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This document consists of three mathematically independent and more or less thematically
independent parts. Chapter 1 concerns invariance of the cohomology groups of divisorial ideal
sheaves under (a restricted class of) birational morphisms of pairs in arbitrary characteristic,
and as an application extends some foundational results in the theory of rational pairs that were
previously known only in characteristic 0. Chapter 2 discusses correspondences in logarithmic
Hodge theory related to an as-of-yet-unsuccessful alternative strategy for proving the main
theorems of Chapter 1. Chapter 3 introduces and studies a condition on a proper scheme over a
field of positive characteristic defined in terms of the Frobenius action, which we call globally

F-full.
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Chapter 1
HIGHER DIRECT IMAGES OF IDEAL SHEAVES

1.1 Introduction to Chapter 1

A foundational problem in birational geometry, posed by Grothendieck in his 1958 ICM address
[Gro60, Problem B], asked whether for every proper birational morphism of non-singular
projective varieties f : X —» Y,

Rif.64 =0fori> 0.

In characteristic 0 this was answered affirmatively by Hironaka as a corollary of resolution of
singularities [Hir64, §7 Cor. 2]. In characteristic p > 0, where resolutions of singularities are
not known to exist, answering Grothendieck’s question proved much harder, remaining open

until 2011 when Chatzistamatiou and Riilling proved the following theorem.

Theorem 1.1.1 ([CR11, Thm. 3.2.8], see also [CR15, Thm. 1.1] [Kov20, Thm. 1.6]). Let k be
a perfect field and let S be a separated scheme of finite type over k. Suppose X and Y are two
separated finite type S-schemes which are

(i) smooth over k and

(ii) properly birational over S in the sense that there is a commutative diagram

(1.1.2)

X/czj\‘y
Nt

with r and s proper birational morphisms.



Setn =dimX = dimY = dim Z. Then there are isomorphisms of sheaves
Rif,064 — Rig,0y and R f,wy — Rig,wy forall i, (1.1.3)

One of the primary applications of Theorem 1.1.1 was to extend foundational results on
rational singularities from characteristic 0 to arbitrary characteristic (for definitions of rational

resolutions and rational singularities see Definition 1.6.2).

Corollary 1.1.4 (|[CR11, Cor. 3.2.10],[Kov20, Thm. 1.4]). If S has a rational resolution, then

every resolution of S is rational.
Chapter 1 concerns analogues of Theorem 1.1.1 for pairs.

Definition 1.1.5 (slightly more general version of [Kol13, Def. 1.5]). In what follows a pair
(X, Ay) will mean a reduced, equidimensional excellent scheme X admitting a dualizing com-
plex together with a Q-Weil divisor Ay = »’. a;D; on X such that no irreducible component D,

of Ay is contained in Sing(X).

Definition 1.1.6. A simple normal crossing pair is an equidimensional, regular excellent scheme
X together with a reduced effective divisor Ay = ). D; such that for every subsetJ C {1, ..., N}

the scheme-theoretic intersection
D] .= ﬂJGJDJ g X
is regular of codimension |J].

Remark 1.1.7. If X is regular as in Definition 1.1.6 then it admits a dualizing complex. By an
amazing result of Kawasaki [Kaw02, Cor. 1.4], a noetherian ring admits a dualizing complex if

and only if it is a homomorphic image of a finite-dimensional Gorenstein ring.

As observed in [Kol13, §2.5], to generalize Corollary 1.1.4 to pairs we must restrict attention

to a special class of thrifty resolutions (see Definition 1.3.5).



Theorem 1.1.8 (Corollary 1.5.21). Let S be an excellent noetherian scheme and let (X, Ay) and
(Y, Ay ) be simple normal crossing pairs separated and of finite type over S. Suppose (X, Ay ), (Y, Ay)

are properly birational over S in the sense that there is a commutative diagram

(Z9 AZ)

(X, Ax) O (Y, Ay) (1.1.9)

where r, s are proper and birational morphisms, and assume A, = r;'Ay = s;'Ay. If r,s are

thrifty then there are quasi-isomorphisms
Rf* @X(_AX) = Rg*GY(_AY) and Rf*wX(AX) = Rg*wY(AY)- (1110)

Via the same methods as Theorem 1.1.8, we obtain an analogue of Corollary 1.1.4 (for
definitions of rational resolutions and rational singularities for pairs see Definitions 1.6.2

and 1.6.5).

Theorem 1.1.11 ([Kol13, Cor. 2.86] in characteristic 0, Lemma 1.6.6 in arbitrary characteristic).
Let (S, Ag) be a pair, with Ag reduced and effective. If (S, Ag) has a thrifty rational resolution
[ (X,Ax) = (S,Ay), then every thrifty resolution g : (Y,Ay) — (S, Ag) is rational.

Our methods rely on the machinery of semi-simplicial schemes; we feel obligated to provide
some motivation for their use in the context of Theorem 1.1.8. To begin, we can translate the
condition that a birational morphism f : (X, Ay) — (S, Ag) of simple normal crossing pairs’
with Ay = fi'Ag is thrifty into the statement that the dual complexes D(Ay) and D(A) are
isomorphic. The dual complex D(Ay) is usually described as the A-complex (in the sense of
[Hat02, §2.1]) with 0-cells the irreducible components D of Ay = 3} D, 1-cells the compo-

nents of intersections D N Df for i < j with gluing maps corresponding to the inclusions

lwe can relax the condition that both pairs are snc, but it will make this motivational discussion simpler.



DY n D} C Dff and DY n D} C DY, and so on (this is a generalization of the dual graph of a
nodal curve). The topological properties of D(Ay) have been extensively studied, for example
in this non-exhaustive list of references: [ABW13; Dan75; FKX17; Ste06]. Upon inspection we
see that a A-complex is precisely a semi-simplicial set, and that D(Ay) is the semi-simplical set
obtained by taking 7, (connected components) of a semi-simplicial scheme X,, with

|J]=i+1
The thriftyness hypotheses of Theorem 1.1.8 ensure that (X, Ay) and (Y, Ay) have the same
dual complex, which provides enough rigidity to attempt to prove Theorem 1.1.8 by induction

on dim X and the number of components of Ay, using Theorem 1.1.1 as a base case. For example,

we have exact sequences
0 — Ox(—Ax) — Ox(—Ax + Di{) - @Df(—AX + DﬂDf) -0

and similarly on Y. We can even assume by induction the existence of already-defined quasi-

isomorphisms in a diagram

Rf,Ox(=Ay) —> Rf,Ox(=Ay +D¥) =5 Rf,0ps(=Ay + DY o) —> -
|

la o~ ~ (1.1.12)
: e
Rg.0y(—Ay) —> Rg.0y(—Ay +D¥) — Rg*ﬁDf(—AY +Df|D1Y) —

If the square (x) commutes, then using only the fact that Dfoh(S) is a triangulated category we
get a quasi-isomorphism « on the dashed arrow. However, in this approach g, y are themselves
defined by induction, and so to know (x) commutes we must take one inductive step further,

considering maps of distinguished triangles

Rf,Ox(—Ax + Df) — Rf.Ox(-Ax + Df + Df) — Rf*GDf(—AX + Df|D§) —_—

i i 1 and

Rg.Oy(—Ay +Df) — Rg.Oy(-Ay +Df +D§) — Rg*@D;”(—AY +Df|D§) —_—
(1.1.13)



Rf*@Df(—AX +Df|D§<) — Rf*GDf(—AX +Df +D‘§|Di‘) — Rf*@Dan;f(—AX +Df+D§|D§an§) —-

3 3 3

Rg.Opr(=Ay +D¥|Df) — Rg.Opr(=Ay +DY +D§|Df) — Rg.Oprapy (—Ay +DY +D§|D}’nD;) -
(1.1.14)

together with a map from (1.1.13) to (1.1.14) including the square (), and so on. It is certainly
possible that the correct induction hypothesis (building in not only quasi-isomorphisms like
B,v in (1.1.12) but also commutativity hypotheses) and some careful analysis of diagrams in

Db

coh

(S) could make this strategy work, but I had no such luck.
Another technical issue this approach encounters is that at some point in the base case, we
must analyze how the isomorphisms of Theorem 1.1.1 behave with respect to restrictions, i.e.

diagrams of schemes like

DY ¢— D? —3 DY
X < Z S Y

Delving into the methods of [CR11; CR15; Kov20], this analysis runs into subtle aspects of
Grothendieck duality, especially since for this approach to work we do require morphisms in
Dfoh(S), not simply of cohomology sheaves as in Theorem 1.1.1.

What is clear is that this attempted induction takes place on the semi-simplicial schemes X,
and Y, underlying the dual complexes D(Ay) and D(Ay ). Under necessary thriftiness hypothe-
ses, in the situation of Theorem 1.1.8 we find that there is also an auxiliary semi-simplicial
scheme Z, together with morphisms X, il Z. > Y. which are birational in each simplicial
degree. Using refined forms of Chow’s lemma and resolution of indeterminacies [Con07], to-
gether with the existence of Macaulayfications [Ces21; Kaw00], we can find such a Z, where
each scheme Z; is Cohen-Macaulay and the morphisms X; A Z; A Y, are projective — this
occupies Sections 1.3 and 1.5. We then make essential use of [Kov20, Thm. 1.4] to conclude
that there are natural maps 6y, — Rr;,0, and Oy, — Rs;, 0, are quasi-isomorphisms. A more
detailed overview of this construction is included at the beginning of Section 1.5.

The remainder of our proof is pure homological algebra: in Section 1.2 we show that when



(X, Ay) is a simple normal crossing pair (more generally, when the components DX of Ay form
a regular sequence, see Definition 1.2.5) the ideal sheaf O (—Ay) admits a Cech-type resolution
of the form

Ox(—Ax) = Ox — Ox, = Ox, — -+,

in other words we can recover Oy(—Ay) from an augmentation morphism X, — X. More-
over, we can recover the cohomology of Ox(—Ay) from a descent-type spectral sequence Corol-
lary 1.2.18 — the last major technical ingredient is a comparison of the resulting spectral
sequences associated to X, Y and Z.

Section 1.6 deals with applications to rational pairs, in particular Corollary 1.1.4, and Sec-
tion 1.4 includes some new examples illustrating the subtleties of thrifty and rational resolutions
of pairs, for instance we affirmatively answer a question of Erickson and Prelli on whether
there exists a non-thrifty rational resolution of a pair (S, A) — our (S, A) is even a rational pair,

and the resolution is related to the famous Atiyah flop.

1.1.1 Acknowledgements

I'would like to thank Jarod Alper, Chi-yu Cheng, Kristin DeVleming, Gabriel Dorfsman-Hopkins,
Max Lieblich, Takumi Murayama, Karl Schwede and Tuomas Tajakka for helpful conversations,
and my advisor Sdndor Kovdcs for proposing the problem of extending results Theorem 1.1.1 to

pairs and for many valuable suggestions.
1.2 Regular sequences of divisors and descent spectral sequences

1.2.1 Semi-simplicial schemes and their derived categories

To any simple normal crossing pair we can naturally associate a semi-simplicial scheme. A
primary reference for the theory of semi-simplicial schemes is [SGA4II, Vbis]; since many
elementary facts about simplicial schemes carry over to semi-semi-simplicial schemes, [Con03],
[Ols16, §2.4] and [Stacks, Tag 0162] are also relevant. What follows is a condensed summary of

the machinery we need.


https://stacks.math.columbia.edu/tag/0162

Let A denote the category with objects the sets [i] := {0,1,2,...,i} for i € N and with
morphisms the strictly increasing functions [ j] — [i]; in particular Hom, ([ j],[i]) = @ if j > i.?
A semi-simplicial object in a category C is a functor A°? — C; semi-simplicial C-objects naturally
form a category, the functor category €*”. Any morphism ¢ : [j] — [i] can be written non-
uniquely as a composition of the basic morphisms

_ _ X ifx<k
S, . [i — 1] » [i] defined by &, (x) =

x+1 otherwise
(so 5;{ skips k) [Stacks, Tag 0164], and hence a semi-simplicial object X : A°? — C is equivalent

to a sequence of objects X; : = X([i]) together with morphisms
d, :=X(8,) : X; > X,_, subject to the relations d,"'od| = d;_Jod,, (1.2.1)

and all semi-simplicial objects below will be obtained from such an explicit description. In
what follows semi-simplicial objects will be denoted with a », e.g. “the semi-simplicial scheme
X.” (to distinguish them from plain schemes).

When C is a category of schemes, a sheaf on a semi-simplicial scheme X, is the data of a sheaf
F; on each scheme X; together with morphisms of sheaves 6;{ TF > d;{xg ;on X;_, satisfying
compatibilities coming from (1.2.1). These sheaves form a topos X, such that morphisms of semi-
simplicial schemes f, : X, — Y, induce functorial maps of topoi X, — Y, (see [SGA4II, Vbis,
Prop. 1.2.15]) — the benefit of the topos-theoretic point of view is that it immediately implies the
category of abelian sheaves Ab(X,) on X, is an abelian category with enough injectives ([Stacks,
Tag 01DL]), enables us to define pushforward functors Rf, : D*(Ab(X.)) - D*(Ab(Y.)) for
morphisms of semi-simplicial schemes f, : X, — Y,, and so on.

An augmented semi-simplicial scheme is a morphism of semi-simplicial schemese, : X, —
S. where S, is a constant semi-simplicial scheme (that is, S; = S for all i for some fixed scheme

S, and all d;'{ = id). This is equivalent to the data of a semi-simplicial object of Schg. For such

2In [SGAA4II, Vbis] A is denoted by A* so this notation is non-standarad, but seemed necessary due to the
number of divisors A and pairs (X, A) considered below. My apologies.


https://stacks.math.columbia.edu/tag/0164
https://stacks.math.columbia.edu/tag/01DL

a constant semi-simplicial scheme S., Ab(S.) is equivalent to the category Ab(S)* of co-semi-
simplicial sheaves of abelian groups on S, that is, sequences of sheaves of abelian groups G; on
S together with morphisms 5,"{ : G,_; — G, satistying compatibilities forced by (1.2.1). As in
the construction of the Cech complex setting d’ = 3, (=1)* : §, : 6,_, — G, gives a complex
of abelian sheaves on S and hence in particular an abelian sheaf a(§.) := ker d°®. Writing

€. .= aog,,, the composite derived functor

Re,,

/\

D*(Ab(X.)) —% D*(Ab(S.)) —2%% D*(Ab(S))

admits the following concrete description: given a sheaf &, on X, one takes an injective resolu-
tion

F.->I"> Fl > .¥2 > .. in Ab(X.)

Here the .7/ are in particular sheaves on X, with each .¥ l] an injective abelian sheaf on X; — for
further discussion of injective objects in Ab(X,) see [SGA4II, Vbis, Prop. 1.3.10] and [Con03,

Lem. 6.4, comments on p. 42]. Then
€. J—>e Il —>e.,92— ... in Ab(S.)

is a complex of co-semi-simplicial abelian sheaves which via the Cech construction becomes a
complex of complexes. Applying the sign trick gives a double complex whose Tot computes
Re,F.. One of the spectral sequences of this double complex is displayed below. In our calcula-

tions it is crucial that this spectral sequence is (at least in a minimal sense) functorial.

Lemma 1.2.2 (Descent spectral sequence, [SGA4II, Vbis §2.3], [Con03, Thms. 6.11-6.12]). If
F. is an abelian sheaf on an augmented semi-simplicial schemee . X, — S then there is a spectral

sequence

pPq _
EP = RY¢,, %, — RPe,F,



Moreover if €, is an abelian sheaf on another augmented semi-simplicial schemee’ : Y, - T and

is a map of augmented semi-simplicial schemes together with a map of abelian sheaves ¢ . F, —

g..6. on X,, then ¢ induces a morphism of spectral sequences
Efq(g-) = Rqep*gp - Rq(eogp)*CgP = Efq((g-)
converging to the morphism Re,(¢) : Re, ¥, — Re,Rg., 6. = Rg,Re.G".

Proof of the “Moreover ...”. We work with the abelian categories of sheaves of abelian groups on
Y., X.. Let ¥: be an injective resolution of G, in Ab(Y,). Then f., ¥ is a complex of injectives
(this uses the fact that f., has an exact left adjoint f~!), ¥, — ¥: is a quasi-isomorphism and

we are given a map
¢ F. > fu. > [T

By [Stacks, Tag 013P] (see also [Wei94, Thm. 2.2.6]) there is a map of complexes of abelian

sheaves on X, extending ¢:
I - fL.F.

Applying €., then gives a morphism of complexes of co-semi-simplicial abelian sheaves on S

consisting of morphisms
q q
€piT p = €pi8pid p

compatible with both the simplicial sheaf maps (in the p direction) and the injective resolution
mabps (in the q) direction, to which we may apply the Cech construction and sign trick to obtain
a map of double complexes. This reduces us to the claim that a map of double complexes (or
more generally a filtered map of filtered complexes) induces a map of spectral sequences, which

we take as well known. O


https://stacks.math.columbia.edu/tag/013P
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Remark 1.2.3. The above proof is at least suggested in the last sentence of [Con03, Thm. 6.11].
An alternative method would be to use Deligne’s trick of viewing ¢ as an abelian sheaf on the

A X I scheme associated to f, — for related discussion see [SGA4II, Vbis, §3.1].

Corollary 1.2.4. In the situation of Lemma 1.2.2 suppose in addition that the morphisms ¢, :

F, — Rf .G, are quasi-isomorphisms for all p. Then, the induced morphism

Re,(p) : Re,F. — Re,Rg., 6. = Rg.Re.G"

is a quasi-isomorphism.

1.2.2  Regular sequences of divisors

Definition 1.2.5. Let X be a locally noetherian scheme. A sequence of effective Cartier divisors
D,,D,,...,Dy C X is called regular if and only if for each point x € X, letting f1,---, fy € Ox
be local generators for the divisors D; and letting I(x) = {i | x € D;}, the elements (f; € m, | j €

I(x)) form a regular sequence.

This definition is designed to ensure that a permutation of a regular sequence of divisors is
again a regular sequence (see [Mat80, §15, Thm. 27], [Stacks, Tag 00LIJ]).

Let X be a locally noetherian scheme together with a regular sequence of effective Cartier
divisors D;, D,, ..., Dy C X. We define an augmented semi-simplicial scheme X, as follows:

X_; =X,X,=1]1,D; and for k > 0,

X, = II D whereD, =)D,
I€{1,...,N} | [T]=k+1 jel
The face maps are defined by the inclusions di : Dp & Dy for I = {igsriktand 0 < j < i,
as in a Cech complex, and for each k we have an augmentation map €, . X; — X obtained
from the inclusions D; C X. In this situation the descent spectral sequence of Lemma 1.2.2

degenerates: since the ¢, : X, — X are closed immersions and hence affine, R%,,0 x, = 0 for


https://stacks.math.columbia.edu/tag/00LJ
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q > 0.1t follows that Rie, O _is the cohomology of the Cech type complex

d! d> v
60*@)(0 — €,0x, — -+ — €y, Ox,

d! 42 N
= @ Op, — @ ®DiﬂDj o Onp,
i

i<j

(1.2.6)

Lemma 1.2.7. The complex (1.2.6) is exact in degrees i > 0, with kerd' ~ O, , . Equivalently,
the extended complex
% d! d? v
0— @X(—ZDL') - Ox — @ Op, — @ ®DinD}« — - —0np, =0
i i i<j
wherey : Ox — @i Op, is restriction in each factor is exact, and hence there is a canonical

quasi-isomorphism O (— Zi D;) ~ cone(Ox — Re, 04 )[—1].

Proof. We proceed by induction on the number N of divisors. The base case N = 0 is vacuous
(X. is empty). If that seems too weird, the case N = 1 simply says that the sequence 0 —
Ox(=D;) - Ox — Op — 0 is exact, which is indeed the case as D, is an effective Cartier
divisor.

Suppose now that N > 1. Then by the definition of a regular sequence, D; N D,,D; N
D,,...,D, N Dy C D, is a regular sequence of divisors, and by permutation invariance of regular
sequences (for noetherian local rings [Mat80, §15, Thm. 27], [Stacks, Tag 00LJ] — this dictated
Definition 1.2.5) D,,...,Dy C X is a regular sequence. We form a short exact sequence of

complexes (with cohomological degrees as indicated)

C’ . 0 —— Op, dﬁ @1<j @DlﬂD; d% 691<j<k ®D1”Dj”Dk d%
\/0{ \L \La \La \La
C: Ox 4 @i ®Di % ®i<j @DzﬁDj % ®i<j<k @DiﬁDj”Dk %

8 ‘ 5 lﬁ iﬁ iﬁ (1.2.8)

d// d//

" . it d’{
¢ Ox ®1<i ©Di - @1<i<j ®DiﬁDj - ®1<i<j<k ®Dif‘lef‘le —



https://stacks.math.columbia.edu/tag/00LJ
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(in fact by comparing ranges of indices we can see the columns are split short exact sequences).

By inductive hypotheses,

hi(C’) = and hi(C") =

0 otherwise 0 otherwise

showing that h'(C) = 0 for i > 0, and that in low degrees there is an exact sequence
5
0= h™}(C) > Ox(~ Y, D;) = h™(C") > h°(C") = 6, (- Y. D;ND;) > 0 (1.2.9)
1<j 1<j
To complete the proof, we must verify that the connecting map & is indeed restriction of sections,
so that (1.2.9) coincides with the usual exact sequence
J 1<j 1<j

and indeed, by the snake lemma construction of the connecting map J we lift a local section
o € kery” C Oy along 8, apply y : Ox — @;0p, to obtain a local section (c|p,) € kerf C

@®;0p,, and then lift along o : 6, — ;0 — the net resultis o|p, as claimed. O

Remark 1.2.10. Here we sketch a different proof of Lemma 1.2.7, which could potentially shed
more light on what happens if D, ..., Dy C X deviates from being a regular sequence. For
eachileto; : Ox — Ox(D;) be the canonical global section and let o : Ox(—D;) — O be its
dual. For each subsetJ C {1,...,N}let €; := @;c;0x(D;). For each such J we have a section

o; = (0;1j €J) : Ox — ;. There’s a map of chain complexes

Oz%ﬂ H @|]|=1%] H ®|]|=2%J H ®|]|=3%J H

T =1 ool ol

®X H 69|f|=1 @X H 69|J|=2 @X H ®|]|=3 ®X H

where the horizontal differentials are alternating sums of summand inclusions (in effect, they
come from the singular co-chain complex of the N — 1-simplex AN~1) and the vertical maps
are induced by the o;. Applying the Koszul construction to the individual maps o; : 65y — §;

. . . . .o . _ _ \V
(along with the usual sign trick) then results in a double complex C** with CP? = @l Ji=p N 7€ .
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I claim without proof® that the horizontal complexes
N
C?1:0->:-->0— @ ATIE] — @ ATIE = - > @ ATIE] = /\‘q(@ Ox(—=Dy))
l=—q l=—gq+1 |J|=N i=1
are exact for ¢ > —N, and hence Tot(C**) is quasi-isomorphic to AN (EB?L L0x(=D,)) = Ox(— Zi D;).
On the other hand, the vertical complexes

cP . 0—>---—>0—>@/\p%}’%@/\p‘l%}’—w--ﬁ@%}’a@@(

l=p l=p l=p l1=p
are direct sums of Koszul complexes by design, and so their cohomology is
ha(CP) = @) Tor%(6y,. 65),
lJl=p

which reduces to
®|J|=P ®DJ lfq =0

0 otherwise

ha(cP*) =

precisely when the sequence Dy, ..., Dy is regular [Mat80, §18 Thm. 43], [Ful98, Lem. A.5.3].
As a technical aside, this approach might show that Lemma 1.2.7 holds under slightly weaker
hypotheses of Koszul regularity (see e.g. [Stacks, Tag 062D]).

1.2.3 Resolving sheaves of log-differentials

In the case where X is smooth over a perfect field and Ay : = Ufi \D; is snc in the strong sense
that for each point x € X there are regular parameters z, --- z, so that Ay = V(z, ---z,)on a
Zariski neighborhood of x, we can say even more — however this additional information is not
used in the sequel so the reader is welcome to proceed to Section 1.2.4.

Here the X are smooth, so in particular the sheaves of differential forms Q)l(k are locally
free, and for each p the standard Cech construction applied to the co-semi-simplicial sheaf Q;

gives a cochain complex

p . p p p
Re, Qy 1€y — €.y — 6,0, — -

31t seems a proof by induction on N analogous to the argument in Lemma 1.2.7 works, although it is combina-
torially more involved.


https://stacks.math.columbia.edu/tag/062D
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on X, together with a morphism Qf — Re, Q; induced by the augmentation. The shifted cone
Q;; A = cone(Q§ - R@Qﬁ )[—1] is then represented by the following complex, with derived
LI :

category degrees as indicated:*
Q)P; } €0*Q§o } GI*Q)P;] } €2*Q§2 }
(1.2.11)
0 1 2 3

Lemma 1.2.12 ([Fri83, Prop. 1.5], [DI87, Rem. 4.2.2]). The complex
0 - QF(log Ax)(—Ax) — QF — epsilony, Q5 — el*Qﬁ"}1 - 62*Q§2 —
is exact. Equivalently, the complex (1.2.11) is a resolution of the sheaf Q;}(log A)(=Ay).

We include a proof merely to make clear that the lemma is valid in arbitrary characteristic

— the argument given follows [Fri83, Prop. 1.5] very closely.

Proof. We can check exactness on Zariski stalks over a point x € X. We may also check
exactness after renumbering the divisors D;, and so we may assume that x € D, ..., D, and
x & D, fori > k. By hypothesis, there are local coordinates z,,...,z. € Oy, such thatin a
Zariski neighborhood of x, Ay = V(l_[;{=1 zp)and D; = V(z;) fori=1,...,k.

We now proceed by simultaneous induction on k and dim X. Letting Ap, = Zfzz D;NnD,,we
have dim D; < dim X and k — 1 < k, so denoting by ¢’ : D,, — D, the semi-simplicial scheme

associated to (D;, Ap, ), by inductive hypothesis the complex

0 — Qp (log Ap )(=Ap) = Qp = €, Q) = € Qp: = - (1.2.13)

is exact. On the other hand, letting A>! = Z:=z D, we obtain a divisor with k—1 < k components,
so denoting €” : X! — X the semi-simplicial scheme associated to (X, A>!), by inductive

hypothesis the complex

0 — Qf(logAH(—A"1) —» Qf » ) OF | —» e QF | — -
0

0%~ “x>1 1% X1>1

“This notation is chosen to align with the fact that over C, the complex (1.2.11) represents the pth graded part
of the Du Bois complex of the pair (X, Ay).
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is exact. Moreover, there is a sequence of complexes
0— 3 L veqp _dyoaqgp 4y
D, 07Dy o 17Dy

L I I’

ct

d d d

” lﬁ lﬁ lﬁ (1.2.14)

p " AP a” " P a” " AP a’
QX H EO*QXSI H €1*QX1>1 H €Z*QX2>1 H o
0 1 2 3

and since for each k, X = X;l II D, the columns are (split) exact. Using the long exact
sequence of cohomology sheaves, the inductive hypotheses show that h"(Qi A )=0fori>1,
— AL8x

and in low degrees we have an exact sequence
0 — Q8 (log Ax)(—Ay) — Q2 (log A>1)(—A>1) — QF (log Ap, )(—Ap,) = h'(QF, ) =0

It remains to show hl(Qi A ) = 0. For this consider a local section
— A,Ax

k
(@) = (pili = 1,...,k) € kerd C €, Q= H Qp
i=1

As d"B(p;) = Bd(p;) = 0, by inductive hypothesis there is a local section w € Q}, such that
B(@;) = €"*w. Unravelling, B(¢;) = (¢,, ..., @) and w|p, = ¢; fori = 2,..., k. Since

0=d(¢) = (qoilDinDj — @ilpap, |1 ST <j < N), soin particular fori =1

0= §01|D1nDj - §0j|D1nDj = §01|D1nDj - CU|Dlij forj=2,..,k
we find that ¢; — w|p, vanishes on Aj, , and applying exactness of (1.2.13) once more we see

¢ —wlp, € le (log Ap )(—=Ap)). At x, le (log Ap )(—Ap,) is generated by the forms

k dz; dz;
(12 — /\---/\Z—_”/\dz.

X U+1
i=2 I I

<N

/\---/\dz,-pwhere1<i1<---<il§k<il+1<---<ip_

The key point is: each of these vanishes on D; for i > 1 (since they each contain either a z; or a

dz; forall 1 < i < k), and so we may find a local section ¢ € QF with
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(i) §|D1 =@ — CU|D1;
(ii) &|p, = 0fori> 1.
Rearranging shows (w + §)|p, = ¢; for all i — in other words (¢;) = e*(w + &). O

Remark 1.2.15. As a byproduct we obtain an exact sequence
0 - QP (log Ax)(—Ay) = Q¥ (log A>H)(—A>1) - le(log Ap )(=Ap) = 0,

and considering the snake-lemma definition of the connecting morphism shows this is, at least

up to sign, restriction of log differential forms (see [EV92, §2])

1.2.4 Replacing the ideal sheaf with a filtered complex

Let X be a locally noetherian scheme and let D, ..., Dy C X be a regular sequence of effective
Cartier divisors, with sum Ay := Zil D;. By Lemma 1.2.7 the ideal sheaf O (—Ay) is quasi-
isomorphic to cone(Oxy — Re,0Ox )[—1], which for convenience moving forward we give a

name:’
Definition 1.2.16. Q;A :=cone(Ox — Re,Ox )[—1].
—AN8x
By Lemma 1.2.7 and its proof this complex has the explicit representation

®X ; @i ©D[ H @Kj ®D,ﬂDj > > @niDi

0 1 2 N

We can give QS( .. @ descending filtration by truncations
— ALAx

0 0 0 0
QX’AX - GZOQX’AX = GZlQX,AX = GZzQX,AX D
where
N 0 ifj<i
@22, )=y (1.2.17)
(QX,AX)j = €j—l*®Xj_1 = ng{l ,,,,, N} J|=j} @D] otherwise

Using this filtration we obtain a spectral sequence for higher direct images.

>This notation is chosen to align with the fact that over C and when (X, Ay) is a simple normal crossing pair,
the complex (1.2.11) represents the Oth graded part of the Du Bois complex of the pair (X, Ay).
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Corollary 1.2.18. Let S be a locally noetherian scheme and let f : X — S be a finite type
morphism. Let D,, ..., Dy C X be a regular sequence of effective Cartier divisors, with sum Ay.
Then thereis a filtered complex (Rf Q; Ay F)whose cohomology computes the higher direct images
R™M f.0x(—Ay). For each i there is a distinguished triangle
i+1 0 i 0
FHRFQL, = FREQ, = {1NIH L R1Op =
In particular, there is a spectral sequence
El= J[ Rf.0p, = R¥f.0x(=Ax)
JE{1,. N} =i}
The filtration F is defined as F = Rf .o, and the resulting spectral sequence is just the usual

hypercohomology spectral sequence.

Remark 1.2.19. Viewing e : X, — X as a sort of resolution of the pair (X, Ay), we can consider
the spectral sequence of Corollary 1.2.18 as a sort of descent spectral sequence (see [SGA4II,

Vbis], [Con03]).
1.3 Simple normal crossing divisors and thriftyness

1.3.1 Definitions and basic properties

Definition 1.3.1 (([EGAIV,, §7.8]). A scheme X is excellent if and only if
« X islocally noetherian,
« for every point x € X the fibers of the natural map Spec © )’},x — Spec Oy, are regular,
« for every integral X-scheme Z that is finite over an affine open of X, there is a non-empty
regular open subscheme U C Z, and
« every scheme X’ locally of finite type over X is catenary (that is, if x € X’ and x w y isa
specialization, then any 2 saturated chains of specializations x = x; w» x; w» -=- w X, =y

have the same length).

If X is excellent, then the locus

Reg(X) = {x € X | Oy, is regular}
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is open [EGAIV,, Prop. 7.8.6]; we will make repeated use of this fact.
We first relate the notion of a simple normal crossing pair to the regular sequences of

effective Cartier divisors considered in the previous section.

Lemma 1.3.2. If (X, Ay = )}, D,) is a simple normal crossing pair then (D;) is a regular sequence

of effective Cartier divisors.

Proof. Let x € X be a point and as above let I(x) = {i|x € D;}. Let f; € m, C Oy, be
local generators for the D;, for j € I(x). By hypothesis for any subset J C I(x) the quotient
A/(f;|Jj €J)isregular, and so by induction we reduce to the commutative algebra statement
that if A is a regular local ring, f € A and A/ f is a regular local ring with dimension dim A — 1

then f is a non-0-divisor (see for example [Stacks, Tag 0AGA]). O

Lemma 1.3.3. Let X be an integral excellent scheme with an effective Weil divisor Ax = ). D;,

and for each i let F; C Oy be the ideal sheaf of D;. Then the locus

snc(X,Ay) :={x € X| 2 I, € O}, is asimple normal crossing pair} C X
iel(x)

is open, and this is the largest open set U C X such that (U, Ax|y) is a simple normal crossing pair.
We could alternatively just declare snc(X, Ay) to be the largest open set U C X such that

(U, Ax|y) is a simple normal crossing pair; the content of the lemma is that in some sense the

snc locus is “already open.”

Proof. Suppose J C {1,...,N}, and write .; = (f; € Ox,|j € J) C Oy,. Consider the

co-cartesian diagram of noetherian local rings

@)/},x H ®)/},x/jJ©)/},x = (@X,x/jj)/\

T T

©X,x > GX,x /jJ

The vertical homomorphisms are faithfully flat and by hypothesis 6%  /.%,0% _ is regular —

since regularity satisfies faithfully flat descent, Oy , /.7, is also regular. Thus D; is regular at


https://stacks.math.columbia.edu/tag/0AGA
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the point x € D;, and as X is excellent by hypothesis the regular locus of D; is open. Letting
x € U; C X be a neighborhood such that D; n U; C D; is regular and then letting U = N;D;

gives a neighborhood of x such that (U, (D; n U)) is a simple normal crossing pair. O

Note that for a simple normal crossing pair (X, Ay), since the intersections D; = N;¢;D; are

regular their connected components and irreducible components coincide.

Definition 1.3.4. A stratum of a simple normal crossing pair (X, Ay = ). D;) is a connected

(equivalently, irreducible) component of an intersection D; = Nj¢;D;.

Definition 1.3.5 (compare with [Kol13, Def. 2.79-2.80], [KX16, §1, discussion before Def. 10]).
Let (S,As = 2}, D;) be a pair in the sense of Definition 1.1.5, and assume Ay is reduced and
effective. A separated, finite type birational morphism f : X — S is thrifty with respect to Ag if
and only if
(i) f isan isomorphism over the generic point of every stratum of snc(S, Ag) and
(ii) letting D; = f;'D, fori = 1, ..., N be the strict transforms of the divisors D;, and setting
Ay = ZiDi, the map f is an isomorphism at the generic point of every stratum of

snc(X, Ay).

The restriction that D; N Reg(S) # @ for all i ensures that if » € D; is a generic point of a
component, then 7 € Reg(S). Since on a regular scheme every Weil divisor is Cartier, and as
S is excellent and D; is reduced by hypothesis, there is a neighborhood € U C S such that
U,D; n U is a simple normal crossing pair. In other words, 7 € snc(S, Ay) is the generic point
of a stratum, so (i) implies f~*(#) is a single (non-closed) point. For our purposes the strict

transform D; can be defined as

D, := U [t € X.

neD;generic

Since f is an isomorphism over 7, we also see f~1(n) C snc(X, Ay).

Lemma 1.3.6. Let S be an integral excellent noetherian scheme with a sequence of reduced effective

Weil divisors D, ---,Dy C S such that no component of U,D; is contained in Sing(X), and let
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f : X — S be a separated, finite type birational morphism. Then, f is thrifty if and only if there is

a diagram of separated finite type S-schemes
SeUs X

with both morphisms (necessarily dense) open immersions, such that U contains all generic points

of strata of snc(S, Ag) and snc(X, Ay).

Proof. Since the existence of a common dense open S < U < X as in the statement of the
lemma certainly guarantees (i) and (ii), we focus on the “only if,” and in fact we show that one
can take U = the maximal domain of definition of ™ : S --> X. By (i) of Definition 1.3.5 this
U contains all generic points of strata of snc(S, Ag).

Suppose ¢ € snc(X, Ay) is a generic point of a stratum. By hypothesis there is a neighborhood
£ €V C Xsuchthat f|, : V 5 Sisan isomorphism onto its image. Then W := f(V) is
a Zariski neighborhood of f(&¢) and the inverse of f|, gives a section of the birational map

But then the inclusion V' & X, is a proper dense open immersion, hence an isomorphism. [

Remark 1.3.7. It seems that the above proof shows in addition that f(&) € S is the generic point

of a stratum of snc(S, Ag).

We will make repeated use of a few blowup lemmas from the construction of Nagata
compactifications in Section 1.5 — here, they are used to show that thrifty morphisms can be

dominated by certain admissible blowups.

Lemma 1.3.8 ([Con07, Lem. 2.4, Rmk. 2.5, Cor. 2.10]). Let S be a quasi-compact, quasi-separated

scheme.
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(i) If X is a quasi-separated quasi-compact S-scheme and Y is a proper S-scheme, and if
f U — Y is an S-morphism defined on a dense open U C X, then there exists a U-
admissible blowup X — X and an S-morphism f : X — Y extending f.

(ii) Let j; : U — X, be a finite collection of dense open immersions between finite type separated
S-schemes. Then there exist U-admissible blowups X; — X; and a separated finite type
S-scheme X, together with open immersions X < X over S, such that the X| cover X and

the open immersions U < X < X are all the same.

Corollary 1.3.9. There exist U-admissible blowups

open imm, S
S

In particular if f is proper then X and S have a common U-admissible blowup.

N%Nz

#

Proof. By Lemma 1.3.8 there are a separated, finite type S-scheme Y, U-admissible blowups

S — Sand X — X and dense open immersions S & Y < S over S such that the diagram

U—>
L
§—3

< >4

commutes. Since S is proper over S, the bottom arrow is necessarily an isomorphism, in other

words Y = S.If f is proper then X is proper over S,so Y = X as well. ]
Remark 1.3.10. If (S, Ag) is a simple normal crossing pair and U C S is an open containing all

strata, a U-admissible blowup f : X — S need not be thrifty, see Example 1.4.12.

1.3.2 The “regular to regular” case

Using Corollary 1.2.18 we can obtain a restricted form of Theorem 1.1.8, the case of a thrifty

proper birational morphism of simple normal crossing pairs.
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Theorem 1.3.11. Let (Y, Ay) be a simple normal crossing pair and let f : X — Y be a thrifty
proper birational morphism. Assume (X, Ay) is also a simple normal crossing pair. Then the
natural map

Oy(—Ay) = Rf,0x(—Ay) is a quasi-isomorphism.

Proof. Let X, (resp. Y.) be the semi-simplicial scheme associated to (X, Ay) (resp. (Y, Ay)). For
any J C {1,...,N} f restricts to a morphism N;c;D; = Nj¢;D;, and in this way we obtain a

morphism of semi-simplicial schemes

\ \ \
fXZ /Xl fXO

\sz lfl \sz

\
4
\ \ \ \
/YZ /Yl /YO /4

X
\Lf (1.3.12)
Y

The hypothesis that both pairs have simple normal crossings and f is thrifty implies that for
eachi, f; : X; — Y, isaproper birational morphism of (possibly disconnected) regular schemes

over k. By [CR11, Cor. 3.2.10] (or [CR15, Thm. 1.1], [Kov20, Thm. 1.4])
Oy, 5 Rf .0y, is a quasi-isomorphism for all i (1.3.13)

— Rf*QO and

The diagram (1.3.12) induces a morphism of filtered complexes f* : Qo Q. .,
BX

Y, Ay
by Lemma 1.2.7 and Corollary 1.2.18 it will suffice to show that the resulting map of descent

spectral sequences

HaeD(Ay)i—l @D(a) j=0

E/(Y) = - JI Rif.0pe =EO
0 otherwise  o€D(ay)~!
is an isomorphism, and this last step is a consequence of (1.3.13). ]

1.4 (Non-)examples of thrift

In this section we work over a field k. Our first example is not new, and likely served as the

original motivation for considering thrify morphisms.
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Figure 1.1: The blowup appearing in Example 1.4.1

Example 1.4.1. Let S = A}, and A = V(xy). Then f : X = Bl, S — S is neither thrifty nor
rational. Indeed, letting D, = V(x), D, = V(y) we see that A is the union of the 2 lines D,, D,
meeting at the origin. Let D; = f;'D; be the strict transforms, E = f~1(0) the exceptional
divisor, and A = D; + D, (see Figure 1.1). The map f : X — S fails to be thrifty since it is not
an isomorphism over the stratum 0 = D, N D, of (S, A). We will calculate cohomology to show
f isn’t rational either.

Since S = A}, is affine, we can identify the sheaves R’ f,Ox(—A) as the sheaves associated
to the k[x, y]-modules H'(X, 65(—A)). Observe that X can be identified with the geometric
line bundle Spec;,, Sym Op:(1) associated to Op:(—1). Under this identification, the projection
7 : Specy, Sym Op: (1) — P! corresponds to the composition Bl S € A? X P! — P!, and the

blowup map f : Spec,, Sym Op:(1) — A? corresponds to the natural map
Spec,, Sym Op: (1) — Spec, H(P!, Sym Opi(—1)) = Spec, k[x,y] = A?
Hence A = 7*(0 + oo0). Now since 7 is affine its Leray spectral sequence degenerates to give

H(X, 0x(-A)) = H(P!, 7,06x(—A)) and via projection formula

7,0x(=A) = 7,0x(—7*(0 + 00)) = (7,0x)(~0 — o)
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By the correspondence between affine schemes and sheaves of algebras,

7,0x = Sym 0p:(1) = @ Op:(d)

d>0

Hence H'(X, Ox(—A)) = @gsoH' (P!, Op:(d — 2)). In particular, when i = 1 and d = 0, we see
HY(X, 6,(=A&)) = H'(P", Op:(~2)) = k by [Har77, Thm. TIL5.1].

An elaboration of Example 1.4.1 shows in general that if (S, A) is a simple normal crossing
pair and Z C S is a stratum, then f : X = BlL, S — S fails to be thrifty. Localizing at the
generic point 7 € Z we can reduce to the case where Z is replaced by a closed pointz € S and
A =V(x - X, x,) Where xy, -+, X, € m, is a regular system of parameters. Then the long

exact sequence obtained by pushing forward Oy (—A — E) —» 64x(—A) — 6Gz(—A|g) ends in
Rn_lf>|<®X(_A - E) - Rn_lf*®X(_A) - Rn_lf*®E(_A|E) - Rnf*((jX(_A - E) =0

where the vanishing on the right holds since the maximal fiber dimension of f is n — 1 [Har77,
Cor. I11.11.2]. Thus R" ! f, 0 (=A) —» R f,0(=A|z) = HY(E, 65(—A|g)) is surjective, and
identifying E with the projectivized Zariski tangent space P(T'S,) with homogeneous coordi-
nates xi, ..., x, and A|p with V(I x;) shows H""'(E, Ox(—A|p)) ~ H*" '(P"", Opn-1(—n)) ~ k.
For related discussion see [Kol13, p. 86].

The next example answers (in the affirmative!) a question of Erickson [Eril4a, p.2] and
Prelli [Prel7, p.3] about whether there exists a resolution which is thrifty but not rational. In

fact, we give such an example where the underlying pair (S, A) is rational.
Example 1.4.2. Let S = V(xy — zw) C Aiyzw, D, = V(x,w) and D, = V(y,z); finally let

C., = V(w,y). We can identify S = C(P' x P!) as the affine cone over the Segre embedding

P: x P} & P;,,, given by

=

N

w S Syt Sot
= 0 [tO tl] = 0%0 0t (143)
y S1

SltO Sltl

Hence D, = C({0} x P'), D, = C({oo} x P}) and C,, = C(P! X {c0}).
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Let A = Dy, + D, + C,. Note that A is not Cartier, as it is not linearly equivalent to any
multiple of C({0} x P!) + C(P! x {0}) (here {0} x P! + P! x {0} is a hyperplane section of the
Segre embedding) — see e.g. [Har77, Ex. 11.6.3],[Kol13, Prop. 3.14]. Since K is Q-Cartier, it
follows that the pair (S, A = D, + D) is not Q-Gorenstein — in particular it isn’t dlt, so we are
not at risk of violating [Kol13, Thm. 2.87] which implies that a resolution of a dlt pair is thrifty
if and only if it is rational.

Now let f : X = Bl, S — S be the blowup at Dy, let D; = f;'D, fori = 0,00 and
C. = f'C,,andletA = D, +D_ + C,,. The map f is a small resolution of S (as mentioned in
[KM98, Ex. 2.7]). This means we are not at risk of violating [Eril4a, Prop. 1.6] which states that
if a log resolution of a pair is rational then it is thrifty. Indeed, the ambient blowup is described
as

Bl A* C {(x,y,2,w), [u,v] | (x,w) x (u,v)} C A* X Py,

so on the D(u) patch (x,w) = A(1,v) and
xy —zw = A1y — zAv = A(y — zv)

Since V(1) is the exceptional divisor we see the strict transform X C By, A*of Sis V(y — zv)
on the u = 1 patch — this is smooth as it’s a graph. By symmetry in x, w, we conclude X is
smooth.

Even better, this allows us to parametrize X N D(u) with coordinates z, 4, v:

A3

zAv

~ Blp, SN D(u) € D(u) ~ A;

XyZwou

(1.4.4)
sending (z,4,v) — (4, zv, z,Av, V) = (x,y,2Z, W, V)

So in particular the restriction of f looks like (z,4,v) — (4, zv, z,Av) and we see that the

exceptional locus is the v-axis. In this coordinate patch the strict transforms D, and D, are

V(A) and V(z) respectively, which intersect along the v-axis V(A,z)! Thus A has a stratum in

Ex(f) and f isn’t thrifty. We also see that on this patch C, = V(v). As a philosophical aside,

the blowup coordinates [u, v] correspond to [x, w] = [Syty, Sot1] = [to,t;] as long as s, # 0, so

Ex f can be viewed as a copy of the P, appearing in D, = C({0} X ;) — see Figure 1.2.
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Figure 1.2: The small resolution of Example 1.4.2

To show that f is in fact a rational resolution we will use an alternative description of X.
Starting with the ample invertible sheaf Op:4pi(1,1) we have natural morphisms of relative

spectra

f/
Specmxp} Sym Opi1ypi(1,1) - Spec[p,} Sym pr,, Opiypi(1,1) — Spec, H(Sym Opiypi(1, 1))
(1.4.5)
where pr, : Py x P; — P} is the projection. It is well known that the scheme on the left can be

identified with the blowup Bl S, and the scheme on the right is S.
Claim 1.4.6. There is an isomorphism of S x P!-schemes
X = Blp, S ~ Specp Sympr,, Opiypi(1,1)

This can be proved via the universal property. On the other hand, at least when k is alge-
braically closed, a quick, dirty and more illuminating proof is possible: we have a morphism
(f',7) : Specy: Sympr,, Opiypi(1,1) — S X P;: the first factor is the second map of (1.4.5), the

second is the canonical projection

7 @ Specp Sympr, Opiypi(1,1) - P}
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from the relative Spec construction. X C S x P} by construction, and we can check ¢ maps
the k-points of Specy, Sym pr, Opi,p:(1, 1) bijectively onto those of X. Indeed, the fiber of

Specg: Sym pr, Opi,pi(1,1) over t € P} can be described as follows: Note by projection formula

Prt*(ﬁ[@lxpl(l’ 1) ~ HO(Py, @m(l)) Rk @P}(l),
so Sympr,, Opipi(1,1) =~ Sym H°(P}, @Pg(l)) (2 @ptl(l)

(1.4.7)

Explicitly Sym HO(P?, Op1(1)) @ Op: (1) = B yk[0, 5114 ® Op:(d) = klso, 5;]XSym Op1(1) where
x denotes the product of graded rings of [Har77, Ex. I1.5.11] and hence for a k-point ¢,

m~(t) ~ Speck|sy, s;], so that f'| .y : 77'(t) = S
is a map Agosl —-SC Aj';yzw. Writing down the map of algebras corresponding to f’ shows that
it is none other than the linear transformation of (1.4.3). Finally, referencing (1.4.4) we see that
the fibers of X — P, have the same description.®

Using the claim, we proceed as in Example 1.4.1 using degeneration of the Leray spectral

sequence for the affine map 7 : X — P; to calculate
H'(X, 0x(=A)) = H'(P;, w,0x(=A))
On P}, noting that C, = 7*(0), the projection formula gives
7, 0x(—A) = (7,0x(=Dy — Dgy))(—00) (1.4.8)
and 7,0x(=Dy — Dy,) C 7,0x is the sheaf of ideals (s, - 51) C klso, 51] X Sym Op:(1). Letting

(So * $1)q C k[sy, 5;] denote the d-th graded part, we see

7.0x(=B) = @5 - 14 ®x Opi(d — 1)

d>0
where the “-1” comes from the twist “(—o0)” in (1.4.8). This yields:
HI(P}, 7,0x(—A)) = @(so - 514 @i H'(P}, Opa(d — 1))
d>0

o 1.4.9
@ a0 5100 @i (00 € Kl 511 x Klto, 1] = HO(S,05)  ifi =0 (1.4.9)

0 ifi=1

®In slogan form: X = Blp, S is a pencil of 2-planes on S corresponding to the pencil of rulings Plx{t} C PIxP.
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the key point being that H'(P}, @p}(d — 1)) = 0for d > 0. This calculation shows f,0x(—A) =
Og(—A) (this holds for more general reasons, namely S is normal [Prel7, Lem. 2.1]) and
le*@x(—ﬁ) =0.

Finally, (S, A) is a rational pair, as a consequence of the theorem below — this was the
main reason for including the additional divisor C . If we had left it out, the above calculations
would still show that f : X — (S, D, + D) is a non-thrifty rational resolution, however the

pair (S, D, + D) isn’t rational (also by the theorem below).

Theorem 1.4.10 ([Pre17, Thm. 3.2]). Let (Y, B) be a pair such that Y is a normal variety over k
and B is a reduced effective Weil divisor on Y (for example a simple normal crossing pair) and
let &£ be an ample invertible sheaf on Y. Let (CY,CB) be the abstract affine cone over (Y, B)
with respect to £: CY = Spec, H’(Y,Sym &) and CB is the image of Spec, H’(B,Sym & |) —
Spec, H(Y,Sym &) = CY with its reduced subscheme structure. Then (CY,CB) is a rational
pair if and only if (Y, B) is a rational pair and

H{(Y,%%—B))=0fori>0,d >0

Applying the theorem to Y = P! x P! with the divisor B = {0, co} X P! + P! X {oco} which
has associated invertible sheaf Oy(B) ~ Opi1p1(2, 1), together with the ample invertible sheaf
Z = Opiypi(1,1) we calculate (using Kiinneth)

HI(Y, 2%(=B)) = H(P'XPY, Opiyp:(d—2,d—1)) = @) HI(P', Op: (d—2))@ H(P*, O (d—1))

k=i
(1.4.11)

Noting that H*(P!, Op:(d — 1)) = 0 for k > 0 and d > 0, we see that H*(Y, £9(—B)) = 0 for
d >0, and
H'(Y,%%(-B)) = H'(P', Op:(d — 2)) @ H(P?, Op:(d — 1))

Now H(P!, Op:(d —2)) = 0ford # 0, but H(P!, 651(—1)) = 0, so the tensor product is always
0.

The last example of this section shows that even when (S, A) is a simple normal crossing

pairand f : X — S is a U-admissible blowup for some U C S containing all strata, and



29

A = f;'Ais snc, f may still fail to be thrifty. Unfortunately our presentation only makes sense
in characteristic 0, but I would be shocked and appalled if this example doesn’t work in any
characteristic p > 2.
Example 1.4.12. Let S = Aiyz, letA=V({(z—x)(z+x))andletZ = V(x,y);letU =S\ Z.
Then there is a U-admissible blowup f : X — S such that f;'A is a simple normal crossing
divisor but f is not thrifty.

We first blow up Z to obtain g : Bl, S — S, and claim that the strict transform of A is no

longer snc. Letting D, = V(z + x) we can work in blowup coordinates described like
Bl S ={((x,y,2),[u,v]) € A’ | (x,y) o (u, v)}
so that on the D(u) patch (x,y) = A(1,v) and
z+x =1z=+2, soin (z,4,v) coordinates D, N D(u) = V(z + 1)

in other words A is snc on the D(u) patch (as is expected since on D(x) C A3, A is smooth). But

on the D(v) patch where (x,y) = A(u, 1),
z + X =z + Au, soin (z,4,u) coordinates D, N D(v) = V(z + Au) (1.4.13)

and here we see the strict transforms intersect along V(1u) and hence fail to be snc (Figure 1.3).
A global description of the situation: Bl, S is isomorphic to A} X Bl, A}, and D, are 2 copies

of Bl, A}, embedded via the maps
(xx,id) : Bly A7, - A; x Bl A,

where the map +x : Bly A}, — A] really means the composition Bl, A7, — A7, = Al. From
this perspective D, N D_ is the preimage of V(x) under the blowup map Bl, A7, — A}, the
union P}, U A} glued along the points [0,1] € P}, and 0 € Aj. Let p denote the point in
P}, N A;}. Equivalently Sing(D, n D_) consists of a single closed point which we call p.

This discussion shows that the snc locus of (Bl, S, A) is

snc(Bl, S,A) = Bl, S \ {p}
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Figure 1.3: The blowup of Example 1.4.12

By work of Szabo and Bierstone-Milman [BM97; Sza94] (this is where we use the characteristic 0
hypothesis) there exists a further blowup h : X — Bl, S such that h;'A+Ex his a simple normal
crossing divisor and h is an isomorphism over snc(Bl, S, A), that is, 7 must be a snc(Bl, S, A)-
admissible blowup. Now by [Har77, Thm. I1.7.17] we know that f := goh : X — S is a blowup
at some closed subscheme W C S and since g(p) € Z (equivalently) g~}(U) C snc(Bl, S, A),
it must be that W C Z as closed sets (see also [RG71, Lem. 5.1.4]), hence f : X — Sisa
U-admissible blowup.

On the other hand, by a proposition of Erickson [Eril4a, Prop. 1.4], since h;'A + Ex h is
snc the map h is thrifty and so the strata of f;*A = h;'A are in 1-1 birational correspondence
with those of A, in particular f;'A has a stratum in Ex f.

While the application of [BM97; Sza94] is heavy-handed for this toy example, we point out
that h is not simply the blowup at p as one might initially guess: starting from (1.4.13), blowing

up the origin 0 € A’ 1, @nd introducing blowup coordinates

Bl, A}, ={((z, A, w),[r,s,t]) € Al xP2, |(z,4,u) x (r,s,1)}

rst

we note that since V' ((z —Au) - (z+ Au)) is smooth on D(z) we can check that the strict transform

remains smooth on the D(r) patch. We will investigate the D(s) patch — by symmetry of 1, u
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in the equation (z — Au) - (z + Au) the situation is similar on the D(t) patch. On D(s) we have
(z,A,u) = u(r,1,t) and so
Z+ Au = ur + u*t = u(r + ut)

Here V(u) is a copy of the exceptional divisor of Bl, A} = A 4, but we are still left with
strict transforms (r + ut) of exactly the same form as z + Au; in other words, blowing up
0 € A}, does not help! This is quite similar to the classical fact that blowing up the origin
of the pinch point V(z? — Au?) C A;u gives another pinch point singularity. In fact, since
(z — Au) - (z + Au) = z* — 2*u? our example is a double cover of the pinch point (that is, it is

the preimage of the pinch point with respect to (z, 1, u) — (z, 1%, u)).
1.5 Constructing semi-simplicial projective Macaulayfications

1.5.1 Setup

In the situation of Theorem 1.1.8, if Z is smooth and A, is snc, then Theorem 1.3.11 applied to

both r and s shows
Rf.O0x(=Ax) ~Rf .Rr,0,(—A;) = Rg.Rs,0,(—A;) ~ Rg,0y(—Ay).

Of course, Z need not be smooth and in the absence of resolution of singularities away from
characteristic 0,” we cannot replace it by a resolution. In characteristic p > 0 we could replace Z
with an alteration, but only at the cost of allowing r, s to be generically finite but not necessarily
birational, and as such using alterations seems incompatible with the strategy of Theorem 1.3.11.
Moreover, to the best of my knowledge at the level of generality Theorem 1.1.8 is stated, even
alterations are unavailable.?

Instead, we replace Z with a mildly singular (specifically Cohen-Macaulay) semi-simplicial
scheme Z, together with morphisms X, Pl Z, = Y. over S which are term-by-term proper
birational equivalences over S. This construction is made possible by the existence of Macaulay-

fications.

7 At least at the time of this writing ...

8Ditto.
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Theorem 1.5.1 ([Ces21, Thm. 1.6], see also [Kaw00, Thm. 1.1]). For every a CM-quasi-excellent
noetherian scheme X there exists a projective birational morphism = : X — X such that X is

Cohen-Macaulay and 7 is an isomorphism over the Cohen-Macaulay locus CM(X) C X.

The notion of CM-quasi-excellence is a weakening of excellence introduced by Cesnav-
i¢ius, so in particular the theorem applies to excellent noetherian schemes. The usefulness of
Macaulayfications for the problem at hand stems from an extension of the results of Chatzistamatiou-

Riilling due to Kovécs.

Theorem 1.5.2 ([Kov20, Thm. 1.4]). Let f : X — Y be a locally projective birational morphism

of excellent Cohen-Macaulay schemes. If Y has pseudo-rational singularities then

By a result of Lipman-Teissier, if Y is regular (so in particular if it is smooth over k) then Y
is pseudo-rational [LT81, §4], hence Theorem 1.5.2 applies when Y is regular. Without further

ado, here is the statement of the construction:

Lemma 1.5.3. Let S be an excellent noetherian scheme and let (X,Ayx) and (Y, Ay) be simple
normal crossing pairs separated and of finite type over S, and let X <75 Ybea thrifty proper
birational equivalence over S. Then their exists a semi-simplicial separated finite type S-scheme Z,
and morphisms of semi-simplicial S-schemes X, S A > Y. such that for all i,

(i) Z; is Cohen-Macaulay and

(i) X; Ma Z A Y, is a projective birational equivalence over S.
In fact, we obtain this lemma as a consequence of the more general Lemma 1.5.13, which is
flexible enough to apply to the situations of both Theorem 1.1.8 and Theorem 1.1.11.
1.5.2 Gluing on simplices

To prove Lemma 1.5.3 we need a few preliminaries. The first describes an inductive method

for constructing a sequence of truncated semi-simplicial schemes converging to Z,. Here for
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. . o e o o N . . op op
any i € N an i-fruncated semi-simplicial object in a category € is a functor A_; — C, where A_;
is the full subcategory of A°? generated by the objects [j] with j < i. Given an i — 1-truncated

semi-simplicial object X, of C, let
[i]2 :={j,kelillj<k}

and define two morphisms

. vli [l
8.,8_ X - x.s
by 6. (X, ..., X;) = (dj.‘l(xk) |j < k)and 8_(x,...,x;) = (d"(x;)|j < k). Assuming € has

finite limits we may form the equalizer
. 6+ i 2
E(X.) := Eq(6,,6_) —> X 5:; x! (1.5.4)

one can check that this construction is functorial in X,: indeed if Y, is another i — 1-truncated

semi-simplicial object then given a morphism X, — Y, we can form a commutative diagram

. 5+ i 2
E(X.) 1= Eq(6,,6.) — X', == X5

i l i (1.5.5)

7

. 5+ i 2
B(Y.) :=Bq(6..8) — Y, =3 Y]

and obtain a unique morphism on the dashed arrow by functoriality of equalizers. Finally, let I
denote the category 0 — 1 (thought of as the “unit interval”). An object of € is a morphism
f 1 X — Y in € and there are 2 functors s : ¢! — € defined by s(f) = X, t(f) = Y (source and

target).
Lemma 1.5.6 (compare with [SGAA4II, Vbis, Prop. 5.1.3], [Stacks, Tag 0AMA]). Let C be a
category containing finite limits. The functor

@, : CM - M x, €

to the 2-fiber product with respect to the functors E : @M > Candt : € — € that sends an
i-truncated semi-simplicial object X, to the pair (sk;_,X.,X; — E(sk;_;X)) is an equivalence of

categories.


https://stacks.math.columbia.edu/tag/0AMA
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Proof. We first check that @, is fully faithful. For faithfulness, note that for any 2 i-truncated

semi-simplicial objects X,, Y, there is an injection

i
Hom »(X.,Y.) & 11 Home(X;,Y;) (1.5.7)
J:

since a morphism o : X, — Y, is equivalent to a sequence of morphisms «; : X; — Y;
commuting with differentials. By the definition of the 2-fiber product, the morphism ®;(«) :
®,(X,) - ®,(Y.) induced by « consists of the morphism sk;_;a : sk;_; X, — sk; Y., and the

commutative diagram

X; — E(ski1X)

\Lai J/E(oc)

Y; — E(ski_,Y)
This shows that (1.5.7) factors as

<i—1

i
D;
Hom ,»(X.,Y.) — Hom e (@,(X.), ®,(Y.)) = 11 Home(X,Y) (1.5.8)
Jj=

hence the first map is injective, or in other words @, is faithful. On the other hand given
an arbitrary morphism ®;(X,) —» ®,(X.) consisting of a map 8 : sk;_;X. — sk;_;Y., a map

y : X; = Y, and a commutative diagram

X; — E(sk;_,1X)

ly \LE(ﬁ) (1.5.9)

Y; — E(ski;Y)
we may verify commutativity of

dy

X, T E(sk,_,X) —5 X,_,

iy Y] \LE(B) (2) iﬁi_l

Y, — E(sk;_,Y) & Y
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as follows: commutativity of (1) is exactly (1.5.9), and commutativity of (2) can be deduced

from that of the left square of (1.5.5). Hence 8 and y define a map X, — Y, and so ®; is full.

Next we show @, is essentially surjective — this argument is inspired by and closely follows
the proof of [Stacks, Tag 0186]. For this we consider an object of the 2-fiber product ehe Xe Cf
consisting of an i — 1-truncated semi-simplicial object X,, and object Y and a morphism f :
Y — E(X.), and we must prove that there exists an i-truncated semi-simplicial object Z, and
an isomorphism ®,(Z,) ~ (X,, f). We first let Z; = X, for j < i and let Z(¢) = X(¢p) for
any ¢ : [j'] — [j] with j/ < j < i. Then we set Z; = Y, and we must define morphisms
Z(¢) : Z; =Y — X; = Z; for increasing maps [j] — [i] which are functorial in ¢, in the sense

that for any increasing ¢ : [j'] — [j] the diagram

y 2% x, X9 ¥, (1.5.10)

~_

Z(got)

commutes (note that the data of X(¢) is already included in X, ). We may assume j < i (otherwise

@ = id and we must set Z(¢p) = id), and so ¢ must factor as
T 5 o
[j1—[i—1]— [i]

for some k and some 3. We define Z(¢) to be the composition

i pr X@®)
y L ) - x Bx, T x,

(so in particular we define Z (5;{) = pr,of =: f}). To verify this definition is independent of ¢,

suppose that there is another factorization

i

NS ESTENT

Note thatif j =i —1 then 1 = ¢’ = id and k = [ for trivial reasons, so we may assume j < i—1


https://stacks.math.columbia.edu/tag/0186
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and in that case ¢ misses both k and [, so we may factor through [i — 2] as follows:

[j] == [i-2] [i] (1.5.11)

zpl

By the defining property of the equalizer E(X.), we know X(8'_))of) = X(8;")of), and
X(p)oX(87-)) = X(¥) and X (p)oX (5, ) = X(§")

because X, is an i — 1-truncated semi-simplicial object. It follows that X(¢)o f, = X(3")of; as
desired.

We now prove to prove the commutativity statement in (1.5.10). Again we may assume
J < i, since otherwise ¢ = id and ) = @o1 so commutativity is implied by the above proof that
the Z(¢) are well defined. When j < k the map ¢, and hence also ¢ot must factor through

some 5;'{ : [i = 1] — [i] and we obtain the following situation:

Now by definition Z(¢) = X(p)o f) and Z(poth) = X(popp)o f,, and since X, is an i — 1-truncated
semi-simplicial object X (pot)) = X(3)oX(p), so that

X(@)oZ(p) = X(P)oX(p)ofi = X(pop)ofy = Z(poy)

as claimed.
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1.5.3 Common admissible blowups

Using Lemma 1.5.6 to build the semi-simplicial scheme Z, inductively, at each step we encounter
the situation of the lemma below.

Lemma 1.5.12. Suppose
X < U—L3vy

bL

f
is a commutative diagram of schemes of finite type over a quasi-compact quasi-separated base

scheme S, and assume that f, g, and ¥ are proper and 1 and j are dense open immersions. Then,

there is a commutative diagram

X4—Z—Y
¢ \Lﬁ \le
F4—E Es G

where r and s are U-admissible blowups (hence in particular projective).
Ifin addition S is a CM-quasi-excellent noetherian scheme and U is Cohen-Macaulay, we may

ensure that Z is also Cohen-Macaulay.

Proof. First, X and E are proper over the scheme F, which is quasi-compact and quasi-separated
since it is of finite type over S. By the first part of Lemma 1.3.8 applied to the map of F-schemes
e° : U — E defined on the dense open U C X, there is a U-admissible blowup Vy — X and
an F-morphism V — E extending p°. A similar argument produces a U-admissible blowup

Vy = Y and a G-morphism V', — E extending p°. The current situation is summarized below:

N

\

U S Vy

Vx

\
t

E
l
G

\
[4
v \
I4

N
&)

~

2y




38

Since Vy, Vy are U-admissible blowups of X, Y respectively, they still contain U as a dense
open ([Con07, comments before Lem. 1.1]). Note that since Vy — X is a blowup, ¢ is proper
and f is proper the morphism Vy — E is also proper; similarly Vy is proper over E. Now
applying the second part of Lemma 1.3.8 to Vx and V' over E we obtain a separated finite type
morphism p : Z — E, U admissible blowups Vy — V and Vy — V and open immersions

Vyx & Z <V over E such that the diagram

U — 7y

-

vV, —3 7
commutes and E = V U V. Since U is dense in both Vy and Vy, we see that V and Vy are
both dense in Z. Then as Vi — Z is a dense open immersion of separated finite type E-schemes
where Vy is proper over E, it must be that Vy = Z; similarly, V, = Z (see also the comments

following [Con07, Cor. 2.10]). Finally, we define r and s to be the compositions

r N

me and Zmy

X 4 /4 Y 4

Finally if S is CM-quasi-excellent, then since Z is of finite type over S it is also CM-quasi-
excellent by [Ces21, Rmk.1.5]. By hypothesis U € CM(Z), and by Theorem 1.5.1 there is a
CM(X)-admissible (hence also U-admissible) blowup Z — Z such that Z is Cohen-Macaulay.

In this case we replace Z with Z. O

Lemma 1.5.13. Let S be a quasi-compact quasi-separated base scheme and let

X, ¢ U, —->v,

L.

i i i (1.5.14)

X 4 U — Yy

be morphisms of augmented semi-simplicial schemes of finite type over S. Assume that all differ-

. . . Li Ji
entials and augmentations of X, and Y, are proper,’ and that the morphisms X; < U, > Y, are

9This is equivalent to requiring that X, is a semi-semi-simplicial object in the category of proper X_;-schemes
(and similarly for Y,).
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dense open immersions for all i (including i = —1). If there exists a finite-type S-scheme Z_, and
U_,-admissible blowups X _, il Z_4 = Y_,, then there exists an augmented semi-simplicial

S-scheme Z, — Z_, together with morphisms

S.

Z \
< 7

Y.
i (1.5.15)
Y_

1

X, Z.
I
X & 24 —>

such that for all i the morphisms X; L Z; 2 Y, are U;-admissible blowups (hence in particular

projective and birational).

Moreover if S is a CM-quasi-excellent noetherian scheme, and each U, is Cohen-Macaulay, we

may ensure that the Z; are also Cohen-Macaulay.

Proof. We construct a sequence of i-truncated semi-simplicial S-schemes Z;, converging to Z.,
with the additional requirement that the morphisms sk;_;(U.,) — sk;_;(X.) and sk;_,(U.) —
sk;_,(Y.) factor through Z;,.!° The i = —1 case is included in the hypotheses. At the inductive
step we may assume that there is an i — 1-truncated semi-simplicial S-scheme Z,_;, together

with a commutative diagram

sk;_1(U.),
Ski)y \Lk “@-)
sk;_1(X.) T Zi—1- L} sk;_,(Y.) (1.5.16)

J ) J

X <T Z_, % Y,

fi_ 2 = §i_ N . . .
such that for all j < i the morphisms X —L Ziy; N Y; are U;-admissible blowups. Letting

107 think that this isn’t actually an additional restriction, but including it makes the inductive step easier.
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E denote the equalizer functor of Lemma 1.5.6, we obtain a commutative diagram of the form

Ji

A
v
X<

U,
i(u(a;;))
(x(81)) E(sk;_,(U.)) () (1.5.17)

\LE(k.)
E(5i-1.)

E(sk;_,(X.)) $—— E(Z,_,.) — E(sk;,(Y.))

E(Fi-1.)

Next, we verify that (1.5.17) satisfies the hypotheses of Lemma 1.5.12, making repeated reference
to the constructions in (1.5.4) and (1.5.5). Note that the bottom horizontal arrows are proper,
since they are obtained as limits of the blowup maps 7;_, ; : Zi,, i~ X;and 5, ; : Zi, =Y,
for j = i—1,i—2. The vertical maps on the outside edges are proper since the differentials X (5;{) :
X; = X;_; and Y(éli) : Y, = Y,_, are proper by hypothesis. Hence applying Lemma 1.5.12 we

obtain a commutative diagram

Ji

Ui > Xi < s Z; > Y
\L(U(‘SP) J/(X((S}{)) \t? J/(Y(s;‘()) (1.5.18)
- E(8i—1)
B(ski(U.)) — Bk (X)) $— EZi1) ©=3 E(sk,,(Y.)

E(k.)

in which the maps 7;_,; : Z;, - X;and §;_,; : Z; = Y, are U;-admissible blowups. In the case

where S is CM-quasi-excellent we apply Lemma 1.5.12 to ensure that Z; is Cohen-Macaulay.

Now Lemma 1.5.6 implies that there is an i-truncated semi-simplicial S-scheme Z;, such
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that sk;_(Z;.) = Z,_,. and Z;; = Z,, together with a commutative diagram

sk;(U.),

LN

ski(X.) <——— Z;. —— sk(Y.) (1.5.19)

i

) Lo

ie
X 2, —2 5 v,

Ficlj Si-1,j

such that for all j < i the morphisms X; Z;_yj— Y, are U;-admissible blowups. [l

1.5.4 Constructions and corollaries

Proof of Lemma 1.5.3. Set A, = r;'Ayx = s;'Ay. By Lemma 1.3.6 there is a dense open set X <
Uy & Z (resp Z < Uy < Y)containing all generic points of strata of snc(X, Ay) and snc(Z, A,)
(resp. snc(Y, Ay) and snc(Z,A,)). Then U := Uy N Uy, is a dense open containing all generic
points of strata of snc(X,Ay), snc(Y,Ay) and snc(Z,A,). Set Ay := Ag|y, so that (U, Ap) is
simple normal crossing pair together with thrifty birational (but not necessarily projective)
morphisms (X, Ay) <r|—U (U,Ay) i) (Y,Ay). We now let X,, Y, and U, be the augmented
semi-simplicial schemes associated to (X, Ay), (Y, Ay) and (U, Ay) as in the discussion at the

beginning of Section 1.2, and consider the resulting morphisms

X, < U. > Y,

i i i (1.5.20)

X=X <—U,,=U—"Y,=Y

Since U contains the generic points of all strata of snc(Z, A,), the morphisms X; « U; — Y;
are dense open immersions for all i, and the differentials and augmentations of X, and Y,
are closed immersions, hence proper. Finally applying Lemma 1.3.8 to the collection of open
immersions U C X, Z over X, we obtain U-admissible blowups X, Y of X,Y respectively, as
well as a separated finite type X-scheme W with open immersions X,Z C W covering W.

Again properness of X, Y over X forces X = Z = W, hence replacing Z with Z we can ensure
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r : Z — X is a U-admissible blowup. Repeating this construction with Y, Z in place of X, Z, we
may ensure s : Z — Y is also a U-admissible blowup. Thus the hypotheses of Lemma 1.5.13

are satisfied. O]

Corollary 1.5.21. With the same hypotheses as Lemma 1.5.3, there exists a complex X on Z
together with quasi-isomorphisms Oy (—Ay) ~ Rr,. & and Oy(—Ay) ~ Rs, K. In particular there
are quasi-isomorphisms Rf ,O0x(—Ax) ~ Rf ,Rr,&X = Rg,Rs, K ~ Rg,0y(—Ay).

Proof. By Lemma 1.5.3 there is acommutative diagram of augmented semi-simplicial S-schemes

X, <— Z. > Y,
[E E IE (1.5.22)
X < Z —3yY

such that for each i the scheme Z; is Cohen-Macaulay and the maps X; A Z; N Y, define a
projective birational equivalence over S. Defining # = cone(6, — ReZ0, )[—1], from (1.5.22)

we obtain a map of complexes Qg( e Rr, & appearing in a map of distinguished triangles
—A,8x

+1
QXA > Ox > Rei(@X —_—
2% Ay .

ool L
Rr, % —> Rr,06, —> Rr,Re?6, —=5 ...
By [Kov20, Thm. 1.4] 8 is a quasi-isomorphism. Using commutativity of (1.5.22) we may identify

y with the morphism

ReXOyx — ReXRr,,0, (1.5.23)
The morphisms on cohomology induced by (1.5.23) are the abutment of a map of descent
spectral sequences (see Lemma 1.2.2); the map of E, pages reads

X0y, ifj=0

E/(X) = — R Rr;,0, = E/(Z) (1.5.24)

0 else

By [Kov20, Thm. 1.4] again, for each i the natural map Oy, — Rr;, 0, is a quasi-isomorphism .

We conclude via Corollary 1.2.4 that (1.5.24) an isomorphism, and so y is a quasi-isomorphism.
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By the 5-lemma, we conclude « is a quasi-isomorphism. Applying R f,, and using Lemma 1.2.7

then gives a quasi-isomorphism
Rf,0x(=0y) ~Rf,Q, , ~Rf.Rr,%.

A symmetric argument applied on the Y side gives the desired quasi-isomorphism Rg, Oy (—Ay ) ~

Rg.Rs. XK. O
1.6 Applications to rational pairs

In this section we make use of Grothendieck duality, as formulated in [Con00; R&D].!!

Theorem 1.6.1 (Grothendieck duality, [R&D, Cor. VIL.3.4], [Con00, Thm. 3.4.4]). Let f :
X — Y be a proper morphism of finite-dimensional noetherian schemes and assume Y admits a
dualizing complex (for example X and Y could be schemes of finite type over k). Then for any pair

of objects F* € D(X) and G* € DI (Y) there is a natural isomorphism
Rf.RHom (¥, f'¢") ~ RHom (Rf.F",%")in DE(Y)

If w;, is a dualizing complex on Y then w; := f'w; is a dualizing complex on X [R&D,

§V.10, Cor. V1.3.5], and so in the case € = w;, We obtain a natural isomorphism
Rf.RHom (F",wy) ~ RHom (Rf.F",w}) in DI(Y)

In the case where f is smooth of relative dimension n, there is a quasi-isomorphism f'0y ~

CUX/Y[”]-

Now, a definition:

Definition 1.6.2 (compare with [Kol13, Def. 2.78]). Let (S, Ay) be a pair as in Definition 1.1.5
and assume Ay is reduced and effective. A proper birational morphism f : X — S is a rational

resolution if and only if

"Which is to say we make explicit use of Grothendieck duality — that is, it has already been used implicitly via
dependence on references quite a few times!
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(i) X is regular and the strict transform Ay := f;'Ag has simple normal crossings,
(ii) the natural morphism O4(—Ag) — Rf,0x(—Ay) is a quasi-isomorphism, and
letting wy = h™9™Xw; where we use w;, = f 'w; as a normalized dualizing complex on X,

(iil) R'f,wy(Ay) = 0 fori > 0.

In the situation of Definition 1.6.2, the map O4(—Ag) — Rf,0Ox(—Ay) appearing in condition
(ii) is Grothendieck dual to a morphism
Rf 5 (8x) — Rf RIC0my(Ox(~A0), 5)
~ (1.6.3)
6’ RFomg(Rf,Ox(—Ax), wg) 6’ RHomg(Os(—Ag), wy)
where the equality (1) comes from the fact that Ay is a Cartier divisor ((X, Ay) is snc by hy-
pothesis), the isomorphism (2) comes from Grothendieck duality and the map (3) is obtained
from the morphism of (ii) by applying the derived functor RFomg(—, w;). As X is regular
and the dualizing complex wj;, is normalized hiw}‘( = 0 for i # —dim X; in other words, w; ~
wy[dim X]. Twisting this equation with the Cartier divisor Ay gives w5 (Ax) ~ wx(Ay)[dim X].

If 64(—Ag) = Rf,O0x(—Ay) is a quasi-isomorphism, so is
Rf.wx(A)ldimX] ~ Rf 3 (Ax) — RHomg(O5(—Ay), wg)

and taking cohomology sheaves we see that R*4™X £ ¢ (Ay) ~ hiRFomg(O4(—Ay), w;) for
all i.
Thus given conditions (i) and (ii) of Definition 1.6.2, condition (iii) is equivalent to Cohen-

Macaulayness of the sheaf O4(—Ag). We record these observations as a lemma.

Lemma 1.6.4 (compare with [Kol13, Cor. 2.73, Props. 2.82-2.23], [Kov20, Def. 1.3]). With
notation and setup as in Definition 1.6.2, the morphism f : X — S is a rational resolution if and
only if

(i) X is regular and the strict transform Ay := f;'Ag has simple normal crossings,

(ii) the natural morphism O4(—Ag) — Rf,0x(—Ay) is a quasi-isomorphism, and

(iii) the sheaf O4(—Ay) is Cohen-Macaulay.



45

As illustrated in the examples of Section 1.4, even simple normal crossing pairs (S, Ag) may
have non-rational resolutions in the absence of additional thriftiness restrictions, hence the

following definition of rational singularities for pairs.

Definition 1.6.5. Let (S, Ag) be a pair such that Ag is a reduced effective Weil divisor. Then,

(S, Ag) is resolution-rational if and only if it has a thrifty rational resolution.

1.6.1 All forone

In the case where S is a normal variety over a field of characteristic 0, it is known that if (S, Ag)
has a thrifty rational resolution then every thrifty resolution is rational [Kol13, Cor. 2.86]. The
proof of this fact shows more generally thatif f : X - Sand g : Y — S are thrifty resolutions,
then there are isomorphisms R'f,06(—Ay) ~ R'g,0,(—Ay) for all i. This remains true in

arbitrary characteristic.

Lemma 1.6.6 ([Kol13, Cor. 2.86] in characteristic 0). Let (S, Ag) be a pair such that Ag is a
reduced effective Weil divisor, and let f : X — Sand g : Y — S be thrifty resolutions. Then there
is a quasi-isomorphism Rf ,O0x(—Ay) ~ Rg,0y(—Ay). In particular, f is a rational resolution if

and only if g is.

Note that this includes Theorem 1.3.11 as a special case: indeed, if (S, Ag) is a simple normal

crossing pair then given any thrifty resolution f : X — S we may choose g to be the identity.

Proof. By Lemma 1.3.6, there are dense open immersions S «> Uy & X and S « Uy < Y such
that Uy (resp. Uy ) contains all strata of snc(S, Ag) and (X, Ay) (resp. snc(S, Ag) and (Y, Ay)).
Then U := Uy N Uy also contains all strata of snc(S, Ag) — moreover since f and g are thrifty,
the strata of (X,Ay) and (Y, Ay) are in one-to-one birational correspondence with those of
(S, Ay), so it remains true that U contains all strata of (X, Ay) and (Y, Ay). Replacing U with
U nsnc(X, Ay), we may assume (U, Ay := Ag N U) is an snc pair. We now have morphisms

1: U S X,j: U< Y which are thrifty and birational, but not necessarily proper.
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NowletX, - X_; =: X,Y, > Y_, =: Yand U, - U_; =: U be the augmented semi-
simplicial schemes associated to these simple normal crossing pairs. The inclusions 1 and
induce a diagram as in (1.5.14); we proceed to verify that the hypotheses of Lemma 1.5.13
are satisfied. All schemes in sight are defined over the noetherian and hence quasi-compact
quasi-separated S. The differentials and augmentations are all closed immersions and hence
proper, and thriftiness of 1 and j implies that the morphisms X; < U, kR Y, are dense open
immersions for all i. Applying Lemma 1.3.8 to the collection of S-schemes S, X and Y with
the common dense open U gives a common U-admissible blowup X « Z — Y. Finally (for
the moreover part of the lemma) S is excellent by hypothesis and the U, are regular, hence
Cohen-Macaulay.

The output of Lemma 1.5.13 is an augmented semi-simplicial scheme Z, — Z_, =: Z such
that each scheme Z; is Cohen-Macaulay, together with morphisms X, b Z. = Y, such that for
each i the X; A Z; 2 Y, are U;-admissible blowups. For the remainder of the proof we argue

exactly as in Corollary 1.5.21. O
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Chapter 2
CORRESPONDENCES IN LOG HODGE COHOMOLOGY

2.1 Introduction to Chapter 2

The original proof of [CR11, Thm. 3.2.8] makes use of a cycle morphism cl : CH*(X) —
H*(X, Q%) from Chow cohomology to Hodge cohomology, which is ultimately applied to a
cycle Z C X X Y obtained from a proper birational equivalence. That cycle morphism satis-
fies 2 essential properties: the first is that it is compatible with correspondences: here Chow

correspondences are homomorphisms
CH*(X) —» CH*(Y) of the form «a ~ pr, (prya — y) forsomey € CH*(X X Y)

where — is the cup product induced by intersecting cycles; Hodge correspondences are defined

in a similar way. The second key property is a compatibility with the filtrations
CH" X XY)=FCH"(XXY)2 FICH*XXY)D -+ D FimYCH" (X XY) D20

where F°FCH"(X x Y) is the subgroup generated by cycles Z C X X Y such that codim(pr,Z C

Y) > c,and
HYX XY, Q) =FH'XXY,Q" )2F'CH(XXY)2 - 2F™H"X XY,Q" )20

where FEH"(X XY, QY. ,,) is the image of the map H"(X XY, ea;ﬁzcﬂ)’?‘fxﬂf;) - H"(XXY,QF )
coming from the Kiinneth decomposition.

It is natural to ask if a similar method can be applied to prove Theorem 1.1.8, by replacing
the ordinary sheaves of differentials Qy appearing in Hodge cohomology with sheaves of
differentials with log poles Qy(log Ay). Many of results on Hodge cohomology in [CR11, §2]

have been extended to include log poles in [BP@20, §9], and Section 2.2 is a rapid expository
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summary of those results. While [BP@20, §9] does also construct correspondences, only finite
correspondences are considered, with additional strictness (in the sense of logarithmic geometry)

conditions. To the best of my understanding, if the projections
ZCXXY->XandZCXXY->Y

are allowed to be proper birational (but not necessarily finite) maps, even with necessary thrifti-
ness hypotheses we encounter cases where finite correspondences are no longer applicable.
We describe a different type of correspondences in Section 2.4, obtained from certain Hodge
classes with both log poles and log zeroes. In order to do so we prove a base change formula on
the interaction of pushforward and pullback operations in cartesian squares in Section 2.3.
Ultimately even the correspondences of Section 2.4 seem to be insufficient to deal with
thrifty proper birational equivalences, as we illustrate in Section 2.5. The problem we encounter
is elementary: looking at the recipe for the Hodge class cl(Z) of a subvariety Z C X, where Z
and X are smooth an projective (outlined in [Har77, Ex. I11.7.4]), we see that cl(Z) ultimately
comes from the trace linear functional tr : HY™%(Z w,) — k, or Serre-dually the element
1 € H°(Z,0,). Due to the introduction of log poles and zeroes in Section 2.4, trying to fol-
low that recipe we pass through cohomology groups of the form H4™%(Z, w,(D)), or dually
H°(Z,0,(—D)) where D is an (often non-0 in cases of interest) effective Cartier divisor on Z,

and so there simply is no “1” to be had.

2.1.1 Acknowledgements

Thanks to Daniel Bragg, Giovanni Inchiostro and Yun Hao for helpful conversations, to Lawrence
Jack Barrott for illuminating email correspondence regarding logarithmic aspects of Chow
and Hodge, and to my advisor Sdndor Kovéacs for many insightful discussions. Thanks also to
the participants of the Spring 2019 MSRI graduate student seminar, in particular organizer

Fatemeh Rezaee, for feedback on a talk related to early work on this problem.

INevertheless I trust that the intellectual debt this work owes to [BP@20] will be quite clear.
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2.2 Functoriality properties of log Hodge cohomology with supports

2.2.1 Supports

In order to obtain results that apply to proper birational equivalences X --» Y where neither X
nor Y is proper, it is necessary to work with cohomology with supports, also known as local
cohomology. A primary source for the material of this subsection is [R&D, §IV]. Let X be a

noetherian scheme.

Definition 2.2.1 ([R&D, §IV], [CR11, §1.1]). A family of supports ® on X is a non-empty
collection @ of closed subsets of X such that

e« If C € ® and D c C is a closed subset, then D € ®.

e IfC,De ®thenCuUD € .

Example 2.2.2. ® = {all closed subsets of X } is a family of supports. More generally if C is
any collection of closed subsets C C X, there’s a smallest family of supports ®(€) containing C
(explicitly, ®(€) consists of finite unions Ul. Z; of closed subsets Z; C C; of elements C; € C).
Taking ® = ®({X}) recovers the previous example. A more interesting example is the case

where for some fixed p € N, ® = {closed sets Z C X | dim Z < p}.

There is a close relationship between families of supports on X and certain collections of
specialization-closed subsets of points on X, and we can also consider sheaves of families of
supports — for further details we refer to [R&D, §IV.1].

If f : X - Y is a morphism of noetherian schemes and ¥ is a family of supports on Y,
then {f~}(Z) | Z € W} is a family of closed subsets of X, and is closed under unions, but is not

in general closed under taking closed subsets.
Definition 2.2.3. f~!(¥) is the smallest family of supports on X containing {f~'(Z) | Z € ¥}.

Let ® be a family of supports on X. The notation/terminology f |, is proper will mean f|.

is proper for every C € ®. If f|,, is proper then f(C) C Y is closed for every C € ® and in fact

f@)={f(C)cY |Ced} (2.2.4)
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is a family of supports on Y. The key point here is that if D C f(C) is closed, then f~}(D)NnC € ®
and D = f(f~Y(D)NnC).

Definition 2.2.5. A scheme with supports (X, ®y) is a scheme X together with a family of
supports @y on X.

Definition 2.2.6. A pushing morphism f : (X, ®yx) — (Y, ®y) of schemes with supports is
a morphism f : X — Y of underlying schemes such that f|4 is proper and f(®y) C ®y. A
pulling morphism f : X — Y isa morphism f : X — Y such that f~!(®,) C ®y.

These morphisms provide 2 different categories with underlying set of objects schemes with
supports (X, ®y), and pushing/pulling morphisms respectively (the verification is elementary;
for instance a composition of pushing morphisms is again a pushing morphism since composi-
tions of proper morphisms are proper). Schemes with supports provide a natural setting for
describing functoriality properties of local cohomology. Let & be a sheaf of abelian groups on a

scheme with supports (X, ®y) (more precisely F is just a sheaf of abelian groups on X).

Definition 2.2.7. The sheaf of sections with supports of %, denoted I CD(%), is obtained by

setting

L, (F)U) ={o € FU)| suppo € Dxly } (2.28)

for each open U C X (here ®y| is short for ;7'®, where t : U — X is the inclusion). More
explicitly: for a local section o € #(U), o € LD(? )(U) means suppo = C N U for a closed set

C C Dy

The functor I is right adjoint to an exact functor, for instance the inclusion of the sub-
category Aby(X) C Ab(X) of abelian sheaves on X with supports in ®; so, L, is left exact and
preserves injectives. In the case ® = ®(Z) for some closed Z C X, this is proved in [Stacks, Tag
0A39, Tag 0G6Y, Tag 0G7F] — the general case can then be obtained by writing I, asafiltered
colimit:

[, =colim;es L.


https://stacks.math.columbia.edu/tag/0A39
https://stacks.math.columbia.edu/tag/0A39
https://stacks.math.columbia.edu/tag/0G6Y
https://stacks.math.columbia.edu/tag/0G7F
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The right derived functor of ' will be denoted RT . Taking global sections on X gives the sec-
tions with supports of 7: T'(F) := FX(LD(?I )) This is also left exact, and (the cohomologies

of) its derived functor give the cohomology with supports in ®: H, (X, F) := R'T(%F).

Proposition 2.2.9. Cohomology with supports enjoys the following functoriality properties:
@) If f : (X,®x) = (Y, Dy) is a pulling morphism of schemes with supports, F, G are sheaves

of abelian groups on X, Y respectively, and if
¢ . € — f.F isa morphism of sheaves, (2.2.10)

then there is a natural morphism RT 6 — Rf*RLD%. Similarly if ¥ and G are quasico-
herent then there are natural morphisms RT 6 — Rf.RL F.

(i) If f : (X, ®x) = (Y, Py) is a pushing morphism, F, € are sheaves of abelian groups on
X, Y respectively, and

Y : Rf.F — G is a morphism in the derived category of X, (2.2.11)
then there is a natural morphism R f *qu)(%) - RE{;@.

Both parts of the proposition follow from [Stacks, Tag 0G78]; (i) is discussed in detail in
[CR11, §2.1] and (ii) can be extracted from [CR11, §2.2] (although it doesn’t appear to be stated
explicitly). See also [BP?20, Constructions 9.4.2, 9.5.3]

2.2.2 Differential forms with log poles

Let k be a perfect field.

Definition 2.2.12. A snc pair with supports (X, Ay, ®y) over k is a smooth scheme X sepa-
rated and of finite type over k with a family of supports @ together with a reduced, effective
divisor Ay on X such that supp Ay has simple normal crossings, in the sense that for any point

x € X there are regular parameters zy, ..., z, € Oy, such that suppAy = V(z, - z,---z,)ona


https://stacks.math.columbia.edu/tag/0G78
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Zariski neighborhood of x.? The interior Uy of a snc pair with supports (X, Ay, ®y) is
Uy :=X \ suppAyx (2.2.13)
The inclusion of Uy in X is denoted by 1y : Uy — X.

Here supp Ay denotes the support of Ay (if Ay = Zi a;D; where the D; are prime divisors,

then supp Ay = U;D;). Similarly let jy : supp Ay — X denote the evident inclusion.

Definition 2.2.14 (compare with [CR11, Def. 1.1.4]). A pulling morphism f : (X, Ay, ®x) —
(Y, Ay, ®y) of snc pairs with supports is a pulling morphism f : X — Y of underlying
schemes with support such that f~!(supp Ay) C supp Ay; equivalently, f restricts to a morphism
flu, + Ux = Uy. A pushing morphism [ : (X,Ay,®x) — (Y, Ay, ®y) of snc pairs with

supports is a pushing morphism of underlying schemes with support such that f*A, = Ay.

Note thatif f : (X, Ay, ®y) = (Y, Ay, ®y) is a pushing morphism then Uy = f~1(Uy), so

for example if f : X — Y is proper then so is the induced map Uy — Uy.

Convention 2.2.15 (compare with [CR11, p. 1.1.5]). A morphism of snc pairs with supports
[ (X, Ay, ®x) — (Y, Ay, Dy) is flat, proper, an immersion, etc. if and only if the same is true

of the underlying morphism of schemes f : X — Y. A diagram of snc pairs with supports

(X,aAX’a(I)X’) g% (X’AX,q)X)

f’\L \Lf (2.2.16)

(Y’a AYU (I)Y’) ﬁ (Y, AY’ (DY)

is cartesian if and only if the induced diagram of underlying schemes

fi ] lf (2.2.17)

2This is equivalent to the more general definition [BP@20, Def. 7.2.1] in the case where the base scheme is
Spec k, which is all we need. Note that this is not equivalent in general to Definition 1.1.6.
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is cartesian.?

The terminology is meant to suggest that pushing (resp. pulling) morphisms induce push-
forward (resp. pullback) maps on log Hodge cohomology, as we now describe.

If (X, Ay) is an snc pair, or more generally a normal separated scheme of finite type X over
k together with a sequence of effective Cartier divisors Dy, ..., Dy € X with sum Ay = . D,,
then it comes with a sheaf of differential forms with log poles Qx(log Ay). In the case where
(X, Ay, ®y) is snc, this sheaf and its properties are described in [EV92, §2]. For a definition
and treatment of Qy(log Ay) in the much greater generality of logarithmic schemes we refer to
[Ogu18, §IV]. However, we emphasize that we only require the case of effective Cartier divisors
on a normal scheme mentioned above (in the terminology of log geometry this is the case of a
Deligne-Faltings log structure).

In some of the calculations below the following concrete local description will be very useful.
Let z,, z,, ..., Z, be local coordinates at a point x € X such that suppAy = V(z,z,:--z,)ina
neighborhood of x. Recall that as X is smooth the differentials d z,, d z,, ..., d z,, freely generate
Qy on a neighborhood of x.

Lemma 2.2.18 (see e.g. [EV92, §2]). The sections ﬁ, — ﬁ,dzrﬂ, ...,d z, freely generate

b2} z,

Qy(log Ay) on a neighborhood of x.
Given Qy(log Ay), we can form the exterior powers

p
Q2(logAy) := /\QX(logAX), (2.2.19)

and combining Lemma 2.2.18 with (2.2.19) gives concrete local descriptions of the Q3 (log Ay);

in particular, we see that Qf(imx (logAy) = wx(Ax).

31If we take the red pill of logarithmic geometry, it starts to seem almost more reasonable to only require flatness,
properness, cartesianness and so on of the induced maps of interiors Uy — Uy. However we do use the stronger
restrictions of the given definition in some of the proofs below.
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Definition 2.2.20. The log-Hodge cohomology with supports of a log-smooth pair with
supports (X, Ay, @) is defined by
HYX, A, @) = @) HI(X, Q5 (log Ay)) (2.2.21)
p+q=d
Here Hi denotes local cohomology with respect to the family of supports ®y. For connected
X, we define Hy(X, Ay, ®y) := H*4mX=d(X A, &), and in general we set Hy(X, Ay, ®y) =

@, Hy(X;, Ax,, ®x,) where X; are the connected components of X.
Let f : (X, Ay, ®x) = (Y, Ay, ®y) be pulling morphism of snc pairs with supports.
Lemma 2.2.22 ([Ogul8, Prop. 2.3.1] + (2.2.19)). The map f induces a morphism of sheaves

dfv
f*QI;(IOg AY) —f) Qﬁ(lOg AX) adjOint toa morphism (2 2 23)

d %
F*Q2(log Ay) — QF(log Ay) for all p.
The essential content of this lemma is that when we pull back a log differential form o on
(Y, Ay), it doesn’t develop poles of order > 1 along Ay. To see why, I find it illuminating to look

at the following 2 examples:

Example 2.2.24. Consider the morphism of pairs f : (A},0) — (AL, 0) defined by f(z) = z",

where n € Z,n # 0. When we pull back E, we get

d(f(2) _dz) _  dz (2.2.25)

fey = z

Of course, if char k|n this is 0, but regardless it has a pole of order < 1at0 € Al.

Example 2.2.26. Take the pair (A2, L, + L,), where L, = V(x;) for i = 1,2 and blow up the origin
to obtain Bl,(A?); let 7= : Bl,(A%) — AZ be the projection, let E C Bl,(A?) be the exceptional
divisor and let L;,L, C Bly(A?) be the strict transforms of L,, L, respectively. We obtain a
morphism of pairs

7 . (Bly(A?),L; + L, + E) —» (A% L, + L,) (2.2.27)

Note that with U := Bl,(A2)\ (I; + L, + E) and U := A2\ (L, + L,), we have 7(U) c U (this
would not hold if we didn’t include E in the divisor on Bl,(A?)).
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Now let’s pull back 4. recall thatBly(A2) = V(x,y, — x,p;) C A2 X P}, On the D(y,) C
Bl,(A?) affine neighborhood, 7 looks like

AZ

X1,Y2

~ D(y;) — A>2c1,x2 sending (x;,y,) = (X1, X1Y,) (2.2.28)

2

(note that the exceptional divisor corresponds to V(x;) C Ay, ,

i.e. the y,-axis). So, the pullback

of dx is still ﬁ, but the pullback of dx is
X1

X1 X2

d(x,y,) _ d x; " %
X1)2 X1 V2

We see that d nv(&) has a pole of order 1 along E.

X2

Combining the previous lemma with proposition 2.2.9 gives:

Proposition 2.2.29 (|[BPQ20, §9.1-2], see also [CR11, §2.1]). For every pulling morphism f :

(X, Ay, ®x) = (Y, Ay, ®y) there are functorial morphisms
RL Q7(log Ay) — Rf,.RL Qy(log Ay) for all p (2.2.30)
In particular, for each p, q there are functorial homomorphisms
f* T HY(Y, Oy (log Ay)) — Hi(X, Qp(log Ay)) (2.2.31)
and hence (summing over p + q = d) functorial homomorphisms
f* 1 HY(X, Ay, ®x) - HYY, Ay, ®y) (2.2.32)

The maps f, : Hy(X,Ax,®x) — Hy(Y,Ay,®y) induced by a pushing morphism f :
(X, Ay, ®x) = (Y, Ay, ®y) can be obtained from a combination of Nagata compactification and

Grothendieck duality.

Lemma 2.2.33 ([BP@20, §9.5], see also [CR11, §2.3]). Let f : (X,Ax,®x) = (Y,Ay, Dy ) be
a pushing morphism of equidimensional log-smooth pairs with support such that. Then letting

¢ =dimY — dim X, for each p there are functorial morphisms of complexes of coherent sheaves

Rf.RT, (Qf(logAy)) — RT, Q7" (logAy)[c] (2.2.34)
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inducing maps on cohomology
fi o Hy (X,Q5(log Ay)) — Hg:; “(Y, Q0 (log Ay)) (2.2.35)
forall q.

Since they enter into the calculations below we give a description of these pushforward
morphisms. Before beginning, a word on duality in our current setup: since we are working
exclusively over Spec k, we can make use of compatible normalized dualizing complexes —
namely, if 7 : Z — Speck is a separated finite type k-scheme then w;, is a dualizing complex
[Stacks, Tag 0E2S, Tag OFVU]. We will make repeated use of the behavior of dualizing with

respect to differentials: as a consequence of Lemma 2.2.18, wedge product gives a perfect pairing
Q2 (log Ay )(—Ay) ® QY™ P(log Ay) — wy (2.2.36)

(see also [Har77, Cor. I11.7.13]) and so Q‘;mx—p(log Ax) =~ RFomy(QF (log Ay )(—Ax), wy). Here
the derived sheaf Hom RF omy agrees with the regular sheaf Hom as QF (log Ay )(—Ay) is locally
free. On the other hand, the dualizing functor of X is RH omX(Q;}(log Ay)(—Ay), wy[dim X])
where wy = Q‘;;mx . An upshot is that Grothendieck duality calculations involving the sheaves of
differential forms become more symmetric and predictable if we work with the shifted versions

Q% (log Ax)(—Ax)[p]; for example then we have the identity
Q3™ P(log Ax)[dim X — p] = RFHom, (O (log Ax)(—A)[p], wy[dim X1)
Now, we need to compactify f : X — Y.

Theorem 2.2.37 (|[Nag63, §4 Thm. 2], [Con07, Thm. 4.1]). Let S be a quasi-compact quasi-
separated scheme and let X — S be a separated morphism of finite type. Then there is a dense

open immersion of S-schemes X < X such that X is proper.

Using Theorem 2.2.37 we obtain a dense open immersion of Y-schemes : X — X where
f 1 X — Y is proper; we let Ay = Ay be the closure. Replacing X with its normalization

and blowing up the components of Ay if necessary we may assume X is normal and Ay is


https://stacks.math.columbia.edu/tag/0E2S
https://stacks.math.columbia.edu/tag/0FVU
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Cartier. Note that it remains true that f*Ay, = Ay since this can be checked at generic points of
components of f*Ay, Ay all of which lie in X. The pushforward morphisms of Lemma 2.2.33 are
defined using the sheaves Q;%(log Ax) of log differential p-forms over k as described in [Ogu18,
§IV.1]. The essential properties that we need are:

. Q)’i((log Ax) is a coherent sheaf on X together with a functorial morphism
QplogAy) — f,QL(log Ag);

« there is a natural isomorphism Q;(log Ap)lx = QY (Ax).
Hence in particular Q;%(log Ay) is a functorial coherent extension of Q5 (Ay) to the possibly

non-snc (X, Ax). Starting with the log differential
dpry : QY(logAy)[p] — Rf,Q%(log A7) p],

twisting by —A, and using the projection formula gives a morphism (note: this is where we use

the assumption that f*Ay = Ay)
Qp(log Ay)(=Ay)[p] = Rf, Q8 (log Ax)(—Ax)[p] (22.38)
to which we apply Grothendieck duality (Theorem 1.6.1) — this gives a morphism

Rf*R}(om}—((Q;(log AD(=Ap)p) w2) = RFHomy(Rf, Q§(1og AD)(=AP)[pl, wy[dim Y])

i (2.2.39)

RHomy(Qy(log Ay)(—Ay)[p], wy[dim Y])

Where the equality is Theorem 1.6.1 and the vertical map is induced by (2.2.38). Adding supports

gives a morphism

Rf,RL, RFHomy(Qf(log A)(~Ax)[pl. wx[dimX]) = Rf RL, RHomz(Q2(log Ax)(~Ax)[pl.w2)

l

R, RH omy(Q).(log Ay )(—Ay)[p], @y[dim Y])
(2.2.40)
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where the equality is obtained from the excision property of local cohomology, compatibility of
the dualizing functor with restriction and the natural isomorphism Q;L((log Ap)lx =~ QQ(AX).

Using (2.2.36) we obtain
Q;i(imx_p(log Ay) = }(omX(Qi(log Ax)(—Ax), wy) = Rg{omx(ﬂi(l()g Ax)(—Ax), wx)

where the last equality uses the fact that QF (log Ax)(—Ay) is locally free. A similar calculation

on Y transforms (2.2.40) into:

Rf,RL, QY™ P(logAy)[dimX — p| - RT, Q™" "(log Ay)[dimY — p]

and reindexing like p <> dim X — p recovers Lemma 2.2.33.
2.3 A base change formula
Lemma 2.3.1 (compare with [CR11, Prop. 2.3.7]). Let

(X,ﬂAXH(I)X’) g% (XaAX,(I)X)

\Lf’ O \Lf (2.3.2)

(Yl, AY’7 q)Y’) # (Y9 AY’ (DY)

be a cartesian diagram of equidimensional snc pairs with supports, where f, f' (resp. g,g’) are

pushing (resp. pulling) morphisms and g is either flat or a closed immersion transverse to f. Then
g*f* = fig,* : H*(Xa AX: (DX) - H*(Y,’ AY” q)Y’)-

We will prove this following Chatzistamatiou and Riilling’s argument [CR11, Prop. 2.3.7]
quite closely, at various points reducing to statements proved therein. In the proofs we will

make use of a slight variant of Definition 2.2.3.

Definition 2.3.3. If f : X — Y is a morphism of noetherian schemes and let ®y is a family of

supports on Y, then

[N (@y) :={Z C X | f|, is proper and f(Z) € @y}
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Lemma 2.3.4. It suffices to prove Lemma 2.3.1 in the cases where f is either
(i) a projection morphism of the form pr, : (X X Y, pryAy, pryL(®y)) = (Y, Ay, @y), or

(ii) a closed immersion.

Remark 2.3.5. This lemma makes essential use of the functoriality part of Lemma 2.2.33.

Proof. We can decompose (2.3.2) as a concatenation of cartisian diagrams

/

g

(X', Ay, ) > (X, Ax, )
e Ik
(X X Y, prl, Ay, pryL(0))) —=5 (X X Y, priAy, pryl(@y)) (2.3.6)
ipry/ (1) ipry
(Y', Ay, @y) : > (Y, Ay, Dy)

where h = id X f is the graph morphism of f and h’ = g’ x f’. If g is flat or a closed immersion

transverse to f then id X g is flat or a closed immersion transverse to i (by base change).

Here the only new feature not covered in [CR11, Prop. 2.3.7] is the presence of divisors, and
we simply note that Ay = f*Ay = h*prjAy and similarly for Ay,, so that both pr, and h are
pushing morphisms in the sense of Definition 2.2.14, and similarly for the left vertical maps. In
other words, the supports and divisors in the middle row have been chosen precisely so that
the vertical morphisms are all “pushing.” Finally, it should be emphasized that at this point we

make essential use of the functoriality statement in Lemma 2.2.33. [

We proceed to consider case (i), and wish to point out that for this case g can be arbitrary
(we will need the flatness/transversality restrictions in case (ii)). In what follows we set dy =
dim X, d, = dimY and similarly for X, Y’. Using Theorem 2.2.37 we obtain a compactification
t 1 X < X over k of the smooth, separated and finite type k-scheme X in the upper right corner

of (2.3.2) and (2.3.6). This results in a compactification of the square (1) in (2.3.6) which we
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write as
idx
(X X Y7, pry, Ay, pry’, (@) —> (X X Y, pryAy, pryi(®y))

\ind J/zxid

— —k —1 idxg — —k —1
(X X Y/’ er/AYa pry/*(q);/)) H (X X Ya erAYa pry*(q)Y))

2 i
g
(Y’, Ay/, q)yl) > (Y9 AY9 q)Y)

By the description following Lemma 2.2.33, we know that

(2.3.7)

pr,, : H*(X X Y,prjAy, pryL(®y)) — H*(Y, Ay, Dy)
stems from a morphism
RDTy R omsz, (QF _ (log pry Ay)(—pryAplpl @y ) — O “(logAy)ldy —p]  (2.38)

obtained as the Grothendieck dual of a log differential of pr, (here and throughout what follows,
a similar statement holds for pr,,). By an observation of Chatzistamatiou-Riilling , this map

factors as

RpTy RHomz, (QF _ (logPryAy)(—PTyAp)[pl ol )

XXY
)

——— R¥omy(Q4(log Ay)(—Ay)Ip], DT, ) (2.3.9)

adjunction Y

— RpTy, RHComz, . (LpT, QY (log Ay)(=Ay)[pl, @2

—_ R.‘}ComY(Qg(log Ay)(—Ay)[pl, wyldy])

trace

— QY " (log Ay)[dy — p]
where the adjunction isomorphism is [R&D, Prop. I1.5.10], and the map labeled trace is induced
by the Grothendieck trace Rﬁy*a)}'_(xy — wy[dy]. If it were the case that X were smooth, then

the usual “box product” decomposition

W o w;?[dx] X wyldy] := pr;‘_( w;?[dx] ® ﬁy*wY[dY]

XXY
together with the perect pairings (2.2.36) and the local freeness of Q‘;(log Ay)(—Ay)[p] would

give an identification

RFComsz.  (LpFy Qf (log Ay )(—Ap)Ipl w2, ) = pre weldy] @ pry QY (logAyldy — p]  (2.3.10)
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In fact a more careful version of this argument, carrying out the above calculation on the smooth
locus X XY and using excision, shows that H*(X XY, pry Ay, pryL(®y)) = H*(Y, Ay, ®y) always
factors through the summand Hy, (X X, pr;"_( wy @ ﬁ: Qf,y_p(log Ay)).

Our next lemma implies that even when X is not known to be smooth, (2.3.8) still factors
through something like Rﬁy*(pr; wyldx] ® ﬁ;QiY_p (logAy)[dy — p]), provided we replace
pr;“_( wyldx] with ﬁ!yéy.

Lemma 2.3.11 (compare with [CR11, Lem. 2.2.16]). For each p there is a natural map

7 1 Pr, Oy ® Pr, Q% P(log Ay)(=Ay)ldy — p] — RHoms,, (BT, Q% (log Ay )X—Ay)[pl. . )

such that the restriction of y to X X Y agrees with the isomorphism

pry wx[dy] ®pry, foy_p(log Ay)(—Ay)[dy — p] = RFHomy,y(L pry Qf,(log Ay)(=Ay)[p], wiy)
and such that the composition

Rpr,, (pri wy[dy] ® pri QF P(log Ay)(—Ay)[dy — p])
Rpry, () * .
—— Rpry, RH oMy (pry Qy(log Ay )(—Ay)[P], w3y ) (23.12)

;) ijomXxy(Q};(log AY)(_AY)[p]’ RﬁY*w;(XY)

adjunction

trace

E— Rj{omXxY(Ql;(log Ay)(—Ay)[p], wyldy]) =~ Qiy_p(bg Ay)(=Ay)[dy — p]
coincides with the composition

Rpr,, (PT, Oy ® DT, Q0 P(log Ay)(—Ay)[dy — p])

proj. 1 % -
— RpT,, (pT, 0y) ® Pry QY P(log Ay)(—Ay)[dy — p] (2.3.13)

form.

tr ®id —
—_— Qiy p(log Ay)(=Ay)ldy — p]

By base change for dualizing complexes ([Stacks, Tag 0BZX, Tag 0E2S]) applied to the
cartesian diagram
XXY ——> X

! "

Y —> Speck


https://stacks.math.columbia.edu/tag/0BZX
https://stacks.math.columbia.edu/tag/0E2S
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(note that this is a very mild situation: X — Spec k is flat and proper and Y — Spec k is smooth)

we see that ﬁ;@y o~ prj_( co)‘_(. This makes the map y look even more like (2.3.10).
Proof. Following [CR11, Lem. 2.2.16] we begin with the morphism

| * |
. L 71— . _— . . .
e : pr,0y @ Lpr,w;, — pryw; =: ws o

of [Con00, p. 4.3.12], which as explained therein agrees with
pry wx|dx] ® pry wy[dy] — wy,y[dx + dy]

on locus X x Y,* and has the property that

[ [ Rpry,e .
Rer*(erGY ® Lerch) —_— Rpry*co)_(Xy

\Lproj. form J/tr

tr ®id

—
Rpr,. pr, 0y @ w;, ———— w;,

commutes [Con00, Thm. 4.4.1]. We then define our version of y as the composition

Pr, 0y ®" LT, QY P(log Ay)(—Ay)[dy — p]

id®L(2.2.36) __1

—— P, Oy ®" Lpr,RHomy(Q}(log Ay)[pl, ;)
(2.3.14)

functoriality —* _p _ L
of Lpry,

induced by —* _p .
—e> RItomz, . (Lpr, Q, (log Ay)[pl, cu)_{xy)

Note that we may drop the “L”s as Q% ?(log Ay)(—Ay) and QF (log Ay) are locally free. Verifi-
cation of the stated compatibilities is as in [CR11, Lem. 2.2.16]. H

Remark 2.3.15. It seems like we could have also used the more general version of [Con00,

p. 4.3.12]

e’ : pr, 0y ®" Lpr, Q0 P(log Ay)(—Ay)[dy — p] = P, QY (log Ay)(—Ay)[dy — p]

4See Conrad’s comment “It is easy to check that e ¢ coincides with (3.3.21) in the smooth case and is compatible
with composites in f (using (4.3.6).”
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together with the description

Pr, Oy P (log Ay)(—A)ldy — p] = Dy, (LPT, Dy(Q5 (log Ay )(=Ay)ldy — p]))

where Dy(—) = R om(—, w;,) and similarly for Dy, .

Using this modified y, we obtain a modified version of the diagram [CR11, p. 732 during Lem.
2.3.4], namely (2.3.16) in Figure 2.1). To make this diagram legible, we use a few abbreviations:
all functors are derived, we use the dualizing functors of the form Dy(—) = RHomy(—, ;) and
we let d = dy + dy. Lemma 2.3.11 shows that triangles involving y commute, and (2.3.9) gives
commutativity of the rest of the diagram. The usefulness of this diagram is that by definition
beginning in the top left corner and following the path — | we obtain the pushforward on Hodge

cohomology

pry, L1 Qv (logprydy)ld — p] — T, Q5 (log Ay)(=Ay)ldy — p]

but following | — gives a composition whose behavior with respect to (2.3.7) is easier to analyze.
Namely, we have a diagram like (2.3.16) on Y’, and in fact a map from (2.3.16) to g, of the
analogous diagram on Y’, and hence from the preceding discussion it will suffice to prove
commutativity of (2.3.17) of Figure 2.1.

Applying excision together with Lemma 2.3.11 we may rewrite the top row of (2.3.17) as

Rpr,, REpr;l, o Qf(;‘;(log priAy)ld — p]
project N N v—
—— Rpry RL _,  (pr} wxldy] ® pry QF " (log Ay)(=Ay)[dy — p])
. " (2.3.18)
proj. . -
— Rpry RT ., (pry wxdy]) ® Q" (log Ay)(=Ay)ldy = p]

form.

tr ®id dy—p
E— REcpYQY (log Ay)(—Ay)[dy — p]

where the first map is induced by a projection

Oy (ogpryAy)ld — p] — pry wxldy] ® pry Q) (log Ay)(—Ay)ldy — p]
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coming from a Kiinneth-type decomposition of Qf(;f,(log pryAy), the second is the projection

formula, and the last map is induced by a trace map with supports defined as the composition

excision

Rpry RL ., (pry wx[dy]) —— Rpry RE_1, (pry Oy)
o (2.3.19)

Proposition 2.2.9

— S RT, Rer*(pr @Y)—>RF Oy

Here the second map comes from the functoriality properties of Proposition 2.2.9, since there is
an inclusion pr;} ®y C pr;' ®y. The decomposition (2.3.18) maps to a similar decomposition of
the bottom row of (2.3.17), and the only commutativity not guaranteed by standard functoriality
properties (e.g. functoriality of the projection formula appearing in the second map of (2.3.18))

is that of

tr ®id
Rpry, R,y 4, (15 oxldy]) ® O3 P (log Ay)(=Ay)ldy — p] ——— RL, Q) (logAy)(~Ay)ldy ~ p]

1 1

Rg.(Rpry, R, 1 4  (PTY cux[dxl)<2§>0dY P(log Ay )(—=Ay)[dy — p]) ngg*(RF Qdy P(log Ay )(=Ayn)[dy — p])
Y/«
(2.3.20)
But applying one more projection formula to the bottom row of (2.3.20), we see (2.3.20) is

obtained by tensoring the differential

QY Plog Ay)(=Ay)ldy — p] = Rg.Qy; " (log Ay)(=Ay)ldy — p]

with

Rer*RF 10y (pry wx[dx]) % RT, @Y

i l (2.3.21)

. tr’ Qid
Re. Rty RT, - (0ry oxlds]) 3 Re.(RL,  Oy)

and the commutativity of (2.3.21) is proved in [CR11, Lem. 2.3.4]. So far we have proved:
Lemma 2.3.22. Lemma 2.3.1 holds in case (i) of Lemma 2.3.4.

It remains to deal with case (ii) of Lemma 2.3.4, and for this we use the following lemma.
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Lemma 2.3.23 (compare with [CR11, Cor. 2.2.22]). Consider a diagram of pure-dimensional

snc pairs
X', Ay) —— (X, Ay)

L, t (2.3.24)

g
(Y,aAY’) H (Y’ AY)
where 1,1 are pushing closed immersions and dimY —dim X = dimY’ —dim X’ =: c. Then, for

all q the diagram

d A2
1,Q%(log Ax)[q] ——— Rg,.Q%,(log Ay)

l i (2.3.25)

C d v C
Q%*(log Ay)lq + ¢] —— Rg, Q% (log Ay)q + c]

commutes, where the horizontal maps are induced by log differentials and the left vertical map is

the composition

1,QL(log Ay)[g] — LRI om(QE(log Ay)(—Ax)[dy — g, w})

duality _ diY _
—— RHom(1, 0 (log Ay )(—Ay)[dx — q], ;) — RFHom(Qy**(log Ay )(—Ay)[dx — ql, ;)

= %(log Ay)lg + c]

(2.3.26)

and the right vertical arrow is Rg, of a similar composition on 'Y’.
Note that the codimension hypotheses hold if g is flat or a closed immersion transverse to 1.

Proof. While it seems a proof following [CR11, Cor. 2.2.22] step-by-step is possible, we instead
reduce to the case proved there as follows: first, observe that there is an evident map from the

cartesian diagram

Uy —> Uy

i i (2.3.27)

Uy, —> Uy
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of interiors to (2.3.24). Noting that (2.3.25) will map to a similar diagram obtained from (2.3.27),
that the compositions (2.3.26) are at least compatible with Zariski localization, and that the
situation of (2.3.27) is covered by [CR11, Cor. 2.2.22], it will suffice to show that the natural

map

h°RIComy (1,05 (1og Ay)[q], Rg. QY (log Ay)lq +c]) — h’RFomy, (1.9, [q]. Rg.QF (g +c])

(2.3.28)
is injective. This can be checked Zariski-locally at a point x € X C Y, so we may assume
X C Y isa global complete intersection, say of ¢, ..., t. € Oy. In that case the ¢; define a Koszul
resolution K*(t;) — Oy, and because X’ = Y’ Xy X = V(t;0g, --- t,0g) is smooth of codimension
¢ by hypotheses, it must be that the t;0g are also a regular sequence, hence

L'g"0x = h™'g"K"(t;) = Ox 120
0 otherwise

in other words Lg*0x = Oy,. Now using the fact that QI (log Ay) is locally free on X’ we

conclude
Lg*1,Q5(log Ay)[q] = g*1.Q5(log Ay)[q] = 1.g"* Q5 (log Ay)[q]

Next, applying derived adjunction to both sides of (2.3.28) gives a commutative diagram

RFomy (1,Q% (log Ay)lg], Rg. QY “(log Ay)lq + ¢]) ———> RIHomy, (1.Qf, [q],Rg.QF g +c])

Rg.RHomy (Lg*1, Q% (log Ay)lg], O (log Ay))lg + c]) —> Rg.RHomy,,(Lg".Qf [q],QF " 1q +c])

Rg.RIComy (g Q% (log Ax)lg], O, “(log Ay)lg + ¢]) —— Rg.RHomy,, (g Qf, [q],QF [q +c])
(2.3.29)

Getting even more Zariski-local we may assume Qg((log Ay) is free, say generated by dx,, ..., dx,
and in that case

RFComy(1,g™* QL (log Ax)[g], Q1 “(log Ay»lg+c]) = (] [ RFomy:(0x.dxi[q], Oy:[g+c])RQT T (log Ay:)
l (2.3.30)
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and by Grothendieck’s fundamental local isomorphism [Con00, §2.5]
ijomyl(ﬁx/[q], @Y/[q + C])) ~ &Ct;/(ﬁX’a ©Y’) ~ det(sz/jX/)v (2331)

(the last 2 as sheaves supported in degree 0). In particular, this is an invertible sheaf on X', and
it follows that the left hand side of (2.3.30) is a locally free sheaf (supported in degree 0) on X’.
Recalling X’ is smooth and so in particular reduced, and since Uy, N X’ is a dense open (this is
part of the hypothesis that X’ — Y’ is a pulling map) the natural map
h°RH omy, (g™ Q% (log Ay)[g], Q7 (log Ay)lg + c])
— hORFComy,(1,g"* Q% (log Ay)[ql, Q% (log Ay)[g + cDl, (2.3.32)
~ h°RFomy,, (1" Q% (log Ay)|y,, [q], Q7 (log Ay)ly,, [q + ¢])
is injective, where on the third line we have applied localization for &xt. Now left-exactness of

g. gives an injection

h°Rg, R omy,(1,g"* Q% (log Ax)[g], QY (log Ay)lg + c])

(2.3.33)
- hORg*Rﬂomuy,(lig’*Qi(log AX)IUy/ [q], Q?:c(k)g AY’)IUy/ [q +c])
To complete the proof, we use (2.3.29) to identify the map (2.3.33) with (2.3.28). O
Corollary 2.3.34. Lemma 2.3.1 holds in case (ii) of Lemma 2.3.4.
Proof. This follows by applying cohomology with supports to (2.3.25). O

This completes our proof of Lemma 2.3.1.

Corollary 2.3.35 (projection formula, compare with [CR11, Prop. 1.1.16]). Let f : X — Y bea
map of smooth schemes admitting two different enhancements to maps of smooth schemes with

supports,
(X9 AX’ q)X) - (Y’ AY9 f(q)X)) PuShmg and (X’ f*(A;/)9 f_l(cI)Y)) - (Ya Agf’ q)Y) pulllng
Assume in addition that Ax + f*(A) and Ay + A}, are (reduced) snc divisors. Then

(X, Ax + fH(A)), Px N f7H(Dy)) = (Y, Ay + AL, f(Dx) N Dy)
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is also a pushing map, and

(B — fra) = f.B —a € H(Y,Ay + Ay, f(2x) N Dy)

forany a € H*(Y,A},,®y) and f € (X, Ay, ®y), where — is the cup product on log Hodge
cohomology defined along the lines of [CR11, §1.1.4, 2.4]

Proof. This is a formal consequence of Lemma 2.3.1 and can be derived following the proof of

[CR11, Prop. 1.1.16]. Again we use a factorization through the graph like

(X, Ax + f(AL), @y 1 fU(@y)) ——L—5 (¥, Ay + AL, f(@x) N Dy)

J/idxxidx

(X X X, pri Ay + prj f*(A}), @x X f7H(@y)) idy xidy (2.3.36)

\Lidxxf

y |
(X X Y,pr] Ay + pr; Ay, Py X Dy) m (Y X Y,pr} Ay + pr; A}, f(Py) X ®y)

Here f X idy on the bottom is a pushing morphism (since f |4 is proper and f*Ay = Ay) and
the right vertical map idy X idy is a closed immersion transverse to f X idy since the outer
rectangle is cartesian and X is smooth of the correct codimension. This means we are in a
situation to apply Lemma 2.3.1, and that lemma plus the definition of cup products in terms of

pullbacks along diagonals gives the desired identity. []

Following the approach of [CR11], the next step would be to construct a cycle class cl(Z) €
Hy o (X, Q% (log Ay)) for a subvariety Z C X with Z € ®. This is possible, and is carried out in
[BP®20, §9], however it seems that for compatibility with correspondences in the absence of
additional finiteness/strictness conditions, a more refined cycle class would be needed. For this

reason we turn now to log Hodge correspondences and then return to the issue of cycle classes.
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2.4 Correspondences

Given snc pairs with familes of supports (X, Ay, ®5) and (Y, Ay, ®,) with dimensions dy and

dy, asin [CR11, §1.3] we may define a family of supports P(®y,®y) on X X Y by

P(®y, dy) ;= {closed subsets Z C X X Y | pr, |, is proper and for all W € ®y,
pry(pry' (W) N Z) € Dy}

(the conditions of Definition 2.2.1 are straightforward to verify). For convenience we will let

AXXY .= pr;}AX + pr;Ay.

Lemma 2.4.1. Aclassy € H 1{( - q,y)(X XY, Q. (1og Ax,y )(—priAx)) defines homomorphisms

cor(y) : HY (X,Qh(logAy)) - HI ™ (v, Q)" (log Ay))

by the formula cor(y)(«) := pry, (pry(a) — y). Moreover if (Z, A, ®,) is another snc pair with
(Y X Z,Q_(log Ay, )(—priAy)), then

supports and § € Hi, Yz

(Py,®7)

PTysz. (Plyoy (V) — P13, ,(6)) € Hlj;ngg;(X XZ, Q‘;;iZ_ o (log Ax,z)(—pryAx)) and

cor(pry, . (Pry, (¥) — pry,,(8))) = cor(d)o cor(y)

as homomorphisms Hg, (X, Q%(log Ay)) — Hi:j ' =dx=dy (7 Q?”il_d)‘_dy (log A,)).

Such correspondences involving both log poles and “log zeroes” appear to have been consid-
ered before at least in crystalline cohomology, for example in work of Mieda [Mie09a; Mie09b].
However, I was unable to find any published proof of Lemma 2.4.1 in the literature. If you or

anyone you know is aware of previous work related Lemma 2.4.1, please email me!

Proof. We make two observations: first, using Lemma 2.2.18 there are natural wedge product
pairings

. A i
0%,y (10g Axy) ® Qi (10g Ax,y)(—PriAy) — Oy (log Ay)

Second, essentially by the definition of P(®y, @y ) the Kiinneth morphism on cohomology for

the tensor product Qﬁxy(log Axxy) ® Q. (108 Ax,y )(—priAx) can be enhanced with supports
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as

H! @K XY, 0 o108 850)) ® Hy o (X XY, Q. (10g Ax,ey )(=PriAy))
N H\l;“ X XY,QF ,(logAx,y) ® Qb (log Ax,y )(—priAy))

where ¥ := pr,.(®,) (see [CR11, §1.3.7, Prop. 1.3.10]). Combining these 2 observations gives a
pairing
Hpr—l(q) )(X X Y Xxy(log AX)(Y)) ® P(CD @ )(X X Y Xxy(log AXXY)( pr AX))

— HIY(X x Y, Q8 (logAy))

Now note that pr, : (XXY, Ay,y, pry' (®x)) = (X, Ay, Py) is a pulling morphism, so by Proposi-

—l(q> )(XXY’ Qixy(log AXXY))'
Onthe other hand since pry, : (XXY,Ay,¥) — (Y, Ay, ®y) isa pushing morphism, Lemma 2.2.33

tion 2.2.29 there is an induced map pr : Hg)X (X, Q% (log Ay)) — H?

provides a morphism pr,, : HY™(X x Y, Q0" (log Ay)) — Hg:y'j “X(y, Q2" (log Ay ). Com-

posing, we obtain the desired homomorphism

Hg (X, Qg(log Ax)) 2 g oy X XY, Q5. ., (log Ax,y))

5 HEY(X x Y, QY (log Ay))

XXY

Ply. j—d i—d
AN Hg: (Y, Q§+l *(logAy))

For the “moreover” half of the lemma, we again begin with a certain wedge product pairing,
this timeon X X Y X Z:

Xxyxz(log p XXYAXXY)(_pr;(AX) ® Q;;nyz(log pr;XZAYXZ)(_pr;AY) (2 4 2)

Ql*’YXZ(logP ez Bxxz)(—PryAx)
IfV € P(®y, Py), W € P(®y, ®,) then unravelling definitions (again we refer to [CR11, §1.3.7,

Prop. 1.3.10] for a similar claim) we find:

. erlepr)—(;y(V)npr;;Z(W) is proper and

* p xZ(p Xxy(V) N prsz(W)) € P(q)X’cI)Z)
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so that the Kiinneth morphism on cohomology associated to the left hand side of (2.4.2) can be

enhanced with supports like

j sk
B Py (P(®x, ‘I’y))(X XY XZ, XxYxZ(logp XXYAXXY)(_erAX))

j/
® H ool (P(@y, @Z))(X XY XZ, Q ><sz(log PrszAsz)( pryAy))

= HIY (X XY X Z, QL (108 Ty Ay (D) ® Qi (108 P,y Ay (—PTy Ay))

where 3 := pry., (P(®x, D,)).
Since pry, ., @ (X XY X Z,pry, Axxy, Plysy (P(@x, Py))) = (X XY, Agyy, P(@x, Dy)) is a

pulling morphism, Proposition 2.2.29 gives an induced morphism
Qi iy (10g Axyy) = ROy, (log Pry Ay );
twisting by —Ay,y and applying the projection formula gives a morphism
Qé(xy(log Axsy )(=Axxy) = Rf*( oy ez (108 Py Ay )(—PT XxYAXxY))

and then taking cohomology with supports along P(®y, ®y) and using Proposition 2.2.9 gives a

modified pullback map
Hyy g X X Y, Qg (108 Ay N(=Ary)) 043
~ Hlj’f}iy(f’(‘l’X@y))(X XY X2z, XXYxZ(lng ey Bxxy ) (—PryAx))
and a similar argument gives a modified pullback
H}J?(q) ® )(Y XZ, Qiylfxz(log Ayyuz)(—Ayyz)) 4
- H’ XxYXxZ, X><Y><Z(log pry. ,Aysz)(—pryAy))

PY;LZ(P((I’Y,‘DZ})

On the other hand, pr,, , : (X XY X Z,pr, ,Axyy,2Z) = (X X Z, Axyz, P(Px, D)) is a pushing

morphism and hence by Lemma 2.2.33 induces morphisms

Rpry, , RL (QYRE " (log pr, ,Axxy)) = RL, . )Q;i(‘fZXXZ k(log Agyz)[— dim Z]
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for all k; twisting by —pry Ay and applying the projection formula this becomes

Rpry, ; RL (QYRES 7 (10g Py, ; Axsy (—PrAx))

. (2.4.5)
~ REP@X@Z)Q?(I?ZXXZ_k(log Axyz)(—=pryAx)[—dim Z]

Now letting k = dimX X Y X Z — i — i/, the induced morphisms of cohomology with supports

are

iy il st « 7 -/_d- VA NPT
H (XXYXZ, QL (108 Pry Ay NPTy Ax)) = Hy g~ (XXZ, Q4™ (log Az )(—PryAx))

(2.4.6)

Combining the above ingredients, we obtain a bilinear pairing

HIJJ(q)X,‘I’y)(X X Y’ Q;{xy(]'og AXXY)(_AXXY)) ® H}])(CDY’(DZ)(Y X Z’ Ql}’fxz(]'og AYXZ)(_AYXZ))

i’ —dim Z o .
- H;;(‘-‘Ij’x,q;z? (X X Z’ Q;;Z dlmz(log AXXZ)(_erAX))

sendingy @ § = pry, . (Pry,(¥) — pry,,(8)). It remains to be seen that
COT(PT (Pl (7) = DT (8)) = cor(8)o cor(y)

and for this we will make repeated use of Lemma 2.3.1. Consider the diagram of smooth schemes

XXYXZ

where all morphisms are projections. There are various ways to enhance this to include supports;
here we add the family of supports ¥ on X X Y defined above. Then in the cartesian diagram (),
pry, : X XY,¥) > (Y,®y)and pry,, : (X XY X Z,pr.,¥) = (Y X Z, pr;'®y) are pushing
morphisms, whereas pr,. , and pr, are pulling morphisms. At the same time, we have a pulling
morphism pr,,, , : (X XY X Z,pry. ,(P(®y, D,))) = (Y X Z, P(Py, P,)). To be precise in what
follows, whenever ambiguity is possible we will use notation like pr)’gxy to denote the projection

X XY - X, pry¥* to denote the projection X X Y X Z — X and so on.
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Applying Corollary 2.3.35 first to pr,, , we see that
Plyszs (Pliy (P& — 7) — P13,58) = Ply, 7, (P (P et — 7)) — &
and then applying Lemma 2.3.1 to () shows
Py (Pl (P ot = 1)) = pry (pry ¥ (pry™ o — ) = pry™** cor(y)(a)

so that

Py, (Pl (Pry "ot — ¥) — pry, ,6) = pry*** cor(y)(a) — &

Applying pr2>* we conclude that
cor §(cory)(a)) = pry, ¥ (pry“*a — pry,,¥ — pri,,06) (2.4.7)
Finally, we rewrite the right hand side as

rXXZ sz*(pr;k(xzprffxz*a — pr;"(xy)/ sz5)

and apply Corollary 2.3.35 to pry,, (with the pushing morphism (X X Y X Z,Z) — (X X
Z,P(®y, ®,)) and pulling morphism (X X Y X Z, pry"* 1 (@x)) - (X X Z, pry“ 1 (Dy))) to

arrive at

erXZ*(pr;szr)}gXZ*a — Ply,yY — Pry,,0) = rXXZ*‘x ~ Plyyz. (Pryy? ~— Py, ;0)

Applying pry>“ on both sides shows that the right hand side of (2.4.7) is cor(pr,, . (prk, ¥ —
d)(a), as desired. O

YXZ

Remark 2.4.8. There is a Grothendieck-Serre dual approach to such correspondences, where

classesy € H (X XY, Q% (log Ax.y)(—pryAy)) define homomorphisms

P(<D @Oy)

HI(X, Q) (log Ax)(~Ay)) — H4(Y, Q0% (log Ay )(~Ay)).

The construction is formally similar.
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2.5 Attempts to construct a fundamental class of a thrifty birational equivalence

Let (X,Ay),(Y,Ay) be simple normal crossing pairs, and assume in addition that X,Y are
connected and proper. Let Z C X X Y be a smooth closed subvariety with codimension c. In this
situation the fundamental class of cl(Z) € H(X X Y, Q5. ,) (no log poles yet) can be described

using only Serre duality, as follows (we refer to [Har77, Ex. I11.7.4]). the composition

. . . . t
HdlmZ(X X Y, Q?{l)t(llyZ) — HdlmZ(Z’ lemz) _r) k (2.5'1)

(where tr is the trace map of Serre duality) is an element of

di dimZyv
HImZ(X x Y, QinZ) ~ Ho(X X Y, Q

o) (2.5.2)

which we may define to be cl(Z).> In light of Lemma 2.4.1 we might hope to modify egs. (2.5.1)
and (2.5.2) to obtain a class in H(X X Y, Q5 , (log Ax,y)(—pryAx)). Let us focus on the case
where
s pryl; 1 Z - X, pr, |, : Z — Y are both thrifty and birational, so in particular ¢ =
dimX =dimY =: d and
o (pryl)i'Ax = (pryl ) Ay =: Ay
To keep the notation under control, set 7y := pr, |, and 7y := pr,|,.

In this situation letting ¢ : Z — X X Y be the inclusion there is a natural map
de’ 1 Q¢ (logAxyy) = 1,Q%(log Axyylz) and twisting by —pri Ay gives a map
Qf(xy(l()g Axyy)(—pryAy) — t*Qé(log Axxy|2)(=pryAylz) = t*QE(IOg Axxy | )=y Ay)
To identify Q2(1og Axuy |2)(—pryAx|z), write
(mx)* Ax = (mx);'Ax + Ex = Az + Ex and
(my)*Ay = (my);'Ay + By = Ay + Ey

so that Ay,y|, = (mx)"Ax + (wy)*Ay = 2A, + Ex + Ey. While the hypotheses guarantee A,

is reduced it may be that Ey, Ey are non-reduced — however something can be said about

>It may then be non-trivial to verify this agrees with other definitions, especially if we worry about signs, but
we will not need that level of detail for what follows.
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their multiplicities. If Ex = ), ayEy,Ey = 3, ayE, where the E}, E, are irreducible, then by
a generalization of [Har77, Prop. 3.6] (see also [Kol13, §2.10]),

and since Ay is a reduced effective simple normal crossing divisor, if in addition we write
Ay = Y. Di, then mlt(myx(E}) C Ax) = |{i| 7x(E}) C Dj}|. The thriftiness hypothesis that
mx(EY) is not a stratum then implies a} = mlt(wx(E}) C Ax) < codim(7x(E}) C X). Since

differentials with log poles are insensitive to multiplicities, we have
Q%(IOg Axxylz) = wz(Az + E;r(ed + E;?d)

where —¢ denotes the associated reduced effective divisor. Then

QLlog Ayuy |)(—T3Ay) = @, (A, + Ex® + EY' — A, — Ey)

W (X + (B — Ey)) = w,(OEi + Y. (1 — a})E})
i i

The upshot is that we have an induced map

HIX xY,0% ,(log Ax,y (—priAy)) = HYZ, w,(EX® + (X — Ey))) (2.5.3)

Here the left hand side is Serre dual to H(X X Y, Qf(xy(log Axy)(—pryAyx)), so the k-linear
dual of (2.5.3) is a morphism

HY(Z, (B + (EF — Ey))Y — HUX X Y, Q4 (108 Ay (—PryAy))

Unfortunately® HY(Z, w,(EX® + (EX* — Ey))) is often 0. If Ex and Ey are both reduced (an
explicit example where this holds will be given below), then H%(Z, w,(EX® + (EX! — Ey))) =
HY(Z,w,(Ey)). If in addition Ey # 0, we obtain H4(Z, w,(Ex)) = 0 by an extremely weak (but

characteristic independent) sort of Kodaira vanishing:

Lemma 2.5.4. Let Z be a proper variety over a field k with dimension d, and assume Z is normal

and Cohen-Macaulay. If D C Z is a non-0 effective Cartier divisor on Z then H4(Z, w,(D)) = 0.

6at least for the purposes of constructing log Hodge cohomology classes of subvarieties ...
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Proof. By Serre duality H4(Z, w,(D)) = H°(Z, 6 ,(—D)), which vanishes by the classic fact that
“a nontrivial line bundle and its inverse can’t both have non-0 global sections.” Since I am not
aware of a specific reference, here is a proof:

Suppose towards contraditction that there is a non-0 global section o € H(Z, ©,(—D)) —
then the composition

Oz —— 04(~D) — 0,
T

is non-0. By [Stacks, Tag 0358] H%(Z, 0,) is a (normal) domain, and since it’s also a finite
dimensional k-vector space it must be an extension field of k. But then 7 € H°(Z,0,) is
invertible hence surjective, so 0,(—D) < 0, is surjective, which is a contradiction since by

hypothesis the cokernel 6, # 0. O

Example 2.5.5. Let X = P*> and let Ay C X be a line. Let p € L be a k-point, let Y = Bl, X
and let Ay = L = the strict transform of L. Finally let f : Y — X be the blowup map and
let Z = (f xid)(Y) C X X Y. In this case (with all notation as above) 7yo(f X id) = f and
myo(f X id) = idy, so under the isomorphism f X id : Y ~ Z, Ey is the exceptional divisor of
f (with multiplicity 1). On the other hand E;, = 0. In particular Ey and E, are reduced and
Ex # 0 so from the above discussion H*(Z, w,(Eyx)) = 0.


https://stacks.math.columbia.edu/tag/0358
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Chapter 3
GLOBALLY F-FULL VARIETIES

3.1 Introduction

We begin by considering a theorem of Du Bois-Jarraud.

Theorem 3.1.1 ([Du 81, Thm. 4.6], see also [DJ74]). If f : X — B is a flat proper morphism
of schemes of finite type over C, and if the geometric fibers of f are reduced with at worst Du
Bois singularties, then the higher direct images of the structure sheaf R f .0 are locally free and

compatible with arbitrary base change.

All known characterizations of Du Bois singularities are somewhat technical, so rather than
giving definitions we summarize a few of their properties. For applications of Theorem 3.1.1,
the important facts are that both normal crossing and semi-log canonical schemes of finite type
over C have Du Bois singularities (for proofs as well as the necessary definitions see [Kol13, §6]
- the log canonical case is [KK10, Thm. 1.4]). On the other hand, the proof hinges on the fact

that if X is a proper C-scheme with Du Bois singularities then the natural maps
Hi(Xa C) > Hi(X’ ®X)

are surjective for all i (when X is smooth this is an immediate consequence of degeneration of the
Hodge-to-de-Rham spectral sequence). Theorem 3.1.1 has found various striking applications:
for example, in [KK10, Thm. 1.8] it is used to show that for a family as above, the cohomology
sheaves hi(co}) (including the relative dualizing sheaf wy ) are flat over B and compatible with
base change. In a different direction, it was noticed by Kollar that Theorem 3.1.1 combined
with a hypothetical strong form of semi-stable reduction would recover some of his theorems

on higher direct images of dualizing sheaves [Kol86, Thm. 2.6 Rmk. 2.7].
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As mentioned above, the proof of Theorem 3.1.1 makes essential use of Hodge theory,
and moreover it is currently unknown how to even define Du Bois singularities away from
characteristic 0. Below we discuss a variant, Theorem 3.1.2, which differs in several aspects:
first, it applies exclusively to flat proper families in characteristic p > 0, and second, it replaces
local singularity conditions on the closed fibers with global arithmetic restrictions which we
call global F-fullness (Definition 3.2.2). Finally, while in characteristic 0 semi-stable reduction
shows that if f, : X, — C \ {0} is a smooth morphism from a variety to a punctured smooth
curve then after a finite base change 7 : C’ - C such that 77!(0) = 0’ is a single closed point,
the family g, : X; — C’ \ {0’} obtained from f, by base change can be completed to a family
g : X' = C' such that the fiber g71(0) has at worst normal crossing singularities, hence in
particular Du Bois singularities. Based on a few examples (e.g. Example 3.3.26) it seems unlikely
that a similar semi-stable reduction statement holds for global F-fullness.!

After writing this I became aware that almost exactly the same result was proved indepen-
dently by Achinger and Zdanowicz as Thm. 2.6.1 in [AZ19]. Our precise statement differs in a
slight technical detail (Remark 3.2.4) and our method of proof is distinct, so slightly different
corollaries are obtained as a byproduct (Remark 3.3.20). I hope that this presentation as well as
some connections drawn with the weak ordinarity conjecture (see Conjecture 3.2.7 and the

preceding paragraph) serve to advertise [AZ19, Thm. 2.6.1].

Theorem 3.1.2 (compare with [AZ19, Thm. 2.6.1]). Let B be a locally noetherian scheme of
characteristic p > O and let f : X — B be a flat proper morphism. Let b € B be a closed point and
assume that the fiber X, is globally F-full over k(b). Then R'f 0O is locally free and compatible

with arbitrary base change for all i € N on a Zariski neighborhood b € U C B.

3.1.1 Overview

Section 3.2 begins with a recollection of relative Frobenii to set up the definition of globally

F-full (Definition 3.2.2), and includes some comments on the definition as well as a comparison

1So maybe the connection is tenuous at best, but at least my initial motivations have been made clear!
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with the famous weak ordinarity conjecture of Mustatd-Srinivas. Theorem 3.1.2 is proved in
Section 3.3, where after preliminary reductions using cohomology and base change and the
theorem of formal functions, the lemma on which our entire argument rests is Lemma 3.3.13.
Section 3.4 begins to investigate the question of when a generic cyclic cover of a globally F-full

variety is again globally F-full.

3.1.2 Acknowledgements

I'would like to thank Jarod Alper, Johan de Jong, Gabriel Dorfsman-Hopkins, Takumi Murayama
and the participants of Sandor Kovacs’s “What are you working on?” seminar for helpful
conversations. Special thanks to Tuomas Tajakka for reading and providing feedback on parts
of this paper, and to Karl Schwede for suggesting that a global condition on Frobenius might
give a positive characteristic analogue of Theorem 3.1.1. Finally I am very grateful to Daniel

Bragg for bringing [AZ19] to my attention.
3.2 Global F-fullness

Let B be a scheme of characteristic p > 0 and let f : X — B be a B-scheme. The absolute
Frobenius Fy : X — X of X is the identity on the underlying topological space and the p-th
power endomorphism Oy — Oy sending f — f? on the structure sheaf. Iterating Fy e times
gives the e-th Frobenius F$, : X — X given by p°-th powers f — f¥" on the structure sheaf.
The e-th relative (or k-linear) Frobenius Fy | : X — X © := X xpp: Bis then defined by the
commutative diagram ([Stacks, Tag 0CC6].)

Fx

X 4 X© X
xif@ o \Lf (3.2.1)
B———> B

For a ring R of characteristic p > 0 we will denote by R?* the image of the e-th Frobenius

F¢ : R — Rsending f — fP When R is reduced this is a subring of R — in particular for a


https://stacks.math.columbia.edu/tag/0CC6
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field k of characteristic p > 0 we obtain a descending chain of subfields
k2kP2kP 2.

If X is a proper k-scheme considering (3.2.1) (with B = Spec k) we get a morphism of k-schemes
F pi X=X © which induces k-linear maps of cohomology of the structure sheaf

F;;k . Hi(X(E), @X(e)) N Hi(X, ®X) fOI‘i Z 0

Sincek isand so F; : k — k is flat, we may apply flat base change to the cartesian part of (3.2.1)

to obtain isomorphisms Hi(X®, Oy¢) ~ H'(X, Oy) Q. k.

Definition 3.2.2. Let k be a field of characteristic p > 0. A proper k-scheme X is globally F-full

if and only if the natural morphisms induced by the relative or k-linear Frobenius of X /k
H(X,0y) ® k » H'(X, O) are surjective for all e,i € N. (3.2.3)

Remark 3.2.4. The maps of (3.2.3) are the adjoints of those appearing in [AZ19, eq. 2.6.1] with
respect to restriction/extension of scalars along the Frobenius of k; see the following remarks

for a more thorough comparison.

Remark 3.2.5. In general, (3.2.3) is a map of k-vector spaces of the same finite dimension, so it
is surjective if and only if it is an isomorphism. In the case k is perfect, (3.2.3) is equivalent to

the condition that the adjoint morphisms
F; : H'(X, 0x) - H'(X, Ox)

induced by the absolute Frobenius are isomorphisms (or equivalently injective or surjective)

for all e,i € N. Indeed, we may factor (3.2.3) as
. : Fype
Hl(X, @X) _)HI(X, ®X) ®kpe k—)Hl(X, @X)

where the first map is a unit of adjunction for restriction/extension of scalars along k, hence an

isomorphism when k is perfect. An alternative factorization of (3.2.3) is

. Fi@id .
Hl(X, ®X) ®kpe k —_— Hl(X, ®X) ®kpe k g HI(X, ®X)
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where the second map is the other unit of adjunction (also an isomorphism if k is perfect).
Moreover, (3.2.3) can be checked after base change to the algebraic closure (or perfection) —

see the following remark.

Remark 3.2.6. Note that the relative Frobenius defined in (3.2.1) is compatible with base change
in the following sense:? indeed, if t : B’ — B is a morphism of locally noetherian schemes of
characteristic p > 0 then since absolute Frobenii are functorial, setting X’ := X X B’ LN B’

the diagram

> X

/\ X,/
i
-

e
FB,

fl

B/

commutes, where the squares on the left and right sides are cartesian. This implies not only

that X’® = X© x, B’ but also that the map
Fxid
X' =X xz B —— X© x; B’ = X'©
agrees with the relative Frobenius of f’ (for example, they are both adjoint to the map of B
schemes Fjot' = t'oF}, over the morphism Fjot = toF}, ). Combining this with flat base
change, we see that if k is a field of characteristic p > 0 with algebraic closure k, and if we take

B = Speck and B’ = Spec k, we get a commutative diagram

HI(X®, 0x0) @ k —> H'(X, Oy) ® k

Hi(X,(e), @X/(e)) % Hi(X/, @X’)

ZSlogan: it’s the pth power on coordinate functions, not coefficients, hence unaffected by changing coefficients.
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where the top arrow is the relative Frobenius on X tensored with k and the bottom is the relative
Frobenius on X’ = X Xg,. Spec k. Since the top horizontal arrow is surjective if and only if
Hi{(X®, 040) - H(X, Oy) is, we see that X is globally F-full if and only if X’ is. The same

discussion applies with the perfection kP in place of the algebraic closure k.

Remarks 3.2.5 and 3.2.6 show that Definition 3.2.2 is a strengthening of the weak ordinarity
condition of [MS11], which would only require an injection H4™X (X, 6) & FCHI™X(X, 0y).3
See however [BST17, Lems. 4.3, 4.5] which show that the weak ordinarity conjecture of [MS11]

is equivalent to the following:

Conjecture 3.2.7 (Globally F-full conjecture, compare with [MS11, Conj. 1.1]). Let X be a
connected smooth projective variety over an algebraically closed field k of characteristic 0. Given
a model of X over a finitely generated Z-subalgebra A C k, there is a dense set of closed points

S C Spec A such that the fiber X is globally F-full for every s € S.

Remark 3.2.8. The terminology “globally F-full” is chosen to mirror the notion of F-full defined
in [MQ18, Def. 2.3], which requires a surjectivity similar to the one appearing in (3.2.3) but for

local cohomology modules.

Lemma 3.2.9. In the situation of Definition 3.2.2, if H(X, Oy) ®;» k = H'(X, Oy) is surjective
then H(X, Oy) ®;» k = H'(X, Oy) is surjective for all e > 0.

Proof. By induction on e, using the commutative diagram below (with cartesian squares as

3Hence globally F-full could have been called not-so-weakly ordinary.
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indicated).

F

X — sx v x
\ \L 0 F;_/i\L
X/k X % X (e=1)

L e L o |

Speck F%k Speck T} Speck
k

(3.2.10)

The map F)e(*/k . H(X©, Oxe) — H'(X, Oy) factors as a composition

s

F
HI(X©, Oy0) — H(XD, Oy0)) — HI(X, Oy)

where the second map is surjective by hypothesis. The first map is obtained by flat base change

(with respect to the top cartesian square of (3.2.10)) from

F}e(_/lk* t H'(X®™V, Oxen) » H'(X, Ox)

which is surjective by inductive hypothesis. O
3.3 Cohomology of the structure sheaf

This section is devoted to a proof of Theorem 3.1.2 through a series of reductions.

3.3.1 Restriction maps from thickened fibers
Following the approach in [DJ74], we immediately apply [EGAIIL,, Prop. 7.7.10] which shows:

Proposition 3.3.1 ([EGAIIL,, §7.7], [Mum?70, §11.5], [Har77, §II1.11-12]). Let B be a locally
noetherian scheme, let f : X — B be a proper morphism and let F be a coherent sheaf on X
flat over B. Let b € B be a closed point with corresponding maximal ideal sheaf m, C Oy. Write

Xpp = VM) CXand F,, = F|x,,, (with the exception that we write X, = X, , and
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Fp = Fpo)- Then, the sheaves R' f . F are locally free and compatible with arbitrary base change on

a Zariski neighborhood U C B containing b for all i € N if and only if the restriction morphisms
H' X}, Fpn) » H (X, Fp) are surjective for all n,i € N. (3.3.2)

We briefly explain how to derive Proposition 3.3.1 from cohomology and base change and

the theorem of formal functions as discussed in e.g. [Har77, §II1.11-12], [Mum?70, §IL.5].

Proof. By [Har77, Thm. I11.12.11] it will suffice to prove that the natural maps R'f,.F ® k(b) —
H'(X,,%,) are surjective for all i. Since completion with respect to m,, is faithfully flat and

since (R' f F)y @ k(b) = R'f.F ® k(b), we reduce to showing surjectivity of the maps
R f.F), ® k(b) = H'(X},, F,)

Now by [Har77, Thm. III.11.1] the natural map (R'f,%), — limH'(X, ,, %} ,) is an isomor-
phism, hence we reduce to showing that the surjectivity condition (3.3.2) implies that the
natural map lim H'(X,, ,, %, ,) = H'(X,, %) is surjective for all i. As n varies, the short exact
sequences

0—>mF,, > Fp, > Fp >0

form an inverse system and taking cohomology we obtain a short exact sequence of inverse
systems

0— (Hi(Xb,na mbgb,n)) — (Hi(Xb,na‘O;b,n)) - (Hi(Xb,‘O;b)) - 0,

on the right we have a constant inverse system, and surjectivity on the right is exactly (3.3.2). At
this point we only need to know that the sequence of inverse limits remains an exact, and for
that it suffices to know (H'(X, ,, m, %, ,)) satisfies the Mittag-Lefler, which is automatic since

each H'(X, ,, m; %, ,) is a finitely generated module over the artinian local ring O,/ mZ“. O

It will be useful to consider not only the inclusion of a fiber X, into its n-th thickening X, ,,
but the entire sequence of inclusions X}, ,,_; € X, . This not only decomposes the maps (3.3.2)

but also yields useful long exact sequences.
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Lemma 3.3.3. In the situation of Proposition 3.3.1 there are long exact sequences

o — H'(X},, Fp) @y (M /™) —— H'(X, 0, Fp ) —> H' Xy o1, Fppy) — -
(3.3.4)

which are natural in the sense that if g : Y — B is another proper morphism and G is a coherent
sheaf on Y flat over B, and if we are given a B-morphism h : X — Y together with a map of
sheaves ¢ : € — h,F, there is a functorial morphism of long exact sequences (of modules over

the local ring Oy ,)

H Hi(Yb9(§b) ®k(b) (mZ/mZ-H) H Hi(Yb,n’Cgb,n) % Hi(Yb,n—l’Cgb,n—l) H

! | !

H Hi(szgb) ®k(b) (m]g/mg”-l) H Hi(Xb,mgb,n) H Hi(Xb,n—l’gb,n—l) H
(3.3.5)

We give 2 proofs of different flavors, the first in terms of the derived projection formula and
the second at the level of complexes. In fact as the proof(s) will show it’s not necessary for f, g
to be proper, although that is the only case we will use in what follows; we also omit proof of

full functoriality, e.g. compatibility with compositions (which isn’t used in what follows either).

Proof 1. Wederive (3.3.5) asitincludes (3.3.4) as a special case (e.g. with ¢ = id). By functoriality
of derived pushforwards, we have a morphism Rg,¢ — Rf.F in Dfoh(B). Taking the derived
tensor product of this with the distinguished triangle m}/m}*! - 65/m}*' — 6/m}*" and
applying the derived projection formula [Stacks, Tag 08ET] yields a morphism of distinguished

triangles

Rg. (% ®" Lg*(m}/m;*")) — Rg.(Y ®" Lg*(Op/m;*")) — Rg.(Y ®" Lg*(Op/m})) — -+

! l . l
Rf(F @ Lf*(m}/m!™)) — Rf.(F @ Lf*(Op/m}*")) — Rf(F Q" Lf*(Op/m})) — --
(3.3.6)

Since ¥, G are flat over B the derived pullbacks/tensor products simplify; we have

F ®L Lf*(OB/mZ+1) ~ F ®;—1@B f_l(OB/mZ+l) = gb,n


https://stacks.math.columbia.edu/tag/08ET
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and similarly for the other terms on the corners of (x) in (3.3.6). Moreover since m; / mZ‘“ isa

k(b)-vector space a similar tensor product manipulation gives
F @ L *(my/mit)) = F @, f~!(my/my+)

F ®' 1, LKD) @i (my/my*) = F, @y (m/my ™)

(3.3.7)

R

Applying Kiinneth gives a natural isomorphism

Rf (Fp, @iy (M /m™) = Rf.Fy ®epy () /my*h).

Similarly for the top right corner of (3.3.6). Hence the map of distinguished triangles (3.3.6) is

isomorphic to

Rg.G), Qupy (m}/mi*) —> Rg.(Gh,) —> R(Cppy) — -

i i l (3.3.8)

Rf.Fp ®upy (mp/mI*) — Rf(Fp,) — RF(Fppy) —> -

and taking cohomology yields (3.3.5). O

Proof 2. Replacing B with Spec Op , and X, Y, % and 6 with their corresponding localizations
we may assume B = Spec A for some noetherian local ring A with maximal ideal m. Let
U = {U; C X} be an affine open cover of X and let B = {V; C Y} be an affine open cover
refining {h~'(U,)}. Then as discussed in [Mum70, §I1.5] the Cech complexes C(2U, F) and

C(B, %) are bounded complexes of flat A-modules together with functorial isomorphisms
H(CQU,F)Q A ~ H(X,,F,)and H(C(B, €)@ A') ~ H(Y 5,6 1) (3.3.9)

on the category of A-algebras A’, where X 5, := X Xg,. 4 Spec A’ and F , is the pullback of F
along the projection X 5, — X, etc.

Moreover ¢ induces a map of complexes

Clp) : CQU,F) - C(B,€)
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and since the terms of C(U, F) and C (B, €) are flat, tensoring C(¢) with the short exact sequence
of A-modules m"/m"*! & A/m"! » A/m" results in a short exact sequence of chain

complexes

0 — CAULFQm"/m"™! —3 CAU,F)QA/m™! — CAU,F)QA/m" —> 0

" u b

0 —3 (B, 6) @ m"/m"™ — (B, @ A/m™! — (B, €)@ A/m" — 0
(3.3.10)

Using eq. (3.3.9) we see that the induced map of long exact sequences of cohomology is (3.3.5).

[]

3.3.2 Thickened fibers of Frobenius twists

Returning to Theorem 3.1.2: we have a flat proper morphism f : X — B where B is locally
noetherian of characteristic p > 0 and a closed point b € B such that X, is globally F-full over
k(b), and we wish to show the sheaves R’ f, O are locally free and compatible with base change
on a neighborhood U C B containing b. Since we aim to prove this using Proposition 3.3.1,

localizing with respect to Spec O, — B we reduce to proving the following lemma.

Lemma 3.3.11. Let A be a noetherian local ring of characteristic p with maximal ideal m and
residue field k = A/m, and let f : X — Spec A = B be a flat proper morphism. For each n € N
let X, = f~1(V(m")). If X, is globally F-full over k then the restriction maps

H'(X,, 0y ) — H'(X,, Oy ) are surjective for all n,i € N.

Applying Lemma 3.3.3 to the relative Frobenius F; of (3.2.1) (which automatically comes

with a map of sheaves Oy« — F;* Ox) gives us a map of long exact sequences

= HI(XY, 04) ® (m"/m™) — HIXY,04) = H(XY,, 05 ) —> -

i i i (3.3.12)

e = HI(X, Ox,) @ (m"/m") —5 H(X,, 0x,) — H'(X, 1, 0x,) —>

For large e, the top row simplifies considerably.
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Figure 3.1: Abstract illustration of Lemma 3.3.13 — Frobenius shrinks thickenings

Fe
Lemma 3.3.13. For fixed n and e > 0, the composite A —> A — A/m" factors through k.

Equivalently, for e in this range A/m" is a kP*-algebra.

Proof. We must show that the kernel I of A i A — A/m" is m. Explicitly this kernel is
I={xeA|x" e m"}

from which we see I = m for p¢ > n. 0

Remark 3.3.14. Lemma 3.3.13 is equivalent to the trivial inclusion m!?") € m" for p¢ > n. From

another perspective generally, given any ideal I C A we can define an ideal
Jr:=r'h={xeA|x* e}

and Lemma 3.3.13 is equivalent to the trivial inclusion m C {/m for p¢ > n. This is illustrated

(quite abstractly) in Figure 3.1.

Corollary 3.3.15. For fixed n and e > 0, there is a natural isomorphism of finite-type A/ m"-
schemes Xff_)l ~ Xo Xspeckre Spec A/m". Explicitly, X Xgpecre SpeC A/m" is the fiber product
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in
Xo ®pre A/m" —— X,
Spec A/m" ——» Speck
where the bottom horizontal arrow is given by Lemma 3.3.13.

3.3.3 Surjectivity of relative Frobenii

We now apply Corollary 3.3.15 to rewrite the top row of (3.3.12). For e > logp(n + 1) there are
isomorphisms

Iii()((d

n—1°

@X,,_l) ~ H'(X,, @XO) ®pe A/m"

and similarly H' (X(e) x,) =~ H {(Xo, Ox,) @ A/m"*!. In particular for n = 0 we have
Hi(X € Ox) ~ H'(X,, Ox,) @ k.* Using these identifications, (3.3.12) becomes

(e),i
-+ = H'(Xp, Ox,) Qppe (m"/m"*) — H'(X,, Ox,) Qe A/m"H! p% H'(Xg, Ox,) ®poe A/m" —p -+

\l}‘;@,l \l}u;e),l J})Elel,i

= H(X,, 0x,) ® (m"/m™) —— HI(X,,0x) ——% H'(X,_;,0, ) — -
(3.3.16)

Proposition 3.3.17. If X, is globally F-full then for fixed n and e > 0, the homomorphisms p(e)l

(e),i

and ¢,”| (and hence also p},) are surjective for all i € N.

Proof. Fixing n, choose e > log p(n + 1) (so p® > n + 1). Then since the reductions A/m"*t! -

A/m" are surjective, and because tensoring over k?* is exact, we see that the homomorphisms

o are all surjective. Moreover global F-fullness of X, guarantees the vertical maps ¢ ar

all surjective: after choosing a basis for m” /m"*!, the map gbﬁf)’l can be written as a direct sum
of dim m" /m"™*! copies of the map appearing in (3.2.3).
We now show by induction on m < n (with a subsidiary induction on i) that the go(e)l nd

(e),i -

!, are all surjective — surjectivity of ¢,, " in the base case m = 0 is exactly global F-fullness of

“this last isomorphism of course doesn’t need restrictions on e.



91

X,, and surjectivity of p9, is covered in the m = 1 inductive step below. Suppose 0 < m < n and

consider

(€),0

0 — H°(Xy, Ox,) ®ppe (m™/m™*1) — HO(X,, Ox,) Qe (A/m™H1) p% H°(X,, Ox,) Qe (A/m™) — 0

(€),0 (€),0 (0,0
ym \ljom pgn Jym—l 5'1n
0 — H(X, Ox,) ® (m™/m™*) ———— H(X,,0x,) ——————> H°(X;p_1,0x,_ ) ——> =
(3.3.18)

where in the top row we have applied the surjectivity of pﬁ,‘?’o mentioned above to obtain a
short exact sequence, and in the left vertical map we have applied the surjectivity of z,bff)’o. By
inductive hypothesis we may assume the right vertical arrow coﬁﬁ)fi is surjective. Now the snake

lemma [Stacks, Tag 07JV] gives us an exact sequence

0 = coker P — coker g — 9% = 0
(e),0
and hence coker¢,,”” = 0.

We also conclude from surjectivity of pﬁ?’o and §0§2)_’(i that p?, is surjective, and so the con-

necting map §,, = 0. This means that for i > 0, we obtain a diagram

) ) (e),i )
0 — H'(Xo, Ox,) ®pe (m™/m™*!) — H'(X,, Ox,) ®pre (A/m™+1) S H'(Xy, Ox,) ®ype (A/m™) — 0

i Jjb m fm+l i \lf Pin i \L &
0 — H'(Xy, Ox,) & (m™/m"™*) —— H'(X), 0x,) ————— H'Xj_1,0x, ) —> -
(3.3.19)

where now exactness on the left is obtained the inductive hypothesis that pﬁfl)’i_l and p-! are

(e),i

m—1

surjective. Again we may assume by inductive hypothesis that the vertical map ¢, . on the

right is surjective, and then the snake lemma shows qog,‘?’i is surjective. Since pﬁi)’i and qoﬁz)_’il are

both surjective we conclude pl, is surjective, completing the inductive step. ]
Proof of Lemma 3.3.11. Proposition 3.3.17 shows that the restriction maps

Py : H'(X,, Ox,) - H'(X,_;, 0x, ,)
are surjective for all n,i € N, and so the composite

) P . e
HI(X,, Ox ) = Hi(X,_,, 05 ) — - = H(X,_,, 05, ) = Hi(X,, O,)


https://stacks.math.columbia.edu/tag/07JV
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is surjective. This is precisely the restriction morphism (3.3.2). O
Our proof of Theorem 3.1.2. Combine Proposition 3.3.1 and Lemma 3.3.11. ]

Remark 3.3.20. Since our proof proceeds by increasing induction on the cohomological degree i,
it appears to show that if the maps H'(X, Ox) ®, < k(b) - H'(X, O) are surjective for i <r
then the sheaves R'f, Oy are locally free on a neighborhood of b for i < r (see [AZ19, RmKs.
2.6.3]).

Corollary 3.3.21. The set of points b € B such that X, is globally F-full is open.

Proof. If X, is globally F-full then by Theorem 3.1.2 there is a neighborhood U C B such that
the sheaves R'f, Oy, are locally free and compatible with base change — replacing B with U
we can assume that the R' f, O themselves are locally free and compatible with base change.

In particular applying compatibility to base change to the e-th relative Frobenius (3.2.1) gives
an isomorphism

LF$Rf,0x = Rf¥ 0y in D°_ (B) (3.3.22)

coh

so that the cohomology sheaves of Rf ff) Oy are also locally free and compatible with base
change (alternatively, this could be deduced from the fact that f© and f have the same fibers
over closed points, i.e. applying Theorem 3.1.2 to f© as well). We now consider the map ¢© :
Rf i‘”@ x© = Rf .0y induced by F¢, and claim ¢® is a quasi-isomorphism on a neighborhood
of b. For each i the induced morphism

. (e) .
R f®0,0 ~— Rf,04 (3.3.23)
is a map of locally free sheaves whose reduction mod m, is

H'(X,, Ox,) Qs k(b) =~ HI(X?, Oy0) = H'(X,, Ox,),

by hypothesis an isomorphism. By Nakayama’s lemma (3.3.23) is an isomorphism on a neigh-

borhood U C B of b. Chooosing U small enough so that (3.3.23) is an isomorphism for all i, for
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any b’ € U tensoring with k(b’) gives

P9@id

R0 ® k(b') —— Rif,04 ® k(b')

lﬁ lg (3.3.24)

Hi(X/, ®X£) ®k(b/)pe k(b,) H Hi(X/, ©Xl’))
O

Remark 3.3.25. It seems likely that the locus points b € B such that X, is globally F-full is in
fact the complement of a divisor, at least in the case where B is reduced and X, is globally F-full
for every generic point 7 € B. The proof of Corollary 3.3.21 together with Lemma 3.2.9 shows
that the globally F-full locus is the same as the largest open set U C B such that

9Oy : FiRf,Oxly = RfFPOx0w|y = Rf.Oxly

is a quasi-isomorphism. With the additional hypotheses on B and the X, , we can be sure U
contains all depth 0 points of B. Then the construction described in [KM76, beginning of Ch. II]
applied to the map of perfect complexes ¢») produces a divisor Div(p") with supp Div(p) C

B\ U together with an isomorphism
Op(Div(p™)) ~ det(Rf,0x)®@det(F5Rf,0x) ~ det(Rf,Ox)QF; det(Rf,O) ~ det(Rf,0x)' P

where we use the determinant construction of [KM76] and in the second isomorphism apply
its compatibility with base change, and in the third isomorphism use the fact that for any line
bundle & on B, F;& = &P (Frobenius applies p-th powers to transition functions). This could
be viewed as a weak analogue of [Mor85, Thm. 5.2] which asserts that the locus of ordinary

abelian varieties is quasi-affine.

3.3.4 Examples

Example 3.3.26 (Suggested by Johan de Jong; shows (3.2.3) is sufficient but not necessary).
Let k be an algebraically closed field of characteristic p > 2,let B = A} and let X = V(y’z —
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4 — =05 -

1=0
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Figure 3.2: The “A-family” of Example 3.3.26

x(x —z)(x — 12)) C A; x P}, (real points drawn in Figure 3.2, where in the legend [ = 1). Let
f : X — B be the projection. By [Har77, Cor. 4.22] the locus of closed points b € A}l where
(3.2.3) holds is the non-vanishing D(h,) of the polynomial

-1
-

8ol

~
Il
o

hy(A) =

(7)7

so in particular it is a proper open subset. However in this case the higher direct images R f, 0

p-1 2
2
i

are still locally free: identifying them with the k[A]-modules H'(X, Oy) and using the exact

sequence

co —— H'(A] X P%,,,0(=3)) — H'(A} xP3,,,0) — H'(X,0x) — -+
(3.3.27)
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induced by the section y?z — x(x —z)(x —Az) € H O(A/I1 X [P’fcyz, 6(3)) we get isomorphisms
H°(X,0y) ~ HO(A}l X P%,., 0) and H'(X, Ox) ~ HZ(A}1 X P32, 0(=3))

and the latter 2 modules are free of rank 1 by [Har77, Thm. IIL.5.1].
3.4 Generic cyclic covers of globally F-full varieties

In [KK10], Theorem 3.1.1 is used to derive flatness properties of relative dualizing sheaves. A
key ingredient in that argument is the following fact: if X is a projective variety with Du Bois
singularities and Y — X is a cyclic cover branched along a general hyperplane section of X,
then Y also has Du Bois singularities. Here we begin to consider the question of when cyclic

covers of globally F-full varieties are again globally F-full.

3.4.1 Frobenius actions on cyclic covers

Let X be a proper scheme over a field k of characteristic p > 0, which in this section we assume
to be perfect, and let £ be an invertible sheaf on X together with a global section ¢ € H°(X, £,
Given this data, one can form an associated cyclic cover & : Y — X. While this construction is
standard (a good reference is [EV92, §3.5]) we use many of its details, and so we give a complete
description.
There is a natural inclusion of Oy algebras
cisymE Al =PLIcPHLI =symz!
jeN jeN

and the map o¥¥ % — Oy dual to o induces a morphism of O-algebras Sym(c¥) : Sym ¥4 —
Oy. Hence both Sym £~! and Oy are Sym & ~¢-algebras, and we define Y to be the affine X-

scheme associated to the tensor product of Ox-algebras
Sym 1 ®Sym§i’_d ®X
Since Sym(c") is surjective, there is also a natural isomorphism

7,0y =Sym L™ Qgymp-a Ox ~ Sym L' /i(ker Sym(c")) (3.4.1)
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Geometrically: if L = Spec Sym £ ~! and L¢ = Spec Sym & ¢ are the associated line bundles,

then ¢ corresponds to a d-th power map L — L¢, and Y is the fiber product

|l

X 25 1d

We claim that the composition @< ;.4 I € Sym Pt » 7,0y is an isomorphism of O-
modules. This can be checked on an affine open U = Spec A of X where there is a nowhere-0
global section 7 : O — £~ !|, hence also a nowhere-0 global section ¢ : 6, — £ ¢, which

together give identifications (here ~ denotes “sheaf associated to”)

—~— —~—

SymZ~! = A[t] and Sym ¥4 = A[td]

Moreover the composition
¢ aVv
Oy — L4 — 6y

gives us an element f € A such that the map Sym ¥4 — O can be identified with the
map A[t?] — A taking t — f. Using (3.4.1) we finally obtain an identification Y|, =
Spec A[t]/(t* — f) which is a free A-module on the basis 1, ¢, ..., t~". Hence 77,0y =~ @<y L™
with algebra structure induced by the map of sheaves ¢V : ¥4 — Oy dual to o in the sense
that for any 0 < j,k < d, writing j + k = qd + r with 0 < r < d we have a multiplication
operation

, L (ov)

LIQRL g — P
Applying this discussion to the pth power map 7, (Fy) on 7,0, we see that its restriction to
L is
FX*(Uvqj)

L - Fx, L P ——— Fx, %" where pj = q;d +r;and 0 < r; < d. (3.4.2)

Taking cohomology yields the following lemma.
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Lemma 3.4.3. Assume X is proper over a field k of characteristic p > 0. Then the action of
Frobenius on H'(Y, ©y) is compatible with the direct sum decomposition
H'(Y,0y) = @ HX,27)
0<j<d
in the following sense: for each j, writing pj = q;d +r; where 0 < r; < d,” Frobenius induces a
map of k-vector spaces
q
HI(X. %)) - F.H(X, 27 = p i, 2-m) (3.4.4)

and the Frobenius morphism H'(Y, 6y) — F,H(Y, Oy) is the sum of the (3.4.4) as j varies.

In particular if Y is globally F-full if and only if X is globally F-full and the maps (3.4.4) are

isomorphisms for 0 < j < d.

One immediate consequence of Lemma 3.4.3 is that Y is unlikely to be globally F-full when
p # 1 mod d, since then there will be values of j for which r; # j and the left and right hand
sides of (3.4.4) may have different dimensions.

It will be useful to have a Grothendieck-Serre dual formulation of Lemma 3.4.3. Let f :
X — Speck be the structure map and let w; := f'k be the resulting normalized dualizing
complex on X. Applying R omy(—, w;) to (3.4.2) and using Grothendieck duality for the
absolute Frobenius Fy (which is finite since k is perfect) we obtain dual morphisms

FX*(1d®U ) ®d
Fr(@, ® 2 2L b () @ 27) 225 0 @ P

where the first map is obtained from ¢% : £"i — ZP/ by tensoring with w; and applying Fy.,
and the second is obtained from the trace map of Grothendieck duality trr, : Fy,(w}) — w
by tensoring with &/ and using the projection formula. Taking hypercohomology results in the

following lemma.

Lemma 3.4.5. The k-linear dual of the map (3.4.4) is

FHA(X, 0, ® 27) 22270 b y-ix, o, @ 200 2525 e, e, @ 20 (346)

>Equivalently, q; = [%jJ andr; =pj—[=]d.

[z



98

In particular 'Y is globally F-full if and only if X is globally F-full and (3.4.6) is an isomorphism
for0< j<d.

Remark 3.4.7. If X is Cohen-Macaulay with dualizing sheaf wy = h™%™*w; , then since wj =

wy[dim X, the terms of (3.4.6) simplify to:

. . F.(id®c¥) . . . trpy, ®id . . .
F*HdlmX—l(X, wy ® grj) - 4 F*HdlmX—l(X’ Wy ® gp;) LN HdlmX—l(X, wy ® gj)
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