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Abstract
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Jacob A Busche

Chair of the Supervisory Committee:
Professor David J. Masiello
Chemistry

The research field of nanophotonics, which aims to understand the propagation of light at
the nanoscale and design novel optically-active materials, has risen to prominence since the
discovery of the surface plasmon in 1957. Early efforts to describe the intertwined motion
of electrons, atomic nuclei, and electromagnetic waves inside small crystals have been built
upon in recent decades, producing an increasingly precise picture of the spatial and spectral
characteristics of polaritonic surface waves. The resulting range of proposed applications for
materials and machines with nanoscopic components is enormously broad, stemming from
ultrathin lenses to nanoscopic chemical reactors to biosensors.

Recent work toward the design and realization of new optical nanotechnologies has relied
on the invention of near-field spectroscopic probes, or probes that bring free or bound charges
near a sample to characterize its response to electrical stimulus. In contrast to optical
microscopes, which rely on freely-propagating light to interact with a sample, near-field
probes have much smaller fundamental resolution limits and are more capable of investigating
the nanoscopic features and local fields of individual nanostructures.

In this dissertation, theoretical models are developed to improve the understanding of
the coupling of two important surface phenomena, namely surface plasmons and surface

phonons, with their environments in the context of electron beam and scanning-probe spec-



troscopies. These models are built with an eye toward the augmentation of existing exper-
imental techniques and the invention of new ones. In particular, the influence of substrates
on the plasmonic properties of mounted nanoparticles, the quantum-mechanical processes
governing laser-stimulated electron-plasmon interactions, the extraction of intrinsic material
properties from electron energy-loss spectroscopy, and the influence of the motion of hy-
bridized plasmon-phonon polaritons on the radiation from nearby atomic force microscopy
tips are discussed in detail. Finally, the models herein are combined with numerical simula-
tions and compared with experimental data provided by collaborators to provide an intuitive

and quantitative theoretical framework with which to interpret the observed signals.
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Chapter 1
INTRODUCTION

The vast majority of the technological advancements made by humanity over the past
century have been spurred by the ability of scientists and engineers to observe and manipulate
the structure of matter at the micron and nanometer length scales, beginning in the early
20" century with discoveries in metallurgy [1, 2] and polymer chemistry [3] and later with
cellular tissue culture [4] and the invention of the microchip [5, 6]. The microchip above
the rest has led to a revolution in the global economy since its invention in 1959 [7] by
automating computation tasks and vastly increasing the rate at which businesses, researchers,
and, eventually, laymen could collect, transmit, process, and store data.

Microchips are capable of providing so much utility while consuming small amounts of
power and volume because their components—transistors, wires, memory units—are con-
structed from pieces of silicon and metal only a few nanometers in any dimension. They
are the most striking present-day example of a nanomaterial, i.e. a material whose use-
ful properties emerge from carefully engineered nanoscopic features and cannot be found in
naturally-occurring substances. Inspired by the successes of nanoscopic integrated circuits,
scientists and engineers have proposed nanomaterials be used to provide performance bene-
fits across an enormous range of applications, from chemical synthesis to biological sensing to
body armor [8]. However, the efficient design and production of nanomaterials has been an
outstanding challenge for the research community for over half a century, and most variants
remain in development.

Given the extreme difficulties of observing and manipulating materials at the nanoscale,
this is perhaps not so surprising. In fact, one can trace the long path to the invention and

manufacture of nanomaterials actually to the beginning 20th century. Early work moved



slowly and focused on the basic features of electron motion within metals (Drude, 1900 [9]),
which were poorly understood at the time, and the light scattered from metal colloids (Mie,
1908 [10]). Theoretical and experimental work a few decades later by Tonks & Langmuir [11]
and Merrill & Webb [12], respectively, explored the ability of plasmas made of interacting
charged particles to oscillate under excitation, and was followed by the efforts of Ledermann
& Born [13] to understand the properties of electrons that exist in small crystals. The ex-
perimental works of Ruthemann [14] and Lang [15], which suggested that electrons within
metals undergo low-energy oscillations when excited by passing electrons, led to the theoret-
ical identification of the bulk plasmon by Pines & Bohm [16]. Alongside the works of Tamm
[17], Landau [18], Pekar [19], and Fréhlich [20] on the motion of electrons and nuclei within
nonmetal polar crystals and Frenkel [21], Wannier [22], and Mott [23] on the motion of elec-
trons in semiconductors, the discovery of the bulk plasmon led to a burst of productivity in
materials research.

The existence of the surface plasmon, a consequence of collective electron oscillations that
occur near the surface of a metal, was proposed by Ritchie [24] in 1957. Powell & Swan [25]
and and Stern & Ferrell [26] quickly confirmed this finding, demonstrating that nanoscopic
features of a metal crystal have strong effects on its plasmon resonances and marking, ar-
guably, the birth of the field of nanoscience as it exists today. Immediately following this
discovery, the 1960s and 1970s witnessed the development of transistors with nanoscopic
features [27, 28], the invention of the silicon-mounted integrated circuit, advancements in
the understanding of the propagation and confinement of surface plasmons and polaritons
along surfaces, and new strategies for focusing far-field light into propagating surface waves
[29-33].

During this time, the study of nanoscopic semiconductors diverged from the study of
metals and dielectric crystals due to the immediate industrial applications of integrated
circuits and the invention of highly-precise semiconductor manufacturing techniques [34, 35].
In fact, these techniques, which allowed for the controllable deposition of single layers of

semiconductor atoms on a substrate, represented the first surmounting of the longstanding



challenge to engineer materials with nanoscopic features. With this success in hand, the
field of nanoelectronics separated from the other branches of nanoscience to pursue the
minimization, optimization, and commercialization of integrated circuits.

The other branches, among them nanophotonics, nanomechanics, nanomaterials, and
nanobiotechnology, aimed to develop technologies further afield which involved the confine-
ment and manipulation of optical, kinetic, and chemical energy at the nanoscale. The field
of nanophotonics, which will herein be the focus of this dissertation, was concerned pri-
marily with the propagation of light within nanostructures and along surfaces. However, it
faced a fundamental problem: because photons do not interact with matter as electrons do
and much more readily “leak” from their nanoscopic confines, achieving optical confinement
proved much more challenging than miniaturizing electrical components. Moreover, while
some methods existed for the synthesis of individual nanoscopic particles [36], the ability of
scientists to tailor them as needed or analyze them individually was lacking.

It was clear by the late 20" century that new measurement techniques were required
to answer many basic questions that governed the future utility of nanooptical technologies,
including quantification of the magnitude of the interaction between individual nanoparticles
and light, characterization of the strength and scale of the electric and magnetic fields set
up near their surfaces, elucidation of their ability to form networks of interacting structures,
and determination of the effects that particle size, shape, and surface roughness have on the
motion of their excited electrons and nuclei. The only readily available measurement tech-
niques involved optical microscopy, which has a fundamental resolution limit known as the
diffraction limit that is roughly equal to half the wavelength of the light passing through the
microscope. For problems involving visible light, the diffraction limit is around a few hun-
dred nanometers, making optical microscopes of limited utility for observing characteristics
of particles less than 100 nm in any dimension.

Proposals for the application of near-field probes, which use localized current sources
rather than light waves to probe samples, arose in the late 1960s [32, 37]. Such probes are

not restricted by the resolution limits of optical microscopes and were shown theoretically



to provide much more spatially precise measurements of nanoparticles. In the early 1980s,
the theoretical predictions were proved correct, and two separate classes of experimental
techniques were invented to fulfill the measurement needs of the field, giving rise to the
modern era of nanophotonics.

The first, electron microscopy, uses a steady stream of accelerated electrons either to
excite the electrons and nuclei within a nanostructure or to carry energy away from a sample.
Early 20*"-century techniques were developed from the cathode-ray experiments of the late
1800s [38] and, as evidenced by the successes of Ruthemann, Lang, and Powell & Swan,
were useful in the excitation and characterization of collective electron resonances known as
plasmons. These results were improved upon dramatically by the pioneering work of Batson
[39], Cowley [40], and Howie & Milne [41], conducted in the early 1980s, that demonstrated
the ability of the electron beam to analyze the complete spatial and spectral profiles of
the resonances of plasmons in individual nanoparticles. Measurements only expanded in
resolving power from there: through the 1990s, 2000s, and 2010s, electron microscopes of
different configurations were developed that could, via various techniques, probe the surfaces
and individual nanoparticle excitations with spatial and spectral resolutions of 0.1-10 nm
and 0.1-1 x 10™* eV, respectively, across a range of energies from the mid-infrared to energies
well over 100 eV [42].

The second model of near-field probe that arose after the discoveries of the 1960s is the
scanning probe, which uses a very sharp, optically polarized tip as either a current source or a
focusing element. Developed from the early ideas of Synge [43] and O’Keefe [44] as a method
for funneling light through a nanoscopic aperture, a working near-field optical microscope
of this type with sub-diffraction resolution was first demonstrated in 1972 [45]. Following
this advancement, the 1980s—2010s saw improvement of the spectral resolution of scanning-
probe microscopy to below 20 nm [46-48] and its extension to infrared frequencies [49, 50],
providing a nanomicroscopy technique with a wide operating frequency range, ~ 1 x 10~*
eV spectral resolution, a non-contact mode of operation capable of analyzing soft-matter

and biological samples without damage and, most importantly, the ability to observe the



complete set of resonances of a nanoscopic target.

With the increased control over the nanoscale provided by these experimental tools, the
study of nanophotonics has blossomed over the past two decades to provide numerous the-
oretical and experimental discoveries important for the understanding and design of novel
technologies [42, 51]. Correspondingly, the number of proposed applications for optically-
active nanostructures has ballooned: precision chemical and biological sensing [52, 53], photo-
voltaic conversion improvement [54-57], cancer treatments [58, 59], medical and biomolecular
imaging [60, 61], and thermometry and temperature control[62, 63| stand to benefit from the
ability of surface plasmons to focus light and heat at the nanoscale. Plasmon-mediated pho-
tocatalysis [64, 65] and polariton chemistry [66] may, one day, leverage the coupling bewteen
electronic states in molecules and tailored optical cavities to enable new chemical synthe-
sis methods. Signal processing [67], aviation sensing [68, 69], and artificial intelligence [70]
may all be made more efficient, sensitive, and powerful by the rapid transport of light in

integrated optical circuits.
1.1 Organization of this Dissertation

Although these technologies currently exist only in laboratories, prototypes, and clinical tri-
als, the importance of optically-active nanomaterials may rival that of nanoelectronics in the
technologies of tomorrow. To realize the potential of nanophotonics, a great deal of work
in both experiment and theory remains to be done. This dissertation is inspired by this
challenge, as well as the long and successful tradition of collaboration between experimental
and theoretical work within the field that has brought it to its current state [42, 71-75]. It
focuses on the interpretation of data from novel applications of existing electron energy-loss
and scanning near-field optical microscopy techniques as well as the development of new ex-
perimental methods. Both analytical models and numerical simulations are presented, and
both classical and quantum electrodynamics theories are used to describe the material reso-
nances, particles, and fields relevant to each given problem. As the variety of the problems

presented is wide, the solutions and discussions are presented as they appear in their original



published forms. In detail:

e Chapter 2 details the solution of the long-standing nanophotonics problem wherein the
localized surface plasmon modes of a metal nanocube interact with a supporting sub-
strate in a scanning transmission electron microscope to produce both resonance energy
splitting and mode localization effects in electron energy-loss experiments. A simple
model demonstrates why these effects appear in nanocubes and not in nanospheres and
how the substrate can affect the cube’s plasmon properties even when the substrate is
thin and has a small refractive index. The material for this chapter is reproduced with

permission from Ref. [76] ((©)American Chemical Society 2018).

e Chapter 3 details the development of a new stimulated electron energy-loss and energy-
gain spectroscopy as demonstrated both by experiment and theory. In particular, it
showcases the first stimulated electron energy-gain measurements made using a light
sources operating in continuous-wave mode as well as the first theoretical decomposition
of the complete set of first- and second-order quantum mechanical scattering processes
that contribute to stimulated loss and gain signals. The material for this chapter is

reproduced with permission from Ref. [77] ((©American Chemical Society 2019).

e Chapter 4 details the development of a first-of-its-kind ellipsometry experiment that
infers the dielectric function of a single nanoparticle from an electron energy-loss spec-
trum. FExperimental energy-loss data are presented for 20 nm diameter indium tin
oxide nanospheres excited by electron beams in aloof and penetrating trajectories, and
a theoretical description is constructed from first principles that connects the loss sig-
nal to the material properties of the spheres. Implications of the development are
discussed. The material for this chapter is reproduced with permission from Ref. [78§]

(©American Chemical Society 2020).

e Chapter 5 details the interpretation of scanning infrared nanospectroscopy experiments

performed on long gold nanorods mounted on silicon dioxide and boron nitride sub-



strates. The plasmon modes of the nanorods are shown to hybridize with the surface
phonon resonances of the substrates both in experimental data and by analytical mod-
eling. The relationship between the unusual experimental signal and the anticrossing
behavior of the target resonances is discussed. The material for this chapter is repro-

duced with permission from Ref. [79] ((©American Physical Society 2021).
1.2 List of Publications

The author’s peer-reviewed work in the Masiello group includes seven published or accepted
papers and an eighth and ninth in preparation to be published with all haste. Works in
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equal contribution are indicated with a {. Publications in preparation are subject to minor

changes in author and title.
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Chapter 2

MULTIPOLAR NANOCUBE PLASMON MODE-MIXING IN
FINITE SUBSTRATES
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Facile control of the radiative and nonradiative properties of plasmonic nanostructures is of
practical importance to a wide range of applications in the biological, chemical, optical, information,
and energy sciences. For example, the ability to easily tune not only the plasmon spectrum but
also the degree of coupling to light and/or heat, quality factor, and optical mode volume would
aid the performance and function of nanophotonic devices and molecular sensors that rely upon
plasmonic elements to confine and manipulate light at nanoscopic dimension. While many routes
exist to tune these properties, identifying new approaches—especially when they are simple to apply
experimentally—is an important task. Here, we demonstrate the significant and underappreciated
effects that substrate thickness and dielectric composition can have upon plasmon hybridization as

well as downstream properties that depend upon this hybridization. We find that even substrates as
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thin as ~10 nm can nontrivially mix free-space plasmon modes, imparting bright character to those
that are dark (and vice versa) and, thereby, modifying the plasmonic density of states as well as the
system’s near- and far-field optical properties. A combination of electron energy-loss spectroscopy
(EELS) experiment, numerical simulation, and analytical modeling is used to elucidate this behavior
in the finite substrate-induced mixing of dipole, quadrupole, and octupole corner-localized plasmon

resonances of individual silver nanocubes.
2.1 Introduction

Due to their ability to capture and convert light into intense, nanoscopic surface-bound
electric fields, localized surface plasmons (LSPs) in noble metal nanostructures are currently
the focus of a vigorous worldwide research effort [65, 80-86]. The high sensitivity of LSPs to
subtle changes in their host environment make them excellent candidates for a wide range
of biological [87-90], chemical [91-94], and optical sensing applications [95-97], and their
giant absorption cross sections [98, 99] and extraordinarily small mode volumes [100-102]
hold great promise in future photovoltaic and nanophotonic devices [62, 81, 103-107].

Past theoretical studies have addressed the interaction of plasmonic nanoparticles with
both homogeneous dielectric environments [108-110] and semi-infinite substrates [111-116],
but only few [114, 117] have explicitly accounted for the influence of the latter upon higher-
order LSP modes. Effects of substrates of finite thickness are even more unexplored, as doing
so is computationally demanding [118] and experimental data is lacking due to the weak
coupling of higher-order LSP modes to the radiation field. Electron energy-loss spectroscopy
(EELS), performed in a scanning transmission electron microscope (STEM), offers a route
to overcome this challenge by using fast electrons as a probe of matter instead of light. Due
to its high degree of spatial confinement and broad spectral range, STEM/EELS can access
the complete plasmonic response (i.e., collective electronic excitations of both surface and
bulk character), providing detailed spatial and spectral information on the influence of the
substrate’s dielectric properties and thickness upon the full plasmonic spectrum. This was

clearly demonstrated in 2015 where Li et al. [116] used STEM/EELS to characterize the
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complete surface and bulk plasmon responses of truncated silver nanospheres ranging from
20-1000 nm in diameter on semi-infinite substrates.

While having played an important role in the discovery and early understanding of the sur-
face and bulk plasmon [24, 26], the last decade has witnessed a renaissance in the application
of fast electron spectroscopy to plasmonic nanoparticles and their assemblies [42, 119, 120].
Unlike in optical spectroscopies where supporting substrates can be millimeters thick and
well-approximated as semi-infinite, typical substrates in STEM-based electron spectroscopies
must be thin enough to allow the electrons to pass through and reach the EEL detector. This
requirement translates to substrates on the order of 1-100 nanometers, thicknesses compara-
ble to the plasmonic specimens themselves. In this regime, substrate effects can be surpris-
ingly nontrivial and distinctly different from semi-infinite substrates, uniform background
environments, and vacuum, motivating the need for careful study.

Electrodynamics dictates that each plasmon mode (here referred to as a multipole) will
interact and hybridize with its own image as well as with those of all other plasmon mul-
tipoles through the substrate. It is often assumed that only dielectric composition, i.e.,
refractive index, affects this image hybridization and that otherwise all substrates behave
nearly identically, independent of thickness. It might also be expected that thin substrates,
i.e., those that are of the same thickness as the plasmonic target specimens or thinner, would
resemble vacuum and have little influence upon the LSP resonances, leaving each LSP mode

essentially unhybridized. Surprisingly, however, neither presumption is true.
2.2 Discussion

Here we demonstrate the nontrivial impact that substrates of finite thickness (¢) and varying
refractive index (n) have upon LSP + image LSP mode mixing in individual silver nanocubes
using monochromated and aberration-corrected STEM/EELS experiment combined with
full-wave numerical electrodynamics simulations of the fast electron probe. Further ana-
lytical modeling serves as a basis to qualitatively and even semi-quantitatively expose the

relevant hybridization physics. Most interesting is the “hall of mirrors” image effect pro-
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Figure 2.1: Computed evolution of nanocube LSP mode mixing versus separation distance
in a substrate of refractive index n = 3 and thickness ¢ = 10 nm. (a) Aloof EEL and (c)
optical scattering spectra showing the progression of the nanocube’s free-space dipolar (D,,
D.,), quadrupolar (Qy, Q.-), and octupolar (O,,,) modes interacting through either finite
(black) or semi-infinite (gray) substrates. An illustration of the system is shown in panel
(b), where s is the separation distance between the cube’s base and the substrate surface
and r is the radius of curvature of the naocube’s corners. A schematic of the finite-substrate-
induced hybridization is shown in panel (d). The y-oriented LSP modes D,, and @), are not
indicated explicitly since they are degenerate with those oriented in the x-direction. Of the
five hybridized modes displayed, all are evident in the EEL spectrum while only those that
are bright (red) are accessible via optical scattering. Note that significant LSP mode mixing
occurs even on substrates as thin 10 nm in thickness.
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duced uniquely by finite substrates [121], which, depending upon ¢ and n, can mix LSPs in
such a way that significant hybridization occurs even with substrate thicknesses well below
100 nm; see Fig. 2.1. In the following we will show that varying these parameters provides
an opportunity to control the degree of LSP hybridization, even for higher-order modes be-
yond the usual dipole and quadrupole LSP resonances [114, 122-124]. Taken together, the
presented work provides a new pathway to understand and exploit plasmon mode mixing to
employ even intrinsically dark plasmons for nano-optical applications.

Nanocubes, in particular, have recently garnered significant attention [125, 126] due to
the localization of their low-lying LSP modes to the cube’s corners. Each so-called corner
mode can either be dark or bright depending on mode’s coupling efficiency to the radiation
field. The high degree of curvature at the corners induces exceptionally strong electric near-
fields there, leading to stronger LSP-environment coupling than in other nanoparticle shapes
(e.g., spheres and rods). For this reason, nanocubes make an excellent platform for careful
investigation of finite-substrate effects.

It is well known that the performance of nanocube-based sensors can be furthered en-
hanced via substrate interactions. For example, their free-space dipole LSP modes parallel to
the substrate can mix with free-space quadrupole modes [114, 122-124] to produce hybridized
surface charge oscillations that take on the same asymmetric character of the environment,
i.e., with effective dipolar surface charge distributions localized toward (proximal) and away
(distal) from the substrate. When excited by light, these hybridized modes can be made to
interfere and produce Fano antiresonances in the scattering spectrum [114] which have been
successfully implemented for use in asymmetric color routing [127, 128|, ultrafast sponta-
neous emission [129], and a variety of solar light harvesting applications [117, 130, 131]. For
example, Li et al. [117] used STEM/EELS to image the flow of energy between the proximal
LSP modes of individual nanocubes and excitonic transitions in their supporting semicon-
ductor substrates with nanoscopic precision, demonstrating that environmental transitions
can be resonantly tuned to enhance plasmonic energy transfer [132, 133].

As demonstrated in Fig. 2.1 and shown schematically in Fig. 2.2a, the symmetry of the
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Figure 2.2: (a) Computed quasistatic surface charge distributions of the lowest-lying five non-
degenerate free space LSP corner modes of the nanocube. Explicitly shown are the triply
degenerate D, and D;, and @);, and @),, modes (i € {z,y}), as well as the single corner
octupole mode Oy.. (b) Schematic of the image response of a finite substrate to these LSP
modes, with the interaction between source and image organized into “self-interactions”,
represented by black arrows, and “cross-interactions”, represented by green arrows. The
relative phase between successive image multipoles is determined by the particular values
of the dielectric constants €1, €5, and €3; the configuration shown here corresponds to e; >
€1 = €3. (c¢) Computed mixing of the nanocube’s free space LSP modes into substrate-
dressed, hybridized LSP modes. The in-phase and out-of-phase modes D;" and D; are linear
combinations of the bright D; and the dark @;, modes. The former (latter) has a dipolar
surface charge distribution localized to the corners proximal (distal) to the substrate. The
in-phase and out-of-phase modes Q;ry and (), are linear combinations of the dark modes
@y and O,,.. The former (latter) has a quadrupolar surface charge distribution localized to
the corners proximal (distal) to the substrate.
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nanocube dictates that the only distinct corner-localized free-space charge distributions are
the triply degenerate dipole (D,, D,, D,,) and quadrupole (Quy, @z, @y-) modes as well
as the single octupole mode, O,,.. All other LSP modes involve some amount of surface
charge localized at the edges and/or faces of the structure and are of higher energy and are
ignored in the following. We approximate each nanocube corner mode as a pure cartesian
multipole, associating the two via their respective surface charge distributions (Appendix
A). Within a finite substrate, each LSP multipole induces an infinite collection of images
of itself as illustrated in Fig. 2.2b. These images, in turn, act back on the LSP, allowing
each LSP to couple to its own images (self-interactions) as well as to those of other LSPs
(cross-interactions). The relative orientation between the free space modes and their images
determines the selection rules: each mode interacts with its own image, but only the two
pairwise cross-interactions between D; and @;, and @, and O,,., with i € {z,y}, are
allowed.

All self- and cross-interaction strengths are determined from the electrostatic image re-

sponse

/ .
Dipa(x) = Ay ——0 4 S Ay —B (forz > 0) (2.1)

e |x — rp)
of a finite substrate of thickness ¢ to a point charge ¢ located a distance d from the top layer.
Despite its complicated form, Eq. (2.1) has a simple interpretation which is illustrated in
the first column of Fig. 2.2b. The first term is nothing more than the image potential of the
semi-infinite substrate with image charge ¢ = As1q located at ry = (0,0, —d). The second
term accounts for the finiteness of the substrate and is a sum over the potentials of image
charges ¢} = Ags[l — A3](A91A93)7 g located at 1 = (0,0, —d — 2jt), with j a nonzero
integer. The strength of all image charges is proportional to the surface jump condition
Agy = (€, — €) /(€4 + &) with a,b € {1,2,3}. As displayed in Fig. 2.2b, €; is the dielectric
constant in the upper half space, ¢, is the dielectric constant of the finite substrate, and e3
is the dielectric constant in the lower half space, with n, = \/€,. t can be larger or smaller

than d, however we note that ®;,q — —¢q(/€1]x — ro| as t — oo and $yg — 0 as t — 0.
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Based on the image potential in Eq. (2.1), an LSP Hamiltonian [119] can be written
with ®;,4 parametrizing the substrate-mediated multipolar LSP-LSP interaction energies
(see Methods). Its diagonalization produces the amplitudes of the hybridized modes of the

interacting nanocube-substrate system

D;— =o;D; + B;Qi-

D; = a;Qi. — 3D

D,=D, (2.2)
by = VQuy + 004,
2y = VO0uyz — 0Qqy

as well as their natural frequencies

OF = \Jo2(w? — £) + B2wE — fir) — giouf

O = \Jo2(wh — fio) + B2(W? — £) + giouf

Q, = m (2.3)
\/ ot — fuy) + 02 W2y, — fayz) — Gay0

\/,7 J:yz fCEyZ) + 62 (wgy - fz‘y) + gz’yfy(s

with ¢ € {x,y}. Here, oy, f;, §, and 7 are expansion coefficients derived from Eq. (2.1) and
indicate that the degree of mode mixing and corresponding amount of surface charge local-
ization increases with increasing t or 5. Explicitly, these expansion coefficients are defined
as a; = cosb;, B; = sin6;, v = cosb,,, and § = sin b,,, where 6; = (1/2) tan~*(g;/ (w2 — w? +
fi— fiz)) and b,y = (1/2) tan™" (g4 / (w2,. — W2, + fay=— foy)) (Appendix A). Fig. 2.2c (upper
panel) shows that the surface charge distributions resulting from interaction among D; and
Qi are effective substrate- and vacuum-localized hybridized LSP modes of dipolar character,
labeled as D;” and D; for ¢ € {x,y}, while coupling among @, and O,,. (bottom panel,
Fig. 2.2¢) leads to effective substrate- and vacuum-localized quadrupole modes, labeled as

ij and Q. Interestingly, due to its symmetry, D, does not efficiently interact with any
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LSP multipole other than itself. Nonetheless, the spatial profile of its field is substrate-
localized as the in-phase, collinear arrangement of the dipole and image dipoles within the
self-hybridized mode induces a capacitive junction, biasing the field profile downward in the
upper half plane; while counterintuitive, this means that the EEL profile of the D, mode is
vacuum localized as the probability to excite this in-phase arrangement of dipoles is largest
immediately above the cube and falls to zero in the junction. The cross- and self-interaction
coupling constants g and f are determined from the interaction energy of the (¢/m)™ multi-
pole with the induced potential of the (¢m/)"" image multipole. Further details of the model
can be found in the Section 2.3 as well as in Appendix A.

Fig. 2.3a shows experimental STEM /EELS point spectra for individual 76+5 nm wide
silver nanocubes with 1341 nm corner radii, supported on SiN, substrates with ¢ = 10, 20,
30, and 100 nm. Fig. 2.3b shows analogous simulated STEM/EELS spectra for a 76 nm
wide silver nanocube with 12.5 nm corner radii supported on an identical set of substrates.
In both experiment and simulation, the entire system is first tilted and then excited using
an aloof electron beam positioned at a distal corner (blue) and at a proximal corner (red) of
the cube. At ¢t = 10 nm (ngin, = 2.1), mode mixing is weak but, surprisingly, not negligible.
As t increases, so too does the strength of the interaction between nanocube and substrate,
leading to a pronounced redshifting of the proximal D;" modes. As dictated by Eqs. (2.1)—
(2.3), their energy is lowered twice: once by self-interaction, and again by cross-interaction.
Conversely, these two effects compete—with the self-interaction red-shifting and the cross-
interaction blue-shifting the resonance position—to cause a relatively small energetic shift
in the distal D; modes relative to ();,. Indeed, simulations show a slight redshift, however,
limitations in the resolution of the experiment (~200 meV) and presence of the nearby Q,
mode make its independent spectral identification challenging. Nevertheless, a small redshift
in the superposition of D;” and @, peaks (Fig. 2.3a) is experimentally observed in the
t =10 — 30 nm data.

Due to its symmetry, the remaining quadrupolar corner mode @), does not interact

with any of the three dipole modes nor any other quadrupole mode. Its substrate-induced
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Figure 2.3: Experimental (a) and simulated (b) point spectra for tilted 76 nm nanocubes
supported by ¢ = 10, 30, 50, and 100 nm SiN, substrates with ngn, = 2.1. EEL spectra are
acquired at two aloof beam positions: one at a distal corner of the cube (blue) and the other
at a proximal corner (red). (¢) Experimental and simulated EEL mode maps corresponding
to the resonance energies in the EEL spectra for the ¢ = 100 nm SiN, substrate. The upper
panels correspond to superpositions of the substrate-localized D;” and Q;ry modes, and the
D, mode. The lower panels show an experimental EEL mode map that is a superposition of

D; and @

Yy’

alongside EEL maps of the same modes individually resolved via simulation.
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localization, therefore, must be generated by interaction with the image of the octupole
mode O, in addition to its own. These couplings lead to a significantly redshifted @7, in
comparison t0 Qzy, and a slightly redshifted (), in comparison to O,,.; the reasons for these
energy shifts are identical to those explained previously for the Dz?t modes. Figs. 2.3a,b show
the appearance of the Q;y peak only in the proximal beam position (red). In the simulations
(b), this occurs at ¢ = 30 nm, while, in experiment (a) it occurs at ¢ = 50 nm. Again
the vacuum-localized ), mode can clearly be seen in all simulated spectra for all substrate
thicknesses considered, but limitations in energy resolution cause both the @, and D; to
appear as a single ~3.2 eV peak in the data. In both experiment and theory, @), and D; are
identified as vacuum-localized since they are only significantly excited from the distal beam
position. The (lack of) evolution of these modes with substrate thickness is representative
of the more general behavior that higher-order LSP modes quickly saturate to a final energy
due to the competing effects of self- and cross-interactions as well as the more rapid fall-off
of the electric fields.

EEL probability maps for the nanocube on a ¢ = 100 nm SiN, substrate are shown in Fig.
2.3c for all five distinct hybridized modes. In the upper panel, we see that, because D, does
not hybridize with any other LSP mode, it retains its spectrally bright, free-space character,
causing its broad resonance profile to overlap with both ij and D;f. Thus, D, appears
as a background signal and only superpositions of D, with D; and Q;fy can be measured.
Easier to resolve in both experiment and simulation and shown in the lower panel of Fig.
2.3c is the vacuum localization expected of the D; and (), modes. Again, as for the data
presented in Fig. 2.3, limitations in experimental resolution means that D; and @, can
only be measured simultaneously in experiment, but individually in simulations.

The experimental and simulated data presented in Fig. 2.4 demonstrate that, as pre-
dicted by Eqgs. (2.1)—(2.3), mode hybridization can be controlled either by changing the
substrate’s thickness or dielectric composition. To explore the remainder of this parameter
space, individual 76 + 2 nm nanocubes are prepared on four different dielectric substrates

and excited under the same conditions described above. Rather than vary substrate thick-
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Figure 2.4: Experimental (a) and simulated (b) point spectra for tilted 76 nm nanocubes
supported on single layer graphene (modeled as vacuum in simulation), ¢ = 30 nm SiNj,
t = 30 nm BP, and ¢ = 35 nm ¢-Si. The system is excited at two electron beam positions,
one at a distal corner (blue) and the other at a proximal corner (red) of the nanocube. (c)
Experimental and simulated EEL maps for the peaks found in the spectra of the ¢ = 35
nm c-Si nanocube-substrate system. The upper panels correspond to a superposition of
the substrate-localized D} and @1, modes with the vacuum-localized D, mode, as well as
the isolated vacuum-localized D, mode. The lower panels display an experimental EEL
map corresponding to a superposition of D; and (), alongside maps of the same modes
individually resolved in simulation.
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ness, EEL spectra are collected for both proximal and distal beam positions for individual
nanocubes deposited on (i) single layer graphene (modeled as vacuum in simulation), (ii)
t = 30 nm silicon nitride (SiNy, ngn, = 2.1), (iii) £ = 30 nm boron phosphide (BP, ngp = 3),
and (iv) ¢t = 35 nm crystalline silicon (c-Si, n._gi = 3.7). As expected, the spectra presented
in Fig. 2.4 exhibit a spectral evolution similar to what was shown previously in Fig. 2.3
where substrate thickness was increased at constant composition.

In examining Eq. (2.1), it is evident that maximum coupling occurs when the first term
dominates over the second. As described earlier, this is the limit of the semi-infinite substrate.
However, independent of ¢, the same qualitative behavior can be attained by increasing the
substrate’s dielectric constant, as ¢, — 0 (m > 1) when €2 > €. 2.5. In this limit, the
maximum amount of mode mixing is determined by the jump condition Ay = (€2 —€1) /(€2 +
€1). Fig. 2.5 highlights the symmetry between the mode-mixing enhancements induced by
an increase of ¢ and an increase of €5. The strength of the electrostatic interactions between
each LSP mode and the polarized substrate are comparably magnified as the substrate’s
polarizability is increased, either via an addition of dielectric material (), or an increase
to the permittivity of the existing substrate (ez). Surprisingly, substrates composed of high
dielectric materials such as c¢-Si can more strongly mix LSP modes at t = 35 nm than
a t = 100 nm SiNy substrate can. This is most clearly evident in the experimental and
simulated EEL mode maps of the c-Si nanocube-substrate system displayed in Fig. 2.4c.
The high value of e produces a significant enough splitting that the vacuum-localized D,
mode can be isolated in between D) and Q;fy. As predicted by the model, the competing
nature of self- and cross-interactions dictates that the lower-energy member of a hybridized
pair can continue to redshift until Ag; ~ 1, eliminating the second term in Eq. (2.1) and
maximizing the associated image response. This implies that D;” and ij have the most
potential for application, as they can conveniently be tuned across a wide range of frequencies
simply by adjusting substrate thickness and/or refractive index.

In conclusion, we have combined STEM/EELS experiment with numerical simulation

and analytical modeling to elucidate the behavior of plasmon mode mixing in substrates
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Figure 2.5: Spectral evolution of the nanocube’s lowest-lying five nondegenerate corner-
localized LSP modes versus (a) substrate thickness and (b) substrate dielectric constant.
In both panels, the bullets correspond to the simulated resonance peak positions and the
lines the energies predicted by the analytic model. Quantitative disagreements between the
analytic model and the simulations arise because 1) the projection of spherical plasmon modes
onto the basis of the cube with rounded corners is approximate and 2) because the model
is quasistatic and the simulations are fully retarded. However, this qualitative approach
highlights the symmetry between increasing dielectric constant and thickness. The ¢ values
in panel (a) and € values in panel (b) span the full range of substrate thicknesses and
refractive indices considered in our reported experimental data. Panel (a) uses the SiNy
dielectric constant value egjn, = 4.41, while panel (b) uses the same experimental substrate
thicknesses from Fig. 2.4b for single-layer graphene (t = 0 nm, ¢, = 1), SiNy (¢ = 30 nm,
esin, = 4.41), BP (t = 30 nm, egp = 10), and ¢-Si (¢ = 35 nm, €._g; = 13.7). In comparing
both panels, it is evident that thinner substrates of higher index can mix LSP modes equally
as efficiently as thicker substrates of lower index.
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of finite thickness. Substrate-induced hybridization of the seven lowest-lying LSP modes of
individual silver nanocubes are investigated, with both the spectral and spatial behavior of
their hybridization imaged by the fast electron probe. Varying substrate thickness from 10—
100 nm at constant refractive index as well as varying substrate refractive index from 1-4 at
constant thickness reveals that substrates as thin as 10 nm can significantly mix free-space
LSP modes, imparting bright character to initially dark LSPs and vice versa, thereby strongly
modifying the radiative and nonradiative properties of the resulting hybridized modes. The
surprising fact that substrate thickness matters and can be readily changed in the laboratory

has far-reaching impact across a wide range of applications.
2.3 DMethods

2.3.1 FEFELS FEzxperiments.

EEL spectra were acquired in a monochromated Carl Zeiss Libra 200MC (S)TEM operated
with an accelerating voltage of 200 kV. Each spectrum acquisition was executed with a
collection semi-angle of 12 mrad, a convergence semi-angle of 9 mrad, and a dispersion of
29 meV per channel. Energy resolution, defined as the full width at half-maximum of the
zero-loss peak, for each acquisition is 150 meV with the electron beam probing only the
substrate. For each nanocube, EEL spectrum images responsible for producing LSP mode
maps were collected by defining a pixelated region of interest around the particle, where 1
pixel is ~ 4 x 4 nm?.

Experimentally obtained EEL mode maps are analyzed using the Gatan Digital Micro-
graph software. Such maps are generated by removing the background using the reflected-tail
model and normalized to the total spectral area. LSP mode maps were prepared by plotting
spectral intensities from energy slices in which the peak maxima of the distal /proximal point

spectra are located.
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2.8.2 FEFELS Simulations.

Simulations were performed using both the electron-driven discrete dipole approximation (e-
DDA) [134, 135] and the metal nanoparticle boundary element method (MNPBEM14) [136].
In these codes, a nanoparticle’s volume or boundary surfaces are divided into a collection
of discrete elements that are polarized by an external field as well by each other. Using a
plane wave and an electron beam as a source, scattering and EEL spectra were calculated.
The electron beam was given an initial energy of 200 keV and an impact parameter of 0.5
nm from the specified proximal or distal corner of the cube. As was done experimentally,
EEL maps were calculated by filtering the EEL spectra acquired within a region of interest

surrounding the target at a specific loss energy value.

2.8.8 Hamiltonian Formalism.

The total energy of the seven corner-localized modes of the nanocube discussed in the text

above can be described by the Hamiltonian

P2 1 P? 1
H= L+ —muw?D? E iz 4 0202
(Qmi * oM Z) * (Qmiz + g MieWiz <z

1=T,Y,2 1=,y

(2.4)

+( §y+1 : 2>+< §y2+1 2O2>+H
_mmywz x a_ _mzyzwx z xyz int
vy 2myy, 2 vz

where the first term in brackets accounts for the internal energy of the dipole modes, the
second and third the quadrupole modes, and the fourth the octupole mode. The effective
masses of each LSP mode, m;, m;,, my,, and mg,. are proportional to the inverse of the
modes polarizability [119], and are taken as fitting parameters along with the uncoupled
mode energies w;, Wiz, Wey, and Wyy..

The interaction Hamiltonian Hj,; describes the coupling between the LSP modes as me-
diated by the image response of the substrate. Explicitly, the interaction terms are given
by

Hu =Y / / Peu (%, ) Gina (56, X3 ) o (%, £) I P, (2.5)
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with a a composite index (x or yz or xyz, etc.) and po(x,t) the charge density of the o

LSP multipole located at the origin. The Green function Gj,q(x,x’;t), which translates the

force from one multipole to another, is proportional to Eq. (2.1) and given explicitly by
€ —¢ 1
€a + € |r — ()|

2 n—1
+z€2—€3 €9 — € €9 — € € — €3 1
€9 + €3 €2 + € €+ €p €2 + €3 |r —r/|.

The corner modes of the cube are each approximated as a single cartesian plasmon coordinate,

Gind(X, X/; t) - -

(2.6)

leading directly to the definition of the uncoupled plasmon Hamiltonian H — H;,;. The

interactions between the corner modes are limited by symmetry and produce

1 1 1
Hint = - Z §m1sz12 - Z iijij 12'2 - mzyfny mmyszyinyz

1=T,Y,2 j=xy
(2.7)
+ Z gz\/lesz + \/WQxyO:pyz
1=x,y

in which the self-coupling constants are defined as
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Diagonalization of H produces the renormalized modes and frequencies defined in the text.

Further details of the model are provided in Appendix A.
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Chapter 3

CONTINUOUS WAVE RESONANT PHOTON STIMULATED
ELECTRON ENERGY-GAIN AND ELECTRON
ENERGY-LOSS SPECTROSCOPY OF INDIVIDUAL
PLASMONIC NANOPARTICLES

Intensity (eV"')
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The unique optical properties of surface plasmon resonances in nanostructured materials have
attracted considerable attention, broadly impacting both fundamental research and applied tech-
nologies ranging from sensing and optoelectronics to quantum computing. Electron energy-loss
spectroscopy in the transmission electron microscope has revealed valuable information about the
full plasmonic spectrum of these materials with nanoscale spatial resolution. Here we report a novel
approach for experimentally accessing the photon-stimulated electron energy-gain and stimulated
electron energy-loss responses of individual plasmonic nanoparticles via the simultaneous irradia-

tion of a continuous wave laser and continuous current, monochromated electron probe. Stimu-
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lated gain and loss probabilities are equivalent and increase linearly in the low irradiance range of
0.5 x 108 — 4 x 108 W/m?, above which excessive heating reduces the observed probabilities; impor-
tantly in our low irradiance regime, the photon energy must be tuned in resonance with the plasmon
energy for the stimulated gain and loss peaks to emerge. Theoretical modeling based on Fermi’s
golden rule elucidates how the plasmon resonantly and coherently shuttles energy quanta between
the electron probe and the radiation field and vice versa in stimulated electron energy-loss and gain
events. This study opens a fundamentally new approach to explore the quantum physics of excited-
state plasmon resonances that does not rely on high intensity laser pulses or any modification to the

EELS detector.

3.1 Introduction

The ability of nanostructured metals to support plasmon resonances in response to light has
implications on many scientific fields and applications such as optoelectronics [137-139], opti-
cal computing [140, 141], and readout strategies for quantum computing [142, 143]. Because
plasmon excitations are sensitive to their environment, biological and chemical processes can
be probed using environment-induced plasmon modulation [144, 145]. Plasmons can also
transfer electromagnetic energy radiatively,10 non-radiatively [132], and/or via hot electron
injection and thus can be used to catalyze reactions [83, 146, 147]. Due to these, and other,
emerging uses, a deeper understanding of plasmon excited states is essential. Electron en-
ergy loss spectroscopy in the (scanning) transmission electron microscope ((S)TEM) has been
used to gain insight into the physics of plasmonic structures at the nanoscale [42, 120, 148|.
While theory has facilitated the distinction of bright and dark plasmon modes in more sim-
ple structures, distinguishing these modes in complex geometries remains a challenge as does
imaging their photoexcited internal field structure.

Optical pump-probe strategies have long been critical tools to unravel complex materials
phenomena. While the probe size typically limits spatial resolution, the temporal domain of
pump-probe techniques is virtually un-paralleled with sub-femtosecond laser pulses. To push

the spatial resolution, over the past two decades optical pumps and focused electron probes
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have merged into ultrafast electron microscopies (UEMs) with modalities such as diffraction
[149, 150] and photo-induced near field electron microscopy (see Refs. [151-155] for recent
perspectives and reviews). For instance, 4D (x,y, z,t) UEM systems utilize photocathodes,
which are exposed to short laser pulses to generate electron beamlets (and single electrons)
that synchronously arrive at the sample relative to a pulsed laser. Though only a few UEM
systems exist worldwide, a wealth of interesting excited state nearfield information has been

revealed as described below.
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Figure 3.1: Overview of (S)TEM/EELS and laser system. (a), Schematic of the monochro-
mated (S)TEM/EELS instrument with the optical delivery system mounted orthogonal to
the electron beam. (b), Illustration of the coincident and cw focused laser light and 200
keV electron beam; the laser spot has a 3.7 mm radius Gaussian profile and interacts with
the sample to produce signature sEEL and sEEG peaks whose intensities vary with laser
irradiance.



30

Electron energy-gain due to electron/phonon coupling was first observed by Boerch et
al. in 1966 [156] and more recently in high energy resolution (S)TEM-based electron energy-
loss spectroscopy (EELS) [157, 158]. Photon-stimulated electron energy-gain (SEEG) spec-
troscopy was first suggested by Howie [159] and later Garcia de Abajo et al. [160] developed
a theoretical framework for sSEEG and suggested optical power densities of ~ 10 W /m?
would be necessary to observe continuous wave (cw) sSEEG spectroscopy of gold nanostruc-
tures. The allure of SEEG spectroscopy is the possibility of accessing nearfield phenomena
not limited by the width of the zero loss peak (ZLP) or detector energy resolution, but rather
by the spectral resolution of the stimulating optical pump. More recently, Barwick et al.
[161] introduced photo-induced nearfield electron microscopy (PINEM), which couples an
intense laser pulse indirectly to a fast electron probe through the laser-induced evanescent
nearfield of the target material, thereby generating stimulated electron energy-loss (sEEL)
and sEEG signals at discrete multiples of the photon energy (£nhw). They studied the
electron energy-gain and stimulated energy-loss spectra of carbon nanotubes and compared
them to silver nanorods [161]. The ~ 10'* W /m?, 200 fs pulses produced symmetric gain/loss
spectra evidencing photon-plasmon-electron interactions involving up to 8 photon quanta.
Later, energy-filtered PINEM maps were used to image the interference of Fabry-Perot type
surface plasmon polariton waves [151] as well as to visualize the channel-like patterns formed
in the near-fields of entangled silver nanoparticles [162]. Recently, spectrally resolved PINEM
experiments of silver nanorods have confirmed that optical energy resolutions of ~ 20 meV
can be obtained via a tunable light source [163]. Theoretical treatments of photoinduced
sEEG have also been developed15 [164-166], and it was suggested that cw sEEG could be
realized with irradiance values on the order of ~ 10®* W/m? for silver nanoparticles, though
some have hypothesized [153] that impractically high sample heating would result at these
cw irradiances, thus rendering cw sEEG /sEEL unfeasible.

In an attempt to circumvent then need for a photocathode as done in standard PINEM
experiments, recently, Das et al. [167] has reported a new method in which a high-power

pulsed nanosecond laser (~ 2 eV photons, 5 ns pulse width, 10 kHz, duty cycle of 5 x 1073%



31

and peak irradiance on the order of 10 W/m?) is used to expose the sample. sEEL and
sEEG peaks at +£1 and +2hw were realized with a modified detector that is synchronized
with the laser pulse and only collects electrons that have interacted concurrent with the laser
irradiation. Importantly, because they operated in a perturbative regime where no more than
one gain event occurs per electron, they realized a resonant mode when the photon energy
was tuned to the plasmon peak resonance energy. Furthermore, they overviewed a the-
ory of dissipative quantum evolution and determined the number of photoexcited plasmons
generated by the illumination to be on the order of 1.2 in their resonant regime.

As most PINEM experiments have demonstrated, at high enough photon irradiance vir-
tually any photon-target interaction can stimulate loss/gain signals even when the optical
transition (plasmonic or not) is weak. Here, through a combination of experiment and the-
ory, we demonstrate a low irradiance cw regime (10> W/m?) where strong photon-plasmon
coupling is critical to observing the sEEL and sEEG signals; in this way, we expect bright
plasmon modes to couple stronger than dark plasmon modes. This resonant mode provides
the ability to spectrally and spatially map the steady- state near field of individual plasmonic

nanostructures via cw photo-excitation and a continuous electron source in the (S)TEM.
3.2 Experimental Results

Motivated by these studies and the desire to investigate excited state phenomena in plasmonic
nanomaterials, we leveraged a recently developed optical delivery system that can be attached
to any (S)TEM for both photothermal heating [168] and excitation modalities and used it to
image the plasmonic responses of individual silver nanoparticles in the weak-field cw limit.
The particles are photothermally dewetted from a continuous 30 nm thick silver film (see
Ref. [169] for detailed image) using our in situ laser delivery system. Fig. 3.1a is a schematic
illustrating the system, developed by Waviks, Inc., attached to a monochromated (S)TEM.
The system consists of a laser diode with an emission wavelength of 785 nm and a 1 nm
(or 1.4 meV) full-width-half-maximum (FWHM) linewidth. The tunable laser optical power

(up to 215 mW) is coupled to a 5 um diameter single mode fiber optic and the end of the
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fiber is placed at the focal distance of the lens sub-system which re-images the fiber optic
end with unit magnification at an approximate working distance of 1 cm. As shown in Fig.
3.1a and b, the unpolarized 3.7 um radius Gaussian laser spot (at 1/e? irradiance measured
at normal incidence and thus slightly elongated due to the tilt) is focused and aligned to
the (S)TEM electron coincident point on a 40° tilted sample via a 3-axis nanomanipulator
system (see Ref. [168] for system details). While all results presented here were operated in
cw, the laser can be pulsed down to a several ns pulse width at up to 16 MHz frequency at a
wavelength of 785 nm (1.58 V). At maximum power and focus, a cw irradiance on the 40°
tilted substrate can reach up to ~ 2 x 10° W/m?.

Fig. 3.2a shows the unprocessed low-loss sSEEL/SEEG point spectra of a photothermally
dewetted silver nanoparticle (see HAADF (S)TEM image in inset) as a function of laser
power at the aloof beam position indicated by position A (see Ref. [169] for full spectra).
Inspection of the EEL spectrum (without laser irradiation) reveals an energy resolution of
about 0.136 eV as measured by the FWHM of the ZLP. During the experiment, there are
slight changes in the ZLP attributed to microscope instabilities and a change in the high-
energy side of the background consistent with electron beam induced carbon deposition from
prolonged electron exposure. The surface plasmons are clearly visible and no noise reduction
or other data enhancement was performed on the spectra. In the laser irradiated spectra,
two additional peaks emerge, and are attributed to the sEEL and sEEG peaks at d+hwjaser,
respectively, at £1.58 eV. For clarity we plot the data using standard EELS convention so
the sEEG signature is at negative electron energy-loss.

For the zero irradiance spectra (laser off), there are two plasmon peaks in this low loss
region of interest: one centered at ~ 1.05 eV and another small peak centered near the laser
wavelength 1.48 eV. Detailed peak fitting of the spectra was performed to analyze the full
low-loss/gain spectra (see Ref. [169] for details). Notably, the average FWHM of the sEEL
and sEEG peaks fits (0.136 £ 0.0089 e¢V) match well with the FWHM of the ZLP.

Fig. 3.2b is a plot of the integrated sEEG and sEEL probabilities as a function of laser
irradiance for the spectra in Fig. 3.2a. Interestingly, the EEL spectrum in Fig. 3.2a at zero
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Figure 3.2: sEEL and sEEG of a silver irregular nanoparticle as a function of laser irradi-
ance. (a), The unprocessed low-loss EEL/EEG point spectra of a photo-thermally dewetted
silver nanoparticle as a function of laser irradiance (x10® W/m?) at the aloof beam position
indicated by the green bullet and label A. (b), The integrated sEEG and sEEL probabilities
as a function of laser irradiance for the spectra in (a). The solid and dashed lines are linear
fits to the SEEG and sEEL data, respectively.

laser irradiance has only a small plasmon peak near the 1.58 eV laser energy; however, the
laser couples strongly to this apparent bright mode, which also interacts with the field of
the swift (< 500 attosecond interaction time) passing STEM electron as evidenced by the
strong sEEL and sEEG peaks in the spectrum. Notably, the sEEL and sEEG peaks increase
approximately linearly as a function of laser irradiance in the range of 8.8 x 107 W/m? to
4.3 x 10®* W/m?. Consistent with previous PINEM results [161, 162], and as discussed below
in our modeling results, the sEEL and sEEG peak intensities have approximately the same
integrated probability. Note that because of the relatively low cw laser irradiance values

relative to PINEM, only single quantum exchanges of energy between the laser, target, and
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electron beam are observed as no multi-photon sEEL and sEEG responses are detected.
Additionally, and consistent with the lower irradiance, there is no detectable change in the
ZLP intensity. Interestingly, both peak intensities decrease at irradiance values > 4.3 x 108
W /m?, which is attributed to photothermal heating of the silver nanostructure, which is
known to damp plasmons and shift the resonance to lower energy. Anecdotally, when the
laser is increased slightly to 5 x 10® W/m?, the silver nanostructures studied evaporate
completely (see [169] for images). Furthermore, the broad plasmon modes associated with
the electron-beam induced carbon deposition also concurrently decrease in the > 4.3 x 108
W /m? irradiance region.

Fig. 3.3a and b show the point spectra as a function of irradiance at the aloof positions
of the rod-like structure shown in the inset of Fig. 3.3c (see Ref. [169] for full low-loss
spectra); again no data processing was performed for the spectra. Fig. 3.3c is a plot of
the integrated sEEL and sEEG probabilities as a function of irradiance taken at these two
positions (ignoring the spontaneous EEL contribution convoluted on the loss side); note
the sEEL and sEEG probabilities are again comparable for each position. The rod has
approximate dimensions of ~ 330 nm long, an average width of ~ 120 nm and average
height of ~ 100 nm (assuming an equilibrium wetting angle for the trans-axial dimension of
135 degrees). At the aloof positions at the rod ends, the spectra consist of peaks associated
with the longitudinal dipole (1.21 eV), longitudinal quadrupole (2.3 eV), and several higher-
energy (> 3 eV) modes including the transverse dipole among higher-order modes. Note the
intensity of the higher order mode peak at ~ 3.5 eV varies in the unprocessed data, which
has contributions from carbon deposition (and removal at higher irradiance) and likely slight
electron beam mispositioning over the duration of the experiment. No multi-photon sEEL is
contributing as evidenced by the energy gain region having no peaks at —2hwyaser = 3.16 €V.
Fig. 3.3d illustrates the 1.21 eV dipole mode EELS map at zero irradiance, which has the
expected high probability distribution at the rod ends (see Ref. [169] for complementary 2.3
eV quadrupole mode map). Figs. 3.3e and f are the associated sEEG and sEEL probability
maps, respectively, when exposed to an irradiance of ~ 2x 10® W/m?. The sEEG probability
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Figure 3.3: sEEL and sEEG of a silver rod-like nanoparticle as a function of laser irradi-
ance. Unprocessed low-loss EEL spectra of silver rod-like structures at (a), position A and
(b), position B as a function of laser irradiance (x10® W/m?) at the aloof beam position.
The positions A and B are indicated in the inset of (c¢). (c), Integrated sEEG and sEEL
probabilities as a function of laser irradiance. The solid (SEEG) and dashed (sEEL) lines
are linear fits for the data obtained at position A and B, respectively. The solid and dashed
lines are linear fits to the sSEEG and sEEL data, respectively. EEL maps of (d), the 1.21 eV
dipole peak at zero irradiance; (e), —1.58 eV sSEEG map and (f), the +1.58 eV sEEL map,
both at 2 x 10®° W/m? irradiance.
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map is consistent with the longitudinal dipole map, which suggests good coupling to this
bright mode despite the laser energy being detuned ~ 0.37 eV to higher energy from the
dipole plasmon resonance. As the spectra illustrate in Fig. 3.3a and b and the longitudinal
dipole map suggests in fig. 3.3d, the EEL probability is slightly higher on the right side of
the rod and thus concomitantly the sEEG and sEEL probabilities are slightly higher on the
right hand side of the rod. For position A, where relatively higher laser powers were explored,
the sEEL and sEEG probabilities decrease when the irradiance exceeded ~ 4 x 108 W /m?
and the silver nanostructure evaporated when the irradiance exceeded 5.4 x 10¥8 W/m? (see
image in Ref. [169]).

According to Ref. [167], at low laser intensities where the stimulated sEELS and sEEGS
intensities are on the order of the spontaneous EELS intensity, the mean number of stimulated
plasmons (M) can be deduced by taking a ratio of the spontaneous plus stimulated loss
intensity to the stimulated gain intensity, where this ratio is equal to (M + 1)/M. Based on
the deconvolved spectra that includes only the longitudinal dipole peak (at 1.2 eV) and the
stimulated gain (at —1.58 eV) and loss (at 1.58 eV) peaks, the experimental peak integrated
intensities were determined from Fig. 3.3a spectra collected at 1.2, 2.5 and 4 x 10® W /m?
irradiance. The experimental ratios were determined to be 24.1, 10.5, and 8.7, respectively;

thus the mean number of photoexcited plasmons at these irradiances were estimated to be

0.04, 0.10, and 0.13, respectively.

3.3 Theoretical Model

Due to the weak interaction of light with matter and the low cw laser intensity and (S)TEM
electron current used herein, the spectral signatures of sEEL and sEEG can be well un-
derstood using time-dependent perturbation theory up to second order in electron-plasmon
and photon-plasmon interactions. Each of these interactions either reduce or increase the
(S)TEM electron momentum from hk; to hky = hk; — hq, with hg a small (|hq| < hk;)
transfer momentum that is positive in energy-loss events and negative in energy-gain events.

In both cases, the cw laser and nanoparticle plasmons are assumed to have reached a
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steady state prior to the electron-plasmon interaction. Additionally, we choose the the initial
population M) (w) = M2 /([w—wWiaser)* +VEser) Of €ach plasmon state A to be frequency-
dependent to model the excitation of a continuous plasmon density of states by a laser of
linewidth Ya.ser and peak frequency wiager. Letting the laser polarization and longitudinal
dipole plasmon be oriented along the x-axis, the longitudinal plasmon occupation number
is M,(w) > 0 such that the initial state of the three dipole plasmons is |M,(w),0,,0.),
with the occupation numbers of the undriven transverse (y,z) plasmons taken to be zero.
The initial state of the laser-populated photon field is given by the collective photon state
{N}) =1...,No, N, N" ...), with a the collective index of each photon mode and N, the
occupation number of the o' photon mode. Additionally, the initial state of the (S)TEM
electron, whose motion along directions perpendicular to its propagation axis can be safely
neglected for sufficiently small ¢, is well-approximated as a box-quantized, one-dimensional
free particle with a wavefunction (r|k;) = ¢r(R)exp(ik;z)/v/L. Here, R is the cylindrical
radial vector and |¢r(R)|? ~ §(R — Ry), with Ry the impact parameter of the electron
[166]. To be consistent with the definition of the photon field, the electron wavefunction
is described in second quantization (see Appendix B) as |k;) = |...,0,1,,0,...), with all
modes having an occupation number of zero except the k' state of momentum hk; which
has an occupation number of one.

Collectively, the initial state of the system is then |i) = |k;, {N}, {M,(w),0,,0,}), and the
allowed final states are determined by the electron-plasmon and photon-plasmon coupling,
ﬁel—pl = _a'Eel = Zkk’k(gk’k)\él];/ék?);+gz/k)\é£ék'l;)\) and ﬁph—pl = _a'Eph = Za)\ gak(a\&a—
I;Adg), with A\ = z,y, z labeling the three nanoparticle dipole plasmons and E. and Eph
the time-dependent electric field operators of the electron and photon fields. Here, d =
Yo dA(IA),\ + ZA)i\)e,\ is the transition dipole operator of the dipole plasmon modes of the rod
with by the annihilation operator of the dipole plasmon oriented in the A-direction, denoted
by the unit vector ey. Analogously, a, and ¢, are the annihilation operators of the at®

photon mode and k' electron mode, respectively. The coupling strengths gy = —(2edy| k' —

k|/v*L) kx(JK' — k| Ro/7) and gox = —iv/27hw,/Vdy(ey - €,), in which k., (|K — k|Ro/v) =
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=K1 ([K = k|Ro/7)Ro - €2,/ Ro and k. (|k" — k[Ro/v) = —iKo(|k' — k[Ro/v)(K' — k) /|k' — K[,
depend upon the radiation mode frequencies w,, polarizations ¢,, and quantization volume
V', as well as the Lorentz contraction factor v and quantization length L (see Appendix B).

Inspection of the different allowed time orderings of ]:Iel_pl and th—pl within the cal-
culation of a second-order transition rate from [i) = |k;, {N},{M,(w),0,,0,}), to |f) =
kg, AN}, {M,(w), M,;, M}), reveals that only four second-order scattering processes con-
tribute: the plasmon may gain (simultaneous plasmon excitation [SPE]) or lose (simulta-
neous plasmon deexcitation [SPD]) two quanta of energy during the interaction, or it may
simply mediate energy transfer from the photon field to the electron probe (stimulated elec-
tron energy-gain [SEEG]) or vice versa (stimulated electron-induced emission of radiation
[SEIRE]).

Of the four processes, only SPE and sEIRE can contribute to the total loss signal. As
SPE is the stimulated analog of the more commonly known EEL process, one might expect
its contribution to the loss signal to be of prime importance. The transition rate for SPE is
given by

W) = %” 3 E_;Em g o No = 1, 3 Mo () + 2, 0, 0. Ha_lm)

m

X <m|ﬁph—pl|ki» {N} M, (w), 0., Oy}>
(3.1)

1 R
+ Z E,—FE,, <kf’ { Vo — 1, '}’ {Mx(w) + 2,0, Oz}|th—pl|m,>

2

x (| Hapilkis AN}, {M (), 04, 0,}) | 6(Ef — E;)

wherein the first term describes the properly time-ordered single-electron and single-photon
interaction with the initial plasmon state |{M,(w),0,,0.}), leaving the (S)TEM electron
decelerated (¢ > 0) by interaction with the excited surface plasmon. The second represents
the improper time-ordering of the two interactions, in which the electron scattering precedes
the absorption of a photon. While not intuitive, the fact that both time orderings contribute

to this scattering process (as opposed to the strictly causal interactions) has been discussed
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extensively in the literature [170-172]. Remarkably, the addition of the two oppositely time-
ordered terms in Eq. (3.1) (see Appendix B) results in a transition rate of zero. As a result,
the second-order contribution to the total loss signal is completely determined by the rate
of the sEIRE process as demonstrated below (see also Appendix B), with SPE providing no
contribution.

Analyzing the two possible gain processes, SPD and sEEG, one can show that the tran-
sition rate of SPD,

(2) 2T 1 A
wipp = 7 > Yoo (epo{o o Ny + 1, 3 {M,(w) — 2,0y, 0.} Hep|m)

X (| Hppal ki, {N}, { M (), 02,0, })
1 R / (3.2)
+2 g kel Nat 1 1 AML(w) = 2,0, 0 Hppplm)
m/ )

X (| Hotpil ki, {N}, {Me (), 04, 0,}) | 8(Ef — E;)

is also zero by similar reasoning (see Appendix B). Therefore, the second-order contributions
to the total loss and gain signals are entirely described by the transition rates wéé)IRE and
wiz})EG, respectively, which describe the likelihood that the (S)TEM electron and a photon
will interact simultaneously with the plasmon causing a deceleration and acceleration of the

electron, respectively. These transition rates can be calculated as

2 2w 1 A
wéE)IRE = f Z ﬁ <kf7 { . 7Na + 1: .- '}7 {Mx(w)a 0y7 Oz}’Helfpl’m>

X (m|Hypn—pilki, {N'}, { My (w), 0z, 0,})
1 . / (3.3)
+) o e b Nat L 3 {Ma(w), 0y, 0} Hynil)
m/ )

X <m/|ﬁel—pl|ki7 {N}, {Mx(w)70$>0y}> o(Er — E)
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and

2 2w 1 N
wl = - > ke Na = 1) {M(w) = 2,0y, 0.} Hepa|m)

X {m| Hpp—pil ki, {N}, { My (w), 04,0, })
(3.4)
! ] ’
* Z E,— LB (ko do No =1, {Me(w) = 2,0y, 02} Hpnpu|m')
m/ )

X (-l AN}, {Ma(0),0,,0,1) | 3(Ey = E)

with k¢ < k; in wé%)IRE and ky > k; in wéé)EG. It is straightforward to show that the second-
order sEEG transition rate recovers the same result given in Ref. [166] with M,(w) — 0,
as the second (improper) term of Eq. (3.4) becomes zero. However, even at finite M, (w),
both wié)EG and wéé)IRE turn out to be independent of the initial plasmon occupation number
(see Appendix B) and wéé)EG agrees with previous work for any M, (w). It is also important
to note that even though sEIRE photons are not detected in our experiment, Eq. (3.3)
nonetheless shows that the loss signatures of the sEIRE process are encoded in the final
electron energy spectrum.

In addition to the second-order contributions to the total loss rate, the fast elec-
tron probe can also lose or gain energy by interacting with the laser-excited plasmon
mode without the simultaneous creation or destruction of a photon. The rates of
these phenomena are calculated at first order. In the case of energy loss, the elec-
tron can further lose energy to modes beyond those that are pumped by the laser such
that the total first-order energy loss rate of all three plasmons is wggr + wéE)EL =
Yoa@r/h)| (b, AN} {. .., My(w) + 1, .. -}|f{el—pl|kia {N},{M,(w),0,,0.}) |*0(E; — E;), with
wggr, the well-known spontaneous EEL rate and wéE)EL the first-order stimulated EEL rate
(SI-vi). Therefore, wéE)EL and wggr, must be added to wéEIREQ) to reconstruct the total loss
spectrum measured in our experiment.

o R . : 1) _
Similarly, the total first-order contribution to the gain rate is wgpg =

(2 /)| Uy, AN M () = 1,0, 0. Bk, (N, {M,(0),0,,0.3) [*6(Ey — E;) which, in
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contrast to the first-order loss rate, contains no spontaneous contributions. It is thus clear
that the total gain signal, wiQEG + wéé)EG, is entirely caused by the sEEG process, allowing
the label “total gain” to be dropped. Similarly dropping the label “total loss” in favor of
sEEL now that all loss processes are accounted for, the sEEL and sEEG functions can be

expressed in the following intuitive forms (see Appendix B),

[sgen(w) &~ TreL(w) + {Mx(w) + Jx(wx)I(w)} Feerx(w) (3.5)

T
2hw,
and

Laero(w) = | Ma(—) + 50u(wZ(-)| T (@) 39
which are simply related to the sum of the individual rates35 over the full spectrum of
possible final states of the electron probe and photon field and are expressed in units of
percent per unit loss/gain energy. Specifically, I'ggrx(w) is a measure of EEL to only the
longitudinal dipole plasmon with natural frequency €2, = w, — iv,(w) while T'ggp(w) is
simply the sum of the EEL contributions from all three dipolar plasmons modes. Z(w) is the
spectral intensity, measured in units of intensity per unit frequency of the cw laser source
and o, (w) is the extinction cross section of the longitudinal dipole plasmon. In Eq. (3.6),
the superscript (—) indicates that the EELx function of Eq. (3.5) has been reflected across
w = 0 such that the sEEG signal appears at negative frequencies. Explicitly, ['grrx(w) =
(4e2w? /m 201 (v [Ry - e,)?/ R2) K2 (Jw R /vy|) Im{a,(w)}, with a,(w) = d2 /(RS — hw); the

expression for I‘](;E)Lx(w) can then be acquired by letting w — —w.

3.4 Discussion

For sufficiently narrow laser linewidths, Eqgs. (3.5) and (3.6) can be simplified by letting
T(w)Tprx(@) = aser(1/T) Maser/ (@ — Whaser]? + Vor) DL (Wiaser) and T(—w)Tig (w) —
Faser (1/T)Maser/ ([—w — Wiager|* + ’leaser)r‘(EE)Lz(_Wlaser)a respectively, with I, the peak laser
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irradiance, giving (see Appendix B)

FsppL(w) =~ Tepn(w) + My (w)lepLx(w)

+ O (wx)Ilaser N + 1 Yaser
2hwx N (w - wlaser)2 + V]Qaser

(3.7)

} FEELx (Wlaser)

and

Oz (wx ) I laser MVaser
2hw55 <_w - wlaser)2 + Pylzaser

T (@) & My (—w)Tigh (W) + [ } o (~Whaser)- (3.8)

Here N is the occupation number of the single cw laser mode modeled in the narrow-width
limit. Note that for large N, the sEEL and sEEG functions become equivalent, up to the
magnitude of the EEL signal, at each +w. Note also that sEEL reduces to EEL while
SsEEG vanishes in the limit where the laser irradiance (and therefore M, (w)) is reduced to
zero. These expressions, while approximate, make explicit the dependence of sEEL and
sEEG upon optical extinction and EELS and provide a simple route to computing sEEL and
sEEG spectra using continuum optical and electron scattering codes like the DDA [173, 174],
MNPBEM [136], and e-DDA [134, 135].

Fig. 3.4 shows the theoretical sEEL, sEEG, and EEL spectra calculated for a 321 x 120 x
120 nm? silver nanorod lying on a SiO, substrate in vacuum. Here, the electron beam and
laser field co-propagate down an axis that is oriented normal to the long axis of the nanorod
(see inset). The spectra are convolved pointwise with a normalized Lorentzian distribution of
variance determined by the width of the ZLP (150 meV). Subtraction of the EEL spectrum
from the sEEL spectrum would show that the stimulated gain and loss functions are nearly
equivalent in amplitude as noted previously [166] with the difference arising only from the
ratio (N + 1)/N that appears in wéé)IRE. In the limit of large laser occupation numbers
(N 4+ 1 ~ N), integration of the experimental sEEL and sEEG spectra of Fig 3.3a as well
as the theory given in Egs. (3.5) and (3.6) between 0 and £2 eV allows for the inference
of MM For peak laser intensities of 1.2, 2.5, and 4.0 x 10®* W/m?, the inferred maximum
plasmon occupation numbers are 0.04, 0.10, and 0.13, respectively. Comparison of Figs.

3.4 and 3.3a highlights the remarkable quantitative agreement between the sEEG and sEEL
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Figure 3.4: Computed total loss and gain spectra of a silver nanorod interacting with the pair
of co-propagating cw laser and STEM-electron beams illustrated in the inset. The simulated
EEL spectrum is also shown for reference and is the limiting behavior of the sEEL signal
when the laser field is removed. The sEEL and sEEG profiles are symmetrically distributed
at whwiaser = £1.58 €V and, after subtracting the EEL spectral profile, are otherwise of equal
amplitude up to a factor of (N + 1)/N. The sEEL and sEEG spectra were calculated with
an electron beam impact parameter of 107 nm and a plasmon effective mass of 1.6 x 10734
g. Additionally, the theoretical curves were calculated with a maximum plasmon occupation
number of M of 0.04, 0.10, and 0.13, which are extracted from the measured Ij,se; =1.2,
2.5, and 4.0x10® W/m? spectra in Fig. 3.3a together with Eqgs. (7)-(8). Finally, all curves
were convolved with a normalized Lorentzian distribution with a FWHM of 150 meV to
model the finite energy resolution of the instrument.

peaks of experiment and theory. This supports the idea that the low intensity cw laser used
in our experiment only weakly populates the nanoparticle plasmon mode, yet, we are still
able to measure gain signal.

The experimental demonstration and theoretical underpinnings of low irradiance laser
sEEL and sEEG illustrated here are an exciting first step in co-continuous electron and
photon photoinduced nearfield electron microscopy using a monochromated STEM and high-
resolution EELS. To extend the optical power range, higher thermal conductivity and smaller
membranes could be used to enhance heat dissipation at high irradiance. Furthermore, multi-

spectral cw photoexcited sEEL and sEEG would be possible by coupling other laser diode
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wavelengths to the single mode fiber, a project that is now underway. For instance, while
EELS conveniently has access to the entire plasmonic spectrum, the combination of EELS
and multi-spectral low-irradiance photoexcited sEEL and sEEG could distinguish between
optically bright and dark modes as well as the excited state internal field structure of the
former. Thus we envision that the nearfield optical phenomena previously only visible with
highly specialized UEMs will be accessible with a standard (S)TEM system equipped with

the cw optical delivery source [168].
3.5 Conclusion

In summary, we have demonstrated stimulated electron energy-loss and stimulated electron
energy-gain spectroscopy with a continuous wave laser source and monochromated electron
source in a (S)TEM. These signatures emerge at an irradiance value of ~ 5 x 10" W/m? and
increase approximately linearly to ~ 5 x 108 W/m?. Above this irradiance range, photother-
mal heating causes the sEEG and sEEL probability to decrease. sEEL and sEEG mapping
of a rod-like silver nanostructure confirms that 1.58 eV photons couple to the bright longitu-
dinal dipole plasmon mode. Analytical modeling of the simultaneous (S)TEM electron- and
cw laser photon-plasmon interactions based on time-dependent perturbation theory demon-
strates the connection between the total loss and gain spectra and the more intuitive optical
extinction, laser intensity, and normal EEL spectrum. By exploiting this connection, model
simulations of the sEEL and sEEG of an individual silver nanorod elucidate the fundamental
processing underlying our experimental observations. The ability to visualize the field struc-
ture of excited state plasmons opens up new directions for optically-stimulated fast electron
spectroscopy of electronically excited nanomaterials, such as, e.g., the direct testing of opto-
electronic circuits. One can also imagine that coupled with a gas cell, plasmon-based sensors
and catalytic reactions can be synchronously imaged and correlated to those modes that are
bright. Importantly, the photon delivery instrument used in this study can be attached to
practically any microscope and equipped with various light sources, thus providing a more

universal approach to visualizing atomic scale nearfield phenomena that are critical to many
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photonic applications.
3.6 Methods

3.6.1 Sample Preparation

An ~ 25 nm silver film was RF magnetron sputter deposited directly onto 20 nm SiO,
membranes (TEMwindows.com, a division of SiMPore Inc., Rochester, New York.). The
silver film was sputtered at: 20 W RF power, 25 standard cubic cm per minute Ar flow, and

5 mTorr chamber pressure.

3.6.2 FExperimental Apparatus

A new photon delivery system was mounted on the monochromated Carl Zeiss LIBRA 200MC
(S)TEM, as shown schematically in Fig. 3.1a. The optical delivery setup and laser infor-
mation were elaborated in our previous work [168]. Peak powers up to > 200 mW can be
delivered to the sample from a 785 nm wavelength laser diode system coupled through a 5
pm single-mode fiber. The laser is gated by a software-controlled pulse generator that can

vary the laser pulse width from a few ns to cw at repetition rates up to 16 MHz.

3.6.3 FEELS Fxperiments

The TEM was operated at 200 kV in (S)TEM mode with a camera length of 945 mm. The
collection semi-angle (8) was 45 mrad, and the convergence semi-angle () was 10 mrad.
The low loss spectra were collected with a monochromator slit of 0.5 um, and a dispersion
of 30 meV per channel was chosen for the spectrometer acquisition. The average energy
resolution (defined as the full width at half maximum of the zero-loss peak) was measured
to be 136 meV for a summed spectrum; the energy spread for all single and summed spectra
collected was between 120 and 150 meV. For each low-loss point spectrum, 10 frames with a
dwell time of 0.1 s each were summed up to yield high count values and signal-to-noise ratios.

The average energy resolution (defined as the full width at half maximum of the zero-loss
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peak) was measured to be 136 meV. For the EELS map acquisition, a region of interest
with 20 x 13 pixel spectra (1 pixel ~ 19.5 nm x19.5 nm) is defined over the entire silver
nanoparticle. The pixel dwell time for each pixel in the EEL maps is 0.3 s. The maps of the
sEEG (—1.58 eV), sEEL (1.58 €V), 1.21 eV dipole mode, and the 2.3 eV quadrupole mode
are generated using the Gatan Digital Micrograph software by plotting spectra intensity in

designated energy slices within the 3D spectrum image data cube (z, y, energy-loss).
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Chapter 4

ELECTRON BEAM INFRARED NANO-ELLIPSOMETRY OF
INDIVIDUAL INDIUM TIN OXIDE NANOCRYSTALS

Inference

EELS Detector 400 600 800 1000 1200 1400
Energy [meV]

Leveraging recent advances in electron energy monochromation and aberration correction we
record the spatially-resolved infrared plasmon spectrum of individual tin-doped indium oxide
nanocrystals using electron energy-loss spectroscopy (EELS). Both surface and bulk plasmon re-
sponses are measured as a function of tin doping concentration from 1 — 10 atomic percent. These
results are compared to theoretical models, which elucidate the spectral detuning of the same sur-
face plasmon resonance feature when measured from aloof and penetrating probe geometries. We
additionally demonstrate a unique approach to retrieving the fundamental dielectric parameters of
individual semiconductor nanocrystals via EELS. This method, devoid from ensemble averaging,
illustrates the potential for electron-beam ellipsometry measurements on materials that cannot be

prepared in bulk form or as thin films.
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4.1 Introduction

Carrier doped semiconductor nanocrystals (NCs) are an emerging class of materials with
tunable near-to-mid infrared (IR) optical responses that vary with dopant concentration
[175-181]. Similar to noble metals, doped semiconductors have sufficient free carrier densities
(10'® —10% e¢m™?) to produce localized surface plasmon (LSP) and bulk plasmon resonances
[182-188]. In addition to greatly expanded IR tunability, doped NCs are also attractive
because they offer IR plasmonic responses at truly nanoscale dimensions, something that
typically cannot be achieved in noble metal nanostructures [189-193]. Beyond these qualities,
altering geometric properties such as size, shape, and aggregation provides another route to
exert control over their spectrum [194-196]. Due to this versatility, NC materials are being
harnessed for applications such as surface-enhanced infrared absorption [197, 198], molecular
sensing [52, 199, 200], medical therapeutics and imaging [201, 202], photovoltaics [203, 204],
and photocatalysis [205-207] among many others.

Heterogeneity between NCs leads to spectral broadening of plasmon resonances in ensem-
ble measurements [80], making the study of individual NCs essential for the development and
application of IR plasmons [192, 208]. Studying the IR responses of individual NCs, how-
ever, is limited by instrumentation challenges. At these wavelengths, the diffraction limit is
much larger than the NCs themselves (2 1 pum versus < 50 nm, respectively), making dark
field scattering [209, 210] and interferometric methods [211, 212] ineffective. Alternatively,
near-field scanning optical microscopy (NSOM) [213, 214] is hampered by the lack of bright
IR light sources and high quantum efficiency detectors. Nevertheless, when coupled to a
synchrotron radiation source, NSOM variants like synchrotron infrared nanospectroscopy
(SINS) have been used to measure the IR plasmons in individual NCs [215-217] and have
found their resonance energies and line widths to differ from ensemble values. The limited
spectral range (~ 100 — 600 meV) of SINS [215], however, has precluded the characterization
of NC responses over a wide range of plasmon energies.

Recent advances in aberration correction and monochromation of scanning transmission
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electron microscopes (STEMs) have driven the energy resolution of electron energy-loss spec-
troscopy (EELS) as low as ~ 5 meV (40 cm™!), enabling the study of IR materials responses
for the first time [218-220]. Despite these developments, there have been no studies of the
dependence of NC plasmons on dopant concentration at the single-particle level. Addition-
ally, no methods exist to retrieve the underlying dielectric parameters of individual NCs that
give rise to IR plasmons. Herein, we use high-resolution monochromated STEM-EELS to
characterize the broadband spectral evolution of the surface and bulk plasmons of individual
tin-doped indium oxide (ITO) NCs by controlling the relative number of free carriers per
NC through Sn** dopant concentration. Our results are combined with theoretical model-
ing to extract the underlying material parameters that give rise to this spectral tunability,
thereby informing the rational design of future NC-based plasmonic materials with desired

IR responses.
4.2 Experimental Results

Fig. 4.1a shows a representative TEM image of 7.5% ITO NCs cast from bulk, displaying
NC geometry ranging from cuboid to spherical. To minimize interparticle and particle-
environment interactions in the STEM-EELS measurements, dilute NC solutions are cast
onto 5 nm thick amorphous SiN grids. The NCs are then stripped of their native oleate
ligands by submerging the sample in an acetonitrile solution of (Et;O)BF, [221]. Due to the
sensitive nature of the LSP to particle geometry, we are careful to inspect the high-angle
annular darkfield (HAADF) image (Fig. 4.1b inset) prior to measuring for obvious faceting
and cornering. While cubic nanoparticles have multipolar LSPs encoded in their spectral
response [76, 222, 223], the effect is less pronounced in spherical-cuboid particles and may
broaden the dipolar plasmon response depending on the degree of edge and corner formation
(see Appendix C).

All EEL spectra are collected on an aberration corrected and monochromated STEM
operating at 60 kV with 20 mrad and 20 mrad convergence and collection angles, and an

approximately 18 meV zero-loss peak at full width at half maximum (FWHM). Two impact
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Figure 4.1: Representative ITO NC images and EEL spectra. a) TEM images of a 10% Sn**
doped ITO NC sample displayed at two different magnifications, showing heterogeneity in
NC shape and size. b) Characteristic aloof (red, b —a = 5 nm) and penetrating (blue, b = 0
nm) EEL spectra of an individual 7.5% Sn** doped ITO NC, along with best numerical fits.
The inset shows a HAADF image of the NC along with the two probe positions. Interestingly,
the surface plasmon resonance energies are observed to differ between aloof and penetrating
spectra. ¢) Spectrum images of the same NC acquired at the surface and bulk plasmon peak
energies.

parameters are recorded (Fig. 4.1b) for each NC. First, an aloof position (red) is recorded 5
nm away from the NC surface, with the resulting point spectrum showing the LSP resonance.

This resonance is symmetric and does not appear to be multipolar, which suggests deviations
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from spherical geometry are minimally impacting the LSP signature. Second, a penetrating
trajectory (blue) passing through the center of the particle is recorded with the resulting
point spectrum exposing two resonance features, one due to the LSP responses and the
other to the bulk plasmon as modified by the finite NC boundaries. The spectrum images
in Fig. 4.1c confirm this identification, and the uniform distribution of the surface plasmon
supplies additional evidence for our spherical approximation of NCs.

Fig. 4.2a shows substrate subtracted aloof (upper) and penetrating (lower) EEL spectra
recorded for individual ITO NCs ranging from 0 —10% Sn**. In general, the peak energies of
the LSP and bulk plasmons exhibit a gradual blue-shift as the Sn** concentration increases,
which is consistent with ensemble measurements of ITO colloids [224, 225]. This result also
agrees with studies that measure the electrical properties of ITO thin films, which show
that increased doping increases the electron density and lowers the resistivity [226, 227].
This behavior is directly correlated to the changing crystal structure of the InyO3 by the
substitution of an In®* jon with an Sn** ion in the In,Oj3 lattice, providing an available free
carrier [226]. As shown in Fig. 4.2b, the plasmon energy shows a nonlinear dependence on
the dopant concentration, leveling off around 10%. Once again, this result is consistent with
previous analysis, which suggests that at higher concentrations of Sn**, crystal defects and
trap state formation begin to affect the particle’s electrical properties [226, 228]. Additionally,
changes to the atomic structure of the NCs, especially at the surface, may be responsible for
the variation in individual particle resonance energies and line widths measured (Appendix

C) [229, 230].
4.3 Theoretical Model

Examination of the data further reveals a surprising difference between LSP energies de-
pending upon the location of the electron probe. Although the spectrum images in Fig. 4.1c
identify the lower energy resonance peak as the LSP, they do little to explain the ~ 100
meV energy shift observed in the point spectra recorded for aloof and penetrating beam

trajectories of the same LSP resonance feature. The origin of this shift can be understood
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Figure 4.2: EEL spectra of individual ITO NCs as a function of Sn** dopant concentration.
a) Both surface and bulk plasmon resonance energies increase as the Sn™ dopant concen-
tration increases from 1 — 10 atomic percent for both aloof (upper) and penetrating (lower)
beam trajectories. b) Average surface and bulk plasmon resonance energies and 95% confi-
dence intervals for all measured point spectra at all dopant concentrations. Note that the
surface plasmon resonance profile differs between aloof and penetrating spectra of the same
particle due to the differing multipolar contributions driven by the electron probe at each
position.

theoretically by considering the inelastic electron scattering from a spherical particle con-
taining the bulk free-electron gas dielectric function e(w) = eo — w7 /(w? +iw7y). Here, wy, is

the semiconductor’s plasma frequency, - is its electron-ion scattering rate, and e, is its high
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frequency dielectric constant. Retardation effects and the response of the substrate (~5 nm
thick SiN) to the fields of the electron are neglected as the small NC sizes (< 25 nm) and
low carrier densities studied justify working in the quasistatic approximation with negligible
substrate-induced plasmon mode mixing [76].

Under these assumptions, the Laplace equation can be solved exactly and used to deter-
mine the EEL probability function for both aloof and penetrating beam trajectories (Ap-
pendix C) [231, 232]. Fundamental to the solution is the Green’s function G, which encodes
the complete set of bulk and geometry-induced surface responses of the target system. When
probed by a fast electron with charge density p(x,t) = —ed(R — bR)é(z — vt), the poten-
tial at the arbitrary point (x,t) is the superposition of independent Coulombic and induced

plasmonic components defined by

t
d(x,t) = /dt’/d33:'G(x,t;x’,t’)p(x’,t’), (4.1)

where G = Gy + Gjuq similarly factors into the sum of a direct Coulombic response Gog =

1/|x — x'| to the STEM electron and the induced responses
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set up by the target, taken to be a sphere of radius a. The latter are expressed in their
spectral representation in terms of the surface and bulk response functions g; (w) = {[e(w) —
1]/ () +04+1), 65 (@) = (20+1)/(Ee(w) +0+1), g7<(w) = g5 (w) —1, and gp(w) = 1/=(w),
Joo(w) = gp(w) — 1, each dependent upon €(w). Together, they set the time dynamics of the

ITO plasmon responses including their natural frequencies, line widths, and effective masses.
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For example, it is from the poles of the surface response functions g¢;, g;°, and ¢g; <, which

depend on the multipole order /, that the natural frequencies wy = w,\/¢/(les + € + 1) of the
LSPs are defined, while the bulk plasmon frequency [16, 24] wp = w,//E~ is defined by the
pole of the bulk response functions gz and g... The spatial variation of Gj,q is determined by
the (¢,m)-dependent LSP mode functions f,:” (x) = \/47/(20 + 1)Yym(X){(r/a)’, (a/r)"*1}
with x = (R, 2) and 7 = |x| = /|R|2 + 22 (see Appendlx C).

As the localized electron probe travels near or through the NC, it interacts with its
plasmon modes, losing a small fraction Aw of its initial kinetic energy mwv?/2 with probability
[(w) = " (w) + I'#°(w) + I'*°(w) per unit energy loss. Each contribution arises from the
work done by the electron’s induced potential upon itself via

1

MNw) = s

drd*s’ Im{p* (%, w)Gina(x, X5 w0)p(x', w) }, (4.3)

where both x and x’ extend over all space and include configurations where r, " > a, r, 1’ < a,

and r < a,r’ > a and vice versa. The first term

1
2 D 1Az (@) Tm g7 (@) + A7, (w)]* Tm g7 (w)
Im

Fsurf(w) — —

(4.4)

+ 2Re { A7, (w) A7, (@)} Im g7 (@)
describes the energy losses due to excitation of LSPs. The functions Ay~ (w) =
fv<,> p*(x,w) f,” (x)d3x are projection integrals of the electron’s charge density against the
LSP mode functions along the electron’s trajectory through the volumes within (V.) and
outside (V~) of the NC. These trajectory integrals dictate the change in magnitude of the
response of each LSP mode as the impact parameter b is varied relative to the sphere radius
a.

The latter two terms of I'(w) are the geometry-induced and infinite-medium contributions

to the bulk plasmon response, given by
r00) = o 3 Ao

262Re{\/a2—b2} ( N k2v?

h2v2

(4.5)
*(w) =

) Im geo (w).
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These contributions have opposite signs: the geometric bulk plasmon terms (I'8%°) serve to
reduce the overall bulk plasmon EEL probability and are responsible for the well-known be-
grenzungseffekt (see Fig. 4.3a) [24, 42, 231], while the infinite medium term (I">°) is directly
proportional to the path length of the electron’s trajectory within the ITO NC, 2v/a? — b2,
and is dependent on the quantity k.. This is a cutoff wavenumber that imposes a smooth-
ing of the lateral components of the bulk plasmon’s polarization response as the electron
passes through the sphere and is defined by the half-aperture collection angle of the STEM
spectrometer [42]. Without this cutoff, I'** — oo as k. — oo (Appendix C).

4.4 Discussion

The contributions of each of these terms to the total EEL signal are highlighted in Fig. 4.3a.
First, the bulk plasmon contributions are zero when the beam passes outside the particle,
as A; (w) = 0 = Re{v/a2 — b2} for b > a. In this case, the total signal is almost entirely
determined by the dipolar (¢ = 1) LSP mode. As the beam approaches the surface, contri-
butions from the higher-order ¢ modes increase until the probe penetrates the sphere. For
penetrating trajectories, the signal contains significant contributions from both the surface
and bulk plasmon responses. The bottom panel of Fig. 4.3a demonstrates the relative mag-
nitudes of each multipole contribution to both I'™*f and I'#®°, as well as the magnitude of I'™°.
It is important to note that the relative contribution from each multipole ¢ changes as the
probe is brought inside the particle. For b/a = 0, the odd-parity modes contribute negligibly
while the even-parity modes 2 < ¢ < 10 dominate the signal, shifting the apparent LSP peak
position to a higher energy relative to the LSP resonance in the aloof spectrum. This effect
explains the detuning between the aloof and penetrating LSP peak positions of the surface
modes observed in Fig. 4.2b.

Because they contain responses at both surface and bulk plasmon energies, the penetrat-
ing trajectory EEL data allow for the extraction of unique values for the dielectric parameters
wy and €4 from the surface and bulk plasmon peak positions via nonlinear least-squares fit-

ting to I'(w) in Egs. (1) and (2). The peak line widths are determined completely by ~y
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Figure 4.3: Theoretical analysis of the inelastic electron scattering function I'(w) for both
aloof and penetrating trajectories. a) The relative contributions of I'*"(w), I'#*°(w), and
['*°(w), along with their multipolar decompositions, to I'(w) at aloof (upper, b —a = 5 nm)
and penetrating (lower, b = 0 nm) beam positions show the origin of the observed shift
between aloof and penetrating spectra of the same LSP resonance feature. b) Extracted
Drude dielectric parameters from numerical fits of I'(w) to the full set of individual NC
data. The variance-weighted average values of the plasma frequency w, (blue), electron-ion
scattering rate v (yellow), and high-frequency dielectric constant €., (green) at each dopant
concentration are shown with points, with the parameter variances estimated from each fit.
95% confidence intervals are shown with error bars.

in the quasistatic limit so that the bulk electron-ion scattering rate can also be uniquely
determined from the same fitting routine. Our extraction of these peak paramters, how-
ever, is obstructed by numerous interfering radiative processes in the low-loss EELS region
(< 5 eV) that are considered background when studying LSPs [120, 233]. Various model

based, peak fitting, experimental “blank”, and other combined methods have been utilized
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for background removal, however, the suitability of a method is specific to the system being
probed [220, 234, 235]. Prior to fitting, we perform a background subtraction using the
signal obtained from a non-plasmonic In,O3 NC positioned on an identical 5 nm thick SiN
substrate [236-238]. Heuristic fitting of the penetrating EEL spectrum of a similarly sized
In,O3 NC (Appendix C) acts as reference which we use to fit the inelastic scattering due to
the collective excitation of free carriers in ITO at each Sn** doping concentration. The final
model is a combination of Lorentzian and exponential features that can accurately resolve
the plasmons (see Appendix C for model details).

Once the plasmon signals are properly isolated from the background, two theoretical
scale parameters, N and k., are tuned to normalize the total signal and align the relative
heights of the theoretical surface and bulk peaks to their experimental values (Appendix
C). Importantly, The extraction of w,, v, and e from the data relies only on knowledge of
the peak positions and line widths so that no parameter is affected by the values of N and
k. chosen. Because acquiring absolute EEL probabilities from experiments is difficult, even
in modern STEMs, the independence of the Drude parameters from the scale parameters
makes determining the dielectric properties of individual NCs dramatically more feasible.
Extension of this approach to materials that are better characterized by a Drude-Lorentz
dielectric model is straightforward but requires additional aloof and penetrating point spec-
trum measurements to uniquely resolve the additional fit parameters.

In this manner, the Drude parameter values are inferred from 28 separate penetrating
trajectory EEL spectra of ITO NCs ranging from 16 — 24 nm in diameter and with Sn**
dopant concentrations ranging from 1 — 10 atomic percent. An additional 22 separate aloof-
beam measurements (which do not contain bulk plasmon signals) are used to provide further
estimates of ~, for which the existence of two observable peaks is not necessary. Results
of the parameter extraction are shown in Fig. 4.3b. They show that the plasma frequency
increases with the addition of free carriers in a nonlinear fashion that approaches a maximum
around 10% Sn** composition. The lowest inferred value of fw, is 705 meV at 1% Sn**,

while the highest is 1575 meV at 10% Sn**, corresponding to a range of carrier densities of
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1.12 x 10?° — 5.58 x 10?° cm ™3, consistent with Refs. [228, 239-241] when assuming a free
carrier effective mass of m* = 0.31m [240, 242-244].

Fit values of Ay, the FWHM of the bulk plasmon peak as well as each multipole com-
ponent of the LSP peak, are slightly higher at low and high Sn** concentrations than at
intermediate levels of doping, with a dip at 2% Sn** where the fit average is 99 meV, which
corresponds to 1.30 — 2.10 times the Drude damping rate of gold extracted with modern
methods [245, 246]. These results are also in good agreement with established thin film
measurements of ITO [239-241]. Beyond these comparisons, this approach further opens up
the potential of STEM-EELS to investigate the dependence of other factors such as grain
boundaries [247-249], surface depletion layers [229, 230, 250], and environmental effects upon
v at the single particle level [177, 195, 197, 251].

Finally, the extracted values of £, are tightly grouped around 1.37 £0.025 for all dopant
concentrations except for 1%, which shows an abrupt increase to 1.950. These results disagree
with earlier measurements on thin films [239-241] that suggest £, to be near 4. We do not
speculate on the physical origin of these ¢, differences between thin films, NC ensembles,
and individual NCs, but point out that hybridization between the LSPs of different NCs or
with environmental resonances is suppressed at values of €., greater than ~ 1 [51] (Appendix
C). We also note that particles are unlikely to hybridize with the substrate in our system
due to limited coupling to such thin substrates (~ 5 nm) [76] and the minimization of
corners and sharp features, which suppresses the particles interaction with the environment.
Thus, extraction of €., values near unity suggests that I'TO NC plasmons should be capable
of hybridizing into collective IR resonances that are additionally tunable by LSP coupling
strength and detuning.

4.5 Conclusion

In summary, we use high-resolution monochromated STEM-EELS to characterize the evolu-
tion of the IR plasmon spectrum in individual ITO NCs with changing dopant concentration

for the first time. We show that increasing the free carrier density via increased Sn** concen-
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tration is an effective method for tuning plasmon responses over a wide range of IR energies
and that individual NC heterogeneity can easily account for broad LSP responses measured
by ensemble averages. Furthermore, we use a numerical fitting procedure to extract the
frequency-dependent ITO Drude dielectric function at each Sn** concentration from 1 — 10
atomic percent. By modeling the surface and bulk plasmon responses, this approach demon-
strates the ability of STEM-EELS to determine dielectric material parameters in a single
measurement and with less difficulty than standard thin film ellipsometry methods, paving
the way for the facile retrieval of dielectric information from other doped semiconductor NCs
at the single particle level. This work further demonstrates a route to extract key materials
properties normally obtained from ellipsometry measurements but on materials that cannot

be prepared in bulk form or as thin films.
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Chapter 5

PROBING NANOPARTICLE SUBSTRATE INTERACTIONS
WITH SYNCHROTRON INFRARED NANOSPECTROSCOPY:
COUPLING GOLD NANOROD FABRY-PEROT
RESONANCES WITH SIO; AND HBN PHONONS

Spectroscopic interrogation of materials in the mid-infrared with nanometer spatial resolution is
inherently difficult due to the long wavelengths involved, reduced detector efficiencies, and limited
availability of spectrally bright, coherent light sources. Technological advances are driving techniques
that overcome these challenges, enabling material characterization in this relatively unexplored spec-
tral regime. Synchrotron infrared nanospectroscopy (SINS) is an imaging technique that provides
local sample information of nanoscale target specimens in an experimental energy window between
330 and 5000 cm~!. Using SINS, we analyzed a series of individual gold nanorods patterned on
a Si0Oy substrate and on a flake of hexagonal boron nitride. The SINS spectra reveal interactions
between the nanorod photonic Fabry-Pérot resonances and the surface phonon polaritons of each
substrate which are characterized as avoided crossings. A coupled oscillator model of the hybrid
system provides a deeper understanding of the coupling and provides a theoretical framework for

future exploration.
5.1 Introduction

Advances in the design of nanoengineered materials endowed with tailorable mid-infrared
(IR) responses have been accelerated by decades of prior research in plasmonics, photonics,
and phononics. By leveraging knowledge gained from these communities, new strategies for
creating tunable light-matter states that operate across the IR have emerged based on hy-
bridizing electronic, optical, and vibrational degrees of freedom [252-254]. In such materials,

their composite responses find origin in their bulk dielectric properties together with particle
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morphology and cluster geometry [255-260]. Characterizing these properties with simulta-
neously high spatial and spectral resolution is difficult but essential for the rational design
of advanced materials with novel functionalities [120, 261-264]. Today, a number of studies
have made progress in this direction through a variety of near-field imaging and spectroscopy
techniques [76, 265-272], yet considerable work still lies ahead to better understand material
design principles and characterization methods in the IR spectral regime.

In this work, we investigate the resonant coupling between the mid-IR Fabry-Pérot (F-
P) modes of high-aspect ratio noble-metal nanorods [193, 273-277] with the surface-phonon
polaritons (SPhPs) [278, 279] of their supporting substrates. Due to their light like nature,
we will refer to these surface plasmon polaritons as Fabry-Pérot (F-P) modes [193]. Previ-
ous work by Huck et al. [280] measured far-field extinction spectra from gold nanorods on
Si04 substrates of various thicknesses and discovered an avoided crossing when the resonance
positions of the nanorod series were plotted versus inverse nanorod length; however, these
measurements did not probe the coupling in the near-field. More recently, Tizei et al. [281]
explored strong coupling between SPhPs and the first F-P mode in long metal nanowires
using electron energy-loss spectroscopy (EELS) performed in a scanning transmission elec-
tron microscope. In this study, silver nanorods were placed on thin hexagonal boron nitride
(hBN) flakes with their ends suspended off the substrate. Probing the vacuum end of the
nanorod minimized substrate losses and allowed the nanorod length to be systematically
milled, via the electron beam, to tune the F-P response and produce an avoided crossing in
the EEL spectrum. In general, the presence or absence of an avoided crossing depends on
the specifics of the nanoparticle-substrate system and an avoided crossing is not expected
when dealing with lossy modes or weak coupling [282]. The facile tunability of the nanorod
F-P resonances employed here makes it an ideal system to study particle-substrate coupling.

Scattering-type scanning near-field optical microscopy (s-SNOM) utilizes light that is
coupled into an atomic force microscope (AFM) to create a region of concentrated surface
charges induced at its tip. The scattered field of these charges subsequently interacts with a

target material, simultaneously gathering information about the spatial and spectral profiles
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of the target’s optical modes [213, 283-287]. Since the scattered field contains both radiative
and nonradiative components, the selection rules for s-SNOM are relaxed compared to far-
field plane-wave illumination, as the actual collected signal in s-SNOM is the radiation from
the coupled tip-sample region. Direct measurement of a nanoparticle’s dielectric response
using such techniques provides: (1) a window into resonant energy transfer between nanos-
tructured materials with their supporting substrates, (2) a method for analyzing irregularities
of thin-film structures, and (3) an avenue for exploring quantum-size and surface-scattering
effects [288-291]. Additionally, because the tip’s characteristic length scale is on the order
of tens of nanometers, near-field effects allow s-SNOM to overcome Abbe’s diffraction limit
[292].

By design, s-SNOM relies on a spectrally bright, collimated, and coherent light source
because the tip focusing and scattering processes are inefficient. While this limitation has
largely been overcome in the optical and ultraviolet spectral regions by advancements in laser
technology, highly tunable IR sources remain limited [284]. Recently, Bechtel and co-workers
[215] implemented an s-SNOM variant using the broadband and high-intensity IR radiation
available from the synchrotron at the Advanced Light Source (ALS) at Lawrence Berkeley
National Laboratory called synchrotron infrared nanospectroscopy (SINS); see Fig. 5.1. The
rich IR spectral contents of the ALS allow the response of a sample to be simultaneously
collected at all IR frequencies to which available photon detectors are sensitive. Current
detector models provide a ~ 0.5 meV spectral resolution that is considerably better than
the ~ 5 meV resolution of STEM EELS such that, taken together with the 25 nm spatial
resolution provided by the AFM tip, SINS is a uniquely powerful technique with which to
probe nanostructures, especially those with narrow resonances, in the mid-IR region [216,
293-301].

We begin by presenting SINS data to explore the transfer of energy between the low-
energy multipolar F-P modes of individual gold nanowires and the IR SPhPs in a polar
crystal substrate. nanorod lengths are systematically fabricated and measured to evolve these

F-P modes through the highest energy SPhP substrate mode of SiO;. Next, the substrate
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Figure 5.1: (a) Schematic of the experimental SINS setup. The dashed box encloses the
tip-sample interaction region. (b) Geometry of the idealized sample system and the model
parameters used to build an analytical oscillator model of the tip-sample interaction (see
text for details).

is exchanged for a van der Waals material to explore how the nanowire F-P modes interact
with a different inherent set of IR SPhPs. To gain physical insight, we model the system
analytically, deriving the SINS signal from the tip’s effective polarizability and interpreting

the spectral features contained therein with a simple oscillator model.

5.2 Experimental Results

The second harmonic SINS response of two nanorods (1.13 pm and 2.18 um) on SiOy are

shown in Fig. 5.2 as a function of scan distance along the centerline of each nanorod. SINS of
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the bare SiOs substrate (Fig. D.1 of the Appendix D, (Appendix D)) reveals a SPhP at 1219

1

cm™~! in the phase spectrum, and at 1126 cm™!

in the magnitude spectrum. Interestingly,
this substrate feature is able to be detected through the 30 nm thick gold nanorod as seen in
the SINS phase and magnitude spectra of the 1.13 pm nanorod along its full length. Lobes
are observed at both nanorod ends around 2500 cm ™! in the SINS phase spectra and around
2200 cm~! in the magnitude spectra (Fig. 5.2ab) . The spatial distribution and energy range
of this feature, together with previous studies [120, 190, 193], indicates that this is the first,
m = 1, F-P mode. As the nanorod’s first F-P mode and substrate’s SPhP are separated by

~1200 cm™!, little mixing is expected.
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Figure 5.2: SINS linescans showing the normalized phase (a and ¢) and normalized magnitude
(b and d) for 1.13 (a and b) and 2.18 (¢ and d) pum long nanorods on an SiO, substrate as
a function of distance from the nanorod center. AFM images of the nanorods scanned are
included on the right, with each horizontal scale bar representing 100 nm. The unmixed
m = 1 F-P mode is observed in the shorter nanorod whereas the longer nanorod shows
the mixing of the m = 1 F-P mode with the substrate phonon and the emergence of the
unmixed m = 2 F-P mode. To better highlight these behaviors, SINS intensity information
is displayed over a given range (0.1 — 0.7 rad and 0.4 — 1.0 V) so that data outside of it
saturates the image.

Increasing the nanorod length shifts the m = 1 F-P feature toward the lower energy SiO,
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SPhP [193], promoting interactions between the nanorod and substrate. SINS phase and
magnitude linescan spectra of a 2.18 pym nanorod are shown in Figs. 5.2c and 5.2d, where
the m = 1 F-P mode energy approaches the SPhP and a splitting is observed on either side of
the SiO5 phonon, with peaks at 950 cm™! and 1450 cm ™! in both SINS phase and magnitude.
Lengthening the nanorod also introduces a new feature in both spectra (around 2700 cm ™!
in the phase spectra), which we attribute primarily to the second, m = 2, F-P mode based
upon strong localization at the center of the nanorod. To further explore the peak splitting
attributed to the first two F-P modes and SPhP mixing, we performed additional SINS
characterization on more than two dozen nanorods of varying length on both SiO, and hBN
substrates.

A series of Au nanowires (L = 0.7 — 10.0 pm, details in Table D.1 of Appendix D) were
lithographically patterned onto two different substrates: (1) 100 nm thick amorphous SiO,
on a Si wafer and (2) 330 nm thick flake of exfoliated hBN on a Si wafer. Measurements were
performed at the tip and center of each nanorod in the series to track the m =1 and m = 2
F-P modes, respectively. The second harmonic SINS magnitude components are reported
in Fig. 5.3 (phase is reported in Fig. D.3 of Appendix D), where the top of each waterfall
plot begins with the shortest nanorod and ends at the bottom with the longest nanorod. For
the SINS magnitude measurements obtained at the tip of the shortest nanorods (top traces
of Fig. 5.3) the SPhP feature is clearly isolated at 1126 and 1389 cm™! for SiO, and hBN,
respectively, with only the beginning of the red shoulder from the m = 1 F-P mode appearing
in the high energy region. We confirm this as a SPhP feature by performing SINS on each
substrate, in the absence of nanorods, to isolate and identify the substrate phonons (see Figs.
D.1 and D.2 of Appendix D). SINS performed at the center of the shortest nanorods (top
red traces in Fig. 5.3) also exhibit an isolated SPhP feature.

Increasing the nanorod length allows the F-P modes [193] to mix with the SPhP, causing
a secondary peak to emerge at 987 cm~! in SiO, and at 1296 cm~! in hBN. Interestingly,
these secondary peaks emerge asymptotically, shifting to lower energies. While the secondary

peaks on the SiO, substrate quickly diverge out of the observation window, the secondary
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peaks on hBN appear to converge towards 849 cm~!. Concurrently, the F-P peak redshifts
and asymptotes on the high energy side of the SPhP. This peak splitting around the isolated
SPhP energy is indicative of an avoided crossing and further insight is provided by plotting

the peak positions of both modes versus inverse nanorod length for each substrate (Fig. 5.4).
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Figure 5.3: SINS magnitude spectra from a series of nanorods (L = 0.7 — 10.0 um) obtained
at the end (blue tones) or middle (red tones) of the nanorod on SiOs (first column) and hBN
(second column) substrates. The spectrum obtained from the shortest nanorod is plotted at
the top in each panel with longer nanorod spectra vertically offset until the longest nanorod
in each series is plotted at the bottom.

Fig. 5.4, displays the avoided crossings between the substrate SPhPs and the nanorod
m =1 (blue) and m = 2 (red) F-P modes as measured in SINS magnitude (the associated

avoided crossing in phase is presented in Appendix D as Fig. D.3). In the SiO, avoided
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crossing, the asymptotic energies are 1248 cm™! for the upper branch and 987 cm™! for the
lower branch. For the substrate thickness probed here, the upper branch of the avoided
crossing is expected to align with the substrate’s longitudinal optical phonon (LO) energy
while the lower branch should align with the transverse optical phonon (TO) [280]. Our
results are in good agreement with the previously reported LO and TO energies in amorphous
SiOy (1248 cm™! and 1064 cm™!, respectively) [278], and are further consistent with the
previously described far-field extinction measurements of a similar system [280].

Analyzing the nanorod evolution on hBN yields asymptotic energies of 1527 cm™ for
the upper branch and 1296 cm~! for the lower branch of the avoided crossing. The branch
energies observed here are in good agreement with previous measurements of the LO and
TO in hBN [302]. In a similar experiment, Ag nanorods on thinner flakes of hBN were
investigated using EELS to reveal an avoided crossing [281], although the mixing of the
m = 2 F-P mode with the SPhP was not fully observed. Nevertheless, the avoided crossing
in Fig. 5.3 clearly indicates the mixing of the m = 1 and m = 2 F-P modes of Au nanorods
with SPhPs in hBN. In addition, the upper branch of a second avoided crossing in hBN is

Lin the lower m = 1 branch and energies

evidenced by a concavity change around 1050 cm™
asymptotically approaching 849 cm™! for the lowest values of inverse nanorod length. The
latter energy aligns well with the next highest LO present in hBN which has a recorded value
of 828 cm™! [302]. The forbidden region in the avoided crossings is the spectral range between
the upper and lower branches and has a maximum value determined by the energy separation
of a substrate’s LO and TO values. Known as the Reststrahlen band, this spectral region
is most often where Re(e) is negative [303]. In our experiments, we find branch separation
energies of 261 cm™! and 231 cm™! for the SiO, and hBN substrates, respectively. These
results are in good agreement with the expected Reststrahlen bands calculated from their
previously reported LO and TO values [278, 302]. Interestingly, these values correspond to

roughly half of the minimum separation energies between the upper and lower peak position

of both F-P nanorod resonances on each substrate; see Table D.2 of Appendix D.
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Figure 5.4: Avoided crossing diagram derived from the SINS magnitude measurements for
the complete nanorod series on both SiOy and hBN substrates. The m = 1 (blue) and
m = 2 (red) F-P modes are plotted versus inverse nanorod length. Dotted black lines are
the asymptotic energies.

5.3 Theoretical Model

To augment the interpretation of the SINS signal, we present a reduced-order analytical
model of the interactions between a F-P mode of the Au nanorod and a SPhP of the substrate.
The model provides a simple and intuitive picture of the electromagnetic interactions within
the sample and how each contributes to the observed spectra. As quantitative calculations
involving the resonant surface modes of large particles are mathematically complicated and
computationally expensive, we substitute these phenomena with simpler resonances that
qualitatively reproduce the behavior of the system.

The m = 1 F-P mode of the target nanorod is modeled as the nonradiative long-axis
dipolar mode of a prolate spheroid with long-axis radius as and short-axis radius bo; see Fig.
5.1. The long axis is taken to lie along the z-axis and the short axes lie in the yz-plane. The

spectral properties of the dipolar mode are recovered from its polarizability, as(w), which
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encodes the contributions of both the nanorod’s dielectric function e;(w) and geometry and
allows the dipolar mode to be approximated as a point dipole located at the spheroid’s center
(Appendix D) [304]. The dipole is defined as p2(w) = as(w)€2,(0,w), wherein py(w) is the
nanorod’s long-axis dipole moment and &,,(r,w) is the z-component of the total electric
field £,(r,w) that impinges on the nanorod.

The coupling between the nanorod and its surroundings is provided through this total
field. It can be expanded as E;(r,w) = Eg(w) + E;(r,w) + Es(r,w), where Eg(w) is the
electric field provided by the synchrotron light source, assumed here to be spatially uniform
within the tip-sample region and linearly polarized with components along both the z- and
z-axes. Further, E;(r,w) is the field scattered from the AFM tip and Ej(r,w) is the field
scattered from the substrate. The last field can be modeled as the image response of the
substrate to the excitation provided by the synchrotron, tip, and target, and is proportional
to the surface response function f(w) = [e3(w) — 1]/[e3(w) + 1], with e3(w) representing the
substrate’s dielectric function.

The tip’s scattered field is modeled as originating from a superposition of two dipoles,
one oriented parallel to the surface of the substrate and the other normal, that lie at the
centroid of the tip, r;. The tip is taken to be a z-oriented prolate spheroid of long-axis
radius a;, short-axis radius by, and dielectric € (w) with a centroid raised a height h > a;
above the substrate (see Fig. 5.1), such that the substrate-normal dipole is oriented along
the tip’s long axis, and the substrate-parallel dipole along the short axis. Similar to the
treatment of the target nanorod, the tip’s long (I) and short (s) axis dipole modes are
given the polarizabilities of their spheroidal counterparts, pi*(w) = a/* (W)€ 1.12(r1,w) (see
Eq. (A16) of Appendix D), with £,;(r,w) the i*" component of the total electric field
E1(r,w) = Eg(w) + Ex(r,w) + E3(r,w) acting on the tip. A more detailed discussion of these
approximations is given further on.

The complete spectral response of the tip is especially useful, as it encodes the observable
SINS spectrum. The most convenient way to describe this response is through the effective

polarizabilities ézll’s (w). These polarizabilities encapsulate the influence of all external sources
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on pll’s(w), including sources which are in turn influenced by pll’s(w) through coupling forces
[305]. In this way, only a single force of the many that dictate the tip’s polarization needs
to be tracked, and the details of the rest of the system’s motion follow from @&;*(w). In
general, the only source of the tip’s polarization that is experimentally characterizable is the
synchrotron light, so it is singled out in the implicit definition pt*(w) = & (w)Eos.00(w),
wherein Eg;(w) is the i"-component of the synchrotron field. Thus, with knowledge of
the explicit forms of the effective polarizabilities and the synchrotron field, the magnitude
and phase of the tip’s dipole moment and associated scattered fields can be recovered and
converted, through oscillation of the tip and lock-in detection, into the SINS observable (see
Eq. (5.3)).
The derivations of @*(w) are lengthy (see Appendix D) but result in
) = b W) o s,
. 1+ 265(w)/ (a3 + [h — bo]?) '
1 — a(w)B(w) /8% + 4ai(w)da(w)/ (a3 + [h — bo]?)°

(5.1)

For both tip dipoles, the effective polarizability is the product of its free-space polarizability

l,s

a7’ (w) and a frequency-dependent dressing factor. In the limit both do(w) and S(w) go
to zero, either factor goes to one and the effective polarizabilities return to their free-space

values. Further,

. 1
0l = 0T o 52)

is the nanorod dipole’s effective polarizability. Note that Eq. (5.2) does not depend on either

polarizability all’s(w) of the tip, such that the nanorod’s spectral response is assumed to be
altered only by the substrate. This approximation is valid here because the tip’s long-axis
dipole cannot couple to the target nanorod’s dipolar mode at all by symmetry and the tip’s
short-axis dipole (which can couple) is both far-detuned from the nanorod’s response and
many orders of magnitude weaker. More specifically, the detuning between the maxima of
Im o (w) and Im as(w) is roughly 7072, with v, the nanorod mode’s FWHM, and the ratio

of the maxima is ~ 107°.
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The substrate’s modification of the nanorod’s response is contained in the second term in
the denominator of éy(w), which indicates coupling between the dipole and resonances in the
substrate. In the case where as(w) and 5(w) each have a sufficiently strong single resonance,
this term leads to mode splitting, as can be checked by comparison to the spectrum of two

coupled oscillators (Appendix D).

Each of the terms in the dressing factors of dll’s(w) are similarly responsible for encoding
coupling effects into the tip’s response. The numerator of either factor builds in additional
driving forces on the tip that arise as the synchrotron directly excites the substrate (in a!)
or target (in &f) and causes surface charges in either to push back on the tip. Meanwhile
the denominators encode coupling effects: the terms that go like ol (w)B(w)/h3 describe
tip-substrate coupling and the term in &3’s denominator proportional to o (w)ds(w) builds
tip-target coupling into the tip’s response. From these terms, one can conclude that only the
short-axis dipole of the tip can couple to py(w). The long-axis dipole can only couple to the
substrate, such that the observables of p!(w) serve only to obscure the features of a;(w).

Translation of the effective polarizabilities of the tip to a SINS signal is performed by
allowing the tip-substrate separation to become time dependent, such that h — h(t) =
ho + Ah cos(€t), where hg is the time-average separation, Ah is the modulation depth, and
Qo ~ 100 kHz is the tip’s oscillation frequency. The resulting time-dependent polarziabilities

&7°(w) can be expanded into a Fourier series with complex coefficients

Abs(g) = o / G5 (w, 1)t g (5.3)

which are known to reproduce both the magnitude and phase of the SINS signal up to a
scaling factor [213]. The synchrotron’s light is assumed to be polarized at 45 degrees to the
x-axis, such that both the long- and short-axis dipole modes of the tip are driven equally.

The second-order Fourier coefficient of the total field flux at the location of the detector is
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Figure 5.5: Comparison of experimentally collected (a, ¢) and theoretically constructed (b, d)
SINS magnitude spectra |As(w)| of the m = 1 nanorod F-P mode. The experimental spectra
were obtained from a series of target gold nanorods of lengths varying from L = 0.7—10.0 pm,
while the theoretical spectra were generated using a target spheroid of long axis radius as = 9
pm, short-axis radius by = 550 nm, plasma wavenumber wyy/2mc = 1633 cm™!, scattering
wavenumber o /27c = 256.5 cm ™!, and variable Lorentz wavenumber w,/27c = 805.5 — 2977
cm~!. The nanorods were mounted on SiO, (a) and hBN (c) substrates, and these substrates
were modeled theoretically (b, d) with plasma wavenumbers w3 /27c = 362.9 and 1169 cm ™,
damping wavenumbers v3/27c¢ = 64.12 and 92.75 cm™!, Lorentz wavenumbers ws/2mc =
1147 and 1398 cm™!, and intraband dielectrc constants .3 = 1.2 and 2.68, respectively
236, 306, 307]. Additionally, the spectral locations of the uncoupled nanorod dipole (%),
uncoupled substrate SPhP (v3), and hybridized modes (v4) are superimposed on the spectra
to demonstrate the effects of the nanorod-substrate coupling on the observable signal.

then proportional to the average of the coefficients of the fields from each tip dipole, and can

be modeled up to a constant scale factor by As(w) = [AL(w) + A§(w)]/2.
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5.4 Discussion

Fig. 5.5 shows the absolute magnitude |As(w)|. The tip is made of PtSi, which in the
range of energies considered in Fig. 5.5 is well-modeled by a Drude-model dielectric €1 (w) =

1 and damping

1 — w/(w® + iwy) with plasma wavenumber wy /2mc = 2.98 x 10* cm™
wavenumber 7y, /27c = 645 cm™! [308]. The metallic motion of the tip’s electrons as well as
its micron-scale length and conical geometry likely impart on it an optical response dominated
by a continuous spectrum of propagating surface plasmon modes. While the existence and
properties of these modes have not yet been experimentally explored in PtSi tips, they have
recently been investigated in similarly conductive gold tips [309-311]. We take from these
earlier studies two conclusions, namely that the electric response of the tip does not contain
resonances in the mid-IR when driven by sources near its apex and that the field profiles of
its low-energy response are dipolar at each driving frequency w just below its apex.

Building on previous successes modeling AFM tips using point dipoles and/or spheroidal
particles, we model the tip’s apex as a pair of point-dipoles pll’s with spheroidal polarizabilities
that reproduce the apex’s featureless low-energy spectral response and field profile [213, 285,
312]. Both properties are achieved naturally. The spheroid model assumes the tip’s response
is dominated by a pair of localized surface plasmon dipoles, both of which resonate at energies
far higher than the resonance frequencies of the target nanorod dipoles and substrate SPhPs
due to the reliatively large value of w,;. Thus, the low-energy tails of the resonances provide
the tip a flat spectral response below 4000 cm™! (see Fig. D.6) that minimally modifies
the responses of the nanorod and substrate. The dipolar field profile of the tip immediately
emerges from the dipole model.

The target nanorod is given a Lorentz-model dielectric function ey(w) = 1+ w2, /(wj —
w? — iwyy), which provides p, a singly-peaked resonant spectrum. Although the ex-
periment uses a Au nanorod that is better modeled with a Drude dielectric function,

we choose a Lorentz-model to easily tune the nanorod’s resonance frequency €2y =

\/w2 + w2y A19(X2) /[A10(X32) — Big(X2)] and mimic the hitherto ignored red-shift brought
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on by radiation damping (Appendix D). Further, adjustments to the oscillator strength W§2
and damping rate v, allow us to account for the related resonance suppression and linewidth
modifications that appear in a fully-retarded treatment [193]. Each of the parameters of
g9(w) was fit to the experimental data and corroborated with gold nanorod data collected
from Refs. [190, 193].

The substrate’s dielectric is simplified, in both Fig. 5.5 b and d, to a Lorentz dielectric

with a single phonon mode at the LO phonon frequency ws with oscillator strength wf,g,

2

damping rate 73, and static contribution .3 such that e3(w) = €o03 + wﬁS/(wg — w? —iwys).

This simplification allows for a clear depiction of mixing between the dipole’s resonance at

2y and the substrate’s lone SPhP at 23 = \/w§ + w23/ (003 + 1) at the expense of neglecting
the width of the Reststrahlen band of either substrate, within which many SPhPs exist and
clear identification of individual hybrid modes is very difficult [278, 302, 303].

The only significant error brought on by this approximation appears near the extremes
of the nanorod series, where one pair of hybrid mode energies asymptotes to the edges of
the Restrahlen band in the experiment (Fig. 5.4) and to 23 in the theoretical reproduction.
Because the Reststrahlen band of either substrate is narrower than the linewidth of the
nanorod’s dipolar mode and largely obscured by a strong peak in each collected spectrum,
the vast majority of the observable features in the experimental signal lie outside this region
and are well-modeled by the single-phonon approximation.

In particular, with an hBN substrate (Fig. 5.5¢,d) the single-phonon approximation
reproduces the spectral shifts and avoided crossing of the two peaks observed clearly in the
experimental data on either side of the SPhP energy. It also reveals that the observed peaks
reach a minimum separation at |Q3 — Q2| = 0, as expected from hybridization theory, and

that the dipole’s linewidth is reduced due to its mixing with the narrower SPhP.

5.4.1 Oscillator Model of the Nanorod and Substrate Resonances

In the case of the SiO, substrate this behavior is not so clear. The ever-present feature

at the SPhP energy, caused by coupling between p}(w) and the SPhP, is altered at many
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values of €2,. This is contrary to the behavior of hBN and produces asymmetries in the line
shapes of the hybridized modes. While the effective polarizability model reproduces this
behavior and reveals its cause to be the relatively weak phonon oscillator strength of SiOs,
it alone cannot help us to extract the resonance positions of the two hybrid modes from
the atypical spectrum with significantly greater certainty than the approximations used to
generate Fig. 5.4 already provide. Instead, the hybridized modes can be extracted with the
aid of an oscillator model of the system because it provides analytical expressions for the
hybrid resonance frequencies €)1 via standard mode-mixing techniques. We begin with the
definition of a coordinate z(w) = pa(w) - X/e, which represents the complex magnitude of

p2(w) and is
F(w) 1
moy Q3 —w? —iwyy

r(w) =

(5.4)

Here, F(w) = e&£2,(0,w) is the external force acting on the oscillator (assumed to be located
at the origin, r = 0) and my = 3e*(A1g — Bi)/c3wr, is the oscillator’s mass.

While the connection between ps(w) and x(w) is straightforward, the connection between
the substrate’s SPhP and an oscillator coordinate is not. Leaving the details for Appendix

D, the substrate’s scattered field at the origin can be defined as

By (0,w) = ————([Qo1 () + Yor ()] % + [Qoolw) + Yoo(w)) 2). (5.5)

V/8L0
Here, the coordinates (), (w) represent independent SPhPs with azimuthal node structure
m = {0,1,...} and reflection parity about the z-axis (p even or odd). Their resonant
behavior is similar to that of z(w), with

Fom(w) 1
M, Q% —w?—iwys’

Qpm(w) = (5.6)

wherein M, = (2 — dmo)€*(€scs + 1)?/w2d® are the mode masses. Due to the substrate’s
infinite extent, a characteristic length factor, d, is used, akin to the quantization lengths
often used in quantum optical theories. As is true in box quantization, the observables of
the system are independent of d, and it serves only to provide sensible units and an overall

scale to the oscillator picture.
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From the forms of Eqgs. (5.5) and (5.6), it is clear why both dipoles of the tip can couple to
an SPhP resonance at (23 in the substrate without indirectly coupling to each other. Because
the SPhP responses 1/(Q2 — w? — iwvy3) are the same for all (p,m) and the tip-substrate
couplings are —p}(w) - Es.(0,w) o< 2(w)Qoo(w) and —p3(w) - Es,(0,w) o 2(w)Qo1(w), the
dipoles interact with independent SPhP modes @, (w) of different symmetry but identical
spectral behavior.

The coordinates Y,,(w) describe the excitation of independent substrate modes that
respond instantaneously to stimuli and do not oscillate. From their definition Y,,(w) =
L3 B Fpm(w)/(2—8,m0)€?, one can see that as .3 — 1 the factor Bo = (a3 —1)/(Enez+1) —
0. Thus, the static coordinates do not contribute to the scattered field unless e,3 > 1.

The functional forms of the forces F,,,(w) on the SPhPs are complicated. Derivations of
the forces are left for Appendix D, where their dependence upon the charge distribution of
the nanorod and the nanorod coordinate are made explicit. Further, since the force F(w)
acting on the nanorod dipole contains a term eE3(0,w) - X, we note that F'(w) o< Qo1(w). In
this way, the forces on either oscillator mediate their coupling, and the forces’ explicit forms

lead to the coupled equations of motion

2(w) (O — &2 — i) — - Qu(w) = ,
2 my (5.7)

Qo1(w) (Q?», —w?— iw*yg) - miga:(w) =0.

Here, m3 = M, is the mass of the lone SPhP mode Qg (w) that can couple to the tar-

get nanorod’s resonance and Fy(w) = eFp,(w) is the force applied on the nanorod by the

synchrotron light. The lowered frequency Qy = /Q2 — 3..e2/8b3m, encapsulates the con-
tribution of Yp;(w) on the nanorod’s spectrum: the substrate’s static response induces a
redshift on the nanorod’s dipole that is small for .3 ~ 1 and large as £,,3 > 1. The static
coordinates are thus not explicitly represented in Eq. (5.7).

It is convenient to decouple the equations of motion using standard techniques that

produce normal modes x and normal mode frequencies 9 = Q353(0) + Q352(0) +

gsin(20)//myms, where S, (0) = cosf, S_() = sin @, and 6 = (1/2) tan=1(2g//mams[Q2 —
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Q2]) is the mixing angle that determines the degree of hybridization between z(w) and Qg (w).
Here g = —e?/ \/ng is a constant coupling strength that, along with the masses msy and
ms, sets the scale of mixing in the system, while the variable detuning Q% — Q2 between
the modes’ natural frequencies allows the system to transition through the point of maximal
mixing where 0 flips from 7/4 to —7 /4.

To visualize this transition, normal mode frequencies are superimposed on the spectra
of Fig. 5.5 as the wavenumbers v. = Q4 /27c with d = 1 cm and |g| = 2.0 x 10713 g/s2.
They demonstrate that the observable peaks of |Ay(w)| are indeed located near the normal
modes of the system even when the peaks have strange lineshapes. Additionally, in cases
where one peak is difficult to discern, the hybridization model shows that one of the normal
mode wavenumbers vy has approached v = €23/hc such that the resonant lineshape of the
associated mode x4 (w) has become buried by the parasitic signal from the substrate mode

Qoo(w) that couples directly with the tip.

5.4.2  Coupling Characteristics of Substrate-Nanorod System

Finally, we note that strong coupling has been achieved in the experimental systems with
both SiO; and hBN substrates. This can be observed directly from the marked separation
between the coupled resonances of the hBN substrate and can be inferred from an analysis
of the difference of the squared hybrid frequencies at maximal mixing, Q2 (7/4) — Q2 (7/4) =
2g/y/mams. With the uncoupled SPhP masses my = 1.194 x 107%° g and 3.219 x 107%" g
in the SiO, and hBN substrates, respectively, and the nanorod’s dipole mode mass my =
2.686 x 107% g, the characteristic splitting constant /2[g|//mams/2mc is equal to 793
ecm™! (SiO;) and 1100 em™! (hBN), at least a factor of three larger than the linewidths
v3/2mc = 64.1 cm™! (SiOy), 92.6 cm™! (hBN), and 75/27c = 256 cm™! of the system.
Using a more traditional metric, one can see from the theoretical model that the hy-
bridized resonances of both the SiO, and hBN systems are always split by at least the
average of the uncoupled mode linewidths, such that R(0) = 2|Q,(0) —Q_(0)|/(y2 +3) > 1

is satisfied for all mixing angles [313-315]. At maximal mixing (# = 7/4), R is minimized and
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equal to 1.71 and 2.51, respectively. Additionally, with Qs = Q3 = €y at maximal mixing,
the splitting can be simplified via a power series to Q. (7/4) —Q_(7/4) = g/Qo/mams = o,
with o the form of the coupling strength that appears in quantum-optical treatments of
interacting cavities [316-318]. This simplification produces strong coupling ratios R(mw/4) ~
2|a|/(y2+73) = 1.71 (SiO3) and 2.48 (hBN), as well as values of 0.24 (SiOy) and 0.31 (hBN)
for the ultrastrong coupling condition |o|/€.

Experimental approximations of the strong and ultrastrong coupling conditions can also
be recovered directly from the SINS data. However, as both substrates possess more than
one SPhP that couples to the F-P mode of the rod and none of the SPhP linewidths can be
directly extracted from the signal, the coupling ratio R must be replaced by a similar ratio
R’ that contains only measureable quantities and accounts for the width of the Reststrahlen
band. The most convenient form of the new ratio is R'(¢) = 2[|Q2'_(6) —Q"_(0)| = A]/[+/.(0) +
v (0)], where €, are the measured hybrid frequencies, v/, are the measured linewidths of
the hybrid modes, and A is the Reststrahlen band width as reported in Fig. 5.4. At
maximal mixing, R'(7/4) = 1.35 (SiO3) and 2.10 (hBN), in good agreement with the theory.
Finally, approximating the shared natural frequency of the SPhP and F-P mode at maximal
mixing, €, to lie at the center of the Reststrahlen band, the ultrastrong coupling condition

0’|/ =~ (v+ + - )R'(7/4) /2, takes a value of 0.17 for either substrate material.
5.5 Conclusion

In conclusion, we report the observation of strong coupling between the m = 1 and 2 F-P
modes of L = 0.7 — 10.0 gm long gold nanorods and the SPhP modes of a polar crystal
(SiO3) and a Van der Waals (hBN) substrate using SINS. The hybridization of the nanorod
resonances with the substrate is made clear by the experiment, which leverages the unique
IR sensitivity and spatial selectivity of SINS to characterize the anticrossing behavior of
the hybrid F-P-SPhP mode pairs as the F-P modes are tuned in and out of resonance
with the SPhPs. The coupling of the m = 1 mode is confirmed by a reduced-order model

that describes in detail the individual interactions of the nanorod, substrate, and AFM tip
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to produce both a reconstruction of the SINS observable and a mechanical analogy that
interprets the spectral features therein. Importantly, the theoretical model accounts for the
interference of the substrate in the SINS signal and allows for the clear interpretation of
SINS spectra that lack the clearly defined resonances observed in more familiar optical and
electron-beam spectroscopies. This combined experimental and theoretical investigation of
interacting IR resonances in a tunable nanoscopic system provides a blueprint for the design
and fabrication of more tailored IR nanophotonic systems for use in future molecular sensing,

cavity-controlled chemistry, and optical circuit applications.
5.6 Materials and Methods

5.6.1 Apparatus

The SINS setup consists of a synchrotron light source, KBr beamsplitter, rapid-scan FTIR
system, atomic force microscope (AFM), and a mercury cadmium telluride (MCT) detector.
The beamsplitter forms an asymmetric Michelson type interferometer with the rapid-scan
FTIR as one arm and the AFM tip/sample as the other [215]. Light from the synchrotron,
3 — 13 um wavelengths (3333 — 769 cm™1), is focused onto the sample and platinum silicide
AFM tip with a gold, 0.4 NA, parabolic mirror. Over multiple visits to the ALS we find that
replicate samples yield quantitatively similar results indicating good reproducibility in the
sample preparation and AFM tip conditions (see SM Fig S5). The MCT detector records the
recombined signal which is demodulated by a lock-in amplifier at the second harmonic. These
interferograms are Fourier Transformed, turning them into broadband spectral responses.
The entirety of these experiments were collected with a spectral resolution of 32 cm™t. A
single point spectrum, which is actually an average of 256 individual scans, takes 90 seconds
to acquire at this resolution. Since the setup is operating in the near to mid IR, the entire

system is purged with Ny to minimize atmospheric H,O and CO4 signatures.
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5.6.2  Sample Fabrication

The Au nanorod lengths are designed to be 0.5 —4.0 (0.1 pgm increments) and 1 — 10 (1 pum
increments) pum with a constant height of 30 nm, a width of 100 nm, and a 50 nm radius
of curvature at their ends. We expect these to exhibit both m = 1 and m = 2 F-P mode
resonances in the SINS energy range of 700 — 5000 cm ™! [193]. Au nanorods were patterned
using electron beam lithography on: 1) a 100 nm thermal SiO, film on a double side polished
silicon wafer and 2) a a 330 nm thick exfoliated flake of hexagonal boron nitride (hBN) on a
double side polished silicon wafer. Additionally, a 10 gum x 10 gm x 30 nm Au structure was
patterned, which provides a reference for the phase and magnitude information and serves
to optimize the SINS MCT detector signal. The substrate is cut to approximately 10 mm x

10 mm and mounted on a customized AFM sample holder with super glue.
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Appendix A

SUPPLEMENTARY INFORMATION — MULTIPOLAR
NANOCUBE PLASMON MODE-MIXING IN FINITE
SUBSTRATES

The derivation of the interaction strengths between the multipole plasmon modes of a
metal nanocube is greatly simplified by the approximation of each mode as an oscillating
point multipole. The interaction energies in the simplified picture flow directly from the
multipole expansion of a charge distribution, allowing us to use standard methods to ap-
proximate the physics of an otherwise analytically intractable problem. We can begin with

the Taylor series expansion of a scalar function f of 3-dimensional vector argument x about

a point a:
’ B 1 o 0?
f@)=f®%+;;%—a0f%?gﬁ;¥§2;f%—aﬂ@k—mﬁﬁiii b (A

This Taylor series is key to the expansion of the Coulomb potential

Br, ) = / % Py (A.2)

around a chosen point in space (usually a = 0) as a series of simpler functions.

To perform the expansion, we’ll need a few identities. First, with r =), r;&;, one finds

1 1
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wherein we have used the independence of the elements of r’ to say g—rfl' = 0;;. The second

and third derivatives of Eq. (A.1) follow similarly:
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15(r; — r{)(r; — 1) (rk — 13) = 3[(ri = 1980 + (r; — 1)k + (1 — 1) 9] |r — v'|°

lr — /|7

(A.6)

with higher-order derivatives becoming increasingly cumbersome to write explicitly. Egs.

(A.4)—(A.6) can be used to rewrite the Taylor series of Eq. (A.1) as

1
1] ]r—a|+z —a]?’ 2!2 )15 = a5)

3(ri — ai)(r; — a;) — 0y|r — a?

v —al®

X

v —al”

5 siin(ta —aa) =3t —al?>. 5 . (T — aa)0p,00p
i a=i,j,k\" & «a a,B,y=1,j,k\" & «a v apy
53 [ T -

ijk La=t,j,k

+ ...

(A7)

where 05, is a symmetric tensor for which oy, = 045 = 0;;; = 0 (a 0 with repeated indices
is zero) and otherwise o, = 0jix = 0k;i = 1. A symmetry can be exploited in the second
term on the right hand side to exchange the roles of the primed and unprimed coordinates.
Specifically, since

Z% (r = aj)le —a] = > _(rf — a)(r} — a;)|r — al

i (A.8)

=[r'—aflr —al?

is invariant under an exchange of coordinates and . (r; — a;)(r; — a;)(ri — a;)(r; — a;) is
clearly symmetric in r and r’, the second term can be rewritten with r <» r’. The third term
is symmetric by similar reasoning:

> (rh = a)(rh = a) (v}, — a)[(r — @) + (rj — a;)dik + (ri — ax)dyy][r — a?

ijk (A.9)

=|r—al’lr' —al*(r —a)- (r —a).

Therefore, exchanging the primed and unprimed coordinates in the second and third terms



of Eq. (A.7) provides
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(A.10)

The multipole moments of the potential scattered from a charge distribution p(r,t) are

usually defined by replacing the denominator in Eq.

a — 0. The potential simplifies to

P(r,t ‘|/rtd3’+z|’3/rp

7“17“] 1 ,
| E / 3 (8rirs =

7"1|7a]|:k / é 157“,7’/ /
r

_al)  x-D()

3[7“;5% + T;'(Sik + r;%]lr’I?) p(r/, t) B + ...

r-Q(t)-r+r-(r-O(t)-r)

(A.2) with Eq. (A.10) and letting

d3/

3ylt'?) p(x', 1) &’

(A.11)

I r[? r[?
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where the monopole, dipole, quadrupole, and octupole moments have been defined, respec-

tively, as

o) = [ ost) &
D(t) = /r'p(r’,t) d®r,
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with 1, = Zij d;j€;e; the 2 x 2 identity matrix. Each moment is a tensor of rank N with
N the order of the multipole to which the moment corresponds (N = 0 for monopoles), and
the dot products in Eq. (A.11) denote full contraction of the coordinates r with each tensor.

The moments in Eq. (A.12) are in their traceless forms. As a test, one can return to the
index notation of Eq. (A.11) and sum over any index while holding any other index fixed to
it, ie. Y2, (3rir; —dult'|?) or 37 (15ririr — 3[rid;; +1jdi; + 150y [x'[?). The result will always

return zero for any trace taken.
A.1 Point Multipole Charge Distributions

While the problem of the resonances of a plasmonic nanocube interacting with each other
via the polarization of a nearby substrate can be simplified by approximating each plasmon
mode’s charge distribution as that of a point multipole, some difficulty remains in defining
the proper multipole charge distributions themselves. While the definition of a point dipole
charge distribution can be commonly found (see, for example, Ref. [319]) and is usually

written as

p(r,t) = —D(t) - V&(r — ro) (A.13)

for a dipole located at ry, the distributions of the rest are much harder to find. Defining

them here for ourselves, we can follow the example of Eq. (A.13) and let
pM(r,t) = AN o MM () : (V)N6(r — 1o). (A.14)

Here, M) is a multipole moment of order N, A®) is a tensor-valued prefactor of rank N,
(V)Y = VV...V is a direct product of gradients generating an N-dimensional derivative
operator, o denotes elementwise multiplication, and “:” denotes full contraction between the
moment and derivative tensors. A® =1 and A = —(x + ¥ + 2) can be used as limiting
cases, where we assume that M©(t) = ¢(t) and (V)? = 1.

We'll also let ) (r) be the multipole kernels, i.e. the tensor-valued functions against
which p(r,t) must be projected to produce the moments M®)(¢). The kernels of the first

four moments are given in Eq. (A.12). In general, our definitions of the individual charge
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distributions p™)(r, ) must satisfy an orthonormality condition that projection against the

appropriate k™) (r) produces M) (¢) without a prefactor and no other moments. Explicitly,
MM (t) = /K,(I‘/),O(N)(I'I,t) d’r'. (A.15)

This condition defines the values of AM).
The first two moments can be used as examples. Clearly,

a(t) = / A g(1)5(x' — xo) dr' = AVq(t) .

— A =1,
The prefactor for the dipole moments requires us to use integration by parts, which produces

the required negative sign:
D(t) = / YAD o D(1) - VI§(r — 1o) &P
_ / V' {FAD o D) — 1)} Pt — / AW o DA — 10) - (V') &’
=0-AWoD(t)-1,=-ADoD(1)

— AW = _(x+y+2).
(A.17)

The first term on the second line of Eq. (A.17) can be seen to be zero by first applying the
divergence theorem and then noting that the resulting surface integral over the boundary at
infinity does not contain the (finite) point ry within the region of integration and therefore
must be zero by the properties of the Dirac delta.

Extending this analysis to higher-order moments becomes increasingly tedious and re-
quires multiple rounds of integration by parts, so it’s useful to speak in language as general
as possible. Moving to index notation to make the discussion clearer, each multipole moment

is defined via Eqs. (A.14) and (A.15) as

9, 9,
M(Sz]x.)..,a]\z (t) = AEYJY,)‘..,aNM(g]l\{.)..,aN (t) / K'aly--waN (r/> T aT, {5(r/ - I'O)} dgr/ (A18)

[o %1 an
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where aq,...,ay are the N indices 7, 7, ... of the multipole and kernel tensors. Explicitly,
MW(t) = Do Méﬂv)w (t). The integration by parts steps needed to move all of the
derivative operators from the Dirac delta and onto the more tractable kernel can be inferred

from the product rule. To shorten the notation, we can let a(N) = (v, ..., an). Therefore,

0 0 N 0 0
or! orl, {KQ(N)(I. )o(r’ = r0>} = o o, {’ia(N) }5 r’ — 1)

a1 a1

+ZH ( > o) (1) (r' —ro)}+...
i=1 j;ﬁz
i=1 jeB*(N) O‘J ]\ggg:(]]\\% O‘k

+Za/{f@a }H< >{6r—r0)}

J#
/ a /
+ Ka(v) (T )87"’ e 87"’ {6(r" — o)}

In other words, there are two terms, the first and last, which have all of the derivatives
acting on either the kernel or delta. The other terms each have some number of derivatives
acting on the kernel and the rest on the delta. The product rule dictates that, given N
successive derivatives acting on a product of two functions, there are always N choose m
or CN = N!/m!(N — m)! terms which have m derivatives acting on the first function and
C¥_,. on the second. Here we have let 37 (N) be the i permutation of m indices that can
be chosen from a(N) such that a(N) \ B (N) is the set of the other N — m indices.

To make the expression of Eq. (A.19) useful for the evaluation of Eq. (A.18), one needs
to sort the intermediate terms that have delta functions acting on both the kernel and delta
and convert them into terms that have all N derivatives acting on the kernel or the product
of the kernel and delta. The first type of term is tractable and the other is a boundary term

that produces zero under the integral. To do so, one can see that each term in Eq. (A.19)
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that has only a single derivative acting on the delta can be rewritten using the identity

11 (af, ){’ia(N)(r') 82 af;j {6(r' —=10)} =

kig S Ok

af', {HJ (a%k) {Kam(r) aa,
1 <

J#

(r' - I‘o)}} (A.20)

) )} o (5~ 1))

The first term on the right hand side of Eq. (A.20) is a boundary term
that will produce zero under an integral. We will define it as B}(r',N) =
(0/0r4 ) ket 50/ Ori M Ea(v) (') }(9/0ra; ){6(r" — 10)}], ie. the i*® boundary term with
one external derivative. More importantly, we can define the cross terms with m derivatives

acting on the delta as

Ko M) = ] (88 >{'fa<N b 11 (5

jE€a(N) @) keBM(N)
\B{™(N)

) {6(r' —19)} (A.21)

such that Eq. (A.20) demonstrates the substitution K}(r’, N) = B} (v, N) — KZ(r/, N).

Since terms K™ (r', N) of different ¢ but identical m and N behave equivalently under
the integral, all one need to do is keep track of the number of these terms that are generated
by integration by parts. Since there are C{Y = N terms K/ (r’, N), after the substitution
of Eq. (A.20) the number of terms K?(r, N) is C¥ — C}, where CY terms are originally
generated by the expansion of Eq. (A.19). One can then replace the K2(r', N) terms for
CY —(CY —CF) terms K2(r', N) and so on and so forth. Eventually, the cross terms are
all substituted for terms K (r, N), of which there are

N

Sy =Y (-n¥ ek, (A.22)

m=1

as well as O terms B} (r', N), CY — C terms B2(r/, N), etc. Finally, with the identity

N
> (=1)"CY = dwo, (A.23)

m=0
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we can say for N # 0 that

0=CY+(-1)NSy

(A.24)
— Sy = (—1)N+1.
Therefore, without counting the boundary terms (b.t.), we have
0 0 s 0 0 , ,
s 5o (e ()50~ xa)} = 5o i, {Fao (1)} 30— )
o o 9 “ (A.25)
+ (—1)]\/+1’<¢zzz(N)(lf/)ar—(,l1 e 8r {5(r — 1)} + (b.t.).

The integral of Eq. (A.18) can now be readily evaluated. Substituting the integrand as
suggested by Eq. (A.25), we find

0 0 , ,
MS&() Ag\([])\f)M(())( )/ {(‘UN@T, "'W{/@a(m(r)}(s(r — 1)

0 0

+(_1)N+1W”.8r {Fam ()3 —10)} + (~1)V(b.t.)| &*r (A.26)

aq

= (=)"4 a(N MS(VJ)V /&n "'a T {Ka() () }(r" — 1) d°r' 4 0.

We now need to evaluate the many derivatives of the kernel. This is, in general, a difficult task
as to do so would require a calculation of the general kernel &™) (r'). We will instead calculate
the nontrivial cases where N < 4 explicitly. With HEI)(I‘/) =7}, /{532-)(1") = (3rir; — d;Ir'[?) /2,
and /fl]k( r') = (15rjr)ry, — 3(ridjn + 50k + 17,0:;)|t'|?) /6, one finds

aa, R ) =1,
0 0 (2) N 3+ 5@']‘
87" 87”/ z] (I‘ ) - 2 ) <A27)
Or; Or’; ry, ik 6

Therefore, with only the Dirac delta remaining as an r’-dependent function in the integrand

of Eq. (A.26), evaluation is trivial and one can see that Agl) =—1, Ag) = 2/(3+ d;;), and
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Az(]gl)c = —6/(15 + 9[52] + 5jk + 5zk] - 651]6]k61k) such that
_ Z & = —X

2
(2) 56
AT = Z 310, (A.28)
ij

N>

6
AP =% €,€;€.
C 15+ [0y + Opr + 0] — G000

Therefore, for higher-order moments, on-diagonal components generally have smaller pref-
actors than do off-diagonal components.

Eq. (A.27) has provided us with the appropriate normality condition for each p™)(r,¢).
Interestingly, it also provides a notion of orthogonality. In the case where the multipole charge
distribution of order N is projected against the kernel of order M < N, the (N — M)®
through N derivatives acting on k) (r') (after integration by parts) act on a function
independent of r’ and produce zero. In the case M > N, there are too few derivatives
acting on k) (r') to produce a quantity independent of r’ such that integration of each
element (9/0r,,)---(0/0r, )Ea)(r') against §(r' —rg) produces a polynomial in ry with
no constant terms. In the case where ry is not at the origin, then, the charge distributions
of each multipole are not orthogonal. However, if ry — 0, as will usually be the case, the

polynomial in ry becomes zero and the multipole charge distributions are orthogonal.
A.2 DMultipole Interaction Strengths

Interactions between multipoles centered at different origins R; and Ry can be characterized

using the definition of the interaction energy

Pl ry,t P2 1'27t) 3 3
d°r; d’rg, A.29
// |r; —rs + R| ! 2 ( )

where r; 5 are the coordinates stemming from each origin that sweep over the charge distri-
butions py o(r, ), and R = Ry — Ry is the displacement between the two origins. The use of

two separate origins is apparent from the previous section: the charge distributions of Eq.
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(A.14) are not unique to a single multipole if they are not described with respect to an origin
located at their center.

We can now begin to calculate U. Letting pi(ri,t) = p®™)(r;,t) and py(ry,t) =
pN2) (ry, 1), Eq. (A.29) becomes

1
U(N,Ny) = [ [AM oM™ (@) : V-V {0(r)}—————-
v = | e R

w AV2) o MgNZ)(t) :Va - Va{d(ry)} dry dPry.

Rewriting Eq. (A.30) in index notation and integrating by parts produces a pair of factors
(—=1)", as shown in Egs.(A.19)-(A.25). Explicitly,

0 0 1
A1) Nl) S —
i) = Z( M g B {5(“)}) =+ R]

XZ<A(N2 Mg )ar(;l"' ’ {5(rz)})

87“2751\,2
(A.31)
_ N1+N2// rl 1‘2 ZANl)ANQ 0 {
s 87“2 B1 87“2”31\,2
x R ! M@ MED (1) ey dPry + (b.t),
87“17041 87"17&1“ ‘I'l — Iy + R‘ @ 28
where o = vy, ..., ayy, are the indices of the moment of p;, B8 = f4,..., On, are the indices

of pa, and (b.t.) are the boundary terms that go to zero upon evaluation of the Dirac deltas.
The application of the many derivatives to 1/|r; —rs+R| appears very complicated, however
the tracelessness of the multipole moments as we have defined them simplifies the problem
considerably.

From Eqs. (A.4)—(A.5), it’s clear that the application of p successive derivatives onto
1/|ry —ry + R| will produce one term proportional to (11,4, — 2,0, + Ray) -+ (T1,0, — 72,0, +
R,,)|r1 —r2+R|7?7 and a number of other terms that each contain at least one Kronecker
delta and no factors of (r1; — ro; + R;) with an index ¢ that matches the indices of any of
the deltas. Thus, each of the terms proportional to a Kronecker delta will, when summed

over all of the available indices, generate a sum over at least one of the traces of the relevant
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multipole moment. Because the moments are all traceless, each of these “trace terms”
contributes nothing to the sum.

Labeling the trace terms (t.t.) and neglecting to count them, we can see that

U, Ne) = (= N1+N2/ O(r1)0(r2) A(Nl Aﬁ )87“83 '“(97"85 {
2,81 2,6n,

—1)MI (2N, — 1) A.32
x (rl’al ", + Ral) e <T1a0fN1 - TQ,aNl + RaN1 ) ( ) ( ! ) } ( )

Ity — ry + R|2MiHL
x M{nY () Mig? (1) dPry &Pry + (t.8.)

where the numerator (—1)M(2N; — 1)!! is generated by the chain rule. The remaining N
derivatives can act either on the product of separation terms (71,4, —72.0; + Ray) - -+ (710 N, T
To,an, + Ray,) or onto the Coulomb term 1/[r; —ry + R[*™*'. As we saw in the previous
section, between 0 and N, derivatives can act on the product, with the rest acting on the
Coulomb term. Each of these N, +1 cases contains CV? arrangements in which m derivatives
act on the product and the other N, — m act on the Coulomb term. Further, because the
moments MQ%V) (t) are invariant under the interchange of any two indices (see Eqgs. (A.11)
and (A.12)), the indices of each of the derivatives in each arrangement do not need to be
tracked. Exchanging indices allows us to reorder them in any way we like, such that we can
choose to rearrange all CN? arrangements in the most orderly way. For example, if Ny = 5

and m = 2,
0 0
87”2’53 87”2’51

5
M2(;6)1,...,65 (t) {(TLQI — T2, + Ral) o (Tl,aNl - TQ,OéNl + ROlNl)}

" 0 0 0 1
87"2752 87‘2754 87"2755 ’1'1 — I+ R|2N1+1

(5) 0 0
= M35, 6,.6,,80,85 (1)

87’2% 87,,2762 {(Tl,al —T2,0; + Ral) Ce <T17O¢N1 . TZ,OLNI + RQNI)}

(A.33)

" 0 0 0 1
87"2’53 87’2’54 87’2’55 |I‘1 —TI9 + R|2Nl+1

_ ) 9 0
o M2;517ﬁ2,ﬁ3,54,55 (t)

87“2”31 87’2”32 {(rl’al T2 + R(n) e (Tl,aNl - 7“27041\]1 —+ RaNl )}

X 0 0 9 { 1 }
Ora g, Orap, Orap. | |11 — 1o + R[2NV1H :
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We can therefore treat each of the arrangements as identical.

A similar argument can be made to simplify the application of the ro-derivatives onto the
product of separation terms. The applied derivatives will produce Ny!/(N; —m)! = CNim!
different terms, each a product of m negative Kronecker deltas and Ny —m separation terms.
Encouragingly, any moment Ml(gl) is also symmetric under index exchange such that the
indices of any Kronecker deltas and leftover separation terms can always be rearranged to

produce the most ordered arrangement. For example, with m = 2 and N; = 3,

0 0
87‘2751 (()T‘27B2

N- N-
M (1) MY (2)

{(TLCH — 72,04 + Ral)(TLCm — 72,0y + RO@)(TLCMS — 72,03 + ROAS)}
- N-
= 2(,32)<t)M1(a1)(t) [(Tl,m — 72,0 T Rm)(dﬁlo@aﬁzas + 6,320426/51043)
+ (Tl,az —T20y T Raz)(551a16520¢3 + 5520415,31043)

+(T17a3 — 2,05 T Ra3)(5510¢1 5,32042 + 652a15ﬂ10é2)]

Liag,az,a3 Liag,a1,a3 Lias,az,01

= M) [ MUy (0 + MU, 0, () + M, 0, (8

X (rl,al —T20; T Ral)(651a2552043 + 652042551&3)

No Ny
= 3M2([3 )(t)M( : () (1101 = 72,01 + Ry ) (0810208505 + 020208105)

Lag,az,a3

N-: N
= 6M2(B2)(t>M( v (t) (Tl,as — 72,03 T Ra3)651011552a2

Lag,az,a3

(A.34)

where in the last line the indices (3, of the Kronecker deltas have been rearranged as allowed
by the symmetry of MZ%) to all lie in the simplest possible order. Thus, as long as Ny > m,
one can always rearrange to obtain N;!/(N; —m)! = CNtm! identical ordered products of m
Kronecker deltas and N; — m separation terms.

Finally, the Ny —m derivatives that act on the Coulomb term produce a term with No—m
factors of the separation term and many other trace terms that do not contribute to the sum.

Thus, rearranging freely,
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(N1) (N2)
0 0 Mo (t)MQﬁ (t)
Orap Ora gy, {(ﬁm ~T2ar  Hoy) o (Pray, = T2, o) lr; — ro + R|2MiH
Nz ) 0
N-
= 3O e (= a4 Ra) o G, — P+ o)
0 9 1 (N1) (4 1,7(N2)
X e MUYV (M2 (t
Tt oo (o MM 0
N2
= Ml(gl)(t)Még&)(t) Z 07]52(_1>mcﬁlm!<rlyam+l - T2704m+1 + Ram+1> e
m=0

X (Tl7aN1 —T2,ay, T Ram )(5061ﬁ1 -+ O ((T1,6m+1 —T2pm T Rﬂm+1) T

1 (2N1+2[N2—m]—1)”
X (r18y_s = 2,85, T R5N2> (2N; — DIl |1y — 1y + RPNiF2N2—m)+1 + (.t

(A.35)

wherein any products of zero Kronecker deltas or separation terms in which the final index
is larger than the initial index must be replaced with one (04,53, - - - dags, = 1, €tc.).
Finally, one can use Eq. (A.35) to write down the interaction energy of a pair of multi-

poles, such that

Na
U(Ny, Ny) = (—1)M+he / / 5(r1)d(ry) Z AN AGR > (=nrenelim!

m=0

N1 m
X ( H (rl,ak 2,0, + Ray, ) < Tl B, — 2.8, + R, > (H 5O¢k/8k>
k=m-+1 k=m-+1 k=1

(2N1 + 2[N2 — 1 ! 1)N 2N1 - 1) (Nl) (N2)
M, (t) dPry 42
|I‘1 — Ty + R|2N1+2(N2 m)+1 (2N1 o 1)” 1a ( ) 203 ( ) Ir o (A36)
N2
_ Z A N1)A(N2 M(Nl)( )Mg(gz)(t) Z(_]‘)N2+mcn]\zf20n]\1hm
m=0

(2N1 +2[N, —m] =D [ AL "
X R2N1+2(N2—m)+1 H R, H Rﬁk H 5ak/8k :
k=1

k=m-+1
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This expression is rather daunting but leads to intuitive forms of the interaction energy.

Letting n = ). R;/R, one can see that, for two interacting dipoles,

R; R 0ij
U(l,1) = —3214(1)/1 Dy;(t)Do;(t ) UDM( t) Doj(t )Rg
ij ) ij (A.37)
_ D) 0)(Ds(t) i) D1<t> Dyt
- _ . + 7 .
Further, for interacting dipoles, quadrupoles, and octupoles, we have
RiR;Ry, A ik R
_—15%;14 le] )D2k< ) R +6%€:A Qll]( )DQ}C( ) R5]
|58 A® 0 Qi) A)(Daft) ) A A0 Qu(t) - Do)
(- AP0 Qu(t) - 7) (- AP 0 Qu(t) - )
U(2,2) =105 5
gAY 0 Qi) - AP0 Qu(t) B (A0 Qu(t) : A% 0 Qu()
— iE + 5 )
n-(n-A® o0 (t)-n)(n-A® o Qy(t)-n)
U(3,2) = 945 ! 5 2
h-A® 0 0,(f) -] A 0 Qu(f) - & (4.38)
— 630 6
+ 90 [fl . A(3) o 01<t)] . A(Q) o Qg(t)

RS ’

n-A® o0 (t n-A®o0,(t)-n)-n
U(3,3) = —10395 h-( () -n ])%(7 (t) - 8)
(N-A® 0O (t)-n)-(n-AB® o Oy(t) - n)
R7

M- A® 00 (1)] : [A® 0 Oy(t) - ]

R
A® o O(t) : A® 0 Oy(t)
R '

Note that the prefactors in front of each term become quite large but are divided by the

+ 8508

— 1890

+90

denominators of AN, such that the interaction strengths between the moments grow much

more slowly than they appear in increasing multipole order.
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A.3 Constructing the Hamiltonian

We are now ready to calculate the interactions between the corner-localized LSP modes of
a substrate-supported nanocube. These interactions stem from the potential set up above a
substrate of finite thickness t (not to be confused with the time coordinate, which will herein

be neglected) and dielectric function €3 by a charge distribution p(r’),

@(r):/L/)/dw_/@—ﬁ p(r')/ £y

e)r —r/| €a + €1 €1]r — 17|
z'>0 z'>0
2 e’} n—1 , (A39)
+/62—63 (A Z €y — €] €3 — €3 p(r) &,
€2+ €3 €2 + €1 — €2 + €1 €2 + €3 61‘1‘—1“

2/>0
where ¢ is the dielectric function of the material above the substrate and €3 is the dielectric
function of the material below [121]. The upper surface of the substrate exists in the z = 0
plane. Additionally, the first term is just the potential set up throughout space as if the
substrate were not present, such that the remaining terms ®i,q(r) = ®(r) — [ p(r')/er]r —
r'| d3r’ give the potential induced by the polarization of the substrate.
The numbered prime coordinates r/, = x'+y’—2z'—2ntz in ®;,4 signify that the potential of
each term is set up by a charge distribution that appears to be reversed in sign, inverted across

the xy-plane, and displaced by a vector —2ntz. To see this, one can let p(r') = &(2")v(y')((2)

p(r') 5, [ E@)CE) L
/|r—r§l|dr_/ Py da" dy' dz

such that

2'>0 a0
L) dz’ dy’ d2
|(I‘ + 2nti) —x -y + Z"
2'>0
A.40)
(o) (—7 (
- / |(I’ + 2(nt>i)(— )X/<— y,)_ Z/’ dx/ dy/ dZ/
_Z/>0

///I +2nt _/)s(__z,) ‘daf’dy’dz’
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where in the second-to-last line 2z’ has been exchanged for —z’ in (, in the denominator, and
in the volume element leaving the value of the integral unchanged. Also, one can see that
the origin of the potential now lies at (0,0, —2nt) where (r+2ntz) = 0, such that the electric
field lines above the substrate appear to come from a flipped “image” of the real charge
located beneath the substrates’ surface at a location —z' — 2ntz.

The interaction between the real charge distribution of one of the nanocube’s plasmon

modes and an image of another mode can thus be described as

Uns = / Pal)Bpima(r) dr

2>0
//Z 5 ) d3 /d3

STt + nt2| (A.41)
z>0

// Z ) d3 Id3

|r— r’+2ntz]
z>0
(—00,0)

where a and 3 are the mode labels and Py = —Ay; and P> = Ags(1—AZ)(Ag1Ags)" ! are
the prefactors of each term of the induced potential with A, = (€,, — €,)/(€:n + €,). The
minus subscript on r’ denotes the inversion of its 2’ coordinate; we can perform the same
rearrangement is in Eq. (A.40) to arrive at the last line of Eq. (A.41).

To analyze the effects of the inversion of the z’-coordinate in pz(r’ ), it is convenient to
redefine the integration coordinates as r = r, — R, and r’ = rg — Rg, where the lowercase
coordinates originate at R, g and sweep over the individual charge distributions. Therefore,
letting R, — Rs = R and substituting p,(r) = pa(r.) and ps(r') — ps(rs) as can be done
without loss of generality, we find that

Uss = P / / Palra)os(®s-) g, oy (A.42)

Iro, —rg+ R+ 2ntz|

The charge distributions defined with respect to r, s are assumed to be located at R, g,

such that the Dirac deltas in their definitions are centered at zero. The inversion of the
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zg-coordinate in pg(rz) thus only causes a reversal of the zz-derivatives acting on the Dirac

delta in its definition, as rg = 0 and rg_ = 0 at the same point in space:
,O(I'g ) A(N) @) M V/g, ngé(l‘g). (A43)

If M) is a single moment, e.g. D, = D,z or Q., = Q. Xy, then the negative signs preceding
the derivatives 0/9(—zj) = —0/0z}; can be incorporated into the moments themselves rather
than the derivatives. The number of negatives signs moved this way is then equal to n,(M),
the number of indices of Mz(év) that are z.

Moments with incorporated inversion-induced negative signs can be defined as M®Y) =
(—=1)=MM®) The set of moments used to model the corner-localized modes of the

nanocube in the main text are D;—; ., Quzy22 Quy, and Oy, and their inverted forms

are
D,,=D,,, D.=-D.,
Q:ch,yz = _sz,yza sz = Qxy> <A44)
Oxyz = _Oxyz-

With Eq. (A.44) as well as Egs. (A.42) and (A.43), we can now calculate the interaction

energies between nanocube’s modes as

aﬂ _ ZP // poz I pﬁ(rﬂ) d31'a dSI‘ﬁ, (A45)

o — g+ R+ 2ntz|

where p(r) = AoM : V---Vi(r —1p). Eq. (A.45) simplifies to an expression identical to

Eq. (A.36) but with the appropriate transformations to the moments. Thus, beginning with



129

the dipole self-interactions, one can conclude that

D, 2)(D;-2) D;-D;
UDi,Dz' = an (_3( Z)( (Z) + )

(2a + 2nt)? (2a + 2nt)?

n

B DD
B " (2a + 2nt)3’
(A.46)
—(D.-2)(D.-7) -D.-D,
Up. p. =S P (-3
D:.D: Z ( Qa 42008 | (2a+2n0)

Z 2D.D,
N 2a + Qnt

where we have let |R| = 2a and R/|R| = z, assuming the multipole moments exist a distance
a above the substrate’s surface along the z-axis. Also, i = x,y. With the same reasoning,

the quadrupole interactions become

(2a + 2nt)d 3 (2a + 2nt)® 3 (2a + 2nt)>

_ Z 72 szsz
(2a + 2nt)>’

~ Qacy . Qxy - § Qnyxy
Vo = ZP (0+0+ 3 (2a + 2nt)° > - ZP"za(

2a + 2nt)d
(A.47)
and the octupole self-interaction energy is
1512 —(z- Oguy, : Opyr +2) 72 -0y, : O
Ozyz,0zyz Z ( + 5 (2(1 —+ 27’Lt>7 * 15) (20/ + 2nt>7 )
" (A.48)

- Zp M.
" (2a + 2nt)7

Moving to the cross-interactions, one can see from Eq. (A.38) that each is zero by
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symmetry except for three. These are
Uo..p. = P, (10 —4
Qiz:Di Z ( (2a + 2nt)4 (2a + 2nt)*
- Z 4sz )
2a + 2nt)?

2 (2 Ogy. - 2)(2- Quy - Z O oy " Z
UOzy27sz:ZPH (-2522 (2 Ouy: - 2)(2° Quy Z>_|_168( 2) - Qay 2 (A.49)

(2a + 2nt)® (2a + 2nt)S
_24Z : :cyz : sz
(2a + 2nt)"

_ Z P :):yzQ:py
2a + 2nt)6

Therefore, if we assign coordinates ¢ to our multipoles such that ¢; = D;/e, ¢;; = Qi;/ea,
and g;jr = Oijk/ea2 and also define their conjugate momenta p;, p;;, and p;;;, we can write
down the Hamiltonian of the system. Assuming each multipole plasmon acts in free space

as a frictionless oscillator, we find that

2 2
b; 1 Pj. 1 2 2 2pry 1 2 2
H = + E —mw? g “m,
(Qm 2m W qz) + (2mjz + 2mj Wi, 4, + 2mxy + 2m yWay iy

1=T,Y,2 Jj=zy

2pa:yz 1 e? qZ
RET 2y + Qmezwxyquyz + Z Z (a2 + 2nt)3 + Z 2a + Qnt

i=x,y n
020202 2 4.2
e2q2 qu _elalqy, 288e7a"qy,,,
Pn—
+ szy ; 3 a2 2a + 2nt)® + Z 2a + 2nt)5 * ; (2a + 2nt)"
Ae*aqiqis 246 @° Gy Qrye
B p, =20 Gy oy=
sz:y Zn: (2a + 2nt)* * Zn: (2a + 2nt)®

(A.50)

Here, the masses of the dipole, quadrupole, and octupole modes are m;, m;;, and m;;;, while
their resonance frequencies are w;, w;j, and w;;,. To simplify the expression, one can define

the self- and cross-coupling strengths f and g of Egs. (2.8) and (2.9) (note that, in the main
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text, €; — €,) such that

2 2
— D; 1 2 2 Pj. 1 9 9
H= | (le + §m2(wz - fz)qZ) + Z (Qmjz + §mjz(wjz — sz)qu

1=T,Y,2 j=z,y

2p2, 1 ) , 2%, 1 , ,
ot My (Way = Fay) oy + T oMy (W = foye) Gy (A.51)
+ Z Gi/ M2 Qi Gz + /My Mgy 2 QuyQayz -

1=x,y

Thus, it’s clear that the coupling between the modes of the cube is bilinear. Standard
diagonalization techniques produce the resonance frequencies of Eq. (2.3) that are plotted

in Fig. 2.5, wherein the coordinate symbols of this Appendix have been exchanged for D;,
Qij, and Ojjg.
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Appendix B

SUPPLEMENTARY INFORMATION — CONTINUOUS WAVE
RESONANT PHOTON STIMULATED ELECTRON
ENERGY-GAIN AND ELECTRON ENERGY-LOSS
SPECTROSCOPY OF INDIVIDUAL PLASMONIC

NANOPARTICLES

B.1 Derivation of the Interaction Potential

To model the interactions of an electron beam with a set of radiative dipole plasmons under
continuous-wave laser excitation, it is convenient to discuss the dynamics of the plasmons
and fast electron in second-quantization as one does with the dynamics of the photon field.
Letting Hy = Ho i + Hop + Hoe be the unperturbed part of the Hamiltonian as a sum of
the photon, plasmon, and electron free-space Hamiltonians, respectively, the transition to a

completely second-quantized picture can be performed as

~2 ~2
B it D 1 . jim
Ho =3 Puadida+ ) (% * ammiqi) * om

e

(B.1)
=Y hwadldo + Y RbIDL + > hwclé
e A k
with the coordinates ¢ and momenta p of each plasmon mode A\ = =z,y, 2 replaced by
lowering and raising operators by = b(0)exp(—iQ;t) and bl within the rotating wave

approximation. Explicitly, the transformation is given by ¢, — \/m(i),\ + ISJI\) and
Py — —i hmAwA/Q(IA),\ — IA)J;) followed by the approximation wy — ). Here Aw, is the
energy of the o mode of the photon field with annihilation operator a, = a(0) exp(—iw,t).
Also, Q) = wy — i7x(w) is the complex natural frequency of each plasmon mode such that
Mm(w) =vp + 2€2w2/3mkc3, ~vp is the Drude damping rate of the plasmon, and m, is the

corresponding plasmon mass. In both lines of Eq. B.1, the state of the photon field is given
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by {N}) = [{..., N, Nu, ...}) with N, the occupation number of the a!" photon mode,
while the plasmon states are given by |M)) with ¢\ |M)) = ¢a m(gy) the wavefunction of the

M*™ eigenstate of the A-oriented term of the plasmon Hamiltonian.

The electron Hamiltonian 1£[0,el = p?/2m, is described here with the assumption that
the electron is a one-dimensional free particle with motion restricted to the z-direction and
a delta-function charge density in the zy-plane, i.e. that the wavefunction of an electron
with momentum hk is ¢4(r) = exp(ikz)¢p(R)/vV2r, with ¢!, (R)¢r(R) ~ (R — Ry),
R the cylindrical radial vector, and Ry = Ry.e, + Roe, the impact parameter of
the electron. Here e, is the unit vector along the z- or y-direction. Thus, with
(r'| p* |r) = —h20(r — r')9? /822, Hy . can be transformed via projection onto real space and

the basis of states ¢p(r) as

Hy = i) (o [p2]r) (r|k) (k| &P dPr dk dk

h2k2 i(k—k')z
/// Ok (R)Gx(R) [K')(k| d®r dk dk/

2me
h2k2
— [ G 5 k] dk

k

(B.2)

where in the last line the continuous free-particle states are replaced with the discrete states
of a one-dimensional box of length L such that (r|k) /v2r = ¢x(r)/V2r — (r|k),,, =
exp(ik2) o () bk (y)/ VL and the integration over k is replaced with a sum. Further, the
operator transformation |k)k|,.. — ¢Lé, replaces the projection operator with a number
operator with ¢;, = ¢;(0) exp(—iwgt) and wy, = k%k/2m,. This, along with the transformation
of the free particle states |k) — [{...,0, 14,0, ...}) completes the second quantization shown
in Eq. B.1.

To calculate the stimulated electron energy-gain (SEEG) and energy-loss (sEEL) functions

of the silver nanorod, the interaction Hamiltonian H;, must be similarly quantized. Letting
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the longitudinal dipole plasmon of the nanorod be oriented along the z-direction and be the
only mode to interact with the photon field, the interactions between the nanorod plasmon

modes and external sources are described by

~

Hint = I:[phfpl + ]f[elfpl
N B Y4B
A A

with (AIA = e e, the plasmon’s electric dipole operator. The transformation to second-

(B.3)

quantization is then straightforward for this operator, given by d, — d,\(lA)A + IA)Jf\)e,\, with

dy = ey/h/2mywy. The photon field operator can be found from standard sources (see Ref.

[320]) and is given by
~ . [2mhw, . .
E,, = Ea —i4/ 7 (o — @))€y (B.4)

with €, the polarization unit vector of the a'" mode and V the quantization volume of

the box-quantized photons. The electron field operator can be acquired from the STEM

electron’s evanescent field

E.(r,w) = 2elw] {ii[( (‘W‘R> e, — 7K, <|W|R> E] ewsrv, (B.5)

v w7\ oy vy ) R
via projection onto the electron states |k) as is done in Eq. B.2 and Ref. [166]. Explicitly,

By = / / / / WY () (o B (o)) (xR (| ‘;‘: dw &' dPr Ak’ dk

; 2€|U}| LW |O.)|R0 |C<J|R0 RO
ﬁ/ e 5((,4) U[]C k])?j’yz |:1| |K0 < >y e, ’}/Kl -~ )

K] 22 4k dk

2

2|k — k| [. k' —k |k — k|Ry k' — k|Ro\ Ro] . .
K, =K | ————— ) = | ¢uCrs
%Z 2L [lw—m ( v e 5 Ry | ¥

(B.6)

with v the electron’s velocity, v = 1/1/(1 — v2/c?) the associated Lorentz contraction factor,
and R = Repg the cylindrical radial vector. Finally, the interaction Hamiltonian can be

defined in the rotating wave approximation using Eqs. B.4 and B.6 as

Hine =Y goa(@abl — alby) + Y (gwiatl ey + ghpaélhéndl) (B.7)
Y k' A
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in which the coupling strengths are defined as

_ 21w,
Gax = —idy v (ex-€),
2edy|k' — k| [. K — k |k — k| Ry v(ex - Ro) |k — k|Ry
e = K . —_ K| — .
9Kk L [IW yy 0 N (ex-e.) + i 1 5

(B.8)

B.2 Characterization of the Interaction Processes

In sEEL and sEEG experiments, the longitudinal dipole plasmon is assumed to have come
into steady-state with the exciting laser source before interaction with the STEM electron.
The two transverse plasmons are assumed to remain in the ground state, as they are not
appreciably driven by the laser. Therefore, in the calculation of the sEEL and sEEG
observables, the initial plasmon state is taken to be |{M,, M,, M.}), with M, > 0 and
M, = M, = 0. Further, the initial state of the photon field is |{..., No, Ny, ...}) = [{N}),
in which it is assumed N, = 0 for all states with polarization not aligned along z. Last,
the initial state of the STEM electron is [{...,0, 1x,,0,...}) = |k;). Thus, the initial state of
the system is given by the tensor product of the three states, |i) = |k;, {N}, {M,,0,,0.}),
assuming that the brief, weak nature of the interactions given by H;,, allow the eigenstates

of ]:]0 to be approximate simultaneous eigenstates of H = ﬁo + ]:Imt.

In the following calculations of the observable signals of a laser-stimulated electron
beam spectroscopy experiment, it is assumed in the following that all interactions are
sufficiently weak that only single-quantum energy exchange occurs between two objects
during interactions. Therefore, all third-order and higher processes are neglected, and
Fermi’s golden rule may be employed at both first- and second-order to calculate the

relevant transition rates to a final state | f).
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At first order, the transition rates of processes driven by the electron beam are given
by
2

(Ef - B) (B.9)

27 A .
w= "5 (i)
A

where the sum over plasmons A gives the total EEL rate for anisotropic particles such as a
nanorod and generalizes the results of Refs. [166, 321]. Because first-order interactions that
only involve I:[ph,pl are not measurable by the electron beam, they will be ignored in the

following analysis.

At second order, the general form of the transition rate

N ~ N N 2
2m (fI Her—pi |m) (m| Hpppy |i) (I Hpp—pi |m") (m| Hep—p |7)
_ T E,—E,
w2 E.— B, > E; — By OB — £

m m’

(B.10)
allows one to infer which processes among the more complicated landscape of second-order
transitions lead to measurable signals in the electron beam. Here, |m) and |m') are
intermediate states and F;, E,,, and E; are the energies of the initial, intermediate, and
final states, respectively. Because each interaction Hamiltonian describes the transfer of
a single quantum of energy to or away from the plasmon mode, it is clear upon careful

examination of Eq. B.10 that only four classes of final states can be devised such that w # 0.

These four states describe processes in which the plasmon modes of the nanorod 1)
absorb a photon from the photon field and a virtual photon from the STEM elec-
tron, 2) absorb a photon from the photon field and transfer a virtual photon to the
electron, 3) emit a photon to the photon field and absorb a virtual photon from the
electron, and 4) emit a photon to the photon field and transfer a virtual photon to
the electron. These four processes are hereby referred to simultaneous plasmon ex-
citation (SPE), stimulated electron energy-gain (SEEG), stimulated electron-induced
radiation emission (SEIRE), and simultaneous plasmon deéxcitation (SPD), respec-

tively. The corresponding final states are |fspr) = |kf,{..., No — 1, ...}, {M; +2,0,,0.}),
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|fSEEG> = |kf7{-~-7Noc - 17"'}a{MwaOyaOz}>7 |fSEIRE> - |kf7{"'7Na+17"'}7{Mx70y702}>a
and |fspp) = |ks, {.... No +1,...},{M, —2,0,,0,}), wherein k; < k; for SPE and sEIRE
and ks > k; for SPD and sEEG.

B.3 Calculation of the SPE and SPD Transition Rates

Because SPE is the direct stimulated analog of the well-known EEL process and SPD provides
a hitherto undiscussed contribution to the electron energy-gain signal, the contributions of
both to observable spectra in laser-stimulated electron spectroscopy are of great interest.

First inserting | fspg) into Eq. B.10, one finds that

2 _ 2_7T Z Z (fspE| gk'kAéLéki)A + QZ%A@L@MB; lm) (m| ga)\(i);da — ZA?A&L) /4)
Ep

w
SP E — E
m\ kk o v m

2
5(E; — Ey).

(fsprl gak(l;;da - 6/\&3) im’) (m/| gk’k/\éii'ékl;/\ + QZ/k,\éLék’B:r\ /7)
2

E,— FE,,
m/ X k,k« v m

(B.11)

As alluded to in the previous section, only two intermediate terms, |m) =

ki {.... No — 1,..},{M, +1,0,,0,}) and |m') = |ks,{N},{M,+1,0,,0.}), contribute
nonzero matrix elements to wggE. Therefore, to simplify Eq. B.11, the energy differences
E;—E,,, E;—E,, and Fy — E; must be defined. The nonrecoil approximation used to define
the electron-plasmon operator in Eqs. B.6—B.7 is appropriate when the electron transfer

momentum hq = hk; — hky is much smaller than the initial electron momentum hk; such

that contributions of order ¢* to the electron energy can be ignored [166]. In other words,

— — =~ —huw,, (B.12)
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where w, = vq is the transfer frequency and hk; ~ m.v. The relevant energy differences in

Eq. B.11 are then

2k
= Nshwg o, T Me hO?
8

h2k2
— > Nahws — (No — 1)lw, — ot — (M + 1)he, (B.13)
Ba e
= hw, — hSY,

as well as B; — By = hwy — W), and Ey — E; = 2h§), — hw, — hw,, such that the expression

for wéng simplifies to

o QhQI - h(-"-)a — hw ?
wiy = ~ 19k kil Gaal” (Mo + 1) (M + 2)Na (1% — T (Rl — ™ ) (B.14)
x (e’ z q .

X (210 — hwa — huw,).

Eq. B.14 immediately gives wéQP)E = 0, by the property of the Dirac delta f(z)g(2)d[g(z)] = 0,
with f and g here two general and well-behaved functions on the complex plane. Similarly,
wé?D = 0, as can be seen by a substitution of |fspp) into Eqs. B.10 - B.14. This produces

the transition rate

—2hQ, + Hwe — hw, |
(=A% + hwa ) (=R, — fie,) (B.15)

X 0(—2h8 + hwa — huwy),

w?
Wspp =

:E(Mx - 1>(NC¥ + 1)

that is zero by the same property of the Dirac delta. Because both SPE and SPD cannot
contribute to the observable spectrum in an stimulated STEM spectroscopy experiment, the

observable signal must be generated entirely by sEEG, sEIRE, and EEL.
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B.4 Calculation of the sEEG Function

The observable function of SEEG, I'sggg(w) can be calculated by substitution of | fsgra) into

Egs. B.9 and B.10. Beginning with the second-order transition rate, this produces

2) 2 Z Z (fsera| gk’k)\éz/éki)/\ + g,’;kAéLék/lA); m) (m] gax(blae — bral)|i)

WsgpG = E — E
m\ k,k' o ! m

(B.16)

N N 2
+> (foprc| gar(Dhaa — baal) [m') (m'| guinéhi by + g chéwdh 1)
E;,— FE,,

m/ A kK«

The two surviving terms can be evaluated and simplified to give

2

M 1 M
@ 2. 2 z t @ 5(—husy — heg), (B.17)

Ny, +1
WsknG = N D e e T Ty — B,

where Ni, + 1 = 1 is the occupation number of the final electron state. Notably, because
q > 0, the transfer frequency w, as defined by Eq. B.12 is a negative quantity and the
trailing Driac delta of Eq. B.17 does not assign the photon energy hAw, a negative value.
The transition probability PS(E)EG can be calculated simply from the rate wéé)EG by in-
tegration over the entire period of interaction between the plasmon and STEM electron. As
the electron travels along a box of length L at a constant speed v, the integration is very
simple:

Pl = | wlih dt = Tulfhc. (819
The second-order sEEG function is defined as the sum of the second-order transition prob-
abilities to all possible final states, weighted by the electron detector density of states,
d(hw — hw,). Explicitly, this produces

L27w
g))EG Z Z |ga$| |gk‘fk

kf €a Ko

M,+1 M, 2
NhQ, — hwe  hQ, + hw,

(B.19)

X 0(—wy — wa)d(w — wy),
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in which the sum over final photon states a has been replaced with explicit sums over the
polarization €, and wavevector k, of each state. In the small particle limit, all radiation
of wavelengths of interest propagates approximately radially, such that the two independent
polarization vectors become €, = ey, e,. Given that the only factor in the RHS of Eq. B.19

that depends on €, is the coupling coefficient g,,, the sum over the polarizations contributes

a factor
2mhwq .
Z |Gae|? = cli7TT(c:os,2 0 cos® ¢ + sin® ¢) (B.20)
€a=€g,e,
to Fé?EG(w), where the identities e, -eg = cos 0 cos ¢ and e, -e, = — sin ¢ have been employed.

Further, in order to move out of box-quantization, the sums of discrete momentum
states are converted to integrals over continuous states. Letting N, be the occupation
number of the one-dimensional box-quantized electron state of wavenumber ky, it is clear
that Ny, = 0 and that Eq. B.19 contains an implicit factor of N, + 1. Therefore, the sum
over ky is converted simply as Zkf(Nkf + 1) = [[na(ks) + Upa(ky) dky = [ pa(kys) dky.
Here, ne (k) = 0 is the continuous distribution of occupied final electron states and pe(ky)
is the number of states per unit wavenumber. For the three-dimensional photon states, the
density of states is only well-defined as number of states per unit wavenumber per unit solid
angle @ such that 37, N, = [[ npn(ka, O, 0a) pon(Kas bas Ga) dQq dkq, with ne and pe
defined as the occupation distribution and density of states of the photon field.

Indexing states with frequencies rather than wavenumbers, the density of photon states
becomes ppn(Wa, 0, ¢) = Vw?/(2mc)3. As the sum over final electron states is equivalent to
a sum over transfer momenta ¢, the (one-dimensional) density of electron states becomes

pe(wa) = (L/2m)dq/dw, = L/2mv. Therefore, the sums of Eq. B.19 can be rewritten in the
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continuous (V' — o0) limit as

L
Z-)/% dwq,
ky

>N [[[ ranteart.0)

where {04, 0o} — {0, ¢} for simplicity. Expanding the coupling coefficients go, and gk ke,

(B.21)

2
<2ij3 sinf A6 d¢ dw,,
Yxe

one finds that

462w2 72R2;1: w RO .
FgEG(w) = //// 27 hwed h3v47q4 { R%O K} (‘ Z)|'y )] (cos? ¢ cos? O + sin” @)

2 M, +1 M, |

Wl B o B (B.22)
2 | T — o RS+ | O T wa)d(w )

X nph(wOm 67 ¢) (

x sin@ df d¢ dw, dw,.
In Eq. B.22, w is a negative quantity, fixed to the negative w, (see Eq. B.12) by a Dirac delta.
Allowing the polarizability of the z-oriented plasmon to be a,(w) = d2/(h€, — hw) such that
Im{a,(w)} = Ay (w)d? /|, — hw|?, it is then convenient to define the negative-frequency
polarizability oc(_)(w) = d? /(RS + hw) with a resonance at —w, such that Im{oz;_)(w)} =
Ay, (w)d? /|hQ, + hw|?. Using the definition of the EEL function given by Ref. [166], Eq.
B.22 simplifies to

w? A2 : .
FfE)EG(w) = e h’ym:gw) FI(EE)LX(w) // npn(—w, 0, ¢)(cos? @ cos® ¢ + sin® ¢) sin § d d e,
(B.23)
with
_ 4e*w?  [?R? |w|R
(=) _ Y gy 10 0 _
k(o) = s | et (1) | o) (B.21)

the EEL function of only the z-oriented plasmon mode with the resonance shifted to —w,.
If the laser is assumed to only populate states that propagate in the y-direction and that are

polarized along x, the photon occupation number density is therefore
non(w,0,9) = AW)5(6 — 7/2)3(6 — 7/2), (B.25)

with A(w) a unitless amplitude profile determined by the dynamics of the laser cavity and

the geometry and material of the optical elements in the experiment. Additionally, Ref. [166]
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gives the extinction cross-section of the plasmon as o,(w) = (47w/c)Im{a,(w)} such that
0.(wy) = (41w, /c)d? /hry,(w). With this, substitution of the photon occupation distribution
(Eq. B.25) into the second-order sEEG function definition (Eq. B.23) produces

o) = 7y s e Thaha) Al ). (B:20

With the definition of the field-field correlation function in Ref. [322], the total intensity of
the laser field can be defined with the unit conventions of Ref. [323] as

c
I = v Z Nohwod(w — wa)

— //7 chwn(w, 0, $)p(w, b, ¢)sind db d¢ dw (B.27)
_ / ) dw.

8m3c?
The integrand of Eq. B.27 can then be defined as the intensity density Z(w) =
(hw?/8m3c*)A(w) to define the amplitude profile A(w) in a simple manner as A(w) =
(873c? /hw?®)Z(w). Therefore, Z(—w) = —(hw?®/8m3c*)A(—w) and the second-order sEEG
function simplifies to

m 1 _
Ffea (@) = 53— 0a(we)T(~w) hpr (). (B.28)

The first order sEEG function FSE)EG((JJ) can be similarly calculated. Starting from Eq. B.9,

the first order transition rate wiE)EG becomes

(1)

2T

For narrow plasmon linewidths, one can approximate the delta function as §(hS2, + hw,) ~
(1/m)Im{1/(hQ; + hw,)}. Further, since the broadened plasmon is formally a continuous
distribution of states, the occupation number must be generalized to account for the fact
that only those states of the distribution that are coresonant with the laser are excited
when the electron arrives. Thus, one must let M, — M, (w) = M™*A(w), where maximum

plasmon occupation number M;"** lies at the frequency where the normalized laser amplitude
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A(w) is equal to one. In this paper, M™* is inferred from experimental spectra. Calculation
of the first-order SEEG function then delivers, via integration over the final electron states,
1 de’w? [4°RE, |w|Ro -
Fibpa(w) = Mo(—w) g | = 6 (50 ) | Im{a ) Hew)
= My (~w) ().

(B.30)

The total probability per unit energy of the electron to lose energy to the laser-excited

plasmon is then
1 2
Dspre(w) = Dipe () + T (). (B.31)

Finally, the initial state can be allowed to vary in order to calculate a measurable function
(I'sgpg(w)). Assuming the initial population of plasmon and photon states remains constant
in every SEEG event conducted in an SEEGS experiment, the initial electron state can be
varied around its average energy to model the zero-loss peak (ZLP) lineshape of the electron
gun. Because for very high electron energies (¢ < k;) ['sgra(w) changes imperceptibly upon
small changes in k; aside from a uniform shift along the frequency axis, the ZLP can be

included by convolving I'sgrpg(w) with the ZLP lineshape Z(w). In other words,
(T (w) = / Tomec (@) Z(w — o) o' (B.32)

As a check for consistency with the literature, the definition for I';gpq(w) as seen in Ref.
[166] can be acquired from its definition in Eq. B.22 by 1) using the weighted density of
states of an ideal laser nyp(w, 0, @) ppn(w, 0, ) — Diaser(w) that populates only a single mode
(wavevector and polarization) of the photon field and 2) letting go, — —idy~/2mwWiaser/V
be the associated coupling coefficient with wi,se; the mode frequency and €, — e, the
mode polarization. Explicitly, these three substitutions can be performed on Eq. B.22
by letting 27w, — 27 Awiser, (cos®fcos? ¢ + sin® @) — 1, and nyp(wa, 0, ¢)w? /(27mc)® —
Maser0 (W — Wiager)0(0 — m/2)0(¢p — 7/2), with Njeer the population of the single laser mode.
Further using the definition of the intensity of a single-mode laser lj,ser = chwiaser Naser/V,

assuming M, (w) = 0, and letting —w — w and a(7)(w) — «a(w) as appropriate to match
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sign conventions, one arrives at

8me?w? {’yQRngz <|w|R
R Y
0

)] v (W) (@ — Wiaser ) (B.33)

vy
precisely the result provided in Ref. [166]. Note that, contrary to the approach given in this
paper, the definition of Eq. B.33 is defined with w > 0. A slight relaxation of this approach
for a laser of narrow linewidth (Vjaser << 7)) but finite intensity with a Lorentzian profile
can be performed by letting Z(—w) — DaserMaser/T((—W — Wiaser)? + Y2se,) in Eq. B.28 and
My (w) = MPaxA2 /(W = Wiaser)? + Vser) 10 Eq. B.30, producing

Oy (wm ) Ilaser Naser
2hw, ((_w - wlaser)Q + /YIQaser

Lo (@) ~ My (—w) T (~Wiaser) + )F&)LX(—wlaser).

(B-34)

The observable sEEG signal can then be approximated by a convolution with the ZLP as
is plotted in Fig. 4 of the manuscript, detailing the influence of the laser intensity on the

sEEG signal.

B.5 Calculation of the sEIRE Function

The sEIRE function can be calculated in a similar manner to the calculation of the electron
energy-gain function. Beginning with Fermi’s golden rule (Eq. B.10) and using the final
state | fsgrg), the transition rate wg:)IRE reduces to

(2) 2T Mx + 1 Mm

1 1 2 '

— gaygkfkiym — gazgkfkizm d(Awe — Tuwy) o (fw, — hw,),

with ¢ > 0 and thus w, = vg > 0 (see Eq. B.12). Thus, all three plasmon modes of the
nanorod contribute to the sEIRE signal. To further simplify Eq. B.35, one can recognize
that the spectral overlap between the longitudinal and transverse plasmon modes of the
nanorod is small, and thus terms that are proportional to 1/(h£), — hwgay) (RS, — hwg)
or 1/(h€d; — hwigay) (A, — hw,) can be neglected. Further approximating Q, ~ . for
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a nanorod with a circular cross-section and noting that g, = —gaa, g,’;fkiy = Gksky, and
* —
Ykskiz = —Gkshiz, 5. B.35 becomes

M, +1 M, |

2
RO, — hw, QY — huw,

2T
gE)IRE ~ f(Na +1) <
(B.36)

1 P18 P (g Pl [P
oy fry |th—7"lwq|2 az fh= |th—hwq|2 ’

with all cross-terms eliminated. The sEIRE function can then be broken into three parts,
each calculated in a similar manner to the procedure given by Eqs. B.17 - B.19. Letting
the first term of Eq. B.36 be referred to as the z-oriented plasmon sEIRE rate wéé)IREX, the
corresponding sEIRE function is

L 27r M, + 1 M
ZZ (N, 2 L = — -
sEIREx Z Z +1) TR, — hwy RS, — hw,

kf €, ka

2

(B.37)
X 0(hwa — fwg)d(w — wy).

As is shown in Egs. B.20-B.28, the sums can be taken as integrals over the proper densities
of states and the resulting expression simplified algebraically to give an intuitive result. Due
to the factor N, +1, the integration of Fgé)IREX(w) can be done in two pieces, one detailing the
contribution from spontaneous EIRE and the other scaling with the intensity of the laser.

Letting

S (N4 1) %///nph w0, 6) +1](2 C)3s1n9d9d¢dwa
T

(B.38)
/// (Wa)0(0 —7/2)0(p — 7/2) + ](27rc)3 sinf df d¢ dw,,
as well as Zkf — [(L/27v) dw,, the sEIRE function becomes
4e*w *RE, |w,|R .
T P (@ //// 2mhwad, P 4 R20 K} ( ;7 ) (cos? ¢ cos? O + sin” @)
2| M+ M, |* (B.39)

<A (0-3)0 (0= 5) +1] e
X 0(wa — wy)d(w — wy) sinf df d¢ dw, dw,.

"y — hw,  hQy — hw,
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Simple evaluation of the integrals and rearrangement delivers

) o (W)]* + @;—wzFEELX(w)%(Wx)AW)

8e%w®  ~IRZ, K2 <|w|R

(2) _
1_‘sEIREx(W) — 371_7121)47403 R(2) 1 vy

T 1
= F](E)QI)REx(w) + 2 ho 02 (W) Z(w)ERLx (W),

(B.40)

in which all quantities are to be evaluated at positive frequencies, in contrast with the final
result in Eq. B.28. The implicit definition in Eq. B.40 of FgI)REX(w), the spontaneous EIRE

function from the z-oriented plasmon, is consistent with the definition given in Ref. [166].

A similar treatment applied to the two remaining terms of Eq. B.36 results in
8e2w? VQngKQ (|w|R

(2) _ 2
FEIREy(w) - 37Th21)4’7463 Rg 1 vy ) |O‘y(w>| )

8e2wd lw|R
— K2 2
3mh2vinted O ( vy ) (@)

(B.41)

2
F](E)I)REZ (w)

in which neither term depends on the laser power and so both contribute to the spontaneous

EIRE signal from the nanorod. Finally, the sEIRE function is

2 1
Pime()  Titng (@) + 57— 00 (w) T(w) Tt (), (B.42)

) 2 2 2 2
with F*(EI)RE = FI(EJI)REX + FI(EI)REy + F‘(EI)REZ-

Using an approximation similar to that of Eq. B.34, FgIRE(w) can be simplified
when the laser linewidth is narrow. One can approximate the occupation density term in
Eq. B.39 as

w? 1

Daser | 1 Naser
A o 1 @ DNaser — ’ B.43
[ (w ) + ] (271'0)3 Chwa |: : " N :| ™ (Wa - Wlaser)2 + fYIQaser ( )

integrate as normal, then let I'grry(w) — T'eeLx (Wiaser) to find

F(Q) ~ Ox (wlaser)[laser N+1 Naser

~ r aser ) - B.44
sEIRE (W) 2hw, N (@ — Whaser)? + Voer EEL (Wiaser ) ( )
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The transformation given by Eq. B.43 is consistent with the transformation used
to simplify the sEEG function. Expanding npn(w,) in Eq. B.22 and letting
A(w)w?/(2me)? = (Laser/ chwa ) Vaser /(W — Wiaser)* +Viser ), ONE is Teturned precisely Eq. B.34.

B.6 Calculation of the sEEL Function

The measurable signal in a sSEEL experiment will include contributions from processes of
all orders in ﬁmt in which the STEM electron loses energy. The processes that contribute
are then both sEIRE, first-order sEEL, and EEL, with EEL including contributions from all
three plasmons. As these processes have different final photon states, they do not interfere
and their functions may be added directly. Beginning with the total EEL rate as defined in
Eq. B.9, one finds after simplification that

2m
weer, + wider, = - [(Ma + Dlgiie 010 — heog) + [y (1 — hivy) 5.5

+|gkfk1z 25(hQZ - hwq)] 9

wherein the first-order sEEL rate has been defined as ws(]é)EL = (27 /h) My |Gk s ki 25(hQ), — hw).

With the approximation that 6(hQ\—hw,) ~ (1/7)Im{1/(hQ2\—hw,)} and the generalization
M, — M,(w), one finds that the contributions from EEL and first-order sEEL to the total

sEEL function are

4e?w? v RZ, |w| Ro
Poen () + T () = s |04+ D (120 o))
2 P2
VR w|R w|R
# e (M) gy )+ 1 (2470 ) ()

~ Puen () + M) Tonnle).
(B.46)

Here, Tgpry(w) = (462w2/7rh211474)(VQng/Rg)Klz(|w|Ro/vv)lm{ay(w)} and Tggr,(w) =
(4e*w? /mh2viy ) K2 (|w| Ro/vy)Im{c (w)} are the EEL functions of the transverse plasmons
such that I'ggr,(w) = Y, eewy, to be compared with Refs. [166, 321]. The sEEL function
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can then be constructed as Tsgpr, (w) = Cepr (w) + Dy (@) + T (@) to give

FSEEL(w) = FEEL((JJ) + Fé?’E)IRE(w) + (Mx(W) WLO’;E(CUI)I(W)> FEELX<(JJ). (B47)

S

Here, it should be noted that the EIRE function is dropped from the expressions displayed
in the main text, as it is ~ 1/100 the magnitude of the EEL functions and is thus negligible.
However, EIRE is retained here for completeness. Note also that Eq. B.47 reduces immedi-
ately to ['grr,(w) in the limit of zero laser power. It can also be simplified in the narrow-laser

limit as

[sppn(w) =~ Tre(w) + My (w)MepLx(w)

<0-$ (wx)llaser N + 1 Naser
2hwa: N (w - Wlaser)Q + 712aser

(B.48)

) IegLx (Wiaser )

the ZLP-convolved version of which is plotted in Fig. 4 of the main text.
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Appendix C

SUPPLEMENTARY INFORMATION — ELECTRON BEAM
INFRARED NANO-ELLIPSOMETRY OF INDIVIDUAL
INDIUM TIN OXIDE NANOCRYSTALS

C.1 Analysis of Cubic Nanoparticle Structures

The EEL probabilities of a series of cuboid nanoparticles are numerically calculated in order
to estimate the impact of the cuboid geometries of the synthesized nanocrystals on their
spectra. The lack of symmetry of the cuboids prevents the analytical derivation of their
individual mode responses such that numerical calculations must suffice.

Fig. C.1 shows that the primary consequence of the conversion of a spherical nanoparticle
to a cubic one with large corner radii is the change of the appearance of the surface plasmon
peak when the beam is placed near the particle’s surface. In particular, the many independent
surface plasmon modes contained within the peak become spectrally rearranged and see
their polarizabilities rise and fall such that the surface plasmon peak loses its unimodal
appearance and grows a shoulder. The bulk plasmon peak is virtually unchanged throughout
the evolution.

The consequence of measuring a cuboid in experiment and assuming its response to be
that of a sphere is to overestimate the values of ., wp, and 7 in the Drude dielectric model
extracted from the experiment. To see this, one can first consider the penetrating cuboid
spectrum: the surface plasmon feature is quite similar in cuboid and sphere spectra, except
that the peak energies of the surface and bulk plasmon features are less separated.

Because the distance between the two peaks increases with decreasing e, (explicitly,

AQ = wy/\/Eoo — Wp\/3/[36 +4]), the value of e is inferred to have an overlarge value

when the cuboid is analytically assumed to be a sphere. Consequently, the value of w, is
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Figure C.1: The EEL probability of cuboid nanoparticles with face-to-face widths d = 20 nm
and composed of a Drude model metal with parameters equal to the extracted 10% Sn4+
ITO parameter averages displayed in the main text. The corner radii of the cuboids are
R = d/2 (blue), d/2.2 (gold), and d/2.5 (green). The R = d/2 cuboid is a sphere. Each
cuboid is depicted in the three panels from above along the z-axis, with the upper and lower
faces of each cuboid assumed to lie parallel to the zy-plane. The trajectory of the STEM
electron lies along the z-axis and is depicted by the black dots in each panel. The three
panels show one penetrating (top) and two aloof (middle,bottom) beam trajectories.

also overestimated in order to maintain the constant peak energy of the bulk feature at ~
Wp/+/Eo-The value of the damping rate 7 is overestimated in aloof-beam experiments, due to
the gradual splitting of the surface plasmon modes and subsequent broadening of the surface

plasmon feature. The damping rate is faithfully recovered in penetrating-beam spectra as
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the surface plasmon feature maintains its shape, but since both aloof and penetrating spectra

contribute to the extracted average value of 7, the overall effect is to overestimate it.

Aloof Beam Penetrating Beam
= 7.5% Sn**

O
-

Relative EEL Probability [utls.]

400 650 900 1150 400 650 900 1150
Energy [meV] Energy [meV]

Figure C.2: The aloof (a) and penetrating (b) EELS spectra for each ITO 7.5% sample
measured in this study. These plots highlight the variation in peak energy and linewidth
for individual particles of the same dopant concentration, which contribute to linewidth
broadening and peak energy maxima differences in ensemble measurements.

However, the surface spectra also provide the clearest evidence that the measured spectra
are very similar to those of spheres. Even for cuboids of corner radii as large as d/2.2, Fig.
C.1, middle panel clearly shows that the surface plasmon feature becomes markedly non-
Lorentzian when the aloof beam is passed near the particle’s face at the midpoint between
the its corners. The spectra of cuboids of smaller corner radii show surface features that
are even more obviously multimodal. Such surface features are absent from the analyzed
experimental data, of which a sample is shown in Fig. C.2a. In each spectrum, the beam is
passed across the particle’s face away from any corners or protrusions (see Fig C.2¢), such
that one would expect to see significant deformations of the surface plasmon feature were

the particle to support cuboid surface plasmon modes.
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For these reasons, we estimate that the nanoparticles under investigation in this work
behave like cuboids with corner radii greater than or equal to d/2.2, such that the effects of
the corners on the plasmon spectra are minimal. We estimate that the dielectric parameters
wy, 7, and e are only slightly, if at all, overestimated and are within 10% of their true

values.
C.2 Heuristic Model of the Background Signal of the EEL Probability

To fit the loss probability I'(w) of Eq. (C.43) to the EEL spectra collected from experiment,
the background signal must be eliminated. In the EELS low-loss energy region (< 5 eV)
LSPs can overlap with losses due to Cherenkov radiation, transition radiation, inter- and
intraband transitions, bulk plasmons, phonon-polaritons, and other radiative features. The
position and intensity of these features will vary due to sample heterogeneity, but when
studying LSPs they are considered background and therefore subject to removal. Addition-
ally, the intense elastic scattering of the ZLP and its tail arise from a statistical process and
can further obscure low-loss EELS data [120, 220, 235]. As one might expect, the wide vari-
ety of background media in different EELS experiments leads to a corresponding variety of
characteristic background signals and subtraction methods. Numerous model-based meth-
ods have been explored, including the use of power-law, reflected-tail, Gaussian, combined
Gaussian and Lorentzian, Fourier and log-Fourier deconvolution, and polynomial models, as
well as combinations of the above.

In order to approximate the background signal as accurately as possible, we utilized the
undoped InyO3 NCs as a non-plasmonic “blank” to develop the model used herein. To do
this, five EEL spectra from undoped Iny O3 nanocrystals were collected with the beam passing
both along the nanocrystal axis and 5 nm outside of its surface. The background signal was
dominated by the uppermost portion of the zero loss peak (ZLP) of the electron beam below
0.3 eV and included, depending on the beam trajectory and target dopant concentration,
up to two Lorentzian-like features at ~ 0.4 eV and ~ 0.8 eV. In general, the lower-energy

resonance was most prominent in penetrating-beam experiments. These spectra are used to



153

determine a characteristic range of the fitting parameters of the model

3 2
B.
TPf(w) = C+ > Ae™™ +) . : (C.1)

This model was then numerically fit to the doped ITO samples, with the fitting parameter

ranges used to determine the fitting constraints.

C.3 Analysis of Nonlinear Dielectric Effects and Beam Deflection Upon the
Measured EEL Probability

In this work we take the transverse detection of the fast electron probe by the target to be
negligible. This approximation, known as the non-recoil approximation, is known to describe
the EEL signal of plasmons and other low-loss responses well when the dielectric material
under investigation shows weak dependence on carrier crystal momentum and the electron
detector’s acceptance angle is small.

In the limit where the dielectric material of the target is strictly local, i.e., has no depen-
dence on the momentum of the carriers contained within, the detection of a STEM electron
is suffciently weak that the induced change in its velocity perpendicular to the direction of
propagation is ~ 10 nm/s [324]. This behavior is similar for dielectric and metallic parti-
cles. With the axial velocity of a 60 keV electron being 0.45¢, the STEM electrons in this
investigation are detected at angles ~ 1078 rad, imperceptible to the detector which has an
acceptance angle of 20 mrad and can be safely set to zero in the theoretical model.

The broadening of plasmonic responses due to nonlocal effects is unimportant when
examining isolated particles larger than ~ 15 nm, especially those with low carrier densities.
As is shown in work done by Ref. [109], nonlocal effects can significantly contribute to the
plasmonic responses of coupled gold particles of this size, but do not matter much when the
particles are well-isolated. Further, as can be devised from a simple hydrodynamic model of
metals [325], the nonlocal response of a metal nanoparticle decreases with increasing carrier
mass and decreasing carrier concentration. As compared to gold, ITO has heavier and fewer

carriers. Thus, the polarization of an ITO nanoparticle is expected to have an even smaller
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dependence on nonlocal dielectric behaviors.

We do, however, concede that these effects are not nonexistent within I'TO nanoparticles.
Especially as the particles decrease in size and surface-scattering effects become exaggerated
[326], the nonlocal response of carriers can significantly affect their plasmon spectra. These
effects represent a very interesting avenue for investigation, but they can be safely neglected
when modeling plasmonic spectra of isolated ~ 20 nm I'TO nanoparticles. As such, they lie

outside the scope of this first investigation into the feasibility of nanoellipsometry.

C.4 Derivation of the EEL Probability

The dielectric model of electron energy-loss spectroscopy (EELS) begins with an electron of
charge —e that travels along the —z-direction with a speed v at a lateral distance b from
the z-axis. It begins moving at a time ¢ — —oo and location z — oo such that its charge

distribution at a time t is
plr,t) = —ga(s — b)5(6 — 0)5(z + vt), (C.2)

with s = \/m the cylindrical radial coordinate and e the elementary charge. The
azimuthal angle of the trajectory has been chosen to be 0 for simplicity, although any angle
would adequately describe the system. As this electron travels toward, through, and away
from a nanosphere of radius a and dielectric function €(w) that lies centered at the origin in
an otherwise isotropic universe of dielectric constant ¢, = 1, it interacts with the electric field
E,cs(r,t) that scatters from the nanosphere. The power transfered to the moving electron

from this scattered field is given by the Lorentz force as
PO = [3.0) Eunlrt) i, (©3)
wherein J is the electron’s current and is defined via the continuity equation as
ev .
J(r,t) = —6(s — b)o(¢ — 0)d(z + vt)z. (C4)
s

Moving to a picture in which we work with charges and potentials rather than currents and

fields (for simplicity), the transferred power to the electron can be simply described in the
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quasistatic limit as

/:wm” L 3(e,t) dPr

_/ra HV - I(r, 1) &r (C.5)

= —/@res(r,t)%?t) d3r.

The total transferred energy along the electron’s entire trajectory from t — —oo to t — oo

AW = /
// )d?’ dt.

The goal of the mechanical derivation of the energy transfered between the electron and

is then

the scattered fields along the electron’s trajectory is to provide a concise description of the
probability that the electron loses energy within a window F + AF = hw + hAw to its
surroundings. This probability, called the electron energy-loss (EEL) probability and given

in this derivation in units of 1/energy is defined implicitly as

AW = h/F(w)hw dw. (C.7)

0
It is thus clear that any description of AW that will be useful must depend on the measurable
quantities of the nanoparticle system as described in frequency space. The strategy for pulling
['(w) out of the integral will then involve equating the integrand above with the integrand

of a Fourier-type integral. Letting

mm:/PQWﬁ
- (C.8)
P = [ Plje g2,



156

we find that, from the convolution theorem,

dow’
27

IB(w) = — //(z[w — w’])('l:)res(r,w’)ﬁ(r,w —w') d3r. (C.9)

Substituting Eq. C.9 into the second line of Eq. C.8 and then substituting the entire RHS
of the resulting expression (of which the LHS is P(t)) into Eq. C.6, one quickly finds from
an analysis of the infinite integral of an exponential function that

AW = P(0). (C.10)

Therefore, because both ® and p are real quantities in time,

p<0) - / / %éres<r7 w/)ﬁ*(r,w’) do’ d&3r
= (C.11)
_ w' [+ L . -
[ [ [ttty - ] e
0

Letting the dummy variable w’ be changed as w’ — w above and equating the above expres-

sion with the integral definition of the EEL probability, one finds

P(w) = 27fh2 / [Cbres(r,w)ﬁ*(r,w)—c.c. &r. (C.12)

The response potential of the system can be described with the aid of a Green function as

By (r,0) = /Gres(r, r';w)p(r',w) &°r, (C.13)

such that, if éres(r,r’ ;w) is known, the potential’s dependence on the electron’s charge
distribution is clear. This form of the potential also builds in a natural symmetry to the
definition of the loss probability, as

i

Iw) = 2mh?2

// [ﬁ(r"w)éres(nr’;w)ﬁ*(r,w) —cc.| dPrdir. (C.14)

The quantities of interest when defining the loss probability are then the double integrals

over all space, which can be shorthanded as

I(w) = // Pt w)Gres(r, T w) ¥ (1, w) dPr Ay (C.15)
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such that
D(w) = 575 (W) = I'(@))

1
= —Wlm{l(w)}.

(C.16)

C.5 Relation of the EEL Probability to Nanoparticle Properties

The potential ® set up by a free charge distribution p in the vicinity of dielectric objects is
given by

d(r,w) = /G(r,r’;w)ﬁ(r’,w) d*r’ (C.17)
where G is the Green function of the dielectric system. The response potential &)(r,w) of

the system is defined as

D (r,w) = /Gres(r,r';w)ﬁ(r’,w) d3r (C.18)

where

Gres(ra I‘/;W) = é(rarl;w> - !

v — |

(C.19)

with 1/|r — 1’| the Green function of free space. The free space Green function will always
be present in addition to the response part, building in the direct Coulomb potential of any
free charges that are present. Additionally, in general, the Green function of a system of
dielectric objects with sharp boundaries takes a different form for each pair of regions that
r’ and r lie in. For example, when a charge distribution lies inside a sphere of radius a and
dielectric €(w) centered at the origin in an otherwise empty universe, the response Green
function is given by
£,.10

ca 4m 20+1 1 rer .
Gre? I‘ r'; w Z Z 2€+ 1 ( ) E(W)) a2e+1Y2m(97¢)Yv€,m(97¢>@(a_r)

+ﬁ(6<%—1) Oa—r)

/

)
X et (g 1) r Y00 9100~

(C.20)
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where the Heaviside functions © dictate that the first two terms are nonzero when the
observer is inside the sphere, and the third is nonzero when the observer is outside. Also,

ne(w) = le(w) + (£ + 1) and we have empoyed the identity

1 47 min{r r’}e
T = : Yim (0, 0) Y (6, ¢ 21
v — /| ;2€+1max{7“,r’}ﬁ+l om0, )Y (0, &) (C.21)

in the third term. Note here that, in the second term, the subtraction of the free-space
potential leaves behind a term that, although it goes like 1/|r — 1’|, actually only describes
the polarization of the sphere’s medium: in the limit e(w) — 1, this part of the response
drops to zero. When the charge distribution lies outside the sphere, the response Green

function becomes

dr (]1 - 20+1
Gz (o) = Z%L [Mj)”” Ym0, 0)Y5,(0,6)0( — a)
(C.22)

2@—0—1 rt o

If a background medium had been included, a term proportional to (1/e, — 1) x 1/|r — /|
would be present in the first term, but this term has been eliminated as ¢, — 1. From here,
the derivation of I'(w) for a penetrating electron beam trajectory and a nanosphere target is
straightforward, if nontrivial. First, with the electron treated as an unchanging point charge

along its entire trajectory,

plr,w) = ——d(s = b)3(¢ — 0)e

o o e o (C.23)
= —55(3 —b)d(¢p —0)e ™“vO(a —r) — 55(3 —b)d(¢p — 0)e v O(r — a),
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the characteristic integral (w) contains four pieces:
I(w) = // Pt w)Gres(r, T w)p* (r, w)O(a — )O(a — r) d®r d®r
+ // P, w)Gres(r, T W) 5 (r, w)O(a — )O(r — a) d°r d®r
+ // P, w)Gres(r, v ) 5 (r, w)O (' — a)O(a — r) d°r d’r (C.24)

- /ﬁ(r’, W) Ghres (1, ;W) ¥ (1, w)O (1 — a)O(rr — a) d*r d®r

= [ (w) + L(w) + I3(w) + I1(w).
Here we have implicitly defined the total response Green function as

Gres(r,1;w) = GL5%(r, v’ w)O(a — 1) + GT.2%r, v'; w)O(r — a). (C.25)

res res

Next, we can see the I5(w) and I3(w) both contain a product of an integral over the space
outside the nanoparticle and another over the space within via the action of the Heaviside
functions. To simplify these terms, it is useful to first simplify the Green function terms that

are nonzero in the case where r and r’ are in different regions. Letting
< 4 ot
fim(r) = %—HgYm(@,cﬁ),
) yra (C.26)

be the mode functions that describe the spatial variation of the potential set up by the

(¢,m)™ nanosphere mode and

>0 l[e(w) — 1]
9y ( ) 77@(00) ,
S () — 20+ 1
e (w) (@) )
97" (w) = Go(w) — 1, (C.27)
() = L
gB(W) - 6((,())7
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be the functions that describe the nanosphere’s spectral response, we have

Cras(r, 1) — 7)0(r — a) = 37~ 57 () f5a () i (1) ©O(a — )07 — ),

Im

res(r,r’;W)@(r’—a)Q(a—T)ZZ1~><( )i () fin (x) O — a)O(a — 7).

Im

(C.28)
G

In general, the spectral responses g, of both kinds describe the excitation of surface-bound

phenomena (plasmons for metallic €(w)) and the responses gp describe the excitation of bulk
phenomena. Using these identities,
-y [ 5w fi) e

/w) ()
<[ sz

e (C.29)
- i & [ 5w dn
r'>a r<a
Additionally, with the spatial integrals shorthanded as
i) = [ 7o) 5, 0)
= (C.30)
Nl = [ 7070 d,
r>a
we have
Do) + o) = 3 5 ) (4 0) A7) + A (@) 4310
(C.31)
29 ]
-y #R (A7) 47, ().
Im
The fourth term of I(w) also reduces simply using the above identities to
97 (w)
‘ (W) (C.32)

while the first causes more of a problem. Explicitly,
g(w 2
w)l* - § Afn ()]
C.33
//rw rwgoo()d3d3’ ( )

I
T‘<CL | ’
r'<a

ge
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where the third term describes the interaction of the passing electron with the point-like
screening charge set up by the polarized medium. The integral is divergent due to the
behavior of the Coulombic 1/|r — 1’| potential and must be treated by including additional
physical phenomena to the model. One simple strategy involves replacing the Coulombic

potential with a Yukawa potential with decay parameter kg, such that

1 e—ko|r—r’|
— . C.34
r —r/| lr —r/| ( )
Together with the identity
e~kolr=r’l 1 1 ety
_ ik-(r—r’) d3k C.35
lr — /| 271'2/]{?2—1—]{7%6 ’ ( )

this replacement allows one to quickly simplify the third term of Eq. C.33 which, due to
its resemblance to similar integrals that appear in the treatment of electron energy losses
to bulk materials [16, 24, 42], will be herein dubbed the “infinite-medium” integral I (w).
Expanding the spatial integrals and wavevector k = k, +k, = (k. ,%,k,) of I, in cylindrical

coordinates and substituting the explicit forms for p and p*, one arrives at

a 27 a a 27 a

= e gOO l I*Z) 72’]{;(27,2/)
= SES [ ] e

—a 0 —a 0

v efiklscos(wftb)e*ikls cos(p—¢’ )5(5 — b) (5 — b) (¢ O) (¢ O)

X O(a — Vs? +22)0(a — Vs? + 2?) d’k ds d¢ dz ds’ d¢' d/ (C-36)
Re{m}
_ e’ oo (W (ka2 5
= o2 271'2}2 // /k2+k2+k2 ! Pledz ds
—Re{Va2-b?}
Further, with
Re{Va2-0b2}
4sin? ([k, — 2] Re{/a2 — b2
// Z Z Z) —ik, (Z Z) dZ dZ S1n (|: kv] we{2 a })’ (CB?)
—Re{m} ( z 5)
one finds that
29 4 k., — 2] Re{va% — b2
I(w) = lim Z9=) / sin? ([k: = 3] Refva? =) 4 (C.38)
ko—oo 272V (k __) (kz +k2—|—/€2)



162

The k,-integral of Eq. C.38 can be evaluated analytically with the aid of the symbolic
integration library of Mathematica 12.1. Explicitly,

€200 (W) /kl k! (47rRe{\/a2 — b2}

w? 2 2
koo mu? Ok + R

2 1
27T ~Re 5 (1—008 [2 (g—i\/kiijg) Re{\/az—b2}1
KR | (2 - v+ R) v

tisin [2 (% - z@) Re{M}D ,

(C.39)

where the -integral has simply produced a factor of 27 as the integrand of Eq. C.38 is inde-
pendent of ¢. Taking the integral above requires the introduction of a cutoff wavevector for
the k, integral such that the highest spatial frequency components of the Yukawa potential
are removed. Using Mathematica and the limit ky — 0, one can see that the above integral
diverges without this approximation. Therefore, with the integration bounds of k; limited

to [0, k.|, we have

2G 2,2 o sin [2v/aZ — B2
Lo(w) ~ €” oo (W) (QW\/Mm {1 N kcz } . 2rk, _ 2msin [ va (w/v)]
w

+
" B (/o) wfv
me_zkcm [% sin (2M[m/v]> — k. cos (QM[LU/U])] +
o/ [+ 2R {1 (0,2, + ipu)lVa 7)) ) .
(C.40)

Here, I'(n,x) is the upper incomplete Euler gamma function and should not be confused
with a loss probability. For physical values of the parameters (w ~ 10 Hz, v ~ 10 cm/s,
a,b ~ 1075 cm), the result of Eq. C.40 is ~ 10~* cm?g and becomes increasingly dominated
by the first term as k. becomes much greater than ~ 10° cm™!. In particular, the second

and fourth terms decrease straightforwardly with increasing k., while the fifth is generally
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monotonically decreasing in k. for k. > w/v and the third provides a small (~ 107¢ cm?g)
negative correction to the total integral.

Closely related strategies to simplify I, (w) exist in Refs. [24, 42]. These models treat a
simpler form of the infinite-medium integral of Eq. C.36 that is appropriate for an electron
moving through an infinite, uniform material. First calculating an EEL probability per
unit path length for such an electron, it is shown that one can then integrate along the
electron’s path through a sphere to calculate the infinite-medium EEL probability in bulk.
This method can be used to approximate the bulk plasmon EEL probability in spheres as
well by integrating the EEL probability per unit distance (calculated as if the electron were
in bulk) only along the electron’s path within the sphere. At the level of the integral I (w),

this is performed by allowing the integration bounds on 2z’ to go to infinity, such that

o0 Re{an b}

Ioo(w) = ¢ Gee(t2) / / /"“l —ik=DEE) Pk dz (C.41)

ot
— —Re{Va2-b?}

Using the same cutoff wavenumber k. to regularize the Yukawa potential, this delivers

262§00(w)\/a2—b21 (1+ kv 2)

02

[o(w) ~ (C.42)

which is simply the first term of Eq. C.40 and is appropriate for large enough k.. Comparison
with Ref. [42] can be made by letting ¢oy = tan~!(hk./m.v) =~ hk./m.v be the detector’s
maximum collection half-angle.

Because the dielectric model without momentum dispersion neglects many important
phenomena that affect the bulk EEL probability [24, 42|, the simpler expression for I
found in Eq. C.42 is used in this work. The relative magnitudes of the bulk and surface
plasmon EEL features are unimportant to the inference of the Drude parameters, so k. is
fit as necessary but is not examined for its physical significance. A detailed determination
of the contributions of the latter terms of Eq. C.40 to the bulk EEL probability, as well of
terms that arise due to the inclusion of physics beyond the dielectric model, is beyond the

scope of this investigation.
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Finally, one can see that the imaginary parts of Iy, I, I, I4, and I, are all determined
solely by the imaginary parts of the response functions g;:

1
amh?

[w) =—

> ( [Af (@) Im{g7 (@)} + 2Re {A7,, (W) A7, (w)} Im{g7 = (w)}

Im

[ A7 (@) I {G7 (w)}) + thA W) T {gs(w)} ~ —in{lo()} (€3

= T (W) + T (w) + T (w).

C.6 Dependence upon Drude-Model Parameters of the Mixing Angle between
an LSP and a Nearby Resonance

The instantaneous interaction energy between a localized surface plasmon (LSP) mode of

multipole order ¢, m and a neighboring resonance is given by

U(t) = / D (1, £)pu(x, 1) (C.44)

where ®y,, is the potential set up by the oscillating LSP mode and p,, is the charge density
of the resonance. If the resonance is taken to be an oscillating dipole centered at a location

ro, then
pn(r,t) = —p(t) - Vo(r — rp), (C.45)
where p(t) is the resonance’s time-dependent dipole moment. Further, with the LSP’s charge

distribution taken to be a surface charge density given by

pontr.t) = 2Dy, (6.6)o(r — a) (C.46)

that is proportional to its multipole moment ¢y, (¢) (given here in the spherical coordinate

convention for convenience), the interaction energy can be redefined using Coulomb’s law to

Pem (T, 1) (1, 1) 3. 13
// Py d°r d°r’

__am()p(t) [ ro—T
aé—l—Q |I‘0 _ r/|3

give

(C.47)
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where the second line was derived using integration by parts. Further, as the time-dependent
multipole moments encode the motion of two massive oscillators, it is sensible to assign to
each of them a coordinate @, such that eQg,(t) = qom(t) and eQ,(t)p = p(t). Therefore,

letting
2

e’ . ro—r’
ae+2p Iro — '3

be the coupling strength between the two resonances, one is left with the simple equations

g =

Yo (0, 0))6(r' — a) d*r/ (C.48)

of motion of the coupled system

mé@ém(t) + mff}/@fm(t) + méwl?Qém(t) - UQn<t) = F@m(t)a
M Qu(t) + M YQu(t) + 1m0 Qu(t) — 0Qu(t) = Fult),

where the definitions of the effective masses m;, natural frequencies w;, and external forces

(C.49)

F;(t) of each oscillator are implied with the knowledge that wy, = w, and my,, = m,. The

above equations can be decoupled in the limit where the damping rate is small to give

G0+ 930, (0 = Y,
-+ 02q (=1,

n

(C.50)

where @4, 2+, and F. are the normal mode coordinates, resonance frequencies, and forces

of the system. We will define only the resonance frequencies here, which take the form

O = w} cos®(B) + w2 sin®(B) F 7 sin(24), (C.51)
mymy,

where [ is the mixing angle defined by

B 1 1 20
g = ) tan { T (W — ) } : (C.52)

The LSP masses are defined by convention when the generalized coordinate displacements

are related to the time-dynamics of the external forces. They cannot be uniquely deter-
mined, however the choice of LSP masses cannot affect the time-evolution of any observable
quantities. One convenient convention for my is chosen in Ref. [119], wherein

S 2me? (less + [0 + 1])
T 20+ Dw?a?

(C.53)
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such that, with w, = wy/€/(les + [€ + 1]), the LSP effective mass scales with the material

parameters as my ~ (les + [ + 1])? /wf) . Assuming the coupled system is maintained at a

2

fixed detuning A? = w? — w?, coupling strength o, nanosphere radius a, and resonance mass

my, it is readily apparent that the mixing angle then becomes

A - {29\/6(% 0w, } | (.5

2 eV2mmp, A2 leg + (0 + 1)

such that the leftmost fraction in the curly braces of Eq. C.54 is a constant. Thus, maximal

mixing always occurs a large w, and small €.
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Appendix D

SUPPLEMENTARY INFORMATION — PROBING
NANOPARTICLE SUBSTRATE INTERACTIONS WITH
SYNCHROTRON INFRARED NANOSPECTROSCOPY:

COUPLING GOLD NANOROD FABRY-PEROT

RESONANCES WITH SIO; AND HBN PHONONS

D.1 Derivation of the Tip and Target Polarizabilities

The responses to electrical stimulus of both the AFM tip and target rod are assumed to be
those of prolate spheroids. The tip spheroids is modeled with its long axis coaligned with
the z-axis and its short axes in the zy-plane. Target spheroid is rotated 90 degrees, with its
short axes lying in the yz-plane and its long axis along x. Additionally, radiation is neglected

such that the electrostatic potential ®(r,w) everywhere satisfies
=V - [e(r,w)VO(r,w)] = 4T pext (T, w). (D.1)

Here, £(w) is the frequency-dependent dielectric function of either the tip or target and
Pext(r,w) is the free charge distribution of the driving source. Eq. D.1 can be rewritten

using a Green function G(r,r’;w) such that
O(r,w) = /G(r, 1’5 W) pext (), W) A7, (D.2)

wherein G(r,r';w) satisfies Eq. D.1 with the modification pey(r;,w) — d(r —r’).
The solution of G' can be found using the method of separation of variables using the
spheroidal radial, vertical, and azimuthal coordinates (£, 7, ¢), which are defined as

r_+ry r_ —7Ty

5_ 20 I 77: 20 )

with 7o = /22 + y2 + (2 F C)? the distance from the point r to the focus at +Cz. Thus, the
definitions of the coordinates depend on the choice of C' = v/a? — b?, where a and b are the

¢ =tan"! %, (D.3)
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long and short axes of the spheroids. The coordinates always fall in the regions £ € [1, 00),
n € [—1,1], and ¢ € [0, 2m).

The functions that allow for the separation of G' are supplied by the expansion of the
Green function of free space,

1 oo ( 2
= S S0 ) [ ] B P (1),0m0)8,m )

X [Qem (&) Pem (§)O(€ = &) + Pem (§) Qe (§)O(E" = €],

(D.4)
in which it must be noted that, in free space, any choice of ¢ will do [304]. Here, S,(¢) =
Op.even COS(@) + 0, oda Sin (@) are the sinusoidal functions of even and odd parity. Further, P,
and Py, are associated Legendre functions of the first kind of types 1 and 3, respectively,
while @y, and Oy, are the corresponding associated Legendre functions of the second kind.

Their definitions stem from the Legendre polynomials of the first kind, Py (z) = Pyo(x) =
(1/2°0") d* /da'{(x* — 1)*}. Letting = be a real number in the interval —1 < x < 1 and
z € C an unbounded complex number, the Legendre functions of the second kind fol-
low: Qu(z) = (1/2) [}, Po(y)/(x — y) dy and Qu(z) = (1/2) [1, Pu(y)/(z — y) dy +
(ir/2) sign(Im{z}) P(2)O(1 — |Re{z}|). The associated Legendre functions are then de-
fined, using Rodrigues’ formula, as Pp,(z) = (—1)"(1 — 22)™/2 d™/dz™ {Pyp(z)} and

Qum () = (=1)™(1 — 22)™2d™ [dz™ {Q0 ()} as well as
Pn(z) = "sign™ (I {=})(1 - )% T {Puf2)},
5 (Qu()

Letting the spheroid’s surface lie at £ = X = a/C and the source lie strictly outside the

(D.5)

Qum(2) = i™sign™(Im{z})(1 — 2?)

spheroid’s volume, the Green function is

1 00

! 2
Grriw) = ——+ 3 Z(—l)m(Q—cSmo)%;l [(e_m)!}

=] p=0 (=1 m=0 (€+m)!

X [O(X = §)gin (W) Pem(§) — O(§ = X) g7 (w) Qem ()] Qem (&) P () Perm (1) S (M) Sp (mg),

(D.6)
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with () (2) = d/dz{Pu,(2)} and ¥?(2) = d/dz{Qpn(2)}. The resonances of the spheroid

thus occur at spectral locations where the real parts of

—1)™+m)!/ (£ —m)! 1
Gom (W) = : 2) ( L 1) ! Qe (X) v (X) ! (D-7)
(X2 = 1) P (X) g, (X) prm(X)g(w) T PM(X)
and
N e(w)—1
9em () Qe (X) () — Yo (X) D%
Pem(X) D (x)

go to zero. Contracting the notation with the definition of the spheroid mode functions

T (2= 8m0)20+1) [(C=m))* Pen(€), €< X,
= = (1) S (M) (D.9)
(D) ¢ [“ *m”] ! Qunl), €>X

and scaling coefficients Ky, = (—1)"[(€ + m)!/(¢ — m)!]/(2 — d,n0)(2¢ + 1), the potential
everywhere is

ex rlaw /
@(r,w) = /M d3I' + Z KEmC%Jrl (@(X - £>gé<m(w) p<2m<r> - 9(5 - X)g;m(w) [;m(r)>

r—r/|
pfm

X / Fotm (€ pexs (¥, w) d3r'.
&>X
(D.10)
From this potential, it is sensible to define a set of multipole moments g, (w) that
describe the magnitude and phase of the oscillations of each of the resonant modes of the

spheroid. It is most convenient to define them from the potential outside the spheroid, such

that
Qpem (W) = — K C* g (W) / p?m(r')pext(r’, w)d®r’! (D.11)
&>X
and ®(r,w)O(§—X) = >, @otm(w) f7,,(r). Eq. D.11 provides a notion of the polarizability

of each multipole mode, in which the magnitude of the response of g, is determined by the

frequency dependence of g, (w) as well as the magnitude and symmetry of pext.
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Formally, then, one can let pexy = (1/47)V - Eoyy and use integration by parts to redefine

the multipole moments of the excited spheroid as

Gpem (W) = Qe (W) Epem (W), (D.12)
wherein
Cﬁil / ! / 3 !
() = T /Eext@,w).v > ()dr (D.13)
&¢>X

is the portion of the impinging electric field that is allowed by symmetry to excite the
(p, £,m)™ mode of the spheroid, and

open) = ()" g ey || @) (D.14)

Ct+2 [(g_'_m)!r .
is the (p, £, m)™ mode’s polarizability. The long-axis dipole of the target rod therefore has
a polarizability as(w) = agio(w) with e(w) = ex(w) = 1+ W}/ (Wi — w? —iwye), C — Cy =

Va3 — b3, and X — X, = ay/Cs. Explicitly,

3
c go(w) — 1
ar(w) = = . D.15
2< ) 3 Qi0(X2) ( ) . ¢%>(X2) ( )
Pro(X2) =2 iy (Xa)

The long-axis (a!) and short-axis (o) modes of the tip are modeled similarly with po-
larizabilities 19 and g1, respectively, as well as e(w) — e;(w) = 1 — wgl /(W? +iwy) a
Drude model of PtSi, C — C} = y/a? — b? the focus length of the tip, and X — X; = a;/C4

its spheroid radius. The resulting forms are very similar to Eq. D.15, such that

ol (w) = al e1(w) — 1 —
3 Q10(X1) ( ) _ %10 (Xl)
Pro(Xa) =1 ) (D.16)
s o Cf E‘:1((")) -1 .
al(W) a 3 QH(Xl)E (w) _ wg)(Xl) ‘
Pu(X) =t #xa)

D.2 Effective Polarizabilities of the Coupled Sample Components

The effective polarizability of the target rod can be calculated simply by tabulating the total

electric field €5(r, w) that impinges on the target while the entire sample is illuminated by the
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synchrotron light. With the target centered at the origin, its long-axis spheroidal mode can
be approximated as a point dipole at the spheroid’s center, such that py(w) = as(w)E2,(0,w)
[304]. Here, as(w) and &9, (r,w) are the polarizability of the rod’s dipole mode and the z-
component of the total field, as respectively defined in Section 5.3.

The effective polarizability of the rod, as(w), is defined such that py(w) = do(w)Eg,(w),
with E,(w) the synchrotron’s (uniform) electric field, Eg(w). In this way, the influence of the
scattered field of the substrate, E3(r,w), is self-contained within the dipole’s polarizability
and the target’s full spectral behavior can be recovered simply by knowing the spectral
content of the synchrotron field.

The substrate’s field is most conveniently decomposed into a sum Es(r,w) = Ego) (r,w)+
E:(f) (r,w) of the electric field Eéo) scattered by the substrate from the incoming light and
the image field ng) set up by the substrate due to the presence of the polarized rod. With
the substrate modeled as an infinitely thick slab with an upper surface lying parallel to the
xy-plane at z = —by, an analysis of the boundary conditions imposed by the substrate leads
to the definition Eéo)(r,w) = [(w)Eo,(w), wherein f(w) = [e3(w) — 1]/[es(w) + 1] is the
frequency response function of the substrate.

Further,

E? (r,w) v/”2 rw) d3 ! (D.17)

lr —r’
where po(r’,w) is the charge distribution of the polarized target and v’ =1'—2(z'+b9)z [121].

Allowing the target to be approximated as a point dipole centered at the origin, its charge

distribution becomes py(r’,w) = —p2(w) - V/0(r") which produces via integration-by-parts
w

BE(0.0) = 2 py () (D.18)
2

Neglecting the effects of the tip’s field on the target such that £5,(0,w) = f(w)Eq:(w) +
p2(w)B(w)/8b3, one finds

pale) = aa(e) (i pale) + Bus)). (D19

Rearrangement quickly produces the definition of dy(w) in Eq. (5.2).
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The same treatment can be extended to define the effective polarizabilities of the tip
dipoles. Using the dipoles’ definitions p}*(w) = o}*(w)&1..14(r1, w) from Section 5.3 where
ry = —asX + (h — be)z, one can implicitly define the effective polarizabilities &;(w) with
P} (W) = 44°(W)Eq. 0a(w). To derive the polarizabilities’ explicit forms, one can break the
components of the total field £ (r,w) = E¢(w) + Ea(r,w) + E3(r, w) into terms that highlight
the individual interactions between the system’s components.

Starting with the target rod’s scattered field, one can let Ey(r, w) = Ego) (r,w) +Eél)(r, w)
be the sum of its responses to excitation by the synchrotron field (0) and the nearby tip (1).
The hats signify that the components of the rod’s scattered field include the effects of its
coupling to the substrate through the use of its effective polarizability. The field of the rod
induced by the polarized substrate, E(S)( w), is therefore redundant and is neglected.

The terms E®V (r,w) = pr(m (r',w)/|r — r'|d®" are defined by the independent
charge distributions of the rod, p2 o1 (r’, w) = —pgo’l)(w) - V'4(r’), that are produced by the
two excitation sources. These charges encode the substrate’s modification of the target’s
spectrum, such that p (0, )( ) = Go(w)Eqy 1. (w), wherein Eq(r,w) is the field produced by
the polarized tip. Explicitly,

pl(I‘/, w) d37,/
|r —r'|

v/ pl +p1 )} -V/(S(I‘,—I'l)dgrl,

I'—I‘

Ei(r,w)=-V
(D.20)

which can be rewritten using integration by parts as

B(x + CLQ)(Z — [h — bQ])}A( 3y(z — [h — bg]) . |I‘ — r1|2 _ 3(2’ — [h — b2])22> l

Bi(r) = (

v —rq|° v — v —
r—rP=3@@+a)’ . 3@ta)y. 3@ta)(z—[h-0b]).\ |,
+ (— PE X+ r— i[5 + TEESE z | pi(w)-
(D.21)

In the limit where the rod is much longer than it is wide (by < ay) and also much longer
than the tip’s height above the substrate (h < a2), |z — h| < |z + as| for r near the origin.

Therefore, when evaluating E;(0,w) one can ignore all terms in D.21 except those that go
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like (z + az)?/|r — ry| to give

E(0,w) ~ 2pi(w) = pl(”)g, (D.22)

such that
26&2 (CL))

(a3 + [l — ba)?)>
The target’s scattered field Eqg(r,w) = —V f[pg)) (r',w) + pgl)(r’, w)]/|r — r'|d3r" can then be

py (W) ~ p; (). (D.23)

rewritten as

r,w)= dy(w w) — 2pi(w) x-V'o(r') 3,/
Es(r,w) = dof )(Eom( ) (a§+[h_b2]2)g>v/—|r_r,| d*r, (D.24)

which simplifies at the location of the tip dipole to

1
(a3 + [h — ba]?)

Ey(r;,w) ~ 2das(w)

2pi(w)
Eo.(w) — . ] . (D.25)
(a3 4 [h — bo]?)?

(NI

The substrate’s scattered field can be expanded as Ej(r,w) = Ego)(r,w) + Eél)(r,w),
wherein the term E:(f) (r,w) that details the substrate’s response to the polarized rod is
neglected. While this term is important for calculating the spectral response of the target
rod, its influence on the tip’s polarization is assumed to be minimal. The charge of the tip
can be substituted for the charge of the target in Eq. D.17 to produce

B 1w = 2 pi ) + g ), (D.26)

such that the tip dipole moments can be rewritten as

l

Pl () (1 - M) — [l (@) + ol (@)8(w)] Eo(w),

s(,, B o (w)B(w) 4o (w) g (w) Y 205 (w) e (w) N
pi(w) (1 ]R3 + (a% i [h—bg]2)3) ( 1(w) + ( 3) Eo, (w).

Rearrangement produces Eq. (5.1) of Section 5.3.
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D.3 Oscillator Model of the Sample System

The construction of an oscillator model of the interactions of the polarized target rod and

substrate begins with py(w). The dielectric function ey(w) = 1 + w2, /(wi — w? — iwyz) can
be substituted into the polarizability as(w) to rewrite the definition of ps(w) as
C3uw? E5.(0
p2(w) = i ¢5:(0,) (D.28)

Aq0(X2)w? . ’
2 10 2 p2 o 2
wy + A0(X2)—Bro(X2) ¢ 12

e
362[A10(X2) — BlO(XQ)]
wherein Ajo(Xs) = Q10(X2)/Pro(X2) and Big = ¥ (X5) /1M (X5). If a plasmon oscillator

coordinate z(w) = pa(w)/e is defined, Eq. D.28 can be rewritten as

r(w) = 1 ebu(0w) (D.29)

me Q2 — w? —iwy,’

where

_ 3€’[A1p(X2) — Big(X)]

me 03w2 3
2 (D.30)
Aqo(X5)w? .
Q2 = w2+ 10(X>)o

A1o(Xy) — Bio(X2)’

are the mass and natural frequency of the coordinate. From the form of Eq. D.28, it is
clear that x(w) acts as a damped oscillator driven by the total external field Eo(r,w) =
Ego) (r,w) + E§2)(r,w), which includes the field set up by the substrate. The target can
influence this field just as it is influenced by it, such that a definition of a substrate oscillator
coordinate leads to a simple description of the coupled motion of the sample. This definition
is most easily built from the potential set up above the substrate’s surface by its polarization,

() + polt', )
lr — 1’|

By (r,w) = —BW) / P2 &3r, (D.31)

where po(r’,w) is the charge distribution generating the synchrotron light and po(r',w) =
—p2(w) - V'6(r') is the charge distribution of the target. Modeling the substrate as a simple
Lorentz-model dielectric, e3(w) = o + whs/(wi — w® — iwys), one finds
sy — 1 w23 1

N €s03 + 1 (8003 + 1)2 w?2’ + ng—l
€003

Bw) (D.32)

— w? —iwys
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The second term resembles the RHS of Eq. D.28 and signifies that part of the substrate’s
polarization oscillates with a natural frequency w3 + w§3 /(€003 + 1) and a damping rate ~s.
The first is absent in Eq. D.28 and describes an instantaneous response to external stimuli.
Analogous to the definition of Z, one can map these two independent types of substrate
motion onto two coordinates.

Their precise definitions stem simply from an expansion of the substrate’s Green function,

1/|r — 1’|, into mode functions. Explicitly,

= (2= 6mo) / T (k) T (ks').S,(m@) S, (m e H=H=1202) g, (D.33)
pm 0

o]

which can be simplified to 1/[r —1_| = > 157 Apm (., x) Ay (k,x')dk by using the mode
functions

Apm (K, ) = (2 = 6pn0) I (k5) S,y (mp)eFEH02), (D.34)

These describe the spatial variations of the potentials of independent modes of the substrate’s
responses, both oscillatory and instantaneous. One can then describe the motion of the
excited oscillatory modes of symmetry (p,m, k) with the motion of a coordinate g, (k,w),
and similarly do so for the substrate’s instantaneous response with the coordinates y,, (k, w).

With the explicit definitions
d / / / /
Gpom (K, W) + Ypm (k, w) = —gﬂ(M/Apm(kar)[po(r ,w) + pa(r,w)] &, (D.35)
Vs

wherein integration is taken over V5, the region above the substrate’s surface, the substrate’s

scattered potential can be redefined as

By(rw) = 3 / (o (K, 0) + g (ks )] Ay (k' 1) (D.36)

pm

Further, with the definitions of the forces

FO (k,w) = - pi(r! W) Apm (K, ') dPr! (D.37)
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that describe the excitation of the modes (p, m, k) by the synchrotron field (i = 0) or target

rod (i = 2), as well as the masses

(€003 + 1)?

M, = (2—=6n , D.38
200 =5 (D.33)
and natural frequencies
2
W
PZ=w?y P D.39
3 Ws (8003 + 1) ( )
the coordinates can be defined explicitly as mechanical oscillators:
1 E(k,w) + Fyl (b, w)
G (Ko@) = O i gy
o 5 3 (D.40)
_ o0 2 0
Ypm (b, w) = 2@ =00 (FS2(k,w) + FQ) (k,w))

with B (W) = [Ece3 — 1]/[E0es + 1]

The definition of FZSSQ(/@, w) in Eq. D.37 is inconvenient, as the form of the synchrotron’s
charge distribution is not simple. However, if one loosens the approximation made in Ap-
pendix D.2 and allows the synchrotron field to vary slowly over the substrate, integration by

parts can be used to rewrite Eq. D.37 as

e
4mrd?

(&

0 _
FISWZ(k’ w) = 4A7d?

/ Eo(r',w) - VA (k, 1) d*r' +
V>

/ Eo(r',w) - 20(2' + bp) Ay (k, 1) 1"

(D.41)
Letting € be a small parameter with units of wavevector, the slowly-varying field can be
written as Eo(r',w) = (Eoe(w)X + Eo,(w)z)e™ e~1#+%2l which produces
k 1 ee 1
FO(k,w) = (Eoa(@)8,00m1 — Eox(w)000m0) — Foo (0)6y00m0 s ——————
pm (K> ) = (Eoz () 0p00m 0=(@)9p00mo) 242 (k;+e)(k2+e2)%+ 0-(«)3p0 0942 (k2 +e2)2’
(D.42)

which is only nonzero for p = 0 and m = {0,1} [327]. Either of these terms is small for
k > ee, such that, with a very nearly uniform field (¢ < 1), only modes with small k
are forced. Additionally, the latter term, which does not include a factor of Fy,(w), is at
minimum twice as large as the former. This agrees with the approximation of Appendix D.2

that the substrate’s response to a uniform field only produces a response proportional to
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the perpendicular component FEy,(w). The first term is accordingly neglected such that the
forces proportional to Fé?)(k, w) ~ Fo,(w) are taken to be zero. Thus, the substrate remains
driven by the synchrotron light only through the forces Fég)(k, w).

The coupling force Fp(f,z (k,w) between the target and substrate is more straightforward
to produce from Eq. D.37. Letting ps(r',w) = —ex(w)x - V/6(r') in Eq. D.37, one finds via

integration-by-parts

e2

@
using the identities 0/0s{J,,(ks)} = (k/2)[Jm-1(ks) — Jm41(kS)], Jm(0) = dmo, Sp(0) = dpo,

F2(k,w) = ——08p00m ke "z (w) (D.43)

and (2—6,,0)0m1 = 20,1 while neglecting terms that go like ,, _1. Clearly, then, all substrate
modes with p =0, m = 1, and k£ # 0 can push on the target. However, rather than continue
to keep track of the individual motion of each substrate mode of wavenumber k, one can note
that the modes of differing k£ but common (p, m) all have the same mass, natural frequency,
and damping rate, such that they move in phase with each other when forced equally.

It makes the most sense to group all modes of common (p,m) into a single supermode
with coordinate @, (w) or Yy, (w) that is independent of k. The most convenient definition

of these new coordinates is

Qi) = /28] [ ke g (h.) a
- (D.44)
Yom(w) = /2db3 / ke 2y (K, w) dE.
0
The forces that act on these new coordinates are then
Fi (w) = 4/ 2db3 / ke *2 PO (k,w) dk (D.45)
0
such that
]-"(0)( ) 20,00z (w)
Qpm(w) (Qg - - iW’Y3) = — ,
M, M,,\/8d3b3
’ (D.46)

& Boo Fimm(w d3
o) = 5755 )
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wherein the identity

(e e

n,_—n (n B 1)'
0

has been employed. Further, with

Bi06) = =3 [ 5 () + (k. ) o

X (5p05m1§( — 25p05m02) dkﬁ,

the target coordinate becomes

eEo(w) - x e? e?

2 2 _ _ -
T (w) (92 —w - 10072) = o - - rd?’bg Qo1 (w) — - /—8d3b%

The definitions of the coordinates can be combined and simplified by eliminating the

You(w).  (D.49)

coordinates Yy, which do not carry their own degrees of freedom. Inserting the definition of

Y,m from Eq. D.46 into Eq. D.49 and recognizing that all fégg(w) are zero for (p,m) # (0,0),

one finds
_ . Folw
x(w) (Q% —w? - 1w72) — T'%Qm(w) = 70722 )
. g
Qui(w) (% — v — lwys) = () =0, (D.50)
) }—((21 01(“)
Qpmr01(W) (2 — W —iwys) = %,

where Fy(w) = eFy.(w) is the synchrtron’s force onto the target rod and g = —e?//8d303
is the coupling strength of the target-substrate system. Moreover, Q% = Q2% — 3,.e%/8b3ms is
the lowered resonance frequency of the rod, which is redshifted from its free-space value by
the target’s interaction with the static response of the substrate.

From Eq. D.50, it is clear that the target rod is coupled only to the (p,m) = (0, 1)
supermode of the substrate, while the remaining substrate modes are driven only by the

external field. This simple, bilinear coupling allows for the definition of hybridized modes

T4 (w) = x(w) cosf + Qro(w) sin b, (D.51)
r_(w) = —z(w)sinf + Q1o(w) cos
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that have resonance frequencies 21 (#) determined by the mixing angle 6 defined in Section

5.4.

D.4 Relation of Oscillator Model and Effective Polarizability

Conversion of the oscillator model in Appendix D.3 to an effective polarizability is straight-
forward if one begins with Eq. D.50. Omitting the subscripts on the substrate coordinate
and allowing M; = mg, the substrate coordinate’s equation of motion can be rearranged to

read

1
Q) = o) o (D.52)

Plugging this back into the rod coordinate’s equation of motion, expanding Q2 = Q32 —

Bos€? /8b3meo, and letting ap(w) = €2/mo (2 — w? — iw~,), one finds
p P

Boo e? 1 Fo(w)

x(w) [1— ozg(w)8—b% - aQ(w)8d3b§m3 T —— = as(w) 2 (D.53)
Furthermore, from Eqs. D.35, D.37, and D.40, it can be concluded that
e 1
Bw) = o B = iy Boo (D.54)
which quickly leads to
2(w) = as(w) ! Fo(w) (D.55)

1 —as(w)B(w)/8b5 €2
With ps(w) = ex(w) and Fy(w) = eEy,(w), one can immediately reconcile Eq. D.55 with Eq.
5.2.

D.5 Additional Experimental Details

The SINS observables for the SiO, substrate (see Fig. D.1) are collected by moving the AFM
tip over a bare section of the substrate, away from any lithographed rod features, and taking
a point spectra at the second harmonic. The SINS observables for the hBN substrate (see
Fig. D.2) are collected in a similar manner. In both instances, the magnitude is shown in

red and the phase in blue.
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Figure D.1: SINS observables of 100 nm SiO,
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The length of each rod used to create the phase waterfall plot (Fig. 3 of the main text)

are reported in Table D.1. They are extracted directly from AFM images taken immediately

before the SINS measurements.

While the main text utilizes the SINS magnitude observable for figures 3 and 4, the same

trends are recovered from the phase observable which are shown here in figures D.3 and D.4.

The asymptotic energies of the branches in the avoided crossing are at 1234 and 1018 ¢m™

1
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for SiOs and 1527 and 1296 cm ™' for hBN.

SiO, hBN
=——\— — ;’W‘/\ —
M |_

w N 2 g
—r——— /\/—’W «Q
R g
——~——— 1—‘;
N ™

—_— _’/\f

® re— NS Nv

— ————— —

[0}

3 A J\M

= -\ - —— —

s —_—— I

% \—-——/"—\V l— S —— e ——— pE—— 5

= ———— e ——
—_— ————————————— 1
— ——— ‘ﬁW’\\wf%Ja g
e — W\-—’ § =
f——————" —_— #M
W. N——————’"—"——‘\-——A—"‘ o
———— ——

3000 1000 1500 2000 2500 3000 3500

Wavenumber [cm™]

1000 1500 2000 2500

Figure D.3: SINS phase spectra from a series of nanorods (L = 0.7 — 10.0 um) obtained at
the end (blue traces) or middle (red traces) of the nanorod on SiOs (first column) and hBN
(second column) substrates. The spectrum obtained from the shortest nanorod is plotted at
the top in each panel with longer nanorod spectra vertically offset until the longest nanorod
in each series is plotted at the bottom.

To gain a better understanding of when a F-P mode and a SPhP are at zero detuning,
the separation between peaks in the avoided crossing (main text, Fig. 4) are calculated and
the minimal values are reported for each F-P mode on each substrate. These results are
summarized in Table D.2 along with the length of rod supporting the associated F-P mode

and its peak resonance positions.
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We highlight the reproducibility of our data by presenting a second avoided crossing
diagram created from mixing gold rod F-P modes with a SPhP on a 100 nm thick SiO,
substrate. Here we extract peak positions from data taken during separate visits to the
ALS nearly half a year apart. The most recent experiments, those presented here as part
of figure D.3, are shown in figure D.5 as red and blue markers representing the m = 1 and
m = 2 F-P modes as before. The green (pink) dots represent the m =1 (m = 2) F-P mode
extracted from the previous data. With both experiments plotted on the same axes, the

anti-crossing behaviour is clearly visible.
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Figure D.4: Avoided crossing diagram derived from the SINS phase measurements for the
complete nanorod series on both SiOy and hBN substrates. The m = 1 (blue) and m = 2
(red) F-P modes are plotted versus inverse nanorod length. Dotted black lines are the

asymptotic energies.
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Figure D.5: Avoided crossings in SINS phase of Au rods on a 100 nm SiO, substrate, taken
during two separate visits to ALS.
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Figure D.6: A comparison of the spectral responses of the PtSi tip’s long-axis (blue) and
short-axis (yellow) dipoles as well as target nanorod’s polarizability in free space (green) and
in the presence of an SiO, substrate (red) as calculated by the analytical model.
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Rod Length [nm]
SiO; series | hBN series
772 815
881 906
1046 1028
1106 1149
1196 1249
1315 1331
1438 1443
1525 1567
1644 1643
1762 1760
1871 1841
1968 1987
2086 2034
2191 2148
2301 2311
2420 2396
2529 2487
2589 2610
2688 2654
2835 2752
2908 2933
3550 3066
3940 3180
4230 3576
5230 3720
7460 3950
10650 4210
7480
9560

Table D.1: Measured rod lengths, in nm, for each reported spectra in Fig. 3.



SiO,y substrate

hBN substrate

Rod Length [nm] 1968 | 3940 | 1841 | 3720
F-P mode m=1| m=2 |m=1| m=2
Upper Peak Resonance[em™!] | 1358 | 1373 | 1620 | 1651
Lower Peak Resonance [cm™!] | 957 957 | 1142 | 1157
Peak Separation [cm™!] 401 417 478 494
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Table D.2: Minimum split peak separation between the respective F-P and substrate SPhP

from SINS magnitude spectra.



