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This thesis studies the hydrodynamic limit and the fluctuation limit for a class of interacting
particle systems in domains. These systems are introduced to model the transport of positive
and negative charges in solar cells. However, they are general microscopic models that can
describe a variety of macroscopic phenomena with coupled boundary conditions, such as the
population dynamics of two segregated species under competition. Proving these two types of
limits represents establishing the functional law of large numbers and the functional central
limit theorem, respectively, for the time-trajectory of the particle densities. This also
corresponds to the study of the behavior of the system at two different scales. We show that
the hydrodynamic limit is a pair of deterministic measures whose densities solve a coupled
nonlinear heat equations, while the fluctuation limit can be described by a Gaussian Markov

process that solves a stochastic partial differential equation.
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NOTATION INDEX

We first list the notations that are adopted throughout this thesis. Additional notations that

are used in each chapter will then be listed.

General Notation

4 set of all integers

y/m {1,2,3,---} positive integers

N {0,1,2,-- -} non-negative integers

R set of all real numbers

B(E) Borel measurable functions on E

By(E) bounded Borel measurable functions on F

Bt (E) non-negative Borel measurable functions on E
C(E) continuous functions on E

Cy(E) bounded continuous functions on £

CH(F) non-negative continuous functions on £

C.(F) continuous functions on F with compact support
Wh2(D) {f € L3(D;dz) : |Vf| € L*(D;dz)} Sobolev space of order (1,2)
D([0,00), E) space of cadlag paths from [0,00) to E

equipped with the Skorokhod metric (see [4] or [35])

-l uniform norm (unless otherwise stated)

viii



H™ m-dimensional Hausdorfl measure

M, (E) (or M>o(E)) space of finite non-negative Borel measures on E with the weak topology

Mai(B) {pe M (E): u(E) <1}

Mi(E) (or P(E))  {ne Mi(E): u(E) =1}

{FX:t>0} filtration induced by the process (X;)i>0, i.e. Fi* = 0(Xs, s < 1)
1, indicator function at x or the Dirac measure at x,

depending on the context
L . .
— convergence in law of random variables (or processes)
L .
= equal in law

= is defined as

(f, 1) J f(z) p(dz), where p ia s measure and f is a function
xVy max{z, y}
x ANy min{z, y}

A constant C' which depends only on D and T" will sometimes be written as C(D,T). The exact

value of the constant may vary from line to line. We also use the following abbreviations:

X



a.s. almost surely

cadlag (or r.c.l.l.) right continuous with left limits

CTRW continuous time random walk

LDCT Lebesque dominated convergence theorem
LHS left hand side

local CLT local central limit theorem

PDE partial differential equation

RBM reflected Brownian motion

RHS right hand side

SPDE stochastic partial differential equation
WLOG without loss of generality

w.r.t. with respect to

Definition 0.0.1. A Borel subset E of R? is called H™-rectifiable if E is a countable union of
Lipschitz images of bounded subsets of R™ with H™(E) < oo (As usual, we ignore sets of H™

measure 0). Here H™ denotes the m-dimensional Hausdorff measure.

Definition 0.0.2. A bounded Lipschitz domain D C R? is a bounded connected open set
such that for any & € 0D, there exits r¢ > 0 such that B(§,r¢) N D is represented by B(&,r¢) N
{(v/,y%) e RY: Pe(y') < y?} for some coordinate system centered at & and a Lipschitz function

¢¢ with Lipschitz constant Mp, where Mp > 0 does not depend on §.



Notation for Chapter 2

X an (a, p)-reflected diffusion (or an (A, p)-reflected diffusion) in D

x@) an (a, p)-reflected diffusion killed upon hitting A, defined in (2.1.7]
Coo(D\A) {feC(D): f vanishes on A}

D¢ square lattice of edge length ¢ that approximates D, see Section

0D® graph-boundary {x € D* : v.(x) < 2d}, where v.(z) is the degree of x in D*
I¢ ‘e-point approximation’ of I constructed in Lemma [2.2.22

Oe ‘discrete surface measure’ constructed in Lemma [2.2.22

Process Semigroup Heat kernel Measure Generator State space
Xt R ptzy)  p A D
X=(t) B p(twy)  me A D*

Notation for Chapter 3

i o+ (x) number of living particles at =z € DS at time ¢

75 )¢>0 process with generator £° = £§ + K° in Definition [3.1.1
¢ )e> 0

(€0)t>0 and (n));>0 independent processes with generator £5

E* NPT x NPZ | state space of (1§ )t>0, defined in (3.1.1

.'fiv ’i(dz) + 3. D= nE (2)1,(dz), the normalized empirical measure in D

¢ Mgl(ﬁJr) X Msl(ﬁ_), the state space of (%iv’+, %iv’_)tzg
Process Semigroup Heat kernel = Measure Generator State space
XE(t) P pr(tzy)  ps A= D
Xe,i(t) Ptf,i ps,:I: (t, z, y) mg: Ag: i
X(n,m) (t) Pt(n,m) p= p(n,m) P = Pinm) A(n,m) ﬁj— % ﬁf
X(En,m) (t) Pt(n,m),e pF = p(n,m)@ me = mgn,m) .Agn’m) (Di_)n x (D= ym

xi



where in the above,

i=1 j=1

P(n,m) (7", g) - H P+ (Tz) H p—(sj)
i=1 j=1

P (7,9), (7, 7)) = [ 7 e r?) [ (550 ))

i=1 j=1

m{"™ (7, 3) = [ [ md (ri) [ [ mZ (s)
i=1 j=1

Notation for Chapter 4
clmm {® e C(D] x D™): ® vanishes outside (D4 \ A;)" x (D_ \A_)™},

see Subsection 4.5.2

(o, p(de) @ p=(dy))  §z >0 325 0(@iry5), when = (% 3, Loy, 3 5 1y;)

g {(z,y) € Dy x D_: |z — 2|? + |y — z|? < §2 for some z € I},
Cdt1 volume of the unit ball in R4+!

ls annihilating potential functions in Assumption 4.0.9

XEN) configuration process defined in Subsection [4.1.1

SN UN_, (D2 (m) x D2 (m)) U {9}, the state space of (XgN))tzo

(xNr xNT) empirical measure defined in Subsection 4.1.2

En U]\N4:1E](VM) U {0.}, the state space of (%ivﬂL, f{iv’_)tzo

(i{v ’+, ?iv_) empirical measure for reflected diffusions without annihilation
m M<y(Dy \ Ay) x M<y(D_\ A_), see Section

DY <Ei \Ai) U {0F}, where 0T is an isolated point of D

xii



Notation for Chapter 5

D6
xy
{on}

Ak

empirical measure defined in ([5.1.2

{z € D: dist(z, D) < 6§}

complete orthonormal system of A := ;- V- (paV)

2p

in L?(D, p) consisting of Neumann eigenfunctions

the eigenvalue corresponding to ¢ such that A¢g, = — Mg

(o, w>p fD o(z)(x) p(x)dz, the inner product of L2(D, p(z)dz)

Notation for Chapter 6

For

N,+
-[67 Cd+1, 65’ (%t

for Chapter 4.

ZN = yN,+ D yN,f

H_,

Co
{ov}

A

<¢7 ¢>pi
Ft(n,m) _ FtN,(n,m)

F(ﬁnym)v(p,fﬁ

s,t

s,t

E,l(L”’lyzm)v(pﬂq)

FN,(n,m)»(p,q)

XN, (?ﬁvﬂ_, ?iv_) and (o, ut(dr) @ p~(dy)), we follow the notation

fluctuation process defined in (6.0.5

the Hilbert space {u* @ pu~: p* e HE,}
defined at the beginning of the chapter

g 1V flug

complete orthonormal system of A% := i V- (prarV)

in L?(D<, p+) consisting of Neumann eigenfunctions

the eigenvalue corresponding to qﬁf such that Aiqﬁf = —/\f

fD:i: &(x)(x) p+(z)dz, the inner product of L?(D, p+(x)dx)

(n, m)-correlation function at time ¢ in Definition [6.3.1

generalized correlation function in Definition |6.4.1

FqEZTB’(pvq) R Fé’iﬁ) defined in (6.4.2

xiii



Chapter 1
INTRODUCTION

This introduction serves as a motivation, trailer and pointer for the main results and key ideas

that will be established in detail in this thesis. As can be seen from the titles, Chapter 3-6

correspond to subsections [1.2.1} [1.2.2] [1.3.1] and [1.3.2] in this introduction.

1.1 Motivation

Interacting particle systems is a family of mathematical models that are widely used in describing
diverse phenomena, such as ecological systems [33], population dynamics [34, 56, [60], chemical
reactions [55], super-conductivity [75], quantum dynamics [36], fluid dynamics [40], etc. A
principal theme in investigating these phenomena is to connect the microscopic mechanisms
of the systems with the collective behaviors that emerge in the macroscopic scale
under suitable (space-time) scalings. The remarkable power of these models in illuminating this
connection has long been recognized, but proving rigorous results is usually quite challenging.

My thesis studies a class of newly introduced interacting particle systems which are primarily
designed as microscopic models for the transport of positive and negative charges in solar cells.
However, these models are flexible and general enough to provide insight to a variety of natural
phenomena, such as the population dynamics of two segregated species under competition.
More precisely, two different but related stochastic interacting particle systems are introduced
in Chapter 3 and Chapter 4.

Here is an informal description of the models. We model a solar cell by a domain in R? that



is divided into two adjacent sub-domains D, and D_ by an interface I, a (d — 1)-dimensional
hypersurface. Domains D, and D_ represent the hybrid medium that confine the positive
and the negative charges, respectively. See Figure for an illustration. At microscopic level,
positive and negative charges are initially modeled by N independent reflected Brownian motions
(or more generally, reflected diffusions) with drift on Dy and on D_, respectively H These
random motions model the transport of positive (respectively negative) charges under an applied
electric potential field. Besides, there is a harvest region AL C 9Dy \ I that absorbs (harvests)
+ charges, respectively, whenever it is being visited. See Figure [1.1} Furthermore, these two
types of particles annihilate each other in pairs at a certain rate when they come close to each
other near the interface I. This interaction models the annihilation, trapping, recombination

and separation phenomena of the charges.

A+

A-

Figure 1.1: I = Interface, A+ = Harvest sites

To connect the microscopic mechanism and the macroscopic evolution of the systems, we
derive the hydrodynamic limits and the fluctuation limits for these models. Proving these two
types of limits represents establishing the functional law of large numbers and the functional
central limit theorem, respectively, for the time trajectory of the spatial densities of the particles
in the systems. More precisely, we investigate the asymptotic behavior (when N — oo) of the

empirical measure of positive and negative charges

1 _ 1
XN (dx) = D 1yrp(dz) and X (dy) = > Ly (dy):
:<ﬁ>t

a: (o>t

n Chapter 3 (also in [I6]), they are actually modeled by N biased random walks on lattices inside D and
D_ that serve as discrete approximation of reflected Brownian motions with drifts.



Here 1,(dz) stands for the Dirac measure concentrated at the point y and ¢, for the life time of
particle indexed by a.. So (o >t (vesp. (g > t) denotes the condition that the particle X (resp.
X/g) is alive at time ¢. We show that, under a suitable scaling (to be explained in detail in each
model) and an appropriate condition on the initial configuration, the pair of random measures
(xN+ xN7) converge in distribution to a deterministic pair of measures which are absolutely
continuous with respect to the Lebesgue measure. Furthermore, the densities satisfy a system
of partial differential equations (PDEs) that has non-linear boundary interaction terms at the
interface. See Theorem and Theorem below for the statements of the hydrodynamic
results. We further study the fluctuation of the empirical measure around the hydrodynamic
limit and establish that the fluctuation limit is a continuous Gaussian Markov process that
solves a stochastic partial differential equation (SPDE). The latter is a nonlinear version of the
Langevin equation. See Theorem [6.1.2] below for the statement of the fluctuation result.
Interacting particle systems are exciting and active in mathematical research. We refer the
reader to standard references such as [14] 50, [58] and the references therein for its history and
a wealth of results. We will provide more specific literature review in each of the two main
sections below and point out how our work fit into it. The first two sections (1.2 and 1.3) in this
introduction are devoted to hydrodynamic limits and to fluctuation limits respectively. This
summarizes the main results in this thesis. The last section (1.4) points to some applications

and implications of the main results.

1.2 Hydrodynamic limits

The study of hydrodynamic limits dates back to the work of J. Clerk Maxell and L. Boltzmann,
founders of the kinetic theory of gases. Later, D. Hilbert formulated the question of hydrody-
namic limits as a mathematical problem, and presented it as an example in his sixth problem
for the mathematical treatment of the axioms of physics. From the probabilistic or statistical
point of view, proving hydrodynamic limits corresponds to establishing functional law of large

numbers for the evolution in time of the empirical measure of some attributes (such as position,



genetic type, spin type, etc.) of the individuals in the systems. It reveals fascinating connections
between the microscopic stochastic systems and deterministic partial differential equations that
describe the macroscopic pictures. It also provides approximations via stochastic models to
some partial differential equations that are hard or impossible to solve directly.

Since Hilbert formulated his sixth problem in year 1900, there have been many different lines
of research on stochastic particle systems. Various models were studied and different techniques
were developed to establish hydrodynamic limits. Here we cite the entropy method [42] and
the relative entropy method [75] as general methods, and mention the non-gradient techniques
and attractiveness techniques [50], among many other important techniques. Unfortunately,
these methods do not seem to work directly for our model due to the singular interactions
near the interface. Among all the most extensively studied models, reaction-diffusion systems
in [6, 23, B0, 53] and Fleming-Viot type systems in [11], 12, 41] are relatively close to ours.
Nevertheless, our models distinguish themselves due to the coupling effect near the boundary
which leads to nonlinear heat equations. So new approaches and techniques are called for to
analyze these systems. Our models are non-equilibrium systems for which boundary effects are

visible in the macroscopic scale.

1.2.1 Hydrodynamic limits for interacting random walks

In this subsection, we summarize the main results in Chapter 3 (and also that of [16]), which
are the hydrodynamic result and the propagation of chaos result for a random walk version of
the interacting diffusion models described in the introduction. To focus on the interaction near
the interface I, we assume there is no harvest site in this model. We first describe the stochastic
model, which we call ” Annihilating Random Walk Model”.

Heuristic description of the annihilating random walk model. @ We approximate
Dy by a square lattice DL = Dy N eZ? of edge length £ (as in Figure , where ¢ is an
N-dependent parameter such that Ne? = 1 and N is the initial number of particles in each
of D7 and D?. Each particle in D5 performs biased random walk speeded up by a factor

d/e? (diffusive scaling). More precisely, the one-step transition probabilities is chosen in such a



A-

Figure 1.2: Annihilating random walk model Figure 1.3: Annihilating diffusion model
way that the motion approximating a reflected Brownian motion with gradient drift % V(log p+),
where p4 is a positive continuously differentiable function on D+. Note that p+ = 1 corresponds
to the particular case when there is no drift. When a pair of particles of different types are close
to each other (which must happen near I, such as when they are at (z4,z_) in Figure ,
they annihilate each other at a rate of order \/e, where A > 0 is a fixed parameter which is
determined by the physical characteristics of the solar cell. Here, we say an event happens at
rate r if the time of occurrence is an exponential random variable of parameter r (in particular,
the probability of occurrence in a short amount of time ¢ is rt+o(t), where o(t)/t — 0 as t — 0).
Overall and intuitively speaking, according to a random time clock which runs with a speed
proportional to the number of pairs (one particle of each type) of distance e, we annihilate a
pair (picked uniformly among those pairs of distance less than ¢) with an exponential rate of
parameter \/e. The rigorous formulation of the particle system is captured by its generator £°
stated in Definition B.1.11

It is clear that the empirical measure (%iv ’+,.’{iv " )i>0 is a continuous time Markov process

with state space

M = M>o(D+) x M>o(D-),

where M>o(E) denotes the space of non-negative Borel sub-probability measures on E. In what
follows, £, stands for convergence in law as N — oo, and D([0,T], E) is the Skorokhod space
of cadlaq paths in E (see, for example, [4, 35]). The following result on hydrodynamic limit is
obtained in Chapter 3 (Theorem [3.3.1)).

Theorem 1.2.1. (Functional Law of Large Numbers) Under appropriate and mild condi-



tions on the initial configuration (%év’Jr, %év’_), we have, for any T > 0,
-\ L .
(%i\[7+7 xi\h ) — (U.A,.(t,l')ﬂ.t,.(f]?)d.%’, u_(t,y)p_(y)dy) mn D([O7T]7m)7

where (uy,u_) is the solution of the following coupled nonlinear heat equations:

0 1 1
% = iAqu + §V(log p+) - Vug on (0,00) x D4
(1.2.1)
8uf+ = iu+u_ 1; on (0,00) x 0D4
(Ol py
and 5 . )
% = iAu_ + §V(logp_) -Vu_ on (0,00) x D_
oo (1.2.2)
— = —wuqu_1y on (0,00) x 0D_,
L Oon—  p_

where 14+ is the inward unit normal vector field of Dy and 15 is the indicator function on I.

In words, u4 satisfies the Neumann boundary condition on 9Dy \ I, and with boundary

8u+ A

iy — pt

condition uqu— on I. This nonlinear coupled boundary condition on [ is a macroscopic
phenomena which emerge from the local interactions. The above result tells us that for any fixed
time ¢t > 0, the probability distribution of a randomly picked particle in D7 at time ¢ is close

l'is a normalizing constant. In

to cx(t)us(t,x) when N is large, where c4(t) = (fDjE us(t))”
fact, the above convergence holds at the level of the path space. That is, the full trajectory
(and hence the joint law at different times) of the particle profile converges to the deterministic
scaling limit described by and .

What about the joint distribution of more than one particle? The answer is provided by our
second main result (Theorem in Chapter 3, which says that propagation of chaos holds

true for our system: when the number of particles tends to infinity, their positions appear to be

independent of each other and hence the joint distribution can be factorized.

Theorem 1.2.2. (Propagation of chaos) Suppose n and m unlabeled particles in DS and

D?  respectively are chosen uniformly among the living particles at time t. Then, as N — oo,



the probability joint distribution for their positions converges to

n

C(n,m) (t) H U4 (tv Ti) H U— <t7 Sj)
j=1

=1
uniformly on compact sets, where ¢, m)(t) is a normalizing constant.

Scaling is an important and ubiquitous concept in stochastic interacting particle systems.
The heuristic reason for the choice of the scaling A/e for the per-pair annihilation rate is to
guarantee that, in the limit N — oo, a non-trivial proportion of particles is killed during the
time interval [0,¢]. Since diffusive particles typically spread out in space, the number of pairs
near the interface is of order N2 g4+1 (because there are Ne particles in D near I, and each of
them is near to Ne? particles in D_). Hence the expected number of pairs killed within ¢ units
of time is about (N2 e®*1) (\t/e) = ANt when ¢ > 0 is small (here we used the scaling Ne? = 1).
This implies that a non-trivial proportion of particles are annihilated in any open time interval
and hence accounts for the boundary term in the hydrodynamic limit.

To establish hydrodynamic limit result (Theorem , we employ the classical tightness
plus finite dimensional distribution approach. In fact, propagation of chaos (Theorem is
a crucial step in identifying the limit in Theorem A key step in our proof of Theorem
[.2.2]is Theorem [3.4.7] The latter is the uniqueness of solution for the infinite system of equa-
tions satisfied by the correlation functions of the particles in the limit N — oo. Such infinite
system of equations is sometimes called BBGK Y—hiemrchyﬂ in statistical physics. Our limiting
BBGKY hierarchy involves boundary terms on the interface, which is new to the literature.
We show that the correlation functions of every subsequential limit of (X*,X™) satisfies the
same limiting BBGKY hierarchy. The crux of the difficulty is to establish the existence and
uniqueness of solutions to this liming BBGKY hierarchy. With such uniqueness, we conclude
that the propagation of chaos holds for our stochastic system, from which we can deduce the

hydrodynamic limit result. Our proof of uniqueness involves a representation and manipulations

2BBGKY stands for N. N. Bogoliubov, Max Born, H. S. Green, J. G. Kirkwood, and J. Yvon, who derived
this type of hierarchy of equations in the 1930s and 1940s in a series of papers.



of the hierarchy in terms of trees. This technique is related to but different from that in [36]
which used Feynman diagrams. The techniques developed in Chapter 3 are potentially useful in
the study of other stochastic models involving coupled differential equations.

In addition, two new tools for discrete approximation of random walks in domains are devel-
oped in this article. Namely, the local central limit theorem (local CLT) for reflected random
walk on bounded Lipschitz domains (see Theorem in Chapter 2) and the “discrete surface
measure” (see Theorem in Chapter 2). We believe these tools are potentially useful in
many discrete schemes which involve reflected Brownian motions. Weak convergence of simple
random walk on D3 to reflected Brownian motion (RBM in abbreviation) has been established
for general bounded domains in [9] and [10]. However, we need a local convergence result which
guarantees that the convergence rate is uniform up to the boundary. For this, we establish the
local CLT. We further generalize the weak convergence result and the local limit theorem to
deal with RBMs with gradient drift. The proof of the local CLT is based on a ‘discrete relative
isoperimetric inequality’ which leads to the Poincaré inequality and the Nash inequality. The
crucial point is that these two inequalities are uniform in e (scaling of lattice size) and are

invariant under the dilation of the domain D ~ aD.

1.2.2 Hydrodynamic limits for interacting diffusions

In this subsection, we summarize the main results in Chapter 4 (and also that of [17]). While
the annihilating random walk model in Chapter 3 is more amenable to computer simulation,
it is subject to technical restrictions associated with the discrete approximations of both the
diffusions performed by the particles and the underlying domains DL. Furthermore, that model
does not consider harvest of charges. To address these issues, a new continuous state stochastic
model is introduced and investigated in Chapter 4. This new model, which we refer to as the
” Annihilating Diffusion Model” in this thesis, is different from the annihilating random walk

model in three ways:

e the particles perform reflected diffusions on continuous state spaces rather than random



walks over discrete state spaces,

e particles are absorbed (harvested) at some regions (harvest sites) away from the interface

I, and
e the annihilation mechanism near I is different.

The annihilating diffusion model allows more flexibility in modeling the underlying spatial mo-
tions performed by the particles and in the study of their various properties. In particular, it
is more convenient to work with when we study the fluctuation limit, which is the subject of
Chapter 6 (also that of [19]).

Reflected diffusions are natural mathematical objects to study. After all, the random motions
of the pollen grains observed by Robert Brown in year 1827 were reflected on the boundary of
the water tank. Suppose D C R? is a domain, p is a strictly positive function on D, and a = (a™)
is a symmetric and uniformly elliptic d x d matrix-valued function on D. An (a, p)-reflected dif-
fusion is a continuous strong Markov process with symmetrizing measure p and has infinitesimal
generator A := 21p V - (paV). Intuitively, X behaves like a diffusion process associated to the
second order elliptic differential operator A in the interior of D, and is instantaneously reflected
at the boundary in the inward conormal direction © := arn, where 7 is the inward unit normal.
A special but very important case is when a is the identity matrix and p = 1, in which X is
called a reflected Brownian motion (RBM). See Section 2.1 for details about reflected diffusions.
We now describe the annihilating diffusion model.

Heuristic description of the annihilating diffusion model. Suppose, in addition to
D and the interface I, we are also given a harvest region Ay C 9D \ I that absorbs (harvests)
+ charges (Figure . Let N be the initial number of particles in each of D and D_. Each
particle in D1 moves as an (ay, pi)-reflected diffusion in Dy and is absorbed upon hitting
A+. Moreover, when two particles of different types are of a small distance dy, they disappear
with intensity \/(Nd%), where A > 0 is a fixed parameter. The reason for the choice of the

above scaling is the same as that for the annihilating random walk model: to guarantee that



a nontrivial proportion of particles are annihilated in any open time interval. The rigorous
construction of the annihilating diffusion model is in Section
Base on a strengthened result in geometric measure theory obtained in Lemma [4.5.5(in Chap-

ter 4, we developed a new and direct approach to prove the following hydrodynamic limit result

(Theorem (4.3.1)) in Chapter 4.

Theorem 1.2.3. (Functional Law of Large Numbers) Suppose liminfn_,oo N 6% € (0,00],

oy — 0 and (ﬁ{év’+, f{év’_) converges in distribution. Then for any T > 0, we have

@, xNT) 5 (s (b, 2)ps () da, u(t,y)p—(y)dy) in D([0,T], M),

where (uy, u_) is the solution of the coupled heat equations ag—ti = A*uy on Dy, with Dirichlet

boundary condition uL = 0 on Ay and with the following nonlinear coupled boundary condition:

Oouy A
—_— = — _1 D4\ A
9%~ oy utu—1lgy on 0Dy \ Ad,

where Uy 1= a4 M4 s the inward conormal vector field of D .

As an immediate application of Theorem we get an analytic formula for the asymptotic

mass of positive charges harvested during the time interval [0, 7], which is

- /D+ ws (T, ) ps () d — )\/OT/Iu+(s,z)u(s,z) do(2) ds.

The condition liminfy_ oo N (5?\, € (0,00] is an upper bound for the rate at which the an-
nihilations distance dy tends to 0. Such kind of condition is necessary by the following rea-
son: The dimension of I is d 4+ 1 lower than that of Dy x D_. So we can choose dy5 small
enough so that particles of different types cannot ‘see’ each other in the limit NV — oo, resulting
a decoupled linear system of PDEs with Dirichlet boundary condition on A4 and Neumann
boundary condition on 9Dy \ Ax. See Example in Chapter 4 for a rigorous statement
and proof. Note that Theorem is valid for the case liminfy_ oo N 6}‘{, = oo (a high density
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assumption). This is important because in the fluctuation result in Theorem we require
liminfy e N 62 € (0, o).

Base on a strengthened version of [38, Theorem 3.2.39] from geometric measure theory, we
develop a direct approach to establish the hydrodynamic limit. This approach avoids going
through the delicate BBGKY hierarchy as described in the previous subsection More
precisely, [38, Theorem 3.2.39] asserts that

2d( 16
fim )

550 Cap1 091 HTHD), (123)

where I° := {(2,y) € Dy x D_: |z — 2|?> + |y — 2|? < 6% for some z € I}, ¢g;1 is the volume of
the unit ball in R4, and H™ is the m-dimensional Hausdorff measure. In Lemma this

has been strengthened to

tim [ ts(o. ). dedy = [ fe)ani (1.2.4)

uniformly in f from any equi-continuous family in C(D, x D_), where {s5(x,y) := Wlla (z,y).
This uniform convergence, together with the condition lim infy_,oo N 8% € (0, 00], lead us to
the following key observation that

T T
lim lim IE/ (s(z, ), XN+ @ XYY ds = lim limE/ (s, ), XNF @ XN) ds, (1.2.5)
0 0

6—0 N—oo N—oo §—0

where (l5(z,y), XX T @ x)7) = f5+ 5 ts(z,y) N¥(dx) 7 (dy). This interchange of limit
in turn allows us to characterize the mean of any subsequential limit of (%N + N '~) by compar-
ing the integral equations satisfied by the hydrodynamic limit with its stochastic counterpart.
We remark that the condition liminfy_,oo IV 55{, € (0, 00] is not required to establish tightness
of (XM+, XM7), and it is not clear what are other possibilities for subsequential limits in the
absence of this condition. Finally, we point out that fot (ls(z,y), Ve 369[_) ds quantifies the
amount of interaction among the two types of particles, and is related (but different from) the

collision local time introduced in [37].
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1.3 Fluctuation limits

We next study the fluctuations for the annihilating diffusion mode]ﬂ This provides a measure
of extent by which the empirical measure deviates from the hydrodynamic limit and a rate of
convergence for the hydrodynamic result in Theorem[I.2.3] Moreover, It enables us to do effective
simulations in engineering situations where explicit solutions are not feasible (see ) While
the hydrodynamic limits of our models are described by deterministic PDEs, their fluctuation
limits are stochastic partial differential equations (SPDEs).

One of the earliest rigorous results about fluctuation limit was proven by It6 (in [47, [48]),
who considered a system of independent and identically distributed (i.i.d.) Brownian motions
in R? and showed that the limit is a S’-valued Gaussian process solving a generalized Langevin
equation, where &’ is the Schwartz space of tempered distributions. For particles living in
domains, Sznitman [73] studied the fluctuations of a conservative system of reflected diffusions.
Fluctuations of the reaction-diffusion systems on the cube [0, 1]¢ with polynomial reaction terms
were studied in [6, B1, 53] [54]. These fluctuation results are valid only for dimension d < 3. In
Chapter 5, we extend the functional analytic framework of [53] to deal with more general domains
and reflected diffusions killed by a time-dependent potential. Our fluctuation results hold for all
dimensions d > 1 and the covariance structures of our fluctuation limits have boundary integral

terms that capture the boundary interactions in the fluctuation level.

1.3.1 Fluctuations for Brownian particles with partial absorbtion

In this subsection, we summarize the main results in Chapter 5 (and also that of [I§]. As a
preliminary step to understand the fluctuation for the annihilating diffusion model, we consider

a simpler model which consists of a single type of particles moving as independent RBMs in a

3We did not try to prove a fluctuation limit result for the annihilating random walk model because we anticipate
that the limit is the same as that of the annihilating diffusion model. A proof similar to that of the annihilating
diffusion model can most likely be applied for the annihilating random walk mode, but the class of suitable
correlation functions should be a modified version of the v-functions used in [6] (in which fluctuation of a lattice
model was studied).
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bounded domain D C R? which has a chance of being killed by a singular time dependent poten-
tial function ¢(t, z) when it is near the boundary dD. More precisely, when there are N particles
initially, the killing intensity for each particle is gy (¢, x) := % 1,6y (2)q(t, x), where g(t,z) is a
given time dependent non-negative continuous function and D° := {x € D : dist(x, D) < 6}.
We coin this model the name ‘Robin boundary model’ since it can be easily shown that its hy-
drodynamic limit is the solution to the heat equation with Robin boundary condition % = qu
on 0D, where 77 is the inward unit normal vector field of D. See Theorem for the full
statement.

Despite its simplicity, the Robin boundary model poses new difficulties and leads to new
results when we study its fluctuation. The fluctuation of the empirical measure XV at time ¢ is

defined by
YN(¢) == VN (X}, ¢) — E(X},9)),

where (X}, ¢) := >aca>t #(Xa(t)) is the integral of an observable (or test function) ¢ with
respect to the measure .’{iN . Intuitively, when ¢ = 1 is an indicator function of a subset K C D,
then (X, #) is the mass of particles in K (which is the number of particles in K divided by N).
In this case, Y}V (¢) is the fluctuation of the mass of particles in K at time t.

Even in this simple setting, it is nontrivial to obtain satisfactory answers to the following

natural questions:

(1) What is the state space for Y}¥? This space should posses a topology which allows us to
make sense of convergence of YV, if it does converge. Observe that although YV acts on

L?(D) linearly, it is not a bounded operator in general.
(2) Does YV converges? If so, what can we say about the limit?

We answer these two questions fully in Chapter 5 for symmetric reflected diffusions (not just
for RBMs as being considered in this introduction chapter). It turns out that the state space of
the process (V{¥)i>o is a Hilbert distribution space H which strictly contains L?(D).

Our fluctuation result (Theorem in Chapter 5) for the Robin boundary model contains

13



the convergence result and the properties of the limit, which is shown to be decomposable into
an independent sum of a “transportation part” and a “white noise part” (see below).
The “transportation part” is governed by the evolution operator {Qs}s<: generated on C(D)
by the backward PDE % = —2Av on (0,) x D with Robin boundary condition % = qu on
(0,t) x 9D. We denote by Uy ) the operator on H defined by (U g, @) := (11, Qs,¢¢), where

(,) is the dual paring extending the inner product on L?(D).

Theorem 1.3.1. (Functional central limit theorem) Suppose T > 0 and the initial po-
sitions of particles are i.i.d. with distribution ug(x)dx where ug € C(D). Then YV .Y in

D([0, T],H), where Y is the generalized Ornstein-Uhlenbeck process given by
t
:)7,5 = U(t70)y0+/ U(t,s) dMs (131)
0

Here M is a continuous square-integrable H-valued Gaussian martingale with independent in-
crements and covariance (M(¢)), = fg Er(¢, d)dr, where &, is the bilinear form on H defined

by

Er(dy1)) = /Dvcb(év)'vw(w)U(hiv)dﬂ?ﬂL o)y (x) q(r, z) u(r, z) do(x), (1.3.2)

oD

where u is the hydrodynamic limit of the Robin boundary model. Yy is a centered Gaussian

random variable independent of M. Moreover, Y is a continuous Gaussian Markov process.

Formally, ) is called the evolution solution of the following stochastic evolution equation

(called the Langevin equation):
aY; = AUVY,dt + dM,, Yy = Y, (1.3.3)

where Agfa) is the ‘generator” of Uy, ).
Theorem [5.1.5]is called a fluctuation-dissipation theorem in statistical physics, since it quan-

tifies how applied perturbations spread out in space-time. As an application of this theorem,
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(5.1.7) implies that for suitable ¢, we have

Vi(9) = Yo(Qod) + /Ot \/ €s(Qs,0) dBs. (1.3.4)

where B; is a standard Brownian motion independent of ). Therefore, we can simulate the
evolution of the fluctuations with respect to an observable ¢ by using a single Brownian path.

The proof of Theorem in Chapter 5 consists of the following 6 steps.

Step 1: YV satisfies the following stochastic integral equation
N N N LN N
yt = U(t70)y0 + /0 U(t,s) dMs a.s.,

where Uaf ) is an evolution system (see [24]) approximating U ,).
Step 22 MN 55 M in D([0,T], H).
Step 3: YV is tight in D([0,T], H).
Step 41 UN ) V¥ -5 U000 in D([0, T, H).
Step 5: [y UN | dMN =5 [ U 5y dM, in D([0,T],H).
Step 6:  All the stated properties for the fluctuation limit hold.

Note that t — fo (t,5) @M is not a martingale, even though 6 — fo (t,5) M is a martingale
for 0 € [0,t]. The standard method based on Kotelenez’s submartingale inequality [52] does not
seem to work. This is because in our case U ,) is not exponentially bounded; that is, there is
no 3 > 0 so that the operator norm |[U g || < ePt=9) for t > s (see [52]). In fact, we suspect it
is not even a bounded operator on H_,, due to the singular interaction near the boundary. Our
approach is based on suitably extending the functional analytic framework of [53] and a direct

analysis that uses heat kernel estimates and Dirichlet Form method.
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1.3.2 Fluctuations for interacting diffusions

In this subsection, we summarize the main results in Chapter 6 (and also that of [19])@ The
techniques developed in the Robin boundary model allow us to overcome some (but not all) chal-
lenges for the study of the fluctuation of the annihilating diffusion model. We need two new in-
gredients, namely the asymptotic expansion of the correlation functions and the Boltzman-Gibbs
principle. More precisely, by considering an approximating BBGKY hierarchy and generalizing

the approach of [31], we can show that the correlation functions have the structure
n m 1
N, s — N7 ’ > a7
FYm (@, g) ~ [us (o) T us () + < B (mm) (2 4), (1.3.5)
i=1 j=1

where (u4, u_) is the hydrodynamic limit and Biv A(m,m)

is an explicit function. See Theorem
for the precise statement. This result implies propagation of chaos and allows explicit
calculations of the covariance of the fluctuation process. On other hand, the Boltzman-Gibbs
principle, first formulated mathematically and proven for some zero range processes in equilib-
rium in [§], says that the fluctuation fields of non-conserved quantities change on a time scale
much faster than the conserved ones, hence in a time integral only the component along those
fields of conserved quantities survives. Although this principle is proved to hold for few non-
equilibrium situations (see [6] and the references therein), it is not known whether it holds in
general. The validity of the principle for our annihilating diffusion model is far from obvious,
since there is no conserved quantity.

We define H* and (, ), just as in the Robin boundary model. We now consider the ”direct
sum” 2N o= YT o Y7 € H, where (ut @ p, (64,6-)) = (ut.dy), + (T, 6-)_, and
H := H* @ H~. Our fluctuation result (Theorem in Chapter 6) for the annihilating
diffusion model also contains the convergence result and the properties of the limit, which is

also shown to be decomposable into an independent sum of a “transportation part” and a “white

noise part”. The “transportation part” of the limit is now governed by the evolution semigroup

4To avoid unnecessary complications, we assume in this subsection that the harvest sites are empty sets and
that the underlying particles perform RBMs.
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{Q(s,t) }s<t generated on C (D) x C(D_) by the coupled backward PDEs

+
85)8 = —%Aqﬁ on (0,t) x Dy
vt + . -
o =" +v)u_1¢p on (0,t) x 0Dy
S (1.3.6)
% = —§Av_ on (O,t) x D_
ov~ + ., -
57 =" +v7)uy Iip on (0,t) x 9D_

which can be viewed as a linearization of the hydrodynamic limit in Theorem As before,
we define (U o1, (¢+,¢-)) := (i, Qst(d+,¢-)) and state our fluctuation result of Chapter 6:

Theorem 1.3.2. (Functional central limit theorem) Suppose liminf, N(5]2\}1 >0,0ny >0
and the initial position of particles in each of Dy are i.i.d. with distribution u(:)t € C(D+). Then

ZN £, 2 in D(]0, Tv], H), where Z is the generalized Ornstein-Uhlenbeck process
t
Z = U(t,O)ZO —|—/ U(t,s) dMs. (137)
0

Here Ty == (|lug || V|Jug ||) =2 C with ||-|| being the sup-norm and C > 0 is a constant that depends
only on D. M is a (unique in law) continuous square-integrable H-valued Gaussian martingale

with independent increments and covariance functional characterized by

Moo, = [ ([ For@Putsados [ [9o-wPu(s0)dy

T /I (64(2) + 6 (2)) (s, 2Ju_(5,2) do(2)) ds,

where (M (¢4, ¢—)), is the predictable quadratic variation of the real martingale M (¢4, ¢—), the
pair (ug, u_) is the hydrodynamic limit of the annihilating diffusion system given in Theorem

11.2.1. Moreover, Z is a continuous Gaussian Markov process.

This result implies the co-existence of two effects at the level of fluctuation: the effect of

diffusive transport and that of the interaction of the two types of particles. In other words, none
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of these two effects dominate the other in the limit. The basic outline for the proof of Theorem
is the same as that of Theorem but with an additional step. Roughly speaking, Step

1 is now replaced by
N N N LN N N
2 =Uup20 +/0 UppsdM + B,

where E} is an extra error term. The additional step is to show that this error goes to zero in
a suitable sense. This is true due to the choice of Uf{s) which is facilitated by the Boltzman-
Gibbs principle. An intuitive explanation for the validity of the Boltzman-Gibbs principle for
our annihilating diffusion model is as follows: the high density assumption lim infy_ o IV 5]2\}1 >0
guarantees that the interaction near I changes the occupation number of the particles at a slow
rate with respect to diffusion (which conserves the particle number). In other words, the particle

number is conserved on the time scale that is relevant for the principle.

Remark 1.3.3. Note that (6.1.2)) is only established for ¢ € [0,7p]. We do not know if Tj can
be taken to be an arbitrary positive number. Such phenomenon also appears in [31] and [54].
We need this property to guarantee ([1.3.5)). It is interesting to investigate whether the theorem

holds only on finite time interval or not.

1.4 Applications and implications

The most important implications of the hydrodynamic results and the fluctuation results are the
connections, in two different scales of observations, between the microscopic mechanisms of the
stochastic dynamics of the systems and the collective behaviors that emerge in the macroscopic
scale. These two scales correspond, in the language of probability, to the level of law of large
numbers and that of the central limit theorem respectively.

I now make the above assertions transparent by asking two questions. In our annihilating
random walk model or annihilating diffusion model, let K C D4 be an arbitrarily chosen subset

(see Figure |1.4)).
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(1) What is a good estimate for the number of particles in K at time ¢ ?
(2) What is the prediction error for the answer to question (1)?

If we view the system as the population dynamics of two interacting species with competition
near a static boarder, then the above questions are about the number of a certain species in a

region at a particular time, which is often the questions of interest in ecology.

Al

K
Figure 1.4: An arbitrary subset K

The answers to questions (1) and (2) are given by the hydrodynamic limits and the fluc-
tuation limits respectively. More precisely, when N is large, the answer to question (1) is
N [} ug(t,z) dx. This is illustrated in Figure in which the time-trajectories of [, u(t,z) dx
(the black smooth curve) and that of (Number of particles in K)/N are drawn on the same figure
for comparison. The blue curve is generated by a simulation with N = 100, D, = (0,2) x (0,1)
and D_ = (0,2) x (0,—1) being rectangles and K = (0.5,1.5) x (0,25,0.75) being a smaller
rectangle inside D;. The simulation is in my webpage http://staff.washington.edu/louisfan.
Our hydrodynamic results implies that the whole random blue curve is approximated by the
deterministic black curve when N is large.

To answer question (2), we look at a more refined scale by magnifying the error in Figure
by a factor of v/N. Figure is what we obtain by doing so. Our fluctuation results imply that,
when N is large, the random curve in Figure has the law of a stochastic integral which is
a Gaussian random variable at any time ¢t. Moreover, the covariances of the values at different

times are characterized. We also know the covariances of the fluctuations for different subsets
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Figure 1.5: Number of ;J)\?rtlcles in K and fK u+(t, {E) dr

Ky, Ky, K3, --- ,C D4. Thus, knowing the prediction error of one region (in either D; or
D_) will tell us more about the prediction error for every other region in D, and D_. This
fluctuation results also imply the co-existence of two effects at the level of fluctuation: the effect
of diffusive transport and that of the interaction of the two types of particles. In other words,
none of these two effects dominate the other in the limit: a fact which is unlikely to be obtained

without computations.

Fluctuations in K

T Wﬂmﬂ .
TR AR Y

0 1 2 3 4 5
Figure 1.6: \/ﬁ(Number of [])\?rticles in K fK U+(t,(13) dm)
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Organization of this thesis:

Chapter 2 contains preliminaries such as basic properties of reflected diffusions and their discrete
approximations. We will prove the local central limit theorem for RBMs with drifts and discuss
its applications. In Chapter 3, we construct the annihilating random walk model, and then
establish the hydrodynamic limit and the propagation of chaos result. In Chapter 4, we construct
the annihilating diffusion model and establish its hydrodynamic limit result. Chapter 5 is about
the fluctuation limit of the Robin boundary model. Chapter 6 is about the fluctuation limit of

the annihilating diffusion model.

21



Chapter 2
REFLECTED DIFFUSIONS IN DOMAINS AND RANDOM
WALK APPROXIMATIONS

In this chapter, D is always a bounded Lipschitz domain in R?. We outline some basic properties
of symmetric reflected diffusions on D. We will also study reflected diffusion killed upon hitting
a subset A C D. This is fundamental to our understanding for the underlying motion of each

particle of our interacting particle systems.

2.1 Reflected diffusions

Reflected diffusions are natural mathematical objects to study. After all, the random motions
of the pollen grains observed by Robert Brown in year 1827 were reflected on the boundary of
the water tank. Suppose p € W12(D) N C(D) is a strictly positive function, and a = (a%) is
a symmetric, bounded, uniformly elliptic d x d matrix-valued function with a* € W12(D) for
each 4, j. It is well known (see [2, [I5]) that the bilinear form (£, W12(D)) defined by

d
E(f.g) = ;/Dan(x) -Vy(z) p(x) do = ;/D Z a (x) gﬂ{z (x) 8851 (z) p(x) dx (2.1.1)

i.j=1

is a regular Dirichlet form in L?(D, p(x)dx) and hence has an associated Hunt process X (unique
in distribution). Furthermore, it can be checked (cf. Chapter 2 of [20]) that X is a continuous,

irreducible, conservative strong Markov process with symmetrizing measure p and has infinites-
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imal generator

1 1 & o, .0
A= 2—pV~(paV) = 2, Z]z:l oz, (paj—).

Definition 2.1.1. Let (a, p) and X be as in the preceding paragraph. We call X an (a, p)-
reflected diffusion or an (A, p)-reflected diffusion. A special but important case is when a
is the identity matriz, in which X is called a reflected Brownian motion with drift %V(log p). If
in addition p =1, then X is called a reflected Brownian motion (RBM).

Intuitively, X behaves like a diffusion process associated to the second order elliptic differential
operator A in the interior of D, and is instantaneously reflected at the boundary in the inward
conormal direction 7 := a7, where 7 is the inward unit normal. This can be seen via the

Skorokhod representation which tells us precise pathwise properties of X:

t t t
Xt:X0+/ 6(Xs)st+/ b(Xs)der/ paii(X,)dL, (2.1.2)
0 0 0

for all t > 0, P,-a.s. for all x € D. Here B is a d-dimensional Brownian motion martingale
additive functional of X, 3 is the symmetric positive definite d X d matrix-valued function on
D such that 3% = a = [d1,d3, - - dg), b= %(V - a; +aVlogp), 7 is the inward unit normal
vector field of 9D and L is the positive additive continuous functional (PCAF) of X, called the
boundary local time, associated with the measure o/2. The Skorokhod representation
for symmetric reflected diffusions is proved in [15] for a general class of domains which contains

Lipschitz domains.

2.1.1 Heat kernel estimates

It is well known (cf. [2l [44] and the references therein) that X has a transition density p(t, z,y)
with respect to the symmetrizing measure p(x)dz (i.e., P.(Xy € dy) = p(t,z,y) p(y)dy and
p(t,z,y) = p(t,y,z)), that p is locally Holder continuous and hence p € C((0,00) x D x D), and

that we have the following Aronson type Gaussian estimates: for any T > 0, there are constants
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c1 > 1 and ¢y > 1 such that

1 —caly — x|? o —|y — z|?
oz P (t <p(to,y) < g5 exp et (2.1.3)

for every (t,z,y) € (0,T] x D x D. The constants c; and cp depends on D, T, the ellipticity of
a and the lower and upper bound of p.

Convention:  Throughout this thesis, we suppress the dependence of any constant on
the ellipticity of a and the lower and upper bound of p. For example, we will simply write
c1 =c1(D,T) and ¢; = co(D, T) for (2.1.3).

Using and the Lipschitz assumption for the boundary, we can check that

1 C

sup sup — p(t,x,y)dy < L forte (0,7] and (2.1.4)
veD 0<6<dy 0 JDs Vi
C

sup/ plt,z,y)o(dy) < =L forte (0,7, (2.1.5)
+eD JoD Vit

where C' = C(d, D, T) > 0, 6o = 6o(D) > 0 are constants, D := {z € D : dist(z,dD) < §}. In

fact (2.1.5) follows from (12.1.4) via Lemma On other hand, suppose g € B([0,T] x 0D).
Then for t € [0,T] and x € D, we have

g | [Cotsxaar] = 3 [ tsmts. sty atin) ds (216)

2.1.2 Reflected diffusions killed upon hitting a closed set A C D

Now we consider an (a, p)-reflected diffusion killed upon hitting a closed subset A of D. The
results in this subsection hold, in particular, when A is an empty set (in which case we reduce
to the study of reflected diffusion without killing) and when A is a subset of 9D (this is the case
for A+ in figure . Define

X, t< Ty
xW .- (2.1.7)

av t> TA7
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where 0 is a cemetery point and Tx := inf {t > 0: X; € A} is the first hitting time of X on
A. Since D\ A is open in D, Theorem A.2.10 of [39] asserts that XY is a Hunt process on
(D \ A) U9 with transition function P*(z,A) = P*(X; € A,t < Tp). The characterization
of the Dirichlet form of X®) can be found in [20, Theorem 3.3.8] or [39, Theorem 4.4.2]; in
particular, it implies that the semigroup {PtA}tzo of X is symmetric and strongly continuous
on L2(D\ A, p(z)dz). Clearly, X™ has a transition density p*) with respect to p(z)dz (i.e.
PM(z, dy) = p™(t, z,y) p(y) dy). Note that p™ (¢, z,y) < p(t,z,y) for all 2,y € D and t > 0.
So far A is only assumed to be closed in D. We will also need the following regularity

assumption.

Definition 2.1.2. A C D is said to be regular with respect to X if P*(Ty = 0) = 1 for all
x € A, where Ty :=1inf {t > 0: X; € A}.

This regularity assumption implies that p() (t,z,y) is jointly continuous in x and y up to the
boundary. In particular, pA) (t,z,y) is continuous for x and y in a neighborhood of I. We now

gather some basic properties of p™ (¢, x, y) for later use.

Proposition 2.1.3. Let X be an (a, p)-reflected diffusion defined in Definition and
p) (t,x,y) be the transition density, with respect to p(x)dz, of X* defined in . Suppose
A is closed and regular with respect to X. Then p™ (t,z,y) > 0 and p™ (¢, z,y) = p™M(t,y, x)
for all z,y € D and t > 0. Moreover, p(A)(t,x,y) can be extended to be jointly continuous
on (0,00) x D x D. The last property implies that the semigroup {P}i>0 of X is strongly

continuous on the Banach space
Coo(D\A) :={f € C(D): f vanishes on A}

equipped with the uniform norm on D. The domain of the Feller generator of {Pt(A)}tZO, denoted
by Dom(AM), is dense in Coo(D \ A).
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Proof Define, for all (¢,z,y) € (0,00) x D x D,
q(A)(t,x, y) == p(t,z,y) —r(t,z,y), where r(t,z,y) :=E* [p(t — Ta, X1,,y); t > T ].

Using the fact that x — P*(Th < t) is lower semi-continuous (cf. Proposition 1.10 in Chapter

IT of [1]), it is easy to check that if A is closed and regular, then

lim P* (T <t)=1 (2.1.8)

n—oo

whenever ¢ > 0 and z,, € D converges to a point in A. Recall that p(¢,z,y) is symmetric in
(z,y), has two-sided Gaussian estimates , and is jointly continuous on (0,00) x D x D.
Using these properties of p together with , then applying the same argument of section 4
of Chapter II in [I], we have

(a) ¢™(t,z,y) is a density for the transition function XA,
(b) ¢M(t,z,y) > 0 and ¢M(t,z,y) = ¢™(t,y,z) for all z,y € D and t > 0.
(¢) ¢™(t,z,y) is jointly continuous on (0,00) x D x D.

From (c), the semigroup {Pt(A)} of X is strongly continuous by a standard argument. Ca (D \
A) is a Banach space since it is a closed subspace of C'(D). The Feller generator Dom(AM) of
{Pt(A)} is dense in Cs (D \ A) because any f € Coo(D \ A) is the strong limit limy o 1 fg PS(A)fds
in Coo(D\ A), and [ PV fds € Dom(AW), O

2.1.3 Fundamental martingales for reflected diffusions

We will need the following collection of fundamental martingales, together with their quadratic

variations, for reflected diffusions. Note that it holds for every x € D.

Lemma 2.1.4. Suppose X" is an (a, p)-reflected diffusion in a bounded Lipschitz domain D
killed upon hitting A. Suppose all assumptions in Proposition[2.1.3 hold, and f is in the domain
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of the Feller generator Dom(A(A)). Then we have
¢
M(t) = FEN0) = FX0) = [ AW e ) ds (21.9)

1S a .7-"tXA -martingale that is bounded on each compact time interval and has predictable quadratic

variation

t
(M), = /0 (V] V) (X (s)) ds

under P* for any x € D. Moreover, if X1 and X5 are independent copies of X*, and if M; is
the above M with X" replaced by X;, then the cross variation (M, Ma), = 0.

Proof For f € Dom(AM), M(t) defined in is an .FtXA—martingale that is bounded on
each compact time interval. Since D is bounded, f is clearly in the domain of the L?-generator
of X*. Hence it follows from the Fukushima decomposition of f(X}) (see [20, Theorems 4.2.6
and 4.3.11] that M (t) is a martingale additive functional of X of finite energy having quadratic
variation (M(t)), = fot(an V) (XA (s))ds. If X1 and Xo are independent copies of X*, then
M; and Ms are independent and so (M7, Ms) = 0. O

An immediate consequence of Lemma is
t
/ PMNaVf-Vf)(x)ds =B [M(t)*] < 8(||fII* + | AN fI* ) (2.1.10)
0

for x € D and t > 0, where || - || is the uniform norm in D.

Lemma 2.1.5. Suppose X is an (a, p)-reflected diffusion in a bounded Lipschitz domain D
killed upon hitting a closed subset A of 0D that is reqular with respect to X. Then for any T > 0

and bounded measurable function ¢ on D\ A, we have
PY (XYY isa ffA—martingale for s € 10,7, (2.1.11)

under P for any x € D\A. Moreover, its quadratic variation is [ aVPA ¢ VPA  o(XA(r))dr.
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Proof ([2.1.11) follows from the Markov property of X*. Denote by £\ the L2-generator of
X@) Then for every t € [0,T), ij}_sgb € Dom(LW). Tt follows from the spectral representation
of LM that

|55

(M) pA < 2l
s L PT—S¢HL2 = T—S.

L=
Thus (s,z) — P .p(z) for s € [0,T) and € D \ A is in the domain of the Dirichlet form
for the space-time process (s, X, éA)). By an application of the Fukushima decomposition in the

context of time-dependent Dirichlet forms, one concludes that the quadratic variation of the

martingale s — PP ¢(X2)is [JaVPR_ ¢ VPRI ¢(X*(r))dr; see [65, Example 6.5.6]. O

2.1.4 Heat equation with Robin boundary condition

Observe that if we view u_ as a known function, then in each of the two hydrodynamic results
Theorem and Theorem the functions w4 satisfies a second order parabolic equation
in D4 with Robin boundary condition. This leads us to consider the following Robin boundary

problem, where g € B,([0,00) x D) is arbitrary.

ou

EZAu on (0,00) x D
1
8—1_{ =—gu on (0,00) x 0D (2.1.12)
on p
u(0,:) = on D.

By Ité’s formula and the Skorokhod representation for the (A, p)-reflected diffusion X, we
see that a classical solution of (2.1.12)), should it exists, has the probabilistic representation

u(t, z) = E” [go(Xt)e_ f(fg(t—s’xs)“s} , (2.1.13)

where L is the boundary local time of X.

First we show that the function u defined by (2.1.13)) is continuous.

Lemma 2.1.6. Suppose ¢ € By(D), g € B ([0,T] x D) and u is defined by . Then
u € C((0,T] x D). Moreover, if p € C(D), then u € C([0,T] x D).
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Proof Observe that for any r € [0, t],

u(t,z) = E
— E® {SD(Xt)eff:g(tfs,Xs)dLs} +Em|: (X)) e~ [ g(t—s,Xs)dLs ( — [ g(t—s,Xs)dLs _ 1)} '

(2.1.14)

[0 e o= X s = [ ois.Xe) a1

By Markov property, the first term is
E” [ EX[p(Xpop)e b o022 | = B fu(t —r, X,)].

Since X has the strong Feller property (see [2]) and w is bounded, =z +— E*[u(t — r, X,)] is
continuous on D for any fixed ¢t > 0 and r € (0,¢).

The second term of (2.1.14)) converges to zero uniformly on (0,7] x D, as » — 0. This is

because its absolute value is bounded by

lllE® [1 — e~ fy ote=sXo)dne]

||| E* [/ g(t — s, Xs)dLs } by mean-value theorem

A

NIE / / p(s,2,9) p(y) o(dy) ds Dby (2.1.6
lell lgllCvr by (EL3).

IN

Hence, u is continuous in x € D.

By a similar calculation as in ([2.1.14]), we have

u(t+a,z) —u(t,z) = E¥u(t,X,) — u(t,z)]
+E® [(p( Xyg)e T alttazs.X)dL, (e* J% glt+a—s.Xa)dLs 1)} '
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Hence,

lu(t + a, ) — u(t, x)|

IN

E*[Ju(t, Xo) — u(t, z)|] + ||| E* [/ g(t+a— s,XS)dLS} by mean-value theorem
0

1 a
< [ utes) —uttlplaa ) dz+lellaly [ [ o) otz

Both terms go to 0 uniformly in x € D as a goes to 0. (In fact, the first term goes to
0 uniformly since the semigroup P; is strongly continuous on C(D). For the second term,
Io Jopp(s,z, 2) o(dz)ds < 2C1v/a+ Cha also goes to 0 uniformly in 2.) Hence u is continuous
in t € (0, 7] uniformly in z € D. Therefore, u € C((0,7] x D). If ¢ € C(D), we can extend the
above argument to show that u € C([0,T] x D). O

Remark 2.1.7. In fact, one can allow g to be unbounded and show that the conclusion of

Lemma [2.1.6] remains true if go satisfies a Kato class condition:

lim sup/ / p(s,z,2)|g(t+a—s,2)|o(dz)ds = 0.
0 oD

a—0 xeﬁ
O
Proposition 2.1.8. Suppose ¢ € C(D) and g € B} ([0,T] x D). Then
u(t, x) — R [SD(Xt) e fg g(t—s,Xs)dLs
is the unique element in C([0,T] x D) that satisfies the following integral equation:
1 t
u(t,) = Pup(a) — /0 /8 bt = ()l y) p(w)oldy)dr. (2.1.15)

Proof By Lemma u(t,z) = E¥[p(Xy)e” I 9(t=5,Xs)dLs] Jies in C([0,T] x D). Moreover,
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by Markov property and (2.1.6) we have

u(t,z) = E*[p(Xy)] —E*[o(Xy) (1 —e N g(tfs,Xs)dLs)]

r=t
r=0

r t
= Pp(x) —E" |p(Xy) / gt —r, X,) e~ Jr 9t=s.X) dLs dLr}
L 0

[ t
= Po(z) — E* |p(X;) e Jrolt=sXs)dLs

I t t—r
= Pup(z) - E /0 gt —r, X, ) EX [so(Xt_Ae*fo g“*’"*’XS)dLs} dLT]

~ Py(s)—E° -/tg(t e X)) u(t— 7 X, dLT}

LJO
= Pp(x) - ;/0 /8D p(r,z,y)g(t —r,y)u(t —ry) p(y)o(dy)dr.

Hence u satisfies the integral equation. It remains to prove uniqueness. Suppose @ € C([0,T]x D)

also satisfies the integral equation. Then w = u — @ € C([0,T] x D) solves

w(t,a) = — /0 /8 bl =gl 9) p(s)a(dy) dr (2.1.16)

By a Gronwall type argument and (2.1.5)), we can show that w = 0. More precisely, let 1(s) =
sup, .5 |w(s,x)|. Then by (2.1.5) we have

0 <(t)

IN

/tc¢(r) dr Yte[0,T]
0

Vi—r
t
_ gt/o 20 (T T dr.

Integrating both sides with respect to ¢ on an interval [0, ty], we have

o< [ wwyd< /to 20 (r)io =7 dr.

0 0

From this we have ¢ = 0 on [0, ], where ty > 0 is small enough so that 2C'v/typ < 1. Let



P(t) = Y(t + tg), we can show that

dr Vte [O,T—to]

o< [ 75

and repeat the above argument to obtain 1) = 0 on [0,%o] (i.e. ©» = 0 on [0, 2to]). Inductively,
we obtain ¢ = 0 on [0, T1. O

Definition 2.1.9. The function u defined by the probabilistic representation (2.1.13)) (or equiv-
alently in Proposition [2.1.8) is called a probabilistic solution of (2.1.12)).

It can actually be shown that u is weakly differentiable and solve (2.1.12)) in the distributional

sense (see [21, Section 3]. However, our method only requires continuity of the solutions.

Probabilistic solution to a backward heat equation

Fix t > 0 and consider the following backward heat equation:

—0v
s =Av—kv—-h on (0,t) x D
ov
ov _ 2.1.17
55 =0 on (0,t) x 8D ( )
v(t) = on D,

where 7/ := af is the inward conormal direction, 7 is the unit inward normal, ¢ € L?(D) is the
terminal condition, k(s,z) € By([0,00) x D) is the killing potential and h(s,z) € By([0, 00) x D)
is an external perturbation.

By Ité’s rule and the Skorokhod representation for the (a, p)-reflected diffusion X on D
(c.f. [15]), we see that a classical solution of (2.1.17), should it exists, has the probabilistic

representation
s t—s
v(s,x) :=E" |p(Xi—s)e” Jo™* k(s Xrydr _ / h(s+ 6, Xp)e = J§ k(s+rXn)dr gg (2.1.18)
0
where L; is the boundary local time of X.

32



By the same proof of Proposition [2.1.8] we have

Proposition 2.1.10. Suppose t > 0 and ¢ € C(D). Then v defined in is the unique
element in C([0,t] x D) satisfying the integral equation

v(s,x) = P_gp(x) — % /0 h Py (k(s+0)v(s+6)+h(s+0))(x)db. (2.1.19)

As in Definition [2.1.9] we introduce the following definition.

Definition 2.1.11. The function v defined by (or equivalently in Proposition [2.1.10
is called a probabilistic solution of .

It can be shown that v is weakly differentiable and solve (2.1.17)) in the distributional sense
(see [21], Section 3]).

2.2 Random walk approximations

In this section, we will approximate D by a square lattice D¢ of edge length e. We will construct
a random walk X® on D® which approximates X, a RBM with gradient drift. Finally, we will
prove that the transition kernel of X¢ enjoys two-sided Gaussian bound and is jointly Holder
continuous uniform in e, and that p® converges to the transition kernel of X (the local CLT for
RBMs with gradient drift in Theorem . We prove these properties of p* by establishing
the ‘discrete relative isoperimetric inequality’ in Theorem

Throughout this section, p € W2(D) N CY(D) is a given a strictly positive function and
X = (Xy)i>0 denotes a RBM with drift § V(logp) (recall Definition [2.1.1). We remark here
that all properties of p® that are established in this section remains valid for general symmetric
reflected diffusions. The proofs are the same, requiring only a more delicate construction for
XE.

We first construct D®. Without loss of generality, we assume that the origin 0 € D. Let ez

be the union of all closed line segments joining nearest neighbors in Z¢, and (D?)* the connected
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component of D N eZ? that contains the point 0. Set D = (D°)* NeZ. We can view D? as
the vertices of a graph whose edges coming from (D?)*. We also denote the graph-boundary
0D* = {x € D? : v.(x) < 2d}, where v.(x) is the degree of x in D®.

Next, we define X¢ to be a continuous time random walk (CTRW) on D with exponential

waiting time of parameter d/e? and one step transition probabilities

Dy = Hay
X L bl
Y Zy Ma:y

where {1z : x,y € D®} are symmetric weights (conductances) to be constructed in two steps

as follows: First, for every x € D¢\ 0D° and i = 1,2,--- ,d, define

KRz xtee; = 1 + lln P(l' + Ee_;) p(w) + IO(:L’ + 56_’2) Ed—2
7 2 p(z) 2 9

1 — _; d—2

Bga—ce; = 1+ —=-In ,O(ZC) - p(x) + P($ ge ) 5 .
s i 2 p(gj — Eei) 9 5

Clearly, fizy = iy, for all z,y € D*\ OD¢. Note that since p is in C'(D) and is strictly positive,
when ¢ is sufficiently small, iy 5 4cc; and pig ,—ce are strictly positive for every x € D\ 0D®

and i =1,2,---,d. Second, we define

Py if x € D¢, y € D*\ D¢
Hay =
e=2/2 if 2,y € OD® are adjacent in D®.

Now jizy = piy, for all z,y € D*. We call X° the e-approximation of X.

Remark 2.2.1. A special but important case is when p = 1. In this case, X is simply the
reflected Brownian motion (RBM) on D, and X¢ is a simple random walk on the graph D*. It
is proved in [9] that X converges weakly to the RBM X as e — 0. We generalize this result to
RBM with gradient drift in Theorem [2.2.20

Remark 2.2.2. Note that the formula for iy 4iee: s strictly positive for € small enough (hence

the conductances are well-defined). More precisely, note that p = €2 for some h € CY(D), so
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Ooh

the drift of X is Vh with ||Vh| := maxi<i<qSup,cp |5, | < 00. By Mean value theorem on h,

the first bracket in the formula for piy 41 cc; 15

(x + €é)

1. p oh(§)
—1In
W

81‘1'

=1+h(z+eé)—h(z)=1+c¢

which is strictly positive whenever € < 1/||Vh| (we adopt the convention that 1/0 = o).

Remark 2.2.3. The heuristic reason of the above construction for pi,, is as follows: We
need Ey[Xi] = lime_,o Eo[XF]. When t is small, Ez[X;] = Vh(X:)t and EL[Xf] ~ Ei E;[1 step|t.

So we need
8h($) — Cj Mz ztee; — MHz,x—ee;
Ox; € w(z)

for1<i<d.

We also need lime_,g E©(f, f) = E(f, f) for any f € CY(D), where £©) and & are the Dirichlet

forms of X¢ and X respectively. This is true if

Mg, x+e€; + K z—eé; ~
e ~ p(x).

Assume further that p(x) = E% ¢l = de?=2 (since the holding time is 6%, we are assuming the

symmetrizing measure is €* at x € D¢\ D). Solving and , we have

ed=2 Oh(z)
Haotee; ¥ (P(ﬂf) + 68:@) .

Finally, the requirement that pizy = piy: motivates our final definition for piy yicc;. Here we took

the advantage that the drift is of gradient form Vh.

Here are some basic properties of X¢. Clearly, X¢ is symmetric with respect to the measure

me defined by
2
€
me(x) := i Zufﬂy.
y

The stationary measure 7 = 77" of X¢ is given by 7(z) = m.(z)/m(D?), where m(D?) :=
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> .ep: Me(z). The Dirichlet form of X¢ in 12(m,) is given by (€9, 1%(m.)), where

9(f,9) =5 3 (F6) ~ F@)9(0) ~ 9(2)) iy (22,1

z,yeDe

Since p € C1(D), there exists a constant C' > 0 such that

1 < inf M) < M@ (2.2.2)
z g z &9
Moreover, lim._, mz(fe) = p(x) whenever ¢ € D° converges to x € D.

The transition density p® of X with respect to the measure m, is

PT(XE =)

, t>0,z,y€ D" (2.2.3)
me(y)

p(t,x,y) =

Clearly, p° is strictly positive and is symmetric in = and y. We will explore the properties of p®

in the next few subsections.

2.2.1 Discrete heat kernel p° and local central limit theorem

We will prove in the next few sections that the transition density p® enjoys two-sided Gaussian
bound and is jointly Hoélder continuous uniform in € € (0,e9) for some g9 > 0, and that p°
converges to p uniformly on compact subsets of (0,00) x D x D. In rigorous terms, we have the
following four results. The important point is that the constants involved in these four results

are uniform for e small enough.

Theorem 2.2.4. (Gaussian upper bound) There exist C, = Cy(d,D,p,T) > 0, k = 1,2, and
eo = eo(d, D, p) € (0,1] such that for every e € (0,&9) and x,y € D¢,

|z — gy

pe(t,z,y) < exp (—Cg " ) fort € [e,T] (2.2.4)

1
(E Vi 751/2)d
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and

C _
P (t,x,y) < ! i exp <—C’2’xtl/2y’> fort e (0,¢). (2.2.5)

(e Vv t1/2
Observe that (2.2.4]) implies that (2.2.5) also holds for ¢ € [¢,T]. As an application of the
upper bound, we have an estimate for the exit time for a ball by a standard argument (see [2])

using the strong Markov property.

Corollary 2.2.5. (Ezit time estimate) For any T > 0, there exists C = C(d,D,p,T) and
eo = eo(d, D, p) such that

P”(sup|X§—x| 277) < C exp t—lL (2.2.6)
s<t 4(t2 Ve)

for allt € (0,T], z € D, n>0 and € € (0,¢y), where |y — x| is the Euclidean distance between
x and y in RZ.

Theorem 2.2.6. (Gaussian lower bound) There exist Cy, = Cy(d,D,p,T) > 0, k = 1,2, and
eo = eo(d, D, p) € (0,1] such that for every e € (0,&¢) and x,y € D¢,

C r—y|?
P (t,x,y) > m exp <—C’2‘ ty’ > fort € (0,T]. (2.2.7)

Theorem 2.2.7. (Hélder continuity) There exist positive constants v = v(d, D, p), €o(d, D, p)
and C(d, D, p) such that for all € € (0,20), we have

(It =" + |z — 2’| + |y — /|
(EAE)T2(LNEAL)D2

p°(t,2,y) —p° (¢, 2" y)| < C (2.2.8)

Theorem 2.2.8. (Local CLT)

lim sup sup p(2_n)(t,$7y) —p(t,z,y)| =
N0 te[a,b] z,yeD

for any compact interval [a,b] C (0,00).

We now prove these four properties of p° in the next few subsections. The proofs are standard
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once we establish a discrete analogue of a relative isoperimetric inequality (Theorem [2.2.12)) for

bounded Lipschitz domains. The last subsection is about applications of these properties.

2.2.2 Discrete relative isoperimetric inequality

Note that any Lipschitz domain enjoys the uniform cone property and any bounded #H% !-
rectifiable set has finite perimeter. Hence, by Corollary 3.2.3 (p.165) and Theorem 6.1.3 (p.300)

of [61], we have the following relative isoperimetric inequality.

Proposition 2.2.9 (Relative isoperimetric inequality). Let D C R? be a bounded Lipschitz
domain and r € (0,1]. Then
da—1
(D) = sup 2T« (2.2.9)

r =sup —————— < 00 2.

’ Ue% c(0UN D) ’
where & is the collection of open subsets U C D such that |U| < r|D| and OU N D is H3~1-
rectifiable set. Moreover, S(r, D) = S(r,aD) for all a > 0.

In this subsection, we establish a discrete analogue for the relative isoperimetric inequality

(Theorem [2.2.12]).

Random walk on scaled graph aD*

We first consider the scaled graph aD® = (aD)®, which is an approximation to the bounded

Lipschitz domain aD by square lattice acZ?. Clearly the degrees of vertices are given by

v*P" (ax) = vP"(x). Define the function Pap) on aD by ppy(ax) := p(z). Then define the
CTRW X2 using P(ap) @s we have done for X¢ using p.

The mean holding time of X% is (ag)?/d. Clearly, the symmetrizing measure m®’" and
the stationary probability measure 7P° have the scaling property m*?” (ax) = a?m?”" (x) and
7P (az) = 7P° (). Let p%5, be the transition density of X2P° with respect to the symmetrizing

I
measure m®?°. Then

d, ae

a’ pip(a®t, ax, ay) = pp(t, =, y) (2.2.10)
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for every t >0, >0,a >0 and z,y € D° .

We will simply write m and 7 for the symmetrizing measure and the stationary probability

measure when there is no ambiguity for the underlying graph.

An extension lemma

Following the notation of [67], we let G be a finite set, K (x,y) be a Markov kernel on G and 7
the stationary measure of K. Note that a Markov chain on a finite set induces a natural graph
structure as follows. Let Q(e) := 3(K(z,y)m(z) + K(y,z)w(y)) for any e = (z,y) € G x G.
Define the set of directed edges E := {e = (z,y) € G x G : Q(e) > 0}.

We use the following 2 different notions for the “boundary” of A C G:

0 A {e=(r,y) e E:zecAyecG\Aorye A,x € G\ A},

0A = {zxe€A:3JyeG)\ Asuchthat (z,y) € E}.

Observe that each edge in J.A is counted twice. Set

QA =5 Y a@) =5 3 (Klyr(e) + Ky o)),

e€0: A €A, yeG\A

Definition 2.2.10. For any r € (0,1), define

7T(A)(dfl)/d

Q‘A,(dfl)/d ~
Sx(r,G) == sup ——  and Si(r,G) = sup (2.2.11)

(AcGm(A)<ry 0] (Acan(A)<ry Q(9eA)

We call1/S5(r,G) an isoperimetric constant of the chain (K, 7). It provides rich information

about the geometric properties of G and the behavior of the chain (cf. [67]).

In our case, G = aD®, 7(z) = % and K(z,y) = pyy in aD®, where p,, is the one-step

transition probabilities of X*P° defined at the beginning of Section For a =1and A C D#,

39



we have

9.A = {(z,y) € Ax D"\ AUD\ Ax A: the line segment (z,y] C D},
0A = {xe€A:3ye D\ Asuch that |z — y| = € and the line segment [z,y] C D },
DA = {zxe A: Jye ez such that |z —y| = e and (x,y] N D # 0},

AA = 0A\0A.

In the above notation, we have D¢ = (), 9D = {x € D : v(z) < 2d}, AN HD* = DA and
dD* = AAU (DANAD?) U (ID° \ A). See Figure for an illustration.

We say that A C DF is grid-connected if 0.A; N 0. A2 # ¢ whenever A = Ay U As. It
is easy to check that A is grid-connected if and only if for every x, y € A, there exists {z; =
T, T, -+, Tm—1, Tm = Yy} C A such that each line segments [x;, xj41] C D and |z; —zj1| = €.

The following is a key lemma which allows us to derive the relative isoperimetric inequality for

the discrete setting from that in the continuous setting, and hence leads us to Theorem [2.2.12

Lemma 2.2.11. (Extension of sub-domains) Let Tsq, be the stationary measure of the sim-
ple random walk (SRW) on D¢. For any r € (0,1), there exist positive constants £1(d, D,r),
Mi(d,D,r) and Ms(d, D,r) such that if ¢ € (0,e1), then for all grid-connected A C DF with

Tsrw(A) < r, we can find a connected open subset U C D which contains A and satisfies:
(a) OU N D is HY -rectifiable,
(b) U] < B D],
(c) €Al < My |U],
(d) Mye®YOA| > o(OUND) .

Proof Since the proof for each r € (0,1) is the same, we just give a proof for the case r = 1/2.
For z € €Z%, let U, := H?:l (z; — 5, x; + 5) be the cube in the dual lattice which contains
x. Since A is grid-connected, we have (17)° is connected in R?, where (7)° is the interior of

W1 := Ugzea (U, N D). (See Figure for an illustration.)
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Figure 2.1: Wy := Ugzea (U, N D) Figure 2.2: W3 is the shaded part

Note that we cannot simply take U = (W7)° because (d) may fail, for example when AA
contributes too much to OU N D, i.e., when (W7i)a := OW1 N (UxeAA 8UI) is large. However,
AA C 9D is close to dD and so we can fill in the gaps between AA and dD to eliminate
those contributions. In this process, we may create some extra pieces for OU N D, but we will
show that those pieces are small enough. Following this observation, we will eventually take
U = (W1 UWs3)° where Wy C Dy, for some small enough h > 0.

Since D is a bounded Lipschitz domains, we can choose h > 0 small enough so that |Dy| <
|D[/200. Moreover, me,(A) < 1/2 implies e?|A| < e4|0(D?)| + Mg (D) /2. So we can choose
e small enough so that [W;| < 4| < $|D|. Hence U satisfies (b). By Lipschitz property
again, there exists M7 > 0 such that |U, N D| > |U,|/M; = ¢%/M for any x € D?. Hence (c) is
satisfied.

It remains to construct Wy in such a way that Wy C Dy, for some small enough h > 0 (more
precisely, for h small enough so that |Dy| < |D|/200) and that (a) and (d) are satisfied. We will
construct Wy in 3 steps:

Step 1: (Construct W3 to seal the opening between 0D and the subset of (W7)s which are
close to dD. See Figure 2.2]) Write AA = AjAU Ay A where AgA := AA\ A1 A and

A1A:={r € AA: Ty € 0A such that max{|z; —y;|: 1 <i<d} =1}

Points in A1 A are marked in solid black in Figure For x € A1 A, consider the following
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closed cube centered at x:

T, = U U, , where R=Vd(M +1)
yeB(x, 10Rs)

Let ©, be the union of all connected components of T, N D whose closure intersects U, and

define

W= | ©.
TEATA

Step 2: (Fill in the gaps between 0D and (Wi)a near Aj. See Figure Note that
Uzea, 40U, does not contribute to 9(W; U W3) N D. Let Wy be the union of all connected

components of D \ (W7 UW3) whose closure intersects U, for some x € Ay A.

e
‘\’x@

Figure 2.3: W, is the shaded part Figure 2.4: U is the shaded part

Step 3: Finally, take Wy := W3 U Wy, and set U := (W7 U W3 U Wy)°. (See Figure )
It is clear that U is connected and QU ND C |J,¢.zqa OU, is piecewise linear, so (a) is satisfied.

For any W C D, we have OW N D = Wy U Wa U Wy, where
W3::8Wﬁ(U am), WA::8Wﬂ<U aUz> ande::6W\< U am).
TEIA TzeAA T€EHAUAA

Therefore, c(OWND) < 0(Wy)+0(Wa)+o(Wy) whenever the corresponding surface measures

are defined. It is clear that by construction we have
o (Wi)v =0,
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o (W1UWs)s C (W1)g, (W1 UW3)a C (Wi)a,, (WiUWs)y CUyen, U ouy

yEB(z,10Re)
where (W1)a, is defined analogously as (W;)a, with A replaced by As,

e Uy C (W1 U Wg)a, Ua = @, Uy C (W1 U Wg)v.

Now o(Us) < o((W1)g) < |0A|2de®"t. Moreover, each 2 € DA is adjacent to at most 3¢ — 1
points in AjAUAA, and for each # € AjA, there are at most |[B(10Re)| < (20R + 1)¢ cubes in

T.. So we have
o(Uy) < o(Wh UWs)y) < (3% = 1)|0A| (20R + 1)% 2d=1.

Hence (d) is satisfied.

Since diam (T,) < 20RV/de, we have W3 C D(20R\/E+1)€. To complete the proof, it suffices to
show that Wy C D(gg).. This is equivalent to show that any curve in D \ W1 U W3 starting
from any point in (W1)a, must lie in D(op).-

Let [0, 1] be an arbitrary continuous curve starting at an arbitrary point p € (W7 )a, such that
v(0,1) € D\ Wi and dist(y(t), 9D) > (10R)e for some ¢ € (0,1]. Define Qp: := (U,cp: Uz)’N

D. Since (Wi)a C 9(2ps) N D C U,c5p- OU. and sup,_j,. dist(z, D) < ¢, the time when

first exits D \ Qp- must be less than ¢ by continuity of 4. That is,

T:=inf{s>0: v(s) € U ou, | nD ) <t
2€8D\ A
It suffices to show that (0, 7]N©, # 0 for some x € A; A. We do so by constructing a continuous
curve 4 which is close to v and passes through 0U, for some x € AjA.

Since supejo - dist(y(s), D) < 2Re, we can choose € small enough (depending only on
D) and split [0, 7] into finitely many disjoint intervals I’s so that the 4Re-tube of each ~(I)
lies in a coordinate ball By of D. For s € I, project v(s) vertically upward (along the d-th
coordinate of B(p)) onto d(€2p:) N D to obtain J(s). Note that 7 maybe discontinuous even in

the interior of I. However, it is continuous on [0, 7] except possibly for finitely many points.

43



@ c OD¢ \ A v
( A It

Figure 2.5: v and a corresponding continuous 4 C 9(2ps) N D

Let {0 < s1 < s9 < -+ < 8, < 7} be the collection of discontinuities for 7([0,7]). Then
0 < |3(sj—) —A(sj+)| < 2Re and we can connect J(s;—) to J(s;+) by a continuous curve
Bj: [0,1] — 9(Qp) N D N B(Y(s;—), 8Re) N B(Y(s;+), 8Re).

Define 4 : [0, 7 +m] — 9(Qp<) N D to be the continuous curve obtained by concatenating
Jand {B;: j=1,2,--- ,m} (See Figure 2.5). Then 5(0) =5(0) = p € (W1)a, and (7 + m) =
(1) =~(7) € d(2ps)ND\ (OW1ND). By the continuity of 7, there is some ¢, € (0, 7+m) such
that 4(t,) € (W1)a,. (Roughly speaking, on D¢, Ay A is separated from 9D\ A by A;A.)

Now for some 1 < j < m, we have J(t.) and (s;) are connected in D\ Qps C D\ Wy, and
() = v(85)] < [7(8) =7(85)[ + [7(s5) = 7(s5) < 8Re + Re.

Hence 7(t.) € OU, for some x € A1 A. We therefore have v(s;) € ©,. The proof is now complete.
O

Discrete relative isoperimetric inequality

Let gy be the stationary measure of the simple random walk (SRW) on the graph under

consideration and recall Definition 2.2.10

Theorem 2.2.12 (Discrete relative isoperimetric inequality). For every r € (0, 1), there exists
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o = §Sm(d,D,r) € (0,00) and ey = e1(d, D,r) € (0,00) such that

)

sup Ssrw(ry DE) < Asrun and
€€(0,e1)

. e\ 1/d
Serw(r, D7) < 2d (msrw (D7) Serw  for every e € (0,e7).

3

Proof We can also assume that A is grid-connected. This is because

|A|(d=1)/d - |Aq|(@=D/d | Ay|(d-1)/d
’86A| N |86A1| |86A2|

whenever A = A; U Ay with 0.A1 N 0. As = ¢. From Lemma [2.2.11] and Proposition [2.2.9] we

have

(d=1)/d
sup sup L < My Ml(d_l)/dS (497”4_1, D> .
e€(0,e1) {ACD=:(A)<r} ‘aA’ 50

We thus have the first inequality since 4d|0A| > |0.A| > 2|0 A|. The second inequality follows

from the first since g(e) = 2d§2dDa). O

For the CTRW X% on aD?, we let m be the stationary measure. Observe that, because
74P (@A) = 7P°(A) and m(aD?) = a? m(D?), we have

Sy(r, aD?) = Sy(r, D°) and S, (r, aD?) = S;(r, D) (2.2.12)

for all @ > 0 and » > 0. Hence we only need to consider the case a = 1. In view of Theorem

[2.2.12| and (2.2.2]), we have (taking r = 1/2)

Corollary 2.2.13. There ewist positive constants S = g(d,D,p) , €1 = ¢e1(d,D,p) and C =

~

C(d, D, p) such that

sup S;(1/2, D°) < S, and (2.2.13)
e€(0,e1)

. . _Cy
Sx(1/2, D7) < ;S for every e € (0,¢1). (2.2.14)



As an immediate consequence of Corollary [2.2.13|and ([2.2.12]), we have the following Poincaré

inequality.
Corollary 2.2.14. (Poincaré inequality) There exist e1 = e1(d, D, p) > 0 such that

D CLcl72 .
‘16’52@ 1 = (Pl < E5(F)

for all f € 1>(aD?,7), € € (0,e1), a > 0. Here (f),_ =5 fm, C and S are the same constants

n Corollary and EY%, is the Dirichlet form in 12(m2P%) of the CTRW XP° (see )

Proof By Corollary [2.2.13] the isoperimetric constant

T= it @Ol gua £
r(A)<1/2 w(A) S CS

Hence, by the Cheeger’s inequality (see [67, Lemma 3.3.7]),

B dm@D) T |D| ot
f Hf_ <f>7rHl22(ﬂ.) N (a5)2 8 1 62 §2

when € > 0 is small enough. O
The above Poincaré inequality already tells us a positive lower bound for the spectral gap of
XP% and hence gives us an estimate for the mixing time. However, we will state a stronger

result in Proposition [2.2.16|in the next subsection.

2.2.3 Nash’s inequality and Poincaré inequality

The discrete relative isoperimetric inequality leads to the following two functional inequalities;
namely, a Poincaré inequality and a Nash inequality that are uniform in € and in scaling D +— aD.

The uniformity in scaling helps proving the near diagonal lower bound for p®.

Theorem 2.2.15. (Nash’s inequality and Poincaré inequality uniform in € and in scaling) There
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exist e1 = e1(d, D,p) > 0 and C = C(d, D, p) > 0 such that

~ a 2
I = U0 < 850/2 09 (702 e850) I, (2215

LA < € (&850 + (CSa) 2 I ) 171 (2.2.16)

for every f € 12(aD?), ¢ € (0,e1) and a € (0,00), where C and S are the same constants in

Corollary|2.2.15; (f). := > fm and £%, is the Dirichlet form in 12(m®P") of the CTRW X P~

(see ZZ3)).

Proof Note that

(ae)
dm(aDe)
same one-step transition probabilities as that of X*P°. Hence (2.2.15) follows directly from [67,

Theorem 3.3.11] and (2.2.14). For (2.2.16), let R = (25(5(15)*1 with § > (C Sa)~!. For any

EY(f) is the Dirichlet form of the unit speed CTRW with the

nonempty subset A C aD?,

0A) + Ln(A 1 1/1 AG A G
QA + m(4) A/\<)dz((05)_1A“5)€:(CS)_18
w(A)% s A2
Hence,
AT S
wp T <95 (2.2.17)

By [67, Theorem 3.3.10],
2(1+2/d) Ty (@e)?  a 1 2 4/d
I < 16592 (750 £ + gl o ) I

Using the relations [ fI%.) = (m(@D?) ! fI3om: gl = (m(@D) [ ngm and
(2.2.2)), we get the desired inequality ([2.2.16)). O
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2.2.4 Mixing time

By the Poincaré inequalities in (2.2.15]) and [67), Corollary 2.3.2], we obtain an estimate on the

time needed to reach stationarity.

Proposition 2.2.16. (Mizing time estimate) There exists C > 0 which depends only on d such

that

1 PN 1 —dt
ac (4 I S . dtfd/2 - -
s )~ ey | < O min{ @O, o o e |

for everyt >0, z,y € aD®, ¢ € (0,e1) and a > 0. Here C and S are the constants in Corollary
L.2. 15

Proof By (2.2.15)) and Theorem 2.3.1 of [67], we have
N\ d)2
2 d 2
m(aD?) pi <(a§) t,x,y) S E ( o5 )>

After simplification and using (2.2.14)), we obtain the upper bound which is of order t~%2. On
other hand, by Corollary [2.2.14{ and [67, Lemma 2.1.4], we obtain the exponential term on the
right hand side. O

2.2.5 Gaussian bounds and uniform Hoélder continuity of p°

Equipped with the Nash inequality (2.2.16)) and the Poincaré inequality (2.2.15)), one can follow

a now standard procedure (see, for example, [13] or [28]) to obtain two sided Gaussian estimates
for p*. In the following, C, C5 and ¢q are positive constants which depends only on d, D, p and
T.

More precisely, we only need the Nash inequality and Davies’ method to obtain the

following Gaussian upper bound.

Theorem 2.2.17. There exist constants C; = C;i(d, D, p,T) > 0,1 = 1,2, andeg = eo(d, D, p) €
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(0,1] such that

Cl CQ ]y - x]Q
(tx,y) < S A B
Pab(t,,y) < (ag v t1/2)d P <a2 (ag)2 Vvt

for every t > ae, € € (0,20), a > 0 and x,y € aD*. Moreover, the following weaker bound holds
fort e (0,T7:
Ch Cy ly — 2|
e (t < e
paD( 7«T,y> = (aa\/tl/Q)d exp<a2 CLE\/tl/2
In particular, this implies the upper bound in Theorem |2.2.4) which is the case when a = 1.

We can then apply the Poincaré inequality (2.2.15)) and argue as in section 3 of [28] to obtain

the near diagonal lower bound.

Lemma 2.2.18.
Co

£
Ptz y) > EVET

for every (t,z,y) € (0,00) x D x D* with |z —y| < C1tY/? and € € (0,¢0).

The Gaussian lower bound for p® in Theorem then follows from the Lipschitz property
of D and a well-known chaining argument (see, for example, page 329 of [71]). Therefore, we
have the two-sided Gaussian bound for p° as stated in Theorem and Theorem It
then follows from a standard ‘oscillation’ argument (cf. Theorem 1.31 in [72] or Theorem II.1.8

in [71]) that p® is Holder continuous in (t,z,y), uniformly in . More precisely,

Theorem 2.2.19. There ezist positive constants v = v(d, D, p), eo(d, D, p) and C(d, D, p) such

that for all € € (0,20), we have

(1t =2+ o — ' + lly — y'II)”
(EAE)T/2 LA (EAT)Y2]

p(t,2,y) — p°(t,2',y)| < C (2.2.18)

2.2.6 Proof of local central limit theorem

The following weak convergence result for RBM with drift is a natural generalization of [9]

Theorem 3.3].
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Theorem 2.2.20. Let D C R be a bounded domain whose boundary 0D has zero Lebesque

measure. Suppose D also satisfies:
CY(D) is dense in WH2(D).

Suppose p € WH2(D) N CY(D) is strictly positive. Then for every T >0, as k — oo,

(i) (XQ_k, P,,) converges weakly to the stationary process (X, P,) in the Skorokhod space
D((0,T), D).

(i) (x2°", P,,) converges weakly to (X, P;) in the Skorokhod space D([0,T], D) whenever xj

converges to x € D.

Proof For (i), the proof follows from a direct modification of the proof of [9 Theorem 3.3].
Recall the definition of the one-step transition probabilities p;,, defined in the paragraph that
contains (2.2.1) and (2.2.1). Observe that, since p € C'(D), approximations using Taylor’s
expansions in the proofs of [0, Lemma 3.1 and Lemma 2.2] continue to work with the current

definition of p,,. Thus we have

1

lim £2°°(f, f) = / IVf(2)]? p(x)dz, VfeCYD), and
k—o0 2 D

lim L(Q_k)f = %Af + %V(log p)-Vf uniformly in D, Vf e CX(D).

k—o00

The process X¢ has a Lévy system (N¢(z,dy), t), where for x € D*,

d
Ne(g;,dy):? Z D=0y (dy).

FARA wd'i

Following the same calculations as in the proof of [9, Theorem 3.3], while noting that [20]
Theorem 6.6.9] (in place of [9, Theorem 1.1]) can be applied to handle general symmetric reflected
diffusions as in our present case, we get part (i). Part (ii) follows from part (i) by a localization

argument (cf. [I0, Remark 3.7]). O
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We can now present the proof of the local CLT.

Proof of Theorem For each ¢ > 0 and t > 0, we extend p°(t,-,-) to D x D in such a
way that p° is nonnegative and continuous on (0,00) x D x D, and that both the maximum
and the minimum values are preserved on each cell in the grid eZ%. This can be done in many
ways, say by the interpolation described in [3], or by a sequence of harmonic extensions along

the simplexes in the following steps:

(i) Extend pS(t,-,-) to eZ? x €Z% so that it is zero outside D¢ x D€,

(ii) Extend to R? x R? by extending to a suitable harmonic function on each closed cube.
More precisely, for any cube, we first extend to the edges (1-simplexes) harmonically using
the values on the vertices, then to the 2-simplexes harmonically using the values on the
1-simplexes, etc, until we have the extended function on the closed cube (a d-simplex).
The extended function is continuous on the closure of each cube because the boundary
data in each stage is continuous. Moreover, it is unique by maximum principle. See the

remark below for an explicit construction.

(iii) Restrict the extended function to D x D.

Consider the family {t%?p®}. of continuous functions on (0,00) x D x D. Theorem and
Theorem [2.2.19| give us uniform pointwise bound and equi-continuity respectively. By Arzela-
Ascoli Theorem, it is relatively compact. i.e. for any sequence {e,,} C (0, 1] which decreases to
0, there is a subsequence {g,/} and a continuous ¢ : (0,00) x D x D — [0,00) such that p°’
converges to g locally uniformly.

On other hand, by part (ii) of Theorem if the original sequence {ej} is a subsequence

of {2"“}, then ¢ = p. More precisely, the weak convergence implies that for all ¢ > 0,

/ d(y)p(t,z,y)dy = / o(y)q(t,z,y)dy for all ¢ € C.(D) and = € D.
D D

Then by the continuity of both p and ¢ in the second coordinate, we have ¢ = p on (0, 00) x D x D.
Since p(t,-,-) and q(t, -, -) are continuous on D x D (cf. [2]), we obtain p = q on (0,00) x D x D.
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In conclusion, we have p® converges to p locally uniformly through the sequence {&,, =27";n >

1. O

Remark 2.2.21. The harmonic extension described is in fact a polynomial on each cube. Fix
a cube U C R™. WLOG, assume U is of unit length and the vertices V. = {a € R" : a; =
0 or 1Vi}. 2 vertices are connected by an edge if and only if exactly one coordinate is different.

Consider the |V| x |[V] = 2" x 2" matriz
A= (&E> , where & = ool and 00 =1

det(A) = 1 since [[5cy @@ = 1 if and only if o is the identity permutation. Given any

function h on V', we define the extended function H on U by

— =

H(Z) = Z a(B) @ where a = A7 h
Bev
Then H is the unique function extending h from V to U which is harmonic on U and on each

simplex on OU.

2.2.7 Applications: Discrete surface measure and discrete local time

To capture the boundary behavior of the random walk X¢ near the boundary in the discrete
scheme, we need a discrete approximation of the surface measure o on dD. The construction of

I and 0. in the following lemma is a key to our approximation scheme.

Lemma 2.2.22. (Discrete surface measure) Suppose D is a bounded Lipschitz domain of RY,
Let I C 9D be closed, connected and H?'-rectifiable. Let gj = 277 for j € N. Then there exist
finite subsets IU) = I% of T and functions o) = Oc; 10 — [e91/C, Ce® Y such that (a)

and (b) below hold simultaneously:

(a)

d—1
sup # (I(j) N B(z, s)) <C (; v 1> Vse (0,00), 5 €N, (2.2.19)
zeD J
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where # A denotes the number of elements in the finite set A, B(z, s) = {y e R4 : |y—2| <

s} is the ball with radius s centered at z, and C is a constant that depends only on D.

(b) For any equi-continuous and uniformly bounded family F C C(I),

lim sup ’ Zfa(j) — /Ifda’ =0. (2.2.20)

j—
I fEF N TG)

Proof We can always split I into small pieces. The point is to guarantee that each piece is not

too small, so that U(j)/&il*1 > C and that (2.2.19) holds. Since I is H% -rectifiable, we have

C R <supHTYINB(z,R)) < CR!
zel

for R € (0, 1], where C does not depend on R. Since [ is closed, it is regular with dimension d—1
in the terminology of section 1 of [27]. Hence by [26] or section 2 of [27], we can build “dyadic
cubes” for I. More precisely, there exists a family of partitions {A;};cz of I into “cubes” @

such that
(i) if j <k, Q€ Ajand Q' € Ay, then either QNQ =0 or Q C Q';

(ii) if Q € A;, then
C~12 <diam(Q) <C2 and

C*l 2j(d71) < Hd*l(Q) < C2J(d71),
(iii)
HI {2z e Q- dist(z, I\ Q) <r2l}) < Crt/C 2
for all @ € A and r > 0.

Here the constant C' is independent of j, @, or r. Note that H% ! is the surface measure o of
0D and that property (iii) tells us that the cubes have relatively small boundary. In particular,
(iii) implies o(0Q NI) = 0 for all cube Q.
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Suppose A; = {UU )} T We pick one point zi(j ) from each Ui(J ) to form the set 10). Finally,

o )i=1

we define a(j)(z(j)) = O’(U-(j)). It follows from (ii) that o(;) € [¢7!/C, Ce?!] for some C which

7 7

depends only on D. The inequality (2.2.19) follows from C~! 5?_1 <o (Ui(j )) and the Lipschitz

property of 0D. It remains to check ([2.2.20)).
Fix any n > 0. There exists A = A(n) > 0 such that |f(z) — f(y)| < n whenever |z —y| < A.

Hence for j large enough (depending only on \),

‘/Igda—Zga(j)‘ = |Z (/U‘(j)gda—g(zi(j))a(Ui(j)))

1G9

The desired convergence ([2.2.20) now follows. ]

Remark 2.2.23. 1' implies that we have the weak convergence ) _.;(; o(;) 0z — J|I on
the space My (I) of positive finite measure Borel measures on I. Here §, is the dirac delta
measure at z, and a‘ ; 1s the surface measure restricted to 1. (2.2.19)) is a control on the number
of points locally in I%7. We call I¢ the ‘e-point approximation’ of I and o, the ‘discrete surface

measure’ associated to I¢. O

Remark 2.2.24. The above lemma remains true if I is the finite union of disjoint closed
connected and H? !-rectifiable subsets of dD. This enables us to deal with the more general

case when [ is possibly disconnected. O
The following uniform estimate is the discrete analog of (2.1.5)).

Lemma 2.2.25. There exist C = C(d,D,p,T) > 0 and gy = go(d, D, p) > 0 such that

C
sup e¥71 N p(t,a,y) <

< (2.2.21)
reDE yedDs eV tl/z

forallt € [0,T] and € € (0,e9). Here OD* is the graph-boundary of D, which is all the vertices
wn D with degree less than 2d.
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Proof Fix 6 € [0,T]. By the Gaussian upper bound in Theorem we have

> 6,2,y

yeoDs
@ —ly — |
< a1 /oNg —
B (5\/01/2 d ;8;) Xp(s\/el/?)
' i —|y — =
- 5v01/2 / #|{y € D°: |f(y)| > r}|dr by setting f(y) = Lap-(y) exp (5\/91/2
= Mﬁ / # {0D° N B(z, (e VOV (=Inr))} dr (since f < 1)
eV
—S
= W / #|{0D° N B(z, s)}| exp (6\/01/2> ds (where s = (¢ V 8Y/2)(— In7))
Cl 02 00 d1 s
Swwwvw%wwwls P\ verz)
<

1 Cl 02 o0 d—1 —w S
s (&‘\/91/2 \/6\/91/2/0 w* e Ydw (Wherew:7g\/91/2)'

Here C; are all constants which depend only on d, D and T'. Note that in the second last line,
we used the fact that # [{0D° N B(x, s)}| < C((s/e)4~! v 1), which follows from Lemma [2.2.22
The proof is now complete. O

As an application of the local CLT, we have the following approximation for the local time

LY of X on I.

Proposition 2.2.26. (Discrete local time) Let D, I, I¢ and o be as in Lemma|2.2.29. For any

function f € By(D) that is continuous in a neighborhood of I, we have

Uf ]—g[;ﬂm%%QMMS (22.92)

or any x € D and any {x.} C D which converge to x. Here z. is any point in D which is
Yy Yy

closest to z € I°.

Proof By ([2.1.6)), we have E* [fg f(Xs) dLgI)} = fg [; f(z)p(s,z,z)0(dz) ds. By applying the
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local CLT (Theorem [2.2.8)) and Lemma [2.2.22| we have

/f p(s,x, z)o(dz) —il_r}an (8, X, 22) 0 (2)
z€l¢
for any s € (0,t). The result then follows by Lemma [2.2.25| and LDCT. O
Take I to be the whole boundary 0D and construct (0D)€ in Lemma [2.2.22| Define, for each

any w: [0,00) — D¢,

. / 3 1{wsZZ)E} (2) ds, (2.2.23)

z€(0D)¢
in which we pick exactly one z. € D which is nearest to z. Proposition [2.2.20] asserts that L
is a reasonable candidate for the discrete approximation of the boundary local time L; of X. In
fact, by the local CLT and a standard argument (using Fubini’s theorem and Markov property),
it is straightforward to show that that Lj converges to L; in any moment. This candidate for the

local time will, in particular, give us a discrete approximation of the solution of the heat equation

with Robin boundary condition ([2.1.12]), namely E*s |¢(X[)e —Jo 9t=s,X5) dLi] (see Proposition
2.1.9).
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Chapter 3
HYDRODYNAMIC LIMITS FOR INTERACTING RANDOM
WALKS

In this chapter, we introduce a new stochastic reaction-diffusion system in which two families
of random walks in two adjacent domains interact near an interface. Such a system can be
used to model the transport of positive and negative charges in a solar cell or the population
dynamics of two segregated species under competition. We show that in the macroscopic limit,
the particle densities converge to the solution of a coupled nonlinear heat equations. For this,
we first prove that propagation of chaos holds by establishing the uniqueness of a new BBGKY
hierarchy. A local central limit theorem for reflected diffusions in bounded Lipschitz domains is
also established as a crucial tool.

Besides the notation listed in Notation Index, we adopt the following assumption and nota-

tions throughout this chapter.

Assumption 3.0.27. Dy are given adjacent bounded Lipschitz domains in R? such that I :=
D, ND_ = 9D, NOD_ is a finite union of disjoint connected H?'-rectifiable sets, p+ €

W2(DL)NCY (D) are given functions which are strictly positive, A\ > 0 is a fized parameter.

An example to keep in mind is Dy = (0,1)% and D_ = (0,1)%! x (0, 1) are two adjacent
cubes, so the interface is I = (0,1)4! x {0}.

We denote by X* a (Ijxq, p+)-reflected diffusion in Di. The L2-generator, semigroup and
transition density (w.r.t. pi(z)dz) of X* are denoted by A*, (PF);>¢ and p*(t,z,y) respec-

tively. For discrete approximations, we denote by X% the mf—symmetric CTRW on the finite
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graph D% which is the e-approximation of X*. The L?(mZ)-generator, semigroup and transi-
tion density (w.r.t. m¥) of X% are denoted by AL, (Pf’i)tzo and p>F(t,z,y) respectively. We

also denote

=1 Jj=1
p(nm)(ra §> - HP-‘,—(”) Hp_(sj)
i=1 j=1
p(n,m),a(t7 (747 g*‘)’ (7:7’ 3_7)) — prv'i'(t, Ti, T’l) prv_(t, S4, 8])
i=1 J=1
m(nvm)(f" g’) = Hm:(n) H mg (8]>
i=1 j=1

3.1 Annihilating random walk model

Fixe =¢; =277 (j € N) and N = 2/ such that Ne? = 1. Assume there are N “+” particles in
D% and N “—7 particles in D° at ¢ = 0. Each particle moves as an independent CTRW X &% in
D% . Let I be the finite subset of I defined in Lemma For each z € I*, pick an zy € DT
and an z_ € D% which are closest to z (See Figure . A pair of particles of opposite charges
at (z4,z_) is being killed with a certain rate to be explained. Note that for e small enough, we

have sup,cye |2+ — 2| < 2Me, where M is the Lipschitz constant of I.

Figure 3.1: z€ I* C I, z4 € D5
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The state space of the particle system is the collection of configurations
EE — {ns ::(n€;¥’n€f*): nsﬁt :l)i:_% Fﬂ}. (3.1_1)

The state of the particle system at time ¢ is a random element 1 = (n; ’+,7]f ") € E°. Here
nf’i(x) stands for the number of “+” particles at € D% at time t. We omit £ and N for
convenience when there is no ambiguity. For example, we write 7 and m(x) in place of i and

me(x) respectively. The function & such that £(x) = 1 and £(y) = 0 for y # x is denoted as 1,.

Definition 3.1.1. n; is defined to be the unique strong Markov process which has the generator
£ = £° given by
£°:= L5+ R, (3.1.2)

where £ is the generator of two families of independent random walks in DT and D< , respec-

tively, with no annihilation between them, namely

) = % Y @A~ et 1)~ f)
LyEDi
LS @ Ut — 1+ 1) — ) (3.1.3)
z,ye D

and R° is the operator corresponding to annihilation between particles of opposite signs at the

interface I¢, namely

Ff) =2 3 W) e () (O — L™ — 1) — fn)) (3.1.4)

zele

where p;ty is the one-step transition probabilities for the CTRW X% on DI (without any in-

teraction) and

oe(z g2d
U (2) := (2)

T I (3.1.5)

with o. and I¢ being constructed by Lemma|2.2.22,.
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The expression for K% comes from the underlying assumptions of the model: First, the term
nT(z4)n"(2-) is combinatorial in nature. Since there are 77 (z4)n~(2-) pairs of particles at
position (z4, z_), the chance of killing is proportional to the number of ways of selecting a pair
of particles near the interface. Second, each pair of particles near I disappears at rate (A/e) ¥.(z)
where A is a parameter. Intuitively, in the limit, the amount of annihilation in a neighborhood
of a point is proportional to the surface area of the interface I in that neighborhood. The scaling
1/e is suggested by the observation that there are about 1/¢ ”layers” starting from the interface
I, so that the chance for a particle to arrive near I is of order €. W.(z) is comparable to 1
and can be viewed as a normalizing constant with respect to the lattice. This choice is
justified in the proof of Theorem [3.4.5

3.2 Coupled heat equations with non-linear boundary condition

In this subsection, we provide suitable notion of solutions for the coupled PDE (1.2.1) and
(1.2.2)), and then prove the existence and uniqueness of the solution. These are motivated by

Proposition [2.1.8

Proposition 3.2.1. For T > 0, consider the Banach space A = C([0,T]x D+)xC([0,T]x D_)
with norm || (u,v)|| == |Jul| + ||Jv||. Suppose ui(0) = f € C(D4) and u_(0) =g € C(D_). Then

there is a unique element (uy,u_) € Ap which satisfies the coupled integral equation

)\ t
up(t,x) = P f(z) = 5 Pt =, 2) [ug (r, 2)u—(r, 2)] py(y)do(2) dr
: 2 /0 /f ’ : (3.2.1)

wttn) = P =5 [ [ =)l (2] o))

Moreover, (uq,u_) satisfies

us(t, x — = f X+ e—)\f(fu_(t—s,X;r)szr
+(t, ) [ (X)) ] (32.2)

u_(t,y) = BY[g(X;) e~ o us(t=s.X)dLs |,
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where LT is the boundary local time of X* on the interface I.

Proof Define the operator S on At by S(u,v) = (STv, S~ u), where
S*u(t,z) = E [f(Xj) =X [y vlt=s X dLﬂ for (t,x) € [0,T] x Dy,

S7ult,y) =B [g(X;) e Mo XD o (t,y) € [0,7) x D

Lemma implies that S maps into Ap. Moreover, for (¢,z) € [0,T] x Dy,

(Stoy — Stu)(t,z)] = |E” [f(Xf) (e—A Jivi(t—s,X)dLT _ e—,\fg UQ(t—s,X;r)dL;*)”

IN

t t
If|E= H)\/ vl(t—s,Xs)dLj—)\/ volt — 5, XY dL*
0 0

|

= UAIAE [ [ oo = 5.0 — vale = X)L
< Ao — el B2 (L]
= Afl oy — el 5 / 7 sz o otdn)ds
COVTfllor — 2l

IN

A similar result holds for STu; — S”us. Hence,

18 (ur,v1) = Suz, va2)ll = [[STv1 — STva]| + [[S7u1 — S7us|

IN

CIAVT [[ugl| [lvr — vzl + CoA VT vl [Jua — uall

IN

Y[ (u1,v1) = (uz,v2)||

for some v < 1 when T is small enough.

Hence there is a T > 0 such that S': Ay, — Ap, is a contraction map. By Banach fixed point
theorem, there is a unique element (u*,v*) € Ag, such that (u*,v*) = S(u*,v*). By Proposition
2.1.8 (u*,v*) is the unique weak solution to the coupled PDE on [0, Tp].

Repeat the above argument, with ug(-) replaced by u*(Tp,-), and vg(-) replaced by v*(Ty, -).
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We see that, since ||u*(To, )| < [Juol|, ||v*(To, )|l < ||vo]] and C; (i = 1,2) are the same, we can
extend the solution of the coupled PDE uniquely to [T, 27p]. Iterating the argument, we have
for any T > 0, the coupled PDE has a unique weak solution in Ap. Invoke Proposition [2.1.8
once more, we obtain the desired implicit probabilistic representation .

Finally, by using Markov property as in the proof of Proposition we see that
and are equivalent. O

As in Definition [2.1.9] we introduce the following definition.

Definition 3.2.2. The pair of functions (u4,u—) satisfying equation (3.2.1)) is called a proba-
bilistic solution of (1.2.1) and (1.2.2).

3.3 Main results: rigorous statements

In this paper, we always assume the scaling Ne? = 1 holds for simplicity, so that the interacting
random walk model is parameterized by a single parameter N which is the initial number of
particles in each of D5 and D®. More precisely, for each fixed N, we set ¢ = N —1/d and let
(nf)e>0 be a Markov process having generator £° defined in and having initial distribution

satisfies erDi ne " (x) = > yens ny~ (y) = N. We define the empirical measures

X (d2) = o 3w L),

zeDg

It is clear that (%iv + %iv " )¢>0 is a continuous time Markov process (inheriting from that of 7;)

with state space

€= M<1(D4) x M<1(D-),

where M<;(E) denotes the space of non-negative Borel measures on £ with mass at most 1.

M<1(FE) is a closed subset of My (FE), where the latter denotes the space of finite non-negative
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Borel measures on F equipped with the following metric:

o0

R S R S e A0
I =21= 2 o8 T ) — (vl

(3.3.1)

where {¢y : k > 1} is any countable dense subset of C'(E). The topology induced by this metric
is equivalent to the weak topology (i.e. |un — p|| — 0 if and only if (u,, f) — (i, f) for all

f € C(FE)). Under this metric, M, (D) is a complete separable metric space, hence so are € and
the Skorokhod space D([0,T], €) (see e.g. Theorem 3.5.6 of [35]). Recall that £, stands for

convergence in law as N — oo. Here is our first main result.

Theorem 3.3.1. (Hydrodynamic limit) Suppose Assumption holds and the sequence

of initial configurations ng satisfies the following conditions:
(1) %év’i i>u§(z)al2 in M<1(Dx.), where uF € C(Dx).
(i) T oo SUD.c s, B[ ())?] < 0.
Then for any T' > 0, as € — 0 along the sequence €; = 277, we have
(@M, 2N7) 5 (7, v7) € D0, T], @),

where (v, v7) is the deterministic element in C([0,T], €) such that

(v (dx), vi (dy)) = (uy(t, @) py(2)da, u_(t,y) p—(y)dy)

for all t € [0,T], and (u4,u—) is the probabilistic solution of the coupled PDFEs and
with initial value (ug, ug).

Theorem [3.3.1] gives the limiting probability distribution of one particle randomly picked in
D3 at time t. This is the 1-particle distribution in the terminology of statistical physics.

Question: What is the limiting joint distribution of more than one particle?
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Before stating the answer, we need to introduce a standard tool in the study of stochastic
particle systems: the notion of correlation functionsﬂ Recall that the state space of n° = (17 )i>0

is F° defined in . We denote by
U= {6 = (€16 € B o€ =Y €T @) =, [€7]1:= D€ (y) =m}
T Y

the set of configurations with n and m particles in D5 and D® respectively. We then define

A: Ef x Ef — R in such a way that whenever £ € Q¢

n,m:

A€ ) = AT A€ ) = [T ALy TT Ar, (3.3.2)
zeDy z€D_
where n — A} is the Poisson polynomia]ﬂ of order k, namely Aff := 1 and A} :=n(n—1)---(n—
k+1) for k > 1 (in particular, A} = 0 for k£ > n). Note that A} is the number of permutations
of k objects chosen from n distinct objects. So A(&,7n) is the total number of possible site to
site pairings between labeled particles having configuration £ with a subset of labeled particles
having configuration 1. An alternative representation of will be given in .
Convention: For (7,5) € (D))" x (DZ)™ and n € Q 5, we define A((7, 5), ) to be A(&,n)
with € = (3,8, 5, 64,).
Definition 3.3.2. Let P7 is the law of a process with generator £5 and initial distribution 7

satisfying the two conditions specified in Theorem[3.3.1 For allt > 0, we define

d(n+m)

a:(§)

g

V() == Mg ) = E"[A(E,m)] (3.3.3)

for all € € QO ., where

n,m’

e () = me(7,5) == [ [ md () [ mz (s)). (3.3.4)
i=1 j=1

'More precisely, we will be using correlation functions for unlabeled particles. We refer the readers to [67] for
the relation between labeled and unlabeled correlation functions.
>The notation A} is suggested by the fact that E[A{] = 0* when g is a Poisson random variable with mean 6.
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when & = (32, 0r,,>_;0s;). By convention, we also have v*((7,5),t) := v°(£,t). Note that 7

depends on the initial configuration of 7.

Intuitively, suppose we randomly pick n and m living particles in D, and D_ respectively at
time ¢, then (7, 8) — =™ ((7, 5), t) is the joint probability density function for their positions,
up to a normalizing constant. Therefore, it is natural that (™) defined by is called
the (n, m)-particle correlation function.

The next is our second main result, propagation of chaos, for our system. It says that
when the number of particles tends to infinity, they appears to be independent of each other.

Mathematically, the correlation function factors out in the limit N — oo.

Theorem 3.3.3. (Propagation of Chaos) Under the same condition as in Theorem for

all n, m € N and any compact interval [a,b] C (0, 00),

n m
i  swpswp (7 )0 [[usttr) [Ju-tt 5| =0,
j=1

20 (75eD" xD™ telab) i=1
where (uy,u_) is the weak solution of the coupled PDE.

To investigate the intensity of killing near the interface, we define J¥'* € D([0,00), M (D))
by

JIHA) = e W) () (22) 1a(zs) for AC Do, (3.3.5)
zel®

JNT(B) = e W(2)nf (2a)n (2-) 1p(2-) for BC D_. (3.3.6)
zel®

Clearly, (JtN 1) = (JtN ', 1), which measures the number of encounters of the two types of
particles near I. An immediately corollary of Theorem is the following, which is what we
need to identify the limit of (XN:+, XN:7).
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Corollary 3.3.4. For any fized t € (0,00) and ¢ € C(D+), we have

lim E[(JNE ¢)] = ;/IU+(t,y)U—(t,y)¢(y)U(dy),
2
lim E[((J)*, 6)?] = (;/Iu+(t,y)U—(t,y)¢(y)0(dy)> ,
lim. E[(X"F,¢)] = (u(t), 9),,,
ngnooE[(oeiV’i,@)?] = ((Ui(t)’ ¢>>pi)2,

where (uy(t), ¢),, = [p, ux(t,y) o(y) p+(y) dy.

Proof We only need to apply Theorem for the cases (n,m) = (1,1) and (n,m) = (1,0).
By definition,

(L, t) = E"[nf(r)] and A°(1, + 1,,t) = WWW(T)%@)]-

m*(r
Using (2.2.2) and Lemma[2.2.22] we get the first two equations via Theorem [3.3.3] Using (2.2.2)

and the assumption that p+ € C(D+), we have the last two equations again by Theorem m
O

Remark 3.3.5. (Conditions on 79) The two conditions for the initial configuration 79 in The-

orem are mild and natural. They are satisfied, for example, when each particle has the

+
same random initial distribution Z;Loﬁ(zz. Condition (ii) guarantees that, asymptotically, there
Dy ™0

is no "blow up” of number of particles at any site. More precisely, this technical condition is

imposed so that we have

supE [(1, JtN’+>2} < (C < oo for sufficiently large N. (3.3.7)
>0

The above can be easily checked by comparing with the process 77 that has no annihilation (i.e. 7
has generator £f). Alternatively, we can use the comparison result (3.4.11) to prove (3.3.7). O

Remark 3.3.6. (Generalization) We can generalize our results in a number of ways by the
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same argument. For example, the initial number of particles in D4 and D_ can be different, the
condition Ne? = 1 can be relaxed to limy_,oo Ne? — 1 where ¢ depends on N. The annihilation
constant A can be replaced by a space and time dependent function A(t,z) € C([0,00) x I). The
diffusion coefficients in D, and D_ can be different. The condition “%é\f’i has mass one for all
N” can be replaced by “the mass of Xév’i is uniformly bounded in N”. More generally, the same

method can be extended to deal with similar models with more than two types of particles. [

The remaining part of this paper is devoted to the proof of Theorem [3.3.1] and Theorem [3.3:3]
We first prove Theorem because the proof of Theorem [3.3.1| relies on Theorem [3.3.3

3.4 Propagation of Chaos

3.4.1 Duality

The starting point of our analysis is the discrete integral equation for ¢ in Lemma [3.4.2] At
the heart of its proof is the dual relation in Lemma [3.4.1] which says that the two independent
processes 0 = (£€9);>0 and n° = (n));>0 of independent ransom walks with no interaction are
dual to each other with respect to the function i(f(’g)), where &, € E°. Such kind of dual
formula for the whole grid Z¢ appeared in [7] and in Chapter 15 of [I4].

Lemma 3.4.1. (Duality for independent processes) Let £ = (£2);>0 and n° = ()10 be inde-
pendent continuous time Markov processes on E° with generator £ defined in Definition|3.1.1]
Then we have

A(f?,né))] {A(é“gan?)}
E =E or ever . A
i I R 341

Proof Assume &) € O, and n) € Q% ps- Then we have & e 5, and n € Q% py forall t > 0.
Without loss of generality, we may assume N >n > 1 and M > m > 1 as otherwise both sides
inside expectations of are zero by the definition of A(&,n).

Denote U the map that sends (7, 5) € (D3)" x (DZ)™ to (3_;6r,, 2_;0s;) € Q5 ,, for any

(n,m). We first focus on D, in Step 1 and Step 2 below.
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Step 1. For any 7€ (D9)" and 't € Q5 , fix some Z = (a7 ,...,23) € U (). Then
by the definition (3.3.2) of A,

AT (7 )—tt{ oA —r} (3.4.2)
where n-tuples i := (i1, , in) consist of distinct positive integers in the set {1, 2, ---, N},
f;f = (x;:, .-+, ;") and 45 denotes the number of elements in the finite set S.

Step 2. Denote by }P’g+ the law of the unlabeled process (1f)¢>0 starting from n+ € Q%0
and has generator £5. Let 7 = (27 ,---, o) € U7'(n"), and X,;7° := (X;7°(t), - -, X5(t))
be independent CTRWs in D¢ starting from ¥, whose law will be denoted as PZ". Then by

[B23), we have

ED [A(F, )] = E[# {n-tuples i : X == ) P (X)) = 7). (3.4.3)
i- n-tuples

—t+ -
where P*7 is the law of {X;“E(t);t > 0}. Denote by p®(, Z.w0) the transition density of n

independent CTRWs in D7.. By Chapman-Kolmogorov equation, we have for any 6 € [0, ],

PR =F) = Y p 0.8, (- 0,27 m(Z) m(F).

Ze(D7 )"
Putting this into (3.4.3)), we have
trar= ngf > =
EJ [A(7, n))] = ZZ XF(0)=2)p°(t - 0,7,7)

= me(7) ZE" (Z, n)]p°(t — 0,2,7) by (3.4.3) again

= z:]E77 (Z, )] p°(t — 0,7, %) by symmetry of p°

A5 %)

= m(ME | (3.4.4)
melty g
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where E is the expectation corresponding the probability measure under which the coordinate

processes of {}7;“5;75 > 0} are independent CTRWSs with YOJ“E = 7 and are independent of

(ﬁ?)tzo-
Step 3. Now we work on Dy x D_. For any (7,5) € (D3)"x (D)™ and n = (n™,n7) € Qfy 5,
take ¥ = (zf, -+, 2}, 7, , x3;) € U71(n). As in step 1, we have

A5, m) =1 {@.0): @ 75) = (7.9} (3.4.5)

where 7 runs over all n-tuples 7 := (i1, -+, i) consisting of distinct positive integers in the set
{1,2,---, N}, and 7 over all m-tuples j := (j1,- -, Jjm) consisting of distinct positive integers
in the set {1, 2, ---, M}.

Denote by P the law of the unlabeled process (n)e>o starting from 7 € Qf\, » and has

generator £5. Since all processes on D¢ are independent of those on D¢, we can proceed as in

step 2 (via (3.4.5))) to obtain

A(Ye .0
EJ[A((7,5), n0)] = me(7,5) E M for 6 € [0,1], (3.4.6)
ms(Y;{ig
where Y := (Y7, .- V" ¥, - Vi ©) s independent of n° with Y = (7, 5), and its

components are mutually independent CTRWs on D, respectively. The proof is now complete
by taking 6 = 0. O
We now formulate the discrete integral equations that we need. Recall the definition of K°

from (3.1.4) and the definition of v*((7, §),t) from ({3.3.3).

Lemma 3.4.2. (Discrete integral equation for v°) For anye > 0,t > 0, (7,5) € (D3.)" x (D)™,
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non-negative integers n, m and initial distribution ng, we have

7€(<7?7§>7t) - Z ’YE((T )5 )7O)ps(t7 (F,?), (T‘ )5 )) m(r S )

where R° acts on the n-variable of A((7,5),n).

Proof Starting from (3.4.1)), we can obtain Lemma by ‘integration by parts’ as follows.
Let Pcoy and P(,0) be the laws of €9 and 7 respectively. 1) is equivalent to saying that

for any & and n, we have

E (o) [ 05126 ‘50 } E(0 [ (&, 1) ‘770 = 77} for every w > 0. (3.4.8)

Taking w =t — s, we see that (3.4.8)) is in turn equivalent to

(©) ) (Aln) — p) A, ) = G or every s an
FO = ) (251 (0= 20 (25 ) () = 610(0) tor every s € o o

0 0
where Pt(é ) and Pt(T7 ) are the transition semigroup of £ and 7n°, respectively, and they act on

the £ and 7 variables in ’i(f(’g)), respectively. Therefore, with £f acting on the n variable, we

have

0
&)
65F (n) = Os

60 = ~s ) (550 ) o0 = -5 70 (3.4.10)

Recall that 7, is the configuration process of our interacting system with generator £§ + 8&°

(see Definition . Fix € and consider the function (s,n) — Fs(n) := Fs(é)(n). We have

M. = Fn) ~ Folm) — [ (57 + 85+ 58 ) ()

is a F¢-martingale for s € [0,¢]. By (3.4.10) and the fact that E"[M,;] = E"[M,] = 0, where P"
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is the law of (n:)¢>0 starting from 7, we have

- [A52] 0 (28) 0 [l () ] o

for all £ and n. This is equivalent to the stated equation in the lemma.
O
It is clear that R°A(&,n) < 0. Hence, as an immediate consequence of Lemma we have

the following comparison result:

V(5,8 < Y (7, 5),0)p° (¢, (7, 5), (17, 5)) m(r, ) (3.4.11)

(7,

for all £ > 0 and (7, 5) € (D) x (D)™,

3.4.2 Annihilation operator

For any &€ = (£1,€7) € E°, we let 5(';) = £T(x)1,, the element that has only £ (z) number
of particles at x, and none elsewhere. Similarly, we denote {~(y)1, by f(_y). Set {uy) =
(£7(2)14,€ (y)1y), the element that has only {*(z) number of particles at =, ™ (y) number of

particles at y, and none elsewhere.

Lemma 3.4.3. Let 8 be the operator defined in (3.1.4) and acts on the n-variable of A(&,n).
Then

FEAEN) =D AE =Ly oy ) - KAy o)) (3.4.12)

zel®
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Moreover, if € € Z:={&: €5(24) <1 for every z € I}, then

A
KAL) = = > Ue(2) A(E+ 1. ;1) (3.4.13)
2EI%EH (24)=1

A
z > Ue(2) A€+ 112, 0),m) (3.4.14)
zel®: £ (z-)=1

_g > W, (2) A(E,n). (3.4.15)

2€1%:€(24,2-)=(1,1)
Proof Observe that A(§ — &(5.4),1) A(§(zy),1) = A(§,1). Consequently

A

ZUe(@n" () () (A6 = 1y 2) — A& M)

A
= E‘I’E(Z)UJF(ZJr)?f(Z—)A(ﬁ =&y (AGy e ) = Loy o)) — A€y 2 )0 1))

= A(& - f(er,z,)a U)ﬁEA(f(z+,z,)» 77)
Thus (3.4.12) holds. On other hand,

-1, if £&(z4,2-) = (1,0) or (0,1)

+(Z+) —n (2-), if&(e4,2-) =(1,1)

Observe also that for x € DS and y € D=,

A (5 - g(x,y)) 77) T]JF(JZ)T]* (y) =4 (§ - f(w,y) + 1(27?/)’ 77)

and

A(f - g(ac,y)) 7l+ (1")2 n (y)
= A(E— &y ) (17 (@) =P () + 07 () 17 (y)
- A(€ - g(x,y)a 77) A<2117 77+) n (y> + A(f - g(x,y)? 77) 17+($) n- (y)

= A(§ =&z T 210) + Loy),n) + A n).
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Similarly,

A& =gy mnt (@™ () = A& — €y + Loy + 210, 1) + A(E,n).

From the above calculations and (|3.4.12)), we see that for £ € =,

A
ﬁsA(éa 77) = _g Z \IJE(Z) A(é + 1(0,27)5 7’)
Ze]é::g(zﬁ’vzf):(lvo)

A
-2 3 e (2) A(E+ 12, 0 1)

z€l*®: 6(2’(‘%72*):(071)

A
_g Z \Il€<z) (A(fﬂ?) + A(€ + 1(0,27)?77) + A(§ + 1(z+70)a 77)) )

el E(2r 2 )=(1,1)

which gives the desired formula. O

3.4.3 Uniform bound and equi-continuity for correlation functions

We extend to define 4™ (., ) continuously on ﬁi x D" while preserving the supremum and
the infinmum in each small e-cube. We can accomplish this by the interpolation described in
[3] or [72], or by a sequence of harmonic extensions along simplexes with increasing dimensions
(described in the proof of Theorem in Chapter 2). Recall that the definition of 4™ (., t)
depends on the initial configuration 7y of the interacting random walks (see Definition ,
which satisfies the two conditions in Theorem B.3.11

Theorem 3.4.4. There exists eg > 0 such that for any (n,m) € N x N, the family of functions
{75 ((7,3), 1) yec(0,00) B8 uniformly bounded and equi-continuous on EZ x D™ x (0,00), which is

uniform in the initial configuration ny that satisfies the two conditions in Theorem [3.5.1].

Proof We first prove uniform boundedness. By (3.4.11) and the Gaussian upper bound in
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Theorem we have
(GRS D
(r,")

C n+m oo
< (w) > A(07)m) £ whenever € € (0.20).

m

(F’,E’)eﬁi xD"

Since the initial distribution ng = (17, 7y ) has the property that Z*’”GDi ng (z) = > yeps Mo (y) =

74 we have

S AR §),mo)etn ™)
_ Z At (7, n(—)i—) Z A= (3, ) cd(n+m)

gdmtm) gince A} < nt

A
g
—
Sh
S)
g
—
S5

>

IA
—
S
5}
o
3
3
0
o
|
—

(3.4.16)

Thus there exist g9 = eo(d, D, p) and C = C(d, D, p) > 0 such that for all £ € (0,00), (n,m) €
N x N and ¢ € (0,¢9),

C n+m
sup sup ~°(&,t) < <d/2> . (3.4.17)
£€(0,60) £€95 t

We next show that both terms on the right hand side of (3.4.7)) are equi-continuous. Recall
that we can rewrite the equation (3.4.7) as

V(7 8),8) = F=((7,8), 1) + GZ (7' 5), 1),

74



where
P = 3 A7 7),0) 5 (7,8), (7, 7)) m(, 5,
G0 = [ 3 5l 9, (7,9 B AU )]0 ds.
Now let (7, 5), (p,q) € (D3)" x (D)™ and 0 < t < £ < oo. For the first term,

P90 - F@.0
— ‘ Z ( (7,5), ( r 8)) (L, (ﬁ(j‘),(T,S))) E[A((ﬁ7§)7n0)]€d(n+m)‘
)
< ((sup) |P (7, 8), (7“ s)) (e, (ﬁ,q},(ﬁ,?))}) E {Z A((7 7) e d(n+m)
r’,s (

< (SUP) {p T‘ ;) ( )) p€(£> (ﬁvq_)a (7778_;))}7

where we have used (3.4.16)) in the last line. By the uniform Hélder continuity of p° (¢, (7, §), (7:; s )
(see Theorem [2.2.19| below) and the fact that p*(¢,z,y) € C((0,00) x D+ x D), we see that

{F¢} is equi-continuous at ((7, §),t). For the second term, note that

4 t
G*((7, @), 1) — G=((7,8),t) = /t HWY(s)ds + /0 H(s)ds, (3.4.18)

where

HO(s):= 3 p (=5, (5.0), (", ) BIF A, ), m,)] ™) and
7,5

- - —
! ol

H(2)(5) = Z |:p€(€ —5,(7,8),(r", ") —p°(t — s, (D, ), ( /))] E[ﬁsA((’l:;, 5_;),773)] gdn+m).

In the remaining, we will show that G is equi-continuous. We first deal with H() in (3.4.18)).
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As in (3.4.16)), we have

> (01, (5.9, (7, 5) A((r, §7), g, ) ¥ (3.4.19)
(.9)

1T Zp (61, pi, i), (r H Zp (61, 45, )1, ()
i=1 / j=1

j

On other hand, using (3.4.11)), the Chapman Kolmogorov equation and assumption (ii) for no,

in this order, we have

sup sup E Z p°(01,a, :L‘)néz(x)ed <C (3.4.20)
01,92>0 G,GDEr Z‘EDi

for large enough IV, where C' > 0 is a constant.

Z 00, 7.0, (7, 5) [B [ A, )] [ e

,r,l

IN

{ 277;2(2+)779_2(Z_) Z (01, (5, ), (7, 8)) 2A((r, §'), g, ) ™)

=€l (')

IN

2E | (1, J92 H Zp (01, pi,r 17792 +) H Zp (01,45, ])7792( )d

/

< C uniformly for 6; > 0, 6 >0, (p,q) € ( i_ x (DZ)™ and € > 0 small enough.

We have used (3.4.19)) for the second inequality. The last inequality follows from Hélder’s
inequality, (3.3.7) and (3.4.20]). Therefore for any (n,m),

sup sup > 505 @, (7, 5) B [FA,5),m,)] |10 < € (3.421)
61,02>0 (ﬁ,(T)E(Di)nX(Di)m (’I“_; S—;)

for large enough N, where C' > 0 is a constant. Hence fte |[HM (s)|ds < C(0 —t) = 0as £ —t,
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uniformly for (p,q), s € (t,£) and e small enough. Finally, we deal with H®). For any h € (0,t),

t
‘/ H®(s)ds
0

By (3.4.21), we have fttih\H(Q)(sﬂds < Ch. By the Holder continuity of p* (cf. Theorem
9.2.19),

we have

t—h t
g/ |H<2>(s)yds+/ |H®)(s)|ds.
0 t

—h

t—h t—h
[ O < [ s e (7907 9) - s (7.0, ()
0 0 (ﬁg)
A o o
El|Z + — (5 7o d(n+m)
c Zns (Z+)773 (Z ) Z 2A((T )y S )7775)8 ds
zel (ﬁ’;/)
0t (7, 5) — (B, )|
< (t—h) C’ 7+ 107 5) = (7, 9 for sufficiently small € > 0,

hos

where 0; (i = 1,2, 3) are positive constants. Since h € (0, t) is arbitrary, we see that fg H®(s)ds| —

0as [ —t|+||(7,5) — (P, )| — 0, uniformly for small enough € > 0. Hence G® is equi-continuous
at an arbitrary ((7,5),t) € (D)™ x (D%)™ x (0, 00). O

From Theorem and a diagonal selection argument, it follows that for any sequence
er — 0 there is a subsequence along which +* converges on Eﬁ x D" x (0,7"), uniformly on the

compacts, to some (™™ C(ﬁi x D™ x (0,T)), for every (n,m) € Nx N. Our goal is to show
that

W, 5) = [T (trs) TLu(t59),
i=1 Jj=1

We will achieve this by first showing that both @g"’m) = [Lig ur () TT0L, u—(t, s5) and
I'= {7("””)} satisfy the same an infinite hierarchy of equations, and then establishing uniqueness

of the hierarchy.
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3.4.4 Limiting hierarchy

Note that D? x D™ is a bounded Lipschitz domain in R +m)d and that the boundary a(D1 x

D™) contains the disjoint union U, 8% |J u;nzlai where

ith
9 = <D+ XX (ODy N I) X - X D+> x D™, (3.4.22)
) jth
& = Dix(D_x---x(aD_m)x---xD_>. (3.4.23)

We define the function p = p(, 1y : D't x D™ — R by p(7,8) == [ ;L p4(ri) [T}, p—(s5). We
also denote p(t, (7, 5), (', §')) == [0, pt(t, i, 7)) [T, p~(t, 55, 5}), where pT is the transition
density of the reflected diffusion X* on D with respect to the measure pi(x)dz. We now

characterize the subsequential limits of {7*}.~0.

Theorem 3.4.5. Let n; be a sequence of initial configurations that satisfy the two conditions in
Theorem with e = N~Y4: that is, their corresponding empirical measures %(1)\/ o+ converges
weakly to uT (2)dz in M<1(D<) for some uf € C(D<) and

lim sup E [ng’i(z)ﬂ < 0. (3.4.24)

—0
€ 2€Dg.

Denote by I = {y>(™): t > 0,n,m € N} the correlation functions for the interacting random
walks with initial configuration ng. Let I' = {%(n,m); t > 0,n,m € N} be any subsequential limit

(ase — 0) of '€ = {7& (™) t > 0,n,m € N}. Then the following infinite system of hierarchical
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equations holds:

A (7 5 / ™ (@, 5) plt, (7, 5), (@, 5)) p(a, ) (@, b) (3.4.25)
D xD™
>\ /t ( n / (n m+1) — — = - 7 p(c_i7 _’) > 7
_Z ’ a, (b,a;)) p(t —0,(7,5),(d,b do(n,m)(d,
2/, ; 0 (@, (b, ai)) p( (7, 8), ( ))p+(az) (n,m) (@, 0)

—,

where d(a@,b) is the Lebesque measure on R O(n,m) 5 the surface measure of (D’ x D™)

and ®™) (g, 5) = [T, ug (a;) H;nzl ug (by)-

Remark 3.4.6. (i) The equation expresses %(n’m) as an integral in time involving v(™™+1) and
A +1m) thus forming a coupled chain of equations. In statistical physics, it is sometimes

called the BBGKY hierarchyﬂ It describes the evolution of the limiting (n,m)-particle

correlation functions and hence the dynamics of the particles.

(ii) By Proposition (3.4.25) is equivalent to

#W%ﬁazE“@awm%Xmm@»Aéirmmm%ammu@wm@m
(3.4.26)
Here L(™™) is boundary local time of X (n,m), the symmetric reflected diffusion on DY x D™
corresponding to (I(y4m)dx (ntm)ds P(nm)), and (Yv)(™™) is a function on a(D? x D™)
defined as

oD (5, r) PERTT, i (7 8) € 0L

(T/U)(n,m) (7, 8) := U(n-i—l,m)((f'7 Sj), 5’))%’ if (7,5) € 537 ;

0, otherwise .

Observe that the coordinate processes of X(;, ,,,) consist of n independent copies of reflected

3BBGKY stand for N. N. Bogoliubov, Max Born, H. S. Green, J. G. Kirkwood, and J. Yvon, who derived this
type of hierarchy of equations in the 1930s and 1940s in a series papers.
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diffusions in Dy and m independent copies of reflected diffusions in D_.

(iii) It is easy to check by using (ii) and Proposition that

30 (7. 8) o= [ L e (t.7) [ w1 )
i=1 Jj=1

is a solution of (3.4.25)), where (uy,u_) is the weak solution of the coupled PDEs (|1.2.1)-

([1-2:2)) with initial value (ug,ug ).

Proof of Theorem Recall that = := {¢ : £4(z1) < 1 for every z € I°}. We can rewrite

ELD as

(73,0 = > A ((@b),0)p° (1, (7. 5), (@,b)) m(a, b)

(@,b)
t
[N s . @ D) B A D] ) s
O @he=
' ™ -,
+/ Y F(t—s.(7.5), (@) E[fFA((@,0), ns)] "™ ds. (3.4.27)
0 .
(a,b)e=

Fix any (n,m) € NxN, ¢ > 0 and (7,5) € (D5 )" x (D%)™. By a simple counting argument and
condition ((3.4.24)) for ng, we see that the first term in (3.4.27)) equals

E" Z pa(t’ (F,E’) (C_i [; H H N)
=1

| @B)e(D3 )" x (D)™ =1

<.

n m
= E H “(t, 7, ) H , (¢, s5,)) | +o(N),

2:1

which converges to E(™%) [®(m) (X (n,m)(t))] by Theorem and assumption (i) for the initial
distributions. Here P(") is the probability measure for X (n,m) Starting at (7, 5).
We now prove that the second term in (3.4.27) tends to 0 as ¢ — 0. The integrand with
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respect to ds is at most

@l

Note that {(@,b) ¢ Z} is a subset of

[ (U{(@, b) : @(wy) = k}) U (U{ ab): b(w e}) ] (3.4.29)
I

and that for fixed w € I and k € {2,--- ,n}, we further have

{(@b): d(wy) =k} = |J {@0): a = =as, =wyi}.
11,0,k
distinct
Now we restrict the sum over {(@,b) ¢ Z} in (3.4.28) to the subset {(@,b) : a;, = --- = a;, = w4},
where w € I, k € {2,--- ,n} and (i1, - ,ix) are fixed. Moreover, we denote (ay,--- ,ax) by dj
and (ag4+1,--- ,an) by @\ dji. Then
A — S oo o 7 = 7 n+m
gZﬁ;(ZJr)% (Z—) Z pe(t_ev (T,S),(CL, b))2A((CL, b)ﬂl@)gd( +m)
zel {(@b): ai, = =a;, =wy}
< pa(t - 07 (Tl? e 7Tk)7 (w-i-v T 7w+)) gkd Z pa(t - 97 ’F\ 74_/%7 6\ a_l;‘)p(t - 07 §7 B’)Ed(n-i-m—k)
(@\di, b)

Z’?@ zy) 770 ~)2A((a _’) n6)

zel

O ckd )

= G—0pir e AT sup Bl (=) (=) 24((@. ) )]
(@b)
Aelk—1)d
< WC' where C'= C(n,m,0,d, D)
d

= (t)\;)/’fd/2 C=0(") since k > 2.
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The second to the last inequality above follows from the bound #|I¢| < C'e~(4~1 (see Lemma
and the uniform upper bound . Repeat the above argument for the other subsets
of {(@,b) ¢ Z} and use the fact #[I| < Ce~ (@1 again (for w € I in ), we have, for
any 6 € (0,t), (3.4.28) is of order € and hence converges to 0 uniformly for (7, 3), as € — 0. The
second term in then converges to 0, by and LDCT.

For the third term in (3.4.27)), we split the integrand with respect to df into three terms

corresponding to (3.4.13)), (3.4.14)) and (3.4.15)) respectively. The term corresponding to (3.4.13))

equals
_g S p(t—s, (7). (@b) Y U(2)A((@, (b z)), ng) ™
(575)65 HZ€I€
a(z4)=1
= AN -5, (79, (@) V(=) A@, (§rz)), 1) 4™
2€I° (ab)eE
&(’(zi)):l
= 20 S Y S5 (79, @) A (5,2), ng) el
z€el® =1 (67*)65

_ —AZ Z Pt — s, (F\ 74, 8), (@ \ @i, b)) m(@ \ ai, b)

By Theorem and Lemma [2.2.22

—

il_f)% O'E(Z)pg(t — 5T, Z+) 75((67 (ba Z—))v 9) = /p(t — 5T, Z) 79(6:7 (ba Z)) dO’(Z)
zel® I

and the convergence is uniform for r; € D5. Therefore, by applying Theorem [2.2.8 again, the
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term corresponding to (3.4.13]) converges to

2o (2 5y P (7 8) Y. da
_)\Z/ 7, (5,a) plt — 0, (7, 5), (@5)) Lo\ %) p+(m) dbdas - - do(ay) - - - day.

We repeat the same argument for the term corresponding to (3.4.14]). Moreover, note that the
term corresponding to (3.4.15|) will not contribute to the limit as € — 0, by the same argument
we used for the second term in (3.4.27]). Therefore, the integrand of the second term in (3.4.27))

converges to

- - p(n,m)(_’a g) -
'\ / baZ t—0, (7 35),(ab) ——~——>dbday ---do(a;) - - - dan,
Z Dt = 0,73, (.5) PO dBda - do(a)
% % N - pn,m _’7_’ 5
—AZ/,fy@((a,b]), ) plt — 0, (7, 8), (a@5) = )(@0) o by do(b;) -+ - dbp,
=179 —(bj)

The integral for § € (0,¢) in the third term in (3.4.27)) then converges to the desired quantity,
by (3.4.21) and LDCT. The proof is complete. O

In view of Remark iii), the proof of Theorem [3.3.3] (Propagation of Chaos) will be
complete once we establish the uniqueness of the solution of the limiting hierarchy (3.4.25|).

This will be accomplished in Theorem [3.4.7] in the next subsection.

3.4.5 Uniqueness of infinite hierarchy

Uniqueness of BBGKY hierarchy is an important issue in statistical physics. For example, it
is a key step in the derivation of the cubic non-linear Schrodinger equation from the quantum
dynamics of many body systems obtained in [36]. Our BBGKY hierarchy is new to
the literature and the proof of its uniqueness involves a representation and manipulations of the
hierarchy in terms of trees. The technique is related but different from that in [36], which used
the Feynman diagrams.

Note that, by Theorem ( ™M) can be extended continuously to ¢ = 0. Uniqueness of
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solution for the hierarchy will be established on a subset of the space

c(o,71,p):= € ¢(o,7], D} x D)
(n,m)eNxN
equipped with the product topologies induced by the uniform norm || - ||(7,,m) on [0,77] x Ei X
Em

Theorem 3.4.7. (Uniqueness of the infinite hierarchy) Given any T > 0. Suppose By =
{Btn’m)} € C([0,T],D) is a solution to the infinite hierarchy with zero initial condi-
tion (i.e. Bo = ® = 0) and satisfies Hﬁgn’m)H(T%m) < O™ for some C' > 0. Then we have

”@EWW) l(7,n,m) = O for every n,m € N.

The remaining of this subsection is devoted to give a proof of this theorem.

Convention in this subsection: 3 = {3} will always denote the functions stated in
Theorem For notational simplicity, we will also assume A = 2 and py = 1. The proof for
the general case is the same. We will also drop T from the notation || Bt(n’m) | (T,m,m)-

It is convenient to rewrite the infinite hierarchy (3.4.25) in a more compact form as

t n m
) = prmglnm /0 PRI DOV 4 3oV s, (34.30)
i=1 j=1

where ‘/;-+7(”’m+1) is a measure concentrated on 83_ defined as

Vi = oG, (5, 00)) o

5 @)

= A0, (B, a.)) do| () d(@\ a) .

Here o, 1) . is the surface measure of d(D'} x D™) restricted to 0% . Similarly, Vj—fy(nﬂ,m) is
+
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a measure concentrating on ¢’ defined as

ViAttm) oyt lm) (g by, ) do(m | (@)

J

&

= AO((@,by),5) do| (b) ddd(B\ by).

Duhamel tree expansion

We now describe the infinite hierarchy in detail. It is natural and illustrative to represent
the infinite hierarchy in terms of a tree structure, with the ‘root’ at the top and the ‘leaves’
at the bottom. Fix two positive integers n and m. We construct a sequence of finite trees

{T%"m) : N=0,1,2,---} recursively as follows.

1. ']I‘(()n’m) is the root, with label (n,m).

2. ']I‘(ln’m) is constructed from ’]I‘(()n’m) by attaching n 4+ m new vertices (call them leaves of

Tgn’m)) to it. More precisely, we attach n + m new vertices to the root by drawing n ‘+’
edges and m ‘—’ edges from the root. Those new leaves drawn by the ‘4’ edges are labeled

(n,m + 1), while those drawn by the ‘—' edges are labeled (n + 1,m). We also label the
edges as {+;}j-; and {—;}7.; (See Figure .

3. When N = 2, we view each of the n + m leaves of Tgn’m) as a ‘root’ (with a new label,

being either (n,m + 1) or (n + 1,m)), and then attach new leaves (leaves of Tén’m)) to
it by drawing ‘+’ edges. Hence there are (m + n)(m + n + 1) new leaves, coming from

n? +m(n + 1) new ‘4+’ edges and n(m + 1) + m? new ‘—' edges.

)

m)

4. Having drawn ']I‘E\T,Z’_1 , we construct ']I‘E\T,Z’m by attaching new edges and new leaves from

each leaf of ’I[‘X,l’_nf) by the same construction, viewing a leaf of TE\T,L’_TEL) as a ‘root’.

In ']I‘g\?’m), the root is connected to each leaf by a unique path g = (01, 02, -+, On) formed
by the ‘4’ edges. Moreover, such a path passes through a sequence of labels formed by the

- = — —

leaves of T"™ k=1,2,---,N). We denote these labels by 1(8) = (I1(0), l2(0),--- , In(0)).
k

85



(n,m)

(n,m+1) (n,m+1) (n+1,m) (n+1,m)

Figure 3.2: Tgn’m)
For example, when (n,m) = (2,5), N = 3 and the path is g = (+1, —6, —5)- Then _'(_’) =
((2,6), (3,6), (4,6)) and the path connects the root to a leaf of ']I‘g2’5) with label (4,6). Note
that the label is not one-to-one. For example, f(—l—h —6, —5) = f(—i—g, —6, —4)-
For mnemonic reason, we use the same notation Tg\?’m) to denote the collection of paths that

(nm)

connect the root to a leaf in T}, By induction, the total number of paths (or the total

number of leaves) is

(n+m+ N —1)!

(m+m)in+m+1)---(n+m+N—-1)= ntm 1) (3.4.31)
Iterating (3.4.30) IV times gives
t n
Bt(n,m) _ _/ OPt(fén) ZVZ+I8t: ,m-+1) +EV IB(n—H ;m) dis
t2= i=1
t to
_ (_1)N/ / / by diy
to=0 Jt3 N+41= O
n,m 11(6 12(6 l 0)
S BV PO Ve PO Vi P iy 8 .4.32)

ge ™
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where Vj, (for i = 1,2,---, N) is defined by Vi, = V" and V_, = V. For example, if
(n,m) = (2,5), N = 3 and the path is § = (41, —¢, —5), then

p(mm)valph@ Va, plz(g) Vegﬁl:”@ — p(2=5)V1+p(276)%—p(376){/5—5(476).

Telescoping via Chapman-Kolmogorov equation

By (3.4.31)), the right hand side of (3.4.32)) is a sum of (n +m)(n+m+1)---(n+m+ N —1)

terms of multiple integrals. We will apply the bound || B§p ) ) < CPT4 to each term, and then

lp.a

simplify the integrand using Chapman-Kolmogorov equation.
We demonstrate this for the twelve terms for the case (n,m, N) = (1,2,2). The twelve terms

on the right hand side of (3.4.32) are

1,2 1,4) _ _ _ 2,3
PR v (Vi B 0 + vy 415 857)
+ VRS (Vv Y + 0 +v5) 857
+ VP t(g t)g ((V1 +V, )ﬁ(23 +(Vr + Vs )5(32) } (3.4.33)

The first four terms came from the leftmost leaf of the previous level, we group them together

to obtain, for (z,y1,y2) € Dy X ﬁQ_,

PEDVERLS, (Vi 85 + 0 + V5 + Vi) 85Y) (@, v, o)

to—t3

IA

o /da(w’) dy} dyb P2 (t —to, (z,y1,90), (2,4}, 1h))

< / do(a) dby dby dbs + / da do(by) dby dbs + / da dby do(by) dbs + / da dby db, da(b3)>
p(LS) (tQ - t3a (1,17 y/b yéa $/), (aa bl’ b27 b3))

¢* [dotapta = trans!) ([ dota)pt (t2 -0, )+ [ do)p = tan )
+ [dap @~ tamtn) + [ o) = taca' ) ).
Note the telescoping effect upon using the Chapman-Kolmogorov equation for the middle two
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terms in the last equality above gives rise to t — t3 rather than to — 3.

We apply (2.1.5) to obtain

(1,3 1.4 _ _ 2.3)
HPt t2V+Pt2 t)3 (V1+r3t(3 )‘|’(V1 + Vo + V5 )ﬁ( )H

C C 2C_ C_
<5 G+ +
=C \/t—tg <\/t2—t3+\/t—t3+\/t2—t3>

(1,2)

where Cy = C(D4,T) are positive constants. Repeat the above argument for the remaining

eight terms of (3.4.33)), we obtain

t
(1.2) <5 / / < C+ n 2C_ N C_ >
2C_ C+ C+ - C- >

+ + + +
VE—ta (\/t—tg Vis—t3  i—t3 i —1I3

(3.4.34)

The key is to visualize the twelve terms on the right as 12 paths of Tgl’Q) with the edges relabeled.
We denote this relabeled tree by ng) (See Figure ignoring the five leaves in ng) at the
moment). More precisely, since all twelve terms on the right are of the form % %, we
only need to record the indexes (p,q) and the + sign. For example, the first four terms can be

represented by
(+1+2, +1—1, +1 -1, +1—2).

Each +; —1 corresponds to \/S_Lm \/f_;t?) and hence it appears twice. In ng), these four paths

are formed by a +; edge followed by four edges with labels {+2, —1, —1, —2}.

(n,m) (n,m)

In general, we obtain Sy," by relabeling the edges of T, while keeping the labels for the

vertices and the £ sign for the edges. The relabeling of edges are performed as follows:

1. At level 1, we assign the number ‘1’ to all the edges connected to the root. Hence we have

n ‘+1” edges and m ‘—1’ edges, rather than the labels {+;}}"; and {—;}7"; (See Figure

for S{™).

2. At level k > 2, consider the set AT := {+1, -+, +1, +2, +3, -+, +x} in which we have
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(1,4) (2,5;,) (2,3)(2,3) (2,3) (2,3) (3. 2) (3,2) (2,3) (2,3) (3,2)(3,2)
T2 T3 T2 -
(2,4) (2,4)(3,3) (3,3) (3.3)

(1,2)

Figure 3.3: S5 ™™ together with 5 leaves in S§1,2)

n copies of +1 (hence there are n + k — 1 elements in A", in which n of them are +1).
Similarly, let A~ :={—1, ---, —1, —2, —3, +-+, —} in which we have m copies of —;. For
an arbitrary leaf & of ’]T,(QT), let RS be the labels of (the edges of) the path from the root
to £ in SI(QT)? counting with multiplicity. Finally, the collection of new labels of the edges

below ¢, denoted by L%, is chosen in such a way that
AYUA"=RSULS (counting multiplicity).

Since |R¢| = k—1 and |L¢| = n+m+k —1 (again, counting multiplicity), the cardinalities

of the two sides match:
m+k-1D+m+k-1)=Fk-1)+n+m+k—1).

Induction shows that R € AT U A~ and the choice for L¢ is unique. For example, for
leaf £ = (1,3) of ']Tgm), R = {+1}, AT := {41, 42} and A~ = {—1,,—1, —2}. So
L¢ = {42, —1, ,—1, —2}, which gives the new labels to the edges below ¢; see Figure

As a further illustration, we continue to ‘grow’ 851’2) (see Figure by adding suitably
(1,2)

labeled edges to leaves of ng). Precisely, let £ be a leaf of S5 "™’

o If RS = {41, +2}, then L& = {43, —1, —1, —2, —3} (this is the case for the leftmost leaf,
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(n,m)

(n,m+1) (n,m+1) (n+1,m)

Figure 3.4: Sgn’m)

which has label (1,4))

If Ré — {+17 —2}, then L§ = {+27 +3a -1, 71, _3}‘

If RS = {—1, +1}, then L& = {43, +3, —1, —2, —3}-

If RS = {—1, +2}, then L& = {+1, +3, —1, —2, —3}-

If RS = {—1, —1}, then L® = {+1, +2, +3, —2, —3}.

o If RS = {—1, —5}, then LS = {41, 42, +3, —1, —3}.

(n,m)

(n+1,m)

If RS = {+1, —1}, then LS = {49, +3, —1, —2, —3} (shown in Figure .

For mnemonic reason, we use the same notation Sy,” to denote the collection of paths from

(n,m)

the root to the leaves of S);""”. Any such path is represented by the ordered (new) labels of the

edges. We now ‘forget’ the sign of the edges and only record the integer labels. For example,

the path (—1, +1, —2, +3) is replaced by (1, 1, 2, 3).
Using the hypothesis ]]BIf(n’m)H(n’m) < C™"™ (of Theorem

3.4.7

and applying Chapman-

Kolmogorov equation to (3.4.32), and then applying (2.1.5]), we obtain the following lemma by

the same argument that we used to obtain (3.4.34)).

Lemma 3.4.8.

1B ™ [ amy < C™HHN (€ v OV TE™ (1),
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where

/ / ! T
g 9 N+1'
to=0 N+1= =0 & S<n m) \/ v T t2) (t’u2 - t3) e (t’UN - tN-‘rl)

Our goal is to show that I](\qf’m) (t) < (Ct)N/? for some C = C(n,m) > 0. This will imply

I Bt(n’m) [ (n,m) = 0 for ¢t > 0 small enough. Clearly we have

I](\?’m)(t) < (n+m+ N —1)! / /tN 1 dty - dtnsn
(n+m—-1! Ji,—0 vi1=0 \/(t —ta) (t2 —t3) - (tx — tn11)

(n+m+ N —1) (xt)N/?
(n+m—1)! F(%)

Unfortunately, this crude bound is asymptotically larger than (Ct)™ /2 for any C' > 0.

Comparison with a ‘dominating’ tree

Note that

12) /t2 O/t /t (\/t—t2> (\/t22—753+\/t2—t3>

2 1
dte dts dty.
<\/t3—754 \/t2—t4+\/75—t4> 20T

This is obtained by comparing the labels in Sgl’Q)

labels of the edges below every leaf of ng) is {3, 3, 2, 2, 1} (the £ sign is discarded). This

with a ‘dominating’ labeling, in which the

trick enables us to group the terms at each level.
For the general case, let £ be an arbitrary leaf of S,({QT). Note that in L¢, each of the integers
2,3, ---, k appears at most twice and the integer 1 appears at most n +m times. We compare

L¢ with the ‘dominating’ label L¢ defined below:
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Level k | |L¢| =|L¢| | Lf

1 n+m 1,1,1,---,1
2 n+m+1 2,2,1,1,1,---,1
3 n+m-+2 3,3,2,2,1,1,1,---, 1

n+m—1{ 2(n+m)—2 |n+m—-1L,n+m—-1,n+m-2,---,3,3,2,2, 1,1
n+m| 2(n+m)—1 |n+m,n+m,n+m—-1L,n+m-—1,---,3,3,2, 2,1
n+m+1 2(n+m) n+m+1I,n+m+1L,n+mn+m,---,3 3 2 2
n+m+2| 2(n+m)+1 |n+m+2,n+m+2,n+m+1,---,3,3,2
Nl ndm+N-1|NNN-1,N-1,--,¢b a

In the last row, if n+m + N — 1 is even, then a =b= (N —n—m+3)/2 and ¢ = b+ 1; if
n+m+N—1isodd, thena=(N—-n—m+2)/2andb=c=a+ 1.

We can now group the terms in each level k£ as a sum of k£ terms to obtain

I(nm / /t2 / (n—i—m)( 2 +n+m—1>
ta=0 Jt3 Nvi=0 \VE—t2 Via —t3 Vit —13

( n 2 L +m — 2)
Vis—ts  Vib—ts Vi1
2 2 1
\/tn—l—m - ZL/n—i—m—&—l \/t n+m+1 \/t n+m+1
ﬂ < & + - +o 2 ) dty---dt
Ce - o~ dtnNt1.
k=n+m+1 \/m m \/Im *

In the last term, we have used the observation that when k& > n + m, the smallest element in Lf
is at least 2 and so the sum stops before reaching 1/,/f — {x11. From this and simple estimates
like

2 2 n+m-—2 _ 2(n+m) 1 1 1
+ + < + +
\/tg—t4 \/tg—t4 Vi—14 3 \/tg—t4 \/tg—t4 \/t—t4
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we have derived the following

Lemma 3.4.9. For any (n,m), N and 0 < tnyy1 <ty <--- <ty <t, we have

5 1 <(n+m("+m Jiif(“ 1 )
Vb, —t2) (b, —t3) -+ (toy —tng1) — (n+m)! — Vi — i

es(n m) =2 j

In particular,

where

Estimating Jy

Our goal in this section is show that Jy(t) < (C't)N/? for some C' > 0. Our proof relies on the

following recursion formula pointed out to us by David Speyer:

k+1

N t
JN(t):Zl' 3 I1 / J”Jt‘i f_’ . (3.4.35)

k=1 " notng+-+ngp1=N j=2
ng,ng, - ,Ng1>1

We assume ([3.4.35)) for now and use it to establish the following lemma. The proof of (3.4.35|

will be given immediately after it.

Lemma 3.4.10. Jy(t) is homogeneous in the sense that
In(t) = Iy -tN? where Jy = Jn(1). (3.4.36)

Moreover,
(N 4 1)N 7N/2
(N +1)!

Proof Jn(t) = Jy - t"/? is obvious from (B.4.37) after a change of variable. Let My be the

2V < Jy < (3.4.37)
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collection of functions f : {2, 3,---, N+1} — {1, 2,---, N} satisfying f(i) < i. We can rewrite

Jn(t1) as
2 dt;
JN / / / . — (3.4.38)
t2=0 Jt3= Nt1= o Vi —ti

feEMn

This is a sum of N! terms. When we put ¢; = 1, the smallest term is

[l i =w( w=) =%
—ds = —.
ta=0Jt3 N1=0 m N'\Jo V1-s5s N!

Hence we have the lower bound 2V < Jy. Unfortunately, the largest term is exactly

/1 /tz / t] 7.(.N/Q
ta=0 J i3 N41= 0 V-1 =1 F<¥)

which grows faster than CV for any C € (0,00). Hence for the upper bound, we will employ
the recursion formula (3.4.35)). We apply the homogeneity to the right hand side of (3.4.35) to

obtain

N
In=) ! > [T, EEE—T
N — I’ n;—1
| /1 _ +.
k=1 na+nzg+---+ngp=N j=2 0 1 t]
ng, ngp1>1

The integrals are now simple one dimensional and can be evaluated:

1 st VAD((n; +1)/2)
—Zmnmﬁ;ﬂkﬂzwll(%rv o). (3.4.89)
ng, ,Ngp1>1

VED((n41)/2)

T((n,42)/2) /m, we have Jy < Ky, where Ky is defined by the recursion

Since

k+1

I D DR | (LR

k=1 """ notng+-+ngr1=N j=2
ng, Mg >1
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with Ko = 1. The generating function ¢(z) := > ¥_q Knz" of Ky clearly satisfies ¢(z) =
exp(v/mxo(z)). We thus see that ¢p(z) = W(—y/mx)/(—+/7z), where W is the Lambert W func-
tion. By Lagrange inversion Theorem (see Theorem 5.4.2 of [69]), W(2) = Y22, (—k)*~12F/k!

(for |z| < 1/e). Hence by comparing coefficients in the series expansion of ¢(x), we have

Ky = % as desired. O
Remark 3.4.11. By Stirling’s formula, (NUI)# (vme)V (where a(N) ~ b(N) means
limpy 00 b(( )) = 1). Hence Jy < CN for some C > 0. Monte Carlo simulations suggests that

Jn ~ 7. The recursion (3.4.39) also makes it clear that Jy’s are all in Q[x] (polynomials in
7 with rational coefficients) and makes it easy to compute them recursively. This is because

% is rational if n; is odd and is a rational multiple of 7 if n; is even. For example,

Ji=2,Jp=2+4mand J3 =4+ 12T O

We now turn to the proof the recursion formula (3.4.35)) which is restated in the following

lemma.

Lemma 3.4.12.

N 1 k+1 tJ 1
Jn;—1\45) )
Z/? > 11 / t_t (3.4.40)
k=1 na2+nz—+-- +nk+1 =N ] =2

n2,n3, e Mg 1 >1

provided that we set Jo(t) = 1.

Proof The proof is based on standard combinatorial methods for working on sums over planar
rooted trees (see [69]).

Step 1: Summing over labeled trees. Recall . There are N! elements in My .
We can visualize each of them as a rooted tree with vertex set {1, 2, ---, N+ 1} and a directed

edge from i to f(i) for each i. For example, the 6 elements of M3 can be represented by
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A AN ANANE

2 3 2 2

T [ A

4 4 3 3 4 3

The trees are drawn so that arrows point upwards and the children of a given vertex are listed
from left to right. Note that the second and forth tree of the list are the same up to relabeling
the vertices. The idea is to group terms in like this together. First, we rewrite
in terms of trees. Let Dy be the set of ‘decreasing trees’, which are trees whose vertices are

labeled by {1, 2, ---, N + 1} and such that ¢ < j whenever there is an edge i < j. Then

dt;

f. (3.4.41)
Vil

JN(tl) =
TeDN

/t12t22"’ZtN+120 (

i«j)EEdge

Step 2: Summing over unlabeled trees. A planar tree is a rooted unlabeled tree where,
for each vertex, the children of that vertex are ordered. We draw a planar tree so that its

children are ordered from left to right. Here are the 5 planar rooted trees on 341 vertices:

A VARVAN I
| VAN

Let T; be the set of planar rooted trees with k& vertices. In general, there are % (the

Catalan number) elements in Ty+1, see exercise 6.19 in [69]. We now group all the integrals
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in (3.4.41)) with the same planar tree. For example, two different labeled trees (the second and
forth in our list of labeled trees) both give the same unlabeled planar tree (which is the second

in the above list). We redraw this unlabeled planar tree Ty below and attach letters {a, b, ¢, d}

A\
|

The integrands corresponding to the second and forth labeled trees are

to Ty for later use.

dto dtg dty and dto dts dty
V(t — to)(ta — ta)(t1 — t3) Vit —t2)(ts — t3)(t1 — ta)

They are the same to
dty dt. dtg

\/(ta - tb)(ta - tC)(tb - td) ’

once we relabel the variables by the vertices of Ty. That is, (1,2,3,4) — (a,b,c,d) for the first

term and (1,2,3,4) — (a,b,d, c) for the second.

We now go back and keep track of the bounds of integration. In the first integral, they are
ty, >ty > t. > tg and, in the second integral, they are t, > t, > tg > t.. We can group these
together as

ta > tp, to>te, tp=>1tq, tp >t

which is the same as t, > t, > t. and tp > tg4.
In general, the inequality constraints we have are of two types. First, whenever we have an
edge u < v, we get the inequality ¢, > t,. Second, if v and w are children of u with v to the

left of w, then ¢, > t,. Let P(T,t;) be the polytope cut out by these inequalities where t; is
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the variable at the root. We have proved

dt,
= > / o N (3.4.42)

TETN.H uev EEdge(T

Step 3: Grouping terms for which the root has degree k. We abbreviate

dty,
(.U(T,tl) = H ﬁ

(u<—v)eEdge(T)

if T has more than one vertex (otherwise w(T, 1) := 1). Then (3.4.42)) translates into

= > / w(T, t1). (3.4.43)

TeTN1 P(Tt1)

Fix an integer k and let T" be a tree whose root has degree k. Removing the root leaves behind
k children, denoted in chronical order by ts,--%x41, and k planar subtrees T} having ¢; as its

root for 2 < j < k+ 1. Then

k+1

w(T,tl):/ / w(T},t5).
/P(T,tl) ti>tp> >t 120 5 H \/tl —tj Jp(T; 1)) !

Hence, group together the terms where the root has degree k, we have

k+1
w(Tj,t5). (3.4.44)
R
SIS I | £y
Here the summation conditions include that ZkH |Tj| = N and each different ordering of
(Tz, T3, - -+, Tk+1) are considered to be different, where |T}| is the number of vertices in Tj.
This abbreviation applies whenever ZTZ’ Ty, dPpears.
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On other hand, we have by applying (3.4.43)) to each J,, 1(t;) below that

Mz

k+1
N =
k! NG —t dt;
1 n2+n3+ Angp=N j=2
no, - Mpy1>1

B
Il

k+1

1 n2+n3+§—;nk+1 N _71_[2|T§|—:n / v tl _t / T tJ

ng, = Ngy1>1

I
WE
= -

B
Il

Ny k+1

— il w(T;
2w, E;JHQ/ T oy 20
N oy k+1

N Zkf Z /[OtlkHH\/l—t /Tt (T t3).

T

— < Tha1

tj)

(3.4.45)

Step 4: Identifying the integrals. It remains to show that (3.4.44]) is equal to (3.4.45)).
Let Si denote the space of permutations of {2, 3, ---, k + 1}. Then the right hand side of

(13.4.45) is equal to
k+1

N '
> >/ [[ o | o
LA Tk+1 oesy, T 112te(2) 2 2to (k1) 20 j2o V b = to() JP(To() to)

N k+1 ‘

-y ly | / (T, ;)

— . a(j)2 2]

Pt k! €5 Tor s /1>52> >841>0 j=2 m P(T,(j)55)
N 1 k+1

= 71 w(T}, s5)
kzl k' UG & T / >82> >5k+1>0 H m /P( ’
N k41

= w(T}, ),
kZng,Z;k ti>tp> >t 120 5 H \/ 1 *75 / P(T; ;) ’

which is Jy(t) by (3.4.44). This completes the proof of the lemma.
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Proof of uniqueness

Proof of Theorem[3.].7} By Lemma [3.4.8] Lemma [3.4.9] and Lemma [3.4.10] we have
187l nny < C1(mm) Co(Ds, D TYN /2 (3.4.46)

for all t € [0,7] and N € N. This implies that there is a constant 7 > 0 so that ||Bt(n’m) l(nm) =0
for t < 7 and for all (n,m) € N x N. Note that Bt := Br++ also satisfies the hierarchy ,
and that By = 0. Using the hypothesis Hﬁtn’m)H(T,mm) < O™"™ we can extend to obtain
18"™ |y = 0 for ¢ € [0, 7. O

3.5 Hydrodynamic Limits

With all the machinery developed, we can now prove Theorem by a standard procedure
in this section. The reader is suggested to recall the conditions of Theorem which are

assumed for the rest of this section.

3.5.1 Martingales

Since n; = 7§ has a finite state space, we know that for all bounded function F': R4 x E®* — R that
is smooth in the first coordinate with sup, ;) }%—I;(s, .%)‘ < C < oo, we have two §{-martingales

below:

M(t) := F(t,m) — F(0,m9) — /0 ((;f(s, ns) + L£F(s,-)(ns)ds (3.5.1)
and

MW:WW—Auﬁ@wwwm%%mﬂwmwa (35.2)

where £ = £° is the generator defined in (3.1.2). See Lemma 5.1 (p.330) of [50] or Proposition
4.1.7 of [35] for a proof. We will use this fact to construct some important martingales in Lemma

B.5.1 below.

In general, suppose X = (X¢);>0 is a CTRW in a finite state space E, whose one step transition
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probability is p,, and mean holding time at = is h(z). Its infinitesimal generator of X is the

discrete operator

Af(z) = h(lx)yeZEMf(y) — f(z).

The formal adjoint A* of A is defined by

@)1= 3 (spusf0) = st (@),

yek

It can be easily checked that
(f, A%g) = (Af, g), where (f,9) == = > f(z)g(x). (3.5.3)

We denote by AZF the generator of the CTRW X+ on D%, respectively, and by .A:’i the
corresponding formal adjoint. In our case, h(z) = he(z) = €2/d for all z. We can check that if

f € C*(Dx+), then
gi_I}(l) AL f(2°) = A% f(z) whenever 2° € D7 converges to « € Dy. (3.5.4)
Lemma 3.5.1. For any ¢ € By(D4),
M) = N0 = (0,50 — (0, 8 - [ (Ao ®E s [N ads 359

is an §{-martingale for t > 0, where JNF s the measure-valued process defined by .
Moreover, if ¢ € CY (D), then there is a constant C > 0 independent of N so that for every
T>0,

(3.5.6)

Similar statements hold for XN,
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Proof The lemma follows by applying (3.5.1) and (3.5.2)) to the function

We spell out the details here for completeness. Observe that f(n:) = (¢, f{iv ). Fix 29 € D%,

and define 1} to be the function from E° to R which maps 1 to 7 (zg). Then by the definition

o

of £ = £ in (B1),

iy = (A ) o)~ Y DU Gom (2 ) (357)

{z€I®: 24 =0}

Similarly, for yg € D%, we have

G = (A7) )~ Y DG n (e ). (358)

{z€I*:z2_=yo}

Hence, by linearity of £, (3.5.7) and then (3.5.3]), we have

i) = > )i
- }VZD O A ) = 2 35 W () )
- }Vsz 7 () (AL () — T e o (o) ole)
Hence
SF ) = (AT, 20 = 5 (I, 0) (359

and M (t) is an §{-martingale by (3.5.1). Next, we compute E[(M),]. Note that

P =53 3 D G @6 () Llnam) ).

a€D3. beDs,
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where £(nqm5) can be computed explicitly using (3.1.2)). Hence from (3.5.2)), we can check that

E[MQ(t)}=E[<M>t]:E[ / 2(f2)(778)—2f(ns)£f(ns)d8] - [ statonar,

where

- Py 7O G 60) =9+ 2 3 B e ) (o))
< 3z (IO 3 a@nte)+ 210l S v@n (e
< UVeE | Mol (1 > ) n+<z+>n—<z_>) .

After taking expectation for g(n,), the first term is the last display is of order at most 1/N
since ¢ € C(D, ), while the second term inside the bracket is of order at most 1/N, uniformly
in r € [0,t], by . Hence E[M2(t)] < & for some C' = C(¢,d, D+, \). Doob’s maximal
inequality then gives (3.5.6)). O

Remark 3.5.2. From the second term of (3.5.9), we see that if the parameter of the killing

time is of order /e, then we need Ne? to be comparable to 1. Ul

3.5.2 Tightness

The following simple observation is useful for proving tightness when the transition kernel of the
process has a singularity at ¢ = 0. It says that we can break down the analysis of the fluctuation
of functionals of a process on [0,7] into two parts. One part is near t = 0, and the other is
away from ¢ = 0 where we have a bound for a higher moment. Its proof, which is based on the

Prohorov’s theorem, is simple and is omitted.

Lemma 3.5.3. Let {Yn} be a sequence of real valued processes such that t +— fg Yn(r)dr is

continuous on [0,T] a.s., where T € [0,00). Suppose the following holds:
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(i) There exists ¢ > 1 such that imy_,s E[th |Yn(r)|9dr] < oo for any h > 0,

(ii) limg\ 0 imy—oo P(fy" |[Yn ()| dr > €9) = 0 for any e > 0.

Then {fot Yn(r)dr;t € [0,t is tight in C([0,T],R).

]}NGN

Here is our tightness result for {(XV* XV:7)}. We need Lemma in the proof mainly

because we do not know if limpy_,o, E fOT (AF oo, x¥)2 ds is finite or not.

Theorem 3.5.4. The sequence {(XN+, XN:7)} is relatively compact in D([0,T], &) and any
subsequential limit of the laws of {(XNF, XN7)} carries on C([0,T],€). Moreover, for all
¢+ € C*(Dy),

{/0t<J§“+,soi>ds}, {/Ot<.,4j<,0+,%iv’+>ds} and {/Ot<«4;so,%é“—>ds}

are all tight in C([0,T],R).

Proof We write X% in place of XV'F for convenience. By Stone-Weierstrass Theorem, C?(D..) is
dense in C(D+) in uniform topology. It suffices to check that {((XT, ¢™), (X7, ¢ 7))} is relatively
compact in D([0,T],R?) for all ¢ € C?(D) (cf. Proposition 1.7 (p.54) of [50]) for this weak
tightness criterion). By Prohorov’s theorem (see, for example, Theorem 1.3 and Remark 1.4 of

[BO)), {((XF,0T), (X7,¢7))} is relatively compact in D([0, T],R?) if (1) and (2) below holds:

(1) For all t € [0,T] and ¢ > 0, there exists a compact set K (t,e9) C R? such that
Sl]bpp ( (<%zra ¢+>7 <:£;, ¢_>) §é K(tvgo)) < €0;

(2) For all g9 > 0,

ti B ® | sup (@00, (x007)) = (3507, (85007))
0<s,t<T

>e9 | =0.
R2
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We first check (1). Since ¢ is bounded on D4 and [(X;7,1)| < 1 for all ¢ € [0,00), we can
always take K = [—[[¢™ ||, [¢*[] x [=[lo~ |, [lo~ ]Il

To verify (2), since |(z1,41) — (72, 92)|r2 < |21 — 22| + |y1 — Y2, we only need to focus on X+.

By Lemma [3.5.]

0.3 = 00| = | [ (AT o.xndr = [ 75 U 6 e+ (y(0) — Mole)) |- (3510

So we only need to verify (2) with (¢, X;) — (¢, XF) replaced by each of the 3 terms on RHS of
the above equation .

For the first term of , we apply Lemma for the case ¢ = 2 and Yy(r) =
(AL ¢, X1). Since ¢ € C*(D,.), we have

sup  [ALg(x)| < C(¢) and sup [ AT ¢(2)] < C(9)
xz€DE\O D¢ r€dD*

for some constant C'(¢) which only depends on ¢. Using Lemma [2.2.25[ we have

02(d7 D+7¢)
eV rl/2

)

N
B [(AL0], 2] < 1 30 ST IAT6O) T (s Jmel) < Cr(d, Dy, 6) +

i=1 D¢

which is in L'[0,T] as a function in r. This implies hypothesis (ii) of Lemma via the
Chebyshev’s inequality. Hypothesis (i) of Lemma can be verified easily using the upper
bound (3.4.17)) for the correlation function, or by direct comparison to the process without

annihilation:
E[(lA.0], )]

N 2 N
< (;VZE[AM(X%) ZE A:)*(X})] fﬁz Ap(X])])*
i=1 i—1

Cd, D, $) (”;ﬁi)‘

IN
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For the second term of (3.5.10), by (3.3.7) we have limy_ o0 E [fo (1, JN ] < o0. Hence
(2) holds for this term by Lemma[3.5.3]
For the third term of (3.5.10f), by Chebyshev’s inequality, Doob’s maximal inequality and

Lemma [3.5.1, we have

2
P<|tsu£5\M¢<t>—M¢<s>|>ao> < 1k (f“ﬁig‘M‘f’“)‘M“S)')

IN
|
&

2
1
5 (2 sup |M¢(7f)>
€0 t€[0,T]

< 16E[M,(T)"] <

Z\Q

We have proved that (2) is satisfied. Hence {(X™F, XV:7)} is relatively compact. Using (2)
and the metric of &, we can check that any subsequential limit L* of the laws of {(X™+, XV7)}

concentrates on C([0,00), €). O

Remark 3.5.5. In general, to prove tightness for (X,,, Y;,) in D(][0,T], Ax B), it is NOT enough
to prove tightness separately for (X,) and (Y,,) in D([0,7], A) and D([0,T], B) respectively.
(However, the latter condition implies tightness in D([0,T], A) x D([0,T], B) trivially). See
Exercise 22(a) in Chapter 3 of [35]. For example, (1[14_%700), 1[1,00)) converges in Dg|0, 00) X
Dr[0, 00) but not in Dg2[0, 00). The reason is that the two processes can jump at different times
(t=1and t =1+ 1) that become identified in the limit (only one jump at ¢ = 1); this can be
avoided if one of the two processes is C-tight (i.e. has only continuous limiting values), which

is satisfied in our case since X'+ and X"~ turns out to be both C-tight. 0

Remark 3.5.6. Even without condition (ii) of Theorem for ng, we can still verify hypoth-
esis (i) of Lemma Actually, applying (3.5.5)) to suitable test functions, we have

lim lim E [/ (JNT, 1>ds} = 0. (3.5.11)
0

a—0 N—oo
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3.5.3 Identifying the limit

Suppose (X°F, X°7) is a subsequential limit of (XN, XN'7), say the convergence is along
the subsequence {N’}. By the Skorokhod representation Theorem, the continuity of the limit
in ¢ and [35] Theorem 3.10.2], there exists a probability space (2, §,P) such that

lim sup H(%j’N',x;’N')—(%;’o*, 35;’0")H —0 P-as, (3.5.12)
N’—)OOtEm,T] ¢

Hence we have for any ¢t > 0 and ¢ € C(D),
Jim E[(X], )] = E[(X[*°,¢)] and  lim E[((X],))*] = E[((X>,¢))%].
'—00 N’'—o0
Combining with Corollary we have

<3€;L,oo7 ®) = (uy(t), q§>p+ P-a.s. for every t > 0 and for ¢.

Here we have used the simple fact that if E[X] = (E[X?])/2 = a, then X = a a.s.

Suppose {¢x} is a countable dense subset of C(D). Then for every t > 0,
(X o) = (up (), ¢r),, forevery k>1P-as.

Since X°* € C((0,00), My (D)), we can pass to rational numbers to obtain

(X2 o) = (up(b), ¢x),, foreveryt>0andk >1P-as.

Hence,

2% (dx) = uy (t,x) py (x)dx  for every t >0  P-a.s.

Similarly,

X7 (dy) = u_(t,y) p—(y)dy foreveryt >0 P-as.

107



In conclusion, any subsequential limit is the dirac delta measure

5u+(t,x)dm,u_(t,y)dy € Ml(D([Oa OO), 6))

This together with Theorem [3.5.4] completes the proof of Theorem |3.3.1
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Chapter 4
HYDRODYNAMIC LIMITS FOR INTERACTING
DIFFUSIONS

In this chapter, we construct the annihilating diffusion model described informally in the In-
troduction (Chapter 1) and establish the functional law of large numbers for this new system,
thereby extending the hydrodynamic limit in Chapter 3 (and that in [16]) to reflected diffu-
sions in domains with mixed-type boundary conditions, which include absorption (harvest of
electric charges). We employ a new and direct approach that circumvents the delicate BBGKY

hierarchy.
A+

A-
Figure 4.1: Annihilating diffusion model

Assumptions and notations

Recall that before being annihilated by a particle of the opposite kind near I, a particle in Dy
performs a reflected diffusion with absorption on Ay C 9D4 \ I. If a particle is absorbed (in
A4) rather than annihilated (near I), it is considered to be harvested.

The following assumptions are in force throughout this chapter.
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Assumption 4.0.7. (Geometric setting) Suppose D. and D_ are given adjacent bounded Lip-
schitz domains in R? such that I == Dy N D_ = 0D, N OD_ is HY '-rectifiable. A+ is a
closed subset of Dy \ I which is reqular with respect to the (a, p+)-reflected diffusion X+,
where pr € W2(DL)NC(D4) is a given strictly positive function, ar = (aiﬁ) is a symmetric,

bounded, uniformly elliptic d X d matriz-valued function such that aiﬁ € WH2(Dy) for each i, j.

Assumption 4.0.8. (Parameter of annihilation) Suppose A € C4(I) is a given non-negative
continuous function on I. Let Xe C(Dy x D_) be an arbitrary but fized extension of \ in the

sense that A(z,2) = A(z) for all z € I. (Such X always eists.)

Assumption 4.0.9. (The annihilation potential) We choose {{s : § >0} C C1.(D4+ x D_) in

X )
such a way that ls(x,y) < Cd+(1m5:i/i)+1

1;5(z,y) on Dy x D_ and

o~

A
lim HE S| 5‘
6—0 0 Cd+15d+1 I

=0, (4.0.1)
L2(D4xD_)

where 10 := {(x,y) € Dy x D_: v — 2>+ |y —2|> < 6% for some z € I} and cqy is the volume
of the unit ball in R¥TL. See (m in Introduction for the motivation for the definition of 5.

Assumption is natural in view of ([1.2.3)). Intuitively, if N is the initial number of
particles, then § = d is the annihilation distance and I°~ controls the frequency of interactions.
As remarked in the introduction, we need to assume that the annihilation distance dn does not

shrink too fast. This is formulated in Assumption below:

Assumption 4.0.10. (The annihilation distance) liminfy_,o N 6% € (0,00], where {6n} C

(0,00) converges to 0 as N — co.

Convention: To simplify notation, we suppress A+ and write X+ in place of X%+ for a
(at, p+)-reflected diffusions on D killed upon hitting Ay. We also use p*(t,z,y), PtjE and A*
to denote, respectively, the transition density w.r.t. p., the semigroup associated to p* (¢, z,y)

and the Coo (D2 \ Ax)-generator (called the Feller generator) of X* = X+, Under Assumption
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X%+ is a Hunt (hence strong Markov) process on
DY = (ﬁi \Ai> U {o%Y,

where 0T is the cemetery point for X* (see Proposition [2.1.3)).

4.1 Annihilating diffusion model

In this section, we fix N € N and construct the configuration process X and the normalized
empirical measure process (%N + xN ') for our annihilating diffusion system. In the construc-
tion, we will label (rather than annihilate) pairs of particles to keep track of the annihilated
particles. This provides a coupling of our annihilating particle system and the corresponding
system without annihilation.

Let m € {1,2,--- ,N} (in fact, m can be any positive integer). Starting with m points in
each of D_?_ and D?, we perform the following construction:

Let {X7 = XiA =}, be (ay, pi)-reflected diffusions on Dy killed upon hitting Ay, starting
from the given points in Di. These 2m processes are constructed to be mutually independent.
In case X;= starts at the cemetery point 0%, we have X;*(t) = 0F for all t > 0. Let {Ry}}", be
i.i.d. exponential random variables with parameter one which are independent of {X;"}7, and
{Xi ¥ty

Define the first time of labeling (or annihilation) to be

1 [T
mi=inf{t>0: 2N/0 D sy (X (s), X (s))ds > Ry o (4.1.1)

i=1 j=1

In the above, {5, (z,y) = 0 if either z = 97 or y = &~. Hence particles absorbed at Ay do

not contribute to rate of labeling (or annihilation). At 71, we label exactly one pair in {(i,7)}
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according to the probability distribution given by

s (X (1), X5 (11 —))

™ —m — assigned to (i, 7).
Y oper Y bon (X (=), Xq (11-))

Denote (i1,71) to be the labeled pair at 71 (think of the labeled pair as begin removed due to
annihilation of the corresponding particles).
We repeat this labeling procedure using the remaining unlabeled 2(m — 1) particles. Precisely,

for k =2,3,--- ,m, we define

1 Tit+Te—1+8
T i=inf¢t>0: — E E EJN(X;_(S),X;(S))dS > Ry,
2N Tit+Te—1 i i e id L
i¢{ir, -1} 5¢{d1, g1}

At op =11+ 70+ -+ Tk_1 + Tk, the k-th time of labeling (annihilation), we label exactly

one pair (Zkajk) in {(Za]) ! ¢ {ila e ’ik—l}’ J ¢ {j17 e 7jk—1}} according to the probablhty
distribution given by

sy (X (on—), X; (0%—))

— assigned to (i, 7).
Zieﬁ{il,--~,ik_1} ng{j17...7jk_1} EéN(X;r(Uk:—)aXi (ox—))

We will study the evolution of the unlabeled (or surviving) particles, which is described in

detail below.

4.1.1 Configuration process

We denote DY (m) the space of unordered m-tuples of elements in DY := (ﬁi \ Ai) u {0t}

The configuration space for the particles is defined as
Sy = UN_, (Di(m) x D? (m)) U{o}, (4.1.2)

where O is a cemetery point (different from 0F).

We define XiN) € Sy to be the following unordered list of (the position of) unlabeled (sur-
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viving) particles at time ¢. That is,

({XTF (@), Xh@) {XT(#),-- , X (0)}), iftel0,o1=m);
(N) _ _ .
Xt = ({X;r(t)}ié{il,...,ik_l}a {X] (t)}j¢{j1a"'7jk—1} ), ifte [Jk—la Uk)a for k = 2,3, ,m;

d, if t € [om, 00).

By definition, X\™ € D? (m —k+1) x D? (m — k +1) when t € [o5_1, ), and X\ = 9 if and

only if all particles are labeled (annihilated) at time ¢ (in particular, none of them is absorbed
at AT). We call XV) = (XEN))QO the configuration process.

Denote (§2, F, p) the ambient probability space on which the above random objects {X; }1,
{X7 MLy, {Ri2, and {(i1,41), -, (im,Jm)} are defined. For any 2 € Sy, we define P* to be
the conditional measure p( : |X(()N) = z) From the construction, we have
Proposition 4.1.1. {X(N)} is a strong Markov processes under {P*: z € Sy}.

1o}

The key is to note that the choice of (ix, jx) depends only on the value of X(]Z),, and that

1 o+t
Tkr1 = inf{t > 0: Agk) > Riy1}, where Agk) =N ZZ&;N (Xf(s),Xj_(s)) ds.
Tk i=1 j=1

Hence X™) is obtained through a patching procedure reminiscent to that of Tkeda, Nagasawa

and Watanabe [46]. The proof is standard and is left to the reader.

4.1.2 Normalized empirical process

Next, we consider Ey := U%zlE](VM) U {0,}, where

E(M) — 1 - 1 - . D@ D8
N = N Zlm“ Nzlyj L X € 15 Y5 € _
i=1 j=1
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and 0, is an abstract point isolated from U%ZIE](VM)

measure (XY, ¥V7) by

. We define the normalized empirical

@M 2Ny = Unx™), (4.1.3)
where Uy : Sy — E is the canonical map given by Un(0) := 0, and

1 m
Un (g’y):(”rh'"axm7y1a"'>ym Nzlmzvﬁzlw
j=1

For comparison, we also consider the empirical measure for the independent reflected diffusions

without annihilation:
N4 =N— 1 — 1 &
@ xX) = NZlXT NZ x| (4.1.4)
i=1 j=1

For any p € Ey, we define P to be the conditional measure o( - | (%éV’Jr, %év’_) = p). From

Proposition we have

Proposition 4.1.2. {(XN:F XV:7)} is a strong Markov processes under {P* : p € Ex}.

4.2 Coupled heat equations with non-linear boundary condition

Denote by Coo ([0, T]; D\ A) the space of continuous functions on [0, 7] taking values in Coo (D \
A) := {f € C(D) : f vanishes on A}. We equip the Banach space Coo([0,T]; Dy \ Ay) X
Coo([0,T); D\ A_) with norm ||(u,v)]|| := |Ju]| + ||v||, where || - || is the uniform norm. Using a
probabilistic representation and the Banach fixed point theorem in the same way as we did in
the proof of the existence and uniqueness result for the PDE in Proposition in Chapter 3,

we have the following:

Proposition 4.2.1. Let T > 0 and uf € Coo(D+ \ Ay). Then there is a unique element
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(ug,u_) € Coo([0,T]); Dy \ Ay) X Coo ([0, T); D_\ A_) that satisfies the coupled integral equation

uy(t,z) = PtA+u3(x) —1 (ff] PAT (=72, 2) N2 us (1, 2)u(r, 2)]do(2) dr

(4.2.1)
u_(t,y) = PtA7u6 (y) — % gf[ PN (t =1y, 2)[N2)ug (1, 2)u_(r, 2)]do(2) dr.
Moreover, (uy,u_) satisfies
uy(t,x) =E* u+(XiA+)exp - t()\ cu_)(t — s, Xéﬁ)dLg’Jr
" [ ’ ( /0 >] (4.2.2)

w-tt.0) =B [ug (X Yoo (= [ O wn)e - X2 )azk)

where L1F is the boundary local time of XN on the interface I, i.e. the positive continuous

additive functional having Revuz measure o|r, the surface measure o restricted to I.

Definition 4.2.2. We call the unique solution (u4, u_) € Coo([0,T]; D+ \A+) X Coo ([0, T]; D_ \
A_) of (#.2.1) the probabilistic solution to the following coupled PDEs starting from (ug , ug ):

s _ g, on (0,00) x D
ot
ur =0 on (0,00) x Ay (4.2.3)
8u+ A
— = — _1 D\ A
o p+u+u (1} on (0,00) x 0Dy \ A4
and 9
% =Au_ on (0,00) x D_
u_ =0 on (0,00) x A_ (4.2.4)
_ A
?)u,;; = P utu—lypy on (0,00) x 0D_ \ A_,
where V1 := agriy is the inward conormal vector field on dDy. Here 1¢ is the indicator

function of I.

It can be shown that the pair of continuous functions (uy,u_) satisfying (3.2.1]) is weakly
differentiable and satisfies the PDEs (4.2.3)-(4.2.4)) in the distributional sense (see [21, Section
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3]). However, our method only requires continuity of the solutions.

4.3 Main result: rigorous statement

Denote by M<1(D+ \ A1) the space of non-negative Borel measures on D \ Ay with mass at
most 1 and set

M = M<1(Dy \ Ay) x M<y(D-\ A-),

equipped with the topology of weak convergence. Regard 15+ as 0F and 0, as (0%,07), where
0% is the zero measure on D, respectively. Then Exy C 9 for all N, and the processes
(xN+ xN:7) have sample paths in D([0, 00), M), the Skorokhod space of cadlag paths in 9.

We can now rigorously state our main result.

Theorem 4.3.1. (Hydrodynamic Limit) Suppose that Assumptions to hold. If
as N — oo, (%év’+, %év’*) £, (Wl (z)p(z)dz, v (y)p—(y)dy) in M, where ul. € Coo(Dx \ Ay),
then

(@NF,27) 5 (g (1) po (@), u(t,y)p-(y)dy) in D([0,T], M)

for any T > 0, where (u4, u_) is the probabilistic solution of (4.2.3))-(4.2.4) with initial value
(ul,u?).

Remark 4.3.2. 9 is in fact a Polish space. Let {f,;n > 1} and {g,;n > 1} be sequences of
continuous functions with |f,| < 1 and |g,| < 1 whose linear span are dense in Coo (D \ AL)

and Cuo(D_ \ A_), respectively. For u = (uy,pu_) and v = (vy,v_) in M, define

o) =32 (| [ i =)@+ | [ ontw)o vy )
n=1 + -
It is well known that 901 is a complete separable metric space under the metric p. ]

As mentioned right after Theorem [1.2.3] (which is Theorem [£.3.1)) in the Introduction, an
assumption on the rate at which oy tends to zero, such as Assumption is necessary for
Theorem to hold. Below is a counter-example.
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Example 4.3.3. Suppose that { X, (¢)}2°; and {X; (t)}32, are RBMs on D, and D_, respec-
tively, and they are all mutually independent. Note that Xj and X ; never meet in the sense
that

P <Xi+(t) = X (t) for some ¢ € [0,00) and 4, j € {1,2,3,-- -}) —0. (4.3.1)

This implies that there exists {dny} so that > 3_; an < oo, where

ay =P ((Xj(t), X (1)) € I’V for some ¢ € [0,00) and i, j € {1,2,--- ,N}) L (43.2)

Hence by Borel-Cantelli lemma, we know that with probability 1, there will be no annihila-
tion for the particle system (which occurs only when a pair of particles are in I oNn ) when N is
sufficiently large. In this case, (%iv i %iv_) converges to (P, ug (z)dz, P, ug (y)dy) in distri-
bution in D([0,T],9) instead, provided that (Z{év’Jr, %év’f) converges to (ug (z)dz, ug (y)dy) in

distribution in 9.

Question. We will see from Theorem below that the tightness of (%iv - .’{iv ") holds
without Assumption Can we characterize all limit points of (%iv * %iv_) without As-
sumption Is Iminfy_yoo IV 5?\, € (0,00] the sharpest condition for Theorem to
hold?

We end this section by providing a key idea of the proof. Recall that, as mentioned in the intro-
duction, the interchange of limit allows us to characterize the mean of any subsequential
limit of (XNF, N'7) by comparing the integral equations satisfied by the hydrodynamic limit
with its stochastic counterpart. To see why this is true, we look at the case when AL are empty
and the reflected diffusions are all RBMs for simplicity. Let (X°*, X°7) be an arbitrary

subsequential limit of (XN, XN:~). We argue that for any ¢ € C(D,), we have

E (6, X°%)] = (6, us (1), (4.3.3)

Taking L?(D, ) inner product with ¢ on both sides of the integral equation satisfied by u yields
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t
(6o ) = (0 P p@) = =3 [ [P0 w2 ustr) dote) . (4.3.4)

On other hand, by the Dynkin’s formula,

N N A
E [<¢,xt ’+>} _E [(P;qj,aeo 7+>} =2 / E [(tsy P ¢, XN @ N7 dr. (4.3.5)
0

The challenge is to compare the right hand sides of the above two equations, which involves
a nonlinear term. However, (1.2.5)) guarantees that we can pass the limit through the integral
(along some subsequence of N — 00) to deduce from (3.1.4))

o8} oo )‘ ¢ . o0 o’e} 00, —
EOO[<¢7 %t ’+>] - <Pt+¢a %0 7+> = _2/0 lim E [<£€ Pttr¢+7 %7‘ o+ ® %7‘ ' >] dr. (436)

e—0

Now (4.3.3)) follows from a standard Gronwall argument by comparing (4.3.4) with (4.3.6)). Using

a similar argument, we can identify the second moment of any subsequential limit, and hence
characterize any subsequential limit of (X™*, V7). Together with the tightness result, we
obtain Theorem [£.3.11

The rest of the paper is devoted to the proof of Theorem Recall that Assumptions[5.1.1
to [4.0.9 are in force.

4.4 Martingales and tightness

In this subsection, we present some key martingales that are used to establish tightness of
(xN+ xN:=). More martingales related to the time dependent process (t, (3€£V - f{iv 7)) will

be given in subsection [4.5.2
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Martingales for annihilating diffusion model

Theorem 4.4.1. Fiz any positive integer N. Suppose F' € Cy(EN) is a bounded continuous

function and G € B(Ey) is a Borel measurable function on Ex such that

t
7, = PN T - / G@t T ds
0

, @ ET) ’
is an F; -martingale under P* for any p € En. Then

t
My = F(x}H %)) - / (G+ KF) XN+, 27 ds
0

XN+ XN

15 a ft( -martingale under P* for any u € En, where

M M
1 . o
KF() = =52 3" loy (@i, y) (F(y) — F(v* =N, v —N 11{yj})) (4.4.1)
i=1 j=1

whenever v = <% S 1y & ij\/il 1{%,}) € E](VM), and KF(0,) :=0.

Remark 4.4.2. (i) Theorem indicates the infinitesimal generator of (X™* XN:7) on
Cy(Ey) is given by L + K, where L is the infinitesimal generator of (?N’+,¥N’_) on Cy(EN).
Note that G is merely assumed to be Borel measurable, the above provides us with a broader
class of martingales (such as Nt(¢+’¢_) in the proof of Corollary than from using the
Cy(EN)-generator.

(ii) Theorem can be generalized to deal with time-dependent functions Fy € Cy(EN)

(s > 0). See Theorem in subsection [4.5.2] O

Proof of Theorem We adopt the abbreviation X := (XM, X¥:7) when there is no confu-

XN

N+
sion. In particular, we write F7 in place of .7-}(% ’ . By Markov property for X, it suffices

119



to show that for all t > 0 and v € Ey,
t
v[P(x,) — F(Xo) - / (G + KF)(X,)ds| = 0. (4.4.2)
0

The idea is to spit the time interval [0, ¢] into pieces according to the jumping times of F/(X;) (s €
[0,t]) caused by annihilation (excluding the jumps caused by absorbtion at the harvest sites AT),
then apply M in each piece and take into account the jump distributions.

Suppose v = (v, v7) = (% 37 La,, %Z;ﬂ:l 1,,) € Ej(vm). Recall that o; :== 7 + -+ 7

(¢ =1,2,---,m) is the time of the i-th labeling (annihilation) of particles. write
m m
F(X) - F(X0) =) ( (Xtroiin)—) — F(Xina, ) +) ( (Xino,) — (:{(t/\oj)—)>v (4.4.3)
=0 j=1
where 0¢ := 0, 041 1= 00 and X5 := lim, »; X;,. Hence it suffices to show that
tACi+1
E” [F(%(tAai+1)—) — F(Xipo,) —/ G(i{s)ds] = 0 and (4.4.4)
tAo;
tAo;
E [F(aemj) — F(X(4p0y)) — / KF(X,) ds] =0 (4.4.5)
tAoj—1
fori € {0,1,2,--- ,m} and j € {1,2,--- ,m}.
The left hand side of (4.4.4) equals
r tACi41
B[ B [Funo )~ Fina) = [ ) ] 75,
L tNo;

r x t/\U'H—l ag;
— FEY|EX*e [F(:f(t/\oiﬂ,gz,),) — F(Xo) — /0 G(Xs) ds} 1t>gi:|

r x (t—0i)ATit1
— Y| E*es [F(x((t—tfi)/\TiJrl)—) — F(%o) — /0 G(%s) d8:| li~o, :| .

The first equality follows from the strong Markov property of X (applied to the stopping time
0;) and the fact that the expression inside the expectation vanishes when ¢ < o;. Note that

o; is regarded as a constant w.r.t. the expectation E*7i, because .Ffi contains the sigma-
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algebra generated by ;. The second equality follows from the easy fact that (¢t A gj41) — 0y =
(t — i) AN (0341 — i) = (t — 03) A Tig1 on t > o;. Therefore, to establish (4.4.4), it is enough to

show that for any n € Eny and w > 0, we have
WAT
E”[F(%(MT)_) — F(Xo) —/ G(xs)ds} =0, (4.4.6)
0

where 7 is the time of the first annihilation for X starting from 7 (i.e. 7 = 7, under P”7 where 7
is defined by ([({.1.1))).

obviously holds if 7 is the zero measure since both sides vanish. Suppose 1 € Ej(y).
Observe that 7 is a stopping time for ]}? = 0(}?, {R;; 1 < i < n}) and that M; is a ]:"t?—
martingale under P” since {R;} is independent of X under P". Hence, by the optional sampling

theorem, (4.4.6) is true, and so is (4.4.4)).
Following the same arguments as above, the left hand side of (4.4.5)) equals

. % (t—oj—1)AT;
E [E 71 [F(f(tfoj,l)mj) —F(%((tajle)H/o KF(%s)dS] 1t>aj1]=

where 0;_1 is regarded as a constant w.r.t. the expectation E*i-1. Therefore, 1} holds if

for any n € Ex and 6 > 0, we have

ONT
E"| F(Xorr) — F(X(gpr)) — KF(SEs)ds} =0, (4.4.7)
0

where 7 is the time of the first killing for X starting from .

Suppose n = (5 27 Loy 3 2oy Ly,) € EY and X- = (% L1, Lt(roys & 2og-1 Lo (o)),
where {X,;IE . k= 1,---,n} are reflected diffusions killed upon hitting A* in the construc-
tion of X. At time 7, one pair of particles among {(X;, %]_) : 1 < 4,7 < n} is labeled

(annihilated), where the pair (X', X)) is chosen to be labeled (annihilated) with probability
loy (X (=), X7 (7))

ZZ=1 Zg:l ZéN (X;' (7—7)7 Xq— (Ti)) . Hence
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B[ F(X(orr)-) = F(Xonr) | (4.4.8)

= E _E”{F(%T_) ~F(X,) ffi} T < 9]

_ g loy (X[ (7=), X (7))
- 2321 >t gt Lo (X (1), Xg (7)) (4.4.9)
(FG) = (X = (ool o) ) 17 <]

_ E”[ —(2N)KF(X,;-)
p 1Eq 1£5N(X+( =), Xq_(T—))

- / _KF(X ds}

The last equality follows from the fact that

;7'<9:|

T:inf{tZO: 2}V/Otzn:zn:&;N(X;'(s), X, (s))ds ZR}7

p=1qg=1

where R is an independent exponential random variable of parameter 1 under P" (see Proposition
2.2 of [22] for a rigorous proof). Hence (4.4.7) is established and the proof is complete. O
The following corollary is the key to the tightness of (X%, X¥~). Recall that A¥ is the

Feller generator of the diffusion X* = X%+ on Dy \ AL, respectively.
Corollary 4.4.3. Fiz any positive integer N. For any ¢+ € Dom(AT), we have
Eh Ny sz
MO = o ) + (om0

t
/ (AT, XIT) + (A0, X7) - é%w(m +¢-), X @ XT)ds
0
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. XN+ XN .
is an F; ’ -martingale under P* for any p € En, where

(f(z,y), ut(dz) @ p~(dy)) = % ZZf(xi,yj) whenever p = (N~ ! Z 1., N7! Zlyj).
i g 7 J

Mt(¢+ P— )

Moreover, has predictable quadratic variation

t
(MG+9-)y = Jif/o (<a+V(;§+.V¢+, X+ (a-Vo_ - Vo_, X)7)

il (64 + 67, X @ X)) )ds (4.4.10)

and sup;¢(o 1] E”[(Mt(¢+’¢_))2} < % for some constant C' that is independent of N and p.

ERR

Proof From Lemmal2.1.4] we have the following two .Ft( -martingales for ¢4+ € Dom(A%):

B - e t o N
P o T 4 (o B >_/0 (Atp, XY+ (A ¢, 7 )ds and

N (0, BT 4 (0o, )
t
- [ 2T + o X)) (A0 T + e X))
5 (184 Vos - Vo, TN + (2 Vo_ Vo, T7)) ds.
N
Note that Fy(p) = Fi(puT,p7) == (¢4, u™) + (¢, u~) is a function in C(Ey), with the

convention that ¢4+ (0F) := 0 and F1(0,) := 0. A direct calculations shows that

KFi(1) = 5 sy (04 +0-), 1" @ p)

Therefore, by Theorem Mt(¢+’¢_) is an ]-'t(xN’Jr’xN’_)—martingale. Similarly, Fo(p) :=
({64, 1) + (6—, 1™)? € C(Ew) and

KFy() = = ({04, 17) + (6 17)) (i (05 + 60, 1" © w7+ 5l (65 + 602 u* @ 7).

123



Hence Theorem M.4.1] asserts that

2
NE+e) (<¢+,x,{vv+)+<¢_,3€§v’_>)

(e e ) [ (VR PRV )

= (@ V6. - Vou, 20 4 (a Vo Vo, x1)
—((op, BT+ (o, BTN sy (04 + 0-), XNT @ x0T

1 -
o oy (61 +0-)%, XTT @ X7) ds

N+ xN,— 2
is an ft(x T ) _martingale. Since <Mt(¢+’¢*)) — Nt(d)*"z)*) is equal to the right hand side of
(4-4.10)), which is a continuous process of finite variation, it has to be [M(#+¢-)],. This proves
(4.4.10). Therefore,

E“[(Mt(¢+’¢‘))2] — R# { [M(m,at)]t}

1
N

IN

t t
(/ (P (a+V¢+ . V§Z5+), %év’+> ds + / (P (ELVQL ) ng,), xé\fﬁ> ds
0 0

1 ! -
#3160+ 671 [ {tsy T 032 )

- (8(||<Z>+||2 AT G112 ¢%) + 8(llo-11* + A7 ]1*t%)

I
=

1 ! _
#3105+ 070 [ (o 2T 0257 ) as,
where we have used (2.1.10) in the last inequality. Finally, we show that

t
sup / EX[(lsy, XN T 0 N7 < 1. (4.4.11)
pneEN JO

Let (:%N +oxN '~) be the normalized empirical measure corresponding to the case Ay being

)

empty sets. By applying the martingale Mt(¢+’¢‘ to the case A4 being empty sets and ¢4 = 1
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(now 1 is in the domain of the Feller generator), we have
t

/ E[(lsy, 2 @ 2] ds = ({1, 2)) ~E[1, &) < 1.
0

We then obtain by a coupling of (X", xV:7) and (XN+, ¥¥7). The idea is that
(XN+, xN7) dominates (XN+, 2N7). This coupling can be constructed by labeling (rather
than killing) particles which hit Ay, using the same method of Subsection Hence we obtain
the desired bound for E#[(M?+9))2]. O

Tightness

The proof of tightness for (XV:*, XV:7) is non-trivial because E [(€5N, it f{év’_>2} blows
up near s = 0 in such a way that limy_, f(fE [(KgN, Nt w %év’_>2} ds = oo. To deal with
this singularity at s = 0, we will use Lemma [3.5.3] in Chapter 3.

Here is our tightness result for (%N + N 7). Note that it does not require Assumption 4.0.10

Theorem 4.4.4. (Tightness) Suppose {6x'} tends to 0. Then {(XN+, XN:7)} is tight in D([0,T],9N)
and any of subsequential limits is carried on Co[0,T]. Moreover, {Jn} is tight in C(]0,T]),
where Jy(t) := fg sy s Nt o xN Ty ds.

Proof Recall from Remark that 91 is a complete separable metric space. Since Dom(A™)
is dense in Coo(D+ \ A1), we only need to check a "weak tightness criteria” (cf. Proposition
1.7 of [50]), i.e. it suffices to check that {({¢5,X™*), (¢—, XN:7))}n is tight in D([0,T],R?)
for any ¢+ € Dom(AT). By Prohorov’s theorem (see Theorem 1.3 and Remark 1.4 of [50]),
{({(ps, XNHY, (P, XN7))} v is tight in D([0, T], R?) if the following two properties (a) and (b)
hold:

(a) For all t € [0,T] and ¢¢ > 0, there exists a compact set K (t,e9) C R? such that

supP (64, X), (6-, %)) ¢ K(t.20)) < 0.
N
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(b) For all g9 > 0,

lim T P osup |((0r 2000, (9o X)) = ({00, X), (0 XDT))| > 20 | =0,

v—0 N—o0 \t—s|<7
0<s,t<T
Property (a) is true since we can always take K = [—||o+|l, [[o+]] x [—lé—|, |¢=|]- To verify

property (b), we only need to focus on X™V'*. Note that (writing ¢ = ¢, for simplicity) by
Corollary [£.4.3] we have

0. (0.5 = | (At XYy dr— L / Nl 6, XN @ XN dr - (M (1) — Ma(5)),

(4.4.12)

where My (t) is a martingale. So we only need to verify (b) with (¢, %iv+> — (¢, XYY replaced
by each of the three terms on the right hand side of .

The first term of (4.4.12) is obvious since (At¢, XN T) < | At ¢|. For the third term of

|| recall that imy o0 E [M N(t)Q] = 0 by Corollary |4.4.3, Hence, by applying Chebyshev’s

inequality and then Doob’s maximal inequality, we see that (b) is satisfied by the third term of

(14.4.12)).
For the second term of (4.4.12]), we show that

t
lim Iim P| su U5, ENT @ xN"Vdr > 69 | =0. 4.4.13
g TR P s [ty XY 0 XN dr > g (4.413)
0<s,t<T

Observe that, since ({5, Nt g x71"\7—> is non-negative, it suffices to prove for the
dominating case where Ay are empty. We now prove this together with the tightness of {Jy} at
one stroke by applying Lemma to the special case ¢ = 2 and Yy(r) = ({5, N f{,{v_>

Using the Gaussian upper bound for the heat kernel of the reflected diffusions, we have

- T —N,+ ~N,—\ 2 T 2d
Jim E[%N, EONR % A }dsg(,*(d,m,p_)nmu ||p_H/ 5724 ds < oo.
—00 h h
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The hypothesis (i) of Lemma is therefore satisfied, since (?NA_ N

It remains to verify hypothesis (ii) of Lemma that is, to prove that for any g9 > 0,
limg 0 impy 00 P(Jn(a) > ¢) = 0. By Corollary again, for any ¢ € Dom(A™), we have

;/Ot (lsd, XNT @ XNV ds = (¢, 07T) — (0, XN +/Ot (At g, XN ds + My (t), (4.4.14)
where My (t) is a martingale and limy_,o0 E [(MN(t))Q} = 0 for all ¢ > 0. Note that the left
hand side of is comparable to Jy(t) whenever we pick ¢ € Dom(A™") in such a way
that ls, ¢ ~ £5,. The idea is to pick ¢ ~ 1(p,),, then let r — 0 to bound Jx(t) from above.
Here 1(p, ), is the set of points in D whose distance from the boundary is less than r. More
specifically, for any r > 0, let 1, € C(D) be such that . = 1 on (D), 1, = 0 on Dy \ (D4 )2,
and 0 < ¢ < 1. Let ¢, € Dom(AT) N CT (D) be such that ||¢, — | = o(r). Such ¢, exists

since Dom(A™T) is dense in C(D). Then (4.4.14) implies

o
IN

JIn(a)
| /0 (b — Loy e, KT @ XN ds| + (00, X)) = (6, XN + [ AT 6r ]| @+ [Mx(@)]

IN

< o(r)Jn(a) + (¢r, XY + AT ¢p|| @ + [My(a)|  whenever r > 26
This is because when r > 20, ¢,(z) is close to 1 on (D)5, . Hence we have, for r > 24y,
(1= o(r)) In(e) < (¢, %)"") + | AT vl @ + [ M (a)].
From this, we have
. Er . T N,+ _
lim T P(Jy(a) > 320) < Tm P ({6, %)) > 20(1 - o(r)))

Note that 0 < ¢ < 1(p,),, + o(r). So for r > 0 small enough,

P((6r, X)) > 20(1 = 0(r))) < P((L(p, ), X)) > £0/2).
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Moreover, since f{év’+ £ ug (v)dx with ud € C(D), we have

lim Tim P((1(p, ), X5 ") > e0/2) = 0.

)]
r—0 N—o00 2r

Hence the second hypothesis of Lemma is verified. We have shown that (ii) is true. Thus
(xN+ xN7) s relatively compact. Property (ii) above also tells us that any subsequential
limit has law concentrated on C([0, c0),9) (detail can be found in the proof of Theorem [3.5.4]
in Chapter 3). O

4.5 Characterization of the mean and the variance

Recall that we have already established tightness of {(XN* XV~); N > 1} in Theorem m
Hence any subsequence has a further subsequence which converges in distribution in D([0, 7], 901).
Let P> be the law of an arbitrary subsequential limit (X, X°%7). Then P®((X°>F, X°7) €
C([0,00),91)) = 1 by Theorem Our goal is to show that

(22, %) = (up (L, 2)py (€)de, u_(t,y)p-(y)dy) P — as.

An immediate question is whether X°% and X°~ have densities with respect to the Lebesque

. . 7N) 7N77
measure. For this, we can compare (X xN:7) with (X +, X))
swer. The construction in subsection provides a natural coupling between {(X™V+, xV:—)1

and {(XVF, 7V

to get an affirmative an-

. We summarize some preliminary information about (X%, X°7) in the
p y

following lemma. Its proof is straightforward and is omitted.

Lemma 4.5.1.

P°°<<ae§°*+,¢+>p+ < APug, by, and (B°7,6), < (Prug, o),

fort >0 and ¢+ € Coo (D \Ai)> =1.
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In particular, both X;° T and X;>" are absolutely continuous with respect to the Lebesque measure
fort > 0. Moreover, (>, 25°7) = (vi(t,2)py (x)dz, v_(t,y)p_(y)dy) for some vi(t) €
By(D+) with vy (t,z) < Prud (z) and v_(t,y) < P, ug (y) for a.e. (z,y) € Dy x D_.

The characterization (X°%, X°7) will be accomplished by the following result of ‘mean-

variance analysis’:

Proposition 4.5.2. For all ¢+ € Coo(D+ \ Ax) and t > 0, we have

E*[vs(t), o4),, ] = (ux(t), ¢+),,, (4.5.1)
EX[(vx(t), ¢4)p,] = (us(t), o1y, . (4.5.2)

where vy is the density of X°°%, w.r.t. py(x)dz, stated in Lemmal4.5.1.

The goal and the remaining part of this last section is to prove Proposition

4.5.1 Results about Minkowski content

We first look at a single domain and strengthen some results from Geometric Measure Theory.

Minkowski content for 0D
Lemma 4.5.3. Let D C R be a bounded Lipschitz domain. If F C C(D) is an equi-continuous
and uniformly bounded family of functions on D, then

1
limsup‘f x)dr — fa;ada:‘zo.
timsup | [ syt [ payotan

Proof The result holds trivially when d = 1, by the uniform continuity of f. We will only

consider d > 2. The idea is to cut dD into small pieces so that f is almost constant in each

piece, and then apply (1.2.3)) in each piece.
Fix n > 0. There exists § > 0 such that |f(z) — f(y)| < n whenever |z —y| < 6. Since D

is bounded and Lipschitz (or by a more general result by G. David in [26] or [27, Section 2]),
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we can reduce to local coordinates to obtain a partition {Q;}}¥; of dD in such a way that for
any 4, @; is the Lipschitz image of a bounded subset of R (hence it is (H9!)-rectifiable),
diam(Q;) < 6 and 0Q; is (H9?)-rectifiable. Here 0Q; is the boundary of Q; with respect to
the topology induced by 9D.

Let (Qi)e :== {x € D : dist(x,Q;) < e} and (0Q;): := {x € D : dist(z,0Q;) < €}. Since
{(Qi)e \ (0Qi): X, are disjoint and UN,(Q:): \ (0Q:): € D: € UN,(Q;)<, we have

‘g/@i)gfdx—/mfdx’ < g/m)s |f] da. (4.5.3)

Therefore, we have

1/ fda:—/anda‘

< /fd:c—Z/ fdx‘Jr‘ Z/ fd:::—/ fda‘

< iZ/aQ_)s ]f\dx—i—;’i/@i)efdx—/cgifdal by (4.5.3

< é(nfn"%?’ ’+‘6/(Qi)gf—f(&-)dx’+|f(€¢)|]’(Q;)s' 4] [ £=sca])
< 0y (1@ g >+||fHZ( O]y |12 — o) ).

=1

Since 9Q; and (Q;). are (H??)-rectifiable and (H?!)-rectifiable, respectively, [38, Theorem
3.2.39] tells us that

o 1000

e—0 0252

—H2(0Q;) and lim L9l i1
e—0 3
where ¢, := [{x € R™ : |z| < 1}|. Thus,
e—=0 l¢e

lim 1/D€fd:c—/8Dfda‘ <2 Z:U(Qi)—2a(8D)n.
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Since n > 0 is arbitrary and the above estimate is uniform over f € F, we get the desired result.
O

By the same proof of Lemma we obtain the following stronger result.

emma 4.5.4. Let D C e a bounded Lipschitz domain an € N. Cc C(D") is an
L Let D C R4 b bounded Lipschitz d dkeN IfF C’DlC

equi-continuous and uniformly bounded family of functions, then

. 1
hm/ f(z1,- - ,zk)dzl“-dzk:/ f(z1, yzk)o(dz1) -+ - o(dz1)
(D=)k (OD)F

=0 gk
uniformly for f € F, where D* := {x € D : dist(x, 0D) < €} is the e-neighborhood of 0D in D
and o is the surface measure on 0D.
Minkowski content for {(z,2): z € I}

Now we prove analogous results for the interface I for our annihilation model.

Lemma 4.5.5. Under our geometric setting in Assumption if FC C(Dy x D_) is an

equi-continuous and uniformly bounded family of functions on Dy x D_, then

lim sup |(cqy1 5d+1)_1/ f(z,y) dxdy—/f(z, 2) dor(z)‘ =0.
=0 fer g I

Proof By the same argument as in the proof of Lemma [5.3.1] we can construct a nice partition
{Qi}Y.| of I and apply [38, Theorem 3.2.39 (p. 275)]. The only essential difference is that now
we require 0Q; \ I to be (H9~2)—rectifiable, where dI is the boundary of I with respect to the
topology induced by 0D, or equivalently by 0D_. Moreover, instead of , we now have

N N
‘;/(Qi)afdxdy_ /psfdxdy’ = ;/(8 |fl dzdy. (4.5.4)

Qi\oI)s

Note that we do not need any assumption on 9I. O

By the same proof of Lemma [5.3.1) we obtain the following stronger result.
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Lemma 4.5.6. Suppose Assumptions|5.1.1], [4.0.8 and |4.0.9 hold. Suppose k € N and F C

C’((ﬁJr xﬁ,)k) is an equi-continuous and uniformly bounded family of functions on (D4 xD_)k.

Then as 6 — 0, we have

k
/ / f($17y1,“' 7$k7yk)H£5(xi7yi) d(‘rlaylf" 7xk7yk)
(z1,91)€ED4+ xD— (zr,yr)EDL XD 1
k
— / flzi, 21, ,zk,zk))H)\(zi)dU(zl)---da(zk)
z1€l zp€l i—1

uniformly for f € F.

Remark 4.5.7. Following the same proof as above, clearly we can strengthen Lemma [4.5.5] and
Lemma [4.5.6] by only requiring F to be equi-continuous and uniformly bounded on a neighbor-
hood of the interface I. We can also generalize Lemma and Lemma to deal with
[; f(z) do(z) for any closed H -rectifiable subset of J of 9D (rather than the whole boundary

0D), and by requiring F to be equi-continuous and uniformly bounded on a neighborhood of J.

4.5.2 Martingales for space-time processes

In this subsection, we collect some integral equations satisfied by (.’{N + N ') that will be used
later to identify the limit. These integral equations can be viewed as the Dynkins’ formulae
for our annihilating diffusion system, and will be proved rigorously by considering suitable

martingales associated with the process (¢, (.’{iv’Jr, .’{iv_))

Theorem 4.5.8. Let T > 0, and fs € Cyp(EN) and gs € B(Ey) for s € [0,T]. Suppose
M = fs(iiv*,?iv’_) —/ gr(g{v’+,§i\[’_) dr
0
N

s a ]-"5(3€ x -martingale for s € [0,T], under P* for any p € En. Then

M, = L(%?t%?ﬁ)—/ (gr + K fr) (XN, 2Ny ar
0
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. XN+ N
s a .7:7( ’ )

given by .

This is a time-dependent version of Theorem A proof can be obtained by following

-martingale for s € [0,T], under P* for any p € Ex, where the operator K is

the same argument in the proof of Theorem [£.4.1] but now to the time dependent process
(t, (XN, xN7)). The detail is left to the reader.
Consider Xy, ) := (X{,--+, X5, X7,---, X)) € (D)™ x (D?)™, which consists of inde-

pendent copies of X*’s. The transition density of X (n,m) W-I.b. P m) 18 p(™)  where

n m
P (@ 9), (@) o= [ e [To™ (tuovh)
i=1 Jj=1
n m
nm) f 27 HP+ Z; Hp—(y])
i=1 7j=1

(n,m)
t

The semigroup of X, ,,), denoted by P, , is strongly continuous on

clm) .= {® € (D", x D) : ® vanishes outside (D1 \ A;+)" x (D_\ A_)™} (4.5.5)

Clearly, CL% = Coo (D4 \ Ay) and COY = O (D_ \ A_).

Corollary 4.5.9. Let n and m be any non-negative integers, T' > 0 be any positive number and
o c ™. Consider the function f: [0,T] x Ey — R defined as follows: f(s, 0) :=0 and for
an arbitrary element p € En \ {0}, we can write p = (+ >ica, Lo + djea Lly;) for some

index sets Ay and A_, then

Z Z Pj(jﬁ’;n)q)(wnv 7$ina yjla"' 7yjm)7

11,500 J1,0 5 0m
distinct distinct

where the first summation is on the collection of all n-tuples (i1,--- ,in) chosen from distinct

elements of A4, the second summation is on the collection of all m-tuples (j1,--- ,jm) chosen
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from distinct elements of A_. Then we have

Flon (@, 200)) = [ K )N 2 ar
0

xN7+7xN,—)

is a ]:s( -martingale for s € [0,T], under P¥, for any v € Ey.

Proof Clearly, f(s,-) € Cp(EN) for s € [0,T]. By Lemma we have f(s,X;) is a ]:5?—
martingale for s € [0,7] for all T > 0. Hence we can take g, to be constant zero and f, to be
f(r,-) in Theorem to finish the proof. O

As an immediate consequence, we obtain the Dynkin’s formula for our system: For 0 < ¢ < T,

we have
T
E|F(T, (6, 2000)) = £t (X, 207)) - / Kf(r, )@, xY7)dr| =0 (45.6)
t

Corollary is the key to obtain the system of equations satisfied by the correlation func-
tions of the particles in the annihilating diffusion system. This system of equations, usually
called BBGKY hierarchy, will be formulated in the forthcoming paper [I9]. The specific inte-
gral equations that we need to identify subsequential limits of {(X™*, XN'7)} are stated in the

following lemmas. These equations are a part of the BBGKY hierarchy.
Lemma 4.5.10. For any ¢+ € Coo(D+ \ Ax) and 0 <t < T < 0o, we have

E (64, X07) + (6o, X07)| —E (P60, X0 + (Pr_io-, 20| (457)

1

T
= —2/ E [(lsy (Pf_ ¢+ + Pp_,6-), XN+ @ X)) ] dr
t

and

E (64, X070 —E [(Pf_i64, X)) (4.5.8)

T
= - / E[(Pf_ o, X00) (lsy (Pf_,¢4), X @ XV7) ] dr + +o(N),
t
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where o(N) is a term which tends to zero as N — oo. A similar formula for holds for
XN,

Proof Since Dom(AT) is dense in Coo(D+ \ A+). Therefore, it suffices to check the lemma for
¢+ € Dom(A%).

Identity follows directly from Corollary by taking f(s,u) = (P;LS@F, uty +
(Pr_¢—, 1)

For , we can apply Lemma and Theorem with fs(u) = (Pj'f_sdnr,,uﬂz and

gS(:“’) = %<a+vpj—i_fs¢+ ’ VP;75¢+7 M+>7 to obtain

E (64, X))~ BUPE_ 64, X))

T
- / E [(Pf 0 XNH) (65, (PE 1), X5 @ X)) dr
t

T
tox | BV 00 VPE 60 X5 & (loy (PEL00)% 2V 0 210)] dr

Note that the term with a factor % converges to zero as N — oo. This can be proved by
the same argument for the bound of the quadratic variation E“[(Mt(¢+’¢’))2] in Corollary
Hence we have (4.5.§]). O

We now derive the integral equations satisfied by the integrands (with respect to dr) on the

right hand side of (4.5.7) and (4.5.8). The integrand (with respect to dr) of the right hand side
of (4.5.8) is of the form

(6, 1M, 1 ® 1) = o (XX dlaetanug) + 33 D dlaoe(eiy)).

¢ il g
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where ¢ € B(Dy x D_), ¢ = ¢4 € B(D) and p = (& 3 1ay, + >.;i1y;) € En. We define

InP

we view ¢ as the function of three variables (a1, as,b) — ¢(a1)p(az,b). The definition of P,

is motivated by the fact that f(s,pu) :=

+

((;590) we view ¢p as the function of two variables (a,b) — ¢(a)p(a,b); in P (gbg@)

2=

(6, 1M, 1T @ ) (4.5.9)

(ZZP(“ () (i, y5) +ZZZP21 (d)( xfaxzvy])>

l i#l g

<Pﬁ’”<¢¢><w1,x2,y>, pt(der) ® pt (dez) © p (dy))

(P (00)(,y) — B (6w ,9), 1 (de) @ ™ (dy)),

(%)

P}25<¢+<p, pt @ pt @ ) is of the same form as the

function in Corollary

Lemma 4.5.11. For any ¢ € C

and

E({p, X7
[ B[t (0, 227+ B, 1Y) - R,

2

E[<¢+7 %

- /tTE[@éN(x,y) (<Hr<x,.,->, XNt e x))
+(

,qbiGC’ (D1 \ A1) and 0 <t < T < oo, we have

T xN ) —E[PMYe, 2Nt @ 2N

N (de) ® %ivv(dy)” dr (4.5.10)

e 2P @ X —E [P, (640, ET 0 2 0 2]

HT('7$7 ')7 :{i\f,—l- & :{i\f,—) + <HT('7 '7y)’ :{7]"\[’4_ ® %i\/,+>
1

_N [<2HT(I‘,£L‘, ')7 :{i\f,—> + <HT('v$ay)v x1{V7+> + <HT‘('T7 'ay)v %7]'\]7+>]
e G, T7) 4 (Gl ), BV) = (), 2]
—l—% 2H,(x,x,y) — Gr(x,y)]>, Nt (dr) ® %,],V(dy)>] dr, (4.5.11)
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where F, = P}li)gp, G, = P (L1) (¢+gp) and H, = PT ., (¢>+<p) A similar formula for
holds for E [((;L, N7y (o, XNt @ 2N >} .

Proof We first prove (4.5.10|).

Consider, for s € [0,

/.5.11

T), fo(uw) = f(s,p) = (P2 Vo, ut @

=) Then (4.5.10) follows from Corollary by directly calculating E[K (f,)(XYF, x¥7)] as
follows: If Un(Z,y) = p where (Z,7) € E](\,m), then

m m 1 - 1
Kfn) = NE}J o) (5100 = 50— a0~ o)
= WZZ EdN ml,y] (]\ﬂ (Z Fr(l‘iyyl) + ZFr(fEk,yj) - Fr(xiayj)>>
i=1 l k
- 1 1 L1
= ﬁzzgtﬂv x’buy] N<Fr(33z)7/i >+N(Fr(y])7,u >_mFr(xZ7y])
1 _ _ _
= Sy (Fryu™) + (B i) = N7V, pt @ p07),
For (4.5.11), we choose fs(p) = P( o+, pt @ pt ® p) instead and follow the same

argument as above. The expression on the right hand side of (4.5.11)) follows from the observation

that, for fixed (7, j), we have

e (grw) gt -

1
Nl{xi}a 0

_ 1
— 3 Lw)

Z ZHT‘(:Bia':qu yﬁ) + Z ZHT(xpaxia yf) + Z ZHT(:EP’ xq»?/j)
q ¢ q

- Z H’r‘(xiu 9513?][
4

*ZH xufuyﬁ

ZH (@p, i, yj)
+ZGT<$iayf)+ZGT xp7yj -

ZH a:z,xq, yj) + H (%,Jiz,y])

r(xia yj)

Z H $P"Tpa y]) + H (xlyxzvy])

The above expression can be obtained by using the Inclusion-Exclusion Principle. O

The next two sections will be devoted to the proof of (4.5.1)) and (4.5.2)), respectively.
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4.5.3 First moment

The goal of this subsection is to prove (4.5.1) in Proposition m The following key lemma
allows us to interchange limits. This is a crucial step in our characterization of (X°%F, X°7),

and is the step where Assumption |4.0.10| that lim infy_,o N&j‘(, € (0, 00] is used.

Lemma 4.5.12. Suppose Assumption holds. Then for anyt > 0 and any ¢ € C&lfl), as
e — 0, each of E® [(l-¢, vi(t)py @ v_(t)p—)] and E [(anb, f{i\]’+ ® .'fiv’_ﬂ converges uniformly
in N € N and in any initial distributions {(%év’+,f{év’_)}. Moreover,

A%(t) = I E [{£e, vy (D)ps @ v-()p-)] = lim limE [(egqs, Nt g xN ’7—>}

N’'—00e—0

for any subsequence {N'} along which {(XN:T,XN:7)}n converges to (X°>F, X°%7) in distribu-

tion in D([0,T],9M). Furthermore, |A(t)| < [|¢|l |1 P I 12 gll o+l lo-I o(O1).

Proof Since p+ € C(D4) and is strictly positive, for notational simplicity, we assume without

loss of generality that p = 1. (The general case can be proved in the same way.) Recall from

(4.5.10) that for any ¢ € Cc(xl;l), ¢+ € Coo(D+ \ A1) and 0 < s < t < 00, we have

E [(gp, N+ g xN >} —E [<P§i§)¢, XN+ @ xN- >] (4.5.12)

1/t 1
= —2/ B [<€5N ((Pt(i}l)% XNy + (P, ) - NPﬁ;})w) , %,{V*+®3€{Y">] dr.

Note that ¢.¢ € Y for e small enough since I is disjoint from Ay. We fix s € (0,¢). Putting
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lc, ¢ and (., ¢, respectively, in the place of ¢ in (4.5.12) and then subtract, we have

0 1= |El(tey6, X" © X))~ El{fer, X 0 X17)] | (45.13)

4 =N

— [E[F, 2V 0 2 _;/ B[ty ( (B X7+ (B, Y1) - %F ), XXM | dr
©X)

=[(
E [(|F. ]+;/:E (to (R B BT 0 E)]

SRR T A H +—E[<\£5NF

IN

X ex)T) | dr

%EK

| P (| F) || + 2/ (A + Ag + A3) dr,

IN

where F, .= PD (0,6 — €.,0), Ay = H P (5 POV (E))
and Ag := L H P}1 Yl ) |
Clearly HPS D (|Fs|) H < ||Fs||. By applying Lemma to the equi-continuous and uni-

V(s PEOED)

formly bounded family
{(,9) = 6(x) p(t — 5, (a,b), (z,y)) : (a,b) €Dy x D} c CLY C C(Dy x D),

we see that ||Fy|| converges to zero uniformly for N € N and for any initial configuration, as e;
and €9 both tend to zero.
By definition of Aj, (1.2.3]), the Gaussian upper bound estimate (2.1.3)) for the transition

density p of the reflected diffusion, we have

A= s / + [t (su0 P2 (7D () ) o ). (o) dny

IN

((Sup) P (|E.]) (m,y)) C(d’[;j’) if N> N(d,Dy,D_).
T,y
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Using this bound, we have

t
/ AldT’

< /(sglfp (1PED (€16 = £,0) 1) (2. ) dr

- S %ptw(ypl”(m te6) 1) () duw

- S up [ | [ et ) G ot (0,0, (.50 05 0 .0) ) o
< S([ B erraws [P0 ot aw). (45.14)

The last inequality holds for any « € (0,¢ — s). This is because

sup/ / 0(%,9) plw, (2,b), (7, 7)) d& dj p~(t — w, y, b) db
(z,y) Dy JD-

= sup/ le(2,9) p* (w, 2, 2) p~ (t,y, ) dT dy
(z.y) Dy
by Chapman-Kolmogorov equation for p~

2 D, ,D_,T
< cld, \F .T) t~%2 by applying the bound (2.1.4) on Dy
w

Hence, from (4.5.14)), by letting o | 0 suitably and applying Lemma to the equi-continuous

and uniformly bounded family
{@.y) = 6@ p(w, (a.,0),(2.9)) : (a,b) € Dy x D, w€ [t 5]} € C(Dy x D),

we see that fst Ay dr converges to 0 as €1 and €2 tends to 0 uniformly for N large enough. The
same conclusion hold for fst Ay dr by the same argument.
So far we have not used the Assumption [4.0.10] of liminfy_,oo N (5?\, € (0,00]. We now use

this assumption to show that fst As dr tends to 0 uniformly for N large enough, as €1 and &9
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tend to 0. By a change of variable r — t — w

t t—s
[ < [ sup/ [ vl = (@bhiz, y))N&sN(m 9) |POD (00,6 — ey 8) (2, )| dardy duo
S D+ —

(a,b)

204 t=s
Sd/Qtd/Q/ \ﬁ TN d/ |PED (e 6 = £e,0) || dw.

The last inequality holds for any a € (0,t — s), where C; = Ci(d, D4, D_,T,¢) and Cy =
Cy(d, D4, D_). This is because for € > 0,

sup [ [ ([ [ ot 0,50 .55 ) = . 0.0, (00) 5t o)
1§

S et SUD SUD =T T / / ,(m,y),(.%,g]))p(t—w, (a,b),(ZE,y)) dydx
car1e™ () (z.9) Cd+1N5 N Jp_nB(, 5N
[I°|  C(d,D-) / .
< s - p
T cgpie®tt a2 TP Cd+1N5d+l DN P (w,z, 2)p*(t —w,a,x)dx
|I¢|  C(d,D-) C(d, D) 1 . i
<
N chrlgd—H td/2 Sd/2 Sl;p Cd+1N6§lV+1 DiN p (wa Z, ZL‘) dx
by the Gaussian upper bound (2.1.3)) for p™
I D.. D) 1
o e@DeD) 1

came™  sA2¢d2
by the assumption l}\rfn inf N 64 € (0,00] and the bound ([2.1.4) on D,
— 00

In conclusion, we have shown that {E[(faqﬁ, Z{iv’+ ® f{iv’_>]}6>0 is a Cauchy family and con-
verges as £ — 0 to a number in [—00, co]. Furthermore, the convergence is uniformly for N large
enough and for any initial configuration. On other hand, since {(X":* X" 7)}y converges in
distribution to a continuous process to (v (-, x)dz, v_(-,y)dy) and (u™, u=) — led, p* @ =)
is a bounded continuous function on 9, we have

E ({66, vi () @ v ()] = lim E[(Lo, X" @ x"7)]

N’'—o0

for all ¢ > 0. Hence the proof for the convergence of lim._,o E® [(¢.¢, v4(t) ® v_(t))] is the
same. Finally, the bound for |A?(t)| follows directly from Lemma and Lemmam This
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bound also tells us that A?(t) actually lies in R. O

From the above lemma, we immediately have

Corollary 4.5.13. Suppose that Assumption holds and {N'} is any subsequence along
which {(XNF, XN} converges to (X°F, X%%7) in distribution in D([0,T],9M). Then for
€ Coo(Dy \Ay)UCo(D_\ A_), we have

lim E[({s,, ¢, AN+ @ xN Y = A%(r)  forr >0, and
N’'—00

¢ t
lim E [(65M¢, AR %,{V/’_)] dr = / A®(r)dr for0<s<t<ooc. (4.5.15)

N’'—o0 J4 s
Question. It is an interesting question if one can strengthen (4.5.15)) to include s = 0.
We can now present our proof for (4.5.1) by applying a Gronwall type argument to (4.5.19)).

Proof of (4.5.1). Without loss of generality, we continue to assume p+ = 1. Recall from (4.5.7))

that for ¢4 € Coo(Dy \ Ay) and 0 < s < t < 00, we have
1 t
E [<<z>+, xi“ﬂ} —E[(PL,0, X)) = —3 / E [(Lsy PLody, X0 @ X)07)] dr. (4.5.16)
By (4.5.15)), we can let N — oo to obtain
) [e%S) + 1 oS ! pPr )
E®[(01, v+ (6)] — BX[PE 64, v4(5)] = —3F / APE9 () dr (4.5.17)

for 0 < s <t < co. Now let s — 0. By the uniform bound for (vy,v_) given by Lemma [4.5.1]

the continuity of (v4(s),v_(s)) in s and Lebesgue dominated convergence theorem, we obtain

E[(6s, v ()] — (P, ) = —5 /0 i B ({6 PE, 64, vy (r) 0 ()] dr. (45.18)

Using the first equation in (4.2.1]) in the definition of (uy,u_), the above equation (4.5.18]) also
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holds if we replace (vy,v_) by (us,u—). On subtraction, we get

(Ds ug(t) — E¥[os(t)]) (4.5.19)
= —/0 il_l)"f(l)/ b le(2,y) P, ¢+ (2) (U+(7“>5U)U7(7“ay) —EOO[UJr(?“ax)Uf(T»y)]) drdy dr.

The above equation holds for ¢ € Cso(D4 \ A1) (and since p; has support in the entire domain

D), so we have

B[ (8)] (4.5.20)
E— /O lim / e =) (s 0) = B (o ()] ) dedy dr

almost everywhere in D .
Let wi(t) := us(t) — E®[vs(t)] € By(D4+) and ||ws(r)||+ be the L* norm in Di. Then
by the a.s. bound of vy in Lemma and a simple use of triangle inequality, we have

g (r, 2)u—(r,y) = E=[or (r,2)v-(r, )]l < (lug || w-(r)]] + [lug || w+(r)]). On other hand,

/ l(z,y) pT (t — 7,2, a) dedy (4.5.21)
Dy
L / o ) dzd
= — -,
cd+1sd+1 P x,a) dxdy
< —r,x,a)dydx
- Cd+15d+l /e / B(z,e)NDE. )y
B N D=
< % p+(t—7“,x,a)dx
Cd+1€ D
d,D ~ —
< ¢, D) + C(d,Dy) uniformly for a € D, for e < e(d, D).

Vt—r
Using these observations, it is easy to check that (4.5.20)) implies

Cld, Dy, T)

lws-(£)]]+ S/O (llug [Hlw- () + llug [Hw+ ()] i ) . (4.5.22)
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By the same argument, we have

t C(d,D_,T)
@)= < Sl w= 0 ———dr. 4.5.23
lw— ()]l _/0 (g [l ()] + Tlug [ flw- (7)) = ( )
Adding (4.5.22) and (4.5.23), we have, for C = C(|jud ||, ||ug ||, d, D+, D—,T),
¢ 1
t —)-<C - dr. 4.5.24
Jws ()1 + B < /0 (=)l + s ()]) = dr (4.5.24)

By a “Gronwall type” argument (cf. the proof of Proposition [2.1.8)), we have |wi(t)]|+ +

lw_(t)]|-= = 0 for all t € [0,T]. Since T' > 0 is arbitrary, we have ||w4(t)|+ + [[w—(t)||= = 0 for
all t > 0. This completes the proof for (4.5.1). O

4.5.4 Second moment

In this subsection, we give a proof for (4.5.2) in Proposition We start with a key lemma
that is analogous to Lemma

Lemma 4.5.14. Suppose Assumption holds. Then fort >0 and ¢ € Coo(Dy \ Ay), as
e =0, cach of E® [(6, v4(1)),, (-6, v (D)ps @ v-(1)p-)| and B [(6, X)) (oo, 2T @ 27|
converges uniformly for N € N and for any initial distributions {(Xév’+,%év’_)}. Moreover, we
have

BO(t) = EmE™ (g, vi(t),, (6, vi(t)ps ® v-(t)p-)]

e—0

= Jim 1mE (6, X))o, VT e x )| e R

N’'—00e—0

for any subsequence {N'} along which {(XN+, XN7)}n converges to (X5 X°7) in distri-
bution in D([0,T],9M). Similar results hold for ¢ € Co(D_ \ A_), but with (¢p, v_ (t)), and
(¢, %i\/—> in place of (¢, v4(t)),, and (9, %iVJr) respectively.

Proof The proof follows the same strategy as that of Lemma 4.5.12 based on (4.5.11|) rather
than (4.5.10)). We only provide the main steps. Without loss of generality, assume ¢ = ¢ €
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Coo(D4 \ Ay) and pr = 1.
Suppose t > 0 and s € (0,t) are fixed. Then (4.5.11)) implies that

’ E (<¢, Ny, 0, XN @ 2N — (g, 2V e, 6, XV @ X >) ‘ (4.5.25)

o
< [E(PO @@ ey (@2,9) — oo, )2, X (dry) @ X (dan) 0 X (dy))) |
+3 [ B[ (e (o 20 2
+(He (5 2,), XPT @ X7+ (He (), XT @ XN
b [(2H 2, ), XYY+ (Hy (o, y), X0 4 (H(a, ), X))
e (G, 27 4 (Gl 9), TOF) 4 (H ), 2]
3z 2 o,9) = G o)) RV () & X2 ()|
where

PY (860 (1 (@9) ~ Lalan) )| € C4Y € OBy x D) and

= |PED(@)6(w2) (€ (w2,10) = Leslwa ) )| € €2V € O(DF x D).

In the formula for G, above, Pt(i;l)(gp(:n, y)) € C(Dy x D_) is defined as

p(Ll) (t - (aa b)v (x’ y)) d.%'dy

(a,0) = | _
D+><D,

The expression Pt(z’:)(cp(as7 y)) is defined in a similar way.

Comparison with (?N’—F, %N’_) then yields

t 9
0 <+ I+ G+ [ (ZAi+B1+Bz>dr, (15.26)

i=1
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where, with abbreviations that will be explained,

A= [P0 (6 ) [PV, o) |

A = || PO (5, [POVE () ) |

A = || PO (b5, () [PEOH (] |
A= [P0 (tay PO o)) |
A5 = | B (e [EOO ) |
dg = || BV (G| PO H )] |
Ar = PO () [POVG )|
A = = [P (e |PAVG, )|
a9 = 5 |20 (@ [P0 |
B = 2 | PO sy e ) (2 ) |

By = o | PO (o (@G|

N2

In the above, the first Pr(l’l) acts on the (z,y) variable, while the second P,gi’j ) in each A; acts
on the ¢ -’ variable. Beware of the difference between Pr(z’O)Hr(-, -, y) and P,gl’o)lr:i’r(‘7 - y) in
As and Ag respectively. In fact, PT(Q’O)HT(', -,y) is defined as the function on Ei which maps
(a1,a2) to fDi p@O(r, (a1, az), (x1,22)) Hy (21, 20,7) d(z1, 22), while PT(I’O)HT(-, -,y) is defined
as the function on D, which maps a; to fD+ p(1-0) (r, a1, x) Hy(z, x,y) dx.

The rest of the proof goes in the same way as that for Lemma [4.5.12] For example, note that

”HSH = sup

(a1,a2,b1)

/ A(x1)p(w2) (ley (w2, Y1) — Ley(22,91))
DixD_

p(271)<t - S, (a17 az, bl)v ($17$2,y1)) d(l’l,l’g,yl) .
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By applying Lemma to the equi-continuous and uniformly bounded family
{(z1,22,) = d(21)d(22) P*V(t—s, (a1, a2,D), (w1, 22,9)) : (a1,0a2,b) € Dy xD_} € C(DyxD-),

we see that || Hg|| converges to zero uniformly for N large enough and for any initial configuration,
as €1 and €2 both tend to zero. The integral term with respect to dr can be estimated as in
the proof of Lemma using the bound , Lemma and Assumption that
liminfy 00 N 6% € (0, 00].

We have shown that {E [(qﬁ, %iv’+><€€qﬁ, %ivﬂL ® %iv_)] }€>0 is a Cauchy family which con-
verges, as € — 0, uniformly for N large enough and for any initial configuration. Hence B?(t)
in the statement of the lemma exists in [—o0, 0o]. Finally, we have B?(t) € R since |B?(t)| < oo

by Lemma and Lemma [4.5.5 O
From the above lemma, we immediately obtain

Corollary 4.5.15. Suppose Assumption holds and {N'} is a subsequence along which
{(xNH XN7)Y converges to (X5, X°%7) in distribution in D([0,T],9M). Then for ¢ € Coo(Dy\

A+);
lim E [(¢, %iV/’JF)(&;N,(b, k AR 3‘:,{\7/’_)] =B%(r) forr>0, and

N’'—o0

t t
lim E [<¢, %iV/’Jr)(&;N,qS, Ve :{71}7’,—>] dr = / Be(r)ydr for0<s<t< oo.

N'—o0 [
(4.5.27)

We are now ready to give the

Proof of (4.5.2). As before, without loss of generality we assume py = 1. Recall from (4.5.8])
that for ¢ = ¢4 € Coo(D4 \ Ay) and 0 < s < t < 00, we have

E(¢, X)) — E(PL 0, X)) (4.5.28)

t
- _;/ E[ <Pttr¢a %7]’\[7+> <€5N (Pttr¢)7 %7]"V,+ ® %i\f,—> ] dr + O(N)

147



Letting N/ — oo in (4.5.27)), we get

1

B ({6, v+(0)") ~ EX(PY 6, vs o) == [ B4y ar

for 0 < s <t < oco. Now let s — 0. By the uniform bound for (vi,v_) given by Lemma
the continuity of (v4(s),v—_(s)) in s and the Lebesgue dominated convergence theorem,

we obtain

I L,
B ({91, 04 ()] — (B, u) = — /0 Hm E* [(PF,6, v ()P, vy () @ v ()] dr.
(4.5.29)
Using the definition of (uy,u_), the above equation (4.5.29) also holds if we replace (vy,v_)

by (u4,u—_). On subtraction, we get

E<l(0. v 0] - (0 = 5 [t B[P0 () WP 6 ) @ 0 (r)

e—0

(P, ¢, vy (r)) (L-PF ¢, vi(r) @v_(r)) | dr. (4.5.30)

The left hand side of equals E®[(¢, vy (t)—uy (t))?] because E®[(¢, vy (£))] = (¢, uy (t)).
Since E®[((.P;" ¢, vy (r)@v_(7))] = (le P ¢, us(r) @u_(r)), the integrand in the right hand

side of with respect to dr equals
lim B [((.PF 6, 04 (r) @ - (1) (B, 6, i (r) = 04 ()] < OB [[(BE, 6, us(r) = v ()] ].

The constant C = C(¢, f,g, D+, D_) above arises from the uniform bound for v(r) in Lemma

and the bound (2.1.4). Hence we have

E=((6, v.(t) —us(0)?) < C [ = (|6, welr) = s )| ]
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Letting wy (t) = u4(t) — v4(t), we obtain

B0, we (D)) <C [ B[P0 wi()ar (45.31)

We can then deduce by a ”Gronwall-type” argument that E*[(¢, w. (t))*] = 0 for all ¢ > 0. In
fact, by Fubinni’s theorem, the left hand side of (4.5.31]) equals

/ (21)6(m9) B [wy (£, 21 )ws (£, 22)] a1 da, (4.5.32)

Dy /Dy

and the integrand with respect to dr of the right hand side of (4.5.31)) is

/ gi)(al)d)(ag)/ / pT(t—r,z1,a1)pt (t—r, 22, a2) E¥[wy (t, z1)wy (t, 22)] dz1drodaidas.
Dy JDy Dy JDy

Hence for a.e. ay,a2 € D, we have

E>lwy (¢, a1)w (t, a2)]

t
< C’/ / / pT(t—7r,21,01)pT (t — 7,19, a0) E®[w. (t, z1)wy (¢, 2)] doy dwg dr.
o Jpo, /D,

then the above equation asserts that f(t) <

Let ?( ) = Sup(al,(m)ebi ‘]EOO [’U)+(t, al)w+(t7 CLQ)] )
C fo f(r)dr. Note that f(r) € L'0,t] since it is bounded. Hence by Gronwall’s lemma, we
have f(t) = 0 for all ¢ > 0. This together with (4.5.32) yields E*[(¢, w. (¢ ))?] = 0. Hence

E®[($, vy (t))?] = (¢, us(t))?. The same holds for v_. This completes the proof for ([£.5.2).
The proof of Proposition [4.5.2]is complete. O

149



4.6 Proof of hydrodynamic limit result

Proof Tightness of {(X"*,X™:7)} was proved in Theorem It remains to identify any
subsequential limit. We conclude from (4.5.1)) and (4.5.2)) that

(T, 61) = (e (1), 64),, and (X°7,60) = (u_(t), 6-),  P<-as

for any fixed t > 0 and ¢+ € Cs(D+ \ Ax). Recall that (X°F x°7) € C([0,00),0M) by
Theorem and that Coo(D+ \ Ay) is separable. Hence through rational numbers and a

countable dense subset of Cio (D4 \ A) to strengthen the previous statement to
P (X757, %°7) = (e (b a)po (2)de, u_(t.)p—(y)dy) €I for every ¢ > 0) =1.

This completes the proof of Theorem [4.3.1 O
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Chapter 5
FLUCTUATIONS FOR BROWNIAN PARTICLES WITH
PARTIAL ABSORBTION

We rigorously derive non-equilibrium space-time fluctuation for the particle density of a system
of reflected diffusions in bounded Lipschitz domains in R?. The particles are independent and
are killed by a time-dependent potential which is asymptotically proportional to the boundary
local time. We generalize the functional analytic framework introduced by Kotelenez [53] [54] to
deal with time-dependent perturbations. Our proof relies on Dirichlet form method rather than
the machineries derived from Kotelenez’s sub-martingale inequality. Our result holds for any

symmetric reflected diffusion, for any bounded Lipschitz domain and for any dimension d > 1.

5.1 Robin boundary model

The goal of this chapter is to develop a machinery to overcome some difficulties that arise in
the study of fluctuations for systems of reflected diffusions (such as reflected Brownian motions)
with a singular type of time-dependent killing potential. The primary examples are the systems
of annihilating diffusions introduced in [16] and [17], which can be used to model the transport of
positive and negative charges in solar cells or the population dynamics of two segregated species
under competition. The model in [I7] consists of two families of reflected diffusions confined in
two adjacent domains, say two adjacent rectangles (0,2) x (0, 1) and (0, 2) x (—1,0), respectively.
These two families of particles (positive and negative charges respectively) annihilate each other

at a certain rate when they come close to each other near the interface (0,2) x {0}. This
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interaction models the annihilation, trapping, recombination and separation phenomena of the
charges. From the viewpoint of the positive charges, they are themselves reflected diffusions in
(0,2) x (0,1) subject to killing by a time-dependent random potential.

In this chapter, we focus our attention to a one-type particle model which consists of i.i.d.
reflected diffusions killed by a deterministic time-dependent potential near the boundary. The

following assumption on reflected diffusions is in force throughout this paper:

Assumption 5.1.1. Suppose D C R? is a bounded Lipschitz domain, p € W'2(D) N C(D) is
a strictly positive function, a = (a¥) is a symmetric, bounded, uniformly elliptic d x d matriz-
valued function such that a” € WY2(D) for each i, j. Here C(D) denotes the space of continuous
functions on D and WY2(D) := {f € L*(D) : |Vf| € L?*(D)} denotes the usual Sobolev space
of order (1,2).

Under Assumption it is well known (see [2, [I5]) that the bilinear form (£, WH2(D))
defined by

E(fag)Z;/Da(:U)Vf(x).Vg(ac / Z ax, gjz( Yp(x)dx  (5.1.1)

1,7=1

is a regular Dirichlet form in L?(D, p(x)dx) and hence has an associated Hunt process X (unique
in distribution). Furthermore, X is a continuous strong Markov process with symmetrizing

measure p and has infinitesimal generator

d

1 1 0
A:=—V.(paV):= — ( )

2p ( 2 Z_ Ox;j
Intuitively, X behaves like a diffusion process associated to the second order elliptic differential
operator A in the interior of D, and is instantaneously reflected at the boundary in the inward
conormal direction v = a7, where 7 is the unit inward normal vector field on dD. See Chen
[15] for the Skorokhod representation for X, which tells us some precise pathwise properties

of X. We call X an (a, p)-reflected diffusion or an (A, p)-reflected diffusion. A special
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but very important case is when a is the identity matrix and p = 1, in which X is called a
reflected Brownian motion (RBM). Next, we make the following assumption about the

killing potential throughout this chapter.

Assumption 5.1.2. (Killing potential) Suppose q(t, ) is a given non-negative bounded function
on [0,00) x D such that q(t,-) € C(D) for all t > 0. Suppose also that Sy is a sequence
of positive numbers which converges to zero and denote qn(t,z) = 5]}1 16y (2)q(t, ), where

D% ={xz € D: dist(z, D) < &}. See Figure .

Figure 5.1: DV is the shaded region

Our particle system is parameterized by N € N, the initial number of particles. The function
gn plays the role of a time-dependent killing potential. This killing potential is singular in the
sense that 5&1 1,6y (2) converges weakly to the surface measure o which is singular with respect
to Lebesque measure. More precisely, for N € N, we let {X;}Y, be independent (a, p)-reflected
diffusions in D and {R;}Y; be independent exponential random variables with mean one. The

normalized empirical measure of the particles alive is defined as:

XN (dz) = % Z 1x,()(dz), where (5.1.2)
{i:t<Ci(N)}
(N) _ L
¢ =inft>0: B an (s, Xi(s))ds > R; ¢ . (5.1.3)
0

Note that XV is a random measure on D. Moreover, XV = (X );>( is a strong Markov process
in M, (D), the space of finite non-negative Borel measures on D equipped with weak topology,

and X% has sample paths in the Skorokhod space D([0, c0), M (D)) almost surely.
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Remark 5.1.3. Let {ZZ-(N) N | be independent sub-processes (cf. [20]) of reflected diffusions
killed by the potential gx5. That is,

Xi(t)v t < Cz(N)

0, t> ¢

where 9 is an isolated point of D. Then X} (dz) defined in (5.1.2) is equal to + Zf\il 1, (d2)

(®)

if we view 1y as the zero measure.

We coin this model the name Robin boundary model due to the following hydrodynamic

result. In what follows, £, denotes convergence in law and £ denotes equal in law.

Theorem 5.1.4. (Functional Law of Large Numbers) Suppose Assumptions and
hold. Suppose {%év}i>u0( )p(z) dz in My (D), where ug € C(D). Then

2N (dx) 55 ult,z)p(z)dz  in D(]0, 00), M, (D)),

where u € C([0,00) x D) is the probabilistic solutz’on to the heat equation %7: = Au with

Robin boundary condition %(t,:z) = q(t,z)u(t,z)/p(x) on (0,00) x OD and initial condition
u(0,-) = up.
The proof of Theorem [5.1.4] is an elementary law of large numbers argument involving the

calculation of two moments. Since it is much easier than Theorem in Chapter 4 (see also

[17]), we omit it here and refer the reader to that chapter.

5.1.1 Main result

Our object of study in this chapter is the fluctuation process Y = (J});>0 defined by

N, @) = N2((xN, ¢) —EExN,¢)) t>0, ¢ e L*(D), (5.1.4)

!By [17], v has the probabilistic representation E* [uo (X¢) exp ( fo s)dLs )] where Ly is the bound-

ary local time of X.
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where (X}, ¢) = % Z{i-t<(.(N)} #(X;(t)) is the integral of an observable (or test function) ¢
with respect to the measure X7. Even in this simple setting, answers to the following natural

questions are non-trivial.

(i) What is the state space for Y}/¥? This space should posses a topology which allows us to
make sense of convergence of YV, if it does converge. Observe that although YV acts on

L?(D) linearly, it is not a bounded operator in general.
(i) Does YV converge? If so, what can we say about its limit?

The answer for question (i) is given by Lemma It says that the process (VY )i>0 has sample
paths in D([0,00), H_q) for @ > 0 large enough, where H_,, is a Hilbert space of distributions
that strictly contains L?(D, p(z)dz). See subsection for the precise construction of H_,,
which can be identified with the dual of the Sobolev space W/%2(D) of fractional order.

The answer for question (ii) is given by Theorem the main result of this chapter.
Theorem [5.1.5] contains 2 parts: the convergence result and the properties of the limit. The
limit is shown to be decomposable into an independent sum of a “transportation part” and a
“white noise part” (see below). The ‘transportation part’ is governed by the evolution
operators {Qs }s<; generated on C(D) by the backward PDE % = —Av on (0,t) x D with Robin
boundary condition % =qu/p on (0,t) x OD. More precisely, for 0 < s <t and ¢ € L*(D), we
define

Quid(z) = E [QS(Xt) exp (- / tq(r, XT)dLT) ‘Xs - x]

- E [qﬁ(th) exp (— /Ot_s q(s + 1, X,) dLT> ’XO - m} . (5.1.5)

Define
U, n(9) := u(Qs,e0) (5.1.6)

for @ > 0, p € H_, and ¢ € L?(D) whenever it is well defined (i.e. Qs:¢ € Ha); see Theorem
and Remark For simplicity, denote by (¢, ©), := [, ¢(x)¥(x) p(x)dz the inner
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product of L?(D, p(z)dz). We can now formulate our main result.

Theorem 5.1.5. (Functional Central Limit Theorem) Suppose that Assumptions
and[5.1.9 hold and that the initial positions of particles are i.i.d with distribution uo(z)p(z) dz,
where ug € C(D). Then for any o > d+2 and T > 0, YN converges to Y in distribution as
N — oo in the Skorokhod space D([0, T),H—_q), where ) is the generalized Ornstein-Uhlenbeck

process taking values in D([0, T], H_o) given by
. t
yt = U(t70)y0 + / U(LS) dMS (517)
0

In the above, M is a (unique in distribution) continuous, Fi-adapted, square integrable, H_q-

valued Gaussian martingale with independent increments and covariance functional characterized

by

[0.07) = [ (aV0-Vo.ue, + [ @uts.ats o) dota)) ds, 6 € Ha,

(5.1.8)

oD

defined on a complete probability space with right continuous filtration (Q, .7}, .7:}, I@’), where the
function u(s,z) is given by Theorem |5.1.4l Yo is the centered Gaussian random variable with

covariance

E [Yo(0)Vo(¥)] = (9%, uo), — (¢, u0), (b, u0), for ¢, 4 € Ha,

defined on the same probability space as M and is independent of M. Moreover, Y is a
continuous Gaussian Markov process which is unique in distribution, and )Y has a version in

C7([0,00), H_q) (i.e. Hélder continuous with exponent v) for any v € (0,1/2).

Remark 5.1.6. (i) In , fg Uy 5) dMj is the stochastic integral with respect to the Hilbert
space valued martingale M (cf. [62]). In the Appendix, we prove that it is well-defined.
For the convenience of the reader, we also stated the precise definition of Hilbert space
valued continuous Gaussian processes with independent increment. The existence and

uniqueness of M is given in Theorem Furthermore, for a > d+ 2, both U 5} and
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fg Uy,s) dM; live in H_,, (i.e. they extend to be continuous functionals on H,).
(ii) Roughly speaking, ) solves the following stochastic evolution equation (called the Langevin
equation) in the weak sense:

ay; = A dt +dM,, Yo = W, (5.1.9)

where Ag_a) is the generator of {U( 4)}¢>s in the Hilbert space H_q.

(iii) Define a bilinear forms &9 on L3(D, p(x)dx) N L*(0D, do) by

ED(6,9) = (aVe - Vo, u(s),+ | ovu(s)q(s) pdo (5.1.10)

and SS(Q)(qﬁ) = €§Q)(¢, ¢) for s > 0. Now (5.1.8) reads as E[(M;, ¢)*] = fg SS(Q)(<Z>) ds. As
an immediate application of (5.1.7)), for all fixed ¢ € H, with @ > d + 2, we have

t
Vi(8) £ Vo(Qos0) + /0 VED(Qeu0)dBY  in D([0, T],R), (5.1.11)

where B(®) is a standard Brownian motion independent of ). Therefore, we can simulate
the evolution (in time t¢) of the fluctuations of the particle density with respect to an

observable ¢ by running a Brownian motion.

(iv) When D is a cube (such as when d = 1), Theorem holds with a > d/2 + 2 in place
of a > d + 2, since we have a stronger unform upper bound for eigenfunctions, namely

supy [|¢ell < C(d, D). -

Remark 5.1.7. (i) When ¢ = 0, Theorem in particular gives the fluctuation result for

independent reflecting Brownian motions in bounded Lipschitz domains.

(ii) (Killing by local time) The measure gy (t,z)dz clearly converges weakly to ¢(t,z)do(z)
when N — 0o, where o denotes the surface measure on 9D. The positive additive continu-

ous functional (see the Appendix of [20]) of X; associated to ¢(t, x)do(x) is 2 fot q(s, Xi(s))dLgi),
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where ng’) is the boundary local time of X;. Hence it is natural to ask: what if {X;} are
killed by 2 fg q(s, Xi(s))dLgi) (which no longer depends on N) rather than by a potential
function gy on the strip DOV ? It turns out that, with little extra effort, one can show that

Theorem and Theorem both remain valid if we replace the definition of Ci(N) in

by t
(M = ¢ = inf{t >0: 2/ q(s, X(s))dL) > Ri}. (5.1.12)
0

See subsection [5.4.7] for details. O

One of the earliest rigorous results about fluctuation limit was proven by Ité [47, 48], who
considered a system of independent and identically distributed (i.i.d.) Brownian motions in R%
and showed that the limit is a §’-valued Gaussian process solving a Langevin equation, where
S’ is the Schwartz space of tempered distributions. Fluctuation limits for stochastic particle
systems in domains are very limited. Sznitman [73] studied the fluctuations of a conservative
system of diffusions with normal reflected boundary conditions on smooth domains. Fluctuations
of the reaction-diffusion systems on the cube [0, 1]¢ with linear or quadratic reaction terms were

studied in [0, BI] 53], [54]. These fluctuation results are valid only for dimension d < 3.

5.1.2 Outline of proof

We prove Theorem through the following six steps.

Step 1: YV satisfies the following stochastic integral equation
N N NN LN N
yt = U(t’o)yo +/O U(t,s) dMs a.s.,

where Ug’s) is an evolution system approximating U, ;); see Theorem
Step 20 MY -5 M in D([0,T],H—a); see Theorem

Step 3: YV is tight in D([0,7T],H_s); see Theorem

Step 4: Ugo)yév i>U(w)y0 in D([0,T],H—q); see Theorem |5.4.8
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Step 5: fot Ué{s) dMN N fot U s) dMs in D([0,T],H_q); see Theorem [5.4.9

Step 6:  All the stated properties for the fluctuation limit hold; see Theorem [5.4.11]

The main difficulty is in establishing the convergence in Step 5. Note that t — fg U5 dMs is
not a martingale. The standard method based on Kotelenez’s submartingale inequality [52] does
not seem to work. This is because in our case Uy ) is not exponentially bounded; that is, there
is no 8 > 0 so that the operator norm |[[U | < ePt=9) for t > s (see [52]). In fact, we suspect
it is not even a bounded operator on H_, due to the singular interaction near the boundary.
To overcome this difficulty, we need first to make sense of the expression fot Uy;,s) dM;s, which
is done in Subsection Our approach is then based on suitably extending the functional
analytic framework of [53] and a direct analysis that uses heat kernel estimates and Dirichlet

Form method.

5.2 Functional analytic framework

Our method to study the fluctuation is functional analytic, with the mathematical framework
being the calculus of evolution equations on Hilbert spaces (see, for example, [25, 43] [45]).
As remarked in [53], this approach yields a useful representation of the limiting process (the
generalized Ornstein-Uhlenbeck process) as the mild solution of a stochastic partial differential
equation (SPDE), which yields uniqueness and Gaussian property for free. It also tells us the
smallest Hilbert space in which the generalized Ornstein-Uhlenbeck process lives.

Conventions and notations:

In this chapter, we use := as a way of definition. For a,b € R, a V b := max{a,b} and
a A'b:=min{a,b}. We use abbreviation r.c.l.l. for right continuous having left limits, and || - ||
to denote the supremum norm in D. Even though the constants appearing in the article may
depend on a or p given in Assumption [5.1.1} we will not mention this dependence explicitly. For
example, we use C'(d, D) to denote a constant which depends only on d and D (and possibly on

a or p). The exact value of the constant may vary from line to line.
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5.2.1 Hilbert space H,

Recall that A = 2—1[, V - (paV) denotes the L*(D, p(z)dx)-generator for an (a, p)-reflected dif-
fusion. Clearly, A is a self-adjoint, non-positive operator on L?(D, p(x)dz). Together with
the fact that D is bounded, we see that A has a discrete spectrum in Hy. Let ¢ be a com-
plete orthonormal system (CONS) of eigenvectors of A in Hy with eigenvalues —\j, where

0 <A < A2 < A3 <---. Note that the linear span of {¢;} is dense in L?(D; pdx). We define,

for a € (—o0, 00),

Heo = the closure of the linear span of {¢;} with respect to the inner product (, ), (5.2.1)

o

where (¢,v), = ((I — A)%¢, ¢),. Here I is the identity operator on Ho = L?(D; pdx) and
(I — A)* is the a-th power (defined through spectral representation) of the positive self-adjoint
operator I — A. In particular, (, ), = (, ), by definition.

Note that (Ha, (,),) is a real separable Hilbert space and that Hg C H, when 8 > o.
Moreover, H, and H_, are dual to each other. Equip ® := Ng>oHo with the locally convex
topology defined by the set of norms {|p|, = (¢, g0>i/2 € P, € 0,00)}. Let & be the

strong dual of ®. Identifying Ho with its dual H{;, we obtain the chain of dense continuous

inclusions

D CHoe CHy=H) CHoCP, «acl0,00). (5.2.2)

Moreover, for 8 € R, we have
hgf) = (14 M) P2 ¢), is a CONS for Hg. (5.2.3)
ence, <¢7w>ﬁ Zkzl <¢7 k > W’ k > or ¢7 ¢ S [ L

Hp = {u e®: > (u, b2 < oo}, (5.2.4)

k>1
where (, ) denotes the dual paring extending (, )

p:
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Remark 5.2.1. When a > 0, H, can be identified with the fractional Sobolev space W*/22(D)
on D. This is because for a > 0, Ho = (I — A)~/2L%*(D, pdx). Since D is a bounded Lipschitz
domain, it is known that H, = W*/22(D) when o = 1 (see [I5]) and hence for every integer
a > 1. It follows by interpolation that H, = WO‘/M(D) for every @ > 0. When a < 0, H,, can
be identified as the dual space of H_,,. O

5.2.2 Weyl’s law and eigenfunction estimates

For a general bounded Lipschitz domain D C R?, the Weyl’s asymptotic law for the Neumann
eigenvalues holds (see [63]). That is, the number of eigenvalues (counting their multiplicities)

less than or equal to =, denoted by #§{k : \x < x}, satisfies

kA <
lim ALERITS 0} = (C for some constant C = C(d, D) > 0. (5.2.5)
T—00 g;d/2

Lemma 5.2.2. There ezists C = C(d, D) > 0 such that for all integers k > 1 we have

okl < CAY* and $2do < C (A +1). (5.2.6)

oD

Proof By Cauchy-Schwartz inequality, Chapman Kolmogorov equation and then the Gaussian

upper bound, we have

ou(@)] = e Pgu(x)] < M| onll L2 V(21 2, 7)

eAkt C(d7 D)

S td/4

for ¢ < 1/)\1

Taking ¢ = 1/\,, yields the first inequality in (5.2.6]).
Recall that the Dirichlet form (€, Dom(€)) (in L?(D, p(z)dx)) for the (A, p)-reflected diffu-

sion X is regular (since D has Lipschitz boundary (cf. [2])) and that the surface measure o is
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smooth. Hence by Theorem 2.1 of [70], we have the following generalized trace theorem:

| rwrat) <liGool (0145 [ o)) (:27)

for any f € Dom(£) and B > 0, where Ggo(z) = [;° [, e P'p(t,z,y) o(dy)dt. Note that
|Ggol| < oo by (2.1.5) and the fact that p(t,z,y) converges to 1/ [, p(x)dz as t — oo uniformly

for (x,y) € D x D exponentially fast (by eigenfunction expansion). Hence, taking 8 = 1, we
obtain the second inequality in (5.2.6)). O

5.2.3 Hilbert-Schmidt Operators

Hilbert-Schmidt operators appear naturally in stochastic analysis in infinite dimensions. The
main properties of these operators can be found in standard references (e.g. [43]). We now recall

the main definitions.

Definition 5.2.3. Let X = (X;)i>0 be an H_q-valued process defined on a probability space
(Q, F,P). We say X is (centered) Gaussian if {Xi(¢): ¢ € Hq, t € [0,00)} form a (centered)
Gaussian system. That is, (X¢, (¢1), -+, Xi, (¢1)) is a (centered) Gaussian vector in R¥ for any
k€N, any {t;}f_, C [0,00) and any {¢;}%_, C Ho. We say X is continuous if t — X; is
continuous P-a.s. X is said to be square-integrable if E[|X;|%,] < oo for all t > 0. Finally,
we say X has independent increments if for any 0 < s < t and ¢ € H,, the real random

variable X¢(¢) — Xs(¢) is independent of the o-field generated by {X,(¢) : 0 <r < s, ¢ € Hy}.

Suppose X and Y are real separable Hilbert spaces with inner product (, )y and (, )y (we
simply write (, ) when there is no confusion for which Hilbert space we are considering). The
class of bounded linear operators from X to Y will be denoted by L(X,Y") (L(X) for short when
X =Y). It is well known that A € L(X,Y) is compact (i.e. the range of the unit sphere in
X is relatively compact in Y') if and only if there exist orthonormal systems (ONS for short)

{en} C X, {fn} C Y and a sequence of real numbers a,, — 0 such that A has the representation
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Az = Zan (x, en) fn, forallz e X. (5.2.8)

n>1
Definition 5.2.4. 1. A€ L(X,Y) is said to be Hilbert-Schmidt (denoted by A € Lo(X,Y))
if A has the representation (5.2.8)) with Zn21 a2 < co. In this case, the Hilbert-Schmidt
norm of A is defined to be

1/2 1/2

1A= D an ] = (D lAel

n>1 n>1
Note that || A||2 is independent of the choice of the ONS {e,} C X.

2. The Trace of A € L(X) is
Tr(A) = Z (Aen, en)

n>1

Note that Tr(A) is independent of the choice of the ONS {e,} C X.

The following lemma is equivalent to the statement that (®,,5, Hg, H,) is an abstract Wiener

space if 8 > d/2 +~ (cf. [68]).

Lemma 5.2.5. For any §,v7 € R with B > v + d/2, the imbedding @iy : Hpg — Hy is
Hilbert-Schmidt.

Proof We want to show that ),

2
Db <h,(f )> ’7 < 00. The left hand side equals

> 1+ Nk)_ﬁ‘ﬁbk‘i = (L4 ).

k k

By Weyl’s formula ([5.2.5)), the latter quantity is finite if and only if
oo
/ (14 2) #7292 1 g < .
1

This is true if and only if 8 —~v > d/2. O
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5.3 Preliminaries

5.3.1 Minkowski content for 0D

By the same proof of [17, Lemma 7.1], we obtain the following result.

Lemma 5.3.1. Let D C R? be a bounded Lipschitz domain and k € N. If F C C(ﬁk) is an

equi-continuous and uniformly bounded family of functions, then

limlk/( " f(z1,-+ ,2k)dzy - - - dzg, :/ f(z1, - ,zk)o(dz) -+ - o(dz1)

(OD)*

uniformly for f € F, where D* := {x € D : dist(x, 0D) < €} is the e-neighborhood of 0D in D

and o is the surface measure on 0D.
By a simple modification of the same proof, we can strengthen the above lemma as follows.

Lemma 5.3.2. Let D C R? be a bounded Lipschitz domain, I be a H* ' -rectifiable closed subset
of D and k € N. If F C B(D") is an equi-continuous and uniformly bounded family of functions

on an open neighborhood of I¥, then

.1
hmk/ [z, ,Zk)dzr‘-de:/ [z, zk) o(dz) - o(dz)
()¢ %

e—=0 ¢

uniformly for f € F, where I¢ := {x € D : dist(x, I) < €} is the e-neighborhood of I in D.

The following is about a convergence result uniform in the shrinking rate of 6 = dn. It is

used to guarantee that J can be any sequence (which converges to zero) in the proof of Lemma

b.4T0

Lemma 5.3.3. Suppose {X}'} i>u0(a:),0(a:) dz in My (D) as N — oo, where ug € C(D). Let
{on(r) : 7 > 0, N € N} be a family of non-negative continuous functions on D such that

Supy sup,>q [N (7)|| < oo. For any o — 0, T >0 and p > 1, we have

lim E

N—oo

<t€s[té7pT] ‘ /Ot <90N(7“)5K/11D5N7 %ﬁv> — <80N(7°)5X/11D5Na u(r)>p dr‘)p] =0, (5.3.1)
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where 15y s the indicator function on DO~

Proof Let Hy(t) := fg (pn(r)on 1 pon, XN) dr and Gy (t) == fg (oN(r)oN 1 pon s u(r)),dr. It
can be shown, by a standard argument and using Lemma that for any T > 0,

Hy(t) — Gn(t) 550 in O([0,T],R).
In particular, by the metric of C(]0,7],R) and the deterministic nature of the limit, we have

sup |Hn(t) —Gn(t)] = 0 both in law and in probability.
te[0,7

On other hand, since Hy(t) and Gy(t) are increasing, we have

( sup |HN(®) - Gn (D))

< limsup 2° (IE [HR(T)] + G%(T)).
t€[0,T]

N—o0

limsup E

N—o0

Furthermore, we can check that limsupy_,. E[HR(T) + GR(T)] < co. Denote by P(D) the
collection of sub-probability measures on D. Comparing with the process without killing (i.e.

replacing the sub-processes Z (N)

7
by ([214)

by the reflected diffusions X; in the definition of X%), we have

t t
sup E, [Hy(t)] < |ow sup E, / 1 psx (X1.(r))dr = [|io]| sup / / p(r,z,y)dydr < Cy Y2,
ueP(D) z€D 0 zeD Y0 DON

where C} is a positive constant independent of N and ¢. Let f(r) := (05" 1 psy, XN). Then for
any positive integer k, by Fubinni’s theorem and the Markov property, we have for any initial

distribution p of Z{év ,

EL[HY(T)] = k!E/ Fr)f(re) ... f(rp)dridry - - - dry, < k(O T2k,

0<ry<ro < <rp<T
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It in particular implies that, under the assumption {X{} N ug(z)p(z) dx in My (D),

limsup E[H, (T)] < JJuol||p]| ! (C:T"/2)".

N—oo

A similar argument yields limsupy_,, E[G%(T)] < oo for any positive integer k. Hence, by
interpolation, we have limsupy_,o E[H}(T) + GR(T)] < oo for all p > 1.

The uniform integrability implied by limsupy_,., E [ (suptE[O’T] |Hn(t) — GN(t)Dp] < 00,
together with the convergence sup,¢(o 7 [Hn(t) — Gn ()| — 0 in probability, guarantee (see, e.g.

Theorem 5.2 in [32, Chapter 4]) that the lemma is true. O

5.3.2 Estimates for evolution semigroups Qé\gt) and Q4

Recall the definition of Q(, ) and U ) in (5.1.5) and (5.1.6), respectively. For any fixed ¢t > 0

and ¢ € C(D), v(s,x) := Qs ¢(x) is the unique element in C([0,¢] x D) satisfying the integral

equation

v(s,z) = P_sp(z) — % /0 b /8D p(0,2,y) q(s +0,y) v(s + 0,y) p(y) do(y) do; (5.3.2)

see [17, Proposition 4.1]. We call v the probabilistic solution of the backward equation

ov

95 = —Av on (0,t) x D

ov  qu

e 5.3.3
A on (0,t) x 9D ( )
v(t) = ¢ on D.

Analogous to the definition of Q4 and U ), we define

QNp(z) = E [qﬁ(Xt) exp (— /St gn(r, Xr)d""> )Xs —x]

- E [qﬁ(Xt_s) exp (- /OH an (s + 1 X,) dr> ’Xo - :c] (5.3.4)
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and

U] ou(9) = m(QL9) (5.3.5)

for > 0, p € H_o and ¢ € L?*(D) whenever it is well defined (i.e. é\ftqb € Hy). Then

un (s, x) == Qé\sf t)gb(:zj) is the unique element in C([0,¢] x D) satisfying the integral equation

on(s,2) = Prsb(x) — ;/Ot Py (qn(s + 0)on(s+6)) (z)db, 0<s<t, (5.3.6)

provided that ¢ € C(D). Here {P;;t > 0} is the transition semigroup of X in L?(D, p(z)dx)
(le. Pf(x) =E*[f(Xy)] = [, f()p(t,z, y)p(y) dy). As before, vy is called the probabilistic

solution of the backward equation

(
65N = —%AUN +gnvn  on (0,t) x D
S
%j —0 on (0,1) x OD (5.3.7)
un(t) = ¢ on D

Remark 5.3.4. It can be shown (cf. [20]), using the Markov property of the reflected diffusion
X, that each Z = Z' (described in Remark |5.1.3)) is a time-inhomogeneous Markov process on
DU {AD} with ( N)s<¢ being its transition operator: QL f(z) = E[f(Z)|Zs = ], with the
convention that f(A) = 0. Besides, is the Kolmogorov’s backward equation for Z and
is the probabilistic representation of the solution to . ]

The following uniform convergence and uniform bound are useful in many places of this

chapter.

Lemma 5.3.5. For all $ € C(D) and 0 < s < t, we have

lim QY,¢ = Qst¢ uniformly on D and (5.3.8)
N—o0 ’
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sup 1QY,6(2)| V Qs 10(x)| < Pr_g|o|(x) < ||¢|| for = € D. (5.3.9)

Proof Estimates (5.3.9)) follows immediately from ((5.3.4)), (5.1.5) and the non-negativity of q.
For (j5.3.8)), note that

QY6(2) - Quuola)| =

E, [gb(Xt,s) (e— JE % an(s+r, X dr o g*sq(5+r,Xr)dLr):| ’

t—s t—s 9
< |9l U |t +rxaa- [ at+n X ar, ]
0 0
t—s t—s
=2l [ ([t rman(s t racalptrn,e s dptrn = s sdp(eap(en) da deg
r1=0 Jro=ry D JD
-2 / / an (s + 11, 21)q(s + 72, 22)p(r1, T, 21)p(r2 — 11, 21, 22) p(21) p(22) dz1 do(22)
D JoD
+/ / q(s +r1,21)q(s + 12, 22)p(r1, @, 21)p(r2 — 11, 21, 22) p(21) p(22) do(z1) da(z2)> dry drs,
oD JoD
which converges to zero uniformly for € D by Lemma O

Remark 5.3.6. While the non-negativity of ¢ easily implies that () has the contraction property
(5.3.9), we may lose this property for U because intuitively the killing effect induces a jump in

the system and hence can increase the fluctuation. O

The following gradient convergence is the cornerstone in Step 5 of the proof the main theorem.

Its proof is based on the inequality £(P;f) < (2et)™" || f]| (see the Appendix of [20]).

Lemma 5.3.7. For any 0 < s <t and ¢ € C(D), we have

Jim 5(@&@ . Q(Sm) — 0. (5.3.10)

where & s the Dirichlet form of the (A, p)-reflected diffusion defined in (5.1.1) and E(u) :=
E(u,u).
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Proof From (5.3.2)) and (/5.3.6)), we have

Qé\;t)ﬁb(x) - Q(s,t)‘b(x)
t—s
= /0 /a : p(0,2,9)q(s + 0,4)Qs10,0)0(W)p(y)do(y) — Polan(s +0)Q(L,g49)(x) db
t—s
= [ R (s +00Qusnno o — an(s+0QY 000) @) a8
t—s
_ /0 Py (376 () ao,

where h(s’t) (9) is the signed Borel measure q(s+0,y)Q (s14,1)?(v) p(y)o (dy) — qn (s+0, y)Qg+07t)¢(y) p(y)dy
and Pyp(z) == [Fp(0,z,y) p(dy) for any measure p on D.

On the other hand, by spectral decomposition, £(P,f) < (2et)™! ||f||% (see the Appendix of
[20]), where || - ||, is the L?(D, p(x)dz)-norm. Hence

¢5(Qg7t)¢($)—Q(s,t)¢(x)> = \/5(/; PG )) (x) do)

_ /t \/ P9/2P9/2 (h(s’t)(9)>)d0
< [l (50@) e Gan

We now show that the last quantity in (5.3.11)) converges to zero as N — co. Note that for each

0 € (0, t — s), the semigroup property yields
HP9/2 (h(“ ) H / <P h St)(ﬂ))(:c) RSV (0)(dz) — 0 as N — oo

by Lemma and the uniform convergence (5.3.8)). By the uniform bounds (2.1.4) and (5.3.9),

for N large enough which depends only on D (hence independent of 6), we have HP h (s:1) H
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lall | 6]l %% and

500D = [ als+0.9)Qsnndl) p) o) + [ an(s+0.9)Q 0,90(0) (o) dy
c(d, D) gl .

IN

Hence the last quantity in (5.3.11]) converges to zero as N — oo by the Lebesgue dominated

convergence theorem and the fact that

| Byjopt]2 = /D Pou() pldz) < | Posl] - 1u/(D),

where |p| is the total variation measure of the signed measure pu. O
The following equality will be used in Lemma[5.3.9] which explore the continuity in time for

both @Q,; and Qé\jt.

Lemma 5.3.8.

s Sk 1 7Tk/2
d3k+1"'d82: Sk?/2'
bl e F)

Proof Denote the integral on the left hand side as Vj. For any a € (0, 00),

0 VT —y I'(3/2+a)

k/2

Using this, we can iterate it to obtain Vj = fg ci s¥/* ds, where

ST+ k/2)

g YU k>,
WL TP Ee k)

cp =2 and

Lemma 5.3.9. There exists a constant ¢ > 0 such that for any 0 < s<t<T and k > 1,

sup [|Quyor — Quraydil| < cllorll (Mt =)+ Clall (= 5)'72),

rel0,s]
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where C = C(d, D, T) is the same constant in (2.1.5)). Furthermore, there exists No = Ny(D)
such that for N > Ny, the above inequality holds with {QY, 't} in replace of {Qs .}

Proof The proof will follow from a Grownwall type argument and the evolution property of the

operators {Q ) }s<t- By (5.3.2), for any 0 <7 < s <t and k, we have

}Q(Tt)qbk(x) - Q(rs)¢k($)‘
< } —Ap(t—r ¢k( ) /\k(s_r)d)k(x)’
i ) / /81) PO 2.9)a(r + 0.9)Qr0.064(y) py) dor () o)

w3l [ ] 0.+ 0.9) (Qusndn = Qursagn) W) p(w) doty) do]

Now we fix k, fix 0 < s < ¢ and define f(r) := HQ(M)qﬁk Q(,,.’s)gékH for r € [0, s]. Then the
above estimate, together with (2.1.5) and ( -, implies that

Fr) < A+t B/H ICE0) b9 tor v e 0,5, (5.3.12)

0 Vo

where A = Al|éx (8 — 5) + [lgl| C(d, D T)Ilqbkll(t —5)!/? and B = lC(d D, T)llqll-
Rewriting (5.3.12)) as f(r) <

S

1 8 s 1
f(r) < A+ AB +A32/
wi=r VW1 —T w1=r Jwa=w1 \/(wl - T’)(wg - wl)
S S
1
+AB3/ / 4o
wi=r Jwa=w1 Jwz=ws \/ wl - 7‘)(“’2 - wl)(U)S - w2)
k/2
= A Bka k/2, where ay = —— by Lemma 5.3.8in Appendix
Z & T T ((k+2)/2) Y PP
C o
< B ]; k/ 2 for some absolute constant ¢ > 0
< cA if |BVs—r|<1/2

Note that when B > 0, |By/s —r| < 1/2 holds if and only if s — <s<s+ (The

4B2 4B2
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case B = 0 is trivial since then ¢ = 0.) When 0 < r < s — 1/(4B?), by the evolution property
and the contraction property (5.3.2)), we have

1Qu0k — Qus?kll = ||Qus—1/(B2)) (Qs—1/(aB2), )Pk — Qs—1/(4B2), 5 k) ||
< |Qus—1/B2), Pk — Qs—1/(4B2), 5%k < cA

The above arguments clearly hold with {Q%;} in replace of {Qs}, if we use (2.1.4) instead
of (2.1.5). This completes the proof of the lemma. O

The next lemma is a key estimate that we need to establish Theorem [5.4.9] Recall from

that
ED(¢,¥) == (aVe- Vi, u(s)), + /a _9vuls)qls) pdo, ED(¢) = ED(¢,4).  (5.3.13)
In view of , we also define
EDN (¢,9) 1= (aV - Vi + qn(s)p, XY), EDN(g) = EDN (4, ¢). (5.3.14)
Lemma 5.3.10. For all integers k> 1 and 0 < s <t < T, we have

t
| &P Quotndr < Cllunll 4V gl O+ on]P) ¢ - ) (5:3.15)

IN

/O ED( Qi — Qursydr) dr < Cllugl (LV llal)* (AF + I gnl® + I 8lPAR) (¢ — £5.3.16)

where C' = C(d,D,T) > 0 is a constant. Moreover, these two inequalities remain valid if we

replace Qi by Q,{\ft and &(q) by &gq)’N at the same time.

Proof For the first inequality, note that

0 < EDQupyor) < lluoll (g(Q(r7t)¢k) +a(0D) [lqll ol Hqﬁﬁﬂ)- (5.3.17)
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Moreover, by the integral equation ([5.3.2)), we have

1 t—r
EQuot) < 28R +26(5 [ R[HTV0)] (@) do)
0
t—r
= x0T g ( / P[0 (0)] do). (5.3.18)
0
where H("!)(f) is the signed Borel measure q(r + 0,9)Qr+0.0)0%(y) p(y) o(dy) and Popu(z) :=

[5p(t, z,y) p(dy) for any measure p on D.

By the same argument as that in the proof of Lemma [5.3.7, we have

e /O ' p, (100 (6)] do) < /0 o \/ % HPQ/QHW)(Q)HZde)Q

< /ot_r V 5 ||Per00)|| 110 0) (D) d0>2
t—r

2
< [ ca.n. 1)l ow o de)

C(d, D,T) [lal® lgwll? (£ — )72, (5.3.19)

IN

IN

IN

IN

Now we put (5.3.19) into ([5.3.18]) and then put the result into (5.3.17)) to obtain

ED(Qraydn) < lluoll (22ne™E 4 C(d, D, T) (Ilall® ol (¢ = )72 + gl 16311) ) -

(5.3.20)

By integration, we obtain
t
[ E9 Qoo dr < 0,01 fuoll (Ionl® lalP (2~ )% + v+ 21 lalh(e - )

which implies (5.3.15]).

The second inequality in the lemma can be dealt with in a similar way. More precisely, we
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have as in ((5.3.17)),

o
IA

gﬁq) (Q(r,t)¢k - Q(r,s) ¢k)
luoll (£@Qnr — Qi) +a(@D) lall 1ol | @ty — Qg all”)  (5:3.21)

IN

and

E(QurpyPr — Qur,5)Pk)

< 2 (e g
t—r

+2 g(/ /{aD p(0,2,y)q(r + 0,y)Q 10, Pk (y) do(y) d9)

+28(/0 /GD p(0,z,9)q(r+0,y) (Q(r+9,t)¢k — Q(r+97s)¢k) (y)do(y) d@)
< 2 (6_(t—7‘))\k _ 6—(s—r))\k>2 Ak

+C(d, D,T) gl lwl? (¢ — 5) ( L1 )

T I g Vs—r Ni—r
2
+C(d,D,T) HQHQ ( SOUP 0 ||Q(r+9,t)¢k - Q(r+0,s)¢kH> (s — 7“)1/2
rel0,s—

< 2 <e—(t—r)/\k _ e—(s—r)/\k>2 "

DD P Ioul? - ) | (o - = ) + 08+ lalP)s - 0 /4B3.2)

In the second last inequality, we have applied the same argument that we used to obtain ((5.3.19)).

In the last inequality, we have used Lemma [5.3.9
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Now we put (5.3.22)) into (5.3.21)) and then apply Lemma to obtain

/ gﬁq)(Q(r,t) b — Q(r,s)¢k) dr
0

< luol ( (1— e 921 — ¢=2M) 1 O(d, D, T) |l |6l (¢ — )%/2
+C(d, D, T)|q? (Tzl[zl?s] |Qe+0.6P% — Q(r+9,s)¢k”)2 §3/2
+C(d, D, T)|q] (T:BI?S] Qe+, Pk — Q(r+0,s)¢kH)2 s >
< Juoll AR (t — 8)*(1 A 25A1)
+C(d, D, T) luo | 641? (Ilal? (£ = )2 + (llal* + 1) (At = 9)* + lall*(t - 5)))
< C(dD,T) Jluoll ( M(t = ) + gl lal2XE(t = ) + el (lal* + lal)(t = s) ).

This implies (5.3.16)).
Using ([2.1.4)) instead of (2.1.5)), we see that the above arguments remain valid if we replace
Qrt by Q,{\ft and ST(Q) by &g(I)’N. This completes the proof of the lemma. O

Remark 5.3.11. From the proof above, there exists Nyg = No(D) such that, for 0 <r <t <T

and N > Ny, inequalities (5.3.20)) and (5.3.22)) remain valid if we replace @, by th and &Eq)
by DN O

5.3.3 Martingales

With A being an empty set in Lemma [2.1.4] we obtain the following key martingales that we
need for the study of XV. The proof is the same as that for [I7, Corollary 6.4] so it is omitted

here.

Lemma 5.3.12. Fiz any positive integer N. For any ¢ € Dom™!e"(A), we have under P* for
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any p € En,

t
M= (0.5 = 0.35) — [ (Ao —av(s) 6. XDy ds and (5.3.23)

1
N

_2<qN¢a %é\[) <¢a %é\[) +

t
N (0. xY) = 020 - [ eV Vo, xY) + 2002 (A0 D)

1

~lane® 2) s (5.3.24)

are FfN -martingales under P* for any p € En. Moreover, Mtd) has predictable quadratic varia-
tion

t
(%), = [ {aV6: Vot an(5)6%, 2 ds. (5.3.25)

From (j5.3.25)), (2.1.4) and Lemma we have for all T > 0,

EF[(MJ)?] <

< (801612 + 14612 #) + 167 g C(d, D, T)?) for e 0.7). (53.26)

5.4 Non-equilibrium fluctuations

In this section, we present the proof of Theorem [5.1.5] the main result of this chapter. Through-
out this section, Assumptions and (Killing potential) are in force. The initial distribu-
tions of the particles are assumed to be i.i.d with distribution ug(z)p(x)dz for some ug € C(D).

5.4.1 Langevin equation

This subsection represents Step 1 towards the proof of Theorem [5.1.5] mentioned at the end of
the Introduction. Recall that Y}V is the fluctuation process defined by (5.1.4). We first answer

question (i) raised at the beginning of this chapter.
Lemma 5.4.1. Whenever a > d/2, we have ytN EH_o fort>0and N > 1.

Proof Since our system is an i.i.d. sequence of sub-processes Zi(N) (see Remark , we easily

176



obtain

[0, 6] = Var@(z™)) < E[6(Z) ()] < (Po?, wo) < uoll (%, 1), (54.1)

Hence for a > d/2 and ¢ > 0, by (5.2.3) and (5.2.5)),

B[V, ZE[% ] < ol 300+ M) < oo (5.42)

k
Then YN € H_, as. O

Remark 5.4.2. The condition o > d/2 in the above lemma is sharp since, in view of (5.2.5)),
Eﬂytjv\%]:oowhenuo:l,qzo and o < d/2. ]

Unlike Uy ), we can check that {U }t>S is a strongly continuous evolution system on H,
with generator {A () Bg )}tZ(]a where A( ) (p) = u(A¢) and Bg )u(¢) = p(gn(t)p); see [24].
Using the fact that A¢y = — A ¢, we have |A(7)u‘2 =31 (14 X)) A2 (u, qbk>2, which is finite if
and only if (by Weyl’s law) |pu|? S+2 s finite. Hence Dom(A™)) = H.15. Since gy is bounded for

each fixed N, we have, as operators on H.,

Dom(AY + BM) = Dom(A®) =, forall N > 1. (5.4.3)
Moreover,
|Ué¥,s):“’|i < e(t_s)ﬁ’\’\,u\gy for some By > 0. (5.4.4)

The next result says that YV solves a stochastic evolution equation in H_,
Y, = (AT + BM )y dt +any,  vo =Y. (5.4.5)

Theorem 5.4.3. Suppose o > dV (d/2+ 1). For large enough N, there exists a r.c.l.l. square-
integrable H_q-valued martingale MN = (M} );>o such that Y satisfies the following two

equivalent statements:
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(i) (Weak solution) For any ¢ € H_qy2 andt > s> 0, we have P-a.s.
t
OF 6o = N Ot [ (AT B 0)_dr+ (Y~ MY, 6)5,40)
(ii) (Evolution solution) Fort > s >0, we have P-a.s.

VN =0 N+ /U(” dMY  in H_. (5.4.7)

Moreover, M has bounded jumps and, for every ¢ € Hao, MY (¢) is a real-valued square-

integrable martingale with M (¢) — M} (¢) = (XN — XN | #) and predictable quadratic variation

(MY (4)), = /0 (aV6- Vo + qn(s)6%, XV ds. (5.48)

Remark 5.4.4. Here fo dM N is the stochastic integral of the operator-valued function
s U( ) with respect to M N on [0,¢]. Its construction and its basic properties can be found
in the monograph [62] of M. Metivier and J. Pellaumail (See also the book by P. Protter [60]
for a more recent and comprehensive treatment for stochastic integration which used the same

approach). Be aware that t — fo dM is not a martingale. However, since MY has a

ts)

r.c.L.l. version and by (5.4.4)), we have fo Ugs) dMY has a r.c.ll. version by the submartingale

type inequality of Kotelenez (cf. [52]). O

Proof (i) and (ii) assert that Y is a weak solution and an evolution solution of (5.4.5)),
respectively. Since Dom(A(*o‘)) = H_q190 is dense in H_,, these two notion of solutions are
equivalent by variation of constant (see Section 2.1.2 of [43]). So it suffices to prove (i).

By Lemma for every ¢ € Domf!er(A),
t
O 0= O+ [ O, A0 = a(906) s+ MY (0, (5.49)

where M} (¢) is a real valued ]-'th—martingale with quadratic variation given by 1)

Note that in view of (5.2.6)), each eigenfunction ¢ is bounded and continuous on D and
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hence is in the Feller generator of A. By Doob’s inequality, (5.2.3)), (5.4.8) and the fact that
E(¢, X)) < (Ps|¢], uo), we have

Y E

k

sup (24 (1) )2]

(0,7]

IN

Z/ th Vh,(f) + gn(s) (h;(ga))Q’ :{ivﬁ ds

T
= oM S+ a0 /0 (a5 - Vo + an(3)62, Pauo), ds.

k

Recall that [, ¢x(z)? o(dz) < C(d,D)(A; + 1) by (5.2.6). Hence

2
lim sup E E [sup MY (h\)
N—voo 7 ![0,1]( v ))

IN

T) fuol| T 3(1+ M)~ (£(6x) + C(d, D) lgll (v + 1))
k

= O ollT 320+ M) O‘()\k+0dD\|Q||(>\k+1))

IN

C(d, D, T) lluoll 1V lal) D et
k

4.1
(1+ )\ (5.4.10)

which by (5.2.5) is finite if and only if @ > d/2 + 1. Hence for a > d/2 + 1, there is Ny > 1 so
that for every N > Ny,

N = ZE [sup (MN(h(a))) ] < 0. (5.4.11)

[0,7]

For ¢ € Ho, ¢ = > 1oy akh,(ga), where a;, = (¢, h,(ca))a. Define M (¢) = Y22, akMtN(h,(f)),
which is well defined in view of (5.4.11]). Moreover, by the Doob’s maximal inequality, M} (¢)
is the L? and uniform limit in ¢ € [0, T] of Zizl ap MM (hgf)). Hence MY (¢) is a real-valued
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r.c.l.l. square-integrable martingale with

E [(M7'(¢))*] < en ) aj = ex|éla- (5.4.12)
k=1

Thus (MY, ¢) := MY (¢) with ¢ € H, determines a r.c.l.l. square-integrable H_,-valued
martingale M. On other hand,

2
sup (MY = MNP, = sup ST+ AT (MY () - ME ()
t€[0,00) t€[0,00) T

2

= sup D1+ (2N (00) - T (00))
te[0,00) T

1 _
N Z(l + M)l onl?
k
< C/N by (5.2.5)), (5.2.6) and the assumption « > d.

This in particular implies that MtN has bounded jumps.

Finally, since Dom(A(=®) = H_ 2, (5.4.6) follows from (5.4.9) provided that o > d/2 + 1.
This completes the proof. O

5.4.2 Convergence of M" and tightness of )V

This subsection represents Step 2 and Step 3 towards the proof of Theorem [5.1.5] By Prohorov’s
theorem, a sequence of H_,-processes { Ry} is tight in D([0,T], H_) provided that it satisfies

the two conditions below:

(1) For all t € [0,7] and g9 > 0, there exists K > 0 such that

lim P (|Rn()%, > K) < &0 (5.4.13)
N—o0
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(2) For all g > 0, as § — 0 we have

2

lim P| sup |Rny(t)—Rn(s)] >eo|—0 (5.4.14)
N—oo | |i—s/<s —a
0<s,t<T

Moreover, (5.4.14)) implies that any limit point has its law concentrates on C([0,7T], H_o). The

following “weak tightness criterion” can be easily checked by using (5.4.13)), (5.4.14)), the Cheby-

shev’s inequality, the metric of H_,,.

Lemma 5.4.5. Suppose {Rn; N > 1} is a sequence of H_q-processes for some a € R such that

for any g9 > 0,

lim P | sup Z (Rn(1), h,(ca)>2 >eo| -0 as K — oc. (5.4.15)
N—oo | tefo,1) K=K

Then the tightness of {Rn} in D([0,T],H_q) follows from the tightness of the one-dimensional
processes {(Rny, h,ga)>}N21 (for all k € N¢).

The following result is Step 2 towards the proof of Theorem [5.1.5

Theorem 5.4.6. When o > d V (d/2 + 1), the square-integrable martingale MY in Theorem
converges to M in distribution in D([0,00),H_o) as N — oo, where M is the (unique
in distribution) continuous H_q-valued square-integrable Gaussian martingale with independent

increments and covariance functional characterized by (5.1.8]).

Proof We first prove the existence and uniqueness of M. Recall the bilinear forms St(q) defined

by (5.1.10). Fix o > d V (d/2 + 1) and define a self-adjoint operator A(t) on H_, by

(At)e™, ¥*) _q =/0 EN (I (p"), T (7)) ds, (5.4.16)

where J : H_, — Hq denote the Riesz representation, i.e. for ¢* € H_, and ¥ € H,, we have
(¢*, ) = (¢, J(¢*)),- Then A(t) is a self-adjoint compact operator on the Hilbert space H_,
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of finite trace because

ST (AR, BT / ED (R, h{™)ds < oo
k
by a calculation similar to . Moreover, (A(t)e*, ¢*)_,, is a positive-definite quadratic
functional of ¢* for every ¢, and is continuous and increasing in t for every ¢*.
Hence (cf. [47] for a proof using Kolmogorov’s extension theorem) there is a unique (in distri-
bution) H_,-valued Gaussian process M on some probability space (Q, F, I~P’) with independent

increments, continuous sample paths, and characteristic functional

B exp (i (i, #°)_) = exp (—3 (A", ) ). (5.4.17)

The tightness of {M*"} and continuity of any limit are implied by Lemma [5.4.5 and ([5.4.10)).

Hence we only need to identify any subsequential limit. Observe that P-a.s. we have

sup ‘MN Mﬁ(¢)’ = sup \/N‘%iv(@ - %ﬁ((ﬁ)‘ < L ol — 0 (5.4.18)
t€[0,7] t€[0,7] VN

and that by Theorem the quadratic variation of M}N(¢) converges to the determin-
istic quantity in probability for any ¢t > 0. These two observations imply, by a standard
functional central limit theorem for semi-martingales (see, e.g., [59]), that {M™(¢)} converges
to M(¢) in distribution in D([0,T],R) for any ¢ € Dom!!’er(A). Finally, since H, has a count-
able dense subset in Dom e (A) (for example, the linear span of eigenfunctions), and since
any subsequential limit of M* is continuous in ¢, we know that the subsequential limit is indeed
M. The proof is now complete. O

Here is Step 3 towards the proof of Theorem [5.1.5

Theorem 5.4.7. The sequence of processes {YN} is tight in D([0,T], H_o) whenever a >

dV (d/2 +2). Moreover, any subsequential limit has a continuous version.
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Proof We first verify (5.4.15) for YV. By (5.4.9), we have

s 0%, 7] < R [0807 + [ 02 Aoas + ([ O ax(s)oas)” + sup (V¥ (0)" |

[0,7] [0,T]

Observe that we have treated the second term and the third term (which involve gy) in the right
hand side in a different way. This is because fOTIEO)éV , qn(5))? ds tends to infinity when ¢ and
ug are strictly positive. The first two terms in the right hand side can be estimated using the fact
E[(YN, ¢)?] < |luo]| (¢%, 1) proved in (5.4.1). The martingale term can be estimated as in (5.4.10)).
For the third term which involve gy, using the fact that (fst f(r)dr)? = 2[; fut flu)f(v)dvdu

and (2.1.4), we can check that

£ [( Jcer dr)2

Combining the above calculations, we have

< C(D,T) o]t —s)*? for N > No(D). (5.4.19)

T L+ A7+ [l67]l + X
N—)ook>K (1 + )\k)

sup (VN mi)?
[0,T]

< O(D, 1) [luoll Y

k>K

which, by and Weyl’s law , tends to 0 as K — oo, provided that a > dV (d/2+2).
We conclude by Chebyshev’s inequality that for YV (in place of Ry) is satisfied if
a>dV(d/2+2).

By Lemma it remains to verify that the one-dimensional processes {()JN , Or); N > 1}
(for all k € N) are tight. Since E[(VN, ¢)?] < |Juo|| (¢2, 1) by , it is enough to show that

lim P| sup \(ygv, or) — (YN, or)| >e0| =0 asd—0 (5.4.20)
N—o0 [t—s|<6
0<s,t<T

for any k € N. Note that (5.4.20) together with (5.4.15) for YV imply that any subsequential

limit of {YV; N > 1} has a continuous version. Since A¢y, is uniformly bounded and ]\//EN (or)

defined by (5.4.9)) converge in D([0,T],R) as N — oo by Theorem it remains to show that
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t
lim P | sup ‘/ (VN an(r)er)dr| >e0 | =0 asd — 0. (5.4.21)
N—oo [t—s|<d s

0<s,t<T

For this, note that even though f(;[ E(gn(s), YN)? ds tends to infinity when ¢ and ug are strictly

positive, we have

E

t 2
( / (VN an(r)9) dr) ] < C(T, D) (t —s)*? for N > Ny(D). (5.4.22)

This can be checked by using the fact that ([ f(r)dr)? =2 [ [! f(u)f(v) dvdu. Hence we have
(5.4.21)). See, for example, Problem 4.11 in Chapter 2 of [49]. O

5.4.3 Convergence of transportation part

The goal of this subsection is to prove the following result, which is Step 4 towards the proof of

Theorem [5.1.5

Theorem 5.4.8. Fora>d+2, as N — o0

UN oI 5 Ugdo in C(10,T], H_o). (5.4.23)

Moreover, U yYo has a version in C7([0,T], H—q) for any v € (0,1/2).

Proof (i) Continuity of the limit. We first prove that Uy. ¢y} has a version in C7([0, 7], H—x)

)

for any v € (0,1/2). Precisely, we will show that for « > d+2 and n € N,

E UU(LO)yO — U(S,O)yoﬁu < Cuol™ ((t—8)*" + [|lg|*(t — s)") whenever 0 < s <t <T,
(5.4.24)

where C' = C(n,d, D, T,«) > 0 is a constant independent of s and ¢. By Kolmogorov continuity
criteria, (5.4.24)) implies the desired Holder continuity.
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From Lemma [5.3.9] we have

ol { (Qoedk — Quosydr) s 1)
luoll C(d, D, T) [|gx[I* (AZ(t = )* + llal* (t = 5)) -

E(U(.0)Y0 — Us0) Vo, o1)°

IN

A

Using the Gaussian property of (U 0y)o — Us,0))0, ¢), the above inequality and the simple
fact (a +b)" < 2™(a™ + b"), we have

E [(Uw0do — U0 Yo, ¢k >2n} = (2n — ! (E [(U(t,O)yO = U500, ¢>2Dn
< (2n—1N2"C™(d, D,T) [luo|"™ |ok|*" (AZ"(t — $)*" + llql*" (t — 5)") .

Therefore, using Holder inequality (>, a;b:)" < (3, /"= 1))” 13>, b7) for non-negative num-

(2’

bers a; and b;, we have for any S € (0, ],

E [0 - U7

- E[( (1+ )" <Utyo—Usyo,¢k>2)”]

n—1

< (Z + )" ) <Z(1 + M) @R [<Utyo — U, ¢k>2"}>
k k
n—1
< C(n,d,D,T)|fuo|" (Z )
k -|— Ak)n 1
2n Hd)kHQn )\277, 2n n H(kaQn
(om0 e - or 2l )
From (5.2.6)), it follows that (5.4.25)) holds true once we choose 5 € (d(ggl) a—%—-2— %)

This choice of § is possible if and only if o > d + 2. Hence the proof of (5.4.24)) is complete.
(ii) Tightness. Next, we show that {U{S{O)yéV} is tight in C([0,T], H_a). Let ¢ = Qé\{tqﬁk -
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Qé\;(bk and {z;}}¥, be i.i.d. with distribution uo(z)p(z)dz. Then

E<Ué¥70)y(])v - Ug,o)yéva ¢k>4 = E<yév7 ¢>4

N 4
= NQIE[ (]17 Zz; (1/;(331) — Nw)) } (where gy == (¥, uo), is the mean of each term)

= SE) — m)] + (Bl )
C(d, D,T) [luoll? s 1* (AL(t = 5)" + llall* (= 5)?) (b Lemma 5.3.9).

IN

Using Holder inequality (3, aib;)™ < (3 an/(n_l))"*l(zi bl') as in step (i) above (with n = 2

[t

here), we obtain

4
sup &£ [‘Uﬁoﬂ’év—Uﬁ,myéV}_a] < Clluol)? ((t— )"+ [lql*(t — 5)%) (5.4.25)

whenever 0 < s <t < T and a > d+2, where C = C(«a,d, D, T) > 0. Inequality implies
the tightness we need, in view of the Kolmogorov-Centov tightness criteria (see [35, Theorem
3.8.8)).

(iii) Convergence of finite dimensional distributions. To finish the proof of Theorem
it remains to show that for any n € Nand 0 <t < --- <, < 0o, we have

L . n
(Ugho)yév, S i O)ygv) s (UoVo, - Ugodo)  in (H_y) (5.4.26)

tny

as N — oo.

For this, it suffices to show that for any 1,--- ,4, € C C C(D),

(O, o8, v1), o (UF B, ) =5 (U0 Po, 1), -+, (Vg 0o, ) in R,
(5.4.27)
where C denotes the linear span of the eigenfunctions {¢y}. This is because C is dense in H,
and the Borel o-field in (H_,)" is generated by the finite dimensional sets.
We first prove ([5.4.27) when n = 1. For notational simplicity, write ¢t and v for ¢; and ;.
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Note that {(Ug{o)ygy : ¢>} is tight in R since by (5.3.9),
supE (U Y, )] = sup (@), wo) — (@ wo)® < [luoll sup (@), 1) < oo

Suppose Z is a subsequential limit of (Ué\t] O)yév , V). We claim that Z £ (U000, ). This
is due to the following two facts: (Y, Qo) £, (Yo, Qo) (by the standard central limit
theorem) and limy_,0 E[(Q, Qé\ftlm -, Q07t¢>} = 0, which follows from

E |04, @) = 08, Quetd’] = ((QB0 — Qoaw)?, wo) — (QB — Qoth, uo)?
< luoll {(Q)¥ — Qost)®, 1) = 0 by (5:3.8),

A

In fact, the second fact implies that (yéV’, Qé\; ) — (J/é\ﬂ, QoY) — 0 a.s. along some sub-
sequence N’, and so by the Lebesgue dominated convergence theorem, EF((Y), Qéﬂ@[))) —
EF((VY', Qosb)) — 0 for any bounded continuous function F.

The proof of for general n € N is the same as that for n = 1, using the standard
multidimensional central limit theorem. So we get the desired .

The proof of Theorem [5.4.8| is now complete. O

5.4.4 fg U sdM, is well defined

As mentioned earlier, we have to make sure that U ) (for s € [0,%]) lies within the class of
integrands with respect to M. We will follow the construction of stochastic integrals with respect
to Hilbert space valued r.c.l.l. square-integrable martingales in [62]. See [25] 43, [66] for more
comprehensive and recent treatments.

We denote by M2([0,00),H_,) the class of continuous square-integrable H_,-valued mar-
tingales with zero initial value. Fix a > d V (d/2 + 1) and recall from Theorem that

M € M2(]0,00),H_) is Gaussian, has independent increments and covariance

E (M, )(M,, )] = /0 e (6,0) dr. (5.4.28)
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where Sr(q) is the bilinear form on H_, defined in . We will omit the filtration when
there is no ambiguity. For example, we simply say that M is adapted rather than ﬁt—adapted
since it is defined on (Q, F, F;, P). For T € (0, ], denote by Bo, 7] the o-field of predictable
sets on O x [0,T]. That is, the smallest o-field making all adapted processes with left continuous
paths measurable (c.f. p.156 of [66] or section 1.7 [62]). When T' = oo, we write B for P -

By a direct calculation,

— 3 [ D) ar 4
=3 | ewaa (5.4.29)

is the unique continuous, adapted and increasing real process such that ‘Mt‘Q_a — [[M]]; is a real
martingale (cf. Remark 2.2 in [43]). [[M]] is called the real increasing process associated to

M. Besides, the operators Qs : H_o — H_, (for s > 0) defined by

(@ (@) p(@
& (h " i)

(Qu(h™), 1) = ;
: S0 0)

(5.4.30)

is called the characteristic operator process associated to M. Clearly, )s is a non-negative
operator on H_, with Tr(A) = 1 where ‘Tr’ means ‘Trace’. As a remark, the operator-valued
process ((M)), = fg Qs d[[M]]s (in the sense of Bochner’s integral) is called the operator
increasing process associated to M and plays an analogous role as the quadratic variation
of real-valued martingales (see Theorem 2.3 in Chapter 1 of [43] for its basic properties).
Following [62], the class of possible integrands for the stochastic integral with M, as integrator
(on the interval [0,77]) can be defined as follows: On the space of Bjg )-simple L(H _,)-valued

processes, we define a scalar product

(A,B):=E [/OTTT(AQS B*)d[[M]]S] , (5.4.31)

where B* is the adjoint of the operator B. The completion of the Pg 7j-simple L(H_)-valued

processes with respect to the scalar product in (5.4.31)), denoted by AQ(’H-(X,‘B[O,T], M), is the
desired class of integrands. It is worth noting that (c.f. p.171 [62]) A?(H_a, Bjo,r], M) contains

188



processes whose values may be unbounded operators.
By section 1.3 of [43], A%(H —a, P71, M) contains the class of all processes (®1);c[o,7] such
that

(i) @, is alinear operator (not necessarily bounded) from /Q; H_, to H_,, such that ®;,1/Q; €
Ly(H—4) is Hilbert-Schmidt for all t € [0, 7] a.s.,

(i) P4/Q; is ‘m()x[o T]—measurable (i.e. predictable), and
(iii) [fo @/ Q|3 d[[M]]: ] < oo where || - ||2 is the Hilbert-Schmidt norm.

Now for any ¢t > 0, the deterministic process (U(tyg))ge[()’t] lies in the class of integrands with

respect to M. This is because on one hand

U0/ Qoll3

Tr <U(t79)Q9U(*t’9)) the trace of U(LQ)QQU(?@)
= Z <U(t,9)Q9U(>;70)(h‘§g_a))7 hl(g_a)ﬁa

k

= > (QaUG 4y (b ™), Uiy (B ™)
k

ok 59(q) (Qo,0) h;(ca))
> &P ()

which is finite provided that ug is not identically zero; and on the other hand, by Lemma [5.3.10]

t
E [ / ||U(t,9>¢@u%dwne]
t
_ zk: /0 E(Qonh™) do

C(d,D,T) ||u0H (t Z Ak + H¢k¢” + H H 253/2 Z ”‘bk” > for t € [O,T]

IN

(14 Ag)e (14 Xg)
< oo fa>dv(d/2+1).

We conclude that for any fixed ¢ > 0, {fos U,0) dMp; s € [O,t} is a continuous, adapted
square-integrable H_,-valued martingale with E [‘ Jo Ui dMg‘ia] >k fo h( )) de.
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In particular, putting s = ¢, we have that f(f Ut,0) dMp is a well defined F-measurable H_ -
valued random variable with finite second moment. Moreover, since M is centered Gaussian

with independent increments, fOt U(,) dMp is also centered Gaussian.

5.4.5 Convergence of stochastic integrals

Our goal in this subsection is to prove the following result, which corresponds to Step 5 towards

the proof of Theorem [5.1.5

Theorem 5.4.9. Fora>d+2 andT >0, as N — o0
t r t
/0 Ul dM;" = /0 Ut,5dMs in D((0,T],Hq). (5.4.32)

Moreover, fg U,y dM; has a version in C7([0,T], H_qo) for any v € (0,1/2).

First, we need the following lemma which is the key for establishing finite dimensional con-

vergence. Lemma also plays a crucial role in the proof of Theorem [5.4.9] Recall from
(5.3.13)) and (5.3.14) that

ED(¢,0) = (aVe- Vi, u(s)), + /a _9vuls)qls) pdo, E\D(¢) = £9(¢,¢), and
EDN(g, ) = (aVe- Vi +qn(s)gp, XY), EDN(g) := DN (¢, ¢).

Lemma 5.4.10. For 0<a<b<T,i=+/—1 and ¢ € C(D), as N — oo, we have

E[exp <z< /b U%S)dM;V, ¢>) ‘]—"C]LV} converges in L*(P) to
exp ( — ;/ab 5S(Q)(Q(5,T)¢)ds> = E[exp (z< /ab U(1,5)dMs, gb>>]

Proof (i) FixT >0 and ¢ € H,. Then

t
K;=KN = </0 Ué\jfﬂ’s)dMsN, ¢) is a martingale for ¢ € [0,T7.
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Let AK, := K, — K,_ denote the jump of K at time r. Then by (5.4.18) and (5.3.9)),

sup |AK| < sup [|Q87oll/VN < |gll/VN. (5.4.33)

rel0,T] s€[0,T]

Moreover, by Theorem the dual predictable projection (K) of the quadratic variation [K]
of K is
t
(K), = /0 EDNQN [ )ds  for t € [0,T), (5.4.34)

By a similar argument as that for Hy(t) in the proof of Lemma m (using an inequality in
Remark |5.3.11f), we have lim supN_moE[(K)g] < oo for every integer k > 1. Observe that
nt := [KJt — (K), is a purely discontinuous martingale with jumps Any := n; — ne— = (AK)?.

It follows from (5.4.33) that E[n2] = E [ZO<S§T(Ans)Q] < 6PN E[K]z = ||¢]2N L E(K ).

Hence
E[[K}] = E [((K)p +nr)?] < 2B [(K)3 +n}| < 2B(K); +200IPN ' E(K);  (5.4.35)

which is uniformly bounded in N, by Lemma [5.3.10]

Let f(r) == ¢", g(r) = EY(Qure). and gn(r) = EPN(QNp¢). Fix a € [0,T], and
set hy(t) = E[f(Kt — Ka)\}"év] and h(t) := exp(— %fig(r)dr). Note that h(t) = 1 —
%fj h(r)g(r)dr. We claim that

1 t
hny(t)=1-— 2/ hn(r)g(r)dr +en(t) with sup |en(t)] — 0 in L'(P). (5.4.36)
a t€[a,T]

By Gronwall’s inequality, the above equations yield

it =00 < (s [en () )exo (5 "ot

and hence hy(t) — h(t) in L'(P) as N — oo. On other hand, since M is Gaussian with indepen-

dent increment, <fab U(5)dMs, ¢) is Gaussian with variance f; &s(q)(Q(S’T)cb)ds (see subsection
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5.4.4/in the Appendix). Thus we have exp (—% f; qu)(Q(s’T)gZ))ds) =E [exp (z< ff U s dMs, ¢>)}
This proves Lemma |5.4.10{ once the claim ([5.4.36]) is verified. We now prove (5.4.36)) in the next

two steps.

(ii) By It¢’s formula (see, e.g., Theorem 36 in [66, Chapter II]),

t t
FE) = 1+ f’(K,,,)dKT—i—% P VK],
0+ 0+

b 30 (080 = )~ (AR, = LK BK R (430

0<r<t

Hence for t € [a, T,

VB | 3 (080 = ) = 0 )BK, - (R (OK ) |7
0<r<t
L[ 0 @)
— f) - | [ s gmar| 7Y |+ 0+ D,
a+
where
t
W0 = 55| [ 1w - awenalE]
a+
D) = B { S (06) = 106 = 0 )BK = 37O ) |7
0<r<t
We have used and the fact that f” = —f in the last equality.
Dividing both sides by f(K,), the above calculations give
L V) +R0)
h(t) =1 /a+ (o) + NN, (5.4.38)
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Since |f| = 1 and |e?® — 1 —ia + a?/2] < |a|?/6, we have by (5.4.33))

2) N Izl N ]l N
‘aN (t‘ = [o«Z@‘AK' ‘]—" ] \/NEL«Z@ (AK,) ‘]—“ ] o [K]T’fa}_
Since E[K|r = fo )]ds — fo s)ds, we get limy o E [SUPte[a,T] |5§\27) (t)q —0.

For 55\}), we let 1/1(7“) = Q(T’T)gb and wN(T) = Q(T,T)¢ for simplification. Since |f| = 1, triangle
inequality gives

2 sup ‘ES\P (t) ‘
tela,T]

< E[/aTuaw-w u(r)), — (@Vy - vy, %M\dr)fév]

+

T
+E[/ [(aVy - Vi —aViy - Vi, 3€iv>\dr]fév]

+
T
L
a+

+ sup
t€(a,T]

WPa(r)u(r) pdo — (Whax(r), ur), | dr

[ [ ) (Whan(r) ur,  Wha(r), 1) ar | 2] | (5429

The expectation of the first term on the right hand side of (5.4.39)) tends to zero by the
hydrodynamic result (Theorem |5.1.4). The expectation of the second term is at most

T
IE/ {[aVy - VY — aVyy - V|, XN) dr
a+

< /; (Pr(|avVe - Vi — aVw - Vinl), o), dr

< ool [ (a¥e Vo - Vi V], 1), o

= luoll /i (|aV( = 4n) - V(§ +¢n)|, 1) dr by symmetry of a

< ol / i VEW —on)E(G T ) dr by Cauchy-Schwarz inequality .

This last quantity tends to zero as N — oo by Lemma and Lebesgue dominated convergence
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theorem.

The third term (which is deterministic) on the right hand side of ([5.4.39) converges to zero

as N — oo by Lemma and the uniform convergence (5.3.8]).
(iii) It remains to show that the forth (and last) term on the right hand side of (5.4.39)

converges to zero in L!'(P). This term can be written as

t t
s [ [ st yatin - [ sy acae| 7] | (5.4.40)
te(a,T] a+ a+
where
t t
Hy(0) = [ (Whan(), 2 dr and G = [ (whan(), ur), dr
a+ a+
We have by Lemma [5.3.3
P
lim E ( sup |HN(t)—GN(t)|) =0 forevery p>1. (5.4.41)
N—o0 te[0,T]

In view of and (5.4.33), it suffice to show converges to zero in L(P) with f(K;)
replaced by f(K;) =1+ f(er (K- )dK, + 3 f(er " (K,_)d[K],. Furthermore, since Hy(t) and
G (t) have bounded variations, by an integration by parts (see, e.g., Corollary 2 in [66, Chapter
I1]), we have

+ +
t B t N
[ fwdant) = fupono - [ ovais)
a+ a+
On subtraction, it suffices to show
E[ sup | F(K) (HN(t)—GN(t))”fﬂ and (5.4.42)

t€la,T]
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sup
tela, T

5| [ " (Hy() - Gu () £ K], 7] ] (5.4.43)

+

both converge to zero in L!(P).

Since |f] =1, |e® — 1 —ia + a®/2| < |a]?/6, we have by (5.4.33) and (5.4.37)),

; ; ¢l [K]r

sup |f(Ki )l < sup (IF(Ke)| + 1 f(Kio) = F(K)l) <1+ .
t€[a,T] tela,T) ( 6vV N

Hence (5.4.42) converges to zero in L'(P) by (5.4.35) and (5.4.41]). Finally, the expectation of

(15.4.43)) is at most

1/2
E | sup [(Hn(r) = Gn(r)| ([K]r — [K]a)] < <E [ sup (HN(T)—GN(T))QD (& [[K3])"?,

tela,T| t€(a,T]

which goes to 0 as N — oo by (5.4.35) and (5.4.41). Hence by (5.4.39), sup;c( 1] ]55\1,) )] —0
in L'(P). We then conclude from (5.4.38) that (5.4.36]) holds. The proof of the lemma is now

complete. O

We can now present the proof of Theorem [5.4.9

Proof of Theorem

For notational convenience, we let Jy(t) := [ Ua’ﬂ") dMY and J(t) = [ Uy dM,.

(i) Continuity of the limit. In the Appendix, we checked that J(¢) is a well-defined H_,-
valued Gaussian random variable. We now prove that J(-) has a version in C7([0,7], H_,) for
any v € (0,1/2). By Kolmogorov continuity criteria, it suffices to show that for a > d + 2 and
n €N,

E||J(t) — J(s)]%’fx} < C(t—s)" whenever 0 <s<t<T, (5.4.44)

where C = C(n,d, D, T, a) |lug||™(1V ||q|)** > 0 is a constant.
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Note that for ¢ € C(D),

() = J(s), /U”de /U” U dMs, ).

which, as the sum of two independent centered Gaussian variable, is a centered Gaussian random

variable with variance

V;t((bk) :_/ g(q (Q rt)¢k Cl’f'—i—/ gq Tt)¢ Qrs ¢k)

By Lemma [5.3.10] we have

E[(J(t) = J(s), 6)*"] = (20— D (VE(ow)"
< C(nd, D,T) uol"(1V [lal))™ (1v A)*" flgn > (¢ 5)"

forany 0 < s <t < T and k € N. Applying Holder inequality (>, a;b;)" < (>, /") )” Ly, o),

(2’

we have for any S € (0, o],

n—1
< (Za + Akrf—’?) (Zu + )OI () - J(5), b >2"}>
k
R S AN R T .
¢ <Z ‘*") (ZI; (1 + )P > (8 =)™

It follows from (5.2.6|) that (5.4.45)) holds true if we choose 5 € (d(g_l), a— %l —-2- %) This

IN

choice of § is possible if and only if a > 2 + d.
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(ii) Tightness. We will show that there exists Ny = Ny(D) such that for o > d + 2,

sup E [[Jn(t) — In(s)[La] < C(t - s)? (5.4.45)
N>Nop

whenever 0 < s <t < T, where C = C(d,D, T, «, ||ugl|, ||g|]]) > 0 is a constant independent
of N, s and t. By the Kolmogorov-Centov tightness criteria (see [35, Theorem 3.8.8)), (5.4.45)
implies tightness of {Jx}n>1 in D([0,T], H_q).

Using Hoélder inequality (3, aib;)™ < ( n/ n=l) )” L2, b1) (with n = 2) and the condition

a > d+ 2 as in step (i) above, it suffices to show that

sup E [<JN(t) —In(s), b >4] <OV loell* (£ — s)? (5.4.46)
N>Ng

forany 0 < s <t <T and k € N, where Ny = Nyo(D) and C = C(d, D, T, ||luol, ||ql])-
We now prove (5.4.46)) by first writing

In(t) /Ut,,) (STdMN /U dMY.

Fix ¢ and s < t. Observe that

. N
w = / Utr) (57‘) dM ’ ¢k>

is a martingale for w € [0, s]. As in ([5.4.33)), the jump size A"y, :=T"y, — I'y,— satisfies

sup [ATy| < sup [|QYér — Qudxll/VN.

we(0,s] r€[0,s]

Moreover, by Theorem the dual predictable projection (I') of the quadratic variation [I]
of I is

/ glN M — Qé\r[,s)‘lsk) dr for w € [0, s],

where &7 (4,4) := (aVe - Vo + qn (r)dp, XN) and EPV(¢) := £V (4, ¢). Therefore, by
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Burkholder-Davis-Gundy inequality for discontinuous martingales (see the remark after Theorem

74 in Chapter IV of [66]), we have E[T'4] < ¢E[[[']?] for some absolute constant ¢. Hence, argue

as in (5.4.35)), and then by Lemma |5.3.10] and Lemma we obtain

E[T{] < cE[[I];]

s

N AN 4 112
< o9z (E[ <F>§] . SuPy¢o,s] HQT,]t\?k Qr,s¢k“ E[<F>S]>
lokll*(AZ(t = 5)% + (t = 5)
< ey + oI N ) (38 + lul + Xlul®) ¢ - 9.

where C' = C(D, T, |Juo||, ||q|l) > 0 Estimating E[(T')?] by the argument we used for H% (t) in
the proof of Lemma (via an inequality in Remark |5.3.11)), we see that

B ([0, - o, o, )|~

is bounded above by the RHS of (5.4.46) for N > Ny(D).

Similarly, by consider the martingale

/ Ul dy, ¢k> w e [0,t— s;

and by using Lemma|5.3.10, we can check that E{ f U(t " MY, ¢k>4} = E[(©:—5) is bounded
above by the RHS of (5.4.46) for N > Ny(D).

(iii) Convergence of finite dimensional distributions. As in the proof of Theorem

5.4.8) it suffices to show that as N — oo,

(TN, D), (TN () n)) = ((J(t1), 1),y (J(tn), W)  in R® (5.4.47)

for any n € N, 0 <t <--- < t, < ooand {¢;}}_; C C(D).
For n =1, fix t > 0 and ¢ € C(D). Note that § — fo UN dM , ¢) is a martingale for
0 € [0,1], with jumps size at most supye 4 |MN( 0, t)gb) —Mé\i( (0,t)¢)| < |l¢ll/V'N, by 1'
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and (5.4.18)). Hence by the functional central limit theorem for real-valued martingales (see

1591).

{(/ U] ydMY, ¢); 0 € [O,t]} £, {(/OQU(tVS)dMS, ¢); 0 € [O,t]} in D([0,],R)
(5.4.48)

as N — oo.

For an integer n > 1, (5.4.47)) follows from Lemma|5.4.10| and the towering property
EZ = EE[Z’ftl] = EE[E[Z’ftQ]’ftl] = for 0 S i S to S t3 S

We illustrate this for the case n = 3; the proof for the general case is the same. The Fourier
transform

E[exp <i;ak<JfZ, ww)] _

t1

o (1Yol

[p(z A
o (i | 7|

We then apply Lemma, three times successively, starting from the inner most term involv-

ing Fi,. Hence we have convergence (5.4.47]).

The proof of the lemma is complete. O

Ul dm, ¢]>>

t2

) Ul du, ¢j>)

U 00)| 7]

5.4.6 Characterization of Y

Let Y be any subsequential limit of Y. By Theorem Y has a continuous version in H_,

for every a > d V (d/2 + 2). It follows from Theorems [5.4.3] |5.4.8| and [5.4.9| that we have

t
Y £ U(tp)yo +/ U, dMg, in D([0, T],H-0q). (5.4.49)
0
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Theorem 5.4.11. The limiting process Y is a continuous Gaussian Markov process that is

unique in distribution. Moreover, Y has a version in C7([0,00), H_q) for v € (0,1/2).

Proof Since M is Gaussian, fot U(ys) dM; is a Gaussian process by the construction of the
stochastic integral. On the other hand, U)o is a Gaussian process and is independent of
fg U y,s) dM; since M has independent increments. Therefore ), as the sum of two independent
Gaussian processes, is a Gaussian process.

The Markov property of ) is basically due to the independent increments of the differentials;
see section 5.6 of [66]. For reader’s convenience, we give a proof that ) is a Markov process with
respect to its own filtration 7Y := (Y, : r < t) = o ((Vr, @) : 7 < t, ¢ € Hq). We in particular

have from (5.4.49)) that for s <t
c t
Vi= U(w)ys + / U(t,r) dM, in H_,. (5.4.50)
Together with the fact that M has independent increments, we have

Cov({Vs, 9), (Vi 4)) = Cov((Vs, 8), (U, Vs, 9)) (5.4.51)

for all s <t and ¢, ¥ € Hy. To show that Y is Markov, note that together with the
fact that U oY, € FY yield E[F(V))|FY] = F(UYs) for all F € Cy(H—s). Using
and the fact that U 4)Ys € 0(Ys), we obtain E[F (V)| Vs] = F(U5)Ys) for all F € Cy(H_qa).
This shows that ) is Markov.

The Holder continuity of Y follows immediately from Theorem and Theorem O

The proof of Theorem [5.1.5|is now complete. O

5.4.7 Appendix: Reflected diffusions killed by local time

Suppose now, instead of being killed by ¢y, that ZZ-(N) = Z; is the subprocess of X; killed by

2 f(f q(s, Xi(s))dLgi) for all N. In Remark (ii), we claimed that Theorem and Theorem
remain valid. The claim that Theorem [5.1.4] remains true is easy to be verified. We now
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provide some details to support the claim that Theorem [5.1.5| remains valid.

By the same proof of Lemma [5.3.12] we have the following:

Lemma 5.4.12. Fiz any positive integer N. For any ¢ € DomFe”e’"(A), we have under P* for

any pr € En,
t 1 Nt )
M= &) =0 - [ o a5 Y [ als 2oz a
=1

15 an FfN—martingale under P* for any u € En. Moreover, Mf has predictable quadratic

variation

t

t N
<M¢>t=H | (avo Vo, xyds + }V; [ ot 2Nz ars |

Moreover, still holds for this new martingale.

Starting from the above lemma, we just need slight modifications in the proof of Theorem

It is easier in this case since now we have QY = @ and UY = U. Note that in the proof of
Lemma [5.4.10}, the expressions Hy (t) and Gy (t) in (5.4.40]) should be replaced by, respectively,

1o [ 2 rzi i\ g7 ¢ 2
N;/O v (Z})q(r, Z}) dL;, and /0 8Dw (2)q(r, z) u(r, 2)p(2) do(z) dr.

In addition, we should also use the following lemma rather than Lemma [5.3.3

Lemma 5.4.13. Let {¢(r) : v > 0} C C(D) be such that sup,~q ||¢(r)|| < oo. For any p > 1,

we have

A}iinooE [( sup é/otgt(r, ZH)dL:. — /Ot - o(r, 2) u(r, z) p(z) do(z) dr‘)p] =0.

te[0,T

The proof of Lemma is the same as that of Lemma
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Chapter 6
FLUCTUATIONS FOR INTERACTING DIFFUSIONS

In this chapter, we prove the fluctuation limit for the annihilating diffusion model introduced
in Chapter 4. To focus on the fluctuation effect caused by the interaction on the interface I, we
assume the harvest sites are empty in this chapter. All other assumptions in Chapter 4 remain

valid in this chapter. As a reminder, we have the following assumptions.

Assumption 6.0.14. (Geometric setting) D+ are given adjacent bounded Lipschitz domains in
R? such that I := Dy ND_ = 0D, NOD_ is a finite union of disjoint connected He'-rectifiable
sets. p+ € W(1’2)(Di) NC(D+) are given strictly positive functions, ax = (aiﬁ) are symmetric,

bounded, uniformly elliptic d x d matriz-valued functions such that aiﬁ € WH2(Dy) for each i, j.

We also denote

d
1 1 0 i 0
+._ . — Yy =
to be the infinitesimal generator of an (ay, py)-reflected diffusion.
An example to keep in mind is when Dy = (0,1)¢ and D_ = (0,1)%! x (0,—1) are two

adjacent unit cubes, the functions p1 = 1 are constants and aL are the identity matrices. The

interface is then I = (0,1)%~! x {0}, and we have A = IA.

Assumption 6.0.15. (Parameter of annihilation) Suppose A € C4(I) is a given non-negative
continuous function on I. Let N C(Dy x D_) be an arbitrary extension of \ in the sense that

/)\\(z, z) = A(z) for all z € I. Note that such X always exists.
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Assumption 6.0.16. (The annihilation potential) We choose {{s5: § >0} C Cy(D4 x D_) in

such a way that ls(x,y) < Ay §d)+l 1;5(x,y) on Dy x D_ and
hmHE D ‘ —0 (6.0.1)
o Cqrq 041 Pllapixpy o

where 10 := {(x,y) € Dy x D_: |z — 2|2 +|y—2|> < 6% for some z € I} and cqy is the volume
of the unit ball in R4,

See ([1.2.3) in Introduction (Chapter 1) for the motivation for the definition of ¢5. Intuitively,
if N is the initial number of particles, then § = ¢ is the annihilation distance and I° controls
the frequency of interactions. As remarked in the Introduction (Chapter 1), we need to assume

that the annihilation distance d does not shrink too fast. This is formulated in Assumptions

6.0.17 and 6.1.11

Assumption 6.0.17. (Annihilation distance for functional LLN) lim ian_woNdf\, € (0,00],

where {0n} C (0,00) converges to 0 as N — oo.

With the above assumptions, we let (3€N +xN 7_) be the normalized empirical measures for
the annihilating diffusion system defined in in Chapter 4. The main result of Chapter 4,

Theorem |4.3.1] implies that we have

Theorem 6.0.18. (Hydrodynamic Limit) Suppose Assumptions |6.0.14) to [6.0.17 in the
above hold. If (%év’+, 36(])\[’7) £, (ug () p4(z)dx, uy (y)p—(y)dy) in My(Dy)x My(D_) as N —

00, where uf € C(D+), then
(N, 2%7) Ly (u (1, 2)ps (2)de, u(t,)p()dy) in DO, T), M, (Dy) x My (D)

for any T > 0, where (uy, u_) is the probabilistic solution (see Remark of the following
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coupled heat equations

8;—; = ATu, on (0,00) X Dy

5 (6.0.2)
ﬂ:iuul on (0,00) x 9D

81/_.;_ P+ +W— {1} ) +

and 5

% =A u_ on (0,00) x D_

AN (6.0.3)
5 = P uru—lgpy on (0,00) X 0D_,

with initial value (usr,ua), where UV 1= ax7i4 is the inward conormal vector field of 0DL.

Remark 6.0.19. The notion of probabilistic solution in Theorem [6.0.18] follows that of Defini-
tion in Chapter 4. Precisely, (u,, u_) is the unique element in C([0, 00) x D) x C([0, 00) x
D_) satisfying

qu(t,m):Em[ug(X;r) exp(—/ot(AU)(t—S,Xj)dLj)] ( )
6.0.4

wtto) =8 [ () e (= [ Qe =7 ) |

where L% is the boundary local time of the reflected diffusion X* on the interface I. Proposition
in Chapter 3 guarantees the validity of the previous assertion. In this chapter, (u4, u_)
always denote the probabilistic solution of the coupled PDEs (also known as hydrodynamic

limit) in Theorem [6.0.18 O

The fluctuation field in D4 is defined by
VIH(0x) = VN (275, 62) — B(X,",61)) for ¢ € L2(Ds),

where <Z{;N % 1) is the integral of an observable (or test function) ¢ € L2(D4) with respect
to the measure %iv o+ Intuitively, if ¢, = 1f is an indicator function of a subset K C D, then

<%iv ¢, is the mass of particles in K (which is the number of particles in K divided by N).
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In this case, ytN ’+(¢+) is the fluctuation of the mass of particles in K at time ¢t. Our object of

study in this chapter is the fluctuation process defined by
2N = YNt e YV = (T @ ¥ ez, (6.0.5)

where YT @ YV (¢4, 0-) == YV (64) + V) (o).

Remark 6.0.20. We do not lose any information (in terms of finite dimensional distributions)

by considering YN+ @ YN rather than (va+, yN’—). This is because the distribution of

(@YF, Y90, - DR (5. D (90) ) € @D,

is determined by that of
(thlv, ZN zgg) e (H_o)",

where k € N, {fi} C HZ and {g;} C H, are arbitrary. O

As in Chapter 5, it is nontrivial to describe the state space of Z" in which weak convergence
makes sense. For this, we adopt the functional analytic setting developed in Chapter 5 to each

of D and D_.

Functional analytic framework

We denote by {¢;} the complete orthonormal system (CONS) of

1
AT = — V. (prarV
N ( )
in 3'-[0i := L%(D4, p+) consisting of Neumann eigenfunctions, and —)\f the eigenvalue corre-
sponding to qﬁf (i.e. Ai(ﬁ,f = —)\If (bki), with 0 < )\{E < Af < )\gt < ---. Moreover, for v € R,

’}-[7i is the separable Hilbert space with inner product (, >i constructed as in Chapter 5, which

:
has CONS {h{% .= (1 + A5) /2 ¢F1,
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Now for a > 0 and (u*, u=) € H', x H_,,, we define u* @ u~ by

+@/'L (¢+7¢ ) = </’L+7¢+>++<:u'77¢—>77

where (, ), is the dual paring extending (, >0i Equip H_, := {puT @ pu~ : pu € HE,} with the

inner product
wrop,vtovT) ="y

Then H_,, is a separable Hilbert space which has CONS {( —et , 0)} U {(0, h( @) ")} and

hence has norm given by

1 1
2 + \2 — 2
@ ‘= —(u™, + — (", . 6.0.6
o= 3 (e o e o) 608)
Remark 6.0.21. As a matter of fact, H_, is equal to the set of linear functionals on H} x H,

where H} x H is equipped with the natural linear structure inherited from H. O

For a general bounded Lipschitz domain D C R¢, the Weyl’s asymptotic law for the Neumann
eigenvalues holds (see [63]). That is, the number of eigenvalues (counting their multiplicities)
less than or equal to =, denoted by §{k : \x < x}, satisfies

lim i{k: A\ < a}

T—00 xd/2

=(C for some constant C' = C(d, D) > 0. (6.0.7)

Moreover, we have the following bounds for the eigenfunctions proved in (5.2.6)) in Chapter 5:

d/4

lorll < C X/ and ¢Pdo < C (N +1) (6.0.8)

oD

for some C' = C(d,D) >0

The following lemma tells us the space in which the fluctuation processes ZV live.

Lemma 6.0.22. Suppose that Assumption holds and that the initial position of particles
in each of D are i.i.d with distribution uojE € C(D4). Then for any a > d, t >0 and N > 1
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we have ZY € H_,.

Proof Fix any integer N > 1 and ¢t > 0. We have, by definition,

B (0] = N (Elto 27 - (Elio. 2" ))" ) < N ol

Using the definition of the norm | - |_4 is defined in , we have E[|Z}V|2,] < oo provided

that
Z< 5 112 N 5 117 > -
o —\a 0,
e (IT+X0) (I+X,)
which is true if o > d, using the Weyl’s law (/6.0.7)) and the bound (6.0.8]). O

Suppose the initial position of particles in each of D4 are i.i.d with distribution ua—L € C(Dy).

It is easy to check that if & > d/2, then Z(])V € H_,; furthermore,
L - .
2V =2Zy=Yf @Y, inH_,, (6.0.9)
where yg—L is the centered Gaussian random variable in Hfa with covariance

E V5 (@)Y5 ()] = (0, ug),p, — (6,45 ), (W, u5),,

Here (¢, ¥),, = fDi #(x)Y(z) p+(z)dx is the inner product of L?(D+, p4(x)dz). Our main
goal in this chapter is to show that the sequence of processes {(Z}")i>0} converges as N — oo,

and to characterize the limit.

6.1 Main result and key idea of proof

For our fluctuation result (Theorem [6.1.2) to hold, we need the following assumption on {0}
which is stronger than Assumption roughly speaking, we require 0 to decrease at a slower
rate so that the fluctuations in D4 propagate through D_. This is a high density assumption

for the particles.
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Assumption 6.1.1. (Annihilation distance for functional CLT) liminfy .o N 03¢ € (0, 00],

where {0n} C (0,00) converges to 0 as N — oo.

Before stating the fluctuation result, we first define an evolution operator (see [24]) {Qs ¢ }s<t
as follows: Fix any ¢+ € C(D4) and t > 0. Consider the following system of backward
heat equations for (v*(s,z), v (s,y)) (for s € (0,t)) with terminal data v*(t) = ¢+ and with

nonlinear and coupled boundary conditions:

_ OvT (s, )

9s A" (s,z) on (0,t) x Dy
(%;(;r’z) = A(2) <v+(s,z) + v‘(s,z)) u—(s,2) p—(2) 1qp on (0,t) x 8D, o1
a W =A"v(s,9) on (0,t) x D_ -
W = A(2) <v+(s,z) + v‘(s,z)) uy (s, 2) p1(2) 1yn on (0,t) x dD_,

where (u4, u_) is the hydrodynamic limit in Theorem [6.0.18} 7i4 is the inward unit normal of
Dy and 17y is the indicator function on the interface I. Let Qs ¢(¢4,¢-) := (v"(s),v™(s)) be

the solutionﬂ for and define
(Utei) (45 6-) = i1 Qual@+,6-))

for « >0, p € H_, and (¢4, ¢—_) whenever Qs (d+,¢—) € HE x H,.

We are now in the position to state our main result in this chapter.

Theorem 6.1.2. (Fluctuation limit) Suppose that Assumptions|0.0.14) to|6.0.160 hold, and

that Assumption holds. Suppose the initial position of particles in Dy are i.i.d with distri-
bution uT € C(D+). Then for any T > 0, there exists a constant C = C(Dy, D_,T) > 0 such
that

2ZN £y 2 in D([0, Tp), H_q)

!See Proposition for the existence and uniqueness of solution for (6.1.1) in C([0,¢] x D1) x C([0,#] x D).
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fora>d+2, where Ty := T A (||ud ||V lug |) "2 C and Z is the generalized Ornstein-Uhlenbeck
process given by

t
2 £ U020 + / U dM, in D([0, To], H_q). (6.1.2)
0

In , M is a (unique in distribution) continuous, square integrable, H_,—valued Gaussian

martingale with independent increments and covariance functional characterized by

N (<a+v¢+'v¢+, ui(s)),, + (aVé_ - Vo, u_(s),.

# [ M6s 4 0P 6 (5) pi - da) ds,  (6.13)

where (M (¢4, ¢-)), is the predictable quadratic variation of the real martingale My(¢p+, ¢—), the
pair (u4(s), u—_(s)) is the hydrodynamic limit given by Theorem and Zy := Y @Yy is the
centered Gaussian random variable in defined on the same probability space (Q, F, Fi, HND)
as M, with {M, Yy, Vi } being independent.

Remark 6.1.3. Observe that the representation of Z tells us that Z is the sum of
two independent Gaussian processes, hence is Gaussian itself. The covariance structure of Z is
completely characterized; hence the distribution of Z in D([0, Tp], H_,) is uniquely determined.
Moreover, the coupled PDE describes the ‘transportation’ for the fluctuation limit Z,
and M defined above describes the ‘driving noise’. Formally, (6.1.1]) is obtained from ,

and (6.1.3) is obtained from (6.1.5)), both by letting N — oo. O

As mentioned in Remark the limiting process Z is a Gaussian. Moreover, we obtain

the following properties for the limiting process:

Theorem 6.1.4. (Properties of Z) The fluctuation limit Z in Theorem s a continuous
Gaussian Markov process which is uniquely determined in distribution, and Z has a version in

C7([0,To], H_y) (i-e. Hélder continuous with exponent «y) for any vy € (0,1/2).

We omit the proof here, since it follows from that of Theorem in Chapter 5 and the

estimates that we develop in the preliminary section. Roughly speaking, the Makov property
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follows from the evolution property of U ;) and the independent increments of the differentials.
In particular, the exponent of the Holder continuity for Z follows from Lemma and Theorem
0.0.0

Remark 6.1.5. (i) Observe that the limiting process Z = YT @ Y~ for some process Y* in
H“_—La when « is large enough, since it has state space in H_,. Theorem implies that
V(o) + Y (p-) : t>0,¢1 € HE, ¢ € H,} is a Gaussian system. Since we can

choose ¢+ to be identically 0, we can strengthen the previous statement to be:

(Vi (o), V), Vi, (01), -+, Vi, (0))

is a centered Gaussian vector in R¥* for any k,¢ € N, {s;}¥_, c [0,7], {t]}] , € [0,T7,
{¢; iy C ML and {7}, C H,.

(ii) Moreover, M can be decomposed as

MEMT &M~ inC([0,Tp], H_q),

where M* = (M;F);>0 is a continuous HE-valued Gaussian martingale with independent

increment and with covariance functionals

t
(M*(¢)), = /0 (a1Vo - Vo, uy(r /Mﬁ u4(r)u—(r) p4 p— do dr,
t
O = [ @ Ve w0, + A0 pp-dodr and

SNt
E[M (6) My ()] = /0 Jrovuoyu-)pip-doar
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Idea of the proof

Our starting point for the study of fluctuation is the following result proved in Chapter 4. Let

us recall it here for the convenience of the readers.

Lemma 6.1.6. For any ¢+ € Dom(A¥), we have

<¢+7xi\[7+> + <¢—7%i\[7_> - <¢+7%év’+> + <¢_7xé\/,—>
t
_/ <A+¢+7 %é\]’+> + <A7¢—7 %é\[’i> - <€5N (¢+ + ¢—)7 %LZGV’JF ® %:]9\[77> ds
0

. N+ xN,—
18 aft(x X

-martingale with predictable quadratic variation

1 [t _
N/O (@, V61 - Voy, X 4+ (aVo_ - Vo, xV)
Ly (b1 +0-)%, X @ x07) ds.

Here (p(x,y), p*(dx) @ p~(dy)) == §z 25 25 (@i, y;) when p= (5 30, Lays 3 25 Ly,)-

Recall that Z}N¥ := tN g ytN . Hence Lemma reads as
t
zN _zlV = / AzN — KN ds+ MY, (6.1.4)
0
where

AH’(¢+7¢*) = M(A+¢+a A_¢*)a
KN (64,6-) 1= VN ((lsy(01 +0-), XN @ XN7) — Elllsy (64 +¢-), X" 0 X)) ).

.Ft(prF?xN,f)

and M (¢4, $_) is a real valued -martingale with predictable quadratic variation

t
MV (61, 6.)), = /0 (a Vo - Vor, XNF) 1 (a_Vo_ - Vo_, D7)
Loy (1 +0-)%, XV @ X)) ds. (6.1.5)
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Key step in the proof: The key is to rewrite (6.1.4)) as
t t
ng—zévz/(A—Bgv)zgvder/(BﬁVZ;V—K;V)ds+MgV, (6.1.6)
0 0
in which

B (¢, 0-) 1= i Loy (b + 6), [T, (b (b1 +02), f1),) (6.1.7)

is inserted to, roughly speaking, project K onto the image of ZV. Here (fT, f7) := (f¥F, V)
is defined to be the unique element in C([0,00) x D) x C([0,00) x D_) satisfying the coupled

integral equations

@) = Brug@) = [ R (550 [ ooy ) @)ar

b= (6.1.8)

= - [ (50 [ taes @) o

where Pi,, acts on the dot variable. The existence and uniqueness of (f*, f~) can be checked by
the same fixed point argument as that for (ui,u_) in Proposition We will show (in Lemma
that (fNF, fV7) converges to (uy, u_) as N — oo. Intuitively, both (fVF, fV~) and
(uy,u_) are approximations to (X™:=, XV:7), but (fNF, fV:7) is a better one.

The hardest part is to show that, in an appropriate sense,
¢
/ BN zN — KN)ds — 0 when N — oo;
0

that is, we can replace [ KN ds by i BYN2ZN dsin . This is basically step 6 in the ‘Outline
of proof’ below.

We discovered the formula of BY by, roughly speaking, projecting KV onto the image
of ZY. This inspiration comes from the well-known Boltzman-Gibbs principle in mathematical

physics. The principle says that the fluctuation fields of non-conserved quantities change on a
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time scale much faster than the conserved ones, hence in a time integral only the component
along those fields of conserved quantities survive. This idea leads us to reasonably hope that
fg (BYzN — KN)ds — 0, which is confirmed in Theorem m Analytically, the proof of
fg(BgZﬁV — KN)ds — 0 stems from a ‘magical cancelation’ (see (]6.4.21[) and (]6.4.22[) in the

proof of Theorem for the first two terms of the asymptotic expansion of the correlation
functions.

The Boltzman-Gibbs principle was first formulated mathematically and proven for some zero
range processes in equilibrium in [8]. Although this principle is proved to hold for few non-
equilibrium situations (see [6] and the references therein), it is not known whether it holds in
general. The validity of the principle for our annihilating diffusion model is far from obvious,
since there is no conserved quantity. An intuitive explanation for the validity here is as follows:
the high density assumption (Assumption guarantees that the interaction near I changes
the occupation number of the particles at a slow rate with respect to diffusion (which conserves
the particle number). In other words, the particle number is conserved on the time scale that is
relevant for the principle. Hence we are not far away from equilibrium fluctuation.

For our annihilating diffusion model, the transportation component of Z in Theorem [6.1.2
described by , can be view as a ’linearization’ of the hydrodynamic equation in Theorem
6.0.18] This is consistent in spirit with the results of [6], BT, 53], [54], in which the transportation
component of the fluctuations of certain stochastic particle systems around the chemical reaction
equation %7; = 2Au+ R(u) were shown to be ‘?9—7; = 2Au+ R'(u), where R(u) is a polynomial
in u and R'(u) is its derivative. A bit more precisely, the fluctuation limit ) weakly solves the

stochastic partial differential equation (called a Langevin equation):
1
dy, = (iAyt + R’(u(t))yt) dt + dM,

where u(t, z) solves the chemical reaction equation, R'(u) is viewed as a multiplicative operator,
M is a Gaussian martingale with independent increment and covariance structure E[(M;(¢))?] =

fot (IVo|?, u(s)) + (¢2, |R(u(s))|) ds. Here (-, -) is the L? inner product in the spatial variable
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and |R(u)| is the polynomial obtained by putting an absolute sign to each coefficient in R(u).
Outline of proof: We prove Theorem through the following seven steps.

Step 1 ZV satisfies the following stochastic integral equation:
=U{lp 2 + / U,y dMY + / Ul (BYZY — KY)ds as,

where UY

(t.5) is the evolution system generated by A — BY: see Theorem

Step 2 ZV is tight in D([0,Tp], H_,); see Theorem

Step 3 MY £ Min D([0,Ty], H_,,); see Theorem

Step 4 U O)Zév i>U(,570)Zo in D([0,Ty], H_,,); see Lemma [6.5.3
Step 5 fo dMN £, fo (t,) @M in D([0, To], H_,); see Theorem [6.5.5
Step 6 fo BNZN KN)ds — 0in D(]0,Tp), H_,); see Theorem [6.5.6

This rough outline is the same as that for the Robin model in Chapter 5. In fact, with all
the preliminary estimates in section 2, and with the asymptotic expansion of the correlation
functions (Theorem proved in section 3, all the steps except Step 2 and Step 6 can be
treated using the method in Chapter 5.

Convention: To avoid unnecessary complications, we assume, from now on, that A = A=1
and that the underlying motion of the particles are reflected Brownian motions (i.e. py = 1
and ay are identity matrices). However, our arguments work for general symmetric reflected
diffusions as in Chapter 5 and for any continuous functions A(z) € C(I) as in Chapter 4.
We also write ¢(z,y) in place of ¢s, (x,y) for simplicity. The constant Cy is always equal to

+ XN

Co = |lug || V|lug |- The natural filtration .Ft( of the annihilating diffusion process will

be abbreviated as F}¥. Assumptions|6.0.14|to[6.0.17|are in force throughout the whole chapter,

and we will indicate explicitly whenever Assumption [6.1.1]is invoked.
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6.2 Preliminaries

6.2.1 Minkowski content

We will make extensive use of the following result about Minkowski content of the interface I.

It is proved in Lemma in Chapter 4 and is restated here for the convenience of the reader.

Lemma 6.2.1. Suppose Assumptions|0.0.14],[6.0.15 and|[6.0.16 hold. Suppose k € N and F C

C((EJ,_ xb_)k) is an equi-continuous and uniformly bounded family of functions on (D xD_)¥.

Then as 6 — 0, we have

k
/ / f(l‘lvyla'” 7xkayk)H£5($iayi) d(‘rlayh'" 7$k‘7yk)
(z1,y1)€D4xD_ (zk,yk)EDL X D i=1
k

- /2161‘“ Zkelf(zl’zl""vzkvzk))H)\(Zi)da(zl)..,do_(zk)

=1

uniformly for f € F.

6.2.2 Three sets of coupled equations

Recall that (f+, f7) = (fN7F, fN'7) is the deterministic pair solving (6.1.8)). In this subsection,
we will construct two more coupled integral equations that is the core in the study of fluctuations
of the annihilating diffusion system. For each N € N, the solutions of them will be denoted by

(GN, GN+, GN7) and (gNF, g™7) respectively. We will suppress the notation N and write

(97,97) in place of (g™, g"7), etc.

We first prove that (f*, f7) is a good approximation to (uy, u_).

Lemma 6.2.2. |fN*| is uniformly bounded above by |[us|. Moreover, For each t > 0, we have

tN’i — ux(t) uniformly on Dy, as N — co.

Proof Clearly, sup(, ;) supy |fNE( 2)| < Hu(j)EH This can be seen, for example, by the proba-
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bilistic representations of (f;"(x), f; (y)) given by

s = luoy e (- [ [ axin i maas)] 621

f7 ) =B g (X7) exp (- /0 ; U, X7) f7 (@) duds) |

We now show that {( tN o+ ftN’_)} N>1 is an equi-continuous sequence in C(D4) x C(D_). This
can be achieved by using Lemma, and the continuity of p* (¢, x,%). Precisely, from (6.1.8))

we have

[fi" (1) = fi" (22)]

= ’// Tt —r,xy,2) —pt(t —r 29, 2) <f+ / z,y)f, dy)dzdr
Dy

< il [ [ et - <t—r,x2,z>(dydzdr
zeD4 JyeD_

— |u0|||]u0||//‘p (t—r,z1,2) —p (t—r,xg,z)‘da(z)dr (as N — o)

which is less than |lug || ||ug || C |z1 — x2|” for some v > 0 and C' = C(Dy., t) by the Holder conti-
nuity of the transition density p™. A similar calculation applies to f;”. Hence {( tN,+’ ftN’f)} N>1
is equi-continuous for any ¢ > 0.

Finally, by comparing the probabilistic representations of (u4 (¢, ), u_(t,y)) in and
that of (f;"(x), f; (y)) in , we can check that any subsequential limit of ftN " is equal to
u+(t) by using Lemma See the proof of Lemma in Chapter 5 for more detail. O

Next, we define (G, G+, G7) = (GV, GN*, GNV'7) to be the unique solution in C([0, 00) x
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Dy xD_)x C([0,00) x Dy x Dy) x C([0,00) x D_ x D_) to the coupled integral equations.

Gla) = - [ B Gt ([ et o+ [ denis @)

Dy

[ GHE i) S (w) dz + / G (5 w)(F, w) f () dw
Dy D_

FH@) @) }<x, y)dr,

G (anas) = - /Ota?f){er(afl,@ [ 1w + e w7 i

A *

(@) (51, w) G (2, w) + [T (22)0(52, w) Gy (47, w) dw }(:U,y) dr

and

Gy (y1,pp) = — /0 Pé_(’;”{G;(ya,ya) / [z, 1) + £(z, @) £ (2)dz

Dy
+ i fr )z, 91)Gr(2,92) + fr7 (Y2)l(2,y2)Gr(2,91) d= }(l’ay) dr,

where the semigroup Pt(i’j ) acts on the variables with a ‘tilde’.

Remark 6.2.3. It is clear from the definition that G* is symmetric; that is, G* (21, 22) =

Gt (z2,21) and G~ (y1,92) = G~ (y2,y1). The term f7(Z)f " (9)¢(Z,y) in the equation for G
guarantees that (G, G*, G™) cannot be constantly zero, even though they are zero when ¢ = 0.

This non-negative term contributes to the creation of fluctuation near the I.

Finally, (g%, g7) = (¢, ¢"'7) is defined to be the unique solution in C([0,00) x Dy) x
C([0,00) x D_) to the following coupled integral equations:

st = - [ Pttr{ /| m,w)[gr<a7:>f;<w>+g;<w>fﬁ<az>+GT<st~,w>1dw}<m>dr
i) = - /0 P;_r{ /D ﬁ(z,.@)[gi(Z)fF(?J)Jrg?(@)ff(Z)+Gr(z,§)]d2}(y)dr,
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where the semigroups P;"

» and P__ act on  and y respectively.

Remark 6.2.4. The function (GV, GN+, GN7) and (¢™'F, ¢™'7) appear in the second order
term in the asymptotic expansion of the correlation functions in Theorem Their definitions
are motivated and justified by the hierarchy (6.3.8]). It turns out that, as in Corollary the

covariance structure of ZV involves (G, GN*, GN'7) but not (g™, g™7). O

Although for fixed N, the supremum norms for G and G* are finite, these norms blow up

when N — oo (unlike [31] (53] 54])ﬂ Fortunately, we still have the following bounds.

Lemma 6.2.5. For any T > 0, there exist C = C(Dy,D_,T) > 0 and an integer Ny =
No(D4, D_) such that

[ @Gz dwsy + [ e piGievldesy < COPVE  (©6:22)
/E(xl,g)yGf(xl,xg)yd(xl,gj,xg) < (CoC)t (6.2.3)
[t@mic ol donam) < @OFt (624

[iGldey < @ore 625
/ G, 20) @, as) < (CoCPHY2 (6.2.6)
[16 ml i < @OPE2 (620

for allt €0, T A (CoC)72 and N > Np.

Proof Since each of G, GT and G~ is the probabilistic solution of a heat equation, they have

?In fact, we can check, using the probabilistic representation of G' (cf. the proof of the lemma below) and a
simple exit time estimate, that G — oo as N — oo on the set {(z,2) : z € I}, provided inf uE > 0.
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the following probabilistic representations (c.f. Proposition of Chapter 3):
t
Gilo) = [ B0 | (£ o 00)8CK0Y0) = [ Gy (Ko, 21 Yab 2 (400
=0 Dy

- [ Goa Ko )y X))

. exp ( _ /Sio/_ U Xy, w) fi (w)dw + /D+ 0z, Y i (2)dz ds)] a8,

t
Gt+(i1717$2) = —/GOE(x1,x2)|:<ft+9(X91) i E(Xalaw)Gt_o(Xg,w)dw
+ftt9(X62)/ E(Xg,w)Gt_e(Xgl,w)dw>

D_
- exp ( — /:0 /D [O(XL w) + (X2 w)]f (w)dw ds)] de,

t
Grlpys) — — /9 E@wﬂ[(f;@(i@l) /D U V)G, V)2
+

=0

) / e(z,ﬁ)Gte(z,Yel)dz)

Dy

.exp(_/:o /D+[£(Z,Y51)+€(z,Yf)]ft+s(z)dzds>] o),

where {X, X!, X2} are independent RBMs on Dy and {Y, Y, Y2} are independent RBMs on
D_, and the six processes are independent. E(*%¥) is the expectation w.r.t. the law of (X,Y)
starting at (x,y), etc.

Since f* > 0 and [|f*|| < |JuZ| < Co, the three formulae above give rise to the following
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point-wise bounds:

t
Gimy)| < Co / E(w)[(;oe(xg,ygw( / G (X0, 2z Vo)
=0 D,
+‘/ Gte(yb7w)€(X97w)dw’:|>
D_
t
Gl nm)| < Cof IE(“’“)U/ GialX3 w)e(X}, wi| +| Gt_g(Xel,w)E(Xg,w)dw”,
6=0 D_ D_
t
Grmwl < Co [ B0 | [ GoaGapie i 4| [ Gatiic i |
=0 D, Di

Plug in the bound for |G| and |G| into that of |G|, we have

t t t—0
Gl = GRESY [ acxavy 4 cguen [0 [ (6.28)
6=0 0=0 Ja=0 JzeDy JweD_

(=, Yy) EX0 ) (\Gt_e_mi, )X, w) +[Grg-a (X2, w) (X2, w>>

e(z,Y§)> }

+0(Xg, w) EYo) <1Gt_e_a<z,Y3>

Uz, Y2) + |Gropoalz Yd)

Define
o(t) = M (1) = / U, )|Ci(e, )| d(z, &, y) + / U, 9)\GCile, )| d(z. 5, 9).

which is being thought of as an approximation to

/,CGD+ LEI‘Gt($vy>’d1d0(y)+[U€I /yeD_ Gy(z,y)| do(x) dy.

Simplifying the RHS of (6.2.8) using Chapman Kolmogorov equation and then applying
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(2.1.4), we obtain, for N > Ny(D+),

(Co C)? (\/+/90/a eia) )¢(t—0—a)>

= (CoC)? ( Vit + (m+ 2)/ o(t — ) ) by Fubinni’s Theorem.
a=0

(t)

IN

By Gronwall’s inequality,
d(t) < (CoC)* V't exp ((Co C)? t)

for all t € [0,T] and N > Ny. Hence the first inequality in Lemma are established. The
remaining inequalities in the lemma then follow by the same argument, using point-wise upper

bound for |G| and |G*| we obtained. O

Remark 6.2.6. It can be showed that (GV, GN*, GN7) converges uniformly on compact
subsets of [0,00) X (D4 x D_\7J), [0,00) x (Dy x Dy \ I x I) and [0,00) x (D_ x D_\ I xI)
respectively, where J := {(z,2) € Dy x D_ : z € I}. Furthermore, the limit (G*, G°*", G>)

is the unique continuous solution to the couple integral equations below:

GPy) = — /0 / / Pt — 1 (2.9), (2. 9) (G () [ (2) + G (5, 2) £ (2)) dj dor(2)
4 /1 /D Pt — 1, (2,), (3, 2)) (G(F, 2) £ (=) + G (7, 2) £ (2)) d dor(2)
- / p(t =7 (2,9), (2. ) [ () £ (2) dor(2) db,

I

Gt @y, a3) = ///D (t— 1. (21, 22), (2 8)) (G2 (2. ) £ (2) + C2(E,2) ()
Fp(t— 1, (1, 22), (5, 2)) (G (. 2) £ () + CF (&, 2) £ () di dor(z) dr,
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Gy ys) = — /0 /1 / Bt — 1, (s 2), (2.5)) (G (5. ) [ (2) + G2, ) (=)

+p(t =7 (Y1, 92), (5,2) (G2 (5, 2) £ (2) + G2 (2,9) £, (2)) dij do(2) dr.

6.2.3 Evolution operators Ué{s) and U,

The reader is recommended to recall the notion of probabilistic solution to backward heat

equations in Proposition in Chapter 2.

Operators Q. and U@;S)

We fix N € N and consider the following coupled backward PDE for (vj{,, vy ), with Neumann

boundary conditions and terminal data vy (t) = ¢+ € L?(D<):

(%X, 1

5 = §Av;\r, — (v +oy), fT) on (0,t) x D4 (629)
oy 1, _ _ -
- SN = Auy - (U ) £ on (0 x D

where (f+, f7) = (fNV7F, f¥7) is defined in |D and (¢, 1), = fDi PP
Note that each of the two equations in ((6.2.9) is of the form (2.1.17)) in Chapter 2 because we

can rewrite

Ut +v7), £ as kTot 4Rt = fT)_ovt+ (v, f7)_ and  (6.2.10)

(Lt +v7), M)y as kTvT +hT = (0 fT) v+ (ot ), (6.2.11)

By the same proof as that of Proposition [3.2.1]in Chapter 3, we have the following analogous

result to Proposition [2.1.10

Proposition 6.2.7. For N € N large enough, t > 0 and ¢+ € C(D<). There is a unique
element (vt,v™) = (VT o™ 7) in C([0,t] x D) x C([0,t] x D_) which satisfies the following

222



coupled integral equations:

vi(s,z) = Pl di(z)— % /0 B P (kT (s+ 00T (s+0)+hT(s+0)) (z)df
vl = Po-) -3 | By (s + 000 (54 0) + h™ (s + 6)) (y) b,

where k¥ and h* (which are functions indexed by N) are defined in (6.2.10) and (6.2.11]).

Moreover, (vt v™) has the following probabilistic representations:
t—s
1)+(3, z) = E [¢+(X75t5)€ Jo okt (s X )dr / h*(s + H,X;')ef [kt (s4r, X )dr do ‘ X+ — x}
0

t—s

s -~ t—s B -~
v_(s,y) - F |:¢_(X_ )e—fo k™ (s+r, X, )dr _/0 h_(s—f—Q,Xe_)e_erk (s+r,X, )dr dG‘X— _ :| )

We call this (vF,v™) = (vNV'F, vM'7) the probabilistic solution of the coupled PDE

with Neumann boundary conditions and terminal data ¢+ .

Definition 6.2.8. For 0 < s <t and ¢+ € C(D+), we define
Qot(d4,6-) = (V" (s), v (5))

to be the probabilistic solution given by Proposition . Clearly, QY, : C(Dy) x C(D-) —
C(D4) x C(D-) and QY, o QY, = QY for 0 < s <u <t. Now we define

(Ul g (b4,02)) == (1, Qy(4,9-)) (6.2.12)

fora>0, ne H_, and (¢4, ¢—) whenever Qé\’[t(gzﬁ+, b-) € HE x H.
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Operators @,; and U,

Formally, if we let N — oo in (6.2.9), we obtain

ot 1. .

—T:fAv — (T +v7)u_do|, on (0,) x Dy
, 3_ ? (6.2.13)
(% _ _

_§:§Av — (" + v )usdo|, on (0,t) x D_,

where (u4, u_) is the hydrodynamic limit. Observe that this equation is equivalent to (6.1.1))

with A = 1 and AT = %A. Note the difference between this coupled PDEs and that for the
hydrodynamic limit.
Let us see what do we obtain by letting N — oo in the integral equations in Proposition [6.2.7]

Recall that k*, h*, f*, and v* are functions indexed by N. Heuristically we have

Pf (kT (s+0)vt(s+6)+hT(s+0)) (2)

— ; pT (0,1, 2) ((6, ) _(s+60,2)v(s+0,2)+ (bv, ff)_(s+9,z)) dz

— /Ip+(9,x,z) [vF(s+6,2) +v (s +0,2)] u_(s+0,2)do(z)
= o ([t +0) + 0 (s+0)u(s+6) ) ().

The abbreviation in the last term is based on the notation 85t<p(x) = [ pE(0,2,2) o(2) do ().

The following result is analogous to Proposition and can be proved as in the same way.

Proposition 6.2.9. Fiz t > 0 and ¢+ € C(D+). There is a unique element (vT,v7) in
C([0,t] x Dy) x C([0,t] x D_) which satisfies the following coupled integral equations:

1

vi(s.2) = Ploa(a) -3 /0 _Sa;([vﬂsw)+v—<s+e>1uf<s+e>)<x>d9

) = P [0 (et o s+ Olunls+0)) ),

where 65590(36) = [;pF(0,2,2) ¢(z)do(z). Moreover, (v7,v™) has the following probabilistic
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representations:

vt(s,z) = IE_¢+(Xt+_s)e*fot_su—(HﬁXir)dLi

t—s
_/0 (v u)(s+6,X ) e Jg u-(s+r X )dLE dLy ‘ X = az}

v (s,y) = IE:qbf(thS)e—fJ*SU+(s+r,X:)dL;

t—s ) )
_/0 (vF s )(s 4 0, X ) e~ o e XD g | X5 =y,

where L?E is the boundary local time of the RBM X* on I. We call this (vT,v™) the proba-
bilistic solution of the coupled PDE with terminal data ¢+ .

We stress that the above formula makes sense. For example, fg “Cu_(s+r, X,N)dLT is well
defined since the value of u_ at (s+r, X,") is picked up only when X hits I (which is a subset
of D_).

Definition 6.2.10. For 0 < s <t and ¢+ € C(D+), we define

Qst(d1,0-) = (v7(s), v (5))

to be the probabilistic solution given by Proposition . Clearly, Qs: : C(D4) x C(D-) —
C(D+) x C(D-) and Qsn 0 Qui = Qsy for 0 < s <wu < t. To stress the dependence in t, we
sometimes write Qs (¢4, p—) as (v (s), v; (s)) for (¢4, ¢-) fized. Now we define, for a > 0
and p€ HY & H,,

(U s (04,90-)) =, Qst(d4,0-))- (6.2.14)

Some key estimates

On the space C(ﬁ-i-) x C(b—)v we let (¢+a ¢—) - (¢+a ¢—) = (¢+ - ¢+a ¢— - (b—) and denote by
|(Y4, )| := ||¢+]| + [|¢v—]| the sum of the sup-norm of its components. The following uniform

bound and uniform convergence are useful in many places in this Chapter.
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Lemma 6.2.11. For all ¢+ € C(D4) and 0 < s <t < T, we have

0<s<t<T \ N>Np

sup ( sup QY (64,6 v ||Qs,t<¢+,¢_>||) <elon o) (6:215)
for some positive integer No = No(D4,D_) and ¢ = é(d, Dy, D_,T) > 0. Moreover,

Jim [ QN(61,6-) = Quilr,6-)] = 0. (6.2.16)

Proof Recalling the probabilistic representations of Q" and @ in Proposition and Propo-
sition respectively, we see that (6.2.15)) follows from the non-negativity of fV* and u-.
To prove , we fix t < T and let (v (s), vN7) = QNy(d+,¢_) and (vF(s), v™) =
Qst(¢p4,¢-) for s € [0,t]. We look at the RHSs of the integral equations satisfied by v (s)
and v*(s), in Proposition and Proposition respectively. The proof is the same as
that of Lemma with the uniform bound for fV* replaced by the bound . O

Lemma 6.2.12. There exists a constant ¢ > 0 such that for any 0 < s <t <T and k € N, we

have
. Qe (95,0) — Q) (87, 0)
< @vnelof (A =)+ eet +e) (g v g 1) (= 5)12)
and

Sup] HQ(r,t) (07 (ﬁ]:) - Q(r,s) (07 (b;) H

rel0,s

< @vellogl (N (=) +eet +e) (g IV lug ) (= )72 ).

Here ¢t = C(d, D+, T) is the constant in applied to Dy and ¢ = ¢(d, Dy, D_,T) is the
constant in . Furthermore, there exists No = No(Dy, D_) such that for N > Ny, the

above two inequalities remain valid with {Qé\{t} in replace of {Qs.+} and ¢ = C(d, Dy, T) being
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the constant in .

Proof We fix (qbz,O) and only prove the first inequality, since the second inequality follows
from the same proof. Recall the definition of @,4(¢; ,0) € C(D4) x C(D4) in Definition [6.2.10
Suppose Qnt(gb,j, 0) = (v;r(r), vy (1)). Then

1

v (r,x) = P;rsqb,j(x)—2/0_T8;r<[vj(r+0)+vt(r+0)]u(r+0)>(m)d9

i) = 0= [ 05 (b 0+ 074 O+ 0) ) 0)

where 83[(,0(:@ = [;pF(0,2,2) (z) do(z). Hence for any 0 < r < s <t, we have

o (r,2) — v (r, 2)]

< | (- gt

+;‘/::8;([1)?<r+0)+v{<r+9>]U—<r+9>><@d"’

+éyés%g@@f—vbv+ﬂf+@{—%)@+QMLU+6U@QwL

A similar inequality holds for |v, (r,y) — v5 (r,y)|, which has 2 terms instead of 3 term on the

RHS. View 0 < s <t as fixed and define, for r € [0, s],
F(r) = |Qup (81,0) = Qs (91, 0)|| = lI(vf = o) ()l + vy = v3)()]-

Then the above estimates, together with (2.1.5)) and (6.2.15]), implies that

ﬂm<A+B/H7“+@M for r € [0, 5], (6.2.17)

0 Vo
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where B = (luf ||V [lug [} (¢* + ¢ and
= AN = )+ et ) (g IV g 1) 6 (¢ — )2

Iterating (6.2.17)) as in the proof of Lemma in Chapter 5, we have

S

1 s s 1
. AB?/
wi=r VW1 —T wi=r Jwa=wq \/(wl —r)(wg —wy)

S S S 1
+AB? / / / 4
wi=r Jwr=wy Jwz=wsz \/(wl - r)(w2 - wl)(w3 - w2)

f(r) < A+AB

k k/2 mk/2
= A E B h =
ak , where ag F((k+2)/2)

E 0o k/2 ‘ B
< 3 g for some absolute constant ¢ > 0
< cA if |Bvs—r|<1/2.

Hence,
sup f(r) < cA. (6.2.18)

re[0Vs—1/(4B2), s]
(The case B = 0 is trivial.) We can then extend (6.2.18) to take care of the case 0 < r <
s —1/(4B?). Namely, by the evolution property and (6.2.15)), we have

|Qery (@F0) — Qrs) (¢4, 0)]
= ||Q s—1/(4B2)) (Qro—1/1B2),0) (0], 0) — Qs—1/aB2), 5 (01, 0)) ||
]| Qs—1/am2), 1) (815 0) — Qs—1/uB2), (0}, 0)|| < écA.

IN

The proof is complete. ]

Unlike Chapter 5, we need to analyse the correlation functions more deeply. This will be

developed in the next two section.
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6.3 Asymptotic expansion for correlation functions FtN’("’m)

Definition 6.3.1. Fiz N € N and consider the annihilating diffusion system. For n,m € N and
N?(n7m)

t >0, we define the (n, m)-correlation function at time t, Ft(n’m) =F, , by
[ @ B DA ) = E [ 0]
D7 xD™
for all ® € C(D'y x D), where
1 e b ) . . .
Dm) (V) = vy o oo P X YL Y, (63)
7;17"'in jlv"'j?n

distinct distinct

#; is the number of particles alive at time t € [0, 00) in each of D+ and N := N(N—1)--- (N —

n+ 1) is the number of permutations of n objects chosen from N objects, NO =1,

Example 6.3.2. For example, we have

E[(¢, 2] = i o) FV(x)  and E[(L, XN T @ XN 7)) = /D . Uz, y) FOV (@, y).

Intuitively, if we randomly pick n and m living particles in D, and D_ respectively at
time ¢, then Ft(n’m) (Z,9) is the probability joint density function for their positions. Note that
Ft(n’m) is defined for almost all (#,%) € D x D™, and that it depends on both N and the
initial configurations (X3, XY"7). We will see, via the BBGKY hierarchy which will
be proved below, that Ft(n’m) € C(D", x D) for t > 0. We can also replace N™ by N (cf.
Dittrich [3I] and Lang and Xanh [57]). This because we will be interested in the behavior of
F™™ when N — oo, and for any n,

N®) 1 2 n—1
N :(1_N)(1_N)”'(1_ i

)/ 1las N — oo.

It is natural, base on the annihilating random walk model in Chapter 3, to expect that we
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have propagation of chaos, which says that when the number of particles tends to infinity,

the particles will appear to be independent from each other. More precisely, we expect to have
(n,m) /= _. o

A}E}HOOF (Z,7) = Hu+ (t,z;) Hu (t,y5)- (6.3.2)

This will be implied by a more exact asymptotic behavior of the F(™™) namely Theorem m

which is a key ingredient for the study of fluctuation. Our method is an extension of the approach

of [31].

Theorem 6.3.3. Suppose that Fén’m) (Z,9) = [Ty ug (z;) 152, ug (y;) (this implies that the
N particles are initially independently Poisson distributed) and that Cy = |lug || V ||lug||. Then
for all T > 0, there exists C = C(D4,D_,T) > 0 and an integer No(Dy, D_) such that for

0<t<TA(Cy C’)*2 and N > Ny, the correlation function has decomposition

F = AP B o (6.3.3)
with
(nm) _ po(n,m) (CoO)™ ™/t (n,m) (Co C)tm
HAt - F ||(n,m) < N—(5§l\, and HCt H(n,m) < Wa (6.3.4)
where
AP@ g = [T T W)
= j=1
n + m m
(nym) , » - (nym) / —» — Gt (‘rl) gt Gt 'I’Lay]
B = - Al ¥ )+
! i=1 ft+($’l') ]21 ;J 1 ft Z; ft (y])
(i, 2p) Gy (Y5,99)
I o T dp) &t Wi Yq .
Z;) ft i) f; (wp) ;]ft i) e (Wq)

Proof The key point of our method is to compare three hierarchies (| and -

in step 1 below:
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Step 1: BBGKY hierarchy for the correlation functions.
Apply Dynkin’s formula to (see Corollary in Chapter 4) the functional

s s
1 . . . .
N,+ N,— g g L2 S in Ji oL, Jm
(87 (%S 7%3 )) '_> N(n) N(m) ‘ : Pt_SQ(XS Y ’XS Y }/S ) ’YS ) Y S E [07 t:l

11, 5tn j17"' 7.j7ﬂ
distinct distinct

yields
! Q
Ft(n,m) _ Pt(n,m)F(gn,m) . / Pt(f;m) <V+F8(n,m+1) + V—Fs(n+1,m) + NFs(n,m)) ds, (635)
0

where V¥ =370 Vo, V™ = 37" V_ are operators, v, Fmtl) V_].F(”H’m) and QF(mm)

are functions on ﬁi x D" defined by

Vo FOm)(z ) = (i, y) FOmH(E, (y) dy
D_
VLE@E ) = [ ) PO (@), ) do
Dy
QFC M@ = | 3 i) | FOM(E9).
i=1 j=1

Note that @ is a multiplication operator, so it is natural to denote Q™) to be the function
QUM (Z, ) = Y1, > i1 L(zi,y;). Note also that the above is a finite sum since Fm) =
when nV m > N. The system of equation is usually called BBGKY hierarchy. E|

On other hand, it can be easily verified that Ag"’m) solves

t
Al — pm) glnm) /0 pimm) (vmg“’m“uv%g"“’m)) ds, (6.3.7)

3We can also view (6.3.5) as the ‘variation of constant’ and F(™™) as the probabilistic solution (cf. Definition
in Chapter 2) for the following heat equation on D} x D™ with Neumann boundary condition:

o™
ot

1 n,m n,m — n m n,m
= S AR - (V*Ft< SRR N L >+%F,§ ’ )). (6.3.6)
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(n,m)

B
in such a way that agn’m) — Agn,m) L2

m)

and that we have chosen Bt(n’ solves

t
o™ = plrm) pmm) _ /0 P <V+ag"’m+1) + V-almim) +]%Ag"vm>> ds.  (6.3.8)

Step 2: Duhamel expansion for N(Agn’m) - Ft("’m)) in terms of a tree.

Since Fén’m) = Aén’m) by assumption, by repeatedly iterating (I6.3.5I) and d6.3.7b, we have

N(Agmm) _ Ft(mm))
t
_ / PO QET™
to=0
t
n,m n,m+1) n,m+1) n+1,m) n+1,m
+/t O/t ttz) ZV Ptz t5+ F( o +ZV Ptz—;s F(3+ )
2=

o t to tar
+(=1) / /
to=0 Jtz= tar+1=0

—

(n,m) 11(9) 52(9) pla- 1(6) Inr—1(9)
Z Pt to ‘/91 to—t3 ‘/92 t3— t4V tM tM+1 QFtMJrl
e

_‘_...’

— — —

where ’]T( 1) and (11(0), l2(0),--- , In(0)) are the tree and the labels defined in Subsection [3.4.5

in Chapter 3.

Replacing th\‘fﬂl(e) by the constant function 1 in the M —th iterated integral above, we define

the following function on ﬁj_ x D™

t 2 ta
(n,m) L (n,m) 1 (6) l (9) l
O (1) = /tz:O /tg / M1=0 ity Vo Bromes Voo Brgma, Vo - Py, - %M“ Q1

m)

(6.3.9)
Step 3: Bounding ||@§\Z’m) Ol (r,m)-

We now bound H@g\?m) (t)[l(n,m) by employing our method developed in Subsection (3.4.5| in

Chapter 3. For the convenience of the reader, we summarize the key steps.
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Note that @%Z’m) (t) is a sum of (n+m)(n+m-+1) - - (n+m+M —2) terms of multiple integrals.
Following Subsection we simplify (or telescope) each integrand by Chapman-Kolmogorov
equation, and then apply (2.1.5) to obtain

n,m 1
1655 ™ )l namy < 5 Ot me =)

1
/tz =0 /tM+1 =0 5 S(” m) \/ vl T Loy — t3) T (tvM - tMJrl)

forall 0 <t < T and N > Nyo(Dy,D_), where C = C(D4,D_,T) > 0 and Sg\?m) is a relabeled

tree of TS\Z’m) defined in Subsection of Chapter 3. Lemma and Lemma |3.4.10] in

Chapter 3 yield

L] :
to=0 tmy1= 0% S("m) \/ v v2 _t3)"'(tvM _tM+1)

_ (gm)mtm / / M“(i 1 )
- (n+m to=0 tr41=0 ;o - 1\/tj_ti

i
Cn—i—m—i—M tM/2 7

IN

where ¢ is an absolute constant. Therefore we have

H(nm = 5d

for all 0 <¢ <T and N > No(D4,D_), where C = C(Dy,D_,T) > 0.
Step 4: Upper bound for N HAtn’m) - Ft("’m Il (r2,m) -

—

Since || F®9)||, ) < C57, and since the sum of the two components in [y7_1(6) is n+m-+M—1
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for any e TE\Z’TB, Step 2 and Step 3 yields

NIA"™ = F ™y <30 CEFm =110 ()]
M=1

i Cg-i—m Cn—&—m—l—l\/i
5d 1—-CyCt

IN

IN

5d

for all t € [0, T A (Cy C)~2) and N > Np.
n.m n,m n,m Bt("‘m)
Step 5: Upper bound for C(™™) .= N Ft( ) _ Ag ) N).

Bt(n,m)

Iterating C(” ™ N (Ft("’m) _ Agn,m) -2

) as in step 2, we have

t
/ P Q(A™ _ pnm)y
to=0
t
(n,m+1) n,m+1 n,m+1
+/t\ O/t\ t tQ <ZV+1 to— t3+ (Algg +)7};’15(3 * ))
2=

(n+1,m) n+1,m n+1,m
+ Z V Ptg —t3 (Agg ) - Ft(g ))>

+...
M=1 t3=0 tapr+1=0

=

, 1 (6 I (6 Ini—1(6) Ini—
E : Pﬁt?) Vo, Ptgl—( t)3 Vo, Pt:ff( t)4 Vos - - Pt]gf%](wll Q (Atknff_,.ll( )
eeT(n ,m)
M-1
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Hence

oo 2Cn+m+M—1 Cn+m+M\/i .
) : 100 ™ ()l by (6:3.11

C(nvm) <
CRU Y i
e 2061+m+M71 C{L+m+M\/{; 1 o M M9
< > Nl @Cl tM/2 by (6.3.10
M=1
(CoC)n+mt
- N 53¢

for all t € [0, (CoC)~2] and N > No(D4).
It follows from Theorem [6.3.3] that we have

Corollary 6.3.4. (a) (Propagation of chaos) Suppose Assumption holds. Then for

any T > 0 and any (n,m), we have

tim [[(A""™ — F )| gumy = 0

uniformly for t € [0, T).

(b) Suppose, furthermore, that Assumption holds. Then for any T' > 0 and any (n,m),

we have

. (n,m) .

uniformly fort € [0, T A (CoC)72].

Proof Suppose liminfy_,oo N (55{, € (0,00]. We have shown that the following upper bound
of the series expansion of ||(A§nm) - Ft(n’m))H(n’m) (in Step 2 of the proof of Theorem (6.3.3)
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converges uniformly in V.

A mm)
< [ leemaere|
2=

t
IQI 2 + E V_ -1,m +1,
/t O/ ONH t(ntQ Z C t2 t3 ) tnm Pth t3 : ; m”
2=0 Jt3= F

We can check that the integrand (w.r.t. dty dts ---) for each term converges to zero by Lemma
in Chapter 4. Hence each term converges to zero as N — oco. Therefore, the whole series
converges to zero and we obtained part (a).

(n,m)

The proof for part (b) is the same, using the series expansion of C;

of Theorem [6.3.3! O

in Step 4 of the proof

Remark 6.3.5. From part (b) of Corollary we have

Fm) gl L g o)

— 3.12

where o(N) is a term which tends to zero uniformly for ¢ € [0, T'A (Co C)72].

The following corollary of Theorem|6.3.3|gives us a point-wise bound for the difference between

Fntpm+q) gnd pnm) . ppa),

Corollary 6.3.6. For any T > 0 and any non-negative integers n, m, p, q, we have

BT 2 g w) — B (& ) - B (E )

< RS Gyl wn) Y Gular 1) + 3 G G 2n) + 3 G ()|
il Ek,j ik J;l

(CO C)n-i—m-i—P-HI t
N §2d

N

+
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whenever 0 <t < T A (CoC)~2 and N > No(Dy,D_).

Proof By Theorem and the shorthand F(™™) = Ft(n’m) (Z,7), we have

N {F(”ﬂ”’mﬂ) _ plom) | F(p,q>]

B+C (n+p,m+q) B+C (n,m) B+C (p,9)
<A+N> —<A+N> -<A+N>

= N

_ (B(n+p7m+q) _ Alnm) gpa) _ A(pﬁq)B(n,m)>

+ (C(n+p,m+q) _ Anm)o(pa) _ A(pa) (nim) _ (B + C)(n,m) (B + C)(ILQ)) '

N

It is remarkable that all terms involving g™ and ¢~ cancel out in B *pm+a) — g(nm) pp.a) _

AP0 B(m) and we have control over all the remaining terms via the bounds (6.3.4)) in Theorem

[6.333] In fact,

B3, 2, §.5) — AC™(3,5) BP9 (5, @) - AP(2,3) B (3, 7)

(N Glaiw) |y~ Gl y)
= _A(n+p7m+Q) T, 7, i, W ( ’ + v J)
@200 2 2 o () 2222 T - ()
n P m —
G (@i, 21) (yj,wi) >
+ = =~ Tt — |- 6.3.13
2L T e T upi )
The result now follows from the fact that || f*|| < |luf| < Co and (6.3.4). O

Remark 6.3.7. (Generalizing to the case HFén’m) — Aén’m)H(n’m) # 0) In Theorem [6.3.3] we

have assumed the initial error eg\?’m) = HFO(”’m) — A[()n’m) | (n,m) to be zero for all n,m and N. In

fact we can weaken this condition by requiring eg\?’m) — 0 fast enough as N — oco. This can be

quantified by taking into account the contributions of the terms Fo(n’m) — Aén’m) in the difference

between ((6.3.5)) and (6.3.7) in Step 2. O
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6.4 Generalized correlation functions stg’(n’m)’(p @)

The proof for Step 2 (Tightness) and Step 6 (Boltzman-Gibbs Principle) for Theorem
require analysis not only for the correlation function at a fixed time ¢, but also for the joint

probability distributions of the particles at two different times s < t.

Definition 6.4.1. For n,m,p,q € N and 0 < s < t, we define the generalized correlation

F'S(;L’m)v(paq) FN,(n,m),(p,q) by

functions st

/ ®(7, §) W(Z, @) F™ (7, G, 2,0) d(F, §,2,5) = E [ (5) g (D)] (6.4.1)
for all® € C(Dy x D) and ¥ € C(m x D?). Here D () is defined in and W, q) 18
defined in the same way.

Example 6.4.2. For example, we have

E[(¢, XNH) (0, XV = | o@)e(z) FO (@, 2) d(z,2)  and

2
D+

E [(¢, Vel Nt e %vN’W] = /E(:E,y)[(z,w) Flg}igl)(l’l)(x,y, z,w)d(z,y,z,w)

To compare FU(ZTQ’(I) 9 and Fqﬂ’“m) . Fu(ﬁ’g), we also define

6.4.1 A technical lemma towards tightness

The following lemma is the key and hardest part in the proof of the tightness result for Z%,
Theorem [6.5.7]

Lemma 6.4.3. Suppose Assumption|6.1.1 holds. For anyT > 0, there exists C = C(Dy,D_,T) >
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0 and No = No(D4,D_) so that we have

b 2
(VF [ tor, 5 0207~ Bllepr x5 0 XX )ar ) | < CllelP 0

whenever 0 < a < b < Ty :=T A (CoC)~2, for any N > Ng and any bounded function pi(x,y)

on [0, Ty] x Dy x D_ with uniform norm ||¢||.

A direct calculation suggests that the L?(P) norm of
VN ((t, 2N+ @ 2Ny —E[(g, Nt o xN7))

blows up in the order of 1/§ (for r > 0), due to the fact that [ ¢(z,y1)l(x,y2)d(z,y1,y2) is of
order 1/§. Hence we need to look into the generalized correlation functions.
Proof Step 1: Write LHS in terms of the generalized correlation functions.

Note that ([7 f(r)dr)2 =2 [ [* f(u)f(v) =2 ["_ [V f(u)f(t) by Fubinni’s Theorem
followed by the change of variable t = v — u. Hence Lemma [6.4.3|is implied by

b
(L,1)(1,1) = _\3/2
I L RO
(2,59)eDyxD_

where E(1 RICOF: is defined in (6.4.2]). The ideas is to first obtain a ‘variation of constant’ formula

for E,; via the Dynkin’s formula; then iterate the formula to obtain a series expansion of E,,;
in terms of Fy o; finally we estimate I, o and each term of the series.

Step 2: Estimate \Et(l’l)] in terms of {E(()p’q)}.

Apply Dynkin’s formula as in yields

F(nvm)v(p7Q) — P"Spyq)F(nym)v(pH) (643)

w,u+r
" L ma) (nam),(paa+1) (nm),(p+1,0) |, @ p(nam),(p.a)
—/0 P (V*Fuu+ PR VIR 4 R pq) do,

—

where P(p 2 , VT, V™ and Q are operators defined as before and act on the (Z, @) variables.

239



Fix u > 0, (n,m) and (Z,7) € ﬁi x D", and then write

(2,@) := B wa) (¢ 7 Z.40)  for notational simplicity.

B / §,><V+E(pq+1> o ;2] E@q)) do, (6.4.4)
0

where Pt(p ’q), V*+, V~ and Q are operators defined before, acting on the (Z,) variables. In

other words, (¢, (Z,W)) — Et(p’Q)(Z, w) is the mild solution of

oE 1 Q +gpatl) 4 - petla) P DO
8t—2AE—NE—(VE Y VTE ) on (0,00) x D¥ x DY,
OF

= 0 on (0,00) x d(D¥ x D),
Fo() = Fimea (g 5, ) — Fm(3,) - FP9()  on DY x DI

It can be shown (see Proposition in Chapter 3 for a proof) that the following probabilistic
representation holds true for E = E®9):

(6.4.5)

where k = Qg’q), g(t) = V+E§p’q+1) + V_Elgpﬂ’q) and X; is the RBM in D% x DY starting at
(Z,4). From this, the triangle inequality and the non-negativity of k = Q(JZ\’,’Q), we have

t
20| < POOEP ) + [P0 ([VELT + vBE)) ane

It then follows that almost everywhere in Df x D?, we have

‘Et(p,q)‘ < Pt(p,Q)(|Eépq / pt(lﬂtq2 V+|Etp at+1) |+ V™ \EtpH’Q)\) dts. (6.4.6)
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Now we iterate ((6.4.6)) to obtain

’ Et(pvq)‘ < Pt(p,q)‘ Eép7q)|
¢
1 g+1 _ 1, 1,
+/t . t( t2) (V+P(pq+ )‘E[()qur )|+V Pt(2p+ q)|E((]p+ q)|)
2=

t
+1 a+2 — o(pHlatl
v R (vered (v VR R
2=

_'_prt(zpjéﬂ) <V+P(p+1:q+1 |E ’ 4 \Van Ptp+2,q ’E ‘) >

+
) /t /t2 /
M=0 to=0 Jt3 tar+1=0

nm l1(6 l2(6 l 0 1 9
Z )V PtQI(t)gv Pt;(tlv vt Oy B (6.4.7)

tM tM+1
e

From this inequality and the triangle inequality, we have, for any v > 0, (n,m) = (1,1) and
(l’,y) € D+ X D*a

/ﬂlEt(l’l)’ ::/ 0(z,w) ‘Et(l’l)(:c,y,z,w)‘
(zyw)eDy xD_
< /\II(TOOt) E(glvl)’
t
+/ </\P(+1E(12‘+/\Ij(1)
/ /t2 </ p(+1,+2) Eél’3))—|—/\1/(+1’_1) E(()Q’Q)‘ —{—/\I’(+1’_2)

e o]« o) ase

0 t to tar !
Z/ / / Z /\I/"’EM dtpr - dtsdty, (6.4.8)
M=0 to=0 Jtz= M+1=0

(1 1)

62 1)’) dty

E(()2,2)‘
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where the integral sign for Eép D is on the set DY x D%,

(root) (z,w) := Pt(l’l)ﬁ(z,w)
\IJ(+1)(zjw1,w2) = Pt(zl’Z) ((Pt(llilt)zf)(alybl) 'f(alab2)> (2, w1, ws)
T (2, 20,w) = Pt(f’l) <(Pt(11i1t)2€)(a1,bl) 'f(azabl)) (21,22, w).

Inductively, P+ ¢ C (D", x ﬁqfl) and 00—3) € C (ﬁiﬂ x D?) are obtained from 00 as
follows: if ¥¥(2,@) = %% F(Z,@), then

l

=

U q+1 , 7
\II(Q’J”)(Z’ (W, wqy1)) = Pt(zﬁg ) <(Pt(z€?rtM+2 F)(a,

) Uaisben)) (2, (@, wg1)) - and
WO (Z zpa)id) = B (PO, F)@D) Hapin, b)) (B 2pr), ).

thr42 trrr1—th+2

Step 3: Estimate E(()p’Q) = Fé’lﬁl)’(p’q) — FQSI’I) : Fqu’q).
For any ¥ € C’(Eﬁ_ x D), by Definition we have

Uz, y) U(Z, @) FLD P (2, y, 2,0) d(z,y, Z,7)
D‘T‘lxqu'l

ﬁu uu ﬁu ﬁu
1 ) ) 1 . l
- <JV?ZZ£(XZ“Y’”> <N<p>N<q> > 2 \P<X5%---,XuP,Yél,---,YUﬂ)
1 ] k‘lv"'kp ll,"'lq
distinct distinct

N+ y(g+D)
~ T N2N®ON@ /Di“xDqH Uz, y) Y (Z, W) F; ((z,2), (y,w))

N+ P
T a——— E i \I/ 2 a0 F(P,qul) bod —
- N2 N(@) ;/Dix (Z 7y) (Z,”LU) U (Z, (y,w))

N(p+1) q / e( )\I/(_’ _,) F(p+]_ q)(( —») —»)
+—=—= T, Wj z, oY ((x, 2), w
N2 N(®) =

e XX [ e v FPOE o) (6.4.9)
This connects FS;})’(” D o FPTHT and we have more knowledge (such as Theorem l for
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the latter.
f(z)

—f(x)

Furthermore, we use the simple fact that [ f|g| = [ f g where f(z) =

Therefore, for any ¥ € C (Ei x D), we have

Ua,y) U @) | (0,y,2.0)| d(z,y, Z.)
DEH DIt

< (N _p)(N - q) / YA} ‘F(p-‘rl,q-‘rl) o F(Ll) X F(P"J)‘
- N2 DPHLx DIt “ “ “
‘( p)(N 1‘ </ £F£1’1)> / ¥ FP)
N2 DyxD_ DE xD?
P
U(zi,y) O(Z, @) FPI (2, (y,d))
— P ><Dq+1
q
+1y x wj) \I/(Zyu_j) F£p+l7q)((x72)v u_f)
p
0z, w;i) U(Z,wW F(p 9)
N2 ;‘]Zl/l)p ><D(I J ( ) ( )

o ‘ Flota+l) _ p(iD) F(m)‘

u u

IA
S
i
X
2
A

243

, ifg(z) >0

, if g(z) < 0.



On other hand, by Corollary

N ‘Fépﬂ,qﬂ)(x’ Y, Z, u')’) _ Fél’l)(-’ﬂ,y) . Figp,q) (%, fu'f) (6.4.10)
P q P q
_ Ch C\PTat+2y,
< Cé’*q Z Gu(zi,y) + Z Gu(z,wj;) + Z G (z, 2) + Z G, (y,w;) | + (ON)(SQd
Combining with the calculation just before the previous inequality, we obtain
N U, y) V(Z, D) ‘ng(x,y, z w)\ d(z,y, 7,) (6.4.11)

DP+1 XD(I+1
+ —

p q p q
P+q - = ) ' + A _ ‘
< /Di“xD‘i“ Uz, y) ¥ (Z, W) (Z Gu(zi,y) + Z Gu(z,w;) + Z Gy (x,2) + Z G, (y,w]))

i=1 J=1 i=1 J=1

(Co C)PHat2y, / o
+— U (2, )
N 524

4
52
+
£}
x
S
4+
%
2
t
~
Sz

q

p+q+1 ) JE—
+ G /DP“xDq Zﬂ z,w;) V(Z,W)

_] 1

CP-HI
/DP x D% ZZE Zl,w] )

i=1 j=1

Step 4: Final estimates.

We now put ¥ = o7 into inequality (6.4.11]) for each W7 that appears in 1| at the end of

Step 2. Specifically, by (6.4.8) and (6.4.11]) respectively, we have

- 1,1 -
N / ﬁ(w,y)ﬁ(x,y)’Ef (2, y, x,y)‘
x,Y €D+><D 5037 €Dy xD_

(
Z / s V[ e W(z.)
to trr1= 0 (1 1) (m,y) (Z,’U_J‘)EDiXDZ
o] t tM 5 . B
M=oY t2=0 tr41=0 fe TE@;’D

i=1

1), L
Eq(jol) M ( )(

IN

x’yﬂg?w)’]

IN
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where in the first inequality, the integration over the variables (Z,@) is on D% x D? where

lM(g) = (p, q); in the second inequality, @éM(a) (\If) is the ¢-th term that appear on the RHS of
(6.4.11)).

We will estimate each of the five terms (i = 1,2,3,4,5) on the RHS of (6.4.12)) separately.

The arguments are the same for all of them. We first consider the term for ¢ = 2. This term is

Mf:o /t: " |:@lM( ) (w) ]

trm1= 0 (1 1)
oo t tar M+4
> / / [(O” S / 7 <z,w>], (6.4.13)
M=0”/t2= Bar1=0 g gL N oy DY xDZ

where we have used the fact that the sum of the two components of lM(g) is M + 2 (ie.

N
{

p+q= M +2). Using the same argument of Step 3 in the proof of Theorem we have, for

each M > 1,
t tm o
| / > [ v
to= M+1= 0 DiXDq,

(1 1)

tm CM
< ol
t2=0 M4+1=0 _ S(l 1) \/ v = t2) (boy — t3) -+ (tugy — tir1)

for N > N(Dy,D_), where C = C(D4,D_,T) > 0. This inequality implies that (6.4.13]) is at

most
o0

CiCu
iz (0O Do (GO M < “Eat
M=0

when 0 < ¢t < (CyC)~2 and N is large enough, where C = C(Dy,D_,T) > 0.

For i = 1, we only need to invoke Lemma [6.2.5] and then use the same argument for i = 2.
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The term on the RHS of (6.4.12)) for ¢ = 1 is at most

C3Cvu , GiCu
Vit Vit

For ¢ = 3, the term on the RHS of (6.4.12)) is equal to
io: /t /tz\f

M=0"12 M+1=0 5

By the same argument as that for i = 2, we have, for each M > 1,

t
/ / / } :e (20, 9) V02, @)
to=0 tv+1= 0 (1 1) Dp ><Dq+1

p —
M3 , 7>
[Co /DPXDqHZE(zl,y)\If (z,w)} (6.4.14)
+ - =1

(1 1

tam—1 pta
to=0 tapr1= 0 1 . (1,1) \/(tvl - t2) (tU2 - t3) T (t'UJW - tM+1)
JES,,
t tar—1 1
< CM/ (M +1)
to=0 tar=0 ;1) \/ t'Ul - t2) (tUQ - t3) (t'UMfl - tM)
TES /1
tm M +1
( -
tar41=0 \/ (tar — tars1) B
t tar—1 1
= CM (M + 1)277/ /
t2=0 . (t’Ul —t2) (tu, —t3) - (t’U]M—l —tm)
(S

< M yM-1)/2

I

where we have used the facts that ng \/ﬁ ds = 7 and that vy; < M. The extra factor
M—S

(M + 1) in the second inequality comes from the number of children (in Sg\/j’ )) for each leaf in

Sg\lji)l. Therefore, (6.4.14]) is at most

5 -2 CGo C
Ci > (CoC)Mt < N
M=0

The term for ¢ = 4 is symmetric to that of ¢ = 3, hence the upper bound is of the same form.
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Uz,y)
z,y) Ny

6971 < 1 under Assumption and hence we can ignore the factor ¢(z;,w;). Therefore, the

IN

Finally, the term for ¢ = 5 can be compared to the term for ¢ = 2 directly, since sup,

term for ¢ = 5 is at most C§ C.

From the above five estimates for the RHS of (6.4.12)), it follows that

N / Ua,y) (@.9) |E (g, 3.9)
(z,y)eDyxD_ J(&,5)eDyxD_

< C(Cg\/a Cu, Cou +CS)+C§>

+
Vi Vi NV

for N > N(D4,D_), where C = C(D4+,D_,T) > 0. Therefore the assertion in Step 1 is valid
under Assumption The proof of the lemma is complete. O

6.4.2 A technical lemma towards Boltzman-Gibbs principle

Our goal for this subsection is to prove the following lemma, which is an indicator of the validity
of the Boltzman-Gibbs principle for our annihilating diffusion model. It is instructive to compare

the statement of Lemma [6.4.4] below with that of Lemma [6.4.3]

Lemma 6.4.4. Suppose Assumption|6.1.1 holds. For anyT > 0, there exists C = C(Dy,D_,T) >

0, No = No(D4, D_) and positive constants {Cn} satisfying limy_oo Cny = 0 such that

EH/Ot Zév((w& fs)o, (Les, f:>+> - \/N(@sﬁs, ®s) — E[(€ps, ®5>]) d.sr} < Cx [l £¥/2

whenever 0 < t < Ty := T A (CoC)~2, for any N > Ny and any bounded function ¢(x,y) on

[0, To] X Dy x D_ with uniform norm ||¢||. Here ®,:= X" @ X" in abbreviation.

Proof The proof follows from the same argument that we used for Lemma [6.4.3] Namely, we

first write the LHS in terms of the generalized correlation functions (more specifically in terms

of By, = &?;m)’(p’q) defined in ); we then bound E, , in terms of E, o via 1' finally
we estimate FE,o. However, unlike Lemma [6.4.3] the LHS here wanishes in the limit due to

a ‘magical cancelations’ of the first two terms in the asymptotic expansion of the correlation
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functions. See (6.4.21)) and (6.4.22)) in the proof below.

Step 1: Abbreviations and notations.
To avoid unnecessary complications, we assume s = 1 in the proof. The general case follows
from a routine modification. By the fact (which follows from Fubinni’s theorem and a change

of variable r = v — u)

(/Oth(s) ds)2 :2/50 /vtu h(u)h(v) dvdu:2/ut0 /t_ou h(u)h(r) dr du,

we have
5| [ 2t 5 0 50,) - V(e - Bl s asf ]
= ¥ / (a0, Z%) 4 (8, XX7) = (6 94) = Bl X+ (8, X0 — (6, @) s ]
= NEH/Ot(nS—@ ~ Elp, — &) ds| |

= 2N /Ot /tE[(nu = &) (o — &) — Elnu — &l - Elny — &l dvdu, (6.4.15)

where we have introduced the abbreviations

as = (L, fi)_, Bs = (¢, fs+>+7 ns = (as, :{é\/7+> + (Bs, :{é\f,—> and &= ({, ®s).  (6.4.16)

Note that we have, for example,

Eln) = /D an() FOOa) da+ [ B.) POV dy

- / Ua,y) £7 () FOO () + b, y) (@) FOD (y) da dy.
DyxD_

Step 2: Write LHS in terms of correlation functions.
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Direct calculation yields

]E[ )( fv)]‘— [nunv No€u — Nubo +‘§u§v]
/ (@) ay(22) FMO0O (21, 29) + / (1) By (y2) FSLOOD (21 45)
D% Dy xD_ ’
/ ta(22) o) FODO) (35, 31) + /ﬂwﬂ@ﬂ 1O (g, )
D+><D,
o(2) (w1, y1) DU 0)(($1,y1),$2)—/D o Bu(yz) L(x1,31) BV (1, 11), 92)
+><

/ (901)5(3327192)F(lo)(ll)(fch($27y2)) —/ 5u(y1)€(902 92) (01)(11)(91,($2,y2))
D3 xD_ D, xD?

+/ 5(3317!/1)5(1‘2,312)F(H)(H)((iﬂlayl),(1‘2,3/2»
D2 xD?

Computing E[n, — &,] - E[n, — &] in the same way, then using the definition of oy and S5 in
(6.4.16)), we can rewrite the integrand in (6.4.15)) as follows.

E[(nu - éu)(nv - 51))] - E[nu - éu] : E[nv - fv] (6.4.17)
= / Uz, y1) €(72, y2) { fu (1) £y (y2) [Fu(,lig))(w)(xla-TZ) — F1O () F1O (¢ )}
DixD%

i ) (@2) [P @1, y0) = FIO (@) FOD (3)|
i @) 5 () |00 (1, w9) — FOD (1) ) (a2)]
@0 S () [FODOD () = FEOD (50 FO (1)
~F7 (o) [FEDUO (@1, 1), @2) = B (@, 1) PO ()]
—fi (z2) [Fqglvl YOV (@1, 91),92) = FSD (w1, 90) FOY (yz)}
—F ) [FODOD (@1, (22, 32)) = B0 (@) M (3, 30)|
—Fi () [FSDID (g1, (2, 2)) = FLOD () B (w2,1)]

-ﬁm$MWMM»mym—mm@wmwwmmﬂ}
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Note that each of the nine terms can be written in terms of

EQm (7,7, 2,d) = FOT Pz ) 2,40) — FO™(E, ) - FR9 (2, d)

w,u+r

defined in (6.4.2]), where r = v — u. We split these nine terms into three groups Aj(u,v) +
Ao(u,v) + As(u,v), where Aj(u,v) consists of the first, third and fifth terms; Ag(u,v) consists

of the second, forth and sixth terms; and As(u,v) consists of the last three terms. That is,

Ay (u,v) = /D2 . U(z1,y1) L2, y2) { fq:(yl)fv_(m)E&E)(m)(xl,w)

(@) fy (y2) EQVO (g )

—fy (y2) EGPU 0)((x1,yl)a$2)}7 (6.4.18)

Ao(u,v) = /D2 b2 e(xbyl)g(x?ayZ){fu_(yl)fv (y2) E (10)(10)(951,952)

+fu ( )fv (xQ) E(lO)(O )(3317y2)
i (@) £ (22) ESDOV (g1, 112)
@) ESPO (w1, 1), 90) | (6.4.19)

and

Az(u,v) = /132 . 3(96173/1)5(952,3/2){ — fu () ESDUD (21, (22, 42))
X2

_fu (xl) E(Ol)(n) (ylv ($27 y2))

+ B (@1, 1), (w2,92)) b (64.20)

Step 3: Cancellations. To illustrate the ‘magical cancellations’ mentioned at the beginning
of the proof, we first provide details of these cancellations for As.

Note that we can bound E,, , in terms of E, o via (6.4.7). Consider the first among the three
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terms in Az with E, , replaced E, . We apply li to write F&}S)(“) in terms of FQEZ” plus

a lower order term. This gives

- / Un, 1) o) () ESOMD (@, (22, 10)
D3 xD?

= —/ Uxr, 1) Ux2,y2) fo (Y1) <F15,21)($1,£U2,y2) - Fzglo)(xl)FzEH)(x2ayQ))
DixDE

1

N Uz, 1) €, y2) fo (y1) FSY (2, 90).
D+><D2_

Similarly, when r = 0, the second term and the third term in As are, respectively,

_ / Ur, ) Eaa, o) £ (1) ESVOD (s, (1, 12))
DixDE

= —/ U1, 1) Uz, y2) fif (1) (F512)(I2,y1,y2) - FqEOI)(yl)FqSH)(ﬂfz?yz))
DixD%

1

_'?vf €($1,y)£($2ay)JZf(wl)fafl)($27y)
DZxD_

and

/ 0, 1) (w2, 1) ESDOD (1, 1), (2, 12))
DiXDE
= / £($1,y1)€($27y2) (F522)($1,9027y17y2) - Féll)(l’l’y1)F1511)(902ay2)>
DixD%
1
+N/ é(xayl)g(mazﬁ)FQSH)(%yla?JZ)
D+XD%
1
+N/ g(why)e(;]}Q?y)F1521)((1j17;1;27y)
DixD_

1 / 2 11
+— 04 (x, Fé ) (z,7).
" oo (@, y) (z,y)

Now we add up the three equations above. The sum of the lower order terms is, by Theorem

[6.3.3| or (6.3.12), of order o(N)/N (i.e. a term which tends to zero even if we multiply it by

N) uniformly for u € [0,¢]. On other hand, the sum of the leading terms is, by Theorem
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again, equal to

[, e s { £ ) (P @) = FOO ) F (o, 10)
D3 xD?

— £ @) (B8 (2,1, 32) = FO ) FM (2, 0) )

+F7522)(331751727y17y2) - Fls,ll)(xl’yl)F'l‘(‘ll)(x27y2) }

1
— / E(xl,yﬂf(xz,yz){
N D3 xD?%

— fu (y1) ( (961,96271/2) Aélo)( )Bgn)(@’m) - 3510)($1)A&11)($2’y2))
— fu (1) (B(l (w2, 41, 42) — APV (41) B (w3, y2) — BV (1) ANV (902,112))
+BE (w1, 2,91, 99) — ALY (21,51) B (w9, y9) — B (w1, 1) AN (w2, 1) }
+o(N)/N
.

=~ K(xl,yl)ﬂ(ﬂfz,w){
D% xD?

— £ ) ( Gulan, o) £ (@2) + G (1, 22) £ (1) )
— @) (Gulwz,y) £ (00) + Go (v ) 13 (02) )
+ (Guler,y) £ (@) 7 (90) + Gulez, ) £ (@) F7 (32) )
+ (G m) o () i (92) + G (o) S (00 £ (2) )
+o(N)/N by (6.3.13)
= o(N)/N. (6.4.21)

The two o(N)/N terms are the same and can be kept track of via the computation in the proof
of Corollary Note that ALL terms involving G, G, G~ cancel out in the last equality.
The cancellation in , together with the cancellation for the lower order terms, are the
‘magical cancellations’ mentioned at the beginning of the proof.

The same type of ‘magical cancellations’ occur for each of A} and As by the same reasons.
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In short, applying (6.4.9) and (6.3.13) to each of the six terms in A; + Az, we see that the sum

of these six terms when r = 0 is, up to an additive error of order o(NN)/N which is uniform for

u € [0,t], equal to

% P2 D g(xl,yl)f(ﬂﬁzayz){
fa ) f7 (v2) (BE (1,2) = AL (@0) B0 () — B (21) ALY (22))
 f ) £ @2) (BID (@, 2) = ALO (1) BE () — B (1) AP (1))
i @) f7 () (B (,91) — ALY () B (w2) — BV (1) AL () )
+ i @) £ () (B (1,92) — APD (90) B (92) — BE (3) AL (32
— £ () (BE (1m0, y1) = AL (@1, 0) BUO () = B (1, 1) ALY ()
— i (22) <Bu12)(931=y1,y2) A (21, 91) B () — Bun)(xhyl)AuOl)(m)) }

— _Wl DiXDQE(SUlayl)Z(fL‘Q,yQ){fu (y1)fy (y2) Gt (z1, 22)
fo(22) Gu(1,12)
+ fu (@) fy

fu (1)

(1) Gu(z2,91)
+ [ (21)

(2)

(x2)

8
—
<
/\
<
DO
~—

i (22) G (y1,92)
(Culazy) £ (@) + G2 fr ()
(¢ )

w(@1,y2) fo (y1) + Gy (Y1, y2) fof (1)

_fv Y2

+
v

j

= 0. (6.4.22)

Observe that on the RHS of A3(u,v) in (6.4.20)), if we view u and (x1,y1) as fixed variables,
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then

Tq(ﬂp’q)(x%?ﬂ) = —f. (y1) E&Tﬁ’)(m)(xl, (72,92)) — fzf(%) E&?;)(pq)(yh (z2,92))

FELDED (@1,31). (22.2))
satisfies

wa) _ [" ploa) (p.g+1) (10 | © pra)
Yo = peayPa _ /0 P <V+T9p"1 + VoS + ¥ P ) do (6.4.23)
since EP? satisfies 1} That is, {T®9} and {E®9} solve the same hierarchy of equations,
but the initial condition T(()p 9 5 of smaller order of magnitude o(NN)/N, by the above cancella-
tions. Following the same argument that we used for Lemma with T,(np D i place of E’,Ep ’q),

while keeping track of these o(/V) terms. we obtain
t oot
N / / As(u,v) dvdu < o(N) t3/? (6.4.24)
0 Ju

whenever 0 <t < Ty :=T A (CyC)~2? and N > Ny. By the same argument, (6.4.24]) holds with
A3 replaced by either A; or As.
Recall that the integrand of (6.4.15)) is A1 + Ay + As. The proof is complete. O

6.5 Proof of the main theorem

With all the results developed in the previous sections, the proof of Theorem [6.1.2] is ready
to be summarized in this section. Recall Steps 1-6 in the outline of proof at the beginning
to this chapter. We will establish tightness of {Z™} (which is Step 2) and then identify any
subsequential limit through Steps 1, 3, 4, 5 and 6. Note that for Steps 1, 3, 4 and 5, we do not
need to go into the analysis of correlation functions; hence the results for these steps are for
arbitrary time interval rather than for a short time interval as in Steps 2 and 6.

The following is Step 2 in the outline of proof for Theorem Note that we do not need
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any estimate about the evolution systems Ué\tf 5 and U, for this step. The key of the proof is
Lemma [6.4.3]

Theorem 6.5.1. (Tightness) Suppose Assumption holds and o > dV (d/2 4 2). For any
T > 0, there exists C = C(Dy,D_,T) > 0 such that {ZN} is tight in D([0, To], H_,), where

To =T A (ug || V |lug )72 C. Moreover, any subsequential limit has a continuous version.

Proof We first prove the following one dimensional tightness result: For any ¢4 € C(D<) fixed
(such as eigenfunctions), {(YN*(¢4), YV~ (¢_))}n is tight in D([0, Tp], R?). For this, it suffices
to show {Zx = YV (¢y) + YV (¢_)}w is tight in D(]0,T],R) for any fixed ¢+ € Hy (cf.
problem 22 in Chapter 3 of [35]). By Prohorov’s Theorem. It suffices to show that

(1) for all ¢t € [0,Tp] and €y > 0, there exists K € (0,00) s.t.

lim P(|Zn(t)] > K) < €, and that
N—o00

(2) for all ey > 0, we have

lim lim P| sup [Zn(t)— Zn(s)] >e | =0
0—0 N—o0 [t—s|<5
0<s,t<T

By (6.1.4) and (6.1.5)), we have Zy := YV (¢, ) + YV (¢_) satisfies

foN L N1
20~ Zu(s) = [ PNT(GAG) + VI (A0 dr

S

t
—W/ (Lo + =), XNT @ XN7) —E[(l(ds + o), XT @ X)) dr

+Mn(t) — Mn(s) (6.5.1)
for 0 < s <t, where My(t) is a real valued .77t(xN’+’xN7_)—martingale with quadratic variation
t
/ (Vo2 X)) + (Vo2 XD7) + (Uds + 9-)%, X @ X07) ds. (6.5.2)
0
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(1) is implied by the fact that supys n,(py E[(Zn(t))?] < oo for all t € [0, Tp] and a > d. This

fact can be proved as follows: By definition of the correlation functions, the covariance

E [%4(6) % ()] 055,
= N (Bl "), %] - Ello, 2 DElw, 7))

= N(//¢(x1)¢(x2)pt(2v0)(x1,x2)da:lde + ]{7/<¢¢)($)Ft(1’0)(x)dx
- [ e andon - [ w(:cQ)Fél’O)(m)dmz)

By Theorem and Lemma the absolute value of the last quantity in (6.5.3]) is bounded
above by

(Co C)? t)

o [low)@ldo+ 101191 ( [ [ 16" @raa)ldords + 007

IN

C2t
Clloll Il (Co+ Ci /2 + 05
< Clolllvl(Cov 1)

AN

forall 0 <t <TA(CoC)~2and N > No(D), where Cy := |lug || V|jug || and C = C(D4, D_, T).
In particular, E[( tN’Jr(gbz))Q] < C| ¢y |1 Similarly, we have E[(y§’*(¢;))2] < C||¢;, ||I*>. There-
fore, when o > d, we have E[(Zy(t))?] < oo for all t € [0,Ty] and N > Ny(D) (as in the proof
of Lemma [6.0.22)). Hence (1) is satisfied.

It remains to show that (2) holds with Zn(t) — Zn(s) replaced by each of the three terms on
the RHS of . For the first term, (2) holds by Chebyshev’s inequality, Holder’s inequality
and . For the second term, (2) holds by Lemma For the third term, namely
Mp(t) — Mpn(s), we have (2) holds upon applying Chebyshev’s inequality, Doob’s maximal
inequality and the explicit expression for the quadratic variation (6.5.2)). Hence we have one

dimensional tightness for fixed ¢+ € C(Dy).

256



Following the same proof of Theorem [5.4.7]in Chapter 5, we complete the proof by using the
definition of the metric of H_, and the condition on «. O

We identify any subsequential limit of {ZN } for the rest of this section. Steps 1, 3, 4 and 5
follow from the method developed in Chapter 5, via the estimates for Ué\t[,s) and U, ) that we
developed. We now present the precise statements that we obtain.

Starting from Lemma and the argument that leads to at the beginning of this
chapter, we can follow the proof of Theorem [5.4.3]in Chapter 5 to obtain Step 1.

Theorem 6.5.2. Suppose o > dV (d/2 + 1). For all N large enough, there exists a cadlag

square integrable H_,-valued F}¥ -martingale MY = (MtN)tzo such that
¢ ¢
ZY =U{yZ' +/0 U], dMy +/0 Ul BYZN —KY)ds  fort>0, P—as, (6.5.4)

where UN

(.5) is defined in Definition and F}N is the natural filtration of the annihilating

diffusion process. Moreover, M has bounded jumps and predictable quadratic variation given
by @19

As a remark, equation (6.5.4) is equivalent to (6.1.4) by variation of constant (see Section
2.1.2 of [43]). For Step 4, it can be checked that we have the following, as in Theorem in
Chapter 5.

Lemma 6.5.3. For a >d+2 and T > 0, we have
L )
Uf\t]’o) Z(])V —> U(tro)zo m D([()? T]? H—Oé)'

Moreover, U 0yZ0 has a version in C7([0,T], H_,) for any v € (0,1/2).

By Theorem [6.0.18 and Lemma we can check that the quadratic variation of M con-
verges in probability to the deterministic quantity (6.1.3)). Hence, by a standard functional
central limit theorem for semi-martingales (see, e.g., [59]), we have for any ¢+ € DomIeler(AT)

fixed, { M (¢, ¢_)} converges in distribution in D([0,T],R) to a continuous Gaussian martin-
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gale with independent increments and covariance functional (6.1.3]). In fact, following the proof
of Theorem in Chapter 5, we obtain Step 3.

Theorem 6.5.4. When a >d V (d/2+ 1), the square-integrable martingale {M™~} in Theorem
6.5.2 converges to M in distribution in D([0,T),H_,) for any T > 0, where M is the (unique
in distribution) continuous square-integrable H_-valued Gaussian martingale with independent

increments and covariance functional characterized by .

With Lemma we can check, as in Chapter 5, that the expression fg U4,)dM; is well-
defined. That is U (for s € [0,¢]) lies within the class of integrands with respect to M.

Furthermore, following the same proof for Theorem in Chapter 5, we obtain Step 5.

Theorem 6.5.5. For a > d+ 2 and T > 0, we have
‘ N N £ !
/0 U(t’s)dMs — /0 U sdMs in D([0, T],H_,) (6.5.5)

Moreover, fg U, dMs has a version in C7([0,T], H_,) for any v € (0,1/2).
Finally, we complete Step 6 towards the proof of Theorem [6.1.2] The key is Lemma [6.4.4

Theorem 6.5.6. (Boltzman-Gibbs principle) Suppose o > d + 2 and Assumption holds.
For any T > 0, there exists C = C(D4,D_,T) > 0 such that

¢
/0 Ul (BYzZN — KN)ds 550 in D((0, Ty), H_y), (6.5.6)
where Ty :=T A (Co C)~2, the operator Uf\tfs) is defined in ,

BIp(gr,0-) = p({le4 + ), £7)_ (Ups +0-), fF),) and
KN(@1,0-) = VN({loy (64 +0-), XV @ XN7) —E[(0(6s +6-), VT 0 2V7)]).

Proof Observe that a > d (we will need o > d+2 later in the proof) guarantees, base on Weyl’s
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law (6.0.7) and (6.0.8]), that

s 112 5 112
Z 14+ AHe T 14+ 2 < o0
Using the definition of the norm | - |_, is defined in , the uniform bound (6.2.15) and
Lemma|6.4.4] we have the following: For any 7" > 0, there exists a constant C' = C(Dy,D_,T) >
0, an integer Ng = No(D4, D_) and positive constants {Cn} satisfying limy_,oo Cnx = 0 such
that

t 2
E UN (BYzN — KN)ds
0 (t,s)\ s “s s

} < Cyt3/? (6.5.7)

—

whenever 0 <t < Ty :=T A (CoC)~2 and N > Ny. In particular, we have, for a > d,

¢
lim sup IEH/O Ué{s)(Bi,VZéV—Kév)ds

2
} ~0. (6.5.8)
N—oo te[0, To)

—Q

Theorem follows from (6.5.8)) and tightness for the process
. N ZN N
eN(t) ::A U(t,S)(BS ZS _KS )ds

in D([0, Tp], H_,) which can be verified by the same argument that we used for Z in the proof
of Theorem Precisely, by (6.5.4)), we have almost surely,

t
en(t) = 2" - U2 - /O U dM)y  fort>0.

Each of the three terms on the RHS is C-tight (i.e. has only continuous limits) in D([0, Tp], H_,)
by Theorem Lemma and Theorem respectively, provided that o > d+2. Hence
ey is tight in D([0, Tp], H_,).
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