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Understanding the geometry of rectifiable sets and measures has led to a fascinating interplay
of geometry, harmonic analysis, and PDEs. Since Jones” work on the Analysts’ Traveling
Salesman Problem, tools to quantify the flatness of sets and measures have played a large part
in this development. In 1995, Melnikov discovered and algebraic identity relating the Menger
curvature to the Cauchy transform in the plane allowing for a substantially streamlined story
in R?. It was not until the work of Lerman and Whitehouse in 2009 that any real progress
had been made to generalize these discrete curvatures in order to study higher-dimensional
uniformly rectifiable sets and measures.

Since 2015, Meurer and Kolasinski began developing the framework necessary to use dis-
crete curvatures to study sets that are countably rectifiable. In Chapter 2 we bring this part of
the story of discrete curvatures and rectifiability to its natural conclusion by producing mul-
tiple classifications of countably rectifiable measures in arbitrary dimension and codimension
in terms of discrete measures. Chapter 3 proceeds to study higher-order rectifiability, and in
Chapter 4 we produce examples of 1-dimensional sets in R? that demonstrate the necessity
of using the so-called “pointwise” discrete curvatures to study countable rectifiability.

Since at least the 1930s with the work of Douglas and Rad‘o, Plateau’s problem has
been at the heart of many developments in geometric measure theory and PDEs. After the

pioneering work by De Giorgi on the regularity of area minimizing surfaces, studying the



regularity of anisotropic energy minimizing surfaces has been an extremely active area of
research leading to new interactions between geometry and the fields of PDEs, Calculus of
Variations, and Optimal Transport.

For anisotropic minimal surfaces all known higher-order regularity results, that is, reg-
ularity beyond countable rectifiability, require an assumption on the energy that is similar
in effect to the “ellipticity” condition of Almgren in so far as the condition forces the PDE
that eventually arises to be a linear elliptic PDE. The second part of this thesis discusses
regularity results for anisotropic problems in geometry and PDEs which do not benefit from
a naturally arising elliptic PDE. Chapter 5 begins with results in low-dimensions, includ-
ing a quick proof of regularity in dimension 2 for all anisotropic minimal surfaces, and a
Bernstein-type theorem. Chapter 6 studies || - ||,-minimal surfaces by a monotonicity for-
mula, allowing one to consider types of surfaces not covered in Chapter 5. The monotonicity
formula ensures that blow-ups of || - ||,-stationary surfaces are stationary cones, motivating
an exploration of what anisotropic stationary cones in R? can look like. Chapter 7 produces
regularity results for a general family of PDEs, including a maximum principle, a Harnack

inequality, and a Liouville theorem.
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Chapter 1
INTRODUCTION



This thesis has two major parts. The first part, Chapters 2-4, analyzes the relationship
between rectifiability and discrete curvatures. Chapters 5-7 form the second part, where
we turn our focus to the regularity of anisotropic problems. The regularity of two distinct,
but closely related, types of anisotropic problems are presented: anisotropic minimal surface

problems and anisotropic PDEs.
1.1 Rectifiability via curvature

In geometry, manifolds are of particular interest because of their nice, rigid, tangent structure.
In the calculus of variations, one can study “surfaces” (i.e., manifolds, currents, varifolds,
etc.) that minimize some energy. Unfortunately, the same rigidity of the tangent structure
of manifolds that makes studying them so interesting, also means that the limit of manifolds
in some ambient space is unlikely to remain a manifold.

This lack of “closedness” of the space of submanifolds leads to the desire to find more
general notions of manifolds that are closed under some appropriate limit. The tangent
structure, which depends upon a manifold becoming flat as you zoom in on it, is an important
geometric property for any suitable generalization of manifolds.

Countably (Lipschitz, n)-rectifiable measures on R™ are precisely the measure-theoretic
objects that have a tangent structure. Intuitively, that is they are flat after zooming in far
enough and approach a unique tangent. More precisely, for some class of functions C from
R™ — R™, we say that a Radon measure g on R™ is countably (C,n)-rectifiable if there
exists {fitien C C so that p(R™\ U;f;(R")) = 0. A set E C R™ is said to be countably
(C, n)-rectifiable if the restriction of the n-dimensional Hausdorff measure, H"|g is countably
(C, n)-rectifiable.

Due to Rademacher’s theorem, that is that Lipschitz functions are differentiable almost
everywhere, one could suspect that geometrically this means a measure p is (Lipschitz,
n)-rectifiable precisely when p-a.e. point has an n-dimensional measure theoretic tangent
space. While not straightforward, this indeed turns out to be the case, see for instance [51,

Theorem 15.19] when considering sets. This demonstrates that reasonable generalizations



of manifolds should at least be rectifiable, and in turn shows the need for necessary and/or

sufficient conditions to test rectifiability.

Since the Analysts’ Traveling Salesman Theorem, see [42] in R? and [57] in R™, tools to
quantify how flat a set or measure is at all locations and scales have become a ubiquitious
when characterizeing the rectifiability of sets and measures. In fact, these quantitative tools
have helped identify a subclass of rectifiable measures, called uniformly rectifiable measures

which have interesting roles in geometry and PDEs, see [19, 20].

A measure p on R™ is said to be uniformly n-rectifiiable if it is Ahlfors n-regular, that
is if there exists 0 < ¢ < C' < oo so that er™ < u(B(z,r)) < Cr™ for all € sptu and all
0 < r < diam(sptu), and if it also has the property that there exists some 6 > 0, so that for
all x € sptp and all 0 < r < diam(sptu), there exists one Lipschitz function f : R™ — R™
with the property that pu(f(B(0,7))) > Ou(B(z,r)) where the dimension of each ball can be

understood from context.

The most popular tool to quantify flatness of sets and measures are the S-numbers. For

a measure [, we define

1 dist(y, L)\ >
" = f — — 1\ d
N’p(x’ T) <n-P11£Ies Lrm B(z,r) ( r ) ,U(y)

Geometrically, one can interpret 3] (7, 7) as telling you in an LP-sense how far ji[p(s,r

is from being supported on an n-dimensional plane. Therefore, assumptions like

R
/0 SZ;Q(x,T)Q% < 00 (1.1)

imply that as r approaches zero, the support of u looks more and more like it is contained

within an n-dimensional plane, and hence like the measure p is becoming “flat”.

There are many very useful “parametrization results” which say under sufficient flatness
assumptions, like (1.1), one can produce a function f parametrizing a set (or measure) and

that f is regular. A woefully incomplete list of some of these parametrization results with



different levels of regularity includes: continuous [61], Lipschitz [65, 74, 21, 30], C** [38].

Quantitative notions of flatness are not the only method to characterize rectifiability. In
[19], one of the many characterizations of uniform rectifiability is by the L?*-boundedness of
singular integral operators. When n = 2, in [54], an algebraic identity was found that directly
relates the Menger curvature of triples of points to the Cauchy transform in C. The Menger
curvature of three points 1, xo, x3 is defined as the inverse of the radius of the unique circle
passing through the three points. In the special case of R?, this identity lead to a dramatic
simplification of the equivalences in [19] by passing through the Menger curvature, [53, 52].

Unfortunately, in [32] Farag demonstrates that no algebraic identity of the same form
could exist in higher-dimensions to relate generalizations of Menger curvature to the Riesz
transforms. Nonetheless, in [45] Leger used geometric methods to show that the Menger cur-
vature can, without Melnikov’s identity, still characterize countably (Lipschitz,1)-rectifiable
sets and measures in R™ thanks to the flatness it imposes. Beginning in 2009, [46, 47] classify
uniformly n-rectifiable sets by many examples of geometrically motivated generalizations of
Menger curvature, which we call discrete curvatures. Later [56] Meurer provides a general
definition which encompasses these successful discrete curvatures, and produced a sufficient
condition analogous to the work of Leger which guarantees rectifiability of sets. Around
the same time, in [43], Kolasinski produced a sufficient condition in terms of some specific
discrete curvatures to guarantee countably (C1*, n)-rectifiability of measures.

Chapter 2 is work done solely by the author. It provides two new characterizations
of countably (Lipschitz,n)-rectifiable Radon measures on R™ under relatively weak density
assumptions, see Theorem 16. We also show a converse to work of Kolasinski, providing a
direct quantitative comparison between (centered) S-numbers and Menger curvatures, see
Theorem 19.

Chapter 3 is joint work with Silvia Ghinassi (a graduate student at the time). We
further develop the ideas behind Theorem 19 demonstrating a sufficient condition for a
Radon measure to be a countably (C1®, n)-rectifiable measure, see Theorem I. This is done

by demonstrating that finiteness of appropriately modified discrete curvatures imply a set



satisfies the hypotheses of a parametrization result [38] by Ghinassi, Theorem 51.

Chapter 4 is joint work with Sean McCurdy (a graduate student at the time). We produce
two examples of sets in R? demonstrating that the so-called “integral” Menger curvatures
cannot be used to detect countable rectifiability by blowing-up— even for connected sets
or Ahlfors regular sets. Due to the fact that S-numbers are more popular than Menger
curvatures, this chapter is stated in terms of S-numbers. Theorems 5 and 19 provide a direct
translation of these results to results about discrete curvatures.

In fact, the original motivation to construct these examples arose from a desire to show
the failure of a third attempted characterization of rectifiability by discrete curvatures. That
is, we wanted to know if countably (Lipschitz, 1)-rectifiable measures could be characterized
by the limiting behavior of integral Menger curvature, i.e., by studying what happens to the
expression in (2.33) as r | 0.

A major hurdle immediately presents itself: What if for no r > 0 the quantity in (2.33)
is finite? Originally, this seemed like just a technicality. However, Theorem 61 (resp. 62)
shows that even for countably (Lipschitz,1)-rectifiable sets in R?, even with the restrictive
topological (resp. geometric) constraint of connectedness (resp. Ahlfors regularity), one

cannot expect the quantity in (2.33) can to be finite for any x in the set or any r > 0.
1.2 Regularity in anisotropic problems

The anisotropic Plateau’s problem asks, “If W is an (n — 1)-dimensional boundary, how nice
must the n-dimensional surface S that has the least energy out of all surfaces that span
the boundary W be?” There are many ways to interpret this question depending upon how
one chooses to define “boundary”, “surface”, and “spans”. We emphasize some of these
interpretations during a brief and incomplete survey of the topic.

In the 1930s, Douglas [29] and Radé [60] solved the isotropic Plateau problem (area
minimizing surfaces) in the plane by studying surfaces parametrized by continuous functions
on the disc, with fixed values on the boundary.

In the 1950s, De Giorgi [22, 23, 24] introduced another notion of surface, which we now



call sets of locally finite perimeter. In 1961 De Giorgi [25] demonstrated regularity of the
boundary for area minimizing sets of locally finite perimeter near flat points. To do so, he
introduced the “tilt-excess improvement” method.

In 1960, Reifenberg [61] used a clever local parametrization argument to produce so-
lutions to the Plateau problem. At the same time, Federer and Fleming generalized De
Giorgi’s set of finite perimeter to normal currents, which allow one to study the regularity
of n-dimensional energy minimizing surfaces in R™, ultimately leading to a very satisfying
collection of regularity results for anisotropic energy minimizing surfaces of Almgren’s [5]
so-called elliptic energies. The epic book by Federer [35, Chapter 5] provides a thorough
description of regularity theory for elliptic energy minimizing currents.

The general story of regularity for energy minimizing currents, more-or-less originating

from [25] is as follows:

(1) Start at a point on a surface where you have zoomed in far enough that the current

looks “flat”.

(2) show that this flatness implies the current can largely be written as the graph of a

function u. In turn,

(3) setting the first variation equal to zero, one discovers this function almost solves some

PDE.

(4) an e-regularity theorem says that u is close to some v which truly solves the PDE, and

(5) since v solves the PDE, if the PDE is nice, then v is regular, so in fact u is even flatter

than you expected.

The way that one defines “flatness” turns out to be quantified by a notion of “tilt”. The
more tilt a surface has (i.e., the excess tilt) the less flat it is. Hence, the conclusion in step

(5) is often called “tilt-excess decay”.



The desire to have a nice PDE in (4) is precisely where Almgren’s ellipticity condition
comes from: it is a constraint on the energy that forces the PDE to be a linear uniformly
elliptic divergence form PDE.

There has been some work attempting to weaken the ellipticity condition, for example
(63, 36], for currents. Nonetheless, the weaker assumption still boils down to some sufficient
condition to ensure the PDE from (4) is elliptic. The more recent work of Figalli is the
only known higher-regularity result for anisotropic energy minimizing currents where it is
not assumed that regardless of the orientation, the first variation always produces an elliptic
PDE. Still, Figalli assumes that in all “nearby” directions, the resulting PDE is elliptic, and
in particular the theory of elliptic PDEs is still the workhorse that yields C®-regularity near
flat points.

Since the PDE, which arises from the first variation of the anisotropic energy, is so
important to this technique, it is common to study regularity of surfaces whose first variation
is zero. These surfaces are called anisotropic minimal surfaces. Energy minimizing surfaces
are always minimal surfaces, but not vice-versa.

In the 1970s, Allard [2, 3] introduced the notion of a varifold as a new way to interpret
“surface”. The primary tool to study the regularity of area minimal varifolds is through
Allard’s monotonicity formula. A nice exposition can be found in [67].

Compared to the regularity theory for energy minimizing currents, the regularity theory
for minimal varifolds has lagged behind. The regularity theory for area minimal varifolds
is based on a monotonicity formula. When considering n > 2-dimensional varifolds this
monotonicity formula holds exclusively for energies that are, up to a constant-coefficient
linear change of variables, the area integrand [4]. When the varifold is of dimension n = 1, a
monotonic quantity is still known (also [4]) but to the best of the author’s knowledge there
has been no work demonstrating regularity for 1-dimensional anisotropic minimal varifolds
using this method because the monotonic quantity has no specific formula that has been
shown to be beneficial.

There has been recent progress moving regularity theory beyond area minimal varifolds to



anisotropic energy minimal varifolds [27, 26, 28]. In the absence of a monotonicity formula,
attempts at showing the varifold is locally C1® near flat points, depend once again upon

some condition forcing the first variation to produce an elliptic PDE.

In chapters 5-6, we study anisotropic minimal surfaces which do not have a first variation
that produces an elliptic PDE. The main focus is on surfaces minimizing the || - ||,-energy.
Specifically, we focus on the local regularity of the boundary of sets of locally finite perimeter
which locally minimize the || - ||z-energy. To this end, we need an open set A C R" and

define the functional ®, on sets of locally finite perimeter by

D, (E;A) = / pve)dH" 1,

0*ENA

where p : R* — R" is some strictly-convex, positively 1-homogeneous function that is C! on

R™\ {0}. We then study the regularity 0*E whenever E satisfies
O, (E;A) < O,(F;A) VEAF CC A.

The main focus is when p = || - || Any more general regularity statements are most
interesting when considering some p where the first variation does not provide us with an

elliptic PDE.

Chapter 5 includes a short, but complete, proof that in R?, all ®,-energy minimizing sets
of locally finite perimeter have boundaries that are straight edges. Theorem 94 also includes

that global minimizers must be halfplanes.
Chapter 6 provides a general sufficient condition for a monotonicity formula for @,-

minimal surfaces in R”, namely the existence of a positively 1-homogeneous function f, so

that
(2, E(Vf(2),Vp§) =0  Vz,& (1.2)

We then demonstrate that || - ||,~energy minimizing currents in R? satisfy a monotonicity

formula, which differs from the one in [4]. This monotonicity formula is used to show that



blow-ups of energy minimizing currents are global energy minimizing cones. The only specific
property of the monotonicity formula used, is that when n = 2 and f = | - ||, = p the
expression in (1.2) is zero if and only if x - £ is zero.

All of the work done in Chapter 6 could be carried over for || - ||,-minimal varifolds in R?,
ultimately demonstrating that blow-ups of || - ||,-minimal varifolds are || - ||,-minimal cones.
It is known that the only area-minimal cones in the plane are (1) lines and (2) the so-called
triple junction, that is where three half-lines join at a point with 120° angles. Naturally, this
rigidity is lost in the anisotropic problem, but we provide a constructive method to produce
all anisotropic stationary triple junctions in the plane. This analysis of triple junctions in
the plane can also be extended to triple junctions in higher-dimensions, as long as you know
what 2-dimensional plane your triple junction is contained in.

Chapter 7 studies the regularity of a wide class of PDEs, which include those that arise
as (partially linearized) versions of the PDEs one would get from the first variation in the
anisotropic minimal surface problem. In particular, this class of PDEs contains lots of
non-elliptic PDEs, including the p-Laplacian and the pseudo p-Laplacian. We show that
a De Giorgi-Nash-Moser theory holds for these PDEs. In particular, positive subsolutions
are locally bounded (Theorem 136), solutions satisfy a maximum principle (Theorem 138),

positive solutions satisfy a Harnack inequality (Theorem 139), and a Liouville theorem holds

(Theorem 142).
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2.1 An introduction to discrete curvatures and rectifiability

In the late 1990s there was a flurry of activity relating 1-rectifiable sets, boundedness of
singular integral operators, the analytic capacity of a set, and the integral Menger curvature
in the plane. In 1999 Léger extended the results for Menger curvature to 1-rectifiable sets in
higher dimension, as well as to the codimension one case.

A decade later, Lerman and Whitehouse, and later Meurer, found higher-dimensional
geometrically motivated generalizations of Menger curvature that yield results about the
uniform rectifiability of measures and the rectifiability of sets respectively.

Primarily, these higher-dimensional Menger curvatures have been used to study the reg-
ularity of surfaces and knots, for instance, self-avoidance and smoothness of the normal.
Herein, we use these tools to find new characterizations of rectifiable Radon measures in
arbitrary dimension and codimension (see Theorems 16 and 18). Work in progress indicates
the characterization in Theorem 18 (4) and (5) is more likely more useful in practice than
the characterization in Theorem 16. We also relate the pointwise Menger curvature to the
sum of the 5 numbers over scales (see Theorem 19). As a consequence of taking tools from
knot theory to answer geometric measure theory questions, we include extra details to ensure
this paper is sufficiently self-contained for readers from either discipline. Despite this, when
classic arguments make repeat appearances, we attempt to avoid repetition by referring the

reader to the analogous argument earlier in the paper.

2.1.1 (Uniform) Rectifiability and [3,-coefficients

Studying rectifiable sets and measures (see Definition 21) is a central topic in geometric
measure theory. In his 1990 work on the Analysts’ traveling salesman problem in the plane
[42] (later generalized to 1-dimensional sets in R™ by Okikiolu in [57] and to n-dimensional
sets in R™ by Pajot in [58]) Peter Jones introduced what are now called the Jones’ S-numbers,
which have dominated the landscape in quantitative techniques relating to rectifiability,

analytic capacity, and singular integrals.
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In the joint monograph on the topic [20] David and Semmes laid the framework to under-
standing the quantitative structures Jones introduced, as well as how to properly generalize
these ideas to Ahlfors regular sets and measures higher dimensions. In doing so, they intro-
duced the notion of uniform rectifiability (see Definition 22).

David and Semmes gave many equivalent characterization of uniform n-rectifiability.
One characterization is related to Jones’ S-numbers the definition of which is included for

completeness. For 1 < p < oo one defines

where the infimum is taken over all n-dimensional affine subspaces L. C R™. When the
dimension n is understood from context, the superscript is typically forgotten.

The relevant characterization of uniformly n-rectifiable sets was discovered in [19].

Theorem 1 ([19]). If p is an n-Ahifors reqular measure on R™ then the following are
equivalent.

(1) p is uniformly rectifiable.

(2) For 1 < p < =% there exists some ¢ > 0 depending on p such that the ,-numbers satisfy

the following so called Carleson-condition.

R
d
/ / By, T)ZTT du(y) < cR"  for all x € sptu, R > 0. (2.2)
z,R) J0O

More recently, a much desired characterization of countably n-rectifiable measures (a
characterization for measures, similar to the characterization for sets from [58]) was discov-
ered by Azzam and Tolsa in a pair of papers [72] and [8]. In particular, the following theorem

is from [72].

Theorem 2 ([72]). Let 1 < p < 2. If u is a finite Borel measure on R™ which is countably
n-rectifiable, then

/5 x,r) —<oo for pae xreR™. (2.3)
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The converse has hypothesis on the densities of the measure (see Definition 24).

Theorem 3 ([8]). Let p be a finite Borel measure in R™ such that 0 < ©™*(u,x) < oo for
p-a.e. v e R™.If
/ Bio a:r—<oo poae xeR™ (2.4)

then p is countably n-rectifiable.

Later, [30] (with an alternative proof in [73]) removed the a priori assumption of absolute
continuity with respect to the Hausdorff measure. Together, these results can be summarized

in the following theorem.

Theorem 4 ([30]). Let pu be a Radon measure in R™ with 0 < ©™*(u,x) and OF(pu, x) < co.

Then 1 is countably n-rectifiable if and only if
! o dr
/ Bgz(x,r) — < oo foruae xr€eR™. (2.5)
o r

We note that prior to [30] some partial results on rectifiability of measures without the
a priori assumption of absolute continuity with respect to the Hausdorff measure were also

demonstrated in [9], [10], [11].

In light of the characterization for uniformly rectifiable measures, one might expect that
the restriction to p = 2 in Theorem 3 is a consequence of the proof, and potentially a range
of values for p could be found. However, in [73] a very flexible construction of 1-rectifiable
sets with positive and finite measure was laid out, which, by varying the parameters of this
construction demonstrate that for 1 < p < 2 no conclusion can be drawn from g almost
everywhere finiteness of the quantity in (2.3). Under the condition that ©™*(u,x) < oo,
Holder’s inequality guarantees that if p > 2 then (2.3) implies (2.4), so only the range

1 < p < 2 was of particular interest.
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2.1.2  Uniform Rectifiability and integral Menger curvatures

In 1995 Melnikov discovered a beautiful identity connecting Menger curvature to the analytic
capacity in the plane, which kicked off a great deal of research to find curvature-based
techniques to classify rectifiable and uniformly rectifiable sets, and further to find relations

to singular integrals ([54], [53], [52], [50], [45]).

Unfortunately, all of the progress made applied exclusively to dimension 1 and/or codi-
mension 1 sets. In fact, in [32], Farag showed that in the higher-(co)dimension case there
does not exist an algebraic generalization of Melnikov’s identity that could directly relate
to Riesz kernels. In particular, this result does not preclude the usefulness of Menger-type

curvatures whose integrand take a different form.

After a hiatus in progress on this subject, Lerman and Whitehouse showed that a geomet-
rically motivated generalization of Menger curvature was sufficient to characterize uniformly
n-rectifiable measures in higher codimension (in fact, their results hold for real separable
Hilbert spaces). The work, completed in [46] and [47] was motivated by the original work of
David and Semmes [19] and [20], but required a nontrivial and creative idea of “geometric
multipoles”. They defined several versions of Menger curvatures of (n+ 2)-points in R™ (see

[46], [47], and [48]). Among these curvatures, one that is well suited for our setting is

1
HnJrl(A(xOu s 7xn+1))2 2
Ki(zo, ..., 2p41) = <diam{xo, L Ty FOD(42) (2.6)
where A(zg,...,%,.1) is the simplex with corners {zy, ..., z,;1}. Lerman and Whitehouse

showed that control of integrals of the integrand K; has interesting geometric consequence,

this is explained in more detail below.

One necessary object to understand and state the results of Lerman and Whitehouse, is

a notion of the “space of well-scaled simplices”. More precisely, for some 0 < A < 1 and
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letting X = (2o, ..., Zn11) denote an (n + 2)-tuple in R™, define

Wx(B(z,7)) = {X € B(z,r)""*: %((XX)) >\ > 0}. (2.7)
Where
min(X) = min |z; — x|

0<i<j<n+l

Then, one can think of W,(B(z,7)) as the space of well-scaled simplices in B(x,r). We

also define the quantities

Apls) = [ RHX) i 2(0), 28)
and
Al ey, N) = /W o KO0 720 (2.9)
by .Tﬂ”

2 is the measure on (R™)"*? resulting from taking (n + 2)-products of u

The measure p"*
with itself.

The quantity in (2.8) can be thought of as the integral Menger curvature of the measure
1| B(z,r)- The quantity in (2.9) can be thought of as the amount of integral Menger curvature
of the measure | g(,, which arises from “well-scaled simplices”. The main results of [46] and

[47] are combined to show the following theorem, which notably holds in the more difficult

setting of real-seperable Hilbert spaces.

Theorem 5 ([46], [47]). If p is an n-Ahlfors reqular measure on a possibly infinite dimen-

stonal, real, separable Hilbert space, then the following are true:

12R

. dr
Aulsem) < Ca | a1V duly)

B(z,R) J0

and there exists a A € (0,1) such that for all B(x, R) with 2R < diam(sptpu),

2 n o dr 2
By, ) — du(y) < Cs - G (pl3-B(a,r)> A2)
B(z,R) J0 r
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Here, both Cy and C3 depend only on n and the Ahlfors regularity constants of p.

In particular, combining the two parts of Theorem 5 with the observation that ¢i(u|p(z,r), )

& (1 B(z,R)), it follows that

R
dr ~
(1l @,r) < CR" <= o R)/O 5”;2(1’,7")27 < CR",

which by passing through Theorem 1 leads to the following characterization.

Theorem 6 ([19], [46], [47]). If n > 2 and p is an n-Ahlfors regular measure on R™ then
the following are equivalent:

1) There exists a constant C independent of x and R so that ¢} (p|p,ry) < CR"™ for all
x € sptp and R > 0.

2) 1 is uniformly n-rectifiable.

2.1.8  Rectifiability and pointwise Menger curvature

In 2015, Meurer found a general class of Menger-type curvatures which satisfy a one-sided
comparison to [,-coefficients and proved a sufficient condition for rectifiability of a set based
off these integral menger curvatures. The integrand IC; of Lerman and Whitehouse is an ex-
ample of the general class of Menger-type integrands laid out in [55] (the shortened published
version is [56]). So, throughout the remainder this section, on a first read one should inter-
pret the phrase (u, p)-proper integrand, to mean the integrand ;. The formal definition of
a “(u, p)-proper integrand” is given in Definition 28. A symmetric (i, p)-proper integrand is
defined in Definition 31. A review of notation is also included in the preliminaries in section

2.2.2.

One main result of [55] is as follows,

Theorem 7 ([55]). Let E C R™ be a Borel set and pp = H"|g. If K is a (u,2)-proper

<
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integrand such that

Mic2(p) == / . / K3 (2o, .. Tny1) dp" (20, . .., Tny1) < 00,
then E is countably n-rectifiable.

Remark 8. Meurer also showed that Mi2(H"|g) < oo implies H"|g is locally finite. A
similar result does not hold for Borel measures p who are absolutely continuous with respect
to the Hausdorff measure. For instance, consider i on R? defined by

1
|~”01|

dp = — dH | {z,—0)

where x € R? is written as x = (x1,12). Then sptu = {xo = 0} implies K1(vo,y1,92) =
0 whenever y; € spt(u) for all i = 1,2,3. Consequently, My, (1) = 0. Nonetheless,
s
dl’l

w(B(0,0)) :/5’93_1| = o0 for all § > 0.

The next theorem is an interesting intermediate result of [55] which is of similar style to
the work of Lerman and Whitehouse. As such, one must again have the correct interpretation

of the “space of well-scaled simplices”, namely
t
O(z,t) == {(wo,...,Tny1) € B, kt)" " | |z — 5] > A Vi # g} (2.10)
Given some (u, p)-proper integrand K, define the notation

MICP;k:(xa t) = / ICP(IU’ s 7$n+1) dlj,n+2(gj'0’ s ,l’n+1)
Op(z,t)

so that one can succinctly state:

Theorem 9 ([55]). Let pu be an n-upper Ahlfors reqular Borel measure, with upper-reqularity
constant Cy (see Definition 20). Let 0 < X < 2™ and k > 2,kg > 1. Then there exist
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constants

ki = ki(m,n,Co, k, ko, \) > 1 and C' = C(m,n,KC,p,Co, k, ko, \) > 1

such that if p(B(x,t)) > At", then for every y € B(x, kot) we have

MICp;kl (xa t) < CM’Cp,k1+k0 (y7 t)

/Bﬁ;p(y7 k:t)p S C tn — tn

A corollary of the previous result, whose relevance to the results of Lerman and White-

house is more immediate can be stated as

Corollary 10 ([55]). Let pu be an n-upper Ahlfors reqular Borel measure on R™ with upper-
reqularity constant Co . Fiz 0 < X < 2"k > 2, kg > 1 and KP any symmetric (u, p)-proper
integrand. Then there exists a constant C' = C(m,n, K, p, Co, k, ko, \) such that

© dt
Lo 0 oy ) < M)

where

on(z,kt) = sup M

yeB(z,kt) 126

Remark 11. Although it seemingly goes unmentioned in [55], we note that this corollary
implies the following statement:

If v is an n-Ahlfors regular measure on R™, and Mir(pt|p@ry) S 1" with suppressed
constant independent of x, for all x € sptu and all 0 < r < diamspt(u) for some symmetric
(i, p)-proper integrand, and p € [2, %), then u is uniformly n-rectifiable.

This follows directly from Corollary 10 and Theorem 1.

In [47, Equation 10.1] Lerman and Whitehouse also introduce the curvature

I

1
hmin(xm B axn-‘rl)Q 2
K:2(x07 ce ,In+1> - (diam({xo, o ’xn+1})n(n+1)+2
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where

Pmin(To, - . ., Tpy1) = mindist(x;, aff {zo, ..., i1, Tiy1, ..., Tug1}) (2.11)

and aff{yo, ..., yr} denotes the smallest affine plane containing {yo, ..., yx}.
Notably, Iy satisfies

’C%(.To,...,xn_;,_l) S IC%(.Z’[),...,ZU”_H) (212)

for all (xg, ..., Tp1) € (R™)"2 and is also a (u, 2)-proper integrand. We define the pointwise

Menger curvature of p with respect to a (u, p)-proper integrand K at x and scale r by

curviy, ,(z,7) = /(B( - KP(z, 21, Tpgr) A (2, o Tg). (2.13)

Then a simplified (and strictly weaker) version of the main result of [44] is:

Lemma 12. [//] Let p be a Borel measure on R™. Then, there exists ' = T'(n,m) such

that
2R N dr
curv%gw(x,R) < F/ O™ (u, z,1)" 272(95,7“)27,
0
where
n p(B(z,r
© (,u,x,r) = %
and
. 1 dist(y, L) \*
n p._ -
e N C ) (214)

denotes the “centered” [3,-numbers. Notably, the infimum is taken over all n-planes passing

through the center of B(x,r).
Another useful result which can be found in a more general setting in [44] is

Lemma 13. [/4/

Let i be a Radon measure on R™ and = be such that 0 < OF(u,x) < O™*(u,z) < oo.
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Then, for p € [1,00] and 0 < p < o0,
[ Gyt < eR™ (2.15)
(z,r)P— < o0 p—ae x :
, , K
if and only iof
’ dr
/ Brp(x,r)P— < oo p—ae xveR™ (2.16)
o r

Moreover, if j is n-Ahlfors reqular, and q < p then there exists C' depending on m,n,p,q

and the Ahlfors regularity constants such that

/ B / iy 5)- () (2.17)
/B N / ﬁgp .9 duly)

ds
S C/ /J;p(y7 )q_d:u(y>
(z,Cr) JO S

A consequence of Lemma 12 and [72] is

Theorem 14 ([72], [44]). Let u be a Radon measure on R™ with 0 < O7(p, x) < O™*(u,z) <
oo for u almost every x € R™. If u is countably n-rectifiable, then curv,C2 (z,1) < oo for u

almost every x € R™.

Indeed, the equivalence of (i) and (ii) in Lemma 25 ensures that Theorem 14 follows from
Lemmata 12, 13, and Theorem 2.
2.1.4 A new look at rectifiability via Menger curvature

The first result of this paper is a generalization of Theorem 7 to the case of Radon measures

with upper-density bounded above and below.

Theorem 15. If p is a Radon measure on R™ with 0 < ©"*(u,z) < oo for pu almost

every x € R™ and My=2(p) < oo for some (u,2)-proper integrand KC, then p is countably
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n-rectifiable.

In light of Theorem 15, with some additional work we can now answer an open ques-
tion posed in [47, Section 6] and characterize n-rectifiability with respect to Menger-type

curvatures.

Theorem 16. Let pu be a Radon measure on R™ with 0 < O"(u, ) < ©™*(u,x) < 0o for p
almost every x € R™. Then the following are equivalent:

1) p is countably n-rectifiable.

2) For p almost every x € R™, curvi, (z,1) < oo, where K € {K1, Ko}

3) p has o-finite integral Menger curvature in the sense that pn can be written as p = Ej; I

where each p; satisfies Myc2(p1;) < oo where IC € {Kq, Ky}

Remark 17. Note that Theorem 16 is to Theorem 4 as 5 is to 1, except that unfortunately,
the hypothesis in Theorem 16 are strictly stronger than the hypothesis in Theorem 4. The
stronger hypothesis, which may also be an artifact of the proof, does suggest that there may

be a better way to define the Menger curvature integrands.

In particular, with some additional work, combining Theorem 4, the equivalence of (2.15)
with (2.16) in Lemma 13, and Theorem 16 yields another new characterization of rectifiable
Radon measures in Theorem 18. Moreover, combining Theorem 1, Theorem 5, and (2.17)

yields the characterization of uniformly rectifiable measures in Theorem 18.

Theorem 18 ([19], [47], [46], [55], [44], Theorem 16). If u is a Radon measure on R™ with

0<Ou,z) < O™ (u,x) < oo for u almost every x € R™, then the following are equivalent

1. p is countably n-rectifiable.

1
d

2. / Bla(z, r)2—r < 00 for u almost every x € R™.
o r

1
A dr
3. / Bla(z, r)?— < oo for u almost every x € R™.
0o r
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(4) curvzg.#(x, 1) < oo for p almost every x € R™.
(5) curv%m(x, 1) < oo for p almost every x € R™.

Moreover, if i is an n-Ahlfors reqular Borel measure on R™ and p € |2, %) then the

following are equivalent

(a) p is n uniformly-rectifiable

(b) /B(:ER/ Brp(ysT) —du()<C’R for all R > 0.

(c) / / B (y, ) — du( ) < CR" for all R > 0.
B(z,R)

(d) M2 (1l Ba,r)) < C'R™ for all R > 0.

(¢) Myz(plBry) < C"R" for all R > 0.

The final main result more directly shows a comparability of curvi. (z,1) and fo oz, r)? -

(see 2.13 and 2.14 respectively) but in the present state requires stronger hypothesis on the

density of p. This is done by proving a converse to Lemma 12

Theorem 19. If v is an n-Ahlfors upper-regular Radon measure on R™, K is a (u, 2)-proper
integrand, and x is such that OF(u,x) > 0 then

/ Bﬁz r,r):— < curvis (z, R). (2.18)

In particular, in conjunction with Lemma 12

R ) dr CiR ) dr
/0 Bralz,m) e < Curv%%u(x,R) < curvzg;#(x,R) < i MQ(QJ ) - (2.19)
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In both (2.18) and (2.19) the suppressed constants' depend on x, R, the upper—regularity

constant of i, m and n.

Since the (suppressed) constant in (2.18) depends on z, it would be interesting to see if

i being n-Ahlfors upper-regular can be weakened to say ©™*(u, z) < oc.
2.2 Preliminaries

2.2.1 Sets and measures

When comparing two quantities and the precise constant is unimportant, we adopt the
notation that

A 5"E7T7m B

means A < CB for some constant C' depending on z,r, m. Fewer or more dependencies
may be attached to the symbol <. If no dependencies are appended to the symbol, they are

explained shortly after the equation appears.

Definition 20 (Ahlfors-regularity of measures). A measure p on R™ is said to be n-Ahlfors

regular if there exist constants 0 < ¢,C' < oo such that

u(B(x,r)) <Cr" Vo € spt(p) (2.20)

and

w(B(z,r)) > cr” V0 < r < diam{spt(u)}, Vx € spt(p). (2.21)

A measure p is said to be n-upper Ahlfors regular if (2.20) holds, and n-lower Ahlfors regular
if (2.21) holds. The smallest constant C' such that (2.20) holds is called the upper regularity
constant for u, and the largest ¢ such that (2.21) holds is called the lower regularity constant
for p.

!The dependence on x comes from A = A, g > 0 such that A\r™ < p(B(z,r)) for all 0 < r < R, see
Lemma 25.
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A measure g on R™ is said to be absolutely continuous with respect to a measure v,
denoted p < v if v(E) =0 = p(FE) =0.
Definition 21 (Countably Rectifiable). In this paper, we follow the convention that a Borel

measure p on R™ is said to be countably n-rectifiable if there exist Lipschitz maps f; : R® —

R™ such that
’ (Rm \ Uﬁ(R”)) =0 (2.22)
i=1
and p << H". A Borel set E is countably n-rectifiable if H"|g is countably n-rectifiable.

Definition 22 (Uniformly rectifiable). A Radon measure p on R™ is said to be uniformly
n-rectifiable if it is n-Ahlfors regular and there exist constants A > 0 and 0 < 6 < 1 such
that for all € sptp and all r > 0 there exist a Lipschitz map f,, : B"(0,7) — R™ such
that

p (B, r)\ for(B"(0,7))) < Ou(B(z,1)).2 (2.23)
A Borel set E C R™ is said to be uniformly n-rectifiable if H"|g is uniformly n-rectifiable.

Definition 23 (Purely unrectifiable). A Borel measure p on R™ is said to be n-purely
unrectifiable if every Lipschitz map f : R®™ — R™ has the property that

H(f(R")) = 0. (2.24)

A Borel set E is said to be countably n-rectifiable (uniformly n-rectifiable/n-purely un-
rectifiable respectively) if H"|g is countably n-rectifiable (uniformly n-rectifiable/n-purely

unrectifiable respectively).

Definition 24 (Density ratios). Given a Borel measure g on R™, we define the function

O"(u,x, 1) = W (2.25)

2Here and after, B"(0,7) denotes an n-dimensional ball of radius r centered at 0. Similarly B™(z,r)
is an m-dimensional ball centered at z with radius r. Typically, the dimension is clear from context and
hence neglected.
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Moreover, the n-dimensional upper-density of p at x, denoted ©™*(u, ) is defined as

p(B(z, 7))

O™ (u, x) = lim sup (2.26)
r—0 rr
and the n-dimensional lower-density of p at z, denoted ©7(u, x) is defined by
B
O} (p, ) = liminf u(B(z,r) (2.27)

r—0 rn

If ©™*(u,z) = OF(u, x) their common value is called the density of u at x and is denoted by
©™(u, x). Notably, p < H" if and only if ©™*(u,z) < oo for p a.e. x € R™.

The following lemma is a useful characterization of density properties of measures.

Lemma 25. If i is a Borel measure on R™ and x € R™, then for any R > 0, the following

are equivalent:
1. ©(p,x) >0
2. There exists A > 0 such that u(B(xz,r)) > Ar™ for all0 <r < R.
Similarly, the following are equivalent:
(i) ©™*(u,x) < 0o
(i) There exists a A > 0 such that p(B(z,r)) < X" for all 0 <r < R.

Proof. We only discuss the proof that (1) and (2) are equivalent. The proof that (i) and (ii)
are equivalent follows the same structure.
First, note that (2) implies ©7(u,x) > A. So, we assume (1) and show (2). Since

O (u,z) > 0 it follows that there exists 6 = J§(z) such that for all » < §, u(B(z,r)) >

——==r". In particular,

p(B(z,5)) > 2D,
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so for 6 <r < R it follows

Ol ) o o, OFp2) 8"
2 = 2 Rv

p(B(x,r)) = p(B(x,0)) =

SO\ = @3(2“’35) (£)" < Or(u,x)/2 suffices. O

Finally, given a measure p on R™ we let u* denote the measure on (R™)* defined as the
k-fold product of p with itself. Similarly, given a set £ C R™ we let E* denote the k-fold
product of E as a set in (R™)".

2.2.2  Menger-type curvature, a formal review
Simplices and Notation

Given points {xy, ..., z,} C R™ then A(x, ..., x,) will denote the convex hull of {zy, ..., z,}.
In particular, if {zo,...,z,} are not contained in any (n — 1)-dimensional plane, then
A(xg,...,2,) is an n-dimensional simplex. Moreover, aff{x,...,z,} denotes the smallest
affine subspace containing {zo, ..., x,}. That is aff{zy, ..., z,} = xo+span{zs—x¢,..., T, —
Zo}.

If A is an n-simplex, it is additionally called an (n, p)-simplex if

hmin(Zo, - -, Tp) = miin dist(x;, aff{xo, ..., i1, Tiz1, ..., Tn}) > p.

The next lemma can be found in [56, Lemma 3.7] and quantifies some geometric properties

of simplices, which is of particular interest when showing a certain integrand is (u, p)-proper.

Lemma 26. Let C > 1,t > 0,2 € R™ w € B(x,Ct) and S = A(zo,...,x,) C B(z,Ct)

be some (n, %)—simplez. Define S, = A(xq, ..., T, w) and choose distinct i,j € {0,...,n}.
Then
1. é < |z; — ;| < diam(S,,) < 2Ct,
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2. |z, —w| <2Ct,

3. L < HM(S) < E4n

Cnn! n!

4. dist(w, aff (xq, ..., z,)) = S (S)

The next lemma is an immediate consequence of repeated applications of [56, Lemma

2.17).

Lemma 27. Let 0 < k <n. If T, = A(xqg, ..., x,) is an (n, p)-simplex, and {yo, ...,y } are
such that for all i € {1,...,k} |z; — yi| < & for some small § > 0 satisfying (k+ 1)§ < p,
then A(Yo, -« Yk, Tty - - - Tn) 1S an (n, p — (k + 1)0)-simplex.

Meurer’s proper integrands

The ability to use a general class of integrands K : (R™)"*2 — [0,00) as a tool to study
countably n-rectifiable sets and measures in R™ was demonstrated by Meurer in [56]. Below

is the definition of the general class of integrands as laid out by Meurer.

Definition 28 ((u, p)-proper integrand). Let n,m € N with 1 <n < m. Let K : (R™)""? —
[0,00) and 1 < p < 0o. One says that K is a (u, p)-proper integrand if it fulfills the following

four conditions:

n+2

1. K is y""2-measurable, where "2 denotes the (n + 2)-product measure of .

2. There exists some constants ¢ = ¢(n,C,p) > 1 and ¢ = ¢(n,KC,p) > 1 so that, for all
t>0,C>1, z € R" and all (n, §)-simplices A(zy, ..., z,) C B(z,Ct), it follows

P
(d(w, aff(xg, e ,xn))> < ccﬁtn(n+1)lcp<x0’ e T, W) (2.28)

for all w € B(z, Ct).
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3. For all A > 0,
)\n(nJrl)Kp()\xO’ . 7>\xn+1) = ,Cp(.f[)’ e ,anrl) (229)

4. K is translation invariant in the sense that for every b € R™,

K(zo+b,... 20401 +b) = K(zo, ..., Tnt1) (2.30)

Remark 29. The preceding definition is rather long and written so that expressions show-up
in the same form that they do in the proof of [55, Theorem 5.6], a theorem which roughly
provides a bound on (B,-numbers by Menger curvature. As written above, one may notice that
part (2) looks vaguely like one is bounding [,-numbers. However, the relationship becomes
more obvious after applying part 3 to re-write part 2 of the definition of a (u,p)-proper

integrand in the following way:

There exists some constant ¢ = c(n,KC,p) > 1 and ¢ = £(n,KC,p) > 1 so that, for all
t>0,C>1,2€R™ and all (n, §)-simplices A(xo, ..., Tny1) C B(x,Ct), it follows

(d(w7aﬂ<x07 s 7xn)>)p S Ccé}cp (@, . Tni1 : E)
t t t

for all w € B(x,Ct). In particular, ignoring all details and technicalities it looks like inte-
grating the left-hand side over w yields the LP-distance to a specific plane at scale t is bounded
by the Menger curvature integrand “at scale t” when integrated over just one input, while the

other inputs span the given affine plane.

Given a Borel measure p and a (u, p)-proper integrand KC, the integral Menger curvature

of p with respect to I (or simply integral Menger curvature) is

Micr (1) = / KP(z0,. .., Tns1) du" (20, .o, Tos).
(Rm)n+2



29

The pointwise Menger curvature of x in p with respect to K at scale r is

curvigy,,(z,7) = / KP(z,21,. .., ppr) dp™ (21, .. T0g).
B(z,r)nt+1

We next show why one of the two integrands emphasized throughout this paper does
indeed satisfy the definition of a (u,2)-proper integrand. As noted in [55, Lemma 3.9], the
computations here are analogous to [55, Lemmata 3.7 and 3.8]. Nevertheless, we include

them for the reader’s convenience.

To precisely express the two integrands we define
X = {(ZE(), C ,IL‘n+1> : HTH_I(A(ZE(), R ,l’n+1)) > 0}

Example 30. The following integrands are (u,2)-proper although they first appear in the
works of Lerman and Whitehouse (see [46], [47], [48]).

HTH—I(A(:UOa ce 7xn+1))

Kl(l'o,...,$n+1) = ﬂx(l‘o,...,ﬂfn_;,_l) ) (nt1)(nt2)
(diam{xg,...,Tps1}) 2
and
hmin(To, ..., X
’CQ(Io,...,Q3n+1) = I[X(xo,...,xn+1> - mm( v : n+}1()n+1)+2
diam({zg, ..., Tn11})" 2
where hpin (2o, - - -, Tny1)) = ming dist{z;, aff{zo, ..., Ti 1, Tig1, .. T )

Since the expressions for the Menger-type curvatures look like they tend to zero as
(20, ..., Tny1) tend to X the indicator function is typically neglected. Below is an out-
line of why (by considering K;) these examples are proper integrands. The proof of Ky is
more straightforward.

Measurability follows due to the fact that X and (R™)"*?\ X are open and closed
respectively in (R™)"2. So p""2-measurability follows since y is Borel and K; is continuous

on X and (R™)"2\ X.

For the second condition in the definition of (u,2)-proper, consider t > 0,C > 1,z €
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R™ A = Az, ...,x,) C B(z,Ct) is an (n, §)-simplex, fix w € B(z,Ct) and let A, =
A(xg, ..., Tp,w). Then,

(d(w, (... ,%)))2 _ (”7:% (ﬁ‘)’))z (26 part (4))
< (n-n!-C"? (W)Q (26 part (3))

n+1 2
= (n-n!-C™)2n+D) < H" (Aw) )

fnr D)+ 25D

= (n . TL' . C )2t (n+1) < (n4+1)(n+2) )
2
< (n-nl- CmP2OTTEE D 2 (A (26 parts (1,2))

hence, the second property holds with ¢ = Wr%& +2n and ¢ = (n - n!)%

For homogeneity, note that if A > 0, then (zg,...,2,41) € X <= (Axg,...,A\xp11) € X.

Moreover, for (zg,...,z,1) € X it follows that
Hn+1()\$0, ce ,)\In+1) = >\n+1Hn+1<I‘0, cee ,.Tn+1).
Consequently
, A2HD)
Ki(Azo .. s ATpy) = W’Q(IO, ey Tng)
= )\_n(n+1)K% (LU(), ce ,$n+1>.

Translation invariance follows from the geometric nature of the definition.

Definition 31 (Symmetric (p, p)-proper integrand). A (u, p)-proper integrand is said to be

symmetric if for all permutations o € S,

’Cp(x()? s wrn-i-l) = Kp(xcr(())a s 7xo(n+1))
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The next lemma, due to [56, Lemma 5.1], demonstrates that the restriction to symmetric

proper integrands is a non-issue.

Lemma 32. Let i be a Radon measure on R™ and fix K some (p, p)-proper integrand. Then,
there exists KP a symmetric (u, p)-proper integrand which satisfies My»(UNE) = M, (uNE)
for all Borel sets E.

The proof is to use Fubini’s theorem to check that the integrand

1
K:p(‘r()v <. 7xn+1) - m Z ]Cp(xJ(O)v s 7‘ra(n+1)>

c€Sn+2

satisfies My (N E) = Mg, (uN E) for all Borel E. Moreover, it clearly satisfies conditions
(1), (3), and (4) in Definition 28. So, it only remains to check that condition (2) holds. But,
KP < #S,42|KP validates condition (2) of Definition (28).

2.3 Proofs of main results

One main tool of Meurer’s work (see [55, Theorem 4.1]), a non-trivial generalization of an

analogous result from [45], is the following:

Theorem 33. Let K : (R™)"2 — [0,00) be a (i, 2)-proper integrand. If uu is a Borel measure

on R™, then there exists some small n = n(kC,n,m,Cy) > 0, so that if p satisfies
(A) 1(B(0,2)) = 1 and p(R™\ B(0,2)) =0
(B) u(B) < Co(diam B)™ for every ball B.

(C) Mya(p) <

then there exists some Lipschitz function f : R™ — R™™™ with Lipschitz constant bounded

above by some A = A(KC,n,m, Cy) such that a rotation of the graph of f, named I, satisfies

pRM\T) < (R (2.31)
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Moreover, for given IC and Cy the Lipschitz constant of f goes to zero as Myc2(u) approaches

ZET0.

2.3.1 Scaling Menger Curvature

Theorem 33 is one of the main tools for proving Theorem 15. It will also be useful to know

how integral Menger curvature scales, and how this impacts Theorem 33.

Proposition 34. Let p be a Radon measure and K a (u, p)-proper integrand. Let v be the
Radon measure defined by v(A) = Au(aA + x) for some a, A > 0 and x € R™ then

M2 (v) = X207 ) My (). (2.32)

In particular, if pi., is defined so that p,,.(FE) = W for all E.C R™, then

MICP (M|B(x,r))

TTZ

MICP (,u:v,r|B(0,1)> == (233)

Proof. Fix a Borel measure o on R™ a point, x € R™ and a, A > 0. Define f : R™ — R™ by
fly) = &%, then v = Afup (See [51, 1.17-1.19] for definition and use of image measures).
Consequently,

Micr (v) = /( - Ko - Y1) A fape(yo)) -+ d(Afgp(Ynin))
RmMm)n+2
= )\”+2/ KP (axg + x,ax1 + x,. .., aTpy1 + ) dp(xe) -+ dp(zngr)
( m)n+2

= A"t / KP(xo, .. @ps1) dpp(wo) -+ dp(@ns1)
(Rm)n+2

where the final line follows by first applying translation invariance and then the homogeneity

of KP (see conditions (2.29) and (2.30) in the definition of a (u, p)-proper integrand). This
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proves (2.32).
We see (2.33) follows from choosing A = r~" and @ = r~! combined with the observation

that f~'(B(0,1)) = B(x,r) when f(y) = = O

r

We note that (2.33) is of interest due to the following modification of Theorem 33

Theorem 35. Let i be an n-Ahlfors upper-regular Radon measure with upper-reqularity con-
stant C'. Let K be a (i, 2)-proper integrand. Then, there ezists a constant ny, = n; (K, n,m, 0" (u, z, 1), C) >

0 such that
Mz (4lB@.n)

;r»TL

<M (2.34)

implies there exists some Lipschitz graph U with Lipschitz constant bounded above by some

A = A(ny) such that

p (B, ) \T) < - u(B(r. 7)) (2.35)

MICQ (/L‘B(m,r))

Moreover, given K, 0™ (u, x,r), C the Lipschitz constant of T' tends to zero as -
’

approaches zero.
An immediate corollary to Theorem 35 is

Corollary 36. Let pu be an n-Ahlfors reqular Radon measure with lower-regularity constant c,
and upper-reqularity constant C. If KC is a (u, 2)-proper integrand and (2.34) is satisfied with
m = mK,n,m,c,C) for all x € spt(u) and all 0 < r < diam(spt(p)) then p is uniformly

n-rectifiable.

,ux,r|B(0,1)

Proof. (of Theorem 35). We claim that v = ———>—
O™ (u, z,r)

satisfies
1. »(B(0,1)) > 1 and v(R™\ B(0,1)) = 0.
2 V(Bly.1) < 1"

3.

M2 (v) = M (’ulB(x’T)).

,,»ncn+2
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Indeed, (1) follows since v(B((0,1))) = @n(jm) “(Br(f’r)) = g:gzr;; = 1 and v is the

restriction of a measure to B(0,1).

To see (2) follows, consider y € B(0,1) and ¢ > 0. Then,

1 w(B(z +ry,rt) N B(z,r))

V(B(yat» = @”(,u,x,?“) rn
1 w(B(x +ry,rt)) < 1 C(rt)"
— O™ (u,z,7) rm - o (u,xz,r) "
<Y
— O™ (u,z,7)

Finally, (3) follows since (2.33) in Proposition 34 guarantees

MIC2 (H|B(:1:,T))

Tn

Micz (par|B01)) =

then applying (2.32) with A = ©™(u,x,7)7!, a = 1 yields

MICQ(V) = MICQ(@TL(MJ z, 7,)71111,7’|B(0,1))

" - n —(n M/CQ(M’B z,r )
=0 (/L,Zlf,’f’) ( +2)M/C2 (:ux,r|B(0,1)) =6 ([L,I’,’l“) (nt2) KT B )]

rn

Consequently, if n; (IC, m,n, ©™(u, z,7),C) is chosen so that it is at most as large as

O"(p, z, )" (K, m, n, %) where n(IC, m,n%) is as in Theorem 33, then v satisfies the hy-
pothesis of Theorem 33. Hence, there exists a Lipschitz graph I with »(R™\T') < -Lp(R™).

100
VEMND) _ p(Br)\T
But ~mmy = SiBen)

desired. 0

) where I' = rT' + z. In particular, u(B(z,r) \T) < Tioi(B(x, 7)) as

Remark 37. Note that in the case K = Ky (along with several other specific integrands
studied in [46], [47]) Corollary 36 is already known from the work of Lerman and Whitehouse.
In fact, the hypothesis in Theorem 35 is stronger than theirs, because Theorem 35 requires
not only a Carleson-type bound on the local integral Menger curvature, but that the bound be

by a small constant.



35

To create an effective theory of quantitative, albeit mon-uniform rectifiability, it would
be interesting to address this seemingly unnecessary “smallness” condition being imposed
by 1 in (2.34). It would also likely be useful to allow T' to only satisfy p(B(x,r) \T') <
(1 —e)u(B(z,r)) for some € = e(n,m,n,KC,C, O™ (u, x,r)).

2.3.2  Rectifiability from integral Menger curvature

The goal of this section is to prove Theorem 15 included below for completeness.

Theorem 38. If p is a Radon measure on R™ with 0 < ©"*(u,z) < oo for pu almost
every x € R™ and My=2(p) < oo for some (u,2)-proper integrand IC, then p is countably

n-rectifiable.

The proof could be separated into two parts. The first part is a sequence of arguments
to show that Radon measures which are mutually absolutely continuous with respect to the
Hausdorff measure behave sufficiently similar the Hausdorff measure restricted to sets. The
second part follows an argument from Sections 1 and 2 of [45] and is also similar to the case

for sets as presented in [56]. Several preparatory lemmas are required.

Lemma 39. Let p be a Radon measure on R™ with 0 < ©™*(u,x) < oo for p almost every
x € R™. Then there exists some Borel set E such that v = plp satisfies v(R™) > Tu(R™)
and

0<c<O™(v,z) <C < oo for v almost every x € R™.

Proof. Without loss of generality, suppose p(R™) < oo. Otherwise, apply the finite case
to a family of disjoint annulli that exhaust R™. Moreover, suppose p(R™) > 0 to avoid
trivialities.

Define E; = {x € R™ : 277 < ©™*(u,x) < 27}. Then Ef D Ef,, for all j and moreover

ﬂ Ef={x e R":0=0""(u,x) or ©"*(pu, 1) = +o0}.

j=1
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Since p(ES) < p(R™) < oo it follows that

JIE&ME = (ﬂE)—O

so there exists k with u(Ey) > $u(R™). Fix such k and let ¢ = 27" and C' = 2*. Then, define
v = pg,. Since Ej is p-measurable, it follows v is Radon and v(R™) > u(R™). On the
other hand the Lebesgue-Besicovitch differentiation theorem ensures ©™*(v, z) = ©™*(u, x)
for v a.e. x € R™ since % ™0 1 for v ae. € R™. Consequently 2% < ©"* (v, z) < 2F
for v a.e. € R™ as desired. ]
Lemma 40. Let i be a Radon measure with 0 < ¢ < O™*(u,x) < C < oo for u a.e. x € R™
such that spt(p) is bounded. If K is a (u,p)-proper integrand for some 1 < p < oo and

Micr (1) < 00, then for all (o > 0 there exists a compact set E* C spt(u) with

(i) W(E") =

_< (diam E£*)"
(i1) For all v € E* and allt > 0, u(E* N B(z,t)) < 2Ct".

(iii) Mo (p

p) < (o (diam E*)"

Proof. Since p is Radon, and spt(u) is bounded, it follows that pu(R™) < co. Define
Ey={r e R™: ¥t (0,279, u(B(x,t)) < 20t"}. (2.36)

Evidently, E, C Eyy1. Moreover, the assumption ¢ < ©™*(u,z) < C' for p almost every

x € R™ ensures

{—00

w(Ep) — p(R™).

Hence, by the finiteness of 1(R™) there exists some ¢ such that u(Ey) > $p(R™). Define

v = pi|g,. Then, notably

v(B(z,r)) <20  VYaxeE, Yo<r<27" (2.37)
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and by Lebesgue-Besicovitch differentiation theorem [37, Theorem 1.7.1],

w(B(x,r) N Ey) r—0

1 pae xeky

u(B(z,r))

which implies
c < O™ (v, x) vae. x€E (2.38)

B
since, by assumption lim sup M > c for p almost every x € R™.
r—0 re
Define
A(r) = {(0, ..., 1) € (B)" 7t |mg— | <7 Vie {1,...,n+1}}. (2.39)

T—0,

Claim 1: v""2(A(7)) — 0.
Indeed, note that A(7) = U,cp, {7} X (B(x,7) N Ep)"*'. In particular (2.37) ensures that

for all 7 < 27¢,

V2 A(T)) = / v (B(z,7) N Ey) dv(z)

Ey

< / (207 dy(z) = (207D (By).
E,

Since v is finite, the claim follows.

Claim 2: I(7) defined in (2.40) satisfies I(7) % 0.

I(r) = / K (0, ., nsr) AV (g, .., 2r) (2.40)
A(7)

Indeed, Myr(v) < Myr(p) < oo implies KP € L'((R™)"*2,1"2). Then define

I() = / Lan kP dv"*? < / KP dv™t?,
(Rm)n+2 (Rm)n+2

Consequently, for any sequence of 7, converging to zero, Claim 1 ensures that the correspond-

ing sequence of functions {1 4(,)KP} converges to zero "2 a.e., and is bounded by the L!
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function KP. So, the dominated convergence theorem validates Claim 2. Consequently given
¢ > 0 depending only on ¢, C' and (, to be chosen later, there exists 7, such that 0 < 27y < 27*

and

C m
1(2m) < T2=v(R™). (2.41)

Next, define a cover of Fy, by

G= {B(:L‘,T) € Ey 0<7 <19, and O"(v,x,7) > } (2.42)

o

In particular, (2.38) guarantees G is a fine cover of some v-measurable set £ C FE, with
v-full measure, i.e., v(E) = v(R™). So, the corollary to Besicovitch’s covering theorem, [37,

Corollary 1.5.2] ensures that there exists a countable, disjoint subfamily {B;} of G with

V(R™ \ G B;) = 0. (2.43)

In light of (2.36) and (2.42), 7 < 75 < 27 ensures

V(R™) :iy i (20) (diaranZ)n
1=1

=1

so that

R™) §i<dia?&)n‘ (2.44)

Moreover, (B; N E,)""2 C A(279) N B; so, (2.41) and (2.40) yields

ZM,@(MBZ.) <1(27) < %V(Rm) (2.45)

Define the index set of “bad” balls, or balls with too much Menger curvature by

(diamBi>n
Ib:{iEN:MICP(V|B,-)Z€2T} (246)
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Then,

> Mol 2 $ Y (TR (247)

iEIb iEIb

Notice that if } ;. (diamBi)™ V(fcm ) then additionally considering (2.45) and (2.47) implies

¢ m ¢ diam B; \"
ZM}CP(VlBi) S@V(R ) <ZZ 5 SZM}C;U(I/ Bi)
€N i€y 1€y
which is a contradiction. It follows
diam B;\" _ v(R™)
< . .
>(%57) =" 24

i€1ly

Now, (2.44) and (2.48) together ensure that [, # N.
From now on, fix i € N\ I,. The inner-regularity of Radon measures ensures that there

exists some compact E* with

E*C BiNE; and v(E*) > =u(B)). (2.49)

N —

Then evidently, £* satisfies:

1. v(E*) > tv(B;) > 3¢ (diamBi)n > 5igz diam(£*)", where the second inequality is

because B; € G, see (2.42).

2. For all x € E* and for all 0 < t < 27¢ it follows from (2.36) and E* C E, that

v (B0 B(z.1)) < 2C (diam (E* ﬂB(x,t)))n‘

2.50
: (2.50)
On the other hand, E* C B; and diam(B;) < 27y < 27%. So, for t > 27¢ it follows,

diam B;
2

v(E* N B(z,t) <v(B;) <2C ( )n <20 (279" <20t
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so that in fact v

g+ is m-Ahlfors upper regular with regularity constant 2C', that is
(2.50) holds for all ¢t > 0.

3. It follows

1 (diam(B;)\" _ 2C, ..

= < *\n .

1 (—2 ) <— (diam E™) (2.51)
Indeed, choose a ball B with

diam B < 2diam £* and E* C B. (2.52)

Combining (2.42), (2.49), (2.50), and (2.52) yields

diam B\ "
<20 ( la;n ) < 2C diam(E")".
Hence, the lower bound on diam E* follows.

4. Finally, since i € N\ [, (2.46) and (2.51) yields

M}CP(V

¢ (diam B;\" _2C _, . “\n
* — < —
E)<4( 5 _CC(dlamE)

C

Choosing ¢ = 5 completes the proof. O]

The next technical lemma is a standard “structure theorem” and is contained in for

instance [35, 3.3.12 - 3.3.15]

Lemma 41. If j1 is a Radon measure with 0 < ©™*(u, x) for p almost every x, then one can
write g = p, + fy, where p,. = plg for some p-measurable E, and p,. is countably n-rectifiable.

On the other hand, ., is purely unrectifiable.

Now, we are prepared to show
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Lemma 42. Let p be a Radon measure on R™ with 0 < ©™*(u,x) < oo for p almost every
r € R™. Let K? a (u,2)-proper integrand. After writing u = pi, + pt, as in Lemma 41, if
pu(R™) > 0 then Myc2(p) = +oo.

Notably, Lemma 42 is the contrapositive of Theorem 38.

Proof. Let K% and pu, fu,, 1 be as in the statement of Lemma 42. Without loss of generality,
suppose 0 < pu(R™) < oco. It follows 0 < ©™*(p,, x) < oo for p, almost every x € R™, since

the Lebesgue-Besicovitch differentiation theorem guarantees

O (1) — timsup LB (Bl )

B Bl o O )

for p, a.e. x € R™.

Moreover, by assumption g, (R™) > 0. By Lemma 39 it follows that there exists vy a
restriction of p, and some ¢, C' such that 0 < ¢ < ©™*(yy,x) < C' < oo for vy almost every
z € R™. Lemma 39 also guarantees that, 0 < 3/,(R™) < vo(R™) < u(R™) < co. Since
vy is a restriction of u, to some Borel set, it follows that vy is a Radon measure satisfying
Mic2(vg) < Mycz(y) < Myc2(pr). In the spirit of contradiction, suppose Mycz(u) < oo.

Since 1p(R™) < oo, without loss of generality, suppose spt(1y) is bounded. Then, vq

satisfies the hypothesis of Lemma 40. In particular, for

2n+2

—(n+2)
Co<m- ( ) where = n (K,n,m,2"**Cc™") is from Theorem 33, (2.53)

there exists some compact E* C spt(1p) such that

(1)

" c
VO(E ) Z on+2

(diam E7)" (2.54)
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(ii) For all z € E* and all t > 0,

vo (E* N B(x,t)) < 20" (2.55)

(iii)
M}CP (Vo

) < (o (diam E*)" (2.56)

Our next goal is to scale and translate 14 to find a measure vy which satisfies the hypoth-

esis of Theorem 33. To this end, choose z¢y € E*. Then,

E* C B(xg,diam(E™)). (2.57)

Let f(y) = Tem(5)> SO that

f1(B(xg,diam(E*))) = B(0,1). (2.58)

Define

vy = (diam E*) (2nc+2) 1 (ol ). (2.59)

It follows by computations similar to those at the beginning of the proof of Corollary 36
that 1 satisfies the hypotheses of Theorem 33.

Consequently, Theorem 33 ensures there exists a Lipschitz graph I' such that

Vl(Rm \ F) 1
n(R™) 100

But, recalling (2.59), it is clear this implies

(1o

p) R\ S(T) 1
vo(R™) 100°
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Since f is a translation and scaling, f(I') is still a Lipschitz graph, contradicting the fact

that 14 is the restriction of an n-purely unrectifiable measure. O

2.3.8 Pointwise Menger curvature and [-numbers.

The first goal of this section is to prove Theorem 16, included below for convenience.

Theorem 43. Let i be a Radon measure on R™ with 0 < O"(u,z) < O™*(u,x) < 0o for p

almost every x € R™. Then the following are equivalent:

1. p is countably n-rectifiable.

2. For p almost every v € R™, curvi, (z,1) < +oo.
13

3. For p almost every v € R™, curvi, (z,1) < 4oo0.
23

4. 1t has o-finite integral Menger curvature in the sense that p can be written as p =

> ooy iy where each i satisfies Mz (ju1;) < oo.

5. has o-finite integral Menger curvature in the sense that p can be written as p =

> oy iy where each puj satisfies Mz () < oo,

Proof. The fact that (1) = (2) is the content of [44, Lemma 1.1] combined with the

characterization by Azzam and Tolsa in Theorem 3. Since Ky < K pointwise, it also follows

that (2) = (3). So, it suffices to show (3) = (4) = (1) and (2) = (5) = (1).
To this end, fix i as in the statement of the theorem. Moreover, without loss of generality

suppose that
u(R™) < 0o (2.60)

Then, for j € Ny define

E;={zeR™: curv%%;u(aﬁ, eljj+1)} and p;= plg,. (2.61)
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Fubini’s theorem [37, Theorem 1.4.1] ensures that the map

T Ki(z,z1,. .. 2pp1) dp" (21, .. T0g1) = curv%;u(m, 00)
(Rm)n+1

is measurable. In particular the sets E; are measurable, as each E; is the preimage of a

Borel set by a measurable function. For each j € Ny it follows from (2.60) that p; = p|g,

J

is a finite, Borel measure. The Lebesgue-Besicovitch differentiation theorem ensures that

(B
0 < ©"*(u;,x) < oo for p; a.e. x € R™ since lﬂ%

K?# is a non-negative function, and p; satisfies u;(F) < p(E) for all py-measurable sets F it

=1 for pu; a.e. x € R™. Since

follows

CUI'V%%;M]_(I',OO) = /(v]R i1 K%('TJ‘:Cl?"'JkaFl) dﬂ?+1<x1,...,$n+1>
m\n

< / K2, 21, ) A (g, Ty)
(Rm)n+l

where the final line follows from the definition of E;, (2.61). Combining the above compu-

tation with (2.60) yields,

Mz (1) :/ curvies (2, 00) dpj(x) < (j 4 1)p;(R™) < oo.

m

Therefore, (3) = (4). To see (4) = (1) , note that Theorem 38 ensures each p;
is n-countably rectifiable. Since pu = Zj ; satisfies 1 < H"™ has been decomposed into

countably many n-countably rectifiable pieces, it follows u is countably n-rectifiable.

The fact that (2) = (5) = (1) follows identically with Cy in place of K;. O

Given the history of the subject, this method of proof is not very satisfying, namely due
to the fact that Lerman and Whitehouse’s characterization of uniform rectifiability in terms

of integral Menger curvature demonstrated an equivalence of a Carleson-type condition for



45

integral Menger curvature and the Carleson condition for the S-numbers. Moreover, the first
direction in this characterization follows from a direct comparison with S-numbers due to
Kolasinski.

Our next goal is to show Theorem 19, which is equivalent to Theorem 44. We simply use

Lemma 25 to restate the theorem for the sake of illuminating the dependencies on .

Theorem 44. If nu is an n-Ahlfors upper-reqular Radon measure on R™ with upper-reqularity

constant Cy, and there exists A such that u(B(z,r)) > Ar™ for all 0 < r < R, then

/ ﬂ (x,r) —<03CUI'VK2 (x, R), (2.62)

where C3 = C3(A,m,n, Co, K), and K is any (u, 2)-proper integrand.
In fact, if p, A\, z,r, and R are as above, then for KK € {K, Ky}

B o dr " 2 o dr
Blo(w,7) e <Ccurvye(z,R) <C-T 0" (u, x, r)ﬁuz(:n,r) — (2.63)
0 0

2R
< C’/ 33;2(37 T)z ar
0

with constants C,T',C depending on m,n, A the upper-reqularity constant of u, and K.

This theorem demonstrates a more direct converse to Kolasinski’s bound on S-numbers.
Alas, notice that in its present form, Theorem 44 requires stronger density conditions than
Theorem 43. It would be interesting to try to weaken the density conditions at least as far
as they are in Theorem 43.

The following technical lemma plays a central role in the proof of Theorem 44. For a

review of the notation used in the proof, see Section 2.2.2.

Lemma 45. Let j1 be an n-Ahlfors upper-regular Radon measure on R™ with upper-reqularity

constant Cy. Suppose x € R™ and X\, R > 0 such that

u(B(x,r)) > A" (2.64)
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holds for all 0 < r < R.

Then, for
A
and
) A
and all 0 < r < R there exist points {x;,}?, C B(x,r) such that
Ponin (T, T1 10y« oy Ty ) > 0T (2.67)
and
A m
(1] Bar)) (B0, 5pr)) > <2n:7+1> r" = Co(m,n, \, Co)r". (2.68)
In particular, if for each i € {1,...,n}, B;, = B(xz;,,5nr) for any choices of y; € B;, it

follows that

0
hmin(xaylv"'vyn) Z 57"_57”17": Er (269)
Finally, if B, :== By, X -+ X B, then
Bs.s N B, = 0. (2.70)

Proof. (of Lemma 56). Let m,n, u, Co, A and R be as in the lemma statement. In particular,

A < Cy. Define §,7 as in (3.9) and (3.10).

Fix 0 < r < R, and suppose there exist {z1, ...,z } satisfying

™\,
hmin(T, 21, ..., x) > 0r and p(B(x;, 5nr)) > (2m+1) r

for all ¢ = 1,...,k and assume that £ < n. Then, we will find a point z;,; such that

Poin (T, 1, .« o, @py1) > 0 and p(B(xgy1, 5nr)) > (2”\7,??1) r"™. Hence, induction will guarantee
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the theorem.?

Let V = aff{z,z1,...,2x} = x + span{z; — x,...,xx — x}. Define

(Ve)or =4y € B(z,r) : dist(y, Vi) < dr}. (2.71)

Define p = p(X, Cy, n, k,r) by

A 1
p = S8r where s = <am> < 1. (272)

Note, s < 1 since A < (. Let
Gy = {B(y.5p) | y € Vi Bz, 7)}. (2.73)

We first note that Gy is a cover of B(x,r)N (Vk)(;r since § = 3 implies or = 2£. So, by Vitali
we can find a subfamily of sets {B(z;,5p)})Y, such that B(z,7) N (Vi)sr C U, B(zi, 5p) and
{B(z;, p)}Y, is disjoint.

A priori, N’ could be infinite, but we will see that N’ < Ny, = N, . 1.c, Where

o\
Nykaco = <) (2.74)

For « a positive integer, letting w, denote the volume of a k-dimensional unit ball, since

B € G, implies B NV}, is a k-dimensional ball of radius 5p,

N/

N’wkpk:Z’Hk (Ve N B (x4,p)) = ”Hk|vk (UB X p )

=1

< (’Hk\vk) (B(z,2r)) = wi(2r)*

3The proof of the inductive step clearly shows that we can also find a point x; with |z — | > dr and
pw(B(x1,5nr)) > (?Jfrl) .
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so that N' < 28(rp™)* = (2s71)% = N, 100

n

A
We wish to show that our choice of ¢ forces u(B(xz,r) N (Vi)sr) < % so that

)\ n
u(Bla.r)\ (Vidsr) = 5 (2.75)
Indeed,
N’ N’
p((Vi)or N Ba,r)) <> p(Blai, 5p)) < Co(5p)" < Noprcy, Cod™s™r™
i=1 =1

o\ *
= (—) Cod"s"r".
s

A\
2k005n8n7k7an S %

So, it suffices to show

which holds if and only if
A
n—k

§ S 2k+15n00'

Since s < 1 and k < n this implies that our choice of s in (2.72) suffices to ensures (2.75).

Now we claim that (2.75) guarantees the existence of some zp1 € B(z,7) \ (Vi)sr such

that (3.12) holds. The fact that zx1 ¢ (Vi)sr will guarantee (3.11).
To this end, let us consider the family of balls
Go ={B(y,5nr) |y € B, )\ (Vi)sr}-

Then B € G, implies B C B(z,2r) since A < Cp, (3.9), and (3.10) guarantee 57 < £ < 1.
Moreover, Gy covers B(z,7) \ (Vi)sr-. In particular, Vitali ensures there exists a subfamily

{B(z;,5n7)}M| that covers B(x,r)\ (Vi)sr and {B(z;, nr)}M| is a disjoint family. Again, we
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have no apriori estimate on M’ but disjointness and containment in B(x,2r) yields
()™ M = Z?—Lm (z5,m)) < H™(B(x,2r)) = wn(2r)™.

Consequently, we define M,, , x ¢, so that

M < (277_1)m = Mn,m = VMmn \,Co- (276)

Combining (2.75) and (2.76), we deduce

— < pu(Blz,r)\ (Vi)sr)
< (lB@r) (U B($i75777”)>

< Z(u|B(x,r)) (B(ZEZ, 577T))

< Moo max { (1] per) ) (B, 5nr)) | i€ {1,...,M'}}. (2.77)
Choosing k + 1 = 7 such that
(11l B2 (B, 5r)) = max { (] g (B(wi, 5nr)) | i € {1,..., M'}},

we have from (2.77) that

Ar? S Artg™
2Mm,n,)\,Co - 2mAl

(1t B@,r)) (B(@kq1,5m7)) >

verifying that zx1 € B(z,7) \ (Vi)sr satisfies (3.12).

It only remains to show (3.14) and (3.13), which follow quickly from the work already
done. Indeed, Lemma 27 and (3.11) verify (3.14). On the other hand, (3.13) follows from
Bs./3 C B(x,0r/3) and (3.11). O
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Proof. (Of Theorem 44) First, observe that (2.63) follows from (2.62) combined with (2.12)
and Lemma 12 and the Ahlfors upper-regularity assumption on p. Hence, the goal is to
verify (2.62).

Fix pu, R, A as in the theorem statement. Let I be some (p,2)-proper integrand, and
0 <r < R. Let {z;,}, B;, and B, be as in Lemma 56. Then, first replacing the infimum

with an average over fixed planes, and then applying (3.12), yields

() = inf (Mfdu( )

Loz r" B

/ / (dlst z, aff{z, yl,...,yn}) ) du(z)du’(LI(Byl),...,yn)
+ B B

S O/ / (dlSt Zaaﬁ{w>yla"'ayn})> dﬂ(3>dﬂn(yla73/n)

r rnitn

9

where C' = C(m,n, \,Cy). Since {z,z} U B;, C B(z,r) for all i = 1,...,n, (3.14) ensures
we can apply (2.28) in the final integral above, so that

;LQ('I r < O/ / I < yla"‘)yn> dlu’( )dﬂ (y17"'7yn)' (278)

Finally, using the fact that for any 0 < o < 1,

/Bﬁ2xr d—<C’ Zﬁﬂ2x0R)

7>0

when o = ¢/3 and writing r; := (%)j R, (3.13) and (2.78) yield

/ ﬁZQZET’ _<O/ / xzylw"ayn) du (Zayla"'7yn)7 (279)
Uj>oBr; (@,r)

where C' = C(m,n, A, Cy). Since for all j, B, x B(z,r) C B(z,r)""", (2.62) follows from
non-negativity of the integrand after replacing U;»oB, X B(z,r) in (2.79) with B(z,r)"*'. O
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Chapter 3

SUFFICIENT CONDITION FOR. (C'“, n)-RECTIFIABLE SETS
ON R™
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3.1 An introduction to higher-order rectifiability

In 1990 Peter Jones introduced the S-numbers as a quantitative tool to provide control of
the length of a rectifiable curve and to prove the Analyst’s Traveling Salesman Theorem
[42] in the plane. Kate Okikiolu extended the result to one-dimensional objects in R™ [57].
In order to study the regularity of Ahlfors regular sets and measures of higher dimensions
[19, 20], David and Semmes generalized the notion of S-numbers, see (3.4). This was the
beginning of quantitative geometric measure theory and has led to lots of activity around
characterizing uniformly rectifiable measures and their connections to the boundedness of a

certain class of singular integral operators.

More recently, rectifiable sets and measures have been studied using the quantitative
techniques previously used for uniformly rectifiable measures. For instance, S-numbers can
characterize rectifiability of measures, amongst the class of all measures with various density

and mass bounds. See for instance [58, 8, 72, 30, 11].

Several other geometric quantities have also proven to be useful in quantifying the regu-
larity of sets and measures. In this paper, we wish to explore how Menger-type curvatures,
see Definitions 53 and 55, yield information about C'® n-rectifiability, see Definition 50,
of measures. In 1995, Melnikov discovered an identity for the (1-dimensional or classical)
Menger curvature [54] which, in the complex plane, greatly simplified the existing proofs
relating rectifiability to the L?-boundedness of the Cauchy integral operator [53, 52]. The
dream was that a notion of curvature, and similar identity, could be found in higher dimen-
sions to produce simpler proofs demonstrating the equivalence of uniform rectifiability to the
L2-boundedness of singular integral operators. Alas, in 1999 Farag showed that in higher-
dimensions no such identity could exist [32]. Nonetheless, geometric arguments made with
non-trivial adaptations from [45] have since been used to characterize uniform rectifiability
in all dimensions and codimensions in terms of Menger-type curvatures, [46, 47]. A sufficient
condition for rectifiability of sets in terms of higher dimensional Menger-type curvatures

appears in [56] and was extended to several characterizations of rectifiable measures under
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suitable density conditions [39].

Menger curvatures have also been used to quantify higher regularity (in a topological
sense) of surfaces, see, for instance [68, 14]. Of particular relevance in our context, [43] showed
that finiteness of curvy, , see Definition 55, is a sufficient condition for O np-rectifiability

of measures. A formulation of the theorem is!

Theorem 46. Let i be a Radon measure on R™, with 0 < OF(pu, x) < O™*(u, x) < oo, for

p-a.e. t € R™ andlet 1 <p<oo, 0 <a<1. If for u- a.e. € R™

curvy, (7, 1) < oo, (3.1)

then p is CY n-rectifiable.

The goal of this article is to prove that for a Radon measure u satisfying relaxed density
assumptions and for any « € [0,1) if the pointwise Menger curvature with p = 2, see

Definition 55, is finite at p a.e. x then p is C1® n-rectifiable. More precisely,

Theorem I. Let i be a Radon measure on R™, with 0 < ©™*(u, z) < oo for p-a.e. x € R™,
and let o € [0,1). If for pu- a.e. x € R™

curvy o(r, 1) < oo, (3.2)

then p is OV n-rectifiable.

The o = 0 case in Theorem I appears in [39]. The case a > 0 is an improvement of a

special case of [43] where the lower density assumption is relaxed.

!The familiar reader may be aware that there are two additional parameters in the theorem of [43]. One
such parameter is the ability to choose from a small family functions to replace the h,;, in the integrand
that defines curvj],. Such choices have previously been shown to be comparable to one another, see
[46, 47, 48] or [43, 8.6-8.8]. The second such parameter was originally denoted by I. The | = n + 2 case is
written here. Since any other choice of [ is a stronger assumption, (changing the parameter ¢ is equivalent
to replacing an LP bound on some number of components of the integrand with an L° bound) we chose
to remove this for readability.
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A rough sketch of the proof is as follows: the condition (3.2) is shown to imply “flatness”
of the support of p in terms of Jones’ square function, and consequently (pieces of) the
support of x can be parametrized by Lipschitz graphs (see [56, Theorem 5.4]) when o = 0
or C* images (see [38, Theorem II]) when « > 0.

On the other hand, the original proof provided by Kolasinski had two major parts. First,
under the additional assumption that p is Lipschitz n-rectifiable Kolasinski showed that the
condition (3.1) forced additional flatness on the Lipschitz functions that cover the support
of u, which consequently implied better regularity on each such function (see [62, Lemma
A.1]). Second, it remained to show that (3.1) implies Lipschitz n-rectifiability of p. This
was done by appealing to a characterization of rectifiability from [3, §2.8 Theorem 5] which
roughly says that if the approximate tangent cone (in the sense of Federer) of p is contained

in an n-plane at almost every point, then p is Lipschitz n-rectifiable.

Remark 47. Note that Theorem I requires 0 < ©™*(u,x) for u a.e. x, whereas Theeorem
46 requires the stronger assumption that 0 < O"(u,x) for u a.e. x. The stronger density
assumption in Theorem 46 allows one to apply Theorem 57. Then Remark 58 and Proposition

59 provide a direct proof that

! odr
/ﬂg(ac,r)—<oo pae xeR™
0 r

when working under the hypotheses of Theorem 46. This provides an alternative proof to
what we previously called the second major part of the original proof of Theorem 46.

The question of whether the proof of Theorem I when o = 0 can be completed by appealing
to [8] after controlling Jones’ function as above is an interesting one. Presently, the authors
do not know how to do this without additionally assuming 0 < ©7(u,z) for p almost every
x.

Another difference between the two theorems is that Theorem I is stated only when p = 2.
Since increasing p only makes condition (3.1) harder to satisfy, the results in Theorem 46

are not sharp in terms of the parameter p. We expect that varying the parameter p would
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lead to results about rectifiability in the sense of Besov spaces, which is beyond the scope of

this article.

The proof of Theorem I is divided into two parts. First, we prove the claim for a measure
i which is n-Ahlfors upper regular on R™ and with positive lower density. Then, we use

standard techniques to reduce the general case to the previous one.
3.2 Notation and Background
We begin by stating some definitions and notation.

Definition 48. Let 0 < s < oo and let u be a measure on R™. The upper and lower

s-densities of p at x are defined by

©**(, x) = lim sup Bz, r))

r—0 rs

O;(p, x) = liminf M

r—0 rs

If they agree, their common value is called the s-density of p at x and denoted by
O°(1,) = O (1 7) = O:(11, 7). (3.3)

Definition 49 (8,-numbers). Given x € R™, r > 0, p € (1,00), an integer 0 < n < m, and

a Borel measure o on R™ define

where the infimum is taken over all n-planes L.

When we talk about rectifiability and higher-order rectifiability, we mean what Federer

would call “countably n-rectifiable”.
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Definition 50. A measure p on R" is said to be (Lipschitz) n-rectifiable if there exist
countably many Lipschitz maps f;: R™ — R™ such that

p (Rm \ Uﬁ(R”)) = 0. (3.5)

A measure p on R™ is C1* n-rectifiable if there exist countably many C® maps f;: R" —

R™ such that (3.5) holds.
In [38], a sufficient condition for C''* n-rectifiability in terms of S-numbers is provided.

Theorem 51  ([38]). Let p be a Radon measure on R™ such that
O, z) < oo and ©™*(u,x) > 0 for p-almost every v € R™, and a € (0,1). Moreover,

suppose, for p-almost every x € R™,
1 pp 2
B8 (x,r)* dr
JY = 7 < 3.6
2,04(3:) /0 7’2a r ( )

Then, j is C1 n-rectifiable.
When o = 1, if we replace v in the left hand side of (3.6) by rn(r), where n(r)? satisfies

the Dini condition, then we obtain that u is C* n-rectifiable.

Remark 52. We say that a function w satisfies the Dini condition if

fol @dr < 00. A possible choice for n in Theorem 51 is n(r) = m, fory > 1.

Definition 53 (Classical Menger curvature). Given three points x,y, z € R™, the (classical)

Menger curvature is defined to be the reciprocal of the circumradius of x,y, z. That is,

(0,9.2) = 5

c(z,y,2) = )
P77 Ray.?)

where R(z,y, 2) is the radius of the unique circle passing through z, y, 2.

In order to work with higher dimensional Menger curvatures, we introduce some notation

for simplices in R™.
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Definition 54 (Simplices). Given points {zo,...,z,} C R™, A(xg,...,z,) denotes the

convex hull of {zo,...,z,}. In particular, if {z,...,x,} are not contained in any (n — 1)-
dimensional plane, then A(z, ..., z,) is an n-dimensional simplex with corners {zo, ..., z,}.
Moreover, we denote by aff{x,...,x,} the smallest affine subspace containing {zo, ..., z,}.
That is aff{x,...,z,} = xo + span{z; — ¢, ..., 2, — xo}. Then, we define

Ponin (%o, - - ., ) = mindist(x;, aff{xo, ..., i1, Tip1, ..., 20 })

(2

to be the minimum height of a vertex over the plane spanned by the opposing face. If A =
A(xo, ..., z,) we occasionally abuse notation and write Ay, (A) in place of hyin(xo, ..., T,).

If A as before is an n-simplex, it is additionally called an (n, p)-simplex if
hmin(x07 s ’xn> 2 p-

Definition 55 (Menger curvatures). For x € R™, r > 0, a € [0,1), an integer 0 < n < m,

and p € [1,00], we define the curvature of p at z of scale r to be

h i (m xl PP .’I/'n_;’_l)p
curve, (m 7“) = / min{ L, L1, , M”H
pip\ s B(z,ntt diam ({x, z1, . .. ,g;n+l})p(1+a)+n(n+1) )

(3.7)

where "™ is the product measure defined by taking (n + 1)-products of p with itself.

3.3 Proof of Theorem 1

We now proceed to prove the theorem in the case where pu is n-Ahlfors upper regular on R™
and has positive lower density p-almost everywhere.

We recall the following Lemma from [39, Lemma 3.13], which says that, under the ap-
propriate density assumptions on a measure y, given a point x and radius r, the ball B(x,r)

contains a large number of effective n-dimensional secant planes through .

Lemma 56. Let o be an n-Ahlfors upper-reqular Radon measure on R™ with upper-reqularity



constant Cy. Suppose x € R™ and N\, R > 0 such that
u(Blz,7)) = A"

holds for all 0 < r < R.

Then, for

A
0 =14(n,A,Co) = PEETUSToN

and

5 A
10n 26435700

n=n(n,A\ Cpy) =

and all 0 < r < R there exist points {z;,}", C B(x,r) such that
hmin(l‘7 Tigpy--- axn,’/‘) Z or

and
)\ m
(uL B(z,7))(B(xi,, 5nr)) > (27;7“) r" = Co(m,n, \, Co)r"™.

o8

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Forany0 <r < Randi € {1,...,n}, let B;, :== B(x;,,5nr) N B(x,r) and B, := By, X

<+ X By ,. Then
E%r NB, =

and, whenever (y1,...,yn) € B,,

or
hmin(xa Y1, - - - 7yn) Z ?

(3.13)

(3.14)

Theorem 57. If i is an n-Ahlfors upper-reqular measure on R™ such that ©"(u,z) > 0 for

all x, and

curvy o(r, 1) < 0o

for p-almost every , then u is CH* n-rectifiable.
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We prove Theorem 57 by showing that for u as in the statement of the theorem, we can

1 2
B8 (x,r)* dr
/0 —r2a — < X0

r

in fact show that

for almost every x € R™, and then appeal to Theorem 51. In the proof we use a slight
modification of the usual S-numbers introduced above, the so-called “centered S-numbers”,
that we denote by 55 . These numbers are defined exactly as the S-numbers, except that the
infimum in the definition of Bg (x,r) is taken over n-planes passing through z. That is, for

x € R™ r > 0 define

ey [ (BSEDY i)
’ B(z,r)

Loz r rn

In particular, because the infimum in the definition of 85 (x,r) is taken over a larger class

than the one in 3 (z,r), we have 84 (z,r) < f(x,r) for all z € R™, 7 > 0.

Proof of Theorem 57. Let u be as in the theorem statement, and x a point so that ©7(u, x) >
0. Then, there exists some A > 0 so that for all 0 < r < 1, u(B(z,r)) > Ar". Now, fix

0 < r < 1. By the definition of infimum, for any (y1,...,y,) € (R™)",

. 2
e =t [ () )
B(x,r

L3z r™ r

1 1 ff Ce 2
- _/ (dlst(z,a {z, 1, >yn})) du(z). (3.15)
e B(z,r)

r

Choose z;,, B, and B, as in Lemma 56. Averaging (3.15) over all (y1,...,y,) € B,, and
then applying (3.12) yields

2;2(1;’7,)2 S/ /B( )( 1S (Z,a {xayh ,yn})) ,u(z) L (yh ’yn)

r (B, )rm
. 2 n
cof [ (Mt wh) WO ) g
r J B(z,r)

r rritn
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where C' = C(m,n, A\, Cy). We now claim that,

2 n
dist(z, aff{z,y1, ..., yn}) < <5> Ponin (T, 2, Y1, -+, Yn)- (3.17)

Indeed, let A = A(x, z,y1,...,yn) and Ay = A({x, z,y1, ..., yn} \ {w}), for each w €

{z,z,11,...,yn}. Basic Euclidean geometry ensures that

dist(z, aff {ALDH™(A,) = (n + DH" T (A) (3.18)
= Pnin (T, 2, Y1y -+, Yn)H" (D),

where wy is any vertex such that

diSt(wﬂv aﬁ‘{{xa Yty 7yn} \ {MO}}) = hmin(ma Z,Y1y - - 7yn)

On the other hand, since {z, 2} U B;, C B(z,r) for all i = 1,...,n, Equation (3.14) ensures

The claim (3.17) now follows from (3.18) and (3.19).

Evidently, diam{z, z, 1, ...,yn} < 2r. Using this diameter bound, (3.17) and (3.16), we

conclude

mlnx2y7"'7yn)2 n
prarr<e | | L ). (320)

() dlam{z, z,y1, . ..

Setting r; = (g)j and using the fact that 0 < % < 1, it follows that

17 2 QM 2
By (x,r)? dr By (x,r;
/0 %7 Yy (3.21)
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It now follows from (3.21), (3.13), and (3.20) that

[ Bt
Ponin (T3 2,915 -+, Y ) .
<C /UjB’I‘j < Blirs) diam{z, Z(,xyj.:.y% ’ yn}rg+)n+27aj2°‘ du +1(y1, ey Yny 2)
Pnin (T, 2, Y15+« Yn)? .
=¢ U;By; X B(x,r;) diam{z, z(,g;jyl ’ yn}ny2+>n+2+2a dp H Y1y Yn,y 2)
: 2
: C/B(’“)"“ diam ({Ztn;l(f’.g.cj;;J;;}gc)%lj"”"(nﬂ) A"y, )

= Ceurvi,(z,1),

where in the penultimate step we used that B, x B(z,r;) C B(z,1)""" for all j, and the

non-negativity of the integrand. m

Remark 58. At this point, we briefly focus on the difference between conditions (3.2) and
(3.1). The proof of Theorem 57 could be followed out identically, using curv(, (v,1) < oo in

«

place of curvy,

(x,1) and by replacing appropriate 2’s with p’s, to obtain

R [ pu 8
/ (& (W”)) dr Ceurvy, (7, R) < oo.
0

re T

Consequently, the following proposition is of interest, see Remark 47.

Proposition 59. Let p be a Radon measure on R™ which is is Ahlfors upper-reqular with

constant Cy, and such that 0 < ©™*(u,x) for p-almost every x € R™. Let p € [1,00), and

€ (0,1]. If for py-a.e. x € R™,
1 " p d
/ (ﬁp(wﬂ“)) r_
0 re T

then p is n-rectifiable.
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Proof. We show that the hypotheses imply that for u- a.e. x € R™,

/ gy &

and then employ [30] to obtain rectifiability.

For p < 2, it is enough to observe, from the definition of 3/ (x,r)?, that

(dist(y,P))2 <o (dist(y, P))p

as w < 2. This immediately implies that (5 (x,r)* < 4(x,7)P, and hence we are done.
Note that in this case we did not use that a > 0.

For p > 2, we use Holder inquality:

<(f (Hany o) ([ a)”
o ([ (527)°%)

where in the last inequality we wused the fact that, for p > 2

1

11
B ,r) < (MBI g, ). s
Finally, we reduce Theorem I to Theorem 57.

Lemma 60. Let pi be a Radon measure with compact support on R™ such that 0 < O7(u, x) <

O™*(u,z) < 0o for p-a.e. x € R™. Then there exist an increasing sequence of sets {Ey}

such that
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pr = p Ey is n-Ahlfors upper-reqular and O7 (ux, ) > 0 for ux-a.e. v € R™.

Proof of Lemma 60. For any positive integer k, let Ej be given by
By = {z € R™ | u(B(z,r)) < kr™ for every r < 27%}.

Evidently, Fy C Ei.q and p (R™\ U2 Ex) = 0.
Notice that ug(B(z,r)) < u(B(x,r)) < kr", for r < 27%. Since spt(uy) C spt(y) has
finite diameter, it follows that py is upper n-Ahlfors regular. Moreover O7(ug, ) > 0 for

almost every x € Ej, by Theorem 2.12(2) in [51], since py, < p and O"(u, z) > 0. O

Proof of Theorem I. Let p and « be as in Theorem 1. Without loss of generality, by con-
sidering p L B(0, Ry) for some sequence of Ry 1 oo, we can assume that p has compact
support.

To apply Lemma 60 we first need to show that ©7(u,z) > 0 for p-a.e. x € R™. In-
deed, when a = 0, p is n-rectifiable (see [39, Theorem 1.19]). Moreover, for a € (0,1),

curv®

o(x,1) < oo implies curvy,(z,1) < oo. Therefore p is n-rectifiable and the n-

rectifiability of p implies ©7(u, z) > 0, for p-a.e. x € R™.
Now, define p, as in Lemma 60 and apply Theorem 57 to each py. Then each py is C1®

n-rectifiable which implies p is OV n-rectifiable as desired. O
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4.1 An introduction to local and non-local quantitative Hatness

In his solution to the Analyst’s Traveling Salesman Problem [42], Peter Jones introduced
a local gauge of flatness which has been generalized by David and Semmes [19] to higher
dimensions. These families of local gauges of flatness are called the Jones S-numbers, and
they have come to dominate the landscape in quantitative techniques relating rectifiability,
potential theory, and boundedness of singular integrals. See, for example the landmark book
20].

For aset £ C R? 1 <p < oo, and an integer 1 < n < d — 1, we write = H"L E and

define the Jones S-numbers as follows,

: dist(y, L) \" du(y) z
B. = f : 4.1
6E,p (1', T) (LCRd gll n-plane /B(z,’/‘) ( r ) rr ( )

We also write 8] (z,r) for 8 (z,7), when p = H" L E is understood. If p = oo, the

[-numbers are defined in terms of the sup-norm instead of the L°°-norm.

Various notions of “rectifiability” have been studied over the years and are frequently
characterized by f-numbers. We introduce them from most to least regular. The original
notion is for 1-dimensional sets in £ C R?. It is said that E is rectifiable if E can be contained
in a curve of finite length. Thanks to [42] in dimension d = 2 and [57] for dimension d > 3,

the following characterization is known:

E c R% is (finitely) rectifiable <= / /00 B0 (T, 7")2% dH'(z) < oco. (4.2)
EJo

In addition to generalizing the Jones S-numbers, [19] also introduced the notion of uniform

rectifiability. A set £ C RY is said to be Ahlfors n-regular if there exists 0 < ¢ < C' < oo

such that ¢ < H"(E N B(xz,r)) < Cr™ for all x € F and all 0 < r < diam(F). An

n-Ahlfors regular £ C R? is said to be uniformly n-rectifiable if there exist finite constants

6,A > 0 such that for all x € E and all 0 < r < diam(FE) there is a Lipschitz mapping

g: B(0,r) C R" — R4 with Lip(g) < A such that H"(E N B(z,r) N g(B(0,7))) > 6r".
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In [19] the authors show that an n-Ahlfors regular set £ C R?, is n-uniformly rectifiable

if and only if the Jones S-numbers satisfy the following Carleson condition for some 1 < p <

n—27
R dr
Cp.,(z, R) = / / By, 7)?— du(y) < cR" forallz € E, R > 0. (4.3)
’ B(z,R) Jo ’ r

A set E C R%is said to be countably n-rectifiable if there are Lipschitz maps f; : R — RY
with 2 = 1,2, ..., such that
HM R\ U, f;(R™)) = 0.

Recently, Tolsa [72] and Azzam and Tolsa [8] show, as a special case, that E is countably
n-rectifiable if and only if

1
Jp(x,1) = / ﬁ%a(m,r)Qﬂ <oo forH"—ae x € FE (4.4)
o r

where Ji(z,1) is the Jones function at x and scale 1. See [51] for more about countably
n-rectifiable sets and also [58] and [10] for more about identifying countably n-rectifiable sets

and measures via -numbers.

In this paper, we show that sets which satisfy (4.4) can fail to satisfy (4.3) as dramatically
as possible. We show this through two examples in the plane. The first, Theorem 61, is

connected and the second, Theorem 62, is Ahlfors regular.

Theorem 61. There exists a rectifiable curve (of finite length), Ky C R?, such that for
uw=H'L Ky, for any v € Koy, and any § > 0

0 dr
/ / By (W, 1) — du(y) = oc.
Bs(z) J0 r

The set K arises from unions of modifications of approximations to snowflake-like sets.

Since Kj is a rectifiable curve, by the Analyst’s Traveling Salesman theorem, i.e., (4.2), it
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follows
> o dr
ﬂKo,oo(y7r) _dﬂ(y) < o0,
R2 J0 r

which indicates that K fails to be Ahlfors upper-regular at generic points.

We note that this example also gives rise to a curve of finite length (see Remark 73)
which has classical tangents nowhere. This is in contrast to the well-known theorem that
simple rectifiable curves have tangents almost everywhere, see [31], and also demonstrates
the necessity of the “simple” assumption in the main theorem of [17], which states that

o-finite simple curves have classical tangents on a set of positive measure.

Theorem 62. There is a 1-Ahlfors reqular, countably 1-rectifiable set Ay contained in the
unit cube in R? such that for p = H'L Ay, for every v € Ay, and for every § > 0,

)
dr
/ / BY 7L du(y) = oo,
Bs(z) J0 r

The set Ay, whose construction was initially motivated by the machinery introduced in
(73], is created from scaled unions of approximations to the 4-corner Cantor set. Ultimately

the presentation was simpler using the framework of self-similar sets.

Remark 63. These examples can be used to create higher-dimensional ones by taking Carte-
sian products with finite intervals. That is, if A € {Ko, Ao} for any positive integer n < d,
define B' = A x [0,1]""! C R""!. Embedding E' into the first (n + 1)-dimensions of R? pre-
serves the properties of A. In particular, it is standard that defining S-numbers over cubes
(with sides parallel to the azes in RY) instead of balls leads to an equivalent definition of the
B-numbers. Consequently finiteness of C.o(x, R) is equivalent to the finiteness of Cy.,(2', R)

where x' is the orthogonal projection of x into R2.
4.2 Construction of K,

To construct a 1-rectifiable set, Ky, that is connected (hence Ahlfors lower-regular) for

which the Jones function is locally non-integrable, we modify approximations to the Koch
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snowflake. This set will not be Ahlfors upper regular, i.e., H'(B(x,r) N Ky) < Cr fails for
all C' and some (x,r). We begin with an informal description of the technical construction

which follows.

The construction splits into two parts. First, build a “base set” E. which satisfies
Cg.(0,0) = +00. The base set E, is designed from modified approximations of the Koch
snowflake, see Definition 65 and subsequent discussion. The goal is to build the connected
base set E,, so that within the triadic strips [37¢,370~V] x R the set E,, looks like successive
approximations to the Koch snowflake which arise from more iterations of the “bumping
process”. See Figures 5.3a - 4.3 for example sets that could be scaled and set on the triadic
intervals [371,2-371,[37%,2-37%],[373,2 - 377, as in Figure 4.4, to begin creating the base
set F. After doing this infinitely many times, and taking care to balance the number of
corners with the shallowness of the corners, we create a connected set with finite length such
that the infinitely many “bumps” in any neighborhood of the origin give Cg_(0,d) = +00
for all 0 < 9.

After we have constructed the base set F.,, we build the desired final set Ky. Roughly
speaking, this happens by iteratively adding scaled copies of E,, in a dense way along F
itself.

For the remainder of this paper, we only consider £ C R? and the S-numbers when p = 2.
As such, we write fg, B, Cg, and C, in place of SL.,, 8}, Chy, and Oy, see (4.1), (4.3).
Moreover, for any set L C R? we write B,(L) = {x : dist(z, L) < r} and B, = B,({0}).

We begin by stating two basic properties of the Jones S-numbers. The first, often called
"doubling” despite our choice to scale by a factor of 3, controls how fast the S-numbers can

shrink by relating the S-numbers at comparable scales. The second shows how the S-numbers

behave under rescaling.

Proposition 64. Let E C R? have dimy(E) = 1.
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1. For any ball B.(y) C Bs.(z),

Be(y,r)* < 3°Br(x,3r)?

2. The B-numbers have the following scaling property. If E*' = tE + z then Bg=«(z,7)* =

BE (xzz, %)2 Consequently, Cg=«(z,1) = tCg(0,t'r).

Next, for the reader’s convenience we record some facts about and give a construction of

the standard approximations to the Koch snowflake.

Definition 65. Let I C R? be a line segment, and fix 0 < o < 7/2. Define P(I) as the set

which results from the following operation:

1. Divide I into three equal subintervals, Iief, U Lcenter U Jright-

2. Over the middle interval, I.enter, construct an isosceles triangle with angles o and base

Icenter'
3. Delete I.enter, the base of the isosceles triangle.

We define
S(I)=P(I)\1I, (4.5)

and call S(I) the bump. If g; is the orthogonal projection onto the line containing I
and ¢; is the orthogonal projection onto I+, then height(S(I)) = diam{q; (S(I))} and
width(S(1)) = diam{m;(S(I))} = $H'(I). We shall abuse our notation slightly by saying
that for a collection of line segments, E, the set P(F) is obtained by applying P to each

maximal line segment contained in E.

If I =1[0,1] x {0} and a = %, the standard approximations to the Koch snowflake are
given by {P*(I)}%° ,, where P* denotes applying P iteratively k times. We emphasize a few

properties about deformations under the operation P.
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Proposition 66. For any finite line segment I C R? and positive integer n,

_ tan(«)

height(S(7)) = “= 1] (4.6)
H(5(1) = 4 (47)
e e) - (92 e (1)

When T = 55 min {tanﬁ(a), %}, there exists co = c(a) such that for all lines L

H' (S(I)\ B,(L)) > coH*(S(D)). (4.9)

Figure 4.1: The set Ps(/) when a = w/3.
Note: despite the least iterations, this has
more length than the following two images.

—//’f¥ Figure 4.2: The set P4(I) when a = 7/9.

Figure 4.3: The set P5(I) when o = 7/27.

Proof. (4.6) and (4.7) follow from planar geometry. The n = 1 case for (4.8) follows by

o~ >

Figure 4.4: Zoomed in and truncated picture of the 3rd approximation to a base set, made
by placing the sets from Figures 5.3a - 4.3 in their appropriate triadic intervals.
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adding back in the unchanged intervals I and Iyigns, which have total length §|I |. The

geometric nature of the definition of P allows us to then iterate this to achieve (4.8).

To verify (4.9) we proceed by contradiction. Suppose no such constant ¢y exists. Then,

there exists a sequence of lines intersecting S(I) such that
H(SU)\ B (L)) < 27" HY(S(D)).

After passing to a subsequence, L; converge to some line L with the property that H' (S(I) \ B,(L)) =
0. Since S(I) is connected, this implies S(I) C Ba.(L). However, this contradicts the fact
that 27 < -5 min{height(S(1)), width(S(7))}. O

Definition 67. Define P; to be the set operation defined on line-segments by

Pi(1) = PHSI) | U\ Leenter)

recalling the definition of S(I) can be found in (4.5). Loosely speaking, for any line segment,
I, P;(I) is the set that replaces the center of I with a jth approximation of the Koch curve.

Remark 68. The Hausdorff distance between two compact sets A, F' C R? is defined by

disty (A, F') := max {sup inf |x — y|,sup inf |z — y|} .
yEA zeF yereA

In addition to metrizing the collection of all non-empty compact sets, the Hausdorff distance
generates a topology on the collection of non-empty compact sets that is complete, since R?

18 complete.

Corollary 69. For any line segment I C R? and positive integer n

1. (4.10)

sec(a) + 2) " sec(a)

(P = 311+ (215 !
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Moreover, if o < m/3,

disty (I, P"(I)) < 1. (4.11)

Proof. Equations (4.7) and (4.8) verify (4.10). Indeed,

e (PY(S(T)) = (%)Hﬂwsu» - (%) ecla)y),

The restriction to o < /3 ensures the longest line segment of P*(I) has length at most

37", Consequently, (4.6) guarantees

disty (P™(I), 1) < Zn: disty (P'(I), P1(I)) < Zn: 3 height(S(I)) <

=1 i=1

We now define a sequence of sets Fj, which will be instrumental in defining the “base set”

FE, in our construction.

Definition 70. Now, we let n be a natural number to be chosen later and Ey = [ =

[0,1] x {0}. We define E; = P, (I). For k > 2 inductively define
By, = Prn ([0,37 V] x {0}) [ ({[37% V1] xR} N Eyy) . (4.12)

Notably, for all integers j the operation P; applied to [0,3~*~1] x {0} leaves the segment
[0,37%] x {0} untouched. Consequently, the sequence of sets { £y} are defined by replacing
the “next” triadic interval with a scaled approximation of the Koch snowflake. The fact that
each triadic strip [37%, 37*~V] x R is only modified once in the sequence of sets Ej, is ensures

the Hausdorfl dimension of the final set remains 1.
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Lemma 71 (Base Set). Fiz o < /3 and any integer n satisfying*

371 (—SGC(O;)) + 2)n <1<3! (—Sec((? + 2>2n . (4.13)

Then the sequence of sets Ey from (4.12) converge to a compact and connected Borel set E,

in the Hausdorff topology on compact subsets. Furthermore, E, satisfies:

1. HY(Ey) < o0
2. For all 0 >0, Cg_(0,0) = 4o0.

Proof. Note that (4.11) ensure that disty(Eyy1, Ex) ~ 37%. In particular, {E;} is a Cauchy
sequence in the Hausdorff topology. Hence, the existence of the limiting compact set F
follows from completeness of the Hausdorff topology on compact sets, see Remark 68.

By construction each Ej is connected. In fact, since Ey N By« = [0,37%] x {0} it
follows that Ej \ Bz-x(0) is connected for each k. Connectedness of E,, now follows since
Eo \ B3-x = Ej \ B3-x. This demonstrates that outside every neighborhood of the origin
E is connected. Consequently, E., is connected.

To see that E., has finite length we write the H'-measure of £}, as the measure of L},
outside Bgi—« plus the measure of Ej, inside the ball Bgi-x. The two key observations being
Ep\ Bsik = Ey_1\ Bgix and HY(Ey_1\ Bgi) = H'(Ej_1) — 3% Indeed, (4.10) and these

observations imply,

HYE) = HY(E, N Byix) + HY (E_1 \ Byi-x(0))

SUE )

3

— 2|[0,31—’“] x {0} +3'* ( 3 2

or, equivalently

'Note that for instance, a = 7/3 and n € {2, 3} satisfies (4.13).
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H(EL) = HA (Byr) = 37 [(#) sec(a) — 1] |

Since H'(Ey) = 1, iteration yields

L(E) _1+Z3 [(See +2> sec(a)—1]. (4.14)

In particular, limy_,., H'(E}) < co whenever n satisfies the lower bound from (4.13). More-

over HY(E) = limy_soo H'(E}) since for all j > k,

H' (E;AE) < Z <u> sec(a),

i=k+1

which decays to zero as k — oo. Hence, (4.14) holds for E,, and 0 < H!'(E,) < co.

It only remains to show Cg_(0,0) = +oo for all 6 > 0. To this end, we first note that
when r = r(n,a) =3~ <%> :

k+1 3—(k+1)

1 . —
H (Esw N Bs-x(0)) =3 —|—sec(a)1_r =t

(4.15)

Indeed, by (4.14) and the trick used to prove (4.14)
H' (E, N By-x(0)) = 37F + Z 37" [sec(w) (%) —1].
i=k+1 3

Claim: With 7 as in Proposition 66 and o < 7/3, there exists a constant ¢; and integer jy

independent of k such that for any line L, and all k£ such that nk — 1 — jo > 0,

(L)) N Bg_k) > 37k (W)WH0 . (4.16)

MW ((Eoo \B_:,

Proof of Claim. Writing I’ = [0, 1] x {0}, we will in fact scale by 3* and show the stronger
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result that

sec(a) + 2) nk—1=go 7|

1 ((Pul!)\ By () 1 Bo) = 2 (49

To do so, we find a line segment J C S(I') \ B,(L) such that J has an endpoint in
common with one of the two line segments of S(I’) and |J| = 370K (S(I'))/2, where j,
to be chosen later is independent of L. This specific choice of length and endpoint ensure
that P*=1=jo(.J) C P,.(I"). Moreover, the choice of j, will both guarantee that |J| is large

enough and that P"™*~17J(.J) remains outside of B, /3(L), hence verifying the claim.

To find .J, we note that the simple shape of S(I’) guarantees that S(I")\ B, (L) has at most
4 maximal line segments. Hence, there exists a maximal line segment K C S(I') \ B;(L)
with H'(Kp) > H' (S(I) \ B-(L)). If Ky, is parallel to L let x;, denote either endpoint of
Kp. Otherwise, let x; denote the unique endpoint of K that is not contained in m
Define J to be the unique subset of K, of length 3’j0%|]’| with endpoint z;,. Now, define

Jo as the smallest integer such that

3-7 < min @7 tan(a) sec(a)|[,| - T ’
4 12 6 2

where ¢y is as in Proposition 66. The first condition ensures that J C K and (4.9) guarantees

that the first constraint on jy is independent of L and k. The second constraint combined

with (4.7) and (4.11) ensure that disty (P™*~'770(.J), J) < Z. Moreover, choosing jo to be the

smallest admissible integer guarantees that |J| = 3_3'0%\1 '| > ¢|I'| where ¢ is independent

of L and k. Finally, (4.8) completes the proof of the Claim since

sec(a) + 2) nh=1do Id
3 )

HY (Par(I)\ Brja(L)) = HI(P™10(T)) 2 e (

where c; depends only on «.
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Whenever nk — 1 — jo, > 0, (6.18) implies

T 2 nk—1—7jo nk
%(073,@)223_;(%) <3 (W) )ZCQ (#) (4.17)

Fix 6 > 0 and any integer k; such that 37% < § and nks — 1 — jo > 0. Then, with
pu=H'L E, repeated applications of Proposition 64, (4.17), and (4.15) yield

5 o0
dr B B
/ / ﬁu(x, T)2_du(l‘) Z 111(3)3 2 Z ,M(B3—(k+2))ﬁu(07 3 (k+2))2
Bs(0) J0 r =
= k+1 —(k+1) nk
-2 ~k r 3 2 + sec(a)
> 1n(3)3 Z (3 + sec(«) 1o 3_1) (CZ ( 3 .
k—=ks
Due to the lower bound in (4.13), this sum diverges if and only if
N i 1 2 + sec(a) nko 0 3ky2k+1 ok
Z[SGC<OZ)1_T,_3k+1_3k:|( 3 > _Z[sec(oz) T —3_1}
h=ks k=ks

diverges. Since the lower bound in (4.13) ensures r < 1, this diverges if and only if

> ner,; (3r%)F diverges which is equivalent to the upper bound in (4.13). O

Theorem 72. There exists a connected set, Ky C R? of finite H'-measure such that for any
r € Kyand §d >0
Ck,(x,0) = oc.

Proof of Theorem 61. . Let {r;}2, be a sequence of positive numbers such that ). r; < 1.
Let E%" C R? be the set E*" = rE., + x. We construct K, as the union of a countable
collection of nested sets {I';}.

Let I'y = Es. Now, let {xld};\[:ll be a maximal 271~ !-separated net in I'y. Let

Ny
Iy =Toul JE™~.

j=1
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Suppose that we have defined I';_;, some positive integers {Ng}é;ll and a collection of
points {zg; € Ty 5 |1 <€ <i—1,1<j < N,} that form a maximal 2~ ~1_geparated net
for I';_o. Then choose N; € N and points {z; ;}1<j<n; C I'izq so that {x,; €'y |1 <0 <
i,1 < j < N} is a maximal 27 -separated net in T';_;. Then define T'; by

Nj

ri=Tiu | ETi N

Jj=1

We claim that Ky = U2 I'; is the desired set. First note that since each I'; is countably
rectifiable, then Kj is countably rectifiable. Moreover, {z; ; }jv;l C I';_4 for all 7 ensures K
inherits connectivity from FE.,. Furthermore, since {I';} is a nested sequence increasing to

K() and Zz i < 1,

H (Ky) = H* (EOO U [j U E””N> <H' EL) <1 + f}) < 2H'(EL).

i=1j=1 i=1

It only remains to show that for z € Ky and 6 > 0 that Ck,(z,d) = co. To this end, fix
x € Ky, and 6 > 0. By definition of K|, there exists ¢y such that x € I'y,. Then, by the net
property of the points {x;;}, it follows that for £ — 1 > /; large enough that 27~! < §/4,
there exists ¢ < ¢ with x;; € Ty_y N B(z,0/2) C Ko N B(z,6/2). Writing u = H' L K, and

pij =ML E®'%; it follows from monotonicity of the integral that

o o dr 8/2 dr
/ / Bro(y, )" —du(y) > / B 2y, m)—dpi (y), (4.18)
Bs(z) Jo r r

Bsa(xi,5) /O

(2i4,0/2). Recalling that B> = tE,, + z, we use (4.18),

1,7

or equivalently Ck,(x,0) > C,

Proposition 64(2), and Lemma 71 to conclude

o T ON;
> r; L= = — P - .
Ck,(z,6) > CE’“M’W (xz,g, 2) N, Ce., (0, 27”i) 00
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Since x € Ky and 0 > 0 are arbitrary this finishes the proof. O

Remark 73. Since K, from Theorem 61 is connected, H'(Ky) = H'(Ky) < oo and K, is
compact, see [64, Lemma 3.4, 3.5]. Thus Ky is a rectifiable curve by Wazewski’s theorem,

see [64, Lemma 3.7] or [1, Theorem 4.4].

The authors thank Matthew Badger for pointing out that K coincides with the Hausdorff-
limit of {I';}. So, Golab’s semi-continuity theorem and Wazewski’s theorem suffice to ensure

Ky is a rectifiable curve. See, for instance, [1] or [31] for relevant theorem statements.

4.3 Construction of Ay

The unique compact set fixed by the iterated function system (IFS),
{Fij : R = R|F(E) = 27%(E+ (i,5), i, €{0,3}}

is called the 4-corner Cantor set, C. The 4-corner Cantor set is an Ahlfors regular set with
positive and finite H'-measure and is purely unrectificable. That is, H' (C N f(R)) = 0 for
all Lipschitz functions f : R — R2.

Typically, one approximates the 4-corner Cantor set by beginning with the “initial set”
[0,1]% in their iteration scheme. However, our motivation for the construction of A, arises
from considering the initial set [0, 1) x {0}. Beginning with a 1-dimensional set allows every
approximating set to have positive and finite H!-measure. This is also critical to produce
estimates on the S-numbers of each approximation.

The general strategy for producing the desired set Ay in Theorem 62 is as follows. We
produce a base set ¥y such that within successive tetradic strips [27%, 27%%2] x R the set
YoN([27%,27%%2] x R) is a scaled version of a higher-iteration approximation to the 4-corner
Cantor set. This allows for precise control on the S-numbers in every neighborhood of the
origin. Then, following the strategy for Theorem 61 we carefully iterate this set “on itself”

in a dense way, taking care to preserve Ahlfors regularity.
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4.3.1 Approximations to the 4-corner Cantor set

Consider the following sequence of approximations to the 4-corner cantor set, by sets of
positive and finite H!-measure.

Let Ey =[0,1) x {0} and inductively define

E. = Z pij +22E,_, where p;; = (%, %) ) (4.19)
(i.4)€{0,3}

The word similarity is used to refer to any mapping that can be written as a composition
of scalings, rotations, reflections, and translations. Throughout the rest of the paper, we
say that two sets are similar if one is the image of the other by a similarity. In reality the
similarities we discuss can always be written as a scaling and translation, as in (4.19).

We let A denote the collection of tetradic half-open cubes in R?, that is
A ={[a27% (a +1)27%%) x [0272% (b + 1)27%%) | a,b,k € Z}.

For some @ € A, we let /(Q) denote the sidelength of ). We partition the tetradic cubes
into cubes of fixed sidelength by defining A" = {Q € A | /(Q) = 27%}.
In general, for a set £ C R? we respectively denote the length of E and the height of E
by
((E) = diam{n,(E)} and h(E) = diam{m,(E)}

where 7, and 7, denote the orthogonal projection onto the horizontal and vertical axes. In
particular, for a cube ) with axis-parallel sides, this notion of length coincides with the
cubes sidelength. Hence no confusion with the earlier convention that £(Q) is the sidelength

of @ will arise.

Definition 74 (Clusters and sub-clusters). Any set which is similar to any Ej or E,UJ[0, 1) x
{0} for k € N will be called a cluster.
Moreover, for fixed k¥ € N, we will call Ej, the 0th sub-cluster of E; and the 22* line
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segments that make up Ej. are called the kth -subclusters of Ey. For ¢ € {1,... k — 1}, the

22¢_sets contained in Ej; which are similar to Ej_, are called the ¢th sub-clusters of E.

Definition 75 (Root points). We associate to each cluster and each cube a root point. The
root point of a cluster F is the lower-most and left-most point in the cluster. Since a sub-
cluster is itself a cluster, the notion of a root point extends to sub-clusters. For a cluster F,
we let 2 denote its root point. For a tetradic cube ) € A we let 2 denote the lower-most

and left-most point of () and call g the root point of Q.

Proposition 76. For fived non-negative integer k, the set Ey has the following properties.

1. Each Ey is a finite union of 2% intervals each of length 2= In particular, H*(E;) = 1
and E} is countably 1-rectifiable. Moreover, each connected component I of Ey has
Ol C U(1)Z* = 27%7% and consequently is contained in a line R x {a272*} for some

CLENO.

2. If § > 0 is an integer and if Q € A is such that Q N E}, is non-empty, then

onp, | 0UQ)X (0} iz o)

Hife) —+ 272jEk_j j S k

3. Fach Ey is Ahlfors regular with reqularity constant independent of k.
4. For 0 < j <k an integer, each jth subcluster of Ej, has H'-measure 27,

5. For1 < j <k an integer, the jth subclusters of E}, are 2-27% -separated horizontally and
at least 2- 2% -separated vertically. In fact, they are <3 — 3 M 2_2i> -27% _separated

vertically.

6. If J C Ej, is a connected component, then J is a vertical distance of 3 - 272 from the

nearest connected component J' of Ej,.
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7. There exists a universal constant ¢ > 0 such that if k > 2 and pu, = H'L E}, then for

all x € F,

| P = e -2

6-2—2F

Proof. (1) follows immediately from (4.19) since each p;; € 27272

To see (2), we first note that the case j = 0 is clear for any k£ € N. Further, the case k =0
is clear for all j € N. To procede inductively suppose that (4.20) holds for all £ € N when
j = ¢ —1. We will show it holds for all k € N when j = ¢. Indeed, suppose that Q € A’ has
non-empty intersection with E,. Let z¢o be the root of Q. Choose p € {pi;} (i )cfo,312 such
that Q@ C p+ [0,272)2. Then, 4(Q N E;, — p) = (4Q — 4p) N (4E; — 4p) = Q N Ej_; where
Q :=4Q — 4p € A"!. By the inductive assumption,

o + 2_2(i_1)E(g,1),(i,1) (—1<k-1.

Translating and scaling this back to what this means about () N E}, verifies the induction.

(3) follows from (1) and (2) since these imply that % = 1 for tetradic cubes @
with £(Q) < 1 that intersect Ej. This suffices since any ball contains a tetradic cube of

comparable sidelength and is contained in 42 tetradic cubes of comparable sidelength.
(4) is equivalent to showing that Ej is made of 22* intervals, each of length 272

(5) The horizontal separation is verified by an argument similar to the vertical separation.
For the vertical separation, we only verify that the vertical separation is at least 2 - 272/,
Indeed, this follows since Ej is contained in the horizontal strips R x [0,1/4] U [3/4, 1] for all
¢. Then, the scaling from (4.19) ensures that the jth subclusters, which arise by applying
(4.19) j times to the sets Ey_; are vertically 2 - 272 = 12720~ geparated. The reason
the height-bound can be improved, is because the jth subclusters are actually contained in
smaller strips. See for instance, E;, where the first subclusters are contained in lines, and

3

E5 where the first subclusters are contained in the strips R x [0, <] U |

U (12, 18,

167 16
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(6) follows from the fact that vertically-closest connected components in Ej, come from
the connected components of E; which are 3 - 272 separated. After being scaled by 272 in
(4.19) another (k — 1) times the separation is reduced to a distance of 3 - 272* as claimed.
This coincides with the precise formula in (5) and could be considered as a base case for
induction on j for the interested reader.

(7) Throughout the proof of (7), we fix integers 1 < 7 < k and k > 2.

Claim 1: For all x € Ej, there exists some 2’ € E; with
dist(z,2') < 27% (4.21)

Proof of Claim 1. Note that the scaling in (4.19) ensures that for some ¢, we know that
every x € Fy,, is within a distance 3 - 2721 of a point in F,. Iterating verifies the claim

by showing for « € Ej, there exists 2’ € E; such that

dist(z, z) 2322€<3222€ —20+1),
l=j+1 l=j+1
Claim 2: There exists ¢ independent of j such that for all 5-27% <y < 11-27% and all
z e Ej,

/BﬁlL‘j;Q(l‘/7 r)z Z C

Proof of Claim 2. Let J C E; be the connected component containing z’. By (4)-(6) of
this proposition, it follows that for r > 5-27% = \/(3 .272)% 4 (4-2-%)?, the ball B,(z')

contains J and 3 other connected components of E;. Consequently, there are two horizontal
lines, L* and L%, such that B,(z') N (L* U L%) contains at least 4 connected components of

E;. Part (1) of this proposition ensures,
min{y; (LN B,(2')), p; (LY N B,(2'))} > 2-27%. (4.22)

Moreover, part (6) ensures that the distance between L* and L¢ is 3 -27% which combined
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with (4.22) forces that any line L satisfies,
1 ({y € B.(2)|dist(y, L) >3-27%71}) > 2. 27 (4.23)
Finally, recalling 5-27% <7 < 11-27%, (4.23) implies

—25\ 2 iy
e / dist(y, L)\* di;(y) o (% 2270
L JB,(a" r ro r r -

which verifies Claim 2.

Claim 3: There exists ¢ such that for all z € Ej and all integers 1 < j < k and p such
that 6-27% < p <12-27%,
B, p)? > (4.24)

Proof of Claim 3. Claim 1 ensures that for all 5-27% < r < 11-27% there exists 2’ € F}
such that B,(z') C B,(z). As in Claim 2, fix lines L? and L* such that B,(z) N (L* U L¢)
contains at least 4 connected components of E;. Choose a so that L? = R x {a} and L* =
{a+(0,3-27%)} +R x {0}. Moreover, suppose the left-most connected component of L* has
right-most endpoint with z-value equal to ¢;. Define L, = {¢; +27%} xR and L; = a+27.
By Proposition 76(5,6), the neighborhoods N, = By-2;(L,) and Nj, = By-2;(L;) are disjoint
from Ej, for all £ > j. See Figure 4.5.

Consequently, for any line L the nieghborhood By-2;-1(L) can intersect at most 4 of the
“quadrants” made by the neighborhoods of N, and N;. Making a generous estimate since

the ball may cut-off part of one of the quadrants in Figure 4.5, we conclude
i ({y € B(a') | dist(y, L) > 27%7%}) >27%72 (4.25)

where the measure-bound comes Proposition 76(1). Since B,(2") C B,(r) and 1 <2 < (' <

00, Claim 3 follows from (4.25) analogously to how Claim 2 followed from (4.23).
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Figure 4.5: When j = k — 2, the picture displays a subclusters of equal length for F; and FEj,
on the left and right respectively. In Ej, the line L, and its neighborhood N, are in green,
whereas the line L, and its neighborhood N, are drawn where it would pass through both
E; and Ej,

Finally, we verify (7) because

1 d k 11.2-2 d
A TCE =D Sy L S )
6 P 56

9-2j .2-2j 1Y
]

We construct the base set Xy from approximations to the 4-corner Cantor set by first

defining

E(n):=(27",0)+2 " Ep. and o:=|JE(n)U([0,1) x {0}). (4.26)

Proposition 77. ¥y has the following properties.

1. 0 < HY(Zg) < 00 and Xy is countably 1-rectifiable.

2. If 1 > 0 is an integer and Q € AV is such that Q Ny # 0, then
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- - B - -
L1

Figure 4.6: Here we see ¥ and several examples of () € A. The cube D illustrates the first

case in Equation (4.27). The cube A illustrates an example of the second case in Equation

(4.27). The cubes B and C' illustrate examples of the last case in Equation (4.27).

;

o N [ng(Q))Q rQ = (07 0)

QNYo =9 ag+2 YEy for some k zg # (0,0) and my(xg) # 0 (4.27)

& +27¥E,U[0,0(Eg)) x {0}z # (0,0) and m,(xg) = 0.

3. Cx,(0,0) = +oo for all 6 > 0.

Proof. (1) ¥ has positive and finite mass due to Proposition 76(1) and the geometric scaling

in (4.26). It is also the countable union of countably 1l-rectifiable sets by Proposition 76(1).

(2) The case when zg = (0,0) is clear. Suppose zg # (0,0). There exists unique a,b
such that
xg = (a27%,027%) . (4.28)

Ifj =0 QNXy # 0, and Xy C [0,1)? forces a = b = 0. Therefore, j > 1. Since
h(FE92n) < {(Eq2:) and the E(n) only use a translation in the positive horizontal direction of
FEs» and a homogeneous scaling, it follows that Yo N Q@ # @) implies 0 < b < a so that a > 1.

Since, £(Q) = 27% it follows that a27% > ¢(Q). Comparing the translation and scaling sizes
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n (4.19), a > 2%74(Q) implies

E b
SoNQ = QN &n) =1 (4.29)

QN (E(n) U0, £(E(n))) x{b}) b=0

for some specific n < j. For simplicity of writing, assume we are in the first case. Then,

22" (Q N E(n)—(272,0)) = (22" (Q — (272",0))) N Ey2. or equivalently
QNE(n)=(272",0)+272" (2> (Q — (27°",0)) N Eaan) . (4.30)

In light of (4.30), it follows that (4.20) implies the 2nd case of (4.27) since 2**(Q—(27%",0)) €
AV~ and n < j. Analogously the b = 0 case corresponds to the 3rd case of (4.27).
(3) Fix 6 > 0. Choose N large enough that 11-272Y < §/2. In particular, for all n > N,
E(n) C Bs(0). Then, with p = H' % and p, = H'L E(n), it follows from Proposition 76
(1,7), Proposition 64 (2), and the scaling in (4.26) that

SCCESY N / P L () > 3 (@ — 2N (E(m),

n>N n>N

which diverges and completes the proof. O

We wish to iterate ¥ densely along itself while being careful to maintain Ahlfors upper-

and lower-regularity. This is attained by scaling, and being careful where we iterate.

Definition 78 (Tail points). We say a point y is a tail point of E if 0 < H'(FE) < oo and

there exists a tetradic number r and § > 0 such that
y+1rXoNBs CFE.

Note, if y € Bs(x) is a tail point of a set F, then Cg(x,d) = co. See Claim 1 from the proof
of Theorem 62.
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Definition 79 (Iterative construction). Let ¥y be as above. Supposing that ¥;_; has been

defined, we define a (possibly empty) special collection of tetradic points,

D' = {a: € 227>

(z40,27%)°) N8y =2 +[0,27%) x {0}} : (4.31)

and define ¥; by

Y=, U { U T+ QSiEO} . (4.32)

zeD?

Define,
A=z (4.33)
jEN

Proposition 80. The sets {¥;}52, and {D’}32, as in Definition 79 have the following
properties:
(1) ¥;-1 C % forall j > 1,
(2) ¥; is contained in countably many horizontal line segments with tetradic heights.
(3) There are infinitely many j so that D7 is non-empty.
(4) If I is a connected component of 3; then OI C ((I)Z?.

(5) X; contains no connected component of length at least 272 that contain no tail point.

Proof. Indeed, (1) follows from (4.32).

(2) Follows by induction. For ¥ it follows from Proposition 76 (1) combined with the
scaling in (4.26). For general ¥, induction holds due to the fact that each scaled copy of X
in (4.32) has a tail point on the dyadic lattice D* which is coarser than the tetradic scaling
factor of .

(3) folows from (2). (5) follows from (4) and the definition of D’ in (4.31).

(4) If I is a connected component of 3; then there exists y € D' some ¢ < j such that [
is a connected component of y + 27%%,. But then, 2% (I — y) is a connected component of
Y. Since y € 27272 Propositions 76(1) and 77(2) ensure 9 (2% (I —y)) € 28¢(I)Z? which
verifies (4).
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Definition 81 (Associated cubes). Any cluster (or subcluster) E has associated to it the
dyadic cube Qp = zg + [0,£(F))%. In particular, by Proposition 76 (5) it follows that if
clusters E, E' are disjoint with ((F) = ((E"), then Qg, Qg are disjoint cubes. Moreover, for

some cluster F, the root point of () and the root point of E coincide.

Definition 82. We associate to the base set ¥ the following family of cubes
Os, = {[0,27%)*:i >0} U{Qp : E is a subcluster of E(n) C $o,n >1} (4.34)
By similarity, for any y € D! we associate to y + 2753 the family of cubes
Q= (y+2%Q,) [ Jw+{0.27):i<k}). (4.35)

We will let
Q = Ui>o Uyepi Qy (4.36)

which we stratify by scale in the following sense
Q' ={Qec|Q)=2""} (4.37)
and we enumerate the elements Q° so that
Q' = (@), (438)

Finally, for @ € Q and any positive integer ¢ we let C,(Q) = {Q € Q | Q' C Q, ¢(Q') =
27290(Q)}, and call Cy(Q) the (th descendent cubes of Q.

Lemma 83. For alli > 0 and all cubes, Q) € Q', X;N Q" is similar to one of the following:
1. (27225 U [0,1) x {0}) N[0,1)? for some integer k.

2. ENQg for some sub-cluster E C E(n) for some integer n > 1
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This follows immediately from the explicit definition of cubes.
Lemma 84. Q7 C A7 and for all Q € NI, then either QNY; =0 or Q € Q,.

This follows from an induction argument similar to the proofs of Propositions 76 (1) and
77 (2). The key observation in the induction is that the scaling in (4.32) ensures that all tail
points added in the jth stage have root points in tetradic lattices that are coarser than the

length of the scaled copy of ¥y being added.

Corollary 85. The cubes Q have the following nice properties:

1. Fach collection Q; is a disjoint collection of cubes, and for any Q@ € Q and any integer

>0, C(Q) is a disjoint collection of subcubes of Q.

2. For all non-negative integers v and j,

2 C UQEQJ-Q (4.39)

3. In particular, for any Qo € Q;
2iNQo =13 ﬂ (Ugeci@@) (4.40)

Proof of Theorem 62. By Lemma 77 (1), ¥y is l-rectifiable, and Aq is a countable union of
scaled translations of ¥ so Ay is 1-rectifiable.

Next, we show that Ag is 1-Ahlfors regular. Indeed, it suffices to show that there exists
0 < ¢ < C < oo independent of ¢ such that for for any j >0, Q € A7, and Q N Ay # 0,

cl(Q) < HH(Q N Ag) < CHQ). (4.41)

We do this by showing similar bounds for % for cubes @Q € A’ that intersect %,

and then proving that not too much additional mass is added to the cube Q.
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Due to Lemma 84 the condition that @ € AJ and Q N A; # () is equivalent to Q € Q.

Since @) € Q; Lemma 83 characterizes what () N X; looks like and we conclude

(Q) < H'(QNE,) < 3(Q). (4.42)

by considering each of the three cases in Lemma 83. Indeed, each cube either contains its
entire bottom portion, or contains a cluster £ with ¢(E) = £(Q). In either case this implies
the lower bound in (4.42). On the other hand, we know that a rough upper-bound is to
assume that () N X; contains a cluster with a line segment at the bottom, and contains X
scaled by 272 then by Proposition 76, the upper bound in (4.42) follows.

It remains to show that (4.42) implies (4.41). Due to Proposition 80 (1), the lower-bound
in (4.41) is inherited directly from (4.42). The upper-bound follows with the additional

observation that for ¢ > 7,
HY QN Bpsr \ Zp) < #| Dy 278D () < 274D (8.

Summing over ¢ > j verifies (4.41). It is a standard argument to go from Ahlfors regularity
in tetradic/dyadic cubes to in balls, see for instance the brief description in the proof of
Proposition 76(3). Since the cubes in Q are all the tetradic cubes with non-empty intersection
with Ay, we have regularity in tetradic cubes.

Finally, to see that C4,(z,d) = oo it suffices to show the following claim.
Claim 1- If z € Ag and § > 0, then there is a tail point in Ay N Bj/a(x).

Briefly assuming that Claim 1 holds, the fact that C'4,(z,d) = oo for all x € Ay and § > 0
follows since if y is the tail point in Bs/s(x) then, by Proposition 77 (3) and monotonicity of

integrals of non-negative functions:
CAo(xv 5) > Cla, (y7 5/2) > 020(07 ey) = 00,

where €, > 0 is some scale dependent on which D* the tail point y is in.
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To verify Claim 1, fix z and ¢ as in the claim. Adopting the convention that ¥_; = ()
fix iy such that x € %, \ ¥;,—1. Choose k to be the smallest natural number such that
diam (278%) < §/4.

Case 1- Bs/4(x) N Xy contains a tail. Since ¥ C Ay in this case the claim holds.

Case 2- Otherwise, choose kg > k such that

(Bko—1 \ Bk) N Bsa(x) =0

(Bko \ X)) N Bsya(x) # 0,

that is ko is the first stage after & where something new is added to the ball Bs/,(z). The
way something new is added to the ball Bj/,(x) in the koth stage is if there exists y such
that,

{y+27%%%0} N {Sk, N Bsja()} # 0.

But then, y is a tail point of ¥, and consequently of Aj. By our choice of k, we conclude
|z —y| < diam(27**0%,) 4+ §/4 < §/2.
Hence the tail point y is indeed in Bs/s(x). So, by Proposition 64(2)
Cay(2,0) > Ca(y,0/2) > cCs,(0,0") = 0.

This completes the theorem. O



Chapter 5
REGULARITY IN LOW DIMENSIONS
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5.1 Motivation and history

Plateau’s original conjecture was an experimentally determined “classification” of the struc-
ture of soap bubbles [59]. The classification problem for 2-dimensional area minimal varifolds
in R? was ultimately solved by Taylor [70] confirming Plateau’s experimental results. Area
minimizing surfaces are particularly interesting in R? due to their relationship to so surface
tension phenomena. According to Taylor, understanding how thermodynamic forces cause
constraints on the shape of surfaces was studied by, amongst others, Maxwell, Laplace,

Gauss, Poisson, and Gibbs, before Plateau’s original “laws”.

The techniques used by Taylor were dependent upon a deep understanding of how 1-
dimensional minimizers on the sphere behaved, [69]. This type of “dimensionality reduction”
is ubiquitous, arising in Federer’s dimension reduction [34], structure theorems for sets [75],
and free boundary problems [16], demonstrating the necessity for a deep understanding in

the low-dimensional case.

In this chapter, we begin cataloging properties of low-dimensional anisotropic minimiz-
ers. First we study general anisotropic energy minimizing sets of locally finite perimeter
in R? demonstrating that all minimizers are locally straight line segments and producing a
Bernstein theorem in the plane, Theorem 91. This proof cannot be reproduced in higher-
dimensions because of the existence of saddle points. At a saddle point, one cannot create a
competitor by the type of localization argument presented. This observation can be thought
of as a qualitative version of the statement that anisotropic minimal surfaces have anisotropic

mean curvature zero.

We then turn our attention to || - ||, energy minimizing sets of locally finite perimeter.
Given the more general results for anisotropic energy minimizing sets in the plane from the
previous section, the main interest of this section is the technique, namely the development
and exploitation of a new monotonicity formula, Theorem 101 arising from the first-variation
of the || - ||,-energy. As the only tool used comes fromthe first-variation, the analysis within

this section can be repeated for || - ||, minimal sets of locally finite perimeter and for minimal
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varifolds in R?

Since monotonicity formulas demonstrate that blow-ups of minimal sets are minimal
cones, Corollary 109, this provides another reason to understand what minimal cones look
like in R?. We provide an “algorithm” to construct and classify stationary triple junctions

in R?, see Theorem 111 and Figures 5.5a, 5.5b.
5.2 Preliminaries

Suppose A C R" is open and p € C'(R" \ {0}) satisfies
p00) = Mo(x) VA0 and plr+y) <ple)+ply) VIel=1=ly. (5.1

Given an open set A, we wish to study the regularity of the local minimizers of the

functional

D,(E;A) = / p(ve)dH" (5.2)

ANO*E
when the functional is defined on all sets of locally finite perimeter £ C R™ such that

E\A=2Z)\ A for some fixed Z C R" a fixed set of locally finite perimeter. More precisely,

Definition 86. For an open set Ay and a mapping || - || : S' — (0, 00), we say that a set of
locally finite perimeter E minimizes ®(-; Ag) if 0F = sptug and for all sets of locally finite
perimeter F such that EAF CC Ay it holds that

(I),D(E; U) < (I)p<F§ U)7

where U D FAF is a pre-compact, open subset of Ag.
We say that E is a (A, Ry) almost-minimizer of ®,(-; Ag) if OF = sptug and

®,(E;U) < ®(F;U) + A" ' VEAF CCU CC Ay, diam{EAF} =1 < Ry,

for any absolute constant a > 0.
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A

Figure 5.1: A valid competitor F' relative to the set Ay.

Remark 87. The purpose of the set Ay in Definition 86 is to define boundary conditions.
See fig. 5.1.

The requirement that OF = sptug in Definition 86 is necessary in order to be able to
make topological claims about the boundary of an anisotropic minimizer. Fortunately, given
any set of locally finite perimeter E, there exists some Borel set E' so that sptug = OE'.
See, for instance, [49, Remark 16.11]. Therefore, this requirement boils down to choosing the

“correct representative” of E among all equivalent sets of locally finite perimeter.

The only specific energies we consider are

B, (F; A) = / slwdH™  2<p< oo (5.3)
O*ENA

Note @4 recovers precisely the perimeter of E inside A.

Definition 88. An energy is called semi-elliptic if, whenever F' is a set of locally finite

perimeter with boundary 0F N A C P for some n — 1 dimensional plane P, then for all



96

E # F with EAF CC A,
O, (E;A) — O,(F;A) > c[Po(E; A) — Do(F; A)] > 0.
The energy @, is called elliptic if ¢ > 0.

P(E; A) = / Vgl dH"" = H (0 E N A).

O*ENA

It is well-known that strict convexity of p implies semi-ellipticity, [35, 5.1.2].
Proposition 89. For p > 2, the energy ®, is not elliptic.

Proof. Consider A = {(z,t) e R": |z| < 1,t € R} and F' = {(z,t) € R" : t < 0}. For a > 0,
define the surface C,, = {{z,t} : |z| < 1,t < a(l — |z|?)}. Since C, is the graph of the

function u(z) = a(1 — |2]?) it follows that

B,(Cor ) = [

|lz|<1

|(=Du, 1), dH" = / (1+ (20|22 dH .

<1
Hence, for small a > 0,

(20)7

By(Cos ) = HBOD) + 25 [ al o+ ofar®).
|z|<1
In particular, for all p > 2

P
O, (C, A) — B, (F, A) = cn,p% + o(aP ).

Consequently, if p > 2,

P A —d, (F A p p+l
lim p(Caa ) p( ) ):lim Cnp& + o(a?™)

=0
al0 Py(Cyy A) — Dy(F,A)  ald c,a? + o(a?) ’

verifying the Proposition. O]
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Remark 90. If E C R? is ®(-; Ay) minimizing, then OE N Ay contains no self-crossings, or

else one could reduce the energy ® by removing the loop formed by OF crossing itself.

We follow the convention that if A, B C R? then A ~ B means H!'(AAB) = 0, and
A C B means H' (A\ B) = 0. Moreover, when considering a set of locally finite perimeter
A we will always work with a representation of A so that 0A = sptyua.

For a set of locally finite perimeter A, let p4 denote the Gauss-Green measure associated
to A, v4 denote the outward pointing measure theoretic normal, and 0* A denote the reduced
boundary of A.

For any measurable set A C R? and a number s € [0, 1] define

W _l,emr? im’Hz(AﬂB(x,r)):S
4 { &R B ) }

For a set of locally finite perimeter A C R? the essential boundary of A, denoted 9°A is
defined to be the set R*\ (E® U EW).

5.3 Regularity of 1-dimensional minimizing sets of locally finite perimeter

Throughout this section, we use ® in place of @,

It is well-known that strict convexity of the integrand p is necessary for there to be a robust
regularity theory, see for instance [49, Remark 20.4]. It is also known in R" that creating
competitors by intersecting with half-spaces can only reduce the energy, see for instance [49,
Remark 20.3]. Tt turns out that for 1-dimensional energy minimizers boundaries in R? strict
convexity is not only necessary, but also sufficient for a robust regularity result The heart
of the proof boils down to a localized version of the fact that intersections with half-spaces

reduce energy.

Theorem 91. Suppose p : S' — (0,00) is a lower semicontinuous, bounded, strictly conver
function and Ay C R? is an open set of locally finite perimeter. Then there exists a ®(-; Ag)

manimaizer which we denote by E.
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Moreover, if E minimizes ®(-; Ag) then there exists a set equivalent to the minimizer,
which we also call E,s0 that whenever OE N Ay # 0 it follows OF N Aqy is a non-intersecting

collection of line segments. In the case that Ay = R?, E must be a half-space.

Remark 92. The existence portion of Theorem 91 is well-known. See, for instance [49,

Remark 20.5] and the historical notes and citations therein.

The geometric idea behind the of proof of Theorem 91 can be seen even in Almgren’s
definition of an elliptic integrand. The technicalities that arise are primarily due to showing
that a point where the boundary is not flat allows one to reproduce a localized version of
the half-plane argument from, for instance, [49, Remark 20.3] and create a valid competitor.

We first make use of the semicontinuity and boundedness of p to make a substantial

simplification.

Remark 93 (0F is locally Lipschitz for anisotropic minimal surfaces). Let p be as in the
statement of Theorem 91. Since p is a positive lower semicontinuous function on S*, it
achieves a minimum. Since it is also bounded this means there exist ¢,C > 0 such that
clv| < p(v) < Clv| for all v € R?\ {0}. By a standard competitor argument, see Lemma
118, and the differential inequality afforded by the isoperimetric inequality this implies that
if E minimizes ®(-, Ag) and x € 0*E N Ay then there ezists Cy = Cx(c, C) independent of x
such that for all v € (0, dist(x, 0Ay)),

HY(O*E N B(z,r))

r

ct <

< Oy (5.4)

That is, |ug| is Ahlfors regular at small, but locally uniform, scales for points x € O*E.
This has two immediate consequences: (1) the lower bound ensures that there are no isolated

points in OE, and (2) since by our choice of representation OF = sptug = 0*E, (5.4) ensures
H' ((OE\ 0*E)N Ag) = 0. (5.5)

Indeed, if (5.5) were false one can readily contradict that lim, o r*H'(B(x,7)NI*E) = 0
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for H'-a.e. x ¢ O*E.

If K is a compact subset of Ay, Wazewski’s theorem (See, for instance, [1] for a formal
theorem statement) therefore ensures that each connected component of 0OENK is a Lipschitz
curve since H'(K NOE) < oo and K NOE is compact. In particular, connected components

of OE N Ay are locally Lipschitz curves.

Theorem 94. If p: St — (0,00) is a lower semicontinuous, bounded, strictly convex func-
tion, Ay C R? is an open set, and E C R? minimizes ®(-; Ag) then there exists an equivalent
set of locally finite perimeter which we also call E, so that OE N Ag # 0 implies OE N Agy
is a collection of non-intersecting line segments. In the case that Ay = R?, E must be a

half-space.

Proof. Without loss of generality, assume E = EM. Suppose for the sake of contradiction
that OF N Ay # () is not made up of exclusively straight, non-intersecting line segments.
Then, there exists a non-flat curve v C 9F such that the endpoints of 7, denoted by
{1, 2}, satisfy
|z — 29| < dist(y, 0Ay). (5.6)

By Remark 90, + has no self-crossings nor does it cross 0F \ .
Let ¢ be the line segment between 7 and z5. If € ¢ then in light of (5.6)

1
dist(z,7y) < §dist(x, {z1,22}) < dist(ry, 0A)

Which verifies £ CC Ap and consequently, ¢ U~y CC Ap. If necessary, shorten ¢ (and then ~
accordingly) so that { NOFE =y N{ = {x1,z5}. The fact that “the next crossing” of ¢ with
OF exists follows from Remark 93.

In particular, vU/ is a Jordan curve. Since {U~y CC Ay, this ensures there exists a unique
connected component G of Ay \ (7 U ¢) whose closure does not meet 0Ay. See Figure 5.3B.

At this point there are two cases to consider: when G C E and when G C E°. !

Yf || - || were such that ||z| = || — x| for all z € R?\ {0} one could just replace E with E¢ to cover both
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A

(b) If yN € # {x1,z2} shorten ¢ by removing
the dashed line segment and redefining v ac-
(a) A valid competitor F relative to the set Ag.  cordingly.

Figure 5.2

First consider the case where G C E. Define the competitor ' = E \ G. By choice of G,
EAF CC Ap. So that F'is a valid competitor for £ in A.

Moreover, F' C E ensures {vg = —vp} = (). Hence, (5.56) implies that G satisfies

Since F ¢ EW is disjoint from E1/? > 9*E we have pg L F©O = ppL (FO U FW).
Since H' (R?\ (FOUFM UO'F)) = 0 and |pup| = H'LJ*E is in particular absolutely

continuous with respect to H!, this in turn implies
ppl FO =gl (FOUFD) = pupl (0°E\ 0°F). (5.8)

Similarly

pp BV = jp L (0°F \ 0°E). (5.9)

cases simultaneously. However, this additional assumption on || - || is not necessary.
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Combining (5.7), (5.8), and (5.9) yields
pe = ppL (0"E\ O'F) — up L (0"F \ 0" F). (5.10)
Next, we aim to show geometrically evident fact (see Figure 5.3B) that
o = pply—puplf. (5.11)

To this end, first note that Remark 93 ensures OF ~ 0*E?. But, since F C ({UOFE)
and H' (( NOFE) = 0, it follows from the flatness of ¢ that F ~ 9*F. Similarly, 0*G =~ 9G.
By Federer’s theorem and (5.5) this also implies, G(© ~ R?\ G.

Therefore, since G = EAF implies 0F \ G = OF \ G, it follows

GY N F~R*\G)NIF = (R2\G)NIE ~ GV NdE. (5.12)
Moreover, F'N G = () implies {vr = vg} = 0 so that (5.57) implies
PE=0"(FUG) = (FONoG) U (GYNoF). (5.13)

Similarly,
OF=0"(E\G)~ (EVNJG)u(GYNoE). (5.14)
However, since 0*ENEY = and 0*F N F©O = (), (5.12) (5.13) and (5.14) imply

PE\OF ~ (FONoG)

OF\OE~ (EVNOG).

Since 0G =y U { with v C F© ¢ C EM and £ N~y = (), this verifies (5.11).

Since G CC Ay, it follows pg(Ag) = 0. Indeed, recalling that E is an energy minimizer

2Recall for Ml, M, C RQ, M =~ M5 means Hl (MlAMg) =0.
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inside Ay C R?, choose ¢ € C}(Ag) such that ¢ =1 on G D sptug and observe

t1c(Ao) =/ pdug = | Vedz = 0. (5.15)
Ao Ao

Combining (5.11), (5.15), and the fact that vp L ¢ is constant yields

/Zp(uF)cml =p (//Fdﬂl) =p (/7 z/EdH1> : (5.16)

Since p is strictly convex and 7 is not flat (so vg L v is not constant) we further have

p (/7 yEdHl) < Lp(yE)dﬂl. (5.17)

It now follows from (5.10), (5.11), (5.16), and (5.17) that ®(E; Ag) > ®(F; Ap). Since F
is a valid competitor, this contradicts the ®(-; Ap) minimality of F, completing Case 1.

In case G C E° define F = EUG. Since G = FAF, is compactly contained in Ay, this
case follows analogously to previous one.

It remains to show that if Ay = R? then F is a half-space. Indeed, we just verified that
OF must be a collection of non-intersecting lines. Therefore, if OF contains more than one
line, they must be parallel. Since H!LLOF is locally finite, we can select two consecutive lines
in OF which we call L; and Ls. Let § be a unit vector parallel to L; and £ be orthonormal
to §.

The idea is is to build a competitor F, see Figure 5.4, whose boundary is identical to OF,
except on some rectangle, where on this rectangle, the s-directional sides will be in OE \ OF
whereas the t-directional sides are in 9F \ E. By making the 5-directional sides sufficiently
long it will follow that F' will have less ®-energy than E, contradicting that a ®(-; R?)-energy
minimizing set £ can have 0F containing more than one line. One difficulty that makes the
proof more technical, is we need some bounded open set Ay so that making this change on
the rectangle above ensures that EAF is compactly supported in Ag. We do this by slightly

fattening the rectangle we modify.
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V///&E\ﬁF

B \\\

OF \ OF

ENF

Figure 5.4: The desired competitor in the case the strip between the consecutive lines is
contained in E, in which point FAF = E \ F. In the case where the strip between the
consecutive lines is contained in £¢, the boundaries for E' and F' remain unchanged, however
EAF = F\ FE and similarly E N F should be replaced with E¢ N F°.

More precisely, rescale and choose your origin so that L, is the line {z € R? : z-t = (—1)'}
for i € {1,2}.

For each 0,7 > 0 define the rectangle

Royr={reR?: —0<z-5§5<0,~17<z-1<7}

Define a,b > 0 so that max{p(5), p(—5)} = a and min{p(#), p(—=t)} = b. Choose § > 0 so
that Ry116 NOE = Ry 145N (L1 U Ly). That is, choose 0 so that “fattening” R vertically by

a distance of § does not meet any new pieces of OF. Fix ¢ > % and observe that

/ p(vg) > 4bc > 4a > / p(vR).
(LluLg)ﬁaRcyl aRc,l\(LIUL2)

Then, defining ' = E\ R.; or F' = E U R.; depending on whether or not R.; C E it
follows that ®(F; Rets5146) < P(E; Retsi1+s) contradicting the minimality of £ and hence
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verifying JF is a single line, so that F is a half-space.

5.4 The Anisotropic First and Second Variations of @,

In this section, we derive the first and second variations for the anisotropic energies ®,
defined in (5.18). To this end, we consider a vectorfield T' € C}(A;R"™) and we compute the

Taylor expansion of the functional

O, (fi(E); A) = / p (V@) ™) ve)) J fola)dH" (5.18)

i Ane*E

fi(x) = x + tT(x). In particular, Jf;(z) = \/det((V fi(z))*(V fi(x))). We assume that ¢ is
small enough that f;'(A) = A so that E; = f;(E) is a valid competitor for E inside A.

In what follows, we may write VI™(x) in place of (VT'(x))*.

Theorem 95. If E is a set of locally finite perimeter, p € C'(R™\{0}; (0, 00)) is a positively
1-homogeneous function, and fi(z) = x +tT(x) for some T'(x) € CL(A;R") then

d
dt

O, (fi(E); A) = /WEM p(vp) r(VT (2)) = (dp(vp), (VT (2)) [vel)dH" ", (5.19)

t=0

where dp denotes the differential of p. If additionally p, T € C?, then also

d2

5| Polfil(E); A) = tr (D*p(vi) (VT ()" [ve] @ (VT (2)) vel]) + 2{dp(ve), (VT (2))%)

t=0

(5.20)

—{dp(vp), (VT (x))"[vg]) tx(VT(2)) + 2 ((tr(VT (2)))* — tr (VT (2))?)) -
Proof. We begin with some preliminary observations. First, if a,b,c¢ € R” and p € C? then

% ~pla+bt+ct* +O(E)] = (dp(a), b) (5.21)



and

dt?

t=0

We also recall the Taylor series expansion:

2\1/2 a ¢ a’ 3

Next we recall

2

det(Td +12) =1+ t1x(Z) +  (1x(2)" — x(2) + O(e 2]}
where || A]|?> = tr(A*A) and that

(Id+tZ) ' =Id—tZ +t*Z* + O(||tZ|]*).

— [p(a+ bt + ct® + O(t*))] = tr (D*p(a) [b @ b]) + 2(dp(a),c).
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(5.22)

(5.23)

(5.24)

(5.25)

We begin by expanding the Jacobian term. Since f;(z) = = + tT'(z) then V fi(z) =

Id+tVT(x). Hence,

(Vi) (Vfi(x)) = Id +t (VT (z) + VI"(2)) + t* (VT (2)) (VI (z))

=I1d+t[VT*(x) + VT (z) + tVT*(2)VT(z)]

(5.26)
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Then, (5.24) and (5.26) imply

det (Vfi(x)* (Vfi(x))) =1+t (tr(VT*(x) + VT (z)) + t tr (VT*(2)VT(z)))
5 [0 (VT () + VT(@) — tr (VT (@) + VT(x))?)]
+ O(t?)

=14+ 2ttr(VT(2))
+ g (2t (VT(2)))* + 2tx (VT (2) VT ())

—tr (VT (2))* + 2VT*(2)VT () + (VT(2))?) | + O(t’)

=1+ t[2t(VT(z))] (5.27)
+ 12 [Q(tr(VT(J[:)))2 — tr((VT(q;))Q)] + O(t%)

Applying the expansion (5.23) to (5.27) yields

Jfi(z) =1+ttr (VT (z))

t? (2tr VT (z))?

5 2 (VT@)° - (VT(@))°) - . +0(t)

=1+ ttr(VT(2)) + ¢ [(tr(VT(2)))* — tr (VT (x))?)] + O(*) (5.28)

Therefore,
% _Oth(x) =tr(VT(x)) and % _Oth(:c) =2 ((tr(VT(aj)))2 _tr ((VT(:L‘))Q)) _

(5.29)

It remains to find the expansion for p ((Vfi(z)) '[vg]). Following the convention that
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A% = [d for any matrix A, (5.25) implies
(Vi (x) " = Z(—tVT(x))i = Id —tVT(x) +t*(VT(2))* + O(||tVT(z)||*),  (5.30)

1=0

so that

p (V@) ™) [vel) = p (ve =t (VT(2))" [ve] + £ (VT(2))?)" [ve] + O(F))  (5.31)

Applying (5.21) to (5.31) verifies

o (VA vel) | = ~(dpvp), (VT ()" [ve) (5.32)

t=0

and applying (5.22) to (5.31) yields

d2
at?

o (V) ™) el)]| = tr (D2p(vs) (VT (@) [vs] @ (VT (@) [vs]]) + 2dp(vr), o).

t=0

(5.33)

Finally, combining (5.28) - (5.33) with the product rule we can do the Taylor expansion
of the integrand in (5.18). Namely,

p ((Vfel@)™) [ve]) Jfilw) = pve) + tp(ve) tr(VT(2)) = (dp(ve), (VT (2))"[ve])]

(5.34)

2

5| (D2p(a) (V@) [vs] © (VT(@)" ve])) + 20dp(a), )
— (dp(vs), (VT ()" [vel) tr(VT(2)) + 2 ((tx(VT(2)))* — tr ((VT())?))

+O(t?).
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Consequently, for k= 1,2 and any T € C}(A; R") we can define the mapping

dk

§*®,(E; A)[T) := -

(I)p(ft(E)§ A)7

t=0

where f; is as before. §*®,(E; A) is called the kth variation of ®,(-; A) at E. For future

convenience, we observe

00, (E; A)[T] = /é)*EmA p(vp) (VT (2)) — (vg, VT (z)[dp(vp)])dH" ™"

N /8*EmA tr ((p(ve)ld — (Dp)(ve) @ vg) VT) . (5.35)

A set E is called stationary ®,-stationary if it is ®,-minimal. That is,
0P, (E;A) =0.

5.5 Monotonicity formula and basic consequences

In this section we will produce a sufficient condition for the existence of a specific monotonic
quantity on ®,-minimal sets. We then consider n = 2,p = || - ||, p > 2 to provide a new
monotonicity formula, Theorem 101.

Monotonicity will follow from plugging an appropriate test function into the first varia-
tion. These computations will be done for all n and any p, in order to produce the sufficient
condition (5.42).

We will then turn our immediate focus to the special case when n =2 and p = | - ||, and
demonstrate that this special case satisfies (5.42). We proceed to record some consequences

of this monotonicity formula.

Definition 96 (f- and p-balls). Given any positively 1-homogeneous function f, we define

By(z,r) ={y: fly—z) <r} (5.36)
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We call By(x,r) an f-ball. In the case f = || - ||,, we will abuse both notation and language
to write By(x,) in place of By, (z,r) and we then call the set a p-ball.

Theorem 97. If E is ®,-stationary, then for any positively 1-homogeneous function f €
CHR™\ {0};R™) it follows that for almost every r and any xo € OF,

d

2| [TV R(E; By(zo, 1) (5.37)

t=r
d / (Vf(x—20), Vpve) Ve, 75)
dt t=r 0* ENBj(zo,) f(ZE - x(])n_l

dr}_[nfl

Proof. We will prove the case when 2o = 0. Then (5.37) follows by translating. Let ¢ : R" —
R be a smooth-cutoff, chosen later, and f € C'(R"\ {0};R") a positively 1-homogeneous
function. Consider T'(z) = ¢ (¢7' f(z)) z. Then,

VT(z) =t f(2) Id+t7''(t7 f(2)) (z @ V().

Hence,

tr ((p(vp)ld — (Dp)(ve) ® vp) VT) = np(ve)e(t™ f(x)) — pve)e(t" f(z))
+ (T (2) [p(ve) f(2) = (Dp)(ve), V f(2)) {2, vE)] . (5.38)

Plugging (5.38) into (5.35) implies,

/ o) (n — Dot f(x)) + £ (7 F(2)) F(@)plve)
-/ PO (9 p(2), V(v e ). (5.39)

Since

L (7 7@)] =~ @) (7 (@)



implies
—1 11 _ —td -1
CE ) = 505 g [ (@),
it follows (5.39) is equivalent to
[otve)n = (e @) = 5, [ (47 1@)] ploe)

t d

= — [ =S o (7 @)] (VS (), Vo) (v, 2.

f(x) dt

The LHS of (5.40) is precisely

e e [ el )i @)

so that (5.40) ensures

Sl [ sstanet snaneo)

o*E
Xz

= ¢~ (D) /gp’(tlf(a:))<Vf(£U)7 Vp(ve))(ve, 7@

Replacing ¢ with ¢ € C*°(R;R) chosen so that

—k

0 s>1

).
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(5.40)

(5.41)

for some constant C' that depends on n, we pass to the limit taking k& — oo to discover that

for almost every r,

O e, B0.0)] = 4

dt dt f(z)r—1

t=r

d / (Vf(x), Vp(we)){ve: 1)
t=r |JO*ENB#(0,t)

dH" ™
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Corollary 98. If f € C*(R™\ {0}; R") is positively 1-homogeneous and satisfies
(Vf(z), Vo)) (z,v) >0  Va,vesS! (5.42)

then for all ®,-stationary sets, any xo € OF,

(I)P(E; Bf(l'o, T))
,,anfl

r—

1s monotonically increasing. More specifically, for almost every 0 < o < T

O, (E; By(w,7)) _ ®p(E; By(w0,0))

Jnfl
/ (Vf(x —x0), Vove) (Ve 15-05)
0% EN(B (z0,7)\ By (20,0)) [z — zp)nt

T

dH™ L.

The corollary is immediate from the Theorem 101, (5.37). It seems unlike that a statement
like that in (5.42) will hold for every pair of points {(x, ) C R*"}. This is a similar condition
to that studied by [4], where Allard uses Morse-theoretic techniques to show that the only
p where such an f exists are p(-) = |A - | for some constant elliptic matrix A. Nonetheless,

assuming all

Lemma 99. Ifn =2,

sgn(e - y) = sgn(Vlfz|, - Vlyllp).

In particular

Vi, - Viyll, =0 <= z-y=0. (5.43)

Proof. First compute

(z,v) = w1+ 22y2 and (V| 2|, VI[yll,) = z1le1 P2y |nnP 72 + zo|wa P ysly P
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Then
e | TolYs > 0
Toy>0 <= Ty > —Tolp = { P (5.44)
% < =1 x9ys <0,
and

(2, ) (V]|z|lp, VIYllp) = (@1ys + z2y2) (z1|z1 P2y [ya [P72 + 22|z [P > yo|ya|P72)

= |21 [P|y1 [P + |22l |yo]? + z1zay1ye (|21 P2 ya P72 + |z |P 2 yalP7?) -

We see immediately that if zi22y1y2 > 0 then (z, y)(V||z|/,, V|v|,) > 0. So, we suppose

T1x911y2 < 0. This in turn implies % < 0. So, within our case, (5.44) implies

Z1Y1
2Y2

<1 I2y2>0

r-y>0 << (5.45)

AL > 1 a9y < 0.

Z2Y2

On the other hand, still assuming xyxsy1y2 < 0,

.
iz P2y P2
(Vzllp, V[yllp,) >0 <= x|z [P~ 2ya|y2 [P—2 > =1 22y, >0
P p

x1|z1|P 2y |ya P2 o
\ z2|z2[P~2y2ly2|P—2 < 1 T2Y2 < 0

( p—1
% <1 TolYya > 0
— e — z-y>0.
L % > 1 T2Y2 <0

It remains to show z -y =0 < (V|z|,, (V]yll,) = 0.

If z € {e1,e2} then z -y = 0 if and only if y is the other basis direction. In any case,

Vleill, = e, so if either vector is a basis direction both quantities are zero.

So now suppose (z,y) = 0 and = # e;. Then

T1l1
T2Y2

T1y1 # 0 # 22y, and = —1.
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But then
T1Y1 P2
! =—1 << z-y=0.

T2Y2

T1Y1
T2Y2

(Vlzllp, Vyll,) = 0 =

Remark 100. For geometric reasons, it would make more sense to study

O, (E; Ky(,7))

=

where ¢~ +p~t = 1. However, if one tries to show (V||z|,, V|yll,){z,y) > 0 for any q # p,
then the proof proceeds identically by replacing powers of y¥ with y! up until (5.45). But

then, in the case x1y1x2y2 < 0,

( p—1 q—1
i—; z—; <1 Tolsg > 0
(Vi Vgl > 0 = {1l bl
\ ;—; Z—; >1 TolYs < 0
4
2—3; <1 Tolyp > 0
S <~ x-y>0.
\ i;—z; >1 TolYs < 0

So, despite the the fact that studying the || - ||,-energy ratios over || - ||,-balls would be more

natural, the desired algebraic inequality does not hold.

Theorem 101. Ifn=2,p=| - ||w and xy € OF, then

©,(E; By(wo, 7))

r =

is monotonically increasing and if 0 < o < 7 satisfy H' (0B (zo,0)NI*E) = 0 = H (OB (2o, )N
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O*FE) then

CDP(E; Bf(xoa T)) (I)p(E; Bf(ajoﬁ U))

T o

(el Vilvel e, =)

/ dH'.
o* En{o<|lz—wolp<7} e

Consequently, if o <1 and H'(0Bs(z9,0) NO*E) = 0 = H' (0B (x9, 7) NO*E), which in

particular means for almost every 0 < o < 7 and

©,(E; By(wo, 7)) _ ®p(E; By(w0,0))

T o

then
vp(r) - (x —m0) =0 H'—ae x € (By(ro,7)\ By(wg,0)) NI*E.

Proof. The monotonicity formula follows immediately from Theorem 101 and Lemma 99.
The fact that vg(z) - (x —x0) = 0 a.e. B(xo, )\ By(xo,0) is due to (5.43), as the integrand

must be zero almost everywhere. O]

Definition 102 (Energy densities). Given z € E C R", and a continuous function f :

R™ — R, we define the f upper- and f lower- energy density of F at x as

o, (E:B
0" (E,z) = liminf »(E; By(z,1))
I rl0 yn—1

and

@, (B: B (2. 1))

7" (E,x) = limsup o

10

Whenever 0% (E,x) = " (E, ) we call the common value the f energy density of E at x,
and denote it O%}(F, v).
Whenever f is clear from context, the dependency on f may not be explicitly stated. If

f=1"lp, we will denote the energy densities by O

s O, O and call them the p densities

instead of || - ||,-densities.
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The easiest corollary of the monotonicity formula, Theorem 101, is that the energy density

©,(E, x) exists for every z € OF.
Corollary 103. If1 < p < oo, then @;(E, xg) exists for every xo € OF.

The corollary holds because bounded monotonic sequences always have limits. We next

observe the upper semicontinuity of the density:

Lemma 104. If {E;} are ®,-minimizing sets of locally finite perimeter in R?, such that
E; — E in L', and xz; € E; for all j are such that ©; — xo, then limsup; @;(Ej,mj) <
@;(Eoony)

Proof. First note that by Theorem 121, F is a ®,-minimizing set of locally finite perimeter.

For almost every r € (0, 00) it follows that
H' (OB, (zj,7) NOE;) =0 =H' (0B,(x0,7) N E) (5.46)

Let € > 0 and 0 < ry be so that (5.46) holds with r € {rg,79 + €}. Fix J large enough
that [v; — xo| < e for all j > J. If @ = limsup; @;}(Ej, x;) then by monotonicity, if j > J

CIDP(E]-; Bp(xj: 70))

a < lim sup

J To
® (FE::B
< lim sup p(Ej; Byp(xo, 70 + €)) 10 + €
j To + € 70

By continuity of ®, on sequences of minimizing sets, Theorem 121, implies

q)p(E, Bp(l'o, To + 6)) To + €
ro+€ ro

a <

Taking € | 0 then ry | 0 completes the proof. O

Ultimately, we want to show that the minimizers are flat. The first big step to achieve

this is to show that the tangents are minimizing cones. The next result shows that constant
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energy density implies the surface is a cone. A quantitative version of Lemma 99, i.e.,
something that says

Vx|, - V]yll, is small <= z -y is small

would lead to a much stronger result that small drops in energy imply the surface is nearly
a cone. For a rather recent example, see [30] for similarly quantitative results in different

settings.

Lemma 105. Suppose E C R? is ®,-stationary, o € OF, 7 > 0, and

®,(E; By(wo,7))

— 0,(E,x0) = 0. (5.47)
Then for all 7" < T,
O*E N By(xog, ™) ={(1 = Nxo+ Ay : y € FENOIB,(xo,7'), A € 0,1]}.

In particular, if (5.47) holds for all T > 0, then 0*E must be a cone.

Proof. First note (5.47) allows us to apply Theorem 101 to conclude z - vg(x) = 0 for H'-a.e.
x € By(xg,7) NO*E.

Without loss of generality, let 29 = 0. We next wish to consider T'(z) = h(z)T(x),
where T'(x) is as in Theorem 97, and h(x) is an arbitrary positively 0-homogeneous function,
continuous on S'. However, we may only consider test vector fields TeC 1 so we currently

consider h € C! and later make an approximation argument. Given h € C!, observe

VT (z) = 2 ® Vh(z)e(t " f(x)) + h(z)VT(z).
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Therefore,

tr (IgllpId — (Vvely)(ve) @ ve) VT(x))
= () tr (s, Id — (V|vell, © vs) VT ()
+ ot @) [Ivelpe - Vhiz) — (V]velly, Vh) (vg, ).

Hence, one can proceeding identically as in the proof of Theorem 97 (up to multiplying
everything that occurs in Theorem 97 by the function h and carrying along the new terms

involving Vh) to compute that for almost every t < 7,

d

dt

X

o fvelhir | =t W), el Vlial)h(@)dH’
9*ENB,(0,t) 0*ENdB,(0,t) f(z)

et [l (598 = el 9h@) ()]

In fact, because z - vy = 0 for H! almost every x € 0* E'N B;, it follows that for almost every

t < 7, the preceding reduces to

d | _ _ x
= 1/ lvpll,hdH | =t 1/ el (5, Vi) (5.48)
dt 8*ENB,(0,t) 8*ENB,(0,t) t

In (5.48) we replace h with a sequence of h, € C' which we let approach an arbitrary
0-homogeneous g € C*(R?\ {0}). More precisely, choose h, € C'(R") so that

9(@) lall, > e B
helx) = and |z Vho(2)| < Cllgllace™ V], <

0 z=0
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Then, 0-homogeneity of g ensures

E;B,(0,¢))

S Cq)p(
12

_ x _ X
o ||vE||p<;,vm<x>>‘ - el (. Vh(z) )
8 ENB,(0,t) 8* ENB,(0,¢)

which, for instance due to (5.47), approaches zero as € | 0. On the other hand, whenever
€ < t, the remaining two terms in (5.48) are independent of €. Consequently, it follows from

(5.48) that for almost every 0 <t <7

d | _
4 [t / r\vE<w>\rpg<x>dH1] (5.49)
0* ENB,(0,t)
Cim 4 tl/ (@) b () dH
elo dt 0*ENB,(0,t) 8
= limt_l/ lve (@), <£, Vhe(x)> =0.
el0 8*ENB,(0,t) t
In other words,
1 1 /
— g(x)p(ve)dH = constant ae. 0 <7 <7
T JBy(0,)

Since g € CY(R™ \ {0};R) is an arbitrary 0-homogeneous function, this implies the result,
see for [67, Theorem 19.3]. O

To relate Lemma 105 to information about tangents, we must better understand how

tangents relate to the energy density.

Definition 106 (Enlargements). If £ C R™ then E, , is the set defined by E,, = ET_”

Lemma 107. If E is a set of locally finite perimeter, then

(I)p(E; Kar) o (bp<Ea:,r; Ka)

or g
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Moreover,
[ (gt v (Tl =l Vsl)
*En{pr<|ly—=|p<or} f(y - I)
B / (7> VEe ) (VIYllp, VHVEI,THp>d,Hn,1
0" Bx s {p<llyllo<c} () '

Proof. Indeed, since vg, , (y) = vp(re +y) it follows that

P (E“,K 1
o v, () a1
0 Jo*E, .NBy(0,0)
1 / dH!
0 Jo*ENBp(z,ro) | ( )Hp r
q)p(E B,(x, ra)

ro

The second claim follows since the integrand is —1-homogeneous, and the measure is 1-

homogeneous. L

The next corollary follows from the scaling from Lemma 107 and the continuity of the

®,-energy when restricted to energy minimizing sets, see Theorem 121.

Corollary 108. If E is minimizing and x € OFE, r; — 0 as j — oo, and E,, — Ey then

(I)p(EwS Bp(O:U))
20

O, (E;x) = Yo > 0. (5.50)

Finally, we conclude that blow-up limits of energy minimizers are energy minimizing

cones. That is,

Corollary 109. If E C R? is ®,-energy minimizing, x € OFE,r; — 0, and E.r;, — E then
E = M\E for all A > 0.

Proof. The fact that E is energy-minimizing follows from Theorem 121. The fact that F,

is a cone, follows from Corollary 108 and Lemma 105. m
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Remark 110. We reiterate that the above theory can be implemented for sets and vari-
folds. Indeed, Theorem 101 only requires the first variation being zero and does not directly
use minimizing. Lemmas 104, 105, and Corollary 108 only uses that the monotonicity for-
mula applies to each set. Here, we merely used the results of Section 5.7 in order to gain

monotonicity from the minimizing property, including in limiting sets.

5.6 Anisotropic minimal cones

In this section, we consider global minimal cones in R2. That is, sets of the form
C(E)={ :A>0,z € EC0B,0,1)}. (5.51)

First note that £ C S* must be a finite collection of points, or else the energy of the cone

would be infinite.

For area minimal cones in the plane, it’s known the only cones can be: (1) straight lines,
and (2) a triple junction, where all three half-lines meet at 120° angles. We produce a new

anisotropic characterization of triple junctions for anisotropic minimal cones.

The key tool to understand anisotropic minimal cones is convex duality. Given p as in

(5.1), the convex dual to p, denoted p, is defined by

p«(§) =sup{z - {2 p(z) <1}

If p is C! and strictly convex, then so is p, and (p.). = p. Moreover,

p- ((Dp)(z)) =1 and  p((Dp.)(§)) =1

(Dp) (Dp)(@)) = 5 and (Dp) [(Dp Q)] = 555

(5.52)

The first observation in (5.52) is why it is convenient to consider £ C 9B,(0, 1) in (5.51).

Next, we note a small departure from the typical assumptions in this document and
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proceed using an abuse of notation. We consider the energy

E,(V: Ag) = / pTVYV],

for a strictly convex norm p, defined for either a current, varifold, or closed rectifiable set V|
where T,V is the tangent space to V. In the case of currents, it makes sense to consider F),
for positively one-homogeneous p, due to the orientability of currents. F), is only well-defined
for norms p. The considerations of minimal closed rectifiable sets arise, for instance, in the

setting of sliding minimizers studied by Almgren and David [6, 18].

Theorem 111. Fiz z; € 0B,(0,1) and E = {1, z2,x3}. If p is a norm, the following are

equivalent.
1. The cone C = C(E) in (5.51) is minimal with respect to the anisotropic energy F,
2. For j =2,3, x; = (Dp.)(y;) where {y2,ys} = 0B,,(—(Dp)(x1),1) N 0B,,(0,1).

Remark 112. If p is strictly convex and C*, but only positively 1-homogeneous, the proof
of Theorem 111 will still show that if E is stationary, then for j = 2,3, x; take the form

x; = (Dpi)(y;) for some y; satisfying
pe(y;) =1 = pu(=y; =) < y; € 9B,.(0,1) NI {~y1 — B,. (0, 1)}

Example 113. Let e, denote the second standard basis direction in R? and define

Vi + a3 xy >0

22 4 (10z9)? 3 < 0.

P*(ﬂfl,l‘z) =

Then p, € C' is strictly convex and positively 1-homogeneous, and therefore so is p = (p )«
Since (Dp.)(e2) = eq it follows (Dp)(e2) = es. Note, if p.(y) = 1 then y - eo > —1/10.
On the other hand, if y € {p(—ea — - ) = 1}, then y-e; < —9/10. In particular, by Remark
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201

1.5F

051

-0.5¢

(a)  On the left, the set of points with ||z||s = 1 is drawn, with a specific vector z;
chosen. Its dual vector, y, is also drawn and is normal to B;(0,1) at 1. On the right,
y1 is translated to the origin. The “dual sphere” 0B5,4(0,1) is drawn with a solid line,
while the “dual sphere” 0B;5 /4(—y1, 1) is drawn with a dashed line. The vectors in green
and red point to the unique points in the intersection of both dual spheres. The red and
green vectors are also shown to add to the dashed blue vector, representing —y;.

-2t

(b) On the left, the solid red, blue, and green vectors are translated to the origin. Their
respective duals are drawn tangent to Bs/4(0,1). On the right, the respective duals are
translated to the origin, drawn inside the ball B5(0,1). The resulting three vectors create
a || - ||s-stationary cone.
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112 it follows there is no minimal triple junction for F), containing the point es.

Of Theorem 111. Observe that

Fy(C(E): B,(0,1)) =Y p(a).
xel
Since we only consider compactly supported variations, and straight line-segments are min-
imal, the only non-trivial variations one can consider are those which perturb the point of
intersection. If said perturbation is in the direction of e, then letting f;(C') denote the set

constructed by sliding the intersection point of C'(E) a distance ¢ in the direction e, we find

F(fi(C): B,(0,1)) = 3 plar + te).

zel

Hence,

d

qi| OB 1) =3 e (Dp)(o).

Since e is arbitrary, this means C'(F) is stationary if and only if

0F,(C;B,(0,1)) :== Y (Dp)(z) = 0. (5.53)
el
We will now show 1 = 2. Indeed, assume E = {z1,...,23} and C(F) is stationary.

Denote y; = (Dp)(z;) for i = 1,2,3. Then, (5.52) implies p.(y;) = 1 for all i. On the
other hand, (5.53) implies —y; — y3 = y2 and —y; — ¥ = y3. That is, p.((—y1) — y2) =
p«((=y1) — y2) = 1. Therefore, yo,ys € 9B, (—y1,1) N IB,,(0,1). It now follows from (5.52)
and p(z;) = 1 that

(Dp.)(y;) = (Dp.) [(Dp)(;)] = —2~ = x,
as desired.

It remains to show 2 = 1. First note, by strict convexity of p and (—Dp)(z1) €
0B,(0,1), it follows that the intersection 0B,,(0,1) N dB,, (—(Dp)(zx1),1) has precisely two
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points. Let y; = (Dp)(z1). For j = 2,3, translation invariance and symmetry about the

origin of p, implies,
—(y1+y;) € 0B,.(0,1) <= y1+y; € 9B,,(0,1) <= y; € 0B,.(—y1,1) <= —y; € 0B, (y1,1).

In particular, y; € 0B,,(0,1) N 9B, (—y1,1) is equivalent to —y; —y; € 9B, (0,1) N
8Bp*(_y1; 1)-

Strict convexity of p,. and p.(y;) = 1 for all j = 1,2,3 ensures that for j = 2,3, y; #
—y; — y1. Since the intersection only has two points, it must be that yo = —y3 — y1, or
equivalently, yo + y3 = —y;. But then, if for j =1,2,3, y; = (Dp)(x;) it follows from (5.53)
that C(E) is minimal as desired.

We note, that this is a sum of points in 0B, (0, 1) by (5.52). Moreover, if £y = E'\ {z1},
then

—(Dp)(m1) = > (Dp)().

z€Er
So, in the case that E = {x, z2, x5}, we have not only that p. ((Dp)(x;)) = 1, but also that
(Dp)(a1) + (Dp)(x2)

5.7 Appendix: Compactness of energy minimizers and related tools

First we’ll recall the relative isoperimetric inequality

Theorem 114. [fn > 2 and t € (0,1), x € R™ and r > 0, then there exists a positive

constant c(n,t) such that

n—1

P(E;B(z,r)) > c¢(n,t)|EN B(x,r)| ™= (5.54)

for every set of locally finite perimeter E such that |E N B(x,r)| < t|B(x,r)|. In particular,
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1

5 one learns,

choosing t =
P(E; B(z,r)) > c¢(n)min{|E N B(x,r)|, |B(z,r) \ E|}71771 . (5.55)

The isoperimetric inequalities above both are extremely useful for relating information
about the smallness of the perimeter of a set (or largeness of a volume of a set, respectively) to
the smallness of the volume of the set (or largeness of the perimeter of the set, respectively).

It is frequently useful to consider certain representations of sets of locally finite perimeter.
One convenient representative is the one defined by the measure-theoretically relevant points

in a set. More precisely, for a set of locally finite perimeter F, we define

ENB
B0y errgim EO Bl 1
rlo | B(z,7)]

It is well know that vp = vy and vge = vgo) = —vg. That is the set E® is a choice of

representation of E. Federer defined the essential boundary
OE=R"\ (BYUEWY).

The following theorem can be found, for instance, in [49, Theorem 16.2]

Theorem 115 (Federer’s theorem). If E is a set of locally finite perimeter in R™, then
O*E c B2 C 0°E. In fact,
H"Y(O°E\ 0*E) = 0.

In particular, for any Borel set M C R",
M~ (MMNED)U(MNE®)u (MnEYY),

where My ~ My means My and My are H" '-equivalent, that is, H" 1 (M AM,) = 0.

Furthermore, it is known that sptyg = R* \ (E@ UEW), and H"! (EW/DAH*E) = 0.



126

In fact,

When considering two sets of locally finite perimeter £ and F', define the sets

{vg=vp} ={x € ENIF :vp(r) =vpr(x)}

{vp=—vp} ={z € PENIF :vg(z) = —vp(x)}.

The next technical theorem, is geometrically evident, but the technical details of the

proof can be found, for instance, in [49, Theorem 16.3].

Theorem 116 (Set operations on Gauss-Green measures). If E and F are sets of locally

finite perimeter, then

ppnr = pelL FO + up LEW + vpH ™ L {vp = vp},
peve = pp FO — pp LEW 4 vpH ™ L {vp = —vr), (5.56)

tEur = pE - FO 4 prle EO 4 ypH L {ve = vr}.

Equivalent statements to the above can be said about the reduced boundary. The only

one we use here is,
O (EUF)~ (FONoE)U(BYN0"F)U{ve =vr}. (5.57)

Theorem 116 is a technical tool that is useful to compute the energy of modified sets.
For example, in proving Lemma 117 and 118. Lemma 117 will be used anytime we build
a competitor. However, it is particularly useful when considering convergent sequences of
energy minimizing sets. In those applications, the set F' will play the role of a competitor to
the limiting set E and the set E will eventually be replaced with each set Ej, in the sequence
of minimizers E), which converge to E. Finally F will be a desirable competitor for the set

E. Tts desirability will follow from (5.61).
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The proof of Lemma 117 follows from modifications of the proof [49, Theorem 16.16]. See

(66, Proposition 4.3] for an example of necessary modifications, but for a different energy.

Lemma 117 (®,-energy of modified competitors). Suppose Ay cc A C R™ are both open

sets, Ay has finite perimeter. If E and F, G are sets of locally finite perimeter satisfying

! (a*G N a*E) —0=H"(0'GNOF).

Define
Fi=(FNGQ)U (E\G)

then F is a set of locally finite perimeter, and

o, (F AO) — o, (E Ao \6) +@,(F;G) + 0,(G; EAF).

In particular, if EAF cC G CC Ay then

O, (F; Ag) = @y (F; Ay \ OG) = &, (F; Ap).

(5.58)

(5.59)

(5.60)

(5.61)

Lemma 118 will be used to demonstrate that sequences of minimizers satisfy the prop-

erties of a pre-compactness theorem. The proof of Lemma 118 arises as a consequence of

the comparability of norms on finite vector spaces and slight modifications of the proof in

[49, Theorem ]. To see how this comparison and modifications are done, but for a different

energy, see [66, Proposition 4.10].

Lemma 118 (Volume density bounds). Let A be an open set and E be a (P, ry)-minimizer

in A. For each v € OEN A, and all r € (0,d,) where

d, = min{dist(z, 0A), ro}

(5.62)
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E satisfies the following density bounds:

1 < H"(E N B(x,r)) 1

2 TS - <l—-———= (5.63)
(n' +1) War (n% +1)
and
n—l "L o*ENB p—2
c(n, p) pf:’n < H Y n71 (x,7)) <n-n w,, (5.64)
R

where c(n,p) is the constant c(n,t) from the relative isoperimetric inequality with t satisfies

In particular,

1Y (AN (OE\ 9"E)) = 0.

By Lemma 118, it follows that if E is a ®,-energy minimizer up to scale ry in R™ then
E has a representative in the class A(Ca(n,p), o) where Cy(n,p) is the Ahlfors (n — 1)-

regularity constant implicit in Lemma 118, and

A(CA,T()) = {E Cc R"

E is a set of locally finite perimiter satisfying OF = sptug and its perimeter (5 65)
measure |pg| is (n — 1)-Ahlfors regular up to scale ro with constant C'4 :

The following compactness theorem can be found in [15, Theorem 3.6].
Theorem 119. If {E;} C A(Ca, o) with 0 € OE), for all k > 1, there exists a subsequence

{Ek,}, a set E of locally finite perimeter, and a non-negative Radon measure, i, such that

Ll (R™)

Ey, ———E, g, —ps and |ug, | — p. (5.66)

Additionally, OF = sptug and p is (n — 1)-Ahlfors reqular up to scale ro with constant C4.

Furthermore, |ug| < p and

1. If x € OF, then there ewists xy; € OFy, such that vy, — x.
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2. If x € sptu, then there exists xy; € 8Ekj such that xy, — .

3. If xy; € OBy, and xy; — x then x € sptu.

Combining Lemma 118 and Theorem 119 we achieve our pre-compactness theorem for

®,-minimizers up to scale rq.

Theorem 120 (Pre-compactness of ®,-minimizers up to scale ry). If {Ep}ren is a sequence
of ®,-minimizers up to scale ro in the open set A, then for every Ay CC A with finite
perimeter, there exists a subsequence Ey, and a set of finite perimeter E C Ay and a Radon

measure [ supported on Ag that is Ahlfors reqular up to scale ro with constant Cy, such that

AoN Ey, — E, HAonE,, — ME, \um, | — p
Additionally, OF = sptug, |us| < @, and
1. If v € OF, then there exists xy, € OEy, such that xp,, — .
2. If x € sptu, then there exists xp,, € OFy, such that xp,, — x.
3. If xp, € OEy, and xp, — x then x € sptp.

There are two lingering questions after Theorem 120. First, is the limiting set F a
®,-minimizer up to scale ry? Second, is p = |pg|? The Theorem 121 provides a positive
answer to both questions. The proof of Theorem 121 follows from small modifications of [49,
Theorem 21.14]. See [66, Proposition 4.13] for an example of the necessary modifications,

but for a different anisotropic energy.

Theorem 121 (Anisotropic closure theorem). If {Ep}nen is a sequence of ®,(- ; A) mini-
mizers for the open set A C R™ and if Ay CC A is an open set finite perimeter such that

Ay N E, — E for some set of finite perimeter E, then E is a ®,(- ; Ap)-energy minimizer.
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Moreover,
Dyt <1 pgae x€Ay and Dylpp| > chp >0 pae xe A. (5.67)

In particular, if x;, € OF), and xp, — x then x € spt|ug|. Moreover, for almost every x € R™

and almost every s small enough, lim,_,o ®,(Ey; B(x,s)) exists and equals ©,(E; B(x,s)).

Lemma 122. If {E},} are a sequence of ®,-minimizers and Ey, — E, then
¢, (E; B(z,s)) = hlim o, (Ep; B(x,s)) (5.68)
—00

for almost every x € OF and s > 0. The set of s depends on x.

Proof. Choose x € OF and s < r so that
H" N (O*ENOB(x,s8)) =0=H""(0"E,NIB(x,s))

for all h € N and
liminf H" " (9B(z,5) 0 (EPAED)) =0,

h—o00

As before, the set of such s is H'-a.e. s € (0,r) Then define
F,=(ENB(x,s)U(E,\ B(x,s)) .

We know that ®,(E; B(z,s)) < liminf, ®,(Ej; B(x,s)) from lower-seminconinuity. On

the other hand, using the minimizing property of Ej and (5.60) we find,

O, (Ey, B(x,s)) < ®,(Fy, B(x,s)) = ®,(E; B(z,s)) + ®,(B(x, s); EAE},)
< &,(B; B(z,s)) + P(B(x,s); EAE).
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Taking the liminf on both sides yields
limhinf O, (Ey; B(z,s)) < ®,(E; B(x, s)).

Since F, — FE, it follows that we could now repeat the argument with any subsequence
En (since all such subsequences converge to E). In particular, if we choose Ej ) such
that limy o ®p(Engy; B(x,s)) = limsupy, @, (Lpw); B(x,s)) then (with help from lower-

semicontinuity) we learn that
limsup ®,(Ey; B(z,s)) = limkinf D, (Eny; B(w,5)) < @,(Ep; B(x,s)) < limhinf O, (Ey; B(x,s))
h

]
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Chapter 6
A HARNACK INEQUALITY FOR ANISOTROPIC PDES
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6.1 Introduction

While uniformly elliptic partial differential equations are in general well understood, degener-
ate elliptic PDEs arising in the case when the lower ellipticity constant is not bounded away
from zero present many challenges. These PDEs are often studied from the perspective that
they are close to a uniformly elliptic PDE. In this paper we propose a different approach for
operators that fail to be uniformly elliptic, but instead are y-homogeneous. More precisely
we focus on operators which arise naturally in the study of anisotropic geometric variational

problems. That is, for 1 < v < oo,

/Q@(u, ) =0 Ve Wl (Q), (6.1)

where © : WL(Q) x Wi (Q) — WEL(Q) is defined by

D(u, ) = {p(x, Du)""*(Dp(x,-))(Du), Dg), (6.2)

and p(z, ) is 1-homogeneous and strictly convex in the second variable. In particular, PDEs

of the form (6.1) (when there is no dependence of p on z) arise as the Euler-Lagrange equation

/Q p(Du)".

For this reason we consider the v in (6.1) as defining the homogeneity of the PDE.

of the functional

A Moser iteration approach allows us to exploit this v-homogeneity to prove a Harnack
inequality and a strong maximum principle, in addition to a Liouville-type theorem for

global solutions. These results arise as corollaries of the theorems described below.

For any real number o« > 1 we let o’ denote the Holder conjugate of a, i.e., é + é =1
Also, whenever p(z, -) is a 1-homogeneous function p,(z, -) denotes its convex dual defined by

p«(x,C) = sup,, ¢)<1 (& Throughout this paper we consider the following PDE generalizing
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the PDE in (6.1)

/<MxAme~%DmLuxDunam=i/<ﬁiw§+f¢ Yo e WN(Q)  (63)
Q Q

where

Fel! n
v—1

loc

(Q) and feL)(Q) forsomeq >

loc

(6.4)

Theorem 123. Suppose that for some 1 < v < n, u € WH7(Q) is a non-negative subsolution
of (6.3), that p: Q x R™\ {0} — (0,00) satisfies (6.7), (6.8), (6.9), and (6.10), and F, f,
and q satisfy (6.4). If 0 <r < R <1 and Bg C , then for all 0 < p < oo, there erists
C =C(n,vy,v,p) so that

oL -
supu < C| (R =) 7 [|ullzo(sa + Rollpe(@, F)llapy + RIS S (6.5)

where 6 =1 — —"2—~ > 0.
q(

v-1)

In the case when 7 = 2 = ~/, which includes the elliptic case, (6.5) recovers the local-
boundedness results of De Giorgi, Nash, and Moser for elliptic divergence form equations.
One can verify this includes the elliptic case with symmetric coefficients by considering
p(x, &) = |S(x)€¢| where S(z) = A(z)"/?, which ensures (A(z)¢,€) = |S(2)€]2. The next

example demonstrates that the v = 2 case is not restricted to the uniformly elliptic setting.

Example 124. If v = 2 and p = || - ||z for some p > 2, then (6.1) with integrand (6.2)
becomes the PDE div (D(|| - ||%)(Du)) = 0. A computation yields

p—2 -2 -2

7 x| [P |y [P

<@auwaww—2@—w>5f( ) - il
7 T\l ] [2® D

Notably, (D?|| - ||,)(e) = 0 whenever e is a standard basis vector.

The fact that Example 124 is handled with the methods in this paper highlights that the

homogeneity, not the uniform strong convexity, is what matters for studying the Oth order
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regularity of this type of PDE. The convexity conditions typically imposed when studying

elliptic equations additionally requires the degree of homogeneity is fixed at 2.

Convexity has always played a strong role in the Calculus of Variations. It is known
that in certain settings specific convexity conditions are necessary to guarantee higher-order
regularity. A natural question is whether there exist weaker convexity conditions depend-
ing upon the homogeneity that are sufficient to imply higher-order regularity results. One
could hope that teasing apart the roles of homogeneity and convexity might recover simpler

conditions for higher-order regularity than presently exist.

Example 125. We revisit the previous example in more generality. Consider p(-) = ||A(-) ]|
for p > 2, where A is an orthogonal matrix. This time, we consider any v > 2. The PDE

under consideration takes the form
div(D([|A()|[z)(Du)) = 0.

We note that when A = I and v = p this is precisely the so-called pseudo p-Laplacian or
anisotropic p-Laplacian. Our results imply a new Harnack inequality for solutions to the
pseudo p-Laplacian.

By the previous example, whenever A(Du) € {+ey, te,, ..., e, } the Hessian, D?||A(-) ||}, (Du),
is zero. Performing a Taylor series expansion of ||A()||), around an arbitrary & € R™\ {0},

you find for & € (£;)* small enough,

A& + &)} — A = O Z o - eil” | +O Z &2 - €]

ei:A(€1)-€,=0 ei:A(&1)-€;7#0

recovering different growth conditions in different directions. This seems to demonstrate that

the gains and losses in energy of functional

/Q JA(Du) |2, (6.6)
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by small perturbations behaves similarly to a “mixed growth” problem. The Euler-Lagrange
equation for minimizers of (6.6) is covered as a special case of our results.

Finally, without straying too far from this same family of PDEs, we note that the tech-
niques below even cover the case when p(z,§) = ||A(2)[¢]]|p@ so long as p(x) € (1,00) and

A(z) has reasonably bounded eigenvalues.
The second main result of this paper is for non-negative supersolutions.

Theorem 126. Suppose 1 < v < n and u € WH(Q) is a non-negative supersolution
o (6.3), for some p satisfying (6.7) - (6.10). Assume F, f, and q are as in (6.4). If
0<r<R<1and Br C 1, thenforall0<p<"£jf_wl) and all 0 < 6 < 7 < 1, there exists
C=C(n,v,v,A,q,p,0,7) >0 so that

. 5 = y'§ _n
inf wt RO ()l sy + RSN 5, 2 CR o,

whereézl—m.

In the case v = 2 = 4/ this recovers Moser’s weak Harnack inequality. Moreover, we want
to emphasize that the above theorem does not require any a priori boundedness of .

As in the classical case, and addressed in Section 6.3, these two main theorems can
be combined to achieve a strong maximum principle and a Harnack inequality. Hence as
corollaries these theorems also prove C*-regularity of solutions and a Liouville-type theorem
for bounded solutions on R".

In the preparation of this paper the author learned about the very recent work in [12].
After discovering that paper we learned that there is also a wealth of literature about min-
imizers with Orlicz-type growth conditions. See, for instance, [41, 13, 7], and the citations
therein. In the special case where F , f = 0 the works of [13, 12] recover some of the results of
this paper. Using Orlicz spaces they address additional difficulties including equations with
different upper and lower (almost)-homogeneities of the integrand. In the isotropic setting,
[7] shows a Harnack inequality similar to the one in Theorem 139. Meanwhile [71] proves a

general Harnack inequality, while assuming that the terms F , f are in L.
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Also during preparation of this paper [33] proved a Liouville type theorem when v = 2

and p has strictly positive Hessian in the sense that

N|CPP < (0e,0,0)(€)Gi¢ < AlCP - VC e

Their techniques made use of an interesting monotonicity formula.

6.2 Notation and Preliminaries

Throughout we will suppose p : Q x R™\ {0} — (0, 00) is so that

p(z,-) € CYR"\ {0}) VzeQ

(6.7)
p(-,€) € L=(Q) Ve € R™\ {0}
and that p positively 1-homogeneous function in its second variable, i.e.,
p(x, ) = Ap(x,§) VYA>0, VeeQ, VEeR"\{0}. (6.8)
We further assume that p(x,-) is strictly convex in the sense that
p(x,& + &) < p(x,&) +p(z, &) Ve e, V& # A e R\ {0} (6.9)
Finally, we assume there exists 0 < v < A < oo independent of x so that
v<plz, &) <A V=1, Ve (6.10)

We will let p, denote p(z,-) to simplify notation. Namely, (Dp,)(Du) = (Dp(z,-))(Du).
We say that v € W7(Q) is a subsolution (supersolution) to (6.3) if

[ (pa(Duy (Do) (Du), D) < 2) [

i <]3, D<,0> + fo
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for all non-negative ¢ € VVO1 ’7,((2). We say that v is a solution if it is both a subsolution and
supersolution.
Given a real number, say «a, in (1,00) or [1,n), we will respectively always let o/ and a*

denote the Holder and Sobolev exponents. That is,

1 no

o n—a

Theorem 127 (Gagliado-Nirenberg-Sobolev). Ifu € W, (Q) then there exists C = C(n, ) >
0 so that

[ull o < CllDul| 0y

Theorem 128 (Poincare in a ball). For each 1 <y < n there ezists a C = C(n,7) so that

1 1
* v* _n R
(7 [ A= lran) " <co3 ([ psiay)
B(z,r) B(z,r)

Remark 129. Since p will always satisfies (6.7), (6.8), and (6.9), if it also solves the first

inequality in (6.10) then the Sobolev embedding theorem can be re-written as

ull 12 @) < Cv™ lpo(Du)l1r(g).

Stmilarly Poincare in a ball can be re-written as

—n _ v* 71* -1 1*% 2 %
(r [1£= e dy) < Cor ( /B o) dy)

Given p : Q@ xR™\ {0} — (0,00) asin (6.7), (6.8), (6.9), define p, : @ x R™\ {0} — (0, 00)
by
pe(2,€7) = sup &-&

p(z,£)<1
That is, p.(x,-) is the convex dual of p(x,-) for all x € Q. We record for the reader’s

convenience a few facts that are frequently used:
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Proposition 130. Let a,b,c,e > 0, a € (1,00), p as in (6.7), (6.8), and (6.9). Suppose
&,&6 € R™\ {0}

e Young’s inequality says

ba /1 C
abc < ae®*— + ae™ @ —.
o o

Fenchel’s inequality guarantees

§1-& < p(61)p+(62)

It holds,
p«(z, Dp(&1)) = 1. (6.11)

If p satisfies (6.8) and (6.9) then so does p,.

If p satisfies (6.10) then for all |€] =1,
AT <pu(g) v
In particular, F € L9(QY) if and only if p.(-, ﬁ) € L1(Q)
A warm-up exercise is the following Cacciopolli type inequality.
Lemma 131. If u is a subsolution to (6.3) with F, f =0 and 1 < v < oo, then

11702 (Du) || ) < C(n, ) ||upz (D) L7

Proof. Consider ¢ = n7u. Then Dy = vyn"~*uDn+ n?Du. So, using the 1-homogeneity of p
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and Fenchel’s inequality,

(pa(Du) " (Dp,)(Du), D)

> —y(npa(Du))" " pu(x, (Dpa) (D) yupa(Dn) + 1" pe(Du).

Using u is a subsolution with £, f = 0, and (6.11) yields

/ N pe(Du)” <y / (npa(Du))" ™ up, (D)
Q Q

<(/ <np<z>u>w)1i (f u%(Dn)WY .

Dividing completes the proof. O

Finally, we recall a technical lemma for later use.

Lemma 132. Let w, o be non-decreasing functions in (0, R]. Suppose there exists 0 < 7,0 <1
so that for all r < R,
w(Tr) < ow(r) + o(r).

Then for any p € (0,1) and r < R

where C = C(6,7) and a = (0,7, ).
6.3 DMain results

6.3.1 Fundamental Solutions

We start with discussing fundamental solutions of the PDE

div (p(Du)"~'(Dp)(du)) = 0.
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Proposition 133. If p € C'(R" \ {0}) satisfies
1. p(AE) = Ap(€&) for all X >0 and £ € R™\ {0}

2. p(&1+&) =p(&1) +p(&) = & = A& for some A >0
and ¢, = fp*zl |Dp,(z)|"tdH 1 (x), then

Cp’U<.CE) — V%WP*CU)’Y_nPy -1 Y 7é n (612)

n(p.(z)) y=n

is a fundamental solution of

/R o (p(Dv) " (Dp)(Dv), D) =0 VYoo € Wy (R™\ {0}), (6.13)

in the sense that it is both a strong solution, and
pu- [ pdiv (s(Do) " (Dp)(D0) = (0)

Strict convexity is necessary for the differentiability of p.. Note also, that we do not know

that v € C? even though it is known to be a strong solution to a 2nd order PDE.

Proof. To see that v is a strong solution, it suffices to show in each case that

p(Dv)~}(Dp)(Dv) = & p.(2) "z

Indeed,
div (p.(z)"2) = tr (pu(2) 7" Id — np.(z) "'z - (Dpi)(z)) = 0.



142

When v # n we compute:

Dv = ¢, p.(2) 7 (Dp.) ()
(Do)t = 7 p, ()
(Dp)(Dv) = =

which implies

p(Dv)""H(Dp)(Dv) = ¢, " p.(x) "

Now, if v = n we compute:

, = Dpe(@)
b=
p(Do)" = ¢ p, ()

(Dp)(De) = =,

again guaranteeing

as desired.

Next, using the fact that in either case, p(Dv)"~*(Dp)(Dv) = xp,(x)~", we observe that
for p € CHR")

p.v. /n ¢ div (p(Dv)""(Dp)(Dv)) dH" = p.v./ div (pzp.(z)™™) + (xp(x)™", D) dH"

n

. n . SO n—1
= lim div (pzp.(z dH" = lim ————dH
b0 Jrn\{p.<e} ( ) U S " Dp.(z)|

. _pler) o -f
= lim dH"™ im p(ex)dv,
0 Jip.=1y [Dp. ()| el0 fp,—1

where v = H" 'L {p, = 1}. By continuity of ¢, the result follows. n
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6.3.2 Regularity
In this section we focus on functions w that solve
[ oDy p 0w, Doy e = [ (FDe)+fe VoW @, @y
Q Q

As a corollary of these results, we can answer further questions about functions u that solve
/ {pz(Du)"""(Dp,)(Du), Do) dx = 0. (6.15)
Q

We begin with a Caccioppoli inequality when F ,f#0.

Theorem 134. Suppose u € W' (Q) is a subsolution of (6.14) with 1 < v < oo and
p QxR {0} satisfies (6.7), (6.8), (6.9), and (6.10). Assume F,f € L(Q) where
7 = max{v,7'}. If Bor CQ and 0 < R < 10 then,

lpe (D)l o) < eyn | R ulls (Bar) + o, P 5,

i
o RIFI . (6.16)

LY (Bzr)

Remark 135. Note, it is necessary for ﬁ, f e L (resp., ﬁ, f € L) for the equation (resp.,

conclusion) to make sense'.

Proof. Suppose without loss of generality, & = 1. Consider the test function ¢ = n7u for
some 1 € C3(By) to be chosen later. Note,

Do = 1" Du + yun’ "' Dn.

Taking advantage of the 1-homogeneity of p,, Fenchel’s inequality, Young’s inequality, and

! Technically, by Sobolev embedding we only need f € A=Y Al
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(6.11) we choose € > 0 so that (y — 1)€” = Lp(nDu)” and compute

(p(Du) "M (Dpy)(Du), D) > pe(nDu)” — vpa(nDu) ' pi(x, (Dp)(Du))ps(uDn)
€ pa(nDu)” | Pa(uDn)?
ol €y
— cypi(uDn). (6.17)

Z Px(UDUV -7

> ﬂz(ﬁf?m

On the other hand, for € > 0 chosen so that y~1€? = 1/4, Fenchel’s and Young’s inequalities

ensure

(F,Dg) <~ (pe(, F )77“) po(uDn) + 1" (p*(ﬁ )p(DU))

y [p*(smF)7 N pe(uDn) pela, )T pa(Du)?

IN

+ Y

v’ ¥ e’y ¥
_ Pz (nDu)?
4

+ ey, Y'Y + pa(uDn). (6.18)
Combining (6.17), (6.18), and (6.14) yields,
/ p=(nDu)” < ¢, { / pol, F) ) + / pe(uDn)” + / fn”u}
<o | [ofyis [wor oo+ [or]. 69
Choosing 0 <n <1,n=1on By, n =0 on BS and |Dn| < 2 we find
02D} o) < e, [l + el PNty + 171, ]

Equation (6.16) is recovered by scaling. O

We note that in Theorem 134, the fact that p can depend on x never needs to be dealt
with separately. This is unsurprising because conditions (6.8), (6.9), and Fenchel’s inequality

are used at a pointwise level while (6.10) is used at a global level, see Remark 129. Hence,
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to simplify notation, we only explicitly write-out the dependence of p on x in the statements

of theorems and suppress this dependence throughout all remaining proofs.

Theorem 136. Suppose p : Q@ x R™\ {0} satisfies (6.7), (6.8), (6.9), and (6.10). Let u be a
subsolution to (6.14) and fix 1 <~y < n. If F.f and q are as in (64),0<r<R<1, and

Bgr C Q then there exists some C = C(n,v,\,7v,q,p) and § =1 — q(vn_l) > 0 so that

u+||Lp B L 1 , _1_
su qu <C ”—(5) + Ré . .Z',F 'yq—l + R’Y§ y—1
P T - E it 1% o0

Proof. We consider the test function ¢ = 77v%u for 3 > 0 where & = u™ + &k and v =

min{u, m} for some 0 < k < m < 0o, k to be chosen later. Notice

Dy = v Y%WPaDn + Bnv®UDv + nv® Da.

We wish to expand out (6.14) with this choice of ¢. To this end, first observe 1-

homogeneity, i.e., (6.8) ensures

{p(Du)"""(Dp)(Du),Bv" 'an” Dv 4+ n"v’ Du)

= Bp(Dv)" o™y + p(Du) v’ (6.20)

Next we apply Fenchel’s and Young’s inequalities in combination with (6.11) for some € =

() > 0 to be chosen immediately after (6.21),

{(p(Du)""(Dp)(Du), "~ v uDn)

> —yv” (p(Dw)n))"~" p.(Dp(Du)) (p(Dn)u)
y PP p(Dn)a
g4 €’y

> —70° e (6.21)
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Choose € so that (y —1)e” = 1/2. Since % = — 1, this choice of € ensures (6.21) becomes

vPp(Du) 'y

(p(Du)"™(Dp)(Du), v~ v aDn) > ———==

— ¢, v’ p(Dn)'a’, (6.22)

where ¢, may change depending on the line, but depends only on 7.

Now we look at the righthand side. We split this into two pieces and treat the first piece

in much the same fashion as above.

= (70") |(8) (p-()) (p(Dv)) + p.(F)o( D)
< KBP*@W .\ mp(mw) . (p*g Ay Egpu)u)v)]
v 9 ol

€l

— B (F)Y B 1 5EYV6DW ngﬁ D)
="’ p(F) e”’fy/+67’fy/ a p(Do)" + v p(Da). (6.23)
1 2

Since we want to absorb the last two terms of (6.23) into (6.20) we choose €1, €2 so that
v 1Be] = g and y ey = }1. The need for choosing 1/4 for the ey coefficient is due to the

fact that we’ll also be absorbing the p(Du)-term from (6.22) into (6.20). We note both ¢;
and €, depend solely on 7. All-in-all this allows us to re-write (6.23) as

<ﬁ, BuPtun Du + n”vﬁDa> < ey (14 B p.(F) + 21771)5/)(Dv)7 (6.24)

1
+ 31 p(Da).

We now deal with the final term via Fenchel and Young’s inequalities

<ﬁ, P ﬂDn> < yp.(F)yn~Pap(Dn)

p(F)Y L @o(Dn)
/
v v

< v

= (v = Dpu(F)"0o? + @ p(Dn) . (6.25)
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Finally, plugging (6.20), (6.22), (6.24), and (6.25) into (6.14) yields

1
& / p(Do) vy + — / p(Da) n v’
2 Ja 4 Jo

<e, U vﬁp(Dn)”u7+/n”vﬂp*(ﬁ)”'+/fn”vﬁu}
Q Q Q

<e, [ | otoonra e s) [t oy [ kfnﬁu} (6.26)

The final inequality used @ > k. Set w = v*/74, we note

Dw = évg_lﬂDv + U%Dﬂ = éngv + U%Dﬂ.
Y 7

Since p(&1 + &) < p(&1) + p(&2) for all &, &, it follows that

7ﬂp@h@7§n7(gv%xDv»+v%me)7

<! ((g) ! nvvﬁp(Dv)V + nvvﬂp(DuW) )

In particular, this guarantees that for some c,

g p(Du)'ynvvﬁ] : (6.27)

Combining (6.26) and (6.27) yields

=N A

/Qmp(pn)v + /Q(nw)v (p*(klj)v + mf—1>] : (6.28)

Due to the observation that p(D(nw))” < 271 (w?p(Dn)? + n7p(Dw)?), (6.28) implies

[ipDwy < e+ 5)

=

/Q wp(Dn)” + /Q (nw)” (p*(zg)w * k;f—l)] - (6.29)

Aﬁwmmws%u+w>
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Our next goal is to deal with the term [ (nw)”’*(k#. We roughly explain in words how
we do this. We first use Holder’s inequality to make the L? norm of F appear. To this end,
we will introduce the parameter a; = a(g,v) = - which is equivalent to o} = =7~ This is

precisely where the requirement f € L7 comes from.

Next, by choosing k appropriately, we will make the term with p(ﬁ ) + f be absorbed
into a 1. At this point, the remaining term with nw will have a strange power. So, we use
interpolation, and the fact that v < yay < %, to re-write our strange power as a linear
combination of the L” and L"" norms of nw. The necessary upper-bound on o is satisfied

n
so long as ¢ > g

By making the coefficient of the LY norm of nw larger, we can choose the L7" norm of nw
to be arbitrarily small. This is necessary, as we will apply the Gagliardo-Nirenberg-Sobolev
inequality to turn this latter norm into an estimate on the LY norm of p(D(nw)) which we can
finally absorb into the left hand side. When we apply Young’s inequality in order to make this
weighted-linear combination of norms appear, we will choose o, = a(n, q,7) = 67", where
6, is the interpolation power. This conveniently makes all exponents outside of integrals

disappear, allowing the desired simplifications to all occur.

We begin the process outlined above by applying Holder’s inequality,

p(E)"f p(E)"f
/(nw)7 ( kY + k-1 < [[(nw) [l e @) kY + k-1
Q LY1(Q)
< O @llnwl[Fre g (6.30)
where o) = 7 is as above, and k is chosen so that k = ki + ky where kl = Hp*(ﬁ)qu(m

and k] 7' = ||f||L%(Q). If F,f = 0 choose k > 0 arbitrary, and you can later send k to

zero. Next, we define 6; = 01(¢,n,7) € (0,1) so that # = 971 + %. Note that if

1

as = a(q,n,y) = 07" then o, = (1 — ;). Riesz-Thorin interpolation applied to (6.30),
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Young’s inequality, and the Gagliardo-Nirenberg-Sobolev inequality consecutively ensure

p*(ﬁ)’yl _ Y
[ orep 2 < (Hnwuiam)unw\%)

01 (1-61)
S oy Il HanL o
1 ol
= 201, ||77w||m(9 a_/2||77wHLw*(Q)
< e 2ay w7 q) + Clasn, v, p)e2 [ p(D(nw)) |74 - (6.31)

See Remark 129 for our non-standard application of Gagliardo-Nirenberg-Sobolev in-
equality. Next, we want to plug (6.31) into (6.29) and subtract over the p(D(nw)) term, so we
choose € so that the coefficient of ||p(D (nw))Hm(Q is 1/2. That is, choose € = €(q, n,7v,p) >0
by

/ 1
C’Y<1 + 57)C(q7 n,, l/)ea2 = 5

Then using our choice of € and plugging (6.31) into (6.29) yields

w’Yn’Y:|
Q

[ oDty < 1+ ) [ [woony + Cpnat 7 |
< Cynp(1+57)% { /Q w”(p(Dn)” + nv)] : (6.32)

where as always, as = a(n,q,v) > 0. Finally, the Gagliardo-Nirenberg-Sobolev inequality
applied to (6.32) implies

Il < ooy (1 + 67 % [ [ ooy + m)] . (6.33)

where y = nL_v Choose the cut-off function n so that with 0 < r < R < 1 and some

Br(z) cC Q, n € Cj(Bg) and

2
n=1in B, and |Dn| < T (6.34)
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Then (6.33) guarantees

x (1+5v—1)a2/
(A%@ PN TR T

where our constant gained a dependence on A, which arises by applying (6.34) in the form

p(Dn) < A|Dn| < 2A(R —r)~!. Recall the definition of w and use v < @ to discover

i -1\«
(/ U(B+7)x) < OanuA(l_‘_B’y ) 2/ Tand (6.35)
B, () T (R=r) B,

Taking m 1 oo in (6.35) yields

: (452N
HUHL(ﬁﬂLV)XBT(I) S (On,'y,q,u,Aw ”'U'HLB-M(BR(I))? (636)

so long as the right hand side is finite. Note the constant on the righthand side is independent
of (B, suggesting we iterate. We begin with § = 8y = 0 and for £k = 1,2,3... define g, =
y(xk¥1—1). For k =0,1,2,... we consider r, = T+£€—ﬂ. Note, (B +7)x = X = (Brr1+7)

and rj_ — 1, = 27 F+HD(R — 7).

Writing C' = C,, 4., for & > 0 this choice of f, 7 (6.36) reads

) (L 87\ s
bl < () g, ey

Recalling B, = v(x** — 1) we observe that for k > 2,

k(v=1)ag

)BW < (R—=1) Y (C(1+7x)

(5

k

< (R—r)X"CF.
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Consequently, after iterating out the first few cases by hand, for all &,

7

||a||L5k+’Y<Brk (SL’)) S (R - T)_Zioio XZCZ'L:O Xt Hﬂ“LﬁO*W(Brl(z))’

where still C' = C(n,~,q,v,A). Since u € W (Q) and 3y = 0, the right hand side is seen
to be finite, and is independent of k. Taking k — oo on the left hand side, and recalling
u=u"+ k yields

lut || Lo, @) < C(R=7)"7 [[[u | + K] -

1

-
Recalling k = [|p.(F)|l{ +|[f]|% " and noting ;== = » yields the result for the case p > 7.
,Y/

A classical scaling argument covers the case 0 < p < 7. See, for instance, [40, p. 75]. O]

Theorem 137. Let p : Q x R*\ {0} satisfy (6.7), (6.8), (6.9), and (6.10). Suppose u €
WL(Q) is a supersolution to (6.14) in Q and F, f, and q are as in (6.4). If By C Q and

0<p< —(Vn:lv)", then for any 0 < 0 < 7 < 1 there exists C = C(n,v,q,p,v,\,0,7) and
0=1— = >0 so that
q(v—1)

R

— L / % _n
inf u* + B\, (F) |70y + RIS > CRF ut oo,
Byr LY (Bg)

and the dependence on p only appears as a dependence on supy_; p(§) and infi¢=; p(§).

Two corollaries of Theorem 136 and Theorem 137 are the strong maximum principle and
the weak-Harnack inequality (Theorems 138 and 139), which we will state and prove before

proving Theorem 139.

Theorem 138. Let p : Q x R™ \ {0} satisfy (6.7), (6.8), (6.9), and (6.10). Suppose u €
W(Q) is a super solution to (6.14) in Q, and F,f=0. Then, if for some ball B CC

supu = supu > 0,
B Q

then the function u must be constant in Q.
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Proof. Suppose B’ CC € is so that supg u = supg u. If necessary there is a much smaller
ball B CC € so that Supp, , U = Supq U. Without loss of generality Bsg CC €. Let
M = supg u and applying Theorem 139 to the non-negative supersolution M — u it follows
that

R™"|M — |1 ) < CBinf (M —u) =0.

Bagys /s

Hence, u = M on Byp/3, which implies the theorem. O

Theorem 139. Suppose p : 2 x R™\ {0} — (0,00) satisfies (6.7), (6.8), (6.9), and (6.10).
If1 <~ <mnandue WH(Q) is a nonnegative solution to (6.14) in Q for some F, f,
and q are as in (6.4) and some Bsp C §Q, then there exists some C = C(n,~,q,v,A) and

5:1—ﬁ>050that

L1 ) 1
supu < Cryng | If wt ROl pu(F)l| o, + RIS : (6.37)
Br Bar L7 (Bsg)

The preceding Theorem follows readily from Theorem 136 and Theorem 137 by choosing,
for instance, p = % in both theorems. In the case that F ,f = 0 this recovers an
inequality of the same form as the classical Harnack inequality.

Proof. (Of Theorem 137.)

Let k£ > 0 to be chosen later, & = u* + k , v = min{@, m}. Consider the test function

gpzn”v_ﬁﬂforﬁzﬂp>1,Whereﬁp:7—§,xzn%y.

We now proceed in a similar fashion to the proof of Theorem 136. Observe,

{p(Du)"""(Dp)(Du), — po~?"'un? Dv + nv~? Du)
= —Bp(Dv) v 0" + p(Du) nv"

= (1= B)p(Dv)"o . (6.38)

We note that (8—1) > 1— 3,; this observation will simplify our computations later as, when

we iterate 3, we may now keep constants independent of 3. They will instead depend on f3,,
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which depends on n, 7, p.

Analogous to (6.21) we compute

p(Du)"n? +p(D77)W ' (6.39)

v €7y

(D) (D) D), o) < 907 |
Choosing € so that (y — 1) = —(1 — 3)/2 > (1 —v)/2 > 0 yields
(D)D)~ a0 )

_-(-9)

< —— v p(Dv)" + ey v p(Dn) T (6.40)

Next we treat the F term. Proceeding as in (6.23) we discover

(F, = po=* "ty Do+ 70" D) > —(8 = Vv [ (p.(F) ) (o( D))

B, FYY Y08 p( Do)
s 1 | T Y el v)]
ey Y
11— =N
> OB 0 (Duy — e v pu (B (6.41)

where we chose € > 0 so that v~ !¢ = 1/4. To bound the final piece, we compute

<ﬁ, ’W’lv’ﬂﬂDn> > —yp (F)n v Pap(Dn)

A @ p(Dn)?
> ot P M L @Wp(Dn)
ot o
= —(v = Dpu(E)Y'0™? — @ p(Dy) 0" (6.42)

Using that u is a supersolution and plugging (6.38), (6.40), (6.41), and (6.42) into (6.14)
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achieves

_(ﬁ4_ 1)/QP(DU)7U_’B777

> —Cnpp / v p(Dn) 0 = €y / v P p,(F) — / o PrLf
Q Q Q

or after recalling & > k, 5 —1 > 8, — 1 > 0 and multiplying by —1,

/p(Dv)”v'%7 < cnmp[/ U’Bz_ﬂp(Dn)V—l—
Q Q

=N A7

«(F)7
+/va—5m%+/ﬁnw—ﬁmmfl} (6.43)

Note the striking similarity to (6.26). The only difference being the benefit that (6.43)
has no constants depending on 3. Hence, we follow the process done in the proof of Theorem

136 and choose

o 1 1
k= lp(F)llze" + 117 -
LY

Recalling 0 < 6 < 7 < 1, setting w = v~?/7% and proceeding as in the proof of Theorem 136

1
X
</ H(v—ﬁ)x) < Cn,%u,l\,p,q,R&RT/ wr (6‘44)
Bre Br~

The dependence on R, RT comes from the magnitude of the derivative of the cut-off function.

leads to

Moreover, in (6.44), the dependence on p that is not present in (6.33) is due to having assumed
B > Bp. To improve readability, we write C = Cj, 5, A p,q.ro,r and suppose R = 1 through
the end of (6.50). Now, whenever v — 3 < 0 (6.44) ensures

Cllall s,y < tllLe-sx(sy)- (6.45)
Since inf v™ = lim, ,_« ||v]|zs, iterating as in Theorem 136, for any 8 > v (6.45) implies,

6
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On the other hand, whenever 0 < § < v — 1, (6.44) guarantees
4l pv-prx () < Cllallv-5(5,)- (6.47)

Recalling —f < —1, we can iterate (6.47) finitely many times depending on p,pg so that
when 0 < pg < p < (v — 1)x, choosing v — f = pp and finitely many iterations of (6.47)

ensures

]| zr(By) < C - C(po)||tl|Lro(s,)- (6.48)

We claim the proof is complete once we show that there exists py > 0 so that

/ u P / P < C. (6.49)

Indeed, choosing 5 = v 4 pp in (6.46) combined with (6.48) and (6.49) yields

infa > C- Cpo)|lall-r (6.50)

= C- C(po) (1all=ro |l 2o ) lltl] 2o
> C - Clpo)l|ul[r»-

It happens that py = po(n,v,v,A) so that the constant C(py) can be absorbed into our

universal constant. Recalling that @ = u™ + k and using scaling, this says

R , 1
inf ut + R pu(F) || Jatp,y + BN > Convngporllet oo,
Bre " LY (Bgr)
as desired.
Hence, it only remains to show (6.49). We consider the test function ¢ = EZL. Note,

y—1

Dy =1 (g) Dn—(y—1) (g)ym-



We estimate as usual:

(otDay = (0p)(Dm). (- 1) (1) Di) = (3~ 1) (—)

and choosing € > 0 so that (y — 1)¢¥ = (y —1)/2.

On the other hand, since u > k

<ﬁm (g)w_l Dn> > —yp.(F) (2)7_1 p(Dn)

v

im0 (2) D - (2[00

Finally, note

J R 1 Y e TP o1
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(6.51)

(6.52)

(6.53)

(6.54)

(6.55)
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Combining (6.51) - (6.55), with the fact that u is a supersolution yields

/p(Dn)” (1 + |]|£—|_|1> Jr/—p”‘<]£)7 U

> ~tu | [ D0 (14570 K (P ) (600

_ / 7p (D(log @) >~

where the 2nd inequality follows from the first by Holder and Sobolev embedding similar to

1

(6.55). Choosing k = || f||2" + ||p*(lf’;)||z;,1 this can be written

[ oDliog ) < e [ D0y (6.57)

Now, for all B). C Bsg, we can choosing n =1 on Bl and n =0 on Q \ Bj, with [Dp| < 2,
(6.57) says

IDUoga)[" < o | p(D(0g ) < crar™

B B

/
T

or taking the y-root and multiplying by r17% that is
1
A ( | D(log ﬂ)\”) < Chywa- (6.58)
B

Noticing (r‘”)%‘ = rl_%, we consecutively apply Jensen’s inequality, the Poincare in-

quality in a ball, and (6.58) to achieve

1 1 N
o |log @ — (logu)p | < C (r_”/ |log @ — (log@)p|” > (6.59)
B,

B

S O”?’Y?”vA .

Since this holds uniformly for all Bf,. C Byg, and hence (6.59) holds for all B, C Bpg, this

ensures logu € BMO(Bg) and consequently, by the John-Nirenberg lemma there exists
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0 < po depending only on n and the constant in (6.59) so that

sup L/ epollogu—(logu)p| ~ (6.60)
BCBs ‘B’ B

Finally, since el®* > 1 we note that ePrle=tl < erole=bl if 5 < p,. In particular, without loss
-1
-

of generality, suppose py < @ But then, (6.60) implies (6.49). ]

Theorem 140 (Improvement of Oscillation). Suppose u, p,, F , f, and q are as in Theorem

139. If Bsp C ), then for all 0 < 6§ < 1,

L1 1
05CBy U < Cn gt |05CB, U+ HP*(F)HE;(IBQR) + Hf”w_i,l
L7 (Bzr)

Proof. For 0 < s < 2R let

M, =supu and ms = inf u.
Bs Bs

Then v € {Msr — u,u — My, } is a positive solution of (6.14) on Bagg.
Consider p=1and # = 1/2 < 7 < 1 in Theorem 137. That is, for a positive solution v,

inf v+ G(R) > C’R‘”/v (6.61)

Bpr/2

where

G(R) = Rl pu(F)| Ll + RIS 7S

L~ (B2R).
Note, imeR/2 Myp —u = Myr — Mg/, and infBR/2 U —MaRr = M, 3 —My,. Therefore, applying
(6.61) to Myr —u and u — mag yields
MQR — MR/Q + G(R) Z CR_n/MQR — U

mR/2 — Mop + G(R) 2 C’R”/u — M9R.
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Adding yields
(Mor — mag) — (Mpj2 — mpy2) +2G(R) > C(Mag — mar),
or equivalently,

1 , 1
0scpy, u < (1 —C)oscp,, u+2 R(SH,O*(F)HEQEBR) + R 5||f||7i/1
L7 (Bar)

Lemma 132 verifies the result by choosing the parameters from Lemma 132 by 7 = 1/4,5 =
(1-0), and u(l — ﬁ) > «. The latter can be done by making « smaller if necessary.

Notably @ = a(1/4,6) so it has the expected dependencies. O
Holder regularity is a classic result of the improvement of oscillation in Theorem 140.

Corollary 141. Suppose u, p,, ﬁ,f and q are as in Theorem 139. Then u € C2.(2) for

some o = a(n,vy,v, A\, q).
Last, we conclude with a Liouville-type theorem in the case that f, F=0.

Theorem 142 (Liouville Theorem). Let p,~y, and u be as in Theorem 139. Suppose addi-
tionally that f, F=0. If Q =R" and u is bounded from above or below, then u is constant.

Proof. Tt suffices to assume u > 0 by replacing u with —u+ supgn. v (v — infgn u, resp.) when
u is bounded above (below, resp.). Since f,ﬁ = 0, and 2 = R", Theorem 139 implies u
is bounded above. Indeed, for x € R", u(z) < supp, u < Cpyunginfp,, u < Cu(0). In
particular, ||u||ge~@n) < 0o. Now, iterating Theorem 140 says there exists 0 < 6 < 1 so that

for any R > 0 and integer k,
oscp, u < OF oscp,, . < 0% (2||ul| poo (rn)) -

Taking k and R to infinity consecutively completes the proof. O
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