T 2640 000 kg m s72
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Figure 5.18: State and control inputs of the rocket during landing.
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the transcription machinery of Chapter 2 and the SCP framework of Chapter 4, can handle a
free-final-time 6-DoF quadrotor problem with moving waypoints, moving implication-type
obstacle constraints, and terminal-set requirements. Unlike the earlier illustrative problems,
this example combines nonlinear rigid-body dynamics, continuously moving predicates,
temporal waypoint visitation requirements, and continuous-time safety constraints within a
single trajectory optimization problem.

As in Section 5.2, the objective is specification satisfaction rather than faithful numerical
reproduction of the full GMSR value. Accordingly, we use the notation [ for the terminal

surrogate quantities appearing below.

5.6.1 Free-final-time 6-DoF quadrotor example
For the main example, the physical quadrotor state and control are
Tg = (Ta v, ¢a 97 ¢7pb7 4, Tb) € Rlza Ug = (7—(]5’ T0, Taps T) S R47

where r = (r,,7y,7,) and v = (v,, vy, v,) denote position and velocity, Q2 := (¢, 8,1) are the
Euler angles, wy, := (py, @y, 1) are the body angular rates, T' is the thrust magnitude, and
(74, To, ) are the body torques. The dynamics are modeled by the standard Newton-Euler

equations for a quadrotor, as in [175], and are written compactly as
q(t) = fol2q(t), uq(t)).
The quadrotor is subject to the continuous-time bounds
0.06 g0 < T'(t) < 1.75 go, |7 ()], |To(t)], |7(t)] <0.25,
together with
lo(@)ll2 <20, =5 <r.(t) <10, [p(t)], [0(t)] <45°,  |pp(B)], lgu(®)], ()] < 100°/s.

In the implementation, these continuous-time state and control bounds are handled through

an additional accumulated path-penalty state 7, analogous to the path-constraint treatment
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used in Section 5.2. Concretely, if

Gq.(Tq, uq) <0, C=1,...,Npath,

collect the scalar inequalities associated with the thrust, torque, speed, altitude, attitude,

and body-rate bounds, then the accumulated path-penalty state evolves according to
Mg, path
. 2
Na(t) = Xpath,g(Tq(t), ug(t)) == Z [9g,6(4(t), uq(t))]5, 14(0) = 0.
=1
By construction, 74(tf) = 0 is equivalent to continuous-time satisfaction of the encoded bound

constraints.

Define the compact boundary-condition sets

Xyi={xy:7r=1(0,-10,1), v=0, =0, wp, =0},
Xy ={x,:8<7r, <10, v=0, p=0=0, w, =0}.

The problem uses K = 32 shooting nodes and an initial final-time guess of 10 s. The final
time is free and is optimized through the time-dilation variables in the multiple-shooting
transcription.

To represent the moving predicates, the implementation augments the state with an

internal clock state ¥, the path-penalty state 74, six obstacle-violation states, and two

eventually-type waypoint pairs:

0 0 4
qu = (xqa 197 nqa 617 f%a 525 5;7 537 fga Y1, %1, Y2, ZQ)-

The internal clock is governed by

and is used to parameterize the moving waypoints and moving obstacle gaps.

The two moving waypoint centers are

c1(9) = (=5, =16+ 11.5( sin(m0/5.655—7/2) + 1), 1),
ca(9) := (=10, 7= 11.5(sin(r9/4.38—7/2) + 1), 1),
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both with radius r,, = 0.5. For each waypoint ¢ = 1,2, define
,Oi(T, 79) = T12u - Hr - cl(ﬁ)Hga

and the predicates
fr,i(1,9) = (pi(r,9) > 0).
The moving-waypoint task is therefore

Pwp = F1[07tf}ﬂw,1 A -Fj[07tf}/$w,2-

As in the double-integrator eventually example of Section 5.2, each waypoint is encoded

by a geometric-integral state y; and an additive state z;:

vi(t)
te

i(8) = % log (=0 + [ (r(8), D)),
() = L (0. 0L

with

The associated waypoint surrogates are

T, = J2+alt) — /2 +ult), i=12
The moving obstacle field is represented by three xz-bands,
[al, bl] = [05, 15], [CLQ, bg] = [35,45], [ag, b3] = [65, 75],

with time-varying gap boundaries

A(9) = 3(sin(d) — 7/2) + 1),
H0) = -1-AW), w®) =1-A®),
G0) = 10— A®W),  us(¥) = —8 — A(9),
GO) = —1+A®),  uz(¥) =1+ A().
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The corresponding implication-type obstacle predicates are

P (1, 0) = (a5 <y <bj =1y > 4(9)),

Ples (1 9) 1= (0 <10 < by =y Su(9)), j=1,23.

Hence,

3
Pobs = G[O,tf] ( /\ ‘Pgbs,j A %ngs,j) .

j=1

In the implementation, these six moving implication constraints are encoded by the

auxiliary states
() = X5(r(0),91),  &(0) =
() = xj(r(t),9(t),  &(0) =0,
for j = 1,2, 3, where

X;(r,0) = [aj — 1) [re — b [ry — £;(0)]7,
X, 0) o= [aj — ro]? [ra — b [u; (9) —ry]?.
Each function X? or xj vanishes when the corresponding moving implication constraint is

satisfied, and becomes positive only under violation. For compactness, define the total

accumulated moving-obstacle violation as

Eobs i ( + fu )

7j=1
We then define the corresponding obstacle-avoidance surrogate

~

1—‘obs = _Eobs(tf)-
Combining the temporal requirements, the main logical task for the quadrotor is
©q = Pobs N\ Pwps

together with the terminal end-zone constraint encoded in X ¢



192

Finally, define the overall terminal surrogate
fq = f?u,l —+ f‘ZUQ + wEfobs — wnnq (tf) — wttf.

The resulting free-final-time problem is written as

~

maximize I'y
x¥a ,Uqg 1tf

subject to @,(t) = fy(xq(t), uy(t)),
I(t) =1,
nq(t) = Xpath,q(xq@)a u,(t)),
i) = B tog et ln(r (). 9)12) . Vi
4(0) = a0, i
&) = X (r(®),9(1), Vi
&) = (D), 9(0), Vi,
zg(0) € Xyi,  wy(te) € Xy,

P(0) =0, nq(0) =0,

0)=0, &(0)=0, Vji

This free-final-time 6-DoF quadrotor problem is the main nonlinear demonstration of the
CT-STL framework. Here, the vehicle must coordinate its motion with both the moving
waypoint regions and the moving obstacle gaps while simultaneously satisfying nonlinear
rigid-body dynamics, terminal-set constraints, and state/control bounds. Since both the
waypoint centers and the obstacle boundaries vary continuously in time, satisfaction only at
the shooting nodes would be insufficient, and continuous-time evaluation is therefore essential
in this example.

Figure 5.19 shows that the optimized 3D trajectory first intercepts the second moving

waypoint region at approximately ¢ = 2.26 s, then the first moving waypoint region at
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approximately t = 3.11 s, and subsequently passes through the three moving doorway gaps
at approximately ¢t = 3.79 s, t = 4.98 s, and t = 6.38 s before reaching the terminal end
zone. This ordering is not imposed a priori; rather, it emerges from the optimizer’s need to
synchronize the trajectory with the moving waypoint and obstacle geometry. In the reported
solution, the flight-time variable is initialized at 10 s and converges to 7.325 s, showing that
the optimizer adapts the overall traversal time in order to coordinate the maneuver with
the oscillatory target and obstacle dynamics. The final continuous-time trajectory satisfies
both moving-waypoint visitation requirements and avoids all six moving obstacle constraints
throughout the horizon.

Figure 5.20 confirms that the optimized trajectory remains within the prescribed thrust,
torque, speed, altitude, attitude, and body-rate bounds over the continuous-time trajectory

representation.
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Figure 5.19: Optimized 3D trajectory for the free-final-time 6-DoF quadrotor example. The
quadrotor first intercepts the two moving waypoint regions and then passes through the
three moving doorway gaps while avoiding the shaded obstacle regions before reaching the
terminal end zone. The annotated snapshots indicate the corresponding event times, and the

trajectory is color-coded by speed.
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Figure 5.20: Representative state and input histories for the free-final-time 6-DoF quadrotor
example, showing that the optimized continuous-time trajectory remains within the prescribed

thrust, torque, speed, altitude, attitude, and body-rate bounds.
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Chapter 6

DECENTRALIZED STATE-DEPENDENT MARKOV-CHAIN
SYNTHESIS WITH AN APPLICATION TO SWARM
GUIDANCE

6.1 Introduction

Whereas the previous chapters focused on trajectory optimization and mission-level
specifications for individual systems, this chapter turns to large-scale distributed guidance
through Markov-chain synthesis [288]. The common theme remains the design of structured
algorithms with rigorous convergence guarantees, but the setting now shifts from continuous-

state trajectory generation to finite-state population dynamics and swarm distributions.

Markov chain synthesis has garnered attention from various disciplines, including physics,
systems theory, computer science, and numerous other fields of science and engineering.
This attention is particularly notable within the context of Monte Carlo Markov Chain
(MCMC) algorithms [113, 121, 166]. The fundamental idea underlying MCMC algorithms is
to synthesize a Markov chain that converges to a specified steady-state distribution. Random
sampling of a large state space while adhering to a predefined probability distribution is
the predominant use of MCMC algorithms. The current literature covers a broad spectrum
of methodologies for Markov chain synthesis, incorporating both heuristic approaches and
optimization-based techniques [44, 46, 132]. Each method provides specialized algorithms
tailored to the synthesis of Markov chains in alignment with specific objectives or constraints.
Markov chain synthesis plays a central role in probabilistic swarm guidance, which has
led to the development of various algorithms incorporating additional transition and safety
constraints [3, 4, 8, 21, 76-78, 84, 85, 100, 141]. The probabilistic swarm guidance algorithm

models the spatial distribution of the swarm agents as a probability distribution and employs
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the synthesized Markov chain to guide the spatial distribution of the swarm.

Consensus protocols form an important field of research that has a strong connection
with Markov chains [201]. Consensus protocols are a set of rules used in distributed systems
to achieve agreement among a group of agents on the value of a variable [57, 152, 221, 230].
Markov chains are often employed to model and analyze the dynamics and convergence
properties of consensus protocols, providing insights into their behavior and performance
[45, 222, 275, 301].

This chapter first presents a consensus protocol specifically tailored to operate on a dynamic
graph topology. We establish that the protocol provides exponential convergence guarantees
under mild technical conditions, thereby eliminating the reliance on the conventional connec-
tivity assumptions commonly found in the existing literature [112, 140, 206, 220, 236, 262].
Building on this consensus protocol, the chapter then develops a decentralized state-dependent
Markov chain (DSMC) synthesis algorithm. We further show that the synthesized Markov
chain satisfies the same mild conditions, which in turn ensures exponential convergence to
the desired steady-state distribution. Finally, the DSMC algorithm is demonstrated on the
probabilistic swarm guidance problem, where the objective is to control the spatial distribution
of swarm agents. Simulation results show that the DSMC algorithm achieves considerably
faster convergence than existing Markov chain synthesis algorithms.

The remainder of this introduction places these developments in context. We first review
the relevant literature on Markov chain synthesis, swarm guidance, and consensus protocols,

then summarize the main contributions of the chapter and outline the remaining sections.

Related work. The Metropolis-Hastings algorithm is widely recognized as one of the most
prominent techniques for MCMC algorithms [132]. For the fastest mixing Markov chain
synthesis, the problem is formulated as a convex optimization problem in [44], assuming
that the Markov chain is symmetric. This paper also presents an extension to the method
that involves synthesizing the fastest mixing reversible Markov chain with a given desired

distribution. Furthermore, the number of variables in the optimization problem is reduced in
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[46] by exploiting the symmetries in the graph.

The probabilistic swarm guidance problem has been a crucial domain for the application
and enhancement of Markov chain synthesis algorithms. A comprehensive review of the
broader category of multi-agent algorithms is presented in [246], while a survey specifically
focusing on aerial swarm robotics is provided in [69]. Additionally, [258] offers an overview
of existing swarm robotic applications. For swarm guidance purposes, certain deterministic
algorithms have been developed in [157, 174, 234, 239, 254, 281]. However, these algorithms
may become computationally infeasible when dealing with swarms that comprise hundreds
to thousands of agents. In the context of addressing the guidance problem for a large
number of agents, considering the spatial distribution of swarm agents and directing it
towards a desired steady-state distribution offers a computationally efficient approach. In
this regard, both probabilistic and deterministic swarm guidance algorithms are presented
in [31, 101, 102, 107, 160, 161, 314] for continuous state spaces. For discrete state spaces,
a probabilistic guidance algorithm is introduced in [3]. This algorithm treats the spatial
distribution of swarm agents, called the density distribution, as a probability distribution and
employs the Metropolis-Hastings (M-H) algorithm to synthesize a Markov chain that guides
the density distribution toward a desired state. The probabilistic guidance algorithm led to
the development of numerous Markov chain synthesis algorithms involving specific objectives
and constraints [4, 8, 21, 76-78, 84, 85, 100, 141]. In [100], the Metropolis-Hastings algorithm
is extended to incorporate safety upper bound constraints on the probability vector. This
paper includes numerical simulations that demonstrate the application of the extension in a
probabilistic swarm guidance problem. In order to enhance convergence rates, [4] introduces
a convex optimization-based technique for Markov chain synthesis. This technique formulates
the objective function and constraints using linear matrix inequalities (LMIs) to synthesize a
Markov chain capable of achieving a desired distribution while adhering to specified transition
constraints. Notably, this study does not impose any assumptions on the Markov chain,
rendering the problem inherently non-convex. The problem is convexified for practical

purposes but the optimal convergence rate of the original non-convex problem cannot be
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attained. In [76], the approach presented in [4] is enhanced by incorporating state-feedback to
further improve the convergence rate. These works are also extended to impose density upper
bounds and density rate constraints in [8] and density flow and density diffusivity constraints
in [77]. In [78], a more general approach is proposed for cases where the environment is
stochastic, and the resulting Markov chain is shown to be a linear function of the stochastic
environment and decision policy. These convex optimization problems can be solved using
the interior-point algorithm but the computation time of the algorithm increases rapidly with
increasing dimensionality of the state space [43]. Furthermore, neither the M-H algorithm nor
convex optimization-based approaches attempt to minimize the number of state transitions.
The swarm guidance problem is formulated as an optimal transport problem in [20] to minimize
the number of agent transitions. However, besides the similar computational complexity
issues, the performance of the algorithm drops significantly if the current density distribution
of the swarm cannot be estimated accurately. The time-inhomogeneous Markov chain
approach to the probabilistic swarm guidance problem (PSG-IMC algorithm) is developed
in [21] to minimize the number of state transitions. This algorithm is computationally
efficient and yields reasonable results with low estimation errors. However, all feedback-based
algorithms mentioned above require global feedback on the state of the density distribution.
Communication between all agents has to be established to estimate the density distribution
in the probabilistic swarm guidance problem. Generating perfect feedback of the density
distribution is often impractical, leading to the routine occurrence of estimation errors. An
alternative approach that requires only local information is developed in [141]. In this work,
the time-inhomogeneous Markov chain approach presented in [21] is modified to work with
local information, and the algorithm is used for minimizing the number of state transitions.
Nevertheless, in both global and local information based time-inhomogeneous Markov chain
approaches, it is observed that the convergence rate diminishes significantly when the state
transition capabilities become more restricted. As it can be seen in Corollary 1 in [21] or
Corollary 3 in [141], the transition probability from a state to any directly connected state

cannot be higher than the desired density value of the corresponding directly connected
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state. In situations where there are sparsely connected regions in the state space, it is
common to observe a relatively low sum of desired density values among directly connected
states. Consequently, there is a higher probability of remaining in the same state rather than
transitioning to other states. In terms of the convergence rate, these algorithms are only
effective in cases with high transition capabilities. Additionally, the performance of these
algorithms is highly sensitive to hyperparameters and requires careful selection for optimum

results in each experiment.

Graph temporal logic (GTL) is introduced in [84] to impose high-level task specifications
as a constraint to the Markov chain synthesis. Markov chain synthesis is formulated as
mixed-integer nonlinear programming (MINLP) feasibility problem and the problem is solved
using a coordinate descent algorithm. In addition, an equivalence is proven between the
feasibility of the MINLP and the feasibility of a mixed-integer linear program (MILP) for
a particular case where the agents move along the nodes of a complete graph. While this
study assumes homogeneous swarms for Markov chain synthesis subject to finite-horizon GTL
formulas, an improved version of the formulation is presented in [85] to enable probabilistic
control of heterogeneous swarms subject to infinite-horizon GTL formulas. Instead of solving
the resulting MINLP using a coordinate descent algorithm, a sequential scheme, which is
faster, more accurate, and robust to the choice of the starting point, is developed in the

aforementioned paper.

Markov chains and consensus protocols share a close relationship. The rich theory of
Markov chains has proven to be valuable in analyzing specific consensus protocols. Notable
works such as [45, 222, 275, 301] have leveraged Markov chain theory to provide insights
and analysis for consensus protocols. Consensus protocols, in contrast to Markov chains,
operate without the limitations of non-negative nodes and edges or the requirement for
the sum of nodes to equal one [201]. This broader scope enables consensus protocols to
address a significantly wider range of problem spaces. Therefore, there is a significant
interest in consensus protocols in a broad range of multi-agent networked systems research,

including distributed coordination of mobile autonomous agents [112, 140, 206, 218, 220, 236],
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distributed optimization [47, 151, 211, 259, 305], distributed state estimation [142, 219], or
dynamic load-balancing for parallel processors [74, 302]. There are comprehensive survey
papers that review the research on consensus protocols [57, 152, 221, 230]. In many scenarios,
the network topology of the consensus protocol is a switching topology due to failures,
formation reconfiguration, or state-dependence. There is a large number of papers that
propose consensus protocols with switching network topologies and convergence proofs of
these algorithms are provided under various assumptions [112, 140, 206, 220, 236, 262]. In
[140], a consensus protocol is proposed to solve the alignment problem of mobile agents, where
the switching topology is assumed to be periodically connected. This assumption means that
the union of networks over a finite time interval is strongly connected. Another algorithm
is proposed in [206] that assumes the underlying switching network topology is ultimately
connected. This assumption means that the union of graphs over an infinite interval is
strongly connected. In [236], previous works are extended to solve the consensus problem
on networks under limited and unreliable information exchange with dynamically changing
interaction topologies. The convergence of the algorithm is provided under the ultimately
connected assumption. Another consensus protocol is introduced in [112] for the cooperation
of vehicles performing a shared task using inter-vehicle communication. Based on this work,
a theoretical framework is presented in [220] to solve consensus problems under a variety
of assumptions on the network topology such as strongly connected switching topology. In
[262], a consensus protocol with state-dependent weights is proposed and it is assumed that
corresponding graphs are weakly connected, which means that the network is assumed to be
connected over the iterations. Additionally, optimization-based algorithms are proposed to

obtain a high convergence rate for the consensus protocol in [301] and [156].

Main contributions. In this chapter, we first propose a consensus protocol with state-
dependent weights. The proposed consensus protocol does not require any connectivity
assumption on the dynamic network topology, unlike the existing methods in the literature [112,

140, 206, 220, 236, 262]. We provide an exponential convergence guarantee for the consensus
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protocol under some mild technical conditions, which can be verified straightforwardly. We
then present a decentralized Markov-chain synthesis (DSMC) algorithm based on the proposed
consensus protocol and we prove that the resulting DSMC algorithm satisfies these mild
conditions. This result is employed to prove that the resulting Markov chain has a desired
steady-state distribution and that all initial distributions exponentially converge to this steady-
state. Unlike the homogeneous Markov chain synthesis algorithms in [3, 4, 44, 46, 100, 132],
the Markov matrix, synthesized by our algorithm, approaches the identity matrix as the
probability distribution converges to the desired steady-state distribution. Hence the proposed
algorithm attempts to minimize the number of state transitions, which eventually converge
to zero as the probability distribution converges to the desired steady-state distribution.
Whereas previous time-inhomogeneous Markov chain synthesis algorithms in [21, 141] only
provide asymptotic convergence, the DSMC algorithm provides an exponential convergence
rate guarantee. Furthermore, unlike previous algorithms in [21, 141], the convergence rate of
the DSMC algorithm does not rapidly decrease in scenarios where the state space contains
sparsely connected regions. Due to the decentralized nature of the consensus protocol, the
Markov chain synthesis relies on local information, similar to the approach presented in
[141], and a complex communication architecture is not required for the estimation of the
distribution. By presenting numerical evidence within the context of the probabilistic swarm
guidance problem, we demonstrate that the convergence rate of the swarm distribution
to the desired steady-state distribution is substantially faster when compared to previous

methodologies. In summary:

« We propose a consensus protocol with state-dependent weights and prove its exponential
convergence under mild technical conditions, without relying on the typical connectivity
assumptions associated with the underlying graph topology.

» Based on the proposed consensus protocol, we introduce the DSMC algorithm, which is

shown to meet the convergence conditions outlined by the consensus protocol.

o Simulation results demonstrate that the DSMC algorithm achieves faster convergence,
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characterized by an exponential convergence guarantee, compared to existing homoge-
neous and time-inhomogeneous Markov chain synthesis algorithms presented in [3] and

21].

Organization and Notation. The chapter is organized as follows. Section 6.2 presents
the consensus protocol with state-dependent weights. Section 6.3 introduces the decentralized
state-dependent Markov-chain synthesis (DSMC) algorithm and establishes its main properties
and convergence guarantees. Section 6.4 introduces the probabilistic swarm guidance problem
formulation and presents numerical simulations of swarms converging to desired distributions.

Notation: R and C represent the set of real numbers and complex numbers, respectively. R,
and Z, represent the set of non-negative real numbers and non-negative integers, respectively.
R™ is the n dimensional real vector space. 0 is a zero matrix and 1 is a matrix of ones
in appropriate dimensions. x[i](k) represents the i*® element of the vector x € R" at
time k. |lz||, denotes the ¢, vector norm. (vi,vs,...,v,) represents a vector, such that
(1, V9, .y vy) = [0T, 03 ..., vI]T where v; have arbitrary dimensions. M > (>) 0 implies
that M € R™ ™ is a positive (non-negative) matrix. Z* denotes the set of integers such
that Z" = {1,2,...,m}. X\(A) is the i"" eigenvalue of a matrix A € R™™ such that
Mi(A) < Nija(A) for i € I o(A) is the set of eigenvalues of A € R™™ such that
g(A) = {1, Ao, ..., A} 0 denotes the empty set. V' \ W represents the elements in set V

that are not in set WW. P denotes the probability of a random variable.
6.2 A Consensus Protocol with State-Dependent Weights

The consensus protocol is a process used for achieving an agreement among distributed
agents. In this section, we introduce a consensus protocol with state-dependent weights to
reach a consensus on time-varying weighted graphs. Unlike other proposed consensus protocols
in the literature, the consensus protocol we introduce does not require any connectivity
assumption on the dynamic network topology. We provide a theoretical analysis for the

proof of exponential convergence under some mild technical conditions. We then use the
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proposed consensus protocol for the synthesis of the column stochastic Markov matrix in
Section 6.3. It is proven that these mild assumptions required by the proposed consensus
protocol are satisfied by the Markov matrix synthesis algorithm. We first define the graph

for our consensus approach.

Definition 6.1. (Time-varying weighted graph) A time-varying weighted graph is a tuple,
Guw(k) = (V,E,w(k)), where V = {vy,...,vy} is the set of vertices, E CV x V is the set of
undirected edges, and w(k) is a time-varying function such that w: € — Ry, where w; j(k)
represents the value of weight for edge {v;,v;} € € at time k.

o (Values of vertices) A time-varying vector e(k) € R™ such that 1Te(k) =0 for k € Z,
can define a vector of values of vertices, i.e., e[i](k) represents the value of the vertex v;
at time k.

o (Uniform graph induced by time-varying weighted graph) G = (V, &) is the uniform
graph induced by G, (k) and it is obtained by setting w; ;(k) = 1, where {v;,v,;} € € for
alkeZsy.

o (Adjacency matrices) Two vertices v; and v; are called adjacent if {v; v;} € E. The
adjacency matriz of the uniform graph G is represented by Aq(G), where Ay(G)[i, 5] = 1,
if vi and v; are adjacent, and is O otherwise. The adjacency matriz of the time-
varying weighted graph G, (k) is represented by A.(Gw(k)), where Ay(Gw(k))[i,j] =
Aa(G)[E, jlwi; (k).

e (Degree matrices) D(G) and D(G,(k)) are the diagonal degree matrices of the graphs G
and G (k) such that D(G)[i,i] = ¥2; Aa(G)[i, j] and D(Gu(k))[i, i] = Ejezp Aa(Gu(k))[i, 5]

e (Laplacian matrices) L(G) and L(G,(k)) are the Laplacian matrices of the graphs G
and Gy, (k) such that L(G) = D(G) — Au(G) and L(Gy(k)) = D(Gw(k)) — Au(Guw(k)).

o (Activated and Deactivated Edges) If w; j(k) = 0, where {v;,v;} € £, the edge {v;,Vv,}
is deactivated. E4(k) and Ep(k) represent the activated and deactivated edges for time
k such that € = Ea(k) U Ep(k).

For convenience, we use A,, A, (k), D, Dy(k), L and L, (k) instead of using A,(G),



205

A(Gu(k)), D(G), D(Gy(k)), L(G) and L(G,(k)), respectively.
The following assumption on the topology of the uniform graph G is needed for convergence

analysis.

Assumption 6.2. The uniform graph G is a connected graph, which means there exists a
path between all vertices, or equivalently, (I + Ay)™ 1 > 0 for A, = AT € R™*™ [201, section
2.1].

We will consider time-varying weighted graphs where the weights of the edges depend on
the values of vertices. The following definition is needed to present the relation between the

weights of the edges and the values of vertices.

Definition 6.3. (Index sets with respect to values of vertices) The index sets I,(k) and I, (k)

contain the indices of the non-negative and negative valued vertices for time k, i.e.,
L(k) = {i: e[i](k) = 0},
L,(k) = {i : e[i](k) < 0}.

The index set I, (k) C I,(k) consists of the indices of the negative valued vertices that are

adjacent to the non-negative valued vertices, i.e.,
L, (k) ={i:ie€1,(k),j € L,(k) and A,i, j] = 1}.
The set that contains the edges between v;, i € I, (k) and v;, j € I, (k) is defined as

L n(k) = {{i.j} 1i € L(k).j € L, (k) and A,li, j] = 1}.

We provide a condition that represents a relation between the values of the vertices and
the weights of the edges of the graph G, (k). This condition is the key to providing the

convergence proof of the consensus protocol with state-dependent weights.

Condition 6.4.

(a) If i € I,(k), then there exists a ¢; such that 0 < ¢; < w; ;(k) for all {v;,v;} € &.
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(b) If {i,7} € I, n(k), then w; ;(k) = 0.

In other words, Condition 6.4(a) implies that the weight of an edge that connects a
non-negative valued vertex to any other vertex cannot be arbitrarily close to 0. Therefore,
if Aa,l7,7](k) = 0 where e[i](k) > 0, then A,[i, j](k) = 0. Condition 6.4(b) implies that no
transition is allowed between two negative valued vertices if at least one of them is adjacent
to a non-negative valued vertex. Edges that have zero weights are called deactivated edges.
Note that although G is assumed to be a connected graph in Assumption 6.2, G,,(k) may not
be a connected graph for some k, due to these deactivated edges.

The following example is provided to help the reader interpret the implication of Condition

6.4.

Example 1 The values of the vertices and the weights of the edges are represented on a graph
for a time k in Figure 6.1. According to Definition 6.3, I,(k) = {1}, I,(k) = {2,3,4,5,6},
I, (k) = {2,4} and I,,, (k) = {{2,3}{2,5}{4,5}}. Condition 6.4(a) implies that 0 < ¢; <
wi2(k) and 0 < ¢; < wy4(k) since 0 < e[1](k). Condition 6.4(b) implies that weights of all

other edges of the nodes vy and vy are zero, which means that wq 3(k) = wa5(k) = wy5(k) = 0.

6.2.1 Theoretical convergence analysis

We now turn to the convergence analysis of the proposed consensus protocol. The
preceding example illustrates the structural implications of Condition 6.4. In this subsection,
we formalize those implications and show how they lead to exponential convergence of the
Consensus error.

More specifically, we proceed in three steps. First, we show that whenever the error vector
is nonzero, every non-negative valued vertex is connected, in a suitable graph-theoretic sense,
to a negative valued vertex. This identifies the mixed-sign connected subgraphs along which
the error can propagate. Second, for such connected weighted subgraphs, we derive a spectral

bound on the associated Laplacian matrix. Third, we combine these structural and spectral
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Figure 6.1: Vertices of the graph and corresponding values are represented by circles. The
indices of the vertices are shown in their corners. Edges of the vertices are represented by
lines, and weights of the edges are represented on the sides of the edges. Green and red lines
represent the edges that are implied by Condition 6.4(a) and Condition 6.4(b), respectively.

Black lines represent the remaining edges of the graph.

properties with the consensus update dynamics to prove that the error norm contracts at
every iteration, and hence converges exponentially to zero.
The following lemma shows that each non-negative valued vertex is connected to a negative

valued vertex in the graph G,, under Condition 6.4.

Lemma 6.5. Assume that Condition 6.4 holds. If e(k) # 0, then for each i such that
e[i](k) > 0, 35 such that e[j](k) <0, where A} [i,j](k) # 0 for some exponent n € Z,.

Proof. Since 17e(k) = 0 by Definition 6.1 and e(k) # 0, 34,5 such that e[i](k) > 0 and
e[j](k) <0.

The lemma is proven by contradiction. Suppose that there exists one non-negative valued
vertex v; such that e[i](k) > 0 and for all j such that e[j](k) <0, A7 [i,j](k) =0, Vn € Z,.
In other words, there exists one non-negative valued vertex that is not connected to any
negative valued vertices. Denote the set of such non-negative valued vertices as V* (k). The
set of remaining vertices is denoted as V~ (k) such that V~=(k) =V \ V' (k). Note that all

negative valued vertices and all non-negative valued vertices that are connected to negative
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valued vertices are in V'~ (k). According to the assumption provided at the beginning of the
proof, vertices in V' (k) cannot be connected to the vertices in V= (k), then the adjacency
matrix of the time-varying weighted graph can be permuted as

Al (k) 0

0 A (k)

where P(k) is a permutation matrix, A} (k) and A_ (k) are the adjacency matrices of
sub-graphs that consist of the vertices in V¥ (k) and V™ (k), respectively. Note that due to
Condition 6.4(a), if A,,[7,7](k) = 0, where e[i](k) > 0, then A,[i,j](k) = 0. Therefore, A,

can also be permuted as

A o lArk) o
A, (k) = P(k)A,P(k)T = . (6.1)
0 A-(k)

a
Due to Assumption 6.2, G is a connected graph, the A, matrix is an irreducible matrix,
and then A, (k) matrix is also an irreducible matrix. However, the matrix in Eq. (6.1) is a
reducible matrix, which means it contradicts the assumption provided at the beginning of

the proof. Therefore, all non-negative valued vertices are connected to some negative valued

vertices. [ |

Therefore, even if G, (k) may not be a connected graph for some k, there always exists
at least one connected sub-graph that consists of both non-negative and negative valued
vertices. It is important to note that in these connected sub-graphs, each edge is between a
non-negative valued vertex and any other vertex and there is no edge between two negative
valued vertices due to Condition 6.4(b). Therefore, weights of all edges are at least ¢; due to
Condition 6.4(a).

The following lemma provides a bound for the eigenvalues of the Laplacian matrix £, (k)

of a connected time-varying weighted graph when the weights are within a certain range.

Lemma 6.6. Let G, (k) be a connected time-varying weighted graph with m vertices. Assume

that the following inequality is satisfied for the weights of the edges of the graph G, (k),

1—
a1 <w; (k) < 2

= ax(D[i, , D, 7)) (6.2)
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where 0 < ¢; and 0 < co < 1. Then, the following inequality holds for the eigenvalues of the
Laplacian matriz L,,(k),

o(Lw(k)) € [e3, (2 — c3)] U{0},

where 0 < ¢3 = min (clm(n‘il), 202) <1.

Proof. According to Gershgorin’s Circle Theorem [26], eigenvalues of a £, (k) matrix satisfy,
o (Ly(k))
cU{Ppecp-Lofiith] < X [eufinilh) ) (63)

JET\{i}

Since Ly, i](k) = Xy, v,}ec Wi (k) for weighted Laplacian matrix, where 0 < ¢; < w; ;(k),
Eq. (6.3) implies that, o(L,(k))
QU{)\GC: ‘A— S wy(k)
i {vi,v; €

:U{AecczogAgQ > wi,j(k:)}.

{Vi7V]‘}€g

< > wz‘,j(k)}

{Vi,V]‘}eg

According to Eq. (6.2), w; (k) < (1 — ¢2)/Dl[i,i] and w; j(k) < (1 — ¢2)/D]j,j]. Then,

eigenvalues of the Laplacian matrix £, (k) satisfy that,
0 < \i(k) < (2 —2¢) for \i(k) € o(Ly(k)). (6.4)

We now show that the second smallest eigenvalue of the Laplacian matrix £, (k) is also
lower bounded. In [204, Theorem 4.2], the following lower bound is provided for the second

smallest eigenvalue of the Laplacian matrix of a connected unweighted graph G,

4

m < )\2([’)7

where diam(G) is the diameter of the graph, which is the length of the longest shortest path
between any two vertices, and m is the number of vertices of the graph. Let us define the
Laplacian matrix L., for the case that weights of all edges of the graph G are ¢; instead

of 1. Suppose that, \;(£) and \;(L.,) are the i*" eigenvalues of £ and L., matrices such
that )\Z(ﬁ) S )\z+l(£) and )\z(‘ccl) S )\i+1(£cl) for 7 € Ilm_l. Then, Cl>\z(£) = )\z(‘ccl) for
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i € I7". Since ¢; < w;; for the graph G, (k), L,(k) — L., is also a positive semi-definite
Laplacian matrix, which means u” (L, (k) — L., )u > 0 for all u € R™. Let us denote unit
eigenvector uy € R™ such that L, (k)us = Ag(Ly,(k))ug and unit eigenvector z; € R™ such that
L zi = N(Le, )z for all i € Z[". Note that 1 is the eigenvector of these Laplacian matrices
with the associated eigenvalue of 0. Since these Laplacian matrices are symmetric, all other
eigenvectors of them are orthogonal to 1. Then, ul z; = ul1 = 0 and u, € span(zy, 23, ..., 2;m),

which means uy = Y jezm @izi, where Y ezm of = 1. Thus,

0 < uy (Lo(k) = Ly us
= )\2(£w(k)) — Ug£CIUQ

- )\2 k Z az 1 c1 azzz

€LY

= Xa(Lu(k) = > aiXi(Le,)

iezy

< Ao(Lu(K)) = Aa(Ley)-

Hence, Eq. (6.5) can be provided for the second smallest eigenvalue of £, (k),

4

Clm S AQ(*Cw(k)) (6'5)

Since 0 < diam(G) < m — 1 for a connected graph and due to Eq. (6.4), the following

equation represents the eigenvalues of the matrix £, (k),
o(Lw(k)) C [es, (2 = ¢5)] U{0},
where 0 < ¢3 = min <clm(73_1), 202> < min(2¢y,2¢y) < min(2 — 2¢9,2¢9) < 1. [ |

The following theorem shows that values of vertices of G, (k) converge to 0 under specific

value transition dynamics.

Theorem 6.7. Suppose that Assumption 6.2 and Condition 6.4 are satisfied, and e(k) vector

in Definition 6.1 evolves according to

el + 1) = ei)()+ 3 (elil(k) = €lil(k) ) o, i, 310 (6.6

JEIT
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fO’I" alli € I{n’ where Aaw [%]Kk) = Aa[iaj]wi,j(k‘)? 0< wi,j(k) < (1_62)/(maX(D[Z7ZLDU’]]>)7 0<
co < 1. Then e(k) exponentially convergences to 0, i.e. |le(k + 1)||/|le(k)|| < v, where
0<~y<1.

Proof. Eq. (6.6) is equivalent to following equation,

e(k+1) = F(k)e(k), where

Note that F(k) is a doubly stochastic symmetric matrix, where 17 F(k) = 17, F(k)1 =1,
F(k)T = F(k) and non-zero, non-diagonal elements of F'(k) represents the weights of activated

edges.

Condition 6.4(a) forces weights of the edges connecting non-negative valued vertices to
other vertices to be at least ¢;. However, the weights of some other edges may be 0. Thus,
the weighted graph may not be connected, which means £, (k) and F(k) matrices may be
reducible. Hence, £,,(k) may have repeated eigenvalues at 0, and F'(k) may have repeated

eigenvalues at 1.

Even if G, (k) may not be connected, due to Lemma 6.5, all non-negative valued vertices
belong to a connected sub-graph in G, (k), which consists of both non-negative and negative
valued vertices. Note that in these connected sub-graphs, there is no edge between two
negative valued vertices due to Condition 6.4(b). Therefore, weights of all edges are at least
¢1 due to Condition 6.4(a), which enables us to apply Lemma 6.6 in later parts. Let us denote

the number of these connected sub-graphs as s(k) > 1 and denote the reordered F'(k) matrix
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and e(k) vector as

where P(k) is a permutation matrix, F}(k), i € I,(k) = {1, ..., s(k)} are irreducible matrices
that correspond to connected sub-graphs and ﬁo(k) is a matrix that corresponds to remaining
sub-graph. Note that there are both non-negative and negative elements in é;(k), i € I(k)

and all elements of éy(k) are negative.

Recall that, in Example 1, s(k) = 1, values of vi, vo and v, vertices belong to the & (k)

vector and values of vs, v5 and vg vertices belong to the éy(k) vector.

Suppose that, a;(k) is the average of elements in é;(k) such that o;(k) = 17¢;(k)/m;(k),
where m;(k) is the number of elements in &;(k) and a;(k) = 1a;(k), a;(k) € R™®) | Lemma
6.6 implies that only one eigenvalue of ﬁz(k), i € I(k) is 1 with associated eigenvector 1,
and other eigenvalues are in [—(1 — ¢3,), (1 — ¢3,)], 0 < ¢3, < 1 since Fy(k), i € I,(k) matrices
corresponds to a connected sub-graphs in which weights of all edges are at least ¢; > 0. Since
the values of all vertices are negative in the remaining sub-graph that corresponds to the
ﬁ’o(k) matrix, there is no lower-bound for the weights of the edges, while there is an upper

bound provided in Eq. (6.6). Hence, o(Fy(k)) € [—(1 — ¢3,),1], 0 < ¢35, < 1. Therefore, the
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following equation holds,

(6.7)

where ¢ = (1 — min; c3,)% < 1 for all i € I(k).

Here, we will show that || F}(k)é;(k)||? is also smaller than or equal to ¢2||&(k)||? for all
i € I, where ¢2 < 1. Note that if 17 a;(k) = 17¢;(k), then «;(k) and (é;(k) — a;(k)) are

orthogonal to each other,

a; (k)" (6:(k) — ai(k)) = a(k)"ei(k) — ai(k)" o (k)
= a;(k)17¢;(k) — ai(k)  ay(k)
= a; (k)17 (k) — (k)T a(k)

Hence, it can be shown that,

[18i(k) — ai(B)||* = [l ()| — 20 (k)" (k) + |lei(K)]?
= [l&:(k)I* — 201(k)" cxi(k) + [|ex (k)]
= |le:(R)]* = [lei (k)7
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and [|F;(k)e;(k) — au(k)|* =

If i € I4(k), then é;(k) # 0 because there are both non-negative and negative values in

éi(k). Therefore, Eq. (6.7) implies that

|F5(R)ei(k) — (k)| < cilléi(k) — eu(R)]I
[Fi(R)es(R)I1P = [lew(R)II* < Gllet = [lea®)]P)
k)éi(k)|[* < clléi(R)I1* + (1 = ci)l|ei (k)| |*
(

e (F)|[*

<24 (1-c3)= )
e TN SIIE

Here, we will show that |‘||g;((:)||‘22 < ==L for all i € (k). Suppose that, é(k) =

)
P (k)(éi,(k),¢é,(k)), where P; (k) is a permutation matrix such that é;, (k) > 0 and

&, (k) < 0. Let m; (k) and m;, (k) represent the number of elements in é; (k) and é;,(k),

where m;, (k) 4+ m;, (k) = m;(k). Since there are both non-negative and negative values in
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éi(k), my (k) > 1, m;, (k) > 1 and 17¢;(k) < ||é;(k)]|1, then

les(B)|* o e

eI [les(k)l?
1711 ei(k))*
)

G

mi (k)[[é:(k)[]?
(17ei(k))”
mi(k)|[é:(k)][*
(17¢;, (k))* + (17é;, (k))?
mi(k)||e:(k)][*
163, (R)[1F + 11és. (K13
mi(k)l[é: (k)]
m, (k)16 (R)[1* + ma, (k)|1é:, (k)|

mi(k)||e: (k)]

IN

_ masx(mg (k). ma, (0) (25, ()2 11, (R) 1)
E N GOIEGIE
 max(m, (k). m, (k)

mi(k)
mi(k)—1 _m—1
STl S m

for all i € I4(k). It then follows that Eq. (6.8) implies
|F(R)&(R)|[P < cBlle(R)|[* for all i€ L(k),

where 2 < i + (1 —})™=1 < 1.

Here, we will present that |le(k + 1)|| < cg||e(k)]||, where 0 < ¢g < 1. Since e(k) # 0,

leCk + DIE _ IFRME _ 3% (| F(k)e (k)|
GG S @R

Since o (Fy(k)) C [—(1 — ¢3,),1], 0 < ¢, < 1, the equation is derived as

et DIP _ ol + S bl
I = Jiea(il2 + =2 [leath) 1

I

(6.9)

Here, we derive an upper bound for ||é,(k)||* with respect to other terms to show that,

there is an upper bound for the right side of Eq. (6.9). Since 17e(k) = 0 and éy(k) < 0,
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lleo (k)1 + 58 N1é, (k) [l = S5 [[es, (k)| Note that ||é;, (k)||; > 0 for any i € (k) due
to Lemma 6.5. Then,

[|éo(k ||1<Z|\€zp |!1+Z!|€zn )

(6.10)

—Zl\ez -

The following inequalities can be provided using equivalence of norms,

[lea(R)II* < lléo(R)IIE < molléo(k)II*,
s(k) s(k)

ZH& ||2<Z\|€z I < (m—mg Zl|€z ).
Thus, Eq. (6.10) implies that

[lea(R)|[* < (m —mo Zl\ez I

The strict upper-bound for ||é(k)||? can be inserted into Eq. (6.9) as

ek + DIP _ (=) s |la®)?
le(®I = Jeo(R)I12 + i) |leik)| 2
(1— ) 23t (& (k)]
(m —mo + 1) T3 [[é:(k)||?
m —mg + ¢

<1-—-

m—mgo+1
SinceO§c§<1and0§m0§m—2,

le(k + 1|
BEGTI.

m—mog+c2
where v < \/maxogmogm—Q pe—

to 0. [ |

_ \/ m+c5 < 1. Therefore, ||e(k)|| exponentially converges
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6.3 Decentralized State-Dependent Markov Chain Synthesis

Based on the consensus protocol developed in Section 6.2, we propose the decentralized
state-dependent Markov chain synthesis (DSMC) algorithm that achieves convergence to the
desired distribution with an exponential rate and minimal state transitions. Additionally,
we present a shortest path algorithm that can be integrated with the DSMC algorithm, as

utilized in [3, 21, 141], to further enhance the convergence rate.

6.3.1 The DSMC' Algorithm

We define a finite-state discrete-time Markov chain evolving on the vertices of the uniform

graph G in Definition 6.1.

Definition 6.8. (Markov chain) Let V = {vy, ..., v, }, which is the vertices of the graph in
Definition 6.1, be the finite set of states of the Markov chain and X (k) € V be the random
variable of the Markov chain for time k € Z.. The connectivity of the states is determined by

the adjacency matriz A, of the uniform graph G. Additionally, we define:

o (Probability distribution) Let x(k) € R™ be the probability distribution at time k :
z[i|(k) = P(X (k) = vy).

o (Markov matriz) Markov matriz determines the state transitions of the Markov chain
M(k) € R™™ where M[i, jl(k) = P(X(k+1) = v;|X(k) = v;) for alli,j € I{". Hence
x(k+1) = M(k)x(k) fork € Z..

o (Desired steady-state distribution) There exists a prescribed desired steady-state proba-

bility distribution v € R™ such that

lim z(k) = v.
k—o0

Let the error vector e(k) be the difference between the probability distribution at time &
and the desired steady-state distribution e(k) = x(k) —v. The DSMC algorithm is designed to
ensure that the dynamics of the error vector are identical to the dynamics of the value vector

described in Theorem 6.7. This design guarantees consistency between the two, ensuring
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desirable convergence properties and performance in the DSMC algorithm. Similar to the
consensus protocol in Section 6.2, transitions in the DSMC algorithm occur from the states
with higher error values to their adjacent states with lower error values to equalize the error
values across all states of the Markov chain. Since the sum of these error values is equal
to 0, the error values at all states will eventually become balanced at 0, resulting in the

convergence of the probability distribution to the desired distribution.

We present the synthesis of the Markov matrix in Algorithm 3, and its convergence proof is
presented in Theorem 6.12. To this end, let I;; be the set of indices of states adjacent to either
v; or v;, such that I;; = {l : Ay[l,i] =1 or A,[l,j] = 1}. It should be noted that e[¢] < 0 for
all £ € {i,j} and e[l](k) > 0 for some [ € I;; if and only if {7, j} € I,,, ,,(k), which is introduced
in Definition 6.3. To determine the transition probability from state v; to state v; for time k,
the required inputs of the algorithm are z[l](k) and v[l] for all I € I;;, the corresponding rows
of the adjacency matrix for states v; and v;, and a hyper-parameter ¢, € (0,1) that scales the
transition probabilities. In Line 1 of Algorithm 3, the algorithm computes the error values at
the states associated with the set [;;. From the state v;, there will be a transition to any
adjacent state v; only if e[j](k) > e[i](k). Also, the transition probabilities vary proportionally
with the differences in error values. Therefore, the difference of the error value e[j|(k) from
the error value ei](k) is calculated in Line 2 if e[j](k) > e[i](k), otherwise it is set to 0. As
in Theorem 6.7, appropriately scaling the differences between error values relative to the
number of adjacent states is crucial for the stability of the convergence. Also, it is required to
scale these differences with respect to the probabilities of the corresponding states. For this
purpose, a scaling factor is determined in Line 4 for the stability of the convergence, while
another scaling factor is determined by the probability of the state v; in Line 5. Furthermore,
if jezm E[l, j](k) = 0, then there will be no transition from state v; to any adjacent state
v;. In this case, the value of s[j](k) becomes irrelevant and is set to 1. If e[i](k) < 0 and
e[j](k) < 0, and either v; or v; has an adjacent state with a positive error value, then another
scaling factor s3[i, j](k) is set to 0 in Line 6 to satisfy Condition 6.4(b). The minimum of

these three scaling factors is chosen in Line 7 to satisfy all conditions simultaneously. Hence,
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the scaled difference of the error value e[j](k) from the error value e[i](k) is calculated in
Line 8. Note that T'[7, j](k) represents the amount of increase in the error value at state v;
due to the transition from state v;. Equivalently, it represents the amount of decrease of the
error value at state v; due to the transition to the state v;. This amount is divided by the
probability of the state v; in Line 9 to decide the transition probability from state v; to state
v;. In Line 10, the remaining probabilities are added to the diagonal elements, finalizing the
synthesis of the Markov matrix. The complexity of the DSMC algorithm is O(m?), where m
is the number of states.

The following proposition shows that the matrix synthesized by Algorithm 3 is a column

stochastic Markov matrix.

Proposition 6.9. The matriz synthesized by Algorithm 3 satisfies M (k) > 0 and 1T M (k) =

17 constraints.

Proof. (Proof of M (k) > 0) W (k) > 0 since s1[i,j] > 0, so[j](k) > 0 and s3[i, j](k) > 0,
Vi,j € Z7*. Since FE(k) > 0 and W(k) > 0, T'(k) > 0. x(k) > 0 and T'(k) > 0 imply that
M]i, jl(k) = F[i, jl(k) > 0, Vi,j € Z7" if i # j.

If z[j](k) = 0 or Yiezp Eli, jl(k) = 0, then Yiezp Fli,jl(k) = 0 and M|j,j](k) = 1. If
1K) # 0 and Siegp E[i.7](8) # 0, then

ierm 12, 7| (K
S Fli k) = e LA

icTm z[j](k)
_ ierp Eli, j](k)WTi, j](k)
z[j)(k)
Yierp Eli,jI(k)
I i
Yierp Eli, j1(k) x|j](k)

Therefore, 3-;czm F[i, j](k) <1 and M[j, j](k) > 0.
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(Proof of 17 M (k) = 1) 1T M (k) = 17 requires that Yiezm Mi, jl(k) = 1, Vj € I7". Note
that > iezm ;) Fli, jl(k) = Yiezp Fi, jl(k) since F[i,i](k) = 0. Then, Yiezp MIi, jl(k) =
Sierpgiy Flis 31(k) +1 = e F[i, j](k) = 1. This shows that 17 M (k) = 17. |

The following proposition shows that the error dynamics in Algorithm 3 are identical to

the evolution of the value vector in the consensus protocol presented in Theorem 6.7.
Proposition 6.10. The error dynamics of Algorithm 3 satisfy Eq. (6.6).

Proof. In Algorithm 3, the increase in the error value at state v; caused by state v; is denoted
by T'i, j](k) in Line 8. Equivalently, T'[7, j|(k) represents the decrease in the error value at
state v; caused by state v;. Since Y ;ezm F[i, j](k) < 1 in Line 9 of Algorithm 3, the amount
of change determined in Line 8 is not suppressed by x(k). Thus, the error value at the state

v; changes as

efil(k+1) = +ZTZJ )—ZTU,Z’](/C)

Ikyr-2 £ ZmEJ, J ()
=eli(k)+ > <€[j](k)—e[i](k))Aa[i,j]W[i,j](k) (6.11)

jezm
elj](k)=e[d](k)
=X (IR ) Al W A1),
jeTr
elj](k)<eli](k)

Let us denote w; ;(k) as
wii (k) = Wi, j](k) if e[j](k) = eli](k). (6.12)

Note that 0 < Wi, j](k) < s1[i,j] = (1 — ¢2)/ max(d[i],d[j]), for all i,5 € Z}*, where
0 < ¢3 < 1 due to Line 4 and Line 7 of the Algorithm 3. Since d[¢] in Line 3 of the Algorithm
3 represents the degree similar to D[i, 4] in Definition 6.1, w; ;(k) satisfies the constraints

given in Theorem 6.7. Thus, Eq. (6.11) implies that

elil(k+1) = i)+ 3 (eliltk) = eli(k) ) Aa, 7. 51(8) (6.13)

JeI™
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foralli € Z7*, where A, [1, j](k) = Aqli, jlw; j(k), 0 < w; j(k) < (1—c2)/(max(D[i, |, D]y, j])),
0 < ¢ < 1. Since Eq. (6.13) is identical to Eq. (6.6), the error dynamics of Algorithm 3 are

identical to the evolution of the value vector in Theorem 6.7. [ |

Note that Assumption 6.2 is already satisfied for the DSMC algorithm due to Assumption
6.18. We now show that Condition 6.4, which is crucial for the convergence of the proposed

consensus protocol, is satisfied by Algorithm 3.
Proposition 6.11. Condition 6./ is satisfied by Algorithm 3.

Proof. To ensure Condition 6.4(a) it must be shown that there exists a ¢; such that 0 < ¢; <
w; j(k) if 0 < e[i](k). Then, due to Eq. (6.12), it is sufficient to show that there exists a ¢;
such that 0 < ¢ < Wi, j](k) if 0 < e[j](k).

(Proof of Condition 6.4(a)) Since s1[i, j] > 0 and it is not time-varying, there exists a ¢
such that 0 < ¢} < s1[i, j]. The inequality 0 < e[j](k) implies that s3[i, j] = 1 for all i € Z}"
due to Line 6 of the Algorithm 3. Note that

> Bl = 3 (0 (bl — i) Al

< z lelj](k) — e[d] (k)|
< (m—=Dlelfl()|+ X leld(k)].
i€ \{5}

Since |[e[i](k)[|oc <1, Yiezm [e[t](k)| < 2, and m > 2, then

> Blijl(k) < (m = Dlels](k)] + (2 — [e[j](k)])

= mlelj](k)| + 2 — 2[e[j] (k)]
< m.

It then follows that Line 5 of the Algorithm 3 implies

zjl(k) . ralfl(k) . z[j](k) :
— = =min (m’ 1) < min (ZiEI{n Eli 10 1) < s9[7](k).
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Let Umin = mingezm v[i]. Then, the inequality 0 < e[j](k) implies that vy, < 2[j](k). Thus,
Umin/m < z[7](k)/m < s9[j](k). Since vp,/m is not time-varying, there exists a ¢ such
that 0 < ¢ < vmin/m < s3]j](k). Hence, if 0 < e[j](k), then there exist a ¢; such that
0 < ¢; < min (sl[i,j], sal7](k), 33[i,j}> = Wi, j|(k), where ¢; = min(c, ¢/, 1).

(Proof of Condition 6.4(b)) Condition 6.4(b) requires that w; ; = 0 if {4, j} € I, », where
I, is the set defined in Definition 6.3. Note that {i,j} € I, , if and only if e[(] < 0
for all £ € {i,j} and e[l] > 0 for some [ € I;;. Therefore, if {i,j} € I, ., both ssi, j](k)
and s3(7,4|(k) are set to 0, which imply that both Wi, j](k) and W[j,i|(k) are 0. Hence,
w; (k) =0if {i,j} € I, . |

The following theorem shows that Algorithm 3 achieves the desired convergence.

Theorem 6.12. The probability distribution x(k) exponentially converges to the desired

distribution v if the corresponding Markov matriz is synthesized by Algorithm 3.

Proof. In Proposition 6.10, it is proven that the dynamics of the error vector in Algorithm 3
are identical to the dynamics of the value vector in Theorem 6.7. Condition 6.4 is used in
Theorem 6.7 to prove that the value vector exponentially converges to 0. In Proposition 6.11,
it is proven that Algorithm 3 satisfies Condition 6.4 which means that probability distribution

x(k) exponentially converges to the desired distribution v. |

6.3.2 The Modified DSMC'" Algorithm

In this section, we introduce a shortest-path algorithm that is proposed as a modification
to the Metropolis-Hastings algorithm in [3, Section V-E] and integrated with the Markov
chain synthesis methods described in [21] and [141]. This algorithm can also be integrated
with the DSMC algorithm to further increase the convergence rate. Our approach begins by

categorizing the states of the desired distribution.

Definition 6.13. (Recurrent and transient states) The states with non-zero elements in the
desired distribution v are called recurrent states. The other states with zero elements in the

desired distribution v are called transient states.
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The shortest-path algorithm is used for the synthesis of the Markov chain for the transient
states while the Markov chain for the recurrent states is synthesized by the DSMC algorithm.
Let us split the desired distribution and the Markov matrix to synthesize the Markov matrix
for recurrent and transient states separately. Assume that there are m, recurrent states and
m; = m — m, transient states of the desired distribution. Then the Markov matrix and the
desired distribution are split as

M, 0

v=(v,v,), M(k)= ) (6.14)
M2 M3(]€)

mxXm

where vy = 0, v; € R"™ v, > 0, v, € R"™ M; € R™*™ and M3(k) € R™ ™. Since the
desired distribution and the Markov matrix are partitioned by renumbering the elements,
the probability distribution and the adjacency matrix are also partitioned using the same
renumbering as

A, O

Aay  Aug

mxXm

$(k’) = (xt(k)vmr(k))7 Aa =

Note that while the time-invariant matrices M; and M, in Eq. (6.14) are synthesized
by the shortest-path algorithm, the time-varying Markov matrix M;3(k) is synthesized by
the DSMC algorithm. If the shortest-path is to be combined with another Markov chain
synthesis algorithm, it is also necessary to assume that the recurrent states are connected

among themselves, which requires the following assumption.

Assumption 6.14. The graph defined by the recurrent states is connected, which means there
exists a path between all recurrent states, or equivalently, (I + Aq,)™ ' > 0 for A,, € R™xmr

[201, section 2.1].

Furthermore, we demonstrate that the condition 17z, (k) = 1, which is crucial for the
Markov chain synthesis algorithm of the recurrent states, is satisfied for all £ > K, K € Z
in the shortest-path algorithm.

Let us first define the following index sets to present the algorithm.
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Definition 6.15. (Index sets with respect to recurrent states) The index sets I, and I; contain
the indices of the recurrent and transient states, respectively. Indices of transient states can
be split into subsets as Iy, Is_1,..., and so on. The index set I, consists of the indices of
the states that are adjacent to the states corresponding to I, and I, N I, = (), the index set
I,_1 consists of the indices of states that are adjacent to the states corresponding to I, and

I, 1N (1. Ul) =0, and so on.

The synthesis of the Markov matrix using the DSMC algorithm and the shortest-path

algorithm for the recurrent and transient states of the desired distribution is given as

as in Algorithm 3 ifi e [, j € I,
0 ifiel,,,jel.forneZ,

1/(Zl€h Aa[jv l]) le € ]Tv ] € Isa Aab’, Z] =1
. ifi€lspn,j€li_pna, Adj,i] =1
1/(21615% Aa[]al])

forn e Z,

In the proposed shortest-path algorithm, the transition probability from any state in set
I, 41 to any state in set I,_, k € Z,, and from any state in set I, to any state in set I, is
1. Therefore, the total probability of the transient states becomes zero in a finite time. In
3], it is shown that the condition p(M;) < 1 is satisfied using the properties of M-matrices,
which are shown in Theorem 2.5.3 (parts 2.5.3.2 and 2.5.3.12) of [134].

6.4 An application of the DSMC Algorithm on Probabilistic Swarm Guidance

In this section, we apply the DSMC algorithm to the probabilistic swarm guidance problem
and provide numerical simulations that show the convergence rate of the DSMC algorithm is
considerably faster as compared to the previous Markov chain synthesis algorithms in [3] and

21).
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6.4.1 Probabilistic Swarm Guidance

Most of the underlying definitions and baseline algorithms in this section are based on [3].

We briefly review this material for completeness.

Definition 6.16. (Bins) The operational region is denoted as R. The region is assumed to
be partitioned as the union of m disjoint regions, which are referred to as bins R;, i =1, ...,m,

such that R = U2\ R;, and R; N R; = & for © # j. Fach bin can contain multiple agents.

Bins, as in the states of a Markov chain, in the operational region are represented as
vertices of a graph. The allowed transitions between bins are specified by the adjacency

matrix of the graph.

Definition 6.17. (Transition constraints) An adjacency matriz A, € R™*™ is used to restrict
the allowed transitions between bins. A,li, j] = 1 if the transition from R; to R; is allowable,

and is 0 otherwise. The bins R; and R; are called neighboring bins if A,li,j] = 1.

Assumption 6.18. The graph describing the bin connections is connected, that is, (I +

A)™ >0 for A, € R™™ [201, section 2.1].

Consider a swarm comprised of N agents. Let n[i](k) be the number of agents in bin R;
at time k. Then x(k) = n(k)/N represents the swarm density distribution at time k& where
z(k) > 0 and 17z(k) = 1. Tt is desired to guide the swarm density distribution to a desired
steady-state distribution v € R™, where v > 0 and 17v = 1. The distance between the swarm
density distribution and the desired distribution is monitored via the total variation between

the swarm density distribution at time k and the desired distribution

T, (k) = glle(k) vl

Assumption 6.19. All agents can determine their current bins, and they can use this

information to move between bins.
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Each swarm agent changes its bin at time k by using a column stochastic, Markov, matrix
M (k) € R™™ called a Markov matrix [135]. The entries of matrix M (k) define the transition

probabilities between bins, that is, for any k£ € Z, and 1, j € Z7",
M{i, jl(k) = P(r(k+1) € Ri|r(k) € R)),

i.e., an agent in R; moves to R; with probability M[i, j](k) at time k. Algorithm 4 is an
implementation of this probabilistic guidance algorithm. The first step of the algorithm is to
determine the agent’s current bin. In the following steps, each agent samples from a uniform
discrete distribution and goes to another bin depending on the column of the Markov matrix,
which is determined by the agent’s current bin.

The main idea of the probabilistic swarm guidance is to drive the propagation of density
distribution vector z(k), instead of individual agent positions {r;(k)}¥,. Swarms are viewed
as a statistical ensemble of agents to facilitate the swarm guidance problem. The density
distribution of the swarm x(k) satisfies the properties of a probability distribution, which are
x(k) > 0, and 172(k) = 1. However, the number of agents is finite and, using the law of large
numbers [28; Section V], the Algorithm 4 ensures that z(k + 1) = M (k) z(k) is satisfied as
N — oco. Furthermore, any given desired distribution v € R™ cannot always be accurately
represented by the finite number of agents of the swarm. For example, if v = [0.5,0.5]7 and
N =1, then the best-quantized representation of the distribution that can be obtained is
either [1,0]” or [0,1]7. In this case, the total variation between the density distribution of

the swarm and the desired distribution cannot be less than 0.5.

Definition 6.20. (Quantization error) The quantization error is the minimum total variation
value that can be achieved by the density distribution of the swarm x(k) = n(k)/N to represent
a given desired distribution v. It is denoted as qn(v) and is the solution to the following
problem

1
gn(v) = mr}n{2||n/N —v|li:n ez, 1"n = N}.

Let Qx5 be the maximum value of the quantization error that considers the worst possible
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desired distribution v for a given number of agents N such that
Qn = mgxx{qN(v) cv e RT, 1T =1},

The following theorem provides the maximum quantization error value for a given number

of agents N.

Lemma 6.21. For any given desired distribution v € R, 17y = 1, the mazimum quantization
error value between x(k) = n(k)/N and v is not greater than m/(4N), where N is the total

number of agents.

Proof. Let us split the integer and fractional part of Nv such that Nv =t + f, where t € ZT

and 0 < f < 1. Let s = 17 f. Note that s € Z, and s = N — 17¢. Let n*[i] be the optimal
value of n[i] that minimizes |n[i] — Nv[é]|. Then, n* ] ormn [ i]+ 1. Without loss of
i|+1 ifi<s
generality, suppose that f[1] > f[2] > --- > f[m]. Then n* , where
t[7] otherwise
1Tn = 1Tt + s = N. Therefore ||n—vN||; = (1— f] (1—flE)+ flE+1]+---+ flm].

Since s = 17f, |ln —oN||y = 2(f[k + 1] + -+ + f[m]). Also, f[k + 1] < s/m since
fli] > fli +1] for all i € Z" and 17 f = s. Therefore, ||n — vN||; < 2(m — s)(s/m). The
maximum value of 2(m — s)(s/m) is m/4, where s = m/2. Hence, ||n — vN||; < m/2 and

slln/N — vl <m/(4N). u

6.4.2 Synthesis of the Markov Matriz

The DSMC algorithm presented in Section 6.3.1 is employed for synthesizing the Markov
chain, which serves as the stochastic policy for the swarm agents. It is worth noting that the
bins comprising the operational region, as defined in Definition 6.16, determine the vertices
of the uniform graph in Definition 6.1. Consequently, these vertices correspond to the states
of the Markov chain defined in Definition 6.8. Similarly, the transition constraints of the
swarm, defined by an adjacency matrix in Definition 6.17, determine the adjacency matrix

of the uniform graph in Definition 6.1, which subsequently corresponds to the adjacency
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matrix of the Markov chain in Definition 6.8. The connectivity requirement for the vertices
of the consensus protocol, as outlined in Assumption 6.2, is satisfied by Assumption 6.18.
Furthermore, if the recurrent states of the desired distribution are also connected among
themselves, then Assumption 6.14 is satisfied, allowing the utilization of the Modified DSMC
algorithm presented in Section 6.3.2 for Markov chain synthesis. Since the DSMC algorithm
is state-dependent, we use the density distribution of the swarm for feedback, which requires

the following assumption.
Assumption 6.22. All agents know the density values of their own and neighboring bins.

A complex communication architecture is not required since communication only with
neighboring bins is sufficient for an agent to determine its transition probabilities. If agents
have only access to the number of agents of their own and neighboring bins, then they also
need to know the total number of agents in the swarm, which is global information, to
determine their density values. Distributed consensus algorithms, which work under the
strongly-connected communication network topology assumption, can be used to estimate
the total number of agents of the swarm. The consensus protocol that is used to estimate the
density distribution of the swarm in [21, Remark 13| can also be used to estimate the total

number of agents of the swarm.

6.4.3 Numerical Simulations

The convergence performance of the DSMC algorithm is demonstrated on the probabilistic
swarm guidance application with numerical simulations shown in Figure 6.2 and 6.5. We
monitor the total variation between the density distribution of the swarm and the desired
distribution. The finite number of agents causes the quantization error outlined in Definition
6.20. Theorem 6.21 limits the quantization error to m/(4N), where m is the number of bins
and N is the number of agents.

In the first simulation, which is the same numerical example presented in [3], agents

converge to the letter “E" in 250 time-steps. Then approximately 1/3 agents are removed
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and the remaining agents converge to the desired distribution again in 500 time-steps,
demonstrating the “self-repair" property of the proposed algorithm for swarm guidance.
Comparisons of the total variation and the total number of transitions for the M-H, PSG-IMC,
and the DSMC algorithms are given in Figures 6.3, 6.4, and Tables 6.1, 6.2 for two different
cases. In the first case, the adjacency matrix only allows transitions to the bins, which are
above, below, right, and left to a given bin, i.e., the bins that are 1-step away. In the second
case, the adjacency matrix allows transitions to 10-step away bins. When compared to the
M-H and PSG-IMC algorithms, in total variation at the 750" time-step, the DSMC algorithm
provides approximately 1.26 and 60.67 times improvement in the speed of convergence (the
ratios of the total amount of changing of the total variations in the given time-step) in the
first case and 1.51, and 1.25 times improvement in the second case. The PSG-IMC algorithm
does not perform as well in the first case because of the issues caused by having a sparse
adjacency matrix as discussed in related work. In the second case, which has a much denser
adjacency matrix, the PSG-IMC algorithm provides approximately 1.21 times improvement
in total variation compared to the M-H algorithm but the DSMC algorithm still provides
faster convergence than the PSG-IMC algorithm. Furthermore, the total variation value of
the DSMC algorithm converges to a value below the maximum value of the quantization
error provided by Theorem 6.21. In the DSMC algorithm, as the distribution converges, the
Markov matrix turns into an identity matrix, and unnecessary transitions are avoided as in
the PSG-IMC algorithm. Since the transition of agents rarely occurred in the PSG-IMC
algorithm in the first case due to the sparse adjacency matrix, the total number of transitions
of the DSMC algorithm is approximately 49.56 times less than the M-H algorithm, and 4.93
times more than the PSG-IMC algorithm. For the second case, the total number of transitions
of the DSMC algorithm is approximately 74.96 times less than the M-H algorithm, and 1.17
times less than the PSG-IMC algorithm.

In the second simulation, a more comprehensive comparison is provided. The swarm
distribution converges to various multimodal Gaussian distributions (i.e., a mixture of multiple

Gaussian distributions). The desired distribution is changed to another multimodal Gaussian
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distribution every 40 time-steps, except for the time-steps between 160 and 240. Up to the
160 time-step, agents converge to the 4 different multimodal Gaussian distributions. To
show the self-repair property of the swarm, approximately 1/3 of the agents are removed at
the 1615 time-step and the remaining agents converge to the same desired distribution in 40
time-steps. Moreover, 7500 agents are uniformly added to the operational region at 201%
time-step and all agents converge to the same desired distribution again in 40 time-steps.
After the 240" time-step, agents converge to the 3 new multimodal Gaussian distributions up
to the 360" time-step. Comparisons of the total variation and the total number of transitions
for the M-H, PSG-IMC, and DSMC algorithms are given in Figure 6.6 and Table 6.3. In this
case, the adjacency matrix allows transitions to 10-step away bins. When compared to the
M-H and PSG-IMC algorithms, the DSMC algorithm provides a significant improvement
in the speed of convergence for each desired multimodal Gaussian distribution, as well as
causing fewer transitions compared to both algorithms. Similar to the first simulation, the
total variation value of the DSMC algorithm reaches the maximum value of the quantization
error given in Theorem 6.21. Furthermore, when some agents are removed or new agents are
added to the operational region, the DSMC algorithm recovers the desired distribution faster

than the previous algorithms.

Table 6.1: Comparison of change of the total variation and the total number of transitions with
time for the algorithms. In this case, the adjacency matrix only allows agents to transition to

1-step away bins.

Total Variations Ratios of change of Total Variation | Total Number of Transitions
Time 0 250 | 251 | 750 |0-250 | 250-750 0-750 750 750 (Ratios)
M-H Algorithm 0.268 | 0.107 | 0.273 | 0.123 | 1.27 1.16 1.26 2282394 49.56
PSG-IMC Algorithm | 0.260 | 0.169 | 0.282 | 0.257 | 2.25 6.96 60.67 9348 1/(4.93)
DSMC Algorithm | 0.261 | 0.056 | 0.253 | 0.079 | 1.00 1.00 1.00 46051 1.00
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Figure 6.2: Representation of the distribution of the swarm for the time-steps 0, 250, 251,
and 750, respectively. There are 400 (20 x 20) bins and 5000 agents in the operational region
at the beginning of the simulation. The agents converge to the “E” letter in 250 time-steps
and approximately 1/3 agents are removed from the operational space. Then, the remaining

agents converge to the desired distribution again in 500 time-steps.

4400

—— M-H Algorithm

0.28 1 — M-H Algorithm:
0.26 4 — PSG-MC Algorithm: 4000+ —— PSG-IMC Algorithm:
i 3e00] bt — osvchgorim
0.221 S 32001
£0.20 S
‘% 2800 o
5 018 § 2400 N -
= 0.16 =
2 0.144 45 2000 {
g 8-1(2)’ 816001
2 0.101 ]
0.081 g 1200
0.06 Z 800+
0.044 4004
0.02 —--mmmmmmmmmeemed o]
0.00
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
time time

Figure 6.3: Comparison of change of the total variation and the number of transitions with
time for the algorithms. In this case, the adjacency matrix only allows agents to transition to

1-step away bins.
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Algorithm 3 Decentralized state-dependent Markov chain synthesis algorithm

Input: z[l](k),v[l], VI € 1;;, Au[l, ], YVl € {i,j}, ca € (0,1)
Output: M|[i, j](k)

1:

10:

Compute error values at the states associated with set I;;:

elll(k) := z[l](k) — v[l], VI = I;

: Calculate the non-negative error differences between adjacent states:

Bl J8) = s (0. (e58) - <[00 4,61

: Determine the total number of adjacent states:

d[f] = ZZEI{”\Z Aa[ga l]a Vi e {Zaj}

: Calculate the scaling factor to ensure algorithm stability:

S 1—c
sili, J] = sa@iiann

: Set the scaling factor based on the probability of state

i S E[L ) (R) # 0
Vi so[7](k) == ZzezInE[l:J}(k) 1

1 otherwise

: Determine the scaling factor to satisfy Condition 6.4(b):

if e[¢] < 0 for all £ € {i,5} and
0
s3(i, j](k) == e[l](k) > 0 for some [ € [;;

1 otherwise
Obtain the resulting scaling factor:

Wi, 3)(k) = min (sufi ), 2l (), sslis 71 (8))

: Calculate the scaled non-negative error differences between adjacent states:

Tli, j)(k) := Eli, (k)W [, 51(k)

: Compute the transition probability from v; to v;:

Td®) 3¢ 2 14](k) £ 0

Fli)(k) = § %
0 otherwise
Synthesize the Markov matrix:

F[i, j1(k) it i 7 j

1= Yerm Fll, jl(k) ifi=j

MTi, jl(k) =
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Algorithm 4 Probabilistic Guidance Algorithm [3]

1: Each agent determines its current bin, e.g., r;(k) € R;.

2: Each agent generates a random number z that is uniformly distributed in [0, 1].

3: Each agent goes to bin j, i.e., rj(k+1) € Ry, if {Zg;i M[s,i)(k) < z < I, M[s,i] (k).
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Figure 6.4: Comparison of change of the total variation and the number of transitions with

time for the algorithms. In this case, the adjacency matrix allows agents to transition to

10-step away bins.

Table 6.2: Comparison of change of the total variation and the total number of transitions

with time for the algorithms. In this case, the adjacency matrix allows agents to transition

to 10-step away bins.

Total Variations Ratios of change of Total Variation | Total Number of Transitions
Time 0 250 | 251 | 750 |0-250 | 250-750 0-750 750 750 (Ratios)
M-H Algorithm 0.2710.101 { 0.269 | 0.113 | 1.44 1.48 1.51 2663105 74.96
PSG-IMC Algorithm | 0.263 | 0.039 | 0.253 | 0.072 | 1.09 1.28 1.25 41483 1.17
DSMC Algorithm | 0.261 | 0.017 | 0.253 | 0.022 | 1.00 1.00 1.00 35529 1.00
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Figure 6.5: Representation of the distribution of the swarm for several time-steps. There
are 600 (20 x 30) bins and 20000 agents in the operational region at the beginning of the
simulation. Swarm distribution converges to a different multimodal Gaussian distribution
in every 40 time-step except the time-steps between 160 and 240. Agents converge to the 4
different multimodal Gaussian distributions up to the 160" time-step. At the 161°* time-step,
approximately 1/3 agents are removed and the remaining agents converge to the same desired
distribution in 40 time-steps. Then, 7500 agents are uniformly added to the operational
region at 201°¢ time-step and all agents converge to the same desired distribution again in 40
time-steps. After the 240" time-step, agents converge to the 3 new multimodal Gaussian

distributions up to the 360" time-step.
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Figure 6.6: Comparison of change of the total variation and the number of transitions with

time for the algorithms.

Table 6.3: Comparison of change of the total variation and the total number of transitions

with time for the algorithms.

Ratios of change of Total Variation Total Number of Transitions
Time 0-40 | 40-80 | 80-120 | 120-160 | 161-200 | 201-240 | 240-280 | 280-320 | 320-360 | 360 360 (Ratios)
M-H Algorithm 2.57| 147 | 1.34 2.00 1.29 7.06 1.77 1.24 1.34 | 6058502 77.09
PSG-IMC Algorithm | 1.37 | 1.24 | 1.36 1.36 1.38 0.94 1.26 1.25 1.89 95277 1.21
DSMC Algorithm | 1.00| 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 78592 1.00
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Chapter 7
CONCLUSIONS AND FUTURE DIRECTIONS

7.1 Conclusions

This dissertation first developed smooth and exact modeling tools for mission-level specifi-
cations in trajectory optimization. Building on generalized mean-based smooth robustness, it
introduced C!-smooth parameterizations of signal temporal logic requirements that preserve
the satisfaction logic of the original specifications. These constructions enable continuous-
time satisfaction of always, eventually, and until-type requirements while mitigating the
locality and masking behavior of standard quantitative semantics.

The dissertation then developed prox-convex, a structure-preserving sequential convex
programming algorithm for the nonconvex composite problems induced by these modeling
choices and exact-penalty optimal-control transcriptions. The method preserves existing
convex objectives, constraints, and inner convex structure while locally approximating only
the smooth nonconvex components, yielding a numerical framework well matched to the
resulting trajectory-generation problems.

These modeling and algorithmic ingredients were integrated in several applications,
including illustrative continuous-time STL examples, nonlinear model predictive control
with continuous-time constraint satisfaction, perception-constrained motion planning for
information acquisition, rocket landing with compound state-triggered constraints, and
nonlinear quadrotor flight with moving predicates and terminal requirements.

As a complementary contribution, the dissertation also developed a decentralized state-
dependent Markov-chain synthesis framework for swarm guidance. A state-dependent con-
sensus protocol was introduced on dynamic graphs and used to construct a decentralized

Markov-chain synthesis algorithm with exponential convergence guarantees.
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Overall, the dissertation shows that reliable autonomous guidance benefits from the joint
design of expressive models and structure-preserving algorithms, both for individual trajectory

generation and for large-scale swarm guidance.

7.2 Future Directions

Several future directions emerge naturally from this dissertation.

A first direction concerns solver-aware problem formulation. One recurring lesson through-
out the dissertation is that the numerical behavior of an optimization problem depends
strongly on how it is modeled. Two mathematically equivalent formulations of the same
task can lead to very different solver performance because of scaling, conditioning, gradient
distribution, active-set structure, and the way convexity is exposed. This suggests a broader
research direction in which modeling itself becomes an algorithmic object. Instead of asking
only how to solve a given formulation efficiently, one asks how to transform a mission descrip-
tion into a formulation that is both semantically faithful and well matched to the numerical
solver that will be used.

This perspective opens the door to model-analysis tools for trajectory optimization and
mission-level specifications. Such tools could take a user-specified optimal-control problem,
temporal-logic requirement, or composite objective; analyze its scaling, smoothness, convex
structure, gradient pathways, constraint activity, and constraint interactions; and then provide
feedback on how to reformulate the problem before solving it. In this way, modeling could
become a feedback-guided design process, analogous in spirit to how control engineers use
analysis tools to tune and diagnose feedback systems.

A second direction concerns structure-detecting algorithms and solvers for nonconvex
optimization. The prox-convex framework of Chapter 4 shows that preserving convex objec-
tives, convex constraints, and convex inner features can substantially change the optimization
problem seen by the solver. A natural next step is to develop parsers and solver stacks that
automatically detect such structure from a user-provided model, decide which components

should be preserved and which should be linearized, and generate the corresponding convex
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subproblems without requiring the user to manually expose the decomposition. This would
move structure exploitation from a hand-designed modeling choice to an automated part of
the trajectory-optimization pipeline. A closely related avenue is solver specialization and code
generation for embedded implementations, where the detected composite structure, sparsity,
scaling, and convex subproblem form are used to produce real-time solvers automatically.

A third direction is closed-loop trajectory generation with rich mission specifications. A
natural next step is to extend the methods of Chapter 5 to problems in which task requirements
evolve online or depend explicitly on uncertainty, sensing, or environment updates. Examples
include nonlinear model predictive control with richer temporal operators beyond always-type
safety constraints, perception-aware planning with coupled estimation and control objectives,
and multi-agent trajectory generation with interacting mission-level requirements. In such
settings, the challenge is not merely to solve a sequence of nonconvex problems online, but
to do so while preserving the semantic guarantees that motivate the use of temporal-logic
specifications in the first place.

Finally, the DSMC chapter opens several avenues for scalable distributed guidance. One
natural extension is to move beyond finite-state distributions toward continuous-state or
hybrid swarm-distribution models while preserving the decentralized and state-dependent
character of the synthesis. Another is to incorporate richer communication effects, such
as asynchronous updates, delays, packet loss, or imperfect local state estimates, into the
convergence analysis. It is also of interest to integrate the distribution-level Markov guidance
with local trajectory-generation or collision-avoidance layers, so that one can reason jointly
about population shaping and individual agent motion. More broadly, the synthesis of efficient
decentralized guidance laws that retain rigorous convergence guarantees remains a central
challenge for large-scale autonomy.

In summary, this dissertation suggests that progress in autonomous guidance depends not
only on faster solvers or richer task descriptions, but on the joint design of modeling languages,
numerical formulations, and algorithms. The hope is that the frameworks developed here

provide useful building blocks toward such integrated modeling-and-solution pipelines.
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