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Autonomous systems increasingly rely on optimization-based planning and control to
achieve complex tasks while satisfying dynamics, actuator limitations, safety requirements,
and mission objectives. As these systems are asked to operate in more demanding environ-
ments, two challenges become central. First, mission requirements must be modeled in a
mathematically precise and optimization-compatible way. Second, the resulting nonconvex
trajectory generation and guidance problems must be solved reliably and efficiently. This
dissertation addresses both challenges through the joint development of modeling frameworks
and high-performance algorithms for trajectory optimization with mission-level specifications,
together with a decentralized Markov-chain synthesis framework for swarm guidance.

The first part of the dissertation develops a common numerical optimal-control backbone
based on free-final-time formulations, time-dilation, finite-dimensional control parameteri-
zation, multiple-shooting discretization, and exact-penalty finite-dimensional transcriptions.
Building on this foundation, the dissertation develops smooth and exact modeling tools for
mission-level specifications using generalized mean-based smooth robustness (GMSR). At the
logical level, the resulting constructions provide C1-smooth and exact parameterizations of
temporal logic operators. At the temporal level, the framework is extended from discrete-
time STL to continuous-time STL through two complementary realizations: a dense-time
realization that is sound and complete up to the accuracy of the underlying numerical inte-



gration scheme, and an augmentation-based realization that embeds temporal aggregation
directly into augmented dynamics and is particularly attractive for implementation. These
constructions avoid the locality and masking behavior of standard quantitative semantics
and yield a more favorable landscape for gradient-based optimization.

To solve the resulting optimization problems, the dissertation develops prox-convex, a
structure-preserving sequential convex programming algorithm for composite problems in
which convex penalties act on smooth features and smooth outer maps act on convex inner
features. Each prox-convex step linearizes only the smooth maps while preserving the available
convex structure, and the method is equipped with adaptive proximal regularization, optional
curvature injection, and convergence guarantees that include sufficient decrease, complexity
bounds, and local linear convergence under a local error-bound condition.

The modeling and algorithmic ingredients are then integrated in a range of trajectory
optimization applications, including illustrative continuous-time STL examples, nonlinear
model predictive control with continuous-time constraint satisfaction, perception-constrained
motion planning for information acquisition, rocket landing with compound state-triggered
constraints, and quadrotor flight with continuous-time STL requirements.

The dissertation also addresses large-scale distributed guidance through decentralized
state-dependent Markov-chain synthesis (DSMC). A state-dependent consensus protocol is
first developed and shown to achieve exponential convergence under mild technical conditions
without relying on conventional connectivity assumptions on the dynamic graph topology.
Building on this protocol, the dissertation develops a decentralized Markov-chain synthesis
method that converges exponentially to a desired steady-state distribution while respecting
transition constraints and reducing unnecessary state transitions. Its effectiveness is demon-
strated on probabilistic swarm-guidance problems, where it achieves substantially faster
convergence than existing Markov-chain-based methods.

Taken together, the results of this dissertation provide a unified perspective on how
expressive modeling and structure-preserving algorithms can be combined to enable reliable
and efficient guidance for both individual autonomous vehicles and large-scale swarms.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Background and Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Dissertation Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

Chapter 2: Optimal Control and Numerical Preliminaries . . . . . . . . . . . . . . 5
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Free-final-time optimal control problems . . . . . . . . . . . . . . . . . . . . 6
2.3 Time-dilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.4 Control parameterization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.4.1 First-order hold for the control input . . . . . . . . . . . . . . . . . . 9
2.4.2 Zero-order hold for the dilation factor . . . . . . . . . . . . . . . . . . 9

2.5 Multiple-shooting discretization . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.6 Exact-penalty convex-constrained formulation . . . . . . . . . . . . . . . . . 15

Chapter 3: Smooth and Exact Modeling of Mission-Level Specifications . . . . . . 17
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.2 Signal Temporal Logic and standard robustness semantics . . . . . . . . . . 23

3.2.1 Signal Temporal Logic . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2.2 Boolean semantics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.2.3 Standard quantitative robustness semantics . . . . . . . . . . . . . . 25
3.2.4 Discrete-time restriction . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3 GMSR: A smooth and exact parameterization of CT-STL specifications . . . 29
3.3.1 Logical operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.3.2 Dense-time temporal extension . . . . . . . . . . . . . . . . . . . . . 33

3.4 Augmentation-based realization of CT-STL specifications . . . . . . . . . . . 37

i



3.4.1 Continuous-time temporal aggregates . . . . . . . . . . . . . . . . . . 37
3.4.2 Auxiliary-state realization of temporal specifications . . . . . . . . . . 39
3.4.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.5 Weighted extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.5.1 Weighted logical operators . . . . . . . . . . . . . . . . . . . . . . . . 44
3.5.2 Weighted dense-time temporal extension . . . . . . . . . . . . . . . . 48
3.5.3 Weighted augmentation-based extension . . . . . . . . . . . . . . . . 49

3.6 Theoretical and numerical properties of the proposed robustness measures . . 50
3.6.1 Smoothness and exactness . . . . . . . . . . . . . . . . . . . . . . . . 50
3.6.2 Gradient behavior, locality, and masking . . . . . . . . . . . . . . . . 57

Chapter 4: Prox-Convex: A Structure-Preserving Sequential Convex Programming
Algorithm for Nonconvex Optimization . . . . . . . . . . . . . . . . . . 69

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.2 The prox-convex method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.2.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.2.2 Convex local model and prox-convex update . . . . . . . . . . . . . . 82
4.2.3 Adaptive proximal metric . . . . . . . . . . . . . . . . . . . . . . . . 84

4.3 Theoretical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.3.1 Subdifferential Regularity . . . . . . . . . . . . . . . . . . . . . . . . 89
4.3.2 Global descent and complexity bound . . . . . . . . . . . . . . . . . . 91
4.3.3 Linear rate of convergence . . . . . . . . . . . . . . . . . . . . . . . . 100
4.3.4 Taylor-like framework and stationarity . . . . . . . . . . . . . . . . . 107

4.4 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
4.4.1 Model quality: one-dimensional illustration . . . . . . . . . . . . . . . 109
4.4.2 Dual decomposition of a log-of-quadratic . . . . . . . . . . . . . . . . 111
4.4.3 Product of quadratics . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.5 Supplementary technical results . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.5.1 Model errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.5.2 Bounds for Hessian-augmented models . . . . . . . . . . . . . . . . . 124

Chapter 5: Trajectory Optimization with Mission-Level Specifications . . . . . . . 130
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
5.2 Illustrative CT-STL trajectory optimization examples . . . . . . . . . . . . . 130

5.2.1 Double-integrator examples . . . . . . . . . . . . . . . . . . . . . . . 131
5.3 Receding-horizon extension: NMPC with always specifications . . . . . . . . 141

ii



5.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
5.3.2 Receding-horizon optimal control problem with always specifications 145
5.3.3 The NMPC framework . . . . . . . . . . . . . . . . . . . . . . . . . . 148
5.3.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

5.4 Quadrotor motion planning for information acquisition under sensing limitations157
5.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
5.4.2 Information acquisition metric . . . . . . . . . . . . . . . . . . . . . . 159
5.4.3 Driving information acquisition by STL specifications . . . . . . . . . 163
5.4.4 Trajectory generation formulation and solution . . . . . . . . . . . . . 164
5.4.5 Case study: monitoring drone . . . . . . . . . . . . . . . . . . . . . . 168

5.5 Rocket landing with compound state-triggered constraints . . . . . . . . . . 170
5.5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
5.5.2 6-DoF powered descent guidance problem with CT-cSTCs . . . . . . 176
5.5.3 Smooth parameterization and trajectory optimization formulation . . 181
5.5.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

5.6 Quadrotor flight with CT-STL specifications . . . . . . . . . . . . . . . . . . 185
5.6.1 Free-final-time 6-DoF quadrotor example . . . . . . . . . . . . . . . . 188

Chapter 6: Decentralized State-Dependent Markov-Chain Synthesis with an Appli-
cation to Swarm Guidance . . . . . . . . . . . . . . . . . . . . . . . . . 196

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
6.2 A Consensus Protocol with State-Dependent Weights . . . . . . . . . . . . . 203

6.2.1 Theoretical convergence analysis . . . . . . . . . . . . . . . . . . . . . 206
6.3 Decentralized State-Dependent Markov Chain Synthesis . . . . . . . . . . . . 217

6.3.1 The DSMC Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 217
6.3.2 The Modified DSMC Algorithm . . . . . . . . . . . . . . . . . . . . . 222

6.4 An application of the DSMC Algorithm on Probabilistic Swarm Guidance . . 224
6.4.1 Probabilistic Swarm Guidance . . . . . . . . . . . . . . . . . . . . . . 225
6.4.2 Synthesis of the Markov Matrix . . . . . . . . . . . . . . . . . . . . . 227
6.4.3 Numerical Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . 228

Chapter 7: Conclusions and Future Directions . . . . . . . . . . . . . . . . . . . . 236
7.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236
7.2 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

iii



LIST OF FIGURES

Figure Number Page

3.1 Illustration of the logical GMSR key functions ∧hc and ∨hc for a two-dimensional
input y = (y1, y2) and two representative values of the shift parameter c. In
both cases, ∧hc(y) ≥ 0 if and only if both inputs are nonnegative, whereas
∨hc(y) ≥ 0 if and only if at least one input is nonnegative. Increasing c smooths
and flattens the transition near the switching regions. . . . . . . . . . . . . . 31

3.2 Relation between nodal states, integration subnodes, and the flattened dense-
time trajectory representation used for CT-STL evaluation. The optimization
variables remain the nodal states and controls; the dense-time states are
generated by numerical integration from those nodal variables. . . . . . . . . 34

3.3 Changes in the predicate values and robustness values while maximizing
conjunction/always and disjunction/eventually operators using D-SSR. The
color gradient from purple to red corresponds to predicate values from f1(xk)
to f5(xk), or equivalently from f(x1) to f(x5) in the temporal interpretation. 59

3.4 Changes in the predicate values and robustness values while maximizing
conjunction/always and disjunction/eventually operators using D-GMSR. The
color gradient from purple to red corresponds to predicate values from f1(xk)
to f5(xk), or equivalently from f(x1) to f(x5) in the temporal interpretation. 62

3.5 Trajectory-level illustration of locality and masking. The black dotted curve
denotes the initial trajectory, while the red and blue dotted curves denote
the converged trajectories obtained using D-SSR and D-GMSR, respectively.
The accompanying predicate-value and robustness plots illustrate how D-SSR
concentrates gradient information on a single near-witness node, whereas
D-GMSR continues to propagate gradient information to multiple relevant nodes. 68

4.1 Convex models for the one-dimensional problem (4.14) at two expansion points
x0 ∈ {−1.2, 1.2}. Solid: true objective f(x). Dashed: prox-linear model
mpl, which linearizes C(x) = 1

2x
2 + x and keeps h(z) = |z| exact. Dash-

dotted: prox-convex model mpcx, which linearizes s(z1, z2) = z1z2 and keeps
R(x) =

(
|x|, |1 + x/2|

)
exact. The prox-convex model preserves both kinks

and tracks the true objective more tightly at both expansion points. . . . . . 111

iv



4.2 Adaptive convergence on the log-of-quadratic problem (4.15) from x0 =
(1.5,−1.5). Prox-gradient and prox-linear use µ0 = 0.1, whereas prox-convex
uses µ0 = 10−8. (a) Log objective logF (xk) vs. accepted iteration. (b) Ob-
jective F (xk) (linear scale). (c) Log step size log ∥xk+1 − xk∥. (d) Adaptive
proximal weight µk. All three methods use identical trust-region parameters.
Prox-convex (blue) converges in 2 accepted iterations, while prox-gradient (red,
37 iters) and prox-linear (orange, 55 iters) require substantially more iterations
and higher proximal weights. . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.3 Iterate trajectories over the level sets of F (x) = log(Q(x)) + 8. The gold star
marks the unique minimizer x⋆ = x̄ = (5, 2). Prox-convex (blue squares, 2
iters) takes a nearly direct path to x⋆, while prox-gradient (red circles, 37 iters)
and prox-linear (orange triangles, 55 iters) take many small steps, oscillating
as the adaptive proximal weight adjusts to the rapidly increasing curvature
near x⋆. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.4 Convergence comparison on the product-of-quadratics problem (4.17) with
κ = 10, x0 = (0, 0), µ0 = 10. (a) Log objective vs. accepted iteration.
(b) Objective (linear scale). (c) Log step size log ∥xk+1 − xk∥. (d) Adaptive
proximal weight µk (log scale). Prox-convex (blue, 7 iters) converges faster
and operates with lower µk than prox-gradient (red, 43 iters), reflecting its
tighter model that preserves the quadratic geometry of r1 and r2. . . . . . . 117

4.5 Iterate trajectories over the level sets of F (x) = r1(x)r2(x) with κ = 10. Gold
stars mark the two global minimizers c1 = (5, 2) and c2 = (2, 1). Prox-convex
(blue squares, 7 iters) reaches c2 via a direct path, while prox-gradient (red
circles, 43 iters) takes many small steps. The prox-convex subproblem (4.18)
“sees” both ellipsoidal sublevel sets simultaneously, whereas prox-gradient sees
only a single tangent plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.6 Distribution over N = 50 random starting points (κ = 10, µ0 = 10). Boxes
span the interquartile range (25th–75th percentile); the interior line is the
median; whiskers extend to 1.5× IQR. (a) Accepted iterations: median 46.5
(prox-gradient) vs. 7 (prox-convex). (b) Wall-clock time: median 52.1 ms vs.
9.4 ms. Prox-convex has a lower median and narrower spread in both metrics,
confirming that the structural advantage persists across initializations. . . . 119

4.7 Effect of increasing anisotropy on relative performance. (a) Median iteration
ratio (prox-gradient / prox-convex) versus condition number κ; the shaded
band shows the interquartile range over N = 50 random starts. The ratio grows
rapidly as κ increases. (b) Absolute median iteration counts. Prox-convex
iterations remain comparatively stable across the sweep, while prox-gradient
iterations grow sharply and eventually hit the iteration limit on a significant
fraction of runs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

v



5.1 Optimized trajectory for the always obstacle-avoidance example. The vehicle
departs from the direct start-to-goal path, passes through the admissible corri-
dor between the two forbidden rectangular regions, and reaches the terminal
state without entering either avoidance region. The trajectory is color-coded
by speed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.2 Obstacle-clearance histories for the always example. Both clearance signals
remain in the safe region throughout the maneuver, confirming continuous-time
satisfaction of the two obstacle-avoidance constraints. . . . . . . . . . . . . . 136

5.3 Optimized trajectory for the three-waypoint eventually example. The ve-
hicle successively bends toward and visits all three waypoint regions before
proceeding to the terminal state. The trajectory is color-coded by speed. . . 138

5.4 Distances from the vehicle to the three waypoint centers in the eventually
example. Each trace enters the satisfaction zone d ≤ rw at some time in
the interval, confirming continuous-time satisfaction of all three eventually
requirements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5.5 Optimized trajectory for the charging-station until example. The vehicle
first reaches the charging-station region and then proceeds to the terminal
state, consistent with the continuous-time until specification. The trajectory
is color-coded by speed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.6 Speed profile for the charging-station until example. The speed remains
below the pre-charging threshold vsafe until the charging event occurs, while
also remaining below the global speed bound throughout the maneuver. . . . 142

5.7 Signed charging-station margin for the until example. The margin is negative
outside the charging region, zero on its boundary, and positive inside. The
first zero crossing marks the witness time for the charging event in the until
specification. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

5.8 Illustration of the warm-starting procedure. The blue and purple trajectories
form the SCP solution at the ith NMPC run. The purple and red trajectories
form the initialization to SCP at the (i+ 1)th NMPC run. . . . . . . . . . . 150

5.9 Mean and standard deviation of Jℓ, Jy, and Jprox along the trajectory as
functions of the number of SCP iterations. The left axis corresponds to the
mean and standard deviation shown by the blue curve, while the right axis
corresponds to the mean shown by the red curve on a logarithmic scale. The
black dashed line marks the premature-termination choice used in the NMPC
simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

vi



5.10 Reference-tracking and obstacle-avoidance trajectories obtained by NMPC.
The green solid curve denotes the reference output, and the black ellipses
denote the obstacles. The red dashed curve is the trajectory obtained with the
node-only formulation, while the blue dotted curve is obtained with the CTCS
formulation. The node-only formulation violates obstacle avoidance between
nodes, whereas the CTCS trajectory remains continuously feasible. . . . . . . 155

5.11 Comparison of tracking and obstacle-avoidance performance. The first plot
shows the discrepancy between the reference output and the trajectories ob-
tained from NMPC using the node-only and CTCS formulations throughout
the simulation; the legend reports the average discrepancy over the full sim-
ulation. The second plot shows the obstacle-avoidance violation, quantified
by 1⊤|g(t, ξ(t), u(t))|+, throughout the simulation. The CTCS formulation
maintains zero continuous-time violation, whereas the node-only formulation
does not. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.12 Illustration of the key components of the information-acquisition metric, in-
cluding the range between the agent position r and target position pmi

, the
field-of-view direction dv(Ω), and the desired acquisition direction dmi

. . . . . 161
5.13 Top: mdi

and mq
di

for c = 0.05, as functions of distance to the target, ∥r−pmi
∥,

for cmi
= 2.2 and τmi

= 0.203. Bottom: mai
, mvi

and the corresponding mq
ai

,
mq

vi
for c = 0.05, as functions of the angle α for αd

ai
= 10◦ and αd

v = 10◦,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

5.14 Trajectory generation for a quadrotor acquiring information from six targets.
The trajectory color represents speed, as indicated by the colorbar. Snapshots
show the quadrotor at different time instants together with targets (red spheres),
collision areas (black spheres), acquisition cones (yellow cones), and sensor
fields of view during information acquisition (blue cones). . . . . . . . . . . . 171

5.15 History of information acquired during the quadrotor flight for each target,
from red (first target) to purple (last target). . . . . . . . . . . . . . . . . . . 172

5.16 History of state and control variables during the quadrotor flight (blue solid)
together with the corresponding constraints (green dashed). . . . . . . . . . 173

5.17 The landing trajectory of the rocket. . . . . . . . . . . . . . . . . . . . . . . 185
5.18 State and control inputs of the rocket during landing. . . . . . . . . . . . . . 187
5.19 Optimized 3D trajectory for the free-final-time 6-DoF quadrotor example. The

quadrotor first intercepts the two moving waypoint regions and then passes
through the three moving doorway gaps while avoiding the shaded obstacle
regions before reaching the terminal end zone. The annotated snapshots
indicate the corresponding event times, and the trajectory is color-coded by
speed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

vii



5.20 Representative state and input histories for the free-final-time 6-DoF quadrotor
example, showing that the optimized continuous-time trajectory remains within
the prescribed thrust, torque, speed, altitude, attitude, and body-rate bounds. 195

6.1 Vertices of the graph and corresponding values are represented by circles. The
indices of the vertices are shown in their corners. Edges of the vertices are
represented by lines, and weights of the edges are represented on the sides
of the edges. Green and red lines represent the edges that are implied by
Condition 6.4(a) and Condition 6.4(b), respectively. Black lines represent the
remaining edges of the graph. . . . . . . . . . . . . . . . . . . . . . . . . . . 207

6.2 Representation of the distribution of the swarm for the time-steps 0, 250, 251,
and 750, respectively. There are 400 (20 × 20) bins and 5000 agents in the
operational region at the beginning of the simulation. The agents converge to
the “E” letter in 250 time-steps and approximately 1/3 agents are removed
from the operational space. Then, the remaining agents converge to the desired
distribution again in 500 time-steps. . . . . . . . . . . . . . . . . . . . . . . . 231

6.3 Comparison of change of the total variation and the number of transitions
with time for the algorithms. In this case, the adjacency matrix only allows
agents to transition to 1-step away bins. . . . . . . . . . . . . . . . . . . . . 231

6.4 Comparison of change of the total variation and the number of transitions
with time for the algorithms. In this case, the adjacency matrix allows agents
to transition to 10-step away bins. . . . . . . . . . . . . . . . . . . . . . . . . 233

6.5 Representation of the distribution of the swarm for several time-steps. There
are 600 (20 × 30) bins and 20000 agents in the operational region at the
beginning of the simulation. Swarm distribution converges to a different
multimodal Gaussian distribution in every 40 time-step except the time-steps
between 160 and 240. Agents converge to the 4 different multimodal Gaussian
distributions up to the 160th time-step. At the 161st time-step, approximately
1/3 agents are removed and the remaining agents converge to the same desired
distribution in 40 time-steps. Then, 7500 agents are uniformly added to the
operational region at 201st time-step and all agents converge to the same
desired distribution again in 40 time-steps. After the 240th time-step, agents
converge to the 3 new multimodal Gaussian distributions up to the 360th
time-step. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

6.6 Comparison of change of the total variation and the number of transitions
with time for the algorithms. . . . . . . . . . . . . . . . . . . . . . . . . . . 235

viii



LIST OF TABLES

Table Number Page

3.1 Comparison with representative robustness measures from the STL literature.
Here, ◦ indicates a property that is recovered only for very large smoothing
parameters, while △ indicates a property that is obtained only for sufficiently
small smoothing parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Continuous-time Boolean semantics for STL. . . . . . . . . . . . . . . . . . . 26
3.3 Standard quantitative robustness semantics for continuous-time STL. . . . . 27
3.4 Smooth and exact GMSR parameterization of the logical operators of STL. . 32
3.5 Exact dense-time GMSR extension of the always and eventually operators

on a dense trajectory representation. . . . . . . . . . . . . . . . . . . . . . . 35
3.6 Augmentation-based realization of the CT-STL temporal operators. . . . . . 40
3.7 Weighted GMSR parameterization of the logical operators of STL. . . . . . . 47
3.8 Weighted dense-time GMSR extension of always and eventually. . . . . . . 48
3.9 Summary of the main properties of the proposed GMSR constructions. Here, ◦

indicates approximate soundness and completeness due only to the geometric-
integral regularization parameter ε > 0. . . . . . . . . . . . . . . . . . . . . . 56

4.1 Modeling examples covered by the decomposition F (x) = g(x) + h(C(x)) +
s(R(x)). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2 Median accepted iterations and wall-clock time over N = 50 random starting
points for each condition number κ. All prox-convex runs converge; prox-
gradient convergence rates are reported in the last column. . . . . . . . . . . 120

4.3 Sensitivity to the initial proximal weight µ0 (κ = 10, N = 20 random starts per
µ0). All values are medians. “Iters” denotes accepted iterations, and “solves”
includes rejected trials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.1 Parameters for the NMPC reference-tracking and obstacle-avoidance example. 153
5.2 Acquisition directions for the six targets, arranged as columns of dm. . . . . . 169
5.3 Vehicle, boundary-condition, and state-triggered-constraint parameters used

in the 6-DoF rocket-landing example. . . . . . . . . . . . . . . . . . . . . . . 186

ix



6.1 Comparison of change of the total variation and the total number of transitions
with time for the algorithms. In this case, the adjacency matrix only allows
agents to transition to 1-step away bins. . . . . . . . . . . . . . . . . . . . . 230

6.2 Comparison of change of the total variation and the total number of transitions
with time for the algorithms. In this case, the adjacency matrix allows agents
to transition to 10-step away bins. . . . . . . . . . . . . . . . . . . . . . . . . 233

6.3 Comparison of change of the total variation and the total number of transitions
with time for the algorithms. . . . . . . . . . . . . . . . . . . . . . . . . . . 235

x



ACKNOWLEDGMENTS

Looking back on my graduate school years, I realize that many of my happiest memories
are not attached to any single result or paper, but to the people with whom I had the chance
to think, work, argue, learn, and grow. I have been fortunate to meet many people whose
company I would choose again in any part of life. This dissertation is the result of their
support, mentorship, friendship, and generosity.

First and foremost, I would like to thank my advisor, Professor Behçet Açıkmeşe. After
doing and accomplishing so much, you have still kept the curiosity and excitement of someone
who is at the beginning of a research journey. That has been deeply inspiring to me. I
often left our lab meetings full of excitement and new ideas, while carrying the reminder
that enthusiasm matters most when paired with focus. From our first conversation, you
encouraged me to find my own direction, and then gave me the freedom to do exactly that.
Thank you for giving your students a rare amount of freedom, for creating space for us to
follow our curiosity, and for providing the resources, trust, and encouragement needed to do
so. Thank you also for supporting us in pursuing internships, collaborations, and experiences
in different places, which broadened our perspectives and shaped our research in important
ways. Before starting my Ph.D., I could not have imagined being part of such an intellectually
open and supportive environment. I know how rare this is, and I am deeply grateful for the
trust and freedom you gave me throughout this journey.

I am also grateful to my committee members. Professor Mehran Mesbahi, before coming
to UW, I learned a great deal about graph theoretic methods from your book. Later, I had
the good fortune of taking your course in person and seeing those ideas come alive in the
classroom. Beyond your scholarship, I have always appreciated your kindness, warmth, and
the effort you put into bringing people together. Professor Maryam Fazel, I feel very fortunate
to have taken convex optimization from one of the leading experts in the field. I already knew
from your papers what an outstanding researcher you are, but through your course, I also
came to know you as an outstanding teacher. Professor Aleksandr Aravkin, thank you for
your optimization course and for the energy you brought to class, even at 8:30 in the morning.

xi



While many of us arrived half-asleep, you made the material exciting enough to wake us up.
If I ever teach a course one day, I hope to bring even a fraction of that enthusiasm. Professor
Eli Livne, thank you for your structural optimization course, which I enjoyed much more
than I expected. Although your field is different from my own, I found that much of the
course connected naturally to the questions I cared about. I also remain grateful for the
flexibility and understanding you showed throughout the class.

I would like to thank Utku Eren, who became one of the most important figures in shaping
my Ph.D. During my internship, you gave me exceptional mentorship and helped me see what
kinds of problems could be both practically important and rigorously addressed. In three
months, we worked on problems that continued to influence the direction of my research long
after the internship ended. Much of my Ph.D. afterward was spent trying to build modeling
and solution techniques for problems of exactly this kind. Your mentorship has continued to
this day, and I am deeply grateful for your guidance, trust, and support.

Thank you to Taewan Kim, who has been a wonderful friend from the very beginning. I
have always admired your patience, honesty, precision, humility, and kindness. Many times, I
saw you take responsibility for things simply because they needed to be done, even when they
were not officially yours to carry. I feel very lucky that we joined the lab around the same
time. You are the kind of friend whose presence gives confidence in both research and life.

Thank you to Abhinav G. Kamath. The day after I first arrived in the United States,
you reached out, and we met. I remember immediately meeting someone deeply passionate,
excited to build things, and already full of knowledge about the lab and its research. That
excitement never faded. Every time we sat down to discuss a problem, my own excitement
for research multiplied, and our conversations almost always produced several new directions
worth pursuing. Toward the end of my Ph.D., working with you on SCvxGEN became one of
my most enjoyable collaborations. I only wish we had had even more time to work together.

Thank you to Skye Mceowen. You are one of the most passionate, thoughtful, and
easy-to-work-with people I have met. I met you soon after meeting Abhi, and from the
beginning, I saw someone with a deep love for spaceflight and an equally strong care for the
people around you. That combination remained unchanged throughout the years. I am very
happy that we had the chance to collaborate on the EDL trajectory optimization software,
and I am excited to see the work you will continue to do in a field where you so clearly belong.

xii



Thank you to Purnanand Elango. Purna, you are one of the most capable, calm, kind,
organized, and careful researchers I have had the chance to know. In addition to the quality of
your technical work, I have always admired how clearly you explain ideas and how beautifully
you write. The research you led later shaped how many of us in the lab thought about
trajectory optimization, and it became a foundation for much of what followed. Working
with you has been both a privilege and a pleasure, and I am grateful for all I learned from
you through our collaborations.

Thank you to Govind M. Chari. I still remember the early days when you would talk
with excitement about what you were thinking and observing on the way to morning classes,
while I was still trying to wake up. You are one of the sharpest and clearest thinkers I have
ever met, and I have always admired the way you combine intelligence with focus, speed, and
a remarkable ability to cut directly to the heart of a problem. At the same time, you remain
humble, generous, and genuinely fun to talk to, which makes working with you not only
productive but also deeply enjoyable. I will miss our conversations and your presentations in
the lab, which always brought clarity, energy, and perspective.

Thank you to Dayou Luo. Your ability to look critically and deeply into the mathematics
behind the tools we use taught many of us a great deal. Our collaborations have been among
the parts of my Ph.D. that I value the most. I am also grateful for the time you spent giving
me feedback on my resume, more than once, with patience and care. I am sure that your
help played a role in several opportunities I later received.

Thank you to Selahattin Burak Sarsılmaz. When I think of mathematical precision, you
are one of the first people who comes to mind. I have rarely met someone so willing to
question even widely accepted ideas, and so capable of finding what is missing or not quite
right. Since meeting you during my first year, I have admired your insistence on doing things
properly rather than simply following trends, and I am grateful for the friendship you offered
during those early days. Your way of thinking will stay with me for a long time.

Thank you to Chris Hayner for your energy, initiative, and the impressive software you
have been building. I have always admired that your work does not stop at ideas written
on paper or code sitting on a desktop. You build systems, test them, fly them, and push
ideas toward reality. That spirit is rare and valuable, and I am glad we had the chance to
collaborate near the end of my Ph.D. Thank you to Natalia Pavlasek, my first close lab
friend after the pandemic. We later shared office space during our MERL internships, and I

xiii



have learned a great deal from your discipline and persistence, especially when dealing with
difficult problems. I would also like to thank Aman Tiwary for many thoughtful conversations
about ideas that were still forming, some of which may become real projects in the future. I
will be following your work with excitement. Thank you to Carlos for joining the lab and for
the chance to work together, even if briefly. You are already doing excellent work, and I am
excited to see where it goes. Thank you to Jason Zhou. Jason, you are one of the boldest
students I have met. Leaving industry after several years to return to graduate school and
dive deeper into research could not have been an easy decision, and I have always admired
the courage behind it. The drone you built with your own hands in pursuit of a speed record
was also one of the coolest drones I have ever seen. Thank you to Pierre-Loïc Garoche. An
important part of this dissertation grew from the STL ideas that I first encountered through
you, and I am grateful for our collaboration. Thank you to John M. Carson III for our
collaboration and for creating space for these research directions through your leadership and
support.

I am grateful to Michael Szmuk for the guidance and control course I was fortunate
to audit, and for the many papers that helped me understand the foundations of the field
when I first joined the lab. The organization, clarity, and care you brought to teaching were
remarkable. I learned a great deal from your course and would gladly sit through it several
more times. Your work has helped shape ACL into the place it is today, and it has helped not
only me but many students who came after you. Thank you to Danylo Malyuta. Even before
I came to UW, one of your papers was among the coolest and most instructive papers I had
read. When I later had the chance to meet you, I found someone who was not only technically
brilliant but also kind, thoughtful, and humble. Having your generation just ahead of us has
been a great fortune for many of us, and I am grateful for the example you both set.

I would like to thank Nazım Kemal Üre. During my undergraduate years, I first knew
of you as someone doing a Ph.D. at MIT and also as an excellent bass guitarist, which
was already enough to make you an intriguing figure to me. Then I took your engineering
mathematics course, and I think that course changed the direction of my life. I later attended
the same course two or three more times, and you became my advisor during my master’s
studies. Working with you was always fun, energetic, and inspiring. You also introduced me
to Behçet Açıkmeşe, who created one of the most important butterfly effects in my academic
life. I am deeply grateful for your mentorship and friendship.

xiv



Thank you to Tolga Ok. If I trace the butterfly effects in my life, one of the earliest begins
with you. Had we never met, I would probably be working on very different problems in a
very different place today. From the beginning of my undergraduate years through the end of
my master’s, our almost uninterrupted friendship and our countless technical, philosophical,
and everyday conversations shaped not only the work I do now, but also how I think about
life. You are one of the calmest, kindest, easiest people to be around, and also one of the
clearest and most critical thinkers I know. I feel very lucky that we met by chance and
remained friends for so long.

If I tried to thank everyone individually, the acknowledgments might become half of the
dissertation. I would like to thank all members of the Autonomous Controls Laboratory, past
and present, for the conversations, feedback, collaboration, and friendship that made my time
at UW so meaningful. In particular, I would like to thank Samuel Buckner, Fabio Spada, Avi
Mittal, Daniel Calderone, Yue Yu, Ben Chung, Kazuya Echigo, Sarah Li, Justin Ganiban,
Oliver Sheridan, and many others whose presence made the lab a better place. I also want to
thank all my friends from ITU AI and ITU ARC. The combination of these communities has
played a major role in making me who I am today.

Finally, and most importantly, I would like to thank my family. Almost all of the meaning
behind this journey rests on you, and without you, none of this would feel complete. To my
parents, Nurten & Adnan Uzun, thank you for giving me a life full of love and trust, for
giving me both freedom and responsibility, and for supporting every decision I made. I have
written many times in these acknowledgments that I was lucky, but my greatest luck began
before I could even know it, by being born into your love.

To my sister and brother, Bilge & Rıdvan Uzun, I cannot imagine having had a better
sister and brother. Since childhood, I have always known that I could lean on you with
complete trust. I wish I could give you the feeling of what it means to have siblings like you.
To Zeynep Sare Uzun, the most beloved and beautiful part of our family, until you arrived, I
had always been the youngest. Through you, I learned for the first time the joy of loving
someone younger in that way.

To my love, Aymina Özcelep, meeting you has been one of the greatest pieces of luck
in my life. With you, life became warmer, calmer, and more beautiful than I could have
imagined. You brought me a kind of happiness that made life feel like spring. Thank you for
being in my life, and for letting me be in yours.

xv



DEDICATION

To my loving family.

xvi



1

Chapter 1

INTRODUCTION

1.1 Background and Contributions

Autonomous systems increasingly rely on optimization-based planning and control to

achieve complex tasks while satisfying dynamics, actuator limitations, safety requirements,

and mission objectives. In modern guidance, navigation, and control (GNC) architectures,

trajectory optimization occupies a central role by converting high-level goals into dynamically

feasible reference trajectories that can be executed by lower-level feedback controllers [29,

30, 183]. As the capabilities of autonomous systems grow, so does the complexity of the

constraints they must satisfy. This creates a dual challenge. Mission requirements must first

be modeled in a mathematically precise yet optimization-compatible way, and the resulting

nonconvex trajectory-generation problems must then be solved reliably and efficiently.

A particularly important source of modeling complexity comes from mission-level specifi-

cations. Temporal logic provides a systematic language for expressing sequencing, timing,

persistence, implication, and conditional behaviors in dynamical systems [19, 178]. Signal

Temporal Logic (STL), in particular, is well suited to physical systems because its predicates

are defined over real-valued signals and its quantitative semantics allow temporal logic require-

ments to be incorporated into optimization [89]. However, standard robustness constructions

based on nested min /max operators are not well matched to high-performance numerical

solvers. They are either nonsmooth or rely on approximations that sacrifice exactness, and

they often suffer from locality and masking effects that degrade gradient-based optimization.

These issues become even more pronounced in continuous time, where node-wise enforce-

ment may fail to guarantee inter-sample safety for always specifications and can introduce

conservatism for eventually specifications [284–286].
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At the same time, solving the resulting trajectory-generation problems requires numerical

algorithms that exploit structure while preserving the properties that make the problem

computationally tractable. In direct optimal-control methods, continuous-time problems

are transcribed into finite-dimensional optimization problems through time-dilation, control

parameterization, and discretization [29, 30, 36].

Once transcribed, these problems can be solved using nonlinear programming methods

such as interior-point methods (IPMs), sequential quadratic programming (SQP), or sequen-

tial convex programming (SCP) frameworks [104, 147, 184]. For real-time and embedded

applications, solver design is therefore inseparable from modeling design, since the way

a problem is formulated strongly influences whether a fast, reliable algorithm can solve

it in practice. This dissertation adopts this perspective and develops modeling tools and

optimization algorithms in tandem.

A second, complementary theme of the dissertation concerns distributed guidance for

large populations of agents. When the goal is to guide the spatial distribution of a swarm

rather than a single trajectory, probabilistic swarm guidance provides a natural density-based

modeling framework, while Markov-chain synthesis provides a mechanism for steering that

distribution toward a desired steady state [3]. In that setting, scalability, decentralization,

and convergence guarantees become central concerns. Existing probabilistic swarm-guidance

methods based on homogeneous or time-inhomogeneous Markov chains can be effective, but

they may rely on global information, degrade in sparsely connected state spaces, or provide

only asymptotic convergence guarantees [4, 21, 141]. This motivates the development of new

state-dependent synthesis rules with exponential convergence guarantees and better practical

performance.

The main contributions of this dissertation are as follows.

1. It develops a smooth and exact modeling framework for mission-level specifications based

on generalized mean-based smooth robustness (GMSR). At the logical level, the resulting

constructions provide C1-smooth and exact parameterizations of STL operators. At the

temporal level, the framework is extended from discrete-time STL to continuous-time
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STL through both dense-time and augmentation-based realizations, thereby enabling

smooth trajectory optimization with rich mission specifications [284–286].

2. It develops a structure-preserving sequential convex programming algorithm, prox-

convex, for a broad class of nonconvex optimization problems of the form

F (x) = g(x) + h(C(x)) + s(R(x)),

where convex penalties act on smooth features and smooth outer maps act on convex

inner features. The method linearizes only the smooth maps, preserves the convex

structure, supports adaptive proximal regularization and optional curvature injection,

and is equipped with convergence, complexity, and local linear-rate guarantees [291].

3. It integrates these modeling and algorithmic ingredients into trajectory optimization

with mission-level specifications. The resulting framework combines free-final-time

optimal control, time-dilation, control parameterization, multiple-shooting discretization,

exact-penalty formulations, smooth mission-specification modeling, and SCP-based

solution methods [104, 284–286]. Its practical utility is demonstrated on illustrative

CT-STL examples, nonlinear model predictive control with continuous-time constraint

satisfaction, perception-constrained motion planning for information acquisition, rocket

landing with compound state-triggered constraints, and quadrotor flight with combined

CT-STL requirements [284, 287, 289, 290].

4. It develops a decentralized state-dependent Markov-chain synthesis (DSMC) framework

for swarm guidance. The chapter first introduces a state-dependent consensus protocol

with exponential convergence under mild technical conditions and without conventional

connectivity assumptions on the dynamic topology. Building on that protocol, it

constructs a state-dependent Markov-chain synthesis algorithm that converges expo-

nentially to a desired steady-state distribution while respecting transition constraints

and reducing unnecessary state transitions. The resulting swarm-guidance strategy is

shown numerically to converge substantially faster than previous Markov-chain-based

approaches [288].
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1.2 Dissertation Outline

Chapter 2 introduces the continuous-time optimal-control and numerical ingredients

used throughout the dissertation. It develops the common transcription backbone based

on free-final-time optimal control, time-dilation, finite-dimensional control parameterization,

multiple-shooting discretization, and exact-penalty finite-dimensional formulations.

Chapter 3 develops smooth and exact modeling tools for mission-level specifications. It

reviews STL and standard robustness semantics, introduces generalized mean-based smooth

robustness for logical operators, extends the construction to dense-time temporal operators,

develops an augmentation-based realization of continuous-time STL, and studies the resulting

smoothness, exactness, monotonicity, and gradient-behavior properties.

Chapter 4 develops prox-convex, a structure-preserving sequential convex programming

algorithm for nonconvex composite optimization. The chapter introduces the problem class,

derives convex local models and adaptive proximal metrics, establishes the main global and

local convergence guarantees, and demonstrates the numerical advantages of preserving convex

inner structure.

Chapter 5 brings together the modeling and numerical machinery of the preceding

chapters in trajectory optimization applications with mission-level specifications. It begins

with illustrative continuous-time STL examples for the always, eventually, and until

operators, and then treats richer applications including receding-horizon obstacle avoidance,

information-acquisition motion planning, rocket landing with compound state-triggered

constraints, and quadrotor flight with continuous-time STL requirements.

Chapter 6 turns from single-trajectory generation to distributed swarm guidance. It

develops a consensus protocol with state-dependent weights, builds the decentralized state-

dependent Markov-chain synthesis (DSMC) algorithm, establishes exponential convergence

guarantees, and demonstrates the resulting framework on probabilistic swarm-guidance

examples.

The dissertation concludes with a final chapter summarizing the main findings and

discussing directions for future research.
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Chapter 2

OPTIMAL CONTROL AND NUMERICAL PRELIMINARIES

2.1 Introduction

Optimization plays a central role in modern guidance, navigation, and control, where it

is used to generate reference trajectories and feedforward control inputs that satisfy system

dynamics, boundary conditions, and performance objectives while accommodating increasingly

complex operational constraints [29, 30]. In trajectory generation problems for autonomous

systems, these constraints may arise from actuator limits, state bounds, safety requirements,

sensing requirements, or mission-level task objectives. As a result, continuous-time optimal

control provides a natural modeling language for expressing such problems, while numerical

optimization provides the computational machinery needed to solve them reliably in practice

[170, 183].

For general nonlinear systems, practical trajectory optimization is dominated by direct

methods, in which the continuous-time optimal control problem is transcribed into a finite-

dimensional optimization problem through control parameterization and time discretization

[36]. Many widely used software tools follow this paradigm. Collocation- and pseudospectral-

based packages such as GPOPS-II and Dymos provide high-level modeling interfaces for

aerospace and multidisciplinary applications, while shooting-based environments such as

ACADO and acados emphasize high-performance implementations for embedded and real-

time control [111, 136, 226, 294]. In many of these workflows, the resulting sparse nonlinear

program is solved by generic nonlinear optimization packages such as IPOPT or SNOPT,

or by structure-exploiting quadratic programming solvers such as HPIPM inside SQP-based

real-time implementations [120, 122, 294, 295].

More recently, sequential convex programming frameworks have emerged as powerful
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alternatives for nonconvex trajectory generation, especially in applications where one wishes

to preserve convex structure while handling complex nonlinear dynamics and constraints

[104, 183, 184, 291]. Representative applications include quadrotor path planning and obstacle

avoidance [270, 272, 284, 290], aircraft approach and landing [155], spacecraft rendezvous,

station keeping, and cislunar relative motion [64, 106, 182, 227, 264], hypersonic reentry

[193, 194], and rocket landing [49, 145, 238, 274, 289]. These ideas have also been extended to

trajectory optimization with temporal logic specifications and to embedded code generation

for real-time implementations [147, 284–286, 289].

The purpose of this chapter is not to survey these algorithms in full detail, but rather to

establish the common numerical optimal-control backbone used throughout the dissertation.

To that end, we introduce the continuous-time free-final-time optimal-control formulation, its

conversion to fixed-horizon form through time-dilation, finite-dimensional control parameteri-

zation, multiple-shooting discretization, and the exact-penalty finite-dimensional formulations

that will underlie the later modeling and algorithmic developments. These ingredients form

the shared numerical substrate on top of which the mission-level specification models of

Chapter 3, the structure-preserving optimization framework of Chapter 4, and the application

chapters are built.

2.2 Free-final-time optimal control problems

Consider a nonlinear continuous-time dynamical system

ẋ(t) = F
(
t, x(t), u(t)

)
, t ∈ [ti, tf ], (2.1)

where x(t) ∈ Rnx is the state, u(t) ∈ Rnu is the control input, ti ∈ R is the initial time,

and tf > ti is a free terminal time. The dynamics map F is assumed to be continuously

differentiable in its arguments.
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A generic free-final-time optimal control problem may be written in Bolza form as

minimize
x(·), u(·), tf

mf

(
tf , x(tf )

)
+
∫ tf

ti
ℓ
(
t, x(t), u(t)

)
dt (2.2a)

subject to ẋ(t) = F
(
t, x(t), u(t)

)
, t ∈ [ti, tf ], (2.2b)

u(t) ∈ U , t ∈ [ti, tf ], (2.2c)

P
(
ti, x(ti), tf , x(tf )

)
≤ 0, (2.2d)

Q
(
ti, x(ti), tf , x(tf )

)
= 0. (2.2e)

Here, ℓ denotes the running cost, mf denotes the terminal cost, U ⊂ Rnu is a convex admissible

input set, and P and Q collect the terminal and boundary inequality and equality constraints,

respectively.

Remark 2.1 (Path constraints). Continuous-time path constraints are not included explicitly in

(2.2), because the machinery used to model their continuous-time satisfaction is introduced in

the next chapter, together with more general mission-level temporal logic specifications. The

corresponding modeling technique was first developed for continuous-time path constraints in

[104] and later extended to continuous-time STL specifications in [284].

For numerical optimization, it is often convenient to convert (2.2) into Mayer form by

augmenting the dynamics with the scalar state

η̇(t) = ℓ
(
t, x(t), u(t)

)
, η(ti) = 0, (2.3)

so that the objective becomes

mf

(
tf , x(tf )

)
+ η(tf ). (2.4)

Accordingly, the state vector x may be interpreted as already including any auxiliary states

needed for cost accumulation or later modeling constructions.
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2.3 Time-dilation

To handle the free terminal time, the problem is transformed to a fixed normalized horizon

using time-dilation. Let τ ∈ [0, 1] denote the dilated-time variable, and let

t̃ : [0, 1]→ [ti, tf ] (2.5)

be a strictly increasing continuously differentiable mapping satisfying

t̃(0) = ti, t̃(1) = tf . (2.6)

Its derivative

s(τ) := dt̃(τ)
dτ

(2.7)

is called the dilation factor. Since t̃ must be strictly increasing, we require

s(τ) > 0, τ ∈ [0, 1]. (2.8)

The terminal time is then recovered from

tf = ti +
∫ 1

0
s(τ) dτ. (2.9)

To rewrite the dynamics on the fixed interval [0, 1], physical time is appended as an

additional state and the time-dilated state and input are defined as

x̃(τ) :=

x
(
t̃(τ)

)
t̃(τ)

 , ũ(τ) :=

u
(
t̃(τ)

)
s(τ)

 . (2.10)

Applying the chain rule to (2.1) yields the time-dilated dynamics

dx̃(τ)
dτ

= F̃
(
x̃(τ), ũ(τ)

)
:=

s(τ)F
(
t̃(τ), x

(
t̃(τ)

)
, u
(
t̃(τ)

))
s(τ)

 . (2.11)

Hence, the free-final-time optimal control problem on [ti, tf ] is equivalently transformed into

a fixed-final-time problem on the normalized interval [0, 1]. The free terminal time is now

represented through the additional input s(τ) rather than through a moving horizon.

A key benefit of time-dilation is that it enables local temporal allocation. Different parts of

a trajectory may be stretched or compressed by varying the dilation factor over the normalized

horizon, while the computational grid in dilated time remains fixed.
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2.4 Control parameterization

The infinite-dimensional optimal control problem is transcribed to a finite-dimensional

one by parameterizing the input functions with finitely many variables. Although other

parameterizations can also be employed, this dissertation primarily uses first-order hold

(FOH) for the physical control and zero-order hold (ZOH) for the dilation factor.

Let the normalized interval be partitioned into K nodes,

0 = τ1 < τ2 < · · · < τK = 1, ∆τ := τk+1 − τk, k ∈ K := {1, . . . , K − 1}, (2.12)

where, for simplicity, a uniform grid is assumed. The nodal state, control, and dilation-factor

values will form the primary decision variables of the discretized problem.

2.4.1 First-order hold for the control input

The physical control input, viewed on the normalized horizon through the map τ 7→ t̃(τ),

is parameterized by FOH:

u
(
t̃(τ)

)
= uk

τk+1 − τ
∆τ + uk+1

τ − τk
∆τ , τ ∈ [τk, τk+1], (2.13)

By slight abuse of notation, we will often refer to this normalized-horizon representation

simply as u(τ).

This choice has several advantages. First, it yields a continuous control signal. Second, if

the admissible control set U is convex, then constraining the nodal inputs,

uk ∈ U , k = 1, . . . , K, (2.14)

is sufficient to guarantee u(τ) ∈ U for all τ ∈ [0, 1], since (2.13) is a convex combination of

endpoint values.

2.4.2 Zero-order hold for the dilation factor

The dilation factor is parameterized by ZOH:

s(τ) = sk, τ ∈ [τk, τk+1), k ∈ K. (2.15)
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Thus, the physical duration of interval k is

∆tk =
∫ τk+1

τk

s(τ) dτ = sk∆τ. (2.16)

To ensure strictly forward physical time, we impose

sk ≥ smin > 0, k ∈ K. (2.17)

Why ZOH is used for s(τ). The use of ZOH for the dilation factor is deliberate. If s(τ)

were parameterized by FOH instead, then the physical interval lengths would satisfy

∆tk = 1
2(sk + sk+1)∆τ, (2.18)

which couples neighboring interval lengths through shared nodal variables. Thus, under FOH,

a local change in one interval duration generally propagates to adjacent intervals through

the common nodal values. In particular, the interval lengths are no longer independently

represented by the nodal dilation variables, and not every positive interval-length sequence

can be realized by nonnegative nodal dilation values.

This restriction can already be seen in a simple example. Define the normalized interval

lengths

∆k := ∆tk
∆τ , k ∈ K.

Suppose one wishes to realize the positive sequence

∆ = [1, 3, 1].

Under FOH, (2.18) implies

∆k = 1
2(sk + sk+1),

so the nodal dilation values would have to satisfy

s2 = 2− s1, s3 = 6− s2 = 4 + s1, s4 = 2− s3 = −2− s1.

Hence s4 < 0 for every s1 ≥ 0, so no nonnegative FOH dilation sequence can realize the

positive interval-length sequence [1, 3, 1].
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More generally, the following proposition characterizes exactly which interval-length

sequences are realizable under FOH.

Proposition 2.2 (FOH imposes a realizability restriction on interval lengths). If the dilation

factor were parameterized by FOH, then the physical interval lengths would satisfy

∆tk = 1
2(sk + sk+1)∆τ.

As a result, the normalized interval-length sequence ∆k = ∆tk/∆τ would have to satisfy a

coupled linear system As = ∆ with s ≥ 0. Such a system is feasible if and only if every

alternating sum over every contiguous odd-length block of ∆ is nonnegative, namely

j∑
r=i

(−1)r−i∆r ≥ 0, ∀ 1 ≤ i ≤ j ≤ K − 1, j − i even.

Hence, FOH imposes a structural restriction on the realizable physical interval lengths, so not

every positive interval-length sequence can be represented by nonnegative nodal dilation values.

Proof. Suppose the dilation factor is parameterized by FOH. Then

∆tk = 1
2(sk + sk+1)∆τ, k = 1, . . . , K − 1.

With ∆k := ∆tk/∆τ , realizability of a prescribed interval-length sequence is equivalent to

As = ∆, s ≥ 0, (2.19)

where

A =



1
2

1
2 0 · · · 0

0 1
2

1
2

. . . ...
... . . . . . . 0

0 · · · 0 1
2

1
2


∈ R(K−1)×K .

By Farkas’ lemma, (2.19) is feasible if and only if

∆⊤y ≤ 0 ∀ y ∈ RK−1 s.t. A⊤y ≤ 0. (2.20)
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The inequalities A⊤y ≤ 0 are y1 ≤ 0, yi−1 + yi ≤ 0 (2 ≤ i ≤ K − 1), yK−1 ≤ 0. The cone

defined by these inequalities is polyhedral, and its extreme rays are supported on contiguous

odd-length blocks with alternating signs:

y
(i,j)
k =


(−1)k−i+1, i ≤ k ≤ j,

0, otherwise,

1 ≤ i ≤ j ≤ K − 1, j − i even. Therefore, it suffices to check (2.20) on these extreme rays,

which yields

∆⊤y(i,j) ≤ 0 ⇐⇒
j∑
r=i

(−1)r−i∆r ≥ 0,

∀ 1 ≤ i ≤ j ≤ K − 1, j − i even. This proves Proposition 2.2. ■

Under ZOH, by contrast, the interval lengths are given by

∆tk = sk∆τ,

so each interval duration depends only on its own dilation variable. Hence any positive

interval-length sequence can be represented directly, without coupling adjacent intervals

through shared nodal values. This decoupling is also advantageous numerically, since local

time allocations can be adjusted independently, making the temporal mesh more flexible and

easier to optimize than under FOH.

For compactness in the next section, define the hybrid nodal input

ũk :=

uk
sk

 , k ∈ K, (2.21)

and let

ũK :=

uK
sK

 , (2.22)

where the second component of ũK is irrelevant, since the dilation factor is parameterized

over intervals and is therefore used only for k ∈ K.



13

2.5 Multiple-shooting discretization

After time-dilation and input parameterization, the continuous-time dynamics are tran-

scribed to a finite-dimensional optimization problem using multiple shooting [36, 232]. Let

x̃k := x̃(τk), k = 1, . . . , K, (2.23)

denote the nodal values of the time-dilated state. On each interval [τk, τk+1], the state

is propagated from x̃k under the parameterized inputs introduced in Section 2.4. The

corresponding flow map is written as

f τk+1
τk

(x̃k, ũk, ũk+1) := x̃k +
∫ τk+1

τk

F̃
(
x̃(τ), ũ(τ)

)
dτ, (2.24)

where x̃(τ) is the continuous-time solution of (2.11) satisfying x̃(τk) = x̃k on that interval.

Here, the notation is understood in the hybrid sense introduced above. On interval [τk, τk+1],

the control component is parameterized by FOH using uk and uk+1, while the dilation

component is parameterized by ZOH using sk. Whenever f τK
τK−1

is written in terms of ũK , the

latter is understood as a notational placeholder formed from the terminal control uK and an

unused terminal dilation entry.

Under the standing smoothness assumptions on the dynamics and the chosen control

parameterization, the flow map is continuously differentiable with respect to its arguments.

The multiple-shooting constraints are then imposed as

x̃k+1 = f τk+1
τk

(x̃k, ũk, ũk+1), k ∈ K, (2.25)

or, equivalently, via the defect equations

dk(Z) := x̃k+1 − f τk+1
τk

(x̃k, ũk, ũk+1) = 0, k ∈ K, (2.26)

where Z denotes the stacked decision vector. Stacking these interval defects gives the global

defect map

D(Z) :=
(
d1(Z), . . . , dK−1(Z)

)
. (2.27)



14

A typical decision vector, therefore, takes the form

Z :=
(
x̃1, . . . , x̃K , ũ1, . . . , ũK

)
,

possibly augmented with additional variables depending on the modeling layer introduced

later. Recall that the second component of ũK is irrelevant, since the dilation factor is

parameterized over intervals and is therefore used only for k ∈ K.

For gradient-based optimization, one also needs the Jacobians of the flow map and of the

defect equations. These can be computed by integrating the associated variational equations

alongside the state trajectory on each interval. Define the FOH shape functions

λ−k (τ) := τk+1 − τ
∆τ , λ+

k (τ) := τ − τk
∆τ , τ ∈ [τk, τk+1],

so that the physical control on interval k is

u
(
t̃(τ)

)
= λ−k (τ)uk + λ+

k (τ)uk+1.

Along the interval trajectory, define

Ãk(τ) := ∇x̃F̃
(
x̃(τ), ũ(τ)

)
, B̃k(τ) := ∇uF̃

(
x̃(τ), ũ(τ)

)
, S̃k(τ) := ∂sF̃

(
x̃(τ), ũ(τ)

)
.

The sensitivities of the propagated state with respect to the active nodal variables on interval

k are then obtained from the linear time-varying initial-value problems
d

dτ
Φx
k(τ) = Ãk(τ)Φx

k(τ), Φx
k(τk) = I,

d

dτ
Φ−k (τ) = Ãk(τ)Φ−k (τ) + B̃k(τ)λ−k (τ), Φ−k (τk) = 0,

d

dτ
Φ+
k (τ) = Ãk(τ)Φ+

k (τ) + B̃k(τ)λ+
k (τ), Φ+

k (τk) = 0,
d

dτ
Φs
k(τ) = Ãk(τ)Φs

k(τ) + S̃k(τ), Φs
k(τk) = 0, (2.28)

for τ ∈ [τk, τk+1]. Their terminal values yield the Jacobians of the flow map:

Ak := Φx
k(τk+1) = ∂x̃k

f τk+1
τk

(x̃k, ũk, ũk+1),

B−k := Φ−k (τk+1) = ∂uk
f τk+1
τk

(x̃k, ũk, ũk+1),

B+
k := Φ+

k (τk+1) = ∂uk+1f
τk+1
τk

(x̃k, ũk, ũk+1),

Sk := Φs
k(τk+1) = ∂sk

f τk+1
τk

(x̃k, ũk, ũk+1). (2.29)
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Consequently, the Jacobians of the defect constraints are obtained immediately as

∂x̃k+1dk(Z) = I, ∂x̃k
dk(Z) = −Ak,

∂uk
dk(Z) = −B−k , ∂uk+1dk(Z) = −B+

k , ∂sk
dk(Z) = −Sk.

If one prefers to work directly with the hybrid inputs ũk and ũk+1, the corresponding Jacobians

are obtained by assembling these blocks together with the obvious zero blocks for inactive

components. The same variational equations may also be integrated only up to an intermediate

time τ ∈ [τk, τk+1], which yields the Jacobians of intermediate integration subnodes. Thus,

every subnode state on interval k is a differentiable function only of the local variables x̃k, ũk,

and ũk+1. This observation will be important in Chapter 3, where dense-time STL robustness

values are evaluated at integration subnodes and differentiated with respect to the original

nodal decision variables.

The main appeal of multiple shooting is that the nonlinear dynamics are propagated

directly on each interval, while inter-interval consistency is enforced only through the de-

fect constraints. This makes the resulting transcription well-suited to nonlinear trajectory

optimization and to linearization-based numerical methods.

2.6 Exact-penalty convex-constrained formulation

After time-dilation, parameterization, and multiple-shooting discretization, the continuous-

time optimal control problem becomes a finite-dimensional nonlinear optimization problem.

A useful representation is obtained by separating the constraints into

1. convex constraints retained explicitly in the feasible set, and

2. nonlinear equality and inequality constraints moved into the objective through exact

penalties.

This yields a convex-constrained nonconvex optimization problem.

Let Ω denote the explicitly retained convex feasible set. This set may include, for example,

convex bounds on states and inputs, convex cone constraints, and positivity constraints on
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the dilation variables. Let the remaining nonlinear constraints be written abstractly as

Deq(Z) = 0, Dineq(Z) ≤ 0, (2.30)

where Deq typically includes the multiple-shooting defect map and any other nonconvex

equalities, while Dineq collects the remaining nonlinear inequalities. Then the discretized

problem can be written as

minimize
Z

Jd(Z) (2.31a)

subject to Z ∈ Ω, (2.31b)

Deq(Z) = 0, (2.31c)

Dineq(Z) ≤ 0. (2.31d)

An ℓ1-type exact-penalty formulation of (2.31) is

minimize
Z∈Ω

Jd(Z) + w⊤eq

∣∣∣Deq(Z)
∣∣∣+ w⊤ineq

[
Dineq(Z)

]
+
, (2.32)

where weq and wineq are elementwise positive penalty-weight vectors, | · | is applied elementwise,

and [·]+ denotes the elementwise positive-part operator.

For sufficiently large finite penalty weights, (2.32) is exact in the standard sense. Under

standard regularity assumptions, feasible local minimizers or stationary points of the penalized

problem correspond to local minimizers or KKT points of the original constrained problem;

see the classical exact-penalty literature [80, 129, 215]. Thus, selected nonlinear constraints

may be shifted from the feasible set into the objective without losing the desired optimality

structure. This representation is particularly useful because it produces a problem with a

convex feasible set and a nonconvex objective, which is precisely the structural form exploited

later in the dissertation.
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Chapter 3

SMOOTH AND EXACT MODELING OF MISSION-LEVEL
SPECIFICATIONS

3.1 Introduction

Temporal logic provides a systematic language for specifying complex task requirements

in dynamical systems [19]. Its expressive power makes it especially attractive for mission-level

specification, since it can encode sequencing, timing, persistence, implication, and conditional

behaviors in a mathematically precise manner. In this sense, temporal logic provides a natural

bridge between high-level mission requirements and optimization-based trajectory generation.

As a result, it has become an important tool in planning and control, with applications

spanning autonomous driving [250], robotic manipulation [162], multi-agent coordination

[85], mobile robotics [55, 58, 249], and UAV mission planning [23, 224]. Temporal logic

constraints have also been incorporated into learning frameworks to enforce structural and

behavioral properties in classification, prediction, preference learning, and policy synthesis

[11, 12, 39, 148, 176]. These developments have created a strong demand for formulations

that integrate temporal logic specifications directly into modern optimization and learning

pipelines [164].

Among temporal logics, linear temporal logic (LTL) has played a central role in formal

synthesis for discrete-event systems [228]. Classical approaches rely on automata-theoretic

constructions [13], together with receding-horizon variants and supporting software tools [299,

300]. Mixed-integer formulations have also been developed to encode temporal specifications

directly into optimization problems [149]. For continuous and hybrid systems, however,

specifications must capture not only logical structure but also quantitative timing and

predicates over real-valued signals. Metric temporal logic (MTL) [159] and metric interval



18

temporal logic (MITL) [14] enrich temporal logic with bounded timing intervals, while signal

temporal logic (STL) augments these dense-time modalities with predicates over continuous-

valued signals [178]. This makes STL especially well suited to trajectory generation and

control for physical systems.

A key step toward optimization-based synthesis with STL was the introduction of quanti-

tative semantics. Robust semantics for MITL were proposed in [109], and the now-standard

space robustness (SR), together with time robustness, was introduced for STL in [89]. These

semantics assign a real-valued robustness score to a formula by recursively combining predicate

values through min and max operators, thereby turning logical satisfaction into a numerical

quantity that can be optimized [27, 172]. In this way, temporal specifications can be encoded

as objective terms or constraints within optimization-based synthesis and control.

Most optimization-oriented work has focused on discrete-time STL (DT-STL), where

the signal is evaluated only on a finite temporal grid [59, 123, 128, 173, 187, 196, 198, 223,

233, 244, 245, 247, 292]. Existing DT-STL methods can be understood through a trade-off

between exactness, smoothness, and numerical tractability. Mixed-integer encodings preserve

Boolean correctness, but their worst-case complexity typically scales poorly with the number

of binary variables [233, 244, 245, 247]. Direct use of SR avoids combinatorial structure,

but the underlying min and max operators make the resulting objectives and constraints

nonsmooth, which can severely hinder gradient-based optimization. This has motivated a large

body of work on smooth approximations of DT-STL robustness. Log-sum-exp relaxations

were introduced in [223] and extended to cumulative robustness in [128]; softmax-based

approximations were proposed in [123]; and polynomial smoothings were used in [187]. While

these formulations improve differentiability, they are inherently approximate and typically

recover exact Boolean consistency only in an asymptotic limit of the smoothing parameter.

A different line of work has sought to improve numerical behavior by reducing the

dependence of robustness on isolated critical samples. This is motivated by two well-known

pathologies of standard robustness, namely locality, where the robustness value depends

on a single time instant, and masking, where one subformula dominates a conjunction or
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disjunction and suppresses information from the others [197]. Averaged STL [10], discrete

average space robustness (DASR) and simplified DASR [173], and arithmetic–geometric mean

(AGM) robustness [196] all attempt to distribute information more evenly across time and

subformulas. These semantics improve certain numerical aspects, but they do not fully resolve

the tension between smoothness and exactness. Some retain nonsmooth operators, some

require auxiliary soundness constraints, and some apply only to restricted classes of formulas.

Weighted generalizations of SR and AGM have also been developed to encode preferences

among sub-specifications [59, 198]. Another exact alternative is proposed in [292], but the

resulting functions are non-monotone and not C1, which limits their suitability for numerical

optimization.

Against this background, the discrete-time modeling line developed in this dissertation

builds on the generalized mean-based smooth robustness (D-GMSR) introduced in [286].

D-GMSR replaces the key min and max operators of standard discrete-time robustness with

generalized-mean compositions that are C1-smooth while preserving the sign of the original

robustness semantics. As a result, the resulting parameterization is both sound and complete

with respect to the underlying STL semantics, while simultaneously providing first-order

sensitivity properties that directly mitigate locality and masking. This yields a smooth,

exact, and numerically attractive DT-STL parameterization. More broadly, such smooth

exact formulations enable the use of high-performance numerical solvers with convergence

guarantees for optimization problems involving STL specifications [1, 92, 147, 291]. Table 3.1

summarizes this landscape and highlights the combination of properties that motivates the

generalized mean-based smooth robustness construction adopted in this dissertation.

For continuous-time systems, however, enforcing STL only on a finite temporal grid is often

inadequate. For always-type specifications, node-wise satisfaction does not preclude inter-

sample violations and therefore cannot by itself guarantee safety along the full trajectory. For

eventually-type specifications, restricting satisfaction to mesh points can be unnecessarily

conservative and may degrade optimality, since the desired event may occur between nodes

even when no sampled state satisfies the predicate. These issues motivate the study of
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[89] [223] [123] [196] [292] D-GMSR
C1-smoothness × ✓ ✓ × × ✓

Soundness ✓ ◦ ✓ ✓ ✓ ✓

Completeness ✓ ◦ ◦ ✓ ✓ ✓

Monotonicity ✓ ✓ ✓ ✓ × ✓

Locality & Masking × △ △ ✓ ✓ ✓

Table 3.1: Comparison with representative robustness measures from the STL literature.

Here, ◦ indicates a property that is recovered only for very large smoothing parameters, while

△ indicates a property that is obtained only for sufficiently small smoothing parameters.

continuous-time STL (CT-STL), where the semantics are enforced over dense-time rather

than only over a discretization grid.

A steadily growing literature addresses dense-time STL satisfaction for continuous-time

systems. On the control-synthesis side, several works translate STL requirements into time-

varying invariance and reachability conditions and enforce them using control barrier functions

(CBFs) or related barrier-based controllers. Representative examples include foundational

CBF constructions [172], continuous-time model predictive control (MPC) formulations [68],

actuation-constrained CBF frameworks [56], and extensions to certain nested formulas [306].

These approaches are valuable for online controller synthesis, but they do not by themselves

provide a general smooth parameterization of STL specifications that can be inserted directly

into a standard trajectory optimization framework.

On the trajectory optimization side, dense-time guarantees have so far been obtained

mainly through a few specialized mechanisms. One approach augments mixed-integer planners

with CBF-derived intersample conditions under zero-order hold, thereby restoring dense-time

correctness between sampling instants [304]. Another guarantees continuous-time satisfaction

for quadrotor missions by planning over sparse waypoint sequences, enforcing strictified

sampled-time specifications, and combining these with intersample deviation bounds and

a hierarchical tracking architecture [224]. More recent methods optimize directly over
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continuous trajectory families, including sound mixed-integer formulations over continuous

Bézier trajectories for temporally robust multi-agent planning [293], Bézier control-point

and acceleration conditions for CT-STL satisfaction with time-varying robustness [311],

and their extension to multiple quadrotors through piecewise Bézier reference generation

with explicit tracking-error bounds [310]. A recent sampling-based planner also encodes

a fragment of STL into a forward-invariant time-varying set and searches for dynamically

feasible trajectories within that set [188]. On the semantics side, average-based robustness has

been extended to continuous-time signals [197], but these formulations remain nonsmooth and

do not by themselves yield a tractable reformulation for standard gradient-based nonlinear

programming.

In parallel, continuous-time successive convexification frameworks were developed to

guarantee continuous-time satisfaction of path constraints, i.e., always-type specifications, in

trajectory optimization [104]. These methods augment the system dynamics with penalized

path-constraint states, so that continuous-time enforcement of the original path constraints

is achieved by enforcing satisfaction of the corresponding augmented dynamical constraints.

Their numerical effectiveness has been demonstrated in several applications, including GPU-

accelerated trajectory optimization for 6-DoF rocket landing [66], nonlinear model predictive

control for obstacle avoidance [287], and trajectory optimization for 6-DoF aircraft approach

and landing [155]. This framework was later combined with GMSR in [289] to handle the

continuous-time satisfaction of compound state-triggered constraints, which are implication-

type mission specifications, in a 6-DoF rocket landing problem. Its practical utility was

further illustrated in perception-constrained drone motion planning [290] and in a related

rocket-landing problem with implication-type constraints solved using an auto-tuned SCP

method [195]. In parallel, these ideas were incorporated into SCvxGEN, an automatic code-

generation framework for fast embedded trajectory optimization [147]. These developments

show that smooth and exact formulations are possible for important subclasses of mission

specifications, but they remain focused primarily on always-type logic.

Taken together, the existing literature still falls short of a smooth and exact treatment
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of general CT-STL in trajectory optimization. Available methods either remain node-based,

achieve dense-time guarantees only through specialized machinery such as barrier certificates,

strictification, mixed-integer encodings, or restricted trajectory families, or apply only to

limited subclasses of continuous-time specifications. In particular, a general framework that

naturally accommodates richer temporal operators such as eventually and until while

remaining smooth and numerically suitable for gradient-based optimization has been lacking.

The modeling developments consolidated in this chapter address this gap by building

on the generalized mean-based smooth robustness framework introduced in [286] and its

subsequent continuous-time extensions [284, 285]. At the logical level, D-GMSR provides

smooth and exact parameterizations of the Boolean operators of STL [286]. At the temporal

level, this chapter develops two complementary realizations of continuous-time STL. The first

is an augmentation-based realization, in which temporal aggregation is embedded directly

into augmented continuous-time dynamics [284]. In particular, continuous-time satisfaction

of always-type specifications is handled in the spirit of [104], by augmenting the system with

penalized constraint states and enforcing the resulting augmented dynamical constraints. This

realization is attractive from an implementation standpoint because it is largely transcription-

independent and can be incorporated into existing optimal-control pipelines with minimal

structural changes. The second is a dense-time realization, in which CT-STL formulas are

evaluated directly on the dense trajectory representation already used in numerical integration

[285]. This realization is sound and complete up to the numerical accuracy of the underlying

integration scheme. By evaluating predicates on the integration subnodes, the dense-time

realization can permit substantially coarser temporal grids without sacrificing inter-sample

safety or logical fidelity. In turn, this can reduce the dimension of the resulting nonconvex

program, which is often the dominant factor in overall trajectory generation cost [285].

These constructions together provide a smooth and optimization-friendly framework for

modeling mission-level specifications in continuous time. In contrast to existing CT-STL

approaches that rely on conservative inter-sample bounds, specialized trajectory parameteri-

zations, or mixed-integer formulations, the proposed framework guarantees continuous-time
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satisfaction of always-type specifications, which is critical for safety constraints such as

obstacle avoidance, while removing the node-induced conservatism of eventually-type speci-

fications by allowing satisfaction at any time within the prescribed interval. Moreover, by

inheriting the favorable sensitivity properties of GMSR, the resulting formulations avoid the

locality and masking issues that commonly degrade standard quantitative semantics, thereby

yielding a more favorable landscape for gradient-based solvers.

The remainder of the chapter is organized as follows. Section 3.2 reviews the syntax

of STL together with the standard Boolean and quantitative robustness semantics that

serve as the semantic target of the proposed constructions. Section 3.3 develops generalized

mean-based smooth robustness for STL, beginning with the logical operators and then

extending the construction to dense-time temporal operators. Section 3.4 presents the

augmentation-based realization of CT-STL. Section 3.5 introduces weighted extensions that

allow preferences among sub-specifications to be encoded. Finally, Section 3.6 summarizes

the main theoretical and numerical properties of the resulting robustness measures, including

soundness, completeness, monotonicity, locality, masking, and gradient behavior.

3.2 Signal Temporal Logic and standard robustness semantics

This section reviews the syntax of Signal Temporal Logic (STL), together with its standard

Boolean and quantitative robustness semantics. The continuous-time presentation serves as

the primary semantic reference for this chapter, while the sampled discrete-time restriction

is recorded afterward since it forms the starting point for the discrete-time generalized

mean-based smooth robustness (D-GMSR) construction developed later.

3.2.1 Signal Temporal Logic

Let

x : R≥0 → Rnx
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be a continuous-time signal. Let µ be an atomic predicate associated with a real-valued

predicate function

g : Rnx → R.

Its Boolean evaluation at time t is defined by

(x, t) |= µ ⇐⇒ g(x(t)) ≥ 0. (3.1)

That is, the predicate µ is satisfied at time t if and only if g(x(t)) ≥ 0.

For numerical optimization, the regularity of the predicate functions is important.

Assumption 3.1. All predicate functions are C1-smooth.

The syntax of an STL formula φ is defined recursively as

φ ::= ⊤ | µ | ¬φ | φ1 ∧ φ2 | φ1U[a,b]φ2, (3.2)

where φ1 and φ2 are STL subformulas, ¬ and ∧ denote negation and conjunction, respectively,

and U[a,b] denotes the bounded until operator over the interval [a, b] ⊂ R≥0 with 0 ≤ a ≤ b

[178].

The standard derived operators are recovered from the primitive syntax via

φ1 ∨ φ2 ≡ ¬(¬φ1 ∧ ¬φ2), (3.3)

φ1 =⇒ φ2 ≡ ¬φ1 ∨ φ2, (3.4)

F[a,b]φ ≡ ⊤U[a,b]φ, (3.5)

G[a,b]φ ≡ ¬F[a,b]¬φ. (3.6)

Here, F[a,b] and G[a,b] denote eventually and always, respectively.

Throughout this chapter, we consider finite-horizon signals and formulas with finite horizon,

and we assume that the temporal intervals are chosen so that all evaluations appearing in

the semantics are well defined.
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3.2.2 Boolean semantics

The Boolean semantics determine whether a signal satisfies a formula at a given time

instant. We write

(x, t) |= φ

to denote that the signal x satisfies the formula φ at time t, and

(x, t) ̸|= φ

otherwise.

Definition 3.2 (Continuous-time STL Boolean semantics [89, 178]). For a continuous-time

signal x : R≥0 → Rnx and time t ∈ R≥0, the Boolean satisfaction relation (x, t) |= φ is defined

recursively as summarized in Table 3.2.

3.2.3 Standard quantitative robustness semantics

While Boolean semantics provide only a binary true/false evaluation, optimization-

based synthesis requires a real-valued measure of the degree of satisfaction or violation of

a specification. The standard choice is the quantitative robustness semantics introduced in

[89, 109].

Let ρφ(x, t) denote the robustness of formula φ at time t. These semantics are sign-

consistent with Boolean satisfaction in the sense that

(x, t) |= φ ⇐⇒ ρφ(x, t) ≥ 0. (3.7)

Moreover, ρφ(x, t) > 0 implies strict satisfaction, ρφ(x, t) < 0 implies violation, and ρφ(x, t) =

0 corresponds to the boundary between satisfaction and violation.

Definition 3.3 (Continuous-time standard robustness [89, 109]). The standard quantitative

robustness semantics of STL are defined recursively as summarized in Table 3.3.
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Formula φ Boolean semantics (x, t) |= φ

⊤ true

µ g(x(t)) ≥ 0

¬φ ¬
(
(x, t) |= φ

)
φ1 ∧ φ2 (x, t) |= φ1 ∧ (x, t) |= φ2

φ1 ∨ φ2 (x, t) |= φ1 ∨ (x, t) |= φ2

φ1 =⇒ φ2 ¬
(
(x, t) |= φ1

)
∨ (x, t) |= φ2

G[a,b]φ ∀ t′ ∈ [t+ a, t+ b], (x, t′) |= φ

F[a,b]φ ∃ t′ ∈ [t+ a, t+ b] s.t. (x, t′) |= φ

φ1U[a,b]φ2 ∃ t1 ∈ [t+ a, t+ b] s.t. (x, t1) |= φ2

and ∀ t2 ∈ [t, t1], (x, t2) |= φ1

Table 3.2: Continuous-time Boolean semantics for STL.

Because the signals and predicate functions considered in this dissertation are continuous

and the temporal intervals are compact, the extrema in Table 3.3 are attained. Accordingly,

the standard continuous-time robustness can be written using min and max directly rather

than inf and sup.

The standard robustness semantics provide an exact quantitative characterization of STL

satisfaction. For example, the robustness of an always formula is determined by the least

robust point in the prescribed interval, whereas the robustness of an eventually formula is

determined by the most favorable point in that interval. Likewise, the robustness of an until

formula captures the best admissible tradeoff between maintaining the first subformula and

achieving the second one within the specified time window.



27

Formula φ Quantitative robustness ρφ(x, t)

µ g(x(t))

¬φ −ρφ(x, t)

φ1 ∧ φ2 min
(
ρφ1(x, t), ρφ2(x, t)

)
φ1 ∨ φ2 max

(
ρφ1(x, t), ρφ2(x, t)

)
φ1 =⇒ φ2 max

(
−ρφ1(x, t), ρφ2(x, t)

)
G[a,b]φ min

t′∈[t+a,t+b]
ρφ(x, t′)

F[a,b]φ max
t′∈[t+a,t+b]

ρφ(x, t′)

φ1U[a,b]φ2 max
t1∈[t+a,t+b]

min
(
ρφ2(x, t1), min

t2∈[t,t1]
ρφ1(x, t2)

)

Table 3.3: Standard quantitative robustness semantics for continuous-time STL.

3.2.4 Discrete-time restriction

For optimization on sampled trajectories, STL is often evaluated only on a finite temporal

grid. This leads to the standard discrete-time STL semantics and to the corresponding

discrete-time space robustness (D-SR), which serves as the starting point for D-GMSR [286].

Let

x : Z≥0 → Rnx

be a discrete-time signal. The logical recursion is unchanged, while the temporal operators

are evaluated over finite index sets. In particular, the discrete-time robustness of the temporal

operators is given by

ρF[a,b]φ(x, k) = max
(
ρφ(x, k + a), ρφ(x, k + a+ 1), . . . , ρφ(x, k + b)

)
, (3.8)

ρG[a,b]φ(x, k) = min
(
ρφ(x, k + a), ρφ(x, k + a+ 1), . . . , ρφ(x, k + b)

)
, (3.9)
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ρφ1U[a,b]φ2(x, k) = max
(

min
(
ρG[a,a]φ1(x, k), ρφ2(x, k + a)

)
,

min
(
ρG[a,a+1]φ1(x, k), ρφ2(x, k + a+ 1)

)
, . . . ,

min
(
ρG[a,b]φ1(x, k), ρφ2(x, k + b)

))
, (3.10)

with the logical operators still represented by the same min /max recursion as in Table 3.3.

A common way to smooth the discrete-time space robustness (D-SR) semantics is to replace

the key min and max operators by smooth approximations. In particular, the discrete-time

smooth space robustness (D-SSR) construction uses the smoothed operators

m̃inκ(y) := −1
κ

log
(

n∑
i=1

e−κyi

)
, (3.11a)

m̃axκ(y) :=
∑n
i=1 yie

κyi∑n
i=1 e

κyi
, (3.11b)

where y ∈ Rn and κ > 0 is a sharpness parameter that controls the approximation accuracy

[123, 223]. The resulting smoothed robustness is sound and C1-smooth, and converges

pointwise to the standard discrete-time robustness as the sharpness parameter increases.

However, as discussed later in this chapter, these sharp smooth approximations remain

vulnerable to locality and masking because their gradients become concentrated on a small

subset of active samples or subformulas.

The discrete-time restriction is computationally natural, but it introduces a structural

limitation for continuous-time trajectory optimization. Even if an always-type specification

is satisfied at all nodes, violations may still occur between nodes, and eventually-type

specifications may become unnecessarily conservative when satisfaction is artificially restricted

to the sampling grid. These issues motivate the dense-time constructions developed in the

next sections.

The standard semantics reviewed above, therefore, play two roles in this chapter. First,

they define the exact semantic target that the proposed smooth constructions must preserve.

Second, their nested min /max structure reveals the two main modeling challenges addressed

next, namely the nonsmoothness of the logical and temporal operators and the mismatch

between node-based evaluation and dense-time mission requirements. Section 3.3 addresses
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the first of these through generalized mean-based smooth robustness, and then extends the

resulting framework to dense-time temporal operators.

3.3 GMSR: A smooth and exact parameterization of CT-STL specifications

This section develops the baseline generalized mean-based smooth robustness (GMSR)

constructions used throughout the remainder of the chapter. We begin with the logical

operators, where GMSR replaces the nonsmooth min /max operators of the standard ro-

bustness semantics with smooth and exact generalized-mean compositions. We then extend

the same idea to dense-time temporal operators by evaluating the resulting smooth logical

constructions over a dense representation of the continuous-time signal.

Remark 3.4 (Simplified version of GMSR). The presentation below uses the simplified uniform-

weight form adopted in the CT-STL line of work [284, 286]; the more general weighted and

curvature-controlled family is deferred to Section 3.5.

3.3.1 Logical operators

The starting point is the generalized mean-based smooth and exact parameterization of

conjunction and disjunction introduced for discrete-time STL in [286].

For a vector y ∈ Rn, define

∧hc(y) :=
(
M c

0

(
|y|2+

)) 1
2 −

(
M c

1

(
|y|2−

)) 1
2 , (3.12)

and

∨hc(y) := − ∧hc(−y), (3.13)

where c ∈ R++ is a positive regularization shift, and

|y|+ := max(y, 0), |y|− := min(y, 0) (3.14)
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are applied elementwise. The generalized means in (3.12) are

M c
0(z) :=

(
cn +

n∏
i=1

zi

)1/n

, (3.15)

M c
1(z) := c+ 1

n

n∑
i=1

zi, (3.16)

for z ∈ Rn
≥0.

The function ∧hc is designed to play the role of a smooth exact surrogate for conjunction,

while ∨hc plays the corresponding role for disjunction. Both can be evaluated in O(n)

elementary operations, so their computational cost scales linearly with the number of inputs.

The key property is that these functions preserve the sign pattern of conjunction and

disjunction exactly:

∧hc(y) ≥ 0 ⇐⇒ yi ≥ 0, ∀i ∈ {1, . . . , n}, (3.17)
∨hc(y) ≥ 0 ⇐⇒ ∃ i ∈ {1, . . . , n} such that yi ≥ 0. (3.18)

Thus, ∧hc and ∨hc provide smooth and exact parameterizations of conjunction and disjunction.

Formal soundness and completeness statements are deferred to Section 3.6.

Remark 3.5 (Sign-dependent behavior and the role of c). The values of ∧hc and ∨hc depend

on the signs of the entries of y as follows:

∧hc(y) =


(
M c

0(|y|2+)
)1/2
− c1/2, yi ≥ 0, ∀i,

c1/2 −
(
M c

1(|y|2−)
)1/2

, otherwise,
(3.19)

∨hc(y) =


c1/2 −

(
M c

0(|y|2−)
)1/2

, yi ≤ 0, ∀i,(
M c

1(|y|2+)
)1/2
− c1/2, otherwise.

(3.20)

Accordingly, in the all-positive orthant, ∧hc is governed by the shifted geometric-mean branch,

whereas in the mixed-sign or violating regime, it is governed by the shifted arithmetic-mean

branch. The situation is reversed for ∨hc.

The parameter c regularizes the transition near the switching regions. If c = 0, then

M c
0 and M c

1 reduce to the geometric and arithmetic means, respectively. In that limiting
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Figure 3.1: Illustration of the logical GMSR key functions ∧hc and ∨hc for a two-dimensional

input y = (y1, y2) and two representative values of the shift parameter c. In both cases,
∧hc(y) ≥ 0 if and only if both inputs are nonnegative, whereas ∨hc(y) ≥ 0 if and only if at

least one input is nonnegative. Increasing c smooths and flattens the transition near the

switching regions.

case, the geometric branch can produce unbounded derivatives near zero. For every c > 0,

the functions ∧hc and ∨hc become C1-smooth while preserving exact sign consistency. As c

increases, the transition near the switching region becomes flatter and the gradients become

smaller; as c decreases, the functions more closely reflect the unshifted generalized-mean

behavior, but with larger gradients near zero. In practice, it is typically preferable to choose

a small positive value of c, so as to retain smoothness and bounded gradients without making

the robustness landscape overly flat.

The behavior described in Remark 3.5 is illustrated in Figure 3.1, which shows how the

functions change as the shift parameter c varies.

Let Γφc (x, t) denote the GMSR robustness of formula φ at time t along the continuous-time
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Formula φ GMSR robustness Γφc (x, t)

µ g(x(t))

¬φ −Γφc (x, t)

φ1 ∧ φ2
∧hc1

(
Γφ1

c (x, t),Γφ2
c (x, t)

)
φ1 ∨ φ2

∨hc1

(
Γφ1

c (x, t),Γφ2
c (x, t)

)
φ1 ⇒ φ2

∨hc1

(
− Γφ1

c (x, t),Γφ2
c (x, t)

)

Table 3.4: Smooth and exact GMSR parameterization of the logical operators of STL.

signal x, where c collects the positive shifts associated with the recursive GMSR compositions

appearing in the parse tree of φ. The logical operators are then parameterized as summarized

in Table 3.4.

Accordingly, for predicates of the form φi := (gi(x) ≥ 0),

(x, t) |=
n∧
i=1

φi ⇐⇒ ∧hc
(
g1(x(t)), . . . , gn(x(t))

)
≥ 0, (3.21)

(x, t) |=
n∨
i=1

φi ⇐⇒ ∨hc
(
g1(x(t)), . . . , gn(x(t))

)
≥ 0. (3.22)

More generally, the recursion in Table 3.4 yields

(x, t) |= φ ⇐⇒ Γφc (x, t) ≥ 0 (3.23)

for any formula φ constructed from predicates through the logical operators shown in the

table.

Remark 3.6. The sign conditions in (3.17)–(3.18) are equivalently expressed by the simplified
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tests

∧hc(y) ≥ 0 ⇐⇒
n∑
i=1
|yi|2− = 0, (3.24)

∨hc(y) ≥ 0 ⇐⇒
n∏
i=1
|yi|2− = 0. (3.25)

These equivalent conditions clarify the exactness of the logical parameterization. However, the

full GMSR expressions (3.12)–(3.13) are numerically preferable, since the generalized-mean

normalization and outer square roots yield better-scaled robustness values and gradients than

the raw sum/product tests.

3.3.2 Dense-time temporal extension

The logical constructions above resolve the nonsmoothness of the Boolean operators. To

obtain a smooth and exact CT-STL parameterization, it remains to extend GMSR from

discrete-time temporal operators to dense-time temporal operators. The key idea, developed

in the CT-STL line of work [284, 285], is to evaluate the temporal operators directly on the

dense trajectory representation already generated by numerical integration, rather than on a

separate coarse sampling grid. This avoids introducing an additional STL discretization and

allows the specifications to be enforced on the same dense numerical trajectory representation

used by the optimizer.

Suppose the trajectory is parameterized by nodal variables

X := {xk}Kk=1, U := {uk}Kk=1,

over a grid

0 = t1 < t2 < · · · < tK = T.

On each interval [tk, tk+1], numerical integration under the chosen control parameterization

produces intermediate subnodes

tk = t0k < t1k < · · · < tNk = tk+1.
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x1 x2 xKt11 t21 · · · t12 t22 · · ·

x̄1 x̄2 x̄3 · · · x̄N+1 x̄N+2 x̄N+3· · · x̄M

Figure 3.2: Relation between nodal states, integration subnodes, and the flattened dense-time

trajectory representation used for CT-STL evaluation. The optimization variables remain the

nodal states and controls; the dense-time states are generated by numerical integration from

those nodal variables.

Flattening these subnodes over the horizon yields the dense-time grid

{t̄m}Mm=1, M = (K − 1)N + 1,

with associated dense-time states

x̄m := x(t̄m), m = 1, . . . ,M.

The relation between the nodal states, interval subnodes, and flattened dense-time states is

illustrated in Figure 3.2.

The optimization variables remain only the nodal variables in (X,U). The dense-time

states x̄m are not independent decision variables; rather, they are generated by numerical

integration and are therefore well-defined functions of (X,U). Moreover, provided the

numerical integration scheme is differentiable, each x̄m is differentiable with respect to

(X,U); in practice, these derivatives are obtained from the same interval-wise variational

equations used in the multiple-shooting discretization of Chapter 2. Consequently, the CT-

STL robustness values evaluated on the dense-time grid are themselves smooth functions of

the original discretized trajectory variables.

For an atomic predicate µ := (g(x) ≥ 0), define

Γ̃µ(X,U ; t̄m) := g(x̄m), (3.26)

where the dependence on (X,U) enters entirely through the dense numerical trajectory.
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Formula φ Dense-time GMSR robustness at t̄ℓ

F[a,b]φ
∨hc1

(
[ Γ̃φc (X,U ; t̄m) ]m∈Iℓ[a,b]

)
G[a,b]φ

∧hc1

(
[ Γ̃φc (X,U ; t̄m) ]m∈Iℓ[a,b]

)

Table 3.5: Exact dense-time GMSR extension of the always and eventually operators on a

dense trajectory representation.

For composite formulas, the values Γ̃φc (X,U ; t̄m) are obtained recursively from the logical

constructions of Section 3.3.1.

Now consider a formula evaluated at dense-time node t̄ℓ and a temporal interval [a, b].

Define the corresponding dense-time index set

Iℓ[a, b] :=
{
m ∈ {1, . . . ,M} : t̄m ∈ [t̄ℓ + a, t̄ℓ + b]

}
, (3.27)

assuming the interval lies within the time horizon. If a boundary point is not already

present on the dense grid, it may be inserted by locally refining the corresponding integration

subinterval.

The exact dense-time GMSR realizations of always and eventually are summarized in

Table 3.5.

Thus, always is realized as a smooth dense-time conjunction over all samples in the

interval, while eventually is realized as a smooth dense-time disjunction over those samples.

Similarly, the until operator is parameterized by introducing, for each admissible witness

time t̄m,

zm := ∧hc2

(
Γ̃φ2

c (X,U ; t̄m), ∧hc3
(
[ Γ̃φ1

c (X,U ; t̄q) ]mq=ℓ
))
, (3.28)

and then applying a dense-time disjunction over all admissible witness indices:

Γ̃φ1U[a,b]φ2
c (X,U ; t̄ℓ) := ∨hc1

(
[ zm ]m∈Iℓ[a,b]

)
. (3.29)
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This construction mirrors the standard robustness semantics exactly on the dense trajectory

representation:

(x, t̄ℓ) |= F[a,b]φ ⇐⇒ Γ̃F[a,b]φ
c (X,U ; t̄ℓ) ≥ 0, (3.30)

(x, t̄ℓ) |= G[a,b]φ ⇐⇒ Γ̃G[a,b]φ
c (X,U ; t̄ℓ) ≥ 0, (3.31)

(x, t̄ℓ) |= φ1U[a,b]φ2 ⇐⇒ Γ̃φ1U[a,b]φ2
c (X,U ; t̄ℓ) ≥ 0. (3.32)

Accordingly, the dense-time realization is smooth with respect to the optimization variables

and exact on the dense numerical trajectory representation. When the dense grid is generated

by numerical integration of the continuous-time dynamics, the only remaining discrepancy

with the underlying continuous-time signal is the numerical integration error itself.

This dense-time viewpoint has two practical consequences. First, it guarantees inter-sample

satisfaction of always-type specifications on the dense numerical trajectory representation,

which is essential for path constraints such as obstacle avoidance. Second, it removes the

node-induced conservatism of eventually-type specifications by allowing satisfaction at

any dense-time sample in the interval, rather than forcing satisfaction only at the coarse

transcription nodes. Thus, although the dense-time realization requires additional predicate

evaluations on the integration subnodes, it can also permit substantially coarser transcription

grids without sacrificing logical fidelity or inter-sample safety [285].

From an implementation standpoint, the derivatives required by gradient-based solvers

are obtained directly by the chain rule. For an atomic predicate,

∇(X,U)Γ̃µ(X,U ; t̄m) = ∇g(x̄m)∇(X,U)x̄m, (3.33)

and for composite formulas the same principle applies recursively through the smooth logical

operators ∧hc and ∨hc. If x̄m lies on the interval [tk, tk+1], then x̄m depends only on the local

nodal variables xk, uk, and uk+1. Its Jacobians with respect to those variables are obtained

by evaluating at the corresponding intermediate subnode the same variational sensitivity

equations used to compute the multiple-shooting flow-map Jacobians in Section 2.5; see
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(2.28)–(2.29). Therefore, the dense-time CT-STL robustness is not only smooth in principle,

but also directly differentiable in practice with respect to the optimization variables.

3.4 Augmentation-based realization of CT-STL specifications

Section 3.3 extended GMSR to dense-time temporal operators by evaluating the STL

semantics directly on a dense numerical representation of the continuous-time trajectory.

That realization is exact on the chosen dense-time trajectory representation, up to the

numerical accuracy of the underlying integration scheme, but it is tied to the discretization

used to represent the signal. An alternative realization is obtained by embedding temporal

aggregation directly into augmented continuous-time dynamics. This augmentation-based

viewpoint is largely transcription-independent and can therefore be incorporated into an

existing optimal-control formulation by augmenting the state alone. The construction was

first developed for continuous-time path constraints in [104] and then extended to CT-STL

temporal operators in [284].

For notational simplicity, the temporal formulas in this section are presented as being

evaluated at time 0. The construction at a general evaluation time t0 is obtained by replacing

the signal x(·) with the shifted signal

xt0(s) := x(t0 + s), s ≥ 0,

and applying the same formulas to xt0 .

3.4.1 Continuous-time temporal aggregates

In the discrete-time GMSR constructions, temporal operators are built by applying smooth

conjunction/disjunction operators to a finite collection of robustness values over a temporal

window. This leads to generalized means involving finite products and finite sums. The

augmentation-based continuous-time realization replaces these finite products and sums by

their continuous-time analogues, namely a normalized geometric integral [22, 265] and a

normalized ordinary integral.
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Let I = [a, b] ⊂ R≥0 be a compact interval with length

|I| := b− a.

For a scalar signal y : I → R, define

Mc
0,ε(y; I) := c+ exp

(
1
|I|

∫ b

a
log
(
|y(t)|2+ + ε

)
dt

)
, (3.34)

Mc
1(y; I) := c+ 1

|I|

∫ b

a
|y(t)|2− dt, (3.35)

where c ∈ R++ is the positive GMSR shift inherited from the logical construction, and

ε ∈ R++ is an additional regularization used only in the geometric-integral term.

The quantity in (3.34) is the continuous-time analogue of the geometric-mean branch in the

discrete GMSR construction, while (3.35) is the continuous-time analogue of the arithmetic-

mean branch. Accordingly, the continuous-time conjunction/disjunction surrogates are

∧Hc
ε(y; I) :=

(
Mc

0,ε(y; I)
)1/2
−
(
Mc

1(y; I)
)1/2

, (3.36)
∨Hc

ε(y; I) := − ∧Hc
ε(−y; I). (3.37)

The shift ε > 0 is needed because the geometric-integral branch involves a logarithm, and

|y(t)|2+ may vanish on part or all of the interval. Thus, the augmentation-based realization is

not strictly exact for fixed ε > 0. Its only source of approximation is this regularization, and

the resulting effect can be made arbitrarily small in practice, as discussed in Section 3.4.3.

A useful feature of the augmentation-based construction is that the geometric-integral

term admits two equivalent continuous-time realizations.

Multiplicative realization. Introduce the auxiliary state

η̇(t) = 1
|I|

η(t) log
(
|y(t)|2+ + ε

)
, η(a) = 1. (3.38)

Then

η(b) = exp
(

1
|I|

∫ b

a
log
(
|y(t)|2+ + ε

)
dt

)
, (3.39)
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so that

Mc
0,ε(y; I) = c+ η(b). (3.40)

Because the dynamics are normalized by |I|, the state evolves on the scale of the geometric

mean rather than the geometric product.

Logarithmic realization. Alternatively, define

ζ̇(t) = 1
|I|

log
(
|y(t)|2+ + ε

)
, ζ(a) = 0. (3.41)

Then

ζ(b) = 1
|I|

∫ b

a
log
(
|y(t)|2+ + ε

)
dt, η(b) = eζ(b). (3.42)

The two realizations are equivalent in exact arithmetic. In the sequel, we use the

multiplicative realization because it embeds directly into the augmented dynamics in a

compact form.

The additive realization of the arithmetic-integral term is the same as in [104]:

ξ̇(t) = 1
|I|
|y(t)|2−, ξ(a) = 0, (3.43)

so that

Mc
1(y; I) = c+ ξ(b). (3.44)

3.4.2 Auxiliary-state realization of temporal specifications

Let Γφc (x, t) denote the logical GMSR robustness introduced in Section 3.3.1. The

augmentation-based realizations of the CT-STL temporal operators are summarized in

Table 3.6.

Table 3.6 shows that the temporal operators are still built from the same conjunction/dis-

junction pattern as in the logical and dense-time constructions. The difference is that finite

aggregations over samples are replaced by continuous-time integral surrogates. These for-

mulas become practically useful once the corresponding temporal aggregates are realized
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Formula φ Augmentation-based robustness at time 0

GIφ ΓGIφ
c,ε (x, 0) = ∧Hc1

ε

(
t 7→ Γφc (x, t); I

)
FIφ ΓFIφ

c,ε (x, 0) = ∨Hc1
ε

(
t 7→ Γφc (x, t); I

)
φ1UIφ2 Γφ1UIφ2

c,ε (x, 0) = ∨Hc1
ε

(
z(·); I

)
,

z(t) = ∧hc2

(
Γφ2

c (x, t), qφ1(t)
)

,

qφ1(t) = ∧Hc3
ε

(
s 7→ Γφ1

c (x, s); [0, t]
)

Table 3.6: Augmentation-based realization of the CT-STL temporal operators.

through auxiliary continuous-time states. We now give these realizations explicitly for always,

eventually, and until.

Let 1I(t) denote the indicator of the interval I = [a, b], i.e.,

1I(t) =


1, t ∈ I,

0, t /∈ I.

always. For ψ := GIφ, define the augmented state

xψ(t) :=
(
x(t), ηG(t), ξG(t)

)
,

with auxiliary dynamics

η̇G(t) = 1
|I|

1I(t) ηG(t) log
(
|Γφc (x, t)|2+ + ε

)
, ηG(0) = 1, (3.45)

ξ̇G(t) = 1
|I|

1I(t) |Γφc (x, t)|2−, ξG(0) = 0. (3.46)

Then, for any terminal time tf ≥ b,

ΓGIφ
c,ε (x, 0) =

(
c+ ηG(tf)

)1/2
−
(
c+ ξG(tf)

)1/2
. (3.47)
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eventually. For ψ := FIφ, define the augmented state

xψ(t) :=
(
x(t), ηF (t), ξF (t)

)
,

with auxiliary dynamics

η̇F (t) = 1
|I|

1I(t) ηF (t) log
(
|Γφc (x, t)|2− + ε

)
, ηF (0) = 1, (3.48)

ξ̇F (t) = 1
|I|

1I(t) |Γφc (x, t)|2+, ξF (0) = 0. (3.49)

Then, for any terminal time tf ≥ b,

ΓFIφ
c,ε (x, 0) =

(
c+ ξF (tf)

)1/2
−
(
c+ ηF (tf)

)1/2
. (3.50)

Remark 3.7 (Relation to continuous-time path constraints). When φ is an atomic predicate

corresponding to a continuous-time path constraint, the state ξG in (3.46) recovers the

path-constraint accumulation mechanism developed in [104]. Thus, the augmentation-based

realization of GIφ extends the continuous-time path-constraint construction by supplementing

the negative-part integral with the geometric-margin term inherited from GMSR.

until. The until operator requires both a running prefix condition and an outer witness

condition. For

ψ := φ1UIφ2, I = [a, b],

the first step is to construct a continuous-time surrogate for the statement that φ1 has held

on the prefix interval [0, t].

Introduce the prefix states η1 and ξ1 via

η̇1(t) = η1(t) log
(
|Γφ1

c (x, t)|2+ + ε
)
, η1(0) = 1, (3.51)

ξ̇1(t) = |Γφ1
c (x, t)|2−, ξ1(0) = 0. (3.52)
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To convert these cumulative quantities into prefix-normalized aggregates on [0, t], define

η̂1(t) =


η1(t)1/t, t > 0,

|Γφ1
c (x, 0)|2+ + ε, t = 0,

(3.53)

ξ̂1(t) =


ξ1(t)/t, t > 0,

|Γφ1
c (x, 0)|2−, t = 0,

(3.54)

and set

qφ1(t) =
(
c3 + η̂1(t)

)1/2
−
(
c3 + ξ̂1(t)

)1/2
. (3.55)

This is a smooth continuous-time surrogate for the statement that φ1 has held on the prefix

interval [0, t].

Next, combine this prefix signal with φ2 at each time using the logical GMSR conjunction

z(t) = ∧hc2

(
Γφ2

c (x, t), qφ1(t)
)
. (3.56)

The outer witness condition is then realized by an eventually-type augmentation over the

interval I. Introduce auxiliary states ηU and ξU satisfying

η̇U(t) = 1
|I|

1I(t) ηU(t) log
(
|z(t)|2− + ε

)
, ηU(0) = 1, (3.57)

ξ̇U(t) = 1
|I|

1I(t) |z(t)|2+, ξU(0) = 0. (3.58)

Then, for any terminal time tf ≥ b,

Γφ1UIφ2
c,ε (x, 0) =

(
c1 + ξU(tf)

)1/2
−
(
c1 + ηU(tf)

)1/2
. (3.59)

Thus, the augmentation-based realization of until has a two-level structure. It first

constructs a running always-type prefix condition for φ1 and then performs an eventually-

type witness search over the interval I for the conjunction of that prefix condition with

φ2. This mirrors the structure of the standard robustness semantics, but through smooth

continuous-time integral surrogates.
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Remark 3.8 (Regularization near t = 0). The normalization in (3.53)–(3.54) can be regularized

in practice by replacing t with t+ δ for a small δ > 0. This avoids numerical issues near t = 0

while preserving the intended prefix-aggregation behavior. The induced perturbation can be

made arbitrarily small as δ → 0+.

3.4.3 Discussion

The augmentation-based realization is attractive because it requires only state augmen-

tation and therefore integrates naturally into existing optimal-control pipelines. Its main

advantage is implementation flexibility. Once the auxiliary dynamics are introduced, the

temporal operators are handled through an augmented continuous-time system and stan-

dard boundary conditions, without requiring explicit storage or manipulation of dense-time

samples.

At the same time, the realization is only approximately exact because of the regularization

parameter ε required by the geometric-integral term. This approximation enters only through

the shifted logarithmic branch, and its practical effect can often be made arbitrarily small.

For critical always-type safety constraints such as obstacle avoidance, a small physical buffer

in the predicate restores strict engineering safety, while asymmetric weighting can reduce

the influence of the geometric-integral term relative to the negative-part integral. In the

limiting case, for always-type constraints one may retain only the integral penalty on the

negative part, thereby recovering the CTCS-style path-constraint construction of [104], at

the cost of losing the positive-margin shaping effect contributed by the geometric term. For

eventually-type specifications, if the target set has nonempty interior, the positive-part

integral can dominate the shifted geometric term, making the conservatism induced by ε

arbitrarily small. The same principle carries over to until through its inner always-type

prefix condition and outer eventually-type witness condition.

The exact dense-time realization and the augmentation-based realization are therefore

complementary. The dense-time realization is semantically exact on the dense numeri-

cal trajectory representation, whereas the augmentation-based realization provides a more
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transcription-friendly continuous-time alternative whose only source of approximation is the

geometric-integral regularization. The next section extends both constructions to weighted

formulations that allow relative priorities among subformulas and time instants to be encoded

directly within the robustness model.

3.5 Weighted extensions

The constructions in Sections 3.3 and 3.4 used the baseline GMSR choice, namely unit

weights and the arithmetic-mean branch with exponent p = 1. That baseline is often sufficient

and is the form used in most of the examples in this dissertation. Nevertheless, many

trajectory generation problems naturally call for nonuniform priorities. Some subformulas

may be more important than others, some time instants may deserve stronger emphasis than

others, and some temporal witnesses may be preferred over others. Weighted robustness

semantics have been explored previously for standard robustness and AGM-type constructions

[59, 198], and the general D-GMSR family already supports such extensions in a smooth

and exact manner [286]. This section records the corresponding weighted extensions for the

logical operators and for both CT-STL temporal realizations.

3.5.1 Weighted logical operators

Let y ∈ Rn, let c ∈ R++, let p ∈ Z++, and let

w = (w1, . . . , wn) ∈ Zn++

be a strictly positive weight vector. Define the weighted generalized means

M c
0,w(z) :=

(
c1⊤w +

n∏
i=1

zwi
i

)1/(1⊤w)

, (3.60)

M c
p,w(z) :=

(
cp + 1

1⊤w

n∑
i=1

wiz
p
i

)1/p

, (3.61)
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for z ∈ Rn
≥0. The weighted GMSR logical operators are then

∧hcp,w(y) :=
(
M c

0,w

(
|y|2+

))1/2
−
(
M c

p,w

(
|y|2−

))1/2
, (3.62)

∨hcp,w(y) := − ∧hcp,w(−y). (3.63)

The unit-weight, arithmetic-mean baseline of Section 3.3.1 is recovered by taking

w = 1, p = 1.

A further structural consequence of combining smoothness with exact sign preservation is

that the key GMSR operators cannot be idempotent.

Remark 3.9 (Non-idempotence of the logical GMSR operators). Note that ∧hcp,w and ∨hcp,w
are non-idempotent since they are C1-smooth and preserve the soundness of the robustness

measure [292, Proposition 1]. This implies that the values of ∧hcp,w(y) and ∨hcp,w(y) at y = a1

for a ∈ R are not equal to a. More precisely, for a > 0,

∧hcp,w(a1) =
(
c1⊤w + a21⊤w

)1/(21⊤w)
− c1/2 ̸= a,

while for a < 0,
∧hcp,w(a1) = c1/2 −

(
cp + |a|2p

)1/(2p)
̸= a.

The same conclusion holds for ∨hcp,w by the identity

∨hcp,w(y) = −∧hcp,w(−y).

This non-idempotence is not a defect of the construction, but rather a structural price

paid for exact sign preservation together with C1-smoothness.

The exponent p also controls the limiting relation between the weighted GMSR operators

and the extremum operators that they replace.

Proposition 3.10 (Limit behavior). Let y and w be fixed. Then the following limits hold:

• If min(y) < 0 and c1/2 < |min(y)|, then

lim
p→∞

∧hcp,w(y) = min(y) + c1/2.
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• If max(y) > 0 and c1/2 < max(y), then

lim
p→∞

∨hcp,w(y) = max(y)− c1/2.

Proof. If z ∈ Rn
+, then

M0
∞,w(z) = max(z)

for any w ∈ Zn++ [260]. If c1/2 < max(z), then

M c
∞,w(z) = max(z).

Therefore, if min(y) < 0 and c1/2 < |min(y)|, then

lim
p→∞

∧hcp,w(y) = c1/2 − lim
p→∞

(
M c

p,w(|y|2−)
)1/2

= c1/2 −
(
max(|y|2−)

)1/2

= c1/2 − |max(|yi|−)|

= min(y) + c1/2.

Since
∨hcp,w(y) := −∧hcp,w(−y),

it follows that

lim
p→∞

∨hcp,w(y) = −min(−y)− c1/2 = max(y)− c1/2

if max(y) > 0 and c1/2 < max(y). ■

Remark 3.11 (Practical choice of p and w). The general weighted GMSR family allows both

curvature and weighting to be tuned. In practice, the parameter p controls how extremum-like

the power-mean branch becomes, while the weight vector w controls the relative influence

of different subformulas or time samples [286]. Larger values of p make the power-mean

term closer to an extremum-type aggregation, whereas p = 1 yields the arithmetic-mean

choice used throughout the baseline constructions in this dissertation. In the numerical

developments underlying this dissertation, the choice p = 1 is generally preferred.
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Formula φ Weighted GMSR robustness Γφc,p,w(x, t)

µ g(x(t))

¬φ −Γφc,p,w(x, t)

φ1 ∧ φ2
∧hc1

p1,w1

(
Γφ1

c,p,w(x, t),Γφ2
c,p,w(x, t)

)
φ1 ∨ φ2

∨hc1
p1,w1

(
Γφ1

c,p,w(x, t),Γφ2
c,p,w(x, t)

)
φ1 ⇒ φ2

∨hc1
p1,w1

(
− Γφ1

c,p,w(x, t),Γφ2
c,p,w(x, t)

)

Table 3.7: Weighted GMSR parameterization of the logical operators of STL.

The weight vector w ∈ Zn++ can be used to encode priorities. If the satisfaction of one

subformula is more important than others, or if certain time instants should matter more

strongly, the corresponding entries of w may be chosen larger. The partial derivatives of the

weighted GMSR operators with respect to their active arguments are proportional to these

weights, so larger weights directly increase the influence of the corresponding subformulas or

time indices on both the robustness value and its gradient.

As in the unweighted case, the sign pattern is unchanged by positive weights:

∧hcp,w(y) ≥ 0 ⇐⇒ yi ≥ 0, ∀i, (3.64)
∨hcp,w(y) ≥ 0 ⇐⇒ ∃ i such that yi ≥ 0. (3.65)

Thus, weighting modifies the geometry of the robustness landscape without changing the

underlying logical semantics.

Let Γφc,p,w(x, t) denote the weighted GMSR robustness of formula φ, where the vectors c,

p, and w collect the parameters of the weighted GMSR operators appearing in the parse tree

of φ. The weighted logical recursion is summarized in Table 3.7.
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Formula φ Weighted dense-time GMSR robustness at t̄ℓ

F[a,b]φ
∨hc1

p1,wF
ℓ,[a,b]

(
[ Γ̃φc,p,w(X,U ; t̄m) ]m∈Iℓ[a,b]

)
G[a,b]φ

∧hc1
p1,wG

ℓ,[a,b]

(
[ Γ̃φc,p,w(X,U ; t̄m) ]m∈Iℓ[a,b]

)

Table 3.8: Weighted dense-time GMSR extension of always and eventually.

3.5.2 Weighted dense-time temporal extension

The dense-time realization of Section 3.3.2 is extended by assigning weights directly to

the ordered robustness values over the dense-time interval of interest. Fix an evaluation time

t̄ℓ and interval [a, b], and recall the dense-time index set

Iℓ[a, b] =
{
m : t̄m ∈ [t̄ℓ + a, t̄ℓ + b]

}
.

For each temporal operator occurrence, one may choose a strictly positive weight vector

wℓ,[a,b] ∈ Z|Iℓ[a,b]|
++ .

These weights can be used, for example, to emphasize earlier or later times within the

interval, to prioritize specific dense-time samples, or to encode nonuniform importance over

the temporal window.

The weighted dense-time parameterizations of F and G are given in Table 3.8.

For the until operator, weighting enters both the outer witness search and the inner

prefix aggregation. For each admissible witness index m ∈ Iℓ[a, b], define

zm := ∧hc2
p2,w2

(
Γ̃φ2

c,p,w(X,U ; t̄m), ∧hc3
p3,w

pre
ℓ:m

(
[ Γ̃φ1

c,p,w(X,U ; t̄q) ]mq=ℓ
))
, (3.66)

where

wpre
ℓ:m ∈ Zm−ℓ+1

++
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weights the prefix interval [t̄ℓ, t̄m]. The weighted dense-time robustness of the until formula

is then

Γ̃φ1U[a,b]φ2
c,p,w (X,U ; t̄ℓ) = ∨hc1

p1,wU
ℓ,[a,b]

(
[ zm ]m∈Iℓ[a,b]

)
, (3.67)

where

wUℓ,[a,b] ∈ Z|Iℓ[a,b]|
++

weights the candidate witness times.

As before, the unit-weight baseline is recovered by taking all temporal weight vectors

equal to the all-ones vector and all temporal exponents equal to 1. Because all weights remain

strictly positive, the sign-consistency and exactness properties of the dense-time realization

are preserved. Weighting changes the relative influence of samples and subformulas, but not

the underlying truth conditions.

3.5.3 Weighted augmentation-based extension

The augmentation-based realization can be weighted in continuous time by replacing

discrete weight vectors over dense samples with a strictly positive weighting density over the

time interval. Let I = [a, b] and let

ω : I → R++

be a strictly positive weighting density. Define the normalization constant

ΩI :=
∫
I
ω(t) dt. (3.68)

The weighted continuous-time aggregates are then

Mc
0,ω,ε(y; I) = c+ exp

( 1
ΩI

∫
I
ω(t) log

(
|y(t)|2+ + ε

)
dt
)
, (3.69)

Mc
p,ω(y; I) =

(
cp + 1

ΩI

∫
I
ω(t) |y(t)|2p− dt

)1/p
. (3.70)

The corresponding weighted continuous-time conjunction/disjunction surrogates are

∧Hc
p,ω,ε(y; I) =

(
Mc

0,ω,ε(y; I)
)1/2
−
(
Mc

p,ω(y; I)
)1/2

, (3.71)
∨Hc

p,ω,ε(y; I) = − ∧Hc
p,ω,ε(−y; I). (3.72)
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The baseline augmentation-based realization is again recovered by taking p = 1 and

constant weighting densities. Positive weighting densities preserve the same qualitative

semantics as in the unweighted case, but allow selected portions of the interval to receive

more influence in both the robustness value and its gradient.

These weighted aggregates induce weighted augmentation-based realizations of always,

eventually, and until by replacing the corresponding unweighted temporal surrogates in

Section 3.4 with their weighted counterparts. Since this extension is entirely parallel to the

unweighted construction, the explicit operator-level formulas are omitted here for brevity.

3.6 Theoretical and numerical properties of the proposed robustness measures

This section summarizes the main properties of the robustness constructions developed

in Sections 3.3–3.5. The emphasis is on smoothness, soundness, completeness, locality and

masking, and the resulting gradient behavior that makes these constructions suitable for

trajectory optimization. The logical GMSR constructions inherit their main properties from

the discrete-time generalized mean-based smooth robustness framework [286], while the

continuous-time dense-time and augmentation-based realizations extend those properties in

different ways [284].

3.6.1 Smoothness and exactness

In Propositions 3.12 and 3.13, we assume

ci ∈ R++, pi ∈ Z++, wi ∈ Zni
++, ∀i ∈ Z++,

and do not restate this for brevity.

Proposition 3.12 (C1-smoothness of logical GMSR). Assume that all predicate functions are

C1-smooth. Then, for every finite-horizon STL formula φ constructed recursively from predi-

cates using negation, conjunction, disjunction, and implication, the corresponding weighted

logical GMSR robustness

Γφc,p,w(·, t)
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is C1 with respect to its signal arguments.

Proof. It is enough to show that the key operators ∧hcp,w and ∨hcp,w are C1 on Rn, since

the STL robustness is obtained by recursively composing these functions with C1 predicate

functions.

First, note that for a scalar variable r ∈ R,

|r|2+ = max(r, 0)2, |r|2− = min(r, 0)2,

are both C1 functions of r. Indeed,

d

dr
|r|2+ = 2|r|+,

d

dr
|r|2− = 2|r|−,

and both derivatives are continuous. Hence the vector-valued maps

y 7→ |y|2+, y 7→ |y|2−

are C1 on Rn.

Next, consider the weighted generalized means

M c
0,w(z) =

(
c1⊤w +

n∏
i=1

zwi
i

)1/(1⊤w)

,

M c
p,w(z) =

(
cp + 1

1⊤w

n∑
i=1

wiz
p
i

)1/p

,

defined for z ∈ Rn
≥0. Because each wi ∈ Z++ and p ∈ Z++, the maps

z 7→
n∏
i=1

zwi
i , z 7→

n∑
i=1

wiz
p
i

are polynomial-type smooth functions on Rn
≥0. Since c > 0, the quantities

c1⊤w +
n∏
i=1

zwi
i and cp + 1

1⊤w

n∑
i=1

wiz
p
i

are strictly positive for every z ∈ Rn
≥0. Therefore, the outer power maps

r 7→ r1/(1⊤w), r 7→ r1/p
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are C∞ on the relevant positive domains, and hence both

M c
0,w, M c

p,w

are C∞ on Rn
≥0.

Composing these smooth maps with |y|2+ and |y|2− shows that

y 7→M c
0,w(|y|2+), y 7→M c

p,w(|y|2−)

are C1 on Rn. Since c > 0, both quantities are bounded below by c, so the square-root map

is smooth on their ranges. It follows that

∧hcp,w(y) =
(
M c

0,w(|y|2+)
)1/2
−
(
M c

p,w(|y|2−)
)1/2

is C1 on Rn. Finally,
∨hcp,w(y) = −∧hcp,w(−y)

is also C1.

Since the predicate functions are C1 by assumption, and every logical robustness formula

is obtained by finitely many compositions of C1 predicate functions with the C1 key operators
∧hcp,w and ∨hcp,w, the resulting robustness

Γφc,p,w(·, t)

is C1. The baseline case is the special case pi = 1 and wi = 1. ■

Proposition 3.13 (Soundness and completeness of logical GMSR). For every finite-horizon

STL formula φ constructed recursively from predicates using negation, conjunction, disjunction,

and implication,

(x, t) |= φ ⇐⇒ Γφc,p,w(x, t) ≥ 0. (3.73)

Thus, the logical GMSR constructions are sound and complete, and hence exact, with respect

to the standard STL semantics.
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Proof. We first prove the sign-exactness of the conjunction operator ∧hcp,w.

Let y ∈ Rn. From the definitions,

M c
0,w(|y|2+) ≥ c, M c

p,w(|y|2−) ≥ c.

Moreover,

M c
0,w(|y|2+) > c ⇐⇒

n∏
i=1
|yi|2wi

+ > 0 ⇐⇒ |yi|+ > 0, ∀i ⇐⇒ yi > 0, ∀i.

Likewise,

M c
p,w(|y|2−) > c ⇐⇒

n∑
i=1

wi|yi|2p− > 0 ⇐⇒ ∃ i such that |yi|− > 0 ⇐⇒ ∃ i such that yi < 0.

Since the positive and negative parts cannot be simultaneously active for the same coordinate,

the following implications hold:

M c
0,w(|y|2+) > c =⇒ M c

p,w(|y|2−) = c,

and

M c
p,w(|y|2−) > c =⇒ M c

0,w(|y|2+) = c.

We now characterize the sign of ∧hcp,w(y).

If some entry of y is negative, then M c
p,w(|y|2−) > c and M c

0,w(|y|2+) = c, so

∧hcp,w(y) = c1/2 −
(
M c

p,w(|y|2−)
)1/2

< 0.

Hence

min(y) < 0 =⇒ ∧hcp,w(y) < 0.

If all entries of y are nonnegative, then |y|2− = 0, so M c
p,w(|y|2−) = c, and

∧hcp,w(y) =
(
M c

0,w(|y|2+)
)1/2
− c1/2 ≥ 0.

Moreover, the value is strictly positive if and only if all entries are strictly positive. Thus

min(y) ≥ 0 ⇐⇒ ∧hcp,w(y) ≥ 0.
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Therefore, ∧hcp,w has exactly the same sign pattern as min(y).

Since
∨hcp,w(y) = −∧hcp,w(−y),

it follows immediately that ∨hcp,w has exactly the same sign pattern as max(y):

∨hcp,w(y) ≥ 0 ⇐⇒ max(y) ≥ 0.

We now prove (3.73) by structural induction on the formula φ. The atomic predicate case

follows directly from the definition

(x, t) |= µ ⇐⇒ g(x(t)) ≥ 0 ⇐⇒ Γµ(x, t) ≥ 0.

The claim for negation, conjunction, disjunction, and implication then follows immediately by

structural induction on the parse tree of φ, since the recursive GMSR construction mirrors

the recursive Boolean semantics exactly, with ∧hcp,w and ∨hcp,w replacing the sign behavior of

min and max. Therefore,

(x, t) |= φ ⇐⇒ Γφc,p,w(x, t) ≥ 0

for every finite-horizon STL formula φ. ■

The exact dense-time realization introduced in Section 3.3.2 inherits the key properties

of the logical GMSR operators directly. Indeed, the temporal constructions for always,

eventually, and until are obtained by applying the same smooth and sign-exact operators
∧hcp,w and ∨hcp,w to vectors of robustness values indexed over dense-time. Consequently, on

the dense numerical trajectory representation, the resulting CT-STL robustness is C1 with

respect to the optimization variables, and sound and complete up to the numerical accuracy

of the underlying integration scheme.

By contrast, the augmentation-based realization introduces a regularization parameter

ε > 0 in the geometric-integral term.

Proposition 3.14 (Augmentation-based smoothness and approximate exactness). Assume

that all shift parameters satisfy ci ∈ R++, all exponents satisfy pi ∈ Z++, all discrete weight
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vectors satisfy wi ∈ Zni
++, all predicate functions are C1-smooth, the underlying continuous-time

dynamics are C1 in state and input, and every weighting density ω : I → R++ is fixed and

continuous on its compact interval I. Then the augmentation-based temporal operators, both in

their weighted and unweighted forms, are C1 with respect to the signal and decision variables.

However, for fixed ε > 0, the augmentation-based realization is only approximately exact. Its

deviation from exactness is solely due to the ε-regularization required in the geometric-integral

term.

Proof. Consider the scalar functions

αε(r) := log(|r|2+ + ε), βp(r) := |r|2p− .

Since r 7→ |r|2+ and r 7→ |r|2− are C1, and |r|2+ + ε ≥ ε > 0, both αε and βp are C1 on R.

For a fixed positive weighting density ω on a compact interval I, multiplication by ω(t)

and normalization by

ΩI =
∫
I
ω(t) dt > 0

preserve smoothness. Hence the weighted continuous-time aggregates

Mc
0,ω,ε(y; I) = c+ exp

( 1
ΩI

∫
I
ω(t)αε(y(t)) dt

)

and

Mc
p,ω(y; I) =

(
cp + 1

ΩI

∫
I
ω(t)βp(y(t)) dt

)1/p

are C1 functions of the signal y. The corresponding surrogates

∧Hc
p,ω,ε,

∨Hc
p,ω,ε

are therefore C1 as well. The unweighted case is recovered by taking constant densities and

p = 1.

The logical robustness functions Γφc,p,w(x, t) are C1 by Proposition 3.12. Therefore, all

right-hand sides appearing in the augmented dynamics for G, F , and U , in both the weighted

and unweighted constructions, are compositions of C1 functions. Hence the augmented vector
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Construction C1-smoothness Soundness Completeness Monotonicity Locality & Masking
Logical GMSR layer ✓ ✓ ✓ ✓ ✓

Dense-time GMSR realization ✓ ✓ ✓ ✓ ✓

Augmentation-based GMSR realization ✓ ◦ ◦ ✓ ✓

Table 3.9: Summary of the main properties of the proposed GMSR constructions. Here,

◦ indicates approximate soundness and completeness due only to the geometric-integral

regularization parameter ε > 0.

field is C1 in its state and input arguments. By the standard smooth dependence of ODE

solutions on initial conditions and parameters, the corresponding auxiliary states and their

terminal values depend C1-smoothly on the decision variables. Since the augmentation-based

robustness values are obtained from those terminal auxiliary states by addition and square

root, they are themselves C1.

It remains to explain approximate exactness. The only difference between the ideal

exact continuous-time construction and the implemented one is the replacement of |y(t)|2+ by

|y(t)|2+ + ε inside the logarithm of the geometric-integral branch. If |y(t)|2+ vanishes on part

of the interval, the unregularized logarithm is undefined, whereas the regularized expression

remains finite. Thus, for every fixed ε > 0, the geometric-integral branch is a regularized

surrogate of the ideal exact construction. The integral branch is unchanged, and the weighting

densities only reweight the corresponding integrands; they do not alter the underlying sign

logic and do not introduce any additional approximation. Accordingly, the only source of

deviation from exact sign-exactness is the regularization parameter ε, and this deviation

vanishes as the regularization is reduced. ■

The main distinctions among the constructions are summarized in Table 3.9.

The next subsection develops the gradient-based interpretation underlying the monotonic-

ity and locality/masking behavior summarized in Table 3.9.
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3.6.2 Gradient behavior, locality, and masking

The main numerical advantage of GMSR is not only that it is smooth and exact, but

also that it distributes gradient information across multiple relevant subformulas and time

instants. This subsection makes that mechanism explicit. We first contrast the gradient

structure of standard smooth min/max-based robustness with that of GMSR, then verify the

resulting operator behavior numerically, illustrate its impact on a trajectory optimization

problem, and finally explain how the same mechanism extends to the continuous-time CT-STL

constructions.

Gradient behavior of standard smooth robustness. Let ρ̃ denote a smooth min/max-

based relaxation of discrete-time space robustness, such as the D-SSR construction in [123].

In such relaxations, the values of multiple predicate functions across subformulas and time

instants are still composed through smooth approximations of the min and max operators.

As a result, the robustness value is typically dominated by one extremizing predicate at one

extremizing time instant, which is precisely the source of the locality and masking pathologies

[197, 286]. In other words, although the robustness function is smooth, its effective gradient

information remains highly localized.

To make this precise, let fi : Rm → R for all i ∈ {1, . . . , n}, let

y = (f1(x), f2(x), . . . , fn(x)),

and define the index sets

Smin := { i : fi(x) ≤ fj(x), ∀j ∈ {1, . . . , n} }, Smax := { i : fi(x) ≥ fj(x), ∀j ∈ {1, . . . , n} }.

For sufficiently large sharpness parameter κ, the gradients of the smooth min/max approxi-

mations satisfy

∇xm̃inκ(y) =
n∑
i=1

ai∇xfi(x), (3.74)

∇xm̃axκ(y) =
n∑
i=1

bi∇xfi(x), (3.75)
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where

ai ≈


1

card(Smin) , i ∈ Smin,

0, otherwise,
(3.76)

bi ≈


1

card(Smax) , i ∈ Smax,

0, otherwise.
(3.77)

Hence, when D-SSR is used inside a gradient-based iterative optimizer, the update direction

is determined almost entirely by the gradient of a single predicate at a single time instant.

All other predicate values and time-indexed evaluations are nearly ignored. This is the

mechanism underlying locality and masking [123, 286].

Example 3.15 (Illustration of D-SSR operator behavior). Consider the operator-level maxi-

mization of

ρ̃φ1∧···∧φ5(x, k) and ρ̃φ1∨···∨φ5(x, k),

where ρ̃φi(x, k) = fi(xk) ∈ R for i ∈ {1, . . . , 5} and the smooth min/max approximation uses

κ = 25. Equivalently,

ρ̃φ1∧···∧φ5(x, k) = m̃inκ(y), ρ̃φ1∨···∨φ5(x, k) = m̃axκ(y),

with

y = (f1(xk), f2(xk), . . . , f5(xk)).

The same operator-level interpretation also applies to

ρ̃G[1:5]φ(x, 0) = m̃inκ(y), ρ̃F[1:5]φ(x, 0) = m̃axκ(y),

when ρ̃φ(x, k) = f(xk) and

y = (f(x1), f(x2), . . . , f(x5)).

Figure 3.3 illustrates the resulting numerical behavior. During the maximization of

the conjunction-type expression, only the predicate attaining the minimum value changes
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significantly at each iteration, and the active minimum shifts only when that predicate has

been sufficiently improved. During the maximization of the disjunction-type expression,

only the predicate attaining the maximum value changes significantly, so the same witness

typically remains active throughout the iterations. These plots numerically verify the gradient

concentration predicted by (3.74)–(3.77).
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Figure 3.3: Changes in the predicate values and robustness values while maximizing con-

junction/always and disjunction/eventually operators using D-SSR. The color gradient from

purple to red corresponds to predicate values from f1(xk) to f5(xk), or equivalently from

f(x1) to f(x5) in the temporal interpretation.

Gradient behavior of D-GMSR. The key functions of D-GMSR are built from generalized

means in a way that avoids the gradient collapse of (3.74)–(3.77). Let again fi : Rm → R for

all i ∈ {1, . . . , n}, let

y = (f1(x), f2(x), . . . , fn(x)),
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and consider the weighted GMSR key operators ∧hcp,w and ∨hcp,w. Then

∇x
∧hcp,w(y) = c+

0∇xM
c
0,w(|y|2+)− c−p∇xM

c
p,w(|y|2−), (3.78)

∇x
∨hcp,w(y) = c+

p∇xM
c
p,w(|y|2+)− c−0∇xM

c
0,w(|y|2−), (3.79)

where

∇xM
c
0,w(|y|2□) = c□0,m

n∑
i=1

wi
1
|yi|□
∇xfi(x), (3.80)

∇xM
c
p,w(|y|2□) = c□p,m

n∑
i=1

wi|yi|2p−1
□ ∇xfi(x), (3.81)

with □ ∈ {+,−} and

c□0 = 1
2

(
M c

0,w(|y|2□)
)−1/2

, (3.82a)

c□p = 1
2

(
M c

p,w(|y|2□)
)−1/2

, (3.82b)

c□0,m =
2∏n

j=1 |yj|
2wj

□

1⊤w
(
M c

0,w(|y|2□)
)1⊤w−1 , (3.82c)

c□p,m = 2

1⊤w
(
M c

p,w(|y|2□)
)p−1 . (3.82d)

Substituting (3.80)–(3.81) into (3.78)–(3.79) yields the weighted gradient-sum representation

∇x
∧hcp,w(y) =

n∑
i=1

wiai∇xfi(x), (3.83a)

∇x
∨hcp,w(y) =

n∑
i=1

wibi∇xfi(x), (3.83b)

where

ai =


c+

0 c
+
0,m

1
|yi|+

, ∧hcp,w(y) > 0,

− c−p c−p,m|yi|
2p−1
− , otherwise,

(3.84a)

bi =


− c−0 c−0,m

1
|yi|−

, ∨hcp,w(y) < 0,

c+
p c

+
p,m|yi|

2p−1
+ , otherwise.

(3.84b)
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Thus, unlike D-SSR, the gradient of D-GMSR is a weighted sum of the gradients of multiple

active predicates. The relative weights of these active contributions are determined by the sign

pattern of the arguments and by the inverse- or direct-proportional scaling in (3.84a)–(3.84b).

Example 3.16 (Illustration of D-GMSR operator behavior). Consider the same operator-level

setup as in Example 3.15, but now maximize

Γφ1∧···∧φ5
c,p,w (x, k) and Γφ1∨···∨φ5

c,p,w (x, k),

with parameters

c = 10−8, p = 1, w = 1.

Equivalently,

Γφ1∧···∧φ5
c,p,w (x, k) = ∧hcp,w(y), Γφ1∨···∨φ5

c,p,w (x, k) = ∨hcp,w(y),

where

y = (f1(xk), f2(xk), . . . , f5(xk)).

The same interpretation applies to

ΓG[1:5]φ
c,p,w (x, 0) = ∧hcp,w(y), ΓF[1:5]φ

c,p,w (x, 0) = ∨hcp,w(y),

when

y = (f(x1), f(x2), . . . , f(x5)).

Figure 3.4 numerically verifies the analytic derivative statements above. For conjunction-

type aggregation, when positive and negative values coexist, only the negative-valued arguments

are pushed upward until they meet at 0. When all arguments are positive, they all continue to

increase, with smaller margins increasing more strongly. For disjunction-type aggregation, if

all values are negative, all of them move upward, with the near-feasible ones moving most

strongly; if positive and negative values coexist, only the positive-valued arguments continue

to increase, and the strongest witness grows fastest [286].
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Figure 3.4: Changes in the predicate values and robustness values while maximizing conjunc-

tion/always and disjunction/eventually operators using D-GMSR. The color gradient from

purple to red corresponds to predicate values from f1(xk) to f5(xk), or equivalently from

f(x1) to f(x5) in the temporal interpretation.

Examples 3.15 and 3.16 verify the gradient mechanisms of the D-SSR and D-GMSR

operators. The behavior observed in Figure 3.4 is a direct consequence of the monotonicity

and locality/masking properties of the GMSR key operators, which we state next.

Monotonicity, locality, and masking. It follows directly from the derivative expressions

above that the logical GMSR key operators are monotone.

Proposition 3.17 (Monotonicity). The functions ∧hcp,w : Rn → R and ∨hcp,w : Rn → R are

monotone. More specifically, each function is nondecreasing in each of its arguments.

Proof. We prove that the partial derivatives of ∧hcp,w and ∨hcp,w with respect to each of their
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variables are nonnegative. Equation (3.83) implies that

∂yi

∧hcp,w(y) = wiai, ∂yi

∨hcp,w(y) = wibi.

The nonnegativity of the constants appearing in the derivative construction preceding (3.83)

implies that the coefficients

ai, bi

in (3.84) are nonnegative for all i ∈ {1, . . . , n}. Therefore,

wiai ≥ 0, wibi ≥ 0,

for all w ∈ Zn++, which proves that both ∧hcp,w and ∨hcp,w are nondecreasing in each argument.

■

Proposition 3.18 (Locality & masking). Consider the logical GMSR operators ∧hcp,w and
∨hcp,w. Whenever one of these operators has a negative value, its derivative with respect to

every argument that contributes to that negative value is positive. Furthermore, whenever the

derivative with respect to an argument is nonzero, its magnitude is either directly or inversely

proportional to the magnitude of that argument, up to the corresponding positive weight.

Proof. We prove the result using the derivative formulas derived above for the logical GMSR

operators.

If ∧hcp,w(y) < 0, then there exists at least one index i ∈ {1, . . . , n} such that yi < 0, and

the negative branch of ∧hcp,w is active. Therefore, the corresponding coefficient multiplying

the gradient contribution of that variable is positive, which implies that the derivative of
∧hcp,w with respect to every active negative-valued variable is positive.

Furthermore:

1. If ∧hcp,w(y) > 0, then the positive branch is active and

∂yi
∧hcp,w(y)

∂yj
∧hcp,w(y) ∝

wiyj
wjyi

, ∀ i, j ∈ {1, . . . , n}.

Thus, for equal weights, smaller positive margins receive larger gradient emphasis.
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2. If ∧hcp,w(y) < 0, then

∂yi
∧hcp,w(y)

∂yj
∧hcp,w(y) ∝

wi|yi|2p−1

wj|yj|2p−1 , ∀ i, j ∈ {k : yk < 0},

and

∂yi

∧hcp,w(y) = 0 ∀ i ∈ {k : yk ≥ 0}.

Similarly, if ∨hcp,w(y) < 0, then all entries of y are negative and the corresponding active-

branch coefficients are positive, so the derivatives with respect to all contributing variables

are positive.

Furthermore:

3. If ∨hcp,w(y) < 0, then

∂yi
∨hcp,w(y)

∂yj
∨hcp,w(y) ∝

wi|yj|
wj|yi|

, ∀ i, j ∈ {1, . . . , n}.

Thus, for equal weights, among negative entries, those closest to zero receive larger

gradient emphasis.

4. If ∨hcp,w(y) > 0, then

∂yi
∨hcp,w(y)

∂yj
∨hcp,w(y) ∝

wiy
2p−1
i

wjy
2p−1
j

, ∀ i, j ∈ {k : yk > 0},

and

∂yi

∨hcp,w(y) = 0 ∀ i ∈ {k : yk ≤ 0}.

■

These properties precisely explain why GMSR avoids the extreme localization and masking

behavior of standard min /max-based robustness and of their sharp smooth approximations.

The practical implication for trajectory optimization is that D-SSR may focus the optimizer

on a single extremizing node or time instant, while D-GMSR continues to propagate gradient

information to multiple relevant
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Example 3.19 (Trajectory-level illustration of locality and masking). Consider the trajectory

optimization problem

maximize
xk,uk

ρ̃F[1:K]φ(x, 0) or ΓF[1:K]φ
c,p,w (x, 0)

subject to xk+1 = xk + uk, k ∈ {1, . . . , K − 1},

x1 = (0, 0),

xK = (8, 0),

∥uk∥ ≤ 1.5, k ∈ {1, . . . , K},

(3.85)

with K = 9, where the goal is to eventually reach a circular target set centered at pw with

radius rw. The predicate is

f(x) := rw − ∥x− pw∥, φ := (f(x) ≥ 0).

The D-SSR case uses κ = 25, whereas the D-GMSR case uses

c = 10−8, p = 1, w = 1.

The initial and converged trajectories, together with the corresponding predicate values and

robustness values over the iterations, are shown in Figure 3.5.

For the chosen initial trajectory, the second node is the closest one to the target set.

Consequently, in the D-SSR case,

∇xk
ρ̃F[1:K]φ(x, 0) ≈ 0, k ∈ {1, . . . , K} \ {2},

so the optimizer effectively acts only on the second node. As illustrated by the red trajectory

in Figure 3.5, the control bound prevents that node from entering the target set, even though

other nodes could do so. The optimization therefore converges to a trajectory that still violates

the STL specification.

By contrast, in the D-GMSR case,

∇xk
ΓF[1:K]φ

c,p,w (x, 0) = ak∇xk
f(xk),
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with

a2 > ak ≫ 0, k ∈ {1, . . . , K} \ {2}.

Thus, the optimizer still prioritizes the second node, but it also continues to move the other

nodes toward the target set. As illustrated by the blue trajectory in Figure 3.5, one of the

other nodes eventually reaches the target region, and the specification becomes satisfied. This

example makes the trajectory-level consequences of locality and masking explicit [286].

Continuous-time extensions. The same gradient logic carries over directly to the

continuous-time constructions, since both realizations are built from the same weighted

GMSR operators applied either to dense-time samples or to continuous-time aggregates.

For the exact dense-time realization, the same coefficient structure appears after replacing

the vector of logical subformula values by a vector of dense-time robustness values. In

particular, for conjunction-type aggregation, one has∣∣∣∣∣∂
∧hcp,w
∂yi

∣∣∣∣∣ ∝ wi
yi
, yi > 0, (3.86)∣∣∣∣∣∂

∧hcp,w
∂yi

∣∣∣∣∣ ∝ wi|yi|2p−1, yi < 0, (3.87)

whereas for disjunction-type aggregation, one has∣∣∣∣∣∂
∨hcp,w
∂yi

∣∣∣∣∣ ∝ wi
|yi|

, yi < 0, (3.88)∣∣∣∣∣∂
∨hcp,w
∂yi

∣∣∣∣∣ ∝ wi|yi|2p−1, yi > 0. (3.89)

Thus, always behaves as a smooth worst-case aggregation over dense-time, eventually

behaves as a smooth best-candidate aggregation, and until combines the two through its

outer witness search and inner prefix aggregation [284, 285].

For the augmentation-based realization, the same interpretation persists in continuous

form. If y(t) is the active signal and ω(t) is the temporal weighting density, then the
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conjunction-type surrogate ∧Hc
p,ω,ε satisfies

δ ∧Hc
p,ω,ε

δy(t) ∝ ω(t) y(t)
y(t)2 + ε

, y(t) > 0 geometric-integral branch, (3.90)

δ ∧Hc
p,ω,ε

δy(t) ∝ ω(t)|y(t)|2p−1, y(t) < 0 integral branch. (3.91)

and the disjunction-type surrogate has the dual behavior. Therefore, the augmentation-based

realization also distributes gradient information across an interval rather than collapsing it

to a single critical time. The only difference from the exact dense-time realization is that

the inverse-proportional geometric branch is recovered only approximately because of the

unavoidable ε-regularization [284, 285].

Thus, the continuous-time extensions do not introduce a fundamentally different gradient

mechanism; rather, they lift the same GMSR structure from discrete collections of predicate

values to dense-time samples and continuous-time aggregates.

Taken together, the preceding analysis explains the numerical behavior observed in the

DT-STL and CT-STL studies. D-SSR and related smooth min/max relaxations inherit

gradient concentration from the underlying extremum operators, which can lead to locality

and masking and can prevent the optimizer from finding a satisfying trajectory even when

one exists. GMSR replaces this behavior with a distributed gradient structure that remains

smooth, exact, and monotone while emphasizing the most relevant active margins. In the

dense-time CT-STL realization, the same mechanism is distributed across dense-time samples;

in the augmentation-based realization, it is distributed across intervals through integral

and geometric-integral surrogates. This yields a substantially more favorable optimization

landscape for trajectory generation with temporal logic mission specifications.
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Figure 3.5: Trajectory-level illustration of locality and masking. The black dotted curve

denotes the initial trajectory, while the red and blue dotted curves denote the converged

trajectories obtained using D-SSR and D-GMSR, respectively. The accompanying predicate-

value and robustness plots illustrate how D-SSR concentrates gradient information on a single

near-witness node, whereas D-GMSR continues to propagate gradient information to multiple

relevant nodes.
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Chapter 4

PROX-CONVEX: A STRUCTURE-PRESERVING SEQUENTIAL
CONVEX PROGRAMMING ALGORITHM FOR NONCONVEX

OPTIMIZATION

4.1 Introduction

The previous chapters established two ingredients that are central to the remainder of the

dissertation. First, Chapter 2 developed a numerical optimal-control backbone based on time-

dilation, finite-dimensional control parameterization, multiple-shooting discretization, and

exact-penalty finite-dimensional formulations. Second, Chapter 3 introduced smooth and exact

modeling tools for mission-level specifications, culminating in GMSR-based parameterizations

of temporal logic requirements in both discrete and continuous-time. When these two

ingredients are combined, the resulting finite-dimensional trajectory-generation problems

often exhibit a structured form of nonconvexity. Smooth nonlinear features may appear

inside convex penalties, while convex, possibly nonsmooth features may be coupled through

smooth outer maps. This chapter develops an optimization algorithm tailored precisely to

that structure.

Motivated by this structure, we consider composite problems

min
x∈Rm

F (x) = g(x) + h(C(x)) + s(R(x)), (4.1)

where g : Rm → R ∪ {+∞} is proper, closed, and convex, h : Rd → R is finite-valued,

closed, and convex, C : Rm → Rd, s : Rn → R are C1-smooth, and R : Rm → Rn,

R(x) = (r1(x), . . . , rn(x)), with each ri : Rm → R finite-valued, closed, and convex. For

the convergence analysis developed later in this chapter, we further impose mild technical

regularity and Lipschitz assumptions, which are stated in the assumptions subsection of

Section 4.2. This class generalizes well-studied convex-composite problems because of the
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term s(R(x)), which is an essential feature for the motivating examples considered in this

dissertation. In particular, the finite-dimensional exact-penalty formulations of Chapter 2

naturally give rise to terms of the form h(C(x)), while the smooth and exact mission-

specification parameterizations of Chapter 3 naturally give rise to terms of the form s(R(x))

when smooth robustness maps act on convex predicate functions.

Remark 4.1 (Modeling breadth). The decomposition (4.1) covers a wide range of structured

objectives. Here, g collects convex objectives and indicator functions of convex constraints;

h(C(x)) captures convex penalties applied to smooth (possibly nonlinear) feature maps; and

s(R(x)) models smooth couplings of convex (possibly nonsmooth) features such as predicate

functions used in temporal logic specifications.

Importantly, the split between R and s is not unique and can be chosen to preserve convex

structure. Only those features that we want to keep as convex coordinates need to appear

inside R. Any additional smooth dependence on x (even if not convex) can be absorbed

into the smooth outer map by augmenting the inner map with the identity. Concretely, if

a modeling term has the form s̃(R̄(x), q(x)), where R̄ is convex (possibly nonsmooth) and

q is smooth, then it can be written as s(R(x)) by setting R(x) = (R̄(x), x) and defining

s(y, z) = s̃(y, q(z)). Thus, one may assume without loss of modeling generality that R collects

the convex building blocks, while all smooth components are handled by s.

Representative instances covered by (4.1) are summarized in Table 4.1.

For this broad class of problems, this chapter develops a prox-convex algorithm that

linearizes only the smooth maps while preserving all convex structure. At a current point xk,

we form a convex model F (x; xk) and solve the strongly convex subproblem

xk+1 = arg min
x

{
F (x; xk) + 1

2∥x− xk∥
2
Qk

}
,

with the positive-definite proximal metric

Qk := µkI +H+
k ≻ 0.

Here µk > 0 is chosen by a predicted/actual reduction ratio test to enforce sufficient decrease,

and H+
k ⪰ 0 optionally injects curvature from C2 components of the smooth maps, with
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Component Modeling role Typical instances

g(x)
Convex objectives 1

2∥Ax− b∥
2
2, ∥Ax− b∥2, a⊤x, λ∥x∥1, λ∥x∥2, TV, nuclear norm ∥X∥∗

Convex constraints via

indicator

δX (x) (compact convex sets: boxes/balls/polytopes/simplices)

δK(x) (SOC/SDP cones), indicator of affine equalities/dynamics

h(C(x))
Composition of Convex loss

with smooth features

Nonlinear regression: 1
2∥C(x)∥2

2, ∥C(x)∥1, ∥C(x)∥∞

Robust fitting: Huber loss on C(x)

Exact penalization of smooth

(possibly nonconvex) constraints

For sufficiently large w:

Equality constraints
(
C(x) = 0

)
: w∥C(x)∥1

Inequality constraints
(
C(x)≤0

)
: w
∑

i
(Ci(x))+, where (t)+ =max{0, t}

s(R(x))

Temporal Logic Specifications

with convex predicate functions

Smooth and Exact Parameterizations of the Specifications [286]

Disjunction (OR)
n∨

i=1

(
ri(x) ≤ 0

) Disjunction (OR)

−∨hc
p,w

(
− r1(x), . . . ,−rn(x)

)
≤ 0 ⇐⇒

∏n

i=1

(
ri(x)

)2
+

= 0

Implication(
r1(x) < 0

)
⇒
(
r2(x) ≤ 0

) Implication

−∨hc
p,w

(
r1(x), −r2(x)

)
≤ 0 ⇐⇒

(
− r1(x)

)2
+

(
r2(x)

)2
+

= 0

Compound(
r1(x) < 0 ∨ r2(x) < 0

)
⇒(

r3(x) ≤ 0 ∧ r4(x) ≤ 0
)

Compound
− ∨hc

p,w

(
∧hc

p,w

(
r1(x), r2(x)

)
, ∧hc

p,w

(
− r3(x),−r4(x)

))
≤ 0 ⇐⇒((

− r1(x)
)2

+
+
(
− r2(x)

)2
+

)((
r3(x)

)2
+

+
(
r4(x)

)2
+

)
= 0

where (t)+ = max{0, t}

Table 4.1: Modeling examples covered by the decomposition F (x) = g(x)+h(C(x))+s(R(x)).

H+
k = 0 when such information is not available. This design keeps g and h exact and retains

the convex inner map R(·) inside the linearized s term, while the quadratic regularizer ensures

stability and strong convexity of the subproblem.

Under standard boundedness and Lipschitz model-error conditions, accepted steps of

prox-convex monotonically decrease F and drive the metric prox-gradient

GQk
(xk) := Qk (xk − xk+1)

to zero. Moreover,

min
0≤j<N

∥GQj
(xj)∥ = O(N−1/2),
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so that O(ε−2) accepted steps suffice to obtain

∥GQk
(xk)∥ ≤ ε.

A local error-bound condition further yields a metric step-size error bound and thus local

Q-linear convergence of the function values.

The Taylor-like framework of Drusvyatskiy, Ioffe, and Lewis [93] transfers this residual

control to stationarity: every cluster point is limiting stationary and, by the subdifferential-

regularity result developed later in this chapter, also Fréchet stationary. The same framework

also justifies robustness to inexact subproblem solves and a model-decrease stopping rule.

Curvature terms H+
k provide local acceleration without weakening global guarantees.

At a high level, the developments of this chapter are: (i) a structure-preserving prox-convex

subproblem that avoids unnecessary linearization of convex components, (ii) an adaptive

proximal metric with optional second-order information to improve conditioning and local

progress, and (iii) a convergence theory with explicit quantitative guarantees. Additional

details about these developments are placed in context through the related-work discussion

below.

Related works. The development of algorithms for nonsmooth, nonconvex optimization

has a rich history, evolving from classical methods for nonlinear programming to modern

techniques designed for the large-scale, structured problems common in data science. The

prox-convex algorithm developed in this chapter builds upon several key lines of research,

which we now survey to place the chapter’s contribution in context.

The core idea of iteratively minimizing a simplified model of a difficult problem has deep

roots in numerical optimization. For nonlinear least-squares,

min
x

1
2∥f(x)∥2,

the Gauss–Newton method generalizes Newton’s method [215, Section 3.3] by linearizing

the inner function to create a tractable subproblem [215, Section 10.3]. It is a classical
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workhorse for nonlinear least-squares and nonlinear regression, widely used for parameter

estimation in statistical models and inverse problems [32].

The Levenberg–Marquardt method [165, 189] (see also [215, Section 10.3]) improves

robustness by minimizing the regularized model

min
d

1
2∥f(xk) + Jkd∥2 + µk

2 ∥d∥
2

to stabilize poorly conditioned steps, a concept that was later analyzed and extended [54, 212].

In practice, Levenberg–Marquardt underlies standard nonlinear least-squares libraries such

as MINPACK and Ceres, and is widely used for curve fitting, parameter estimation, and

geometric calibration across engineering and the physical sciences [9, 205, 283].

These ideas are generalized into the powerful trust-region framework for smooth

objectives,

min
x
f(x),

which at each iteration solves

min
∥d∥≤∆k

mk(d)

and accepts or rejects by predicted/actual reduction agreement [73, 116]; early analyses

established convergence even for nonsmooth objectives [309].

In parallel, proximal methods emerged as a unifying abstraction for nonsmooth struc-

tures. The classic proximal point algorithm, introduced by Martinet [190] and developed

by Rockafellar [241], addresses

min
x
h(x)

via regularized subproblems

min
x
h(x) + 1

2t∥x− x
k∥2.

While often too expensive to apply directly, the proximal-point method serves as the concep-

tual basis for many practical splitting schemes, including Douglas–Rachford, ADMM, and

Chambolle–Pock, which form the algorithmic core of modern large-scale signal processing,

imaging, and distributed optimization methods [47, 63, 72, 98].
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This idea specializes to the influential proximal-gradient (forward–backward) method

for convex “smooth + simple” objectives,

min
x
f(x) + h(x),

with accelerated variants such as FISTA improving worst-case rates [25, 213]. Proximal-

gradient and its accelerated variants are central to modern data science, underpinning

large-scale sparse learning, such as Lasso and structured sparsity, and ℓ1-type regularized

inverse problems in imaging and compressed sensing [25, 62, 72, 75, 280]. Comprehensive

treatments and unifying perspectives appear in [24, 90, 225].

To achieve the fast local convergence rates, whether superlinear or quadratic, character-

istic of second-order methods, proximal algorithms are extended to incorporate curvature

information [163]. For additive convex composites,

min
x
f(x) + h(x),

proximal Newton (PN) at xk solves the local problem

min
d
∇f(xk)⊤d+ 1

2d
⊤Hkd+ h(xk + d),

with

Hk ≈ ∇2f(xk),

while proximal quasi-Newton (PQN) replacesHk by a curvature approximationBk. Under stan-

dard local assumptions, such as strong convexity near the solution and a Lipschitz-continuous

Hessian for PN, or Dennis–Moré-type conditions for PQN, these methods attain local quadratic

and superlinear convergence rates, respectively, mirroring smooth Newton/quasi-Newton

behavior [163].

The proximal-gradient framework has also been significantly extended to handle fully

nonsmooth nonconvex problems,

min
x
f(x) + h(x).
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A major theoretical breakthrough in the analysis of nonconvex algorithms came with the

application of the Kurdyka–Łojasiewicz (K–Ł) inequality. The work of Attouch, Bolte,

and Svaiter [18] provided a unified framework for proving convergence of a vast class of

descent methods for nonsmooth, nonconvex functions that satisfy the K–Ł property. This

framework guarantees that if an algorithm produces a sequence that satisfies a sufficient

decrease and a relative error condition, its iterates will converge to a single stationary point.

Bolte, Sabach, and Teboulle [37] provided a prime example of this framework’s power

by using it to prove the convergence of the widely used Proximal Alternating Linearized

Minimization (PALM) algorithm for block problems

min
x,y

f(x) + g(y) +H(x, y).

A complementary strategy replaces direct descent on

min
x
f(x) + h(x)

with a smooth model. Themelis, Stella, and Patrinos [279] introduced the forward–backward

envelope (FBE), an exact, strictly continuous penalty for the original problem. Performing

a line search on the FBE yields global convergence guarantees for proximal-gradient schemes;

moreover, when the search directions satisfy a Dennis–Moré condition, for example through

quasi-Newton updates, one obtains superlinear convergence to a critical point [279].

Second-order information can also be incorporated in the nonconvex regularized setting.

For fully nonconvex regularized objectives,

min
x
f(x) + h(x),

proximal quasi-Newton trust-region (PQNTR) methods minimize the trust-region model

min
∥d∥≤∆k

∇f(xk)⊤d+ 1
2d
⊤Bkd+ h(xk + d),

using predicted/actual reduction ratio tests and adaptive radii to secure global convergence

to first-order points with worst-case complexity O(ε−2) [16]. In nonsmooth regularized least
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squares,

min
x

1
2∥f(x)∥2 + h(x),

Levenberg–Marquardt ideas yield regularized subproblems

min
d

1
2∥f(xk) + Jkd∥2 + λk

2 ∥d∥
2 + h(xk + d),

which deliver robust global behavior alongside fast local progress [17].

The prox-linear (ProxDescent) algorithm extends the proximal-gradient method to the

more general composite setting

min
x
g(x) + h(C(x)),

by, at each iteration, minimizing the local linearized model

min
x
g(x) + h

(
C(xk) +∇C(xk)(x− xk)

)
+ 1

2t∥x− xk∥
2.

This approach has a long history, with foundational ideas appearing in the 1980s [50, 115, 309],

and has been the subject of intense recent study and analysis [61, 92, 167].

Prox-linear and related composite-model methods have been successfully applied to

structured nonlinear inverse problems, including robust phase retrieval and quadratic sensing

[94], robust blind deconvolution and bilinear sensing [67], and nonconvex constrained trajectory

generation via successive convexification [104, 147, 286].

A unifying viewpoint for such composite problems is provided by the Taylor-like model

framework [93], which studies algorithms driven by first-order models with two-sided quadratic

approximation error. Within this framework, a slope error bound plays a central role. Under

two-sided quadratic model error bounds, a local slope error bound for F implies a step-size

error bound, which in turn yields local linear convergence of model-based methods [91, 93, 138].

In particular, for broad classes of prox-regular functions, slope error bounds are equivalent,

up to constants, to subdifferential error bounds and to the K–Ł property with exponent 1/2;

in the convex setting, quadratic growth, slope error bounds, subdifferential error bounds,

K–Ł exponent 1/2, and step-size error bounds become equivalent notions of local regularity
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[38, 91, 93]. Thus, in practice, any one of these conditions is sufficient to obtain a step-size

error bound and hence a local linear rate.

Second-order theory for the composite problem

min
x
g(x) + h(C(x))

is also well developed. Classical local convergence theory for Newton and quasi-Newton

methods for this composite problem uses second-order epi-derivatives to establish optimality

conditions and sensitivity results [242, 243]. More recent analyses frame the problem using

generalized equations [240] and establish strong metric (sub)regularity of the associated KKT

mapping, particularly for piecewise linear convex functions [70]. The work of Burke et al.

[53] extends this framework to piecewise linear-quadratic structures, see also [15, 243], by

augmenting the generalized-equations approach with techniques from partial smoothness

[168], thereby enabling Newton-style steps with superlinear or quadratic local rates under

appropriate regularity [52, 53]. When higher-order derivatives of the smooth component are

accessible, higher-order composite methods can further sharpen oracle-complexity bounds

and have been shown to substantially reduce iteration counts in practice [86].

Relative to the prox-linear method, prox-convex explicitly accommodates an additional

smooth–convex composite term s(R(x)), thereby allowing smooth couplings of convex, and

possibly nonsmooth, features. Such terms naturally arise when signal temporal logic spec-

ifications are encoded via smooth robustness maps acting on convex predicate functions

[89, 286]. In powered descent guidance [289], implication-type specifications, that is, state-

triggered constraints, give rise to objectives and constraints of the form s(R(x)). Likewise,

eventual satisfaction requirements for convex range, field-of-view, and direction constraints

in perception-aware motion planning for quadrotor flight are modeled through the same

smooth–convex composite structure [290]. These are precisely the kinds of structures that

arise once the modeling machinery of Chapter 3 is combined with the finite-dimensional

transcription and exact-penalty backbone of Chapter 2.

Such structures have also been studied by Ochs et al. in a line of work on nonconvex,
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nonsmooth optimization [216, 217]. In [216], they propose iteratively reweighted majorization–

minimization schemes for problems of the form

F1(x) + F2(G(x)),

with convex F1, coordinatewise convex G, and nonconvex but coordinatewise nondecreasing

F2. A key contribution is the design of convex majorizers for popular nonconvex penalties,

leading to convex subproblems. This framework is flexible within those classes, but it relies on

constructing explicit convex models for F2, which becomes difficult outside the specific penalty

families treated there. Moreover, the composite structure F2 ◦G must still be amenable to

efficient convex solvers.

In follow-up work, Ochs et al. [217] propose a unifying Bregman-proximal line-search

framework: at each iteration, a convex model together with a Bregman distance generates a

trial point, and an Armijo-type condition on the true objective enforces descent. This abstract

scheme covers, among other cases, composite objectives F2 ◦G with smooth, coordinatewise

nondecreasing outer functions F2 and convex G, while more general smooth but sign-indefinite

F2 are not treated in detail. Their analysis, based on the K–Ł property, unifies a broad class

of algorithms and guarantees convergence to critical points under standard assumptions. The

price of this generality is a mainly asymptotic theory, without explicit iteration-complexity

bounds or quantitative links between model decrease, inexact model solves, and ε-stationarity.

Main contributions of this chapter. This chapter develops prox-convex, an extension of

the prox-linear method to

F (x) = g(x) + h(C(x)) + s(R(x)),

that linearizes only the smooth maps C and s while preserving the convex structure in g, h, and

in the convex inner map R. Compared with fully linearizing s ◦R, this structure-preserving

design is especially effective when R is highly curved, ill-conditioned, or nonsmooth: the local

model is tighter, accepted steps tend to be larger, the required proximal regularization is

milder, and progress per solve improves.
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Adaptive globalization. At iterate xk, prox-convex minimizes a convex model plus a quadratic

term 1
2∥x− xk∥

2
Qk

with

Qk = µkI +H+
k ≻ 0.

The scalar proximal weight µk is chosen by a predicted/actual reduction ratio test that

balances model error bounds and step length, yielding monotone decrease on accepted steps

while avoiding both instability and overly conservative progress [52, 73].

Second-order injection. When available, the algorithm injects curvature via H+
k ⪰ 0 using C2

components of C and s, which tightens the model, improves conditioning, and accelerates

local convergence [51].

Theory backbone and guarantees.

1. Subdifferential regularity: under the monotone-or-smooth condition, F is regular so

∂̂F = ∂F and stationarity is unambiguous [71, 243].

2. Convergence and complexity with an adaptive proximal metric: under mild Lipschitz/s-

moothness constants, a spectral threshold ensures acceptance, only finitely many rejec-

tions can occur, and the proximal metrics remain uniformly conditioned; accepted steps

yield sufficient decrease and an O(ε−2) bound, in accepted steps, to drive ∥GQk
(xk)∥ ≤ ε.

3. Linear convergence from error bounds: building on the error-bound analysis of the

prox-linear method with a fixed scalar proximal weight [91], the theory is extended in

three directions: matrix-valued, iteration-dependent proximal metrics Qk; asymmetric

quadratic model-error bounds; and corresponding matrix-valued gradient inequalities

for the metric prox-gradient. Under a metric step-size error bound, this yields local

Q-linear convergence of the function values for prox-convex; in the special case of a

fixed scalar metric Qk = t−1I and symmetric model error, the resulting rate constant

reduces to that of the prox-linear algorithm.

4. Taylor-like framework and stationarity: combining quadratic model-error bounds with

boundedness, asymptotic regularity ∥xk+1 − xk∥ → 0, and the Taylor-like model

framework [93], every cluster point of the accepted iterates is limiting stationary. Under
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the regularity conditions above, this further implies Fréchet stationarity. The same

framework also covers inexact subproblem solves and provides a model-decrease stopping

rule.

Numerical validation and implementation. Numerical experiments on representative examples

illustrate the practical benefits of preserving convex inner structure, including tighter local

models, faster convergence, improved robustness to initialization and proximal-weight selection,

and markedly better scaling on ill-conditioned problems. The implementation is available at

https://github.com/UW-ACL/prox-convex.

The remainder of this chapter is organized as follows. Section 4.2 presents the prox-

convex method, including the structural assumptions, the structure-preserving convex local

model, the update rule, and the adaptive proximal metric with optional curvature injection.

Section 4.3 develops the theoretical analysis, including subdifferential regularity, global descent,

complexity, and local linear convergence guarantees. Finally, Section 4.4 presents numerical

examples illustrating model quality, convergence behavior, robustness to initialization and

proximal-weight selection, and the practical benefits of preserving convex inner structure.

Supplementary technical results supporting several model-comparison and Hessian-augmented

bounds are collected at the end of the chapter.

4.2 The prox-convex method

This section presents the prox-convex method. After collecting the standing assumptions,

we define the convex local subproblem solved at each iteration and then describe an adaptive

variable-metric choice Qk ≻ 0, with optional curvature injection to improve conditioning and

local progress.

4.2.1 Assumptions

We begin by stating a structural condition that rules out “concave-through-a-kink” patholo-

gies, for example x 7→ −∥x∥1, and ensures regularity.

https://github.com/UW-ACL/prox-convex
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Informally, for each coordinate i, we require that either the outer map s is locally

nondecreasing in the i-th direction, or the inner map ri is smooth near the point of interest.

Assumption 4.2 (Monotone-or-smooth per coordinate). For each x̄ ∈ domF , there exists a

neighborhood W of R(x̄) such that, for every index i ∈ {1, . . . , n}, the following holds: if ri is

not C1 on any neighborhood of x̄, then

∇is(z) ≥ 0 for all z ∈ W.

In particular, whenever

∇is(R(x̄)) < 0,

Assumption 4.2 guarantees that ri is C1 near x̄, so ∇ri(x̄) is well defined and can be used to

build the convex model on coordinates where

∇is(R(x̄)) < 0.

We next record mild Lipschitz and smoothness conditions on the constituent mappings,

which will be used to control model errors, descent estimates, and conditioning of the proximal

metric in the theoretical analysis.

Assumption 4.3 (Standing assumptions). Let x0 ∈ domF be the starting point and define

the initial level set

X0 := {x ∈ domF : F (x) ≤ F (x0)}.

Assume X0 is nonempty and compact. Moreover, assume:

• h : Rd → R is convex and Lh-Lipschitz;

• C : Rm → Rd is C1 with βC-Lipschitz Jacobian;

• s : Rn → R is C1 with βs-Lipschitz Jacobian;

• each ri : Rm → R is convex and Lri
-Lipschitz, so that R : Rm → Rn is LR-Lipschitz

with respect to ∥ · ∥2, where

LR := ∥(Lr1 , . . . , Lrn)∥2.
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If there exists a point x ∈ X0 and an index i such that

∇is(R(x)) < 0,

then preserving convexity of the local model may require linearizing the corresponding compo-

nent ri at such points. Therefore, we additionally assume:

•

∥∇s(y)∥ ≤ Ls for all y ∈ {R(x) : F (x) ≤ F (x0)};

• any component ri that is ever linearized on the level set X0 is C1 with a βri
-Lipschitz

gradient. Let I− denote the set of all such indices, and define

βR :=
( ∑
i∈I−

β2
ri

)1/2

.

4.2.2 Convex local model and prox-convex update

Given an iterate xk, we construct a convex model of (4.1) by: (i) linearizing the smooth

inner map C inside the convex function h, as in classical convex-composite modeling, and (ii)

linearizing s while treating each convex coordinate map ri according to the sign of ∇is(R(xk))

so that convexity is preserved.

We define the convex model of (4.1) at iteration k by

F (x; xk) = g(x) + h
(
C(xk) +∇C(xk)(x− xk)

)
+ s

(
R(xk)

)
+

n∑
i=1
∇is

(
R(xk)

)
Φi(x; xk),

where

Φi(x; xk) =


ri(x)− ri(xk), if ∇is(R(xk)) ≥ 0,

⟨∇ri(xk), (x− xk)⟩, if ∇is(R(xk)) < 0.

We denote the set of linearized channels at xk by

I−k :=
{
i ∈ {1, . . . , n} : ∇is(R(xk)) < 0

}
.
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Remark 4.4. If ∇is(R(xk)) ≥ 0, then the contribution

x 7→ ∇is(R(xk))
(
ri(x)− ri(xk)

)
is convex, since it is a nonnegative scalar times a convex function, so we keep the convex

structure intact in the subproblem.

If ∇is(R(xk)) < 0, then

x 7→ ∇is(R(xk))
(
ri(x)− ri(xk)

)
is concave. To preserve convexity of the model, we replace this concave term by its affine

first-order expansion

x 7→ ∇is(R(xk)) ⟨∇ri(xk), (x− xk)⟩,

which is a global convex majorant of that concave channel. Thus, x 7→ F (x;xk) is convex.

Next, we define the proximal model at iteration k as

FQk
(x; xk) = F (x;xk) + 1

2∥x− xk∥
2
Qk
,

where Qk = µkI +H+
k . Here Qk is a positive definite matrix that may vary across iterations.

Each Qk combines a scalar proximal weight µk > 0 with a curvature approximation H+
k ⪰ 0

that captures local second-order information. Since F (·;xk) is convex and Qk ≻ 0, the

function

x 7→ FQk
(x; xk)

is λmin(Qk)-strongly convex.

The prox-convex update at xk is the unique minimizer of the strongly convex model

FQk
(x; xk):

xk+1 = arg min
x
FQk

(x; xk).

This subproblem can be solved efficiently either by interior-point methods [150, 199, 214]

or by first-order primal-dual schemes [47, 63, 308], depending on the structure of g and the ri.
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Remark 4.5 (Choosing inner vs. outer linearization). For composite functions, when one

mapping is convex and both mappings are C1, linearizing only the nonconvex component while

keeping the convex component intact yields a convex subproblem; under stronger smoothness

and Lipschitz assumptions, Proposition 4.22 shows that this single-component linearization is

uniformly tighter than linearizing both components.

When both mappings are convex and C1, a practical guideline is to keep the more curved

component exact and linearize the less curved one. Even in the special case where the outer

mapping is nondecreasing, so that the composite is convex, see [42, (3.10)], a linearized

formulation may still be preferable for compatibility with standard convex solvers.

4.2.3 Adaptive proximal metric

This subsection specifies the proximal metric Qk ≻ 0. We describe a practical construction

that combines a scalar damping term with optional curvature information, and we show how

to adapt the scalar weight online using predicted-versus-actual decrease.

Construction of the Hessian Approximation

When C or s are twice continuously differentiable, one can construct H+
k from their

Hessians to enhance curvature adaptation. If such Hessian information is unavailable or

computationally intractable, H+
k can be safely set to zero.

Curvature for h(C(x)) (inner-only). Since h is kept exact in the subproblem, we do

not include any outer curvature. When C is C2 and tractable, we add the inner curvature

weighted by a subgradient of h:

HC,k :=
d∑
j=1

yj∇2Cj(xk), y ∈ ∂h
(
C(xk)

)
.

If h is smooth, we take

y = ∇h(C(xk)).

If C is not C2 or Hessians are intractable, we set HC,k = 0.
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Curvature for s(R(x)) (outer pullback + inner compensation on linearized chan-

nels). When s is C2, we include the outer pullback. When, in addition, a linearized channel

i ∈ I−k has ri ∈ C2 and a tractable Hessian, we also include its inner curvature, which is

negative semidefinite once weighted by the negative outer component:

Hs,k := GR(xk)⊤∇2s(R(xk))GR(xk)︸ ︷︷ ︸
outer pullback (if s ∈ C2)

+
∑
i∈I−

k

[
∇s(R(xk))

]
i
∇2ri(xk)

︸ ︷︷ ︸
inner compensation on linearized channels (if ri ∈ C2)

.

Here

GR(xk) :=


g⊤1,k

...
g⊤n,k

 , gi,k ∈ ∂ri(xk).

When each ri is smooth,

gi,k = ∇ri(xk) and GR(xk) = JR(xk).

For nonsmooth ri, the stacked subgradients form an affine first-order model of R(x). For

channels with

[∇s(R(xk))]i ≥ 0,

we keep ri exact in the subproblem and therefore do not add its positive curvature. If s is

not C2 or the required Hessians are unavailable, we set Hs,k = 0.

Final metric and bounds. We assemble the curvature as

H+
k := ΠS+

(
HC,k + Hs,k

)
, Qk = µkI +H+

k ,

where ΠS+ denotes the projection onto the positive semidefinite cone.

Remark 4.6 (Justification of the Hessian construction). Under the local second-order smooth-

ness conditions assumed for the Hessian-based model, in particular bounded or Lipschitz

Hessians, see Assumption 4.23, the unprojected Hessian model is locally third-order accu-

rate. After PSD projection, the only second-order discrepancy is the nonpositive quadratic

“projection gap”, while the remaining error terms are third order or higher, see Corollary 4.26.
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Adaptive scalar proximal weight

The local error bounds of each model are governed by two varying quantities, namely the

outer and inner curvatures of the composite function, so any static proximal weight inevitably

becomes either unstable, when too small in highly curved regions, or overly conservative,

when too large in flat regions. Our adaptive prox-convex scheme therefore tunes the proximal

metric

Qk = µkI +H+
k

from iteration to iteration using the agreement between predicted and actual decrease: when

the model is accurate, we decrease the scalar proximal weight µk to take bolder steps; when

it is not, we increase µk to restore reliability, implicitly tracking the unknown local constants

without ever computing them.

Whenever C or s is C2 and Hessian evaluation is tractable, we enrich Qk with PSD

curvature blocks H+
k ⪰ 0, which tighten the model, improve conditioning, and sharpen the

local decrease rates. Otherwise, we fall back to first-order damping while preserving Qk ≻ 0.

This combination yields robust step acceptance with larger effective steps in benign regions

and safe contraction near strong inner curvature, translating into faster and more reliable

convergence in practice.

The trust-region idea dates back to the 1970s [229] and is classically used to update the

radius [73, Ch. 6]; analogous ideas update scalar proximal weights [61]. Here we adopt an

adaptive scheme that scales the proximal metric in the quadratic term rather than a scalar

alone. The resulting adaptive prox-convex algorithm is presented in Algorithm 1.

4.3 Theoretical Analysis

This section establishes global convergence and complexity guarantees for prox-convex.

We proceed as follows:

1. We first prove subdifferential regularity

∂̂F (x̄) = ∂F (x̄)
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Algorithm 1 Adaptive prox-convex with proximal metric update
1: Input x0, µ0 > 0, µmin > 0, thresholds 0 < α1 < α2 < 1, factors νinc > 1 > νdec > 0

2: for k = 0, 1, 2, . . . do

3: Build H+
k ⪰ 0;

4: repeat ▷ inner loop (retries on rejection)

5: Set Qk ← µkI +H+
k ;

6: x+
k = arg minx

{
F (x; xk) + 1

2∥x− xk∥
2
Qk

}
;

7: Predk = F (xk)− FQk
(x+

k ; xk); Actk = F (xk)− F (x+
k ) ▷ predicted and actual

decreases

8: if Predk = 0 or ∥Qk(xk − x+
k )∥ ≤ ϵterm then ▷ termination criteria

9: return xk

10: end if

11: ρk = Actk/Predk ▷ acceptance ratio

12: if ρk < α1 then ▷ poor agreement

13: µk ← νincµk

14: end if

15: until ρk ≥ α1 ▷ acceptance criteria

16: xk+1 ← x+
k

17: if ρk > α2 then ▷ excellent agreement

18: µk+1 ← max{µmin, νdecµk}

19: else ▷ moderate agreement

20: µk+1 ← µk

21: end if

22: end for
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in Theorem 4.7, under the monotone-or-smooth condition of Assumption 4.2.

2. For the actual prox-convex model, we derive two-sided quadratic error bounds with

LU := LhβC + L2
Rβs, LL := LU + LsβR,

in Lemma 4.8.

3. We analyze the acceptance mechanism: a simple spectral threshold guarantees accep-

tance (Lemma 4.10); at most finitely many consecutive rejections occur (Lemma 4.11);

and the adaptive proximal metrics Qk enjoy uniform spectral bounds (Lemma 4.12).

4. As a consequence, accepted steps achieve a sufficient decrease and an O(ε−2) bound, in

accepted steps, for reducing the norm of the metric prox-gradient ∥GQk
(xk)∥ below ε

(Theorem 4.13).

5. We then establish linear convergence under local error bounds: extending the error-

bound analysis of the prox-linear method with a fixed scalar proximal term in [91] to

our iteration-dependent matrix metric Qk and asymmetric two-sided model constants

(LL, LU), we derive matrix-valued gradient inequalities for the metric prox-gradient

and show that a metric step-size error bound implies local Q-linear decay of function

values (Theorem 4.18); in the fixed-metric scalar case Qk = t−1I with symmetric model

constants, the resulting rate constant reduces to that of the prox-linear algorithm

(Remark 4.19).

6. Finally, combining our quadratic model error bounds with sufficient decrease, hence

asymptotic regularity ∥xk+1 − xk∥ → 0, and boundedness of the accepted iterates, and

invoking the Taylor-like model framework of Drusvyatskiy–Ioffe–Lewis [93], we prove

that every cluster point of the accepted iterates is limiting-stationary (Theorem 4.20).

Under the regularity conditions of Theorem 4.7, this further implies Fréchet stationarity.

The same framework also justifies a model-decrease termination rule and robustness to

inexact subproblem solves.
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4.3.1 Subdifferential Regularity

We begin by ensuring that the various subdifferential notions agree at the points of

interest, so that “stationarity” can be stated unambiguously for limit points of the iterates.

For a proper, lower semicontinuous function F , one typically distinguishes the Fréchet

(regular) subdifferential ∂̂F , the limiting (Mordukhovich) subdifferential ∂F , and, for locally

Lipschitz F , the Clarke subdifferential ∂◦F [71, 243]. These coincide for smooth or convex

functions, but in the nonsmooth, nonconvex setting the inclusions

∂̂F (x̄) ⊂ ∂F (x̄) ⊂ ∂◦F (x̄)

may be strict.

A simple example is F (x) = −∥x∥1 at x = 0, where ∂̂F (0) = ∅ ∂F (0) = {−1, 1} in one

dimension, or the set of sign vectors in higher dimensions, and ∂◦F (0) = [−1, 1].

The following result shows that, under our monotone-or-smooth condition, F is subdiffer-

entially regular at x̄, so that

∂̂F (x̄) = ∂F (x̄).

In particular, all standard first-order stationarity conditions agree at x̄.

Theorem 4.7 (Subdifferential regularity). Suppose Assumption 4.2 holds at x̄. Let W be the

corresponding neighborhood of R(x̄) and define

Ix̄ :=
{
i ∈ {1, . . . , n} : ∇is(z) ≥ 0 for all z ∈ W

}
,

so that for every i /∈ Ix̄, the channel ri is C1 on a neighborhood of x̄.

Then F is subdifferentially regular at x̄; in particular, its Fréchet and limiting subdifferen-

tials coincide:

∂̂F (x̄) = ∂F (x̄).

Moreover,

∂F (x̄) = ∂g(x̄) +∇C(x̄)⊤ ∂h(C(x̄)) +
∑
i∈Ix̄

∇is(R(x̄)) ∂ri(x̄) +
∑
i/∈Ix̄

∇is(R(x̄))∇ri(x̄),

where the sums are Minkowski sums.
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Proof. By convex analysis, g is regular with

∂̂g(x̄) = ∂g(x̄).

Since h is convex and C is C1, the basic chain rule in [243, Thm. 10.6] yields

∂̂(h(C(x̄))) = ∂(h(C(x̄))) = ∇C(x̄)⊤ ∂h(C(x̄)).

Since s is C1, it is regular at R(x̄) and

∂s(R(x̄)) = {∇s(R(x̄))}.

Moreover, each ri is convex finite, hence R is locally Lipschitz (strictly continuous) near x̄.

Thus the equality case of the extended chain rule [243, Thm. 10.49] applies provided y⊤R

is regular for y = ∇s(R(x̄)). By Assumption 4.2, for each i, either yi ≥ 0, so yiri is convex

and therefore regular, or ri is C1 near x̄, so yiri is smooth and therefore regular. Hence y⊤R

is regular and

∂(s(R(x̄))) = D⋆R(x̄)
[
∂s(R(x̄))

]
=
∑
i∈Ix̄

∇is(R(x̄)) ∂ri(x̄) +
∑
i/∈Ix̄

∇is(R(x̄))∇ri(x̄),

where D⋆R(x̄) denotes the limiting coderivative of the mapping R at x̄. Therefore, s ◦R is

regular at x̄.

Finally, h ◦ C and s ◦R are locally Lipschitz, hence

∂∞(h ◦ C)(x̄) = ∂∞(s ◦R)(x̄) = {0},

so the horizon qualification in [243, Cor. 10.9] is automatic. Since g, h ◦ C, and s ◦ R are

regular at x̄, the addition rule yields

∂F (x̄) = ∂g(x̄) + ∂(h(C(x̄))) + ∂(s(R(x̄))),

and F is regular at x̄, i.e.,

∂̂F (x̄) = ∂F (x̄).

■
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4.3.2 Global descent and complexity bound

We show that the prox-convex model satisfies explicit two-sided quadratic approximation

bounds, and therefore fits the Taylor-like model framework.

Lemma 4.8 (Quadratic Model Error). For all x, the model error is bounded by

−LL2 ∥x− xk∥
2 ≤ F (x)− F (x; xk) ≤

LU
2 ∥x− xk∥

2,

where

LL := LU + LsβR, LU := LhβC + L2
Rβs.

Proof. The proof strategy is to decompose the error F (x) − F (x;xk) into its two main

composite parts and then establish both an upper and a lower bound for each component.

Let dx := x− xk. By construction, the terms involving g(x) cancel, leaving

F (x)− F (x; xk) =
[
h(C(x))− h

(
C(xk) +∇C(xk)dx

)]
︸ ︷︷ ︸

Term (I): Error from h◦C

+
[
s(R(x))− s(R(xk))−∇s(R(xk))⊤Φ(x; xk)

]
︸ ︷︷ ︸

Term (II): Error from s◦R

.

Bounding Term (I). This term represents the error from linearizing the inner map C. Let

∆C := C(x)− C(xk)−∇C(xk)dx.

Since ∇C is βC-Lipschitz, we have

∥∆C∥ ≤
βC
2 ∥dx∥

2.

The Lh-Lipschitz continuity of h then provides the symmetric quadratic bound

−LhβC2 ∥dx∥2 ≤ (I) ≤ LhβC
2 ∥dx∥2.
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Bounding Term (II). This term represents the error from the prox-convex approximation

of the composition s ◦R. Let

∆R := R(x)−R(xk).

We rewrite Term (II) as

(II) =
[
s(R(x))− s(R(xk))−∇s(R(xk))⊤∆R

]
︸ ︷︷ ︸

Smoothness Error

+∇s(R(xk))⊤(∆R − Φ(x; xk))︸ ︷︷ ︸
Model Design Error

.

The standard inequality for the βs-smooth function s bounds the Smoothness Error.

Furthermore, by construction of our model, the Model Design Error is always nonpositive.

For each component i,

ri(x)− ri(xk)− Φi(x; xk) =


0, if ∇is

(
R(xk)

)
≥ 0,

ri(x)− ri(xk)− ⟨∇ri(xk), dx⟩, otherwise.

By convexity of ri,

ri(x)− ri(xk)− ⟨∇ri(xk), dx⟩ ≥ 0.

This implies

∇s(R(xk))⊤(∆R − Φ(x; xk)) =
n∑
i=1
∇is

(
R(xk)

)(
ri(x)− ri(xk)− Φi(x; xk)

)
≤ 0.

This immediately gives the upper bound

(II) ≤ βs
2 ∥∆R∥2 + 0 ≤ βsL

2
R

2 ∥dx∥2.

For the lower bound, we use the other side of the smoothness inequality together with

Cauchy–Schwarz:

(II) ≥ −βs2 ∥∆R∥2 − ∥∇s(R(xk))∥ ∥∆R − Φ(x; xk)∥.

The error vector ∆R − Φ has nonzero components only if ∇is
(
R(xk)

)
< 0. For these

components, our additional assumption provides the bound

|ri(x)− ri(xk)− ⟨∇ri(xk), dx⟩| ≤
βri

2 ∥dx∥
2.
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Therefore,

∥∆R − Φ∥ ≤ βR
2 ∥dx∥

2.

Substituting this into the lower bound for Term (II), and using

∥∇s(R(xk))∥ ≤ Ls, ∥∆R∥ ≤ LR∥dx∥,

we obtain

(II) ≥ −βsL
2
R

2 ∥dx∥2 − LsβR
2 ∥dx∥2.

Adding the bounds for (I) and (II) gives

−LL2 ∥dx∥
2 ≤ F (x)− F (x; xk) ≤

LU
2 ∥dx∥

2,

where

LL := LU + LsβR, LU := LhβC + L2
Rβs.

■

Remark 4.9 (Model constants). As will be shown, LU controls how large Qk must be to

ensure acceptance, and hence directly governs the effective step size, whereas LL is needed to

translate model progress into stationarity guarantees and to establish the linear convergence

rate.

Key points.

1. We linearize a channel ri only when the outer directional influence is negative, so the

contribution is locally concave; the affine term is a global majorant and preserves

convexity.

2. Curvature of such linearized inner channels enters only through an additive term in LL,

via the design-error bound, and does not affect LU ; hence step-size selection depends

solely on LU .

3. If no channel is linearized, that is, I− = ∅, then the bound is symmetric and LL = LU .

We connect model error bounds to the predicted/actual reduction ratio test, proving that

a minimal amount of proximal metric guarantees acceptance.
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Lemma 4.10 (Sufficient condition for step acceptance). Let Qk ≻ 0 and write σk := λmin(Qk).

If

σk ≥
LU

2− α1
,

then the trial point x+
k is accepted, i.e.,

ρk := Actk/Predk ≥ α1.

Proof. By strong convexity of x 7→ FQk
(x; xk) and optimality of x+

k ,

F (xk) = FQk
(xk; xk) ≥ FQk

(x+
k ; xk) + 1

2∥x
+
k − xk∥2

Qk
,

and therefore

Predk := F (xk)− FQk
(x+

k ; xk) ≥ 1
2∥x

+
k − xk∥2

Qk
. (4.2)

Moreover, by expanding FQk
at x+

k ,

Predk = F (xk)− F (x+
k ; xk)− 1

2∥x
+
k − xk∥2

Qk
,

hence

F (xk)− F (x+
k ; xk) = Predk + 1

2∥x
+
k − xk∥2

Qk
.

By the upper bound in Lemma 4.8 at x = x+
k ,

Actk := F (xk)− F (x+
k ) ≥ F (xk)− F (x+

k ; xk)− LU

2 ∥x
+
k − xk∥2

and therefore

Actk ≥ Predk + 1
2∥x

+
k − xk∥2

Qk
− LU

2 ∥x
+
k − xk∥2.

If x+
k − xk = 0, then

Actk = Predk = 0,

and the trial point is accepted trivially. Assume instead that x+
k − xk ̸= 0. Dividing by

Predk > 0 yields

ρk = Actk
Predk

≥ 1 +
1
2∥x

+
k − xk∥2

Qk
− LU

2 ∥x
+
k − xk∥2

Predk
.
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If
1
2∥x

+
k − xk∥2

Qk
− LU

2 ∥x
+
k − xk∥2 ≥ 0,

then ρk ≥ 1, and hence ρk ≥ α1 since α1 < 1.

Otherwise,
1
2∥x

+
k − xk∥2

Qk
− LU

2 ∥x
+
k − xk∥2 < 0,

and using the lower bound (4.2) gives

ρk ≥ 1 +
1
2∥x

+
k − xk∥2

Qk
− LU

2 ∥x
+
k − xk∥2

1
2∥x

+
k − xk∥2

Qk

= 2− LU
∥x+

k − xk∥2

∥x+
k − xk∥2

Qk

.

Finally,

∥x+
k − xk∥2

Qk
≥ σk∥x+

k − xk∥2

implies

ρk ≥ 2− LU
σk
≥ α1 whenever σk ≥

LU
2− α1

.

■

Thus, once the trial curvature exceeds the model smoothness threshold LU , discounted by

the acceptance ratio 2− α1, the predicted/actual reduction ratio test always passes.

We next bound the number of consecutive rejections via geometric growth of the scalar

proximal weight, thereby ensuring progress of the inner loop.

Lemma 4.11 (Finite rejections). Assume the setting of Lemma 4.10. Let Qk = µkI +H+
k

with H+
k ⪰ 0 fixed within the inner loop, and update µk ← νincµk on each rejection, with

νinc > 1. Writing

ψ := LU
2− α1

,

after at most

Nk ≤
⌈

log
(
ψ/µk

)/
log(νinc)

⌉
+

rejections we have

λmin(Qk) ≥ ψ,

so the step is accepted. In particular, if µk ≥ ψ, then Nk = 0. Here ⌈·⌉+ := max{0, ⌈·⌉}.
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Proof. Within the inner loop the curvature block H+
k is fixed and only the scalar µ is updated.

After j consecutive rejections,

Q(j) = µ(j)I +H+
k , µ(j) = ν jinc µk.

Since H+
k ⪰ 0,

λmin
(
Q(j)

)
≥ µ(j).

By Lemma 4.10, acceptance is guaranteed once

λmin(Q(j)) ≥ ψ,

which is implied by µ(j) ≥ ψ. Using µ(j) = ν jincµk gives

j ≥ log(ψ/µk)
log(νinc)

.

Taking the smallest integer j satisfying the inequality and clipping at 0 yields the claim. If

µk ≥ ψ, then Nk = 0 and the first trial is accepted. ■

We next show that the adaptive proximal metrics remain uniformly well-conditioned,

which is crucial for descent and complexity.

Lemma 4.12 (Uniform spectral bounds for Qk). Run Algorithm 1 with

0 < α1 < α2 < 1, νinc > 1, νdec ∈ (0, 1), µmin > 0.

Let

Qk = µkI +H+
k

where H+
k is constructed as in Section 4.2.3. Then there exist constants

0 < q ≤ q <∞

independent of k, such that

q I ⪯ Qk ⪯ q I (∀k), (4.3)
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with

q := min{µ0, µmin}, q := max
{
µ0,

νincLU
2− α1

}
+ h,

and the curvature cap

h := βCLh + βsL
2
R + Ls βR .

Proof. Step 1 (Spectral bound for H+
k ). Because the projection ΠS+ is nonexpansive,

∥H+
k ∥ ≤ ∥HC,k +Hs,k∥.

Assumption 4.3 and standard Lipschitz–Hessian bounds yield∥∥∥∥∑
j

yj∇2Cj(xk)
∥∥∥∥ ≤ βC ∥y∥2 ≤ βC Lh,

and ∥∥∥GR(xk)⊤∇2s(R(xk))GR(xk)
∥∥∥ ≤ βs L

2
R.

If each linearized channel

i ∈ I−k ⊆ I−

satisfies

ri ∈ C1 with ∥∇2ri(x)∥ ≤ βri
,

then using

∥∇s(R(xk))∥ ≤ Ls,

we have ∥∥∥∥∥∥
∑
i∈I−

k

[
∇s(R(xk))

]
i
∇2ri(xk)

∥∥∥∥∥∥ ≤ ∥∇s(R(xk))∥ βR ≤ Ls βR.

Therefore,

0 ≤ λmin(H+
k ) ≤ λmax(H+

k ) ≤ h := βCLh + βsL
2
R + LsβR.

Step 2 (Lower spectral bound for Qk). By the update rules in Algorithm 1,

µk+1 =



νincµk, if rejected,

max{µmin, νdecµk}, if accepted with excellent agreement,

µk, if accepted with moderate agreement,
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so by induction

µk ≥ min{µ0, µmin} for all k.

Since H+
k ⪰ 0, we have

λmin(Qk) ≥ µk ≥ q,

hence

q I ⪯ Qk.

Step 3 (Upper spectral bound for Qk). Let

ψ := LU
2− α1

.

By Lemma 4.11, within any inner loop the step is accepted once µ ≥ ψ, and during rejections

we only multiply µ by νinc. Therefore the scalar at acceptance obeys

µacc ≤ νincψ = νincLU
2− α1

,

and during that inner loop µ never exceeds this cap. Across outer iterations, acceptance

either keeps or shrinks µ, hence

µk ≤ max
{
µ0,

νincLU
2− α1

}
(∀k).

Finally,

λmax(Qk) ≤ µk + λmax(H+
k ) ≤ max

{
µ0,

νincLU
2− α1

}
+ h =: q.

Thus Qk ⪯ q I, completing (4.3). ■

With acceptance and conditioning in place, we derive a per-step decrease and a global

O(ε−2) bound in accepted steps. Throughout, let S ⊂ N denote the set of accepted indices

produced by Algorithm 1, and write

∆F := F (x0)− inf F <∞.
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Theorem 4.13 (Global descent and O(ε−2) complexity on accepted steps). Let F be bounded

below and let {xk}k∈S be the accepted iterates of Algorithm 1 with ratio threshold α1 ∈ (0, 1)

and metrics Qk satisfying Lemma 4.12. Then for every k ∈ S,

F (xk)− F (xk+1) ≥
α1

2 ∥xk+1 − xk∥2
Qk
≥

α1 q

2 ∥xk+1 − xk∥2. (4.4)

Consequently, ∑
k∈S
∥xk+1 − xk∥2

Qk
<∞,

hence

∥xk+1 − xk∥Qk
→ 0.

By Lemma 4.12,

∥GQk
(xk)∥ = ∥Qk(xk − xk+1)∥ ≤ q ∥xk+1 − xk∥ ≤

q
√
q
∥xk+1 − xk∥Qk

→ 0

along S.

Moreover, with ∆F := F (x0)− inf F and for the first N accepted indices SN ,

1
N

∑
k∈SN

∥GQk
(xk)∥2 ≤ 2 q∆F

α1 N
, min

k∈SN

∥GQk
(xk)∥ ≤

√
2 q∆F

α1 N
. (4.5)

Hence N = O(ε−2) accepted steps suffice to reach

min
k∈SN

∥GQk
(xk)∥ ≤ ε.

Proof. For accepted k,

Actk ≥ α1 Predk.

Strong convexity of x 7→ FQk
(x; xk) and optimality of xk+1 give

Predk ≥ 1
2∥xk+1 − xk∥2

Qk
,

yielding the first inequality in (4.4); the second follows from Qk ⪰ qI.

Summing over accepted indices and using inf F > −∞ gives

∑
k∈S
∥xk+1 − xk∥2

Qk
<∞.
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For (4.5), note that Q−1
k ⪰ q−1I, so

F (xk)− F (xk+1) ≥
α1

2 ∥GQk
(xk)∥2

Q−1
k
≥ α1

2q ∥GQk
(xk)∥2.

Summing over SN , dividing by N , and using min ≤ average gives the claim. ■

Remark 4.14 (Effect of rejections). If at most jmax consecutive rejections occur between

accepted steps, cf. Lemma 4.11, then at most

(1 + jmax)N

subproblem solves are needed to obtain N accepted steps. Thus, the overall evaluation

complexity remains O(ε−2) up to a constant factor.

Remark 4.15 (Unconditional decrease without the ratio test). Combining the same inequalities

used in the proof of Lemma 4.10 yields

F (xk)− F (xk+1) ≥ 1
2

(
2− LU

σk

)
∥xk+1 − xk∥2

Qk
, σk := λmin(Qk).

Thus, whenever

σk >
1
2LU ,

we have descent even without invoking the ratio test.

4.3.3 Linear rate of convergence

Conceptually, this subsection mirrors the prox-linear analysis with a fixed scalar proximal

weight in [91], but in a more general setting: our prox-convex scheme uses an iteration-

dependent matrix metric Qk and relies on the asymmetric two-sided model bounds of

Lemma 4.8, with distinct constants LU and LL rather than a single symmetric constant.

We first derive matrix-valued gradient inequalities for the metric prox-gradient GQk
, a

matrix analogue of [91, Lem. 5.1]. Combined with a metric step-size error bound in the sense

of [91, Def. 5.4], these estimates yield local Q-linear convergence of function values following

the template of [91, Thm. 5.5]. In the fixed-metric scalar case

Qk = t−1I and LL = LU ,
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the resulting rate constant reduces to that of the prox-linear algorithm.

Lemma 4.16 (Gradient inequality for prox-convex). Let

xk+1 = arg min
x

{
F (x; xk) + 1

2∥x− xk∥
2
Qk

}

and define the metric prox-gradient mapping

GQk
(xk) := Qk(xk − xk+1), Q−1

k GQk
(xk) = xk − xk+1.

Then for all y ∈ Rm, the following hold.

F (y; xk) ≥ FQk
(xk+1; xk) + ⟨GQk

(xk), y − xk⟩+ 1
2⟨Q

−1
k GQk

(xk), GQk
(xk)⟩. (4.6)

If Lemma 4.8 holds with constants LU , LL and σk := λmin(Qk), then

F (y) ≥ F (xk+1)+⟨GQk
(xk), y−xk⟩+

(
1− LU

2σk

)
⟨Q−1

k GQk
(xk), GQk

(xk)⟩− LL

2 ∥y−xk∥
2. (4.7)

In particular, setting y = xk gives the sufficient decrease estimate

F (xk)− F (xk+1) ≥
(

1− LU

2σk

)
⟨Q−1

k GQk
(xk), GQk

(xk)⟩ = 1
2

(
2− LU

σk

)
∥xk+1 − xk∥2

Qk
. (4.8)

When Qk = t−1I and LL = LU = L, the symmetric-error-bounds case of [91], (4.7) reduces

to

F (y) ≥ F (xk+1) + ⟨Gt−1(xk), y − xk⟩+ t
2(2− Lt) ∥Gt−1(xk)∥2 − L

2 ∥y − xk∥
2,

which matches [91, Lem. 5.1] in the scalar-stepsize case.

Proof. For brevity let dk := xk+1 − xk and

GQk
:= GQk

(xk) = Qk(xk − xk+1) = −Qkdk.

Consider the strongly convex function FQk
(x;xk). Since xk+1 is its unique minimizer, for

all y,

FQk
(y; xk) ≥ FQk

(xk+1; xk) + 1
2∥y − xk+1∥2

Qk
.
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Therefore,

F (y; xk) + 1
2∥y − xk∥

2
Qk
≥ FQk

(xk+1; xk) + 1
2∥y − xk+1∥2

Qk
.

Write

y − xk+1 = (y − xk) +Q−1
k GQk

and expand:

∥y − xk+1∥2
Qk

= ∥y − xk∥2
Qk

+ 2⟨GQk
, y − xk⟩+ ⟨Q−1

k GQk
,GQk

⟩.

Substituting this into the previous inequality and cancelling 1
2∥y − xk∥

2
Qk

from both sides

yields (4.6).

For the function values, Lemma 4.8 gives, for all y,

F (y) ≥ F (y; xk)− LL

2 ∥y − xk∥
2.

Combining this with (4.6) yields

F (y) ≥ FQk
(xk+1; xk) + ⟨GQk

, y − xk⟩+ 1
2⟨Q

−1
k GQk

,GQk
⟩ − LL

2 ∥y − xk∥
2. (4.9)

Lemma 4.8 also gives, at xk+1,

F (xk+1; xk) ≥ F (xk+1)− LU

2 ∥dk∥
2.

Thus

FQk
(xk+1; xk) = F (xk+1; xk) + 1

2∥dk∥
2
Qk

satisfies

FQk
(xk+1; xk) ≥ F (xk+1) + 1

2∥dk∥
2
Qk
− LU

2 ∥dk∥
2.

Since Qk ⪰ σkI, we have

∥dk∥2 ≤ σ−1
k ∥dk∥2

Qk
,

so

FQk
(xk+1; xk) ≥ F (xk+1) +

(
1
2 −

LU

2σk

)
∥dk∥2

Qk
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and therefore

FQk
(xk+1; xk) ≥ F (xk+1) +

(
1
2 −

LU

2σk

)
⟨Q−1

k GQk
,GQk

⟩.

Combining this with (4.9) yields

F (y) ≥ F (xk+1) + ⟨GQk
, y − xk⟩+

(
1− LU

2σk

)
⟨Q−1

k GQk
,GQk

⟩ − LL

2 ∥y − xk∥
2,

which is (4.7). Setting y = xk removes the last term and gives (4.8). ■

Definition 4.17 (Metric step-size error bound). Let {xk} be generated by Algorithm 1, and

let x⋆ be a limit point of {xk}. We say that {xk} satisfies a metric step-size error bound at

x⋆ if there exist a constant κ > 0, a neighborhood U of x⋆, and an index K such that, for all

k ≥ K,

xk ∈ U , ∥xk − x⋆∥ ≤ κ
∥∥∥GQk

(xk)
∥∥∥. (4.10)

Relation to existing error-bound notions and implications for prox-convex. When

Qk = (1/t)I,

condition (4.10) reduces exactly to the scalar step-size error bound of [91, Def. 5.4]. More

generally, if the metrics are uniformly well-conditioned,

σminI ⪯ Qk ⪯ σmaxI,

then the metric step-size error bound (4.10) is equivalent, up to constants depending only on

(σmin, σmax), to the corresponding scalar step-size error bound by norm equivalence. Combined

with the Taylor-like model error bounds of FQk
(·;xk), any local slope error bound, or in the

convex/composite case, any of its equivalent forms such as a K–Ł exponent 1/2 or quadratic

growth, therefore yields a step-size error bound of the form (4.10) [93, Thm. 3.5], which

is exactly the ingredient used below to establish Q-linear convergence of the prox-convex

iterates.
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Theorem 4.18 (Q-linear convergence under a metric step-size error bound). Assume Defini-

tion 4.17 holds at a limit point x⋆ of the sequence {xk} generated by Algorithm 1, and the

uniform lower spectral bound satisfies

q >
LU

2− α1
.

Set

F ⋆ := F (x⋆).

Then all steps are accepted, by Lemma 4.10, and

F (xk+1)− F ⋆ ≤ q⋆
(
F (xk)− F ⋆

)
for all k ≥ K, (4.11)

with contraction factor

q⋆ := 1−min

1,
2− LU

q

q
(
2 + LL

)
κ̄ 2

 ∈ [0, 1), κ̄ := max{1, κ}. (4.12)

Consequently, {F (xk)} converges Q-linearly to F (x⋆).

Proof. Let

GQk
:= GQk

(xk), σk := λmin(Qk).

Applying Lemma 4.16 with y = x⋆, and using

⟨Q−1
k GQk

,GQk
⟩ ≥ q−1∥GQk

∥2 and σk ≥ q,

gives

F (xk+1)− F (x⋆) ≤ ∥GQk
∥ ∥xk − x⋆∥+ LL

2 ∥xk − x
⋆∥2 +

LU/q − 2
2q ∥GQk

∥2. (4.13)

Define

κk := max
{

1, ∥xk − x
⋆∥

∥GQk
∥

}
,

with the convention that the ratio is 0 when GQk
= 0. Then

∥xk − x⋆∥ ≤ κk∥GQk
∥
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and

∥xk − x⋆∥2 ≤ κ2
k∥GQk

∥2.

Therefore, from (4.13),

F (xk+1)− F (x⋆) ≤
κk + LL

2 κ2
k +

LU/q − 2
2q

∥GQk
∥2,

and hence

F (xk+1)− F (x⋆) ≤
(1 + LL

2

)
κ2
k +

LU/q − 2
2q

∥GQk
∥2.

On the other hand, the sufficient decrease estimate (4.8) and the bound

⟨Q−1
k GQk

,GQk
⟩ ≥ q−1∥GQk

∥2

yield

F (xk)− F (xk+1) ≥
(

1− LU
2q

)
⟨Q−1

k GQk
,GQk

⟩ ≥
2− LU

q

2q ∥GQk
∥2.

Combining the last two displays, we obtain

F (xk+1)− F ⋆

F (xk)− F (xk+1)
≤

(
1 + LL

2

)
κ2
k + LU/q−2

2q

2−LU

q

2q

=
2q
(
1 + LL

2

)
κ2
k

2− LU

q

− 1.

Hence

F (xk+1)− F ⋆ ≤ q̂⋆k
(
F (xk)− F (xk+1)

)
,

where

q̂⋆k :=
2q
(
1 + LL

2

)
κ2
k

2− LU

q

− 1.

Rewriting this as

F (xk+1)− F ⋆ ≤ q̂⋆k
1 + q̂⋆k

(
F (xk)− F ⋆

)
,

we see that the per-iteration contraction factor is

q⋆k := q̂⋆k
1 + q̂⋆k

= 1−
2− LU

q

2q
(
1 + LL

2

)
κ2
k

.
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Now invoke the metric step-size error bound (4.10). For all sufficiently large k,

∥xk − x⋆∥ ≤ κ∥GQk
∥,

and therefore

κk ≤ κ̄ := max{1, κ}.

Hence, for all sufficiently large k,

q⋆k ≤ 1−
2− LU

q

2 q
(
1 + LL

2

)
κ̄ 2

= 1−
2− LU

q

q
(
2 + LL

)
κ̄ 2

and thus

q⋆k ≤ 1−min

1,
2− LU

q

q
(
2 + LL

)
κ̄ 2

 = q⋆ ∈ [0, 1).

This gives (4.11) and completes the proof. ■

Remark 4.19 (Comparison with prox-linear). In the scalar case Qk = t−1I, the prox-convex

step coincides with the prox-linear step with parameter t from [91], and

GQk
(xk) = Gt−1(xk).

The metric error bound (4.10) then specializes exactly to the scalar step-size error bound of

[91, Def. 5.4]:

∥xk − x⋆∥ ≤ κ ∥Gt−1(x)∥.

In this scalar setting we have

q = q = t−1 and LU = LL = L,

where L is the symmetric-error-bounds constant of [91]. The general contraction factor (4.12)

therefore becomes

q⋆ ≤ 1− t(2− Lt)
(2 + L) κ̄ 2 , κ̄ = max{1, κ}.

Choosing the standard stepsize t = 1/L yields

q⋆ ≤ 1− 1
L(2 + L) κ̄ 2 ,

which exactly matches the prox-linear linear rate constant in [91, Thm. 5.5].
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4.3.4 Taylor-like framework and stationarity

We now complete the argument using the Taylor-like model framework of Drusvyatskiy–

Ioffe–Lewis [93]. Their key estimate [93, Thm. 3.1], proved via Ekeland’s variational principle

[99], shows that a uniform quadratic model-error bound yields a nearby point with small

stationarity measure; see also [93, Cor. 3.2].

Building on this, [93, Cor. 3.3] implies subsequence stationarity under exact model

minimization, asymptotic regularity

∥xk+1 − xk∥ → 0,

and boundedness. In our setting, these requirements are ensured by

1. two-sided quadratic model error bounds, Lemma 4.8;

2. sufficient decrease and asymptotic regularity along accepted steps, Theorem 4.13;

3. boundedness of the accepted subsequence.

Therefore, every cluster point of the accepted iterates is first-order stationary; combined with

Theorem 4.7, stationarity holds for both the limiting and Fréchet subdifferentials.

Theorem 4.20 (Stationary cluster points). Let {xk}k∈S be the accepted iterates of Algorithm 1.

Assume F is proper, closed, bounded below, {xk}k∈S is bounded, and Lemma 4.8 holds. Then

every cluster point x̄ of {xk}k∈S is first-order stationary:

0 ∈ ∂F (x̄).

Proof. By Theorem 4.13, we have

∥xk+1 − xk∥ → 0

along S.

Moreover, Lemma 4.8 and the spectral upper bound

λmax(Qk) ≤ q
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imply that for all y and all accepted indices k ∈ S,
∣∣∣FQk

(y; xk)− F (y)
∣∣∣ ≤ LL + λmax(Qk)

2 ∥y − xk∥2 ≤ ω(∥y − xk∥),

where

ω(r) := 1
2(LL + q)r2.

Thus the growth condition of [93, Cor. 3.3] holds.

Since {xk}k∈S is bounded, it has a cluster point x̄; take a subsequence xki
→ x̄. By

accepted-step monotonicity and boundedness below, F (xk) converges along S, hence F (xki
)

converges as well; in particular,

(xki
, F (xki

))→ (x̄, F (x̄)).

Applying [93, Cor. 3.3] yields that x̄ is stationary for F , i.e., 0 ∈ ∂F (x̄). ■

Remark 4.21 (Inexact solves and model-decrease termination). By the Taylor-like framework

of [93], our two-sided model bounds imply robustness to inexact subproblem solves. If

FQk
(xk+1; xk) ≤ inf

y
FQk

(y; xk) + εk,

then [93, Cor. 5.2] guarantees a nearby point x̂k with

|∇F |(x̂k) ≤
√

12 ηk εk + 3ηk∥xk+1 − xk∥, ηk := LL + λmax(Qk).

Consequently, if

εk → 0 and ∥xk+1 − xk∥ → 0

along accepted steps, the stationarity conclusions remain valid.

Moreover, the model decrease

∆k := F (xk)− inf
y
FQk

(y; xk)

is a practical stopping criterion: [93, Cor. 5.5] yields, for any η ≥ ηk, the existence of x̂ with

|∇F |(x̂) ≤
√

12 η∆k.
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4.4 Numerical Experiments

We illustrate the practical behavior of prox-convex through three progressively richer

examples. Section 4.4.1 uses a one-dimensional problem to visualize how the two decomposition

strategies, h(C(x)) and s(R(x)), produce different convex models and why the s(R(x))

formulation yields a tighter surrogate. Section 4.4.2 treats a log-of-quadratic objective that

admits both an h(C(x)) and an s(R(x)) decomposition, and compares prox-gradient, prox-

linear, and prox-convex with and without adaptive proximal weights. Section 4.4.3 presents

the main benchmark, a disjunctive feasibility problem in which either r1 or r2 is required to be

nonpositive and whose GMSR parameterization reduces to a product-of-quadratics objective,

together with an extensive study of convergence behavior, sensitivity to initialization and

proximal weight, and dependence on the condition number of the inner maps.

Throughout, all methods share identical trust-region parameters (α1, α2, νinc, νdec) unless

explicitly noted. The initial proximal weight µ0 is specified separately for each experiment.

Termination is declared when the absolute objective decrease |F (xk)− F (xk+1)| falls below

10−8 or the step size ∥xk+1 − xk∥ falls below 10−10. Subproblems are solved with QOCO [65];

all timing measurements are wall-clock times on a single core. The implementation is available

at https://github.com/UW-ACL/prox-convex.

4.4.1 Model quality: one-dimensional illustration

We begin with the one-dimensional example

f(x) =
∣∣∣ 1

2x
2 + x

∣∣∣ = |x|
∣∣∣ 1 + x

2

∣∣∣, (4.14)

whose global minimizers are x = 0 and x = −2, both satisfying f(x) = 0. This example is

adapted from [93], where it is used to illustrate that, for nonsmooth problems, convergence

to a local minimum does not necessarily require the gradient to converge to zero.

The function admits two natural decompositions.

• h(C(x)) (prox-linear): set h(z) = |z| and C(x) = 1
2x

2 + x. Here h is convex and kept

https://github.com/UW-ACL/prox-convex
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exact, while the smooth inner map C is linearized. The resulting convex model at x0 is

mpl(x; x0) =
∣∣∣C(x0) + C ′(x0)(x− x0)

∣∣∣,
that is, the absolute value of an affine approximation of the parabola.

• s(R(x)) (prox-convex): set

s(z1, z2) = z1z2, R(x) =
(
|x|, |1 + x

2 |
)
.

In this representation, the smooth outer map s is linearized, while the convex inner

components are kept exact. Since

∇s(R(x0)) =
(
|1 + x0

2 |, |x0|
)
≥ 0,

the convex model becomes

mpcx(x; x0) = |1 + x0
2 | |x|+ |x0| |1 + x

2 | − |x0| |1 + x0
2 |.

Figure 4.1 compares these two convex models at two representative expansion points. The

prox-linear model mpl is built from a single tangent line to the smooth parabola C(x) = 1
2x

2+x,

so it only captures the behavior of the objective through that local affine approximation and

yields a relatively loose surrogate near the kinks at x = 0 and x = −2. By contrast, the

prox-convex model mpcx preserves the full piecewise-linear geometry of |x| and |1 + x/2|, and

therefore automatically captures both kinks regardless of the expansion point. As a result,

the prox-convex model is uniformly tighter in this example.

This tightness has a particularly simple consequence here. For the s(R(x)) decomposition,

the minimizer of the prox-convex subproblem is also a minimizer of the original objective.

Therefore, once the problem is represented in this form, convergence can be achieved in a

single iteration. This makes the example a useful visual illustration of the central idea of

the paper: preserving convex inner structure can yield a much more informative local model

than fully linearizing the composite objective.
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prox-convex model mpcx

Figure 4.1: Convex models for the one-dimensional problem (4.14) at two expansion points

x0 ∈ {−1.2, 1.2}. Solid: true objective f(x). Dashed: prox-linear model mpl, which linearizes

C(x) = 1
2x

2 + x and keeps h(z) = |z| exact. Dash-dotted: prox-convex model mpcx, which

linearizes s(z1, z2) = z1z2 and keeps R(x) =
(
|x|, |1 + x/2|

)
exact. The prox-convex model

preserves both kinks and tracks the true objective more tightly at both expansion points.

4.4.2 Dual decomposition of a log-of-quadratic

We next consider an objective that admits both decompositions simultaneously, allowing a

direct comparison between the prox-linear and prox-convex subproblems on identical ground.

Define

F (x) = log
(
Q(x)

)
+ 8, Q(x) := ∥A(x− x̄)∥2 + c, (4.15)

where A = diag(
√

5, 1), x̄ = (5, 2), and c = e−8. The function Q is a strictly convex quadratic,

so F is smooth, nonconvex (concave composite of convex), with its unique global minimizer

at x⋆ = x̄ where F ⋆ = log(c) + 8 = 0.

Two decompositions.

• Prox-linear (h(C) form): set h(z) = − log(z) + 8 (convex) and C(x) = 1/Q(x) (smooth,

nonconvex). The model linearizes C; the high curvature |C ′′| ∝ Q−3 near the optimum
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makes the linearization increasingly poor.

• Prox-convex (s(R) form): set s(z) = log(z) + 8 (smooth, concave) and R(x) = Q(x)

(convex quadratic). The model linearizes s; since s is concave increasing and R is convex,

the linearized model is a global majorizer of F :

F (x) = s(R(x)) ≤ s(R(xk)) +∇s(R(xk))
(
R(x)−R(xk)

)
= F (x;xk). (4.16)

Non-adaptive regime. Because (4.16) holds globally, the prox-convex model guarantees

descent for any µ > 0, no matter how small; moreover, since the model’s unique minimizer

approaches x⋆ = x̄ as µ→ 0, prox-convex converges in a single accepted iteration from any

starting point when µ is chosen sufficiently small.

In sharp contrast, prox-linear and prox-gradient become increasingly conservative as

the iterates approach the minimizer. Near x⋆, the reciprocal map C(x) = 1/Q(x) becomes

highly curved, so convergence in a non-adaptive scheme requires a very large fixed proximal

weight in order to keep the iterates stable over the entire trajectory. In our experiments, the

smallest fixed values that still yielded convergence from x0 = (1.5,−1.5) were µpg = 2260 for

prox-gradient and µpl = 2110 for prox-linear. Even then, the required iteration counts were

extremely large: approximately 27,700 for prox-gradient and 25,900 for prox-linear to reach

|F (xk)− F ⋆| < 10−7. Prox-convex avoids this issue by keeping the quadratic map Q exact

and linearizing only the outer logarithm. For this example, the minimizer of the prox-convex

subproblem coincides with the minimizer of the original objective, and convergence can

therefore be obtained in a single iteration.

Adaptive regime. With the adaptive trust-region scheme of Algorithm 1 enabled (α1 = 0.1,

α2 = 0.75, νinc = νdec = 1.2), all three methods converge reliably from x0 = (1.5,−1.5). For

prox-gradient and prox-linear, we use µ0 = 0.1. For prox-convex, we use µ0 = 10−8, which

is safe in this example because the linearized s(R(x)) model is a global majorizer of the

objective. Figure 4.2 compares their convergence history and Figure 4.3 shows the iterate

trajectories. Prox-convex converges in just 2 accepted iterations (with 2 total subproblem

solves), reaching F ≈ 1.7 × 10−14 in 6.0 ms. Prox-gradient requires 37 accepted iterations
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(96 solves, 66.0 ms) and prox-linear 55 accepted iterations (93 solves, 64.1 ms). Prox-convex

maintains the smallest proximal weight µk throughout, while prox-linear has more accepted

iterations than prox-gradient in this instance because its inner map C(x) = 1/Q(x) becomes

highly curved near the optimum, which leads to more rejected trials.
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(d) Adaptive proximal weight k

prox-gradient
prox-linear
prox-convex

Log-of-quadratic:  F(x) = log(Q(x)) + 8,  adaptive k

Figure 4.2: Adaptive convergence on the log-of-quadratic problem (4.15) from x0 = (1.5,−1.5).

Prox-gradient and prox-linear use µ0 = 0.1, whereas prox-convex uses µ0 = 10−8. (a) Log

objective logF (xk) vs. accepted iteration. (b) Objective F (xk) (linear scale). (c) Log step

size log ∥xk+1 − xk∥. (d) Adaptive proximal weight µk. All three methods use identical trust-

region parameters. Prox-convex (blue) converges in 2 accepted iterations, while prox-gradient

(red, 37 iters) and prox-linear (orange, 55 iters) require substantially more iterations and

higher proximal weights.
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Figure 4.3: Iterate trajectories over the level sets of F (x) = log(Q(x)) + 8. The gold star

marks the unique minimizer x⋆ = x̄ = (5, 2). Prox-convex (blue squares, 2 iters) takes a

nearly direct path to x⋆, while prox-gradient (red circles, 37 iters) and prox-linear (orange

triangles, 55 iters) take many small steps, oscillating as the adaptive proximal weight adjusts

to the rapidly increasing curvature near x⋆.

4.4.3 Product of quadratics

We now turn to the main benchmark, a disjunctive feasibility problem in which at least

one of two nonnegative quadratic functions is required to be nonpositive. Via the GMSR

parameterization of disjunction, this condition is represented by requiring a product-of-

quadratics objective to vanish. Specifically, we consider

F (x) = r1(x) r2(x), ri(x) := 1
2(x− ci)⊤Pi(x− ci), (4.17)

with centers c1 = (5, 2), c2 = (2, 1) and matrices P1 = diag(5, 5/κ), P2 = diag(5/κ, 5), where

κ ≥ 1 is the condition number. Because each ri(x) ≥ 0, the condition F (x) = 0 is equivalent
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to requiring that at least one of r1(x) or r2(x) vanish, and hence the global minimizers are

x = c1 and x = c2.

Decomposition. For this benchmark, we do not use a nontrivial h(C(x)) representation.

Instead, the natural structure-preserving formulation is the s(R) decomposition

s(z1, z2) = z1z2, R(x) =
(
r1(x), r2(x)

)
.

Since

∇s(R(xk)) = (r2(xk), r1(xk)) ≥ 0,

because both quadratic channels are nonnegative, the prox-convex model takes the form

F (x; xk) = r2(xk) r1(x) + r1(xk) r2(x) − r1(xk) r2(xk). (4.18)

This model is convex, being a nonnegative weighted sum of convex quadratics minus a

constant, and it preserves the full quadratic geometry of both r1 and r2. By contrast, the

fully linearized baseline replaces F by a single tangent hyperplane and discards this curvature

information. Accordingly, for this problem the main practical comparison is between prox-

gradient, which fully linearizes the objective, and prox-convex, which preserves the convex

quadratic channels.

Model quality and conditioning. For s(z) = z1z2, the outer smoothness is fixed, with

Hessian

∇2s(z) =

0 1

1 0

 ,
so the curvature of the outer map does not change with κ. What changes with κ is the

anisotropy of the quadratic channels r1 and r2: as κ increases, their level sets become

increasingly elongated and the geometry of the product objective becomes more ill-conditioned.

In this regime, the difference between the two local models becomes more pronounced. The

fully linearized prox-gradient model ignores the exact quadratic structure and therefore

becomes increasingly conservative in practice, typically requiring more accepted iterations

and larger proximal weights. By contrast, prox-convex retains the exact quadratic channels in
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the subproblem, so the local model continues to reflect the geometry of the original objective

much more faithfully. This is precisely the effect observed in the condition-number sweep: as

κ increases, the iteration advantage of prox-convex grows substantially, while its accepted

iteration count remains comparatively stable.

Setup. All experiments use Algorithm 1 with α1 = 0.1, α2 = 0.75, νinc = νdec = 1.5.

Single-run comparison

From the starting point x0 = (0, 0) with κ = 10, Figure 4.4 shows the convergence history

and Figure 4.5 displays the iterate trajectories over the level sets of F . Prox-convex converges

in 7 accepted iterations (7 subproblem solves, 8.8 ms) while prox-gradient requires 43 accepted

iterations (72 solves, 53.5 ms)—a 6.1× reduction in iterations and 6.1× speedup in wall-clock

time. Prox-convex maintains a “consistently” lower proximal weight µk throughout. The

trajectory plot reveals that prox-convex follows a more direct path toward c2 = (2, 1), the

nearer minimizer, while prox-gradient takes many small, conservative steps.

Robustness across initializations

To verify that the advantage of prox-convex is not an artifact of a particular starting

point, we run both methods from N = 50 random starting points drawn uniformly from

[−2, 8] × [−2, 5], all with κ = 10 and µ0 = 10. All 50 runs of both methods converge

within the iteration limit. Figure 4.6 shows the distribution of accepted iteration counts

and wall-clock solve times. The median iteration count is 46.5 for prox-gradient vs. 7 for

prox-convex (a 6.69× ratio), and the median wall-clock time is 52.1 ms vs. 9.4 ms (a 5.39×

ratio). Prox-convex exhibits both a lower median and a tighter interquartile range in both

metrics, indicating faster and more predictable convergence across diverse initializations.



117

0 10 20 30 40
Accepted iteration

40

30

20

10

0

lo
gF

(x
k)

(a) Objective (log scale)
prox-gradient
prox-convex

0 10 20 30 40
Accepted iteration

0

50

100

150

200

F(
x k

)

(b) Objective (linear scale)
prox-gradient
prox-convex

0 10 20 30 40
Accepted iteration

15

10

5

0

lo
g

x k
+

1
x k

(c) Step size
prox-gradient
prox-convex

0 10 20 30 40
Accepted iteration

10 3

10 2

10 1

100

101

102

k

(d) Adaptive proximal weight k

prox-gradient
prox-convex

Product of quadratics:  F = R1 R2,  = 10

Figure 4.4: Convergence comparison on the product-of-quadratics problem (4.17) with κ = 10,

x0 = (0, 0), µ0 = 10. (a) Log objective vs. accepted iteration. (b) Objective (linear scale).

(c) Log step size log ∥xk+1 − xk∥. (d) Adaptive proximal weight µk (log scale). Prox-convex

(blue, 7 iters) converges faster and operates with lower µk than prox-gradient (red, 43 iters),

reflecting its tighter model that preserves the quadratic geometry of r1 and r2.

Effect of inner curvature

We next investigate how the relative performance changes as the quadratic channels

become more anisotropic. To this end, we sweep the condition number

κ ∈ {1, 2, 5, 10, 20, 50, 100, 200, 500},

and, for each value of κ, run both methods from N = 50 common random starting points.

Table 4.2 and Figure 4.7 report the results.
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stars mark the two global minimizers c1 = (5, 2) and c2 = (2, 1). Prox-convex (blue squares, 7

iters) reaches c2 via a direct path, while prox-gradient (red circles, 43 iters) takes many small

steps. The prox-convex subproblem (4.18) “sees” both ellipsoidal sublevel sets simultaneously,

whereas prox-gradient sees only a single tangent plane.

The empirical trend is clear: as κ increases, the advantage of prox-convex grows substan-

tially. The median iteration ratio (prox-gradient / prox-convex) rises from 2.31× at κ = 1

to 83.33× at κ = 500. A similar effect is observed in wall-clock time, where the median

time ratio grows from 3.38× to 46.38× over the same range. At the same time, the accepted

iteration count for prox-convex remains remarkably stable, with medians between 6 and 14

across the entire sweep, whereas the prox-gradient median grows steadily from 14 to 500.

This behavior is consistent with the geometry of the benchmark. As κ increases, the

quadratic channels become increasingly elongated, and the fully linearized prox-gradient

model becomes much more conservative in practice. By contrast, prox-convex retains the exact

quadratic structure of both channels in the subproblem, so its local model continues to reflect

the geometry of the original objective much more faithfully. This effect becomes particularly
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Figure 4.6: Distribution over N = 50 random starting points (κ = 10, µ0 = 10). Boxes

span the interquartile range (25th–75th percentile); the interior line is the median; whiskers

extend to 1.5× IQR. (a) Accepted iterations: median 46.5 (prox-gradient) vs. 7 (prox-convex).

(b) Wall-clock time: median 52.1 ms vs. 9.4 ms. Prox-convex has a lower median and narrower

spread in both metrics, confirming that the structural advantage persists across initializations.

pronounced for large κ: at κ = 200 and κ = 500, only 33/50 and 21/50 prox-gradient runs

converge within the iteration limit, whereas all 50/50 prox-convex runs converge throughout.

Sensitivity to the initial proximal weight

We next examine the sensitivity of the adaptive trust-region scheme to the initial proximal

weight µ0. To do so, we sweep

µ0 ∈ {10−2, 10−1, 1, 10, 102, 103},

and, for each value of µ0, run both methods from N = 20 common random starting points

with κ = 10. Table 4.3 reports the median accepted iterations, total subproblem solves, and

wall-clock time.
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Table 4.2: Median accepted iterations and wall-clock time over N = 50 random starting

points for each condition number κ. All prox-convex runs converge; prox-gradient convergence

rates are reported in the last column.

prox-gradient prox-convex ratio

κ iters time (ms) iters time (ms) iters time pg conv.

1 14 27.9 6 8.1 2.31 3.38 50/50

2 19 28.2 6 7.6 3.07 3.82 50/50

5 27 35.7 6 9.0 4.00 4.12 50/50

10 47 48.8 7 9.0 6.46 5.49 50/50

20 83 81.0 8 10.2 9.88 8.20 50/50

50 176 159.3 14 13.7 14.82 12.47 50/50

100 258 225.8 10 10.5 27.20 20.60 50/50

200 408 351.9 6 8.5 60.83 36.99 33/50

500 500 396.4 6 7.6 83.33 46.38 21/50

The adaptive mechanism makes both methods reasonably robust to the choice of µ0, but

the difference between them remains substantial across the entire sweep. For prox-gradient,

the median accepted iteration count stays in the range 44–48, while for prox-convex it ranges

from 7 to 22. The corresponding iteration ratios vary from 6.86× at µ0 = 10−2 to 2.13×

at µ0 = 103. Wall-clock time shows the same qualitative pattern, with median time ratios

between 2.13× and 5.78×.

The trends are also intuitive. When µ0 is too small, the methods incur a few extra rejected

trials before the trust region expands to a reliable scale. When µ0 is too large, the initial

steps become overly conservative, which increases the accepted iteration count, especially for

prox-convex. Nevertheless, the relative advantage of prox-convex persists uniformly across

four orders of magnitude of µ0. This indicates that the observed performance gap is not a

fragile consequence of tuning, but rather a structural consequence of preserving the exact
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Figure 4.7: Effect of increasing anisotropy on relative performance. (a) Median iteration

ratio (prox-gradient / prox-convex) versus condition number κ; the shaded band shows the

interquartile range over N = 50 random starts. The ratio grows rapidly as κ increases. (b)

Absolute median iteration counts. Prox-convex iterations remain comparatively stable across

the sweep, while prox-gradient iterations grow sharply and eventually hit the iteration limit

on a significant fraction of runs.

quadratic channels in the local model.

4.5 Supplementary technical results

The results in this section collect technical comparison and Hessian-augmented model

bounds used to justify remarks in the main text.

4.5.1 Model errors

In composite problems, the effective level of linearization depends on the roles of the

outer and inner maps. If the outer map is smooth and the inner components are convex,

linearizing the outer layer preserves convexity; if the outer is convex and the inner is smooth

but nonconvex, linearizing the inner layer is natural. When both s and the ri are convex
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Table 4.3: Sensitivity to the initial proximal weight µ0 (κ = 10, N = 20 random starts per µ0).

All values are medians. “Iters” denotes accepted iterations, and “solves” includes rejected

trials.

prox-gradient prox-convex ratio

µ0 iters solves time (ms) iters solves time (ms) iters time

10−2 48 74 54.2 7 7 9.4 6.86 5.78

10−1 44 66 46.9 8 8 9.7 5.93 4.82

100 45 66 47.8 10 10 11.1 4.50 4.30

101 47 58 41.7 14 14 14.2 3.48 2.93

102 46 52 39.3 17 17 15.7 2.71 2.50

103 48 62 44.0 22 22 20.6 2.13 2.13

and C1-smooth, the choice is less obvious. We therefore compare three models: (i) full

linearization F all, (ii) inner-only linearization F in, and (iii) outer-only linearization F out, and

derive clean error bounds that reveal the dominant constants.

To compare the three linearization levels on equal footing, we strengthen Assumption 4.3

for this subsection as follows: in addition to the original standing assumptions, we assume

∥∇s(y)∥ ≤ Ls

on the relevant image of the level set, and that every ri is C1 with βri
-Lipschitz gradient. We

then write

βR :=
(

n∑
i=1

β2
ri

)1/2

.

Proposition 4.22 (Modeling error bounds). Fix xk, write

dx := x− xk, Rk := R(xk), Jk := JR(xk), ∆R := R(x)−Rk.
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Define

F all(x; xk) := s(Rk) +∇s(Rk)⊤(Jkdx),

F in(x; xk) := s(Rk + Jkdx),

F out(x; xk) := s(Rk) +∇s(Rk)⊤(∆R),

E(·)(x; xk) := s(R(x))− F (·)(x; xk).

Under the assumptions above,

|Eall(x; xk)| ≤
(
βsL

2
R

2 + LsβR
2

)
∥dx∥2,

|Ein(x; xk)| ≤
LsβR

2 ∥dx∥2,

|Eout(x; xk)| ≤
βsL

2
R

2 ∥dx∥2.

Proof. Let the inner Taylor remainder be

eR(x) := R(x)−
(
Rk + Jkdx

)
.

By componentwise βri
-smoothness and stacking,

∥eR(x)∥ ≤ βR
2 ∥dx∥

2. (4.19)

Lipschitz continuity of R yields

∥∆R∥ ≤ LR∥dx∥, ∥Jkdx∥ ≤ LR∥dx∥. (4.20)

For s we use the descent lemma and a gradient-bound shift:
∣∣∣s(u)− s(v)−∇s(v)⊤(u− v)

∣∣∣ ≤ βs
2 ∥u− v∥

2,
∣∣∣s(u)− s(v)

∣∣∣ ≤ Ls∥u− v∥. (4.21)

All:

|Eall| =
∣∣∣s(Rk + ∆R)− s(Rk)−∇s(Rk)⊤(Jkdx)

∣∣∣
≤
∣∣∣s(Rk + ∆R)− s(Rk + Jkdx)

∣∣∣︸ ︷︷ ︸
≤Ls∥eR(x)∥

+
∣∣∣s(Rk + Jkdx)− s(Rk)−∇s(Rk)⊤(Jkdx)

∣∣∣︸ ︷︷ ︸
≤βs

2 ∥Jkdx∥2

≤ LsβR
2 ∥dx∥2 + βsL

2
R

2 ∥dx∥2,



124

by (4.19), (4.20), and (4.21).

In:

|Ein| =
∣∣∣s(Rk + ∆R)− s(Rk + Jkdx)

∣∣∣ ≤ Ls∥eR(x)∥ ≤ LsβR
2 ∥dx∥2.

Out:

|Eout| =
∣∣∣s(Rk + ∆R)− s(Rk)−∇s(Rk)⊤∆R

∣∣∣ ≤ βs
2 ∥∆R∥2 ≤ βsL

2
R

2 ∥dx∥2.

■

The outer-only model is favored when

βsL
2
R ≪ LsβR,

that is, under strong inner curvature but gently curved outer geometry, while the inner-only

model is preferable in the opposite regime. The full linearization combines both penalties

and is typically dominated. In prox-convex, the preserved-structure model is then paired

with an adaptive proximal metric and, when tractable, second-order curvature blocks, further

tightening local models and improving observed progress.

4.5.2 Bounds for Hessian-augmented models

In this subsection, in addition to Assumption 4.3, we assume the following higher-

order smoothness conditions to provide bounds for Hessian-augmented models supporting

Section 4.2.3.

Assumption 4.23 (Additional smoothness assumptions). In the level set X0, we assume:

• h : Rd → R is Lh-Lipschitz and C1 with βh-Lipschitz Jacobian;

• C : Rm → Rd is LC-Lipschitz and C2 with

∥∇2Ci(u)−∇2Ci(v)∥ ≤ γC∥u− v∥;

• s : Rn → R is C2 with

∥∇2s(u)−∇2s(v)∥ ≤ γs∥u− v∥;
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• R : Rm → Rn is C1 with βR-Lipschitz Jacobian.

Proposition 4.24 (Inner curvature cancellation). Let

Jk := JC(xk), y := ∇h(C(xk)).

Define

HC,k :=
d∑
i=1

yi∇2Ci(xk),

and the model

FC
HC,k

(x; xk) := h
(
C(xk) + Jkd

)
+ 1

2d
⊤HC,kd, d := x− xk.

Then, for x near xk,

|h(C(x))− FC
HC,k

(x; xk)| ≤M3
C∥d∥3 +M4

C∥d∥4,

where

M3
C = LhγC

6 + βhLCβC
2 , M4

C = βhβ
2
C

8 + βhLCγC
6 .

Proof. Let q(d) ∈ Rd with

[q(d)]i = ⟨∇2Ci(xk)d, d⟩,

and let r3 be the cubic remainder in

C(xk + d) = C(xk) + Jkd+ 1
2q(d) + r3, ∥q(d)∥ ≤ βC∥d∥2, ∥r3∥ ≤

γC
6 ∥d∥

3.

Let

z := C(xk) + Jkd, δ := 1
2q(d) + r3,

so that

C(x) = z + δ.

By Taylor’s theorem with βh-Lipschitz gradient,

h(z + δ) = h(z) + ⟨∇h(z), δ⟩+ 1
2δ
⊤
(
∇2h(z + τδ)

)
δ, ∥∇2h(z + τδ)∥ ≤ βh.
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Add and subtract ∇h(C(xk)):

h(z + δ)− h(z) = ⟨∇h(C(xk)), δ⟩︸ ︷︷ ︸
= 1

2 ⟨y,q(d)⟩+⟨y,r3⟩

+ ⟨∇h(z)−∇h(C(xk)), δ⟩︸ ︷︷ ︸
I

+ 1
2δ
⊤∇2h(·) δ︸ ︷︷ ︸

II

.

Since
1
2d
⊤HC,kd = 1

2⟨y, q(d)⟩,

subtracting FC
HC,k

leaves

h(C(x))− FC
HC,k

(x; xk) = ⟨y, r3⟩+ I + II.

Bounds:

∥y∥ = ∥∇h(C(xk))∥ ≤ Lh

gives

|⟨y, r3⟩| ≤
LhγC

6 ∥d∥3.

Moreover,

∥∇h(z)−∇h(C(xk))∥ ≤ βh∥z − C(xk)∥ = βh∥Jkd∥ ≤ βhLC∥d∥,

and

∥δ∥ ≤ 1
2∥q(d)∥+ ∥r3∥ ≤

1
2βC∥d∥

2 + γC
6 ∥d∥

3,

hence

|I| ≤ βhLCβC
2 ∥d∥3 + βhLCγC

6 ∥d∥4.

Finally,

|II| ≤ 1
2βh∥δ∥

2 ≤ βhβ
2
C

8 ∥d∥4 +O(∥d∥5).

Collecting the cubic and quartic terms and absorbing higher-order terms gives the stated

bound. ■

Proposition 4.25 (Outer curvature cancellation). Fix xk and write

d := x− xk, ∆ := R(x)−R(xk), Jk := JR(xk), eR(x) := R(x)−R(xk)− Jkd.
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Set

H̃s,k := ∇2s(R(xk)), Hs,k := J⊤k H̃s,kJk,

and define

F s
Hs,k

(x; xk) := s(R(xk)) +∇s(R(xk))⊤
(
R(x)−R(xk)

)
+ 1

2d
⊤Hs,kd.

Then, for x near xk,

|s(R(x))− F s
Hs,k

(x; xk)| ≤M3
s ∥d∥3 +M4

s ∥d∥4,

where

M3
s = βsLRβR

2 + γsL
3
R

6 , M4
s = βsβ

2
R

8 .

Proof. Apply Taylor’s theorem with third-order remainder to s at R(xk):

s(R(x)) = s(R(xk)) +∇s(R(xk))⊤∆ + 1
2∆⊤H̃s,k∆ +R3,

with

|R3| ≤
γs
6 ∥∆∥

3.

With

∆ = Jkd+ e, e := eR(x),

we have
1
2∆⊤H̃s,k∆ = 1

2d
⊤Hs,kd+ (Jkd)⊤H̃s,ke+ 1

2e
⊤H̃s,ke.

Subtracting F s
Hs,k

yields

s(R(x))− F s
Hs,k

(x; xk) = (Jkd)⊤H̃s,ke+ 1
2e
⊤H̃s,ke+R3.

Using

∥H̃s,k∥ ≤ βs

gives

±(Jkd)⊤H̃s,ke ≤ βs∥Jkd∥ ∥e∥, ±1
2e
⊤H̃s,ke ≤

1
2βs∥e∥

2,
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while

|R3| ≤
γs
6 ∥∆∥

3.

Thus

|s(R(x))− F s
Hs,k

(x; xk)| ≤ βs∥Jkd∥ ∥eR(x)∥+ 1
2βs∥eR(x)∥2 + γs

6 ∥∆∥
3.

Substituting the auxiliary estimates

∥Jkd∥ ≤ LR∥d∥, ∥eR(x)∥ ≤ βR
2 ∥d∥

2, ∥∆∥ ≤ LR∥d∥

yields the claimed bound. ■

Corollary 4.26 (Projection after summation). Adopt Assumption 4.23 and the notation of

Propositions 4.24 and 4.25. Let

Hk := HC,k +Hs,k, H+
k := ΠS+(Hk), H−k := H+

k −Hk ⪰ 0.

Define the joint Hessian-augmented model

FH+
k

(x; xk) := g(x) + h
(
C(xk) + JC(xk)(x− xk)

)
︸ ︷︷ ︸

inner first order

+ s(R(xk)) +∇s(R(xk))⊤
(
R(x)−R(xk)

)
︸ ︷︷ ︸

outer first order

+ 1
2(x− xk)⊤H+

k (x− xk).

Then, for x near xk and d := x− xk,

(Upper bound) F (x)− FH+
k

(x; xk) ≤
(
M3

s +M3
C

)
∥d∥3 +

(
M4

s +M4
C

)
∥d∥4,

(Lower bound) F (x)− FH+
k

(x; xk) ≥ −
1
2d
⊤H−k d−

(
M3

s +M3
C

)
∥d∥3 −

(
M4

s +M4
C

)
∥d∥4,

where the block constants M3
s ,M

4
s and M3

C ,M
4
C are those in Propositions 4.24 and 4.25.

Equivalently, using

d⊤H−k d ≤ ∥H−k ∥ ∥d∥2,

the lower bound can be written with ∥H−k ∥ ∥d∥2/2.
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Proof. Apply the inner and outer curvature expansions of Propositions 4.24 and 4.25 at xk
and add the resulting identities. The exact second-order terms sum to

1
2d
⊤(HC,k +Hs,k)d = 1

2d
⊤Hkd.

Subtracting the model’s quadratic
1
2d
⊤H+

k d

leaves

−1
2d
⊤(H+

k −Hk)d = −1
2d
⊤H−k d,

which is the sole second-order projection gap. The remaining terms are exactly the cubic and

quartic remainders already bounded in the two propositions, and they add linearly, yielding

the stated upper and lower bounds. Using

d⊤H−k d ≤ ∥H−k ∥ ∥d∥2

gives the norm form. ■
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Chapter 5

TRAJECTORY OPTIMIZATION WITH MISSION-LEVEL
SPECIFICATIONS

5.1 Introduction

This chapter demonstrates how the numerical optimal-control foundation of Chapter 2,

the mission-specification modeling framework of Chapter 3, and the structure-preserving

optimization machinery developed in Chapter 4 come together in trajectory optimization

problems with mission-level specifications. We begin with simple illustrative CT-STL ex-

amples that isolate the always, eventually, and until operators. The later sections of

the chapter consider richer trajectory generation problems, including receding-horizon ob-

stacle avoidance, perception-constrained motion planning, rocket landing with compound

state-triggered constraints, and quadrotor flight with CT-STL specifications.

5.2 Illustrative CT-STL trajectory optimization examples

This section presents three fixed-final-time double-integrator examples constructed to

illustrate the always, eventually, and until operators in isolation. In all cases, the primary

objective is specification satisfaction. To keep the presentation focused, the exact code-level

scaling and smoothing constants used in the implementation are omitted here.

In our implementation, JAX is used to integrate the augmented dynamics and to compute

the first-order derivative information of the smooth residual maps required for lineariza-

tion [48]. Each convex subproblem is modeled in CVXPY [81] and solved using QOCO [65]. The

implementation is available at https://github.com/UW-ACL/TrajOpt_CT-STL.

Remark 5.1 (Satisfaction-oriented surrogates). In some of the examples below, the objective

is only to generate trajectories that satisfy the target specification. Accordingly, the auxiliary-

https://github.com/UW-ACL/TrajOpt_CT-STL
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state constructions are chosen to capture the relevant satisfaction mechanism of each operator,

rather than to reproduce the full CT-GMSR robustness exactly. We therefore denote

the terminal objective quantities by Γ̂ rather than by Γ. These surrogates are sign- and

satisfaction-oriented, but need not coincide with the full CT-GMSR robustness value.

5.2.1 Double-integrator examples

Base dynamics and common continuous-time path constraints

For the three double-integrator examples, let

x := (r, v), r = (rx, ry, rz), v = (vx, vy, vz), u = (ux, uy, uz),

with dynamics

ṙ(t) = v(t), v̇(t) = u(t)− g0e3, g0 = 9.806 m/s2.

All three examples are subject to the same continuous-time tilt, thrust, and speed

constraints,

u2
x + u2

y ≤ (cos θmax uz)2, ∥u∥2 ≤ Tmax, ∥v∥2 ≤ vmax,

with θmax = 45◦, Tmax = 1.75 g0, and vmax = 6 m/s. Defining the predicates

µθ(u) :=
(

(cos θmax uz)2 − u2
x − u2

y ≥ 0
)
,

µT (u) :=
(
T 2

max − u2
x − u2

y − u2
z ≥ 0

)
,

µv(v) :=
(
v2

max − v2
x − v2

y − v2
z ≥ 0

)
,

the common path-constraint formula is

φpath := G[0,tf ]
(
µθ ∧ µT ∧ µv

)
.

In the implementation, these continuous-time always constraints are enforced through an

accumulated path-penalty state ηp,

η̇p(t) = χθ(u(t)) + χT (u(t)) + χv(v(t)), ηp(0) = 0,
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where

χθ(u) :=
[
(cos θmax uz)2 − u2

x − u2
y

]2
−
,

χT (u) :=
[
T 2

max − u2
x − u2

y − u2
z

]2
−
,

χv(v) :=
[
v2

max − v2
x − v2

y − v2
z

]2
−
,

and [s]+ := max(s, 0), [s]− := min(s, 0). Hence,

ηp(tf) = 0

certifies satisfaction of the common continuous-time path constraints.

To avoid repeating the boundary conditions, define

Xi(ri) :=
{
(r, v) ∈ R6 : r = ri, v = 0

}
,

Xf(rf) :=
{
(r, v) ∈ R6 : r = rf , v = 0

}
,

and let

uh := (0, 0, g0)

denote the gravity-compensating input. Then the common endpoint conditions are

x(0) ∈ Xi(ri), x(tf) ∈ Xf(rf), u(0) = u(tf) = uh.

The three examples below differ only in the additional mission-level requirement imposed

on top of the common continuous-time path-constraint formula φpath.

Example 1: always obstacle avoidance

The first example uses

ri = (−5, 0, 0), rf = (5, 0, 0), tf = 7 s, K = 6,

and requires the vehicle to always avoid two implication-type obstacle regions. The obstacle

specifications are

φobs,1(r) := (a1 ≤ rx ≤ b1 ⇒ ry ≤ c1) ,

φobs,2(r) := (a2 ≤ rx ≤ b2 ⇒ ry ≥ c2) ,
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with

(a1, b1, c1) = (−3.25,−0.25,−2), (a2, b2, c2) = (0.25, 3.25, 2).

Thus, the overall task is

φalw := φpath ∧G[0,tf ]
(
φobs,1 ∧ φobs,2

)
.

We augment the state as

xφalw := (x, ηp, ξ1, ξ2),

where ηp handles the common path constraints and ξ1, ξ2 accumulate obstacle violations:

ξ̇1(t) = [a1 − rx]2− [rx − b1]2− [c1 − ry]2−, ξ1(0) = 0,

ξ̇2(t) = [a2 − rx]2− [rx − b2]2− [ry − c2]2−, ξ2(0) = 0.

We therefore define the terminal surrogate

Γ̂alw := −
(
wηηp(tf) + w1ξ1(tf) + w2ξ2(tf)

)
,

with positive weights wη, w1, w2. Maximizing Γ̂alw, or equivalently minimizing its negative,

favors trajectories that satisfy both the common path constraints and the obstacle-avoidance

requirement.

The resulting continuous-time problem is

maximize
xφalw (·),u(·)

Γ̂alw

subject to ṙ(t) = v(t), v̇(t) = u(t)− g0e3,

η̇p(t) = χθ(u(t)) + χT (u(t)) + χv(v(t)),

ξ̇1(t) = [a1 − rx]2− [rx − b1]2− [c1 − ry]2−,

ξ̇2(t) = [a2 − rx]2− [rx − b2]2− [ry − c2]2−,

x(0) ∈ Xi(ri), x(tf) ∈ Xf(rf),

u(0) = u(tf) = uh, ηp(0) = 0,

ξ1(0) = 0, ξ2(0) = 0.
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Figure 5.1 shows the optimized trajectory for the always obstacle-avoidance example. The

vehicle departs from the straight start-to-goal path, bends around the two implication-type

forbidden regions, and passes through the admissible corridor before reaching the terminal

state. The color-coded speed profile along the trajectory also indicates a smooth acceleration

and deceleration pattern, with no abrupt maneuvers required to satisfy the obstacle-avoidance

task. Figure 5.2 confirms this behavior quantitatively. The plotted obstacle-margin signals

remain in the safe region for the entire horizon, so the trajectory never enters either forbidden

set. The common continuous-time tilt, thrust, and speed constraints are also satisfied

throughout the maneuver.

Example 2: eventually visit three waypoints

The second example uses

ri = (−10, 0, 0), rf = (6, 0, 0), tf = 12 s, K = 7,

and requires the vehicle to visit three waypoint regions centered at

pw,1 = (−8,−5, 0), pw,2 = (−6, 5, 0), pw,3 = (−4,−5, 0),

all with radius rw = 0.5. Define the waypoint margins

ρi(r) := r2
w − ∥r − pw,i∥2

2, i = 1, 2, 3,

and the corresponding predicates

µw,i(r) := (ρi(r) ≥ 0), i = 1, 2, 3.

Then the temporal task is

φevt := φpath ∧ F[0,tf ]µw,1 ∧ F[0,tf ]µw,2 ∧ F[0,tf ]µw,3.

We augment the state as

xφevt := (x, ηp, y1, z1, y2, z2, y3, z3),
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Figure 5.1: Optimized trajectory for the always obstacle-avoidance example. The vehicle

departs from the direct start-to-goal path, passes through the admissible corridor between

the two forbidden rectangular regions, and reaches the terminal state without entering either

avoidance region. The trajectory is color-coded by speed.

where ηp again enforces the common path constraints, and for each waypoint we introduce a

geometric-integral state yi and an additive state zi:

ẏi(t) = yi(t)
tf

log
(
εevt + [ρi(r)]2−

)
, yi(0) = 1,

żi(t) = 1
tf

[ρi(r)]2+, zi(0) = 0,

The state yi acts as a geometric-integral measure of how strongly the trajectory stays outside

waypoint i, while zi accumulates only when the vehicle is inside waypoint i. We define the
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Figure 5.2: Obstacle-clearance histories for the always example. Both clearance signals

remain in the safe region throughout the maneuver, confirming continuous-time satisfaction

of the two obstacle-avoidance constraints.

corresponding waypoint-wise terminal surrogates

Γ̂w,i :=
(
c2

evt + αizi(tf)
)1/2
−
(
c2

evt + βiyi(tf)
)1/2

,

for i = 1, 2, 3 with positive constants cevt, αi, βi. Thus, entering waypoint i increases Γ̂w,i
through zi, whereas remaining outside decreases it through yi.
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The resulting problem is

maximize
xφevt (·),u(·)

− wηηp(tf) +
3∑
i=1

Γ̂w,i

subject to ṙ(t) = v(t), v̇(t) = u(t)− g0e3,

η̇p(t) = χθ(u(t)) + χT (u(t)) + χv(v(t)),

ẏi(t) = yi(t)
tf

log
(
εevt + [ρi(r)]2−

)
, ∀i,

żi(t) = 1
tf

[ρi(r)]2+, ∀i,

x(0) ∈ Xi(ri), x(tf) ∈ Xf(rf),

u(0) = u(tf) = uh, ηp(0) = 0,

yi(0) = 1, zi(0) = 0, ∀i.

Figure 5.3 shows the optimized trajectory for the three-waypoint eventually example.

Rather than proceeding directly to the goal, the trajectory bends toward each waypoint

region in turn and then continues to the terminal state. The result highlights the role of the

continuous-time event formulation. Satisfaction is achieved through the actual continuous-

time trajectory rather than being tied to a small set of coarse discretization nodes. Figure 5.4

verifies that all three distance traces enter the satisfaction zone d ≤ rw at some time in the

interval. This behavior is exactly consistent with the three eventually requirements.

Example 3: until charging-station task

The third example uses

ri = (−6, 0, 0), rf = (6, 0, 0), tf = 5.5 s, K = 6,

and requires the vehicle to keep its speed below a threshold until it reaches a charging-station

region centered at

pc = (−4,−2, 0), dc = 0.2, vsafe = 2.0 m/s.



138

−10 −8 −6 −4 −2 0 2 4 6
x [m]

−8

−6

−4

−2

0

2

4

6

8

y
[m

]

−8
−6
−4
−2
0
2
4
6
8

z
[m

]

Start

Goal

Target Waypoints

0

1

2

3

4

5

S
p

ee
d
‖v

(t
)‖

[m
/s

]

Figure 5.3: Optimized trajectory for the three-waypoint eventually example. The vehicle

successively bends toward and visits all three waypoint regions before proceeding to the

terminal state. The trajectory is color-coded by speed.

Define

µs(v) :=
(
v2

safe − ∥v∥2
2 ≥ 0

)
,

µc(r) :=
(
d2

c − ∥r − pc∥2
2 ≥ 0

)
,

so that the desired temporal task is

φunt := φpath ∧
(
µs U[0,tf ] µc

)
.

To keep this example simple, the implementation uses a reduced augmentation tailored to

the satisfaction mechanism of the until condition. We augment the state as

xφunt := (x, ηp, y, z),
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Figure 5.4: Distances from the vehicle to the three waypoint centers in the eventually

example. Each trace enters the satisfaction zone d ≤ rw at some time in the interval,

confirming continuous-time satisfaction of all three eventually requirements.

where ηp handles the common path constraints, y accumulates the pre-arrival speed-threshold

violation, and z acts as a multiplicative witness-state for the coupled until condition.

First, define

ẏ(t) = 1
tf

[
v2

safe − ∥v∥2
2

]2
−
, y(0) = 0.

Thus, y(t) remains small only if the speed bound is respected up to time t. We then introduce

the normalized pre-arrival violation measure

q(t) := y(t)
t+ εt

,

where εt > 0.

Next, define the charging-station miss measure

d(r) := ∥r − pc∥2
2 − d2

c,

which is negative inside the charging region and positive outside. The speed and charging
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conditions are coupled through

χ(r, y, t) :=
√
C2

1 + 1
2 ([d(r)]2+ + [q(t)]2+)− C1,

with C1 > 0. This quantity can be small only when the vehicle is near or inside the charging

region and the pre-arrival speed-violation measure is also small.

Finally, the multiplicative witness-state z evolves according to

ż(t) = z(t)
tf

log
(
χ(r(t), y(t), t)2 + εu

)
, z(0) = 1,

with εu > 0. Since z(0) = 1 and the dynamics are multiplicative, the terminal value z(tf)

depends on the entire time history of the coupled miss measure χ. We therefore define the

terminal surrogate

Γ̂unt := cu −
√
c2

u + z(tf),

with cu > 0. Maximizing Γ̂unt, or equivalently minimizing z(tf), favors trajectories for which

the coupled quantity χ remains small in the sense required by the until semantics.

The resulting problem is

maximize
xφunt (·),u(·)

− wηηp(tf) + Γ̂unt

subject to ṙ(t) = v(t), v̇(t) = u(t)− g0e3,

η̇p(t) = χθ(u(t)) + χT (u(t)) + χv(v(t)),

ẏ(t) = 1
tf

[
v2

safe − ∥v∥2
2

]2
−
,

ż(t) = z(t)
tf

log
(
χ(r(t), y(t), t)2 + εu

)
,

x(0) ∈ Xi(ri), x(tf) ∈ Xf(rf),

u(0) = u(tf) = uh, ηp(0) = 0,

y(0) = 0, z(0) = 1.

Figures 5.5–5.7 show the optimized trajectory, speed history, and charging-station margin

for the until example. The vehicle first diverts toward the charging station and only
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Figure 5.5: Optimized trajectory for the charging-station until example. The vehicle first

reaches the charging-station region and then proceeds to the terminal state, consistent with

the continuous-time until specification. The trajectory is color-coded by speed.

afterwards proceeds to the terminal state. The speed trace remains below the prescribed

threshold vsafe before the visiting event, while also remaining below the global speed bound

for the entire maneuver. The signed charging-station margin is negative before arrival, crosses

zero at the station boundary, and becomes positive inside the charging region. The first zero

crossing therefore identifies the witness time at which the charging event occurs, exactly as

required by the until semantics.

5.3 Receding-horizon extension: NMPC with always specifications

This section specializes the continuous-time path-constraint machinery of Chapters 2 and 3

to a receding-horizon setting. In the language of Chapter 3, the constraints considered here are

always-type mission specifications, while the numerical transcription and solution strategy

build directly on the time-dilation, multiple-shooting, exact-penalty, and convexification

ingredients introduced earlier. The resulting nonlinear model predictive control (NMPC)

framework ensures continuous-time constraint satisfaction and accurate evaluation of the

running cost without sacrificing the efficiency required for real-time implementation.
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Figure 5.6: Speed profile for the charging-station until example. The speed remains below

the pre-charging threshold vsafe until the charging event occurs, while also remaining below

the global speed bound throughout the maneuver.

5.3.1 Introduction

Nonlinear model predictive control (NMPC) is a promising method for autonomous systems

owing to its ability to achieve key mission objectives while satisfying constraints and ensuring

robustness to uncertainties [119]. This capability stems from the optimal-control viewpoint,

in which control objectives and constraints are encoded in a finite-horizon optimization

problem that is repeatedly solved online in a receding-horizon fashion. Due to these benefits,

NMPC has been widely applied to various real-world applications, including the control of

wind turbines [257], humanoid robots [276], ground vehicles [79], and autonomous aerospace

systems [108].

Different types of optimal-control solvers have been used for NMPC. Indirect methods

based on the maximum principle [169] solve a two-point boundary value problem induced by

the necessary conditions for optimality and have been used in real-world NMPC applications

[153, 303]. Another important family is differential dynamic programming (DDP) [191],

which iteratively performs a forward rollout of the system dynamics and a backward dynamic-

programming update. DDP has been used for MPC problems with dynamics and initial-
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outside the charging region, zero on its boundary, and positive inside. The first zero crossing

marks the witness time for the charging event in the until specification.

condition constraints [276], extended to input constraints through constrained dynamic

programming [277], and combined with augmented Lagrangian techniques to handle more

general state and input constraints [139].

The direct optimal-control approach to NMPC has also received significant attention

[235]. In this approach, the infinite-dimensional optimal control problem is first discretized

to yield a finite-dimensional problem using methods such as single shooting [253] or multiple

shooting [36, 232]. The resulting nonlinear program is then typically solved using nonlinear

interior-point methods [120], sequential quadratic programming (SQP) [137], or sequential

convex programming (SCP) [184]. SQP-type approaches have seen widespread adoption

owing to their real-time capability [231], especially in conjunction with the real-time iteration

(RTI) scheme [82, 126]. SCP-based approaches to NMPC have also been gaining popularity

recently [83, 186, 207].

The SCP approach adopted here has several advantages over SQP [183, 202]. First,

SCP requires only gradients, that is, first-order information, whereas SQP typically requires

Hessian information as well. Second, SCP subproblems depend only on the primal variables
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from the previous iteration, whereas SQP subproblems also depend on dual variables. Third,

the SCP formulation used in this dissertation can preserve the existing convex structure.

Convex objectives and convex constraints can be kept intact, while only the nonconvex

smooth components are locally approximated. Because the framework used in this section is

built entirely from C1-smooth functions after reformulation, gradient-based SCP methods are

particularly attractive.

Typically, NMPC implementations are developed for nonlinear dynamics with relatively

simple input constraints, often box-type constraints [177]. Moreover, because piecewise-

constant, i.e., zero-order hold, or piecewise-affine, i.e., first-order hold, control parameteriza-

tions are commonly adopted, and because the imposed control constraints are usually convex,

continuous-time satisfaction of such control constraints can often be guaranteed directly from

nodal enforcement. Modern applications, however, require more general mission constraints

involving both state and control variables [133]. In such settings, the standard practice is

to enforce constraints, and to approximate the running cost, only at finitely many instants,

typically at the transcription nodes. While this is often computationally convenient, it does

not in general guarantee continuous-time constraint satisfaction, nor does it preserve accurate

accumulation of the running cost between nodes. A common mitigation strategy is to use

dense grids or adaptive mesh-refinement techniques [117]. However, these approaches increase

the problem dimension and computational burden, in direct conflict with real-time require-

ments [312]. Other approaches to continuous-time safety rely on maximal robust control

invariant sets, especially for linear systems [248, 298] and sampled-data systems [127, 203].

To the best of our knowledge, however, a systematic real-time-capable model-based NMPC

framework for continuous-time constraint satisfaction had remained unavailable prior to the

line of work built on the CTCS framework [104].

To address these issues, this section develops an NMPC framework based on the continuous-

time constraint-satisfaction ideas introduced earlier in the dissertation. More specifically, it

uses the path-constraint reformulation of Chapter 3, the multiple-shooting transcription of

Chapter 2, and a SCP solution strategy. The resulting framework has three key features:
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1. a constraint and cost reformulation that enables longer planning horizons with fewer

nodes without degradation in inter-sample constraint satisfaction or running-cost accu-

racy;

2. multiple-shooting exact discretization using the inverse-free variational approach [36,

144, 231];

3. a convergence-guaranteed SCP method, namely the prox-linear method [91], which

supports warm-starting and premature termination and is therefore well suited to

real-time receding-horizon implementation. This is precisely the composite structure

discussed in Chapter 4, specialized here to the prox-linear setting.

The efficacy of the resulting framework is demonstrated on an NMPC reference-tracking

problem with obstacle avoidance. The implementation corresponding to the original paper is

available at https://github.com/UW-ACL/nmpc-ctcs.

5.3.2 Receding-horizon optimal control problem with always specifications

To distinguish the physical plant state from the auxiliary states introduced by the

reformulation, let

ξ(t) ∈ Rnξ

denote the physical state and

u(t) ∈ Rnu

the control input. Consider the continuous-time system

ξ̇(t) = F
(
t, ξ(t), u(t)

)
, (5.1)

subject to path constraints

g
(
t, ξ(t), u(t)

)
≤ 0, (5.2a)

h
(
t, ξ(t), u(t)

)
= 0, (5.2b)

where g and h are vector-valued functions.

https://github.com/UW-ACL/nmpc-ctcs
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At each current time tc ∈ R≥0 and horizon length th ∈ R++, the receding-horizon optimal

control problem is

minimize
u(·)

Φ
(
ξ(tc + th)

)
+
∫ tc+th

tc
L
(
t, ξ(t), u(t)

)
dt (5.3a)

subject to ξ̇(t) = F
(
t, ξ(t), u(t)

)
, t ∈ [tc, tc + th], (5.3b)

g
(
t, ξ(t), u(t)

)
≤ 0, t ∈ [tc, tc + th], (5.3c)

h
(
t, ξ(t), u(t)

)
= 0, t ∈ [tc, tc + th], (5.3d)

ξ(tc) = ξc, (5.3e)

Ψ
(
ξ(tc + th)

)
≤ 0, (5.3f)

where ξc is the current state estimate, L is the running cost, Φ is the terminal cost, and Ψ is

a terminal constraint function. We assume that F , g, h, L, Φ, and Ψ are C1 and potentially

nonconvex.

Following the running-cost augmentation introduced in Chapter 2 and the continuous-time

path-constraint construction introduced in Chapter 3, the path constraints and running cost

are reformulated by augmenting the dynamics. Define the augmented state

x(t) :=
(
ξ(t), ℓ(t), y(t)

)
,

where ℓ accumulates the running cost and y accumulates the continuous-time path-constraint

violation. The augmented dynamics are

ẋ(t) =


F
(
t, ξ(t), u(t)

)
L
(
t, ξ(t), u(t)

)
1⊤|g

(
t, ξ(t), u(t)

)
|2+ + 1⊤h

(
t, ξ(t), u(t)

)2

 =: f
(
t, x(t), u(t)

)
. (5.4)

The integral term in (5.3a) is therefore equal to ℓ(tc + th) when the initial condition

ℓ(tc) = 0

is imposed. Continuous-time satisfaction of the path constraints is enforced through the

periodic boundary condition

y(tc) = y(tc + th), (5.5)
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which is the receding-horizon counterpart of the always-type path-constraint construction

used earlier.

Defining the augmented terminal functions

Φ̃
(
x(tc + th)

)
:= Φ

(
ξ(tc + th)

)
+ ℓ(tc + th), (5.6)

Ψ̃
(
x(tc + th)

)
:= Ψ

(
ξ(tc + th)

)
, (5.7)

we obtain a Mayer-form receding-horizon problem in the augmented variables. The multiple-

shooting transcription, FOH control parameterization, and exact-penalty finite-dimensional

formulation follow exactly the machinery developed in Chapter 2, so they are not repeated

here in detail. Likewise, the resulting penalized finite-dimensional problem belongs to the

g + h(C) subclass of the composite optimization framework discussed in Chapter 4, and is

solved here by the corresponding prox-linear method [91].

For numerical implementation, the continuous-time boundary condition (5.5) is relaxed

interval-wise after discretization as in the CTCS framework, using a small parameter ϵ > 0

to preserve constraint qualifications. The resulting SCP subproblems are convex and retain

the same structure regardless of the number or type of path constraints, which is particularly

useful for real-time and code-generated implementations.

More explicitly, after discretization and exact penalization, the finite-dimensional receding-

horizon problem has the compact form

minimize
Z∈Z

G(Z) + wepH(C(Z)), (5.8)

where Z = (x1, . . . , xN , u1, . . . , uN ), the set Z collects the convex constraints, and H ◦ C is a

convex-composite term built from the discretized defects and terminal conditions. At SCP

iteration j + 1, the prox-linear method solves the convex subproblem

minimize
Z∈Z

G(Z) + wepH
(
C(Zj) +∇C(Zj)(Z − Zj)

)
+ wprox

2 ∥Z − Zj∥2
2, (5.9)

where Zj is the solution from the previous SCP iteration. This is precisely the composite

structure discussed in Chapter 4, specialized here to the prox-linear setting.
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In the implementation corresponding to the original NMPC paper, CVXPY is used for

modeling, together with ECOS or MOSEK for solving the convex subproblems [81, 88, 208].

Customizable conic solvers such as the proportional-integral projected gradient (PIPG)

algorithm [307, 308], especially when combined with conditioning techniques [146], could

also be used for efficient implementations. A useful feature of the reformulation is that,

once a fixed path-constraint template is chosen, the resulting convex subproblem structure

is largely unaffected by the specific number and type of active path constraints. This is

especially beneficial for customized solver generation and code generation, because enabling

or disabling constraints does not change the conic program template and therefore does not

require re-parsing or re-customization [103, 143].

To assess the convergence of SCP within each NMPC call, we monitor three quantities:

Jℓ := Eℓ
N−1∑
k=1

(µ+
k + µ−k ), (5.10a)

Jy := Ey
N−1∑
k=1

(µ+
k + µ−k ), (5.10b)

Jprox :=
N∑
k=1

(
∥xk − xjk∥2

2 + ∥uk − ujk∥2
2

)
, (5.10c)

where Eℓ extracts the running-cost accumulator and Ey extracts the path-constraint accu-

mulator. Here, µ+
k and µ−k denote the interval-wise relaxation variables introduced in the

multiple-shooting transcription, while Eℓ and Ey are selector row vectors that extract, respec-

tively, the running-cost and path-constraint accumulator components from the corresponding

relaxed defect channels. Taken together, these quantities measure the linearization error in

the running-cost accumulation, violation of the continuous-time path constraints, and overall

convergence of the SCP iterates.

5.3.3 The NMPC framework

The NMPC algorithm recursively solves the receding-horizon problem (5.3). In the present

setting, the path-constraint and running-cost reformulation makes it possible to operate with

relatively sparse discretization grids without sacrificing inter-sample feasibility or running-cost
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accuracy. This is particularly important in the receding-horizon setting, where the horizon

must be long enough to anticipate future events but the optimization problem must still be

solved in real time.

Let the horizon [tc, tc + th] be discretized by N nodes, so that

∆t = th
N − 1 .

Let K ≤ N − 1 denote the number of subintervals between consecutive NMPC calls. The

time between successive NMPC runs is then

∆tMPC = K ∆t.

The choice of N and K should balance two competing considerations. On the one hand, N

must be large enough to provide sufficient control degrees of freedom and to handle stiffness

[296] in the augmented dynamics. On the other hand, keeping N modest and K reasonably

large is essential for computational efficiency. The CTCS reformulation is particularly valuable

in the non-stiff setting, where it allows the discretization to be selected primarily according

to control expressiveness rather than inter-sample feasibility requirements. In situations

where the state changes rapidly or the objectives and constraints vary quickly, the augmented

dynamics can become stiff, and then choosing N large enough to make ∆t sufficiently small

is desirable to alleviate ill-conditioning in the sensitivity matrices and to allow the controller

to react promptly. In non-stiff settings, by contrast, the reformulation permits the use of

relatively sparse node grids without risking inter-sample constraint violations or degrading

the running-cost accuracy.

A second key ingredient is warm-starting. Since consecutive NMPC problems differ only

gradually, the solution from the previous horizon provides a highly effective initialization for

the next SCP call. The left superscript of the optimization variables denotes the NMPC run,

while the right superscript denotes the SCP iteration within that run. When K is a positive

integer, SCP at the current time instant is warm-started by shifting the SCP solution from

the previous time instant. Figure 5.8 illustrates the procedure.
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Figure 5.8: Illustration of the warm-starting procedure. The blue and purple trajectories

form the SCP solution at the ith NMPC run. The purple and red trajectories form the

initialization to SCP at the (i+ 1)th NMPC run.

The shifted warm start is defined by

i+1x̄j = ixj+K , (5.11)
i+1ūj = iuj+K , j = 1, . . . , N −K. (5.12)

For the remaining control nodes, we set

i+1ūN−K+j = iuN , j = 1, . . . , K, (5.13)

and the remaining states are generated by propagating the augmented dynamics forward

from the terminal state of the previous horizon under the held terminal control:

i+1x̄N−K+j = ixN +
∫ tc+th+j∆t

tc+th
f
(
t, x(t), iuN

)
dt, j = 1, . . . , K. (5.14)

Therefore, if the preceding SCP solution is dynamically feasible, then the initialization for the

subsequent SCP call is dynamically feasible as well. This aspect of warm-starting is crucial

for achieving rapid convergence.
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Because warm-starting typically places the new iterate near the current receding-horizon

solution, the SCP algorithm can be terminated well before full convergence, in a manner

analogous to RTI schemes [82]. In the present framework, premature termination does

not compromise solution quality significantly in practice, while it substantially improves

computational efficiency.

The overall NMPC framework is summarized in Algorithm 2.

Algorithm 2 NMPC Framework
Inputs: T , th, K, N , jmax, 1Z̄

i← 1

tc ← 0

∆t← th/(N − 1)

∆tmpc ← K∆t

while tc ≤ T do

x̂(tc), iL, ig, ih← sensor(x(tc))
iZ ← scpjmax

N,tc,th
(x̂(tc), iL, ig, ih, iZ̄)

i+1Z̄ ← warm_start(iZ)

x(tc + ∆tmpc)← evolve(x(tc), iZ)

i← i+ 1

tc ← tc + ∆tmpc

end while

At each NMPC run, sensor information provides the current state estimate together with

the current running-cost and path-constraint data, both of which may vary over time. A fixed,

small number of prox-linear iterations is then performed to solve the current horizon problem.

The resulting suboptimal solution is used both to generate the applied control input and to

warm-start the next NMPC run. In this way, the framework combines continuous-time path-

constraint satisfaction, warm-started receding-horizon optimization, and early termination of

SCP iterations in a unified and computationally efficient NMPC loop.
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5.3.4 Numerical results

We demonstrate the proposed NMPC framework on a reference-tracking problem with

obstacle avoidance for a double-integrator system with drag and bounded control inputs. The

physical state is

ξ(t) = (r(t), v(t)),

where r(t) and v(t) denote position and velocity, and the governing dynamics are

F
(
t, ξ(t), u(t)

)
=

 v(t)

u(t)− cd∥v(t)∥v(t)

 , (5.15)

with drag coefficient cd.

The running cost is chosen as the reference-tracking penalty

L
(
t, ξ(t), u(t)

)
= ∥r(t)− rref(t)∥2, (5.16)

where rref is the desired output trajectory. We assume that the vehicle has a local sensor,

such as LiDAR, with sensing radius rsens, and that only the currently detected obstacles are

incorporated into each receding-horizon problem. If the total number of obstacles is nobs,

with centers riobs and shape matrices Si, then the detected index set at time tc is

Oc(tc) :=
{
i ∈ {1, . . . , nobs} : ∥Si(r(tc)− riobs)∥ ≤ rsens

}
. (5.17)

The path-constraint function then includes the corresponding obstacle-avoidance terms,

g
(
t, ξ(t), u(t)

)
=


...

1− ∥Si(r(t)− riobs)∥
...

 , i ∈ Oc(tc). (5.18)

Strictly speaking, the obstacle-margin function is nondifferentiable at the obstacle center;

in practice this causes no issue unless the iterate is initialized exactly at such a point. The

control input is constrained by

U := {u ∈ R2 : ∥u∥ ≤ umax}.
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As in the original CTCS development, the discretized relaxation parameter ϵ > 0 may

admit a pointwise path-constraint violation unless a small tightening parameter δobs > 0

is introduced. For each fixed ϵ > 0, there exists a corresponding δobs > 0 such that the

tightened integral condition is equivalent to exact obstacle satisfaction in continuous time. In

the experiments below, the value of δobs is chosen empirically.

The system and simulation parameters are summarized in Table 5.1.

Table 5.1: Parameters for the NMPC reference-tracking and obstacle-avoidance example.

Parameter Value

T, th, K, N, jmax 30 s, 8 s, 4, 17, 3

umax 5 m s−2

cd 0.05 m−1

rref(t)

 −10 + 2t/3

5e−0.05t sin (π/2 + t/5 + t2/36)


Si, i = 1, . . . , 5

2.4 0

0 0.4


robs

−6.5 −1.8 0.5 2.7 6.2

−3 3.5 −3.5 1.5 −3


δobs 0.05

rsens 6 m

We first study the impact of premature termination on solution quality. Within each

NMPC run, SCP is executed for ten iterations, and the quantities Jℓ, Jy, and Jprox from

(5.10) are recorded at each iteration. When these quantities converge to small values, the

reformulated running cost is being accumulated accurately, the obstacle-avoidance constraint
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is satisfied, and the overall SCP iteration is close to convergence. Figure 5.9 shows the mean

and standard deviation of these quantities along the trajectory as a function of the number

of SCP iterations. The plots indicate that terminating SCP after only three iterations yields

an acceptable solution.
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Figure 5.9: Mean and standard deviation of Jℓ, Jy, and Jprox along the trajectory as functions

of the number of SCP iterations. The left axis corresponds to the mean and standard deviation

shown by the blue curve, while the right axis corresponds to the mean shown by the red

curve on a logarithmic scale. The black dashed line marks the premature-termination choice

used in the NMPC simulation.
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We next compare the proposed continuous-time formulation against the standard node-

only approach, in which the running cost and obstacle constraints are evaluated only at

transcription nodes. Figures 5.10 and 5.11 summarize the results.

Figure 5.10 shows that in the node-only case, the obstacle-avoidance constraint is violated

by the continuous-time trajectory obtained by propagating the system dynamics under the

NMPC control law, even though the constraint is satisfied at all transcription nodes. By

contrast, the CTCS formulation guarantees that the obstacle-avoidance constraint is satisfied

at all times along the trajectory.

−10 −5 0 5 10

rx [m]

−5.0

−2.5

0.0

2.5

5.0

r y
[m

]

Reference output

Node-only

CTCS

Figure 5.10: Reference-tracking and obstacle-avoidance trajectories obtained by NMPC. The

green solid curve denotes the reference output, and the black ellipses denote the obstacles.

The red dashed curve is the trajectory obtained with the node-only formulation, while the

blue dotted curve is obtained with the CTCS formulation. The node-only formulation violates

obstacle avoidance between nodes, whereas the CTCS trajectory remains continuously feasible.
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Figure 5.11 shows that both formulations achieve comparable output-tracking performance.

The CTCS formulation incurs only a slight degradation in tracking accuracy, and this

difference is precisely what enables the continuous-time satisfaction of the obstacle-avoidance

requirement. Thus, the reformulated NMPC framework preserves the overall control objective

while eliminating inter-sample safety violations.
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Figure 5.11: Comparison of tracking and obstacle-avoidance performance. The first plot

shows the discrepancy between the reference output and the trajectories obtained from

NMPC using the node-only and CTCS formulations throughout the simulation; the legend

reports the average discrepancy over the full simulation. The second plot shows the obstacle-

avoidance violation, quantified by 1⊤|g(t, ξ(t), u(t))|+, throughout the simulation. The CTCS

formulation maintains zero continuous-time violation, whereas the node-only formulation

does not.
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These results illustrate the main point of this section. By embedding both the running

cost and the path constraints into the continuous-time dynamics, one can operate NMPC

on relatively sparse grids without sacrificing inter-sample path-constraint satisfaction or

running-cost accuracy. When combined with warm-starting and early termination of the

SCP iterations, this yields a practically efficient receding-horizon control framework for

continuous-time constrained nonlinear systems.

5.4 Quadrotor motion planning for information acquisition under sensing
limitations

This section applies the modeling and optimization machinery developed in the previous

chapters to a perception-constrained motion-planning problem. In contrast to the illustrative

CT-STL examples of Section 5.2 and the receding-horizon setting of Section 5.3, the objective

here is to generate a trajectory that both satisfies the vehicle dynamics and constraints and

acquires a prescribed amount of information about multiple monitoring targets under sensing

limitations. A key modeling distinction is that the continuous-time path constraints and the

accumulated-information requirement are embedded directly into the augmented dynamics,

while the sensing windows that guarantee nonzero information-acquisition rate and nonzero

gradient are enforced through discrete-time STL specifications parameterized by generalized

mean-based smooth robustness. The resulting finite-dimensional problem is then solved using

the continuous-time successive convexification machinery of Chapters 2 and 3, together with

the convexification framework developed in Chapter 4.

5.4.1 Introduction

Monitoring distributed infrastructures, such as power lines, roadways, and water net-

works, for preventive maintenance, or tracking large-scale natural phenomena like erosion,

forest overgrowth, and farmland flooding for risk mitigation is a labor-intensive, physically

demanding, and potentially hazardous task. These challenges make automation technologies

an ideal solution to alleviate the burden on human operators by mitigating the associated
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risks and difficulties [97, 114, 313]. Rather than dispatching people to survey impervious and

faraway areas, teams of autonomous robots, for example drones potentially supported by

ground robots acting as mobile base stations, can be deployed to gather information about

monitoring targets, which can then be reviewed and analyzed for corrective actions or further

investigation.

As a result, in recent years there has been growing interest in using robots for monitoring

purposes. In particular, it may be convenient to use small and inexpensive mobile robots in

larger numbers as opposed to fewer, larger robots for cost, safety, and increased parallelization.

Lower-cost robots, such as micro-drones, are often equipped with less capable sensors,

making it crucial to consider sensor limitations and information-acquisition performance

when planning drone operations. For instance, considering sensor limitations such as range

and field of view, decisions must be made on whether to fly at low altitude for detailed target

acquisition or at a higher altitude to scan a larger area.

In prior works on automated monitoring, task-assignment problems for dispatching drones

based on current knowledge of the targets have been investigated in [171, 278], and motion

planning for ground robots serving as mobile stations for drone deployment and recovery

has been studied in [154]. More recently, there has also been growing interest in perception-

aware planning and control [41, 110, 125, 251, 267, 282]. Most of these works focus on

limitations imposed by the information perceived about the environment rather than on

planning trajectories specifically to acquire information while accounting for sensor limitations.

The present section addresses motion planning for information-acquisition tasks, such

as monitoring, while explicitly accounting for acquisition performance in relation to sensor

limitations including range, field of view, and target acquisition direction. We introduce a

smooth, nonnegative information-acquisition metric that quantifies the rate of information

acquisition and takes a positive value only when all relevant sensing limitations are satisfied.

The smoothness of the proposed metric makes it compatible with optimization-based trajectory

generation and, in particular, with the optimal-control framework reviewed earlier in Chapter

2, where information acquisition can be imposed by continuous-time path constraints [104].



159

A fundamental difficulty, however, is that the information-acquisition metric is uniformly

zero beyond the sensor limitations, which also yields a uniformly zero gradient and therefore

hinders numerical optimization. To address this issue, we impose signal temporal logic

specifications that ensure the information-acquisition metric remains positive and retains

a nonzero gradient over designated time intervals. These specifications are parameterized

using the generalized mean-based smooth robustness framework of Chapter 3, yielding an

exact smooth parameterization of the underlying discrete-time STL condition that remains

compatible with the convergence guarantees of the optimal-control framework [104, 286].

5.4.2 Information acquisition metric

We consider an agent with dynamics

ẋ(t) = F
(
t, x(t), u(t)

)
, (5.19)

where u ∈ Rm is the input vector, x ∈ Rn is the state vector that includes position r ∈ R3,

attitude Ω ∈ R3, and possibly additional states, and where the agent is subject to path

constraints

g
(
t, x(t), u(t)

)
≤ 0, h

(
t, x(t), u(t)

)
= 0. (5.20)

Given a set of targets indexed by i ∈ [1 :nm], we seek a trajectory from an initial state x0 to

a final state xf that collects a desired amount of information cmi
for each target i located at

position pmi
.

The information acquired at each time instant is modeled as dependent on the target

distance, the angle from which the target is observed, and the sensor field of view. We

therefore introduce a nonnegative information-acquisition metric, as a function of r and Ω, to

quantify the information gathered per unit time. The metric is positive only when all of the

following are satisfied:

1. the distance between the sensor and the target is below a prescribed threshold;

2. the sensor lies within the acquisition cone defined by the target position and its desired

acquisition direction;
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3. the target lies within the field-of-view cone determined by the position and direction of

the sensor.

Accordingly, the metric increases as the sensor gets closer to the target and aligns with the

centers of the acquisition and field-of-view cones.

To represent these effects, we define three component functions associated with target i,

namely mdi
, mai

, and mvi
; see Figure 5.12. The first is a distance-dependent term,

mdi

(
r(t)

)
:= 1 + cmi

((
1 + eτmiρi(t)

)−1
− 0.5

)
, (5.21a)

where

ρi(t) := ∥r(t)− pmi
∥, (5.21b)

cmi
is a scaling coefficient, and τmi

is the acquisition-decay rate for distance.

The second component models acquisition direction via the scaled cosine similarity between

the desired acquisition direction of the ith target, dmi
, and the actual acquisition direction

(r(t)− pmi
):

m̃ai

(
r(t)

)
:= d⊤mi

(
r(t)− pmi

)
, (5.21c)

mai

(
r(t)

)
:=

m̃ai

(
r(t)

)
− cos(αd

ai
)

1− cos(αd
ai

) , (5.21d)

where αd
ai

is the acquisition-cone maximum angle.

The third component models sensor field of view via the scaled cosine similarity between

the sensor field-of-view direction,

dv(Ω) := R(Ω)dBv , (5.21e)

and the acquisition direction (r(t)− pmi
):

m̃vi

(
r(t),Ω(t)

)
:= −dv

(
Ω(t)

)⊤(
r(t)− pmi

)
, (5.21f)

mvi

(
r(t),Ω(t)

)
:=

m̃vi

(
r(t),Ω(t)

)
− cos(αd

v)
1− cos(αd

v) , (5.21g)
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Figure 5.12: Illustration of the key components of the information-acquisition metric, including

the range between the agent position r and target position pmi
, the field-of-view direction

dv(Ω), and the desired acquisition direction dmi
.

where dBv is the sensor direction in the body frame and αd
v is the field-of-view maximum angle.

With proper scaling, the quantities mdi
, mai

, and mvi
attain a maximum value of 1

and become zero at the boundary of the corresponding sensing limitation. Beyond these

boundaries they become negative, which is not meaningful from an information-acquisition

standpoint, since it would indicate increasingly negative information acquisition. We therefore

compose them with the C1-smooth function

qc(x) :=
(
max(0, x)2 + c2

)1/2
− c, c > 0, (5.22)

and define, for simplicity,

qc(mj) =: mq
j . (5.23)

When applied to vector-valued arguments, the function qc is understood elementwise. The

resulting composed functions under-approximate the original functions in (5.21) by an

arbitrarily small amount and are exactly zero beyond the sensing limitations; see Figure 5.13.

The instantaneous information acquisition for target i is then modeled as the product of

the modified components,

mi

(
x(t)

)
= m̄im

q
di

(
r(t)

)
mq

ai

(
r(t)

)
mq

vi

(
r(t),Ω(t)

)
, (5.24)
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Figure 5.13: Top: mdi
and mq

di
for c = 0.05, as functions of distance to the target, ∥r − pmi

∥,

for cmi
= 2.2 and τmi

= 0.203. Bottom: mai
, mvi

and the corresponding mq
ai

, mq
vi

for c = 0.05,

as functions of the angle α for αd
ai

= 10◦ and αd
v = 10◦, respectively.

where m̄i denotes the maximum achievable acquisition rate for target i. This imposes that

information is acquired only if all sensor limitations are satisfied and increases as the trajectory

moves farther away from the sensing boundaries. The cumulative acquired information then

evolves as

ż(t) = m
(
x(t)

)
=
(
m1
(
x(t)

)
, . . . ,mnm

(
x(t)

))
. (5.25)

Based on (5.25), we seek a trajectory x(t), t ∈ [0, tf ], that satisfies the agent dynamics

and constraints while collecting a sufficient amount of information for each target:

z(0) = 0, z(tf) ≥ cm =
(
cm1 , cm2 , . . . , cmnm

)
. (5.26)



163

5.4.3 Driving information acquisition by STL specifications

In the regions where the sensing limitations (5.21) are not satisfied, the information-

acquisition metric mi(x) is uniformly zero, resulting in a uniformly zero gradient that causes

convergence issues for gradient-based trajectory generation. To mitigate this, we enforce the

existence of time intervals over which the information-acquisition rate and its gradient remain

nonzero by imposing signal temporal logic specifications.

We first define the predicates

dφi :=
(
fdi

(r(t)) ≥ 0
)

:=
(
rde

di
− ∥r(t)− pmi

∥ ≥ 0
)
, (5.27a)

aφi :=
(
fai

(r(t)) ≥ 0
)

:=
(
m̃ai

(r(t))− cos(αde
ai

) ≥ 0
)
, (5.27b)

vφi :=
(
fvi

(r(t),Ω(t)) ≥ 0
)

:=
(
m̃vi

(r(t),Ω(t))− cos(αde
v ) ≥ 0

)
, (5.27c)

where

αde
ai
< αd

ai
, αde

v < αd
v.

If (5.27) holds at time t, then the corresponding modified sensing components are nonnegative,

and hence the sensing limitations are satisfied at time t.

To ensure that all three sensing conditions hold over a time window of duration tEi
> 0,

we impose the STL formula

gφi := G[0,tEi
]
(

dφi ∧ aφi ∧ vφi
)
, (5.28)

where G is the always operator. We then require this condition to occur sometime within a

larger window by enforcing
fφi := F[tSi

,tSi+1−tEi
]
gφi, (5.29)

where F is the eventually operator and the interval satisfies

tEi
≤ tSi+1 − tSi

.

The interpretation is that, during the horizon assigned to target i, the trajectory must

eventually enter and remain within an information-acquisition window for a sufficient duration.
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Composing eventually and always in (5.29) ensures that, for sufficiently small rde
di

and

with

αde
ai
< αd

ai
, αde

v < αd
v,

if (5.29) is satisfied, then there exists

t′ ∈ [tSi
, tSi+1 − tEi

]

such that mi(x) and its gradient are nonzero for almost every

t ∈ [t′, t′ + tEi
].

This is precisely the mechanism needed to avoid the flat, zero-gradient regions that otherwise

hinder numerical optimization.

5.4.4 Trajectory generation formulation and solution

The trajectory generation problem for information acquisition is formulated as a free-final-

time Mayer optimal control problem with additional constraints on cumulative information

acquisition and on the satisfaction of the STL specifications:

minimize
x(·),u(·),tf

L
(
tf , x(tf)

)
subject to ẋ(t) = F

(
t, x(t), u(t)

)
, t ∈ [0, tf ],

ż(t) = m
(
x(t)

)
, t ∈ [0, tf ],

g
(
t, x(t), u(t)

)
≤ 0, t ∈ [0, tf ],

h
(
t, x(t), u(t)

)
= 0, t ∈ [0, tf ],

P
(
x(0), u(0), x(tf), u(tf)

)
≤ 0,

Q
(
x(0), u(0), x(tf), u(tf)

)
= 0,

cm − z(tf) ≤ 0,

z(0) = 0,(
x, 0

)
|= fφi, ∀i ∈ [1 :nm].
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Here L is the terminal cost, g and h are the path-constraint functions, and P and Q collect

the boundary conditions. The additional terminal inequality

cm − z(tf) ≤ 0

ensures that the total information acquired for each target exceeds the prescribed threshold.

A key modeling point is that the continuous-time path constraints and the information

accumulator are embedded directly into the continuous-time dynamics, while the STL

conditions are imposed through the discrete-time GMSR parameterization after discretization.

This is the hybrid structure emphasized throughout the present application. Continuous-time

path-constraint satisfaction is handled through the augmentation, whereas the mission-

level requirements that guarantee useful sensing intervals are enforced via smooth exact

discrete-time STL specifications.

To ensure continuous-time satisfaction of the path constraints, we introduce the auxiliary

state y and define the augmented state

xa(t) :=
(
x(t), y(t), z(t)

)
,

with augmented dynamics

ẋa(t) = Fa
(
t, xa(t), u(t)

)
:=


F
(
t, x(t), u(t)

)
1⊤qc

(
g
(
t, x(t), u(t)

))
+ 1⊤qd

(
h
(
t, x(t), u(t)

))
m
(
x(t)

)

 , (5.31)

where

qd(x) := (x2 + d2)1/2 − d, d > 0, (5.32)

and the periodic boundary condition

y(0) = 0, y(tf) = 0 (5.33)

ensures continuous-time path-constraint satisfaction.



166

Time-dilation, FOH parameterization and multiple-shooting discretization then follow

the machinery of Chapter 2. The free-final-time problem is transformed to a fixed-final-time

problem through the time-dilated dynamics

x̃(τ) :=
(
xa(t̃(τ)), t̃(τ)

)
, ũ(τ) :=

(
u(t̃(τ)), s(τ)

)
,

and then discretized on a finite node set using multiple shooting.

After time-dilation and discretization, the continuous-time windows

[tSi
, tSi+1 − tEi

]

and durations tEi
are represented by the corresponding node indices kSi

, kSi+1 , and integer

window lengths nEi
.

The STL specifications are parameterized using the D-GMSR constructions of Chapter 3.

In particular, the inner always condition in (5.28) is parameterized over a finite node window

as

Γgφi

c,p,w(x̃, k) = ∧hcp,w

(
∧hcp,w

(
fsi

(rk,Ωk)
)
, . . . , ∧hcp,w

(
fsi

(rk+nEi
,Ωk+nEi

)
))
,

where

fsi
(rk,Ωk) :=

(
fdi

(rk), fai
(rk), fvi

(rk,Ωk)
)
.

Here, rk and Ωk denote the values of r(t̃(τk)) and Ω(t̃(τk)), respectively, and nEi
∈ Z++ is

chosen such that

t̃(τk+nEi
)− t̃(τk) ≥ tEi

.

The corresponding outer eventually specification in (5.29) is then parameterized exactly

as the smooth disjunction

Γfφi

c,p,w(x̃, 0) = ∨hcp,w

(
Γgφi

c,p,w(x̃, kSi
), . . . ,Γgφi

c,p,w(x̃, kSi+1 − nEi
− 1)

)
,

where kSi
and kSi+1 are the node indices defining the interval

[kSi
:kSi+1 − 1],
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over which the inner always specification may start.

This discrete-time STL condition is used to select sensing windows after transcription.

In continuous time, the information-acquisition metric is still accumulated through the

augmented dynamics, so useful information can be gathered throughout the intervals, not

only at the nodes. The role of the STL constraint is to ensure that at least one admissible

window contains node points for which the sensing predicates are satisfied, thereby placing

the trajectory inside a region where the information-acquisition metric is positive and has

nonzero gradient. This avoids the zero-gradient regions that would otherwise prevent the

optimizer from discovering informative sensing trajectories.

In the implementation, only the nonnegative side of this outer disjunction is needed to

certify satisfaction. For that reason, we use the simpler satisfaction-oriented surrogate

Γ̃fφi

c,p,w(x̃, 0) = −
kSi+1−nEi

−1∏
k=kSi

nEi∑
j=0

(
1⊤qc

(
−fsi

(rk+j,Ωk+j)
))
, (5.34)

where qc is applied elementwise. This surrogate preserves the relevant sign logic:

Γ̃fφi

c,p,w(x̃, 0) ≥ 0

if and only if there exists an admissible start index

k ∈ [kSi
:kSi+1 − nEi

− 1]

such that

fsi
(rk+j,Ωk+j) ≥ 0

componentwise for all j = 0, . . . , nEi
. Hence,

Γ̃fφi

c,p,w(x̃, 0) ≥ 0

certifies satisfaction of the corresponding eventually-always requirement, even though Γ̃

need not coincide with the exact GMSR robustness value.
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After exact penalization of the nonlinear constraints, the resulting finite-dimensional

problem takes the composite form

minimize
Z∈Z

Jnl(Z) := G(Z) + wepH(C(Z)), (5.35)

where Z = (x̃1, . . . , x̃N , ũ1, . . . , ũN), the convex set Z collects the convex constraints, and G

and H ◦ C encode the objective, penalized defect constraints, boundary conditions, and the

parameterized STL specifications. As in Sections 5.3 and 5.5, this problem is solved by the

prox-convex method discussed in Chapter 4, with adaptive proximal weighting.

5.4.5 Case study: monitoring drone

We demonstrate the proposed framework in a case study where a quadrotor must acquire

information about six targets. We consider a small quadrotor drone with mass m = 1 kg and

principal moments of inertia about the body-frame axes

(Ix, Iy, Iz) = (0.07, 0.07, 0.127) kg m2.

The vehicle is modeled by 6-DoF translational and rotational Euler–Lagrange dynamics,

where (rx, ry, rz) is the position vector in the inertial frame, (vx, vy, vz) is the velocity vector in

the body frame, (ϕ, θ, ψ) are the roll, pitch, and yaw angles, and (p, q, r) are the corresponding

angular rates. The control inputs are thrust T and torques (τϕ, τθ, τψ) in the body-frame axes.

Angular rates, pitch and roll angles, altitude, velocity, thrust, and torques are all subject

to bounds, and the drone must keep a distance of at least 1.5 m from the targets to avoid

collisions.

The acquisition-cone directions for the six targets are given in Table 5.2. Some targets

use directions in the (x, y) plane, while others use tilted directions.

In the simulation, the sensing model uses

cmi
= 2.2, m̄i = 0.38, i ∈ [1 :6],

with acquisition-decay parameters

τm = (0.223, 0.063, 0.223, 0.085, 0.223, 0.223),
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Vector Value

dm


1√
2

1√
3 0 − 1√

3 −
√

3
2 −

√
3

2

1√
2 −

1√
3 −1 1√

3 −1
2

1
2

0 1√
3 0 − 1√

3 0 0


Table 5.2: Acquisition directions for the six targets, arranged as columns of dm.

field-of-view angle

αd
v = 20◦,

and acquisition-cone angles

αd
ai

= 20◦, i ∈ [1 :6].

The target sequence is assumed to be preassigned, for example by the task-allocation method

of [278].

The STL specification (5.29) is implemented with

rde
d = (6, 20, 6, 15, 6, 6) m,

αde
v = 15◦, αde

ai
= 15◦, i ∈ [1 :6],

and

kS = (1, 16, 25, 36, 45, 50, 61), nEi
= 3, i ∈ [1 :6].

The smoothing parameters in (5.22) and (5.32) are set to

c = d = 10−4,

to ensure smoothness with negligible effect on the numerical algorithm.

For the given boundary conditions, we use

N = 61
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node points and treat the flight time as a decision variable to be minimized. The optimization

is initialized with a trajectory composed of straight-line segments connecting the initial

position to the target sequence and then to the final position, with node points distributed

uniformly along this path. Affine scaling is also applied to improve numerical conditioning.

The implementation uses CVXPY [81] together with the Clarabel solver [124].

Figure 5.14 shows the optimized monitoring trajectory. Figures 5.15 and 5.16 show,

respectively, the information-acquisition history for each target and the associated state and

control trajectories. The quadrotor acquires the required information for each target in less

than 51 s while satisfying the state and input constraints continuously during the flight.

For comparison, a conventional method that decouples motion planning and information

acquisition, where the agent repeatedly flies to a point, stops to acquire information, and then

proceeds to the next, results in a total mission time of 66.17 s, comprising 42.31 s for motion

and 23.86 s for acquisition. This is approximately 29% longer than the proposed approach.

In addition, if the sensor field-of-view and acquisition-direction cones are too narrow, such a

decoupled strategy may fail altogether for targets with steeply tilted acquisition directions,

since acquisition is then impossible without drone pitching, which prevents the flight from

being stationary.

The computation of the trajectory in a simple, nonoptimized Python implementation

takes approximately 14.5 s on a 2023 MacBook Pro. Speedups of 10×–40× are expected

through code optimization, compilation, and translation to C/C++. Thus, although the

proposed method is primarily intended for offline trajectory generation, a receding-horizon

implementation with a shorter time window and fewer nodes may be able to achieve real-time

operation.

5.5 Rocket landing with compound state-triggered constraints

This section applies the modeling and optimization machinery developed in the previous

chapters to a free-final-time powered-descent guidance problem with six-degree-of-freedom

rocket dynamics and compound state-triggered constraints, a subset of STL specifications. In
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Figure 5.14: Trajectory generation for a quadrotor acquiring information from six targets. The

trajectory color represents speed, as indicated by the colorbar. Snapshots show the quadrotor

at different time instants together with targets (red spheres), collision areas (black spheres),

acquisition cones (yellow cones), and sensor fields of view during information acquisition

(blue cones).

contrast to the receding-horizon setting of Section 5.3 and the sensing-driven information-

acquisition problem of Section 5.4, the emphasis here is on embedding mission specifica-

tions directly into a continuous-time trajectory optimization problem for a highly nonlinear
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Figure 5.15: History of information acquired during the quadrotor flight for each target, from

red (first target) to purple (last target).

aerospace vehicle. The continuous-time state and control bounds are handled through the

path-constraint machinery of Chapters 2 and 3, while the compound state-triggered con-

straints are parameterized through the smooth and exact logical constructions of Chapter 3

and solved using the convexification framework developed in Chapter 4. This example there-

fore illustrates how the general framework can accommodate free-final-time 6-DoF dynamics

together with implication, conjunction, and disjunction structures that arise naturally in

powered-descent missions.

5.5.1 Introduction

Autonomous guidance algorithms are an enabling technology for future manned and

unmanned planetary missions. Powered-descent guidance (PDG) involves generating reference

trajectories and feedforward control commands to facilitate the soft landing of a rocket-powered

vehicle on a planetary surface, playing an essential role in enabling human exploration missions

to destinations within the solar system [60]. Polynomial guidance methods developed for

PDG [200, 261, 263] have played a crucial role in the Apollo program for the landing of

the lunar module on the Moon [158] as well as in the Mars Science Laboratory (MSL) and

Mars 2020 missions for the landing of the Curiosity and the Perseverance rovers on Mars
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Figure 5.16: History of state and control variables during the quadrotor flight (blue solid)

together with the corresponding constraints (green dashed).

[252, 297]. While polynomial guidance methods have achieved remarkable success for PDG

in space missions, the requirements for precise landing in challenging environments and the

imposition of complex mission constraints have driven the development of more advanced

PDG algorithms.



174

Advancements in numerical optimization algorithms have enabled the formulation and

solution of the PDG problem as an optimal control problem. The effectiveness of optimiza-

tion algorithms on the PDG problem has been demonstrated in the landings of vertical-

takeoff/vertical-landing reusable space rockets [33]. The development of interior-point methods

[118, 214] has enabled the solving of convex optimization problems [42] to global optimality,

ensuring convergence within polynomial time. Lossless convexification (LCvx) is a transfor-

mative method that applies convex optimization algorithms to solve the PDG problem [6].

Through the introduction of a slack variable, the nonconvex thrust-magnitude lower-bound

constraint in the three-degree-of-freedom (3-DoF) PDG problem is transformed into a convex

one. By leveraging Pontryagin’s maximum principle, the convex problem’s optimal solution is

also optimal for the original nonconvex problem. LCvx is subsequently extended to address a

variety of constraints, including general nonconvex input sets [5], minimum-error landing [34],

thrust-pointing constraints [2], affine and quadratic state constraints [130, 131], nonlinear

dynamics [35], and binary constraints [180]. Customized second-order cone programming

solvers [95, 96] are developed to assess the real-time performance of LCvx, while the Guidance

for Fuel Optimal Large Divert (G-FOLD) algorithm [7, 255, 256] was specifically developed

to test LCvx on Masten Space Systems’ vertical-takeoff/vertical-landing suborbital rocket,

Xombie [209, 210]. Although considering only translation dynamics and constraints related

either to translation or to the thrust vector via a 3-DoF model achieved sufficient success

to solve the PDG problem, six-degree-of-freedom (6-DoF) modeling of vehicle dynamics

and increasing complexity of mission constraints necessitate the solution of more general

nonconvex problems.

Sequential convex programming (SCP) has emerged as an effective method for transitioning

from fully convex 3-DoF PDG problems to more complex, nonconvex 6-DoF PDG problems,

which often include nonconvex constraints [183, 184]. SCP is an iterative method that handles

nonconvex problems by successively solving a sequence of locally convex approximations,

achieved through linearizing the nonconvexities [40, 61, 92, 185, 237]. Therefore, SCP

algorithms enable the handling of more general formulations of vehicle dynamics and mission
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constraints, which often introduce nonconvexities, such as aerodynamic forces on the vehicle

[269], free-final-time formulation [268], multi-phase landing [144], state-triggered constraints

[238, 273, 274], and integer constraints [179, 182]. The SCP algorithm has been further

employed to solve quadrotor flight [270–272] and hypersonic entry problems [192–194], and

its real-time capability has been demonstrated in quadrotor flight [270–272] as well as

PDG problems [181, 237]. An SCP-based solution method utilizing the dual quaternion

formulation for the PDG problem [238] has been selected as the candidate PDG algorithm

for NASA’s Safe and Precise Landing – Integrated Capabilities Evolution (SPLICE) project.

This algorithm has been flight-tested in an open-loop configuration on the Blue Origin

New Shepard suborbital rocket [87, 266]. The traditionally utilized interior-point method

to solve each convex subproblem in these algorithms is replaced with the customized first-

order proportional-integral projected gradient (PIPG) algorithm [307, 308] for addressing

the 3-DoF PDG problem via LCvx, leading to a significant improvement in the solution

speed of the problem [103]. The PIPG algorithm is then employed to solve the 6-DoF PDG

problem formulated via dual quaternion, resulting in a significant enhancement in real-time

performance [143].

In all of these algorithms, path constraints are imposed only at the node points of the

discretized continuous-time problem, so inter-sample constraint satisfaction is not guaranteed.

The continuous-time successive convexification framework (CT-SCVx), first developed for

continuous-time path constraints and reviewed in Chapters 2 and 3, combines continuous-

time path-constraint reformulation, time-dilation, multiple shooting, exact penalties, and

a convergence-guaranteed SCP scheme to solve the resulting finite-dimensional nonconvex

optimal control problem [104]. Implementations of this framework have been demonstrated

for passively safe [105] and GPU-accelerated [66] trajectory optimization for 6-DoF PDG,

nonlinear model predictive control for obstacle avoidance [287], and trajectory optimization

for 6-DoF aircraft approach and landing [155].

While formulations exist to impose state-triggered constraints [238, 273, 274] and integer

constraints [179, 182], a general formulation has not yet been addressed for imposing temporal
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logic specifications by ensuring their continuous-time satisfaction within an SCP framework.

Signal temporal logic (STL) provides a general framework for imposing temporal and logical

specifications on optimization problems [27, 89, 178]; however, the standard robustness se-

mantics involve nested min and max operators, leading either to mixed-integer formulations

[233, 247] or to smooth approximations that compromise soundness, completeness, or numeri-

cal robustness [123, 128, 187, 223, 292]. Moreover, the direct use of min and max can give rise

to locality and masking effects [196], which can prevent local optimization algorithms from

finding feasible solutions even when the problem is feasible. Chapter 3 addressed these issues

through the generalized mean-based smooth robustness (GMSR) formulation [286], which

is smooth, sound, complete, and equipped with favorable gradient properties for numerical

optimization.

The present section applies that modeling machinery to a 6-DoF rocket landing problem

with compound state-triggered requirements. In particular, we employ the exact smooth

logical constructions of Chapter 3 to parameterize the compound state-triggered constraints,

and we use the numerical optimal-control machinery of Chapter 2 and Chapter 4 to solve

the resulting powered descent guidance problem while ensuring continuous-time constraint

satisfaction and convergence.

5.5.2 6-DoF powered descent guidance problem with CT-cSTCs

This subsection presents the 6-DoF powered descent guidance problem with continuous-

time compound state-triggered constraints (CT-cSTCs). We first outline the rocket dynamics,

general state and control constraints, and boundary conditions, adapted from [143, 274].

We then describe the altitude-triggered gimbal-deflection, speed, angular-velocity, tilt-angle,

glideslope, and line-of-sight constraints, together with speed- and tilt-triggered thrust con-

straints.
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Rocket dynamics

The state vector and the control input of the vehicle are defined as

x := (m, rI , vI , qB←I , ωB),

u := (T, δe, ϕe, δb, ϕb),

where subscripts I and B denote quantities expressed in the inertial and body-fixed reference

frames, respectively; m ∈ R+ is the mass of the vehicle; rI ∈ R3 is the position vector;

vI ∈ R3 is the velocity vector; qB←I = (q1, q2, q3, q4) ∈ R4 is the quaternion parameterizing

the transformation from the inertial frame to the body frame; ωB ∈ R3 is the angular-velocity

vector; and T , δe, ϕe, δb, and ϕb denote the thrust magnitude, engine gimbal deflection and

azimuth angles, and boresight gimbal deflection and azimuth angles, respectively.

The dynamical system of the rocket is given by

ẋ(t) = F
(
x(t), u(t)

)

=



−αṁ∥TB(t)∥2

vI(t)
1

m(t)CI←B(t)
(
TB(t) + AB(t)

)
+ gI

1
2Ω
(
ωB(t)

)
qB←I(t)

JB(t)−1
(

[rcm,B×]TB(t) + [rcp,B×]AB(t)− ωB(t)×
(
JB(t)ωB(t)

))


. (5.36)

In this model,

αṁ = 1
Ispg0

, gI := (0, 0,−g0),

where Isp is the vacuum specific impulse of the engine and g0 is standard Earth gravity. The

moment-of-inertia matrix of the vehicle about its center of mass at time t is denoted by

JB(t) ∈ R3×3
+ . The thrust moment arm, which is the vector from the vehicle’s center of mass

to the engine gimbal hinge point, is denoted by rcm,B ∈ R3. The aerodynamic moment arm,

which is the vector from the vehicle’s center of mass to the center of pressure, is denoted by

rcp,B ∈ R3.
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The thrust vector

TB ∈ R3

is defined by

TB :=


T sin(δe) cos(ϕe)

T sin(δe) sin(ϕe)

T cos(δe)

 ,

where T is the thrust magnitude and δe, ϕe are the gimbal deflection and azimuth angles of

the engine.

The aerodynamic force AB is given by

AB(t) = −1
2ρ∥vI(t)∥2SACACB←I(t)vI(t),

where ρ is the ambient atmospheric density, SA ∈ R++ is the reference area, CA ∈ R3×3
++ is the

aerodynamic coefficient matrix, and CB←I = C⊤I←B ∈ SO(3) is the direction-cosine matrix

that encodes the attitude transformation from the inertial frame to the body frame. The

matrix CB←I is defined by

CB←I =


1− 2(q2

3 + q2
4) 2(q2q3 + q1q4) 2(q2q4 − q1q3)

2(q2q3 − q1q4) 1− 2(q2
2 + q2

4) 2(q3q4 + q1q2)

2(q2q4 + q1q3) 2(q3q4 − q1q2) 1− 2(q2
2 + q2

3)

 .

The skew-symmetric matrix operator Ω(·) and the vector cross-product matrix [·×] are

defined by

Ω(ξ) :=



0 −ξ1 −ξ2 −ξ3

ξ1 0 ξ3 −ξ2

ξ2 −ξ3 0 ξ1

ξ3 ξ2 −ξ1 0


, [ξ×] :=


0 −ξ3 ξ2

ξ3 0 −ξ1

−ξ2 ξ1 0

 ,

for ξ = (ξ1, ξ2, ξ3) ∈ R3.
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General state and control constraints

The vehicle’s fuel consumption, tilt angle θ, angular rate ωB, and glideslope angle γ are

subject to the constraints

mdry ≤ m(t),

cos(θmax) ≤ 1− 2
(
q2

2(t) + q2
3(t)

)
,

∥ωB(t)∥2 ≤ ωmax,

tan(γmax)
∥∥∥[e1 e2]⊤rI(t)

∥∥∥
2
≤ e⊤3 rI(t),

where ei denotes the ith basis vector of R3.

Additionally, the gimbal deflection and azimuth angles of the engine and the boresight

vector are constrained by

∥δe(t)∥1 ≤ δe
max, ∥δb(t)∥1 ≤ δb

max,

∥ϕe(t)∥1 ≤ ϕe
max, ∥ϕb(t)∥1 ≤ ϕb

max.

Since the thrust force is itself regulated by state-triggered constraints, it is not explicitly

constrained in this subsection. For clarity, we represent the state and control constraints as

gx(x) ≤ 04×1, gu(u) ≤ 04×1,

where

gx : Rnx → R4, gu : Rnu → R4,

and both gx and gu are convex componentwise.

Boundary conditions

The boundary conditions are

m(0) = mi, m(tf) ≥ mdry, rI(0) = ri, rI(tf) = rf ,

vI(0) = vi, vI(tf) = vf , qB←I(0) = qB←Ii , qB←I(tf) = qB←If ,

ωB(0) = ωBi , ωB(tf) = ωBf .
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For clarity, these boundary conditions are represented compactly as
(
x(0), x(tf)

)
∈ X ,

where X is a closed convex set.

Compound state-triggered constraints

The altitude-triggered gimbal-deflection angle, speed, angular-velocity, tilt-angle, and

glideslope constraints are defined as(
e⊤3 rI(t) < htrig

1

)
=⇒

(
δ(t) ≤ δstc

)
∧
(
∥vI(t)∥2 ≤ vstc

I

)

∧
(
∥ωB(t)∥2 ≤ ωstc

)

∧
(

cos(θstc) ≤ 1− 2
(
q2

2(t) + q2
3(t)

))

∧
(

tan(γstc)
∥∥∥[e1 e2]⊤rI(t)

∥∥∥
2
≤ e⊤3 rI(t)

)
.

The altitude-triggered line-of-sight angle constraint is defined as(
e⊤3 rI(t) < htrig

2

)
=⇒

(
cos

(
ψstc

)
∥rI(t)− rf∥2 ≤

(
rI(t)− rf

)⊤
CI←B(t)ℓB(t)

)
,

where ψstc is the view-cone angle and the boresight vector in the body frame is

ℓB(t) :=


sin

(
δb(t)

)
cos

(
ϕb(t)

)
sin

(
δb(t)

)
sin

(
ϕb(t)

)
cos

(
δb(t)

)

 .

The speed- and tilt-triggered thrust constraints are(
∥vI(t)∥2 < vtrig

I

)
∧
(

cos(θtrig) < 1−2
(
q2

2(t)+q2
3(t)

))
=⇒

(
T stc1

min ≤ T (t)
)
∧
(
T (t) ≤ T stc1

max

)
,

and, if either the speed or the tilt angle exceeds the specified threshold,(
vtrig
I < ∥vI(t)∥2

)
∨
(

1−2
(
q2

2(t)+q2
3(t)

)
< cos(θtrig)

)
=⇒

(
T stc2

min ≤ T (t)
)
∧
(
T (t) ≤ T stc2

max

)
.
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For clarity, the state-triggered constraints are represented compactly as

(
gtrig1(x) < 0

)
=⇒

5∧
i=1

(
gstci(x) ≤ 0

)
, (5.37a)

(
gtrig2(x) < 0

)
=⇒

(
gstc6(u) ≤ 0

)
, (5.37b)(

gtrig3(x) < 0
)
∧
(
gtrig4(x) < 0

)
=⇒

(
gstc7(u) ≤ 0

)
∧
(
gstc8(u) ≤ 0

)
, (5.37c)(

− gtrig3(x) < 0
)
∨
(
− gtrig4(x) < 0

)
=⇒

(
gstc9(u) ≤ 0

)
∧
(
gstc10(u) ≤ 0

)
. (5.37d)

5.5.3 Smooth parameterization and trajectory optimization formulation

Following Chapter 3, the compound state-triggered constraints (5.37) can be parameterized

exactly and smoothly using the GMSR logical constructions. Since only logical operators

appear here, the sign-equivalent algebraic constraints can be written directly in terms of

nonnegative products and sums of positive-part functions. Applying the exact conjunction

and disjunction reductions from Chapter 3 yields

max
(
0,−gtrig1(x)

)2
( 5∑
i=1

max
(
0, gstci(x)

)2
)

= 0,

max
(
0,−gtrig2(x)

)2
max

(
0, gstc6(u)

)2
= 0,

max
(
0,−gtrig3(x)

)2
max

(
0,−gtrig4(x)

)2
(

max
(
0, gstc7(u)

)2
+ max

(
0, gstc8(u)

)2
)

= 0,(
max

(
0, gtrig3(x)

)2
+ max

(
0, gtrig4(x)

)2
)(

max
(
0, gstc9(u)

)2
+ max

(
0, gstc10(u)

)2
)

= 0.

Remark 5.2. Because all functions in (5.38) are nonnegative, these constraints do not require

an exterior penalty function when they are embedded into the continuous-time path-constraint

reformulation. This is a particularly convenient feature of the present logical subset.

For clarity, we denote the vector of smooth exact state-triggered constraints by

hstc
(
x(t), u(t)

)
= 04×1, hstc : Rnx × Rnu → R4

+.
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The resulting free-final-time powered descent guidance problem can then be written as

minimize
tf , x, u

tf

subject to ẋ
(
t
)

= F
(
x(t), u(t)

)
, t ∈ [0, tf ],

gx
(
x(t)

)
≤ 04×1, t ∈ [0, tf ],

gu
(
u(t)

)
≤ 04×1, t ∈ [0, tf ],

hstc
(
x(t), u(t)

)
= 04×1, t ∈ [0, tf ],(

x(0), x(tf)
)
∈ X .

To ensure continuous-time satisfaction of the path constraints, we follow the construction

reviewed in Chapter 3. Introduce the augmented state

xa := (x, y)

with auxiliary dynamics

ẋa(t) =Fa
(
xa(t), u(t)

)
,

:=

 F
(
x(t), u(t)

)
1⊤4×1qc

(
gx
(
x(t)

))
+ 1⊤4×1qc

(
gu
(
u(t)

))
+ 1⊤4×1hstc

(
x(t), u(t)

)


where

qc(s) = max(0, s)2

is applied elementwise. The periodic boundary condition

y(0) = y(tf) (5.40)

then certifies continuous-time satisfaction of the original state, control, and compound

state-triggered path constraints.
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Accordingly, the reformulated continuous-time optimal control problem becomes

minimize
tf , xa, u

tf

subject to ẋa(t) = Fa
(
xa(t), u(t)

)
, t ∈ [0, tf ],

yE
(
xa(tf)− xa(0)

)
= 0,(

xExa(0), xExa(tf)
)
∈ X ,

where xE and yE extract the components corresponding to x and y, respectively.

From this point onward, the free-final-time transcription follows the common numerical

machinery already established in Chapter 2 and Chapter 4. In particular, the problem is

converted to a fixed normalized horizon via time-dilation, the physical controls are param-

eterized by first-order hold, the dynamics are transcribed via multiple shooting, and the

remaining nonlinear equalities are transferred into the objective through exact penalties. In

the present specialization, the objective and all constraints other than the dynamics are linear

after reformulation, so only the dynamic constraints require exact penalization. The resulting

finite-dimensional nonconvex problem is then solved by the prox-convex algorithm.

A convenient compact representation of the penalized finite-dimensional problem is

minimize
Z∈Z

G(Z) + wdyn
eq H

(
C(Z)

)
,

where Z stacks the nodal states and controls, Z collects the convex constraints, G is a proper

convex function containing the discretized final-time objective and convex side constraints,

and H ◦ C is a convex-composite exact-penalty term associated with the multiple-shooting

defects.

At SCP iteration j + 1, the corresponding prox-convex convex subproblem takes the form

minimize
Z∈Z

G(Z) + wdyn
eq H

(
C(Zj) +∇C(Zj)(Z − Zj)

)
+
wjprox

2 ∥Z − Zj∥2
2,

where Zj is the previous SCP iterate and wjprox is the adaptive proximal weight. The exact

interval sensitivities entering the linearized defect map are computed through the standard



184

variational equations of the multiple-shooting flow map; see Chapter 2 and Chapter 4, as

well as [66, 104], for the details of this construction. In the original implementation, CVXPY

together with ECOS or MOSEK is used for modeling and solving the convex subproblems

[81, 88, 208]. Customizable conic solvers such as the proportional-integral projected gradient

(PIPG) algorithm [307, 308], especially when combined with conditioning and preconditioning

techniques [146], could also be used for efficient implementations.

5.5.4 Numerical results

The solution to the powered descent guidance problem with continuous-time compound

state-triggered constraints is illustrated in Figures 5.17 and 5.18. The system and simulation

parameters are presented in Table 5.3. To improve the performance of the optimizer, affine

scaling is applied to the state and control inputs. Initial guesses are set as follows: the state

is interpolated linearly between initial and final values, the thrust force is set to

1
2
(
T stc1

max + T stc1
min

)
throughout the flight, the gimbal deflection and azimuth angles are set to zero, and the

free-final-time is initialized at 21 s.

At approximately 5.72 s, the vehicle’s speed and tilt angle drop below the specified

thresholds,

vtrig
I and θtrig,

with the thrust constraints satisfied immediately afterward. Around 11.07 s, the altitude

decreases below

htrig
2 ,

triggering satisfaction of the line-of-sight constraint. Finally, the altitude decreases below

htrig
1

around 15 s, followed by satisfaction of the gimbal-deflection angle, speed, angular-velocity,

tilt-angle, and glideslope constraints. All conditions are met between consecutive node points,
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and the corresponding constraints are satisfied in continuous time immediately afterward.

The implementation is available at https://github.com/UW-ACL/CT-cSTC.
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Figure 5.17: The landing trajectory of the rocket.

5.6 Quadrotor flight with CT-STL specifications

The double-integrator examples in Section 5.2 isolated the always, eventually, and

until operators in simple settings. The present section returns to the main nonlinear example

from the CT-STL study and shows how the modeling framework of Chapter 3, together with

https://github.com/UW-ACL/CT-cSTC
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Table 5.3: Vehicle, boundary-condition, and state-triggered-constraint parameters used in the

6-DoF rocket-landing example.

Parameter Value

K 15

g0 9.806 m s−2

ρ 1.225 kg m−3

Isp 330 s

JB(t) m(t)diag([60, 60, 1.5]) kg m2

CA diag([0.4068, 0.4068, 0.0522])

SA 545 m2

rcm,B (0, 0,−14) m

rcp,B (0, 0, 3) m

mi 100000 kg

mdry 85000 kg

ri (200, 200, 500) m

rf (0, 0, 0) m

vi (0, 0,−50) m s−1

vf (0, 0,−5) m s−1

qB←Ii (
√

2,
√

2, 0, 0)

qB←If (1, 0, 0, 0)

ωBi (0, 0, 0) deg s−1

ωBf (0, 0, 0) deg s−1

Parameter Value

ωmax 90 deg s−1

θmax 90 deg

γmax 35 deg

δe
max 10 deg

ϕe
max 180 deg

δb
max 20 deg

ϕb
max 180 deg

htrig
1 100 m

htrig
2 200 m

vtrig
I 35 m s−1

θtrig 60 deg

vstc
I 20 m s−1

ωstc 2.5 deg s−1

θstc 5 deg

γstc 5 deg

ψstc 5 deg

δstc 1 deg s−1

T stc1
max 2 200 000 kg m s−2

T stc1
min 880 000 kg m s−2

T stc2
max 6 600 000 kg m s−2

T stc2
min 2 640 000 kg m s−2
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Figure 5.18: State and control inputs of the rocket during landing.
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the transcription machinery of Chapter 2 and the SCP framework of Chapter 4, can handle a

free-final-time 6-DoF quadrotor problem with moving waypoints, moving implication-type

obstacle constraints, and terminal-set requirements. Unlike the earlier illustrative problems,

this example combines nonlinear rigid-body dynamics, continuously moving predicates,

temporal waypoint visitation requirements, and continuous-time safety constraints within a

single trajectory optimization problem.

As in Section 5.2, the objective is specification satisfaction rather than faithful numerical

reproduction of the full GMSR value. Accordingly, we use the notation Γ̂ for the terminal

surrogate quantities appearing below.

5.6.1 Free-final-time 6-DoF quadrotor example

For the main example, the physical quadrotor state and control are

xq := (r, v, ϕ, θ, ψ, pb, qb, rb) ∈ R12, uq := (τϕ, τθ, τψ, T ) ∈ R4,

where r = (rx, ry, rz) and v = (vx, vy, vz) denote position and velocity, Ω := (ϕ, θ, ψ) are the

Euler angles, ωb := (pb, qb, rb) are the body angular rates, T is the thrust magnitude, and

(τϕ, τθ, τψ) are the body torques. The dynamics are modeled by the standard Newton–Euler

equations for a quadrotor, as in [175], and are written compactly as

ẋq(t) = fq(xq(t), uq(t)).

The quadrotor is subject to the continuous-time bounds

0.06 g0 ≤ T (t) ≤ 1.75 g0, |τϕ(t)|, |τθ(t)|, |τψ(t)| ≤ 0.25,

together with

∥v(t)∥2 ≤ 20, −5 ≤ rz(t) ≤ 10, |ϕ(t)|, |θ(t)| ≤ 45◦, |pb(t)|, |qb(t)|, |rb(t)| ≤ 100◦/s.

In the implementation, these continuous-time state and control bounds are handled through

an additional accumulated path-penalty state ηq, analogous to the path-constraint treatment
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used in Section 5.2. Concretely, if

gq,ℓ(xq, uq) ≤ 0, ℓ = 1, . . . , nq,path,

collect the scalar inequalities associated with the thrust, torque, speed, altitude, attitude,

and body-rate bounds, then the accumulated path-penalty state evolves according to

η̇q(t) = χpath,q(xq(t), uq(t)) :=
nq,path∑
ℓ=1

[gq,ℓ(xq(t), uq(t))]2+, ηq(0) = 0.

By construction, ηq(tf) = 0 is equivalent to continuous-time satisfaction of the encoded bound

constraints.

Define the compact boundary-condition sets

Xq,i := {xq : r = (0,−10, 1), v = 0, Ω = 0, ωb = 0} ,

Xq,f := {xq : 8 ≤ rx ≤ 10, v = 0, ϕ = θ = 0, ωb = 0} .

The problem uses K = 32 shooting nodes and an initial final-time guess of 10 s. The final

time is free and is optimized through the time-dilation variables in the multiple-shooting

transcription.

To represent the moving predicates, the implementation augments the state with an

internal clock state ϑ, the path-penalty state ηq, six obstacle-violation states, and two

eventually-type waypoint pairs:

xφq :=
(
xq, ϑ, ηq, ξ

ℓ
1, ξ

u
1 , ξ

ℓ
2, ξ

u
2 , ξ

ℓ
3, ξ

u
3 , y1, z1, y2, z2

)
.

The internal clock is governed by

ϑ̇(t) = 1, ϑ(0) = 0,

and is used to parameterize the moving waypoints and moving obstacle gaps.

The two moving waypoint centers are

c1(ϑ) :=
(
−5, −16 + 11.5

(
sin(πϑ/5.655−π/2) + 1

)
, 1
)
,

c2(ϑ) :=
(
−10, 7− 11.5

(
sin(πϑ/4.38−π/2) + 1

)
, 1
)
,
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both with radius rw = 0.5. For each waypoint i = 1, 2, define

ρi(r, ϑ) := r2
w − ∥r − ci(ϑ)∥2

2,

and the predicates

µw,i(r, ϑ) := (ρi(r, ϑ) ≥ 0).

The moving-waypoint task is therefore

φwp := F[0,tf ]µw,1 ∧ F[0,tf ]µw,2.

As in the double-integrator eventually example of Section 5.2, each waypoint is encoded

by a geometric-integral state yi and an additive state zi:

ẏi(t) = yi(t)
tf

log
(
εe + [ρi(r(t), ϑ(t))]2−

)
,

żi(t) = 1
tf

[ρi(r(t), ϑ(t))]2+,

with

yi(0) = 1, zi(0) = 0, i = 1, 2.

The associated waypoint surrogates are

Γ̂qw,i :=
√
c2
q + zi(tf)−

√
c2
q + yi(tf), i = 1, 2.

The moving obstacle field is represented by three x-bands,

[a1, b1] = [0.5, 1.5], [a2, b2] = [3.5, 4.5], [a3, b3] = [6.5, 7.5],

with time-varying gap boundaries

∆(ϑ) := 3(sin(ϑ− π/2) + 1),

ℓ1(ϑ) = −1−∆(ϑ), u1(ϑ) = 1−∆(ϑ),

ℓ2(ϑ) = −10−∆(ϑ), u2(ϑ) = −8−∆(ϑ),

ℓ3(ϑ) = −1 + ∆(ϑ), u3(ϑ) = 1 + ∆(ϑ).



191

The corresponding implication-type obstacle predicates are

φℓobs,j(r, ϑ) :=
(
aj ≤ rx ≤ bj ⇒ ry ≥ ℓj(ϑ)

)
,

φuobs,j(r, ϑ) :=
(
aj ≤ rx ≤ bj ⇒ ry ≤ uj(ϑ)

)
, j = 1, 2, 3.

Hence,

φobs := G[0,tf ]

 3∧
j=1

φℓobs,j ∧ φuobs,j

.
In the implementation, these six moving implication constraints are encoded by the

auxiliary states

ξ̇ℓj(t) = χℓj(r(t), ϑ(t)), ξℓj(0) = 0,

ξ̇uj (t) = χuj (r(t), ϑ(t)), ξuj (0) = 0,

for j = 1, 2, 3, where

χℓj(r, ϑ) := [aj − rx]2− [rx − bj]2− [ry − ℓj(ϑ)]2−,

χuj (r, ϑ) := [aj − rx]2− [rx − bj]2− [uj(ϑ)− ry]2−.

Each function χℓj or χuj vanishes when the corresponding moving implication constraint is

satisfied, and becomes positive only under violation. For compactness, define the total

accumulated moving-obstacle violation as

Ξobs(t) :=
3∑
j=1

(
ξℓj(t) + ξuj (t)

)
.

We then define the corresponding obstacle-avoidance surrogate

Γ̂obs := −Ξobs(tf).

Combining the temporal requirements, the main logical task for the quadrotor is

φq := φobs ∧ φwp,

together with the terminal end-zone constraint encoded in Xq,f .
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Finally, define the overall terminal surrogate

Γ̂q := Γ̂qw,1 + Γ̂qw,2 + wΞΓ̂obs − wηηq(tf)− wttf .

The resulting free-final-time problem is written as

maximize
xφq ,uq ,tf

Γ̂q

subject to ẋq(t) = fq(xq(t), uq(t)),

ϑ̇(t) = 1,

η̇q(t) = χpath,q(xq(t), uq(t)),

ẏi(t) = yi(t)
tf

log
(
εe+[ρi(r(t), ϑ(t))]2−

)
, ∀i,

żi(t) = 1
tf

[ρi(r(t), ϑ(t))]2+, ∀i,

ξ̇ℓj(t) = χℓj(r(t), ϑ(t)), ∀j,

ξ̇uj (t) = χuj (r(t), ϑ(t)), ∀j,

xq(0) ∈ Xq,i, xq(tf) ∈ Xq,f ,

ϑ(0) = 0, ηq(0) = 0,

yi(0) = 1, zi(0) = 0, ∀i,

ξℓj(0) = 0, ξuj (0) = 0, ∀j.

This free-final-time 6-DoF quadrotor problem is the main nonlinear demonstration of the

CT-STL framework. Here, the vehicle must coordinate its motion with both the moving

waypoint regions and the moving obstacle gaps while simultaneously satisfying nonlinear

rigid-body dynamics, terminal-set constraints, and state/control bounds. Since both the

waypoint centers and the obstacle boundaries vary continuously in time, satisfaction only at

the shooting nodes would be insufficient, and continuous-time evaluation is therefore essential

in this example.

Figure 5.19 shows that the optimized 3D trajectory first intercepts the second moving

waypoint region at approximately t = 2.26 s, then the first moving waypoint region at
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approximately t = 3.11 s, and subsequently passes through the three moving doorway gaps

at approximately t = 3.79 s, t = 4.98 s, and t = 6.38 s before reaching the terminal end

zone. This ordering is not imposed a priori; rather, it emerges from the optimizer’s need to

synchronize the trajectory with the moving waypoint and obstacle geometry. In the reported

solution, the flight-time variable is initialized at 10 s and converges to 7.325 s, showing that

the optimizer adapts the overall traversal time in order to coordinate the maneuver with

the oscillatory target and obstacle dynamics. The final continuous-time trajectory satisfies

both moving-waypoint visitation requirements and avoids all six moving obstacle constraints

throughout the horizon.

Figure 5.20 confirms that the optimized trajectory remains within the prescribed thrust,

torque, speed, altitude, attitude, and body-rate bounds over the continuous-time trajectory

representation.
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Figure 5.19: Optimized 3D trajectory for the free-final-time 6-DoF quadrotor example. The

quadrotor first intercepts the two moving waypoint regions and then passes through the

three moving doorway gaps while avoiding the shaded obstacle regions before reaching the

terminal end zone. The annotated snapshots indicate the corresponding event times, and the

trajectory is color-coded by speed.
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Figure 5.20: Representative state and input histories for the free-final-time 6-DoF quadrotor

example, showing that the optimized continuous-time trajectory remains within the prescribed

thrust, torque, speed, altitude, attitude, and body-rate bounds.
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Chapter 6

DECENTRALIZED STATE-DEPENDENT MARKOV-CHAIN
SYNTHESIS WITH AN APPLICATION TO SWARM

GUIDANCE

6.1 Introduction

Whereas the previous chapters focused on trajectory optimization and mission-level

specifications for individual systems, this chapter turns to large-scale distributed guidance

through Markov-chain synthesis [288]. The common theme remains the design of structured

algorithms with rigorous convergence guarantees, but the setting now shifts from continuous-

state trajectory generation to finite-state population dynamics and swarm distributions.

Markov chain synthesis has garnered attention from various disciplines, including physics,

systems theory, computer science, and numerous other fields of science and engineering.

This attention is particularly notable within the context of Monte Carlo Markov Chain

(MCMC) algorithms [113, 121, 166]. The fundamental idea underlying MCMC algorithms is

to synthesize a Markov chain that converges to a specified steady-state distribution. Random

sampling of a large state space while adhering to a predefined probability distribution is

the predominant use of MCMC algorithms. The current literature covers a broad spectrum

of methodologies for Markov chain synthesis, incorporating both heuristic approaches and

optimization-based techniques [44, 46, 132]. Each method provides specialized algorithms

tailored to the synthesis of Markov chains in alignment with specific objectives or constraints.

Markov chain synthesis plays a central role in probabilistic swarm guidance, which has

led to the development of various algorithms incorporating additional transition and safety

constraints [3, 4, 8, 21, 76–78, 84, 85, 100, 141]. The probabilistic swarm guidance algorithm

models the spatial distribution of the swarm agents as a probability distribution and employs
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the synthesized Markov chain to guide the spatial distribution of the swarm.

Consensus protocols form an important field of research that has a strong connection

with Markov chains [201]. Consensus protocols are a set of rules used in distributed systems

to achieve agreement among a group of agents on the value of a variable [57, 152, 221, 230].

Markov chains are often employed to model and analyze the dynamics and convergence

properties of consensus protocols, providing insights into their behavior and performance

[45, 222, 275, 301].

This chapter first presents a consensus protocol specifically tailored to operate on a dynamic

graph topology. We establish that the protocol provides exponential convergence guarantees

under mild technical conditions, thereby eliminating the reliance on the conventional connec-

tivity assumptions commonly found in the existing literature [112, 140, 206, 220, 236, 262].

Building on this consensus protocol, the chapter then develops a decentralized state-dependent

Markov chain (DSMC) synthesis algorithm. We further show that the synthesized Markov

chain satisfies the same mild conditions, which in turn ensures exponential convergence to

the desired steady-state distribution. Finally, the DSMC algorithm is demonstrated on the

probabilistic swarm guidance problem, where the objective is to control the spatial distribution

of swarm agents. Simulation results show that the DSMC algorithm achieves considerably

faster convergence than existing Markov chain synthesis algorithms.

The remainder of this introduction places these developments in context. We first review

the relevant literature on Markov chain synthesis, swarm guidance, and consensus protocols,

then summarize the main contributions of the chapter and outline the remaining sections.

Related work. The Metropolis-Hastings algorithm is widely recognized as one of the most

prominent techniques for MCMC algorithms [132]. For the fastest mixing Markov chain

synthesis, the problem is formulated as a convex optimization problem in [44], assuming

that the Markov chain is symmetric. This paper also presents an extension to the method

that involves synthesizing the fastest mixing reversible Markov chain with a given desired

distribution. Furthermore, the number of variables in the optimization problem is reduced in
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[46] by exploiting the symmetries in the graph.

The probabilistic swarm guidance problem has been a crucial domain for the application

and enhancement of Markov chain synthesis algorithms. A comprehensive review of the

broader category of multi-agent algorithms is presented in [246], while a survey specifically

focusing on aerial swarm robotics is provided in [69]. Additionally, [258] offers an overview

of existing swarm robotic applications. For swarm guidance purposes, certain deterministic

algorithms have been developed in [157, 174, 234, 239, 254, 281]. However, these algorithms

may become computationally infeasible when dealing with swarms that comprise hundreds

to thousands of agents. In the context of addressing the guidance problem for a large

number of agents, considering the spatial distribution of swarm agents and directing it

towards a desired steady-state distribution offers a computationally efficient approach. In

this regard, both probabilistic and deterministic swarm guidance algorithms are presented

in [31, 101, 102, 107, 160, 161, 314] for continuous state spaces. For discrete state spaces,

a probabilistic guidance algorithm is introduced in [3]. This algorithm treats the spatial

distribution of swarm agents, called the density distribution, as a probability distribution and

employs the Metropolis-Hastings (M-H) algorithm to synthesize a Markov chain that guides

the density distribution toward a desired state. The probabilistic guidance algorithm led to

the development of numerous Markov chain synthesis algorithms involving specific objectives

and constraints [4, 8, 21, 76–78, 84, 85, 100, 141]. In [100], the Metropolis-Hastings algorithm

is extended to incorporate safety upper bound constraints on the probability vector. This

paper includes numerical simulations that demonstrate the application of the extension in a

probabilistic swarm guidance problem. In order to enhance convergence rates, [4] introduces

a convex optimization-based technique for Markov chain synthesis. This technique formulates

the objective function and constraints using linear matrix inequalities (LMIs) to synthesize a

Markov chain capable of achieving a desired distribution while adhering to specified transition

constraints. Notably, this study does not impose any assumptions on the Markov chain,

rendering the problem inherently non-convex. The problem is convexified for practical

purposes but the optimal convergence rate of the original non-convex problem cannot be
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attained. In [76], the approach presented in [4] is enhanced by incorporating state-feedback to

further improve the convergence rate. These works are also extended to impose density upper

bounds and density rate constraints in [8] and density flow and density diffusivity constraints

in [77]. In [78], a more general approach is proposed for cases where the environment is

stochastic, and the resulting Markov chain is shown to be a linear function of the stochastic

environment and decision policy. These convex optimization problems can be solved using

the interior-point algorithm but the computation time of the algorithm increases rapidly with

increasing dimensionality of the state space [43]. Furthermore, neither the M-H algorithm nor

convex optimization-based approaches attempt to minimize the number of state transitions.

The swarm guidance problem is formulated as an optimal transport problem in [20] to minimize

the number of agent transitions. However, besides the similar computational complexity

issues, the performance of the algorithm drops significantly if the current density distribution

of the swarm cannot be estimated accurately. The time-inhomogeneous Markov chain

approach to the probabilistic swarm guidance problem (PSG-IMC algorithm) is developed

in [21] to minimize the number of state transitions. This algorithm is computationally

efficient and yields reasonable results with low estimation errors. However, all feedback-based

algorithms mentioned above require global feedback on the state of the density distribution.

Communication between all agents has to be established to estimate the density distribution

in the probabilistic swarm guidance problem. Generating perfect feedback of the density

distribution is often impractical, leading to the routine occurrence of estimation errors. An

alternative approach that requires only local information is developed in [141]. In this work,

the time-inhomogeneous Markov chain approach presented in [21] is modified to work with

local information, and the algorithm is used for minimizing the number of state transitions.

Nevertheless, in both global and local information based time-inhomogeneous Markov chain

approaches, it is observed that the convergence rate diminishes significantly when the state

transition capabilities become more restricted. As it can be seen in Corollary 1 in [21] or

Corollary 3 in [141], the transition probability from a state to any directly connected state

cannot be higher than the desired density value of the corresponding directly connected
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state. In situations where there are sparsely connected regions in the state space, it is

common to observe a relatively low sum of desired density values among directly connected

states. Consequently, there is a higher probability of remaining in the same state rather than

transitioning to other states. In terms of the convergence rate, these algorithms are only

effective in cases with high transition capabilities. Additionally, the performance of these

algorithms is highly sensitive to hyperparameters and requires careful selection for optimum

results in each experiment.

Graph temporal logic (GTL) is introduced in [84] to impose high-level task specifications

as a constraint to the Markov chain synthesis. Markov chain synthesis is formulated as

mixed-integer nonlinear programming (MINLP) feasibility problem and the problem is solved

using a coordinate descent algorithm. In addition, an equivalence is proven between the

feasibility of the MINLP and the feasibility of a mixed-integer linear program (MILP) for

a particular case where the agents move along the nodes of a complete graph. While this

study assumes homogeneous swarms for Markov chain synthesis subject to finite-horizon GTL

formulas, an improved version of the formulation is presented in [85] to enable probabilistic

control of heterogeneous swarms subject to infinite-horizon GTL formulas. Instead of solving

the resulting MINLP using a coordinate descent algorithm, a sequential scheme, which is

faster, more accurate, and robust to the choice of the starting point, is developed in the

aforementioned paper.

Markov chains and consensus protocols share a close relationship. The rich theory of

Markov chains has proven to be valuable in analyzing specific consensus protocols. Notable

works such as [45, 222, 275, 301] have leveraged Markov chain theory to provide insights

and analysis for consensus protocols. Consensus protocols, in contrast to Markov chains,

operate without the limitations of non-negative nodes and edges or the requirement for

the sum of nodes to equal one [201]. This broader scope enables consensus protocols to

address a significantly wider range of problem spaces. Therefore, there is a significant

interest in consensus protocols in a broad range of multi-agent networked systems research,

including distributed coordination of mobile autonomous agents [112, 140, 206, 218, 220, 236],
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distributed optimization [47, 151, 211, 259, 305], distributed state estimation [142, 219], or

dynamic load-balancing for parallel processors [74, 302]. There are comprehensive survey

papers that review the research on consensus protocols [57, 152, 221, 230]. In many scenarios,

the network topology of the consensus protocol is a switching topology due to failures,

formation reconfiguration, or state-dependence. There is a large number of papers that

propose consensus protocols with switching network topologies and convergence proofs of

these algorithms are provided under various assumptions [112, 140, 206, 220, 236, 262]. In

[140], a consensus protocol is proposed to solve the alignment problem of mobile agents, where

the switching topology is assumed to be periodically connected. This assumption means that

the union of networks over a finite time interval is strongly connected. Another algorithm

is proposed in [206] that assumes the underlying switching network topology is ultimately

connected. This assumption means that the union of graphs over an infinite interval is

strongly connected. In [236], previous works are extended to solve the consensus problem

on networks under limited and unreliable information exchange with dynamically changing

interaction topologies. The convergence of the algorithm is provided under the ultimately

connected assumption. Another consensus protocol is introduced in [112] for the cooperation

of vehicles performing a shared task using inter-vehicle communication. Based on this work,

a theoretical framework is presented in [220] to solve consensus problems under a variety

of assumptions on the network topology such as strongly connected switching topology. In

[262], a consensus protocol with state-dependent weights is proposed and it is assumed that

corresponding graphs are weakly connected, which means that the network is assumed to be

connected over the iterations. Additionally, optimization-based algorithms are proposed to

obtain a high convergence rate for the consensus protocol in [301] and [156].

Main contributions. In this chapter, we first propose a consensus protocol with state-

dependent weights. The proposed consensus protocol does not require any connectivity

assumption on the dynamic network topology, unlike the existing methods in the literature [112,

140, 206, 220, 236, 262]. We provide an exponential convergence guarantee for the consensus
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protocol under some mild technical conditions, which can be verified straightforwardly. We

then present a decentralized Markov-chain synthesis (DSMC) algorithm based on the proposed

consensus protocol and we prove that the resulting DSMC algorithm satisfies these mild

conditions. This result is employed to prove that the resulting Markov chain has a desired

steady-state distribution and that all initial distributions exponentially converge to this steady-

state. Unlike the homogeneous Markov chain synthesis algorithms in [3, 4, 44, 46, 100, 132],

the Markov matrix, synthesized by our algorithm, approaches the identity matrix as the

probability distribution converges to the desired steady-state distribution. Hence the proposed

algorithm attempts to minimize the number of state transitions, which eventually converge

to zero as the probability distribution converges to the desired steady-state distribution.

Whereas previous time-inhomogeneous Markov chain synthesis algorithms in [21, 141] only

provide asymptotic convergence, the DSMC algorithm provides an exponential convergence

rate guarantee. Furthermore, unlike previous algorithms in [21, 141], the convergence rate of

the DSMC algorithm does not rapidly decrease in scenarios where the state space contains

sparsely connected regions. Due to the decentralized nature of the consensus protocol, the

Markov chain synthesis relies on local information, similar to the approach presented in

[141], and a complex communication architecture is not required for the estimation of the

distribution. By presenting numerical evidence within the context of the probabilistic swarm

guidance problem, we demonstrate that the convergence rate of the swarm distribution

to the desired steady-state distribution is substantially faster when compared to previous

methodologies. In summary:

• We propose a consensus protocol with state-dependent weights and prove its exponential

convergence under mild technical conditions, without relying on the typical connectivity

assumptions associated with the underlying graph topology.

• Based on the proposed consensus protocol, we introduce the DSMC algorithm, which is

shown to meet the convergence conditions outlined by the consensus protocol.

• Simulation results demonstrate that the DSMC algorithm achieves faster convergence,
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characterized by an exponential convergence guarantee, compared to existing homoge-

neous and time-inhomogeneous Markov chain synthesis algorithms presented in [3] and

[21].

Organization and Notation. The chapter is organized as follows. Section 6.2 presents

the consensus protocol with state-dependent weights. Section 6.3 introduces the decentralized

state-dependent Markov-chain synthesis (DSMC) algorithm and establishes its main properties

and convergence guarantees. Section 6.4 introduces the probabilistic swarm guidance problem

formulation and presents numerical simulations of swarms converging to desired distributions.

Notation: R and C represent the set of real numbers and complex numbers, respectively. R+

and Z+ represent the set of non-negative real numbers and non-negative integers, respectively.

Rn is the n dimensional real vector space. 0 is a zero matrix and 1 is a matrix of ones

in appropriate dimensions. x[i](k) represents the ith element of the vector x ∈ Rn at

time k. ∥x∥p denotes the ℓp vector norm. (v1, v2, ..., vn) represents a vector, such that

(v1, v2, ..., vn) ≡ [vT1 , vT2 , ..., vTn ]T where vi have arbitrary dimensions. M > (≥) 0 implies

that M ∈ Rm×n is a positive (non-negative) matrix. Im1 denotes the set of integers such

that Im1 = {1, 2, . . . ,m}. λi(A) is the ith eigenvalue of a matrix A ∈ Rm×m such that

λi(A) ≤ λi+1(A) for i ∈ Im−1
1 . σ(A) is the set of eigenvalues of A ∈ Rm×m such that

σ(A) = {λ1, λ2, . . . , λm}. ∅ denotes the empty set. V \W represents the elements in set V

that are not in set W . P denotes the probability of a random variable.

6.2 A Consensus Protocol with State-Dependent Weights

The consensus protocol is a process used for achieving an agreement among distributed

agents. In this section, we introduce a consensus protocol with state-dependent weights to

reach a consensus on time-varying weighted graphs. Unlike other proposed consensus protocols

in the literature, the consensus protocol we introduce does not require any connectivity

assumption on the dynamic network topology. We provide a theoretical analysis for the

proof of exponential convergence under some mild technical conditions. We then use the
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proposed consensus protocol for the synthesis of the column stochastic Markov matrix in

Section 6.3. It is proven that these mild assumptions required by the proposed consensus

protocol are satisfied by the Markov matrix synthesis algorithm. We first define the graph

for our consensus approach.

Definition 6.1. (Time-varying weighted graph) A time-varying weighted graph is a tuple,

Gw(k) = (V , E , w(k)), where V = {v1, ..., vm} is the set of vertices, E ⊆ V × V is the set of

undirected edges, and w(k) is a time-varying function such that w : E −→ R+, where wi,j(k)

represents the value of weight for edge {vi, vj} ∈ E at time k.

• (Values of vertices) A time-varying vector e(k) ∈ Rm such that 1T e(k) = 0 for k ∈ Z+

can define a vector of values of vertices, i.e., e[i](k) represents the value of the vertex vi
at time k.

• (Uniform graph induced by time-varying weighted graph) G = (V , E) is the uniform

graph induced by Gw(k) and it is obtained by setting wi,j(k) = 1, where {vi, vj} ∈ E for

all k ∈ Z+.

• (Adjacency matrices) Two vertices vi and vj are called adjacent if {vi, vj} ∈ E. The

adjacency matrix of the uniform graph G is represented by Aa(G), where Aa(G)[i, j] = 1,

if vi and vj are adjacent, and is 0 otherwise. The adjacency matrix of the time-

varying weighted graph Gw(k) is represented by Aa(Gw(k)), where Aa(Gw(k))[i, j] =

Aa(G)[i, j]wi,j(k).

• (Degree matrices) D(G) and D(Gw(k)) are the diagonal degree matrices of the graphs G

and Gw(k) such that D(G)[i, i] = ∑
j Aa(G)[i, j] and D(Gw(k))[i, i] = ∑

j∈Im
1
Aa(Gw(k))[i, j].

• (Laplacian matrices) L(G) and L(Gw(k)) are the Laplacian matrices of the graphs G

and Gw(k) such that L(G) = D(G)− Aa(G) and L(Gw(k)) = D(Gw(k))− Aa(Gw(k)).

• (Activated and Deactivated Edges) If wi,j(k) = 0, where {vi, vj} ∈ E, the edge {vi, vj}

is deactivated. EA(k) and ED(k) represent the activated and deactivated edges for time

k such that E = EA(k) ∪ ED(k).

For convenience, we use Aa, Aaw(k), D, Dw(k), L and Lw(k) instead of using Aa(G),
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Aa(Gw(k)), D(G), D(Gw(k)), L(G) and L(Gw(k)), respectively.

The following assumption on the topology of the uniform graph G is needed for convergence

analysis.

Assumption 6.2. The uniform graph G is a connected graph, which means there exists a

path between all vertices, or equivalently, (I +Aa)m−1 > 0 for Aa = ATa ∈ Rm×m [201, section

2.1].

We will consider time-varying weighted graphs where the weights of the edges depend on

the values of vertices. The following definition is needed to present the relation between the

weights of the edges and the values of vertices.

Definition 6.3. (Index sets with respect to values of vertices) The index sets Ip(k) and In(k)

contain the indices of the non-negative and negative valued vertices for time k, i.e.,

Ip(k) = {i : e[i](k) ≥ 0},

In(k) = {i : e[i](k) < 0}.

The index set Inp(k) ⊆ In(k) consists of the indices of the negative valued vertices that are

adjacent to the non-negative valued vertices, i.e.,

Inp(k) = {i : i ∈ In(k), j ∈ Ip(k) and Aa[i, j] = 1}.

The set that contains the edges between vi, i ∈ In(k) and vj, j ∈ Inp(k) is defined as

Inp,n(k) = {{i, j} : i ∈ In(k), j ∈ Inp(k) and Aa[i, j] = 1}.

We provide a condition that represents a relation between the values of the vertices and

the weights of the edges of the graph Gw(k). This condition is the key to providing the

convergence proof of the consensus protocol with state-dependent weights.

Condition 6.4.

(a) If i ∈ Ip(k), then there exists a c1 such that 0 < c1 ≤ wi,j(k) for all {vi, vj} ∈ E .
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(b) If {i, j} ∈ Inp,n(k), then wi,j(k) = 0.

In other words, Condition 6.4(a) implies that the weight of an edge that connects a

non-negative valued vertex to any other vertex cannot be arbitrarily close to 0. Therefore,

if Aaw [i, j](k) = 0 where e[i](k) ≥ 0, then Aa[i, j](k) = 0. Condition 6.4(b) implies that no

transition is allowed between two negative valued vertices if at least one of them is adjacent

to a non-negative valued vertex. Edges that have zero weights are called deactivated edges.

Note that although G is assumed to be a connected graph in Assumption 6.2, Gw(k) may not

be a connected graph for some k, due to these deactivated edges.

The following example is provided to help the reader interpret the implication of Condition

6.4.

Example 1 The values of the vertices and the weights of the edges are represented on a graph

for a time k in Figure 6.1. According to Definition 6.3, Ip(k) = {1}, In(k) = {2, 3, 4, 5, 6},

Inp(k) = {2, 4} and Inp,n(k) = {{2, 3}{2, 5}{4, 5}}. Condition 6.4(a) implies that 0 < c1 ≤

w1,2(k) and 0 < c1 ≤ w1,4(k) since 0 ≤ e[1](k). Condition 6.4(b) implies that weights of all

other edges of the nodes v2 and v4 are zero, which means that w2,3(k) = w2,5(k) = w4,5(k) = 0.

6.2.1 Theoretical convergence analysis

We now turn to the convergence analysis of the proposed consensus protocol. The

preceding example illustrates the structural implications of Condition 6.4. In this subsection,

we formalize those implications and show how they lead to exponential convergence of the

consensus error.

More specifically, we proceed in three steps. First, we show that whenever the error vector

is nonzero, every non-negative valued vertex is connected, in a suitable graph-theoretic sense,

to a negative valued vertex. This identifies the mixed-sign connected subgraphs along which

the error can propagate. Second, for such connected weighted subgraphs, we derive a spectral

bound on the associated Laplacian matrix. Third, we combine these structural and spectral
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Figure 6.1: Vertices of the graph and corresponding values are represented by circles. The

indices of the vertices are shown in their corners. Edges of the vertices are represented by

lines, and weights of the edges are represented on the sides of the edges. Green and red lines

represent the edges that are implied by Condition 6.4(a) and Condition 6.4(b), respectively.

Black lines represent the remaining edges of the graph.

properties with the consensus update dynamics to prove that the error norm contracts at

every iteration, and hence converges exponentially to zero.

The following lemma shows that each non-negative valued vertex is connected to a negative

valued vertex in the graph Gw under Condition 6.4.

Lemma 6.5. Assume that Condition 6.4 holds. If e(k) ̸= 0, then for each i such that

e[i](k) ≥ 0, ∃j such that e[j](k) < 0, where Anaw
[i, j](k) ̸= 0 for some exponent n ∈ Z+.

Proof. Since 1T e(k) = 0 by Definition 6.1 and e(k) ̸= 0, ∃i, j such that e[i](k) > 0 and

e[j](k) < 0.

The lemma is proven by contradiction. Suppose that there exists one non-negative valued

vertex vi such that e[i](k) ≥ 0 and for all j such that e[j](k) < 0, Anaw
[i, j](k) = 0, ∀n ∈ Z+.

In other words, there exists one non-negative valued vertex that is not connected to any

negative valued vertices. Denote the set of such non-negative valued vertices as V+(k). The

set of remaining vertices is denoted as V−(k) such that V−(k) = V \ V+(k). Note that all

negative valued vertices and all non-negative valued vertices that are connected to negative
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valued vertices are in V−(k). According to the assumption provided at the beginning of the

proof, vertices in V+(k) cannot be connected to the vertices in V−(k), then the adjacency

matrix of the time-varying weighted graph can be permuted as

Âaw(k) = P (k)Aaw(k)P (k)T =

A+
aw

(k) 0

0 A−aw
(k)

 ,
where P (k) is a permutation matrix, A+

aw
(k) and A−aw

(k) are the adjacency matrices of

sub-graphs that consist of the vertices in V+(k) and V−(k), respectively. Note that due to

Condition 6.4(a), if Aaw [i, j](k) = 0, where e[i](k) ≥ 0, then Aa[i, j](k) = 0. Therefore, Aa
can also be permuted as

Âa(k) = P (k)AaP (k)T =

A+
a (k) 0

0 A−a (k)

 . (6.1)

Due to Assumption 6.2, G is a connected graph, the Aa matrix is an irreducible matrix,

and then Âa(k) matrix is also an irreducible matrix. However, the matrix in Eq. (6.1) is a

reducible matrix, which means it contradicts the assumption provided at the beginning of

the proof. Therefore, all non-negative valued vertices are connected to some negative valued

vertices. ■

Therefore, even if Gw(k) may not be a connected graph for some k, there always exists

at least one connected sub-graph that consists of both non-negative and negative valued

vertices. It is important to note that in these connected sub-graphs, each edge is between a

non-negative valued vertex and any other vertex and there is no edge between two negative

valued vertices due to Condition 6.4(b). Therefore, weights of all edges are at least c1 due to

Condition 6.4(a).

The following lemma provides a bound for the eigenvalues of the Laplacian matrix Lw(k)

of a connected time-varying weighted graph when the weights are within a certain range.

Lemma 6.6. Let Gw(k) be a connected time-varying weighted graph with m vertices. Assume

that the following inequality is satisfied for the weights of the edges of the graph Gw(k),

c1 ≤ wi,j(k) ≤ 1− c2

max(D[i, i],D[j, j]) , (6.2)
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where 0 < c1 and 0 < c2 < 1. Then, the following inequality holds for the eigenvalues of the

Laplacian matrix Lw(k),

σ(Lw(k)) ⊆ [c3, (2− c3)] ∪ {0},

where 0 < c3 = min
(
c1

4
m(m−1) , 2c2

)
≤ 1.

Proof. According to Gershgorin’s Circle Theorem [26], eigenvalues of a Lw(k) matrix satisfy,

σ(Lw(k))

⊆
⋃
i

{
λ ∈ C :

∣∣∣λ− Lw[i, i](k)
∣∣∣ ≤ ∑

j∈Im
1 \{i}

∣∣∣Lw[i, j](k)
∣∣∣}. (6.3)

Since Lw[i, i](k) = ∑
{vi,vj}∈E wi,j(k) for weighted Laplacian matrix, where 0 < c1 ≤ wi,j(k),

Eq. (6.3) implies that, σ(Lw(k))

⊆
⋃
i

{
λ ∈ C :

∣∣∣∣∣λ− ∑
{vi,vj}∈E

wi,j(k)
∣∣∣∣∣ ≤ ∑

{vi,vj}∈E
wi,j(k)

}

=
⋃
i

{
λ ∈ C : 0 ≤ λ ≤ 2

∑
{vi,vj}∈E

wi,j(k)
}
.

According to Eq. (6.2), wi,j(k) ≤ (1 − c2)/D[i, i] and wi,j(k) ≤ (1 − c2)/D[j, j]. Then,

eigenvalues of the Laplacian matrix Lw(k) satisfy that,

0 ≤ λi(k) ≤ (2− 2c2) for λi(k) ∈ σ(Lw(k)). (6.4)

We now show that the second smallest eigenvalue of the Laplacian matrix Lw(k) is also

lower bounded. In [204, Theorem 4.2], the following lower bound is provided for the second

smallest eigenvalue of the Laplacian matrix of a connected unweighted graph G,

4
diam(G)m ≤ λ2(L),

where diam(G) is the diameter of the graph, which is the length of the longest shortest path

between any two vertices, and m is the number of vertices of the graph. Let us define the

Laplacian matrix Lc1 for the case that weights of all edges of the graph G are c1 instead

of 1. Suppose that, λi(L) and λi(Lc1) are the ith eigenvalues of L and Lc1 matrices such

that λi(L) ≤ λi+1(L) and λi(Lc1) ≤ λi+1(Lc1) for i ∈ Im−1
1 . Then, c1λi(L) = λi(Lc1) for
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i ∈ Im1 . Since c1 ≤ wi,j for the graph Gw(k), Lw(k) − Lc1 is also a positive semi-definite

Laplacian matrix, which means uT (Lw(k) − Lc1)u ≥ 0 for all u ∈ Rm. Let us denote unit

eigenvector u2 ∈ Rm such that Lw(k)u2 = λ2(Lw(k))u2 and unit eigenvector zi ∈ Rm such that

Lc1zi = λi(Lc1)zi for all i ∈ Im1 . Note that 1 is the eigenvector of these Laplacian matrices

with the associated eigenvalue of 0. Since these Laplacian matrices are symmetric, all other

eigenvectors of them are orthogonal to 1. Then, uT2 z1 = uT2 1 = 0 and u2 ∈ span(z2, z3, ..., zm),

which means u2 = ∑
i∈Im

2
αizi, where ∑i∈Im

2
α2
i = 1. Thus,

0 ≤ uT2 (Lw(k)− Lc1)u2

= λ2(Lw(k))− uT2Lc1u2

= λ2(Lw(k))−
∑
i∈Im

2

αiz
T
i λi(Lc1)αizi

= λ2(Lw(k))−
∑
i∈Im

2

α2
iλi(Lc1)

≤ λ2(Lw(k))− λ2(Lc1).

Hence, Eq. (6.5) can be provided for the second smallest eigenvalue of Lw(k),

c1
4

diam(G)m ≤ λ2(Lw(k)). (6.5)

Since 0 < diam(G) ≤ m − 1 for a connected graph and due to Eq. (6.4), the following

equation represents the eigenvalues of the matrix Lw(k),

σ(Lw(k)) ⊆ [c3, (2− c3)] ∪ {0},

where 0 < c3 = min
(
c1

4
m(m−1) , 2c2

)
≤ min(2c1, 2c2) ≤ min(2− 2c2, 2c2) < 1. ■

The following theorem shows that values of vertices of Gw(k) converge to 0 under specific

value transition dynamics.

Theorem 6.7. Suppose that Assumption 6.2 and Condition 6.4 are satisfied, and e(k) vector

in Definition 6.1 evolves according to

e[i](k + 1) = e[i](k) +
∑
j∈Im

1

(
e[j](k)− e[i](k)

)
Aaw [i, j](k), (6.6)
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for all i ∈ Im1 , where Aaw [i, j](k) = Aa[i, j]wi,j(k), 0 ≤ wi,j(k) ≤ (1−c2)/(max(D[i, i],D[j, j])), 0 <

c2 < 1. Then e(k) exponentially convergences to 0, i.e. ||e(k + 1)||/||e(k)|| ≤ γ, where

0 ≤ γ < 1.

Proof. Eq. (6.6) is equivalent to following equation,

e(k + 1) = F (k)e(k), where

F (k) = I−Lw(k).

Note that F (k) is a doubly stochastic symmetric matrix, where 1TF (k) = 1T , F (k)1 = 1,

F (k)T = F (k) and non-zero, non-diagonal elements of F (k) represents the weights of activated

edges.

Condition 6.4(a) forces weights of the edges connecting non-negative valued vertices to

other vertices to be at least c1. However, the weights of some other edges may be 0. Thus,

the weighted graph may not be connected, which means Lw(k) and F (k) matrices may be

reducible. Hence, Lw(k) may have repeated eigenvalues at 0, and F (k) may have repeated

eigenvalues at 1.

Even if Gw(k) may not be connected, due to Lemma 6.5, all non-negative valued vertices

belong to a connected sub-graph in Gw(k), which consists of both non-negative and negative

valued vertices. Note that in these connected sub-graphs, there is no edge between two

negative valued vertices due to Condition 6.4(b). Therefore, weights of all edges are at least

c1 due to Condition 6.4(a), which enables us to apply Lemma 6.6 in later parts. Let us denote

the number of these connected sub-graphs as s(k) ≥ 1 and denote the reordered F (k) matrix
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and e(k) vector as

F̂ (k) = P (k)F (k)P (k)T

=



F̂0(k)

F̂1(k)
. . .

F̂s(k)(k)


,

ê(k) = P (k)e(k)

= (ê0(k), ê1(k), ..., ês(k)(k)),

where P (k) is a permutation matrix, F̂i(k), i ∈ Is(k) = {1, ..., s(k)} are irreducible matrices

that correspond to connected sub-graphs and F̂0(k) is a matrix that corresponds to remaining

sub-graph. Note that there are both non-negative and negative elements in êi(k), i ∈ Is(k)

and all elements of ê0(k) are negative.

Recall that, in Example 1, s(k) = 1, values of v1, v2 and v4 vertices belong to the ê1(k)

vector and values of v3, v5 and v6 vertices belong to the ê0(k) vector.

Suppose that, αi(k) is the average of elements in êi(k) such that αi(k) = 1T êi(k)/mi(k),

where mi(k) is the number of elements in êi(k) and αi(k) = 1αi(k), αi(k) ∈ Rmi(k). Lemma

6.6 implies that only one eigenvalue of F̂i(k), i ∈ Is(k) is 1 with associated eigenvector 1,

and other eigenvalues are in [−(1− c3i
), (1− c3i

)], 0 < c3i
≤ 1 since F̂i(k), i ∈ Is(k) matrices

corresponds to a connected sub-graphs in which weights of all edges are at least c1 > 0. Since

the values of all vertices are negative in the remaining sub-graph that corresponds to the

F̂0(k) matrix, there is no lower-bound for the weights of the edges, while there is an upper

bound provided in Eq. (6.6). Hence, σ(F̂0(k)) ∈ [−(1− c30), 1], 0 < c30 ≤ 1. Therefore, the
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following equation holds,

||F̂i(k)êi(k)−αi(k)||2 =

= ||F̂i(k)êi(k)− F̂i(k)αi(k)||2

= ||F̂i(k)(êi(k)−αi(k))||2

= (êi(k)−αi(k))T F̂i(k)T F̂i(k)(êi(k)−αi(k))

≤ c2
4(êi(k)−αi(k))T (êi(k)−αi(k))

= c2
4||êi(k)−αi(k)||2,

(6.7)

where c2
4 = (1−mini c3i

)2 < 1 for all i ∈ Is(k).

Here, we will show that ||F̂i(k)êi(k)||2 is also smaller than or equal to c2
5||êi(k)||2 for all

i ∈ Im1 , where c2
5 < 1. Note that if 1Tαi(k) = 1T êi(k), then αi(k) and (êi(k) − αi(k)) are

orthogonal to each other,

αi(k)T (êi(k)−αi(k)) = αi(k)T êi(k)−αi(k)Tαi(k)

= αi(k)1T êi(k)−αi(k)Tαi(k)

= αi(k)1Tαi(k)−αi(k)Tαi(k)

= αi(k)Tαi(k)−αi(k)Tαi(k)

= 0.

Hence, it can be shown that,

||êi(k)−αi(k)||2 = ||êi(k)||2 − 2αi(k)T êi(k) + ||αi(k)||2

= ||êi(k)||2 − 2αi(k)Tαi(k) + ||αi(k)||2

= ||êi(k)||2 − ||αi(k)||2,
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and ||F̂i(k)êi(k)−αi(k)||2 =

= ||F̂i(k)êi(k)||2 − 2αi(k)T F̂i(k)êi(k) + ||αi(k)||2

= ||F̂i(k)êi(k)||2 − 2αi(k)1T F̂i(k)êi(k) + ||αi(k)||2

= ||F̂i(k)êi(k)||2 − 2αi(k)1T êi(k) + ||αi(k)||2

= ||F̂i(k)êi(k)||2 − 2αi(k)1Tαi(k)T + ||αi(k)||2

= ||F̂i(k)êi(k)||2 − 2αi(k)Tαi(k) + ||αi(k)||2

= ||F̂i(k)êi(k)||2 − ||αi(k)||2.

If i ∈ Is(k), then êi(k) ̸= 0 because there are both non-negative and negative values in

êi(k). Therefore, Eq. (6.7) implies that

||F̂i(k)êi(k)−αi(k)||2 ≤ c2
4||êi(k)−αi(k)||2

||F̂i(k)êi(k)||2 − ||αi(k)||2 ≤ c2
4(||êi(k)||2 − ||αi(k)||2)

||F̂i(k)êi(k)||2 ≤ c2
4||êi(k)||2 + (1− c2

4)||αi(k)||2

||F̂i(k)êi(k)||2
||êi(k)||2 ≤ c2

4 + (1− c2
4)
||αi(k)||2
||êi(k)||2 .

(6.8)

Here, we will show that ||αi(k)||2
||êi(k)||2 < m−1

m
for all i ∈ Is(k). Suppose that, êi(k) =

Pêi
(k)(êip(k), êin(k)), where Pêi

(k) is a permutation matrix such that êip(k) ≥ 0 and

êin(k) < 0. Let mip(k) and min(k) represent the number of elements in êip(k) and êin(k),

where mip(k) + min(k) = mi(k). Since there are both non-negative and negative values in
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êi(k), mip(k) ≥ 1, min(k) ≥ 1 and 1T êi(k) < ||êi(k)||1, then

||αi(k)||2
||êi(k)||2 = αT

i αi

||êi(k)||2

= 1T1(1T ei(k))2

m2
i (k)||êi(k)||2

= (1T ei(k))2

mi(k)||êi(k)||2

<
(1T êip(k))2 + (1T êin(k))2

mi(k)||êi(k)||2

= ||êip(k)||21 + ||êin(k)||21
mi(k)||êi(k)||2

≤
mip(k)||êip(k)||2 +min(k)||êin(k)||2

mi(k)||êi(k)||2

≤
max(mip(k),min(k))(||êip(k)||2 + ||êin(k)||2)

mi(k)||êi(k)||2

= max(mip(k),min(k))
mi(k)

≤ mi(k)− 1
mi(k) ≤ m− 1

m

for all i ∈ Is(k). It then follows that Eq. (6.8) implies

||F̂i(k)êi(k)||2 ≤ c2
5||êi(k)||2 for all i ∈ Is(k),

where c2
5 < c2

4 + (1− c2
4)m−1

m
< 1.

Here, we will present that ||e(k + 1)|| ≤ c6||e(k)||, where 0 < c6 < 1. Since e(k) ̸= 0,

||e(k + 1)||2
||e(k)||2 = ||F̂ (k)ê(k)||2

||ê(k)||2 =
∑s(k)
i=0 ||F̂i(k)êi(k)||2∑s(k)

i=0 ||êi(k)||2
.

Since σ(F̂0(k)) ⊆ [−(1− c30), 1], 0 < c30 ≤ 1, the equation is derived as

||e(k + 1)||2
||e(k)||2 ≤ ||ê0(k)||2 + c2

5
∑s(k)
i=1 ||êi(k)||2

||ê0(k)||2 +∑s(k)
i=1 ||êi(k)||2

. (6.9)

Here, we derive an upper bound for ||ê0(k)||2 with respect to other terms to show that,

there is an upper bound for the right side of Eq. (6.9). Since 1T e(k) = 0 and ê0(k) < 0,
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||ê0(k)||1 +∑s(k)
i=1 ||êin(k)||1 = ∑s(k)

i=1 ||êip(k)||1. Note that ||êin(k)||1 > 0 for any i ∈ Is(k) due

to Lemma 6.5. Then,

||ê0(k)||1 <
s(k)∑
i=1
||êip(k)||1 +

s(k)∑
i=1
||êin(k)||1

=
s(k)∑
i=1
||êi(k)||1.

(6.10)

The following inequalities can be provided using equivalence of norms,

||ê0(k)||2 ≤ ||ê0(k)||21 ≤ m0||ê0(k)||2,
s(k)∑
i=1
||êi(k)||2 ≤

s(k)∑
i=1
||êi(k)||21 ≤ (m−m0)

s(k)∑
i=1
||êi(k)||2.

Thus, Eq. (6.10) implies that

||ê0(k)||2 < (m−m0)
s(k)∑
i=1
||êi(k)||2.

The strict upper-bound for ||ê0(k)||2 can be inserted into Eq. (6.9) as

||e(k + 1)||2
||e(k)||2 ≤ 1− (1− c2

5)
∑s(k)
i=1 ||êi(k)||2

||ê0(k)||2 +∑s(k)
i=1 ||êi(k)||2

< 1− (1− c2
5)
∑s(k)
i=1 ||êi(k)||2

(m−m0 + 1)∑s(k)
i=1 ||êi(k)||2

= m−m0 + c2
5

m−m0 + 1 .

Since 0 ≤ c2
5 < 1 and 0 ≤ m0 ≤ m− 2,

||e(k + 1)||
||e(k)|| ≤ γ,

where γ <
√

max0≤m0≤m−2
m−m0+c2

5
m−m0+1 =

√
m+c2

5
m+1 < 1. Therefore, ||e(k)|| exponentially converges

to 0. ■
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6.3 Decentralized State-Dependent Markov Chain Synthesis

Based on the consensus protocol developed in Section 6.2, we propose the decentralized

state-dependent Markov chain synthesis (DSMC) algorithm that achieves convergence to the

desired distribution with an exponential rate and minimal state transitions. Additionally,

we present a shortest path algorithm that can be integrated with the DSMC algorithm, as

utilized in [3, 21, 141], to further enhance the convergence rate.

6.3.1 The DSMC Algorithm

We define a finite-state discrete-time Markov chain evolving on the vertices of the uniform

graph G in Definition 6.1.

Definition 6.8. (Markov chain) Let V = {v1, ..., vm}, which is the vertices of the graph in

Definition 6.1, be the finite set of states of the Markov chain and X (k) ∈ V be the random

variable of the Markov chain for time k ∈ Z+. The connectivity of the states is determined by

the adjacency matrix Aa of the uniform graph G. Additionally, we define:

• (Probability distribution) Let x(k) ∈ Rm be the probability distribution at time k :

x[i](k) = P(X (k) = vi).

• (Markov matrix) Markov matrix determines the state transitions of the Markov chain

M(k) ∈ Rm×m, where M [i, j](k) = P(X (k+1) = vi|X (k) = vj) for all i, j ∈ Im1 . Hence

x(k + 1) = M(k)x(k) for k ∈ Z+.

• (Desired steady-state distribution) There exists a prescribed desired steady-state proba-

bility distribution v ∈ Rm such that

lim
k→∞

x(k) = v.

Let the error vector e(k) be the difference between the probability distribution at time k

and the desired steady-state distribution e(k) = x(k)−v. The DSMC algorithm is designed to

ensure that the dynamics of the error vector are identical to the dynamics of the value vector

described in Theorem 6.7. This design guarantees consistency between the two, ensuring
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desirable convergence properties and performance in the DSMC algorithm. Similar to the

consensus protocol in Section 6.2, transitions in the DSMC algorithm occur from the states

with higher error values to their adjacent states with lower error values to equalize the error

values across all states of the Markov chain. Since the sum of these error values is equal

to 0, the error values at all states will eventually become balanced at 0, resulting in the

convergence of the probability distribution to the desired distribution.

We present the synthesis of the Markov matrix in Algorithm 3, and its convergence proof is

presented in Theorem 6.12. To this end, let Iij be the set of indices of states adjacent to either

vi or vj, such that Iij = {l : Aa[l, i] = 1 or Aa[l, j] = 1}. It should be noted that e[ℓ] < 0 for

all ℓ ∈ {i, j} and e[l](k) ≥ 0 for some l ∈ Iij if and only if {i, j} ∈ Inp,n(k), which is introduced

in Definition 6.3. To determine the transition probability from state vj to state vi for time k,

the required inputs of the algorithm are x[l](k) and v[l] for all l ∈ Iij , the corresponding rows

of the adjacency matrix for states vi and vj , and a hyper-parameter c2 ∈ (0, 1) that scales the

transition probabilities. In Line 1 of Algorithm 3, the algorithm computes the error values at

the states associated with the set Iij. From the state vj, there will be a transition to any

adjacent state vi only if e[j](k) > e[i](k). Also, the transition probabilities vary proportionally

with the differences in error values. Therefore, the difference of the error value e[j](k) from

the error value e[i](k) is calculated in Line 2 if e[j](k) > e[i](k), otherwise it is set to 0. As

in Theorem 6.7, appropriately scaling the differences between error values relative to the

number of adjacent states is crucial for the stability of the convergence. Also, it is required to

scale these differences with respect to the probabilities of the corresponding states. For this

purpose, a scaling factor is determined in Line 4 for the stability of the convergence, while

another scaling factor is determined by the probability of the state vj in Line 5. Furthermore,

if ∑l∈Im
1
E[l, j](k) = 0, then there will be no transition from state vj to any adjacent state

vi. In this case, the value of s2[j](k) becomes irrelevant and is set to 1. If e[i](k) < 0 and

e[j](k) < 0, and either vi or vj has an adjacent state with a positive error value, then another

scaling factor s3[i, j](k) is set to 0 in Line 6 to satisfy Condition 6.4(b). The minimum of

these three scaling factors is chosen in Line 7 to satisfy all conditions simultaneously. Hence,
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the scaled difference of the error value e[j](k) from the error value e[i](k) is calculated in

Line 8. Note that T [i, j](k) represents the amount of increase in the error value at state vi
due to the transition from state vj. Equivalently, it represents the amount of decrease of the

error value at state vj due to the transition to the state vi. This amount is divided by the

probability of the state vj in Line 9 to decide the transition probability from state vj to state

vi. In Line 10, the remaining probabilities are added to the diagonal elements, finalizing the

synthesis of the Markov matrix. The complexity of the DSMC algorithm is O(m2), where m

is the number of states.

The following proposition shows that the matrix synthesized by Algorithm 3 is a column

stochastic Markov matrix.

Proposition 6.9. The matrix synthesized by Algorithm 3 satisfies M(k) ≥ 0 and 1TM(k) =

1T constraints.

Proof. (Proof of M(k) ≥ 0) W (k) ≥ 0 since s1[i, j] > 0, s2[j](k) ≥ 0 and s3[i, j](k) ≥ 0,

∀i, j ∈ Im1 . Since E(k) ≥ 0 and W (k) ≥ 0, T (k) ≥ 0. x(k) ≥ 0 and T (k) ≥ 0 imply that

M [i, j](k) = F [i, j](k) ≥ 0, ∀i, j ∈ Im1 if i ̸= j.

If x[j](k) = 0 or ∑i∈Im
1
E[i, j](k) = 0, then ∑

i∈Im
1
F [i, j](k) = 0 and M [j, j](k) = 1. If

x[j](k) ̸= 0 and ∑i∈Im
1
E[i, j](k) ̸= 0, then

∑
i∈Im

1

F [i, j](k) =
∑
i∈Im

1
T [i, j](k)

x[j](k)

=
∑
i∈Im

1
E[i, j](k)W [i, j](k)
x[j](k)

≤
∑
i∈Im

1
E[i, j](k)

x[j](k) s2[j](k)

=
∑
i∈Im

1
E[i, j](k)

x[j](k)
x[j](k)∑

i∈Im
1
E[i, j](k)

= 1.

Therefore, ∑i∈Im
1
F [i, j](k) ≤ 1 and M [j, j](k) ≥ 0.
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(Proof of 1TM(k) = 1T ) 1TM(k) = 1T requires that ∑i∈Im
1
M [i, j](k) = 1, ∀j ∈ Im1 . Note

that ∑i∈Im
1 \{j} F [i, j](k) = ∑

i∈Im
1
F [i, j](k) since F [i, i](k) = 0. Then, ∑i∈Im

1
M [i, j](k) =∑

i∈Im
1 \{j} F [i, j](k) + 1−∑i∈Im

1
F [i, j](k) = 1. This shows that 1TM(k) = 1T . ■

The following proposition shows that the error dynamics in Algorithm 3 are identical to

the evolution of the value vector in the consensus protocol presented in Theorem 6.7.

Proposition 6.10. The error dynamics of Algorithm 3 satisfy Eq. (6.6).

Proof. In Algorithm 3, the increase in the error value at state vi caused by state vj is denoted

by T [i, j](k) in Line 8. Equivalently, T [i, j](k) represents the decrease in the error value at

state vj caused by state vi. Since ∑i∈Im
1
F [i, j](k) ≤ 1 in Line 9 of Algorithm 3, the amount

of change determined in Line 8 is not suppressed by x(k). Thus, the error value at the state

vi changes as

e[i](k + 1) = e[i](k) +
∑
j∈Im

1

T [i, j](k)−
∑
j∈Im

1

T [j, i](k)

= e[i](k)+
∑
j∈Im

1

E[i, j](k)W [i, j](k)−
∑
j∈Im

1

E[j, i](k)W [j, i](k)

= e[i](k)+
∑
j∈Im

1
e[j](k)≥e[i](k)

(
e[j](k)− e[i](k)

)
Aa[i, j]W [i, j](k)

−
∑
j∈Im

1
e[j](k)<e[i](k)

(
e[i](k)− e[j](k)

)
Aa[j, i]W [j, i](k).

(6.11)

Let us denote wi,j(k) as

wi,j(k) = W [i, j](k) if e[j](k) ≥ e[i](k). (6.12)

Note that 0 ≤ W [i, j](k) ≤ s1[i, j] = (1 − c2)/max(d[i], d[j]), for all i, j ∈ Im1 , where

0 < c2 < 1 due to Line 4 and Line 7 of the Algorithm 3. Since d[i] in Line 3 of the Algorithm

3 represents the degree similar to D[i, i] in Definition 6.1, wi,j(k) satisfies the constraints

given in Theorem 6.7. Thus, Eq. (6.11) implies that

e[i](k + 1) = e[i](k) +
∑
j∈Im

1

(
e[j](k)− e[i](k)

)
Aaw [i, j](k) (6.13)
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for all i ∈ Im1 , where Aaw [i, j](k) = Aa[i, j]wi,j(k), 0 ≤ wi,j(k) < (1−c2)/(max(D[i, i],D[j, j])),

0 < c2 < 1. Since Eq. (6.13) is identical to Eq. (6.6), the error dynamics of Algorithm 3 are

identical to the evolution of the value vector in Theorem 6.7. ■

Note that Assumption 6.2 is already satisfied for the DSMC algorithm due to Assumption

6.18. We now show that Condition 6.4, which is crucial for the convergence of the proposed

consensus protocol, is satisfied by Algorithm 3.

Proposition 6.11. Condition 6.4 is satisfied by Algorithm 3.

Proof. To ensure Condition 6.4(a) it must be shown that there exists a c1 such that 0 < c1 ≤

wi,j(k) if 0 ≤ e[i](k). Then, due to Eq. (6.12), it is sufficient to show that there exists a c1

such that 0 < c1 ≤ W [i, j](k) if 0 ≤ e[j](k).

(Proof of Condition 6.4(a)) Since s1[i, j] > 0 and it is not time-varying, there exists a c′1
such that 0 < c′1 ≤ s1[i, j]. The inequality 0 ≤ e[j](k) implies that s3[i, j] = 1 for all i ∈ Im1
due to Line 6 of the Algorithm 3. Note that

∑
i∈Im

1

E[i, j](k) =
∑
i∈Im

1

(
0,
(
e[j](k)− e[i](k)

)
Aa[i, j]

)

≤
∑
i∈Im

1

|e[j](k)− e[i](k)|

≤ (m− 1)|e[j](k)|+
∑

i∈Im
1 \{j}

|e[i](k)|.

Since ||e[i](k)||∞ ≤ 1, ∑i∈Im
1
|e[i](k)| ≤ 2, and m ≥ 2, then

∑
i∈Im

1

E[i, j](k) ≤ (m− 1)|e[j](k)|+ (2− |e[j](k)|)

= m|e[j](k)|+ 2− 2|e[j](k)|

≤ m.

It then follows that Line 5 of the Algorithm 3 implies

x[j](k)
m

= min
(
x[j](k)
m

, 1
)
≤ min

(
x[j](k)∑

i∈Im
1
E[i, j](k) , 1

)
≤ s2[j](k).
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Let vmin = mini∈Im
1
v[i]. Then, the inequality 0 ≤ e[j](k) implies that vmin ≤ x[j](k). Thus,

vmin/m ≤ x[j](k)/m ≤ s2[j](k). Since vmin/m is not time-varying, there exists a c′′1 such

that 0 < c′′1 ≤ vmin/m ≤ s2[j](k). Hence, if 0 ≤ e[j](k), then there exist a c1 such that

0 < c1 ≤ min
(
s1[i, j], s2[j](k), s3[i, j]

)
= W [i, j](k), where c1 = min(c′1, c′′1, 1).

(Proof of Condition 6.4(b)) Condition 6.4(b) requires that wi,j = 0 if {i, j} ∈ Inp,n, where

Inp,n is the set defined in Definition 6.3. Note that {i, j} ∈ Inp,n if and only if e[ℓ] < 0

for all ℓ ∈ {i, j} and e[l] ≥ 0 for some l ∈ Iij. Therefore, if {i, j} ∈ Inp,n, both s3[i, j](k)

and s3[j, i](k) are set to 0, which imply that both W [i, j](k) and W [j, i](k) are 0. Hence,

wi,j(k) = 0 if {i, j} ∈ Inp,n. ■

The following theorem shows that Algorithm 3 achieves the desired convergence.

Theorem 6.12. The probability distribution x(k) exponentially converges to the desired

distribution v if the corresponding Markov matrix is synthesized by Algorithm 3.

Proof. In Proposition 6.10, it is proven that the dynamics of the error vector in Algorithm 3

are identical to the dynamics of the value vector in Theorem 6.7. Condition 6.4 is used in

Theorem 6.7 to prove that the value vector exponentially converges to 0. In Proposition 6.11,

it is proven that Algorithm 3 satisfies Condition 6.4 which means that probability distribution

x(k) exponentially converges to the desired distribution v. ■

6.3.2 The Modified DSMC Algorithm

In this section, we introduce a shortest-path algorithm that is proposed as a modification

to the Metropolis-Hastings algorithm in [3, Section V-E] and integrated with the Markov

chain synthesis methods described in [21] and [141]. This algorithm can also be integrated

with the DSMC algorithm to further increase the convergence rate. Our approach begins by

categorizing the states of the desired distribution.

Definition 6.13. (Recurrent and transient states) The states with non-zero elements in the

desired distribution v are called recurrent states. The other states with zero elements in the

desired distribution v are called transient states.
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The shortest-path algorithm is used for the synthesis of the Markov chain for the transient

states while the Markov chain for the recurrent states is synthesized by the DSMC algorithm.

Let us split the desired distribution and the Markov matrix to synthesize the Markov matrix

for recurrent and transient states separately. Assume that there are mr recurrent states and

mt = m−mr transient states of the desired distribution. Then the Markov matrix and the

desired distribution are split as

v = (vt, vr), M(k) =

M1 0

M2 M3(k)


m×m

, (6.14)

where vt = 0, vt ∈ Rmt , vr > 0, vr ∈ Rmr , M1 ∈ Rmt×mt and M3(k) ∈ Rmr×mr . Since the

desired distribution and the Markov matrix are partitioned by renumbering the elements,

the probability distribution and the adjacency matrix are also partitioned using the same

renumbering as

x(k) = (xt(k), xr(k)), Aa =

Aa1 0

Aa2 Aa3


m×m

.

Note that while the time-invariant matrices M1 and M2 in Eq. (6.14) are synthesized

by the shortest-path algorithm, the time-varying Markov matrix M3(k) is synthesized by

the DSMC algorithm. If the shortest-path is to be combined with another Markov chain

synthesis algorithm, it is also necessary to assume that the recurrent states are connected

among themselves, which requires the following assumption.

Assumption 6.14. The graph defined by the recurrent states is connected, which means there

exists a path between all recurrent states, or equivalently, (I+Aa3)mr−1 > 0 for Aa3 ∈ Rmr×mr

[201, section 2.1].

Furthermore, we demonstrate that the condition 1Txr(k) = 1, which is crucial for the

Markov chain synthesis algorithm of the recurrent states, is satisfied for all k ≥ K, K ∈ Z+

in the shortest-path algorithm.

Let us first define the following index sets to present the algorithm.
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Definition 6.15. (Index sets with respect to recurrent states) The index sets Ir and It contain

the indices of the recurrent and transient states, respectively. Indices of transient states can

be split into subsets as Is, Is−1, ..., and so on. The index set Is consists of the indices of

the states that are adjacent to the states corresponding to Ir and Is ∩ Ir = ∅, the index set

Is−1 consists of the indices of states that are adjacent to the states corresponding to Is and

Is−1 ∩ (Ir ∪ Is) = ∅, and so on.

The synthesis of the Markov matrix using the DSMC algorithm and the shortest-path

algorithm for the recurrent and transient states of the desired distribution is given as

M [i, j] =



as in Algorithm 3 if i ∈ Ir, j ∈ Ir

0 if i ∈ Is−n, j ∈ Ir for n ∈ Z+

1/(∑l∈Ir
Aa[j, l]) if i ∈ Ir, j ∈ Is, Aa[j, i] = 1

1/(∑l∈Is−n
Aa[j, l])

if i ∈ Is−n, j ∈ Is−n−1, Aa[j, i] = 1

for n ∈ Z+

In the proposed shortest-path algorithm, the transition probability from any state in set

Is−k−1 to any state in set Is−k, k ∈ Z+, and from any state in set Is to any state in set Ir is

1. Therefore, the total probability of the transient states becomes zero in a finite time. In

[3], it is shown that the condition ρ(M1) < 1 is satisfied using the properties of M-matrices,

which are shown in Theorem 2.5.3 (parts 2.5.3.2 and 2.5.3.12) of [134].

6.4 An application of the DSMC Algorithm on Probabilistic Swarm Guidance

In this section, we apply the DSMC algorithm to the probabilistic swarm guidance problem

and provide numerical simulations that show the convergence rate of the DSMC algorithm is

considerably faster as compared to the previous Markov chain synthesis algorithms in [3] and

[21].
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6.4.1 Probabilistic Swarm Guidance

Most of the underlying definitions and baseline algorithms in this section are based on [3].

We briefly review this material for completeness.

Definition 6.16. (Bins) The operational region is denoted as R. The region is assumed to

be partitioned as the union of m disjoint regions, which are referred to as bins Ri, i = 1, ...,m,

such that R = ∪mi=1Ri, and Ri ∩Rj = ∅ for i ̸= j. Each bin can contain multiple agents.

Bins, as in the states of a Markov chain, in the operational region are represented as

vertices of a graph. The allowed transitions between bins are specified by the adjacency

matrix of the graph.

Definition 6.17. (Transition constraints) An adjacency matrix Aa ∈ Rm×m is used to restrict

the allowed transitions between bins. Aa[i, j] = 1 if the transition from Ri to Rj is allowable,

and is 0 otherwise. The bins Ri and Rj are called neighboring bins if Aa[i, j] = 1.

Assumption 6.18. The graph describing the bin connections is connected, that is, (I +

Aa)m−1 > 0 for Aa ∈ Rm×m [201, section 2.1].

Consider a swarm comprised of N agents. Let n[i](k) be the number of agents in bin Ri

at time k. Then x(k) = n(k)/N represents the swarm density distribution at time k where

x(k) ≥ 0 and 1Tx(k) = 1. It is desired to guide the swarm density distribution to a desired

steady-state distribution v ∈ Rm, where v ≥ 0 and 1Tv = 1. The distance between the swarm

density distribution and the desired distribution is monitored via the total variation between

the swarm density distribution at time k and the desired distribution

Tx,v(k) = 1
2 ||x(k)− v||1.

Assumption 6.19. All agents can determine their current bins, and they can use this

information to move between bins.
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Each swarm agent changes its bin at time k by using a column stochastic, Markov, matrix

M(k) ∈ Rm×m called a Markov matrix [135]. The entries of matrix M(k) define the transition

probabilities between bins, that is, for any k ∈ Z+ and i, j ∈ Im1 ,

M [i, j](k) = P(r(k + 1) ∈ Ri|r(k) ∈ Rj),

i.e., an agent in Rj moves to Ri with probability M [i, j](k) at time k. Algorithm 4 is an

implementation of this probabilistic guidance algorithm. The first step of the algorithm is to

determine the agent’s current bin. In the following steps, each agent samples from a uniform

discrete distribution and goes to another bin depending on the column of the Markov matrix,

which is determined by the agent’s current bin.

The main idea of the probabilistic swarm guidance is to drive the propagation of density

distribution vector x(k), instead of individual agent positions {rl(k)}Nl=1. Swarms are viewed

as a statistical ensemble of agents to facilitate the swarm guidance problem. The density

distribution of the swarm x(k) satisfies the properties of a probability distribution, which are

x(k) ≥ 0, and 1Tx(k) = 1. However, the number of agents is finite and, using the law of large

numbers [28, Section V], the Algorithm 4 ensures that x(k + 1) = M(k) x(k) is satisfied as

N −→∞. Furthermore, any given desired distribution v ∈ Rm cannot always be accurately

represented by the finite number of agents of the swarm. For example, if v = [0.5, 0.5]T and

N = 1, then the best-quantized representation of the distribution that can be obtained is

either [1, 0]T or [0, 1]T . In this case, the total variation between the density distribution of

the swarm and the desired distribution cannot be less than 0.5.

Definition 6.20. (Quantization error) The quantization error is the minimum total variation

value that can be achieved by the density distribution of the swarm x(k) = n(k)/N to represent

a given desired distribution v. It is denoted as qN(v) and is the solution to the following

problem

qN(v) = min
n

{
1
2 ||n/N − v||1 : n ∈ Zm+ ,1Tn = N

}
.

Let QN be the maximum value of the quantization error that considers the worst possible
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desired distribution v for a given number of agents N such that

QN = max
v
{qN(v) : v ∈ Rm

+ ,1Tv = 1}.

The following theorem provides the maximum quantization error value for a given number

of agents N .

Lemma 6.21. For any given desired distribution v ∈ Rm
+ , 1Tv = 1, the maximum quantization

error value between x(k) = n(k)/N and v is not greater than m/(4N), where N is the total

number of agents.

Proof. Let us split the integer and fractional part of Nv such that Nv = t+ f , where t ∈ Zm+
and 0 ≤ f < 1. Let s = 1Tf . Note that s ∈ Z+ and s = N − 1T t. Let n∗[i] be the optimal

value of n[i] that minimizes |n[i]−Nv[i]|. Then, n∗[i] = t[i] or n∗[i] = t[i]+1. Without loss of

generality, suppose that f [1] ≥ f [2] ≥ · · · ≥ f [m]. Then n∗[i] =


t[i] + 1 if i ≤ s

t[i] otherwise
, where

1Tn = 1T t+s = N . Therefore ||n−vN ||1 = (1−f [1])+ · · ·+(1−f [k])+f [k+1]+ · · ·+f [m].

Since s = 1Tf , ||n − vN ||1 = 2(f [k + 1] + · · · + f [m]). Also, f [k + 1] ≤ s/m since

f [i] ≥ f [i + 1] for all i ∈ Im1 and 1Tf = s. Therefore, ||n − vN ||1 ≤ 2(m − s)(s/m). The

maximum value of 2(m− s)(s/m) is m/4, where s = m/2. Hence, ||n− vN ||1 ≤ m/2 and
1
2 ||n/N − v||1 ≤ m/(4N). ■

6.4.2 Synthesis of the Markov Matrix

The DSMC algorithm presented in Section 6.3.1 is employed for synthesizing the Markov

chain, which serves as the stochastic policy for the swarm agents. It is worth noting that the

bins comprising the operational region, as defined in Definition 6.16, determine the vertices

of the uniform graph in Definition 6.1. Consequently, these vertices correspond to the states

of the Markov chain defined in Definition 6.8. Similarly, the transition constraints of the

swarm, defined by an adjacency matrix in Definition 6.17, determine the adjacency matrix

of the uniform graph in Definition 6.1, which subsequently corresponds to the adjacency
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matrix of the Markov chain in Definition 6.8. The connectivity requirement for the vertices

of the consensus protocol, as outlined in Assumption 6.2, is satisfied by Assumption 6.18.

Furthermore, if the recurrent states of the desired distribution are also connected among

themselves, then Assumption 6.14 is satisfied, allowing the utilization of the Modified DSMC

algorithm presented in Section 6.3.2 for Markov chain synthesis. Since the DSMC algorithm

is state-dependent, we use the density distribution of the swarm for feedback, which requires

the following assumption.

Assumption 6.22. All agents know the density values of their own and neighboring bins.

A complex communication architecture is not required since communication only with

neighboring bins is sufficient for an agent to determine its transition probabilities. If agents

have only access to the number of agents of their own and neighboring bins, then they also

need to know the total number of agents in the swarm, which is global information, to

determine their density values. Distributed consensus algorithms, which work under the

strongly-connected communication network topology assumption, can be used to estimate

the total number of agents of the swarm. The consensus protocol that is used to estimate the

density distribution of the swarm in [21, Remark 13] can also be used to estimate the total

number of agents of the swarm.

6.4.3 Numerical Simulations

The convergence performance of the DSMC algorithm is demonstrated on the probabilistic

swarm guidance application with numerical simulations shown in Figure 6.2 and 6.5. We

monitor the total variation between the density distribution of the swarm and the desired

distribution. The finite number of agents causes the quantization error outlined in Definition

6.20. Theorem 6.21 limits the quantization error to m/(4N), where m is the number of bins

and N is the number of agents.

In the first simulation, which is the same numerical example presented in [3], agents

converge to the letter “E" in 250 time-steps. Then approximately 1/3 agents are removed
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and the remaining agents converge to the desired distribution again in 500 time-steps,

demonstrating the “self-repair" property of the proposed algorithm for swarm guidance.

Comparisons of the total variation and the total number of transitions for the M-H, PSG-IMC,

and the DSMC algorithms are given in Figures 6.3, 6.4, and Tables 6.1, 6.2 for two different

cases. In the first case, the adjacency matrix only allows transitions to the bins, which are

above, below, right, and left to a given bin, i.e., the bins that are 1-step away. In the second

case, the adjacency matrix allows transitions to 10-step away bins. When compared to the

M-H and PSG-IMC algorithms, in total variation at the 750th time-step, the DSMC algorithm

provides approximately 1.26 and 60.67 times improvement in the speed of convergence (the

ratios of the total amount of changing of the total variations in the given time-step) in the

first case and 1.51, and 1.25 times improvement in the second case. The PSG-IMC algorithm

does not perform as well in the first case because of the issues caused by having a sparse

adjacency matrix as discussed in related work. In the second case, which has a much denser

adjacency matrix, the PSG-IMC algorithm provides approximately 1.21 times improvement

in total variation compared to the M-H algorithm but the DSMC algorithm still provides

faster convergence than the PSG-IMC algorithm. Furthermore, the total variation value of

the DSMC algorithm converges to a value below the maximum value of the quantization

error provided by Theorem 6.21. In the DSMC algorithm, as the distribution converges, the

Markov matrix turns into an identity matrix, and unnecessary transitions are avoided as in

the PSG-IMC algorithm. Since the transition of agents rarely occurred in the PSG-IMC

algorithm in the first case due to the sparse adjacency matrix, the total number of transitions

of the DSMC algorithm is approximately 49.56 times less than the M-H algorithm, and 4.93

times more than the PSG-IMC algorithm. For the second case, the total number of transitions

of the DSMC algorithm is approximately 74.96 times less than the M-H algorithm, and 1.17

times less than the PSG-IMC algorithm.

In the second simulation, a more comprehensive comparison is provided. The swarm

distribution converges to various multimodal Gaussian distributions (i.e., a mixture of multiple

Gaussian distributions). The desired distribution is changed to another multimodal Gaussian
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distribution every 40 time-steps, except for the time-steps between 160 and 240. Up to the

160th time-step, agents converge to the 4 different multimodal Gaussian distributions. To

show the self-repair property of the swarm, approximately 1/3 of the agents are removed at

the 161st time-step and the remaining agents converge to the same desired distribution in 40

time-steps. Moreover, 7500 agents are uniformly added to the operational region at 201st

time-step and all agents converge to the same desired distribution again in 40 time-steps.

After the 240th time-step, agents converge to the 3 new multimodal Gaussian distributions up

to the 360th time-step. Comparisons of the total variation and the total number of transitions

for the M-H, PSG-IMC, and DSMC algorithms are given in Figure 6.6 and Table 6.3. In this

case, the adjacency matrix allows transitions to 10-step away bins. When compared to the

M-H and PSG-IMC algorithms, the DSMC algorithm provides a significant improvement

in the speed of convergence for each desired multimodal Gaussian distribution, as well as

causing fewer transitions compared to both algorithms. Similar to the first simulation, the

total variation value of the DSMC algorithm reaches the maximum value of the quantization

error given in Theorem 6.21. Furthermore, when some agents are removed or new agents are

added to the operational region, the DSMC algorithm recovers the desired distribution faster

than the previous algorithms.

Table 6.1: Comparison of change of the total variation and the total number of transitions with

time for the algorithms. In this case, the adjacency matrix only allows agents to transition to

1-step away bins.

Total Variations Ratios of change of Total Variation Total Number of Transitions

Time 0 250 251 750 0-250 250-750 0-750 750 750 (Ratios)

M-H Algorithm 0.268 0.107 0.273 0.123 1.27 1.16 1.26 2282394 49.56

PSG-IMC Algorithm 0.260 0.169 0.282 0.257 2.25 6.96 60.67 9348 1/(4.93)

DSMC Algorithm 0.261 0.056 0.253 0.079 1.00 1.00 1.00 46051 1.00
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(a) t = 0 (b) t = 250 (c) t = 251 (d) t = 750

Figure 6.2: Representation of the distribution of the swarm for the time-steps 0, 250, 251,

and 750, respectively. There are 400 (20× 20) bins and 5000 agents in the operational region

at the beginning of the simulation. The agents converge to the “E” letter in 250 time-steps

and approximately 1/3 agents are removed from the operational space. Then, the remaining

agents converge to the desired distribution again in 500 time-steps.
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Figure 6.3: Comparison of change of the total variation and the number of transitions with

time for the algorithms. In this case, the adjacency matrix only allows agents to transition to

1-step away bins.
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Algorithm 3 Decentralized state-dependent Markov chain synthesis algorithm
Input: x[l](k), v[l], ∀l ∈ Iij, Aa[ℓ, ·], ∀ℓ ∈ {i, j}, c2 ∈ (0, 1)

Output: M [i, j](k)

1: Compute error values at the states associated with set Iij:

e[l](k) := x[l](k)− v[l], ∀l = Iij

2: Calculate the non-negative error differences between adjacent states:

E[i, j](k) := max
(

0,
(
e[j](k)− e[i](k)

)
Aa[i, j]

)
3: Determine the total number of adjacent states:

d[ℓ] := ∑
l∈Im

1 \ℓAa[ℓ, l], ∀ℓ ∈ {i, j}

4: Calculate the scaling factor to ensure algorithm stability:

s1[i, j] := 1−c2
max(d[i],d[j])

5: Set the scaling factor based on the probability of state

vj: s2[j](k) :=


x[j](k)∑

l∈Im
1
E[l,j](k) if ∑l∈Im

1
E[l, j](k) ̸= 0

1 otherwise
6: Determine the scaling factor to satisfy Condition 6.4(b):

s3[i, j](k) :=


0

if e[ℓ] < 0 for all ℓ ∈ {i, j} and

e[l](k) ≥ 0 for some l ∈ Iij
1 otherwise

7: Obtain the resulting scaling factor:

W [i, j](k) := min
(
s1[i, j], s2[j](k), s3[i, j](k)

)
8: Calculate the scaled non-negative error differences between adjacent states:

T [i, j](k) := E[i, j](k)W [i, j](k)

9: Compute the transition probability from vj to vi:

F [i, j](k) :=


T [i,j](k)
x[j](k) if x[j](k) ̸= 0

0 otherwise
10: Synthesize the Markov matrix:

M [i, j](k) :=


F [i, j](k) if i ̸= j

1−∑l∈Im
1
F [l, j](k) if i = j
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Algorithm 4 Probabilistic Guidance Algorithm [3]
1: Each agent determines its current bin, e.g., rl(k) ∈ Ri.

2: Each agent generates a random number z that is uniformly distributed in [0, 1].

3: Each agent goes to bin j, i.e., rl(k+1) ∈ Rj , if
{∑j−1

s=1 M [s, i](k) ≤ z ≤ ∑j
s=1 M [s, i](k).
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Figure 6.4: Comparison of change of the total variation and the number of transitions with

time for the algorithms. In this case, the adjacency matrix allows agents to transition to

10-step away bins.

Table 6.2: Comparison of change of the total variation and the total number of transitions

with time for the algorithms. In this case, the adjacency matrix allows agents to transition

to 10-step away bins.

Total Variations Ratios of change of Total Variation Total Number of Transitions

Time 0 250 251 750 0-250 250-750 0-750 750 750 (Ratios)

M-H Algorithm 0.271 0.101 0.269 0.113 1.44 1.48 1.51 2663105 74.96

PSG-IMC Algorithm 0.263 0.039 0.253 0.072 1.09 1.28 1.25 41483 1.17

DSMC Algorithm 0.261 0.017 0.253 0.022 1.00 1.00 1.00 35529 1.00
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(a) t = 0 (b) t = 40 (c) t = 80 (d) t = 120

(e) t = 160 (f) t = 161 (g) t = 200 (h) t = 201

(i) t = 240 (j) t = 280 (k) t = 320 (l) t = 360

Figure 6.5: Representation of the distribution of the swarm for several time-steps. There

are 600 (20 × 30) bins and 20000 agents in the operational region at the beginning of the

simulation. Swarm distribution converges to a different multimodal Gaussian distribution

in every 40 time-step except the time-steps between 160 and 240. Agents converge to the 4

different multimodal Gaussian distributions up to the 160th time-step. At the 161st time-step,

approximately 1/3 agents are removed and the remaining agents converge to the same desired

distribution in 40 time-steps. Then, 7500 agents are uniformly added to the operational

region at 201st time-step and all agents converge to the same desired distribution again in 40

time-steps. After the 240th time-step, agents converge to the 3 new multimodal Gaussian

distributions up to the 360th time-step.
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Figure 6.6: Comparison of change of the total variation and the number of transitions with

time for the algorithms.

Table 6.3: Comparison of change of the total variation and the total number of transitions

with time for the algorithms.

Ratios of change of Total Variation Total Number of Transitions

Time 0-40 40-80 80-120 120-160 161-200 201-240 240-280 280-320 320-360 360 360 (Ratios)

M-H Algorithm 2.57 1.47 1.34 2.00 1.29 7.06 1.77 1.24 1.34 6058502 77.09

PSG-IMC Algorithm 1.37 1.24 1.36 1.36 1.38 0.94 1.26 1.25 1.89 95277 1.21

DSMC Algorithm 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 78592 1.00
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Chapter 7

CONCLUSIONS AND FUTURE DIRECTIONS

7.1 Conclusions

This dissertation first developed smooth and exact modeling tools for mission-level specifi-

cations in trajectory optimization. Building on generalized mean-based smooth robustness, it

introduced C1-smooth parameterizations of signal temporal logic requirements that preserve

the satisfaction logic of the original specifications. These constructions enable continuous-

time satisfaction of always, eventually, and until-type requirements while mitigating the

locality and masking behavior of standard quantitative semantics.

The dissertation then developed prox-convex, a structure-preserving sequential convex

programming algorithm for the nonconvex composite problems induced by these modeling

choices and exact-penalty optimal-control transcriptions. The method preserves existing

convex objectives, constraints, and inner convex structure while locally approximating only

the smooth nonconvex components, yielding a numerical framework well matched to the

resulting trajectory-generation problems.

These modeling and algorithmic ingredients were integrated in several applications,

including illustrative continuous-time STL examples, nonlinear model predictive control

with continuous-time constraint satisfaction, perception-constrained motion planning for

information acquisition, rocket landing with compound state-triggered constraints, and

nonlinear quadrotor flight with moving predicates and terminal requirements.

As a complementary contribution, the dissertation also developed a decentralized state-

dependent Markov-chain synthesis framework for swarm guidance. A state-dependent con-

sensus protocol was introduced on dynamic graphs and used to construct a decentralized

Markov-chain synthesis algorithm with exponential convergence guarantees.
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Overall, the dissertation shows that reliable autonomous guidance benefits from the joint

design of expressive models and structure-preserving algorithms, both for individual trajectory

generation and for large-scale swarm guidance.

7.2 Future Directions

Several future directions emerge naturally from this dissertation.

A first direction concerns solver-aware problem formulation. One recurring lesson through-

out the dissertation is that the numerical behavior of an optimization problem depends

strongly on how it is modeled. Two mathematically equivalent formulations of the same

task can lead to very different solver performance because of scaling, conditioning, gradient

distribution, active-set structure, and the way convexity is exposed. This suggests a broader

research direction in which modeling itself becomes an algorithmic object. Instead of asking

only how to solve a given formulation efficiently, one asks how to transform a mission descrip-

tion into a formulation that is both semantically faithful and well matched to the numerical

solver that will be used.

This perspective opens the door to model-analysis tools for trajectory optimization and

mission-level specifications. Such tools could take a user-specified optimal-control problem,

temporal-logic requirement, or composite objective; analyze its scaling, smoothness, convex

structure, gradient pathways, constraint activity, and constraint interactions; and then provide

feedback on how to reformulate the problem before solving it. In this way, modeling could

become a feedback-guided design process, analogous in spirit to how control engineers use

analysis tools to tune and diagnose feedback systems.

A second direction concerns structure-detecting algorithms and solvers for nonconvex

optimization. The prox-convex framework of Chapter 4 shows that preserving convex objec-

tives, convex constraints, and convex inner features can substantially change the optimization

problem seen by the solver. A natural next step is to develop parsers and solver stacks that

automatically detect such structure from a user-provided model, decide which components

should be preserved and which should be linearized, and generate the corresponding convex
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subproblems without requiring the user to manually expose the decomposition. This would

move structure exploitation from a hand-designed modeling choice to an automated part of

the trajectory-optimization pipeline. A closely related avenue is solver specialization and code

generation for embedded implementations, where the detected composite structure, sparsity,

scaling, and convex subproblem form are used to produce real-time solvers automatically.

A third direction is closed-loop trajectory generation with rich mission specifications. A

natural next step is to extend the methods of Chapter 5 to problems in which task requirements

evolve online or depend explicitly on uncertainty, sensing, or environment updates. Examples

include nonlinear model predictive control with richer temporal operators beyond always-type

safety constraints, perception-aware planning with coupled estimation and control objectives,

and multi-agent trajectory generation with interacting mission-level requirements. In such

settings, the challenge is not merely to solve a sequence of nonconvex problems online, but

to do so while preserving the semantic guarantees that motivate the use of temporal-logic

specifications in the first place.

Finally, the DSMC chapter opens several avenues for scalable distributed guidance. One

natural extension is to move beyond finite-state distributions toward continuous-state or

hybrid swarm-distribution models while preserving the decentralized and state-dependent

character of the synthesis. Another is to incorporate richer communication effects, such

as asynchronous updates, delays, packet loss, or imperfect local state estimates, into the

convergence analysis. It is also of interest to integrate the distribution-level Markov guidance

with local trajectory-generation or collision-avoidance layers, so that one can reason jointly

about population shaping and individual agent motion. More broadly, the synthesis of efficient

decentralized guidance laws that retain rigorous convergence guarantees remains a central

challenge for large-scale autonomy.

In summary, this dissertation suggests that progress in autonomous guidance depends not

only on faster solvers or richer task descriptions, but on the joint design of modeling languages,

numerical formulations, and algorithms. The hope is that the frameworks developed here

provide useful building blocks toward such integrated modeling-and-solution pipelines.
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