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Chapter 1
INTRODUCTION
Quantum electrodynamics is ﬁo date the most successful
theory in physics. There are no phenomena occuring under pre-
scribed conditions for which this theory should provide an explan-
ation, and‘where at least a qualitative explanation has not begen
found. The quantitative successes of quantum electrodynamical
theory are legion,1-18 Over the years it has almost inevitably
met every experimental challenge with refined gquantitative success.
Its range of application has extended from 10-16 to lO11 meters,
i.e. from the nuclear to the planetary domain. It is conjectured
with well founded reason that all the diverse phenomena of chemical,
electrical, biological, and psychophysical systems find their

explanation ultimately in terms of this theory.

In the planetary domain, satellites have measured the

11 3

magnetic field of the earth out to 107~ meters, verifying the r

fall off, thereby substantiating a vanishing photon mass. It is
to be understood however that quantum mechanics plays no essential
role in electrodynamics at iarge distances.. Quantum electrody-
namics, the quantum field theory of the electromagneticvinteraction
of charged particles, is a covering theory of classical electro-
dynanmics.

The basic symmetry properties of the theory have sur-
mounted diverse tests. Lorentz and translational invariance dis-
play their validity by the facts that high energy accelerators

work, standard relativistic kinematics works, and cosmic ray

shower theory explains the basic properties of high energy showers.
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The success of the simple relatién E2 = p2 + m2 cannot be under-
estimated. The discrete symmetries P and T have been checked by
the limits placed on the electron electric dipole moment. TCP
has been tested by the ratios of lifetimes and masses of negative
and positive muons.

In the atomic domain, the separation between the singlet
and triplet 1ls states of positronium is in good agreement with
experiment. The most discriminating tests of ouantum electrody-
namics have been those of the hyperfine and fine structure in hydro=-
genic atoms, and precise determinations of electron and muon anomo-

17-18  gpese tests fall in the realm of low

lous magnetic moments.
energy, essentially static tests of quantum electrodynamics, with
the oualification of course that virtual momenta are involved.
Using the latest value of the fine structure constant, obtained
from the a.c. Josephson effect in superconductors, the theoretical
ground state hyperfine splitting in hydrogen is 1420.04023(1 + §N)
* 0.0057 MHz, where 8N is a small proton polarization correction.
'he experimental value is 1420.405751786417 MHz (3 1.2/1013),
which is consistent with the expected small value of §N. The
281/2-2P1/2 separation in hydrogen, more commonly known as the

Lamb shift, has pasced successfully through many vicissitudes of
reconciliation between theory and experimant. Prior to this year,
the accepted theoretical value was 1057.555 * _086 MHz. Discrepan-
with experiments over the past two decades have ranged from

0.09 * .06 to 0.34 * .07 MHz. The Lamb shift remzined the only

test of cuantum electrodynamics in serious disagreement with theory.
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However it was thought unlikely that the disagreement reflected
any breakdown of the theory, and it was thought more probable that
a misapplication of theory was responsible. The very recent work

19

of S. Brodsky and T. Appelquist confirms this view. On recalcu-
lation of the fourth order radiative corrections to the free
electron vertex, they obtained a value in disagreement with pre-
vious calculation, implying a new theoretical value for the Lamb
shift in hydrogen, increased by 0.35 £ .07 MHz and putting theory
in very good agreement with the results of recent experiments.

The other basic test ot quantum electrodynamics is that
of the anomalous magnetic moment of the electron. Theory and
experiment agree at the 70 ppm level and differ only in the eighth
significant figure. This is a critical test of the theory, since
the experiment can be idealized as a measurement of the electron
in isolation from other dynamics. Resolution of the discrepancy
rests upon further theoretical and experimental work currently in
progress.

In the domain of high energiés, all predictions of Born
amplitudes for electron-electron and electron-positron scattering
are confirmed in detail by numerous experiments in the energy and
momentum transfers accessible by current accelerators., This con--
firmation can be roughly parameterized in terms of a regulator
mass exceeding several Bev., The most interesting high energy tests
of quantum electrodynamics await the results of colliding beam
scattering and annihilation experimeﬁts.

However, to conclude fromvall of this that all is well
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with cuantum electrodynamics would be grossly naive. Firstly,
this theory is necessarily incomplete, having a delimited domain
of validity at best. At large distances it is to be expected
that gravitation gets in the way. At small distances the weak
interaction intrudes. For example, consider the following weak

correction to electron-positron pair annihilation:

which contains virtual muons and neutrinos. This amplituds
becomes important at 300 Bev in the center of mass. Ordinary
guantun electrodynamics cannot be valid at higher energies.
Furthermore all charged particles ultimately contribute to the
vacuum polarization; consider for example the following strong

interaction contribution:

Also, the theory appears to tell us nothing about the magnitude

of the charge and mass of the electron. In these senses the

theory is incomplete.
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But aside from the question of completeness, cguanium
electrodynamics suffers from more serious theoretical maladies.
Unfortunately no one has found a way to solve the Schwinger-
Dyson equationszo-2l; therefore all calculations have of necessity
resorted to perturbation theory, and it is here that the theory
is plagued by the appearance of certain infinite quantities.
The pessimism which these infinities have induced can be seen at
the close of Dirac's book2: "The difficulties, being of a profound
character, can be removed only by some drastic change in the
foundations of the theory, probably a change as drastic as the
passage from Bohr's orbit theory to the present quantum mechanics";

3:

or again in Schwinger's book "It seems that we have reached the
limits of the quantum theory o%imeasurement, which asserts the
possibility of instantaneous observations without reference to
specific agencies. The resulting appearance of divergences, and
contradictions, serves to deny the basic measurement hypothesis.
we conclude that a convergent theory cannot be formulated consis—
tently within the framework of present space-time concepts."
However, in Feynman's report to the Twelfth Solvay CongresslS,

he pragmatically advocates Wheeler's principle of radical comserva-
tism by which one would perserveringly continue to investigate
canonical quantum electrodynamics under the assumption that though
incomplete this theory is éxact; the inference being that the
meladies of the canonical theory are purely mathematical; that if

exact non-perturbative solutions could be found, the maladies would

vanish; that these infinities might arise merely from an unjusti-

fied use of perturbation theory.
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Such pragmatism has been eminently successful. It is
a redeeming fact that only the renormalized counterparts of the
infinite quantities appear in the calculation of observables.
The efforts of Dyson, Feynman, Schwinger, Tomanaga, and others
gave the theory a systematic calculational scheme, including an
incredibly mathematically heuristic renormalization procedure.3
The prescription proceeds in two steps. First the infinite is
separated from the finite observable parts of matrix elements,
The second step consists in a proof that the infinite parts can
be combined with the two phenomenological constants of the theory,
namely the mass and charge of the electron. The divergences are
thus eliminated by a redefinition of mass and charge. This
procedure of mass and charge renormalization works, but is mathe-
matically heuristic and aesthetically repugnant.

In the early days of renormalization theory it was sug-
gested by Pau1122 that the infinities occuring in the successive
orders of perturbation theory might be peculiar to perturbation
theory iﬁéeif, and thet if all termslin the series were summed,
the infinities might cancel. He suggested that the magnitude of
the bare fine structure constant might be obtained from the require-
ment that such compensation occur. This was the germ of an idea
which has been explored over the past few decades in the work of

23-25

M. Gell-Mann, F. Low, R. Jost, M. Luttinger, G. Kallén , and

more recently by M. Baker, K. Johnson, R. Willey, J. Rosner, and

26-321

R. Abdellatif, The present thesis addresses itself to a

' partibular aspect of this development.
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There are three serious divergences occuring‘in quantum
electrodynamics, namely Zl’ 22, dm, and Z; ; associated with the
electron-photon vertex, the electron self energy, and the vacuum

32

polarization respectively. To second order thece are represented

by the following Feynman graphs:

respectively. Upon application of the Feynman rules, each of

these graphs is found to be divergent. Ward's identity requires
Zl = 22.33 The work of Baker, Johnson, and Willey has shown that

1f Z, is nonvanishing, then the divergence in Z1 and 22 can be

3
eliminated by a suitable choice of gauge.2o In particular, both
Fermion self energy and vertex parts can be made finite to each

order in the bare fine structure constant &, , by working with

a photon propagator of the form:
- K.k
| Q‘JK)"'(gav"A-—K-r{!)B(K!) ] (1)

where the gauge constant A is expanded as a power cseries in &¢ :

oo n _
A=) % . (2)
n=o
Here C = and C, = -3/8r . Furiher these authors show

that the divergence in the self energy, dm, can be eliminated by

avoiding perturbation theory, again assuming Z3 nonvanishing, and

with the further requirement that the bare mass, m be vanish-
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ing; the electron mass must be totally dynamical in origin. 1In
a subsecuent paper they show that nonvanishing 23 requires vanish-

. 28
ing bare mass.

The divergence in Zgl, i.e. vanishing charge renormali-
zation constant Z3, is the remaining outstanding problem upon
which all of these conjectures, regarding the true finiteness of
canonical ouantum electrodynamics, rest. However, aé will be
shown below, it is promising that tkis divergence too can be
eliminated. This possibility is contrary to the well known KZllén
conjecture that at least one of the renormalization constants must
be infinite.2” K311én admits however that the mathematical
rigour of his argument is not great, and that it is certainly pos-
sible that a singular solution of the equations with finite renormal-
ization constants could exist, where certain formal interchanges
of orders of integration implicit in his proof would not be
alloved.'® With this in mind we seek a finite zz"

Intuitively the charge renormalization arises as follows:
Imagine a bare charge e, in vacuum. The electron polarizes the

vacuum, surrounding itself by a neutral cloud of electrons and

positrons as depicted in the figure below.

+ -
— +*1_+
- ++++-56 - +de
* t |
- +++
¢ T l
- b ',
b =
- 1 = ;
[
I
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Some of these, having a net charge e, are repelled to infinity,
leaving a nét charge, — §e in the part of the cloud bound to the
test body, within a distance of the order of the Compton wave-
length of the electron, fi/mec. Thus the observed charge e is
ey ~ ée, the renormalized charge, Historically, the charge renor-
malization constant is taken to be 2y = e/eo =1 -8e/e,.

Mathematically, 23 is defined to be the residue at the
pole of the unrenormalized photon propagator gLV .34 Thus the

Lehmamn spectral form for iLV is

1) = KJLKV 2
DK = (Guy = Z) DY) | (%)
where
o0
z 1)
Bix) = =2 d M )
‘ kitie ¥ j K*-M*tie ~ (4)

Any amplitude in the theory can be written in perturbation theory
as the sum of IFeynman graphs composed of connected Fermion and

photon propagators, an insertion of which is shown below:

- T -~
,/ \\

of) |

the photon line always connecting two electron and/or positron
lines., Using the Feynman rules, the contribution of this graph

to the amplitude A is:
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A=...e¥ ... c¥ Bls). .. (5)

where the dots denote the integrals, traces, and other propa-
gators occuring in the graph. Here e, is the bare charge of the
electron. The experimental charge e is determined by the inter-
action between the electrons and/or positrons at large distances.
This corresponds to small g. Consider then the limit of A as

q2-7 0, using Egs.(4, 5):

mA=...0¥...64 Z5...

(] e}

ge20 PP
: iy i !
=.. .(e,z,‘)zr,‘...(e,zf)a;?_ .

The observed charge e is therefore taken to be

e = Q,Z;k . ( (6)

As an example, the amplitude for Compton scattering
of a very low .freouency photon by a free electron reduces to the
well known Thompson formula if the identification, Eq.(6), is
made.35 In this way the charge renormalization is experimentally
defined such that the low frequency Compton scattering reduces
to the Thompson formula., Alternatively 23 can be defined by the
requirement that the Coulomb law for two static electrons hold

36

at large distances. This leads again to Eq.(6). K#11én has

shown that the charge renormalization is uniquely defined as a

37

consequence of charge conservation.
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Jost and Luttinger first calculated Z3 to fourth order

in perturbation theory, obtaining:24

Z;'= -E;-r?—{-jz- + -5;_‘3 + @(%2))10;"@: + ( terms finite as M-—)oo). (7)
Here of, 1is the bare fine structure constant, m is the mass of
the electron, and M is an infinite cutoff mass. Thus Z; was
thought to be infinite, violating Pauli's conjecture of compen-
sation; both terms in the coefficient of the logarithmic diver-
gence are positive, prohibiting a cancellation which would other-
wise give a finite result. However to have assumed that higher
order terms are also positive was premature, e.g. see Schweber's
book22 ’ as we shall see.

A hallmark in finite quantum electrodynamics was a
paper by Gell-Mann and Low in 1954.23 In an investigation of
quantum electrodynamics at small distances, they éhowed that Zgl
is finite if a certain eigenvalue equation ?’(eg) =0 %s satis-
fied. The function ¥ was related to the coefficient of a
logarithmic divergence in the vacuum polari%ation.

Recently, two further steps haﬁe been made in the cal-
culation of 23. Baker, Johnson, and Willey have shown that if
Z3 is calculated from the vacuum polarization, neglecting self
energy insertions of internal photon lines, then the divergent

part of Zgl is a simple logarithmic divergence:

(23-') = 'f/da)/ng—: (8)

to any order in perturbation theory.27 In this model, Zgl is
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then finite for those values of &, for which f(o) = 0., If
internal photon self energy insertions are included, other terms
will appear in Eq.(8) which will be higher powers of logarithms,
viz.
n

(-} '3
(z;‘) = *F{«.)ln-'_n@-; + Z 3"‘“0)(1"%) (9)
n=\|

In a spbsequent paper28 these authors show that if f(QQ) = 0 has
a real positive root for which f'(o\") z-€/x,< 0 with € > O,
then gn(«s) = 0 also, or equivalently the Gell-Mann and Low func-
tion ¥ = O; The detailed arguments are sufficiently complex that
the interested reader must be referred to the references. An
exgessively brief argument runs as follows: If the above con-
ditions on f are satisfied, then the leading correction to the
photon propagator for large x2 is (mz/kz)e/kz, which is negli-
gible compared to the main term l/k2. Therefore if one calcu-
lates f neglecting all photon self energy insertions, and the
resultant f satisfies the above conditions, then the finiteness
of Zgl in the full theory is guaranteed. This then justifies
the neglect of photon self energy insertions, thereby simpli-
fying the calculation.

The second recent advance has been the calculation
by Rosnerzgm30 of the sixth order contribution to f(®). Rosner
performed the calculation in the generalized Landau gauge,

Ens.(1,2), obtaining the following simple result:

= %[2 & _1 3_92] .
Flet,) T +.z_n._ ;(zﬂ) (10)
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This result is encouraging because the sixth order contribution
is negative, providing the possibility at least of a vanishing
f(oq ) and thus a finite zgl. The object of this thesis is to
recalculate Rosner's sixth order result, however using the
Feynman gauge, i.e. Eq.(l) with A = 0; in order to test the
gauge invariance of the calculation, and more importantly, to
check Rosner's result, because of its importance regarding the
possibility of a finite Z3l and consequently a finite canonical

quantum electrodynamics. The result is
(6)
'F(do) ="'"'(

which is in perfect agreement with Rosner.
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Chapter 2

THE FUNDAMENTAL FUNCTION f(o¢, )

In the following we shall obtain a general expression

for the divergent part of Zgl, expressed in terms of the vacuum

polarization tensor. As mentioned in the introduction, Eq.

Z3

of the unrenormalized photon propagator at k2 = 0. Thus

2. = Lim K* Dy,
3 2
k*=o0

The unrenormalized photon propagator in a general gauge is

by
D tky) = (3‘”— KR, [K?) DK +  KuK, f(K‘)/lc’ .

From the general theory of quantum electrodynamics we know

the function glgﬂ obeys the following equation:38

b‘wlk):: b(:}K) - .O:g/() ﬂ;gx)ba'gK) .

M

to)

Here QVIK) is the free photon propagator and 77:\0{“‘) is the
¢o)

vacuun polarization tensor. AZ(g)has the following form
v

general gauge:

rs)

= g )+ b f

\4)’

is defined to be the residue at the pole of the factor D(k2)

(11)

given

(12)

that

(13)

in a

(14)
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Diagramatically Eq.(13) is
‘AJ\AJ1:}\ﬂvNJ\ = AN+ A s

or expanding in &, :

+~v®-+wv~(}w()ww+-m

Wherew:m,% y ri} » and e

- denote the full photon propagator, the free photon propagator,
the full electron propagatoL, the free electron propagator,

the full vertex, and the bare vertex respectively. The above
perturbation expansion is seen to include all amplitudes for

the propagation of a photon between two points in space-time.
The vacuum polarization tensor DMWES represented diagramatical-

1y as

"4
n“: t

which expanded to sixth order in e, is:



SIRCIONCES

Gauge invariance requires that
MY (VY73
KT =T"K, =0,

MMV . ) 39
and hence JI assumes the following form:

= (/c‘g;,-KA.Kv)prx‘) . (15)

+t...
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wherela is some function of k2, We now put Egs.(12, 14, 15)

in Eq.(13) and contract indices, obtaining

s Y = 3 BRI
Therefore |
flxt) = L) (a7)
and
hw) = ‘{/+,o(x=)) . (18]

Further, putting Eq.(18) in Eg.(11),

- Lim —t—o = {1 +,Ol°))-l ,
i o 1+ XY
or |
Z- "" = (O ' .
3 1) (19)
Contracting indices in Eq.(15), we obtain
1 T (kY
R‘. = e —ﬁ‘@—-— .
/0( ) 3 x> {20)
Inserting Eo.(20) in Eq.(19) we get
gzl = Lim A Mf_)_ . (21)
3 K0 S K?
We then expand 77'(1{") about k2 = 0:
ﬂ—(K‘) 77(0) + ﬂ(K‘)/K ... . ( 22)
Kl
Putting Eq.(22) in Eq.(21), then
(23)

-1 - — _L ’Kz
2, -1 =T )/K,=° .
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We then observe that

77'//<’/ O (Tikv2k )| =(T sk +8T'
akak@ A e a«;/i 0() ﬁ) ,7T‘9k fﬂy %£=o

!
l

I
Q0
=~
-
x

=
=

=0

so that
T ixY =—’-—9:- Twy| . (21)
o BOKIKY M lpeo ’

Inserting Eq.(24) in Eo.(23) then

27l =

2 24 a/g,m“ s (25)

-

From the functional equations for the Green's functions,

we know that40

ﬂ'(k)—ze"Ta /{;ﬂ” Sip 5'5 (Pr5 P~ K)‘S/P'z) (26)

Here Sfp) is the unrenormalized electron Green's function. Its

zero-order perturbation theory value is given by

5% = ! . | (27)
iep+m

{38}9 is the unrenormalized vertex function. To lowest order

it is

I"(;;s,ﬂ') = Xy ] (28)
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The Feynman rules are as follows:
Electron or positron line: (}xPi-an

Photon line in Feynman gauge: gum/*z

Vertex:
b > (29)
.el ‘
Pair of vertices: 1€
-4 4
Loop: (2m) d K
o
We will calculate the divergent part of Z; using Eo.(25}),
which we will write as
-l .2 4 2 2
Z -l = :e,j“/’ ”"P;'") ] (30)
m* P

Comparing Egs.(25, 26) with Eq.(30), then

+ 4 o
alpimt)= L 2 T d Slp X\ fork p-£)5(p-£)| .
im°) rdvyre n 4, Mprs) (v £, P 2) (P~ 3 }K=0 (31)

Eq.(30) says ofpim®) is dimensionless and therefore it must de
a function of p2/m2, since p and m afe the only parameters
that enter in Eq.(31).

We now invoke the Johnson-Baker-Willey theorem as dis-
cussed in the introduction, Eq.(8). 4s justified there, we drop
internal photon self energy insertions in Eq.(31}. Comparing
Eq.(8) with Eg.{30) we conclude that l?im a(Pim?) is finite, so
that the single logarithm in Eq.(8) ;:;::s only from the integra-

tion over p in Eq.(30); thus
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'F(O() = ""(—-) l-/m G.(P) ) . (32)

P"@

We now rotate contours in Eq.(30)}, so that all integrals are

over Euclidean variables, then

7 (33

- 2 dp®
) =-/;ﬁ)ztj;; olpim?) (54)
whe;e

& = e . (35)

Comparing Egs.(34, 8, 31), then .

fla,) = -—-(2”) L:m T(pYm?) = ""/“") Lim a(p7m®), (36)

m2s0

or

Flec,) = Tr 2 ¥, Slpr)llpet,p- )sxp-—,y

48 {277") kb
of

From Eq.{37)} we may calculate f(«,) to any order in perturbation

"theory. The fact that we can set m = 0 in Eo.(37) produces a

major mathematical simplification.



21

Chapter 3
GENERAL EXPRESSION FOR f(e4} TO SIXTH ORDER
The sixth order contribution f(6)(ug) to f(e) is to
be calculated in the Feynman gauge. In Eq.(37) we employ the

symbolic notation:

¥SI'sS = ¥6r = :
(38)

From Eq.(37) we see that to get the sixth order contribution to

(%)
f(o6%), we must work with the fourth order (¥GF) '. Clearly

(mmf"r) - 86‘”5’ + XGmFm + XG“”FM (39)

1l
Quantum electrodynamics tells us that4

M=Y¥+KGM=Y+IGK = o + > (40)

where K is the Bethe-Salpeter kernal for electron-positron

scattering, and the integrations are implicit in the notation.
Therefore

(2) {2) o)
r'=K7-617 (41)

and ¢

r ‘*)= K(4)Gf°)a, ¥ K(z)Gca)Kn)Gmx + KmeX (42)

= XGco)Kw) + D'Gml(meKn) + XGme ) (43)
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. . ' ) 4) . .
We must obtain expressions for G and G " to insert in Eq.{39).

Symbolically

G= Sp+£)S(p-£) = 5.5, = . (44)

O (P

Furthermore guantum electrodynamics gives S-I in terms of the
self energy 2. of the electron42; taking B, = 0, as prescribed

in Eq.(37),

_ -1
S':i(P-Z:;a’P((—{#Z)=(—-—) - l’ig:b (45)

-1

= ° 2) )

= S”(1+8%m +BGRI+...) , (46)
where .

.Bfa)z =——-|~ {z)
and

%) _ ..._L_ %)
B(pY) ==l (48}

From Eg.(46), then

2.
) ) 2 ) '
S=S"(1-By-BTe9-B Ty ).
(49)
Putting Eq.(49) in Eg.(44), then

G(z): _b(z) Glc) ’ (50)
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and

Gm-) b(ﬂ Gto) ’ (51
wvhere

2) (z)

b = By +B) = Brprf) + Ble-5)  (52)
and ‘

(<) &), @ é) ““ @ _ ?b (53)

b’ = ) +B¢ --B1l B . 3

Inserting Egs.(41, 42, 50, and 51) in Eg.(39) we obtain

(yer) = - P06y - 66 kY + 46K U6

c"k“’G“"j{"“sz’ '/'6’6‘.) (2)6“)6, . (54)
Defining ”
(9')
) tror)” = (rer) | (55)
oK K™

then Eq.(54) gives _
{JE/") (") = —-blq')yé “,J' b(zjr)é.(ogkﬂ) ;o)a, Zb I)[Gnnk u’G“)X

_26lz)a,6cojkn)6m¥ b"’J’G“’k“’G“’Y 26"")’6“)3’“)6“' b, bmJGI')R “Jémjx
(4 )

(5) . (6) ¥éa)
TGP L gty | 2GSy + YETAGYY 206 K PG
(8) (9) .(10) (11) (12)
+ F“,G':ﬂa + btz).xGwl/(n)Gl{on; # 2‘6"‘,](:”6“’/((“6“"( +Z¥6“u cz) m,xu)Gu”x
(13) (14) (15) - (16) -

+Zxéco)l{lz)éco)K(;)Gu)x + ZYG‘O,/(Q)ﬁm) ri-)Gm)a, f-JG'”K’“G{o’/f“)GmX
(17) o (18) : (19) B
+2Y6(°) u’GmeGmf + ZJ'G‘O)KH)G“)A’MGW)’ 'I'ZXG“’) m €0} n)émd,
(20) | (21y (?2) i}
* me)KQJ G'e'o;/{u)ém‘r +2 récollr(zjs'm/('m(’ma, + za,Gmxn)GmK 6“"6’
(23) (24) ' - (25)
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A T 0 ¢ to oy 4 ¢
F GGG + 2¥6 KOGV KVGTY 4 206 KNGy

(26} (27) (28)
[ n w0y ! 4 ”
+ 2060 E Y+ ¥ EVRVEVY +206 KPPy + 860Kk V6™MY
, (g9) . (30) . w (31, 132)
-5’”(6“"&’ . bf:){xézfjkn)(;eo?) _6(4)d,GlaJa, -6(2‘36@/(“)6(”3’ ) (56)

(33) (34) (35) (36)

We label terms with an (n) beneath, for purpose of identification.

We make the following momentum assignments in terms (3, 5, 6, 28):

p-a +k/2

P + k/2_
kK

p - k/2 p~-q =-k/2

¢
These terms vanish because, for example in the third term K.’does
' [4
not depend on K and therefore K¥=0 . Similarly terms (15, 17,
19, 20, 21, 22, 24, 26, 27) are seen to vanish with the following

momentum assignments:

P-qg+ k/2

P+ k/2
k Ny

D

P -q~k/2
The momentum k with respect to which we differentiate will always

be routed through Fermion lines only.
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We invoke Ward's identity '~:

- +3 ot
C{P’P)_;'Lé;ﬂ S(p) .

(57)
Putting Eq.(46) in Eq.(57) then
(2 e ¢ y;
/‘:{p”a) = L/B{P‘)‘f'B(/p)")"' . ) + ZP“B’P(BI;%‘) + 3(1‘2‘) Fos ) . (58)
Also uéing Eq.(50),
6’”: /.b(;)Gro))"___ -b'('z,\ Gw)_ zb’u)é’to)_ 6“)6'!'05 . (59)

Inserting Egs.(52, 53, 58, 59) in Eq.(56), then

( a’er’%z:’a = -2803) 56 + 35?%)36%’&‘-25?&1 r6 By ¥ 1202 Bopw)
4B by 46K V6™ ~28(pn)( 8P +2psPBT )6y + 206K

+ 206K PG 426" K’;‘“GMX + 206K PGy -r?.B?;:*)[ By +zpa’PB?;’q]G"'°’b'

£ 28 GRIGMKGY # 2V6RVG K G

F (800 + 2p8PB 38 ) 6 (B9 # 2p8P B lpw) # 28300 +2pIeBgty) 6oy g oy

F 206Gy ¢ (BT +2p8PB9)GY - hPUGy

’ €0) 1) .0 / Y <0 “ <0, 1 :
~ 6PN (Y6 k") = by a6 ~bT¥6 ’/B'/)a)x+zpa'PB}féq),(60)

Further Eqs.(52, 53) give

/

y
buo =0 - | - (61)
Iy [ I
bies = 2801 p* + 4875y | (62)
tay | ' |

6/R=o =0 (63)

and

e 2p 9 {a) 2 1) Ly pl2) oy 1tz
b, = 2p"BpY ++B{5y ~6p*B (P B pyu=-128pB 1Y ~2p"Bp?) - (64}

k=0
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We define

FI6MRIEY = 426 [ () 68 Y42 (65}

Putting Eqs.(61-6 ) and adding and subtracting Eq.(65) in Eq.(60)},

we obtain:
(G'GF);‘H = 2 to) cz)Gco;KmeJ +ZVGM[K‘4’-2KMJ Gm\x
K=o

te}

+435"°’x"”c‘°’z)‘ # 6KVGY 4 446 a6 0, /g.
n oy 2y ta h0y,,12) pea)

28 (p4) ¥6°K 6"t +48 p‘)B’PG K6 ¥P
P 2¥ERNG IR Y™

(4800 + 4025 ,Pz) -48 /p=)13?}=) )ap6“'yp

+ Za,GccsKlz)Gmx # /‘Zb‘I)B‘;} 3y "'b"))xg“,f

" / o
- 4B p) 8PCT 0P . (66)

We combine the eighth and tenth terms of Eg.(66) as follows.

Using Eq.(41, 52, 58) we see that

Ty 6"0’/( mGlmK By =Tr ¥ G‘F}) K r;)g.)G p- ;)(B(p q)0'+2(p- .2)3/,0 .7}&’//*;’1])
=47 16" (P)/fmG(,o 2) b 1p- 3)3’

+2Tr Al 2IG Y KTh) G 55 Hp-3) B og)

-—-iT re"’ (V6Y - " (67)
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where in the last step the second term vanishes since

) 1 < _
6 (p-g)¥(p-g) 52-1;; [a;,w-:)d,f, - L P-4, ]e-3) =0 .

As prescribed above we omit internal photon self energy
4) )
insertions in K . The contributions to X are the following,

] 4)
which we denote by Kb , K

(%
¢ ? and Kd respectively:

(¢
K™ =

(68)

(%) (9) (¢)

1}
=
+

Because of the symmetric routing of k in Eq.(37), the contribu-
%) (%)
tions of kc and Kd are equal, so effectively
%) ¢
K "= /(6

- I3
In the second term of Eg.(66) we will combine -Zlfmwith Zl(c ,,

4)* ZKCM . | (69)

which will lead to a finite result for this tensor. Putting

Eq.(67, 69} in Eq.(66), then
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(4

Tl“ (XGF)”(:)O = TI._ zxé‘toxkla)Gto)Kll)G'{ﬂa, ¥ ZTI_JG(O)K G{”K

b

+ 7-’_ 4{6:°{K:’¢)— El?’i]gia)x +7;‘?'X61w31{:‘”6“)x
+ Trem'“y('cmceo; v + 7 xs“’kfe“’y + TP 206 KPC™Y
for ™ ‘or,, ) ey, 1,4 |
+ Ir +56 C{/J,F] G ey /gz -281p) Tr X6k 6

/7 ’ / ’ /
+ 48 ?/‘3_‘.) 7-r JIOG‘M/(’”@‘MXP " n_b,G(o)Kanlux

{ 1 T (t 4‘ ””
F (87 + 49 B ) - 4818154 Tr IPG™AP
#2610y By -y ) Tr 66"y — 46" [y By Tr 0P 5P
14
VAR | 102

1=

where the Ti’ i=1, 25eecey 14, are given by the respective

terms of Eo.(70). In terms of Feynman graphs, the Ti are:

- DD ADA






¢
O
Y

"2. : ] -
[-2 6% B b'7py] Ty = -

Here the slashes on Fermion lines denote

3/aK, of that line,
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YT

where
")

— B Y
._——4§}~——- = E:ﬂ%fv = s;::;::;?’ .
Al so
(2)
;'LPB/P‘) = m ,

and

o £ 0L %, DTN, L
1-[3(W ) = : + + ,

?

again omitting photon self energy insertions. b{/;)lj and é;;ij are
given by Egs.(52, 53) in terms of B?)!) and 5;;,1/, In the follow-
iné sections we calculate all fourteen Ti respectively. We begin
with the calculation of T9 to outliné the calculational procedure
used in the calculation of all Ti’ and relate T9 to the well

established Jost-Luttinger result.
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Chapter 4

CALCULATIONRAL PROCEDURE, THE JOST=LUTTINGER RESULT, AKD T9

The calculation of T9 denmonstrates all of the essential mathe-—

matics involved in all parts of the calculation, and is further-

more a good term to begin with since it is simply related to

the Jost-Luttinger result44:

) & P oy, 12) Ao

10(«,—2”)— 43.>.zr2T CKP6"Y (71)
or

(%) pt -/

Ao ST

where we have used Eq.(70),

c2)

- A ‘A) () 70)

To be perfectly clear regarding our notation, in Eq.(73),

T tho)K(l)G‘“b/ T |d% [g 5( ,_)a'd/{ S(p_gf")ll .S(p 9)15” )D /$)
(zm*

3 o X 0 M «0) M De)
*9.'.;,;.‘5//’*15)5 ,5,,-3)55/%‘5(;—3-{—‘)JVSIF)D,\,,‘?‘)

Mo co)

o d 0 (o td)
P S Y S S(p-3+ 2 )5 Ta- 2 ‘/}*{5“7,\/5“

SIS -8 2 S g )52 S0 ‘fJ]
o ”-
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Proceeding then, we first note that
.2 y/oto) _ < ‘
46" = (4 apy, -4, ¥PY,) /zp , (74)

and

16y = (£, vpd,~40PX,) f2P¥ . (75)

Using Eqs.(74, 75) and the Feynman rules, Eq.(29), with the

following momentum assignments:

then Eq.(73) becomes

‘7;_—__25({2,)7;_ ii_'g ,'e}(%b’f’&"%”{,)é/{,,(Y(P-.i});(-g’()'/:"?}{“){,3 (76)
(2m)% 2,%:%,2 %2 ’ '
P iTg 2(p-3)"3

Let k = p - g, then

T=-2 BT _‘_:j; s8.L aPY L PE ) (1, ¥RY, - IKE, )5

407 (p-i )k * (77)

Using the trace theorems of Appendix 1,

THSRPY ~ 5 0PL )Y, (Y 2KE - ¥k 8) Y, = 192 K el
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Putting Eq.(78) in Eq.(77) then

968 et
L=>——"2%—1, (79)
P

where

d¥ | pK

—_— e (80)
" emt i p-kik®

To evaluate I1 we first perform a Wick rotation to convert the

four momentum vectors to four dimensional Euclidean vectors,
thereby affording the expansion of the momentum-difference
denominators in Chebyshev polynomials. Thus using Eq.(33) and

Appendix 2 to expand (p - k)-zp'k in Chebyshev polynomials, then

4 &< t
L[ L5 (") e 1)
(am) )K4n=a PKlin
11
where 4”(0 are Chebyshev coefficients and Cntpk) denotes an

nth order Chebyshev polynomial in the angle between p and k.
Employing the Chebyshev coefficients and the orthogonality

property of Appendix 2,
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.T I [/ ( >ﬂ+l_ éno]Cn/p}()

hnﬂvx*
= 21 [ g dae | g nil
f2m* 212 7/{"' [/ K/{ Ino C (px) C,(pK)

/ezrZ [(" §)<£>_1_7
/bﬂz[fdk[/£+/{ -1 [«” £ k)2 ]}

/6/77' :
The properties of Chebyshev polynomials, including Chebyshev

coefficients, have been checked and found to agree with the

literature.45

Putting Eg.(82) in Eq.(79} and using the definition

B¥= 3% . 3 &f (83)
8T 32 g’
then
7; — f}_ B(z)Bcz;P:.) - (84)

Finally, putting Eq.(84) in Eg.(72}, and again using Eo0.(83),

we obtain

(4) 2
78 {°(o) = ;7—7-9) ’ (85)

which is the Jost-Luttiinger result.
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Chapter S

CALCULATION OF Tl
By definition, Eq.(70),
T = Tr206 KV 6"KV6™Y (85)

Using Eq.(41) and noting that k does not pass through /{a)then

02) 03 _____ K K (86)
K68 =50 [tps & p-2 )/K” )

The only terms which contribute to C(;w'zi‘l/-;_'g) with m = O are

those containing an odd number of gamma-matrices, viz.

the successive terms containing 1, 3, and 9 gamma-matrices

respectively. Hence by Lorentz invariance

' J
Lior ,p-5) = G008, + Gt r

)
where Qié%ﬁd and Qifgkd are tensor and pseudotensor functions

respectively of p and k. Further CPT invariance recuires that
R ’

Llop) =0 [P Y - (88)
C invariance alone implies

T -/ )
"f; (—p,-,o’) = C /:(P;P) C - (89)

where CL is the transposed matrix, and the charge conjugation
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matrix C satisfies

-1
¢y c=-y4, (0)
and
-l vyl
cgc=2, (91)
where
-}.
XJ. = —é_ » (92)
and 2{2= y
g . (93}
Then PT invariance gives the requirement
- T
[lap)=-4.C T (pp)CY (94)

Putting Eq.(87) in Eg.(94) and using Eqgs.(92, 93), we obtain

the conditions:

G, (P,~K) =G, (RK) (95)

and

J
G (psR) == 6] (] . (96)

Now from Eq.(87)

Pl
K, 2o+ K,P"' =[im [[G (P, K+ 2 - 64,;.”:“ ‘27‘3( ,,.[(’;:—("»"*3‘“)'@?”’/('%527&{\3; ,
K‘o g0 qu, /
. K-
or employing Egs.(95, 96)
ai f'(P* K‘p KJK [:m [[GA).(P’ (p dl(]x) {-bm\ﬁ' :/\T UAA/P OK)]‘);Z’_}
] dx (4 dK
.( ol
ak“ “/P/ )/ (97)
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5
But 2 G (pK) is a pseudotensor function of p. The
- Ky ux

only candidate is proportional to e«am&/P" . Therefore

—a_ ¥7) " _ D) : P X Y
ak,([’//’*-,'f,ﬁ'f‘)/ = ? Gt 2T
K=0 Pl

- g“)/Xda’P(L-t)fub’P&)
- ZPZ. ! (98)

where 9") and gu’) are constants. Putting Eq.{98) in Eq.(86),

then ‘
K6y = 3_%; (48P0 -4 4PL ) - | (99)
Using Egs.(99, 75), then
K6 = g’“é‘”’Gl'“p" (100)
= _q™E®y . j :  (101)

Again using Eq.(99), then

’ ‘ 4
Kltbém/{a)eto]a, = _9(:)/( (1)(;:»){

521.1)
=~ 2 _[taps, -4 ¥PY,) . (102)
2p
Putting Eq.(102, 75) in Eq.{(85), then
) | |
2) )
= ;P—— Tr (40P~ LY PL)(IPE~8,0PY,) - o3)

Using the relations givén in Appendix 1, we cbtain

(74

Ir /b:(d’)’({'u‘bj,//’{(_)// IPY,~ ¥, 0PY, )= -96p%. (104)
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Putting Eq.(104) in Eq.(103), then

2
() \
T =- 837 . (105)
P‘)-
To determine g{” we project it out of Eg.(99), using the projec-

tion operator @ :

P= L T-(8,0P4,~%5PY,). .. » (106)
48
such that
PROGY = 396 Tr (1,0 P2 = ¥ 4PL. ) (£,8PY,- 4,271,
p
(2) (107)

where we have used Eg.(104). Hence

a_ | (2) ~to
g =4-§77{¢,¥P£-QG’P&)(<‘G s - G

or using Eq.(75) and the Feynman rules

{

2 ,-e,’t[gm' T (4, ¥ P, =L 0PL oo (L, 7P Y

9" L8P, )V
48 J(2m? 20" (p-p')*

(109)

We now perform a Wick rotation, using £g.(33). Then using Eq.(35),

/ /
"g [ 2 jﬂ Tr (L3PY 9P, Lo l8,0PE -1 374, )0

. (110)
2pr*(p-pl)2
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Using Eq.(78) in Eq.(110), then

9= 23z /—ﬁ/i’iei PP (111)
7t (ppE

We now perform an expansion in Chebyshev polynomials, using

<) o G
= 2(%)[% p):z,,, [lE+EXZY 4. J‘””f ClpP) GoleP)
=[5 (B EREY o fr
slElirekd
5 JH e m e S

oo,
2T (112)

Appendix 2:

n

]

H

—
—

Finally pubtting Eq.(112) in Eq.1105), then

T=- __)Z,_ | (113)

P 21T
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Chapter 6
CALCULATION OF T2

By definition, Eq.(70):

7; =27 XG’MK;”GIM'J . (114)

We make the following momentum assignments in Eq.(114):

Using Eqs.(74, 75) and the Feynman rules in Eg.(114), then

T=2fL (40P~ "P?’w) d"/ P (102 Y vip- ‘
2=l (ie} u L YIP-3)¥y
* 2p* lan%2mt :m’ 3) [ (115)

f /
- Lu ¥ .
& ¥IP9) ]z( T u”, T

Then rotating contours, using Eq.(33), Eq.(115) becomes:

}

~—f; f!. dp ja Ndng ~PaTr(Gary- 4 PL)y 1 SIP- DL P~ LT BPY,
” 2 ) ot . = - - (116)
MELATE e p-9) p-p)

Using Appendix 1, we obtain:

Tr (L PY,~ 8,52 )Y, 41~ JIP-9) 8,07 = 384p-(P-3)p"(p-3) » L11T)
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Putting Eq.(117) in Eq.(116), then

Y ﬁ"j/ /aag 384p'a [Plp pletg)-pep-(r-8)] | (118)
¢ P ) art (p-9)¥pg)Fp-p)*

T2 is symmetric in p' and g, therefore the second term gives no

contribution to Tl since

P'3 Py PIPR) S ~papapPy) ,

S0
o5

_ -38% jco / f,m jamg P's PPP(P ) (119)
L= = PR | = .
2 p* / 7) 22 J 2m* (p-4)*(p-3)*(p-P)" |

o o

We now show that T2 is symmetric in p and p'. Since T2 is inde-
pendent of the direction of p, we multiply it by 1 =dﬁ14@A572
with resulting symmetry in angles. We then perform the angular

integrations, obtaining the following form:

. oo od oo @
T=t [26'[d2 Lrporg). L if_’/_‘_‘i P 2], (120)
2 Ipq'o Plo .7— )P g) P?—g pl g' ?F P)

since p T2 is proportional to f, which is dimensionless. Let

Then
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and T2 becomes

o o
—-I-fll.i".(x.
=) F 90

0
Now let
P _ ¢
= > X=X .
yp’ P’
Then
J-/JX__JF’J.?.,
y X P'e
and

S0

P> o
[ | dp'|d -2
T =-—L |2 |Z2q/L *
Z q- 7 :’I
pwPaq-aPP

(] 25
—_!_fclp/cé% /P—?—

- e ’ (121)

P¢5 Pla .&-?Jﬂ p

Comparing Eq.(120, 121) we conclude that we may symmetrize the
integrand of T1 in p and p'. Letting p'— p and p—>p' in

Eq.(119), then

TZ_____S_%‘,_,:;zﬁJ'/ f_@%PQF}P/ii) _ 125)
P # zntjan? (p-3)*(p-5)P-r

or

o Yo

_ o \2 coopy g pp«wqpfcqu&
T = - 38%/ds jaijd/aj«l jamg 3PP
2 p* 2“)0 ) Jaranr (p-g)*ip-9)Pp)? (123)
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We now expand Eq.(123) in Chebyshev polynomials, using Appendix 2,

@K @
111 o1l

T.._38’4— ?-04 IRTARK o ol o2 143
P ? p(gp FFIJ P'4)P% 7P Pgtsf’?])
o 0

[+ L D
2 5 Pl G b A )

Pt L2 n:o”“

oD
= . 38¢ 2
- ;_',?ZNIJJ—?IF%P¥

Pq' n=o

- 39% (= ‘fw/j,a«t;zg/pst) fdp'c/gg %))

1

pr A
~ _ 384
TS 2 Z,,H jP dy (4, 10'9)+3,(5p"))
l(i
= - 3” P E fT :
()2-,,“ &1
r43 e (124)

Using Appendix 2, we have
(P'g) = 3/’/’ (L 4 P P P
2 e / A1 ( F#/F 4‘/(5‘~>
- 4%p'p 3;;‘(,7? T sy (8

=y o NG GAT) - o

Ip>g7 4/9'-% ¥4 9’

Define
(126)

9,,0(P 1) = §,1¢'%) + 6P 8)om
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and let’
JP%)+-LJ/1$)E.— ‘e) , Nn=o
9, (29)= M2 AR = e R . (127)

~ o
gn{";& / f > 17

Using Appendix 2, then

,(P9)=-gppl ! /P P
I hdd P4,0P Py (3 >Pi/P gt/ (3)

%—.?7/7 3% 2p' (-f) <T> e

We divide the region of integration in Eq.(124} into three

regions Rl, R2, and R3:
q

R IRB//
2 7 Riz p'< ¢ < P
————
pnl , R,z p'< P < ¢
4
4 Rgz p < p'< ¢
b p'

Putting Egs.{(125, 128) in Eq.(127), symmetrizing in p' and q,
and evaluating 9;(;‘3) in regions Rl, R2, and R3 respectively,

we obtain:

— Y 1 3

(P'yR)= L E L LPZ_ L P A, (129
- ) 4 ;{./7" {4'./7 ya ; )/Pz'-—P‘l/ )

a (oo R / ZPI I F' .

%olPg z)‘z}—; *'4_—3—— , | (130)



and . . 4
/ : | P
(p'g Ry)= (L - LEP L . 131
We evaluate T20 in regions Rl’ R2, and R3:
T, T (R)+ T (RY+T (R, - (132)

Putting Egs.(129, 130, 131) in Eg.(124), then

il sl it 24 )

. 38% [\ |
"'%47(337) /_/_6_.} , | (133)
T (R)= 38% [ eto lc; :: L!f&l+1_f’_')
20 z.)"' -;;2—-"—-) 4 F/Z $5 4-_?3
P o
__ 38% [ete (L |
=- 22 2f17)
and
O] N AR Ay
0=~ 32 5 ot S P
P P P f ¥ g P p Pt
= - éjr_:’- °(o 2 / .
p* L2l ¢4 (135)

Putting Egs.(133-135) in Eq.(132), then

__ 5 [ 38¢
fo = 67’(,0 )

2
zn) . (136)
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Using Appendix 2 in Eq.(124),

ot ! +P " ap n+/
31051 = 3PP [ )(P)M{ }Pw w(._

113/ ﬂ I)-HI /gl _}_ n*l”*_l —n-{-/
"3y /(P' ’ t/(i

W 2p3 '+ P * PLIPY 4

/
Then
2ﬂ'f'l Zn,‘,,
-n, , P’ [
(P4 R)= /n+l)/ t—— +_______,) ,
3 — +3p" 24P PP

Q_Dl

n-/ : n+
(ZTE {n+l)/ e 'D'z ;’L),

4 31"*3 4$zn+.s°

and e 2 .
_ ) n+ 2n LI+
g /_/L—‘{%):(n_”) P z_n+3 £ - £ .
f-/p3_? /gl-nd—__? "'»:?ﬁﬁl"*f
Putting Eq.(138) in Eq.(124}, then
3 38% /et J P | z"’“
Ry nlkl): /—_)Zﬁj-?/‘lp/ v
= - 38F po 2/ 3 A
o ) (% it
where

fin = 25

. . . 6
is a Riemann zeta functlon.4

n+ /ﬂl +
T / - 9(L) (L)W )ﬂ ﬁ/ 5‘7"/)' (137)

(138)

(139)

(140)

,D,ln+/
+
P:n#f} )

(141)

(142)

Putting £q.(139) in Eq.(124),



o, 2 [}
R - o Q’O ___{_ ‘1 ’ P P - P P
h= 72-”/ z) P+ Z'IT) y 4 + dF( an+3 1n#§
n= pé b2 g
— 38’4
= ) [32) (143)

Putting Eq.(l40) in Eq.(124)

) t”*" 2n+2 wn+4
ZE/’%):--@—?(&) “J"PP} $ 2P P )
h=

- 2 wn
=i P LR R 3 i gint3 pl;zn+3 plg-ZI’f'S'
== 38 [P/ 3 ny . |
o (EF)/ /o fte) i (144)

Combining Egs.{136, 141, 143, 144), then

2 |
T, =- _l%fi (217;) ) (145)
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Chapter 7

CALCULATION OF T3

By definition, Eq.(70),

Ty = 4T 16™[ /(:"’— 6. (146)

We employ Eq.(65) and make the following momentum assignments
in Eq.(146):

Using Eqs.(74, 75) and the Feynman rules in Eq.(146), then

T;= 4T, xaw mj / (e‘J[e{ ; / 9
@m*) (amy* “ivip-g) ;a’/P'—gj

B A — Y (J,,JP'ﬂ-J ﬁ’:)’,q)b(
— ) o ‘w (o .
)ﬂF -ﬁ 33’/}”-?, I'lzpq. 92”)_/0,)7- (147)

Rotating contours, using Eq.(33), Eq.(147) becomes

:..._%__"_(_ d -2
Ty == el S [0 i el o,

2m?
N LI R O )

(148)
Lve¥, 1.},
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where
NI=P"$, ’ N2=P'—-7-’ N3=P'PI’ (149)

Consider the numerator of Eq.(148):

NENNING 9 Tr (4, 0P Y, 0P L S SN AN, 4, %, 8P 8,

4 .2 27 !
=Ny N g Tr (L ePE-LYPE NN AL TP LY, - (150)
From Eq.(149),
NZ;--AéfA/, . (151)

Inserting Eq.(151) in the first term of Eq.(150) inside the

trace,

1= NN T 0PE -8, 0 PY )8y TH, & ()G 8 0PL S,

o{

-

ZNLN /A/ A/’)F(XJ’PX XYP )3’ f”,b’ (NXH(J’P&;% (152)
From Eq.(149) we observe that
N3=N2 = pol, 4PNy =ptW=piHy - (153)
Putting Eq.(153) in Eq.(152) and using Eq.(149), then

7= VNI T (aPE= L aPE Y WM EE A P L

+ g W N oM+ p = pil £ W, ) (154)

T (0PL -5, PE ) K ¥ 5 TN, AL A
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Using Appendix 1 to expand the trace, Eq.(154) becomes:
2,792 E 2
N =128 3N NN (-p"p* +p"p-g +(p-p0*- pgpp’)

#1282 MW [N, (p:M) < N, M, P, (610 o4 N, P'NJ - (155)

Inserting ‘ﬂ y £q.(255), as defined in Eq.(150), in Eq.(148),

then
256
o= BTy

where

@  e0
T,= fiz Jffdmjdn; BMNN PP gt (PP g pp)  (1gy)

g 18/ (NN W)
and

T2L J—*/"’J /0 SN MYL N (3N, Vmp Ny 9K, A, #-M 1P W) W, M, ').(158)
(NN, "NE)*

We expand Eq.(157) in Chebyshev polynomials, using Appendix 2:

& oo

T‘=fd do! [ - ; v/ @el el ol] [ oJ 1/
3 ; i”{ P pppiy s e +gPP PP PG, P?

zl ol ol el 1
2l p;,pgmﬂ] P P/’)/’% 4]) (159)
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o P | _
73,=,,Z¢,5;'Tj gjdp{ gplpl(Ol o I ° I) +-7'1P’P/:;')n(;:gl)n /;3’),1
+sf7°‘/:;-)n/;f;),, oh =57 b lrshlosh |

n (160)

From Appendix 2 and Eq.(160), we have

0P’ ---—-(P,X:X;) oo EXENT

4”, (VN mm( SE
ﬁll {p >(§t )(;) (161)

Define

gh)o(Plg) = y—n(f;/_ﬂ t é;{PI'?')g/n s (162)
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and let ,
, L (E8)+ 3 8,(P'8) =9 (p'g), n=o
Jn(P3)= ’ ZAERI= 3280, (163)
9;(51?) | , 1 >0
From Eq.(160) and Appendix 2,
2
J/P-?)"';(‘f’/’;—; ;‘-’_%’-—{? >/03 ) . (164)

Putting Eqs.(161, 164) in Eq.(160), then

TGXENED o (NEXE) + Lo ){;>
+p¢ ) (i (/D (,‘z Xﬁ—) 'é;z (ﬁ) ( 4

S DI s (AN o157
‘7‘/7P {;)){;X > 42 (f){ﬁ)(l)_% (j’) ) (165)

We divide the region of integration into three regions, as we
did for T2:

Ry : p'< qa< py

Ry : p'< pe g

R; : p < p'<q,

“and evaluate T3o in these regions:

2 2 . (166)
= )= ' / .
2. T LLR;) %R/Jp 4y 070(,3_5;)

1=/
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Putting Eq.(165} in Eq.(166), then

p
| 3 03
T (R;)=IJ¢ d/,)' 13 P + /’3’- + P' P — 2/ 16
L =)= 7
{ e £ / 3 &
T (R,)= [d4 1[-5 F _.‘S:P'-;-PP___Lf,'_ L5
50 (5 [* d’/+ﬁ3+3 prg® gg5 T ,95)‘ 6+’  (168)
P o '
and
) ® P 2 P,Pl /
30 3) F PPI i{ 8/,';3 00'75' 6?’

PP T3P 4f-1 1',0/’
so that
P 2 20+ -
(o) ) ; 2m+3 wm-1 20+
2 TI(R:)’*'Z-_,LJ}{?# Jf'/gp RSN ] S
= —n = + .
nel 3n n=1 PR 2P2n+ ngznﬂ- 4/721) b2 Zif’z 2 4.?3’”“
! l (171)
=-3 (3 +“‘ ’
g (01
«© © @ P ,2nH ant3 2n-l antl 2n+3
~ , T
= —1d A -
57;,,”22) ,%m-; + ‘lf/zpiz.n-ﬂ +zlp1.)22n+} 4_77.114-/ 231.443 4_'?2",,5
p o
(172)
=-1 f3)+ 2
g fio) 64+
and @0 oo

2n+2 1M+2

Z‘u Tl < J ,0 PP P ) " 2n#2
30{R‘3)=Z;:— f / 2ntl PP )

Zpg Zil’)'i'.} 9 ,332”"1 2’01#2»*3 4?1”f5

{
=-5 i)+ (173)
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where we have used Eg.(142). Putting Egs.(167-169, 171-173)

in Eq.(160), then
! = ___:_5_5*(3)___’_ . (174)
3 8 a

Further, expanding Eq.(158) we obtain:

J f [df?p [;/: coopp +3,0$ cwpp coopﬁ

~233p2npp'caipy g 'p o p'y ~Bgip ey erry
+29 % ealpgemply +47p'p e bp cmpy - 25 7P eopprp

/ 2/

+2 33 copploeplyentpy +9pp'con Pl = WP epg o0 pp’
-2 gq'ﬂllgca‘:)f; cgml/,/i +§/ﬂl’/’3mf/”"$7’/§01woﬂ,° caopy -—#z,ﬂzP'CW,O_j
F g3 purnp'y wopg + 9 pptenll ]//p—ﬁ)‘?/?-ﬁ'l‘/ﬂ’-ﬁ)z- (175)

Expanding Eq.(175) in Chebyshev polynomials, using Appendix 2,

then
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<o

T, g;ﬁ;f"ff/ws/,i;) h(osh +375 ek (,3;) (P,;)
e re ek
-3y hpshlreh +247 ok W //ff'n
*‘3/"/’//’/’”0// ) 2,‘1/’/’{/40)/ l/n//?;ﬂ
+ 2 phlyshlrsh t2 Lophlpsh (p
Lﬁ’/?’/f; L loah -2 ol losh (o3
A
~4% " ) s / },,7‘93"7’ p/!n//’l';/ﬂ/ﬁl;/ﬂ
tt, (o) ool

a0
—_ l J(/ ' / —
:Z—"" (P# :Z—T . (176)
neontl ) 1 £%) n=o M
P<q
Again we break up ?amfg,) as in Egs.(162-163). Then using Eq.(176)
and Appendix 2:

D - /7lq, _ }—p' 3--’. F/ i /;I3

7R Y8 b 2gpt 7.L+¥+
1 PIJ} —J——’:i; - —3—___-”':3' , (177)
2p*y qhg,f 3 p



5 3 /
-, pl L PP 33 P 3P P
(P4 R)=dm -y oL+ 2 S SIS, (278)
;_‘z. 8/: ;_ﬁ 7..?_ 74/71#93/72#3 2._?_.3
and X + .
( PS 3P P PP
(74 R,)= 1F S st (179)
?—’ 2 qpigd Bprly 8 pg3 Fphyt + g%
Breaking up T3O as in Eq.(166}, then
5 P %
TR=jJ]'”"' =+£_41 (180)
3ol ) E 30 & j{fi/?‘) 6+ 2%
. o P M .
— O p l 5
= |4 ! R,)= — 2, (181)
LY FI ij"/’ j #tk)= 1”’7 o
and w @
2, _0 / .
7;0.//73)=f‘é/°'["i g (b Bs) =,’;"L"%4~ +g2<,: ; (182)
p M
where M is an infinite cutoff. Again using Eq.(176) and Appen-
dix 2, ’
. n+l ln+- P>n+l E 1 $4_
g (0'9) = P » (18
?(P?) /( > {> 47;./]/.1 2/9'3 773/7) ( 3)
50
_n n=| ;20! 3,271
j /ﬁ_’:y/é)— - + -(l/’ L
4 ID 2Pzn+2. 4_Pz.n+4
1 P,?.n-l'l . F,?—”."3 P,zn-‘-b‘ (184)
¥ ?3Pzn 2?3/72;44-7. 7_5‘3./0;,,1-9-
n-1 en=1 Zn-—l
GlpyR)=- L2 B P
4$2n+3 Zgl“*’ q.Pz?_zn [ (185)
P /7‘ antl F,}_nfj ‘LIH‘{
?gzm‘-F 242}1#}—‘ ?P?Z;f}
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and " P1n++ Pzn+2 P‘"
F ol g R = P _
g — -3) 7'?'3;2"+3 2 ,3$zn+—l 4/},3?;»4 /
_ Pt e
4/0 l$2ﬂ+5 Zgzn{-b- 4 znt S5
Therefore }
P ¥
© 2 2 )' J' _n /
= Dy lde' 9 (14 R)= ——
ad oo P
s o2 55 g = My L
% Tsn/’?l)",,z,.,-nﬂ ’ '”?/—'{f 2) / 24
d Foe
an w o0

_d

@ 3 ;g? [ do' |4 /ﬂﬁg/g) £14__§_ .
7_;//?3) n+1 ) 33 3 /6 /; 6F

Then adding Eqs.(180-182) and Egs.(187-189),

T*=32 .
3 /6

Finally putting Eqs.(174, 190) in Eq.(156), we obtain

= 96§B)+16 setp\=
b= = L)

Note that the logarithmic divergences conspired to cancel,

as they ultimately must.

(186)

(187)

(188)

(189}

(190)

(191)
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Chapter 8

CALCULATION OF T4

By definition, Eq.(70),

,
7; :4"7_,' JGla’kzﬁélo’X . (192)

We make the following momentum assignments in Eq.(192):

p + k/2 T
N, =p' - q (193)
p-k/2 N3=P-P'

We first note that

2 (L) = L %L 190
Ko L5(Pr £) Ji=0 2 p . (

Then using Egs.(74, 194) and the Feynman rules in Eq.(192),

T=4-{5e°7~) j P T;‘IXJ'PX XPX )[o’ Xx NWXNI)
* em*) (2t ; Nt N
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where
= T, +% t Ft
= 4 12 2 22 t.,t t (196)
- NN P e /VNzP'/Y;.ﬂ
b= e LaPLI Y Y WYL NN IPRy = GNP, (om
=T LI PER L SN LI, 5 0p ", = ~ 64N pp's (198)

= TR L IPL LN 00, 8 W L N, K0P = 6#NINp'Nep,  (199)

tyy = = T8, YPL LN, IN 5, N, X, YN, §, 0P =~64N, Nop Nop!

A {200)

of ’

b, = TroNePLLIN T IN LNV, 0P, = 6# N Np NP, (200)

f

32 -7;-%6‘/’0;2:\/\/,“3/\}1 XN XMzLxsz’,\XPIXM =‘64'N22M'P1M'P ’ (202

- / ! !
ey = TroPgp, (oML 0M, 0 SN, %P, = 6N, Np p'p,  (203)

Ly, == Tr QIPLE SN Y N, Y0 L B 0P Y, =-CHN Wppp »  (200)

where we have used Appendix 1 to expand the traces. Putting
Egs.(197-204) in Eq.(196), then

(205)
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so that from Eq.(195) we conclude:

7;=o . (206)
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Chapter 9
CALCULATION OF T5
By definition, Eq.(70),

7} = §Tr cho) K:}) G“”X . (207)

We make the following momentum assignments:

N, + k/2 N2 + k/2
* N,=p-~-2q
p +k/2 p' + k/2 (208)
N, = p'- ¢
Ny =p-p'
3
p - k/2 ) p' - k/2
From Eq.(74) we see that
/-
ol ;2 - = —/ o
| 2p%
is antisymmetric in w4 and « . We proceed to show that 7}-—:0 ’
by showing that KJﬂ "7 has a vanishing antisymmetric part.
We write the antisymmetric part as
m ¢o) I‘H (91 ¢0)
(K6 )y = LI1k"6=0), ~(K6™),, | . (210)

Using Eq.(194) and the Feynman rules,

(9'1 -ro . / /
K. 6" o J‘,/z—;-';-":z E %?_/L)a&a’l/;b’”{%ﬁ&;-—

e

a*A//

{ (e MMt . o
2
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The second and third terms of Eq.(211) are symmetric in & and
& , so putting Eg.(211) in Eq.(210), then

{

(K 760) e o€ 03, 0,0, Yy 9P L, TP'E, = 8,0, ¥, N, ¥, 3P, 4P
v #

VO

] / /
Fhe UM L, Yo 0P LIP T, = X AN L L P Y 2P,
or employing Appendix 1,
( ;4) 0) ! ' ' {
K68 )y o< -2 8N, 0,5, 0P 43P, +2N, 00 3P 1 4P 8
14

-27

(-4

X%, 8N ¥P'Y, XPXA F2Y, 5, YN YP rxpag\
ol ~IN, (¥P'Y, 5P, +8, 0P Y ¥P") +IN (P LIP Y +Y, RIS,
0, (4P YN, §P Y, +2, VP N, 1P)

5 (0P S0, 0P g 48, 2P XN 5P
oC W, (5p'q, ¥PE, + 4P, 0P LyPY, 1P, %00, P’

LI IGIP 0, IV 58, IPLY 50 Wjap -, YPWIP, (213)

or using the gamma commutation relations, Appendix 1, and

noting for example thaté@(d is symmetric in & and « ,

“*’ '°’,y) o WN(IPYIP Y ~aPyYPY, Ji’a’b'/'d/ ~SPY AP Yy

LE NP SH TP Y =5 SP TN TPy -, ¥P YN, 8P Y, =4, 0P SN VP U,
A

21
~0o - (214)
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Therefore

TS =0 - (215)



65
Chapter 10
CALCULATION OF T6

By definition, Eq.(70),
"

_,; =T YGMK(”GMY . (216)
b

We make the following momentum assignments in Eq.(216):

N1+k/2
HI_:P'Q
k/2 -
p +k/ N, = p'- q (217)
- -t
b /2 N3 P-p

p'=k/2

Then using the Feynman rules, Eq.(216) becomes:

2
T =274, L | 4% "NHVFLJTLXJ-XQ( I )
6~ " b Ja e ALign i e gk

———————

Hiyp g*N* a/( ,;(wn))

I I |
RN, i Na’“ak«(swpaé))_)' (218)
We note that
3‘( ! ) ¥P
el VT S (219)
KW+ L) k=0 p*

Using Eq.(194, 219) and rotating contours, then Eq.(218)

becomes:

']g = 7;'4. 7'67' , (220)
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where

?

=_’£ _,1 Jg J_’Z: gw,w;Trxpa;,amagaw,xnmzmvzaw Ve
9. 272 an* [MIN;.N;J?_

(221)

and

-_-_L j g g_@ﬁ Jag g3 TrIPLNPE AN, L3k, X, N0, W 3o,
277 *J)ane /A, lN N zj

(222)
Using Appendix 1 to expand the trace, Eq.(221) becomes:
£’=_ 25'6 _i dag @M Nyp, (P )" ’ (223)
P fr’ (NN

or using Eq.(217),

7;: zse )} j&;j‘.‘ﬁf[ﬂ{gﬁ’pmpp—2;/>/Jcavf/>wo/>g

+3%5p "<oopp o'’y - ¢ ppPcampyectpp’

3 2 ! / G 4 Y /
+ 22°Pp cavpp covpy cotpy -9 pr cadpyesip g .
# i H s pgtrp T (224)
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Using Appendix 2 to expand Eq.{(224), then

!

e L e i )

2 [rbls ;),,(:;),,+4?f'> NN
-5 0 ophlghlog) vog 3] 1a] 2]
3% Lophlyshlosh ]

— 56 /ey,
o % ;,',) n+:/‘lﬂ 49 9,(P%)
=9 f<i
e {
=2 T,
n=0o (225)
We define , »
g, p 8 =g ies)4 4 IPe)e, +3 1304, (226)
and )
1 0'3)+ 38 (pe) +518 p'4) = G IP'3). n=o
gnlﬁ’.?)=/g 3 40 ) .
(227}
g/l o

Then from Eq.(225) and Appendix 2,



e [t EEREXD R EXD AT
P 2R NN 1 LTS
LBV -HET N VD) v3
LEENENES 4 (;X YAt
FEERET 4§ GNE MG
FEEN ) ’“{,Dm SR
(S EEN )
y‘f-f YA E N B g 5
L@ 5N (z29)

Evgluatlng Eq.(228) in regions R; R2, and R

3’
3 5
3 I p'3 3 P :
o'y R :Zﬂf&-ifi-' P - 229
g(l% ') S o I Fb /(og,p" /b P é’p‘*g, ¢ 433 (229)
-
/(ﬂPI;Ev ’
‘ 3 5
-0 311.8‘- | ';77' | P _ 37 +iﬁ_
(PyR)=FEL L il ks s Y
— 3‘ + 8 /b 65 /6 g ¢% p
g ! /i3 ! ? # o 1 230)
.—QT'—‘—:‘ 9
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and

=6 \ o \_ ‘lP 3 rP | prpt ) PY A -
7@R3) /bf"? 8/;:43 /b _gf +§F -;/_\'_75-}—?#5;0' (231)
Putting Egs.(229-231) in Eq.(225), then
el /f pRje gt o
b G ) / P* AT ¢lot)
56 /ofg 2'/ M
60/{?,_)_ 270 ﬂ) 4$ aa,aqc,(_{/q) z / L, (233)
and
oo 256 oxc/ /J = 25646 L4, M -—5-—J .(234)
7;0(/? - /_)?— zn— 4/) _7?/#.2/(] ,01' 21:)/.32 P 6(32
Adding Egs. (232—234), then |
2“’/ )/ jﬂﬁ) | (235)
2m) [ " gtem e p
From Eq.(225) and Appendix 2,
n¥ ;n+ n+i 9— -i 33
’Iof') (F_} (#) > [ ﬁ pr J/p‘s 2ﬁ‘3)/”+/)
4 P
(>($/ p3+a/: 3 ) (236)
[pra &R et ptp

Evaluating Eq.(236) in regions R,, R, and R
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n+l -t

_Lgp 18

antl

r A
_1lgr

-, . i P
?’,/P_-‘Z R,): /n"'/)[;g/,zni-l g Pzn+4'

b
/’lzn-i-} 1 F’1”+i . [ P ne5
LU S EERTTL?

—!- pi - _i $P,Zn—/ +L ?3/4'1’,-—/
§ -fLFM 4 Pzn-e-z- S ID?-'“'"
L wH3 +5
Ly L G AN € )
g 3317 (7‘-7(L5P1”*7‘ g 3/31”1—"-
114 2n-1 Zn-!
, _ ‘_ P' ‘—‘ I?I ___L Pl
gn/pgkz)—/nu)[g P‘,‘L"’H +1? —ran 7 inu-'
p F'zm-j / P'1n+3 P'lm.y
J}Pz ;2”+3 —X— $1n+f Flymgzn*f’-]
+l lewln—l‘. _L F’M-' 2 _( P'Zn-/
& jznd + ?zn” X/;‘_;Lz"”
A+l n ‘
P SRR N it +‘§l' P (238)
s 4 wnt§ L Saidd
9 P 3
and
nt2 2n antl
e — 1P 1P L_P
gr,,lf 2R,)=(h+1) +/i,$zn+3 gp.?zw i priginl
—L P 1 P L gt e
$pogT 8 g TF g g g
an+ ¥ 2042 i1
e A s
) ” . n 13 an-/ ”
SRS PRy Eprgpert
~-L ﬁ' n [ ] anz 43 2.0_1
. ST B 2y A (239)




71

Putting EgS. (237-239) in Eg.(225), then

Ll
%CJR‘)" ;s: r ,,*,m:]‘{”/‘lf; {”R)‘ 22 “//32 5"/) (240)

cO o s 3 )
' :.-.-'..Z.iél i"—z L [J ‘q :—....'_Zf.‘_’—_,_ 5- ’

N=i ¥

and
o0 s
1

Z_T (;?3)-- 22l °‘°}'§);+i, J,/q'” /M&J-——“‘ L /jzf/)j'/ﬁ"’ 3) (242)
PP

Adding Eq.{235) and Egs.(240-242), then

!
7 =0. (243)

Using Appendix 1 to evaluate the trace in Eq.(222),

we obtain:

Tz_ zse uo ]«?f/ [@ ,'tz/}"/”"3)]2["’{0"3)]1
2

6 7 pepip-a)e-2)*

or

7= Zw //J /_ﬁ’ﬁ "—”4[3/’,004?/’ 2y e eotpy

L

+9p" g pt

/

iy -2 e gy # P g e pp

-2’y eopy oy s P4 ety ot ph 20 onpp ey ot

1 5 2 4042 / !
+PpafP fy /’,?) /ﬁ,/,.)llp'—y)’//’-#ﬁ

(244)
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Using Appendix 2 to expand Eq.(244) in Chebyshev polynomials,

ve gt
T=- 25 (2) ‘Z o fJf 3/ ACKTIIN N
Ao !
R AN Y R s N P NI
25 oy [vsh (o 275l b s b33

~2pp%y N’) / ) / } +/71$/D(/pf,’[149'3/n F#)h]

=Z Ten . o (245)

From Eg.(245) and Appendix 2, we have



13

G0 e N LT )
f%( XENED) - (E)E)(ED
P (ESET) ¥ 2 (B (E) ()
BTN+ REMEV GG
,; ';ﬁ L s NS (N ENE)
- PEENE) + B ELENENE)
4+Pa{£l)( VG- 2 )N o8
»g(ﬁﬂ NEY+ 2 ”"‘(,s”-)( NE
T /9" 2 (EMEY e PH{7) (EX 7Y
r A r(EN(EXEy - 228 <,%>n,><*’>
-~‘-f—<,,><¢><ﬂ>+;2—;.? e (LY

/e p X:t {‘E'> ,i {@){%}{%}3
/ep ,:v)(’Xf") (246)




74

) 23 -Lf.’.-l!ii _@_%3__:/
17e)- ’-/IP?/(?)( 25 2t

TGIRPY T +¢~—-P¢{?>++~’f$<£>*’)
+((£> {ﬁ)_') ?FF 4} Lie )]- (247)
A K PP N
W) ey L i 3

G oA T (o o) A

and

50p's)= ll / P;P'(w__> (_1{}) (249)

Ip=

" Then evaluating go{f_g’ in reglons‘Rl, R2, and R3,

/Pl—F‘.L/ {6 4 /b /’L /é Pli /b g
f 3 ¢ '3 .3
G lp' 3P, appt e 3Pl 2

(251)



and
Gl Ry) = LS L PT 1P PP 3 P
j"' & p'e® ?P'ﬁ:’ /6 g ¥+ 42 /6 ';‘5-
e P W S 2 )
/P gy ! Iepre e g3 /e TeF T i

Therefore

T [/2 - 256 } f / ¥3P 3..%..._. 3 Iplg p13
1 /[ z.)// + b Pt /ZE"/Z;S/
/J/ (S0l 3rs 0P, 507 1
/bf_i /é P‘* M’/»’,‘t /bﬁ/’ 3773/71 |
P 256 _-‘ {_wlmf I PI) 3 P’3
P¥ J 256 /zz j 6+ ¢ p* 8;‘ /élp A’,o Il z)}(253)

T Tr,)=- 256 «o ( _3_./3_.1—.’__}_’
6 ,o‘*zrr /ég 354?9

G

3 °F
(b

N

/]
g’ /"3+’”'3P+ 9'”'5:_’12/)
/(a _?6' /6 g /6/0?5— / g;
= - 25600\ (9 , 23 6!
Y — - ’ (254)
P ("—") 28  3%¢% /z/w))
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and

- 6 ./ + ,3 ¢
to)= 7_56 N L B 3PP L PP P
T [/ J[ T z)//éﬁ #3 /6 23 +/6 ?'} +/6P/773

"/" ”ﬁ S Y W )
4 5 g8 ﬁF b g% 4,9 /6 45
A R ¥ g
PP
[~ 3] + 2
.-.--’i?ggz[u +¥+jd, 4P 5P 3 p
::F‘r 271‘) 1266%) 4(b%) -2/32 _?S 64 23 32 ;L

In Eg.(255) let

2
- P ’
7 pe
then
f 5
3
T (/2 — 256 d ] -l ‘- —[_ﬂ --5— ,l
3)=- p* ZII/Z;Z/H) 4{@4—) p 32F 32 pt 4¢ >
o

3
gt 3P PY_ 9. (256)
+@7’f7 /6/)2 lﬂ/’l p?./w"]

We now add Egs.(253, 254, 256}, obtaining

2__:256/ ;2‘_5*_9{_13_@:*_//1_—_;:
256 128 128 354 24./4,4) 12(6%) 256

L4 pl L pr g pr
* jdp/b?‘,o 64 p+ 65‘/76 +6T/09').]

-..?-_21_0{3’_9)1_;‘_ S 42 423 _ ol 1 2

~ - Y. + L. ’ (257)
pr 2l Lase ;o9 iy 38‘1' (et} 12(6% 256 .3!?]
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or

TZ=—§'§/33 oy (258)
From Eq.(245) and Appendix 2:
j;/f“z) = 9,04l +§7,,, [pfi),pgw(p‘g,) , (259)
where
2 L .42
(nt1)” [pr-g~] [p* ;’»';7 p Pt
(P L
g "= /67/: /P:Z.gl//p';_ﬁz_/ { ) (3) { ) (260)

g,,(0'%)= ey 51057 (1)// P '_?__._lj.)/,a Iy )

lpelp-¢Y (e |
3 -l 2
ty ot fﬁ——;:,s Y@ prasfe e
and
n+l

g (" "{')(?)nf(:) ps’. 25 f—%—- L L)) ). 262
Indt 4 ey [B-5 e, /() LTNE)(5)) o622

Or evaluating in regions Rl’ R2, and R3:

?-n -4 zM-I wntd
— (P,-‘F‘Q:)_ {m—l)? _ 2-3__: ._?_...- P
?”2 - nt w4 ant %
P p P
2n¥3 l4+$
...f,'.:— ) (263)
nt 2 3 2"1!-4-
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b Ay e BRIl —
Py g

7

Iln+3 ,7-’“'3 215
-— P P ) ,

-l __'
j,, U’?-l? = m*”/ pe" P'zn /’/"”*’ ZP’I””
2
P

nt < 4 P
. lpz_?'z 3 722.:4+5' o ;-2,”_5, /

2nt2 n

| ? [F—?R) (ney*) P2" P p , pipth

(264)

————— S

16 Tpidganl g3y 2atl 2nt] 2n+3

f' 3 F'# F'e )
- P’PM + /p‘P'M-I-Z) , (265)

2n+3 | 2a+l ) -
y //0-?/?/) (n+/){-l_/_"________ 4 P 3_ L P‘zn I+_L Pl:. ./9
Al gpznf-? .1 /,z.mm- 8 -‘l/’m 4 “anil

+d /an.ml—l / P,ZrH-J / F(‘Ln-}-;
2T I it s

’ (2¢6)
g 3,20 - A
# P 4-ﬁ310?. 2 7‘;3 2-n+‘i‘)
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%JNR = (n+l / pr™ o e
pu—— - P l )
p gz.hi-l '8_' jﬂ-.} > P’Ln_‘
3 20+ 3 3 ’ ?zn*l
F _ ( /,,z-n-l
8/7 3L”+3 ;.—_—_ —, P“z.n+3
P'a.#zn—l Z
N P,l P ?14*5
; | prpt!
2nty 'y 4
.;Z 8 ¥1n+5 ) ’ (267)
g (5 R,) = ne) [+ L L T
Ly F | Pzn+z an
3 ZPI an+{ 2 - l .
! pzm-f- 7 7 /"3?“’” Fpigtn!
—5’_‘31 -*FPer-z f$
P"""—’l 2 -nl'f'j 2 -2—17:;:* +§l—~fi‘-: \ (
, 268
?n,,lPsu?)— 1/ gP’ n- antl PI;ZW/ |
J gp 2nt)
P + ZPJ__ 3 izﬂ"/
/: | f)'ln+4' QIOZn*Z. + g P
‘2'”.3 Pzn*"'
_ Plzn+3
gapzrﬂ-&.—— 20 +% + P’M*F
n
9p 43p* """ ) ' o
gm;[/p 4R ) - p*t 2t
. _ P F,‘w-l z2n-!
; 12 b
2n¥3
4 2 ‘
_ ,2at3 Izm-j ? ’ gzn ,
) gzn+r 3 . /7_n+5‘
2.2ht+3
P F‘st"”*")' o
gm’[/jg 3) ? ’zn+2. Pzn
3 _ ant
/0’ ngH'I P, z.n+l+ 27 pzn
- 4 /,:;Zzn +3 * 3
n )
s e Py’ {
gznr‘f — /)/ P?-r)
, ;izm“f . (271)
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Putting Egs.(263-271) in Eq. (259), then

Z_ T (R)=- 25 W jaf /A > g (P'sR,)

- 25‘6 < /8 L &3) - 6‘»"‘{‘& ) ,

iﬁzﬂ?z)*— 252 “,,H /‘@ dp* Z; (PR R,)

n=¢ ©f P* 27’

= Zl:;b /8 4-[69-} ) ’

and

n=

b 3 -
=-%= 3 )/35%“ e %s‘))
Adding Egs.(258, 272-274),

7o == %15 (56~ 3

Finally, adding Egs. (243, 275), then

6 ,o‘?“ ZIT /f/)~_~)

Z C(Rs) = 1"’( Z,,H Jffa?iZg (P?/?_;)'

(272)

(273)

(274)

(275)

(276)
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Chapter 11
CALCULATION OF T7

By definition, Eq.{(70),

o) (Ié) €0
7;:.-277']6 /(c G .

(277)
We make the following momentum assignments:
e -d (278)
N, =p'-q
= p - Dt
N3 Y D

Using the Feynman rules, then

T ZTrb'—-— 4% (je2) 9 ! ) s 2.2
me')qL (zn—_-)% X Jlg( ()WA/“‘) X)f/‘/ /m/ff/)

OJ é / )'/' / a ) X‘-L { .
Aok, SWAEN 5 a/f‘ S¥IN, +") "’)rf""o’f'* ¥P 9H
{279)
The first and third terms are egual by symmetry in p and p',

as shown in Eq.(121). Further, using Egs.(194, 219), Eq.(279)

becomes

- [ 2 - (280)
T
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where
) Jf/J Jo da, 3N, W, Tr §PELYPY,  INGIN, G 0P Y, EPY, i (281)
? /;9 2r 2 )50 _/N"N Nz)?-
and

7= P"/ /J,/ dy [ty [dag 32 THPSIPHIN B IM BIN 0 ¥ 1, ¥P 8,07,

2i1* ) g% /NQU?.N;_L
AN (82)
Using Appendix 1 to expand the trace, Eq.(281) becomes
T =- L28 [ °’f’ dty fday 30N N, p' N=2p PN Py
7 _7/ o n—'n. [/;P/D v ’OP
Wy
=2p'p"H, "/] (283)

or using Eq.(278)} and expanding in Chebyshev polynomials,



‘2‘4 j":tf"ﬁ[‘*w P )

2
2,13

_?szz” [oshls besh ‘*&PP/N) oy )
+agpp | )/ ~34p'p {pp/ {o;/ //f;)

*'7/3'0/ J h’ﬁ +2(’PP pp } /7;.,

“223/”#(”/,,/ shlogh +2 fl/’/’/ hl //Pin
Yo ORI | oeh 2977 [rebliah (o
Woekloeh ] '

(284)

We define

Gra?#) = T (P'0) +4(0'0)8, +4,104)9,,
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and

[ g,r) #3565 0'E) = Jul's) 2=0
gn//:ﬁ)— W& n>»>o
;//M) ,

.(p'g) = 1 '°<,,,><3 ey + HENEHED -1 L ET I
LB - BN - (G5
Yl vit 7 2L(ENENEIEENTNG)
HENENE) - 25 X%@?‘zﬁfw{ﬁ(@
a,;',f;{ mm%'#—%ﬁ) £)-2 S0

N ENED+HENENE )35, A7
LE(EV Y >(£ HEE)4)
B EREHEG I E) MY
B (ERE S EENEH NG

(285)
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We divide the region of integration intc three regions:

Ri: p'¢ a<.p

3 B
o, __f_‘ft___l__f;___l_f_‘--_" { ) 287,
JeaRI= e g e 211’“/’") (287)
ot it 3
7_0 ,$R1)=£.£+l.f_ﬁ+j_'_ . (288)
T R
and
T/
_apt TP, 3 P (289)

Putting Egs.(287-289) in Eq.(284), then

s3 )3
T(R [fd’i[ / 7‘/»3, 2/3:: —‘?f;Fﬁ

3
1"[4’/9/4732[ ,,L) /;‘9' /D'?'))/ ,28)/2;40 “:32 27) (290)

o P

e {4, Y ’ (291)
[ /) 5 ;&—)ji! P Julp's 2, ——-/ )

and

-2 0]
— - s 0(02
] (%)= Lzé.’/g;) 4/3] 0, (P8 8,)= /g = /’; . (292)
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Adding Eqs.(290—292), then

l20 = {:;: 2-,,-) . (293)

Further, from Eq.(284) and AppendiX 2:

n L ﬂ-l’lplﬂl’-!i [ ____/___5/:,_ 13 PI

/ /
AR 2 -i—?"z) ] (294)

zn-l lzm—! ’z.n-fl ,zm-l
qq/,ozk,) 2 RN S . Vi +i_’f___._iﬂ:n:i , (295)
$P2n+'2. 2 Fzm-'l. 2 .?3?2 2 ?5P‘LIH-L
2 'u-( antl 2nt |
”(p’gﬁ)=—/ P ,0_44‘ P’ ,:: +.! i’L/" " pw+3
7 Fare 2 ?zn-fb gzmrj 2 ?2n+1 pl .iz.mf.f Z#z"*r (296)
and o+
n L 2
-"/f,_? j 7. w pz.m- o Pz-of-‘r __.L/, 112_ (297)
; 3. / 4?'”*‘.3 /ol.cf'le.j ZP, -?lﬂ'r} Zﬁ_?!/)-hf 2 41’"‘3_
Putting Eqs.\295-297) in Eq.(284), then
f T' 17.8'
(R)=——% ﬂ dp’ /‘-ipl
h=) 7n ' P? 2’” ey ,HI g 5'4/
(298}

128 0(0) {‘/_ 5(4/3 ) ,



___5 &}z{éﬁdm"j}_\ ’ (299)

and

= 128 a5 L ﬁ /J WAL
,,-_Z,Ln/&): /27r Z—m—i P)etgnl =

_ 128 e _ (300}
st -2 ).
Putting Egs.(293, 298-300) in Eq.(284), then

b 96 foge)? / (301)
To=-2x () (f)-2)- |
Let us now expand the trace in Eq.(282): '
Ts Tr8PY, 00, IN, L 00 SN NS AP T 0P8, - (302)

Using Appendix 1, Eq.(302) becomes

T=- 817 IN s, 5,5 50, YP P Y, SPSP". (503)

47

‘We row employ an identity of E. Caianiello. The identity is:

¥ yarBscEDY "= Tr (tA¢BECTD) (304)

if A, B, C, and D are not all linearly independent. Since
p; p', and g are the only linearly independent vectors in the

problem, we can use Eq.(233) to reduce Eq.(232) to

2 (305)
T == 8/ Tronangp?)” .
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Putting Eq. (305) in Eg.(282), then

7.
.F

- 128

“'-——-—'

2

/z,, 2 NWWJ"PP oo by~ 8pT oo prcotpy

"3P3/"*$ M}P’mf’i‘l #2ph y cadpp! = 4ppeadyp’ + 4 p7p g o pplmp
1 493 casapteampy + 4%y eadppcaspy + BpTp g teompy contp ety
~1pp s e ppspy * FpTor%g coopy coopp’ = p7p g Peorpg Hpp <A

3,32 / 2 )
4y 2eac’pycanpp’ + Fp G P eappempp = WYL AL TN

Fip gy coopp’ ~ 'k pcerpy tpp = AP P e

b5 TPy’ ~23 Py $2E el
# 2 43prp coopp capy +pH?-2 /o‘j'a""? ctply

- 2pYyearpy + PPy P PR RS

*'D /J mP’?] (306)
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We use Appendix 2 to expand Eq.(306) in Chebyshev polynomials,

hence:

T= }f“ m/ 4"’[*”1/}7) RIS AN )

arr

355 ;/,,,,H,,g) ,:;/ #4535 b s (1)

Pl 5 M R Rl il )
%53 oy [ b [ “) R SN BN Wy W B R AN
T NN W Ry (N N ey R Yo R ) Z
O TN ) +p“*,:;)/“1 YR MR
o0 b (ol s =t s i [T ),
“2p%° o Lo g, +269 12}/,,,/ /0) fof b (il los),
B MM o -2 ) S
8P lehlpgh [esh 1250l &’;J /,:',3/ % 1l ;;/,,]-
= /“’f”w/ﬁ) -

P44
="
=2 T . (307)
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Again using the same breakup of g as in Eq.(285),

P e [FEE I EE) NN
HEHENENE) P TN 2 (B ENE) ¢ (ESENED
2t vast A AT YAl (BN T Y
_f_'f/_’ L)Z{_?)(j{i {/’i L SYLNSIE) or /ﬁ){#){#)*f’/ )(,f)f;)

e Z(ﬁ;{ﬁ)rfﬁ—i e I A i
'i{i)( L) + el BYTEXE) 2/’{5‘—/,’5)2(5‘/)75)2
BN ’z(f?)]/g){é) N

Fep LY 2,01{%){1’—)(4) 25 VENE)

L (BT 2 ) £ 5 7r4)()+—m(f7rf'>fé>
+—’f—i(f-){/7(ﬁ> —34"){4)(9 NN D) (EN515)
-2paf 255 ——mrf) «ﬁx§>-szz(”zf£) i(f){ﬁ){-é}
LN -G I (R 8 N
HEEYE NG )2 (ﬁxf)@ NN R LGS
FRERE) WE) s (EX ) VY2 XN e XN

(308)
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¢ ﬁ'z{ﬁf
| 3 ’z—ﬁ‘;;?%{j) jlﬁﬂ-{ff
r -/i){ﬂ P 3 () 7
2 1—""{4 ,1(£)+/7f‘7
PN Ly 7 it
z/zti{# ,zfd)??;T? . )
T Ot Yt X
[-;7:? g T2 O ,d)iz-&ﬁ 152 pENE
‘j":dl)z :‘—3:”'” h A 7122'2%{3:) ' Pe jg‘) (? ;—lz)/ﬂf(#) 5
S(/’" 4 zpl(ﬁ)z(?) P I)?g +2 ﬁ- ,, _3(_&)27L/0 4 /1/ 2{§> -
*% ? 2) PP 2/p ‘+Fl{1‘7) %z 4&1(7) z'(,g’}z(';'f)
Y ,Zﬁl‘f‘z {zli? Z'z_'é‘# N /7i/
FPL( g ) At Eﬁ - g )
7"25/37 ﬁz’_sz ¥ zﬁ)z_lp‘{g ¢ [’.’){3) V4 21_)(?
:2(%>(4> zfzs‘(éi){? y z{ﬁ _;%;I{? /2{1)7:_2%?{5"
! 3! _ﬁi)z(—;i-) ) 7,5:_ 4)314/6 l{ 5;,} f/’ I 2_@ l(g) g/’ J 2{ £>3 2
'z%"(?ﬁf-ﬁf'@) ( (4386 Z;B e ffz{g’){f)
;I"/z“l‘ 2ﬁ.’1§‘ '2 ~/a/3-_{1+
'2-7P (’#—>2 ﬁ)z" i%'ifst)? Jo_>2- pP/( g-){j v gl(g) (5;) / fgl){f)
3 /’I}{Si' 4 _ﬁl){i /3r¢) x7 =4
1 LT, (4 £)14)
P , 2(£> -Z”P”f /lz,ﬁ)-/’ y 3+1pg{§c p
‘{é) ? ?.P lﬁ.) Y:’)‘ é’){?_) Z 2 /){4_)
"24p y 1(/))-}-377’ gs{ﬁ)BﬁLP?r [)3 fjj_(y ,(ﬂ)?'
1/ ¥ I\ - r 2 7 4,
+PF (47 Y inff?> ’ 2 Q(ﬁ) ('7 ,(L')?{%) g7 K
2(—74}(1‘7:) 2 $3£’_72(£7 3/;;_,)?(£)15f * 2(/:'){%)
& Nt -2 Vi
eV /z.),,/ (2t |
*Z%{f’ f(”f-”” f)zl(éf” ¥
? §/0s 2 3{’?
kY (’q'/,, oy G
2% (7)
1

(309)
27

28]
—fT
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leg)—lp TE 4’-1 9 (_ﬂ)(ﬁf 9 P’P(L) (ﬂ) ) p?j){ﬁ)
+ 2/’1(&) (ﬁ) +-‘~3P1(§‘) (77 - AL Xyﬁ 4 Ppl(g 7{;7
+2 pe (L) e (L) (L) 2rr (Ve 2p(E) 5] 10

and

I o 4
1r'4)= Wl 9 (&) )

Symmetrizing in p' and g, then

13 !
T (r)= 128 [ [ ajd:-i_ﬁ_+_l_f’__ 1P
L 'F"”/”’) ,j’: f/q'P‘-‘L 474 +2P’$)
P P 3
+fa’f"’$/-—‘°' +— if_'?f_isf’]
0 fl ‘9‘;1?_3 (Plfz) 7' /]‘7“ q"/)z)
= !.3..2 ol |/ (312)
P (TW“)T ’
a P 3¢
TIR,) = 128 (o Uaﬂ'/,_f;’ﬁuf’ﬁ [ P2 3P pdt in
24 =1 )3 —LEV Py 2R, 1 PR 1 pp
S O S ‘ff?f%wg-}
= 12¥ e 12 1
/ﬂ zn) 1 (313)



= =% [He J . (314)

Adding Egs.(312-314), then

7-1 25 /28’) 7-.
70 p¥ / (315)

Further from Eq.(307) and Appendix 2,

n m-l n+) P nH
py)= (B VY 2P

9 sra[{E)-(E) KE)-(5))- 10

Ip=g%l P-2*
Then
.9.9 zm—!
L 7—1[/2:)— 125 d°
h=; #n P‘?‘ 217 ”“ zn+l

__;g [l S%)”-) o



@ o F 2+l

rA 2 /ol

ST (R)= B2 L idydp’
Nz 7 P‘* 21/ 2, htl 7?zm-,}
P o
128 ot 1t f L~ L),
- p* Zr%/ /‘}'ﬁjj "‘)
and
0 © an+e

=7 / ) IPZ: ;?)Zzw n¥i jdpf J"l/vfa"”3

n=1 F pl j‘

Adding Egs.(315, 317-319), then

e S in-£).

Putting Egs.(301, 320) in Eq.(280), then

=L [(%)* .
7 p% 277)

Observe how the zeta functions cancelled between T% and 'I‘%.

(318)

(319)

(320)

(321)
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Chapter 12

CALCULATION OF T8

By definition, Eq.(70),

2}

T =4Tr 06 L1pp 64 ¥/p* -

P

(322)

Using Egs.(58, 74, 75) and the Feynman rules im Eg.(322), then

T =al I/ﬁ jel (4374~ 3,9P4,)(B oy +2p 8P B s, 10-3)8~4,8e-004, Vs

Let Kk = p - g, then

/

2 )

T =4 T,./ I% e (4 YPh - X,,VPY.,‘)(B(;‘)+2,%JPB7P‘))(&,M6;- IRIAIA
(m* 2p* lp-k)? B

or

r= 163 BsY [atg THLaPY 0 PLNG (8, 0K - 4 ) {g
P Jo)? (p-k)2k*

P*o Sl it

Using Appendix 1

Tr/b:,arPa‘—a;ng)ag{a;zm;-z;n@)ag = [9Upd

and

Tr (L aPY ~X YPE)¥P(Y, XK ch‘-{(a'/%)z/}’ = 96p K-

. z;ef-g“;;;y de eGPV, =Y, 0P0 )VPILIIGL, - LORY, )YP

(323)

(324)

(325)

(326)

(327)
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qSO(S
2 3
[ ] 5)’

T, = -9z, (85 ‘
’G (p)+PBipm) 1
i
| (328)

Final
ly
puttin
g Eqs.(82-83) i
in E
q.(328)
s then

) .
| (%29)

T = ~1288" (R
P (870 +£B
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Chapter 13

CALCULATION OF TlO

By definition, Eq.(70),
7,;=16,7,’o=)Tra’PG:"’K"’G;"’XP . (330)
Using Eq.t74),
T o< TH42P4, -4 0PL)P K6 yp = 0,
or | :

=0 - (331)
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Chapter 14
CALCULATION OF Tll
By definition, Eqg.(70),
7,; =Ir b’Gl“’"K")G””X ’ (332)
or using Eqs.(74, 75),
7/; - 2T Jéfos/{mBu)G:o)X ] | {333)

Using Egs.(74, 75) and the Feynman rules, then

~ v ot
T =21 [44 6L IPE-1 8PU)T, B p-g) 8, V1P-£) K= 4030000,
+

fom)* 2phit gt 2/p-g)%i®
(334)

Let X = p -~ q, then

T ;._27-,,‘/& o2 (6, 4PY K0P )4, B0 (8.8K8 ~ L ¥KS. ) e
q-
)t ape-nskt (335)

or using Eq.(326),

2
T =26% 1, (336)
P‘)-
where
7 = / % Brapk ~ (337)
LA TP o
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Using Appendix 2, Eq.(337) becomes

Lar "“B"’)[/,f )E)-

/ ) J r)
= — _,._-  — JK-—~—- Bk . (338)
/blf B I /em?

As we shall show, B(2)(p ) is of the following form

Bl = Ak +6 729

where A and B are constants. Putting Eq.(339) in Eq.(338),

— [ |4 L "(Ah«f—@ﬁ[a /Ah/wg))

2‘/4
° P
B(z}
-/4/wP+B}/6” = (340)
Putting Eq.(340) in Eq.(336),
T = 6+ B By (341)

nh

/24'
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Chapter 15

CALCULATION OF T12

By definition, Eqg.(70),

’ X" ’ o
o= (#0054 95 Blpy - 48(p% Blp) ) Tr 2PG 't .

Using the Feynman rules,
TrapGmyp =L .
fﬂ

Putting Eq.(343) in Eq.(342), then
2

y rlu 2) '2’
7;'2 = :;.(-: /Bﬂ*) +p5 (FYJ - 8 (p*) /3(/;72)) °

(342)

(343)

(344)
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Chapter 16

CALCULATION OF T13

By definition, Eq.(70),
= (2650 Bipy - 65) T- 467 .

Using the Feynman rules,

T- 46 = 3 -

LR

Putting Eq.(346) in Eq.(345), then

__§_ ',‘z) m o "(ﬂz
7;3"/)1 {"beP‘JB(P) b[P )) .

(345)

(346)

(347)
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Chapter 17
CALCULATION OF T14
By definition, Eq.(70),
u1 / ) ‘o
T =-%b7) Brpy Tr dPG™YP . (348)
Using the Feynman rules,
TrepPG ¥P =-4 - (349)

Putting Eq.(349) in Eq.(348), then

(350)

7"
)

T.=166% B -
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Chapter 18

ST, in TERMS OF pl3)
Using Egs.(52, 53)
(1)

b= (548, = B02pf + Bpl)=o (351)

4
u)

-25 mUP +4B )

(352)

/

(1 _

b7=0, (353)
and
';41 (9) (
=2p'B; x)+<;—13(f,u) 6p 3/,1}501)_123”1)5 07— 2p B /,;z) 354)
Adding Egqs.(329, 84, 331, 341, 344, 347, 350) and using
Egs.(351-354), then
{4
Z T = 6B7r)/Bi + Bm 5ir9) ~16(Bi%y + BIP }
P*
“—’g B"’B'Z’ptﬂse@“’/pt)wzs B iapt - (355)
As we shall see B(z)(pz) and B(4)(p2)‘are of the following
form '
() 1)

By = B[, L»” 2 (356)
lﬂl Z 1,1 Pz (357)
Bip)=B [ (L’;%)’L@f/”'/? +o;?]-

Then _

/3“’(/,;) gV %, (358)

FZ
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L/

Bh}f‘)--B ‘r“, (359)
P
@J lu 2%, pE, Oy
+ 2L (360)
XL [k 2]
an
w tu 26, 4. PY, 26 o, 7.
B {P} /’4 jn /7: _/":’] | (361)

% azl 7% . (362)

Kote again that the logarithmic divergences ln{p/M) and (In{p/M))2
conspired to cancel as they must. Xt is noteworthy also that
this result, Eq.(362), depends only on the coefficients of the
leading logarithm of 2_ ZIH This is important as we shall
not have to worry about ambiguities in 0, and &, . For

(2)
example in calculating Z one obtains different values for

0;_0 with the following two momentum assignments:

4 pP-q
if/:‘\’\’L\l [} m 9
p-q d
and therefore these must be reconciled with a calculation of
the vertexala Ward's identity. Fortunately g, and L, are

invariant under such momentum translations.
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Chapter 19
SECOND ORDER ELECTRON SELF ENERGY AND g,

By definition, Eq.(47),

fa} I}

B (py) = T

e
where 2. Jis the second order self energy of the electron.

(2)
Z /Fz) s (363}

Since & and p are the only independent vectors.in the calcula-
. X @l (2),.2y .
tion of Eq.(363), and since B/p"j is a scalar, then B*“/(p“) is

of the following form:

Bl = ap) + bipIYP . (364)
Taking the trace of both sides, then

alp)= 4 Tr B%) (365)
and

bfp)=o - (366)

Therefore, using Eq.(363),

ry Iy Ry (367)
{ l}: -— 7;— T-.—- P) .
b 7 F 7 kP /
Using the Feynman rules, then

(¢))

5 //o=)=~~’77——’— e il B 9)&
T WPt i pk)iK?
Using Appendix 1,

. | (368)

(369)
Tr Ly(p-10Y, 4P ==8p-[p-K) .
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Putting Eq.(369) in Eq.(368), rotating contours, and using

Eq.(83), then

@ ~ -
B/P‘)zgg— Bl (-13" lq-) > (370)
P
where
T = | dte _PK__, (371)
art (p-k)*
and
L= [dndte KPsopk (372)
2t Ap-k)L

Using Appendix 2 to expand Eg.(371) in Chebyshev polynomials,
L= 4““7%2/ ) w3
.-.-[Ak 4’”";2__ {7{’) C/,':/{/C (pK)
:=J/JK/"3§€>
P
=p[ Jut +j:’”;’f-]

= Lpi o, M 375
~2P+/Jlnf , (373)
‘where M is an infinite cutoff. Similarly Eq.(372) becomes:
=Jdpr LY M (374)
=lp gL Mo,
L=yt tiehs
Putting Eqs.(373, 374) in Eq.(370), then
V=92 P} ) (375)
B Y 5/3%/,7)#

Inserting Eq.(375) in Eq.(363) and using Eq.(83), we observe
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that
E:UQ“-__.__ & 1 2:&y¢7 ’)
y 32 )
which agrees with the mp = 0O limit of the well known result.48
Finally comparing Egq.(37%) with Eg.(356),
(376)

gl
—

2
) =
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Chapter 20
FOURTH ORDER ELECTRON SELF ENERGY AND o
By definition, Eq.(48),

%) (%)
B p*) =- Z(p) ; (377)

where ZJ¢)is the fourth order self energy of the electron,

excluding the photon self energy part. Let

4 (%) %) %)
DICDINE P I D I (378)

- (379)
()
s Sy

/

s et

where

(380)
and
- Y
3 - >4 ]
(381)
Accordingly we define
(%) (ﬂ
B, ()=~ — Z (382)

and

3
By = 2 3%y - (383)
ist ?
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As we argued for B(z)(pz), also

(%)

B /Pl) = ____ 7,'.5 /Pl) (384)

Using Egs.(379, 384) and the Feynman rules, then

(+) IT % o2 / g, ! L ,
B’/P:) {Z)T) ”zﬂ)?/ )"()d’/( )d’(/(".‘;) K %‘//;_A,)‘.?lﬁ;

/ a/'f IK k-4 )Y K . (385)
f/’ (2r)* /2171*/("/.‘( -8J KYp xj‘_g"

Using Appendix 1 to take the trace and Appendix 2 to expand in

Chebyshev polynomials,

Bl?/"" i"’:?.Z dedy xﬂ}/P',f,/ /gl( (;;

bnpt n=c

net b)) ]
>

6?ﬂ' zo (386)

—
-
v’

Then using Appendix 2

2 2
b /chs/Kﬁiz 7 )?K(i> zp/e L (£ Z;I*’(:Z>.}' (387)

Symmetrizing in k and g,

by =4y (5 {,7>(*“>---(«)(7>
T e )
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Define
("’ Zb //?) (389)

where b /% ) are the integrals evaluated in regions Rl’ R2, and

R3:

Rlz k<ge p
Ry: k<D< q . (390)

Ry p<k<qg
Proceeding then:
bm P X L v ,
()= j«[dz[a—/,,ﬁ//;) /”//i/ L) 222

=-—P , (391)

S0 Fufa B2 GIR1 a]

3 2
520 (392)

5”’//231 f@ﬁ«[ (el )2 T ]

=4 "J/n_’i ,
577 (393)

vhere M is an infinite cutoff., Further
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@ _ 1 ! 2 \2
b =—f4k[4 Kpgtmee (PN L 78\ 1 - 394
N2 # P ok {K>_,2K Kz " 29
Again symmetrizing in k and q, then
“_ 1L 4 /ENY LN, K PN SN (395)
b =7 ‘}K/‘Ilfk’(x>(/<>*§(4></«7) ’
Again let 3
b ):.bmm ) . | (396)
We obtaln
4) A2
b ()= P (397)
bm/ﬁz)' ""P +* me " (398)
and ,
@ V= Loty M L2 MR
b7UR)= 5 P /"75',*3 p /jwp) ) (399)
There are no further contributions to B(iz i.e. bgi) = 0 for
i ? 1. Combining Egs.(391-393) and Egs.(397-399), then '
2 ' 2
B(” pY = Bl)/_ﬂ{"g’h/fg—)z-é/’lm{}? v . (400)

Similarly calculating B(4) from Eq.{(380), we have

5(4//1‘7‘:‘ f /+ Ljd ! b’ ! 4 L+ (401)
P L) 10K )a’/}(-,g) dp-4) //, /{]lgl

or

0‘*}#) . ze,, cl*,e+ j A% Trolk-3)2P K-lP=g) . (402)
" Jen)) e g 1%-3)%(P-2)* (P~ )9
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Using Appendix 1 to expand the trace, and rotating contours,

B(ﬂ(p)__ 86 [;(34/(72472”44,22 (PK)= pkp;—kiPK+kw$ . {403)
6#1p*) am*amt K K~2)(p-3) p-K)'g "

Using Appendix 2 to expand in Chebyshev polynomials, then

Blipy= e > L / diedy [ PKY / Wosh
—m@ //;/://ﬂ/ “ Kbl // beeerlie eyl ]

B &, 4

b. .
S

(404)

Using Eq.{404) and Appendix 2, then
b= ow:[/;’ (B >+; LTy
N -2 F 1120 (3)
+-—’ )(;"}{;}} [3**"]_] (405)

Evaluating Eq.(405) in regions R;, R,, and R3 then

4) [ '
6201/? /@4‘ IH—)P , | (406)

(4)
/9 //?z /g&g 32)P ;P%’———’ | (407)
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and

b’ﬂ(RB) = —-p 24 M ) + 70"1 (408)

For n> O we separate the Kronecker delta terms from the rest,

hence
(%) /
b, “’)"" zJm’“"’[/e W_JE)

pr | ) P U o S )
2 f—- - —_ — - ———] ] 0
+e+ nt) mt>/ 32 //1+3)” J2 {m—l_)’- e+l ntl mt3 J (409)

(4 )
)= - o o [ 7 AN )

I l I ___._I_..,-.,_-‘) .-L ._—I-—-__’_ - (IJ ,L’_ M R
T2t 6t el o3 6?’{n-/ htl F=a 3zm+ol " 'L” J(410)
(¢ Iy /

ML L2, M A _____, gL
b (£5)= "v'Dﬂ" }“ T +F[5’ "7en-1 n+//

! ! 2
6?/11-1 n+l} ,32(n+1)"‘ +32/n—/) 6?/ -l Ml) I’",DM .317%;1 /6 'f(%)rlg)'

Putting Egs.(406-408, 409-411) in Eq.(404), then

14)p 5= Buj[q- /j,, _ _"L"{M) ] (412)

We obtain Bj from Eg.(381) by using our result for B(z)(pz),
Eq.(375)3 hence:
@ ) ay M |
LI W 597 [-- Y, 3)], (43
3 )'b’P[ /Im ;a'P P /MPNLZ)
or 2
(4_ pal g
8= 84 [- £ (b5 + Sl - (42)
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Inserting Egs.(400, 412, 414) in Eq.\383), then
9 o0) = BT 2 (Il 2)) s & () £ (415)
8 (r*)=B [9 /L"/M)) +3——*&”ﬁ/ 5‘] .
Comparing kqs.(357, 415), then

= 2 .
U;Z 3 (416)
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Chapter 21
£46) (o, ) RESULT
Putting Eqs.(376, 416) in kq.(362), we obtain:
LS
ZE—_ 2/7) ]
i=3 P
Adding Egs.(113, 145, 191, 206, 215, 276, 321), then
7
2{: 7~::-.f£§ .3@/1
jer 1 prilarm
Adding Eqs.(417, 418), then

1%
z 77:: lGi Xe, -
i=/ ? p?’ 2Ir :

Comparing Egs.(37, 70), we see that

) ¢ 1%
P Gl 7
ofy) == — [— S
F o) == 5% 27,)2:)_3/ T
Putting Eq.(419) in Eq.(420), then finally
(a
fla=-11z) -

which agrees with Rosner.

(417)

(418)

(419)

(420)

(421)
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Chapter 22
COMPARISON WITH ROSNER'S CALCULATIOK
As stated previously, Rosner's calculation was per—

formed in the generalized Landau gauge

B (g~ ) D1

’

with a particular choice of A  such that vertex and self mass

insertions are finite. In this gauge f(G)(oQ ) is given byBO

¢ 7
£ o) --;5—(—23,’;)57,7 , (422)

i.e. the Ti for i > 7 are vanishing. The Ti will have both

pieces indepependent and dependent on A :
T = Tpo) +T1) . (423)

Comparing Rosner's expression, Eq.(422), with Eq.(420), gauge

invariance requires

ST Z (424)

i=t ?
where the superocrlpts R and F denote Rosner's and Feynman

gauge respectively. Inserting Eq.(423) in Eq.(424) then
Z_R
2Tty +Z7:(.\) -Z T (425)
Y 1=y

Further, by definition we note that

TR(O) = TF . (426)
5 )
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Putting Eq.(426) in Eq.(425), we conclude that

# L
T=) T (427)
i=j i ;=8 i
From Rosner S paperBo we note that
4 7 3
Ple)s T8y = 2%
4.3/271'),.2::,:7:{ ¢ a7) ’ (428)
or
F 3 |
R, — ] 2
> T = __ 2”) (429)
izt .

which is the same as Eq.(417), thus confirming Eq.(427).
Returning to our célculation it is further interesting
to note the following. Comparing Eq.(418) with Ty» Eq.(113)},

we see that

These terms are all graphs containing crossed photon lines, viz.

We conclude that in sixth order in Feynman gauge, graphs with
crossed photon lines (excluding the fourth order self energy
graph) make no contribution. It would be of interest to see if
this behavior persists in higher order.

Let us examine the cancellations in Eq.(430) more

closely. We first recall from Eqs.(206, 215) that T, and T5
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are identically zero:

o 'f‘?') te),
7;-747;‘56 Kb G ¥=o0,

‘o ’M) ‘
T,=8Te 46K, 61 =0 -
Adding Egs.(145, 191}, we see that

9 !

- ‘o) (73]
E+5-2ﬂwsxbad
+4Tr 56 K- RP]6Y

= se{gﬁs)-gi) .

Similarly, adding Egs.(276, 321),

"
%)

7;-+7; - TrXG(O)Kb G“’Y + 27;' xG”)Hc{q’G‘dI

= -96( {10~ £)=-(T+T;) -

(431)

(432)

(433)

(434)

Equations (431-43%4) give us some understanding of the cancella-

tions implicit in Eq.(430).
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Chapter 23
CONCLUSION
We have calculated the sixth order contribution to the
divergent part of Zgl from the vacuum polarization tensor. The

result is

(6) 2 3 2
-’ = M = -d o M *
(23 div. f(d")/n;?- B 4(277) /"/F

which agrees with Rosner. The calculation was performed in the
Feynman gauge, giving rise to simplifications not present in the
generalized Landau gauge employed by Rosner. Yo be sure; logarith-
mic divergences arising from vertex and electron self energy
insertions, and Riemann zeta functions arising from crossed pho-
ton graphs, appeared at intermediate stages of the calculation,
but cancelled in the final result. the integrals are both fewer
and simpler in Feynman gauge.

It is of interest to see where the root of Eq.(10) lies:
Eq.(10) vanishes for o(,=+7r{l+,/§73) . For this value of & ,f?q’,)
is in fact negative; however it is clear from this value of o6
that the series has not begun to converge sufficiently in sixth
order. Therefore, still higher order calculations of the funda-
mental function f(<,) are essential.

The observations made in Chapter 22 might lead one to
expect that the only graphs which will contribute to f(s)(cg)
are the simple three-photon-exchange ladder graph along with

still simpler graphs arising from the momentum dependence of
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B(i)(pz) in Feynman gauge. This problem is under investigation.

It is desirable to explore nonperturbative methods in
calculating f(e, ). The work of V. Blank and V. sudakov??—0 is
suggestive, except for the fact that there appears to be no most
important region of integration in the problen.

The recent work of A, Abdellatif31 attempts to develope
a scheme for calculating f(«,) to all orders, by using certain
invariance properties under the conformal group. The Jost-
Luttinger result is reproduced, but ambiguities are encountered
in sixth order. There is still some hope that this approach
will yield a closed form for f(%,)}.

The possibility of a finite canonical quantum electro-
dynamics rests on a calculation of the fundamental function f(er,)
to all orders, and the determination of its roots.

" Hier sitzt er, unser lieber Planck, und l#chelt
innerlich #ber dies mein kindliches Hantieren mit der Laterne
des Diogenes. Unsere Sympathie ftur ihn bedarf keiner faden-
scheinigen Beérundung. M8ge die Liebe zur Wissenschaft auch
in Zukunft seinen Lebensweg verschdnern und ihn zu der L8sung
des von ihm selbst gestellten, miAchtig gef8rderten wichtigsten
physikalischen Problems der Gegenwart fuhren: MN8ge es ihm
gelingen, die Quantentheorie mit der Elektrodynamik und Mechanik

1"
zu einem logish einheitlichen System zu vereinigen. ...........

51

essseosAlbert Einstein Rede zum 60. Geburtstag von Max Planck.



10.

11.

12.

121
REFERENCES
References 2~13 give a thorough coverage of gquantum electro-
dynamical theory. Refs. 15-18 are general reviews of the

experimental and theoretical status of the theory.

P. A. M. Dirac, Principles of Quantum Mechanics, 4th ed.,

Oxford, New York (195%8).

J. Schwinger, Quantum klectrodynamics, Dover Publications,

New York (1961).

'R. P. Feynman, Quantum Electrodynamics, W. A. Benjamin (1962).

R. P. Feynman, Theory of Fundamental Processes, W. A, Benjamin

(1961).

J. M. Jauch, and F. Rohrlich, The Theory of Photons and

Electrons, Addison-Wesley, Cambridge, Mass. L1955}).

S. Schweber, An Introduction to Relativistic Quantum Field
Theory, Harper & Row, New York (1961).

N. N. Bogoliubov, and D. V. Shirkov, Introduction to the

theory of Quantized Fields, interscience, New York (1959).

A. Akhiezer, and V. B. Bereztetski, Quantum Electrodynamics,

ond ed., John Wiley & Sons, New York (1963).

F. Mandle, Introduction to Quantum Field Theory, Interscience,

New York (1960).

W. Thirring, Principles of Quantum Electrodynamics, Academic

Press, New York (1958).

W. Heitler, The Quantum Theory of Radiation, 2nd ed., Oxford

(1944).



13.

14.

15.

16.

17.

18.

19.
20.
2l.
22.
23.
24.
25.

26.

27.

28.

29-

122

K. Johnson, Particles and Field Theory, Brandeis Lectures,

Vol. II, (1964).

J. D. Bjorken, and S. D. Drell, Relativistic Quantum Mechanics,

McGraw Hill, New York (1969).

R. P. Feynman, the Quantum Theory of Fields, Proc. Solvay Conf.,

Interscience, New York (1961).

Y. Urban, Quantum Electrodynamics, Springer Verlag, New York

(1965).

B. N. Taylor, W. H. Parker, D. N. Langenberg, lhe Fundamental

Constants and Quantum Electrodynamics, academic Press, New

York (1969).

S. Brodsky, "Status of Quantum blectrodynamics", Slac-Pub-676
(Nov. 1969).

S. Brodsky, T. Appelguist, Phys. Rev. Letters, 24, 562 (197C).
F. Dyson, Phys. Rev., 75, 1736 (1949).

J. Schwinger, pProc. Nat. Acad. Sci. U. S., 31, 455 (1951).
Ref. 7, p. 607.

M. Gell-Mann, F. E. Low, Phys. Rev., 95, 1300 (1954).

R. Jost, J. Luttinger, Helv. Phys..Acta, 23, 201 (1950).

G. K411&n, kongelige Danske Videnskabernes Selskab, 27, 3
(1953).

K. Johnson, M. Baker, R. Willey, Phys. Rev. Letters, 11, 518
(1963). Phys. Hev. 136, B1111l (1964). |

K. Johnson, R. Willey, M. Baker, Phys. Rev., 163, 1699 (1967).
M. Baker, K. Johnson, rhys. Rev., 183, 1292 (1969).

J. Rosner, Phys. kev. Letters, 17, 1190 (1966).



30.
3l.
32.
33.
34,
35.
36.

37.
38.
39.
40.
41,
42.
43.
44.
45.
46,

47.
48.
49.
50.

51.

"Ref. 14, p. 291.

123
J. Rosner, Ann. Phys., 44, 11 (1967).
R. Abdellatif, Ph.D. Thesis, university of Washington (1970).
Ref. 14, pp. 284-376.
Ref, 14, p. 305.
Ref. 14, p. 169,
L. Brown, K. Feynman, rhys. Rev., 85, 231 (1952).
Ref. 7, p. 670.
G. K411én, Helv. Phys. Acta, 26, 755 (1953).
Ref. 14, p. 287, o

Ref. 14, p. 303.

Ref. 14, p. 292.
Ref. 14, p. 286.
Ref. 14, p. 302.
Ref. 30, Eqs.(44, 59). | o
Ref. %0, Appendix A. ‘

Handbook of Mathematical Functions, National Bureau of Stan-

dards, Applied Math. Series 55 (1964).

k. Caianiello, Nuovo Cimento, 9, 12, 214 (1953).
R. Feynman, Phys. Rev., 76, 769 (1949).

V. Blank, Soviet Phys. - Dokl., 1, 184 (1956)}.
V. Sudakov, Soviet Phys. - Jetp, 3, 65 (1956).

A. Einstein, Mein Weltbild, Europa Verlag, Zirich (1953).




Q

124
Appendix 1

DIRAC ALGEBRA

From the Dirac commutation relations,

{a‘:“ X"] =23uv

we obtain the following relations:

§, ¥a¥bdc 8% =~ 25c ¥h¥a
¥, ¥ab¥c ¥d 8= 2 (¥d Fa8b dc +3c¥b¥add)
Teda¥b"=¢a-b

TrXa‘Xaz. . .a’a‘,w =0

- Tr¥a¥a,¥e, Xa? = 4{a.a, 050, +9,9, 8,4 ~ 4

4

‘2,)
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Appendix 2

CHEBYSHEV POLYNOMIALS

| mK
The Chebyshev coefficients Pfl1 are defined by
z m . D ¥
oo PP _Z m ) , A2-1
- (PP'[JCH(PP) ’

2K
(P'P‘) n=o
Where C; is the nth order Chebyshev polynomial defined by

imint)e
Clo) = Smz . A2-2

smé

The C} obey the following orthogonality relation:
j $ C,(P3)CmlPg) = Sam C, (pr) . A2-3
n+j

We define

n4,,n z; 3 n, ny
P , dn,, da, coopp’ coo” cos Py
PP, P'3) 3 2r zrrz /P-P) (ot 3)2‘/5'—3)”3

- a4\ /n, ¢,
réo ;,ZP /ZUL ( PF’Z/ p' )s { :;:2 Colre) o' Y fg )
> (2 (%) ’) Ses Colee)

rstzo P3lr ., sl
L) )
neo + PFI I

A2-4
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where we have used A2-1, A2-3 respectively, and used A2-2 to
note that

C (o) = ;&nw sinh+ie ,ém(nf-l)cao(n-:-l)a ntj .

@ »o Siné =0 co0 0

The Chebyshev polynomlals are also glven by

1—2t1+t‘) Zl‘ C(z),

and satisfy the following recurrence relation{

22C (z)=C &)+ C, () , nZl |
Denoting

<f%>.. p/e ,  p<p’

) PIP ,  PXp

and using A2-6 and A2-T, we obtain the”following Chebyshev

coefficients:

(o) =50
( )"zpp <LZ>
/;71/1 4,:/: (7 pp) £

(30)= s[5 (5)).

A2=-5

A2-6

A2-T



( z 7..) /
74

° dpp!lptprf

P/’ o 2},}, /PIP’I/

’ (:Fo')n: d

i

k=4, °

(L4
P"”" 20 P

IFP h 4_FP /

no
[
ni
| /:;) =;,—’—.~(">”“

G ()
(6+¢5)

n*l
v BG4

n+l
) J’” no

nvl

{;;}"‘&9},’ pr ijz,;_ —; 5’"{

e

-fm (34 (£04(£)7)},
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