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Modeling wave energy converters (WECs) to accurately predict their hydrodynamic7

behavior has been a challenge for the wave energy field. Often, this results in either8

low-fidelity linear models or high-fidelity numerical models that are too computation-9

ally expensive for operational use. To bridge this gap, we propose the use of dynamic10

mode decomposition (DMD) as a purely data-driven technique that can generate11

an accurate and computationally efficient model of WEC dynamics. Specifically, we12

model and predict the behavior of an oscillating surge wave energy converter (OS-13

WEC) in mono- and polychromatic seas without an equation of motion or knowledge14

of the incident wave field. We generate data with the open-source code WEC-Sim,15

then evaluate how well DMD can describe past dynamics and predict future behavior.16

We consider realistic challenges including noisy sensors, nonlinear dynamics, and ir-17

regular wave forcing. Specifically, by using an extension of DMD we reduce the effect18

of noise on our system and significantly increase model accuracy outside the train-19

ing region. Additionally, by introducing time delays we accurately describe weakly20

nonlinear dynamics, even though DMD is a linear algorithm. Finally, we use Opti-21

mized DMD (optDMD) to model OSWEC behavior in response to irregular waves.22

While optDMD accurately models training data, future prediction was inaccurate,23

demonstrating the limits of modeling efforts without access to information about the24

incident wave field. These findings provide insight into the use of DMD, and its25

extensions, on systems with limited time-resolved data and present a framework for26

applying similar analysis to lab- or field-scale experiments.27
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FIG. 1. Graphical representation of DMD algorithm. (1) We consider kinematic and dynamic

time series from an oscillating surge wave energy converter (OSWEC). (2) The data are arranged

into matrices, where linear operator A maps data at time step m to m + 1. (3) We then solve

for A using the pseudoinverse of data matrix X and then (4) use this model and predict system

dynamics.

I. INTRODUCTION28

Wave energy converters (WECs) have promise for carbon-free energy generation, espe-29

cially for coastal communities1. Although there has been significant innovation in the wave30

energy field, modeling and controlling WEC behavior continues to be a difficult task due31

to the volatile nature of the ocean and the complicated fluid-structure interaction between32

the device and the waves2. A promising WEC technology is the oscillating surge wave en-33

ergy converter (OSWEC)3 due to its ability to absorb power over a wide range of wave34

frequencies4 and its applications in nearshore desalination5. OSWECs, an example of which35

is shown in Figure 1, are flap-type devices that primarily harness the surge motion of ocean36

waves, which causes a buoyant flap to oscillate in pitch about a hinge6.37

Despite the benefits of OSWECs, there are significant challenges to their development,38

as evidenced by the commercial failure of the Aquamarine Oyster in 20156. Although OS-39
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WECs operate in a single degree of freedom, their dynamics are dominated by radiation and40

diffraction torques and they can exhibit viscous drag effects7, which can be difficult to ac-41

curately model. Because of this, models based in linear wave and potential flow theory may42

have insufficient fidelity4, while computational fluid dynamics (CFD) or smoothed particle43

hydrodynamics (SPH) may incur too high a computational cost to be used for applications44

such as real-time state estimation and optimal control8. This motivates modeling techniques45

for OSWECs that are both accurate enough to model these systems in realistic conditions46

and fast enough to be used in a real-time control scheme, such as model predictive control47

(MPC).48

To address these limitations, a number of studies use data-driven techniques to model49

the behavior of different WEC archetypes. Data-driven algorithms learn the dynamics of50

the system directly from collected data and are often more computationally efficient than51

CFD or SPH. Folley (Chap. 7)9 and Davidson and Costello10 provide in-depth reviews of52

data-driven WEC modeling. Here, we review a few common methods. Multiple authors have53

used system identification techniques such as training autoregressive exogenous input (ARX)54

and Kolmogorov-Gabor polynomial (KGP) models using experimental11–15 or numerical16–1955

wave tank data to build input/output models that relate WEC kinematics to wave elevation.56

Specifically, Giorgi et al. built accurate linear (ARX) and nonlinear (KGP) polynomial57

models that relate float position to wave elevation for a point absorber WEC, where the58

model weights, order, and structure, were all determined using experimental wave tank59

data11. In addition, van’t Hoff et al.20 used Volterra theory to build accurate models of60

OSWEC kinematics where they calculated the first-order Volterra kernel using experimental61

data. These kernels were then used in a numerical simulation to model and predict OSWEC62

position and velocity, with goals of expanding this work to include higher-order kernels to63

model nonlinear behavior. Finally, artificial neural networks (ANN) have also shown to64

be effective in creating black-box data-driven models of WEC behavior21–23. In particular,65

Katsidoniotaki et al. used an ANN to model mooring forces on a heaving point absorber66

in response to extreme waves23. The neural network was trained on CFD data and the67

resulting data-driven model mapped extreme sea states (including significant wave height68

and peak period) and WEC power take-off characteristics to mooring forces acting on the69

WEC. Despite the body of work dedicated to data-driven WEC modeling, the majority70

of studies focus on point absorbers or oscillating water columns, which can exhibit vastly71
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different hydrodynamic behavior than OSWECs4.72

An additional approach to data-driven modeling is dynamic mode decomposition (DMD)24–2773

(Figure 1). DMD is an equation-free modal decomposition technique that can model and74

predict the behavior of complex dynamical systems, including fluid flows24,28,29, as well as75

create robust and computationally efficient models for optimal control30–32. DMD is an76

established and powerful method in multiple fields (a summary of applications is given by77

Kutz et al.27) and has been effective in modeling experimental systems24,28. Here, our aim78

is to use DMD to generate a purely data-driven system model of an OSWEC to describe79

and predict its behavior in a computationally efficient and accurate manner.80

In its most general form, DMD decomposes spatiotemporal time series data into spatially81

coherent dynamic modes with associated complex eigenvalues that determine the frequency82

and growth/decay rates of the respective mode behavior in time. These modes and eigen-83

values can be used to build reduced-order models of dynamical systems and forecast system84

behavior, all without knowing the physics of the system. DMD eigenvalues and eigenvec-85

tors approximate those of the Koopman operator25,29,33–38, which is an infinite-dimensional86

linear operator that describes the dynamics of a fully nonlinear system. DMD contains87

properties of both proper orthogonal decomposition (POD) and the Fourier transform, as it88

identifies spatial modes (characteristic of POD) whose time behavior is characterized by a89

corresponding frequency (characteristic of the Fourier transform)30,39. DMD has three major90

applications: identifying and characterizing system behavior, state estimation and/or future91

state prediction, and control27. Although often applied to spatiotemporal data, DMD also92

can be used with time-resolved sensor data with minimal modification.93

DMD is potentially well suited to model WEC hydrodynamics for three main reasons:94

• Equation-free modeling. DMD generates a model purely from time-resolved data,95

which means DMD can be used to predict WEC behavior without knowing or solving96

the underlying governing equations. Since OSWEC dynamics are not always well97

described with analytical techniques4, DMD can identify dynamics that are not well98

represented by linear simplifications of OSWEC governing equations. Although we99

are using DMD to model data from a specific WEC archetype, DMD can be used100

for a range of other WEC devices and can develop linear models using data from101

experiments, simulations, or field measurements, making it advantageous as a general102
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tool for representing WEC dynamics.103

• Simple, but adaptable. DMD is based in straight-forward linear algebra, resulting104

in low computational cost and interpretable outputs. The algorithm only requires a105

few lines of code, which means it is not a “black box” approach and also allows for106

adaptations of the basic algorithm to expand its use and address common issues in107

practical applications. Schmid40 summarizes the expansive adaptations that have been108

developed for DMD. These adaptations, along with its connection to the Koopman109

operator, are a unique benefit of DMD and make the algorithm applicable to a wider110

range of systems. For example, DMD can be sensitive to noise, causing high error111

in systems with low signal-to-noise ratio. Both Hemati et al.41 and Dawson et al.42112

developed extensions to DMD to significantly reduce the effect noise has on DMD113

models with a minimal increase in computation efforts (further discussed in Section114

II C 1). Because data fromWECs can range in quality and complexity, these extensions115

can drastically increase the applicability of DMD.116

• Optimal control. Finally, because DMD can forecast system behavior, the reduced-117

order model generated from DMD can be used in model predictive control (MPC).118

For example, Jia et al. successfully built a model predictive controller for a nonlinear119

heaving point absorber in simulation and used a variation of DMD called extended120

DMD (eDMD) to create the system model43. They showed that DMD was capable121

of building accurate models to predict and optimize the behavior of the WEC, and122

even outperformed other linear modeling techniques. However, there are some limiting123

assumptions, including noise-free data, that we explore in this work. MPC is a par-124

ticularly attractive option for WECs since optimal control schemes have been shown125

to increase the efficiency of different WEC archetypes compared to passive control126

methods44,45 and traditional linear models may not be accurate or fast enough to be127

used for this application46,47.128

Separate from WECs, DMD has been applied to several ocean engineering problems. For129

example, Serani et al.48 and Diez et al.49 successfully applied DMD to ship maneuvering130

in both regular and irregular waves. Both studies found that models generated from DMD131

were able to accurately forecast ship forces and trajectories for various ship operations in132

multiple wave periods. In general, the studies found while DMD works well for situations133
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with predominantly monochromatic dynamics, irregular wave inputs and nonlinear dynamics134

can reduce the accuracy of the DMD forecasts and often benefit from variants of DMD.135

Our objective is to generate a data-driven model using DMD that can predict OSWEC136

behavior without incurring an infeasible computational cost or sacrificing accuracy. In par-137

ticular, we aim for this model to address well known issues in WEC modeling, including138

handling noisy signals, modeling nonlinear WEC dynamics, and modeling WEC behavior139

in irregular seas. While the models generated in this study are specific to this OSWEC sys-140

tem, the method should generalize to other WEC archetypes. The remainder of the paper141

is laid out as follows: Section II describes the methods we used in this study, as well as the142

three main cases we are testing. Section III presents the results and discussions of DMD143

performance on OSWEC behavior, with an emphasis on treatment of realistic challenges.144

Specifically, Section IIIA considers DMD with noisy data, Section III B considers DMD145

when weakly nonlinear dynamics are present, and Section III C considers DMD modeling146

of an OSWEC in an irregular wave field. Finally, Section IV outlines our conclusions and147

future work.148

II. METHODS149

An overview of the methods we used for this study are outlined in Figure 2. There are150

four major steps: generate data, preprocess data, run DMD, and evaluate performance.151

A. Generate data152

The first step of our workflow is to generate the data that will be used to train the DMD153

model (Figure 2, Block 1). This step includes choosing the data source, which OSWEC154

parameters to include as system states, and wave conditions. Because there is a limited155

quantity of benchmark experimental or high-fidelity CFD data for OSWECs in the public156

domain, we use the mid-fidelity modeling tool, WEC-Sim50,51 to generate the training and157

testing data for this work. However, this same process can be used with limited variations158

on data from high-fidelity CFD or experiments. The synthetic data approach also allows us159

to highlight the existing network of DMD extensions in a systematic manner.160

A diagram of the OSWEC system we use in this study is shown in Figure 3 and consists161
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FIG. 2. Data analysis workflow. The first step is to generate data by choosing the data source

(WEC-Sim, CFD, etc.) and wave input. Next, we preprocess data to prepare for DMD algorithm.

We then run DMD on training data, and finally we evaluate the performance of the algorithm on

both the training and testing data using a nondimensionalized error parameter, ϵ.

of a surface-piercing flap oscillating in the x-z plane with wave input, system states, and162

control input. For all of our data generation, we consider a utility-scale OSWEC analogous163

to the Aquamarine Oyster6 with a flap width of 18 m operating in a still water depth of164

10.9 m. Relevant OSWEC system dimensions and mass properties shown in gray in Figure165

3 are enumerated in Table I, including moment of inertia about the flap center of mass (I)166

and hydrostatic stiffness (C) of the flap.167

Figure 3 also shows the states of this system. These states represent time series mea-168

surements that describe system behavior and are known for the purposes of DMD (these169

form our data matrices in the DMD algorithm). We chose the states of this system to be170

quantities that can be realistically measured in OSWEC systems and have been measured171

in previous physical studies52–54. The kinematic states include angular position, θ, and an-172
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FIG. 3. Diagram of OSWEC system with incident wave input in blue, system states in green,

control parameters in yellow, and dimensions in gray.

TABLE I. OSWEC system properties.

Parameter Value

still water depth, h 10.9 m

flap width, w 18 m

flap height, d 9.4 m

flap thickness, a 1.8 m

foundation height, c 1.5 m

CoM to hinge distance, dm 5 m

flap mass, mf 127 * 103 kg

flap moment of inertia, I 1.85 * 106 kg m2

flap hydrostatic stiffness, C 6.4 * 106 N m

gular velocity, θ̇. Other dynamic states include the total surge and heave force acting on the173

flap, F x and F z, respectively. These are quantities calculated from WEC-Sim directly and174

are the difference between the inertial force of the flap and the force required to constrain175

the device in the respective direction. We also consider the hydrodynamic torque acting176
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about the hinge, τ h = Iθ̈ − τ PTO, where τ PTO is the control torque applied by the power177

take-off (PTO). For this study we consider a simple linear damping control scheme, where178

τ PTO = −νPTOθ̇, and νPTO is the linear damping coefficient (12000 N m s). Finally we179

consider pressure measurements, P j, from an array of sensors aligned with the midline of180

the flap in the cross-flow direction.181

The input to the system is the incident wave field, ηI(x, t). This wave field can be182

regular or irregular and is a function of both space and time. For the purposes of DMD, the183

incident wave field is an unknown quantity. This reflects the practical difficulty of obtaining184

time-resolved wave field measurements, which is a general challenge in WEC modeling and185

control55.186

1. WEC-Sim187

WEC-Sim50 is an open-source program implemented in MATLAB that solves the follow-188

ing six degree-of-freedom equation of motion in the time domain:189

Mÿ(t) = F e(t) + F rad(t) + F b(t) + F ν(t) + Fmd(t) + F PTO(t), (1)

where M is the mass matrix of the system, F e is the excitation force vector, F rad is the190

radiation force vector, F b is the buoyancy force vector, F ν is damping force vector, Fmd191

is the mean drift force vector, F PTO is the control (PTO) force vector, and y is the six192

degree-of-freedom translation vector. WEC-Sim requires a separate BEM solver based on193

linear potential flow theory to determine the hydrodynamic parameters, including added194

mass/inertia, radiation damping, and excitation force/torque coefficients, then solves Equa-195

tion 1 in the time domain using a six degree-of-freedom multi-body solver in Simulink (Sim-196

scape Multibody). Details of WEC-Sim development and validation, including a study on197

an OSWEC with the same physical and mass properties used here, can be found in Lawson198

et al.51 and the source code is open access50.199

We utilize built-in WEC-Sim capabilities to model weakly nonlinear OSWEC dynamics200

in regular waves in Section IIIA and III B. Nonlinearity is introduced through the Froude-201

Krylov (FK) and restoring forces. There are two options for including nonlinearity in these202

terms. The first option uses the instantaneous body position, rather than the body’s neutral203

position, to calculate the FK force and body restoring force. The second option uses both204
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the instantaneous body position and wave elevation to calculate both forces, increasing205

the nonlinearity. Lawson et al.56 describes and validates this process. Nonlinearity must be206

included in the system for WEC-Sim to report pressure measurements, which is an important207

state variable for DMD. When pressure is reported, WEC-Sim outputs a linear (calculated208

with no displacement and mean water line) and nonlinear (calculated with the instantaneous209

displacement and free surface) wave pressure. In this work, we utilize the first nonlinearity210

option with linear wave pressure in Section IIIA and the second nonlinearity option and211

nonlinear wave pressure in Section III B. We note that significant nonlinear events such as212

overtopping and slamming cannot be modeled with WEC-Sim and are outside the scope of213

this work. WEC-Sim also allows for user input for incident wave elevation, which we use214

in Section III C where we input an irregular wave elevation time series collected from field215

data. Unfortunately, currently WEC-Sim does not report pressure when a time series is216

used as the wave input.217

B. Preprocess data218

The next step is to preprocess the data for the DMD algorithm (Figure 2, Block 2),219

beginning with choosing which measurements to include. For systems with limited sensor220

measurements, as is the case here, the number of states we include determines the rank of our221

data matrix (as described in Section IIC), which must be large enough to resolve the system222

dynamics. Because of this, in cases with more complex dynamics, it may be necessary to223

include more of the available states (Figure 3) or employ a DMD variant with time delays224

(as described in Section II C 2). The number of states and which states to include may not225

be possible to know a priori, but is critical to DMD accuracy, so care must be taken to226

include enough dynamically-rich states.227

Next, we normalize each state time series by its root mean square (RMS) value. In general,228

normalizing data is a common step in DMD studies to promote accuracy and stability48,57,58.229

For states with the same units (e.g., F x and F z), we normalize each time series by the230

maximum RMS value of all of the states with those units. This normalization step scales231

the relative importance of states with similar units, and eliminates the significant difference232

in magnitude between states with different units.233

The next steps are only used in specific test cases. The first option is to add artificial noise234
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to the state measurements, which we use in Section IIIA to test robustness. There, we add235

white, Gaussian noise with a defined signal-to-noise (SNR) ratio to approximate the noise236

present in physical systems. The second option is augmenting the available states using time237

delays35 (Section II C 2), which we use for Section III B to model nonlinear hydrodynamics.238

The final step of preprocessing is partitioning the state time series into training and239

testing regions. The training data is the input to the DMD algorithm to estimate A, and240

the testing data is reserved to assess how well the reduced order model can predict future241

state behavior.242

C. Dynamic mode decomposition243

After preprocessing, we input the training data into the DMD algorithm (Figure 2, Block244

3). This section includes a brief derivation of the exact DMD algorithm26,27 with a detailed245

derivation included in Appendix A. DMD code is described in Kutz et al.27 and is available246

at the accompanying website59. As previously mentioned, there are many variants to the247

DMD algorithm27,36,40, some of which are also summarized here.248

Consider a discrete-time dynamical system with state measurements sampled at a time249

step, ∆t. The first step of the DMD algorithm is to arrange the preprocessed training data250

into data matrices of the form:251

X =


| | |

x1 x2 ... xm

| | |

 , X
′
=


| | |

x2 x3 ... xm+1

| | |

 ∈ Rnxm, (2)

where xk is a column vector of all the states at time step tk, and k = 1, 2, ...m+ 1. In these252

data matrices, each state vector time series corresponds to one row ofX, while each column253

is a snapshot of all states at the associated time step, tk. Note that the two data matrices254

X and X
′
are shifted by a single time step. We can then define a best-fit linear operator,255

A, that relates the time-evolution of our two data matrices:256

X
′ ≈ AX, (3)

where A relates the states of the OSWEC system from one time step to the next. In other257

words,A represents the system dynamics, and if we can approximateA, we can approximate258

past and future system behavior. To solve for A, we use the pseudoinverse of data matrix259
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X, denoted X†, such that:260

A =X
′
X†. (4)

Because data matrices are often large, the singular value decomposition (SVD) is commonly261

used to calculate X†, which allows for better scaling and numerical conditioning27, and also262

allows for the choice of rank (i.e. how many singular values/SVD modes to include) when263

calculating A (Appendix A).264

The eigenvectors ofA are the DMDmodes, ϕj, with corresponding discrete-time eigenval-265

ues λj that represent their growth/decay rates and frequencies. Using the DMD eigenvectors266

and eigenvalues, we can describe the system dynamics:267

x(t) ≈
r∑

j=1

ϕjexp(γjt)bj = Φexp(Γt)b, (5)

where r is the SVD rank, the columns of Φ contain the DMD modes ϕj, γj = ln(λj)/∆t268

are the complex continuous-time DMD eigenvalues, and b = Φ†x1 are the DMD mode269

amplitudes with x1 being the states at the first time step, t1. Note that x(t) contains270

the time series for all state variables. With Equation 5, we can now describe and predict271

system state dynamics using only snapshot data of our system. This approach is referred272

to as “exact” DMD and, while suitable for some dynamical systems, has limitations. For273

example, noise, nonlinearity, and sampling errors all can reduce the accuracy of DMD60.274

Even for a linear system with clean data, if the system is only partially measured (i.e.,275

additional states are required to resolve the system dynamics), or there is a limited amount276

of training data, DMD may lead to inaccurate models. These limitations motivate a number277

of extensions to the exact DMD algorithm that can improve model accuracy.278

1. Total-least-squares DMD279

One of exact DMD’s limitations is its sensitivity to noise61,62. In particular, noise biases280

eigenvalues in a way that can cause an artificial exponential decay in DMD dynamics42,62.281

These effects cannot be counteracted by increasing the duration of training data or sampling282

frequency41. To remedy this, Hemati et al. developed a modification to the DMD algorithm283

called total-least-squares DMD (TLS DMD) that uses a total-least-squares approach to solve284

the regression problem laid out in Equation 3, rather than the traditional least-squares285

method41. By doing this, TLS DMD solves for A assuming noise is present in both data286
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matrices, rather than justX, as is the case with exact DMD41. The mathematical derivation287

of the TLS DMD algorithm is described in Appendix A 1 and we use this variation in Section288

III A. Code to implement this algorithm is described in Kutz et al.27,59.289

2. Time delays290

Another variation of DMD involves the use of “time delays” (i.e., time delay coordinates291

or Hankel matrices), which augments the data matrices to include time-shifted copies of292

state measurements. There is a rich history of using time delays and Hankel matrices in293

system identification techniques, including the eigensystem realization algorithm (ERA)63.294

There are two ways that time delays can improve DMD performance. The first, which was295

discovered by Tu et al.26, is that time-shifted matrices provide additional phase information296

that is critical to describing oscillatory dynamics. For example, DMD cannot model a297

standing wave without the addition of time-shifted data26. Second, including time delays298

increases the number of rows (and therefore the effective number of states) in X, therefore299

increasing the number of SVD modes one can include when calculating A. For systems with300

limited measurements, as is the case for this work, adding time delays increases the rank301

of data matrix X, which can be necessary to resolve and recreate complicated dynamics.302

While the addition of time delays increases the size of the data matrices, because this system303

(and likely other WEC systems) has a relatively small number of sensor measurements, the304

additional cost of calculating linear operator A using the SVD is insignificant. Details on305

using time delays are provided in Appendix A 2 and we use this variation in Section III B.306

3. Optimized DMD307

The last variation of DMD we employ is optimized DMD (optDMD), as described in308

Askham and Kutz64. Instead of solving a regression problem for linear operator A using309

two time-shifted data matrices as shown in Equation 3 (i.e., exact DMD), optDMD aims310

to fit the data matrix X directly to a series of exponential functions, exp(γjt), where γ311

are the continuous-time DMD eigenvalues. The algorithm then uses variable projection312

techniques to efficiently solve the resulting nonlinear least squares problem and determine313

DMD eigenvalues, γj, eigenvectors, ϕj, and weights, bj, simultaneously. One main difference314
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between optDMD and exact DMD is optDMD simultaneously optimizes DMD modes and315

amplitudes using the full data set,X, rather than finding the DMD modes, and then solving316

for DMD mode amplitudes using only the first data snapshot like exact DMD (Equation 5).317

As a result, optDMD provides a model that can handle non-ideal data and has less bias for318

noisy inputs. This algorithm also allows for the addition of constraints on DMD eigenvalues319

that restrict the real part of the continuous-time eigenvalues to be approximately zero, which320

limits the artificial temporal decay and promotes stability in the DMD reconstruction. We321

use optDMD in Section III C to model OSWEC behavior in response to irregular waves and322

restrict the real part of the eigenvalue to be between -0.001 and 0, to prevent spurious decay323

or growth in the DMD modes. We provide a brief derivation of optDMD in Appendix A 3,324

and refer the reader to Askham and Kutz64 for a full derivation, as well as open-source code.325

D. Evaluate performance326

The last step in the workflow (Figure 2, Block 4) is to evaluate the performance of the327

DMD model. For each case, the DMD model is initialized using the first time step of the328

training data, then propagated through both the training and testing region using Equation329

5. We evaluate the accuracy with which the DMD model describes the training data (hind-330

casting) and predicts the testing data (forecasting) using a normalized error parameter ϵ for331

each state variable, ψ, corresponding to one row in X. We define ϵ as the ratio between the332

L2 norm of the difference between the DMD output, ψDMD, and the true state variable ψ,333

normalized by the L2 norm of ψ:334

ϵ =
||ψ −ψDMD||2

||ψ||2
. (6)

This error parameter can be applied to the training or testing region.335

E. Test cases336

We consider three cases to evaluate how well DMD can model realistic OSWEC behavior.337

Analogous considerations apply to other WEC archetypes. The relevant parameters used in338

each case are outlined in Table II E.339

The first case evaluates how well DMD can model OSWEC dynamics when noise is present340

in the training data. Because any real WEC system will have some level of sensor noise, it341
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is critical that our modeling method can account for that. For this case, we utilize the first342

nonlinearity option in WEC-Sim (weakly nonlinear restoring and Froude-Krylov force based343

on flap position) to generate the training data and a polychromatic wave input composed344

of two wave components. The first wave component emulates a “swell” wave, with a longer345

period and larger wave height (Tswell = 8 s, Hswell = 0.75 m) while the second emulates a346

“wind” wave with a shorter period and smaller wave height (Twind = 2.6 s, Hwind = 0.3 m),347

as outlined in Table II E. Under these conditions, the maximum flap oscillation amplitude348

is about 6 degrees, resulting in effectively linear dynamics. We add Gaussian, white noise349

to the data after normalization (Figure 2, Block 2) at different signal-to-noise ratios (SNRs)350

and evaluate the accuracy of exact DMD and total-least-squares DMD, given this input. We351

use 32 seconds of training data (4Tswell), and consider a testing region of the same length.352

Finally, we include states θ, θ̇, τ h, and three linear pressure sensors (Table II E).353

The second case evaluates how well DMD, a linear algorithm, can model weakly nonlinear354

dynamics. We use the second nonlinearity option in WEC-Sim (restoring and Froude-Krylov355

force based on flap position and water surface elevation) to generate the training data and356

evaluate the accuracy of exact DMD with and without time delays. For this case, we consider357

a significantly larger wave height than Case 1 and the same wave period (Table II E), which358

results in a maximum flap oscillation amplitude of about 23 degrees. We use 10 seconds359

of training data and consider a 30 second testing region. We include states θ, θ̇, τ h, F x,360

and three nonlinear pressure sensors. We include surge force as a state variable because it361

exhibits interesting nonlinear behavior that could be challenging to model.362

For the third case, we evaluate how well DMD can model OSWEC behavior in response363

to an irregular wave forcing. We use a wave elevation time series collected from field data364

as input into WEC-Sim and evaluate the linear response of the OSWEC. Unlike the other365

cases, we calculate the power spectra of our state variables over time and use DMD to model366

the temporal behavior of the power spectra, rather than the time evolution of the state367

variables. We expect the resulting dynamics to be more complex and high-dimensional than368

the previous two cases, which can result in inaccurate results from exact DMD, especially369

with a limited number of system states (Section IIC). Because of this, we compare the370

performance of exact DMD to optDMD. In addition, because of the increased complexity371

we use a significantly longer training time of 276 seconds (35Tp), and reserve the remainder372

of the time series (just over 100 seconds) as testing data (Table II E). Finally, we include373
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TABLE II. Summary of data parameters and algorithms used for the three cases. DMD refers to

the exact DMD algorithm and serves to contrast with variants including total-least-squares DMD

(TLS DMD), DMD with time delay (DMD+TD), and optimized DMD (optDMD).

Case 1 Case 2 Case 3

Condition Measurement noise Nonlinearity Irregular waves

Wave type Polychromatic Monochromatic Irregular

Wave

parameters

Hswell = 0.75 m, Hwind = 0.3 m

Tswell = 8 s, Twind = 2.55 s

H = 2 m

T = 8 s

Hs = 0.9 m

Tp = 5.8 s

Algorithms
exact DMD

TLS DMD

exact DMD

DMD+TD

exact DMD

optDMD

Training time 32 s (4Tswell) 10 s 276 s (35Tp)

Testing time 32 s 30 s 102 s

States θ, θ̇, τ h, P 1 − P 3 θ, θ̇, τ h, F x, P 1 − P 3 θ, θ̇, τ h, F x

only four states: θ, θ̇, τ h, and F x. Because WEC-Sim does not currently report pressure374

outputs for tests with a user-defined wave elevation, pressure measurements are not included375

as state variables.376

In summary, we chose these three cases as examples not only because they specifically377

address common conditions for WEC modeling and control, but also because these are378

cases where we expect the exact DMD algorithm to perform poorly. We then demonstrate379

that the different extensions of DMD can overcome each of these complications (i.e., noise,380

nonlinearity, irregular wave forcing). By highlighting these cases, we show that DMD can381

be an effective tool at modeling realistic WEC dynamics.382

III. RESULTS AND DISCUSSION383

A. Case 1: Noisy measurements384

Figure 4 summarizes exact and TLS DMD performance on OSWEC data augmented385

with white, Gaussian noise (e.g., broadband electromagnetic interference). The top right386

panel shows normalized error, ϵ, for hydrodynamic torque, τ h, as a function of SNR. We387

only report error for τ h, however we observe these trends for all state variables. Although388
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FIG. 4. (top left) Undisturbed incident wave field at the flap over time normalized by the wave

period of the swell wave component, Tswell. (top right) Normalized error of DMD output, ϵ, for state

variable τ h as a function of SNR. Lower values of SNR correspond to a noisier signal. Dashed lines

represent errors in the training region (hindcasting) and solid lines represent error in the testing

region (forecasting). As SNR decreases, TLS DMD (orange) consistently outperforms exact DMD

(blue) in both the testing and training region. (bottom panels) Hydrodynamic torque from WEC-

Sim (black), exact DMD (blue), and TLS DMD (orange) for SNR value of 40 (top) and SNR of 30

(bottom). The time series show the artificial decay in the DMD model, but much better accuracy

for TLS DMD, consistent with the normalized error values.

error rises monotonically with increasing noise for both training and testing data, TLS DMD389

consistently outperforms exact DMD. For SNR < 40, the testing error for TLS DMD ap-390

proaches the error for exact DMD, however the source of the errors are different. Time391

series of hydrodynamic torque, τ h with an SNR of 40 and 30 show that exact DMD predic-392
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FIG. 5. Continuous-time DMD eigenvalues, γ, on the complex plane with best-fit parabolic curves.

High curvature of the eigenvalues represent a decrease in the real part of the eigenvalues, which

in turn results in higher exponential decay in the time series forecasts62. Black open circles are

the true DMD eigenvalues of the system, the blue symbols represent exact DMD, and the orange

symbols represent TLS DMD. The x markers represent the SNR=40 case (top panel) and the

square markers represent the SNR=30 case (bottom panel). As SNR increases, the curvature of

the best-fit lines for exact DMD increases significantly, which corresponds to the exponential decay

seen in the two time series in Figure 4. In contrast, the best-fit curve for the TLS DMD eigenvalues

(orange) show almost no curvature, which corresponds to significantly less error in the time series

predictions.

tions artificially decay through the test region (Figure 4, bottom panels). This is common393

behavior of DMD models trained on noisy data62. However, TLS DMD is able to capture394

higher frequency oscillations from wind waves without significant decay. The TLS prediction395

accuracy does decrease over time, which is most notable in the SNR = 30 case, but this is396

caused by an increasing phase shift rather than an exponential decay like the exact DMD397

model.398

For further insight into the different performance of exact and TLS DMD, we consider399
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the continuous-time DMD eigenvalues, γj ∈ C, in the complex plane (Figure 5). Because the400

system is oscillatory and approximately linear, the “true” eigenvalues are purely imaginary401

conjugate pairs whose components correspond to the two frequencies included in the training402

data. As a result, we chose to include only four SVD modes in the DMD reconstruction,403

which results in four eigenvalues for exact and TLS DMD (Figure 5.) Bagheri62 showed404

that adding noise to a system decreases the real component of the DMD eigenvalues and405

this effect is amplified for higher harmonics of the eigenvalue frequency. This results in a406

parabolic form of DMD eigenvalues in the complex plane, with higher curvature associated407

with higher noise levels. In addition, a negative real part of the DMD eigenvalue results408

in an exponential decay in the time dynamics, which can be anticipated from Equation409

5. Figure 5 visualizes this pattern for SNR=40 and SNR=30. As expected, we see a410

significant increase in curvature with noise amplitude (i.e., SNR decrease), but we also see411

the dramatic reduction in curvature of the TLS DMD eigenvalues for both noise amplitudes.412

This means TLS DMD has significantly less spurious decay in time and models noisy data413

better than exact DMD, which is evident by the time series models in Figure 4. There is slight414

discrepancy in the higher frequency component for the “true” and TLS DMD eigenvalue for415

the SNR=30 case, which manifests as the TLS DMD model oscillating at a slightly different416

frequency than the true dynamics, causing a growing phase error in the time domain (Figure417

4). While error introduced by noise cannot be remedied with increasing amounts of data41,418

this discrepancy can be improved by increasing the length of training data. For example,419

doubling the training time reduces the testing error for TLS DMD at SNR = 30 to from420

0.76 to 0.17, while the testing error for exact DMD remains at 1.421

These results show that while exact DMD may not be suitable for systems with even422

low levels of noise, TLS DMD is an effective tool for modeling noisy data and can substan-423

tially improve the accuracy of the models in both the training and testing regions. This is424

promising because it extends the use of DMD to include training on non-ideal experimental425

or field-scale measurements, with only a slight modification to the original DMD algorithm.426

For substantially higher noise amplitudes, a different DMD variant, such as optDMD64, may427

be more accurate, albeit with a slightly higher computational cost.428
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FIG. 6. (a) Normalized testing error, ϵtest, as a function of system states, showing that DMD with

time delay (orange crosses) outperforms exact DMD (blue circles) for all states with nonzero error.

Time series of (b) angular rotation, θ, (c) surge force, F x, and (d) the top pressure sensor, P 1.

WEC-Sim output is in black, the exact DMD fit is in blue, the TLS DMD output is in orange, and

the training region is highlighted in gray. By adding a time delay, the model captures higher-order

oscillations with better accuracy for F x and P 1, and performs better over time in the testing region

for all three states shown.

B. Case 2: Nonlinear behavior429

Next we explore the potential for DMD, a linear algorithm, to model weakly nonlinear430

dynamics. Although DMD uses linear least-squares regression, its relation to the Koopman431

operator means it can model nonlinear systems with an appropriate choice of state vari-432

ables25,29,36–38. Here, we summarize the ability of exact and time-delayed DMD to model433

weakly nonlinear OSWEC dynamics in response to a regular wave.434

Figure 6a shows the normalized error for the testing period, ϵtest, as a function of system435
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FIG. 7. Singular values of data matrix X from exact DMD (blue circles) and DMD with one time

delay (orange crosses). The singular values for the time delay case show that the true system is a

higher rank (contains important information on dynamics in higher modes) than can be captured

with exact DMD.

states for DMD with and without a time delay. Some states have near zero error for both436

DMD models (such as P 2 and P 3), but in every case with nonzero error, DMD with time437

delay outperforms exact DMD. To contextualize these errors, we consider time series for438

three states with varying error: angular position (θ), surge force (F x), and the top pressure439

sensor (P 1). For θ (Figure 6b), both DMD with and without a time delay model the time440

series well, but even in this case where the dynamics appear linear and sinusoidal, there is a441

slight decay in the exact DMD result without a time delay, meaning we are losing accuracy442

as we make predictions further into the future. However, adding a time delay eliminates443

that decay, resulting in near-zero testing error (Figure 6a). Surge force, F x, contains more444

complicated dynamics (Figure 6c) and is most improved with a time delay. Pressure, P 1,445

shows a similar trend (Figure 6d). These measurements have no negative values, leading to446

a piece-wise behavior that can be difficult to model. Both DMD with and without a time447

delay are able to model the general dynamics, the time delay improves prediction accuracy,448

particularly later in the testing period.449

As previously mentioned in Section IIC 2, there are two ways time delays improve per-450

formance relative to exact DMD. The first is by providing necessary phase information for451

oscillatory systems26, and the second is increasing the available rank of the data matrix to452

better resolve complex dynamics. To illustrate the latter, we consider the singular values of453

data matrixX with and without a time delay (Figure 7). Because we used a full rank SVD,454

the number of singular values for each model corresponds to the number of rows in the data455

matrix X, which is doubled when adding a time delay. For a system with enough states to456
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fully resolve the dynamics (i.e., the rank of data matrix X is larger than the rank of the457

underlying dynamics), there is often a steep drop in singular values indicating the number458

of SVD modes required for accurate modeling. However, the singular values without a time459

delay decay slowly and do not have a clear cutoff. Because the additional singular values460

available with a time delay have a similar magnitude, they provide additional, important461

information about the dynamics that are otherwise missed. This allows for inclusion of all462

dynamically-significant SVD modes when calculating A and explains why adding a time de-463

lay increases the accuracy of the DMD model for states with meaningful nonlinearity (e.g.,464

F x, P 1).465

These results demonstrate that adding a time delay can significantly increase the per-466

formance of DMD for weakly nonlinear systems. Even in cases where DMD provides a467

reasonably good description of the training data, adding a time delay can increase accu-468

racy of higher-order nonlinear patterns well into the testing region. We note that similar469

improvement to exact DMD may be possible by either increasing the duration of training470

data or including additional states. For example, when we increase the training duration471

from 10 to 40 seconds and consider the same amount of testing data, ϵtest for F x drops from472

0.57 to 0.21. However, this the value is still more than double the error from DMD with a473

time delay trained on only 10 seconds of data (ϵtest = 0.09). Therefore, time delays offer a474

computationally efficient way to improve accuracy that can be more effective than increasing475

the duration of training data.476

C. Case 3: Irregular wave input477

For this final case, we investigate how well DMD can model OSWEC behavior in re-478

sponse to real wave elevation data from field measurements. Modeling WEC behavior in479

irregular waves raises a range of potential complications, as the process can be nonlinear,480

nonstationary, and stochastic. This means that with limited sensor measurements and a481

broad frequency range of incident waves, DMD may not be able to consistently model time-482

domain dynamics of the state variables with a reasonable number of sensors and training483

time, even using time delays, due to the rank of the dynamics being significantly larger than484

the rank of state measurements.485

Because of this, rather than using DMD to model and predict magnitudes of state vari-486
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FIG. 8. Periodogram (left) and spectrogram (right) of the incident wave elevation time series used

for Case 3. The time series was measured from field data65 and used as input to WEC-Sim. To

generate the spectrogram, we use a sliding window short-time Fourier transform on detrended and

zero-padded time series data using a Hann filter (window width of 60 seconds and a window time

step of 1 second). We note that parameters such as filter type, window width, and window time

step are tunable and may affect the accuracy of the DMD model.

ables, as in Cases 1 and 2, we instead use DMD to model and predict the time behavior of487

the power spectral distributions (PSDs) of the state variables. The power spectrum of state488

ψ over a specified time window Tw is described as:489

Sψ =
2 |FFT(ψ′)|2

mfs
, (7)

where ψ′ is the windowed and detrended time signal of state ψ, m is the number of time490

steps in the windowed signal, and fs is the sampling frequency. We apply a 60-second491

sliding window Hann filter to the state variable time series, such that Sψ represents how492

the frequency content of the state varies in time.493

For this case, WEC-Sim is driven by wave elevation time series measured by SWIFT494

drifters65 off the east coast of O’ahu. The frequency distribution is relatively narrow, with495

a peak period of 7.9 s and a significant wave height of 2.1 m (Figure 8, left). The frequency496

content evolves over time (Figure 8, right) which we expect will translate to complex OSWEC497

dynamics. Our goal is to recreate the spectrograms of state variables in response to this498
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wave field to model and predict their spectro-temporal behavior. Similar to Case 1 and 2,499

we partition the spectrogram for each state variable into training and testing periods (Table500

II E).501

Since DMD was developed for spatio-temporal data, this dimensional expansion to502

spectro-temporal data is readily accommodated, but requires a minor modification to the503

data matrices X and X
′
. Specifically, we stack the frequency data of each state in a single504

column at the corresponding time step. For example, if the state variables are θ and θ̇, the505

data matrix X is arranged as:506

X =



| | |

Sθ,1 Sθ,2 ... Sθ,m

| | |

| | |

Sθ̇,1 Sθ̇,2 ... Sθ̇,m

| | |


, (8)

where Sθ,1 would correspond to the frequencies of state variable θ at t1, Sθ,2 at t2, and so507

on. The rest of the DMD process is unchanged. Here, we contrast the performance of exact508

DMD with optDMD (Section IIC 3) and use a reconstruction rank of 17 modes to model the509

state variable spectrograms. We compare their performance with a normalized error metric,510

ϵ̄, defined as:511

ϵ̄ =
Sψ − Sψ,DMD

max(Sψ)
, (9)

where max(Sψ) is the maximum value of the true spectrogram of that state. Unlike the512

error parameter used in the previous two cases, ϵ̄ is a matrix of values the same size as the513

state spectrograms, not a scalar value.514

Figure 9 shows the DMD and optDMD models of the spectrograms for state variables θ,515

θ̇, τ h, and F x. Each spectrogram is normalized by its maximum value. Overall, optDMD516

outperforms exact DMD in the training region. Exact DMD models the beginning of the517

training data with reasonable accuracy, but quickly degrades after about one minute. In con-518

trast, optDMD is able to model the entire training region accurately, capturing the changing519

spectral behavior with low error. While neither model can accurately predict dynamics in520

the testing region, the structure of the two models vary considerably. Exact DMD only521
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FIG. 9. Spectrograms of WEC-Sim output (“True”) (first column), exact DMD (second column),

and optDMD (third column) for state variables θ (top row), θ̇ (second row), τ h (third row), and

F x (bottom row). All spectrograms are normalized by the maximum value of the true spectrogram

for the corresponding state variable. The last two columns represent the normalized error for exact

DMD (fourth column) and optDMD (fifth column). optDMD outperforms exact DMD in the

training region for all state variables, which ends at the red vertical line, while both models have

significant error in the testing region.

shows low-resolution spectral characteristics and does not capture any underlying structure522

present in the state variables. However, optDMD models some of the general trends and523

structure present in the testing region. For example, optDMD predicts the spectral behavior524

well for both angular position, θ, and the surge force, F x. For velocity and hydrodynamic525

25



FIG. 10. Time series plot of average absorbed power, P̂a(t), with true value in black, the DMD fit

in blue, and optDMD in orange. Red line separates training region (left) and testing region (right),

and the gray dashed line represents the true average absorbed power over the full time series.

torque, where the spectral behavior is more complex, optDMD identifies energetic peaks at526

similar frequencies and times to the true dynamics, even with no knowledge of the incident527

wave field.528

One reason optDMD outperforms exact DMD is optDMD solves for the DMD mode529

amplitudes, bj, using the full time series data contained in X, whereas exact DMD uses530

only the first snapshot, x1 (Equation 5). This results in the exact DMD fit to only match531

the initial training data, whereas optDMD can accurately model the entire training region.532

We also enforced the optDMD eigenvalues to have nearly no real component to eliminate any533

growth or decay in time. This means that optDMD is more robust to non-ideal data (e.g.,534

limited training data, small nonlinearities, or numerical errors) all of which can bias DMD535

eigenvalues and lead to non-physical growth or decay. This also contributes to the decay of536

spectral resolution of the exact DMD model in time that is not present with optDMD.537

To further evaluate the performance of exact DMD and optDMD, we consider how well538

these algorithms can model the average power the OSWEC generates over time, or ab-539

sorbed power. Since the device is operating in irregular seas, the power absorbed can vary540

significantly in time, making electricity generation and storage difficult. Average power is541

important to know and predict because it can inform when the device is generating more542

power than necessary and needs to shed power to accommodate energy storage constraints,543

or when energy generation is low and the device can operate at full efficiency. Because we544

cannot model the actual velocity time series to calculate instantaneous power absorption,545
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we instead look at the average power absorbed by the OSWEC over all frequencies, P̂ a(t).546

Because the OSWEC model uses a linear PTO, the average power absorbed over a time547

period, Tw is P̂ a(t) = (νPTO/Tw)
∫ t+Tw

t

∣∣∣θ̇(τ)∣∣∣2 dτ . By Parseval’s theorem, we can approxi-548

mate P̂ a(t) by taking each “slice” of the θ̇ spectrogram in time and integrating the power549

spectral density over all frequencies, as:550

P̂ a(t) = νPTO

∫
f

Sθ̇(f, t)df. (10)

Figure 10 shows P̂ a(t) calculated from the true spectrograms generated from WEC-Sim551

data as well as both exact DMD and optDMD spectrograms from Figure 9. Similar to552

the previous results, optDMD outperforms exact DMD in modeling the average absorbed553

power, especially in the training region where optDMD models P̂ a(t) with near perfect554

accuracy. The exact DMD estimate of P̂ a follows a similar trend as the true value, but555

does not accurately model its magnitude beyond the first minute of training data. This556

suggests that DMD can only identify the low rank dynamics of Sθ̇, which is also evident in557

Figure 9. While optDMD matches the general trend of the true values in the testing region,558

neither algorithm accurately forecasts the time evolution of absorbed power consistently in559

the testing region.560

Even though optDMD shows improvement over exact DMD in modeling and predicting561

OSWEC behavior in irregular waves, there are limitations to these algorithms that could562

make them unfit in practice. OptDMD could be helpful for state identification in irregular563

seas, but is less helpful for state forecasting. We note that there are additional adjustments564

we can make to optDMD hyperparameters, such as adjusting the initial guess of the eigen-565

values or optimization parameters, that could improve its accuracy. However it is possible566

that this algorithm may not be suitable for real-time state prediction. Extended DMD66,567

which was used by Jia et al. to build a model predictive controller for a WEC in irregular568

seas43 and incorporated wave elevation data directly, could be better fit for this problem569

and should be explored in future work.570

IV. CONCLUSION571

This study demonstrates the accuracy with which dynamic mode decomposition can572

model and predict OSWEC behavior using only physically attainable measurement data573
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from the system dynamics and without knowledge of the past or future incident wave field.574

Specifically, we tested the ability of DMD to model OSWEC behavior when considering three575

common WEC modeling considerations: noisy signals, nonlinear behavior, and irregular576

wave input. We showed that for noisy data, exact DMD breaks down with relatively low577

levels of noise (SNR < 50), but total-least-squares DMD can significantly improve the system578

model in both the training and testing region with minimal modifications to the original579

algorithm. Second, we showed that although DMD is a linear algorithm, it can model weakly580

nonlinear dynamics with reasonable accuracy. When nonlinear dynamics are present, adding581

even a single time delay can significantly improve DMD accuracy with the same amount of582

training time by increasing the available rank of the data matrices and providing additional583

phase information. Finally, we showed we can describe OSWEC behavior in response to584

irregular waves by transforming the state variables to the frequency domain and modeling585

the spectro-temporal behavior of the system states. We showed that optimized DMD can586

significantly improve accuracy in recreating the spectro-temporal structure of system states,587

particularly in the training region. Analysis of the irregular wave case also highlights the588

limitations of a predictive model without knowledge of the future, stochastic wave field.589

Overall, we see potential for data-driven algorithms, like DMD, to bridge the gap between590

the wave energy and data science fields and solve problems encountered in WEC modeling591

and control. In this study, we highlight the capabilities of DMD to accurately model and592

predict WEC dynamics in non-ideal conditions, but acknowledge that data from experi-593

ments and field deployments will include combinations of the cases presented in this paper594

along with other complexities not considered. Consequently, future work should apply these595

methods to experimental or field systems to advance the ultimate objective of using data-596

driven models to inform model predictive control schemes and optimize power absorption.597

With these applications in mind, DMD is a promising tool that has significant potential to598

support the development of the wave energy field.599
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Appendix A: Dynamic mode decomposition618

This appendix includes a detailed derivation of the exact dynamic mode decomposition619

(DMD) algorithm, as defined in Tu et al.26. This algorithm is also described in detail in620

Kutz et al.27, which includes sample code and data that is available at the accompanying621

website59.622

Consider a generic linear dynamical system with states x(t):623

dx

dt
= Ax, (A1)

where A describes the system dynamics in continuous time. To model this system in discrete624

time, we use the linear operator A = exp(A∆t) to describe the linear dynamics that shift625
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the system forward from time tk to tk+1, with tk = k∆t:626

xk+1 = Axk, (A2)

where xk is a column vector of all state measurements at time tk. We can model Equation627

A2 using snapshot data at discrete times arranged into data matrices X and X
′
, such that:628

X
′ ≈ AX, (A3)

where the data matrices are of the form:629

X =


| | |

x1 x2 ... xm

| | |

 , X
′
=


| | |

x2 x3 ... xm+1

| | |

 ∈ Rnxm. (A4)

The solution to the least-squares regression problem laid out in Equation A3 can be630

approximated by finding a matrix A that minimizes ||X ′ − AX||F , where || · ||F is the631

Frobenius norm. This can be done using the Moore-Penrose pseudoinverse of data matrix632

X, denoted X†:633

A =X
′
X†. (A5)

We calculate X† using the singular value decomposition (SVD) of data matrix X:634

X = UΣV ∗, (A6)

where the columns of U ∈ Rnxn and V ∈ Rmxn are the left and right singular vectors of X,635

respectively, and the diagonal of Σ ∈ Rnxn contains the associated singular values. For large636

systems, it may be necessary to truncate these matrices and only take the first r singular637

values and modes to approximate a high-dimensional data matrix, such that:638

X ≈ U rΣrV
∗
r, (A7)

where U r ∈ Rnxr, Σr ∈ Rrxr, and V r ∈ Rmxr. BecauseX is real, U r and V r are orthogonal,639

which means the psuedoinverse is easily calculated as X† = V rΣ
−1
r U

∗
r:640

A =X
′
X† =X

′
V rΣ

−1
r U

∗
r ∈ Rnxn. (A8)

The eigenvectors of A are the DMD modes, ϕj, with corresponding eigenvalues λj that641

represent their growth/decay rates and frequencies. For large systems, working with (n x n)642
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matrix A is too computationally expensive. To ease the computational burden, we project643

A onto the POD modes described by U r:644

Ã
.
= U ∗

rAU r = U
∗
rX

′
V rΣ

−1
r ∈ Rrxr. (A9)

To approximate the DMD modes in the POD basis, we set up an eigenvalue problem with645

Ã:646

ÃW =WΛ, (A10)

where the columns of W are the eigenvectors of Ã, and Λ contains the eigenvalues of both647

Ã and A. As described by26, the exact DMD modes are the columns of Φ, where:648

Φ =X
′
V rΣ

−1
r W . (A11)

With the DMD eigenvectors and eigenvalues, we can now describe the system dynamics:649

x(t) ≈
r∑

j=1

ϕjexp(ωjt)bj = Φexp(Ωt)b, (A12)

where ωj = ln(λj)/∆t are the continuous-time DMD eigenvalues and b = Φ†x1 is the initial650

time vector translated to the DMD eigenbasis. In practice, it is likely the rank of the system651

cannot be known a priori, so the number of SVD modes to include is a free variable that652

may need adjusting to optimize accuracy and run time for the algorithm. With Equation653

A12, we can now describe and predict system state dynamics using only snapshot data.654

1. Total-least-squares DMD655

This appendix includes details of the total-least-squares DMD algorithm introduced in656

Section IIC 1 and used in Section IIIA. We refer the reader to Hemati et al.41 for a full657

derivation, and to Kutz et al.27,59 for example code and data.658

Consider a new combined data matrix Z and its SVD:659

Z =

X
X

′

 = UZΣZV
∗
Z . (A13)

To account for noise in both X and X
′
, we project the data matrices onto a basis created660

by the right singular vectors of Z, V Z :661
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X̆ =XV ZV
∗
Z , X̆

′
=X

′
V ZV

∗
Z . (A14)

We now have a modified regression problem:662

X̆
′
= ĂX̆, (A15)

and can calculate the DMD matrix Ă using the SVD of X̆:663

Ă = Ŭ ∗X̆
′
V̆ Σ̆

−1
, (A16)

where Ŭ and V̆ and right singular vectors of X̆, respectively, and Σ̆ contains the singular664

values of X̆, such that X̆ = ŬΣ̆V̆
∗
. We can now follow the original DMD algorithm,665

replacing the original linear operator A with Ă.666

2. Time delays667

This appendix explains how to modify the data matrices using time delays to increase668

the rank of the data matrices and gain important phase information26.669

By stacking matrices that are shifted by a time step, we obtain new data matrices:670

Y =

X
X

′

 , Y
′
=

X ′

X
′′

 , (A17)

where X
′′
follows the same pattern as X

′
, but is shifted two time steps rather than one.671

Y and Y
′
replace X and X

′
in the exact DMD algorithm in Section IIC, respectively.672

Since the maximum rank we can consider when reconstructing x(t) is the length of the673

column vectors in the data matrices, time delays are particularly useful when higher rank is674

required for fidelity, but the number of sensors is limited. For example, a single time delay675

doubles the length of the column vectors in the data matrices, which doubles the number of676

SVD modes we can use to model the dynamics. Adding a shifted time matrix also provides677

more phase information, which can improve reconstruction accuracy, especially for the case678

of standing waves26. However, there are diminishing returns when using time delays that679

occur when adding more time-shifted copies only increases the number of columns in X680

without increasing its rank.681
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3. Optimized DMD682

This appendix provides a brief derivation of the main ideas of optDMD that is introduced683

in Section IIC 3 and used in Section III C. For a complete derivation as well as open-source684

code, we refer the reader to Askham and Kutz64.685

To begin, we assume our dataX is a solution of a linear system of r differential equations,686

where r is the chosen rank, which means we can expressX as a combination of exponentials,687

XT ≈ Λ(α)B, (A18)

where Λ ∈ Cmxr is a matrix of exponentials, such that Λ(α)i,j = exp(αjti), α are the equiv-688

alent of continuous-time DMD eigenvalues, and B ∈ Crxn are the weights of the exponential689

functions. To find the optimal values of α and B that best approximates our data matrix690

X, we want to solve the following nonlinear least squares problem:691

min
α,B

∣∣∣∣XT −Λ(α)B
∣∣∣∣

F
, (A19)

which is achieved using variable projection methods. Due to the complexity of solving this692

optimization problem, we will not outline the process for solving for α and B and refer the693

reader to Askham and Kutz64 for the full derivation. In Eq. A19, F denotes the Frobenius694

norm. Once we have α̂ and B̂ that minimizes Equation A19, we can calculate the DMD695

eigenvalues and eigenvectors:696

γi = α̂i, ϕi =
1∣∣∣∣∣∣b̂i∣∣∣∣∣∣

2

b̂i, (A20)

and estimate system dynamics:697

x(t) =
r∑

i=1

∣∣∣∣∣∣b̂i∣∣∣∣∣∣
2
exp(γit)ϕi, (A21)

where b̂i is the ith column of B̂
T
.698

REFERENCES699

1R. Manasseh, S. Sannasiraj, K. L. McInnes, V. Sundar, and P. Jalihal, “Integration of700

wave energy and other marine renewable energy sources with the needs of coastal societies,”701

The International Journal of Ocean and Climate Systems 8, 19–36 (2017).702

33



2T. Aderinto and H. Li, “Ocean wave energy converters: Status and challenges,” Energies703

11, 1250 (2018).704

3M. Folley, T. Whittaker, M. Osterried, et al., “The oscillating wave surge converter,” in705

The Fourteenth International Offshore and Polar Engineering Conference (International706

Society of Offshore and Polar Engineers, 2004).707

4M. Folley, A. Henry, and T. Whittaker, “Contrasting the hydrodynamics of heaving and708

surging wave energy converters,” in Proceedings of the 11th European Wave and Tidal709

Enerrgy Conference, Nantes, France (2015) pp. 6–11.710

5M. Folley and T. Whittaker, “The cost of water from an autonomous wave-powered de-711

salination plant,” Renewable Energy 34, 75–81 (2009).712

6T. Whittaker, D. Collier, M. Folley, M. Osterried, A. Henry, and M. Crowley, “The713

development of oyster—a shallow water surging wave energy converter,” in Proceedings of714

the 7th European wave and tidal energy conference (2007) pp. 11–14.715

7G. Giorgi and J. V. Ringwood, “Comparing nonlinear hydrodynamic forces in heaving716

point absorbers and oscillating wave surge converters,” Journal of Ocean Engineering and717

Marine Energy 4, 25–35 (2018).718

8S. L. Brunton and J. N. Kutz, Data-driven science and engineering: Machine learning,719

dynamical systems, and control (Cambridge University Press, 2022).720

9M. Folley, Numerical modelling of wave energy converters: state-of-the-art techniques for721

single devices and arrays (Academic Press, 2016).722

10J. Davidson and R. Costello, “Efficient nonlinear hydrodynamic models for wave energy723

converter design—a scoping study,” Journal of Marine Science and Engineering 8, 35724

(2020).725

11S. Giorgi, J. Davidson, M. Jakobsen, M. Kramer, and J. V. Ringwood, “Identification of726

dynamic models for a wave energy converter from experimental data,” Ocean Engineering727

183, 426–436 (2019).728

12M. Rosati, T. Kelly, D. G. Violini, and J. Ringwood, “Data-based hydrodynamic modelling729

of a fixed owc wave energy converter,” in Proceedings of the 14th European Wave and Tidal730

Energy Conference, Plymouth, UK (2021).731

13M. Rosati, T. Kelly, and J. V. Ringwood, “Nonlinear data-based hydrodynamic modeling732

of a fixed oscillating water column wave energy device,” IEEE Access 9, 149756–149765733

(2021).734

34



14M. Rosati, J. Ringwood, H. Bingham, B. Joensen, and K. Nielsen, “A data-based mod-735

elling approach for a vented oscillating water column wave energy converter,” Trends in736

Renewable Energies Offshore , 339–347 (2022).737

15X. Wang, D. Liang, M. Li, P. Stansby, and L. Zhang, “Data-driven system identifica-738

tion modelling for multi-float m4 wave energy converter with elastic bed-buoy-bow float739

mooring,” in Proceedings of the 15th European Wave and Tidal Energy Conference (2023).740

16S. Giorgi, J. Davidson, and J. Ringwood, “Identification of nonlinear excitation force741

kernels using numerical wave tank experiments,” in Proceedings of the 11th European Wave742

and Tidal Energy Conference (European Wave and Tidal Energy Conference 2015, 2015).743

17J. Davidson, S. Giorgi, and J. V. Ringwood, “Numerical wave tank identification of744

nonlinear discrete time hydrodynamic models,” Renewable Energies Offshore , 279 (2015).745

18S. Giorgi, J. Davidson, and J. V. Ringwood, “Identification of wave energy device models746

from numerical wave tank data—part 2: Data-based model determination,” IEEE Trans-747

actions on Sustainable Energy 7, 1020–1027 (2016).748

19G. Giorgi, M. Penalba, and J. Ringwood, “Nonlinear hydrodynamic force relevance for749

heaving point absorbers and oscillating surge converters,” in Proceedings of the AWTEC750

Asian Wave and Tidal Energy Conference, Singapore (2016).751

20J. van’t Hoff, M. Folley, and T. Whittaker, “Numerical modelling of an oscillating wave752

surge converter using volterra theory,” in Proceedings of the 11th European Wave and Tidal753

Energy Conference, Nantes, France (2015) pp. 6–11.754
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