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Maryclare Griffin
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Professor Peter Hoff
Duke University, Department of Statistical Science

This thesis contains three chapters that consider penalized regression from a model-based
perspective, interpreting penalties as assumed prior distributions for unknown regression co-
efficients. In the first chapter, we show that treating an ¢; penalty as a prior can facilitate
the choice of tuning parameters when standard methods for choosing the tuning parameters
are not available, and when it is necessary to choose multiple tuning parameters simulta-
neously. In the second chapter, we consider a possible drawback of treating penalties as
models, specifically possible misspecification. We introduce an easy-to-compute moment-
based misspecification test for the Laplace prior, argue that the risk of misspecification calls
for consideration of a larger class of ¢, penalties and corresponding prior distributions, and
define easy-to-compute moment-based unknown prior parameters that yield improved es-
timation of the unknown regression coefficients in simulations. In the third chapter, we
introduce structured shrinkage priors for dependent regression coefficients which generalize
popular independent shrinkage priors. These can be useful in various applied settings where
many regression coefficients are not only expected to be nearly or exactly equal to zero, but

also structured.
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Chapter 1
INTRODUCTION

The material in this thesis deals with penalized regression and its Bayesian counterpart,
regression under a prior on the regression coefficients. The relationship between penalized
regression and Bayesian regression has long been recognized (Tibshirani, 1996)). Let y be an
observed n x 1 response, let X be an observed n x p matrix of covariates and let 3 be a p x 1
vector of unknown regression coefficients. In the linear regression setting, Lasso penalized

regression solves

minimizes {|ly — XA/ + Al1I1,}

This is equivalent to computing the posterior mode of 8 under the model

y| X, 8 ~ normal (X,B, azIn) , B; ~ Laplace (0, 202/)\) ,

2 > 0 and X\ > 0 are scale parameters. More

where I,, is an n X n identity matrix and o
generally, let h (y|X, 3, ¢) be an objective function depending on nuisance parameters ¢
that relates the unknown regression coefficients 8 and covariates X to the observed response
y, and let f (3|@) be a penalty function that depends on tuning parameters 6. Any penalized

regression estimate obtained by solving

minimizeg {h (y| X, B, y,¢) + f (B3|0)}

corresponds to the posterior mode of B under the model

pyis (Y| X, B, @) o exp{—h(y|X,B,y, )}, ps (B]0) < exp{—f(B]0)},

where ¢ and @ can be interpreted as distributional parameters for the distributions of the

data and the coeflicients.



Despite the fact that this correspondence between penalties and priors is well established,
the penalized regression and Bayesian literatures remain fairly divided. Within the penalized
regression literature, penalties are rarely treated as implying a specific model for the data and
regression coefficients. Rather, the penalty is interpreted as a tool for producing estimates
of regression coefficients with certain desirable properties, e.g. sparsity, and nuisance and
tuning parameters tend to be chosen to optimize predictive performance. This approach can
be advantageous in that it is relatively simple to implement, outperforms many alternatives
in terms of prediction and scales well to accommodate massive data. Within the Bayesian
literature, researchers either take an empirical Bayes approach, estimating ¢ and 0 from the
marginal likelihood of the data, or a fully Bayes approach, assuming prior distributions for
¢ and 0. Fully Bayes approaches are more popular, because they can be used to account
for uncertainty in the estimation of ¢ and @ and because estimating ¢ and 6 the marginal
likelihood of the data as a function of ¢ and @ can be prohibitively computationally de-
manding under many common penalized regression models. Letting py (¢) and pg (0) refer

to the prior densities of ¢ and 0, this yields the model

o0

Py (X B) / exp {—h (¥ X, 8,9, 8)} po () do.

— 00

pp (B10) /OO exp {—f (8|0)} po (0) d6.

Under this model, the posterior mode can be more computationally challenging to compute
because the correspondingly penalty is a function of an intractable integral. Accordingly,
researchers in the Bayesian literature tend to use posterior means or medians as estimators
of B, which are easier to compute but do not have the same desirable properties of the
posterior mode for fixed values of ¢ and 0, e.g. elementwise sparsity. Even when ¢ and 6
are treated as fixed and empirical Bayes approaches are used, the Bayesian literature still
tends to discourage use of the posterior mode as an estimator of 3 and encourage use of the
posterior mean or median instead (Park and Casella, 2008} [Hans, 2009). This is motivated
by decision-theoretic concerns, as the posterior mean and median are known to minimize

squared and absolute error loss, respectively. However it still results in estimators of 3 that



may not have the same desirable properties as the posterior mode, e.g. sparsity.

To our knowledge relatively little research has occupied the middle ground, i.e. has inter-
preted penalties as priors without assuming prior distributions for unknown distributional
parameters or discarding the posterior mode as a viable estimator. Doing so affords us
the ability to estimate tuning parameters/unknown distributional parameters, which can be
difficult to specify when they are numerous, data are limited or inference on the unknown
regression parameters as opposed to prediction is the primary goal. Furthermore, treating
the use of a penalty as equivalent to assuming a specific prior distribution allows us to draw
on a vast decision theory literature that can be used to justify the use of various posterior
summaries as estimators depending on the inferential goals of a specific problem (Bernardo
and Smith| [2000; [Hans, [2009). This thesis helps to fill this gap in the literature. Although
we will use Bayesian terminology throughout this thesis, the ideas discussed here are not
strictly Bayesian in scope. Rather, they relate to the long literature on smoothing and
mixed models, in which regression coefficients are modeled to encourage various desirable
properties, distributional parameters are estimated from the marginal likelihood of the data,

and posterior summaries are used as estimators (Wand, 2003).

The first chapter in this thesis, “Lasso ANOVA Decompositions for Matrix and Tensor
Data,” focuses on the use of Lasso penalized ANOVA for matrices and higher order arrays.
In the matrix case, we consider Lasso penalized linear regression for y = vec (YY), where
Y is a p; X po matrix and X = [ 1y 1,01, I,®1, I,, ], where 1,,,, is a
p1p2 X 1 vector of ones. The unknown regression coefficients, 3, can be decomposed into a
grand mean, row, column and element-wise components 3 = [ p a b vec(C) ]/, where
only elements of C are subjected to a Lasso penalty. This problem poses the following
challenge: every element of Y corresponds to a unique element of C', so cross validation
is actually infeasible. We tackle this problem by treating the Lasso penalty as a Laplace
prior and recognizing that differences in normal and Laplace tail behavior, as measured by
kurtosis, allow for the construction of moment-based estimators of the noise variance and

Lasso tuning parameter. In the process, we explore how treating the Lasso penalty as a



prior is uniquely vulnerable to model misspecification, specifically of the prior distribution
of the regression coefficients. We observe evidence that suggests a Laplace prior will tend
to underpenalize the unknown regression coefficients when the empirical distribution of the
unobserved true regression coefficients is heavier than Laplace tailed and will overpenalize
the unknown regression coefficients when the empirical distribution of the unobserved true
regression coefficients is lighter than Laplace tailed.

Motivated by the issue of prior specification, the second chapter in this thesis “Testing
Sparsity-Inducing Penalties,” explores the choice of prior for more general linear regression
problems. We introduce a moment-based test of whether or not the tail behavior of ordinary
least squares or ridge estimates of the unknown regression coefficients is consistent with what
would be observed if the true unobserved regression coefficients were Laplace distributed, as
well as moment-based estimators of the prior parameters of a broader class of priors which
corresponds to ¢, penalties. We demonstrate that implementing such a test and adaptively
specifying the prior in the event of rejection can improve estimation of the regression co-
efficients, resolving the over- and underpenalization problems associated with treating the
Lasso penalty as a Laplace prior distribution.

The third chapter in this thesis, “Structured Shrinkage Priors,” considers an additional
kind of misspecification. In the first two chapters, we considered independent prior distri-
butions for the regression coefficients, which correspond to separable penalties which can
be decomposed. These priors do not encourage structure among the regression coefficients.
However, in many high dimensional regression settings the regression coefficients may have
some known structure a priori, e.g. the regression coefficients may be ordered in space
or correspond to a vectorized matrix or tensor of regression coefficients. Accordingly, in
this last chapter we develop structured shrinkage priors that generalize multivariate normal,
Laplace, exponential power and normal-gamma priors. These priors allow for the regres-
sion coefficients to be correlated a priori without sacrificing sparsity and shrinkage. The
primary challenges in working with these structured shrinkage priors are computational, as

the corresponding penalty is an intractable p-dimensional integral and the full conditional



distributions that are needed to simulate from the full conditional distribution of the regres-
sion coefficients are not necessarily standard distributions. We overcome these issues using a
flexible elliptical slice sampling procedure, and demonstrate that these priors can be used to
introduce structure while preserving sparsity of the corresponding penalized estimate given

by the posterior mode.



Chapter 2

LASSO ANOVA DECOMPOSITIONS FOR MATRIX AND
TENSOR DATA

2.1 Introduction

Researchers are often interested in estimating the entries of an unknown n X p mean matrix
M given a single noisy realization, Y = M + Z, where the entries of Z are assumed to
be independent, identically distributed mean zero normal random variables with unknown
variance o2. Consider a noisy matrix Y of gene expression measurements for p different genes
and n tumors. Researchers may be interested in which tumors have unique gene expression
profiles and which genes are differentially expressed across different tumors.

This is challenging because no replicates are observed; each unknown m;; corresponds to
a single observation y;;. As a result, the maximum likelihood estimate Y has high variability.
Accordingly, simplifying assumptions that reduce the dimensionality of M are often made.

Many such assumptions relate to a two-way ANOVA decomposition of M:
M = p1,1,+al, +1,b' + C, (2.1)

where g is an unknown grand mean, a is an n x 1 vector of unknown row effects, b is a
p X 1 vector of unknown column effects, C' is a matrix of elementwise “interaction” effects
and 1, and 1, are n x 1 and p x 1 vectors of ones, respectively. In the absence of replicates,
implicitly assuming C = 0 is common. This reduces the number of freely varying unknown
parameters, from np to n + p, but is also unlikely to be appropriate in practice.

In the settings we consider, it is likely that at least some elements of C' are nonzero,
e.g. some tumor-gene combinations or treatment pairs in a factorial design may have large

interaction effects that are not explained by a strictly additive model. If M is approximately



additive in the sense that large deviations from additivity are rare, then C' is sparse and

estimation of M may be improved by penalizing elements of C'"
. 1 2
minimize, qp.c {F |[vec {Y — (n1,1, + al, +1,b' + C) }| ‘2 + A ||vec (C)||1} . (2.2)

The ¢, penalty induces sparsity among the estimated entries of C, and solving this penalized
regression problem yields unique estimates of M and C. Elements of C' can be interpreted
as interactions insofar as they indicate deviation from a strictly additive model.

This is a departure from the literature, in which assumptions on the rank of C are
often made. Some set © = 0, @ = 0 and b = 0 and assume C' is low rank (Fazel, 2002;
Hoff, 2007; |Candes et al., 2013; |Josse and Sardy} 2016), while others treat p, @ and b as
unknown, apply the standard ANOVA zero-sum constraints for identifiability, 1/ a = I;b =0
and C'1, = 0 and C1, = 0, and assume that C is low rank (Gollob, 1968; |Johnson and
Graybill, [1972; Mandel, [1971; |Goodman and Haberman, |1990)). We refer to the latter as an
additive-plus-low-rank model for M. Assuming that C' is low rank implies that elements of
C' are multiplicative in row and column factors, i.e. if C' is rank R then ¢;; = Zle Arly iUy ;.

Although useful in many settings, assuming low rank C' has two main limitations. First,
in the presence of unknown noise variance, o2, existing methods for choosing the rank can be

computationally expensive for large matrices (Hoff, 2007)), require strong assumptions such

2

as known o2 (Candes et al.| 2013), or rely on approximations to account for unknown o2

that may not always perform well in practice (Josse and Sardy, 2016)). Second, even when
the rank can be chosen well, these methods conflate the presence of elementwise effects of
scientific interest with the presence of multiplicative effects. While this may be plausible in
many settings, it is easy to imagine scenarios in which a low rank C' may fail to capture
elementwise effects of scientific interest. For instance, if Y were an n X n square matrix and
all ¢;; were large while all ¢;;, ¢ # j were equal to zero, a rank n estimate of C would be
needed.

That said, solving Equation requires specification of A. and 2. One approach
might be to recognize that we can rewrite Equation to depend on a single parameter



n = \.02 and specify 7 using cross-validation. However, cross-validation is not appropriate
for this problem. Consider a subset Y'; of Y with at least two elements from each row and
column of Y and let Y5 denote the remaining entries. For a fixed value of 7, we can obtain
estimates of i, a, b, and elements C'; of C corresponding to Y. However, computing out-of-
sample predictions for Y5 requires estimates of the elements C5 of C' corresponding to Y.
Cross-validation cannot be performed without making additional assumptions that relate the
values of i, a, b and C; to C5. Another approach involves viewing the ¢; penalty on C as a
Laplace prior distribution, in which case A. and 02 can be interpreted as nuisance parameters.
However, obtaining empirical Bayes estimates of \. and ¢? via maximum marginal likelihood

may be prohibitively computationally demanding (Figueiredo, 2003} Park and Casellal, 2008)).

In this chapter we present moment-based empirical Bayes estimators of the nuisance
parameters \. and o2 that are easy to compute, consistent and independent of assumptions
made regarding a and b. Moment-based estimators can be sensitive to outliers, however we
consider settings in which n or p are very large and moments can be estimated well. As our
approach to estimating \. and o2 uses the Laplace prior interpretation of the £; penalty, we
refer to estimation of M via optimization of Equation using these nuisance parameter
estimators as LANOVA penalization, and we refer to the estimate M as the LANOVA

estimate.

The chapter proceeds as follows: In Section 2.2 we introduce moment-based estimators
for \. and o2, show that they are consistent as either the number of rows or columns of
Y goes to infinity and show that their efficiency is comparable to that of asymptotically
efficient marginal maximum likelihood estimators (MMLESs). In Section [2.3] we discuss es-
timation of M via Equation given estimates of \. and o2 and introduce a test of
whether or not elements of C' are heavy-tailed, which allows us to avoid LANOVA penal-
ization in settings where it is especially inappropriate. We also investigate the performance
of LANOVA estimates of M relative to strictly additive estimates, strictly non-additive
estimates and additive-plus-low-rank estimates and examine robustness to misspecification

of the distribution of elements of C. In Section we extend LANOVA penalization to



include penalization of lower-order mean parameters a and b and also to apply to the case
where Y is a K-way tensor. In Section [2.5] we apply LANOVA penalization to a matrix of
gene expression measurements, a three-way tensor of fMRI data and a three-way tensor of
wheat infection data. In Section we discuss extensions, specifically multilinear regression

models and opportunities that arise in the presence of replicates.

2.2 LANOVA Nuisance Parameter Estimation

Consider the following statistical model for deviations of Y from a strictly additive model:

Y =pl,1,+al, + 1,0 +C+Z (2.3)

C = {¢;;} ~iid. Laplace (0,A\;"), Z = {z;} ~iid. N(0,07).

The posterior mode of u, a, b and C under this Laplace prior for C and flat priors for
i, a and b corresponds to the solution of the LANOVA penalization problem given by
Equation ([2.2)).

We construct estimators of A\. and o? as follows. Letting Hy = I} — 1,1;/k be the
k x k centering matrix, we define R = H,Y H,. R depends on C and Z alone, specifically
R = H,(C+ Z)H,. We construct estimators of \. and ¢ from R by leveraging the

difference between Laplace and normal tail behavior as measured by fourth order moments.

2

The fourth order central moment of any random variable x with mean p, and variance o;

can be expressed as E [(z — ,ul,)ﬂ = (k + 3) o}, where & is interpreted as the excess kurtosis
of the distribution of x relative to a normal distribution. A normally distributed variable has
excess kurtosis equal to 0, whereas a Laplace distributed random variable has excess kurtosis
equal to 3. It follows that the second and fourth order central moments of elements of C + Z
are E [(c;j + 2;)°] = 02 + 02 and E [(c;j + 2i5)"] = 302 + 3 (02 + 02)?, respectively, where
02 = 2/2 is the variance of a Laplace()\;!) random variable. Given values of E [(c;; + 2;)°]
and E [(c;; + 2;5)"], we see that o2 and o2, and accordingly )., can easily be recovered.

We do not observe C + Z directly, but we can use the second and fourth order sam-

ple moments of R, an estimate of C + Z, given by 7? = nip Sy > b vy and 7@ =
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1\ P4 : : 2 2 - .
- > ie1 2_j—1 Ty, Tespectively, to separately estimate of and o;. These estimators are:

% = { (n—1)(n*—3n +§)Zzp —1) (p> = 3p+3) } {Fw/?’ - (FQ))Q} (24)
52 =\/5!, &%= { o }r@ ~ 52
‘ 7 lle=-D -1 ‘

An estimator of ). is then given by XC = \/Tﬁf .

The estimator o2 is biased. It is possible to obtain an unbiased estimator for o, however
the unbiased estimator will not be consistent as n — oo with p fixed or p — oo with n
fixed. Because these estimators depend on higher-order terms which can be very sensitive to
outliers, it is desirable to have consistency as either the number of rows or columns grows.

Accordingly, we prefer the biased estimator and examine its bias in the following proposition.

Proposition 2.2.1 Under the model given by Equation ({2.3)),

o i 3= 1% -1°)
Bl e {m—lﬂﬂ—ﬁn+$@w%J@L4m+$}[{ i }C*

(D00 2 ).

n2p2

A proof of this proposition and all other results presented in this chapter are given in an
appendix. The bias is always negative and accordingly, yields overpenalization of C. When
both n and p are small, 5% tends to underestimate o?. Recalling that o? is inversely related
to A, this reflects a tendency to overpenalize and accordingly overshrink elements of C' when
both n and p are small. This is not undesirable, in that it reflects a tendency to prefer the
simple additive model when few data are available. We also observe that the bias depends
not only on both 02 and ¢2. Holding n, p and o2 fixed, we will overestimate A, more when
o2 is larger. Again, this is not undesirable, in that it reflects a tendency to prefer the simple
additive model when the data are very noisy. Last, we see that the bias is O (1/np), i.e. the
bias approaches zero as either the number of rows or the number of columns increases. The

large sample behavior of our estimators of the nuisance parameters is similar.
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Proposition 2.2.2 Under the model given by Equation [2.3), * % o2, 52 5 2, e BN

Cc

2
z

and 2 2 62 as n — oo with p fived, p — 0o with n fized, or n,p — .

Although these nuisance parameter estimators are easy to compute and consistent as n —
oo or p — 00, they are not maximum likelihood estimators and may not be asymptotically
efficient even as n — oo and p — oo. Accordingly, we compare the asymptotic efficiency
of our estimator 72 to that of the corresponding asymptotically efficient marginal maximum
likelihood estimator (MMLE) denoted by 62 as n and p — co. As noted in the Introduction,
obtaining 72 is computationally demanding because maximizing the marginal likelihood of
the data requires a Gibbs-within-EM algorithm that is slow to converge (Park and Casella,
2008). Fortunately, computing the asymptotic variance of 2 is simpler than computing &>
itself. The asymptotic variance of o2 is given by the Cramér-Rao lower bound for ¢, which
can be computed numerically from the density of the sum of Laplace and normally distributed
variables (Nadarajahl 2006; Diaz-Francés and Montoya, 2008). The asymptotic variance of

2

02 is straightforward to compute as /np (62 — o

4

) converges in distribution to a moment

estimator of o. We note that the asymptotic variance of /):c is similarly straightforward to
compute; both asymptotic variances are given in the appendix. Letting V [¢%] and V [62]
refer to the variances of the estimators 62 and 52, we plot the asymptotic relative efficiency
V [62] /V [62] over values of 02,02 € [0,1] in Figure 2.1l Note that the relative efficiency of
o2 compared to 2 also reflects the relative efficiency of our estimators X and o2 compared

to the MMLEs Xc and 72, respectively, because both are simple functions of 2.

When o2 is small relative to o2, the MMLE &2 tends to be slightly more efficient. When

o2 is large relative to o2, 52 tends to be much more efficient. However, in such cases the

interactions will not be heavily penalized and LANOVA penalization will not tend to yield
a simplified, nearly additive estimate of M. Put another way, Figure indicates that XC
and 52 will be nearly as efficient as the corresponding MMLEs when LANOVA penalization

is useful for producing a simplified, nearly additive estimate of M with sparse interactions.

We also note that because they are moment-based, our estimators may be more robust to
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Figure 2.1: Asymptotic relative efficiency V[52]/V[c?] of the MMLE &2 versus our moment-

based estimator 52 as a function of the true variances o2 and o2.

misspecification of the distribution of elements of C' and Z than the MMLEs.

2.3 Mean Estimation, Interpretation, Model Checking and Robustness

2.8.1 Mean Estimation

In practice, our nuisance parameter estimators are not guaranteed to be nonnegative and
two special cases can arise. When o2 < 0, we set 62 = 0 and C =0 and set M = M App,
where M opp = (I,—H,Y (I,— H,) is the strictly additive estimate. When 52 < 0, we
reset 33 — 0 and set M = M MLE, Where M mLe = Y is the strictly non-additive estimate.

Neither special case prohibits estimation of M.

We assess how often these special cases arise via a small simulation study. Setting o2 = 1,
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n=p=25 pu=0,a=0and b =0, we simulate 10,000 realizations of Y = C' + Z under
the model given by Equation for each value of 02 € {1/2,1,3/2}. We obtain 52 < 0
in 13.7%, 1.64% and 0.02% of simulations for o2 equal to 1/2, 1 and 3/2, respectively. This
means that when the magnitude of elements of C' is smaller, we are more likely to obtain a
strictly additive estimate of M. We do not obtain 62 = 0 in any simulations.

When 62 > 0 and 62 > 0, we can obtain an estimate of M from Equation using
block coordinate descent. Setting (AZ’O = H,YH, and k = 1, our block coordinate descent

algorithm iterates the following until the objective function Equation ((2.2]) converges:

-1

o Set it = 1,(Y — C" )1, /np, @ = H,(Y - C" )1,/p,
b =H, (Y -C" 'Y1i,/nand R* =Y — i*1,1, - @1, — 1,(b )"
o Set C" = sign(R")(|R*| — A52).., where A, = \/2/52 sign(-) and the soft-thresholding

function (-); are applied elementwise. Set k = k + 1.

2.3.2  Interpretation

The nonzero entries of C correspond to the r largest residuals from fitting a strictly additive
model with C = 0, where r is determined by /):C and 2. Elements of C can be interpreted
as interactions insofar as they indicate deviation from a strictly additive model for M.
However, because we do impose the standard ANOVA zero-sum constraints, we cannot

interpret elements of C directly as population average interaction effects, i.e. ¢;; # E [y;;] —

1\p
=1

E [y — = >0 Elyi ]+ nip > ic1 2j—1 E[yi]. For the same reason, y1, @ and b cannot
be interpreted as the grand mean and population average main effects. To obtain estimates
that have the standard population average interpretation, we recommend performing a two-
way ANOVA decomposition of M. TIn the appendix, we show that the grand mean and
population average main effects obtained via ANOVA decomposition of M are identical

to those obtained by performing an ANOVA decomposition of Y, whereas the population

average interaction effects obtained via ANOVA decomposition of M will differ from those
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obtained via ANOVA decomposition of Y and may include many entries that are nearly

equal to zero.

2.3.8 Testing

LANOVA penalization assumes the distribution of entries of C' have tail behavior consistent
with a Laplace distribution. It is natural to ask if this assumption is appropriate but it is
difficult to test it, because C' and Z enter into the observed data through their sum C + Z.
Accordingly, we suggest a test of the more general assumption that elements of C' are heavy-
tailed. This allows us to rule out LANOVA penalization when it is especially inappropriate,
i.e. when the data suggest elements of C' are normal tailed. When the distribution of
elements of C'is heavy-tailed, the distribution of elements of C' + Z will also be heavy-tailed
and will have strictly positive excess kurtosis. In contrast, when elements of C' are either all
zero or have a distribution with normal tails, elements of C'+ Z have excess kurtosis equal to
exactly zero. We construct a test of the null hypothesis Hy: ¢;; + 25 ~ i.i.d. N (0,02 + 02),
which encompasses the cases in which C = 0 or elements of C' are normally distributed.
Conveniently, the test statistic is a simple function of 32, and 62 and can be computed at
little additional computational cost. We can also think of this as a test of deconvolvability
of C + Z or whether or not the variances 0? and o2 can be separately identified, where the
null hypothesis is that deconvolution of C + Z is not possible and the variances ¢ and o2

cannot be separately identified.

Proposition 2.3.1 ForY = ulnl;—i—al;—i—lnb'—kC—i—Z, asn and p — oo an asymptotically
level-ce test of Hy: ¢ij + 25 ~ i.1.d. N (0,02 + 02) is obtained by rejecting Hy when

6.\4

VP 8 AQC =22 e
3 (gc + Uz)

where z1_, denotes the 1 — « quantile of the standard normal distribution.

This test gives us power against the alternative where elements C' are heavy-tailed and

LANOVA penalization may be appropriate.
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Because this is an approximate test, we assess its level in finite samples in a small simu-
lation study. Setting 02 =1, n =p, 4 =0, @ = 0 and b = 0, we simulate 10, 000 realizations
of Y = C + Z under Hy for each value of n € {25,100} and o2 € {1/2,1,3/2}. When
n = p = 25, the test rejects at a slightly higher rate than the nominal level. It rejects in
7.98%, 7.65% and 8.66% of simulations for o2 equal to 1/2, 1 and 3/2, respectively. When
n = p = 100, the test nearly achieves the desired level. It rejects in 6.13%, 5.60% and 6.00% of
simulations for o2 equal to 1/2, 1 and 3/2, respectively. We compute the approximate power
of this test under two heavy-tailed distributions for elements of C': the Laplace distribution

assumed for LANOVA penalization and a Bernoulli-normal spike-and-slab distribution.

Proposition 2.3.2 Assume that elements of C' are independent, identically distributed mean

2

2 and let ¢* = 02 /0% Then as n and p — oo,

zero Laplace random variables with variance o

the asymptotic power of the test given by Proposition |2.3.1] is:

2
3n @2
1_ @ Fl—a ™/ Tp (¢2+1>
6898 +36¢°+9¢4
\/1 +{ (1+¢2)* }

The power depends on the variances o2 and o2 only through their ratio ¢?. It is plotted for

for a = 0.05, ¢* € [0, 2] and np = {100,200, ...,1000} in Figure . The power of the test is

increasing in ¢? and increasing more quickly when np is larger and more data are available.

Now we consider the power for Bernoulli-normal spike-and-slab distributed elements of

C.

Proposition 2.3.3 Assume that elements of C are independent, identically distributed Bernoulli-
normal random variables. An element of C is exactly equal to zero with probability 1 — 7.,
and normally distributed with mean zero and variance 72 otherwise. Letting ¢* = 72 /02, as

n and p — 00, the asymptotic power of the test given by Proposition |2.5.1| is:

2
Zma — Te (1 — 7o) {\/ . (%) }

1—-&
\/1 + 7, (1 . 7Tc) {(207r3—287rc+35)¢8+16(5_7rc)¢6+72¢4 }

8(mep2+1)2
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Figure 2.2: Approximate power of the test described in Proposition [2.3.1

The approximate power depends on the variances of the nonzero effects 72 and the noise
o2 only through their ratio ¢?. It is plotted for a = 0.05, 7. € [0,1], ¢* € {0,0.2,...,2} and
np = {100,1000} in Figure . The approximate power is always increasing in ¢* and np.
For fixed ¢? and np, power diminishes as the probability of an element of C being nonzero
7. approaches 0 or 1 and C' 4+ Z becomes more normally distributed. Overall, the test is
more powerful when estimating C' separately from Z is more valuable, e.g. when elements
of C are large in magnitude relative to the noise and when many entries of C are exactly

Zero.

2.8.4 Robustness

If the true model is not the LANOVA model and elements of C are drawn from a different
heavy-tailed distribution, it is natural to ask how our empirical Bayes estimates 52 and 72
and our estimate M perform. We find that the excess kurtosis x of the “true” distribution

of elements of C' determines our ability to estimate o2 separately from o?.

Proposition 2.3.4 Under the model Y = u1n1;+a1;—|—1nb’—|—C+Z, where elements of C

are independent, identically distributed draws from a mean zero, symmetric distribution with



17

2

c’

variance o, excess kurtosis k and finite eighth moment and elements of Z are normally

distributed with mean zero and variance o2, we have that > % \/k/30% and 5% 5 o2 +
<1 — \//1_/3) 0% as n — oo with p fived, p — oo with n fized, or n and p — oo.

Proposition indicates that we underestimate o> when elements of C' are lighter-
than-Laplace tailed and we overestimate o when elements of C' are heavier-than-Laplace
tailed. To see how this affects estimation of M, we consider Bernoulli-normal spike-and-
slab distributed elements of C' and compare the risk of the LANOVA estimate M to the
risk of the maximum likelihood estimate M MmLE, the risk of the strictly additive estimate
M app and the risk of additive-plus-low rank estimates of M denoted by M row,1 and
M row,s which assume rank-1 and rank-5 C, respectively. Additive-plus-low-rank estimates
are computed according to Johnson and Graybill (1972). We compute Monte Carlo estimates
of the risks setting n =p =25, u=0,a =0, b= 0 and 02 = 1 and varying 72 = {1/2,1, 2}
and 7, = {0,0.1,...,0.9,1}. For each value of 72, the variance of nonzero elements of C,
and 7., the probability any element of C' is nonzero, the Monte Carlo estimate is based on
500 simulated Y. As M is a function of i, a, b and C, the performance M reflects the
performance of 11, a, band C indirectly.

The results indicate generally favorable performance of the LANOVA estimate M for
Bernoulli-normal C. Recalling that M App is strictly additive and M MLE 1s strictly non-
additive, the LANOVA estimate M outperforms M Aapp when 7, is larger and M has fewer
additive elements and outperforms M mLe when m. is smaller and M has more additive
elements. The LANOVA estimate M outperforms additive-plus-low-rank estimates M LOW,1
and M rows when 7. is smaller and more elements of C' are exactly equal to zero. The
LANOVA estimate M performs worse than M App and M vLE when .~ 0 or m. ~ 1 and
M is nearly strictly additive and nearly strictly non-additive, respectively.

Recalling Proposition , note that the LANOVA estimate M performs best relative to
M App when 7. =~ 0.5. When 7, = 0.5, the excess kurtosis of the Bernoulli-normal spike-and-

slab distribution x = 3 (1 — 7.) /7. matches that of the Laplace distribution. This suggests
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Figure 2.3: Monte Carlo approximations of relative risk of LANOVA estimate M versus the
MLE M MmLE, the strictly additive estimate of M app and additive-plus-low rank. Estimates

M row, and M row, are based on rank-1 and rank-5 estimates of C'.

that biased estimation of 52 and 2 yields poorer LANOVA estimates. Proposition [2.3.4]
suggests a correction of multiplying 2 by 1/3/k and subtracting (1 — \/x/3)+/3/kG2 from
02. However because excess kurtosis k is not a readily interpretable quantity, specifying
a more appropriate value of k a priori may be difficult. However if a Bernoulli-normal
distribution for elements of C' is plausible, a more appropriate value of 7. can be used to
specify a more appropriate value of k. If the new value of 7, is close to the “true” proportion

of nonzero elements of C, this may improve estimation of ¢ and o2 and accordingly, M.
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2.4 Extensions

2.4.1 Penalizing Lower-Order Parameters

When Y has many rows or columns, it may be reasonable to believe that many elements of

a or b are exactly zero. A natural extension of Equation ([2.2)) is given by

L 1
minimize,, .05 [[vee (¥ — M)||5 4+ Xallall, + Mo |[B]]; + Ae [[vec (C)]]; (2.5)

where we still have M = 1,1, + al), + 1,b' + C. Again, using the posterior mode inter-

pretation of Equation (2.5)), we can estimate o2 and ¢} from the observed data, Y

1 _ n 1 - D
~9 .2 —(2) ~3 B2 7(2)
o, = g a; — T, o) = » ).
n—14< (n—1)(p—1) P p—14~T (n-1)(p-1)

1= 7j=1

where a = H,Y'1,/p and b= H,Y'1,/n are OLS estimates for @ and b. The estimators
Xa = \/W and Xb = \/W can be shown to be consistent for A, and A\, as n — oo and
p — o0, respectively. Because XC and 2 do not depend on of @ and b, our estimators for \.
and o2 are unchanged. A block coordinate descent algorithm for solving Equation is

given in the appendix. With respect to interpretation, population average row and column

main effects can be obtained via ANOVA decomposition of M.

2.4.2 Tensor Data

LANOVA penalization can be extended to a p; X ps X --- X pg K-mode tensor Y. We

consider:

vec (Y) = WB + vec (C) + vec (Z) (2.6)
C = {ci,..ix } ~iid. Laplace (0,A."), Z ={z;, i} ~iid. N(0,02),

where vec (Y) is the [[r_, px Vectorization of the K-mode tensor Y with “lower” indices
moving “faster” and W and 3 are the design matrix and unknown mean parameters cor-

responding to a K-way ANOVA decomposition treating the K modes of Y as factors. The
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matrix W = [W,..., Wyk_;] is obtained by concatenating the 25 — 1 unique matrices of
the form W, = (W1 ® --- ® W i), where each W, is equal to either I,, or 1, , excluding
the identity matrix, I,, ®---®I,,. Asin the matrix case, approaches that assume a low rank
C are common (van Eeuwijk and Kroonenberg, (1998; |Gerard and Hoff, [2017). We penalize
elements of the highest order mean term C' for which no replicates are observed. In the

three-way tensor case, the first part of Equation (2.6 refers to the following decomposition:
Yijk =+ a; +bj + dy + €5 + fix + gjr + ciji + Zijn- (2.7)

Estimates of 02 and . are constructed from vec (R) = (Hx ® - ® H) vec (Y'), where
H,=1, —1,1, /p:is the p; X p; centering matrix and ‘®’ is the Kronecker product. As
in the matrix case, vec (R) is independent of the lower-order unknown mean parameters 3,
ie. vec(R) = (Hg ® -+ ® H;)vec(C + Z). Our estimates of 02 and A, are still functions
of the second and fourth sample moments of R: 7?) = % P r?and 7 = % P 7}, where

p= Hszl pr. We extend our empirical Bayes estimators as follows:

~4 - pi —(4 —(2)\2
g :{H =y <pz—3pk+3>} - ) 29

k=1

5 p
~2 /=~ ~2 k —(2) ~2
Oc =V O0c 0, = H T O

bk — 1

where \, = /2 /2. As in the matrix case, we can compute the bias of 2.

C

Proposition 2.4.1 Under the model given by Equation (2.6)),

s T i -1
Ew_"C‘_{H(pk—lﬂpi—spk%)}[{3H 7 }"C*

k=1 k=1

(gﬁpk‘1> (02 + %)’

2
ie1 Pk

Interpretation of this result is analogous to the matrix case. We tend to prefer the simpler

model with vec (C) = 0 over a more complicated model with nonzero elements of vec (C)

|- ot =

when few data are available or when the data are very noisy. Additionally, E [ -

[
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O (1/p), i.e. the bias of &% diminishes as the number of levels of any mode increases. We also
assess the large-sample performance of our empirical Bayes estimators in the K-way tensor

case.

Proposition 2.4.2 Under the model given by Equation [2.6), * 2 o2, 52 5 o2 e DA

C

2

and&f LN o: as py — 00 with pi, k # k', fized or py,...,px — 00.

A block coordinate descent algorithm for estimating the unknown mean parameters is
given in the appendix. Results for testing the appropriateness of assuming heavy-tailed C'
and robustness carry over to K-way tensors. K-way tensor analogues to Propositions [2.3.1
where we replace np with p and assume all py,...,px — o0, are shown to hold in
the appendix. Lastly we can also extend LANOVA penalization for tensor data to penal-
ize lower-order mean parameters. Because tensor-variate Y include even more lower-order
mean parameters, penalizing lower-order parameters is especially useful. We give nuisance
parameter estimators for penalizing lower-order parameters in the three-way case in the

appendix.
2.5 Numerical Examples

Brain Tumor Data: We consider a 356 x 43 matrix of gene expression measurements
for 356 genes and 43 brain tumors. The 43 brain tumors include 24 glioblastomas and 19
oligodendroglial tumors, which include 5 astrocytomas, 8 oligodendrogliomas and 6 mixed
oligoastrocytomas. This data is contained in the denoiseR package for R (Josse et al.
2016), and it has been used to identify genes associated with glioblastomas versus oligo-
dendroglial tumors (Bredel et al., [2005; [de Tayrac et al., 2009). We focus on comparison
to lde Tayrac et al.| (2009), who used a variation of principal components analysis of Y to
identify differentially expressed genes and groups of tumors which is similar to using an
additive-plus-low-rank estimate of M. Unlike pairwise test-based methods which require
prespecified tumor groupings, LANOVA penalization and additive-plus-low-rank estimates

can be used to examine differential expression both within and across types of brain tumors.
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Differential expression within types of brain tumors in particular is of recent interest (Bleeker

et al., 2012).

We apply LANOVA penalization with penalized interaction effects and unpenalized main
effects. The test given by Proposition supports a non-additive estimate of M'; we obtain
a test statistic of 18.45 and reject the null hypothesis of normally distributed elementwise
variability at level @ = 0.05 with p < 107°. We estimate that 11,188 elements of C (73%)
are exactly equal to zero, i.e. most genes are not differentially expressed. Figure shows

C and a subset containing fifty genes with the lowest gene-by-tumor sparsity rates.

The results of LANOVA penalization are consistent with those of|de Tayrac et al. (2009).
We observe that 49% and 56% of the elements of C involving the genes ASPA and PDPN
are nonzero. Examination of M indicates overexpression of these genes among glioblastomas

relative to oligodendroglial tumors, as observed in [de Tayrac et al.| (2009)).

LANOVA penalization yields additional results that are consistent with the wider liter-
ature. The gene DLL3 has the highest rate of gene-by-tumor interactions at 74% and tends
to be underexpressed in glioblastomas. This is consistent with findings of overexpression of
DLL3 in brain tumors with better prognoses (Bleeker et al., 2012)). The KLRC genes KLRC1,
KLRC2 and KLRC3.1 all have very high rates of gene-by-tumor interactions at 72%, 70%
and 60%. Ducray et al.| (2008) has found evidence for differential KLRC expression across
glioma subtypes. LANOVA penalization also indicates that several brain tumors have unique
gene expression profiles. Glioblastomas 3, 4 and 30 have rates of nonzero gene-by-tumor in-
teractions exceeding 50% and similar gene expression profiles. Specifically, we observe over-
expression of FCGR2B and HMOX1 and underexpression of RT'N3 for gliomastomas 3, 4
and 30. Overexpression of FCGR2B or HMOX1 is associated with poorer prognosis (Zhang
et al., 2016; Ghosh et al., 2016), and RTN3 is differentially expressed across subgroups of
glioblastoma that differ with respect to prognosis (Cosset et al.,; 2017). This suggests that

glioblastomas 3, 4 and 30 may correspond to an especially aggressive subtype.
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Figure 2.4: Elements of the 356 x 43 matrix C. The first panel shows the entire matrix C
with rows (genes) and columns (tumors) sorted in decreasing order of the row and column
sparsity rates. The second panel zooms in on the rows of C (genes) marked in the first panel,
which correspond to the fifty rows (genes) with the lowest sparsity rates. Colors correspond

to positive (red) versus negative (blue) values of C and darkness corresponds to magnitude.

fMRI Data: Second, we consider a tensor of fMRI data which appeared in Mitchell et al.|

(2004)). During each of 36 tasks, fMRI activations were measured at 55 time points and 4, 698
locations (voxels). Accordingly, the data can be represented as a 36 x 55 x 4, 698 three-way
tensor. Because the data are so high dimensional, many methods of analysis are prohibitively
computationally burdensome. Accordingly, parcellation approaches that reduce the spatial

resolution of fMRI data by grouping voxels into spatially contiguous groups are common,

however, the choice of a specific parcellation can be difficult (Thirion et al. 2014)). Instead,
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we propose LANOVA penalization as an exploratory method to identify relevant dimensions
of spatial variation that should be accounted for in a subsequent analysis.

The test given by Proposition [2.3.1] supports a non-additive estimate of M ; we obtain
a test statistic of 298.87 and reject the null hypothesis of normally distributed elementwise
variability at level & = 0.05 with p < 107°. Having found support for the use of a non-additive
estimate of M, we also penalize lower-order mean parameters as Y is high dimensional and
sparsity of lower-order mean parameters could result in substantial dimension reduction and
improved interpretability. The LANOVA estimate has 1,751,179 nonzero parameters, a
small fraction of the 9,302,040 parameters needed to represent the raw data, Y (18.83%).

Recalling that we are primarily interested in spatial variation, we examine estimated
task-by-location interactions F and task-by-time-by-location elementwise interactions C , as
defined in Equation (2.7)). Figure shows the percent of nonzero entries F and C at
each location. At each location, the proportion of nonzero entries of F is much larger than
the proportion of nonzero entries of C. This suggests that much of the spatial variation of
activations by task can be attributed to an overall level change in activation over the duration
of the task, as opposed to time-specific changes in activation. In a subsequent analysis, it
may be reasonable to ignore task-by-time-by-location interactions.

By examining the percent of nonzero entries of F by location, we can get a sense of
which locations correspond to level changes in fMRI activity response by task. There is
evidence for an overall level change in response to at least some tasks for all locations;
the minimum percent of nonzero entries of F per location is 33%. However, voxels in the
parietal region, the calcarine fissure and the right- and left-dorsolateral prefrontal cortex
have particularly high proportions of nonzero entries of f’, suggesting that overall activation
in these regions is particularly responsive to tasks. By examining the percent of nonzero
entries of C by location, we can get a sense of which locations correspond to time-specific
differential activity by task over time. We see that nonzero entries of C are concentrated
among voxels in the upper supplementary motor area, the calcarine fissure and the left-

and right-temporal lobes. In this way, we can use LANOVA estimates to identify subsets of
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Figure 2.5: Percent of nonzero entries of Fand C by location, where F and C estimate F
and C as defined in Equation (2.7)). Entries of F' index task-by-location interaction terms
and entries of C index task-by-time-by-location elementwise interaction terms. Darker colors

indicate higher percentages.

relevant voxels that should be included in a subsequent analysis.

Fusarium Data: Last, we consider the problem of checking for nonzero three-way inter-
actions in experimental data without replicates. The data is a 20 X 7 X 4 three-way tensor

containing severity of disease incidence ratings for 20 varieties of wheat infected with 7 strains

of Fusarium head blight over 4 years, from 1990-1993, that appeared in van Eeuwijk and

Kroonenberg) (1998). There is scientific reason to believe that several nonzero three-way

variety-by-strain-by-year interactions are present. van Eeuwijk and Kroonenberg (1998) ex-

amined these interactions using a rank-1 tensor model for C using a single multiplicative
component for C' with c¢;;, = a;7;05, however as noted in the Introduction if the true inter-
actions are sparse a low rank model may not be sufficient even if few nonzero interactions

are present.

As invan Eeuwijk and Kroonenberg| (1998), we transform the severity ratings to the logit

scale before estimating LANOVA parameters. The test given by Proposition [2.3.1] supports

a non-additive estimate of M; we obtain a test statistic of 3.99 and reject the null hypothesis
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of normally distributed elementwise variability at level o = 0.05 with p = 3.34 x 107°. We
obtain 87 nonzero entries of C' (16%).
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Figure 2.6: Entries of C. Red (blue) points indicate positive (negative) nonzero entries of

C and darker colors correspond to larger magnitudes.

Figure shows nonzero elements of C , with dashed lines separating groups of wheat
and blight by country of origin: Hungary (H), Germany (G), France (F) or the Netherlands
(N). We can interpret elements of C as evidence for variety-by-year-by-strain interactions
that cannot be expressed as additive in variety-by-year, year-by-strain and variety-by-strain
effects. Like van Eeuwijk and Kroonenberg (1998]), we observe large three-way interactions
in 1992, during which there was a disturbance in the storage of blight strains. Specifically,
we observe interactions involving Dutch variety 2, the only variety with no infections at all
in 1992, and interactions between Hungarian varieties 21 and 23 and foreign blight strains,
which despite the storage disturbance were still able to cause infection in these two Hungarian
varieties alone. We also observe evidence for “real” three way interactions for varieties

exposed to Hungarian strain 12 in 1991 and French varieties exposed to Hungarian strains
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in 1993 as well as other interactions. We do not have enough information about the data
to assess whether or not these estimated interactions are related to features of the study or
known patterns in the behavior of certain varieties and strains, however they suggest further

investigation of these varieties and strains may be warranted.

2.6 Discussion

This chapter demonstrates the use the common Lasso penalty and the corresponding Laplace
prior distribution for estimating elementwise effects of scientific interest in the absence of
replicates. Our procedure, LANOVA penalization, can also be interpreted as assessing ev-
idence for nonadditivity. We show that our nuisance parameter estimators are consistent,
explore their behavior when assumptions are violated and demonstrate that the correspond-
ing mean parameter estimates tend to perform favorably relative to strictly additive, strictly
non-additive and additive-plus-low-rank estimates when elements of C' are Bernoulli-normal
distributed. We emphasize that LANOVA penalization is computationally simple. The nui-
sance parameter estimators are easy to compute for arbitrarily large matrices, and estimates
of M can be computed using a fast block coordinate descent algorithm that exploits the
structure of the problem. We also extend LANOVA penalization to penalize lower-order
mean parameters and apply to tensors. Finally, we show that LANOVA estimates can be
used to examine gene-by-tumor interactions using microarray data, to perform exploratory
analysis of spatial variation in activation response to tasks over time in high dimensional
fMRI data and to assess evidence for “real” elementwise interaction effects in experimental
data. To conclude, we discuss several limitations and extensions.

One limitation is that we assume heavy-tailed elementwise variation is of scientific inter-
est and should be incorporated into the mean M, whereas normally distributed elementwise
variation is spurious noise Z. If the noise is heavy-tailed, it may erroneously be incorpo-
rated into the estimate of C. Similar issues arise with low rank models for C, insofar as
systematic correlated noise can erroneously be incorporated into the estimate of C. In gen-

eral, any method that aims to separate elementwise variation into components that are of
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scientific interest and spurious noise requires strong assumptions that must be considered in
the context of the problem. Another limitation is that the results of the simulation study
assessing the performance of the LANOVA estimate M do not necessarily suggest favorable
performance of the LANOVA estimate in all settings. First, we only consider Bernoulli-
normal elements of C' where each element ¢;; is exactly equal to 0 with probability 1 — 7,
and normally distributed with mean zero and variance 72 otherwise. Although we expect the
LANOVA estimate to perform well when elements of C' are heavy tailed, we do not expect
the LANOVA estimate to perform well when elements of C' are light-tailed. Second, this
scenario considers C' with independent, identically distributed elements. In some settings,
it may be reasonable to expect dependence across elements of C' and additive-plus-low-rank

estimates may perform better.

The methods presented in this chapter could be extended in several ways. Although we
use our estimators of A, and ¢? in posterior mode estimation, the same estimators could
also be used to simulate from the posterior distribution using a Gibbs sampler. The output
of a Gibbs sampler could be used to construct credible intervals for elements of M, which
would be one way of addressing uncertainty. We may also want to account for additional
uncertainty induced by estimating A, and o2. To address this, a fully Bayesian approach with
prior distributions set for \. and ¢ could be taken at the cost of losing a sparse estimate of
C. Our empirical Bayes nuisance parameter estimators could be used to set parameters of
prior distributions for A, or o2. Last, LANOVA penalization for matrices is a specific case
of the more general bilinear regression model, where we assume Y = AW + BX + C + Z,
given known W and X. The same logic used in this chapter could be extended to this

context and a more general multilinear context for tensor Y.

Finally, our intuition combined with the results of Section suggests that the Laplace
distributional assumptions used in this chapter are likely to be violated in many settings.
Whereas the strength of the Laplace distributional assumption for elements of C' can be
justified by the need to make some assumptions in the absence of replicate measurements,

it cannot be similarly justified for lower-order mean parameters. This leads us to one last
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extension: improved distribution specification for unknown mean parameters in the presence
of replicate measurements. In future work, we will consider scenarios where we have enough
data to estimate the variances of unknown mean parameters and noise from second order
moments alone and can use fourth order moments to test the appropriateness of a specific

distribution for unknown mean parameters or choose a better one.
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Chapter 3
TESTING SPARSITY-INDUCING PENALTIES

3.1 Introduction

Lasso estimators are ubiquitous in linear regression due to their desirable properties and
computational feasibility, as they can be used to produce sparse estimates of regression coef-
ficients without sacrificing convexity of the estimation problem (Tibshirani, |2011). The lasso
estimator solves minimizeg ||y — X 8|5 + A ||B]];, where y is an n x 1 vector of responses,
X is an n x p design matrix and the value A\ > 0 determines the relative importance of
the penalty ||8]|, compared to the model fit ||y — X 3||> in estimating 3. It has long been
recognized that the lasso estimator corresponds to the posterior mode when y = X3 + 2z
and elements of z and 3 are independent normal and Laplace random variables, respectively
(Tibshirani, 1996; Figueiredo, [2003). The Laplace prior interpretation is popular in part
because sampling from the full posterior distribution using a Gibbs sampler is computa-
tionally feasible (Park and Casella, [2008). This allows computation of alternative posterior
summaries, e.g. the posterior mean, median and quantiles, which can be used to obtain
point and interval estimates of 3. Furthermore, the prior interpretation of a penalty yields
decision theoretic justifications for using the corresponding penalized estimate or alternative
posterior summaries to estimate 8 (Hans|, 2009)).

However, many researchers have found that the lasso estimator may perform suboptimally
compared to other penalized estimators if the true value of 3 is highly sparse or not sparse
at all (Fan and Li, [2001; |Leeb and Potscher] |2008)). Analogously, posterior summaries under
a Laplace prior have been found to be suboptimal compared to posterior summaries under
other priors, depending on the empirical distribution of true values of the elements of 3

(Griffin and Brown, [2010; (Carvalho et al.| |2010; Castillo et al., 2015; Bhattacharya et al.,
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2015; van der Pas et al., 2017)). As a result, although a lasso estimator or a Laplace prior
may be a reasonable default choice in high-dimensional problems due to its blend of desirable
properties and computational feasibility, it would be useful to have a data-driven means to
assess its appropriateness, and choose a more appropriate prior or penalty if suggested by
the data.

One approach is to embed the lasso estimator in a larger class of penalized estimators
and determine if the lasso estimator is a reasonable choice within this class. Consider the
class of ¢, penalized estimators, which solve minimizeg ||y — X 8|5+ || 8] |7 for some g > 0,
where [|B[|7 = >-"_, [8;|*. This includes the ridge estimator given by ¢ = 2, which has long
been known to have desirable shrinkage properties (Hoerl and Kennard} 1970)). The ¢, class
includes the class of bridge estimators described by Frank and Friedman| (1993) and accord-
ingly, penalties that can outperform ¢; penalties when the true value of 3 is highly sparse, at
the cost of losing convexity of the estimation problem (Huang et al., [2008; Mazumder et al.,
2011 Marjanovic and Solo, 2014). Approaches to evaluating the appropriateness of ¢ = 1
from this perspective might include cross validation, generalized cross validation or unbiased
risk estimate minimization over values of A\ and ¢ simultaneously. However, these procedures
can be challenging to perform over a two dimensional grid. Another approach is to assume
the more flexible class of exponential power prior distributions which includes the Laplace

prior as a special case (Subbotin, 1923; |Box and Tiao, [1973)):
y=XB+z bi....0 ~ EP(r,q), z~N(00L,), (3.1)

where EP is the exponential power distribution with unknown shape parameter ¢ > 0 and
72 and o? are the unknown variances of the regression coefficients 3 and error z. The corre-
sponding posterior mode of B is an {,-penalized estimate with A\ = T*q(%)q/ 2, Posterior
simulation under an exponential power prior can be more computationally demanding, how-
ever the corresponding posterior summaries may outperform those based on Laplace priors

for highly sparse or non-sparse 3. Fully Bayesian inference could proceed by assuming priors

for the error variance o2, A and ¢ at the expense of losing a possibly sparse and compu-



32

tationally tractable posterior mode (Polson et al., [2014). Accordingly, we could evaluate
the appropriateness of a Laplace prior by computing a Bayes factor. However, specifying
reasonable priors for A and ¢ that yield a proper posterior distribution is difficult in practice

(Fabrizi and Trivisano, |2010; [Salazar et al., |2012).

Alternatively, a likelihood ratio or score test of the null hypothesis H : ¢ = 1 against
the alternative hypothesis, K : ¢ # 1 under the model given by could be constructed.
However, constructing a likelihood ratio test would require prohibitively computationally
demanding maximum likelihood estimation of 72, ¢? and ¢ under the alternative. Both
likelihood ratio and score tests would also require derivation of the distribution of the test
statistic under the null, which is challenging due to marginal dependence of y induced by
assuming a prior distribution for 8. Importantly, all of these approaches except the con-
struction of a score test share the disadvantage of requiring penalized estimation or posterior
simulation for ¢ # 1 be performed regardless of whether or not ¢ = 1 is deemed appropriate,
which negates any computational advantages offered by assuming ¢ = 1.

In this chapter we consider the Laplace and exponential power prior interpretations of
the lasso and ¢, penalties. We propose fast and easy-to-implement procedures for testing
the appropriateness of a Laplace prior (¢ = 1) and estimating ¢ in the event of rejection. In
Section we describe our testing procedure, which rejects the Laplace prior if an estimate
of the kurtosis of the elements of 3 exceeds a particular threshold. The threshold is chosen
so that the test rejects with probability approximately equal to a;, on average across datasets
and Laplace-distributed coefficient vectors 3. We evaluate the performance of the approx-
imation and the power of the testing procedure numerically via simulation. In Section
we introduce moment-based empirical Bayes estimates of ¢ and the variances o2 and 72 of
the error and the regression coefficients. We also propose a two-stage adaptive procedure
for estimating 3. If the testing procedure fails to reject the null, the adaptive estimation
procedure defaults to an estimate computed under a Laplace prior. Otherwise, we estimate 3
under an exponential power prior using an estimated value of g. We show via simulation that

the adaptive estimation procedure outperforms estimators based on a Laplace prior when
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elements of 3 have an exponential power distribution with ¢ # 1 and performs similarly to
estimators based on a Laplace prior when elements of 3 have a Laplace distribution. In Sec-
tion [3.4] we demonstrate that the adaptive procedure also improves estimation of sparse 3
when elements of 3 have a spike-and-slab distribution. In Section |3.5] we apply the testing
and estimation procedures to several datasets commonly used in the penalized regression

literature. A discussion follows in Section [3.6]

3.2 'Testing the Laplace Prior

Our approach to testing the appropriateness of the Laplace prior treats the Laplace prior

as a special case of the larger class of exponential power distributions (Subbotin) (1923; |Box
and Tiao, (1973). This class includes the normal and Laplace distributions. The exponential
power density is given by
/2 q
¢\ [T/ ['(3/q)\*
Pt ) = (L) [T0 o [ (L6 e

where ¢ > 0 is an unknown shape parameter and 72 is the variance. The first panel of

Bi

T

Figure [3.1] plots exponential power densities for different values of ¢ with the variance fixed
at 72 = 1. Because the exponential power distributions have simple distribution functions
with easy to compute moments and can accommodate a wide range of tail behaviors, they
quickly became popular as alternative error distributions (Subbotin) 1923; Diananda {1949;
Box], |1953; |Box and Tiao, [1973)).

When an exponential power prior is assumed for 3, we can understand how the choice
of q provides flexible penalization by examining the mode thresholding function. The mode
thresholding function relates the OLS estimate for a simplified problem with a single stan-
dardized covariate to the posterior mode of 3. Let  be a standardized n x 1 covariate vector
with ||| = 1, let 8 be a scalar and let By, = ' y. The mode thresholding function is
given by:

q

I (3/q) ) v

N 2 B
arg mingo—; (6015 — 5) + (F (/) -
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This function is not generally available in closed form but can be computed numerically, even
when ¢ < 1 and the mode thresholding problem is non-convex (Marjanovic and Solo|, 2014)).

The second panel of Figure [3.1] shows the mode thresholding function for 02 = 72 = 1.
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Figure 3.1: The first panel shows exponential power densities for fixed variance 72 = 1 and
varying values of the shape parameter q. The second panel shows the mode thresholding
function for 0? = 72 = 1 and the values of ¢ considered in the first panel. The third panel
shows the relationship between the kurtosis of the exponential power distribution and the

shape parameter, q.

Within the class of exponential power priors, the relationship between the shape param-

eter ¢ and kurtosis E [3/] /E [6?}2 is one-to-one and given by:

k+3=T(0/9)T(1/9)/T (3/q), (3.3)

where k refers to the excess kurtosis relative to a normal distribution. We plot kurtosis as a
function of ¢ in the third panel of Figure[3.1] Accordingly, if 3 were observed we could naively
construct a test statistic based on the empirical kurtosis of the elements of 3. We define the
test statistic ¥(8) = my (8) /ms (B8)*, where my (8) = 5201 By and ma (B) = 5370, B,
are the second and fourth empirical moments of 3. The test statistic 1(3) is the empirical

kurtosis of the elements of the vector 3. An exact level-a test of H could be performed by

comparing the test statistic to the ar/2 and 1—«/2 quantiles of the distribution of ¢(3) under
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the null. Because the distribution of ¥(3) under an exponential power prior depends only
on ¢ and not 7%, we can obtain Monte Carlo estimates of the «/2 and 1 — /2 quantiles 1,2
and 1;_o/2 by simulating entries of 3" from any Laplace distribution and and computing
¥ (B%). As this test is available only when 3 is observed, we refer to this as the oracle test.

In practice, 3 is not observed. However when n > p and X ' X is full rank, the OLS

estimator 3,;, = (XTX) - X "y is available. As a surrogate for )(3), we can use ¥(83,,,) as

ols
a test statistic. If n >> p, then B,,. ~ B conditional on 3. It follows that v (Bols> < »(B)

ols

when treating B as random.

Proposition 3.2.1 Under normality of the errors z as assumed in (3.1]),

me ()
ma(B)*

B [(0(B) ~ 0(8)"18] < 1002 (28050} (XX )+ 0 (X)) (50

where me (B) = 5 >°0_, 5.

Details are provided in the appendix. Accordingly, when tr((X " X)™!)/p is small an ap-
proximate level-a test of H is obtained by rejecting H when v (Bols) ¢ (¢a/27 wl_a/g).
Although the behavior of the OLS estimator is well understood, we introduce some addi-
tional notation to help explain when tr((X ' X))~" is likely to be small for large n. Let V be
a diagonal matrix with diagonal elements 4/diag (X D¢ ) and C' be the “correlation” matrix
corresponding to X ' X, such that X' X = VCV. Let n; refer to eigenvalues of C. The
eigenvalues 7; indicate the overall collinearity of X. When columns of X are orthogonal,
m = --- =1, = 1, whereas when X is highly collinear the smallest values of 7; may be very

close or exactly equal to 0. Applying Theorem 3.4 of |Styan (1973) we can write

(X X)1)/p < max, (ﬁ) o, (7%) |

We can see that as long as ij||; are large, which will tend to be the case when n is large,

and eigenvalues of 7; are not very small, i.e. X is not too highly collinear, tr((X " X)™)/p

A

will be small enough to justify using ¥ (8,,,) as a surrogate for ¢(3).



36

However, penalized regression is often considered when n < p or X is highly collinear.
When n < p, the OLS estimator is not unique and so neither is w(BolS). When n > p
but X is highly collinear, i.e. some columns of X are strongly correlated with others and
tr((X " X)~!)/p may not be small even for large values of n. When columns of X have been
centered and standardized to have norm n according to standard practice, we can easily see
that the quantity tr((X ' X)™')/p =+ 3"_ L will “blow up” if any values of n; are very

np J 1
close to or exactly equal to zero and quantiles of ¢(3) will poorly approximate quantiles of

U(Bos).

Fortunately, we can construct a modified test using a ridge estimate of 3, ,@5 =V C+
82 I,) VX Ty, where 6 > 0 is a nonnegative constant. Ridge estimators reduce variance
at the cost of yielding a biased estimate of 8, E[B,|8] = V! (C + 62I,) "' CV 3. However
letting 85 = E[B5\ 3], the distribution of ¢ (B;) under an exponential power prior still only
depends on ¢ and not 72. Accordingly, if 3; were observed we could perform an exact level-a
test of H by comparing v (B;5) to Monte Carlo estimates of the a/2 and 1 — «/2 quantiles
V502 and 151_4/2 obtained by simulating 8% from any Laplace distribution and computing
(B = (V_1 (C+ 52Ip)71 CV3"). In practice, we can use w(,@é) as a surrogate for

1 (B;) to obtain an approximate level-a test.

Proposition 3.2.2 Let 35 = V1 (C + 6%I,) ' C (C + 821,) "' VL. Under normality of
the errors z as assumed in the model given by ({3.1)),

B [(6(80) - 0(8:)18] < 167* (228 ) (55 fo-t o (S0 /). (39
where my (Bs) = % L B

Details are provided in the appendix. It follows that when tr (3s) /p is small, an approximate
level-a test of H is obtained by rejecting H when o(3;) ¢ (Vs.0/2, Vs,1—a2)-

As the performance of this test depends on tr (3s) /p, it depends not only on X but also
on ¢%. Again applying Theorem 3.4 of Styan| (1973)), we can write

1 7;
tr (Z;) /p < max; [ —— | max; [ —2— | .
"\l T\ (g + %)
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The first term depends only on the design matrix, X. Aslong as ||| |§ are large, which again
is likely to be the case for large n, the first term will be small. The second term depends on 62
through the eigenvalue ratios (ﬁﬁﬁ) Heuristically, the eigenvalue ratios are decreasing in 62
and setting 0% to be very large would ensure that tr (X5) /p is very close to 0 and that (3;)
performs well as a surrogate for ¢(35). However, increasing 4 also reduces the power of the

test as it forces the ridge estimate closer to the zero vector. To ensure that the eigenvalue

ratios do not “blow up” while retaining as much power as possible we recommend setting

6% = (1 — minimize;n;) 4, Where n1,...,m, are the eigenvalues of C. When the columns of
X are standardized to have norm n, tr (Xs) /p = nip b 17 §2+ . Accordingly with 62 set

to 0* = (1 — minimize;n;), , we can at least ensure that tr (25) /p <1
The tests based on ¢(3,,,) and (8;s) have several good features. First, the approx-
imate distributions of the test statistics w(Bols) and w(B5) do not depend on the values

2 or 0%, and so their approximate null distributions may be

of the unknown parameters 7
simulated easily. Second, both test statistics are easy and quick-to-compute even for very
high dimensional data. Third, both test statistics are invariant to rescaling of y or X by a
constant.

We examine the performance of the tests with a simulation study. We simulate parameters
and data according to the model . When simulating data and parameters, we set
0? = 72 = 1 and consider p € {25,50,75,100}, n € {50,100,200} and ¢ € {0.1,...,2}.
Because the OLS and ridge test statistics are invariant to rescaling of y by a constant, the
simulation results depend only on 72/02, and in this case reflect the performance of the tests
when 72 = 02, For each combination of p, n and ¢, we simulate 1,000 values of X and g3,
drawing entries of X independently from the standard normal distribution. When n > p,
we use the OLS test statistic ¢(8,;,). When n < p, we use the ridge test statistic 1(3;).
Figure shows the power of the level-0.05 tests, i.e. the proportion of simulated datasets
for which we reject H at level-0.05 as a function of ¢ and n. When ¢ = 1, this gives the level
of the test. The last panel shows the power of the oracle test based on ¥(3).

The simulation results shown in Figure[3.2]indicate that the tests will perform well relative
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Figure 3.2: Power and Type-I error of level-0.05 tests for data simulated from model (3.1)
with exponential power distributed 3 and 02 = 72 = 1. A horizontal dashed gray line is

given at 0.05.

to the oracle test for this range of values of n and p. The power of the test is increasing in p,
as this in a sense represents our sample size for evaluating the distribution of 3. The power
of the test is also increasing in ¢ moves away from ¢ = 1, i.e. as the empirical distribution of
the elements of B becomes less similar to a Laplace distribution. As we might expect given
that the ridge estimator corresponds to an estimator of 3 under a normal prior with variance
1/62, using the modified ridge-based test results in a reduction of power especially against
alternatives with ¢ > 1. Interestingly, we see that the power of the test is not symmetric
with respect to how far the true value of ¢ is from 1. This is due to the fact that kurtosis is

changing more slowly as a function of ¢ as ¢ increases, as can be seen in Figure 3.1 We also
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observe a dip in power for very small values of ¢ when 1(83,,,) or ¥(3;s) are used. This can

A A

be explained by examining the bias of my(3,,,) which appears in the denominator of ¢ (3,,)

E [ma(By,)| = ma(B) + *r(XT X)) /p,
When ¢ is very small and p is less than or equal to 100, most elements of 3 will be very close
to zero with high probability. For instance, when ¢ = 0.1 and 72 = 1, Pr(|3;| > 0.1) = 0.08.
When most elements of 3 are very close to 0, my (8) will be small and m4(8,;,) will be

dominated by the error incurred by estimating 3. The behavior of ¢(Ba) at small values of

q can be explained analogously.
3.3 Adaptive Estimation of (3

Rejection of the null hypothesis implies that the empirical distribution of the unobserved
entries of B does not resemble a Laplace distribution. This suggests a two-stage adaptive
procedure for estimating 3 that first tests the appropriateness of the Laplace prior and
estimates 3 under a Laplace prior if the test accepts and estimates 3 under an exponential
power prior otherwise. This procedure requires estimates of 72 and o2 if the test accepts and
72, 02 and q if the test rejects, as well as procedures for computing the posterior mode or
simulating from the posterior distribution of 3 under an exponential power prior. We do not
specify which posterior summary should be used to estimate 3 in general. It is well known
that different posterior summaries minimize different loss functions (Hans, 2009), and we
view the choice of posterior summary as problem-specific.

2 and o%. Estimating these parameters

We consider empirical Bayes estimation of ¢, 7
by maximizing the marginal likelihood of the data [ p(y|X,3,0?) p (8|72, q) dB3 is difficult
because the integral is not available in closed form for arbitrary values of g. The problem

2 and ¢ jointly

is not amenable to a Gibbs-within-EM algorithm for maximizing over o2, 7
and Gibbs-within-EM algorithms to obtain maximum marginal likelihood estimates of 72
and o2 for fixed ¢ are computationally intensive and tend to be slow to converge (Roy and

Chakraborty}, 2016]). As a result, we consider easy and quick to compute moment-based
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empirical Bayes estimators of 02, 72 and ¢q. As moment estimators, they are more robust
to misspecification of the prior and residual distributions than likelihood-based alternatives.
Conveniently, the estimators for 72 and o2 do not depend on ¢. This yields simple and
interpretable comparisons of estimates of 3 computed under Laplace versus exponential

power priors.

3.3.1 FEstimation of q

The test statistics 1(3,,,) and ¥(3;) can be used to estimate ¢. In the previous section,
we demonstrated that an approximate test of H could be obtained by using w(BolS) as a
surrogate for 1)(3) when tr((X"X)™')/p is small. Recall that the quantity v(3) is the
empirical kurtosis of B and is defined as a function of the second and fourth empirical
moments of 3, ma(B) and m4(8) . As ma(B8) & E[87] and my(B8) & E[B}] as p — o0, it
follows from the continuous mapping theorem that ¢(3) Pk +3as p — oo, where k + 3 is

the kurtosis of the distribution of elements of 3. Accordingly, we can use ¥(3,,,) directly as

an estimator of the kurtosis & + 3 when tr((X " X)~!) is small and p is large.

When the ridge-based test statistic ¢(B5) is used, estimation of  is less straightfor-
ward. Even if my(8;) & E[ms(B;)] and ma(8;) 2 E[m4(B;s)] as p — oo, the con-
tinuous mapping theorem implies 1(8;) = (v(k+3) 4+ w)/a® as p — oo, where a =
W(XTXDXTX)/p, 7y = S0, S (DX X)Y fp. w = 3(50, (X XDXTX))/p -
y)and D = V71 (C + 52Ip)_1 V. This suggests the follow bias correction

2

fﬁ:(ﬁ)wwa—i) (3.6)

Y a?

Additional details are provided in the appendix.

Given an estimate of % + 3, we estimate ¢ from (3.3), K +3 = I'(5/¢) T (1/q) /T (3/q)

using Newton’s method.
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3.3.2  Estimation of o and 12

Under the model given by (3.1]), the marginal mean and variance of the data y are given by
Ely] =0 and V]y] = XX "72 + ¢%I,. We can estimate 72 and o2 by solving:

minimize,2 ,2log (‘XXTTZ + InGQ‘) + tr (ny (XXTT2 + InUZ)_1> ) (3.7)

Intuitively, this provides moment-based estimates of 72 and ¢? by minimizing a loss function
relating the empirical variance yy' to the variance X X "72 + ¢2I,, under the model ,
while requiring positive definiteness of X X " 724 ¢2I,,. Hoff and Yu| (2017) demonstrate that
these estimates will be consistent for 72 and 02 as n and p — oo even if the distribution of
B is not normal. Solving has been treated thoroughly in the random effects literature
(Demidenko, 2013)). We caution that when n < p, the solution to can lie on the

boundary of the parameter space at o> = 0.

3.3.3 Estimation of B Given 7%, 0 and q

Given 72, 02 and ¢, we can compute the posterior mode of B using a coordinate descent

algorithm that utilizes the mode thresholding function depicted in Figure [3.1] [Fu (1998)
provided coordinate descent algorithms for ¢ > 1 and Marjanovic and Solo (2014) gave a
coordinate descent algorithm for ¢ < 1 that is guaranteed to converge to a local minimum
under certain conditions on X. Details of the coordinate descent algorithm are given in the
appendix. We note that when ¢ < 1, the posterior mode optimization problem is not convex
and the mode may not be unique.

Alternative posterior summaries, e.g. the posterior mean or median of 8 under the model
given by can be approximated using a Gibbs sampler that simulates from the posterior
distribution of 3. For any value of ¢ > 0 there is a uniform scale-mixture representation of the
exponential power distribution (Walker and Guttiérez-Penal, |1999). If 5, has an exponential
power distribution, we can write 3;|y; ~ uniform (—A;, A;), where A; = 7;/(1 <%) (%)

and v; ~ gamma (shape =1+ 1/q,rate = 2*(1/2). To our knowledge, this representation has

not been used to construct a Gibbs sampler when an exponential power prior is assumed
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for regression coefficients corresponding to an arbitrary design matrix X . Using this repre-
sentation, the full conditional distribution for B given - is a truncated multivariate normal
distribution and the full conditional distributions for elements of « given 3 are independent

translated exponential distributions. Full conditional distributions are given in the appendix.

3.3.4  Simulation Results

We assess the performance of the adaptive procedure via simulation. We simulate data
from (3.1) with 72 = 02 = 1, p = 100, n € {100,200} and ¢ € {0.25,1,4} and entries
of X drawn from a standard normal distribution. For each pair of values of n and ¢, we
simulate 100 values of y from . When n > p, we use 100 different design matrices,
X, whereas when n < p we fix the design matrix X so that some matrix calculations
involving X can be precomputed. As noted previously, when n < p the solution to the
variance component estimation problem can lie on the boundary of the parameter
space at 02 = 0. For the purposes of this simulation study, we require simulated datasets
yield 62 = 0. We use posterior means of 3 in the adaptive estimation procedure as opposed
to other posterior summaries because the posterior mean minimizes posterior squared error
loss and accordingly allows for straightforward performance comparisons (Hans, [2009). We
approximate posterior means from 10, 500 simulations from the posterior distribution using
the Gibbs sampler described in Section [3.3.3] discarding the first 500 iterations as burn-in.
In general, the sampler mixes better with larger ¢ and n. The smallest effective sample sizes
for n = 100 and n = 200 are 53 and 222, respectively.

For n = 100, we reject the null hypothesis that ¢ = 1 at level a = 0.05 in 100%, 1% and
62% of the simulations when g = 0.25, ¢ = 1 and ¢ = 4. Analogously, when n = 200 we reject
the null hypothesis that ¢ = 1 at level o = 0.05 in 93%, 5% and 100% of simulations when
q = 0.25, ¢ =1 and ¢ = 4. These rejection rates are roughly as expected given the results
of the simulation study of the testing procedure given that we only perform 100 simulations
for each value of n and ¢. Figure shows mean squared error (MSE) for estimating 3

using the adaptive procedure plotted against the mean squared error for estimating 3 under
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Figure 3.3: Adaptive estimation procedure versus Laplace prior performance for data simu-

lated from model (3.1)) with exponential power distributed 8 and % = 72 = 1.
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a Laplace prior. Histograms of estimates of o2, 72 and ¢ are given in the appendix.

We see that the adaptive procedure yields substantial improvements when the true value
of ¢ is small, almost no loss when the true value of ¢ is in fact equal to 1 and some small
improvements and little loss when the true value of ¢ is large. Smaller improvements when
the true value of ¢ is large are likely due to the fact that the estimates of ¢ are more
variable when ¢ is larger. We note that incorporating testing into the adaptive procedure
is important to these performance results. Recall that both tests of H based on ¢(Bols)
and Q/J(B(;) have low power when p is relatively small, i.e. when little information about
the features of the distribution of 3 is observed. Accordingly, incorporating testing into

the estimation procedure protects us against losses in performance that could result from

imprecise estimation of q.
3.4 Relationship to Estimating Sparse 3

The lasso penalty/Laplace prior is often used when (3 is believed to be sparse, i.e. many
elements of 3 are believed to be equal to exactly zero. Accordingly, we repeat the testing
and estimation simulation studies performed in the previous sections for Bernoulli-normal
spike-and-slab distributed @ where ; is exactly equal to zero with probability 1 — 7 and
drawn from a N (0, 72/7) distribution otherwise. This parametrization ensures that elements
of B have variance 72. The kurtosis of this distribution is given by x + 3 = 3/7 and when
7 = 0.5, the kurtosis of this distribution matches that of a Laplace distribution. We repeat
the testing simulation study in Section for a range of values of 7 instead of ¢ and show
the results in Figure |3.4]

As expected, our tests tend not to reject H : ¢ = 1 when the kurtosis of the spike-and-slab
distribution is similar to the kurtosis of the Laplace prior at 7 = 0.5. Importantly, our tests
reject a Laplace prior when 7 is small and 3 is very sparse. This suggests that the adaptive
procedure for estimating 3 might yield performance improvements even when elements of
B do not have an exponential power distribution. We repeat the estimation simulations

described in Section for 7 € {0.1,0.5,0.9} and show the results in Figure 3.5 Again,
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Figure 3.4: Power of level-0.05 tests for data simulated from a linear regression model with
standard normal errors and Bernoulli-normal regression coefficients with sparsity rate 1 —

and unit variance. A horizontal dashed gray line is given at 0.05.

histograms of estimates of o2, 72 and q are given in the appendix. Before discussing the results
of the simulations, we note that as we might expect based on the previous simulations the
sampler mixes better with larger values of 7 and n. The smallest effective sample sizes for

n = 100 and n = 200 are 70 and 253, respectively.

With spike-and-slab distributed 3, the adaptive procedure still outperforms estimates
based on the Laplace prior in the majority of simulations. We see substantial performance
gains from the adaptive procedure when 7 = 0.1 for both n = 100 and n = 200. Again, we
observe some losses in performance when 7 = 0.9, i.e. when the kurtosis is relatively low
and estimates of ¢ are more variable. Again, we emphasize that incorporating the test into
the adaptive procedure does play an important role in its performance. When 7 = 0.9 and

results of a test of H are ignored, the mean squared error for estimating 3 using ¢ = ¢ exceeds
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Figure 3.5: Adaptive estimation procedure versus Laplace prior performance for data sim-

ulated from a linear regression model with standard normal errors and Bernoulli-normal

regression coefficients with sparsity rate 1 — 7 and unit variance.
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the mean squared error using a Laplace prior in 56% and 67% of simulations when n = 100
and n = 200, respectively. When the exponential power prior is only used when a test of H

rejects and a Laplace prior is used otherwise, this drops to 12% and 34%, respectively.
3.5 Applications

We apply the methods described in this chapter to four datasets that have appeared pre-
viously in the penalized regression literature: the diabetes data, the Boston housing data,
motif data and glucose data (Efron et al., 2004; Park and Casella, [2008; Polson et al. 2014;
Biithlmann and van de Geer|, 2011}, [Priami and Morine, [2015)). The diabetes data featured in
Efron et al.| (2004)), Park and Casella| (2008)) and [Polson et al.| (2014) contains a quantitative
measure of diabetes progression for n = 442 patients y and ten covariates: age, sex, body
mass index, average blood pressure and six blood serum measurements. A design matrix X
is obtained from the ten original covariates, (120) pairwise interactions and 9 quadratic terms
yielding p = 64. In the Boston housing data (Polson et al., 2014)), the response vector y is
the median house price for n = 506 Boston census tracts and the design matrix is made up
of 13 measurements of census tract characteristics and all (123) squared terms and pairwise
interactions, yielding p = 104. The motif data featured in Biithlmann and van de Geer| (2011))
contains measurements of protein binding intensity y at n = 287 regions of the DNA se-
quence and p = 195 covariates X made up of measurements of motif abundance for p motifs
at each region. The glucose data from [Priami and Morine| (2015)) contains measurements of
blood glucose concentration y for n = 68 subjects belonging to several families with com-
plete data on p = 72 covariates, which include various metabolite measurements along with
several health indicators. We subtract an overall mean and family-specific group means off
of the response and the design matrix containing the 72 covariates to be used for regression.

For all four data sets, we centered and standardized the response y and the columns of the
design matrix X by subtracting off their means and dividing by their standard deviations.
We use the ridge-based test for all four data sets because either n < p or the design matrix is

highly collinear and X " X has condition number less than 107°. As in the simulations shown
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previously, we perform level-a = 0.05 tests and approximate the corresponding quantiles
Vo.025 and g.975 by simulating 1,000,000 draws from the approximate distribution of the
test statistic under the null. Table 3.1l summarizes the features of the data and the test

results.

Dataset no p Ysoos Wsoors Y(Bs) Pr <¢(ﬁ5) <(Bs)lg = 1)

Diabetes 422 64 231 7.68  10.36 0.993
Boston Housing 506 104  1.97 7.59 6.57 0.959
Motif 287 195  2.87 10.34 577 0.748
Glucose 68 72 231 7.05 9.38 0.993

Table 3.1: Results of testing the appropriateness of a Laplace prior for four datasets.

We reject the null hypothesis that a Laplace prior is appropriate for the diabetes and
glucose data sets. For these two data sets, we estimate 02, 72 and ¢ and compute the posterior
modes and means of B under exponential power and Laplace priors. When computing the
posterior modes, we address nonconvexity when ¢ < 1 by repeating the coordinate descent
algorithm for 100 randomly selected starting values and saving the estimate that gives the
greatest posterior likelihood. Again, we caution that a unique posterior mode may not exist
when X is so highly collinear or not full rank. We approximate posterior means using
1,000, 500 draws from each posterior distribution, discarding the first 500 iterations as burn-
in and thinning the remaining 1,000,000 samples by a factor of 20.

Table summarizes the variance and shape parameter estimates, mode sparsity rates
and effective sample sizes for both datasets and priors. For both data sets, estimates of
the shape parameter ¢ are less than 1, suggesting that an even heavier tailed prior is more
appropriate. Accordingly, the exponential power prior yields a sparser posterior mode than
the Laplace prior. Mixing of the Gibbs samplers used to approximate the posterior means

is better when a Laplace prior is used.
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Par. Ests. Mode Sparsity Min. ESS
Dataset 62 72 q L EP L EP

Diabetes 0.4708 0.0071 0.5505 50.0% 87.5% 21,988 3,976
Glucose  0.4460 0.0077 0.5509 80.6% 95.8% 5,545 782

Table 3.2: Variance and shape parameter estimates, posterior mode sparsity rates and min-

imum effective sample sizes of posterior samples under Laplace (L) and exponential power

(EP) priors.

Figure compares posterior modes, means and selected marginal distributions under
Laplace and exponential power priors for 3. Examining the posterior modes, we observe
not only higher sparsity rates but also less shrinkage of nonzero values when the exponential
power prior is used. We observe similar but less stark differences when comparing posterior
means across both priors. We also compare the marginal posterior distributions for several
elements of 3, chosen to demonstrate how using an exponential power prior affects inference
for these datasets. In the right four panels of Figure [3.6] we see that using the exponential
power prior can cause the mode of the marginal posterior distribution to change locations
or can introduce bimodality of the marginal posterior distribution. Overall, we gain more

interpretable estimates of 3 with fewer large entries by using a more appropriate prior.

3.6 Discussion

In this chapter, we have introduced a simple procedure for testing the null hypothesis that
a Laplace prior is appropriate by assessing whether or not the kurtosis of the distribution of
unknown regression coefficients matches that of a Laplace distribution. We also introduce
two-step adaptive estimation procedure for 3 that uses an exponential power prior for 3 if a
Laplace prior is rejected. We show that our testing and estimation procedures perform well

for the kinds of values of n and p we might encounter in practice both when elements of 3
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Figure 3.6: Posterior modes, means and selected marginal distributions under exponential

power (EP) priors and Laplace (L) priors of 3 for diabetes and glucose datasets.

have an exponential power distribution and when they are sparse with a Bernoulli-normal
spike-and-slab distribution. We have demonstrated that the appropriateness of a Laplace
prior for estimating Bernoulli-normal spike-and-slab 3 depends on the sparsity rate and that
estimates based on a Laplace prior can be suboptimal when we expect that 3 follow a spike-
and-slab distribution with a high sparsity rate. As dependence of kurtosis on the sparsity
rate is not limited to the Bernoulli-normal spike-and-slab distribution but rather extends to
any spike-and-slab distribution where the slab is a mean zero distribution with finite fourth
moments, we expect that the performance improvements we observe might persist for more
general sparsely distributed 3. This complements the existing statistical literature on the

suboptimality of the Laplace prior (Griffin and Brown| 2010; |Carvalho et al. |2010; [Polson
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et al., [2014; Bhattacharya et al., [2015)).

This chapter focuses specifically on misspecification of the Laplace prior for the regression
coefficients in a linear model with normal errors. Because the derivation of the approximate
level-« test follows from the existence of a consistent estimator of 3 or a known linear function
of 3, the methods described in this chapter can be extended to include linear models with
elliptically contoured errors and generalized linear models. The methods described in this
chapter could also be extended to include the construction of a confidence interval either for
the kurtosis of the distribution of the elements of 3 or the exponential power shape parameter
g. Furthermore, the methods can be generalized to test the null hypothesis that elements of
B have an exponential power distribution with ¢ = ¢ > 0 or to test a null hypothesis that
elements of B have a different symmetric, mean zero distribution as long as this different
distribution can be characterized by its kurtosis and is easy to simulate from, e.g. the normal-
gamma distribution given by |Griffin and Brown! (2010) or the Dirichlet-Laplace distribution
given by Bhattacharya et al.| (2015).

Throughout this chapter we have conflated heavy tails (high kurtosis) with peakedness of
the density of 3. However, it is not generally true that “peakedness” must increase with tail
weight (Westfall, [2014)). This is important because sparsity of the posterior mode specifically
arises from the “peakedness” of the prior on 3. Accordingly, three parameter distributions
like the generalized t-distribution given by |Choy and Chan (2008]) that allow kurtosis and

“peakedness” to vary separately may be useful alternative priors for 3.
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Chapter 4
STRUCTURED SHRINKAGE PRIORS

4.1 Introduction

Consider the problem of estimating regression coefficients for a generalized linear model,
where we observe an n x 1 vector of responses y and an n X p matrix of regressors X and
are interested in estimating a p x 1 vector of regression coefficients 3 which are related to
y via a known link function E [y] = g (X 3) and a probabilistic model for y given E [y] and
unknown distributional parameters ¢. Letting exp {—h (y|X, 3, ¢)} refer to the likelihood
of the data y given X3 and ¢, maximum likelihood estimates of 3 given ¢ are obtained by
minimizing h (y| X, 3, ¢) over 3. This is a standard, well known problem (McCullagh and
Nelder, 1989)). However, when the the data is high dimensional, i.e. number of covariates
p is large, especially relative to the number of responses n, inference and prediction can
be challenging. Standard maximum likelihood estimates of 3 may have prohibitively large
variance or fail to be unique. In such high dimensional settings, a common approach is to
assume a prior distribution for 3. For instance, a mean-zero multivariate normal prior with
covariance matrix 3, 8 ~ normal (0, ) might be chosen to encourage a structured estimate
of B, or a mean-zero independent Laplace prior with variance o2, 3; s Laplace (O, o/ \/5),
might be chosen to encourage a sparse or nearly sparse estimate of 3 depending on which
posterior summary is used to estimate 3. Using the posterior mode to estimate 3 corresponds
to penalized estimation of 3.

In this paper, we consider problems where the covariate vectors x;, and accordingly the
regression coefficients 3, can be interpreted as a vectorized K-mode matrix or tensor with
dimensions p; X ...pg. As such, 8 = vec(B) is structured. Because such problems are

often very high dimensional with large p = Hle i relative to n, we focus specifically on
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Figure 4.1: Panel (a) reprinted from Bruneel| (2018) shows a subject using the P300 speller.

Panel (b) shows the locations of EEG sensors on the skull reprinted and modified from

Sharmal (2013)), with sensors included in our analysis highlighted in red. Arrows indicate the

order of the channels appear in the data.

settings where we also expect B to be sparse or nearly sparse. We motivate this with a
problem that arises in the development of brain-computer interfaces. Brain-computer inter-
faces (BCIs) are used to detect changes in subjects’ cognitive state from contemporaneous
electroencephalography (EEG) measurements, which can be collected non-invasively at high

temporal resolution (Makeig et al.,[2012; [Wolpaw and Wolpaw, 2012). We consider the P300

speller, a specific BCI device which is designed to detect when a subject is viewing a specified
target letter, as depicted in use in Figure [1.1al We consider a subset of data collected from
fourteen subjects using a P300 speller and a gGAMMA .sys EEG device Forney et al.| (2013]).

For an individual subject, we observe 240 indicators y; for whether or not the subject was

viewing a specified target letter during trial ¢ and @; is a vectorized 208 x 8 matrix of EEG
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measurements from p; = 208 time points and p, = 8 channels, which correspond to the eight
distinct physical locations on the top of the skull shown in Figure [£.Ib] In this paper, we
set aside the last 100 trials to assess predictive performance and use a subset of n = 140
trials for exploratory analysis and estimation. This data is clearly high-dimensional; X has

p1p2 = 1,664 columns which vastly outnumber the n = 140 observations.

Channel 1 —
Channel 2 —
Channel 3 —
Channel 4 —
Channel 5 —
Channel 6 —
Channel 7 —

Channel 8 —

Figure 4.2: A subset of single-subject P300 speller data. Lines represents trials, i.e. rows x;.
Trials are plotted separately by whether or not the target letter was being shown during the

trial.

Figure [4.2] shows data from a single subject and a subset of trials. Scientifically, we expect
to observe a P300 wave during trials when the target letter is present, which is characterized
by a sharp rise and then dip before returning to equilibrium. We expect that the wave will

begin shortly after the target letter is shown, and will be observed earlier and more clearly
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on some channels than others. That said, EEG data is notoriously noisy and the P300
wave is difficult to observe in the data. Fortunately, the scientific context suggests that it
is reasonable to assume that the unobserved regression coefficients B should be sparse, as
only elements of B that correspond to time points where the P300 wave occurs are expected
to be nonzero, and structured, as elements of B corresponding to consecutive time points or

neighboring channels are expected to be similar.

To assess whether or not these assumptions might be reasonable, we perform exploratory
analysis of a ridge estimate B Rp = vec (B R) of logistic regression coefficients relating n = 140
indicators of the presence of the target letter y to a n x p = 140 x 1,664 design matrix of
EEG measurements X which encode the presence or absence of the P300 wave. The first
panel of Figure , which shows values of elements of B r, indicates that the assumption
of structure is reasonable. Elements of By corresponding to consecutive time points or
neighboring channels tend to be relatively more similar to each other. The second panel of
Figure shows a histogram of elements of Bj, compared to a mean zero normal density

P2 2
i9=1 bR,ilig .

with variance prz o We observe some evidence of possible sparsity of B, as
slightly more elements of Byj, are nearly equal to zero than would be expected if By were
normally distributed with the same mean and variance. In the third panel of Figure [4.3] we
examine similarity of elements of Bp corresponding to consecutive time points and observe
clear evidence of temporal structure. Lastly, in the fourth panel of Figure we see clear
evidence of positive correlations of varying strengths across channels.

Unfortunately, few prior distributions are able to encourage both structure and near or
exact sparsity. This is easiest to see by considering the normal scale-mixture representations
of various common prior distributions for 3. Letting ‘o’ be the Hadamard elementwise
product, z ~ normal(0,€2) and s be a vector of stochastic “scales” that are independent
of z, a prior distribution for 3 has a normal scale-mixture representation if there exists a
density p (s]@) such that 3 2 so0z. There is an extensive literature on normal scale-mixture

representations of various distributions (Andrews and Mallows, [1974; West, [1987)), especially

normal scale-mixture representations of common shrinkage priors (Polson and Scott} 2010).
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Structure can be encouraged through the choice of €2, and shrinkage can be encouraged
through the choice of the distribution of the scales s and the scale distribution parameters
0.

Independent shrinkage priors that correspond to separable penalties are obtained by
setting = w?I,. The Laplace prior is obtained by assuming independent and identical
exponential distributions for the squared scales s? and exponential power priors which corre-
spond to {, penalties when 0 < ¢ < 2 are obtained by assuming that squared scales 3? have
polynomially tilted positive a = ¢/2 stable distributions (Figueiredo, 2003; Devroye, 2009;
Polson et al., 2014)).

Elliptically contoured priors, including the prior that corresponds to a group lasso penalty
on 3 or the multivariate Laplace prior used by van Gerven et al. (2009) are obtained by
assuming that elements of s are constant with s = s1,. These priors have computational
advantages, as the corresponding marginal prior distributions for 3 and penalties depend on
B strictly through 8'Q~'3. However as these priors only have a single shrinkage factor s, they
shrink all elements of 3 jointly and posterior modes based on these priors will only produce
sparse estimates of B for which all entries are exactly equal to zero. Furthermore, they
do not generalize their independent counterparts, e.g. the multivariate Laplace prior with
Q = w?I, which corresponds to the group lasso penalty is not equivalent to the independent
Laplace prior which corresponds to the lasso penalty. While this may be appropriate in
some settings, it will not be appropriate in settings where we are confident that only some
elements of 3 are nearly or exactly sparse but unsure about the presence of structure.

Naively, structure and exact or near sparsity could be simultaneously encouraged by
assuming a sparsity inducing prior for elements of s and allowing €2 to be non-diagonal.
However, this tends to yield intractable marginal prior distributions for 3 that correspond to
integral penalties —log ( f p (8IS, s) ds) that require computationally demanding and non-
standard Markov Chain Monte Carlo (MCMC) based inference on 8. As a result, the
development of such priors has been largely ignored. An exception is [Finegold and Drton

(2011)), which develops a multivariate t-distribution by assuming that that squared scales 3?
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are independent and identically inverse-gamma distributed and €2 is non-diagonal.

Instead, several structured shrinkage priors have been constructed to encourage structure
and exact or near sparsity while retaining computational tractability by assuming that Q =
w?I, but elements of s are dependent (van Gerven et al), 2010; Kalli and Griffin, 2014
Wu et al., [2014; |Zhao et al., 2016; Kowal et al., 2017). van Gerven et al. (2010) introduces
structured auxiliary variables w, v ~ normal (0, Z) and assumes 8]2- = u?%—v?, Wu et al.| (2014)
assumes a hierarchical prior for elements 532 that reflects a pre-specified group structure of 3,
Zhao et al.|(2016) introduces an auxiliary Gaussian process with a squared exponential kernel
u ~ normal (b1,, K (p,1)) and assumes s7 = exp {u;} and Kalli and Griffin| (2014) and Kowal
et al.| (2017) assume that log (s?) are distributed according to an autoregressive process with
parameter ¢ where log (s7,,) = ¢log (s3) +n;. Kalli and Griffin| (2014) assume that 7; are
independent and exp {n;} are identically distributed according to a gamma distribution and
Kowal et al.| (2017) assume that 7, are independent and identically distributed according
to a Z-distribution. These priors all share the same drawback, which is that although

they introduce structure via the distribution of elements of s, the prior marginal variance-

covariance matrix of 3 is diagonal, i.e. elements of 3 are uncorrelated a priori.

Some other priors that have been constructed to encourage structure and exact or near
sparsity treat elements of €2 as random. As described in Kyung et al| (2010), the prior
distribution that yields the fused lasso penalty Ay [|B[|, + A2 Y2, ;_; [8; — il can be obtained
by assuming s;2 = r; 2 +t15, 5]72 = 7"]'_2 + tj__217j + tj_jﬂ for 1 <7 <pand s;2 = 7";2 + t;_QLp,
where rj2. are independent and identically exponentially distributed with rate parameter \,
and tfj are independently and identically exponentially distributed with rate parameter \;,
and setting w”’ = 1 and w” = —¢% if |i — j| = 1 and w* = 0 otherwise, where w" refers
to the element in the i-th row and j-th column of Q~'. Priors that correspond to more
general structured penalties of the form Q'3+ \||3||, where Q' is positive semidefinite
can be obtained similarly by letting A = (Q ' + diag {r‘z})_l, where 2 are independently
distributed according to an exponential distribution with rate A, and setting s* = diag {A}

and €2 to the correlation matrix of A. These priors are certainly useful and are arguably the
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most reasonable set of existing priors for encouraging structure and near or exact sparsity.
However, priors like the prior corresponding to the fused lasso penalty become much more
difficult to work with when the structure is not pre-specified, i.e. orderings or groupings of
elements of 3 are not known a priori, and can suffer from computational inefficiencies as the
number of latent variables increases with the complexity of the structure of 3 if posterior
summaries other than the posterior mode are of interest or maximum marginal likelihood
estimates of the unknown prior distribution parameters are to be obtained. Furthermore,
the unknown parameters for priors corresponding to the more general structured penalty or
more structured generalizations of the fused lasso penalty can be difficult to set or estimate
as they become higher dimensional, especially because they do not relate straightforwardly
to prior moments of 3. One last class of relevant priors are the structured normal-gamma
priors introduced in |Griffin and Brown (2012b]) and |Griffin and Brown (2012a), which are
obtained by introducing structure via a p x p matrix C and setting s; = ¢;;7; and (Ql/ 2) =
c;;1;/ (ciiri), where 7“]2- are independent and identically gamma distributed. Like the prlijors
previously discussed, estimation or specification of C' can be challenging. Furthermore, many

of the desirable properties of this prior are specific to the gamma distribution assumption

2
for T

Ideally, we would like to work with a class of structured shrinkage priors that (i) can
encourage general forms of structure by allowing for correlations across elements of 3 a
priori, (ii) can encourage near or exact sparsity of elements of 3, (iii) yield computationally
tractable posterior mode and posterior distribution simulation problems and (iv) span the
range of common structured and sparsity inducing priors by generalizing the multivariate
normal prior as well as the independent Laplace prior. We construct such a class of priors
by revisiting the naive approach where we assume (3 2 so0z and non-diagonal 2. These
priors are easy to interpret from a data generating perspective and have easy-to-compute
moments, specifically 3 = V [3] = E [ss] 0 2. We demonstrate that elliptical slice sampling
can be used to overcome the computational issues that have previously made use of such prior

distributions challenging, regardless of the distribution assumed for elements of s (Murray



29

et al., 2010)). In Section , we introduce three novel priors, the structured normal product
(SPN), structured normal-gamma (SNG) and structured power/bridge (SPB) shrinkage prior
distributions for penalized regression. The SPN and SNG priors generalize the normal-
gamma prior described in |Caron and Doucet| (2008) and (Griffin and Brown| (2010), and the
SPB prior generalizes the power /bridge prior (Frank and Friedman, {1993} Polson et al., 2014]).
Figure [4.4] shows how the novel structured shrinkage priors we introduce relate to Laplace
and normal prior distributions. We discuss the properties of these priors in Section In
Section [4.3] we describe posterior inference as it pertains to performing Gibbs-within-EM
estimation of posterior modes and simulating from the full posterior distribution. Because
problems that benefit from prior distributions that encourage both structure and exact or
near sparsity are often very high dimensional, i.e. have large n or p = Hszl Pk, we show
how elliptical slice sampling can be used to avoid large matrix crossproducts and inversions
for arbitrary log likelihoods h (y| X, 3, ¢). In Section [4.4] we consider the unknown variance
components and discuss maximum marginal likelihood empirical Bayes estimation, moment-
based empirical Bayes estimation and fully Bayes inference. In Section [4.5 we apply the
shrinkage priors considered to the P300 speller data depicted in Figures and [4.3]

4.2 Three Structured Shrinkage Priors and Their Properties

4.2.1  Prior Distributions

Structured Product Normal (SPN) Prior: The structured product normal (SPN)
prior is obtained by assuming that s ~ normal(0, ¥). Originally discussed as a sparsity
inducing penalty in Hoff (2016), the SPN prior is uniquely computationally simple to work
with as the full conditional distributions of z and s are both multivariate normal distribu-
tions. The SPN prior is also appealing intuitively as it allows elements of s to be correlated
a priori, in contrast to the SNG and SPB priors which assume elements of s are independent.

Incidentally, the SPN prior generalizes a special case of the independent normal gamma prior

(Griffin and Brown), 2010). When ¥, Q I, the SPN prior corresponds to the independent
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normal-gamma prior with s7 ~ gamma(shape = 1/2, rate = 1/2).
The SPN prior has 2p+ p (p — 1) unknown variance parameters, of which p+p(p — 1) /2
are separately identified. Letting Cq and Cy be the correlation matrices corresponding to

Q and ¥, we can write Q = diag {/w} Codiag {\/w} and ¥ = diag {\/¢} Cydiag {/9}.
We can rewrite the SPN prior for 3 as

8L (Vwou) (z/vw) (s/Vb).

where v and / are applied elementwise. We can see that the variances w and 1) are not
separately identified from the data, because the first term only depends on the variances
through their product, and the distributions of the second two terms depend only on Cgq
and C'y. Off-diagonal elements of C'q and C'y are identified from the data, as they determine
fourth-order cross moments of elements of 3. Recalling that we have defined 3 = 20 W and

letting C's; be the correlation matrix corresponding to 3, we have

E [5;57]
=1+ 2c}  +2c% iy + 4ck Rl

00k + CQ,Jk+ Cy ik Cy ik J 7£

E [526:]
04i\/OkkOll

We can see that these fourth-order cross moments depend on the values of both cq ji and

= cy p + 4cs jkCs i + 2co kiCw jkCo i1 + 2cu wicajkCaq  JF Rk, JF L kFL

cy jk, in addition to their product cs jr. As such, both unknown parameters are separately
identifiable. However, whether or not the individual values of cq j; and cy j; correspond to

correlations of elements of z or s is not known, as we can write:

8L (Vwop) (CiPcy z/vw) (Cif*eys/v/e) .

To reduce the number of freely varying parameters and to facilitate identifiability of C'g and
C'y from second order moments of 3 alone, we define a special case of the SPN prior which

requires that |cq ;| = |cw;|. We refer to this as the symmetric SPN (sSPN) prior.

Structured Normal-Gamma (SNG) Prior: The structured normal-gamma (SNG) prior
is a structured generalization of the normal-gamma prior of (Griffin and Brown (2010]) ob-

tained by assuming that SJQ- are independent gamma random variables. Because the scales
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of each 8? are not separately identifiable from the variances of elements of z, we assume
532. ~ gamma(shape = ¢, rate = ¢) such that E [sﬂ = 1 without loss of generality, where ¢
is treated as fixed and known. When 2 oc I, and ¢ = 1, the normal-gamma prior reduces
to an independent Laplace prior. Accordingly, we can think of the special case of the SNG

prior when ¢ = 1 and arbitrary €2 as a novel multivariate Laplace prior.

Structured Power/Bridge (SPB) Prior: The structured power/bridge (SPB) prior
generalizes the bridge or exponential power prior discussed in Polson et al.| (2014). This prior
is obtained by assuming that 532. are independently distributed according to a polynomially
tilted positive a-stable distribution with index of stability a = ¢/2, where ¢ is treated as
fixed and known (Devroye, |2009; |Polson et al.,; 2014). Again, the scales of each 3? are not
separately identifiable from the variances of elements of z, we parametrize the polynomially
tilted positive a-stable distribution to ensure that E [sﬂ = 1. When ¢ = 1, the SPB prior
also generalizes the independent Laplace prior and accordingly, coincides with the SNG prior

when ¢ = 1.

4.2.2  Properties
Joint Marginal Prior Distributions

Under the SPN, SNG and SPB priors, the marginal prior distributions pg (8|€2, @) correspond
to intractable integrals [ pg(8|s,Q)p(s|0)ds. As a result, it is challenging to study the
properties of these prior distributions and the penalties functions they correspond to directly.
Fortunately, we can simulate from the marginal prior distributions easily. We simulate
from four SNG priors with ¢ € {0.3,0.5,1,10}, the sSPN prior, four SPB priors with ¢ =
{0.65,0.78,1,1.75} and an SPN prior with unit variances and pg = p°! and p%°. We note
that values of ¢ and ¢ are chosen to correspond to equal tail weight as measured by kurtosis,
e.g. the SNG prior with ¢ = 0.3 has the same kurtosis as the SPB prior with ¢ = 0.65 and
the SNG prior with ¢ = 0.5 has the same kurtosis as the SPB prior with ¢ = 0.78.
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Figureshows contour plots of the log marginal prior distributions log ( [ ps(Bls, Q) p(s]0) ds)
when 3 € R? with variance-covariance matrix ¥ = (1 — p) Is+pl,1} and correlation p = 0.5.
These contours can also be interpreted as contours of a penalty function. The contours have
several interesting features. First, they encourage similar estimates of 3; and [, by pushing
contours away from the origin when S, and B, have the same sign and pushing the contours
towards the origin when (§; and 5 have opposite signs. The SPN, SNG with ¢ < 1 and SPB
with ¢ < 1 priors encourage possibly sparse estimates of 3 by retaining discontinuities of
the log marginal prior on the axes. Interestingly, the contours do not necessarily keep the
same shape as the value of log-likelihood changes. Contours closer to the origin are more
similar to their independent counterparts, with relatively more encouragement of sparsity
than structure, whereas contours farther from the origin tend to encourage relatively more
structure and less sparsity. This is especially evident under the SPN prior with p, = p%!.
We note that it is clear from the contours that these priors are not log-concave when p # 0
and accordingly correspond to non-convexr penalties.

In Figure [4.5] we also observe clear spikes that encourage sparse solutions under the SNG
prior when ¢ < 0.5 and under the SPN prior. These reflect the presence of an infinite spike

or pole of the joint marginal prior pg (b|€2, 8) when at least one element of b is equal to 0.
Proposition 4.2.1 Ifb; =0 for any j € {1,...,p}, then pg(b|¥, ) = +oc.

The behavior of the marginal joint prior distribution under the SNG prior pg(83|c, Q) is

similar when ¢ < 1/2.
Proposition 4.2.2 Ifc < 1/2 and b; =0 for any j € {1,...,p}, then pg(b|c, ) = +o0.

Proofs of these propositions are given in the appendix. The presence of an infinite spike or
pole at b; = 0 has been demonstrated for several independent priors including the SPN and
SNG priors’ independent counterparts and has been viewed in the literature as a sufficient
condition for the recovery of sparse signals (Carvalho et al., 2010; Gritfin and Brown, [2010;
Bhattacharya et al.| 2015). That said, the presence of an infinite spike or pole at b; = 0 also
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makes the already challenging problem of computing the posterior mode intractable, as the

log marginal prior is not only nonconvex but also has infinitely many modes.

Range of

The SPN, SNG and SPB priors differ in the amount of structure that they can be used to
characterize because the marginal variance 3 = E[ss’| o€ must be positive semidefinite. The
behavior of E[ss’| determines the amount of structure a prior can characterize. Under the
SPN prior, ¥ can be chosen freely and accordingly E[ss’] can take on any value. Because it
is possible to find at least one pair of positive semidefinite covariance matrices {2 and ¥ that
satisfy 3 = Qo ¥ (Styan, (1973)), the SPN prior can be used to characterize any structure
that can be represented by a positive semidefinite matrix 3.

The sSPN prior is less flexible. Although it is challenging to describe the specific prop-
erties of covariance matrices ¥ for which Q and W satisfying |w;;| = |¢;;| are positive
semidefinite, it is straightforward to find a positive semidefinite matrix 3 for which € or ¥
satisfying |w;;| = || are not positive definite.

The SNG and SPB priors are also limited to characterizing a restricted range of struc-
ture. Diagonal elements of E[ss'] are equal to 1, whereas off-diagonal elements are equal to
E[s;]* < E[s7] = 1. Thus, E[ss'] shrinks off-diagonal elements of , reducing dependence.
Similar behavior was observed for alternative multivariate ¢-distributions in [Finegold and
Drton| (2011). When B € R?, we can explicitly calculate the maximum marginal prior cor-
relation p under the SNG and SPB priors as a function of ¢ or ¢. Under the SNG prior,
the maximum correlation is equal to ¢ }(I'(c + 1/2)/T'(c))? and under the SPB prior, the
maximum correlation is equal to (7/2)(T'(2/q)/+/T(1/¢)T'(3/q))?>. When ¢ = ¢ = 1 and both
priors are equivalent, the maximum correlation is equal to m/4 =~ 0.79.

We plot the maximum correlation as a function of kurtosis under both priors in Figure 4.6]
We observe greater reductions in the maximum correlation when the tails are heavier, and
under the SNG prior relative to a SPB prior with equal kurtosis. The restricted range of 3

under the SNG and SPB priors is similar to the restricted range of the variance-covariance
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matrix of the alternative multivariate ¢-distribution introduced in |Finegold and Drton| (2011)).
Intuitively, the restricted range of X relates to the conflict that arises between the properties
of the marginal density pg (3|2, 8) needed to preserve elementwise near or exact sparsity,
specifically concentration of the density along the axes, and the properties of the marginal
density needed to encourage structure, specifically concentration of the density along a line

when p = 2.

Copulas

We can visualize the dependence structures induced by all three priors by estimating the
copulas for B3 € R? with unit marginal variances and correlation p = 0.5. Figure com-
pares estimates of the copulas of the same SPN, SNG and SPB priors considered previously.
All estimates by simulating 1,000,000 values from the corresponding prior, transforming
simulated values of §; and (5 into percentiles u; and us, and computing a kernel bivariate
density estimate of the percentiles.

The behavior of the SPN copula depends on how p is factored into po and pg. Under
the sSPN prior with pg = pg, the sSNG copula indicates that when elements of 3 are
positively correlated, the sSPN prior concentrates around values of 3 that are jointly very
small or exactly equal to zero and around values of 3 that have the same sign and are very
large in magnitude. When we set pq = p®! and pg = p*°, the SPN prior concentrates
more strongly around values of 3 that are jointly very small or exactly equal to zero and
around values of B that that have the same sign and are very large in magnitude. This
parametrization of the SPN prior also concentrates slightly less around values of 3 along
the axes, where one element is very small or exactly zero and the other is not. Last, this
parametrization of the SPN prior concentrates more around values of 3 that are opposite
in sign but similar in magnitude. Arguably, this could be considered undesirable behavior
and reflects the strangeness of a data generating process that assumes 3 is made up of one
strongly correlated component and one very weakly correlated component, both of which

can take any value on R. Such a prior model for 3 is unlikely to make sense in many real
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applications.

The behavior of the SNG and SPB copulas is generally similar when the kurtosis is held
constant under both priors, and depends on how similar the prior is to multivariate normal
distribution. Both display increasingly strong orthant dependence as the priors become less
normal with heavier tails, i.e. as ¢ or ¢ — 0. This means that as ¢ or ¢ — 0, the priors
concentrate more strongly around values of 3 that have the same sign. Compared to the
SPN priors, the SNG and SPB priors also concentrate more around the axes where at a single
element of 3 is close to or exactly equal to zero. The SNG prior displays especially strong
orthant dependence and appears to converge to a uniform distribution over the positive and
negative orthants as ¢ — 0, which likely results from the presence of an infinite spike or pole
of the marginal prior density when any element of 3 is equal to zero under the SNG prior.
Like the concentration of the SPN prior with pg = p”! around values of 3 that have opposite
signs but similar magnitudes, convergence of the SNG prior to a uniform distribution on the
positive and negative orthants as ¢ — 0 may be undesirable behavior and may not make
sense in many real applications. The softer contours of the SPB prior likely correspond to

more plausible models for B in many settings.

Unwariate Marginal Prior Distributions

For all three priors, the univariate marginal distributions of elements of B belong to the
same family as the unstructured independent priors that they generalize. We show this in
the appendix, although it is straightforward to see from the stochastic representations of the
priors.

We also show that under the SPN and SNG priors with ¢ < 1/2, the univariate marginal
prior distributions an infinite spike or pole of the joint marginal prior pg(b|€2,0) when at

least one element of b is equal to 0.
Proposition 4.2.3 For any j € {1,...,p}, ps,(0|¥,Q) = +oo0.

Likewise, the marginal distribution of a single element of 5; has a pole at 0 under the
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SNG prior when ¢ < 1/2.
Proposition 4.2.4 If c <1/2, ps,(0lc, ) = +oo for any j € {1,...,p}.

This suggests that marginal posterior means and medians computed under the SPN and

SNG priors will possibly be very small, although not exactly equal to zero.

Univariate Conditional Prior Distributions

Because the SPN, SNG and SPB priors can all be represented as normal scale-mixtures, it is
straightforward to simulate from the univariate conditional prior distributions, p (ﬂj 1B_;1€, 0) .
Figure shows estimated univariate conditional prior distributions p (3;]8,|€2, 8), again for
B € R? with unit marginal prior variance and marginal prior correlation p = 0.5. Under all
ten of the structured priors, introducing correlation between (5, and 5 can help us estimate
[ if the true values of 5, and [, are in fact similar. Under all ten of the structured priors,
the conditional prior distribution of 8, given £ becomes more strongly peaked at 0 when
B2 = 0 than under an independent prior and the conditional prior distribution of 3, given
By shifts its mass towards 2 when (8, = 2. Interestingly, these trends are most pronounced
under the SPN prior with pg = p®!. Furthermore, under the sSPN prior and the SNG priors
with ¢ < 0.5, the mode of the conditional prior distribution of 8, given [, stays at 0 even
when [, = 2, which suggests that the introduction of a marginal prior correlation of p = 0.5

between (1 and 5 results in relatively more dependence near the origin than in the tails.

Mode Thresholding Functions

One last perspective on the properties of the SPN, SNG and SPB priors can be gained by
examining the mode thresholding function under a linear model for y, which relates the OLS

estimates of 3 given by Bo s to the posterior mode of 3; given by

Bovs — B

- 1
B, = arguin, o1 s ([ v B nslo)ds) )
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for fixed values of the noise variance ¢?, prior parameters £ and 0 and B The mode-
thresholding function is not available in closed form but can be approximated using a Gibbs-
within-EM described in the following section.

Figure[4.9]shows approximate mode-thresholding functions for @ € R? with unit marginal
prior variances, marginal prior correlation p = 0.5, noise variance ¢* = 0.1, BOLS,Q €
{-0.5,0,0.5,1} and BOLSJ € (0,1), computed from 1,001,000 Gibbs sampler iterations,
with the first 1,000 samples discarded as burn-in. Examination of the mode-thresholding
functions confirms that the SPN prior, SNG prior with ¢ < 1 and SPB prior with ¢ < 1 can
yield possible sparse posterior mode estimates of 3, and that the introduction of structure
encourages or discourages sparse estimates Bl depending not only on the observed value of
BOLSJ but also the observed value of BOLSQ. There are a few interesting trends that re-
late to previously identified properties of the SPN, SNG and SPB priors. We observe that
both SPN priors shrink Bl towards 0 more aggressively when BOLSQ = —0.5 than when
BO rs2 = 0, which reflects the tendency of the SPN priors to encourage not only estimates of
B with similar signs but also similar magnitudes. For all four sparsity inducing priors, the
value of BO Ls,2 appears to affect the estimate Bl more when BO rs,1 is smaller, which reflects
the general tendency of all of the Laplace- and heavier-than-Laplace tailed priors to display

relatively stronger dependence at the origin than in the tails.

4.3 Computation Under Structured Shrinkage Priors

The posterior mode of @ maximizes the integral [ p(y|X, B, @) p (8|S, s) p(s]@) ds over 3.
As noted previously, we can also think of the posterior mode as a penalized estimate of
B, where the penalty is given by —log ([ p(B|€2,s)p(s|@)ds). This integral is generally
intractable when €2 is not diagonal, but can be maximized using an MCMC within Expecta-
tion Maximization (EM) algorithm (Dempster et al., 1977). Given an initial value B8, this
g+ _ ||

algorithm proceeds by iterating the following until converges:
2

e using MCMC to simulate M draws sV, ..., s™) from the full conditional distribution
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of s given ﬁ(i) and 0, set E [(%) (%), \5“),9} = % Z;\il (ﬁ) (S%j))/;
o set B = argmingh (y| X, B, @) + 18 (Q” o [(5) (1)'189, 0]) 3.

Alternative posterior summaries can be obtained by simulating M values g%, ..., ™)
from the joint posterior distribution of (3,s) given y, X, ¢ and @ given an initial value
B by iteratively simulating s from the full conditional distribution of s given B8Y~Y and
0 and simulating B8Y) from the full conditional distribution of 3 given y, X, s and ¢.
The posterior mean of 3 can be obtained by computing the sample mean ﬁ Zj\il ﬁ(j ), and
alternative posterior summaries can be obtained by computing the corresponding sample
quantities for ﬂ(l), e ,ﬂ(M).

We rely on elliptical slice sampling to simulate from both full conditional distributions
(Murray et al.,2010). Elliptical slice sampling can be used in cases where a density for a mul-
tivariate random variable p, (z) can be factored into a normal component and a remainder

as follows

1 _
pe ) e exp{ = (2 = m) Vo (- m) | (21, (4.2
where m and V' are known and f (n, z) is a known arbitrary function of z and some known
quantity 7. Elliptical slice sampling leverages the fact that z 2 zisin (€) + z2c0s(¢) + m
when z ~ normal (m, V) and zi,zs ~ normal (0,V), regardless of what distribution is
assumed for (. It follows that simulating z according to (4.2)) is equivalent to simulating

(¢, z1, z2) from according to
1 ! —1 -1
pzl,z2,c (z17 Z2, C) Oczl,ZQ,geXp _5 (Z]_V zZ1 -+ ZQV ZQ) (43)
X fz (21810 (¢) + 2zac0s (¢) + m,n),

where ¢ € [0,27] and setting z = z;sin (¢) + z2cos (¢) + m. Importantly, simulating from
(4.3) can be performed in two straightforward steps. Given initial values () and 2(* we

iteratively:
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e simulate €) ~ normal (0, V') and set zgi) and zg)

(i) (i-1)
( zgi) Zg) ) = ( 20D —m €® > sin (¢ , ) cosC 4 ) ;
cos (¢UY)  —sin (¢0Y)

i.e. by rotating € and 20~V —m;

e simulate () given z\” and 2.

Naively, we can think of elliptical slice sampling as iteratively proposing new simulated values
of z centered at m, not unlike random-walk Metropolis-Hastings, but replacing the choice
of acceptance or rejection with rotation. This is computationally convenient, as it reduces
the very difficult problem of simulating z from a nonstandard multivariate distribution to
the much simpler problem of simulating a multivariate normal vector and a scalar from a
nonstandard univariate distribution on a bounded support, which can be achieved quickly
and efficiently using univariate slice sampling as described in the appendix (Neal, |2003).
Furthermore, computational benefits may arise even when is a standard distribution if
z is high dimensional and V is structured in some way that facilitates simulation, e.g. V is

diagonal, block-diagonal or separable.

4.8.1  Simulating from the Full Conditional Distribution of 3

For computational reasons, we simulate from pgpsy (8|s, X, y,8,€,¢) by performing a
change of variables to u = Q™ ?diag {.s}_1 B and simulating from p,,, ¥ (u!X, Y, ¢) where
X = Xdiag {s} Q"% and then setting 3 = diag {s} 2*u. The full conditional distribution

of w given the data and other unknown parameters is proportional to

exp {—h (y|X,v, ¢> } exp {—%u’u} .

As written, elliptical slice sampling can be used to simulate from the full conditional dis-
tribution. However, it may mix slowly if the posterior mean of u is not close to the prior

mean 0 and if the posterior variance is not close to I,. To improve mixing, we pre- and
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post-multiply by the kernel of a multivariate normal density with mean @ and variance V|

where neither @ nor V depend on u,

exp {—% (w—a) V" (u-— a)} (4.4)

N

®

X exp{—h (y\f(,u, q,’)) — % (u’u—ir (u—'&),f/’l (u—ﬁ)>}>

[

-~

()
and use the normal kernel (x) as the normal component for elliptical slice sampling and ()
as the remainder. We can improve mixing by choosing w and V to approximate the mean
and variance of the full conditional distribution of w. A natural choice for approximating
the the mean and variance of the full conditional distribution is the Laplace approximation,
where the mean is the mode of Pujsy X <u]y, X, ¢>,
w = argmin,h <y|j(, u, ¢> + %u”u,,

and the variance as a function of u is

- o2 . -1

V(@) = (mh (v1X.a0) +Ip) .
The mean can be computed easily for many common choices of h <y|X , W, qb), e.g. via
coordinate descent, even when p is very large. However when p is very large, as will be
the case in many scenarios where structured shrinkage priors are useful, the matrix inversion
required to compute \% (w) may not be possible. Furthermore, when X is poorly conditioned
and p is large, coordinate descent may converge prohibitively slowly. Fortunately, we only
require that @ and V' do not depend past values of w. As a result, we can address feasibility
problems that arise in high dimensions by using an approximate posterior mode u, e.g.
from a handful of iterations of coordinate descent initialized at the previous value of w,
and by using a diagonal approximation of V. We find that the computationally simple

approximation V = I » works well, because

(aﬂa—;ﬁ,h (vX. @) + Ip)1 — I, - (Ip + ag—;a,h (vx.. ¢))1 %;a,h (1% .0)
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and accordingly diag {V (11)} <1,. Using this approach, we can simulate from the full con-
ditional distribution pgs, (B|s, X, ¥y, 8,Q, @) quickly using a handful of matrix operations
that scale well when n and p are large, especially when rows of X can be represented as

arrays and (2 is separable with components that correspond to variability along dimensions

of X.

4.3.2  Simulating from the Full Conditional Distribution of s

Given a prior py, (s;]6), the full conditional distribution of s can be written as proportional

to

exp{—%zﬂ-‘%?wﬂ} (H (s;2>5‘1> (45)

j=1
) (+4)

(H S5 ps (5;10) exp {—— Z s s ,1ﬁjﬁjlw“ }) ,
J'#7

where w? refer to the element in the i-th row and j-th column of 7' The choices ps; (5510)
that yield the SPN, SNG and SPB models do not yield standard distributions that are easy
to simulate from when €2 is not a diagonal matrix. However, after performing a change of
variables we can use elliptical slice sampling to simulate from the full conditional distribution
of s for arbitrary priors on s. The procedure varies depending on whether elements s; are
defined on R, as is the case under the SPN prior, or R;; = (0,+00), as is the case under

the SNG and SPB priors.

FElements s; Defined on R

When elements s; are defined on R, we note that the term (%) in (4.5)) is the kernel of the
product of p mean zero normal densities in sj’l. Accordingly, we perform the change of

variables s; = Tj_l, yielding

1 <& . 1 1 .,
eXp{‘éZ?“?ﬁ?w“} ( (r;)? 1) (Hps] ;'16) exp{—gzrﬂjfﬁjﬁjw” })
i=1 i=1 i'#i

E'ﬁ
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It follows that simulating from the full conditional distribution of s is equivalent to simulating
from the full conditional distribution of r and setting s; = 1/r;. Because the first term is

the kernel of a multivariate normal density in 7, elliptical slice sampling can again be used.

FElements s; Defined on Ry

When elements s; are defined on Ry, we note that the product of the terms (x) and ()
in (4.5 is the kernel of the product of p scaled chi-square density in sj_2 with one degree of

freedom. Accordingly, we perform the change of variables 3]72 = t;, yielding

P {_% jzltjﬂyzwjj} (H t%_1> (jl_[l tj_%psj (tj_%\@) exp {—% Z M@@,Mﬁ’}) )

Jj=1 J'#i

: : : d ii.d.
As a scaled chi-square random variable with one degree of freedom, t; = 7’]2 where r; "~

normal (0,1/ (87w?7)). It follows that simulating from the full conditional distribution of s

is equivalent to simulating from the full conditional distribution of r,

1< g . _ 1
eXp{_ﬁzr?ﬂ?Wﬂ} <H|Tj| ", (1571 10) exp {_§Z|Tﬂ‘jf|5jﬁj'w” }) ,
7j=1

Jj=1 J'#3
and setting s; = 1/r;. Because the first term is the kernel of a multivariate normal density

in 7, elliptical slice sampling can be used.

Simulating from the Full Conditional of 8 Under the SPB Prior

In the case of the SPB prior, an additional computational challenge arises because the poly-
nomially tilted positive a-stable density ps; (s;|@) is not available in closed form. Fortunately,
a polynomially tilted positive a-stable density that can be represented as a rate mixture of

generalized gamma random variables (Devroye, [2009):

a,rate = f(5j|oz)) and
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where f(d;|a) = sin (a«%)ﬁsin((l —a)d;) /sin (9, )1 o and §; € (0,7). As a result, it is

also necessary to simulate from the full conditional of &, which is given by

P (951&5,q) o< f(d;|a) exp {—f (§;]c) &} -

This is not a standard density, however it is straightforward to simulate from it using uni-
variate slice sampling techniques because 0; € (0,7). Details on the derivation of this full
conditional distribution and the implementation of the univariate slice sampling step are

provided in the appendix.
4.4 Variance Component Estimation

4.4.1  Mazimum Marginal Likelihood

In the previous section, we presented a general approach for simulating from the posterior
distribution of 3 under the SPN, SNG and SPB priors. As a result, we can perform maximum
marginal likelihood estimation (MMLE) of the unknown variance components € and, in the
case of the SPN prior, ¥, using an Gibbs-within-EM algorithm. This is easiest to approach

by writing the likelihood as an integral over s and z, where 3 = s o z. We have:

/exp{—h (y| X,s0z,¢)} (\/%’mexp {—%z’(l‘%}) p(s]|0)dzds.

Given an initial value Q©, Gibbs-within-EM estimates of € can be obtained by iterating

the following until ‘Q(”l) — Q|| converges:

e using MCMC to simulate M draws (21, s ..., (2, s)) from the joint posterior
distribution of (2, s) given Q% ¢ and 0, set E [zz’\ﬂ(i), X, y, o, 9} = 37 Z z0) ( J))/;

e set QU = argming.  log (|Q2]) + str <Q_IIE [zz’\ﬂ(i), X, y, o, OD

In practice, we will rarely assume €2 is unstructured, as doing so requires estimating p +

p(p — 1) /2 unknown parameters from a single observation of a p x 1 vector. Instead, we
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will parametrize €2 as a function of lower-dimensional parameters, e.g. as a function of a
single autoregressive parameter p or as a function of several separable covariance matrices
Q= Qx ® - ® N which correspond to variation along different modes of the matrix or
tensor of regression coefficients B. However, the general approach to maximum marginal
likelihood estimation of €2 remains the same, with minimzation over €2 in the second step

replaced by minimization over the lower-dimensional components.

4.4.2  Method of Moments

In practice, maximum marginal likelihood estimation of variance components can converge
prohibitively slowly (Roy and Chakraborty}, [2016). Furthermore, it requires repeated simula-
tion from the posterior distribution of 3 for different values of the unknown parameters ¢, 2
and in the case of the SPN prior ¥, which can be prohibitively computationally demanding
when the data are high dimensional. Fortunately, method of moments type estimates of the
unknown variance components can be obtained under the SNG and SPB priors for fixed ¢
and ¢ respectively, and under the SPN prior when the symmetric formulation is used. As

noted in the Introduction, the prior moments are easy to compute under all three priors
E[B] =E[s]ocE[z] and ¥ =E[ss'] o E [22]].

Furthermore, under the sSSPN, SNG and SPB priors, the unknown parameters are determined
by second order moments of 3. When y is linearly related to X 3, a positive semidefinite
estimate of 3 can be obtained using methods from Perry (2017). When a generalized linear
model with a nonlinear relationship between X 3 and y is used, we are not able to take such
a simple approach. However, the ease of computing prior moments under the SPN, SNG
and SPB priors suggests that an estimate of 3 could be computed approximately either
under a multivariate normal prior for B using maximum marginal likelihood or using an
EM algorithm with a Laplace approximation to perform the expectation step. Henceforth,
we refer to the former as normal Gibbs-within-EM estimates and the latter as normal LA-

within-EM estimates.
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Under the sSPN prior, estimates of €2 and W can be obtained from an estimate P by

projecting

ﬁ]‘ and sign {ﬁ]} ‘ﬁ)‘ onto the positive semi-definite cone, where /-, |-| and
sign {-} are applied elementwise. Under the SNG and SPB priors, an estimate of € can
be obtained from an estimate 3 by projecting 33/ (1-E [sj]2) I, +E[s;] 1,17) onto the
positive semi-definite cone, where ¢/ is applied elementwise, E [s;]> = ¢ 1(T'(c 4 1/2)/T(c))?
under the SNG prior and E [s;]° = (7/2)(I'(2/9)/+/T(1/q)T(3/q))? under the SPB prior.

4.4.8 Fully Bayes Inference

Alternatively, fully Bayes inference with prior distributions over unknown prior parameters
could be performed. For all three priors, a conjugate inverse-Wishart prior for €2 is a natural
choice. For the SPN prior, a conjugate inverse-Wishart prior for ¥ is likewise a natural

choice.
4.5 Application

We assume X is separable, i.e. X = 3y ® 3, where 35 is a 8 X 8 covariance matrix
that characterizes the relationships of regression coefficients B across channels and 3, is a
208 x 208 covariance matrix that characterizes the relationship of regression coefficients B
over time. Because we only observe a single realization of B, we assume that ¥ is has an
autoregressive structure of order one. Because the scales of ¥; and 3, are not separately
identifiable, we assume that 3; can be written as a function of a single autoregressive pa-
rameter p with oy ;; = pli=3l without loss of generality. We include an intercept v in the
linear model and assume an improper uniform prior v ~ uniform (—oo, 00). We perform
empirical Bayes inference, with fixed p and 3, estimated from the data, as well as fully
Bayes inference with prior distributions assumed for €2 and, in the case of the SPN prior,
. We note that autoregressive structure is preserved when the elementwise product of two
autoregressive matrices is computed, i.e. if £ and ¥, have autoregressive structure of order
one with parameters po and pg, then 3; has autoregressive structure of order one with

parameter p = popw. In contrast, autoregressive and separable structures are not preserved
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by multiplying an exchangeable matrix, [E [ss’], and an autoregressive or separable matrix.

4.5.1  Empirical Bayes Estimation

Empirical Bayes results are based on estimates of p and 35 obtained under using the normal
LA-within-EM approach described in Section[4.4.2] We make this decision because maximum
marginal likelihood estimation is challenging for such high dimensional data, in this case
with p = 1,644. The empirical Bayes estimates suggest strong autocorrelation of elements
of B over time with p = 0.43. Figure [4.10] shows the estimated variances and correlations
of 3, which likewise suggests heterogeneity of B magnitudes across channels and strong
positive and negative correlations across channels. We compare estimates of 3 obtained under
structured shrinkage priors to estimates of 3 obtained under the corresponding independent
priors, with p = 0 and Xy = oI,,. We estimate & = 4.18 x 107* using the same LA-
within-EM approach. In this setting, we found that the Pdlya-Gamma latent variable of
Polson et al.| (2013) approach outperformed elliptical slice sampling for simulating from
Pisy (B8, X, y, ¢, ) in terms of speed and effective sample size. Accordingly, the results
presented were computed using Pélya-Gamma latent variables.

The Gibbs samplers based on independent priors appear to mix relatively well, with
a minimum effective sample size for v and 3 of 1,211 based on 5,000 samples from the
posterior. The Gibbs samplers based on structured priors mix much less well, with minimum
expected sample sizes of 3, 367 under a multivariate normal prior, 5,000 under the SPN prior,
196.49, 2,739.58, 16.34 and 60.45 under the SNG priors with ¢ = 0.3, ¢ = 0.5, ¢ = 1 and
¢ = 10, respectively, and 5000.00, 3,901.81, 5,000.00 and 25.89 under the SPB prior with
q=10.65, ¢ =0.78, ¢ = 1 and q = 1.75, respectively. Poor mixing is especially evident when
comparing posterior medians under the SNG prior with ¢ = 1 and the SPB prior with ¢ = 1,
which should be identical.

Figure [4.11] shows posterior medians for B under independent and corresponding struc-
tured priors. Unsurprisingly given that we estimate a smaller overall variance under an

independent prior, we observe that entries of B are shrink more aggressively under the in-
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dependent prior. We also observe little structure under the independent priors. Under the
structured priors, we observe clear and strong structure of B over time and across chan-
nels under all of the structured priors. The posterior medians under the structured priors
are easier to interpret, as they indicate that the behavior of EEG measurements at several
distinct time points on a subset of channels is relevant to prediction.

Figure shows ROC curves for using the posterior median fitted values to classify 100
held out trials for a subset of priors. Although not shown here, we note that in all cases
the structured shrinkage priors outperform their independent counterparts. We observe that
for this data, several of the structured shrinkage priors slightly outperform the multivariate
SNO (multivariate normal) prior, indicating that there can be classification benefits from

using a more complex structured shrinkage prior.

4.5.2  Fully Bayes Estimation

Fully Bayes results are based on assuming €, ~ Wishart (10, Is), pg ~ uniform (—1,1)
and, when using the SPN prior, ¥, ~ Wishart (10, Ig), pg ~ uniform (—1,1).

Regarding simulation from pgs, (8|s, X, y,Q, ), we find that elliptical slice sampling
is more stable than the Pélya-Gamma latent variable approach in this case, although neither
performs well for data on this scale [Polson et al.[(2013). We compute @ using a single cycle of
block coordinate descent each iteration starting from the previous value of @, with elements
of B split into approximately 67 groups of 25 elements per group. We use a weak convergence

threshold of ‘ ’55;‘“) o

’1 < 1072 for each coordinate descent iteration, where k indexes
the block, g is the number of elements in block £ and 7 indexes Newton-Raphson iterations
within each block and we permit a maximum of 100 Newton-Raphson iterations per cycle
for each block of elements of 3. We assume V = I »- We simulate from the full conditional
distributions of pn and pg using univariate slice sampling as described in the appendix.
Unsurprisingly given the choices of priors for €2 and ¥ centered at I,, and the priors
for po and pg centered at 0, we estimate larger overall variances and less structure than in

the empirical Bayes setting. Posterior medians of the overall variances range from 0.20 to
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0.62 and posterior medians of the marginal autoregressive parameter p rangr from —0.005
to 0.008.

Figure |4.13| shows posterior median estimates of elements of B under a multivariate
normal prior (SNO) and nine choices of structured shrinkage priors.They are less structured
than the empirical Bayes posterior medians, however they nonetheless show some evidence
of similarity across channels and over time. The Gibbs samplers do not mix well, with
minimum effective sample sizes for v, B and elements of 3 of of 1.44 under a multivariate
normal prior, 3.31 under the SPN prior, 3, 1.32, 1.33 and 1.07 under the SNG priors with
c=0.3,¢c=0.5,¢c=1 and ¢ = 10, respectively, and 2.14, 1.34, 1.65 and 3.27 under the SPB
prior with ¢ = 0.65, ¢ = 0.78, ¢ = 1 and ¢ = 1.75, respectively, based on 51,000 samples
from the posterior. Poor mixing is especially evident form the lack of correspondence between
posterior medians under the SNG and SPB priors with ¢ = 1 and ¢ = 1, which are identical
priors, and under the SNO prior and SNG priors with ¢ = 10 and ¢ = 1.75, which are very
similar priors. Despite the poor mixing, we note that the posterior medians under the SNG
priors conform to our prior expectations insofar as they all display similar structure but
increasing shrinkage of individual elements of 3 as ¢ — 0.

Figure shows ROC curves for using the posterior median fitted values to classify 100
held out trials for a subset of priors. We observe that for this data, the SNO (multivariate
normal) prior tends to perform best, suggesting that the fully Bayes implementation of the
structured shrinkage priors does not improve performance. This could be due to poor mixing
under the SPN and SNG priors, poor choice of priors on 2, ¥, po and pg, or too poor fit

of the more complex structured shrinkage priors for this data.
4.6 Discussion

We introduce three novel structured shrinkage priors for regression coefficients in generalized
linear models, the SPN, SNG and SPB priors. We carefully explore and compare properties
of these prior distributions and show that they can encourage both shrinkage and near or ex-

act sparsity and structure, which can be difficult to simultaneously model using existing prior
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distributions. We provide a parsimonious and general approach to posterior mode estimation
and full posterior distribution simulation based on univariate and elliptical slice sampling
that not only allows for straightforward simulation of elements of s from nonstandard full
conditional distributions but also is tailored to especially high dimensional problems where
n or p are large, as it avoids large matrix inversions and crossproducts in the simulation from
the full conditional distribution of 3. Last, we consider the problem of estimating logistic
regression coefficients in a P300 speller prediction problem, in which we are interested in
relating indicators of whether or not a subject is viewing a specific target letter y to a mul-
tivariate time series of contemporaneous EEG measurements. We demonstrate how all three
prior distributions can improve interpretability of estimated logistic regression coefficients

and out of sample prediction relative to multivariate normal or independent priors.

This material has several additional applications. Throughout, we have focused on the
development of structured shrinkage prior distributions for regression coefficients in gener-
alized linear models, however the same distributions could be used to model correlated and
heavy-tailed errors as in [Finegold and Drton (2011), as alternatives to Gaussian process mod-
els or to construct shrinkage priors for other quantities, e.g. covariance matrices (Daniels
and Pourahmadi, |2002)). Also, the key insight that allows us to construct a tractable Gibbs
sampler for simulating from pgg(s|3,0) under the SPN, SNG and SPB priors can be to
perform posterior inference under other novel structured generalizations of any shrinkage
priors that have normal scale-mixture representations. This includes the popular horseshoe
prior, as well as others (Polson and Scott, 2010; |[Bhattacharya et al., [2015]). This follows
from the fact that a change of variables facilitates the use of elliptical slice sampling for sim-
ulating from the full conditional distribution ps|g (s|3,8) for arbitrary priors p, (s|8). Last,
when X is full rank the material presented in this paper could be used to develop novel
g-priors by setting o< (X' X )_1 (Zellner| [1986)). Such priors might be useful for addressing
problems that arise when the Laplace prior or lasso penalty are used when columns of X

are correlated.

One limitation of this work is that the approach we develop for simulating from p, 5 (7|3, 0)
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can mix very slowly. This is especially evident under the SPB prior when a fully Bayes ap-
proach is taken. A natural next step would be to approach simulating from p,g (7|3, 0)
as we approach simulating from pgs (B|s,y, X, Q, @), i.e. pre- and post-multiply the full
conditional distribution of r by the kernel of a multivariate normal density that is either
exactly equal to or an approximation of the Laplace approximation of the full conditional
distribution p, g (7|3, ). This may be more feasible for some prior distributions for s than
others, and would also require the use of algorithms tailored to the specific choice of prior
distribution for s. Another limitation is that we treat ¢ and ¢ as fixed under the SNG and
SPB priors, respectively. In future work, we might consider maximum marginal likelihood
estimation of or assuming prior distributions for ¢ and ¢. However, we have observed espe-
cially poor mixing especially poor mixing when ¢ and ¢ are not fixed a priori. Accordingly,
if prior distributions were assumed for ¢ and ¢, an improved approach to simulating from
prig (7|3, 60) would be even more necessary. One more limitation is that the use of general
Gibbs sampling procedures that apply to any generalized linear model for y and any scale
prior ps (s|@) does result in a loss of computational efficiency when specialized algorithms
are available. We observe that using Pdlya-Gamma latent variables as described in |Polson
et al. (2013) can produce larger effective sample sizes per iteration of the Gibbs sampler
when a logistic regression model is assumed for y. Additionally, when the full conditional
distribution pg (B|y, X, @) is quadratic in 3, specialized algorithms for simulating from the
full posterior distribution under the SPN and SNG priors are available. Under the SPN
prior, simulating from the full conditionals p.s (2|s,y, X,€2) and p,. (s|z,y, X, ¥) and
under the SNG prior, importance sampling from py,js_; (s;|5_;, 2, X, y, ¢, ) as in [Finegold
and Drton| (2011) or Gibbs sampling from p;;s_; (s;|s_;, 3, 2) using the auxiliary variable
method developed by Damien et al.| (1999) as described in the appendix can produce larger
effective sample sizes per iteration of the Gibbs sampler. That said, both of these special-
ized algorithms also require more time per iteration than the more general slice sampling
approach we present when n or p is very large even when elements of 3, z or s are simulated

in blocks or elementwise.
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Figure 4.3: The first panel shows the values of a 208 x 8 ridge estimate Bp fora single subject
based on n = 140 trials which minimizes h (y| X, 3, ¢) + 33'8. The second panel shows a
histogram of elements of B, plotted against a normal density with the same mean and
variance as elements of Bp. The third panel plots pairs of elements of B, that correspond
to consecutive time points (Z\)R’ij,l;R’(i+1)j) against a gray dashed 45° line. The last panel

shows correlations of elements of By across channels.
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Figure 4.4: Relationships between structured product normal (SPN), structured normal-
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Figure 4.7: Copula estimates for 3 € R? with unit marginal prior variances and marginal

prior correlation p = 0.5.
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Chapter 5

CONCLUSIONS AND FUTURE WORK

This thesis has considered advantages and disadvantages of interpreting penalized re-
gression problems from a model-based perspective. We show that treating penalties as
priors facilitates estimation of unknown prior or tuning parameters in settings where other
approaches either fail or are impractical, enables joint estimation of many unknown prior
parameters simultaneously, and aids in the construction of novel, interpretable priors with
desirable properties. We also show that treating penalties as priors without carefully con-
sidering whether or not a certain prior is appropriate can be perilous. We encourage the use

of broader classes of priors to protect against poor prior specification.

In the first two chapters, we consider problems that require estimation of a one-to-three
dimensional vector of unknown likelihood and prior distribution parameters for which the
maximum marginal likelihood estimates are not computationally feasible to obtain. We are
are able to develop moment-based approaches to these problems that are easy and quick to
compute. However, such moment-based approaches are likely less efficient than likelihood-
based approaches as well as challenging to extend to settings where the response vy is related
nonlinearly to 3, e.g. where generalized linear models for y are used or where 8 = vec (B)
is the vectorization of a matrix for which a rank shrinkage prior is assumed. [Doss| (2010)
provides an MCMC assisted approach to the approximation of intractable likelihood surfaces
that could be applied to obtain maximum marginal likelihood estimates of the unknown like-
lihood and prior distribution parameters. Regarding the second chapter, “Testing Sparsity-

)

Inducing Penalties,” maximum marginal likelihood estimation of the unknown likelihood and
prior distribution parameters could be used to construct a likelihood ratio test of the null

hypothesis that a Laplace prior for regression coefficients 3 is appropriate if the distribution
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of the likelihood test statistic under the null could be derived.

Material in the second chapter, “Testing Sparsity-Inducing Penalties,” suggests the de-
velopment of pathwise coordinate descent algorithms for ¢, penalties. Previous work has
found that pathwise coordinate descent algorithms can be useful for solving penalized re-
gression problems under other penalties that span ¢y to ¢; penalties, but has also argued
that the family of ¢, penalties are not amenable to pathwise coordinate descent algorithms
(Mazumder et al., |2011)). Observations we make in “Testing Sparsity-Inducing Penalties”
suggest that the properties that Mazumder et al.| (2011)) argued make ¢, penalties ill suited
to pathwise coordinate descent are not inherent to ¢, penalties but rather are a consequence
of the standard parametrization used in the optimization literature, A [[3[|7. As a result, we

may conduct a small additional project that shows how the parametrization of the ¢, penalty

used in ‘Testing Sparsity-Inducing Penalties” 2 ( Flzl(?; ;132>q/2 ||,8||g can be used to construct
pathwise coordinate descent algorithms for fast computation of ¢, penalized estimates and
entire regularization surfaces.

The third chapter, “Structured Shrinkage Priors,” suggests several avenues for future
work. Because a change of variables facilitates the use of elliptical slice sampling for sim-
ulating from the full conditional distribution pgg (s|3,8) for arbitrary priors p, (s]@), one
natural extension might be to consider the construction of novel correlated priors for s that
generalize the independent normal and polynomially tilted priors used to generate SNG and
SPB priors. The main challenge would be in defining density functions for s that correspond
to integrable multivariate distributions with reasonable properties. The slice sampling ap-
proach we take for simulating from the full conditional distribution psge (s|3,6) could be
used even more generally to simulate from full conditional distributions of correlation ma-
trices and elements on the Stiefel or Grassman manifolds in a generic way. Consider the
problem of simulating from a probability distribution over p x p correlation matrices C with
density pc (C), which might arise in data fusion type problems where p X p sample covari-

ance matrices Sq,..., S, are observed, each of which measures relationships between the

same p units measured using different devices or at different times. We might want to model
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each covariance matrix S; as a function of its variances v; and correlations C;, as they are
interpretable quantities that we may have access to prior information about, however such
an approach may require simulation from pg, (C;|v;). In general, it is challenging from dis-
tributions over correlation matrices because the distributions of freely varying elements c;;
are often nonstandard and constrained as C' is necessarily positive semidefinite. However, it

is always possible to factor pe (C) as

pc (€)= [CI" e (C) /o0
(*)
where n > p+ 1 and (%) corresponds to the kernel of the joint distribution of the elements
of the p x p correlation matrix of n vectors x; “% normal (0,1,). Accordingly, simulating
values of C' according to pc (C) is equivalent to simulating the unconstrained values of an
n X p matrix X according to

exp {—%Vec (X)' vec (X)}pc (C (X)) /det (C (X)) D2

(. S
~~

(%)

where C (X)) is the p x p sample correlation matrix of X and (x) corresponds to the kernel
np independent standard normal densities.

One last avenue for future work related to “Structured Shrinkage Priors” is to reexamine
priors that correspond to the fused lasso and other structured penalties that are in use
and revisit the question of whether or not the unknown prior parameters can be related to
moments of B. It would be valuable to have a computationally simple and fast approach to
estimating unknown prior parameters under these priors because computation of posterior
summaries under these priors is well studied and straightforward, whereas computation under
the structured shrinkage priors we introduce is challenging both because they correspond to
nonconvex posterior mode optimization problems and because they require MCMC based
inference. This is tricky because under priors corresponding to the fused lasso and other
structured penalties, entries of 2 are functions of random variables that enter linearly into

Q! but not Q. However, possible ease of computing E [Q_l o (3_1 o (s‘l)/)} under these
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priors suggests that we might be able to overcome this difficulty and relate moments of 3 to

the unknown prior parameters.
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Appendix A

SUPPLEMENT TO “LASSO ANOVA DECOMPOSITIONS FOR
MATRIX AND TENSOR DAT

A.1 Uniqueness of M, A and C

As this is a standard lasso regression problem, uniqueness of M is well known (Tibshirani,
2013). Suppose we have two unique solutions for A: A and A, where A -+ A. Then it must
be the case that A = A+ al,+ 1,0, where a # 0 and/or 8 # 0, i.e. al;,+1,0" # 0. Let
C and C be the corresponding solutions for C'. By uniqueness of M, we have:
A+C=A+C=M.
It follows that C = M — A and C = M — A. Substituting our expression for A in terms
of A into C yields C =M — A — al, —1,03". Then:
Hvec (C’)H = ||vec (M —A-— al), — 1n,8’> ‘
1 1

< V€C<M—A>H +Hvec al’—i—lnﬁ’)Hl

= Vec< )H +|‘V€C<a1/+1n/6)H1

I,

and

1
202

C
It follows that Hvec <O>H1 < H (
I, <

e e (©)

This contradicts our claim that the A and C solve the penalized regression problem. It

e 30

vec <Y —M)

1

follows that A is unique and as Cis uniquely determined by M and 121, it follows that C is

unique as well.
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A.2 Equivalence of ANOVA Decomposition of Y and M

We can rewrite the penalized problem as follows:

. 1
minimize,.a5,05 5 |[vec (Y — X0)||2 + A ||vec (O)|], ,

where @' = [ poa b vec(C) } and
X:[1p®1n 1,1, I,®1, Ip®1n]. (A.1)
N R N /
A solution, 8 = [ f a b vec (C) } satisfies the KKT conditions:

. 0-1iay
X' (Vec (Y—M)) = e
Acvee (T)
—1,1]  ifé; £0
Using Equation (A.1]), the first 1 4+ n + p equalities give:

where Vij €

7. =M.

where 7. = an D1 2ge Yigs Gio = %Zé’:l yij and §; = 2 37" | ;5 and .., ;. and 1. are
defined accordingly. This means that the two-way ANOVA decompositions fits based on Y

and M will be the same.
A.3 Proof of Proposition 2.2.1

To prove this proposition, we need to compute [E [7’(4)} and E [(f@))? . We use the following

result from Konig et al.| (1992):

E [(az’Sm)z] — aF [21] + (0 + 28) E [2227], (A.2)
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for a mean zero random vector x of independent elements and symmetric fixed matrix S,
where v =37, 5%, 0 =37, sisj; and =37, 57,
First, we rewrite E [(7:(2))2] to resemble Equation (A.2)):

() = (v (€4 2 (0,0 H,) e (€= 2)

We compute «, 6 and  below:
2
o = (np> ((n B 1) (p_ 1))
np
(n—-1)*(p-1)°

np
iy 1) (D=1 ’
0 =np (np 1)( " )
(np—1)(n—1)*(p—1)°
np

B=mnp(p-1) (nr;f):n(n—1)p<p;1)2+n(n—1)p(p—1) (i)z
=)D+ - e-1)+m-1)(p-1)
np

Recalling x is defined such that E [cfj} = (k + 3) o} and plugging these expressions for
a, f and € into Equation (A.2)) yields:

E [(f@))?] _(n— 1;;7; -1’ <mj§ +3 (o2 + 0—3)2) n (A.3)
(np—1) (n—1)2 (p—1)2 (02+02)2+
n3p3 ¢ z
2((n—1)2(p—1)+(”—11(5—1)2+(”—1)(P—1)> (0? + o)
nip

e (n_l)Q(p_DQ ! (n—1)(p—1) 202 o2)?
() (e

(n—1)(p—1) 2 2\2
2( b )(ac+az).

Now we compute 7. Letting Ej;, be an np x np matrix with the k-th diagonal element

equal to 1 and all other elements equal to 0. We can rewrite 7% so each term in resembles
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Equation (A.2)):

1 &
) = — (vec (R)' Ejyyvec (R))2
np k=1
1 & ) ,
=5 2 (vec(C + 2)' (H, ® H,,) By (H, @ H,) vee (C + 2))
k=1

The matrices (H, ® H,,) Ey, (H, ® H,) take the place of § in Equation (A.2).

From Equation (A.2]), we have to compute the sum of squared diagonal elements, denoted
by ay, the sum of pairwise products of distinct diagonal elements, denoted by 6, and the
sum of squared off-diagonal elements, denoted by [y, for each of these matrices. Before going
further, we show that 0, = ;. Letting e; is an np x 1 vector with the k-th element equal to

1 and all other elements equal to 0,
ap + b = tr (H, ® Hy) Ex (Hy ® Hy) (H, ® Hy) By (H, @ Hy))
=tr((H, ® H,) exe;, (H, ® H,) erey)
= (e}, (H, @ H,) e;)”
:(m—m@—wf7
np

ap + 0y =tr(H,® H,) By, (H,® H,) ® (H, ® H,,) Eyy, (H, ® H,))
(

tr (H, ® H,) Ey, (H, ® H,))*

tr (H, ® H,) exe,)’
= (e, (H,® H,)e;)’

ey

It follows that By = 0.

This means we only need to compute the sum of squared diagonal elements and the sum
of pairwise products of distinct diagonal elements of (H, ® H,) E. (H,® H,).

Each matrix, (H, ® H,) Ey, (H, ® H,), is constructed by multiplying the k-th column
and the k-th row of (H, ® H,,). By symmetry of (H, ® H ), this is the same as multiplying
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the k-th column, denoted by (H, ® H,),, by its transpose,
(H,® H,) Ew. (H, ® H,,) = (Hp®Hn)k (Hp®Hn);g-

Regardless of k, each column (H, ® H,,), has the following elements:

(n=1)(p—1).

np !

e One element equal to

e (p— 1) elements equal to —%;

e (n — 1) elements equal to —%

1
e (n—1)(p—1) elements equal to .

The diagonal elements of (H, ® H,) Ey, (H,® H,) will be given by the squared el-
ements of (H,® H,),. Note that the only feature of the diagonal elements of
(H,® H,) Ey; (H, ® H,) that depends on k is the order of these elements. Accordingly,

the sum of squared diagonal elements, aj, and the sum of pairwise products of distinct
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diagonal elements, 6, will not depend on k. Dropping the subscript, we compute o and 6:

" ((n— 1711529_ 1))4+ (p—1) (nn_p1>4+ (n—1) (pn_pl)4+(n— 1) (p—1) (nip)4

:(”—;)ﬁgf_” (n=1 (=1 + (= 1)+ (p— 1)* +1)
:(n—l)(n2—3n+3)(p—1)(p2—3p+3)
n4p4
6=(p—1) ((n_l,,)ﬁ;,f_l) ) +(n—1) <(n_17)l4;f_1) ) +(n-1)(p-1) <<n_1714]§f_1) >+
w12 <(”n1p? ) Hn- - (“’“ S ) F-1) -1 <<”n1p?

(n—1)(n—2) <(pnzp? ) +(n—1)%(p—1) ((pnzp? ) -~

=D G- (0= -1-1) ()

-1 -1+ p-Dp-2) (-1 + -1 -1+ (p -1 (- 1)+
-1 -1+ -1 -1+ (-1 (-2 (p— 1) + (-1 (n— 1)+

n-10-1+0m-10-1)+nm-1)0-1)+nm-1)(p-1)((n-1)(p—1)—1))
:n%pAt(Q(p—l)g(n—1)4+2(p—1)4(n—1)3+4(p—1)3(n—1)3+
p-Dp-2)n-1"+2p-1)*n-1"+m-1)n-2)(p-1)"+2(p-1)° (n—1)"+

(=1 {p-D)(n-1)(p-1)-1))
(n—1)(p—1)(2np* + 2n%*p — 3p*> — 3n*> — 8np+ 9p + 9n — 9)
n3p3
_ ((n—l)(p—l))z_ (n—1)(n*—3n+3)(p—1) (p° —3p+3)
np n3p3
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Plugging these expressions into Equation (A.2]) yields:

E [77(4)} —k ((n — 1) (n2 — 3n+221§§)_ 1) <p2 - 3p+3)) 0’?‘1‘ (A4)
3((n—17)l]§p—1)) (03—1-03)2.

Plugging in the excess kurtosis, & = 3, of Laplace distributed ¢;;, Proposition 2.2.1 follows

straightforwardly from the definition of 6% and Equations (A.3)) and (A.4)).

A.4 Proof of Proposition 2.2.2

We start by showing consistency of our empirical Bayes estimators as p — oo with n fixed.
The proof of consistency of our empirical Bayes estimators as n — oo with p fixed is analo-
gous.

Recalling that our empirical Bayes estimators are functions of 72 and ¥, we start by

proving that 7@ % (%=1) (02 + 02) as p — oo for fixed n. First, we compute E [7?].

E[F®] = nipE [vec (R) vec (R)] (A.5)

= nipE [vec (C+2Z) (Hp®Hn)VeC(C+Z)]

- nipE [vee (C' + Z) (H, ® H,) vec (C + Z)]

_ niptr ((H, ® H,)E [vec (C + Z)vec (C + Z)'])

1
= n—ptr (H,® H,) (62 + 02)
(n—-1) (-1 (
np
For fixed n, as p — oo, E [F?] =0 (1) (%=1) (62 + 02).

n

We can compute V [f@)] explicitly using Equation (A.3)).

V] = x ((n— D’ (p— 1>2) 4o ((n— 1) (p - 1>> 2+, (A6)

ndpd n2p2

03 —{—02) .
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For fixed n, as p — oo, V[f?] = O (%) It follows that 7@ 5 (2=1) (02 + 02) as

p — oo for fixed n.

n— n27 n
Now we show 74 & x (M) ol +3 (”—_1)2 (02 4+ 02)? as p — oo for fixed n.

n n

n3

. —(4) (nfl)(n273n+3) 4
From Equation (A4), we have E[f¥] = O(l)h———mg——=)0o: +

O3 (”7_1)2 (02 +02)2 as p — oo for fixed n. Now we evaluate the order of V [FV],
starting by evaluating the order of E [( @) ] For convenience, we let ;; = ¢;; +2;; and use
the following way of writing elements of R: r;; = x;; — ;. — Z.; + .., where 7;. = % b Tij,

= 1 1
j = 2ie1 Tij and T, _anz 1 22j=1Tij-

[oy] -2 | (% zzru)

zljl

1 n
:n2p2E er§j+z Z rfj'rf,]/]

Li=1 j=1 =1 j'=p,i'j'#ij

e (23 (-nran ()
= E 2y — 2+ 0, ( —
n?p? Zzljzl R V7
1 n »p n 1 4 1 4
—FE (xij — Lf’.j + Op (—>> (Ii/]‘/ — f.j/ + Op <—)>
n2p? lezlg VP VP

+

7w;;;;E%~»wwwﬁH4%
Z%EE (211 — :E.l)j(:vm ~21)']+ <E> E [(z11 — 2.4)"| E [(212 — 72)'] + O (_

*

(5 et e0()
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The term marked by x is constant for fixed n, it is a degree eight polynomial of n
independent elements of X, with coefficients that depend on n alone.

Now we need to compute the remaining unknown term,

n
=2
n—1 4 n— 2 1 n n 4
:( o )E[xllll}"‘ﬁ( o )E[me (E;‘fd) +E (-;%1)
n—1\* 6(n—1)° s n—1 3(n—1)(n—2) 2
—(22) let) + e ) 4 P o)+ 2 D o
n—1)((n—-1)7°+1 n—1)(6m-1)7°+3mn-2
n—1)(n?>—-3n+3 3(n—1)(2n—3
CEUEE R FINYPR LR T T P
_ 2 _ _ 2
:H(n 1)(n3 3n+3)af+3<n 1) (‘734‘03)2
n n
. L . _\ 2 2 "
Combining this with our expression for E [(r( )) }, we have V [(r( )) ] =0 (75) as
—(4) P (n—l)(n2—3n+3) 4 n—1\2 2 212
p — oo for fixed n. It follows that 7 = k| —2F—2 ) o? + 3(2=1)" (02 +02)" as

p — oo for fixed n.
Plugging in the excess kurtosis, k = 3, of Laplace distributed ¢;;, combining F 2

n— n2— n
3 <( 1)( —3 +3)) ot +3 ("7*1)2 (02 + 03)2 as p — oo for fixed n with 72 % (%) (02 +02)

n3

4
c

4

as p — oo for fixed n, and applying the continuous mapping theorem yields & LN o.,
625 02 N, B A, and 62 B 02 as p — oo for fixed n.

Now we show consistency of our empirical Bayes estimators as n,p — oo. It follows
directly from Equations and that 7#® 5 62 + ¢2 as n,p — oo. Regarding 79,

we again let z;; = ¢;; + 2;; and use the following decomposition:

Tij = ZEij — Xy — CC.j + ..

For convenience, we also let n = mq, p = moq, where 0 < m; < 1 and 0 < 7, < 1 are fixed

and 7, + my = 1. Then the scenario n,p — oo is equivalent to ¢ — oco. We have:
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mq 729
1

=(4) o _p _z.oag )t
T il ZZ (xij — i — T+ T..) (A.7)

i=1 j=1
1 Tq 729 1 4
o 22 (70 (35))
1 m™q 729 1 1 1 1
4 3 2
7r17T2q2 ;; J Jj P \/a Jjp q Jp \/53 P q2
1
=39 — (kot +3 (02 +02)°) + (not +3 (02 +02)") + 0, (_)
A > q
O (5)
e gd 2 22 1
=ro, +3 (0l +02)" + O, :
q

It follows that 7 % ko + 3 (02 + 03)2 as ¢ — 00, i.e. as n,p — 0.
Plugging in the excess kurtosis, k = 3, of Laplace distributed c;;, combining RO
30443 (02 4 02)% as n,p — oo with 7@ 5 62462 as n, p — oo and applying the continuous

: : 4 P o P L P o P
mapping theorem yields 62 = o, 62 = 0%, A\. = A\, and 62 = 02 as n,p — oc.
A.5 Derivation of Asymptotic Variance of 5>

Letting x;; = ¢;; + 2, we will use the following decomposition:

7"1']' = fl?ij — fi. — i[f.j + ...

Without loss of generality, we let n = mq, p = maq, where 0 < 1 < 1l and 0 < m < 1
are fixed and m; + mo = 1. Then the scenario n,p — oo is equivalent to ¢ — oo.

For 7 we have:
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7r17r2q

72

1

7T17T2q
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)2

rso (1))

1 1
_i~ — I.j)2 —+ («rij — J_Ii. — f‘.j) Op (5> + Op <?

Tj+T.

mq 729

D IPBICIEE
™q 729

=1 j=1
>

i=1 j=1

mq 729

=1 j=1
m™q 729 )
1=

_ _ 1
2.731].73'1 Qxijx‘j + 2$Z£E] + Op (?)

We find the order of most of the terms below:

7T17T2q

7T17T2q

7T17T2q

m™q 729

DRI

=1 j=1

m™1q 729

52
(71'17'('2 el

(1)
)

J=1

mq 729
5D D it =
=1 j=1
7r1q 29

E ;X5 =

=1 j=1

[t

Plugging these expressions into the equation for 7?) gives:

14 m2q
1
7 =z + — +— 240, — .
qu ; Ve
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Now we compute the means and find the orders of the variances of the middle two terms,

: : 1 T1q 2
starting with —— > /17 77

A
72 72
i=1
1 ™24 2
= E Ty
542 (; J)
= 5 (e [+3)])
B W%C]z T2q% [i
_E[2]
Taq
Note that ﬁq >4 7? is a mean over independent variables, ZZ. Accordingly,
A\ [#q 221{ @2} = %WV [:@2] Now we find the order of V [jﬂ
V]z}] =E 7] - E [:cff
4
1 m2q ) < 1 )
=B (e ) | +0(
4.4 ij 5
24 <j=1 q
: B 212 1
— 7T§Q4 (WQQE [:Czj:| + 3772q <7T2q — 1) E [mZ]] ) + 0] ?

Then V [ S :Ez} =0 <i3) and L ST g2 Bleh] _ O, (#) The same logic yields

1
mq =1 "1 mq =1 "1 T2q

2.
LN g2 B[] O, <L> Plugging this into the equation for 7?) gives:

maq L~j=1""] Tiq
E |zZ 1
+ el +0, | —
mq Taq Va

For 74 we have:



mig T2q
1

F4) = g 3ozt
" _7rl7r2q2 Z Z (.T” Li. l"] + ﬂf)

i=1 j=1

1 T™q 729 1 4
= Tij — T — T+ 0p | =
T T9q? ZZ( J J p(q))

i=1 j=1

1 g 729 B o ) . 1
:7r17T2q2 ZZ (T — i — ) + (T35 — T = T5)° Oy (_) !

i=1 j=1

1 m1q 729 B ) ) 1 1 1 1
:7T17r2q222($ij—$i.—1’.j) +0, ? + 0, — +0,(=]+0,( =

i=1 j=1 q q* gt
TRAL Y \ .
:7r T 222(%1_@'_3—37) + O, (_2)
1m2q” 52 j=1 q

mq m2q
1
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4 —4 —4 3 = _3 3 — _3 _3_ _ _3

i=1 j=1

Jr J) -

1
627,77 + 6, x° + 6T, 17 + 1205, 5,25 + 120457, T.j + 122455075 + O, (q )
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), we can find the order of most of these terms:
T1q Taq 1
7, =0,
T1T2q? ;jzl P (QQ)
m™q 729
1
=0, (—2)
T1T2q? P — q
T™1q T2q m™q T29 1
T T = x> —o. | —
eEE e B Rl ()
SR ED 1
IB =0, —=
1 miq 729 5 1 mq 729 1 1
T = ;0| —= | =0, —

m1q 729
1

=3
DIPILILE

mme == (
s a=o()or(75) =0 (3)
71732(]2 §§$§xj = O (q_z)
e an=o(F)o (7)o (3)
szt =0 ()0 (1)on (35) =0 ()
mig g
p—— ;;Jz”mz O, (\/16_15) .

Plugging these expressions into the equation for 7(?) gives:

Tq 729 Tq 729 19 g 729
) () 2 72
T +— 227+ Ty E g 227,75 + O, .
g ;; T mmag? Z;; T nmd =" (f)

Now we compute the means and find the orders of the variances of the remaining terms,

starting with

DUPDEEEE

1 7r2q2
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1 = 1 &e T —
[ L3 ] LS (L350)
R[N
m™q T2q m2g

L5859
:L . ( L <7r2qE[ ] + moq (maq — 1)IE[ 21}2))

mTq < 72(]
E [wzﬂ + (mg — DE [22]”
B T3

E [22]°
=0 (%) + M
q T2q

Note that this term is the mean of m¢ independent, identically distributed terms, so to

find order of its variance we just need to find the order of the variance of a single one of the

(£ ezl
(5 (€] )

= 7r6q (ﬂng [ } + moq (meq — 1) E [mfj] + 2moq (meq — 1) E [ l]} E [:vf]] +
2

2maq (m2q — 1) (maqg — 2) E [z,] E [xq + 6maq (m2g — 1) E [

iJ i

12m9q (Mg — 1) E [ U} E [xfj} + 127m9q (m2q — 1) (m2q — 2) (meq — 3) E [x?jr) +

o) =0 (e)

terms.

1 29
=2 2

1

\%

o) B[] +
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It follows that V [ L 71 57724 42 } =0 (%) and

mq 729 m2q 1
2 =2
xz i X;: L =0 —s | -
T Taq? 2; ! T1T2q 2; p (\/63)
™ ™ E|z2, 2
By the same logic, E [mqu > 2]2‘11 T3 } -0 <qL2) + [m;] and
149 729 T1q T2q 1
2 —2 2 =2
Ty - Ty = — .
b Ene ek g o ()

Now we just have to compute the mean and order of the variance of one last term,

7r17r2q2 27"1‘1 ZWQq Z‘Zf]
m™1q 729 m™q 729 24 T1q
2
T T2q> Zwaxli] - (w 2r2qt ) - ]ZIE Tij (/ZIQ:U') <lez/3>]
i= Jj'= 1=
_ mm¢’E [zh]  E o] 0 (l)

=1 j=1
— — —
Timaqt T1T2G? >

Because this term cannot be written as an average over independent, identically dis-
tributed random variables, computing the variance in this case is a little bit trickier. We

have
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1 mq 729 m™q 729 mq 729 24
5 E E mfjiz g E V x L0 T +2 E E E Cov $ ST T, w,:vZ f.j/] +
mTT2q” “— < 7T17r q
i=1 j=1 i=1 j=1 i=1 j=1 j'=1,5'#j

T™q 729 ™9

222 Z Cov :v xlx],xl,]xzfx]]+

i=1 j=14¢=1,i"#1

mq 729 mq 24
2 E g E g Cov a: xzm],xz,],xllx /}

=1 j=1¢=1,0'#i j'=1,j'#j
1

:W (7?17T2q Vv [:v T;. T } + 27r17T2q (m2q — 1) Cov [xfsz xj,xfj,xz T } +

2m maq” (maq — 1) Cov [:pf .7, xf,]xl/ Z. } +

27r17r2q2 (7r17r2q2 — T q — Taq + ) Cov [:Uf]:vl T, xf,],xzf T D
1 9 _ _

2 (7r2q - 1) 2
= V —C .. ’ i/
P —— [:1: ;. :c]} + P ov [JL'U:L'Z Z.j, a:'” Z;.X. ] +

2 (’Ngq — 1)
T T2q?
2 (mmaq® — mq — mq+ 1)

7T17T2q

2 2
Cov [mijml T.j, T Tir. T i+

2 2
Cov [%J% T, Ty T T ']

1

- (?) V [252:35] + O (Q) Cov [T, Ty +

O (%) Cov [ﬂfgjxl :L’J;SCZ/]:C@/ z. } + O (1) Cov [:c?j:clx 2T T ,] .

Jor il g

Examining the first term we have:

(e o () ()] (0

- (Blilenaten BB AIEET) Lo (1) -0 (%)
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Then examining the second term we have:

p 2 - = _ 2,2 —2- = 2~ = 12
Cov [zijzi.$.j, xij,xi.:v.j/} =K [xijxij,xi,a:]x]/] —E [xijx, x]]
1 m2q 2 mq T1q 1
E .ZUQ .ZUQ XTiin Tils XTin +0 | —
2,2 4 igvig! ] ] ] 4
TiT5q q
1 4 =1 =1

The same logic yields Cov [x?ji'ij:.j, xfj,ii.a_:.j/} =0 (—4>

Then examining the last term yields:

2~ 2 o~ - 1_ 2.2 — o~ - - 92
Cov [xijxi,x.j,xi,j,xi/.x.j/} =E [xijxi,j,xi.xi/.x.jx.j/} —E [2;;7;.7.4]

=E [JJ?JQ_JZL?Q} E [x?/j,a_:i/.i’.jz] —E [Iijfi.f.j]Q = 0.

Putting the pieces together, we get:

HORORIO IO RIGORIE
EEa] -0 (3)

2 _ _
ZZ 1]
T1Taq?

i=1 j=1

T™q 729
1

R
1]
TG

i=1 j=1

\Y%

It follows that

mq 729
1

2 _ _
25 E ;%% — K
T1T2q

i=1 j=1
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Substituting these expressions into our last equation for 7%, we get:

m™q 729 mq 729 mq 729
#(4) _7(4) _
Y=+ 6 2 % i- 2 xzy i 2 xw i
T1T2q” i1 mMT2q” = i mm29” =
m™q 729 m™q 729 m™q 729
sz ZZW + 6E ZZJ/Q 7
T Taq? i T Taq? o1 =1 T T2q? = =1
m™q 729 m™q 729 m™q 729
p— E E xwxzx] p— 5 E IZJIZSL’J + 12E F— 5 E aczjaclxj
TR2Yo1 j=1 TR29 21 =1 TR29 1 =1

- (%)
o (57) o) =B 0 G) o) o ()

6E [22]” 1 1
::3(4)+M+O (—2> +0, (—3 .
T1T2q q V4
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Now we plug these expressions for 72 and #*) into our equation for &%

5t =0 (1) (r9/3 - (79)%)

oF [22]° 1 1 E [42 1\
=0 (1) x(4)/3+ﬂ+0(—2)+0p <_3 _ £(2)+M+Op —
T1T2q q V4 T Taq V4

=0 (1) <$(4)/3 — (#®)"+ % +0 (é) +0, (%) _

=0(1) (93(4)/3 — @) +0 (q_12) + 0, (%)) .

Recalling that r is defined such that E [z})] /3 — E [x?jf = ko*/3, we have
Vmimeg? (67 — kol /3) 4 /mmag? (9?"(4)/3 — (i2)2 — /{03/3)

as ¢ — 0.
But what is the distribution of the right hand side? As z® and z* are sample moments

of independent, identically distributed random variables x;;, we know that as ¢ — oo:

RGO 1y [Ifj} 4w lo \Y [%2;} Cov [x%j, I?j}
W —E [z})] \ Cov (=3, 2] V []

vV T T2q?
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Let f(y,z) = z/3 — y* and note that f (E [27] ,E [z}.]) = rko!/3 and

) v

—2E [2]

V@R ER) =

)

Applying the delta method yields:

e (g:«<4> /3= (22 = ko /3) LA (A.8)

N (0,4E [2]*V [22] - 4E [22] Cov [a2, %] /3 + V [] /9)

157 g

as ¢ — 00.

Up to this point, we have just used the assumption that z;; = c¢;; + 2z;;, where z;; is
normal and both ¢;; and z;; are independent, identically distributed from symmetric, mean
zero distributions. This will be convenient later, when we need to find the asymptotic
distribution of 67 assuming (a) ¢;; are normally distributed and/or exactly equal to zero and
(b) assuming ¢;; are drawn from a Bernoulli-normal spike-and-slab prior. However here, we
are interested in finding the asymptotic variance of 64 assuming c;; are Laplace distributed

with variance o2. In this case, we have:

2

_ 2
=0, + 0o,

= 30*;l + 3 (O’? + 03)2

]
]

v [x%} = 50° + 40202 4 20
1] = 6(140° + 1300 + 6020 + 209)
]

= 12(2070% + 2040502 + 99020 + 320%0° + 80%).

Substituting these in to our expression for the asymptotic variance of 62 and simplifying

yields and substituting n and p back in for ;¢ and myq, we have
Vvnp (62 — o)) 4N (0,8(690% + 420002 + 1500 + 40203 + 0%)/3) (A.9)

as n,p — oQ.
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A.6 Derivation of Asymptotic Variance of Ae

We can obtain the asymptotic variance of A, = v/2 /(6914 from the asymptotic distribution

of 6% via the delta method. The asymptotic variance of A is given by:

- . 302) (69 + 424p* + 159" + 49 + 9®) /np,

2
2 8 1
( f) () (6908 + 420807 + 1500 + 40708 + %) /np = (
where ¢? = 02/02.

A.7 Derivation of Asymptotic Joint Distribution of 62 and &2

Again, we let z;; = ¢;; + z;;. Using the derivation given in Section 5, we have:

Kl

& 02 + 02 . : o2+ 02
v p - — /NP —

7 30t +3 (02 + 0?) 4 30t +3 (0% + 0?)

as n,p — o0.

&I

Applying the delta method and letting ¢? = 02 /02 yields:

4

d g

— N[0, =
(052)

o o

Vnp

N 0N
N 0N

o o

where
o1 = 2 (69 + 424> 4+ 150" + 4¢9° + ¢%)
o12 = — (111 + 72¢% + 309" + 8¢° + 2¢°)

099 = 99 + 72¢% + 369" + 80 + 2¢°.

Note that ¥ only depends on 2, the ratio of o2 to 2.

o o? d
Letting z = % p— ¢ and noting that z — N (0,X) as n,p — oo,
Veile e

~92 2
o 1 o
1—-Pr c >0 =1-Pr z>—— ¢
6.2 o; 0.2
z z

1

=1—Pr|z>—+/3np
wQ

This probability depends only on the dimensions n and p and the ratio of the variances .
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A.8 Proof of Proposition 2.3.1

The proof of Proposition 2.3.1 follows directly from the derivation of the asymptotic distri-
bution of ¢4 given in the previous section. To prove Proposition 2.3.1, we need to find the
asymptotic distribution of 62 under the null hypothesis, Hy: ¢;; + 2;; ~ i.i.d. N (0,02 + o2).
Under this null hypothesis, ¢;; + z; < Cij + Zij, where ¢;; is Laplace distributed with 0 and
Z; is normally distributed with variance o 4+ 2. Applying equation (A.9), yields:

Japet & N (0, 8 (02 + 02)" /3)

as n,p — oQ.

2

2 is unknown. Fortunately,

However when we are testing the null hypothesis, 02 + o

n—1)(p—1)

It follows directly from Equations (A5) and (A.6) that 62 + 62 5 02 4 02 as n,p — oo,

4
(62 +62)" = ((#) f(2)) B o2+ 02 asn,p — .

and by the continuous mapping theorem (62 + 62)* % (02 + 02)* as n, p — co. Accordingly,

5.4

\/np < 4N (0,1)
3 (02 +02)°

as n,p — oo and under Hy, Pr (,/np (%) > zl_a) — q as n,p — 00.

5(62+62)
A.9 Proof of Proposition 2.3.2

Combining Equation (A.9)) and consistency of 62 + 62 for 02 + 02 as n,p — oo that follows
from Equations (A.5) and (A.6), we have:

~4 4
Oc Oc

i a4y (0 690° + 420802 + 15020 + 40205 + af)
np — : .
$2+62)° (32 +a) (ot +02)’
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We can simplify the mean and variance and write them as a function of ¢ = ¢2/0?:

o0 _ \/3 o'
i o 8 <<¢2+1>2>
6907 + 420802 + 15020" + 40208 + 05 680% + 360002 + 900" + (07 + o2)*
(ot +02)" B (01 + 02)’
6808 + 360802 + 9oio?
(o +02)’

68¢° + 3605 + 9¢*

=1+

=1+
(¢* +1)*
It follows that:
3np ¢!
~4 Zl—a — < ( 2)
o) ER R e
(62 +62) VI

as n,p — 0.
A.10 Proof of Proposition 2.3.3

To prove Proposition 2.3.3, we first need to compute the unknown quantities that appear in

Equation (A.8):
E [‘Tfj] :7Tc7-(;2 + O-z
E [z}] =3 (et + 277202 + 073)
E[a}] =E [}] + 15E [c}) B [:}] + 158 [} E <)) + B[]

=15 (7rc7'c6 + 3m.1io? + 3mrlot + O'S)

E [z},] =E [¢};] + 28K [¢};] E [2};] + T0E [¢};] E [2);] + 28K [¢},] E [25] + E [2})]

i i ]
=105 (7?07'08 + 4w, 7802 + 6T 0t + Am 20 + O’S)

\Y% [mg ] =3 —-m) 7Tc7'c4 + 4#070203 + 203

ij

2 4
Cov [xij, xij] =120% + 367 0i72 + 427 ,027F — 672027 + 157,70 — 3w2Te

\Y% [chj] =960° + 384m.0%72 + 6127007 — 367 0tT! + 42070270 — 36720270 + 105w, 70 — 92T,

c”z'cC z C c z' cC
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Equation (A.8) yields the following variance:

1
3 (808 + 3270972 4+ 24 (3 — 7)) meoiTs + 16w, (5 — 6. + 3m2) 0270 + 7. (35 — 63, + 4872 — 1272) 7).

This can be simplified slightly to:

1
3 (8 (mer? +02)" + 7o (1= m) (7127208 + 16 (5 — m) 7802 + (35 — 28, + 20) Tf))

Now combining this with consistency of 62 + 62 for 02+ 02 = 7,72+ 0% as n,p — oo that

follows directly from from Equations (A.5) and (A.6]), we have:

i ol o me(l-T) ' d
8 (62 + 62)2 8 (m.12 + 02)2
3 c z 3 cle z

1- 270t + 16 (5 — 6,52 _ 9 50) -8
N(0,1+”‘3< me) (727.0; + 16(5 = M) reo, + (35 — 28me + 0>rc)>'
8 (w12 + 02)

We can simplify the mean and variance and write them as a function of ¢? = 72 /02

me(l—m)7) w(l—m)e*

Sz 402’ (/8 (mes?+ 1)’
me (1 —m.) (721}0; +16 (5 — m.) 7202 + (35 — 287, + 20) 77)
8 (me2 + 02)* B
Te (1 — 7e) (729" + 16 (5 — 7.) ¢° + (35 — 287, + 20) ¢%)
8 (mep? + 1)

1+

1+

It follows that:

3np e (1—mc)p*

~d —a — 2
o o 8 (med?+1
Pr | /np E >2ql|l 2 1—-0 = — = (W6 )7 —
8 (AZ + A2)2 1+ we(1—me) (7292 +16(5—7c ) $O0+(35—287.+2072) p®)
3\0c T 0 8(med?+1)2

as n,p — Q.
A.11 Proof of Proposition 2.3.4

First, we consider the case where p — oo with n fixed. The case where p — oo with n fixed

is analogous. In the proof of Proposition 2.2.2, we show that 7@ % (2=1) (62 + ¢2) and
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n3 n

n— n2— 3
5 g (M> o +3 ("—’1)2 (02 + 02)* as p — oo with n fixed. Applying the

continous mapping theorem yields 62 2 \/k/302 and 62 5 o2 + (1 — \/K,_/3> o2 as p — oo
with n fixed.

Now we consider the case where n,p — oo. In the proof of Proposition 2.2.2, we show
that 7@ 5 62 + 62 and 7 5 ko + 3 (02 + 02)” as n,p — oo. Applying the continous

mapping theorem yields 62 5 /k/302 and 62 & o2 + <1 — \/li/3> o2 asn,p — oo.

A.12 Negative Variance Parameter Estimates

% 6% <0
) 9 01 02 03 04 05 06 07 08 09 1
05| 000 000 000 000 000 000 000 000 000 000 0.00
1] 000 000 000 000 000 000 000 000 000 000 0.00
15| 000 000 020 000 000 000 000 000 000 000 0.00
% 62 <0
. 0 01 02 03 04 05 06 07 08 09 1

0.5 ] 56.40 47.40 40.20 33.60 35.40 37.00 36.40 45.00 44.60 48.60 52.20
1156.60 29.00 20.80 12.80 13.00 13.40 15.60 28.20 29.80 40.80 55.80
1.5 |52.60 12.00 420 280 3.60 4.8 6.60 10.40 22.20 35.20 55.60

Table A.1: Rates of negative estimates of ¢ and o2 across simulations.

Table shows the rates of negative estimates of 02 and o2 across simulations using

Bernoulli-normal spike-and-slab distributed elements of C', settingn =p =25, u =0, a = 0,
b =0 and 02 =1 and varying 72 = {1/2,1,3/2} and 7. = {0,0.1,...,0.9,1}. For each pair
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of values of 72 and 7, 500 values of Y are simulated.

A.13 Block Coordinate Descent for LANOVA Penalization for Matrices with
Lower-Order Mean Parameters Penalized

We can use block coordinate descent to obtain estimates of the unknown mean parameters

by iterating the following procedure until the objective function

1
252

[[vee (¥ — M)|l; + Aa llall, + o [[bl]; + Ac[[vec (O)]],

0)

converges, starting with a" = H,Y1,/p, B( = H,Y'1,/n and C’(O) = H,YH, and

k=1:
A p— , A —

o Set M =1/, (Y a1, -1, (57) - 6" ”) 1,/ (np);

A — / A —

e Set R((Ik) —-Y — /l(k)]-n]-;) _ 1n (b(k 1) B C(k 1) and set

a™ = sign (HnRék)lp/p) (‘Hnng)lp/p‘ B Xaﬁf/p)+;
e Set RY =Y — 1,1/ —a®1, - ¢V

~

/ A~
b = sign (Hp (R(bk)> ln/n) (’Hnng)lp/p‘ - /\bﬁg/n> ;
+

and set

e Set Rﬁk) = Y—ﬂ(k)lnlgj—d(k) 1;3— lnl;(k) and set C’(k) = sign <R£k)) <‘R(k)

A.14 Proof of Proposition 2.4.1

We prove Proposition 2.4.1 by computing E [(f(Q))Q} and E [7V]. Starting with E [(F@))Q} ,
we again use the result of Konig et al.| (1992)) given by Equation (A.2), which yields:

E [(F(Q))Q} —E [(vec (C + Z) HS)vec (C + Z))z} (A.10)

=g (/wf +3 (02 + 03)2> + (O0x +28k) (07 + 02)2 :
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2
where ax = P (h(K)>, Bk = PSP A h(K and 0 =

j=1 JJ J=1 £4l=1,l#j "°jj

P

2
i1 1 4 (hg?) and x is the excess kurtosis for the distribution of the elements of

C, which in this case where elements of C' are assumed to be Laplace distributed is x = 3.
From the definition of H%) it is straightforward to see that all of the diagonal elements

of H®) are identical and equal to sz1 p’;;l. Therefore, it is straightforward to compute

ar and Og.

o= fi (55)

k=1 Pk

K K B 1
_ (Hp’“ . 1) H Pk
k=1
K K B 1
Dr — 1 H pk
k=1 k=1

Computing Sy is a little bit trickier, however we can rewrite H®) = H ; @ HE~Y and

obtain a formula for Sk as a function of ax_; and Sx_1:

2
Br =Pk (pK—l)( = )(OéK 1+ Br-1) + i (pK_l) Br-1
pK Pk

2
= (pK — 1) (ag—_1+ Br-1) + Mﬂf(—l
Pk Pk

= (pK — 1) ag—1+ (px — 1) Br—1
Pk

To eliminate [Bx_; from this expression, we note that ax + B = tr (H(K)H(K)) =
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tr (H(K)) = <Hf:1pk) (Hszl p’“p—;l) = Hle (pr —1).  Adding and subtracting

(pxg — 1) ag_q yields:

Br

pr — 1

(I; pK—l)OéK1+ (px — 1) (ax—1 + Br-1)
» K—1

Z(K pK—l)OéK1+pK—1HPk—1)
Pk i

el Pk
_1 K
:—H (B +H pe—1).
k=1
oK

Plugging these terms in to Equation (A.10) yields:

B [()7] = L (ot +8 (02 +0)?) +

b1 Pk
(ﬁ (Do — 1)2 _ H (pr — 1)2+
k=1 o1 Pk
2 <_H(pk—1) +H(pk—1)>) (02 +0?)
o1 Pk k=1

:H (P —1)” Kot + (H(pk—1)2+H2(pk—1)> (034“73)2'

k=1 k=1

Now we need to compute E [ } We start by rewriting the expression,

mr Hk 303 (see (R QU e (R))

klzkl

Hk 1PE =1 =1

>3 (vee (C + 2) HUOQU W H e (C + 7))

(A.11)

where QUtx) = (eiKe;K) QR - ® (6i1621)’ where e;, is a p, x 1 vector with entry i) equal

to 1 and all other entries equal to zero.
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Again, we can use Equation ((A.2):

K
PK Hk:l Pk

H Z Sy <H<K>Q<i1 ..... m)H(K))Q'
k=1Pk j=1

t=1

E [F¥)]

Hk 1Pk Hk 1Pk

DS (( HIOQU- W) (HIQU- g™

=1 I=1,l#j

First, to simplify the problem, we show that

Hszl Pk Hl?:l Pk Hszl Pk Hl?:l Pk

Sy ( HF) Qi) H<K>> ( HF) Qi) H(K)) =y ¥ ( HF)QUin-ix) H(K)>2 ,
” ) Ji ) X ) Jt
=1 I=1,l#j =1 I=1,l#j
First, we compute the following:
Hf:ﬁ”k Hk 1Pk Hk 1Pk
3 ( HUO QUi K > + Y ( HE Qi ix) H<K>> ( HF) Qi) H<K>> _
=1 j= I=1,l#j 73 i

ezkezk 1pk 1;)k/pk:))2 -

(@
[Lor
f[ 1pk/pk’> em) =
1
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Now we compute:

T, pe 9 T2 pe [Ty Pr

3 (H(K)Q(n ..... zmH(K)) I HE) QUi m)H(K))
Jj — - Jt

j=1 =1 I=1,#j

Htr Pk pk p /pk) elkezk (I 1pk Dk /pk) elkezk) =
Htr (el (e — 1y, /m1) (€l — 1}, /D1) €ir) =
k=1

[

Py Pk

It follows that
[Ty o [Ty pw [Tiey o Ty pw

HE) Qlivs iK)H(K)> (H(K) (i1,.) iK)H(K)> _ (H(K) (i1,.) iK)H(K)> '
>SS (a9 (mg =3 Y (ave |

J=1  I=1,#j J=1  1=1,#j
[ 2
Now, to determine if PPy lpk( K)QUiawir) i )>,, and
4
. ) 2
an 1Pk le_lkll;’;k< HE) QUi ZK)H(K)> depend on the values of i1,...,1x, Wwe ex-
Jt

H(K)Q(il ..... iK)H(K):<HK®...®H1)((eiKe( )®"~®(611 11))(HK® @ H))

'K

! HK> R X (H1€i16;1H1>.

Each matrix He;, e;k H | is formed by multiplying the i,-th elements of each row of H,

by the i;-th elements of each column of Hy, yielding a matrix with:

2
e one diagonal element equal to (p’;;l) :

e p; — 1 diagonal elements equal to z%’
k

2

gl
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e 2(p, — 1) off-diagonal elements equal to — (p@l);

o i (pr — 1) — 2 (pr — 1) elements equal to pi%

Accordingly, the specific i, used to construct the matrix H keikeng ; determines the
relative locations of the diagonal elements and the relative locations of the off-diagonal
elements, but not the composition and values of the off-diagonal elements and diagonal
elements. As a result, the sum of squared diagonal elements, the sum of pairwise product of
different diagonal elements and the sum of squared off-diagonal elements for each submatrix
will will not depend on the specific e;, used to construct the matrix.

Likewise, because the diagonal elements of H5)QUtix) ) are given by the prod-
ucts of diagonal elements of the components, He;, e; H}, and the off-diagonal elements of
H5QUuix) ) are given by the products of diagonal and off-diagonal or off-diagonal
alone elements of the components, Hye;, e Hy, the sum of squared diagonal elements and
the sum of squared off diagonal elements of H (K Q1) ) will not depend on the values
of 11,...,1k.

o 2
Defining S¥) = HOQUu-) FE) and setting ayx = P <s(-K)>, Ok =

J=1\"71

ZJ Dy L1 53 sy and [ = Ej ) le’k# <s§f)>2, applying Equation (4.1) from Konig
et al.| (1992)) yields: For reasons discussed below, we drop the (iy,...,ix) superscript on S
because the sums of squared entries of S and sums of products of diagonal entries of S that
we are interested in computing do not depend on them and it simplifies notation. We explain
why this is the case later on.

Now we simplify the notation. Let S = g Qliv-ix) k), dropping the iy, ..., ix
indices because the functions of S we are interested in do not depend on them. Define

2
R = ZH’“ L <sl(lK)> and S = an e Eznli l;l;k ( ]f)> . Note that we can simplify our

expression for E [ (4)} from earlier as follows:

E [f(4)] =K (/wf +3 (ag + 03)2> + 30k (062 + 03)2 : (A.12)



135

To help us compute ax and S, we can expand and rewrite S%) as follows to obtain a

recursive formula for S given S~V which will :

SW = (Hxk®--- @ Hy) ((ecel,) ©-- @ (ene},)) (Hrx ® - © Hi)
(HKehe;lHK) X <(HK,1 X .. Hl) ((eiK_le;K_1> R R (€i1€;1)> (HK—l & .. H1)>

(ILIKGZ'1 e§1HK) &® S(K_l).

We can compute ak recursively from this formula; the sum of sqaured diagonal elements

of S will equal the sum of each diagonal element of H rei,€;, H g squared multiplied by

the sum of squared diagonal elements of SV, ay_;:
-1 —1
N (s | s (A
Pk Pk
P — 1
=220 (o — 30+ i)y
K
—1
_Pe D) (2 3+ 3) ansy
Pk
K
_H (px — 1) (PF — 3px +3)
- 3
k=1 Py

Now we can compute Sk in a similar way. The sum of squared off-diagonal elements of
S will be given by the sum of each diagonal element of H k€, e;, H i squared multiplied
by the sum of squared off diagonal elements of SE~Y, B, 1, plus the sum of each off-
diagonal element of H ge; e; H g squared multiplied by the sum of squared elements of

SE=D ey + By
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—1\* -1
5}(:((2%( >+(p1<4 ))5K—1+
Pk Pk
2 (pre — 1)° —1)—2(px — 1
((pK4 )_I_PK(pK )4 (pK )) (CYK—1+5K—1)
Pk Pi
—1
:(pl;4 )(<pK—1)3+1+2(pK—1)2+PK—2)5K1+
K
-1
(p1;4 ) (2 (px — 1)+ pr — 2) ag_1
K
pr —1 3 2 2
:( o )(pK—3pK+3pK+1+2pK—4PK+2+Z?K—2)5K1+
K
-1
(pf;4 ) (Zp% —4dpg + 2+ pi — 2) aE_1
K
K —

- (29 P 1) ((Pk = px) (a1 + Br1) + (=i + 3px = 3) axc 1)

Noting that ax_1 + fx_1 = tr <S(K_1)S(K_1)>, which we computed earlier as equal to

K-1 pk—l . . . . . . .
) ( o ) , we can eliminate Sx_1 from this expression, yielding:

(YR ()

Pk Py Pk

K pk—l 2
g( Dk ) moK
K

11

k=1

3 .
Pk Pl Dy

(pk—l)z_ﬁ<pk—1><pi—3pk+3>

Substituting these quantities into Equation (A.12)) yields:

B[] = [[ DO oy T (D) g et (g

k=1 Py

Proposition 2.4.1 follows directly from Equations (A.11) and (A.13) and plugging in
K= 3.
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A.15 Proof of Proposition 2.4.2

First, we consider the scenario where a single pyr — oo, with all other py, k # k' held
fixed. Without loss of generality, we consider px — oo and assume pi, k < K, fixed. First,
we show consistency of 7, which involves first computing E [77(2)} and then showing that
V[F®] =0 (L)
PK
We compute E [F@)} as follows, where Hy, = I}, —1,, 1, /p; and H® —H.® --@H;:
1

“HEK
Hk:l Pr
1

Ry
[Tiz1 P

E [72)]

E [Vec (V) Hvec (Y)} (A.14)

E [VGC (C + Z) H®)vec (C + Z)]

|

—+
—

S
&
~—
—~
S)

o
+

Q

IS 3N )
SN—

Now we turn to computing V [f(z)], which we write as:

vl =E (0] -Epe s

Substituting the expression for E [(f@))z] given by Equation (A.11]) into the expression

for the variance of 7 yields:

K 2 K
\V [f(2)] H (pkz; 1) Hag + H 2 (ka— 1) (03 i 03)2
k

k=1 k=1 Dk

i)

As a result, 7 B T (p’;gl) (02 +0?) as px — oo and pg, k < K fixed. More

Pk

generally, for fixed &/, 72 5 HkK:Lk#k, (p’“—_l> (0% + 02) as ppy — oo and py, k # k' fixed.
Now we show consistency of #*), which involves using the expression for E [F(Q)} given

by Equation (A.13) and showing that V [F¥] = O (i) First, we drop the (K') superscript
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from HY) and let p = Hszl pr for simplicity. We decompose H: H = F — iG, where
F=1, Hg 1®---®@H; and G = (1pK1;K) QHKg 1®---® Hy. Accordingly, we have
vec (R) = (F - pikG) vec (Y).

Let f, and g; refer to the j-th rows of F' and G, accordingly. Then the j-th element
of vec (R), r; = fivec(Y) — gjvec(Y) /pk. The operation gjvec(Y') /px takes means of

elements of Y~ over the K-th mode, so g/vec(Y') /px = O, <\/%T() Then:

Expanding the first term, we have:

#| G (o () ) |-

(o )]
z% ]Zi;jé;# E (f;vec (Y)+0, (\/%))4 ( flivee(Y) + 0, (\/%))4] .

Now let’s consider the structure of each fj, recalling that F =1, Q@ Hrg 1 ®---® H;.
Each f; has p entries, but only Hf:_ll pi entries are nonzero. If vec (Y') ; belongs to the i;-th
level of the K-th mode of Y, the nonzero entries correspond to elements of vec (YY) that also
belong to the ¢;-th level of the K-th mode of Y. This means that each product, fg»vec (Y),
includes only the Hf;ll pi, entries of vec (Y') that belong to the i;-th level of the K-th mode
of Y.

Because the number of elements of Y in each f}vec (Y'), the entries of any f;, and the
eighth moment of each element of Y are finite and do not depend at all on px and are fixed

when py,...,px_1 are fixed, each E [(fg-vec (Y))a] for a = 1,...,8 are finite and fixed for
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fixed pi,...,px—1. As a result, E [(f]vec (Y)*] 0, (ﬁ) =0, (\/%7) Additionally, by
exchangeability of the elements of Y and structure of the matrix F' (each row of F' contains
the same elements in a different order), E [(f/vec (¥))] = E [(fvec (Y))"] for all j and
# > i E [(fg-vec(Y))S} = %E [(f’lvec (Y))S] =0 (p%) Then we can simplify the first

term as follows:

[ o (2]

B [(Fjvee () () ] 0, ().

Now, we consider how the fivec (Y') and f,vec (Y') relate when j # j', specifically with
respect to which elements of Y are contained in each and if there is any overlap. We define
i; as the level of the K-th mode that the element vec (Y'); belongs to. For a fixed j, let J;
denote the set of Hf;ll pr — 1 indices that correspond to other entries of Y belonging to the
ij-th level of the K-th mode of Y, besides vec (Y),. Then if j' ¢ J;, f}vec(Y') does not

contain any of the same elements of Y as fvec (Y'), so we can write:

L (o)) |-

7=1

iz Z E[ fivec ( ))4 (fvec (Y 4} plz:: Z [ fhivec(Y)) ] [(f;/VeC(Y))ﬂ N

2
p =1 j'ed;

Z%i ZE [(fgvec (Y))4 (fvee (Y))ﬂ + (P )Hk 1 Peg [<fllvec (Y))4]2 Lo, (\/%)

%i E[(Fvee ) (Fvee (V)] + E[(Fivec v +o, (im)

Note that by the same arguments, we can expand the second term of Equation ({A.16))
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similarly:

Then we have

\% [f(‘l)} :]% z”: Z E [(fg-vec (Y))4 (fvec(Y)) } + 0, (\/;!19_1() :
i=1j'eJ;

The last step is to address the first term in the above expression. Recall that for fixed
3, (fivec (Y))4 for j/ € J; contains the same [[r px elements of Y as (fvec (Y))4,
with coefficients that do not depend on pg. Therefore, (fvec (Y))4 (f;»,vec(Y))4 is
a polynomial in H,I:;ll pr elements of Y which does not depend on pgx at all, there-
fore E [(fgvec (Y))4 (fvec (Y))ﬂ is fixed and finite. It may not be the case that
E[(f;-vec (Y))4 (fvec (Y))ﬂ is equal for any j,j/ € J;, but a maximum, which
again does not depend on px and is fixed for fixed pp,...,px_1 exists. Let C' =
minimize; jc 7, E [(fg-vec (Y))4 (f;-,vec (Y))4]. Then

2 Z Z E [ flivec ( )) (fvec (Y))4] < p( k=1 2pk B 1) c

Jj=1jeJ; p

Geeofz)

Il
—

w
b
Il
—

k
as pg — 0o when pg, k < K fixed.
Combining this result with 72 2 [T (p’“p—;1> (024 02) as pg — oo when py, k < K

fixed, plugging in x = 3 and applying the continuous mapping theorem yields &2 LN ol

~9 P, 2 { P ~9 P 2
0. = 07, Ae = Ac and 07 = 0.
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Now we consider the scenario where pi,...,px — oo. It follows directly from Equa-

tions (A.14) and (A.15) that 7® 5 02 4+ 02 as py,...,px — oo. Next, we need to examine

7. For convenience, we also let p, = m,q, where 0 < 7, < 1 are fixed and Zszl T = 1.

We also let m = Hszl 7t Then the scenario py,...,px — o0 is equivalent to ¢ — co. We

again let x;, ;. = Ci,. ix + %, .i. In this case, we do not give an explicit decomposition

of elements of R into elements of X, rather we note that each element of R is a sum of

the corresponding element of X and averages over terms of X that belong to at least one

of the same modes. The averages with the largest variances are given by averages over the
1 N~ig

levels of just one mode, e.g. Z., i, = = Z“ 1 Tiyige = Op (\%) Using the same logic as

T1q
Equation (A.7) we can write:

1 K mRq 1 4
oo L ; (o0, ()

It follows that 7@ & kot + 3 (02 + 02)° as ¢ — o0, i.e. as py, ..., px — 0.
Plugging in the excess kurtosis, k = 3, of Laplace distributed c;;, combining ORI

304 +3(02+02)% as py, ..., px — oo with 7@ 5 62 + 62 as py, ..., px — oo and applying

4
c

2

the continuous mapping theorem yields 64 5 o2, 62 5 o2 A, B A and 62 & o2 as

P1,...,PKg — OQ.

A.16 Notes on Extending Propositions 2.3.1-2.3.3 to Tensor Data

Extending Propositions 2.3.1-2.3.3 to tensor data amounts to showing

VB (64— kat/3) 5 b (39 /3 — (2?) — kol /3)

where ;, i = Ciy.i, + Ziy.ig, @S P1,...,Px — 00. We do not go into great detail showing
this as we did in the matrix case because all the same logic used to prove 7 4 7@ and

7@ % 7 as n,p — 0o in the matrix case can be applied.
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For convenience, we also let p, = m,q, where 0 < 1, < 1 are fixed and Zszl m, = 1. We
also let m = Hszl 7, Then the scenario pq,...,px — 00 is equivalent to ¢ — oco. As in the
previous proof, we do not give an explicit decomposition of elements of R into elements of
X, rather we note that each element of R is a sum of the corresponding element of X and
averages over terms of X that belong to at least one of the same modes. The averages with
the largest variances are given by averages over the levels of just one mode, e.g. Z., ;, =

ﬂ%q zzlql Tiy i = Op (\/ia), and the averages with the second largest variances are given by

averages over the levels of two modes, e.g. T.;, ;. = mrqu 2:1121 f;ql Tivig. i = Op (%)
For ease of notation, we’ll write the average of elements of X over level i of the k-th mode

as T_;,. We can write:

K 1
sz...iK = xil---iK - Zf_ik + Op <5) .
k=1

For #® we have:

1 K mkq K 1 2
f(Q) :7rq_K Z Liq.ig — Z j—ik + Op (5)
k=1

k=1 ip=1
2

! K g K ) K i ; 1 , 1
_M_KZ wil...iK_waik + xi1...iK_Zx7ik b 5 + Op ?

k=1 ix=1 k=1 k=1

1 K mkq K 2 1

Ly (—z) w0,(4)

k=1 ix=1 k=1

1 K mrq K 1
g 2 D P+ 2 —22% w2y Y +0p(—2>

k=1 i,=1 =1 k=1 k'=1,k'#k

E |22 . 1
25(2)_’_ 11~--1K] +Op -,
NG

where the last line follows from using the same logic as the matrix case.



For 7% we have:

"B (e B ())

k=1 1x=1

K mrq 4 K 3 .
K Z Z <x21 K Zx 'Lk) <$il...iK - Zflk) O, (5) +
k=1

kllkl

(xK - Zf_ik> Oy <

g o

1
K

1
qK

K

=1 ix=
K TEq
k=

:f<4>+m+o(

Tq

Now we plug these expressions for 7

K

1
¢

1

+Op (%) )
V4

5 =0 (1) (f<4> /3 — (f<2>)2>

—o() (x(4)/3—( ) +O<q)+0 (

7)

E =2 E
21 ’LK .T_ _2 xll ZKx 'Lk
=1 k=1

7)

where again the last line follows from using the same logic as the matrix case.

K 1
_) + (mh...iK — Zi‘_zk> Op (E
k=1

gfj i

2 and 7™ into our equation for &%:

=)

Recalling that « is defined such that E [2};] /3 — E [27] ? = ko*/3, we have

gk ((3;1 — ﬁaf/S)

as ¢ — 00, i.e.

A SrgK <f(4>/3 —(z%)? - mﬁ/s)

Vb (0 = rat/3) S b (39 /3~ (2)° ~ kol/3).

as pi,...,Ppg — Q.
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A.17 Block Coordinate Descent for LANOVA Penalization for Three-Way
Tensor Data

We can use block coordinate descent to obtain estimates of the unknown mean parameters

as by iterating the following procedure until the objective function,

1

52
20¢

[vee (Y) = X8 — vee (O)[[; + A ||vec (O)]]

converges, starting with vec (é(0)> =(H,,® - -® H,)vec(Y) and k = 1:

e Set B(k) = argming Hvec (Y) — vec (C’(k_l)

2
)
2

) -ws

e Set vec (C’(k)> = sign <vec (Y) — WB(k)> <‘VGC (Y) - Xé(k)‘ N 5\6&3)+

~ (k
The step of setting ,3( : is simpler than it appears, because as we have observed in the

matrix case, the unpenalized regression problem is the equivalent to fitting a K-way ANOVA

A (k=1
decomposition to Y — C( ).

A.18 Lower-Order Mean Parameter Variance Estimators for Three-Way Ten-
sors

First we define the following unpenalized OLS estimates:

a=(1,/ps®1,,/p2 ® Hp, ) vec (Y)
1,,/ps®@ Hp, ®1,, /p1)vec(Y)
(Y)

vec (E) = (1,,/ps ® Hy, ® Hp, ) vec (Y)

(

(

d= (Hy, ©1,,/ps ® 1, /p1) vec

(

(

vee (G) = (Hp, @ Hy, © 1, /p1) vee (Y) .

)
vec ( F ) = (Hp, ® 1p2/p2 ® Hm)VeC (Y)
)
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Now we define the following estimators of lower order-mean parameter variances:

S VS 1O B N N O 1 v(2>)
o, = a”’ — e — + r
P1—1< p2—1 ps—1 (p2—1) (ps — 1)
2= P2 (fo_ 1 o 1 =@ 1 :(2>)
oy = b — e — g7 + r
’ p2—1< p1—1 ps—1 (p1—1)(ps — 1)
2 D3 (5o e L @ 1 v<2>>
o5 = d + 7
I p3—1< f pz—l (p1—1)(p2—1)
63 _ DP1P2 ( 5(2) )
(p1—1)(p2—1) p3 — 1
52 — p1pP3 (Jz(z 2))
(p1—1)(ps—1) pg -1
~2 DP2Ps3 <(2) 72) )
04 = g
P (=1 (ps—1) ( p1—1

where a® = 13" a2, = i i 2 & and b@, &P, & and f@ are defined

Jj=1"j

accordingly and & estimates o = 2/)2, 0}, 07, 05, 07 and 07. These estimators are unbiased

and consistent under certain asymptotic scenarios; all of the estimators are consistent as

P1,. .., P — 00, however only 62, 62 and &J% are consistent as p; — oo with po, p3 fixed.
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Appendix B

SUPPLEMENT TO “TESTING SPARSITY-INDUCING
PENALTIES”

B.1  Proof of Propositions 3.2.1 and 3.2.2

Proposition 3.2.1 is a special case of Proposition 3.2.2 with 62 = 0. Accordingly, a proof of
3.2.2 suffices for both.

Let B5 =V HC +°1,)"'V ' X Ty, where § > 0 is a nonzero constant, where V is a
diagonal matrix with diagonal elements 4/diag (X D¢ ) and C'is a “correlation” matrix cor-
responding to X ' X, such that X' X = VCV. Define B = V™' (C + 6*I,) ' CV B and
5=V 1(C+ 52Ip)_1 C(C+ 521p)_1 V1. Under normality of the errors z as assumed
in the model given by

y=XB+z bi....0 ~ EP(r,q), z~N(0,0L,) (B.1)

2

where E'P is the exponential power distribution with unknown shape parameter ¢, 72 and o2
are the unknown variances of the regression coefficients 3 and noise z, Bé| B ~ N (Bs,0°35).
Following [Van der Vaart| (2000), the approximate distribution of v <B§> conditional on

(3, can be obtained via a Taylor expansion/the delta method:
(0 <B§> = (B5) + Vo (B5)' (Ba - 55) +r (Bmﬁa) ; (B.2)
where elements of Vi (3;) are given by

o ixrop 4 (BTl -8 (AT )

EI A (xnm)

and r (,35 — ,35> is a remainder term that depends on 35 — 35 and higher-order derivatives

of the function v (-) evaluated at B5. Because higher order derivatives of the function 1) (-)
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will all involve the constant % multiplied by a function of 35 and p and and Bé — Bs,

r (Ba»ﬁ&) =0p (% H/B(S - ﬁa) ‘2> = 0p (UQtI"(E(;)/p)

Returning to and letting 33 refer to B; with elements raised to the third power
1602
pPms (,35)6
o (o*tr (Xs) /p) -

E[(¢¥(B5) — ¢(B5))*|8] = (m2 (B5)? BT Ss85 — my (B5)° By TsBs) +

Letting mg (B;) = % L B3, it follows that

EI(4(3s) — v(8:)18) < — 07" (3375,8%) + 0 (o7t (S)

ma(Bs)*
< 160 (M) tr (s) /p+ o (o*tr (Z5) /p) -

ma (Bs)

B.2  Bias of i (B;)

A first order approximation of the distribution of 1 (3;) is given by:

¥ (B5) =ma (Bs) /ma (B5)" ~ E [ma (8,)] /E [m2 (8)]” +
VS (E[m2 (B5)] . E [ma (B5)]) m,

where m = ( 7 (Bs) = Elma (B)

my (B;) — E[m4 (B;)]
can see that when my(8;) = E[ma(B;)] and m4(8;) 2> E[m4(Bs)], applying the continuous

) and f (mz (B5) ,ma (B5)) = ma (B5) /ma (B5)°. We

mapping theorem yields that approximate the mean of 1(3;) will be E [my (8;)] /E [ma (B5)]*.
We can compute E[my(3s)] and E[my4(B;)] as follows:

E [ms (8,) :%E [tx (87 85)]

Z%E (Ve (c+en) viva(c+8L,) ovegT)|

2
:%u (ve(c+an) ' vivi (c+ L) Cv)

2
:%tr (XTXD*XTX),
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where D = V=1 (C +621,) "' VL
Letting A = DX " X with rows a;,

1 p
Elmi (85)] = Y E[(a]8)
=1
ZEZZ@E [5]] +3_ ahaiE [65]°
L k#k
7_4 p p

p
=5 2 2 Gk (k3 +3)

L k£k

Then letting o = tr(X ' XD*X ' X)/p, v =>4, > (DX X),/p and
w = 3(( ?Zl(XTXDQXTX)?j)/p — ) we have

E [ma (85)] /E [mz (B5))” =p (v (v +3) +w) /a”.
B.3 Coordinate Descent Algorithm/Mode Thresholding Function

Let x; refer to the j-th column of X, X _; refer to the matrix X with the j-th column
removed and B_; refer to the vector 8 with the j-th element removed. The solution to the

problem
minimizeg ||y — X,@H; + A HBHZ
can be computed by iteratively solving
minilrnizeﬂja:jT:I:]ﬂ]2 — 26,2 (y — X_;8_;) + A5

for y =1,...,p until convergence of the objective function is obtained.
This requires repeatedly solving the following (which corresponds to the mode threshold-

ing problem when z = BOZS)

1
minimizeB§ (B—2)"+\|Bl".
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When ¢ < 1, the solution is computed using the method described in Marjanovic and
Solo (2014)). When ¢ > 1, the solution is computed as follows. Like in Marjanovic and Solo
(2014)), we assume that the optimal value of v will have the same sign as z. This allows us

to reduce the original problem to the simpler problem:
minimizewo% (v — |2])* + M. (B.3)
The optimal ~ solves:
VAT = 2]

v + Aqy?! is monotonically increasing for v > 0. There are various ways to solve this
problem, we did so v using bisection. Because v + Agy?~! > 0 and v + A\gy? ! > ~ for all
v > 0, we can be sure that the optimal value of 7 is in the interval [0, |z|]. Taking (¥ = 0,
u® = |z| and 4@ = 1@ + (u© — 1) /2 and setting k = 0, the bisection algorithm is as

follows:
o Set 2 = ~(F) 4 \g (W(k))q—l'

e Compare z¥) to |z|.

— If 200 = |2|, take [*+1) = ¢ (k+1) = (k)
— If 2 > |2, keep %+ = [®) and set uk+D) = ~k),

— If 2 < |2|, keep u**Y = u®) and set [F+D) = (),
e Set ,y(k+1) — l(k+1) + (u(kJrl) _ l(k+1)) /2‘
o If u**1) = [(*+1) get the optimal value of 3 to sign (z)y*+1.

o If w1 £ [+ repeat these steps.
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B.4  Full Conditional Distributions for Gibbs Sampling

The full conditional distribution of 3 given = is given by:

1
P(BIX . y.7) oxg exp {—ﬁ (BX'XB+ 2ﬂ’X’y)} 1 a<pea;

I'(3/q) V2
draw samples from p(8|X,y,~), we use the method described in Rodriguez-Yam et al.

r 1/q
where A; = ( e q)> ( R ) This is a truncated multivariate normal distribution. To

(2004) apply a change of variables to transform the problem of sampling from a p-variate
truncated multivariate normal distribution to p univariate truncated normal distributions.
We sample from each univariate truncated normal distribution using Robert (1995). Al-
though this is not the most modern approach, it was the most stable method we considered.

For convenience, define n; = ( %) (@) Then the full conditional distribution

for each ~; is given by:

4
p(418) o5y, exp { =273y, } Lypr,

This is a translated exponential distribution, from which sampling is straightforward.
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B.5 [Estimates of %, 0 and ¢ for EP Distributed (3

Figure shows histograms of the estimates of 72, 0 and ¢ corresponding to the simulations

considered in Figure 3 of the main text.

Estimates of? Estimates of? Estimates ofy
| . . o |
° ™
™ 7 N 0
- . . °
8 o _| - _l:_ § ™ — ° 8 ]
oo ' . —_ U o < 0 |
c — | : : N - —:— —
S ' L —— 1 - a -
— | | o ! ! i
L1 7] — B -
n i T | - — 0 e .
g _ - T — o . O o —f— — —
I I I I I I I I I
0.25 1 4 0.25 1 4 0.25 1 4
q q
< . . .
- -— L 8
- 1 | °
I : ! : &
— 1 1 | © o
o 1 1 1 o T
% o I L < - o < 1n _|
c . i o
H o _| °
® : \ X o~ _l'_ - 4
ST ! ' . —= 0 |
_:_ _i_ _i_ °1— _:_ T M— T _:_
0.25 1 4 0.25 1 4 0.25 1 4
q q q

Figure B.1: Performance of estimators of 72, ¢ and ¢ for exponential power distributed 3.

True values printed in red.
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B.6 Estimates of 2, 0 and q for Spike-and-Slab Distributed (3

Figure shows histograms of the estimates of 72, 0 and ¢ corresponding to the simulations

considered in Figure 5 of the main text.

Estimates ob? Estimates of? Estimates ok + 3
N . . .
5 3
g n : o _?_ °
] ° T | 8 = o
° 1 o
g8 of * T i o 1L g
A N - ! - L - << H
u | . ! o ' T ——
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o ! L X -  E— < !
- \ -
S — s1 1~ ===
1
o] —~— = o | o —
© T T T © T T T T T T
30.00 6.00 3.33 30.00 6.00 3.33 30.00 6.00 3.33
K+3 K+3 K+3
. . ] o . . :
< ] ° o ] -t O
1
o .
—_ —_ - _ : ° w7 °
o o~ , ' 1 | - o R
o = 1 [ ! ! - A e
Cl\ll 1 1 ! D '+| ! << o 1
< (=] |_'_| ™ 4
- 24
© T X : 0 | X o N .
o : | 1 © | a | T ;
T T T S T T T © T T T
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Figure B.2: Performance of estimators of 72, 0 and k43 for Bernoulli-normal spike-and-slab

distributed 8. True values printed in red.
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Appendix C
SUPPLEMENT TO “STRUCTURED SHRINKAGE PRIORS”

C.1 Univariate Marginal Distributions

Intuitively, it is clear from the stochastic representation that the marginal distributions are
the same as the corresponding univariate shrinkage prior. We can show this directly as

follows. The joint marginal prior distribution of 3 is

ps (B) = /p(s)p(B/S) <H|S—1j|> dsy .. .ds,

Then pg, (61) is given by

) dsy...dsydBy...dB,

p
PG g, (ds,dBs ...dB, | dsi.
i lsil

()
The term (x) is equal to [p (ﬁ_1|ﬂl/31) dfy...dB,. This is the integral of a density, and

pa, (B1) = /p(ﬁl/31>p(5—1/31\51/51) <H p’(sjg’)

= /P(ﬁl/%)p(sl)/‘sly (/p(ﬁ—l/slwl/sl) (

7

accordingly () =1 and pg, = fp(ﬁl/sl)p(sl) /|s1] dsy.

C.2 Proofs of Propositions 2.1 and 2.3

First, we prove the following lemma:
Lemma C.2.1 Fora >0 andvy€R, [7 Ellexp{—a(SQ —vs)}ds = +o0.

First let’s consider this integral when ~ > 0:

) 0
/ iexp {—a(s*—vs)}ds :/ —éexp {—as}’ " ds+

oo 18] oo

"1 _ 1 _
/ —exp {—as}’ 7ds%—/ —exp {—as}’ " ds.
o S .S
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Because the integrand is nonnegative for all s, if any of these terms evaluate to +oco, the

entire integral evaluates to +00. Let’s examine the middle integral. Note that over this

range, s — v < 0, exp {—as} < 1 and accordingly, exp {—as}’" > 1.
71 71
/ —exp {—as}” "ds 2/ —ds
0 S 0 S
= (In(y) — lim, o1 In (a)) = +o0.

Now let’s consider the same integral when v < 0:

/OO Lexp {—a (s = ys) ) ds :/

oo I8 oo

0 oo
1 1

/ ——exp {—as}” Tds+ / —exp {—as}” " ds.
. 8 0o S

Again, if any of these terms evaluate to 400, the entire integral evaluates to +o0o. Again,

71
——exp {—as}” Tds+
s

let’s consider the middle term. Over this interval, exp {—as} > 1 and s — v > 0. It follows

that exp {—as}” " > 1 and:

° 1 ° 1
/ ——exp{—as}” Tds > / ——ds
LS . S

1
= / —ds = +o00.
0 S
Now we’ll consider one last case where v = 0:
o q ) 0 1 ) 1/« 1 ) 1 )
—exp {—as } ds = ——exp {—as } ds + —exp {—as } ds + —exp {—as } ds.
oo |8] -~ S 0 S 1/va S

As in the previous cases, any of these terms evaluate to +00, the entire integral evaluates to

+o00. Examining the middle term one last time, we have:

1/va q 1/va q
/ gexp {—as2} ds > / gexp {—\/as} ds
0 0
- /Wa 1 — Jas
0

—ds
5

=1In (1/va) — lim,—011n (a) — vVa = +oo0.
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Proof of Proposition 2.1: Now we can evaluate the marginal density pg(b|€2, ¥) when
bj = 0 for some j € {1,...,p}. Without loss of generality, set 5; = 0. Letting b_; and s_4
refer to the vectors b and s each with the first element removed, (Q27')_; _; be the matrix
Q! with the first row and column removed, (111—1)_17_1 be the matrix ¥~ with the first row
and column removed and (¥~1)_; ; be the first column of ¥~ ' excluding the first element.
For b = (0,b_4),

pa ((0,b_1) | ¥, £2) /H e | p{; (b'diag {1/s} Qldiag{l/s}bJrs/‘Ills)}ds

/H 1|sz|e"p{
/oo 81|exp{

Applying Lemma |C.2.1], the term denoted by (x) evaluates to +oo for every value of s_;.

Proof of Proposition 2.3: Proposition 2.3 follows from Proposition 2.1 and

Lemma Again, letting 8; = 0, for 8 = (0,3_,),

(b'_ldiag{l/s_l} (Qfl)_l,_l diag{1/s_1}b_1 +s, (@—1)_17_1 s_1>}

<S% (‘I’il)ll — 251 (‘I’il)/_l’l S_1> } d51 d8_1.

()

NJM—‘ DO | =

pa, (0|, Q) x / Hi,11|8i|exp {—; (B'diag {1/s} Q 'diag {1/} B + s/\Il_l.s)}dsdﬁ1
/H B |exp{; (ﬁl_ldiag{l/s_l} (ﬂfl)_l,_l diag{1/s_1}B_; +s_, <‘I,—1)_17_1 s_l)}
—115i
/ |51|exp{ ; (s% (\1171)11 — 281 (‘1,71)/_1,1 3_1) } ds1ds_1dB_;.

()

Again, (%) evaluates to 400 for any value of s_; and does not depend at all on 3_;.
C.3 Expectation of s; when s? ~ gammal(c, c)

When s? ~ gammal(c, ¢), we have:

C

© ¢ —1 c > et1/2-1
/0 SjF(C) (s?) exp{—cs?}ds? = © /0 (s?) * exp{—cs?}ds?

I
- (CRleny

¢ (T (e +1/2) /T (e))
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C.4 DMaximum correlation for bivariate 3 under SNG prior

Consider @ = (1 — w) Iy 4+ wl,15. When s7 ~ gamma(c, ¢), we have:
5 1 we (T (c+1/2) /T (¢)*
we (T (e +1/2) /T (c)? 1 ’
where |w| < 1 by positive semidefiniteness of . It follows that for fixed ¢, the largest
possible value of |p| is (I' (¢ 4+ 1/2) /T (¢))* /e
C.5 Kurtosis of ; Under an Unstructured SNG Prior

When s? ~ gammal(c, ¢), we have:
o 2\yc—1 2 2 c % gyer2—1 2 2
/0 SjF(c) (sj) exp {—csj} dsj = o) /0 (sj) exp {—csj} dsj
(T (c+2)
- cet2l (C)
=c?(T(c+2)/T(c)

=(c+1)/ec

A standard normal random variable has E [zﬂ = 3. It follows that

2
E[8]/E[8]" =3(c+1) /e
C.6 Expectation of s under a unit variance stable prior

This is a little challenging because working with the stable distribution directly is difficult.
However, given knowledge of normal moments and the marginal distribution of 3, we can
“back out” E[s]. Let 8 = sz, where z is a standard normal random variable and 1/s? has
an a-stable distribution on the positive real line. When the stable prior is parametrized to

yield E[3?] = 1, we have:

g\ [T (3/9) LB/)\" ..
ps (Bla) = (5) I {— (F a /q)) 15| } .
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Now, to determine E [s], note that E[|5]|] = E[s] E[|z]]. We have

E[|5] —2/ Bps (Bla) d
3/q B/9\"*
F1/g) { (Fire)) ﬁ}dﬁ

:< Wq)(@h)ﬂ@)
I (1/q)° I (3/q)
)

VI (1/a)T (3/q)

According to Wikipedia, E[|z]] = y/2/7. It follows that

go |7 I'(2/q)
£l V;Qﬁumrwm)

C.7 Maximum correlation for bivariate 3 under SPB prior

Consider Q = (1 —w) I + wly15. We have:

2
) - re/e
w(2)( T(1/aTG/a)
2 )
w(z) (—Les |
L(1/a)r(3/q)
where |w| < 1 by positive semidefiniteness of €2. It follows that for fixed ¢, the largest

2
possible value of |p| is (%) (%) .

JE]

C.8 Proofs of Propositions 2.2 and 2.4

First, we prove the following lemma:
Lemma C.8.1 For0<c<1/2, fooo(s2)cfl/2*16xp{—cs2} ds?> = +00.

We can break the integral into two nonnegative components, as follows:

[e.e]

00 1/c
/ (s) 1/ texp {—cs’} ds* = / (s)° /% texp {—cs’}ds* + / (s%)c 12 Lexp {—cs*} ds.
0 0

1/c


https://en.wikipedia.org/wiki/Normal_distribution
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Now let’s examine the first component. When s? < 1/c, exp {—cs*} > 1 — ¢s? and
1/c 1/c
/ (%)Y exp { —cs?} ds? Z/ (s2)71/271 (1 — ¢s?) ds?
0 0

1/c 1/c
:/ (82)c—1/2—1 . C/ (82)c—1/2d52
0 0

1/¢)c1? 1 1/0)e1/2+1
:( /C) . limaﬁoacflﬂ . C(/C)—+
c
- - 1ima_>0ac—1/2+1
c—1/24+1
/ =0 for ¢>0
+00 0<c<1/2
N (1/8)6_1/2 1 1 C)c—1/2
i~ ey — e ¢21/2

Proof of Proposition 2.2

Now we can evaluate the marginal density pg(b|c, 2) when b; = 0 for some j € {1,...,p}.
Without loss of generality, set ; = 0. Letting b_; and s_; refer to the vectors b and s each
with the first element removed and (Q7')_; | be the matrix £ ' with the first row and

column removed. For b= (0,b_1),

p

pa ((0,b_1)|c, 2) / g;) S oxXp {—; (b'diag {1/s} @ 'diag {1/s} b) — ch?} ds

i=15i j=1

:/ (11 (S?)le) exp {—; (bl,1diag{1/371} (Q—l)_1’_1diag{l/s,l}b,l) - icsf}

j=2
/ (8%)671/271 exp{—csi}dsids_;.
0

()

Applying Lemma [C.8.1] the term denoted by (x) evaluates to +oo for every value of s_;.
Proof of Proposition 2.4
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Proposition 2.4 follows from Proposition 2.2 and Lemma [C.8.1] For 8 = (0,8_,),

p

()"
pa, (0c, Q) / ; exXp (B’diag{l/s} Q 'diag {1/s} B8) — ch? dsdB_,

j=1

(H em1/2- 1) exp {—; (5Q1diag{1/371} @, _, diag{l/sfl}’gfl) B ZCS?}

/ c 1/2= 1exp{ csl}dslds 1dB_;.

Again, (%) evaluates to 400 for any value of s_; and does not depend at all on 3_;.

C.9 Alternative Approaches to Posterior Computation

Gibbs sampling is very straightforward when the SPN prior is used, as the full conditional
distributions py.(s|z,y, X, ¥, 0°) and p,s(z|s,y, X, 2, 0%) are multivariate normal distri-
butions. Exact full conditional distributions are given in the appendix.

Posterior inference for the SNG and SPB priors is more challenging than posterior infer-
ence for the SPN prior, as there is not an obvious stochastic representation of 3 that yields
tractable full conditional distributions for elements of s. Under the SNG and SPB priors
we have B|s ~ normal(0,diag{s}€diag{s}), so the full conditional distribution of 3 is a
multivariate normal distribution. Letting py, (s;]0) refer to the prior density of s under an
SPB or SNG prior and letting 6 refer to the corresponding prior parameter, ¢ or ¢, the full

conditional distribution of s is

B: B i psj 5|0 1L(1 (5
oo xeol 55 3 M0 e -4 (3(2)))
J=1j'=1,j'#j J

~~ v~

(*) (%)

J

where w? is the entry in the i-th row and j-th column of of Q7. This is not a standard
distribution under either the SNG or SPB priors, either for the entire vector s or for each
element of s; conditional on the remaining elements s_;. However, the term (x) is a simple

function of elements of s that is monotonic for in each s; conditional on the remaining
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elements s_;, and the term (xx) is a product of p densities that are straightforward to
simulate from. Under the SNG prior, (k%) is a product of p generalized inverse gaussian
densities and under the SPB prior, (xx) is a product of p exponentially tilted positive a-
stable densities. Accordingly, the auxiliary variable method introduced by [Damien et al.

(1999) can be used. We define a new variable u > 0, such that

P ps, (5;]6) B
) 9 1 Ds; (SJ| e .
et (&%, ulB, £2,6) o {u<exp{—2§’ Vs }}H( s ) 2 83 =

7=1

We can simulate from the full conditional distribution p (s|3, €2, ¢) by drawing a value of u

P p BiBj })

at the current value of s from a uniform distribution on (0, exp{—% 1D i) e
J= 17=L1F) wid 5585

and then drawing each value of s; at the current value of v and remaining values s_; from a
truncated generalized inverse Gaussian distribution or exponentially tilted positive a-stable

distribution that satisfies the constraint u < exp{—5>>%_; >0 ., wﬁ]f; }. Importantly,

this constraint can be rewritten as a bound on each s; at the current value of v and remaining

values 32—]‘ as follows:

1 By Bir Biby
v s =/
=1,5'#j 5"'=1,"#5.5' T =1,j'#j J
J/ J/
-~

a; dj

The constraint on s; is s; < d;/a; if a; > 0 and s; > d;/a; otherwise. The ability to
obtain explicit constraints on each s; is advantageous because it can yield efficiency gains
if a fast method for simulating from a left- or right-truncated generalized inverse Gaussian
distribution or exponentially tilted positive a-stable distribution is available. We are able to
construct such a method for simulating from truncated generalized inverse Gaussian distribu-
tions and describe it in the appendix. Sampling from truncated exponentially tilted positive
a-stable distributions is more challenging, as the positive a-stable density does not have a
closed form. For this paper, we take the naive approach of simulating from a truncated

exponentially tilted positive a-stable distribution until the constraint is satisfied.
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C.10 Univarate Slice Sampling

In several places in this paper, we use a univariate slice sampling algorithm described in
Neal| (2003)) to simulate values of a random variable = € [a, b] with density proportional to
exp {g (x)}. Given a previous value Z, we can simulate a new value Z’ from a full conditional

using univariate slice sampling as follows:

1. Draw e ~ exp (1).

2. Draw d ~ uniform (a, b).

o If g(7) —e < g(d), set 7' = d.
o Ifg(Z)—e>g(d):
(a) If d < 7, set a =d, else if d > T set b = d.

(b) Return to 3.

C.11 Simulation from Full Conditional Distribution for J;

When using the SPB prior, we have s7 < I'(1/ (2@))5;%&/(%‘ (3/(2a))), where & ~
gamma ((1+a) / (2a), f (§;]a)) and ps; (6;|a) o< f (5]-|oz)a?7;1 on (0,7). Suppose s7 is fixed.
Then & = (2 (3/ (2)) s2/I (1/ (2a))) T Then we can write the full conditional distribu-

tion of §; as

a—1

p(5;165,q) o< f (8;]c) 2 exp{—f (8;]0) &} f (6]a) =
—  (8;]00) exp {—f (5;]) &}

Apply the univariate slice sampling algorithm described in Section using g (z) =
log (f (z]ar)) — f (x]) & and initial values a = 0 and b = =.

C.12 Simulation from Full Conditional Distribution for p

In the real data application, I consider the setting where B and S are p; X py matrices and

B = vec (B/S) has covariance matrix V[3/s| = Qs ® Q;, where Q; is depends on a single
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autoregressive parameter, p, with w; ;; = pli=7l. The full conditional distribution of p is:

b p1) XISl % exp { e (2" (B/8) %" (B/5)) |

_(p1—1)po

1 _ _

(=) e { - @0 (B/5) 03 (B/8) b, (),
where elements of Q' are given by

w%l = W = (1 _ p2)—1

wff = (1=0%) 7 (14 9°) J#Li#p

Wit =—p(1-p*)" -kl =1
and 7, (p) is the density of an assumed prior distribution for p. We assume a uniform prior
on (—1,1), i.e. beta(1,1) prior for (p+ 1) /2.
C.13 Prior Conditional Distribution of s3|0; and s;|0; under SPB Prior

1—a

When using the SPB prior, we have s < ['(1/(20))&;* /(20 (3/ (2a0))), where &; ~
gamma ((1 +a) / (2a), f (0;]a)) and ps, (0;]a) o< f (6j|04)027;1 on (0,7). We want to com-

pute the prior conditional distribution 7 (s?]éj, a) for use in the elliptical slice sampler for
J

s. We have:

57 4p (1/ (2w)) 5]1%&/ (2T (3/ (20)))
— ((F (1/ (20)) / (2 (3/ (2a0)))) = €j>7

11—«

We can find the density of 5? via change of variables. We have

éjz(sg)&7dgj:( = )(33)1%%153..

11—«
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Then the prior conditional distribution is

_a o o () s2\ 1™
g (050) o ((2)7) F 7 ()7 exp _(g_g) o

C.14 Prior Conditional Distribution of s; under SNG Prior
Under the SNG prior, we have
c—1
52 (s?\c) x (s?) exp {—s?c} :

In practice, we end up working with s;, which has the density

c—

7, (sjle) o (s;)* exp {—s7c} .
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