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This thesis is concerned with the application of the time-dependent density functional theory
(TDDFT) to investigate the fission dynamics of atomic nuclei, which is still one of the most
complicated problems in nuclear physics and a full microscopic interpretation is still missing.
The establishment of the time-dependent superfluid local density approximation (TDSLDA)
and the increasing power of computing resources have made the three-dimensional symmetry
unrestricted simulations of fission dynamics possible in recent years. In this work, a qualita-
tive new nuclear energy density functional (NEDF) is developed, which contains only seven
uncorrelated fitting parameters, and yields excellent performance in describing various nu-
clear properties, e.g. nuclear mass, charge radii, neutron separation energy, shell structure,
and deformation properties like the height of fission barriers and the excitation energy of
the fission isomer. Using this new NEDF and another popular NEDF among fission prac-
titioners, SkM*, a comprehensive study of fission dynamics with the TDSLDA formalism is
presented. The role of pairing correlations in fission dynamics is demonstrated quantitatively.
It is also shown that independent TDSLDA trajectories with different initial conditions on
the potential energy surface generate almost the same fission fragment (FF) configurations,
e.g. the mass split, total kinetic energy, total excitation energies, etc. An important aspect
of this study is to provide a quantitative validation that the fission dynamics from saddle to

scission is a non-adiabatic, over-damped one. To overcome the limitation of TDDFT that



fails to produce the variances in the FF properties, a novel method in the spirit of the classi-
cal Langevin approach is promoted to include fluctuations and dissipation into the TDDFT
framework. Promising results are obtained in a simpler nuclear hydrodynamics simulation,

while its implementation in a full TDSLDA calculation is still challenging.
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Chapter 1

INTRODUCTION
1.1 Nuclear fission: a brief history

Experiments on the bombardment of Uranium atoms (charge number Z=92) with neutrons
performed by Hahn and Strassmann in 1938 [1] showed that lighter elements akin to Barium
(Z=56) are formed in the reaction. This new type of nuclear reaction was given the name
“fission” by Meitner and Frisch [2], who interpreted this phenomenon based on the liquid
drop model (LDM), even before the publication of Hahn and Strassmann’s paper in 1939.
In Meitner and Frisch’s paper [2], they made an analogy of the nuclear fission to a Coulomb-
driven division of the classically charged incompressible liquid drop in competition with the
surface tension of the liquid drop, and they obtained a good estimation of the total kinetic
energy (TKE) of the fission fragments (FF) around 200 MeV. A few months later, Bohr
and Wheeler quantified Meitner’s arguments in their seminal paper [3] that introduced the
compound model of nuclei in the mechanism of nuclear fission. According to this work, a low
energy of incident neutron is captured by the Uranium nucleus and leads to the formation of
a compound nucleus. After some time, the compound nucleus evolves from the initial state
to the saddle point, which is the configuration where the Coulomb force is exactly balanced
by the surface tension. The time scale of this process can be estimated by the uncertainty
principle. The compound nucleus is hot when it is formed, thus the energy levels are very
dense in its spectrum. The average spacing of energy levels is AF ~ 10 eV in the n+Th
reaction [4], then the time from the formation of the compound nucleus to the saddle point is
165 ~ h/AE ~ 107 fm/c. From the saddle point to scission, the Coulomb force overwhelms
the surface tension and the nucleus is driven to be separated. This process is much faster,

with a typical time scale 755 ~ 10%---10* fm/c. Figure 1.1 shows the total energy as a
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Figure 1.1: Potential energy surface (PES) of the nucleus in the fission process. Bottom: the PES obtained
from the liquid drop model (LDM). Top: the PES obtained by LDM plus the shell correction. The ground

state (GS), inner and outer fission barrier (Ey and Fyr) and the fission isomer (IS) are denoted.

function of elongation of the nucleus in the fission process, which has a single-humped shape
in the liquid drop model (bottom). The saddle point names the maximum of the curve.
Although the liquid drop model provides a phenomenological interpretation of fission,
it can only predict a symmetric fission where two fragments have the same mass [3]. The
distribution of FFs of Uranium demonstrates an asymmetric pattern in experiments. The
liquid drop model is also a semi-classical theory and it ignores quantum effects, i.e. the
individual behaviors of nucleons inside the nucleus. Evidence from the scattering experiments
shows that the mean free path of the nucleon is at least the order of the size of the nucleus
[4]. This fact indicates that to a good approximation, the nucleons in the nucleus can be
treated as independent particles, which validates the establishment of the nuclear shell model
6, 7, 8]. In the shell model, nucleons are placed in quantized orbits and the strong spin-orbit

interaction in the nucleus gives the energy spectrum its shell structure. Strutinsky proposed
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Figure 1.2: Schematic presentations of the single particle (s.p.) levels (upper) and of the total nuclear energy
(lower) as a function of nuclear deformation[5]. The Fermi level is shown with a thick line and the up and

down arrows represent the Kramer’s degeneracy in each s.p. level.

a method to calculate the shell correction energy of the LDM by identifying the fluctuations
of the single particle energies [9, 10]. The addition of this correction to the deformation
energy obtained by the liquid drop model results in an oscillation on the potential energy
surface. As shown in the top panel of Fig. 1.1, the PES has a double-humped shape, with
a second minimum named the fission isomer (IS) [11, 12]. The shell effect also leads to a

ground-state (GS) deformation for the Uranium nucleus.

In Hill and Wheeler’s work [14], the emergence of the deformation energy in the fission
process is discussed in a picture of individual particles. As shown in the bottom of Fig. 1.2,

the potential energy as a function of deformation parameter v(q), to a first approximation,
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Figure 1.3: Left: Generic single-particle spectra of closed (insulators) and open shell (conductors) nuclei.

Right: Cooper’s picture of how a Cooper pair is formed [13].

can be viewed as the superposition of a series of parabolas. The bottom of each parabola
represents a Hartree-Fock (HF) state with a constraint on the deformation ¢, which is the
minimum energy of the nucleus for a certain deformation. The other points on the same
parabola describe how the energy changes as the state deforms in the same single particle
configuration. One finds that it is very energetic unfavorable if the nucleus stays at the
same state as it deforms. The intersections of different states (parabolas) can be displayed
as the crossing of single particle energy levels shown in the top of Fig. 1.2. Starting from
the ground state (¢ = 0), each s.p. level increases or decreases according to the relative
direction of its angular momentum and the deformation axis. In order to keep the total
energy minimum, the nucleons on the top level (thick lines) need to jump from upsloping to
downsloping levels at each level crossing. Due to the Kramers degeneracy [15], each single
particle level is typically doubly degenerate, thus the nucleons will jump in pairs, i.e. transit
from states (my, —mq) to (mg, —ms). In the nucleus, the most effective mechanism to realize

such a transition is the pairing interaction.
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Figure 1.4: Behavior of two levels at a point of near cross-over, a = «q [14].

In open-shell nuclei, nucleons with opposite spins and (spatial) angular momenta can
be paired due to the short-range residual interactions between them, like the Cooper pairs
[16] of electrons in the theory of superconductivity [17]. The large number of degeneracy of
the energy levels causes a considerable shift in the energy level of the paired nucleons and
forms a bound state lower than the Fermi surface, as shown in Fig. 1.3. The presence of
the pairing gap A between the bound state and the next excitation level makes the nucleus
become a superfluid system. The influence of the pairing interaction on the level crossing
can be studied in a schematic two-level system [14] shown in Fig. 1.4. Assuming two single
particle levels: E, = Fy+ a(a — o), a > 0 and E, = Ey + b(a — ap), b < 0 cross at certain
deformation parameter o = ¢ (dashed lines). The presence of a pairing gap will avoid the

crossing of the two levels by adding the off-diagonal terms in the hamiltonian of the system:

a

A
Hy = =By (1.1)
A" Ey

with the eigenvalues Ey. = (E,+ Ey) £ [(;(E, — Ep)* + |A[?] "% (solid lines). Therefore, the



nucleons residing on the lower level E_ will transit from the upsloping F, adiabatically to
the downsloping Ej, with the probability 1 — Pp, where Pp is the probability of the diabatic

transition (E_ — E, ), which can be calculated by the Landau-Zener formula [18]:

PD — 6—271'1—‘7

A? A2 (1.2)

a |%(Ea _Eb)l a %_?a%(Ea_Eb”.

r

For non-zero A, when the evolution of deformation is slow enough (¢ < 1), Pp ~ 0 and
the diabatic transition will be suppressed. When pairing is missing A = 0, the nucleons will
have the diabatic transition at the energy level crossing (Pp = 1) and the Fermi surface will
become deformed [19, 20], which will cause a volume excitation energy for the system. This
is in contrast to the fact that the nucleus is a saturation system and the deformation energy
sources from the surface and Coulomb energies. Therefore, without the redistribution of
nucleons on the single particle levels, the fission will be hindered. Negele [21] gives a model
example as the fission of sulfur *2S into two oxygens °O + 190 in a mean-field method. The
angular momentum distribution in the initial nucleus 3?S is 4+1/25 +3/22 +5/2! (for each
neutron or proton), including 20 positive and 12 negative parity s.p orbitals. However, in
the final nuclei the angular momentum distribution becomes +1/25 43/2% (for each neutron
or proton), including 16 positive and 16 negative parity s.p. orbitals. Thus the pair of
neutrons or protons (5/2,—5/2) in 32S transits into (1/2, —1/2) in %0O. In Negele’s paper
[21], this redistribution of nucleons is realized by breaking the axial symmetry of the mean
field artificially, while introducing pairing can also enable such transitions without breaking
the symmetry.

Overall, fission dynamics is one of the most challenging quantum many-body prob-
lems, and still lacks a full microscopic theory even 80 years after its discovery [22]. The
macroscopic-microscopic (MM) method has been developed since 1970s [23, 24, 25, 26, 27,
28, 29, 30|, and has remained a popular approach to statistical studies of fission fragments
properties. In the MM method, a potential energy surface (PES) is calculated by the liquid

drop model combined with shell correction, depending on a few number of variables that



describe various collective characters of the nucleus during the fission process, like the mass
quadruple moment gyg, the octuple moment ¢3q, the thickness of the neck, etc. Then the
classical Langevin equations for the collective variables are solved on the PES and the FF
properties are derived by the configurations in the exit channel. The MM method can suc-
cessfully reproduce the mass and charge distribution of FF in the experimental data when the
number of collective variables is large enough, typically 5 in the recent studies [31, 32], which
corresponds to around five million configurations on the PES. But the phenomenological na-
ture and the limited number of collective degree of freedoms (DOF) make the prediction of
the MM method restricted to only a few quantities. And the results are influenced consider-
ably by the ad hoc modelings of inertia and friction used in the Langevin equations, which

leaves uncertainties on its predictive power.

The full microscopic approach to the nuclear dynamics is to solve the many-body Schrodinger
equation, which is still not applicable to heavy nuclei at present due to the huge number of
DOFs involved. Self-consistent mean-field (SCMF) approaches like Hartree-Fock (HF) and
Hartree-Fock-Bogoliubov (HFB) based on the nuclear energy density functionals (NEDF')
have been developed and applied to study nuclei across the nuclear landscape. Their exten-
sions to time-dependent problems [33] are straightforward and have been applied to various
nuclear dynamics like nuclear vibrations and reactions [34, 35]. The study of fission dynamics
using TDHF method goes back to the work by Negele et al. [36]. Due to computational lim-
itations, the mean field was restricted with axial and reflection symmetry and the spin-orbit
interaction was ignored. Pairing dynamics was solved in time-dependent BCS approxima-
tion with a constant pairing gap. Due to the reflection symmetry, only symmetric fission
was obtained and the resulting total kinetic energy (TKE) had a strong dependence on
the pairing gap. With the increase of computational power, the three-dimensional (3D)
symmetry-unrestricted TDHF codes with full Skyrme EDFs [37, 38] have been utilized to
fission dynamics in recent years [39, 40, 41, 42, 43]. In all of these simulations, the nucleus
cannot fission unless the initial state is far beyond the saddle point where two fragments are

already formed [39, 40, 41, 42|, or given an initial boost with large energy [43], as shown in



Fig. 1.5. This phenomenon, named the “threshold anomaly”, is due to the fact that in the
TDHF formalism the pairing interaction is neglected and the occupation numbers of the sin-
gle particle levels are frozen. Then the redistribution of nucleons is forbidden, which creates
an insurmountable potential barrier and hinders the fission, as discussed earlier. Introducing
the pairing dynamics in the TD-BCS formalism [40, 41] could vary the occupation numbers
in the evolution, but the pairing field has a constant magnitude and its time-dependent phase
can be removed by a trivial gauge transformation, with a modification of the chemical poten-
tial. TD-BCS also violates the continuity equation unless the occupation number is frozen
[44], which returns to the case of TDHF. Therefore neither TDHF nor TDHF+BCS treats
appropriately the pairing dynamics, which plays a critical role in the shape evolution of the
saddle-to-scission process. This bottleneck was solved in the milestone work by Bulgac et al.
[45], which realized for the first time the simulation of the induced fission of **°Pu within
a full microscopic framework, formally equivalent to the TDHFB method in 3D coordinate
space without any symmetry restrictions. Starting from an initial state slightly beyond the
outer fission barrier of ?*°Pu, the nucleus goes to scission without any initial boosts and
two excited fragments emerge. The heavy fragment has a spherical shape because its neu-
tron/proton number is close to the double magic ¥2Sn, while the lighter fragment is highly
deformed. The evaluated FF properties like masses, charge numbers, and TKE are in good

agreement with observations.

The breakthrough of the theoretical fission study in Ref. [45] relies on the simultaneous
developments of both theoretical formalisms and computational techniques. In theory, the
density functional theory (DFT) provides an equivalent alternative to the solution of the
many-body Schrodinger equation. As the Hohenberg-Kohn (HK) theorem [46] proves, there
is a one-to-one map between the ground state wavefunction, the number density, and the
external field. Though initially established in the many-electron system, this theorem also
applies to any non-relativistic many-fermion system. The Kohn-Sham scheme [47] provides
a practical way to calculate the number density in a self-consistent way with quantum shell

effects taken into account. With the local density approximation (LDA) treatment for the
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Figure 1.5: Initial conditions of fission dynamics with TDHF method on the PES. For the states with

deformation (denoted as the quadruple moment ()3) in shadowed region, the fission is forbidden without a

boost for the wavefunctions [41].

exchange energy [47], one obtains a series of non-interacting Schrodinger equations, which has
a similar form with the HF equations in the SCMF method. But different from SCMF', which
depends on the independent particle approximation, DFT is an exact theory in nature. Due
to the tremendous savings in computational work, DFT is widely used in quantum chemistry;,
solid state physics and many other many-electron systems. The main difficulty of applying
DFT in nuclear system is that the universal EDF is unknown. Both the HK and KS theorems
do not provide an algorithm to derive the EDF from the many-body Scrhodinger equation.
Another complexity is the fact that nucleus is a superfluid system. The extension of DFT
to superfluid system goes back to the work by Oliveira et al. [48]. However, that work used
a non-local form for the pairing field, which hinders practical implementations. The work
by Bulgac and Yu [49] provides a renormalization of the pairing field, which is named the
superfluid local density approximation (SLDA) as an analogy to the LDA treatment in the
KS scheme. The SLDA and its time-dependent extension, TDSLDA have been applied to

various static and dynamical problems in cold atom and nuclear systems [50, 51, 52, 53, 54,
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55, 56, 57, 58, 59, 60]. In computing, powerful supercomputers with petaflop performance
makes large-scale TDSLDA calculations possible. In our typical implementations, nearly
a million complex coupled time-dependent partial differential equations (PDE) are solved
on large 3D lattices for up to 400,000 time steps. Over the years we have developed highly
efficient MPI [61] + CUDA [62] codes, taking full advantage of the speed-up by the multi-core
+ GPU architectures on the top supercomputers [63] in the world, like Titan [64], Piz-Daint
[65], and Summit [66].

1.2 About this thesis

This thesis is organized as follows. In chapter 2 we introduce DFT and TDDFT and their
application to nuclear systems. In chapter 3 we introduce the nuclear energy density func-
tional we developed for fission dynamics. In chapter 4, we report the results of simulations
of fission dynamics with the TDSLDA method. In chapter 5 we introduce a novel formal-
ism to include fluctuations and dissipation in the TDDFT framework. The conclusions and

outlooks are summarized in chapter 6.
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Chapter 2
THEORETICAL FRAMEWORK

2.1 Density Functional Theory (DFT)

A full microscopic theory of the nucleus should be given by the solution of the many-body

Schrodinger equation

HU(1,--, A) = BEU(L, -, A),

T W ‘A/;sxt
A A

' e N — (21)
A B2 A A A
H:Z—Q—AH-ZV;]'-F Z Vz‘jk—i-zvext,z'
7 m 1<J i<j<k 7

The hamiltonian H consists of the kinetic energy term T, the interacting term W including
the two-body (VZ]) and three-body (‘ij) nuclear forces, and the external potential V.. The

index 7 represents all coordinates of the ¢th nucleon, for instance,

where 7; represents the spatial coordinates (x,y, 2), s; the spin freedom (up and down), and ¢;
the isospin freedom (proton and neutron). Solving Eq. (2.1) is a formidable task for a heavy
nucleus considering its extremely large number of coordinates and degrees of freedom (DOF).
For example, for 2°Pu, ¥(1,--- , A) has 720 spatial coordinates and 224 ~ 1.77 x 10 x 107
spin components. The theoretical tool we used in this thesis is the density functional theory
(DFT), which provides a formalism equivalent to Eq. (2.1) and brings huge savings in the
computational cost.

The formalism of DFT is based on the Hohenberg-Kohn (HK) theorem [46], which was

established for the many-electron system, but it can be applied to any interacting fermion
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systems, including the nucleus. Here we still use the terms in Eq. (2.1) for illustration. The
HK theorem [67] establishes that there is a one-to-one map between three quantities:
(1) the ground-state wavefunction W(1,---  A) ;

(2) the one-body (number) density
n(f) = (PIa(P)|0) = (U] ) $Ld (7)) (2:3)

where ,(7) and ¢! (7) are the annihilation and creation operator for spin s (1]) at spatial
coordinate 7.
(3) the external potential Vi .
The map n(r) < Vn| < Voew suggests that the total energy of the system E =
(U[n]|H|¥[n]) is a functional of n(7):
Eln(r) = [ @ [E0()] + (7)o (7). (2.4
where

/ EreEn(®)] = (U)|T + W[ [n)). (2.5)

Since the map n(7) < ¥[n] does not depend on V., the form of E[n(7)] is universal,
independent of the external potential. The ground state density ng(7) can be determined by

the minimization of the energy F[n(7)] with a constraint on the particle number N,
Ey = mlﬁE[n], N:N = /d3rn(f'), (2.6)
ne
or practically , via the variational principle
)
st [ (e Vi () = (7} = 0 (2.7

One main difficulty of applying Eq. (2.7) directly is that the kinetic energy T'[n] = (¥[n]|T|¥[n])

cannot be described explicitly in the terms of n(7) in a finite interacting system. Efforts to
derive T'[n] in terms of n() have been made in many semi-classical approximations [68, 69].

The Thomas-Fermi (TF) approximation

I 3
T(] = /d?’r%m(r), T0 — 5(37r2)2/3n5/3(77’) (28)
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is valid in infinite systems, but it cannot describe the surface of a finite system. The extended
Thomas-Fermi (ETF) approximation

1 (Vn)? 1
TETF = To + % + §V2n +0 [(Vn)ﬂ (2.9)

can describe the surface, but it fails to account for the quantum oscillations brought about
by the shell structure. Another difficulty is the exchange-correlation energy & [n] in the
universal functional, due to the two-body correlations in fermion systems, is unknown and
its non-locality will increase computational cost for any implementation. For sufficiently
slowly varying density, the exchange-correlation energy can be treated in the local density

approzimation (LDA)
Exe[n] = n(F)exc[n(F))]. (2.10)

The Kohn-Sham (KS) scheme [47] provides a practical approach to obtaining n(7) that takes
into account the shell effects. As the Kohn-Sham theorem proves, for any interacting system,
there exists a non-interacting system that has the same ground state density, which can be
obtained by solving the Kohn-Sham equation (the spin-freedom is neglected)

e, . , .

g 7 U + Vo) 4(7) = () (2.11)

2m

with
() = Y Jo) P (2.12)

where ¢;(7) is the s.p. wavefunction for the energy level ¢;. The kinetic energy is calculated

1) = [ #ryr®. )= Y IVa P (2.13)

The local potential U(7) is a functional of n(7)

U(7) = 5‘;[1725:;)] — J (n(?;)((;[)n(ﬂ]) 4 other Hartree terms. (2.14)

Thus the KS equation needs to be solved self-consistently.
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2.2 Nuclear DFT and superfluid local density approximation (SLDA)

Although the HK theorem proves that there exists a universal energy density functional
(EDF) for any many-fermion system, it fails to provide a recipe for the construction of
the EDF. The nucleus is a complex finite system and the nuclear energy density functional
(NEDF) should contain the number density n(7), the kinetic density 7() and the spin-orbit

density that describes the spin-orbit interaction in the nucleus
) = (=) Y 617, 5,0) [Vou(F, 5,0) x G| (2.15)

where 7,y is the vector of Pauli matrices [15]. The gradient of the density Vn(7) is also
needed to describe the nuclear surface. As discussed in the introduction, the nucleons in
the open shell with opposite angular momenta and spins form Cooper pairs due to short-
range residual interactions, which makes the nucleus a superfluid system. Then the single
particle wavefunctions in the KS equation Eq. (2.11) are reformulated into the quasi-particle
wavefunctions (qpwis) 1y s(7) = [ugs(7), vis(7)]7, s =11 via the Bogoliubov transformation
[70]. The anomalous density works as an order parameter to signal the presence of Cooper

pairs
V(F) =3 i (Funy (7F) ~ (B[ (7)1 (7)) (2.16)
k
And all the local densities in the normal system are rewritten as

n(r) = kas )k, (77 (2.17a)
() = Z Vi o (7) - Vo, (7), (2.17b)

T = =i 32 07 [ Vorol) x G (2.17¢)

k,s,s’
Depending on the local densities defined above, a generic NEDF is represented as a sum of

the kinetic &y, the interaction Eyyelear, the Coulomb Ecgy, and the pairing &£,,;, contributions

&= gkin + gnuclear + SCoul + Spair- (218)
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The kinetic energy density depends on the kinetic densities and the effective nucleon masses

NGEDY qu) (2.19)

2m
q=n,p al

In some EDF's, the center of mass (c.m.) correction is included by replacing the bare nucleon
mass m with m/(1 — 1/A). The total particle number is A = N + Z where N and Z are
respectively the neutron (n) and proton (p) numbers. The Coulomb contribution is composed

of the direct and the exchange energy densities

ECOUIO:‘) = Sgoul(F) + EEOUIO#)

e [ ny(F)n, (i) 3¢ (3\"°
_ —dS—l__ 2 4/3 ]
2/ 7 ¢4 <7r> " (7)

The pairing energy depends on the local anomalous density:

(2.20)

palr Z geff |Vq (221)

q=n,p
and the effective pairing coupling strength ges(7) is obtained via a renormalization [49, 50, 71]

of the bare pairing strength, typically parameterized as

90(T) = 9o (1 - a@) , (2.22)

No
where ng = 0.16 fm™? is the nuclear saturation density. The parameter o = 0,1,1/2 corre-
sponds to volume, surface, and mixed pairing respectively [72, 73].
The interaction energy density is the most complicated. Over the years, many forms of
the nuclear functional have been proposed; see Refs. [74, 75] for review. Among them the

Skyrme family EDF's [74, 76] are rather popular and they have the generic form

gSkyrme = gn2 + gn’Y + gnAn + gm' + gnVJ
<Cfnt2 + CYn’nd + CM"nAny + CTngry + CY T,V - Jt>

t=0,1

(2.23)

where ng = n,, + n, and ny = n,, — n, (and similar for 75; and Jy;) are the isoscalar and

isovector densities respectively, and the C’s are coupling constants.
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Starting from the NEDF defined above, the components of the qpwfs uy (7)) and vy ¢(7)
are obtained from the self-consistent solution to the formal Hartree-Fock-Bogoliubov (HFB)

equation (for each neutron and proton)

hap(F) — o gy (7) 0 A(7) uk(7) i (7)
ho(F) by (7)) —p —A(7) 0 ury (1) | _ E, uy) () (2.24)

0 —A*(7) =hu () +p —hy () V(1) Ve (7)

A*(F) 0 =W (7)) =h (M) + i) \ v () Uy (7)

The local particle-hole Hamiltonian h, () is obtained by taking the appropriate functional
derivatives of the energy density functional. For the Skyrme functional it takes the form
[70]:

- R - -
(N =1=V- r ;=1 ) - F) . 2.25
he o (T) ( \Y4 2m*(f,)v + U(r)) 0.0t — IW(F) - (V X )0, (2.25)

—

where m*(7) is the effective mass,
A
2m () Cor,(P) 2m

+ Cymo(7) + £,CTn () (2.26)

and &, is the sign for isospin ¢ = n,p: &, = 1,§, = —1. U(F) is the central part of the
mean-field potential,

&
G

Uy(7) = 2Cgng + 2§,C7'ny + Cymo + §,CT T

+ QOOAanno + 2§quA"V2n1

+CYIV T+ £,CYIV -y

+CJ(y +2)ng Tt + 2¢,07ning (2.27)
and W (7) is the spin-orbit potential:

of CY/Vng 4 £,CYVn,. (2.28)

Wo(r) = 5Jo(7) =

The local pairing field A(7) is defined as a function of the anomalous density

A7) = =g (F)v(7). (2.29)
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Here we use a local form for both v(7) and A(7), in contrast to the first attempt to

applying DFT to superconducting system [48], where a non-local pairing potential A(7, ")

was used. One can show that the anomalous density v(r,7) = >, vi (Fugy (7) ~ |F}F|

diverges for |[F—7| — 0. The pairing potential A(7) also diverges when v(7) is a multiplicative
factor of it A(7) ~ gv(r) where g is the pairing coupling constant. The work by Bulgac and
Yu [49] suggested a renormalization scheme of the pairing coupling strength to remove the
divergence part in v(7) and therefore in A(7). For a lattice system with energy cutoff E.,

the effective pairing strength geq(7) in Eq. (3.25) is defined as

1 m* (Mke(7)

kp(F) .. ke(P)+kr(F) 2
L) w@® o (1 ~ 2k 11 kcw)—ki@) - k() 20 (2.30a)
Geft () go%f) _ m*Q(Ql;LcQ(F) <1 + % arctan “Zj—((g)‘) , kE(F) <0

RK2(7

B = Wﬁ + U — p, (2:300)
h2k,2 =

) +(T) LU, (2.30c)

m

Note that Eq. (2.30) is derived in 1D spherical momentum space and when discretized the

h2r2

53 where

energy cutoff E. should be smaller than the natural energy cutoff of the lattice
a is the lattice constant. In 3D Cartesian coordinates with dz = dy = dz the natural energy

cutoff becomes ST nen? nPr? = 3227 and for E, > 2275 Eq. (2.30) becomes

2mdx? + 2mdy? + 2mdz? 2mdzx 2mdzx?
inapplicable. An expression of ges(7) on a 3D lattice with the natural energy cutoff 327:5 C’;;
is suggested in Ref. [77] and Chapter 5 of Ref. [78]
1 1 (7
m(r) @ (2.31)

get(7)  go(F)  4n2h2dx

where K is a numerical constant given by
12 w/4
K = —/ dfOIn(1 + 1/ cos® §) = 2.442 749 607 806 335 - - - .
T Jo

This formalism of localizing the pairing field is named the superfluid local density approxi-
mation (SLDA) in analogy to the LDA treatment in the KS scheme. Similarly, Eq. (2.24) is

also named the SLDA equation.



18

2.3 Time-dependent superfluid local density approximatuon (TDSLDA )

The extension of DFT to time-dependent problems, time-dependent density functional theory
(TDDFT) was promoted by Runge and Gross [33], who proved that for the time-dependent

Schrodinger equation

A 2

0 h
h—W(1, - A t) = S AV A S UL, AL, 2.32
ngotean = {3 aivi anbuian e
the time-dependent wavefunction W(1,---, A t) is still a functional of the time-dependent

density n(r,t), which can be solved by the time-dependent KS equation
'h%(*t) h2v2+v GOIEAGE)) (2.33)
th— T = |—=— r r .
ETALAUE om Ks\T k(T
with
k
and the corresponding current density

70 = 3 o [0 V(7 1) — 64(F V67 0)] (2.35)

In nuclear systems, the interaction part of the (Skyrme) NEDF needs to include time-odd

terms to satisfy Galilean invariance

ESkyrme = gnQ + gn'y + gnAn + Sm + gan

= 3" Cpn? 4+ Cning + PO mAn, (2.36)

t=0,1

while the form of other parts of NEDF is not changed. The total energy density is a functional
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of the time-dependent local densities introduced earlier (for each neutron and proton)

n(F ) =Y i (7 t)ops(F 1), (2.37a)

k,s
V(T t) =Y op (7, )upy (7, ), (2.37b)

k
(i) =Y Vi (1) - V(7 t), (2.37c)

k,s
S(Ft) = Gowtp (0w (T, ), (2.37d)

k,s,s’
T t) = %(6 SAEE LI (2.37¢)
and the current density

GO % ; [vk,s(f, VUL (7 1) — vf (7)) V(7 1) (2.38)

where the components uy, 5(7,t), v (7, t) are obtained by solving the time-dependent super-

fluid local density approximation (TDSLDA) equation

it (7, 1) hip(r,t) = hyy(r, ) 0 A(r, ) ukt(r,t
zhﬁ ug (7, 1) _ hiy(r,t) hy(r.t) —p —A(r,t) 0 ugy (7, t
ot vkt (7, 1) 0 —A*(r,t)  —hi(rt)+p —hi(r,1) v, t
Uy (7, 1) A*(r,t) 0 —hi(r,t) —hj (r,t) + p Uy (7, t
(2.39)

The s.p. hamiltonian has the generic form

- R - -
heo! (T) = (—V : Qm*@v + U(F)) do.00 — AW (F) - (V X &) g0 2.40)
YO, -5+ (9-0a() + 0a(®) - 9),
where

U,(7) = CV/V x j, (2.41)

- - 1 -
Ua(F) =C"j + §CWV X 3, (2.42)
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and m*(7), U(7), W (7) and A(7) have the same form as in Eq. (2.26), Eq. (2.27), Eq. (2.28)
and Eq. (2.29).

2.8.1 FEaxternal boosts and external potentials

In studies of nuclear reactions and giant resonances, the nucleus is “boosted” at the beginning
of the evolution to gain certain initial velocities or other collective flows. Such boost is

realized by performing a U(1) gauge transformation on each qpwf as
— ' (2.43)

The spatial profile x(7) should be chosen appropriately for different situations. For example.
when x(7) = - 7/h, the nucleus will gain an initial velocity iV /M = /M where M is the
total mass of the nucleus.

In addition, during the evolution, the system can also be coupled to external excitation

fields in both scalar and vector channels

hg = hg + U (7 1) = = (Ugest - 5+ 5 Ugext)- (2.44)

Different choices for the external potentials allow one to study the response of the nuclear

system to different probes.

2.3.2  Center of mass motion and rotation

The presence of external potentials or boosts sometimes leads to center of mass motions and
rotations of the system. In order to follow the internal motion of nucleus in the moving
and rotating frame, we need to introduce extra terms in the hamiltonian to balance these
collective motions [79]. For the center of mass motion, we perform a transformation for each

qpwf as

iR(t) 5] INGE) (2.45)
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where ﬁ(t) describes the center of mass motion and § is the momentum operator. The

equation of motion for ¢, becomes

ihgn(F,t) = [H — T - plon (7, 1) (2.46)
where R( t) is the velocity of the c.m. motion. In practice it can also be calculated as
gl /di”r*(vT t) (2.47)
- M j ) .

where j(7,t) = J,(F,t) + fp(ﬁ t) is the total current density and M is the total mass of the
nucleus.
Similar to the center of mass motion, the rotation of the system can also be balanced by

making a transformation on the qpwfs such that

~

¢n(ﬁ t) = exp [ e(t) j] wn( t) (2'48)

where 5(15) = 0,0 is the vector of rotation angles for the system with respect to the z-axis

and ] is the total angular momentum operator

i=0+5 I=xp (2.49)

The determination of  is as follows. We calculate the mass quadrupole matrix of the system

as
Qij = /d?’rﬁfjn(F), 1,]=x,9,2 (2.50)
Diagonalizing ) we obtain the rotation matrix R
@ = RDR", (2.51)
which has a structure

Rix = cos 0pdi + (1 — cos by)niny — sin Ooeqny (2.52)
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where (ng,n,,n.) is the unit vector of rotation axis 0. They can be determined by the

following relations

0 —-n, mny
tr R=1+2cosfy, R— R =2sinb, | n, 0 —ng (2.53)
—Ny Ny 0

In practice, we usually ignore the rotation along the z axis,then the rotation angle can be

determined simply as
0=Rsx2 (2.54)

where Rj is the third column of the R matrix and 2 = (0,0,1)7 is the unit vector in the

z-direction. The equation of motion for ¢, reads

ihén (7 t) = [H — & - ]én (7, 1) (2.55)

—

where &(t) = 6(¢) is the angular velocity.

2.3.8  Miscellaneous quantities

Some other quantities are also calculated in the TDSLDA calculations.
e The center of mass

. [drin()

e Deformation parameters

le = /d37anmn(7:J)7 le X TZYZm (2573)
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where Y}, is the spherical harmonics function, and

Qa0 = (22”2 — 2 — y?), (2.57b)
Q?)O _ Z,<2Z,2 . 31,/2 . 3y/2)7 (2.570)
Qa0 = 352" — 3024 + 37, (2.57d)

with 2/ =2 — Zem, ¥ = Y — Yem, 2’ = 2 — Zem and 7% = 22 + 2 + /2.

e The average pairing gap

_ A7) 258

il [ d3rng(r)

e The collective flow energy

By
Far =Y / Pro T, (2.59)
q

e The center of mass kinetic energy

Eon = —mu- . (2.60)
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Chapter 3
NUCLEAR ENERGY DENSITY FUNCTIONAL: SEALL1

DFT proves that there exists a universal EDF for any fermion systems. However, it does
not provide a recipe for the construction of EDF. Early NEDF's are derived in the mean-field
picture, as the expectation value of effective nuclear Hamiltonians on the Slater determinant
of single particle wavefunctions, such as the Skyrme and Gogny EDFs [76]. There exists more
than 300 NEDFs at present, which depend on a large number of phenomenological fitting
parameters (typically 14 and sometimes even more). However, among these parameters, only
some parameters or their combinations are uncorrelated, which makes it difficult to study
the relations between parameters and various nuclear properties.

A good NEDF should be able to describe the following nuclear properties correctly: the
infinite nuclear matter properties (NMP); the surface and radius of the nucleus; the shell
structure, due to the spin-orbit interaction in the nuclear force; the deformation proper-
ties. We have developed a qualitatively new NEDF, which contains only 7 uncorrelated
parameters [80]. Our strategy of constructing the NEDF is based on the Bethe-Weizséicker
(BW) formula in the liquid drop model (LDM) [70], which gives an excellent description of
the bulk properties of nuclei. Following the spirit of Hohenberg-Kohn [46], an orbital-free
functional of neutron and proton density is established based on four dominant parameters
and it obtains a global mass fit better than the four-parameter BW formula. Based on this
parameterization, the shell effects are then introduced in the Kohn-Sham scheme [47], taking
into account the spin-orbit and pairing interaction in the SLDA formalism. This resulting
orbital-based functional, named Seal L1, has excellent performances on all the nuclear prop-

erties mentioned above. In this chapter !, we have a brief review of the LDM first, and

! This chapter is based on the work by A. Bulgac, Michael McNeil Forbes, Shi Jin, Rodrigo Navarro Perez,
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introduce the form of SealLLL1 EDF then. Finally, the physical properties of SealLL.1 EDF

are also discussed.
3.1 Bethe-Weizsicker (BW) formula

In the liquid drop model, the mass of an atomic nucleus consisting /N neutrons and Z protons

is given by (¢ =1)
m = Zm,+ Nm, — Ep (3.1)

where m,, and m,, are the rest mass of a proton and neutron. The term Ep is the binding
energy of the nucleus, which can be evaluated by the Bethe- Wezsascker formula

zZ? (N —2)?
Al/3 A
ay = 15.68,ag = 18.56,ac = 0.717,a4 = 28.1 [MeV]

(

Ep(N,Z) = ay A — asA*? — ac +d(A)

(3.2)

12A-1Y2  even-even nuclei,
6(A) =140 odd nuclei,

—12A4712  odd-odd nuclei.

\
The physical meaning of the formula Eq. (3.2) is as follows. The first term is usually called
the volume term because it’s proportional to A (o< R?) thus the volume of the nucleus. The
second term is called the surface term, which is proportional to A%3 (oc R?) thus the surface
area of the nucleus. The nucleons on the surface feel the attractive net force towards inside.

One can relate this term to the surface energy of a liquid drop via

as

agA?? =58, o (3.3)

= _2 y
4mrg

which yields a value of the surface tension 0 ~ 1 MeV. The third term is the Coulomb term,

which accounts the Coulomb repulsion of the protons. Assuming a uniformly distributed

and Nicolas Schunck, Minimal nuclear energy density functional, Phys. Rev. C. 97, 04413 (2018) [80] with
minor modifications.
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Figure 3.1: The differences Eeyp — Eyp in MeVs between the evaluated ground state energies Eex,(IV, Z) [81,
82] of 2375 nuclei with A > 16 and fitted with the Liquid Drop Model. One can easily identify the location

of closed shells (the blue regions) for protons and neutrons.

charge sphere, this energy is proportional to Z2 and inversely proportional to the radius
R o AY3. The fourth term, which is called the symmetry term, results from the isospin
dependent term in nuclear force and the Pauli principle (in the kinetic energy). The last
term is the pairing term, which sources from the pairing interactions in the nucleus and
causes an odd-even staggering pattern in the nuclear masses [4].

The Liquid Drop Model provides a good estimation of nuclear masses throughout the
nuclear chart. Fig. 3.1 shows the differences in MeVs between the evaluated ground state
energies Eoxp(N, Z) in AME 2012 atmoc mass evaluations [81, 82], and the fitted with the
LDM FEi,. Here both Eg, and Ei, should be interpreted as —Ep. Compared to 2375
measured nuclei (A > 16), the LDM gives an rms mass error xp ~ 3 MeV per nucleus.
This is a remarkable result: the nuclear binding energy of heavy nuclei can reach 2000 MeV;
hence the errors are at the sub-percent level. The maximum error occurs in the neighborhood

of magic or semi-magic nuclei, due to the missing of shell effects in the LDM. In the next
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section, we will describe a NEDF that depends on the smallest number of phenomenological

parameters needed to account for all the contributions in the BW formula.

3.2 Form of SeaLL1 EDF

The SeaLLLL1 EDF consists of three parts, the kinetic energy density &y, the Coulomb energy

density Ecoulomp and the interaction energy density &y

En(F), 7(F), J(7), Va(7), v(7)] = Exin + Econtombp + Eint (3.4)

—

where the local densities n(7), 7(7), J(7), v(7) are defined in Eq. (2.16) Eq. (2.17) for each
neutron and proton. The kinetic energy density and Coulomb energy density are well defined
and there is no free parameter in them. All the phenomenological parameters are in the
interacting term &y, which consists of the homogeneous term Epomo, the gradient term Eqyag,

the spin-orbit term &, and the pairing term &pqir

gint = ghomo + ggrad + gso + gpair (35)

3.2.1 Kinetic term

The kinetic energy density is the same with the one for a noninteracting system.

B2 my, +m
gkjn = %(Tn +Tp), m = Tp (36)

Due to the mass difference between neutron and proton ém = m,, —m,, there is a difference

between Eq. (3.6) and the exact form

1> 12 h? om h? om\ >
Exin = ETn"’%Tp_ %(TnJer)—%%(Tn—Tp)ﬂLo(%) (3.7)

But the correction is very small since dm/m < 1073 and is neglected in common practice.
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3.2.2 Coulomb term

The Coulomb energy density consists of the direct and exchange parts

1 3e2 (n,(7)\?
ECoulomb = §Vc(ﬁnch(ﬂ e (%) , (3.8a)
e
— nchoj)
Vo(7) = 62/d3r 7 (3.8b)

where e is the proton charge and ny, is the charge density, which is obtained from the proton
and neutron densities by convolution (here denoted with an asterisk, * ) with the appropriate

charge form factors:
nen = G % ny, + G %y, (3.9)

Including the form factors does not significantly improve the fit of masses but improves
somewhat the fit of the charge radii. Here we leave G = 0 and G, = 1 thus ne,(7) = n,(7).
In principle, one might allow the coefficient of the Coulomb exchange term to vary; this is
done, for example, in atomic physics in order to obtain better estimates of the Coulomb
exchange energy. We find, however, that fitting the nuclear binding energies leads with high
accuracy to the same coefficient presented in Eq. (3.8a), so we leave it fixed and do not

include this as a parameter in our model.

3.2.3 Homogeneous terms: Infinite nuclear and neutron matter

The homogeneous terms describe the equation of state (EoS) of the homogeneous infinite

nuclear matter,

7=0 (3.10)

in which the spin-orbit, gradient, and Coulomb term vanish, and the semiclassical expansion

of the kinetic energy density &, becomes exact in the leading Thomas-Fermi term Eq. (2.8).
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Figure 3.2: The QMC results of Wlazlowski et al. [83] for the interaction energy per neutron displayed as
the ratio &g /Erc defined in Eq. (3.12b) (with 8 = 1), where &pg = 37%(372)%/3nY? /(10m,,). If a, = 0 in
Eq. (3.12b), the ratio &t /Erg would tend to O for n,, — 0.

Thus, neglecting the small mass difference between neutrons and protons m,, = m, ~ m,
the functional has the simple form:

3h% (372)%/3

E(nn, mp) = 10m

2
(nd/* + nz/Q) +Y (a;n®® 4 bin® + en”)pY. (3.11)
7=0

This portion of functional is essentially an expansion in powers of the Fermi momenta
kp : knp = (37%n,,,)"3 with only three terms k%, k%, k%.. This type of expansion is ubiquitous
in many-body perturbation theory, and also applies to fitting the pure neutron matter EoS

with high accuracy (n, =n,n, =0,56=1) :

3h2(3m2)%/3
gn(n) = 1(0mn) n5/3 + gint (312&)
Emt = (0™ 4+ byn® + c,n™®). (3.12b)

The coefficients a,,, by, ¢, are fixed by fitting the neutron matter EoS as calculated with QMC
including up to next-to-next-to-next-to leading order (N*LO) two-body and up to next-to-
next-to leading order (N?LO) three-body interactions from chiral perturbation theory [83].
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n = g + a; + ag = —32.6 MeV fm? (3.13a)
by = by + by + by = 115.4 MeV fm?® (3.13b)
Cn = Co+c1+cy =109.1 MeV fm* (3.13c)

As seen from Fig. 3.2, all three terms (but no more) are needed in Eq. (3.12b) for an accurate
reproduction of the neutron EoS. At this time, we do not have an equally accurate QMC
calculation of nuclear matter with varying isospin composition, so we must rely instead on
a phenomenological approach. Our main assumption is that we can describe the isoscalar
j =0, isovector j = 1, 3% and the quartic j = 2, 3* parts using the same three powers
of Fermi momenta Eq. (3.12b) and Eq. (3.13) as required to fit the EoS of the pure neutron

matter. The isoscalar part describes the symmetric nuclear matter n,, = n, = n/2:

. 3h2(3772/2)2/3 ns/3

gsym(”) - 10m + a0n5/3 + b0n2 + Con7/3 (314)

with three parameters ag, by, co which can be uniquely determined by three quantities:

9 (Eym
on n

A typical value of ng can be deduced from the LDM ny = =5 ~ 0.16 fm 3.

3
Arry

(1) The saturation density ng

— 0. (3.15)

n=ng

(2) The equilibrium energy density in (symmetric) nuclear matter ¢,

Eop = Esym(no)/no. (316)

A typical value of ¢y can be deduced from the coefficient of the volume term in BW formula
€~ —ay ~ —16 MeV.
(3) The incompressibility Ky

2
K, 0 (&ym)‘ ke = (37%n/2)Y3. (3.17)

=z o
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A typical value of Kj is around 230 MeV.

One can relate ag, by, cg with ng, €9, Ky via the following equations

3 3+

0= +g + ao + 5()0 + 250, (318&)
€ 3 =
=0 = 4=+ ag + by + o, (318b)
EF 5
K 6
= — = 24 + 46, (3.18¢)
EF 5

where ep = %(3772710/2)2/3 is the Fermi energy and a;, b;, &; are defined as

an’/ bin cini/3

~ . . ny . )

a; = i, bj = 4 , G = i (3].9)
EF EF EF

In a global mass fit including ag, by, ¢y, we find that ay is unconstrained at the level of
changing the energy rms by dyg < 0.1 MeV and thus set 0. The relation Eq. (3.18a) is then
reduced to % + %50 4+ 2¢9 = 0 and used as a constraint between by and ¢y when the saturation
density ny is fixed in our fit (See discussions in section 3.3).

The isovector (j = 1) and quartic (7 = 2) terms describe the symmetry parameters in
the nuclear matter, e.g. the symmetry energy S
E(ng,0) — E(no/2,m0/2)

. Mo (3.20)
= 5(22/3 — 1)€F + (a1 + aQ)n(Q)/g + (bl + 62)n0 + (Cl + Cz)né/g

S:

and the slope of the symmetry energy L

L= ?mali {M} = 3noe,,(no)
Pl e (3.21)

6 h*
— 52_(37T2n0)2/3 + Qanng/g + 3b,no + 4cnné/3.
m

The QMC neutron EoS alone fixes value of L ~ 30 MeV. The typical value of S deduced
from the LDM is S ~ a4 ~ 30 MeV in Eq. (3.2).

The emergence of the quartic term (j = 2) is necessary. In our global mass fit for 2375
atomic nuclei A > 16 in AME2012 dataset [81, 82|, if the quartic terms are missing, the

neutron matter EoS will not be reproduced (see discussions in section 3.5.3). We found
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Figure 3.3: (a) The contribution to the ground-state energies of the j = 2 terms in Eq. (3.10) for the 2375
nuclei (A > 16) in AME 2012 dataset [81, 82]. (b) The mass asymmetry parameter (N — Z)/A for the same

set of nuclei in (a).

that the contribution of the quartic term in the ground state energy of nuclei is very small.
Fig. 3.3a shows the contribution to the ground state energy of the quartic terms dFp, cal-
culated perturbatively in a certain parameter set [80] where the coefficients of quartic terms
are 0. Except for some light nuclei, 0E;4 < 0.5 MeV for most nuclei. The reason is that
dE1,4 is proportional to 3%, where the mass asymmetry factor 3 ~ (N — Z)/A. As shown
in Fig. 3.3b, for most nuclei, 3 < 1/4 thus $* < 1/256 ~ 1073, which results in the small
values of 0 F'74. This fact gives us an important message: the neutron matter EoS is weakly
constrained by the fit on finite nuclei, and one can construct a NEDF that reproduces the
neutron matter EoS without any substantial influence on the global mass fit. Therefore, in
our fitting procedure, the value of ay are determined from the values of a,, via as = a, —ag—a,

and the same for b, and cs.

Among the coefficients of the isovector terms (j = 1), the combination of a; — bln(l]/ s

is found to be unconstrained at the level of changing the energy rms by dxg < 0.1 MeV
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and thus set 0. The other ¢; also has minor influence on the mass fit, but it can be used
to tune the isovector symmetry properties, like the neutron skin thickness, together with
a, — bln(l)/ 3, as discussed in section 3.5.3. Therefore we also include ¢; as a fitting parameter

in the optimization of SealLL.1.

3.2.4  Gradient term

To describe the surface tension of the nucleus, we include a gradient term of the following
form, similar to terms considered in the Skyrme NEDF [84], containing one phenomenological

parameter 7,

-
Egrad =15 Y %]an\Q. (3.22)

q=n,p
3.2.5  Spin-orbit coupling

Related to the gradient term is the spin-orbit coupling, which we include in the same form

as in the Skyrme NEDF [84] with one parameter Wj:
Eso = WoJ - Vn. (3.23)

where J = J, + j;, is the total spin current. Following Fayans [85], we only include the
isoscalar portion here as the isovector contribution is small. One can also include the isovector

terms

— —

55071 = lei . an, J1 = J_;l — Jp, ny=np —Nyp (324)
into the optimization to obtain a better agreement on the nuclear shell structure between
the experimental and theoretical results, as discussed in section 3.5.4.

3.2.6  Pairing interaction

The pairing energy density depends on the anomalous density

Epair = Y Gett (7)1 (F)? (3.25)

q=n,p
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and the effective pairing coupling strength g.q(7) is obtained via a renormalization [49, 50, 71]

of the bare pairing strength, which may depend on neutron and proton densities.

3.3 Optimization

The full form of the functional SealLlL1 is

kinetic homogﬁneous gradient
—_——N— N - ~
2 2 , h?
Elnn,ny| = %(Tn +7p) + Z (ajn®?® +bn? + ¢;n™?) B 41, Z %|an|2
Jj=0 q=n,p
2 — 2 4/3
7 2, € 3 p(F)np(7) — e*m (3n,(7)
+WOJVTL+ deﬁ(ﬁh/q(rﬂ +5/er_T T s
spin-orbit a=n.p LN - /
R Coulomb
pairing

(3.26)

which can be specified by seven parameters: by, ¢y, characterizing isoscalar nuclear proper-
ties; by, cy, defining the isovector nuclear properties; ns, defining the surface tension; Wy,
the strength of the isoscalar spin-orbit interaction; and the bare (unrenormalized) pairing
coupling constant gy . In our fitting procedure, we keep ¢y fixed and add constraint between
by and ¢y by a fixed saturation density ng:

3K 3 3

527’”(7)2/3 + ébgn(l)/g + 20071(2)/3 = 0, ap = 0. (327)
Therefore in practice, for a given ng, five parameters are included as the fitting parameters,

which are obtained by minimizing the residuals

9 Z |En.z — E(N, Z)\Z‘
Ng

(3.28)

2 =
performed on Ny = 196 spherical even-even nuclei with A > 16 measured (not extrapolated)
from AME 2012 dataset [81, 82]. To save the computational time, the ground state energies
of spherical nuclei are solved by SLDA (formally self-consistent HFB) calculations using the
modified HFBRAD code [86] in spherical coordinate.

In our earlier fits [80] we found that if there is no constraint in Eq. (3.27) for by and

co one will obtain quite a low saturation density ng ~ 0.14fm=3, and a poorer fit to both
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SeaLLLL1 hydro Comments
o 0.154 0.154 Adjusted (see Fig. 3.4a)
ao 0 same Insignificant

by —684.5(10)  —685.6(2)

¢ 827.26 828.76 2cong = — (%)g— Sbong
ay 64.3 50.9 a = ny*hy
by 119.9(61) 94.9(14)
c1 —256(25) —160.0 Fixed in orbital-free theory
as —96.8 —83.5 Ay = Qy, — Qg — Q7
by  449.2 475.2 by = by, — by — by
cy —461.7 559.6 Cy = ¢, — Cop— C1
a, —32.6 same from neutron matter EoS (3.12b)
b, —115.4 same from neutron matter EoS (3.12b)
Cn 109.1 same from neutron matter EoS (3.12b)
Ns 3.93(15) 3.370(50)
Wo 73.5(52) 0.0 Fixed in orbital-free theory
go —200 N/A go fit in Ref. [50]
K N/A 0.2 Semi-classical (see section 3.4)
XE 1.74 3.04 606 even-even nuclei
2.860 2375 nuclei
Xr 0.034 0.038 345 charge radii

0.041 883 charge radii

Table 3.1: Best fit parameters for the SeaLL1 functional (in bold) and the orbital-free approximation (next
column in italic when different). The errors quoted for the fit parameters should be interpreted as estimating
by how much this parameter can be independently changed while refitting the other and incurring a cost of

at most dxp < 0.1 MeV.
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Figure 3.4: (a) Saturation density ng dependence of the energy residual x g and charge radii residual x,. of the
SealLLl1 functional. After holding ng fixed (through the parameter ¢p), the remaining five shaded parameters
in Table 3.1 were fit by minimizing only x% = Y_|En.z — E(N, Z)|?/Ng over the N = 196 spherical even-
even nuclei with A > 16 measured (not extrapolated) from [81, 82]. The value ng = 0.154 fm ™ fixed in the
SeaLLLL1 functional represents a compromise between these residuals here both yg and x, increase by about
10%. (b) The changes in xg and ¥, for the Ng = 196 even-even spherical nuclei with A > 16, similarly to
Fig. 3.4a as a function of the fixed parameter ag, while the rest of the seven parameters of SealLL.1 specified

in Table 3.1 are optimized.

charge radii and density profiles. To explore the influence of saturation density ny on the
quality of the fit, we performed mass-only fits for the remaining five parameters with various
saturation densities ng ranging from 0.15fm=3 to 0.16 fm=3. For each fit, we also calculate
the rms radii residuals x = >_|dr|?/N, for the N, = 123 corresponding nuclei in [87]. These
results are shown in Fig. 3.4a, which demonstrates that the charge radii strongly prefer
no ~ 0.155fm~3 in contrast to the rather weak lower bias from the mass fits. To incorporate
this preference in our fits, we fix the saturation density ng = 0.154 fm =3 by adjusting ¢, using
the Eq. (3.27). This represents a compromise between the two biases where both yg and .
increase by about 10%. With this fixed value of ng, we fit the remaining five parameters of
the SealLLL1 functional by minimizing only x g over the Np = 196 spherical even-even nuclei

as summarized in Table 3.1.
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While we have chosen to keep the value of the parameter ay = 0, its value can be varied
without affecting significantly the quality of the overall mass and charge radii fit, see Fig. 3.4b.
By changing the adopted value ag = +20fm~3 and keeping &y and the saturation density
fixed one can change the incompressibility by 0 Ky = £2da0ep = i?éaong/g ~ +23 MeV.

3.4 Orbital-free functional

Besides the orbital-based SeaLLLL1 functional presented above, we also formulate an orbital-
free version of SealLLL1 for saving the computational cost. The main challenge in formulating
an orbital-free theory is to express terms with the auxiliary densities 7, , jn,p, and ;’n,p by an
appropriate functional of the number densities n, ,, as discussed in section 2.1. We suggest

using the following combination for the kinetic and spin-orbit contributions in an orbital-free

theory:
n? Wg2m =
Exin[Nn, ny| + Eso[Nn, np) = By mrrlng F(X,) — —>=5n|Vn|*. (3.29a)
m o= 2 h
where
F(X) = 1+ (14 x)X 4+ 9xX? ¥ — To[n] (3.20b)
B 1+ kX ’ ok '
1 -
Trr[n| = %(3#2)2/3715/3, To[n] = §|V\/ﬁ|2 (3.29¢)

The ratio X characterizes the size of the gradients in the system in terms of the leading 7rp
and subleading 7, terms of the semiclassical expansion [88, 67, 69] of the kinetic density 7.
The Padé approximation F'(X) suggested by DePristo and Kress [89] makes an interpolation
between the semi-classical limit X < 1 valid in the interior region of nuclei, and the approxi-
mation 7 & Tpp + |§\/ﬁ|2 introduced by Ref. [90] which correctly reproduces the asymptotic
fall off of the density when X > 1. When the spin-orbit interaction is missing, 7rp[n,]F(X,)
gives a semi-classical approximation of the kinetic density 7. This approximation requires a
single additional parameter k. The value of K can be chosen approximately by comparisons

between 7 and 7rp[n,|F(X,), and between their resulting kinetic energies Ey,, for the same
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set of single-particle wavefunctions. We found s = 0.2 will give a reasonable semi-classical
approximation for 7 and Ei,.

The semi-classical spin-orbit contribution is suggested by Brack et al. [68], which brings
a parameter W, corresponding to the one in Eq. (3.23). Like the orbital-based approach,
this parameter is also subdominant for mass fits and its contribution can be incorporated in
the gradient the global mass fit. Furthermore, due to the missing of the shell structure in
the orbital-free theory, this parameter is even more unconstrained.

The orbital-free formulation of the NEDF requires the additional parameter x to approx-
imate the gradient corrections. As discussed above we choose k = 0.2. Following Seal.L.1,
we fix the saturation density ng = 0.154fm™3, and fit the 3 parameters by, b; and 7, shaded
in Table 3.1. The spin-orbit contribution is neglected as it can be absorbed in the gradient
term. The unconstrained parameter ¢; is also fixed to obtain reasonable neutron skin thick-
ness for 2**Pb and **Ca. The parameter values are determined by performing the same least
squares minimization of the binding energy residuals as SealLL.1, but over all Ng = 2375 nu-
clei (including the deformed even-even, odd-even, and odd-odd ones) with A > 16 measured
from [81, 82].

The parameter values and rms residuals of orbital-free theory are also summarized in
Table 3.1. As expected, the rms residuals xg = 2.86 MeV is larger than the yg of SealLLL1
due to the lack of shell corrections in the orbital-free theory, but are comparable with results

from the liquid-drop formula.

3.5 Physical Properties

3.5.1 Global mass table

Since our orbital-based NEDF was fit on spherical even-even nuclei only, we validate its
predictive power by performing fully microscopic calculation of the nuclear binding energies
of 606 even-even nuclei with A > 16 in Refs. [81, 82]. We used an extension of the axial

DFT solver HFBTHO code [91, 92, 93] that includes the SeaLL1 and the regularization of the
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Mean: 0.93 MeV * * deformed Mean: 0.93 MeV - - deformed
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Figure 3.5: Mass residuals between SealLLl andmeasured masses for 606 even-even nuclei, of which 410
are deformed nuclei and 196 are spherical nuclei, plotted with red squares and blue bullets respectively as a

function of proton number Z (left) and neutron number N (right).

pairing channel. Calculations were performed in a deformed basis of 20 harmonic oscillator

shells. In the pairing channel, a cutoff of 100 MeV was adopted in accordance with Ref. [49].

Fig. 3.5 shows the residuals of the nuclear masses calculated with SealLL1 with re-
spect to the experimental values of these even-even nuclei. The r.m.s. of the residuals is
xe = 1.74 MeV. Besides the larger residuals in light nuclei, we observe the typical arc-like
features common to many NEDF calculations, both for isotonic and isotopic chains. The
poor performance of SeaLLLL1 in light nuclei is likely related to the c.m. corrections (not ac-
counted for here) and is also observed in the UNEDF functionals [94, 95, 96]. Since the
c.m. correction is larger for light nuclei, our parameter fit limited to spherical nuclei leads to

an underestimate of the masses of heavier spherical nuclei; see Fig. 3.5.

Overall the masses have a bias ez = (0E) = 0.93 MeV and a standard deviation op =
1.46 MeV. This bias enters the rms error x% = 0% + €% which leads to a value of xp =
1.74 MeV. This o is an upper estimate of the rms energy xr we expect if the SealLLL.l

parameters would have been instead fitted to all even-even nuclei.

The residuals for the two-nucleon separation energies for the same set of even-even nuclei

are shown in Fig. 3.6, and they are naturally less affected by the errors induced by errors on
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Figure 3.6: The residual of the two-nucleon separation energies between SealLL.Ll and experiment for 606

even-even nuclei: Sy, (Z) for constant N (left) and Sa,, (V) for constant Z (right) chains connected by lines.

binding energies.

3.5.2  Charge radii and density distributions

Using the parameters determined from the mass fits, SealLLL1 also models the neutron and
proton densities in the nuclei, allowing us to extract the charge densities for these nuclei
using Eq. Eq. (3.9). As a good benchmark, in Fig. 3.7 we compare the proton and charge
densities of ¥*Ca and 2°*Pb calculated with SeaLL1 with the charge densities extracted from
the electron scattering experiment [97]. The calculated 2°®Pb has a slightly larger radius and
slightly smaller diffuseness compared to those extracted from data, which is consistent with

the charge radii comparison between SealL.1 and experiment in Fig. 3.8.

The residuals of radii for 345 matching even-even nuclei in Ref. [87] are also calculated,
with a bias ¢, = 0.022 fm and a standard deviation o, = 0.025 fm, which gives a rms residual

of x, = 0.034 fm, as shown in Fig. 3.8.
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Figure 3.7: (Color online) The calculated proton n,(r) (dashed) and charge nen(r) (dotted) densities for

48Ca (red) and 2°Pb (blue), calculated with SeaLLl compared to charge densities (solid) extracted from

electron scattering experiments [97].

3.5.8  Saturation and symmetry properties, neutron matter

The isoscalar parameters with j = 0 and quadratic isovector parameters with j = 1 (4%) may
be directly related to the saturation and symmetry properties respectively by expanding the
energy per nucleon of homogeneous nuclear matter Eq. (3.10) about the symmetric saturation

point n,, = n, = ng/2:

E(ny,ny)

n

= eo(n) + e2(n) B + es(n)8* + O(()8°). (3.30)

The saturation density ng, energy per nucleon gy, and incompressibility K, are defined in
Eq. (3.15), Eq. (3.16) and Eq. (3.17), and depend only on the j = 0 isoscalar parameters
ag, by, and ¢g by Eq. (3.18). Expanding about ng in 6 = (n — ng)/3ne and in powers of

B = (nn, —ny)/n, one can define various “local” contributions to the symmetry energy Sy 4,
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Figure 3.8: Radii residuals between SeaLL1 and experiment for 345 even-even nuclei. Isotonic (left) and

isotopic (right) chains are connected by lines.

its density dependent slope Lo 4, etc.

co(n) =%er +am®®+bn  +cen/?
= ¢ + 3 K00 + O(()6%),
€a(n) = —14—56F +an??+bn + en? (3.31)
=S+ L +1K6% 4 0(()6%),
en) =81  + L+ 1K+ O(()6°).
Since we include also quartic terms 3%, we must differentiate between these local sym-
metry parameters S, Lo, etc. and the full symmetry parameters defined as the difference

between symmetric matter and pure neutron matter: S and L in Eq. (3.20) and Eq. (3.21).

Using a, = bln(l)/ 3 (see Table 3.1), we obtain the values for Sy and Ly given by relations

1

Sy = §6F + 2a1ng/3 + clné/g, (3.32a)
2

Ly, = §€F + 5a1n3/3 + 4cln§/3. (3.32b)

As shown in Table 3.2, the binding energy of nuclear matter and the symmetry energy

predicted by SealLLL1 fit agrees well with the value obtained with the mass formula Eq. (3.2).
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Neutron skin
po  —e Ko S Sa L Ly *®Pb *Ca
[fn ] (fm]  [fm)
0.154 15.6 230 31.7 27.7 324 32 0.131 0.159

Table 3.2: Saturation, symmetry, and neutron skin properties for Seal.LI.1. All values in MeV unless otherwise

specified.

As mentioned in section 3.2.3, it is shown that the combination of a; = blné/ ® and ¢y are
unconstrained by the global mass fit, but the related quantities S5 and Lo control the neutron
skin thickness. We compute the neutron skin thickness of **Ca and 2**Pb, for which precision
measurements CREX and PREX are underway; see Ref. [98] for details. The *°*Pb neutron
skin is consistent with the value 0.15670-035 fm of Ref. [99], and with the recent measurement
of 0.15(3) fm [100].

The neutron matter EoS is also well reproduced in the SeaLL.L1 EDF. Fig. 3.9 shows the
energy per nucleon for pure neutron matter and symmetric neutron matter calculated from
SeaLL1 EDF compared with the Fayans [85] and BCMP EDFs [101, 102, 103]. The result
obtained from the QMC calculation using chiral effective theory [83] is also shown, with

two-body plus three-body interactions (2N+3N) as well as the two-body only interactions
(2N).

3.5.4 Spherical shell structure

Shell structure is a fundamental property of atomic nuclei. In an independent-particle pic-
ture, the shell structure can be associated with the single-particle spectra of the mean-field
potential. Reproducing the correct ordering and distribution of single-particle levels is es-
sential for nuclear structure theories, and also important for the application of the NEDF in

nuclear dynamics, such as nuclear fissions and collisions. Fig. 3.10 displays the single-particle
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Figure 3.9: The energy per nucleon for pure neutron matter and symmetric neutron matter used in SealLLL1,
compared to the corresponding energies used by [85] and [101, 102, 103]. For comparison we have shown
with a dashed line the results of the quantum Monte Carlo (QMC) calculation of [83], with 2N and 3N

interactions as well the result with the 2N interactions alone.

levels for neutrons and protons in **Ca and 2°8Pb for the SealLL1, UNEDF0, UNEDF1, and
UNEDF2 NEDF. Single-particle energies were obtained by blocking calculations in the neigh-
boring odd nuclei following the procedure outlined in Refs. [95, 96].

In “8Ca, the rms deviations for the single-particle energies of UNEDF0, UNEDF1, UN-
EDF2, and SeaLL1 with the empirical values (Exp) [104] are 1.50, 1.71, 1.92, and 1.88 MeV
and 1.22, 1.08, 1.22, and 1.17 MeV for neutrons and protons, respectively. In 2°Pb, these
are 0.82, 0.61, 0.69, and 0.62 MeV and 0.77, 0.49, 0.50 and 0.54 MeV for neutrons and
protons, respectively. Compared with the empirical values, the N = 28 and Z = 20 gaps
in 4Ca are clearly too small with SeaLL1. The single-particle proton levels in 2®Pb show
that the Z = 82 gap is also smaller in SealLL.1. Such patterns are also observed in UNEDF2
functional which, however, included single-particle spin-orbit splittings in their fit [96]. This

might point to the need to consider the contribution from the isovector spin-orbit contribu-
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Figure 3.10: (Color online) Single particle energies in *8Ca (upper panel) and 2°®Pb (lower panel) for a

variety of functionals UNEDFO0-2 [94, 95, 96] and SeaLL1 (calculated using the HFBTHO DFT solver [91]).

tion in Eq. (3.24) proportional to Wi. Overall, however, the SealLL.1 single-particle spectra,

as quantified in the corresponding rms, are of better quality than UNEDF2.

3.5.5 Fission pathway of **° Pu

One of the important applications of nuclear DFT is the description of nuclear fission [22].

In this context, characteristics of fission pathways such as the excitation energy of fission

isomers or the height of fission barriers are often used to gauge the predictive power of

NEDFs. To this purpose, we computed the potential energy surface of ?*°Pu with SeaLL1
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Figure 3.11: (a): Two-dimensional potential energy surface of 24°Pu with SeaLLLL1 for 0 < Q20 < 200 b,0 <
Q30 < 40 b3/2. The least-energy fission path is marked as white dashed line. (b): Fission pathway for 24°Pu
along the mass quadrupole moment Qo9 calculated using HFBTHO with SeaLL1, SkM*, and UNEDF1-HFB.

by performing constrained HFB calculations with constraints on the mass quadrupole Qo
and octupole moment ()39 in the region 0 < Qo9 < 200b,0 < Q30 < 40 b%2. The definitions
and units of Qo and Q3¢ are consistent with Ref. [105] and the characteristics of the harmonic
oscillator (HO) basis used in the calculation are the same as in Ref. [106]. All calculations

were performed with the HFBTHO DFT solver [91]. The results are shown in Fig. 3.11a.

From this two-dimensional potential energy surface, we extracted the least-energy tra-
jectory starting at the ground state. Fig. 3.11b shows the potential energy curve of **°Pu as
a function of (g9 along this (asymmetric) fission pathway. To gain an idea of the quality of
SeaLL1, we repeated the calculations with the SkM* [107], and UNEDF1-HFB [108] energy

functionals, both of which were designed for fission studies.

Since all these calculations were done with the HFBTHO DF'T solver, triaxiality is not
included and the height of the first fission barrier is typically overestimated for all three
functionals by about 2MeV [106]. Compared with SkM* and UNEDF1-HFB, SeaLLl un-

derestimates the excitation energy of the fission isomer (E; = 0.54 MeV compared with an
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experimental value of 2.8 MeV) and the heights of both fission barriers (E4 = 6.84 MeV vs.
6.05 MeV, and Ep = 4.20 MeV vs. 5.15 MeV, respectively, for the inner and outer barriers)
agree within 1 MeV.

This result deserves a few comments. First, we note that both SkM* and UNEDF1 were
constrained specifically on the height of the first fission barrier (SkM*) or excitation energy
of the fission isomer (UNEDF1). By contrast, we did not include any specific information for
nuclei at large deformation in the fit protocol of SealLLL1. It is, therefore very encouraging
that, without any such constraint, the resulting NEDF is still in reasonable agreement with
experimental results, especially the height of the two barriers. Our results are definitely
better than predictions with, e.g., SLy4 [84], another popular NEDF without constraints on
large deformations, which predicts the second fission barrier much higher than the first one
[75]. Second, the error in fission barriers of NEDF's designed for fission can reach 2.5 MeV, as
can be seen in Ref. [96] where fission barriers and the energy of the second isomer in chains
of Ra, Th, U, Pu, Cm, and Cf, are compared to the UNEDF1-2, Gogny D1S [109], and
FRLDM [110] functionals. We also point to a recent study of the surface energy coefficient
as (see Eq. (3.2)) for 76 parameterizations of the Skyrme NEDF [111] and the rather complex
interplay between the roles of the shell-effects and of the surface energy on the values of the
fission barriers in *°Pu. The energy of the fission isomer and the height of the outer fission
barrier, are shown to vary by several MeVs with respect to the ground state energy. Third,
we should repeat here the usual warnings about taking at face value calculations of fission
barrier heights: these quantities are not physical observables, but are extracted from data
in a (very) model-dependent manner.

Ultimately, the predictive power of SeaLLL1 (or any other NEDF for that matter) should
be judged on their ability to reproduce fission half-lives, or fission fragment distributions.
We will discuss in chapter 4 that, in the TDSLDA approach, the SealLLL1 NEDF provides
a very accurate description of the features of the dynamics for the induced fission in **°Pu,

comparable to that of SkM*, whose fission properties are similar to UNEDF1-HFB.
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Chapter 4

FISSION DYNAMICS

As discussed in chapter 1, fission dynamics is one of the most complicated problems in
nuclear physics and still lacks a pure microscopic interpretation. The real-time method in
the TDSLDA framework provides a powerful tool to study fission dynamics. As shown in
the work [45], the saddle-to-scission process in the induced fission of **°Pu was simulated in
the TDSLDA framework and the resulting fission fragments (FFs) properties matched pretty
well with the mean values of experimental observations. In this proof-of-concept study [45],
the authors chose arbitrarily to use the SLy4 NEDF [84], which accurately describes a large
body of nuclear observables throughout the nuclear mass table, even though this functional
is not particularly popular among fission practitioners. Besides, no efforts were made in
tuning various input parameters and their impacts on the resulting FF properties are not

clear.

In this chapter !, we adopt the SealLLl NEDF introduced in chapter 3 and the SkM*
NEDF in the simulations. These two NEDFs demonstrate good deformation properties
discussed in section 3.5.5. We also study the sensitivity of TDDF'T trajectories with respect
to their initial configurations. The role of pairing correlations in fission dynamics is also
studied quantitatively. We have a comprehensive presentation on various FF's properties like
mass split, total kinetic energy (TKE), temperature, shape, and neutron emission. Finally,
we also discuss the adiabaticity of fission dynamics and show that the dynamics is a non-

adiabatic, overdamped one.

IThis chapter is based on the work by A. Bulgac, S. Jin, K. Roche, N. Schunck and I. Stetcu, Fission
Dynamics, arXiv:1806.00694 [112] with minor modifications.
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4.1 Simulation set-up

The initial states of TDSLDA equation Eq. (2.39) are prepared by direct diagonalizations of
the self-consistent Hamiltonian in a 3D symmetry-unrestricted lattice (see appendix A for
details). The self-consistent solutions are generated using the code HFBTHO [91] with ap-
propriate constraints on the expectation value of the quadrupole, <Q20>, and octupole, <Q30>
moments defined in Eq. (2.57). HFBTHO calculations are performed in a stretched basis of
Ny = 28 shells with the deformation 8 and the oscillator frequency wy set as in Ref. [106].
The matrix of the Bogoliubov transformation is then transformed in the coordinate space

representation on a spatial lattice of size N, N, N, x 4N, N, N, according to

Uka(f) _ Zn Unk@an(F) 7 (4.1)

Vo (7) > Vaktono (7)

where 1, (7) are the harmonic oscillator basis spinors, see Refs. [93, 113]. The qpwfs are
used to reconstruct the densities and the potentials which define the HFB hamiltonian in
Eq. (2.24).

In our typical simulations, the size of the 3D box is 30 x 30 x 60 fm® with a lattice constant
[ = 1.25 fm,which corresponds to a momentum cutoff p. = hr/l ~ 500 MeV /c in each spatial
direction. We use the fast Fourier transform (FFT) to calculate the spatial derivatives, since
it reduces the number of floating point operations significantly, while practically ensuring
machine precision for derivatives. The number of coupled nonlinear time-dependent 3D
partial differential equations (PDEs) solved increased significantly from ~ 56,000 in Ref. [45]
to 16 x NN, N, = 442,368 PDEs. While evaluating the neutron emission rates, we have
used in a couple of instances an even larger simulation box 30% x 120 fm®, which amounted

to evolving in time 884,736 PDEs.
4.2 Role of pairing correlations

The importance of pairing correlations in nuclear shape dynamics has been discussed in sec-

tion 1.1. Without pairing the redistribution of s.p. levels of nucleons cannot be realized and
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Figure 4.1: The left three columns shows the induced fission of 24°Pu with normal pairing strength, which
lasts up to 14,000 fm/c(~ 47 x 10721 s) from saddle-to-scission. The columns show sequential frames of the
density (1st column), the magnitude of the pairing field (2nd column), and the phase of the pairing field
(3rd column). The upper/lower part of each frame shows the neutron/proton density, the magnitude of
neutron/proton pairing fields, and of the phase of the pairing field respectively [45]. The right three columns
shows the corresponding snapshots of the induced fission of ?*°Pu with enhanced pairing strength, which

lasts about 1,400 fm/c.
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the fission will be hindered. To illustrate the crucial role played by the pairing correlations
in fission dynamics quantitatively, we performed a TDSLDA simulation with an initial con-
figuration identical to the S3 case of Ref. [45], but enforcing stronger pairing correlations
by increasing the absolute value of bare coupling constant go. The corresponding average
pairing gaps of neutrons and protons in the initial state increase from 0.73 and 0.33 MeV
to 2.57 and 1.62 MeV. By increasing the strength of the pairing field, the fission dynamics
proceeds approximately ten times faster. Fig. 4.1 shows the snapshots of the number density,
magnitude of pairing field, and phase of pairing field for neutron and proton respectively in
these two simulations. The left three columns show the induced fission of 24°Pu with realistic
pairing strength, which lasts up to 14,000 fm/c from saddle-to-scission, while the right three
columns show the dynamics with an enhanced pairing strength, which lasts only about 1,400
fm/c. In the case with normal pairing strength, the pairing field on the way from saddle-
to-scission fluctuates noticeably in magnitude and phase. Therefore, strictly speaking the
pairing field during its time evolution stops being a superfluid condensate of Cooper pairs,
which otherwise would show a long-range-order. However, in the case with a larger pairing
strength, the pairing field shows the expected characteristics of a slowly evolving superfluid
condensate, the nuclear fluid behaving almost like a perfect or ideal fluid. This pattern was
also observed in case of collision of two superfluid heavy-ions [114]. In the absence of pairing
correlations the dynamics can come to a stop [41, 42, 43]. Even though realistic pairing
correlations are rather weak they still provide enough “lubricant” for the saddle-to-scission

evolution to take place.
4.3 Results

We have chosen an ensemble of initial conditions in the (99, Q39 collective coordinates, in
total 56 different initial conditions, as shown in Fig. 4.2. One set of initial conditions (SeaL.L1-
1) corresponds to configurations of ?*°Pu with mean excitation energies (variance) 7.9(1.7)
MeV in the neighborhood of the outer saddle point, which can be reached in low energy

neutron induced fission. The other set of initial conditions (Seal.LL.1-2) corresponds to exci-
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Figure 4.2: Fission trajectories for SeaLL1 (a) and SkM* (b). The red (SeaLL1-1) and cyan (SeaLL1-2) lines
in (a) correspond to initial configurations closer to and further from the outer fission barrier. The SeaLL1-1sy
trajectory had a small initial left-right asymmetry. The green lines in (b) correspond to SKM*-lasy and
and the red lines to the trajectories obtained with SkM*-asy2. The white dashed line shows the least-energy
fission path.

tation energies (variance) 2.6(1.8) MeV, which can be reached either in spontaneous fission
or with photo-excitation excitation of 2*°Pu. The third set of initial conditions (SkM*-1) is
similar to SeaLL1-1, with excitation energies (variance) 8.2(3.0) MeV, but with an increased
pairing strength. The fourth set (SkM*-2) was characterized by realistic pairing strength.
In the simulations with SLy4 NEDF [84] and SkM*, we have neglected the correction for
the center-of-mass kinetic energy, namely we neglected the correction term 1/A in the s.p.
kinetic energy 1 — 1/A. We have checked that this term has a negligible influence on the
profile of the potential energy surface. Without this correction term these NEDF's satisty

local Galilean invariance.

4.3.1 Fission fragments properties

The most surprising outcome of these simulations is that in all these sets of initial conditions,

which correspond to vastly different initial values of (099, 30, We observed a very strong
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focusing effect and the final states are remarkably similar, see Fig. 4.2. The heavy fragment
has neutron and proton numbers between those of the double magic '*2Sn (N = 82, 7 = 50)
and of the octupole shaped **Ba, with Z = 56 and N = 88, and thus demonstrates a shape
quite close to spherical. The lighter fragment has an elongated shape (see also Table 4.2
). The Ref. [115] has recently shown that the octupole shell stabilization of nuclei close to
4B with Z = 56 drive the fission dynamics towards proton numbers larger than 50, as we
also appear to confirm. The neutron and proton numbers (and thus the mass) of the FFs
match pretty well to the mean values of the experimental systematics, but show a very small
dispersion, see Table 4.1.

The total kinetic energy (TKE) and total excitation energy (TXE) are also calculated.
The TKE at a relatively large finite separation between the fragments (=~ 25 fm) and in the

center-of-mass reference frame is evaluated with the formula

1 1
TKE = §mAH1712{ + §mAL271% + ECoula (42&)

with the velocity of the fragment f = H, L given by

Uf:i/v dSTJ'(F), Af:/vd?’rn(?#), (4.2b)
¥ ¥

mAf
where j(7) and n(7) are the total current and number densities respectively defined in

Eq. (2.37), and the integral is performed over the appropriate half-box V; where each frag-

ment is located. The Coulomb interaction energy (direct term only) is given by

Eoo = ¢ /v &y /v o, T2 (72) (4.20)
H L

|7“1 — 7]
where n,(7) is the proton number density.
The excitation energy of each FF is calculated by extracting the computed ground state
energy of each FF from the energy of each FF in its rest frame. The FF ground state energy
is computed with the HFBTHO code [91] for the corresponding FF neutron and proton

numbers. The proton and neutron numbers of FFs are evaluated from

7 = / Py (F), Ny = / & (7). (4.3)
Vi Vi
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and the TXE is evaluated from
TXE = Ef} + Ef. (4.4)

The energy variances of the TKE and TXE are only slightly larger than those of the
initial energies. Compared to SealLL.L1-2, the SealLLL1-1 starts at a larger excitation, and it
has a longer average saddle-to-scission time (7,_,,) and larger average TXE for the fission
fragments, while their average TKEs are almost the same. When comparing the FFs charac-
teristics emerging from simulations with SLy4 in Fig. 4.1 (see also section 4.2), we notice that
in the case of enhanced pairing the scission configuration corresponds to a longer neck and
lower TKE. This is also confirmed by the results obtained with NEDF SkM*-1 (enhanced
pairing strength) and SkM*-2 (realistic pairing strength). Another particular aspect that
emerges from our simulations is the character of the excitation energy sharing between the
light and heavy fragments. In the case of SealLLL1-1 the light fragment has a larger excitation
energy than the heavy fragment, while the case of SealLL.1-2 has the opposite pattern. These
differences lead us to conclude that the excitation energy sharing in the cases of spontaneous
fission and induced fission are different. This conclusion is in qualitative agreement with the
observed wider mass yields for ?*Pu(n,f) when compared to **°Pu (s.f.) [116, 117] .

It is instructive to express excitation energy of the FFs in terms of an internal tempera-
ture. We have used two different methods to extract this temperature. In the first approach,
we have estimated the temperatures of the light and heavy fragments by the simple formula
E} = AfT}/a, where Ty is its temperature and a ~ 10 [4]. Such simple estimates are of-
ten used in simulations of the decay of the fission fragments using either Hauser-Fesbach or
statistical evaporation models [121, 122, 123, 124].

We have also used a second approach to determine the FFs temperatures. We have
performed full finite-temperature HFB calculations with the HFBTHO solver. Calculations
were performed by constraining Ny, Zs, (Q4,) and (Q},) to the values extracted in the
relaxed fragments, see Table 4.1, Table 4.2, and section 4.3.4. For each FF, we extract the

temperature from the function £%(7T) and find the corresponding T} for the given E7%. This
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NEDF Ei, TKE Ny T N Z E; E; TXE | TKE+TXE | 7, , (fm/c)
SeaLL1-lasy | 7.9(1.7) | 177.8(3.1) | 83.4(0.4) | 53.2(0.4) | 62.9(0.5) | 41.1(0.4) | 17.1(3.0) | 20.3(2.0) | 37.4(3.1) | 215.2(2.5) | 2317(781)

SeaLL1-2asy | 2.6(1.8) | 178.0(2.3) | 82.9(0.4) | 52.9(0.2) | 63.3(0.5) | 41.5(0.3) | 19.5(3.8) | 14.0(1.9) | 33.5(5.1) | 211.5(3.3) | 1460(176)

SealLl-sy | 9.2 147.1 775 489 68.8 45.4 45.2 29.0 74.2 221.3 10103
SkM*-lasy | 8.2(3.0) | 174.5(2.5) | 84.1(0.9) | 53.0(0.5) | 61.8(0.9) | 40.9(0.5) | 16.6(3.1) | 14.9(2.3) | 31.5(3.8) | 206.0(2.4) | 1214(448)
SkM*-1sy | 9.6 149.0 734 472 72.6 46.7 29.4 28.5 57.9 206.9 3673

SkM*-2asy | 8.1(0.2) | 182.8(4.4) | 82.6(1.0) | 52.4(0.6) | 63.6(1.0) | 41.7(0.5) | 14.3(3.9) | 13.0(3.0) | 27.3(3.4) | 210.1(1.8) | 1349(309)

Table 4.1: The NEDF, the initial excitation energy E: .. TKE, neutron, proton number number and excita-

ini’
tion energies Ny, N1, Zu, Z1, of the heavy and light fragments, total excitation energy of fragments TXE,
and the sum of TKE and TXE, and the average saddle-to-scission times and their corresponding variances
in parentheses. All energies are in MeV and S***sy, S***asy stand for symmetric and antisymmetric chan-
nels. Using Wahl’s charge systematics [118] and data from Ref. [119] one obtains neutron (N;¥*" ~ 61 and
N;¥*" ~ 85 ) and proton (Z3¥*" ~ 40 and Z;?*" ~ 54. From Ref. [120] one obtains TKE®Y** = 177...178.

calculation is more realistic than the simple estimate, even though (i) by constraining only
(Q20) and (Qs0), we do not obtain exactly the same shape as the actual fission fragments and
(i) the temperature thus obtained should be thought of as the maximum allowable value;
see discussion in [125]. In Table 4.2, column 2 and 3 list the average and standard deviations
of the temperature of light and heavy fragments in the first approach, and column 4 and 5
list the values in the second approach. These two approaches give comparable results that
in SealLLL1-1 the light fragments have higher temperature than the heavy fragments while
in SealLL1-2 the opposite is true. The relaxed values of the average and of the standard
deviations of the quadrupole and of the octupole moments of fragments, see Fig. 4.6 and
section 4.3.4, are listed in column 6 to 9. In column 10 and 11 the ratio of the long to the
short semi-axes of relaxed FFs are listed. As the initial state excitation energy increases,
from SealLL1-2 to SealLL1-1, one notices that the extra energy mostly goes to the light FF.
This suggests that the prompt fission spectrum of spontaneous and neutron-induced fission

could be significantly different.
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NEDF Ty, [MeV] | Ty [MeV] | Ti, [MeV] | Ty [MeV] | Q% [b] bl | Q% b Q% b3 (¢/a)u (c/a)r, | Tsss [fm/c]
SeaLL1-1 | 1.40(0.07) | 1.11(0.08) | 1.28(0.07) | 1.16(0.07) | 15.7(0.9) | 2.6(0.5) | 0.08(0.17) | —0.20(0.06) | 1.06(0.01) | 1.59(0.03) | 2392(800)
SeaLL1-2 | 1.15(0.08 ( 0.23(0.08) | —0.19(0.06) | 1.06(0.01) | 1.63(0.03) | 1460(176)

) 5
) | 1.19(0.12) | 1.00(0.08) | 1.21(0.08) | 17.1(1.1) | 2.6(0.6

SeaLLl-sy 1.54 1.99 274 27.0 0.9 11 1.87 1.73 10103
SkM*-lasy | 1.20(0.09) | 1.10(0.10) 11.3(1.3) | 3.5(0.9) | 0.1(0.1) | —0.4(0.1) | 1.08(0.02) | 1.42(0.04) | 1214(448)
SkM*-1sy 1.56 1.55 24.2 25.6 0.9 -1.0 1.72 1.75 3673
SkM*-2asy | 1.11(0.14) | 1.02(0.14) 14.5(1.7) | 2.3(0.7) | 0.09(0.08) |  —0.3(0.1) | 1.05(0.02) | 1.53(0.06) | 1349(309)

Table 4.2: Internal temperatures for the light 71, and heavy Ty fragments computed according to the simple
estimate (columns 2 and 3) or finite-temperature HFB calculations (columns 4 and 5). The axial quadrupole
and octupole moments of the fragments, the ratios of the long to the short semi-axes, as well as the average

scission times are also listed

4.3.2  Collective flow energy

In some approaches that study fission dynamics, the saddle-to-scission process is regarded
as an adiabatic process. The adiabatic assumption relies on the observations that the time
scale of collective motions, which is in the range 7,4 ~ 1072 to 1071? s, can be separated well
with that one of the single particle excitations, which is estimated as 7y, = h/Apc &~ 10722
s. As a result, one may assume equilibrium at all times and decouple the large-amplitude
motion of the system as a whole from internal excitations. In practice, this can be achieved
by introducing a small set of collective variables such as multipole moments, pairing fields,
etc., and precalculating the potential energy surface (PES) of the nucleus as a function
of these variables. This strategy has been used to calculated the fission fragments yields,
such as the time-dependent generator-coordinate method (TDGCM) [126, 127] and Langevin
approaches [24, 32, 128, 129, 130]. However, adiabaticity, as defined in thermodynamics,
means entropy remains constant and should not be confused with a quasistatic process.
Fission dynamics from the saddle-to-scission is a quasistatic process, but not an adiabatic

one.

The NEDF should satisfy the local Galilean covariance, which implies that the total
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energy of the system, which is conserved, can be represented as a sum [131, 76, 132]

—»t — _,t
Eiot = Econ(t) + Ein(t) = /d%’mn(r’ JU(7 1)

(4.5)
+/d3fF€ (7(7,t) — (7, )m*T*(F, t), n(F,t),- - ) ,
where n(7,t) is the number density, 7(7,¢) is the kinetic density, and p(7, t) = mn(7, t)0(7, t)
are linear momentum and local collective /hydrodynamic velocity densities, and ellipses stand
for various other densities. The first term in Eq. (4.5) is the collective/hydrodynamic energy
flow E. and the second term is the intrinsic energy Ei. in the local rest frame. For the sake
of simplicity we have suppressed the spin and isospin DoF, even though they are included in
the numerical examples discussed below. The collective energy E.o(t) is not vanishing only
in the presence of currents and vanishes exactly for stationary states. The inertia tensor
in E.on(t) in the case of irrotational collective motion is fully equivalent to the Werner-
Wheeler inertial tensor [133]. The intrinsic energy Fi,(t) is determined only by the matter
distribution. A similar partition of the total energy of the nucleus exists in the TDGCM
approach, see Ref. [134].
We have evaluated the collective flow energy during the saddle-to-scission evolution

ARG
Een = | d®r—="—22. 4.6
! / "om n(r,t) (4.6)

In the case of pure adiabatic evolution one expects a full conversion of the collective potential
energy into a collective flow energy of ~ 15---20 MeV.

Surprisingly, our simulations point to an unexpectedly small E.,); in the saddle-to-scission
process, corresponding to a collective speed veon/c & 0.002 - - - 0.004, significantly smaller than
the Fermi velocity vg/c = 0.25, see Fig. 4.3 and Fig. 4.4. Since in TDDFT one simulates the
one-body dynamics exactly, it is natural to discuss adiabaticity at the mean-field level. The
transition rate between sp states is suppressed if the time to cross an avoided level-crossing
configuration satisfies the restriction At < h/Ae ~ 400 fm/c, where Ae = 1/py,(€er) is the
average s.p. energy level spacing at the Fermi level. Since on the way from saddle to scission

several dozen of avoided level crossings occur [5, 135], this condition is clearly violated. The
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Figure 4.3: The collective flow energy evaluated for NEDFs with realistic pairing SLy4 [45], enhanced pairing
SLy4*, and for SkM*, and SealLL1 sets. The error bars illustrate the size of the variations due to different

initial conditions. In the case of enhanced pairing NEDF Sly4* the time has been scaled by a factor of 1/10.

collective motion is thus expected to be strongly overdamped. From saddle to scission the
nucleus behaves as a very viscous fluid, the role of collective inertia is strongly suppressed, and
the trajectories follow predominantly the direction of the steepest descent with the terminal
velocity determined by the balance between the friction and the driving conservative forces,

see Fig. 4.2.

This result serves as the first microscopic justification for the assumption of the over-
damped Brownian motion model [24] and partially to the scission-point model [136, 137].
In both these phenomenological models it is assumed that the preformed FF are thermal
equilibrium and that the collective energy flow is either vanishing or very small. The main
difference is that in the scission-point model there is no mechanism to ensure that are such
equilibrium scission configurations could be reached dynamically, while the nucleus evolves
from the saddle-to-scission. It is equally surprising that in the case of enhanced pairing, when
the pairing condensates retain their long-range order throughout the entire saddle-to-scission
evolution, the collective dynamics has the same general characteristics. The present results

put a lower limit of the role of the viscosity on fission times, as fluctuations can only lead
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Figure 4.4: The intrinsic energy FEin(t) along the fission path for Seal.LL.l (upper panel) and SkM* (lower
panel) along with the collective energy determined in a constrained calculation. In the case of an adiabatic
evolution along the fission path Ej,¢(t) would trace rather closely the potential energy determined in the
constrained calculation. Scission configuration corresponds to a quadrupole momentum of the entire nuclear

system Qo9 =~ 400 b.

to longer trajectories (see chapter 5). The character of the collective dynamics unveiled here
suggests that in physically realistic Langevin [24, 32, 128, 129, 130] and TDGCM [126, 127]
studies the dynamics of the intrinsic DoF should be generated at (an approximately) fixed
intrinsic energy, since E.y is small up to scission. If the thermalization of the intrinsic DoF
is achieved fast enough, the force driving the collective dynamics is determined by the free

energy gradient [138]

Fq = -Vq[Ewn(Q.T) - TS(Q, T, (4.7)
where S(Q,T) is the entropy and

Eiot = Eint(Q,T) + Eeon(t) = Ein(t). (4.8)

In that case, for each set Q the temperature 7" shall be adjusted so that Ei,(Q,T") remains

practically equal to its starting value, due to the smallness of E.(t). The intrinsic DoF
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carry most of the entropy of the fissioning nucleus and that drives the fission dynamics
until scission. Phenomenologically, such issues have been recently addressed by Randrup et

al. [26, 139, 140], assuming that the collective motion is overdamped.

4.3.3  Relaxation of the collective degrees of freedom

To demonstrate the overdamped character of the fission dynamics, we performed the follow-
ing theoretical experiment. We have applied at random times (the red dots in Fig. 4.5a),

collective kicks to the nucleus of random intensities 1 according to the prescription

ua(mit)) [ explin(22” — a* =y ua (M 1)

: (4.9)
va (7 1) exp[—in(22% — 2% — y*)|va (7, 1)

which immediately resulted in an increase of the collective flow energy only. Immediately
after such a kick the density distribution has the same profile as just before the kick, as the
phase of the qpwfs do not affect number densities, but affect the currents and the kinetic
energy density. After a relatively short time, of the order of a few 10’s fm/c, this excess
collective flow energy is rapidly dissipated into intrinsic energy and the nucleus is thus heated
up, and this energy is never returned into the collective flow energy. After each collective
“kick” the intrinsic energy of the nucleus increases, see Fig. 4.5b. Even though the intrinsic
energy increases by &~ 150 MeV after many collective “kicks”, the absorption rate of the
additional energy does not change obviously. This serves an additional argument that the
one-body dissipation mechanism is very effective in bringing the collective flow velocity to

the terminal velocity, which is achieved when the friction force cancels the driving force.

4.3.4  Shape relazation of fission fragments

The one-body dissipation is important both before and after scission. The light fragment
at scission is very elongated and both fragments have also a noticeable amount of octupole
deformation, very different than the corresponding moments in the ground state. In Fig. 4.6

we show the evolution of ()5 and Q)39 for both FFs before and after scission. All these
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Figure 4.5: (a) At times indicated with red dots we have applied collective quadrupole momentum kicks to
both neutrons and protons, see Eq. (4.9), with random values of 1, see Eq. (4.9). (b) The time evolution of
the total energy of the nucleus, in the rest frame of the nucleus, after we have applied collective kicks were

to both neutrons and protons with random values of 7, see Eq. (4.9).

moments relaxed rather rapidly, without performing any oscillations to the values very close
to the ground state values. Remember however that both FFs are not cold. The absence
of shape oscillations is another strong indication that one-body dissipation is strong and
that even the individual FFs large amplitude collective motion is overdamped always. The
relatively large quadrupole deformation energy of the light fragment is thus converted into
heat and its quadrupole moment is reduced. Both fragments are octupole deformed at

scission, and these octupole moments relax to relatively small values.

4.3.5 Neutrons emitted by fission fragments

Neutron emission is an important mechanism in the de-excitation of FF. We have also es-
timated the neutron emission rates before the FFs are fully separated, 4.0 x 10~* neu-
trons/(fm/c), which are rather stable with respect to the variation of initial conditions,
deformation, initial energy, or NEDF. By the time the FF's reach a separation of ~ 60 fm

we find that about 0.4 neutrons are emitted on average, in fair agreement with theoretical
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Figure 4.6: The evolution of the quadrupole Q2 and octupole Q39 moments of the light (solid lines) and
heavy (dashed lines) FFs before and after scission. The time ¢ stands for the moment when the distance of

two fragments is 15 fm and the neck of mother nucleus is formed. Scission occurs at ¢ — to =~ 300 fm/c.

estimates obtained in the sudden limit approximation [141] and with experimental hints of
neutrons emitted before full acceleration [142, 143, 144, 145].

In Fig. 4.7 we show the number of neutrons in the volume where the number density
n(r,t) <107 fm~3 as a function of time after scission for all the fission trajectories we have
evaluated. The neutron emission rates (the slopes) demonstrate a robust independence on
the initial conditions or the NEDF used. These neutrons are emitted preferentially parallel
to the FFs motion, a conclusion likely affected by the finite transverse size of simulation

boxes.

4.4 Summary

The present study is the first in literature in which no restrictions have been imposed
on the meanfield dynamics and the pairing field was beyond the BCS approximation. In
TDHF+BCS treatments reported so far in literature a relatively low-energy cutoff was al-
ways imposed on the energy band where pairing correlations are active. Arguments are often

presented that such a limited space for pairing correlation is sufficient, as the energy gain



63

0.5 1 0167 SeaLLl-1
§¥  SeaLLl-1 o014 SeaLL1-2
—oul 1 SealLl-2 & : SKM*-1
T SkM*-1 g o1z T A2
£
& SKM*-2 —~ 0.104
= s “/Ij—\O.IO
o 0.124 o
|\_‘/ i S o0.08
0.2 o
e 0.07 V 0.08 4
= g
> ~ 0.04 ; =
0.1 0.00 ; T Z ’
p———ry 3 G T T vmn-
0 200 400 600 800 1000 1200 0.00 ('] 1 0'0 0 2 0'00 30'00 40'00
t = tuc [fm/c] t [fm/c]

(a) (b)

Figure 4.7: (a) The number of neutrons emitted predominantly after scission. The error bars quantify the
size of the fluctuations between trajectories corresponding to different initial conditions; (b) The number of

neutrons emitted in each trajectories in the inset of (a).

is reproduced with enough accuracy. But as Anderson notes [146], when he discusses the
“Quantum Chemists’ Fallacy No. 1 and 2,” of which even Wigner was partially guilty, “you
may get pretty good energetics out of qualitatively wrong state.” On the other hand it is
well known that pairing correlation in nuclei, unlike in superconductors for example, are due
to short range attractive forces, and that is inconsistent with the assumption that pairing
correlations are active in a narrow energy window only. In particular this is also true for the
popular finite range Gogny force [147], in which case the pairing cutoff energy could be as
high as O(100) MeV. As we do not implement any arbitrary energy cutoff on pairing corre-
lations, we are able to perform for the first time in literature a microscopic test on whether

the LACM fission dynamics is indeed adiabatic in character.

Adiabaticity in LACM is typically conflated with slowness of the collective motion [148,
149, 150, 70, 133, 22], an assumption which allows one to introduce collective DoF which
are uncoupled from the intrinsics DoF. Until now the validity of this assumption has not

been checked, since the required simulations exceeded the computer capabilities of previous



64

researchers. The only previous attempt we are aware of was performed by [151], who however
were unable to arrive at a conclusive decision, basically because the phase space they were
able to consider at the time, was clearly too small.

One-body dissipation [152] is automatically incorporated in TDDFT and it was consid-
ered for many years to be important in LACM. Ref. [36] concluded that one-body dissipation
is important in fission dynamics, based however on studying only three TDHF trajectories
for fission of 23U, with three values for a static pairing field A = 0.7, 2.0, and 6.0 MeV and
comparing these results with classical Langevin simulation of fission dynamics, with one-body
dissipation estimated for a Fermi gas model. From this type of comparison these authors
concluded that one-body dissipation is important in fission dynamics. Over the years the
practitioners of the Langevin type of simulations have claimed that both one-body and two-
body dissipation are both important in low energy fission dynamics [138, 32, 128, 129, 130],
using phenomenologically adjusted dissipation coefficients, though it is not always clear how
one can disentangle the two forms of dissipation, see e.g. discussion by Ref. [32]. Not all
Langevin implementations are compatible with one another, though the level of agreement
with data is about the same. Moreover there are TDGCM simulations [127, 153], in which
the nature of fluctuations is qualitatively different, but the quality of the agreement with
experiment for FFs mass yields are comparable with those achieved in Langevin approaches.
All this might suggest that the FFs mass yields are likely not very sensitive to the nature
and details of various models.

Only in the last few years Randrup and collaborators [24, 25, 26, 139, 140] took this as-
sumption to the extreme and suggested that fission dynamics is actually overdamped and one
should replace the Langevin approach with the Smoluchowski approach. In this case the role
of the collective inertia becomes irrelevant and surprisingly extremely accurate description
of fission yields, TKE, and TXE can be achieved.

If dissipation is important in fission dynamics the introduction of collective DoF freedom,
of a potential energy surface and of a collective inertia, and the decoupling of the DoF

into collective and intrinsic becomes highly questionable. We have establish that one-body
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dissipation is very strong and that in fission LACM is strongly overdamped under almost any
reasonable assumptions. Under such circumstances the role of “collective inertia” becomes
irrelevant and the theoretical arguments in favor of TDGCM/ATDHF approach or Langevin
approach become questionable as well as the mere definition of collective variables.

We have determined that the memory of the initial conditions near the outer barrier are
rather quickly forgotten, in a relaxation time Tye1ax &~ O(10%) fm/c. As the saddle-to-scission
is T, ~ O(10%...10%) fm/c, the widths of the FFs mass, charge, TKE, TXE, and spin
distributions are determined during this relatively fast non-equilibrium evolution interval,
due to the presence of non-negligible fluctuations.

We have used three different NEDFs (SLy4, Seal.L.1, and SkM*), with some variations
in treating the pairing correlations, and our conclusions were quite robust. All these NEDFs
satisfy basic constraints: the nuclear matter is liquid in nature (thus mostly incompressible),
the surface tension, the isospin asymmetry, the spin-orbit, and the pairing correlations have
realistic values. When all these basic requirements are satisfied the emerging most likely
values for the TKE, atomic, and charge numbers are in agreement with experiment with-
out the need of any additional fitting. In addition we were able to extract the excitation
energy sharing between the FFs. Depending on the initial energy of the fissioning nucleus
the excitation energy sharing changes in a manner which appears to be in agreement with
experimental data. The only disadvantage of the present approach is that it lacks fluctua-
tions, which likely could be later added (see chapter 5). Upon introductions of fluctuations
one should be able extract FFs mass, charge, TKE, and TXE distributions. Many other
quantities of interest for various applications could also be extracted, such as the angular

momentum distributions of the FFs and their parities.
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Chapter 5
FLUCTUATIONS AND DISSIPATIONS

5.1 Introduction

The main results we presented in chapter 4 show that the difference in initial conditions is
largely washed out during the long time evolution in TDDFT, leading to very small distri-
bution widths of various observables . This behavior illustrates one of the major limitations
of DFT, which lacks a method to evaluate two-body observables such as the width of the
FFs mass and charge yields and of the total TKE of the FFs. A long time ago, Balian and
Veneroni (BV) proposed a prescription to estimate these quantities within the framework
of the TDHF approach [154], and this prescription, also named the time-dependent random
phase approximation (TDRPA), was applied to estimating the width of particle number dis-
tributions in the fragments of ?Fm fission [40]. However, the width predicted by TDRPA
in Ref. [40] is also much less than the experimental observations.

Since an accurate solution of the time-dependent Schrodinger equation with realistic nu-
cleon interactions will be out of reach for a very long time (if ever), the question arises:
what would be a reliable microscopic approach? A Feyman’s real-time path integral formu-
lation [155, 156] of quantum many-body systems is particularly appealing as it can lead to
good approximate and accurate at the same time treatments. The many-body wave function
is represented as a sum over all possible paths joining the initial and final configurations,

with appropriate weights:

vt = [ Dlotowioolen (5 [ T hlo(0)]) w0) (5.1)

where D[o(t)] is an appropriate measure depending on all auxiliary fields, Wo(t)] is a Gaus-

sian weight and h[o(t)] is a one-body Hamiltonian built with the auxiliary one-body fields
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o(t). W¥(0) is the initial wavefunction, often chosen as a (generalized) Slater determinant.
Thus, the true many-nucleon wavefunction is now a time-dependent linear superposition
of many time-dependent (generalized) Slater determinants. In this respect the true many-
nucleon wavefunction has a similar mathematical structure with the wavefunction in the time-
dependent generator coordinate method (TDGCM) introduced by Wheeler et al. [14, 157].
One cannot fail but see here also the analogy in treating fluctuations around the mean field
trajectory with the classical Langevin description of nuclear collective motion as well [138].

The description of the dynamics of a small system in interaction with a very large reser-
voir is one of the oldest problems in many-body physics, starting perhaps with the 1828 work
of Robert Brown and Brownian motion, followed by the illustrious theoretical studies of Ein-
stein, Langevin, Fokker, Planck, Kramers, and a great number of others [158, 159]. If there
are no memory effects, for a free Brownian particle of mass m, in the Markov approximation

one can use the stochastic Langevin equation, which in one dimension reads
mi(t) = F(x(t)) — myz(t) + m&(t). (5.2)
Here £(t) is a Gaussian white noise

(€(1) =0, (@) =To(t 1), (5.3)

where the angle brackets stand for statistical averaging. The strength of the damping v and

of stochastic forces I' are related by the Einstein dissipation fluctuation theorem
ml' = 29T, (5.4)

where T' is the temperature.

Appropriate implementations of the Langevin equation have been used in nuclear fission
for decades, see Refs. [31, 24, 128, 32, 129, 130] and earlier references therein, in order to
describe the dissipative character of the the fission fragments yields. In previous works, the
authors typically select a few characteristics of the number density n(7,t) (e.g. elongation of

the nucleus, mass asymmetry, neck size, and two quadrupole deformations of the fragments).
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For these collective variables one constructs a potential energy surface, an inertia and a
dissipation tensor and assumes the existence of coupled Langevin equations solved in a

collective space spanned by the collective coordinate x; like

dp; pjpr O _ ov _

dr —JTkax,( Dk — I i (M) jepr + i3T5 (1), (5.5a)
dx; _

= (M™)ijpj, (5.5b)

where p; represents the momentum conjugate to z;, 1;; is the dissipation tensor, g;;I';(¢) is
the random (Langevin) force with I'(¢) being a time-dependent stochastic variable with a
Gaussian distribution, and g;; is the random-force strength tensor. The potential energy V is
obtained from the macroscopic-microscopic method [31, 24, 128, 32] or self-consistent mean-
field method [129, 130]. The inertia tensor M,; is derived from phenomenological models
or by the generator coordinate method (GCM). Due to the limitation of computational
resources, the number of collective variables x; is usually no more than five.

! instead of limiting the number of collective DoF to a small number

In this chapter
of chosen characteristics or moments of the number density n(7,¢), we will consider the
entire number density as our chosen set of collective DoF and treat them in a fully quantum
formalism at a finite temperature, which is controlled by the intrinsic DoF. We argue that
one can add carefully chosen additional terms to the usual TDDFT equations to simulate
both dissipation and fluctuations of the nuclear collective motion and maintain at the same
time the unitary character of the evolution, a distinctive characteristic of TDDFT. Since

fluctuations are random, observables will have to be evaluated as ensemble averages over

these realizations.

5.2 Theoretical formalism

It is well-known that the TDDFT and other time-dependent mean-field methods like TDHF(B)

can provide a good description for the average properties of one-body DoF. The mean-field

IThis chapter is based on the work by A. Bulgac, S. Jin and I. Stetcu, Unitary evolution with fluctuations
and dissipation, arXiv:1805.08908 [160] with minor modifications.
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equations, number density, current density and local collective velocity, and the continuity

equation have the generic form

iR (7, t) = hin]bs(, 1), (5.6a)

(7, t) = Yl )P (5.60)

1) = SR T 1) — )V ), (5.60)
k

W t) + V- J(7 1) = 0. (5.6d)

What is missing in this approach is the quantum fluctuations in the collective motion. Over
the years, many efforts have been made to introduce stochastic elements into the mean-
field methods [161, 162, 163]. Generally one needs to add an additional contribution to the

equations for the single particle wavefunctions:

The addition term dhy should reflect the impact of the rapid fluctuations brought by the
intrinsic nucleon motions. After long time averaging the contributions of dh; should vanish,
which makes the Eq. (5.7) return to the original mean-field equations Eq. (5.6a). Since we
want to produce quantum fluctuations on the collective motion, we first try to modify the
collective flow f(F, t) by adding a “stochastic” velocity field (7, t) to the kinetic term of the
hamiltonian by

@ —mi)? _ " mii

N nAr (5.8)
om  om 20 PTPIWT T '
and the resulting Schrodinger equations become
R . L, o & - mu? -
ihby (7, t) = hin]e (7, t) — 5( PP W) YR(T ) + ka(r, t) (5.9)

The presence of this random velocity field leads to an additional contribution to the total
energy of the system

- a?(7,t)

Eiot — Eior — /dSMT(F, t)-5(7rt) +/d3rm n(r,t). (5.10)



70

The fluctuations in Eq. (5.9) can be introduced in another way. Consider a gauge transfor-

mation for the wavefunctions by

Ui (7, 1) = op (7, t) explix (7, t)]. (5.11)

Then the gauge invariance implies that if

. -2
(7 1) = o () + U (7 D), (5.12)

then the new wavefunctions ¢y (7, t) = ¥y (7, t) exp[—ix (7, t)] satisfy the equations

(7= RV (7, 1))

(7 1) = o ou(7,t) + [U(7,t) + hx (7, 1) ow(7, 1). (5.13)

Comparing Eq. (5.9) and Eq. (5.13), if the vector field @(7, ) is irrotational V x u(r,t) =0,
representing the single particle wavefunctions in Eq. (5.9) as ¥y (7, t) = ¢k (7, t) explix (7, t)]
one can then eliminate the vector potential mi(7, t) = AV x(7,t) in the favor of a “stochastic”

scalar potential Ax(7,t)
ihen(7,t) = h[n)du(7, t) + x(7, )i (7 1). (5.14)

In general, one could produce both rotational and irrotational velocity fields by including

both scalar and vector channels of the fluctuations into the equations like

where @(7, t) and ug(7, t) are treated as independent components of the four-vector w, (7, t), v =
0,1,2,3. Following the same idea in the Langevin approach, we formulate u,(7,t) to be a

stochastic function both in time and space with the summations of Gaussian-like functions.
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Nk 2
uy(Fit) = VI ) (wﬁ exp {—%1 e (7), (5.16)

k=1

L 2= y2
() = J\}kb ; (mzl)?’/‘* exp {—%} , (5.17)
(te — th-1) < (Tk), (5.18)
() = O <7Z]ZA) ATET) OC O (5.19)
(Niw) = O(A), (NepNic) < 01 (5.20)
(sk1) =0,  (SkiSmn) = OkmOm, (5.21)
([Tia]) = O(Ra), (TlaTmn) X OkmOim, (5.22)
(ar) = O (%) (@K1 @mn) O OkmOim (5.23)

where R, = r9A'? is the radius of the nucleus, ey = h%k%/2m is the Fermi energy, A is the
particle number, I" is a parameter controlling the variance of the time-averaged “stochastic”
noise, t; are random times at which “kicks” are applied, 7 is the time-width of an individual
“kick” comparable to the nucleon crossing the system time, which can be made random as
well, ng(7) is the spatial profile of the “kick,” which is the sum of gaussian “kicks” centered
at random positions 7, of random spatial widths a;, and random strengths s;;. The number
of the spatial kicks Ny, should be comparable to the number of nucleons A. All these random

numbers are assumed to be uncorrelated. One then clearly has the following relations
[ =o. [ ErmEm) = o, (5:21)
/t dt'/d?’F(uV(F, t)) = 0,/t dt’/dg’f’(u?,(f', t')) ~ T(Ny), (5.25)
0 0
/O v / B (1 (7. £ Y (7. £ + AD)) ~ 0, At > (), (5.26)

where t ~ (Ni)(7). In the limits lim, o F%(¢,7) = §(t), lim, 0 G*(F,a) = (F), 7 — 0,
and Ng, = 1 one recovers the Gaussian white noise used in typical treatment of stochastic

equations [164, 158].
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Besides the fluctuation terms introduced in Eq. (5.15), one also needs to introduce a
dissipation term in analogy to the one in the Langevin equation Eq. (5.5). The TDDFT
dynamics automatically incorporates the one-body dissipation mechanism [152]. Additional
“quantum friction” term is needed to conteract the heating due to the stochastic fields ug(7, t)
and mu(7,t). We use the potential introduced in Ref. [165] as a quantum friction to damp

the collective motion of the system.
Viie(7, 1) o< ya(7,t) = =YV - J (7, 1). (5.27)

One can show that in the presence of this “quantum friction” term alone the system will be
cooled Ey; < 0 and the collective velocity will vanish limy_,q. U(r,t) = 0 [165], similarly to
the classical Langevin equation. In the case of a Brownian particle, one follows the dynamics
of the Brownian particle alone, but not the effects on the dynamics of the fluid and the total
energy of the fluid and Brownian particle are not conserved. In a TDDFT augmented with
dissipation and fluctuations one follows the coupled dynamics of both collective and intrinsic
DoF within a stochastic framework.

Finally, the TDDFT evolution equations augmented to incorporate dissipation and fluc-

tuations we introduce have the form

ih (7, ) = hn]wy (7, t) + (7, £) e (7, 1)
1 " a (5.28)
The ratio I'/y o< T controls the temperature of the intrinsic system, similarly to Einstein
fluctuation-dissipation theorem. There are at least two independent coupling strengths I" (of

appropriate dimension), one for (7, t) and the other for uo(7, ).
5.3 Results

5.8.1 Test case: 1D harmonic oscillator

As a benchmark, We first implement this approach in the case of a nucleon in a 1D harmonic

oscillator with a “quantum friction potential” as described above and a stochastic field
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Figure 5.1: (a): The expectation value of the energy of the 1D harmonic oscillator as a function of time. (b):

The initial, final p(z) = L [ dt|t(z,t)[?, and expected theoretical density distribution, using the temperature

=7
estimated from Eq. (5.30). By increasing the simulation time one can improve on the tails of the calculated

density distribution.

[(x,t) = ug(x,t) only

d . h? 1
h—(z,t) = — —V?P(2,t) + —mw?xr*(z,t
+ iz, () + T, ) (z, 1),
where hw = 6 MeV. Starting with a somewhat arbitrary initial state, after some time the

harmonic oscillator reaches a steady-state solution at a temperature 7" = 1/ determined

from the condition

1 [" 1l S s
2 m = g e e

Z(B) = i e P e = hw (n + %) , (5.30)

n=0
1 T 1 o0
=lim — [ dt O~ —— —Ben 2
o) = lin 2 [ e~ LS o,

n=0
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where ¢, (z) are the 1D harmonic oscillator eigenfunctions.

In Fig. 5.1a we display the mean value of the energy of the 1D oscillator as a function of
the simulation time, illustrating that the system attained a steady-state regime. In Fig. 5.1b
we show the initial, expected, and computed equilibrium density distributions. We put a
minimal effort into the fine-tuning of the parameters of the “quantum friction potential,”

the stochastic field, and the length of the simulation time.

5.3.2  Fission yields by hydrodynamics approach

The Langevin approach usually requires a considerable number of random trajectories for
each initial condition. For the full TDDFT approach, the time cost for each trajectory is
already very expensive. To reduce computational cost we first implement this fluctuations
and dissipation in the nuclear hydrodynamics approach. At zero temperature within Lan-
dau’s two-fluid hydrodynamics, only the superfluid components survive and the dynamics
reduces to that of a neutron and a proton perfect fluids. In hydrodynamics, the complex

“wavefunction” for each neutron and proton channel has the form

@Z’q(f‘) = nq(m eXP(qu(F)) (5.31)

T,(F) = =V, (7). (5.32)

The energy density functional for the hydrodynamics model should satisfy the Galilean
invariance, which has the form

gint
]‘;LQ 5 ~ A\
Eor = Y 5 Vilg(P)® + Enomo + Ecou + Exut - (5.33)

q

The homogeneous part Epome and the Coulomb part Ecyy have the same forms with the ones

in the SeaLLL1 EDF in chapter 3, which reproduces the symmetric nuclear matter density,
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the saturation density, the symmetry energy, and the Coulomb energy. The surface term has

the form

ot = j—m(ﬁn(f))%c + Dn(7) (5.34)

where n(r) = n, (') + n,(r) is the isocalar number density. The values of C' and D
C = —-28622 fm*®, D=9 fm° (5.35)
are chosen to accurately reproduce the nuclear surface tension
o= /dz [Eme (0(2)) — pn(2)] = 1 MeV /fm”. (5.36)

where y = —15.6 MeV is the chemical potential for infinite symmetric nuclear matter and
n(z) and 7(z) are the number and kinetic density distribution for semi-infinite symmetric
nuclear matter.

Including the (isoscalar) fluctuations and dissipation, the derived hydrodynamics equa-
tion is
2 6

- _%V%q(ﬁ t) + qu(ﬁ t) + Y[n]R (7, )by (7, ) + uo (7, £), (7, 1) (5.37)

i)y (7 t)
We solve the hydrodynamics equation for ***Fm fission. The hydrodynamic equations

do not include pairing and shell effects and the ground states for typical nuclei have spher-
ical symmetry. Starting from the ground state of ***Fm, we give a boost on the initial
wavefunction by introducing the phase factor ¢,(7,0) o (22% — 22 — y?), which corresponds
to an initial excitation energy around E* = 7 MeV. Without any fluctuations (and dissi-
pation) incorporated in the evolution, symmetric fission fragments will be obtained. The
inclusion of dissipation and fluctuations leads to wide mass distributions which are compa-
rable with the observed ones. Fig. 5.2 shows the mass and TKE distributions with different
strengths of fluctuations I". The mass distributions display a symmetric pattern centered

on Ay = Ay = 129. The mean of the TKE distribution in a hydrodynamic approach is

significantly smaller than the observed one ( > 200 MeV), as the fissioning nucleus develops
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Figure 5.2: (Color online) The mass yields obtained solving the quantum hydrodynamics equations Eq. (5.37)
including fluctuations and dissipations, obtained using different strengths I' = 0.1 (blue), 0.05 (red), and 0.02
(cyan) MeV of the fluctuating field ug (7, t) (keeping I'/ fixed), compared to experimental data (black) [166]
for induced fission of 2°®Fm. The widths of either the mass or of the TKE distributions are approximately
proportional to v/T. In the insets we show the TKE distributions and typical nuclear shapes at scission
with and without fluctuations and dissipation. The arrow points to the TKE for symmetric splitting in the

absence of dissipation and fluctuations.

unexpectedly long thin necks, reminiscent of the nuclear shapes obtained in the liquid drop
model with a large viscosity [23]. Within that the nuclear shape develops a longer neck as
the viscosity increases in the numerical implementation of the hydrodynamical approach of
Ref. [23], a result at odds with our findings. Davies et al. [23] restricted the nuclear shape
to a parametrization using 5 DoF' only, while in the present work we have included all shape
DoF. These authors also expressed some doubts concerning the accuracy of the calculated
inertia and viscosity tensors at large deformations. Shell effects and pairing correlations can
be accounted for by a variation of the macroscopic-microscopic formalism [11, 31]. From the
known neutron and proton number densities one can construct the single-particle nucleon
Hamiltonian, including spin-orbit and pairing interactions, and subsequently determine the
corresponding energy density, which can then be used for the next time-step in Eq. (5.37).
The full TDDFT description is likely a more efficient solution however.
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Figure 5.3: In the main panel we show two typical full TDDFT trajectories for 24°Pu projected into the
Q20 = (222 — 2% — y?) and Q30 = ((52% — 3r?)z) plane obtained by evolving in time the TDDFT equations
without (dashed line) and with (full line) dissipation and fluctuations included, using the SeaL L1 EDF [80].
In the insets we show the fluctuations of the moments Qs,, = (22~™(z + iy)™), for m = +1,42, which

vanish in the absence of fluctuations and which break axial symmetry.

5.3.8 TDDFT trajectories

For realistic calculations one has to resort to the full TDDFT description, using the evolution
equations Eq. (5.28), with quasi-particle wave functions with spin and isospin DoF, and
pairing correlations fully accounted for. In Fig. 5.3 we show a projection onto the planes
(Q20, Q30) and (Qa9, Q2 ) with m = 1,2 of a typical full TDDFT trajectory obtained without
dissipation and fluctuations and including dissipation and fluctuations using Eq. (5.28), in
the case of induced fission of 24°Pu. To this end we integrate in time 442,368 complex coupled
nonlinear stochastic partial differential equations on a 3D 242 x 48 spatial lattice with a lattice
constant 1.25 fm, a time step 0.03 fm/c for 130,255 time-steps. Only 6 DoF are illustrated in
this figure, even though all collective DoF were allowed to fluctuate. Both trajectories give
almost the same fission fragment configurations, though the trajectory including fluctuations
and dissipations is more convoluted and costs longer time to scission. We have also performed

a considerable number of trajectories with varying strengths of fluctuations (and dissipation)
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and obtained the similar results, i.e. the FF properties are not affected by the fluctuations
and one cannot get a wide distribution in the mass or TKE in the hydrodynamics approach

showed in Fig. 5.2.

The difference between the results obtained by the hydrodynamics method and the full
TDDFT method can be understood as follows. In the hydrodynamics model the neutrons
and protons are perfect fluids and there is no one-body dissipation, i.e. the collective energy
will not transfer to the intrinsic excitations. Therefore, the collective motion can be easily
modified by the fluctuation fields, like the Langevin equations solved in the collective space,
but with larger DoF. However, in TDDFT the one-body dissipation is highly strong and the
collective motion is overdamped, as discussed in the last chapter. Therefore, the fluctuations
introduced in the collective flow j(F, t) will be absorbed into the single particle excitations
very quickly, which heats up the nucleus and the collective flow energy will return to a small
value (< 1 MeV), as shown in Fig. 4.5. The presence of the quantum friction Eq. (5.27) is
not very efficient in cooling the system in TDDFT method also because of the smallness of
the collective flow energy. In our practice, we usually need a larger strength of dissipation
to balance the heat up of the system by the same fluctuation strength I' in TDDFT method
than the hydrodynamics approach. The increasing values of  finally will bring too much high
frequency noises brought by the V- j term into the mean-field potentials, which makes the
simulation not stable. Besides, in the hydrodynamics model there are no shell effects, which
have a considerable impact on the formation of the fragments. The self-consistent potential
energy surface (PES) demonstrates a narrow fission valley where the TDDFT trajectories
are trapped (see Fig. 4.2) unless fluctuations are strong enough. In our recent investigations
such fission valley is even “deeper” as the temperature of the nucleus increases, which is never
taken into account in other Langevin methods where the PES remains the same during the

dynamics.
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5.4 Summary

Though we do not obtain perfect results in our current study, this extension of the TDDFT
formalism still contains several promising features: i) the present formalism is fully quantum;
ii) it includes all collective DoF; iii) the evolution is unitary in spite of including explicitly
dissipation; iv) all meanfield symmetries are broken during the evolution, as expected for
example in a full path-integral description of the dynamics of an interacting many-fermion
system, while in Langevin description for example, axial symmetry was never broken; v)
upon the inclusion of fluctuations in TDDFT, the fission dynamics remains overdamped,
collective kinetic energy remains as small as in their absence, and trajectories become more
convoluted and longer in length and time and more random in the collective space; vi) the
meanfield adjusts naturally to the changes in the nuclear shape; vii) without fluctuations
one obtains only a lower limit of fission times. The formalism described here is applicable to
many other situations: dissipative heavy-ion collisions, non-equilibrium phenomena in cold

atom physics; dynamics of vortices in neutron star crust, quantum turbulence [167].
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Chapter 6

CONCLUSION AND OUTLOOK

In this thesis, we investigate the fission dynamics and its related (static) nuclear structure
problems within the SLDA and TDSLDA formalism, which have been validated by obser-
vations in a range of static and time-dependent situations in both nuclear and cold atom

systems.

The prediction power of TDDFT depends largely on the quality of the NEDF. At present
hundreds of NEDF's exist and most of them depend on a large number of fitting parameters
(94, 95, 96]. For fission studies, the properties of nucleus in large deformation, like the
height of fission barriers (inner and outer) and the excitation energy of the fission isomer are
important benchmark quantities for the optimization of NEDFs [95, 168]. In chapter 3, we
develop a qualitatively new NEDF named “SealL.L1”, which depends on only 7 uncorrelated
parameters. SealLLL1 has excellent performances on various properties like nuclear masses,

charge radii, shell structure, and generates a reasonable fission pathway of 24°Pu.

Following the pioneering work by Bulgac et al. [45], which realized the first simulation
of induced fission of **Pu in TDSLDA, in chapter 4 we perform a detailed study of fission
dynamics by tuning various input parameters, such as the NEDF, the initial configurations,
and the strength of pairing correlations. We find increasing the pairing strength can signifi-
cantly accelerating the saddle-to-scission process. By choosing different initial configurations
on the potential energy surface of SealLLL1 and SkM* EDF, we find a strong focusing effect
on the trajectories and obtain almost the same results in the fission fragments (FF's) proper-
ties. We conclude that the fission dynamics in saddle-to-scission process is an overdamped,
non-adiabatic one. The difference of the potential energy is almost totally transferred into

the intrinsic excitation of the nucleus, which results in very small collective flow energies
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before scission (< 1 MeV). The neutron emission rate of FFs is also studied.

To overcome the limitation of TDDFT that the variance of observables are highly sup-
pressed, we introduce a novel scheme, in the spirit of the classical Langevin equations, to
include fluctuations and dissipation into the mean-field potentials. We get promising results
in the nuclear hydrodynamics simulations of ***Fm fission yields. However, when implement-
ing this scheme in the full TDSLDA calculation, we still cannot produce a wide distribution
of FFs properties. Correctly implementing fluctuations and dissipation in the full TDSLDA

calculation is still a challenging problem in our future work.
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Appendix A
NUMERICAL IMPLEMENTATIONS

The appendices are concerned with the technical details of the codes we developed over

the years for the SLDA and TDSLDA simulations presented in the main text.
A.1 Discretization

In both static and dynamics code, all the spatial functions are discretized on a 3D Cartesian
lattice of size N,, N,, N, with lattice constants dz = dy = dz = a. In each dimension of

length L = Na, the spatial coordinate x,, and Fourier component k,, are discretized as follows

z, =(—N/2+n)a, n=0,---,N—1, (A1)
2n7/L, n=0,---,N/2—-1

k, = : (A.2)
(2n— N)n/L, n=N/2,--- /N —1

consistent with boundary conditions. When discretized in the (3D) lattice, both wavefunc-
tions and Hamiltonian are represented in the discrete variable representation (DVR) [132],
which is sometimes referred to the Lagrange-mesh method [169] in numerical analysis. In

one dimension, the functions are represented as
Y(x) = ath(a) ful), (A.3)
k

where the DVR basis states fis form an orthonormal set

N/2—1

1 .
fr(z)) = Z 7 expliky(x; — zy)]
n=—N/2
_ (A.4a)
Sm%s_l) cot W(]JCV_Z) =0 k#I,

1/a k=1,
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and

(ful ) =Y afi(@n) fi(zn) = u. (A.4b)

In the static SLDA calculation, one needs to diagonalize the matrix of hamiltonian in
Eq. (2.24) in each self-consistent iteration. All the local potential matrix elements have

a simple diagonal representation

RO = afi (@)U (xn) fi(2n) = U(zy)ou. (A.5)

The non-diagonal matrix elements source from the spatial first 0, and second derivative 0,

in the kinetic and spin-orbit terms, which in DVR basis can be represented as

™ n—n m(n—m
a2 (=D, — 1) 7? 2
(O ) = 5 N 2 mm) ~ 32 (1 + W) Snim.- (A.6b)

N

In the time-dependent calculation, the Hamiltonian matrix is not explicitly evaluated.
Instead, we directly compute the matrix-vector products H in each time-step. Besides the
trivial products of the local potentials and wavefunctions, the most time-consuming part is
the calculations of gradient and lapaclean of wavefunctions. In order to make this operation

as efficeint as possible, we use the fast Fourier transforms (FFT)

Flf(z exp(—iknay) f(21), (A.7a)
=0
RVGIE %Zexp ikn1) f (Kn), (A.7h)

n=

with F and F~! the direct and inverse Fourier transforms. Hence, the application of the

derivative operator m times is efficiently evaluated as follows

D f(w) = F (k)" (k)] (A.8)
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For odd derivatives there is a loss of symmetry that can induce small imaginary part into
derivatives that should be purely real. In order to avoid issues, we set f(kyyo) = 0 [170)].
For better numerical accuracy, we avoid computing first-order derivatives if possible. For

example, the kinetic energy term in Eq. (2.25) can be rewritten as

v I Vu(F) = B B V2u(7) + V2 - ()
2m* () 2 2m(P) 2m*(7) (A.9)
h? '
_ 2
(W5 1]
which corresponds to a symmetric matrix representation 7" in the static solver as
I E 1 h? n’
Tnm =(-V- — \Y = - _(VQ)TLm +
2m*(7) 2my - 2my,
nm (A.10)

h2
\& Onm
2 ( 2m* >n
where the laplacian operator V? is a symmetric matrix as in Eq. (A.6b).

In our practice, we also find that better accuracy can be achieved when a special sym-

metrization is performed for the spin-orbit term

=

%W(r) : (6 x 5) - 2i [W(F) : (6 x &) +V- (a x W(F))} . (A.11)
A.2 The Coulomb potential

To calculate the Coulomb potential V,(7) generated by the charge(proton) density n,(r), we

actually solve the Poisson equation

V20(7) = dmwe*n(7) (A.12a)
O(7) = /d?”‘i i () (A.12b)

In numerical implementation [79, 45, 58, 171, 114] the convolution Eq. (A.12b) is solved by
FFT F via

09 = [ S ITNE) wpif5) = R (A13)

(k) = Fln(7) (A.14)



85

To avoid the infrared divergence for k — 0 we use a truncated kernel f(k) [172], considering

a modified Coulomb potential

1/r, forr <D 3k~ -
=4 Y U [, (A15)

0, otherwise
dre? [1 - cos(u;‘\m} k2, k| #0

fk) = . (A.16)
2me? D, k| =0

In a cubic box L, = L, = L, = L if we choose D = V3L we can compute the Coulomb
potential due to the charge distribution inside the box, eliminating any contribution from the

neighboring cells. In a rectangular 3D box, we select L to be the longest dimension among

L,,L,, L, and the Eq. (A.13) is realized by the summation

<I>(F)z271N3 S AR F(E) explik - 7). (A7)

ke(3L)3

with the number of floating point operations in is 27 N3 log(27N?3) where N is the lattice num-
ber in the longest dimension. To super-deformed system this calculation will be considerably
expensive.

Because of the summation over 27N? points, in the case when one dimension is much
larger than the other two, as we chose often in the case of fission dynamics, the calculation
becomes considerably expensive. In such a case, the computational cost can be reduced by
the following method. Consider a function f(x) on the interval (0, L) which we extend to
the interval (—L,2L) by adding zeros outside the main interval and the new function called
9(x)

flz), f0<z<L
glx) = (A.18)
0, otherwise.
Apart from normalization one can define two Fourier transforms, one on the interval

(0, L) the other on the interval (—L, 2L),discretized with the same lattice constant Az. The

discrete Fourier transform on the interval (0, L) will have Fourier components at momenta

s 211 ,
ki——A—x—l—TfOI'Z—O,...N—l, <A19)
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while the other one will have components at momenta

~ 2

f=— £x+ﬂfom:0 3N -1, (A.20)
hence ks; = ki, for =0,... N — 1. Indeed, N of the momenta on the 3N discretization are
the same with the momenta on the NV discretization, the other 2N momenta being defined

as k; + 2w /(3L) and k; + 47/(3L), with i = 0,... N — 1. For the arbitrary function f(z), we

can perform the following three Fourier transforms:

hn = Z f () exp(—ik,z;) (A.21a)
I

hag13 = Z f(x;) exp (—i;—le> exp(—ik,z;) (A.21Db)
I

Pto/3 = Z f(z) exp (—i;—le> exp(—ik,z;). (A.21c)
!

In terms of Ay, hyy1/3, and hy,yo/3, one can prove the following relationship for function g(z)

defined in Eq. (A.18)

1 21
g(z;)) = =3 [Z hy, exp(ik,x;) + exp (z—m) Z P73 exp(ikn:)

41
+ exp (Z_$l) Z hn+2/3 exp(lknzl)] )

(A.22)

where the 1/3 factor comes from the different normalizations of the discrete Fourier trans-
forms using discretizations with N and 3N points, respectively. Hence, instead of perform-
ing one forward and one backward Fourier transforms on the interval (—L,2L), one would
perform three forward and three backward Fourier transforms on the interval (0,L). In
3D this will mean that instead of performing O(27N?3log27N3) operations one performs
only O(27N3log N?3) operations, which produces noticeable efficiency, especially because the

Coulomb contribution is a bottle neck in the computation. Moreover one can do all these
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Fourier transforms in parallel. The complete form of such decomposition of Eq. (A.17) is

(- 2r 2w 27 o
<I>(f')—27N3 Z [Ze P (K <k+ (kg—L,lg—L,mB—L>)eXp(zk-

klm=0 LkeL3

!

>]
(A.23a)

—

- 2 2 2
T (k) = Z n(x,y, z) exp (—i (k‘%.ﬁﬁ + l%y + m%z)) exp(—ik - 7). (A.23Db)
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Figure A.1: Flowchart of static SLDA solver.

A.3 Static SLDA

A.3.1 Self-consistent iterations

The static solution is obtained by solving the SLDA equation Eq. (2.24) self-consistently.

The static solver starts from a set of initial local densities denoted generically by n(®. Two
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options are provided for starting the calculations:

e the initial guess of local densities () are constructed from periodic 3D Gaussian-like

functions with appropriate saturation and surface properties for the desired nucleus;

e the inital densities n(?) are read from the disk; in this case, previously calculated
densties with this solver or generated with other solvers can be used to continue the
calculation on the lattice, or to produce the initial conditions by performing one diag-

onalization.

The various local potentials V® and the resulting Hamiltonian matrix are generated using
densties n©. In self-consistent iteration m, the qpwfs w,‘;“) and their corresponding quasi-
particle energies E,gm) are obtained by a direct diagonalization of the Hamiltonian using the
pzheevd () function included in the Scalapack library. Next, the new local densities are
constructed from the qpwfs using 7?7 and the new potentials V"V are generated as well .
The chemical potential p should also be updated for the convergence of the particle number.
In this code we use the relation between the change in chemical potential and the change of
particle number from the Thomas-Fermi (TF) approximation (separately for neutrons and

protons)

2 ON

where Ep = h*k%/2m ~ 35 MeV is the Fermi energy of the infinite symmetric nuclear

matter. Thus the new chemical potential is updated like
2
= D = 2 (N — No) /N (A.25)

where Ny is the desired particle number.
To reach convergence, the new potentials and chemical potentials are mixed with the
ones in the last iteration by a linear combination:
Vi = (1 —a) V™ 4 qyrey (A.26a)

™ = (1 — )™ Y 4 aurev (A.26Db)
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with a constant mixing factor a. As an additional option, another mixing procedure is
available; it is based on the Broyden method, see Ref. [173] for details. However, we advise
caution in using this option, as it often deviates from finding the solution. Note that we
concurrently perform interations for proton and neutron density, by splitting the MPI world
into two equal groups.

The convergence criteria of the self-consistent iterations is that the norm of the quasi-

particle energy difference is less than the tolerance e:
SIE™ —ER <e.
k

When a converged solution is obtained, the qpwfs are written into files to be used by the

time-dependent code.

A.3.2 Constraints

In practical calculations, one often requires a HFB minimum in certain configurations, for
example, multiple mass moments defined in Eq. (2.57) to have fixed values. Then in a
constrained HFB calculation, one needs to add a constraint term into the s.p. Hamiltonian

in Eq. (2.25)
Wo=h+ Y M@ - Q) (A.27)

where Qi’s are different constraint operators, \;s are their corresponding Lagrange multi-
pilers, and Qz(»o) are the expectation values of operators Q;’s input by the user. Between
iterations, for a given constraint Q, the Lagrange multiplier A is updated in the augmented

Lagrangian method (ALM) [174]

AL NE 4o (g; — Q) (A.28)

1

where ¢; is the expectation value of QZ in the iteration k. The coefficients ¢; should be small

enough to guarantee the stability of the self-consistent iterations. In the static code, we
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implemented the constraints of the center of mass positions of the nucleus 7, and quadru-
ple mass moment Q)99 with additive operators {z, 7, 2, ng} associated with the Lagrange

multipliers {\;, Ay, Az, A2}

A.4 TDSLDA

A.4.1 Time evolution

A common approach to solving the time-dependent mean-field equations like TDHF is the
series expansion method [38]. In this method, the PDE 2.39 can be formally rewritten into

an integral equation as
Vet + At) = U(t, t + At)g(t), (A.29a)

where 1, (t) denotes the qpwi [ug (7, 1), ugy (7, 1), vt (7, £), vry (7, £)]7. The evolution operator
U is defined as

R i t+ At R
U(t,t + At) = T exp (_ﬁ/ H(t’)dt’) : (A.29b)
t

where 7 the time-ordering operation and H (t) is the Hamiltonian at time ¢. For higher
accuracy, we have implemented a predictor-corrector method as follows:

(1) At time ¢, we perform a predictor step with the Hamiltonian H(¢) constructed from the
densties n(t) computed using the qpwf ¥ ()

wpre = €xXp <_%ﬁ(t)At> wk(t) (A30)

(2) From the trial solution teq We obtain a set of predictor densities denoted as mpyed,
that are used to compute a set of corrector densites Moy = (pre + n(t))/2. The corrector
Hamiltonian I:ICOr is then constructed with densities n..,, and if At is small enough, ﬁcor is
a good approximation to the self-consistent Hamiltonian at time ¢ + At /2.

(3) Finally, the qpwf at time ¢ + At is calculated as

Yi(t + At) = exp (—%ﬁcorAt) Ui(t). (A.31)
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In our numerical implementation, the time-evolution operator exp (—%ﬁ At) is replaced

with the series expansion

(e —i)"
exp (—ﬁHAt) = Z (h”T)L' H"At", (A.32)

and in practice we find an expansion to order n = 4 is enough for a good accuracy, with the
error of order O(At?). Within an expansion approach, we need to compute 4 x 2 = 8§ times
matrix-vector (MV) products H1) in each time step, which is the most time-consuming part
of the code. The ABM method [175] provides an alternative to the series expansion method
with the same accuracy, but only 2 MV products in each time step. For a PDE that can be
generically written as y' = f(y), in the 5th order predictor-modifier-corrector ABM method,

the y,.1 solution is constructed from y,, as follows:

Yn + Yn—1 h / / / / 161 5,.(5)
1 = ——— + — (119y. — 99 69 — 17 —h A.33
Dn+1 9 + 48 ( Yn Yn—1 + Yn—2 yn—3) + 480 Yy ( a)
161 923
n = Pn — TeAWn T On _hﬁ (6) A33b
M1 = Prit = 376 (Pn = &) + 525 My (A.33b)
Yn + Yn—1 h 9
it = T —+ 2 (17ml,y + 51yl + 3y 1 + Yo o) — @hSy@ (A.33¢)
9 43
Yn+t1 = Cpt1 + 1—70(pn+1 — Cpy1) — M}ﬁy(@ (A.33d)

where p, m, ¢ denote the predictor, modifier and corrector, and a prime marks the derivative
with respect to time. The drawback of the ABM method is that it cannot start itself from
step 0 because the time derivatives ¥’ at time steps —1, —2, —3 and y_; are unknown, unless
the starting state is a stationary solution, and in that case y’ s =y 5 =y"; = 0and y_; = yo.
However, the series expansion method can serve as a starting procedure for up to four steps
during which the time derivatives of the wavefunctions are calculated and stored in each step
to be used for the ABM method.

When computing the time evolution of the qpwfs via Eq. (2.39), an irrelevant phase factor

exp [—ﬁ / (e E () ()t (A34)
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is introduced. This factor induces oscillations in time and downgrades the numerical accuracy
and stability. In our implementation this trivial phase is removed removing the instantaneous

quasiparticle energy,
iy (t) = (H — i) en(t) (A.35)
with
(t) = () H 9w (1)) (A.36)

While not necessary as the evolution is unitary, at the end of each time step we also normalize

each qpwf v, to 1. This insures that the numerical roundoff errors are kept to a minimum.
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Appendix B
PARALLELIZATION AND GPU ACCELERATION

B.1 Static Code

In static SLDA calculation one needs to diagonalize the N x N Hamiltonian matrix (for each
isospin) in Eq. (2.24) with N = 4N, N, N, which could be 10° ~ 10 in practical calculations.
Therefore the total matrix could cost a memory of 10? ~ 10% giga bytes, which exceeds the
maximum memory of single CPU. In the static code, we use the message passing interface
(MPI) library to realize the parallelization. For totally np processes of index iam each, we
divide them into two MPI groups evenly for two isospins respectively. In each MPI group,
the processes are reformulated as a 2D grid of dimension (p,q). The elements of the full
Hamiltonian matrix will be split into different processes. The map between the global index
of element (gi,gj) in the full matrix and the local index (1i,1j) in each processes follows
the 2D Block-Cylic Distribution [176].

In this distribution, for a general matrix of dimension (ma, na), the rows and columns
are split into different blocks of dimension (mb, nb). For each element of global index (gi,

gj), it will fall into one of the process grids of index (ip, iq) as

ip = (gi / mb) mod p

ig = (gj / nb) mod q
Then the local index (1i, 1j) in process (ip, iq) is mapped as

1i

(gi / mb) / p * mb + (gi mod mb)
1]

(gj / nb) / q * nb + (gj mod nb)

and inversely
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Figure B.1: Distribution of the elements of a 16 x 16 matrix on 16 processes. Block size mb=nb=2.

gi =ip *mb + (1i / mb) * p * mb + 1i mod mb
gj = iqg * nb + (1j / nb) * q * nb + 1j mod nb

In Fig. B.1a, we show the distribution of a 16 x 16 matrix on 16 processes. Each process
is labeled as P;,7 = 0,---15. The size of the block is mb=nb=2. The 4 x 4 grid of processes
is also shown in Fig. B.1b.

The diagonalization of the matrix is realized by the pzheevd () routine in the Scalapack
library [177]. After the diagonalization, the resulting eigenvectors (qpwfs) are distributed in
different processes as a matrix in the same way of the hamiltonian. The rows of the matrix
represent the 4N,,. components of each qpwfs while the columns represent the indices of
gpwfs. To calculate various local densities, one needs to do summations of qpwfs as shown
in Eq. (2.17), which is realized by a for loop over the column indices j of the eigenvector
matrix. Inside the loop, for a given qpwf ( column j=jO ), one fills its segments in different
processes by collecting the elements which have global column indices gj == jO. Then all

the segments are combined into the full column by a global reduction inside each MPI Group
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using the MPI_Al1Reduce() routine. The local densities calculated in one MPI group will
be shared with the other group for updating the mean-field potentials and constructing
the new hamiltonian matrix. The exchange of the densities are realized by point-point

communications between MPI groups using the MPI_Send () and MPI Recv() routines.

[ Pk, k=0,1,--- 2Ny, — 1 } Full wis stored in disk

Read and distribute wfs
in different processes

Copy wfs from CPU to GPU

Construct (partial) densities

Copy (partial) densities
from GPU to CPU

Global reduction among CPUs
to get the full densities

Copy full densities
from CPU to GPU

Get mean-field potentials

(After some opperations)
get new wavefunctions

(1) (2)
T/Jk,mw wk,ncw ”””

Figure B.2: Parallelization structure of the TDSLDA code.

B.2 Time-dependent Code

B.2.1 CPU-GPU hybrid structure

The TD code has a more straightforward parallelization structure than the static code and
takes advantage of the GPU acceleration, as shown in Fig. B.2. At the beginning, the whole
qpwfs stored in the disk are read and distributed in different (CPU) processes uniformly,

i.e. each process has certain number of qpwfs with full components. Then the qpwfs will be
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copied to the paired GPU device in each process, and the partial local densities are calculated
as Eq. (2.37a). To obtain the full densities, the partial densities are firstly transferred from
GPU to CPU, then a reduction operation is performed by the MPI_Allreduce routine to
reduce and broadcast the full densities to all (CPU) processes. Finally, the full densities are
transferred back to GPUs to construct the mean-field potentials for use in the evolution of

qpwfs in the next time step.

B.2.2 FFT in batch

The most time-consuming calculation is the spatial derivatives of wavefunctions with FFTs.
In this code we use CuFFT, the FFT library for GPUs to perform such operations. To
take full advantage of the GPU acceleration, we do FFTs (and inverse FFTs) for a batch
of functions simultaneously. In the code, the wavefunctions are stored in a 1-D array of
size 4xnxyz*nwfip*sizeof (cufftDoubleComplex) . Then the size of CuFFT buffer is
batch*nxyz*sizeof (cufftDoubleComplex). Currently the value of batch is set to 8. But
as the development of the GPU hardware this number could be larger to gain optimized

performance.

B.2.3  Checkpoint and restart

During the evolution, for every time_cp (in fm/c) the wavefunctions are copied from GPUs
to CPUs and then saved to disk for checkpoint. The same checkpoint procedure will be
performed after the finalization of the program as well. During the checkpoint, only the
latest wavefunctions (for neutron and proton) are saved and the program can restart from

this one directly with the starting procedure described in appendix A.4.
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Appendix C
PERFORMANCES OF THE CODES

The performance of the static code has been illustrated in Ref. [171] and then we will
not discuss it in the thesis because it just serves as a utility code for the TD code and
computational cost of the former one is much smaller than the latter one for large scale
simulations. Our TD code has been benchmarked on Titan and Summit at OLCF, Oak
Ridge, USA and Piz Daint in Lugano, Switzerland. In Table C.1 we list the time cost of
our code on different supercomputers. As a measure we have used the required computation
time per lattice point of one of the components of a single qpwf, when performing a complete

calculation of all the qpwfs

(# CU) x (wall-time)
(# time-steps) X (# PDEs) x (# lattice-points)’

where # CU stands for the number of computing units, either GPUs in case of the TDSLDA

Cost =

(C.1)

code or CPUs in case of other CPU codes in the market for TDHF. The difference of cost
is mainly due to the difference of GPU hardwares on these computers. The NVIDIA Tesla
P100 GPU on Piz-Daint is almost 3x faster than the NVIDIA Tesla K20 GPU on Titan.
The newest NVIDIA V100 GPU on Summit is 30% faster than P100.

The scaling properties of different sections in the code are also studied. Here we divide

the runtime of the TDSLDA code into three parts:

e ABM: the time cost on the GPU kernels in adams_bashforth_pm _gpu(), adams_bashforth_cy_gpu(),
and adams_bashforth_dfdt_gpu().

e Density: the time cost on the GPU kernels in compute_densities_gpu(), which in-
cludes the calculation of the gradients and laplaceans of qpwfs and partial local densi-

ties.
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Code CUs | Computer | PDEs | Lattice | Cost (sec.)
TDSLDA 514 Titan | 442,368 | 24% x 48 | 4.35 x 1078
TDSLDA 240 | Piz Daint | 442,368 | 24% x 48 | 1.61 x 1078
TDSLDA-opt | 240 | Piz Daint | 442,368 | 242 x 48 | 1.23 x 1078
TDSLDA 240 Summit | 442,368 | 242 x 48 | 1.12 x 1078
TDSLDA-opt | 240 Summit | 442,368 | 24% x 48 | 7.18 x 107

Table C.1: Comparison between different existing codes for performing TDDFT calculations on a variety of
architectures. The TDSLDA code demonstrates an almost perfect strong scaling on Piz Daint (Lugano) and
Summit (Oak Ridge), where further significant optimizations are likely. TDSLDA-opt is an optimized version
of our GPU code which reduces the number of calls of CPU-based routines. TDSLDA-simp is a simplified
and un-optimized version of our GPU code, performing the same type of calculations as codes [38, 178] used

in literature for TDHF+TDBCS simulations.

e Communications: the time cost on the communications between CPU and GPU (cudaMemcpy () ),

CPU and CPU (MPI_Allreduce()).

In practice we made a few test runs of TDSLDA code for the same problem described in
Table C.1 up to 400 time steps, with different number of nodes on Summit. In each run,
we measure the wall-time (in seconds) of each section with internal clock and calculate their
corresponding node hours on Summit as node hrs. = wall-time X # nodes / 3600. As shown
in Fig. C.1, the GPU kernels in ABM and Density cost almost constant node hours as the
increase of nodes, which demonstrates a good strong scaling property. The Comm. section
roughly costs constant or even more wall-time as the increase of nodes, and contributes the
increased node hours. In Fig. C.2 we plot the speed-up of the wall-time cost on GPU kernels,
i.e. excluding the communication time from the total runtime, and compare with the speed-
up if the scaling property is perfect. It’s shown that the GPU kernels have perfect scaling
properties for number of GPUs less than 720. Beyond this number, the workload on each
GPU is too small and the threads in GPUs are not utilized completely.
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We also compared the efficiency of our code with that of the-state-of-the-art codes in
literature for TDHF calculations [38, 178], see Table C.2. The TDHF Sky3D code [38]
evolves at most ~ 1,000 PDEs for the collision of two heavy-ions treating pairing correlations
within the BCS approximation. The wall-time using a number of CPUs equal to the number
of GPUs in our approach is almost 100x longer for similarly sized problems. We attribute the
superior performance of the TDSLDA solver to the use of a more efficient while very accurate
time-integration algorithm, as well as to the use of GPUs. The use of highly efficient and
precise FFT for the computation of spatial derivatives could also be a factor. Since in our
calculations we have to manipulate large amounts of data, we have taken advantage of fast

I/O methods and fast algorithms to exchange data between computing nodes.

Code CUs Computer | PDEs | Lattice | Cost (sec.)
TDSLDA-simp | 2 Titan | 684 | 202 x 60 | 7.55 x 108
Sky3D [3] 128 Titan | 1,024 | 182 x 30 | 3.86 x 10~
U&S [178] 16 | Linux cluster 714 | 402 x 70 | 8.72 x 107

Table C.2: Comparison between different existing codes for performing TDDFT calculations on a variety of
architectures. The TDSLDA code demonstrates an almost perfect strong scaling on Piz Daint (Lugano) and
Summit (Oak Ridge), where further significant optimizations are likely. TDSLDA-opt is an optimized version
of our GPU code which reduces the number of calls of CPU-based routines. TDSLDA-simp is a simplified
and un-optimized version of our GPU code, performing the same type of calculations as codes [38, 178] used

in literature for TDHF+TDBCS simulations.
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