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This thesis concerns statistical inference for the components of a high-dimensional regression
parameter despite possible endogeneity of each regressor. Given a first-stage linear model
for the endogenous regressors and a second-stage linear model for the response variable,
we develop a novel adaptation of the parametric one-step update to a generic second-stage
estimator. We provide high-level conditions under which the scaled update is asymptotically
normal. We introduce a two-stage Lasso procedure and show that, under a Gaussian noise
regime, the second-stage Lasso estimator satisfies the aforementioned conditions. Using
these results, we construct asympotitically valid confidence intervals for the components of
the second-stage regression vector. We complement our asymptotic theory with empirical

studies, which demonstrate the relevance of our method in finite samples.
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Chapter 1
INTRODUCTION

1.1 Overview

The problem of estimating a high-dimensional regression parameter appears ubiquitously in
the data-intensive sciences and has been extensively studied [17, 27, 30]. Statistical proce-
dures for quantifying the uncertainty of such estimates are, however, much less developed.
In particular, although considerable progress has been made for inference in standard high-
dimensional linear regression [32, 53, 53], much less is known for more complex models.

The main concern of this paper is to extend the aforementioned developments to the
linear instrumental variables (IV) model. To motivate the latter, we consider the ordinary
linear model

y=XB+u,
where y € R" is the vector-valued response, X € R"*P= is the matrix of regressors with
rows x; € RPr 3 € RP= is the regression vector, and u € R" is the noise vector with
components u;.

It is well-known that standard inference for 3 using least-squares estimation is invalid
if Elu;x;] # 0. Unfortunately, such is the norm in many practical contexts. Selection
biases, omitted variables, measurement error, and the interplay of mutually interdependent
process that each exhibit random variation can each lead to the failure of the moment
condition E[u;x;] = 0. In such cases, it is preferable to use inferential procedures that allow
for the failure of this moment condition. The method of instrumental variables accomplishes
as much by assuming that the observations a; can in turn be modeled in terms of observable

instrumental variables z; € RP= that satisfy E[u; | z;] = 0:

-
x, = A z +v,



where A € RP=*P= is a matrix of regression coefficients and v; € RP* is a noise vector whose
components may have non-trivial correlation with u;. Following the econometric literature,
we call such regressors x; endogenous and the instrumental variables z; exogenous [19].

Inference for such models in the low-dimensional setting, that is in which the number
of samples exceeds both the number of regressors in X and the number of regressors in Z,
has been extensively studied and put to use in many economic applications [5]. However,
situations in which either the number of instrumental variables or both the number of in-
strumental variables and endogenous variables exceed the number of available observations
are not uncommon. Apart from the situation in which the analyst collects data on a large
number of initial covariates, relevant scenarios include those in which the endogenous vari-
ables are factors with many levels and in which the analyst wishes to expand a small number
of variables into a large series of basis functions. We are therefore interested in inference for
doubly high-dimensional settings in which the number of samples is dominated by both the
number of endogenous regressors and the number of instrumental variables.

To develop a method for conducting inference in such settings, we follow an approach
similar to those of [32, 53, 58], who “de-bias” the Lasso to obtain asymptotic pivots for the
low-dimensional components of the high-dimensional regression vector 3 when endogeneity
is absent. The de-biased estimator decomposes into a main term linear in the noise and a
remainder term that, under certain growth conditions on the model parameters, is asymptot-
ically negligible. We formulate the de-biasing procedure as a generic one-step update, which
can be applied to any initial estimator B of 3. In parametric models, the one-step update B
to an initial estimator ﬁ is one Newton-Raphson step in the direction of a solution to the em-
pirical analogue of the score equations. To adapt the one-step update to handle endogeneity
of X, we (i) choose the update as a step towards the solution to the empirical analogue of a
valid moment condition and (ii) apply the update to a generic second-stage estimator B that
depends on the predicted conditional means E[X | Z]. The resultant estimator decomposes
into a main term and four remainder terms. We present high-level conditions under which

the updated estimator yields asymptotic pivots for the components of 3 and we show, as



an example, how these conditions may be satisfied by a two-stage Lasso estimation routine.
The main challenges of establishing the example are due to the involved structure of the
remainder terms, whose control in turn require a variety of probabilistic techniques and lead

to extensive proofs.
1.2 Our contributions

Our primary contribution is to develop methods for conducting statistical inference for the
low-dimensional components /3, of a high-dimensional regression vector 3 despite endogeneity
of the respective regressors. We present a novel adaptation of the one-step update and high-
level conditions under which the updated estimator yields asymptotic pivots for the 3;. A
related contribution concerns sparse inverse covariance matrix estimation. The updated
estimator é depends on an estimate of the inverse covariance matrix © of the conditional
means E[x;|z;]. However, we do not observe these conditional means directly, and must base
our estimate of ® on the predictions E[m,|zl} We use essentially the CLIME estimator e
of [19] but must do additional, novel work to account for the prediction step in deriving
probabilistic guarantees for the estimator’s performance.

A third contribution is to show that the updated second-stage Lasso estimator studied in
Chapter 4 satisfies the high-level conditions cited above and therefore supports inference for
the Bj. To show as much, we develop probabilistic bounds for the second-stage ¢; estimation
error, and we use these bounds to show asymptotic negligibility of the four remainder terms
described in the previous section. We also demonstrate the feasibility of the compatibility
condition in the second-stage regression, thereby justifying the practical use of the second-
stage rates.

Though our estimator is not a generalized method of moments (GMM) estimator [29], we
suspect that efficiency results require prediction of the conditional means of the endogenous
variables given the instrumental variables. Much of the present work is devoted to accounting
for the prediction error when both the first- and second- stage regression models are high-

dimensional. This contrasts with the methods of [26, 13], who do not account for the need



to predict the optimal instruments [, 2, 31, 12].

Much of the proofs factor nicely into deterministic and stochastic components. A final
contribution is to respect this structure in the intermediate proof steps, thereby maximizing
the generality of our results. This allows future analysts easily to combine the generic
bounds contained in Section 4.4 with concentration results for specific error and design matrix
distribution regimes and thereby derive the growth conditions required for good asymptotic

behavior of the updated second-stage Lasso estimator under a variety of models.
1.3 Related work

Our work relates to the classical research on inference for instrumental variable models. In
particular, the estimator we propose is a high-dimensional generalization to the familiar
two-stage least squares (2SLS) estimator for low-dimensional linear regression models with
endogenous regressors back from some early work such as [1, 2, 25, 51].

Our work also relates to the more recent research on inference for high-dimensional linear
instrumental variables models such as [9, 11, 23, 26]. In particular, [9, | 1] use the Lasso to
obtain representations of the optimal IVs of [I, 2, 29] for models in which the conditional
mean of the response is linear in a small and fixed number of endogenous variables. In
comparison, the estimation procedure we study in Chapter 4 uses the Lasso for both the
first and second stages of estimation, and we obtain asymptotic normality and confidence
intervals of our estimator by a one-step correction to the second stage. Our results therefore
complement the analysis of [, | 1] by extending methods of inference to models with many
endogenous regressors.

Works that develop inferential methods for cases in which the endogenous variables are
high-dimensional include [23] and [26], who propose post-selection and combinatoric finite-
sample bounds-based methods, respectively, for conducting inference for low-dimensional
components of a high-dimensional regression vector under endogeneity. We notice that [13]

also provides an inferential method for high-dimensional linear IV models by using a Dantzig

selector. However, their method does not account for the first-stage of estimation; the latter



is required to predict the conditional means E[x; | z;], which we suspect are required for

efficient inference of the components f3;.
1.4 Organization

The rest of this thesis is organized as follows. We introduce and motivate the instrumen-
tal variables model and a generic two-stage estimation procedure in Sections 2.1 and 2.2,
respectively. In Chapter 3, we present an adaptation of the parametric one-step update to
the generic second-stage estimator defined in Section 2.2. We show in Section 3.2 that the
updated second-stage estimator B decomposes into (i) a main term linear in the noise u
and (ii) four remainder terms. The one-step update requires an estimate of the population
precision matrix of the conditional means E[x; | z;]; we discuss an appropriate estimation
procedure for this quantity in Section 3.3. Our main result concerns the asymptotic dis-
tribution of \/E(BJ — f;)/wj, where w; is an appropriate scale factor, under the high-level
assumption that the remainder terms are asymptotically negligible. We present this result
in Section 3.4. This result allows us to construct asymptotically valid confidence intervals
for the individual components of the second-stage regression parameter 3.

In Chapter 4, we introduce a two-stage Lasso estimator of the regression parameter 3
and show under a Gaussian noise regime that it is suitable for use with the one-step update
developed in Chapter 3. To this end, we provide finite-sample bounds for the estimation
error of the first- and second-stage Lasso estimators in Sections 4.2.3 and 4.2.4, respectively.
To demonstrate the feasibility of the conditions required for the latter bounds, we present
an analysis of the compatibility condition in the context of the second-stage estimation in
Section 4.2.5. In Section 4.3, we show that the remainder terms are asymptotically negligible
under the two-stage Lasso estimation routine.

Finally, in Chapter 5, we present the results of numerical studies that demonstrate the
relevance of our theoretical results to finite samples. All proofs are contained in the Supple-
mentary Materials.

As we discuss in Chapter 4, the finite-sample bounds for ¢;-regularized estimators factor



into deterministic and stochastic parts. The deterministic parts yield bounds for both the
errors of the estimators presented in Section 4.1 and the remainder terms introduced in
Section 3.1 under the two-stage Lasso. Such bounds are generic over various types of noise
regimes. From these generic bounds, we derive specific results that concern the Gaussian
noise regime introduced in Section 2.1. We present the specific estimation error bounds in
Sections 4.2.3 and 4.2.4 and the generic bounds in Section 4.4; all results concerning the
remainder terms are contained in Section 4.4. Furthermore, a number of results depend on
probablistic statements concerning properties of various design matrices. We present such

statements as generally as possible in the relevant results; specific treatments are given as

examples, such as Examples 3.3.3, 3.4.2, and 4.3.4.
1.5 Basic notation and preliminaries

We adopt the following general notational conventions. For p € N, we let [p] := {1,...,p}.
We let bold and non-bold lowercase letters denote vectors and scalars, respectively; we
use bold uppercase letters to denote matrices. We typically denote the components of a
vector (matrix) by the non-bold (lowercase) counterpart of the letter that denotes the vector
(matrix). If M = (my;);jem)x[p], We use a superscript to refer to columns m?/ = (m;)ien)
and a subscript to refer to rows m; = (m;;)jcp. We let || - || and (-,-) denote the usual £,
norm and inner product over Euclidean spaces, respectively;

For m € R?, we let supp(m) = {j € [p| : m; # 0} and ||m||o = [supp (m)|; we
let |m| s = maxjcp|m;|. For matrices M € R™P, we let [|[M|loc = max; jepxp |4
and || M|, = maxjep,) |m/||;. For matrices My, M, € R™*P, we write M, = M, if M, — M,
is positive-definite.

If z is a (random or deterministic) quantity indexed by i € [n], welet E,[z;] =n~' D" | ;.
If X,, is a sequence of random variables, we write X,, ~» X if X,, converges weakly to X.

<, if a, < C,b,

~Y

For a,b € R, we let a Vb = max{a, b} and a A b = min{a,b}. We write a,,
for a C), that is of constant order. We say that a sequence of events £ = &, occurs with

probability approaching one if lim,_,., P& = 1.



We recall the following definitions of the sub-Gaussian and sub-exponential norms.

Definition 1.5.1 (Sub-Gaussian and sub-exponential norms). For ¢ > 1 and a random

variable X, we write
| Xy, := inf{t € (0,00) : E[exp(|X|?/t?) — 1] < 1}

if the infimum exists. The sub-Gaussian norm of a random variable X is given by || X/||y,;
the sub-exponential norm of a random variable X is given by ||X||4,. The corresponding
norms for a random p-vector X are given by

[ XM, = sup (X, @)y, -

TER? : ||z||2=1



Chapter 2
TWO-STAGE ESTIMATION

To contend with endogeneity, the method of instrumental variables isolates variation in
the endogenous regressors induced by the instrumental variables. In Section 2.1, we posit
the two-stage linear IV model to describe such relationships. In Section 2.2, we discuss a

generic two-stage estimation routine that respects the structure of the model.

2.1 Two-stage model
Our model of interest is

Y = wiTBjLui, (2.1)

Tij = ziTaj + Vij (22)

where: 7 ranges from 1 to n (unless stated otherwise); j ranges from 1 to p, (unless stated
otherwise); the vectors x; € RP* consist of the second-stage regressors x;,...,T;p,; the
vector 3 € RP* is the parameter of interest; the vectors z; € RP= consist of the first-stage
Tegressors i, . . -, Zip,; the quantities u; and v; := (vi1,...,v;,)" are random noise elements
that satisfy

Elu;|z;] =0, El[v;|z;] =0; (2.3)

and the vectors o’ are regression parameters up to which the respective conditional means
T

dij = E[xij|z]) = 2] o are specified. In matrix notation, we write

y=XB+u

and

X =D+V = ZA+V,



where: the vectors y,u € R™ consist of the responses y; and the noise components wu;,
respectively; the matrix X € R™P= has columns @’ given by @/ = (z1j,...,7,;)"; the
matrix D = E[X|Z] € R™*P= has columns d’ given by d/ = (dy;, ..., d,;)"; the matrix Z €
R™*P= has columns z* given by 2% = (214, ..., z.x) | ; and the matrix A € RP=*P= has columns
given by o’/. We make the following assumption concerning the n-indexed sequence of

regression parameters A, 3.

Assumption 2.1.1 (Regularity of A, ). The quantities ||A||z, and ||3]|; are bounded above

by universal constants ma,mg < oo, respectively.

Welet 8, =272 /n denote the empirical Gram matrix of the instrumental variables.

Remark 2.1.2 (Mean of z;). We require that the first-stage regressors z; have mean zero
in order to simplify the following exposition and to apply concentration results under more
specific distributional assumptions, such as in Example 3.3.3. This assumption can be relaxed
at the expense of brevity and given a sufficient reformulation of the required concentration

results.

We call the models of (2.2) and (2.1) the first-stage and second-stage models. In general,
the second-stage regression parameter 3 is the target of inference, and the first-stage model
encodes additional information. We are primarily concerned with the case in which the
second-stage regressors are endogenous — that is, when E[u|X] # 0. In this case, the model
described above is the linear instrumental variables model [3]. In the sequel, we refer to the
first- and second-stage regressors as instrumental and endogenous variables, respectively. We
note that the results of Sections 3 and 4 continue to hold if the @’/ are exogenous, though
this setting is not our focus.

As remarked in the Introduction, the linear IV model has been studied extensively in the
low-dimensional setting, where the number p, of endogenous variables x’ is fixed. We are
particularly concerned with the high-dimensional regime in which both p, and the number
p. of instrumental variables z* increase with n. Our results generalize to the low-dimensional

case in which p,, p, are held fixed with respect to n, but we do not treat this case explicitly
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in the present essay. Regardless of whether the model is high-dimensional, we require that
Pz < p. in order to maintain identifiability of E[x;|z;].
We include distributional specifications for the noise vectors as a separate assumption,

which we present below.

Assumption 2.1.3 (Homoscedastic Gaussian noise regime). The noise elements u;, v; satisfy

-
E o O-’U, O-’ll/l)
(U,i, 'UZ')|ZZ‘ ~ N1+pw(07 Zuv) s uv )
auv E'U
where o4, = (Tut, ... ,auva)T consists of the noise covariances o,,; := cov(u,v’), and

where 3, is an unstructured covariance matrix with diagonal entries 02, := var(v?) for j €
[p]. Further, considered as components of an n-indexed sequence of models, the vari-

=02, and 02, = agjm are bounded strictly away from zero and infinity for j € [ps].

2.2 GGeneric two-stage estimators

Our proposed method of inference for the components [3; of the second-stage regression
parameter 3 involves estimators that reflect the structure of the model described above.
The method itself can be described in terms of generic estimators given as functions of the
data. We now introduce notation for such generic estimators that will be used in Chapter 3.

For each j € [pg], let & = &/ (x?, Z) denote a generic first-stage estimator of the first-
stage regression vector o based on the data @/ and Z. We write A := (&, ..., &) for

the matrix of estimated regression vectors. From such an estimator A we may predict the

conditional means d; = E[x;|z;] for i € [n] with

we write D for the predicted conditional mean matrix whose rows are given by the cil-, and
we write 3q := D™D /n. Our choice of the notation D reflects the fact that this quantity
predicts and, under certain conditions, approaches in probability the conditional mean matrix

D; it does not approach the endogenous design matrix X. We write B = B(y,ﬁ) for
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a generic second-stage estimator of the second-stage regression parameter 3 based on the
response y and the predicted conditional means D.

The present estimation scheme is similar to that of the two-stage least-squares (2SLS)
estimator developed by [%, 9, 34, 16, 51] and studied in connection with the limited infor-
mation maximum likelihood (LIML) estimator by [!]. In Chapter 3, we propose a method
for conducting inference for the components ; in the high-dimensional setting in which
Pz > n. We formulate the method in terms of the generic two-stage estimators introduced

in the present section. In Chapter 4, we carry out the implementation of the method for

(1-regularized two-stage estimators.
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Chapter 3
A ONE-STEP UPDATE UNDER ENDOGENEITY

Our main contribution is to develop a method for statistical inference for the compo-
nents f3; of the second-stage regression vector B. In general, statistical inference for high-
dimensional regression parameters is a difficult problem. Regularized estimators, such as
the Lasso and ridge regression, are often used for the purpose of high-dimensional parame-
ter estimation but generally do not have asymptotic distributions suitable for inference; see
(35, 11]. In studying the model of Section 2.1, we must also account for the dependence of
the second-stage estimator on the first-stage estimators.

The basis for our procedure is to adapt the parametric one-step update to the two-stage
estimation procedure described in Section 2.2. In Section 3.1, we review the use of the one-
step estimator in parametric models and its application to high-dimensional inference for
the ordinary linear model. In Section 3.2, we adapt the one-step update to the two-stage
estimation procedure described in Section 2.2. We describe an procedure to estimate the
inverse of ¥4 = E[d;d]] in Section 3.3. Section 3.4 discusses high-level conditions under

which the scaled updated estimator is asymptotically normal.

3.1 One-step update

The one-step update is a general method for constructing efficient estimators for parameters
in parametric and semiparametric models [, Sections 2.5, 7.3]. For our purposes, we review
only the use in parametric models.

Recall that the Newton-Raphson method for finding the root in b to a target system of p,

equations

h(yi,fﬂz’;b) = (hl(yiawi;b)w'-7h’pm(yiawi;b))—r =0
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is to update an approximation b* by the rule

oh

bk+1 — bk I B
ob

-1

b=bk

where is the Jacobian matrix of h with respect to b evaluated at b*. In the ordinary

|
db |b=b*

Gaussian linear model

y=XB+u, (3.1)

the score function

h(yi,wi;w = —$i(yz’ - %Tb)

satisfies E[h(y;, x;; B)] = 0 given the orthogonality condition

The one-step update ,é to an initial estimate ﬁ of 3 is given by

B=0B3+0X"(y—XB)/n,

where © denotes the inverse of

(—X"(y— Xb)/n)
ob

= X'X/n=3,.
b=0

The estimator is so-named because it is one Newton-Raphson step in the direction of the

solution in b to the empirical analogue
E.[h(yi,zi;b)] = —X "(y — Xb)/n = 0.

of the score equation. In general, for parametric models fixed in n and under some regularity
conditions, the one-step update in which the target system consists of the score equations
yields an efficient estimator from a /n-consistent estimator [/, Sections 2.5]. Indeed, note
that if 3, is invertible, as is generally assumed in the low-dimensional setting, then B8 =
(XTX) ' X Ty, which is just the maximum likelihood estimator for the Gaussian linear

model.
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The case when the model is high-dimensional is less well studied. When p, > n, the
empirical covariance matrix 3., is not invertible. Letting © instead denote an approximate

inverse of the Jacobian matrix, one writes
B=B+06X"(y—XB)/n
= B+OX(X(B-B)+u)/n
= B+OX u/n+ (0%, - I)(B-P).
The latter term in the above display is the “remainder” after incomplete inversion of 3.

Thus, in the high-dimensional one-stage linear model, the one-step update satisfies

A

V(B —B8) = ©X "u/vn+Vn(O%, - )(3-B) .
f

From the above we write

V(B —B;) = 0] X u/\/n+ f;
- % S 0w+ ;. (3:3)
=1

where éj is the j'" row of ©. The structure of the main term on the right-hand side above sug-
gests to use v/n(f3; — B;)/@;, where &; is an appropriate estimate of w; = (E[(6;, x;)2u?])"/?,
as an asymptotic pivot for j3;.

When the initial estimator ,é is the Lasso, the updated estimator 3 is sometimes called the
desparsified [73] or debiased [32] Lasso, though these authors obtain the form of 8 by means
other than the one-step update. The general upshot of their results is that if || f||. = op(1),

and if éj and x; are independent of u;, then the updated Lasso estimator satisfies
Vn(B; = B;) /@5 ~ Z; ~ N(0,1),

where @; is an appropriate estimate of w;. A key requirement of the latter two works is the
control of the quantity @3, — I|. The authors combine such bounds with ¢; rates for

the Lasso estimator to control || f||. Thus, appropriate selection of O is required to obtain

a desirable weak limit of \/n(3; — 5;)/%;.



15

3.2 One-step with endogeneity

In this section, we develop a novel adaptation of the one-step update that, under suitable
high-level conditions, yields asymptotic pivots for the second-stage components f3; of the
two-stage model described in Section 2.1. We note that the present development is valid
for any initial second-stage estimator B; demonstrating that the aforementioned high-level
conditions are satisfied requires consideration of particular estimators.

Our motivation for the update to a generic second-stage estimator is largely informal and
proceeds as follows. Recall that the one-step update of the parametric model is one Newton-
Raphson step in the direction of a solution to the respective score equations. If the noise
elements u; are not Gaussian, then the quantity h(y;, z;; b) = —x;(y;—x,; b) is not a score per
se but still satisfies E[h(y;, z;; 3)] = 0 as a consequence of the orthogonality condition (3.2).
However, in the case of the presently considered model, the condition in (3.2) does not hold.
Instead, the conditional moment restriction E[u;|z;] = 0 in (2.3) entails the orthogonality
condition E[z;u;] = 0 for the instrumental variables, and in turn that E[d;u;] = 0 for the
conditional means d;. This suggests that, to develop a one-step update for a generic second-

stage estimator B of B of the present model, we ought to take the empirical analogue
En[—di(yi - wjb)] = En[il(yzw%‘adi;b)] = —ﬁT(y — Xb)/n =0,

of Eld;u;] = 0 as the target system for which the root is sought via a Newton-Raphson
update. We have elected to base the target system on the moment condition E[d;u;] = 0
in accordance with optimal weighting regimes for Generalized Method of Moments (GMM)
estimators; see [1, 2, 20, 12]. Further, since the d; are generally unavailable, we instead use
the predicted conditional mean matrix D in the target system above. The one-step update B

to a second-stage estimator B is then given by

B = B— OF,[h(y;, x;,d;b)] = B+OD"(y— XB)/n, (3.4)

where we continue to let © denote an (approximate) inverse to the Jacobian matrix in b of

the score iz(yi, x;, di; b). The following lemma characterizes a similar decomposition of the
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updated estimator 3 as in the one-stage model.

Lemma 3.2.1 (Decomposition of one-step second-stage estimator). Consider the two-stage
linear model described in Section 2.1. Let D be a prediction of the conditional mean matriz
D from an estimate A of the first-stage regression matriz A. Let B be a second-stage
estimator based on the predictions D. Let © denote a generic Py X pe matriz. The one-step

second-stage estimator

~ ~

B=pB+6D"(y—Xp)/n
satisfies
B—B =©D"u/n+OD"(X - D)(B-B)/n+ (04— I)(B-B),
where g = ﬁTﬁ/n

If one were to follow strictly the prescription of the Newton-Raphson method for selection

of © for the updated second-stage estimator B, one would select

OE, [h(b)] ;
T(ﬁ)]

5 ~ o [a(_my_x,,)/n) 5

90 (8)

= [IA)TX/n} -

However, the decomposition obtained in Lemma 3.2.1 suggests that e ought to control, say,
the sup-norm of @f)d — I, and hence aim to invert f]d rather than DT X /n. We emphasize
that the one-step formulation, insofar as it follows the Newton-Raphson method, is merely a
vehicle for producing an updated estimator ,é; in particular, Lemma 3.2.1 is valid regardless
of what convergence properties an actual Newton-Raphson algorithm incorporating a spe-
cific choice of © may exhibit. We may choose © in whatever manner is most appropriate
for achieving our goal, which is to obtain a tractable limiting distribution for \/H(BJ — Bj).
That said, the two suggestions for how to choose © may be reconciled somewhat by noting
that both DT Z /n and ﬁTﬁ/n are equal to the empirical Gram matrix 34 modulo addi-

tional terms whose sup-norms can be controlled given the rate HK — Az, and appropriate
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concentration results for || Z v/ /n||.. Under a variety of distributions for the z;, such as a
sub-Gaussian regime, one finds ||Sq — Zal|o = op(1) under appropriate growth restrictions
on py; see Example 3.4.2.

For our purposes, we consider the matrix e primarily as an estimator of the population
quantity © := E[d;d]]™!. In particular, we require good behavior of © as such an estimator
to derive the asymptotic distribution of \/E(BN] — f3;). Note that the estimator 3 of (3.4)

satisfies

V(B —B) = ©D u/v/n

+©D"(X -~ D)(B - B)/Vn+Vn(O4— I)(B-P) .
11 7.

Our choice of subscripts is motivated by the fact that the term (:)ﬁTu/n in the display
above must be decomposed further in order to handle the non-trivial covariance of © and D

with w given Z. To this end, we write

V(B — B;) = éjTﬁTU/\/ﬁ‘l' J3.5+ faj
= éjTDT'U'/\/ﬁﬂL éjT(ﬁ — D) u/v/n+ J3.5t faj

=6/D"u/Vn
+(0,—6,)'D"u/\Vn+8] (D — D) u/\/n+fs;+ fu;, (3.5)
s Fas

where: (i) 8;,6; denote the j™ rows of ©, ©, respectively, (ii) fej denotes the j™ component
of the remainder term f,, and (iii) we implicitly let the index ¢ range from 1 to 4 unless
noted otherwise. Since 6; is deterministic and the conditional distribution of w given D
is tractable by assumption, the primary term OJ-TDTu //n on the right-hand side above is
suitable for analysis. As in the case of the main term for the ordinary one-step update

discussed Section 3.1, this term can be written as

07D u/\/i = %Z(@,dim — RE[(6;,dy)u)
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This observation is similar to that of [13], who derive a similar asymptotic linearization but
do not account for prediction of the conditional means d;. In Section 3.4, we show that the
quantity

Win = V(B3 = 8;)/@; , (3.6)

2

where w7 is an appropriate estimator of

W? = B[E,[(6;, d:)*u?] (3.7)

J

converges weakly to a A/(0, 1) random variable under high level conditions on the remainder
terms fy ;. From this result one may construct asymptotically valid confidence intervals for
the regression components /3;.

We have described a strategy for inference for the components Bj. To implement the
strategy for a specific choice of first- and second-stage estimators, one must identify the
conditions under which the remainder terms f, vanish in probability. We demonstrate such
an implementation in Chapter 4. The conditions in turn depend on the properties of the

estimator ©. In the following section, we introduce an estimator suitable for our purposes.
3.3 Estimating ©

The one-step second-stage estimator B depends on an estimator © of ® = E;l, where
34 = E[d;d]] is the population covariance matrix of the conditional means d;. In gen-
eral, estimating the population precision matrix incurs two main difficulties in the high-
dimensional setting. First, the empirical covariance matrix f]d is singular when p, > n and
cannot be inverted to produce an estimator of ®. Second, even if an inverse is available,
one cannot naively use the continuous mapping theorem to derive asymptotic guarantees
it p, — o0, since the sequence of population covariance matrices ¥4 = 34, does not itself
have a limit if p, — oco. In addition to these general difficulties, we must further contend
with the fact that the conditional mean matrix D is unknown. Hence any estimator of ©
will depend on the prediction ﬁ, and guarantees for such an estimator must account for

such dependence.
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We use a slight modification of the CLIME estimator of [19] to contend with the challenges
described above. The rows éj of the estimator © are obtained as solutions to the CLIME

program codified below.

A

Program 3.3.1 (Program for ;).

minimize: - Q(m) := [[mll;,

subject to: || Sqm — €l < p,

where e; denotes the j™ canonical basis vector in p, dimensions and p > 0 is a regularization

parameter.

The present estimator © differs in only one respect from that of the CLIME estimator of [19].
The latter symmetrize the matrix ® with rows obtained as solutions to the aforementioned
optimization problem, whereas we use the raw solutions. We omit the symmetrization step for
simplicity; the ¢, and ¢; guarantees that [19] obtain for the estimation error of the CLIME
estimator continue to hold. We include the requisite guarantees for the unsymmetrized
estimator in the Supplementary Materials.

The present estimator © also differs in an important respect from that of [32]. The latter
also obtain an inverse Gram matrix approximation as a solution to a convex program with
identical constraints as in Program 3.3.1 but with objective function Q(m) = E,[(m, x;)?].
To our knowledge, however, it is currently unknown whether the choice of @ in [32] yields
guarantees comparable to those of the CLIME estimator.

The /., bound for éj — 0; may be derived as a direct consequence of the optimality
of 6 under the assumption that the respective row 8; of the population precision matrix is
feasible for Program 3.3.1. However, the ¢; bound depends on a further requirement on the
population quantity ©®. We express this requirement in the following definition, in which we

adopt the nomenclature and notation of [19] in the following definition.

Definition 3.3.2 (Uniformity class). Following [19], we define the uniformity class of pop-

ulation precision matrices & = 2;1 relative to the controlled tolerance ¢ € [0,1) and the
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generalized sparsity level sg > 0 by

U(me,q,50) == {© = (0;)%%_, = 0: O], < me; max > 10l < se} . (3.8)

ke[pa:]

In the sequel, we assume as part of high-level regularity conditions that ® € U(me, ¢, se)
and that the model parameters meg and sg are well-behaved as functions of n. These
parameters appear in the rates for the remainder terms in our analysis of the two-stage
Lasso of Chapter 4. For generic results, we also make similar high-level assumptions that the
rows 6, of the population precision matrix are feasible for Program 3.3.1. We also provide
probabilistic guarantees that the latter condition holds under specific model assumptions.

For a given tolerance o > 0, we define the set
Toln) = {|O%. ~ Il < p}. (3.9)

Given the event Tg (1), the rows 8, of ®; are each feasible for the respective Program 3.3.1.
Example 3.3.3, which is adapted from [32] and [57], demonstrates the use concentration
inequalities to achieve such probabilistic guarantees that Tg(u) occurs for sub-Gaussian

designs D and suitably chosen tolerances pu.

Example 3.3.3. [Probability of Tg(u)] Consider D = ZA with i.i.d. rows d; satisfying
E[d;] = 0 and E[d,d]] = Z4. Let ® = X', and let ¥4 = E,[d;d;]. Suppose that the rows
of DO®'/? are sub-Gaussian with sub-Gaussian norm 7; and (ii) the minimum and maximum
singular values of 34 are bounded below and above, respectively, by universal constants

Omin(2d), Omax(2aq). Cite [32, Lemma 23] and [77] to write

P{”@Ed — I > a\/m} < 2p Cnv

where a > 0 is a controlled quantity,

a%53 Omin(Xa) 9
Ciny ‘= — 4y
242740 max (Xa)
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and n > (a%s3 0min(Xa) 10g pe) [ (4€20max (Ba)7*). It then follows from Lemma 3.5.3 that,

for e < ma

P{|O%4 — I|ls > a\/10g pa /1 + 3mema =, ||e
< P{||®%4 — I||l > a\/logps/n} + P{||A — A, > ¢}
< 2p2 + P{||A — Al|, > €}.

Under the conditions of Example 3.3.3, if (i) HA — AL, = op(1), (ii) ciny is positive, and
(iii) ||, ]le = Op(1), then the population precision matrix © is feasible for Program 3.3.1
with high probability.

To specify a in the tolerance p such that ¢, is positive would require knowledge of
quantities such as the sub-Gaussian norm 7 of d;, which is not feasible. We note that we are
not concerned with the feasibility of such quantities in this essay; we explain this position
in Section 4.2, where we discuss tuning parameter selection. In Chapter 5, we discuss a

practical scheme for selecting the quantity p that gives good empirical results.
3.4 Asymptotic normality

In Section 3.2, we showed that the updated second-stage estimator 3 satisfies \/H(BNJ —B;) =
VIE,[(8;,d;)u;] +,_, fo;. If the remainder terms vanish in probability, then v/n(3; — ;)
shares the same weak limit as /nlE,[(0;, d;)u;], if it exists. If the model were fixed in n, the
central limit theorem would entail that the latter quantity converges weakly to a N (O,w]?),
where we recall w? = E[(0;,d;)*u7]. In the high-dimensional setting, in which the model
varies with n, the quantity wJQ- need not converge. Nonetheless, we show in Theorem 3.4.1
that v/n(3; — B;)/w; converges weakly to a standard Normal random variable and that the
limit continues to hold if w; is replaced by an estimator @; that satisfies |w; — w;| = op(1).
Note that Theorem 3.4.1 gives conditions under which the limit holds given homoscedastic
Gaussian noise (Condition 5) as well as conditions under which the limit holds given generic

homoscedastic noise (Condition 6).

Theorem 3.4.1 (Weak limits). Suppose that
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1. there exists a sequence c, = o(1) such that P{||Z4 — Zallec > cn} = 0o(n), where X4 =
D'D/n,

2. || felloo = 0p(1) for each 1 < € < 4,
3. ©;; > 9 for some universal ¥ > 0,

4. maxjcp,) 0|1 < me for some universal me < oc.
If either
5. Assumption 2.1.5 holds or

2 where

u’

6. the instrumental variables z; and noise elements u; are #id with Elu;|z;] = o
o 18 bounded away from zero and infinity uniformly in n, and there exist 0 < ( < 1/2

and v > (1/2 — ¢)~! such that

P{(6;,di)| > n} = o(n),  Elu[**] S o, (3.10)

~Y u

then
V(B — Bj) Jw; ~ Z; ~ N(0,1).

Furthermore, the limit continues to hold if w; is replaced by an estimator w; that satisfies |w;—

CUJ" = 0p<1>.

The proof of Theorem 3.4.1 is similar to those of [32, Lemma 3.2, Theorem 4.1]. It can be
found in Section 3.5.3 of the Supplementary Materials.

Conditions | and 6 depend on the distribution of the conditional means d; and hence of
the instrumental variables z;. We show in the following example that both conditions are

satisfied for sub-Gaussian z;.

Example 3.4.2 (Feasibility of Conditions for Theorem 3.4.1, sub-Gaussian z;). Suppose

that z; is sub-Gaussian with ||z;||4, = 7. We claim that Condition | holds. To this end, note



23

that 34— Xy =1 DR x] — X4 and hence that * Sy T — O, Where oy 1= g .
Now, for any two random variables X and Y, it holds that || XY ||y, < 2||X |4, ||Y ||, Further,

if € R is a constant, then ||u|ly, = |p|/log2. Thus,
sz = aelly < 2llzsllpallzaelly, +loel/ V2.

Note that z;; = 2/ a? = > 17 akzlk and that

||Z%szllw2 < ZH%%IIW < |Izz\|w22|ai| < Tma

k=1

and similarly for ||z||,. Thus
zijzin — ojkllys < 272m4 + ’Ujk|/\/§ = 7.

Now apply the Bernstein-type inequality of [57, Proposition 5.16] to conclude that

{—‘Zx”xlk Ojk >t} < Qexp(—%mm{( t ){%})

er’’ et
Choose ¢ = ay/(log(pz V n))/n. If n > (a/(e7’))?*log(ps V 1), then

{_‘ § LijTik — Ojk

> a\/ (log(ps V n))/n} < 2(pge Vm)~° a2/ (6e27"2) |

and hence

P{”Ed — Ed”oo > CL\/(IOg(pm \V/ n))/n} < 2(pm Vi n)Q,GZ/((;eQT/z) 7

which follows from taking the union bound over j,k € [p;]. Condition | then follows

under the assumption that +/(log(pz V n))/n = o(1) and by choosing a large enough so
that a?/(6e*7"?) > 3.

The requirement that P{|(8;,d;)| > n®} = o(n) of Condition 6 can be shown according
to the reasoning in the proof of [32, Lemma 6.3]. Indeed, the latter authors show a slightly
stronger result, namely that for any 0 < ¢ < 1/2, it holds that

P{|ID76;||o > n‘} < nexp(—Cn*)

for an appropriate constant C' > 0.
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The main application of Theorem 3.4.1 is the construction of asymptotically valid confidence
intervals under a wide variety of nosie regimes. Given j € [p,] and a confidence level «, an

asymptotic (1 — a)% confidence interval Z, ; is given by

~ ~

Toj = [Bj — 2y, Bj + 2aj] , (3.11)

where z, = ®7(1 — «/2) and @; satisfies the conditions of Theorem 3.4.1. We present an
empirical study of the finite-sample properties of this procedure for the updated two-stage

Lasso estimator in Chapter 5.

3.5 DMaterials required for Chapter 3

3.5.1 Materials required for Section 3.2

Proof of Lemma 5.2.1. Note that

~

= B+0OD"u/Vn+OD" (X —D)(B-B)/n+ (04— I)(B-B).

as claimed. O

3.5.2  Materials required for Section 7.7

We present the properties of the estimators éj required for the results of Sections 4.3 and 3.4.
Lemma 3.5.1, which gives an /., bound for the estimation error éj — é, is comparable to [19,
Theorem 4]; the proofs are similar but depend on different conditions on the covariance

estimator S4. The proof of Lemma 3.5.2 follows that of [19, Theorem 6].
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Lemma 3.5.1. Suppose that: (i) the quantity ||®||L, is bounded above by a constant me <
0o; and (ii) © is an estimate of © = »7 = cov(d;) ™" with rows 6, obtained as solutions to

Program 3.3.1. Then, on the set Te(u),
16; = Bjllc < 2mep
for each j € [ps].
Proof of Lemma 5.5.1. First, observe that the conditions of the present lemma entail that
18 — Il < 1, 183 — Il < p.

Now, on the set Tg(u), each row 6, is feasible for the respective Specific Program 3.3.1. It
then follows from the optimality of 8; that ||@;], < ||, for each j € [p] and hence that

max;ep.) 05111 < |©]/1,. Next, note that

O-0 = (0%,-1)0 = (O, +O0(Z,—%,) - 1)©
= (
— (0%, -1)®+6(I —3,0).

©)

S.-1O+0(Z,—35,)0

Combine the previous display with the previously discussed bounds to obtain

1© =B < [[(O%4 —1)O|| + [|O(T — £40)||

< |8%4 — IO, + max 16511 [1T = £aOl
J T

= 6% = Il[|®]z, + max 1051111 — Ol

IN

2m®,u )

where the inference to the penultimate line above follows from that I, ®, and f]d are each
symmetric and that the ,,-norm is invariant under transposition of its argument. The result

follows immediately from the previous display. O]
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Lemma 3.5.2. Suppose in addition to the conditions of Lemma 5.5.1 that ® € U(me, q, se)-
Then,

16; — 0;]11 < 2¢,(2mep)' s
for each j € [pg], where ¢, := 14217943172,
Proof of Lemma 3.5.2. See the proof of line (14) of [19, Theorem 6]. O
The following Lemma is required for Example 3.3.3

Lemma 3.5.3. For ¢ < ma, it holds that

P{|OZ4 — I|w > st + 3mema||Z.[we} < P{|OZ4— I > u}
+P{|A - A, <e}.

where ¥4 = E,[d;d]].
Proof of Lemma 5.5.5. Note that
Se=D'D/n=D'D/nt+(A—A)TZ ZA/n+A Z Z(A - A)/n
=S4+ (A-A)TZ"ZA/n+ATZTZ(A - A)/n
+(A-A)TZTZ(A-A)/n,
so that
1054 — Il < [©(D'D/n) — I+ [|O(A - A)TZ"ZA /]|
+©ATZTZ(A — A)/n|lw + |O(A - A)TZTZ(A — A) /0|
= (D 'D/n) —I|jo+11+1y+15.
Note that
I = |0(A-A)"Z"ZA/n||« < O] I(A—A)"Z"ZA /0|«
me |2z ll«llA — Al [[AllL,

IN

memal|X:[ll|A — AllL, .
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The same bound holds for I, by symmetry of the /., norm under transposition of its argument.

For the term I3, similar reasoning yields

I; = |©(A~A)"ZTZ(A - A)/n[|

< mel|Z:ll«llA — AllZ, = me|IZ:]l«|lA - Allf, .

If € < ma, then, on the set {||K — Al|z, <€}, it holds that I3 < m@mAHf]zHOOHK — Al
Conclude that

P{l, + 1o + 13 > 3mema|=.|wet < P{|A A, > ¢}
and hence that

P{|O%0 — I||wc > p+ 3momalZ.lle| A — AllL, }

< P{||OE,[d* — I||lo > pu} + P{|A — Al|, > ¢},

as claimed. n

3.5.8  Materials required for Section 3./

Proof of Theorem 5./.1. The proof of the first claim consists of two steps. First, we show

that the quantity
1 n
Zin = —= Y (0;,di)u;/w;.
U=

and v/n(B; — f3;)/w, share the same weak limit. Second, we show that Z;, ~» N(0,1). To
establish the first step, we claim that

lim P{v/n(f; — 6;)/w; <t} < lim P{Z;, <t}, (3.12)

for all ¢ € R. An analogous lower bound follows by a matching argument, which shows

that v/n(B; — B;)/w, and Z;,, share the same weak limit. To show the claim above, let t € R
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be given, fix a controlled € > 0, and note that, by the decomposition of (3.5), we have

P{vn(B; — Bj)Jw; <t} <P {% Z(epdim/wj + ) fojfwp <t 46}

=1
4
< P{Zj,n <t+ E} + pr&j/w]' > €.
=1
By specification of o, and ©;; in Assumption 2.1.3 and Condition 3 of the present theorem,
it follows that w; is bounded strictly away from 0 uniformly in n. The assumptions of the
present theorem then entail that P f,;/w; > € = o(1) for all € > 0 and each ¢. Letting e tend

to zero shows the claim of (3.12). It follows from the analogous lower bound that
lim P{v/n(3; — B)/w; <t} = lim P{Z;, <t}
n—oo n—o0

for all ¢ € R, thus completing the first step.
Next, we show that, under each of Conditions 5 and € in the statement of the present
theorem, Z;,, ~» Z; ~ N(0,1). To this end, we define the quantity
— ] —
wh = 0540, = =) (6;,d;)*.

n <
=1

We claim first that
Zin = — A M T~ 0,1
” Vn i—1  WiOu ’ NO1)

under each of Conditions 5 and 6 and second that o,w;/w; —p 1. Since Z;,, = w‘i—j"Zj,n, the
desired limit follows from an application Slutsky’s Lemma.
To show the first claim under Condition 5, note that, by specification of w;, we have
under Assumption 2.1.3 that
n

1 (0],d1>u,
7 2 T | Z ~ N(0,1).

Thus
li { »n — } nh [ { »m —= | }] li [ ( ) ’ ] ( )
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for all t € R, where ® denotes the cdf of a standard Normal random variable. This shows
the desired weak limit under Condition 5.
We use the Lindeberg-Feller central limit theorem to show the limit under Condition 6.

To begin, write
Zin = %;fi, i = (0;, di)ui/(w;o,) .
Note that
El&] = E[(0),di)/(wo.)Elui|z]] = 0

and that

n 1 n

on = ZEK}Q] =E [W Z<0j7di>2E[(ui/0u)2|zi]] =n.
i=1 J =1

To demonstrate Lindeberg’s condition, let 9 > 0 be arbitrary and write

n 1 n
00 ) BlE el > do] = — > BB 1(al > 00} | 2i]]
=1 =1

nws;
J =1

_ B [1% iwj, ;B[ (us/ ) 2116 > 57} | zz-]]

= nE[(u1/0.)*1{j&] > sy} .

For brevity, we write @, := u;/0,. Introduce the set T := {|(0;,d;) < n‘} and note,
since |§1| S w]_1|<0],d2)||711|, that

{le)) > 6y N T C {Jia| > swmn'/><},

and hence that 1{&|>6vn}nT < 1{|ay| > sw;n'/>~¢}. Combine this inequality with the result

of two displays previous to obtain

0,2 E[E {6l > 60,)] = nE[a}(1{al > ovaynT + L{ja| > sy} n 7%)]
=1
= nE[@1{ji] > swn/>}] +n E[a]177],

~~ S——
11 I2

where the substitution of indicators in the final line above is permitted since u} > 0. To

show Lindeberg’s condition, it sufficies to show that I; and I, are each o(n).



To treat I;, consider the event {w; < 9¥'/2/y/2} and write

L{fin| > wynt2~<) = L{ja| > duw,mn2=) 0w, < 9V2/v/2)

+ 1{|wy| > Sw;n'/2} N {w; > 9Y?/\/2}

< Tw; <9Y2/3V/20 + 1{jay| > 69'/2n1/2=¢}

so that
I < E[@f1{u; <9?/v3)] + E[ai1{ja| > s0/2n1/2)] .

v~ ~\~

I1a Iip

Observe that

Lo = E[Ww; <v2/v2E[a] | 2]
= P{'UJJ S 191/2/\/5}
< Pl{wj - ©;; <9/2-6;;}
< P{wj — ©;; < —9/2}
< P{jwj — O > 0/2}.

Now note that
|w32 o @jj| = |0;§d0j - @jj|
= 0] (Za— Z0)8;] < 116,13 Zd — Sl -

Thus

Lia < P{Jw] — ©y;] > 9/2}

IA

P{I[Ed — Bl = 9/(2(10;]7)} = o(n)

by Conditions | and 4 of the present theorem.

To treat I}, note that

{Jin| > 60201~} C {Ji|” > (502 0"/~ 1v/2)
= {\/5(5191/2)1/””(1/2_4)'&”,, S 1}

30

(3.13)
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and hence that
1{ja| > 60202} < 1{|ay| > 5191/2711/27(}(ﬂ(éﬂl/?)ynv(l/Q*O|,&1‘1/) .

Noting that u? > 0, substitute the right-hand side above into the expression for Iy}, and drop

the indicator to obtain

lim nly, < lim V2(09Y2)"n! 2704, [*] = 0,

n—oo n—oo
where the above limit depends on the specification of v, in Condition 6 of the present
theorem. Combine the above display with (3.13) to conclude that I; = o(n).

To show as much for I, observe that

lim nl, = lim nE[1{(9;.d)| > n}E[d@] | ]
n—o0o

n—so0
Tim nP{](6;.d3)| > n} = 0

by Condition (3.10) of the present theorem. This concludes the demonstration of Lindeberg’s

condition. Tt follows that Z;,, ~ N(0,1). To show as much for Z;,, and hence for \/n(5;—5;),

it suffices to show that w;o,/w; —p 1. Note that w; = ¢,0;; and hence that w;o,/w; =

w;/0®j;. Since ©j; is bounded strictly away from zero uniformly in n, we have |w;/@;; —1| =

lw; — ©,;]/0;; and hence that it suffices to show that |w; — ©;;| = op(1). But, as we

established above, we have for arbitrary € > 0
P{lw; — ©j| > ¢} < P{||Za — Zall > ¢/ma} = o(1)

by Condition | of the present theorem. Thus w;o,/w; —p 1 and hence Z;,, ~ N(0,1) under
each Condition 5 and 6 of the present theorem.

It remains to show that the limit holds when w; is replaced by an estimator w; that
satisfies |w; —w;| = op(1). Suppose that w; is such an estimator. We claim that w;/w; — 1 =
op(1). To see as much, note that |w;/w; — 1| = |0; — w;|/w; = op(1) by the specification
of w; and that w; = 0,0; is strictly bounded away from zero uniformly in n. It then follows
from the continuous mapping theorem that w;/@; —p 1 and then from Slutksky’s lemma

that /n(8; — B;)/&; = (w;/@;) Zjn ~ N(0,1), as claimed. O
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Chapter 4
EXAMPLE: TWO-STAGE LASSO

Theorem 3.4.1 depends on high-level assumptions that ensure good behavior of the re-
mainder terms f, and standard error estimate w;. In this chapter, we demonstrate how such
conditions may be satisfied in the high-dimensional setting. In particular, we introduce in
Section 4.1 a two-stage Lasso estimation procedure, for which we provide theoretical bounds
in Section 4.2. The rates for the second-stage estimation error are particularly involved due
to the dependence on the predicted conditional means from the first-stage estimation. In
Section 4.3, we identify conditions under which the remainder terms f; vanish in probability

under the two-stage Lasso procedure.
4.1 Two-stage estimator

For j € [pz], we let &’ denote the first-stage Lasso estimator

&’ € argmin {||z’ — Zal3/(2n) + rj|lal1 } (4.1)
acERPz
We let 7 := (rq,...,7,,) denote the tuple of first-stage tuning parameters, and we write
rA = maxr;j. (4.2)
je[pm}
We let dij = ziT &’ denote the predicted conditional mean of x;; given z; based on

the estimates & and write D = ZA, where the matrix D has columns given by di =
(cilj, o ,cfnj)T and the matrix A € RP=XP= has columns given by the &

We define the second-stage Lasso estimator to be

8 € argmin {|ly — Db|[3/(2n) + ralbl } (4.3)
cRpPx
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In Sections 4.2.3 and 4.2.4, we develop sparsity-based results that require the following
quantities. We write S; = supp &’ for the active sets of the first-stage regression parameters,
and we write so; = |9;| and sa = maxjcp,] Sqai; We write Sg := supp B for the active set
of the second-stage regression parameter and sg := |Sg|. Finally, we note that ¢, sparsity is
not a limitation in principle and that more general regression vectors may be considered at

the price of additional complexity [17, Sections 6.2.3-4], [L 1, 9].

4.2 Estimation error bounds

In this section, we present estimation error bounds for the first- and second- stage estimators
described in Section 4.1. Both such bounds depend on the same fundamental strategy for
proving finite-sample guarantees for ¢;-regularized estimators. This strategy consists of two
parts. The first part is the oracle inequality, which establishes a deterministic bound for
the estimation and prediction performance of the Lasso on a particular set of interest. The
second part is the control of the empirical process term, which defines the set of interest. We
include such prerequisites in Section 4.4.1 of the Supplementary Materials.

Before we present the estimation error bounds for the first- and second-stage Lasso es-
timators, we first discuss two important ingredients for such results: (i) the compatibility
condition (Section 4.2.1), which is required in the proof of the oracle inequality, and (ii)
appropriate tuning parameter selection (Section 4.2.2), which is required for the control of

the empirical process terms.

4.2.1  Compatibility condition

The oracle bounds rely on the good behavior of certain moduli of continuity of the empirical
Gram matrices EA]z = Z'"Z/n and f]d -~ D'D /n. We codify this requirement in the

following definition.

Definition 4.2.1 (Compatibility condition). For a given index set S C [p]|, p € N, define



34

the double-cone

C(S) = {5 €RP\ 0 |01 < 3|18} (4.4)

We say that the compatibility condition holds for the matrix M € R"™*P relative to the index
set S and the constant ¢? > 0 if

2> _ .o |SIIMS;

4.5
~ sec(s)  nld|? (4.5)

holds. We call such a quantity ¢? the compatibility constant.

The compatibility condition is so named because it interfaces between the ¢; norm of the
estimation error and the ¢, prediction error of the Lasso estimator. It is instrumental in
bounding the estimation and prediction error of the Lasso and is a standard assumption
in ¢;-regularized estimation literature. For this purpose, the index set S is taken to be the
active set of the target regression parameter [I7, Chapter 6]. The constant 3 is arbitrary;
alternative choices require adjustment of other constants that appear in the bounds [17].

A related, slightly stronger condition known as the restricted eigenvalue condition is
elsewhere used for the same end; see [17], as well as [I7, Chapter 6] and [52] for discussion
of the compatibility, restricted eigenvalue, and other related conditions.

The compatibility and restricted eigenvalue conditions are sometimes defined more gen-

erally in terms of the cardinality s of the index set S rather than a specific index set. For

instance, [15, Assumption RE(s, ¢g)] require for their restricted eigenvalue condition that the
quantity
= i i Mé ) 4.6
Als,co) = min o omin | 2/ (v/nl|8s]l2) (4.6)

1811 <collds
be bounded away from zero. The rationale for taking the minimum over all such index sets S
is that the true support of B is unknown. See also the discussion of [15]. We note also that
the compatibility and restricted eigenvalue conditions can be replaced by slightly weaker

assumptions at the cost of more involved definitions [22].
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4.2.2  Tuning parameters

Practical use of the first- and second-stage Lasso estimators requires selection of the tuning
parameter r; and rg for j € [p,]. A number of proposals for theoretical choices of tuning
parameters [0, 11, 15, 17] for the ordinary (one-stage) linear model exist in the regularized
regression literature. When the noise is homoscedastic and Gaussian, the optimal choice
of tuning parameter depends on the noise level, and hence cannot be feasibly implemented
without estimation of the latter. A second vein of literature concerns data-adaptive methods
for the Lasso. Examples include (i) [!11], who study the asymptotic properties of optimally
tuned (with respect to mean square error) Lasso estimators in connection with solutions to
adaptively tuned approximate message passing algorithms; (ii) AV, of [20], who provide £,
estimation error guarantees; (iii) AVp, of [21], who provide guarantees for a post-lasso pro-
cedure under prediction error loss; (iv) stability selection for variable selection in [39] and
subsequent work by [17]; (v) LinSelect of [7, 2&]; and (vi) [I3], who cite the oracle bounds
of [36, 55, 50] to establish the asymptotic guarantees in prediction loss for the cross-validated

highly adaptive Lasso (HAL) estimator.

A number of authors have also proposed modifications to the Lasso program that elim-
inate the need for some or all tuning of the penalty level with respect to model compo-
nents. Examples include: (i) the square-root Lasso, group square-root Lasso, and scaled
Lasso [0, 12, 18, 18, 50], for which calibration of the tuning parameter is pivotal with respect
to the noise level; (ii) the TREX estimator [37, 0], which attempts to eliminate the need for
tuning altogether; and (iii) [9], who derive oracle results for a weighted Lasso problem under

general noise regimes by using concentration inequalities for self-normalized sums from [33].

In general, the bounds of Sections 4.2.3 and 4.2.4 are based on oracle choices of the tuning
parameters r;, g, which depend explicitly on inestimable quantities. It would be preferable
to give results for data-adaptive tuning parameters for which the respective Lasso problems
can feasibly be implemented. For the present work, we are content to demonstrate that there

exist sequences of oracle tuning parameters that tend to 0 sufficiently fast to ensure that the
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remainder terms f; are asymptotically negligible. In practice, cross-validated choices of Lasso
tuning parameters and g chosen according to the scheme described in Section 3.3 suffice in

favorable parameter configurations. We provide evidence for this claim in Chapter 5.

We now present finite-sample bounds for the first- (Section 4.2.3) and second-stage (Sec-

tion 4.2.1) Lasso estimators A and 8.

4.2.3  First stage

The first stage is a high-dimensional multi-task regression problem. Recall that the model
for o7 is given by
) = Zaol + 7,

where v/ has nontrivial covariance with the noise u. It suffices for our purposes to take
a naive approach to bounding the quantity ||K — A, = maxjep,||& — a?ll;. That is,
we simultaneously bound the estimation error of each individual task. One could use a
more complex approach such as [35] to treat different patterns of joint sparsity amongst the
first-stage regression vectors.

The bounds of the present section require the following assumption.

Assumption 4.2.2 (First-stage compatibility conditions). For each active set S; = supp o/
of the first-stage model, there exists a constant ¢; > 0 such that Z satisfies the compatibility

condition with respect to S; and ¢;. We write ¢ 1= maxcpp,) ¢;-.

As stated in Definition 4.2.1, whether Z satisfies the compatibility condition with respect to
one active set S;, does not bear directly on whether it satisfies the compatibility condition
with respect to another active set Sj, for ji, jo € [ps]. As such, it is non-trivial to assume that
the compatibility condition as specified in Definition 4.2.1 holds for each active set S for j €
[p] when p, tends to infinity. However, the condition that Z satisfies the compatibility
condition with respect to each active set S; is entailed by requiring that (s, cp) of (4.0)
for s = maxjep,)s_; and ¢ = 3 be bounded away from 0. Thus, the discussion of [15, Section

4] concerning the feasibility of their Assumption RE(s, ¢) applies as well to Assumption 1.2.2.
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We will refer to the following specific choices of first-stage tuning parameters throughout

the sequel.

Definition 4.2.3 (First-stage tuning parameters, Gaussian noise). The following choices of
the first-stage tuning parameters are appropriate for the Gaussian noise regime of Assump-

tion 2.1.3:

Ty = O'UjC\/HizHoo logpz/n

for each j € [pg], where c is a controlled quantity.

The following Lemma provides finite sample guarantees for |A — A||;, under the choice

of tuning parameters in Definition 4.2.3.

Lemma 4.2.4 (Bound for |A — A||;,, Gaussian noise). Suppose that Assumptions /.2.2

and 2.1.3 hold. Set r; according to Definition /.2.5. Then,

~ S ~ —ep
P{IA Al > 4—¢;"avc¢ 182 llsolog ps) /n} < 2pt-eon
A

where 0, 1= MaX;c[p,] Tpi, Cep ‘= /32 — 1 and ¢ > 0 is as specific in Definition /.2.5.

Assuming that ||§]z||oo = Op(1) and that o,, ¢a are bounded strictly away from zero and
infinity uniformly in n, Lemma 4.2.4 entails that HfA—AH L, = Op(sa+/log(pz)/n), essentially
identical to the Lasso rate for single task regression problems. The condition that |3, || =
Op(1) follows from tail bounds for ||, — %,|/s; such bounds can be derived under, say, a
sub-Gaussianity assumption for the z; according to the reasoning of Example 3.1.2.

We are primarily interested in controlling the maximum estimation error |A — Az, in
order to establish bounds for the second-stage estimation error |3 — B||; in the following

section.

4.2.4  Second stage

Simultaneous control of the first-stage estimation errors &’ — o’ is a straightforward con-

sequence of the standard theoretical results for the Lasso. On the other hand, the bounds
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for the second-stage estimation error B — B, which we study in the present section, are
more involved due to the dependence of B on the predicted conditional means d;. Our
strategy, which can be found in the Supplementary Materials, is to write y = ﬁﬁ + u,
where @ := u+[(D — ﬁ) + V|8 and apply concentration results to bound the probability of
the event {4 D7 || < rg}, allowing us to adapt oracle inequality arguments for the Lasso

to the present case.

As for the first-stage bounds, we require that D satisfy the compatibility condition:

Assumption 4.2.5 (Second-stage compatibility condition). There exists a constant ¢g such

that D satisfies the compatibility condition with respect to Sg and ¢g.

We will refer to the following specific choices of first-stage tuning parameters throughout the

sequel.

Definition 4.2.6 (Second-stage tuning parameter). Define the second-stage tuning param-

eter rg according to

s ~ S s
rg = 16—? TA||ZZ||OO(4m5—g‘ TA +mA) + (4—‘;
¢A ¢A ¢A

where Ay, A, > 0 are chosen according to the noise assumptions, ra = max;epp,] 7, 7; is

A + mA) (mg)\v + /\u> s (47)

a tuning parameter for the respective first-stage problem, and ma,mg are as defined in

Assumption 2.1.1.

If the noise vectors u; and v/ are Gaussian, the following choice of Ay and ), lead to good

behavior of [3

Definition 4.2.7 (A, Ay, Gaussian noise). From Lemmas 4.4.3 and 4.4.4, the following

choices of Ay, A, are appropriate under the noise regime of Assumption 2.1.3:

M = ey [Sallwlogpafn, A = ouer/|Sallo logpa/n,

where 0, := max;¢[,,] 0, and c is as specified in Definition 4.2.3.
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We now present probabilistic bounds for the ¢; estimation error for the second-stage Lasso

estimator B

Lemma 4.2.8 (Bound for |3 — B||;, Gaussian noise). Suppose that Assumptions /.2.5 and
2.1.7 hold. For each j € [pg], set r; according to Definition /.2.3; set Ay, A\, according to
Definition /.2.7; finally, set rg according to Definition /.2.0. Then,

P{I8 -8l >
122 (4220, 1623 Bl 1 02) 1 B o)

+ma (1652 122 o+ oulms + 1)ey/ |52 log(p:) /) }

< 2pLCer 4 2pCer

Assuming that ||§]z||oO = Op(1) and that o,,0,, ¢a, ¢g are bounded strictly away from zero
and infinity uniformly in n, Lemma 1.2.8 entails that |3 — 8|1 = Op (spsh log(pz)/n +
sgsa/log(pz)/ n) Thus, we see that the convergence rate of the second-stage Lasso estima-
tor is slower than the typical rate of SBW in the ordinary Gaussian linear model.

Whether the present rate can be significantly improved is a direction for future work.

4.2.5 Second-stage compatibility condition

Since Lemma 4.2.8 requires that Assumption 4.2.5 holds, it behooves us to demonstrate the
latter’s feasibility. The following lemma provides such a guarantee. For other approaches to
studying the empirical compatibility constants and restricted eigenvalues of random matrices,
see [15, H1]. Unlike the extant literature on the compatibility condition, however, we must

account for the prediction error of D.

Lemma 4.2.9 (Second-stage compatibility constant). Let S C [p| be an arbitrary index set
with s = |S|. For a given matric M € R, define the quantity

' Mé||3
2(M,S) = inf M
oi ( ) sec(s) nlldgl?
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Let €1,e9 > 0 be arbitrary. Then,

P{&(D.S) < An(Za) 2 — 1}
< P{16s(2malA — AllL, + |A = A2 )= )0 > €1}

+ P{165]|2q — Zglloc > €2},
where ¥4 = DT D/n.

Lemma 4.2.9 may be combined with results for the maximum first-stage estimation er-
ror HK—AH 1, and the maximum entry-wise difference ||X4— Xg4|| to obtain specific bounds

for ¢$(1A), Sg) under different error and design matrix regimes. We present an example below.

Example 4.2.10 (Second-stage compatibility constant, Gaussian noise). Suppose that As-
sumptions 4.2.2 and 2.1.3 hold. Set r; according to Definition 4.2.3 for each j € [ps], and

set ra = maxj e[, 7. Set €; in the statement of Lemma 4.2.9 as

s ~
€1 = 128sg(ma ATA+2 ra)l1 2zl

Pa oh A

so that

P{1655(2mal A — AllL, + [|A = All7)[Zz]0 > e} < P{|A = All, > 4—3ra}.

¢2

Note that if = ¢2 ra = o(1) then, for n sufficiently large, we have mA;—érA + 2(;—9)27'3& <
A A

3ma 2—217” A, which simplifies the foregoing display. Applying this bound and substituting the

present choice of tuning parameters into the displays above, we conclude from Lemmas 4.2.4

and 4.2.9 that

P{o3(D. Sp) < Awin(Ta) — 2 - 384mAs,3¢—avcH§zHiézx/log(pz) /n}
A

< QpL_CQP + P{1685H§d — Ed”oo > 62} .

Thus, if (i) 85¢2 Vi1og(p2)/n = o(1), (ii) ||E2]le = Op(1), and (i) 35]|Xd — Xalle = op(1),

we may conclude that the sequence Qﬁ?(ﬁ,Sg) is bounded strictly away from zero with
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high probability. We note again that the latter two conditions may be derived from, say,

sub-Gaussian rates for ||, — 3,|/c combined with bounds on the minimal and maximal

eigenvalues of 3, and growth restrictions on sgy/log(pz)/n.

4.3 Remainder terms

The asymptotic results of Section 3.4 depend on the high-level assumption that the remain-
der terms f; satisfy || fi]|co = op(1). In this section, we identify the specific conditions under
which this assumption is satisfied for the two-stage Lasso. The primary end of these con-
ditions, which we present in Assumption 4.3.1 below, is to ensure the ¢; consistency of the

first- and second-stage estimators and of the estimator 5 specified in Section 3.3.

Assumption 4.3.1 (Model regularity). The following regularity conditions are used in var-
ious combinations throughout Lemmas 4.4.10-4.4.16. The combinations are made explicit in

the statement of each lemma.

1. The instrumental variable design matrices Z = Z,, satisfy the compatibility condition
relative to the first-stage active sets S; = S;,, = supp (a,) and sequences of com-
patibility constants ¢; = ¢;,, strictly bounded away from zero and infinity uniformly

in n;

2. The predicted conditional mean matrices D= ﬁn satisfy the compatibility condition
relative to the second-stage active sets Sg = Sg,, = supp (3,) and a sequence of com-
patibility constants ¢g = ¢g,, strictly bounded away from zero and infinity uniformly

in n;
3. The growth condition max;cp,] Sai7; = 0(1) holds;

4. The sequence of minimal and maximal eigenvalues of ¥4 = 34,,, denoted respectively

by Amin(24) and Apax(X4), are bounded away from zero and infinity uniformly in n;



42

5. The sequence of population quantities ® = ©,, satisfies @ € U(me, q, se) for a uni-

versal constant me, se = se, > 0 and controlled ¢ € [0, 1);
6. The condition P Te(1)¢ = o(1) holds;

7. The quantity [|E:]lc = |En[2i2] || satisfies limy, oo P{||Es]lcc > mz} = 0 for a

universal constant mz;

8. The following growth conditions hold:

(a) p'9sevIogp. = o(1);
(b) shsp(logp.)*?/n+ sysp(logp:)/v/n = o(1);

(¢) usp(sh logps/ v/ + saVIoEPz) = ofL).

Conditions 1 and 2 are prerequisites for the bounds on the first- and second-stage es-
timation errors of Sections 4.2.3 and 4.2.4; we discuss the feasibility of these assumptions
there. Condition 3 is required for asymptotic control of the remainder terms. Condition 4
is not directly required for the bounds of Lemmas 4.4.10-4.4.16, but it is required for con-
trol of P Tg(p) under the assumptions of Example 3.3.3; as noted in [ 1], it is a standard
assumption in econometric models, for example. Condition 5 is required to control éj -0,
under /., and ¢, norms as discussed in Section 3.3. Condition 6 is a high-level requirement
for asymptotic negligibility of the remainder terms f;; it can be obtained as a consequence
of specific model assumptions as in Example 3.3.3 with consequences for the required growth
rates of model parameters as in Example 4.3.4. Condition 7 is similarly a high-level condition
required for asymptotic negligibility of the remainder terms: it ensures that the empirical
quantity ||§)z||C>Q = ||Z7 Z /n|| behaves in probability as of constant order. It can be derived
as a consequence of Condition 1 if ||£, — %,/ = op(1); the latter condition can in turn
be derived from distributional assumptions on the z; as in Example 3.4.2. Condition 8 lists
the model parameter growth conditions required for asymptotic negligibility of the remain-

der terms under the Gaussian noise regime of Assumption 2.1.3; these conditions should be
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compared with the requirement slogp/y/n = o(1) in [32, 53] for negligibility of the single
remainder term that occurs under the ordinary linear model.

Note that while the quantity mz of Condition 7 appears in the bounds of Lemmas 4.4.10-
4.4.16 of the Supplementary Materials, which give the rates for the remainder terms, we do
not include it in the growth conditions of Condition 8. This is because, under the presently
studied regime, myz is assumed of constant order. One could consider more general scenarios
where the maximum entry of iz is not bounded in probability and include the quantity mz in
the aforementioned growth conditions. Doing so would in turn affect the rate at which sy, sg,
and p, may be allowed to grow with n while maintaining asymptotic negligibility of the
remainder terms f,. Similar considerations come to bear on the quantities ma,mg, me,
which we assume constant in the present essay for simplicity but could be allowed to vary
and therefore figure into the growth conditions requisite for asymptotic negligibility of the
remainder terms.

In addition to the model regularity conditions of Assumption 4.3.1, we require appropriate
choices of the first- and second-stage Lasso tuning parameters and the estimator . We

codify such choices in the following Assumption.

Assumption 4.3.2 (Specification of estimators). Let A and B be the first- and second-stage
Lasso estimators, respectively. The tuning parameters under the Gaussian noise regime of

Assumption 2.1.3 are chosen according to

L. Definition 4.2.3 for the first-stage tuning parameters r = (r;)}2, and (4.2) for the

quantity 7a;
2. Definition 4.2.7 for the quantities \,, and Ay ;

3. Definition 4.2.6 for the second-stage tuning parameter g,

and let © be an estimator of © with rows éj given by solutions to Program 3.3.1.

We can now conclude the asymptotic negligibility of the remainder terms f;.
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Lemma 4.3.3 (Negligibility of remainders). Suppose that Assumption 2.1.5 and Condi-
tions 1-8 of Assumption /.5.1 hold and that the estimators _?A, B, and © are chosen according

to Assumption /.3.2. Then, || filloo = op(1) for £ € {1,2,3,4}.

The primary use of Lemma 4.3.3 is to verify Condition 2 of Theorem 3.4.1. Indeed, the result
justifies the use of the one-step update to the second-stage Lasso estimator to construct

asymptotically valid confidence intervals for the components /3; according to (3.11).

We note that the quantity p, which we recall is the tolerance parameter for Program 3.3.1,
must be given careful consideration. Consider the growth rates specified in Condition 8 of
Assumption 4.3.1. After excluding terms of constant order, we see that Conditions 8a and 8b

! respectively. However,

require i to be of small order (39\/@)61%1 and (sgsa logp,)~
must not tend to 0 so fast that the probability that ©® is feasible for Program 3.3.1, which
we recall is formally denoted by P Tg(u), becomes bounded away from zero. The growth
of p must therefore balance two competing objectives. Since this feat is non-trivial, we

present the following example of a model specification for which a feasible choice of p can

be theoretically justified.

Example 4.3.4 (Example 3.3.3, cont’d, Gaussian noise). We continue the consideration of
sub-Gaussian conditional mean matrix D. Suppose that: (i) the conditions of Lemma 4.3.3
hold; (ii) the matrices D and © are as specified in Example 3.3.3. As in that example, it
holds for € > 0 and n > (4?54 0min(Xa) 10g Pz) /(420 max (Xq)7*) that

P{H@id — Il > ar/10g pz/n + 3m@mA||§zHooe}
< 2p + P{||A — Al|, > ¢},

where ¢;,, and the controlled quantity a are as in Example 3.3.3. Thus, if sa/logpz/n =
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o(1), then Lemma 4.2.4 entails that

o~ o~ 3 S
P{||@Ed — I||oo > ar/logpg/n + 12m@mAc(||Ez||oo)gav—¢‘; \/logpz/n}
A

e ~ sa [ a
< 2p% 1+ P{|A — A, > ngb—z\/”zz”mlogpz/n}
A

S 2p;Cinv + 2pifccp

for n sufficiently large, where ¢, is as in Lemma 4.4.2. If there exists mz = O(1) that
satisfies P{|| 2./l > mz} = o(1), then setting the tolerance p for Program 3.3.1 according

to

3 S
p = a\/logpg/n + 12memAc(mz)3av¢—§\/logpz/n
A
S SAV logpz/n

under the noise regime of Assumption 2.1.3 yields
P{1OSq— Il > u} < 25, +2p5 + P{|Ss ]l > mz}

and hence that the population quantity © is feasible for Program 3.3.1 with probability

approaching one. Condition 8a of Assumption 4.3.1 then becomes

1—gq

s@sxq(logpz)l’%/n = = o(1), (4.8)

and Condition 8¢ becomes

SﬁSi\(lngz)?)/Q/n + S,@Si log(pz)/\/ﬁ = O<1) ) (49)

which is identical to Condition 8b.

4.4 Materials required for Chapter 4

4.4.1  Materials required for Section /.2

Our guarantees for estimating A and 3 consist of two parts. The first is the oracle inequality,
which bounds the ¢; estimation error of a generic Lasso estimator conditional on the occur-
rence of a special set 7. The oracle inequality is a fixture of the ¢ regularized estimation

literature; see for instance [ 7, Chapter 6]. We present it for the sake of completeness.
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The oracle inequality itself is specific to neither the first- nor the second- stage estimators
of the present work. Indeed, we require the result to derive bounds for both estimators. As
such, we present the theorem in terms of a generic model that shares notation with neither the
first- nor second- stage models described in Section 2.1 except for the number of observations

n.

Theorem 4.4.1 (Oracle inequality). Consider the generic linear model
g=W~v+h,

where g € R™ is a vector of univariate responses, W € R"*? is a design matrix with rows
w;, ¥ € R" is a noise vector with arbitrary distribution. Let v denote the Lasso estimator
given by

¥ € argmin { g — Wal/(20) +lall:}.

Let S, :=supp~y, and let s = |S,|. Suppose that W € G(S,, ¢) for a ¢4 > 0. Then, on

the set
T(r) == {4|W ' h/n| <7}, (4.10)
the bound
W& =lz/n+rly =7l < 4s47%/¢5
holds.

Proof of Theorem /./.1. The proof is algebra. To begin, note that the specification of 4 in

the statement of the present theorem entails that

lg — WH2/n+7%1 < lg — WHll2/n+7|7] -

Substituting W+ + h for g yields

IW (v =)+ hllz/n+rll¥]: < [[RI2/n+ 7]yl

On the left-hand side of the above we have

IW(y =)+ hl; = Wy =)z +2(W(y =4) h) + |[R]3,
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where (-, -) denotes the standard inner product over Euclidean space. As the first term on
the right-hand side above is squared, we may swap the order of v and 4 therein. Combining

the two displays above and simplifying then yields
W& =+ 2W(y =), )] /n+ ¥l < vl
Rearranging terms in the above display leads to the following basic inequality:
W =y)l3/n+rlal < 2W (& =), h)/n+rlvlh. (4.11)

Apply Holder’s inequality to the modulus of the first term on the right-hand side above to
find

2AW (¥ =), h)/n < 2|W T h/n|lx|l¥ =~

IN

<1HA |
_7" —_
=9 Y Y1,

where the latter inference holds on the set 7 (r). Substitute the above display into the basic
inequality of (4.11) and double the result to find that

20W (& = y)llo/n+ 203l < 7l =l + 2r]yll: -

Now rearrange terms in the reverse triangle inequality

A

(Y = Y)sy Ml = [1¥s, — syl = [lvs, Il = l17s, 11

to obtain that
195, llr = Mlvs, I = [[(7 = )s, [l

and hence that

¥l = sy Il + [1sg [

> lvs, e = 117 =)y [l + gl
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Substitute the above display into the most recent derivation from the basic inequality to find

20W (5 =i+ 2r[llvs, [ = 1 = 7)s, 1 + s ]
< 7|y =l +2rv|:
= (1% = sy b + 115 = Mseli] + 20 [lvs, s + 1vse ]

= r[Il(¥ = Msylh + [Fsg 1] + 27 s, Il

where, to infer the final line, recall that ||'Ys§, |1 = 0 by specification of S,. Simplify the
above display by consolidating terms to find

2IW (& = y)ll2/n +rllvsglh < 3rll(y —¥)s, -

From the fact that the components of 4 vanish on S, and from the decomposability of the

{1 norm, write
sl = 165 = g
= v =l = 1y =¥)s, [l -

Now substitute || — |1 — [[(¥ —¥)s, ||1 for H'AySg’Hl two displays previous and consolidate

terms to obtain

W& =a/n+7ll(7 =) < 47[[(F = 7)s, I -
Write
1y =Dl =17 =)yl + 115 = Y)selln
and combine with two displays previous to conclude that
1 = Msgllt < 31 = ¥)sy llr -

The above display is the hypothesis of the compatibility condition, which holds for W relative

to Sy and ¢, > 0 by assumption. Invoke the compatibility condition to find

1Y =5, < VEIWT = Y)ll2/ (Vi)



49

Next, write

20W & = yia/n+rl(y =l < 4r/sIIWE =)/ (Vig,)

< W =)lz/n + 4syr? /65,

where the last step follows from the inequality 4zy < 22 + 4y? for x,y € R. Subtract
|W (4 —~)]|3/n from both sides to find

IW (5 —3)5/n+ 7l =yl < 4syr?/¢2,
as claimed. O

Theorem 4.4.1 provides a deterministic guarantee for the ¢; estimation error of a generic

Lasso estimator 4 on the set 7 (r) = {4HWTh/nHoo < r}. Consequently, it holds that
P{I5 =1 > 4s,72/82} < PT(r)°.

The quantity ||W Th/n||s is sometimes called the empirical process term; for instance, [17,
Chapter 6].

It follows from the previous display that upper bounds for PT(T’)E yield probabilistic
guarantees for the ¢; estimation error.

The probabilistic guarantees for Lasso estimation performance require that the tuning
parameter dominate the empirical process term. In our consideration of both the first-
and second- stage Lasso estimators, we encounter a number of such terms, each of the
form ||Z"h/n||« for various noise vectors h. As such, we formulate the following lemma,
which is used throughout our consideration of the homoscedastic Gaussian error regime, in
terms of a generic Gaussian vector h with i.i.d. components. The lemma itself is a standard
application of basic concentration results for Gaussian random variables. In the subsequent
corollaries, we derive bounds for various empirical process terms by taking h to be, for
instance, u and v’ for j € [pz]. Such bounds are key ingredients of the results presented in

Sections 4.2.3 and 4.2.4.
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Lemma 4.4.2 (Control of || Z"h/n||«, Gaussian noise). Let
h|Z ~ N,(0,7°1).

Then,

PLAZ h/nllse > 7\ |8 o logpa/n} < 2p7%
where cep :=c*/32 —1 and ¢ > 0 is a controlled constant.

Proof of Lemma /./.2. The proof is similar to the treatments of [32, Theorem 6] and [17,

Lemma 6.2]. For each j € [p,], write
Hj = (2’ h)/(|2']|27).
It follows from the specification of h that H; |27 ~ N(0,1). Observe that

P{|(=0, h) /0] > 71/ ]IS o (t2 + 2log pz) /)
< P{|(=', k) /n] > |21 [v/allr/(E + Zlog ps) Jn}
_ P{|H,| > VT Zogr)
= E[P{|H,| > V2 +2logp. | 27 }]
~ B[2p{11, > A+ Zlogp | )]

< E[Qe*(tQJFZlngz)/Q] — 26*(t2+210gpz)/2’

where the final line is just the Chernoff bound for N'(0, 1) random variables. Take the union
bound over j € [p,] to find

P{ max | (=7, u)/n] > 7/ Bl + 2l0gp.)/n

J€[pa]

< 2pm6_(t2+210gpz)/2 — 26_t2/2.

t2/2 Cep

To conclude, choose t so that e/ = p,;® and observe that

4/ + 2logpa)jn = 4r\/2log(p"*) /m

— 47/(@]16)log(p)/n = 7e\/logp2) /.
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Lemmas 4.4.3-4.4.5 follow from Lemma 4.4.2 and are required throughout the results for the

first- and second-stage estimation errors.

Lemma 4.4.3 (Control of ||Z"u/n||., Gaussian noise). Suppose that u satisfies Assump-

tion 2.1.5. Define the set

TaN) = {I1Z u/nllo <A} = {I1Z 7 u/nllo < A}, (4.12)

where X is a controlled quantity. Then

C —c
P%(Cgu\/szHoo logpz/(Qn)) < 2p,°r.
Proof of Lemma /./.5. The result follows immediately from Lemma 4.4.2. O

Lemma 4.4.4 (Control of |Z"V /n]|.., Gaussian noise). Suppose that V' satisfies Assump-
tion 2.1.5. Define the set

Tv(N) = {12V /nllw <A} = {127V /n]lw < A}, (4.13)

where A > 0 s a controlled quantity. Then,

P Ty (co /8 ogp2 /@) < 2017

where cep, 15 as defined in Lemma /./.2 and 0, = MaXje[p,] O -

Proof of Lemma /././. Note that, for a given A > 0,

v = () {1270/l < A}
J€E[p=]
Hence

P Ty (o[22l log 2/ (20)°

=P |J {127/ /0]l > cou\/[[Z2]l log p/(20) }

je[pm]
< Y P{IZT /n]lw > o/ Zz ]l log p2/(20) }
J€[pz]
< 2pgpy e < 2pL e

z Y

as claimed. n
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Lemma 4.4.5 (Simultaneous control of || Z v’ /n||,,, Gaussian noise). Suppose that V' sat-

isfies Assumption 2.1.5. For each j € [pg|, define the set

Toi(N;) = {4||ZT'vj/n||Oo < )\j}. (4.14)
Define the set
TaM\icwal = [ Tor(N) (4.15)
J€(p=]

Then,

C e
P{TA<UUJ'C\/”ZZ||OO10gpz/”)je[pm}} §2pi "

where cqp, 15 as defined in Lemma /.. 2.

Proof of Lemma /./.5. Note that

P{ ﬂ 7:,1(01,3'0\/”2,2”00Ingz/”)}B

J€Elp=]

= P{ U {41270 0l > e[Sl log e /n}

JE[pa]
By Lemma 4.4.2; the union bound for the probability of the right-hand event above is

€p

20.p= . The result follows from the assumption under the presently studied regime that

Pa < Dz O
4.4.2  Materials required for Section /.2.5

The following generic bound for ||A — Al|;, can be combined with concentration results for
specific distributions of the first-stage noise elements. We present it separately for the sake

of modularity with respect to such assumptions.

Lemma 4.4.6 (Generic bound for ||A — A||,,). Suppose that Assumption /.2.2 holds. For
cach j € [px), let r; >0 be arbitrary. Then, on the set Ta () el = jeppa) Toi (75)

-~ SA
|A — A, < 4sara/dh = 4ETA7

where TA = MaXjcip,] Tj-
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Proof of Lemma /./.0. For each j € [pg], [I7, Theorem 6.1, Lemma 6.2] entails that
Toi(rj) = {41Z7 07 /nle <75} € {ll&7 — & |l1 < 4sair/95}
C {ll&7 — /||y < 4sara/da},

where the latter containment follows from our specification of sa,7a, and ¢. Take inter-

sections over j € [p] on both sides of the above display to conclude. O

Proof of Lemma /.2./. Lemma 1.1.6 entails that

PUIA - Al > 4sara/éi} < P{ () Tulr)} € 3 PTalr)f.
]

JE[pa] JEP
Apply the estimate of Lemma 4.4.5 for the right-hand side to conclude. m
4.4.8 Materials required for Section /.2.)
We require the following bound for Lemma 4.2.8

Lemma 4.4.7 (Control of |[D @ /n||w). Let @ =u+ [(D — D) + V]B. Then,

1D a/nll < A = AllL [1Z:]loo (| A = Allz, 181 + |A]lL)
+ (A = All, + AL UIZTV /n]18]: + 12T w/n]l) -

Proof of Lemma /./.7. Write DT = (D — D)7 + DT to find that
ID"a/n|w = |[(D-D)" +D"][(D - D)+ (VB +u)]/n||_
< |(D - D) (D - D)B/n|ls + (D — D) (VB + u)/n«
+[|DT(D — D)B/nlloe + | DT (VB +u) /1

= 11 —+ 12 + 13 -+ 14 (416)

We treat each quantity in the right-hand side above in turn.

For I, write

I, = |(D—- D) (D - D)B/n|« < ||(D—D)"(D - D)/n||-|8l -
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Recall that D — D = Z(K — A) and write
|(D = D)(D - D)/l = [[(A—A)E.(A - Al
< A=Al I3 = A= AlLIZ: ],

where the second line follows from repeated application of Holder’s inequality Combine the

two previous displays to conclude that
I < [[A = AL 1l 18Il (4.17)
For I, write

L, = [|(D— D) (VB +u)/n
= I(A=A)"ZT(VB+u)/n«

IN

(A~ A)"ZTVB/nlloc +|[(A = A)T Z u/n|w .

Applications of Holder’s inequality yield
La < |A=AlLlZ"V/nllslBll = I|A = AllL 127V /|81
and
Ly < |A=AllnlZ u/nlw = |A = Alln |2 u/n
Combine the previous three displays to conclude that
L < A= AlnL(IZTV/nlwlBll + 12 u/n]w) (4.18)
For the quantity I3, write Write
Iy = [|D"(D ~ D)B/n| < |D"(D - D)/nl|Bl:
and observe that

D'(D-D)/n=AZ Z(A—A)/n = AS, (A —A),
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which yields

IDT(D — D)/nll = [[AZ:(A — A)|lw

IN

AL 13 oo | (A = A,

after repeated application of Holder’s inequality. Conclude from the previous three displays

that

Iy < [|A = AL 12zl |A]lL, - (4.19)

For the quantity I4, write

L = [DY(VB+u)/nllx
= [ATZT(VB+u)/nl«
< Al (1Z27VB/nll + 112 w/nllx)
< 12"V /nll<liBll + 12 w/n]l ) [AllL, - (4.20)

The original claim follows from line (4.16) and lines (4.17)-(4.20). O

The following generic bound for |3 — 8|1 can be combined with concentration results for
specific distributions of the first- and second-stage noise elements. We present it separately

for the sake of modularity with respect to such assumptions.

Lemma 4.4.8 (Generic bound for |3 — 8]1). Suppose that Assumption /.2.5 holds. Let
Av, Ay > 0 be arbitrary. Set rg according to Definition /.2.6. Then, on the set Ty (Av) N
Tu(A),

A S
18 -8l < 4¢—§m.
B

Proof of Lemma /./.5. By Theorem 4.4.1, if

Ta={4|D"a/n)« <7} C {IB - Bl < 4s51%/6°}.
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It therefore suffices to show that Ty (Av) N Tu(Ay) € Ta(rg) for the present choice of rg.

Lemma 4.4.7 gives the bound

1D a/nlle < |A ~ Allp |l (sl A — Alls, +m1a)

~—
I1

+(|A = All, +ma)(|1 27V /0l [IBlh + 1 27 w/nll) -

N J/

Iz

Cite Lemma 4.4.6 to conclude that, on the set Ty (Ay),

S = S
I < 427 p |2l (dmp—ara +ma),

$a PA
Note that, on the set Ty (Ayv) N To(Aw),

1
L < = (42275 + ma) (mehv + )
4% o

by specification. Multiply the two previous displays by 4 and combine with the third-
previous display to conclude that Ty (Av) N T (Aw) € Ta(rg) for the present choice of rg, as
required. O

Proof of Lemma /.2.5. Lemma 4.1.8 entails that

{18811 > 4275} € (Tv(\) N Ta))® = Tv ()P U Ta(A)C.

%
Thus,
N s
P{[I8 - Bl > 4¢—§rﬁ} < PTv(Ow)' + PT(\)
B
Now cite the estimates of Lemmas 4.4.5 and 4.4.3. ]

4.4.4  Materials required for Section J.2.5
Proof of Lemma /.2.9. Let S, s be as in the statement of Lemma 4.2.9, and let § € RP=\ {0}
satisfying |6, < 3||6]|1 be arbitrary. Write D = D + (D — D), so that
IDd|; = I[D + (D — D)]4|l;
= ([D+ (D - D))$,|D + (D — D))
= |D§|3+2(D" (D — D)8, &) + (D — D)" (D — D)8, ).



57

Thus,

|Dé|l5/n = | Dé|j3/n —2/(D"(D — D)§/n, 5)|

I1

— (D - D)"(D — D)é/n, 5)| - (4.21)

N

-~

I2

We now obtain bounds for the quantities Iy,1,. From repeated applications of Hoélder’s
inequality, write

L S (D' (D - D)d§/n,8)| < |D'(D — D)/n||d]
IATZTZ(A — A)/n||< 0]

1A, 127 Z /]| ||A — All, 1013

IA

< mallZ: ]| A — Al 16]2
and
I, = |((D— D)" (D — D) /n,d)]
< ||(D — D)"(D — D)/nl|-|8|}

= [(A-A)"Z7Z(A - A)/n|l8]7
< A= AlLlZ" Z/nll|A - AL I6]F

IN

122l A — AL, 118117 -
Combine the previous two displays with (4.21) to find that
IDs13/n > || D8[l2/n — (2malA = Allz, + A = A7)l /1617

By assumption, we have [|d]|; < 4[[ds||;. Substitute this expression in the right-hand side

above and multiply through by s/[|ds||? to obtain

s|D8[5 sl DS]I3
nlldslli — nlldslf}

—165(2malA — Allz, + |A = AJIL,) [zl -
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Thus, on the set {163(2mA||1& —AllL, + A - A||%1)||§Jz||C>O < e}, we have

sID3[3 _ 5 D3

nosl3 = nllosllf
<36T2d5 56 (Xgq — Ed)5>
— — —€
loslE— TasI? 1
L 507 8ad  sl|Za — SalllI8]F
= 1652 10513
sé ' 40 =
> = 16520 — Bl — €1 -
185112

From Cauchy-Schwartz we have ||ds|/; < 1/5||d5||2 and hence that ||d5]|? < s||8]|3. Substitute

this bound into the first term on the right-hand side above to obtain

s|D8|2 _ 6TX46
2 Z 2
nl|ds|t 16113

Z Amin(zd> - 16S||§d - Zd||o<> — €1,

- 168”2,1 — EdHoo — €1

where Ayin(X4) denotes the minimal eigenvalue of 34. The right-hand side above does not

depend on §, so we may take the infimum of the left-hand side above over § € C(S) to write

P {gb?(ﬁ, S) < Amin(Ed) — €y — 61}
< P{165(2mallA — Az, + A = A[I7)[IZ: ]l > 1}
+P{165]|Zq — Sl > €2},

as claimed. O

4.4.5  Materials required for Section /.5

Lemmas 4.4.9, 4.4.11, 4.4.13, and 4.4.15 provide finite-sample bounds for the quantities || f¢|| s
for ¢ € {1,2,3,4} that are generic over various noise regimes. We present them separately
for the sake of modularity with respect to such assumptions. Lemmas 4.4.10, 4.4.12, 44,14,
and 1.1.16 in turn provide specific rates for the || fi|| under the Gaussian noise regime of

Assumption 2.1.3.



29

Lemma 4.4.9 (Control of fi). Suppose that Assumption J.2.2 and Conditions 3, 5 and
that © is chosen according to Assumption /.3.2. Then, on the set To(Aa) N To(p), where

Ay > 0 1s arbitrary, the remainder term
fi=(©-0)'D'u/yn
satisfies

||f1||oo S 2_q\/ﬁmAcq(m@M)1_qS@)‘ua

where cq 15 as 1 Lemma 5.5.2.

Proof of Lemma /./.9. Lemma 3.5.2 entails that, on the set Tg (),
max |0; — 0;]; < 2¢,(2mepn)' ‘se.
Je[pm]

We therefore find that

1(© —©) DT u/vn|s < V2||©® — O], | D u/n|

< Vnl|® = O, AL, 12 u/n||«

IN

Vima|© = O, 12 u/nl|u

2v/nmac,(2men) "isel|Z u/n -

IN

On the set T, (Ay) we have || ZTu/n||o < Au/4. From this bound and the previous display
we conclude that, on the set T, () N To (1),

1(© —8) D u/vn|o < 2% nmacy(mep) sey
as claimed. ]

Lemma 4.4.10 (Control of f;, Gaussian noise). Suppose that (i) Assumption /.2.2 and Con-
ditions 3, 5 of Assumption /.5.1 hold and (ii) Assumption 2.1.3 holds. Choose e according
to Assumption /.5.2. Then,

p {Hfl ||oo > 2_quCq0'uC(m@[L)1_qS@ vV mz logpz}

< 2p;% + P{||Z, ]| > mz} + PTo(n),
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where ¢ > 0 and cep are as defined in Lemma /./.2. Consequently, of Conditions 1, 0, 7,

and Sa of Assumption /.5.1 also hold, then ||fi|lc = op(1).

Proof of Lemma /./.10. Lemma 4.4.9 entails that
P{|| filloo > 279/nmacy(mep) ser} < PTE+PTo(u).

Substitute A\, chosen according to Definition 4.2.7 into the display above and cite the estimate

of Lemma 4.4.3 to deduce the original claim. O

Lemma 4.4.11 (Control of f5). Suppose that Assumption /.2.2 and Condition 5 of Assump-
tion /.5.1 hold. Choose e according to Assumption /.5.2, set ra according to (1.2) and let

Au > 0 be arbitrary. Then, on the set Ta(r) N Tu(Ae) N Te(i), the remainder term
fo = ©7(D-D)Tu/Vn

satisfies
SA

Pa

TA >\u

I folloe < Vme

for n sufficiently large.

Proof of Lemma /./.11. Observe that
©"(D-D) u/vn = V/n® (A—A)(Z u/n).

On the set To (1), each row 6 is feasible for Program 3.3.1. Then, [|6;]|; < [|6;]|; for each
J € [ps] by specification. Lemmas 4.4.6 and 4.4.3 then entail that, on the set Ta ()N Ty (Ay)N

To (1),

107(D - D) u/vills < max, V€5l )l6* — el Z T u/n)lo

J.kE[p

SA
S \/ﬁm@_rAAu )

P

as claimed. n
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Lemma 4.4.12 (Control of f,, Gaussian noise). Suppose that (i) Assumption /.2.2 and
Condition 5 of Assumption J.5.1 hold and (ii) Assumption 2.1.5 holds. Choose e according

to Assumption /.5.2; set v = (r;)5Z, according to Definition /.2.5; and set ra according to

(4.2). Then,

logpz/\/_}

< oplew 1 2p e 4 P{|E, ||l > mz} + PTo(u)t.

{Hf2HOO > m@C UvaumZ

Pa

Consequently, if Conditions 1, 0, 7, and 8b of Assumption /.3.1 also hold, then || fa]|c =
0p(1).

Proof of Lemma /./.12. Lemma 4.4.11 entails that

{Hf2Hoo> \/_m(a TA)\ } < PTa(r) +PTu(h)t + P To(u).

The present choice of r; for j € [p,] entails that ry > UUC\/HizHoologpz/n. Substitute the

latter quantity and the choice of A\, = O’uC\/ ||§3z||C>o log p./n into the previous display and

cite the estimates of Corollaries 4.4.5, 4.4.3 to deduce the original claim. O

Lemma 4.4.13 (Control of f3). Suppose that Assumptions /.2.2 and /.2.5 and Condition 5
of Assumption /.5.1 hold. Choose e according to Assumption /.5.2; let v = (1) clps] > 0
and Ay > 0 be arbitrary. Then, on the set

Ta(r) N Tu(Au) N Tv(Av) N Te(p),

the remainder term
fs = ®D'(X - D)(B-B)/vn

satisfies

[ fslloe < 8memA\/_( 7“A+>\ ) ]
DA oF)
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Proof of Lemma /./.15. We first observe that
1©D7(X — D)(B - B)/vullw < Vul|®ll1,ID" (X — D)/nl )18 - Bl -
Now,

D" (X -D)/n = D' (D+u—D)/n
— D' (D-D)/n+D"u/n
— A (Z"Z/n)(A—A)+ D u/n.

For the first term on the right-hand side above, write

1A (ZTZ/n)(A — A)|w < |AT(Z7Z/0)(A — A)|n
+1I(A=A)(Z7Z/n)(A - A)|
< |2 ]|somallA — AllL, + A — A2 ].

On the set Ta (r), the right-hand side above is less than or equal to 2ma ||, ||« [|A — Al
for n sufficiently large by Lemma 4.4.6 and the hypotheses of the present lemma. For the

second term on the right-hand side of two displays previous, write

1D u/nl|ee = |1A" Z u/n)
= [(A+[A-A)"(Z u/n)|«

< 2mAHZ—l—'uJ/nHoo )

where the final line holds on the set Ta () for n sufficiently large by Lemma 4.4.6. Thus, on
the set Ta(r) N Tu(Ay), we have

ID'(X = D)/nllo < 2ma(|B:]lllA = Allz, + 112 w/nll)

P S
< 2ma(4)|Z, o2 ra + M),

- Pa
where the latter substitutions are justified by Lemma 4.4.6 and the definition of T, ().
On the set T (1), each row @ is feasible for Program 3.3.1. Then, ||8;|; < ||;]1 for each

J € [ps] by specification.



63

Finally, Lemma 4.4.8 entails that, for the present choice of 74,
B s
18— 8l < 4=5rs
%5

on the set Ty (Av) N Tu(Aw)-

Combining the foregoing results, we see that, on the set

Ta(r) N Tu(Aa) N Ty (Av) N Te (1)

it holds that

|ODT(X — D)(B - B)/Villse < Smemavn(d]| Sl ara + M) s

A 037

as claimed. n

Lemma 4.4.14 (Control of f3, Gaussian noise). Suppose that (i) Assumptions /.2.2 and
4.2.5 and Condition 5 of Assumption J.5.1 hold and (ii) Assumption 2.1.5 holds. Choose ©
according to Assumption /.5.2; set r = (73-)?21 according to Definition /.2.5; set ra according
to (1.2); set A\, and Ay according to Definition /.2.7; and set rg according to Definition /.2.0.
Then,

P{|| 3|00 > 8m@mA\/_(4mz—TA + A )

Pa % "o}

S 2p1 Cep+2pzcep+P{‘|E HOO>mZ}+PT®( ) .

Consequently, if Conditions 1, 2, 0, 7, and 8b of Assumption /.5.1 also hold, then || f3]|1 =
OP(l).

Proof of Lemma /./.1/. Lemma 4.4.13 entails that

P{||f3”oo > 8m@mA\/_(4mZ—rA -+ )\ 5
DA ¢

Substitute the present choices of tuning parameters into the display above and cite the

2Brg} < PTvw)t + P Tl + P To(u)t.

estimates of Corollaries 4.4.5, 4.4.3 to deduce the first claim. Expand the the present choices
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of tuning parameters to find

SA S8
P 9%

< shsplogps)¥?/n + sisg(logps) /v

+ szAsB(logpz)?’/z/n + sASg logp./v/n,

Smemav/n(dmz—ra + A\y)

from which the latter claim follows. O]

Lemma 4.4.15 (Control of fy). Suppose that Assumption /.2.5 and Condition 5 of As-
sumption /.5.1 hold. Choose © according to Assumption J.5.2; let Ay, Ay > 0 be arbitrary,
and set rg according to Definition /.2.6. Then, on the set Ty (Av) N Tu(Au) N To(u), the

remainder term
fi = VO, — 1B -P)
satisfies

S
Ifilloe < 4v/nu=5rs.
8

Proof of Lemma /./.15. Note first that

IV(©%a — (B - B)ll < VllOa— I[||IB8 - Blh

where the latter inequality follows from the specification of © and the fact that Program 3.3.1
is feasible given a. By Lemma 4.4.8, on the set Ty (Av) N T (M) N To (1),

A s
18 =Bl < 47575,
&
Combine the two previous displays to deduce the original claim. O

Lemma 4.4.16 (Control of f,, Gaussian noise). Suppose that (i) Assumption /.2.5 and
Condition 5 of Assumption /.5.1 hold and (ii) Assumption 2.1.5 holds. Choose e according
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to Assumption /.5.2; set r = (Tj)?il according to Definition J.2.5; set ra according to (1.2);

set Ay and Ay according to Definition /.2.7; and set rg according to Definition |.2.6. Then,
s e .
PAUMlloe > 4\/5%_%%} < 2pL " + 2p° + P To(u)*

Consequently, if Conditions 1, 0, 7, and Sc of Assumption J.5.1 also hold, then ||fi|l1 =
0p(1).

Proof of Lemma /./.10. Lemma 4.4.15 entails that
s
P{Ifil > i ggral < PToOW) 4 PR + P Talh).

Substitute the present choices of tuning parameters into the display above and cite the
estimates of Corollaries 4.4.5, 4.4.3 to deduce the first claim. Expand the the present choices

of tuning parameters to find

S
\/ﬁud)_grﬁ S psa(salogpz/Vn + sav/logp:)
B

from which the second claim follows. O]

Proof of Lemma /.5.5. The result follows from Lemmas 4.4.10, 4.4.12, 4.4 14, and 4.4.16. [
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Chapter 5

NUMERICAL EXPERIMENTS

In this chapter, we present a Monte Carlo simulation study of the finite-sample properties
of the inferential procedure developed in Chapter 3 using the two-stage Lasso studied in
Chapter 4. Our objective is to test this method under a variety of parameter configurations
chosen to reflect settings of practical interest. In Section 5.1, we describe the general scheme
according to which the data for each trial are generated and the metrics gathered for each

configuration. In Section 5.2, we enumerate the specific parameter configurations studied

and discuss the results.

5.1 General experimental design

Each trial consists of a data-generation step and an estimation step. We specify the regression
parameters 3 and A for the data-generation step as follows. For each configuration, we set
the second-stage regression parameter 3 according to 3; = 1 for j € Sg and 5; = 0 otherwise,
where Sg C [pz] is a random set of sg indices generated by uniformly random draws from [p,]
without replacement. Similarly, we set the first-stage regression parameters o’ for j € [ps]
according to o, = 1 for k € S; and of = 0 otherwise, where S; C [p,] is a random set of sa
indices generated by uniformly random draws from [p,| without replacement. We let sg, sa

vary over configurations.

Having specified the regression parameters, we then draw n i.i.d. observations (y;, ;, 2;)
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according to
Z’i ~ 'N’pz (07 22) )
(uia vi) ’ =i M+pm <07 Euv) 5
ri; = (zi, o) + vy,
Y = <mi7 /3> + U,

where n, pg, Pz, B, {& } jepp,], and the structure of X, vary amongst configurations. For all

configurations, we set

-
Ou Oy
z]u'v = )
Ouw Ol
where 0,0, = v/.7 are held fixed and o4, = (Oy1, ..., 0uw=) is given as follows. For each

configuration, we set one o,,; chosen at random equal to .5, nine o,,; chosen at random
equal to .25, and the remaining o,,; equal to .05. The present covariance structure for the
noise reflects the constraint that 3, be positive-definite; our choices of ¢,,; are an attempt
to balance this requirement with the goal of studying non-trivial correlations between the
first- and second-stage noise elements.

We consider two forms for the covariance matrix 3,. The first is a Toeplitz (TZ) structure
given by

S, =00 Gkelpd,  p=08.

The second is a circulant-symmetric (CS) structure given for j < k by

(

1 k:ja
2 =301 ke{i+ 1. i+5 U{i+p.—5,....j+p.—1},

0 otherwise .

\

Within a configuration study, the random quantities z;, u;, and v; are re-drawn for each trial;
the quantities 3, {a/})% |, 3., Oy, N, Pa, = are held fixed.
For the estimation step of each trial, we compute the first- and second-stage Lasso as

defined in Section 1.1 using the glmnet package [21]. Tuning parameters r for the Lasso
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estimators are selected by 10-fold cross-validation over a grid {r,}%,, where L = 100, rj, =
.01r1, and 7y is the least quantity for which the respective Lasso estimator is identically 0.
The rows éj of © are obtained as solutions to the respective Program 3.3.1 with tuning

paramter p; chosen as follows. For each j € [ps], we set
pi = hox ik 300 — el

where e; denotes the 4" canonical basis vector in p, dimensions. To obtain the infimum,
we cast minimizegcgea ||§Jd0 — €| as a linear programming problem, which we solve using
MOSEK optimization software [10]. Note that, under this choice of x;, the respective Pro-
gram 3.3.1 is guaranteed feasible. The factor x > 1 is chosen to balance the performance
of © as a surrogate inverse for id, for which a smaller k is desirable, with the size of the
objective function ||@||;, for which a larger  is desirable. The following results were obtained

under k = 1.2, which was chosen based on practical considerations.

In a given trial, we set & = 0.05 and compute the respective (1 — )% confidence interval

~

Toj = [B; — 2SE(B)), B; + 2SE(5))] ,

or cach component f3; of 3, where z, = ®(1—a/2) and SE(3;) = v/ En[(y:—8X)2(8;,d,)?.
For each configuration of n, p., p., sg, sa, 2, we generate N = 100 trials and calculate the
average coverage cvg for the 95% confidence intervals ia,j about components of B and the

average interval length len given by

11w I Ay
g = =Y Wpen), len=—> > len(Z.).
Px = N 1 Pz =1 N —1

For each configuration, we also provide the average mean squared error of the second-stage

Lasso estimator given by
1 L&
MSE = Nz > (B =8

= Pe

We present the results for the study described above in Section 5.2.
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5.2 Specifications and results

We conduct simulations according the design described in Section 5.1 for all configurations

belonging to

(50, 75, 100) (3,5) s
(100,125,150) | x | (10,15) [ x [ ~
ETZ
\(300,400,500) ) \(20,25) :
(n .0 -0) (s .54) =

The results, which are presented in Tables 5.1 and 5.2, show that our estimator achieves
close to nominal coverage under a variety of configurations. We also see that arguably the
greatest determinant of coverage is the relative magnitude of p, and p, to the size of the ac-
tive set sg. As the latter grows, coverage diverges from the nominal level. This phenomenon
is expected, since the bounds for the estimation error of the Lasso is proportional to the
size of the active set. Finally, we observe that the covariance structure of the instrumen-
tal variables z; has a strong influence on coverage: the Toeplitz structure features greater
correlation amongst the instrumental variables in general, and this is reflected in coverage
that tends to be farther from the nominal level than in the case of the circulant-symmetric
covariance structure. These results suggest that our proposed method of inference for the
low-dimensional components of a high-dimensional regression vector is relevant to practical
scenarios that may exhibit non-trivial degrees of correlation between the noise components

and nontrivial correlation amongst the instrumental variables.



Table 5.1: Simulation Results for Circulant-Symmetric 3,

(N, Pas D) (s,5as) &  len MSE(B)
(3, 5) 0.942 0.225 0.004
(50, 75, 10()) (10, 15) 0.843 0.608 0.058
(20, 25) 0.647 1.221 0.514
(3, 5) 0.947 0.157 0.002
(100, 125, 150) (10, 15)  0.930 0.190 0.003
(20, 25) 0.752 0.471 0.070
(3, 5) 0.947 0.094 0.001
(300, 400, 500) (10, 15) 0.961 0.067 0.000
(20, 25) 0.959 0.093 0.001

Table 5.2: Simulation Results for Toeplitz 3,

(n, Pas P2) (s,5as) g  len MSE(B)
(3, 5) 0.895 0.201 0.005
(50, 75, 100) (10, 15) 0.546 0.516 0.171
(20, 25) 0.333 0.917 0.914
(3, 5) 0.942 0.140 0.001
(100, 125, 150) (10, 15)  0.545 0.219 0.030
(20, 25) 0.232 0.477 0.364
(3, 5) 0.952 0.092 0.001
(300, 400, 500) (10, 15) 0.927 0.064 0.000
(20, 25) 0.729 0.108 0.005
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