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In this thesis we present three problems. The first problem is to find a good description
of the number of fixed points of a 231-avoiding permutation. We use a bijection from Dyck
paths to 231-avoiding permutations that allows us to compute the scaled distribution of the
number of fixed points of a 231-avoiding permutation chosen uniformly at random. We also

show a strong connection with a these permutations and Brownian excursion.

The second problem is an extension of work found in [31], where the authors study boot-
strap percolation on the Hamming torus. We give a thorough description of the behavior

of this model for finite lattices of all dimensions when the percolation threshold is 2.

Lastly we present a problem on jigsaw percolation, developed in [34] and [35] as a model
for collaborative problem solving. This process considers a pair of graphs on a shared set
of vertices and forms clusters of vertices based on the edges of the two underlying graphs.

We consider the process where both graphs are Erdos-Rényi random graphs.
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Chapter 1
PATTERN AVOIDING PERMUTATIONS

1.1 Introduction

One hundred years ago Percy MacMahon initiated the study of pattern avoiding per-
mutations with his study of “lattice permutations” [I3]. MacMahon showed that every
321-avoiding permutation can be decomposed into two increasing subsequences and that

the number of 321-avoiding permutations of length n is given by the nth Catalan number

C, = 1 <2n>
n+1l\n

The modern study of pattern avoiding permutations began with Donald Knuth who

showed their importance in computer science. Knuth proved that the 231-avoiding per-
mutations are precisely those that can be sorted by a stack [I12]. He also showed that the
number of 231-avoiding permutations is also equal to C,. Further connections between
pattern avoiding permutations and sorting algorithms in computer science were explored by
Tarjan, Pratt and others [19] [I]. We say a permutation o € S,, avoids the pattern 231 if
for every subsequence satisfying 1 <i; < iy < iz < n, if 0(i1) < o(iz) implies o(i1) < o(i3).
Similar definitions apply for all m and w € .S,,,. We denote the set of permutations of length
n that avoid the pattern 7w € S, by S, ().

From there the study of pattern avoiding permutations has gone in many directions.
Connections between pattern avoiding permutations have been established with numerous
other areas of mathematics and to many applications [II]. Enumeration of the number
of different pattern avoiding permutation in S,(7) for various permutations 7 has been a
major avenue of study [8 [15].

Recently a more geometric view of pattern avoiding permutations has come into fashion.
This line of work, initiated by Madras and Pehlivan [I4] and Miner and Pak [16], aims to

determine what a random pattern avoiding permutation looks like. These papers make



Figure 1.1: 019 and 01900 in S10(231) and S1000(231) respectively.

extensive studies of the distributions of permutations that avoid a pattern of length 3. For
a uniformly chosen 231-avoiding (or 321-avoiding) permutation o € S,, they determined

the asymptotics of P(c(i) = j), for i and j of the form i(n) = an+cn® and j(n) = bn+cn®.

We extend this approach and show fundamental connections between the shape of a
random permutation avoiding a pattern of length 3 and Brownian excursion. Brownian
excursion is the process {e;}o<¢<1 which is Brownian motion conditioned to be 0 at 0 and

1 and positive in the interior [17].

One of the classical problems in probabilistic combinatorics is to show that the distribu-
tion of the number of fixed points in a uniformly chosen random permutation is converging
in distribution to a Poisson(1) random variable. This classical result has been expanded
to include a thorough examination of the cycle structure of a random permutation [I§].
Moving in a different direction Elizalde initiated the study of the expected number of fixed

points in pattern avoiding permutations [2} 3] 14, [5].

Instead of the local statistics studied in [14] and [I6] we start by taking a functional
approach. We prove that (in some appropriate senses) a randomly chosen pattern avoiding
permutation converges to Brownian excursion. Then we exploit this convergence to Brow-
nian excursion to determine the distribution of the number and location of fixed points of

a random pattern avoiding permutation.



Notation

Throughout this chapter we use the following definition of a Dyck path.

Definition 1.1.1. A Dyck path, v, of length 2n is a piecewise linear function defined by

the linear interpolation of points {(z,v(x))}2%, that satisfy the following conditions:
* 7(0) =~(2n) =0
o y(z) >0 for all x € (0,2n), and
e [v(x+1)—~v(x)| =1 for all integers x € {0,1,...,2n — 1}.

We dente the set of such paths by Dyck*™.

Definition 1.1.2. An excursion in a Dyck Path starting at x with height h and length [
is a path interval y([x,x + 1]) such that

o 7(2) =@+ =h—1
e yz+1)=~v(xz+1l-1)=h and
o [=min{j>1: y(z+j)=h—-1}.

Note that there are n excursions in a Dyck Path of length 2n as there is one excursion
that begins with every upstep. Based on this correspondence we say the ith excursion is

the one that begins with the ith upstep.

Definition 1.1.3. For a Dyck path v € Dyck®®, define the following:
o cxc(i) := the ith excursion.

e v; := the position after the ith up step, or one more than the start of exc(i).

e h; :=y(v;) = the height of the path after the start of exc(i).



Figure 1.2: A Dyck path in D19 with vg = 8, hg = 4, and lg = 8.

e [; := the length of the same excursion.

Figure illustrates these definitions for a particular v. We change our notation slightly

when we are dealing with a random path.

Definition 1.1.4. For a Dyck path T™ € Dyck®™, chosen at random, we define the associated

random variables as follows

e Exc"(i) := the ith excursion.
o V" := the position after the ith up step, or 1 + the start of Exc"(i).

o H!:=T"(V") = the height of the path after the start of Exc™(i).

7

o LI := the length of the same excursion.

Using these definitions we show to define a bijection from Dyck?" to 231-avoiding per-

mutations which will be useful in proving our results.

1.1.1  Convergence to Brownian Excursion

We start with a Dyck path « of length 2n. It is well known that the scaling limit of Dyck
paths are Brownian excursion [10]. Using the bijection in Proposition for each Dyck



path v we call its corresponding 231-avoiding permutation o.,. A particular rescaling of the
linear interpolation of the local maxima of (i — o) closely approximates the rescaling of ~.

For a permutation o € S,, the process, (0(i) —i,i € [n]), is referred to as the exceedance
process. The mirror to this process, (i — o(i),4 € [n]), is referred to as the anti-exceedance

process. We also define the subset of local minima, I = I(0) C [n — 1] as the set of points
{ien—-1]:00) <o(i+1).}
Restricting the anti-exceedance process to I gives the following.

Definition 1.1.5 (Maximal Anti-Exceedance Process). Fiz o € S, and I = I(0). We
define the point process

M = {i—o(i),i€I}.
We extend M to all real values in [0,n] by letting M (0) = M (n) = 0 with linear interpolation

fort ¢ TU{0,n}.

We state our theorem on convergence in terms of the maximal anti-exceedance process.
For a random path I € Dyck®" we have a corresponding random permutation opn €
Sn(231). We denote the set of local minima of op» by I™, and we denote the corresponding

anti-exceedance process by M™.

Theorem 1.1.1. Let I'™ € Dyck®™ be chosen uniformly at random. There exists r > 0 such
that

1 r
P| sup —— |T™(2nt) — M"(nt)| > n %% | <™
(tem oy 07 2nt) = M)

1.1.2  Fized points of 231-avoiding permutations

We count the number of fixed points in an interval by

Otanom)(0) = [{i € [an, bn] = o(i) = i}|

where 0 < a < b < 1. Miner and Pak proved that the expected number of fixed points

1/4

in an interval of the form [an,bn] is of order n'/*. We prove that a typical 231-avoiding



permutation has on the order of n'/# fixed points. Moreover it allows us to calculate the

distribution of
1
We[an,bn] (UF")
where I'" is chosen uniformly at random from Dyck?”.

Theorem 1.1.2. Fiz0 < a < b < 1, and e > 0. For any n sufficiently large and '™ € Dyck*™

chosen uniformly at random,

3/
1 1 b (2n)1/?
P Wﬁan,bn](ﬂ*n) - 27/471'1/2/(1 (F"(2nt) dt| > e | =o(1).

1.1.83  “Almost fixed points”

Perhaps the most interesting result in [I6] is a phase transition it shows in

Pl =i (") ))

that occurs at a = 3/8. In particular they show that

i(tn — i)\ n=#%ifa € (0,
S 1 e

This result is particularly intriguing because it is not clear what is driving the phase
transition. Miner and Pak say that their results on 231-avoiding permutations “are ex-
tremely unusual, and have yet to be explained even on a qualitative level” [16]. We use a
generalization of Theorem to give an explanation of these results.

First we show that the difference is not the number of “almost” fixed points on a typical

path. To make this precise we define

{i: o(i) =i — {K <Z(”n_ i)>aJ } A [an, b

Then we follow the proof of Theorem very closely to show

lan,bn

Corollary 1.1.3. Fiz0 <a<b< 1, K € R, a €[0,.5) and ¢ > 0. Let T™ € Dyck® be

chosen uniformly at random. For any n sufficiently large

3/
Il Ka 1 b [ (2n)1/2 )
v W‘)[anvbnﬁ"r”’)‘w/a <F"(2nt) dt} > e | =o1)



Thus for all K and « the distribution of the number of “almost” fixed points is the
same as the distribution of the number of fixed points and we do not see the same phase
transition that Miner and Pak observed.

But there is no inconsistency between our results and [16] in the regime K > 0 and
a € [3/8,.5). This is because a small number of permutations drive the probability that
Miner and Pak calculate in . This is missed by our convergence in distribution. This
small number of permutations are the ones o, whose corresponding Dyck paths « have
height (i) = | K(i(n — i) /n)%| for some i € [2an, 2bn].

As the density of these permutations becomes vanishingly small as n — oo, these per-

_1/40K,a

fan,bn)] (o) that we calculate. But

mutations do not affect the limiting distribution of n

these are the permutations that dominate the probabilities that Miner and Pak calculate.
1.2 A Bijection between Dyck Paths and 231-avoiding permutations

The total number of Dyck paths from 0 to 2n is given by C),, the nth Catalan number.
The number of 231-avoiding permutations in .S, is also given by the nth Catalan number.
Hence there is a bijection between the two sets. We now define a particular bijection that
uses geometric properties of the path. Although we suspect this bijection does exist in the
literature we are not sure where it does. For the sake of completeness we include a proof
that it is a bijection here. For our purposes the most important geometric aspect of a Dyck

path is an excursion.
Proposition 1.2.1. For v € Dyck®™ define o pointwise by
oy (i) =1+ 1;/2 — hy.
Then o € S,,(231). Moreover, (v + 0,) is a bijection from Dyck*™ — S,(231).
The proof of Proposition [1.2.1] will follow from the following lemmas.
Lemma 1.2.2. For any Dyck path v € Dyck®", o., : [n] — [n].

Proof. Let u; and d; denote the number of up-steps and the number of down-steps, respec-

tively, up until the beginning of the ith excursion and let v; = u; + d; denote the total



number of steps until the beginning of the same excursion. Each up-step is the beginning
of an excursion so u; = i — 1. Moreover d; is determined by h; since h; = u; — d;. For any
path v € Dyck®", v(z) < x. Therefore 0 < h; = v(v;) < 4, hence 0 < i — h;. Moreover, I;/2
counts the number of up-steps in the excursion. Only n — i up-steps remain after the first

i have occured so [;/2 — 1 4+ i < n. Combining these inequalities gives:

1<i—hi+1<0(i)<i+1;/2—1<n.
Hence ¢ maps [n] into [n]. O
Lemma 1.2.3. For any Dyck path v and any i < j either

Ezc(j) C Exc(i) or Exc(i)N Exc(j) = 0.

Proof. This follows from the definition of an excursion. O
Lemma 1.2.4. For any Dyck path v and any i < j if

Exc(j) C Exc(i) then o0,(j) < 04(7)

and if
Ezc(j) N Exc(i) =0 then o0,(i) < oy(j).

Proof. Let 1 < i < j < n. By the previous lemma the jth excursion begins either before

or after the ith excursion ends. The two cases to consider are when j—i < [;/2 or j—i > 1;/2.

We first consider when j —¢ < [;/2. For j in this region we have h; > h; and [; < [;.

Moreover /2 —1;/2 < i — j. Therefore

U(j)—U(i) :j—i+lj/2—l,-/2— (hj—hi) < hi—hj < 0. (1.2)

Now we consider when j — ¢ > [;/2. Since the path must return below h; at the end of
Ezc(i) then it needs at least max(0, h; — h;) up-steps after the the ith excursion ends to be

at height h;. Therefore j —i > 1;/2 + max(0, h; — h;). This gives



Figure 1.3: The jth excursion occurs during the ¢th excursion

O‘(]) —O‘(i) :j—i+lj/2—l@'/2— (h] —h@) > 1+lj/2 > 1. (1.3)

Figure 1.4: The jth excursion occurs after the ith excursion

In either case o(j) — o(i) # 0 so o is in fact a bijection from [n] to [n].

Now we show that it is 231-avoiding.

Proof of Proposition[1.2.1] If o ¢ S,,(231), then there exists i« < j < k such that o(k) <
o(i) < o(j). Note that o(k) < o(i) implies the kth up-step occurs before the end of the
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ith excursion. By Equations and [I.3] the kth up-step occurs before the end of the ith
excursion. Therefore the jth up-step also occurs before the end of the ith excursion which
implies 0(j) < o(i), contradicting our assumption that o ¢ S,,(231). Therefore we can safely

conclude that o must be 231-avoiding.

All that remains is to show that 0., # o, if v # /. The quantity o, (i) —i attains a local
minimum exactly when [;(v) = 2 and o(i) — ¢ = —h; + 1. But [; = 2 implies that 2i — h;
is a local maximum of the Dyck path. Hence there is one-to-one correspondence with local
minima of ¢,,(i) — ¢ and local maxima of 7. A Dyck path is uniquely defined by the height
and location of the local maxima. Hence the map from o, — 7 is well-defined. Therefore

the map from Dyck®” to S,,(231) given by (y — 0,) is a bijection. O

1.3 Convergence to Brownian Excursion

We develop a notion of convergence from permutations to Dyck paths similar to the work in
[9). As in the introduction, for T € Dyck®" chosen uniformly at random, we let I™ denote
the indices of the local minima of or» and M™ the linear interpolation of the restriction of
this process to I™.

Let i(z) = max;en{i : i < z}. By the triangle inequality we have

P <t21[épu [T (2nt) — M"(nt)| > n0'45> (1.4)
§7IP> <SLt1p ™(2nt) — I™ (22(m))( > n0'4> (1.5)

+P <sgp N (2i(nt)) — M (%(nt))‘ > n0-4) (1.6)

+P <Sl§p ‘M" (itnt)) - M”(nt)‘ > n0‘4> (1.7)

(c,d)

We use lattice counting methods as found in [6]. Let LP, denote the total number of

nonnegative lattice paths from (a, b) to (¢, d) with steps of either (1,1) or (1,—1). In terms

of counting Dyck paths LP((O2 ZSO) = (), the nth Catalan number. More generally we have

(cd) _ (c—a) B (c—a)
Mo = <5<<c—a>+<d—b>>> <;<<c—a>+<d—b>>+b+1>'
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The following lemma will give control over the size of [I'"(z) —I"(y)| if we can bound |z —1y].

Lemma 1.3.1. Let I'™ be chosen uniformly from Dyck®™. Let C denote the event that for
any 0 < x < y < 2n such that |x — y| < n%6 and [T (x) — T™(y)| > n%*. For sufficiently
large n there exists r > 0 such that

T

e ™.

P(C) <

O =

Proof. Let h =T"(|z]) and h’ =T"(|y]). Then h,h’ € Nand |h—1'| > [T (x) —T"(y)| — 2.
Using the formula for counting lattice paths we have
_ n(iyl) — oy — 1 plelh+m) r p(lylh) (ly)h))
P(h—h =m|T"(ly]) =) = LPyy LP(, rsm) (LP(O,%) ) :

By > IX.1 on page 615 of [7] we see

P(h—h' =m | T"(ly]) =)

< ly] <(m _ &L%J_ m)/2> <(Lyj L—yJLSC_J L—gcjm)/2> ((LUJ L—th’)/2> i

Zexp [ — (W +m)? _ (m)* ()?
<C|y] P( 20z] 2(LyJ—L$J)+2LyJ>

<ontes ()

If |y —z| < n%6 and |m| > n%* then the above expression is bounded by n? exp(—n?2/2).

The height of I'" is bounded by n so there are at most n possibilities for m and n possiblilities
for h’. Moreover there are at most 4n? possible pairs (|z], |y]), so for all sufficiently large

n the union bound gives
P (I0"(2) = T"(y)] > n®4|e — y| < n"9)

< ¥ > eien (i)

0<j<k<2n,|j—i|<n0-6 0<h/ <n n0-4<|m|<n
< 4CnS exp(—n~"%2/2)

< exp(—n"1).
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Any r € (0,0.1) will suffice.
O

Now we show that |i(x) — x| will typically be small enough so that we may apply Lemma

[[3.1] Consider the event

C: {le[g)n] (ac - %(x)) > no'l} .

Lemma 1.3.2. Let I'™ be chosen uniformly from Dyck®™. Forn sufficiently large there exists
r > 0 such that
P(C) < e ™.

Proof. Based on our bijection (nt) — i(nt) > n%! if the corresponding Dyck path has a run
of n%1 increases. The probability that a Dyck path has a run of n%! increases beginning
with the ith upstep is given by
LPE ey (LEEY) < /02
There are at most n runs of increases so by the union bound every run of increases is
less than n®! with probability at least 1 — n(3/4)""' 2. Then we may conclude for fixed

r > 0 and every n sufficiently large

T

P(C) < n(3/4)l"" "L < e

for some r > 0.

O]

Lemma 1.3.3. Let I € Dyck®® be chosen uniformly at random. There exists constant

r > 0 such that for n sufficiently large

P ( sup |I'™(2nt) — M™(nt)| > \@no'45> <e ™,
t€[0,1]

Proof. We prove this lemma by showing there exists a constant » > 0 such that for n

sufficiently large lines and are each bounded by %e‘”T.
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From > IX.1 on page 615 of [7] there exists a constant s; > 0 such that

1 s
P (sup I'"(2nt) > n0'51> < 567" '
t

Let s2 and s3 denote the constants from Lemmas [1.3.2] and [1.3.1] respectively. Finally let

r= min(sl, 52, 83).

By Lemma [I.3:2]
P <sup r"(2nt) — 1" (22(nt))‘ > n0'4)
t
<P (sup r"(2nt) — 1" (2%(7175))‘ > n0‘4’C6> +P(C)
t
n n z 0.4|,c 1 —n"
<P <sup r"2nt) - T (Zz(mf))’ > n?|C > +—e "
t 9

By Lemma there exists sa > 0 such that

P <sup
t

r"2nt) —1" (22(7125))’ > n0'4‘CC> < %e_”r

giving

N 1 r
P <sup r"2nt) —1" (22(m‘)>‘ > n0'4> < ge_” .
t
This handles line [[L5l
By definition, H* =T1"(2i — H"). Also i € I" so

M (i(nt)) = HE =T (2nint) — HZ )

By Lemma|1.3.1f conditioned on H(”At) < nos1
n

N N 1 r
P ( sup ‘F" (Zz(nt)) - (Qm'(nt) — H? )‘ > n0'4‘{sup HY < n®1}) < Zem.
+ i(nt) : i(nt) 9

Then we have

P <812p ‘F" (2%(mf)) _ (2%(nt) - Hﬁm)ﬂ > n0‘4> < %e_"r + e
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giving the proper bound for line

Lastly we consider the quantities
j(nt) ;== inf {j : j > nt}
jeIn
and

f(nt) = {k € I":i(nt) < k < j(nt) and ]M”(k) —Mm (%(nt))

is maximal } .

By definition
)M“(nt) —Mm (%(ms )‘ < |mm (k; )) Ve (%(ms)) ‘ .

Moreover, k(nt) and i(nt) are in I™ so

P (tz%pl ‘M" (A nt)) - M" (%(nt))’ > n0'4>

-—P(mpurn@%mw IT?)>—F"@RM)—}QMJ‘>n“ﬁ.

By Lemma |1.3.2) sup;cjo 1] ’2]2:(7175) — 2%(nt)‘ > 2n0! with probability at most fe™"

With probability %e*” 5 H! ’z 9 and H]:‘( 5 are greater than n%>!. Let B denote the union

of these two events

{ sup |2k(nt) — HY 2i(nt) + H" ’ > n06}U{ sup ‘2/2:(1@1?) — 2i(nt)| > 2n%1}.
t€(0,1] h(nt) Ynt t€(0,1]

By the union bound we have

Conditioned on B¢ we may apply Lemma to show that

P(F”

(2k(nt) — 17, ) = T (2iC0t) — ) ] > n%4|B°)

—n"

< —e

O =

Removing the conditioning we have

P(F”

(2knt) — 7 )~ 1" (2iCnt) — T )| > ) < %e_"r bl g
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The union bound gives

B

" (21%(ms) _ Hg(m)) _r (22(m§) — H{Em)ﬂ > n0~4)

e +13e ™ +13e

<

T
—-n
€ )

IN
Wl Wl

properly bounding line
Combining the bounds for lines through gives the desired bound for the lemma.
O

Scaling the expression in Lemma [1.3.3] gives Theorem [1.1.1

1.4 Fixed Points for 231-avoiding permutations

For a 231-avoiding permutation o € S,(231), let 67(0) denote the number of fixed points of
o contained in the subset I C [n]. Based on our bijection from Section for a v € Dyck®®
and o = o, and o(i) = i precisely when [;/2 = h;.

Theorem 1.4.1. Fixr 0 <a <b<1lande>0. Let '™ be chosen uniformly at random from
Dyck®™. Then

3/2
. 1 1 b 77,1/2
Jim P We[an,bn](arn)—%l/g/a (Fn(Qnt)> dt| > e | =0.

We set up the notation necessary to prove Theorem 6.1. We break the interval [an, bn] up
into subintervals of size about n%. In each of these intervals we will estimate the expected
number of fixed points using the height of Dyck path at the start of the interval. Then we
will bound the variance to show that with high probability the number of fixed points is
close to the expected value.

Label the intervals Ij, = [ay, by) for k € [0,--- , K — 1], where K = [(b — a)n®!] and
ar, = |lan + (k/K)(bn — an)| and by, = ag41.

Denote a sequence of heights o = {aﬁ}kK:Bl and define

K-1

0(«) = ﬂ {ve Dyck?|y(va, ) = ag }
k=0
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where v,, is the total number of steps to and including the apth up step. Note that

Q" () NQ™(o/) =0 if a # o/. Let A denote the collection of all a.

Definition 1.4.1 (A Proper Subset of Dyck®"). We say a sequence of heights o = {az}szo

is proper if the following are satisfied:

o n0499 <t < 030 for qll 0 < k < K and

o laf —af | <n®P for0 <k < K.
We say Q"(«) is proper if a is proper.
Definition 1.4.2. Recalling Definition|1.1.5, we define the random variables for a random

path T € Dyck®™ :

o V" := number of steps up to and including the ith up step.

o H' :=T"(V").
o L := the length of the ith excursion.

Let B,, denote the collection of proper o € A. Most I'™ € Dyck®" will be in some proper
Q" ().

Lemma 1.4.2. Forn sufficiently large, and T'™ be chosen uniformly at random from Dyck®",

P (r" c U Q”(a)) >1—o0(1).

OAEBn

Moreover

P ﬂ {n0'49 < H' < n0'51} ‘Qn<a> S _ gm0t
i€[an,bn]

for all proper Q" («).

Proof. The first statement follows from Lemmas [1.5.10] and [1.5.11} The second statement
follows by applying Lemma [1.5.12] to the intervals I for 0 < k < K. O
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For a fixed sequence of heights «, let k(z) = sup;{2ay, —ap < x}. We define the following

function p, : [2an, 2bn] — [0, n]

For v € Q"(«), vq, = 2a1, — o and ¥(va,) = pa(ve,) = . For most v € Q"(«), v will be

close to pq.

Lemma 1.4.3. Fiz 0 <a<b< 1, and € > 0. For all n sufficiently large,

3/2 3/2
n1/2 / n1/2 / —0.01 n _TLOAOOI
max { P | sup || ——— N s >n Q" (@) <e .
a€Bp tefap] | \ Pa(2nt) I (2nt)

Proof. Let k = k(2nt). By definition Va; < 2nt < g, SO

0.9 0.451 0.9
2nt —ve, | < |20 — 205, —of +of [ <2077 +n <3n>7.
We can expand the proof of Lemma to include deviations bounds for all i €

(ag,ag+1) for 0 < k < K. In particular we have for ¢ < 3,
_,0-001

P(T" (v, + tn*?) — T"(vg,)] > n®*]0" () < e

By Lemma [1.5.12) T™(2nt) > n%4Y with probability 1 — e~%%1 so with probability at least

_pn0.001

a2\ a2\ P2 nl/2 3/2 a2\ 2
paznt) ) T \Trean) | | S\ T =05 ) T\ T

Y " 1
I'(2nt)

< n0.015n—0.03

1—e

1 3/2

T 1 1046/ (2nt)

< n—0.0l‘
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Lemma 1.4.4. Fiz 0 < a < b < 1. For all n sufficiently large,

or}é%)i n- 1/4E [e[an,bn]

3/2
n 1 b n!/? —0.001
Q (04)} — 27r1/2/a <pa(2nt)> dt| <n :

Lemma 1.4.5. Fiz 0 < a < b < 1. For all n sufficiently large,

ggg{b Var [H[Gmlm] ’Q”(a)] < n048,

Because these bounds are uniform over all proper Q"(a) we will drop the a where no
confusion should arise. We delay the proofs of these two lemmas until after the proof of
Theorem [I.4.1] as they are long and somewhat technical. Many more technical calculations

are pushed to Section to make the proofs of Lemmas and more readable.

Proof of Theorem [1.4.1. Fix a proper Q". For all n sufficiently large and I'"™ chosen uni-
formly from Q", by Lemma and Chebyshev’s inequality

P (‘e[ambn](arn) — K [Q[GH,anQn] ‘ > n0.005n0.24’9n> < 001

With Lemma [1.4.4] we have

1/4 1 b nls i 0.005 0.001 0.01
P 1n™ " Olanpn) — 2771/2/a (2n) dt| > n +n Q" <n .

Combined with Lemma [[.4.3]

1/4 1 b n!/? i 0.001
P n / a[an,bn](U?) o 27.‘_1/2/ F”(Znt) dt| > 2n"" Q) = A(Qn) (18)

where A(Q2") = o(1) uniformly for all proper Q.

Now consider I'" € Dyck?®” chosen uniformly at random.
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1/4 1 ’ nl/2 i 0.001

SP(I™ ¢ UaesQ™(@) + > A(Q"(0))P(I™ € Q"(a))
a€EB

< o(1)

by Lemma [1.4.2

1.4.1 Proof of Lemma

For i € [an, bn| we have that 6; := 0;(op») is a 0-1 valued random variable where
PO, =1)=P(L}/2 = H}").

Let I, = Ii" U I2% where I?" consists of the 2n%6 values both directly after ay or directly

before apy1 and I,i”t is the rest of Ij.

Lemma 1.4.6. Fiz 0 < a < b < 1. For all proper Q™ and for each k, and i € I,i"t.

n 1
E[6;|2"] = W(l +4),

where A = A(i, k, Q") = o(n=%Y) is uniformly bounded for all choices i,k and proper Q™.
Proof. For each k the and each ¢ in I,i”t the conditions for Lemma are satisfied since
Q™ is proper. Therefore

E[6]0"] = (1+4)

27(1/2(042)3/2
as desired.

O]

For I?"* we look at E[f70u:[2"] as a whole rather than computing E[6;|Q2"] for each

individual 7.
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Lemma 1.4.7. Fiz 0 < a < b <1 and proper Q". For all v € Q"
Zellgut S 5”021
k

Proof. For each k, I,‘;“t consists of two intervals of length 2n%¢ which can be covered by
less than 5n%6/n%? subintervals of length n049. As Q" is proper, then h; > n%% for
1 € [an,bn|. Then by Lemma [1.5.13| each of the subintervals has at most one fixed point.

Then ellgut < 5n%M for each 0 < k < K < n%!. Adding them up proves the lemma.

Lemma 1.4.8. For fired 0 < a < b < 1 and proper Q",

[bn]
n 1
E[e[an,anQ ] = (1 + A) Z W’
j=lan] J
where A = o(n=%%Y) is uniformly bounded for all proper Q"
Proof. By linearity of expectation:
K—1 K—1 1|1
E[Q[an,anQn] = Z Z E[Ol’|9n] = Z Z ]E ak+1|Qn
k=0 i€}, k=0 i=0

For each k, and aj, + i € I'™, we can apply Lemma m to conclude

1

E [Gou i) = 5 rrapamyn

1+ A(, k, Q)

where A(i, k, Q") = o(n~%%1) is uniformly bounded for all i, k and proper Q".
By Lemma [1.5.12] we know the paths are high enough to apply Lemma to show

that B[}, Orou] < n%22. On the other hand o < n°%®! implies

> Elfne 2" Z > 771/2 3/2(1+A(i’k’ﬂn))
K

ZEI'Lnt
> § E : n—O 765
Ze[znt

> n0.23
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so the contribution from ), E[f Izut|(2"] is dominated by ), E[# Izi"tmn]' Then by Lemma
[[.4.6] and [L.4.7

B B |2'] = Bl |7)+ 3 Bl

| mt

Zk: 2771/2( n)3/2

= 5n%2! (1+ Ak, Q™)

= (1+A(0") Z 2r1/2()3/2
k

where A(k,Q") = o(n=%%) is uniformly bounded over k and proper Q" and A(Q") =
o(n%%1) is uniformly bounded over Q™.

For each k, |Ii| = (1 + O(n=3))|Ii"| by the definitions of I and /™. Then the above
expression becomes

n n I
B ] =1+ A(© >>Z27T1/2‘(g‘n)3/2

1+ A%Q") ZZ 7r1/2 3/2

k ]GIk
with A’(Q") = o(n~%1) uniformly bounded over all proper Q". For j € Iy, p(V]') = af,
finishing the proof.
O

Proof of Lemmal[Il.7.J. By Lemma- 1.4.8 we can write the conditional expectation of 64, pn)

as

Lbn] .

B (Ofan,on)| "] = (1+A) Y 212 (VY
i=|an] v

where A = o(n~%%1) is uniformly bounded over all proper 2. Converting the sum into an

integral we have

bn 1
Eld Q" =(1+A du.
[ [an,bn” ] ( + )/an 27T1/2p(VLZJ)3/2 u
The change of variables nt = u gives
b 1
Elflan 2] = (14 ) | gt
a 27T1/2p(VLntj )3/2
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By properness of 2", |p(Vﬁth) — p(2nt)| < n®#L and p(2nt) > n%19 for t € [a, b] so

1
p(Vy)3/2

1

=1+ 0(n70'001))7p(2m)3/2.

Scaling by n'/* completes the proof.

1.4.2  Proof of Lemma

gmt

Now that we have the conditional expectation E| fan

. |Q2"], we will bound the conditional
variance, Var|0q, p,|Q2"]-

Our basic variance equation is

Var (0], 5" = > E[0:0;]Q"] — E[0;|Q"E[6,]Q"].
,J

The key to bounding the conditional variance for a proper Q" is understanding E[¢;60;]2"]
for various ranges of i and j. We cover [an,bn]? with U?_, B; where each Bj is defined as

follows:

By = Uy Ups T2 x I,

By = Uy, Ups {27 x I} LI x I},

Bs = Uy, Ukr £k I,im X I]ij‘t,

By = Upli™ x {j € Ii"s.t.|j —i| < 2n0C},

Bs = Ui x {j € II"s.t.|j —i| > 2n"5}.

For each B; we will show that
Z E[Qleﬂgn] _ E[QJQ”]E[QAQ”] _ 0(77,0'48).
(27])€Bl

Hence the total variance is o(n%48).
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Consider the property

P = ﬂ {n0.49 < Hzn < n0.51}‘

i€[an,bn)
The following allows us to consider only paths that satisfy this property when computing

the variance.
Lemma 1.4.9. Fiz 0 < a < b < 1. For n sufficiently large and proper Q"

S EBIQ=@1+4) Y E[0:0;1p|Q"]
(3,5) €[an,bn]? (4,5)€lan,bn]?

with A = o(1) uniformly bounded for all proper Q™.
Proof. Since 0;0;1pc < 1pc, by Lemma [1.5.12| we have
0.001

E[0;0;1pc|Q"] <E[1pc|Q"] <ndexp™

Noting that 0;0; = 0;,0;1p + 0;0;1 pc and taking expectation gives

E[0;0,]"] < E[0:0;1p|Q"] + E[1pc|Q"] < E[0;0;1p]Q"] + n® exp(—n®0").

Summing over ¢ and j completes the proof.

For the following series of lemmas we will assume the following standard hypotheses.
e FixO<a<b<l.

e Q" C Dyck®" is proper.

_p0-0001

e Let n be large enough such that n’e < n~ %47 and for every proper Q" we have

that n?P(PC|Q") < n

__0.001 _,,0.0001
7e n <e ™

Lemma 1.4.10. Assuming the standard hypotheses,

D E[6:6;]Q"] < n®7,
(Zvj)eBl
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Proof. The union bound gives

> E0;|Q" <P(PYlQ") + > E[6:6,1p]Q").
(4.7)€B1 (4,9)€B1

By Lemmal|1.5.12) P(PC|Q") = n3e """ For fixed k' we may use Lemma |1.5.13/to show

0wt B[0;]%] < 20067049 o matter the conditions given by *. In particular we have
jEIk, J g

> E[6:6;1Q7 < P(PYIQ™) + Y E[6;|Q", P,6; = 1E[6;|Q", P]

jergm jeren

< E[6;]Q")4n"0704,

Then

%:;Z > E 991PIQ”§ZZZ 0;] Q"] 2006049

EIout ]Elout k/ lelout
E E 4n0 .22
k /

<n 0.4

Lemma 1.4.11. Assuming the standard hypotheses,

> E[6:6;]Q") < 607,
(4,7)€B2

Proof. This follows the proof of Lemma closely. By Lemma [1.5.13

ZZ Z E[0;0,|Q"] < n®P(PY) +ZZ Z E[§;]7]2n06-049
P

Iout ]eIout 1% 7lelout

For each k and each i € I*, Lemma and the properness of Q" imply that

E[0;/Q"] < (n~0-499)3/2 < =074 Then



25

ZZ Z 3n0‘11E[01\Q”] S 3n0.1n0.1n0.9n0.11n70.74 < 3TL0'47.
koK el

Changing the roles of ¢ and j and doubling the upper bounded completes the proof. [

Lemma 1.4.12. Assuming the standard hypotheses,

> E[6:6,1Q7] — E[6;|Q"E[6;]Q"] < n®7.
i,j€EB3

Proof. The flavor of this proof is somewhat different from the previous lemmas. Without
loss of generality we may assume that k < k.

If 6;,1p = 1, then the corresponding ith excursion will end before the aith excursion
begins as

L?/2 = H' < n"! < 2000

and aj > i + |I"*|. Therefore, for i € I), and j € Iy,
E[0;6,|Q", P] = E[6;|Q", P]E[§;|Q", P]
and

> (E[0:0;197] — E[6;|Q"E[6;]2"])
(i,J)€Bs

<nPPPOIQM) +2) ) > Y (E[6:6,197, P - E[6:|Q", PIE[6;|Q", P))
k k’>kiel,im J€l;,
< n5 exp(_n0.00I)

< n0.47

Lemma 1.4.13. Assuming the standard hypotheses,

D E[6:6;]Q"] < n®7,
(Z,])GB4
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Proof. By Lemma

> E[0;0;19"] < n®P(PC) + 5000 YR [9;1p(Q7).

|i—3|<2n0-6

For each k, [I;"| < n%9 so

Z Z 5n0.11n—0.73 < 5n0.1+0.9+0.11—0.735 < n0.47

k ierint

The last possibility is the one which requires the most care.

Lemma 1.4.14. Assuming the standard hypotheses,

> E[6i6;1p|Q") < n7.
(4,9)€Bs

Proof. We proceed in a manner similar to Lemmas [1.5.6| and [1.5.7} For (i,7) € Bs, with

. t
ie I,

E[9i0j1p|Qn] = Z Z G(iaja h» hl,dkvak—i-laa%’azb—i-l)'

n0-49 < h < 0.51 1,0.49 7 1 0.51

where

.. /
G(i,j,h, W, ag, apqr, g, gy )

no o —
Vag41:%41
Vay, 0

2%i—hyh
=Ch1Cp 1 51,%7@2

2i—h+2h—1,h—1| [€2j—h'+2h/—1,h/—1

g2 W ’

n
5”%+1 Xt ‘

For fixed 7, j and k there are two cases to consider for values h and h’. One where we can
use Lemma for each each section of the path, and one where we bound G by e
using Lemma [I.5.1]

Define the set of pairs of heights D; ;j such that for (h,h') € D; ), Lemma is
valid for each of the path sections. For (h,h') ¢ D; ;i the contribution to E[0;0;1p|Q"] is

_p0-001

bounded by e~" " Otherwise
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709
i(j — ) (%0 — j)h3h®

E[0:;0;1p/Q" < )
(h,h')ED; ;1

F(i,j,h,h',of, of 1)

where

y ho o) (B (0 W) (e — o)
Fi,j b1, al, b, ) = _(hmaf)” — kel i
(1’7]7 ) ’ak7ak+1) eXp ( 43 4(] - 'L) 4(77/0'9 - ]) * 4n0

1

i )o72 with n =147, By Lemma [1.5.15( there

For h and ' € (n%% n%5!) we may replace

exist a large constant C such that

o S i(j—)(n09 — j
ZF(Zajahv h,7ak7ak+l) < C\/ (j 31(0‘9 ])

h,h!

uniformly over all choices of (i, j) € Bs and aj} and aj, ; from a proper sequence of heights
This gives
Z E[019]1P|Qn] < Z Cn—1.47 < Cnl.gn—1.47 < 7'[,0'47.

0

Proof of Lemma . Lemmas (1.4.9] |1.4.10}, (1.4.11} {1.4.12} [1.4.13] and com show
that the variance Var[H[(m’lm} Q"] < 8n047. -

The following section contains various technical lemmas that will be used throughout the
paper. The statements of the lemmas are similar to results found elsewhere, but modified

for use in this paper.
1.5 Technical Lemmas

We begin with a useful Lemma that will help count non-negative lattice paths between
points. Let A, denote the set of points {i,m} € Z? such that 0 < n%% < i < n and

Im| < 0.

Lemma 1.5.1. For {i,m} € A,.



28

<2i — m) (14 A(i,m))4"6_%_2
i omy/ri

where A(i,m) = o(n=%1) is bounded uniformly over i and m in A,

For i > n%% and |m| > i®F

2i —m 45 oa
. < —e .
7 - 2m

Proof. This first equality follows from > IX.1 on page 615 of Flajolet and Sedgewick [7]. For

;0.6

the second equality we let m = i%% +r or m = —i%6 — r for some r > 0.

2% —m\  [2i—i® ﬁiiO'Gk
i B i 200 —k

< 02/4 22—2206—2/€
- 2106+7‘ H 92; — 406 _

< iiefno.12/4.

< om
A similar computation holds for m = —i%6 —r.

O

Consider a lattice path starting at (vg, hg). Recall Definition We may extend
those definitions to general lattice paths with a slight modification. The definitions v; and
h; remain the same, the position and the height after the ith up step from the start of the
path. For [; we do not necessarily have an excursion. If the path never returns below h; at

some time later than v; then we say that [; = oo.

Lemma 1.5.2. Suppose {i,m} € A, and h = hg + m. The number of lattice paths from
(vo, ho) to (v, h) is given by

() e () 2

where A(i,m) as defined in Lemma[1.5.1]
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Proof. Let ¢ and d denote the number of up and down steps respectively in a lattice path
up to and including the ith up step. We denote the total number of steps by v; = i+d. The
change in height for that path is given by h —hg = m = ¢ —d. Then v; = 2¢ —m counts the
total number of steps. The second to last position of the path is (x+2i—m —1,hg+m —1)
since the v;th step is assumed to be an up step. Therefore the total number of lattices paths
from (vg, ho) to (vo+2i —m—1, hg+m—1) is counted by Lemma|[1.5.1] giving the equation
found in Lemma [.5.2]

O

Now that we can accurately count the number of lattice paths from one point to another
we can count the number of non-negative paths between two points. For a pair of points
(vo, ho) and (v;, h;) we let E;JSZS denote the set of non-negative lattice paths ending with an

up step between the two points.

Lemma 1.5.3. Fori,m € A, let hg > n®4%, v; = vy + 2i —m, and h; = hg +m. Then

ey p— ™) (14 A
vo,ho _Wexp _TZ. ( —+ (va))

0.1)

where A'(i,m) = o(n™"") is uniformly bounded over i,m € A,.

Proof. We count using standard ballot counting arguments.
5U0+2i—m,h0+m _ 20—m—1 B 20—m—1
vo,ho i—1 i+hy )

() < () et thop 20,

i+ hg 1—1

For hg > n%49,

Moreover (hg)?/2i > n%97 so

i,k 29 —m—1 ' 4 m? .
voho| — < i—1 (14 O(exp(—n""))) = W XD\ T (14 A'(i,m))
as desired.
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For paths chosen uniformly from Sgg Zé for 0 < i < j we would like to know for various
values of ¢ and h how many of these path go through the point (v;, h) after the ith up step.

Given I' € £ ]’h] chosen uniformly at random what is the probability that H* = h?

Lemma 1.5.4. Fiz vy, ho, h; and h;. Let X™ be chosen uniformly from For h >0

Uo ho

and 0 < 1 < 7,

gvj:hj vj,h;j
vo,ho

IP’(H?"” = h) = 2i—(h—ho),h

7

2i—(h—ho),h
gvo,ho ‘

Proof. Any path in 5;]5 Z(J) can be decomposed uniquely into a concatenation of two paths,
one in Eggzg and the other in 5:: ,ZJ for some appropriate values of v; and h; that satisfy
i = Vo +2i — (hi — ho). If h; = h, then v; = vo +2i — (h — ho). The set {X” € £y = h}

is in bijection with 5”“ X 5”7’ 7. Then

P(H} = h) =|{T" € g =} e
| ¢2i—(h—ho),h vj,h;j vihj| ™
- Svo,ho 52i7(h7h0),h v0,ho
as desired. ]

Lemma 1.5.5. Fiz vy, ho,v;, with h; such that v; — vy = 2j — (hj — ho) as above. Also fix

i,h >0 and i < j— h. For X™ chosen uniformly from Vi1

1)0 ho?

vj,h; vj,h; -1
P(L}/2 = h|H] = h) = Ch_1 |E,)]7 (h—ho)+2h—1,h— 1‘ €91 (h—ho).h

Proof. Let X™ € 5:;; Zé also satisfy H]' = h. From Lemma [1.5.4] there are precisely

(h—ho) vih
‘gvo,ho O HSZZ] (h ho) h‘

such paths. Each of these paths that satisfies L'/2 = h has a unique decomposition into

three parts:

o A path X7 € g2 hon
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<

N——|
—~

(vo,t

Figure 1.5: Decomposition of X™ into X", X, and X3

e an excursion X3 from (2¢ — (h — ho)i, h) to (2i — (h — ho) + 2h — 2, h), staying above
h—1,

e a single down step from (2¢ — (h — ho) +2h — 2, h) to (2i — (h — ho) +2h — 1,h — 1),

vi,hy
e and a path X7 € 821?—(711—h0)+2h—1,h—1‘

The choice of X7', XJ', and X3 uniquely determines X". There are

2i—(h—ho),h
vo,ho

) Ch—h and

g”f’hf
2i—(h—ho)+2h—1,h—1

such choices for X7, X', and X7 respectively. Therefore

_ oy | e2i—(h—ho)h v;,h;j 2i—(h—ho)h| | ovj,h; -1
P(L}/2 = h|H = h) = |E, Ch gZij—(Jh—ho)—Wh—l,h—l‘ ( Eanho ‘ 525—(2—%),11‘)
vj,h; vji,h; -1
= Cha 521‘]—(]}1—h0)+2h—1,h—1‘ 525—(]h—ho),h

Lemma 1.5.6. For X" € Esj’;;’ chosen uniformly at random and 0 < i < j,
0,0

ho+1
P(L}/2=H]') = > Cha
h=max(0,hy—(j—1))

2i—(h—ho),h
gvo,ho

vj,hy vj,hg |
gQi—(h—ho)-i—Qh—l,h—l‘ g’vo,ho
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Proof. 1f L?'/2 = H then there is some h € N such that {H] = h} N {L}'/2 = h} occurs.

Therefore

{mr/2 = mPy = \JHr = hhn{12/2 = 1}
h

Luckily the event {H' = hN L?/2 = h} is disjoint from {H]' = ' N L}/2 =K'} for h # 1.
Then
P (U{Hz-” =h}n{L}/2 = h}> =Y P({H! =h}n{L}/2=1}).
h h

If h ¢ (max(0, H}' — (j — i), ho +4) then P(H]' = h) = 0. Otherwise we have
P({HP = h} N {L/2 = h}) = B(L?/2 = hH? = ) P(H? = h).

Combining Lemmas and provides the result.
O

Lemma 1.5.7. Let 0 < i < j < O(n®?) with i > 2n%% and j —i > 2n%C, and let hy €

(0499 n0500) = Define m and mj such that hj = hg + m; and h = ho + m where |m;| <

0.6’ n0.451) -0.6

. Let Mypqz = min(i%%, m;+(j—i)*

min(j 5 and muyin = max(—i%9, mj— (—1)29).

For mpin < m < Mpax

n /o __ n _ n __ _ \/j ex _(jm_imj)Q
By 2= W = WP = 1) = e (U Y (v )

where A = o(n~%%1) is bounded uniformly of values of i, j, m,m;, ho that satisfy the above
conditions.

For m < mpin or m > Mpaz,

P(L}/2 = h|H} = h)P(H} = h) < exp(—n®"),

Proof. The summand in Lemma [1.5.6]is given by

gl)j ,hj ‘ i

(‘:Uj ,h]

2i—m,h
€ v0,ho

vo,ho

P(L}/2 = h|H]" = h)P(H]" = h) = Ch 2i—m+2h—1,h—1

By Lemma we can make the following substitutions:
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h—1
Ch-1 = W(l + A1(h))),
2i—m,h 2(i—1) = (m—1) 4! —m?2/4i .
gvo,ho - ( i —1 - 2m+1ﬂ-1/2i1/26 / (1 + A2(27m))7
qu',hj _ 2 —i—h)— (mj —m)
2i—m+2h—1,h—1 ] — i —h
4j—i—h

— —(mj—m)?/4(j—i—h) i — i
Toamempi (- iRt (14 As(j =i = hymj —m)),
4j*i*h 2 o
— —(mj—m)*/4(j =) P — P
om i 2(j — )1 2¢ (1+ B2(j —i = hymj —m)),

vih; 2(j—1)—(m; — 1) 47 —m2 /45 ;
Euoiho —< j—1 = gzt (L Aelgimy)

0.01

where both A; and As are bounded uniformly by n™""" over all parameters satisfying the

conditions of the lemmas. Combining these equations together proves Lemma [L.5.

Let’s consider the special case where j =~ n°.

Lemma 1.5.8. For X™ chosen uniformly from Sgg:; with 1, j, ho, and h; satisfying
o j=n"91+ A,

n0-499 < ho < 7n0-501

o ic (2n%6, n09 — 2000y,

hj = ho +m; where |m;| < n%451,

P(L?/2 = H' — 1) 1+A),

B 1
- 27T1/2(h0)3/2(
where A’ < n=%1 and A = A(i, ho, hj) = o(n=%0) is uniformly bounded for all i, ho, h; in

the ranges above.
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0.6)

Proof. Let My = max(—i®% m; — (5 —4)%%) and muee = min(i%%, m; + (j — 1)*°) and

consider the inequality which follows from Lemma [1.5.6]

Mmazx

> P(L}/2=ho+m|H} = ho+ m)P(H}' = ho + m) (1.9)
<P(Li/2 = H}")
<ne™™™ 4 ST P(LP/2 = ho +m|H] = ho + m)P(H] = ho + m).

Lemma [1.5.7] gives

P(L} /2 = H})

ey ' im — im;)?
(™) 2 i(j\/—ji)(ho)?’ o <_w> (1+4)
_ —0.001yy [T 1 (m —imy/j)? "
= (1ol ) /mmm 4m\/i(1 = i/5)(ho)? P ( 4i(1 —1/j) ) (1+ &)dm.

By our definition (mynin — %mj) < =% and (Mnae — %mj) > nY01 Therefore the

integral above is computed in the standard way, with

t 2
/texp (—W) dm = 2¢271 2 4 5(t).

where §(¢) is an error function with exponential decay.

n ny __ 1 —0.001
P(L; /QZHH—W(L*‘O(“ )

O]

Corollary 1.5.9. For any k € R and « € (0,.48) let T'™ chosen uniformly from 53;2” with

0

i, J, ho, and h; satisfying
o j =091+ A,

° n0.499 < h(] < n0.501'



35

e ic(2n 06 709 _ 2n0'6),

e hj = hg+m; where |m; | < n%41

P(L}/2 = H = h{i(n = 1)/n)") = 5o (14 ),

where A" < n=%1 and A = A(i, ho, hj) = o(n=%0) is uniformly bounded for all i, ho, h; in

the ranges above.

Proof. The proof goes exactly as in Lemma with L = H[* replaced by L} = H —
k(i(n — i)/n)®. The order of k(i(n —i)/n)® is less than n%* so it will not affect the

approximation. O

Lemmas [1.5.11], [1.5.10] and [1.5.12] are used to show that a typical Dyck path is in a

proper ).

Lemma 1.5.10. Fiz 0 < a < b < 1 and let ar, = |an + nk/K| where K = |(b — a)n®!].

For T™ € Dyck®™ chosen uniformly at random,

<m{n0 .499 < Fn Vn) 0.501}) >1— 0(1).

Proof. The key fact here is that the Brownian excursion, e, is positive for ¢ € [a,b] when

0 <a<b< 1] For some continuous function g such that lim,_,o g(z) =0,

P < inf {e;} > 6> >1—g(e).
t€la,b]

Convergence of scaled I'/(2n)'/2 € Dyck®"/(2n)'/? to Brownian excursion says we can
choose n large enough such that P(infyc 4 {I"™(2nt)/(2n)} > €) = 1 — 2g(¢). Then
P( inf T"(2nt) > en1/2/2> >1—g(e).
telan,bn]

0.001

Letting e = 2n™ proves the lower bound holds for each I'{;, .
ag
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By standard ballot count analysis for ¢ € [an, bn] and the approximation used in Lemma

5.4

05 0.5 , 0.5
w05y 170 (20— _omn?? (2n—2i+rn
P = ) =Cy i < i )n—i+7“no‘5< n—i

< T2 7’!’2/4
“n(a(1-b)"

Letting r = n%001 gives

o
P (Fn(‘/;n) > n0.501) < / Cr2€—7*2/4d7,, < €_n0.001
17,0001

as long as n is large enough. Then by the union bound

P LK™V > n001}) < e,

Therefore

(m {no 499 T ( Vn) 0.501}> >1— g(n—o.ool) _ ne—no»om =1-o(1).

Lemma 1.5.11. Fiz 0 < a < b < 1. For any n large enough and T € Dyck*™,

K-1
P ( U {IFn(Va") Fn(VaYZH | > no- 451} ‘ ﬂ {no 499 " Vn) 0,501}> P

k=0
Proof.
P (Fn(van) Pn(vn ) — yn0.45

Ak+1

10-499 < AP <n0'501)

gvn +2n0 9_yn0A45’AZ+yn0A45
Vo AR

<z!

. s 0
for some normalizing constant Z ~ 4"
Since A} > n%499 we may use Lemmam to show

Evn +2n0 9fyn0‘45,AZ+ynO'45
VJL,A"

z 1 < 2¢7 M,

Integrating this expression over |y| > n%%! shows

P(|Fn(van) Fn(vn )| > n0.451) < 4€—n0'001

Ak+1
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This bound is uniform for all I"(V;") > n®4%9. Therefore for large enough n

K1
P ( U {!Fn(VJL) — TV )| > n0451 0499 < (V) < n0'501}> < Ao

Ak+1
k=0

_p0-0001

<e

O]

Lemma 1.5.12. Fiz 0 < j < 2n%°, and ho, hj both bounded between nY499 gnd nV-°01, For

i hj .
X" e 53; hy Chosen uniformly at random

P (n0'49 < H' <n®l vi e (O,j)) >1- nZe=n""

Proof. For i > j/2,if h < n%4 or h > n%5! then |hg — h| > n%498. We may appeal to
Lemma which gives

gvinh 4 _,0.08
’ vo,ho‘ 2h—h0+1e
and
j—i
£ | < Y
VDS QR =Rt

Then we can conclude

_.0.08
P(H] < n%49 or H} > n0'51) <e "

A similar bound can be found for i < j/2. Summing over 0 < h < n%4 and n®?! < h < i

gives

0.08

P(H,Ln ¢ (n0.49’n0.51)) < ne "

Now apply the union bound to complete the proof.
O

The following two lemmas are deterministic and allow us to bound the contribution to

the total number of fixed points by small intervals.



38

Lemma 1.5.13. Let I C [an,bn] denote an interval of length at most n®. For ~ € Dyck®",

if hy > n%1 for alli € I, then

Proof. 1f the jth excursion is contained in ith excursion, then both h; > h; and [;/2 < {;/2.
If §; = 1 then for i < j < ;/2, 6; = 0.
For an interval I with |I| < n%4? suppose at least one fixed point exists. Let i* denote

the first excursion that satisfies 6;, = 1. Since ¢* corresponds to a fixed point,

i« = hy» > n%49,

Therefore, for all j € I such that 5 > i* the jth excursion is contained in the ¢*th excursion

and ¢; = 0. Therefore either 67 = 0 if no such ¢* exists, or §; = ;= = 1. For an interval of

a—0.49 0.49

size less than n®, it can be covered by n intervals of size n each of which has at

most one fixed point so the total number of fixed points will be bounded by n®~=049.

O

Corollary 1.5.14. Let I C [an,bn]| denote an interval of length at most n®. For v €
Dyck®™, if hy > n%% for all i € I, then

K,a a—0.49
0,7 <2n .

Proof. The function f(i) = (i(n—1)/n)® can change by at most 1 over any interval of length
n4?. This implies that over any interval I’ of length n*° has 95’0‘ < 2. Then the result

follows as in Lemma [1.5.13 O

Lemma 1.5.15. There exists constant C > 0 such that for sufficiently large n and i, j,w

that satisfy the following:
o 206 4 <« j < n09 _ 2n0.6,

o |i —j| > 2n05,



39

o and w < n0L,

maa: Mmax 2 N2 "2 2
. m*  (m—m') (w—m') w
\I’(Z7]7w7n) = Z Z €xp <_ <+ j—i + n0.9_j o n0.9)>

m/ m"“nm Mmin
s 09 _ &
<C\/Z(J Z)(:9 7).
nY-

Proof. Our goal will be to convert this double sum into a recognizable form. Since the

summand is positive for all values of m and m’ we may replace the bounds of the sum with

+o0.
.. 2 (m _ m/)2 (w . m/)2 w2
\II(Zajaw;n /Z_:oomz_ooe)(p <_ <+ j—?, + n0~9_j _n0'9>>
3 Lo R\
< ; [eXP (_4 ( n09 — - no.g)) G(%J,m')]
where
.. oo 1 m2 (m _ m,)2
G N — S 1L/ims  (m—m)” |
o= $ (21520

With some algebra we see

for some positive constant C7 that does not depend on 7,5 or m’. Inserting this into the

upper bound for ¥(i, 7, w,n) gives

L. . 1 m/2 (m/ o ’U))2 U]2
U(i, j,w,n) <Cl\/7 2 Xp( 4<jjL n09 — _n0'9>>
.. . 1 no.g(m/ _ wj/n0'9)2
2 A\ =)

)(n09 — j)
SC\/ n09
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where C' > 0 and does not depend on %, j, w, and n.
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Chapter 2

BOOTSTRAP PERCOLATION

Bootstrap percolation first appeared in a paper by Chalupa et al [20] as a model for
ferromagnetism. Adler [23] provides a wonderful introduction to the subject.

In general we take a graph G = (V, F) with vertex set V' and edge set E and a parameter
0 which we call the threshold. Each vertex in the graph is initially in one of two possible
states, either open or closed. At each subsequent step a vertex can become open if at least
0 of its neighbors are open. Once open, a vertex remains open for all eternity.

We describe the increasing evolution of the configuration formally. Let w; € {0,1}V
denote the configuration of the vertices at time ¢ > 0. If a vertex v is open at step ¢t we say
wt(v) = 1 and similarly if the vertex is closed at time ¢, w;(v) = 0. For bootstrap percolation

with threshold 6, w; evolves as follows for ¢t > 0 :

1, wi(v)=1
wir1(v) =9 1, S wi(v) >0 (2.1)

0, otherwise

where v’ ~ v if there is an edge in F connecting v and v’.

Many natural questions can be asked. Given some initial configuration, we can ask what
the evolved configuration look like after some time. In particular we care about the steady
state, ws. Typically this is viewed probabilistically. Given a distribution on wg what can
we say about wee.

The first major progress came from van Enter [22] and later Schonmann [2I]. They
showed a 0 — 1 law for configurations on V = Z¢ with edges connecting each vertex to
its 2d nearest neighbors. In there model, initially each vertex is independently open with
probability p. For 6 < d, if p > 0 then the entire grid becomes open with probability 1. If

0 > d then everything becomes completey open only if p = 1.



42

The next big step in the history of bootstrap percolation was to view the process on an
increasing family of graphs G = {G,, = (V,,, E,,) } where the initial probability that a vertex is
open is given by a function of n, p = p(n). As each graph is finite, f"(p) := Pp(we = 1) can
be viewed as an increasing polynomial in p with f(0) = 0 and f™(1) = 1. By continuity
there is a critical value, p., such that f"(p.) = 1/2. Much work centers around finding
bounds on p. as a function of n.

Aizenman and Lebowitz [24] showed for the finite d dimensional grid, [n]¢, and threshold

0 = 2, there exists constants ¢, co such that ¢; < (log n)d_1

pe < ca. Moreoever, they show
that the transition for f"(p) from 0 to 1 is sharp near p..

In a widely celebrated paper Holroyd [25] showed that
pe ~ */18logn

when d = 6 = 2. Later this result was expanded on by Holroyd, Ligget, and Romik [26] to
d = 2,0 = k+ 1 where the neighborhood of a vertex is the k closest vertices in each of the
cardinal directions. They show p. ~ 72/(3(k + 2)(k + 1)logn) for this graph. These types
of results have been extended to higher dimesnions by [27], random graphs [28], and more
geometric settings [33]. It is a very active area of research.

Our graph of interest is the d-dimensional Hamming torus. The Hamming torus has the
same vertex set as the lattice, V = [n]¢, but the edge set is modified to connect every vertex
that can be connected with a straight path on the grid. In terms of the coordinates edge

set is

E = {(v,w) : v differs from w in exactly one coordinate }.

Gravner et al. introduced the study of bootstrap percolation on the Hamming torus
[31]. In their paper they focus on evolution thresholds greater than 2. They find threshold
functions of the critical probability, p.(6, d), for the event C = {wo = 1}, where P, (9.4)(C) =

1/2. They also consider finer structure:
Ci={3W c [n]? with dim(W) =i s.t. weo|w = 1},

and they find bounds for the critical exponent of threshold functions p.(6,i,d), where
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Pp.(0,i,a)(Ci) = 1/2. For i = 0 we slightly alter the definition to be

C={3vst. Zw(w) > 6}.

wn~v

In many cases they were able to show the critical probability is of the form p.(0,i,d) =
(14 o(1))an” for some B < 0. We call 3 the critical exponent. For d = § = 3 they showed
the threshold function for Cy, and Cy is (1+o0(1))an~2 and the threshold function for Ca,Cs
is (140(1))an=5/3, for some constant a > 0. They showed for d > 3, C; and C have different
critical exponents. For d = 2, and all values of 6, the critical exponent is the same for C;
and Cs.

We consider the case # = 2 and d > 2. Let j < v/d. We show that the equivalently
defined threshold functions for Ca, C4, -+ ,Ca; have distinct exponents. We will also show
for 7 < j, the threshold functions for Co;_1 and Co; have the same exponent. For ¢ > \/3,
we show that C; all have the same critical exponent. After we have determined the critical
exponent for these events, we will give a precise description of the asymptotics of p.(0, i, d).
Unlike the threshold functions for the grid Z? found in Holroyd [25], p.(6,14,d) is not sharp.

For this remainder of this chapter we drop the parameter 0 as it will always be 2.
2.1 Statements
First we need a few definitions.

Definition 2.1.1. A subset V C [n]? is a sublattice if there exists a set of indices 1(V)
and constants {cq}ierevy such that vy = oy for all 1 € I(V) iff v € V. We say V' has
dimension i if |[I(V)| = d — 1.

Definition 2.1.2. For a set of open nodes, S = {v : w,(v) = 1} at some time t, we denote

the open nodes of the evolved configuration by
(S) = {v:weo(v) =1 where wy(v) =1 < v e S}.

We say a sublattice V' is internally spanned if there exists a subset S C V' of open nodes

at time 0, such that V = (S).
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Definition 2.1.3. A sublattice V' is maximal in (S) if no other sublattice in (S) contains

V.

Our results center around the following events:

e Iy = {3 S C V such that wo(v) =1V v € S and (S) = V}. In other words V is

internally spanned.
e I; = {3V such that dim(V) =1 and Zy occurs } = Ugiyv)= Zv -

e C; = {3V such that dim(V) =1 and wee(v) =1 for all v € V'}.

Note the slight difference in the definitions of Z; and C;. For C; the only thing that
matters is the final state ws, where for Z; it is important how one gets to weo.
Lastly we prove a statement about the random variable D = supg<;<4{(1z,)}. This

gives the dimension of the largest sublattice that is internally spanned.

Much of the work is in finding bounds for the threshold function for Z; denoted by
pz(l,d). Then we show that p.(l,d) = p.(2,1,d) will have the same asymptotic behavior as
pr(l,d) when [ is even. We also will show for odd dimension subspaces, | = 2j — 1, the
threshold function p.(2j — 1, d) = p.(27, d).

Now we are in a position to state our main results. Fix d,j such that j(j +1) < d.
Theorem 2.1.1. If p = f(n)n~¥U+tD=J then

Pp(Za;), Pp(Coy) — ¢ 1 if f(n) = o0

where \(j,d,a) = (2‘3)(2j)!2_jaj+1.
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This implies
pe = (L+ o())ayn /G0~
2

where 1 — ¢ "0%%%) _ 1/2.

The next result comes from the application of the Stein-Chen method [30]. For two
non-negative integer valued random variables Y and Z the total variation is defined as
1 oo
dry =3 S PY =k) -P(Z =k).
k=0
For the remaining results we will assume p = an~%U+t)=7 and A(j,d,a) = (20;) (25)12 7+,

To simplify the statement of results we let A = A(j, d, a) where no confusion will arise.

Theorem 2.1.2. For j(j + 1) < d, let Y denote the number of sublattices V. C [n]? such
that both dim(V') = 2j and Iy occurs, and let Z denote a Poisson(\) random variable.
Then

Tim drv (Y, 2) = 0.

The precision given by Theorem [2.1.2] leads to the following result:

Theorem 2.1.3. Let j(j+1)=d > 6, c= (d_22j+2), and N = (QjCl_Q)(Zj—2)!2_j+1aj. Then

0oy
€ —ac
Py(To;) = Y ?X’fu — eacky,
k=1

Forl > j,
]P’p(l—gl) — Pp(zgj).

Lastly we have a useful corollary for the random variable D. We assume p, A, X, and ¢

are as above.

Corollary 2.1.4. Largest Sublattices (D = 21)

If(j+1)(j+2) <d, then

P,(D =2j —2) — e

P,(D =2j) = 1—e .
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IfiG+1) <d< (j+1)(j+2), then

Py(D =2j —2) — e

Py(D=d) —1—e

If j(j +1) =d > 6, then

Py(D =2j —4) = e,

o0 _)\/
Py(D=2j-2) =Y %X’“(e‘“k),
k=1
X N
Pp(D=d)—1-)_ 7%6—“0@
k=0

In Section 3, we prove lemmas that describe the evolution w; when # = 2. In Section
4, we prove both upper and lower bounds for the critical exponent for the events Co; and
Ty;. In Section 5 we use the Stein-Chen method [30] to describe precisely the asymptotics

of p.(l,d). In Section 6 we combine everything to prove our theorems.
2.2 Growth for 0 =2

We begin with the simplest case. Suppose u # v are the only nodes which are initially open.
Define the distance between to nodes as dis(u,v) = ch'l:1 14,4y, the number of coordinates
where v and v differ. If dis(u,v) > 2 then no new nodes become open (u,v) = {u,v}.
If dis(u,v) < 2 then uw and v must agree for all but at most 2 indices. Without loss of
generality, we may choose a basis so that u; = v; for ¢ > 2. Suppose first that uo = vy as
well (ie. dis(u,v) = 1), the line {(¢,ug,---),t € [n]} has two nodes initially on, and after
one step every node in that line becomes open. Every node not on the line has at most one

neighbor on the line, so growth stops.

If dis(u,v) = 2, then after one step the co-neighbors of v and v, v’ = (u1, v, ) and

v" = (v1,uz,---), become open. The nodes u and u' are two different open neighbors for
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every closed node in the line {(u1,s,--) : s € [n]}, so after two steps the entire line becomes
open. The same is true for the lines containing both u and v/, both v and «’, and both v’
and v. Once those lines are open every other node in the plane {(t, S,--+) i (t,s) € [n]Q}

has a at least two ( in fact four ) open neighbors, so the entire plane becomes open.

Growth for higher dimension sublattices is a bit more involved. First we generalize the

distance function to subsets S, .59 as follows,

dis(S1, S2) = uesilnfes2 dis(u, v).

For a 2j-dimension sublattice, V5;, to become open, most of the time there are j+1 distinct

points {vi,- -+ ,vj41} C Va; such that (vq,---,vj41) = Vo; and that occurs as follows. Let
Vai = (v1, -+ ,vi41). For 1 <i < j, dis(viy1, Vai—2) = 2.

Vo ={u1}

Vo =(v1,v2)

Vai =(vit1, Vai—2) = (v1, -+, vip1)

Vaj =(vj1, Voj-2) = (v1,- -, vj41).

There exist exactly two points that are distance 1 away from both v;4; and some point
in Vaj_o. After one step, those nodes become open. Then the lines connecting those points
with v; 1 and V2;_2 become open, followed by the planes containing those new lines. This

continues until eventually the whole 25 dimension sublattice becomes open.
We will state and prove a few necessary lemmas. The key point in the next few lemmas
is growth continues only if there are two sets of open nodes within distance 2 of each other.

Lemma 2.2.1. For S C [n]¢, let S denote the smallest sublattice that contains S. If V is

a sublattice and u is a node with dis(V,u) < 2 then

(Viu) ={V Uu}.
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Lemma 2.2.2. If V,W are open sublattices and dis(V,W) < 2 then (V,W) ={V UW}.
The next two lemmas give conditions for when and how a sublattice is internally spanned.

Lemma 2.2.3. For an initial configuration of open nodes S, let V' be a mazximal sublattice

in (S). Then V is internally spanned with V = (SNV).

Lemma 2.2.4. Let S be a set of open nodes in [n]? with V' C (S) a mazimal open sublattice.
There exist disjoint subsets S1,S2 C S and sublattices V1,Vo C V' such that (S1) = Vi,
<SQ> = Vs, and <Sl U 52> =V.

Proof of Lemma[2.2.1. (By induction) We have shown that the lemma holds if V' has dimen-
sion O (is a single node). Suppose the lemma holds for all sublattices W with dim(W) < i.
Let V be a sublattice with dim(V') = i and let u be a node with dis(V,u) < 2. Without loss
of generality we assume the last d — ¢ coordinates are fixed, i.e. {I(V)} = [i + 1,d]. Again

without loss of generality we may also assume that

u € {(u1, - ,uq) :u =oq(V) for I > i+ 2}.

Let V}, denote the sublattice of V' that fixes the k** coordinate to the value u;. Then Vj
has dimension i — 1 and dis(Vj, u) < 2. By the induction hypothesis, (Vi,u) = {Vi,u}. For

a=(a,---,aq) € {V,u}, there are two neighbors

Ay, = (u1,a2, -+, @ip2, 13, ,aq) € {Vi,u}
and

Auy = (al?u27 o, A2, 0G4 3, 7ad) S {V27U}7

so a becomes open and we can conclude {V,u} C (Vi,Va,u) C (V,u). Trivially (V,u)

-
{V,u} so we have equality for the two sets. Moreover, if u ¢ V then i + 1 < dim({V,u}) <
1+ 2.

O

Proof of Lemma[2.2.3, This is a natural extension of Lemma [2.2.1] Trivially we have
(VW) C {V,W}. Let V° = V. We define V! based on V1. Let W'l denote the
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subset of W that satisfies 0 < dis(V!~1 u) < 2 for every u € W!=1. For I > 0 if W N (VI~1)°
is non-empty there exists a w; € W'=1. We then define V! = ({V!=1 w;}) for some choice of
w;. By the previous this is the sublattice m Its dimension is strictly greater than
dim(VI=1Y). If W N (VI71)¢ is empty then V! = VI=1. Since {V!} is an increasing sequence
of sublattices bounded by {V, W} it must stabilize to some sublattice V™ in a finite number
of steps. By definition V' C V™, and more importantly, W N (V™) = so W C V™. We
also have that V™ C (V,Ujw;) C (V,W). Combining everything we get

{vowpcvmc(v,w) c{v,w}

and the lemma holds.

0

Proof of Lemma[2.2.3 Let S; = SNV and Sy = {S\S1}. If (S1) = V then we are done.
Suppose that (S1) # V. Since V eventually becomes open, there must be some node u € (S)
such that dis({S1), (u)) < 2, otherwise evolution would stop and V' could not be contained
in (S).. In particular, there is a node u € (Ss) such that u ¢ V yet dis(V,u) < 2. By
Lemma [2:2.2] the smallest sublattice that contains both u and V' becomes open eventually.

However V' is maximal so no such w can exists and (S;) = V.

O]

Proof of Lemma[2.2.7 V is maximal so we may assume (S) = V. Consider the sequence

of nested collections of sublattices contained in (S),
Wiy cwitc...c{wfcv

where S = {W?} and {W}F™'} is formed by finding two sublattices W} and WE within

(2 1
Hamming distance 2 of each other and setting Wf“ = <Wzk UWE) and reindexing the
1 1 2
others appropriately. Since S is finite, eventually we will have two sublattices I/Vzli, WZ’Z +V
such that (WF UWE) = V. Each W} had a unique set S; such that (S;) = W} for 1 = 1,2.
O
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2.2.1 Growth Hueristics

To get an idea of the exponent of p.(2j,d) we make a heuristic argument for the exponent
of pz(24,d). For a 2j-dimension sublattice V', we get an estimate on the probability P, (Zy ).
The probability for Zy only depends on the dimension of V. From Lemma we know
that V is internally spanned if there exist two internally spanned sublattices, Vi and V5,
with (V1, V) = V. We assume that dim(V;) = 0 and dim(V3) = 2j — 2. There are roughly n?/
choices for V; and roughly n? choices for V5. We estimate the probability that at least one
V1 and one V5 are internally spanned by assuming independence and using expectation. We
let M;(p) = M; denote the probability that a particular i-dimension sublattice is internally
spanned. In particular, P,(Zy) = Ma;. This gives

ng ~ Pp(ﬂ VicV st Ivl)]P)p(H Vo CV s.t. IVQ) ~ n2jpn2M2j_2.
We approximate the Mj; 2 in the same manner and get the estimate:

J
M2j ~ Hn2j—21pn2 _ nj(j—f—l)—‘rsz]—i-l‘
=0

427 choices for V so

There are roughly n
P, (Zy5) =~ nd_Qngj ~ =TI GH) 2 i+
Setting this equal to 1 and solving for p gives the appropriate estimate:

pr(2j,d) mn~ WU,

The next few sections will show that this estimate is reasonably accurate (up to a constant

factor). We will also show that pz(2j,d) has the same asymptotics as p.(27,d).
2.3 Critical Probability

To find the asymptotics of p.(27,d), we will first prove upper and lower bounds for the
exponent of pr(2j,d). Since Zy; C Cy; any upper bound for pz(2j,d) will hold for p.(2j, d).

With a little more work, we then prove the lower bound for the exponent of pr(2j,d) will
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also be a lower bound for the exponent of p.(2j, d).

For odd dimension sublattices we will show that Pp,(Z3;—1) < IPp(Z2;) hence p.(2j—1,d) =
pe(27,d). This is apparent in the case of a line and a plane. For a line to be internally
spanned, two nodes need to be co-linear, whereas for a plane to be internally spanned, two

nodes only need to be co-planar.

First the upper bound.

2.3.1 Upper Bound

Proposition 2.3.1. For any f(n) — oo, and for all d > j(j + 1), if p = f(n)n~¥0G+D-7,
then

Pp(Caj), Pp(Zas) — 1.

This implies

Pe(2§ — 1,d) < pe(24,d) < pr(2j,d) < f(n)n~ %07,

We will prove this proposition with the caveat that f(n) does not grow too fast. Since

P, (Z5;) and Pp(Cy;) are increasing in p the proposition will still be true for faster growing

fn).

Proof. First we define a sufficient event Ey; C Zy; C C2j. If we can show Pp(E»;) — 1 for

some value of p then we can conclude P,(C2j),Pp(Z3;) — 1 as well.

For a fixed set of constants o = {agj41,- -, 4}, let V,, denote the sublattice given by
Vo={ven?:v=aqafor2j+1<i<d}.

There are n% 2 such sublattices. For a #d, Vo NV = (). Each event Zy, will depend

only on the nodes in V, so the events are independent. The nodes in each V, are all 7.7.d.
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random {0, 1}-variables so the events will all have the same probability Py,(Zy,, ) = P,(Zv ).

[e3

We now define the sufficient event

By = UIVQ.
(0%

We will show that P,(FE2;) — 1 for sufficiently large p that satisfy the conditions of the

proposition. Since Eyj C Iy; C Co; this implies Pp(Zy;), Pp(Coj) — 1 as well.

Lemma 2.3.2. Let j,d and p be as defined in Proposition and 2i < 27.
My; > (20)127 i 0H3) pitl (1 — o(1)). (2.2)

Proof of Lemma[2.3.3, Let V be a sublattice with dimension 2i. Suppose we have a col-
lection of nodes o« = {vy1,-- ,v;41} C V such that ({vy, -+ ,v;41}) = V. The probability
that only these nodes are open is exactly p**t1(1 — p)”%_i_l. Let Ly be the set of all such

collections. Then

p2i—i—1

Ma; = Py(Zy) = Y p™*'(1-p) = |Lv[p" (1 - o(1)).

Ly

We call a collection, a = {vy, -+ ,viy1} perfectin V if dis(vy,v;) = 2(1—1) for I’ < [ and
v1 < vy in lexicographical ordering. For i < i, ay = {vy,--- , vy 41} is perfect in (ay) =V’
and dim(V’) = 2i’. Note that a non-trivial rearrangement of a perfect collection is not a

perfect collection. This makes counting them easier.

Let L3, C Ly denote the subset of perfect collections for V. We will compute a lower

bound for |£j,| inductively. Suppose for any sublattice W with dim(W) = 2i — 2 we have
|Liy| > (20 — 2)127 i~ D+2),

By induction we have,
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‘ﬁ*V’ = Z Z Z 1a’Uv is perfect

dim(W)=2i—2 o/ €L, veV

>y Y (n—i-1)%

dim(W)=2i—2 /€L,

> > (20— 2)l27 0T NERIR2 (0 — o(1))
dim(W)=2i—2

> @Z) n2(2i — 2)127 (D2 (1 _ o(1))

=(20)127 " 1 H3) (1 — o(1))

Since this formula holds if V' is a plane then it will hold for all V' with dimension small

272_,L'_1

enough that the approximation (1 — p)” = 1—0(1) is valid. This approximation is

valid exactly when d > i(i + 1). Therefore

Initially we will assume that f(n) grows slowly enough that
O(nj(j+3)pj+1) _ O(n2jfdf(n)j+1)
is much less than 1.
The event FEs; is equivalent to the event that there exists an « such that Zy, occurs.

There are n%~27 choices for a. The events {Zy, } are independent, so the probability that

no Zy,, occurs is bounded by
. . nd=2 i+1
(1 _ O(nzj_df(n)”l)) < e OUMPT) — o(1).

Therefore the probability that Zy, occurs for some «, and hence F; occurs, is bounded
below by P, (E2;) > 1—o0(1) — 1. Since FEy; is increasing in p we can remove the restriction

on the growth of f(n). Therefore for any f(n) — co we have P,(Eq;) — 1.
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We now have shown

Pp(E2j) < Pp(Zoy) < Pp(Coj) — 1

and we conclude

Ppe(24,d) < pr(24,d) < f(n)n~ 4T

2.3.2 Lower Bound

In this section we prove the lower bound for for the critical exponent of pz(27,d). Again

we assume j(j + 1) < d.

Proposition 2.3.3. For any f(n) — 0, if p= f(n)n~¥U+tD=J then

]P)p(IQj) — 0.
This implies pr(2j,d) > f(n)n=%0G+=J,

Proof. Let Va; denote the set of all sublattices of [n]? that have dimension 2j. The union

bound gives:

SICHEND SR X S (A s At

dim(V)=2j
The majority of the proof is showing Ma;(p) = O(f(n)?T1n%~?) when p = f(n)n*d/(ﬂrl)*j_
Then Py(Zy;) = O(f(n)"+!) — 0 which implies pz(2j,d) > f(n)n=% 01~

First let’s start with the simplest possibilities for V: a single node, a line, and a plane.
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e For a single node u,

e For a single line [,

n

P,(%) = P(Binn.p) 2 ) = (}

>p2(1 —p)"% = 0(n*p?).

e For a single plane P,

P,(Zp) < P(Bin(n?p) > 2) = (1 +o(1))2 'n"p*.

Note that a plane is more likely to be internally spanned than as an internally spanned
line requires at least two collinear points.
Keeping the conditions of Proposition and p = f(n)n~%U+D=J we have the fol-

lowing lemma:

Lemma 2.3.4. For1 <1< j,

Myi—1(p) = O(n'F9=2piH), (2.3)
Mai(p) = (1+ 0(1))(2i)127  1pilH3)pitt, (2.4)

Proof. (By induction)

We assume the lemma holds for all 0 < [ < 2¢ — 2 and show by induction that the
formulas hold for dimensions 2¢ and 27 — 1. Note the lemma holds for a point, a line and a

plane, so our base case is covered.

First let’s assume a sublattice V is internally spanned. By Lemma [2.2.4] there exists
proper sublattices V;, Vo C V both internally spanned by disjoint subsets S; and Sy such
that V' = (V4,V3). Let Dy denote the set of possible pairs of such sublattices of V' with
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dim(V;) < dim(V2). For V' with dimension 2 or 2i — 1, let Dj, denote the subset of Dy
where dim(V7) = 0, and dim(V2) = 2 — 2.

Zy can be expressed as a union over Dy of events of the form Zy, oZy,, where o denotes

the events occur disjointly.

We will show the probability Zy occurs is almost entirely determined by the probability
there exists a pair (Vi,V2) € Dy, such that Zy, o Zy, occurs. Let Ep, = {3 (", V) €

Dy, s.t. Iy, o Iy, }. We have the following lemma.

Lemma 2.3.5. P,(Zv) = P,(Ep;, )(1 + O(n™h).

Suppose this lemma is true. If dim(V) = 2i — 1, then there are at most O(n%*~!n) pairs

in Dj,. The union bound gives

Pyp(Epy,) < ZMOMQi—2 < O(n*)MoMai—s = O (ni(i+3)72pi+1> ,
Dy,

proving the first part of Lemma[2.3.4
If dim(V') = 2i, there are at most (222) (n%*n?) pairs in D{,. The union bound gives
2\ .. S .
Py(Ep,) < <2> R¥n? Mo Mai_p = (1+ 0(1))(20)12- i+,

proving the second part of Lemma

Proof of Lemma (By induction). We may assume Lemma is true for up to di-
mension 27 — 2. This will allow us to prove Lemma for dimension 27 — 1 and 27 hence
proving Lemma for those values as well. We can then proceed inductively to prove

the lemmas are true for all values up to 2j.

The union bound gives us:
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P,(Zy) < Pp< UZn o IV2> :

Dy
Ty,

. are increasing events. By the BK-inequality [32]

Pp (IV1 ° IV2 ) < P;D (IV1 )Pp (IVz )

and

Pp(Zy) < Z Pp(Zv; 0 Iyy) < Z Py (Zvi )Pp(Zvy).-
Dy Dy

For now we assume the lemma is true for dim(V’) = 2i — 1. Then we prove the lemma
is true for dim(V') = 2i and let Dy (a,b) denote the subset of Dy where dim(V;) = a and
dim(V2) = b and a < b < 2i. (V1, V) has at most dimension a + b + 2 if it is in fact a
subspace. Therefore if a + b + 2 < 2i, then Dy (a,b) is empty. Otherwise |Dy(a,b)| is at

most O(n?~9n?=%). Assume a + b+ 2 = 2i + § for some & > 0.

Mab)= Y MM,=0 <n4"—a—bMaMb> .
Dy (a,b)

If a = 20+ 1, then n*~ =DMy < n= 0?2 My so we may assume that a (and b) are
both even. Let a = 2¢;, and b = 24y, with ¢; + i3 + 1 = ¢ + k. We know the values of May;,
and Mpy;,. Therefore

M(a,b) <O(n*217%2 My;, My,
<O(n4i—2i1—2i2 nil(il+3)+i2(i2+3)pi1+1+i2+1)

<O(nili+3) i+ Lyk(h=1)=2i1i2),

If i > 0, then k(k — 1) — 2i3i2 < —1 and Lemma is true for dim(V') = 2i. The

proof for dim(V') = 2i — 1 follows a similar approach.
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With Lemma proved, we can conclude from Lemma [2.3.4]

Ma; < (20027 i3 (1 4 o(1).

This with Lemma [2.3.2] gives

Ma; = (20027 i3 pit L1 4 o(1).

Combining these results we get
Py(Zzj) < O(n""#)Py(Zy) < O(n"*)o(n*~?) = o(1).

This implies
pz(24,d) > f(n)n= 40D

as desired.

2.8.83  Bounds for p.(2j,d)

In this section we will show the bounds for the exponent of pz(2j,d) hold for the expo-
nent of p.(2j,d). We know the upper bound holds from previous arguments. We need to
show the lower bound for pz(2j,d) from Proposition also holds for p.(2j, d).

If Ca; occurs then there exists some sublattice with dimension greater than or equal to
2j that is internally spanned. The next lemma will show that for any dimension b > 27,

P,(Zy) — 0 if P,(Z3;) — 0. This implies that P,(C2;) — 0 as well.

Lemma 2.3.6. If p = f(n)n~ Y0+t~ g5 in Pmposztzon then Pp(Caj) — 0. Therefore

pe(2j,d) > f(n)n= YUV for large n.
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Proof of Lemma[2.3.6. If C2; occurs, then there must be some b-dimension maximal sub-
lattice V4 such that Zy; occurs and b > 2j. We know Z3; — 0 by the choice of p, so we need
to show that P,(Z,) — 0 for b > 2j. By Lemma if 7y, occurs for some V}, there exist
Vi and Vo C V3, with dim(V1) < dim(V2) < b such that Zy, o Zy, occurs and (V1, Va) = V.

We may assume dim(V2) < 2j. For simplicity we assume the following

dlm(vl) :2] - 2&1
dlm(Vz) :2] - 2a2

dim(V3) =b = 2j + 2i

with a1 > a2 > 0, and 0 < 2k < d — 2j.

Since (Vi,V3) = V, we have the that j —a; —as +1 =i + k for some k > 0. Let
Ei,k;(ll,(lQ = {3 ‘/17‘/2 C % S.t. <‘/17V2> = %}

that satisfy all the requirements above. Using j(j +1) < dand j —i —k+ 1 =aj + a2 we
get the following bound:

_ 474+41—25+2a1—254+2a
Pp(Ek7a17a2) _O(n I J 1= 2M2j+2a1M2j+2a2)

—0 <n4i+2a1+2azn(j+al)(j+a1+3)+(j+a2)(j+a2+3)pi—a1+j—az+2)
—0 <n—2d—2j(j+1)+6j+4z'+5a1+5a2+2j2+2ja1+2ja2+a§+a§+d(a1+a2)/(j+1)>
<O(n™%)

There are only finitely many choices for b, a;, and as and only O(n%?) sublattices

of dimension b. Therefore the probability there exists an internally spanned sublattice of

dimension greater than 2j tends to zero.
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Now we can conclude that p.(24, d) is also bounded below f(n)n=%*1D=J for any f(n) —

2.8.4 pe(2j.d) for j(j +1) > d

Let j' = sup{i : i(i+1) < d}. For j(j+1) > d and f(n) — oo, suppose p > n~% U +1-1",
For any 2j-dimension sublattice, the expected number of nodes that are initially open is
n2p > n2-2" 5 ~ and hence

Py(Z2jlZ2j-2) — 1.

Therefore p.(27,d) — p.(2j — 2,d). The case where j(j + 1) = d will require a little more

work and will be presented in Section 6.

2.4 Poisson Approximation

We use the Stein-Chen method for approximation by a Poisson distribution. We will use

the version found in [30]:

Theorem 2.4.1. Let X1, ..., Xy, be indicator variables with P(X; =1) =p;, Y => 1 | X,
and A = E[Y] = ). p;. For each i € [m], let N; C [m]| where i € N; and X; is independent
of {X;:j5 ¢ N;}. If pij = E[X;X;] and Z ~ Po(X), then

m

drv(Y,Z) < d b+ Y. pij |- (2.5)

i=1 \jEN; JEN;\{i}

Let T' denote the set of all 2j-dimension sublattices in [n]¢. Each sublattice V has a
dependency set I'y where Zyy depends on Zy for W € T'y. When p = an~%U+)=7 then
each subspace V' € T is internally spanned with probability (25)!277~1a7*1n?=¢, Although
some dependency exists, if j(j + 1) < d, we will show that the distribution of the number

of sublattices with dimension 25 which are internally spanned approaches a Poisson distri-
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To fit our random variables with that of the theorem, we let 1y, denote the indicator

random variable for the event Zy. For all VW €T,

pv = pw = My; = (25)1277 a7 0?71 £ 0(1))

and

PYW = E[lvlw] = P(IV ﬂzw).

Let Y =) 1y. Then

A=E[Y]=(1+0(1))) (2))27 e n¥ 0 = (Z) (2j)1277 LIt

r

Finally we let Z ~ Po(\), a Poisson random variable with parameter \.

Plugging everything into (2.5) we get

drv(Y,Z) <> | D pvpw+ Y. pvw

Ver \Wely Wely\{V}

Since

Z pvpw + Z pvw

Wery Wwelv\{V}

(2.8)

(2.9)

(2.10)

does not depend on the choice of V| we can approximate the right-hand side of (2.9)) by

DTy M3 + T > pvw
Wel'v\{V}

(2.11)

The quantity pyw depends on the dimension dim(V N W) = [. We break up I'y into

subsets I'Y, where W € I'Y, if dim(V N W =1).

For each [, |I'Y,| = O(n?!) so |I'v| = O(n?). This gives the bound

ID|[Tv|M3; = O(n* =) = 0
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for the left half of (2.11)). The remaining portion of the (2.11]) requires a bit more work. We

compute upper bounds for pyw that depend on [.

As before j(j +1) < d and p = an~%(+1)=J_ We state a slightly more general lemma in
that we have dim(V) = dim(W) = 2i < 2j.

Lemma 2.4.2. Let dim(V NW) = 2i — 2k with 0 < k <. Then,
pyw = Po(Ty NTyy) = O (n4ik=2H(b= )+ (=R)(i=h-+8) ith+ 1) (2.12)
In particular, if i = j then for some € > 0,
P,(Zy NIy ) = O(n¥—2k=d=¢), (2.13)

This upper bound also holds for dim(V NW') = 2i — 2k + 1 though we will always assume

even dimension intersection for simplicity.

Proof of Lemma (By induction). In this proof we will use induction on both i and k.

Our base case of i = k = 0 is satisfied. To continue we state two useful sublemmas.

Sublemma 2.4.3. Let V' C V be sublattices that satisfy dim(V') = 2i and dim(V") = 2i—2k
or 2i — 2k + 1. Then

P(Zy|Zyr) = O(ni—FE=1phy, (2.14)

Sublemma 2.4.4. Let V and W be sublattices with non-trivial intersection. Then

P(Zy NIw) = O (P(Zv|Zvaw )P(Iw|Tvaw )P(Tvew)) - (2.15)

Combining Lemma Sublemma [2.4.3] where V' =V N W, and Sublemma we
get

P(IV ﬁfw) -0 (n4ki—2k(k—1)+(i—k)(i—k+3)pi+k+1) ) (2.16)
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When ¢ = j we get for some € > 0,

P(Zy N Tyy) = O(n? U3 pi Tl (nZ k=1 p)k) (2.17)
= O(n¥~dpklk+1) e (2.18)
_ O(an—2k—d—e) (2.19)

where we use the simplification n%p < n~¢. Assuming both Sublemmas and are

true, this proves Lemma [2.4.2

Proof of Sublemmal[2.4.9 (By induction). Let V' C V satisfy dim(V) = 2i and dim(V’) =
2i — 2k where 0 < k < i. We assume the lemma is true for all pairs of values (i, k") such
that if i/ < ¢, then 0 < k' < ¢ and if i/ = 4, 0 < k¥’ < k. The statement holds for all 7 if

k = 0, covering our base case.

If Zy occurs, then from Lemma there exists (Vi,V2) € Dy such that Zy, o Iy,
occurs. Similar to the proofs of Lemma and Lemma the union bound for the
conditional probability will be dominated by pairs (Vi,V2) € Dy that satisfy dim(V;) =0
and dim(V3) = 2i — 2. We denote this subset of Dy by Dj,.

P(Iyv|Tv) < > Py |Zv)P(Tv, | Tyv). (2.20)
(Vl,VQ)eDV
<o) > Py, |Tv)P(Ty,|Ty) (2.21)
(1}1,V2)€D§/

If v; ¢ V' then there are O(1) choices of V5 such that V’ C V5 and O(n?) choices such that
dim(V2NV’) < dim(V’). When v; € V' all O(n?) choices of V3 have dim(VoNV’) < dim(V”).
There are less than n% choices of v; ¢ V' and n?~2k choices of v; € V. Let V5", V;*, and

V5" denote representatives from each of these choices of V5. Expectation gives us the upper

bound
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B(Zy|Zyr) = O(L)n®pB(Ty; Ty) (2.22)

2i 2
+n*pO(n”)P(Zy;

Typerv) (2.23)

+ an—QkO(n2)]P><IV2*** IVZ***QV/). (224)

Here we apply the inductive hypothesis to each of these terms. The contribution from

(2.23) and ([2.24)) will be negligible compared to the right-hand side of (2.22)). This gives

]P’(IV |IV’) _ O(n2ipn2(i—l)(k—l)—(k—l)(kz—?)pkz—l)

_ O(nZikfk(kfl)pk)_
L]

Proof of Sublemma (By induction). The direction of the induction is the reverse of
Sublemma We have dim(V) = 2i, dim(W) = 2i', dim(V N W) = 2i — 2k and will

assume the sublemma is true if either i/ < i or k' > k.

P(IyNIw)< > Py N{Zw, o Iw,})
(W1,Wa)eDw

=0(1) > PTy N {Zu, 0 Tw,})
(w1,W2)€D(/V

=0(1) >, P@v|{Zw, oIw,HDP{Zuy © Tws})
(w1,W2)eD],,

The terms where wy ¢ V and VNW =V N W, dominate this sum. There are at most
n?® such wy and O(1) such Ws.

P(Iy NIw) =0(1) > P(Zv|Iw,)P(Zuw,)P(Zw)

w1 ¢V
VAW CWo

=0(1)n*pP(Zy N Ty,)
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for some choice of Wy. Since dim(W3) < 2i we can apply now use the inductive hypothesis

to get

P(Zv N Zw) =0(1)n* pP(Zv | Zvow, ) P(Zws, | Zvew, )P (Zvow, )

=0(1)P(Zy |Zvew ) P(Zw |Zveow ) P(Zvew)

as desired.

O]

A slightly modified argument will show the same upper bound holds when dim(VNW) =
2i — 2k 4+ 1. Also the base case where dim(V N W) = 0 holds. We conclude that

|F%/j—2k+1|pvw < |F%/j_2k|pVW < O(ann2j72k7d76) < O(anfdfe)‘
O

Plugging this into the Stein-Chen bound we conclude that dry(Y,Z) — 0 and the

number of internally spanned sublattices are approximately Poisson with parameter A =

(;;) (2j)!12797 1@t This proves Theorem

2.5 Proofs of Theorems
The proof of Theorem follows from Theorem [2.1.2] and Lemma [2.3.6] These combine
to show Pp(CQj\IQj) — 0.
For Theorem we have to do a little work. If d = j(j + 1) then
d/(G+1)+j=d/j+j—1=2j

Let p = an 2, N = Xyj_o = (QjciQ)(2j — 2)12771gJ and Ys;_o denote the number of

sublattices of dimension 2j — 2 that are internally spanned. By Theorem [2.1.2]

dTV(}/éj7 Z()\)) — 07



66

where Z()\') is again a Poisson(\’) random variable. For each k > 0 we have

,)\/
P,(Yaj_2 = k) — ?X’C (2.25)

For each of these k open sublattices, there are exactly ¢ = (d_22j +2) distinct sublattices
with dimension 2j. The number of nodes u with distance exactly 2 away from one of the open
sublattices is en?/(1 — o(1)). Although it is possible for two open sublattices of dimension
27 — 2 to exist in the same 2j-dimension sublattice, from the this event has probability
tending to zero. The probability that there exists some 2j-dimension sublattice with two

disjoint open (2j — 2)-dimension sublattices is bounded by
O(nt=2nn—4-2d) — O(ni=7"),

This tends to zero if j > 1. When j = 1, d = 2 and we are dealing with a plane, which is

well understood.

Otherwise, there are in total ckn® (1 — o(1)) that, if open, would lead to a sublattice
of dimension 2j that is internally spanned. The probability that none of these are open is

given by (1 — p)<kn* (1=o(1) Hence

]P) IQ] Z]P) Y'Q] 9 = k) (1 _ (1 _ an—?j)ckrﬂj(l—o(l))) ,
k=1

which for large n gives

1-2] _> Z 7)\](? 7ack)’

proving the theorem.
For Corollary [2.1.4] we look at the three cases. In each case we assume p = an~% U+
e (j+1)(j+2) <d. By Theorem P,(Z2j4+2) — 0, and P, (Z3j—2) — 1. Therefore

the largest sublattice has either dimension 2j — 2 with probability e=* or dimension

2j with probability 1 — e™*. In terms of the random variable D, we have
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P(D=2j—2)— e,

P(D=2j) - 1—e

o j(j+1) <d< (j+1)(+2). Similar to the previous case, there are no internally
spanned sublattices with dimension 2j with probability e~ leaving the maximal sub-
lattice to have dimension 2j — 2. However if there is an open 2j-dimension sublattice,
then the expected number of open nodes exactly distance 2 away is O(n?*2p). Since
this expectation tends to infinity, with probability tending to 1, an open 2j-dimension
sublattice will become an open (25 + 2)-dimension sublattice. This will continue until
all of [n]¢ is open. Hence with probability tending to 1 — e™*, the maximal sublattice

will be the entire space. This gives

Py(D =2j—2)) e,

P,(D=d)—1—e

e j(j4+1) = d > 6. With probability e’ no sublattice with dimension 2j — 2 or greater
is open, and with probability tending to one there is a open sublattice with dimension
2j — 4. Therefore

Py(D =2j —4) — e .

For 25 — 2 to be the maximum dimension of open sublattices, there must be some
positive number k of such sublattices open, but no neighbors distance 2 away from

those sublattices can be open. Hence

If there exists an open 2j-dimension sublattice, then by the arguments in the previous
case the entire lattice, [n]? becomes open. The limiting value for P,(Zs;) is given in

Theorem Altogether we have
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Py(D =2j —4) = e,

o0 _A/
Py(D=2j-2) = %)\'ke"wk,
k=1
oo €,A/
]Pp(D = d) —1— Z ?)\/k‘e—ack“
k=0

e d =06 (j =2). We still have with probability e~ that no plane (dimension 2j — 2) is

open. The big difference is that if £ > 2 planes are open, there is a non-trivial proba-
bility that two of the planes are exactly distance two from each other, in which case
the entire space would become open and D = d. A plane embedded in a 6-dimension
space is determined by the values of the 4 fixed coordinates. The other two coordinates
we call the free coordinates as they take on all values in [n]. If the free coordinates of
the two planes do not overlap, then the planes are exactly distance 2 apart. Let dy
denote the probability that for k distinct planes, at least two have free coordinates

that do not overlap.

For a plane P, let N(P) denote the set of at most cn* possible nodes, u € [n]%, such
that dim((u, P)) = 4. With probability tending to 1, the number of nodes in both
N(Ps)NN(P,) is at most o(n?) for all 1 < s < t < k. Hence the total number of nodes
that cause at least one of k planes to evolve into an internally spanned 4-dimension
sublattice is at least ckn* — o(n*). The number of nodes that determine dj, is only
O(n?) so if we remove those we still have at least ckn® — o(n#) nodes remaining that
would cause a 4-dimensional sublattice to be internally spanned. This occurs with

probability at least (1 — an~4)ekn'—o(n") — ¢=ack(] _ (1)), Therefore



[ee] _)\/
€ —ac
Pp(D=2) = > jﬁx’fu — dy,)e 9k,
k=1

0oy
Pp(D=6) 1 e =Y S NF(1 - dj)e ek,

k!
k=1
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Chapter 3
JIGSAW PERCOLATION

This section is an extension of the work done by Brummitt et. al. in [34]. They define
a new kind of percolation on finite graphs called jigsaw percolation. It can be viewed as a
model for collaborative networks working together on a problem, where each node repre-

sents a person with a unique part to play in solving the problem.

Jigsaw percolation is a process on a graph with two distinct edge sets G = (V, Epuzzle, Epeople )-
The edges in Epeople denote acquaintances. The edges in E, .1 denote connections that
need to be made in order for the problem to be solved. The process begins with everyone
in disjoint clusters of size one. Initially if two people share a puzzle edge and are also ac-
quaintances they merge together to form a larger cluster. For each subsequent step, clusters
merge together if there exists at least one pair of nodes between the clusters connected by a
people edge and at least one pair of nodes connected by a puzzle edge. If the process ends

with all nodes in a single cluster we say the people graph solves the puzzle graph.

We will consider the case where (V, Epeople) and (V, Epuzge) are Erdos-Rényi random
graphs with probabilities py,1 and ppy, respectively. Our results will be stated in terms of
the product of these probabilities, peft = pPpplPpuz- FOr Epeople to solve Epy, 1. we need that
both (V, Epeople) and (V, Epuzze) to be connected. Hence for simplicity we will assume for
some 0 < € < 1, both ppp1 > ppuz > n¢/n, guaranteeing connectivity with high probability

for both graphs.

Definition 3.0.1. Jigsaw Percolation

We repeat the definition of jigsaw percolation in [34]. Jigsaw percolation proceeds on

(V,, Epeoples Epuzzie) as follows. At every step i > 0, we have a partition, C;, of V' into disjoint
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subsets, where if A € C; then the nodes of A will have merged by step i. At step i, let &;
denote the unordered pairs of clusters in C; that are both people- and puzzle-adjacent. We

get C;j+1 by merging the connected components of (C;, &;).

Co={{v}:veV}
C1 = {A: Ais a connected component of (V, Epuzzle N Epeople) }

Cit1 ={UA € UA: U is a connected component of (C;,&;)}.

We are particularly interested in the event Solve := {C, = {V'}}, when the people
graph solves the puzzle graph. We hope to find good bounds for the critical effective prob-
ability pgg, where Pye_(Solve) = 1/2.

The following proposition gives upper and lower bounds on p$.

Theorem 3.0.1.

1. If pegr < %, then Pp,,(Solve) — 0.

2. If pegy > SA1o8loB ypepy b (Solve) — 1.

nlogn

Combined we get the upper and lower bounds

-5
€ c

64 loglog n
< Pep < — -

nlogn nlogn

We’ll proceed by first proving the lower bound for peg. The proof for the upper bound
is a little more involved. We will sketch the arguments for the simpler case where p,, =

DPpuz = (2¢/n)Y/2. The proof for peg > 64 loglog n/n log n will follow with minor adjustments.
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3.1 Lower Bound for peg

Let S; € C; denote the largest cluster after i steps. We assume that peg = e > /nlogn. For a
cluster of vertices, A C V, to have merged together at some point in the jigsaw percolation
process, the induced graphs (A, Epeople) and (A, Epuzze) must both be connected. If both
subgraphs are connected then both subgraphs must contain a spanning tree. We denote
the existence of two such spanning trees on A by the event DualSpan 4. Furthermore, we
denote with DualSpan,, the existence of such a A where |A| = k. The following few lemmas

will show that
2logn

Solve C U DualSpan; ¢ U {|S1]| > logn}
j=logn

and the probability of the event on the right tends to 0 as n increases.

Proof of Theorem |3.0.1| (a), peg < %.

Lemma 3.1.1. If 3 k s.t. [S1| < k < n/2 and for no j € [k,2k] does DualSpan,; occur,

then Solve does not occur.

Proof. If Solve occurs, then at some point clusters of small size must merge together to form
one giant cluster. Although many clusters may merge together in one step, we can break
down each step into a series of substeps where exactly two clusters merge. The upper bound
for the largest cluster at most doubles in size during each of these substeps. Eventually two
clusters of size less than k must merge to form a cluster, A, with |A| € [k, 2k]. Therefore if

this does not happen, Solve cannot occur. ]
Lemma 3.1.2. Ifp < e~?/(nlogn), P(|S;] < logn) — 1.

Proof. Two vertices merge after one step if they are connected by both a people edge and
a puzzle edge, so the largest cluster after the first step can be understood by looking at
Erdos-Rényi random graphs with edge probability p = peg. Let T} denote the number of

trees of size k in a Erdds-Rényi random graph with such an edge probability. From [29],
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the expectation of T} is given by

ET, — <n> KE 2™ (1 — o) R+ (5) k1

k
n _ _
< (k:) kk Qpeffk 1-

Plugging in & = logn in the above expression shows that ET, — 0 asn — co. As Tk is the
sum of positive random variables, with high probability we have that P(|S;| < logn) — 1.
O

Lemma 3.1.3. Let |A| =k, then
P(DualSpany) < k*~p g"1,
and

P(DualSpan;,) < <Z> k2R Ap gL

Proof. We use expectation to bound the probabilities in question. Fix a subset of vertices
A of size k. Let Ty, and Tpy, denote the number of spanning trees in (A, Epeople) and
(A, Epuzzle) respectively. The event DualSpan 4 is the intersection of the two independent

events {T,p1 > 1} N {Tpuz > 1}. As there are k=2 possible spanning trees on A we have
k=2, k—1
P(Tpp1 2 1) < ETppr = K7 7ppy)

and

P(Tpu, > 1) < ETpu, = k¥ 2pk5 1

uz

Since the events are independent we may take the product to get
P(DualSpan 4) = P(Tpp > 1)P(Tpu, > 1) < k2 4pgh!
as desired. Since there are (Z) choices for A we get

P(Duaispan,) < ()1,
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the expected number of subsets of vertices, A, such that |A| = k and DualSpan 4 occurs.
O

Lemma 3.1.4. P(Solve) < P(|S1] > logn) + Zifﬁgn P(DualSpany,).

Proof. By Lemma the event DualSpan;, occurs for some k € (logn,2logn). Using
the union bound with Lemmas and gives:

2logn
P(Solve) < Y P(DualSpany) + P(|S| > logn)
k=logn
i+logn(; i+logn —5i—5logn
< ne (i + logn) ‘ log ne n
“— /27 (i + log n)(log n)(*loen) (i 4+ log n)*
ne2 logn (2)2 log n675 logn
- V2mlogn

< 6(5_'25_5) logn 0.

logn

o(1)

O]

The constant e~ is in no way optimal. By Lemma the largest cluster in C; is
bounded by logn with high probability, so P(Solve) — 0 as desired.

3.2 Upper Bound for peg

The proof of part (b) is a bit more involved. We first show with high probability there
exists a tree in (V, Epuzie [ Epeople) that is large enough to act as a seed, growing until it

merges with every other vertex.

Split V into two sets V4 and V5 with the same cardinality. We inductively define the

following sets:
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o Sy := { vertices in the largest connected component of (V1, Epeople N Epuzsle) }-

We call S; the seed.

° R1 = VQ.

o Sit1:={veR;st Fu,weS; with (u,v) € Epeople; (W,v) € Epuzate},

the vertices that have both a people and puzzle edge connecting them to S;.

e Riy1:={veli)\ U;ill S;}, the vertices in V5 not yet merged with the big cluster.

3.2.1  peg=2c/n

First we analyze the simpler case where pyp = ppuz = (2¢/ n)'/2, where ¢ > 0. Classical
random graph arguments show that the size of Sj is at least O(logn) (and much greater
if 2¢ > 1). These vertices merge with roughly O((logn)?) new vertices in Ry which in turn
merge with O((logn)?) vertices in Ry. In general, at the (i + 1)st step we merge O((logn)?')

1/2

vertices in R; with S; as long as (logn)? << n. Once we have an S;, with over n'/2 vertices

we have with high probability that every remaining vertex in R;, merges with 5;, .

The size of S; will be at least 4logn with high probability. The 4 is chosen for ease of
exposition. For each v € R; the probability that v is connected to u € S7 by a people edge

1/2

is given by p = (2¢/n)'/“. The same probability holds for a puzzle edge. These edges exist

independently.

The probability that v is connected to S; by both a people edge and a puzzle edge is
bounded below by
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(1= = ppp)!™ ) (1= (1= ppun) 1) = @plogn)?. (3.1)

The expected number of vertices in R; that connect in this way is bounded below by

4c(logn)?
n

n(l —o(1)) > 2¢(logn)?. (3.2)

Each v € Ry merges with S] independently so we can use Chernoff bounds to find a

lower bound for the probability that |Ss| is at least half the expected value of |Ss|,

1
P (|S2| > c(logn)?) > 1 —exp (—20(10g n)2) . (3.3)
Assuming this lower bound for |Sz| holds, the expectation of |Ss| will be at least 2¢|Sa|? =

2¢3(logn)*. The Chernoff bounds show that

P (|S3] > ¢*(log n)4) >1—exp (—;c‘g(log n)4> . (3.4)

In general we have for i > 2 not too large ((clog n)2i_1 << n'/3), the edges connecting a
vertex in R; to 5; exist independently in both the people and puzzle graph with probability

p. The expectation of |S;| is greater than %(clog n)QF1 so again Chernoff bounds show that

P <]SZ\ > 1(clogn)2il> >1—exp (_210 (clog n)Qil) . (3.5)

By “not too large” we mean that for some positive v < 1/2, (clog n)Zi_l << n®. In partic-
ular we have that 7 < loglogn which in turn makes R; > n — n'/?loglogn. If |S;| is larger

than n'/2, [S;y1] > n(1 — o(1)) and |S; 2| = n with high probability.

3.2.2  peg = 64loglogn/nlogn
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For notational simplicity we let 2 = logn/loglogn, so peg = 64z 'n~!. We will also
assume for some 0 < € < 1/2, that ppu, = 64z~ 'n~F¢ and Pppl = N~ €. The constant 64 has

been chosen for expository purposes and has not been optimized.

Proof of Theorem (b).

and E?

puzzle

The sets .S; and R; will have the same definition as before. We let E;

eople

denote the subsets of Epeople and Fpyzz1e with one endpoint in S; and one in R;. The impor-

and E;

are disjoint from U, E’

tant thing to note is that E° people

N oY)
people and Uj;

uzzle puzzle

respectively.

For large n, there exists an integer ¢* = min{i : |S;| > n} and a collection of values
{7i= %x22i_1}1§i5i* along with the events T} := 03-:1{|Sj] > v;}. We will prove a series of

lemmas that will combine to prove the theorem.

Lemma 3.2.1. P(T7) =1 — o(1).

Lemma 3.2.2. Fori < i*, IP’(TZ}+1|Ti) >1—exp (—%%) .

Lemma 3.2.3. P(T}+) > HZ;I (1—exp(—3v)) .

Lemma 3.2.4. P (Solve|T;+) =1 —o(1)

First we will show that 77 occurs with high probability.

Proof of Lemma|3.2.1]
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Let tj, denote the number of disjoint trees of size k from a graph with p = peg and |V1| = n/2.

The expected value of t; is given by

2 _ kY _
A=A = E(ty) = (”é )kk—2peﬁk—1(1 — pe) /2L (3.6)

From Theorem 5.1 in [29], the total variation distance between the distribution of 5 and

a Poisson distribution with parameter A has the following upper bound:

drv (L(tg), Pr) < c1(n/2,k, per) + c2(n/2, k, pes)

where
2k
c1(n/2,k, pefr) = 7)\

and

(6] (n/2, kapeff) < 6_2k2/nk2peff(1 - peff)_kz)“

When peg = 64z 'n~!, the distribution of ¢, will approach a Poisson distribution.
Hence P(t, > 1) > 1 — e — o(1). In this case A, — 0o so P(t, > 1) = 1 — o(1). Therefore
P(Ty) =1—o(1). O

Proof of Lemma|[3.2.3.

We determined S7 only using edges with both endpoints in V;. For 1 < ¢ < ¢*, and each
v € R; we have , the vertices of .S; will come from R; and will be determined by edges from

E? and E’

puzzle people”

Let u,u € S; and v € R;. We have
P ((’U,, U) € Epuzzle‘ﬂ) = Ppuz, (37)

and similarly,

P ((U,»U) € Ep60ple|Ti) = Pppl- (3.8)
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The probability that v connects to S; can be expressed by

P(v € Sipa|T}) > (1 g —ppuz)lsi\) (1 Q1 —pppl)lsi\) . (3.9)

This probability is independent for all vertices of R; and is bounded below by

1 1 _ i _
Zpeff’Si‘Z >8nte g = 2n a2 = dn~ly . (3.10)

The size of S;41 conditioned on T; stochastically dominates a binomial random variable,
X1 with distribution Bin(n — o(n),4n~'v;11). Therefore if T; occurs, the expected value

of |Si+1] is at least the expected value EX; 11 > 27v;4+1. Chernoff bounds then give
1
P (Ti41|T;) > P(Xigy1 > Yip1) > 1 —exp —5 i+ (3.11)

This bound will hold for all i that allows for (1—(1—pyp1)!%!) to be bounded by |S;[ppp1/2.

Since ppp1 = ¢, this bound holds when |.S;| << n°.

Proof of Lemma|3.2.5,

This follows from the convergence of [] j (1 — exp (—%%)) . Using conditional probabilities
we have

P(T;+) > P(T;+

Toe 1 )P(Tpe_y) = (1 _exp (_;7» P(T_1). (3.12)

Iteratively apply the previous two lemmas to obtain

() -

j=1

Taking the logarithm of both sides we have

*

log P(Tj+) > ilog <1 _exp <;7>> > ilog <1 _exp <;7>) . (3.14)

i=1 i=1
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We can use the approximation log(1l — ¢) > —2q for ¢ near 0. This gives

1 i
0> logP(Ti+) > > —exp <—2x22 1) > 7, (3.15)
7

Since x is large when n is large this expression tends to zero. Hence

P(Tp)>e " >1—e®=1-o0(1). (3.16)
Proof of Lemma [3.2.4).

If T;+ is true then not only do we have |S;x| > n€, but also that |R;«| > n/3. Let

|Six| = an® where « is bounded below by a constant. For v € R;» we have similar to

P(v € Siuy1) = (1= (1=n") 1) (1= (1 - 64010 109)571)

> (1 — e_o‘) (1 — (1 — 64x_1n_1+6)an6) .

There exists positive constant ¢ < 1 such that

1— (1= 64z~ I~ 1+) ™ > petd=1,

In this case the expected size of S;«y1 is

E|Sis 41| > ent? (3.17)

where ¢ is some small positive constant. Then using the Chernoff bound again we have

P(|Sjeq1 > cnt0/2) = 1 — exp—n /4, 3.18
Jr

We modify the definition of R;<y1 to include all remaining vertices and not just those

in Ry,
*+1
Rip1:=V\ ] S,

Jj=1
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The edges of E;ijll . and E;;;ll . are still independent of all revealed edges so far. There

exists ¢’ > 0 such that for v € R;«;1 the probability that there exists some u € S;«;1 such

that (u,v) € E;Z)‘plle is given by

- e+6
P( 3w € Spqq st (u,v) € BEU LY >1— (1—71_6)071+ /2

‘people >1- eXp(—n(S,). (319)

Therefore every v € R;«41 is connected to S;+11 with a people edge with probability

(1 - exp(—n‘s/))n >1—nexp(—n’) =1—o(1). (3.20)

In the limit, everything connects to Sj«;1 with an edge in Epeople. Since(V, Epyzzle) is

connected, eventually everything will merge together.

The proof of Theorem [3.0.1] (b) follows because

P(Solve) > P(Solve|T;+)P(T;) = (1 — o(1))(1 — o(1)) = 1 — o(1).
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