
©Copyright 2026

Bahetihazi Maidu



Physics-Informed and Data-Driven Inference of Cardiovascular
Hemodynamics, Thrombosis Risk, and Model Parameters

Bahetihazi Maidu

A dissertation
submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2026

Reading Committee:

Juan Carlos del Álamo, Chair

Alberto Aliseda

Patrick Boyle

Nazem Akoum

Program Authorized to Offer Degree:
Mechanical Engineering



University of Washington

Abstract

Physics-Informed and Data-Driven Inference of Cardiovascular Hemodynamics, Thrombosis Risk, and
Model Parameters

Bahetihazi Maidu

Chair of the Supervisory Committee:
Juan Carlos del Álamo

Department of Mechanical Engineering

Cardiovascular hemodynamics are governed by blood transport through complex cardiac chambers,

veins, and arteries. Quantities such as velocity, pressure, residence time, and vascular resistance are

closely linked to cardiac function, thrombosis risk, and clinical decision-making, yet many are difficult

or invasive to measure directly in vivo. Medical imaging provides complementary but incomplete infor-

mation, while computational fluid dynamics (CFD) can simulate realistic blood flow but often requires

accurate boundary conditions, additional measurements, and substantial computational resources. These

limitations motivate approaches that combine physical laws, medical imaging, and data-driven inference

to recover cardiovascular hemodynamics from sparse and indirect measurements.

This thesis develops physics-informed neural network frameworks and data-driven methods for

patient-specific inference of cardiovascular flow, thrombosis risk, and model parameters. The central

idea is to embed governing physical principles, including the incompressible Navier–Stokes equations,

indicator dilution theory, and lumped-parameter models, into machine learning and model-based in-

ference frameworks. These constraints enable reconstruction of hemodynamic quantities that are not

directly measurable from standard medical imaging, without requiring comprehensive and computation-

ally expensive direct numerical simulations.

A major focus of this work is AI-VFM, a physics-informed framework for left ventricular (LV) vector

flow mapping (VFM) from color-Doppler echocardiography. AI-VFM uses mass conservation, mo-

mentum balance, and boundary conditions to infer 2D intraventricular velocity and pressure fields from



standard Doppler acquisitions. Validation against CFD data and application to clinical echocardiographic

acquisitions demonstrate its ability to recover velocity and pressure fields, perform phase unwrapping,

fill missing data, and generate super-resolved hemodynamic maps. This framework is further extended

to time-resolved 3D reconstruction using triplane color-Doppler imaging, where sparse velocity mea-

surements from three intersecting planes are used to infer volumetric LV velocity and pressure fields.

Validation against CFD simulations shows that 3D AI-VFM recovers dominant flow features, including

vortical structures, velocity patterns, and pressure fluctuations.

This thesis also investigates left atrial flow and thrombosis risk using contrast-enhanced computed

tomography (CT). In atrial fibrillation, blood stasis in the left atrial appendage (LAA) contributes to

thrombus formation and stroke risk, but blood stasis remains difficult to quantify non-invasively. To

address this challenge, a physics-informed neural network is used to reconstruct LA flow and residence

time fields from contrast dynamics, while an indicator dilution theory framework provides rapid resi-

dence time estimation from contrast concentration curves. Benchmarking against patient-specific CFD

simulations demonstrates that contrast-enhanced 4D CT contains sufficient transport information to infer

atrial flow, LAA stasis, and elevated thrombosis-related risk.

Finally, this physics-informed inference paradigm is extended to reduced-order modeling of post-

Norwood single-ventricle circulation. A lumped-parameter-model-informed neural network is developed

to infer patient-specific hemodynamic states and model parameters from clinically measurable quantities.

Using synthetic data from a physiologically derived Norwood circulation model, the framework recovers

flow, pressure, and volume waveforms while estimating sensitive vascular parameters such as pulmonary

vascular resistance and shunt resistance.

Together, these methods advance a unified framework for cardiovascular hemodynamic inference

from sparse, noisy, and indirect clinical data. By combining medical imaging, physics-informed neu-

ral networks, indicator dilution theory, and lumped-parameter modeling, this work demonstrates how

physical constraints can transform limited measurements into quantitative biomarkers of flow, pressure,

residence time, thrombosis risk, and patient-specific cardiovascular parameters.
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Chapter 1

INTRODUCTION

Human efforts to understand the cardiovascular system span thousands of years, beginning with early

anatomical and physiological interpretations recorded in ancient medical texts and historical records.

The earliest known documentation of vascular structures driven by a pulsatile force dates back to 1550

BC [1], while parallel traditions in other ancient civilizations offered formative perspectives on the

heart and circulation [2–4]. Some early accounts were remarkably advanced, including the Nei Jing’s

description around 2600 BC of continuous heart-driven blood flow in ancient China [5], and a 13th

century description of pulmonary circulation [6] that contradicted Galenic physiology [7]. During the

Renaissance, Leonardo da Vinci created detailed anatomical drawings of the human lung and heart

vascular network and ox’s heart, depicting its chambers, valves and major vessels with exceptional

precision (Fig. 1.1). A decisive shift in physiological understanding occurred in the 17th century

when circulation was demonstrated to operate as a closed loop propelled by the heart [8]. This seminal

foundation enabled further developments, including early measurements of blood pressure in the 18th

century and the identification of the cardiac conduction system in the 19th and early 20th centuries [9–11].

These milestones collectively mark the transition from speculative interpretations to a scientifically

grounded understanding of cardiovascular system and physiology.

The 20th century witnessed rapid expansion in cardiovascular science driven by technology advances

in measurement, imaging methods and biomedical engineering. The electrocardiograph developed in

1901 was used to systematically assess cardiac electrical activity and was applied in early forms of

telemedicine [5]. Breakthroughs in pacemakers, defibrillation, valve prostheses, artificial hearts and

ventricular assist devices reshaped therapeutic practice, while modalities such as echocardiography,

computed tomography and magnetic resonance imaging opened new windows into cardiac anatomy and

function. These developments highlighted the cardiovascular system as a complex, multiscale dynamical

system, motivating continued efforts to understand how an organ weighing less than a kilogram can drive

a vascular network spanning nearly 105 km and sustain billions of heartbeats over a human lifetime.
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𝐴 𝐵

Figure 1.1: Leonardo da Vinci’s drawings of (A) human heart and lung, and (B) an ox’s heart. Adapted

from [12].

In the remainder of this chapter, we introduce the core concepts relevant to this thesis. Section §1.1

provides an overview of the cardiovascular system. Section §1.2 then reviews cardiac anatomy with

emphasis on chamber structure. Section §1.3 summarizes the medical imaging modalities pertinent to

this work, with a focus on ultrasound and computed tomography. Section §1.4 introduces key principles

of cardiovascular fluid dynamics, including characteristic flow regimes, hemodynamic metrics and their

physiological implications. Section §1.5 outlines the clinical implications driving this thesis, particularly

the need for improved biomarkers and quantitative flow-based assessment tools. Finally, Section §1.6

concludes with an outline of the thesis structure.
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1.1 Cardiovascular system overview

The cardiovascular system consists of a complex vascular network and interconnected organs (Fig. 1.2),

each contributing essential functions required to sustain life and unified by the common element of

blood flow. At the center of this system is the heart, which drives and directs blood throughout the

body. In a broad perspective, the circulatory system is divided into pulmonary and systemic circuits.

The pulmonary circulation involves the right side of the heart (from the patient’s point-of-view), which

pumps deoxygenated blood to the lungs for gas exchange before it returns to the left side of the heart.

The systemic circulation begins when oxygenated blood is ejected from the left heart and distributed to

the body, delivering oxygen and nutrients to tissues and organs. After exchanging gases and metabolic

products, the deoxygenated blood returns to the heart, completing the cycle and then repeats again.

Oxygenated blood

Deoxygenated blood

Heart

𝐴

𝐵

Figure 1.2: Cardiovascular system and circulation: (A) pulmonary circulation; (B) systemic circulation.

Adapted from Fig. 20.2 in [13].
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1.2 Heart anatomy and cardiac cycle

The heart is a hollow muscular organ composed of the endocardium, myocardium, and epicardium,

enclosed within the serous and fibrous layers of the pericardial sac (Fig. 1.3). It contains four chambers:

right atrium, right ventricle, left atrium, and left ventricle. They are organized into a unidirectional

pumping system regulated by four valves: tricuspid, mitral, pulmonary, and aortic. The synchronized

chamber contractions are driven by the electrical activation originating in the sinoatrial node and

transmitted through the cardiac conduction system. The atrial and ventricular septa structurally separate

the right and left circulations. To better understand cardiac hemodynamics, it is essential to first consider

how blood moves through the chambers. Below, we introduce the anatomy and cardiac cycle of each

chamber by tracing the path of a blood particle through the heart, beginning with its return of oxygen-rich

blood from the lungs.

Figure 1.3: Human heart anatomy. Adapted from Fig. 1 in [14].

Left atrium

After returning from the lungs, the oxygenated blood enters the left atrium (LA) through four pulmonary

veins. The LA interior wall is smooth, with the exception of the left atrial appendage (LAA), a cul-

de-sac-like pouch where most clots form [15, 16]. During left ventricular (LV) systole, when the mitral

valve is closed, the LA serves as a filling reservoir. As the ventricle relaxes in early diastole, LV pressure

falls below LA pressure, the mitral valve opens, and blood begins to move toward the valve. Near the
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end of diastole, a brief atrial contraction (often called the “atrial kick”) propels the remaining blood into

the LV.

Left ventricle

Upon passing through the mitral valve (MV), the blood flows into the LV, a thick-walled, conical chamber

responsible for systemic circulation. Early LV relaxation creates a pressure gradient that draws blood

inward, followed by continuous passive filling until late diastole, when atrial contraction provides the

final increment of volume. Once filling is complete, the MV closes and the LV begins isovolumetric

contraction, rapidly increasing intraventricular pressure. When LV pressure exceeds aortic pressure,

the aortic valve opens and the blood is ejected into the systemic circulation. At the end of systole, the

ventricle relaxes, the aortic valve closes, and the LV begins another filling period. This sequence of

filling, contraction, ejection, and relaxation produces the characteristic LV pressure–volume loop (Fig.

1.4), providing a concise summary of left ventricular function.

Right atrium

After completing its systemic journey, the blood eventually returns to the heart deoxygenated and enters

the right atrium (RA) through the superior or inferior vena cava. During right ventricular systole, when

the tricuspid valve is closed, the RA accumulates venous return and acts as a reservoir. As the RV

relaxes and its pressure falls below that of the RA, the tricuspid valve opens and the blood particle moves

toward the RV. A short atrial contraction at late diastole helps complete RV filling. Structurally, the RA

resembles the LA but includes a larger right atrial appendage, whose broader junction is associated with

a lower likelihood of thrombus formation compared with the LAA [18].

Right ventricle

Passing through the tricuspid valve, the blood then enters the right ventricle (RV), a thin-walled, crescent-

shaped chamber adapted for pumping blood into the pulmonary circulation. During early diastole,

ventricular relaxation enables rapid filling, followed by the contribution of atrial contraction. The

tricuspid valve then closes, and the RV undergoes isovolumetric contraction until its pressure exceeds

that in the pulmonary artery. Once the pulmonary valve opens, the blood is ejected toward the lungs for
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Figure 1.4: Left ventricle pressure-volume loop. DBP, diastolic blood pressure; Ea, effective arterial

elastance; EDPVR, end-diastolic pressure–volume relationship; Ees, end-systolic elastance; ESPVR,

end-systolic pressure–volume relationship; PE, potential energy; Ped, end-diastolic pressure; Pes, end-

systolic pressure; SBP, systolic blood pressure; SW, stroke work; V0, volume at a Pes of 0 mmHg. Stroke

volume (SV) is EDV - ESV. Adapted from Fig.1 in [17].

reoxygenation, completing the cardiopulmonary loop.

Remark

While all four chambers contribute to coordinated cardiac function, the LA and LV are of particular

physiological and clinical importance. Their structural complexity, their central roles in governing

systemic perfusion, and their involvement in a wide range of cardiovascular diseases (CVD) make

them especially relevant to image-based modeling and computational analysis [19–23]. Accordingly,

this thesis emphasizes on developing predictive computational models of LA and LV hemodynamics

reconstruction and CVD risk inference, while also extending the analysis to broader aspects of global

circulation.
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1.3 Medical imaging for cardiac flow

Medical imaging technologies have existed since the late 19th century, yet many did not become clinically

relevant for cardiac function evaluations until decades later. Echocardiography, first conceived in the

1880s but not widely adopted until the 1950s, introduced real-time, radiation-free visualization of

cardiac structure and hemodynamics through ultrasound [24, 25]. Over time, multiple echo modalities

such as transthoracic, transesophageal, color-Doppler, and 3D echocardiography, expanded diagnostic

capabilities for assessing chamber function, wall motion, valve disease, and common cardiac pathologies.

The emergence of computed tomography (CT) in the 1960s and its clinical use in the early 1970s

allowed rapid acquisition of cross-sectional and 3D cardiac and vascular images, enabling detailed

assessment of coronary stenosis and structural abnormalities [26]. Magnetic resonance imaging (MRI),

first demonstrated for the heart in the early 1980s [27], has since evolved into a powerful, radiation-

free modality capable of high-resolution structural and functional imaging, owing to improvements in

hardware, pulse sequences, and tissue characterization techniques.

The remainder of this section introduces on imaging modalities most relevant to computational

cardiac flow analysis and to this thesis, with an emphasis on color-Doppler ultrasound, and contrast-

enhanced computed tomography. MRI is also discussed where pertinent, particularly in relation to its

strengths in cardiac structure and tissue characterization.

1.3.1 Color-Doppler ultrasound

Color-Doppler imaging leverages ultrasound principles to transmit high-frequency sound waves that

reflect off moving blood cells and return to the transducer, allowing real-time estimation of the radial

component of blood velocity (e.g., vr) within a 2D plane sector (Fig. 1.5A). Modern scanners

provide relatively high temporal resolution for this 1D radial velocity field; however, the modality

remains limited by comparatively low spatial resolution, phase-wrapping artifacts, and the fact that it

captures only one of the three velocity components. A prominent computational method that builds

on color-Doppler data is the left ventricular vector flow mapping technique [31–37], which integrates

the continuity equation using the measured radial velocities to recover the azimuthal component and

thereby reconstruct a physiologically meaningful 2D flow field (see Section §2.1.2). Beyond flow

assessment, echocardiography offers radiation-free imaging with superior structural detail compared
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𝐴 𝐵 𝐶

Figure 1.5: Medical imaging examples: (A) 2D color-Doppler ultrasound in early filling. Adapted

from [28]; (B) 4D-CT scan of left atrium and left ventricle. Adapted from [29]; (C) Three-chamber

view of 4D flow MRI velocity streamlines at peak systole. Adapted from [30].

to standard radiography, providing dynamic visualization of chamber motion and wall mechanics. It

is routinely used to evaluate conditions such as abdominal or thoracic aortic aneurysm, intracardiac

thrombi, pericarditis, pericardial effusion, and valvular heart disease [38].

1.3.2 Computed tomography

Computed tomography (CT) creates detailed cross-sectional images of the heart (Fig. 1.5B) by rotating

x-ray beams and measuring how cardiac tissues attenuate the radiation [39]. Dense structures such as

coronary calcium appear bright, allowing clear visualization of plaque and other pathology. Multiple

reconstructed slices form high-resolution 3D volumes, offering far greater anatomical detail than standard

radiographs. Cardiac CT is valued for its speed, reliability, and excellent spatial resolution [40],

and is frequently used to assess various cardiovascular diseases and complications [41]. Specialized

modalities such as coronary CT angiography, calcium-score scans, and whole-body CT, serve distinct

diagnostic purposes [42]. These techniques typically rely on iodine-based contrast to enhance vascular

and myocardial visualization; although contrast nephropathy is a concern, overall risk is low with proper

precautions [43, 44]. While CT does not directly measure cardiac flow, it has become a preferred non-

invasive method for initial evaluation of suspected coronary artery disease, providing information on
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anatomy, myocardial perfusion, contrast enhancement, and valve morphology [45, 46].

1.3.3 Magnetic resonance imaging

Magnetic resonance imaging (MRI) is considered the gold standard for noninvasive cardiac assessment

because of its precision and excellent tissue characterization [47]. The reconstruction works by using

a strong magnetic field and brief radiofrequency pulses to align and disturb hydrogen protons in the

body; the signals they release as they return to alignment are reconstructed into detailed images [48–58].

MRI enables comprehensive evaluation of ventricular volumes and function, myocardial viability, tissue

composition, perfusion, and vascular or structural abnormalities [59–61]. MRI techniques, including

MRA, MRV, and dedicated cardiac protocols, often use gadolinium contrast to enhance visualization

of vessels, myocardium, and areas of scar or inflammation, although their spatial resolution is slightly

lower than that of CT [62]. Importantly, cardiac MRI can also measure blood-flow velocity through

phase-contrast and 4D flow imaging (Fig. 1.5C), which encode velocity information in the MR signal

to generate time-resolved maps of intracardiac and vascular flow, making it a powerful tool for studying

cardiac hemodynamics.

1.4 Cardiovascular fluid dynamics

In this section, we introduce the fundamentals of cardiovascular fluid dynamics with emphasis placed

on the left ventricle and left atrium, as well as on models that describe global blood circulation.

While cardiovascular performance arises from the complex interactions among hemodynamics, tissue

mechanics, molecular pathways, and systemic physiology, focus of this thesis is on flow phenomena

most relevant to fluid dynamics and computational modeling. We highlight key features of intracardiac

flow and outline multiscale modeling strategies that have advanced our understanding of cardiac and

circulatory hemodynamics.

1.4.1 Left ventricular flow

Flow inside the left ventricle (LV) is highly unsteady, driven by rapid volume and velocity changes

throughout each cardiac cycle. During early diastole, the strong mitral jet emerging from the mitral

orifice corresponding to a Reynolds number greater than 3000, a dimensionless measure of the ratio
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between inertial and viscous forces. Thus, it’s nominally within a turbulent regime. As the jet enters

the ventricle, the shear layer forms an annular vortex downstream of the mitral valve, which evolves

into a large, asymmetric vortex ring by the end of diastole [63–65]. This vortex reduces convective

energy losses [66] and helps redirect flow toward the outflow tract during systole [67]. The question of

whether ventricular flow becomes turbulent remains an active area of study: both imaging [68] and sim-

ulations [69,70] indicate that late diastolic vortex breakdown can induce transitional or turbulent states.

Turbulence modeling approaches such as large eddy simulation and Reynolds-averaged Navier-Stokes

have shown improved agreement with experimental measurements by capturing transient and small-scale

flow dynamics absent in laminar formulations [71]. Although turbulence appears intrinsic to cardio-

vascular flow environments, fully developed turbulence is generally not reached under physiological

conditions [69, 70].

Considering this intricate hemodynamics, both in vivo imaging and computational modeling provide

complementary methods to quantify LV flow. Doppler echocardiography (Fig. 1.5A) and, more recently,

4D flow MRI (Fig. 1.5C) allow time-resolved, three-dimensional visualization of blood flow [72, 73].

Although resolution limitations restrict the capture of fine-scale features and smaller vessels, ongoing

advances continue to expand their clinical utility. Computational simulation offers a viable alternative

for detailed analysis, especially when imaging resolution is insufficient.

Computational simulations of LV hemodynamics require patient-specific geometries, physiologi-

cal wall motion, and fully coupled fluid-solid interaction with valve dynamics. Model simplifications

vary depending on the specific question, ranging from lumped-parameter models that provide effi-

cient pressure-volume predictions [74] to idealized [70, 75–77] or patient-specific geometries [64, 78].

Fine anatomical structures such as papillary muscles and trabeculae introduce additional geometric

complexity, and contribute functionally to mitral valve closure, efficient filling/ejection and reduced

myocardial stress [71, 78–80]. Valve modeling strategies range from omission or simplified resistance-

based valves [70] to fully resolved 3D dynamic valves using Arbitrary Lagrangian-Eulerian or immersed

boundary methods [77,78,81]. Ventricular wall motion may also be prescribed from imaging or modeled

using fluid-solid interaction frameworks that incorporate electrophysiology and active contraction [82].
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1.4.2 Left atrial flow

The left atrium (LA) is a highly compliant chamber that contributes to ventricular filling in three distinct

ways: it stores pulmonary venous return during ventricular systole, passes blood directly into the left

ventricle (LV) during early diastole, and actively boosts filling through atrial contraction in late diastole.

These varied mechanical functions, coupled with pronounced geometric diversity across individuals,

result in complex, 3D flow fields that remain less extensively characterized than LV haemodynamics.

Early computational fluid dynamics (CFD) efforts involving the LA were often embedded within whole-

left-heart simulations, and primarily explored how LA shape influenced downstream LV flow organization

[69, 78, 79].

Experimental and computational studies consistently show that inflow from the pulmonary veins is

markedly asymmetric: left pulmonary veins tend to direct flow into a rotational loop, whereas right

pulmonary veins align their jets more closely along the atrial wall [83]. This produces uneven flow

pathways that help maintain blood momentum throughout the cardiac cycle. Distinct vortical structures

often emerge during systole and mid-diastole-features observed in both imaging studies [83, 84] and

numerical simulations [85–88]. These vortices are thought to improve atrial washout by reducing

regions where flow might otherwise stagnate [83].

Among all the structural and flow features of the LA, the left atrial appendage (LAA) stands out.

The LAA protrudes from the superior aspect of the atrium and contains pectinate muscles that introduce

pronounced internal ridges. Its geometry makes it prone to slow flow and stasis. Patient-specific CFD

simulations have shown that atrial fibrillation (AF) significantly reduces LAA velocities, leading to

incomplete washout. The typical pattern of several small vortices in the healthy atrium is often replaced

by a single, less efficient vortex in AF patients [84]. CFD investigations of characteristic LAA shapes

have demonstrated clear links between morphology, local haemodynamics and thrombotic risk [89,90].

Although some LA simulations explore transitional or turbulent flow regimes, turbulence modeling is

not always required for AF cases [91].

1.4.3 Capillary and circulatory flows

Blood flow in the circulation spans nearly six orders of magnitude in scale, from large arteries in

centimeters to small capillaries in microns, creating tightly coupled multi-scale interactions. While
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blood behaves approximately as a Newtonian fluid in large arteries, this continuum description breaks

down in the microcirculation, where viscosity varies nonlinearly with vessel diameter [92]. These

disparate behaviours motivate multi-physics modeling approaches that avoid the prohibitive cost of fully

resolving all vessels.

Reduced-order descriptions such as lumped-parameter and one-dimensional (1D) flow models enable

efficient representation of global haemodynamics. Lumped-parameter models treat the vasculature as

networks of resistors, capacitors and inductors [93], while 1D models are derived by cross-sectional

averaging of the Navier–Stokes equations [94, 95]. Despite their simplicity, both frameworks capture

essential flow and pressure dynamics and are routinely coupled with localized 3D simulations in multi-

scale modeling [96–99]. These hybrid approaches have been used to study how physiological conditions,

disease or surgical interventions influence circulation across disparate vascular regions.

At the smallest scales, capillary Reynolds numbers are O(10−3), and blood behaves as a suspension

of deformable cells rather than a continuum fluid [92]. Red blood cells migrate away from vessel walls,

form single-file arrangements and alter viscosity through deformation, giving rise to shear-thinning

effect [100]. These microstructural dynamics directly influence resistance, oxygen transport and local

haemodynamics.

1.5 Clinical implication of intracardiac flows

Left ventricular flow

During left ventricle (LV) early diastole, the interaction of the E-wave jet with the mitral leaflets and

residual end-systolic flow generates a vortex ring that typically pinches off during E-wave deceleration

and becomes increasingly asymmetric as it travels toward the apex [63, 101, 102]. In healthy hearts,

this E-wave vortex usually decays during diastasis so that atrial contraction generates a new A-wave

vortex, whereas in dilated cardiomyopathy (DCM) the E-wave vortex persists, grows in circulation and

dominates diastolic flow due to the more spherical chamber geometry [102]. Changes in heart rate, filling

time and pacing can further modulate vortex strength and organization, and may explain differences in

response to resynchronization therapy [103,104].

The extent to which diastolic vortices influence systolic ejection remains debated. Vortical structures

may help redirect flow toward the outflow tract, potentially reducing energy dissipation and facilitating the
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transition from filling to ejection [67]. Clinical studies report higher diastolic kinetic energy losses and

reduced vortex circulation in heart failure, both associated with adverse outcomes [105–107]. However,

because intraventricular kinetic energy represents ≤ 5% of LV mechanical work, the absolute energetic

contribution of vortices is small [108, 109]. Even in such cases, ventricles with limited myocardial

reserve, such as DCM or hypertrophy, modest inefficiencies in vortex-mediated redirection may still

have clinically meaningful effects, motivating further mechanistic study.

LV flow profoundly influences blood transport. In healthy LVs, ≈ 70% of inflow leaves during

the same cardiac cycle, and most of the remainder exits in the next cycle; approximately 30% end

diastolic volume persists near the apex with long residence times but limited mixing [106]. In DCM,

direct flow falls to ≈ 50%, retained and delayed ejection volumes increase, and the residual volume

expands and shifts toward the cavity center, producing complex residence time distributions and greater

stasis [106]. These flow alterations contribute to the elevated risk of intraventricular thrombosis in DCM

and other structural diseases [110, 111]. Device therapies can further disrupt natural flow paths; for

example, continuous-flow left ventricle assist device increase stasis risk, whereas pulsatile operation

may improve washout [112, 113]. Understanding these transport pathways is therefore important for

thrombus prediction, risk stratification and device optimization.

Left atrial flow

The left atrium (LA) plays a key role in reservoir, conduit, and booster-pump function, and disturbances in

its haemodynamics, particularly within the left atrial appendage (LAA) have major clinical complications.

The LAA’s compliant, trabeculated geometry predisposes it to slow flow and stasis, making it the primary

site of thrombus formation in atrial fibrillation (AF), where abnormal electrical activation impairs atrial

contraction and reduces washout. More than 90% of atrial thrombi originate in the LAA [114], and

early clinical and computational studies have shown that local flow patterns strongly correlate with

thromboembolic risk [115,116].

In AF, decreased mean and peak velocities in the LAA, the loss of discrete left atrial vortices,

and the emergence of a single large recirculating structure lead to increased blood residence time and

promote clot formation [84,87,88]. Patient-specific CFD simulations have shown that LAA morphology

strongly influences these patterns, with certain shapes associated with markedly higher thrombosis risk-
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findings consistent with clinical observations [89, 90]. These sensitivities underscore the importance

of incorporating detailed LAA geometry into personalized risk assessment and treatment planning,

including consideration of LAA occlusion devices.

Beyond AF, impaired LA flow is implicated in other conditions where elevated filling pressures, atrial

dilation, or reduced atrial compliance produce regions of stasis that predispose to thrombus formation.

The integration of advanced imaging with computational modeling continues to improve our ability to

map atrial flow, identify high-risk regions and refine therapeutic decision making in disorders affecting

LA structure and function.

1.6 Thesis outline

This general exam report and thesis are organized as follows. In Chapter 2, we discuss a range of image-

based, data-driven computational approaches for cardiovascular flow applications, along with other

predictive modeling frameworks, and provides an in-depth review of these approaches and physics-

informed neural networks (PINN), the core methodological foundation of this thesis. In Chapter 3 ,

we present the application of PINN to 2D left ventricular color-Doppler vector flow mapping (VFM)

to reconstruct LV velocity and pressure fields (e.g., the AI-VFM framework). In Chapter 4, we extend

AI-VFM framework to 3D by using triplane color-Doppler imaging to reconstruct full-volume LV flow

fields. In Chapter 5, we demonstrate and compare the use of PINN and indicator dilution theory to

reconstruct flow fields and thrombosis risk from 4D contrast-CT in the left atrium. In Chapter 6, we

further expand the PINN framework to a post-Norwood circulation, using a lumped-parameter model

to infer patient-specific parameters such as vascular resistances and hemodynamic quantities. Finally,

in Chapter 7, we outline the remaining work prior to the final defense, discuss potential challenges and

alternative solutions, and provide a proposed timeline for completing the thesis.
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Chapter 2

BACKGROUND

2.1 Image-based data-driven computational predictive modeling in cardiovascular flow

2.1.1 Computational fluid dynamics

Computational fluid dynamics (CFD) simulations emerged in the early 1970s as increasing computational

power enabled the numerical simulation of fluid flows, first through simplified transonic potential-flow

models and later through full 2D and 3D Euler and Navier-Stokes equations [117–120]. By the mid

1980s, advances in numerical schemes, turbulence modeling, and supercomputing made it possible to

simulate increasingly complex flows, including hypersonic vehicles, combustion, and turbomachinery.

As problem complexity grew, so did the need for more sophisticated computational grid generation

techniques, evolving from structured meshes to multiblock strategies, and eventually unstructured meshes

with solution-based adaptation to better capture flow features. These developments greatly expanded

CFD’s capability and reduced the manual effort required to create high-quality computational grids.

As CFD evolved into a robust framework for simulating complex, unsteady, and geometry dependent

flows, it became particularly well suited for modeling intracardiac flows, where a direct measurement

is challenging or invasive, and controlled experimental studies are often impractical. CFD simulations

enable systematic studies of how adverse cardiac remodeling, such as changes in chamber and valve

geometry, affect intraventricular flow, while allowing individual parameters to be varied independently,

unlike in clinical settings where pathological factors are tightly coupled [102, 121]. This capability has

been leveraged to explore whether cardiac anatomy has evolved to optimize intraventricular flow [67,

101, 109], to predict the hemodynamic impact of surgical or device-based interventions [122, 123], and

to couple flow solvers with growth and remodeling models to study the interplay between hemodynamics

and myocardial mechanobiology [124–126]. Although such simulations are computationally feasible

with modern hardware, they remain challenging due to complex, time-varying geometries and strong

fluid-structure interactions, which motivated the development of immersed boundary and moving-mesh
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methods [127,128].

A central challenge in intracardiac CFD simulations is the accurate representation of fine anatomical

structures, including inflow valves, papillary muscles, and trabeculae, all of which can substantially

influence intracardiac flow dynamics. For example, diastolic vortex rings are shed from the inflow

valve leaflets in the left ventricle, and valve kinematics have been shown to affect intraventricular

flow [66, 129, 130]. Although less is known about the role of papillary muscles, their characteristic

dimensions in the adult heart are comparable to the viscous core of the diastolic vortex ring, suggesting

a potential role in enhancing viscous dissipation and mixing [102, 121, 131]. Similarly, ventricular

trabeculae, often neglected or simplified in simulations, have long been hypothesized to condition inflow

and reduce the energetic cost of ejection by increasing dissipation [132], a mechanism that is difficult to

test in vivo but accessible through CFD simulations [133].

Beyond left ventricular flow, CFD simulations of left atrial (LA) hemodynamics have emerged more

recently and remain comparatively limited. Early studies prescribed synthetic atrial wall motion to

examine the role of atrial contraction in promoting left atrial appendage (LAA) washout [134, 135],

while subsequent patient-specific simulations reported that reduced atrial or appendage contractility can

promote blood stasis [87, 88, 136]. However, conflicting findings indicate that LAA stasis does not

depend on atrial function alone; for example, subjects with better atrial function have also been shown to

experience increased stasis under certain conditions [137]. Although clinical studies suggest a moderate

correlation between LAA morphology and stroke risk in atrial fibrillation [138–141], CFD analyses

indicate that LAA stasis depends not only on geometry but also on additional factors such as pulmonary

vein inflow patterns [89, 90].

Building upon prior CFD investigations of left ventricular and left atrial flow and their implications

for intracardiac transport and thrombosis risk, this thesis focuses on leveraging patient-specific CFD

simulations of LV and LA hemodynamics as inputs to physics-informed neural networks (PINN) for data-

driven inference. In particular, CFD-derived flow fields are used to inform the learning of hemodynamic

quantities and thrombosis-related metrics such as residence time that are difficult to measure directly

in vivo. All simulations are performed using the in-house CFD solver TUCAN [28, 88, 142, 143],

which solves the incompressible Navier-Stokes equations for a Newtonian fluid with constant kinematic

viscosity using a fractional-step method. Spatial discretization employs a staggered Cartesian grid with

second-order centered finite differences, while time integration is carried out using a low-storage, three-
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stage semi-implicit Runge-Kutta scheme. Detailed descriptions of the patient-specific CFD geometry,

boundary conditions, and parameters are provided in the subsequent chapters.

2.1.2 Intraventricular vector flow mapping

This section reviews one of the classical computational approaches based on color-Doppler ultrasound

imaging, namely vector flow mapping (VFM), which has gained substantial traction and undergone

significant development over the past two decades for assessing left ventricular flow. Briefly, VFM

uses the one-dimensional radial velocity measured by color-Doppler to infer the azimuthal velocity

component in a polar coordinate system, thereby reconstructing a two-dimensional velocity vector field.

Importantly, this thesis further develops and extends the VFM framework using state-of-the-art physics-

informed machine learning to infer additional flow quantities (e.g., pressure) that were not immediately

accessible in previous implementations. Details of these extensions are presented in Chapters 3 and 4.

The most widely used VFM approach is based on the two-dimensional continuity equation expressed

in a polar coordinate system,

∇ · ṽ =
1

r

∂

∂r
(rvr) +

1

r

∂vθ
∂θ

= 0 (2.1)

where [r, θ] denote the polar coordinates of the color-Doppler imaging sector, and [vr, vθ] represent the

radial velocity measured by color-Doppler and the unknown azimuthal velocity component, respectively.

First proposed by Garcia et al. [31], this VFM formulation directly integrates Eq. 2.1 using a finite-

difference spatial discretization to recover vθ, assuming either no-slip or free-slip boundary conditions

derived from speckle-tracking analysis of the left ventricular boundaries. Itatani et al. [32] subsequently

improved this formulation by refining a weighted combination of two azimuthal velocity fields computed

from the anteroseptal and posterior wall boundaries, and by proposing an optimal smoothing strategy to

obtain stable spatial derivatives for post-processing analyses.

Several alternative VFM formulations were later developed based on potential functions [144],

stream-function approaches [37], and least-squares solution methods [34]. Although these variants

address certain limitations of the planar flow assumption and improve numerical robustness, they do

not incorporate full momentum conservation (e.g., the Navier-Stokes equations) and therefore require

secondary analyses to derive pressure fields [145, 146]. Extensions to three-dimensional, full-volume
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flow reconstruction have also been proposed using continuity-based formulations combined with triplane

color Doppler imaging to recover all three velocity components [147]. More recently, machine learning-

based and physics-informed neural network frameworks have been introduced to reconstruct velocity

and pressure fields in both two-dimensional and three-dimensional VFM settings [28, 148–150].

2.1.3 Indicator dilution theory

Indicator dilution theory originates from late 19th century efforts to quantify blood flow based on

conservation of mass. While electrocardiography emerged as a dominant clinical tool, a parallel and

equally foundational development occurred with the formulation of blood flow estimation based on

diffusive and convective transport [151]. This principle was extended through continuous infusion

techniques [152] and later transformed into a dynamic framework, which introduced the single-injection

indicator dilution method [153]. Henriques’ approach departed from steady-state assumptions by relating

blood flow to the ratio of injected indicator mass and the time-integrated downstream concentration curve,

implicitly assuming constant or rapidly oscillating flow during sampling [154], although Henriques’ work

initially received limited attention [155].

Subsequent refinements of the technique by Hamilton led to broader recognition of the method, which

became widely known as the Stewart-Hamilton indicator dilution technique [156]. The introduction of

spectrophotometrically measurable dyes enabled practical implementation in both experimental and

clinical settings [157]. With advances in cardiac catheterization and circulatory physiology during the

mid 20th century, indicator dilution methods were increasingly applied to quantify cardiac output, organ

perfusion, and circulation [158, 159]. Extensions of the method, such as dual-site measurements across

organ beds, enabled estimation of regional blood volumes and organ-specific hemodynamics [154].

From the late 1950s onward, the theoretical interpretation of indicator dilution curves matured through

tracer kinetic analysis and differential equation based modeling. Rapid bolus injection followed by high-

resolution sampling revealed that dilution curves could be interpreted as impulse response functions of

the cardiovascular system, encoding the distribution of transit times through a vascular bed [160]. This

insight led to the formulation of the central kinetic relationship linking flow, mean transit time, and

volume, enabling quantitative estimation of vascular and extravascular volumes [154]. Multi-indicator

techniques further extended the framework by comparing intravascular reference tracers with diffusible
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indicators to assess capillary permeability, extracellular space, and metabolic exchange, with applications

spanning pulmonary physiology, hepatic circulation, and neurovascular transport [160, 161].

The indicator dilution theory also provided the foundation for compartmental analysis and modern

tracer kinetics. Formulations incorporating convolution integrals and explicit input functions enabled

analysis of complex transport processes and laid the groundwork for tomographic imaging techniques

[162]. These models were later adapted to radioactive tracers, microspheres, and inert gases to quantify

regional perfusion and metabolic activity across organs, including the brain and myocardium [163,

164]. The advent of positron emission tomography (PET) further operationalized indicator dilution

principles by combining dynamic tracer injection with spatially resolved detection, allowing in vivo

estimation of perfusion, metabolism, and receptor kinetics using mathematically rigorous deconvolution

and compartmental analysis [165, 166].

More recently, indicator dilution theory persists in both simplified and advanced forms. Ther-

modilution using cold saline remains a standard method for cardiac output measurement in intensive

care settings [167], while nuclear medicine and PET-based tracer techniques are routinely employed

in cardiology, oncology, and neurology. Magnetic resonance imaging has adopted contrast agent and

endogenous tracer strategies that, despite limited diffusibility, leverage high temporal resolution and

model-based analysis to estimate perfusion, blood volume, and permeability [168–170]. Techniques

such as arterial spin labeling represent a noninvasive extension of classic indicator dilution concepts by

magnetically labeling blood water as an intrinsic tracer [171]. Collectively, these developments under-

score the enduring relevance of indicator dilution theory as a unifying framework linking physiology,

transport theory, and modern medical imaging.

Building upon these foundational works and motivated by recent work in deploying gamma-variate

model to compute thrombosis risk using contrast-enhanced CT imaging [172], this thesis employs

indicator dilution theory in combination with compartmental analysis and a gamma-variate model to

derive a closed-form expression for left atrial residence time from 4D CT contrast dynamics. The

proposed framework is used to assess thrombosis risk and is systematically compared with state-of-

the-art computational fluid dynamics and physics-informed neural network approaches. Details are

presented in Chapter 5.
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2.1.4 Lumped-parameter modeling

Lumped-parameter modeling provides a simplified framework for describing cardiovascular hemo-

dynamics in which pressure, flow rate, and volume vary as functions of time. By exploiting the

hydraulic-electrical analogy where fluid flow corresponds to electric current and pressure to voltage,

cardiovascular circulation can be represented using equivalent electrical circuits composed of resistors,

capacitors, and inductors. Solving the coupled ordinary differential equations (ODEs) of these circuits

yields a mathematical representation capable of predicting global blood flow behavior throughout the

circulation system with very little computational cost [173,174]. This concept traces back to the seminal

two-element Windkessel model proposed in 1899, which modeled the arterial system using a resistor and

capacitor to capture vascular resistance and compliance [175, 176]. Subsequent extensions addressed

frequency dependent limitations of the original formulation, including the three-element Windkessel

model incorporating characteristic impedance [93, 177] and the four-element model adding inertance

to better represent arterial wave propagation across a broader frequency range, albeit at the expense of

increased parameter complexity [176,178].

Over time, numerous Windkessel variants and lumped-parameter models have been developed to

capture additional physiological features such as microcirculatory effects [179–182]. These models have

been widely applied to study artificial heart devices [183–185], surgical interventions [186–188], and

patient-specific diagnostics [189–199]. A typical configuration consists of cardiac chamber compart-

ments acting as pumps coupled to vascular networks that transport blood throughout the body [174].

In the electrical domain, resistors model viscous losses, capacitors represent vascular compliance, and

inductors account for blood inertia [173]. The ODEs arise from mass and momentum conservation in

the hemodynamic domain via the continuity equation, Poiseuille’s law, and the Navier-Stokes equations,

and are translated into the electrical domain [200, 201]. The resulting system comprises coupled ODEs

and algebraic pressure-volume relationships, which may be linear or nonlinear depending on model

fidelity [201]. Due to their low computational cost and structural simplicity, lumped-parameter models

are well suited for automation and integration into high-throughput clinical workflows [202,203].

A key strength of lumped-parameter modeling lies in its ability to simultaneously capture cardiac

function and global circulatory hemodynamics within a unified framework, which is essential given

the tightly coupled nature of cardiovascular physiology. These models can serve both as standalone
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diagnostic tools and as components within multiscale frameworks coupled to higher order 1D or 3D

models to incorporate local flow phenomena [191, 192, 204–210]. However, a major challenge remains

parameter identification, as many model elements do not correspond directly to measurable physio-

logical quantities and often require invasive measurements or indirect estimation [200]. Consequently,

parameter values are frequently derived from literature, population averages, animal studies, or prior

experiments [201, 211–215]. Increasingly, non-invasive patient-specific tuning approaches have been

proposed to address this limitation, enabling personalized simulations that improve diagnostic and pre-

dictive capability [189–194, 216–219]. Continued refinement and personalization of lumped-parameter

models are therefore critical for advancing cardiovascular modeling as a practical tool to study disease

mechanisms and support clinical decision-making.

Chapter 6 of this thesis builds upon these concepts by modeling the post-Norwood circulation using

a lumped-parameter framework, in which patient-specific parameters and flow related quantities are

inferred from clinically accessible measurements through a physics-informed neural network approach.

2.1.5 Machine learning approaches

Machine learning (ML) has seen rapid advancement and widespread adoption across a range of domains

and is emerging as a powerful tool in healthcare. ML approaches are well suited for modeling complex and

latent relationships among numerous clinical and physiological variables and their associated outcomes.

In this section, we review applications of ML frameworks for predicting cardiovascular disease (CVD)

trained on large-scale clinical characteristics and comorbidities data, as well as the use of medical

imaging data for CVD predictions.

Cardiovascular disease prediction

The term CVD refers to a wide variety of commonly linked pathologies, including coronary artery dis-

ease, stroke, peripheral artery disease, deep vein thrombosis and pulmonary embolism. CVD prediction

is currently based on risk scores that use patients’ clinical characteristics and comorbidities to approxi-

mate the likelihood of future CVD, thus facilitating clinical decision-making. Models widely used in the

US include the Framingham Risk Score (FRS) and the American College of Cardiology/American Heart

Association (ACC/AHA) guidelines [220,221]. Based on the risk profile calculated by these algorithms,
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the physician may choose to start a patient on statin therapy, for example, in addition to recommending

adequate lifestyle modifications.

Machine learning models compared with traditional risk scores

The 2013 ACC/AHA Pooled Cohort Equations Risk Calculator is based on traditional risk factors

to predict cardiovascular events over 10 years. It can overestimate or underestimate the overall risk

of cardiovascular events in certain groups [222]. Kakadiaris et al. used the same risk variables

collected in the Multi-Ethnic Study of Atherosclerosis cohort to train an SVM ML algorithm [223].

The resulting predictive tool outperformed the ACC/AHA calculator, recommending less drug therapy

and missing fewer cardiovascular events. The 2017 Framingham Stroke Risk Profile was compared

with ML techniques for stroke risk prediction (random survival forest [RSF], SVM, GBT and multilayer

perceptron) in a Chinese cohort of 503,842 adults [224]. These ML models improved risk prediction over

the conventional Cox model-based approach, with GBT providing the best discrimination and calibration

performance. However, the best means of identifying individuals at high risk of stroke was the use of an

ensemble model combining the GBT and Cox methods (accuracy of 76% in men and 80% in women).

Weng et al. compared four ML algorithms with an established evaluation rubric (ACC guidelines) to

predict the first cardiovascular event over 10 years in a prospective cohort of 378,256 patients from UK

family practices free from CVD at the study’s outset [225]. All ML-based approaches tested were better

at identifying individuals at risk of CVD than the established algorithm, with neural networks providing

the best risk prediction (area under the receiver operating characteristic curve [AUC] 0.764 versus 0.728

for neural networks versus the conventional method, respectively).

Machine learning models can analyse more complex features

In addition to patient characteristics and demographics, ML can use blood biomarker levels or imaging

data as a basis for predicting CVD. AmbaleVenkatesh et al. found that imaging, ECG and serum

biomarkers were among the top predictors of CVD as opposed to traditional cardiovascular risk factors

and identified RSF as the most predictive cardiovascular risk (including stroke) model out of nine tested

models in an initially asymptomatic multiracial population [226]. In another study, an ML-based, 27-

protein prognostic cardiovascular model was trained and validated to predict the 4-year likelihood of MI,
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stroke, heart failure or death. The proteomic model performed better than the clinical model in predicting

CVD (AUC 0.73 versus 0.64) [227]. Preliminary results from an ML-based model for predicting white

matter lesions as a surrogate for CVD from retinal microvasculature changes (arteriovenous nicking,

opacity, focal arteriolar narrowing) are also compelling [228]. Four ML classifiers were tested (RF,

artificial neural network [ANN], SVM and linear regression), and both the RF and ANN achieved

optimal classification accuracy. Thus, retinal imaging is proposed as a screening tool at the primary

care level. Sridhar et al. developed a rapid and inexpensive triage tool based on a DNN to predict

major adverse cardiovascular outcomes from ECG data in patients with COVID-19 [229]. This approach

yielded comparable results to traditional statistical models incorporating extensive clinical data with the

advantage of not requiring clinical expertise to gather medical history.

Clinical stroke risk assessment in atrial fibrillation

Prior work aiming to characterise ischaemic stroke risk in AF patients has focused on clinical scores,

such as CHADS2, CHA2DS2-VASc and ATRIA. CHADS2 was limited by its difficulty in accurately

evaluating low-risk groups [230]. To improve the predictive performance in this subset of patients, the

CHA2DS2-VASc score was implemented. The ATRIA score outperforms CHA2DS2-VASc in some

cases, but both scores remain imperfect predictors of stroke with modest predictive accuracy [231,232].

Early efforts to develop ML algorithms for predicting stroke risk in AF patients have shown some

promise, and have achieved an AUC as high as 0.892 in one cohort analysis [233]. Whereas CHADS2

and CHA2DS2-VASc use 6-7 features to stratify stroke risk, an attention-based deep neural network

model identified up to 48 features that influenced stroke risk using the Korean National Health Insurance

data, and provided better prediction of ischaemic stroke in AF patients compared with CHA2DS2-

VASc scores (AUC 0.727 versus 0.651, respectively) [234]. ML was used in a German cohort to

predict ischaemic strokes in AF patients started on non-vitamin K oral antagonists. The Subpopulation

Optimisation and Modelling Solutions (SOMS) tool deintified age, male sex, ischaemic heart disease,

urinary tract infection, and dementia as predictors of ischaemic stroke in this population [235].
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Remark

The reviews presented in Section §2.1.5 are, in part, a published manuscript [236]: Chahine, M. J.

Magoon, B. Maidu, J. C. del Álamo, P. M. Boyle, and N. Akoum. Machine learning and the conundrum

of stroke risk prediction. Arrhythmia & Electrophysiology Review, 12:e07, 2023. The dissertation

author is a co-author in this paper.

2.2 Physics-informed neural network

Physics-informed neural networks (PINN) is a deep learning-based computational predictive framework

designed to infer quantities governed or well approximated by differential equations with respect to

spatial-temporal coordinates [237]. In the simplest formulation, PINN employs a fully-connected neural

network to learn nonlinear mappings between input coordinates and output variables, which are subse-

quently used to construct residuals of the underlying governing equations, typically ordinary differential

equations (ODEs) or partial differential equations (PDEs). These residuals are combined with additional

constraints, such as measurement data, initial conditions, and boundary conditions, to form a composite

loss function. Training then proceeds by minimizing this composite loss, ensuring that the predicted

variables both fit the available data and satisfy the imposed physical laws.

This section introduces the fundamentals of the PINN framework using the inviscid Burgers’ equation

as an illustrative example and discusses the state-of-the-art in PINN formulations, including network

settings and training strategies. Finally, we review current PINN implementations in cardiovascular flow

applications.

2.2.1 Methodology overview

Consider the inviscid Burgers’ equation, which is a fundamental partial differential equation occurring

in various areas of applied mathematics, such as fluid mechanics, nonlinear acoustics, gas dynamics,

traffic flow, and mathematical physics.

∂u

∂t
+ u

∂u

∂x
= 0, t ∈ [0, T ], x ∈ Ω, (2.2)

subject to the initial condition,
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u(x, 0) = f(x). (2.3)

We then represent the unknown solution u(x, t) by a fully-connected neural network [x, t] →

[uθ(x, t)], where [x, t] are the spatial-temporal coordinates used as inputs, uθ is the output, and θ denotes

the neural network trainable weights and biases. This then allows us to define a residual equation of the

Burgers’ equation as,

Rθ(x, t) =
∂uθ
∂t

+ uθ
∂uθ
∂x

. (2.4)

Suppose we also have some sparse measurement data of this unknown solution u(x, t) as,

u(xdata, tdata) = udata, (2.5)

and our objective is to use PINN to predict the solution in the whole spatial-temporal space including

those where we don’t have prior knowledge of the solution. Then, a PINN model can be trained by

minimizing the following weighted mean squared error loss function i.e., argmin(Ltotal, θ),

Ltotal = λdataLdata + λicLic + λrLr (2.6)

where

Ldata =
1

Ndata

Ndata∑
i=1

||uθ(xidata, tidata)− udata||2, (2.7)

Lic =
1

Nic

Nic∑
i=1

||u(xiic, 0)− f(xiic)||2, (2.8)

Lr =
1

Nr

Nr∑
i=1

||Rθ(xr, tr)||2. (2.9)

In Eq. 2.6, λdata, λic, and λr represent the weight coefficients of each loss term dictating their

contribution to the training and optimization process. And in above loss terms {xidata, tidata}
Ndata
i=1 ,

{xiic}
Nic
i=1, and {xir, tir}

Nr
i=1 denote the sampled spatial-temporal coordinates, and they can be the whole

spatial-temporal domain (e.g., full-batch) or be randomly drawn a subsample during each training



26

iteration (e.g., mini-batch). After the training is complete, the PINN will be able to infer the u(x, t)

solution inside the whole domain.

2.2.2 State-of-the-art

Physics-informed neural network (PINN) has emerged as a powerful paradigm within scientific machine

learning by embedding known physical laws and constitutive relations, typically expressed as partial

differential equations (PDEs), directly into the training of neural networks [237]. One of the principal

advantages of PINN is their ability to learn physically consistent solutions with little or no labeled data,

relying on governing equations and sparse measurements. This makes PINN particularly attractive for

inverse and data assimilation problems, where direct observations of all state variables or parameters

are unavailable or expensive to obtain. Unlike purely data-driven approaches, PINN incorporates prior

physical knowledge as an inductive bias, which improves interpretability and robustness in data-scarce

regimes [238].

Another key strength of PINN is its flexibility and generality. PINN provides a unified framework

capable of addressing forward problems, inverse problems, and parameter identification by modify-

ing only the loss function while retaining the same neural network architecture [237, 238]. Moreover,

PINN frameworks are mesh-free, which means collocation points can be arbitrarily sampled in the

spatial-temporal domain, eliminating the need for structured meshes and simplifying applications to

complex geometries, moving boundaries, and high-dimensional domains. The continuous and differ-

entiable representation offered by neural networks also allows direct evaluation of solution fields and

their derivatives via automatic differentiation [REF], which is advantageous for sensitivity analysis,

uncertainty quantification, and coupling with optimization or control tasks.

Despite these advantages, PINN faces several fundamental challenges that currently limit their

reliability and scalability. One major difficulty lies in optimization, PINN training involves minimizing

a highly nonconvex loss function that couples PDE residuals, boundary and initial conditions, and

possibly data fidelity terms. As a result, convergence is sensitive to initialization, optimizer choice, and

hyperparameter tuning, and low training loss does not necessarily imply an accurate physical solution

[239, 240]. Standard gradient-based optimizers such as Adam and L-BFGS may stagnate in poor local

minima, particularly for stiff, convection-dominated, or nonlinear PDEs [241]. To mitigate these issues,
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hybrid optimization strategies combining Adam and L-BFGS-B [242], careful nondimensionalization

and normalization of governing equations [243], and improved initialization strategies based on low-

fidelity solutions [244] have been proposed.

Another challenge is the balancing and enforcement of multiple physical constraints inside the loss

terms. PINN typically impose PDEs and boundary conditions as soft penalties, and neural networks tend

to prioritize minimizing the dominant loss terms. There is currently no universal, principled method

for selecting loss weights, and improper balancing can lead to violation of boundary conditions or

incomplete satisfaction of the governing equations [238, 245]. To address this limitation, self-adaptive

and gradient-normalized PINN have been introduced, in which loss weights are dynamically adjusted

during training to prevent any single constraint from dominating [246, 247]. Alternative formulations,

such as variational PINN and conservative PINN, seeks to enforce physics more strongly by leveraging

weak or integral forms of the governing equations [248].

PINN also struggles to accurately capture multi-scale, high-frequency, or chaotic dynamics, including

turbulent flows and long-time integration of nonlinear systems. This limitation is often attributed to

the spectral bias of neural networks, whereby low-frequency components are learned preferentially over

fine-scale features [240,249]. Studies have shown that vanilla PINN may fail for high Reynolds number

Navier–Stokes equations or convection-dominated diffusion problems due to increasingly complex loss

landscapes [241]. Proposed remedies include domain decomposition approaches such as conservative

or composite PINN [245], as well as causality-aware and time-marching formulations that respect the

physical propagation of information from initial and boundary conditions [250].

From a theoretical standpoint, PINN currently lacks the rigorous convergence, stability, and error

estimation guarantees that underpin classical numerical methods. PINN error can be decomposed into

approximation, optimization, and generalization components, each of which is difficult to control in

practice [251]. While recent work has established approximation bounds for wide neural networks in

Sobolev spaces [252], these results do not ensure that the trained PINN converges to the true solution.

A posteriori error estimation and reliability analysis remain largely open problems, particularly for

high-dimensional PDEs and safety-critical applications [238].

Currently, PINN is best viewed not as direct replacements for classical solvers, but as complementary

tools that thrive in inverse problems, data assimilation, surrogate modeling, and hybrid physics-data

settings. Ongoing research focuses on improving optimization robustness, constraint enforcement,
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multi-scale representation, and theoretical understanding, with the goal of bridging the gap between

PINN and established numerical methods. Advances along these directions are essential for the broader

adoption of PINN in real-world scientific and engineering applications.

2.2.3 Applications in cardiovascular flow

PINN has been increasingly applied to cardiovascular flow modeling as a physics-constrained framework

that integrates sparse clinical measurements with governing hemodynamic equations. By embedding the

incompressible Navier-Stokes equations directly into the learning process, PINN enables the reconstruc-

tion of velocity, pressure, and other fields of interest without requiring fully specified boundary or initial

conditions, which are often unavailable in vivo. This capability makes PINN particularly suitable for

patient-specific cardiovascular flow applications, where measurements are limited by imaging resolution,

noise, and acquisition constraints [237, 253].

A key application of PINN in cardiovascular flows is the non-invasive reconstruction of hemodynamic

quantities from medical imaging data. PINN has been used to infer arterial blood pressure fields directly

from 4D flow MRI velocity measurements by enforcing momentum and mass conservation, thereby

eliminating the need for invasive catheter-based pressure measurements [243]. In this setting, PINN acts

as a physics-guided data assimilation tool that compensates for limited spatial and temporal resolution

in clinical imaging while preserving physical consistency. In ventricular flows, recent extensions of left

ventricular vector flow mapping incorporate PINN that utilizes color-Doppler ultrasound data together

with continuity and Navier–Stokes constraints to reconstruct either velocity fields alone [149] or both

velocity and pressure fields [28].

PINN has also been applied to cerebrovascular hemodynamics, where anatomical complexity and

sparse measurements pose significant challenges for conventional CFD. Full velocity and pressure fields

have been reconstructed from flow visualization or limited velocity data in intracranial aneurysm and

cerebral artery configurations, enabling the estimation of clinically relevant quantities such as pressure

gradients and wall shear stress [254, 255]. These approaches demonstrate that PINN can recover

physically consistent hemodynamics in complex vascular geometries without the need for extensive

meshing or precisely defined boundary conditions.

Another important application area is the estimation of wall shear stress, which plays a critical



29

role in vascular remodeling and disease progression. PINN-based formulations have shown improved

robustness in recovering near-wall velocity gradients from sparse or noisy measurements by leveraging

the governing equations as regularization, even when boundary conditions are uncertain [256]. This

property addresses a key limitation of purely data-driven approaches and traditional post-processed CFD

reconstructions in clinical settings.

Beyond flow field reconstruction, PINN has been extended to cardiovascular inverse problems involv-

ing flow-tissue interactions. In arterial thrombus modeling, PINN has been employed to infer thrombus

material properties, such as permeability, by coupling the Navier-Stokes equations with phase-field

transport models. This approach enables simultaneous estimation of velocity, pressure, and biomechan-

ical parameters from limited observational data, providing a non-invasive pathway for characterizing

pathological cardiovascular conditions [257].
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Chapter 3

SUPER-RESOLUTION LEFT VENTRICULAR FLOW AND PRESSURE MAPPING
BY NAVIER-STOKES-INFORMED NEURAL NETWORK (AI-VFM)

3.1 Introduction

Echocardiography is the most used imaging modality in the clinical setting to measure intracardiac flow,

as it is non-invasive, portable, and widely available [121]. Techniques such as color-, pulsed-, and

continuous-wave Doppler facilitate the bedside assessment of intracardiac blood flow by providing time-

resolved velocities in the direction of the ultrasound beam. However, despite its well-known accuracy

and accessibility, Doppler velocity measurements are unidirectional, often missing critical information

about flow patterns.

Two- and three-directional vectorial maps of intracardiac flow can be acquired using phase-contrast

cardiac magnetic resonance imaging (PC-MRI) [105, 106, 258, 259]. However, compared with echocar-

diography, PC-MRI has limited temporal and spatial resolutions, involves long acquisition times, and is

less accessible, which can hamper its application in clinical practice [260–262]. Computed tomography

(CT) is more widely available, can assess cardiovascular anatomy with high spatial resolution in the

imaging plane, and offers the possibility to obtain volumetric data. However, no analysis tools quantify

flow directly from CT images. While computational fluid dynamics (CFD) analysis can be performed

using CT-derived segmentations [79], CFD is critically sensitive to modeling choices and boundary

conditions.

Given its potential value in the diagnosis and prognosis of heart failure, ultrasound flow mapping

inside the left ventricle (LV) has received significant attention. Several ultrasound methods have been

developed to capture LV flow, balancing temporal and spatial resolutions with clinical accessibility.

Echo particle image velocimetry (Echo-PIV) can obtain time-resolved 2D intraventricular velocity fields

with good spatial and temporal resolution from contrast-infused images [263, 264], and 3D extensions

have been proposed [265]. However, its sensitivity to operational parameters like image quality, frame

rate, insonation angle, and absolute flow velocity [266], and the consequent need for a finely tuned
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contrast infusion, have hindered the clinical application of Echo-PIV. Blood Speckle Imaging (BSI)

is an emerging ultrasound modality that calculates two-dimensional blood flow by tracking speckles

generated by moving blood cells in consecutive frames without the need for injecting contrast agent,

simplifying LV flow mapping. However, this technique has been limited so far by the shallow penetration

of high-frequency ultrasound. Although its feasibility has been demonstrated in adults [267], BSI is

most often applied in the pediatric setting [268].

In the past decade, vector flow mapping (VFM) has gained acceptance as a modality to obtain time-

resolved 2D velocity maps from color-Doppler echocardiographic acquisitions in the LV [31–37], as well

as 3D velocity maps from triplane color-Doppler [147]. Early implementations of VFM recovered the

cross-beam velocity component by enforcing planar mass conservation along circular arcs of the color-

Doppler sector [31–33]. Subsequent extensions reformulated VFM as a maximum-likelihood estimation

problem with priors based on mass conservation and noise reduction [34, 35]. Other VFM variants

use the stream function-vorticity formulation [37,144]. Despite these advances, existing VFM methods

do not incorporate physical information about momentum balance (i.e., the Navier-Stokes equations)

and remain sensitive to imaging artifacts that lead to spatial and temporal gaps in the color-Doppler

input images. Moreover, current VFM implementations focus exclusively on recovering the cross-beam

velocity, overlooking significant flow variables like pressure, which has to be recovered by secondary

analyses [146]. The dynamical interplay between pressure and flow acceleration is not used to inform

current VFM methods.

In parallel with these efforts, artificial intelligence (AI) models based on deep learning (DL) have

swiftly transformed cardiovascular image analysis [50]. Initially focused on automating the interpretation

of echocardiograms and electrocardiograms or the segmentation of cardiovascular structures [269–271],

these models can enhance flow imaging data by removing phase-wrapping artifacts, reconstructing

complete fields from scattered measurements, and increasing the resolution of flow measurements

[256,272,273]. Physics-informed neural networks (PINNs) harness recent advancements in DL to infer

hidden information in flow measurements constrained by the governing equations of fluid mechanics

[253,274]. A notable feature of PINNs is that they can be trained on sparse data and in a patient-specific

manner, making them well-suited for VFM. The application of DL models or, more specifically, PINNs

to VFM remains underexplored despite noteworthy ongoing work [149].

This chapter introduces AI-VFM, a vector flow mapping method that uses PINNs to reconstruct the
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cross-beam flow velocity and fluctuating pressure in the apical long-axis view of the left ventricle. Like

other VFM implementations, AI-VFM uses a color-Doppler sequence and a time-resolved delineation

of the LV endocardial wall as inputs. Its outputs are a phase-unwrapped color-Doppler map together

with reconstructed cross-beam velocity and fluctuating pressure maps. The PINN is trained for each

patient-specific acquisition to minimize a loss function that aggregates the difference between the input

and output Doppler maps, as well as the residuals of the continuity and Navier-Stokes equations in

the imaging plane, including boundary conditions at the endocardial border. Most notably, AI-VFM

leverages momentum balance to recover hidden information about flow dynamics which was inaccessible

to previous methods.

The chapter is organized as follows. Section §3.2 describes the AI-VFM implementation and the

methodology for validation and sensitivity analyses using ground-truth data from CFD simulations.

Section §3.3 reports results from those analyses and illustrates the application of AI-VFM to echocar-

diographic acquisitions, including cases with evident missing information (e.g., truncated ultrasound

sectors) or artifacts in the input Doppler images. Section §3.4 discusses the strengths and weaknesses of

AI-VFM, suggests applications of this modality, and outlines the potential extensions of AI-VFM.

3.2 Materials and Methods

3.2.1 Governing Equations of LV flow

This work relies on mathematical models of LV flow to define loss function terms in the physics-informed

neural network (PINN) and to generate synthetic ground-truth data for validation via computational fluid

dynamics (CFD) analysis. These models use the same governing equations of fluid flow but differ in

some aspects, like their physical domains and coordinate systems (see §3.2.1 and §3.2.7 below). In

all cases, blood was modeled as an incompressible, Newtonian fluid of constant kinematic viscosity

ν = 3 × 10−6,m2/s. Consequently, the velocity (⃗v) and pressure (p) fields were assumed to obey the

continuity and Navier-Stokes equations, i.e.,

∇ · v⃗ = 0 (3.1)

∂v⃗
∂t

+ v⃗ · ∇v⃗ = −1

ρ
∇p+ ν∇2v⃗ (3.2)
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where ρ is the density of blood. The boundary conditions for these equations are no-slip at the endocardial

wall, i.e., v⃗ = v⃗wall.

3.2.2 LV geometrical domain for AI-VFM

In AI-VFM, we adopted a planar polar coordinate system with its origin at the ultrasound transducer

(Figure 3.1A), as customary in the VFM literature [33]. In this reference frame, the radial velocity

component vr is parallel to the ultrasound beam and, thus, measurable by color-Doppler. In contrast, the

polar velocity component, vθ, and the pressure field p are unknown. The equations of fluid motion (3.1–

3.2) were enforced on a domainΩ corresponding to an LV segmentation obtained from echocardiographic

imaging as described in §3.2.10 below. Boundary conditions were imposed on the endocardial border

of the segmentation, ∂Ω.

3.2.3 Color-Doppler Phase Unwrapping in AI-VFM

During Doppler acquisitions, phase wrapping (i.e., aliasing) artifacts occur when blood velocity exceeds

the maximum detectable velocity (e.g., Nyquist velocity), causing the detected Doppler phase to wrap

around 2π and altering the sign and magnitude of the measured velocity, i.e.,

vr
vN

π =
vDop

vN
π + 2nπ, (3.3)

where vr is the actual velocity in the direction parallel to the ultrasound beam, vDop is the measured

Doppler velocity, vN is the Nyquist velocity, and n is the number of phase wraps. Since aliased velocities

do not obey the equations of fluid motion (3.1-3.2), Doppler measurements cannot be used directly as

training data in AI-VFM. However, trigonometric functions (e.g., sines and cosines) of both sides of

equation 3.3 are equal. Thus, we used sin(πvr/vN ) and cos(πvr/vN ) as training data fields in our

neural network. A similar approach was previously implemented in PINN to perform phase-unwrapping

in 4D flow MRI velocities [275]. We found this method yielded flow and pressure fields free of aliasing

artifacts with no need for additional constraints and without considering n into the PINN.
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(A)

(B)

Figure 3.1: AI-VFM flowchart. Raw color Doppler radial velocity field is used for training. B-mode wall

segmentation to obtain LV boundary points to impose the boundary condition. A fully-connected neural network

is employed to infer radial velocity vr, angular velocity vθ, and pressure field p. The neural network is penalized

by a loss function constructed from training data Ldata and underlying physical laws LBC and Lcons. The total

loss Ltotal is minimized using the Adam optimizer. Neural network parameters (e.g., weights ϑ∗) are updated via

backpropagation during each iteration.
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3.2.4 Neural Network Architecture and Super-Resolution Loss Function

AI-VFM (Figure 3.1A) uses physics-informed neural networks (PINNs) to reconstruct the cross-beam

flow velocity and the fluctuating pressure from a color-Doppler sequence and a time-resolved delineation

of the LV endocardial wall. A PINN is a neural network trained to minimize a residual including physical

laws. Therefore, it learns the training data and the underlying (i.e., hidden) dynamics of the system. In

AI-VFM, we use a fully-connected neural network to approximate the following mapping function: [t, r,

θ] 7→ [vr, vθ, p], where the inputs are time and the spatial coordinates of the points inside the LV, and the

outputs are the corresponding velocities (radial and cross-beam components) and pressure fluctuations.

Input and output variables are defined on Nout frames along the cardiac cycle. In all the cases we

studied, we adopted a neural network configuration with 4 layers, each consisting of 150 neurons. This

configuration aimed to balance low expressivity (shallow layer) with overfitting and computational cost

(deep layer). Given that the underlying physical constraints involve nonlinear equations, we employed

nonlinear swish activation functions [276]. The neural network weights were initialized using Xavier’s

scheme [277], and weight normalization was employed to accelerate training [278].

The loss function employed to train the AI-VFM PINN comprises three terms representing the

differences with respect to the training data (Ldata), the wall boundary conditions (LBC), and the

governing mass and momentum conservation equations (Lcons),

Ltotal = Ldata + LBC + Lcons.

Color-Doppler vr fields usually have different temporal resolutions than the B-mode acquisitions used

to delineate the LV wall, where boundary conditions are imposed. To account for this disparity, and to

achieve temporal super-resolution in the output flow and pressure fields, we devised the strategy outlined

in Figure 3.1B. The data loss, Ldata, was sampled in the available NDop color-Doppler frames, whereas

the boundary condition loss, LBC , was sampled in the available NBC B-mode frames, and the governing

equations loss, Lcons, was sampled at the Ncons frames. We then set the number of output temporal

frames, Nout, equal to Ncons > NBC > NDop to achieve temporal super-resolution. The data loss term

was defined as
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Ldata = λdata

(
1

Md

Md∑
i=1

∥∥∥∥cos(πvr,i
vN

)
− cos

(
πvDop,i

vN

)∥∥∥∥2 + 1

Md

Md∑
i=1

∥∥∥∥sin(πvr,i
vN

)
− sin

(
πvDop,i

vN

)∥∥∥∥2
)
,

(3.4)

where λdata is a hyperparameter and i indicates members within a list of Md sampled points in the

segmented LV mask (Ω) across the available NDop color-Doppler frames. We accounted for possible

holes in the color-Doppler measurements caused by, e.g., low signal power or imaging artifacts, by

enabling the selective removal of subdomains of Ω in the calculation of Ldata. Therefore, the sampled

points used to compute Ldata were randomly redrawn each training iteration, excluding points within

data holes. The boundary condition loss, weighed by the hyperparameter λBC , included the residual

of the no-slip boundary condition sampled at Mbc points of the LV boundary (∂Ω) across the available

NBC bright-mode frames,

LBC = λBC
1

Mbc

Mbc∑
k=1

∥⃗vk − v⃗wall,k∥2 . (3.5)

Finally, the mass and momentum conservation loss was defined as

Lcons =
3∑

j=1

λJj

1

Mp

Mp∑
i=1

∥J⃗j,i∥2, (3.6)

where the vector J⃗j,i = Jj(ri, θi, ti) is formed by the residuals of the continuity equation and the radial

and polar components of the Navier-Stokes equations in polar coordinates, i.e.,

J1 =
1

r

∂

∂r
(rvr) +

1

r

∂vθ
∂θ

,

J2 =
∂vr
∂t

+ vr
∂vr
∂r

+
vθ
r

∂vr
∂θ

−
v2θ
r

+
1

ρ

∂p

∂r
− ν
[ ∂
∂r

(1
r

∂

∂r
(rvr)

)
+

1

r2
∂2vr
∂θ2

− 2

r2
∂vθ
∂θ

]
,

J3 =
∂vθ
∂t

+ vr
∂vθ
∂r

+
vθ
r

∂vθ
∂θ

+
vrvθ
r

+
1

ρ

1

r

∂p

∂θ
− ν
[ ∂
∂r

(1
r

∂

∂r
(rvθ)

)
+

1

r2
∂2vθ
∂θ2

+
2

r2
∂vr
∂θ

]
,

To non-dimensionalize the above equations, the training Doppler data vr and other flow variables were

scaled with their characteristic magnitudes, i.e.,

r̂ =
r

D
, θ̂ = θ, t̂ =

t

D/U
, v̂r =

vr
U
, v̂θ =

vθ
U
, p̂ =

p

ρU2
,
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Example U [cm/s] D [cm] Re ∆r [mm] ∆θ [°] NDop NBC Ncons Iterations

CFD 50.00 2.73 3413 0.50 1.00 15 100 200 200K

#1 73.60 3.57 8758 0.54 1.34 17 64 200 45K

ECHO #2 57.24 2.31 4407 0.54 1.34 19 74 200 45K

#3 57.24 2.40 4579 0.54 1.35 19 83 200 45K

Table 3.1: Characteristic scales used to non-dimensionalize inputs. Reynolds number defined by

Re = UD/ν, where ν = 3× 10−6m2/s is the kinematic viscosity, and U and D are the peak diastolic

jet velocity and the diameter of the mitral valve, respectively. Spatial resolution for CFD benchmark and

echocardiographic data. Case-specific NDop, NBC , and Ncons = 200. Iterations of AI-VFM for each

example.

where U is the typical diastolic jet velocity, D is the mitral valve diameter, and ρ is the blood density.

The values of these magnitudes are specified in Table 3.1. The reconstructed flow fields were then back-

dimensionalized during the inference stage after training is complete. The resulting non-dimensional

residuals were

J1 =
1

r̂

∂

∂r̂
(r̂v̂r) +

1

r̂

∂v̂θ

∂θ̂
,

J2 =
∂v̂r

∂t̂
+ v̂r

∂v̂r
∂r̂

+
v̂θ
r̂

∂v̂r

∂θ̂
−

v̂2θ
r̂

+
∂p̂

∂r̂
− 1

Re

[ ∂
∂r̂

(1
r̂

∂

∂r̂
(r̂v̂r)

)
+

1

r̂2
∂2v̂r

∂θ̂2
− 2

r̂2
∂v̂θ

∂θ̂

]
,

J3 =
∂v̂θ

∂t̂
+ v̂r

∂v̂θ
∂r̂

+
v̂θ
r̂

∂v̂θ

∂θ̂
+

v̂rv̂θ
r̂

+
1

r̂

∂p̂

∂θ̂
− 1

Re

[ ∂
∂r̂

(1
r̂

∂

∂r̂
(r̂v̂θ)

)
+

1

r̂2
∂2v̂θ

∂θ̂2
+

2

r̂2
∂v̂r

∂θ̂

]
,

where Re = UD/ν is the Reynolds number. Additionally, we employed a normalization scheme to

ensure all training input variables (e.g., r, θ, t) had zero mean and unit variance. This step promotes

training robustness and mitigates the issue of vanishing gradients during backpropagation [277].

These loss terms were sampled at Mp points randomly selected across Ncons frames. The points

were chosen inside the time-dependent Ω domain obtained by interpolating the LV mask segmentation

from NBC frames to Ncons frames. The temporal and spatial derivatives appearing in the definition of

J⃗j,i were computed using automatic differentiation [279] on the neural network.
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3.2.5 Adaptive Loss Function Weight Adjustment

The loss function in AI-VFM has several terms weighed by hyperparameters that affect the convergence

rate of the PINN. Even if we found AI-VFM to converge without tuning these hyperparameters, faster

convergence can be achieved by careful tuning. However, manual tuning is tedious and not generalizable

for different flows in different patients. Thus, we employed the automatic adaptive strategy proposed by

Wang et al [280]. In this approach, derived from Neural Tangent Kernel (NTK) theory, the hyperpa-

rameter values (e.g., λdata, λBC , λJ1−3) are updated every few iterations (100 in our case) starting from

some initial values (one in our case). The updated values are computed as

λdata =
Tr(K)

Tr(Kdata)
, λBC =

Tr(K)

Tr(KBC)
, λJ1 =

Tr(K)

Tr(KJ1)
, λJ2 =

Tr(K)

Tr(KJ2)
, λJ3 =

Tr(K)

Tr(KJ3)
,

(3.7)

where Tr(∗) indicates the trace of a matrix, and Kdata, KBC , KJ1 , KJ2 , and KJ3 are the NTK matrices

associated with each loss term. These matrices are computed from the Jacobian matrices with respect to

the neural network parameter ϑ∗ (e.g., Kdata = JdataJ
T
data). And the overall NTK matrix K is obtained

by

K =



Jdata

JBC

JJ1

JJ2

JJ3


[
JT
data JT

BC JT
J1

JT
J2

JT
J3

]
.

Since the eigenvalues of each loss term’s NTK matrix measure that term’s rate of convergence [280],

equation 3.7 effectively increases the weight of the constraints whose residuals are not decreasing as fast

as the other constraints in the loss.
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Figure 3.2: Loss curves (panels A & D), loss weight evolution (panels B & E), and eigenvalues of neural kernel

(panels C & F) associated with each loss component for the AI-VFM with NTK adaptive weight adjustment [280],

calculated at the last iteration of traning. The top and bottom rows respectively correspond to the CFD validation

and clinical application patient #1 reported in Table 3.1.
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3.2.6 PINN runs

In all the PINN runs reported in this manuscript, a batch size of 10K sampling points (e.g., Md = Mp =

104) was used during each iteration to evaluate the losses with respect to training data and physical

constraints, and the whole batch (i.e., all available points) was used to impose boundary conditions.

The entire batch size for boundary conditions varied for CFD and ECHO depending on spatiotemporal

resolution, with typical values being Mbc ≈ 59K and 23K for CFD and ECHO, respectively.

The PINNs were run untilLdata, LBC , andLcons reached plateaus, as shown in Figure 3.2A and 3.2D

(patient #1). The number of iterations run for each case is indicated in Table 3.1. The total loss function

was minimized using the Adam adaptive optimization algorithm [281] with an initial learning rate of

0.001 that was lowered exponentially every 104 iterations with a decay rate of 0.9. The hyperparameters

λdata, λBC , and λJ1−3 associated with each loss term were updated every 100 iterations as discussed

above. Figures 3.2B & E show that these hyperparameters were rapidly adjusted from their initial

guesses during initial training, followed by a more gradual variation for later stages of training. We

also examined the eigenvalues of each NTK matrices at the last iteration of traning, with and without

multiplying by their respective λ (Fig. 3.2C & F). These data showed that hyperparameter adjustment

effectively equalized the convergence rate of all individual loss terms, since the eigenvalues of λK were

approximately the same for all terms.

AI-VFM was implemented in Python using TensorFlow [282] library as described in Raissi et al.

2020 [254]. The training was performed using an NVIDIA A40 GPU with 48GB RAM, providing

favorable accuracies in the recovered pressure and velocity fields within 104 iterations (≈ 15 mins with

one A40, Figure 3.16). All other pre- and postprocessing was done in MATLAB. The CFD validation

data and codes are publicly available at https://github.com/bmaidu/AIVFM.

3.2.7 LV geometrical domain for CFD

The LV cavity of our CFD simulation data was modeled as a half-ellipsoid (Figure 3.3A) with the

endocardial surface given by

(
2x

D0

)2

+

(
2y

D0

)2

+

(
z

L(t)

)2

= 1, (3.8)

where D0 = 5.57 cm is the diameter of the LV base and L(t) is the time-dependent LV long-axis
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(A) (B)

Figure 3.3: A) Sketch of the computational domain and idealized LV geometry, showing the mitral valve orifice

in orange and the aortic valve orifice in blue; B) Time evolution of the LV volume prescribed in CFD simulations.

dimension (i.e., the distance between the LV base and its apex). LV beating in sinus rhythm at 70 b.p.m.

was modeled by varying L(t) between Lmin = 3.62 cm and Lmax = 7.96 cm, yielding the LV volume

vs. time evolution shown in Figure 3.3B. The two increments of LV volume correspond to the E and

A waves mediated by LV relaxation and atrial contraction, with a physiological E/A wave ratio of 1.1.

LV ejection fraction (EF = 0.54) and sphericity index (SpI = 0.49) were also set within physiological

ranges [283,284].

The openings at the LV base shown in Figure 3.3A represent the aortic and mitral orifices. They were

modeled without leaflets and with two states: fully open or fully closed. The aortic orifice was modeled

as a circle of diameter DAO = 2.52 cm centered at xAO = 0 and yAO = −1.48 cm (i.e., separated by a

distance 0.05 cm to the edge of the LV base), yielding an area AAO = 4.97 cm2. A half-moon-shaped

mitral orifice was defined by the boundary line:

((
2x

D0

)2

+

(
2y

D0

)2

− 1

)
·

((
2x

DAO

)2

+

(
2(y − yAO)

DAO

)2

− 1

)
= φ (3.9)

where the parameter φ was chosen to yield an orifice area AMO = 7.45 cm2.
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3.2.8 CFD runs

Following previous works [87], the blood flow simulations of the idealized LV configuration described

above were performed using TUCAN, an in-house GPU flow solver [88, 142, 143, 285]. TUCAN uses

a fractional step method to solve the Navier-Stokes equations for an incompressible fluid. The spatial

discretization is based on second-order finite differences in a Cartesian staggered grid with constant

grid spacing in all directions, ∆x. Time integration is performed using a three-step, semi-implicit

Runge-Kutta. The presence and motion of the LV walls are modeled in TUCAN using the immersed

boundary method [286].

The simulations were initialized with zero velocity inside the LV and run for 5 cardiac cycles to

ensure a quasi-periodic and converged flow. All the data presented in this paper correspond to the

5th cycle, for which 200 uniformly-spaced velocity and pressure fields were stored. For the present

work, we chose ∆t = 1.47 × 10−4 s and ∆x = 0.5 mm, yielding a Courant-Friedrichs-Lewy number

(CFL) < 0.6 throughout the cardiac cycle. These temporal and spatial resolution values agree with

recent convergence studies for intracardiac flows [287].

3.2.9 Validation and Sensitivity Analysis on CFD-generated LV flow

Velocity and pressure fields from CFD simulations were interpolated into an 11 cm × 60 degree fan-

shaped sector mimicking the long-axis apical echocardiographic view (Figure 3.3A). In this scheme, the

ultrasound transducer would be located at the sector’s vertex, which also coincides with the origin of

the polar coordinate system used in the VFM model (Figure 3.1A). To match the spatial resolution of

standard color-Doppler acquisitions (see §3.2.10), the CFD data were interpolated using radial and polar

step sizes ∆r = 0.5 mm and ∆θ = 1.0◦, yielding a mesh with 220 × 50 points. Also, 200 temporal

frames of flow fields evenly distributed over one cardiac cycle were obtained for training and validation.

To test the accuracies of dynamic and kinematic AI-VFMs’ when varying the temporal resolution

of the input color-Doppler sequence, we first considered using all available training data (e.g., NDop =

NBC = Ncons = 200). We then tested dynamic AI-VFM’s ability to provide super-resolution against

more realistic temporal resolution of wide-sector color-Doppler and bright-mode acquisitions (e.g.,

NDop = 15, NBC = 100, Ncons = 200). To evaluate AI-VFM’s ability to recover hidden information

in untrained frames, we ran another dynamic AI-VFM using NDop = NBC = Ncons = 15 and linearly
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interpolated the results to populate the velocity field up to 200 frames. The sensitivity of AI-VFM

with respect to imaging resolution was tested by considering down-sampled cases with ∆r = 1mm,

∆θ = 1.3, 1.8◦ and one up-sampled case ∆r = 0.5mm, ∆θ = 0.3. We also tested whether increasing

NDop from 15 to 50, 100, or 200 improved the accuracy of the recovered fields in both dynamic and

kinematic models.

Aliasing artifacts were simulated by introducing a Nyquist limit of vN = 50 cm/s in vr unless stated

otherwise. In addition, we investigated the effect of transducer misalignment with the LV and outflow jets

by rotating the virtual Doppler sector as described in Figure 3.6(E & F). When varying one parameter,

all other parameters are kept fixed at nominal values (i.e., ∆r = 0.5mm, ∆θ = 1.0°, NDop = 200, and

α = 0).

To compare the recovered flow fields vs. the ground-truth CFD data, we computed the coefficient of

determination, r2, and the normalized root-mean-squared error (NRMSE) as follows:

NRMSE =
1

max∥v⃗CFD∥

√√√√ 1

Nt

Nt∑
i=1

∥v⃗V FMi − v⃗CFDi∥
2. (3.10)

An interesting feature of AI-VFM is that, by incorporating momentum equations in its loss functions,

it can also infer flow pressure fields, p(r, θ, t). Pressure in incompressible flows is undetermined by a

constant (i.e., pressure enters the governing equations 3.2 under a spatial gradient). Thus, to compare

the inferred pressure maps with ground-truth maps from CFD, we examined the pressure fluctuations

p′ = p− p by subtracting each snapshot’s mean pressure, p(t) = Ω−1
∫
Ω p(r, θ, t)dΩ.

3.2.10 Echocardiographic Imaging

To assess the clinical feasiblity of AI-VFM, color-Dopper image sequences were acquired using a Vivid

7 scanner with broadband transducers (GE Healthcare) from three patients in sinus rhythm, one with

dilated cardiomyopathy (patient #1) and two with acute myocardial infarction (patient #2 & #3). Standard

B-mode and Doppler data were obtained as recommended in established guidelines [21]. Pulsed-wave

Doppler spectrograms were obtained at the mitral valve tips and LV outflow tract, from which key

cardiac cycle events were identified using EchoPac software (version 214, GE Healthcare) to temporally

align data for postprocessing. Color-Doppler images covering the entire LV chamber were obtained in

the apical three-chamber view (∼ 10 cycles, frame rate ≈ 15 Hz), followed by the acquisition of 2D
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cine-loops (∼ 3 cycles, frame rate > 60 Hz). The Ethics Committee of Hospital Gregorio Maranon

approved the study and all patients provided written informed consent. The LV myocardial wall was

segmented from the LV B-mode series using speckle-tracking software to delineate the endocardium

(EchoPac, version 214, GE Healthcare). The spatial and temporal resolutions of the acquired Doppler

images (e.g., vr) and flow parameters used in AI-VFM for training (NDop), imposing boundary condition

(NBC), and mass and momentum conservation equations (Ncons) are summarized in Table 3.1.

3.2.11 Reference (Vanilla) VFM and Phase-Unwrapping Methods

For reference in our validation study, we also derived time-resolved 2D blood velocity fields from color-

Doppler data inside the LV using Garcia et al.’s original method (as described in references [31, 102],

and hereon referred to as vanilla VFM). The vanilla VFM algorithm is fed by a color-Doppler acquisition

and integrates the planar continuity equation, imposing no-penetration boundary conditions at the LV

endocardium. This method used as input a color-Doppler sequence acquired over ∼10 heartbeats (under

breathhold) at ∼ 15 frames per second. The input sequence is assumed to be periodic in time, and

the frames from the ∼10 different heartbeats are gated retrospectively to generate velocity fields with

higher temporal resolution. This procedure uses a Fourier interpolant with a number of modes chosen

by an Akaike information criterion, which usually yiels 10-20 modes. Data from heartbeats with > 5%

heart rate variation are rejected. In our experience with vanilla VFM, having patients hold their breadth

for ∼10 seconds can introduce challenges. However, this is no longer an issue in AI-VFM, which only

requires one hearbeat of color-Doppler input data given its temporal superresolution capabilities.

As reference dealiasing method, we used Loecher et al.’s one-step Laplacian correction [288] as the

reference method for phase unwrapping of aliased color-Doppler values. In this method, a Laplacian

equation is formulated for the number of phase wraps,

∇2n = (2π)−1[cos(φw)∇2 sin(φw)− sin(φw)∇2 cos(φw)−∇2φw],

where φw = πvw/vN is the wrapped phase and vw the aliased velocity. The solution to this equation is

rounded off to the nearest integer number and plugged into equation 3.3 to correct the velocity field.
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3.3 Results

This section presents validation and sensitivity analyses of AI-VFM using CFD-generated data. We

also illustrate the clinical application of AI-VFM to improve ultrasound flow data. Overall, AI-VFM

accurately recovers the cross-beam velocity component and fluctuating pressure inside the LV at temporal

resolution higher than that of the training Doppler data. It also deals with aliasing artifacts and recovers

missing velocity values.

3.3.1 AI-VFM Validation on CFD-generated LV flow

Figure 3.4 displays snapshots of LV flow velocity and fluctuating pressure fields during the early

filling, late filling, and ejection phases of the cardiac cycle. This figure includes the CFD-generated

ground-truth data and the results from two AI-VFM runs. In the first run, AI-VFM was trained using

Ncons = NBC = NDop = 200 temporal frames, including the three timepoints represented in Figure 3.4.

In the second run, AI-VFM was trained using a more realistic setting with Ncons = 200, NBC = 100,

NDop = 15. Of note, in this second AI-VFM run, none of the color-Doppler data from the three time

points represented in Figure 3.4 was used for training. Still, AI-VFM inferred the entire velocity field at

these time points, thereby increasing the effective temporal resolution of the original data.

The CFD-generated data, used as ground truth for evaluating AI-VFM, showed LV flow features in

good agreement with previous simulations [67, 289] and clinical measurements [121]. As in the human

LV, the CFD-simulated flows exhibited strong filling jets flanked by vortex rings and an emptying jet

with prograde swirl. These patterns are the hallmarks of systolic and diastolic LV flow. Thus, although

idealized, our CFD model provided an effective, physiologically representative benchmark flow for

validating AI-VFM.

At time points with color-Doppler training data, AI-VFM inferred vr almost exactly (Figure 3.4A),

which was expected since the Ldata loss directly penalized differences between the original and the

reconstructed vr component. Moreover, outside of the timepoints with color-Doppler training data, AI-

VFM also provided a faithful estimation of vr. The cross-beam velocities from AI-VFM closely matched

the ground-truth CFD maps (Figure 3.4B). Because AI-VFM did not use any vθ data for training, this

flow component estimation was not as precise as vr. Nevertheless, AI-VFM still recovered the dominant

patterns of vθ even if some fine-scale features were not captured. The availability of color-Doppler
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Figure 3.4: Velocity and pressure maps inferred by AI-VFM compared to ground-truth CFD data at early filling,

late filling, and ejection (i.e., t = 0.85, 0.45, 0.21T , where T is the cardiac cycle period). Data from two AI-VFM

implementations, using PINNs trained with NDop = 200 and NDop = 15, are shown. As indicated by the dials

symbolizing the cardiac cycle, the NDop = 200 AI-VFM is shown at frames (•) within the training set (◦). In

contrast, the NDop = 15 AI-VFM is shown at frames outside of the training set. A) Radial velocity vr; B) polar

velocity vθ; C) Flow vectors and color map of velocity magnitude; D) Flow vectors and color map of fluctuating

pressure p′. Units for velocity and pressure are cm/s and mmHg, respectively.
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training data at the interrogated temporal frame did not significantly influence the reconstruction of vθ.

This result indicates that AI-VFM learned the dynamics of the flow to incorporate data across different

time points despite the low temporal resolution in the training data.

The p′ maps produced by AI-VFM agreed well with the ground-truth fields. During early filling,

AI-VFM recovered the pressure fluctuations caused by the vortex ring flanking the mitral jet, and the

vortex ring from the preceding beat as it impinged the LV apex. During late filling, AI-VFM reproduced

pressure fluctuations induced by vortices as well as the adverse pressure gradient that decelerates the LV

filling jet during this phase. Likewise, the pressure inferred by AI-VFM during ejection agreed with the

CFD data, showing a favorable pressure gradient that accelerates the flow toward the aortic orifice.

The only noticeable difference between the pressure maps in AI-VFM and CFD was that AI-VFM

produced smoother results, reaching lower p′ peak values than CFD. This effect was more pronounced

when AI-VFM was interrogated at temporal frames with no color-Doppler training data. PINNs are

known to implicitly introduce smoothing by prioritizing learning the low-frequency features in the

training data, a phenomenon known as spectral bias [280, 290]. To investigate whether this effect could

be palliated by reducing the importance of the viscous terms in the PINN, we ran dynamic AI-VFM

setting Re = ∞ in the Navier-Stokes loss terms (i.e., J2 and J3). The resulting flow maps were almost

indistinguishable from those obtained using the Reynolds number value used in the CFD, Re = 3, 413

(Figure 3.14).

Point-wise Comparison of Velocity and Pressure Values

Scatter plots comparing vr, vθ, and p′ from AI-VFM (y coordinate) and CFD (x coordinate) were built

by pooling all the spatial points within the interrogated temporal frames, as indicated below. We overlaid

contours of the joint probability density functions (pdfs) of VFM and CFD values and computed their

r2 values. For reference, the outermost contour of these pdfs was chosen so that it left out 1% of the

sampled points.

We tested the dynamic and kinematic versions of AI-VFM, along with the vanilla VFM method of

Garcia et al [31], using all the CFD validation frames as input frames (e.g.,NDop = NBC = Ncons = 200

for the PINNs). The results are displayed in the first row of Figure 3.5. The vr and vθ scatter plots

from kinematic AI-VFM and vanilla VFM are shown as insets in the corners of each panel (top left and
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Figure 3.5: Point-wise comparison of velocity and fluctuating pressure inferred by AI-VFM with ground-truth

CFD data. Each panel shows scatter plots where the x and y coordinates are, respectively, the ground-truth CFD

and AI-VFM values of flow variables sampled at uniformly spaced points inside the LV domain. The contour maps

of joint probability densities of CFD and AI-VFM values are superimposed on each scatter plot. Units for velocity

and pressure are cm/s and mmHg, respectively. A-C) AI-VFMs vs. CFD, NDop = NBC = Ncons = 200;

D-F) AI-VFMs vs. CFD, NDop = 15, NBC = 100, Ncons = 200 pooling frames within the NDop = 15

color-Doppler dataset; G-I) AI-VFMs vs. CFD, NDop = 15, NBC = 100, Ncons = 200 pooling frames outside

of the NDop = 15 color-Doppler dataset

.
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bottom right corners of Figures 3.5A-B, respectively). Consistent with the results shown in Figure 3.4,

the scatter plots for vr aligned tightly along the identity line y = x for the three methods considered

(Figure 3.5A), with r2 hovering around 0.99 in all the cases. Although the scatter plots of vθ experienced

more dispersion than those of vr, dynamic AI-VFM still showed favorable agreement with the CFD

ground-truth data, leading to r2 = 0.62. We found r2 to vary little with the number of training iterations

for vr, implying that a high accuracy was already achieved with few iterations (∼ 10K, Figure 3.16). On

the other hand, r2 increased appreciably with the number of iterations for vθ (Figure 3.16). In comparison

to dynamic AI-VFM, kinematc AI-VFM and vanilla VFM reached r2 = 0.36 and r2 = 0.25 respectively.

Correspondence with ground-truth data was better for large vθ values, while more significant differences

were observed around vθ = 0. Of note, kinematic AI-VFM and vanilla VFM showed larger errors

than dynamic AI-VFM when reconstructing negative values of vθ. Pressure fluctuations from dynamic

AI-VFM showed good agreement with CFD data 3.5C), with an overall r2 = 0.94. The agreement was

particularly good for low and intermediate |p′| values, whereas AI-VFM tended to underestimate extreme

values, consistent with the visualizations of Figure 3.4D. Similar to vr, high r2 values were achieved

for p′ with as little as 10K training iterations, and the accuracy increased modestly beyond that (Figure

3.16).

Next, we tested the ability of AI-VFM to learn hidden information about flow physics and recover

velocity and pressure fields with finer temporal resolution than the training data. Thus, we ran AI-

VFM using only NDop = 15 frames with training vr data, but we imposed the boundary conditions

and governing equations on more frames along the cardiac cycle (NBC = 100, Ncons = 200). We

then compared AI-VFM with ground-truth CFD data both at the NDop = 15 within the training set

(Figure 3.5D-F) and at the 185 frames outside of the training set (Figure 3.5G-I). Overall, the accuracy

of dynamic AI-VFM decreased modestly when NDop was lowered from 200 to 15, with r2 values for

vr, vθ and p′ varying from 0.99, 0.62, and 0.94 to 0.97-1.00, 0.56-0.57, and 0.86-0.87, respectively.

Remarkably, dynamic AI-VFM had similar accuracy when interrogated within the 15 frames containing

training data (Figure 3.5D-F) and the 185 frames not containing training data (Figure 3.5G-I).

Kinematic AI-VFM conserved its performance when trained withNDop = 15 instead ofNDop = 200,

both within the training range (top left corner insets of Figures 3.5D, E) and outside of it (top left corner

insets of Figures 3.5G, H). However, its accuracy decreased when tested outside of the training dataset,

displaying drops in r2 from 1.00 to 0.92 and from 0.37 to 0.33 respectively for vr and vθ. Moreover, we
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ran dynamic AI-VFM using Nout = Ncons = NBC = NDop = 15, and linearly interpolated its results

in time at the 185 outside of the training dataset. This run aimed to evaluate the level of hidden flow

information recovered by the PINN for different values of NBC and Ncons. Their scatter plots are shown

in the lower right corner insets of Figures 3.5G-I. The accuracy of the linearly interpolated AI-VFM

maps dropped significantly, reaching values very similar to those obtained by kinematic AI-VFM.

We also tested the accuracy of imposing the no-penetration boundary condition routinely used in

most VFM methods [33] since AI-VFM provides flexibility to enforce either free slip or no slip at the

LV walls. The results yielded (scatter plots not shown) r2 = 0.99, 0.50, 0.76 for vr, vθ, and p′ within the

training dataset and r2 = 0.96, 0.51, 0.80 outside of it. Therefore, the accuracy of the no-penetration

boundary condition only decreased slightly with respect to the no-slip boundary condition.

Sensitivity Analyses

To assess the robustness of AI-VFM, we repeated the CFD-based validation for different spatial and

temporal resolutions and transducer locations, as outlined in §3.2.9. To evaluate the distinct contributions

of the Navier-Stokes and mass conservation constraints, we performed sensitivity analyses of the dynamic

and kinematic implementations of AI-VFM. Figure 3.6 summarizes the results of these analyses, reporting

NRMSEs of vr, vθ, and p′ for dynamic AI-VFM, and NRMSEs of vr and vθ for kinematic AI-VFM.

First, we varied the angular resolution while keeping nominal values for transducer positioning and

radial and temporal resolutions. Since a standard color-Doppler acquisition has an angular step size

∆θ ≈ 1.0°, we considered step sizes ∆θ ≈ 0.3, 1.0, 1.3, and 1.8° in our sensitivity analysis. The

NRMSEs of the reconstructed flow variables varied little with ∆θ in the studied range for both dynamic

AI-VFM (Figure 3.6A) and kinematic AI-VFM (Figure 3.6B). However, dynamic AI-VFM produced

lower errors consistent with the results reported in the previous section. We also addressed the effect of

radial resolution, varying the standard echocardiographic value, ∆r ≈ 0.5mm, to ∆r ≈ 1mm. Similar

to the case of ∆θ, this perturbation did not significantly modify the NRSME of the reconstructed flow

variables in any of the two AI-VFM models (Figure 3.6C-D). Once again, dynamic AI-VFM was more

accurate than kinematic AI-VFM over the range of studied resolutions.

We also examined the effect of transducer positioning by varying the angleα formed by the ultrasound

sector axis and the CFD-LV long axis. For dynamic AI-VFM (Figure 3.6E), the NRMSEs of vr and
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Figure 3.6: Normalized root mean squared error (NRMSE) of the radial velocity vr (blue), polar velocity vθ

(red), and pressure fluctuation p′ (yellow) maps recovered by AI-VFM using CFD analysis as ground-truth data.

The top row (panels A, C, E, and G) corresponds to dynamic AI-VFM whereas the bottom row (panels B, D, F,

and H) corresponds to kinematic AI-VFM. A-B) NRMSE vs. spatial resolution in the polar direction (i.e., angular

step size ∆θ); C-D) NRMSE vs. spatial resolution in the radial direction (i.e., radial step size ∆r); E-F) NRMSE

vs. ultrasound sector orientation (i.e., angle α between sector axis and LV long axis); G-H) NRMSE vs. temporal

resolution of color-Doppler training sequence (i.e., NDop or ∆t = 1/NDop. When varying one parameter, all

other parameters are kept fixed at nominal values (i.e., ∆r = 0.5mm, ∆θ = 1.0°, Ndop = 200, and α = 0).
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p′ were almost independent of α in the range [−45◦, 45◦] while the NRMSE of vθ experienced a

shallow increase with |α|. In the case of kinematic AI-VFM (Figure 3.6F), the NRMSEs of vr were also

insensitive to α. However, the reconstruction error of vθ increased more sharply with |α| in kinematic

AI-VFM than in dynamic AI-VFM. In particular, the NRMSEs of dynamic AI-VFM at α = ±45◦ (0.21

and 0.30) were comparable to that of kinematic AI-VFM at α = 0 (0.25).

Finally, we studied the AI-VFM performance while varyingNDop between 15 and 200. We found that

both dynamic and kinematic AI-VFM were relatively insensitive to NDop. However, a modest increase

in the NRMSEs of vr was observed between NDop = 50 and NDop = 15 for kinematic AI-VFM (Figure

3.6H).

3.3.2 Application to Clinical Acquisitions

This section demonstrates the feasibility of performing AI-VFM on clinical echocardiographic acqui-

sitions. We illustrate this technique’s ability to correct aliasing artifacts in the color-Doppler data and

reconstruct 2D maps of flow velocity vectors and pressure fluctuations. We also demonstrate that AI-

VFM can restore missing data in clinical acquisitions, including entire color-Doppler frames. Since

the validation and sensitivity analyses reported in previous sections suggest dynamic AI-VFM is more

accurate and robust than kinematic AI-VFM, our clinical demonstration of AI-VFM focused on the

dynamic implementation. Unless otherwise stated, we ran the PINNs using patient-specific values for

NDop and NBC in Table 3.1 given by the temporal resolution of each echocardiographic acquisition. In

contrast, Ncons = 200 frames were used to enforce mass conservation and momentum balance.

Figure 3.7 displays the velocity and pressure maps obtained by AI-VFM for patient # 1.These maps

are represented during early filling, late filling, and ejection. For completion, the raw color-Doppler

maps at those time instants, some of which contain aliasing artifacts, are also represented (Figure 3.7A-

C). Similar plots for two additional patients are shown in Supplementary Figures 3.11 and 3.12. The

velocity vectors captured the early filling jet and its associated vortex ring (Figure 3.7D), which evolves

into a single prograde swirling structure that occupies most of the LV chamber by late diastole (Figure

3.7E) and persists through ejection (Figure 3.7F), routing incoming blood toward the outflow tract. This

spatiotemporal pattern is well-established as the representative LV flow pattern in the apical long-axis

view [121]. In addition to the velocity field, AI-VFM calculated the pressure fluctuations inside the LV
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Figure 3.7: Example of clinical application of AI-VFM in patient #1. The first (panels A, D, and G), second

(panels B, E, and H), and third (panels C, F, and I) columns display respectively early filling, late filling, and

ejection. A-C) Raw color-Doppler training frames at indicated time points. D-F) Flow vectors and color map of

velocity magnitude from AI-VFM at indicated time points. G-I) Flow vectors and pressure fluctuation at indicated

time points. Velocity units are [m/s] and pressure units are [mmHg]. NDop = 17, NBC = 64, Ncons = 200 for

dynamic AI-VFM.
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Figure 3.8: Example of clinical application of AI-VFM in patient #1 to color-Doppler sequences with scan

sector truncation near the LV boundary. The first (panels A, D, and G), second (panels B, E, and H), and third

(panels C, F, and I) columns display respectively early filling, late filling, and ejection. A-C) Raw color-Doppler

training frames at indicated time points displaying narrowed scan sector near the LV boundary. D-F) Flow vectors

and color map of velocity magnitude from AI-VFM at indicated time points. Note that AI-VFM reconstructs the

velocity field inside the truncated regions. G-I) Flow vectors and pressure fluctuation at indicated time points.

Note that AI-VFM reconstructs the velocity and pressure fields inside the truncated regions. Velocity units are

[m/s] and pressure units are [mmHg]. NDop = 17, NBC = 64, Ncons = 200 for dynamic AI-VFM.
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from clinical color-Doppler acquisitions (Figures 3.7G-I). These pressure maps identified vortex cores

since those are associated with local pressure minima, and agreed well with previously reported maps

by secondary analyses of VFM maps [146].

To illustrate the capacity of AI-VFM to handle images with holes and regenerate the missing infor-

mation, we reran the algorithm on the same patient, i.e., patient #1. However, this time, we truncated the

color-Doppler sector in all the frames (NDop) of the input sequence (Figure 3.8A-C). Sector truncation

is a frequent manipulation that increases the acquisition frame rate of color-Doppler sequences. Despite

the truncated sector, the flow and pressure maps reconstructed by AI-VFM, shown in Figures 3.8D-I,

agreed favorably with those obtained when running AI-VFM on intact input images (Figures 3.7D-I),

yielding r2 = 0.87, 0.64, 0.88 for vr, vθ, and p′, respectively. We also tested the case where the color-

Doppler images had a hole in the center of the LV cavity, as in Figure 3.13. The flow and pressure maps

reconstructed by AI-VFM, shown in Figure 3.13D-I, were almost indistinguishable from Figure 3.7D-I,

yielding r2 = 0.97, 0.91, 0.96 for vr, vθ, and p′.

Finally, we followed a leave-one-out approach to show that AI-VFM can also recover complete

missing frames in clinical acquisition sequences. We created decimated versions of patient #1’s color-

Dopppler acquisition by sequentially removing one of its NDop color-Doppler frames. Then, we trained

the PINN in dynamic AI-VFM using the remaining NDop − 1 frames, and used the color-Doppler frame

excluded from training as ground-truth data for validation. Figure 3.9 compares ground-truth frames

with the corresponding AI-VFM-reconstructed frames during early diastole, late diastole, and ejection,

showing favorable visual agreement, and yielding r2 = 0.84 with respect to training with all available

(NDop) frames. In comparison, linear interpolation between phase-unwrapped frames yielded r2 = 0.73.

3.3.3 Phase unwrapping in AI-VFM

Phase wrapping artifacts are common in clinical color-Doppler images and can be particularly problem-

atic during early diastole. During this phase, the flow velocity reaches large negative values inside the

filling jet. If these velocity values are aliased, a large region of positive Doppler velocity, including the LV

diastolic vortices, can be created, as shown in Figure 3.7A. This pattern can confound physics-unaware

phase unwrapping algorithms, leading to jagged velocity contours that require artificial smoothing. We

tested the accuracy and sensitivity of phase-unwrapping in AI-VFM using the CFD-generated flow as
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Figure 3.9: Leave-one-out validation of AI-VFM on the clinical color-Doppler sequence of patient #1. The three

columns show results from three runs, where dynamic AI-VFM was trained on NDop − 1 color-Doppler frames,

and one frame was dropped. The top image in each column is the dropped color-Doppler frame. The bottom

image is the vr map recovered by AI-VFM for the instant of time corresponding to the dropped frame. Velocity

units are [m/s]. NDop = 17, NBC = 64, Ncons = 200.
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benchmark. Aliased regions were created (Figure 3.10A) by prescribing a Nyquist velocity of 40 cm/s.

The one-step Laplacian method of Loecher et al [288] was used as the reference algorithm. We found

that both the Laplacian method (Figure 3.10B) and AI-VFM (Figure 3.10C) correctly unwrapped most

of the aliased regions. However, the Laplacian method failed in small regions close to the boundary and

the inlet (see arrows in Figure 3.10B). Consistent with these data, the scatter plots of phase unwrapped

vr vs. the original CFD vr (Figure 3.15) showed a small but noticeable amount of pixels along the

lines y = x ± vN for the Laplacian method when vN = 40 cm/s. We also examined the sensitivity of

both methods to the Nyquist velocity (Figure 3.10D), finding that AI-VFM performed well for Nyquist

velocities down to vN = 20 cm/s. On the other hand, the Laplacian method deteriorated for vN ≤ 40

cm/s.

Laplacian

AI-VFM

A) Aliased CFD frame
(vN = 40 cm/s)

B) Laplacian dealiasing method C) AI-VFM D) NRMSE vs. Nyquist velocity

cm/s

60 40 20

Figure 3.10: Color-Doppler dealiasing of radial velocity vr analysis in CFD model (top row) and one example in

a clinical acquisition (bottom row). A) CFD frame simulated during early diastole with an alised region (orange)

manually created in the center part of inflow jet (blue) with the Nyquist velocity vN = 40 cm/s. B) CFD frame

dealiased using the one-step Laplacian method of Loecher et al.’s [288]. C) CFD dealiased output frame from

AI-VFM. D) NRMSE vs. Nyquist velocity in the idealized CFD LV model for both methods.

3.4 Discussion

Machine learning (ML) and AI are shaking the landscape of fluid mechanics research, offering un-

precedented ability to study complex flows. In cardiovascular research, ML models are powerful tools

to discover hidden relationships between clinical variables and diseases, offering valuable metrics for

disease risk stratification [236,291,292]. The impact of deep learning (DL) models has been particularly
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significant [293]. Among these models, deep convolutional networks (CNNs) have proven effective at

pattern recognition and feature extraction in complex flow data. Applied to cardiovascular flows, CNNs

have proven helpful in resolving Doppler images aliasing artifacts [272], aortic wall shear stress estima-

tion from 4D flow MRI [273], and real-time estimation of thrombotic risk in left atrial appendage [294].

Among the growing body of DL models, PINNs are well suited to study flow phenomena since they

effectively incorporate the laws of physics as constraints in the learning process [237,253]. PINNs have

been used to enhance flow measurements from laboratory experiments [295] and medical imaging ac-

quisitions [256, 275]. However, its applications to recover and visualize intracardiac flows from clinical

data are scarce, and only preliminary approaches to the cardiovascular system have been recently con-

ducted [243,256,257]. Some of these applications aim to use PINNs for improving cardiac simulations

or modeling [271,296,297].

The application of DL models to reconstruct LV flow from color-Doppler data is just beginning to

be explored but offers significant promise of improvement over traditional VFM methods [149, 298].

Specifically, Ling et al [149] proposed physics-guided neural networks by PINNs and nnU-Net [299] to

reconstruct intraventricular flow from Doppler data based solely on mass conservation. Their comparative

study has demonstrated the generalizability and robustness of nnU-Net method trained on a diverse

range of simulated and clinical Doppler data. While near real-time inference of flow fields using pre-

trained model shows promise in clinical settings, the requirement of a alias-free Doppler as training

data complicates the applicability of nnU-Net method, and no constraints on flow dynamics require

secondary analysis to obtain other flow fields such as pressure. On the other hand, our study centered

around PINNs as the means of flow reconstruction, focusing on the performance gains obtained by

incorporating physical constraints related to flow kinematics (i.e., mass conservation) and dynamics

(i.e., momentum balance). Unprecedented in DL-based VFM approaches, we included momentum

balance in the AI-VFM via loss terms that measure the residuals of the planar Navier-Stokes equations.

Informing AI-VFM with flow dynamics allowed this modality to provide temporal super-resolution and

recover entire missing frames from an acquisition sequence. Furthermore, since the Navier-Stokes

equations include pressure gradients, the pressure was an output variable of the PINNs, allowing AI-

VFM to recover pressure fluctuations inside the LV. However, since blood is an incompressible fluid,

these fluctuations do not account for the time-periodic mean chamber pressure or hydrostatic variations

due to gravity.
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Our comparative analyses of kinematics-informed vs. dynamics-informed AI-VFM suggested that

enforcing momentum balance in the PINN increased the accuracy and robustness of VFM. Overall,

dynamic AI-VFM was more accurate than kinematic AI-VFM, which in turn was more accurate than

the vanilla VFM implementation that integrates the continuity equation separately along each arc of the

Doppler sector [31]. Moreover, our sensitivity analyses showed dynamic AI-VFM to be less sensitive to

the input data’s spatial and temporal resolutions and the ultrasound sector’s orientation. The sensitivity

to ultrasound sector alignment is particularly relevant since VFM relies on the inflow and outflow jets

of the LV being captured by the color-Doppler velocity component. Because those jets are primarily

aligned with the LV long axis, the performance of VFM deteriorates as the angle α between the LV long

axis and the ultrasound sector increases [31]. Still, we found dynamic AI-VFM to perform as accurately

for α = 45° as kinematic AI-VFM for α = 0.

The Navier-Stokes equations include acceleration and viscous terms representing physical mecha-

nisms distinct from mass conservation. Informing AI-VFM with flow acceleration allowed this method

to connect information from different temporal frames within each training set. Consequently, dynamic

AI-VFM produced temporally super-resolved outputs with velocity and pressure maps at time points

without color-Doppler training data. When forcing dynamic AI-VFM to linearly interpolate between

training frames without enforcing momentum balance inside the intervals defined by these frames, its

performance degenerated to that of kinematic AI-VFM. This experiment supports the idea that enforcing

momentum balance is crucial to achieving temporal super-resolution. From a practical point of view,

handling color-Doppler input sequences with few more than a dozen frames spanning one single heart-

beat facilitates the clinical adoption of VFM because it reduces the time patients need to hold their breath

while being scanned from ∼ 10 s to ∼ 1 s. In our experience, breath-holding has been a limiting factor

of VFM, especially in patients with severely impaired cardiac function. This feature also opens the door

to applying AI-VFM to patients with heart rhythm disorders.

In color-Doppler acquisitions, the Nyquist velocity limit beyond which the Doppler phase wraps

around 2π is dictated by the ultrasound pulse repetition frequency (PRF). Increasing the PRF allows for

detecting higher flow velocities but compromises the scanning depth of the acquisition. Consequently,

color-Doppler sequences for VFM are often acquired using Nyquist velocities lower than the peak

velocities found in the inflow and outflow jets of the LV. Thus, these sequences can contain significant

aliasing artifacts. Since aliasing artifacts are common to other flow imaging modalities like phase-
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contrast MRI, they have received significant attention, and standalone algorithms have been developed

for their removal [272, 288, 300, 301]. These algorithms use knowledge about phase-wrapping, training

data, and/or smoothness constraints to decide whether jumps in velocity between neighboring pixels are

caused or not by phase wrapping. Using physical constraints should help make this decision but had not

been attempted in color-Doppler echocardiography so far. In AI-VFM, we followed an approach recently

proposed for 4D-flow MRI [275]. We made the data loss term in the PINN insensitive to 2π jumps in the

phase of the color-Doppler signal and let the physics constraints in the PINN ensure the regularity of the

output flow maps. We found this approach was sufficient to correct aliasing artifacts in several clinical

color-Doppler acquisitions without introducing any explicit dealiasing step in the algorithm. We also

found that the dealiased color-Doppler maps generated by AI-VFM compared well with those obtained

with standalone methods informed by phase wrapping rules [288].

In addition to aliasing, clinical color-Doppler images sometimes include sizeable areas of unreli-

able data caused by ultrasound sector truncation, insufficient signal power, device-related ultrasound

reflections [302], etc. These artifacts are more challenging to remedy than aliasing because they are not

governed by a simple phase-wrapping rule. We have shown that AI-VFM seamlessly tolerates large holes

in the input data, using the hidden information about flow physics to restore the flow inside these holes.

Therefore, AI-VFM offers a new method to analyze artifact-ridden images as long as the unreliable pixels

in each image can be labeled and excluded from training. Future efforts should focus on the automation

of unreliable pixel labeling and the design of data loss terms that tolerate such pixels, similar to the

2π-insensitive data loss term used in this work.

The inclusion of viscous terms in the PINN loss should contribute to regularizing the velocity fields in

ways consistent with flow physics, even if flow inside the human LV is dominated by pressure and intertial

forces. The flexibility of the PINN framework allows for blood viscosity to be an output parameter [237],

so no prior knowledge of this parameter is needed. Nevertheless, our results suggest that spectral bias

in the PINNs [280, 290] created at least as much smoothing as the viscous terms for physiologically

representative Reynolds number values. Therefore, the effective Re of the AI-VFM-reconstructed flow

maps was lower than the actual Re of the flow and, consequently, the peak values of, e.g., pressure

fluctuations, were underestimated by AI-VFM. On the other hand, except for the presence of imaging

noise, the clinical color-Doppler maps do not exhibit the fine-scale flow patterns expected to be found in

LV flow at physiologically representative Reynolds number values of Re ≈ 4, 000. This averaging effect
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in color-Doppler maps was previously noted by Seo et al [289] by comparing with their CFD simulations.

Therefore, while further efforts are warranted to mitigate spectral bias in AI-VFM [247,280], the clinical

application of this technique should not be hindered by this limitation. Furthermore, our leave-one-out

validation of AI-VFM on clinical acquisitions suggests that the PINN captured most if not all the flow

features in the color-Doppler maps.

The PINN approach followed in AI-VFM ensures this technique is trained using data from one

patient at a time, bypassing the need for training on large pre-existing data sets. PINNs are generally

less sensitive to common issues of DL models like the misrepresentation of features underrepresented

in the training set [50, 291, 292]. While the need for re-training the PINN for every single patient

may seem computationally expensive, this demand is manageable in VFM given the relatively light

weight of the input 2D image sequences. AI-VFM provides high accuracy for vr and p and reasonable

accuracy for vθ with < 10 minutes of training on an off-the-shelf contemporary graphics processing unit

(GPU), and the accuracy of vθ increases significantly by increasing the number of training iterations.

AI-VFM works robustly without the need for carefully fine-tuning hyperparameters to the specifics

of each acquisition, and improved convergence and accuracy are achieved with adaptive loss function

weight adjustment [247, 250, 280]. In particular, adjusting the PINN loss weights using the eigenvalues

of the neural tangent kernel [280] is an effective approach to equalize the rate of convergence of the

different loss terms in AI-VFM. Considering the rapid progress in GPU architecture, and the Tensorflow

software engine used by the PINNs [303], we expect that further reductions in compute time that could

bring AI-VFM closer to real-time execution are well within reach. On the other hand, it is important to

keep in mind that VFM uses a planar flow simplification, i.e., the physical loss terms are formulated by

restricting the 3D mass conservation and momentum balance equations within the 2D plane formed by

the long-axis apical view of the LV. Therefore, one should expect the loss function in AI-VFM to have

a floor that is related to the error of the planar flow approximation. Future efforts should leverage the

flexibility and modest computational cost of PINNs to extend AI-VFM to three dimensions.

The fully-connected neural network configuration in AI-VFM provides a flexible framework that can

be expanded without great difficulty to include additional input and output variables, as well as physical

constraints. In the field of echocardiography, this flexibility could be exploited to assimilate flow fields

from blood speckle imaging [267, 268], a technique based on high-frequency ultrasound that measures

2D blood flow vectors but often produces gappy data. In addition, future directions will explore including
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additional physical constraints in the PINNs of AI-VFM to map LV blood residence time [304] or the

concentration of coagulation species [305].

3.5 Conclusion

This chapter describes AI-VFM, a new vector flow mapping (VFM) method enabled by recent advances

in artificial intelligence (AI). AI-VFM uses physics-informed neural networks (PINNs) encoding mass

conservation, momentum balance, and boundary conditions to recover intraventricular flow and pressure

fields from standard echocardiographic scans. AI-VFM performs phase unwrapping and recovers missing

data in the form of spatial and temporal gaps in the input color-Doppler data, thereby producing super-

resolution flow maps. AI-VFM is solely informed by each patient’s flow physics; it does not utilize

explicit smoothness constraints or incorporate data from other patients or flow models. AI-VFM shows

good validation against ground-truth data from CFD, outperforming traditional VFM methods as well

as similar PINN-based VFM formulations relying exclusively on mass conservation.
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3.7 Supporting Information

Figures 3.11 and 3.12 in this section demonstrate the clinical application of AI-VFM to two additional

patients (#2 and #3, see Table 3.1 in the main text).

Figure 3.13 demenstrates the clinical application of AI-VFM to patient with missing data (holes) at

the center of LV chamber due to acquisition limitations.

Figure 3.14 compares CFD and AI-VFM data when the PINN is informed with and without viscous terms.

Figure 3.15 shows the point-wise comparison of dealiasing results by One-step Laplacian method

and AI-VFM in CFD LV model.

Figure 3.16 shows the point-wise comparison of velocity and pressure inferred by AI-VFM with CFD

ground-truth data for different number of training iterations and point-wise comparison of velocity and

fluctuating pressure values inferred by AI-VFM with CFD ground-truth data for different number of

batch sizes (Md,Mp) used to sample training data. Both plots are normalized by their common origins.
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Figure 3.11: Example of clinical application of AI-VFM in patient #2. The first (panels A, D, and G), second

(panels B, E, and H), and third (panels C, F, and I) columns display respectively early filling, late filling, and

ejection. A-C) Raw color-Doppler training frames at indicated time points. D-F) Flow vectors and color map of

velocity magnitude from AI-VFM at indicated time points. G-I) Flow vectors and pressure fluctuation at indicated

time points. Velocity units are [m/s] and pressure units are [mmHg]. NDop = 19, NBC = 74, Ncons = 200 for

dynamic AI-VFM.
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Figure 3.12: Example of clinical application of AI-VFM in patient #3. The first (panels A, D, and G), second

(panels B, E, and H), and third (panels C, F, and I) columns display respectively early filling, late filling, and

ejection. A-C) Raw color-Doppler training frames at indicated time points. D-F) Flow vectors and color map of

velocity magnitude from AI-VFM at indicated time points. G-I) Flow vectors and pressure fluctuation at indicated

time points. Velocity units are [m/s] and pressure units are [mmHg]. NDop = 19, NBC = 83, Ncons = 200 for

dynamic AI-VFM.
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Figure 3.13: Example of clinical application of AI-VFM in patient #1 to color-Doppler sequences with holes

inside the LV domain. The first (panels A, D, and G), second (panels B, E, and H), and third (panels C, F, and

I) columns display respectively early filling, late filling, and ejection. A-C) Raw color-Doppler training frames

at indicated time points displaying a large hole near the center of the LV chamber. D-F) Flow vectors and color

map of velocity magnitude from AI-VFM at indicated time points. Note that AI-VFM reconstructs the velocity

field inside the holes. G-I) Flow vectors and pressure fluctuation at indicated time points. Note that AI-VFM

reconstructs the velocity and pressure fields inside the holes. Velocity units are [m/s] and pressure units are

[mmHg]. NDop = 17, NBC = 64, Ncons = 200 for dynamic AI-VFM.
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Figure 3.14: Velocity and pressure maps inferred by AI-VFM compared to ground-truth CFD data at early

filling, late filling, and ejection (i.e., t = 0.85, 0.45, 0.21T , where T is the cardiac cycle period). Data from two

AI-VFM implementations, using PINNs trained with Re = 4, 550 and Re = ∞, are shown. Both are trained with

NDop = 15, NBC = 100, and Ncons = 200. As indicated by the dials symbolizing the cardiac cycle, bot are

shown at frames (•) outside of the training set (◦). A) Radial velocity vr; B) polar velocity vθ; C) Flow vectors

and color map of velocity magnitude; D) Flow vectors and color map of fluctuating pressure p′. Units for velocity

and pressure are cm/s and mmHg, respectively.
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(A) One-step Laplacian method (B) AI-VFM

Figure 3.15: Point-wise comparison of de-aliased radial velocity from One-step Laplacian method (left) and

AI-VFM (right) with ground-truth CFD data. Each panel shows scatter plots where the x and y coordinates are,

respectively, the ground-truth CFD, radial velocity de-aliased by Loecher et al and AI-VFM sampled at uniformly

spaced points inside the LV domain. The contour maps of joint probability densities superimposed on each scatter

plot. Units for velocity is cm/s.
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Figure 3.16: Left: point-wise comparison of velocity and fluctuating pressure values inferred by

AI-VFM with CFD ground-truth data for different number of training iterations normalized by r210K ;

Right: point-wise comparison of velocity and fluctuating pressure values inferred by AI-VFM with CFD

ground-truth data for different number of batch sizes (Md,Mp) used to sample training data normalized

by r22500.
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Chapter 4

TIME-RESOLVED THREE-DIMENSIONAL AI-VFM BY TRIPLANE
COLOR-DOPPLER IMAGING

4.1 Introduction

In Chapter 3, we developed a novel left ventricular (LV) vector flow mapping (VFM) framework that uses

physics-informed neural networks [254], referred to as AI-VFM [28], to reconstruct two-dimensional

flow and pressure fields from standard color-Doppler imaging. We validated AI-VFM using an idealized

LV dataset generated from computational fluid dynamics (CFD) simulations and successfully applied

the framework to clinical electrocardiographic imaging data, obtaining physiologically meaningful flow

and pressure fields.

In the domain of color-Doppler ultrasound, several approaches have been proposed to reconstruct

three-dimensional flow and pressure fields. For example, prior studies have demonstrated the feasibility

of using echo-particle image velocimetry to recover full-volume intraventricular flow fields [306–308].

The classical iVFM formulation has also been extended to an optimization framework for reconstruct-

ing three-dimensional LV flow fields from triplane Doppler imaging [147]. In addition, volumetric

Doppler measurements have been used to recover complete three-dimensional flow fields through image-

registration-based approaches [309, 310] and optimization-based regularization methods [311]. More

recently, Wong et al. [150] proposed a coupled sequential-frame PINN framework to reconstruct three-

dimensional flow and pressure fields in a CFD dataset, although the underlying data assumption is more

closely aligned with volumetric Doppler imaging than with standard two-dimensional color-Doppler

acquisition.

Given that our 2D AI-VFM can be trained using incomplete, sparse, or partially missing spatiotem-

poral color-Doppler data, we now extend the 2D AI-VFM framework to three dimensions. In this chapter,

we present 3D AI-VFM framework and thet validation studies demonstrating the use of triplane color-

Doppler imaging as training data to reconstruct time-resolved, three-dimensional LV flow and pressure

fields.
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4.2 Materials and Methods
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Figure 4.1: Synthetic triplane Doppler data acquisition on an idealized CFD data. Left panel depicts

the triplane separated by 60°. Right panel shows a representative radial velocity component vr snapshot

during early filling for the triplane.

4.2.1 Synthetic triplane Doppler generation

We used the idealized LV model described in Section 3.2.7, together with the CFD-generated ground-

truth flow and pressure fields, to validate the 3D AI-VFM framework introduced in this chapter. To mimic

clinical triplane Doppler acquisition, we placed a virtual transducer away from the apex and interpolated

the CFD flow field onto a fan-shaped polar grid to obtain the radial Doppler velocity field, as shown in the

left panel of Fig. 4.1. The polar grid was then rotated twice, with an angular increment of 60°, to generate

the other two triplane Doppler velocity fields. The polar grid has a spatial resolution of ∆r = 0.5 mm
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and ∆θ = 1.0°, with a radial length of 11 cm and an angular width of 60°. The spatial coordinates

of the triplane Doppler velocity fields were represented in both polar and Cartesian coordinates to

facilitate coordinate transformation in the neural network loss formulation. The full volumetric LV mesh

is represented in Cartesian coordinates with a spatial resolution of ∆x = ∆y = ∆z = 0.5 mm. A

representative triplane Doppler snapshot during early filling is shown in the right panel of Fig. 4.1.
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Figure 4.2: Flowchart of the proposed framework in this chapter. Spatiotemporal coordinates of the

triplane Doppler data (top left) are used as inputs to the 3D AI-VFM (top right). After training, it

reconstructs full volumetric flow (bottom left) and pressure fields (bottom right).
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4.2.2 3D AI-VFM architecture & training strategy

The Cartesian spatiotemporal coordinates of the LV mesh are used as the input to our 3D AI-VFM

framework (Fig. 4.2, top row). The input coordinates [t,x] are first mapped into a high-dimensional fea-

ture space using a random Fourier embedding layer, defined as Φ(x) = [cos(Bx), sin(Bx)], where the

entries ofB are sampled fromN (0, s2)with s = 1.0. Random Fourier feature embedding helps mitigate

the spectral bias of PINNs by introducing high-frequency and multiscale components into the neural

network representation [247, 250, 280]. A second structured Fourier layer is applied to the temporal

coordinate to enforce exact temporal periodicity [250,312], given by Ψ(t) = [cos(2πt/T ), sin(2πt/T )],

where T = 0.86 s is the cardiac cycle duration. The low-frequency inputs [t, x, y, z] are also normalized

using a z-score scheme and concatenated with the high-frequency Fourier features before being prop-

agated through the network. The resulting transformed input is passed through four adaptive residual

blocks [313], each consisting of three MLPs, and the network outputs the four variables [u, v, w, p].

The predicted flow and pressure variables are then used to construct the training loss functions.

Specifically, the velocity field u = [u, v, w] is used to penalize the mismatch between the network

predictions and the triplane Doppler measurements, defined as

Ldata = λdata

(
1

M

M∑
i=1

∥u⃗ · e⃗r − vr,i∥2
)
, (4.1)

where λdata is the data-loss weighting coefficient, and i indexes the M = 104 sampled points from

the triplane Doppler planes. We also impose the no-slip boundary condition through a boundary loss

weighted by λBC, evaluated at Mbc = 104 sampled points on the full volumetric LV boundary,

Lbc = λbc
1

Mbc

Mbc∑
i=1

∥u⃗i − u⃗wall,i∥2 . (4.2)

The mass and momentum balance partial differential equations (PDEs) losses were defined as

Lpde =

4∑
j=1

λJj

1

M

M∑
i=1

∥J⃗j,i∥2, (4.3)

where J⃗j,i = Jj(ti, xi, yi, zi) denotes the jth residual evaluated at the ith sampled point, with J

constructed from the continuity equation and the three Cartesian components of the Navier–Stokes

equations. To non-dimensionalize these equations, the training Doppler data vr and other flow variables
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are scaled by their characteristic magnitudes, i.e.,
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where U = 50 cm/s and D = 2.73 cm, and ρ is the blood density. The resulting non-dimensional

residuals were,
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∂ŵ
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∂ŷ2
+

∂2ŵ
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∂û
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+

∂v̂

∂ŷ
+

∂ŵ

∂ẑ
,

where Re = UD/ν = 3412.5 is the Reynolds number. The reconstructed flow fields were then

back-dimensionalized during the inference stage after training is complete (Fig. 4.2 bottom row).

The total loss function consists of multiple terms with different physical scales and numerical

magnitudes. To mitigate this imbalance and stabilize the training process, we employ adaptive loss term

weighting based on the GradNorm scheme proposed in prior work [247].

λi =
||∇θLic(θ)||+ ||∇θLbc(θ)||+ ||∇θLpde(θ)||

||∇θLi(θ)||

where i ∈ {data,bc, pde}, and || · || denotes the L2 norm. The GradNorm scheme dynamically adjusts

the loss term weights by equalizing the gradient norms of the weighted losses, thereby preventing any

single loss term from dominating the training process. The computed weights are updated using a

running average with a momentum coefficient of 0.95, and the GradNorm weights are recalculated every

1000 training iterations.

The neural network weights were initialized using the Glorot scheme [277]. We used the swish

activation function, and random weight factorization was employed to accelerate training [313]. The

network was optimized using the Adam optimizer with an initial learning rate of 10−3, which was

exponentially decayed by a factor of 0.8 every 25,000 training iterations. All 200 triplane Doppler

frames, synthetically acquired from the CFD simulations, were used to train the network and reconstruct

the full volumetric flow and pressure fields. The reconstructed fields were then validated against the
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CFD-generated ground truth. The results presented in this chapter were obtained after 500,000 training

iterations. The 3D AI-VFM framework was implemented in TensorFlow, with training accelerated

using JIT and XLA compilation, which have been shown to provide substantial speedups for PINN

training [303].

4.3 Results

This section presents qualitative 3D LV flow visualization and quantitative validation of 3D AI-VFM

against CFD ground-truth data. Overall, 3D AI-VFM can accurately reconstruct full volumetric flow

and pressure fields by training only on triplane Doppler data.
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Figure 4.3: Velocity and vorticity maps inferred by 3D AI-VFM (bottom row) compared to CFD ground-

truth data (top row) at early filling (left column), late filling (mid column), and ejection (right column).

The blue volumes are the vortex regions computed by the Q-criterion (3000/s−2 threshold).
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4.3.1 Flow and pressure reconstruction visualization and comparison

Fig. 4.3 shows snapshots of the LV flow velocity and vorticity, while Fig. 4.4 shows the corresponding

fluctuating pressure maps during early filling (panels A,D), late filling (panels B,E), and ejection

(panels C,F ) within one cardiac cycle. These figures compare the 3D CFD ground-truth flow fields (top

rows) with the reconstructed results from the 3D AI-VFM framework (bottom rows) described in §4.2.2.

Overall, the velocity field inferred by 3D AI-VFM shows very good agreement with the CFD ground

truth. During early filling (Fig. 4.3A,D), the inferred results capture the strong mitral jet entering the

LV and forming a large vortex ring. During late filling (Fig. 4.3B,E), 3D AI-VFM continues to recover

the overall velocity field well, although some smaller vortex structures are not captured and the velocity

magnitude is slightly underestimated, as indicated by the shorter velocity arrows. During ejection

(Fig. 4.3C,F), the agreement remains strong, despite the loss of fine-scale vortex details and continued

underestimation of the relatively small velocities near the inlet region.
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Figure 4.4: Pressure fluctuation (iso-surface) maps overlay with velocity vectors (green arrows) inferred

by 3D AI-VFM (bottom row) compared to CFD ground-truth data (top row) at early filling (left column),

late filling (mid column), and ejection (right column).
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Because pressure in incompressible flow is determined only up to an additive constant, we subtracted

the spatial mean pressure at each time instant from both the CFD ground-truth and the inferred results,

i.e., p′ = p− p. The pressure fluctuation maps p′ inferred by 3D AI-VFM (Fig. 4.4) agree well with the

CFD ground-truth. During early filling (Fig. 4.4A & D), 3D AI-VFM recovers the pressure distribution

associated with the vortex ring, including its overall shape and magnitude. During late filling (Fig. 4.4B

& E), the inferred pressure field captures the adverse pressure gradient that decelerates LV filling.

Similarly, during ejection (Fig. 4.4C & F), the inferred pressure fluctuation maps agree well with the

CFD ground-truth and recover the pressure gradient that drives the flow toward the outlet.

4.3.2 Point-wise and global comparisons against CFD ground-truth data
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Figure 4.5: Point-wise comparison of velocity and fluctuating pressure inferred by 3D AI-VFM with

CFD ground-truth data.
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Fig. 4.5 shows scatter plots comparing the inferred velocity components u, v, and w, as well as the

pressure fluctuation p′, against the CFD ground-truth, together with the corresponding coefficients of

determination (R2). Consistent with the flow and pressure fields shown in Fig. 4.3 and Fig. 4.4, the

scatter plot for the velocity component u, corresponding to the LV long-axis direction, aligns closely

with the identity line y = x, with R2 = 0.90. The inferred velocity components v and w also show good

overall agreement, although moderate underestimation is observed, particularly near the peak values.

The corresponding R2 values for v and w are 0.67 and 0.42, respectively. In contrast, the pressure

fluctuation p′ shows very good agreement with the CFD ground-truth, with the scattered points clustered

closely around the identity line and only minor underestimation.

Figure 4.6: Volume-averaged kinetic energy at each time instant comparison inferred by 3D AI-VFM

with CFD ground-truth data.

Fig. 4.6 shows the volume-averaged kinetic energy computed at each time instant, defined as KE =

1
2

(
u2 + v2 + w2

)
. Consistent with the previous velocity field comparisons, the overall mean kinetic

energy is moderately underestimated by 3D AI-VFM, reflecting the underestimation of the reconstructed

velocity magnitudes.

Frame-wise mean vorticity was also computed and is shown in Fig. 4.7. Despite the minor-to-

moderate underestimation of velocity magnitudes described above, the overall vorticity is largely captured
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Figure 4.7: Mean vorticity ([s−1]) at each time instant comparison inferred by 3D AI-VFM with CFD

ground-truth data.

well by 3D AI-VFM. The most noticeable differences are observed in theωy component, while the overall

trends remain consistent with the vortex structures identified using the Q-criterion in Fig. 4.3.

Figure 4.8: Loss terms and weights vs. training iterations.
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The training losses and associated loss-term weights are shown in Fig. 4.8. Overall, the training

process remained stable: the loss values decreased rapidly during the initial stage of training and then

gradually plateaued. The loss weights were dynamically updated during training, helping to balance the

contributions of the individual loss terms and stabilize the overall training dynamics.

4.4 Discussion

This chapter extends our previous 2D AI-VFM framework to 3D by using triplane Doppler imaging to

infer time-resolved volumetric LV flow and pressure fields. Motivated by prior 2D iVFM work [147], we

used triplane Doppler measurements to train the AI-VFM framework while imposing physical constraints,

including the incompressible Navier–Stokes equations, on full-volume spatiotemporal points. Triplane

Doppler imaging provides sparse velocity measurements with good temporal resolution, enabling AI-

VFM to infer flow fields in regions of the LV that are not directly observed. Unlike conventional 3D

iVFM, 3D AI-VFM can also recover the pressure field because the momentum balance is included in

the loss function. In spirit, this approach is similar to recent PINN-based VFM work [150]; however,

it differs in imaging modality and formulation. Specifically, the PINN-based VFM framework of Wong

et al. relies on prior knowledge of volumetric Doppler acquisitions, which are not readily available in

most clinical ultrasound settings, whereas 3D AI-VFM uses clinically more accessible triplane Doppler

measurements.

We validated the 3D AI-VFM framework using an idealized LV model, for which the ground-truth

flow and pressure fields were generated from CFD simulations. The inferred velocity fields and pressure

fluctuations showed good overall agreement with the CFD ground truth, although minor to moderate

underestimation was observed near peak values. This behavior is commonly observed in PINN-inferred

flow fields and is often associated with spectral bias. Although several techniques, such as Fourier

feature embeddings, were used to mitigate spectral bias, its effects remain noticeable and limit the

ability of 3D AI-VFM to capture fine-scale hemodynamic structures. In the present study, we did not

perform sensitivity analyses with respect to spatial resolution, temporal resolution, Doppler aliasing, or

measurement noise, which are especially important in clinical settings. Likewise, clinical application of

3D AI-VFM was not evaluated in this study.

Future work will include a comprehensive sensitivity analysis using CFD-generated flow fields
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to assess the effects of imaging parameters, Doppler aliasing, and measurement noise, followed by

validation using clinical triplane Doppler imaging. Although the 3D AI-VFM framework is flexible and

can accommodate different neural network architectures and loss function formulations, the combination

of these techniques increases training complexity and computational cost, with the results presented here

requiring approximately 25 hours of training. Future work should therefore also focus on accelerating

3D AI-VFM through multi-GPU training, improved optimization strategies, or related computational

advances [314].
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Chapter 5

LEFT ATRIAL FLOW AND THROMBOSIS RISK FROM 4D CT CONTRAST
DYNAMICS BY PHYSICS-INFORMED NEURAL NETWORKS AND INDICATOR

DILUTION THEORY

5.1 Introduction

During atrial fibrillation (AF), the left atrium (LA) contracts weakly and irregularly, slowing down blood

flow in regions like the left atrial appendage (LAA). These conditions promote the formation of thrombi,

some of which may travel to the brain and cause ischemic strokes. Consequently, 15% of all strokes are

thought to be caused by AF [315]. These strokes are associated with worse outcomes, more disability,

and higher mortality than ischemic strokes in the absence of AF [316]. Anticoagulation therapies for

stroke prevention are based on clinical evidence that their benefits statistically outweigh their risks

in large groups of AF patients with certain demographic and comorbid factors [317]. These factors

are usually aggregated into numerical scores (e.g., CHA2DS2-VASc) that, when applied to individual

patients, have modest accuracy [318]. Currently, there are no quantitative tools to personalize stroke risk

prediction in AF patients.

Given that the vast majority of LA thrombi form inside the LAA [15], estimating LAA thrombosis

risk is considered comparable to estimating stroke risk during AF. From a mechanistic standpoint,

prolonged blood residence time in the LAA is an appealing biomarker because it directly quantifies the

slow flow conditions that favor thrombogenesis. Slow or reduced swirling blood flow inside the LA,

measured by 4D flow magnetic resonance imaging (MRI) [319–321], has been associated with AF and

ischemic stroke. However, current 4D flow MRI methods cannot resolve flow inside the small-size LAA,

especially its distal part. Echocardiographic vector flow mapping (VFM) detects slow flow regions to

predict the risk of left ventricular (LV) thrombosis and associated brain embolisms [322–324]. Applying

VFM to the LAA would require transesophageal echocardiography, which is unlikely to be adopted to

risk-stratify AF patients due to its invasive nature.

Computed tomography (CT) produces high-resolution images with quick acquisitions. While no
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methods are yet available to measure blood flow from CT, it is recognized that slow flow can create

noticeable contrast gradients in the LAA. In particular, poor CT enhancement in the distal LAA has been

associated with stroke risk in AF patients [325, 326]. However, the temporal manifestation and spatial

steepness of these gradients are likely to depend on each individual’s LA and LAA filling dynamics.

Consequently, CT studies using different imaging and analysis protocols have not reached consensus

about the relationship between LAA contrast gradient and stroke risk [327]. This limitation suggests

that qualitative assessment of LAA opacification alone may not provide a robust patient-specific marker

of stasis. However, because iodinated contrast behaves approximately as a passively advected scalar, its

spatiotemporal dynamics still encode information about intracardiac transport, motivating quantitative

approaches that infer residence time from contrast time curves while accounting for the governing flow

physics.

Computational fluid dynamics (CFD) analysis is garnering attention since it can finely resolve

stagnant regions inside each patient’s LAA from CT image segmentation [87,89,90,135,137,328–334].

When parameterized correctly, CFD models can compute essentially exact flow fields by representing the

governing equations of flow physics. However, CFD parameterization is sensitive to assumptions about

LA wall motion [335], blood rheology [88], and inflow boundary conditions [336]. Furthermore, creating

CFD meshes, selecting numerical discretization schemes, and setting CFD resolution to balance accuracy

with compute time all require significant technical expertise [337]. Machine learning and, in particular,

deep learning (DL) offers a versatile alternative to CFD for finding complex relationships between

cardiac chamber anatomy, blood flow, and clotting risk [236, 294, 338]. However, these approaches are

often constrained by the requirement for extensive, high-quality labeled biomedical imaging training

data, which limits their clinical applicability [292].

Physics-informed neural networks (PINNs) combine patient-specific data with governing equations

to infer hidden flow information, with a paradigmatic example being flow reconstruction in a cerebral

aneurysm from contrast dynamics [253, 254]. Recent developments in low-dose multi-cycle 4D con-

trast CT enable imaging of LA/LAA filling and emptying over multiple heartbeats [172], creating an

opportunity to apply PINNs to intracardiac transport. In this context, PINNs provide a framework to

infer contrast concentration, flow and residence time fields from spatiotemporal contrast data. Patient-

specific training minimizes a loss function that includes a data-fidelity term for contrast concentration,

the residuals of the Navier–Stokes equations, and transport equations for both contrast concentration
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and residence time. Notably, unlike conventional CFD workflows, such a framework does not require

an explicit computational mesh of the LA or complete explicit prescription of flow boundary conditions

during inference.

Indicator dilution theory (IDT) has a long clinical history for estimating blood flow parameters,

vascular volume, and cardiac output following bolus injection of a tracer [339]. Its simplicity and

rapid inference capabilities have motivated extensive applications across medical imaging modalities,

including ultrasound [340], MRI [341], and CT [342]. In this setting, IDT can be used to infer residence

time from contrast time curves by modeling chamber transport as a linear response system with a

parameterized transport function (e.g., a gamma-variate function) [343].

In this study, we use CFD-generated contrast dynamics as ground truth to investigate two comple-

mentary approaches for inferring LA/LAA residence time from contrast CT: (i) a PINN that reconstructs

velocity, contrast concentration, and residence time fields by enforcing the incompressible Navier–Stokes

equations together with transport equations for contrast and residence time, and (ii) an IDT framework

that computes voxelwise residence time directly from temporal contrast curves under a tank-in-series

transport model along flow pathlines. These two approaches are complementary: the PINN targets richer

hemodynamic inference, whereas IDT targets rapid residence-time mapping.

This chapter is organized as follows. Section §5.2 describes the dataset, the CFD ground-truth

simulations, the PINN and IDT implementations, and the validation procedure. Section §5.3 presents

flow visualizations and quantitative comparisons of both methods against CFD ground truth. Section

§5.4 discusses the strengths and limitations of the proposed approaches and outlines potential extensions

and clinical applications.

5.2 Materials and Methods

5.2.1 Image acquisition and segmentation

We retrospectively examined N = 6 patients from a previous study [87]. Each patient’s left atrial (LA)

anatomy was segmented from time-resolved, three-dimensional computed tomography (i.e., 4D CT)

imaging following the standard protocols at each participating location (National Institute of Health,

Bethesda, MD and University of California San Diego, La Jolla, CA). DICOM files, with spatial

resolution between 0.32 and 0.48 mm in the x− y axial plane and 0.5− 1 mm in the z−direction, were
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generated by reconstructing the images following the CT scanner manufacturers’ standard algorithms.

Time-resolved images were acquired at regular intervals throughout the cardiac cycle, corresponding

to 5%–10% of the R–R interval. Three of the patients did not have left atrial appendage thrombus

(LAAT) or a history of transient ischemic attacks (TIAs), and had normal LA function. The other

three had impaired LA global function and two of them had an LAAT at the time of imaging while the

other one had a history of TIAs. These patients are hereafter referred to as LAAT/TIA-negative and

LAAT/TIA-positive, respectively. In the LAAT/TIA-positive patients thrombi were digitally removed

prior to generating meshes for CFD simulations.

Each patient’s LA, left ventricle (LV), pulmonary vein (PVs) inlets, mitral valve (MV) outlet, and

LAA were identified and segmented. These data were used to create inlets, outlets, and immersed-

boundary Lagrangian meshes of the LA for the CFD simulations. LV and LA volumes were computed

to determine the flow rates through the PV inlets and MV outlet as described below. Segmentation and

meshing were performed using ITK-SNAP [344] and custom MATLAB scripts similar to our previous

works [87, 88, 336]. Table 5.1 summarizes the anatomical and functional features parameters of the

patients studied in our work and Fig. 5.1 shows the final segmented left atrial geometries from 4D CT

images used for CFD simulations, PINN, and IDT framework.

Case Number 1 2 3 4 5 6
LAA thrombus (or history of TIA) No No No TIAs Yes Yes
Atrial fibrillation No No No Persistent Persistent Persistent
Sinus rhythm Yes Yes Yes No No No
DMV (cm) 2.14 1.78 2.40 2.42 2.43 2.33
UMV (cm/s) 80.44 140.77 105.37 72.15 67.71 138.40
Reynolds number (Re) 4297 6266 6315 4361 4111 8058

Table 5.1: Anatomical and functional parameters of the cases reported in this study. DMV is the mitral valve

diameter DMV =
√

4AMV/π used as characteristic length, where AMV is the area of the MV. UMV is the peak

velocity during the E-wave UMV = QE−wave
MV /AMV used as characteristic velocity, where QMV is the flow rate

through the MV during E-wave. Reynolds number at the mitral valve annulus is calculated using the characteristic

scales and the blood viscosity i.e., Re = DMVUMV/ν.
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Case 1 Case 2 Case 3

Case 4 Case 5 Case 6

Figure 5.1: Patient-specific left atrial meshes segmented from computed tomography (CT) images depicting left

atrium wall (in gray), left atrial appendage (in red), mitral valve plane (in green), and the pulmonary veins inlets (in

blue). Top row shows the LAAT/TIA-negative cases (1-3) whereas the bottom row shows the LAAT/TIA-positive

cases (4-6).

5.2.2 Computational fluid dynamics analysis

We used patient-specific CFD simulations to generate reference data for training and testing the PINN

models and the IDT framework. Specifically, blood flow, contrast transport, and residence time within

the LA were computed using TUCAN [87, 88, 336], an in-house CFD solver for the partial differen-

tial equations (PDEs) governing mass conservation, momentum balance (Navier–Stokes), transport of

contrast concentration (c), and residence time (TR),
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∇ · v⃗ = 0, (5.1)

∂v⃗
∂t

+ v⃗ · ∇v⃗ = −1

ρ
∇p+ ν∇2v⃗, (5.2)

∂c

∂t
+ v⃗ · ∇c = 0, (5.3)

∂TR

∂t
+ v⃗ · ∇TR = 1, (5.4)

where v⃗ and p are the velocity and pressure fields. Blood was modeled as a Newtonian fluid of constant

density ρ and kinematic viscosity ν = 0.04 cm2/s. The cardiac cycle was set to tc = 1s in all cases.

The contrast agent was modeled as a passive scalar, assuming it was too diluted to significantly affect

blood flow via changes in density or viscosity. Residence time was computed by solving a transport

equation with unit forcing, as previously described [304].

The simulations were initialized with c(⃗x, 0) = 0, TR(⃗x, 0) = 0 together with fully converged v⃗ and p

fields obtained after running our patient-specific CFD solver for t ≥ 20tc in previous studies [87,88,336].

Starting from these conditions, both the Navier–Stokes and transport equations Eqs. (5.2)–(5.4) were

integrated for an additional 60 tc to simulate contrast bolus injection.

The bolus was prescribed through time-dependent contrast concentration profiles at the PV inlets.

These profiles were derived from a gamma-variate model fitted to contrast-enhanced CT data from a

separate patient, distinct from the six cases retrospectively analyzed here [172]. The fitted inlet profiles

for the four PVs are shown in Fig. 5.2A. At the PV inlets, the residence time was set to zero and inflow

velocities were set to |v⃗i| = Q/(4Ai) (i.e., even split), where Ai represents each PV’s cross-sectional

area and Q is the total flow rate through the PVs, calculated from the patient-specific LA and LV volumes

obtained by 4D CT. The motion of the LA wall obtained from the patient-specific 4D CT images was

imposed via no-slip boundary conditions on v⃗. This no-slip condition included the mitral valve (MV)

when it was closed. No particular spatial or temporal profile was considered for transmitral flow when

the MV was open.

The patient-specific LA geometry was embedded in a cubic computational box of side length

L = 13 cm. At the outer boundaries of this box, free-slip boundary conditions were imposed on v⃗,

homogeneous Neumann boundary conditions were imposed on c, and homogeneous Dirichlet boundary

conditions were imposed on residence time. Our formulation does not require boundary conditions for
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the pressure other than fixing its value at one point of the computational mesh. This value is immaterial

since the pressure is undetermined by a constant in an incompressible flow.

Boundary conditions at the LA wall, mitral valve (MV), and pulmonary vein (PV) inlets were

enforced with an immersed boundary method (IBM) [286], implemented as volumetric forcing terms in

the corresponding evolution equations. At the LA wall, and at the MV plane when the valve was closed,

the IBM forcing enforced no-slip conditions on v⃗. When the MV opened, this forcing was removed,

yielding an idealized instantaneous opening/closing model. At each PV inlet, the prescribed inflow was

imposed through a cylindrical buffer region composed of 12 cross-sectional layers extending upstream

along the local inlet normal. A smoothed forcing term applied over this buffer region drove the flow

toward the target inlet velocity, following [87].

We integrated the evolution equations (5.2)–(5.4) in time using a low-storage, three-step, semi-

implicit Runge-Kutta. The time step was set constant to the Courant-Friedrichs-Lewy (CFL) number

below 0.2. Continuity was enforced by splitting the temporal integration of the Navier-Stokes equations

using a fractional step method with pressure correction. The spatial derivatives in the Navier-Stokes

equations were approximated using second-order finite differences on a uniform Cartesian staggered

grid. A third-order WENO scheme was used for the spatial discretization of convective terms in the

transport equations (5.3)–(5.4) to mitigate spurious oscillations near sharp gradients [345]. The spatial

resolution was ∆x = 0.050 cm, matching that used in previous simulations [87,88,336]. To reduce the

computational cost of PINN training, the CFD results were subsequently downsampled to ∆x = 0.090

cm and used as the reference dataset for PINN training and validation.

5.2.3 Physics-informed neural network

Architecture

We built a physics-informed neural network (PINN) with PirateNet [313] as the underlying architecture

to infer flow and residence time from the 4D contrast dynamics obtained using CFD. PirateNet is a

residual architecture with adaptive residual connections that improves stability and mitigates the deep

multilayer perceptrons (MLP) derivatives’ initialization difficulties in training deep PINNs. Through its

trainable residual connections, PirateNet initially learns toward a stable linear combination representation

and progressively recovers richer nonlinear expressiveness during training. In our study, the PINN
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Figure 5.2: Overview of the study. (A) Patient-specific pulmonary vein (PV) contrast inflow profiles

from 4D contrast CT are modeled with gamma-variate fits. (B) Contrast concentration maps obtained

from CFD simulations. (C) Physics-informed residual adaptive neural network (PirateNet) framework:

spatiotemporal inputs are encoded with Fourier features and passed through four residual blocks to infer

contrast concentration, velocity, pressure, and residence time. Each block consists of three multilayer

perceptrons (MLPs) and an adaptive skip connection step with a trainable parameter α initialized at 0.

Training minimizes a composite loss including data, residence time inflow conditions, Navier-Stokes,

and transport equations. (D) Indicator dilution theory (IDT) framework: chamber transport is modeled

through an impulse response inferred from the PV inflow profiles and simulated contrast maps. Both

inflow and response curves are parameterized with gamma-variate models, and residence time is obtained

from the closed-form integral of the corresponding survival function (a hypergeometric function).

approximates the mapping function [t, x⃗] −→ [c, v⃗, p, TR], and the underlying PirateNet is composed

of 4 residual blocks, each containing 3 MLPs with 200 neurons per layer and the nonlinear swish
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activation function [276]. This deep and dense configuration was chosen because of the complexity of

the geometries and the underlying flow dynamics. The neural network parameters (i.e., weights) were

initialized using Xavier’s scheme [277], and weight normalization [278] was employed to accelerate

training.

We employed Fourier feature embeddings to enforce exact temporal periodic condition and to enrich

input spatial features proposed in previous literature to circumvent spectral bias in the PINN [247].

Specifically, the spatiotemporal contrast inputs were passed through a structured Fourier embedding

layer comprising sine and cosine functions,[
sin(kt

2π

T
t), cos(kt

2π

T
t), sin(kx⃗

2π

L
x⃗), cos(kx⃗

2π

L
x⃗)

]
where [t, x⃗] are spatiotemporal inputs, T is the period of the cardiac cycle, and L is the domain size. kt

and kx⃗ are array of mode indices (i.e., kt = [1, 2, 3, ...,Mt] and kx⃗ = [1, 2, 3, ...,Mx⃗]). We chose the

number of modes in the Fourier layer Mt = 2 and Mx⃗ = 4. This configuration was selected empirically

to balance computational cost and high frequency Fourier feature expressibility in the MLP [247]. Higher

Fourier modes were also evaluated for Mx⃗ = 8 and Mx⃗ = 16 to encode finer spatial features but they

did not lead to improved accuracy or performance.

To impose residence time initial condition in the PINN, we chose to impose it as a hard constraint [346]

by reparameterizing the network output as,

T ∗
R = TR0 + (t− t0) · TR (5.5)

where TR denotes the raw output of the MLP, t0 is the initial time, and TR,0 is the desired residence time

map at t0; here, TR,0 = 0 everywhere. The reparameterized variable T ∗
R was then used as the residence

time field in Eq. 5.4. This construction enforces the initial condition exactly, rather than penalizing

deviations from it through an additional loss term. For simplicity, we continue to denote the residence

time field as TR throughout the manuscript.

The model was trained by minimizing the composite loss function

Ltotal = Ldata + LTR|inlet + LPDEs,

which penalizes mismatches between the predicted contrast concentration c and the training data (Ldata),

departures from zero residence time at the PV inlets (LTR|inlet), and residuals of the PDEs governing

blood flow and transport of c and TR (LPDEs).
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At each training iteration, the optimizer sampled the CFD-derived 4D contrast dataset cdata to

evaluate the data-fidelity term,

Ldata = λdata

(
1

Mc

Mc∑
i=1

∥cdata − c∥2
)
, (5.6)

where λdata is a weight coefficient and c is the MLP contrast output. The training batch comprised Mc

randomly drawn points from the CFD mesh across NCca frames.

The loss term enforcing the inlet condition on residence time was defined as

LTR|inlet = λinlet

(
1

Minlet

Minlet∑
i=1

∥TR(t, x⃗inlet)∥2
)
, (5.7)

where λinlet is the corresponding weight. For this term, all available points at the four PV inlets were

sampled across all frames.

The loss terms corresponding to the residuals of the governing equations were defined as

LPDEs =

6∑
j=1

1

Me,j

Me,j∑
i=1

λJj ||Jj,i||2, (5.8)

where Jj,i = Jj(ti, x⃗i) represents the residuals of the j-th PDE,

J1 =
∂c

∂t̂
+ û

∂c

∂x̂
+ v̂

∂c

∂ŷ
+ ŵ

∂c

∂ẑ
,

J2 =
∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
+ ŵ

∂û

∂ẑ
+

∂p̂

∂x̂
− 1

Re

(∂2û

∂x̂2
+

∂2û

∂ŷ2
+

∂2û

∂ẑ2

)
,

J3 =
∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
+ ŵ

∂v̂

∂ẑ
+

∂p̂

∂ŷ
− 1

Re

(∂2v̂

∂x̂2
+

∂2v̂

∂ŷ2
+

∂2v̂

∂ẑ2

)
,

J4 =
∂ŵ

∂t̂
+ û

∂ŵ

∂x̂
+ v̂

∂ŵ

∂ŷ
+ ŵ

∂ŵ

∂ẑ
+

∂p̂

∂ẑ
− 1

Re

(∂2ŵ

∂x̂2
+

∂2ŵ

∂ŷ2
+

∂2ŵ

∂ẑ2

)
,

J5 =
∂û

∂x̂
+

∂v̂

∂ŷ
+

∂ŵ

∂ẑ
,

J6 =
∂T̂R

∂t̂
+ û

∂T̂R

∂x̂
+ v̂

∂T̂R

∂ŷ
+ ŵ

∂T̂R

∂ẑ
− 1,

obtained at i-th the sampling point, (ti, x⃗i). The partial derivatives were computed using automatic

differentiation [279]. The residuals were computed in non-dimensional form to improve training con-

vergence [238,253,254,274]. Specifically, we used the change of variables,

x̂ =
x

D
, ŷ =

y

D
, ẑ =

z

D
, t̂ =

t

D/U
, û =

u

U
, v̂ =

v

U
, ŵ =

w

U
, p̂ =

p

ρU2
, T̂R =

TR

D/U
,
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whereU is the peak mitral valve velocity during rapid LV filling (E-wave), D is the mitral valve diameter,

ρ is the blood density, and Re = DU/ν is the Reynolds number. These characteristic scales are listed

in Table 5.1. In addition, all variables, including the contrast training data c, were standardized to zero

mean and unit variance to improve training robustness and reduce vanishing-gradient issues [277]. After

training, the inferred fields were transformed back to physical units. The same nondimensionalization

and normalization procedures were applied to all loss terms. Equation residuals were evaluated at Me

collocation points, randomly resampled across space and time from the availableNCca and Neqns frames

at each training iteration.

Patient-specific training and validation

Contrast released at the PV inlets required approximately 10 cardiac cycles to fill a substantial portion

of the LA. Accordingly, frames with t ≤ 10 tc were excluded, and for each patient-specific case the

loss terms were sampled from cycles 10 through 25 using NCca = Neqns = 300 frames. For each

iteration, we used batches of size Mc = Me = 104 randomly sampled points for Ldata and LPDEs and

full-batch for LTR|inlet, and the composite loss function was minimized with the Adam optimizer [281].

Training was initialized with a learning rate of 10−3 for 105 iterations, followed by a fine-tune phase

using a learning rate of 10−4 for additional 5 × 104 iterations as illustrated for a representative case in

Fig. 5.7. The weighting coefficients associated with all loss terms were set equal to one (λdata = 1,

etc.) in all cases. The PINN framework was implemented in TensorFlow [282], building on our previous

work [28], and training was performed on an NVIDIA A100 GPU with 80 GB of memory. Total runtime

ranged from 10 to 15 hours per case. All other processing and visualization steps were carried out using

in-house MATLAB and ParaView scripts.

Correlation coefficients r were computed for the velocity fields and residence-time maps, and the

corresponding statistical distributions of residence time was also compared. In addition, velocity-field

discrepancies between the contrast-trained PINN and the CFD reference were quantified using the

normalized magnitude (ϵM ) and orientation (ϵO) errors:

ϵM = 2
||v⃗PINN|| − ||v⃗CFD||
||v⃗PINN||+ ||v⃗CFD||

,

ϵO = cos−1

(
v⃗PINN · v⃗CFD

||v⃗PINN|| · ||v⃗CFD||

)
, (5.9)
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where v⃗PINN and v⃗CFD denote the velocity fields predicted by the contrast-trained PINN and computed

by CFD, respectively. The orientation error measures the angle between v⃗PINN and v⃗CFD. Positive

values of ϵM indicate larger velocity magnitudes in the PINN than in CFD, and vice versa.

5.2.4 Indicator dilution theory

Chamber response and residence time derivations

Indicator dilution theory (IDT) [347] models tracer transport between an injection site xi and a down-

stream location x as a statistically stationary linear process, fully characterized by a transport function

hxi→x(t) [348]. Accordingly, the tracer concentration at x is given by the convolution of the injection

concentration profile cxi(t) with the transport function,

cx(t) =

∫ ∞

0
cxi(t− τ)hxi→x(τ) dτ = cxi ∗ hxi→x. (5.10)

The transport function represents the system’s impulse response to a Dirac delta bolus injection. It

has been commonly represented by a gamma-variate function following a tank-in-series model [349],

hq,l(τ) =
ql τ l−1e−qτ

Γ(l)
, (5.11)

where l and q denote the shape and rate parameters, respectively. These parameters are often interpreted

phenomenologically as reflecting the effective volume and flow rate of the compartment, and Γ(·)

denotes the gamma function. Assuming a bolus injection that delivers a finite dose over a time interval

that is short relative to the transport dynamics, the injection profile cxi(t) may be idealized as a Dirac

delta function. In this case, the observed concentration cx(t) coincides with the transport function

itself. Accordingly, empirical concentration–time curves are often fitted with gamma-variate models to

estimate the underlying transport function [343].

The associated survival function

Rxi→x(t) =

∫ ∞

t
hxi→x(τ) dτ, (5.12)

quantifies the fraction of tracer remaining within the compartment bounded by xi and x at time t. The

corresponding residence time is defined as

TR,xi→x(t) =

∫ t

0
Rxi→x(s) ds, (5.13)
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and its limit when t → ∞ is the expectation of the transport function,

E[hxi→x] = T∞
R,xi→x =

∫ ∞

0
Rxi→x(s) ds =

∫ ∞

0
τhxi→x(τ)dτ =

l

q
. (5.14)

The expectation and variance of the transport function are additive, i.e.,

E[hxi→x] = T∞
R,xi→x2

= E[hxi→x1 ] + E[hx1→x2 ] = T∞
R,xi→x1

+ T∞
R,x1→x2

=
l1
q1

+
l2
q2
, (5.15)

and

Var[hxi→x] = Var[hxi→x1 ] + Var[hx1→x2 ] =
l1
q21

+
l2
q22

. (5.16)

In contrast, the convolution of two gamma-variate transport functions only yields another gamma-variate

function when they have the same rate parameter, in which case the shape parameter becomes additive,

i.e.,

hq,l1xi→x1
∗ hq,l2x1→x2

= hq,l1+l2
xi→x2

.

We seek to apply IDT to model contrast dynamics within the LA voxel by voxel, using the contrast

profile measured at the pulmonary veins (PVs) as the inlet reference to determine the transport function

hPV→LAA(τ). This approach introduces a critical challenge: the PV concentration profile is not a Dirac

delta input, and hPV→LAA may not share the same rate parameter as the upstream transport function

hxi→PV, which reflects the branched transport from the bolus injection site, typically a peripheral vein in

the arm, to the PVs. Therefore, modeling cLAA(t) as a gamma-variate function would not directly yield

hPV→LAA(τ) nor the corresponding residence time TR,xi→x(t). Accordingly, we assume that both the

PV inlet contrast profile and the PV → LAA transport function follow gamma-variate forms,

cPV(t) = hµ,n(t), hPV→LAA(τ) = hλ,α(τ), cLAA(t) = cPV ∗ hPV→LAA. (5.17)

To determine the parameters α and λ of the atrial transport function, we employ an integral-moment–

based method that enables fast and robust estimation without explicit fitting of temporal concentration

curves. Leveraging the additive properties of the mean and variance (Eqs. 5.15–5.16), we write

E[cLAA] = E[cPV] + E[hPV→LAA], Var[cLAA] = Var[cPV] + Var[hPV→LAA]. (5.18)

Assuming that both cPV(t) and cLAA(t) can be measured, Eqs. (5.17)–(5.18) allow the transport param-

eters to be computed as

λ =
E[cLAA]− E[cPV]

Var[cLAA]−Var[cPV]
, α =

(
E[cLAA]− E[cPV]

)2
Var[cLAA]−Var[cPV]

. (5.19)
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To derive the LAA residence time, we define the atrial survival function

RPV→LAA(t) =

∫ ∞

t
hPV→LAA(τ) dτ =

Γ(α, λt)

Γ(α)
= Q(α, λt), (5.20)

whereQ(α, λt) denotes the upper incomplete gamma function, which is fully determined by the transport

parameters α and λ.

The residence time is then obtained by integrating the survival function,

TR,PV→LAA(t) =

∫ t

0
RPV→LAA(τ) dτ =

1

λ
[α+ λtQ(α, λt)− αQ(α+ 1, λt)] . (5.21)

This closed-form expression satisfies the initial condition TR,PV→LAA(0) = 0, since Q(α + 1, 0) = 1

provided that hPV→LAA is a properly normalized probability density function. In the limit t → ∞, the

last two terms in Eq. (5.21) cancel each other out, yielding the expected result

T∞
R,PV→LAA = E[hλ,α] =

α

λ
.

An alternate working solution to the challenge created by the PV concentrations not being dirac

Deltas is to use gamma-variate fits to estimate the transport functions hxi→PV and hxi→LAA, from

which T∞
R,xi→PV and T∞

R,xi→LAA can be inferred. The residence time between the PVs and the LAA

is then obtained as T∞
R,PV→LAA = T∞

R,xi→LAA − T∞
R,xi→PV [172]. However, this approach defines the

origin of residence time at the instant of bolus injection rather than at arrival at the PVs, and is therefore

valid only in the limit t → ∞. This estimate can overestimate residence time at finite times when

comparing to CFD data from finite-time simulations.

Assumptions and rationale for applying IDT in periodic 3D atrial transport

Our IDT formulation approximates LA blood transport by an effective linear tank-in-series process when

analyzed at a fixed cardiac phase. Its voxel-wise application to 3D LA flow departs from traditional

applications to 0D representations of the circulatory system, for which the assumptions of linearity and

stationarity have been empirically validated [350]. Here, we reason that the 0D approximation can

be extended to 3D under two assumptions: (i) the transport process is stationary in the mean across

cycles, and (ii) contrast behaves as a passive tracer with negligible molecular diffusion (high Péclet

number). Neglecting diffusion is consistent with the low diffusivity of iodine contrast agents in blood,

and is important because it allows residence time to be inferred from temporal moments of advective
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transport alone, without introducing variables that could confound the identification and interpretation

of the transport parameters (q, l).

Under these assumptions, we write t = t∗T+τ with τ ∈ [0, T ), where t∗ is a slow time variable (cycle

count) and τ is within-cycle time. Fixing a phase τ0 and sampling once per cycle at that phase defines the

phase-locked field c(x⃗, t∗) = c(x⃗, t∗T + τ0). By flow periodicity, v⃗(x⃗, t∗T + τ0) = v⃗(x⃗, τ0) = v⃗∗(x⃗),

so v⃗∗ is independent of t∗. The phase-locked contrast dynamics across cycles is governed by

∂c

∂t∗
+ v⃗∗(x⃗) · ∇c = 0. (5.22)

To motivate the tank-in-series model in this setting, consider transport restricted to a phase-locked

pathway coordinate s with local advective speed u(s), so that

∂c

∂t∗
+ u

∂c

∂s
= 0. (5.23)

Discretizing the advective term in Eq. (5.23) with a first-order upwind scheme on a grid sj = j∆s

yields the semi-discrete system

dcj
dt∗

= −u
cj − cj−1

∆s
= − q (cj − cj−1) , (5.24)

i.e., a cascade of l first-order relaxation (mixing) elements in series with per-stage rate q = u/∆s (or

locally qj = u(sj)/∆s), which motivates the gamma-variate (tank-in-series) impulse response used

in §5.2.4. The associated numerical diffusivity of the upwind discretization, Dnum = u∆s/2 =

u2/(2q), quantifies the dissipative coarse-graining implicit in the upwind/tank analogy rather than

physical dispersion. Moreover, it produces no transverse mixing between trajectories consistent with

the high Péclet number approximation, since it acts only along the pathway coordinate s. Finally, for a

pathway section length Ls the l-stage tank-in-series response has a transit time given by E[h] = l/q =

Ls/u, which is independent of ∆s and therefore independent of Dnum.

Voxelwise IDT Implementation

To obtain voxel-wise residence times, we apply the tank-in-series model along the flow pathlines,

effectively extending it to 3D unsteady flow. Accordingly, we define

TR(x, t) = T
λ(x),α(x)
R (t),
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Algorithm 1 Residence time computation via indicator dilution theory
Input:

1) Contrast concentration field cp(x, tj), p = 1, ..., Np, tj ∈ {tp+jNp}
Ncyc−1
j=0 , x ∈ ΩLA or x ∈ ΩLAA,

where Np = 20 is the number of phases in one cardiac cycle, and Ncyc = 60 is the number of cardiac cycles;
2) Pulmonary vein inlet profiles {gi(t)}4i .

Output: voxelwise chamber response h(x, t) shape parameter α(x, t), rate parameter λ(x, t), and residence
time field TR(x, t).

Step 1 - PVs profile gamma-variate fit:
for each PV i = 1 : 4

1) Compute PV inflow contrast total area: Ai(t) =
∫ t

0
gi(t)dt, and normalize contrast profile as

gpv,i = gi(t)/Ai.
2) Define PVs gamma-variate model:

gPV(t;n, µ) =
µntn−1e−µt

Γ(n) .
3) Compute temporal moments for gamma-variate parameter initial guesses:

mi =
∫ t

0
tgpv,i(t)dt, vi =

∫ t

0
(t−mi)

2gpv,idt.
4) Initialize gamma-variate parameters n0,i = m2

i /vi and µ0,i = n0,i/mi.
5) Define parameter lower and upper bounds as lb = [1, 10−6] and ub = [500, 103].
6) Perform nonlinear least-squares fit:

[ni, µi] = lsqcurvefit(gPV, [n0,i, µ0,i], t, gpv,i, lb, ub);
end
Compute mean of the four fits for downstream calculations: n̂ = 1

4

∑4
i=1 ni, µ̂ = 1

4

∑4
i=1 µi.

Compute PV inlet mean mg and variance vg: mg = n̂/µ̂, vg = n̂/µ̂2.

Step 2 - Chamber response parameters and residence time calculations:
for each phase k = 1 : P

1) Extract contrast concentration data: ck = [cij ] ∈ RNvoxel,k×Ncyc and tk = [t1, t2, t3, ......tend]

2) Normalize each voxel time series contrast concentration: ck(x, t) = ck(x, t)/
∫ tk
0

ck(x, t)dt.
3) Compute voxelwise mean and variance based on temporal moments:

mc(x, t) =
∫ tk
0

ck(x, t)dt, vc(x, t) =
∫ tk
0
(tk −mc(x, t))

2ck(x, t)dt.
4) Subtract inlet moments to obtain chamber response moments:

mh(x, t) = mc(x, t)−mg, vh(x, t) = vc(x, t)− vg .
5) Compute per voxel moment-based chamber response parameters:

αk(x, t) = m2
h(x, t)/vh(x, t), λk(x, t) = mh(x, t)/vh(x, t).

end
Define atrial survival function:

R(x, t) =
∫∞
t

h(x, τ)dτ = Γ(α(x,t),λ(x,t)t)
Γ(α(x,t)) = Q(α(x, t), λ(x, t)t)

Compute residence time per voxel:
TR(x, t) =

∫ t

0
R(x, τ) dτ

= 1
λ [α(x, t) + λ(x, t)tQ(α(x, t), λ(x, t)t)− α(x, t)Q(α(x, t) + 1, λ(x, t)t)] .
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where α(x) and λ(x) are obtained by applying the integral-moment relations in Eq. (5.19) to each

voxel’s contrast profile c(x, t). For each patient’s PV, we fit the inlet contrast time curve (Fig. 5.2A) with

a gamma-variate model using nonlinear least squares to estimate the shape and rate parameters (n, µ).

Because each left atrium has multiple (typically four) PV inlets, we used the mean values of n and µ

across PVs as the inlet reference for the downstream moment calculations.

The full CFD contrast dataset spanning 60 cardiac cycles, ensuring that both the wash-in and wash-out

phases were included. To compute voxelwise mean and variance, we grouped the contrast concentration

fields by cardiac phase (i.e., the ℓ-th frame within each cardiac cycle) and stacked the resulting time

series. This procedure emulates clinical low-dose multi-cycle 4D contrast CT acquisitions, where only

one 3D volume is reconstructed at a given cardiac phase per heartbeat (or every ∼ k heartbeats), due

to temporal-resolution and radiation-dose constraints [172]. For each voxel and phase, the stacked

concentration curve was normalized by its temporal integral and then integrated in time to compute the

mean mc and variance vc. These moments, together with the inlet reference moments, were used to

compute the voxelwise transport parameters α and λ via Eq. (5.19). Finally, the residence time evolution

at each voxel was obtained from the closed-form expression in Eq. (5.21). All fitting and computations

were performed using in-house MATLAB scripts that run on CPUs in a personal laptop; additional

details are provided in Algorithm 1.

5.3 Results

This section presents flow visualizations and quantitative validation of the PINN and IDT methods, using

CFD-derived contrast concentration fields for training, and residence time and flow fields for validation.

For brevity, we highlight flow visualizations from two representative cases: one LAAT/TIA-negative

patient (case 3) and one LAAT/TIA-positive patient (case 5), while reporting quantitative statistics

across all six cases. Additional visualizations for the remaining cases are provided in the Supporting

Information.
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Figure 5.3: Contrast concentration (c) and residence time (TR) maps comparison of case 3 (top) and case

5 (bottom) between CFD, PirateNet, and IDT. Three 2D sections of the left atrium are shown at selected

time instants. Contrast concentration snapshots are shown at tc/T = 12, 18, and 25, whereas residence

time snapshots are shown at tTR
/T = 2, 8, and 15. Here tc is referenced to the contrast-training window

(cycles 10–25), and tTR
is referenced to the start of residence time integration. Contrast concentration

is dimensionless, whereas residence time is given in seconds.
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Overall, the PINN accurately reconstructs the dominant LA flow structures across the cardiac cycle

and yields residence time maps TR that show reasonable agreement with CFD, with a tendency to

underestimate the largest TR values, and requiring hours of patient-specific training. IDT does not

recover velocity fields, but infers residence time maps from contrast curves within seconds with excellent

agreement with CFD. Despite these differences, both methods discriminate between LAAT/TIA-negative

and LAAT/TIA-positive cases based on the inferred LAA TR.

5.3.1 Spatiotemporal Comparison of TR Fields: CFD vs. PINN and IDT

Figure 5.3 shows snapshots of the contrast concentration and residence time fields, c(x⃗, t) and TR(x⃗, t),

from the CFD simulations for representative cases 3 (LAAT/TIA-negative) and 5 (LAAT/TIA-positive).

The corresponding PINN-inferred fields are also shown, together with IDT-derived TR(x⃗, t). Contrast

concentration snapshots are shown at tc/T = 12, 18, and 25, whereas residence time snapshots are

shown at tTR
/T = 2, 8, and 15. Here tc is referenced to the contrast-training window (cycles 10–25),

and tTR
is referenced to the start of residence time integration. Each snapshot is selected at the same

phase of the cardiac cycle (early atrial diastole) but spanning different cycles. Analogous maps for

the remaining four cases are provided in the Supporting Information (Figs. 5.11–5.13). Because the

contrast data-misfit term directly constrains c(x⃗, t) during training, the PINN reproduces the contrast

concentration with minimal deviation from the CFD reference across cases and time points.

In the LAAT/TIA-negative case (top panels of Fig. 5.3), during the early stages of bolus transport

(tc = 12T ) contrast enters the LA through the PVs but does not yet penetrate deeply into the LAA, so

c(x⃗, t) remains low and largely confined to the LA body. At this time, the PINN recovered the overall

spatial organization of TR (tTR
= 2T ), but it smoothed fine-scale features and tended to underestimate

TR within the LAA. By comparison, IDT yielded a more detailed TR map that more closely matched

the CFD reference.

As the bolus continues to enter through the PVs (tc = 18T ), c(x⃗, t) increases throughout the LA

body and begins to rise within the LAA, with a delayed wash-in relative to the LA. This lag is consistent

with longer residence times in the appendage, as reflected by the CFD results. At this stage (tTR
= 8T ),

the PINN reproduced the overall TR(x⃗, t) distribution but underestimated TR within the LAA. Notably,

the IDT reconstruction resolved the sharp TR gradient at the LAA ostium, in close agreement with the
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CFD reference, while tending to overestimate TR in distal regions. At later cycles (tTR
= 15T ), the

PINN still underestimated TR in case 3, particularly in high-residence-time regions of the LAA. On the

other hand, IDT remained closer to the CFD reference and continued to capture the ostial TR gradient,

although it slightly overestimated distal TR values.

The performance of both inference methods was more favorable in the LAAT/TIA-positive case

(bottom panels of Fig. 5.3). Across all reported time points during bolus wash-in and wash-out, both

PINN and IDT yielded TR(x⃗, t) fields in good visual agreement with the CFD reference, although

the PINN again appeared smoother and missed some fine-scale structure. The agreement between

IDT-derived and CFD-derived residence time was remarkable.

5.3.2 Statistical Validation of Inferred LAA TR

Given the good agreement of PINN- and IDT-derived TR patterns in the LA body, we focus our quantita-

tive evaluation on the LAA, the predominant site of thrombus formation and the region most sensitive to

prolonged residence time. We therefore estimate the joint probability density functions relating inferred

and CFD residence times within the LAA, i.e., p(TR,CFD, TR,PirateNet) and p(TR,CFD, TR,IDT), and the

corresponding correlation coefficients RCFD,PirateNet and RCFD,IDT. These statistics are calculated by

pooling all LAA voxels over 15 cardiac cycles. Fig. 5.4 displays contours of p(TR,CFD, TR,PirateNet)

and p(TR,CFD, TR,IDT) for the six patient-specific cases analyzed. The outermost PDF contour contains

99% of the sampled points and the innermost one contains 75%. In line with the map-level comparisons

in Fig. 5.3, IDT exhibited near-uniform accuracy across the full range of TR values, with deviations

confined to an overestimation of the upper tail. The PINN, in turn, showed good agreement with

CFD for low-to-intermediate residence times but progressively underestimated TR as values increase,

leading to a compression of the high-TR range. This underestimation was more severe in the in the

LAAT/TIA-negative cases (Fig. 5.3A–C), where the PINN rarely predicted a TR value higher than

4 cycles. As a result, the PINN provided comparatively better residence-time reconstructions in the

LAAT/TIA-positive cohort. Violin plots of the univariate distributions p(TR) from CFD, PINN, and

IDT (Supplementary Fig. 5.14) confirmed these trends. Likewise, the computed correlation coefficients

(Table 5.2) indicated that IDT achieved higher correlations with CFD (r = 0.81–0.94) than the PINN

(r = 0.51–0.82), and the PINN correlations were obtained highest in the LAAT/TIA-positive cases than
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Figure 5.4: Comparison of LAA TR by PirateNet and IDT with CFD ground-truth data. The top panels

(A–F) display joint probability density functions of CFD residence times (x-axis) and IDT-inferred

residence time (y-axis, filled black contours), p(TR,CFD, TR,IDT), or PirateNet-inferred residence time

(y-axis, blue line contours), p(TR,CFD, TR,PirateNet). 15 cycles of residence time are pooled to display

the joint pdfs. Panels (A) through (F) respectively represent cases 1 through 6. Each contour, from

dark to light, contains 75%, 90%, 95%, and 99% of the data, respectively. The bottom right corner of

each panel shows the correlation coefficients RPirateNet and RIDT. The bottom panels (G–I) are scatter

plots of mean LAA TR from PirateNet and IDT vs. with mean TR from CFD, averaged within the LAA

over three different cardiac cycles: G), 4T ≤ t ≤ 5T ; H), 9T ≤ t ≤ 10T ; I) 14T ≤ t ≤ 15T . Hollow

and solid symbols respectively represent LAAT/TIA-negative and cases LAAT/TIA-positive cases.
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in the LAAT/TIA-negative cases.

To assess whether the PINN and IDT methods can discriminate LAAT/TIA-positive from LAAT/TIA-

negative cases despite their biases, we compared mean LAA residence times against CFD using scatter

plots (Fig. 5.4G–I). These data confirmed the trends observed above: IDT tended to overestimate mean

TR, whereas the PINN tended to underestimate it. Notably, case 3—used for the detailed flow and TR

visualizations—showed one of the strongest manifestations of these biases in panels G–I. Despite these

offsets, the inference was favorable relative to the intrinsic inter-patient variability in LAA residence

time. Importantly, both methods preserved the clinically relevant ordering across patients: PINN- and

IDT-inferred mean LAA TR values are higher in LAAT/TIA-positive cases than in LAAT/TIA-negative

cases. This behavior was conserved across a different cardiac cycles as the bolus washes in and out the

LA and LAA, with a trend for biases to increase as TR increases (compare panels G–I in Fig. 5.4).

TR,LAA correlation coefficient Velocity errors

Case PINN vs. CFD IDT vs. CFD ϵLAM (-) ϵLAO (◦) ϵLAA
M (-) ϵLAA

O (◦)

PirateNet MLP – PirateNet MLP PirateNet MLP PirateNet MLP PirateNet MLP

1 0.67 0.65 0.81 0.98 0.99 32.04 32.64 0.88 0.93 38.81 38.02

2 0.53 0.37 0.86 0.90 0.81 29.26 28.15 0.61 0.56 35.90 36.35

3 0.67 0.63 0.92 0.82 0.77 28.43 28.19 0.74 0.73 30.86 29.39

4 0.53 0.59 0.84 0.56 0.48 27.37 27.58 0.47 0.48 25.34 30.62

5 0.82 0.84 0.94 0.35 0.35 19.92 19.27 0.35 0.35 23.64 23.27

6 0.51 0.51 0.94 0.76 0.79 30.68 30.49 0.38 0.40 27.96 28.31

Table 5.2: Global velocity comparison metrics between PINN and CFD for the six studied cases. PINN

results are reported for both PirateNet and vanilla MLP architectures. ϵM represents the normalized

magnitude discrepancy and ϵO is the global orientation error (in degrees). LAA residence time TR

correlations are shown for PINN vs. CFD and IDT vs. CFD.



104

𝑐 𝑐

𝑐

𝑐 𝑐

𝑡/𝑇 𝑡/𝑇 𝑡/𝑇

𝑡/𝑇
𝑡/𝑇

𝑡/𝑇

𝑡/𝑇 𝑡/𝑇

ത 𝑇 𝑅
,𝐿
𝐴
𝐴

ത 𝑇 𝑅
,𝐿
𝐴
𝐴

CFD PirateNet IDT

𝑐

𝑡/𝑇

(A) (B) (C)

(D) (E) (F)

Figure 5.5: Comparison of volume-averaged LAA residence time TR inferred by the PirateNet (blue)

and IDT (black) against CFD ground-truth (red). Panels (A)–(F) correspond to cases 1–6. Insets show

representative training contrast concentration time curves at inlet and chamber locations (lighter/darker

shades indicate PVs/LAA). For the PINN, the LAA volume-averaged contrast and the cross-section–

averaged contrast at each PV inlet are shown. For IDT, the LAA volume-averaged contrast and the

cross-section–averaged contrast pooled across the four PV inlets are shown. In each inset, only the time

interval used to train the corresponding method is shown.

5.3.3 Temporal Dynamics of Inferred LAA TR

The temporal evolution of LAA residence time in CFD typically shows two regimes [87]. Starting from

TR = 0, residence time initially grows approximately linearly over a period set by the advective delay

for tracer to reach the LAA from the PVs (see insets in Fig. 5.5). Once the LAA begins to exchange fluid

significantly with the atrial body, TR grows more slowly and is modulated by cardiac-cycle oscillations,

consistent with dispersive mixing. Over longer times, the mean TR approaches a quasi-steady plateau,

whose level reflects the characteristic time required to renew the LAA blood pool. This behavior is
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illustrated in Fig. 5.5, which shows LAA volume-averaged residence time, TLAA
R (t) for each case over

15 cardiac cycles. Shown in this way, the data tests whether the PINN and IDT frameworks trained on

contrast can reproduce the temporal dynamics of TLAA
R .

Overall, both PINN- and IDT-inferred TLAA
R (t) captured the initial linear-growth regime and its

duration. In the subsequent dispersive regime, both methods also reproduced the pulsatile modulation

of TLAA
R (t), including the correct cardiac frequency and the larger oscillation amplitude in LAAT/TIA-

negative than in LAAT/TIA-positive cases. However, the two methods differed in the slow-time evolution

of the mean TLAA
R (t) in the dispersive regime. The PINN tended to flatten earlier, yielding a lower

long-time envelope, whereas IDT relaxed more gradually and remained higher over the same window.

These differences translated into a net underestimation of LAA TR by the PINN and a net overestimation

by IDT, consistent with the biases identified in the previous section

5.3.4 Left Atrial Flow Reconstruction Using PINN

We next assessed the ability of the PINN and IDT frameworks to resolve flow within the LA and LAA.

The PINN directly inferred flow velocities while the flow rate parameter λ inferred by IDT method

could be interpreted as a measure of local flow velocity magnitude. However, spatial maps of voxel-wise

inferred rate parameter, λ(x, t), not shown, were not informative of flow patterns. Therefore, this section

focuses on PINN-inferred velocities.

Figure 5.6 compares CFD and PINN instantaneous LA velocity fields at three representative phases

of the cardiac cycle (atrial diastole, LV early filling, and LV late filling) for case 3 and case 5. Vector

fields from both sources as well as relative differences in magnitude (ϵM ) and orientation (ϵO), defined

in equations (5.9), are presented. The accompanying pulmonary vein (PV) and mitral valve (MV) flow

rate waveforms, and LA and LAA volume traces, provide hemodynamic context for the selected time

instants.

During atrial diastole (Fig. 5.6A–B), the PINN-inferred velocity field agreed well with the CFD

reference in both patients, reproducing the PV inflow jets, their collision in the LA body, and the

subsequent redirection of flow toward the MV and the LAA. The associated LAA filling pattern was

also captured. The ϵM map indicated a mild underestimation of velocity magnitude in the LA body

(ϵM < 0), with a slight overestimation in parts of the LAA (ϵM > 0). Additionally, the ϵO map showed
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Figure 5.6: Instantaneous 3D velocity vector fields computed by CFD and inferred by contrast-trained

PirateNet, together with normalized errors in PirateNet-inferred velocity magnitude (ϵM ) and angular

orientation (ϵO). Left panels (A,C,E) show case 3 (LAAT/TIA-negative, normal LA function), whereas

right panels (B,D,F) show case 5 (LAAT/TIA-positive, impaired LA function). Each row represents one

phases of the cardiac cycle: Top panels (A, B) represent atrial diastole; center panels (C, D) represent

early LV filling; bottom panels (E, F) represent and LV late filling. As temporal reference, flow-rate

waveforms through the pulmonary veins and mitral valve, together with LA and LAA volume traces,

are shown alongside the vector fields; magenta dashed lines indicate the corresponding time instants.

Vectors are colored by proximity to anatomical regions: right PVs (blue), left PVs (cyan), LAA (green),

and MV (red). To facilitate visualization, the length of PINN-inferred velocity vectors are scaled by a

factor of 2.0 in case 3 and 1.8 in case 5, respectively.
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small angular differences between CFD and PINN velocity vectors across most of the LA, indicating

good agreement in flow orientation.

Blood continues to enter through the PVs during early LV filling, and LV suction together with passive

LA recoil cause the MV to open and drive a strong transmitral jet. During this phase, the LAA also

empties, generating outward flow that is partially redirected toward the MV near the LAA ostium. These

dominant flow patterns were reproduced by the PINN (Fig. 5.6C–D). However, the ϵM map revealed a

bias toward underestimating velocity magnitudes, particularly in case 3. Nevertheless, flow orientations

were largely preserved: elevated ϵO values were mainly confined to regions of near-zero velocity (e.g.,

near the left PVs in case 3 and near the superior LAA wall in case 5).

During LV late filling, the atrium in healthy case 3 contracts, pumping blood into the LV while

also generating backflow into the PVs. And a much much weaker flow pattern is oovserved in case 5

due to absence of active contraction. Accordingly, the LAA continues to evacuate blood through the

ostium, forming a jet that is partially deflected toward the MV (Fig. 5.6E–F). These dominant flow

patterns were reproduced by the PINN, although the LAA emptying jet strength was underestimated in

case 3 (consistent with the ϵM < 0 region in Fig. 5.6E). As in atrial diastole and early LV filling, flow

orientation was overall well captured, with elevated ϵO values mainly confined to low-speed regions

where the velocity direction is effectively irrelevant.

Instantaneous 3D velocity vector fields for the remaining two LAAT/TIA-negative cases are shown

in Fig. 5.8, while the other two LAAT/TIA-positive cases are shown in Fig. 5.9. Overall, these data

confirm the trends reported for cases 3 and 5, suggesting that the PINN-inferred flow fields captured the

orientation of the CFD ground-truth velocity, but tended to underestimate its magnitude. The globally

averaged ϵM and ϵO for all the cases, shown in Table 5.2, indicate that the PINN reproduced the flow

velocity field particularly well in the LAA, where |ϵLAA
M | < 0.50 and |ϵLAO | ≲ 30 deg for three out of the

six cases studied, while ϵM increased in the LA body with mixed performances in terms of ϵO.

5.4 Discussion

This study investigates methods for inferring 4D (3D in space, time-resolved) residence time (TR) fields

in a flowing fluid from 4D distributions of a passively advected scalar (c) within the same flow. The

work is motivated by the existence of medical imaging modalities which enable the quantification of
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passive scalar dynamics, e.g., 4D CT contrast agent transport, but are incapable of directly measuring

residence time distributions. We evaluate on two methods: (i) a physics-informed Neural Network

(PINN) constrained by the Navier–Stokes and transport equations for c and TR, and (ii) an indicator

dilution theory (IDT) formulation that estimates TR voxel-wise from contrast dynamics curves. Both

methods are benchmarked against patient-specific CFD simulations in anatomically realistic, moving

left atrial geometries.

Residence time is a relevant biomarker that reflects blood stasis, a central driver of thrombogenesis.

We focus on the left atrium (LA), and particularly on the left atrial appendage (LAA), because the

LAA is a major site of thrombus formation and embolic stroke. In non-valvular atrial fibrillation (AF),

approximately 90% of left atrial thrombi originate in the LAA [15], and AF itself accounts for ∼20–30%

of all ischemic strokes. The LAA also contributes to thromboembolic risk in the absence of documented

AF: 15–38% of atrial thrombi in non-AF cardiomyopathy arise from the LAA.

Patient-specific CFD studies can quantify LAA residence time and related hemodynamic stasis

metrics [87, 90, 329–331]. However, routine clinical translation of CFD remains limited by the need

for detailed patient-specific boundary conditions, meticulous geometric meshing, and substantial com-

putational resources [337]. Color-Doppler ultrasound remains the first-line modality for cardiac flow

imaging, but transesophageal echocardiography—the technique used to visualize the LAA—is inva-

sive, time-consuming, and provides only limited assessment of 3D flow. 4D flow MRI enables direct

measurement of 3D flow patterns and stasis [319–321], but its spatiotemporal resolution in the LAA

is generally insufficient. CT angiography provides high spatial resolution and has shown that impaired

LAA opacification or delayed contrast washout is associated with stroke risk and LAA thrombus for-

mation [325, 326]. Taken together, these constraints underscore the need for imaging-based approaches

that can reliably infer residence time in the LAA.

Recent CT studies have linked impaired LAA opacification and delayed washout to LAA thrombus

formation and stroke risk [326, 327]. Building on this premise, Severance et al. showed that IDT can

be applied to clinically acquired multi-cycle 4D contrast CT to generate 3D maps of LAA transport

parameters, including an asymptotic residence time TR(x, t → ∞), using voxelwise gamma-variate

modeling [172]. In IDT, a downstream concentration–time curve is modeled as the convolution of an

input bolus with a transport (impulse-response) function [349]. Historically, this framework has been

used in reduced-order, compartment-based models to estimate global indices such as flow, mean transit
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time, and effective volume [339, 351]. In modern contrast-enhanced CT and MRI, closely related IDT

formulations are applied at the voxel level in tissue perfusion imaging, where each voxel is treated

as an effective vascularized compartment and deconvolution or parametric modeling yields voxelwise

perfusion metrics [352–354].

Here, we extend IDT to a moving intracardiac chamber by constructing a PV-referenced impulse

response for each chamber voxel and combining it with a tank-in-series model along flow pathlines

to obtain voxelwise, time-resolved residence-time maps TR(x, t) from contrast dynamics. This PV-

referenced formulation isolates the intrinsic chamber response from upstream transport history avoiding

subtracting large, nearly equal upstream transit-time estimates (e.g., ostium- and LAA-based fits), which

can be poorly conditioned when the chamber contribution is small compared with total venous-to-

atrial transit. Additionally, by computing TR(x, t) rather than the limit TR(x, t → ∞), our estimate

is naturally tied to the observed number of cardiac cycles and reduces the risk of overestimation from

extrapolating an unobserved washout tail. We expect this pathline-based method should translate to other

convection-dominated vascular domains, e.g., intracranial aneurysms, carotid disease, or abdominal

aortic aneurysms.

PINNs have emerged as a powerful framework to merge measurement data with physical laws

in fluid mechanics and related areas of computational science [253], with applications ranging from

aerodynamics to cardiovascular flows [256]. In cardiovascular biomechanics, PINNs have been used

to infer latent hemodynamic variables—including pressure fields, wall shear stress, and constitutive

parameters—from sparse or indirect measurements [355–358]. A canonical benchmark setting in

which PINNs can infer latent velocity fields is advection of a passive scalar, because scalar dynamics

provide dense spatiotemporal supervision while velocity remains unobserved. This has motivated

tracer-/contrast-informed PINN formulations for flow and parameter inference in biological and medical-

imaging contexts [359–361].

A substantial fraction of cardiovascular PINN studies has emphasized reduced-order hemodynamic

models and/or vascular domains with relatively simple geometries and little or no wall motion. By

comparison, applications targeting fully 3D intracardiac flow in atria or ventricles remain relatively

scarce despite recent advances [28, 362]. Consistent with this gap, recovering intracardiac flow fields

from contrast-enhanced CT remains underexplored in the PINN literature. Explicit inference of blood

residence time is even less commonly considered in cardiovascular PINN studies.
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Several aspects of our PINN formulation are tailored to the specific challenges of intracardiac

flow reconstruction from contrast data. First, the use of spatiotemporal Fourier feature embeddings

helps alleviate the spectral bias of standard MLPs and improves the representation of high-frequency

flow features [247]. This is particularly important for capturing sharp inflow jets and complex LAA

recirculation patterns. Second, we enforce the initial condition of residence time as a hard constraint

by reparameterizing the TR output [346], ensuring that TR is exactly zero at (t = t0) without requiring

an additional loss term. Third, we frame the learning problem in non-dimensional variables scaled

by clinically meaningful quantities such as MV diameter and peak E-wave velocity, which improves

numerical conditioning and may facilitate comparison across patients with different hemodynamic

regimes. Lastly, we use PirateNet structure through adaptive residual connections, reported to help

stabilize the training and mitigate initialization difficulties in training deep PINNs [313]. PirateNet

yielded improved accuracy in TR inference, especially when the vanilla MLP-based structure performed

poorly. Together, these design choices enable the PINN to reconstruct volumetric fields in a moving LA,

where the wall motion is implicitly encoded through the spatiotemporal distribution of contrast.

When compared with CFD, both PINN- and IDT-inferred TR fields reproduce the expected trends:

higher residence time in the LAA than in the LA body, especially in distal LAA regions, and systematically

higherTR in LAAT/TIA-positive cases than in negative ones. Beyond these qualitative trends, IDT shows

the closest agreement with CFD across the full range of TR values, capturing sharp spatial gradients

(e.g., at the LAA ostium) with only a mild tendency to overestimate the upper tail. The PINN also

recovers the main TR patterns, but produces smoother maps and tends to underestimate high-TR regions,

most noticeably in distal LAA. Despite these biases, both methods preserve patient ranking and separate

LAAT/TIA-positive from LAAT/TIA-negative cases based on mean LAA TR.

The opposite biases of IDT and PINN reflect the different approximations each method makes. IDT

models transport with no explicit diffusion, which can overestimate TR. By contrast, the PINN balances

data fit with PDE residuals, favoring smooth, low-frequency solutions in advection-dominated settings

due to spectral bias [238, 253]. This phenomenon can smear sharp features and compress the high-TR

tail, leading to underestimation of the largest residence times.

In addition to residence time, the PINN reproduces the main atrial flow structures across the cardiac

cycle, including PV inflow jets, their collision and redirection toward the MV, as well as LAA filling

and recirculation. PINN also captures the phase-dependent flow reorganization associated with MV
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opening and closing: during early LV filling it recovers the dominant transmitral jet and the concurrent

LAA emptying flow through the ostium, and during LV late filling it reproduces the LAA evacuation

jet and the associated flow redirection toward the MV. Across cases, the agreement is stronger in flow

orientation than in magnitude, with the PINN underestimating peak speeds while preserving the overall

vector field topology. This behavior is consistent with the global velocity statistics.

A key contribution of this study is showing that contrast dynamics can support two complementary

inference pathways: a PINN that reconstructs full-field hemodynamics (including residence time) and

an IDT-based approach that yields residence-time maps in seconds from contrast curves alone. The

PINN provides velocity and pressure fields together with TR, whereas IDT trades that detail for speed

and robustness and is therefore appealing for clinical translation. This complementarity suggests a tiered

workflow: IDT for rapid stasis screening, and the PINN for cases where detailed flow information is

needed. Beyond this, rapid IDT inference could guide a second-stage (nested) PINN. For example, the

IDT-inferred residence time TR,IDT(x, t) could be treated as an additional “measurement” by adding a

data-mismatch term, e.g., LIDT = |TR,PINN −TR,IDT|2, and/or it could be included as an extra network

input so the PINN learns fields conditioned on an IDT-based stasis estimate (with physics enforced using

material derivatives parameterized by TR,IDT). These hybrid IDT–PINN strategies could improve PINN

accuracy in high-TR regions and reduce underestimation of peak velocities, while preserving the PINN’s

ability to recover velocity orientation.

Iodinated CT contrast can, in principle, change the local density and viscosity of blood [363], creating

both a practical modeling issue and a more fundamental concern: the injection could perturb the very

hemodynamics we aim to infer from the contrast dynamics. In our setting, however, pilot CFD simu-

lations at clinically relevant iodine concentrations (Boussinesq approximation) did not show noticeable

changes in left atrial velocity fields, suggesting that this effect is negligible for the protocols considered

here. If such effects were non-negligible, they could be incorporated into the PINN by modifying

the momentum/transport physics terms to allow property variations (e.g., variable density/viscosity),

whereas the IDT approach does not require an explicit flow model and would not need to be modified

beyond treating the measured curves as the effective transport response.

Training the PINN remains computationally demanding (on the order of 10–15 hours per patient on

a high-end GPU), and retraining is currently required for each new patient, although this burden could

be reduced with transfer learning (i.e., warm-start PINNs; [364]). Furthermore, our validation relies on
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CFD simulations, which themselves depend on assumptions regarding blood rheology, wall motion, and

boundary conditions [87, 88, 335, 336, 365], and are not equivalent to in vivo measurements. A natural

next step is therefore to leverage emerging multi-cycle 4D contrast CT datasets [172] to build matched

CFD and PINN models directly from clinically acquired contrast data, and to compare CFD-derived TR

against TR inferred from the CT time curves using IDT and PINNs. Ultimately, direct validation remains

challenging because no clinical modality can measure intracardiac residence time as a ground-truth field.

The IDT formulation, while computationally efficient, assumes that the LA behaves as a linear,

time-invariant system with respect to contrast input. In our derivation, this approximation is justified by

analyzing transport at a fixed cardiac phase and treating the phase-locked velocity field as “steady on the

mean” across cycles, with negligible molecular diffusion (high Péclet number). Under these conditions,

the phase-stacked voxel time curves can be interpreted through an effective impulse response (modeled

here with a tank-in-series/gamma-variate form). In reality, LA contraction, PV inflow variability,

and beat-to-beat fluctuations may violate these assumptions, particularly in AF. Moreover, IDT does not

provide velocity or pressure fields and thus cannot capture mechanistic features such as swirling patterns,

shear rate, or pressure gradients.

Despite our encouraging results, there are clear paths to improve both accuracy and practicality. On

the modeling side, performance may benefit from more expressive architectures (e.g., operator-learning

or multi-network decompositions), adaptive or curriculum-based loss weighting, and hard constraints

for inlet residence-time conditions [346]. On the implementation side, migrating to modern platforms

(e.g., TensorFlow 2.x or JAX with XLA compilation) could substantially reduce training time and ease

deployment [303]. On the data side, an important next step is to train and test on clinically acquired 4D

contrast CT with fewer cardiac phases, motion artifacts [366], and variable injection protocols.

5.5 Conclusion

In summary, we present and validate two complementary, physics-based approaches to infer left atrial

stasis from contrast dynamics: a PINN that reconstructs full flow and residence time maps, and an IDT

framework that produces residence time maps rapidly from contrast curves alone. Benchmarked against

patient-specific CFD in moving atrial geometries, both methods recover key LAA stasis patterns and

differentiate LAAT/TIA-positive from LAAT/TIA-negative cases based on mean LAA TR. Together,
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these results support contrast-enhanced 4D CT as a scalable route toward quantitative, patient-specific

assessment of LAA thrombosis risk.
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Figure 5.7: Loss curves for each loss component of a representative case 1 from PirateNet training.
Training iterations
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Figure 5.8: Instantaneous 3D velocity vector fields computed by CFD and inferred by contrast-trained

PirateNet, together with normalized errors in PirateNet-inferred velocity magnitude (ϵM ) and angular

orientation (ϵO). Left panels (A,C,E) show case 1 (LAAT/TIA-negative, normal LA function), whereas

right panels (B,D,F) show case 2 (LAAT/TIA-negative, normal LA function). Each row represents one

phases of the cardiac cycle: Top panels (A, B) represent atrial diastole; center panels (C, D) represent

early LV filling; bottom panels (E, F) represent and LV late filling. As temporal reference, flow-rate

waveforms through the pulmonary veins and mitral valve, together with LA and LAA volume traces,

are shown alongside the vector fields; magenta dashed lines indicate the corresponding time instants.

Vectors are colored by proximity to anatomical regions: right PVs (blue), left PVs (cyan), LAA (green),

and MV (red). To facilitate visualization, the length of PINN-inferred velocity vectors are scaled by a

factor of 2.5 in case 1 and 2.0 in case 2, respectively.
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Figure 5.9: Instantaneous 3D velocity vector fields computed by CFD and inferred by contrast-trained

PirateNet, together with normalized errors in PirateNet-inferred velocity magnitude (ϵM ) and angular

orientation (ϵO). Left panels (A,C,E) show case 4 (LAAT/TIA-positive, impaired LA function), whereas

right panels (B,D,F) show case 6 (LAAT/TIA-positive, impaired LA function). Each row represents one

phases of the cardiac cycle: Top panels (A, B) represent atrial diastole; center panels (C, D) represent

early LV filling; bottom panels (E, F) represent and LV late filling. As temporal reference, flow-rate

waveforms through the pulmonary veins and mitral valve, together with LA and LAA volume traces,

are shown alongside the vector fields; magenta dashed lines indicate the corresponding time instants.

Vectors are colored by proximity to anatomical regions: right PVs (blue), left PVs (cyan), LAA (green),

and MV (red). To facilitate visualization, the length of PINN-inferred velocity vectors are scaled by a

factor of 2.0 for both cases.



117

76543210

𝑇𝑅[𝑠]

0.100.080.060.040.020

c

Contrast concentration Residence time
Case 1 CFD PirateNet CFD PirateNet IDT

tc/T = 12

tc/T = 18

tc/T = 25

tTR
/T = 2

tTR
/T = 8

tTR
/T = 15

Figure 5.10: Contrast concentration (c) and residence time (TR) maps comparison of case 1 between

CFD, PirateNet, and IDT. Three 2D sections of the left atrium are shown at selected time instants.

Contrast concentration snapshots are shown at tc/T = 12, 18, and 25, whereas residence time snapshots

are shown at tTR
/T = 2, 8, and 15. Here tc is referenced to the contrast-training window (cycles 10–25),

and tTR
is referenced to the start of residence time integration. Contrast concentration is dimensionless,

whereas residence time is given in seconds.
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Figure 5.11: Contrast concentration (c) and residence time (TR) maps comparison of case 2 between

CFD, PirateNet, and IDT. Three 2D sections of the left atrium are shown at selected time instants.

Contrast concentration snapshots are shown at tc/T = 12, 18, and 25, whereas residence time snapshots

are shown at tTR
/T = 2, 8, and 15. Here tc is referenced to the contrast-training window (cycles 10–25),

and tTR
is referenced to the start of residence time integration. Contrast concentration is dimensionless,

whereas residence time is given in seconds.
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Figure 5.12: Contrast concentration (c) and residence time (TR) maps comparison of case 4 between

CFD, PirateNet, and IDT. Three 2D sections of the left atrium are shown at selected time instants.

Contrast concentration snapshots are shown at tc/T = 12, 18, and 25, whereas residence time snapshots

are shown at tTR
/T = 2, 8, and 15. Here tc is referenced to the contrast-training window (cycles 10–25),

and tTR
is referenced to the start of residence time integration. Contrast concentration is dimensionless,

whereas residence time is given in seconds.
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Figure 5.13: Contrast concentration (c) and residence time (TR) maps comparison of case 6 between

CFD, PirateNet, and IDT. Three 2D sections of the left atrium are shown at selected time instants.

Contrast concentration snapshots are shown at tc/T = 12, 18, and 25, whereas residence time snapshots

are shown at tTR
/T = 2, 8, and 15. Here tc is referenced to the contrast-training window (cycles 10–25),

and tTR
is referenced to the start of residence time integration. Contrast concentration is dimensionless,

whereas residence time is given in seconds.
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Figure 5.14: Violin plots of the probability density function with mean and median of the residence

time TR from CFD, PirateNet, and IDT inside the left atrial appendage are shown for the N = 6 studied

cases.
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Chapter 6

PATIENT-SPECIFIC PARAMETER INFERENCE IN NORWOOD CIRCULATION
BY LUMPED-PARAMETER-MODEL-INFORMED NEURAL NETWORK

6.1 Introduction

Hypoplastic left heart syndrome (HLHS) is a congenital heart defect in infants in which the left side of

the heart is severely underdeveloped, and where the left ventricle is unable to support systemic blood

flow [367]. Since HLHS is fatal if left untreated, a Norwood procedure [368] is required to support blood

flow into the pulmonary and systemic circulation from the right ventricle due to the loss of function in

the left ventricle. After the Norwood operation, the atria are permanently connected, the aorta is attached

to the right ventricle, and a shunt is used to connect the systemic and pulmonary circulations.

Two other subsequent operations (i.e., Glenn and Fontan) [369] are needed in between four to six

months and two to four years old, respectively. In order to reduce univentricle workload and balance

oxygenated and deoxygenated blood flow in the pulmonary and systemic circulations, after the Glenn and

Fontan procedures, the shunt is removed and the superior vena cava and inferior vena cava are connected

directly to the pulmonary artery to let the blood passively flow into pulmonary circulation.

Shunt-related complications are a major cause of morbidity and mortality, as achieving appropriate

pulmonary blood flow represents a “Goldilocks” dilemma. A systemic-to-pulmonary shunt creates a

parallel circulation, leaving patients vulnerable to either insufficient or excessive pulmonary flow, both

potentially fatal. Flow depends on ventricular function and the relative resistances of the systemic,

pulmonary, and shunt pathways, with small changes in vessel or shunt diameter having large effects (per

Poiseuille’s law). When shunt resistance is too high due to thrombosis, intimal thickening, or patient

growth during the first six months, pulmonary flow becomes inadequate, causing hypoxia. Conversely,

when resistance is too low, pulmonary overcirculation can compromise systemic perfusion, leading to

acidosis and death. This can result from systemic hypertension (e.g., coarctation) or the normal neonatal

drop in pulmonary vascular resistance over the first ∼6 weeks of life [370].

In short, both pathological events and rapid physiological changes create dynamic hemodynamic
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imbalances. Current static PTFE shunts cannot adapt to these changes, making sustained regulation of

pulmonary blood flow extremely challenging and underscoring the need for new solutions.

Lumped-parameter models (LPMs) offer an efficient computational approach to simulate hemo-

dynamics within the cardiovascular system. For blood circulation through cardiac chambers, LPMs

relate flow rate, pressure, and compartment volumes via an electric circuit analogy. These variables

are obtained by solving a system of ordinary differential equations coupled with patient-specific pa-

rameters [371]. LPMs have also been applied to single-ventricle circulation models in HLHS patients,

showing promising results for parameter inference via iterative or optimization approaches [218].

Physics-informed neural network (PINN) approaches have gained traction within the deep learning

domain. PINNs embed physical priors that can be expressed as differential equations to infer hidden

variables from complete or partial measurement data [254]. Although PINNs have been applied mostly

to infer detailed spatio-temporal physical fields [253], one of their features is that they can infer the

scalar parameters of the differential equations while also inferring the physical fields represented by the

equations with good accuracy [257].

In this chapter, we propose a PINN framework combined with LPMs to non-invasively infer patient-

specific hemodynamic parameters in HLHS patients after the Norwood procedure. By leveraging the

governing differential equations of cardiovascular circulation together with partial clinical measurements,

our approach enables accurate estimation of parameters that are otherwise only obtainable through

complex invasive procedures. This framework aims to address the critical clinical need for better

monitoring of shunt-related complications and improved decision-making in the timing and eligibility

of subsequent surgical interventions.

The rest of the chapter is organized as follows. Section §6.2 describes our in-house algorithm to

generate LPM synthetic data and PINN framework. Section §6.3 shows the feasibility of our framework

for patient-specific parameter inference and discusses the strengths and limitations of our approaches

and future works.



124

6.2 Materials and Method

6.2.1 Lumped-Parameter Model (LPM)

This work centers around the mathematical formulation of an LPM, describing a post-Norwood operation

HLHS patient, to generate synthetic ground-truth data for training and validation, and to define residual

equations in our PINN loss functions. The LPM is inspired by previous work on Norwood circulation

[188], consisting of four components: pulmonary loop, systemic loop, right heart, and left heart (Figure

6.1). A systemic-to-pulmonary (S-P) shunt is used to connect the systemic and pulmonary loops. Each

compartment models blood flow analogous to that of an electric circuit which has a combination of

resistors, capacitors, and inductors.

Figure 6.1: Post-Norwood circulation model used to generate training and validation data in LPM-PINN.

Physiologically, a resistor models pressure losses due to viscous friction (Poiseuille’s law), a capacitor

represents the compliance or elasticity of the vessel wall, and an inductor accounts for the inertia of the
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blood flow moving through the vessel. A detailed list of compartment subscripts can be found in Table

6.1.

Subscript Description Subscript Description

pa pulmonary artery svb systemic venous bed

pab pulmonary arterial bed slv systemic large veins

pvb pulmonary venous bed po pulmonary valve

ao aortic valve rv right ventricle

da descending aorta ti tricuspid valve

sab systemic arterial bed ra right atrium

la left atrium asd atrial septal defect

Table 6.1: List of subscripts in the lumped-parameter model.

The governing equations of our post-Norwood circulation model are a system of ordinary differential

equations (ODEs) and algebraic equations described in Eq. 6.1 and Eq. 6.2, encompassing a total of 25

physical variables and corresponding equations.

dPpa

dt
=

Qshunt −Qpa

Cpa

dQpa

dt
=

Ppa − Ppab − RpaQpa −KpaQpa
2

Lpa

dPpab

dt
=

Qpa −Qpab

Cpab

dPpvb

dt
=

Qpab −Qpvb

Cpvb

dPsvb

dt
=

Qsab −Qsvb

Csvb

dPslv

dt
=

Qsvb −Qslv

Cslv

dQda

dt
=

Pda − Psab − RdaQda

Lda

dPda

dt
=

Qao −Qda

Cda

dQsab

dt
=

Psab − Psvb − RsabQsab

Lsab

dPsab

dt
=

Qda −Qsab

Csab

dVrv

dt
= Qti −Qpo

dVra

dt
= Qslv +Qla −Qti

dVla

dt
= Qpvb −Qla

(6.1)
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Ppa = Pda − RshuntQshunt −KshuntQ
2
shunt

Qpab =
Ppab − Ppvb

Rpab

Qpvb =
Ppvb − Pla

Rpvb

Qsvb =
Psvb − Pslv

Rsvb

Qslv =
Pslv − Pra

Rslv

Qla =
Pla − Pra

Rasd

Qao = Qpo −Qshunt

Prv = erv(t)
(
E1rv + E2rv(Vrv −V0

rv)
)
(Vrv −V0

rv)

+ P0
rv

(
exp
(
Krv(Vrv −V0

rv)
)
− 1
)

Qpo = CpoARpo

√
Prv − PdaH(Prv − Pda)

Pla = Ela(t)
(
Ela(Vla −Vla

0)
)

+ P0
la

(
exp
(
Kla(Vla −V0

la)
)
− 1
)

Pra = Era(t)
(
Era(Vra −Vra

0)
)

+ P0
ra

(
exp
(
KRA(Vra −V0

ra)
)
− 1
)

Qti = CtiARti

√
Pra − Prv H(Pra − Prv)

(6.2)

6.2.2 Synthetic Data Generation

Blood flow simulations of our LPM were performed using our in-house MATLAB solver using the

ode15i time integration function, validated using an in-house time integration function based on an

explicit fourth-order Runge Kutta time integrator. The parameters (e.g., resistance R, compliance C,

inductance L) associated with each LPM compartment are defined using values from the literature [188],

given in Table 6.2. The simulations were initialized with given initial conditions in Table 6.3 for each

variable. For this work, we chose a uniform spacing of 5,000 points in time, and we set the heart rate

to be 120 BPM (cardiac cycle T = 0.5s). We first let our solver run for 19 cardiac cycles to let it

fully converge, and then used data from the 20th cycle for training and validation. Details of the code

implementation are explained in Algorithm 2.
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Parameter Value Parameter Value
Cpa 0.27410 d 3.5
Rpa 0.02835 Kpa 0.00378
Lpa 0.00412 Rpab 0.41688
Cpab 0.04078 Rpvb 0.01097
Cpvb 0.88750 Csab 0.44296
Rsab 3.51120 Lsab 0.00535
Rsvb 0.32255 Csvb 0.31030
Rslv 0.08265 Cslv 4.07890
Cda 0.06118 Rda 0.19883
Lda 0.00287 Rshunt

3.456
d4

Kshunt
18.72
d4

Rasd 0.001

Table 6.2: List of model parameters. Units for C, R, L, and K are mL/mmHg, mmHg · min/mL,

mmHg · min2/mL, and mmHg · min · mm4, respectively. The value d is the shunt diameter in mm.

Parameter Value Parameter Value
Qti 50 Qpo 50
Qla 50 Qshunt 10
Qao 40 Qda 40
Qsab 40 Qsvb 40
Qslv 40 Qpa 10
Qpab 10 Qpvb 10
Pda 100 Psab 100
Psvb 100 Pslv 100
Ppa 30 Ppab 30
Ppvb 30 Prv 0.9
Pra 0.17 Pla 0.17
Vrv 4 Vra 1
Vla 1

Table 6.3: List of initial conditions. Units for flow rate (Q), pressure (P), and volume (V) are ml/s,

mmHg, and ml, respectively.
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Algorithm 2 Synthetic Data Generation by Solving LPM DAEs Over Time

Input: Physical variables, parameters, and differential-algebraic equations (DAEs) to be

solved.

Output: Solutions of flow rate (Q), pressure (P), and volume (V) over time.

1. Set initial conditions, parameters, and allometric scalars (see Table 6.2, Table 6.3).

2. Compute consistent initial conditions for the ode15i solver:

(a) Fix right-ventricle and right-atrium pressures (Prv, Pra). Provide start time t0 and initial

guesses for the state and its derivative, (y0, y′0).

(b) Adjust unfixed variables to satisfy the implicit DAEs via a damped Newton method:

i. Enforce the consistency condition

F (t0, yn, y
′
n) = 0.

ii. Define

zk =

yk
y′k

 , ∆zk =

∆yk

∆y′k

 ,

where ∆yk and ∆y′k are updates scaled by a step size α.

iii. Linearize F at zk using the Jacobian with respect to the unfixed variables:

F (t0, zk +∆zk) ≈ F (t0, zk) + Jk∆zk,

where

Jk =
[
∂F/∂y ∂F/∂y′

]
.

iv. Solve the Newton step

Jk∆zk = −F (t0, zk),

and iterate until ∥F (t0, zk)∥ is sufficiently small.

3. Numerically solve the DAE system with ode15i:

(a) Advance to a new time point using a chosen step size and approximate y′(t) using MATLAB’s

built-in backward differentiation formulas (BDFs).

(b) Apply a Newton method (as above) to solve for y given y′ =
∑n

k=1 αkyk.
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6.2.3 Physics-Informed Neural Network

We use a physics-informed neural network (PINN) to infer flow variables and compartment parameters in

our LPM from clinically measurable data (see Fig. 6.2). The PINN is a fully-connected neural network

that does not require training on previously labeled data. Instead, training takes as inputs of the temporal

information of the LPM and the outputs are the flow variables and compartment parameters.For all the

analyses presented in this paper, we adopt a configuration of 4 layers with 100 neurons each, and we

employ a sinusoidal activation function (i.e., σ = sin(·)). The neural network weights θ are initialized

using the Xavier scheme [277] and a weight normalization method was used [278].

𝒕

𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

·····

·····

·····
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···
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𝓛𝒕𝒐𝒕𝒂𝒍 = 𝓛𝑑𝑎𝑡𝑎 + 𝓛𝐿𝑃𝑀

Figure 6.2: Physics-informed neural network training schematic. Note that θ refers to the neural network

weights.

We train the PINN by penalizing a loss function (Ltotal) consisting of two terms representing the L2

norms of the discrepancy with respect to training data (Ldata) and the residual of the LPM governing

equations (LLPM ). We assume that flow rate through the shunt (Qshunt), maximum, and minimum of

the pressure at the descending aorta (Pda) can be measured from clinical imaging as demonstrated in



130

previous works [372, 373]. Thus these variables are used as training data (see 6.2). The PINN outputs

are used to compute the residuals of the LPM equations. For example for the first equation in 6.1 we

have,

e1 =
dPpa

dt
− Qshunt −Qpa

Cpa
.

The discontinuous nature of the LPM equations representing cardiac valves presents a challenge

because the PINN can only train on and infer continuous variables. Thus, we assume that the times of

the valve opening and closure are known and add two additional loss terms to enforce that transvalvular

flow rates (i.e., Qpo, Qti) are zero where the valves are closed. We also note that the valves are modeled

with quadratic resistance terms in the LPM (based on Bernouilli’s law). While this nonlinearity is

seamlessly handled by the iterative Newton’s solver in the ode15i solver, the presence of square root

terms can complicate PINN convergence by creating vanishing gradients or NaNs in the loss terms.

Thus, we rearrange the valve equations as,

Q2
po = C2

poAR
2
po(Prv − Pda),

Q2
ti = C2

tiAR
2
ti(Pra − Prv),

to compute the PINN loss. The final total loss function is defined as:

Ltotal = Ldata + LLPM

= λQshunt
LQshunt

+ λPda
LPda

+ λQpoLQpo + λQtiLQti +
25∑
i=1

λeiLei ,

where the λ coefficients weigh the contribution of each term to the total loss. The loss terms for each
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component without their weighing coefficients are defined as:

LQshunt
=

1

N

N∑
i=1

∥Qshunt
train −Qshunt

pred∥2

LPda
=

1

N

N∑
i=1

∥Pda,min
train − Pda,min

pred∥2 + 1

N

N∑
i=1

∥Pda,max
train − Pda,max

pred∥2

LQpo =
1

NQpo

NQpo∑
i=1

∥Qpo∥2

LQti =
1

NQti

NQti∑
i=1

∥Qti∥2

Lei =
1

N

N∑
j=1

∥ei,j∥2,

where N , NQpo , and NQti are the numbers of sampling points used for each term during training. The

temporal derivatives in the ODEs are computed using automatic differentiation [279] within the neural

network during backpropagation. Additionally, we use a normalization scheme for the input temporal

training data (e.g., t) so that it has zero mean and unit variance. This process is used to ensure training

stability and promote robustness [277].

The loss function in our PINN has 29 terms in total, each multiplied by their weighing coefficients

(e.g., λ’s). Since manual tuning of these weights is impractical, we employ an adaptive strategy derived

from Neural Tangent Kernel (NTK) theory [280], which automatically adjust the λ’s to ensure that all

the loss terms converge approximately at the same rate without any one term dominating the other.

The weight adaptive adjustment initializes all the weights from unity and is updated in an user-defined

interval. In this approach, the weights are computed as:

λi =
K

Ki
,

where i,Ki, and K represent each loss term, the NTK matrix associated with each loss term, and

the total NTK matrix, respectively. And these NTK matrices are obtained by computing the Jacobian

matrices of the loss term with respect to the neural network wegithts (e.g., θ), and the overall NTK

matrix is obtained as:

K =
29∑
i=1

JiJ
T
i .
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In all the cases presented in this paper, we use a full-batch training approach. The PINN is trained

until all loss terms reach plateaus or a maximum of 106 iterations. The total loss function is minimized

using the Adam adaptive optimizer [281] with a fixed learning rate of 0.001, and the loss terms weights

were updated every 1000 training iterations. Our framework is implemented in Python using TensorFlow

derived from the original work [254]. We train all the cases using an NVIDIA A40 GPU with 48GB

RAM, and all other processes and analysis were done in MATLAB.

6.2.4 Parameter Identifiability Analysis

The system parameters must be identifiable to be inferred by the model. An identifiable parameter is

one that, given different values, independently changes the model outputs. To determine the subset of

identifiable parameters, we performed local sensitivity analysis [374] and analyzed its Fisher information

matrix.

The local sensitivity analysis was performed using a finite differences method in which each parameter

was, one at a time, varied by a small step size, ϵ = 10−6, in the positive and negative directions. Letting

f represent the model output as a function of the varied parameter θi, we get a n×m× t matrix where

n is the number of parameters, m is the number of output variables, and t is the number of timepoints

in the cardiac cycle. The effect of each parameter θi can be observed with the below equation:

∂f

∂θi
≈ f(θi + ϵ)− f(θi − ϵ)

2ϵ

For each parameter, we then take the 2-norm of the output variables over time as a metric for sensitivity

to get an n×m matrix that we will call S. This gives a value for the sensitivity of each output variable

with respect to the varied parameter θi. We can further simplify the effect of each parameter by taking

the 2-norm of the variable-specific sensitivities to give a single number representing the sensitivity of

each parameter.

However, since some parameters may only be jointly identifiable, it is not sufficient to observe the

resulting sensitivities and draw conclusions about identifiability. As such, we calculated the Fisher

information matrix, F = STS. Furthermore, we compare ||F||F and ||F − diag(F)||F to assess how

much parameters can be identified independently versus jointly.
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6.3 Results and Discussions

This section presents the validation of our framework, parameter inference feasibility, and sensitivity

analysis using simulations generated data. In general, the framework can accurately infer all the LPM

variables and infer patient-specific parameters such as resistances. In addition, with the adaptive loss

weights adjustment strategy, the PINN demonstrates stable and robust convergence without ad-hoc

manual tuning of hyperparameters such as the loss-specific weight coefficients.

6.3.1 LPM Inference with Fixed Parameters

Figure. 6.3 presents the PINN-inferred flow rate, pressure, and volume for each compartment of the

Norwood-shunt patient, compared against ground-truth data obtained by solving the LPM ODE system.

In this experiment, all LPM parameters (resistance, compliance, and inductance) are fixed to their

ground-truth values. Flow, volume, and pressure in all compartments are inferred from measurements

of shunt flow rate vs. time and aortic systolic/diastolic (max/min) pressure values. Overall, the inferred

variables closely match the ground truth, with moderate deviations (∼ 20%) observed in Psvb, Pslv, and

Qsvb, particularly during late diastole. These compartments are the most distal from the shunt and aorta,

where the input data are prescribed to the PINN and immediately adjacent to the heart (see Fig. 6.1),

which may explain why the display larger errors.
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Figure 6.3: Flow rate (Q), pressure (P ), and volume (V ) inferred by PINN ( ) compared to ground-truth

( ) with fixed parameters in the LPM.

The loss terms for each constraint, each scaled by their weight coefficients λ, are shown in Fig. 6.4.

As seen in the figure, losses decrease sharply within the first 3 × 105 training iterations, then adopt a

much more gradual decay rate, indicating PINN convergence.
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Figure 6.4: Loss term weights vs. training iterations for the fixed parameter analysis.

Figure. 6.5 displays the eigenvalues of each NTK matrix (solid lines) at the last training iteration

together with the eigenvalue-normalized loss weights (dashed lines). These data suggests that the adaptive

weight adjustment successfully equalized the convergence rate of different loss terms, represented by the

similar order of magnitude of the dashed lines representing the normalized weights.
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Figure 6.5: Eigenvalues of neural kernel associated with each loss term calculated at the last training

iteration versus eigenvalue index.

6.3.2 LPM Parameter Inference – Pulmonary Artery Resistance

In a second run, we let the pulmonary resistance parameter Rpa be trainable while keeping all other

parameters fixed. Pulmonary resistance is particularly relevant in the post-Norwood patient because it can

change dynamically due to microthrombi, pulmonary vascular remodeling, or inflammatory processes

in the lungs, all of which may critically impact hemodynamics [369]. Since these patients are only a

few weeks old and cannot communicate symptoms, non-invasive approaches to infer such changes are

essential for timely diagnosis and intervention. The inferred flow and compartment results in Fig. 6.6

show that the PINN is able to produce accurate results, with discrepancies in Psvb and Pslv comparable

to those obtained when all parameters are fixed.
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Figure 6.6: Flow rate (Q), pressure (P ), and volume (V ) inferred by PINN ( ) compared to ground-truth

( ) with all fixed parameters but trainable Rpa.

We evaluate the accuracy of the inferred parameter Rpa in 6.7, which displays its value as a function

of PINN iteration number. Also, to ensure a stringent benchmark, we used an initial guess of Rpa = 0.1

for this parameter, almost five times larger than its ground-truth value of 0.0284 mmHg min/mL. The

results suggest that Rpa is automatically adjusted to satisfy the residual equations of the LPM. During

the first ∼ 3 × 105 iterations, it goes through a phase of rapid change from the initial guess and slowly
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converged to the ground-truth value. The final inferred value 0.0336 mmHg min/mL, which is in

reasonable agreement with the ground-truth value. When PINN execution stops at 106 iterations, the

agreement is still slowly improving, suggesting that more accurate inference of Rpa could be reached.

Figure 6.7: Convergence of the inferred Rpa vs. training iterations compared to the ground-truth value

used to generate the synthetic data. Units are mmHg min/mL.

6.3.3 Sensitivity Analysis

Finally, we present results of our sensitivity analysis to facilitate interpreting our results and to further

ensure that the PINN can infer pulmonary resistance and other vacular tree parameters in the LPM. Fig.

6.8 shows the normed sensitivities over time of each parameter as it is varied by a small amount ϵ in

the synthetic data generation. The capacitance of the systemic venous bed (Csvb) is the most sensitive

parameter. This result suggests an explanation for why Psvb and Qsvb are among the least accurately

inferred flow signals in the PINN – small residuals to the LPM equation for this component have a

stronger effect in the flow.
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Other parameters of high sensitivity, in particular Rshunt and Rpa, are particularly relevant for post-

Norwood patients since they can be used as surrogate markers of shunt failure or adverse events. The

fact that the LPM-PINN seems to be able to accurately infer these parameters is encouraging for clinical

translation of the proposed approach. On the other hand, parameters with low sensitivity, such as the

resistance in the systemic arterial bed (Rsab), may be harder to infer without additional input data.

Figure 6.8: Norm of the local sensitivities of each parameter over time in descending order.

6.3.4 Conclusion

In this work, we developed a Lumped-Parameter-Model–informed neural network for patient-specific

hemodynamic inference in post-Norwood single-ventricle circulation. By combining a physiologically

derived synthetic lumped-parameter model with a physics-informed machine learning approach, our
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framework can infer flow and compartment variables from clinically measurable data. In addition,

LPM-PINN is able to estimate patient-specific parameters while maintaining good agreement for most

flow, pressure, and volume waveforms. Our proof-of-concept results demonstrate the feasibility of using

LPM-PINN to noninvasively infer flow and patient-specific parameters that are otherwise accessible

mainly through catheterization.

Notably, we demonstrate that by combining shunt flow measurable with a device currently under

development [375] with systolic and diastolic pressures readily obtainable from standard cuff mea-

surements, it is possible to identify pulmonary and shunt resistance, two critical parameters in the

post-Norwood patient. These parameters are highly sensitive to shunt malfunction and adverse events

such as microthrombi, pulmonary vascular remodeling, or inflammatory processes in the lungs. In

newborns, early detection of such changes, together with the ability to rule out false positives, is crucial

for timely intervention while also reducing unnecessary hospital visits and optimizing medical resources.
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Chapter 7

CONCLUSION

This thesis focused on developing physics-informed and data-driven methods to infer cardiovascular

hemodynamics, thrombosis risk, and patient-specific model parameters from sparse, noninvasive, and

clinically accessible measurements. The underlying blood velocity, pressure, residence time, and vascular

resistance are closely linked to cardiovascular function and disease progression, but they are often

difficult to measure directly and noninvasively in vivo. The work presented in this thesis addresses

this challenge by combining medical imaging, computational fluid dynamics, indicator dilution theory,

lumped-parameter modeling, and physics-informed neural networks (PINNs). Across the applications

studied in this thesis, the central idea is to embed physical constraints into deep learning frameworks,

enabling the inference of hidden hemodynamic quantities from sparse measurements that are otherwise

inaccessible from standard clinical imaging alone and resource demanding direct numerical simulations.

In Chapter 3, we developed AI-VFM, a Navier–Stokes-informed neural network framework for

2D left ventricular (LV) vector flow mapping (VFM) from color-Doppler echocardiography. Unlike

classical VFM methods, which mainly enforce mass conservation to recover cross-beam velocity and

require post-processing to estimate pressure, AI-VFM imposes Doppler data consistency, LV wall

boundary conditions, mass conservation, and momentum balance within a physics-informed neural

network. Validation against CFD ground truth showed accurate recovery of radial velocity, cross-beam

velocity, and fluctuating pressure fields in an idealized LV model. AI-VFM also handled practical

limitations of clinical Doppler imaging, including phase wrapping, missing data, truncated Doppler

sectors, and low frame rates. Clinical applications demonstrated physiologically meaningful flow and

pressure reconstructions, showing that AI-VFM can expand standard Doppler echocardiography toward

non-invasive inference of intraventricular velocity and pressure.

The AI-VFM framework was then extended in Chapter 4 to time-resolved 3D volumetric recon-

struction using triplane color-Doppler imaging. This extension addresses the limitation of 2D VFM,

where the planar flow assumption cannot fully resolve inherently three-dimensional LV flow structures.



142

The 3D AI-VFM framework used sparse radial Doppler measurements from three intersecting planes

while enforcing the incompressible Navier–Stokes equations throughout the full LV volume. Validation

against CFD simulations showed recovery of dominant volumetric flow features, including filling and

ejection patterns, large-scale vortices, kinetic energy trends, vorticity evolution, and pressure fluctua-

tions. These results indicate that sparse triplane Doppler data, combined with physical constraints on a

volumetric mesh, can reconstruct flow features in regions without direct measurements. However, the

reconstructions were smoother than CFD ground truth, especially for fine-scale vortical structures, and

validation was limited to synthetic triplane data. Further sensitivity analysis, training acceleration, and

patient-specific and clinical validation are therefore warranted.

Chapter 5 investigated left atrial flow and thrombosis risk from contrast-enhanced 4D CT using

a physics-informed neural network and an indicator dilution theory (IDT) framework. Because left

atrial appendage (LAA) residence time is difficult to quantify noninvasively but is closely related

to blood stasis and thrombosis risk in atrial fibrillation, this study used contrast dynamics to infer

the underlying hemodynamics. The PINN framework reconstructed contrast concentration, velocity,

pressure, and residence time fields while enforcing transport and Navier–Stokes constraints, whereas the

IDT framework rapidly estimated residence time from contrast curves using a gamma-variate transport

tank-in-series model. Benchmarking against patient-specific CFD showed that both approaches recovered

key LAA stasis patterns and distinguished LAAT/TIA-positive from LAAT/TIA-negative cases based

on mean LAA residence time. These results suggest that contrast-enhanced 4D CT contains clinically

relevant transport information for patient-specific assessment of LAA stasis and thrombosis risk.

Finally, Chapter 6 extended physics-informed inference to reduced-order modeling of post-Norwood

single-ventricle circulation. We developed a lumped-parameter-model-informed neural network that

embeds the governing equations of a post-Norwood circulation model into training. Using synthetic

data from a physiologically derived LPM, the framework reconstructed pressure, flow, and volume

waveforms and inferred patient-specific parameters from clinically measurable quantities. The results

showed accurate recovery of hemodynamic states for fixed parameters and successful inference of

sensitive parameters such as pulmonary artery resistance when treated as trainable variables. Sensitivity

analysis further showed that parameters with stronger influence on measurable waveforms, such as

pulmonary and shunt resistances, are more identifiable. This final study broadens the thesis from local

intracardiac flow reconstruction to patient-specific inference in system-level cardiovascular physiology.
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Several future directions emerge from the frameworks developed in this thesis. For 3D AI-VFM, a

comprehensive sensitivity analysis should be conducted using CFD benchmarks to quantify the effects

of imaging noise, Doppler aliasing, and spatial and temporal resolution. Clinical validation against

independent measurements, such as 4D flow MRI will also be essential to assess its robustness under

realistic imaging conditions. For the left atrial CT-based PINN and IDT frameworks, future work

should improve the accuracy and training efficiency of the PINN reconstruction, particularly through

more efficient architectures and multi-GPU training. The gamma-variate transport assumption used

in the IDT framework should also be validated in larger patient cohorts with diverse atrial anatomies,

cardiac functions, and contrast injection protocols. In addition, uncertainty quantification should be

incorporated into both AI-VFM and LAA-PINN-IDT frameworks to provide confidence measures for

inferred velocity, pressure, and residence time. For the LPM-PINN framework, future work should

refine simultaneous multi-parameter inference beyond one or two trainable parameters, especially when

parameter interactions and identifiability limitations become important. Neural operator methods should

also be studied, since they can learn from large synthetic or clinical datasets and will enable rapid patient-

specific inference of hemodynamic parameters and flow waveforms without retraining a PINN for each

case.
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