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Abstract

Investigation of Structures Featuring Curvilinear Anisotropy: Application to Electrostatic
Problem and Mechanical Response

Sean Eunsik Phenisee

Chair of the Supervisory Committee:

Marco Salviato

Department of Aeronautics and Astronautics

This study examines the impact of curvilinear reinforcement in a composite structure. The

key areas covered include two main applications: 1) enhancing functional properties in

electrostatic problems and 2) improving the mechanical strength and fracture resistance of

composite structures.

Depending on the arrangement of reinforcement, the conductivity of the composites

can be adjusted. The overarching goals towards the electrostatic application are twofold.

First, this study aims to provide the computational framework of obtaining optimal fiber

configuration maximizing conductivity for structures with finite domain. To that end, an

analytical solution of the Poisson equation is derived through conformal mapping, revealing

insights such as the optimal alignment of fiber orientation with field lines under specific

conditions. The concept of curvilinear transverse isotropy is introduced, and its application

to electrostatic problems is demonstrated. This theoretical foundation helps to extends to

practical scenarios in finite domains. The finite element method is used to determine the

optimal reinforced configuration for a notched specimen. The second objective is to assess

the ability of optimal reinforced configuration in the application of damage detection or

health monitoring by measuring the change of conductivity. Finite element method is used

to compute the change in conductivity at the source after a crack is inserted, representing

a breakage of fibers from a localized damage.



Subsequently, the investigation on the influence of curvilinear reinforcement on mechan-

ical performance is provided. Isogeometric analysis with spline basis functions for enhanced

continuity is employed to evaluate the mechanical performance of composite structures with

multiple variants of curvilinear reinforcement on a notched plate. An optimization study

with polynomials describing orientation distribution on a given structure is carried on to

determine the optimal fiber path that enhances structural properties like stress distribu-

tion and stiffness. As a result, the stress concentration factor was reduced to 1.28. This

result highlights a substantial 82 % decrease when compared to the conventional longitu-

dinal fiber reinforcement. To extend isogeometric approach suitable for a general types of

trimmed surfaces, in-house IGA software is developed which employs LR B splines in a

model generation and the numerical analysis. A data-driven optimization approach is used

to find the optimial reinforcement configuration for improved damage tolerance. Two types

of geometry used in this study are a plate with a semi-circular notch and T-shaped joint

structure. A cross-ply layup sequence is assumed for each laminate. As a result for the first

optimization study, the maximum principal stress is reduced by a factor greater than 7 for

the rectangular plate and is reduced by a factor of 3 for T-joint. The other optimization

result highlights the reduction of the energy release rate close to zero which implies that

the crack is not likely to form at the notch.

Lastly, a new discrete modeling method is proposed to predict damage initiation and

progression in fiber-reinforced composites. Fibers are explicitly modeled using Timoshenko

beams which are embedded in a tetrahedral conforming mesh that characterizes the matrix.

The facet-based formulation enables discrete fracture modeling, and prevents the element

erosion. Furthermore, the explicit representation of fibers and matrix allows a simple and

distinct definition of material parameters thanks to the constitutive laws grounded in physics

rather than in empirical curve fitting.
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나를 낳아 주시고 길러주신, 언제나 사랑으로 함께하는 한국에 계시는 부모님께:

공명희, 신조우

마지막으로 보이진 않지만, 항상 의로운 길로 인도하시는 하나님께 이 시간을 바칩니다.
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Chapter 1

INTRODUCTION AND RESEARCH STATEMENT

1.1 Brief history of materials in aeronautical structures

For about a decade after the aerial age launched by the historic flight of Wright brothers

in 1903, woods and fabric materials were main constituents of aircraft structures. These

light-weight material were widely available, the prior knowledge in manufacturing tech-

niques made them convenient in construction, and the low speed operation did not require

a high material strength and accurate streamlining on the skin. However, wooden aircraft

deteriorates rapidly; therefore, hard to sustain a good quality for a long period [12].

As more airplanes were operated in faster speed, a monocoque or semi-monocoque de-

sign, that provides a better specific strength compared to truss-like structures in the previous

design, were introduced and preferred for a fuselage construction. Along with the main-

tenance issue of a wooden structures, advancements of structural requirements (needs of

higher strength and stiffness) shifted the main constituent of aircraft from woods to metals

or alloys; they became the main materials used in the aircraft construction by 1950s [13].

After WWI ended, commercial flights started to increase. The development of a jet

engine during WWII further contributed to the surge of commercial flights, leading to the

introduction of the de Havilland DH.106 Comet, known as the world’s first commercial jet

airliner. While the advancement in engineering and technology promoted the new material

development to improve the structural performance, there are also the social and environ-

mental issues that further encourage the reduction in the weight of aircraft [13].

Global market kept expanding, and the trade agreement between countries started to

settle. Globalization of political, social, and economic interaction throughout the world had

a synergistic effect with the growth in aviation industry. By 2003, it was estimated that

the air transport occupied about 40% of global freight trade by value. Moreover, point-

to-point or one-stop flight services started to increase, inducing the growth in the low-cost
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carrier market which targets more frequent non-stop services. Online reservation made the

air travel more accessible and affordable. By early 2000s, there was a increasing trend of

number of people utilizing the flight for the leisure and business with lower cost [14].

However, as flourish as the industry became, there is an increasing concern regarding the

sustainability of air transport. As Greene and Wegener [15] states, the sustainable transport

needs to satisfy the following conditions: “(a) its rates of use of renewable resources do not

exceed their rates of regeneration; (b) its rates of use of non-renewable resources do not

exceed the rate at which sustainable renewable substitutes are developed; and (c) its rates

of pollution emission do not exceed the assimilative capacity of the environment.” Followed

by the exponential increase in the air traffic, the cost of fuel consumption increases without

alternatives. Aircraft emission includes the atmospheric pollutants such as carbon dioxide

and nitrogen oxide. These are known for the greenhouse gas causing the climate change

across the globe [16]. As a consequence, it became inevitable to push a design of lightweight

and fuel-efficient aircraft, making the advanced composite materials more attractive as main

constituents in aircraft structure.

1.2 Composites, what and why?

In general, a composite material system is referred to the composition of two or more con-

stituent materials. Mechanical performance of a composite material is superior as a union in

macroscopic scale compared to the properties of constituent materials acting independently.

There are mainly three distinct phases that defines the material composition as illustrated in

Fig. 1.1. First is the reinforcement which has much higher stiffness and strength compared

to the second phase called the matrix, which has relatively weaker mechanical property.

The main role of the matrix is to provide the support of the meso-scale material structure

and to transfer the load between reinforcements. Third phase is the interphase between

reinforcement and matrix. Although the region occupied by the interphase is minimal com-

pared to other two phases, it can still play an important role in determining the failure

mechanism of a composite material. [17]

The mechanical and functional properties of a composite material highly depends on the

properties of the constituent materials. Moreover, the geometry, distribution (or packaging
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Reinforcement Interphace

Matrix

Figure 1.1: Schematic for three phases of composite materials: Reinforcement, matrix, and
interphase

method), and volume fraction of a reinforcement can influence the property range.

There can be found of naturally occurring composite material systems such as woods,

bones, and fish scales. Other examples, close to the definition of “engineered” material, are

concrete, continuous / discontinuous fiber reinforced composite, and nanocomposites where

the reinforcements are in nano-scale such as carbon nanotube and graphene nano-platelets.

For the primary structures that requires a significant amount of load bear capacity,

carbon fiber reinforced composites are the popular choice due to the outstanding mechanical

properties driven from the fiber reinforcement. Major stiffness and strength of the composite

follows the direction of the fibers whereas the transverse properties, orthogonal to the fiber

reinforcement axis, are relatively weak, resulting an orthotropy in the system. Interestingly,

the idea of using fiber reinforcement dates far back to Before Christ era. In the book of

Exodus (5:7), there is a reference of using straw-reinforcement for clay bricks. Coming back

to modern period of time, invention of iron rods in 19th century to reinforce masonry. For

the aviation industry, the development of graphite fiber and boron fiber in 1960s lead to

the advanced fiber reinforced polymers that are widely used in aircraft construction [18].

Main advantages of using fiber reinforced composite materials lies in the outstanding

specific property - high stiffness or strength to density ratio. While maintaining the high

structural performance, engineer can reduce the total weight of the structure. Thanks to

this desirable characteristics, more aircraft components are getting made out of composite

materials, leading to the environmental-friendly and energy-saving design. The Boeing 787,
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(a) (b)

Figure 1.2: Usage of composite materials in commercial airplanes is exponentially
increased over the years; (a) Boeing 787, “Dreamliner” (image from [19]); (b) Airbus,

A350 XWB (image from [20])

“Dreamliner” consists of 50% composite materials by weight. Airbus, A350 XWB is made

of 53% of composite materials by weight. Material composition schematics for both planes

are shown in Fig. 1.2.

1.3 Current composite laminate design and limitation

1.3.1 Common practice of composite laminate design

Thanks to the outstanding specific mechanical properties, fiber reinforced polymers have

wide range of applications: aerospace, automobile industry, wind power, constructions,

biomedical, etc. Since the introduction of the fiber reinforcements, most of the compos-

ite structures in a laminate form shares the similar layup composition. A quasi-isotropic

laminate (for an example, [0,±45, 90]s) provides uniform material property in the plane of

isotropy. This is a convenient prevention of creating a matrix dominant, weak spots in the

structure. This approach can simplify the design and manufacturing process of composite

materials. As a result, a quasi-isotropic layup using four standard orientations has been

widely employed; Composite Materials Handbook [21] suggests to use at least 10 percent

of each element in the standard orientations set: {0◦,±45◦, 90◦}. However, this standard

practice for designing any laminate structures undermines the advantage of a tailorability
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of mechanical properties unique to composites compared to the metal counterparts.

There has been several works on investigating a mechanical performance from non-

standard layups. Kim et al. [22] employed a thin-shallow angle ply (specifically ±25◦)

in the composite wings construction. The authors demonstrated that the switching the

layup composition of bottom skin from ±45◦ to ±25◦ improved the span-wise stiffness

of the structure by 40% compared to the base-line cross-ply configuration consisting of

±45◦ angle group. Another group also explored to discover a new species of laminate

configurations that can replace the standard quad laminate - composition using the standard

four orientation angles. Double-Double, introduced by Tsai et al. [23], consists of only

two angular components: ±Φ and ±Ψ. It does not require the laminate to be symmetric

across the mid-plane since it can be easily homogenized after few numbers of repeat in

sub-laminates. Homogenized laminate with a few angular components without symmetry

requirement reduces the number of lamina to produce the part. It becomes much simpler

to design a tapered structure to reduce the total weight. Less thickness reduces the danger

of delamination. Furthermore, a high strength of double-double configuration compared to

quad laminate legacy can be found using the first-ply failure theory such as Tsai-Wu failure

criterion. Using this advantages of double-double, authors developed an searching algorithm

called “Lam search” that systematically finds the optimal double-double configuration given

a stress profile of a structure.

1.3.2 Limitation of current laminate designs

So far, the mechanical property of the composite laminates were tailored by changing the

layup configuration. Double-Double definitely expanded the design space for the composite

structures; however, it does not fully utilize the potential of the tailorability of composite

materials using variable orientation of reinforcements. All the layups, mentioned so far, have

the linear reinforcement. Orientation of fiber reinforcement may vary across the thickness;

however, the orientation at lamina level is uniform across the plane. This implies that the

properties may differ in each direction due to the orthotropic nature of composite material,

but the anisotropy still does not vary across the laminate. No matter the location on the
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laminate, the property in the specific direction is identical.

When the geometry of a structure is simple, uniform orientation distribution does not

complicate the stress contour over the structure given that the loading and the boundary

condition are simple. However, these conditions are rare in real-world applications. Struc-

tures often have geometric features such as holes and notches. Load distribution over the

surface can get complex with a possible discontinuity. Thus, the stress contour can easily

become non-uniform. The classical example is a plate with a central hole under a uniform

traction. When the size of a plate approaches to infinity, it is well-known that the stress

concentration becomes three at a neighborhood of the hole for an isotropic material. Under

the same conditions, the stress concentration can be much higher and localized when the

reinforcement is introduced. This localized stress raiser can cause premature damage ini-

tiation, requiring more reinforcement and increasing unnecessary weight to the structural

design.

1.4 Variable anisotropy through curvilinear reinforcement

The idea of introducing reinforcement to the load-bearing sheet dates back to early 1950s.

When the aircraft had a stress-bearing skin with cut-outs, strength and the stiffness reduc-

tions were problematic. Reissner and Morduchow [24] came up with the idea of reinforcing

circular cut-outs in plane sheets so that the stress distribution is not affected and stayed

uniform as if there is no cut-outs. However, the result of the reinforcement was not practical

because the reinforcing material required such a high bending stiffness typically incompat-

ible with the required tensile stiffness in the solution. Further study on a reinforcement

method was carried out and improved by Mansfield [25] who introduced the term, neutral

hole as “reinforced hole which does not affect the stress distribution in the remainder of the

sheet, and therefore gives the same strength and stiffness as the replaced sheet.” Mansfield

demonstrated that the shape of neutral hole can be represented as a level curve that the

superposition of the airy stress function and any linear function of x and y equal to zero.

Assuming the reinforced material is identical to the one used in a plane sheet, the concept

of neutral hole cannot be used as a weight saving method because the weight added by

the reinforcement is usually greater compared to the one removed by cut-outs; however,
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the idea of neutral hole provides a great reinforcement method to maintain the mechanical

performance of a structure with a cut-outs such as a fuselage with multiple windows.

Concept of reinforcement is inherent in composite materials. Instead of adding extra

reinforcement to the main structure, a structure with composite materials can be designed

to avoid a high stress concentration region by tuning the local orientation of reinforcement.

Although the presence of stress raiser is somewhat natural for a general structures made

with isotropic materials, the degree of concentration significantly depends on the orienta-

tion of the reinforcement for a structures made with composite materials. As opposed to

the isotropic materials, unidirectional fiber-reinforced composite materials are capable of

changing orientations throughout the structure. Orientation as a function of local coordi-

nate over a structure induces a variable anisotropy across the domain. In the structural

point of view, main idea, and the main theme of the thesis, is to place the curvilinear

reinforcement such that the stress distribution approaches smoothly to uniformity. More-

over, composite materials are multi-functional; carbon fibers have superior electric and heat

conductivity. Fiber orientations across a structure can drastically change the overall con-

ductivity. Therefore, tuning the reinforcement orientation of composites broadens up the

multi-functional applications such as health monitoring and heat or electric shielding.

1.5 Lessons from nature

Before proceeding to the variable anisotropic design of composite structures, it is worthwhile

to explore how the nature has been producing its own composite structures using natural

selection. Examples of natural composite structures include human bones, fish scale, and

stomatopod dactyl club. Main constituents of bio-composite materials are mineral crys-

tallines (e.g. carbonated apatite, hydroxyapatite, etc) which mostly carry load and provide

rigidity and and natural polymers (e.g. cellulose, chitin, collagen, etc) which transfer loads

through shear [26].

Structures found in nature are often architected in a hierarchical manner. The examina-

tions using scanning electron microscopy and transmission electron microscopy showed that

the bones exhibits the six or seven levels of hierarchical organization. Main constituents of

this composite structure are collagen molecules and minerals, which compose the first level
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(b)(a)

Figure 1.3: Diagram of bone structure: (a) Haversian system in a compact bone (image
from [30]); (b) Helicoidal arrangements of mineralized fibrils in a concentric lamellae

layers. (image from [29])

hierarchy. Collagen molecules arrange close to each other into fibrils in a staggered fashion.

There are gaps and overlaps between neighboring molecules where the crystals are formed

and grow to a platelet, producing mineralized fibrils which are the main building blocks

of bones. Further moving up the hierarchy, minerialzed fibrils assemble themselves to the

fiber bundles, which arrange into a parallel pattern and form a lamella. A compact bone

is essentially a group of the Harversian systems and interstitial lamellae that fills up the

remaining spots. Haversian system, also known as osteon, is a cylindrical structure which

there is a central canal, that contains nervous system and blood vessels, and surrounding

lamellae layers as a protection [27]. Gao et al. [28] demonstrated the relation between the

nano-scale composite structure and the superior strength of bone. However, it is notewor-

thy to examine the lamination configuration of lamellae surrounding the central canal in an

osteon. Wagermaier et al. [29] observed the helicoidal arrangement of mineralized fibrils

through X-ray microscopy. The type of spiral shape stacking, also referred to Bouligand-

type, sequence is common in other natural composite structure such as fish scale. Detailed

illustration of Haversian system and helicoidal arrangement are shown in Fig. 1.3.

Arapaima gigas, largest fresh water fish living in the Amazon Basin, is covered with

strong and tough scales to be protected from piranhas. Arapaima scales have two dis-

tinct layers. Outer layers are highly mineralized and provide high strength, stiffness, and
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Arapaima gigas

Arapaima scales

Scale cross-section

Outer mineralized 
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Inner lamellar 
layer

Fibril 
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Top view
Bouligand-type arrangement

Collagen 
molecule

nano-crystals

Figure 1.4: Inner lamellar layers composed of mineralized fibrils in arapaima gigas scales
show Bouligand-type arrangements (Image from [31]).

penetration resistance. Inner layers consists of mineralized fibrils which are arranged in a

Bouligand-type structure as illustrated in Fig. 1.4. This configuration allows to reorient the

lamellae in response to the loading conditions. Adaptive property of meso-scale structure

enhances the fracture toughness of the fish scale [31, 32]. Nature architects the material

with nano-scale composites to provide high strength and utilize the method of meso-scale

structural arrangement to supplement the fracture resistance. Bouligand-type structure

takes advantage of the stacking sequence of laminate structures to achieve high perfor-

mance. However, nature does not stop here to fully exploit the capability of bio-composite

materials.

Bouligand-type arrangement of organic matrix embedded with natural fibers is also

observed in the dactyl club of stomatopods, commonly known as mentis shrimp. They hunt

preys such as mollusk, crab, and small fish by smashing the exoskeletons. They are able

to accelerate the clubs to the speed of 25 m/s in water (speed of train is about 50 m/s)

and generate the forces greater than 700 N [33] from the impact. It is noteworthy that

the stomatopod dactyl clubs exhibit outstanding damage resistance considering that they

can impose significant damage to their prey’s highly mineralized exoskeletons from the

powerful blow. The microstructure of a dactyl club contains three distinct regions. The
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impact region is the outer most layer that is highly mineralized and directly absorbs impact.

After a sharp transition of mineral composition, the periodic region is consist of bundle of

mineralized chitin fibrils stacked in spiral pattern. Initially, Weaver et al. [34] showed that

the helicoidal structure caused the rotation of crack front following the fibers, resulting

a creation of larger surface area in the direction of crack propation and, consequently,

increasing the total energy dissipation during the damage formulation. Recently, Yaraghi et

al. [35] investigated micro-structural architecture in the impact region and discovered that

the impact region also includes the helicoidal arrangement of minerialized chinin fiber layers.

However, the lateral compaction creates the herringbone pattern, which shapes triangular

periodic waves as illustrated in Fig. 1.5. This type of arrangement induces twisting of a

crack front and prevents the coalescence of multiple micro-cracks. Furthermore, the bridging

of curvilinear fibers on micro-cracks induces a volumetric arrest of crack nucleation and

propagation. Following the observation, they manufactured the 3-D printed cylindrical

specimens made of polymer that feature helicoidal and herringbone structures as shown

in Fig. 1.6 and tested under uni-axial compression. The experiment demonstrated the

surpassing capability of the herringbone structure in distributing strain and absorbing more

energy from the deformation. The impact region is the layer which directly absorb the

impact from the strike compared to the periodic region. This example shows the further

adaptation of nature from stacking sequence of 2-D linear reinforcement to 3-D curvlinear

fiber arrangement in the response of an extreme loading condition.

1.6 Practicality of curvilinear reinforcement: advancement in manufacturing
methods

As the use of composite materials increase exponentially across the applications, effort of

improving the composite layup manufacturing process emerged. Furthermore, conventional

layup procedures include manual labors that can increase the time consumption in pro-

duction, manufacturing defects, and irregularities from human error [36]. These reasons

motivate the automation in the composite manufacturing. This section presents two main

automated technology that enable a curvilinear reinforcement.

Automated Fiber Placement (AFP) uses a mechanical equipment in either gantry style or
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Stomatopod dactyl club

Figure 1.5: Herringbone pattern of compact mineralized fibrils is observed at the impact
region in stomatopod dactyl club. Schematic illustrate the sinusoidal reinforcement of

fibers (Image is re-created from figures in [35]).

Bouligand-type Herringbone

Figure 1.6: Mechanical testing of Bouligand-type and Herringbone pattern reinforcement.
Herringbone pattern reinforcement provides surpassing fracture toughness along with a

slight decrease in the stiffness (Images are from [35]).
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robotic-arm setup (as shown in Fig. 1.7 (a)) to place narrow tapes on a tooled surface. The

width of a narrow tape typically ranges from 3.2mm to 12.7mm. A machine feeds the tapes

to the head, which can place more than 30 independent tapes on the surface. A machine can

stop and cut the tapes individually restricted by a minimum cutting length. Heat source

installed on the head improve the quality of the layup stacking, and the compaction roller

press down the tapes to remove the air pocket and gaps between layers. Configuration of a

typical machine head is illustrated in Fig. 1.7 (b). The presence of curvature on a surface

or path of the reinforcement, one needs to be cautious of the turning radius. Because the

rectangular tape has a finite width, high curvature can cause winkles and pull-up in the

tow. Besides, other manufacturing defects using AFP include gaps and overlaps between

tows, missing tow, and twisted tow rotated during the placement [36, 37].

Since the manufacturing defects reduce the mechanical performance of a part, there

have been a number of studies focused on the effect of manufacturing defects. Sawicki

and Minguet [38] examined the reduction in a compressive strength due to the out-of-plane

waviness caused by intraply overlaps and gaps; Croft et al. [39] introduced four main

defects in AFP specimens at the symmetry axis and their effect on the strength under

tension, compression and in-plane shear; Fayazbakhsh et al. [40] implemented degradation

of Elastic modulus and increase in effective thickness of local strips to represent gaps and

overlaps, respectively, to capture the in-plane stiffness and buckling load of a composite

laminate; Falcó et al. [41] showed the effect of tow-angle discontinuity and gap coverage in

the laminate on tensile strength of both unnotched and open-hole specimens; Mukhopadhyay

et al. investigated numerically and experimentally the influence of the artificially created

fiber-wrinkle on both compressive strength [42] and tensile strength [43], exploring the

failure modes and interaction in the region of the wrinkle; Xu et al. [44] further explored

the effect of the out-of-plane wrinkles on out-of-plane properties with a four point bending

test on curved beam specimens followed by numerical investigations to show their failure

modes; Lan et al. [45] extended the effect of embedded defects of AFP laminates on their

shear and compressive properties with the experiments; Nguyen et al. [46] provided a

comprehensive and systematical experimental study of a failure progression and modes

induced by imperfections produced by AFP and their effect on stiffness and strength of the
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(a) (b)

Figure 1.7: Automated Fiber Placement: (a) image of Electroimpact AFP machine
(Source: Electroimpact Inc.); (b) Schematic of the machine head of AFP equipment

(image from [37]).

laminate.

Additive manufacturing (AM) became popular for a rapid prototyping the product.

However, affordable 3-D printers are limited with the choice of materials can be printed,

and materials are all isotropic [36]. To improve the mechanical performance of the 3-D

printed parts, fillers such as millimeter-size glass whiskers (developed by Stratasys Inc.)

are utilize to toughen the polymer system [47]. Recently, there have been several efforts to

print continuous fiber bundles with polymer matrix. Following are the examples of currently

available 3-D printing research of continuous fiber reinforcement.

Markforged Inc. [48], additive manufacturing company, developed “Mark One” printer

(claimed to be the first) that can print in continuous cabon fiber reinforcement with poly-

lactic acid (PLA). Van Der Klift et al. [49] demonstrated the capability of 3D printing

continuous carbon fiber reinforced thermoplastic with Mark One printer and evaluated

the tensile strength of the printed specimen. Matsuzaki et al. [50] developed 3D print-

ing method for continuous fiber-reinforced thermoplastic with PLA using fused-deposition

modeling. Diagram of the 3-D printer and the image of printing process is shown in Fig.

1.8 (a). Tensile specimens with Carbon fiber and jute fiber reinforcements are printed,

and their mechanical properties (modulus and strength) are compared with pure PLA and

other reinforcements found in literature. Tian et al. [51] similarly developed a FDM-based

printer capable of manufacturing 3-D print carbon fiber reinforced PLA composite. Five
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parameters ( Temperature of liquifier, layer thickness, feed rate, hatch spacing and trans-

verse speed of extruder head) were investigated to see the influence on printing process. To

evaluate the mechanical performance of 3D printed specimen, flexural strength and stiff-

ness were measured. Interface between fiber and PLA and fiber content are important in

mechanical performance. Sugiyama et al. [52] successfully manufactured 3D printed sand-

wich structures with continuous carbon fiber. Multiple core shape were printed as shown

in Fig. 1.8 (b), and three-point bending test are conducted. Poor adhesion between core

and skins were observed, and the printing errors produced lower experimental flexural mod-

ulus and strength compared to the theoretical calculation. However, flexibility in printing

various type of core shape with continuous fiber allows convenient way to manufacture and

to directly compare core shape design for sandwich structures. Parandoush et al. [53] de-

veloped additive manufacturing method for pre-preg composites with laser assisted curing

and cutting process. This method provide outstanding inter-facial bonding from the peel

test and the single lap shear test. This results lead to outperforming mechanical behavior

compared to FDM printing method, comparable to compression molding method. They

showed promising potential of incorporating laser assisted bonding technology to additive

manufacturing.

3-D printing technology of a continuous fibers can improve the curvature limitation of

AFP-based design and further provide the flexibility of producing a structure with variable

anisotropy using the curvilinear reinforcement.

1.7 Research Statement

In this work, a systematic exploration on the effect of curvilinear reinforcement in a com-

posite structure is presented. The main topics covered in this work are schematized in a flow

chart shown in fig. 1.9. The effect of a curvilinear reinforcement is investigated in two main

applications: 1) improving functional property in electrostatic problem and 2) improving

mechanical performance focusing on the fracture resistance of composite structures.

In chapter 2, the investigation on electrostatic problem is presented. Carbon fibers

have a high thermal and electrical conductivity, which makes them highly applicable as a

functional material. Depending on the reinforcement orientation, it is capable of tuning
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(a)

(b) (c)

Figure 1.8: Additive manufacturing of continuous fiber: (a) FDM method of printing
continuous fiber reinforcement (image from [50]); (b) 3-D printed sandwich structures with

continuous carbon fiber reinforcement (image from [52]).

Curvilinear 
reinforcement

Electrostatic
problem

Mechanical
performance

Analytical
works on 

infinite domain

Investigation
on numerical

method

Developing
a damage

model

Application with
numerical 

method 

Methodology 
for finding

optimal design

Figure 1.9: Flow chart of the research plan.
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conductivity of composite structures. Poisson equation describes the electrostatic behav-

ior of composite materials; therefore, it is possible to obtain an analytical solution with a

set of simple boundary and loading conditions in a proper domain. First, the concept of

curvilinear transverse isotropy (CTI) is introduced, and a simple electrostatic problem in

an infinite domain is formulated. The analytical solution is obtained utilizing the conformal

mapping and highlights significant findings such as the optimal fiber orientation is aligned

with the field lines in an isotropic material under the identical electrostatic boundary con-

dition. These findings in a theoretical work extend our investigation to a finite domain that

can actually be applied to real world examples. Finite element method is used to obtain

the optimal reinforcement configuration of a single edge notch specimen, and evaluate the

capability of damage detection using the conductivity differential as a measure of damage

progression. Lastly, the examination on the capability of health monitoring feature utilizing

the piezoresistive property of conductive fibers concludes our exploration in the functional

side composites featuring CTI.

Subsequently, the effect of curvilinear reinforcement on the mechanical performance is

investigated. The literature review on the topic of curvilinear reinforcement applied to the

mechanical problems is presented in chapter 3 to provide the previous studies that set the

foundation to this study. The chapter 4 present the investigation on the mechanical perfor-

mance of a rectangular composite laminate with a semi-circular notch featuring CTI. First,

a numerical method of modeling a composite structure featuring a curvilinear reinforcement

is introduced. In this effort, the isogeometric analysis with spline basis functions provide

high continuity over the analysis domain. Furthermore, the augmented numerical integra-

tion scheme is proposed to account for a variation of fiber orientation inside the element.

The mechanical behavior of some representative curvilinear paths are explored for a plate

with a semi-circular notch. The optimization method is proposed to obtain the optimal fiber

path optimizing the structural properties such as stress concentration, stiffness and princi-

pal stress value. In order to proceed to the analysis of fracture behavior, an appropriate

spline technology for the isogeometric analysis suitable for modeling a trimmed surface for

an arbitrary notched specimen is determined and presented in chapter 5. The investigation

of mechanical performance utilizing a data driven optimization method in order to attain
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the optimal reinforcement configuration for the outstanding damage tolerance is carried on

with the proposed approach as discussed in chapter 6. Lastly, a novel discrete approach of

modeling fiber reinforced composite materials is proposed in chapter 7. This novel modeling

framework predicts a damage initiation and progression of composite structures.

The summary of findings and concluding remarks are provided in chapter 8. Future

works that can be extended from this work are also provided.
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Chapter 2

CURVILINEAR TRANSVERSE ISOTROPY IN ELECTROSTATIC
PROBLEM: PRESENCE OF ELECTRIC SOURCES

2.1 Isotropic and homogeneous media

In this section, the electrostatic problem is stated with Poisson equation with a set of

boundary and loading condition. The analytical solution of a homogeneous and isotropic

material is provided to obtain the insight of electric field on the structure to identify a

potential reinforcement direction.

2.1.1 Continuity equation in Cartesian coordinates in the presence of electric charges

Let us consider the 2D domain Ω∪∂Ω subjected to the electric potential difference depicted

in Fig. 2.1. Such domain is assumed to be made of a homogeneous and isotropic, linear

electrostatic material.

∂Jx
∂x

+
∂Jy
∂y

+

Ns∑
i=1

Q(i)δ
[
x− x(i)

]
= −∂ρ

∂t
(2.1)

where Ji (i = x, y) = components of the current density in the x− and y−directions, ρ =

electric charge density, and Q(i) with i = 1, ...Ns represents an electric point source located

in x(i). The Dirac function δ
[
x− x(i)

]
= δ

[
x− x(i)

]
δ
[
x− x(i)

]
is zero everywhere except

at x = x(i), where is infinite and satisfies the following condition:

∫ b

a
δ
[
x− x(i)

]
dx =

∫ bx

ax

∫ by

ay

δ
[
y − y(i)

]
δ
[
x− x(i)

]
dydx = 1 (2.2)

∀x(i) ∈ (a, b). The current density is related to the electric field, E, through Ohm’s law:

Ei = k−1Ji where k = kx = ky represents the electrical conductivity of the material, treated

as homogeneous and isotropic. Further, the conservativeness of the electric field leads to the

following link to the electric potential ρ: Ex = −∂ρ/∂x and Ey = −∂ρ/∂y. Substituting
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Figure 2.1: (a) 2D domain Ω ∪ ∂Ω subjected to an electric potential and a set of electric
sources, Q(i) and (b) example of a conformal mapping z (ξ) = ξq with q ∈ R.

the foregoing expressions into Eq. (2.1) and focusing on the steady-state solution of the

problem, one gets the following two-dimensional Poisson’s equation for the electric potential:

∇2ρ = −
Ns∑
i=1

Q(i)

k
δ
[
x− x(i)

]
(2.3)

where ρ = ρ0 in ∂Ωd, ∂ρ/∂n = ∇ρ · n = 0 in ∂Ωn,0, ∂Ω = ∂Ωd ∪ ∂Ωn,0, and ∇2 =

∂2/∂x2+∂2/∂y2 is the laplacian operator. The solution of Eq. (2.3) in the two-dimensional

domain Ω∪∂Ω subjected to Dirichlet or von Neumann boundary conditions on the boundary

∂Ω, allows the complete characterization of the electric potential and the related current

density.

2.1.2 Continuity equation in curvilinear coordinates in the presence of electric charges

To facilitate the application of the boundary conditions in domains of complex shapes, it is

often convenient to employ a transformation of coordinates. In this work, only conformal

mappings are considered, i.e. transformations that can be described by means of a complex

analytic function [54, 55, 56]. In such as case, the change of coordinates z = z (ξ) with z =

z+ iy is always bijective, satisfies the Cauchy-Riemann (C-R) conditions: ∂u/∂x = ∂v/∂y,
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∂u/∂y = −∂v/∂x in Ω, and transforms the governing equation to an expression that is

formally identical to the Cartesian case:

∂2ρ

∂u2
+
∂2ρ

∂v2
= −

∥∥∥ξ′ (z)∥∥∥2 Ns∑
i=1

Q(i)

k
δ
[
x− x(i)

]
=

Ns∑
i=1

Q(i)

k
δ
[
ξ − ξ(i)

]
(2.4)

where
∥∥∥ξ′ (z)∥∥∥2 > 0 according to Dini’s theorem and:

δ
[
x− x(i)

]
=
δ
[
ξ − ξ(i)

]
∥ξ′ (z)∥2

=
δ
[
ξ − ξ(i)

]
h2

(2.5)

transforms the Dirac’s function in the new coordinate system. In the foregoing expressions,

ξ
′
(z) = dξ/dz is the first derivative of the conformal mapping linking the Cartesian and the

curvilinear domains and
∥∥∥ξ′ (z)∥∥∥ refers to its magnitude. Further, the metric coefficients

hu =
√
(∂x/∂u)2 + (∂y/∂u)2 and hv =

√
(∂x/∂v)2 + (∂y/∂v)2 were implicitly introduced.

Since a conformal map is isometric, hu = hv = h =
∥∥∥ξ′ (z)∥∥∥, this latter condition leading to

Eqs. (2.4) and (2.5). In this work, the focus is on conformal maps in which the condition

u = ub or v = vb (with u0, v0 being real constants) describes the boundary ∂Ωn,0, where

the condition Jn = J · n = 0 is satisfied. Finally, in the curvilinear coordinate system the

electric field can be calculated as follows:

E = −∇ρ = −1

h

∂ρ

∂u
eu − 1

h

∂ρ

∂v
ev (2.6)

where {eu, ev} represent the orthonormal basis of the curvilinear system.

2.1.3 Green’s function in curvilinear coordinates

As shown in the foregoing sections, the conformal transformation leaves the governing Pois-

son’s equation formally invariant. Accordingly, considering the case in which u = ub de-

scribes ∂Ωn,0, the Green’s function, G, associated to Eq. (2.4) satisfies the following equa-
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tions:

∂2G

∂u2
+
∂2G

∂v2
= δ (u− u0) δ (v − v0) (2.7)

G = 0 in ∂Ωd (2.8)

∂G

∂u
= 0 in ∂Ωn,0 (2.9)

As can be noted, while the governing equations remains unchanged, the boundary conditions

can be imposed via a very simple set of equations.

2.1.4 General solution in curvilinear coordinates by the method of images

The equation defining the fundamental solution, Eq. (2.8), is identical to the Cartesian

problem, for which the fundamental solution is well known. Accordingly, the general fun-

damental solution of the curvilinear problem must take the same form:

G (u, v, u0, v0) =
1

2π
ln

√
(u− u0)

2 + (v − v0)
2 + const (2.10)

Then, leveraging the foregoing expression, it is possible to use the method of images to

impose the desired boundary conditions. In contrast to the Cartesian case, however, the

use of conformal mapping now allows the easy application of the boundary conditions even

to complex boundaries.

Since in this work, the focus is the electric field close to notches, the part on the boundary

∂Ωd is reached for ∥ξ (z)∥ → ∞. Accordingly, the only condition on the Green’s function is

that ∂G/∂n = 0 on u = ub. This condition can be achieved easily by adding a second unit

source that is reflected with respect to the u = ub plane. Such a unit source is outside the

domain of interest so, the Green’s function results to be:

G (u, v, u0, v0) =
1

2π
ln
√
g (u− u0, v − v0) g (u+ u0 − 2ub, v − v0) (2.11)

where the function g (u, v) = u2 + v2 was introduced. As can be noted, the foregoing
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k

m

Figure 2.2: (a) Infinitesimal material element featuring curvilinear orthotropy in (eu, ev,k)
and the related current densities; (b) schematic representation of the microstructure as cut
by the plane π : π ⊥ t. As can be noted, an infinite number of symmetry planes Hi exist

supporting the assumption of curvilinear transverse isotropy in (t,m,k).

equations satisfies the boundary conditions:

∂G (u, v, u0, v0)

∂u

∣∣∣∣
ub

=
1

2π

[
u− u0

g (u− u0, v − v0)
+

u+ u0 − 2ub
g (u+ u0 − 2ub, v − v0)

]
ub

= 0 (2.12)

Once the Green’s function, G (ξ, ξ0), is found, one can determine the solution for any

distribution of sources leveraging the additivity property of the Poisson’s equation. Using

Green’s identity:

∫∫
Ω

(
ρ∇2G−G∇2ρ

)
dΩ =

∮
∂Ω

(ρ∇G−G∇ρ) · nds (2.13)

and finally, taking advantage of Eq.(2.8), the electric potential can be expressed by the

following equation:

ρ (ξ0) = −
Ns∑
i=1

∫∫
Ω

Q(i)

k
G
[
ξ(i), ξ0

]
dΩ (2.14)



23

2.2 Media featuring Curvilinear Transverse Isotropy (CTI)

2.2.1 Curvilinear Transverse Isotropy (CTI)

Let us consider a material reinforced by fibers following a family of curvilinear paths

γ (s, uc, vc). The paths are constructed such that their tangent, t is rotated of a con-

stant angle ρ0 with respect to field lines. In the particular case in which ρ0 = 0, the fiber

paths coincide with the field lines of the problem. For each material point, a curvilinear

orthonormal basis (t,m,k) can be defined such that m×t = k with k being the unit vector

of the z−direction. Now, considering the material microstructure, it is easy to note that

any plane H : t ∈ H is a symmetry plane (Figure 2.2b). Accordingly, in each material point

the transverse plane π : π ⊥ t is a plane of isotropy and the material exhibits curvilinear

transverse isotropy [57]. Assuming that each material point is reinforced by a sufficiently

large number of curvilinear fibers, the material can be treated as homogeneous. Then, the

anisotropic Ohm’s equation can be written in matrix form as follows: Jt

Jm

 = −

ktt 0

0 kmm

Et

Em

 (2.15)

where Jt, Jm, Et, Em represent the components of the current density and electric field re-

spectively in the orthonormal basis (t,m,k). The electric conductivities ktt and kmm in

the curvilinear system can be measured experimentally or estimated by means of microme-

chanics [58, e.g.] and depend on the electric conductivities of the fibers and the matrix as

well as the volume fraction of fibers. Assuming that the electric conductivity of the fibers

is significantly larger than the matrix and considering that fibers and matrix are in parallel

coupling along t and in series coupling along m, one can conclude that generally ktt ≥ kmm.

Although the orthonormal basis (t,m,k) guarantees the simplest description of the

constitutive behavior, it is convenient to recast Eq. (2.15) in the curvilinear coordinate

system (eu, ev,k) which enables the simplest application of the boundary conditions without

affecting the continuity equation significantly. Considering the case in which u = u0 provides

the description of ∂Ωn,0 and recalling that t = cos ρ0ev + sin ρ0eu and m = − sin ρ0ev +
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cos ρ0eu, the constitutive behavior can be written as follows:JvJu
 = −

kvv (ρ0, ktt, kmm) kuv (ρ0, ktt, kmm)

kuv (ρ0, ktt, kmm) kuu (ρ0, ktt, kmm)

Ev

Eu

 (2.16)

where: 
kvv (ρ0, ktt, kmm) = cos2 (ρ0) ktt + sin2 (ρ0) kmm (2.17a)

kuu (ρ0, ktt, kmm) = sin2 (ρ0) ktt + cos2 (ρ0) kmm (2.17b)

kuv (ρ0, ktt, kmm) = (ktt − kmm) cos ρ0 sin ρ0 (2.17c)

It is worth mentioning that Eqs (2.17a), (2.17b) and (2.17c) can be obtained noting that

K(u,v) = T⊤K(t,m)T with T being the rotation matrix linking (t,m,k) to (eu, ev,k) and

K(t,m), K(u,v) being the conductivity matrices in the two orthonormal bases respectively.

In case that v = v0 provides the description of ∂Ωn,0, eu becomes the unit tangent vector

of the field lines and ρ0 represents the angle between t and eu. It can be shown that the

constitutive behavior can be obtained from Eq. (2.16) simply by switching the diagonal

terms in K(u,v).

In this work, it focus on cases in which the fibers follow the field lines of the isotropic

case. In such condition, ρ0 = 0, kvv = ktt, kuu = kmm, and kuv = 0. As demonstrated

by Salviato and Phenisee [57], this condition represents the configuration optimizing the

electrical conductivity of the material.

2.2.2 Continuity equation in media featuring CTI

To solve for the electric potential and prove the invariance of the solution to the isotropic

case, it is convenient to rewrite the continuity equation of the material system schematically

shown in Figure 2.2 in curvilinear coordinates. The energy balance for an infinitesimal time

increment dt reads:

−Jv
∂h

∂v
− h

∂Jv
∂v

− Ju
∂h

∂u
− h

∂Ju
∂u

= −h
Ns∑
i=1

Q(i)δ
[
ξ − ξ(i)

]
(2.18)
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Finally, introducing the constitutive equations and the relation between the electric field

and electric potential, the continuity equation can be finally written as follows:

kvv
∂2ρ

∂v2
+ kuu

∂2ρ

∂u2
= −

Ns∑
i=1

Q(i)δ
[
ξ − ξ(i)

]
(2.19)

2.2.3 Closed-form solution: electric potential, field lines and current density

Introducing the change of variable ψ = αu with α =
√
kvv/kuu, one can write:

∂2ρ

∂v2
+
∂2G

∂ψ2
= −

Ns∑
i=1

Q(i)

kvv

δ
[
v − v(i)

]
δ
[
ψ − ψ(i)

]
α

(2.20)

ρ = ρ∗ in ∂Ωd (2.21)

∂G

∂ψ
= 0 in ∂Ωn,0 (2.22)

The foregoing expressions take the same form as the curvilinear and Cartesian cases investi-

gated before except for the change of coordinate and the presence of the term α dependent

on the orthotropic electric conductivities. Accordingly, the fundamental solution reads:

G (v, ψ, v0, ψ0) =
1

2π
ln
√
g (ψ − ψ0, v − v0) g (ψ + ψ0 − 2ψb, v − v0) (2.23)

From Green’s theorem one gets:

ρ (ψ0, v0) = −
Ns∑
i=1

∫∫
Ω

Q(i)

kvv

G
[
ψ0, v0, ψ

(i), v(i)
]

α
dψdv (2.24)

By transforming the coordinates back to the original curvilinear system, the following result

is obtained:

ρ (u0, v0) = −
Ns∑
i=1

∫∫
Ω

Q(i)

kvv
G
[
u0, v0, u

(i), v(i)
]
dudv (2.25)

This result is identical to the isotropic case provided that one uses the conductivity in the

fiber direction in lieu of the isotropic constant k.
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φ (u, v) =
ψ (u, v, a) + ψ (u, v,−b)− ψ (u, v,−a)− ψ (u, v, b)

2πkvv
(2.26)

ψ (u, v, x) = −{χ (u, v, x) + 4uvζ (u, v, x) + ξ (u, v, x)} /x (2.27)

χ (u, v, x) = x
(
x2 + u2 − v2

)
log
[
(x− v)2 + u2

]
(2.28)

ζ (u, v, x) = tan−1 [(x− v) /u] (2.29)

ξ (u, v, x) = (x− v) (x+ 3v) (2.30)

2.3 Validation via FEA

In this section, theoretical framework on an infinite plate with a single edge crack is validated

by comparing the analytical solutions to the finite element analyses on electrostatic problem

using ABAQUS 6.17. The electric potential and current density were computed using 3-

node linear coupled thermal electric elements, DC2D3E and 4-node linear coupled thermal

electric elements, DC2D4E. In order to characterize the Curvilinear Transverse Isotropy, a

material was defined with an orthotropic conductivity, and the user sub-routine, ORIENT

was used to assign the orientation of curvilinear fiber paths. ORIENT can only prescribe

a single material orientation to each element at the integration point, which limits the

continuity of the fiber to C0. This requires to have a fine mesh near the tip of a crack in

order to capture smooth fiber paths in the region with a high curvature. Size of the mesh

was locally refined using the bias option in ABAQUS 6.17, and the numerical convergence

was investigated to determine the size of the mesh that would provide the changes in the

maximum electric potential value within 1%.

2.3.1 Modeling details

In modeling the geometry of a single edge crack specimen, a finite plate with the width,

D = 500 mm and the length, H = 1000 mm is created. A crack with the initial length,
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D = 500 mm

a = 50 mm
s

H = 1000 mm

Λ = 1 mm

ΔV

i

Figure 2.3: Geometry of a single edge crack specimen for a numerical validation.

a = 50 mm, is located at the midpoint of the bottom edge. A uniform current is applied at

the small regions of the crack surfaces. The length of source strips, Λ, is 2% of the crack

length, a. Two locations for the center of source strip are chosen for the validation: s = 14.5

mm and s = 34.5 mm. Summary of the geometry and the modeling detail is shown in Fig.

2.3. A CTI material system was chosen such that the conductivity in longitudinal direction,

kf = 400 S/mm and the conductivity in transverse direction, km = 10−19 S/mm.

According to the theory, all the fibers emanate from the source location where the

current flows in and converge back to the sink where the current flows out. This creates

the loops of fibers in the infinite plate with the edge crack. User-subroutine, ORIENT, was

used to align the fibers in the direction of the optimal path; however, the finite dimension

in the finite element model intrinsically cannot capture the physical continuity of fibers at

the boundary. To apply the correct boundary condition corresponding to the infinite plate,

exact electric potential found in the analytical solution was directly applied to the outer

boundary excluding the crack surfaces of the finite element model using the user-subroutine,

DISP.
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Figure 2.4: Numerical validation of the closed-form analytical solution. Plots of the
electric potential along three circular paths with current sources located at (a) 34.5 mm

and (b) 14.5 mm.

2.3.2 Theoretical and numerical results comparison

Comparisons between the electric potential components along three circular paths obtained

by the theoretical solution and the numerical analysis are shown in Fig. 2.4. Two source

locations are explored for the validation. As can be noted, the theoretical and numerical

solutions are in a perfect agreement for each path in both source locations, providing a

maximum difference less than 2%. Similar analysis was conducted for the current density

components. Figure 2.5 shows that the theoretical and numerical results for the current

density components are also in a perfect agreement for all the cases, providing a maximum

difference less than 2%.

2.4 Application to damage detection in notched components

Many engineering materials and structures often include notches and reentrant corners

in their design. The stress at the vicinity of a sharp notch theoretically approaches to

singularity. In practice, when the curvature of the tip of a notch is large, a notch can

be considered sharp and becomes a highly stress-concentrated region. This results to a
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Figure 2.5: Numerical validation of the closed-form analytical solution. Plots of the
electric electric current density along the circular path with current sources located at (a)

34.5 mm and (b) 14.5 mm.

significant reduction in the load bearing capacity of the structure, and often induces brittle

fracture with a few precursors and a short response time before the failure. Under the

cyclic loading, a crack can formulate at the tip of a notch, and it may propagate in a stable

manner until the critical condition is reached, and the failure will occur dynamically. Thus,

it is important to have a high resolution technique that can detect the damage initiation

and propagation near stress concentrators in order to maintain the structures before the

catastrophic failure.

To exemplify the application of a CTI material, the foregoing theoretical framework is

extended to a finite geometry with a V-notch to examine its capability of damage detection

at the vicinity of the V-notch. The foregoing analytical work on finding the closed-form

solution for an infinite plate with a single edge crack can be applied to a plate with a V-

notch using a proper conformal transformation. Previous work on electrostatic problems

of materials featuring CTI [57] takes advantage of Schwarz Christoffel mapping (SCM),

which provides a method for creating a conformal mapping for any polygonal geometry, to

conveniently describe the optimal fiber path in a curvilinear coordinate system. However,

field equations from SCM often include several gaussian hypergeometric functions that can



30

D = 2000 mm
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s = 34.5 mm

H = 2000 mm

Λ= 1 mm

2α = 90⁰

ΔV

i

Figure 2.6: Geometry of a V-notch specimen for the numerical study. Finite strips of an
unit current source are located 34.5 mm above the bottom edge. Opening angle of the

V-notch is 90◦.

easily increase the numerical evaluations exponentially. Furthermore, the finiteness in a

geometry makes the expression of an analytical solution even more complicated. As a

remedy for these practical concerns, this study proposes a numerical method to obtain the

fiber orientation that provides the optimal electric conductivity of a given structure and

loading condition.

2.4.1 Modeling details

In modeling the geometry of a V-notch specimen, a finite plate with the width, D = 1000

mm and the length, H = 2000 mm is created. The center of a notch with a depth, a = 50

mm and an angle, 2α = 90◦, is located at the middle of the bottom edge. Similar to the

crack case, a uniform current is applied at the source strips on the notch surfaces shown in

Fig 2.6. The vertical length of source strips, Λ, is 2% of the notch depth, a. The location of

the center of source strip, s, is 34.5 mm above the bottom edge. Summary of the geometry

and the modeling detail is shown in Fig. 2.6. Same CTI material system used in the crack

case was chosen for this study. For the case with an isotropic material, the conductivity in

longitudinal direction for the CTI material was used, kiso = kf = 400 S/mm.
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2.4.2 Methodology

From the foregoing theoretical framework, it concludes that the optimal fiber orientation is

aligned with the field lines in an isotropic material under the identical electrostatic boundary

condition. Leveraging on this result, identification of optimal fiber paths of any geometry

comes down to solving the field lines of the equivalent problem with an isotropic material.

It is worth mentioning that the material property of an isotropic material does not affect

the orientation of field lines in a given geometry and boundary condition. Following steps

are taken to numerically obtain the optimal fiber orientation of CTI material under the

choice of geometry and boundary condition.

1. Run a finite element analysis on the electrostatic problem with an isotropic material

under the choice of geometry and boundary condition.

2. Extract the both components of the current density, Jx and Jy, at the integration

point of each element.

3. Compute the optimal fiber paths for each element based on the current density infor-

mation, ϕ = arctan(Jy/Jx).

4. Run a finite element analysis on the equivalent electrostatic problem with an or-

thotropic constitutive law and choose the user-defined material orientation option with

ORIENT subroutine to assign computed optimal fiber orientation for each element.

It is important to notice that the mesh of a given geometry in step 4 should be same as

the one used for the analysis with the isotropic material in step 1 since the fiber angle is

computed for the specific location of each element. For this study, it was not a problem to

keep the same mesh for both the simulations; however, if it is inevitable to regenerate the

mesh, then one can use an interpolation technique to estimate the optimal fiber angle for

the new element with the given set of optimal fiber angles obtained in the prior simulation

with an isotropic material in step 1.
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Electric potential: φ [V]Optimal fiber path without crack

Figure 2.7: Optimal fiber paths visualized onto the solution of electrostatic problem.

2.4.3 Verification

In this section, the electric potential and current density computed with the isotropic mate-

rial are compared to the ones with the CTI material in which the fiber paths are numerically

calculated following the method introduced in the previous section. Visualization of fiber

paths and the electric potential field of the CTI material is shown in Fig. 2.7. Leveraging on

the fact that the field properties (electric potential and current density) must be identical

for both material systems when the conductivity in the longitudinal direction, kf = 400

S/mm is equal to the conductivity of isotropic material, kiso = 400 S/mm, the accuracy of

the numerical optimal paths is verified.

Figure 2.8(a) shows the comparison on the electric potential along the three circular

paths between the isotropic material and optimized CTI material system. As can be noted,

the electric potential values obtained in the isotropic material and CTI material system are

in a perfect agreement for each path, providing a maximum difference well less than 1%.

The circular path with the radius of 22 mm was chosen to investigate the current density

for both material systems, and the comparison is shown in Fig. 2.8(b). Similar to electric

potential comparison, the current density values obtained from both material systems are

in a perfect agreement, providing a maximum difference well below 1%.
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Figure 2.8: Comparison between the solutions to the electrostatic problem with the
isotropic material and CTI material system with the optimal fiber orientation. (a) Plot of
the electric potential along three circular paths, (b) Plot of the electric current density

along the circular path, R = 22 mm.

This verification ensures that the preceding numerical method provides an efficient and

accurate tool to compute the optimal fiber orientation. It is worth reminding that the

this method can easily be extended to a more general and complicated geometry. Once

the direction of the field lines of a specified geometry and boundary condition with an

isotropic material are obtained, the identification of the optimal fiber paths for CTI system

is completed.

2.4.4 Resistance of a CTI system with a crack propagation

In this section, the damage detection capability of the CTI system is investigated and

compared to the one with an isotropic material and straight fibers. Two straight fiber

cases were chosen for this study: fibers are laid 1) the orthogonal to the direction of a

crack propagation and 2) the parallel to the direction of a crack propagation. Material and

the Modeling detail for the V-notch specimen follow the same descriptions in the forgoing

section. A crack was introduced at the tip of the notch defined by a seam. The length

of the crack was ranged from 0 to 20 mm. Optimal fiber path was obtained using the
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Figure 2.9: Increase in the electrical resistance of the V-notch specimens with three
different material systems: 1) CTI, 2) isotropic and 3) orthotropic with straight fiber path.

Region of early stage in the crack propagation, ranged from 0 to 2 mm, is magnified.

numerical method discussed in the preceding section and kept same while the crack length

was changed. Resistance was computed across the source strips where the uniform current

was applied for each crack length.

The comparison on the evolution of resistance from the change in crack length between

the CTI material and the isotropic material is shown in Fig. 2.9. As can be noted, the

change in the resistance of the CTI material is much more conspicuous compared to the

one with isotropic material and the one with the straight fibers. In fact, both the straight

fiber cases did not affect the resistance at the source strips because the straight fibers does

not complete the closing circuit, and the electric potential at the source strips remains same

as the crack propagates. The change in the resistance of the specimen with the isotropic

material is negligible compared to the one with CTI material. Thanks to the noticeable

change in the resistance, CTI material has an advantage on diagnosing the damage in the

structure near the stress concentrator compare to an isotropic material and straight fiber

cases.
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For brittle and quasi-brittle materials including fiber-reinforced composites, a small prop-

agation of a crack can lead to a dynamic failure and collapse of the structure. Therefore,

it is important to have a high resolution in detecting the onset of the crack propagation.

As the crack length is increased from 0 to 1 mm, the normalized resistance of the isotropic

specimen is only increased by 0.3% whereas the normalized resistance of the CTI specimen

is increased by 8.2%. When the crack length is increased to 2 mm, the normalized resistance

of the isotropic specimen and the CTI specimen are increased by 0.8% and 29.6%, respec-

tively, from the onset of the crack. This further exhibits the outstanding ability to detect

the damage initiation and propagation of a CTI material with an optimal fiber orientation

compare to other material systems.

There are two main factors for the CTI material with optimized fiber paths that con-

tribute to the significant increase in the resistance across the source strips when the crack

length increases: 1) a breakage of fibers which disconnect the closing circuit from one end

of source strips to the other and 2) a deviation of the initial optimal fiber orientation from

the updated field lines due to the presence of a crack as shown in Fig. 2.10.

Initially, each fiber behaves as an conductive closed-loop circuit. When the fiber is

broken, the current cannot flow anymore along that fiber, and the electric potential is

increased due to the high resistance caused by the fiber breakage. As more and more fibers

are cut by the crack propagation, it forms a localized region at the vicinity of the notch tip

and the crack where the electric potential is accumulated as shown in Fig 2.10 and behaves

similar to a capacitor. It can be also noted that the region away from the notch tip and

the crack still has a low electrical potential value. This region is where the fibers still form

close-loop circuits where the current can flow from the source.

The increase in electric potential across the source strips is further augmented by the

increase in the misalignment of the fiber orientation to the field lines in the presence of a

crack. This is an unique feature that the CTI material takes advantage over an isotropic

material, which automatically adapts to the new field lines for each crack length; therefore,

the change in the resistance is minimal. Figure 2.10 depicts the evolution of the change

in optimal fiber paths for each crack length and the deviation of the initial optimal fiber

placement from them. As can be noted, the deviation becomes enlarged as the crack length
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(b)

(d)

(a)

(c)

Optimal fiber path without crack Optimal fiber path with crackφ [V] φ [V]

Figure 2.10: Electric potential field solutions to the electrostatic problem on the
V-notched specimen with a crack length, (a) a = 0 mm, (a) a = 5 mm, (a) a = 12 mm, (a)
a = 20 mm located at the tip of V-notch. Fiber path optimized for the conductivity of

V-notch with no crack is shown in red and starts to deviate from the true optimum shown
in yellow dashed line as the crack is initiated.
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is increased, which further contribute to the increase in the electric potential in the whole

structure.

2.5 Piezoresistive behavior of CTI: application to health-monitoring

In the last decades, it has been shown that the smart materials, which utilize electrical

properties for a sensing capability on the structural health monitoring, are effective to in-

spect and diagnose the damage or strain field. Early works on the self-monitoring technique

of fiber reinforced composites leveraged on the change in the resistivity measure of con-

ductive fibers and showed the promising results on a self-monitoring capability utilizing

piezoresistive behavior of fibers under multiple loading conditions [59, 60, 61, 62, 63, 64].

In this section, the piezoresistive behavior of the CTI material is explored and compared

to the behavior of a woven composite. Geometry and the boundary condition are same as

the ones in the foregoing section, and same optimal fiber path obtained from the electro-

static problem is assigned for the CTI material. Mechanical and piezoresistive properties

of an unidirectional fiber-reinforced (UD) composite and a woven composite are selected

accordingly to the ones used in the work from Boschetti-de-Fierro et al [63], which nicely

characterized the piezoresistive response of both UD and woven matrix-carbon fiber compos-

ites under a tension. Material properties of carbon fiber fabric used for each reinforcement

type is identical to each other. Summary of mechanical and electrical properties of both

fiber-reinforced composites are shown in Table 2.1. The relative change in electrical resis-

tance from the increase in the longitudinal strain is shown in Fig. 2.11. The relative change

in electrical resistance is defined as follows:

%∆R/R0 =
Rc −R0

R0
× 100 (2.31)

where Rc is resistance value at each time, and R0 is the initial resistance value without any

deformation.
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Table 2.1: Material properties of carbon fiber-reinforced composites with different type of
reinforcement

Mechanical properties Electrical conductivity

Reinforcement Type E1 [GPa] E2 [GPa] ν12 G12 [GPa] k1 [S/mm] k2 [S/mm]

Unidirectional fiber 64.0 5.7 0.3 3.0 7.7 0.004
Woven 33.2 33.2 0.1 12.77 4.17 4.17
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Figure 2.11: Increase in the relative electrical resistance from the increase in longitudinal
strain under a tension for (a) unidirectional fiber-reinforced composite and (b) woven
composite. Exponential functions were used for characterizing the relation between

electrical resistance and longitudinal strain.
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2.5.1 Numerical implementation

Leveraging on the fact that the governing equation of the steady-state heat transfer problem

is equivalent to the one of electrostatic problem, coupled mechanical and heat transfer

analyses were conducted in ABAQUS 6.17 Standard. In this case, temperature field and

heat flux are equivalent to potential field and current density, respectively. This choice was

made such that the strain dependent conductivity can be assigned to the material property

using the subroutine called UMATHT. However, UMATHT does not allow users to access

the current strain information during a computation. Therefore, it had to be called in

conjunction with another subroutine, USDFLD, which allows users to access field variables

such as current strain values at the integration points in each element. For the future users

of subroutine USDFLD, selection of the user defined field option in the material module

alone does not activate the subroutine, USDFLD. Users need to add an Initial Conditions

statement in the correct location of the input file. The temperature and heat flux were

computed using 3-node linear displacement and temperature element, CPE3T. A numerical

convergence study was performed to determine the size of the mesh that would provide the

changes in the maximum temperature value within 1%.

In the process of assigning the piezoresistive behavior of UD and woven carbon fiber

composites under tension, the experimental data from Boschetti-de-Fierro et al. [63] were

approximated with the following exponential functions:

RUD = R0,UD (0.99 + 0.01 exp (477⟨ε1⟩)) (2.32)

Rwoven = R0,W

(
0.99 + 0.01 exp

(
135.4⟨ε1⟩0.86

))
(2.33)

where R0,UD and R0,W are the initial resistance of UD and woven composites, respectively,

and ε1 is a strain in longitudinal direction at each time. Macaulay brackets, ⟨x⟩ = max (0, x),

are used for exponents to exclusively take the contribution of positive longitudinal strain.

Exponential fitting to the experimental data is shown in Fig 2.11. Changes in the resis-

tance along the transverse direction of UD composite is negligible compared to the one in

longitudinal direction. Furthermore, the conductivity in transverse direction is 2000 times
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Figure 2.12: Comparison on the relative change in electrical resistance across the source
between the CTI material and the woven composite under a longitudinal tension.

lower than the one in longitudinal direction. Therefore, the piezoresistive behavior of UD

composites in transverse direction is neglected in the constitutive behavior. For the wo-

ven composite, the piezoresistive behavior in both longitudinal and transverse direction are

assigned identically. For both types of reinforcement, a resistance change due to a local

compression was ignored.

2.5.2 Results and discussion

The comparison on the change of resistance due to the tension between the CTI material

with optimized fiber path for the conductivity and the woven composite is shown in Fig.

2.12. As can be noted, the increase in the resistance of CTI material is about 7 times

larger. This result indicates that CTI material is more attractive in using piezoresistive

behavior to monitor the local strain field near a stress concentrator before the onset of

crack propagation. This is an outstanding performance considering that the fiber path is

not optimized for magnifying the piezoresistive response under tension.
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2.6 Conclusions

This study extended a general theoretical frame work for the exact, closed-form solution on

the electrostatic problem with the finite source of an electric current in a CTI material sys-

tem. Moreover, the numerical method to obtain the optimal fiber paths given any geometry

is proposed to exemplify the application of CTI material in a damage detection. Based on

the results obtained in this study, the following conclusions can be elaborated:

1. Leveraging on the fact that the fiber paths should align with the field lines of the

equivalent electrostatic problems in an isotropic medium to maximize the conductivity,

the numerical methods of finding the optimal fiber orientation for any finite geometry

is simple, convenient and can easily verified.

2. It is shown that the damage detection capability of CTI media is superior to isotropic

and straight fiber material systems thanks to 1) fiber breakage by crack propagation

and 2) deviations in an original fiber paths from the updated field lines due to a crack

propagation.

3. Furthermore, health monitoring ability of CTI material systems near a stress concen-

trator utilizing piezoresistive behavior of fiber is outstanding compare to a conven-

tional fiber-reinforcement such as a woven composite. This provides an interesting

multi-objective optimization problem to a CTI material system in health monitoring

and damage detection application.
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Chapter 3

CURVILINEAR TRANSVERSE ISOTROPY IN MECHANICAL
PROBLEM: LITERATURE REVIEW

The idea of adding a reinforcement is not so new in the structural engineering. Rebars

have been added to the concrete structures to increase the tensile strength. Stringers in

aircraft structures prevent the buckling of skin. In contrast to this type of reinforcing

application where an additional structural component provides extra support at the weak

region, fiber reinforced composite material inherently exhibits the reinforcing feature along

the direction of fibers.

The superior specific mechanical properties were the initial driving factor for substituting

metal components at the pursuit of lighter aircraft. As Mansfield [65] demonstrated the

potential performance gain of curvilinear reinforcements via the concept of neutral hole,

further advancement in the reinforcement design of composite materials can optimize the

balance between the weight saving and mechanical objective. Despite this fact, limitation

in the manufacturing technology discouraged researchers due to the lack of practicality.

In recent years, the advent of Automated Fiber Placement (AFP) and Additive Manu-

facturing (AM) with continuous fibers have widen the range of design space of composite

materials and allowed the production of more sophisticated reinforcement design in a good

quality [66, 67, 68]. Thanks to the advancement in manufacturing technology, several works

have explored the concept of variable stiffness over a composite structure to attain desired

mechanical properties.

Hyer and Charette [69] were the first to investigate the curvilinear fiber reinforcement

in the whole structure. They were able to demonstrate the attainment of a superior loading

capacity in tension compared to unidirectional composites. Later, they extended their study

of curvilinear fiber reinforcement design to achieve a high buckling resistance of composite

plates with a central hole [70].
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Parnas et al. [71] also used the curilinear fiber reinforcement and varying thickness

to reduce the weight of composite laminates under various loading conditions. Both bi-

cubic spline functions and bi-cubic NURBS surfaces are used to describe the fiber paths

and the thickness of the plate, respectively. Sequential quadratic programming was used in

optimizing the composite configuration, and the Tsai-Hill failure criterion [72] was used in

constraining the stress distribution in the structure below the critical value.

Somewhat different approach of finding optimal reinforcement design was introduced by

Setoodeh et al. [73]. They utilized the lamination parameters to introduce variable stiffness

over the structure and minimize the compliance of a composite plate under in-plane and

out-of-plane loading conditions. Thanks to the convex nature of lamination parameters, the

optimization with the sequential quadratic programming was very efficient and guaranteed

to find the global optimum in the objective function. However, it was not so straightforward

to retrieve the fiber paths from the distribution of lamination parameters. Further studies

from the same authors on the effect of variable stiffness on a flat composite plates succeeded

in capturing the post-buckling behavior [74] and examining the in-plane and buckling load

under compression [75, 76]. In both studies, the fiber paths were assumed to vary in one-

dimension as introduced in [77].

For balanced and symmetric laminates under compression, Nik et al. [78] showed

that plates featuring optimized curvilinear reinforcement simultaneously outperform quasi-

isotropic laminates in terms of both buckling load and in-plane stiffness. Cho and Rowlands

[79, 80] demonstrated the capability of CTI of reducing the stress concentration of perfo-

rated media. Further studies on the stress concentration of laminated composite plates

were carried out by Honda et al. [81], who later extended their methodology to allow for

multi-objective optimization of the structural performance [82].

Recently, Malakhov and Polilov [83] showed a significant reduction in the stress concen-

tration in plates with a central hole by aligning the fibers with the maximum principle stress

direction. Akhavan and Ribeiro demonstrated [84] demonstrated that the curvilinear fiber

plates provide more flexibility of tuning frequencies and mode shapes compared to straight

fibers. Frequencies are sensitive to the path of fiber. In this study, fiber paths are restricted

to shifts of reference fiber path defined in linearly varying angles in 1-D as introduced in



44

[77]. Variation in fiber path can lead to a meaningful change in vibration mode and in

natural frequencies.

Zamani et al. [85] investigated the improvement in the failure load under various loading

conditions of thin-walled beams. Variable stiffness was induced by means of curvilinear

fiber configuration following the paths defined in [77]. Governing equations are derived

using the extended Hamilton’s Principle, and the extended Galerkin method was used to

attain the solution. Optimization study was carried on finding both straight and curvilinear

fiber configuration that maximize the failure load under various loading conditions. The

sequential quadratic programming was used in the process. Optimization results show that

there is a reasonable performance increase in introducing variable stiffness feature in the

plate. Extending this work, Haddadpour and Zamani [86] studied the aeroelastic stability

improvement of thin-walled composite wings with the variable stiffness resulting from fibers

which the angles vary linearly along the span. The result demonstrates that instability speed

can be further increased using the variable stiffness idea in the composite wings. Murugan

and Friswell [87] further studied the benefits of a curvilinear fiber design on a morphing

wing structure. Genetic algorithm was used to obtained the Pareto front for well-balanced

design that can simultaneously minimize the in-plane stiffness and maximize out-of-plane

stiffness to retain aerodynamic performance. Fiber paths are restricted to shifts of reference

fiber path defined in linearly varying angles in 1-D as introduced in [77].

In recent works on the variable stiffness concept, Montemurro and Catapano introduced

the multi-scale two-level (MS2L) optimization method on minimizing the compliance [88]

and maximizing strength [89] of composite laminates. Their procedure involves two stages:

1) setting up the objective function with point-wise varying laminate polar parameters (PPs)

interpolated by B-spline surfaces and 2) retrieving the fiber paths based on the optimal

distribution of PPs obtained in the first stage. Fiordilino et al. further improved the method

to obtain optimal configurations maximizing buckling loads of the benchmark problems with

outstanding results [90]. One of the remarkable advantages of the approach proposed by

Montemurro et al. of using a set of B-spline surfaces to represent the distribution of the

laminate polar parameters over a structure are that it ensures continuity of polar parameters

and fiber paths, and it also reduces the number of design variables.
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The idea of curvilinear reinforcement extends to the stiffeners on panels. Dang et al. [91]

found optimal configuration of stiffener following curvilinear path on panels with cutouts

under multiple loading conditions. The similar approach is further extended to the mini-

mization of weight on shells with stiffeners under compression and shear loads [92]. Devara-

jan et al. [93] employs the isogeometric finite element analysis to investigate the effect of

the curvilinear stiffeners on the thermal buckling behavior of plates with complex cutouts.

In the following chapters, a proper numerical method to analyze the mechanical behavior

of composite structures featuring CTI is first selected. In this effort, a comparison between

the standard numerical methods used in the literature study and the particular choice of

numerical method is presented to provide a reason behind the particular choice suitable

for analysis on composites exhibiting CTI. Then, the mechanical performances of several

different curvilinear fiber reinforcements are presented. The elastic behavior includes a stress

concentration and the stiffness of a structure, and the first order failure analysis is performed

using a polynomial strength criterion. Lastly, the optimization study is performed to find

the superior reinforcement design based on the choice of design objectives.
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Chapter 4

NUMERICAL ANALYSIS ON A PLATE WITH A SEMI-CIRCULAR
NOTCH FEATURING CTI: ISOGEOMETRIC FRAMEWORK

This chapter includes the work done with the fellow colleague, Kenta Suzuki for his

master thesis [94, 95].

Isogeometric Analysis introduced by Hughes et al. [1] is a trending numerical methods in

the world of computational mechanics. This new method utilizes spline as a basis function

inspired from Computer Aid Design (CAD) in Finite Element Method (FEM), providing a

novel framework for solving governing equations in various physics and engineering disci-

plines: e.g. fluid, solids and structures.

Interestingly enough, FEM was introduced in the field of engineering around 1950s and

1960s [96]. Aerospace engineering was at the forefront of developing this numerical method

to solve partial differential equations that describe dynamic and aeroelastic problems. At

the present time, its use is widespread throughout the computational mechanics and all the

engineering disciplines. On the other side, CAD was introduced later in 1970s and 1980s

[97]. Although the geometrical description is important in FEM, CAD had a much later

origin. This gives us an insight on the discrepancy in the geometric representation between

them. Unlike the FEM elements in which the basis functions are defined with polynomial

functions, CAD relies on the splines, piece-wise polynomials, to represent a geometry.

Today, it is common to generate the geometry and mesh using a CAD software and

import them into a FEM program to carry on the analysis. According to Hughes et al.

[1], 80% of the time spent in overall analysis process is devoted to the mesh generation in

the automotive, aerospace and ship building industries. In many circumstances, modeling

a geometry and a mesh of the full structure of a vehicle can take several months due to the

discrepancy in CAD and FEM. This can disrupt the productivity since the design changes

can be made on a daily basis. Furthermore, the analysis process is iterative and often
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requires mesh refinements. In most circumstances, there is no linkage between CAD and

FEM software that allows communication between them, and this causes the difficulty in

an interactive process.

Another problem that rises from the geometric approximation in FEM is accuracy. Thin-

shell structures are extremely sensitive to the imperfection in the geometry. Buckling load

of a geometrically perfect cylindrical shell can be substantially weakened by embedding

geometric imperfections [1]. Not restricted to structural problems, the quality of mesh

generation is also crucial to capture the boundary layer in computational fluid dynamics

and provide accurate computation of quantities such as pressure, velocities and friction

coefficient.

In conclusion, the motivation of developing IGA is to reduce the cost of mesh generation

and prevent the inherent accuracy problem from the geometric representation in standard

FEM. Moreover, it can serve as a channel that will allow the communication between FEM

and CAD software during mesh refinement leading to a more efficient and proficient design

tool in the engineering field.

The word “Isogeometric” in IGA refers to the “exact (Iso-)” geometric representation

during the analysis. This is done by borrowing the identical parametric definition of the

geometry model for the analysis. In other words, same basis functions that defines the

geometry are used as shape functions of the element during the analysis. Therefore, IGA

mesh from the definition grants the exact CAD geometry regardless of mesh size. Exact

representation of a geometry provides the solutions to the preceding problems. First, it

reduces the cost of mesh generation. Geometry modeling defined by splines becomes part of

mesh generation, so there is no need for a step transforming the geometry to the analysis-

suitable mesh. Moreover, modifications in the geometry are automatically updated in the

mesh; therefore, there is no need for a mesh re-generation. These advantages significantly

reduces the cost of mesh generation and modification process in the design. Second, the

exact geometric representation means there is no compromise in the geometric accuracy;

therefore, IGA can prevent the inherent accuracy problem from the approximate geometric

representation in standard FEM. Lastly, IGA can serve as a channel that will allow the

smooth communication between analysis and CAD software leading to a more efficient and
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proficient design tool in the engineering field.

In addition to those advantages, it is convenient to control the continuity between spline

elements by the implementation of order elevation [1, 9]. This is in contrast to standard

FEA which always provides C0 continuity between elements. Flexibility in controlling the

continuity of spline basis functions allows to implement high-order deformation plate theo-

ries without any shear correction factor such as an inverse tangent shear deformation theory

demonstrated by Thai et al. [98]. Furthermore, higher continuity in spline basis functions

can efficiently prevent shear locking as highlighted by Da Veiga et al. [99] and Valizadeh et

al. [100].

Producing an accurate field solution in a numerical analysis of a structure requires a

fine mesh refinement near the regions of high stress concentration. For a structure with

an uniform stiffness, a stress concentration generally occurs in the presence of geometric

features such as holes and notches given that the loading and boundary conditions are

simple. For a structure with a variable stiffness, a stress concentration can occur at the

location of high gradient in the material properties, which can be realized with a high

radius of curvature in fiber reinforcement. To capture this phenomenon, standard FEM

requires several levels of mesh refinements. This may not be the case for the IGA mesh

with higher inter-continuity between elements. In this study, investigation on the effect of

high inter-continuity between elements and the effect of variation diminishing property (i.e.

the maximum number of intersections that a plane has with a spline curve is equal to the

number of intersections that the plane has with the control polygon) to the convergence is

carried on by comparing to numerical performance provided by a standard FEM mesh.

In this work, representation of curvilinear anisotropy into an element stiffness matrix

is introduced following the IGA framework defined with NURBS (Non-Uniform Rational

B-Spline). Then, its performance is examined by comparing it to standard FEA in terms

of error of the stress measured in L2-norm. The performance of IGA is compared to the

performance of a standard FEA in terms of computational efficiency by measuring the time

consumption and accuracy by computing the error in the stress field using the L2-norm.

Then, the exceptional mechanical behavior of curvilinear fiber composites is explored in

terms of in-plane stiffness and stress concentration using a plate weakened by a semi-circular
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notch as a case study. Finally, the optimal fiber paths minimizing the stress concentration

factor and the Tsai-Wu failure index is identified using the Sequential Quadratic Program-

ming (SQP). Similarly, the fiber paths that minimize the maximum principal stress and

maximize stiffness of a more complex structure are found.

4.1 Mathematical background

In the standard FEA framework, Lagrangian basis functions define the physical space [101].

On the contrary, in the IGA framework, spline functions, such as Non-Uniform Rational

B-Spline basis functions, define the parameter space [1, 9]. Thus, in the following sections,

a brief introduction on NURBS is provided. Then, the method to impose continuous fibers

following curvilinear paths under the isogeometric framework is introduced.

4.1.1 B-spline parametric space

NURBS are extension of B-splines. A knot vector is non-decreasing sequence of real number

that forms a set of coordinates in the B-spline parametric space. Let Ξ = [ξ1, ξ2, ..., ξn+p+1]

be the knot vector, then ξi is the ith knot where i is the knot index, i = 1, 2, ..., n + p + i.

p is the degree of polynomial, and n is the number of B-spline basis functions. Uniform

knot vectors have equally spaced knots; otherwise knot vectors are said to be non-uniform if

knots are spaced unequally. Knots that are present more than one are referred to as repeated

knots. If the first and last knots are repeated p+1 times, then the corresponding knot vector

is said to be open. Open knots are widely used in the CAD due to their interpolatory at the

ends of a curve or corners of patches in a higher dimension. However, B-spline geometry

is not interpolatory in the interior knots. In contrast, all the nodes in FEM elements are

interpolatory, which is the inherent trait of a polynomial approximation.

4.1.2 B-spline basis function

B-spline basis functions can be calculated in many different ways. Most convenient way

to compute B-spline basis function is to use recurrence formula [102] in Eq. 4.2. This can

be obtained employing the divided difference in the definition of the basis functions [103].
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Recurrence formula builds from zeroth degree (p = 0) piece-wise constant, which is defined

in Eq. 4.1.

Ni,0(ξ) =


1 if ξ ≤ ξ < ξi+1

0 otherwise.

(4.1)

For p = 1, 2, 3, ..., B-spline basis function is recursively defined as follows:

Ni,p(ξ) =
ξ − ξi
ξi+p − ξi

Ni,p−1(ξ) +
ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1(ξ) (4.2)

Different order of basis functions with a uniform knot vector are shown in Fig. 4.1. As

can be noted, the basis functions with degree p = 0 and p = 1 are equivalent compare to a

standard FEM basis function of piece-wise constant and linear elements.
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Figure 4.1: Basis functions of degree 0, 1, 2. The knot vector is uniform (image from [1]).

A multiplicity of knots is related to the continuity of the geometry. Basis functions of

degree p obtains Cp−1 continuity, and it decreases by k as a knot is repeated k-times. An

example of a quadratic basis functions with open knot vector is illustrated in Fig. 4.2a. As it

can be noted, C1-continuity is attained everywhere except at ξ = 4 where it’s C0-continuous

due to a repetition.

Important properties of B-spline basis function are listed below:

1. Partition of unity,
n∑

i=1

Ni,p(ξ) = 1 (4.3)
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2. Each Ni,p(ξ) has a compact support meaning that it is zero outside of the interval,

[ξi, ξi+p+1].

3. All the basis functions are non-negative.

Derivative of B-spline basis function can also be computed recursively following Eq. 4.4,

which can be proved by induction [102].

N
′
i,p(ξ) =

p

ξi+p − ξi
Ni,p−1(ξ)−

p

ξi+p+1 − ξi+1
Ni+1,p−1(ξ) (4.4)

B-spline curve of a degree, p is defined as:

C(ξ) =

n∑
i=1

Ni,p(ξ)Bi (4.5)

where the coefficients, Bi are called control points. The B-spline curve constructed with

previous knot vector example is show in Fig. 4.2b. An affine transformation such as

translation, scale, shear, and rotation can be applied to the curve by transforming the

control points.
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Figure 4.2: (a) Basis functions of degree 2 for a knot vector: Ξ = {0, 0, 0, 1, 2, 3, 4, 4, 5, 5, 5},

(B) B-spline curve with the corresponding knot vector (image from [1]).
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4.1.3 Refinement methods

Knot insertion

Knots can be inserted into knot vectors without modifying the curve geometrically and

parametrically. This process is analogous to h-refinement in a standard FEM. Given a knot

vector Ξ = [ξ1, ξ2, ..., ξn+p+1], let ξ̄ ∈ [ξk, ξk+1] be inserted. The n + 1 basis functions can

be computed from recursion formula given in Eq. 4.1 and 4.2. The n + 1 control points,

B̄i, are placed to conserve the curve geometrically and parametrically from the original n

control points, Bi, as follows:

B̄i = αiBi + (1− αi)Bi−1 (4.6)

where

αi =


1, 1 ≤ i ≤ k − p

ξ̄−ξi
ξi+p−ξi

, k − p+ 1 ≤ i ≤ k,

0, k + 1 ≤ i ≤ n+ p+ 2.

(4.7)

This relation can be proven by induction using the property of a divided difference [104].

Degree elevation

The Degree of polynomial in basis functions can be increased without modifying the curve

geometrically and parametrically. Multiplicity of each distinct knot increases to restrain

the continuity of the curve. Number of new control points added depends on multiplicity

of the original knots. This process of increasing the degree of polynomial is analogous to

p-refinement in a standard FEM.

K refinement

In IGA, a combination of knot insertion and degree elevation can be applied to refine a

mesh. It is worth to notice that the order of these two processes does not commute. This

concept seems a little ambiguous; however, it will be much clear with the following example.
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Given a open knot vector, Ξ = [0, 0, 1, 1], and the associated linear basis functions,

lets first insert the knots, ξ1 = 1/3 and ξ2 = 2/3. The new knot vector becomes Ξ =

[0, 0, 13 ,
2
3 , 1, 1]. The order of the continuity is maintained as C0. In the next step, the degree

elevation is applied such that p = 2. Resultant knot vector is Ξ = [0, 0, 0, 13 ,
1
3 ,

2
3 ,

2
3 , 1, 1, 1].

Each unique knot value is repeated to preserve the C0-continuity, and the total number of

knots are 10. Now, lets flip the order of refinement process and start with the original knot

vector, Ξ = [0, 0, 1, 1]. After a degree elevation, Ξ = [0, 0, 0, 1, 1, 1] and p = 2. Lastly, ξ1 =

1/3 and ξ2 = 2/3 are inserted to the new knot vector, resulting Ξ = [0, 0, 0, 13 ,
2
3 , 1, 1, 1] as a

final product with C1-continuity for the internal knots, and the total number of knots is 8.

The geometry and parametrization of each curve obtained from each procedure are identical.

However, the latter case provides advantage over the first by providing a higher interior

continuity (smoother derivative) with the smaller number of knots (less basis functions).

For this reason, latter refinement process referred to k-refinement.

4.1.4 Rational B-spline

In this section, more general way to represent the geometry will be introduced by defining a

rational B-spline. It can be shown that the polynomials cannot exactly represent the conic

sections such as an ellipse, a parabola, and a hyperbola. These curves can be precisely

represented with rational functions.

A NURBS curve with the degree p is defined as:

C(ξ) =

∑n
i=1Ni,p(ξ)wiBi∑n
î=1

Nî,p(ξ)wî

(4.8)

where Ni,p is pth-degree B-spline basis function, wi is a associated weight, and Bi is a

corresponding control point. Rational basis function, Rp
i (ξ), can be defined as:

Rp
i (ξ) =

Ni,p(ξ)wi∑n
î=1

Nî,p(ξ)wî

(4.9)
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This allows to rewrite a NURBS curve as:

C(ξ) =

n∑
i=1

Rp
i (ξ)Bi (4.10)

A NURBS curve can be interpreted as a projection of four-dimensional B-spline curve to

the hyperplane (W = 1) [102]. Given a point, B = (x, y, z), in three-dimensional Euclidean

space, it can be transformed to the 4-tuple with a weight, W , as fourth quantity. This

results Bw = (wx,wy,wz, w) = (X,Y, Z,W ). By introducing a perspective mapping, H at

the center of the origin, the relation between B and Bw can be established as follows:

B = H{Bw} = H{(X,Y, Z,W )} =


(
X
W , Y

W , Z
W

)
if W ̸= 0

(X,Y, Z) if W = 0

(4.11)

Then, a four-dimensional B-spline curve is defined as:

Cw(ξ) =

n∑
i=1

Ri,p(ξ)B
w
i (4.12)

A three-dimensional NURBS can be computed by employing the perspective map, H, to

Cw(ξ). This is illustrated in Fig. 4.3.

C(ξ) = H{Cw(ξ)} (4.13)
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Figure 4.3: Projection of a three-dimensional B-spline curve, Cw(ξ) on the hyperplane,
W = 1 to form a two-dimensional rational B-spline curve, C(ξ) (image from [1]).
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Given a control net, {Bi,j} where indices, i ∈ [1, n] and j ∈ [1,m], and knot vectors,

Ξ = [η1, η2, ..., ηm+q+1] and η = [η1, η2, ..., ηm+q+1], a NURBS surface is defined by a tensor

product:

Rp,q
i,j (ξ, η) =

Ni,p(ξ)Mj,q(η)wi,j∑n
î=1

∑m
ĵ=1

Nî,p(ξ)Mĵ,q(η)wî,ĵ

(4.14)

S(ξ, η) =
n∑

i=1

m∑
j=1

Rp,q
i,j (ξ, η)Bi,j (4.15)

A NURBS solid can be defined similarly by a tensor product with an additional knot vector,

and the corresponding control points are three-dimensional object.

4.1.5 Derivative of NURBS

Starting from the derivative of B-Splines, the derivative of NURBS functions simply follow

the quotient rule such that:

d

dξ
Rp

i (ξ) = ωi

W (ξ)N ′
i,p(ξ)−W ′(ξ)Ni,p(ξ)

[W (ξ)]2
, (4.16)

where

W ′(ξ) =
n∑

î=1

N ′
î,p
(ξ)ωî. (4.17)

Further properties and techniques for B-Splines and NURBS can be found in [103, 105,

106, 107] and [108, 109, 110, 111], respectively. For detailed theoretical framework and the

implementation in IGA, the reader is referred to Hughes et al. [1, 9].

4.1.6 Refinements in NURBS

Knot insertions and degree elevations used for B-splines can be applied with similar manner

since NURBS can be expressed as a weighed B-splines. Weight values of control points for

a NURBS are not necessarily equal to one; therefore, control points need to be transformed

to projective coordinate system before applying the refinement methods. Once a new set of

control points are computed in projective coordinate system, they can be transformed back

to physical coordinate system.
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4.1.7 Curvilinear fiber description for simple optimization studies

Commonly, the depiction of curvilinear fiber paths involves assigning a constant tangent

vector to each segment and treating the orientation of each segment as a variable within

the parameter space [69, 70, 79, 80]. While this approach offers a comprehensive framework

for defining potential fiber arrangements, it can easily lead to a substantial rise in compu-

tational expenses due to the extensive number of design variables (equivalent to the count

of elements). Conversely, certain investigations [73, 88, 89, 90] have pursued optimization

to identify the optimal distribution of mechanical parameters, such as lamination and polar

parameters. These methodologies also yield promising outcomes, despite they necessitate a

secondary step to recover the corresponding fiber paths aligned with the distribution estab-

lished in the initial phase. In order to limit the number of design variables to a reasonable

value while retaining the desired space of fiber configurations, a simplified approach using

the following functions are proposed:

1. 5th-order complete polynomials proposed in [81, 82]

2. Himmelblau’s polynomials

A level-set function [81, 82] is used to illustrate a subset of potential fiber arrangements

within the selected domain. This approach additionally guarantees the following important

attributes for manufacturability: 1) the smooth continuation of fiber trajectories, and 2) the

avoidance of any intersections among fibers. Consequently, in this study, the curvilinear fiber

pathways are described utilizing either 5th-order complete polynomials or Himmelblau’s

polynomials, which mirror the form of Himmelblau’s function. These two polynomial level-

set functions are defined in Eq. 4.18 and Eq. 4.19, respectively.

f(x, y) = C00+C10x+ C01y + C20x
2 + C11xy + C02y

2

+ C30x
3 + C21x

2y + C12xy
2 + C03y

3

+ C40x
4 + C31x

3y + C22x
2y2 + C13xy

3 + C04y
4

+ C50x
5 + C41x

4y + C32x
3y2 + C23x

2y3 + C14xy
4 + C05y

5,

(4.18)
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f(x, y) = (C1x
2 + C2y − C3)

3 + (C4x+ C5y
2 − C6)

3 (4.19)

The coefficients, C in each level-set functions are the design variables that determine the

fiber paths over the two-dimensional structure. The fiber orientations θ are calculated by

partially differentiating the level set function of Eq. (4.18) and (4.19) with respect to x and

y as:

θ(x, y) = tan−1

(
− ∂f/∂x

∂f/∂y

)
(4.20)

4.1.8 Element implementation of the elastic behavior for CTI materials

In finite element framework, each element need to consider the local fiber orientation at

each integration point to properly compute the elemental stiffness matrix. The constitutive

relations for a linear elastic problem can be expressed as:

{F} = [K]{d} (4.21)

where {F}, {d}, and [K] are the loading vector, the displacement vector, and the global

stiffness matrix, respectively. Then, the element stiffness matrix in the physical domain

Ω(e) can be written in the form:

[K](e) =

∫
Ω(e)

[B]T [C](θ)[B] dΩ(e), (4.22)

where [B] is the strain-displacement matrix generated from the NURBS basis functions,

and

[C](θ) = [T−1
σ (θ)][C][Tϵ(θ)], (4.23)

where [T−1
σ (θ)] and [T−1

ϵ (θ)] are transformation matrices for the stress and strain, respec-

tively, and [C] is the in-plane stiffness coefficients matrix depending on three engineering

moduli (E1, E2, and G12), and the Poisson’s ratio (ν12) [112, 113]. Then, the element
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stiffness is calculated by Gauss quadrature such that:

[K](e) =

Np∑
m=1

wξ̃m
wη̃m [Bm]T [Cm](θm)[Bm]Jm, (4.24)

where Np is the number of integration points, wξ̃m
and wη̃m are the corresponding weighs

for the each direction, and Jm is the determinant of the Jacobian which maps from physical

space to parent space. Detailed derivation and calculation of the element stiffness in the

isogeometric framework can be found in [114].

In prior research [69, 70, 81, 82, 79, 80], the investigation of CTI media involved the

utilization of a consistent constitutive relationship for the integration points within each

element as depicted in Fig. 4.4. This means that θ = θ(ne) where ne is an element number,

i.e., [K](e) = [K(e){θ(ne)}](e). Conversely, in this study, a constitutive relationship varies

depending on the position of integration points within the element when calculating the

element stiffness matrix, denoted as θ = θ(x, y), where x and y are the coordinates of the

integration points. i.e., [K](e) = [K{θ(x, y)}](e) [94]. In this way, the effects of the gradient

in fiber curvature is implemented in the calculation of the element stiffness.

4.2 Optimization method

4.2.1 Sequential quadratic programming method

For the optimization study, Sequential Quadratic Programming (SQP) method is used as-

suming that the object function is twice differentiable. It enables to achieve a rate of

convergence using 2nd-order derivatives of Lagrange polynomial [115, 116].

In this work, the SQP utilizes the Constrained Steepest-Descent (CSD) approach through

two primary steps: 1) establishing the Quadratic Programming (QP) subproblem, and

2) implementing a line search algorithm. Further detail on this method is provided in

in [115, 116].

4.2.2 Optimal fiber design problem
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𝜃(𝑛𝑒) 𝜃(𝑥4, 𝑦4)
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𝜃(𝑥2, 𝑦2)
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𝜃(𝑛𝑒)

(a) (b)

Figure 4.4: Schematic representation of 4-node, isoparametric, quadrilateral element with
material orientations assigned to each integration point. As can be noted, fiber

orientations are assigned as constant in previous works: (a). In this work, the fiber
orientation depends on the location of integration points during the computation of

element stiffness matrix: (b) (image from [94, 95]).

The optimization study aims to derive the optimal curvilinear fiber paths that yield favorable

mechanical behaviors (specifically, low stress concentration, minimal maximum principal

stress, low Tsai-wu failure index, and high structural stiffness). Therefore, considering the

objective function F , which fine-tunes the fiber paths to enhance one of the mentioned

characteristics, and assuming it is a twice differentiable nonlinear function, the formulation

of the optimal design problem is as follows:

Minimize

F (C), (4.25)

where C ∈ R is the coefficient vector of the level-set functions defined in Eq. (4.18) and

(4.19). Thus, the objective functions are subject to the fiber orientations in Eq. (4.20). In

this study, the SQP method implemented in the MATLAB environment is performed by

utilizing the built-in function called fmincon with an option of SQP algorithm [117].
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4.3 Results and discussion

This section involves the application of IGA to model fiber-reinforced semi-circular notched

plates using NURBS functions. The IGA solver, based on [114], is adapted to MATLAB

for simulating orthotropic media. Additionally, Finite element approach is employed for

studying semi-circular notched plates with various fiber configurations. The FEA solver is

developed within the MATLAB environment and validated against the analytical solution

for an infinite plate containing a circular hole. The accuracy of both IGA and FEA is

confirmed by assessing the convergence rates from the simulation of an elastic, isotropic

plate as shown in Fig. 4.5. Stress errors, computed using L2-norm, are plotted against the

maximum diagonal length within the mesh using a double-logarithmic scale. The slopes

observed in Fig. 4.6 are both approximately equal to 2 for the quadratic element, aligning

precisely with the theoretical values [9].

𝑇𝑦 = 1MPa

𝑊 = 150mm

𝐻
=
3
0
0

m
m

𝑥

𝑦

𝑅 = 10mm

Figure 4.5: Case I: Elastic plate featuring curvilinear transverse isotropy weakened by a
10-mm semi-circular hole notch (image from [95]).

4.3.1 Problem setup

Stress analysis of a plate with a semi-circular notch is carried out using two methods:

NURBS-based IGA and classical FEA, both assuming linear elastic behavior, as shown in
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Figure 4.6: Error measured in L2-norm of the stress against the maximum diagonal length
found in the mesh hmax (image from [95]).

Fig. 4.5. The plate is subjected to a uniform tension of Ty = 1 MPa along its upper edge

and is assumed to experience plane stress conditions. It is constrained along its bottom edge

and right-hand side edge in the y- and x-directions, respectively. In the IGA simulations,

the elastic plate is represented using quadratic NURBS basis functions, utilizing two knot

vectors Ξ = [0, 0, 0, 0.25, 0.5, 0.5, 0.75, 1, 1, 1] and H = [0, 0, 0, 1, 1, 1]. Mesh refinement

is achieved through knot insertion [1, 9]. For conventional FEA, simulations utilize 9-node

quadrilateral elements (Q9), employing the same node coordinates as in IGA to ensure a fair

convergence comparison. The semi-circular notched plate with several fiber configurations

is examined considering the following properties:

1. Stress concentration factor Kt:

Kt = σmax
y /Ty, σmax

y : Maximum longitudinal stress found in the body, (4.26)
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2. Average in-plane stiffness K̄:

K̄ =
Ptot

v̄
, with Ptot =

∫ L

0
σyyd x and v̄ =

1

L

∫ L

0
vd x, (4.27)

where σyy and v are the longitudinal stress and displacement along the top edge,

respectively, and L is the length of the top edge.

3. Tsai-Wu failure index Φ assuming Transverse Isotropy under plane-stress condition [118]:

Φ = F1σ1 + F2σ2 + F11σ
2
1 + F22σ

2
2 + F66τ

2
12 + 2F12σ1σ2, (4.28)

where

F1 =
1

σf1t
− 1

σf1c
, F2 =

1

σf2t
− 1

σf2c
, F66 =

1

τ f12
,

F11 =
1

σf1tσ
f
1c

, F22 =
1

σf2tσ
f
2c

, F12 = −1

2

√
F11F22.

(4.29)

The choice of this criterion is motivated by its effectiveness and accuracy in capturing

the failure condition of composite laminates featuring smooth or slightly notched surfaces.

However, for more complex structural configurations and loading conditions, the emergence

of large Fracture Process Zones (FPZs) can lead to significant size effects. This is typically

the case of structures featuring sharp notches and other stress raisers. In such a case, a

quasibrittle fracture mechanics framework should be preferred over a stress-based failure

criterion [119, 120, 121, 122, 123].

All the required material properties such as longitudinal and transverse elastic moduli

E1 and E2, shear modulus G12, Poisson’s ratio ν12, and the ply strengths: σf1t, σ
f
1c, which

are tensile and compressive strengths in the fiber direction, σf2t, σ
f
2c, which are tensile and

compressive strengths perpendicular to the fiber directions, and τ f12, that is shear strength

are respectively assigned and tabulated in Table 4.1.
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Table 4.1: Elastic material properties

Symbol Unit Property

E1 181 GPa Longitudinal modulus
E2 10.3 GPa Transverse modulus
G12 7.17 GPa Shear modulus
ν12 0.28 - Poisson’s ratio

σf1t 1500 MPa Longitudinal strength in tension

σf1c 1500 MPa Longitudinal strength in compression

σf2t 40 MPa Transverse strength in tension

σf2c 246 MPa Transverse strength in compression

σf12 68 MPa Shear strength

4.3.2 Initial fiber configurations investigated

In this work, four distinct fiber arrangements are explored, as outlined in Fig. 4.7: a)

traditional longitudinal fibers in straight paths, b) conventional transverse fibers in straight

paths, c) concentric fibers aligned along a semi-circular notch, and d) curvilinear fibers

following the holomorphic path described by the conformal mapping detailed in [124]. The

four fiber orientations described with reference to the global coordinate system are defined

as follows:

(a) Conventional longitudinal straight fibers: θ(x, y) = π/2,

(b) Conventional transverse straight fibers: θ(x, y) = 0,

(c) Concentric fibers following the semi-circular hole:

θ(x, y) =
π

2
+ cos−1 x

a
, a =

√
x2 + y2,

(d) Curvilinear fibers following the holomorphic function presented in [124]:

θ(x, y) = tan−1

[
1 + R2

x2+y2
cos
(
2 tan−1

( y
x

))
− R2

x2+y2
sin
(
2 tan−1

( y
x

)) ].
where θ(x, y) represents the spatial distribution of the angle of the tangent to the fiber path

from the x-axis.



64

(a) (b) (c) (d)

Figure 4.7: Composites reinforced by different fiber configurations: (a) Longitudinal
straight fiber paths, (b) Transverse straight fiber paths, (c) Concentric fiber paths

following the semi-circular notch, (d) Curvilinear fiber paths following the semi-circular
notch (image from [95]).

4.3.3 Investigation of the performance of IGA

Figure 5.20 shows the error computed in L2-norm of stresses for each of the fiber configu-

rations presented in Fig. 4.7. The error for each component is defined by the following:

ϵ =

√∮
V
ϵσϵσ dV , (4.30)

where V is the domain of the whole material, and the ϵσ is the vector of the difference

between the converged stress field (change in the Kt less than 0.5%) and the current stress

field. Then, the error ϵ, the root-mean-value of the Eq. (4.30) is taken as:

ϵ =

√
ϵ · ϵ
n

(4.31)

where n is the number of components for the stress field. The errors are plotted in double-

logarithmic scale as a function of the number of degrees-of-freedom for both IGA and FEA.

Figure 2.8 illustrates the outstanding convergence performance of IGA over standard

FEA approach. It is particularly evident when considering specimens with fibers following

curved trajectories. To understand this behavior, the continuity of basis functions in IGA
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and standard FEA is addressed. For the FEA approach in this study, quadratic Lagrange

polynomials serve as the basis functions, resulting in C0-continuity between elements at

all times. Conversely, NURBS-based IGA employs bi-quadratic NURBS basis functions,

ensuring C1-continuity everywhere except along the x-axis due to multiplicity at ξ = 0.5.

To minimize the influence of mesh configurations, such as element size, aspect ratio, and

element count, an equivalent FEA mesh resembling the physical IGA mesh is generated.

Eight refinement iterations were conducted for the convergence analysis. Figure 4.9 shows

mesh refinements #2 and #4 for both IGA and standard FEA. The Q9 and bi-quadratic

NURBS elements consist of 9 associated nodes and control points, respectively. In this 2D

analysis, each element incorporates 18 nodal variables and 18 control variables for FEA and

IGA, respectively. A detailed summary of the meshes used for IGA and FEA is provided in

Tables 4.2 and 4.3.

In IGA, the enhanced inter-element continuity appears to provide more precise field

variables and improved numerical performance for a given degree of freedom compared to

classical FEA. Furthermore, as shown in Figure 5.20 (d), the discrepancy in errors between

IGA and FEA is notably larger than the one in cases involving conventional fiber configura-

tions (Figure 5.20 (a) and 5.20 (b)). This difference suggests that IGA demonstrates higher

efficiency when modeling CTI specimens characterized by sophisticated fiber paths.

Table 4.2: Mesh refinements and parametrization information for IGA

# h-refinement Elements DoFs Unique knots; ξ Unique knots; η p q

0 4 42 5 2 2 2
1 16 88 9 3 2 2
2 64 228 17 5 2 2
3 256 700 33 9 2 2
4 1,024 2,412 65 17 2 2
5 4,096 8,908 129 33 2 2
6 16,384 34,188 257 65 2 2
7 65,536 133,900 513 129 2 2
8 262,144 529,932 1,025 257 2 2

It is worth mentioning here that the same linear system solver was used for both IGA

and standard FEA. To assess computational efficiency, the actual run-times for all four
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Table 4.3: Mesh refinements information for standard FEA

# h-refinement Elements DoFs Element Type

0 4 54 Q9
1 16 170 Q9
2 64 594 Q9
3 256 2,210 Q9
4 1,024 8,514 Q9
5 4,096 33,410 Q9
6 16,384 132,354 Q9
7 65,536 526,850 Q9
8 262,144 2,102,274 Q9

Er
ro
r

#	DOF

FEA

IGA 0.64 0.62

(a)

0.1

1

IGA FEA

0.71 0.68

(b)

IGA FEA

0.93
0.86

(c)

0.1

1

105 106

IGA FEA

0.91

0.69
(d)

105 106

Figure 4.8: Error measured in L2-norm of the stress against the number of
degrees-of-freedom (# DOF): (a) Longitudinal straight fiber paths, (b) Transverse straight
fiber paths, (c) Concentric fiber paths following the semi-circular notch, (d) Curvilinear

fiber paths following the semi-circular notch (image from [95]).
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FEA mesh IGA mesh

(a) Refinement #2 (b) Refinement #4

FEA mesh IGA mesh

Figure 4.9: Visualization of (a) mesh refinement # 2 for both FEA and standard IGA and
(b) mesh refinement # 4 for both FEA and standard IGA with the magnification near the

semi-circular notch. IGA mesh has bi-quadratic elements (p = 2, q = 2) which do not
necesarily have straight edges; (b) FEA mesh is created from IGA mesh and has Q9

elements (image from [95]).

distinct fiber paths were calculated for both methods, employing the highest level of mesh

refinement (refinement 8) used within this study. All the simulations were performed on an

AMD Ryzen 5 2600 processor running at 3.4 MHz using 32 GB of RAM. Table 4.4 includes

the results along with the percentage reduction defined as:

∆t% =
|tIGA − tFEA|

tFEA
∗ 100 (4.32)

where t represents the running time elapsed each numerical method, and the numerator

is given as an absolute value (See Fig. 4.10). The running time of IGA is approximately

35-40% lower than conventional FEA. This means that not only IGA can reduce the time

from Computer-Aided Design (CAD) to analysis, but also enables a significant reduction

of the running time of an analysis. This result becomes more significant when the size and

complexity of the analysis increases.

In summary, IGA provides:

1. time reduction

2. computational efficiency
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Table 4.4: Run-time difference in refinement # 8 between IGA and standard FEA on four
different fiber paths

t [sec], IGA t [sec], FEA ∆ t [%]

Longitudinal Straight Fiber 65.7 104.0 36.8
Transverse Straight Fiber 65.6 108.9 39.7

Concentric path 67.8 105.3 35.6
Curvilinear path 68.1 105.3 35.3

FEAIGA

(a) (b) (c) (d)
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Figure 4.10: Running time in seconds elapsed to obtain convergence for each fiber
configuration: (a) Longitudinal straight fiber paths, (b) Transverse straight fiber paths,
(c) Concentric fiber paths following the semi-circular notch, (d) Curvilinear fiber paths

following the semi-circular notch. (image from [95])
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3. more accurate description of the field variables for a given number of degrees-of-

freedom, compared to classical FEA

It is worth mentioning here that similar performance advantages of IGA over FEA where

reported in several other studies focusing e.g. on computational electromagnetics [125] and

mechanics [1, 126, 127, 128]. These features make IGA a valuable tool for the simulation

of structural and electrostatics problems in media featuring curvilinear anisotropy [124, 69,

70, 75, 79, 80, 81, 82, 129, 130].

4.3.4 Investigation of the effects of curvilinear anisotropy on the elastostatic behavior

As indicated by the data presented in Table 4.5, conventional longitudinal fiber-reinforced

composites tend to exhibit high in-plane stiffness with significant stress concentration around

notches and similar stress raisers. Conversely, composites reinforced with straight transverse

fibers exhibit reduced stress concentrations and low in-plane stiffness. Exploiting the ad-

vantages in IGA, the impact of various curvilinear fiber paths outlined in Fig. 4.7 on stress

concentration and stiffness are examined. All stress concentration factors and Tsai-Wu

failure indices derived from simulations are listed in Table 4.5.

Table 4.5: Table of the stress concentration factor Kt, the average stiffness on the top edge
K̄, and the maximum Tsai-Wu failure index Φ of: (a) Longitudinal straight fiber path

(Fig. 4.5a), (b) Transverse straight fiber path (Fig. 4.5b), (c) Concentric fiber path (Fig.
4.5c), (d) Curvilinear fiber path following the semi-circular notch (Fig. 4.5d).

(a) (b) (c) (d)

Kt 7.18 2.38 5.02 3.49
K̄ [GN/mm] 88.20 5.11 10.78 86.72

Φ 0.004 0.050 0.051 0.026

Concentric fibers following semi-circular paths

One of the fiber configurations involves concentric paths encircling the semi-circular notch

as shown in Fig 4.7 (c). In this case, the fibers placed above and below the notch exhibit

transverse orientations to the applied load, resulting in relatively compliant regions. This



70

contrast becomes apparent upon comparing the contour plots of in-plane stress components

for the concentric fiber paths (Fig. 4.11) with those of the longitudinal (Fig. 4.12) and

transverse (Fig. 4.13) fiber cases. The noticeable outcome is that the compliant regions

provide a mild shielding effect around the notch, and the highest stress concentration factor,

approximately 5.02, is obtained at the midpoint along the right-hand side edge of the plate.

This is contrasting to the other two cases with linear fibers, where the peak stress consis-

tently occurs at the tip of the notch. Despite the presence of compliant regions, the stress

contour surrounding the semi-circular notch remain high valued compared to the nominal

value (Ty = 1 MPa), and the stress concentration factor remains approximately 4.

[MPa]

(a)

[MPa]

(b) (c)

[MPa]

𝐾𝑡

Figure 4.11: Stress fields of composites reinforced by concentric fibers following the
semi-circular notch: (a) stress in the x-direction σxx, (b) stress in the y-direction σyy and

the magnification around the semi-circular notch with the location of the stress
concentration factor Kt marked by the magenta square, (c) shear stress in the x-y plane

τxy (image from [95]).

When examining the stress concentration relative to the cases of linear fibers, an intrigu-

ing observation for the concentric path can be made: Kt value is approximately 30 % lower

than that of the longitudinal fiber case, while it is approximately 111 % higher compared

to the transverse fiber case. Conversely, the overall stiffness of the plate is roughly one-

eighth of the longitudinal fiber case and approximately twice that of the transverse fiber

case. Consequently, in this configuration, the curvilinear anisotropy does indeed lead to a

reduction in stress concentration in comparison to the longitudinal fiber case. However, this

improvement comes at the expense of structural stiffness, which notably decreases in com-
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[MPa]

(a) (b) (c)

[MPa] [MPa]

Max. Φ Max. ΦMax. Φ

Figure 4.12: Stress fields of composites reinforced by longitudinal straight fibers with the
maximum Tsai-Wu index Φ marked by the black square: (a) stress in the x-direction σxx,
(b) stress in the y-direction σyy, (c) shear stress in the x-y plane τxy (image from [95]).

[MPa]

(a) (b) (c)

[MPa] [MPa]

Figure 4.13: Stress fields of composites reinforced by transverse straight fibers: (a) stress
in the x-direction σxx, (b) stress in the y-direction σyy, (c) shear stress in the x-y plane

τxy (image from [95]).
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parison to the longitudinal fiber case (although it still remains higher than the transverse

fiber case).

Within the set of linear fiber cases, the transverse straight fiber path (Fig. 4.7 (b))

exhibits the highest Tsai-Wu index value: 0.050. This is induced by the dominance of resin

strength in the direction of loading. Although the stress concentration associated with the

concentric fiber configuration is less pronounced than that of the conventional longitudinal

fiber composite, the maximum failure index, 0.051, is similar to the value observed for the

transverse fiber configuration. Consequently, choice of this particular curvilinear fiber path

might not be as favorable in terms of damage tolerance due to shear-related damage.

Curvilinear fibers following holomorphic paths

Figure 4.14 provides the stress contour plots for each in-plane stress component, specifically

for the plate reinforced with fibers following the holomorphic paths as defined in [124]. These

contour patterns resembles the traditional longitudinal straight fiber composite (Fig. 4.12),

featuring a notable stress concentration at the notch tip. However, the stress concentration

factorKt stands at 3.49, which is roughly half of that observed in the case of the longitudinal

straight fiber composite. Concurrently, the average stiffness K̄ for the curvilinear fiber layer

is close to 86.7 GN/mm, a value close to the 88.2 GN/mm computed for the longitudinal

straight fiber case. This indicates that despite the nearly identical stiffness between the

two materials, the stress distribution σyy around the semi-circular notch is considerably less

concentrated in the curvilinear fiber case than in the longitudinal straight fiber case.

The maximum Tsai-Wu failure index recorded for the curvilinear holomorphic fibers

stands at 0.026, which is lower compared to those observed in other fiber paths as depicted

in Figs. 4.7 (b), 4.7 (c). Nonetheless, the maximal Tsai-Wu index for the longitudinal

straight fibers is notably smaller (approximately six times lower) yet the stress concentration

is considerably high. As evident in Fig. 4.12 and 4.14, the maximum Tsai-Wu indices

coincide with the regions around the peak stress points for both cases in the vicinity of the

x- and shear stress components. This alignment suggests that the structural failures could

potentially arise due to a combination of resin and shear damage.
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[MPa]

(a) (b) (c)
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Max. Φ Max. ΦMax. Φ

Figure 4.14: Stress fields of composites reinforced by curvilinear fibers following
holomorphic paths with the maximum Tsai-Wu index Φ pointed marked by the black
square: (a) stress in the x-direction σxx, (b) stress in the y-direction σyy, and (c) shear

stress in the x-y plane τxy (image from [95]).

4.4 Optimization study

In the preceding section, it was demonstrated that curvilinear reinforcement shows promis-

ing result for enhancing various mechanical properties. The subsequent portion of this study

involves conducting optimization studies aimed at identifying optimal fiber paths to address

the following problems:

1. minimizing the stress concentration factor, Eq. (4.26)

2. minimizing the maximum the principal stress, Eq. (4.33)

3. Tsai-Wu failure index, Eq. (4.28)

4. maximizing average stiffness Eq. (4.27)

Note that maximum principal stress is defined by

max

(σx + σy
2

)
±

√(
σx + σy

2

)2

+ τ2xy

 . (4.33)

4.4.1 Problem statement

The optimization scheme based on the SQP method is used in this section to optimize the

fiber paths of the geometries shown in Fig. 4.5 and Fig. 4.15. As initial condition, the

parameter C of the level-set functions describing the family of fiber paths, Eq. (4.18) and

(4.19), are chosen to take unit values. It is necessary to re-state that these fiber describing
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level-set functions above does not guarantee the whole design space of the possible fiber

paths, and might results in local minimum.

𝑇𝑦 = 1𝑀𝑃𝑎

𝑥

𝑦

𝑅

𝑅
𝐻
1

𝑶

𝐻
2

𝑊 𝑊

• 𝑅 = 35 𝑚𝑚
• 𝐻1 = 150 𝑚𝑚
• 𝐻2 = 75 𝑚𝑚
• 𝑊 = 150 𝑚𝑚

Figure 4.15: Case II: Elastic plate featuring curvilinear transverse isotropy (image from
[95]).

4.4.2 Optimization of the fiber paths for case I

As a demonstration of the Isogeometric modeling of curvilinear fiber-reinforced composites,

the optimization framework described in the previous section has been implemented on the

simple semi-circular notched plate (Fig. 4.5). The design space of the possible fiber paths

is defined by the 5th-order complete polynomial, Eq. (4.18) in order to describe the fibers

with high rate of curvature.

Stress concentration factor minimization

The optimal fiber paths found using SQP are presented in Fig. 4.16 (a), and an overview

of the outcomes in terms of stress concentration, failure index, and overall stiffness is pro-
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vided in 4.6. Stress contours are shown in Fig. 4.16 (b)-(d). Remarkably, the optimized

configuration provides a stress concentration of 1.28 (Table 4.5 (a)), which shows 82 %

reduction compared to the longitudinal fiber case, and even surpassing the performance

of the isotropic case. This suggests that leveraging curvilinear anisotropy can produce a

substantial reduction in notch sensitivity.

It is worth mentioning that the stress concentration in the optimal case is lower than

that in the transverse fiber case, which has the lowest observation among the preceding

investigation. In fact, the stress concentration for the optimal fiber path case (Table 4.5

(a)) is lower by 46 %.

To conclude, the utilization of curvilinear anisotropy holds the potential to notably al-

leviate stress concentration, surpassing even the levels seen in isotropic materials. When

considering the increase in strength and stiffness contributed by the fibers reinforcements,

it is evident that material featuring CTI can surpass the mechanical performance of con-

ventional composites.

Table 4.6: Table of the stress concentration factor Kt, the average stiffness on the top edge
K̄, and the Maximum Tsai-Wu failure index Φ of: (1) optimal fiber path for the minimum

Kt, (2) the optimal fiber path for the minimum Φ.

(1) (2)

Kt 1.28 7.18
K̄ [GN/mm] 33.38 88.20

Φ 0.020 0.004

Minimization of the Tsai-Wu failure index

The optimization study for the minimum Tsai-Wu index is also implemented under the

same condition for the minimum stress concentration.

The initial design variable vector C is decided as the longitudinal straight fiber path
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Figure 4.16: Optimal fiber path for the minimum stress concentration factor: (a), and the
contour plots of: (b) the stress in the x-direction σxx, (c) the stress in the y-direction σyy

and the magnification around the semi-circular notch with the location of the stress
concentration factor Kt marked by the magenta square, (d) the shear stress in the x− y

plane τxy (image from [95]).

shown in Fig. 4.7a such that:

Cij =

 1 if (i, j) = (1, 0),

0 otherwise
(4.34)

where i, j are the subscripts of the coefficients shown in Eq. (4.18),

because this fiber path provides the minimum Tsai-Wu failure index based on the four

different fiber configurations (Fig. 4.7a and Table 4.5).

As a result of the optimization, the design variables remained as same as the initial

conditions indicating that the longitudinal straight fiber case is the one minimizing the

failure index (Table 4.5). In terms of Tsai-Wu index, conventional longitudinal straight

fiber path is the best option, however, the stress concentration is very significant compared

to the optimal fiber case of the minimum stress concentration. Thus, it is interesting to

make a comparison between the two focusing on Tsai-Wu index as discussed next.

Damage initiation analysis

Referring to Table 4.6, the maximum Tsai-Wu failure index is identified as 0.020 for the

fiber path with the minimum stress concentration, located at the upper-left node. This

value is approximately five times greater than the value associated with the longitudinal
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straight fiber path, which is the optimal configuration for minimizing the Tsai-Wu index.

Table 4.7 presents the local stresses for each component, along with the local dominance

of the ply strength at the points of the maximum Tsai-Wu failure index. The local ratios

between stresses to the lamina strength such that:

For the longitudinal fiber direction:

σ1/σ
f
1 =

 σ1/σ
f
1t if σ1 ≥ 0

σ1/σ
f
1c if σ1 < 0

(4.35)

For the transverse fiber direction:

σ2/σ
f
2 =

 σ2/σ
f
2t if σ2 ≥ 0

σ2/σ
f
2c if σ2 < 0

(4.36)

while for the shear component the ratio, τ12/τ
f
12 is independent of the sign of the local shear

stress.

Examining the scenario of optimal fibers for minimal stress concentration (Fig. 4.16

(a)), it is evident that the transverse stress component aligns closely with the associated

strength value. This observation suggests that a probable matrix failure, such as splitting

at the upper-left region of the plate (Fig. 4.17(a)), represents the most plausible damage

mechanism. However, any resultant crack is likely to advance along a curvilinear fiber

trajectory and eventually be arrested by fibers. Consequently, although the plate initiates

damage, an immediate and abrupt failure might not occur. In the medium optimized for

achieving the minimum Tsai-Wu index, the transverse and shear components of strength

exhibit large values when contrasted with their respective strengths. This phenomenon

indicates the splitting crack as a dominant failure mode. Notably, as depicted in Fig.

4.17 (b), the initiation of a splitting crack will occur in close proximity to the notch tip,

progressing undisturbed along the longitudinal fiber path until it traverses the plate’s entire

span.

Hence, accurately predicting which fiber configuration will achieve the highest load-

bearing capacity is challenging. Apparently, the Tsai-Wu failure criterion is suitable to
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predict damage progression, and quasibrittle fracture mechanics models is necessary in

future works to investigate the highly nonlinear progressive damage followed by initiation

[123, 120, 131, 132, 133].

Table 4.7: Table of the local stresses and the local stress dominance of ply strengths at the
points of the maximum Tsai-Wu failure index for: (1) optimal fiber path for the minimum

Kt, (2) the optimal fiber path for the minimum Tsai-Wu failure index Φ.

σ1 [MPa] σ2 [MPa] τ12 [MPa] σ1/σ
f
1 σ2/σ

f
2 τ12/τ

f
12

(1) 0.061 0.941 0.238 4.0E − 5 2.4E − 2 3.5E − 3
(2) 1.112 0.205 0.480 7.4E − 4 5.1E − 3 7.1E − 3

(a) (b)

Figure 4.17: Contour plots of the Tsai-Wu failure index of the optimal fiber paths: (a) for
the minimum stress concentration factor, and (b) for the minimum Tsai-Wu failure index

and the magnification around the semi-circular notch (image from [95]).

4.4.3 Optimization of the fiber paths for case II

The focus of this optimization study is to extend the exploration of the potential gain

in mechanical performance (reduction in the maximum principal stress and increase in the

stiffness of the structure) via cuvilinear fiber reinforcement described by a simple polynomial

level-set function.
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Minimization of the maximum principal stress

In this study, the optimal fiber paths are illustrated in Fig. 4.18, and the outcomes are

listed in Table 4.8. The fiber paths presents a certain degree of resemblance to the contour

of the structure. As can noticed, the minimum principal stress is about 8.62, reflecting a

remarkable 74 % reduction in comparison to the conventional longitudinal fiber reinforce-

ment. Notably, this value surpasses that of the conventional transverse fiber reinforcement,

measuring 13.41, which is considered as the minimum principal stress in traditional straight

fiber layups.

Conversely, the Tsai-Wu failure index and average stiffness values suggest that this

particular setup might not yield significant improvement in structural stiffness and strength.

Nevertheless, it still presents the challenges to accurately predict the ultimate strength of

the structure in the absence of a progressive damage model. Keeping this in mind, one can

still speculate about the possible mechanical response of the structure. When locally off-axis

fibers are introduced, the point of maximum principal stress might serve as the initiation site

for a splitting crack. This optimal configuration could potentially be a suitable candidate

for reinforcement in the design of a structure that is less susceptible to splitting cracks.

Maximization of the in-plane stiffness

Figure. 4.19 shows the the optimal fiber path that maximizes the average stiffness. A

comprehensive summary of the maximum stiffness and other mechanical properties are

listed in Table 4.8. The fiber paths exhibit similarities with those discussed in the preceding

section, although it features a more pronounced vertical descent on the right-half segment.

As highlighted in Table 4.8, the average stiffness is approximately 4.3 GN/mm, which

presents a substantial 31 % increase over the traditional longitudinal straight fiber case and

about 71 % increase compared to the transverse fiber case.

Moreover, the Tsai-Wu index is comparably low, close to the value seen in the con-

figuration reinforced by longitudinal fibers and the fiber path that achieves the minimum

Tsai-Wu index as derived from our optimization approach. This optimal fiber configuration

not only yields a notable average stiffness but also maintains material strength, concurrently.
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[𝑀𝑃𝑎] [𝑀𝑃𝑎]

(a) (b)

(c) (d)

Figure 4.18: Optimal fiber path for the minimum principal stress: (a), and the contour
plots of: (b) the stress in the x-direction σxx, (c) the stress in the y-direction σyy, and (d)

the shear stress in the x− y plane τxy (image from [95]).
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However, it is important to acknowledge that our current parameters may not provide the

ultimate strength of a given structure. To substantiate these findings, a more in-depth

exploration using quasibrittle fracture mechanics is necessary.

Table 4.8: Table of the maximum principal stress Σ1, the average stiffness on the top edge
K̄, and the Maximum Tsai-Wu failure index Φ of: (1) optimal fiber path for the minimum
Σ1, (2) the optimal fiber path for the maximum K̄, (3) the conventional longitudinal fiber

path, and (4) the conventional transverse fiber path.

(1) (2) (3) (4)

Σ1 8.62 23.58 32.86 13.41
K̄ [GN/mm] 2.44 4.33 3.30 2.54

Φ 0.149 0.049 0.040 0.083

4.5 Conclusion

In this work, (IGA) computational framework is utilized to numerically investigate the media

featuring curvilinear anisotropy on their mechanical performance. Based on the results, the

following conclusions are made related to the numerical aspect of the problem:

1. thanks to the exact geometric representation and the enriched continuity between

elements, NURBS-based IGA outperforms classical FEA in terms of computational

efficiency, run time, and accuracy in the description of field variables for the same

number of degrees-of-freedom;

2. for the configurations investigated in this work, the use of IGA resulted in an average

reduction of the total simulation time of about 40% compared to FEM given the same

error in the estimation of the maximum stress and solution scheme of the reduced

system of equations;

3. the higher efficiency of IGA makes it an interesting alternative to FEM for the simula-

tion of large and complex structures made of materials featuring curvilinear anisotropy.

Further, this characteristic makes it particularly suitable for optimization studies

which generally require several simulations before reaching the optimal solution;

The following conclusions are made related to the mechanical performance of plates featuring

curvilinear anisotropy:
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(a)

(d)(c)

(b)

Figure 4.19: Optimal fiber path for the maximum average stiffness: (a), and the contour
plots of: (b) the stress in the x-direction σxx, (c) the stress in the y-direction σyy, and (d)

the shear stress in the x− y plane τxy (image from [95]).
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4. as expected, curvilinear anisotropy has a significant effect on the elastic stress and

strain fields as well as the overall stiffness of the plate;

5. in curvilinear anisotropic media, the regions of high stress concentration can be widely

distributed over the domain. Hence, when performing optimization studies, it is im-

portant to utilize a uniform refinement instead of a local refinement around the notch.

Guaranteeing a uniform accuracy throughout the domain may become very compu-

tational expensive with FEM. In contrast, IGA significantly mitigates this problem

thanks to the higher accuracy and efficiency;

6. by optimizing the fiber paths in the plate with a semi-circular notch, the stress con-

centration factor, Kt, is reduced to 1.28 with the maximum stress located at the notch

tip. This represents a reduction of about 82% compared to the classical longitudinal

linear fiber case and a reduction of 58% compared to the isotropic case;

7. by optimizing the fiber paths in the geometry shown in Fig. 4.15, the optimal con-

figuration improves the average stiffness of 71% compared the transverse fiber path.

Furthermore, the configuration that reduces the maximum principal stress of 74%

compared to the longitudinal fiber path is obtained.

8. on the other hand, it was identified that the longitudinal linear fiber path provides

the minimum Tsai-Wu failure index, with damage initiation in the form of a mode

II splitting crack close to the tip of the notch. In contrast, the path minimizing

the stress concentration gives a failure index about five times larger, with damage

initiation as mode I splitting crack. However, this result does not allow significant

conclusions on the ultimate capacity of the plates since this depends on the progressive

damage evolution up to failure. It is likely that, after initiation, the splitting crack in

the curvilinear anisotropic case will be significantly slowed down and arrested by the

fibers before final failure. On the other hand, the splitting crack in the longitudinal

fiber case will propagate unstably until reaching the top and bottom boundaries of

the plate. To investigate damage progression in curvilinear anisotropic media, future

works will focus on the use of quasibrittle fracture mechanics computational models

[123, 120, 131, 132, 133]. These are quintessential to capture the formation of large

Fracture Process Zones (FPZs) and distributed damage in composites which are a
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significant source of size effects [121, 122, 133];

9. another interesting result is that the curvilinear fiber paths designed to optimize the

electric conductivity of the plate [124] showed also an outstanding mechanical per-

formance. In fact, the stress concentration factor was found to be 3.49, about 51%

lower than the longitudinal linear fiber case with similar levels of plate stiffness. This

result is particularly promising because it shows that it is possible to harness curvi-

linear anisotropy not only to obtain superior mechanical performance compared to

traditional composites, but also to introduce novel multi-functional properties. Fu-

ture works will focus on the formulation of novel multi-objective optimization schemes

within the IGA framework to take advantage of this new design space;

10. in order to improve the optimization scheme, a broader definition of fiber paths should

be used to ensure that the design space does not restrict the potential optimal outcome.

A different optimization method such as Bayesian optimization and genetic algorithms

can be applied to ensure that the optimal result is not a local minimum.
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Chapter 5

MODELING A TRIMMED SURFACE AND A GEOMETRIC
DISCONTINUITY IN THE ISOGEOMETRIC FRAMEWORK

In the previous chapter, the NURBS-based isogeometric analysis of composite plates fea-

turing CTI is presented. Parametrization using NURBS exactly represents the semi-circular

notch in a plate regardless of mesh refinement levels. However, there is a limitation to this

tensor-product surfaces representing an arbitrary topology. The word, “complex”, may not

apply to the visual complexity in a geometry. Even a simple and common geometry of

interest in structural engineering such as a plate with a central hole cannot be parametrized

in a single patch NURBS tensor-product surface. This may sound ironic since the spline

technology has been widely utilized in the CAD industry.

Engineered surfaces often include geometric features such as holes, notches, chamfer,

and fillets. To add these features to a structure, CAD utilize the trimming techniques

in a software. A typical procedure of constructing a complex surface involves Boolean

operations on a much simpler geometric entity. Boulean operation is an efficient method of

visualizing cut-outs in a geometry; however, it does not modify the parametrization. Thus,

a numerical solver does not see the cut-outs in the physical domain during the analysis

without any treatment in the mesh generation.

A solution to avoid such operation is to use multiple NURBS patches. However, this

method requires creating multiple compatible NURBS surfaces and numerically attaching

the patches so that the solver recognize as a single domain. It is not so straightforward to

generate compatible patches for arbitrary topology and numerical treatment can increase

the computational cost. Therefore, there have been efforts to develop treatments so that

the trimmed surfaces can be transformed in to analytically-suitable objects.

In the following sections, literature study on some of representative methods of treating

trimmed spline surfaces for isogeometric analysis is provided. Then, a brief introduction on



86

the theory of LR B-splines is followed by the method of defining crack to the mesh used

for analysis. Lastly, the development of in-house 3D IGA software package which includes

preprocessor, a linear solver, and postprocessor is discussed.

5.1 Literature review of IGA on trimmed surface

In order to model an arbitrary topology, it is necessary to utilize a non-tensor based spline

technology. T-spline [2] is a generalized representation of B-spline formulation that allows

parametrization in a relative reference frame. T-spline consists of T-mesh, which is a control

grid where the local paramatrization can be deduced from knot interval. An example of

T-mesh is shown in Fig. 5.1. Unlike NURBs, T-splines can have T-junctions at which one s-

edge and two t-edges coincide, or one t-edge and two s-edges are coincide. s-edge is a linear

segment of constant s-value. Same idea applies to t-edge. T-junctions allows a flexible

local control in mesh refinement. When T-mesh simplifies to a structured grid, T-spline

representation becomes identical to B-spline. Detail characteristics of T-spline technology

is referred to the work by Sederberg et al. [2]. Thanks to the localized framework, vertices

in T-mesh can be shared by more than 4 edges. Vertices that have valence number other

than 4 and is not T-junctions is called extraordinary nodes.

Placing extraordinary nodes in right places can model the complex geometric feature

induced by trimming operation. However, it is not so straight forward where to locate

the extraordinary points given an arbitrary geometry as pointed out by Nguyen [3]. An

example of modeling complex geometry with T-spline and extraordinary nodes is shown

in Fig. 5.2. In analytical point of view, continuity between neighbor elements centered

around extraordinary point decreases depending on the treatment on the extraordinary

point, but this is rather a minor issue since the neighboring region is minimal compared

to the whole domain. Therefore, modeling dimensioned parts, most of engineered parts,

becomes quite sophisticated with T-splines although it is definitely possible. Some method of

going around this issue is to convert a mesh to T-mesh. Wang et al. [4] introduced a method

of converting quadrilateral mesh to a T-mesh. This method starts from an unstructured

quadrilateral mesh and goes through two stages. First, it generate a T-mesh with regular and

extraordinary nodes and goes through templates based on the classification of quadrilateral
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Figure 5.1: Example of T-mesh (image from [2]) in a parametric space (s, t); F and P
refer to facet and control point, respectively. d and e are knot intervals in s and t

direction, respectively

(a) (b)

Figure 5.2: T-spline modeling of a machine part (reconstructed image from [3]): (a)
Control polygon from T-mesh; red dots are extraordinary nodes; (b) T-spline elements.
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elements to finalize gap-free T-mesh. Last stage involves relocation of control points to

preserve geometric accuracy. The example of converting the unstructured mesh of the knee

model is shown in Fig. 5.3. Similar approach is introduced by Liu et al. [134], in which they

improved a method of handling extraordinary nodes using the weighted T-spline functions.

They are able to improve the surface continuity and simplify the process of converting an

unstructured mesh. This approach resembles the idea of reverse engineering. Although this

method provides a clear procedure of modeling a dimensioned complex parts, it is not suited

for our idea of isogeometric framework since it starts from an unstructured mesh and exact

modeling may require optimization process for an arbitrary topology. This method is more

appropriate for the application of converting a mesh from a 3-D scanned object for IGA.
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Figure 5.3: The knee model conversion (image from [4]): (a) initial unstructured mesh
input; red dots are extraordinary nodes; (b) gap-free validated T-mesh converted from the

initial mesh.

Another approach of modeling trimmed surface is to utilize a local reconstruction. This

method actually modifies the parametrization to reconstruct the physical trim boundary.
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It involves the modification of the knot spans and control points for the trimmed elements.

This method seems promising and provides interesting application on arbitrary shape load

design on a surface. However, there are several concerns on adapting this method. First,

implementation aspect was not so clear in the paper, especially for the presence of multiple

closed trim curves. Second, it requires another modeling steps for reconstructing trimming

boundary that may require optimization to reduce the error of construction. It seems to

require additional mesh refinement for the close approximation of trim boundary when

the curvature of trimming curve is high. Considering that this method is provided in

NURBS which does not have flexibility in local refinement, it may present some possible

complications for a complex trimming domain. Physical matching of trim boundary is

desirable; however, reconstruction does not seem so attractive compared to T-spline design

since T-spline can produce an accurate single patch model without reconstruction.

There are other type of approach to modeling trimmed surfaces. That is to numerically

identify the cut-out region by introducing the penalty in the integration process. Kim et

al. [5, 135] provide the method of identifying trimmed elements using trimming curves

given in CAD files. Then, they modify the integration scheme for trimmed elements to

improve the accuracy of the numerical solution. Control points in the cut-out domain

are deactivated so that the solver virtually recognize the cut-out region. The integration

scheme subdivide a trimmed element into two region: normal triangular integration cell

and curve triangular integration cell. The integration process of the normal triangular

cell region is identical to the standard integration process of isogeometric analysis with

the triangular Gauss quadrature points. For the curve triangular cell, NURBS-enhanced

integration method [136] is used to improve the accuracy. This numerical treatment of the

trimmed surface is simple and does not require parametric modification. Additionally, CAD

modeling of the domain is straight forward. The example of rectangular surface with two

trimming curve is shown in Fig. 5.4.



91

Figure 5.4: Elements for analysis is shown in blue line (image from [5]). Control points
that has the span of influence outside the analysis domain is deactivated. Trimmed

elements have two distinct partition for integration scheme: NURBS-enhanced integration
cell and triangular integration cell.

Similar approach of numerical treatment is applying the Finite Cell Method (FCM) in

the isogeometric framework [137, 138]. FCM is embedded domain method which appends

a fictitious domain to the physical domain to form a simpler embedding domain where the

analysis is performed. Schematic of FCM approach is shown in Fig. 5.5. During the integra-

tion process, elements in the fictitious domain is penalized so that the material is extremely

compliant. Capturing the physical boundary in a good resolution directly correlates to the

accuracy of the simulation result. Therefore, an adaptive integration scheme of finite cells

is mostly implemented in the FCM. Advantages in the FCM are: exponential convergence

rates in energy norm given that a problem is smooth and the simplification of mesh genera-

tion in the analysis domain. Most meshes are rectilinear cell grids. Main difference between

the FCM and the one proposed by Kim et al. is that the FCM uses adaptive integration

scheme that simply improves the accuracy of the solution as the refinement level increases

without introducing a complication in the Gauss Quadrature point selection. However,

any adaptive integration requires a local mesh refinement techniques. Schillinger et al. [6]

and Ruess et al. [139] utilize the subdivision method in hierarchical NURBS to implement

the adaptive integration scheme as illustrated in Fig 5.6. Since subdivisions only occur in

trimmed elements, it is well suited for adaptive integration method.
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Figure 5.5: FCM extend physical domain, Ωphys, combined by a fictitious domain, Ωfict,
to an embedded domain, Ω, which is easier to generate in CAD (image from [6]).

Fictitions domain is penalized with a small value of α.

Figure 5.6: Adaptive integration for FCM (image from [6]); Only the elements on the
boundary goes through subdivision, resulting a true local refinement.
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5.2 LR B-spline for modeling a general trimmed surface

For non-CAD experts, it is challenging to come up with a complex spline parametrization

for an arbitrary geometry. Given that one is determine to use T-spline, it is not so apparent

where to place T-junctions and extraordinary nodes to correctly dimension the trimmed fea-

ture in a geometry. Therefore, the FCM provides a well-compromised approach in modeling

a surface with an arbitrary trimmed feature. It simplifies modeling an analysis domain,

which leads to a simple parametrization and mesh generation.

As discussed in the previous section, it is somewhat inevitable to adapt a local refinement

technique to utilize FCM. Hierarchical NURBS is an option, but it inherently does not

capture the local representation of cells like other locally defined splines. T-spline is a

suitable option but there is another local parametrization technique that are simpler and

closer to the B-spline.

Locally refined B-splines, denoted as LR B-splines [7] present a better local control and

a direct operation on a spline space. In the following section, introduction of LR B-splines is

presented followed by the implementation detail on the development of in-house IGA suite.

5.2.1 LR B Spline

This sub-section is a brief introduction to the theory of LR B-spline, which is a generalization

of a tensor-product based B-spline. It provides a capability to adapt a true local refinement

technique.

A conventional tensor product B-spline shows a limitation on generating a mesh with

a true local refinement. In order to produce a biased mesh (descending or ascending trend

of the size of elements), new internal knots can be inserted with a non-uniform distance.

However, this results a mesh with elements with high aspect ratio and significant increase in

unnecessary elements. Figure 5.7 illustrates this issue of tensor product refinement compared

to the desired local refinement. Therefore, conventional B-spline is not suitable for an

adaptive mesh refinement, which presents synergistic effect with a true local refinement that

only refine the neighborhood of a selected region. Recently, Dokken et al. [140] proposed

locally refined B-splines (LR B-splines) that is a generalization of conventional B-splines
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(a) Initial mesh (b) Tensor product refinement (c) True local refinement

Figure 5.7: Tensor product refinement procedure to provide a small elements on the
bottom-right corner generates undesired elements with high aspect ratio unlike the desired

true local refinement (images from [7]).

with the extended local control. Johannessen et al. [7] further adapted LR B-splines in

IGA framework and demonstrated their capability of usage in adaptive refinement.

A geometry represented in a conventional B-spline requires knot vectors that provide a

parametric space. In the case of clamped B-spline which the end points are interpolated, a

knot vector has n+p+1 knots where n is the number of linearly independent basis functions

with the degree of p. The evaluation of each basis function only depends on p + 2 knots.

In LR B-splines, local knot vectors consist of p+ 1 non-decreasing knots that is associated

to a single basis function. As an example, consider the knot vector, Ξ, associated with a

quadratic basis function in Eq. 5.1. Ξ can be separated into 6 local knot vectors, Ξ1, ...,Ξ6.

Ξ = [0, 0, 0, 1, 2, 2, 3, 3, 3]

Ξ1 = [0, 0, 0, 1]

Ξ2 = [0, 0, 1, 2]

Ξ3 = [0, 1, 2, 2]

Ξ4 = [1, 2, 2, 3]

Ξ5 = [2, 2, 3, 3]

Ξ6 = [2, 3, 3, 3]

(5.1)

Utilizing the local knot vectors, a two-dimensional B-spline, B(ξ), is defined as in Eq.

5.2 where BΞ(ξ) and BH(η) are univariate B-spline functions in each parametric direction.
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(a) Tensor mesh (b) Box mesh, not LR mesh (c) LR mesh

Figure 5.8: Different types of meshes (images from [7]).

B(ξ, η) = Bξ(ξ)BH(η) (5.2)

There are several candidates for the type of mesh to be considered in the parametric

space. A box mesh is a two-dimensional partition where a rectangular domain, [ξ0, ξn] ×

[η0, ηn] is divided into rectangular sub-domains by multiple horizontal and vertical lines. A

tensor mesh is a box mesh where all the horizontal and vertical lines span the entire length

across the whole domain. Lastly, an LR-mesh is a box mesh resulting from the sequence

of single line insertion. In each sequence, a new line must start from an edge and traverse

to the other end; it cannot stop in the middle of the box domain. From the definition, the

mesh resulting from a subsequence of the mesh line insertions is also LR-mesh. Examples

of all three meshes are shown in fig. 5.8.

The span of influence of a B spline basis function is identified by its support, which is

defined as a set of ordered pair of parameters, (ξ, η), where the B spline basis function is

defined. As an example, the support of a two dimensional B spline basis, B : R2 7→ R where

B(ξ, η) = BΞ(ξ)BH(η)

Ξ = [ξ0, ..., ξp+1]

H = [η0, ..., ηq+1]

(5.3)

is {(ξ, η) : (ξ, η) ∈ [ξ0, ξp+1]× [η0, ηq+1]}.
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A horizontal line, ε = [ξ∗0 , ξ
∗
1 ]× η∗, is said to traverse the support of a B-spline with the

associated local knot vectors, [ξ0, ..., ξp+1], [η0, ..., ηq+1], when the following conditions are

satisfied: 1) ξ∗0 ≤ ξ0, ξp+1 ≤ ξ∗1 and 2) η0 ≤ η∗ ≤ ηq+1. Similar idea applies to the vertical

lines.

For a B-spline to be called an LR B-spline on an LR mesh, all the knot lines in all

the dimension must be in the LR mesh. Moreover, the B-spline needs to have a minimal

support, which leads to the formation of an unique set of LR B-spline functions given a LR

mesh.

A B-spline is said to have minimal support on an LR mesh when the following conditions

are satisfied. First, every horizontal knot line, ε = [ξ∗0 , ξ
∗
1 ]× η∗, of multiplicity n traversing

the interior of the support can find n number of η∗ in the local knot vector associated with

the B-spline in η direction. Second, every horizontal edges, ε = [ξ∗0 , ξ
∗
1 ]× η∗, of the support

can find at least one η∗ in the local knot vector associated with the B-spline in η direction.

Similar argument applies to the every vertical knot lines traversing the interior and the

edges of the support.

Refinement in LR mesh is done by inserting a new knot line. Knot insertion process

is derived from the one in the conventional B-splines. One notable difference is that the

number of increase in the set of basis functions is identical to the number of increase in the

set of local knot vectors. When a new knot is inserted, the length of the extended local

knot vector of degree, p, is equal to p+ 3. Therefore, the extended local knot vector must

be split in two local knot vectors of length equal to p + 2. As an example, consider that

a new knot, ξ̂ in Eq. 5.4, is inserted between the knots ξi−1 and ξi in the knot vector, Ξ,

resulting two knot vectors, Ξ1 and Ξ2.

Ξ = [ξ1, ξ2, ..., ξi−1, ξi, ..., ξp+1, ξp+2]

Ξ1 = [ξ1, ξ2, ..., ξi−1, ξ̂, ξi, ..., ξp+1 ]

Ξ2 = [ ξ2, ..., ξi−1, ξ̂, ξi, ..., ξp+1, ξp+2]

(5.4)

Then, the new basis functions, BΞ1(ξ) and BΞ2(ξ), associated with the knot vectors, Ξ1

and Ξ2, have the relation with the original basis function, BΞ(ξ), shown in Eq. 5.5.
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BΞ(ξ) = α1BΞ1(ξ) + α2BΞ2(ξ), where

α1 =


1, ξp+1 ≤ ξ̂ ≤ ξp+2

ξ̂−ξ1
ξp+1−ξ1

, ξ1 ≤ ξ̂ ≤ ξp+1

α2 =


ξp+2−ξ̂
ξp+2−ξ2

, ξ2 ≤ ξ̂ ≤ ξp+2

1, ξ1 ≤ ξ̂ ≤ ξ2

(5.5)

Refining process of LR-mesh often involves the sequence of multiple meshline insertions.

In this case, any B-spline goes under the check whether the new meshline traverses the

interior of the B-spline. If so, the B-spline need to be split. After this process, all new

B-splines go under the check whether any existing meshline traverses the support of any

B-splines in the updated spline space. Any traversed B-splines in the new spline space also

needs to be split. When the new basis functions are created from the splitting process,

there can be preexisting basis functions identical to one or both of new functions. In this

case, the control point of the preexisting basis function is updated in two steps and the

new function is simply ignored. First, transform the pair of control points into projective

coordinate system. Second, sum the two control points and transform back to the original

coordinate system. On the other hand, any new basis functions without any identical pair

is simply added to the new spline space.

As can be noted, all the discussion up to this point can be easily extended to a three

dimensional parametric space. As an example, three dimensional LR B spline basis will

be a tensor product form shown in Eq. 5.3 except there is one more term for the third

parameter. The following list shows some noticeable properties of LR B-spline:

1. Partition of unity: the sum of LR B-spline basis functions for any parameter value is

equal to 1.

2. The result of a refinement procedure in LR B-splines is order independent.

3. The set of LR B-spline basis functions forming a spline space does not guarantee the

linear independence.

Linear independence of a set of basis functions is crucial element deciding whether the spline
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is analysis suitable. Johannessen et al. [7] do not provide the analytical proof; however, they

observed that there were no linearly dependent set by checking with the peeling algorithm

when the meshes were generated following the full span and the structured refinement

techniques. They also conjecture that those two refinement techniques inherently produce a

linearly independent set of basis functions, similar to the analysis suitable T-splines utilized

for IGA [141].

5.2.2 Bézier extraction

The shape of standard finite element basis functions based on polynomial functions of a

fixed degree does not change from element to element. In contrast, the shape of the spline

basis functions depends on the knot vectors associated with them, and the span of influ-

ence can reach multiple elements. The evaluation of the spline basis functions often rely

on the recurrence formula, resulting a difficulty in incorporating the IGA implementation

into the existing finite element framework. This issue can be resolved by introducing the

Bézier extraction for evaluating the basis functions, resulting a smooth and compatible

implementation in accordance with the existing finite element framework.

The Bézier extraction is an operation that provides a mapping from a piecewise Bernstein

polynomial onto a B-spline function. Thus, it sets a relation between piecewise C0 Bézier

elements to spline elements. As a result, it allows to use piecewise C0 Bézier elements,

which have consistent polynomial shape functions, as a building block of the finite element

representation of a spline mesh.

The Bézier extraction for the LR B-spline used in our In-house IGA package follows

the same procedure proposed by Scott et al [142]. developed for T-splines. Essentially,

every LR B-spline, N e
a(ξ), associated with a set of local knot vectors is expressed in a linear

combination of piecewise Bernstein polynomials, B(ξ), over element, e, as shown in Eq. 5.6

where Ce is a extraction operator row-vector of size 1 ×m with Bézier coefficients. m is

number of Bernstein polynomials in a single knot span. There is always same number of

Bernstein polynomials in a Bézier element; however, this is not the case for the LR B-spline

elements, especially when a local refinement is performed in the LR mesh.
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Na(ξ) = CeB(ξ) (5.6)

The Bernstein polynomials of degree, p over the domain [−1, 1] is defined as in Eq. 5.7.

Bi,p(ξ) =
1

2p

(
p

i− 1

)
(1− ξ)p−(i−1) (1 + ξ)i−1 , where(

p

i− 1

)
=

p!

(i− 1)!(p+ 1− i)!
, 1 ≤ i ≤ p+ 1

(5.7)

In CAD, the Bernstein polynomials are often evaluate in the domain of [0, 1]; however, it

is preferred to be computed in bi-unit domain to utilize Gauss quadrature in finite element

framework.

A Bézier extraction procedure for LR B-splines in our case is identical to the one for

T-splines. First, the local knot vectors of degree, p are extended by inserting the first and

last knots until their multiplicity reaches to p + 1. For example, consider the local knot

vector of quadratic degree, [0, 1, 2, 3] to be extended. After the extension, the local knot

vector becomes [0, 0, 0, 1, 2, 3, 3, 3]. Extension process adds the unnecessary basis functions,

so it is important to keep track of which function is the original LR B-spline function to

be used in extraction. If the basis functions are numbered following the ascending order of

knot, the LR B-spline has the number of nt + 1 where nt is the number knots added to the

left end. After the extended knot vector is obtained, it goes through univariate extraction.

The extraction operation is similar to the one for NURBS [143]. Main difference is that

coefficient matrix, C, from the operation has other rows associated to the newly added basis

functions. Therefore, the row vector corresponding to the original LR B-spline function is

needed. This work can be done with the connectivity array. Finally, the extraction operator

vector for multivariate knot vectors is computed using tensor product of each row vector

attained from univariate extraction in each parametric direction.

In the finite element formulation, the weak form of the governing equation requires the

computation of shape functions, R(ξ), and their derivatives, ∂R(ξ)
∂ξi

. Numerical integration is

performed in element level. When Gaussian quadrature is used, shape functions and their

derivatives are evaluated in parent domain, and it is necessary to compute the Jacobian
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determinant, Je.

The LR B-spline functions in each element are computed following Eq. 5.8, which

employs the Bezier coefficients matrix, Ce, for element e and the column vector of control

point weights, we, associate to the element.

Re(ξ) = W eCe B(ξ)

W e(ξ)
, where

W e(ξ) = (we)TCeBe(ξ)

(5.8)

The first order derivatives with respect to the parent coordinates are computed as follows

in Eq. 5.9.

∂Re(ξ)

∂ξi
= W eCe ∂

∂ξi

(
B(ξ)

W e(ξ)

)
= W eCe

(
1

W e(ξ)

∂Be(ξ)

∂ξi
− ∂W e(ξ)

∂ξi

B(ξ)

(W e(ξ))2

)
(5.9)

The derivatives with respect to the physical coordinates are computed simply applying

the chain rule to the the derivatives in parent coordinates as in Eq. 5.10

∂Re(ξ)

∂xei
=

dim∑
j=1

∂Re(ξ)

∂ξj
∂ξj

∂xei
(5.10)

where ∂ξ
∂xe =

(
∂xe

∂ξ

)−1
.

The jacobian determinant of the element e, Je is computed as in Eq. 5.11.

Je =

∣∣∣∣∂xe

∂ξ

∣∣∣∣ (5.11)

Further detail procedure on computing Bezier coefficients is referred to [143, 142].

5.2.3 Local refinement techniques with LR B splines

There are three types of local refinement scheme suggest by Johannessen et al [7] as shown

in fig 5.9: full span, minimum span, and structured mesh. Structured mesh is obtained by

splitting all the knot spans of one of the basis functions affecting the element. This method

prevents the production of elements with a bad aspect ratio and the case of generating
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(a) Full span refinement (b) Minimum span refinement (c) Structured mesh

Figure 5.9: Full span method (a) inserts the meshlines that split all basis functions on the
element. Minimum span methods (b) inserts two meshlines that split one of the basis

functions on the element. Structured mesh method (c) inserts the meshlines that split all
the knot spans of the selected basis function on the element (images from [7]).

linearly dependent set of basis functions. Therefore, this scheme was chosen for the adaptive

integration method in our in-house IGA package. One uncertain step is the selection of a

basis function that leads the splitting process. When the order of the spline is even, it is

somewhat clear which basis function has the parametric center of its support closest to the

center of the knot span of the element. When the order of the spline is odd, there can be

multiple basis functions that has same distance from their parametric center to the center

of the knot span of the element. In this case, a random selection of the basis function can

be done.

With these local refinement technique, it is possible to locally refine a set of elements

to improve the accuracy of finite element analysis. A common approach to this type of

adaptive refinement process aims to minimize the global energy error leading to the mesh

with more or less an uniform error distribution. This is a nice way to finalize the analysis

mesh represented by LR B spline.

In this study, most of geometric feature such as a circular notch and a crack are repre-

sented exactly with a proper placement of control points. Therefore, the local refinement

is mainly used at the location of stress concentration to improve the accuracy of analysis

without having too many degrees of freedom. This helps to reduce the computation time,

especially helpful for an optimization study that can easily require thousands of simulations.
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As an example, a quarter plate with a semi-circular notch is modeled with bi-quadratic B

spline basis functions as shown in Fig. 5.10 (a). In the figure, blue lines shows the boundary

of elements, and the red circular points are control points. The initial mesh has a total of

36 elements. The midpoint of the circular arc is chosen to be the point of interest which

leads to the local refinement in the example mesh. The first step is to identify the nearest

neighboring elements, which are colored in light green in Fig.5.10 (b). Next step is to choose

the basis functions supporting the identified elements. Following the structured refinement

technique, two basis functions that are closest to the center of knot span of the identified

elements are selected as shown in Fig. 5.10 (c). Last step is to insert meshlines that split all

the knot spans of selected basis functions. This can be done by identifying the union of the

supports as shown in blue in Fig. 5.10 (c) and defining meshlines that subdivide the support.

The result of the local refinement process is shown in Fig. 5.11. As can be seen, only the

region of interest has refined elements by subdivision from inserting meshlines. Moreover,

a meshline insertion does not change the spline mesh, parametrically nor geometrically;

therefore the continuity of the spline mesh is not disturbed. The theoretical detail on the

local refinement technique is referred to [7]. In this framework, LR B spline can provide

an efficient approach to improving accuracy of analysis without significantly raising the

computational cost.

5.3 Modeling a crack with LR B-spline

The capability in LR B splines to locally refine the mesh can be utilized to model local

discontinuities on a geometry such as cracks. To simulate a linear elastic fracture mechanics

problem, a crack is often inserted to a mesh as a geometric discontinuity. In this case,

the continuity across a line crack is C0. When a geometry is modeled with linear spline

functions, there is no need to reduce the continuity at the boundary of each element since it

is already C0. However, when higher degree spline functions are used to model a geometry,

it is necessary to insert a meshlines where the crack is about to be defined in order to enforce

the C0 continuity across the crack. This work only focuses on modeling two dimensional

cracks. Modeling a two dimensional crack, the multiplicity of at a specific knot in both

parametric direction need to be increased when the degree of splines are higher than one.
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Figure 5.10: A quarter plate with a semi-circular notch modeled with bi-quadratic B
splines; (a) initial mesh before a local refinement; (b) X-mark shows the location where

the local refinement is applied; elements colored in light green are nearest elements to the
refinement point; (c) two control points are selected from the nearest elements; blue region

shows the union of the supports of two LR B spline basis.

Figure 5.11: The example pregression of local refinement on a quarter plate with a
semi-circular notch model; (a) initial mesh; (b) mesh after a first level of local refinement;

(c) mesh after a second level of local refinement.
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Let us assume that the crack which traverses a mesh is represented by the knot line,

ξ∗× [η0, η1], and this crack is inserted on a quarter plate with a semi-circular notch as shown

in Fig. 5.12 (a). If non-local splines such as NURBS are used in modeling a geometry, two

internal knots, ξ = ξ∗ and η = η1, associated with the green lines in Fig. 5.12 (b) are

inserted to reduce the continuity. Since η = η0 is at the boundary of the mesh, there is

no need to insert a knot there. As discussed in the previous section, a knot insertion is a

global refinement technique; therefore, the knot lines where the continuity is reduced span

the entire mesh. After the insertion, control points lying on the crack line needs to be

duplicated. At the final step, the pairs of coincident control points on the crack line needs

to be properly assigned to adjacent elements to induce the discontinuity across the crack

line.

On the other hand, the meshlines inserted in a LR B spline mesh does not necessarily

span the entire mesh. The meshline, ξ∗×[η0, η1+q∆η] where q = 2 is the degree LR B spline

in η direction, is inserted to reduce the continuity across ξ = ξ∗. The meshline traverses

q∆η distance from the tip of the crack in η direction so that it completely splits the support

of basis functions near the tip of the crack. The other meshline, [ξ∗ − p∆ξ, ξ∗ + p∆ξ]× η1

where p = 2, is inserted to enforce C0 continuity at the crack tip. This meshline traverses

p∆ξ distance from the tip of the crack in ξ direction so that it completely splits the support

of basis functions near the tip of the crack in ξ direction. The result of the insertion process

is shown in Fig. 5.12 (c). As can be noted, meshlines do not fully span the entire domain

of the mesh. Consequently, it localize the region of low continuity. Although it is not so

apparent in this example since the mesh is relatively coarse for the demonstration purpose,

once can easily deduce that the localized region of lower continuity by meshline insertions

can be significantly smaller compared to the one in tensor mesh when the element sizes are

much smaller. This can be further improved when the local refinement technique is used

near the crack tip.

In this approach of defining cracks in a mesh, the lower bound of the length of a crack

depends on the size of elements in a mesh. When NURBS is used, elements with high aspect

ratio can be easily produced as a result of knot insertions. However, meshline insertions

followed by a local refinement near the crack in LR B spline mesh can prevent such a highly
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Figure 5.12: Modeling a crack on a quarter plate with a semi-circular notch; (a) magenta
line is the crack that is about to be inserted; (b) Green lines which are inserted to reduce
the continuity in the mesh spans whole domain; (c) Meshlines in LR B spline framework

only affect the local continuity of the mesh.

biased mesh.

5.4 Development of an IGA package: LRSFEM

In the beginning of this project, there were no IGA software openly available that utilizes

LR B spline to model composite structures. In this project, in-house IGA package, called

LRSFEM (Locally Refined Spline Finite Element Method), with features discussed in the

previous sections are developed in order to proceed to the next phase. LRSFEM has three

main constituent: 1) preprocessing module, 2) linear solver, and 3) postprocessing module.

All three modules are written in C++ to take the advantage of Objected Oriented Pro-

gramming framework in addition to the high computational performance. Instead of using

a text-based input file format that common commercial FEM software adapt, LRSFEM

uses pybind11 to provide a dynamic library for Python so that users can directly use main

functionality such as model generation, solver, and post-processing along with visualization

in Python. By providing Python API, it becomes very efficient to utilize other modules

provided in Python along with LRSFEM. Following subsections provide brief discussion on

each ingredient of the in-house IGA package.
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5.4.1 Preprocessing module: geometry and mesh generation

The main purpose of the preprocessing module is to provide objects that are used for a

spline geometry generation and for a LR mesh suitable for IGA.

“OpenNurbs” object is used to generate an open NURBS geometry. Input parameters

are knot vectors, coordinate values of control points, dimension of parameter space, and

degrees of spline basis functions. These are the basic set of information needed to define a

NURBS. “OpenNurbs” object has some basic methods such as knot insertion and degree

elevations to operate on spline basis functions. These methods are implemented closely

following the “igakit” [144], which is a python library that has the Fortran implementation

of the NURBS routines in Piegl’s book [108].

Once an elementary NURBS object is created, “LRMesh” object can be instantiated

and initialize a LR B spline mesh consisting of three main constituent: “Vertex”, “Facet”

and “Cell”. Each vertex object contains each control point data along with the parametric

information of associated LR B spline basis function such as knot vectors and degrees.

Facets are building block of a two dimensional mesh. Each facet object holds information

on knot spans and a set of pointer addresses of vertices which include the area of the facet as

part of their support. Similarly, cells are building block of a three dimensional mesh. Each

cell object holds information on three dimensional knot spans and a set of pointer addresses

of vertices which include the volume of the facet as part of their support. The set of vertices

that either a cell or a facet has as an attribute provides covering relation when a mesh is

represented as a simple two layered Directed Acyclic Graph (DAG). The discretization data

management library for unstructured grids from Portable Extensible Toolkit for Scientific

Computation (PETSc) [145, 8] treats mesh components such as vertex, edge and face as

a point with an identification integer value. A mesh is represented as a Hasse Diagram

that displays a partially ordered set using the covering relation. An example of a simple

triangular mesh and its representation in the Hasse diagram is shown in Fig. 5.13 (a). As

an example of a covering relation, the left face in Fig. 5.13 (b) is covered by edges numbered

6, 7, and 8. The edge number 6 is covered by two vertices numbered 2 and 3.

In “LRMesh” object, there is no convenient way to define edges since the vertices repre-
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Figure 5.13: An example of a 2D doublet mesh. (images are from [8]) (a) two triangular
facets are sharing the edge in the middle and two vertices on top and bottom; (b) The

Hasse diagram for the mesh displays the covering relation.

sent control points which are not necessarily interpolatory. So, it becomes easier to define

a covering relation of either facets or cells directly with vertices, of which their support

contains the area or the volume of a facet or a cell. In this mesh structure, it is efficient to

operate on the local data on a mesh. One can identify a set of vertices that have non-zero

spline basis functions that are affecting a particular facet or cell. “LRMesh” object stores

a set of vertices as a C++ vector object. The same approach applies to the storage of a set

of facets and a set of cells. This subsection is intended to provide the implementation of a

local refinement method and the implementation of a crack insertion method in “LRMesh”

object.

Before working on the insertion process of meshlines to a mesh for a refinement, facets

or cells that are neighboring the region of interest need to be identify. In the proceeding

discussion, it is assumed that the region of interest is defined as a point location defined in

a parametric coordinate, and a mesh is in a two dimensional parametric space; therefore,

facets are the main building block. It is possible to iterate on a set of facets stored in a

mesh to identify whether each facet area contains the point location; however, this process

is computationally not efficient and easily slows down the refinement process. In LRSFEM,

Multimap objects which is a dictionary-like data structure that stores pairs of key and value

are created during the initialization process of “LRMesh” object. A nice feature ofMultimap

is that multiple values can be paired with a same key, and Multimap can use keys to sort its

sequence of data when an ordering relation is provided. Without going too much in detail, a
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LR B spline mesh can produce aMultimap which keeps pairs of pointer addresses of facets as

a set of values and associated knot values for facets as a set of keys. Because facets are sorted

in order, it becomes computationally efficient to find a set of facets identified with specific

knot keys. The equal range method defined in Multimap object can be used to find a set of

neighboring facets provided a knot values of a point location. Once the set of neighboring

facets are identified, a single vertex from each facet is chosen. From those selected vertices,

meshlines are computed so that they splits the union of the supports of vertices. As a final

step, these meshlines are inserted following the method introduced by Johannessen et al.

[7], and the all the steps repeat for each refinement level. At the end, a new set of facets

and vertices are created. They are stored in “LRMesh” object and multimaps are updated

with new facets. The local refinement implementation is summarized in Alg. 1.

ALGORITHM 1: 2D Local refinement method in LRMesh object
Data: Knot coordinates of a point location and refinement level are inputted
Result: New facets and new vertices are produced after meshline insertions

1 for Each refinement level
2 Find neighboring facets using multimap
3 Gather vertices from found facets
4 Define set of meshlines which splits the union of the supports of vertices
5 for Each meshline
6 Identify facets that needs to be subdivided
7 Subdivide those facets
8 Split vertices that the meshline splits their support
9 Append new vertices to “LRMesh” object

10 Append new facets to “LRMesh” object
11 Update multimaps Update the covering of facets by either removing association to old

vertices or adding new vertices to the covering relation

12 end
13 Remove old subdivided facets from the mesh object
14 Remove old split vertices from the mesh object

15 end

“LRMesh” object has a method to insert a two dimensional crack. The process of crack

insertion is similar to the local refinement since it requires the meshline insertion; however,

meshlines are on the edges on facets rather than they traverse across the facets in order to

subdivide like in the local refinement process. The information on meshlines that need to be

inserted to a mesh is provided user as a set of ranges for each knot direction. Furthermore,

meshlines do not subdivide existing facets; therefore, there is no need to create a new facets.
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Once the vertices that the meshlines split their support are identified, they go through the

refining process described by Johannessen et al. [7] to produce the new set of vertices.

Identifying these vertices involves two steps. First, facets that are adjacent to the crack

line is found using multimap in “LRMesh” object. Since the sequence of data are sorted in

multimap, this process is quick. Each facet stores a set of vertices as a C++ vector object.

The support of each vertex includes the area of the facet. Therefore, the second step only

requires to loop through these vertices to identify the ones that the meshlines split their

support. When the meshline insertions are complete to achieve proper discontinuity over a

crack line, next step is to duplicate the control points on the crack. In a two dimensional

spline surface, adjacent facets are either in one side or the other from the crack line. Pairs

of coincident vertices need to decide which facet it will belong to. At this point, it does

not matter which one needs to be in which facet since two vertex are identical in a physical

location and parametrization. It just need to be made sure that the if one is in one facet

than the other pair belongs to the facet in the opposite side. Summary of the crack insertion

process is shown in Alg. 2.

5.4.2 Bi-harmonic solver

In the isogeometric analysis, identical basis representing a geometry is used to form a solu-

tion space of the numerical method. This idea of using isoparametric basis is an important

building block of finite element framework. Traditional elements such as Lagrangian ele-

ments utilize polynomial functions as the basis, thanks to their simplicity and well known

approximation properties and theorems. In IGA, the identical set of spline basis used in

modeling a geometry forms the solution space. It is important that spline basis functions

satisfy the sufficient conditions to provide the convergence in the analysis [146]: 1) a basis is

at least C1 inside the element, 2) a basis is at least C0 on the boundary of the element, and

3) the set of basis can represent all linear functions (completeness). First two conditions

are not restrictive to splines. Third condition is satisfied by a partition of unity. Therefore,

a spline basis with a partition of unity can ensure the convergence in the finite element

framework.
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ALGORITHM 2: 2D crack insertion method in LRMesh object
Data: Meshlines for 2D crack are provided
Result: Continuity across the crack line is C0, and new vertices are created on the crack line.

1 Identify facets adjacent to the crack line using multimaps
2 From adjacent facets, gather vertices need to be refined
3 for Each meshlines
4 Split vertices that the meshline splits their support
5 Append new vertices to “LRMesh” object
6 Update the covering of facets by either removing association to old vertices or adding new

vertices to the covering relation

7 end
8 Remove old split vertices from the mesh object
9 Create a set of adjacent facets in side A from the crack line

10 Create a set of adjacent facets in side B from the crack line
11 for Each facet in side A
12 for Each vertex in covering relation
13 Remove association to the new vertex from duplication to keep only one vertex in

coincident vertex pair

14 end

15 end
16 for Each facet in side B
17 for Each vertex in covering relation
18 Remove association to the original vertex from duplication keep only one vertex in

coincident vertex pair

19 end

20 end
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The strong form of a linear elastostatic problem is stated as follows. Given fi : Ω → R,

gi : ΓDi → R, and hi : ΓNi → R, find ui : Ω → R such that

σij,j + fi = 0 inΩ,

ui = gi onΓDi ,

σijnj = hi onΓNi ,

(5.12)

where ΓDi

⋃
ΓNi = Γ and ΓDi

⋂
ΓNi = ∅.

By multiplying weighting function, wi and taking the integration by part, the weak form

is formulated. Given fi : Ω → R, gi : ΓDi → R, and hi : ΓNi → R, find ui ∈ Si such that for

all wi ∈ Vi

∫
Ω
w(i,j)cijklu(k,l)dΩ =

∫
Ω
wifidΩ+

∫
ΓNi

wihidΓ, (5.13)

where cijkl is elastic coefficient, and ui satisfies the Dirichlet boundary condition on ΓDi .

The weak form can be visually simplified with bilinear and linear functional notation.

a(w,u) = L(w), where

a(w,u) =

∫
Ω
w(i,j)cijklu(k,l)dΩ

L(w) =

∫
Ω
wifidΩ+

∫
ΓNi

wihidΓ.

(5.14)

In order to solve the problem numerically, Galerkin’s method is used to turn the weak

form into a system of linear equations. In Galerkin’s method, the finite dimensional sub-

spaces is explored to find a trial solution, uh and weighting function, wh and assume that

there exist a lifting gh which satisfy ghi = gi at ΓDi in the finite dimensional trial solution

space. Therefore, the trial solution has a following decomposition: uh = vh + gh where

vh in finite-dimensional weighting functional space. As a result, the following expression is

obtained

a(wh,vh) = L(wh)− a(wh,gh). (5.15)
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From the isoparametric formulation, uh is expressed as

uhi =
∑
A

NAdiA + ghi , (5.16)

where NA is a basis, and diA is a i-th component of control variable corresponding to the

basis, NA. After the substitution, a linear system can be built as follows

Kd = F, where

KPQ = a(NAei, NBej),

FP = L(NAei), dQ = djB.

(5.17)

The flow chart of a standard finite element implementation is shown in fig. 5.14. The

steps colored in green are places where the formulation needs to be modified to be compat-

ible with IGA. Main difference implementing IGA comes from storing parametric data for

spline object and building connectivities along with the mesh information. After the assem-

bly, the size of a structural stiffness matrix can be large; however, many components in the

matrix will be zero. To reduce the memory usage, a structural stiffness matrix is stored as a

sparse matrix following CSR format. For high performance computing capability, MUMPS

(MUltifrontal Massively Parallel sparse direct Solver), a parallel sparse direct solver library,

is used [147, 148]. To solve a linear system, MUMPS uses LU decomposition for an unsym-

metric matrix and uses cholesky decomposition for a symmetric matrix. Since MUMPS is

a parallel solver, it allows to solve a large scale linear system using MPI framework.

In LRSFEM, “Mechanical3D” object provides a method called “solve” to solve a linear

elastic problem after it is initialized with a “LRMesh” object. As a result, it stores a

control variables such as nodal forces and nodal displacements in C++ vectors, which can

be accessible as a numpy array in Python. Once the control variables are obtained as a

solution, stress and strain at each integration points can be computed.
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Figure 5.14: Flow chart of a standard finite element framework. Steps colored in green can
be modified to make it compatible with IGA (image is from [9]).
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5.4.3 Postprocessing module: stress/strain extrapolation and visualization

There is no simple library in C++ or in Python that allows to visualize LR B splines surfaces.

A wireframe plot can be used to represent a two dimensional spline surfaces. In this case,

smooth edges of spline facets are segmented in a straight lines. Computing a set of points on

the edge of spline surface is not so challenging since the knot values are already known, and

is not so expensive. To visualize the actual faces on a spline surface or volume, each spline

facets need to be discretized in to a mesh. The number of evaluations on a spline object

increase exponentially to capture the smoothness of the geometry. Python implementation of

a visualization module seems to be okay for a wireframe plots; however, it was not proficient

to visualize 3D contour plots. Therefore, the development in postprocessing visualization is

implemented in OpenGL written in C++.

OpenGL is a specification for functions used in programming to modify graphics. It is a

rule for API developers that tells what the outcomes are supposed to be and how they are

performed. There are multiple API libraries that allows to use OpenGL implementation.

In LRSFEM, Qt is used to provide a visualization of spline objects and graphical interface

to it such as panning, zoom, and rotation features in a visualization window. Compared to

other libraries, Qt provides some functionality that makes it more convenient to manipulate

colors in OpenGL framework.

There is an open tutorial available in online called “LearnOpenGL” [149], which covers all

the necessary components needed to develop this visualization module using OpenGL. It is

referred to this resource for detail on OpenGL graphics programming. The graphics pipeline

of OpenGL performs necessary works to visualize a 3D models in to a 2D representation on a

window, and these steps are be parallelizable. This is one of the reasons why GPUs contains

a multitude of small processing cores. The visualization module in LRSFEM directly uses

OpenGL functionality which allows to use the graphics unit. Therefore, it takes much less

time to visualize a 3D spline object and manipulate the graphics.

A building block of a graphical mesh is triangle since a GPU is particularly good at

drawing thousands of triangles in parallel. As a result, each facet in a LR B spline mesh

is discretized into a triangular mesh. Computing the 3D coordinates of each triangles are
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not difficult; however, computing the stress or strain values at the arbitrary location on

a spline object is not straight forward since stress and strain vectors are calculated on

integration points. In a standard finite element approach, stress values are extrapolated to

the node using polynomial basis functions. For LR B spline functions, it is not clear how

to extrapolate. The number of control points spanning an element can often be larger than

the number of integration point after local refinements.

In LRSFEM, the number of integration points and the number of Bezier control points

in an element are the same. A linear system can be set up to enforce that the stress values

at Bezier control points so that the interpolated result provide correct stress values at the

integration points. In this way, an approximation field of stress contour at each spline object

is provided for visualization.

5.4.4 Verification

For a verification, the NURBS-based isogeometric analysis is performed on an infinite plate

with a circular hole under an uniform tension. This is a classical elasticity problem that

has an analytical solution to be compared. The analyses are performed with bi-quadratic

(p = q = 2) and bi-cubic(p = q = 3) NURBS elements followed by h-refinement to examine

the convergence with L− 2 norm error of stress [150] following the Eq. 5.18,

L2(Ω) =

(∫
Ω
|σexact − σnumerical|dΩ

)1/2

= O(hk), (5.18)

where Ω is the whole domain of the structure, and h refers to the diameter of an element.

The infinite plate is modeled with the finite quarter plate with symmetry boundary

conditions and correct traction applied following the exact solution. The schematic of the

quarter plate is shown in fig. 5.15. Modeling details are referred to [9]). The analytical

solution shown in Eq. 5.19 is from [151].
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Figure 5.15: Quart plate model with applied boundary conditions (image is from [9]).

σrr(r, θ) =
Tx
2

(
1− R2

r2

)
+
Tx
2

(
1− 4

R2

r2
+ 3

R4

r4

)
cos 2θ,

σθθ(r, θ) =
Tx
2

(
1 +

R2

r2

)
− Tx

2

(
1 + 3

R4

r4

)
cos 2θ,

σrθ(r, θ) = −Tx
2

(
1 + 2

R2

r2
− 3

R4

r4

)
sin 2θ,

(5.19)

In the numerical analysis, Tx is assumed to be 10; therefore, the stress contours were

expected to converge with the stress concentration of σxx = 30 at the vicinity of the hole

boundary.

Examples of bi-quadratic and bi-cubic meshes for the quarter plate model is shown in

fig. 5.16. As can be seen, higher degree spline elements have more control points around

each element.

Contour plot of stress value in x−direction is shown in fig. 5.17 for both bi-quadratic

and bi-cubic meshes. Convergence plot of L2-norm error against the largest diameter in the

mesh is shown in fig. 5.20. As can be seen, rate of convergence is close to the degree of

splines in the NURBS surface.

To evaluate the FCM, a quarter plate is modeled in rectangular domain, and adaptive

refinements up to 4th order are applied for both bi-quadratic and bi-cubic meshes as shown
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Bi-quadratic meshes

Bi-cubic meshes
Figure 5.16: Examples of bi-quadratic and bi-cubic meshes for the quarter plate model.
Red dots are control points where the control variables are evaluated. Higher degree
NURBS elements have more control variable compared to lower degree elements.
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Figure 5.17: Contour plot of σxx for (a) bi-quadratic mesh and (b) bi-cubic mesh.
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Bi-quadratic mesh

Bi-cubic mesh

3rd refinement

3rd refinement

4th refinement

4th refinement

Figure 5.18: Examples of bi-quadratic and bi-cubic meshes for the quarter plate model
using structural adaptive refinement.

in fig. 5.18.

Contour plot of stress value in x−direction is shown in fig. 5.19 for both bi-quadratic

and bi-cubic meshes in 4th order refinement. As can be seen, stress concentrations for both

degree are converging to the correct value. The convergence plot of L2-norm error against

the degrees of freedom is shown in fig. 5.21 and compared to the exact model using NURBS.

As can be seen, the precision in FCM up to 4th order is not as good compared to the exact

model. For the curvature of a given hole, it is expected to provide better precision with a

higher order of adaptive refinement.
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Figure 5.19: Contour plot of σxx using FCM for (a) bi-quadratic mesh and (b) bi-cubic
mesh. Both are in 4th refinement.
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Figure 5.20: Convergence behavior of NURBS elements. Rate of convergence matches
with the degree of spline surfaces.
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Figure 5.21: Convergence behavior of FCM compared to the exact NURBS meshes. k
refers to the order of adaptive refinements.
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Chapter 6

ISOGEOMETRIC APPROACH TO OPTIMIZE A FRACTURE
RESISTANCE OF COMPOSITE STRUCTURES

The preceding chapter sets a nice numerical tools for analyzing structural response of

composite parts featuring CTI with and without a geometric discontinuity such as a crack.

In this chapter, IGA framework is utilized to simulate a fracture behavior of composites

featuring CTI. Furthermore, optimization study is performed to identify the optimal fiber

paths for two main geometries, 1) a rectangular plate with a semi-circular notch and 2)

T-joint with filleted corners, that maximize their fracture resistance. In order to set up

a proper simulation of fracture mechanics simulations on those structures, it is necessary

to understand how composites fracture. In the following sections, the fracture behavior of

composite materials is briefly introduced. Then, a method of providing a smooth distribu-

tion of fiber path over a structure is discussed. Next, two main optimization methods that

are used in this work are briefly introduced. Lastly, optimization results on two geometries

are presented with discussion on their mechanical implication.

6.1 Fracture mechanics of composites

Structures exhibit three types of fracturing behavior: 1) brittle, 2) ductile and 3) quasibrittle

[10].

The first type, so called brittle fracture, is often observed in fine-grained ceramics, glass

polymers. In the presence of a crack or notch, there is a region of highly nonlinear stress

state called a fracture process zone (FPZ). Materials exhibiting a brittle fracture has a

negligible size of FPZ in front of a crack compared to the structural size as illustrated in

Fig. 6.1 (a). where the discontinuity in stress distribution from stress-free crack boundary to

the front of crack tip is shown below the schematics. In this case, we can fairly assume that

the most of domain on the structure behaves linearly; therefore, the linear elastic fracture

mechanics (LEFM) provides a good analytical solutions to predict the failure behavior of
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brittle materials. Since the FPZ of a brittle type is negligible, the size of a structure does

not affect the analysis.

The second type is referred to ductile fracture. Most of metals and plastic polymeric

materials are representative materials that exhibit ductile fracture. In these materials, the

size of FPZ is still small, but there is a non-negligible size of yielding zone in front of the

tip of crack or notch compare to the size of the structure. As can be noted in Fig. 6.1 (b),

there is a plateau region of stress after a sudden development stress concentration at the

crack tip. The non-negligible size of plastic region brings the characteristic length to the

analysis of ductile fracture and induces the effect of structural size on the formation of a

crack.

The third type is quasiBrittle fracture [152, 153, 154], which is most relevant to compos-

ite materials. In this case, the size is FPZ in front of the crack tip is substantial compared

to the structural size as illustrated in Fig. 6.1 (c). The nonlinearity in FPZ does not come

from a plastic deformation. Instead, a progression of microscale damages such as randomly

distributed microcracking, frictional micro-slips, and grain interlocks cause a cohesive soft-

ening in which the stress decreases to zero value from the boundary of FPZ to the tip of

the crack. The quasi-brittleness in composite materials comes from the heterogeneity of

material constituents. For example, carbon fibers are extremely brittle. On the other hand,

polymeric matrix are ductile. The length scale of the heterogeneity depends on the type of

composites and affect the scale of FPZ on a structure. When designing a structure with

a material that exhibits a quasibrittle fracture mechanics, the size of a structure needs to

be carefully considered in the analysis. At one extreme, FPZ can span almost the entire

region of a structure. In this case, the structure will exhibit a quasi-plastic failure, similar

to the second type. On the other extreme, the size of FPZ may be negligible. In this case

the failure behavior of the structure will be similar to the brittle failure. If the size of a

structure is in between these two extreme, the nonlinear behavior induced by the cohesive

softening needs to be considered in the analysis to properly characterize the failure. As

can be noted, the structural length scale is significant to analyze the fracture behavior of

materials that exhibits quasi-brittleness.
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Figure 6.1: Visualization of three different structural fracture behavior denoted as (a)
brittle, (b) ductile and (c) quasibrittle; stress distribution along the crack line is shown at
the bottom of each types, characterizing different nonlinearity at the tip of a crack (image

is from [10]).

6.2 Type II size effect

Structures with a notch or crack as a geometric feature (not as a defect) follows the type II

size effect in which the localized crack after failure initiation is deterministic. The cohesive

crack in a structure is represented as an equivalent LEFM crack. The length of an equivalent

LEFM crack, a = a0+cf , is the sume of the original crack length, a0, and the characteristic

length of FPZ, cf .

In mode I fracture, the stress intensity factor has the following form:

KI =
P

b
√
D
k(α) (6.1)

where P is the applied load, D is the width of a structure, b is the thickness, and k(α) is

the dimensionless stress intensity factor as a function of normalized crack length, α = a/D,

and k(α) depends on a geometrical shape. Further modification of Eq. 6.1 by introducing

Irwin’s relation, K2
I = E

′
G when G = Gf , and substituting nominal strength defined as
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σN = P/(bD), results the following expression:

σN =

√
E′Gf

Dg(α)
(6.2)

where g(α) = k2(α) is the dimensionless energy release rate as a function of normalized

crack length. From Eq. 6.2, Bažant’s type II size effect law [155, 156, 157] can be derived

by expanding the dimensionless energy release rate into Taylor series at α0 = a0/D:

g(α) = g(α0) + g
′
(α0)

cf

D
+ ... (6.3)

After substituting first two terms of Taylor series of g(α), Bažant type II size effect law

(SEL) has the form as expressed in Eq. 6.4.

σN =

√
E′Gf

cfg′(α0) +Dg(α0)
(6.4)

The SEL can be expressed in a simplified form to represent a relation between normalized

quantities as shown in Eq. 6.5.

σN
σ0

=

(
1 +

D

D0

)−1/2

(6.5)

where σ0 = cfg
′
(α0)/g(α0) and D0 =

√
E′Gf/cfg

′(α0). The normalized version of SEL

is plotted in Fig 6.2 with experimental data points obtained for IM7/977-3 material sys-

tem [11]. As can be noted, SEL exhibits two asymptotic behaviors. As the structural size

decreases (D << D0), the fracture behavior of a quasibrittle materials approaches to the

pseudo-plastic limit at which the strength determines the fracture behavior of the struc-

ture. As the structural size increases (D >> D0), the fracture behavior of a quasibrittle

materials approaches to LEFM. Figure 6.2 implies that the prevalent size effect behavior of

a single material system, IM7/977-3. The quasibrittleness of a composite depends on layup

configurations, mode of fracture, size of structure and loading direction (inter-laminar vs.

intra-laminar). Therefore, the analysis of fracture behavior is not only challenging but also

requires to carefully assume many different aspect.
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Figure 6.2: Normalized type II size effect plot from a comprehensive testing of IM7/977-3
material system (image is from [11]).

In this work, a tensile load is applied in in-plane direction of structures with a notch to

induce a intra-laminar mode I crack near the notch. These structures are assumed to follow

the type II SEL. Numerical analyses of composite structures assume that a structure is near

either pesudo-plastic limit or LEFM regime. Therefore, a linear system solver can be used

for the stress dominant analysis or for the LEFM analysis with a pre-inserted crack. To

properly simulate a fracture behavior of composite structures in transition region, a more

sophisticated damage modeling is required so that it can capture the nonlinear behavior in

FPZ of the structure. More ideas on this subject is discussed in the next chapter.

6.3 Optimization problem

The optimization study in this work focuses on improving the fracture resistance of a struc-

ture with fiber-reinforced composites utilizing the idea of CTI. As discussed in the previous
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section, the fracture behavior of a composite materials depends on the size of a structure

compared to the size of FPZ. In this study, two asymptotic cases are assumed: 1) pseudo-

plastic limit where the critical stress value determines the failure and 2) the regime where

the theory of LEFM can be use to predict the failure of a structure. The design space for

both cases are identical and are a set of paths of reinforcing fibers on the structures. Next

section present the method of providing design space; however, the symbol, {θi}, is used in

this section to represent a general signature of fiber orientations on a structure featuring

CTI. In this work, a laminate with a symmetric cross-ply layup configuration is modeled for

each geometry. Although a quasi-isotropic laminate design is a common practice in compos-

ite community, a cross-ply laminate simplifies the layup sequence on a structure with CTI

while it reinforces the transverse direction of each layers; therefore, it reduces the region

of splitting cracks along the fiber paths. This enhancement helps the assumption that a

localized crack is likely to initiate at the region of stress concentration.

For the first asymptotic case, the objective is to minimize the maximum principal stress

of a given structure and loading condition. The optimization statement is expressed in Eq.

6.6.

min
{θi}

max (σprincipal({θi}))

s.t. each θi ∈ [0, 2π]

(6.6)

For the second asymptotic case, the objective is to minimize the energy release rate of

a given structure and loading condition. In LEFM, the energy release rate, G, defines the

loss of a total potential energy in the structure as it goes under fracture process, and has

the expression shown in Eq. 6.7.

G = −dΠ
dS

(6.7)

where Π is the total potential energy of a structure, and S is the surface area of a crack.

According to LEFM, there is a crack growth when the energy release rate, G, reaches

over the specific fracture energy of a material, Gf , This means that the energy released

to be available for fracturing process is either enough or exceeds the required amount to
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create an incremental crack surface. By minimizing the energy release rate of a structure

given the set of a geometry and a loading condition, the possibility of the crack growth is

minimize; therefore, the fracture resistance is maximized for a given condition. However,

there is one crucial assumption is placed, which is that the specific fracture energy of the

material remains same (or the change is negligible). If the specific fracture energy changes

significantly, then it should be the ratio, G/Gf that needs to be minimize to account for

the change in material toughness. Currently, there is no theoretical framework or empirical

study to estimate the change in fracture energy of fiber reinforced composites based on the

change in fiber orientations. In this work, the optimization study was performed assuming

that the change in fracture energy along the crack propagation is negligible, and optimal

fiber paths are checked to see the assumption can stay valid.

6.4 Isogeometric design space

In optimization study, it is important to define a proper design space. In this work, a

design space is a set of possible fiber paths on a given geometry. Based on which additive

manufacturing technology is in mind, there can be a constraint on the orientation of fibers

to leave out the path that cannot be achieved due to the manufacturability. In this effort, a

proper design space is the one with fibers that do not intersect with each other because there

is no technology that can produce fibers that can bifurcate itself. Besides that constraint,

there is no restriction on a radius of curvature and distance between fibers to generalize the

possibility of local anisotropy.

In this work, isogeometric design space is proposed. The world, “isogeometric” implies

that the identical representation of geometry is used; therefore, identical spline object for

modeling a geometry is used to provide a design space for an optimization problem; in

this case, the distribution of fiber orientations at each location of a given structure. As

an example, a rectangular plate with a semi-circular notch is a geometry of interest, As

shown in Fig. 6.3 (a), a basic geoemtry is modeled with a total of eight elements with

NURBS. There are 28 control points that governs the shape of the spline geometry. Each

control point has four components in homogeneous coordinate system. To use this spline

surface as an interpolatory object for fiber orientations, the dimension of homogeneous
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Figure 6.3: LR B spline used in modeling geometry also provides spline interpolation for
design space; (a) coarsest mesh used to define a plate with a semi-circular notch; (b)
orientation values are assigned to the control points as a fourth dimension, resulting a
smooth orientation distribution over the geometry; (c) both global and local mesh

refinement does not change the orientation distribution, parametrically and geometrically.

coordinate system can be extended. Now, each control point has fourth coordinate value as

a orientation and fifth coordinate value as weight. An example spline surface representing

the orientation distribution over the structure is shown in Fig. 6.3 (b). Orientation values

are represented as a contour plot. In general, one may avoid such a high dimensional design

space to prevent a large number computations during an optimization process. Therefore,

orientation assignment to control points are done with a coarse mesh. However, the size of

the mesh is not enough to provide accurate result in analysis. A big advantage of spline is

that knot insertion process in both global and local framework does not change the spline

object, parametrically and geometrically. As a result, orientation distribution stays same as

the one defined in the beginning as can be noted in Fig. 6.3 (c). It is a mesh independent

process.

This framework of providing a design space is proposed to be called “isogeometric”

because the parametrically and geometrically identical spline object is used to define a

geometry and to define a design space for the optimization problem. Furthermore, same

spline object is used for analysis in finite element method. The obvious advantage of this
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methodology is that it simplifies the modeling work since a single parametrization takes care

of all the aspect of space necessary in an optimization problem such as a modeling space

for geometry, a design space, and a functional space for analysis. Another advantage is that

the spline interpolation can actually provide a fairly generalized fiber path space in which

fibers are not intersecting each other as long as the geometry itself is not self-intersecting.

If the resolution of fiber path is not good enough from the orientation distribution obtained

from the spline with a coarse mesh, either global or local refinement process can be applied

before the orientation coordinate is introduced to each control point on the spline object.

As the size of elements becomes smaller, a more general representation of fiber paths on a

geometry is obtained.

The other important benefit of using splines to define a fiber orientation is that it

prevents the intersection of fibers. When the angular value is assigned to the component of

control point coordinates, it produces a smooth interpolation of angles on a structure. In

this study, the value of angles are limited to the range from 0 to 180 degrees. With this

constraints on the domain, there is a one-to-one mapping between angular values on the

spline to unit vectors that represents the local direction of fiber reinforcements. It acts as a

vector field for the gradient of fibers. As a result, each location on the structure has a non-

zero vector that describes a fiber path. This implies that there is no stagnation point where

the fiber orientation is not defined. Furthermore, in this study, quadratic splines are used

for the isogeometric approach; therefore, the orientation function defined by the quadratic

splines is C1 continuous almost everywhere except on the knot line with multiplicity equal

to 2. On that line, the continuity is C0. If fibers intersect or coincide on a vector field,

the location of intersection does not have an unique vector as a fiber path. This implies

that a well defined vector field where each point has an unique non-zero vector does not

have fibers that intersect or coincide. Thanks to the continuity of the spline representation,

isogeometric design space with a constraints on the domain of angular value provides the

fiber alignments without intersections.

There is one important assumption made in the fracture simulation, and that is damage

is localized in to a single crack without delamination across the thickness. However, there

is a discontinuity between layers where the fiber paths of each lamina is different. Edge
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effect can cause the delamination between layers and complicates the fracture behavior of

composite structures. In the scope of this work, edge effect is ignored, but it is suggested

to investigate this phenomenon for the future works.

6.5 Optimization methods

The design space defined with a spline function can easily have a high dimension. The

example spline geometry shown in Fig. 6.3 requires 28 variables to define an orientation

distribution. Both of the objective functions, maximum principal stress and the energy

release rate, do not have easily computable first- and second- order derivatives. It is intended

to find a global optimum, but it is not apparent to see if both the objective functions are

convex and/or linear. Based on these properties of the optimization problem, it does not

seem to be appropriate to solely use a gradient-method. Numerical evaluations of gradient

vectors will take multitude of simulations due to the large number of variables; furthermore,

it is not guaranteed to converge to a global minimum due to the lack of information on

convexity of objective functions.

To improve the uncertainty on an optimal result, a surrogate method is first performed

as a global optimization technique. This type of method builds an approximate model

(surrogate) of the objective function to determine the next point of evaluation. Surragate

methods are particularly useful when the evaluation of an objective function is expensive,

there is a lack of convexity on an objective function, and the evaluation of derivatives are

not clear. Therefore, it applies well to the optimization in this work.

However, the result from a surrogate method may still be a sub-optimal value if the

number of iterations are not enough or the surrogate approximation does not reflect the true

optimum in the real objective function. As a simple solution, a gradient-based approach

can be followed up using the sub-optimal result from the surrogate method as an initial

condition. In this way, the local minimum result from the gradient-based method has a

higher chance of being a global minimum in the objective function. A brief introduction of

a particular choice for each optimization methods is provided in the following subsections.
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6.5.1 Data driven approach to find sub-optimal candidate

Bayesian optimization goes under the umbrella of surrogate method as a global optimiza-

tion technique. A distinctive feature compared to other surrogate methods is that it uses

Bayesian statistical inference to construct a surrogate. Bayesian interpretation of a surro-

gate model gives a clear reasoning on the point of evaluation in the next iteration. A basic

workflow of Bayesian optimization is shown in Alg. 3.

ALGORITHM 3: Procedures in Bayesian optimization
Data: Training data, objective function, and number of iterations, N
Result: Optimal value from a given number of evaluations

1 Set a prior distribution on f .
2 From the training data, update the observation on the objective function at each point.
3 Find the best observed value and its argument.
4 iteration = range(0, N)
5 for Each iteration
6 Update the posterior probability distribution on the objective function based on the

observations.
7 Find the argument that maximizes the acquisition function.
8 Evaluate the objective function at the argument.
9 Update the best observed value and its argument.

10 Proceed to the next iteration.

11 end
12 Return the best observed result and its argument.

As can be noted in Alg. 3, the two main ingredients in Bayesian optimization are 1)

statistical model for surrogate and 2) acquisition function that decides the next point of

evaluation.

The first component is to build an approximate function to be used as a surrogate, but

this brings the question of how one can represent a function in a statistical form. It is quite

common to associate a function as a formula. For an example, it is easy to associate f 1
2x

2

as a representation of the quadratic function, f(x) = 1
2x

2. There is nothing wrong with

this view, but it is somewhat restrictive in order to generalize the representation, especially

in statistical approach. A function is essentially a mapping that has well-defined domain

and co-domain. One constraint is that an argument in the domain is mapped to a single

element in the range. Without formulating a equation for a function, the range of a function

can be thought of as a collection of function evaluations, f = {f(x1), f(x2), f(x3), ...}. In
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this perspective, a function can be represented as a set of random variables that follows a

certain statistical properties. Of course, a multivariate Gaussian distribution can be used

to provide a function space if the size of domain is finite; however, a domain of continuous

functions is uncountable. This is where a Gaussian process takes a place.

A Gaussian process [158, 159] is defined as a set of random variables such that any finite

subset of variables are jointly Gaussian. This definition does not seem to be so helpful in

the beginning but it may be thought of as self-similar object that can extended to a pretty

large scale. A Gaussian process is constructed with a mean function, m(x) and a covariance

function k(x,x′). Consider a case where the observation comes with a noise that follows a

Gaussian distribution with zero mean: yn = f(xn) + ϵn and ϵn ∼ N (0, σ2n). The evaluation

of the statistical model at the training data should be close to the observed values. Given

a training set D = {(xi, yi) : xi ∈ X, i = 1, 2, ..., N} where yi = f(xi) and the prediction

output f∗ = {f(x∗j ) : x∗j ∈ X∗, j = 1, 2, ..., N∗}, the joint prior distribution is expressed as

shown in Eq. 6.8.

yX

f∗

 ∼ N

µX

µ∗

 ,
KX,X + σ2nI KX,∗

K∗,X K∗,∗

 (6.8)

where µX = [m(x1), ...,m(xN )], µ∗ = [m(x∗
1), ...,m(x∗

N )], KX,X = k(X,X), KX,X∗ =

k(X,X∗), KX∗,X = k(X∗,X), and K∗,∗ = k(X∗,X∗).

After applying a Bayes’ rules, posterior predictive distribution can be obtained with

some help from linear algebra. If a single prediction input is given, the posterior distribution

simplifies as expressed in Eq. 6.9.

p (f∗|D,x∗) = N
(
m(x∗) + kT

∗
(
K ′

X,X

)−1
(y − µX), k(x∗,x∗)− kT

∗
(
K ′

X,X

)−1
k∗

)
(6.9)

where K ′
X,X =

(
KX,X + σ2nI

)
and k∗ = [k(x∗,x1), ..., k(x∗,xN )].

Typically, input data to form a Gaussian process is standardized; therefore, zero mean

function is often used. For covariance functions, kernels are used. In this subsection, only

two types of kernel, radial basis functions (RBF) and Matérn class functions are introduced.
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RBF kernel also known as Gaussian kernel is commonly used and as the following form shown

in Eq. 6.10.

k(x,x′) = α exp

(
−||x− x′||2

2ℓ2

)
(6.10)

where α > 0. In Eq. 6.10, α scales the magnitude of RBF kernel, and ℓ provides how fast

the kernel value changes as the radius increases. A noticeable property of RBF kernel is

that it is infinitely differentiable, and this leads to a very smooth shape. On the other hand,

Matérn kernel exhibits high frequency oscillation. It has the following form:

k(x,x′) = α
21−ν

Γ(ν)

(√
2ν||x− x′||

ℓ

)ν

Kν

(√
2ν||x− x′||

ℓ

)
(6.11)

where Kν is a modified Bessle function. In Eq. 6.11, α and ℓ describe how large and how

fast the kernel changes, respectively. In contrast to RBF kernel, Matérn kernel is only

differentiable up to k-times where ν > k.

These two kernels are called Mercer kernels, which are positive semi-definite in nature.

Mercer’s theorem states that a positive definite kernel which maps from a finite measure

space have positive eigenvalues and their associated eigenfunctions. Furthermore, the kernel

can be expressed with its eigenfunctions as follows: k(x,x′) =
∑∞

i=1 λiϕi(x)ϕ
∗
i (x

′) where

λi is an eigenvalue and ϕi is the associated eigenfunction function. This result brings the

interesting relation between a Gaussian process and Bayesian regression analysis [158, 159].

In a linear regression problem, a function is a linear combination of basis functions,

ϕi(x): y =
∑N

i=1wiϕi(x) + ϵ where ϵ ∼ N (0, σ2n). Assuming the weight variables follows a

Gaussian prior distribution with a zero mean, the posterior distribution of weights has the

following form:

p(w|X,y) ∼ N
(
A−1ΦT

Xy

σ2n
, A−1

)
(6.12)

where ij-th component of ΦX matrix is ϕi(xj) and A = σ−2
n ΦT

XΦX + Σ−1
w . Σw is the

covariance matrix of the Gaussian prior, p(w). After marginalization over the weights, the

posterior predictive distribution is obtained as shown in Eq. 6.13.
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p(f∗|X,y,x∗) ∼ N
(
ϕT (x∗)A

−1ΦT
Xy

σ2n
, ϕT (x∗)A

−1ϕ(x∗)

)
(6.13)

According to Mercer’s theorem, a kernel can be represented as follows: k(x,x′
∗) =

ϕT (x)Σwϕ(x
′). This means that the associated covariance matrix in the Gaussian pro-

cess has the following form: KX,X = ΦXΣwΦ
T
X . Furthermore, k∗ = ΦXΣwϕ(x∗) and

k(x∗,x∗) = ϕT (x∗)Σwϕ(x∗). Substituting these forms to Eq. 6.9, the predictive poste-

rior obtained by a Gaussian process becomes identical to the one obtained from a linear

regression analysis when the mean function is assumed to be a zero function.

This implies that a function approximation using a Gaussian process is equivalent of

representing the function with a set of basis functions. A limitation of the regression ap-

proach is that the set of basis functions has a finite size. However, some kernels such as

RBF has a infinite dimensional feature representation. Therefore, the surrogate model from

a Gaussian process can reside in a fairly large function space.

Kernels have hyperparameters, ρ, to be determined. For example, Matérn kernel has

parameters: α and ℓ. The most popular method is to choose values that maximizes the log

marginal likelihood (LML) as expressed in Eq. 6.14.

log (p(y|X,ρ)) = log

(∫
p(y|X,f)p(f |X,ρ)df

)
(6.14)

There is analytical form for the gradient vector of LML, so a gradient-based optimization

method can be used to find a local optimum. However, LML is often not convex, so it

requires multiple restarts to survey other local optima.

The other major component in Bayesian optimization is acquisition function, which de-

cides a point of evaluation in the next iteration. There are multiple acquisition functions

that are designed to serve specific purpose. In this subsection, Expected improvement func-

tion (EI) is introduced and used in optimization problems in later sections. The main idea

is to select the argument that is expected to improve the observation [160]. The improve-

ment after making observation at x is computed as: ⟨f(x)− fmax
n ⟩ where fmax

n is the best

observed value after n-th iteration. The Macaulay brackets represent the following notion:

⟨x⟩ = max(x, 0). The problem is f(x) is unknown until the evaluation is actually performed.
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Instead, expected value of the improvement can be computed using the posterior predic-

tive distribution from the Gaussian process. The EI with a single input has the following

expression shown in Eq. 6.15:

EIn(x) = ⟨∆n(x)⟩+ σ(n)(x)φ0

(
∆n(x)

σ(n)(x)

)
− |∆n(x)|φ1

(
∆n(x)

σ(n)(x)

)
(6.15)

where ∆n(x) = µn(x)−fmax
n is the expected difference compared to the best observed result

from previous iteration, σ(n)(x) is the variance from the posterior predictive distribution. φ0

and φ1 are functions of ∆n(x)/σ(n)(x). Equation 6.15 shows that the EI is proportional to

two components: ⟨∆n(x)⟩ and σ(n)(x). Therefore, the optimizer is examining a potential gain

from either exploiting a region with the highly expectation (high ⟨∆n(x)⟩) or exploring a

region with the high uncertainty (high σ(n)(x)). This game of exploitation versus exploration

provides a nice strategy in constructing a surrogate with a few evaluation.

There are several freely available Bayesian optimization libraries. In this work, BoTorch

from Meta Platform Inc. [161] is used. BoTorch provides all the necessary functionality

needed to form a Bayesian optimization loop in Python API. It is build on top of PyTorch

which is an open source machine learning framework developed by Meta AI and GPyTorch

which is a Gaussian process library based on PyTorch. As an implementation node, “Fixed-

NoiseGP” model is used to set up a Gaussian process with a very small noise value equal

to 0.001.

6.5.2 Gradient based approach to obtain an optimal result

The optimal result from Bayesian optimization can be actually sub-optimal, especially,

when the dimension of design space is big, and the number of iteration is restricted for

time constraint. As discussed in the previous subsection, expected improvement acquisition

function can ask to explore regions of high uncertainty for many iterations to build a decent

surrogate approximation before exploiting a region with high expectation of improvement.

Therefore, the iteration loops may end before it converges to a true optima.

This can be easily solved by performing a gradient-based optimization with the sub-

optimal result obtained from Bayesian optimization step as an initial point. The theory of
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gradient-based optimization is a quite mature subject; therefore, only the method used in

this work is stated. The “L-BFGS-B” method which is extended version of “L-BFGS” to

accepted boundary constraints is used from borrowing the implementation in Scipy which

is scientific computing module for Python. “L-BFGS” is one of quasi-Nuewton methods

that approximates Hessian matrix based on the gradient information in previous steps. In

the name, “L” refers to limited memory because the implementation only saves gradient

information up to certain point from the current evaluation for the approximation of Hessian.

The result from a gradient-based optimization should be a local optimum closest to the

sub-optimal value found in Bayesian optimization which is a global method. Therefore,

there is a higher chance that the local optimum from these steps is a global optima in the

objective function.

6.6 Case I: a rectangular plate with a semi-circular notch

A first set of optimization studies are performed on a rectangular plate with a semi-circular

notch, which is a prevalent stress riser in engineering design. The geometric detail on this

structure is shown in Fig. 6.4 (a). For a numerical analysis, the bottom surface has a

clamped boundary condition; all the degrees of freedom are constrained. The top surface

of the laminate is constrained in x-direction so that there is no transverse motion, and it

is displaced in the longitudinal direction for an uni-axial loading condition. This set of

boundary and loading condition resembles a typical tensile testing on a rectangular coupon

in a load frame and is illustrated in Fig. 6.4 (b).

The composite material system used in this study is IM7/977-3 graphite/epoxy. The

linear elastic properties of this material is provided by Clay and Knoth [162] following

standardized ASTM uniaxial tension/compression experiments. The list of properties are

shown in Table 6.1.

In the model generation step, bi-quadratic NURBSs are used to generate a spline surface.

Two knot vectors, ξ = [0, 0, 0, 0.25, 0.5, 0.5, 0.75, 1, 1, 1] and η = [0, 0, 0, 1, 1, 1] provide the

parametric space. List of control points used in modeling is provided in Appendix. This

creates a NURBS mesh with four elements in ξ-direction. By adding a knot, η = 0.5, the

NURBS surface shown in Fig 6.5 (a) is produced. This mesh is used to provide a orientation
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Figure 6.4: Rectangular plate with a semi-circular notch on right edge: (a) dimensions; (b)
boundary condition and loading condition.

Table 6.1: Mechanical properties of IM7/977-3

Property Value

Longitudinal modulus, E1, (GPa) 164
Transverse modulus, E2, (GPa) 8.98
Major Poisson’s ratio, ν12 0.320
In-plane shear modulus, G12, (GPa) 5.010
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distribution across the domain. There are a total of 28 control points. As can be noted

in Fig. 6.4 (b), there is a clear geometrical symmetry line cutting through the mid-section

of a plate. Moreover, applied loading and boundary condition can produce symmetrical

deformation as long as the fiber orientations retain the symmetry. Therefore, the symmetry

in fiber paths across the geometrical symmetry line. This condition forces the four control

points in the middle to have either 0◦ or 90◦ orientation. In this work, 90◦ is enforced;

however, the cross-ply layup sequence automatically enforce 0◦ in the other layer. As a

consequence, only 12 control points either on the top-half or the bottom-half of the spline

surface requires a orientation value to provide a smooth spline design space.

For the analysis, the mesh need to have finer elements, especially near the tip of the cir-

cular notch since the notch induces a stress concentration. After a series of global refinement

and local refinement near the tip of the notch, the mesh shown in Fig. 6.5 (b) is obtained.

The local refinement technique produces a result similar to that of subdivision. Therefore,

the size of the element decreases fairly quickly with the refinement level, k. In this work,

refinement level of k = 2 is chosen. Figure 6.5 (c) shows the magnified view of the mesh at

the local refined region. As a last step for the model generation procedure, 2D spline surface

is extruded to provide four layers on the laminate. Since the layup is symmetric, there is no

bending induced from the in-plane loading condition; therefore, each lamina have one ele-

ment through thickness. The knot vector in out-of-plane direction, ζ = [0, 0, 1, 1] is used to

produce a single layer thickness with two control points: c1 = (0, 0, 0, 1) and c2 = (0, 0, 1, 1)

in homogeneous coordinate system. Then, three knots (ζ1 = 0.25, ζ2 = 0.50, and ζ3 = 0.75)

are inserted to obtain four layers. The resultant mesh that are ready for analysis is shown

in Fig. 6.5 (d).

Before moving on to the optimization study, the analysis was performed on the laminate

with straight fibers in a cross-ply configuration. This result serves as the reference to

evaluate the improvement on the fracture resistance of the optimized laminate. Figure

6.6 (a) shows the contour of the stress component in y-direction. As expected, there is a

stress concentration at the tip of the semi-circular notch. A localized crack is likely to be

appeared at the stress concentration. As discussed in the beginning of this chapter, the

cross-ply reinforcement helps to restrict the generation of splitting cracks, which prevents a
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Figure 6.5: The evolution of the mesh in each steps of modeling: (a) 2D mesh where the
orientation values are assigned to the control points; (b) 2D mesh after global and local
refinement; (c) magnified view of locally refined area; red dots are control points; (d) 3D

mesh ready for analysis after extrusion.

formation of a localized and sharp crack. This allows to proceed with a crack placement in

front of the notch. Figure 6.6 (b) shows the contour of the stress component in y-direction

on the same structure with the crack that has a length, a = 0.075 mm. As can be noted,

stress is further localized near the tip of the crack.

The first optimization study is to minimize the maximum principal stress. This covers

the structures of sizes that the failure is stress-dominant. To start with Bayesian optimiza-

tion, a Gaussian process regression model needs to be trained with a set of initial data.

In this optimization problem, an argument is a vector consisting of twelve orientation val-

ues, Θ = {θ1, θ2, ...θ12}, to be assigned to the control points in the spline surface shown

in Fig. 6.5 (a), and the objective function, yi is the maximum of principal stress from the

simulation. To generate a random but well dispersed set of arguments, Sobol sequences

were used. After simulating each cases, a total of 3000 pairs of (Θi, yi) are produced for

the training data. Once the initial surrogate is prepared, 1000 iterations of Bayesian op-

timization loop are performed followed by a gradient-based optimization described in the

previous section. All the simulations were performed on an AMD Ryzen 7 1700 eight-core
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Figure 6.6: The result from isogeometric analysis on the cross-ply laminate with straight
fibers: (a) contour plot of a stress component in y-direction; (b) contour plot of a stress

component in y-direction after a crack is inserted at the tip of semi-circular notch.

processor with hyperthreading running at 3.0 MHz using a total 32 GB of RAM (two 16

GB DIMM DDR4 synchronous). Two simulations are ran in parallel using MPI framework

implemented in Python (“mpi4py”) to prepare training data, and simulations from the op-

timization iterations are ran in series. The total run time for this optimization was about

3 hours.

Figure 6.7 (a) shows the contour of maximum principal stress of the optimized result. In

the reference case, the largest maximum principal stress is found to be around 8419 MPa.

After the optimization, it is dropped to 1196 MPa. The largest value of the maximum

principal stress is reduced by a factor greater than 7. Furthermore, stress concentration

on the laminate with straight fibers is well localized at the tip of the notch. However, the

stress contour exhibits a well distribution of load across the structure. This is well desired

condition since the load bearing capacity of the structure is likely to be much higher. The

optimal fiber paths of the cross-ply laminate is shown in Fig. 6.7 (b) and (c). One is the

90◦ offset from the other to form a cross-ply layup sequence. Focusing on the fiber paths
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Figure 6.7: The optimization result for minimizing the maximum principal stress on the
structure: (a) contour of a maximum principal stress of a laminate with optimal fiber
placement; (b) optimal fiber paths in the outer layers; (c) optimal fiber paths in inner

layers, which are 90◦ offsets of fibers in the outer layers to retain a cross-ply configuration.

in Fig. 6.7 (b), fibers near the tip of notch approximately forms a circular paths centered

around the tip. This seems to make the region compliant and reduce the stress build up

near the notch. Moving along the horizontal line away from the notch, fibers seem to follow

the contour of the geometry, embracing the notch. However, fibers tend to curve back as

they move towards either top or bottom surfaces. This also seems to make the region of

relatively large cross-sectional area more compliant so that the loads are well distributed

across the whole domain.

The second optimization study is to minimize the energy release rate. This covers

the structure of sizes that LEFM applies to predict the fracturing behavior. For Bayesian

optimization, identical procedure is used to generate initial training data. Main difference is

that two simulations are performed one without a crack and one with a crack to compute the

energy release rate as defined in Eq. 6.7. Similarly, a total of 3000 training data is generated

using Sobol sequences. 1000 iterations of Bayesian optimization loop are performed followed

by a gradient-based optimization to fine tune the optimal fiber paths. The total run time
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for this optimization was about 6 hours.

Figure 6.8 (a) and (b) show the contours of stress component in y-direction from the

optimized laminate without the crack and with the crack, respectively. As can be noticed,

stress contour is almost identical to each other. Furthermore, there is no positive stress at

the tip of notch where the crack is inserted. This implies that the optimizer finds the fiber

paths that does not induce positive strain where the crack is likely to occur. This is expected

behavior from the optimizer because there is no change in strain energy if the crack is not

opened. As a result, outstanding result of G = 0.027 N/mm is obtained. For the reference

case, the energy release rate is found to be 73.3 N/mm. Furthermore, this optimal laminate

also removes stress concentration at the tip of the notch, and loads are well distributed.

Figure 6.9 (a) and (b) show the optimal fiber paths of the cross-ply laminate. Focusing on

the fiber paths in Fig. 6.9 (b), fibers near the tip of notch approximately forms a circular

paths centered around the tip. This was already observed in the previous optimization

study. These circular paths traps the crack, and enclosing arcs reduces the local stiffness

around the crack. This mechanism eliminate the opening displacement at the tip of notch,

making the crack stealthy from the tensile load. Although the fiber paths resembles the

previous optimal result; however, fibers tend to straighten for those located away from the

notch.

Now, it is a good time to recall that G is not the only component that determines the

crack growth. The value of G in the structure needs to overcome the material property, Gf .

As pointed out in the previous section, Gf depends on the fiber orientation. Looking at the

longitudinally oriented layer shown in Fig. 6.9 (b), it can be noticed that the fiber paths

are orthogonal to the direction of crack propagation. In this optimization problem, this

happened thanks to the symmetry condition. Regardless, this condition played in favor in

placing fiber that maximizes Gf at the tip of the crack; moreover, Gf stays uniform in the

direction of the crack growth. Therefore, the minimization of G is relevant to the increase

of fracture resistance in this optimal laminate.
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Figure 6.8: The optimization result for minimizing the energy release rate of the structure:
(a) contour of the stress component in y-direction without a crack; (b) contour of the

identical stress component with the crack at the tip of the semi-circular notch.

Figure 6.9: The optimal fiber paths for minimizing the energy release rate of the structure:
(a) placed in the outer layers; (b) placed in inner layers which are 90◦ offsets of fibers in

the outer layers to retain a cross-ply configuration.
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6.7 Case II: T-joint under a tension

The other set of optimization studies are performed on a T-joint structure under a tensile

load. The geometric detail on this structure is shown in Fig. 6.10 (a). For a numerical

analysis, left and right arms are clamped so that all the degrees of freedom are constrained

at this boundary. The bottom surface of the laminate is constrained in x-direction so

that there is no transverse motion, and it is pulled downward for an uni-axial loading

condition as illustrated in Fig. 6.10 (b). The same composite material system, IM7/977-3

graphite/epoxy, is used.

There is no simple tensor spline parametrization to represent this shape, so two in-

verted L-shape objects are merged together in the model generation shape. The left half

of the T-joint is parametrized with bi-quadratic NURBSs: ξL = [0, 0, 0, 0.125, 0.125, 0.25,

0.375, 0.375, 0.5, 0.5, 0.5] and ηL = [0, 0, 0, 0.5, 0.5, 0.5]. The right half of the T-joint is

modeled with the other set of bi-quadratic NURBSs: ξR = [0.5, 0.5, 0.5, 0.625, 0.625, 0.75,

0.875, 0.875, 1, 1, 1] and ηR = [0.5, 0.5, 0.5, 1, 1, 1]. The set of control points for both left and

right parts of the T-joint model is listed and provided in Appendix. After putting them

together, the coarse mesh consisting of 8 elements is produced as shown in Fig. 6.11 (a).

This mesh is used to provide a orientation distribution across the domain. There are a total

of 48 control points.

As can be noted in Fig. 6.10 (b), there is a clear geometrical symmetry line where to parts

are joined. Moreover, applied loading and boundary condition can produce symmetrical

deformation as long as the fiber orientations retain the symmetry. Therefore, the symmetry

in fiber paths across the geometrical symmetry line. This condition forces the four control

points in the middle to have either 0◦ or 90◦ orientation. Similar to the previous geometry,

90◦ orientation is enforced along the symmetry line. As a consequence, only 19 control

points either on the left-half or the right-half of the spline surface requires a orientation

value to provide a smooth spline design space.

For the analysis, the mesh need to have finer elements, especially near the corners since

the concavity induces a stress concentration. After a series of global refinement and local

refinement near the tip of the notch, the mesh shown in Fig. 6.11 (b) is obtained. The local
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Figure 6.10: T-joint with a circular fillets: (a) dimensions; (b) boundary condition and
loading condition.
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Figure 6.11: The evolution of the T-joint mesh in each steps of modeling: (a) 2D mesh
where the orientation values are assigned to the control points; (b) 2D mesh after global
and local refinement; (c) magnified view of locally refined area; red dots are control points;

(d) 3D mesh ready for analysis after extrusion.

refinement level of k = 2 is chosen, and figure 6.5 (c) shows the magnified view of the mesh

at the local refined region. As a last step for the model generation procedure, 2D spline

surface is extruded to provide four layers on the laminate. The knot vector in out-of-plane

direction, ζ = [0, 0, 1, 1] is used to produce a single layer thickness with two control points:

c1 = (0, 0, 0, 1) and c2 = (0, 0, 1, 1) in homogeneous coordinate system. Then, three knots

(ζ1 = 0.25, ζ2 = 0.50, and ζ3 = 0.75) are inserted to obtain four layers. The resultant mesh

that are ready for analysis is shown in Fig. 6.11 (d).

First, the analysis was performed on the laminate with straight fibers in a cross-ply

configuration to set the reference for comparison with the optimized results. Figure 6.12 (a)

shows the contour of the stress component in y-direction. A region of stress concentration

is identified, and the localized cracks are placed for a fractured simulation. Figure 6.6 (b)

shows the contour of the stress component in y-direction on the same structure with the
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cracks that have a length, a = 0.25 mm.

The first optimization study is to minimize the maximum principal stress. In this

optimization problem, an argument is a vector consisting of twelve orientation values,

Θ = {θ1, θ2, ...θ19}, to be assigned to the control points in the spline surface shown in

Fig. 6.11 (a), and the objective function, yi is the maximum of principal stress from the

simulation. To set up a Gaussian process regression model for Bayesian optimization step,

4000 pairs of (Θi, yi) are prepared using Sobol sequences. Once the training step is done,

500 iterations of Bayesian optimization loop are performed followed by a gradient-based

optimization described in the previous section. The total run time for this optimization is

about 6 hours.

Figure 6.13 (a) shows the contour of maximum principal stress of the optimized result.

In the reference case, the largest maximum principal stress is found to be around 422 MPa.

After the optimization, it is dropped to 1361 MPa. The largest value of the maximum

principal stress is reduced by a factor of 3. Similar to the previous study, the stress contour

of the optimized laminate exhibits a well distribution of load across the structure. The

optimal fiber paths of the cross-ply laminate is shown in Fig. 6.13 (b) and (c). Focusing on

the fiber paths in Fig. 6.13 (b), the curvy feature on fiber paths seems to make the region

compliant and reduce the stress build up around the corners.

The other optimization study is to minimize the energy release rate. Similarly, a total of

4000 training data is generated using Sobol sequences. 500 iterations of Bayesian optimiza-

tion loop are performed followed by a gradient-based optimization to fine tune the optimal

fiber paths. The total run time for this optimization is about 12 hours.

Figure 6.14 (a) and (b) show the contours of stress component in y-direction from the

optimized laminate without the crack and with the crack, respectively. Following observa-

tions are consistent with the optimization study perfomed with the other geometry. The

stress contour is almost identical to each other as there is a negligible crack opening dis-

placement. The optimizer finds the fiber paths that does not induce positive strain where

the crack is likely to occur. As a result, outstanding result of G = 0.004 N/mm is obtained.

For the reference case, the energy release rate is found to be 0.88 N/mm. The optimal

laminate exhibits well distributed stress contour. Figure 6.15 (a) and (b) show the optimal
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Figure 6.12: The result from isogeometric analysis on the cross-ply laminate with straight
fibers: (a) contour plot of a stress component in y-direction; (b) contour plot of a stress
component in y-direction after a crack is inserted at the region of stress concentration.
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Figure 6.13: The optimization result for minimizing the maximum principal stress on the
T-joint: (a) contour of the maximum principal stress of the laminate with optimal fiber

placement; (b) optimal fiber paths in the outer layers; (c) optimal fiber paths in the inner
layers, which are 90◦ offsets of fibers in the outer layers to retain a cross-ply configuration.

fiber paths of the cross-ply laminate. Focusing on the fiber paths in Fig. 6.15 (b), fibers

near the tip of notch approximately forms a circular paths centered around the tip. This

was already observed with the plate with a semi-circular notch. The optimizer consistently

places circular paths which trap the crack, and the enclosing arcs reduces the local stiffness

around the crack. This mechanism efficiently makes the crack stealthy from the tensile

load. The fiber paths near the corners try to embrace the contour of the T-joint. Fibers

straighten out for those are away from the corners

Revisiting the possibility of change in Gf , the enclosing fiber paths are very close to

being orthogonal to the direction of the crack propagation as shown in Fig. 6.15 (b). In

this optimization problem, there were no constraint that can induce this condition. It seems

to worth investigating the enclosure of the cracks provides a mechanism of minimizing the

energy release rate of a general structures. In this optimization result, orthogonal placement

of fibers along the crack path allows to conclude that the Gf stays uniform in the direction of

the crack growth, and the minimization of G is relevant to the increase of fracture resistance.
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Figure 6.14: The optimization result for minimizing the energy release rate of the T-joint:
(a) contour of the stress component in y-direction without a crack; (b) contour of the

identical stress component with the cracks at the locations of stress concentration found
with straight fibers.
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Figure 6.15: The optimal fiber paths for minimizing the energy release rate of the T-joint:
(a) placed in the outer layers; (b) placed in inner layers which are 90◦ offsets of fibers in

the outer layers to retain a cross-ply configuration.
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Chapter 7

A NOVEL FRAMEWORK IN DAMAGE MODELING OF
FIBER-REINFORCED COMPOSITES FEATURING CTI

The optimization studies in the previous chapter was able to utilize a linear solver since it

was focusing on the asymptotic regions in type II SEL of quasibrittle materials. The fracture

behavior of composites in the transition zone requires more sophisticated computational

model because damage initiation and progression in FPZ need to be properly described

in order to predict the ultimate failure of composite materials. This chapter is intended

to present a novel discrete approach called the Discrete Model for Composites (DM4C) in

modeling 3D printed fiber-reinforced composites featuring CTI.

In this chapter, main components of the new discrete approach such as model genera-

tion, discrete kinematics and governing laws, and constitutive laws for discrete composite

description which includes elastic and nonlinear behavior are explained. Then, the material

properties of a 3D printed continuous fiber composite is provided followed by calibration

results. Lastly, 3D printed composite laminates featuring CTI with sinusoidal waviness are

modeled using the novel approach. To examine the fracture behavior, a center crack is

inserted to each laminate. Damage mechanisms of simulated laminates are discussed.

7.1 Model generation

In DM4C framework [14-17], fiber tows extruded from a 3D printer are explicitly modeled as

Timoshenko beams. Internal nodes from beam elements with the boundary nodes are used to

construct a tetrahedral mesh to represent the surrounding matrix material. The modeling

procedure is highly efficient and parallelizable and the geometry generation algorithm is

summarized as follows:

1. A polygon mesh that resembles a printed geometry is constructed and provides a

geometric information such as vertices, edges, and faces.

2. Examining the cross-section of the structure, the centroidal locations of filaments are
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Figure 7.1: A rectangular specimen with straight fiber tows which are represented with
Timoshenko beam elements; the surrounding matrix cells represent the matrix material.

extracted from the printing profile. Nodal locations for beam elements are obtained by

extruding along the printing paths. The lengths of beam elements are approximately

20 % longer than the diameter of filaments. This ensures that the aspect ratios of

tetrahedral elements are reasonable after a tessellation process performed in the next

step.

3. The polygon mesh with the coordinates of beam elements is exported to either Tetgen

[28] or GMSH [29]. Delaunay triangulation is performed to produce a tetrahedral

mesh.

4. Voronoi tessellation is used on the tetrahedral mesh to generate facets that surrounds

the beam elements.

Figure 7.1 shows a simple rectangular specimen of composite parts modeled in DM4C

framework. Rendered red cylinders represent the fiber tow beams. As can be seen, groups

of facets form cells and surround the fiber beams.

7.2 Discrete kinematics and governing laws

The mechanical behavior of fiber tows is described at the integration points of beam ele-

ments. The kinematic relations are formulated in a discrete manner to provide information

on the deformation of structure. Similarly, the governing laws follows a discrete formulation

to provide a loading condition to fiber beams and matrix elements. Fortunately, discrete

beams resembles Timoshenko beam formulation. The mechanical behavior of a matrix ma-

terial is defined on the facets. DM4C utilizes the discrete kinematic relation of nodes in a
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Figure 7.2: Four internal nodes from beams form a single tetrahedral element; a strain
vector is computed at each facet, and the strain vector is used to compute the stress

vector at the facet following the vectorial constitutive law.

tetrahedron to compute the strain vector of a facet embedded inside the associated tetrahe-

dron. A single tetrahedral elements have a total of twelve facets as shown in Fig. 7.2. The

strain vectors of these twelve facets are derived from the deformation of the tetrahedron.

The volume of a tetrahedron is subdivided into four regions by facets inside of it. The dis-

placement field in side the tetrahedron is derived from the kinematic relations in these four

regions. At the end, a strain vector can be computed at each facet from the displacement

field.

The displacement field u inside each element is defined following the kinematic relation

of nodes as follows:

u(x) = ui + θi × (x− xi) = Ai(x)Qi (7.1)

where

Ai(x) =


1 0 0 0 x3 − x3i x2i − x3

0 1 0 x3i − x3 0 x1 − x1i

0 0 1 x2 − x2i x1i − x1 0

 (7.2)
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The vector x is the Cartesian coordinate inside the element, and the vector xi represents

the coordinate of node i. The vector QT
i =

[
uT
i ,θ

T
i

]
is the ordered pair of the vector uT

i =

[u1i, u2i, u3i] and the vector θT
i = [θ1i, θ2i, θ3i], which are the translational and rotational

degrees of freedom of node i.

Stress vector and strain vector at individual facet are computed following the Lattice

Discrete Particle Model (LDPM) [163, 164]. The strain components in each projected facet

are computed following Eqs. 7.3–7.5.

εNk = Bjk
NQj −Bik

NQi (7.3)

εMk = Bjk
MQj −Bik

MQi (7.4)

εLk = Bjk
L Qj −Bik

LQi (7.5)

where Bpk
N = (1/ℓe)n

T
kAp(xCk), B

pk
M = (1/ℓe)m

T
kAp(xCk), and Bpk

L = (1/ℓe) l
T
kAp(xCk)

for p = i, j. The vectors nk = (xj − xi) /ℓe, mk, and lk compose a set of mutually orthog-

onal axes for the plane of the projected facet.

The stress vectors at the projected facets comes from the constitutive relation. The

Principle of Virtual Work (PVW) states that the sum of the internal work from all the

facets is equivalent to the total external work applied to the structure. As a result, the

internal energy associated with the facet k can be expressed shown in Eq. 7.6.

δWk = ℓkAkσ
T
k δεk = ℓkAk (σNkδεNk + σMkδεMk + σLkδεLk) (7.6)

where Ak is the area of a projected facet k.

The relations between strain components and the nodal degrees of freedom in Eqs. 7.3–

7.5 can be substituted, and the following expressions are obtained to compute the nodal
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force vectors, F ik and F T
ik, for nodes i and j associated to the facet k:

δWk = F T
ikδQi + F T

jkδQj , where (7.7)

F T
ik = −ℓkAk

(
σNkB

ik
N + σMkB

ik
M + σLkB

ik
L

)
(7.8)

F T
jk = ℓkAk

(
σNkB

jk
N + σMkB

jk
M + σLkB

jk
L

)
(7.9)

7.3 Constitutive laws for discrete fiber model

In this section, the constitutive law for fiber beams is introduced. In DM4C, the constitutive

law is defined at the integration points of each beam element. In the elastic regime, the

axial stress σf follows a elastic Hooke’s Law as a function of axial strain εf shown in Eq.

7.10:

σf = Efεf (7.10)

where Ef is the parameter associated to the modulus of the fiber bundle, and the value is

determined in calibration process so that it matches the longitudinal modulus of a composite

material.

A simple linear softening law describes the degradation in the fiber modulus once the

axial stress goes over the strength limit, σc. The equation 7.11 is the expression for the

linear boundary.

σf (δ) = max

[
0, σc

(
1− δ − δc

δf − δc

)]
(7.11)

In Eq. 7.11, δ is the elongation of a beam element, δc = σcL0/Ef , with L0 being the length

of the beam element, is the elastic limit displacement which determines the initiation of

the linear softening. Complete softening is reached when δf > (2Gf )/σc where Gf is the

fracture energy of fibers and δf the beam element length. In such a case, the axial stress

becomes zero.
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7.4 Constitutive laws for discrete matrix model

In this section, the constitutive behavior of the matrix defined at the facet is introduced. The

equations for the elastic and inelastic behaviors are described in the following subsections.

One major difference compared to other models that define a constitutive law between stress

and strain tensors is that stress and strain are vectorial quantity in DM4C framework.

Therefore, there is one normal component and two tangential components.

7.4.1 Elastic behavior

In the elastic regime, each component of strain and stress vectors follows the linear Hooke’s

law in one-dimension as expressed in Eqs. 7.12, and .

σN = E0εN (7.12)

σM = αE0εM (7.13)

σL = αE0εL (7.14)

where E0 is effective mesoscale normal modulus, and α is a shear-normal coupling pa-

rameter. E0 and α are the DM4C-matrix properties defined at the facet level. They are

determined in the calibration process so that the model has a matching the macroscopic

elastic properties of a composite material in the transverse direction.

7.4.2 Fracture behavior in tension

A facet in tension experience the fracturing behavior once it reaches the critical condition,

which is characterized with the effect strain, ε, and the effective stress, σ, as defined in Eqs.

7.15 and 7.16. This relation follows the LDPM formulation [163].

ε =
√
ε2N + α

(
ε2M + ε2L

)
(7.15)

σ =
√
σ2N +

(
σ2M + σ2L

)
/α (7.16)
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The increment of the effective stress is proportional to the increment of the effective

strain. The effective stress develops linearly until it reaches the tensile boundary, σbt, as

expressed in Eq. 7.17:

σbt(ε, ω) = σ0(ω) exp

(
−H0(ω)

⟨εmax − ε0(ω)⟩
σ0(ω)

)
(7.17)

where the bracket follows the Macaulay’s notion: ⟨x⟩ = max(x, 0). The tensile boundary

provides the exponential decay as a function of the normal-shear ratio variable, ω, and

the history-dependent maximum effective strain, εmax The normal-shear ratio variable ω is

computed as:

tanω =
εN√
αεT

(7.18)

where εT =
√
ε2M + ε2L. This variable indicates the degree of interaction between shear and

normal load in a facet. The strength limit of the effective stress, σ0(ω), is computed as:

σ0(ω) = σt
− sin(ω) +

√
sin2(ω) + 4α cos2(ω)/r2st

2α cos2(ω)/r2st
(7.19)

where rst = σs/σt is the ratio between the shear strength σs and the tensile strength σt.

The elastic limit ε0(ω) is the ratio: σ0(ω)/E0.

The rate of decay in the tensile boundary is determined by the function, H0(ω), which

is defined as

H0(ω) = Ht

(
2ω

π

)nt

(7.20)

where Ht = 2E0/(ℓt/ℓ− 1) and ℓt = 2E0Gt/σ
2
t .

In Equation 7.20, ℓ is the edge length of the tetrahedron element related to the facet in

the evaluation, and Gt is the fracture energy of the matrix. The set of parameters, σs, σt,
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ℓt, and nt, need to be determined in the calibration process in order to capture the tensile

strength and the fracture energy of the matrix material modeled in DM4C.

7.4.3 Hardening behavior in compression

A facet in compression experiences hardening behavior on its normal component of stress

vector after it passes the elastic regime. The hardening behavior is a function of the volu-

metric strain εV and the deviatoric strain εD = εN − εV as proposed in LDPM formulation

[163, 165]. After the elastic limit, the normal stress follows the compressive boundary

σbc(εD, εV ) expressed as follows:

σbc(εD, εV ) =


σc0 for − εDV ≤ 0

σc0 + ⟨−εDV − εc0⟩Hc(rDV ) for 0 ≤ −εDV ≤ εc1

σc1(rDV ) exp((−εDV − εc1)Hc(rDV )/σc1(rDV )) otherwise

(7.21)

where σc0 is the compressive yielding strength of a facet, Hc is the initial hardening modulus,

and σc1 is the normal stress value at the onset of the rehardening.

In the compressive boundary, εDV = εV +βεD, and εc0 = σc0/E0. When the magnitude

of εDV exceeds the parameter εc1 = κc0εc0, the facet exhibits the rehardening behavior.

The rehardening stress has the following expression: σc1(rDV ) = σc0 + (εc1 − εc0)Hc(rDV ).

In the compressive boundary, Hc(rDV ) is the initial hardening modulus and has the

following expression:

Hc(rDV ) =
Hc0 −Hc1

1 + κc2 ⟨rDV − κc1⟩
+Hc1 (7.22)

where Hc0, Hc0, and Hc0 are matrix properties in facet level and Hc1 = κc3E0.

In Equation 7.22, the deviatoric and volumetric dependent variable, rDV , is computed

as follows:
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rDV =


− |εD|
εV − εV 0

for εV ≤ 0

|εD|
εV 0

for εV > 0

(7.23)

where εV 0 = κc3εc0.

In this work, β is assumed to be zero, and κc3 = 0.1. The set of parameters, σc0, Hc0,

εc1, κc1 and κc2 are to be determined in the calibration process in order to capture the

proper normal behavior of facets under a compressive load in DM4C.

7.4.4 Frictional behavior in compression

A facet in compression experiences a frictional behavior which modifies the shear strength.

The shear boundary under compression depends on the effective shear stress, which is

express as:

σT =
√
σ2M + σ2L. (7.24)

The effective shear stress develops incrementally proportional to the effective shear strain

until it reaches the shear boundary σbs defined as follows:

σbs = σs + α (µ0 − µ∞)σN0 − αµ∞σN − α (µ0 − µ∞)σN0 exp

(
σN
σN0

)
(7.25)

where σs is the shear strength of a facet under pure shear loading condition. In Equation

7.25, σN0 determines the transition from the initial friction coefficient µ0 to the asymptotic

friction coefficient µ∞.

The set of parameters, σs, σN0, µ0 and µ∞ are to be determined in the calibration

process in order to capture the proper shearing behavior of facets under a compressive load

in DM4C.

7.5 Material choice and properties

In this work, Composer A3, a desktop printer from Anisoprint SARL, was used to manu-

facture composite parts. The Anisoprint desktop printer co-extrudes a 0.35mm diameter,
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continuous 1.5k CF tow, and a polyamide matrix material to create composite structures

one tow at a time. From the coupon testing following the ASTM standard D3039, the four

tensile properties of the 3D printed composites from the Composer A3 printer are measured

and listed in Table 7.1.

Table 7.1: Mechanical properties of 3D printed composite material from the Anisoprint
desktop printer

Property Value

Longitudinal modulus, E1, (GPa) 50.8
Transverse modulus, E2, (GPa) 0.420
Longitudinal tensile strength, XT (MPa) 611
Transverse tensile strength, YT , (MPa) 2.53

7.6 Calibration results

Rectangular specimens measuring 28 mm in width and 95 mm in length are modeled to sim-

ulate the longitudinal tension test and the transverse tension test. To calibrate longitudinal

properties, a laminate comprising four layers at 0 degrees is utilized, while a laminate with

four layers at 90 degrees is used to calibrate transverse properties. Both laminates have a

thickness of 2 mm and a fiber tow volume fraction of 50%. The tow beams’ diameter is 0.4

mm.

7.6.1 Longitudinal tension

The calibration process for longitudinal properties provides the following results. Figure

7.3 (a) illustrates the stress-strain response, with the black dashed lines representing the

longitudinal Young’s modulus and tensile strength of 3D printed composites from an Aniso-

print desktop printer. As can be noticed, the calibration results closely match the target

properties obtained from the experiment. The main damage mechanism observed in a lon-

gitudinal tension simulation is shown in Fig. 7.3 (b). The primary load drop occurs after

the fiber tow beams break. Additionally, there is evidence of matrix failure in tension

around the tow beams throughout the specimen as the nominal stress reaches the criti-
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Figure 7.3: Calibration result for longitudinal properties: (a) Nominal stress versus
nominal strain plot; dashed black lines represent the target Young’s modulus and the
target tensile strength; (b) Damage morphology in longitudinal tension; load drop is

mainly due to the broken fiber tows.

cal value. This behavior is commonly observed in unidirectional composites experiencing

failure under a longitudinal tensile load. Therefore, DM4C demonstrates the capability of

accurately capturing the strength of composites with an appropriate damage mechanism in

the longitudinal direction.

7.6.2 Transverse tension

The calibration process for transverse properties provides the following results. Figure 7.4

(a) shows the stress-strain response, with the black dashed lines representing the transverse

Young’s modulus and tensile strength of 3D printed composites from an Anisoprint desk-

top printer. As can be noticed, the calibration results closely match the target properties

obtained from the experiment. In Figure 4 (b), the main damage mechanism observed in

a transverse tension simulation is depicted. The transverse strength is achieved when the

matrix elements fail in tension. As shown in Fig. 7.4 (b) and (c), a distinct localized re-

gion of facets failed in tension, a behavior commonly observed in unidirectional composites

experiencing failure under a transverse tensile load. Therefore, DM4C is capable of accu-

rately capturing the strength of composites with an appropriate damage mechanism in the
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Figure 7.4: Calibration result for transverse properties: (a) Nominal stress versus nominal
strain plot; dashed black lines represent the target Young’s modulus and the target tensile
strength; (b) The frame at which the localized crack is propagating from the left end; (c)

The frame at which the crack is fully propagated to the right end.

transverse direction as well.

7.7 Effect of wavy reinforcement on toughness

To assess the strength of the 3D printed composites, a CCT specimen, as shown in Fig 7.5

(a), is created with the same dimensions as the tensile specimen used in calibration. The

crack length is set to 30 % of the width. As a comparison, a cross-ply laminate comprising

four layers, [0, 90, 90, 0], is simulated under a tensile load. To explore the impact of in-plane

waviness, three specimens with fiber tows following sinusoidal waves, each having different

amplitudes, are modeled. The in-plane waviness is applied exclusively to the transverse

layers, and an illustration of wavy reinforcement can be seen in Fig. 7.5 (b). All three wavy

reinforcements share the same period of 10 mm.

7.7.1 Cross-ply laminate

The tensile simulation of the cross-ply laminate with a center crack provides the following

results. The nominal stress-strain plot is presented in Fig. 7.6 (a), while the overall specimen



164

Figure 7.5: Specimen for fracture simulations: (a) CCT specimen modeled in DM4C; (b)
Magnified view of an example of wavy reinforcement near the crack.

view of the damage morphology can be seen in Fig. 7.6 6 (b). Dispersed matrix cracking is

observed on the outer layer, where longitudinal fiber tows are arranged. The load decreases

as a localized crack initiates from the tip of the pre-inserted crack. Subsequently, this single

localized crack propagates in a straight path across the width of the cross-ply laminate,

leading to the ultimate failure.

7.7.2 Wavy reinforcement 1

The first wavy variant contains sinusoidal fiber tow reinforcement with an amplitude equal

to the diameter of the tows (0.4 mm). The simulation outcome is illustrated in Figure 7.

The nominal stress-strain plot is shown in Fig. 7.7 (a). It indicates a marginal enhancement

in fracture toughness when applying the waviness to the transverse layers. The nominal

stress maintains an almost linear behavior up to the peak. However, there is still widespread

matrix cracking observed on the outer layers. As shown in Fig. 7.7 (c), the crack propagates

approximately along the paths defined by the in-plane waviness.

7.7.3 Wavy reinforcement 2

The second wavy variant contains sinusoidal fiber tow reinforcement with an amplitude

twice as large as the diameter of the tows. The simulation outcome is presented in Figure

8. There is not a significant improvement in strength by doubling the amplitude compared

to the diameter of the fiber tows. Nevertheless, the post-peak response indicates that the

energy dissipation during crack propagation increases, as the waviness of the crack path is
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Figure 7.6: Simulations results on the straight cross-ply laminate: (a) Nominal stress
versus nominal strain from the tensile simulation; (b) Full specimen view of damage

morphology; (C) Magnified view of damage near the pre-inserted center crack.
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Figure 7.7: Simulations results on the first wavy laminate: (a) Nominal stress versus
nominal strain from the tensile simulation of first wavy variant; (b) Full specimen view of
damage morphology; (c) Magnified view of damage near the one end of the pre-inserted

center crack.
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Figure 7.8: Simulations results on the second wavy laminate: (a) Nominal stress versus
nominal strain from the tensile simulation of second wavy variant; (b) Full specimen view
of damage morphology; (c) Magnified view of damage near the one end of the pre-inserted

center crack.

enhanced. Figure 7.8 (c) illustrates this enhancement, where matrix fragments are omitted

to provide better visibility of the fiber tows.

7.7.4 Wavy reinforcement 3

The last wavy variant contains sinusoidal fiber tow reinforcement with an amplitude four

times as large as the diameter of the tows. The simulation result is shown in Figure 9.

In contrast to the marginal improvement observed in the previous waviness, a significant

increase in structural strength is observed when the amplitude exceeds a certain threshold,

as shown in Fig. 7.9 (a). For this specific model, the critical threshold appears to be around

four times the diameter. The strength achieved with this wavy reinforcement is 25 % higher
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Figure 7.9: Simulations results on the third wavy laminate: (a) Nominal stress versus
nominal strain from the tensile simulation of third wavy variant; (b) Full specimen view of
damage morphology; (c) Magnified view of damage near the one end of the pre-inserted

center crack.

than that of the cross-ply laminate. Once the nominal stress reaches its peak, there is a

rapid drop in the load. In figure 7.9 (c), it can be noticed that longitudinal fiber tows break

approximately following the path of the wavy reinforcement placed inside during the crack

propagation.

At this amplitude of waviness, the initiation of crack propagation occurs slightly above

the right end of the pre-inserted crack, as illustrated in Fig. 7.10. Upon closer examination

of this region, it becomes evident that the wavy paths possess uphill slopes, enabling them

to bear the load in shear. This mechanism contributes to an enhanced toughness of the

laminate, particularly in the presence of neighboring defects.
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Figure 7.10: Damage morphology at the onset of the load drop: (a) The initiation of the
crack occurs above from the right end of the pre-inserted center crack; (b) Magnified view

of the crack initiation.

7.8 Concluding remarks

In this chapter, a novel discrete approach of modeling fiber-reinforced composites is pre-

sented and demonstrated its capability of capturing the damage mechanisms well noticed

from composite literature. Most of lab testing specimens and composite parts fall inside the

transition zone in type II SEL. It is important to choose the right modeling technique to

accurately predict the fracturing behavior of composites by including the effect of nonlinear

behavior in FPZ. DM4C framework provides a high resolution damage model suitable for

analyzing the sophisticated fracturing behavior of composites featuring CTI.
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Chapter 8

CONCLUSIONS AND FUTURE WORKS

8.1 Conclusions

In this work, a methodical investigation into the impact of curvilinear reinforcement within

a composite structure is provided. The study delves into the influence of curvilinear rein-

forcement across two primary scenarios: 1) enhancing functional attributes of composites

in electrostatic problem, and 2) improving mechanical performance focusing on the fracture

resistance of composite structures. Following list is the summary of the findings:

1. Theoretical framework is expanded to provide a exact, closed-form solution for the

electrostatic problem involving a finite electric current source within a CTI material

system. Additionally, a numerical approach is introduced to acquire the most suitable

fiber paths for any given geometry, serving as an illustration of how CTI materials

can be applied effectively in damage detection.

2. The superiority of CTI media in damage detection surpasses isotropic and straight

fiber material systems thanks to two key factors: 1) fiber breakage via crack propaga-

tion, and 2) deviations in initial fiber paths caused by updated field lines during crack

propagation. Additionally, the exceptional health monitoring capacity of CTI material

systems is achieved through the piezoresistive behavior of the fibers. It outperforms

traditional fiber-reinforced composites such as woven composites. This presents an

intriguing multi-objective optimization challenge for CTI material systems in appli-

cations involving health monitoring and damage detection.

3. From the simulation of media with curvilinear anisotropy utilizing the Isogeometric

Analysis (IGA) framework, following observation is made. Leveraging precise geo-

metric representation and enhanced continuity among elements, the NURBS-based

IGA surpasses standard Finite Element Analysis (FEA) in computational efficiency,

runtime, and the accuracy of field variable depiction while maintaining an equivalent
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number of degrees-of-freedom.

4. The gradient-based optimization study is performed with the fiber path defined with

polynomials. Through the optimization of fiber paths within a plate containing a semi-

circular notch, a noteworthy outcome was achieved. The stress concentration factor,

Kt, was successfully diminished to 1.28, with the highest stress point located at the

notch tip. This result highlights a substantial 82 % decrease when compared to the

conventional longitudinal fiber reinforcement, and 58 % decrease when compared from

the isotropic case. In order to improve the optimization scheme, a broader definition

of fiber paths seem to be necessary. Moreover, a global optimization method can be

used to ensure that the optimal result is not a local minimum.

5. In-house IGA software package which utilizes LR B splines definition is developed to

adapt IGA suitable for geometries with trimmed features. Local refinement technique

is added to improve the accuracy of simulations and to model a local discontinuity such

as a crack at the notch tip. With this new development, isogeometric optimization

framework is proposed to take advantage of spline definition of mesh in representing

a design space for optimization problems.

6. The optimization studies are performed following the isogeometric framework. Bayesian

optimization step is added before the gradient-based method in order to improve the

probability of finding a global optimum. Two composite structures are considered:

1) rectangular plate with a semi-circular notch and 2) T-joint. Both are laminated

structures with the cross-ply layup sequence. The first objective is to minimize the

maximum principal stress. For the rectangular plate, the maximum principal stress

is reduced by a factor greater than 7. For T-joint structure, the maximum principal

stress is reduced by a factor of 3. The other objective is to minimize the energy. For

both structures, the energy release rate is reduced close to zero which indicates that

the crack is not likely to form at the notch.

7. A novel, discrete modeling approach for fiber-reinforced composites (DM4C) is in-

troduced. Its proficiency in accurately depicting the damage mechanisms of fiber

reinforced composite is highlighted by simulating the center-cracked coupons with

wavy reinforcements.



172

Fibers are explicitly modeled using Timoshenko beams which are embedded in a tetra-

hedral conforming mesh that characterizes the matrix. The facet-based formulation

enables discrete fracture modeling, and prevents the element erosion. Additionally,

the explicit representation of fibers and matrix allows a simple and distinct definition

of material parameters thanks to the constitutive laws grounded in physics rather than

in empirical curve fitting.

8.2 Future works

While many aspects of composites featuring CTI are explored in this work, there remain

numerous unanswered questions. The following list includes the suggested future works that

can be derived on from the current investigation.

1. Thanks to the advancement in the additive manufacturing technology in composite

materials, the optimal fiber paths obtained from the optimization studies can be

printed using several methods such as AFP and 3D printing of continuous fibers.

Experimental validation of those results can evaluate mechanical performance of the

optimal laminates compare to the standard design.

2. It is expected that the additively manufactured composite parts are likely to under-

perform because of the inherent defects from manufacturing process. The processing

modeling can be incorporate to the design and analysis of composite structures fea-

turing CTI.

3. In this work, the electrostatic problem and mechanical problem in composites are

investigated, separately. However, in a practical design, both attributes may need

to be considered for a given structure. Employing a multi-objective optimization

approach, one can find the optimal fiber paths for a laminated configuration to enhance

both the functional and mechanical properties. Similarly, multi-objective idea can be

used to consider multiple loading conditions such as compression to prevent a design

prone to other type of failure (e.g. buckling from compression).

4. The prediction of the ultimate strength of a composite structures requires a higher

order damage models such as DM4C because the progression of multiple damage mech-

anisms may need to be captured in a right manner. However, the evaluation on these
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models are often numerically expensive. Therefore, there are not many of optimiza-

tion study that uses these models for the objective function. A data-driven approach

such as Bayesian optimization can be applied to handle computationally intensive

objective functions, enabling the identification of the optimal laminate configuration

that maximizes the load capacity of a given structure.

5. As noticed in the previous chapter, there is no theoretical and experimental work

done to investigate the change in fracture energy depending on the fiber orientation.

In future, it is probable that a more complex design utilizing composite materials

will emerge. In order to have a good understanding of the fracturing behavior of

those composite designs, it is significant to know how to compute the proper fracture

energy for them. Furthermore, the size of fracture process zone may be investigated

with curvilinear reinforcement to see if damage mechanisms in 3D printed parts may

affect the nature of crack formation and propagation.

6. The optimization in this study assumes the idealized manufacturing condition. As

a future work, it is suggested to perform optimization studies with manufacturing

constraints such as radius of curvatures that the printer head can travel. Moreover,

it can be noticed that there are regions where fibers get compact and regions where

fibers tend to diverge based on the vector field represented with splines. In real world,

fibers have finite diameter; therefore, a fiber filament need to be cut before colliding

others. These manufacturing constraints can be considered in the optimization study

to find an optimal configuration that is more practical to be made. Ultimately, it

would be interesting to apply the optimization framework to the real structures such

as laminate design for aircraft wing-box with manufacturing constraints extending the

work from Poort [166].
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[7] Kjetil André Johannessen, Trond Kvamsdal, and Tor Dokken. Isogeometric analysis
using lr b-splines. Computer Methods in Applied Mechanics and Engineering, 269:471–
514, 2014.

[8] Michael Lange, Lawrence Mitchell, Matthew G Knepley, and Gerard J Gorman. Effi-
cient mesh management in firedrake using petsc dmplex. SIAM Journal on Scientific
Computing, 38(5):S143–S155, 2016.

[9] J Austin Cottrell, Thomas JR Hughes, and Yuri Bazilevs. Isogeometric analysis:
toward integration of CAD and FEA. John Wiley & Sons, 2009.
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interlaminar fracture in laminated composites: a size effect study. Journal of Applied
Mechanics, 86(9), 2019.

[123] Yuta Kumagai, Sota Onodera, Marco Salviato, and Tomonaga Okabe. Multiscale
analysis and experimental validation of crack initiation in quasi-isotropic laminates.
International Journal of Solids and Structures, 193-194:172–191, 2020.

[124] Marco Salviato and Sean E Phenisee. Enhancing the electrical and thermal conductiv-
ities of polymer composites via curvilinear fibers: An analytical study. Mathematics
and Mechanics of Solids, 03 2019.

[125] Zeger Bontinck, Jacopo Corno, Sebastian Schöps, and Herbert De Gersem. Isogeo-
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cretizations. International Journal for Numerical Methods in Engineering, 115(3):395–
409, 2018.



185

[129] Avinkrishnan A. Vijayachandran, Paul Davidson, and Anthony M. Waas. Optimal
fiber paths for robotically manufactured composite structural panels. International
Journal of Non-Linear Mechanics, 126(July):103567, 2020.

[130] Avinkrishnan A Vijayachandran, Paul Davidson, and Anthony M Waas. Optimal
steered fiber paths for maximizing biaxial buckling load of a flat plate manufactured
using AFP. In AIAA Scitech 2020 Forum, 2020.

[131] Kedar Kirane, Marco Salviato, and Zdeněk P. Bažant. Microplane triad model for
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Appendix A

CONTROL POINTS USED IN MODEL GENERATION

The control points used to model the initial surface of the rectangular laminate with a
semi-circular notch is listed in Table A.1.

Table A.1: Homogeneous coordinates of control points for a plate with a semi-circular
notch

Control point x y z w

1 0 1 0 1

2 1−
√
2 1 0

(
1 + 1/

√
2
)
/2

3 −1
√
2− 1 0

(
1 + 1/

√
2
)
/2

4 −1 0 0 1

5 −1 1−
√
2 0

(
1 + 1/

√
2
)
/2

6 1−
√
2 −1 0

(
1 + 1/

√
2
)
/2

7 0 −1 0 1
8 0 2.5 0 1
9 −0.75 2.5 0 1
10 −2.5 0.75 0 1
11 −2.5 0 0 1
12 −2.5 −0.75 0 1
13 −0.75 −2.5 0 1
14 0 −2.5 0 1
15 0 4 0 1
16 −4 4 0 1
17 −4 4 0 1
18 −4 0 0 1
19 −4 −4 0 1
20 −4 −4 0 1
21 0 −4 0 1

The control points used to model the initial surface of T-joint laminate is listed in Table
A.2 and Table A.3.
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Table A.2: Homogeneous coordinates of control points for left half of T-joint surface

Control point x y z w

1 −6 1 0 1
2 −4.25 1 0 1
3 −2.5 1 0 1

4
√
2− 3.5 1 0

(
1 + 1/

√
2
)
/2

5 −1.5
√
2− 1 0

(
1 + 1/

√
2
)
/2

6 −1.5 0 0 1
7 −1.5 −1 0 1
8 −1.5 −2 0 1
9 −6 2.5 0 1
10 −4.25 2.5 0 1
11 −2.5 2.5 0 1
12 −1.75 2.5 0 1
13 −0.75 0.75 0 1
14 −0.75 0 0 1
15 −0.75 −1 0 1
16 −0.75 −2 0 1
17 −6 4 0 1
18 −4.25 4 0 1
19 −2.5 4 0 1
20 0 4 0 1
21 0 4 0 1
22 0 0 0 1
23 0 −1 0 1
24 0 −2 0 1
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Table A.3: Homogeneous coordinates of control points for left half of T-joint surface

Control point x y z w

1 6 1 0 1
2 4.25 1 0 1
3 2.5 1 0 1

4 3.5−
√
2 1 0

(
1 + 1/

√
2
)
/2

5 1.5
√
2− 1 0

(
1 + 1/

√
2
)
/2

6 1.5 0 0 1
7 1.5 −1 0 1
8 1.5 −2 0 1
9 6 2.5 0 1
10 4.25 2.5 0 1
11 2.5 2.5 0 1
12 1.75 2.5 0 1
13 0.75 0.75 0 1
14 0.75 0 0 1
15 0.75 −1 0 1
16 0.75 −2 0 1
17 6 4 0 1
18 4.25 4 0 1
19 2.5 4 0 1
20 0 4 0 1
21 0 4 0 1
22 0 0 0 1
23 0 −1 0 1
24 0 −2 0 1
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