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In vaccine research, it is important to identify biomarkers that can reliably predict vaccine effi-
cacy relative to a clinical endpoint. Such biomarkers are known as immune correlates of protection
(CoP) and can serve as surrogate endpoints in vaccine efficacy trials to accelerate the approval
process. CoPs must be rigorously validated, and one method of doing so is through the con-
trolled vaccine efficacy (CVE) curve, a function that represents the causal effect of the biomarker
on population-level vaccine efficacy. In this dissertation, we propose and study two methods to
estimate the CVE curve and construct pointwise confidence bands. The first method assumes a
Cox proportional hazards model, allowing for possible nonlinearity in the additive predictor. The
second method assumes monotonicity of the CVE curve and leverages modern tools from shape-
constrained inference and nonparametric efficiency theory. We also develop a nonparametric test of
the null hypothesis that the CVE curve is flat, and discuss extensions of these methods that lead to
improved finite sample performance. Finally, we describe open-source software that we published

to implement these methods, and apply the methods to data from several vaccine efficacy trials.
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Chapter 1

Introduction

The recent global outbreak of SARS-CoV-2, the coronavirus that causes COVID-19 disease, has
highlighted the importance of developing, testing, and distributing safe and effective vaccines. In
the context of a novel infectious pathogen, obtaining approval of a new vaccine typically requires
conducting one or more large phase 3 randomized placebo-controlled trials with a clinically mean-
ingful endpoint (e.g., moderate to severe COVID disease). However, placebo-controlled trials are
typically resource-intensive and in some cases infeasible, and so it is desirable to have alternate
modes of approval for the development of additional vaccines. In these situations, researchers have
historically used immunological biomarkers as surrogate endpoints. To serve as a valid surrogate,
a biomarker must be a correlate of protection (CoP), meaning that it can reliably be used to
conduct accurate inference on vaccine efficacy against disease acquisition (Plotkin, 2010; Plotkin
and Gilbert, 2012). CoPs are contrasted with correlates of risk (CoR), which are markers associ-
ated with but not necessarily predictive of the study endpoint. Aside from serving as a surrogate
endpoint in a clinical trial, CoPs can be useful to assess efficacy of a vaccine for subpopulations
that were underrepresented in or excluded from the original clinical trials (e.g., children) and to
help approve modified versions of existing vaccines (e.g., a change in dosage or pathogen strain).

However, to serve any of these purposes, a CoP must first be validated.

Historically, the validation of a CoP has involved the implementation of a number of statistical

methods, including surrogate endpoint evaluation (Prentice, 1989; Molenberghs et al., 2008), prin-



cipal stratification vaccine efficacy moderation evaluation (Follmann, 2006; Moodie et al., 2018),
mediation analysis (Cowling et al., 2019; Benkeser et al., 2021), and meta-analysis (Molenberghs
et al., 2008). These methods are typically implemented across multiple phase 3 trials, and often
multiple methods are used in a single analysis to add to the robustness of results. Recently, in
Gilbert et al. (2022a), we proposed a novel method of CoP evaluation based on the controlled
vaccine efficacy (CVE) curve, which represents the causal relationship between the biomarker and
population-level vaccine efficacy. The calculation of the CVE curve involves a related function called
the controlled risk (CR) curve, which represents the causal relationship between the biomarker and
the population-level risk of experiencing the study endpoint by a certain time. This work builds
off of previous research on controlled effects, dating back to Robins and Greenland (1992), and is
closely related to the work of Joffe and Greene (2009), in which the authors consider the use of

controlled effects for evaluating potential surrogate markers.

In Gilbert et al. (2022a), we suggested the use of a Cox proportional hazards model for estima-
tion of the CR and CVE curves and a bootstrap-based approach for inference. However, while the
Cox model may be a reasonable choice in many applications, there are several drawbacks of using
the boostrap for inference. First, as is typical with resampling methods, it can be very computa-
tionally demanding. Second, the resampling procedure can vary between trials and can sometimes
be quite complex, as it must account for the two-phase sampling structure (described in greater
detail in section 2.1) often used in vaccine efficacy trials. Third, resampling with replacement sys-
tematically leads to ties in the event times, which is a known issue with the Cox partial likelihood
(Lin and Zelterman, 2002); while a number of methods for dealing with ties are have been studied
(e.g., Cox, 1972; Breslow, 1974; Efron, 1977), the decision of which method to use is somewhat

subjective and can lead to bias (Xin et al., 2013).

Furthermore, incorporating the biomarker as a single variable in the Cox model linear predictor
imposes a very strong assumption on the functional form of the CVE curve, and substantially
restricts the set of shapes that this curve can take. It would be of practical use to extend the basic
form of the model to allow for nonlinear relationships between the biomarker and the log-hazard

function.



Beyond this, there are many settings in which the Cox model may not be appropriate, as
the underlying linearity and proportional hazards assumptions are strong and do not necessarily
hold in practice. To deal with these settings, we would like to explore nonparametric methods of
estimation that allow for flexible estimation of various nuisance parameters, such as the conditional
survival function of the outcome given the marker and baseline covariates. In particular, it is
often reasonable to think that the relationship between the biomarker of interest and controlled
vaccine efficacy is monotone; if this assumption holds, the methods of Westling et al. (2020) can
be leveraged to construct an estimator that makes fewer assumptions about the underlying data-

generating mechanism.

Finally, it is useful to quantify our confidence as to whether or not a marker is indeed a valid
correlate of protection. In Gilbert et al. (2022a), a correlate of protection is defined as a marker
(satisfying certain regularity conditions, as well as conditions related to causal inference) for which
CVE increases as a function of the marker. As such, it is useful to derive a test of the null hypothesis

that the CVE curve is flat.

The organization of this dissertation is as follows. In Chapter 2, we derive asymptotic results
for the Cox model CR/CVE estimators, accounting for the use of estimated weights and two-phase
sampling, and show how the basic form of the Cox model can be extended to handle a nonlinear
relationship between the log hazard function and the biomarker of interest. We test the performance
of the resulting models and estimators via simulation and illustrate the methods using data from the
Coronavirus Efficacy (COVE) placebo-controlled phase 3 trial (NCT04470427) of the mRNA-1273
COVID-19 vaccine. In Chapter 3, we describe nonparametric CR/CVE estimators, derive a test
statistic corresponding to null hypothesis of a flat CR curve, and derive the asymptotic properties
of both the estimation procedure and the hypothesis test. We evaluate the performance of all
methods via simulation and again apply them to the COVE phase 3 vaccine trial. In Chapter 4,
we explore a possible solution to a bias issue related to the nonparametric estimator (and related
to monotone-constrained estimators in general), conduct a simulation study to assess its benefits,
and suggest possible routes for asymptotic analysis. In Chapter 5, we describe an open-source R

software package that implements the methods developed in Chapters 2 and 3. Finally, in Chapter



6 we present select results from the application of our methods to three additional phase 3 clinical
trials, to illustrate the versatility of these methods and to discuss interesting practical challenges

that arose.



Chapter 2

Estimation and inference using a Cox

proportional hazards model

2.1 Data structure and inferential goals

2.1.1 Data structure

Data come from a randomized controlled trial in which n population-representative individuals are
assigned to the vaccine group and n’ are assigned to the placebo group. Interest lies in summaries
related to the time T' € [0, 7] of occurrence of an event of interest (e.g., the trial primary endpoint).
However, due to right-censoring, investigators do not directly observe the event time 7', but instead
observe Y := min{7, C'}, the minimum of the event time 7" and the right-censoring time C' € [0, 7],
and A = I(T < (), an indicator that the event occurred. Investigators also observe a vector X
of baseline covariates for all individuals, and T is assumed to be conditionally independent of C
given X. Of key interest is a univariate immunologic biomarker S, measured for a subsample of
individuals in the vaccine group at a particular time post-vaccination and scaled to lie within [0, 1].
The biomarkers that are typically assessed have observed distributions that are influenced by the
underlying measurement assays, which have associated lower limits of detection (LLOD) and upper
limits of quantitation (ULOQ). Measurements below the LLOD cannot be distinguished from one

another and have historically been assigned the value LLOD/2. Similarly, values above the ULOQ

5



are censored at the ULOQ value. Thus, the observed distribution of §' is typically mixed, possibly
with point masses at 0 (corresponding to the value LLOD/2) and 1 (corresponding to the ULOQ)
and continuous in the open interval (0,1). For convenience, the notation V := (X, b(S)) is used
as shorthand for the entire set of covariates, where b is a user-specified basis function discussed in
section 2.2.

A two-phase sampling structure is assumed in which investigators first observe data units
(X1,Y1,A1), ..., (X5, Yo, Ay) in the vaccine group, known as the phase-one sample, and then con-
struct a set of indicator variables Z1, ..., Z,, based on the phase-one data. S; is observed for subject
1 if Z; = 1; the set of individuals for whom Z; = 1 is known as the phase-two sample. This sampling
design is common in vaccine efficacy trials since the lab work required to obtain measurements of
S is typically costly. It is assumed that the indicators 71, ..., Z, are sampled independently from
a Bernoulli{my(X;,Y;, A;)} distribution for a known deterministic function 79 bounded below by

some number e¢; > 0. This yields a coarsened observed data structure that can be expressed as
id
017 ceey On = (X17 Y17 Ala Z17 Z151)7 ceey (—Xn7 Yna A?u va Znsn) Z'ZV PO . (21)

In practice, a strategy known as finite population stratified sampling (FPSS) is often used instead
of Bernoulli sampling (Breslow et al., 2009). With this strategy, the individuals in the phase-
one sample are partitioned into a set of strata using a predetermined strategy that may depend
on the observed data (Y;, A;, X;). To represent this, let C; = ¢o(X;,Y;, A;), where ¢g is a known
deterministic function with range {1, 2, ..., d} representing the strata indices, such that individuals 4
and j are in the same stratum if C; = C;. Next, a predetermined fraction of individuals are selected
without replacement from each stratum, where the sampling fraction may depend on the stratum
index, and again individual 7 is assigned Z; = 1 if selected. Here, the notation my(c) = mo(co(z,y,9))
is used to represent the probability that an individual is selected into the phase-two sample. Note
that this breaks the iid structure of the data, since now Z; and Z; are dependent if C; = Cj;. To
ease theoretical development, we proceed by assuming that (2.1) holds, such that the indicators Z
are sampled independently from a Bernoulli distribution; in section 2.5, we justify the implications

of this assumption.



2.1.2 Parameter of interest and causal identification

Using the potential outcomes framework of Rubin (2005), let T'(a) represent the potential outcome
of T" under assignment to group a, where a = 1 represents the vaccine group and a = 0 represents
the placebo group. Similarly, let T'(a,s) represent the potential outcome under a hypothetical
intervention that assigns individuals to both group a and biomarker value s. For a fixed time
of interest to, the controlled risk is defined as rco(a,s) = Po{T(a,s) < to}, which represents
the counterfactual probability of the event occurring by time t#y under assignment to group a and
biomarker level s. Note that the controlled risk depends on tg, but for simplicity, this dependence
is not reflected in the notation. The controlled risk curve is simply the function s — r¢ (1, s).
In the special case in which assignment to the placebo group necessitates that S = 0, which often
occurs for certain biomarkers when the population is naive to the pathogen of interest, the CVE

curve can be defined as

rco(l, s)

CVEg:s—1— — -2,
0 rc,0(0,0)

(2.2)
Since in this case, we have T'(0) = T'(0,0) almost surely, it also holds that r¢(0,0) = P{T'(0) < to}.
Essentially, CVEq(s) represents the population-level vaccine efficacy that would be observed under
a hypothetical intervention that assigns the entire population both to the vaccine arm and to a
specific biomarker level s. The setting in which the biomarker necessarily equals zero for the entire
placebo arm is commonly encountered, such as in many COVID-19 and HIV-1 vaccine efficacy
trials. For settings in which the biomarker can be nonzero in the placebo arm, the CVE curve can
be generalized to a parameter called the CVE surface (Gilbert et al., 2022a), but consideration of

this parameter is outside the scope of the current work.

Gilbert et al. (2022a) provide a set of conditions under which the controlled risk can be identified
with the marginalized risk raso(a, s) == Eo{Po(T < to| X, S = s, A = a)} in the vaccine arm, where
the expectation is over the marginal distribution of X. Briefly, for a fixed value s, suppose that the
Stable Unit Treatment Value Assumption (SUTVA) holds, the covariates X sufficiently deconfound

the causal effect of S on T, and the conditional density of S given (X, A =1) at S = s is positive
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almost surely (i.e., the positivity assumption holds). Then rco(1,s) = rar0(1, s). Given this result,
we proceed by focusing attention on estimation and inference for r370(1, s); for convenience, the
shorthand rar0(s) == rao(1,s) is used. Our goal is to estimate the functions s — rps(s) and

s+ CVEq(s) over s € [0, 1] and form corresponding pointwise confidence bands.

2.2 Methods

2.2.1 Definition of proposed estimator

Following Gilbert et al. (2022a), it is assumed that the true full-data distribution follows a Cox
model, and an inverse-probability-of-sampling (IPS) weighted Cox model (Prentice, 1986) is used
to estimate the conditional survival function Qo(t|z,s) == Py(T > t|X = z,5 = s,A = 1) in the
vaccine arm. This involves maximizing the IPS-weighted sum of the Cox model partial log-likelihood
contributions, restricted to the phase-two observations, yielding an estimator 5, = (83, Bsn) of
the Cox model parameter vector By = (B0, 08s0). This in turn enables the construction of the

estimator
Qn(t|z,s) = exp [— exp {B;nx + 5;7nb(s)} An(t)] .

Above, b is a user-specified function (either scalar-valued or vector-valued) that is typically chosen
to be the identity function, as in the model considered in Gilbert et al., 2022a, but can take on
other forms, such as one of the functions considered in section 2.2.2. A, is the IPS-weighted version

of the so-called Breslow estimator of the baseline cumulative hazard function Ag, defined as

1= ZNI(Y; <)
Aty ==y 2= 2.
0= 2 s (23)
where
_ 1~ Zid(Yi > y)eViPn



and where m,(C;) is an estimator of the probability mo(C;) of phase-two selection that will be
defined later in this section. It is necessary to apply the inverse weights to (2.3), even though
the sum does not involve S; terms, to avoid terms of the form 1/0 in the sum. The estimator we
consider is defined as one minus the conditional survival function estimator marginalized over the

observed covariate distribution in the vaccine arm, which can be written as
1 n
TM,n(S) =1 nZ;Qn(t(”Xi’S). (24)
1=

While the Cox model is estimated using information from the phase-two sample, the marginal-
ization can be done over the covariate distribution from the entire phase-one sample for greater
efficiency. Finally, combining (2.4) with an estimator ry/,,,(0,0) of the placebo group risk ra7,0(0,0),

an estimator of CV Ey(s) can be defined as

rM,n S

— ()
CVE,(s) =1— an(0.0)°

Constructing an estimator of the placebo group risk is a well-studied problem, so we do not focus
on it here. The only restriction placed on the estimator rys,,(0,0) is that it must be asymptotically
linear and constructed from the placebo group data only; one example of such an estimator is a
marginalized Cox model conditional risk function, similar in construction to (2.4) but not involving

the biomarker.
Next, we describe how the IPS weights are constructed. Since the probability function m is typi-
cally under the control of the investigators, one could in theory use the weights Z; /mo(Ch), ..., Zn/m0(Ch).

However, efficiency can be gained by using weights based on an estimator m, of my defined as

21 1(e=Cy)Z;
Z?:l I(c = Cj)

n(c) = (2.5)

The expression given in (2.5) represents the fraction of individuals in stratum C; that were selected
into phase-two sample. It is assumed that at least one person is always selected in each stratum and

that the estimated weights are bounded below by €, (as was also the case for the true function 7).



It may seem counterintuitive that estimating a known function could lead to increased efficiency,
but in fact this is well-documented behavior (see, for example, Robins et al., 1994; Scott and Wild,
1997; Qi et al., 2005). In addition to using the IPS weights Z; /7, (C1), ..., Zn /7 (Cy,) based on (2.5)
to estimate the Cox model parameters, these weights will repeatedly be used to estimate terms of

the form Eo{h(X,Y,A,S)} using the IPS-weighted estimator

(2.6)

1 Zn: Zih(X;, Y5, Aq, Z;S;)
n i1 Wn(cl) ’

where h(x,y,d,s) is an arbitrary fixed function of an individual observation.

2.2.2 Allowing for nonlinearity in the linear predictor

We consider Cox models involving hazard functions of the form
No(t]2,5) = Mo(t) exp { B0z + 0(s) }

where 7 is an unknown function. The usual choice is to assume that vy(s) = Bs,0s for some unknown
scalar parameter 3, o, such that the log of the hazard function \o(t|x, s) is a linear function of s;
we refer to this as the basic Cox model. As this is fairly restrictive, it is worth exploring options
that allow for this assumption to be relaxed. As a first attempt at this, we could consider adding
polynomial terms of s to the linear predictor. For example, adding d — 1 additional polynomial

terms to the model would result in the form
Y0(8) = Bs,018 + Bs028% + oo + Bs 0,48, (2.7)

where Bs0 = (80,1, 05,025 s 5s,0,4) is now a d-dimensional vector rather than a scalar. This
method is advantageous in its simplicity, and in the ease of constructing the polynomial terms.
However, a known issue with including polynomial terms in a regression linear predictor is that
changes in the observed values of s at a fixed point sy can have a major influence on the shape of

the curve for values of s that are not close to sg.
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An alternative solution that mitigates this issue is the use of regression splines. There are
many different types of regression splines, each with their own advantages and disadvantages,
but here, we consider the use of natural cubic splines; for an overview of regression splines, see
Hastie et al. (2009). Briefly, for a fixed a set of real numbers k; < ... < kq called knots, a cubic
spline is defined as a function that is equivalent to a cubic polynomial between any two adjacent
knots (kj,kj+1). A natural cubic spline is further constrained such that it is continuous, twice
continuously differentiable, and linear to the left of the first knot and to the right of the last knot.
These constraints ensure a degree of smoothness of the resulting curve and decrease the number
of corresponding model parameters. A natural cubic spline can be embedded within a Cox model
through the construction of a spline basis — a set of functions by, ..., bg, each of which is applied to
to the variable of interest s, thus creating d additional variables in the dataset. This results in a

model of the form

Yo0(s) = Biob(s) = Bs,0,1b1(5) + Bs0.2b2(s) + ... + Bs,0,aba(s) - (2.8)

A natural cubic spline with d + 1 knots can be represented with d 4 1 basis functions. However, for
identifiability, and to maintain consistency of the value of Ag(¢|s = 0, z) between models (2.7) and
(2.8), we impose the constraint by (0) + b2(0) + ... + b4(0) = 0, such that the spline passes through
the origin; this decreases the number of required basis functions by one for a fixed number of knots.

Because of the advantages of natural cubic splines over polynomials, we focus on model (2.8)
moving forward. The basic Cox model is a submodel of (2.8), and so it is strictly more flexible.
This model requires a choice for d, which can be seen as the number of degrees of freedom in the
conditional hazard as a function of s. There are ways of obtaining an optimal choice for the value
of d in a data-dependent manner, which typically involves the specification of a loss function and
some form of sample splitting. However, this makes inference more cumbersome, and can reduce
statistical power. Instead, we suggest pre-specifying a reasonable value of d; this is discussed further
in section 2.5. If in addition, the knots are chosen to be equally-spaced across the unit interval then
the functions by, ..., by can be determined completely in advance. Given this strategy, we proceed by

assuming that yo(s) = B ob(s) for a known vector-valued basis function b, such that the conditional
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hazard function can be written concisely as
No(t ]2, 5) = do(t) exp (B2 + Blob(s) )

As mentioned in section 2.1.1, the observed distribution of S sometimes has a point mass at zero
corresponding to one-half the marker LLOD. In these situations, it may be useful to further modify
model (2.8) by adding the indicator variable I(s = 0) to the sum of terms. This allows for more
flexibility in terms of the estimation of CVE(0), which is particularly useful in applications in
which there is a large gap in the observed marker distribution between the LLOD/2 value and the
next largest observed value. This strategy may additionally allow for more accurate estimation of
CVEy(0), which is often of direct interest in itself. One could also consider adding this indicator

variable to the basic Cox model to make it slightly more flexible.

2.2.3 Asymptotic properties

Our strategy for estimating Var {77, (s) } is to derive the influence functions of 8, and A, (to), apply
the delta method to find the influence function of @, (tg|z,s) for fixed (z,s), and then account
for the marginalization over the distribution of X to derive the influence function of rjs,(s). To
begin, note that the estimator given in (2.6) is not asymptotically linear, since the m,(C;) terms
depend on the entire sample within a given stratum. Therefore, we make use of the first-order

approximation given in Lemma 1:

Lemma 1. For an arbitrary real-valued bounded fized function h(o) == h(x,y,d,s) of an individual

observation, if Eo[{h(0)}?|Z =1,C = c] < oo for each stratum c € {1,2,...,d}, then it holds that

1 = Zih(0;) 1«
EZ ﬂn((cz)) - EZ

i=1

ZH0) %

_ _ —C op(n~—1/2
WO(Ci)}EO{h(O)\Z 1,C =Ci}| + op( ),

where h(o;) == h(xi, ys, 0i, 0;8;).

Next, note that the full-data influence function of the Cox model parameter vector estimator is
given by 170 =1y 160, where Zj is the efficient information and £j is the efficient score. To provide

expressions for these quantities, it is useful to first define
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mo(y) = So(y)/So(y),

where we recall that V := (X, b(S)) and where the notation v®? := vv’ is used. The semiparametric

efficient score and information are then defined as

lo(0;) = 8i{v; — mo(y;)} — " /Oyi{vi —mo(z)}dAo(z),

Ty = Ey [evlﬁo /OT {v- mo(u)}®2 I(Y > u)dAo(u)

According to equation (19) of Breslow and Wellner (2007) it holds that

n

1 Z; = _
Brn — Bo = - Z 7Tn(c,i)ﬁo(Oi) +op(n~Y?).

=1

Applying Lemma 1 to this equation, it holds that

n

1
ﬂn_ﬁoznizl

Z -

mEO(Oi) + {1 - 770(281)} Ey {!70(0) |IC=C,Z = 1} + Op(n_l/Q),

Thus, the influence function of 5, under two-phase sampling with estimated weights is given by

00 0i = ——o(0;) + {1 - }Eo {EO(O) IC=c;, Z = 1} . (2.10)

mo(c;)

mo(ci)

Putting this aside, the following theorem is stated, which allows us to study the asymptotic behavior

of the IPS-weighted Breslow estimator

Theorem 1. Consider the estimator given in (2.3) and define
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oA - (04,t) = zw0illyi < t) t) to(t)eso(o:) + v20(0i,t)
o Cz) O(yz (2 11)
t I(y; > x)e evifo 4 mo(ci)vi,0(04, x) '
0 mo(ci)So(z) } dha(z),

where

V170(0i,y) = {1 — “i }Eo {I(Y > y)evlﬁo |C = Ci,Z = 1} s

mo(cs)
L % ALY <t) e
1/2,0(01,75) = {1 ﬂo(Ci)}EO {So(Y) ‘C l,Z 1} s
it = geha(t0) = [ matwarat

and where So and @go are defined in (2.9) and (2.10), respectively. If there exists an € > 0 such
that supg.|s_g,|<e E(|V[2V | Z = 2,C = ¢) < o0 for each (z,¢) € {0,1} x {1,...,d}, then for any

fized t € (0,7), it holds that

An(t) — Ao(t) ZsvoOl,t)ﬂp( 172y,

=1

Using several applications of the delta method on the influence functions given by equations (2.10)

and (2.11), it holds that

Qulto|0) = Qolto|0) = =3 wq0(0i,v) +op(n™72),

i=1

where v is a fixed covariate vector and
0.0 1 (0i,v) = —Qolto | v)e P {Ao(to)v v5.0(0i) + pan(0irto)} -

Finally, building off of this result, the following theorem allows for asymptotic study of our estimator

of interest.

Theorem 2. Consider the estimator given in (2.4) and define
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¢r0: (0i,8) = Eo {Qo(to| X, s)} — Qolto |z, s) — Eo [SDQ,O {0, (X, 5)}] . (2.12)

If the conditions of Theorem 1 hold and the support of V is contained in some compact set, then

for any fized s € [0,1], it holds that

1 n
() = Taro(s) = n Z@r,o(Oi, 5) + op(n~1?).

=1

2.2.4 Variance estimation

To estimate Var{rps,(s)}, an estimator of the influence function given in (2.12) must be con-

structed. First, several component function estimators are defined:

LN ZV(Y; > )i

1=

L LS 2V 2 )

mn(y) = Sn(y)/Sn(y) .

An estimator /,, := T, %, of {o can then be defined, where Z,, and ¢,, are defined as

L=ty % - ()}
{i:A;=1}

ln(0;) = 0; {Uz‘ - mn(l/l)} - % Z

{7:48,=1}

Zie'iPI(Y; < yi) {vi — mn(Y)}
Tn(C})Sn(Y)

The influence function ¢z given in (2.10) can then be estimated using

2
Ppn(0i) = fen(oi) + kn(0:) Z 0n(0;)
ﬂ-n(cz) {j:Cj=c;,Zj=1}

where
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-1

The influence function ¢, ¢ given in (2.11) can be estimated using

oy z6il(y < t) , A
SDA,’I’L(O’H t) T Wn(cl)sn(yl) + ,Ufn(t)(pﬁ,n(oz) + I/2,’VL(O’L? t)

1 ZjI(Y; <t) {Zil(yi > Yj)etifn 4 ﬂ'n(ci)yl,n(ohyj)}
n 2
et () ma(Cp){Su(Y3)}

(]

I

which involves the nuisance estimators

vin(0,y;) =kn(0r) > (Y > y;)e"iPn

Z Apl(Yy < t)
{k:Cr=c;,Z=1}

1 Z; 1Y <t)my(Y;
0= B e

V2.0 (0i,t) = ky(0;)

n
{7:8;=1}

The influence function g ¢ can be estimated using
£Qn(01,0) = —=Qu(to | 0)e” " {Au(to)v' 05,0 (0i) + an(0i to)} -

Finally, the influence function ¢, ¢ can be estimated using

n

1
©rn(0i,8) = Qn(to | i, s) + - Z [@Q,n {oi,(Xj,s)} — Qnlto ’Xj73):| -
j=1
The variance of 7, (s) can be estimated by estimating the second moment of its influence function
(2.12), as usual. However, directly evaluating this can be computationally intense, as it involves
a double-sum over the entire dataset, which must be done separately for each value of s. To ease

computation, define
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1 n
Kin(s) = - D Qnlto| X, ),
=1
1 n
Kan(s) = o ZQn(tO | X;, 5)e(Xis) Bn
=1

1< iy
Ksn(s) =~ > Qnlto] Xi, s)e™ 9P (X;,5).
=1

Then it holds that

n

1
O—z,n(s) = ; Z {(Pr,n(oiv 8)}2
=1
1 < 2

= E Z [Qn(to | Xi7 3) - An(tO) {KS,n(S)}, (,05,71(07;) — Kg,n(S)(p(Oi, t()) — Kl,n(s)
=1

While this still requires separate calculation for each value of s, this form eliminates the double-sum,

therefore dramatically reducing computation time.

Since raro(s) € [0,1], it may be useful to form (1 — a)-level confidence intervals on the
logit{ras,0(s)} scale and then transform the limits back to the rpso(s) scale. This yields estimated

confidence interval limits of the form

&7 [elran()} 0722008 {rarn(s)} oran(s)]

where £(z) = logit(z), £(z) = d%logit(:n), & (x) = expit(z), and z,, is the a/2 quantile of the

standard Normal distribution.

To form confidence intervals for CVE,,(s), first note that the estimators 7, (s) and 7a7,(0,0)
are independent, since the former is constructed using only the vaccine group data and the latter
is constructed using only the placebo group data. Suppose that our estimator 77, (0,0) of the
placebo group risk is asymptotically normal with limiting variance 012370, estimated by J%,’n. Since
CVEy(s) € (—o0,1) for any s, it is desirable to form (1 — «)-level confidence intervals on the

log{1 — CVE((s)} scale and then transforming back, leading to limits of the form
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2 0%, (s
1—exp 10g{ TM,n(S)O) } + Zo/2 Ur,n(s) P,n( )

a1 (0, Vi Tan) T Trarn(0,0012

2.3 Simulation study

2.3.1 Simulation study methods

To assess the performance of the estimation and inference procedure described in section 2.2, we
conducted a simulation study. Two baseline covariates (X7, X2) were sampled, X; ~ Bernoulli(0.5)
and

X9 ~ Uniform{0.0,0.1, ..., 1.0}. The biomarker was sampled from one of two distributions, either a
standard uniform distribution or a Normal distribution with mean 0.5 and standard deviation 0.2
(truncated to lie within [0, 1]). The survival time 7" was generated via the method of Bender et al.
(2005) according to a Cox model, with the baseline hazard function following a Weibull distribution
with scale parameter A\; = 2 x 10~% and shape parameter v; = 1.5. The linear predictor of the Cox
model followed one of three different forms, which differ in terms of the shape of the relationship
between the biomarker S and the resulting log hazard function, leading to conditional survival

functions that had one of the following forms:

Q(()l)(t |z, s) = exp {—Altvl exp(a1x1 + agxg + ags)} ,
Q(()Q) (t|x,s) =exp {—Altvl exp(ayr1 + agre + agsS)} ,

Q(()S) (t|z,s) = exp {—)\115”1 exp(a1x1 + aoxa + agexpit(20s — 10))} ,

where (a1, az,a3) = (0.5,0.7,—2). The censoring variable C' followed a Cox model involving a
Weibull baseline conditional hazard function with parameters Ay = 5 x 107° and vy = 1.5; the full

conditional censoring function is given by
Qg(t |z, 8) = exp {—)\gt” exp(aix1 + 042@)} .

Using the variables T and C', we generated the observed survival variables Y and A. We then used
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the function

(z,y,0) = d1(y < to) + {1 —6I(y < to) fexpit(z1 +x2 — 1)

to generate the two-phase sampling indicator Z. The strata variable was defined by the 22 unique
combinations of the two baseline covariates, allowing us to calculate estimated weights for each
stratum. The size of the phase-one sample was 1,000 individuals and the time of interest was
to = 200.

In all simulations, the marginalized risk was estimated using three estimators, a basic Cox
model (i.e., with the marker modeled as a linear term), a Cox model including an embedded
natural cubic spline basis with four degrees of freedom (as per the specification given in section
2.2.2), and a similar spline model but using a basis with eight degrees of freedom. Knots were
chosen to be equally spaced with respect to the observed quantiles of the distribution, with the
boundary knots at the 5% and 95% quantiles. Although technically this is a data-driven choice,
we expect the detrimental effects on inference to be negligible as long as the spline is fully pre-
specified; see section 2.5. Performance of the three Cox model variants was compared in terms
of bias, variance, and 95% confidence interval coverage for estimating the function s — ry70(s).
Simulations were written using the R programming language and structured using the SimEngine
simulation framework (Kenny and Wolock, 2021). We ran 1,000 simulation replicates for every

level combination.

2.3.2 Simulation study results

To get a sense of the behavior of the three estimators, it is useful to visualize sample paths of the
estimated marginalized risk functions plotted against the true functions. This is provided in Figure
2.1.

Based on these plots and on our understanding of parametric models, we expect to see a bias-
variance trade-off as our models increase in flexibility, from the basic Cox model to the spline
model with eight degrees of freedom. In Figure 2.2, the bias of the three estimators is displayed for

all data-generating mechanisms. As expected, all estimators are unbiased when the true relationship
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Figure 2.1: Sample paths of three estimators (“Cox (basic)” = Cox model with a linear term
for the marker, “Cox (spline 4 df)” = Cox model with a spline with 4 degrees of freedom, “Cox

(spline 8 df)” = Cox model with a spline with 8 degrees of freedom), displayed for the standard
uniform marker distribution and three conditional survival functions (“Linear” = Qél), “Cubic”
= Q((JQ), “S-shaped” = Q(()B')). For each scenario, ten sample paths are displayed for each estimator.
The estimated marginalized risk functions are plotted in green and the true functions are plotted
in black.

between the biomarker and the log hazard function is linear. When the relationship is cubic, there
is bias in the basic Cox model estimator but little bias for both spline-based estimators. When the
relationship is S-shaped, the basic Cox model has substantial bias, the spline model with 4 degrees
of freedom has a moderate amount of bias, and the spline model with 8 degrees of freedom has
very little bias. This is all consistent with our expectations, as the spline models are specifically
designed to detect nonlinear relationships.

Figure 2.3 displays 95% confidence interval coverage of the three estimators. As expected, for the
data-generating mechanisms with a linear relationship, coverage is close to 95% for all estimators.
When the basic Cox model is incorrect, coverage falls as low as 0% for some values of s in both
the cubic mechanism and the S-shaped mechanism. The degree of undercoverage also depends on

the marginal distribution of the biomarker. The spline model with 8 degrees of freedom achieves
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Figure 2.2: Bias of three estimators (“Cox (basic)” = Cox model with a linear term for the marker,
“Cox (spline 4 df)” = Cox model with a spline with 4 degrees of freedom, “Cox (spline 8 df)”
= Cox model with a spline with 8 degrees of freedom), displayed for three conditional survival
functions (“Linear” = Q(()l), “Cubic” = Q(()Z), “S-shaped” = Qég)) and two distributions of S.

excellent coverage across all scenarios, and the spline model with 4 degrees of freedom performs
fairly well overall, although there are some areas with undercoverage in the S-shaped mechanism.
Figure 2.4 displays the standard deviations of all three estimators. As expected, as the model
increases in complexity from the basic Cox model to the spline model with 8 degrees of freedom,
the standard deviation of the estimator increases. This is consistent with the expected bias-variance
trade-off. The standard deviation of both spline models also increases substantially for values of s
close to 0 and 1.

Figure 2.5 shows that variance estimation appears highly accurate for sufficiently large sample
sizes (n > 800) and that variance is underestimated for low sample sizes (n = 100 and n = 200).
Surprisingly, variance is accurately estimated using the basic Cox model even for the Cubic and
S-shaped conditional distributions (in which this model is incorrectly specified), although this may
just be an artifact of the particular simulation setup considered. The plot corresponds to the point

s = 0.2, but results are similar for other points considered, in that standard deviation is accurately
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Figure 2.3: 95% confidence interval coverage of three estimators (“Cox (basic)” = Cox model with
a linear term for the marker, “Cox (spline 4 df)” = Cox model with a spline with 4 degrees of
freedom, “Cox (spline 8 df)” = Cox model with a spline with 8 degrees of freedom), displayed for
three conditional survival functions (“Linear” = Q((Jl), “Cubic” = ((JQ), “S-shaped” = (()3)) and

two distributions of S.

estimated for larger sample sizes and underestimated for the lowest sample sizes. Given these
results, it may be desirable to develop a small-sample correction to the variance estimator, but this
is not pursued further in the current work.

In section 2.7, additional simulation results are presented related to the use of an indicator function

corresponding to the marker LLOD, as described at the end of section 2.2.2.
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Figure 2.4: Standard deviation of three estimators (“Cox (basic)” = Cox model with a linear
term for the marker, “Cox (spline 4 df)” = Cox model with a spline with 4 degrees of freedom,
“Cox (spline 8 df)” = Cox model with a spline with 8 degrees of freedom), displayed for three
conditional survival functions (“Linear” = le), “Cubic” = Q(()z), “S-shaped” = 63)) and two

distributions of S.
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Figure 2.5: Empirical standard deviation (“Empirical SD”) and estimated standard deviation
(“Estimated SD”) for the basic Cox model, evaluated at s = 0.2, displayed for three conditional
survival functions (“Linear” = Q(()l), “Cubic” = Q(()2), “S-shaped” = 83)), two distributions of .5,

and several sample sizes.
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2.4 Immune correlates analysis of the Coronavirus Efficacy (COVE)

trial of the mRNA-1273 COVID-19 vaccine

In this section, we illustrate the use of three variants of the Cox model on data from the Coronavirus
Efficacy (COVE) placebo-controlled phase 3 trial (NCT04470427) of the mRNA-1273 COVID-19
vaccine. This trial involved randomizing 30,420 adults with high risk of SARS-CoV-2 infection or
severe COVID-19 disease at a 1:1 ratio to the vaccine arm or the placebo arm across 99 sites in the
United States. Vaccine efficacy was estimated at 94.1% (95%CI: 89.3% to 96.8%) (Baden et al.,
2020), with 185 symptomatic COVID-19 disease events in the placebo arm and 11 events in the
vaccine arm.

In Gilbert et al. (2022b), the authors considered four immune markers to be potential correlates
of protection, including IgG bAbs to the spike protein, IgG bAbs to spike receptor binding domain
(RBD), 50% inhibitory dilution (ID50) nAb titer, and 80% inhibitory dilution (ID80) nAb titer;
each marker was measured twice, at day 29 and day 57 post-vaccination. A variety of methods were
used for this analysis, including the marginalized Cox proportional hazards model considered in
this work(Gilbert et al., 2022a), nonparametric targeted minimum loss-based threshold regression
(van der Laan et al., 2022), and mediation analysis (Benkeser et al., 2021).

Here, results for two markers are presented, RBD and ID50. Results for the other two markers
given in section 2.8. Figure 2.6 shows CR and CVE curves for the IgG bAbs to spike receptor binding
domain (RBD) marker, estimated using two models, a basic Cox proportional hazards model (with
the biomarker included as a single term in the linear predictor) and a Cox model including an
embedded natural cubic spline basis with four degrees of freedom (as per the specification given in
section 2.2.2). For each figure, pointwise 95% confidence intervals are plotted as well. Subfigures
(2.6a) and (2.6b) correspond to the day 29 marker measurement whereas subfigures (2.6¢) and
(2.6d) correspond to the day 57 measurement.

Figure 2.7 shows analogous results for the 50% inhibitory dilution (ID50) nAb titer marker.
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Figure 2.6: Controlled risk (CR) and controlled vaccine efficacy (CVE) curves for the IgG bAbs to spike
receptor binding domain (RBD) marker, measured at days 29 and 57. Curves are estimated using a basic
Cox model (purple) and a Cox model with a spline with 4 degrees for freedom (red). Grey lines in the CR
plots represent the vaccine group risk and the placebo group risk, and the grey line in the CVE plot repre-
sents overall vaccine efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms
represent the estimated marginal distribution of the marker.
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Figure 2.7: Controlled risk (CR) and controlled vaccine efficacy (CVE) curves for the 50% inhibitory dilution
(ID50) nAb titer marker, measured at days 29 and 57. Curves are estimated using a basic Cox model (purple)
and a Cox model with a spline with 4 degrees for freedom (red). Grey lines in the CR plots represent the
vaccine group risk and the placebo group risk, and the grey line in the CVE plot represents overall vaccine
efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent the estimated
marginal distribution of the marker.
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2.5 Discussion

In this chapter, we derived analytic variance estimators for the CR and CVE parameters, showed
how these can be used to construct pointwise confidence bands, outlined several ways that the
basic Cox model can be extended to account for nonlinearity in the linear predictor, and tested
these methods in simulation and real data. This work elaborates upon and extends the methods
of Gilbert et al. (2022a) in ways we believe will have practical value in future immune correlates

analyses.

The natural cubic spline model represents a practical and flexible way to account for potential
nonlinearity in the relationship between the biomarker and the log-hazard function. It includes the
basic Cox model as a submodel and results in a bias-variance tradeoff that may be desirable in many
applications. One feature of this model is that the resulting CVE curves will not necessarily be
monotonic; whether this is an advantage or a disadvantage depends on the particular application.
A downside of this model is that it requires the user to specify the number and placement of knots
in advance to obtain valid inference. A commonly-used strategy is to place the knots based on the
observed quantiles of the data, with the boundary knots placed near (but not at) the minimum and
maximum data values and the remaining knots placed at equally-spaced quantiles between these.
However, selecting knot locations based on the data is a form of double-dipping, and so we do not
encourage this. If any information is known in advance about the expected marker distribution
(e.g., from a phase 1 trial pilot study), quantiles can be estimated from these data. Otherwise,
we suggest using quantiles of the standard uniform distribution. In terms of the number of knots,
we suggest using five knots (i.e., four degrees of freedom) as a rule of thumb, as this meaningfully
extends the basic Cox model without adding too much extra variance. When combined with a
quantile-based strategy for knot selection, this results in knots being placed at the 5%, 27.5%,
50%, 72.5%, and 95% quantiles, which is precisely the recommendation of Harrell et al. (2001). Of
course, any rule of thumb is somewhat arbitrary. Alternatively, if the spline model is being used
as a sensitivity analysis, researchers may choose to use several models involving different choices
for the number and/or placement of knots. A useful direction for future research is to determine

a data-driven strategy for selecting the number and placement of knots that preserves inferential
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properties, possibly through the use of sample splitting techniques. Another possible direction for
future research is to assess the performance of monotone-constrained regression splines (Wang and

Small, 2015).

The models that include an indicator variable corresponding to the value S = 0 (one-half the
marker LLOD) were studied via simulation in section 2.7. While somewhat specialized, these
models may be useful if specific interest lies in the value CVE((0), which in the terms of mediation
analysis can be interpreted as one minus the natural direct effect of the vaccine (Benkeser et al.,
2021). Adding this indicator variable to either the basic Cox model or the spline model results in
increased flexibility, but at the cost of higher variance. In particular, we do not see much benefit
of adding this variable to the spline model, since it can result in erratic model behavior just above
S = 0, and since the spline model does a fairly good job at estimating CVEy(0) without the
addition of the indicator. Adding the indicator to the basic Cox model may be a good choice if a
large point mass is expected at the LLOD, but as noted in section 2.8, it can result in curves that

are non-monotonic.

To enable asymptotic study, it was assumed that the indicator variables denoting selection into
the phase-two sample were generated from a Bernoulli distribution, even though in reality they are
typically sampled using a FPSS mechanism. Although in finite samples, this may lead to confidence
intervals that are somewhat conservative, this assumption should make no difference in terms of
the asymptotic results, since the estimated weights described in section 2.2.1 were used, as noted
in section 4.3 of Breslow et al. (2015). Future research could examine whether efficiency could be

gained from adapting finite sample correction procedures (e.g., Kott, 1988) to the FPSS mechanism.

An important limitation of this work is that results are only valid if the underlying assumptions
hold, including those related to the Cox model (e.g., the proportional hazards assumption) and
the causal assumptions that allow for the marginalized risk to be equated with the controlled risk;
these assumptions may not be met in practice and the plausibility of each assumption should be
carefully considered in each data analysis. We are currently working in parallel on a nonparametric
method of estimation and inference for the CR and CVE curves that relaxes the assumptions of the

Cox model by allowing for estimation of the conditional survival function using flexible machine
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learning tools. Furthermore, while many methods exist for extending linear models to account for
potential nonlinearities (including other types of splines), we only considered the use of natural

cubic splines in this chapter; future research could look at other possible modeling choices.

2.6 Proofs

Proofs of all theorems and lemmas are given below. Throughout, empirical process notation is
used, in which Pyf == Eo{f(O)} and P,f == n=t>" | f(O;). Furthermore, we repeatedly make

use of decompositions of the form

Pofn — Pofo = (Pn — Ro) fo + Po(fn — fo) + (Pn — Po)(fn — fo), (2.13)

where fy is an arbitrary function depending on Py and f, is an estimator of fy. Theorem 19.24
of Van der Vaart (2000) tells us that if (i) Pyo(f, — fo)? = op(1) and (ii) f, falls in a Py-Donsker
class with probability tending to one, then (P, — Py)(fn — fo) = op(n~'/2). Furthermore, since
Po(fn — fo)? = op(1) implies that Py(f, — fo) = op(1), conditions (i) and (ii) jointly imply that
P, fn — Pofo = op(1), since (P, — Py)fo = op(1) by the central limit theorem. Note that in the

proofs below, f,, and fy are repeatedly redefined, as to avoid excessive notation.

2.6.1 Proof of Lemma 1

Applying the delta method to (2.5), it holds that

nICj:Ci ICZ'* CiZj
Wnici) - 770(161') N 71%2; | )g(l?((cz'))P S +R), 219
where po(c) = Py(C = ¢), p(c) = Py(C =¢,Z = 1), and
R0y L LI IG=elpbl) —po(e)Z) v

{po(ci)}?

For an arbitrary real-valued fixed function h(O) = h(X,Y,A,S) of an individual observation,
define fy,(0;) = z;h(0;)/mn(c;) and fo(o;) == z;h(0;)/mo(c;) and note that
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Pudu = Pofo = %Y~ | 25100~ Eafh(O))] (215

The asymptotic behavior of (2.15) can be studied through the decomposition given in (2.13). The

term (P, — Fy) fo is already linear. Using (2.14), the term Py(f, — fo) can be written as

} Zh(0)

{ 1 _ 1
m(C)  mo(C)

1(C = Ci){pi(C) —po(C) Zi} Zh(O)
{py(C)}2

(2.16)

+RY,

where R = EO{Zh(O)RS)(O)}. To show that R{? = op(n~1/2), begin by noting that

This allows us to write RSLQ) = R,(f’l) + R,(12’2), where

B 2
C¢;=C n
R®Y — E, | Zh(0) @5(0%22 ( ” > i {;Z 1(C; =0z <0)} :

R?? = E, Zh(O){p(l)(lc)}Q {711 ZI<Cj =C) po(0>} {pé(C) - iZI(Cj = C)Zj}

(2,1)

Iterating the expectation and noting that the random variable C' is discrete, the term R;, "’ can be

written as

U

27 1 1(C5 = cx)
{Po(er) 2 2251 1(C) = i) Z;

2
{ ZI =) Z po(ck)} PO(C—Ck)]7

1

k=1

Eo{Zh |C = Ck}
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where d is the total number of strata. Since, in the statement of the lemma, it is assumed that
Eo[{h0)}?|Z = 1,C = ¢] < oo for ¢ € {1,2,...,d} (i.e., for each stratum), it also holds that
Eo[Zh(0) | C = ¢] < oo. Since the squared term is Op(n~1), it holds that RZY = op(n~'/2) by the
continuous mapping theorem. An analogous argument can be used to show that R7(12’2) =0 p(n_l/ 3,

and so R%z) = 0p(n_1/2) as well.

Finally, we must show that (P, — Py)(fn — fo) = op(n~/?). Using Theorem 19.24 of Van der
Vaart (2000), this will be the case if (i) Py(f, — fo)? = op(1) and (ii) f,, falls in a Py-Donsker class

with probability tending to one. For the first condition, it holds that

S IC=C) py0))
> 1(C=C))Z;  py(0)

o 2= (@ =Cj)  po(C) ’
TS IC =0z ph(0)

= Eo | Eo[Z{h(0)}*| C] {

=op(1),

for some constant c;, where again the assumption that Eo[{h(0)}?|Z = 1,C = ¢] < oo for
k€ {1,...,d} is used, as well as the continuous mapping theorem. To satisfy the Donsker condition,
note that the function o — z/m,(c) falls in the Donsker class of functions of bounded variation,
since the argument z takes only binary values and the argument ¢ takes only values from a fixed
finite set of integers (i.e., the stratum indices). Since h is a fixed bounded function, the class f,

will be Donsker as well (see van der Vaart and Wellner, 1996, example 2.10.10).

Since R = op(n=Y2) and (P, — Po)(fn — fo) = op(n~/?), equations (2.13) and (2.16) jointly

imply that
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Pnfn:

2\ Ticy T PO

i=1 L

18 (zm(oi) [1(C = CB(C) — w(C) 2} 20(0) )+0p<n1/2>

Z=1,C=C,

15;(?&%?*1% {p(Ci) — po(Ci) Zi}h(O)

n & {pi(Ci)}? p(l)(Ci)) Forn

n

1
_n;

Zzh(CO:)) +{1_ Zi }EO {h(O)\ZZl,C’:Ci} +0P(n71/2). 0

mo( 7o(C)

2.6.2 Proof of Theorem 1

To study the IPS-weighted Breslow estimator given by (2.3), first define

So(u, B) = /eﬁlvl(y > u)dPy(y,v) = Ey {ev/’BI(Y > u)} ,

, i "y BViHY >
. )= [ 1y 2 WP () = 30 BT,
i1 n\Ljg
e INGEY
Mot = [ 2= Dams - { 550
_ [y <t) s 1~ ZiAI(Yi < t)
Mts0) = | 50,5 00 = 2 s )

where P, is the IPS-weighted empirical measure that places mass Z; /{nm,(C;)} at each observation.
Note that A, (t, Bn) = An(t), Ao(t, Bo) = Ao(t), Sn(u, Br) = Sn(u), and So(u, Bo) = So(u). Consider
the decomposition given by

Term 1 Term 2
An(t) — Ao(t) = An(t, Bn) — Anl(t, Bo) + An(t, Bo) — Ao(t, Bo) -

In what follows, we derive the influence function contributions of Terms 1 and 2, and prove that

all remainder terms are op(n~'/2). We focus first on Term 1. A Taylor expansion of 3 — A, (8, 1)

yields
An(t7 /Bn) - An(t7 /Bn) = {,U,n(t, /80)}/ (Bn - 60) + %(671 - /BO)I {Hn(ta /8:;)} (/Bn - BO) ) (217)

where 3, € [5o, Bn], and the gradient p, (¢, 5p) and Hessian H,(t, 5y) are given by
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:un(taﬁ) = dpn(y’ 5)

9 _ [y <t)Suly.B)
%An(t,ﬁ) / (500,91

. ®2 .
2 Sn( 7/8) _Sn< 7/8)571( 7/8) -
Haft.6) = wostnlt.8) = [ 610 < 2 {Snly %S : m;’ i Y

where S,(t, ﬁ) and S, (t, 8) are defined analogously to S,(t, 3), such that S, (t,5,) = Sn(t) and
S, (t, B) = S, (t). Adding and subtracting {uo(t)} (8, — Bo) from (2.17), it holds that

An(t, Bn) = An(t, Bo) = {po(®)} (B — Bo) + RY) + RY

—Z{uo "08.0(0:) + R + RW + op(n~1/?),
where

R® = {un(t, Bo) — po(t)} (Bn — Bo) ,
RED = 2(5n — Bo) Halt, 53) (5 — o).

Next, consider Term 2. Adding and subtracting terms and using the relationship

§{So(y)} tdPy(y,d) = dAo(y), this can be expressed as:

oy <t )
Sn(ya BO SO (y7 BO) dPO (y’ 5)

)
My <t) = [ Iy < t)Su(y, o)
Soly. o) L :0) / (S04, o) )2

n A . . tAY; V!
_ LIy ZAdNEY 2 /A " dAw) |\ pe) 4 o
n = | m™(Ci)So(Yi, o) m(Ci) Jo So(y, Bo)

An(t, Bo) — Ao(t, Bo) =

dPy(y,0) + R®) + R(©)

(2.18)

where
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5) . 1 __ 1 b o_
RO = /6I(y <t) {Sn(y,ﬁo) So(y,ﬁo)}d(P” Po)(y,9),

2
/ 6I(y <) {Snly, Bo) — So(yé Bo)} dPy(y,5) .
Sn(y,B0) {So(y, o) }

Next, it holds that for all c € {1,2,...,d},
tAY Vlﬁo 2
——dAg Z
/o So(y) )

Therefore, Lemma 1 can be applied to write

2
—1,C=c S{AO(t)} Eo (eQV’Bo

Z=1,C= .
So(0) ,C c)<oo

Ey

Ly [T
n = m(Ci) Jo So(y, Bo)

T | mC) Jo Solys o) ) Vo Soly, Bo)

1< [ 2z IAYe ViBod Ao (y) " 110(04,y)
e Pdboly) | " 10lOny) 4y
n 4 _770(01')/0 So(y, Bo) o So(y;Bo) olv)

Zzl,CzCi}

1| ] Zid(y < Yi)eViBo 4 mo(Civo(On, y)
E /O{ 70(C3)So(y, Bo) }dAO(y)] .

Combining this with (2.18), it holds that

n

An(tvﬁo) - 7112
=1

+ RO + RS") + OP(n_l/Q) .

ZiNI( Y ZNI(Y; <t) [ Zd(y < Yi)e¥ TP 4 mo(Ci)vao(Os, y)
s { 70(CS0ly) }dA“(y)

(2.19)

Similarly applying Lemma 1 to the first term inside the summation of (2.19), it holds that

ZAI(Yi<1) /{ Zilly < Yt + mo(C)rno(Oir) }dAo<y>
0

An(t, Bo) — Mo(t, Bo) = Z 70(C1)So(Y;) 70(Ci)So(y)

2—1

+ Z/Z,O(Oi,t) + R,S]) —+ R;G) + 0P(7’L—1/2) )
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If all remainder terms are op(n~'/?), then combining the influence function contributions from

Term 1 and Term 2, it holds that

n

Anlt) = Ro(t) = =3

n
=1

ZiNI(Y; <t) "] Zil(y < Yi)eViPo 4 o (Ci)vao(Oi, y)
m0(C4)So(Yi) /0 { 70(C1)So(y) }d/\o(y)

+12,0(0i, 1) + {10(1)Y 05,0(01) | +op(n~'1?),

which is precisely the result of the theorem. We first analyze Rg). Since 8, — By = Op(n_l/ 2), it

holds that RS = op(n=1/2) if | (t, Bo) — po(t)| = op(1). Define
261(y < £)S,(y, Bo)
7n(e) {Snly, o)}
261(y < £)So(y, Bo)
70(c) { S0y, Bo) 12

fn(0) =

fo(o) =

Then it holds that (¢, 5o) — uo(t) = Pofo— Pnfn- The decomposition given in (2.13) and Theorem
19.24 of Van der Vaart (2000) can be used to show that P,f, — Pyfo = op(1). To show that

Po(fn — fo)? = op(1), first note that

) 1 & )
Suly, Bo)| < 51— 3 |VieV Vo
(y, Bo)| < e, "2 e

2R, (|V\ evlﬁo) < 00.

Therefore, there exists a number C} such that each component of |S,(y, 5o)| is bounded above by

(' uniformly over all possible y and n with probability tending to one. Next, note that

Po(fa = f0)? = Bol{fn(0)}?] = 2E0{fa(0) fo(0)} + Eo[{ fo(0)}?]

ZAI(Y < ){Sn(Y, Bo)}?
{mn(C)}{Sn (Y, Bo) }*

ZAI(Y <1)So(Y, Bo)Sn(Y, Bo) ]

—2Ey

ﬁn(C)WO(C){Sn(Y7 50)50(}/7 50)}2

ZAI(Y < 6){So(Y, Bo)}?
{mo(C)}2{So(Y, Bo) }*

+ Ey
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Considering the term inside the first expectation, since y < ¢ with probability one, it holds that

281(y < ){Sn(y, fo)}?
{mn()}*{Sn(y, Bo) }*

{Sn(y7 50)}2
{Sn(t7 BO)}4

-2
= t7

Since Sy, (t, 5o) 25 (t, Bo), there exists a number €5 > 0 such that S, (¢, By) > €5 for sufficiently large
n. Since |S,(y, Bo)| is uniformly bounded over all possible y, the term inside the first expectation

can be uniformly bounded, and so by the dominated convergence theorem, it holds that

Ep

ZALY < ){Su(Y. f)} |
{70 (C)}2{Sn(Y, Bo) }*

ZAI(Y < t){S(Y, Bo)}?
{m0(C)}2{So(Y fo) }*

The second expectation will similarly converge, and so it follows that Py(f, — fo)?> = op(1). To
show that f, falls in a Py-Donsker class with probability tending to one, note that since (1) the
set of functions y — {S,(y, Bo)} 2 indexed by n (for n > n* for sufficiently large n*) is uniformly
bounded and monotone, (2) the domain and range of 7, are finite sets, and (3) the set of functions
y — Sn(y, o) indexed by n is uniformly bounded with finite variation norm (for n > n* for
sufficiently large n*) is, then the set of functions f,, falls in a Py-Donsker class. Thus it holds that
[1a(t, B0) = po ()] = 0p(1), and so REY = op(n~/2).

To analyze R£L4), first note that

Sn(y, B%)

1 « .
i=1

To show that the term on the right is bounded, set f,,(V;) := |V;|e¥i% and fo(V;) := |Vj|e"i%. Then

it holds that

S W~ By (1V1EV ) = (Pa — Pobo + Polfa — fo) + (P — o) — fo).
=1

The first term on the right-hand side is linear. For the second term, since 3 TN Bo, it holds that
eV’ B eV'Bo Also, for sufficiently large n, |Brn, — Bo| < € for any ¢ > 0, which implies that

|8y, — Bo| < e. By assumption, supg.|s_g,|<e E(|V]eV'?) < oo, and so by the dominated convergence
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theorem, it holds that
Po(fn — fO) = Ey (|V|€V’B;§) —Ey <|V\ev'50) .

For the third term, similar arguments using the dominated convergence theorem can be used to

show that
Po(fu = fo)? = Eo (IV1e?V'5) =20 {|VIe"" 40 4 By (JV1eV'™) = op(1).

Since each f,, falls in a Donsker class, (P, — Poy)(fn — fo) = op(n~'/2?) by Theorem 19.24 of Van der

Vaart (2000). Therefore, it holds that

Sn(y,B2)| < ;!

1 " 1 Q* ’
— g VileViPn | B 1Ry (]V|6V ﬂo) < 00.
n

=1

Therefore, each component of \S’n(y, B)| is bounded by C} with probability tending to one. Anal-

ogous arguments can be used to show that there exists a constant Cs such that each component of

Sy, BL)

a number € such that Sy, (¢, 5y) > €s; analogous arguments can be used to show that S, (t, 5;;) > €5

is bounded by C5. Also, we previously showed that for sufficiently large n, there exists

as well, which allows us to write

<2

/51( t){Sn(y, By )} {Sn w8} 0p (4 5)

{S ( )}3

‘/ Gty e P

2e;3C% + €20,

(CERCEAN

for sufficiently large n, where the notation {A}; represents the i*" element of vector A and {B};;

represents the element in row ¢ and column j of matrix B. Therefore, it holds that

o

< (01268_3 - 026;2/2> (Bn = Bo)'(Bn — Bo) -

38



The term R,(f) will be oP(n_l/ 2) by arguments analogous to those used above using Theorem 19.24

of Van der Vaart (2000), since

20I(y <'t)
{mo(c)}?

1 1 2
{Sn(y,ﬁo) B So(y,ﬁo)} dPo(y,d) = op(1).

To analyze Rgf), note that

RO < {Sult. 00} {00t 800} [ {Sulu60) = Solws o)} dPo(w) = op (™ 17). 0
2.6.3 Proof of Theorem 2
Using the notation PQ, = Ep[Qn(to | X, s)] and PQo := Ep[Qo(to| X, s)], it holds that

T (8) = rao(s) = (Po — Pn)Qo + Po(Qo — Qn) + (P — Po)(Qo — Qn) -

The first term is linear and can be written as

n

(Po — Pn)Qo = %Z {Eo {Qolto| X, 5)} — Qolto | Xi, 5)

i=1

The second term can be represented as

PO(QO - Qn) = Ep {Qn(t0|X7 5) - QO(tO |X> S)}

_ _% S" B 00 {0 (X, )} + Eo(RD (X)),
i=1

where
RO (@) = Qulto | .5) — Qofto | 2.5) ~ = " 2g0{0s.(@.5)} = op(n™112).
i=1

To prove that EO{R,(Z)(X)} = op(n~Y?), note that
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1 n
[RD(@)| < |@ulto|2,5)] + |Qolto | 2,5)] + |- D" poo{Oi (2.5)}
i=1
< 2450 sup | Ag (to) (x, 5)'0p,0(0) + a0 (0,t0)| -

Therefore, since the support of V is contained within a compact set, R,(Z) (z) will be uniformly

bounded if the influence functions ¢z and ¢a o are bounded. To bound ¢g o, note that

mo(c)

z

mo(c)

<7;t (1 + 26;1> sup |€o(0)|

Eo(o)+{1— }E0{20(0)|czc,zz1}

sup |¢g,0(0)| = sup
o o

< Io_l (1 + 26;1> sup
(6,0,y)

5{v —mo(y)} — e /Oy{v —mg(z) }dAo(x)| .

Since the support of V' is contained in some compact set and mg is bounded, |[v — mg(z)| <

(Cs, ..., Cs) for any x € [0, 7] for some constant C3 > 0. Therefore, it holds that

beoo

Given this result, it is straightforward to show that ¢, ¢ is bounded as well. Therefore, it holds

ev/50

sup |cp,3’0(0)‘ < Io_l <1 + 26;1) (Cs,...,C3) {1 + Ao(7) sup

v

that

1 < -
Po(Qo = Qu) = == Y Bo [qo {00, (X, 9)}] + 0p(n™"/2).
i=1
For the third term, Theorem 19.24 of Van der Vaart (2000) can again be leveraged. It trivially
holds that Py(Q, — Qo)? = op(1), since survival functions are bounded above by 1. The Donsker
condition will also hold since for each n, z — Qu(to|z,s) is a continuous transformation of a

bounded linear function of . Combining these results, it holds that

M (8)—TMmo(s) = . > (EO {Qolto| X, 5)} — Qolto| Xi,s) — Eo {wQ,o {0i, (X, s)}D—Fop(n‘l/z).
i=1

n -
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2.7 Additional simulation results

At the end of section 2.2.2, we mentioned that in situations in which the observed distribution of S
has a point mass at zero, corresponding to one-half the marker LLOD, it could be useful to include
an indicator variable I(s = 0) in the Cox model linear predictor. In this section, we augmented
two of the three models considered in section 2.3 by adding this indicator variable to the linear
predictor and tested these models via simulation. The two models augmented were the basic Cox
model (with the marker modeled as a linear term), and the Cox model that includes an embedded
natural cubic spline basis with four degrees of freedom.

This set of simulations described here is analogous to the set described in section 2.3, but
with two differences. First, the distribution of S included a point mass of roughly 10% at zero.
Second, data were generated from a Cox model that included a step function in the linear predictor

corresponding to the biomarker; this resulted in a conditional survival function of the form
Q((J4) (t|z,s) = exp {—Ait" exp(anz1 + agzy + 0.5a31(s > 0))} .

We generated data corresponding to Qé4) above, as well as Q[()l), and focused on the case where the
marginal distribution is Normal (with the added point mass). As in section 2.3, performance was
evaluated via bias, confidence interval coverage, and standard deviation.

Figure 2.8 shows that, as expected, all four estimators are roughly unbiased when the true
model is linear. When the true model has a step function in the linear predictor corresponding to
the marker, the models that incorporate the edge indicator variable are roughly unbiased, whereas
the basic Cox model and the spline model have substantial bias. The basic Cox model is biased for
nearly the entire unit interval, whereas the spline model is minimally biased at the edge itself and
over roughly [0.25, 1], but badly biased over (0,0.25]. The only model that has substantial bias in
estimating CVE((0) is the basic Cox model.

In Figure 2.9, it can be seen that all estimators roughly maintain nominal coverage when the true
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Estimator Cox (basic) —— Cox (edge + spline 4 dfy —— Cox (edge) Cox (spline 4 df)

Figure 2.8: Bias of three estimators (“Cox (basic)” = Cox model with a linear term for the marker,
“Cox (spline 4 df)” = Cox model with a spline with 4 degrees of freedom, “Cox (edge)” = Basic
Cox model augmented with an indicator for S=0), “Cox (edge + spline 4df)” = Cox spline model
augmented with an indicator for S=0), displayed for two conditional survival functions (“Linear”
= Qél), “Step” = Qé4)) and a N(0.5,0.04) distribution for S.

model is linear, but the models that do not include the edge indicator result in poor coverage near
the edge.

Figure 2.10 shows that, as expected, the basic Cox model has the lowest standard deviation whereas
the spline model that includes the edge indicator has the highest standard deviation. In particular,
the standard deviation of the spline model that includes the edge indicator is huge for values just
above zero. This can result in highly erratic sample paths for this model, and for this reason, we
do not recommend its use. However, the basic Cox model augmented with an indicator variable at

the edge may be useful if a point mass is expected at the edge.
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Figure 2.9: 95% confidence interval coverage of three estimators (“Cox (basic)” = Cox model
with a linear term for the marker, “Cox (spline 4 df)” = Cox model with a spline with 4 degrees
of freedom, “Cox (edge)” = Basic Cox model augmented with an indicator for S=0), “Cox (edge
+ spline 4df)” = Cox spline model augmented with an indicator for S=0), displayed for two
conditional survival functions (“Linear” = (()1), “Step” = (()4)) and a N(0.5,0.04) distribution
for S.
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Figure 2.10: Standard deviation of three estimators (“Cox (basic)” = Cox model with a linear
term for the marker, “Cox (spline 4 df)” = Cox model with a spline with 4 degrees of freedom,
“Cox (edge)” = Basic Cox model augmented with an indicator for S=0), “Cox (edge + spline
4df)” = Cox spline model augmented with an indicator for S=0), displayed for two conditional
survival functions (“Linear” = él), “Step” = 84)) and a N(0.5,0.04) distribution for S.
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2.8 Additional results from the immune correlates analysis of the

Coronavirus Efficacy (COVE) trial

2.8.1 Additional biomarkers

In section 2.4, results were given for two of the four biomarkers considered by Gilbert et al. (2022b)
as part of their immune correlates analysis. Here, results are presented for the other two markers,
IgG bAbs to the spike protein and 80% inhibitory dilution (ID80) nAb titer. Figure 2.11 shows
CR and CVE curves for the IgG bAbs to spike receptor binding domain (RBD) marker, again
estimated using two models, a basic Cox proportional hazards model and a Cox model including an
embedded natural cubic spline basis with four degrees of freedom. Subfigures (2.11a) and (2.11b)
correspond to the day 29 marker measurement whereas subfigures (2.11c) and (2.11d) correspond
to the day 57 measurement.

Figure 2.12 shows analogous results for the 80% inhibitory dilution (ID80) nAb titer marker.

2.8.2 Use of LLOD indicator function

In section 2.4, we provided data analysis results for two representative biomarkers using two models,
a basic Cox proportional hazards model (with the biomarker included as a single term in the linear
predictor) and a Cox model including an embedded natural cubic spline basis with four degrees of
freedom. In this section, we demonstrate the use of the augmented basic Cox model that includes
an indicator variable at the left edge, corresponding to S = 0; this model was described in section
2.2.2 and tested via simulation in section 2.7. Select results are displayed to illustrate several
practical properties of this marker.

Figure 2.13 displays CVE curves for the 80% inhibitory dilution (ID80) nAb titer marker,
measured at day 29. The estimated curve from the edge model appears roughly similar to that of
the spline model in that the estimated value of CVE((0) is exactly the same and the curve flattens
out at about 95% shortly thereafter. These two models differ in that the edge model allows for an
immediate jump after the edge value, whereas the spline model results in a smoother curve. On

the other hand, the basic Cox model results in a smooth, gradual estimated curve, which is more
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likely driven by the constraints of the model rather than the actual shape of the curve.
Figure 2.14 displays CVE curves for the 50% inhibitory dilution (ID80) nAb titer marker, measured
at day 29. This figure demonstrates a potential drawback of the edge model, which is that it can

result in estimated curves that are non-monotonic and may appear implausible.
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Figure 2.11: Controlled risk (CR) and controlled vaccine efficacy (CVE) curves for the IgG bAbs to the

spike protein marker, measured at days 29 and 57. Curves are estimated using a basic Cox model (purple)

and a Cox model with a spline with 4 degrees for freedom (red). Grey lines in the CR plots represent

the vaccine group risk and the placebo group risk, and the grey line in the CVE plot represents overall

vaccine efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent the

estimated marginal distribution of the marker.
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Figure 2.12: Controlled risk (CR) and controlled vaccine efficacy (CVE) curves for the 80% inhibitory dilution
(ID80) nAb titer marker, measured at days 29 and 57. Curves are estimated using a basic Cox model (purple)
and a Cox model with a spline with 4 degrees for freedom (red). Grey lines in the CR plots represent the
vaccine group risk and the placebo group risk, and the grey line in the CVE plot represents overall vaccine
efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent the estimated
marginal distribution of the marker.
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with 4 degrees for freedom (red), and a basic Cox model augmented with an edge indicator variable (green).
The grey line represents overall vaccine efficacy. Dotted lines represent pointwise 95% confidence intervals.

Green histograms represent the estimated marginal distribution of the marker.
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Chapter 3

Nonparametric estimation and

inference for the CR and CVE curves

Throughout this chapter, the data structure is exactly the same as that described in section 2.1.
Our primary objective is to develop and evaluate nonparametric procedures that allow us to perform

the following two inferential tasks:

1. Estimate the functions s — rp0(s) and s — CVEg(s) over s € [0, 1] and construct corre-

sponding pointwise confidence bands.

2. Test the null hypothesis that the function s — CVEg(s) is constant against the alternative

hypothesis that s — CVEq(s) is nonconstant and nonincreasing.

For the first objective, since we have assumed monotonicity of 7370(s), we can leverage the general
results of Westling and Carone (2020) on nonparametric inference for monotone functions. The
resulting procedure can be seen as a generalization of causal isotonic regression (Westling et al.,
2020) to settings involving a survival data structure and two-phase sampling. In section 3.1.8,
we show how simple extensions of this method allows for estimation and inference for the CVE
curve. For the second objective, we develop a novel directional hypothesis test that leverages the

monotonicity assumption.
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3.1 Methods: estimation

3.1.1 Review of isotonic regression and generalized Grenander-type estimators

We first briefly review the classical form of isotonic regression (Barlow and Brunk, 1972), in which
the observed data consist of iid pairs (S1,Y1), ..., (Sn,Y,) drawn from some bivariate distribution
and the quantity of interest is a univariable regression function 6y : s — Ey[Y | S = s]. The isotonic

regression estimator of 0y is defined as

0, = argmin Z {YZ — T(Si)}2 )
reR i=1

the minimizer in r of the residual sum of squares over the space R of all non-decreasing functions.
The estimator 0,, takes the form of a step function that can be found by using the pool adjacent
violators algorithm (PAVA) (Groeneboom and Jongbloed, 2014). Of course, this estimator is only
sensible if the true regression 6y is itself nondecreasing. Although the PAVA approach perhaps gives
the best intuition for the behavior of 6,,, we consider an alternative representation in terms of the
greatest convex minorant (GCM) operator, as this representation facilitates a connection between
isotonic regression and our method. The GCM is defined for a bounded function f on a closed
interval as the supremum over all convex functions g defined on that interval that satisfy g < f.
Let Y denote the empirical distribution function of S based on (S4, ..., Sy). The cumulative sum
diagram is defined as the linear interpolation of the set of points (0,0) U {(F5(S;),Tn(S:)) : i €
{1,...,n}}, where ', (u) :== £ 3" | ¥;I(S; < u). Denoting the GCM of the cumulative sum diagram

over [0,1] as s + W, (s), then for any point u, the isotonic regression estimator can be expressed as

dt t=F$(u)

where here d/dt represents a left derivative. Since the GCM is by definition convex, its derivative
is nondecreasing, and so 6, is guaranteed to be nondecreasing.
To build intuition for why this procedure works, one can study the simple case in which 51, ..., S,

are standard uniform random variables. Then, for a large sample, F;;9 roughly equals the identity
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function, and so 6,, roughly equals the left derivative of ¥,,. Furthermore, each y-coordinate I',,(u)
of the cumulative sum diagram can be seen as an estimator of the primitive I'g(u) := Eg{Y I(S <

= fou Oo(t)dt. Since Oy equals the derivative of I'g, this procedure can be seen as finding a
convex function ¥,, that approximates the estimated primitive function I',, and then differentiating
the result. When S is not uniformly distributed, T'o(u fo Oo(t) dFO t) instead, where FOS is
the distribution function of S. It may seem circuitous that, instead of estimating the regression
function 0y directly, the primitive is estimated and then differentiated. The reason why this strategy
is sensible is that the primitive I'g(u), when expressed as a functional of a distribution within a
fully nonparametric model, is pathwise differentiable at the true distribution Py and thus estimable
at root-n rate under regularity conditions, whereas this is not the case for 6y(u).

Both the classical isotonic regression and the causal isotonic regression estimator of Westling
et al. (2020) fall in the class of so-called generalized Grenander-type estimators. This class of
estimators was studied by Westling and Carone (2020), who derived general results on nonpara-
metric inference for monotone functions. We will leverage their results to construct a generalized
Grenander-type nonparametric estimator of the controlled risk curve, which will in turn be used to
construct an estimator of the CVE curve.

The motivation for this class of estimators can be described as follows. First, define ®g :
[0,1] — [0,1] to be an arbitrary nondecreasing, cadlag (right-continuous with left-hand limits)
function, and ®; : = +— inf{u € [0,1] : Po(u) > z} to be its generalized inverse. Also define
Wo(s) = [y 0o{Pg (t)}dt and let Uy denote the greatest convex minorant of ¥o. For any value
s € [0,1] such that 6y(s) is left-continuous and Pg(u) < Pp(s) for all u < s, it can be shown
that 6p(s) equals the left derivative of ¥y evaluated at ®q(s). Defining Ty := ¥y o @, note that
Vg = T'go ®; and Ip(u fo Oo(t)d®y(t). Westling and Carone (2020) proceed by studying

estimators of the form

0, (s) = @‘i!n(u) o , (3.1)

where I';, and @, are estimators of I'y and @, respectively, ¥,, :=I', o ®,, and U, is the GCM

of W,,. Estimators of this form are referred to as generalized Grenander-type estimators. The
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function W, can equivalently be expressed as the GCM of the linear interpolation of the set of
points (0,0) U {(®,(S;),['n(Si)) : i € {1,...,n}}. The need to estimate ¥, is clear, since its
definition contains the unknown function 6. However, the purpose of the function ®( is more
subtle and context-dependent. In general, this function allows the resulting estimators to include a
data-dependent domain transformation, which can be advantageous in many settings; see Westling
and Carone (2020) for further discussion.

If we have fy(s) = Eo[Y'|S = s] and set ®g = Fy, then I'o(u) = [ 6o(t)dF§ (s) = Eo{YI(S <
u)}. Plugging in the estimators I'y(u) := 23" | ¥;I(S; < u) and FnS yields the classical isotonic

regression estimator.

3.1.2 Definition of proposed estimator

In our setting, Oy(s) == rar0(s). For a fixed point u € [0, 1], the primitive I'g(u) can be expressed

as

Fo(u):/ourMo s)dEy (s // s<u{1—Q0t0]:Us}dF0 s)dFy (), (3.2)

where Qo(to|x,s) == Po(T > to| X = x,S = s) is a conditional survival function. The primitive
Io(u), when considered as a functional of a distribution P evaluated at P = P, is a pathwise
differentiable parameter in a nonparametric model; throughout this work, when we refer to popu-
lation quantities as parameters, we are implicitly considering them as functionals of a distribution,
evaluated at Py. We proceed by deriving the nonparametric efficient influence function of I'g at Py
and constructing a one-step estimator I'y,. First, it can be shown that under the full-data structure
(in which S is observed for every individual), the nonparametric efficient influence function of I'g(u)

at Py is given by

~ 9y 75’
oro:(z,y,0,s,u) — I(s <u) {W + rMyo(s)} + no(z,u) — 2T0(u) .

This influence function involves the nuisances
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_ S1(y < to) W Ao (dt| z, 8)
wo(x,y,d,s) = Qolto | x, s) {Qo(@/ |z, 8)Q5 (y |z, s) _/0 QO(HJ«",S)Qg(tlx,s)} )

go(w.s) = fo " (s]2) /5 (s),
(1, 1) = /I(s <) {1- Qolto|2,5)} dES(s).

where QS (to | z,s) = Py(C > ty| X = x,S = s) is a conditional survival function of the censoring
variable C' and t — Ag(t |z, s) = —log Qo(t|x, s) is the conditional cumulative hazard function of
T. However, as described in section 2.1.1, S is not observed for every individual. To proceed, we
apply a result from Rose and van der Laan (2011) that allows us to determine the form of the
influence function under two-phase sampling given the influence function in the full-data setting.
Suppose that the missing at random (MAR) assumption holds for S; that is, mo(z,y,d) = Py(Z =
1| X=2,Y=yA=0)=PR(Z=1|X=2Y =y, A =4,5 = s) for any (z,y,d,s). Then the

efficient influence function of I'g(u) can be written as

z

mo(0)

}EO{QEF,Q(O,U)‘Z— LX=2Y=yA=6}, (33)

where as in section 2.1.1 o == (x,¥, 9, 2, zs) is shorthand for the observed data unit, ¢r (o, u) =
oro(x,y,0,zs,u), and m(0) = mo(x,y,d). The efficiency of (3.3) is relative to a model that includes
the MAR assumption for S, as well as the assumptions related to the survival data structure outlined

in section 2.1.1. Next, define the nuisance function ¢g as
QO(%%&U) = EO [QS(X,}/,A,S,U) ‘ Z = 17X = JZ',Y = yvA = (5] )
where for convenience, we use the shorthand qo(o,u) :== qo(z,y, 0, u), and where

. wo(z,y,0,s) }
x,y,0,8,u) =I(s<u)s ————>+r s)yp -
a0 (. y ) = 1( ){ w00, 5) mo(s)

This allows us to write the influence function given in (3.3) as
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oro: (o,u) —

zI(s <wu) [ wo(o) z . e )
m0(0) {90(%5)+TM’0(S)}+{1_770(0)}%(’ )+ mo(,uw) — 2o (u). (3.4)

The difficulty in constructing a one-step estimator I';,(u) of T'g(u) is that we must be able to specify
a complete set of nuisance estimators that are consistent with one another in the sense that the
estimated influence function ¢r, can be expressed as a functional of a well-defined distribution

P,; in section 3.1.4, we outline one strategy for specifying a set of nuisances. With these nuisance

estimators in hand, define the one-step estimator I',,(u) as

n

y(u) = %Z

=1

Finally, applying the general specification given in (3.1), our estimator is defined as

: (3.5)
u=F(s)

where F7 is an estimator of the distribution function Fjj' (described in section 3.1.4), F7~ is the

generalized inverse of F,f, v, = -I,o0 F,f*, and W,, is the GCM of ¥,,;: note that the negative

signs are present since 77, is a decreasing function.

3.1.3 Asymptotic properties

Since rpsn(s) is a generalized Grenander-type estimator, the results of Westling and Carone (2020)
can be applied to study its asymptotic behavior. In the following theorem, sufficient conditions are

provided to guarantee consistency of rar,(s) for any s € (0,1) and obtain a distributional limit.

Theorem 3. Fiz a point s € (0,1) and suppose that raro is differentiable and strictly decreasing,
FDS is continuously differentiable with a positive derivative, and that the regularity conditions (A4)

~ (A11) given in Appendiz 3.6.1 hold. Then ryz,(s) 2> raro(s) and

0B L rarn(s) — raro(s)} ~ 10(s)Z, (3.6)
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where 7 follows the Chernoff distribution and where

d

7‘,M70(8) = %TM7O(U) U=s ,
CU(](X, Y7A7S) 2
=y | {02y S5z =1
’70(3375) 0 { WO(X,Y,A) an S, )

gz0(z,8) =P (Z=1|X=2,5=5),
1/3

T0(s) = 47'"M,0(8)/VO(xéi)(géZ’T(?s)dFoX(w)
o (s|z

The distributional limit given in (3.6) can be used to form a pointwise confidence band for the
function s +— rpz0(s). Also, since rar(s) € [0, 1] for any s, it may be desirable to form confidence
intervals on the logit{7ys,(s)} scale to ensure that the resulting limits are also contained within
[0,1]. Consistent estimation of the scale factor 7y(s) follows from consistent estimation of the
component nuisance estimators, discussed further in section 3.1.4. Doubly-robust estimation of

70(s) may be possible but is not considered in this work.

Note that the validity of pointwise confidence intervals constructed using (3.6) requires the
assumption in Theorem 3 that the marginalized risk curve is strictly decreasing. If instead, for a
fixed value s, the true curve is flat in a neighborhood around s (i.e., for some € > 0, s +— ra0(s)
is constant for all s € [sg — €, 50 + €]), then the asymptotic results of Theorem 3 will not apply
to ran(so). This is a notable limitation of this method; the construction of pointwise confidence
intervals that are valid in both the strictly decreasing case and the nonincreasing case represents a

worthwhile direction for future research.

3.1.4 Estimation of nuisance parameters

As discussed in section 3.1.2, the construction of a one-step estimator I',,(u) of I'g(u) requires that
a complete set of nuisance estimators can be specified that are consistent with one another. For the
distribution function Fjj’, we can use the inverse-probability-of-sampling (IPS) weighted empirical

distribution function given by
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_ iy Zidtsizu ZZI ) . (3.7)

=1

B\H

This strategy of estimating an expectation (involving the biomarker variable S) using an IPS-
weighted empirical mean estimator will be used repeatedly. Next, the conditional survival func-
tions g and QOC can be estimated using any regression technique that allows for the incorpora-
tion of censoring information and observation weights, provided that the estimators satisfy the
regularity conditions of Appendix 3.6.1. We recommend either the approach of Wolock et al.
(2022) or the approach of Westling et al. (2021), both of which allow for the use of flexible ma-
chine learning estimators with tuning parameters selected using cross-validation. Once estima-
tors @, and QY are obtained, define the conditional cumulative hazard function estimator as

Ap(t|z,s) = —log Qn(t|x,s) and define w,, as

51y < to) W N (dt|z,s)
n ) 7(57 = n ) - )
wnl38,5) Q(W8){@n<y\x,s>Qg<y\x,s> | Qn(t!:r,S)QS(tlx,S)}

where the integral is approximated numerically. Similarly, the estimators Q,,, Q¢, and F? are used

to define the nuisance estimators

(2, 0) = /I(s < u) {1 = Qulto| 2, 5)} dFS(s) = 12 Zil(Si < u) ii(—og?n(tomvsi)} |

_ 1 <
Fan(s) =1 =% Qnlto| Xi,s),
=1

Iy(u) = /I(s < u)fM,n(s)dF;?(s) =

To construct an estimator g, of the density ratio gg, the conditional density f;? lX(s | z) can first be
constructed using any conditional density estimator that allows for the incorporation of observation

weights. Then, since f5(s) = [ f; SlX (s|2)dF;X (z), estimators of f§ and go can be constructed as
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HOEES SE-ItIPl

i=1

P (s2)/ £ (s).

gn(z,5)

Next, an estimator ¢, of the regression gg must be constructed that is consistent with the
other nuisance estimators in the sense discussed at the end of section 3.1.2. Since qg is an integral
with respect to the conditional density of S given (Z, X,Y,A), first note that this density can be

decomposed as

AIX,S

SIZXYA (G| 2 0y ) = Ay, 8, 8)go (@, 8) £ (s)

0 O Y, VAIXS s dFS(4)
ffo (y7 ‘m7t)90($7t) O(t)

This result allows us to express g as

/q z,9,0,5,u)fy VB (s | 1,2, y, 8)ds
—1
{ fo 25y, 8] 2, 9)go(w, 5)dFS @}

X /qé‘(m,y,é,s,u) éf’A‘X’S(y,é]a:,s)go(a:,s)dFOS(s).

Next, using the estimated conditional survival functions of T" and C', an estimator of fYAlXS is

given by
FrARS (y, 8| @, s) = —1(6 = 1)QS (y| 2, 5)Qu(y | ,5) — I(6 = 0)Qu(y |2, 5)QS (y | z,5), (3.8)

where Q,, and Q,C; are the numerically-approximated derivatives of ),, and Qg , respectively. If the
estimated conditional survival and censoring functions are not differentiable, they can be smoothed
(e.g., using kernel smoothing); however, this is not strictly necessary, as a numerical derivative
based on function evaluations over a grid will be well-defined even if the underlying function is not
differentiable. Finally, defining g;, to equal g; but with the nuisances wo, go, 7,0, and I'g replaced

by wn, gn, Trn, and ', respectively, g, is defined as
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Y,A|X,S

. - Zifn (y76‘x752)gn($asz>
Gn(0u) = Z 0(0;)
=1
Z”: Ziq5(Si, 0,u) f 0 (y, 6| 2, §) g, )
m0(O0;)

i=1

Finally, we describe a strategy for constructing a consistent estimator of the Chernoff scale factor
To(s) for fixed s. We start by describing one set of possible estimators of the underlying nuisance

functions 7p70(s), Y0(z, s), and g, o(z, s).

Estimation of 75/,0(s) is complicated by the fact that s — a7, (s) is a step function by construc-
tion. As noted by Westling et al. (2020), one approach is to construct a smoothed version of
and then differentiate the result. They suggest using local quadratic kernel smoothing of the linear
spline defined by the set of points S := {(s*,7mn(s)) : s* € S*}, where S* is the set of midpoints
of the jump points of 737,,. Another strategy is to just numerically differentiate the linear spline
itself; as with the conditional survival and censoring functions, although the spline is technically
nondifferentiable at the knots, a numerical derivative based on function evaluations over a grid is
well-defined everywhere. Another strategy that we have found to work well in practice is to apply
the monotone Hermite spline method of Fritsch and Carlson (1980) to the set of points S (where
we choose to also include the endpoints 0 and 1 in the set S*) and then differentiate the result. All
three methods described guarantee that the resulting derivative estimator 77, (s) is positive for

s € [0, 1], provided that 7, has at least one jump point.

For ~o(z, s), an estimator 7, (z, s) can be constructed by regressing the pseudo-outcomes
{wn(0;)/m0(0;)}? on (X;,S;) among the subset of the data for which A; = 1 using any suitable
regression technique. To estimate g, o(x,s) = Py(Z = 1| X = x,S5 = s), an application of Bayes’

rule yields g, o(x,s) = fg'X’Z(s |z, 1)§z70(x)/fos‘X(s|x), where f(;qu’Z(s\:c,z) is the conditional

density of S given (X,Z) and §.o(x) = Py(Z = 1| X = z). An estimator of f;?'X’Z of fOS|X’Z
can be constructed using the same conditional density estimator, but restricted to the subset of

the data for which Z = 1, since it does not need to be evaluated for z = 0. Since the function

mo(z,y,0) =Py (Z=1|X =2,Y =y, A =) is known and since g, o(z) = Eo{mo(z,Y,A)} holds,
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the estimator
gz n = Z 7TO X }/u A

can be used. Alternatively (or if mg is unknown), g, o can be estimated using any suitable technique

for regression of binary outcomes. Putting these together, we can define

gz,n(x,S) = = S|X : g
no(

s|z)

Finally, with these component nuisance estimators in hand, define 7,(s) as

1/3
4TMn 7n s zn(Xias)
5 s) Z X5

Tn(s) =

By the continuous mapping theorem, 7, (s) is consistent for 7y(s) if each of the component estimators

v (S), Tn(x,s), and g, ,(z,s) is consistent.

3.1.5 Use of estimated IPS weights to gain precision

Thus far, we have assumed that the two-phase sampling probabilities, governed by the function 7,
are known exactly, and that the sampling indicator Z is selected independently for each individual
via Bernoulli sampling. However, in practice this might not be the case. First, even if the researcher
dictates the form of 7y, real-world complications such as loss-to-follow-up and missingness may lead
to the actual two-phase sampling probabilities being different than the design probabilities. Second,
other sampling strategies are sometimes used in practice, most notably finite population stratified
sampling (FPSS) (Breslow and Lumley, 2013). With FPSS, the population is partitioned into a
fixed number of strata based on available variables, and a predetermined fraction or number of
individuals are sampled without replacement from each stratum. Suppose that each individual ¢
is assigned to the stratum indexed by C;, where C; deterministically depends on (X;,Y;, A;). The
corresponding estimated FPSS sampling weight is then calculated as the fraction of individuals in

stratum C; who were selected into the phase-two sample, given by
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Z?:l I(C; = Cj)Zj
Z?:l I(C; = Cj) ’

T (0;) = (3.9)

where for consistency of notation, we consider C; to be part of the vector O;. One property of these
estimated weights is that they always sum to one. This leads to desirable finite-sample properties,
such as guaranteeing that the IPS-weighted empirical distribution function estimator given in (3.7),
with the true weights replaced by the estimated weights, equals one when it is evaluated at the
largest observed data point. Note that even if Bernoulli sampling is used, these weights can still
be calculated, provided that (i) the range of the function 7y is a finite set, effectively partitioning
the observations into strata such that individuals ¢ and j are in the same stratum if and only if
mo(Yi, Ay, Ws) = mo(Yj, A, W), and (ii) m}:(O;) # 0 for all 4 € {1,...,n}. Additionally, even if the
Bernoulli sampling probabilities are known exactly, there is often a benefit in terms of precision from
using the estimated IPS weights given in (3.9) rather than the true IPS weights; this counterintuitive
phenomenon has been documented in a number of settings (e.g., Scott and Wild, 1997; Deville and

Sérndal, 1992; Qi et al., 2005).

A complication is that true FPSS breaks the iid structure of the data-generating mechanism,
since the phase-two selection indicators Z1, ..., Z,, are not independent, and so derivation of theo-
retical results under this sampling scheme is difficult. However, since the variance of an arbitrary
estimator is typically smaller under FPSS relative to Bernoulli sampling, we can proceed by treating
the data as coming from a Bernoulli sampling model, using the estimated weights, and noting that
the resulting confidence intervals may be conservative. Thankfully, the use of estimated weights
rather than known weights does not change the influence function given in (3.4) of I';, (Rose and
van der Laan, 2011), nor does it change the asymptotic behavior of the resulting estimator 7y, (s).
Additionally, although the influence function of Fns does change when the estimated weights are
used, the asymptotic results given in Theorem 3 do not change, as discussed in Westling and Carone

(2020).
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3.1.6 Cross-fitting to avoid empirical process conditions

Regularity condition (A6) of Theorem 3 necessitates that as sample size increases, the nuisance
estimators used to calculate the estimated influence function ¢r , (almost surely) fall in sufficiently
small function classes. This condition is necessary to guarantee that the remainder term from the
one-step estimator I',,(u) is asymptotically negligible. The use of machine learning techniques to
construct these nuisance estimators is appealing, as discussed in section 3.1.4, but certain classes
of machine learning estimators may fail to satisfy this condition, and for other classes it may
be difficult to determine whether this condition holds. However, many authors have noted that
similar empirical process conditions can be avoided through the use of cross-fitting, a form of sample
splitting (e.g., Bickel, 1982; Robins et al., 2008).

In our context, to form the cross-fitted version I'; of the one-step estimator I';,, first partition
the dataset into K subsets, each of size n/K (where for ease of exposition n/K is assumed to be
an integer), indexed by the sets Vp1,..., Vox. Next, define To == {i : i ¢ Vit for k € {1,..., K}
and for each k, use the observations indexed by 7, to form the nuisance estimators wy, gnk, and

so on. The cross-fitted estimator I'; (u) of I'g(u) can then be defined as

s
I (u) = EZ Z

k=1i€Vi

ZiI1(S; <wu) { wnk (0)
71'0(0 )

+ T prnk (S
PG A IE L )}

+ {1 — 7_[_0(ZZO)} an(0i7u) + nnk(Xi7u) - f”k<u)] ’

7

3.1.7 Handling bias at the edge

In general, monotone function estimators are known to have asymptotic bias when evaluated at the
endpoints of the domain of the function of interest. Additionally, although values in the interior
of the domain can be estimated consistently and without asymptotic bias, we have observed in
simulation (see section 3.3) that finite sample bias occurs; typically the magnitude of the bias
increases as the distance between the edge and the point at which the function is evaluated decreases.
For a decreasing function, the estimator will, on average, overestimate the true function towards

the lower endpoint and underestimate the function towards the upper endpoint. This is concerning,
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since this bias is anti-conservative in the sense that the overall change in the value of the function
over its domain will be overestimated. Here, we discuss two approaches to compensating for this

shortcoming.

First, when reporting results, the display of the estimated function s +— 7/, (s) can simply be
truncated; for example, one may choose to only display estimates and pointwise confidence intervals
for values of s between the 5% and 95% quantiles of the estimated marginal distribution of S. This
is a sensible thing to do in general, given that the bias increases (sometimes dramatically) towards
the edges. However, the obvious question is how to choose the cutoff points; this represents a
potential direction for future research. One possible approach is to simulate data that has similar
properties to the actual data (in terms of sample size, number of events, distribution of the marker,
etc.), choose an acceptable level of bias, and select cutoff points such that in the simulated dataset,
the estimated bias (averaged over a sufficiently large number of dataset replicates) does not exceed

this level within the interval defined by the cutoff points.

A second approach leverages the fact that the observed distribution of the marker S often has
a point mass at zero, corresponding to one-half the LLOD, as discussed in section 2.1.1. This
provides us with the opportunity to construct estimators of the parameters 770(0) and CVE((0)
that converge at root-n rate. Benkeser et al. (2021) note that the parameter CVE((0) can be
interpreted as a natural direct effect (in the language of mediation analysis); that is, this is the
portion of the vaccine effect that occurs through mechanisms other than the marker of interest.
Given this, we could choose to use the natural direct effect estimator given in Benkeser et al.
(2021) as the edge estimator. However, while their method accounts for right-censoring, it treats
the endpoint as binary (rather than as a time-to-event variable) and thus ignores some of the
available information by constructing an estimator from a coarsened data structure. Instead, we
adapt that counterfactual survival curve method of Westling et al. (2021) to our setting. The only
required modification is that the method needs to be able to handle a two-phase sampling structure.

The form of this cross-fitted one-step estimator is given by
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where G5 () = gn(z,0)(1 — ppn), Vak, Quk, Wnk, and so on are defined as in section 3.1.6, and

1
Y,A|X,S

" Zifn 02, Si)gn(z, S;
Gsn(T,y,0) = :L;Zf (ZO(‘OQS) J9n(2, 57) {fZ’A'X’S(y,é\x,O)gn(x,O)(l—pn)}-

A non-cross-fitted estimator can be formed by substituting @, for Q,%, wn for wy,k, and so on in
(3.10), in which case the double sum reduces to a sum over i € {1,...,n}. Under a set of regularity

conditions (see Westling et al., 2021), the influence function ¢, o of Ty 1S given by

[21(s = 0) + gs0(0){mo(0) — z}lwo(2,y,6,0) .

o—1— Qo(to | x, 0) + 7T0(0)§s,0($) — ’I“M70(0) .

There are now two possible estimators of 737(0), the generalized Grenander-type estimator s, (0)
given by (3.5) and the edge estimator Ty 1f the goal is estimating 7,0(0), using 77, (0) will
generally not yield reliable estimates because of the bias issue discussed above, and so we instead
recommend using rj, .. However, investigators will usually be interested in estimating the entire
curve, and it is possible to use r}’\/lvn to adjust values of the curve close to (but not equal to)
zero. Given the monotonicity assumption, since raso(s) < raro(0) for s > 0, we propose the

edge-corrected estimator ry, . given by
T (8) = I(s =0)ry,, + I(s > 0)min {7"(13\4,717 rM,n(s)} .

We choose to define r},,, using the indicator function I(s = 0) so that it is unbiased at the edge;
if it was instead defined as the minimum of the two component estimators, there would be a small
finite sample bias. Since 7/,0(s) is strictly decreasing in s and 77, (s) is consistent for s > 0, it is
the case that |rj, .(s) — rarn(s)| = op(1) for each fixed s € (0,1]. That is, rj, ,(s) asymptotically

behaves like rps,(s) everywhere except at s = 0, where it behaves like ri/lm. Given this, a valid
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approach to constructing pointwise confidence intervals is to use the confidence interval for rj,
at s = 0 and use the confidence intervals for ry, for s > 0. However, even though this approach
is asymptotically valid, it can lead to undesirable behavior in finite samples, such as the point
estimate lying outside the confidence interval. One could also consider constructing each pointwise
confidence interval as the union of the two intervals of the component estimators, but this will
often be overly conservative. Instead, we propose a hybrid of these two approaches in which the
confidence interval for rfwm is used at s = 0 and the confidence intervals for r,s, are used for
s > 0, unless s lies in the subinterval of (0,1] for which the edge correction is in effect (i.e., the
subinterval for which r3,, < ra,(s)). If s lies in this subinterval, the pointwise minimum of the
two lower confidence limits is used (which is more conservative than using the pointwise lower
limits for 7j7,) and the pointwise minimum of the two upper limits (which is less conservative
than using the pointwise maximum or the limits for 77, but is justified by the fact that rys0
is decreasing). More precisely, for a fixed point s, denote the confidence intervals for rjs ,(s) and
Torn DY (1(s),u(s)) and (I°,u°), respectively. Then the confidence interval (I*(s), u*(s)) for 73, ,,(s)

is defined as

I(s) == I(s = 0)I° + I(s > 0) [I{ n(s)} min{l°,1(s)} + I {rgm > TM,n(s)} 1(5)] :

u*(s)=I(s=0)u’+I(s > 0) [I ,n(S)} min{u®,u(s)} + I {r%n > rM,n(s)} u(s)} :

Note that asymptotically, the subinterval for which r§, . < 7, (s) will shrink to length zero and
this approach will be equivalent to using the confidence interval for r‘]’wm at s = 0 and using the

confidence intervals for 7z, for s > 0.

Another finite sample issue with the estimator 7’7\4,71(3) is that if the proportion of observations
for which S = 0 is small, the variance of rf, , will be high, which will in turn destabilize 73, (s)
for s > 0. It may be possible to construct an adaptive estimator that uses, for example, a weighted
combination of the estimators 3, (s) and rar,(s) with data-dependent weights, but that is outside
the scope of the current work. In lieu of this, a decision rule can be created for when to use one

estimator versus the other. For example, one may decide to use r}‘\/lm(s) if at least 10% of the
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observations have S = 0. Like the truncation of the display of the function s +— rys,(s) discussed

above, one could determine an appropriate cutoff value for a given decision rule via simulation.

Finally, note that similar corrections can be done if there is a point mass at the ULOQ. The

arguments and expressions are analogous.

3.1.8 Estimating controlled vaccine efficacy

So far, we have focused estimation and inference on the controlled risk parameter 757 0(s). However,
as discussed in section 2.1.2, the controlled vaccine efficacy parameter CVEq(s) defined in (2.2) is
often of primary interest. Estimation of CVE(s) necessitates estimation of the counterfactual
quantity P{T'(0) < to}, which can be identified with r/(0,0) if the assumptions discussed in
section 2.1.2 hold. This quantity is simply the risk (i.e., the cumulative incidence) under assignment
to the placebo group; estimation of this quantity is a well-studied problem and many approaches
can be used, including Kaplan-Meier curves (Kaplan and Meier, 1958), marginalized Cox models
(Self and Prentice, 1988), and machine learning techniques (Wang et al., 2019). Assume that an
approach is chosen that yields an asymptotically linear estimator rps,(0,0) of rar0(0,0). The

natural estimator to consider is then given by

TMn(S

— ()
CVE,(s) =1— m .

(3.11)
This estimator is sensible because monotonicity of rps0(s) implies monotonicity of CVEq(s). Since
rv,n(0,0) is asymptotically linear, it converges at a rate of n/2, whereas rMn(S) converges at

a rate of nl/3.

Therefore, the limiting distribution of CVE,(s) is unaffected by the variance of
r:mn(0,0) and so the variance of CVE,(s) can be estimated as the variance of raz,(s) divided
by {rum.(0,0)}%. However, estimation of this variance in finite samples may be improved by a
correction that incorporates the excess variance due to estimation of rj70(0,0). Suppose that the
estimator 77, (0, 0) has a Normal limiting distribution with variance U%’O and only uses information

from the placebo group such that it is independent of raz,(s) for all s € [0,1]. Then using the

delta method, it holds that
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rvn(s)  rmo(s) _ rvn(s) —rmo(s)  rao(s)
rin(0,0)  7ar,0(0,0) rmn(0,0) {rnm,0(0,0

e {r11.(0,0) = 721,0(0,0)} + R(s)

where the remainder term R(s) can be expressed in second order as

T’M70<8)7"M7n(0,0) ram.olS

TMn(S) B rar0(s)
ramn(0,0)  7ar0(0,0) {ra0(0,0)}? ar,0(

R(s) =

This allows us to write

nus{ M (s ras,0(s

) (5) | _ n"*{rasn(s) —raro(s)}
'f'M,n(OaO) TM70(0,0)

7“M7()(O, 0)
n_l/GTM()(S) .
~ .02 0,0) — raro(0,0 1
{T’M70(070)}2n {?"M,n< ) ) rM70( , )} + OP( )7
And so the distribution of CVE,(s) can be approximated as

T0(s)
n/3rp10(0,0)

701,0(5)
n/2{rus0(0,0)}?

CVE,(s) — CVEo(s) & N(0,0%) — Z,
where as in (3.6), Z follows the Chernoff distribution, and where N (O, 0%70) Al Z. This allows us

to write

S (0,00 7P T 01y

2
Var {CVE,(s)} ~ —{TM’H(S)}Q 2+ {Tn(s)o 0)} Var(Z).

Next, if the edge correction is performed, there is more work to do, since the edge-corrected esti-
mator rf, , of rar0(0) converges at root-n rate. Let ¢ denote the influence function of ras,,(0,0)
and recall that ¢, denotes the influence function of 77, . Define CVE] (s) as the edge-corrected
version of (3.11) with raz,(s) replaced by 73, ,,(s). Then by the delta method, the influence function

of the edge value CVE? (0) is given by

0 r?\/[,0<0)95r,0(0> P,

0(0)
{rar0(0,0)}*  7maro(0,0)

This influence function can be used to form confidence intervals in the same way as described in
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section 3.1.7. Also, since CVEy(s) € (—o0,1) for any s, it may be desirable to form confidence
intervals on the log{1 — CVEq(s)} scale to ensure that the resulting limits are also contained within

(=00, 1).

3.2 Methods: hypothesis testing

3.2.1 Derivation of test statistic

Interest lies in testing the null hypothesis that the function s — CVEq(s) is constant against the
alternative hypothesis that s — CVEg(s) is nonconstant and nonincreasing. Since CVEq(s) is
constant if and only if rps0(s) is constant, the null hypothesis can also be stated in terms of the
CR curve. Given that the alternative hypothesis assumes that the direction of monotonicity is
known, the test will be directional. However, it is straightforward to extend the test to the case
in which the direction of monotonicity is not known. Fix a univariate distribution Fj such that
the support of P coincides with the support of S, and let U ~ Fj. The slope of the closest linear

approximation to the function 77 over [0,1] in a Pj-least-squares sense is given by

COVS{U, ’I’M70(U)}
Varj(U)

Although it is not true under arbitrary alternatives, under monotonicity, it can be shown that this
parameter equals zero if and only if 57 is constant on [0,1]. This may suggest consideration of

the test statistic

where Uy, ..., U, is a sample from Pj and 7z, is defined as in (3.5). However, this statistic will
not converge at a n'/2 rate since M converges at a nl/3 rate, and so n'/2-rate inference is not
possible with this statistic. Analogous test statistics that use other choices for estimating 70
either lead to similar issues or require additional assumptions about 7570. However, note that the

projection of 7579 onto the space of linear functions is analogous to the projection of the primitive
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©g : u — [y raro(t)dt onto the space of quadratic functions (without a constant term), and that
the quadratic term coefficient in the latter corresponds to half the linear term coefficient in the

former. The population quadratic coefficient value from this projection is given by

B {(AQ,*U2 ~ Xs,.U) ©o(U) }
)\2,*A4,* - )\g ’

,k

(3.12)

where A\ . = Ej[U ¥]. This suggests using the numerator of (3.12) as the parameter on which a
test statistic can be based. However, for reasons explained in section 3.2.2, it is beneficial to use
the corresponding parameter from the space of quadratic functions with a constant term. This

coefficient is given by

B [{(M20 = X3.)(U = M) + Oz = AU = 2,)}00(U)
(>\%* - )\4,*)()\%’* - )\2,*) - ()\3,* - )\1,*>\2,*)2

(3.13)

Thus, we base our test on the numerator of (3.13), the use of which is justified in Theorem 4.

Theorem 4. Suppose that the distribution Pj is continuous with positive support on [0,1] and is
chosen such that the denominator of (3.13) is nonzero. Also suppose that the function s — r0(s)

1s nonincreasing. Then the quantity
Bo = Eg [{(Madas = A3 (U = M) + (Ao = A )(U? = X24)}00(U) (3.14)

equals zero if and only if s — rar0(s) is constant on (0,1).

It may seem peculiar that the open interval (0, 1) is specified in the statement of the theorem
rather than the closed interval [0, 1], but this is in fact an important limitation. Specifically, the
null hypothesis cannot be rejected by a test based on [y if the true controlled risk function is
ramo(s) = ki + koI(s > 0) for some pair of constants (ki, k), representing a decrease in risk
immediately after the LLOD and a flat function thereafter. A solution to this shortcoming is
discussed in section 3.2.4.

Since Theorem 4 holds for any distribution P with support on [0, 1] for which the denominator

of (3.13) is positive, a simple way to construct a test statistic based on fy is to take Pj to be the
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standard uniform distribution and estimate By (up to a constant) with the estimator

! 1
, 2
Bn = /0 <u u+ 6) Op(u)du

% By [{(de = g (U = M) + Qe = AU = 22,)10,(0)]

where the integral is numerically approximated and ©,, is an estimator of ©g that will be described

in the next section.

3.2.2 Estimating O,

The primitive function O is similar in construction to the function I'y used in section 3.1, and as
such, a similar strategy to estimation can be taken. For a fixed value u, the parameter O¢(u) can

be written as

©o(u) = /Ou raro(s)ds = //I(s <u){1-Qo(to|x,8)} dF;* (z)ds.

Note that this is equivalent to (3.2) if ®q is taken to be the identity function. Again applying
the Rose and van der Laan (2011) result used in section 3.1.2, it can be shown that the efficient
influence function of Oy at Py relative to a model that includes the MAR assumption for .S and the

assumptions related to the survival data structure outlined in section 2.1.1 is given by

vo, : (0,u) —

21(s < u)wp(o) n {1 3

mo(0) 69\X(8 ) } Go(o,u) +ny(z,u) — Op(u) . (3.15)

mo(0)

which involves the nuisances

no(z,u) = /I(s < u) {1 — Qo(to\x,s)}ds,

I(S < uw)wp(0)

go(o,u) == Ey
S (s x)

Z=1,X=z,Y=yA=90

This influence function can be used to construct a one-step estimator ©,, of g, given by
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o LN~ | Zi (S < wen(00) VI
o =1 Lmo(0:) S|X(Si|Xi) i {1 WO(Oi)}qn(OZ’ ) + 15 (X, w)

. . . . . . S|X . . .
This specification involves the same nuisance estimators w, and fn‘ described in section 3.1.4,

and as well as

(e, 0) = — / I(s < w)Qulto] 2, )ds

~1
(o) = { / vaA'XvS@,(srx,s)ff'X(smczs} / I(s < wwn(,5,8,5) f1255 (3,6 | 2, 5)ds,

where the integrals are numerically approximated. Above, the estimator ¢, is constructed in a
manner analogous to that of g, and involves the same conditional density estimator f};’A‘X’S defined
n (3.8). We can also plug these nuisances into (3.15) to construct an estimator g ; of the influence

function gg o; this additionally requires the plug-in estimator

On(u) == //1(5 < u) {1 - Qulto|z,5)} dFX (x)ds,

of ©p(u), where again the integral is numerically approximated. As mentioned in section 3.2.1,
we chose to base the test statistic 3, on the parameter corresponding to a quadratic regression
with an estimated intercept, even though the true intercept is known to be zero, since 0((0) = 0
by definition. The reason for choosing to estimate this value is that, by construction, ©,,(0) will
generally not equal zero in finite samples, even though it will tend to zero in probability. Therefore,
a quadratic regression with an estimated intercept will yield a better fit to the estimated function

u +— ©p(u), which will in turn improve the performance of the hypothesis test.

3.2.3 Asymptotic distribution of 3,

First, a set of conditions is provided under which ©,(u) is an asymptotically linear estimator of

©¢(u) for fixed u.

Theorem 5. Suppose that regularity conditions (A4), (A2.i), (Al.iii), (A5.7), and (B1) — (B4)

given in section 3.6 hold. Then for fized u € [0, 1], it holds that

72



On(u) ~ Oou) = — > po.0(Oi,u) + ren(u)
=1

where e n(u) = op(n=1/?).
If the conditions of Theorem 5 hold, then

fupo= [ (w2 -ut 2) (0u) — o)} au

- > {/ (“2 —u+t 1) ©0,0(0;, U)du} +/ <u2 —u+ 1) ron(u)du,
n 4 1 0 6 0 6

1=

where rg ;, is the remainder term corresponding to ©,,. Therefore, if fol (u* —u+1/6)ron(u)du =

oP(n_l/ 2), then 3, is asymptotically linear with influence function

1
1
0300 / <u2 —u+ 6) vo0(0,u)du.
0

Given this result, the test statistic

—-1/2

Tﬁﬂ’b =n Z{Qpﬁ,n(Oi)}2 Bn s
i=1

is used as the basis for our hypothesis test, where ¢g, equals pgo with the estimated influence
function ¢e, plugged in for peo. Under the null hypothesis, this test statistic converges in
distribution to a standard Normal random variable, and since a known direction of monotonicity

is assumed, a directional test can be constructed.

3.2.4 Modification of test statistic to allow for detection of an edge jump

In section 3.2.1, we discussed how a hypothesis test based on the parameter 5y would not be able to
detect a decreasing controlled risk function if the form of that function is ras(s) = ki1 + k2l (s > 0)
for some pair of constants (k1, k2); we refer to the difference rp0(€) —rar,0(0) (where 0 corresponds

to the value LLOD/2 and € corresponds to the value LLOD) as the edge jump. Furthermore, even if
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the function s — 7370(s) has an edge jump and is decreasing over some subinterval of (0, 1], a test
based on [y would be expected to have low power if the magnitude of the change over (0, 1] is low
relative to the magnitude of the edge jump. Given this, we propose a correction to the test for cases
in which there is mass at the LLOD. Our strategy is to derive a second test statistic specifically
designed to detect the edge jump and then combine this with the statistic T, to form a modified
test statistic. The parameter on which our edge jump test statistic is based is f¢,0 = ©0(1)—721,0(0).
It is the case that (.o = 0 if and only if the null hypothesis is true, since rys,0 represents the value
at the edge and Op(1) represents the average value over (0, 1], which is necessarily less than 7, (0)
under the monotonicity assumption. This is true regardless of the functional form of s — 737 0(s);
given this, one might wonder why we do not simply base a hypothesis test on .. The two reasons
why this would not be sensible are (i) the parameter r37,(0) is pathwise differentiable only if there
is a point mass at the LLOD (as discussed in section 3.1.7), and (ii) all of the information about
the change in the function value over (0, 1] is effectively ignored by the construction of 3. Thus,

this test statistic is only well-suited to detect an edge jump.

Given that we have already described estimators ©,,(1) and 7, , of ©(1) and ra10(0), respec-
tively, there is no additional work required to construct an estimator of 3., and the estimator
Ben = On(1) — 'r’j/lm can be used. This estimator is a linear function of the two component estima-
tors, and so its influence function is simply the difference of the two component influence functions,
given by ¢geo 1 0 = wo,0(0,1) — ¢ro(0). Although tests based on the parameters [y and Se
could be conducted separately, it is desirable to construct a single test statistic to avoid the loss
of power that would result from a multiple comparison correction. Given that the null hypothesis
is true if and only if By = Beo = 0, and that both Sy and B, are of the same sign under any
(monotone) alternative hypothesis, a new test statistic could be formed based on the sum 3, + e ».
The drawback of this approach is that if one statistic has much higher variance than the other,
the signal could be washed out by the noise, so to speak, if the statistic with lower variance is the
one with a stronger signal. Therefore, we choose to divide each statistic by its estimated standard

deviation before taking the sum. The modified test statistic is given by
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T/;;n — BTL /Be,n ’ (316)
’ 2+ 2Pn T8.n Uﬂ,e,n

where

1 1/2

Opn = (n Z{Qaﬁ,n(Oi)}2> )
. Zzl 1/2
0B,en = (n Z{‘Pﬁ,e,n(oi)}2> )

Zsoﬁn @Ben(0)~

710'5 nO0B,en i—1
Under the null hypothesis, the test statistic T’ En converges in distribution to a standard Normal
random variable, and as with T} ,, this statistic can be used to construct a directional test. The
only remaining issue is that the estimator 3, is impractical when there is not a point mass at the
LLOD, and thus T*’n may give misleading results. One approach is to take an analogous strategy

to the one taken in section 3.1.7, using T E ,, for the hypothesis test if a certain percentage of the

observations have S = 0 and using (3, otherwise.

3.3 Simulation study

3.3.1 Estimation

To assess the operating characteristics of our proposed estimator, we conducted a simulation study.
We generated data from six mechanisms corresponding to combinations of three conditional dis-
tributions faq X of the marker and two conditional survival functions Qo. Two baseline covariates
(X1, X9) were drawn, with X; ~ Bernoulli(0.5) and X2 ~ Uniform{0.0,0.1,...,1.0}. The three con-
ditional distributions were the standard uniform distribution, a Normal distribution with mean 0.5
and variance 0.2 (truncated to lie within [0, 1]), and a Normal distribution with mean 0.3 4+ 0.4X>
and variance 0.3 (also truncated to lie within [0,1]). The two conditional survival distributions
both followed proportional hazards models, with one following a Cox model and the other having

a more complex nonlinear form. For both, the baseline hazard function of the survival variable
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followed a Weibull distribution with scale parameter A\; = 2 x 10~* and shape parameter v; = 1.5.
The baseline conditional censoring function also followed a Weibull distribution, with parameters
Ao = 5 x 107° and vy = 1.5. This led to the following forms for the two conditional survival

functions (denoted Q[()l) and Q(()2)) and the conditional censoring function Q"

Q[()l)(t | z,s) = exp {—)qif”l exp(a1z1 + agre + ags)} ,
Q[()Q) (t|x,s) =exp [—Alt“ exp{asexpit(20s — 10) + agmlxg}] ,

Qg(t |z, s) == exp {—)\gt” exp(azy + agxg)} ,

where (a1, a2,a3) = (0.5,0.7,—2). Using these functions, we generated survival and censoring

times using the method of Bender et al. (2005). We used the function
mo(,y,8) = 01(y < to) + {1 = I (y < to)}expit(z1 + 22 — 1)

to generate the two-phase sampling indicator Z. With this function, all individuals who experienced
the event prior to the time of interest ¢y and a fraction of the remaining individuals were selected
into the phase-two sample. This formulation allows for the use of estimated weights, since the set
of possible covariate combinations is discrete. The time of interest used was tg = 200 and the size
of each phase-1 sample was 1,000 individuals.

We used IPS-weighted Cox proportional hazards models to construct an estimator ,, of the
conditional survival function )y and an estimator Qg of the conditional censoring function Qg .
Q). is consistent when Qg = Q(()l) but inconsistent when Qg = (()2), and Qg is always consistent.
We used a correct parametric model to estimate the conditional density f(;q X All other nuisance
estimators are constructed according to the specifications given in section 3.1.4.

In all simulations, we compared the performance of our proposed estimator against the estimator
derived from the marginalized Cox model described by Gilbert et al. (2022a) in terms of bias, vari-
ance, and 95% confidence interval coverage for the estimation of ry7(s) for s € [0, 1]. Simulations
were conducted using the R programming language and structured using the SimEngine simula-

tion framework (Kenny and Wolock, 2021). For each level combination, we ran 1,000 simulation
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replicates.

Figure 3.1, displays the bias of both estimators across all six data-generating mechanisms consid-
ered. The Cox estimator was unbiased across the entire unit interval when it is correctly specified,
as expected; when it is incorrect it was badly biased. The nonparametric estimator 7/, (s) showed
little to no bias towards the interior of the unit interval, but has a positive bias that increases as
s — 0 and a negative bias that increases as s — 1. This pattern of bias is a characteristic feature
of generalized Grenander-type estimators, and of many monotone-constrained function estimators

in general.

Unif(0,1) N(0.5,0.04) N(0.3+0.4x2,0.09)
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Figure 3.1: Bias of two estimators (“NPCVE” = nonparametric CVE, “Cox PH” = marginalized
Cox proportional hazards), displayed for three conditional distributions of S|X and two condi-
tional survival functions (“Cox PH” = él), “Complex” = (()2)). Dashed vertical yellow lines

represent the 10% and 90% quantiles of the marginal distribution of S.

Figure 3.2 displays the 95% confidence interval coverage of both estimators across the same
set of data-generating mechanisms. The Cox estimator achieved nominal coverage when correctly
specified, but when it was incorrect, coverage is unacceptably low, with 0% coverage for some values
of s. Thus, even when the proportional hazards assumption holds, the Cox estimator may yield

incorrect inference. The nonparametric estimator achieved nominal coverage over most of the unit
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interval, although some areas of undercoverage and overcoverage are observed.
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Figure 3.2: 95% confidence interval coverage of two estimators (“NPCVE” = nonparametric CVE,
“Cox PH” = marginalized Cox proportional hazards), displayed for three conditional distributions
of S|X and two conditional survival functions (“Cox PH” = 81)’ “Complex” = Qéz)). Dashed
vertical yellow lines represent the 10% and 90% quantiles of the marginal distribution of S.

Figure 3.3 displays the standard deviations of both estimators. In all scenarios, the standard
deviation of the nonparametric estimator was greater than that of the Cox estimator, with the ratio
of standard deviations increasing towards the endpoints.

Additional simulation results are presented in section 3.7.

3.3.2 Testing

In the second part of our simulation study, we evaluated the operating characteristics of the hy-
pothesis test described in section 3.2. We used the same data-generating mechanism that was used
previously in section 3.3.1, but with several differences. The parameter a3 was varied between 0
and —0.5. The distribution of S used was a mixture of a standard uniform distribution and a point
mass at zero, where the propensity score gso(z) = Py(S = 0| X = z) took one of the following

three forms:
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Figure 3.3: Standard deviation of two estimators (“NPCVE” = nonparametric CVE, “Cox PH”

= marginalized Cox proportional hazards), displayed for three conditional distributions of S|X

and two conditional survival functions (“Cox PH” = él), “Complex” = 82)). Dashed vertical

yellow lines represent the 10% and 90% quantiles of the marginal distribution of S.

§§?g (x) == expit(z1 + x2 — 2.5),

Joo () = expit(zy +x2 — 1.4) .

The function gg?g resulted in a point mass of roughly 10% at the edge and the function gf’g resulted
in a point mass of roughly 40% at the edge. We tested two conditional survival functions, including

the function Q(()l) specified in section 3.3.1 and the function
83) (t|z,s) =exp {—)xltvl exp(a1x1 + agwe + 0.5a31(s = O))} ,

which is constant as a function of s other than an edge jump, as described in section 3.2.4. The

same set of nuisance estimators that were used in the previous simulations were used here. We
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studied the two versions of the hypothesis test described in section 3.2, the standard version of the
test and the version that is adapted to detect the edge jump, assessing performance through type

I error rates and power. Results are shown in Figure 3.4.

P(S=0) = P(S=0)=0.1
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Figure 3.4: Power of two versions of hypothesis test, where the marker S follows a mixture
of a U(0,1) distribution and a point mass at zero, displayed for three propensity scores gs,o
(“P(S=0)=0" = '), “P(S 0) 0.1" = 3%, “P(S=0)=0.4" = §{*%) and two conditional survival
functions (“Cox PH” = 0 , “Step” = ng)).

When the true conditional survival function follows a Cox model, the power of the edge-adapted
test increases relative to the power of the standard test as the percentage of observations for which
S = 0 increases. We also observe that the edge-adapted test has higher power when there is no
mass at the edge, but this is because it is invalid in this scenario, as evidenced by the inflated type
I error rates. When the true conditional survival function is an edge jump, the standard version of
the test has no power regardless of effect size, as expected. On the other hand, the edge-adapted
test has power that increases as the effect size increases and as the percentage of observations for
which S = 0 increases.

In section 3.7, we provide analogous results corresponding to the two other choices for fOS X that

were used in section 3.3 (also with and without the addition of point masses at the edge). The
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results are qualitatively similar to those in Figure 3.4.

3.4 Immune correlates analysis of the Coronavirus Efficacy (COVE)

trial of the mRNA-1273 COVID-19 vaccine

In this section, we illustrate the use of our estimation and hypothesis testing methods using the
dataset from the Coronavirus Efficacy (COVE) placebo-controlled phase 3 trial (NCT04470427) of
the mRNA-1273 COVID-19 vaccine, conducted across 99 sites in the United States starting in July
2020. In this trial, 30,420 adults aged 18 or older with high risk of SARS-CoV-2 infection or severe
COVID-19 disease were randomized at a 1:1 ratio to the vaccine arm or the placebo arm. Overall
vaccine efficacy was estimated to be 94.1% (95%CI: 89.3% to 96.8%) (Baden et al., 2020), with 185
instances of symptomatic COVID-19 disease in the placebo arm and 11 instances in the vaccine
arm, leading to the United States Food and Drug Administration (FDA) giving an Emergency Use

Authorization for the vaccine.

Gilbert et al. (2022b) assessed four immune markers as potential correlates of protection, in-
cluding IgG bAbs to the spike protein, IgG bAbs to spike receptor binding domain (RBD), 50%
inhibitory dilution (ID50) nAb titer, and 80% inhibitory dilution (ID80) nAb titer. Measurements
were taken at both day 29 and day 57 post-vaccination. The authors used a variety of methods,
including marginalized Cox proportional hazards models (Gilbert et al., 2022a), nonparametric tar-
geted minimum loss-based threshold regression (van der Laan et al., 2022), and mediation analysis
(Benkeser et al., 2021), concluding that all four markers were associated with vaccine efficacy.

Here, results for two representative markers, RBD and ID50, are presented, with results for the
other two markers given in section 3.8. Figure 3.5 shows CR and CVE curves for the IgG bAbs
to spike receptor binding domain (RBD) marker, estimated using both a Cox proportional hazards
model and the nonparametric estimator, along with pointwise 95% confidence intervals. Subfigures
(3.5a) and (3.5b) correspond to the day 29 marker measurement whereas subfigures (3.5¢) and

(3.5d) correspond to the day 57 measurement.

Figure 3.6 shows analogous results for the 50% inhibitory dilution (ID50) nAb titer marker. The
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Figure 3.5: Controlled risk (CR) and controlled vaccine efficacy (CVE) curves for the IgG bAbs to spike
receptor binding domain (RBD) marker, measured at days 29 and 57. Curves are estimated using a Cox
proportional hazards model (purple) and the nonparametric estimator (blue). Grey lines in the CR plots
represent the vaccine group risk and the placebo group risk, and the grey line in the CVE plot represents
overall vaccine efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms repre-
sent the estimated marginal distribution of the marker.

edge correction described in section 3.1.7 was used for the day 29 ID50 measurements (subfigures

3.6a and 3.6Db).

Finally, in Table 3.1, results are displayed for the hypothesis test described in section 3.2 for
the two markers considered above. P-values corresponding to the ID-50 marker at both day 29 and
day 57 are significant at the a = 0.05 level, although this does not account for multiple testing.
The standard version of the test (rather than the edge-adapted version) was used, as the estimated

marginal distribution of the marker has less than 10% mass at the edge for both markers at both
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Figure 3.6: Controlled risk (CR) and controlled vaccine efficacy (CVE) curves for the 50% inhibitory dilution
(ID50) nAb titer marker, measured at days 29 and 57. Curves are estimated using a Cox proportional
hazards model (purple) and the nonparametric estimator (blue). Grey lines in the CR plots represent the
vaccine group risk and the placebo group risk, and the grey line in the CVE plot represents overall vaccine
efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent the estimated
marginal distribution of the marker.

time points; this decision rule was explained in section 3.2.4.

Marker Day | P-value
IgG bAbs to spike receptor binding domain (RBD) | 29 | 0.1384
IgG bAbs to spike receptor binding domain (RBD) | 57 | 0.9342
50% inhibitory dilution (ID50) nAb titer 29 | 0.0007
50% inhibitory dilution (ID50) nAb titer 57 | 0.0425

Table 3.1: Hypothesis testing results for RBD and ID50 markers, measured at days 29 and 57.

Interestingly, although all of the CVE curves depicted in Figures 3.5 and 3.6 appear to be
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nonconstant, the results in Table 3.1 do not support rejecting the null hypothesis at the o = 0.05
level for the IgG bAbs to spike receptor binding domain (RBD) marker. The apparent contradiction
between the estimation and testing results for this marker (when measured at day 57) may be due
to the edge bias issue of the estimation procedure leading to the change in the marker being

overestimated, as the hypothesis test does not have this issue.

3.5 Discussion

In this chapter, we described and studied a method that allows for nonparametric inference on
the CR and CVE curves under the assumption that these curves are monotone. Our method can
be seen as a generalization of the work of Westling et al. (2020), which combines ideas from the
literature on shape-constrained nonparametric inference and on causal inference. Westling et al.
(2020) noted that a natural extension of their work would be to extend the methods to settings
in which a coarsened version of the full data are observed, and in this work we performed this
generalization when the outcome is right-censored and the biomarker is observed subject to two-
phase sampling. We chose to focus on the types of coarsening commonly encountered in vaccine
efficacy trials, and further research could focus on similar extensions to other types of coarsening,
such as left-truncation or missingness in the covariates. Additionally, theory could be developed to
allow for the hypothesis testing approach taken in section 3.2 to be generalized to settings in which
interest lies in testing the constancy of any arbitrary function assumed to be monotone. As part of
this work, it would be useful to see if choices for Fj other than the standard uniform distribution
lead to increased power, and to study the behavior of such tests in the context of local alternatives.

Several improvements may be possible to the estimation and inference procedures studied in this
work. First, as discussed in section 3.1.3, the validity of the pointwise confidence intervals around
M, depends on the assumption that the true function rps ¢ is strictly decreasing (rather than just
nonincreasing). This assumption may not be the case in practice, and if the estimated curve has flat
or nearly-flat regions, the estimated derivative 7/, may be very small, resulting in unrealistically
narrow confidence intervals in finite samples. Theoretical work that allows for pointwise confidence

intervals to be constructed that are valid under the assumption that rj; o is nonincreasing would
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be valuable. Second, it is somewhat odd that our method (as well as the methods of Westling
and Carone (2020)) assume that the true function is differentiable, yet the estimator is always a
nondifferentiable step function. Given this, it may be worth considering a procedure that allows
for smoothing of the estimated function, ideally in a way that is asymptotically negligible. Such a
smoothing procedure may result in better finite sample performance and an estimator that is more
realistic and intuitively appealing to researchers. Third, it would be desirable to have a principled
way to choose the cutoff points defining the range of the marker for which the estimated function
is displayed, as described in section 3.1.7. Fourth, while the NPCVE estimator is constrained by
construction to be monotone, the pointwise confidence limits are not, in the sense that the functions
s — [l(s) and s — u(s), where [(s) and u(s) are the confidence limits of 7y, ,, may not be monotone.
Intuitively, this would be a desirable property; further theoretical work may be necessary to achieve
this. Fifth, it would be useful to extend the approach taken in this work to settings in which the
biomarker can be nonzero in the placebo arm, for which the CVE surface (Gilbert et al., 2022a) is

of interest.

It is also worth noting that in the construction of our estimator, we chose to construct the
empirical distribution function FX using data from the vaccine group only, rather than both the
vaccine and placebo groups, even though the latter approach would lead to greater precision. We
chose not to do so because in practice, researchers often use machine learning techniques to construct
a so-called baseline risk score, a single continuous variable that predicts the risk of experiencing the
outcome by time t(, using baseline covariate data in the placebo arm Fong et al. (2022). This model
is then used to construct the baseline risk score in the vaccine group, which is then considered as
part of the covariate vector X and used for inference. Therefore, using the placebo covariate data
to also construct X would constitute a form of double-dipping (in this case, creating dependent

covariates but treating them as independent, thereby invalidating inference).

Because the CVE curve was defined recently, the only other method that has been studied for
estimation is the Cox model approach of Gilbert et al. (2022a). As our simulations demonstrate,
this method leads to substantial bias and undercoverage if one or more of the assumptions of

the Cox model are incorrect in a given setting. The main advantages of our method relative
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to the Cox model approach are that (i) it does not assume proportional hazards or a log-linear
form of the conditional survival function predictor, and (ii) the conditional survival function @,
conditional censoring function QOC, and density ratio go can be estimated using flexible machine
learning techniques. Several disadvantages of our method relative to the Cox model are (i) if the
Cox model is correct, our estimator has higher variance, (ii) the Cox model does not have the edge
bias issues of our method, and (iii) while the Cox model implicitly assumes monotonicity of rpy g, it
does not assume the direction of monotonicity and also allows for valid inference in the case when
rum,0 is constant. In the future, it may be worth considering nonparametric estimators that make

different assumptions, such as assuming a degree of smoothness of 7379 rather than monotonicity.

This work focuses on a setting in which a single biomarker is of interest, but in practice, there
are often many possible biomarkers available. As such, it would be desirable to have some way
of quantitatively differentiating two or more biomarkers based on their usefulness as individual
correlates of protection. Additionally, it will be useful to see if there is a principled way to combine
multiple biomarkers into a single marker that serves as a better correlate of protection than any of

the biomarkers do individually.

3.6 Proofs

3.6.1 Proof of Theorem 3

Theorem 3 is an adaptation of Theorem 4 of Westling and Carone (2020) to our setting. Therefore,
our strategy will be to derive conditions under which the estimator I',,(u) is asymptotically linear
(for fixed u) and then to show that conditions A4-A5 and B1-B5 of Westling and Carone (2020)
(which are referred to as WC.A4, WC.A5, etc.) are satisfied. This will require the introduction of
regularity conditions (A4) — (A11l) below. Throughout, we make use of empirical process notation,

denoting Py f == Eo{f(O)} and P, f =n"1 3", f(O;).
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Asymptotic linearity of I';,(u)

Here, conditions are provided under which the estimator I'y, (u) is asymptotically linear for fixed w.

Define the remainder term

Ry, (u) == fn(u) —To(u) + Ey {cpryn(O, u)} ,

where ¢r ,, is an estimator of the influence function ¢r g of I';,(u) given in (3.4). I'y(u) is asymp-

totically linear if the following three conditions hold:

1. Rrp(u) = 0p(n_1/2),

2. E() {(me(O,u) - (,01“70(0, u)}2 = Op(l)

3. 0= ¢rp(o,u) — ¢ro(o,u) falls in some Donsker class with probability tending to one.
The remainder term can be

First, conditions are provided under which Rr,(u) = op(n~/2).

expressed as

Rrn(u) = Tn(u) — To(u) + Eo {rn(0,u)}

f‘n(u) — F(] (u) + EO

+ (X, u)] — 2T, (u)

I(S < w)wn(0) } + Eo {I(S < w)iarn(S)} + Eo{na(X,u)} — D (u) — To(uw)

- EO{ gn(X, S)
= FEy {I(ng(g{)’c?)(O) } + //I(s < u) {1 — Qn(to | , s)} dFOS(s)de(a:)

+ //I(s <) {1 - Qulto|z,8)} dES(s)dES () — P(u) — To(uw)

Adding and subtracting terms, this can be expressed as

18 0 {Qolts | X, 9) = Qulta | X, )} 1 {I(S < wwn(0) } 0 (3.17)
gn(X,5) S

gO(Xv S)

RF,n (U) = EO
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where

7"7(3) :—//I(s gu){1—Qn(to\x,S)}d(Fég—Ff)(s)d(Frf_F()X)(w)'

Putting this aside, it holds that:

(S < )} (0)
EO{ gn(X,5) }
IS <)} AI(Y < ty) tonY Ay (du| X, S)
= ol xs) el S>{Qn<wx, S0ITES ol Sorl H
(I SI(y < to) fo %5y, 5] X, S)
~ (gn<X 5) @nllol X [// X950 X5 P

o 1Y > u)Ay(du| X, S)
‘EO{ 0 Qn(u\X,S)QS(u\X,S)‘X’S}

)

YA|XS(

= F d
(X, S) Q1 X, 5)Q0(y| X,5) ¥

- /to Py(Y >u| X,S)A,(du| X, S)
0 Qn(u] X,8)Q% (u| X, 9)

: I(S < )Qn(to\XS){/I(y<t0) 1]X,58)

~—

:EO{I(SSU) (10| X..5) 0 Qo(u] X, 9)QF (u] X, S

ga(X,5) T Qn(UIX,S)Qg(MX,S)(AO_A")(du|X’S)}

Adding and subtracting terms, it follows that

Fo {I(ng(gf),u;l)w) }

o JIs <w © Qo(u| X, ) (2)
_Eo{MQn(tMXaS) ; W(Ao—An)(du\XaS)}+rn ,

(3.18)

where
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@ _ g |5 =w)
r® = E, gn(X,S)Q"(tO|X’S)
o Qo(u| X,9)Qf (u] X, S) 1 1
0 Qn(u] X, 5) T X.9)  0CGu|x,9) (Lo~ AnldulX.5).

Next, using the Duhamel equation of Gill and Johansen (1990), it holds that

o Qo(u|x,s)

Qulto|28) = Qolto|,5) = Qulto] z.5) [~ HET2s

(Ao — Ap)(du|z,s).

Plugging this into (3.18), it follows that

I(Sgu)wn(o) _ I(SSu){Qn(tOIX?S)_QO(tO‘XWS)}
EO{ gn(X, S) } =Fo [ n(X, 9) .

Finally, plugging this into (3.17), it follows that

n n n

Rrn(u) =) + ¢ 4¢3

where

r) = Eo | 1(S < u) {Qu(to| z,5) — Qo(to | z,5)} {gn()lf S) go()l( S)}

Next, we will show that each of the three components of Rr,(u) is op(n~'/2). Doing so requires

the following assumptions:

(A1) The following terms all converge to zero in probability:
2
0 [ [ 16 < 0Qutto 095 - )| di0) = o1
2
) [ |16 = 0 {Qulto.5) = Qutto 2.0}t — F)0)| ari (o) = opi1);

2
{ sup | @0l X.8) _ Qoto| X, S) ’} ’I(S =0) = s} = op(1) for s € {0,1};
te[0,to]

(A2) The following rate conditions hold:

(iii) Eo
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(i) Eo

0 Qo(u| X, S) {Q€<urx,s>

o - U = op(n~Y?);
0 Qn(u|X,S) Qg(U’X,S) 1}(A0 Ay)(du| X, S) p( );

1/2

1/2
= op(n~1/?).

2
(ii) [Eo {Qnlto| X, 8) — Qo(to | X, S)}Q] Eo {gn()l(, S) go(;a S)}

Condition (A1) requires that certain second-order remainder terms do not contribute to the limiting
distribution of I';,(u). Roughly speaking, (A2) requires that the estimators of the conditional
survival function @y (and thus the conditional cumulative hazard function Agp), the conditional

censoring function Qg , and the density ratio function gg converge quickly enough.

To begin, first note that 7“,(11) can be written as

i = [ ha@d(FY - (o),
where
— S S
hp(z) = /I(s <u){1—Qnlto|z,s)}d(Fy — F)(s) (3.19)
By (Al.i), it holds that Pyh2 = op(1). Next, assume that

(A3) h,, falls in a Py-Donsker class with probability tending to one.

Using Theorem 19.24 of Van der Vaart (2000), it follows that rd) = op(n~1/?). For the second
component of the remainder term (and elsewhere in the proof), it is useful to assume that certain

nuisance quantities are uniformly bounded away from zero. Specifically, assume that

(A4) There exist positive numbers e, €, and €. such that Py-almost everywhere, it holds that

m0(0) > ez ', go(w,s) > e, 1, and QF (to |z, s) > €, 1.

Then (A2.i) and (A4) jointly imply that

MLQ)‘ < €¢gEp

© Qo(u] X, S) {Q€<u|xjs>

o - u =op(n~Y?).
Qn(u|X,9) | QC(u| X, S) 1}(/\0 Ap)(du| X, S) Pl )
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Roughly speaking, condition (A2.i) requires that the estimator of the conditional survival function
Qo (and thus the conditional cumulative hazard function Ag) and the estimator of the conditional
censoring function QOC converge quickly enough. For the third component of the remainder, the
Cauchy-Schwartz inequality and (A2.ii) imply that

o

I(S < U) {Qn(t()’X?S) - QO(tO ’X’S)} {gn()lf,S) - 90()1(7 S)}

1/2 1 R
2
< (Eo {Qn(to| X, S) — Qolto | X, E -
_(O{Q(o| S) — Qo(to | S)}) (O{gn(X,S) go(X,S)}>
= op(1)
Given the results above, if conditions (A4) — (A3) are assumed, then it holds that Rr,(u) =
op(n~1/2). Next, conditions are provided to guarantee that Ej {era(0,u) — oro(O, u)}2 =op(1).

First, assume that

(A5) The following terms all converge to zero in probability:

2
} = Op(l);

2
i) £0{ [{@utol2.5) - Qulta |, SNaF - F¥)(a) ) = o1

, 1 1 2
) Eo {gn(?ﬂ S)  go(X, 5)} = op();

1 1
QY(t|X,S)  QF(t|X,S)

(ii) Eo{ sup

te(0,to]

(iv) / {Qnlto|2,0) = Qo(to| =,0)}d(F,\ — Fy*)(x) = op(L);

(v) Eo{qn(O,u) — qo(O,u)}? = op(1).

This assumption requires that certain second-order remainder terms tend to zero. Next, note that
5
@F,N(Ov u) - @F,O(Ov U) = Z Dj,’um(o) 5
j=1

where

91



_ 2(s<u) [ wn(o)  wo(o)
Drante) = T 0 - )
Ds yn(0) = Zliz(f)u) {Frin(s) — rao(s)}
Do) = {1~ =} {anlo) ~ mfo.)}

Ds,un(0) = 1n(z,u) = no(x, u),
D6,u,n(0) =2 {FO(U) - fn(u)} :

By the triangle inequality, it holds that

2
5 1/2
Eo {¢rn(0,u) — ¢ro(0,u)}* < {Z (PODJQUTL> } :

J=1

We proceed by bounding each term PyD?  individually. To bound POD%WL7 note that

Ju,m

where
21.1(0) :_{ 11 }{Qo(to\x,s)él(ygto)_/to/\yQo(t0|x,s)A0(dt|x,s)}
’ gn(@,5)  go(x,8) ) | Qoylz,s)QF (ylz,s) Jo  Qo(t|z,)QF (t|x,s) |’
Q 1 (0) = 6I(y < to) {Qn(tol‘,s) B Qo(to\l‘»s)}
’ gn(2,9)Q5 (y|z,5) | Quly|z,s)  Qoly|z,s)
(o) o ML S 10)Qulto|2,5) { ! ! }
" gn(,5)Qn(ylz,5) | QS(ylz,s)  QF(yla,s) [’
1 Ny Qo(to |, s 1
)= o | ) (@ g }AO Aes),
s (0) 1= — /tOAy{Qo(t0|$aS)Ao(dt|$ 5) _ Qulto|z,5)An(dt| 2,5 }
" gn(x,8) Jo Qo(t|z,s)QS(t|x,s)  Qult|z,s)QF(t],s)
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We proceed by bounding each term POQ%,H, ...,P()Qg’n individually. To bound POQ%n, first note

that

1 1 2
P2, < €’F { — }
0% = 0 gn(XvS) go(X,S)

{‘AI(Y Sto)Qo(to|X75)‘

/tOAY Qolto | X, 9)Q5 (Y | X, S)Ao(dt| X, S)
0 Qo(t] X,9)QF (] X,5)

/toAY Qolto] X, S)Ao(dt| X, ) ’}2
0 QO(t‘Xv S)

QO(Y|X7‘S)

/]

< e2Fy

{gnolc, 5~ WS }{1 *

Using the identity fg Q) {Q(u)}1A(du) = 1 — Q(t), which holds for any survival function (and

corresponding cumulative hazard function), it holds that

P, < €2Ey

1 1 2 ,
{gn(X,S) N go(X,S)} {1+ ’1 —Qo(to/\Y|X,S)|}

<462E{ ! o }2
o 0 gn(X,S) gO(X,S) .

By (A5.i), it holds that PoQ%n = op(1). To bound POQ%W note that (A1.iii) implies

— ~g-c

2 92 9 Qn(to| X,S5)  Qolto| X,5)
oo < ¢ E°{Qn<Y\X,S> - Qo(Y!X,S)} =or();

and similarly, for POQiQ’,,nv (A5.i1) implies

1 1
b - —op(1).
0%, < € O{Qg(y‘st) QOC(YX,S)} op(1)

To bound POQ?L”, note that

1 1 /tOAY Qo(to] X, S)
0

2
Qu(t] X, 5) ol X, 5>}

PyQ? n < €2Fy{ sup —
BT ool | QS (1 XLS) QS (E] X, S)

2
o, 1 - 1 B
—EgEo{tes[gEO] Q0(1X,5) ~ Q0| X, 5) {1 Qo(th,S)}}

2
1 1
= &E, sup — .
970 o | QS (1 X, S) QS (] X, 9)
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Then (A5.ii) implies that POQ?L” = op(1). To bound Poﬁgyn, an argument identical to one used in

the proof of Lemma 3 in Westling et al. (2021), omitted for brevity, can be used to state that

P()Qén S GEEO

/w {Qn(to\x,s)An(dt\m,s) B Qo(to|m,s)A0(dt]a:,s)} ’
0 Qu(t|z,8)QF (t|z,5)  Qo(t|z,s)QF (], s)

}2

Condition (Ab5.ii) implies that PoQ%n = op(1). Combining these results, it follows that PyD7,, =

Qn(to | z, S) _ QO(tO ‘ JI,S)
QnY|z,s) QoY |x,s)

< 36!2]621E0 sup
te(0,to]

op(1). Next, we bound PyDj,,. Given that
PyD3 < €xBo {Farn(S) — TM,O(S)}2 ,

it suffices to bound Py(7ar,n — T‘M70)2. It holds that

2
PoFatn — raro)? = Fo { [(@uttol.9) — Qutto 2. S0 (2) + [ Quto . S)a(FY — B ><x>}

< {(Eo {/{Qn(to |z, S) — Qo(t0|$75)}dFoX(fE)}2>
- (EO {/Qn(tg |z, S)d(FX — F§)(x)}2>1/2}2.

For the first term above, Jensen’s inequality and (A1l.iii) imply that

1/2

X 2 Qn(to|z,8) — Qo(to|x,9) |, _x|s 2
Eo{/{Qn(to\x,S)—Qo(to\x,S)}dFO (3:)} —EO{ ) dF; (x|5’)}

2
< &E { / {Qulto] 2, 8) — Qo(to |z, 5)}dFy (x| S)}
< By {Qulto] X.8) — Qolto | X, 5)}

= OP(l)v

For the piece on the right, first note that
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Eo { / Qolto |, S)d(FY —F5<><x>}2

/ / / Qolto |71, 5)Qo(to | 72, $)AFS (5)d(FX — F)(an)d(FX — FX)(x2)
_OP

Using (Ab.iii), it holds that

5o { [ uteal . syace - F0X><x>}2

2
—Eo{/@otorxs> (7Y = F)@) + [{Qulto].5) — Qolto |, NA(ES — ) (a >}

2
< {(Eo {/Qo(tolxas)d(ﬂf —FoX)(ﬂ«“)} )
o 1/27 2

+ <Eo {/{Qn(to\x,S) — Qo(to| =, S)}d(F,¥ —F()X)(ﬂf)} > }

=op(1l).

1/2

Therefore, it is the case that PyD3,, ,, = op(1). Next, to bound PyDj,, ,,, note that (A5.v) implies

that

2
{1 - z} {an(0,u) = ao(o, u)}] < (ex = 1)°Eo {an(0,u) = ao(0,u)}” = op(1).

PD?,  =E
04 ,un 0 7'('0(0)

Next, we bound PyD? un- 1t 1s the case that

D3, , = /{/1(8 < u{l — Qulto |2, 8)}d(Fy — Fg)(s)

2
+/I(5 < u){Qo(to|z,5) —Qn(tolﬂfaS)}chf(S)} dFg (x)

2

9 1/2
= {(Poh%)l/Q + (/ {/I(s <u){Qn(to|x,s) — Qo(t0|x,s)}dF69(s)} dFOX(x)> } )

It was already shown that Pyh2 = op(1). To bound the term on the right, note that Jensen’s
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inequality and (A1.iii) imply that

2
/ { [ 16 < wi@uttol2.9) - Qutt rx,s>}dF§<s>} dF ()
< / / I(s < W){Qulto | 2,5) — Qolto |z, 5)}dES (s)dES (x)
< / / {Qulto | 2,5) — Qolto| z, ) dFS (s)AFS (2)

= Op(l) .

Thus, it is the case that POD%,u,n = op(1). Next, to bound POD(Q)‘,u,m it is sufficient to show that

In(u) — To(u) = op(1). First, note that condition (A5.iii) implies that

/ / {Qulto | 2,5) — Qolto |z, 5)}dFS (8)d(FX — FX)(x) = op(1).

On the other hand, since the function h,, as defined in (3.19) belongs to a Donsker class with

probability tending to one, it holds that

Pohy = //I(s <u){1 — Qn(to|x,8)}d(FS — F5)(s)dFX (x) = op(1). (3.20)
Adding and subtracting I'g(u), it follows that

{Fatw) ~Tow} + [ [ 16 < w){@ulto] 2.5) - Qulto . 5)dFF (5)aF (z)
+ //I(s < u){1 — Qo(to |z, s)}dFy (s)d(Fs — FX)(z) = op(1).
The second term in the sum above is op(1) by (Al.iii) and the third term is op(1) by the weak
law of large numbers. Therefore, it follows that T',,(u) — Tg(u) = op(1), which in turn implies that

POD(Q)‘,u,n = op(1). Combining the results above, it holds that

Eo{orn(0,u) — ¢ro(O,u)}* = op(1). Finally, assume that
(A6) 0+ ¢rn,(o,u) — ¢ro(o,u) falls in some Donsker class with probability tending to one.

Then conditions (A4) — (A6) jointly guarantee that I',(u) is an asymptotically linear estimator of
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I'o(u) for each u € [0, 1]. As discussed in section 3.1.6, condition (A6) can be avoided through the
use of cross-fitting.
Satisfying conditions WC.A4 and WC.A5

First, note that the class of functions {0 — z/mg(0) : u € [0,1]} has a single element and is
uniformly bounded. Since the class of functions {0 — I{s < w:wu € [0,1]}} is Py-Donsker, the class

of functions equal to the pointwise products of elements of these two classes

{o — s o0(0,u) ru € [0, 1]} ,

where ( )
zI(s <u
o,u) = ————=
S0§70( ) 770(0)

is Py-Donsker as well. Therefore, it follows that

n sup Z¢§001)u ( ) :OP(1)7

u€(0,1] n

which in turn implies

n'/? sup Z<P§0 Oy, u) — Fy (u)| = op(1).

uG[Ol i—1

Thus, condition WC.A4 is satisfied. Next, assume that
(A7) |I(Tn = To) = raro(w)(E7 = F§)loo o) = op(1).
This is equivalent to condition WC.Ab.

Satisfying conditions WC.B1 and WC.B2

We start by introducing additional notation and definitions. The bracketing number Ny (¢, G, L2(P))

is the smallest number of e-brackets needed to cover the class G with respect to the La(P) norm and
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the covering number N (¢,G, L2(Q)) is the minimum number of e-balls in L9(Q) required to cover

G with respect to the Ly(Q) norm (van der Vaart and Wellner, 2013). Next, define the following:

Gut =0+ @ro(o,u—+t) — prolo,u) — raro(u) (p50(0,u+1t) — @go(o,u)) ,
gu,R = {gu,t : |t| < R},

Gu,r = envelope function of G, r .

Given these definitions, it is assumed that

(A8) There exist constants C' > 0 and V' € [0, 2), for all € € (0,1] and R small enough, such that

cither log Ny (€||Gu,r|| Py,2: Gu,rs L2(Po)) < Ce™Y orlogsupg N (€||Gu,rll0,2, Gu,r, L2(Q)) <

CeV:

(A9) PyG?

u

r=O(R) and PoGi,R{RGu,R >n} =o(R) as R— 0 for all n > 0.

Conditions (A8) and (A9) are restatements of conditions WC.B1 and WC.B2, respectively, in our

setting.

Satisfying condition WC.B3

Next, define
Yo(t1,t2) = Ey [{SOFO,O(O,H) — 1,0(w) 50,00, 1) } {ory,0(0,t2) — TM,O(U)SO§0,O(Oat2)}} (3.21)

to be the covariance function of the Gaussian process to which {Gy,[¢r,,0(O,t) —raro(u)ps, 0(0,1)] :
t € (0,1)} weakly converges. The function (¢1,t2) — Xo(t1,t2) drives the asymptotic behavior of

rMn- Also, define the following for convenience:
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o (0) 1= — { e +7~M,o<s>} ,

mo(0) Lgo(,s

2 (0,u) = {1 - WO()} 40(0.4) + mo(, ) — 2T ()
o 0) = WOZ(O) :
z S u
eio(0.u) = — f(;)(g))

Next, define

Sh(t1.te) = Eo {I(S < t)eH (0030, 12) + o 2(0,11) { (S < 12)14(0) + ¢34 (0, m}]
— rar0(w)Eo [f(S < 1)ef(0)e(0(0, t2) + o 2)(0. 1) {18 < 12)¢((0) + ¥ (0, m)}]
— raro0(u)E [I(S < )N (0)p((0, 1) + ¢ (0.12) {1(S < 11)(3(0) + 63 (O, m}]

)

+ {raro(u)}* Eo {I(S < t)el g (0)p{0(0,t2) + 6 (0,11) {1(5 < 12)¢{{)(0) + {3 (O, m}] .
Then it is the case that

So(ty, o) = Si(t, 1) + Eo [I(S <t Aty) {¢;{g<o> — raro(u) e,

o~
o —
—~
~—

——

[\

| E—

7 { w()(O)
{m(0)}* Lg0(X,9)

= S5(t1,t2) + Eo | I(S <t Ato)

Iterating the expectation twice, it follows that
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Yo(t1,t2) = 35 (1, t2)

+ Eo {Eo (Eo

Written in terms of integrals, this can be expressed as

wo(0)

Z
I(S st A t2) {ﬂo(o)}2 {90(X7 S)

S,X] X>}

2
+raro(S) — TM,O(U)}

Zgo(z,s)

Yo(t1,t2) = Xg(t1,t2) + //I(S <ti ANt2)Ey {mo(z,Y,A)}2

x{wO(x’Y’A’S) S=s5,X==x

S X
PEW dFY (s)dF¥ (x).

2
+rao(s) — ?"M,o(u)}

This satisfies the form of equation (3) of Westling and Carone (2020), as it can be written as
t1Ato
Zo(tl, tz) = Eg(tl, tz) + / / Ao(tl, ta, s, x)Ho(dS, a;)Qo(da:)
—o0
where

Ao(tl,tg,s,a?) = EO S = S,X =T ,

2
+rao0(s) — TM,O(U)}

Zgo(x,s) {wo(:c,Y,A,s)
{mo(z, Y, A)}2 go(z, s)

Ho(s,z) = Fy (s),

Qo(x) = FOX (z).

Condition WC.B3a is satisfied, since X§(t1,t2) = 2§ (t2, 1) and is continuously differentiable within
a neighborhood of u for each u € (0,1). Additionally, condition WC.B3b is easily satisfied; since
Ap(t1,te, s,x) does not depend on ty or tg, it trivially holds that Ag is differentiable in ¢; and to,

with a derivative of zero, and that Ag(t1,te, s, x) = Ao(te,t1,s,z). Next, assume that

(A10) The following smoothness conditions hold:

(i) s— F(‘)g |X(s | ) is continuously differentiable over (0,1) for F3*-almost each z;

ii) s — Qo(to|z,s) and s — QS (to|x,s) are both continuous in s for F;X-almost each
0 0

x.
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These conditions help us to verify WC.B3c and WC.B3d. By assumption, it holds that s +— ras0(s)
is continuous over (0,1). Also, since s — Fg lX(s | r) is continuous over (0,1) for F;X-almost each
x, it follows that s — go(z,s) is continuous. Finally, since s + Qq(to|z,s) and s — QS (o], s)
are both continuous in s for FOX—almost each z, it follows that s — wo(z,vy,d,s) is continuous for
FOX -almost each z. Since s — Ag(u,u, s, z) is an elementary function of these component functions,
it is continuous at s = u for u € (0, 1) uniformly in 2 over the support of Fg*. Condition WC.B3d
is satisfied since s — Ho(s,z) = Fy'(s) does not depend on z, is nondecreasing over its domain, and
is continuously differentiable at each s € (0, 1), since s — Fg ‘X(s | £) is continuously differentiable

over (0,1) by assumption.

Satisfying conditions WC.B4 and WC.B5

Next, define:

K,(9) = n2/3 sup |Rrn(u+t) — Rr,(u)l,
t/<on—1/3

and assume that

(A11) K, (8) = op(1) for all § > 0 and for some a € (1,2), § — 6~ *Ep{K,(d)} is decreasing for

all § small enough and n large enough.

This condition corresponds to conditions WC.B4 and WC.B5, and guarantees that the stochastic
remainder term R, (u) does not affect the limit distribution. Finally, we must derive the form of

the scale factor 79(u). This is defined as

1/3
47'“M,o(u)/€o(u)] (3.22)

rolu) = [ T

where 7570 is the derivative of 77, and where
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ko(u) == fos(u)Eo{Ao(u,u,u,X)}

2
. Z{ f§ (wwo(X, Y, A,u)} oy
_= :u,
U Y ) x) {01

Plugging in the form above for ro(u) into (3.22), it follows that

A 1/3
TMO
= {2 s-ux|)}
{4% ( 0[ {f§ (Wwo(X,Y, A, u)} Py(Z=1|X S=“>)}1/3
{5 S (w] X) {mo(X, Y, A)}2 ’
1 wo(X,Y, A u 2 v
{47‘1\/[0 ( S\X( ]X)E [{;E)(X,Y,A))} Zzl,Szu,X]gzp(x,s))}

1/3
_ {47'"1\/1,0(11) / ”0()}]?5’“)((“)’ Y g <x>}

Z{f§ (w)wo(X, Y, A, u)}?
T (] X) {0 (X, Y, A))2

Z=158=uX

This completes the proof. [J

3.6.2 Proof of Theorem 4
If 7pr0 is constant on (0,1), then 5y =0

Suppose s — rar0(s) is constant on (0,1). Then Og(x) = [ raro(t)dt = ca for some ¢ € R. Sy

can then be evaluated as

Bo = By [{Mdee = Aa.)(U = M)+ Oz = X, (U2 = 20,0)}00(D)]
= cB [{(M,dae = A3 ) (U2 = A1) + (g = X)(UP = 20,0}
= ¢ (Madd = Ao = Aeada + M)+ (Aasdas = AaX = AL+ AT o)

=0
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If 5y = 0, then r)7 is constant on (0,1)
Suppose Sy = 0 and assume that s — 770 is nonincreasing. Since rjs is nonincreasing, it must
be the case that Og(s) := [ rar0(t)dt is concave. Also assume that the distribution P satisfies

(A5 = M) (AT = Ag) — (N3 — Aadas)? # 0, (3.23)

where, as in section 3.2.1, A, == E3[U*]. Our goal is to show that rj; o must be constant over the
interval (0,1). This is the case if s — Op(s) is a linear function.

First, we prove that if 8y = 0 and equality (3.23) is satisfied, then the Pj-least-squares projection
of ©¢ onto the space of quadratic functions has a quadratic coefficient of zero. We begin by finding

the form of this coefficient. Note that this projection is given by the function
@OQ :uﬁao—l—alu—i-aqu,
where (ag, a1, a9) is chosen to minimize
E; [{GO(U) — (ag + onlU + aQUQ)}Q] (3.24)

The values (ag, a1, o2) that minimize (3.24) can be found by solving the system of equations

0

2
i [{@0(@ (g + ol + a2U2)} ] =0 for k € {0,1,2}.

Solving this system, the quadratic coefficient is found to be

By [{d2 = A3.)(U = A1e) + Oz = )02 = 20.)}00(U)
(>\37* - )\4,*)()\%’* - )\2,*) - ()\3,* - )\1,*)\2,*)2

(3.25)

By assumption, the numerator of (3.25) equals zero and the denominator of (3.25) is nonzero, and
SO @(? is a linear function. Next, assume for contradiction that rys is not constant on (0, 1). Then
Op is concave and nonlinear. We will show that @OQ cannot be a linear function, thus obtaining

a contradiction. Let @6“ represent the FPj-least-squares projection of ©¢ onto the space of linear
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functions. First, note that, since Qg is concave and nonlinear, @{J; necessarily intersects ©g at two
points; denote these points p = (z1,y1) and py = (x2,y2), with z; < x9. These are represented

by the two orange points in Figure 3.7.

0.6-
Pi ——
* P2
P
0.4- ® Pm
i / P
0.2-
0.0-
0.00 025 0.50 0.75 1.00
X
Function: [N & — Q

Figure 3.7: Quadratic pointwise improvement relative to a linear fit.

Our strategy will be to show that there exists a quadratic function @) that is a better approxi-

mation to ©g pointwise, in the sense that
1Q(z) — Bo(2)| < |©F (z) — Og(z)| Yz €[0,1]\ {21, 22} . (3.26)

The midpoint of the points p; and ps along @64 (represented by the blue point in Figure 3.7) is

&2”, %) If a perpendicular line is extended from p,, towards Oy, this line

the point py, = (
will intersect Og; denote this intersection point p; = (x;,y;) (represented by the green point in
Figure 3.7). Next, for any point p that lies on the line segment between p; and p,, (such that
P # pm), a geometric fact is that there is a unique quadratic function that passes through these
three points; denote this function by = — Qp(z). We will show that if a point p is chosen close

enough to py,, condition (3.26) are satisfied for Q = @,. First, note that as p moves towards p,,

such that the distance ||p — pm||o decreases, Q,(z1) decreases and Q,(x2) increases, where @, is
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the derivative of @Q,. Denote the slope of the line segment ¢ between p; and p; by s; and denote
the slope of the line segment ¢ between p; and ps by so. Note that both of these line segments
lie below ©g, since any line segment connecting two points of a concave function necessarily lies
below that function. If p is selected such that Q,(x1) < sy, then it is the case that Q,(x) < £1(x)
over (z1,;), and thus Q,(x) < O¢(z) < over (z1,x;), since the second derivative of @), is negative.
Similarly, if p is selected such that Qp(:cQ) > s, it is the case that Qp(z) < f2(z) over (z;,z2), and
thus Qp(z) < ©g(z) < over (z;, x2).

Next, consider the interval (0,x1). Select any line segment ¢ defined by the point p; and a
second point (0,y,), with y, chosen such that the slope of ¢ is greater than the slope of @6 but
less than the derivative of ©g at x1. By the concavity of Oy, it holds that © lies entirely below ¢
over [0,z1). Next, note that if p is chosen such that @,(0) > y,, by the concavity of @, it must
be true that ¢ lies entirely below @), over [0,z1). Thus, it holds that ©g(x) < @Qp(x) for x € [0, z1).
An analogous argument can be made to show that p can be chosen such that ©g(z) < @Q,(x) for
x € (w2, 1].

Therefore, if p is selected to be close enough to py,, it holds that O¢(z) < Qp(x) for z €
[0,21) U (z2,1] and Qp(x) < Og(x) for € (x1,x2). This implies that (3.26) holds with @ = @,
which in turn implies that @), is a better approximation to g in a Fj-least-squares sense than @OL .
Since @), lies in the space of quadratic functions and represents a better approximation to ©¢ than
@OL , the best FPj-least-squares approximation to Qg in the space of linear functions, it must be the
case that GOQ is nonlinear. Thus, we have obtained a contradiction, since we previously showed

that GOQ must be linear. Therefore, ©g must be linear, and so rjso must be constant on (0,1). O

3.6.3 Proof of Theorem 5

Many arguments used in the proof of Theorem 5 are analogous to those used in section 3.6.1 to
show that I'j,(u) is asymptotically linear, and so for brevity, we do not provide the same level of

detail. To begin, define the remainder term

R@,n(u) = én(u) - @O(U) — Ey {@@,n(oa u)} ,

105



where ¢g ,, is an estimator of the influence function g o of ©,(u) given in (3.15), and where

On(u) = //I(s <u){1— Qu(to|x,s)YdFX (x)ds.

As with 'y, (u), the one-step estimator ©,,(u) is asymptotically linear if the following three conditions

hold:

1. Ron(u) = oP(n_l/Q),

2. Ey {pen(0,u) — gOe,o(O,u)}Q =op(1)

3. 0= o n(o,u) — peo(o,u) falls in some Donsker class with probability tending to one.
First, conditions are provided under which Re ,(u) = op(n~'/2). First, assume that

(B1) There exists an €; > 0 such that f(‘)g‘X(s |z) > 6;1 for Py-almost all (s, z).

97 1/2
1/2 1 1
B2) |Eo {Qun(to| X, S) — Qolto| X, S)}° E - = —1/2y,
(B2) [Eo{Qulto] X.8) = Qulto] X, 9)}*] | Eo 50 RGN op(n~1/2)
Next, the remainder term can be expressed as
[ ZI(S < wwn(0) { Z } \
R n :E 1_7 n Oa n X7 _@
o.n(u) = Eo 0 (0175 (51 X) + w00 [ 4 (O, u) +n,(X, u) o(w)
. [1(S < w)wn(0) I(S < u){Qn(to]| X, S) — Qolto| X, 5)}
-0 S|X S|X
no (S1X) o (S1X)

Using arguments analogous to those used in section 3.6.1, it follows that

I(S < u)wy,(0)

(5] x)

2 (5] x)

5 [I(S < u){Qn(to| X, 8) — Qolto | X, 5)}] @

where
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_ (S < u)
'r'(4) = Eo [SX(Sm n(tO | X> S)

0 Qo(u| X, 9)QF (u] X, S) 1 ) ) o
0 Qn(ul X, 5) {Qg(uix,sv Qg(u|x,5)}<A0 An)(du| X, S)| .

This allows us to express the remainder as Rg n(u) = 7“7(1) + rﬁf), where

O

(S < u){Qn(to] X, S) = Qolto| X, S)}{ Slx(ls\X) S'X(lSIX) }]

Conditions (B1) and (A2.i) imply that

o X,8) | Qf(u] X,5)
D < ¢/ F Qolu] X, 0 2L 18 (Ao — Ap)(du| X, S)| = op(n~1/?
OB Quwl X | QuulX.s) |ty o Al XS =ort
The Cauchy-Schwartz inequality and (B2) imply that r) = op(n/2), and so Re ,,(u) = op(n~'/?)
as well.

Next, conditions are provided to guarantee that Ey {pen(O,u) — @@’O(O,u)}2 = op(1). As-

sume that
(B3) The following terms all converge to zero in probability:

2
, 1 1 .
(i) Eo { S 5 1) fDSX(SX)} =op(1).

(ii) Eo {3 (0,u) — do(0,u)}* = op(1).

(i) / / (Qolto |2, 5) — Qulto |z, 5)}2dFE (x)ds = op(1).

(iv) / / I(s < u){Qolto | 2. 5) — Qulto | 2, 8)}A(FX — FX)(x)ds = op(1).

Note that
@F,n(ov u) - (pF,O(Ov u) = Z Ej,um(o) )

where
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_2I(s <wu) wn(o)  wo(o)
El,u,n(0> = 71‘0(0) ng(S | x) 69|X(5 ’ $)

mo(0)

Baan(0) = {1 M ilo.u) ~ oo, 0}

ES,u,n(O) = 77:;(‘7:7 u) - 778 (xv u) )

Eyun(0) :=0¢(u) — Op(u).

By the triangle inequality, it holds that

2
4

1/2
Ey {909,71(07 u) - 30@,0(07 u)}2 < Z <P0E32,u,n)
=1

We proceed by bounding each term PyE? . individually. First, to bound POE%,UW (A4) implies

]7u7n

that

wn(0) B wo(0)
A CIP ORI CIPY

PE} ., < exEo (3.27)

Using arguments analogous to those used to bound PoDiu’n in section 3.6.1, (B3.i) implies that

POE%,WL = op(1). To bound POE%M”, note that
. - 2
POE%,u,n < (ETI’ - 1)2E0 {Qn(Oa u) - QO(Oa u)} .

Then by (B3.ii), it follows that PoE>, = op(1). To bound PyE? it follows from Jensen’s

2u,n 3,u,n’

inequality that

2

POE%u’n = / [/I(s < u){Qo(to|z,s) — Qnlto | x, s)}ds dFOX(x)
< / / I(s < u){Qolto | 2. 5) — Qulto | 2, 5))2dF (x)ds
< [ [1Qulto|2.9) = Qulto |, 9))dE (@)ds.
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Then (B3.iii) implies that POE%,u,n = op(1). Finally, note that

Oo(u) — (:)n(u) = //I(s < u){l — Qn(to ]w,s)}d(F,f( — Fé)()(x)ds
+ //I(s < u){Qo(to|xz,5) — Qulto |z, s)YdF;< (x)ds .

The second term on the right-hand side of this equation is op(1) by (B3.iii) since Jensen’s inequality

implies that

2

[ [ 165 < 0@t 0.9 - Qutto i )i
< //I(s < u){Qo(to ] z,s) — Qn(to | x, 3)}2dFOX(a:)ds

For the other term, it holds that

[ [ 16 < w1 = Quttal )BT - F)(a)ds
— / / 1(s < w{Qolto | 2,5) — Qulto | z,5)}d(F — F)(x)ds
+ [ [ 16 < w1 = Qutta 2, 9)}(FY ~ B @)ds
= [ [ 15 < u){@ulta.5) = Qulta . )}(EY ~ ) (w)ds + 0p (1)

Then by (B3.iv), it holds that POEium = op(1), and so it is the case that Ey {¢e»(0,u) — ve,0(0, u)}2 =

op(1). Finally, it is assumed that
(B4) 0 pon(o,u) — pe (0, u) falls in some Donsker class with probability tending to one.

Then conditions (A4), (A2.i), (Al.ii), and (A5.ii), as well as (B1) — (B4) jointly guarantee that
©,(u) is an asymptotically linear estimator of Og(u) for each u € [0,1]. As discussed in section

3.1.6, condition (B4) can be avoided through the use of cross-fitting.

This completes the proof. [J
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3.7 Additional simulation results

3.7.1 Estimation: point mass at the edge

This set of simulations is analogous to the set described in section 3.3.1, except the distribution of
S included a point mass at zero, based on the function gf’g described in section 3.3.2, resulting in
a point mass of roughly 40% at the edge. This gave us the opportunity to evaluate the operating
characteristics of the edge-corrected estimator described in section 3.1.7. Figure 3.8 shows that the
edge correction essentially eliminated the bias at the left edge (i.e., the lower limit of detection).
This is expected, as the edge-specific estimator is theoretically unbiased. At values of s just above
the edge, the bias was generally reduced as well. Towards the right edge of the interval, the edge
correction did not have a noticeable effect, as expected.
unif0,1) N(0.5,0.04) N(0.3+0.4x2,0.09)
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Figure 3.8: Bias of two estimators (“NPCVE” = nonparametric CVE, “Cox PH” = marginalized
Cox proportional hazards), displayed for three conditional distributions of S|X and two condi-
tional survival functions (“Cox PH” = (()1), “Complex” = (()2)). Dashed vertical yellow lines

represent the 10% and 90% quantiles of the marginal distribution of S.

Figure 3.9 highlights the effect of the edge estimator on confidence interval coverage. The

effect on coverage was not as pronounced as the effect on bias, but it was generally closer to the
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nominal 95% value at the left edge. The improvement was most pronounced when the marginal
distribution of the marker was standard uniform, since for this simulation scenario, we observed

poor undercoverage of the regular NPCVE estimator.

Unif(0,1) N(0.5,0.04) N(0.3+0.4x2,0.09)
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Figure 3.9: 95% confidence interval coverage of two estimators (“NPCVE” = nonparametric CVE,
“Cox PH” = marginalized Cox proportional hazards), displayed for three conditional distributions
of S|X and two conditional survival functions (“Cox PH” = (()1), “Complex” = 82)). Dashed

vertical yellow lines represent the 10% and 90% quantiles of the marginal distribution of S.

Figure 3.10 shows that there were massive improvements in terms of the standard deviation of
the estimator at the left edge. This is expected, since a substantial portion of the data were being
used specifically to estimate CVE((0) using an estimator that converges at root-n rate, and since

the nonparametric estimator is highly unstable at the left edge.

3.7.2 Estimation: empirical standard deviation

Figure 3.11 displays the standard deviation of the nonparametric risk estimator across simulation
replicates (labeled “empirical SD”) against the true asymptotic standard deviation (labeled “true
SD”). The two generally agreed in the interior of the unit interval, but the empirical SD was much

greater than the true SD towards the endpoints of the interval.
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Figure 3.10: Standard deviation of two estimators (“NPCVE” = nonparametric CVE, “Cox PH”

= marginalized Cox proportional hazards), displayed for three conditional distributions of S|X

and two conditional survival functions (“Cox PH” = él), “Complex” = 82)). Dashed vertical

yellow lines represent the 10% and 90% quantiles of the marginal distribution of S.

3.7.3 Hypothesis test with different marginal distributions of S

Figures 3.12 and 3.13 summarize results analogous to those given in section 3.3.2, but for different
conditional distributions f[‘)9 X Figure 3.12 displays results corresponding to the setting in which
this distribution was a mixture of a Normal distribution with mean 0.5 and variance 0.2 (truncated
to lie within [0, 1]) and a point mass at zero, for three different propensity scores §so and two
different conditional survival functions Q.

Figure 3.13 displays results corresponding to the setting in which this distribution was a mixture
of a Normal distribution with mean 0.3+ 0.4X3 and variance 0.3 (truncated to lie within [0, 1]) and
a point mass at zero, for three different propensity scores gs ¢ and two different conditional survival

functions Q.
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Figure 3.11: Empirical versus true standard deviation of nonparametric CVE estimator, displayed
for three conditional distributions of S|X and two conditional survival functions (“Cox PH” =
Qél), “Complex” = fo)). Dashed vertical yellow lines represent the 10% and 90% quantiles of

the marginal distribution of S.
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Figure 3.12: Power of two versions of hypothesis test, where the marker S follows a mixture of
a N(0.5,0.04) distribution (truncated to lie within [0,1]) and a point mass at zero, displayed for
three propensity scores gso (“P(S=0)=0" = gglg, “P(S:O):O.l” = gfg, “P(S=0)=04" = §§33)

and two conditional survival functions (“Cox PH” = 81), “Step” = Qés )
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Figure 3.13: Power of two versions of hypothesis test, where the marker S follows a mixture of a
N(0.340.4X5,0.09) distribution (truncated to lie within [0, 1]) and a point mass at zero, displayed
for three propensity scores g, o (“P(S=0)=0" = §£13, “P(S=0)=0.1" = §]£23, “P(S=0)=04" = fog)

and two conditional survival functions (“Cox PH” = 81), “Step” = (()3)).
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3.8 Additional data analysis results

In section 3.4, results were presented from data analyses of two of the four markers considered by
Gilbert et al. (2022b) in their immune correlates analysis of the Coronavirus Efficacy (COVE) trial
(NCT04470427) of the mRNA-1273 COVID-19 vaccine. Here, results are presented for the other
two markers, IgG bAbs to the spike protein and 80% inhibitory dilution (ID80) nAb titer.

Figure 3.14 shows CR and CVE curves for the IgG bAbs to spike receptor binding domain
(RBD) marker, estimated using both a Cox proportional hazards model and the nonparametric
estimator, along with pointwise 95% confidence intervals. Subfigures (3.14a) and (3.14b) correspond
to the day 29 marker measurement whereas subfigures (3.14c) and (3.14d) correspond to the day
57 measurement.

Figure 3.15 shows analogous results for the 80% inhibitory dilution (ID80) nAb titer marker.
The edge correction described in section 3.1.7 was used for the day 29 ID80 measurements (subfig-
ures 3.15a and 3.15b).

Table 3.2 displays hypothesis testing results for the two markers considered above. P-values
for the ID-80 marker at both day 29 and day 57 are significant at a significance level of a = 0.05,
although this does not account for multiple testing. Note that we used the edge-adapted test for
the ID-80 marker at day 29, as the estimated marginal distribution of the marker has greater than

10% mass at the edge.

Marker Day | Test version | P-value
IgG bAbs to the spike protein 29 Standard 0.6609
IgG bAbs to the spike protein 57 Standard 0.9283

80% inhibitory dilution (ID80) nAb titer | 29 | Edge-adapted | 0.0190
80% inhibitory dilution (ID80) nAb titer | 57 Standard 0.0303

Table 3.2: Hypothesis testing results for Spike and ID80 markers, measured at days 29 and 57.
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Figure 3.14: Controlled risk (CR) and controlled vaccine efficacy (CVE) curves for the IgG bAbs to the spike

protein marker, measured at days 29 and 57. Curves are estimated using a Cox proportional hazards model

(purple) and the nonparametric estimator (blue). Grey lines in the CR plots represent the vaccine group risk

and the placebo group risk, and the grey line in the CVE plot represents overall vaccine efficacy. Dotted lines

represent pointwise 95% confidence intervals. Green histograms represent the estimated marginal distribution

of the marker.
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Figure 3.15: Controlled risk (CR) and controlled vaccine efficacy (CVE) curves for the 80% inhibitory dilution
(ID80) nAb titer marker, measured at days 29 and 57. Curves are estimated using a Cox proportional
hazards model (purple) and the nonparametric estimator (blue). Grey lines in the CR plots represent the
vaccine group risk and the placebo group risk, and the grey line in the CVE plot represents overall vaccine
efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent the estimated
marginal distribution of the marker.
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Chapter 4

Improving monotone function

estimators using convex least squares

4.1 Problem statement

In general, most function estimators that assume monotonicity have a known asymptotic bias when
evaluated at the endpoints of the target function domain, as discussed in section 3.1.7. Additionally,
we have observed in simulation that, for points in the interior, there is a characteristic finite sample
bias that increases in magnitude as the chosen point approaches the endpoint. This represents a
serious issue with generalized Grenander-type estimators that can lead to an overestimation of the
amount of change in the function over its domain. In data analyses, we have observed jumps in the
CVE curve near the edge that we deem to be unrealistic; an example of this phenomenon is given

in Figure 4.1a.

In section 3.1.7, we described two possible solutions to this issue, truncating the display of the
estimated function and constructing an estimator of the function at the LLOD. The first method
is useful, but somewhat ad-hoc and involves the subjective selection of cutoff points. The second
only applies in settings in which there is a sufficient point mass at the LLOD. However, another
solution may be possible to reduce bias in settings in which there is no point mass. The intuition

for this idea is easiest to understand in the case of classical isotonic regression. In section 3.1.1,
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Figure 4.1: Controlled vaccine efficacy (CVE) curves for a CD4+4 T-cell biomarker in the HVTN 705 HIV
vaccine efficacy trial, estimated using a Cox proportional hazards model (purple) and a nonparametric
estimator (blue). The grey line represents overall vaccine efficacy and the dotted lines represent pointwise

95% confidence intervals. Green histograms represent the estimated marginal distribution of the marker.

we described how the isotonic regression estimator can be expressed in terms of the derivative of
the GCM of the cusum diagram. The key observation is that the step of computing the GCM can
instead be replaced by computing the convex least squares (CLS) function. The CLS function,
relative to a set of points, is defined as the function within the class of all convex piecewise linear
functions that minimizes the residual sum of squares with respect to the observed data points. It
is necessary to restrict to a smaller function class than the set of all convex functions to guarantee
the uniqueness of the function within that class that minimizes the residual sum of squares. This
modified procedure also results in a nondecreasing final estimator, but simulation results suggest
that it may also result in reduction of finite sample bias towards the edge, as well as elimination
of the asymptotic bias at the edge itself. In particular, this may help avoid bias when the true
function is constant. Intuitively, the reason for this can be seen in Figure 4.2, which represents a
single sample of 25 iid pairs (X,Y), with X distributed at standard uniform and Y|X normally
distributed with mean zero and standard deviation 0.5. Panel (4.2a) shows the cusum diagram
points with the GCM and CLS lines overlaid. Panel (4.2b) shows the resulting derivatives of the
GCM and CLS lines, plotted against the original data points. In panel (4.2a), it can be seen that

while these two lines are parallel for most of the interval [0, 1], a single data point at the edge can
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substantially influence the shape of the GCM, whereas the shape of the CLS line is more stable.

This results in the estimators seen in panel (4.2b).
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(a) The cumulative sum (cusum) diagram, with the (b) A sample of 25 iid pairs (X,Y), with X U(0,1) and
greatest convex minorant (GCM) and convex least Y|X N(0,0.25), along with the isotonic regression esti-
squares (CLS) lines overlaid. mators resulting from the use of the GCM and the CLS.

Figure 4.2: Tllustration of the use of the greatest convex minorant (GCM) and the convex least squares

(CLS) lines in isotonic regression.

Although we described this idea in the context of classical isotonic regression, the same un-
derlying idea applies to the more complex setting of generalized Grenander-type estimators, which
includes the estimator studied in detail in chapter 3. This method is illustrated in Figure 4.1b; it

can be seen that the use of the CLS instead of the GCM eliminates the unrealistic large jump.

4.2 Methods

In this section, we consider the setting of an arbitrary generalized Grenander-type estimator and
consider the goal of making inference about a monotone nondecreasing function 6y : [0,1] — R.
Consider a generalized Grenander-type estimator 6, (z) of 0y(x) for fixed x € (0,1) constructed
using an estimator I',(¢) of the primitive function I'g(¢) such that I',,(¢) is asymptotically linear
for each ¢t € [0, 1], and suppose that sufficient conditions hold such that the asymptotic results
of Westling and Carone (2020) apply. Here, we consider an alternative estimator 6 (x) of 6y(x),
obtained as a generalized Grenander-type estimator based instead on the primitive estimator I';,,

which equals the least-squares projection of I';; onto the space of convex piecewise linear functions.
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Of note, the GCM step involved in the construction of this generalized Grenander-type estimator
is still done, but has no effect, since I'}, is already convex.

We conjecture that 6, (z) and 8} () are asymptotically equivalent such that n/3{6,,(z) —6y(z)}
and n'/3{0 (x) — 6o(x)} both converge in distribution to the same scaled Chernoff distribution for
each z € (0,1). One way of proving this would be to show that I',,(¢) and I’} (¢) have the same
influence function for each ¢ € [0, 1], and then to verify conditions (B4) and (B5) of Westling and

Carone (2020). Condition (B4) states that
(B4) K, (8) = op(1) for each fixed 6 >0,
where

Ky (0) = n?/3 sup (H;—&-u,n - H;n) — 00(2)(Resun — Ran)|
lu|<én—1/3

and where H;, and R;, are the remainder terms corresponding to the asymptotically linear

representations of the primitive function estimator I'), and the transformation function estimator,

respectively. Condition (B5) states that

(B5) For some a € (1,2),0 — § “Eo{K,(9)} is decreasing for all § small enough and n

large enough .

To proceed with studying (B4), we assume that

23 sup ‘Rmﬂm - Rmm‘ =op(1)

ful<sn-1/3

n

for each fixed § > 0, such that by the triangle inequality, it suffices to show that

n T+u,n
[u|<gn=1/3

- H;,n = OP(l) (41)

for each fixed § > 0. Let H,, be the remainder corresponding to I';, such that

122



1
Fn('r) - FO(J:) = E Z SDF,Z,O(O'L') + Hx,n .
i=1

If it can be shown that T',,(z) — ' (x) = op(n~1/2), then adding and subtracting I'* (z), it holds

that
1 n
(@) =To(z) = 2 ¢r20(0:) + Hy,,
1=

with Hy ,, = Hy, + 1} (2) — T'p(x). Since we assumed that conditions (B4) and (B5) hold for the

estimator 6, (x) derived from I',,, it suffices to show that

2/3

n sup  |[{Th(z+u) —Tp(z+u)} — {Th(z) - Fn(:p)}‘ =op(1) (4.2)

ful<sn-1/3

for each fixed § > 0. A term of this form is known as an oscillation modulus; historically, these
have been studied using strong approximations (see, for example, Csorgod and Révész, 1981). Un-
fortunately, simulations appear to suggest that I'y(z) — I'%(z) # op(n~'/2); See Figures 4.8 and
4.8 in the next section. Therefore, an alternative strategy that we will pursue is to derive the
influence function of I'} (z) and show that all conditions of Westling and Carone (2020) hold for

this estimator.

4.3 Simulation study

To assess the potential benefits and feasibility of the CLS approach, we conducted a simulation
study. We considered both the setting of monotone density function estimation as well as the setting
of classical isotonic regression. We first focus on the regression scenario. Data was generated by
first sampling X from either a standard uniform distribution or a Normal distribution with mean
0.5 and standard deviation 0.3 (truncated to lie within [0, 1]). The true regression function was
the identity function, and Y values were generated as X + ¢, where ¢ is sampled from a mean-zero
Normal distribution with standard deviation 0.2. Both the GCM-based estimator (i.e. classical

isotonic regression) and the CLS-based estimator were computed for each point over a grid of
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data points on the unit interval. The relative performance of the two estimators was assessed by
computing their bias and standard deviation. We ran 10,000 simulation replicates for every level
combination.

To begin, it is useful to plot realizations of both estimators against one another to get a basic

sense of their distributions and how well correlated they are; this is displayed in Figure 4.3.

8, (GCM) vs. 8(CLS)
n =100 n =200 n =400

0.5-
0.4-

0.3-

0.2-

0.1-

CLS

n =800 n =1600 n =3200
0.5-
0.4- )
o / / /
0.2-
0.1-
02 03 04 05 02 03 04 05 02 03 04 05
GCM
Figure 4.3: Realizations of two estimators (“CLS” = convex least squares, “GCM” = greatest

convex minorant (isotonic regression) evaluated at = 0.3, displayed for 1,000 simulation repli-
cates and six different sample sizes; X follows a standard uniform distribution. The orange line is

the identity function, and the red star at (0.3,0.3) represents the true regression value.

In Figure 4.4, the bias of both estimators is displayed across different values of the unit interval.
The two estimators perform similarly in the interior, but the CLS estimator performs much better
towards the endpoints.

In Figure 4.5, we show the same results as in Figure 4.4, but scaled by n'/3. In particular,
this illustrates the asymptotic bias associated with GCM-based estimator and shows that this bias
appears to be far smaller with the CLS-based estimator.

In Figure 4.6, the standard deviation of both estimators is displayed across different values of

the unit interval. Again, the two estimators perform similarly in the interior, with the GCM-based
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Figure 4.4: Bias of two estimators (“CLS” = convex least squares, “GCM” = greatest convex mi-

norant (isotonic regression), displayed for six different sample sizes; X follows a standard uniform
distribution.

estimator appearing to have a slightly lower standard deviation for lower sample sizes. However,
towards the endpoints, the CLS-based estimator has far lower variance for nearly all sample sizes.
Furthermore, the standard deviation of the CLS-based estimator evaluated at the endpoints appears
to tending to zero at roughly a rate of n!/3, whereas the standard deviation of the GCM-based

estimator at the endpoints does not appear to be decreasing with sample size.

These simulations suggest that, at least in the case of classical isotonic regression, the CLS
approach is highly advantageous in terms of reducing bias and variance at the endpoints, with

minimal cost in terms of variance in the interior.

Next, we attempt to determine whether the estimators 6,,(z) and 6} (x) have the same limiting
distribution. As a first step, we can plot the estimated distributions of both n'/3{6,,(z) — 6o(z)}
and n'/3{0 (x) — Oy(z)}, estimated using kernel density estimators, for fixed z. We display results

for x = 0.3 in Figure 4.7, but plots for other interior points are qualitatively similar.
Figure 4.7 suggests that the two estimators approach a similar (but perhaps not identical)
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Figure 4.5: Bias of two estimators (“CLS” = convex least squares, “GCM” = greatest convex

minorant (isotonic regression), displayed for six different sample sizes, scaled by nt/3; X follows a
standard uniform distribution.

limiting distribution. Also, for smaller sample sizes, the CLS-based estimator appears to have

slightly greater variance, which is consistent with Figure 4.6.

Next, given the analysis in section 4.2, it is useful to compare the limiting behavior of the
difference of the two primitives, I',,(x) — '} (x), to see whether this quantity tends to zero at root-n

rate. Results are shown in Figure 4.8

Unfortunately, this figure suggests that the difference I'),(z) — I'} (z) does not tend to zero at
root-n rate, which implies that I';,(z) and I'} (x) have different influence functions. Therefore, the

asymptotic analysis approach described in section 4.2 will not be possible.

At this stage, it is also useful to determine whether we expect the difference between the two
primitive influence functions to result in a difference in the limiting distributions of the resulting
estimator, as this is not necessarily the case (as described in section 4 of Westling and Carone,
2020). To assess this, we can plot the estimated density of the scaled difference n'/3{6,,(z) — 6% (z)}

to see if it appears to tend to zero; results are given in Figure 4.9.
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Figure 4.6: Bias of two estimators (“CLS” = convex least squares, “GCM” = greatest convex mi-

norant (isotonic regression), displayed for six different sample sizes; X follows a standard uniform
distribution.

Intriguingly, even though Figure 4.7 suggested that the two estimators 0, (x) and 0 (x) have
similar limiting distributions, Figure 4.9 suggests that the difference between the two estimators

does not disappear at a nl/3 rate.

In conclusion, the CLS-based estimator appears to have considerable advantages relative to the
GCM-based estimator in terms of mitigating the bias issues associated with the latter, but even
though the two estimators seem to have similar limiting distributions, the difference between the
estimators does not appear to disappear at a n!/3 rate, and so further theoretical work is needed

in order to establish precise asymptotic results.

We also studied the setting of monotone density estimation; here, the GCM-based estimator
is equivalent to the classical Grenander estimator. Our simulation setup was simple; we sampled
data values X from a Beta(1,5) distribution and compared the GCM-based estimator described in
Westling and Carone (2020) to the corresponding CLS-based estimator. As in section 4.3, 10,000

simulation replicates were run for every level combination.
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Figure 4.7: Kernel density estimates of two estimators (“CLS” = convex least squares, “GCM”

= greatest convex minorant (isotonic regression), scaled by n'/3 and centered, displayed for six
different sample sizes; X follows a standard uniform distribution. The grey plot in the background

represents the true (scaled Chernoff) asymptotic distribution.

Figure 4.10 shows realizations of both estimators plotted against one another to get a sense
of their distributions and correlation. As in the regression case, the two estimators were highly
correlated; compare to Figure 4.3.

Figure 4.11 displays the bias of both estimators across different values of the unit interval.
Density was sometimes massively overestimated at zero, and so we excluded bias estimates at zero
from this plot due to the instability of the estimates; the next largest point considered was 0.02.
The pattern of bias observed is different than in the regression setting, with overestimates towards
both endpoints. As expected, bias in the interior tended towards zero as sample size increased. The
CLS-based estimator appeared to perform better for values close to zero, but had slightly higher
bias towards one. Compare to Figure 4.4.

In Figure 4.12, we show the same results as in Figure 4.11, but scaled by n'/?. Compare with
Figure 4.5.

In Figure 4.13, the standard deviation of both estimators is displayed across different values
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Figure 4.8: Kernel density estimates of the difference I, (x) — I'% (), scaled by n'/2, displayed for
six different sample sizes; X follows a standard uniform distribution.

of the unit interval. Towards the left-hand side of the unit interval, the CLS-based estimator had
slightly higher standard deviation across all sample sizes considered. Compare to Figure 4.6.

In Figure 4.14, we plot the estimated distributions of both n'/3{6,,(z) — 6y (x)} and n'/3{6 () —
0o(x)}, with results displayed for 2z = 0.3. Compare to Figure 4.7.

Figure 4.15 depicts the limiting behavior of the scaled difference of the two primitives I',(x) —

I'* (). As in the regression case, the difference does not seem to tend to zero when scaled by n'/2

Compare to Figure 4.8.

In Figure 4.16, we plot the estimated density of the scaled difference n'/3{8,,(z) — 6 (x)}. As
in the regression case, the difference does not seem to tend to zero when scaled by n'/3. Compare

to Figure 4.9.

All in all, the results for the density case are qualitatively similar to those of the regression case,

other than the different patterns of bias and variance.
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Figure 4.10: Realizations of two estimators (“CLS” = convex least squares, “GCM” = greatest

convex minorant (Grenander estimator) evaluated at = 0.3, displayed for 1,000 simulation
replicates and six different sample sizes. The orange line is the identity function, and the red star
at (1.2,1.2) represents the true density value.
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Figure 4.11: Bias of two estimators (“CLS” = convex least squares, “GCM” = greatest convex

minorant (Grenander estimator), displayed for six different sample sizes.
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Figure 4.12: Bias of two estimators (“CLS” = convex least squares, “GCM” = greatest convex

minorant (Grenander estimator), displayed for six different sample sizes, scaled by n'/3.
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Figure 4.13: Bias of two estimators (“CLS” = convex least squares, “GCM” = greatest convex

minorant (Grenander estimator), displayed for six different sample sizes.
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Figure 4.14: Kernel density estimates of two estimators (“CLS” = convex least squares, “GCM”
= greatest convex minorant (Greanander estimator), scaled by n'/? and centered, displayed for
six different sample sizes. The grey plot in the background represents the true (scaled Chernoff)
asymptotic distribution.
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Figure 4.15: Kernel density estimates of the difference T',,(2) — T'% (), scaled by n'/2, displayed
for six different sample sizes.
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Figure 4.16: Kernel density estimates of the difference 6,,(x) — 6} (x), scaled by n'/3, displayed
for six different sample sizes.
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Chapter 5

Implementation of methods in the

vaccine R package

Developing new statistical methods is of limited value if researchers do not have the ability to use
them in practice. As such, we developed an R package called vaccine to implement the methods
described in Chapters 2 and 3. The package is available from the Comprehensive R Archive Net-
work (CRAN) at https://cran.r-project.org/web/packages/vaccine/index.html, the stan-
dard repository for R packages. The source code of the R package can be found on GitHub at
https://github.com/Avi-Kenny/vaccine. At the time of writing, version 0.1.0 is the latest sta-
ble CRAN version. In this chapter, we briefly review the interface and functionality of the package.

The latest stable version of vaccine can be installed from CRAN using install.packages().
The current development version can be installed using devtools: :install _github().

install.packages("vaccine")

devtools::install_github(repo="Avi-Kenny/vaccine")

To illustrate the basic workflow of the package, we will leverage publicly-available data from
the HVTN 505 vaccine efficacy trial, which assessed the safety and effectiveness of a DNA prime-
recombinant adenovirus type 5 boost vaccine regimen in the United States Hammer et al. (2013).
The data is available at https://atlas.scharp.org/cpas/project/\HVIN,20Public%20Data/

HVTN%20505/begin.view. The data is bundled into the package and can be accessed using the
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command data(hvtn505).

Data is loaded into the package using the load_data function, which takes in raw data and

creates a data object that can be accepted by various estimation functions. This function will

perform input validation, store metadata needed by other package functions, and allow for unified

documentation about expected variables and data types. This function can be used as follows.

data (hvtn505)

dat <- load_data(

data = hvtnb05

time = "HIVwk28preunblfu",

event = "HIVwk28preunbl",

vacc = "trt",

marker = "IgG_env",

covariates = c("age","BMI","bhvrisk"),
weights = "wt",

ph2 = "casecontrol",

The summary_stats function, as the name suggests, calculates select summary statistics related

to the dataset. We may choose to expand this function in the future to include other statistics.

summary_stats (dat)

#>

#>

#>

#>

#>

#>

#>

#>

#>

#>

#>

#>

Number of subjects (vaccine
Number of subjects (placebo
Number of subjects (vaccine

Number of subjects (placebo

group, phase-1):

group, phase-1):

group, phase-2):

group, phase-2):

Number of events (vaccine group, phase-1): 27

Number of events (placebo group, phase-1): 21

Number of events (vaccine group, phase-2): 25

Number of events (placebo group, phase-2): 19

Proportion of subjects with
Proportion of subjects with
Proportion of subjects with

Proportion of subjects with

an

an

an

an

event (vaccine
event (placebo
event (vaccine

event (placebo
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1161

1141

150

39

group ,
group ,
group ,

group ,

phase -
phase -
phase -

phase -

.02326

.0184

.16667

.48718
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The est_overall function allows us to estimate overall risk in the placebo and vaccine groups,
as well as estimate vaccine efficacy, using either a nonparametric Kaplan-Meier estimator or a

marginalized Cox model.

est_overall (dat=dat, t_0=578, method="KM")

#> stat group est se ci_lower ci_upper
#> 1 risk vaccine 0.04067009 0.008230842 0.02506853 0.05602199
#> 2 risk placebo 0.02879861 0.006563785 0.01622360 0.04121288

#> 3 ve both -0.41222411 0.430451788 -1.56659984 0.22294979

est_overall (dat=dat, t_0=578, method="Cox")

#> stat group est se ci_lower ci_upper
#> 1 risk vaccine 0.04177642 0.008111679 0.02847302 0.06090588
#> 2 risk placebo 0.02938706 0.006486545 0.01901930 0.04514638

#> 3 ve both -0.42159246 0.417915188 -1.52937491 0.20101796

The est_ce function is the main workhorse of the package. This function allows for calculation
of controlled vaccine efficacy (CVE) curves and controlled risk (CR) curves using the Cox-model
based methods described in chapter 2 and the nonparametric methods described in chapter 3. Three
arguments are required; dat is a data object returned by the load_data function, type controls
which method (Cox or nonparametric) is used, and t_0 is used to specify tg, the time of interest.

Basic usage is as follows:

ests_cox <- est_ce(dat=dat, type="Cox", t_0=578)

ests_np <- est_ce(dat=dat, type="NP", t_0=578)

Beyond this, a number of options are available to customize the behavior of each estimator. For
the Cox model estimator, spline terms and/or an indicator function corresponding to the LLOD
can be included in the linear predictor (as described in section 2.2.2) through the params_cox
argument. For the nonparametric estimator, many options are available through the params_np
argument, including the direction of monotonicity (nondecreasing vs. mnonincreasing), whether
or not the edge correction (described in section 3.1.7) is to be performed, a grid size parameter
that controls the accuracy of several numerical approximations, the type of conditional survival

function (and conditional censoring function) estimator for the nuisance @,, (and QS), the type of
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conditional density function estimator for the nuisance f;? |X, and the type of derivative estimator
for the function 7ys. Additionally, if the CVE curve is being estimated (in addition to the CR
curve), both estimators allow for either a Kaplan-Meier estimator or a marginalized Cox model
estimator to be used to estimate overall risk in the placebo group. For example, a Cox model with

a spline term involving four degrees of freedom can be specified as:

ests_cox <- est_ce(

dat = dat,

type = "Cox",

t_0 = 578,

params_cox = params_ce_cox(spline_df=4)

As an additional example, a nonparametric estimator using the edge correction described in
section 3.1.7 and the global survival stacking method of Wolock et al. (2022) to estimate the

conditional survival and censoring functions can be specified as:

ests_np <- est_ce(

dat = dat,

type = "NP",

t_0 = 578,

params_np = params_ce_np(

edge_corr = TRUE,

surv_type "survML -G"

Some basic graphing functionality is provided in the package to plot CR and CVE curves via

the plot_ce function as follows, which creates the plot given in Figure 5.1:
plot_ce(ests_cox, ests_np)
If CR or CVE curves are estimated using the nonparametric method, it is sometimes useful

to examine some of the underlying nuisance estimators; this can be done with the diagnostics

function as follows, which creates the composite plot given in Figure 5.2:

diagnostics (ests_np)
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Controlled Risk

Risk

Figure 5.1: Controlled risk curves illustrating the use of the plot_ce function
of the vaccine package.

The current version of the package implements many of the methods described in this disser-
tation, but there is more work to be done. Major changes and additions include implementing the
hypothesis testing methods described in section 3.2, improving the graphing functionality, increas-
ing the number of estimation parameters controlled by the user, and building out a unit testing

and continuous integration framework to ensure continued code functionality.
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Figure 5.2: Diagnostics plot illustrating the use of the diagnostics function of the vaccine

package.
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Chapter 6

Applications of the methods to

several vaccine efficacy trials

In sections 2.4 and 3.4, we displayed data analysis results for the Immune correlates analysis of
the Coronavirus Efficacy (COVE) trial of the mRNA-1273 COVID-19 vaccine. Over the past two
years, we have applied the methods described in Chapters 2 and 3 to data from six phase-3 vaccine
efficacy trials. In this chapter, we present select results from several of these trials to illustrate the
versatility of these methods, as well as to point out several interesting challenges that arose.

To begin, we give a few key details of each analysis in Table 6.1. Beyond this, we do not focus
on the technical details related to the trials; for further information, see Benkeser et al. (2023)
(COVE), Fong et al. (2022) (ENSEMBLE), Kenny et al. (2022) (HVTN 705), Seaton et al. (2023)
(AMP), Palacios et al. (2020) (PROFISCOV), and Haynes et al. (2012) (RV 144).
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Number | Marker
Trial name Endpoint | Primary markers of time
markers | points
Binding Antibody to Spike,
Binding Antibody to RBD,
COVE (?i(s)e\;i]e) PsV Neutralization 50% Titer, 5 gzy gg’
PsV Neutralization 80% Titer, Y
Live Virus Micro Neut 50%
Binding Antibody to Spike,
COVID Binding Antibody to RBD,
ENSEMBLE disease PsV Neutralization 50% Titer, 4 Day 29
PsV Neutralization 80% Titer
ELISA VT-C,
ELISpot Env,
HIV-1 ADCP Vx-C97ZA,
HVIN 705 infection | BAMA IgG3 V1V2 breadth score, 4l Day 210
BAMA IgG3 Env breadth,
Expanded Multi-epitope functions
AMP HIV-1 Body Weight (kg) 1 Day 0
infection
Binding Antibody to Spike,
COVID Binding Antibody to RBD, Day 43,
PROFISCOV disease Binding Antibody to Nucleocapsid, ) Day 91
Live Virus Micro Neut 50%
IgG3 Net MFI to AE.A244 V1V2 Tags 293F,
HIV-1 IgG3 Net MFI to C.1086C V1V2 Tags,
RV 144 infection IgG3 Net MFT to gp70-Cel086 B2 V1V2, 5 Day 182
IgG3 Net MFI to gp70-B.CaseAV1V?2,
IgA Al.con.env03 140 CF

Table 6.1: Summary of phase-three vaccine efficacy trials for which correlates analysis was conducted.

6.1 ENSEMBLE

The ENSEMBLE clinical trial assessed the safety and efficacy of a single dose Ad26.COV2.S vaccine

to prevent SARS-CoV-2-Mediated COVID-19 disease. In the primary immune correlates analysis

of the ENSEMBLE trial, four primary immune markers were measured; in Figure 6.1, we display

controlled vaccine efficacy curves for these four markers, all measured at day 29.

Figure 6.1 illustrates several features of the nonparametric estimation process. First, it was an

ideal application for the edge-corrected estimator described in section 3.1.7, as all four markers had
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Figure 6.1: Controlled vaccine efficacy (CVE) curves for four markers, including Binding Antibody to Spike,
Binding Antibody to RBD, PsV Neutralization 50% Titer, and Phagocytic Score, measured at day 29.
Curves are estimated using a Cox proportional hazards model (purple) and the nonparametric estimator
(blue). The grey lines represent overall vaccine efficacy. Dotted lines represent pointwise 95% confidence
intervals. Green histograms represent the estimated marginal distribution of the marker.

significant mass at the lower limit of detection. These plots illustrate a key difference between the
Cox model approach and the nonparametric approach; the former is constrained to always give a
smooth log-linear curve, whereas the latter can take on a wider variety of shapes and can detect
so-called threshold effects. In Subfigure 6.1c, we see a large jump in estimated CVE immediately
after the limit of detection, whereas in the other three subfigures, we see estimated curves that

follow the smooth Cox model curve more closely.
Next, we show select plots from the ESNEMBLE analysis that illustrate key challenges with the

nonparametric approach. These plots come from an analysis in which estimates were computed for
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the same set of markers, but for subgroups of the trial population defined by age and geography.
Because of the low levels of disaggregation, the sample sizes for many of these plots were much
smaller.

In Figure 6.2, we show data for the PsV Neutralization 50% Titer marker in the subset of
the trial population defined as senior citizens based on their age at baseline. This plot illustrates
one challenge with the nonparametric approach, which is that the CI bands sometimes appear too
narrow for certain biomarker values (in the sense that they are sometimes more narrow than the
Cox-based CI bands). In particular, this tends to happen when the estimated CVE curve has
sections that are relatively flat; this is because the Chernoff scale factor (which determines the

asymptotic variance) depends on the estimated derivative of the target function.

PsV Neutralization 50% Titer: Day 29
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Figure 6.2: Controlled vaccine efficacy (CVE) curves for the 50% inhibitory dilution (ID50) nAb titer marker,
measured at day 29, restricted to seniors. Curves are estimated using a Cox proportional hazards model
(purple) and the nonparametric estimator (blue). The grey line represents overall vaccine efficacy. Dotted
lines represent pointwise 95% confidence intervals. Green histograms represent the estimated marginal
distribution of the marker.
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In Figure 6.3, we show data for the PsV Neutralization 50% Titer marker in the North America
subset of the trial population. This illustrates on issue with the edge estimator, which is that it
sometimes leads to estimated curves that are entirely flat. The reason this sometimes happens is
that the edge estimator may have high variance if there is a relatively low proportion of volunteers
who had a marker level below the LLOD. Then, the edge estimator value may lie entirely above
the CVE curve estimated from the Grenander estimator. This is a limitation of the edge-corrected

estimator.
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Figure 6.3: Controlled vaccine efficacy (CVE) curves for the 50% inhibitory dilution (ID50) nAb titer
marker, measured at day 29, restricted to North Americans. Curves are estimated using a Cox proportional
hazards model (purple) and the nonparametric estimator (blue). The grey line represents overall vaccine
efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent the estimated

marginal distribution of the marker.

In Figure 6.4, we show data for the Phagocytosis Score marker in the North American seniors

subset of the trial population. The issue here is that the overall change in the CVE curve appears
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to be overestimated, particularly towards the right-hand side of the curve. While this result is not
impossible, it is implausible, and likely happens due to the bias issue that is discussed further in
Chapter 4. This issue can also theoretically happen if highly flexible estimators (e.g., tree-based
methods) are used to estimate the conditional survival function, and in practice, we have used a
fairly restricted library for estimating the conditional survival function due to the increased stability

of the resulting estimates.
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Figure 6.4: Controlled vaccine efficacy (CVE) curves for the phagocytosis score marker, measured at day
29, restricted to North American seniors. Curves are estimated using a Cox proportional hazards model
(purple) and the nonparametric estimator (blue). The grey line represents overall vaccine efficacy. Dotted
lines represent pointwise 95% confidence intervals. Green histograms represent the estimated marginal

distribution of the marker.

In Figure 6.5, we show data for the PsV Neutralization 50% Titer marker in the North American
nonseniors subset of the trial population. In this plot, we see that confidence bands are not displayed

when CVE is estimated to be equal to 100% for certain marker values. The reason this happens is
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simply that log-transformed confidence limits are undefined when the relative risk estimate equals
to zero. Because of this, it may be worth considering a finite-sample fix, such as setting CVE

estimates to 99% if they are estimated above this value.

PsV Neutralization 50% Titer: Day 29
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Figure 6.5: Controlled vaccine efficacy (CVE) curves for the 50% inhibitory dilution (ID50) nAb titer marker,
measured at day 29, restricted to North American non-seniors. Curves are estimated using a Cox proportional
hazards model (purple) and the nonparametric estimator (blue). The grey line represents overall vaccine
efficacy. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent the estimated

marginal distribution of the marker.

6.2 HVTN 705

In this section, we display a few representative graphs from the immune correlates of the HVTN
705 clinical trial. This trial assessed the safety and efficacy of a heterologous prime/boost regimen
utilizing Ad26.Mos4.HIV and aluminum-phosphate adjuvanted Clade C gp140 against an endpoint
of HIV-1 infection. In Figure 6.6, we display results for the IgG3 Net MFI to gp70-001428.2.42
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V1V2 marker, measured at day 210. In this plot, both the Cox model curve and the nonparametric
curve lie roughly on top of one another. The fact that both estimators result in similar curves gives

us greater confidence that the trend is real, as opposed to an artefact of one particular method.

IgG3 Net MFI to gp70-001428.2.42 V1V2: Day 210
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Figure 6.6: Controlled vaccine efficacy (CVE) curves for the IgG3 Net MFI to gp70-001428.2.42 V1V2
marker, measured at day 210. Curves are estimated using a Cox proportional hazards model (purple) and
the nonparametric estimator (blue). The grey line represents overall vaccine efficacy. Dotted lines represent
pointwise 95% confidence intervals. Green histograms represent the estimated marginal distribution of the

marker.

In Figure 6.7, we display results for the IgG3 V1V2 breadth (Weighted avg logl0 Net MFI)
marker, measured at day 210. This was one of the primary markers studied in the HVTN 705
immune correlates analysis, in part because it was found to be a correlate of protection in previous
HIV vaccine studies, including the RV 144 trial. As previously discussed, the nonparametric method
can pick up threshold effects, and this is well-illustrated in this plot, as the nonparametrically-

estimated curve is flat up until a V1V2 breadth score of roughly 700, after which there is a large
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jump in CVE. This leads one to hypothesize that if a vaccine could induce large V1V2 breadth

scores in participants, it could potentially be very efficacious.

IgG3 V1V2 breadth (Weighted avg log10 Net MFI): Day 210
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Figure 6.7: Controlled vaccine efficacy (CVE) curves for the IgG3 V1V2 breadth (Weighted avg logl0
Net MFT) marker, measured at day 210. Curves are estimated using a Cox proportional hazards model
(purple) and the nonparametric estimator (blue). The grey line represents overall vaccine efficacy. Dotted
lines represent pointwise 95% confidence intervals. Green histograms represent the estimated marginal

distribution of the marker.

In Figure 6.8, we display results for the Peak baseline-subtracted pct loss luc activity to WITO
marker, measured at day 210. If the Cox model results are to be believed, this marker is inversely
correlated with protection against HIV-1 infection, and thus the monotonicity assumption of the
nonparametric method is violated; this is why the nonparametric curve is flat. In theory, one could
reverse the monotonicity assumption, but care has to be taken to avoid data dredging; ideally, a

reversal of the usual monotonicity assumption should be prespecified.

In Figure 6.9, we display results for the IgG3 gp140 breadth (Weighted avg logl0 Net MFT)
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Figure 6.8: Controlled vaccine efficacy (CVE) curves for the Peak baseline-subtracted pct loss luc activity
to WITO marker, measured at day 210. Curves are estimated using a Cox proportional hazards model
(purple) and the nonparametric estimator (blue). The grey line represents overall vaccine efficacy. Dotted
lines represent pointwise 95% confidence intervals. Green histograms represent the estimated marginal

distribution of the marker.

marker, measured at day 210. In practice, we sometimes obtain estimated curves that tell different
stories; in this case, the nonparametric curve is nondecreasing whereas the Cox model curve is
decreasing. However, the confidence bands are fairly wide, and so it is difficult to make any
conclusions based on this plot. When we obtain contradictory results like this, it is sometimes
beneficial to run additional models, such as the Cox model with spline terms, to provide additional

evidence that may help guide interpretation.
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IgG3 gp140 breadth (Weighted avg log10 Net MFI): Day 210
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Figure 6.9: Controlled vaccine efficacy (CVE) curves for the IgG3 gp140 breadth (Weighted avg logl0
Net MFT) marker, measured at day 210. Curves are estimated using a Cox proportional hazards model
(purple) and the nonparametric estimator (blue). The grey line represents overall vaccine efficacy. Dotted
lines represent pointwise 95% confidence intervals. Green histograms represent the estimated marginal

distribution of the marker.

6.3 AMP

Finally, we present select controlled risk plots from the analysis of the AMP trial, which tested
a regimen of broadly neutralizing monoclonal antibody injections on HIV-1 infection. The AMP
trial was divided into two protocols, the HVTN 703 study among women in sub-Saharan Africa
and the HVTN 704 study among men and transgender persons who have sex with men in North
America, South America, and Switzerland. In this trial, the primary marker of interest was body
weight, highlighting the fact that these methods can be applied to settings involving any continuous
marker, even though we typically are interested in complex immunological markers. Figure 6.10

depicts controlled risk curves within the HVTN 703 study. Across all trial arms, these curves suggest
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that the probability of HIV-1 infection decreases as a function of body weight. Furthermore, this
relationship appears to be modified by the VRCO01 monoclonal antibody regimen, as these curves

are quite similar to one another but different from the control group curve.

HVTN703/HPTNOS81

Probability of HIV-1 infection by day 595
()]
S

50 60 70 80
Body Weight (kg)

Overall risk ‘— Control —: VRCO1 10mg/kg ‘—: VRCO1 30mglkg

Figure 6.10: Controlled risk (CR) curves for the body weight (kg) marker, measured at baseline. Curves are
estimated using the nonparametric method, and are displayed separately for the 10 mg/day dosing schedule
(purple), the 30 mg/day dosing schedule (red), and the control group (blue). The grey line represents overall
risk across all groups. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent

the estimated marginal distribution of the marker.

Figure 6.11 displays analogous curves for the HVTN 704 study. Here, we similarly see that the
probability of HIV-1 infection decreases as a function of body weight, but the differences between
the arm-specific curves appears less pronounced. One thing that these graphs highlight is the need
for tools that allow us to quantitatively compare two controlled risk curves to determine whether
they are different from one another in terms of overall change across the domain, whether they

differ in shape, and whether threshold effects differ; this was discussed in section 3.5.
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Figure 6.11: Controlled risk (CR) curves for the body weight (kg) marker, measured at baseline. Curves are
estimated using the nonparametric method, and are displayed separately for the 10 mg/day dosing schedule
(purple), the 30 mg/day dosing schedule (red), and the control group (blue). The grey line represents overall
risk across all groups. Dotted lines represent pointwise 95% confidence intervals. Green histograms represent

the estimated marginal distribution of the marker.
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