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Instrumental variable (IV) analysis is a crucial tool in estimating causal relationships that

addresses the issue of confounding variables that may lead to bias. Under certain IV as-

sumptions, the causal effect may be partially identified. The binary IV model has been well

studied in economics, statistics, and epidemiology, while IV models for general categorical

exposure and outcome are less explored. This dissertation studies several aspects of the

instrumental variable model with categorical instrument, exposure, and outcome including

giving a characterization of the model (Chapters 2, 3 and 5), methods for statistical in-

ference (Chapter 4), and a study of the variation independence properties of the marginal

counterfactual distributions (Chapter 6).

In Chapter 2, we first give a simple closed-form characterization of the set of joint distri-

butions of the potential outcomes compatible with a given observed probability distribution

via a set of inequalities. In Chapter 3, we further derive conditions for the inequalities in

Chapter 2 to be non-redundant and construct the minimal set. To handle sampling vari-

ability, we provide an algorithm in Chapter 4 to construct confidence regions for any convex

functional of the joint counterfactual distribution, such as the average causal effect (ATE),



using a finite-sample tail bound for the KL-divergence due to Guo and Richardson [2021].

We also illustrate our methods in Chapters 2 and 4 using data from the Minneapolis Do-

mestic Violence Experiment. In Chapter 5, we study falsification tests for the categorical IV

model through simulations. We explore the variation dependence property of the marginal

counterfactual distributions and discuss its practical implications in Chapter 6. We conclude

with a discussion and directions for future work in Chapter 7.
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Chapter 1

INTRODUCTION

Instrumental variable (IV) analysis is a crucial tool in estimating causal relationships

by addressing the issue of unmeasured confounders that may bias the results. There are

several questions that researchers are naturally interested in when given data that is suit-

able for an IV analysis, such as randomized controlled trials (RCTs) with non-compliance,

encouragement design experiments, Mendelian Randomization studies, etc. Is my data ac-

tually compatible with an IV model? What do I know about the average treatment effect

(ATE) from my data? Can I make a statistical inference on the ATE? What is the best

way to analyze my data? These questions are well-studied when the instrument, exposure,

and outcome are all binary, i.e. the binary IV model, across the economics, statistics, and

epidemiology literature. However, it lacks a systematic and general exploration when the

instrument, exposure, and outcome are categorical.

In this dissertation, we examine several aspects of the instrumental variable model with

categorical instrument, exposure, and outcome, including characterization of the IV model

and partial identification in Chapters 2 and 3, statistical inference on partial identification

bounds in Chapter 4, falsification of the IV model in Chapter 5, and variation independence

property of the marginal counterfactual distribution in Chapter 6. We argue that our work

contributes to the IV literature in the following aspects.

Firstly, we give a simple closed-form characterization of the joint counterfactual proba-

bility distribution with categorical instrument, exposure, and outcome. The characterization

consists of necessary and sufficient inequalities relating the joint counterfactual probabilities

to the observed probabilities. Since our inequalities are necessary and sufficient, they can

be used simultaneously to perform falsification tests of the categorical IV model and to give
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partial identification bounds on the ATE.

Secondly, we derive the smallest set of inequalities needed for characterization and partial

identification, which corresponds to the facets of the polytope defining the joint counterfac-

tual probability distribution. This significantly improves the computational feasibility of our

results.

Thirdly, we aim to develop our results such that they hold under various versions of

the assumptions for the IV model that appear in the previous literature. This is especially

crucial since the assumptions for IV models are not individually testable.

Lastly, we provide an algorithm to construct confidence regions for any convex functional

of the joint counterfactual distribution, using a finite-sample tail bound for the KL-divergence

due to Guo and Richardson [2021]. We also discuss the variation independence property for

the marginal distribution, which offers a crucial practical guideline on how researchers should

obtain partial identification bounds on the ATE.

To the best of our knowledge, this is the first work that studies all aspects above as a

whole.

1.1 Motivating Example: the Minneapolis Domestic Violence Experiment

We consider the Minneapolis domestic violence experiment in Sherman and Berk [1984] in

which the Minneapolis Police Department and the Police Foundation conducted an experi-

ment from early 1981 to mid-1982 testing police responses to domestic violence and suspect’s

re-offence status. When the police officers responded to a domestic violence case, they were

randomly recommended that the suspects would be arrested, sent from the scene of the as-

sault for eight hours, or given some form of advice, determined by a lottery selection. In

the experiment, the responses were named as arrest, send, and advice, while we will name

them as arrest, separate, and advice to be consistent with Sherman and Berk [1984] and

Angrist [2006]. The study followed up all cases after a 6-month period to see the suspects’

re-offense status, which is our primary outcome of interest in this study, through self-reports

and the police database. There were a total of 314 cases in the experiment with 92 randomly
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assigned to arrest, 108 to advise, and 114 to separate.

Non-compliance is one of the common issues in randomized controlled trials (RCTs),

where participants may not adhere to their assigned treatment. Intention-to-treat (ITT)

analysis is typically conducted, which includes all participants as originally assigned, regard-

less of whether they completed the treatment according to the protocol. Such an analysis

preserves the benefits of randomization and provides an unbiased estimate of the effect of

treatment assignment. However, per protocol (PP) analysis, which considers only those par-

ticipants who fully adhered to the treatment assignment protocol, can also be of interest as it

can offer insights into the treatment’s efficacy under ideal conditions. Nonetheless, PP anal-

ysis is more challenging to interpret due to potential biases introduced by non-compliance.

Instrumental variable analysis is one of the tools that can be used to address the issue of

non-compliance and estimate the true efficacy of the treatment with the random assignment

being the instrumental variable Z and the actual treatment taken by the participants as the

exposure X. In the Minneapolis domestic violence experiment, police officers could deliver

a different response than what they were randomly assigned to, resulting in non-compliance

in the experiment.

The Minneapolis domestic violence data is shown below in Table 1.1. We use Z to denote

the random assignment to Arrest (Z = Arr), Advice (Z = Adv), and Separate (Z = Sep).

We use X to denote the actual response taken by the police officers reflecting the differential

response recommendation acceptance of Arrest (X = Arr), Advice (X = Adv), and Separate

(X = Sep). We use Y = 2 to denote the repeated violence of the suspect within the 6-month

follow-up period.

Consider the hypothetical (and hopefully not real!) situation in which the researchers

are interested in estimating the average causal effect of the two coddled responses, namely

Advice vs. Separate, and thought Arrest was not their question of interest. In addition,

they thought that problems with binary treatment and outcome were well-studied and easy

to analyze. Therefore, they threw away all data related to either being randomly assigned

to the Arrest arm or taking the Arrest response (i.e. the first two columns and the first row
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in Table 1.1) as shown in Table 1.2 and proceeded with using the well-known Balke-Pearl

bounds.

Table 1.2: Reduced Minneapolis Domestic Violence Experiment

X=Adv, Y=1 X=Adv, Y=2 X=Sep, Y=1 X=Sep, Y=2
Z=Adv 69 15 3 3
Z=Sep 4 1 62 20

This approach is quite problematic. Swanson et al. [2015] showed that performing an IV

analysis only using a subset of people who are assigned to their treatments of interest and

ignoring other possible assignment options may lead to biased results. Conceptually, this is

wrong because we are throwing out a subpopulation of people with a certain combination of

treatment assignment and treatment taken so that the estimand is changed and restricted

to the average treatment effect for the remaining population. In our case, deleting data on

treatment group X = Arr and instrument arm Z = Arr means we ignore police officers who

would choose the Arrest response even if they were assigned to the Advice response or the

Separate response. This is no longer a proper causal estimand since it is defined based on

the treatment taken of interest.

Other approaches include combining the treatment groups such that it is binary. For

example, Angrist [2006] combined the Advice and Separate into ‘Coddled’ and performed an

analysis comparing Arrest vs. Coddled treatments. However, there is a lack of methods that

directly estimate pairwise average treatment effects without any manipulation of the data

when the exposure, outcome, or instrument takes multiple levels. This dissertation provides

a framework to achieve such estimation.

1.2 Notation

Throughout this dissertation, we use X to denote the treatment/exposure, Y to denote the

outcome, and Z to denote the instrument with |X| = K, |Y | = M , and |Z| = Q.
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1.3 Organization

The rest of this dissertation is organized as follows. In chapter 2, we provide a set of

necessary and sufficient inequalities that characterize the joint counterfactual probability

distribution under the categorical IV model. In Chapter 3, we give conditions to identify the

redundant inequalities in the characterization set introduced in Chapter 2, such that we can

obtain inequalities that correspond to the facets of the polytope for the joint-counterfactual

probability distribution. We also compare our results to Russell [2021]. In Chapter 4, we

provide an algorithm to obtain confidence regions on partial identification bounds for any

convex functionals of the joint counterfactual probability distribution. We implement our

methods in the Minneapolis Domestic Violence Experiment data. We study the falsification

test and volumes of the IV model when the instrument and exposure take different levels in

Chapter 5. In Chapter 6, we explore the variation independence property of the marginal

counterfactual probability when the instrument, exposure, and outcome take different levels.
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Chapter 2

A CHARACTERIZATION OF THE IV MODEL WITH
CATEGORICAL INSTRUMENT, EXPOSURE, AND

OUTCOME

2.1 Introduction

This chapter studies the characterization of the IV model and partial identification using

instrumental variable models when the instrument, treatment, and outcome are categorical.

Let X and Y denote the exposure and outcome of interest respectively. Generally speaking, a

variable Z is a valid instrumental variable if certain versions of the following two assumptions

hold: (1) an independence condition (or also known as exchangeability condition in the

literature): Z is independent of any unmeasured confounder, U , of the exposure-outcome

relationship; (2) an exclusion restriction: there is no direct effect of Z on the outcome

Y that is not completely through the exposure of interest X. Both of these assumptions

are individually untestable. A third relevance assumption is also often referred to in the

literature, which states that Z is associated with the exposure X. However, it only comes

into play with whether the bound derived is informative and is not useful for other aspects of

partial identification. In this work, we will not invoke any monotonicity assumption, which

would permit point identification of the effect among the ‘compliers’ [Imbens and Angrist,

1994, Angrist and Imbens, 1995, Angrist et al., 1996]. A directed acyclic graph (DAG)

representing the assumptions on instrumental variables is shown in Figure 2.1.

Instrumental models with instrument, exposure, and outcome all being binary have been

well-studied across the economics, statistics, and epidemiology literature. Robins et al.

[1989], Manski [1990], Balke and Pearl [1997], and Richardson and Robins [2014] derived

sharp lower and upper bounds on the average treatment effect (ATE) under different versions
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Figure 2.1: Directed acyclic graph (DAG) representing the assumptions of a valid instru-
mental variable

of the independence and exclusion restriction conditions. Swanson et al. [2018] provided a

comprehensive discussion of the underlying assumptions and results of those methods. How-

ever, IV models beyond binary instrument, exposure, and outcome are less investigated.

Below, we discuss a few works that explored partial identification or falsification tests be-

yond binary IV models. Bonet [2001] used an optimization program to check that the IV

inequalities proposed by Pearl [1995] are necessary but not sufficient in general. In particular,

Pearl’s IV inequalities are sufficient when the instrument, exposure, and outcome are all bi-

nary but not when the instrument takes 3 levels while the exposure and outcome are binary.

Richardson and Robins [2014] derived necessary and sufficient bounds on the ATE when the

instrument is discrete and takes finite states with binary exposure and outcome. Kédagni

and Mourifié [2020] proposed a generalized set of IV inequalities for the joint independence

assumption (which will be precisely defined later) and exclusion restriction, and showed they

are necessary and sufficient for an observed distribution to be compatible with the IV model

with binary outcome. Cheng and Small [2006] derived sharp bounds for causal effects within

principal strata in a three-arm trial under the assumption of the monotonicity of compliance.

Beresteanu et al. [2012] gave a characterization of a joint potential outcome distribution using

random set theory under the joint independence assumption while allowing the outcome to

be continuous. However, the practical implementation of random set theory without closed-
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form expressions may limit its applicability, and it may require substantial computational

resources. Hence, a crucial gap in the literature is a simple closed-form characterization of

the IV model beyond binary instrument, exposure, and outcome.

To the best of our knowledge, our work is the first to provide a simple closed-form charac-

terization of the joint counterfactual probability distribution while allowing the instrument,

exposure, and outcome to be all discrete, taking finitely many states. The bounds we derived

are necessary and sufficient, and they hold under various versions of the independence and

exclusion restriction assumptions that have been discussed in the literature. We argue that

these results offer valuable insights into the understanding of the fundamentals of IV models

and aid the computational development of causal inference.

2.2 Assumptions and Previous Results

2.2.1 Assumptions

Let Z be an instrument variable with Q states, X be an exposure (or treatment) with K

states, and Y be an outcome with M states. All of the models that we consider will assume

the existence of potential outcomes Y (x = i, z = q) for i ∈ {1, . . . , K}, q ∈ {1, . . . , Q},

corresponding to the value of Y for a subject who (possibly counter-to-fact) receives Z = j

and X = i. In addition, some of the models assume the existence of potential outcomes

X(z = q), giving the value of the exposure X that a subject receives when Z = q. We will

often use the shorthand notation Y (xi, zq) ≡ Y (x = i, z = q) and X(z = q) ≡ X(zq).

The observed data and potential outcomes are related via the usual consistency relation:

Y = Y (X,Z); for models with X(z) potential outcomes, we also have X = X(Z). We also

define Y (x) = Y (x, Z) to be the potential outcome for Y arising from an intervention on X

alone.

We will also consider a latent variable model, which posits the existence of an unmeasured

variable U (with unknown state-space) that represents all variables giving rise to confounding

between X and Y .
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The instrumental variable model is based on an Exclusion assumption and an Indepen-

dence assumption. Different forms of these have been considered in the literature:

Assumption 1 (Versions of Exclusion assumption).

(A1-1) Individual-level Exclusion Restriction:

Y (xi, z) = Y (xi, z̃) for all z, z̃ ∈ {1, . . . , Q}, i ∈ {1, . . . , K}, and q ∈ {1, . . . , Q}.

(2.1)

(A1-2) Joint Stochastic Exclusion:

P (Y (x1, z) = y1, . . . Y (xK , z) = yK) = P (Y (x1, z̃) = y1, . . . Y (xK , z̃) = yK)

(2.2)

for all z, z̃ ∈ {1, . . . , Q}, and y1, . . . , yK ∈ {1, . . . ,M}.

(A1-3) Latent Exclusion:

P (Y (x, z) = y | U = u) = P (Y (x, z̃) = y | U = u) (2.3)

for all z, z̃ ∈ {1, . . . , Q}, x ∈ {1, . . . , K} and y ∈ {1, . . . ,M} and latent states

u.

The strongest version (A1-1) requires that there be no direct effect of Z on Y relative to

X at the individual level. The weaker versions (A1-2) and (A1-3) restrict the effect of Z on

Y relative to X at the population level. Specifically, version (A1-3) means that the direct

effect of Z on Y holding X and a latent variable U fixed are zero at the population level.

Hirano et al. [2000] considered (A1-2), the joint stochastic exclusion, in their paper.

Different versions of the independence assumptions have also been considered in different

methods and areas (see Swanson et al. [2018] for a review).

Assumption 2 (Versions of Independence assumption).
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(A2-1) Random assignment:

Z ⊥⊥ {Y (x, z), X(z), for all x ∈ {1, . . . , K}, z ∈ {1, . . . , Q}}. (2.4)

(A2-2) Joint independence:

Z ⊥⊥ {Y (x, z) for all x ∈ {1, . . . , K}, z ∈ {1, . . . , Q}} (2.5)

(A2-3) Single-world independence: for z ∈ {1, . . . , Q}, x ∈ {1, . . . , K},

Z ⊥⊥ {X(z), Y (x, z)}. (2.6)

(A2-4) Latent-variable exogeneity: there exists U such that U ⊥⊥ Z, and

Y (x, z) ⊥⊥ (X,Z) | U, (2.7)

for z ∈ {1, . . . , Q}, x ∈ {1, . . . , K}.

DAGs and Single-World Intervention Graphs (SWIGs) for the independence assumptions

listed above can be found in Richardson and Robins [2014]. The Balke-Pearl bounds were

derived under (A2-1) but are shown to also hold under (A2-2), (A2-3), and (A2-4) [Richard-

son and Robins, 2014]. Kitagawa [2021] analyzed the IV model under (A2-2). Some works

formulated the IV model with the presence of an unmeasured confounder U between X and

Y as defined in (A2-4) including Dawid [2003]. Richardson and Robins [2014] developed a

sharp characterization of the joint counterfactual probability distribution P (Y (x1), P (Y (x2))

given an observed conditional probability P (X, Y | Z), which hold under any of the indepen-

dence conditions (A2-1)–(A2-4). We consider five models M1, . . . ,M5 in this paper given

the versions of the exclusion and independence assumption as shown in Table 2.1. We state

the relationship among the models, M1, . . . ,M5, in Figure 2.2 and in the Lemma below.
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Table 2.1: Instrumental variable models considered in this paper

Model Name Exclusion Independence
Randomization M1 Individual-level Random assignment

Joint Ind. & Indiv. Excl. M2 Individual-level Joint independence
Joint Ind. & Stoch. Excl. M3 Joint stochastic exclusion Joint independence

SWIG M4 Individual-level Single-world independence
Latent Model M5 Latent Exclusion Latent-variable exogeneity

M1

M2

M3

M4

M5

⊇ ⊆

⊇ ⊆

Figure 2.2: Nested structure between models M1–M5

Lemma 1. We have M1 ⊆ M2 ⊆ M3, M1 ⊆ M4, M1 ⊆ M5, and M2 ⊆ M5; See Figure

2.2.

2.2.2 Results from Richardson and Robins [2014]

In this subsection, we review the special case in Richardson and Robins [2014] in which there

is a binary exposure X, a binary outcome Y , and a categorical instrument Z that takes Q

states.

Theorem 1 (Richardson and Robins [2014]). Consider a categorical IV model with K =

M = 2 and Q ≥ 2. Under M1,M2,M4 and M5, the joint distribution P (Y (x1), Y (x2)) is

characterized by the following 8Q inequalities:

P (Y (xi) = y) ≤ P (X = i, Y = y | Z = z) + P (X = 3− i | Z = z), (2.8)

P
(
Y (x1) = y1, Y (x2) = y2

)
≤ P

(
X = 1, Y = y1

∣∣Z = z
)
+ P

(
X = 2, Y = y2

∣∣Z = z
)
,

(2.9)



13

with y, i, y1, y2 ∈ {1, 2} and z ∈ {1, . . . , Q}.

Given each Z = z, since y, i, y1, y2 ∈ {1, 2}, we have 4 inequalities in the form of (2.8) and

(2.9) each, and thus in total 8Q inequalities. The 8Q inequalities are sufficient and necessary.

This result can be shown as a special case of Theorem 2 presented in the next section. In this

chapter, we aim to generalize these inequalities to achieve a sharp characterization of a joint

counterfactual probability distribution P (Y (x1), . . . , Y (xK)) given an observed conditional

probability distribution P (X, Y | Z) while allowing X, Y, Z to be generically categorical.

2.3 Main Results

We give a characterization of the joint counterfactual distribution for the potential outcomes

of Y :

Theorem 2. Under each of the models M1,. . . ,M5, the relationship between the observed

distribution P (X, Y |Z) and the joint counterfactual probability distribution P ′(Y (x1), . . . , Y (xK))

is characterized by the following set of inequalities:

P ′ (Y (x1) ∈ V(1), . . . , Y (xK) ∈ V(K)
)

≤
K∑
i=1

P
(
X= i, Y ∈ V(i)

∣∣Z=z
)
, (2.10)

where z ∈ {1, . . . , Q}, V(1), . . . ,V(K) are non-empty subsets of {1, . . . ,M} and for at least

one k, V(k) is a strict subset of {1, . . . ,M}.

There are Q((2M − 1)K − 1) inequalities in this set: here 2M − 1 counts the non-empty

subsets of {1, . . . ,M}; the second ‘−1’ arises from the requirement that at least one V(k)

be a strict subset (otherwise the inequality becomes trivial, since both sides are 1). We

further note that the left- and right-hand side of all bounds in the form of (2.10) are linear

summations of P ′(Y (x1) = y1, . . . , Y (xK) = yK) and P (Y = y,X = x | Z = z), which makes

the practical implementation of our bounds efficient.

The inequalities (2.10) are necessary in that they are implied by each of the mod-

els M1, . . . , M5. They are also jointly sufficient: given a counterfactual distribution
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P ′(Y (x1), . . . , Y (xK)) and an observed distribution P (X, Y |Z) obeying (2.10), there exists

a joint distribution P ′′(Z,X, Y (x1), . . . , Y (xK)) that has margins P ′ and P and is compatible

with each of the models M1, . . . , M5.

Remark 1. For a given observed distribution P (X, Y |Z), since the inequalities (2.10) are

necessary, if the intersection of the corresponding half-spaces is empty, then the categorical

IV model is falsified.

The proof of sufficiency here uses Strassen’s Theorem. Note however, that in this setting

a direct application of Strassen’s Theorem results in the following larger set of inequalities:

P ′
(
(Y (x1), . . . , Y (xK)) ∈ Ṽ

)
≤

K∑
i=1

P
(
X = i, Y ∈ Ṽ(i)

∣∣∣Z = z
)

(2.11)

where Ṽ ⊊ {1, . . . ,M}K and Ṽ(i) is the set of values v∗ such that for some ṽ ∈ Ṽ , v∗ = (ṽ)i,

the i-th entry in the vector ṽ. There are Q(2M
K −1) inequalities of the form (2.11). However,

since Ṽ ⊆ Ṽ(1) × · · · × Ṽ(K),

P ′
(
(Y (x1), . . . , Y (xK)) ∈ Ṽ

)
≤ P ′

(
Y (x1) ∈ Ṽ(1), . . . , Y (xK) ∈ Ṽ(K)

)
,

so every inequality in (2.11) is implied by an inequality of the form (2.10).

In fact, we will show in Theorem 4 in Chapter 3 that when Y has more than two states,

so M > 2, there is still some redundancy in the set (2.10).

Corollary 1. Let {i(1), . . . , i(k)} ⊆ {1, . . . , K} and (j(1), . . . , j(k)) be a sequence of (not nec-

essarily distinct) indices from {1, . . . ,M}. Bounds on the marginalized counterfactual prob-
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abilities are given as:

P ′(Y (xi) = j) ≤ 1− P (X = i, Y ̸= j | Z = z), (2.12)

P ′ (Y (xi) = j, Y (xi′) = j′
)
≤ 1− P (X = i, Y ̸= j | Z = z)− P

(
X = i′, Y ̸= j′

∣∣Z = z
)
,

...
...

P ′
(
Y (xi(1)) = j(1), . . . , Y (xi(k)) = j(k)

)
≤ 1− P

(
X = i(1), Y ̸= j(1)

∣∣Z = z
)
− . . .−

P
(
X = i(k), Y ̸= j(k)

∣∣Z = z
)
.

In the special case of M = 2 (Y is binary), this is the same set of inequalities as in (2.10).

However, this is generally a subset of inequalities given by (2.10).

Example 1. Suppose K = 2, M = 3, and V(1)
1 = {1, 2, 3} and V(2)

1 = {1, 2}. We also have

V1 = V(1)
1 ×V(2)

1 = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 1), (3, 2)}. By Theorem 2, the left-hand side

of the bound in the form of (2.10) is

P ′(Y (x1) ∈ V(1), Y (x2) ∈ V(2))

= P ′(Y (x1) = 1, Y (x2) = 1) + P ′(Y (x1) = 2, Y (x2) = 1) + P ′(Y (x1) = 3, Y (x2) = 1)

+ P ′(Y (x1) = 1, Y (x2) = 2) + P ′(Y (x1) = 2, Y (x2) = 2) + P ′(Y (x1) = 3, Y (x2) = 2)

= P ′(Y (x2) = 1) + P ′(Y (x2) = 2)

= P ′(Y (x2) ̸= 3).

The right-hand side of the inequality given an instrument arm Z = z is

K∑
i=1

P
(
X = i, Y ∈ V(i)

∣∣Z = z
)

= P (X = 1, Y = 1 | Z = z) + P (X = 1, Y = 2 | Z = z) + P (X = 1, Y = 3 | Z = z)

+ P (X = 2, Y = 1 | Z = z) + P (X = 2, Y = 2 | Z = z)

= 1− P (X = 2, Y = 3 | Z = z).
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Together, we have

P ′(Y (x2) ̸= 3) ≤ 1− P (X = 2, Y = 3 | Z = z). (2.13)

Similarly, suppose V(1)
2 = {1, 2, 3} and V(2)

2 = {2, 3}. We have V2 = V(1)
2 × V(2)

2 =

{(1, 2), (2, 2), (3, 2), (1, 3), (2, 3), (3, 3)}. Then we have an inequality

P ′(Y (x2) ̸= 1) ≤ 1− P (X = 2, Y = 1 | Z = z). (2.14)

We want to point out that even though we focused on the setting of instrumental variable

analysis and presented our results under IV models, our results still hold under an observa-

tional model without any IV. Specifically, we can think of the observational model as an “IV

model” with only 1 Z-arm (Q = 1). All of our results above still hold with Q = 1.

2.3.1 Strassen’s Theorem and applications

Strassen’s theorem [Strassen, 1965, Friedland et al., 2019] is a fundamental result in prob-

ability theory. While the full technical statement of the theorem can be quite complex,

involving detailed mathematical notations and conditions, it essentially provides necessary

and sufficient conditions on the existence of a probability measure with a given support and

marginal. Koperberg [Koperberg, 2024] stated a simplified version of Strassen’s theorem for

finite sets. We restate their results below.

Definition 1 (Neighbors). Let A and B be sets and R ⊆ A× B a relation. Then for each

U ⊆ A, the set of neighbors of U in R is denoted by

NR(U) = {v ∈ B : (U × {v}) ∩R ≠ ∅}.

Definition 2 (Coupling). Let A and B be finite sets, PA and PB probability measures on A
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and B respectively. Then a coupling of PA and PB is a probability measure P̂ on A×B, such

that the marginal distributions of P̂ correspond to PA and PB.

Theorem 3 (Strassen’s theorem for finite sets [Koperberg, 2024]). Let A and B be finite

sets, PA and PB probability measures on A and B respectively and R ⊆ A × B a relation.

Then, there exists a coupling P̂ of PA and PB that satisfies P̂ (R) = 1 if and only if

PA(U) ≤ PB(NR(U)), for all U ⊆ A.

Remark 2. It is easy to show that the set of inequalities PA(U) ≤ PB(NR(U)), for all U ⊆

A is the same as the set of inequalities PB(U
′) ≤ PA(NR(U

′)), for all U ′ ⊆ B, since the

probabilities assigned to the outcomes in A and B both sum to 1. Consequently, we have, for

a given U ⊆ A, PA(U) ≤ PB(NR(U)) is the same as PB(NR(U)) ≤ PA(U) where NR(U) ⊆

B. Hence, even though Theorem 2 is formulated as upper-bounding the joint counterfactual

probabilities using conditional observed probabilities, the set of inequalities actually includes

both the upper and the lower bound for a given joint counterfactual probability on the left-hand

side of (2.10).

The next proof uses a simple form of Strassen’s theorem for variables taking finitely many

values Koperberg [2024]. We first introduce some notation.

For a fixed z, we use Az to denote the set of mutually exclusive events

Az = {(X(z) = i, Y (xi) = y) : i ∈ {1, . . . , K}, y ∈ {1, . . . ,M}},

Note that which Y potential outcome is present in each event in Az depends on the value

taken by X(z). Under the the individual level exclusion assumption and consistency when

Z = z we have the following equivalence:

(X(z) = i, Y (xi) = y) ⇔ (X = i, Y = y).
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Consequently, given Z = z, there is a one to one correspondence between observed val-

ues for (X, Y ) and the events in Az. Furthermore, under M1 the observed distribution

P (X, Y |Z = z) induces a distribution on the events in Az; we will use P̃z to denote this

induced distribution on the events in Az. Note that this is not a joint distribution on the

variables (X(z), Y (x1), . . . , Y (xK)), rather it is a distribution on the set of mutually exclusive

events Az that are defined in terms of these variables.

We use B to denote the space of potential outcomes (Y (x1), . . . , Y (xK)) and we have

B ≡ {1, . . . ,M}K .

Subsets of B describe events of potential outcomes. For example, when K = 3, we use

{(1, 1, 1)} ⊂ B to denote the event {(Y (x1) = 1, Y (x2) = 1, Y (x3) = 1)}. It is obvious that

|Az| = MK and |B| = MK .

Given an instrument arm Z = z, events inAz are in the form of (X(z) = x, Y (x) = y) and

events in B are the form of
(
Y (x1) = y1, . . . , Y (xK) = yK

)
. Given two outcomes w ∈ Az

and v ∈ B, we will say that w and v are coherent if and only if they assign the same

values to any variables that are in common. In other words, they are pairs of (observed

event, counterfactual event) where consistency is not violated. Thus for example, (X(z) =

1, Y (x1) = 1) and (Y (x1) = 1, Y (x2) = 1) are coherent, but (X(z) = 1, Y (x1) = 1) and

(Y (x1) = 2, Y (x2) = 1) are not.

Let

C ≡ {(w,v) | w ∈ Az,v ∈ B,w and v are coherent} ⊆ Az × B.

We may also view C as specifying a set of edges in a bi-partite graph; see Figure 2.3 for

binary exposure and outcome. Notice that if (w,v) ∈ C, then the conjunction of w and v

corresponds to an assignment to all three variables (X(z), Y (x1), Y (x2)) given Z = z; see

Figure 2.4.

The bipartite graph G = (Az,B,C) illustrating pairs of (w,v) ∈ Az×B that are coherent

like Figure 2.3, which is on a special case of binary X and Y , can be easily generalized.
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(X(z)=1, Y (x1)=1)

(X(z)=1, Y (x1)=2)

(X(z)=2, Y (x2)=1)

(X(z)=2, Y (x2)=2)

(Y (x1)=1, Y (x2)=1)

(Y (x1)=1, Y (x2)=2)

(Y (x1)=2, Y (x2)=1)

(Y (x1)=2, Y (x2)=2)

Az B

Figure 2.3: Illustration of pairs (a, b) ∈ Az × B that are coherent conditional on a given
instrument arm Z = z. Each edge corresponds to a coherent pair.

P (Y (x1)=1, Y (x2)=1, X(z)=1 | Z = z)

P (Y (x1)=1, Y (x2)=2, X(z)=1 | Z = z)

P (Y (x1)=2, Y (x2)=1, X(z)=1 | Z = z)

P (Y (x1)=2, Y (x2)=2, X(z)=1 | Z = z)

P (Y (x1)=1, Y (x2)=1, X(z)=2 | Z = z)

P (Y (x1)=1, Y (x2)=2, X(z)=2 | Z = z)

P (Y (x1)=2, Y (x2)=1, X(z)=2 | Z = z)

P (Y (x1)=2, Y (x2)=2, X(z)=2 | Z = z)

Figure 2.4: A graph in which points in C are depicted as blue points; Az corresponds to the
set of green edges, while B corresponds to the red edges.

Neighbors are connected by blue lines given coherence. For example, the events (Y (x1) =

1, Y (x2) = 1), (Y (x1) = 1, Y (x2) = 2) ∈ B are both neighbors of (X(z) = 1, Y (x1) = 1) ∈ Az.

Each of the MK events in Az is connected to MK−1 events/neighbors in B, while each of

the MK events in B is connected to K events/neighbors in Az. The total number of edges

in G is KMK . Note that the neighborhood of any event V ⊆ B, NC(V), contains at least one

of the K observed events for each level of X in Az.

Now we show how using Strassen’s theorem can re-establish a key part of the proof in
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Richardson and Robins [2024] for binary X and Y . Specifically, it can be used to show the

bounds, in the form of (2.8) and (2.9) are sufficient in relating the observed distribution

P (X, Y |Z = z) and the potential outcome distribution P (Y (x0), Y (x1)) when X and Y are

binary taking states {1, 2}. Again, we let P̃z be a probability measure on Az, and P ′ be a

probability measure on B. We have P̃z specifies a distribution over the following four events

in Az.

Az ≡ {(X(z) = 1, Y (x1) = 1), (X(z) = 1, Y (x1) = 2),

(X(z) = 2, Y (x2) = 1), (X(z) = 2, Y (x2) = 2)} .

Note that though the outcomes in Az do not form a product space, the probabilities

assigned to these outcomes by P sum to 1 since:

P̃z(X(z) = 1, Y (x1) = 1) + P̃z(X(z) = 1, Y (x1) = 2) = P̃z(X(z) = 1),

P̃z(X(z) = 2, Y (x2) = 1) + P̃z(X(Z) = 2, Y (x2) = 2) = P̃z(X(z) = 2).

This is to be expected since, via consistency, the four outcomes in Az correspond to observing

{(X = 1, Y = 1), (X = 1, Y = 2), (X = 2, Y = 1), (X = 2, Y = 2)},

in instrument arm Z = z.

At the same time P ′ specifies a distribution over the following four events:

B ≡ {(Y (x1) = 1, Y (x2) = 1), (Y (x1) = 1, Y (x2) = 2),

(Y (x1) = 2, Y (x2) = 1, (Y (x1) = 2, Y (x2) = 2)} .

Strassen’s theorem can thus be used to address the question of whether for a fixed Z = z,

P̃z and P ′ are compatible in that there exists a single joint distribution of {X(z), Y (x1), Y (x2)}

that agrees with the distributions on Az and B implied by P̃z and P ′. Given the simple char-
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acterization given by Koperberg, the necessary and sufficient condition is that:

P ′(V) ≤ P̃z(NC(V)), for all V ⊆ B, (2.15)

where NC(V) ≡ {w | for some v ∈ V , (w,v) ∈ C}, is the set of outcomes in Az that are

neighbors of at least one outcome in V under C. Observe that

P (X = i, Y = y | Z = z)

= P (X(z) = i, Y (xi, z) = y | Z = z) by consistency

= P̃z(X(z) = i, Y (xi) = y), by assumption A2-1 (2.16)

where the last event is in Az. The first equality is by consistency; and the second equality is

by assumption and A2-1; and the last equality is by summing over Y (x3−i). Consequently,

the compatibility question addressed by Strassen’s theorem regarding Az and B is equivalent

to the question of whether assuming A2-1, for a fixed Z = z, the observed distribution

P (X, Y | Z = z) is compatible with a given distribution P ′(Y (x1), Y (x2)).

Finally, we will show in Section 2.4.3 in Lemma 4 that if for all z, P ′(Y (x1), Y (x2))

is compatible with P̃z(X(z) = i, Y (xi) = y), then there exists a single joint distribution,

P̃z(X(z1), . . . , X(zQ), Y (x1), Y (x2)), that is compatible with the observed distributions in all

of the Z arms and P ′(Y (x1), Y (x2)).

We now derive bounds in the form of (2.15) by Strassen’s theorem which gives us sufficient

conditions for the existence of a single joint distribution of {X(z), Y (x1), Y (x2)} that satisfies

assumptions A1 and A2-1, and agrees with P̃z on set Az and P ′ on set B.

Considering sets V of cardinality 1 leads to the inequalities:

P ′ (Y (x1) = y1, Y (x2) = y2
)

≤ P̃z

(
X(z) = 1, Y (x1) = y1

)
+ P̃z

(
X(z) = 2, Y (x2) = y2

)
.
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Applying (2.16) to the RHS we then obtain the inequality

P ′ (Y (x1) = y1, Y (x2) = y2
)

≤ P̃z

(
X = 1, Y = y1

∣∣Z = z
)
+ P̃z

(
X = 2, Y = y2

∣∣Z = z
)
. (2.17)

Given a set V of cardinality 2, the cardinality of NC(V) is 3 (respectively 4), depending

on whether or not the two outcomes do (respectively, do not) share an assignment to a

variable. If |NC(V)| = 4, then we obtain a trivial inequality. If |NC(V)| = 3, then we obtain

the following non-trivial inequality:

P ′(Y (xi) = y)

= P ′(Y (xi) = y, Y (x3−i) = 1) + P ′(Y (xi) = y, Y (x3−i) = 2)

≤ P̃z(X(z) = i, Y (xi) = y) + P̃z(X(z) = 3− i, Y (x3−i) = 1) + P̃z(X(z) = 3− i, Y (x3−i) = 2).

Applying (2.16) to the RHS, we get

P ′(Y (xi) = y)

≤ P (X = i, Y = y | Z = z) + P (X = 3− i, Y = 1 | Z = z) + P (X = 3− i, Y = 2 | Z = z)

= P (X = i, Y = y | Z = z) + P (X = 3− i | Z = z). (2.18)

Every set V of cardinality 3 (or 4) will lead to a trivial inequality since any set of three

outcomes in B will have |NC(V)| = 4, so P̃z(NC(V)) = 1.

The inequalities (2.17) and (2.18) are exactly (2.8) and (2.9) which define the polytope

for the binary potential outcome model in Richardson and Robins [2014].

2.4 Proofs

For simplicity of notation, we use P to denote all probability distributions in this section

except for in Lemma 4.
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2.4.1 Independence of Z from Y (x)

We formulated independence assumptions in terms of potential outcomes Y (x, z). Here we

show that, in conjunction with the appropriate exclusion restrictions, these imply indepen-

dence from Y (x).

Proposition 1. If Individual level exclusion holds, then:

• Random assignment (2.4) is equivalent to

Z ⊥⊥ {Y (x), X(z) for all x, z}. (2.19)

• Similarly, Single-world independence (2.6) implies that for all x, z:

Z ⊥⊥ {X(z), Y (x)}. (2.20)

Lemma 2. Joint Stochastic Exclusion (2.2) and Joint Independence (2.5) imply

Z ⊥⊥ Y (x1), . . . , Y (xK).

Proof.

P
(
Y (x1) = y1, . . . , Y (xK) = yK

∣∣Z = z
)

= P
(
Y (x1, z) = y1, . . . , Y (xK , z) = yK

∣∣Z = z
)

= P
(
Y (x1, z) = y1, . . . , Y (xK , z) = yK

)
= P

(
Y (x1, z̃) = y1, . . . , Y (xK , z̃) = yK

)
= P

(
Y (x1, z̃) = y1, . . . , Y (xK , z̃) = yK

∣∣Z = z̃
)

= P
(
Y (x1) = y1, . . . , Y (xK) = yK

∣∣Z = z̃
)
.
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Here the first and fifth equations are by consistency, the second and fourth follow from (2.5),

the third is Joint Stochastic Exclusion (2.2).

Lemma 3. Latent Stochastic Exclusion (2.3) and Latent Exogeneity (2.7) imply

Y (x) ⊥⊥ X,Z | U.

Proof.

P (Y (x) = y|X = x∗, Z = z∗, U = u)

= P (Y (x, z∗) = y | X = x∗, Z = z∗, U = u)

= P (Y (x, z∗) = y | U = u)

= P (Y (x, z∗∗) = y | U = u)

= P (Y (x, z∗∗) = y | X = x∗∗, Z = z∗∗, U = u)

= P (Y (x) = y | X = x∗∗, Z = z∗∗, U = u)

Here the first and fifth equations are by consistency, the second and fourth follow from (2.7),

the third is Latent Exclusion (2.3).

2.4.2 Proof of Lemma 1

Proof. Firstly, it is obvious to see that M1 is the smallest model since assumptions A1-1

and A2-1 are the strongest. Hence, we have M1 ⊆ Mi for i = 2, 3, 4, 5. Further, since

individual-level restriction implies joint stochastic exclusion, we have M2 ⊆ M3. Moreover,

by Proposition 1, Lemma 2 and 3 and Richardson and Robins [2024] (Lemma 1), we know

M2 ⊆ M5.
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2.4.3 Proof of Theorem 1

We use Mi to denote the possible joint distributions P (Z,X, Y (x1), . . . , Y (xK)) implied by

the exclusion assumption A1 and the independence assumption A2 as shown in Table 2.1.

Also, define

ϕ(Mi) : P (Z,X, Y (x1), . . . , Y (xK)) → (P (Y (x1), . . . , Y (xK)), P (X, Y | Z)),

which maps the joint distribution of Z,X and the potential outcomes of Y to the marginal

probabilities over the potential outcomes of Y and the observed distribution of X, Y given

Z. We use ϕ(Mi) to denote the image of ϕ of the joint distributions in Mi, i = 1, . . . , 5.

Let T denote the set of pairs of distributions (P (Y (x1), . . . , Y (xK)), P (X, Y | Z)) that obey

(2.10). We make the observation that Theorem 2 is equivalent to ϕ(Mi) = T , i = 1, . . . , 5.

To prove ϕ(Mi) = T ∀i = 1, . . . , 5, we prove the following: (i) ϕ(M3) ⊆ T , (ii)ϕ(M4) ⊆

T , (iii)ϕ(M5) ⊆ T , and (iv) T ⊆ ϕ(M1). Since we have M1 ⊆ M2 ⊆ M3, M1 ⊆ M5,

M1 ⊆ M4, and M2 ⊆ M5, this is sufficient.

Specifically, (i), (ii) and (iii) prove that the bounds described in equation (2) are necessary,

while (iv) shows they are sufficient.

(i) Proof of necessity for joint independence and joint stochastic exclusion model

Claim: ϕ(M3) ⊆ T .

K∑
i=1

P
(
X = i, Y ∈ V(i)

∣∣Z = z
)

=
K∑
i=1

P
(
X = i, Y (xi) ∈ V(i)

∣∣Z = z
)

≥
K∑
i=1

P
(
X = i, Y (x1) ∈ V(1), . . . , Y (xK) ∈ V(K)

∣∣Z = z
)

= P
(
Y (x1) ∈ V(1), . . . , Y (xK) ∈ V(K)

∣∣Z = z
)

= P
(
Y (x1) ∈ V(1), . . . , Y (xK) ∈ V(K)

)
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The first equality is by consistency; the second inequality follows by probability; the third

equality is by definition of marginalization; the fourth is by Proposition 2. 2

(ii) Proof of necessity for the SWIG model

Claim: ϕ(M4) ⊆ T .

K∑
i=1

P
(
X = i, Y ∈ V(i)

∣∣Z = z
)

=
K∑
i=1

P
(
X(z) = i, Y (x) ∈ V(i)

∣∣Z = z
)

=
K∑
i=1

P
(
X(z) = i, Y (xi) ∈ V(i)

)
≥

K∑
i=1

P
(
X(z) = i, Y (x1) ∈ V(1), . . . , Y (xi) ∈ V(i), . . . , Y (xK) ∈ V(K)

)
= P

(
Y (x1) ∈ V(1), . . . , Y (xi) ∈ V(i), . . . , Y (xK) ∈ V(K)

)
The first equality is by consistency; the second by Proposition 1; the third inequality follows

by probability; the fourth by marginalization over X(z) = i. 2

(iii) Proof of necessity for the latent model

Claim: ϕ(M5) ⊆ T .
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K∑
i=1

P
(
X = i, Y ∈ V(i)

∣∣Z = z
)

=
∑
u

(
K∑
i=1

P
(
X = i, Y ∈ V(i), U = u

∣∣Z = z
))

=
∑
u

((
K∑
i=1

P
(
Y (xi) ∈ V(i)

∣∣X = i, U = u, Z = z
)
· P (X = i|U = u, Z = z)

)

· P (U = u | Z = z)

)

=
∑
u

((
K∑
i=1

P
(
Y (xi) ∈ V(i)

∣∣U = u
)
· P (X = i | U = u, Z = z)

)
· P (U = u)

)

≥
∑
u

((
K∑
i=1

P
(
Y (x1) ∈ V(1), . . . , Y (xi) ∈ V(i), . . . , Y (xK) ∈ V(K)

∣∣U = u
)

· P (X = i | U = u, Z = z)

)
· P (U = u)

)

=
∑
u

(
P
(
Y (x1) ∈ V(1), . . . , Y (xK) ∈ V(K)

∣∣U = u
)
· P (U = u)

·

(
K∑
i=1

P (X = i | U = u, Z = z)

))
=
∑
u

(
P
(
Y (x1) ∈ V(1), . . . , Y (xK) ∈ V(K)

∣∣U = u
)
· P (U = u)

)
= P

(
Y (x1) ∈ V(1), . . . , Y (xK) ∈ V(K)

)
The first and second equations are by algebra and consistency; the third follows since

U ⊥⊥ Z and Y (xi) ⊥⊥ X,Z | U by Lemma 3; the fourth is a probability inequality; the last

three equalities are algebra.

2

(iv) Proof of sufficiency for the randomization model

Claim: T ⊆ ϕ(M1)
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We need to show that given a pair of distributions

P =
(
P̃ (Y (x1), . . . , Y (xK)), P̃ (X, Y | Z)

)
∈ T ,

then there exists a joint distribution P (Z,X(z1), . . . , X(zQ), Y (x1), Y (xK)) in M1 such that

ϕ(P (Z,X, Y (x1), . . . , Y (xK))) = P .

The proof strategy breaks this problem down by considering each Z arm in turn. Specifi-

cally, in Lemma 4 we show that if for each z, P (X, Y |Z = z) is compatible with P (Y (x1), . . . , Y (xK))

in that there exists a compatible joint distribution

P (X(z), Y (x1), . . . , Y (xK))

then there exists a single joint distribution P (Z,X(z1), X(zQ), Y (x1), . . . , Y (xK)) over all of

the X(z) and Y (x) potential outcomes and the observed distribution P (X, Y |Z).

We first state the following lemma.

Lemma 4. Given a set of Q distributions Pq(X(zq), Y (x1), . . . , Y (xK)), for q ∈ {1, . . . , Q}

that agree on the common marginals so that we have Pq(Y (x1), . . . Y (xK)) = Pq′(Y (x1), . . . Y (xK))

for all q, q′ ∈ {1, . . . , Q}, then there exists a single joint distribution:

P (X(z1), . . . , X(zQ), Y (x1), . . . , Y (xK))

that agrees with each of these Q marginals so that for all q,

Pq(X(zq), Y (x1), . . . , Y (xK)) = P (X(zq), Y (x1), . . . , Y (xK)).
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Proof. We may form a joint distribution

P ∗(X(z1), . . . , X(zQ), Y (x1), . . . , Y (xK)) =
ΠQ

q=1Pq(X(zq), Y (x1), . . . , Y (xK))

P1(Y (x1), . . . , Y (xK))Q−1

The resulting distribution P ∗ agrees with each Pk on the (X(zq), Y (x1), . . . , Y (xK)) mar-

gin.

Though not important for our argument we note that P ∗ enforces the joint conditional

independence of the X(z) counterfactuals given Y (x1), . . . , Y (xK):

X(z1) ⊥⊥ X(z2) ⊥⊥ · · · ⊥⊥ X(zQ) | {Y (x1), . . . , Y (xK)}.

Under model M1 and by Proposition 1 equation (2.19), we have

P (X(zq) = i, Y (xi) = j) = P (X(zq) = i, Y (xi) = j | Z = q)

= P (X = i, Y = j | Z = q). (2.21)

This Lemma implies that we can consider each level of Z = q ∈ {1, . . . , Q} separately: if

we can construct Q marginal distributions (X(zq), Y (x1), . . . , Y (xK)) which each obey (2.21)

and agree on the (Y (x1), . . . , Y (xK)) margin, then we can form a single joint distribution.

Hence, it remains to show given a pair
(
P̃ (Y (x1), . . . , Y (xK)), P̃ (X, Y | Z = q)

)
, the satis-

faction of inequalities in the form of (2.10) are sufficient to ensure that there exists a joint

distribution P (X(zq), Y (x1), . . . , Y (xK)) such that

P
(
Y (x1) = y1, . . . , Y (xK) = yK

)
= P̃

(
Y (x1) = y1, . . . , Y (xK) = yK

)
, and

P (X(zq) = i, Y (xi) = j) = P̃ (X = i, Y = j | Z = q).

As mentioned in Section 2.2, Strassen’s Theorem characterizes the conditions which a
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joint distribution P (X(zq), Y (x1), . . . , Y (xK)) exists. Hence, by Strassens theorem, it suffices

to show for all V(1), . . . ,V(k) ⊂ {1, . . . ,M}, the constraints obtained are (2.10).

We have for every z ∈ {1, . . . Q}

P
(
Y (x1) ∈ V(1), Y (x2) ∈ V(2), . . . , Y (xK) ∈ V(K)

)
≤

K∑
i=1

P
(
X(z) = i, Y (xi) ∈ V(i)

)
=

K∑
i=1

P
(
X = i, Y ∈ V(i)

∣∣Z = z
)
,

where the first inequality is by Strassen’s theorem, and the second line is by consistency and

assumption A1-1 and A2-1.

The bounds above are sufficient to characterize the joint counterfactual probability dis-

tribution based on Strassen’s Theorem.

Note that it is essential to have at least one k such that V(k) is a strict subset of {1, . . . ,M}

to obtain a non-trivial inequality. Otherwise, the right-hand side of (2.10),

K∑
i=1

P
(
X = i, Y (xi) ∈ V(i)

∣∣Z = z
)
= 1,

if V(1) = · · · = V(K) = {1, . . . ,M}.

2
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Chapter 3

NON-REDUNDANT CHARACTERIZATION SET: FACETS OF
THE POLYTOPE

3.1 Introduction

Inequalities in the form of (2.10) define half-spaces that the joint counterfactual probability

distribution, P (Y (x1), . . . , Y (xK)), lives in. Thus, the finite polytope defining the joint

counterfactual probability distribution is the bounded intersection of half-spaces implied by

inequalities, one for each facet; See Theorem 2.15 (Representation theorem for polytopes) in

Ziegler [1995]. Inequalities that do not imply facets of the polytope are thus redundant and

can be jointly implied by others in the set.

We give an analogy of how an inequality can be necessary and sufficient, but redundant,

given other inequalities in the set; see Figure 3.1. Imagine there is an inequality defining

the half-space below the blue plane, and another inequality defining the half-space left of

the orange plane. A third inequality defines the half-space that is below the green plane,

which touches the intersection line of the blue and orange planes. The inequality defining

the green plane is necessary since its violation also implies outside of the region defined by

the blue and orange half-spaces. However, it is redundant since it could be jointly implied

by the blue and orange half-spaces.

3.2 Main Results

The following theorem characterizes the non-redundant inequalities, i.e. facets of the poly-

tope defining P (Y (x1), . . . , P (Y (xK))

Theorem 4. The set of inequalities (2.10) that satisfy either
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Figure 3.1: A plot showing the inequality corresponding to the green plane is implied by the
inequalities corresponding to the blue and orange planes jointly.

1. for at least two values k and k∗, we have V(k) ̸= {1, . . . ,M} and V(k∗) ̸= {1, . . . ,M};

or

2. There exists a k and m such that V(k) = {1, . . . ,M} \ {m} and for k∗ ̸= k, we have

V(k∗) = {1, . . . ,M}. Equivalently, (2.10) then becomes P ′(Y (xk) ̸= m) ≤ 1 − P (X =

k, Y = m | Z = z).

are jointly non-redundant.

Equivalently, the inequalities that are redundant take the form P ′(Y (xk) ̸∈ {m1, . . . ,mJ}) ≤

1 −
∑J

j=1 P (X = k, Y = j | Z = z) where J ≥ 2. There are Q(K(2M − M − 2)) of those

jointly redundant inequalities. The non-redundant inequalities corresponds to facets of the

polytope defining the joint counterfactual probability distribution P ′(Y (x1), . . . , Y (xK)).

Remark 3. In the case of M = 2, the set of inequalities (2.10) are all jointly non-redundant.

This is because condition 2 in Theorem 4 is always satisfied since we know there is at least

one k such that V(k) ̸= {1, 2} and V(k) ̸= ∅. Otherwise, we will have a trivial inequality.
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In the econometrics literature, Russell [2021] also characterized the set of non-redundant

bounds obtaining sharp bounds on convex functionals of the joint counterfactual probability

distribution using core determining class theory. We give a detailed discussion comparing

the results in section 3.4.

In the next proposition, we quantify the number of necessary, sufficient, and non-redundant

inequalities in the form of (2.10) that characterize a joint counterfactual distribution with

K,M,Q ≥ 2.

Proposition 2. The number of non-trivial constraints in the form of (2.10) is Q((2M−1)K−

1). Thus, the number of necessary, sufficient, non-trivial, and non-redundant inequalities in

the form of (2.10) that characterize a joint counterfactual distribution is Q((2M − 1)K −

K(2M −M − 2)− 1).

The example below gives a redundant inequality and an illustration of how they are

implied by other inequalities.

Example 2. Suppose K = 2,M = 3, and V(1)
3 = {1, 2, 3} and V(2)

3 = {2}. We also have

V3 = V(1)
3 × V(2)

3 = {(1, 2), (2, 2), (3, 2)}. By Theorem 2, we have an inequality

P ′(Y (x2) = 2) ≤ 1− P (X = 2, Y = 1 | Z = z)− P (X = 2, Y = 3 | Z = z). (3.1)

Checking the conditions given in Theorem 4, we see that neither condition is satisfied, so

this inequality is redundant.

Note that equation (2.13) can be rewritten as

P ′(Y (x2) = 3) ≥ P (X = 2, Y = 3 | Z = z), (3.2)

and equation (2.14) can be rewritten as

P ′(Y (x2) = 1) ≥ P (X = 2, Y = 1 | Z = z), (3.3)
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while equation (3.1) can be rewritten as

P ′(Y (x2) = 1) + P ′(Y (x2) = 3) ≥ P (X = 2, Y = 1 | Z = z) + P (X = 2, Y = 3 | Z = z).

(3.4)

It is clear to see that equation (3.4) is jointly implied by equations (3.2) and (3.3). Hence,

inequality (3.1) is jointly implied by inequalities (2.13) and (2.14), and thus it is redundant.

Repeating the same steps above ∀V(1), . . . ,V(K) ⊆ {1, . . . ,M} where for at least one k

such that Vk is a strict subset of {1, . . . ,M} and Z = z ∈ {1, . . . ,M}, we can obtain a set of

necessary, sufficient, and non-redundant inequalities which characterize P ′(Y (x1), Y (x2), Y (x3))

when K = 2 and M = 3. Applying Proposition 2, the number of such inequalities is 333Q

where |Z| = Q.

For simplicity of notation, we use P to denote all probability distributions hereafter.

3.3 Proofs

3.3.1 Proof of Theorem 4

First, we restate Proposition 4 with conditions that characterize redundant inequalities,

which is equivalent to Theorem 4.

Proposition 3. For the inequalities in the form of (2.10), they are redundant if and only if

:

1. there exist a single value k such that V(k) ̸= {1, . . . ,M}. For all other k∗ ̸= k, we have

V(k) = {1, . . . ,M}; and if condition 1 holds,

2.
∣∣V(k)

∣∣ < M − 1.

The redundant inequalities are implied solely by the set of non-redundant inequalities.
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It is sufficient to then prove Proposition 3. We let A ⊆ Az and NC(A) ⊆ B be the

neighborhood of A. We use A to denote the complement of A in Az, and NC(A) for the

complement of NC(A) in B. Similarly, let V = V(1)×· · ·×V(K) ⊆ B, we use NC(V) to denote

the complement of NC(V) in Az.

Suppose we have a distribution P on Az × B such that P (C) = 1. Note that given

V ⊆ B, we have an inequality P (V) ≤ P (NC(V)) by Strassen’s theorem which is in the form

of (2.10). Let A = NC(V), and we have NC(A) = V . Then, by Strassen’s theorem, we have

an inequality

P (A) ≤ P (NC(A)) ⇔ 1− P (A) ≥ 1− P (NC(A))

⇔ 1− P (NC(V)) ≥ 1− P (V) ⇔ P (V) ≤ P (NC(V)).

Because of this equivalence relation between the two, in the proof below, we will consider

the inequalities P (A) ≤ P (NC(A)) where A = NC(V) ⊆ Az, ∀V ⊆ B, for the simplicity of

the proof construction.

We begin by considering the extreme probability distributions where there is only one

counterfactual type
(
Y (x1) = y1, Y (x2) = y2, . . . , Y (xK) = yK

)
∈ B occurring with proba-

bility 1 in the population, and we only observe one of its coherent observed event (X(z) =

x, Y (x) = y) ∈ Az with probability 1. Extreme distributions of this type are in bijection

with edges in the bi-partite graph. For example, when K = 2 and M = 3, the extreme

probability distributions consist P (Y (x1) = 1, Y (x2) = 2) = 1 & P (X(z) = 1, Y (x1) =

1) = 1, P (Y (x1) = 1, Y (x2) = 1) = 1 & P (X(z) = 2, Y (x2) = 1) = 1, P (Y (x1) =

1, Y (x2) = 2) = 1 & P (X(z) = 2, Y (x2) = 2) = 1, etc. Then, given a set of inequali-

ties I = {P (A) ≤ P (NC(A)), for A ⊆ Az}. The extreme points of joint distributions on C

assign probability 1 to a single point in C. For a given inequality in I, what corresponds to

P ((A,B)) = 1 is either P (A) = P (NC(A)) = 1 or P (A) = P (NC(A)) = 0. Each extreme

point (X(z), Y (x1), . . . , Y (xK) with P
(
(X(z), Y (x1), . . . , Y (xK)) =

(
x, y1, . . . , yK

))
= 1 cor-

respond to an edge in g(Az). Using a graph g(A) to represent a collection of extreme
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distributions when P (A) = P (NC(A)), we only include edges connecting A and NC(A)

(P (A) = P (NC(A)) = 1) and connecting A and NC(A) (P (A) = P (NC(A)) = 0). We

denote such a graph by g(A); Figure 3.2 shows various g(A) under different choices of A. An

inequality is redundant if and only if the extreme points making it an equality are a subset

of the extreme points of another inequality. Graphically, this means there exists another set

A′ such that g(A) is a subgraph of g(A′). Therefore, to show inequalities P (A) ≤ P (NC(A))

are not redundant, it is equivalent to showing g(A) is not a subgraph of g(A′) for all A′ ̸= A.

Proof. We will prove Theorem 4 in four steps. Step I and II show the “only if” part of

the statement; Step III shows the “if” part of the statement; Step IV proves the number of

redundant constraints.

I Let A ⊆ Az s.t |A| = 1. In this case, condition (1) holds but condition (2) is violated. We

will then show the inequalities induced by A and NC(A) are not redundant. Specifically,

there is no A′ ̸= A such that g(A) is a subgraph of g(A′); e.g. Figure 3.2 (a).

II Let A ⊆ Az s.t |A| > 1, and A contains the events at more than 1 x-level. In this case,

condition (1) is violated and, We will show the inequalities induced by A and NC(A) are

not redundant. Specifically, there is no A′ ̸= A such that g(A) is a subgraph of g(A′);

e.g. Figure 3.2 (b).

III Let A ⊆ Az s.t |A| > 1, and A only contains the events at only 1 x-level. In this case,

both condition (1) and (2) are satisfied. We will show the inequalities induced by A and

NC(A) are redundant. Specifically, for A′ such that A′ ⊂ A and |A′| = 1, we have g(A)

is a subgraph of g(A′); e.g. Figure 3.2 (c).

IV We will show the number of redundant constraints in the form of (2.10) is Q(K(2M −

M − 2).

Throughout the proof, we only consider sets A and NC(A) which induce non-trivial in-

equalities, which are non-empty sets A ̸= Az and NC(A) ̸= B.
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(a) Example of Case I where |A| = 1.
A = {(X(z) = 1, Y (x1) = 1)}.

(b) Example of Case II where |A| > 1, and A
contains the events at more than 1 x-level. A =
{(X(z) = 1, Y (x1) = 1), (X(z) = 2, Y (x2) = 1)}.

(c) Example of Case III where |A| > 1, and A
contains the events at only 1 x-level. A =

{(X(z) = 1, Y (x1) = 1), (X(z) = 1, Y (x2) = 2)}.

Figure 3.2: g(A) under various A. We use blue nodes to denote events in A and NC(A) and
red nodes to denote events in A and NC(A). Similarly, we use blue lines to connect

A ↔ NC(A) and red lines to connect A ↔ NC(A). Note that Figure (3.2c) is a subgraph of
Figure (3.2a).
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Proof of I:

Firstly, we remind the readers that g(A) contains edges connecting A ↔ NC(A) and

A ↔ NC(A). Comparing g(A) to g(A‡), the edges missing in g(A) are those connecting

A ↔ NC(A) since A ̸↔ NC(A) by definition.

Let |A| = 1. Note that the inequality implied by A corresponds to V = NC(A) and

NC(V) = A, so there exists a single k such that V(K) ̸= {1, . . . ,M} but
∣∣V(k)

∣∣ = M − 1.

This satisfies condition (1) but violates condition (2). Without loss of generality, suppose

let A = {(X(z) = 1, Y (x1) = 1)}. Then we know

NC(A) =
{(

Y (x1) = 1, Y (x2) = y2, . . . , Y (xK) = yK
)
: y2, . . . , yK ∈ {1, . . . ,M}

}
.

Suppose for a contradiction that there exists a non-empty set A′ that gives a non-trivial

inequality such that A′ ̸= Az and NC(A
′) ̸= B where g(A′) is a supergraph of g(A). We know

there exists at least one edge in g(A′) connecting (X(z) = i, Y (xi) = yi) ↔ (. . . , Y (xi) =

yi, . . . ) where (X(z) = i, Y (xi) = yi) ∈ A and (. . . , Y (xi) = yi, . . . ) ∈ NC(A). Since

events (X(z) = i, Y (xi) = yi) ∈ A with i = 1 and yi ̸= 1 are not compatible with events

in NC(A), we know i ̸= 1. Specifically, without loss of generality, we let the edge to be

(X(z) = 2, Y (x2) = y∗) ↔
(
Y (x1) = 1, Y (x2) = y∗, . . . , Y (xK) = yK

)
in g(A′). Note that

here we have
(
Y (x1) = 1, Y (x2) = y∗, . . . , Y (xK) = yK

)
∈ NC(A) since NC(A) includes all

nodes with Y (x1) = 1. Since g(A′) is a supergraph of g(A), we know g(A′) includes all edges

in g(A). The edge (X(z) = 2, Y (x2) = 1) ↔
(
Y (x1) = 1, Y (x2) = y∗, . . . , Y (xK) = yK

)
in

g(A′) either connects I. A′ ↔ NC(A
′) or II. A′ ↔ NC(A′). We show that in both cases, we

will have trivial inequalities which is a contradiction.

We know, in g(A), the event (X(z) = 2, Y (x2) = y∗) connects to events{(
Y (x1) = y1, Y (x2) = y∗, . . . , Y (xK) = yK

)
: y1 ̸= 1 and y3, . . . , yK ∈ {1, . . . ,M}

}
, which are not

neighbors of A, since these are edges connecting A ↔ NC(A). Therefore, we know edges

(X(z) = 2, Y (x2) = y∗) ↔ {
(
Y (x1) = y1, Y (x2) = y∗, . . . , Y (xK) = yK

)
: y1 ̸= 1 and y3, . . . , yK ∈
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{1, . . . ,M}} are in g(A) and hence g(A′). In addition, we know edges (X(z) = 2, Y (x2) =

1) ↔ {
(
Y (x1) = 1, Y (x2) = y∗, . . . , Y (xK) = yK

)
: y3, . . . , yK ∈ {1, . . . ,M}} are in g(A′) by

construction. Note that sets

{(
Y (x1) = y1, Y (x2) = y∗, . . . , Y (xK) = yK

)
: y1 ̸= 1 and y3, . . . , yK ∈ {1, . . . ,M}

}
∪{(

Y (x1) = 1, Y (x2) = y∗, . . . , Y (xK) = yK
)
: y3, . . . , yK ∈ {1, . . . ,M}

}
=
{(

Y (x1) = 1, Y (x2) = y∗, . . . , Y (xK) = yK
)
: y1, y3, . . . , yK ∈ {1, . . . ,M}

}
.

Hence, in g(A′), the event (X(z) = 2, Y (x2) = y∗) connects to all the events in B1 ={(
Y (x1) = y1, Y (x2) = y∗, . . . , Y (xK) = yK

)
: y1, y3, . . . , yK ∈ {1, . . . ,M}

}
. Further, letA1 =

{(X(z) = 1, Y (x1) = y1) : y1 ∈ {1, . . . ,M}}. Since events in A1 \ A ≡ {(X(z) = 1, Y (x1) ̸=

1)} are connected toB1\{
(
Y (x1) = 1, Y (x2) = y∗, . . . , Y (XK) = yK

)
: y3, . . . , yK ∈ {1, . . . ,M}}

while {
(
Y (x1) = 1, Y (x2) = y∗, . . . , Y (XK) = yK

)
: y3, . . . , yK ∈ {1, . . . ,M}} is connected to

A, we know events in B1 connects to all the events in A1 in g(A) and thus in g(A′) where

we have NC(A1) = B.

Case I: If (X(z) = 2, Y (x2) = 1) ↔
(
Y (x1) = 1, Y (x2) = 1, . . . , Y (xK) = yK

)
is an edge

connecting A′ ↔ NC(A
′), then we know (X(z) = 2, Y (x2) = 1) ∈ A′, so we have B1 ⊆ NC(A

′)

since these are connected in g(A′). Further, we have A1 ⊆ A′ since events in A1 are connected

toB1 in g(A′). Consequently, we haveNC(A
′) = B sinceNC(A1) = B, which is a contradiction

since the inequality would be trivial.

Case II: If (X(z) = 2, Y (x2) = 1) ↔
(
Y (x1) = 1, Y (x2) = 1, . . . , Y (xK) = yK

)
is an edge

connecting A′ ↔ NC(A′), then we know (X(z) = 2, Y (x2) = 1) ∈ A′, so we have B1 ⊆ NC(A′)

since they are connected in g(A′). Further, we have A1 ⊆ A′ since events in A1 are con-

nected to B1 in g(A′). Consequently, we will have NC(A′) = B and A′ = ∅, which is again a

contradiction since the inequality would be trivial.

Proof of II:

We first introduce the following lemmas.
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Lemma 5. If A is a non-trivial inequality, then A contains events with every x-level. Or in

other words, for every x-level, there exists a y such that (X(z) = x, Y (x) = y) is not in A.

Proof. If A leads to a non-trivial inequality, then there is at least one type,(
Y (x1) = y1, . . . , Y (xK) = yK

)
, in B that is not a neighbor of A. The set of y values for each

x-level in
(
Y (x1) = y1, . . . , Y (xK) = yK

)
satisfies the claim. Otherwise, there exists and x-

level such that {(X(z) = x, Y (x) = y) : y ∈ {1, . . . ,M}} ⊆ A, and we have NC(A) = B,

which leads to a trivial inequality.

Lemma 6. Suppose A ̸= A and NC(A) ̸= B.

1. There exists a path in g(A) connecting any event in A to any event NC(A).

2. If |A| > 1 and A contains events with more than 1 x-level, then there exists a path in

g(A) connecting any event in A to any event NC(A).

Proof. The key thing in the Lemma and in the proof is that the sets of interest in A, namely

A and A, contain more than 1 x-level, which automatically holds for A that doesn’t induce

trivial inequalities; See Lemma 5.

Denote A = {(X(z) = α, Y (α) = β) : (α, β) ∈ {(i1, j1), . . . , (in, jn)}} where n = |A|. A

key observation is that in g(A) all events (X(z) = α∗, Y (α) = β∗) in A connect to all events

in NC(A)∩{Y (α∗) = β∗, . . . }. Similarly, in g(A), all events (X(z) = α′, Y (α) = β′) in A are

adjacent toNC(A)∩{Y (α′) = β′}. Further note that for events (X(z) = α∗, Y (α∗) = β∗) ∈ A

with α ∈ [i1, . . . , in] but (α
∗, β∗) /∈ A, it is possible that all events in NC(A) has Y (α∗) = β∗

and the event (X(z) = α∗, Y (α∗) = β∗) connects to all events in NC(A).

First, we prove Lemma 6.1 that there exists a path connecting any event in A to any

event NC(A). Denote an event (X(z) = α1, Y (α1) = β1) ∈ A. We know in g(A), we

have (X(z) = α1, Y (α1) = β1) ↔ NC(A) ∩ {Y (α1) = β1}. Therefore, it remains to show

(X(z) = α1, Y (α1) = β1) ↔ NC(A) ∩ {Y (α1) ̸= β1}. For an arbitrary event (Y (α1) =

γ, Y (α2) = β2, . . . , Y (αK) = βK) ∈ NC(a) ∩ {Y (α1) ̸= β1} where γ ̸= β1, we know events
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(X(z) = α1, Y (α1) = γ), (X(z) = α2, Y (α2) = β2), . . . , (X(z) = αK , Y (αK) = βK) ∈ A.

Hence, we have a line (X(z) = α2, Y (α2) = β2) ↔ (Y (α1) = γ, Y (α2) = β2, . . . , Y (αK) = βK)

in g(A) since it is a line connecting A ↔ NC(A). Further, since (X(z) = α1, Y (α1) =

β1) ∈ A and (X(z) = α2, Y (α2) = β2), . . . , (X(z) = αK , Y (αK) = βK) ∈ A, we have

(Y (α1) = β1, Y (α2) = β2, . . . , Y (αK) = βK) ∈ NC(A), so we have a line (X(z) = α2, Y (α2) =

β2) ↔ (Y (α1) = β1, Y (α2) = β2, . . . , Y (αK) = βK) in g(A). Hence, in g(A), we have

(Y (α1) = γ, Y (α2) = β2, . . . , Y (αK) = βK) ↔ (X(z) = α2, Y (α2) = β2) ↔ (Y (α1) =

β1, Y (α2) = β2, . . . , Y (αK) = βK) ↔ (X(z) = α1, Y (α1) = β1). Since (Y (α1) = γ, Y (α2) =

β2, . . . , Y (αK) = βK) is arbitrary, we know (X(z) = α1, Y (α1) = β1) ↔ NC(A) ∩ {Y (α1) ̸=

β1}

Then, we prove Lemma 6.2 that if |A| > 1 and A contains events with more than 1

x-level, then there exists a path connecting any event in A to any event NC(A). Since any

event in NC(A) is connected to at least one event in A, it suffices to show all events in A

are connected. Consider events (X(z) = α1, Y (α1) = β1) and (X(z) = α2, Y (α1) = β2) in A.

If α1 ̸= α2, then we have (X(z) = α1, Y (α1) = β1) ↔ (Y (α1) = β1, Y (α2) = β2, . . . ), since

(Y (α1) = β1, Y (α2) = β2, . . . ) ∈ NC((X(z) = α1, Y (α1) = β1)) ∩ NC((X(z) = α2, Y (α2) =

β2)). If α1 = α2, then we know there exists an event (X(z) = α3, Y (α3) = β3) ∈ A

where α3 ̸= α1 and α3 ̸= α2 since we know A contains events with more than 2 x-levels.

Since α3 ̸= α1 and α3 ̸= α2, we know (X(z) = α3, Y (α3) = β3) is connected with both

(X(z) = α1, Y (α1) = β1) and (X(z) = α2, Y (α2) = β2) by similar arguments above. Hence,

the events (X(z) = α1, Y (α1) = β1) and (X(z) = α2, Y (α2) = β2) are connected as well.

Note that if there exists a path between two events in A and B, then they are in A and

NC(A) respectively or in A and NC(A) respectively as stated in Lemma 6.

Lemma 7. If there exists a path between two events in A and B, then they are in A and

NC(A) respectively, or in A and NC(A) respectively by definition.

Suppose |A| > 1, and A contains events with more than 1 x-level and leads to a non-



42

trivial inequality. Since V = NC(A) and NC(V) = A, there exists at least two k, k∗ such

that V(k) ̸= {1, . . . ,M} and V(k∗) ̸= {1, . . . ,M}, which satisfies condition (1) in Theorem 4.

This also means at least two x-levels are not marginalized in A since they have events in

A. We want to show g(A) is not a subgraph of g(A′) for all A′ ̸= A, where A′ ⊂ Az and is

non-empty.

Case 1○: Let A′ ̸⊂ A. It is sufficient to show g(A) contains edges A′ ↔ NC(A
′) which are

not in g(A′). We will show that if there exists A′ such that g(A′) is a supergraph of g(A),

then the inequality induced by A′ is trivial which is a contradiction. Since A′ ̸⊂ A, there

exists a′ ∈ A′ such that a′ ∈ A. Denote a′ = {(X(z) = i, Y (xi) = yi)}, and B = NC(a
′) =

{
(
Y (x1) = y1, . . . , Y (xi) = yi, . . . , Y (xK) = yK

)
: y1, . . . , yi−1, yi+1, . . . , yK ∈ {1, . . . ,M}}.

We partition B to B1, B2 such that B1 ≡ NC(A)∩B and B2 ≡ B\NC(A) ⊆ NC(A). Since

|A| > 1 and A contains more than 1 x-level, we have B1, B2 ̸= ∅. Firstly, B1 is non-empty

because A contains events with more than two x-level. Therefore, there is an event in A at

a different level in an event in A to that in a′. Hence, there exists a common neighbor in

B1. Regarding B2, since we suppose A does not lead to a trivial inequality, so by Lemma 5,

there exists a type in B that is not a neighbor of A. We then consider switching the value

at Y (xi) to be yi to establish B2 ̸= 0. By Lemma 6(2) applied to A and NC(A), we know

there is a path connecting any b1 ∈ B1 ⊆ B to all a ∈ A in g(A). Since by assumption

g(A′) is a supergraph of g(A) and B1 = NC(A) ∩ NC(a
′) ⊆ NC(A) ∩ NC(A

′), so by Lemma

7, we have A ⊆ A′, and thus NC(A) ⊆ NC(A
′). By construction, there are edges connecting

a′ ↔ B2 are in g(A′) which are edges connecting A ↔ NC(A) in g(A′). Since a′ ∈ A′ we have

B2 ⊆ NC(A
′). Then, by Lemma 6(1), we know for any event in B2 ⊆ NC(A), there exists a

path in g(A), and thus also in g(A′), that connects to a, for all a ∈ A. Note that since g(A′)

only has edges A′ ↔ NC(A
′) and A′ ↔ NC(A′) and B2 ⊆ NC(A

′), we have A ⊆ A′. Thus,

since A ⊆ A′, we have A ∪ A ⊆ A′, so A′ = A‡ which leads to a trivial inequality.

Case 2○: Let A′ ⊂ A. Since A′ ↔ NC(A′) is not possible, we need to show g(A) con-

tains edges A′ ↔ NC(A
′) which are by construction not in g(A′). Since A′ ⊂ A, there

exists b such that b ∈ A but b /∈ A′, so b ∈ A ∩ A′. If A′ doesn’t contain events with all
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levels of X present in A, then there exists b ∈ A ∩ A′ with event (X(z) = x′, Y (x′) = y′)

where there is an event with X(z) = x′ in A but no event with X(z) = x′ is present in A′.

Define x1 to be a level of X occurring in A′. Let (X(z) = x1, Y (x1) = y1) be an event in

A′. Therefore, there exists an event (Y (x1) = y1, . . . , Y (x′) = y′, . . . ) in NC(b) ⊂ NC(A), so

we also have (Y (x1) = y1, . . . , Y (x′) = y′, . . . ) ∈ NC(A
′). Hence, we have an edge in g(A),

(X(z) = x′, Y (x′) = y′) ↔ (Y (x1) = y1, . . . , Y (x′) = y′, . . . ), that connects A′ and NC(A
′)

which is not in g(A′). If A′ contains events with all levels of X present in A, then without loss

of generality there exists b ∈ A∩A′ with (X(z) = x1, Y (x1) = y2). Let x′ be a level different

from x1 and let y′ be a level such that (X(z) = x′, Y (x′) = y′) ∈ A′. Therefore, we have an

event (Y (x1) = y2, Y (x′) = y′, . . . ) ∈ NC(b) ⊂ NC(A). Since (X(z) = x′, Y (x′) = y′) ∈ A′,

we also have (Y (x1) = y2, Y (x′) = y′, . . . ) ∈ NC(A
′). Hence, we have an edge in g(A),

(X(z) = x1, Y (x1) = y2) ↔ (Y (x1) = y2, Y (x′) = y′, . . . ) that connects A′ and NC(A
′) which

is thus not in g(A′).

Proof of III:

Let |A| = r > 1, and A only contains events that have the same level of X(z) = x. This

means |C ≡ Φ(V , {1, . . . ,M})| = K − 1, and |Uniq(V({1,...K}\C(V)))| < M − 1, which satisfies

both condition (1) and (2). Without loss of generality, assume A = {(X(z) = x1, Y (x1) =

y1), (X(z) = x1, Y (x1) = y2), (X(z) = x1, Y (x1) = y3), . . . (X(z) = x1, Y (x1) = yr} =

{a1, a2, a3, . . . ar}. We know NC(ai) ∩NC(aj) = ∅ for i ̸= j. Let A′ = {a1}. It is sufficient to

show that g(A) is a subgraph of g(A′), which means all edges in g(A) are in g(A′). Again, we

remind the readers that g(A) contains edges connecting A and NC(A) as well as edges con-

necting A and NC(A). First, consider edges connecting A and NC(A). We have a1 ↔ NC(a1)

in g(A′) since they are edges connecting A′ and NC(A
′). We also have edges a2 ↔ NC(a2) in

g(A′) since a2 ∈ A′, NC(a2) ⊂ NC(A′) since NC(a1)∩NC(a2) = ∅, and the same argument can

be repeated for edges a3 ↔ NC(a3), etc. Therefore, all edges connecting A ↔ NC(A) are in

g(A′). Then, consider edges connecting A and NC(A). Since A ⊂ A′ and NC(ai)∩NC(aj) = ∅

for i ̸= j which means NC(A) ⊂ NC(A′), the edges connecting A ↔ NC(A) are also edges
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connecting A′ ↔ NC(A′) and are thus in g(A′). Therefore, all edges in g(A) are in g(A′),

and g(A) is a subgraph of g(A′).

Proof of IV:

By steps (1)-(3), we know the redundant constraints are induced by sets A ⊂ Az such that

|A| > 1 and A only contain events with the same x-level. Therefore, there are a total of

K ∗
∑M−1

i=2

(
M
i

)
= K(2M −M − 2) distinct A and, thus, K(2M −M − 2) of constraints being

redundant.

3.3.2 Proof of Proposition 2

Proof. As stated in Section 2.3, the number of inequalities in the form of (2.10) is Q((2M −

1)K−1): here 2M−1 counts the non-empty subsets of {1, . . . ,M}; the second ‘−1’ arises from

the requirement that at least one V(k) be a strict subset (otherwise the inequality becomes

trivial, since both sides are 1).

This can also be obtained through a counting procedure of the unique upper bounds in

inequalities (2.10) since there is a one-to-one correspondence between the left-hand side and

right-hand side of (2.10). It is equivalent to counting the distinct M×K matrices comprised

of binary entries that obey two constraints:

1. in each column, there is at least one entry with 1,

2. we can’t have a matrix with all 1 since that results in a trivial constraint.

Note that such matrices also aid the computational construction of our bound.

Thus, the total number of non-trivial inequalities in the form of (2.10) is Q((2M−1)K−1)

combining all arms by Lemma 4, and the total number of non-redundant inequalities is

Q((2M − 1)K −K(2M −M − 2)− 1).
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3.4 Comparison to results in Russell

Russell [2021] presented sharp bounds on any continuous functionals of the joint counterfac-

tual distribution under the joint independence assumption (V2) that Z ⊥ Y (x1), . . . , Y (xK).

His work is an extension of Beresteanu et al. [2012] in which Russels used results in Luo and

Wang [2017] to further eliminate the redundant inequalities implied by Artstein’s theorem

and obtain constraints in the exact core determining class defining the joint counterfactual

distribution. The inequalities in the exact core determining class bounds the counterfactual

probabilities in the form of

P (Y (xs1) = y1, Y (xs2) = y2, . . . , Y (xsK ) ∈ M), ∀M ⊆ {1, . . . ,M}, when K > 2 or M ≤ K

P (Y (xi) = yi, Y (xj) ∈ M′, ∀M′ ⊂ {1, . . . ,M}, when K = 2 and K < M

(3.5)

where (s1, . . . , sK) is any permutation of (1, . . . , K). In summary, they bound the coun-

terfactual probabilities of events with K− 1 counterfactual outcomes in common. Note that

when K = 2 and M = 2, the inequalities in (3.5) are the same as our results in (2.10) and

results in Richardson and Robins [2014]. However, they deviate from our results when K ̸= 2

or M ̸= 3, and the bounds in (3.5) are a strict subset of the non-redundant constraints given

by (2.10) and Theorem 4. Below, we use K = 2,M = 3, and Q = 2 as an illustration.

In our results, the non-redundant inequalities defining the joint counterfactual probability

distributions include:

(Set 1) P (Y (xi) = yx=i
1 ) + P (Y (xi) = yx=i

2 ) ≤ 1− P (X = i, Y = yx=i
3 | Z = z),

yx=1
1 ̸= yx=2

2 ̸= yx=3
3 ;

(Set 2) P (Y (x1) = yx=1
1 , Y (x2) = yx=2

1 )+P (Y (x1) = yx=1
1 , Y (x2) = yx=2

2 )+P (Y (x1) = yx=1
2 , Y (x2) =

yx=2
1 ) + P (Y (x1) = yx=1

2 , Y (x2) = yx=2
2 ) ≤ 1− P (X = 1, Y = yx=1

3 | Z = z)− P (X = 2, Y =

yx=2
3 | Z = z), yx=1

1 ̸= yx=1
2 ̸= yx=1

3 and yx=2
1 ̸= yx=2

2 ̸= yx=2
3 ;
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(Set 3) P (Y (xi) = yi, Y (xj) = yj) + P (Y (xi) = yi, Y (xj) = ỹx=j) ≤ P (X = i, Y = yi | Z =

z) + P (X = j, Y = yj | Z = z) + P (X = j, Y = ỹx=j | Z = z), yj ̸= ỹx=j ;

(Set 4) P (Y (x1) = y1, Y (x2) = y2) ≤ P (X = 1, Y = y1 | Z = z) + P (X = 2, Y = y2 | Z = z).

However, only Set 3 and 4 are in the exact core determining class given by Russell [2021] since

the left-hand side of the inequalities in Set 3 and 4 are probabilities of counterfactual events

with exactly K−1 = 1 outcome in common while Set 1 and 2 violate this condition. In total,

there are 42 ∗ 2 = 84 non-redundant inequalities by our results, and 27 ∗ 2 = 54 inequalities

in the exact core determining class by Russell [2021]. Similarly, when K = 2,M = 4, and

Q = 2, inequalities in the exact core determining class further include inequalities of the

form

P (Y (xi) = yi, Y (xj) = yx=j
1 ) + P (Y (xi) = yi, Y (xj) = yx=j

2 ) + P (Y (xi) = yi, Y (xj) = yx=j
3 )

≤P (X = j, Y = yx=j
1 | Z = z) + P (X = j, Y = yx=j

2 | Z = z) + P (X = j, Y = yx=j
3 | Z = z)

+ P (X = i, Y = yi | Z = z), yx=j
1 ̸= yx=j

2 ̸= yx=j
3 ,

which are a total of 96 ∗ 2 = 192 inequalities. These numbers match with results presented

in Table 1 in Russell [2021].

Now, we argue that the exact core determining class (1) does not correctly define the

joint counterfactual distribution such that it may fail to detect observed probabilities that

violate the IV model and (2) can fail to provide a sharp bound on the functionals of the joint

counterfactual distribution. We provide examples when K = 2,M = 3, and Q = 2.

To illustrate the first point, we consider the observed probabilities below.

Using constraints in the exact core determining class, we are able to obtain a convex

polytope of the joint counterfactual probability distribution given observed probabilities in



47

P
(X

=
1,
Y

=
1
|Z

)
P
(X

=
1,
Y

=
2
|Z

)
P
(X

=
1,
Y

=
3
|Z

)
P
(X

=
2,
Y

=
1
|Z

)
P
(X

=
2,
Y

=
2
|Z

)
P
(X

=
2,
Y

=
3
|Z

)
Z

=
1

0.
43

0.
05

0.
07

0.
10

0.
20

0.
15

Z
=

2
0.
01

0.
36

0.
40

0.
18

0.
03

0.
02

T
ab

le
3.
1:

A
sy
n
th
et
ic

d
at
a
w
it
h
K

=
2,

M
=

3,
an

d
Q

=
2
w
h
ic
h
v
io
la
te
s
th
e
IV

m
o
d
el



48

Table 3.1. However, Set 1 includes inequalities

P (Y (x1) = 1) + P (Y (x1) = 2) ≤ 0.60 (3.6)

P (Y (x1) = 1) + P (Y (x1) = 3) ≤ 0.64 (3.7)

P (Y (x1) = 2) + P (Y (x1) = 3) ≤ 0.57 (3.8)

Since P (Y (x1) = 1) + P (Y (x1) = 2) + P (Y (x1) = 3) = 1, we can see that (3.6) implies

P (Y (x1) = 3) ≥ 0.40 and (3.7) implies P (Y (x1) = 2) ≥ 0.36, which contradicts (3.8). Thus,

the observed probabilities in Table 3.1 violate the IV model while the exact determining core

fails to reject the IV model.

To illustrate the second point, we consider the observed probabilities below which obey

the IV model.

We compare bounds on various functionals of the joint counterfactual probability distri-

bution using our results vs. the exact core determining class below.

We can see that using our results, we can obtain sharper bounds on all functionals of

the joint counterfactual probability distribution presented in Table 3.3 above given observed

probabilities in 3.2. Specifically, we bound the pairwise ATE P (Y (x1) = 1)− P (Y (x1) = 3)

away from 0 while the bound using the exact core determining class includes 0.
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Chapter 4

STATISTICAL INFERENCE ON PARTIAL IDENTIFICATION
BOUNDS

4.1 Introduction

We discuss how statistical inference and a confidence region of the partial identification

bound on any convex functional of the joint counterfactual distribution can be achieved

using a convex optimization algorithm. We illustrate our methods in Sections 2.3 and 4.2

with real data from the Minneapolis Domestic Violence Experiment, where the instrument

and treatment both take three levels. In particular, we show that restricting the analysis

to only a subset of exposure, outcome, or instrument levels can lead to inefficient or invalid

results.

4.2 Algorithm

Given an observed distribution, the inequalities defining the counterfactual probability dis-

tributions in Theorem 2 can be used to obtain partial identification bounds on any convex

functions of the joint counterfactual probabilities, such as the ATE, with the help of existing

linear programming software. In this section, we show how a confidence region could also be

constructed using the existing method Guo and Richardson [2021] recently proposed. which

are finite-sample tail bounds of the likelihood ratio test (LRT) under multinomial samplings.

It essentially further constrains the probability distribution of P (X, Y | Z) given the observed

probabilities from data via Kullback-Leibler (KL) divergence KL(P (X, Y | Z)||P̂ (X, Y | Z))

where P̂ (X, Y | Z) is the empirical distribution of P (X, Y | Z).

Firstly, we provide an algorithm proposed by Guo and Richardson [2021] to obtain a

confidence region of any convex functions of the joint counterfactual probabilities including
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the ATE.

Algorithm 1 Convex Program Formulation

Require: Functions f ; Matrices Hobz.z, Hj; Vector c; Constant tα; Empirical probabilities

p̂obs.z ≡ P̂ (X, Y | Z = z) ∀z = 1, . . . , Q;
1: Variables:

pobs.z ≡ P (X, Y | Z = z) ∈ [0, 1]K×M ,∀z = 1, . . . , Q

pj ≡ P (Y (x1), . . . , Y (XK)) ∈ [0, 1]M
K

2: Solve the following convex program:

min
pj

f(pj); max
pj

f(pj)

s.t. H⊤
obs.zpobs.z +H⊤

j pj ≤ c,∀z = 1, . . . , Q,

KL(pobs.Z ||p̂obs.Z) ≤ tα,∑
pj = 1;

∑
pobs.z = 1,∀z = 1, . . . , Q,

pj ≥ 0; pobs.z ≥ 0,∀z = 1, . . . , Q.

3: return f(p∗j)

Then, we give a description of the algorithm in words below. In order to define the convex

polytope in which the joint counterfactual probability distribution lives, we can either use

the intersection of a finite collection of closed half-spaces (H-representation matrix) or the

convex hull of a finite collection of points and directions (V-representation matrix). Note

that the H-representation matrix would be equivalent to the set of inequalities given by

Theorem 2 and 4.

1. Obtain the empirical probabilities P̂ (X, Y | Z) from the data.

2. Construct a V-representation matrix and use ‘RCDD’ package to obtain the corre-

sponding H-representation matrix. This is equivalent to obtaining the H-representation

matrix using Theorem 2 and 4.

• The first MK columns of the V-representation matrix are for the joint counterfac-

tual probabilities P
(
Y (x1) = y1, . . . , Y (xK) = yK

)
followed by the MK columns
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for conditional observed probabilities P (X = x, Y = y | Z = z).

• Each row represents a possible extreme distribution consisting of one joint coun-

terfactual probability distribution P (Y (x1), . . . , Y (xK)) and one of its coherent

conditional observed probabilities P (X, Y | Z = z). ‘Extreme’ means we only al-

low one possible joint counterfactual probability and one of its coherent observed

probabilities in the distribution with their probabilities to be one and the others

being zero. For example, we have that P (Y (x1) = 1, . . . , Y (xK) = 1) = 1 and

P (X = 1, Y = 1 | Z = z) = 1 for all Z = z is one of the possible extreme distribu-

tions and P (Y (x1) = 1, . . . , Y (xK) = 1) = 1 and P (X = K,Y = 1 | Z = z) = 1

is another one. We complete the matrix with all possible extreme distributions.

• We finish the V-representation matrix by adding a column of zero and a column

of one as the first two columns of the matrix. The resulting V-representation

matrix defines a convex hull of a polytope using a finite collection of points and

directions. The convex polytope described is the set of convex combinations of

these points, and the coefficients are (1) nonnegative if the first column of the

V-representation matrix is zero and (2) sum to one over each row if the second

column is one.

3. Then, we have the following constraints which defines a convex program:

(a) Using the H-representation matrix and the observed probabilities

P (X, Y | Z = z), we can get a set of bounds on the joint counterfactual proba-

bilities P
(
Y (x1) = y1, . . . , Y (xK) = yK

)
for each instrument arm Z = z.

(b) We also consider the bound KL(P (X, Y | Z)||P̂ (X, Y | Z)) ≤ tα where tα is a

finite-sample critical value which can be obtained using the ‘Chernoff’ package in

R.

(c)
∑M

y1=1 · · ·
∑M

yK=1 P
(
Y (x1) = y1, . . . , Y (xK) = yK

)
= 1 and

∑K
i=i

∑M
j=1 P (X =

i, Y = j) = 1.
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(d) P
(
Y (x1) = y1, . . . , Y (xK) = yK

)
≥ 0 and P (X = i, Y = j) ≥ 0 for all i ∈

{1, . . . ,M} and j, y1, . . . , yK ∈ {1, . . . ,M}.

4. Using the convex programming package ‘CVXR’ in R, we can obtain a confidence

region for any convex function of the joint counterfactual probability distribution,

e.g. a pair-wise average treatment effect P (Y (xi) = y) − P (Y (xj) = y) with i ̸= j,

i, j ∈ {1, . . . , K}, and y ∈ {1, . . . ,M}.

Note that without inequalities 3(b), the procedure above is how partial identification bounds

on parameters of interest could be obtained by plugging in the empirical probabilities P̂ (X, Y |

Z)) for P (X, Y | Z)).

In the next Section, we apply the above procedure to the real data example.

4.3 Real Data Analysis

We now revisit the Minneapolis Domestic Violence Experiment discussed in Section 1.1. We

discuss and compare the partial identification bounds and confidence regions obtained using

all data or partial data which might be inefficient and/or biased.

All researchers below are interested in the following pairwise average treatment effects:

(1) Advice (X = Adv) vs. Arrest (X = Arr); (2) Separate (X = Sep) vs. Arrest (X = Arr);

(3) Separate (X = Sep) vs. Advice (X = Adv).

Researcher 1: They are always hesitant to ignore any data available. They read our paper

and used all the data for all three pairwise ATEs.

Researcher 2: They know all three Z arms are independent because of randomization.

Therefore, they decided to ignore a random Z arm. Researcher 3: They were not aware of

our paper but knew the partial identification bound for binary exposure, X. They decided

to remove participants who took the treatment that was not of interest for a given pairwise

ATE. For example, when estimating the ATE comparing the Arrest response vs. the Advice

response, they ignored treatment X = Sep which are the police officers who decided to

separate the suspect from the scene.



55

Researcher 4: They thought if they were only interested in the pairwise ATEs, both

the Z and the X levels related to the third treatment could be ignored. They believe the

problem is then reduced to IV model with binary Z, X, and Y , which is well-studied and

computationally straightforward. Therefore, when estimating the ATE comparing the Arrest

response vs. the Advice response, they ignored data with Z = Sep and X = Sep, which are

the police officers who were either assigned to separate the suspect from the scene regardless

of their final decision or police officers who decided to separate the suspect from the scene

regardless of their original random assignment received. All results are summarized in Table

4.1.

Comparing the results between Researcher 2 and Researcher 1, we can see that an addi-

tional Z arm could be helpful. Researcher 1 obtained no wider plug-in bounds with the help

of the third Z arm. Furthermore, the confidence regions from Researcher 1 control the 5%

family-wise error rate (FWER) across all three pair-wise ATEs, while the confidence regions

from Researcher 2 only control the 5% FWER for a given pair-wise ATE. This is also the

reason why some of the confidence regions from Research 2 are narrower than those from

Research 1.

Deleting X groups, like what Researcher 3 did, gives the wrong estimand and could be

dangerous. They ignored the population taking the treatment that they were not interested

in. They may end up with data that violates the instrumental variable model, as shown

in the table for Researcher 3. We obtained p-values assessing the null hypothesis of not

rejecting the IV model, which are 0.55, 0.625, and 0.586 for data with treatment groups

Advice and Arrest, Separate and Arrest, and Separate and Advice respectively. We also

plotted the polytopes for the joint counterfactual probability distribution; see Figure 4.1.

We can see that two out of three polytopes have empty intersections, which explains why

the data is outside of the IV model. However, as the distances between the polytopes that

don’t intersect are small, we have non-significant p-values.

Finally, Researcher 4 restricted the problem to a binary IV model, which is not valid for

similar reasons to Researcher 3.
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(a) Polytopes defining the joint counterfactual
probability distribution given data with
treatment groups Arrest and Advice.

(b) Polytopes defining the joint counterfactual
probability distribution given data with
treatment groups Arrest and Separate.

(c) Polytopes defining the joint counterfactual
probability distribution given data with
treatment groups Separate and Advice.

Figure 4.1: Visualization of polytopes defining the joint counterfactual probability
distribution with binary treatment and outcome, and instrument taking three levels. The
purple polytope represents the Arrest arm; the green polytope represents the Advice arm;

the blue polytope represents the Separate arm.
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4.4 Example: algorithm on binary IV

When we have a binary X, Y and Z, we construct a V-representation matrix in the following

way:

1. The columns represent the joint counterfactual probabilities of Y and the observed

probabilities of X, Y given Z = z. Under the binary IV model, we have the columns

being P (Y (x1) = 1, Y (x2) = 1), P (Y (x1) = 1, Y (x2) = 2), P (Y (x1) = 2, Y (x2) =

1), P (Y (x1) = 2, Y (x2) = 2), P (X = 1, Y = 1 | Z = z), P (X = 1, Y = 2 | Z =

z), P (X = 2, Y = 1 | Z = z), P (X = 2, Y = 2 | Z = z).

2. We consider the extreme distributions consisting of one type defined by the joint coun-

terfactual probability distributions P (Y (x1), Y (x2)) and one of its coherent observed

probabilities P (X, Y | Z = z). For example, we have P (Y (x1) = 1, Y (x2) = 1) = 1

and P (X = 1, Y = 1 | Z = z) = 1. We complete the matrix with all possible extreme

distributions.

3. We add a column of zero and a column of one as the first two columns of the matrix

The V-representation matrix for the binary IV model is below in table 4.2.

Table 4.2: V-representation matrix for binary IV model.

0 1 1 0 0 0 1 0 0 0
0 1 0 1 0 0 0 1 0 0
0 1 0 0 1 0 1 0 0 0
0 1 0 0 0 1 0 1 0 0
0 1 1 0 0 0 0 0 1 0
0 1 0 1 0 0 0 0 1 0
0 1 0 0 1 0 0 0 0 1
0 1 0 0 0 1 0 0 0 1

Using the ‘RCDD’ package in R, we are able to obtain the so-called H-representation given

the V-representation above. The inequalities given in the H-representation matrix relate the
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joint counterfactual probability distributions to the observed probabilities conditional on

Z = z, and the H-representation matrix is the same for all Z = z. They also characterize

half-spaces in the joint counterfactual probability distribution, and the intersection of the

half-spaces defines a polytope where the joint counterfactual probability distributions live

in given the observed probabilities in arm Z = z. Note that the inequalities outputted by

‘RCDD’ are exactly in the form of (2.10) for each instrument arm Z = z, and there are

(2M − 1)K − 1−K(2M −M − 2) = 8 inequalities since we have K = M = 2.

We use the convex programming package ‘CVXR’ in R to obtain the confidence region

for the average treatment effect P (Y (x2) = 2) − P (Y (x1) = 2). There are a total of 4 sets

of constraints:

1. the inequalities given by the H-representation matrix under arm Z = 1 and Z = 2;

2. KL(P (X, Y | Z)||P̂ (X, Y | Z)) ≤ tα where tα is a finite-sample critical value which

could be obtained using the ‘Chernoff’ package in R;

3.
∑2

i=1

∑2
j=1 P (Y (x1) = i, Y (x2) = j) = 1 and

∑2
i=1

∑2
j=1 P (X = i, Y = j) = 1;

4. P (Y (x1) = i, Y (x2) = j) ≥ 0 and P (X = i, Y = j) ≥ 0 for all i, j ∈ {1, 2}.
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Chapter 5

FALSIFICATION TESTS OF THE IV MODEL

5.1 Introduction

Pearl [1995] gives inequalities that are necessary and sufficient for P (X, Y | Z) to be com-

patible with the binary IV model. There are other works that explored falsification tests for

the assumptions especially the independence condition beyond the binary IV model. Bonet

[2001] used an optimization program to check that the IV inequalities proposed by Pearl

[1995] are necessary but not sufficient in general. They are shown to be sufficient when

the instrument, exposure, and outcome are all binary but not when the instrument takes 3

levels while the exposure and outcome are binary. Kédagni and Mourifié [2020] proposed a

generalized set of IV inequalities for the joint independence assumption and showed they are

necessary and sufficient to detect all violations of the joint independence assumption and ex-

clusion restriction condition with binary outcome. Moreover, Richardson and Robins [2014]

gives a necessary and sufficient characterization of the joint counterfactual distribution when

the instrument is discrete and takes finite states but X and Y are binary. This can also be

used as a falsification test by checking whether the resulting set is empty for the IV model

with binary exposure and treatment and discrete instrument. Similarly, since the partial

identification bounds we derived in Chapter 2 are also necessary and sufficient, these bounds

can also serve as a falsification test for the IV model with discrete instrument, exposure, and

outcome.
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5.2 Simulation Results

5.2.1 Proportion of Multinomial Distributions that are not in the categorical IV Model

Since the bounds in the form of (2.10) are sharp to characterize the categorical IV model,

violations of the bounds (i.e. the lower bound being greater than the upper bound) are

equivalent to falsification of the IV model. We simulated the observed probability distri-

bution with binary Y in each instrument arm Z = z from a uniform Dirichlet distribution,

Dirich(1, . . . , 1︸ ︷︷ ︸
2K

), with a sample size of 500. The proportion of the observed distribution not

compatible with the categorical IV model when Y is binary is presented below. The number

of simulations is 200.

5.2.2 Reasoning Behind the Scene: Helly’s Theorem

One question people might ask is if I have an instrumental variable Z that takes a lot of

states, i.e. Q is large, do I need to check if there is any non-empty intersection of the polytope

that the counterfactual distribution lives in for all possible combinations of Z to make sure

my observed probability distribution is compatible with the IV model? The answer is no by

Helly’s Theorem. The statement of Helly’s Theorem is below.

Helly’s Theorem: Let C1, ..., Cn be a finite collection of convex subsets of Rd, with

n ≥ d + 1. If the intersection of every d + 1 of these sets is nonempty, then the whole

collection has a nonempty intersection.

In our problem, we have d = MK − 1, and this implies that when we have Q > d+1, the

forms of constraints on the marginal counterfactual distributions P (Y (x1)), . . . , P (Y (xK))

should be the same as Q = d+ 1, although the number of constraints should still be larger.

This is also why we see a turning point at Q = MK in Figure 5.1 above. Also, suppose there

is a non-empty intersection of the polytope the counterfactual distribution lives in for any

d + 1 of Z arms. In that case, the observed probability distribution is compatible with the
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Figure 5.1: The proportion of empirical distributions that are not compatible with the
IV model. The observed distribution is simulated under uniform Dirichlet distribution
Dirich(1, . . . , 1). Y is binary.

IV model regardless of how large Q is. When we have K = M = 2, it is sufficient to check

any 4 of Z arms, and when we have K = 3 and M = 2, we need to check any 8 of Z arms.
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Chapter 6

VARIATION (IN)DEPENDENCE OF THE
COUNTERFACTUAL MARGINAL DISTRIBUTION

6.1 Introduction

Richardson and Robins [2024] showed that when X, Y are binary, P (Y (x1)) and P (Y (x2))

are variation independent as shown in Figure 6.1. This makes it easy to compute the

bounds on ATE = P (Y (x2) = 2) − P (Y (x1) = 2): the lower bound on ATE is the

lower bound of P (Y (x2) = 2) subtracting the upper bound of P (Y (x1) = 2) while the

upper bound on ATE is the upper bound of P (Y (x2) = 2) subtracting the lower bound

of P (Y (x1) = 2). However, we claim that when Y is binary and X takes more than 2

levels, P (Y (x1)), . . . , P (Y (xK)) are NOT variation independent of each other, regardless

of the number of levels of Z. This also means in the bounds relating marginals of coun-

terfactual probabilities {P (Y (xi)) : i = 1, . . . , K} and observed conditional probabilities

{P (X = x, Y = y|Z = z) : x = 1, . . . , K, y = 1, 2, z = 1, . . . Q}, there are bounds involv-

ing more than one marginal counterfactual probability at a time. In this case, knowing

one P (Y (xi)) will give us additional information on the others. Hence, the bound on the

ATE obtained by calculating the difference of the upper and lower bounds of the marginal

probabilities will not be sharp anymore.

This further emphasizes the importance of our Theorem 2 being formulated on the joint

counterfactual probability distribution instead of on the marginal counterfactual probability

distribution – obtaining sharp bounds on the marginal counterfactual probabilities is not

always sufficient for sharp bounds on the ATE. Hence, in practice, direct calculation of the

bounds on all pairwise ATEs is needed. Bounds on P (Y (x2) = 2) − P (Y (x1) = 2) and

P (Y (x3) = 2)− P (Y (x1) = 2) may not imply bounds on P (Y (x3) = 2)− P (Y (x2) = 2)).
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Figure 6.1: Variation independence of P (Y (x1)) and P (Y (x2)) when K = M = 2

6.2 Main Results and Proofs

We provide a theorem on the variational independence property on the marginal counterfac-

tual probability distribution P (Y (x1)), . . . , P (Y (xK)) in the categorical IV model when the

outcome is binary.

Theorem 5. WhenM = 2, the marginal counterfactual probabilities P (Y (x1)), . . . , P (Y (xK))

are variational independent if and only if K = 2, regardless of the levels of Z.

Proof. The “if” part has been shown in Richardson and Robins [2024] that P (Y (x1)) and

P (Y (x2)) are variational independent when K = M = 2 through Fourier-Motzkin elimina-

tion. The idea of the proof is the following: they first rewrote the inequalities in terms of

the joint counterfactual probabilities P (Y (x1), Y (x2)) to the marginal probabilities P (Y (x1))

and P (Y (x2)). Then, they showed all inequalities involving both P (Y (x1)) and P (Y (x2))

can be implied by inequalities only involving a single marginal counterfactual probability.

Thus, this showed that P (Y (x1)) and P (Y (x2)) are variational independent.
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The “only if” part can be shown similarly by providing a necessary and non-redundant

inequality that involves more than one marginal counterfactual probability at the same time.

We only need to show the base case with K = 3,M = 2, Q = 2. For other cases with K > 3,

or Q > 2 with M = 2, the base case can be seen as special cases with probabilities of X or Z

taking the additional level being zero, and thus can be easily proved by induction. We now

provide inequalities involving more than two marginal counterfactual probabilities under the

base case and show they are necessary. They are further non-redundant as shown through

‘RCDD’ calculation and synthetic examples.

Claim: when K = 3,M = 2, Q = 2, P (Y (x1)), P (Y (x2)) and P (Y (x3)) are not variation

independent.

Given Theorem 2 and 4, we know the inequalities of the form below are necessary and

non-redundant when K = 3,M = 2, and Q = 2 where i, i′ ∈ {1, 2, 3}, j, j′, j̃ ∈ {1, 2}, and

i ̸= i′.

P (Y (x1) = j, Y (x2) = j′, Y (x3) = j̃) ≤ 1− p1(3−j).z − p2(3−j′).z − p3(3−j̃).z (6.1)

Then, we have

P (Y (xi′) = j′)− P (Y (xi) = 3− j)

≤ P (Y (xi′) = j′)− P (Y (xi) = 3− j, Y (xi′) = j′)

= P (Y (xi) = j, Y (xi′) = j′)

= P (Y (xi) = j, Y (xi′) = j′, Y (xĩ) = 1) + P (Y (xi) = j, Y (xi′) = j′, Y (xĩ) = 2)

≤ 2− P (X = i, Y = 3− j | Z = z)− P (X = i, Y = 3− j | Z = z′)

− P (X = i′, Y = 3− j′ | Z = z)− P (X = i′, Y = 3− y′ | Z = z′)

− P (X = ĩ, Y = 3− j̃ | Z = z)− P (X = ĩ, Y = ĩ | Z = z′)

The first three steps are by algebra, and the fourth inequality is by inequality 6.1.

Below, we give the full sets of inequalities characterizing the marginal counterfactual
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probability distribution under different combinations of K and Q with M = 2.

6.2.1 Base case: Binary Z, X taking three levels, binary Y

We denote pxy.z = P (X = x, Y = y | Z = z). From Theorem 2, we can write out all inequal-

ities characterizing the joint distribution P (Y (x1), Y (x2), Y (x3)). They can be categorized

into the following three sets with i, i′ ∈ {1, 2, 3}, j, j′, j̃ ∈ {1, 2}, and i ̸= i′.

P (Y (xi) = j) ≤ 1− pi(3−j).z (6.2)

P (Y (xi) = j, Y (xi′) = j′) ≤ 1− pi(3−j).z − pi′(3−j′).z (6.3)

P (Y (x1) = j, Y (x2) = j′, Y (x3) = j̃) ≤ 1− p1(3−j).z − p2(3−j′).z − p3(3−j̃).z (6.4)

Notice that bounds in the form of (6.2) is a bound on P (Y (xi) = j) which is a summation

of 4 joint probabilities P (Y (x1) = j, Y (x2) = j′, Y (x3) = j̃). For example, P (Y (x1) = 1) =

P (Y (x1) = 1, Y (x2) = 1, Y (x3) = 1) + P (Y (x1) = 1, Y (x2) = 1, Y (x3) = 2) + P (Y (x1) =

1, Y (x2) = 2, Y (x3) = 1) + P (Y (x1) = 1, Y (x2) = 2, Y (x3) = 2).

Bounds in the form of (6.3) is a bound on P (Y (xi) = j, Y (xi′) = j′), which is a summation

of 2 joint probabilities P (Y (x1) = j, Y (x2) = j′, Y (x3) = j̃). For example, P (Y (x1) =

1, Y (x2) = 1) = P (Y (x1) = 1, Y (x2) = 1, Y (x3) = 1) + P (Y (x1) = 1, Y (x2) = 1, Y (x3) = 2)

Bounds in the form of (6.4) is a bound directly on the joint probability P (Y (x1) = j, Y (x2) =

j′, Y (x3) = j̃).

If we want to use bounds in the form of (6.2)-(6.3) to construct bounds on the marginal

counterfactual probabilities P (Y (xi) = j), then we have the following.

1. From set 1, we will have 6× 2 = 12 bounds since Q = 2.

2. From set 2, we can add the inequalities pairwise - e.g. P (Y (x1) = 1) = P (Y (x1) =

1, Y (x2) = 0) + P (Y (x1) = 1, Y (x2) = 1) ≤ p11.z + p20.z + p30.z + p31.z + p11.z′ + p21.z +

p30.z′ + p31.z′ or P (Y (x1) = 1) = P (Y (x1) = 1, Y (x3) = 0) + P (Y (x1) = 1, Y (x3) =
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1) ≤ p11.z + p20.z + p21.z + p30.z + p11.z′ + p20.z′ + p21.z′ + p31.′ . Notice that the right-hand

side involves both levels of Z. Otherwise, it will be trivial since they can be implied

by inequalities in set 1. Then, we can get 12 ∗ 2 = 24 bounds.

3. From set 3, we can first add the inequalities pairwise to get bounds on P (Y (xi) =

j, Y (xi′) = j′). Then, we have P (Y (xi) = j, Y (xi′) = j′) = P (Y (xi′) = j′)−P (Y (xi) =

3 − j, Y (xi′) = j′) ≥ P (Y (xi′) = j′) − P (Y (xi) = 3 − j). Therefore, we will have

12 ∗ 2 = 24 bounds. These bounds involve two P (Y (xi) = yi) and thus is the reason

why we don’t have variation independence anymore. Specifically, they are in the form

P (Y (xi′) = j′)− P (Y (xi) = 3− j) ≤2− P (X = i, Y = 3− j | Z = z)

− P (X = i′, Y = 3− j′ | Z = z)− P (X = ĩ, Y = 3− j̃ | Z = z)

− P (X = i, Y = 3− j | Z = z′)− P (X = i′, Y = 3− y′ | Z = z′)

− P (X = ĩ, Y = ĩ | Z = z′)

Adding them together, we will have 60 bounds, which is the same as what we obtain from

the RCDD code.

6.2.2 Z, X taking three levels, binary Y

Using Theorem 2, we will get bounds in the same form as (6.2)-(6.4) with z = 1, 2, 3.

Similarly with binary Z, from set 1, we have 6 × 3 = 18 bounds. From set 2, we have

12×
(
3
2

)
× 2 = 72 bounds. From set 3, we also have 12×

(
3
2

)
× 2 = 72 bounds.

Then since now we have 3 levels of Z, we have a little bit more ‘freedom’. Firstly,

after obtaining bounds on P (Y (xi) = j, Y (xi′) = j′) using set 3, we could combine it with

bounds in set 2 to get another set of bounds on P (Y (xi) = j). In this way, we have

6× 2× 2×
(
3
2

)
× 2 = 144 bounds.

Additionally, we can take two inequalities from set 2, P (Y (xi) = j, Y (xi′ = j′)) and

P (Y (xi) = j, Y (xĩ = j̃)) where i′ ̸= ĩ, which agree on the potential outcome Y (xi) = j,
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and one corresponding inequality from set 3, P (Y (xi) = 3 − j, Y (xi′ = j′), Y (xĩ = j̃)). For

example, P (Y (x2) = 1, Y (x3) = 1) and P (Y (x1) = 1, Y (x2) = 1) from set 2 is corresponding

with P (Y (x1) = 1, Y (x2) = 2, Y (x3) = 1) from set 3. Note that for each pair of inequalities

from set 2 described above, there is only one corresponding inequality from set 3. Adding

them together, we can get

P (Y (x2) = 0, Y (x3) = 0) + P (Y (x1) = 0, Y (x2) = 0) + P (Y (x1) = 0, Y (x2) = 1, Y (x3) = 0)

= P (Y (x2) = 0)− P (Y (x2) = 0, Y (x3) = 1) + P (Y (x1) = 0)− P (Y (x1) = 0, Y (x2) = 1)

+ P (Y (x1) = 0, Y (x2) = 1)− P (Y (x1) = 0, Y (x2) = 1, Y (x3) = 1)

= P (Y (x2) = 0)− P (Y (x2) = 0, Y (x3) = 1) + P (Y (x1) = 0)

− P (Y (x1) = 0, Y (x2) = 1, Y (x3) = 1)

≥ P (Y (x2) = 0)− P (Y (x2) = 0, Y (x3) = 1) + P (Y (x1) = 0)− P (Y (x2) = 1, Y (x3) = 1)

= P (Y (x2) = 0) + P (Y (x1) = 0)− P (Y (x3) = 1)

These bounds will involve all three margins of the counterfactual probabilities. The right-

hand sides of the bounds on P (Y (xi) = j, Y (xi′ = j′)), P (Y (xi) = j, Y (xĩ = j̃)), and

P (Y (xi) = 3 − j, Y (xi′ = j′), Y (xĩ = j̃)) need to involve all three levels of Z. Hence, there

are
(
3
2

)
× 2× 2× 2× 2× 3× 2 = 288 bounds.

Notice that the set of bounds we obtain with binary Z is always a subset of bounds we

have when Z takes more levels. Since P (Y (xi) = yi) are not variation independent with each

other with i ∈ {1, 2, 3}, they are variation dependent regardless of the number of levels in Z.

6.2.3 X with more levels

We used computing software to check the variation dependence for the following combinations

of Q,M,K which are presented in Table 6.1.
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Q K M
2, 3, 4, 5 3 2
2 4 2
2 5 2
2 6 2

Table 6.1: Variation dependence property under the following combinations of Q (levels of
Z) and K (levels of X), with M = 2 (levels of Y )

6.3 Simulation Results

6.3.1 Consequences of Variation Dependence Property

The variation dependence property is a blessing and a curse at the same time. On the one

hand, it makes our computation on the bounds of the ATE more complicated in that it is no

longer simply a subtraction of the upper and lower bounds of each marginal counterfactual

probability P (Y (xi)). On the other hand, we might be able to get tighter bounds because

of the bounds that involve multiple marginal counterfactual probabilities.

Take the situation with K = 3,M = 2, Q = 2 as an example, in summary, we have

bounds in the following sets

1. P (Y (xi) = y) ≤ 1− P (X = i, Y = 1− y | Z = z)

2. P (Y (xi) = y) = P (Y (xi) = y, Y (xj) = 0) + P (Y (xi) = y, Y (xj) = 0) ≤ (1 − P (X =

i, Y = 1 − y | Z = z) − P (X = j, Y = 1 | Z = z)) + (1 − P (X = j, Y = 1 − y | Z =

z′)− P (X = j, Y = 0 | Z = z′)) where i ̸= j

3. P (Y (xi) = y) − P (Y (xj) = y′) ≤ P (X = k, Y = 0 | Z = z) + P (X = i, Y = y | Z =

z) + P (X = j, Y = 1 − y′ | Z = z) + P (X = k, Y = 1 | Z = z′) + P (X = i, Y = y |

Z = z′) + P (X = j, Y = 1− y′ | Z = z′) where i ̸= j ̸= k.

Denote the right-hand side of bounds in set 3 as τij,yy′ for the simplicity of notation.

Consider the treatment effect P (Y (x2) = 2) = P (Y (x1) = 2), we can get upper and lower



70

bounds on P (Y (x1) = 2) and P (Y (x2) = 2) separately using bounds in sets 1 and 2 above.

Then, it is not hard to see if there exists a τ21,22 such that τ21,22 < maxz,z′ P (Y (x2) =

2)−minz,z′ P (Y (x1) = 2), it will give us a tighter bound on P (Y (x2) = 2)− P (Y (x1) = 2);

see Figure 6.2.

Figure 6.2: Example on how variation dependence property can help us with getting a tighter
bound on the average causal effect.

6.3.2 Synthetic example

We simulate the observed probability distribution P (X, Y | Z = z) using a uniform Dirichlet

distribution, Dirich(1, . . . , 1︸ ︷︷ ︸
MK

), for each instrument arm Z = z with K = Q = 3,M = 2.

Then, using Theorem 2 and a linear programming software, we calculate the partial identifi-

cation bound on the pair-wise ATE P (Y (x2) = 2)−P (Y (x1) = 2) as well as on the marginal

counterfactual probabilities P (Y (x2) = 2) and P (Y (x1) = 2). We compare the upper and

lower bounds on P (Y (x2) = 2)−P (Y (x1) = 2) vs. max(P (Y (x2) = 2))−min(P (Y (x1) = 2))
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and min(P (Y (x2) = 2))−max(P (Y (x1) = 2)). The number of simulations is n = 2000.

Out of the 1877 simulation runs, which are compatible with the categorical IV model,

we have 142 (7.57%) of them that the bounds on the pair-wise ATE directly obtained using

Theorem 2 is sharper than those obtained using differences of the upper and lower bounds

of P (Y (x2) = 2) and P (Y (x1) = 2). We give a specific example below.

Example 3. Suppose we have observed probabilities, P (X, Y | Z = z), as in Table 6.2.

P (X = 1, Y = 1 | Z) P (X = 1, Y = 2 | Z) P (X = 2, Y = 1 | Z) P (X = 2, Y = 2 | Z) P (X = 3, Y = 1 | Z) P (X = 3, Y = 2 | Z)
Z = 1 0.126 0.198 0.100 0.027 0.540 0.009
Z = 2 0.060 0.148 0.126 0.233 0.022 0.411
Z = 3 0.119 0.065 0.178 0.116 0.461 0.061

Table 6.2: A synthetic data with exposure and instrument taking 3 levels, and a binary
outcome

Estimand P (Y (x1) = 2) P (Y (x2) = 2) P (Y (x2) = 2)− P (Y (x1) = 2) (min(P (Y (x2) = 2))−max(P (Y (x1) = 2)), max(P (Y (x2) = 2))−min(P (Y (x1) = 2)))
Partial Identification Bound (0.297, 0.863) (0.233, 0.822) (-0.600, 0.477) (-0.630, 0.525)

Table 6.3: Upper and lower bounds on various estimands using Theorem 2

Bound on the fifth column is calculated by the difference of the upper and lower bounds

of P (Y (x1) = 2) and P (Y (x2) = 2), i.e. (0.233 − 0.863, 0.822 − 0.297). Comparing it to

the fourth column in Table 6.3, we can see that both the upper and the lower bound on the

pair-wise ATE, P (Y (x2) = 2)− P (Y (x1) = 2), are not sharp.

This example is a direct implication of the variation dependence properties of P (Y (x1)),

P (Y (x2)) and P (Y (x3)) when K = 3 and M = Q = 2. We can see that obtaining the

upper of lower bounds on the difference of P (Y (x1) = 2) and P (Y (x2) = 2) using the

difference of the upper and lower bounds on P (Y (x1) = 2) and P (Y (x2) = 2) can result

in wider bounds. This provides clear practical guidance for researchers that they should

obtain partial identification bounds on the pair-wise ATE treating it as the estimand of in-

terest, instead of analyzing P (Y (x1) = 2) and P (Y (x2) = 2) separately. This illustrates the
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importance of our results in Chapter 2 that is developed on the joint counterfactual distri-

bution P (Y (x1), . . . , Y (xK)), which is a more fundamental distribution than the marginal

counterfactual distribution P (Y (xi)).
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Chapter 7

CONCLUSION

7.1 Discussion

Our generalization of the bounds characterizing the IV model with categorical instrument,

treatment, and outcome can also find intriguing applications in the field of quantum mechan-

ics, particularly in the analysis of Bell’s inequality. In causal inference, our work amongst

others provides bounds on the causal effects when dealing with unmeasured confounding.

Analogously, in quantum mechanics, Bell’s inequalities offer a way to test the presence of

local hidden variables and the extent of quantum entanglement, revealing non-classical corre-

lations in the physical world. The essential argument of a Bell test involves a rejection of any

‘classical’ influences on any observed correlation using a causal analysis, and thus, the causes

of physical phenomena could only be explained by non-classical physical natures. Pearl

[1995] pointed out the similarities between Bell’s inequality in quantum mechanics [Cushing

and McMullin, 1989, Suppes, 1988] and the IV inequalities that both of them address a set

of observed correlations that cannot be accounted for by assuming hidden common causes.

Furthermore, in situations where a direct causal link between the correlated variables X

and Y is allowed, the IV inequalities are actually a variant form of Bell’s inequality. We

believe this work can enhance our understanding of non-classical causality and correlations

in quantum mechanics and could shed new light on the quantification of causal effects within

quantum networks, potentially providing a fresh perspective on the nature of quantum en-

tanglement and informing experimental designs aimed at testing foundational principles of

quantum theory. We hope the synergy between these two frameworks may help bridge clas-

sical causal inference methods and quantum information science, offering a more nuanced

characterization of quantum correlations that go beyond Bell’s classical limits.
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7.2 Future Directions

In summary, we consider the instrumental variable model with categorical Y takingM states,

categorical X taking K states, and categorical Z taking Q states. We assume there is no

direct effect of Z on Y so that Y (x, z) = Y (x) and discussed variations of independence

conditions. We first provide a simple characterization of the set of joint distributions of

the potential outcomes P (Y (x1), . . . , Y (xK)) compatible with a given observed probability

distribution P (X, Y |Z). Our bounds are necessary, sufficient, and non-redundant. Partial

identification bounds on any linear function of the joint counterfactual probabilities could also

be obtained using our results. Results in Richardson and Robins [2014] and the Balke-Pearl

bounds [Balke and Pearl, 1997] are special cases of our work with binary X and Y . Using

the existing algorithm proposed by Guo and Richardson [2021], we give a general procedure

of how confidence regions on any convex functions of the joint counterfactual probabilities

could be obtained. By applying the method to real data on a financial incentive program

for smoking cessation, we show how results can be impacted by how researchers handle and

analyze the data. Specifically, data on additional instrument arms could potentially improve

the efficiency of the results and give tighter bounds. Any deletion of the treatment groups to

restrict the data to a subset of the population will change the estimand of interest (restricting

the parameter of interest, e.g. ATE, to the sub-population which might not be well-defined)

and may lead to invalid/wrong inference.

We will leave closed-form characterization on the IV model with continuous exposure,

outcome, and/or instrument and on the marginal counterfactual probabilities P (Y (x1)), . . . ,

P (Y (xK)) to future work although bounds on them could be obtained numerically using our

results. Further, the use of the monotonicity assumption to obtain point identification of the

ATE should also be explored in the categorical IV model. Finally, the algorithm proposed

by Guo and Richardson [2021] could be conservative. Other statistical inference methods

could be developed using our characterization of the categorical IV model.
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Appendix A

CODE

A.1 Code for Table 4.1: data analysis of the Minneapolis Domestic Violence
Data

We used the following code to compute the plug-in bounds and confidence regions in Table

4.1.

1 library(multChernoff)
2 library(CVXR)
3 library(rcdd)
4

5 crim_all<-matrix(c(81, 10, 0, 0, 1, 0,
6 15, 3, 69, 15, 3, 3,
7 21, 5, 4, 1, 62, 20), nrow = 3, byrow = TRUE)
8

9 crim_ac<-matrix(c(56, 7, 0, 0, 1, 0,
10 15, 3, 38, 7, 2, 2,
11 18, 4, 1, 1, 31, 9), nrow = 3, byrow = TRUE)
12

13 crim_nac<-matrix(c(25, 3, 0, 0, 0, 0,
14 0, 0, 31, 8, 1, 1,
15 3, 1, 3, 0, 31, 11), nrow = 3, byrow = TRUE)
16 crim_ac+crim_nac==crim_all

Researcher 1 – use all data to compute the bound for pair-wise ATEs.

1

2 ##### Plug-in bound
3

4 get.naive.3x.3z.2y<-function(data){
5 n.z <- apply(data, 1, sum)
6 p.empirical <- data / n.z
7 # make objective -----
8 p1 <- Variable(8) # this is on the joint of counterfactual
9

10 # additional bound from Strassen’s theorem using RCDD
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11 p <- 3 # number of levels for x
12

13 # matrix to feed into rcdd
14 vmat <- matrix(nrow=(p*(2ˆp)),ncol=((2ˆp)+p*2))
15

16 # # counterfactual matrix:
17

18 factr.list <- list()
19 for(i in 1:p){
20 factr.list[[i]] <- c(0,1)
21 }
22 factr.list[[p+1]] <- (1:p)
23

24

25 cntr.fact.names<-as.matrix(expand.grid(factr.list),nrow=p*(2ˆp))
26

27 cntr.facts <- matrix(0,nrow=(p*(2ˆp)),ncol=((2ˆp)+1))
28

29 cntr.facts[,1:(2ˆp)] <- matrix(rep(t(diag(1,2ˆp)), p), ncol = (2ˆp),
byrow = TRUE)

30 cntr.facts[,(2ˆp)+1] <- rep((1:p),rep(2ˆp,p))
31

32 obs.dist <- matrix(0,nrow=(p*(2ˆp)),ncol=p*2)
33 for(i in 1:(p*(2ˆp))){
34 xval <- cntr.fact.names[i,p+1]
35 yval <- cntr.fact.names[i,xval]
36 obs.dist[i,2*(xval-1)+yval+1] <- 1
37 }
38

39 vmat[1:(p*(2ˆp)),1:(2ˆp)] <- cntr.facts[1:(p*(2ˆp)),1:(2ˆp)]
40 vmat[1:(p*(2ˆp)),(((2ˆp)+1):((2ˆp)+2*p))] <- obs.dist
41

42 vmat <- cbind(rep(0,(p*(2ˆp))), rep(1,(p*(2ˆp))),vmat)
43

44 colnames(vmat)<- c("eq","inter","Y0=0,Y1=0,Y2=0", "Y0=1,Y1=0,Y2=0",
"Y0=0,Y1=1,Y2=0", "Y0=1,Y1=1,Y2=0",

45 "Y0=0,Y1=0,Y2=1", "Y0=1,Y1=0,Y2=1",
"Y0=0,Y1=1,Y2=1", "Y0=1,Y1=1,Y2=1",

46 "X=0,Y=0","X=0,Y=1", "X=1,Y=0","X=1,Y=1",
"X=2,Y=0","X=2,Y=1")

47

48 hmat <- scdd(vmat,representation="V")$output
49 colnames(hmat)<- c("eq","inter","Y0=0,Y1=0,Y2=0", "Y0=1,Y1=0,Y2=0",
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"Y0=0,Y1=1,Y2=0", "Y0=1,Y1=1,Y2=0",
50 "Y0=0,Y1=0,Y2=1", "Y0=1,Y1=0,Y2=1",

"Y0=0,Y1=1,Y2=1", "Y0=1,Y1=1,Y2=1",
51 "X=0,Y=0","X=0,Y=1", "X=1,Y=0","X=1,Y=1",

"X=2,Y=0","X=2,Y=1")
52

53 hmat.ineq <- hmat[hmat[,1]==0 & apply(abs(hmat[,3:10]), 1, sum)!=0 &
apply(abs(hmat[,11:16]), 1, sum)!=0,]

54

55 p2<-as.matrix(p.empirical)
56 constr1.lp <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*%

matrix(p2[1,], ncol=1) >= -hmat.ineq[,2]
57 constr2.lp <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*%

matrix(p2[2,], ncol=1) >= -hmat.ineq[,2]
58 constr3.lp <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*%

matrix(p2[3,], ncol=1) >= -hmat.ineq[,2]
59 constr <- list(constr1.lp, constr2.lp,constr3.lp, p1 >= 0,

sum_entries(p1, axis=2) == 1)
60

61 # objective function
62 obj <- p1[3] + p1[7] - p1[2] - p1[6] #arm 1vs.0
63 obj <- p1[5] + p1[7] - p1[2] - p1[4] #arm 2vs.0
64 obj <- p1[5] + p1[6] - p1[3] - p1[4] #arm 2vs.1
65

66 # ACE lower bound ----
67 prob <- Problem(Minimize(obj), constr)
68 result <- solve(prob)
69

70 #print(result$status)
71 ACE.lb <- result$value
72 # p.lb <- result$getValue(p)
73

74 # ACE upper bound ----
75 prob <- Problem(Maximize(obj), constr)
76 result <- solve(prob, solver="ECOS")
77 #print(result$status)
78 ACE.ub <- result$value
79 # p.ub <- result$getValue(p)
80 return (c(ACE.lb, ACE.ub))
81

82 }
83

84 round(get.naive.3x.3z.2y(crim_all),3)
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85 round(get.naive.3x.3z.2y(crim_ac),3)
86 round(get.naive.3x.3z.2y(crim_nac),3)
87

88

89 ###### Confidence Region
90

91 get.cr.3x.3z.2y<-function(data, alpha){
92 n.z <- apply(data, 1, sum)
93 p.empirical <- data / n.z
94

95 # get critical value ----
96 t.alpha <- criticalValue(c(6,6,6), n.z, p=alpha, verbose = TRUE)
97 # cat(sprintf("critical value = %f\n", t.alpha))
98

99

100 # make objective -----
101 p1 <- Variable(8) # this is on the joint of counterfactual
102 p2 <- Variable(3,6)
103

104 # first bound on KL divergence
105 KL <- sum(sum_entries(p.empirical * (log(p.empirical) - log(p2)),

axis=1) * 2 * n.z)
106

107 # additional bound from Strassen’s theorem using RCDD
108 p <- 3 # number of levels for x
109

110 # matrix to feed into rcdd
111 vmat <- matrix(nrow=(p*(2ˆp)),ncol=((2ˆp)+p*2))
112

113 # # counterfactual matrix:
114

115 factr.list <- list()
116 for(i in 1:p){
117 factr.list[[i]] <- c(0,1)
118 }
119 factr.list[[p+1]] <- (1:p)
120

121

122 cntr.fact.names<-as.matrix(expand.grid(factr.list),nrow=p*(2ˆp))
123

124 cntr.facts <- matrix(0,nrow=(p*(2ˆp)),ncol=((2ˆp)+1))
125

126 cntr.facts[,1:(2ˆp)] <- matrix(rep(t(diag(1,2ˆp)), p), ncol = (2ˆp),
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byrow = TRUE)
127 cntr.facts[,(2ˆp)+1] <- rep((1:p),rep(2ˆp,p))
128

129 obs.dist <- matrix(0,nrow=(p*(2ˆp)),ncol=p*2)
130 for(i in 1:(p*(2ˆp))){
131 xval <- cntr.fact.names[i,p+1]
132 yval <- cntr.fact.names[i,xval]
133 obs.dist[i,2*(xval-1)+yval+1] <- 1
134 }
135

136 vmat[1:(p*(2ˆp)),1:(2ˆp)] <- cntr.facts[1:(p*(2ˆp)),1:(2ˆp)]
137 vmat[1:(p*(2ˆp)),(((2ˆp)+1):((2ˆp)+2*p))] <- obs.dist
138

139 vmat <- cbind(rep(0,(p*(2ˆp))), rep(1,(p*(2ˆp))),vmat)
140

141 colnames(vmat)<- c("eq","inter","Y0=0,Y1=0,Y2=0", "Y0=1,Y1=0,Y2=0",
"Y0=0,Y1=1,Y2=0", "Y0=1,Y1=1,Y2=0",

142 "Y0=0,Y1=0,Y2=1", "Y0=1,Y1=0,Y2=1",
"Y0=0,Y1=1,Y2=1", "Y0=1,Y1=1,Y2=1",

143 "X=0,Y=0","X=0,Y=1", "X=1,Y=0","X=1,Y=1",
"X=2,Y=0","X=2,Y=1")

144

145 hmat <- scdd(vmat,representation="V")$output
146 colnames(hmat)<- c("eq","inter","Y0=0,Y1=0,Y2=0", "Y0=1,Y1=0,Y2=0",

"Y0=0,Y1=1,Y2=0", "Y0=1,Y1=1,Y2=0",
147 "Y0=0,Y1=0,Y2=1", "Y0=1,Y1=0,Y2=1",

"Y0=0,Y1=1,Y2=1", "Y0=1,Y1=1,Y2=1",
148 "X=0,Y=0","X=0,Y=1", "X=1,Y=0","X=1,Y=1",

"X=2,Y=0","X=2,Y=1")
149

150 hmat.ineq <- hmat[hmat[,1]==0 & apply(abs(hmat[,3:10]), 1, sum)!=0 &
apply(abs(hmat[,11:16]), 1, sum)!=0,]

151

152 constr1 <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*% t(p2[1,])
>= -hmat.ineq[,2]

153 constr2 <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*% t(p2[2,])
>= -hmat.ineq[,2]

154 constr3 <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*% t(p2[3,])
>= -hmat.ineq[,2]

155 constr4 <- KL <= t.alpha
156 constr <- list(constr1, constr2, constr3, constr4, p1 >= 0, p2 >=0,

sum_entries(p1, axis=2) == 1, sum_entries(p2, axis=1) == 1)
157
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158 # Not sure what the order exactly is... Try chronological order below
159 # ACE lower bound ----
160 obj <- p1[3] + p1[7] - p1[2] - p1[6] #arm 1vs.0
161 obj <- p1[5] + p1[7] - p1[2] - p1[4] #arm 2vs.0
162 obj <- p1[5] + p1[6] - p1[3] - p1[4] #arm 2vs.1
163 prob <- Problem(Minimize(obj), constr)
164 result <- solve(prob)
165

166 #print(result$status)
167 ACE.lb <- result$value
168 # p.lb <- result$getValue(p)
169

170 # ACE upper bound ----
171 prob <- Problem(Maximize(obj), constr)
172 result <- solve(prob, solver="ECOS")
173 #print(result$status)
174 ACE.ub <- result$value
175 # p.ub <- result$getValue(p)
176 return (c(ACE.lb, ACE.ub))
177 }
178

179

180

181 round(get.cr.3x.3z.2y(crim_all, 0.05),3)
182 round(get.cr.3x.3z.2y(crim_ac, 0.05),3)
183 round(get.cr.3x.3z.2y(crim_nac, 0.05),3)

Researcher 2 – use data with 1 less Z arm to compute the bound for pair-wise ATEs

1

2 #### get plug-in bounds
3

4 get.naive.3x.2z.2y<-function(data, alpha){
5 n.z <- apply(data, 1, sum)
6 p.empirical <- data / n.z
7 # make objective -----
8 p1 <- Variable(8) # this is on the joint of counterfactual
9

10 # additional bound from Strassen’s theorem using RCDD
11 p <- 3 # number of levels for x
12

13 # matrix to feed into rcdd
14 vmat <- matrix(nrow=(p*(2ˆp)),ncol=((2ˆp)+p*2))
15
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16 # # counterfactual matrix:
17

18 factr.list <- list()
19 for(i in 1:p){
20 factr.list[[i]] <- c(0,1)
21 }
22 factr.list[[p+1]] <- (1:p)
23

24

25 cntr.fact.names<-as.matrix(expand.grid(factr.list),nrow=p*(2ˆp))
26

27 cntr.facts <- matrix(0,nrow=(p*(2ˆp)),ncol=((2ˆp)+1))
28

29 cntr.facts[,1:(2ˆp)] <- matrix(rep(t(diag(1,2ˆp)), p), ncol = (2ˆp),
byrow = TRUE)

30 cntr.facts[,(2ˆp)+1] <- rep((1:p),rep(2ˆp,p))
31

32 obs.dist <- matrix(0,nrow=(p*(2ˆp)),ncol=p*2)
33 for(i in 1:(p*(2ˆp))){
34 xval <- cntr.fact.names[i,p+1]
35 yval <- cntr.fact.names[i,xval]
36 obs.dist[i,2*(xval-1)+yval+1] <- 1
37 }
38

39 vmat[1:(p*(2ˆp)),1:(2ˆp)] <- cntr.facts[1:(p*(2ˆp)),1:(2ˆp)]
40 vmat[1:(p*(2ˆp)),(((2ˆp)+1):((2ˆp)+2*p))] <- obs.dist
41

42 vmat <- cbind(rep(0,(p*(2ˆp))), rep(1,(p*(2ˆp))),vmat)
43

44 colnames(vmat)<- c("eq","inter","Y0=0,Y1=0,Y2=0", "Y0=1,Y1=0,Y2=0",
"Y0=0,Y1=1,Y2=0", "Y0=1,Y1=1,Y2=0",

45 "Y0=0,Y1=0,Y2=1", "Y0=1,Y1=0,Y2=1",
"Y0=0,Y1=1,Y2=1", "Y0=1,Y1=1,Y2=1",

46 "X=0,Y=0","X=0,Y=1", "X=1,Y=0","X=1,Y=1",
"X=2,Y=0","X=2,Y=1")

47

48 hmat <- scdd(vmat,representation="V")$output
49 colnames(hmat)<- c("eq","inter","Y0=0,Y1=0,Y2=0", "Y0=1,Y1=0,Y2=0",

"Y0=0,Y1=1,Y2=0", "Y0=1,Y1=1,Y2=0",
50 "Y0=0,Y1=0,Y2=1", "Y0=1,Y1=0,Y2=1",

"Y0=0,Y1=1,Y2=1", "Y0=1,Y1=1,Y2=1",
51 "X=0,Y=0","X=0,Y=1", "X=1,Y=0","X=1,Y=1",

"X=2,Y=0","X=2,Y=1")
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52

53 hmat.ineq <- hmat[hmat[,1]==0 & apply(abs(hmat[,3:10]), 1, sum)!=0 &
apply(abs(hmat[,11:16]), 1, sum)!=0,]

54

55 p2<-as.matrix(p.empirical)
56 constr1.lp <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*%

matrix(p2[1,], ncol=1) >= -hmat.ineq[,2]
57 constr2.lp <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*%

matrix(p2[2,], ncol=1) >= -hmat.ineq[,2]
58 # constr3.lp <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*%

matrix(p2[3,], ncol=1) >= -hmat.ineq[,2]
59 constr <- list(constr1.lp, constr2.lp, p1 >= 0, sum_entries(p1,

axis=2) == 1)
60

61 # Objective
62

63 obj <- p1[3] + p1[7] - p1[2] - p1[6] #arm 1vs.0
64 obj <- p1[5] + p1[7] - p1[2] - p1[4] #arm 2vs.0
65 obj <- p1[5] + p1[6] - p1[3] - p1[4] #arm 2vs.1
66

67

68 # ACE lower bound ----
69 prob <- Problem(Minimize(obj), constr)
70 result <- solve(prob)
71

72 #print(result$status)
73 ACE.lb <- result$value
74 # p.lb <- result$getValue(p)
75

76 # ACE upper bound ----
77 prob <- Problem(Maximize(obj), constr)
78 result <- solve(prob, solver="ECOS")
79 #print(result$status)
80 ACE.ub <- result$value
81 # p.ub <- result$getValue(p)
82 return (c(ACE.lb, ACE.ub))
83 }
84

85

86 round(get.naive.3x.2z.2y(crim_all[-1,]),3)
87 round(get.naive.3x.2z.2y(crim_all[-2,]),3)
88 round(get.naive.3x.2z.2y(crim_all[-3,]),3)
89
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90 round(get.naive.3x.2z.2y(crim_ac[-1,]),3)
91 round(get.naive.3x.2z.2y(crim_ac[-2,]),3)
92 round(get.naive.3x.2z.2y(crim_ac[-3,]),3)
93

94 round(get.naive.3x.2z.2y(crim_nac[-1,]),3)
95 round(get.naive.3x.2z.2y(crim_nac[-2,]),3)
96 round(get.naive.3x.2z.2y(crim_nac[-3,]),3)
97

98

99

100

101 ### Confidence region
102

103 get.cr.3x.2z.2y<-function(data, alpha){
104 n.z <- apply(data, 1, sum)
105 p.empirical <- data / n.z
106

107 # get critical value ----
108 alpha <- 0.05
109 t.alpha <- criticalValue(rep(6, 2), n.z, p=alpha, verbose = TRUE)
110 # cat(sprintf("critical value = %f\n", t.alpha))
111

112

113 # make objective -----
114 p1 <- Variable(8) # this is on the joint of counterfactual
115 p2 <- Variable(2,6)
116

117 # first bound on KL divergence
118 KL <- sum(sum_entries(p.empirical * (log(p.empirical) - log(p2)),

axis=1) * 2 * n.z)
119

120 # additional bound from Strassen’s theorem using RCDD
121 p <- 3 # number of levels for x
122

123 # matrix to feed into rcdd
124 vmat <- matrix(nrow=(p*(2ˆp)),ncol=((2ˆp)+p*2))
125

126 # # counterfactual matrix:
127

128 factr.list <- list()
129 for(i in 1:p){
130 factr.list[[i]] <- c(0,1)
131 }
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132 factr.list[[p+1]] <- (1:p)
133

134

135 cntr.fact.names<-as.matrix(expand.grid(factr.list),nrow=p*(2ˆp))
136

137 cntr.facts <- matrix(0,nrow=(p*(2ˆp)),ncol=((2ˆp)+1))
138

139 cntr.facts[,1:(2ˆp)] <- matrix(rep(t(diag(1,2ˆp)), p), ncol = (2ˆp),
byrow = TRUE)

140 cntr.facts[,(2ˆp)+1] <- rep((1:p),rep(2ˆp,p))
141

142 obs.dist <- matrix(0,nrow=(p*(2ˆp)),ncol=p*2)
143 for(i in 1:(p*(2ˆp))){
144 xval <- cntr.fact.names[i,p+1]
145 yval <- cntr.fact.names[i,xval]
146 obs.dist[i,2*(xval-1)+yval+1] <- 1
147 }
148

149 vmat[1:(p*(2ˆp)),1:(2ˆp)] <- cntr.facts[1:(p*(2ˆp)),1:(2ˆp)]
150 vmat[1:(p*(2ˆp)),(((2ˆp)+1):((2ˆp)+2*p))] <- obs.dist
151

152 vmat <- cbind(rep(0,(p*(2ˆp))), rep(1,(p*(2ˆp))),vmat)
153

154 colnames(vmat)<- c("eq","inter","Y0=0,Y1=0,Y2=0", "Y0=1,Y1=0,Y2=0",
"Y0=0,Y1=1,Y2=0", "Y0=1,Y1=1,Y2=0",

155 "Y0=0,Y1=0,Y2=1", "Y0=1,Y1=0,Y2=1",
"Y0=0,Y1=1,Y2=1", "Y0=1,Y1=1,Y2=1",

156 "X=0,Y=0","X=0,Y=1", "X=1,Y=0","X=1,Y=1",
"X=2,Y=0","X=2,Y=1")

157

158 hmat <- scdd(vmat,representation="V")$output
159 colnames(hmat)<- c("eq","inter","Y0=0,Y1=0,Y2=0", "Y0=1,Y1=0,Y2=0",

"Y0=0,Y1=1,Y2=0", "Y0=1,Y1=1,Y2=0",
160 "Y0=0,Y1=0,Y2=1", "Y0=1,Y1=0,Y2=1",

"Y0=0,Y1=1,Y2=1", "Y0=1,Y1=1,Y2=1",
161 "X=0,Y=0","X=0,Y=1", "X=1,Y=0","X=1,Y=1",

"X=2,Y=0","X=2,Y=1")
162

163 hmat.ineq <- hmat[hmat[,1]==0 & apply(abs(hmat[,3:10]), 1, sum)!=0 &
apply(abs(hmat[,11:16]), 1, sum)!=0,]

164

165 constr1 <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*% t(p2[1,])
>= -hmat.ineq[,2]
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166 constr2 <- hmat.ineq[,3:10] %*% p1 + hmat.ineq[,11:16] %*% t(p2[2,])
>= -hmat.ineq[,2]

167 constr4 <- KL <= t.alpha
168 constr <- list(constr1, constr2, constr4, p1 >= 0, p2 >=0,

sum_entries(p1, axis=2) == 1, sum_entries(p2, axis=1) == 1)
169

170 # Objective function
171 #obj <- p1[3] + p1[7] - p1[2] - p1[6] #arm 1vs.0
172 #obj <- p1[5] + p1[7] - p1[2] - p1[4] #arm 2vs.0
173 obj <- p1[5] + p1[6] - p1[3] - p1[4] #arm 2vs.1
174

175 # ACE lower bound ----
176 prob <- Problem(Minimize(obj), constr)
177 result <- solve(prob)
178

179 #print(result$status)
180 ACE.lb <- result$value
181 # p.lb <- result$getValue(p)
182

183 # ACE upper bound ----
184 prob <- Problem(Maximize(obj), constr)
185 result <- solve(prob, solver="ECOS")
186 #print(result$status)
187 ACE.ub <- result$value
188 # p.ub <- result$getValue(p)
189 return (c(ACE.lb, ACE.ub))
190 }
191

192

193

194 round(get.cr.3x.2z.2y(crim_all[-1,], 0.05),3)
195 round(get.cr.3x.2z.2y(crim_all[-2,], 0.05),3)
196 round(get.cr.3x.2z.2y(crim_all[-3,], 0.05),3)
197

198 round(get.cr.3x.2z.2y(crim_ac[-1,], 0.05),3)
199 round(get.cr.3x.2z.2y(crim_ac[-2,], 0.05),3)
200 round(get.cr.3x.2z.2y(crim_ac[-3,], 0.05),3)
201

202 round(get.cr.3x.2z.2y(crim_nac[-1,], 0.05),3)
203 round(get.cr.3x.2z.2y(crim_nac[-2,], 0.05),3)
204 round(get.cr.3x.2z.2y(crim_nac[-3,], 0.05),3)

Researcher 3 – use data with 1 less X arm to compute the bound for the pair-wise ATEs
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1 #### get plug-in bounds
2

3 get.naive.2x.3z.2y<-function(data){
4 n.z <- apply(data, 1, sum)
5 p.empirical <- data / n.z
6 # make objective -----
7 p1 <- Variable(4) # this is on the joint of counterfactual
8

9 # additional bound from Strassen’s theorem using RCDD
10 p <- 2 # number of levels for x
11

12 # matrix to feed into rcdd
13 vmat <- matrix(nrow=(p*(2ˆp)),ncol=((2ˆp)+p*2))
14

15 # # counterfactual matrix:
16

17 factr.list <- list()
18 for(i in 1:p){
19 factr.list[[i]] <- c(0,1)
20 }
21 factr.list[[p+1]] <- (1:p)
22

23

24 cntr.fact.names<-as.matrix(expand.grid(factr.list),nrow=p*(2ˆp))
25

26 cntr.facts <- matrix(0,nrow=(p*(2ˆp)),ncol=((2ˆp)+1))
27

28 cntr.facts[,1:(2ˆp)] <- matrix(rep(t(diag(1,2ˆp)), p), ncol = (2ˆp),
byrow = TRUE)

29 cntr.facts[,(2ˆp)+1] <- rep((1:p),rep(2ˆp,p))
30

31 obs.dist <- matrix(0,nrow=(p*(2ˆp)),ncol=p*2)
32 for(i in 1:(p*(2ˆp))){
33 xval <- cntr.fact.names[i,p+1]
34 yval <- cntr.fact.names[i,xval]
35 obs.dist[i,2*(xval-1)+yval+1] <- 1
36 }
37

38 vmat[1:(p*(2ˆp)),1:(2ˆp)] <- cntr.facts[1:(p*(2ˆp)),1:(2ˆp)]
39 vmat[1:(p*(2ˆp)),(((2ˆp)+1):((2ˆp)+2*p))] <- obs.dist
40

41 vmat <- cbind(rep(0,(p*(2ˆp))), rep(1,(p*(2ˆp))),vmat)
42
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43 hmat <- scdd(vmat,representation="V")$output
44 colnames(hmat)<- c("eq","inter","Y0=0,Y1=0", "Y0=1,Y1=0",

"Y0=0,Y1=1", "Y0=1,Y1=1",
45 "Y=0,X=0","Y=1,X=0", "Y=0,X=1","Y=1,X=1")
46

47 hmat.ineq <- hmat[hmat[,1]==0 & apply(hmat[,3:6], 1, sum)!=0 &
apply(hmat[,7:10], 1, sum)!=0,]

48

49 p2<-as.matrix(p.empirical)
50

51 constr1.lp <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*%
matrix(p2[1,], ncol=1) >= -hmat.ineq[,2]

52 constr2.lp <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*%
matrix(p2[2,], ncol=1) >= -hmat.ineq[,2]

53 constr3.lp <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*%
matrix(p2[3,], ncol=1) >= -hmat.ineq[,2]

54 constr.lp <- list(constr1.lp, constr2.lp, constr3.lp, p1 >= 0,
sum_entries(p1, axis=2) == 1) # ACE lower bound ----

55 obj <- p1[3] - p1[2]
56 prob <- Problem(Minimize(obj), constr.lp)
57 result <- solve(prob)
58 #print(result$status)
59 ACE.lb <- result$value
60 # p.lb <- result$getValue(p)
61

62 # ACE upper bound ----
63 prob <- Problem(Maximize(obj), constr.lp)
64 result <- solve(prob)
65 #print(result$status)
66 ACE.ub <- result$value
67 # p.ub <- result$getValue(p)
68 return(c(ACE.lb, ACE.ub))
69

70 }
71

72

73 round(get.naive.2x.3z.2y(crim_all[,-c(5,6)]),3)
74 round(get.naive.2x.3z.2y(crim_all[,-c(3,4)]),3)
75 round(get.naive.2x.3z.2y(crim_all[,-c(1,2)]),3)
76

77 round(get.naive.2x.3z.2y(crim_ac[,-c(5,6)]),3)
78 round(get.naive.2x.3z.2y(crim_ac[,-c(3,4)]),3)
79 round(get.naive.2x.3z.2y(crim_ac[,-c(1,2)]),3)
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80

81 round(get.naive.2x.3z.2y(crim_nac[,-c(5,6)]),3)
82 round(get.naive.2x.3z.2y(crim_nac[,-c(3,4)]),3)
83 round(get.naive.2x.3z.2y(crim_nac[,-c(1,2)]),3)
84

85

86

87

88 ### Confidence region
89

90 get.cr.2x.3z.2y<-function(data, alpha){
91 n.z <- apply(data, 1, sum)
92 p.empirical <- data / n.z
93

94 # get critical value ----
95 t.alpha <- criticalValue(rep(4, 3), n.z, p=alpha, verbose = TRUE)
96 # cat(sprintf("critical value = %f\n", t.alpha))
97

98 # make objective -----
99 p1 <- Variable(4) # this is on the joint of counterfactual

100 p2 <- Variable(3,4)
101

102 # first bound on KL divergence
103 KL <- sum(sum_entries(p.empirical * (log(p.empirical) - log(p2)),

axis=1) * 2 * n.z)
104

105 # additional bound from Strassen’s theorem using RCDD
106 p <- 2 # number of levels for x
107

108 # matrix to feed into rcdd
109 vmat <- matrix(nrow=(p*(2ˆp)),ncol=((2ˆp)+p*2))
110

111 # # counterfactual matrix:
112

113 factr.list <- list()
114 for(i in 1:p){
115 factr.list[[i]] <- c(0,1)
116 }
117 factr.list[[p+1]] <- (1:p)
118

119

120 cntr.fact.names<-as.matrix(expand.grid(factr.list),nrow=p*(2ˆp))
121
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122 cntr.facts <- matrix(0,nrow=(p*(2ˆp)),ncol=((2ˆp)+1))
123

124 cntr.facts[,1:(2ˆp)] <- matrix(rep(t(diag(1,2ˆp)), p), ncol = (2ˆp),
byrow = TRUE)

125 cntr.facts[,(2ˆp)+1] <- rep((1:p),rep(2ˆp,p))
126

127 obs.dist <- matrix(0,nrow=(p*(2ˆp)),ncol=p*2)
128 for(i in 1:(p*(2ˆp))){
129 xval <- cntr.fact.names[i,p+1]
130 yval <- cntr.fact.names[i,xval]
131 obs.dist[i,2*(xval-1)+yval+1] <- 1
132 }
133

134 vmat[1:(p*(2ˆp)),1:(2ˆp)] <- cntr.facts[1:(p*(2ˆp)),1:(2ˆp)]
135 vmat[1:(p*(2ˆp)),(((2ˆp)+1):((2ˆp)+2*p))] <- obs.dist
136

137 vmat <- cbind(rep(0,(p*(2ˆp))), rep(1,(p*(2ˆp))),vmat)
138

139 hmat <- scdd(vmat,representation="V")$output
140 colnames(hmat)<- c("eq","inter","Y0=0,Y1=0", "Y0=1,Y1=0",

"Y0=0,Y1=1", "Y0=1,Y1=1",
141 "Y=0,X=0","Y=1,X=0", "Y=0,X=1","Y=1,X=1")
142

143 hmat.ineq <- hmat[hmat[,1]==0 & apply(hmat[,3:6], 1, sum)!=0 &
apply(hmat[,7:10], 1, sum)!=0,]

144

145 constr1 <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*% t(p2[1,])
>= -hmat.ineq[,2]

146 constr2 <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*% t(p2[2,])
>= -hmat.ineq[,2]

147 constr3 <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*% t(p2[3,])
>= -hmat.ineq[,2]

148 constr4 <- KL <= t.alpha
149 constr <- list(constr1, constr2, constr3, constr4, p1 >= 0, p2 >=0,

sum_entries(p1, axis=2) == 1, sum_entries(p2, axis=1) == 1)
150

151 # Not sure what the order exactly is... Try chronological order below
152 # ACE lower bound ----
153 #obj <- p1[3] - p1[2]
154 obj <- p2[1,1]
155 prob <- Problem(Minimize(obj), constr)
156 result <- solve(prob)
157 #print(result$status)
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158 ACE.lb <- result$value
159 # p.lb <- result$getValue(p)
160

161 # ACE upper bound ----
162 prob <- Problem(Maximize(obj), constr)
163 result <- solve(prob, solver="ECOS")
164 # print(result$status)
165 ACE.ub <- result$value
166 # p.ub <- result$getValue(p)
167

168 return(c(ACE.lb, ACE.ub))
169

170 }
171

172

173 round(get.cr.2x.3z.2y(crim_all[,-c(5,6)], 0.1),3)
174 round(get.cr.2x.3z.2y(crim_all[,-c(3,4)], 0.05),3)
175 round(get.cr.2x.3z.2y(crim_all[,-c(1,2)], 0.05),3)
176

177 round(get.cr.2x.3z.2y(crim_ac[,-c(5,6)], 0.05),3)
178 round(get.cr.2x.3z.2y(crim_ac[,-c(3,4)], 0.05),3)
179 round(get.cr.2x.3z.2y(crim_ac[,-c(1,2)], 0.05),3)
180

181 round(get.cr.2x.3z.2y(crim_nac[,-c(5,6)], 0.05),3)
182 round(get.cr.2x.3z.2y(crim_nac[,-c(3,4)], 0.05),3)
183 round(get.cr.2x.3z.2y(crim_nac[,-c(1,2)], 0.05),3)

Researcher 4 – use data with 1 less X arm and 1 less Z arm to compute the bound for the

pair-wise ATEs

1 #### get plug-in bounds
2

3 get.naive.2x.2z.2y<-function(data, alpha){
4 n.z <- apply(data, 1, sum)
5 p.empirical <- data / n.z
6 # make objective -----
7 p1 <- Variable(4) # this is on the marginal of counterfactual
8

9 # additional bound from Strassen’s theorem using RCDD
10 p <- 2 # number of levels for x
11

12 # matrix to feed into rcdd
13 vmat <- matrix(nrow=(p*(2ˆp)),ncol=((2ˆp)+p*2))
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14

15 # # counterfactual matrix:
16

17 factr.list <- list()
18 for(i in 1:p){
19 factr.list[[i]] <- c(0,1)
20 }
21 factr.list[[p+1]] <- (1:p)
22

23

24 cntr.fact.names<-as.matrix(expand.grid(factr.list),nrow=p*(2ˆp))
25

26 cntr.facts <- matrix(0,nrow=(p*(2ˆp)),ncol=((2ˆp)+1))
27

28 cntr.facts[,1:(2ˆp)] <- matrix(rep(t(diag(1,2ˆp)), p), ncol = (2ˆp),
byrow = TRUE)

29 cntr.facts[,(2ˆp)+1] <- rep((1:p),rep(2ˆp,p))
30

31 obs.dist <- matrix(0,nrow=(p*(2ˆp)),ncol=p*2)
32 for(i in 1:(p*(2ˆp))){
33 xval <- cntr.fact.names[i,p+1]
34 yval <- cntr.fact.names[i,xval]
35 obs.dist[i,2*(xval-1)+yval+1] <- 1
36 }
37

38 vmat[1:(p*(2ˆp)),1:(2ˆp)] <- cntr.facts[1:(p*(2ˆp)),1:(2ˆp)]
39 vmat[1:(p*(2ˆp)),(((2ˆp)+1):((2ˆp)+2*p))] <- obs.dist
40

41 vmat <- cbind(rep(0,(p*(2ˆp))), rep(1,(p*(2ˆp))),vmat)
42

43 hmat <- scdd(vmat,representation="V")$output
44 colnames(hmat)<- c("eq","inter","Y0=0,Y1=0", "Y0=1,Y1=0",

"Y0=0,Y1=1", "Y0=1,Y1=1",
45 "Y=0,X=0","Y=1,X=0", "Y=0,X=1","Y=1,X=1")
46

47 hmat.ineq <- hmat[hmat[,1]==0 & apply(hmat[,3:6], 1, sum)!=0 &
apply(hmat[,7:10], 1, sum)!=0,]

48

49 p2<-as.matrix(p.empirical)
50

51 constr1.lp <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*%
matrix(p2[1,], ncol=1) >= -hmat.ineq[,2]

52 constr2.lp <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*%
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matrix(p2[2,], ncol=1) >= -hmat.ineq[,2]
53 constr.lp <- list(constr1.lp, constr2.lp, p1 >= 0, sum_entries(p1,

axis=2) == 1) # ACE lower bound ----
54 obj <- p1[3] - p1[2]
55 prob <- Problem(Minimize(obj), constr.lp)
56 result <- solve(prob)
57 #print(result$status)
58 ACE.lb <- result$value
59 # p.lb <- result$getValue(p)
60

61 # ACE upper bound ----
62 prob <- Problem(Maximize(obj), constr.lp)
63 result <- solve(prob)
64 #print(result$status)
65 ACE.ub <- result$value
66 # p.ub <- result$getValue(p)
67

68

69

70 return(c(ACE.lb, ACE.ub))
71

72 }
73

74

75 round(get.naive.2x.2z.2y(crim_all[-3,-c(5,6)]),3)
76 round(get.naive.2x.2z.2y(crim_all[-2,-c(3,4)]),3)
77 round(get.naive.2x.2z.2y(crim_all[-1,-c(1,2)]),3)
78

79 round(get.naive.2x.2z.2y(crim_ac[-3,-c(5,6)]),3)
80 round(get.naive.2x.2z.2y(crim_ac[-2,-c(3,4)]),3)
81 round(get.naive.2x.2z.2y(crim_ac[-1,-c(1,2)]),3)
82

83 round(get.naive.2x.2z.2y(crim_nac[-3,-c(5,6)]),3)
84 round(get.naive.2x.2z.2y(crim_nac[-2,-c(3,4)]),3)
85 round(get.naive.2x.2z.2y(crim_nac[-1,-c(1,2)]),3)
86

87

88

89

90 ### Confidence region
91

92 get.cr.2x.2z.2y<-function(data, alpha){
93 n.z <- apply(data, 1, sum)



98

94 p.empirical <- data / n.z
95

96 # get critical value ----
97 t.alpha <- criticalValue(rep(4, 2), n.z, p=alpha, verbose = TRUE)
98 # cat(sprintf("critical value = %f\n", t.alpha))
99

100 # make objective -----
101 p1 <- Variable(4) # this is on the joint of counterfactual
102 p2 <- Variable(2,4)
103

104 # first bound on KL divergence
105 KL <- sum(sum_entries(p.empirical * (log(p.empirical) - log(p2)),

axis=1) * 2 * n.z)
106

107 # additional bound from Strassen’s theorem using RCDD
108 p <- 2 # number of levels for x
109

110 # matrix to feed into rcdd
111 vmat <- matrix(nrow=(p*(2ˆp)),ncol=((2ˆp)+p*2))
112

113 # # counterfactual matrix:
114

115 factr.list <- list()
116 for(i in 1:p){
117 factr.list[[i]] <- c(0,1)
118 }
119 factr.list[[p+1]] <- (1:p)
120

121

122 cntr.fact.names<-as.matrix(expand.grid(factr.list),nrow=p*(2ˆp))
123

124 cntr.facts <- matrix(0,nrow=(p*(2ˆp)),ncol=((2ˆp)+1))
125

126 cntr.facts[,1:(2ˆp)] <- matrix(rep(t(diag(1,2ˆp)), p), ncol = (2ˆp),
byrow = TRUE)

127 cntr.facts[,(2ˆp)+1] <- rep((1:p),rep(2ˆp,p))
128

129 obs.dist <- matrix(0,nrow=(p*(2ˆp)),ncol=p*2)
130 for(i in 1:(p*(2ˆp))){
131 xval <- cntr.fact.names[i,p+1]
132 yval <- cntr.fact.names[i,xval]
133 obs.dist[i,2*(xval-1)+yval+1] <- 1
134 }
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135

136 vmat[1:(p*(2ˆp)),1:(2ˆp)] <- cntr.facts[1:(p*(2ˆp)),1:(2ˆp)]
137 vmat[1:(p*(2ˆp)),(((2ˆp)+1):((2ˆp)+2*p))] <- obs.dist
138

139 vmat <- cbind(rep(0,(p*(2ˆp))), rep(1,(p*(2ˆp))),vmat)
140

141 hmat <- scdd(vmat,representation="V")$output
142 colnames(hmat)<- c("eq","inter","Y0=0,Y1=0", "Y0=1,Y1=0",

"Y0=0,Y1=1", "Y0=1,Y1=1",
143 "Y=0,X=0","Y=1,X=0", "Y=0,X=1","Y=1,X=1")
144

145 hmat.ineq <- hmat[hmat[,1]==0 & apply(hmat[,3:6], 1, sum)!=0 &
apply(hmat[,7:10], 1, sum)!=0,]

146

147 constr1 <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*% t(p2[1,])
>= -hmat.ineq[,2]

148 constr2 <- hmat.ineq[,3:6] %*% p1 + hmat.ineq[,7:10] %*% t(p2[2,])
>= -hmat.ineq[,2]

149 constr3 <- KL <= t.alpha
150 constr <- list(constr1, constr2, constr3, p1 >= 0, p2 >=0,

sum_entries(p1, axis=2) == 1, sum_entries(p2, axis=1) == 1)
151

152 # ACE lower bound ----
153 obj <- p1[3] - p1[2]
154 prob <- Problem(Minimize(obj), constr)
155 result <- solve(prob)
156 #print(result$status)
157 ACE.lb <- result$value
158 # p.lb <- result$getValue(p)
159

160 # ACE upper bound ----
161 obj <- p1[3] - p1[2]
162 prob <- Problem(Maximize(obj), constr)
163 result <- solve(prob, solver="ECOS")
164 # print(result$status)
165 ACE.ub <- result$value
166 # p.ub <- result$getValue(p)
167

168

169 prob.pval <- Problem(Minimize(KL), list(
170 constr1, constr2, p1 >= 0, p2 >=0, sum_entries(p1, axis=2) == 1,

sum_entries(p2, axis=1) == 1
171 ))
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172 result.pval <- solve(prob.pval)
173 #print(result.pval$status)
174 KL.ml <- max(result.pval$value, 0)
175 #p.mle <- result.pval$getValue(p1)
176 p.value <- tailProbBound(KL.ml, rep(4, 2), n.z, verbose = TRUE)
177

178 return(c(ACE.lb, ACE.ub, p.value))
179

180 }
181

182 round(get.cr.2x.2z.2y(crim_all[-3,-c(5,6)], 0.05),3)
183 round(get.cr.2x.2z.2y(crim_all[-2,-c(3,4)], 0.05),3)
184 round(get.cr.2x.2z.2y(crim_all[-1,-c(1,2)], 0.05),3)
185

186 round(get.cr.2x.2z.2y(crim_ac[-3,-c(5,6)], 0.05),3)
187 round(get.cr.2x.2z.2y(crim_ac[-2,-c(3,4)], 0.05),3)
188 round(get.cr.2x.2z.2y(crim_ac[-1,-c(1,2)], 0.05),3)
189

190 round(get.cr.2x.2z.2y(crim_nac[-3,-c(5,6)], 0.05),3)
191 round(get.cr.2x.2z.2y(crim_nac[-2,-c(3,4)], 0.05),3)
192 round(get.cr.2x.2z.2y(crim_nac[-1,-c(1,2)], 0.05),3)



101

VITA

Yilin Song was born in Binzhou, Shandong, China, in June 1998. She received her

B.A from St. Olaf College, Northfield, MN, in 2020 in Mathematics with a concentration

in Statistics and Data Science. She received her Ph.D. in Biotatistics from University of

Washington, Seattle in 2025 under the supervision of Dr. Thomas Richardson and Dr. Gary

Chan.


	List of Figures
	List of Tables
	Glossary
	Introduction
	Motivating Example: the Minneapolis Domestic Violence Experiment
	Notation
	Organization

	A characterization of the IV model with categorical instrument, exposure, and outcome
	Introduction
	Assumptions and Previous Results
	Main Results
	Proofs

	Non-redundant characterization set: Facets of the polytope
	Introduction
	Main Results
	Proofs
	Comparison to results in Russell

	Statistical Inference on Partial Identification Bounds
	Introduction
	Algorithm
	Real Data Analysis
	Example: algorithm on binary IV

	Falsification tests of the IV model
	Introduction
	Simulation Results

	Variation (In)dependence of the Counterfactual Marginal Distribution
	Introduction
	Main Results and Proofs
	Simulation Results

	Conclusion
	Discussion
	Future Directions

	Bibliography
	Code
	Code for Table 4.1: data analysis of the Minneapolis Domestic Violence Data


