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University of Washington
Abstract
Markov Partitions for Hyperbolic Toral Automorphisms
by Brenda L. Praggastis

Chairperson of Supervisory Committee: Professor Douglas Lind

Mathematics

The study of the dynamical properties of hyperbolic toral automorphisms is simpli-
fied when the automorphisms are represented as shifts of finite type. The conven-
tional method used to represent such an automorphism symbolically is to construct a
Markov partition. The existence of Markov partitions for hyperbolic toral automor-
phisms is known. Because of the fractal nature of the boundary of such a partition
an explicit construction is often difficult even in lower dimensions. Adler has sug-
gested that such a construction may be possible by using digit expansions in powers
of the automorphism. The basic idea is to generalize the correspondence between
B-expansions, for B a Pisot number, and the #-shift. This is the motivation behind
this thesis.

We generalize the notion of digit expansions by considering a subset X C R"
which is tiled by a periodically self similar tiling T with expansion map ¢. We show
that every point in X has a digit expansion in powers of ¢. The sequences of digits
correspond to a path in a directed graph I'. This is the content of Chapters 1 and 2.

In Chapter 3 we consider a hyperbolic automorphism ¢ of R™ which is invariant
on the integer lattice. We suppose there is a periodically self similar tiling of the
unstable eigenspace for ¢. By applying the theory of Chapters 1 and 2 we construct
digit expansions for the points in the unstable eigenspace in powers of . We then
identify the unstable eigenspace modulo the integer lattice with points in a compact
subset of R" which we call . We give necessary and sufficient conditions for § to
be almost homeomorphic to the n-dimensional torus. We extend the idea of digit

expansions to describe each point in { as a bi-infinite series in powers of ¢. The



corresponding bi-infinite sequence of digits are in one-one correspondence with bi-
infinite paths in a directed graph T.

In Chapter 4 we assume that € is almost homeomorphic to the n-dimensional
torus. We show that the shift of finite type consisting of the bi-infinite paths in I' is
metrically similar to the dynamical system induced by ¢ on the n-dimensional torus.

We conclude in Chapter 5 with examples. In particular we indicate how the
B-shift, for § Pisot, may be extended to a shift of finite type which represents a
hyperbolic toral automorphism with eigenvalue 3.
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INTRODUCTION

In 1969 Adler and Weiss showed that topological entropy is a complete invariant
for metric equivalence of continuous ergodic automorphisms of the two-dimensional
torus [3]. The method of proof used in their paper is to construct a partition of the
2-torus which satisfies certain properties. The partition is called a Markov partition.
By assigning each element of the partition a symbol. it is possible to assign each point
in the 2-torus a bi-infinite sequence of symbols which corresponds to the orbit of the
point. The objective is to represent the continuous dynamical system as a symbolic

one in such a way that periodicity and transitivity is preserved in the representation.

In 1970 Bowen showed that every Anosov diffeomorphism has a Markov parti-
tion [5]. In particular every hyperbolic toral automorphism has a Markov partition.
His construction uses a recursive definition which deforms rectangles in the stable
and unstable directions. While existence is shown, the proof does not indicate an
efficient way to actually construct the partitions. Fortunately within the context of
hyperbolic toral automorphisms we have so much structure that defining rectangles
by a recursive deformation in both the stable and unstable directions is superfluous.

The purpose of this paper is to give a finite construction of Markov partitions
for hyperbolic toral automorphisms. The approach is to consider self similar and
periodically self similar tilings. The motivation for this comes from two sources.
Firstly, self similar tilings have built in to them the desired properties that Bowen
requires for his rectangles in the unstable direction. Secondly, there is a natural way
to represent points in a tiled space using a symbolic system. The representations
correspond to digit expansions. We show that it is possible to define digit expansions
for points in the torus in powers of the given automorphism. Moreover the set of
sequences of digits corresponds to a symbolic dynamical system which is metrically
similar to the continous system defined by the automorphism.

In Chapters 1 and 2 we define self similar and periodically self similar tilings. We

indicate how it is possible to represent points in a tiled space using digit expansions.



In Chapter 3 we consider a hyperbolic automorphism ¢ € GL(n,Z). We suppose
there is a periodically self similar tiling of the unstable eigenspace for ¢. We then
identify modulo the integer lattice the unstable eigenspace for ¢ with a dense subset
of a compact set 2 in R*. We indicate how the digit expansions used to represent
points in the tiled space may be extended to representations for all points in . We
then give conditions on the tiling which insure that §2 is a fundamental region for a
tiling of R™ mod Z" and hence is almost homeomorphic to the n-torus.

In Chapter 4 we construct a Markov partition for ¢ when {2 is a fundamental
region. We show that the partition we construct is consistent with the current notion
of what it means to be a Markov partition. Finally in Chapter 5 we give examples
and show that our construction generalizes previously known methods. We show that
the construction of Adler and Weiss may be reproduced using tiling theory. We show
that a similar construction by Bedford for hyperbolic automorphisms of the 3-torus
also arises out of tiling theory. We conclude with a general construction which will
produce a Markov partition for any ¢ whose characteristic polynomial is minimal for

some Pisot number §.



Chapter 1
PERIODIC SELF SIMILAR TILINGS

We review the definitions and properties of tilings which will be used throughout
this paper. In order to be consistent with the current work on the subject we will use
the definitions established by Thurston {12] and Kenyon [8] whenever possible.

G-finite tilings.

Let X be a subset of R™ which is the closure of its interior.

Definition. A collection ¥ of compact subsets of X is a tiling if it satisfies the
(]
following properties.

(1) The union of the sets in T is equal to X.
(2) Each set in T is the closure of its interior.

(3) Each compact set in X intersects a finite number of sets in ¥. (In this case we
say that T is locally finite.)

(4) The interiors of the sets in ¥ are mutually disjoint. (Sets which exhibit this
property will be called almost disjoint.)

The sets in T are called tiles.

In general the tiles in T may have an infinite number of shapes and sizes. We
will restrict ourselves to tilings that only have a finite number of distinct tiles up to

a translation in R". Suppose G is a subgroup of R".

Definition. A tiling T of X is G-finite if there exists a finite partition {¥;};es of
% such that if T € T; then

T C{T+g:9€G}.

The collection {%;}es is a tile type partition for ¥.



Suppose ¥ is a G-finite tiling of X with a tile type partition {%;};es. If T7,
T? € %; for some j € J then we will say that T' and T? are of the same type.
This implies that there exists g € G such that T! + g = T%. We say that T? is a
G-translate of T'. This does not mean that if T!, T2 € ¥ and g € G such that
T' + g = T? then T" and T? are of the same type. We will see in Chapter 2 that
there will often exist tile type partitions which contain elements ¥; and ¥;, such
that every tile in T;, is a G-translate of every tile in T;,. It follows that there are
arbitrarily many different ways to define a tile type partition for a G-finite tiling. For
that reason we will always specify when it is not clear from the context what tile type
partition we are using. For now. let {¥;};cs define a tile type partition for § and

make the following definitions based on this partition.

Let B be the set of all finite unions of tiles in T. Let B be the set of all bounded
subsets of X. Note that P C B.

Definition. Let P', P? € P, then there is a finite collection of tiles {T#},cx such
that P! = Urex T*. The sets P! and P? have the same pattern if there exists geQG
such that P! + g = UkexT* + g = P? and for each k € K, T* + g is a tile in T of
the same type as T*. In particular tiles of the same type have the same pattern. If
U € B then there is a finite union of tiles P € B such that U ¢ P. If g € G then
U and U + g have the same pattern if for some P € B such that U C P we have
that P + ¢g and P have the same pattern. If V is a subset of X and U € B then V

contains the pattern of U if for some g € G, U + g C V and U + ¢ has the same
pattern as U.

Let || - || be a norm on R"™. For each § > 0 let
Bs = {P € P: diameter(P) < §}.

If § < min{diameter(T): T € T} then P; = 0. If & > 6§ > 0 then Py D P;. Also if

6 > 0 and P € B; then P, contains all of the elements of P with the same pattern
as P.

Definition. A G-finite tiling ¥ with tile type partition {%;};e; has a finite
number of local patterns if for each § > 0 we have that ; contains a finite
number of distinct patterns. ’



A slightly stronger restriction on ¥ is that ¥ has only a finite number of local
patterns and these patterns are scattered uniformly throughout the tiling. Let B,(z)
denote the open ball of radius r about z.

Definition. A G-finite tiling T with tile type partition {T;};es is called quasi-
homogeneous if for each r > 0 there exists R = R(r) > 0 such that every open ball
of radius R contained in X contains the pattern of B.(z) N X for all z € X.

Subdividing tilings.

Let ¢ be an expansive linear map on R" such that ¢.X = X. To be expansive means
that the eigenvalues for ¢ all have modulus greater than 1. We wish to adapt a norm

for R™ which reflects the expansiveness of 6. We will mimic the norm used by Lind
in [9].
Let {)\;}_, be the eigenvalues of ¢ ordered so that

L< Ml < Aal -0 S A,
Choose g and ¢ such that
l<p<|A|and X <.
Let || - ||' be any norm on R™. For each z € R™ define
lz]” = S0 ¢ *llg*all'

Since (¢ has eigenvalues of modulus less that 1 this series converges and defines a
norm for R". Note that

le” = (TR, ¢ 6kl < ¢l

For each z € R™ define
e "
lz|l = T2, o*li¢~ "]l

Since p¢~! has eigenvalues of modulus less than 1 this series converges and defines a
norm for R". Note that

- - - " -
¢~ 'zl = 07’22, oFll¢~ =zl < o7zl



Moreover an easy check shows that

lzll < olizll < lléz]l < Cli=ll
and
¢zl < 6772l < o7zl < [l
Let G be a subgroup of R" such that ¢G = G.

Definition. A G-finite tiling T of X with tile type partition {%;};es is subdividing

with expansion map ¢ if

(1) for each T € T, ¢T is the finite union of tiles, that is ¢T € B, and

(2) if T and T” are tiles of the same type then ¢T and ¢TI have the same pattern.

For each T € §; we may think of the pattern of ¢T as defining a subdivision rule
for x,-.

Example 1.1 Let ¢ be the expansive map on R given by multiplication by

1+5

2
Note that A is a zero of z2 —z — 1. Let X+ = [0,00). We construct a Z[\]-finite
subdividing tiling ¥ of X+ with expansion map ¢. Let Ta = [0,1] and Tg = [0, A —1].
We will partition ¥ into two sets To and Tg. The tiles in To will be Z[\]-translates
of Ts and the tiles in T will be Z[)]-translates of Tp. We define ¥ by inductively
defining T4 and Tp. Let Tp € Ta. If z € Z[A] and Tp + x € T then

A=

¢(Ta+z) = [0,A]+ )z
= ([0,1]+22)U([1,A]+ Ax)
= (Ta+X2)U(Tp+1+Az).

Let To + Az €% andlet T+ 1+ Az € Fp. If y € Z[A\] and T + y € B then

d(TB+y) = [0,A2=A]+ Ay
[0,1] + Ay
TA+/\y.



Let Tao + Ay € %A. The tiling T is a Z[A]-finite subdividing tiling of X+ with
expansion map ¢ and tile type partition {T4,%B}.

We can represent the subdivision rules for ¥ in terms of a substitution map. Let
A represent a tile in T4 and B represent a tile in . Define a substitution map 6
on the words in {A,B} by letting 6(A) = AB and letting §(B) = A. We define 8
on each finite or infinite string of symbols in {A,B} by applying it to each symbol
in the string. We see that ¥ is represented by the fixed word

w=ABAABABAABAAB....
That is, w = w.0

Example 1.1 illustrates a subdividing tiling which is self similar. We will define
self similar tilings later. For now the main thing to note is that To C ¢Ta. It is
possible to define subdivision rules for a G-finite tiling ¥ such that the image of each
tile is a finite union of G-translates of tiles in ¥ but not a finite union of tiles in ¥.
We illustrate this idea in the next example.

Example 1.2 Let X~ = (—00,0]. Let ¢ be the expansive map defined in Exam-
ple 1.1. We define two Z[)]-finite tilings 3° and T of X~. The tiles in T° and %'
will be Z[)]-translates of the intervals To and Tg from Example 1.1. The ¢-image
of a tile in T° will be the finite union of tiles in T'. The ¢-image of a tile in " will
be the finite union of tiles in T°. We will partition ° into two sets 3 and TF. The
tiles in T3 will be Z[\ }]-translates of Ta and the tiles in T} will be Z[\ }-translates
of Tp. Similarly, we will partition ' into two sets T} and Th. We define T° and
%! inductively by defining the tiles in each of the sets which partition them. Let
To-1€%4 and Tg — (A —1) € Tp. f 2 € Z[A\] and Tp — 1 + = € T, then as in
Example 1.1

HTa—1+2)=(Ta~A+A2)U(Tp+1—X +Az).

Let Ta — A +/\m€‘,§k andlet Tg +1— X + Az € Th. IfTA—1+m€ka then let
Ta—A+Az €T andlet Tp+1-A +Az € T}. Ify € Z[A ] and Tg— (A —1)+y € Sk
then as in Example 1.1

$(T—(A=1)+y) = Ta—(A*=A)+2ry
= Tp—-14Ay.



Let TA — 14Xy e%Q. T~ (A — 1) +y € TH thenlet Ta — 1+ Ay € T.

The tilings ¥° and ! are Z[A]-finite tilings of X~. The ¢ image of tiles in T
subdivide in ' in the same pattern in %! as the ¢ image of tiles in %4 subdivide in
%°. We will say that T° and X! are periodically subdividing.

We use the substitution map on words in {A,B} from Example 1.1 to represent
the subdivision rules for the tilings T° and ¥'. The tiling 3° is represented by the

infinite word

...ABAABABAABABA = w,.

The tiling T' is represented by the infinite word

...ABAABABAABAAB = w,.

Note that fwy = w; and 02w = we.O

Definition. A G-finite tiling T of X with tile type partition {%;};es is period-
ically subdividing with expansion map ¢ and period p if it satisfies the following
conditions.

(1) There is a corresponding family of G-finite tilings (%) = {T}iezp of X such
that € = T° and if T € S then 4T is the finite union of tiles in T+ for each
iz,

(2) Each %' € 3(T) has a tile type partition {"C;}Je J such that each tile in ‘,'C; isa
G-translate of a tile in T;.

3) For eachi € Zy, j € J,and T € T the pattern of ¢T in T+ depends only on
p i
J- That is the family §(T) is uniformly subdividing.

Note that for convenience we index a family of periodic subdividing tilings of
period p with the group Z, so that if k¥ € Z then T* = §¥™ 4P, Let 4y, i € Z,.
Suppose P is a finite union of tiles in ¥* and g € G such that P + g is a finite union
of tiles in . We say that P has the same pattern in " as P + g has in * if for
eachT € T;‘,j € J,suchthat T C P we have T+g € ‘I;’ Property (3) in the above
definition implies that if j € J and T' € ¥, T? € §% then for all N > 0, $¥T? has
the same pattern in TV as ¢V T2 has in T2V,



For a first reading the reader might just think in terms of subdividing tilings. Ev-
ery periodic subdividing tiling ¥ with expansive map ¢ and period pis a subdividing
tiling with expansive map ¢”.

Let T be a periodic subdividing tiling of X with expansive map ¢ and period p.
Let {T;};es be a tile type partition for T. Since T has a finite number of tile types
we may record the subdivision rules for ¥ in a finite manner. We will use a graph
to indicate the subdivision rules for ¥. The generic definitions for graphs and the
objects related to graphs given below are adapted from [1].

A graph T consists of a finite set of vertices V together with a finite set of edges
€. Each edge « in £ starts at a vertex s(a) and ends at a vertex t(e). In particular
all graphs used in this thesis are directed graphs. The edge o has a source s(a) and
a target {(a). There may be more than one edge with the same source and target. If
I is a set of consecutive integers in Z then a sequence (or finite sequence or bi-infinite
sequence) of edges {n*}ies is called a path in T if for each k, k + 1 € I we have
t(n*) = s(n**). If {n*}{2_y is a path in T then s(n~) is the source of the path.
If {n*}}M_., is a path in T then ¢t(y™) is the target of the path. A path {n*}M _N
has both a source s(7~") and a target ¢(n™). A path {n*},cz has neither a source
nor a target. If I is a finite set of consecutive integers then the length of a path
{n*}eer is |11,

If 7 and € are two paths in T’ then we shall say that 5 equals € if 7 = {p* }ker and
€ = {€*}rer for some consecutive sequence of integers I and for each k € I we have
n* = ¢*. That is, the two paths must be indexed by the same set and each pair of
edges n* and €* with the same index are actually the same edge. If 7 is not equal to
€ then we shall say that the paths are distinct.

Definition. The subdivision graph I' for  has a finite set of vertices V indexed
by J and edges €. If v;, and v, are vertices in V then there are exactly M;, ;, edges
with source v;, and target v;, if and only if for each T € ‘I'j-! there are exactly M;,;,
distinct elenfents of T contained in ¢T'. Since F(T) is uniformly subdividing the
number M;, ;, is well-defined for each pair j; and j,.

Let T’ be the subdivision graph for T. For each j;, j2 € J let SJ’f be the subset of
edges in £ which have source vj, and target v;,. Let &;, be the subset of edges in £
which have source v;,. Similarly let £ be the subset of edges in £ which have target
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vj,. In this case we have Ejf = &, N&~2, We will use the edges in £, to index the
tiles in @¢T for each T € "C;l . That is we will write

#T = Uaes, T

for the unique finite union of tiles found in #T such that if ¢(a) = vy, then T* € "C}ctl
Let {T;},c, be a representative set of tiles for {T;},es such that T; € T;. Fix a
point z; € T;. For each T; + g € T; define

d(T; +g) = z; + 9.

The point d(Tj + g) is called a positional point for T; + g and d(%) is a set of
positional points for T. Similarly, for each T} + g € 'C; define

di(T; +g) =z +g.

Let {d;};cz, be a family of these maps for F(%). Suppose T° € T} and T* € T}, such
that T' C ¢T°. We record the relative position of T! in #T° by noting the difference

dy(T") — ¢do(T°).
Let T? € T;,. Then there exists a unique T € T such that T° C ¢T? and
dip1(T°) = ¢di(T?) = d(T") — $do(T°).
We have in this case
dis1(T%) = ¢di(T?) + (di(T*) — ¢do(T°)). (1.1)

This is one way of saying that T is in the same relative position in ¢7? as T is in
¢T°.

Definition.  The label map L, assigns to each edge o € £ a vector in R". If
Te T; and {T°},¢ ¢ is the unique set of tiles in T**! such that

8T = Unes,T°

then Ly(a) = diy1(T) — ¢di(T) for each € &;.
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The pair (T', Ly) completely describes the subdivision rules for €. If T € ’C; then
for each a € EF there is a unique tile 7" € T+ such that T’ C ¢T and

dis1(T') = ¢di(T) + La(a).

Definition. Let ©4:€ — V x V x R" such that for each a € £ we have

O4(a) = (s(a), {(a), La(a)).

The map O, is a one-one assignment. For suppose «, o’ are edges in SJ’F such that
04(a) = O4(a’). Then for each T € T; there exists a unique 7 € %}, such that

& (T°) = ¢d(T) + La(a).
Similarly, there is a unique 7% € ¥} such that
dy(T*) = ¢d(T) + La(a’).

But Ly(a) = Ly(c’) and T, T*' € F;. So T™ = T°'. But edges in £; refer to distinct
T tiles in ¢T so a = o. We find for each triple (v;, vk, z) € O4(E) there is a unique
@ € € such that ©4(a) = (v;, vk, z) In this case we write ©7'(vj, vk, ) = a.

IfT € ¥ then there is a unique T" € %71 such that ¢"(T) c T". f T € %; and
T' € T¢7! then there is a unique edge a(T) € £ such that

&AT) = O3 (vhy 03, d(T) — ey (T").
Note that T' € ¥; if and only if o(T') € €.

Example 1.3 (a) Let T be the subdividing tiling of X+ = [0,00) with expansive
map ¢ given in Example 1.1. For each T' € ¥ let d(T') be the left endpoint of T. The
subdivision graph for ¥ is in Figure 1.1 Each edge « is labeled with Ly(c).

(b) Let X° be the periodic subdividing tiling of X~ = (—o0, 0] given in Example 1.2.
For each T € F° let d(T') be the right endpoint of T'. the subdivision graph for %° is
given in Figure 1.2. Each edge o is labeled with Ly(e). O



12

Figure 1.1: The subdivision graph for Example 1.1.

0
m
A+l
1
o
Figure 1.2: The subdivision graph for Example 1.2.

.aa

Mixing and self similar tilings.

Definition. A G-finite subdividing tiling ¥ with expansive map o and tile type
partition {T;};es is mixing if for each T € T and P € P there exists Ny > 0 such
that for all N > Nj we have that ¢"(T) contains the pattern of P. ¥ is a periodic
subdividing tiling with period p, then ¥ is p-mixing if for for all N > N, we have
that ¢"?(T) contains the pattern of P.

If T is p-mixing then T with expansive map ¢ is mixing. If ¥ is p-mixing then
since T has a finite number of tile types there exists Ny > 0 such that for all N’ > No
and T € T we have that ¢""P(T') contains a tile of each tile type in ¥. Let T be
the subdivision graph for ¥. Let M be the matrix {Af},;,};, ,es such that A,

equals the number of edges in ' with source v;, and target v;,. Then MNP > 0 5o
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M is aperiodic. It follows that I' has no stranded vertices; that is, &; and &k are
non-empty for all j, k € J. We call M the transition matrix for . Note that the
entries in M depend only on the subdivision rules for ¥.

The following fact was also noted by Kenyon in [7].

Proposition 1.4 Let T be a G-finite subdividing tiling of X with ezpansive map ¢
and tile type partition {%;};es. Then T is quasi-homogeneous if and only if T is
mizing and has a finite number of local patterns.

Proof. Suppose ¥ is quasi-homogeneous. Let r > 0. For each P € B, let zp be
an element of P so that P C B,(zp) N X. By quasi-homogeneity there exists an
R > 0 such that every ball of radius R which is contained in X contains the pattern
of B.(zp) N X for all P € B,. Since T is locally finite each ball of radius R in X
intersects a finite number of tiles, hence a finite number of elements of B,. Since r
was arbitrary ¥ has a finite number of local patterns. Let T € . Each tile in § has
nonempty interior so there exists § > 0 and = € T such that Bs(z) C T. Note that
if y € Bs(z) then |[¢"y — ¢Vz|| > o"|ly — z|| so Bvs(¢Vz) € VT for all N. We
choose N sufficiently large so that V6 > R. Then ¢" T contains the pattern of every
element of 9B,. Again since r was arbitrary ¥ is mixing.

Conversely, suppose that ¥ has a finite number of local patterns and that ¥ is
mixing. Let r > 0. Let D be the maximum diameter of any tile. If z € X and
T € T such that T'N B,(z) # 0 then T C B,,p(x). So for each z € X there exists
Py € Byr4p) such that B,(x) C P;. Since ¥ has a finite number of local patterns
Bar+p) contains a finite number of distinct patterns. Since T is mixing and has a
finite number of tile types, there exists Np > 0 such that forall N> Npand T € X
we have that ¢"PT' contains the pattern of every element of B(,.,4) hence it contains
the pattern of B,(z) N X for every z € X. Note that every closed ball of radius D in
X contains a tile. If ||z — y|| < D then ||¢"z — ¢"y|| < ¢V D. So every open ball of
radius ¢V D contains ¢"T for some tile T. Hence letting N > Ny and R = ¢VD we
have that ¥ is quasi-homogeneous.O

Recall that quasi-homogeneity was defined for any G-finite tiling and is indepen-
dent of the expansive map ¢. It follows that if T is p-mixing and has a finite number
of local patterns then ¥ is quasi-homogeneous. Moreover, each T € F(%) is quasi-
homogeneous. For if € X and r > 0 then the pattern of B,(z) N X in ' depends
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only on the pattern of ¢~*(B,(z) N X) in §. By the quasi-homogeneity of T there
exists B > 0 such that every ball of radius R in X contains a subset with the same
pattern in ¥ as ¢™*B,(z) N X in T. Hence every ball of radius (‘R in X contains a
subset with the same pattern in ' as B,(z) N X. Since R depends only on r and not

on z, T is quasi-homogeneous.

Definition. A quasi-homogeneous subdividing tiling ¥ of X with expansive map
¢ is called a self similar tiling. A quasi-homogeneous periodic subdividing tiling

of X with expansive map ¢ and period p is called a periodic self similar tiling.

Every periodic self similar tiling of X with expansive map ¢ and period p is a self
similar tiling with expansive map ¢*.

A self similar tiling with expansive map ¢ has the property that if you apply ¢
to each of its tiles and subdivide the image of each tile according to the subdivision
rules for ¥ then you get T back again. The quasi-homogeneity guarantees that the
tiling looks essentially the same over large areas. The mixing property indicates that

in the small you may think of each tile as containing some preimage of every pattern
found in X.

Example 1.5 (a) Let ¥ be the subdividing tiling of X* in Example 1.1. Let § > 0.
There are only a finite number of ways to arrange almost disjoint Z[\ ]-translates of
Ta and Tg in X so that their union is connected and has diameter less than é. So
% has a finite number of local patterns. Let P be a finite union of tiles in §. For
some N > 0 we have P C ¢"T4. Hence for all T € T we have that ¢V T contains
the pattern of P. If T! € ¥ then ¢T"! contains a tile in T4 so ¢V T contains the
pattern of P. It follows from Proposition 1.4 that T is self similar.

(b) Let T° be the subdividing tiling of X~ in Example 1.2. By the same argument
as in (a), 3° has a finite number of local patterns. If P is a finite union of tiles in T°
then for some N > 0 we have P C ¢"(Ts —1). Hence we use the same argument
as in (a) to show that X° is 2-mixing. It follows that T° and T* are periodically self
similar tilings.O
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The boundary of a self similar tiling.

Let T be a self similar tiling of X with expansive map ¢. The only topological restric-
tions on the tilesin T are that they be compact and the closures of their interiors. The
tiles need not be connected or even have piecewise smooth boundaries. The property
of being self similar does force the boundary to have Lebesgue measure 0. For each
tile T let OT denote the boundary of T. Let 0% = UrezdT be the boundary of ¥.
Let 1 be Lebesgue measure on R™.

Proposition 1.6 The Lebesgue measure of the boundary of T is 0.

Proof. Suppose p(d% ) # 0. Then since ¥ is locally finite for some tile T we have
1(0T) # 0. Since ¥ contains only a finite number of tile types there exists

_ p(0T),
) —max{—ﬂ(T) :TeX } <l1.

It follows that there exists a tile Ty such that u(075) = 6u(Tp) , and for all T' € T
we have u(9T") < éu(T").
Note that if T and T? are two distinct tiles then

pO(T'UT?)) < p(dT") + u(8T?) — u(0T" N 9T?)

Su(TY) + 6u(T?) — p(0T' N AT?)

§ (w(T" UT?) + w(T" 0 T?) — pu(8T" N OT?)
Su(T*UT?) + (6 — 1)u(8T* N 8T?)

< u(T'uT?

IN N

since T! N T? = T N 8T?. Applying induction we find for any finite collection of
distinct tiles {T%}£_, that

POV, TF) < 5P(U£=1Tk)-

We apply the mixing property of T to choose Ny such that for all N > Ng we have
Int(¢™To) contains a tile. Let Py be the element of P consisting of just those tiles
in VT, which intersect the set ¢V (0Ty,). Since ¢ is a homeomorphism ¢” (8Tp) is
just the set 0(¢™ Tp). We have u(Py) < p(¢"Tp) for all N > Ny since ¢V Ty contains
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a tile which does not intersect its boundary. By the previous paragraph we have
w08V To) < 8u(Py) since 8¢ Ty C OPy. So

| det ¢"| - p(3To)
| det ¢"| - u(To)
(4" 0Ty)
1(¢" To)
6p(Pn)

#(¢" To)
< 6.

The contradiction implies that p(8T) = 0 for each tile 7.0

Tile maps and control points.

In [12] and [8] the tiles in a self similar tiling are assigned control points. The control
points reflect the similarity properties of the tiling. By considering all ¢-preimages of
control points one may recover the tiling. By studying the behavior of control points
under the map ¢, Thurston and Kenyon are able to analyze the expansive maps
associated to self similar tilings in terms of their eigenvalues. Kenyon also indicates
that the control points are precisely the objects one creates when constructing a self
similar tiling.

There are many ways to define control points. We will want our definition to
apply to any periodic subdividing tiling. Let ¥ be a periodic subdividing tiling of
X with expansive map ¢ and period p. Let {T;};es be the tile type partition for ¥.
Let §(T) be the corresponding family of periodic subdividing tilings. We begin by
defining a tile map for .

Definition. A map 7:% — %' is a tile map for ¥ if
(1) for each T € T, v(T) € X' and 4(T') C ¢T, and
(2) for each T € T;, and g € G such that T+ g € X; we have v(T +g) = v(T') + dg.

Tile maps are constructed by fixing one tile T; € X; for each j € J. Define 4(T}) to
be some tile in T* contained in ¢(T}). For each T;+g € T; let v(T;+g) = 4(T;) + dg.



17

Since §(%) is uniformly subdividing the tiles v(T};) and 4(T; + g) have the same tile
type in 1. The tile map 7 induces a tile map +; for each T € F(%). If Ti+g' €%}
we define v;(T; + ¢') = 1(T;) + ¢’ € T*!. Since (%) is uniformly subdividing the
tile 7;(T; + ¢') has the same tile type in ! as 4(T;) has in $*. If T € T and
T? ¢ ‘I;-* such that T2 = T! + g then

7, (T?) = 7;,(T") + dg.

For each T € T define 42 = 7;,, 0 7;(T). Likewise for each k > 0 define
VE(T) = Yipker © Vigkoa ©** Yiga © %:(T).
Note that v¥(T') € T**'. We have by the definition
¢ET)CT

for each k > 0. Since ¢ is expansive

o0

N ¢7*45(T)

k=0
is a decreasing intersection of compact sets with diameters tending to 0. Hence there
exists a unique point ¢;(T') contained in this intersection. We call ¢;(T) a control
point for ¢ and ci(T') a set of control points for . The definition for ¢; depends on
7; and hence on 7. Let ¢ = ¢y so that ¢(T) is the set of control points for ¥ induced
by ~.

Proposition 1.7 Let {c;}icz, be the family of maps which assign to each T € ' the

unique point
(=}

{c(T)} = ID ¢~*¥(T). (1.2)
(1) FT €T then ¢ci(T) = cipa (vi(T)).
(2) fT' e T} and T? € T2 then

T' + ¢, (T%) — ¢y (TY) = T*.



Proof. (1) Since 1.2 is a decreasing intersection

(a(m) = (] 94D,
Hence
e} = (4
= ilw*vﬂmvxT»
= {an(@)}.
(2) Let g € G such that T? = T* + g. Then
(T} = {6 +.0)} = [) 675" +9).

By the definition of v;,, we have v, (T" + ¢) = v;,(T") + ¢g. Hence

T (T +9) = Vi (7, (T) + ¢9)
= Y7, (TH) + ¢’g
= 74L(T") + ¢%9.

Applying induction we find

vE (T + g) = 75 (TY) + ¢9.

So
{a(TY} = ft 5 (1) + 6%9)
= {cix(Tl)+g}-
a

Corollary 1.8 If T* € %} and T? € %7 then c;,(T") = c;,(T?) if and only if

T =T2

18
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Note that if T?, T? € ¥; and T + g = T? then ¢(T") + g = ¢(T?). So ¢(T) is a
set of positional points for ¥. Let L = L. as defined on page 10. Since ¢ depends
only on 7 we call L the label map induced by 4. Similarly, we let © = @, be the

one-one assignment
O(a) = (s(a), t(a), L{a))
for each edge o € €.

Theorem 1.9 Let jo € J and T € ‘I;o.

(1) For each z € T there exists a sequence of tiles {T*}, in ¥ such that T* ¢ T+*
and ¢*z € T* C ¢T*! for each k > 1. In this case

2 = ei(T°) + kf: ™ (ccrn(T*) = derpa (TH)). (1.3)

(2) For each = € T°, if {T*}2, is a sequence of tiles in S satisfying (1) and for
each k > 1, we have T* € CC“;-:"‘, Jk € J, then there ezists a unique path {n*}, in T
defined by

1 = 071 (Vj_y, Vi it (T*) = Beigr—1 (TH71)).

In this case
o .
2= (T + 30674 L(rP) (14
k=1
(8) If n = {n*}2, is a path in T with source v;, and z € T° such that
z=c(T%)+ Y ¢~ L(n")
k=1
and
G(nk) = (”jk-:svjk’L(nk))
then there is a unique sequence of tiles {T*}32, satisfying (1) such that T* € T+
and
cisk(T¥) = peii (T71) + L(n*).
In this case

(e} = () 1",

k=0
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(4) Suppose T is a periodic self similar tiling. Then there exists a bound b such that
for all x € T° the number of sequences {T*}$2, which satisfy (1) is less than or equal
to b. Moreover, for p-almost every = € T° the sequence in (1) is uniquely defined.

Proof. (1) Since z € T° € % , there exists T! € K}j’l such that ¢z € T? C ¢T° for

Jo?
some j; € J. Applying induction we obtain a sequence of tiles {T¥}$2, such that

¢*+1z € TH1 C ¢T*, for each k > 0. And for some ji € J, we have T* € T+ for
each k > 1.

Let D be the maximum diameter of any tile. Since z € T° we have
lle — ()| < D.
Similarly for each N > 1, we have ¢"z € TV so
I¢"z — ¢ ei(T°) ~ Thy #V~* (cian(T*) = eisn-1(TEN) = lI$V2 — cien(TV)]| < D.
Recall that for each y € R™, we have ||¢™Vy|| < o~V ||y]|, so
lz — ei(T°) — T2 6~ (ciak(T*) = deipima (TF1))|| < o7V D.
Letting N tend to infinity we prove (1).

(2) For each k > 1 we have T* C ¢T*! so there exists an edge n* € 8}:_1 such
that n*¥ = @7 (v;,_,, Vi, Ciak(T*) — dcipr—1(T*1)). Since t(n*) = s(n**+!) for each
k > 1 the sequence {n*}{2, is a path in I' with source s(') = v;,. The map
©7! is well defined so {#*}, is uniquely defined by {T*}2, Finally, we replace

¢i(T*) — dcipr-1(T*1) with L(n*) in 1.3 to obtain 1.4.

(3) We apply induction on k to construct {T*}$2,. Since O(5') = (vj,, v, L(n"))
there exists a unique tile T* C #T° such that T* € T and

cit1(T) = ¢ci(T°) + L(n*).
We apply induction and suppose that TV C ¢TN-1, TN ¢ ‘:Cj.)t” and

cisn(TN) = deipn—1(TV1) + L(nV).
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Since O(nN*') = (vjy, Vj4y» L(7V+1)) there is a unique tile TN+ C $TN such that

v and

cirnt1(TNVH) = geign(TV) + L(n™+Y).

In this way we construct a unique sequence of tiles {T%}%2,. Since

e o]

n ¢—ka

k=0
is a decreasing intersection of compact sets with diameters tending to 0 there exists
a unique point y € ¢~*T* for all k > 0. In this case {T*}, satisfies (1) for y and

¥ = &%) + 3 6 (cins(T*) — despes (T1)).
k=1

By (2) -
y=c(T%)+ > ¢ *L(n*) = <.

=1

Hence -
{e} = ( 671",

k=0
(4) Suppose T is a periodic self similar tiling. Let € T° and suppose {TF}2,
and {T}}2, are two distinct sequences of tiles which satisfy (1). Then for some
minimal N > 1 we have ¢"z € T) NTY and T # TJ. Since TN+ C ¢*TN and
T** C ¢* T for all k > 1 we have ¢tz € TN+ \ TN+* and TN+F £ TN+ It
follows that the number of distinct sequences satisfying (1) is bounded by the number
of tiles in ' which may share a point in common, for each i. Since ' is locally finite
and quasi-homogeneous and F(%) is finite, there exists a uniform bound b on the
number of tiles which may share a common point, for any of the tilings in F(%).
Hence the number of distinct sequences which satisfy (1) is bounded by b.

If £ € T° and there are multiple sequences satisfying (1) then for some k > 1 we
have
¢*z € oTH*.

Hence if = ¢ U,ﬁ;o¢_k6T+k then there is a unique sequence of tiles satisfying ( 1). By
Proposition 1.6, u(8%°) = 0. Since ¢ is a linear map p(UR o4~ %8% %) = 0. Hence

for p-almost every € T° there is a unique sequence of tiles satisfying (1).0



Corollary 1.10 Letjo€ J and T € "X_‘,o Then
o0
T —ci(T)={3Y_ ¢ *L(n*): {n*}2, is a path in T with source v;,}.
k=1
Corollary 1.11 There ezists a bound b such that for all z € R if
Se={n= {1}z = Y 6~ L(n*). 1 « path in T}
k=1

then |Sz| is less than or equal to b.

Proof. 1f n = {9*}32, € S, is a path in " with source v; for some j € J then for any
i€Z,and T € ‘I;- we have
z+ c.-(T) eT

and 7 is a path satisfying Theorem 1.9(3). By (4) of the above theorem we have that
there is a bound b on the number of such paths. Since there are |J| tile types

]

Example 1.12 Let ¥ be the tilingof X+ in Example 1.1. Define a tile map v: T — %
as follows. If z € Z[A\] and Tp + = € T4 then

Ta+z)=(Ta+2rz)U (T +1+ Az).
Define v(To + ) =Tao + Az. fy € Z[A\] and Tg + y € Tp then
¢(T+y)=Ta+ Ay.

Define 7(T + y) = Ta + Ay. It follows that ¢(T + z) = z and ¢(Ts +y) = y. So
the set of left endpoints of the tiles in ¥ form a set of control points. By examining

Figure 1.1 we see that every £ € T has a representation of the form
= L5 AT L(n*)

where L(7*) € {0,1} and L(n*) + L(»**') € {0,1} for all k > 1.0



The next proposition says that no point in X may have two finite paths of the
same length and with the same source and target giving representations for it.

Proposition 1.13 Suppose n = {n*}L, and ¢ = {€*}}L, are two paths in T with the
same source vj, and target v;,. Then

M M
Y67 L(n*) =Y ¢7FL(eY)
k=1 k=1

if and only if * = €* for each 1 < k < M.

Proof. Without loss of generality we assume n! # €!. For each T € ¥, there exists
distinct tiles 7! and T2 in T* contained in ¢T such that

a(T") = ¢¢(T) + L(n')

and
a(T?) = ¢c(T) + L(€).

Moreover, there exists distinct tiles 7'® and T in ‘K;-? such that T® ¢ ¢M~'1T" ¢ ¢MT,
and T* C ¢M~1T2 ¢ $MT and

M
em(T%) = $Me(T) + > 6™~ *L(n*)
k=1

and .
em(TY) = ¢Me(T) + Y oM*L(").
k=1

Hence cp(T3) = cp(T*). By Corollary 1.8, T® = T%. But T2 and T* are distinct
tiles. The contradiction gives the result.O



Chapter 2
GENERATING TILE MAPS

As we indicated in Chapter 1 there are many ways to define tile type partitions for
G-finite tilings. If ¥ is a subdividing tiling with certain properties then if we say that
{%;}iey is a tile type partition for ¥ we implicitly mean that ¥ has those properties
with the tile type partition {T;};es. Not every partition of T which is consistent with
the definition for G-finite tilings will preserve the subdividing properties of .

We are interested in being able to find different tile type partitions for T. Our
motivation is that we would like each tile containing the origin to have 0 as its control
point. We will then be able to apply Theorem 1.9 to construct digit expansions for
every point in .X in terms of the powers of ¢. In order to define a set of control points
which have this property we must be able to define a tile map which sends every tile
containing the origin to another tile containing the origin. Suppose T € ; contains
the origin. It turns out that there is a unique 7' € ¥ contained in ¢T which also
contains the origin. If T and T” have the same tile type in their respective tilings,
but do not coincide as subsets of X then there is no way to define a tile map which
has the properties we want. For if ¢(T) = 0 = ¢(T") then by Corollary 1.8 we have
T=T.

Insplitting the tile types.

One way to construct a new tile type partition for ¥ is to perform an insplitting of the
subdivision graph for ¥. This will define new subdivision rules for ¥ which preserve
the subdivision properties that were true under the original rules. Insplitting is a
procedure which takes a graph ' and generates a new graph I' by splitting one set
of edges sharing a common target into multiple sets and giving each of these sets a
distinct target. In terms of the tiling, we will split a tile type into two or more sets
and call each of these new sets a tile type.

Let T be a periodic self similar tiling of X with expansion map ¢ and period
p. Let {T;};es be a tile type partition for ¥ and F(T) the corresponding family of
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periodic self similar tilings. Let I' be the subdivision graph for §. Let V be the vertex
set for T indexed by J and € be the edge set for T

The insplitting rule.

Let jo € J and split £ into two sets £% and £%. Let J = J — {jo} U {ji, j2}.
Let T' be the graph with vertex set ¥ indexed by J and edge set £ defined as follows.
Suppose a is an edge in £, i € {1,2}, and j, k € J.

e Ifae &% and s(a) = vj, then let @, @ € & such that

o € 51,5 and &3 € EJ;"
Jo Jo

o If ac £% and s(a) = vy for some k # jo then let

acél

e lface EJ’-; for some k # jo then let a7, &3 € & such that

a; €& and a; € €.
3 2

e Ifae SJ'-‘ for some j, k # jo then let

This procedure is called a single insplitting of T induced by the partition
{8’3 ,853}. From the above construction we may compute a transition matrix for
T, indexed by J x J given by

2
{lg'“ }J'lyjze-l“
Let 2 € {1,2}.

o If j1 € {j5,58} and j> = j; then

82| = |€;, n £3].



o Ifj1 € J - {jo} and j; = j§ then

1€2| = |g,, n &5’

o If j; € {7§,7¢} and j, € J — {70} then

lgnl__lc'n

o If j1, jo € J - {jo} then
ngzI_Ic’Jz

It follows that if {i'j}jej is a tile type partition for ¥ whi-h induces a transition matrix
equal to the transition matrix for I’ then T is the subdivision graph corresponding to
% with the partition {;t‘}]ej

Let v be a tile map for T and L the label map for I' induced byy. T € "C' and
T € ‘T" such that ¢~'T C T” then let

ai(T) = O_l(vk’vj’ ci(T) - ¢Ci—1(T’))'

Let jo € J and let {£%,E%} be a partition of £%°. Let [ be obtained from T by a
single insplitting induced by this partition. We construct a tile type partition {’ACJ}
for T which induces the subdivision graph T.

Suppose T* € T8 and T? € 52 for some &y, k; € Z, and

jed

Qg (Tl) 7& Ak, (Tz)

Then we may choose the partition of £ so that if {"C };ej and {"C };cj are the
corresponding tile type partitions for %' and T* then there exists J1s J2 € J such
that
T'e "ACJL: and T? € ’C::

and 7, # j2. We do this as follows. Since v, (") # o, (T?) there exists a partition
of €% such that ay, (T?) € £% and ak(T?) € €3, Let T be the graph obtained from
[ by applying the insplitting rule using this partition. Let J = J — { Jo} U {78,572} as
in the rule.
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For each a € £ there exists a corresponding edge or pair of edges in Elfae 81’-‘
and k # jo then the corresponding edges in & have target vx. If o € &% then the
corresponding edge or edges in £ have target viap. fa € &7 then the corresponding
edges in £ have target v;z. For each j € J — {jo} and i € Z, let

£ ={T € T:au(T) € &5} = %'

Let .

T = {T € T:ai(T) € £3)
and .

T2 = {T € Thau(T) € £R}.

Then {‘i;g ,‘f&';g} is just a partition of T;o and T is a G-finite tiling with respect to the
partition {‘AZ;)}J cj- 1t follows that the set of control points for %' with the tile type

partition {K;} jes 18 a set of positional points for %' in the new partition.
For each T € T}, let {T°} ¢ ¢, be the unique set of tiles in T+ such that

¢T = UaEEkTa

and

cit1(T7) = ¢ei(T) + L(o(T?))-

This will define the subdivision rule for the tiles in T* of the same type as T in the
new pz?,rtition. For each j' € J there exists k € J such that ‘i;; C %.. Hence for each
T e ‘t;, the pattern of ¢T in the partition {‘i’;-“}j e depends only on j'. Hence §(%)
is uniformly subdividing with this new partition.

It follows that if P is a finite union of tiles in %* then the pattern of P with
respect to the partition {’:C;}J <j depends only on the pattern of #~'Pin T with the
partition {3} '},¢;. Since T~1 is quasi-homogeneous with the partition {3},
T’ is quasi-homogeneous with the partition {‘i;}J cj- So %' is a periodic self similar
tiling with the partition {‘f&'; Ledr

We show T is the subdivision graph for ¥ corresponding to the partition {‘i’,} jed-
We compute the transition matrix M for ¥ in terms of the subdivision rules deter-
mined by {%;} jej- Let 1, 52 € JandletT € ‘3?1.’. Then M;,;, is the number of tiles
in ’i’;z contained in ¢T. Let TV € Ct:z such that ¥ C ¢T. Let ¢ € {1,2}.



o We have o(T") € £;, N &% if and only if j; € {j},j2} and j, = ji. In this case

M;;, = |E, NEX|.

o We have o(T") € &; N &% for some j € J — {jo} if and only if j; € J — {jo} and
j2 = ji. In this case
Mjljz = Igj, N gj"’l-

o We have o(T") € £;, N & for some j € J — {jo} if and only if jy € {j3,2} and
J2 € J = {jo}. In this case
2
M5, = €5, 1.
o We have a(T") = £; N E* for some j, k € J—{jo} if and only if j1, j2 € J—{jo}.
In this case

My s = €3

Since the transition matrix for T with the partition {Z;} jej €quals the transition
matrix for I, we conclude that I is the subdivision graph for ¥ with the partition
{‘ij}jej. Since ay, (T!) € £% we have T! € ‘i':é Since ax,(T?) € £% we have
T? e £3.

Example 2.1 Let X = R? and I? be the unit square in R? with vertices (0,0), (1,0),
(1,1), and (0,1). Let
T={P+22€Z%

then ¥ is a Z -finite tiling of X. Since every tile in T is a Z*-translate of I? we let
have one tile type ;. Let ¢: R? — R? be dilation by a factor of 2. We see that

¢(I*) = PU(I* +(1,0)) U (I* + (1,1)) U (I? + (0,1)).

So ¥ is a subdividing tiling with expansion map ¢ and tile type partition {%:}.
Define v: T — ¥ by y(I?) = I Then for all z € Z?, y(I* + z) = I* + ¢z. We find
¢(I? + z) = z. The subdivision graph I' for ¥ is in Figure 2.1. Each edge a is labeled
with L(a) where L is the label map induced by «.

We split the edge set € into two sets. Let the edges labeled (0,0) and (1,1) be
in one set and the edges labeled (1,0) and (0,1) be in the other set. Let T be the
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Figure 2.1: The subdivision graph for the tiling of the plane by unit squares.

graph obtained from I by a single insplitting induced by this partition. The graph [’
is given in Figure 2.2. The tile type partition of corresponding to I' is

T, ={I*+ (z,¥): 2,y € Z, and z + y is even)

and
g, = {P+(z,y):2,9€2Z, andz +y is odd}.

If we color the tiles in ‘fCl white and the tiles in ’:Cz red, then ¥ looks like an infinite
checkerboard sitting on R%.0

Proposition 2.2 Let iy, i; € Zy,and j € J. Let Ty € ‘1’;‘ and Ty € ’C;z Suppose

Ty # Ty. Then there exists a tile type partition for T in which Ti and T, have distinct
tile types.

Proof. If a;, (T1) # @i,(T2) then we are done by the preceeding remarks. We suppose
now that oy, (T1) = a4, (T3).

There exists a unique sequence of tiles {7%}%2, such that ¢~*T, Tk e ga-*
and a unique sequence of tiles {TF}22, such that ¢~*T, C Ty € 7%, Since ¢ is
expansive, for some My > 0 we have 0 € TIN OTQN for all N > Aly. We claim for some
minimal Ky > 1 we have

Qiy —f\'o(TlKo) 7é aiz—Ko(T'{{O)'



30

(1,1) (0 0)
“ g 1 ,0)
(1 ,0)
(0, 1)

Figure 2.2: The subdivision graph for the checkerboard tiling of the plane.

Suppose for a moment this is true. Then the tile type of THo in 1= is the same
as the tile type of 5% in T2~"o_ Otherwise the source of iy~ ko+1(T{1) would be

different from the source of Qliy— Ko +1 (TQK°'1) and

iy -~ Ko+1 (TlKo-l) # aiz—l\'o+l(T2K°_l)

contradicting the minimality of K.

By the rema1 ks preceding this proposition we may construct a single insplitting of
T to form I and the resulting tile type partition for T ~No wil] give T a different
tile type than the tile type for 7:*° in the new partition for §'2~Ho,

The control points for T are posmonal points for T so we may define a label map
for T in terms of the controls points. We define an edge assignment o!: ' — & in
terms of the label map for I'. Since T} and T3 have different tile types in their

respective tilings there exists a minimal K; < R’y such that
1 K 1 K
Q) =Ky (Tl\l ) ;é Qip- Ky (TZ !)°

. . . . . .. aN o
By applying induction we construct a finite sequence of insplittings to form I with

edge assignment o¥: T’ — £V, It follows that there is a decreasing sequence

0< Ky < I\’N_1 <0 <L I\’l < K,
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such that aa’__KN(TIK’") # af;'_KN(T{(N). Hence for some N > 1 we have
ofl (Ty) # ol (T2).

So we are in a position to define a tile type partition for T which will force T} and T3
to have different tile types in their respective tilings.
Why does Kj exist? Suppose for all £ > 1 we have

iy k(TF) = o,k (T¥).

Then for all N > 1 we have T{¥ # T}'. Otherwise for some minimal Ng > 0 we
have T{¥o = T*. Suppose this is the case and TV ¢ T;-"N" and T]"° € ‘I;’"N°. Let
x1 = ¢ Mc;, (T)) and z2 = ¢~V ¢;,(T2). We apply the proof for Theorem 1.9 and find

No . .
I = cix—No(TlNo) + Z¢—'L(ail-No+i(TlNo_'))

=1

No . .
= i (T) + 3 67 L(tiy=No4i(T5°Y))

i=1
= T2.

So ¢;, (T1) = ci,(T2). By Corollary 1.8 we have Ty = T;. But we assumed that T} # T5.
So {TF}2, and {T¥}2, are distinct sequences for which T # Tf for any k > 1.
Since v, —x41(TF ) = ik (T3 ') we have

Cir k1 (TEY) = @i, —k(TF) = ciymiir (T3 ) — ik (T5).

So
Ci;~k+1 (le-l) - ciz—k+l(T'f-l) = ¢(ci1-k(T1k) - ciz—k(Tzk))

for all £ > 0. Hence
ci—k(TF) — ik (TF) = 67 (ciy(T1) = €, (T2))
for all k£ > 0. Since Ty # T; we have ¢; (T1) # ci,(T2). Since ¢ is a homeomorphism

{d’-k(ch (Tl) — Ci, (Tz))}iil
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is a sequence of distinct points converging to 0. But each tiling in §(T) is locally
finite. For all N > M, we have TN and T contain 0. So {ci,—k(T¥) — ¢i—k(T¥) }xs0
contains a finite number of distinct differences and these are bounded away from zero.
The contradiction implies for some Ko, o, -k, (TF°) # e, 1, (T5°). This proves the

proposition.O

Generators and generating tile maps.

Definition. A generator for T' is a tile which contains the origin. A generator
for F(%) is any generator for some %' € F().

There is a one to one correspondence between the generators in T* and the gen-
erators in 1. For if T, T? are generators for * then 0 € ¢T* N ¢T2. Since T
and ¢T?2 are almost disjoint, there are distinct generators in ¥*+! contained in ¢T"
and ¢T2. Applying induction we see the number of generators may stay the same or
increase. But F(T) is a periodic family of tiles so the number of distinct generators
must stay the same.

Since %' is locally finite, there are a finite number of generators for F(%). If T is a
generator for ¥ and T is a generator for T then we may assume by Proposition 2.2
that T and T2 have different tile types in their respective tilings or that they coincide
as subsets in X and in tile type. It follows that there is a subset Jo C J which will
index generators for §(%) by their tile types. If two generators coincide in X but
have different tile types in their respective tilings then they will be distinguished by
their indices.

Let {T;};c,, be the set of generators for §(T).

Proposition 2.3 There ezists a tile map v for T and ko > 1 such that if {7;}iez, is
the corresponding family of tile maps for F(T) then we have the following.

(1) If T; € X% and j € Jo then ci(T;) = 0.

(2) For each T € %' and k > ko we have that v¥(T) is a tile in T+ of the same
type as a generator for F(X).

(8) The set U.-ez,,c.-(T) is a subset of G.
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Proof. We begin by defining v on the tile types indexed by Jo. If j € Jo and T; € ‘I;
then there is a unique generator T} € ‘Ej-fl such that Ty C ¢T;. Let v,(T;) = T
If Tj» has the same tile type in ! as T} has in §* then j = j* and v,(T}) = T;. It
follows that we may unambiguously define v; for each generator T; in §* in such a
way that v¥(T}) is a generator for . Hence 0 € v4(T;) for all k > 0 and ¢i(T;) =0.

We partition J — Jo by the lengths of paths between vertices in {v;};c;_j, and
vertices in {v;};cj,. Since T is p-mixing, there exists ko such that every vertex in
{v;};es-J, is the source of a path containing no more than ko edges and with target
in {v5};es-

Let Jy C J — Jo index the set of vertices v; such that v; is the source of an edge
with target in {v;},cg. Let Jo C J — (JoU J;) index the set of vertices v; such that
v; is the source of an edge with target in {v;},; . We repeat this process until for
some minimal ky we have J = Uf-‘goJ,-.

Foreachj € J—Jo fix T; € ;. If j € J;, 0 < i < ko, we know that ¢(T}) contains
a tile T € ¥ such that j' € Ji—;. Let 4(T;) = T. This defines « for all tile types and
hence defines the family {7;}:¢z,.

Let T € . Then 7% (T) is a tile in T** of the same type as a generator for
F(%). By Proposition 1.7, ™ ¢i(T) = eipry (v2(T)). Let T; be the generator for F(%)
with the same tile type as 75 (T'). Then if T; € TF we have

$°c(T) = civio (VF(T)) — eu(Ty) € G.
Hence ¢;(T) € ™G = G.O

Definition. A tile map satisfying Proposition 2.3 is a generating tile map.

Digit expansions for points in X.

We observe that in Theorem 1.9 every =z € X has a representation of the form
¢ =c(T%)+3 ¢ L(n*)
k=1

where z € T° € %%, and {7*}%, is a path in T with source vj,, jo € J. If T is a
generator for ' then ¢;(T°) = 0 and we would have a representation for « in powers
of ¢ with digits in L(£). Let v be a generating tile map for ¥.
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Theorem 2.4 (1) For each x € X there exists a sequence of tiles {T*} ez such that
if T° € T then T* € T and ¢tz € T* ¢ ¢T* for each k € Z. In this case

z= f: 75 (ciar(T*) = deipkor (T*1)). | (2.1)

k=—o0

(2) For each z € X, if {T*},cz is a sequence of tiles satisfying (1) and T* € ',Cj-:f"
then there ezists a unique path {n*},cq in T defined by

77k = e—l(vjk-n v.ik’c"+k(Tk) - ¢ci+k-1(Tk—l))'

In this case

z= Y 67L("). (22)

k=-—0c0

3) For each z € X, if {n*}2_n is a path in T with source in {v;}.., such that
k=-N ifiedo
(> ]

z= Y ¢7*L(p¥)

k==N

then there ezists a unique sequence of tiles {T*} ez satisfying (1) such that if T* €
‘I;:'k then
77k = e_l(vjk-x 1 Vg ci+k(Tk) = Citk-1 (Tk_l))
for each k > —N. In this case
{z}=) ¢k,
keZ
Moreover, there is a unique extension of {n*}2_n defined by
n* = O™ (Vjamy s sy i (TH) = $Cirk-1(T*1))
for each k < —N, and
0
z =3 ¢ L(n*).
-0

(4) There exists a bound b such that for any z € X the number of sequences of tiles
satisfying (1) is bounded by b.
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Proof. (1) By Theorem 1.9 for each T° € T‘ and z € T° there is a sequence of tiles
{T*}, such that for each k > 1, T* € T*+* and ¢*z € T* C ¢T*". In this case we
have

£ = 6(T%) + 3 6™ (cors(TY) = despimt (T).

k=1
For each k < 1 we find there is a unique tile T € T such that ¢*7° C T*. In this
case ¢*z € T* C ¢T*~! for each k € Z.

Since ¢ is expansive, for some N > 0 we have T = T; for some j € Jo. Hence
for k < =N we have ¢;44(T*) = 0. Let y = ¢~V "'z € T-N-1. Then {T-N-1+k},
is a sequence of tiles satisfying Theorem 1.9 for y. Since c_y—14x(T~V %) = 0 for
all £ < 1 we have '

0

y= 2 ¢ emnormk(T™N ) = doyoppun (T7V7H4)),

k=-c0

-N-1

Applying ¢"V*! to both sides of the equation we obtain 2.1.

(2) Let z € X and {T*},cz be a sequence of tiles satisfying (1). Suppose T* € ‘I;:k,
for all k € Z. Define

nk =0 (vik-l s Ujks ci+k(Tk) - ¢c!'+k—l(Tk_l))'

Since s(n*) = t(n*~!) for each k € Z, we have that {f*},cz is a path in T'. Since O~
is well defined, {n*},cz is uniquely defined. By replacing c;4k(T*) — ¢cipr-1(T*?)
with L(n*) in equation 2.1 we obtain equation 2.2.

(3) Suppose z € X and {9*}f2_y is a path in T' with source in {v;} ;¢ , such that
- kp( ok
z= Y ¢ L(n").
k=-N
Suppose O(n*) = (vj,_,,v;,, L(n*)) for k > —N. Then
oV e =3¢ FL(n* N e Ty
k=1

for some generator Tj for T, i € Z,. Let T-N~! = T;. We have that

¢_N_1$ = C.‘(TN-I) + i (}S—kL(ﬂk—N_l).
k=1
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We may now apply Theorem 1.9 to construct the unique sequence {T-N-1+k}
corresponding to {n~N-1tk}% _ Then T-N-1*k ¢ T*** for each k > 0. For each k < 1
there is a unique tile T-N-1** ¢ T+ sych that ¢*T-N-1 ¢ T-N-1+k Moreover each
T-N-1+k is a generator for %, k < 1. We have

{¢_N—1.’L‘} = n ¢—kT-—N-1+k.

kez

Hence

e} = N 67T

keZ

By applying (2) to {T*},¢z we obtain the unique extension {#*}c5.

(4) This follows almost immediately from Corollary 1.11. For if z € X then for
some N > 0 we have that ¢~Vz belongs to a generator for F(T). We know that
the number of paths {#*}2, which satisfy Theorem 1.9 for ¢~z is bounded by b.
By applying (3) we know there is a unique sequence of tiles satisfying (1) for ¢~z
which corresponds to each path {9*}$2,. We have only to note that if M > N then
the family of paths {#*}2, which give representations for 6~z corresponds to the
same family of sequences of tiles which satisfy (1) for ¢~V z, if we permit ourselves
to renumber the indices accordingly. For if z € T and {T*}{, is a sequence of tiles
satisfying Theorem 1.9 for z then the extension defined in (1) given by {T%},¢z is
uniquely determined.O

Suppose £ € X and {T*},.; is a sequence satisfying (1) for z. Suppose for all
k € Z we have that T* € T+, We have that z € T° and

Ci(To) = Z ¢—k(ci+k(Tk) = $Cirk1 (Tk—l))-

=00

For some N > 0 we have T-V-1 is a generator for F(%). It follows that
ciak(T*) = peirn—a (TF1) = 0

for all k¥ < —N and

G(T0) = 3 6™H 1) = douacs (T*),
k=—
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It follows from (2) that if T-N=' € "V, j € Jo, then there exists a path {n*}2__,
with source v; and target v;, such that

0
a(T®) = Y ¢7*L(n).
k=-N
On the other hand suppose {n*}9__p is a path in I' with source in {vi};eJ, and
target vj,. If s(p™V) = vj_p_, and Tj_,_, € T'_N
T° € T2V such that

, then there exists a unique

0
cn(T%) = o e(Tiy )+ Y o7 L(n*)
k==N
0
3 ¢7FL(n¥).

k==N

We extend {n*}}__y to a path {n*}2_y. Let T* = v%, (T°). Suppose T* € TN+,
then define for each k£ > 1
77k = 07} (v, V4, 0).

By Theorem 2.4 there is a unique extension of {9*}22_y to {n*},cz such that

an(T) = 3 67L(b).

k=—=0c0

Hence
0

Y ¢FL(r) € cun(THN),

k==-00

Let

S; = {n={n"}0=_co:n is a path in T with target v;
such that there exists N > 0 for which
s(n*) € {vj};ey, for all k < —N}.

By the above remarks

U:c-z,cz’E)—{ > ¢7*L(n*) nésj}-

k=—00
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Let
N(S;) = {77 € Sﬁk_‘:? ¢~*L(n*) ¢ C(Tj)} .

It follows from the above remarks that

Proposition 2.5

0
o(%;) = {kZ ¢~ L(n*):in e S; - N(S,-)} -

To obtain digit expansions as in Theorem 2.4 it may not be necessary to define
a tile map for which every generator has 0 as its control point. Suppose that v is a
generating tile map. Suppose Jj C Jo such that for each j € J} there exists j' € Jo
such that for all T € "C} we have v,(T) € ‘I;-Tl. In some sense we could think of
{’.l”j}jEJt,J as being invariant under the tile map 4. Suppose further that every z € X
has an eventual preimage in one of the tiles in {T}} jes- Then each z € X has a
sequence of tiles {T*}, ., such that for some Ny > 0 we have T-N+k ¢ {T;}e gy for
all k < 1. Hence we could work with fewer tile types and still obtain digit expansions.
To keep things simple we will always assume that ~ is a generating tile map and that
every generator has 0 as its control point. We will discuss the option of loosening the
requirements on v briefly in Chapter 5, Example 5.2.



Chapter 3
PERIODIC TILINGS OF R"

Let ¢ be a hyperbolic linear automorphism on R" with matrix represen.tation in
GL(n,Z) and characteristic polynomial x4 irreducible over Z. The map ¢ induces a
hyperbolic automorphism ¢ on R™ mod Z".

The irreducibility of x, implies that x4 has no repeated zeroes and hence ¢ is
diagonalizable. Since ¢ is hyperbolic we may order the eigenvalues for ¢ as {\;}%,
such that

Al < fAof S [M] < T <A -+ Al

There is a ¢-invariant decomposition of R" into spaces E, and FE, such that the

eigenvalues for ¢|g, are {);}\_, and the eigenvalues for ¢|g, are {A;}%,,. The space

E, is the stable eigenspace for ¢ and the space E, is the unstable eigenspace

for ¢. Note that q’>|;3f and @|g, are both expansive maps. Hence as in Chapter 1 we

will adapt a norm for R™ which reflects the expansive properties of ¢|z! and ¢|E,.
Choose ¢ and (¢ so that

1< o <min{|A;,|A 41|} and ¢ > max{|A,[,|AT I}

By our discussion on page 5 we may define a norm || - || for R™ such that for each

z € E, we have
lzll < ellzll < ll¢7 || < ¢l
and
¢l < Nlgzll < o7 el < Nzll-
Likewise if z € E, then
lzll < ellzll < ll¢zll < ¢l
and

¢Hizll < Nl67 el < @7 lall <zl

We give R", E,, and E, the topologies induced by the norm || - ||
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Since x4 is irreducible over Z, there is no ¢-invariant subspace of R® which inter-
sects Z" — {0}. Let 7,: R* — E, be projection along E, to E,. Let 7,: R® — E, be
projection along E, to E,. Then =,|zn and m,|z» are bijective Z-linear maps.

Definition. Let (u: 7u(Z") — Z" by (u(7u(2)) = 2. Let py: 7, (Z") — 7,(Z") by
ps(mu(2)) = —74(2).

We note that (, and p, are bijective Z-linear maps which are related by
ps(z) = = — (u(x)

for each z € 7, (Z").

Periodic self similar tilings of E,,.

Let X, be a subset of F, = R® which is the closure of its interior. We will make

the following assumptions about X,,.
o oX, = ¢|EuXu = Xu.
e X, mod Z" is dense in R™ mod Z".

Suppose that ¥ is a 7,(Z")-finite periodic self similar tiling of X, with expansive
map ¢ and period p. Let F(%) be the corresponding family of tilings for . By
Proposition 2.3 there exists a tile type partition {T;} e for T which forces the distinct
generators in §(¥) to be distinguished by their tile types. We apply Proposition 2.3
and let v: ¥ — T' be a generating tile map so that

Uiez,ci(T') C mu(Z").
Let I' be the subdivision graph for . We continue with the notation of Chapter 2.

Definition. For each j € J let Q,,; be the subset of R™ given by

;= Ures,(T = GuelT))

Since ps(¢(T)) = ¢(T) — {,e(T) we have

T = Gue(T) = psc(T) & (T ~ o(T))
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where p,¢(T) € E, and T — ¢(T') C E,. By Corollary 1.10 for all T € ¥; we have
T—¢c(T)= {}: ¢~ FL(n*): s(n) = vj, {#*}L, is a path in 1"}.
k=1
By Proposition 2.5 and the remarks on page 37

psc(T;) = { zo: ¢~ s L(n*): {n* Y3 € Si —/V(Sj)} -

k=—00

Define

S; = {n = {"*}uez: {1} € S; — N(S;), nis apath in T}

Then
0 oo
Qu,j = { 3 7% L(n*) + 3 67 L(n*): {n*}rez € Sj} :

k=—00 k=1

Since £ is finite, if z € Q,; and 7 € S; such that

0 00
z= Y ¢ FpL(n*)+ 3 ¢™*L(n%)
k=—00 k=1
then

0 00
Izl < 3 el L(n®)l + X e~ I L(*)|
k=1

k=—-00

2
S T3 max{||psL(@)l|, [ L(e)|: @ € €}.

So Q,,; is bounded.

Definition.
e For each j € J, let Q; = Clos(Q,;).
o Let Q, = UjesQy,j.

o Let = Clos(f,).
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We see that § is a compact set. Since X, mod Z" = Q, mod Z" and X, mod Z"
is dense in R" mod Z" we have that

Q mod Z" = R® mod Z".
Hence

U@+z)=R"
2€Z"

It turns out that under special circumstances the collection
{Q+2z:2€2Z%}

forms a periodic tiling of R™. This is the first step in constructing a Markov partition
for ¢ mod Z".

We begin by taking advantage of a lot of foreknowledge and discuss the shift of
finite type which will eventually represent the hyperbolic toral automorphism induced

by ¢.

The graph shift (Xr, or).

Definition. IfT is a graph with edge set £ then the graph shift I is the shift of
finite type over the alphabet € specified by

Yr = {7; = {n*}rez € £%:9 is a path in I‘}.
The shift operator, op: Er — Zr, is defined for each € X and & € Z so that
orn® = g**.

We define 2 metric dr on Zr such that if 5, e € & and k € Z then

1
T+ K|

dr‘(na 6) =

if |k| is minimal such that n* # €*. We give Ir the topology induced by the metric
dr. In this topology Xr is compact and o is a homeomorphism.
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For each a € € and i € Z define
Ci(a) = {n € Er:n’ = a}.
Note that C;(a) = or~*Co(a). For each finite path {p*}}_p in T define
Co(n~Ny=N+1 . M) = MM Ci(n=N+*)
and for each: € Z
Cilg™Nn=N*1 - qM) = op~* Co(n~Ng =41 - .- gM).

We call the set C;(n~V...9™) a cylinder set in Ep. The cylinder sets are both open
and compact in the topology of Zr.

Let Er be the graph shift induced by the subdivision graph I’ for T. For each
J € J let
S; = {n € Zr:¥(n°) = v;}.

Note that
or = UjesS;

where this is a disjoint union and S; is compact in Zr.

Definition. Define ¢: Xr — R" for 5 € Ir by

P(n) = i ¢"’p,L(n’°)+§¢"‘L(n")-

k=—o0 k=1

If 7 and € are elements of I then

0 0
> N~ oL+ 3= 167" paL(eX)lI+

k=~co k=—o00
j}f 167 o L))l + ki": 167 paL(e)|
=1 =1

is a convergent series. If N € Z and

1
[
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then

-N )
llo(m) = bl < 32 167%p(L(n*) = LI + 3 I1675(L(n*) — L(eM))]

k=-oo k=N
20~N
< i max{le L@l IL(@)):a € £).

Hence 1 is a continuous map from I to R™. Note that ¥(S;) = Qy,;.
Proposition 3.1 For each j € J, S; is dense in S; and ¥(S;) = Q;.
Proof. Let j € J and 7 € S;. For each k € Z suppose
On") = (Vjmss vins L(1")).
For each N > 0 choose
{eh " HRemoo € Siw = N(Sj_y)

and for each k> 1 let

k=N = ph=N
Then ey = {€§ }1ez € S; and
de(enn) < —
rlen, ) = 1+N°

Hence 5; = Clos(S;).
Since S; is compact in £r and ¥ is continuous, ¥(5;) is a compact subset of R™.
Since S; is dense in S;, Q,; = ¥(S;) is dense in ¥(S;). Hence ; = %(5;).0

Corollary 3.2 The set UjeyS; is dense in Zr and

P(Xr) = Q.

If {Q+ 2z:2 € Z"} is a tiling of R™ then we will think of © as representing the
n-dimensional torus. We let II be the quotient map from R" to R" mod Z" and study
the map

Hoy:(Zr,or) — (I, I o ¢).

For this reason we will continue our study of the properties of .
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Proposition 3.3 For allp € Tr and N > 0 we have

P(ar™n) = ¢Vp(n) — oV Z ¢~ *¢L(n*)

and

Plor™n) =6 Np(n) + 67 3 7FCL(7Y).

k=1-N
Proof. Let 7 € Er and N > 0. Then since opV9* = ¥+ we have

5 puL(n*Y) + 3 ¢+ L(nt+Y)
k=1

0
P(opVn) = kZ
N oo
= 2 ¢ L)+ 3 ¢TI
k==-o0
Y. 6
k=-00

k=N+1

=) N
5= N oo L(n*) + 3 ¢7M N L(n*) — (30 67V L(nY)

k=1 k=1

N
= ¢"y(n) — ¢V 3 67*¢CL(nY).

k=1
Likewise we find

0

Ylor™Nn) = Y ¢7FpL(n* Ny + Y 67 L(n* )
k==0c0 k=1
-N oo
= 2 ¢ Vp L)+ X o7 NL(nY)
k——oo =1-N
o0 0
S R AW LML TGS N LGY)
k=-00 =1 k=1-N
0
= ¢ V() +o™V Y ¢7FCGL(nY).
k=1-N

Proposition 3.4 (1) For each n € S; there exists 7 € S; such that mp(n) =
¥(7) € Q; N E,.

(2) o7, C 7, =QNE,.
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Proof. (1) Letn € 5;. Let T € %;. Suppose for each k£ > 0 we have v*(T) € Tfk.
Define

ﬁk = O_l(vjk—nvjk’o)
for all k > 1 and

for all £ < 0. Then .
P = Y. ¢ *p.L(n*) = m0(n).

k=-00

Since t(77) = v;, ij € §;. So (7)) € Y N E,.

(2) If z € 7,(Q) then = € 7,(Q;) for some j € J. Hence there exists n € S; such that
¥(n) = 2 and L(n*) = 0 for all k£ > 1. Hence by Proposition 3.3

$o(n) = Blorn) +GLY) = 3 ¢*puL(nt*)

k=—o00

€ mS.

So ¢7,(R) C 7,Q. But

Ts(Q) = Ujeams(§2;) = UiedGNE, =QNE,.

Proposition 3.5 The map 1 is boundedly finite to one.

Proof. Let z €  and {n;};,c; C ¥™'(z) for some finite indexing set I. Without loss
of generality we may assume that the paths 7; and 5y are distinct for each pair of
distinct ¢, i’ € I. Hence there exists N > 0 such that the paths

{nf}_n and {n5}_x

are distinct for ¢ # 7.

Since (2 is compact in R there exists a finite collection of z € Z" such that

QN (Q+2) # 0.
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Hence there exists a bound &, such that for all y € 2 the number of points in y + Z"
belonging to Q is less than or equal to b,. By Proposition 3.3 for each i € I

1]
¢V z + ¢V Y 7RGL(E) = g(or N Im) € Q.

k=-N

So for each 7 # 4’ in I there exists z € Z" such that
Plor~N'pi) = P(or~V ") + 2.

Hence the number of distinct points in {¢(or~V"'9;)}¢; is less than or equal to b.
Let y € {¢(or™~"n:)}ie;- Then
Tu(y) =Y ¢~ L(or™""'nf).

k=1

By Corollary 1.11 there is a bound b on the number of paths which give a represen-
tation for 7,(y). Hence the number of elements of {or~N~'n;},c; which are mapped
by ¥ to the same point, is less than or equal to b. It follows that |I| < b,b. Since =
was arbitrary in Q we have that |¢~'(z)| < b,b for all z € Q.0

Periodic tilings of R™ mod Z".
Definition. A finite collection of compact sets {C;,C3,...,Cx} in R" induces a
periodic tiling of R" mod Z" if

(1) (U,C;) mod Z* = R"™ mod Z*,

(2) each C; is the closure of its interior, and

(3) for all z € Z™ if
(Ci+ z)NInt(C;) # 0

then 2 =0and i =j.

For each j € J we have that §; is a compact set. It turns out that £2; is also the
closure of its interior.
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Proposition 8.6 (1) For each j € J, m,(Q;) is the closure of its interior.
(2) For each j € J, §Q; is the closure of its interior.
(3) Q is the closure of its interior and m,(2) is the closure of its interior.

Proof. Since

U Ujes(R+2)) =R"
z€Z"

we may apply the Baire category theorem. That is for some j € J we have that Q;

has non-empty interior. But
0 =m(Q;) @ (T - ¢(T))

for any T € %;, so ; has non-empty interior if and only if 7,(Q2;) has non-empty
interior. It follows that by showing (1) we immediately get (2). For each j' € J, let
Uy = Int(7,Q;). By the above remarks U; # 0. For each z € U; there exists 7, € S;
such that ¥(5;) = = and L(n¥) = 0 for £ > 1. Since ¥ is p-mixing, for each j' € J
there exists a path {e*}N7 in ' such that s(¢') = j and t(¢"?) = j'. Let € € 5; be
defined so that

& =nk for £ <0,
& =¢ for 1 <k < Np, and
L()=0  for k> Np.

Then

Np
VP ($(e)) — ¢"NP Y 67FCGL(E) = P(or™Pe)

k=1

= X SLEH) + 3 6L

k=—o00 k=1
—iNp 0
= z ¢_kPaL(77£+Np) + Z ¢_kP,L(€k+Np)
k=—00 k=1-Np

0

= ¢"PY(no)+ Y ¢7Fp.L(eFH?).

k=1-Np
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Since #(€"?) = vjr, we have (orN?e) € 7,Q;i. Since z was arbitrary in Uj,
0

oNPU; + Y 97 p, L(HNP) c U,
k=1-Np

So Ujr # 0 for all j7 € J.
Let T}, be a generator for X. Then there is a unique generator T}, for T such that

T, = °(T},)-
For each N let Tj, be the unique generator for ¥ such that
T;, = 7NP(T1'N)'

Then for T € %, we have that ¢"?c(T) = ¢(y"?T) € ¢(%;,). Hence

0

U ¢"*U;y C Uj,.
N=0

Since ¢|z is expansive, 0 belongs to the closure of U;,. Since T}, was an arbitrary
generator for ¥, for all generators T; € ¥; , we have that 0 belongs to the closure of
U;.

Let j € J and T € %;. Then for some generator T}, there exists an N > 0 such
that T C ¢"PT;, in which case

o(T) = $"°e(T},) + o(T).

So for all T € T;,,
¢"Pe(T") + o(T) € o(%;).

Hence ¢"?U;, + p,c(T') C U;. Since 0 belongs to the closure of ¢ PU;, we have that
ps¢(T') belongs to the closure of U;. But T was arbitrary in %; and

m5§Y; = Clos{p,c(T): T € %;}.

Hence 7,Q; C Clos(U;). This proves (1) and (2).
Finally we note that = U;esQ; and 7,Q = Ujesm,Q;. Since both unions are
finite we obtain (3).0
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Theorem 3.7 The collection {Q;};cy induces a periodic tiling of R® mod Z" if and
only if for all z € Z" and j € J such that X, — z N Int(Q;) # O we have that
z € (uc(T;).

Proof. Suppose the sets Q; do induce a periodic tiling of R® mod Z". Let z € Z*

and suppose X, — zN Int(Q;) # @ for some j € J. Then for some j' € J and T in T
we have that

(T — z) N Int(;) # 0.

Since T € ¥ we have that
(T - ¢ue(T)) C Q.
Moreover,
(T = Gue(T) + (Gue(T) = 2)) N Int(Q;) # 0
50 :
(2 + (Gue(T) = 2)) N Tnt(0;) # 0.

By our hypothesis we have (,¢(T) = z and j = j'. Hence z € Cuc(%;).
Conversely, suppose X, — z N Int(f;) # 0 implies that z € ¢(%;). Let z € Z* and
J» k € J and suppose that

(9 + 2) N Int() # 0.
since {Q,; is dense in Q; for some T € §; we have that
(T = Cue(T) + z) N Int(Q) # 0.
Since T is the closure of its interior we have
(Int(T') — Cue(T') + z) N Int () # 0.
By the hypothesis {,c(T) — z € ¢(%%). Hence for some T" € T we have
(T") = (ue(T) — =.

Moreover,

(In(T) — Gue(T) + 2) N (T" — Cue(T")) # 0.
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Hence Int(T) N T’ # 0. So T = T' and (,e(T) = Cuc(T). It follows that j = k and

z=0.0

In general Theorem 3.7 may or may not be useful to check if we have a periodic
tiling of R” mod Z". The set X, may not be connected so just checking if

X, N Int(;) # 0

may be difficult. Fortunately, the tilings that we will be interested in have more
structure than the general case that we have been using.

Markov tilings
Suppose for some j € J, there exists a tile T such that
T e r‘lieZ,,iCj-.

Since §(%) is uniformly subdividing, the pattern of #T is the same in every § € 5(%).
Hence there is a unique collection of tiles {T°}.e 3 such that

¢T = UOIGEJ- Ta
and if a € EJI-"’ then
T ¢ n;esz;;a.

It follows that the subset
UL T C X,

is tiled in the same way by all of the tilings in (). For each j € J let
N(Z;) ={T € T; — Ti: for some i € Z,}.

In other words N(T;) is the set of all tiles in T; which do not belong to ’C; for some
t € Zyp. Let

N(%) = Ujes V(%)
Let
N(X.) = UrenmT.
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If M(X,) # X, then N(T) # T and the portion of T which is shared by each
T € F(T) is almost a self similar tiling of X, — M(X,) with respect to subdivisions
and quasi-homogeneity. In particular, since U2, ¢*T is unbounded in X, for any tile
T, X, — N(X,) contains every bounded pattern found in ¥.

Definition.  If {Q;},c; yields a periodic tiling of R" mod Z" and N(X,) # X,
then we will call T a Markov tiling.

Suppose ¥ is a Markov tiling. Then if T € T and T C X — N(X,) then ¢T
subdivides according to the rules for ¥ into tiles in ¥. If we could simply ignore
N (X.) then we could say ¥ is self similar on X, — N(X,). Of course

$(Xu — N(Xa)) C Xu — N(Xy)

and the inclusion is usually strict. So if N'(X,) # 0 then T isn’t really self similar.
The periodic self similar tilings that we will be using to construct Markov par-

titions will be Markov tilings. In general the tiled space X, will be a semigroup.

When X, is a semigroup we can determine if {Q;},c; induces a periodic tiling by

considering the lattice points in Z"™ which are close to X,,.

Definition. For each i € Z, let P; be the union of the generators for *. Let [P)]
be the set of m,(Z")-translates of P; which have the same pattern as P; in '.

If P; + g € [P] then each tile in P; + g is of the same type as a generator for %'.
Moreover each tile in P; + g has g as its control point. For each P € [P;] let ¢;(P)
denote this control point, so that P; + ¢;(P) = P. Let ¢;[P;] denote the set of all
control points for the tiles in P € [P;]. It turns out that if the elements of Z" which
project onto Ujez,ci[P;] include all the elements of Z™ within a certain bounded region

of X, then we have a periodic tiling.

Definition. Let -
X, =] ¢7Fm.

k=0

Since 7,0 = {X9__.. ¢ %p.L(n*): n € Zr} we have

M
X, = { Z ¢-kpsL(77k):77 € zl‘a Me Z} .

k=—00
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Note that ¢X, = X, and X, is the closure of its interior.

Lemma 3.8 For every M € Z there exists N € Z such that ifn € r, M’ € Z, and

% ¢_kPaL(77k) € ¢"m,Q

k=~o00

then M' < M.

Proof. Let n € r and M’ € Z. Suppose

_ Mok k
z= E ¢~ paL(n").

k=—-00

If M’ <0 then z € 7,02. If M’ > 0 then

0 M’ M’
z= Y ¢7*p.L(n*) + X ¢ pL(n*) € Q= D ¢*CuL(n*).
k=—co k=1 k=1

Assume M’ > 0 and let 2 = =M, 67%¢.L(n*). By an application of Corollary 1.11
there is a bound on the number of finite paths in I' given by {n*}xer such that
Tu(2) = Sker $~FL(n*). Hence there exists M, such that M’ < M,.

Since € is compact there are at most a finite number of lattice points z € Z" such
that

Q=-2)N70#0.

Hence there exists an Mp > 0 such that if {#*}}, is a path in I" and
Ml
Q=Y 67 6L(h) | N £
k=1

then M’ < M. It follows that if z € 7,(2) and y € Er, M’ € Z such that

MI

z= Y. ¢ *p,L(n*)

k=~00

then M’ < M,. Moreover for all N € Z if z € ¢N7r,Q then M’ < My — N. Let
N=M-M.O
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Lemma 3.9 For each N >0, ¢"¢;[P] C ci+N[Pi+N]-

Proof. Let P;+g € [P, If T; is a generator for T then T} +g C P: +g¢. Since 7:{(T5)

is a generator for !, v:T; + ¢g is a tile in T+ of the same type as a generator in
T+! and

¢¢i(T; + g) = cira(7:(T3)) + 99 = ¢g.
There is a one-one correspondence between the generators in ¥ and there 7v; images.
So
Piy1+ 69 C é(Pi + g)

and Piy1 + dg has the same pattern in T+ as P,;. So ég9 € c[P;41]. We apply
induction and obtain the result.O

Theorem 3.10 S}}z_&;ose that X, is a semigroup and N'(X,) is bounded. Suppose for
all

ze€-X; X, NZ"
there exists N > 0 such that ¢"z ¢ Uiez,CuCi[Pi]. Then € is a Markov tiling.

What this theorem essentially says is that if every translate of Q by a lattice point
in Z" which is close to X, intersects X, in a set with the same pattern as P; for some
i € Zy, then we have a periodic tiling of R® mod Z". It turns out that many tilings

are constructed with this property built in. So checking if we have a Markov tiling
becomes trivial.

Proof. The basic idea is to show that if for some j, k € J and z € Z* — {0} we have
Int(Q;) N Int(U)+2#0

then there exists 2/ € Z" such that
Xy = 2'N Int(my(Q;)) # 0

and 2’ ¢ (uc(T;). We construct a nonempty subset of (~ Int(7,(R;)) ® Xu)NZ" in
which every point is not in (,c(%;). We then use the hypothesis of the theorem to
show that such a set cannot exist.
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We begin by constructing an open subset U of X, which contains 0 in its closure
and ¢U C U. We will show if z € (-U @ X.) N Z" then z € Uiz, (uci[P]. By
hypothesis, every z € (—Xs @ X,) N Z" is the eventual preimage of a point in
Uiez,Cuci[Pi]. So for every such z there exists a finite path {n*}¥_y in ' with
source in {v;};c;, such that

— o —k k
2= Z é CuL(TI )

k=-N

By Lemma 3.8 there exists Ny such that if —7,z € ™7, then M < 0. Hence for
all z € (—o™7,Q @ X,) N Z" we have z € U;eng’uc;(f{i).

By hypothesis there are at most a finite number of control points which lie in
N(X.) belonging to any of the tilings . Hence there exists Ny > Np such that if

ze€ (M, Q@ X,)NZ"

we have z € (,¢(T — N (%)).
For each T € T — M (%) let Pr be the union of the tiles in ¥ containing ¢(T).

Since ¥ is quasi-homogeneous the set of distinct patterns in
{Pr:T e -N()}

is finite. Hence there exists a finite collection of representatives { Pr«},cx such that
for every tile T in T — N (¥) there exists a k € K such that Pr« has the same pattern
as Pr. Since ¥ is locally finite there are only a finite number of control points in
Ukek Prx. By hypothesis, for each T' C Ugeg Prx there exists Nt such that

VT (T) € Uiez, [ P).
By Lemma 3.9 for all N > 1, ¢V N1¢(T) € Uiez,c[P]. Let
Ny =lem{N7: T C Uker Pr«}.
Then for every T' C Ugex Pr« we have

¢"*c(T) € Uiez,c[P).
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Let T € ¥ — N(%). Then for some k € K we have that Prx has the same pattern
as Pr. Hence ¢™?Pr has the same pattern as ¢™2Pp.. Since Pr contains every
tile which contains ¢(T'), the set ¢™2Pr contains every tile which contains ¢™2¢(T).
Hence P; + ¢"2¢(T) C ¢"2 Pr for some i € Z, and ¢™?¢(T) € Uiez,c[P]. Let U =
M1 Ve Int(n,Q). H

ze(-UsX,)NZ"

then z € Uiez,(uc[P).

Since ¢|g, is expansive, X, — N(X,) contains arbitrarily large connected compo-
nents. If T € § — NM(Z) then choose N sufficiently large so that T C ¢ P; for each
i € Zy. Then for all P € U;ezp[}’;]; T + ¢"e(P) is a tile in T of the same type as
T. By the quasi-homogeneity of ¥, each sufficiently large component of X, — N'(X,)
contains the pattern of ¢ P; in its interior for some i € Z,. Note that

AT + $Ve(P)) = o(T) + ¢V e(P).

It follows that
llpac(T + " c(P)) — pac(T)|| < &V |lpac(P)]-

Hence for every T € T — N (%) there exists T' € T — N(Z) of the same type as T’ and
contained in an arbitrarily large connected component of X, — V(X,). Moreover, for

any 6 > 0, we may choose T” so that
llpsc(T") — pac(T)|| < 6.

If V is a bounded neighborhood of 2 then we may choose the connected component

containing 7" so that
(Xu = N(Xu) = Ge(TNNV = (By = Gue(T)) N V.
Suppose for some j, k € J and z € Z" — {0} we have
(Int(£Y;) + 2) N Int(Q) # 0.
Then for some T € T we have

(T — Gue(T)) N ( Int(8) + 2) # 0.
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By the above remarks we may choose T so that T' ¢ M (T)) and
(Xu = N(Xu) = Cue(T)) N (5 + 2) = (Bu = Gue(T)) N (R + 2).

So
(Xa - N(Xu) - Cuc(T) - 2) n 7"3(9.1') = {Ws(_Cuc(T) - z)}
Since
(Xu — N (Xa) = Gue(T) — 2) N Int(Q;) # 0

and {}; is a rectangle,
7s(—Cuc(T) — 2) € Int(m,(Q;)) C X,.

Moreover z is within a bounded region of 0. By choosing the connected component
of X, — N(X,) which contains T so that T lies within a large connected ball in
X. — N(X,), we have that

oT) + mu(2) € Xy — N(X,).
Also ¢(T) + mu(2) ¢ ¢(%;). For if not then
(Xu = Cue(T) = 2) NInt(Q;) = Int(T") — (ue(T")
for some T' € ¥;. Hence
(T = Gue(T) = 2) 0 (Int(T") = Cue(T")) # 0

and TNInt(T') # 0. So T = T'. But then z=0and j = k.
It follows that there exists j € J and z € (=X, & (X4 — NM(X,))) N Z" such that

(Xu — 2) NInt(r,(£2;)) # 0

and z ¢ (,¢(%T;).

Choose M, sufficiently large so that mu(z) € Int(¢™ P,) for each i € Z,. Then for
all P € Ujez,[P1] we have (,¢Mc(P) + 2 ¢ (uc(T;). Hence for all w € (—¢™U @
Xu)NZ", we have w + z ¢ (4¢(%;) and

(MU D X, +2)N¢uc(T;) = 0. (3.1)
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Since —m,(2) € Int(r,%;) and 0 € Clos(¢*U) there exists T" € T; — N(F;) such

that
psc(T") € —r,(2) + M U.

Choose M; sufficiently large so that
T" c ¢" P,
for all i € Z, and so that for all P € Uiez,[P]
ps(9"2c(P) + o(T")) € (4™ U — 70(2)) N pac(S))
Since X, is a semigroup, and 7,(2) € X,,
Xy + 7u(2) C X,
Since ¥ is quasi-homogeneous, there exists P € Uiez,[Pi] such that
M P C X, + m,(2).
Hence ¢M2¢(P) + ¢(T") € X, + mu(2). So

Cu8™e(P) + Cue(T") € ((=4™ U @ Xu) + 2) N Cuc(T;)

contradicting equation 3.1. It follows that z € (,¢(%;). This proves the theorem.O

Corollary 3.11 Suppose that X, is a semigroup, N'(X,) is bounded, and ¥ has only
one generator. If for all z € — X, & X, N Z" we have z € UL ;¢ F(,c(T) then T is a

Markov tiling.

Proof. This follows from the fact that v is a generating tile map. If ¢z € ¢,¢(%) then

¢NV+k) 2 projects to the control point of a tile of the same type as the generator.O

At this point the reader might want to glance through Example 5.1 on page 79.

This is a simple application of Corollary 3.11.
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Proposition 3.12 If N'(X,) # X, then for all T € T and § > 0 there exists T' €
X — N(%) such that T and T' have the same tile type and

ll0se(T) — pac(T")| < 8.

Proof. This follows from the proof of Theorem 3.10. Since ¥ is self similar with
expansion map ¢” and P, contains all of the generators for ¥ we have T' C ¢"? P, for
some N > 0. Since N(X,) # X, we apply quasi-homogeneity to find a set P € [Py
such that for any N > 0 we have ¢"?P Cc X, - NV (X4). We choose N sufficiently
large so that T + ¢™P¢(P) is a tile in T — A/(F) of the same type as T and at the
same time ||p,6" P¢(P)|| < 6.0

This tells us that if ¥ is a Markov tiling then our definition of Q; could have been
made just using tiles in T — A/(%). That is

75(8;) = Clos{p,c(T): T € T; — N(T;)}.



Chapter 4
SYMBOLIC REPRESENTATIONS

We have seen that if ¥ is a Markov tiling with expansion map ¢, then we may
wrap ¥ inside R" mod Z" in such a way that the tiles of the same type form almost
disjoint rectangles {Q;};es. This is the first step to construct a Markov partition
for ¢ mod Z". To obtain a Markov partition from {;},es we must have subdivision
rules which reflect the behavior of ¢ mod Z"™ on Q mod Z". The subdivision rules
for the rectangles in 2 will agree with the subdivision rules for the tiles in . The
Markov partition will come from the intersections of sets in {¢{;};c; and sets in
{25} ;es- Once we have a Markov partition for ¢ mod Z" we will be able to represent
the dynamical system (R" mod Z", ¢ mod Z") as a shift of finite type.

Almost homeomorphic factor maps.

In [2] Adler and Marcus outline the essential requirements for a symbolic system
to represent an abstract dynamical system. We review these ideas here. We then
show that if T is a Markov tiling then ¥ may be extended to a map from Ir to
R"™ mod Z" in such a way that this extension meets the requirements for a symbolic
representation. The following definitions come from {2, pp. 5-6].

Definition. A dynamical system (X, f) is said to be ergodically supported if
there exists an ergodic f-invariant probability measure p, which is positive on open
sets. Such measures are called ergodically supporting. A subset N C X is called
universally null if it has measure zero with respect to all ergodically supporting

measures.

Definition. If (X, f) and (Y, k) are ergodically supported systems and « is a map
from Y into X then = is called an almost homeomorphic factor map of Y into

X if

(1) = is onto,
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(2) = is boundedly finite to one,
(3) = is continuous,
(4) for=moh,and

(5) ™ maps Y — n~1(N) one to one onto X — N for some f invariant universally
null set N.

From now on we assume that ¥ is a Markov tiling of X, and continue with the
notation from Chapter 3. Define II: R* — R" mod Z" to be the quotient map which
identifies points in R" modulo the integer lattice. Since §) is a fundamental region for
a periodic tiling of R" mod Z" a set U C IIf is open if and only if II"1U N Q is open
in the relative topology of 2. Let ¢ : [IQ — IIQ by ¢(Ilz) = II(¢z). Let ¢: Sp — N
by ¥(n) = I[I%(n). Our main theorem for this chapter is the following.

Theorem. The map ¥ is an almost homeomorphic factor map from (Zr,or) to

(110, §).

To prove this we will begin by returning to Chapter 3 and recall the properties of
¥. From these it will follow that

(1) 4 is onto,
(2) 1/3 is boundedly finite to one,

(3) ¥ is continuous, and

(4) &oxﬁ::/;oa'p.

~ We then note that the non-doubly transitive points in (HQ,(}) form a universally
null set. \We construct a partition for IIQ which will yield a generating set for a
sigma-algebra on IIQ2 which is metrically equivalent to the Borel sigma algebra. We
show that every point whose orbit misses the boundary of this partition has a unique
preimage in ¥r. Finally we show that the doubly transitive points have orbits which

miss the boundary of the partition. We will call this partition a Markov partition.



The properties of 1.

Recall from the last chapter that ¥ is a continuous surjection from £r to Q. Hence
IIo ¥ is a continous surjection from I to IIN.

Lemma 4.1 Forall ke Z
q;k o} '(ZJ =.IZV o) O'Fk.
Proof. By Proposition 3.3 for allp € Er and N >0

N
poor™(n) =¢" ogp(n) — ¢V 3 75 ¢ L(n*)

k=1
and 0
voor ™) =o¢Vop(n) +¢N 3 ¢7T*GL(Y).
k=1-N
Since 0 N
o™ 37 ¢7*C.L(n*) and ¢V Y 675, L(n*) € Z°
k=1-N k=1
we have

poorf(n) = I(¥oork(n))
= M(¢* o w(n))

a

k-
= ¢ oy(n)
for all k € Z.0O

Lemma 4.2 ¢ is boundedly finite to one.

Proof. Let x € Q and consider the set zZv-I(Hm). For each 7 in 1,5_1(113:) we have
¥(n) = x + g for some g € 7,(Z"). Since Q is bounded, the number of & + g which
will lie in 2 is uniformly bounded. Since 1 is boundedly finite to one, the number of
n which get mapped by 3 to the same z + g is uniformly bounded. Hence the number
of elements in 1/3_1(1'13:) is uniformly bounded for all z.0

We now will consider the z/:v-images of the cylinder sets in Ir. These sets will
form a generating set for a sigma-algebra which is metrically equivalent to the Borel
algebra on II.
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Proposition 4.3 Suppose N, M > 0 and {n*}M_y is a path in T with source Vi
and target vj,. Then

P(Con(n™N .- .gM))
0 M
= <¢N+IQjo - Z ¢—kCuL(77k)) ﬂ (QS-MQJ'; + Z ¢_kCuL(77k))
k=1

k==-N

0 M
= (w,¢”+‘n,~° + 3 ¢-’°p,L(n’°)) @ (wﬁ“"ﬂj, + de"L(nk)),
k=1

k==N

and w(C_n(n~N -~ -9*)) is the closure of its interior.
Proof. Suppose ¢ € C_n(n~" .- pM). Since t(orN-1¢) = s(np~N) = vj, we have
or~N-1¢ € §;, and by Proposition 3.3
0
Plor™Ve) = ¢V () + 67V Y $RCLL(EN).
k=-N
Since €¥ = n* for —N < k < 0 we may rewrite this and solve for ¥(€) to obtain

P(e) = ¢ p(ar~N"e) - i ¢~ *CuL(n*)

k==-N

0
€ oM — X 7HCLL(Y).
k==N

Since t(e¥) = t(nM) = v;, we have or™e € §; and by Proposition 3.3
M M I
lor™e) = 9"(e) — 6M 3 67HCLL(eH).

k=1

Since €' =¥ for 1 < k < M we may rewrite this and solve for ¥(€) to obtain

M
P(e) = ¢™Mp(orMe) + X" 67* ¢ L(n¥)
k=1

M
€ ¢_MQJ', + Z ¢_k<uL(7lk)-
k=1
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Hence

1]
C-n(™N---qM) C (¢N“Qjo _p> ¢'kCuL('7k))

k=-=N
M
n ((ﬁ_MQJ‘I + Z: ¢_kCuL(77k)) .
k=1

Since Q;, and Q;, are rectangles in E, @ E, we may rewrite the right side of this
inclusion as

0 M
(m”*‘njo + 3 67Fp L")~ ™Qy, = 3 ¢"’°p,L(n’°))

k=—-N k=1

k==N

=7] (Wu(ﬁN“QJo Z ‘D—kL(nk) m 7"u¢-MQJl + Z ¢_kL )

For all T € T, — N(%;,) there exists T” € T;, such that

' C ¢M+N+1T

and o(T") = ¢"*N*1e(T) + T2 _y_pr 67¥L(n*+M). Hence

M
QS—AIC(T,) = ¢N+1C(T)+¢_M Z ¢M_kL(T]k)

k=-N

and
0
(¢'M T - Z ¢"‘L(7)k)) (¢N+IC(T) + > ¢_kL(77k)) .
k=-=N
So for all T € T;, — N(F;,)

0
(¢N“p,c(T)+ Y dz"‘p,L(n")) (¢'Mp, qu' psL )

k=-N

By Proposition 3.12

M
(¢N+l7r,nﬂ,+ }: ¢~*p.L(n )) C (¢-M1r,Qj, —2¢-’°p,L(n’°)).

k= k=1
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(«sN“mﬂjo— 5 ¢"‘L(n")) m(¢-"’:unj, +§¢-*L(n’°))
k=1

k=-N

k=-N

— (¢N+1T _ ¢N+IC(T) _ 20: ¢—kL(77k)> ﬂ (QS_MT’ —

M
= 67N — $4e(T) + 3 6 L(r")
k=1

M
= ¢_M7THQJ'1 + Z dka('?k)-

k=1

So

M
MoT') + 3 67 L(n)

k=1

0 M
(w“njo s é"'CuL(n")) 0 (s40 + 3 646u10)
k=1

k==-N

V] M
= (¢”+‘mn,-o + Y ¢""psL(n")) ® (¢-M7ruﬂjl + Zé‘kL(n"))-
k=1

k=-N

Since 7,Q;, and 7,Q;, are both the closure of their interiors, the sets given on

both sides of the above equality are the closures of their interiors.

Suppose € € Er and

0 M
P(e) € (¢”“Int(njo) -3 ¢‘*cuL(nk)) N (¢'M1nt(ﬂj,) +§:¢'kcuL(nk)) -
k=-=N =1

Then

SN 46V S R Lin) € Int(Qy).

k==N
By Proposition 3.3

[1]
¢V (e) = Plor N le) — ¢V T 7RG L(EF).

k==-N
Hence

0

0
Y(op~Nle) — 7N ( Yo 7L - Y ¢"°cuL(n’°)) € Int(%;,).

k=~N k=-N

)
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Let .
0
z=¢ N1 ( 3 7R CuL(ef) - Y ¢“‘<uL(nk))-
k==N k==N

If t(eV-1) = v;, then
(2, — z) N Int () # 0.

Since ¥ is a Markov tiling we must have j; = jp and z = 0. So

0 0
Y oL = Y oHL(eb).
k=-N k==N
Moreover.

M
oMip(e) — oM S° ¢7* ¢ L(n*) € Int(R;,).
k=1

And by Proposition 3.3

M
oMip(e) = v(arMe) + oM 3 75 ¢, L(€F).

k=1
Hence
M M
Y(orVe) + ¢M (Z ¢~ CuL(e") = 3 ¢'*cuL(n’°)> € Int(Q;,).
k=1 k=1
Let

M M
7 = ¢M (Z G L(e) =Y c'r"cuL(nk)) :
k=1 k=1

If t(eM) = v;, then
Qj, +z: N Int(Q;,) # 0.

Again, since ¥ is a Markov tiling, j» = j, and z; = 0. So

M M
> ¢ L(n*) = 3 ¢7FL(eh)

k=-N k==N
and s(n~V) = s(¢~V) and t(n™) = t(eM). By Proposition 1.13
{eHln = {0}

Hence e € C_n(p~N ... ™).
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It follows that

0 M
Clos ((Int(qs”“n,-o)— ) ¢"°CuL(n")) ﬂ(Int(¢~"‘n,-,)+,§¢-*cuL(nk)))

k==N

CYC_n(n~N---9gM).

This proves the result.O

This proposition tells us all we need to know about the -images of the cylinder
sets. By taking unions of sets of the form C_n (77" ---7™) we may find the 3-image
of any cylinder set.

Definition. For each a € € let R, = ¥Co(a). Let R = {R,:a € £}, and
[IR = {IIRy:a € E}.

By the proposition if a € £ and 0(e) = (vj,,vj,, L(a)) then

Re = (69, — GuL(a)) N Q;,
= (7"s¢g.1'o + psL(a)) ® 7’qu1 .
Recall that our main objective now is to show that the v preimages of the doubly

transitive points in (HQ,QE) are unique. What we show is that the ¢ orbit of the
doubly transitive points lies within

UaeeTI(Int( Ry )).

We show that such points always have a unique preimage. We begin by showing the
latter claim first.

Proposition 4.4 (1) For each a € £ the set I1(Int(R,)) is dense in Int(IIR,) and

IR, = Clos(II(Int(R.)))
Clos(Int(ITRy)).

(2) IR forms an almost disjoint cover of TIN.
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(3) For each a € £ and n € £ we have 1/:(17) € Int([IR,) only if n° = a.
Hence if J(n) € TI(Int(Ry)) then 7° = a.

Proof. (1) By Proposition 4.3, R, = Clos(Int(R,)). Since II is a quotient map,
IIR, = Clos(Int(ITR,)). Moreover,

[IClos(Int(R,)) C Clos(II(Int(R,))) C Clos(Int(IIR,)).

(2) Let o, @' € € and O(a) = (vj,,,,L(a)) and O(a’) = (V5,2 vk, L(e')). If
Int(ITR,) N Int(ITRy) # @ then by (1)

(Int(Ry)) N I(Int(Ryr)) # 0.
Hence for some z € Z™

Int(¢8;,) — CuL(@) NInt(¢Q; ,) — (L(a') + 2 # 0
and
Int(Q,) N Int(Q,) + 2z # 0.
Since T is a Markov tiling we have j, = jur, ko = ko and z = 0. Hence L(a) = L(o')

and O(a) = O(a'). So a =a'.

(3) If ¥(n) € Int(IIR,) then R0 NInt(IIR,) # 0. By (1) Int(IIR,0) NInt(IIR,) # 0.
Hence by (2) n° = o.0

It follows from (3) above that if z € Q such that for all k € Z, I¢*z € TI(Int(R,))
for some a € £ then Iz has a unique ¢ preimage in Xr. We will show that the orbit
of a doubly transitive point lies in

Uae eII(Int(R,))

The natural way to approach this is to consider the boundary of R,.
Definition. Ifa € £ and O(a) = (vj,,v;,, L(a)) then the stable boundary of R,
is

0° Ry = (m36%;, + ps L(e)) ® 7,9,
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and the unstable boundary of R, is

0" Ry = (0,0, + psL(a)) ® 7,0,

If 2 € Ry = (7,695, + psL(a)) ® 7,Qj, but z ¢ O°R, U 0" R, then
ms(z) € Int(7s08;,) + psL(a)

and
mu(z) € Int(7,Q;,).

Hence z € Int(R,). So R, = O°Ry U 0“R,. Let 'R = Uyaee0°Ry and 9*R =
Uaee0"Ra. Then OR = UpaeeORy = 0°R U G*R.

Proposition 4.5 For each a € €
(1) T1¢0° R, C IO°R and
(2) I¢~'0*R, C NIO*R.
Proof. Suppose a € € and O(a) = (vj,,vj,, L(a)). Then
$0°Ro = (6°1,Q;, + o7 L(e)) © 06u;, .

For T € %;, — N(%;,) we know there exists T’ € T;, such that 7" C ¢T and ¢(T') =
éc(T) + L(a). Hence as we have argued before

(6*74(Q) + 9m.L(a)) C 6m,().

For all T € T;, — N(%;,) there is a unique collection of tiles {7}, &, in T such
that
¢T’ = Ua,e EJ’ Tal.

And ¢(T*") = ¢c(T") + L(a'). Suppose for each o € £; we have

O(a’) = (v;,v;5,,, L(c')).
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Then

1y, = H(T" = o(T")) = Uwes, T* — $(T")
= Uuee, (T = (T*) + L(a))
= Uae &, (wu(ﬂjn,) + L(a')) .

So d¢muflj, C Uaree; or.(Q;,, + L(c')). Hence

(¢27"an0 + ¢P3L(a)) @ a‘ﬁﬂ'uﬂjl
C Ures, (#m.%; @ (0mu(®,) + L()))
= Uwee, (670 + pL(!) ® Omufy,,) + GuL(e)) -

And
#0°R, C Uaeg, (8°Ryr + CuL()).
Moreover,
¢“3“Ra = (67!',9]'0 + ¢'1p3L(a)) (4] ¢"11rqu].

For each T' € T;, — N(Si,), T C Xu — 8N (X,), and o € E% there exists a T in
T — N() such that T C ¢T* and ¢(T) = ¢c(T*") + L('). Suppose for each o’ € £%
we have

O(a') = (vjan Vj0» L(a’))

Then by Proposition 3.12

ms{j, + ¢-1P3L(O‘) = Uyregio (d’”s(ﬂja:) + PsL(al)) + ¢'1p,L(a).
So

0msQy + 67 paL(@) C U eio (087, + poL(a')) + 67" ps L)

For all T € §;, —N(%;,) there exists T’ € T;, such that ¢™'7" C T and ¢~ ¢(T") =
oT)+ ¢ 'L(e) . So
¢7 Ty, = ¢T(T - o(T'))

¢7 T~ o(T) — ¢7' L(e)
C T-¢T)-¢'L(e)
= Wquo - ¢‘1L(a).



71

Hence

(a”sﬂjo + ¢-1PaL(a)) @ ¢—17ruﬂjx
C Unregio ((06m:Q, + p.L(e) + 6719, L(e)) B (1, — 67 L(a)))
= Uwesio (04mQ,, + poL(’) ® ) — Cud ™ L(@).

So
¢$7'0"Ra C Upegin®"Ror — Cud™L(0).

Corollary 4.6 Let a € £ and O(a) = (vj,,vj,, L(a)) then
(1) $Ra C Uwee, (Ror + CuL(')),
(2) $7'Ra C UpegioRar — (u™ L(a),
(8) ¢7'7sRa = UpegioTsRar + psd™" L(at),
(4) 67uRe = Unes, (muRer + L()
where these are almost disjoint unions.

Theorem 4.7 The map P is an almost homeomorphic factor map from (Zr,or) to

(119, ).

Proof. Let M = H(Ukezqﬁ'kaR) = Ukezéﬁ_kHaR. If z € Q and IIz € IIQ — N then
forall ke Z
¢z ¢ IOR.

Hence if y, € Q such that Iy, = Jsknz then yi ¢ OR. So for all k € Z there exists
n* € € such that
$llz = Ty, € I(Int(R,0)).

By Proposition 4.4 Iz has a unique % preimage {7*}1cz.
Suppose IIz is doubly transitive. If for some N € Z we have ¢ IIz € IIOR then
¢ Iz € II(0°R U 8"R). Hence by Proposition 4.5 IIz is not doubly transitive. It
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follows that the doubly transitive points lie in IIQ — 9t and therefore have unique
preimages. Since almost every point is doubly transitive (given any ergodic measure)
M is a universally null set.

With Lemmas 4.1 and 4.2 and the remarks at the beginning of the chapter we
have shown that v satisfies the conditions for an almost homeomorphic factor map.O

Markov partitions

The conventional way to represent an abstract dynamical system with a symbolic
dynamical system is by using a Markov partition. One definition, suggested by Adler.
goes like this.

Let (X, f) be an ergodically supported abstract dynamical system, where X is a
compact metric space with metricd and f a homeomorphism. Suppose f is expansive.
This means there is a constant ¢ > 0 such that if z, y € X and d(f*z, f*y) < ¢ for
all k € Z then = = y. A finite collection of compact sets C = {Cy,C},...,Cp-1} isa
Markov partition for f if it satisfies the following.

(1) C is a cover of X.
(2) Each C; € C is the closure of its interior.

(3) If Int(C;) N Int(C;) # O then ¢ = j.

Suppose {C;, })__p is a sequence in C.

(4) Cisa generating set. This means that diameter(fNInt(C;_,) 0 ...N f~NInt(Ciy))
tends to 0 as NV tends to infinity.

(5) If Int(Cy,) 0 f~Int(Cy,,,) # 0 for —N < k < N —1 then
Nee_nf~*Int(Cy,) # 0.
This is the Markov condition.

(6) For each C; € C we have diameter(C;) < ¢/2.



73

Suppose C = {C;}!;! is a Markov partition for f. Let A be the transition matrix
for C. Then Ais the 0 — 1 M x M matrix defined by

Ai; = 1if Int(¢C;) N Int(C;) # 0 and

A;; = 0 otherwise.

The topological Markov shift (Z,4,04) is a compact metric space (with metric
d4 defined as before). Define

Sa={n€e{0,1,2,...,M — 1} A ppsr = 1 for all k € Z}.

The shift operator 04: 4 — T4 is defined as before so that for each n € £ 4. o47* =
k+1
/R

Define 7: L4 — X by
w(n) = ﬂ f-kC,,k.

Theorem. (Adler) The map 7 is an almost homeomorphic factor map from (4, 04)

to (X, f).

Adler has indicated that property (6) is used to show that = is boundedly finite
to one. If C has some structure which insures that = is boundedly finite to one, then
we may dismiss property (6).

Consider the set [IR. We would like to show that IIR is a Markov partition for
é. By Proposition 4.4, IR satisfies conditions (1), (2), (3).

Suppose a, o’ € £ and

Int(lIR.) N ¢ Int(IRur) # 0.
By Proposition 4.5 we have
II(Int(R,)) N II(Int(¢~ ' Ray)) # 0.
By Corollary 4.6 if t(a) = v;,

¢™! Rt C Uyng g1 Raw — Cu97' ().
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So for some o € £ and z € Z"
(Ran = Cu¢™' L()) N (Int(Ra) + 2) # 0.
We’ve shown already that in this case o’ = « and (uqS‘lL(a’) =z. So
Int(lIR.) N ¢~ Int(TIRx) # 0
if and only if ae’ is a path in T'. If y € ¥r and
$(n) € Int(IIR,) N ¢~ Int(TIR,)
then 7° = & and ¢ 0 ¢() € Int(IIRw) so P(ary) € Int(IIRy) and ' = &. So
Int(7Ry) N $_l Int(7 Ry)) C $Colac’).
Conversely we have seen that
$Colac!) C TRy N ¢ TRy
Hence

IR, N¢ MRy = Clos(Int(I'Z)N ¢ IRw)
$Co(ac’).

It follows by induction that if {IIR,«}i__y is a sequence in IR such that
MY _yé Tnt(TIR,) # 0
then {n*})__p is a path in " and
N Ak p -N.. . N
Mie=—n® TRy =¢C_n(n™ :--7").

By Proposition 4.3 if ©(n*) = (vj,_,,v;., L(n*)) then

k=-N k=1

0 N
P(Con(n™---qV)) = (m¢N Qi+ D ¢"‘paL(nk)) €B(7ru¢'N Qy +2_ ¢"‘L(n")) :
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So diameter((C-n(n~N ---9"))) < 20~V diameter(2). And
diameter ($(C_n(n~N ---9V))) < diameter ($(C-n(y~" - - 7)) .

This shows that IIR is a generating set. Moreover if {#*}]__ is a path then
=k
Nhe_n® Int(R,x) # 0.

It follows from the above remarks that IIR satisfies (4) and(5).

But the sets in IIR need not be small so IR need not satisfy(6). We have already
shown that IIR has sufficient structure to insure that z,Zv is boundedly finite to one.
We will show that ) = 7. Let A be the transition matrix for the partition IIR. Then
as we have seen X4 = Zr. Note that since T is p-mixing, A is aperiodic. If 5 € I
then we compute

N ¢ 1R (4.1)
keZ

By our discussion
diameter(N{._ _ N$—kHRnk) < 20~V diameter(f).

So as N tends to infinity NJY__ Né-kank tends to a unique point. But we know that
#(n) belongs to (4.1). So 7(n) = ¥(n). Hence = (Zr,0r) — (1R, ¢) is well-defined
and boundedly finite to one. So without reservation we call IIR a Markov partition

for ¢.

Metric similarity.

We conclude this chapter by showing that the map 3 is measure preserving when
IIQ is given Haar measure and Zr is given the Parry measure. Since 3 is an almost
homeomorphic factor map this follows by an argument using entropy as in [3]. We
will show this directly by computing the Haar measure of the image of the cylinder
sets.

We review the construction of the Parry measure for (£4,0,4). By the theory of ‘
non-negative matrices [11] there exists a positive eigenvalue A for A such that ) is

greater than the modulus of all other eigenvalues for A. Moreover there exist strictly
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positive row and column vectors r and ¢ such that rA = A A and Ac = Ac. Since A
is indexed by € x &, r and c are indexed by €. So

a'€l

rd = { > Aa:ara/} = Ar
a€f

and

Ac = { Z Aaa:ca:} = \c.
O'Gg GEE
Moreover r and ¢ are unique up to multiples. We normalize r and c so that re = 1.

Let p = {raco}oce. Define a stochastic matrix P indexed by € x € so that

Aaa’ Ca!

Foar = ACa

Let Cyl be the sigma-algebra generated by the cylinder sets. We define a measure m
for Cyl by defining m on the cylinder sets. For each o € € and i € Z let

m(Ci(a)) = pa.
If {n*}2_ _,/ is a path in T define
m(Ci(n™N - 9N)) = pp-n Pp-np-na1 -+ - Pystcapma.

It follows by a bit of algebra that

l‘,,—NCnM

m(ci(ﬂ_N" ‘”M)) = AN+M

since A,-N+ky-neksr = 1 for all 0 < k < M + N. This defines the Parry measure for
(2[‘, O'[*). '

Let p be Haar measure on IIQ). For each Borel set U C § the Lebesgue measure
of U equals u(IIU). The sets {IIU} form the Borel sigma-algebra in II. Consider
the sigma-algebra ;Z:(Cyl) generated by the z/; images of the cylinder sets. By the
discussion of the last section ¥(Cyl) is measure theoretically equivalent to the Borel
sigma-algebra on TI.. So if v is measure preserving on the cylinder sets, then P is
measure preserving. We wish to show for each cylinder C;(p~" ---9™) € Cyl that

ppCi(nN - M) = mCi(n~N - - - M),
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For N > 0 let ;zN‘be Lebesgue measure on R". Let Q be a measure preserving linear
automorphism of R" such that QE,LQFE,. Then for any rectangle A®@BC E,® E,
we have

,un(A V) B) = I‘n(QA o QB) = ﬂl(QA) ' ”n-I(QB)'
By Corollary 4.6 for each a € € such that O(a) = (vj,,vj,, L()) we have

¢—17rsRa = Uale £10 ToRo + Ps¢_lL(a)

and
¢7ruRor = Ua’e EJ: (WuRa' + L(a,))

where these are almost disjoint unions. Since p,(9R) = 0 we have

0= l‘n(auRa) = ﬂl(aQwaRa) : /‘n—l(Qﬂ'uRa)

so w(0Qm,R,) = 0. We already know that p,_;(0Qn.R,) = 0 by Proposition 1.6.
So

|det ¢|E}| m(@QrsRy) = /‘I(Q‘ME:Q-IQﬂ'aRa)
= Z m(QmsRar)

a’€ €0

= Z Aa’aﬂl(Qﬂ'aRa’)‘

al€€

And

|det ¢|Eu| '#n—l(Qﬂ'uRa) = ﬂn—l(Q‘ﬁlEuQ—lQﬂ'uRa)
= Z l‘n—l(Qﬂ'uRa’)

o’€ 8.1'1
= Y Asartin-i(@7uRar).
a'e€
Since ¢ is hyperbolic | det ¢|5!| = | det ¢|g,| > 1. It follows that {ui(QmsRa)}ses is @
strictly positive row eigenvector for A corresponding to | det @z} | and {n-1(Q7uRa)}oe e
is a strictly positive column eigenvector for A corresponding to |det ¢|g,|. By the
theory of non-negative matrices

[ det ¢lz,| = |det $lE;| = A.
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1= pa.(Q) = Z #n(Ro) = Z #i(QmsRy) - pn-1(Q@muRa).
o€l a€é
So pn(Rs) = Pa.
So without loss of generality, let r = {41(Q7sRa)}se e and ¢ = {n-i(Q@TuRa)}oce-
If {n*}#L_, is a path in T then by Proposition 4.3 if @(7*) = (v;,_,,v;,, L(n*)) then

Y(Con(n~N---p))
0 M
= (w,qs”*‘aj_,;_, + 3 ¢"‘paL(nk)) o (w.,qs'MﬂjM +> ¢‘kL(nk))
k=1

k=-N

0 M
= (¢N7r,R,,-N + Z ¢_kp,L(7]k)) ® (¢_M7ruR,,M + Z¢—kL(TIk)) .

k==N+1 k=1

So

/‘n(’»b(C-N("]_N v nM))) = A 'Nr,,-nA _Mch
r,,_N . c,,M

\N+M
= m(C_n(n~V--- ™))

and p(PH(C-n(n~N ---9M))) = m(C-n(n~N - -- n™)). Moreover, ¢ is measure preserv-
ing soforallzi € Z

A

p(BC-N™N - nM))) = w(@ ™ HC_n(N - gMY))
= u(@(or™"NC_n(n~V---gM)))
= p(@(Ci(n™N ---M))).

So z[; is measure preserving on the cylinder sets.

It follows that % is a one to one almost everywhere measure preserving map from
(Zr,or) to (IR, q3) such that o op = d o ¥. So (Br,or) is metrically similar to
(12, §).



Chapter 5
MARKOYV TILINGS

Now that we know what to look for we begin our search for Markov partitions by
looking for Markov tilings. We begin by doing a brief survey of the Markov partitions
for two and three dimensional hyperbolic toral automorphisms which were previously
known. We show that these constructions may be reproduced using Markov tilings.
Next, we discuss Markov tilings which arise out of the -shift for 8 a Pisot number.
Finally, we give a general construction which produces tilings for automorphisms
which have a Pisot number as an eigenvalue. Thurston and Kenyon have general

constructions for tilings which may also yield Markov partitions. We will not discuss
these here.

Hyperbolic automorphisms of the 2-torus.

=(17)

The map in R? given by ¢ induces a hyperbolic automorphism of R? mod Z? with
eigenvalues

Example 5.1 Let

3+5 3-5
= > and A = 5

The characteristic lines for ¢ are given by

A

Li:y = Xz for Xy, and

L2: y= /\12! for AQ.

So E, = L, and E, = Lp. Let e, = m,(1,0) and e, = —7,(1,0). We will tile the
semigroup X, = [0, c0)e,.

For each non-negative n € Z let g(n) be the unique element of Z such that

7s(n,g(n)) € (—o0,0]e,, and
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Ts(n,9(n) + 1) € (0, 00)e,.

Then (n, g(n)) is just the point on the line z = n which is closest to X, but below it.
Let
Z = {z, = (n,g(n)):n > 0}.

Note that §Z = Z. Let T, be the line segment in E, with endpoints 7,2, and 7yzn41.
Then

To = [0, l]eu

TN = [1,2]e,

T, = [2a A 1]€u
Tz = [A,A1+1]e,

Since the slope of L, is between 0 and 1, for every n > 0 we have

(n+1,9(n +1)) - (n, g(n)) € {(1,0),(1,1)}.

Let
T ={Tn:9(n +1) — g(n) = 0}

T2 = {Taig(n +1) — g(n) = 1}.

Let T = T, UT,. Then T is a m,(2Z%)-finite tiling of X, with tile type partition
{%1, %2} .
Moreover, ¥ is subdividing. We note that Tp € T; and

¢To = [0,A1]es
ThuThyuT,.

Let T, € X;. Then T, = Ty + 7,2, and

¢T = (TO + ¢7ruzn) U (Tl + ¢7ru2n) U (T2 + ¢7ruzn)-

We must show
TO + ¢7ruzm and Tl + ¢7ruzn € ‘:cl
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and
T, + ¢myz, € Xa.

To do this we need only show

¢zna ¢2,,, + 2, ¢zn + 22, ¢2u+1 € Z.

Since ¢Z C Z we have ¢z,, ¢2,41 € Z. Consider the polygon @ with vertices 7, z,,
Zpy Zntl, and Ty2zp41. By hypothesis Q contains no lattice points in its interior. Hence
¢@ contains no lattice points in its interior. Consider the polygon @’ with vertices
0, z1, 22, and z3. By hypothesis )’ contains no lattice points in its interior. Since
2n41 = ¢zn + 23 it follows that the polygon with vertices

PTuZny PZny P2n + 21, O2n + 22, PZn41, and Pmyzn4a

contains no lattice points in its interior. So ¢z, + 2, and ¢z, + 2, € Z.
Similarly we note that T, € ¥;. The endpoints for T; are the projections of
29 = (2, 0) and 23 = (3, 1). So

¢T; = [2A1,A%)e,
TsUT.

Moreover, arguing as we did above, we find if T, € T; then T,, = T, — 2¢,, + 7y 2, and

T = (Ts — #(2ey — Tuzn)) U (T7 — (2e4 + Tu2s)).

Moreover
Te — é(2ey + myzn) € Ty, and

T7 — ¢(2ey + Ty2,) € .

So ¥ is subdividing. Since there are only a finite number of ways to arrange tiles
in X, within a bounded region, ¥ has a finite number of local patterns. Since ¥
has one generator T and every tile contains Tp in its image, T is mixing. It follows
that T is a m,(Z")- finite self similar tiling of X, with expansion map ¢ and tile type
partition {T;,%.}.
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Let I = [0,1]e, and I = [0, ), — 2lew. If T, € %, then T, = I; + myz,. The
subdivision rules for § may be summarized as follows.

oT, = (I + @muzn) U (1) + €y + PTuzn) U (I2 + 2y + @7y2,), i T, €Ty
" (I + ¢7uza) U (I2 + €y + ¢myza),  if T € Do

We picture the tiling in Figure 5.1. Note how the line segments in R? project to tiles -
in X,.

/
/

Figure 5.1: The tiling in Example 5.1.

Define : ¥ — ¥ by
NTo) = L + ¢muz,
for each T, € T. Then &(Ty) = muzn and (ue(T) = Z. Moreover if

z € (—00,0)e, B X, N Z2
then for some vV > 0. ¢V € Z. Note that

—7s(6™2) € [0.00)es
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so X = [0,00)e,. It follows that by Corollary 3.11 Q, and 0, generate a periodic
tiling of R* mod Z2. The subdivision graph T for % is given in Figure 5.2. The
distinct edges are {ax};_,. Each edge ay is also labeled with L(ay).

Figure 5.2: The subdivision graph for Example 5.1.

Let {R., }i-, be the rectangle partition of Q which projects to a Markov partition

for ¢ mod Z?. The partition is shown in Figure 5.3. The dots represent elements of
Z*.0

The example given above comes from Adler and Weiss's paper (3]. It turns out
that their constructions of Markov partitions for hyperbolic automorphisms of the
2-torus may be reproduced using tiling theory.

Let ¢ € GL(2.Z) have an irreducible characteristic equation over Z and eigenval-
ues Ay, Agsuch that [\;| > 1and |\, < 1. Then A; and A, are real numbers. As in
(3] we apply a conjugacy transformation of 6 over GL(n. Z) so that the characteristic
line L; corresponding to A, has positive slope less than 1 and the characteristic line
L, corresponding to A ; has slope greater than 1. Let ew = 7y(1,0) and e, = —m,(1, 0).
If A2 > 0 then we construct a tiling of E, just as in the example. We project the
lattice points closest to but below E, onto E, to form endpoints of the tiles.

For each n € Z let g(n) € Z such that

7s(n,g(n)) € (—o0,0)e,. and

ms(n,g(n) + 1) € (0, 0)e,.
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Figure 5.3: The rectangle partition for Example 5.1

Let
Z ={(n,g(n)):n € Z}.

Let T, be the line segment in E, with endpoints myz, and my2,41. As in the example
there are two tile types. Let

%= {Taig(n +1) — g(n) = 0}

and
Ty ={Ta:g(n +1) — g(n) = 1}.

Let ¥ = T, UT,. Then T is a 7, (Z?)-finite self similar tiling of E, with expansion
map ¢. This time T has 2 generators. T, and T.;. By the configuration of the lines
Ly and L; we know that To € Ty and T_; € T,. If A; > 0 then T., C oT-, and
To C ¢To. In this case we define v(Ty) = Ty and ¥(I-,) = T-,. Otherwise we define
Y(To) = T-; and ¥(T-,) = To. In either case ¢(Tp) = ¢(T-1) = 0. Moreover (,c(%)
will be a subset of Z. Note that if z is an integer lattice point in (—00,0]e; ® E,
then there exists an NV > 0 such that ¢V € Z. Moreover, if ¢V z is sufficiently close
to E, it will project to a common endpoint of a tile T, in ¥, and a tile T,_; € T,.
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Hence by Theorem 3.10 the corresponding sets £; and Q, induce a periodic tilings of
R? mod Z2. Note that the sets Q; and Q, correspond to the rectangles in [3].
If A2 < 0 then we construct a periodic self similar tiling of E, with period 2. Let

Z° = {z€Z%m,z € (—1,1]m,(0,1)}.

Let
Z' = {z € Z: 7,z € [~1,1)m,(0,1)}.

Then 7,Z° and 7,Z! are each a set of endpoints for a 7,(Z?)-finite tiling of E,.
Moreover, ¢Z° C Z' and ¢Z' C Z° for (Z° — Z') U (2" — Z°) = {(0,1),(0,-1)}.
Let T° be the tiling of £, with endpoints of tiles in 7,Z° and let ' be the tiling of
E, with endpoints of tiles in m,Z!. We note that outside the bounded set [—1,1]eq
the tilings agree. At first we distinguish the tile types by length, we note there are
three distinct lengths of tiles. We determine the subdivision rules for ¥° by looking
outside {—1,1]e,. We do an insplitting of the subdivision graph so that the tiles at
the origin have 0 as a control point. Then the control points for ° are a subset of
TuZ° As in the example, for every z € Z? there exists N > 0 such that ¢"z is in
Z°. If ¢V z is sufficiently close to E, then z projects to the endpoint of two tiles with
the same pattern as the generators for $° or with the same pattern as the generators
for T'. It follows from Theorem 3.10 that the sets ; and Q; form a periodic tiling
of R? mod Z2.

To illustrate this second case we consider another example.

=(33)

Then ¢ induces a hyperbolic automorphism of R? mod Z? with eigenvalues

Example 5.2 Let

=:3—-i5and/\2=ﬂ.

A1 2 2

The characteristic lines are the same as in Example 5.1. We will describe the tiles by
the line segments with endpoints in Z? which project to them.

Note that the line segments sketched in Figures 5.4 and 5.5 have endpoints dif-
fering by one of the vectors in {v; = (0,-1),v, = (1,2),v3 = (1,1)}. Let I, be the
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Figure 5.4: The tiling induced by Z° in Example 5.2.

line segment in E, with endpoints 0 and #,v,. Let I, be the line segment in £, with
endpoints 0 and 7,v,. Let I3 be the line segment in E, with endpoints 0 and m,va.
Then the tiles in $° and %! are x,Z% translates of the line segments [y, I, and I.

Let ’C; = {[a,ble, € T:[0.b —ale, = I;}. We define the subdivision rules by
looking outside of [—1. 1]e, so there is no ambiguity in our choice. By using the same
argument as in Example 5.1. we know that we may uniformly subdivide the image of
all tiles in a type by determining how we subdivide one tile of each type. If I;+z € T
then

¢(h +z) = (I + ¢z) U (I + 7,y + 62) U (I + mu(v1 + v2) + ¢z)

and Iy + ¢z, I} + 7y (vy + v2) + oz € ‘I’;H while I; + m,v; + 0z € ‘I';"l. fL+ze ’,C;
then

8(I; +z) =L+ oz € T3

flhi+ze ’,CQ then

$(Iz+z) = (Is+ dz)U (I, + 72 + 0z) U (I3 + 7y (v3 + v1) + 2)
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Figure 5.5: The tiling induced by Z! in Example 5.2.

and I3+ ¢z, Is+ 7y (va+v; )+ oz € ‘If,'“ while I1 + m,v3+ ¢z € ‘I';“. Let A represent
a tile in T;. Let B represent a tile in Ti. Let C represent a tile in T%. Then the

subdivision rules may be represented as substitution § on words in {A,B.C}. We
find

0(A) = ABA
6(B) = C
8(C) = CAC.

The generators for T° are I) + 7,(0.1) and I5. They may be represented in terms
of their pattern as AC. The generators for T! are I+ 7,(—1, —1) and I;. They may
be represented in terms of their pattern as CA. Note that

6*(A) = ABACABA
9’(B) = CAC
6*(C) = CACABACAC.
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So the ¢? image of every tile in 3° contains the pattern AC and the ¢* image of every
tile in ' contains the pattern CA. Since every pattern is contained in the eventual
image of either of these patterns. we see that T° is 2-mixing. As in Example 5.1. §°
has a finite number of local patterns. So ¥° is a 7,(Z?)-finite periodic self similar
tiling of E, with expansion map o and period 2.

Note that there is no way to define a tile map so that the origin is a control point.
Let the left endpoint of each tile T € T' be a positional point di(T) for the tile. The
subdivision graph T for T° is given in Figure 5.6 with each edge « labeled by (, Ls(a).
Each vertex is labeled with the corresponding symbol which represents the tile type.

(-1 1)

(-1 ,OC
IGol

(+1,0)

11

("1 -1 )

(-2,1)

Figure 5.6: The graph I' for Example 5.2.

We must perform an insplitting of I' to get digit expansions. We start by letting
EA1 be the edges given by

O7!(A.A. 7u(0,1))
and

@,}‘(CA;.—,,(—I.O)))
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Let £42 be the edge given by

071 (A, A, 7,(-1,0)).

The new graph I'! is given in Figure 5.7.

(-1 %_\’

(-1,0)

N ZE)
(‘1 $'1 )

(-2-1)

©,1)

Figure 5.7: The graph I'! for Example 5.2.

As we remarked at the end of Chapter 2 we could stop now. For every point in E,
has an eventual preimage in a generating tile of the type represented by A. Moreover.
the image of A has the pattern ABA. If we let A,. A; denote the tiles of type A in
the new partition. then the ¢ image of A; is A;BA,. So we define y(A,) = A; and
7(A2) = A;. Then ¢;(A;) = 0. We may fiddle with Theorem 3.10 to show we obtain
a periodic tiling of R? mod Z2. In fact this is precisely the periodic tiling used in [3]
to form a Markov partition for ¢ mod Z2. To be consistent. however, we will insplit
£C so that every generator has 0 as its control point.

Let £C1 be the edges in I'?! given by

074(B.C. 7y (~1.~1))

and
0;1(C.C. 7, (-1.-1)).
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Let £C2 be the edges in I'! given by
0;'(C,C, mu(-2,-1)).

The new graph I'? is in Figure 5.8.

(1

Qq)

Figure 5.8: The graph I'? for Example 5.2.

The periodic tiling of R? mod Z? is given in Figure 5.9. If we erased the line
segments separating the rectangles corresponding to C; and C, then we would obtain
the periodic tiling used in [3].0

Hyperbolic automorphisms of the 3-torus.

In this section we consider Bedford’s construction in [4] of periodic tilings for R* mod
Z® which induce Markov partitions.

Bedford considers hyperbolic automorphisms ¢ of the 3-torus satisfying the fol-
lowing conditions.
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Figure 5.9: The periodic tiling from Example 5.2.
e ¢! is given by a nonnegative matrix.
e We have dim(E,)=1 and dim(E,)= 2.
o The contracting eigenvalue of ¢ is positive.

e For some E,-neighborhood of the origin H, which is defined in the proof, H C
¢H.

While creating a periodic tiling of R®* mod Z* he constructs a self similar tiling of
E,. The tiling he creates comes from a stepped surface.[4, p. 61] The conditions on ¢
insure that E, intersects the interior of the positive cone in R, while E, intersects the
positive cone only at the origin. Let e, = m,(1,0,0). Let e;, ez, €3 be the standard
basis vectors for R®. Let I® be the unit cube with the origin and the three basis

vectors as vertices.
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We remove from [0, o0)e, ® E, any cube I3+ p, p € Z®, which has interior points in
E,. The boundary of the remaining cubes in [0, c0)e, ® E,, forms a stepped surface. It
is made up of faces of the remaining cubes. Fori # j # k # 4, 4,5,k € {1,2,3}, let F;
be the square with vertices 0, e;, e, and e;+e;. Then the stepped surface is composed
of Z® translates of Fy, Fy, F5. The projection of each face of the sterped surface onto
E, gives a parallelogram tiling of E, which is 7,(Z%)-finite and quasi-homogeneous.

There are three tile types, given by the projections of the three different face types.

To make a self similar tiling a Dekking like construction is performed. That is,
the boundary of each parallelogram tile P is deformed by using ¢ preimages of the
boundaries of the parallelograms which ¢P intersects while keeping the vertices of
¢P fixed. This is done in a consistent way for all parallelograms of the same type.
By repeating the procedure an infinite number of times the deformed boundaries of
the parallelograms converge in the Hausdorf metric to a ¢-invariant subset of E,.
Invariant in this sense means the ¢ image of the set is contained in the set. The new
tiling has the property that the image of each tile subdivides into a finite number of
tiles and the subdivision rule depends only on the tile type of the parallelogram which
it came from. Let ¥ be the self similar tiling formed in this way. Then ¥ has three
generators. The generators have different tile types as they come from the projection
of the three faces Fy, F3, Fi.

Between E, and the stepped surface there are no integral lattice points. Every
point in [0, 00)e, @ E, has an eventual ¢ image to a vertex on the stepped surface.
Moreover, if z is a vertex of the stepped surface which is sufficiently close to E, then
F; + z is a face on the stepped surface for each ¢ € {1,2,3}. If v is a generating tile
map for ¥, then z projects to a control point for three tiles whose union has the same
pattern as the generators for ¥. By Theorem 3.10 it follows that the self similar tiling
is a Markov tiling of E,.

This is all a bit ad hoc since Bedford’s construction of ¥ relied on the fact that
 he already knew that he had a periodic tiling of R® mod Z®. Recent work by Kenyon
[7] indicates, however, that it may be possible to construct Markov tilings for E,
from stepped surfaces or similar structures without knowing ahead of time that the
tiling will induce a periodic tiling in the higher dimensional space. (Kenyon uses
a Delauney triangulation.) Moreover, such constructions should not depend on the

position of the eigenspaces.

s
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The B-shift.

Let B be a Pisot number. This means that 8 is an algebraic integer greater than 1
with Galois conjugates all having modulus less than 1. It is well known that there
is a one-sided shift space which behaves like multiplication times # mod 1. Define
Tp:[0,1) — [0,1) by

Ts(z) = Bz — [Bz],

where [Bz] denotes the greatest integer less than or equal to Az. For each z € [0,1)
there is a well defined digit representation

T = Z ,B—kbk
k=1
where
b = [ﬁTgk-I:v].

We call this the 3-expansion of z. Moreover there is a sequence denoted by carry(8) =
a1a203 . .. such that b;bybs. .. is lexicographically less than ajazas.... We say {b¢}2,
is lexicographically less than {a;}2, if for some N > 0 we have by = a; for all k < N
and by < ay. (If N = 0 then b; < a;.) We call carry(B) the carry sequence for
as in [12] and note that carry(8) works for numbers in base B just as the sequence
999999 . - - works for numbers in base 10. In particular

1= f: ,B'kak.

k=1
To find carry(8) we let a; be the greatest integer strictly less than 8. Let a; be the
greatest integer strictly less than B(8—a;). Let a; be the greatest integer strictly less
than 8 — Yi7% B "*a;. Since B is Pisot, carry(f) is an eventually repeating sequence
* which has an infinite number of non-zero entries.
The S-shift L is the set of sequences in {0, 1,...,[3]} which are lexicographically
less than or equal to carry(B3). The shift operator is the one-sided shift o5 such that

. O'p(blbzb:; . ) = b2b3b4 [P

Let z € [0,1) and let {bx}32, € L such that

T = f: Bk by

k=1
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Then
Br = b + z ﬁ_kbk+l-

k=1

If {bx+1}32, is lexicographically less than carry(8) then we have
Tpx = Z ﬂ-kbk.H.
k=1

Otherwise we have Y32, ,B'kbkﬂ =1 and fzr = b; + 1. In this case Tpz = 0.

Suppose 3 is a Pisot unit. That is, the product of 3 and its Galois conjugates is
1. Suppose Z[3] has dimension n. Let ¢ € GL(n,Z) be the companion matrix with
characteristic polynomial &qual to the minimal polynomial for 8. Then ¢ induces
a hyperbolic automorphism of R™ mod Z". Let e be a unit vector in Z". Then
Z[gle = Z". Let e, = myé&, then E, = Re,. We construct a self similar tiling ¥ of
Xy =[0,00)e,. If

carry(f) = a1az...a4(ag41 . .. Ggyp)

(where (@41 ... aq4p) is the repeating part) then T will have g+ p sets in the tile type
partition denoted by ¥;, 7 € {1,2,3,...q+p}. Let T} be the line segment of E, with
endpoints 0 and e,. Let T} € ;. Then ¢T77 = BT; has endpoints 0 and Se,. Let
T+ ke, €%y fork € {0,1,2,3,...a; —1}. Let [a1,Fle, € T3. Let Tz = [0, 8 — ay]e..
Then T2 + a; € X,. We have ¢(Tz2 + a1) = BTz + Ba; = [a18, B%e,. Since a; is the
greatest integer less than 8% — Ba; we let

Ty + (a8 +k)e, €Ty

foreach k € {0,...,a2—1}. Welet [a18+a3, B%)e, € Ta. Let Tz = [0, B2 —a,8—as)e..
We repeat this procedure for j € {3,4,...¢+p}. Since carry(f) is eventually repeating

we see that
BItr _ gutr=lg ... _ Qgap =P — a1 7 = — ag.

Note
g+p-1

Totp = [0, 97771 = Y prtr=i=Fgle,
k=1
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and
9+p-1 . g+p-1 X
ﬂ(ﬂqﬂv—l - Z ﬂq+p—1— ak) = ﬂq+p — 2 ﬂq-i-p- ak
k=1 k=1
g-—-1
= aq+p + ,Bq - Z ﬂq_l-kak.
k=1

Soif T = [z,yle, € Tyqp then ¢T is subdivided into a,4, tiles in Ty and 1 tile in Tpyy.
That is, Ty + (¢z + k)ey € Xy for k € {0,...,a04p} and To41 + (67 + ag4p) € Tyia-

This defines the subdivision rules for T and the tile types. Since carry(8) has
an infinite number of nonzero terms, every tile in ¥ has an eventual image which
contains a tile in T;. Since T is the only generator for €, we have that T is mixing.
Since there are a finite number of tile types and line segments may be arranged in
only a finite number of ways in a bounded region of X,, ¥ has a finite number of local
patterns. Moreover, the endpoints of tiles in ¥ lie in Z[B]e,. Hence the endpoints are
the projection of points in Z[¢]e = Z". So ¥ is a m,(Z")-finite self similar tiling of
X, with expansion map ¢. Let v be a generating tile map such that the left endpoint
for each tile is its control point. Then ¢(%) C 7,(Z"). the subdivision graph is given
in Figure 5.10. Each edge « is labeled with L(a). Multiple edges from v; to v
are indicated with a thick arrow and the range of the labels is given. Since every
infinite path in the graph corresponds to an element of the 3-shift, we’ll call this the
subdivision graph for the 3-shift.

We are interested to know when ¥ is a Markov tiling. We note that T is certainly
a Markov tiling if every element of Z" which projects to X, has an eventual image
which projects to a control point for T. Or equivalently, if every nonnegative element
of Z[f] has a finite S-expansion.

Frougny and Solomyak have given sufficient conditions for the nonnegative ele-
ments of Z{f] to have finite $-expansions [6]. Let

z" — dl:c""l — = Op-1T — dn

be the minimal polynomial for 3. If

then every nonnegative element of Z[3] has a finite S-expansion. So ¥ is a Markov
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Figure 5.10: The subdivision graph for the S-shift.

tiling. In this case the two sided extension of the B-shift is a symbolic representation
for ¢ mod Z".

Let ¢ € GL(n,Z) be a hyperbolic automorphism of R" with characteristic polyno-
mial x4. Suppose x4 is the minimal polynomial for a Pisot number 3. We apply the
above construction to tile X, = [0, o¢)e,, for e, = m,e. The tiling ¥ is a 7,(Z")-finite
self similar tiling of X, with expansion map ¢. If Z[g]e = Z" and every non-negative
element of Z[f] has a finite f-expansion then ¥ is a Markov tiling. If every non-
negative element of Z[g] has a finite 3-expansion but Z[d]e # Z" then T induces a
periodic tiling of R™ mod Z[¢]e.

Example 5.3 Let

-

fl
O = =
o
O O =

Then ¢ has characteristic polynomial 23 — 22 — z — 1. The eigenvalues for ¢ are ),

A2, Az where Ay > 1and A, = X3 has modulus less than 1. Note that 23 — 22 — 7 — |
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satisfies the conditions of Frougny and Solomyak’s theorem. Moreover Z[g]e = Z".
So ¢ mod Z® is metrically similar to the two sided extension of the \;-shift. The
carry sequence for A, is (110). The subdivision graph is given in Figure 5.11. Each
edge « is labeled with L(a).

Figure 5.11: The subdivision graph for Example 5.3.

The sets m,(€1), 75(€Q2), 74(Q3) which arise out of this tiling coincide with the
basic tiles found by Rauzy in [10]. (It was by noting this fact that I got the idea for
the approach used in this thesis.) We note also that 7,(Q;), 7,(Q2), 7,(Q3) are also
translates of the three basic tiles used in Bedford’s construction. We sketch the sets
1, 2, N3 in Figure 5.12. The angles between the eigenvectors are distorted so that
it is possible to see the rectangles. The bold lines indicate surfaces in front while the
dotted lines indicate surfaces behind.O

Pisot numbers.

Let ¢ € GL(n,Z) be a hyperbolic automorphism of R* with characteristic polynomial
X¢- Suppose that x4 is the minimal polynomial for a Pisot number 5. Let e be a unit
vector in Z". If Z[¢)e is not equal to Z" or if the nonnegative elements of Z[3] do not
always have finite B-expansions then we must look for a self similar tiling different
from the tiling given by the B-shift to construct a Markov partition for ¢ mod R™.
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0,1,0) N

(0,0,1)

Figure 5.12: The periodic tiling in Example 5.3.

The following construction was suggested by Thurston. Let e, = mye and || - || be
the norm defined in Chapter 3 which exhibits the expansive properties of ¢|g, and

5.

Proposition 5.4 There exists a self similar tiling T of X, = [0, 00)e,, with expansion
map ¢ (= ¢|g,) and a tile map v: T — T satisfying the following conditions.

(1) ¥ is a collection of connected sets in X, of the form [ti_y,ti]e, for i > 1,
t; € [0,00) such that to =0 and t; < t; for each i < j.

(2) To = [0,t1)e, is the only generator for X.

(3) For each T = [ti—1,tiles € X, ¢(T) = t;_1e,.
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(4) There exists a ko > 0 such that v*T has the same tile type as Ty for all k > ko,
TefX.

(5) (%) C 7 (ZM).
(6) Uiio¢"‘6(T) = ”u[Z" N (Es ® X))

Proof. Let
U= {z€E,:|z| <1}.

Let C=U® X, and Y = CNZ". Let é, be an eigenvector for the transpose of ¢
such that €, - e, = 1. Since x; is irreducible overlZ, R™ has no proper ¢-invariant
subspaces which intersect Z" — {0}. Hence the set Y is in one-one correspondence
with the set €, - Y C [0,00). Let Y = {2}, such that 20 =0 and €, - 2; < €, - 2;
for all i < j. Note that ¢Y C Y . Since U is bounded there is a finite collection
of vectors V = {va}a, such that z; — z;_; € V for each ¢ > 1. Each tile in T will
be congruent to a line segment in X, of the form [0, €, - #*va]e, for some bounded
collection of k. The endpoints of the segments will be the projection along E, of

integral lattice points. Suppose for a moment that w € Y, v, € V, and
T=[€ wé,  (w+va)es €F.

We wish to choose k, > 0 independent of w such that ¢**w € ¢C and ¢*v, € C.
Having chosen k., we would let T be a tilein T for each N < k,. We will subdivide
¢*=T by translating ¢*>w to the origin. Suppose ¢**v, = z, € Y. Then

¢k°T = U:'I,__.1 [é‘u : (¢kaw + 2;‘—1)’ €y (¢kaw + z;)]eu.

We let [€, « (¢Fow + 2;-1), €, - (#**w + 2z;)]e, be a tile in T for each 7 € {1,...,q}.
At this point we could repeat the process on each of these new line segments. The
problem with choosing k, is that ¢**w + z; may or may not lie in C. In order to
insure (6) we must be certain that the lattice points which determine the endpoints
of our tiles do not get too far away from X,. Since ¢w + 2; € ¢w + C and dw € ¢C

we have
[7s(pw+ z)|| <146
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where 6 = sup{||z||:z € ¢U} < 1 (since o|g, is strictly contracting in this norm). Let
Uy ={x € E;:|z]| < 1+ 6}.

There exists a k; > 0 such that ¢*'U/; C ¢C. Choose k, > k&, so that ¢Fev, € C.

To insure that ¥ is self similar, we must have a tile T such that To C ¢Ts. Let
To = [0,€, - z1)e,. To insure quasi-homogeneity we will want tiles of the same type as
To to be scattered uniformly throughout %. Let

JxK = {(070)} U {(G,N)}15a5m,0$N<ka-

We will use J x K to index a partition of T into its tile types. Let {T(x)}iik)eixk
be this partition.

We define ¥ inductively by defining the sets {Z6.0 }okyeax i - We will let %(0,0) be
the set of tiles in T of the same type as Ty. Suppose T = [€u-w. €y (w+21)]es € To.0)-
Suppose ¢z, = z,. Then

¢T = U?=1[éu : (¢1U + zi—l)a €y " (¢w + 3:')]eu-
Let. .
[éu : ¢wv €y - (¢w + 2z )]eu € K(0,0)

and
[éu . (¢w + zi—l)v eAu : (¢w + zi)]eu S ‘:c(or,o)

for each ¢ € {2,...,p}, z; — zi-; = v,. Suppose T = [€u - w, €y - (w4 va)]e, € T (a0)
Then for each N < k, let ¢VT € T(a,N). We will subdivide ¢**T as indicated above,
That is, suppose ¢*v, = z4. Then

T = U6 - (65w + z:1), €, - (*w + z)]e..
Let

[€, - #Faw, €, - (d¥aw + 2, )ew € %00

and
[€, - (Fw + zi—1), €y - (F*w + zi)lew € Targ)

for each i € {2,...,q}, z;i — zi.y = vg.
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UT e %Ny 0 < N < ky — 1 then ¢T € LiaNtr). T € %(a,ka—1) then
T' = ¢~tha=1T ¢ %(e,0) and we subdivide ¢T into the tiles found in ¢** 7", along with
their tile types.

In this way we define a tiling T of X,. We wish to show that ¥ is a self similar
tiling of X, with expansion map 6. We see by the way that T was defined that
has a finite number of tile types. The way that the image of a tile in ¥ subdivides
in ¥ depends only on its type. Let ky = maXi<a<m{Ka}, then for every T € T, ¢k T
contains a tile in T(o). Since T is the only generator for ¥, this insures that ¥ is
quasi-homogeneous.

Next we wish to define a tile map v: ¥ — ¥ such that 7 satisfies properties (3),
(4), (5), and (6). Suppose T € %(0,0) then define +(T') to be the unique tile in ¢T
which belongs to %(5,0). Suppose T € Loy N < ky—1let y(T) = ¢T. If
N = kq — 1 let 4(T) be the unique tile in ¢T" which belongs to %(00)- Note that for
all T € ¥ we have v*(T) is a tile of the same type as Tp, for all k > k.

The left endpoint of T is ¢(T) for every T € %. Clearly ¢(%) C 7.(Z"). All that
is left to show is that U, *¢(T) = m,[Z" N (E, & X.)]. Recall

sup{||z|:z € ¢U} =6 < 1.

Let
Ury={z€E;|z]| <1- 6}.

Let w € Y C C then ||m,(¢w)|| < 6. So if z € U, then

llz = ms(gw)ll < llzll + ||7ms(¢w) < 1.

In particular
Uz CU + my(gw).
Suppose that T’ = [€, - w, €, - (w + z1)]ew € Z(0,0). Then ¢(%) contains the projection

along E; to E, of every integral lattice point in

(UB[0,¢€, - pz1]en) + dw

and
T (Z" N (U ® ¢T)) C (T).
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Likewise, suppose that T' = [€, - w, €, - (w + ¢"vy)]ew € T(o,n). Then ¢(T) contains
the projection along F, to E, of every integral lattice point in

Us|0,é, - ¢"°va]eu + @Fa—Ny

and
7. (2" 0 (U2 & ¢*=~NT)) C ().

Now suppose that z € Z*N(E,®X,). There exists an L such that ¢z € U, ® X,.
Suppose 7,(¢L2) € T € X. Then, as demonstrated above, there exist a k < ko such
that .

¢tz € ¢(%).

This proves the proposition.0

By Corollary 3.11 the tiling T defined above is a Markov tiling,.

Epilogue

We conclude this chapter and this thesis with a brief summary. In Chapters 1 and 2
we established a natural correspondence between a periodically subdividing tiling
and a symbolic system. The correspondence came by giving each point in the tiled
space a digit expansion. The allowable strings of digits correspond to paths in a
directed graph which we called the subdivision graph for the tiling. In Chapter 3 we
considered the case when the tiled space is the unstable eigenspace for a hyperbolic
automorphism ¢ of R®. We constructed a compact set §) in R™ by identifying the
points in the unstable eigenspace modulo the integer lattice with points in a bounded
neighborhood of the origin. We established a natural correspondence between the
points in  and the graph shift induced by the subdivision graph. We indicated
conditions under which Q is almost homeomorphic to the n-dimensional torus. In
particular, we showed that if all integer lattice points within a bounded region of
the tiled space project to a special set of control points then the set  is almost
homeomorphic to the n-torus. We described a Markov tiling of a subset of the
unstable eigenspace as being a type of tiling for which  is almost homeomorphic
to the n-torus. In Chapter 4 we proved that if ¥ is a Markov tiling of the unstable
eigenspace for ¢ then the graph shift induced by the subdivision graph for ¥ is
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metrically similar to the dynamical system (R" mod Z", ¢ mod Z"). In Chapter 5 we
gave examples of Markov tilings and indicated how one might go about constructing
them in special circumstances.

It is interesting to note that the Markov partitions constructed using the methods
of this thesis, coincide with the Markov partitions constructed by Bowen in [5]. If
C is a Markov partition for ¢ constructed using the methods in [5] then there is a
Markov tiling which will generate C. The unstable eigenspace E, for ¢ is dense in
R"™ mod Z". Let 3°C be the stable boundary for C. Let Y be the set of points in
E. which are identified modulo the integer lattice with points in 3°C. Then Y is the
union of the boundaries for a family §(%) of periodically self similar tilings of E,.
The tile types and subdivision rules for §(¥) are determined by the rectangles in C.
Moreover, E, mod Z" intersects the interior of some rectangle in C in a set T' mod Z"
such that T C E,. The properties of a Markov partition guarantee that

U ,¢*T mod Z"

will lie in R” mod Z" minus the unstable boundary of C. In particular the tilings in
B (%) coincide on UR ¢*T in tile and tile type. It will follow that the tilings in F(%)
are all Markov tilings of F, with expansion map ¢.
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