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In this thesis we present three problems. The first problem is to find a good description

of the number of fixed points of a 231-avoiding permutation. We use a bijection from Dyck

paths to 231-avoiding permutations that allows us to compute the scaled distribution of the

number of fixed points of a 231-avoiding permutation chosen uniformly at random. We also

show a strong connection with a these permutations and Brownian excursion.

The second problem is an extension of work found in [31], where the authors study boot-

strap percolation on the Hamming torus. We give a thorough description of the behavior

of this model for finite lattices of all dimensions when the percolation threshold is 2.

Lastly we present a problem on jigsaw percolation, developed in [34] and [35] as a model

for collaborative problem solving. This process considers a pair of graphs on a shared set

of vertices and forms clusters of vertices based on the edges of the two underlying graphs.

We consider the process where both graphs are Erdös-Rényi random graphs.
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Chapter 1

PATTERN AVOIDING PERMUTATIONS

1.1 Introduction

One hundred years ago Percy MacMahon initiated the study of pattern avoiding per-

mutations with his study of “lattice permutations” [13]. MacMahon showed that every

321-avoiding permutation can be decomposed into two increasing subsequences and that

the number of 321-avoiding permutations of length n is given by the nth Catalan number

Cn =
1

n+ 1

(
2n

n

)
.

The modern study of pattern avoiding permutations began with Donald Knuth who

showed their importance in computer science. Knuth proved that the 231-avoiding per-

mutations are precisely those that can be sorted by a stack [12]. He also showed that the

number of 231-avoiding permutations is also equal to Cn. Further connections between

pattern avoiding permutations and sorting algorithms in computer science were explored by

Tarjan, Pratt and others [19, 1]. We say a permutation σ ∈ Sn avoids the pattern 231 if

for every subsequence satisfying 1 ≤ i1 < i2 < i3 ≤ n, if σ(i1) < σ(i2) implies σ(i1) < σ(i3).

Similar definitions apply for all m and π ∈ Sm. We denote the set of permutations of length

n that avoid the pattern π ∈ Sm by Sn(π).

From there the study of pattern avoiding permutations has gone in many directions.

Connections between pattern avoiding permutations have been established with numerous

other areas of mathematics and to many applications [11]. Enumeration of the number

of different pattern avoiding permutation in Sn(π) for various permutations π has been a

major avenue of study [8, 15].

Recently a more geometric view of pattern avoiding permutations has come into fashion.

This line of work, initiated by Madras and Pehlivan [14] and Miner and Pak [16], aims to

determine what a random pattern avoiding permutation looks like. These papers make
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Figure 1.1: σ10 and σ1000 in S10(231) and S1000(231) respectively.

extensive studies of the distributions of permutations that avoid a pattern of length 3. For

a uniformly chosen 231-avoiding (or 321-avoiding) permutation σ ∈ Sn they determined

the asymptotics of P(σ(i) = j), for i and j of the form i(n) = an+cnα and j(n) = bn+cnα.

We extend this approach and show fundamental connections between the shape of a

random permutation avoiding a pattern of length 3 and Brownian excursion. Brownian

excursion is the process {et}0≤t≤1 which is Brownian motion conditioned to be 0 at 0 and

1 and positive in the interior [17].

One of the classical problems in probabilistic combinatorics is to show that the distribu-

tion of the number of fixed points in a uniformly chosen random permutation is converging

in distribution to a Poisson(1) random variable. This classical result has been expanded

to include a thorough examination of the cycle structure of a random permutation [18].

Moving in a different direction Elizalde initiated the study of the expected number of fixed

points in pattern avoiding permutations [2, 3, 4, 5].

Instead of the local statistics studied in [14] and [16] we start by taking a functional

approach. We prove that (in some appropriate senses) a randomly chosen pattern avoiding

permutation converges to Brownian excursion. Then we exploit this convergence to Brow-

nian excursion to determine the distribution of the number and location of fixed points of

a random pattern avoiding permutation.
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Notation

Throughout this chapter we use the following definition of a Dyck path.

Definition 1.1.1. A Dyck path, γ, of length 2n is a piecewise linear function defined by

the linear interpolation of points {(x, γ(x))}2nx=0 that satisfy the following conditions:

• γ(0) = γ(2n) = 0

• γ(x) ≥ 0 for all x ∈ (0, 2n), and

• |γ(x+ 1)− γ(x)| = 1 for all integers x ∈ {0, 1, . . . , 2n− 1}.

We dente the set of such paths by Dyck2n.

Definition 1.1.2. An excursion in a Dyck Path starting at x with height h and length l

is a path interval γ([x, x+ l]) such that

• γ(x) = γ(x+ l) = h− 1

• γ(x+ 1) = γ(x+ l − 1) = h and

• l = min{j ≥ 1 : γ(x+ j) = h− 1}.

Note that there are n excursions in a Dyck Path of length 2n as there is one excursion

that begins with every upstep. Based on this correspondence we say the ith excursion is

the one that begins with the ith upstep.

Definition 1.1.3. For a Dyck path γ ∈ Dyck2n, define the following:

• exc(i) := the ith excursion.

• vi := the position after the ith up step, or one more than the start of exc(i).

• hi := γ(vi) = the height of the path after the start of exc(i).
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Figure 1.2: A Dyck path in D10 with v6 = 8, h6 = 4, and l6 = 8.

• li := the length of the same excursion.

Figure 1.2 illustrates these definitions for a particular γ. We change our notation slightly

when we are dealing with a random path.

Definition 1.1.4. For a Dyck path Γn ∈ Dyck2n, chosen at random, we define the associated

random variables as follows

• Excn(i) := the ith excursion.

• V n
i := the position after the ith up step, or 1 + the start of Excn(i).

• Hn
i := Γn(V n

i ) = the height of the path after the start of Excn(i).

• Lni := the length of the same excursion.

Using these definitions we show to define a bijection from Dyck2n to 231-avoiding per-

mutations which will be useful in proving our results.

1.1.1 Convergence to Brownian Excursion

We start with a Dyck path γ of length 2n. It is well known that the scaling limit of Dyck

paths are Brownian excursion [10]. Using the bijection in Proposition 1.2.1, for each Dyck
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path γ we call its corresponding 231-avoiding permutation σγ . A particular rescaling of the

linear interpolation of the local maxima of (i− σγ) closely approximates the rescaling of γ.

For a permutation σ ∈ Sn the process, (σ(i)− i, i ∈ [n]), is referred to as the exceedance

process. The mirror to this process, (i− σ(i), i ∈ [n]), is referred to as the anti-exceedance

process. We also define the subset of local minima, I = I(σ) ⊂ [n− 1] as the set of points

{i ∈ [n− 1] : σ(i) < σ(i+ 1).}

Restricting the anti-exceedance process to I gives the following.

Definition 1.1.5 (Maximal Anti-Exceedance Process). Fix σ ∈ Sn and I = I(σ). We

define the point process

M = {i− σ(i), i ∈ I}.

We extend M to all real values in [0, n] by letting M(0) = M(n) = 0 with linear interpolation

for t /∈ I ∪ {0, n}.

We state our theorem on convergence in terms of the maximal anti-exceedance process.

For a random path Γn ∈ Dyck2n we have a corresponding random permutation σΓn ∈

Sn(231). We denote the set of local minima of σΓn by In, and we denote the corresponding

anti-exceedance process by Mn.

Theorem 1.1.1. Let Γn ∈ Dyck2n be chosen uniformly at random. There exists r > 0 such

that

P

(
sup
t∈[0,1]

1

(2n)1/2
|Γn(2nt)−Mn(nt)| > n−0.05

)
< e−n

r

1.1.2 Fixed points of 231-avoiding permutations

We count the number of fixed points in an interval by

θ[an,bn](σ) = |{i ∈ [an, bn] : σ(i) = i}|

where 0 ≤ a < b ≤ 1. Miner and Pak proved that the expected number of fixed points

in an interval of the form [an, bn] is of order n1/4. We prove that a typical 231-avoiding
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permutation has on the order of n1/4 fixed points. Moreover it allows us to calculate the

distribution of
1

n1/4
θ[an,bn](σΓn)

where Γn is chosen uniformly at random from Dyck2n.

Theorem 1.1.2. Fix 0 < a < b < 1, and ε > 0. For any n sufficiently large and Γn ∈ Dyck2n

chosen uniformly at random,

P

∣∣∣∣∣∣ 1

n1/4
θ[an,bn](σΓn)− 1

27/4π1/2

∫ b

a

(
(2n)1/2

Γn(2nt)

)3/2

dt

∣∣∣∣∣∣ > ε

 = o(1).

1.1.3 “Almost fixed points”

Perhaps the most interesting result in [16] is a phase transition it shows in

P
(
σ(i) =

⌊
i−
(

(i(n− i)
n

)α⌋)
that occurs at α = 3/8. In particular they show that

P
(
σ(i) =

⌊
i−
(

(i(n− i)
n

)α⌋)
∼


Cn−3/4 if α ∈ (0, 3/8)

Cn3/2−2α if α ∈ [3/8, .5)

(1.1)

This result is particularly intriguing because it is not clear what is driving the phase

transition. Miner and Pak say that their results on 231-avoiding permutations “are ex-

tremely unusual, and have yet to be explained even on a qualitative level” [16]. We use a

generalization of Theorem 1.1.2 to give an explanation of these results.

First we show that the difference is not the number of “almost” fixed points on a typical

path. To make this precise we define

θK,α[an,bn](σ) =

∣∣∣∣{i : σ(i) = i−
⌊
K

(
i(n− i)

n

)α⌋}
∩ [an, bn]

∣∣∣∣ .
Then we follow the proof of Theorem 1.1.2 very closely to show

Corollary 1.1.3. Fix 0 < a < b < 1, K ∈ R, α ∈ [0, .5) and ε > 0. Let Γn ∈ Dyck2n be

chosen uniformly at random. For any n sufficiently large

P

∣∣∣∣∣∣ 1

n1/4
θK,α[an,bn](σΓn)− 1

27/4π1/2

∫ b

a

(
(2n)1/2

Γn(2nt)

)3/2

dt

∣∣∣∣∣∣ > ε

 = o(1)
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Thus for all K and α the distribution of the number of “almost” fixed points is the

same as the distribution of the number of fixed points and we do not see the same phase

transition that Miner and Pak observed.

But there is no inconsistency between our results and [16] in the regime K > 0 and

α ∈ [3/8, .5). This is because a small number of permutations drive the probability that

Miner and Pak calculate in (1.1). This is missed by our convergence in distribution. This

small number of permutations are the ones σγ whose corresponding Dyck paths γ have

height γ(i) = bK(i(n− i)/n)αc for some i ∈ [2an, 2bn].

As the density of these permutations becomes vanishingly small as n → ∞, these per-

mutations do not affect the limiting distribution of n−1/4θK,α[an,bn](σ) that we calculate. But

these are the permutations that dominate the probabilities that Miner and Pak calculate.

1.2 A Bijection between Dyck Paths and 231-avoiding permutations

The total number of Dyck paths from 0 to 2n is given by Cn, the nth Catalan number.

The number of 231-avoiding permutations in Sn is also given by the nth Catalan number.

Hence there is a bijection between the two sets. We now define a particular bijection that

uses geometric properties of the path. Although we suspect this bijection does exist in the

literature we are not sure where it does. For the sake of completeness we include a proof

that it is a bijection here. For our purposes the most important geometric aspect of a Dyck

path is an excursion.

Proposition 1.2.1. For γ ∈ Dyck2n define σγ pointwise by

σγ(i) = i+ li/2− hi.

Then σ ∈ Sn(231). Moreover, (γ 7→ σγ) is a bijection from Dyck2n → Sn(231).

The proof of Proposition 1.2.1 will follow from the following lemmas.

Lemma 1.2.2. For any Dyck path γ ∈ Dyck2n, σγ : [n]→ [n].

Proof. Let ui and di denote the number of up-steps and the number of down-steps, respec-

tively, up until the beginning of the ith excursion and let vi = ui + di denote the total
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number of steps until the beginning of the same excursion. Each up-step is the beginning

of an excursion so ui = i − 1. Moreover di is determined by hi since hi = ui − di. For any

path γ ∈ Dyck2n, γ(x) ≤ x. Therefore 0 ≤ hi = γ(vi) ≤ i, hence 0 ≤ i− hi. Moreover, li/2

counts the number of up-steps in the excursion. Only n− i up-steps remain after the first

i have occured so li/2− 1 + i ≤ n. Combining these inequalities gives:

1 ≤ i− hi + 1 ≤ σ(i) ≤ i+ li/2− 1 ≤ n.

Hence σ maps [n] into [n].

Lemma 1.2.3. For any Dyck path γ and any i < j either

Exc(j) ⊂ Exc(i) or Exc(i) ∩ Exc(j) = ∅.

Proof. This follows from the definition of an excursion.

Lemma 1.2.4. For any Dyck path γ and any i < j if

Exc(j) ⊂ Exc(i) then σγ(j) < σγ(i)

and if

Exc(j) ∩ Exc(i) = ∅ then σγ(i) < σγ(j).

Proof. Let 1 ≤ i < j ≤ n. By the previous lemma the jth excursion begins either before

or after the ith excursion ends. The two cases to consider are when j−i < li/2 or j−i ≥ li/2.

We first consider when j − i < li/2. For j in this region we have hj > hi and lj < li.

Moreover lj/2− li/2 < i− j. Therefore

σ(j)− σ(i) = j − i+ lj/2− li/2− (hj − hi) ≤ hi − hj < 0. (1.2)

Now we consider when j − i ≥ li/2. Since the path must return below hi at the end of

Exc(i) then it needs at least max(0, hj −hi) up-steps after the the ith excursion ends to be

at height hj . Therefore j − i ≥ li/2 + max(0, hj − hi). This gives
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hi
li

hj

lj

Figure 1.3: The jth excursion occurs during the ith excursion

σ(j)− σ(i) = j − i+ lj/2− li/2− (hj − hi) ≥ 1 + lj/2 ≥ 1. (1.3)

hi
li hj lj

Figure 1.4: The jth excursion occurs after the ith excursion

In either case σ(j)− σ(i) 6= 0 so σ is in fact a bijection from [n] to [n].

Now we show that it is 231-avoiding.

Proof of Proposition 1.2.1. If σ /∈ Sn(231), then there exists i < j < k such that σ(k) <

σ(i) < σ(j). Note that σ(k) < σ(i) implies the kth up-step occurs before the end of the
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ith excursion. By Equations 1.2 and 1.3 the kth up-step occurs before the end of the ith

excursion. Therefore the jth up-step also occurs before the end of the ith excursion which

implies σ(j) < σ(i), contradicting our assumption that σ /∈ Sn(231). Therefore we can safely

conclude that σ must be 231-avoiding.

All that remains is to show that σγ 6= σγ′ if γ 6= γ′. The quantity σγ(i)− i attains a local

minimum exactly when li(γ) = 2 and σ(i) − i = −hi + 1. But li = 2 implies that 2i − hi

is a local maximum of the Dyck path. Hence there is one-to-one correspondence with local

minima of σγ(i)− i and local maxima of γ. A Dyck path is uniquely defined by the height

and location of the local maxima. Hence the map from σγ → γ is well-defined. Therefore

the map from Dyck2n to Sn(231) given by (γ → σγ) is a bijection.

1.3 Convergence to Brownian Excursion

We develop a notion of convergence from permutations to Dyck paths similar to the work in

[9]. As in the introduction, for Γn ∈ Dyck2n chosen uniformly at random, we let In denote

the indices of the local minima of σΓn and Mn the linear interpolation of the restriction of

this process to In.

Let î(x) = maxi∈In{i : i ≤ x}. By the triangle inequality we have

P

(
sup
t∈[0,1]

|Γn(2nt)−Mn(nt)| > n0.45

)
(1.4)

≤ P
(

sup
t

∣∣∣Γn(2nt)− Γn
(

2̂i(nt)
)∣∣∣ > n0.4

)
(1.5)

+ P
(

sup
t

∣∣∣Γn (2̂i(nt)
)
−Mn

(
î(nt)

)∣∣∣ > n0.4

)
(1.6)

+ P
(

sup
t

∣∣∣Mn
(
î(nt)

)
−Mn(nt)

∣∣∣ > n0.4

)
(1.7)

We use lattice counting methods as found in [6]. Let LP
(c,d)
(a,b) denote the total number of

nonnegative lattice paths from (a, b) to (c, d) with steps of either (1, 1) or (1,−1). In terms

of counting Dyck paths LP
(2n,0)
(0,0) = Cn, the nth Catalan number. More generally we have

LP
(c,d)
(a,b) =

(
(c− a)

1
2 ((c− a) + (d− b))

)
−
(

(c− a)
1
2 ((c− a) + (d− b)) + b+ 1

)
.
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The following lemma will give control over the size of |Γn(x)−Γn(y)| if we can bound |x−y|.

Lemma 1.3.1. Let Γn be chosen uniformly from Dyck2n. Let C denote the event that for

any 0 ≤ x < y ≤ 2n such that |x − y| < n0.6 and |Γn(x)− Γn(y)| > n0.4. For sufficiently

large n there exists r > 0 such that

P (C) ≤ 1

9
e−n

r
.

Proof. Let h = Γn(bxc) and h′ = Γn(byc). Then h, h′ ∈ N and |h−h′| ≥ |Γn(x)−Γn(y)|−2.

Using the formula for counting lattice paths we have

P
(
h− h′ = m

∣∣ Γn(byc) = h′
)

= LP
(bxc,h′+m)
(0,0) LP

(byc,h′)
(bxc,h′+m)

(
LP

(byc,h′)
(0,0)

)−1
.

By . IX.1 on page 615 of [7] we see

P(h− h′ = m
∣∣ Γn(byc) = h′)

≤ byc
(

bxc
(bxc − h′ −m)/2

)(
byc − bxc

(byc − bxc −m)/2

)(
byc

(byc − h′)/2

)−1

≤ Cbyc2 exp

(
−(h′ +m)2

2bxc
− (m)2

2(byc − bxc)
+

(h′)2

2byc

)
≤ Cn2 exp

(
− m2

2(bxc − byc)

)
.

If |y−x| < n0.6 and |m| > n0.4 then the above expression is bounded by n2 exp(−n0.2/2).

The height of Γn is bounded by n so there are at most n possibilities for m and n possiblilities

for h′. Moreover there are at most 4n2 possible pairs (bxc, byc), so for all sufficiently large

n the union bound gives

P
(
|Γn(x)− Γn(y)| > n0.4

∣∣|x− y| < n0.6
)

≤
∑

0≤j<k≤2n,|j−i|<n0.6

∑
0≤h′≤n

∑
n0.4≤|m|≤n

Cn2 exp

(
− m2

2(bxc − byc)

)
≤ 4Cn6 exp(−n−0.2/2)

≤ exp(−n0.1).
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Any r ∈ (0, 0.1) will suffice.

Now we show that |̂i(x)−x| will typically be small enough so that we may apply Lemma

1.3.1. Consider the event

C :

{
sup
x∈[0,n]

(
x− î(x)

)
> n0.1

}
.

Lemma 1.3.2. Let Γn be chosen uniformly from Dyck2n. For n sufficiently large there exists

r > 0 such that

P (C) ≤ 1

9
e−n

r
.

Proof. Based on our bijection (nt)− î(nt) > n0.1 if the corresponding Dyck path has a run

of n0.1 increases. The probability that a Dyck path has a run of n0.1 increases beginning

with the ith upstep is given by

LP
(2n,0)
(a+n0.1,b+n0.1)

(
LP

(2n,0)
(a,b)

)−1
≤ (3/4)n

0.1−2.

There are at most n runs of increases so by the union bound every run of increases is

less than n0.1 with probability at least 1 − n(3/4)n
0.1−2. Then we may conclude for fixed

r > 0 and every n sufficiently large

P (C) ≤ n(3/4)bn
0.1c−1 ≤ e−nr

for some r > 0.

Lemma 1.3.3. Let Γn ∈ Dyck2n be chosen uniformly at random. There exists constant

r > 0 such that for n sufficiently large

P

(
sup
t∈[0,1]

|Γn(2nt)−Mn(nt)| >
√

2n0.45

)
≤ e−nr .

Proof. We prove this lemma by showing there exists a constant r > 0 such that for n

sufficiently large lines 1.5, 1.6, and 1.7 are each bounded by 1
3e
−nr .
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From . IX.1 on page 615 of [7] there exists a constant s1 > 0 such that

P
(

sup
t

Γn(2nt) > n0.51

)
<

1

9
e−n

s1
.

Let s2 and s3 denote the constants from Lemmas 1.3.2 and 1.3.1 respectively. Finally let

r = min(s1, s2, s3).

By Lemma 1.3.2

P
(

sup
t

∣∣∣Γn(2nt)− Γn
(

2̂i(nt)
)∣∣∣ > n0.4

)
≤ P

(
sup
t

∣∣∣Γn(2nt)− Γn
(

2̂i(nt)
)∣∣∣ > n0.4

∣∣Cc)+ P (C)

≤ P
(

sup
t

∣∣∣Γn(2nt)− Γn
(

2̂i(nt)
)∣∣∣ > n0.4

∣∣Cc)+
1

9
e−n

r
.

By Lemma 1.3.1 there exists s2 > 0 such that

P
(

sup
t

∣∣∣Γn(2nt)− Γn
(

2̂i(nt)
)∣∣∣ > n0.4

∣∣Cc) <
1

9
e−n

r

giving

P
(

sup
t

∣∣∣Γn(2nt)− Γn
(

2̂i(nt)
)∣∣∣ > n0.4

)
<

1

3
e−n

r
.

This handles line 1.5.

By definition, Hn
i = Γn(2i−Hn

i ). Also i ∈ In so

Mn
(
î(nt)

)
= Hn

î(nt)
= Γn

(
2nî(nt)−Hn

î(nt)

)
.

By Lemma 1.3.1, conditioned on Hn
ˆ(nt)
< n0.51

P
(

sup
t

∣∣∣Γn (2̂i(nt)
)
− Γn

(
2nî(nt)−Hn

î(nt)

)∣∣∣ > n0.4
∣∣{sup

t
Hn
î(nt)

< n0.51}
)
<

1

9
e−n

r
.

Then we have

P
(

sup
t

∣∣∣Γn (2̂i(nt)
)
− Γn

(
2̂i(nt)−Hn

î(nt)

)∣∣∣ > n0.4

)
<

1

9
e−n

r
+

1

9
e−n

r

1

3
e−n

r
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giving the proper bound for line 1.6

Lastly we consider the quantities

ĵ(nt) := inf
j∈In
{j : j ≥ nt}

and

k̂(nt) :=
{
k ∈ In : î(nt) ≤ k ≤ ĵ(nt) and

∣∣∣Mn(k)−Mn
(
î(nt)

)∣∣∣ is maximal
}
.

By definition ∣∣∣Mn(nt)−Mn
(
î(nt)

)∣∣∣ ≤ ∣∣∣Mn
(
k̂(nt)

)
−Mn

(
î(nt)

)∣∣∣ .
Moreover, k̂(nt) and î(nt) are in In so

P

(
sup
t∈[0,1]

∣∣∣Mn
(
k̂(nt)

)
−Mn

(
î(nt)

)∣∣∣ > n0.4

)

= P

(
sup
t∈[0,1]

∣∣∣Γn (2k̂(nt)−Hn
k̂(nt)

)
− Γn

(
2̂i(nt)−Hn

î(nt)

)∣∣∣ > n0.4

)
.

By Lemma 1.3.2, supt∈[0,1]

∣∣∣2k̂(nt)− 2̂i(nt)
∣∣∣ > 2n0.1 with probability at most 1

9e
−nr .

With probability 1
9e
−ns3 , Hn

î(nt)
and Hn

k̂(nt)
are greater than n0.51. Let B denote the union

of these two events

{ sup
t∈[0,1]

∣∣∣2k̂(nt)−Hn
k̂(nt)

− 2̂i(nt) +Hn
î(nt)

∣∣∣ > n0.6}
⋃
{ sup
t∈[0,1]

∣∣∣2k̂(nt)− 2̂i(nt)
∣∣∣ > 2n0.1}.

By the union bound we have

P (B) <
1

9
e−n

r
+

1

9
e−n

r
.

Conditioned on Bc we may apply Lemma 1.3.1 to show that

P
(∣∣∣Γn (2k̂(nt)−Hn

k̂(nt)

)
− Γn

(
2̂i(nt)−Hn

î(nt)

)∣∣∣ > n0.4
∣∣Bc
)

≤ 1

9
e−n

r
.

Removing the conditioning we have

P
(∣∣∣Γn (2k̂(nt)−Hn

k̂(nt)

)
− Γn

(
2̂i(nt)−Hn

î(nt)

)∣∣∣ > n0.4
)
≤ 1

9
e−n

r
+

1

9
e−n

r
+

1

9
e−n

r
.
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The union bound gives

P
(∣∣∣Γn (2k̂(nt)−Hn

k̂(nt)

)
− Γn

(
2̂i(nt)−Hn

î(nt)

)∣∣∣ > n0.4
)

≤ 1

3
e−n

r
+ 13e−n

r
+ 13e−n

r

≤ 1

3
e−n

r
,

properly bounding line 1.7.

Combining the bounds for lines 1.5 through 1.7 gives the desired bound for the lemma.

Scaling the expression in Lemma 1.3.3 gives Theorem 1.1.1.

1.4 Fixed Points for 231-avoiding permutations

For a 231-avoiding permutation σ ∈ Sn(231), let θI(σ) denote the number of fixed points of

σ contained in the subset I ⊂ [n]. Based on our bijection from Section 1.2, for a γ ∈ Dyck2n

and σ = σγ and σ(i) = i precisely when li/2 = hi.

Theorem 1.4.1. Fix 0 < a < b < 1 and ε > 0. Let Γn be chosen uniformly at random from

Dyck2n. Then

lim
n→∞

P

∣∣∣∣∣∣ 1

n1/4
θ[an,bn](σΓn)− 1

2π1/2

∫ b

a

(
n1/2

Γn(2nt)

)3/2

dt

∣∣∣∣∣∣ > ε

 = 0.

We set up the notation necessary to prove Theorem 6.1. We break the interval [an, bn] up

into subintervals of size about n0.9. In each of these intervals we will estimate the expected

number of fixed points using the height of Dyck path at the start of the interval. Then we

will bound the variance to show that with high probability the number of fixed points is

close to the expected value.

Label the intervals Ik = [ak, bk) for k ∈ [0, · · · ,K − 1], where K = b(b− a)n0.1c and

ak = ban+ (k/K)(bn− an)c and bk = ak+1.

Denote a sequence of heights α = {αnk}
K−1
k=0 and define

Ωn(α) :=
K−1⋂
k=0

{
γ ∈ Dyck2n|γ(vak) = αnk

}
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where vak is the total number of steps to and including the akth up step. Note that

Ωn(α) ∩ Ωn(α′) = ∅ if α 6= α′. Let A denote the collection of all α.

Definition 1.4.1 (A Proper Subset of Dyck2n). We say a sequence of heights α = {αnk}Kk=0

is proper if the following are satisfied:

• n0.499 < αnk < n0.501 for all 0 ≤ k ≤ K and

• |αnk − αnk+1| < n0.451 for 0 ≤ k < K.

We say Ωn(α) is proper if α is proper.

Definition 1.4.2. Recalling Definition 1.1.3, we define the random variables for a random

path Γn ∈ Dyck2n :

• V n
i := number of steps up to and including the ith up step.

• Hn
i := Γn(V n

i ).

• Lni := the length of the ith excursion.

Let Bn denote the collection of proper α ∈ A. Most Γn ∈ Dyck2n will be in some proper

Ωn(α).

Lemma 1.4.2. For n sufficiently large, and Γn be chosen uniformly at random from Dyck2n,

P

(
Γn ∈

⋃
α∈Bn

Ωn(α)

)
> 1− o(1).

Moreover

P

 ⋂
i∈[an,bn]

{
n0.49 < Hn

i < n0.51
} ∣∣∣Ωn(α)

 > 1− e−n0.0001

for all proper Ωn(α).

Proof. The first statement follows from Lemmas 1.5.10 and 1.5.11. The second statement

follows by applying Lemma 1.5.12 to the intervals Ik for 0 ≤ k < K.
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For a fixed sequence of heights α, let k̂(x) = supk{2ak−αnk ≤ x}. We define the following

function ρα : [2an, 2bn]→ [0, n]

ρα(x) := αn
k̂(x)

.

For γ ∈ Ωn(α), vak = 2ak − αnk and γ(vak) = ρα(vak) = αnk . For most γ ∈ Ωn(α), γ will be

close to ρα.

Lemma 1.4.3. Fix 0 < a < b < 1, and ε > 0. For all n sufficiently large,

max
α∈Bn

P

 sup
t∈[a,b]

∣∣∣∣∣∣
(

n1/2

ρα(2nt)

)3/2

−

(
n1/2

Γn(2nt)

)3/2
∣∣∣∣∣∣ > n−0.01

∣∣∣Ωn(α)

 < e−n
0.001

.

Proof. Let k̂ = k̂(2nt). By definition vak̂ < 2nt < vak̂+1
so

|2nt− vak̂ | < |2ak̂ − 2ak̂+1 − α
n
k̂

+ αn
k̂+1
| < 2n0.9 + n0.451 < 3n0.9.

We can expand the proof of Lemma 1.4.2 to include deviations bounds for all i ∈

(ak, ak+1) for 0 ≤ k < K. In particular we have for t < 3,

P(|Γn(vak + tn0.9)− Γn(vak)| > n0.46|Ωn(α)) < e−n
0.001

.

By Lemma 1.5.12, Γn(2nt) > n0.49 with probability 1− e−0.001, so with probability at least

1− e−n0.001

∣∣∣∣∣∣
(

n1/2

ρα(2nt)

)3/2

−

(
n1/2

Γn(2nt)

)3/2
∣∣∣∣∣∣ <

∣∣∣∣∣∣
(

n1/2

Γn(2nt)− n0.46

)3/2

−

(
n1/2

Γn(2nt)

)3/2
∣∣∣∣∣∣

<

(
n1/2

Γn(2nt)

)3/2 ∣∣∣∣1− 1

1− n0.46/Γn(2nt)

∣∣∣∣3/2
< n0.015n−0.03

< n−0.01.
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Lemma 1.4.4. Fix 0 < a < b < 1. For all n sufficiently large,

max
α∈Bn

∣∣∣∣∣∣n−1/4E
[
θ[an,bn]

∣∣∣Ωn(α)
]
− 1

2π1/2

∫ b

a

(
n1/2

ρα(2nt)

)3/2

dt

∣∣∣∣∣∣ < n−0.001.

Lemma 1.4.5. Fix 0 < a < b < 1. For all n sufficiently large,

max
α∈Bn

Var
[
θ[an,bn]

∣∣Ωn(α)
]
< n0.48.

Because these bounds are uniform over all proper Ωn(α) we will drop the α where no

confusion should arise. We delay the proofs of these two lemmas until after the proof of

Theorem 1.4.1 as they are long and somewhat technical. Many more technical calculations

are pushed to Section 1.5 to make the proofs of Lemmas 1.4.4 and 1.4.5 more readable.

Proof of Theorem 1.4.1. Fix a proper Ωn. For all n sufficiently large and Γn chosen uni-

formly from Ωn, by Lemma 1.4.5 and Chebyshev’s inequality

P
(∣∣θ[an,bn](σΓn)− E

[
θ[an,bn]|Ωn

]∣∣ > n0.005n0.24
∣∣∣Ωn
)
< n−0.01.

With Lemma 1.4.4 we have

P

∣∣∣∣∣∣n−1/4θ[an,bn] −
1

2π1/2

∫ b

a

(
n1/2

ρ(2nt)

)3/2

dt

∣∣∣∣∣∣ > n−0.005 + n−0.001
∣∣∣Ωn

 < n−0.01.

Combined with Lemma 1.4.3

P

∣∣∣∣∣∣n−1/4θ[an,bn](σ
n
Γ)− 1

2π1/2

∫ b

a

(
n1/2

Γn(2nt)

)3/2

dt

∣∣∣∣∣∣ > 2n−0.001
∣∣∣Ωn

 = ∆(Ωn) (1.8)

where ∆(Ωn) = o(1) uniformly for all proper Ωn.

Now consider Γn ∈ Dyck2n chosen uniformly at random.
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P

∣∣∣∣∣∣n−1/4θ[an,bn](σ
n
Γ)− 1

2π1/2

∫ b

a

(
n1/2

Γn(2nt)

)3/2

dt

∣∣∣∣∣∣ > 2n−0.001


≤ P (Γn /∈ ∪α∈BΩn(α)) +

∑
α∈B

∆(Ωn(α))P(Γn ∈ Ωn(α))

≤ o(1)

by Lemma 1.4.2.

1.4.1 Proof of Lemma 1.4.4

For i ∈ [an, bn] we have that θi := θi(σΓn) is a 0-1 valued random variable where

P(θi = 1) = P(Lni /2 = Hn
i ).

Let Ik = Iintk ∪ Ioutk where Ioutk consists of the 2n0.6 values both directly after ak or directly

before ak+1 and Iintk is the rest of Ik.

Lemma 1.4.6. Fix 0 < a < b < 1. For all proper Ωn and for each k, and i ∈ Iintk .

E[θi|Ωn] =
1

2π1/2(αnk)3/2
(1 + ∆),

where ∆ = ∆(i, k,Ωn) = o(n−0.01) is uniformly bounded for all choices i, k and proper Ωn.

Proof. For each k the and each i in Iintk the conditions for Lemma 1.5.8 are satisfied since

Ωn is proper. Therefore

E[θi|Ωn] =
1

2π1/2(αnk)3/2
(1 + ∆)

as desired.

For Ioutk we look at E[θIoutk
|Ωn] as a whole rather than computing E[θi|Ωn] for each

individual i.
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Lemma 1.4.7. Fix 0 < a < b < 1 and proper Ωn. For all γ ∈ Ωn∑
k

θIoutk
≤ 5n0.21.

Proof. For each k, Ioutk consists of two intervals of length 2n0.6 which can be covered by

less than 5n0.6/n049 subintervals of length n0.49. As Ωn is proper, then hi > n0.49 for

ı ∈ [an, bn]. Then by Lemma 1.5.13 each of the subintervals has at most one fixed point.

Then θIoutk
≤ 5n0.11 for each 0 ≤ k < K < n0.1. Adding them up proves the lemma.

Lemma 1.4.8. For fixed 0 < a < b < 1 and proper Ωn,

E[θ[an,bn]|Ωn] = (1 + ∆)

bbnc∑
j=banc

1

2π1/2ρ(V n
j )3/2

,

where ∆ = o(n−0.01) is uniformly bounded for all proper Ωn

Proof. By linearity of expectation:

E[θ[an,bn]|Ωn] =

K−1∑
k=0

∑
i′∈Ik

E[θi′ |Ωn] =

K−1∑
k=0

|Ik|−1∑
i=0

E[θak+i|Ωn]

For each k, and ak + i ∈ Iintk , we can apply Lemma 1.4.6 to conclude

E
[
θak+i

∣∣Ωn
]

=
1

2π1/2(αnk)3/2
(1 + ∆(i, k,Ωn))

where ∆(i, k,Ωn) = o(n−0.01) is uniformly bounded for all i, k and proper Ωn.

By Lemma 1.5.12 we know the paths are high enough to apply Lemma 1.4.7 to show

that E[
∑

k θIoutk
] < n0.22. On the other hand αnk < n0.51 implies

∑
k

E[θIintk
|Ωn] =

∑
k

∑
i∈Iintk

1

2π1/2(αnk)3/2
(1 + ∆(i, k,Ωn))

>
∑
k

∑
i∈Iintk

n−0.765

> n0.23
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so the contribution from
∑

k E[θIoutk
|Ωn] is dominated by

∑
k E[θIintk

|Ωn]. Then by Lemma

1.4.6 and 1.4.7

E[θ[an,bn]|Ωn] = E[θIoutk
|Ωn] +

∑
k

E[θIintk
|Ωn]

= 5n0.21 +
∑
k

|Iintk |
2π1/2(αnk)3/2

(1 + ∆(k,Ωn))

= (1 + ∆(Ωn))
∑
k

|Iintk |
2π1/2(αnk)3/2

where ∆(k,Ωn) = o(n−0.01) is uniformly bounded over k and proper Ωn and ∆(Ωn) =

o(n0.01) is uniformly bounded over Ωn.

For each k, |Ik| = (1 +O(n−0.3))|Iintk | by the definitions of Ik and Iintk . Then the above

expression becomes

E[θ[an,bn]|Ωn] =(1 + ∆′(Ωn))
∑
k

|Ik|
2π1/2(αnk)3/2

=(1 + ∆′(Ωn))
∑
k

∑
j∈Ik

1

2π1/2(αnk)3/2
.

with ∆′(Ωn) = o(n−0.01) uniformly bounded over all proper Ωn. For j ∈ Ik, ρ(V n
j ) = αnk ,

finishing the proof.

Proof of Lemma 1.4.4. By Lemma 1.4.8 we can write the conditional expectation of θ[an,bn]

as

E[θ[an,bn]|Ωn] = (1 + ∆)

bbnc∑
i=banc

1

2π1/2ρ(V n
i )3/2

where ∆ = o(n−0.01) is uniformly bounded over all proper Ωn. Converting the sum into an

integral we have

E[θ[an,bn]|Ωn] = (1 + ∆)

∫ bn

an

1

2π1/2ρ(V n
buc)

3/2
du.

The change of variables nt = u gives

E[θ[an,bn]|Ωn] = (1 + ∆)

∫ b

a

1

2π1/2ρ(V n
bntc)

3/2
ndt.
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By properness of Ωn, |ρ(V n
bntc)− ρ(2nt)| < n0.451 and ρ(2nt) > n0.499 for t ∈ [a, b] so

1

ρ(V n
nt)

3/2
= (1 + o(n−0.001))

1

ρ(2nt)3/2
.

Scaling by n1/4 completes the proof.

1.4.2 Proof of Lemma 1.4.5

Now that we have the conditional expectation E[θint[an,bn]|Ω
n], we will bound the conditional

variance, Var[θ[an,bn]|Ωn].

Our basic variance equation is

Var[θ[an,bn]|Ωn] =
∑
i,j

E[θiθj |Ωn]− E[θi|Ωn]E[θj |Ωn].

The key to bounding the conditional variance for a proper Ωn is understanding E[θiθj |Ωn]

for various ranges of i and j. We cover [an, bn]2 with ∪5
l=1Bl where each Bl is defined as

follows:

• B1 = ∪k ∪k′ Ioutk × Ioutk′ ,

• B2 = ∪k ∪k′ {Iintk × Ioutk′ }
⋃
{Iintk′ × Ioutk },

• B3 = ∪k ∪k′ 6=k Iintk × Iintk′ ,

• B4 = ∪kIintk × {j ∈ Iintk s.t.|j − i| ≤ 2n0.6},

• B5 = ∪kIintk × {j ∈ Iintk s.t.|j − i| > 2n0.6}.

For each Bl we will show that

∑
(i,j)∈Bl

E[θiθj |Ωn]− E[θi|Ωn]E[θj |Ωn] = o(n0.48).

Hence the total variance is o(n0.48).



23

Consider the property

P =
⋂

i∈[an,bn]

{n0.49 < Hn
i < n0.51}.

The following allows us to consider only paths that satisfy this property when computing

the variance.

Lemma 1.4.9. Fix 0 < a < b < 1. For n sufficiently large and proper Ωn

∑
(i,j)∈[an,bn]2

E[θiθj |Ωn] = (1 + ∆)
∑

(i,j)∈[an,bn]2

E[θiθj1P |Ωn]

with ∆ = o(1) uniformly bounded for all proper Ωn.

Proof. Since θiθj1PC < 1PC , by Lemma 1.5.12 we have

E[θiθj1PC |Ωn] ≤ E[1PC |Ωn] ≤ n3 exp−n
0.001

.

Noting that θiθj = θiθj1P + θiθj1PC and taking expectation gives

E[θiθj |Ωn] ≤ E[θiθj1P |Ωn] + E[1PC |Ωn] ≤ E[θiθj1P |Ωn] + n3 exp(−n0.001).

Summing over i and j completes the proof.

For the following series of lemmas we will assume the following standard hypotheses.

• Fix 0 < a < b < 1.

• Ωn ⊂ Dyck2n is proper.

• Let n be large enough such that n5e−n
0.0001

< n−0.47 and for every proper Ωn we have

that n2P(PC |Ωn) < n7e−n
0.001

< e−n
0.0001

.

Lemma 1.4.10. Assuming the standard hypotheses,

∑
(i,j)∈B1

E[θiθj |Ωn] < n0.47.
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Proof. The union bound gives

∑
(i,j)∈B1

E[θiθj |Ωn] ≤ P(PC |Ωn) +
∑

(i,j)∈B1

E[θiθj1P |Ωn].

By Lemma 1.5.12, P(PC |Ωn) = n3e−n
0.08

. For fixed k′ we may use Lemma 1.5.13 to show∑
j∈Iout

k′
E[θj |∗] < 2n0.6−0.49 no matter the conditions given by ∗. In particular we have

∑
j∈Iout

k′

E[θiθj |Ωn] ≤ P(PC |Ωn) +
∑
j∈Iout

k′

E[θj |Ωn, P, θi = 1]E[θi|Ωn, P ]

≤ E[θi|Ωn]4n0.6−0.49.

Then

∑
k

∑
k′

∑
i∈Ioutk

∑
j∈Iout

k′

E[θiθj1P |Ωn] ≤
∑
k

∑
k′

∑
i∈Ioutk

E[θi|Ωn]2n0.6−0.49

≤
∑
k

∑
k′

4n0.22

≤ n0.42

Lemma 1.4.11. Assuming the standard hypotheses,

∑
(i,j)∈B2

E[θiθj |Ωn] < 6n0.47.

Proof. This follows the proof of Lemma 1.4.10 closely. By Lemma 1.5.13

∑
k

∑
k′

∑
i∈Ioutk

∑
j∈Iout

k′

E[θiθj |Ωn] ≤ n2P(PC) +
∑
k

∑
k′

∑
i∈Ioutk

E[θi|Ωn]2n0.6−0.49.

For each k and each i ∈ Ioutk , Lemma 1.5.8 and the properness of Ωn imply that

E[θi|Ωn] < (n−0.499)3/2 < n−0.74. Then
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∑
k

∑
k′

∑
i∈Ioutk

3n0.11E[θi|Ωn] ≤ 3n0.1n0.1n0.9n0.11n−0.74 < 3n0.47.

Changing the roles of i and j and doubling the upper bounded completes the proof.

Lemma 1.4.12. Assuming the standard hypotheses,

∑
i,j∈B3

E[θiθj |Ωn]− E[θi|Ωn]E[θj |Ωn] < n0.47.

Proof. The flavor of this proof is somewhat different from the previous lemmas. Without

loss of generality we may assume that k < k′.

If θi1P = 1, then the corresponding ith excursion will end before the ak′th excursion

begins as

Lni /2 = Hn
i < n0.51 < 2n0.6

and ak′ > i+ |Ioutk |. Therefore, for i ∈ Ik and j ∈ Ik′ ,

E[θiθj |Ωn, P ] = E[θi|Ωn, P ]E[θj |Ωn, P ]

and

∑
(i,j)∈B3

(E[θiθj |Ωn]− E[θi|Ωn]E[θj |Ωn])

≤ n2P(PC |Ωn) + 2
∑
k

∑
k′>k

∑
i∈Iintk

∑
j∈Ik′

(E[θiθj |Ωn, P ]− E[θi|Ωn, P ]E[θj |Ωn, P ])

≤ n5 exp(−n0.001)

< n0.47

Lemma 1.4.13. Assuming the standard hypotheses,

∑
(i,j)∈B4

E[θiθj |Ωn] < n0.47.
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Proof. By Lemma 1.5.13

∑
|i−j|<2n0.6

E[θiθj |Ωn] ≤ n2P(PC) + 5n0.6−0.49E[θi1P |Ωn].

For each k, |Iintk | ≤ n0.9 so

∑
k

∑
i∈Iintk

5n0.11n−0.73 ≤ 5n0.1+0.9+0.11−0.735 < n0.47.

The last possibility is the one which requires the most care.

Lemma 1.4.14. Assuming the standard hypotheses,

∑
(i,j)∈B5

E[θiθj1P |Ωn] < n0.47.

Proof. We proceed in a manner similar to Lemmas 1.5.6 and 1.5.7. For (i, j) ∈ B5, with

i ∈ Iintk .

E[θiθj1P |Ωn] =
∑

n0.49<h<n0.51

∑
n0.49<h′<n0.51

G(i, j, h, h′, ak, ak+1, α
n
k , α

n
k+1).

where

G(i, j, h, h′, ak, ak+1, α
n
k , α

n
k+1)

= Ch−1Ch′−1

∣∣∣E2i−h,h
vak ,α

n
k

∣∣∣ ∣∣∣E2j−h′,h′
2i−h+2h−1,h−1

∣∣∣ ∣∣∣Evak+1
,αnk+1

2j−h′+2h′−1,h′−1

∣∣∣ ∣∣∣Evak+1
,αnk+1

vak ,α
n
k

∣∣∣−1
.

For fixed i, j and k there are two cases to consider for values h and h′. One where we can

use Lemma 1.5.2 for each each section of the path, and one where we bound G by e−n
0.001

using Lemma 1.5.1.

Define the set of pairs of heights Di,j,k such that for (h, h′) ∈ Di,j,k, Lemma 1.5.2 is

valid for each of the path sections. For (h, h′) /∈ Di,j,k the contribution to E[θiθj1P |Ωn] is

bounded by e−n
0.001

. Otherwise
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E[θiθj1P |Ωn] ≤
∑

(h,h′)∈Di,j,k

√
n0.9

i(j − i)(n0.9 − j)h3h′3
F (i, j, h, h′, αnk , α

n
k+1)

where

F (i, j, h, h′, αnk , α
n
k+1) = exp

(
−

(h− αnk)2

4i
− (h′ − h)2

4(j − i)
−

(αnk+1 − h′)2

4(n0.9 − j)
+

(αnk+1 − αnk)2

4n0.9

)
.

For h and h′ ∈ (n0.49, n0.51) we may replace 1
(hh′)3/2 with n−1.47. By Lemma 1.5.15 there

exist a large constant C such that

∑
h,h′

F (i, j, h, h′, αnk , α
n
k+1) < C

√
i(j − i)(n0.9 − j)

n0.9

uniformly over all choices of (i, j) ∈ B5 and αnk and αnk+1 from a proper sequence of heights

This gives

∑
(i,j)∈B5

E[θiθj1P |Ωn] ≤
∑

(i,j)∈B5

Cn−1.47 ≤ Cn1.9n−1.47 < n0.47.

Proof of Lemma 1.4.5. Lemmas 1.4.9, 1.4.10, 1.4.11, 1.4.12, 1.4.13, and 1.4.14 com show

that the variance Var[θ[an,bn]|Ωn] < 8n0.47.

The following section contains various technical lemmas that will be used throughout the

paper. The statements of the lemmas are similar to results found elsewhere, but modified

for use in this paper.

1.5 Technical Lemmas

We begin with a useful Lemma that will help count non-negative lattice paths between

points. Let An denote the set of points {i,m} ∈ Z2 such that 0 < n0.6 < i < n and

|m| < i0.6.

Lemma 1.5.1. For {i,m} ∈ An.
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(
2i−m
i

)
=

(1 + ∆(i,m))4i

2m
√
πi

e−
m2

4i

where ∆(i,m) = o(n−0.1) is bounded uniformly over i and m in An.

For i > n0.6 and |m| > i0.6

(
2i−m
i

)
≤ 4i

2m
e−n

0.1
.

Proof. This first equality follows from . IX.1 on page 615 of Flajolet and Sedgewick [7]. For

the second equality we let m = i0.6 + r or m = −i0.6 − r for some r > 0.

(
2i−m
i

)
=

(
2i− i0.6

i

) r−1∏
k=0

i− i0.6 − k
2i− i0.6 − k

≤ 4i

2i0.6+r
e−i

0.2/4
r−1∏
k=0

2i− 2i0.6 − 2k

2i− i0.6 − k
.

≤ 4i

2m
e−n

0.12/4.

A similar computation holds for m = −i0.6 − r.

Consider a lattice path starting at (v0, h0). Recall Definition 1.1.3. We may extend

those definitions to general lattice paths with a slight modification. The definitions vi and

hi remain the same, the position and the height after the ith up step from the start of the

path. For li we do not necessarily have an excursion. If the path never returns below hi at

some time later than vi then we say that li =∞.

Lemma 1.5.2. Suppose {i,m} ∈ An and h = h0 + m. The number of lattice paths from

(v0, h0) to (vi, h) is given by

(
2(i− 1)− (m− 1)

i− 1

)
=

4i

2m+1
√
πi

exp

(
−m

2

4i

)
(1 + ∆(i,m))

where ∆(i,m) as defined in Lemma 1.5.1.
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Proof. Let i and d denote the number of up and down steps respectively in a lattice path

up to and including the ith up step. We denote the total number of steps by vi = i+d. The

change in height for that path is given by h− h0 = m = i− d. Then vi = 2i−m counts the

total number of steps. The second to last position of the path is (x+ 2i−m−1, h0 +m−1)

since the vith step is assumed to be an up step. Therefore the total number of lattices paths

from (v0, h0) to (v0 +2i−m−1, h0 +m−1) is counted by Lemma 1.5.1, giving the equation

found in Lemma 1.5.2

Now that we can accurately count the number of lattice paths from one point to another

we can count the number of non-negative paths between two points. For a pair of points

(v0, h0) and (vi, hi) we let Evi,hiv0,h0
denote the set of non-negative lattice paths ending with an

up step between the two points.

Lemma 1.5.3. For i,m ∈ An, let h0 > n0.499, vi = v0 + 2i−m, and hi = h0 +m. Then

∣∣∣Evi,hiv0,h0

∣∣∣ =
4i

2m+1
√
πi

exp

(
−m

2

4i

)
(1 + ∆′(i,m))

where ∆′(i,m) = o(n−0.1) is uniformly bounded over i,m ∈ An.

Proof. We count using standard ballot counting arguments.

∣∣∣Ev0+2i−m,h0+m
v0,h0

∣∣∣ =

(
2i−m− 1

i− 1

)
−
(

2i−m− 1

i+ h0

)
.

For h0 > n0.49, (
2i−m− 1

i+ h0

)
<

(
2i−m− 1

i− 1

)
exp(−(h0)2/2i).

Moreover (h0)2/2i > n0.07, so∣∣∣Evi,hiv0,h0

∣∣∣ =

(
2i−m− 1

i− 1

)
(1 +O(exp(−n0.06))) =

4i

2m+1
√
πi

exp

(
−m

2

4i

)
(1 + ∆′(i,m))

as desired.
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For paths chosen uniformly from Evj ,hjv0,h0
for 0 < i < j we would like to know for various

values of i and h how many of these path go through the point (vi, h) after the ith up step.

Given Γn ∈ Evj ,hjv0,h0
chosen uniformly at random what is the probability that Hn

i = h?

Lemma 1.5.4. Fix v0, h0, hj and hj. Let Xn be chosen uniformly from Evj ,hjv0,h0
. For h > 0

and 0 < i < j,

P(Hn
i = h) =

∣∣∣E2i−(h−h0),h
v0,h0

∣∣∣ ∣∣∣Evj ,hj2i−(h−h0),h

∣∣∣ ∣∣∣Evj ,hjv0,h0

∣∣∣−1
.

Proof. Any path in Evj ,hjv0,h0
can be decomposed uniquely into a concatenation of two paths,

one in Evi,hiv0,h0
and the other in Evj ,hjvi,hi

for some appropriate values of vi and hi that satisfy

vi = v0 +2i− (hi−h0). If hi = h, then vi = v0 +2i− (h−h0). The set
{
Xn ∈ Evj ,hjv0,h0

|hi = h
}

is in bijection with Evi,hv0,h0
× Evj ,hjvi,h

. Then

P(Hn
i = h) =

∣∣∣{Γn ∈ Evj ,hjv0,h0
|Hn

i = h
}∣∣∣ ∣∣∣Evj ,hjv0,h0

∣∣∣−1

=
∣∣∣E2i−(h−h0),h
v0,h0

∣∣∣ ∣∣∣Evj ,hj2i−(h−h0),h

∣∣∣ ∣∣∣Evj ,hjv0,h0

∣∣∣−1

as desired.

Lemma 1.5.5. Fix v0, h0, vj , with hj such that vj − v0 = 2j − (hj − h0) as above. Also fix

i, h > 0 and i < j − h. For Xn chosen uniformly from Evj ,hjv0,h0
,

P(Lni /2 = h|Hn
i = h) = Ch−1

∣∣∣Evj ,hj2i−(h−h0)+2h−1,h−1

∣∣∣ ∣∣∣Evj ,hj2i−(h−h0),h

∣∣∣−1
.

Proof. Let Xn ∈ Evj ,hjv0,h0
also satisfy Hn

i = h. From Lemma 1.5.4 there are precisely

|E2i−(h−h0),h
v0,h0

||Evj ,hj2i−(h−h0),h|

such paths. Each of these paths that satisfies Lni /2 = h has a unique decomposition into

three parts:

• A path Xn
1 ∈ E

2i−(h−h0),h
v0,h0

,
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(v0, h0)

(2i− (h− h0), h)

(vj , hj)
Xn

1

Xn
2

Xn
3

Figure 1.5: Decomposition of Xn into Xn
1 , Xn

2 , and Xn
3 .

• an excursion Xn
2 from (2i− (h− h0)i, h) to (2i− (h− h0) + 2h− 2, h), staying above

h− 1,

• a single down step from (2i− (h− h0) + 2h− 2, h) to (2i− (h− h0) + 2h− 1, h− 1),

• and a path Xn
3 ∈ E

vj ,hj
2i−(h−h0)+2h−1,h−1.

The choice of Xn
1 , X

n
2 , and Xn

3 uniquely determines Xn. There are∣∣∣E2i−(h−h0),h
v0,h0

∣∣∣ , Ch−1, and
∣∣∣Evj ,hj2i−(h−h0)+2h−1,h−1

∣∣∣
such choices for Xn

1 , X
n
2 , and Xn

3 respectively. Therefore

P(Lni /2 = h|Hn
i = h) =

∣∣∣E2i−(h−h0),h
v0,h0

∣∣∣Ch−1

∣∣∣Evj ,hj2i−(h−h0)+2h−1,h−1

∣∣∣ (∣∣∣E2i−(h−h0),h
v0,h0

∣∣∣ ∣∣∣Evj ,hj2i−(h−h0),h

∣∣∣)−1

= Ch−1

∣∣∣Evj ,hj2i−(h−h0)+2h−1,h−1

∣∣∣ ∣∣∣Evj ,hj2i−(h−h0),h

∣∣∣−1

Lemma 1.5.6. For Xn ∈ Evj ,hjv0,h0
chosen uniformly at random and 0 < i < j,

P(Lni /2 = Hn
i ) =

h0+i∑
h=max(0,hj−(j−i))

Ch−1

∣∣∣E2i−(h−h0),h
v0,h0

∣∣∣ ∣∣∣Evj ,hj2i−(h−h0)+2h−1,h−1

∣∣∣ ∣∣∣Evj ,hjv0,h0

∣∣∣−1
.
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Proof. If Lni /2 = Hn
i then there is some h ∈ N such that {Hn

i = h} ∩ {Lni /2 = h} occurs.

Therefore

{Lni /2 = Hn
i } =

⋃
h

{{Hn
i = h} ∩ {Lni /2 = h}} .

Luckily the event {Hn
i = h ∩ Lni /2 = h} is disjoint from {Hn

i = h′ ∩ Lni /2 = h′} for h 6= h′.

Then

P

(⋃
h

{Hn
i = h} ∩ {Lni /2 = h}

)
=
∑
h

P ({Hn
i = h} ∩ {Lni /2 = h}) .

If h /∈ (max(0, Hn
j − (j − i), h0 + i) then P(Hn

i = h) = 0. Otherwise we have

P ({Hn
i = h} ∩ {Lni /2 = h}) = P (Lni /2 = h|Hn

i = h)P(Hn
i = h).

Combining Lemmas 1.5.4 and 1.5.5 provides the result.

Lemma 1.5.7. Let 0 < i < j ≤ O(n0.9) with i > 2n0.6 and j − i > 2n0.6, and let h0 ∈

(n0.499, n0.501). Define m and mj such that hj = h0 + mj and h = h0 + m where |mj | <

min(j0.6, n0.451). Let mmax = min(i0.6,mj+(j−i)0.6 and mmin = max(−i0.6,mj−(j−i)0.6).

For mmin < m < mmax

P(Lni /2 = h|Hn
i = h)P(Hn

i = h) =

√
j

4π
√
i(j − i)(h0)3

exp

(
−(jm− imj)

2

4ij(j − i)

)
(1 + ∆)

where ∆ = o(n−0.001) is bounded uniformly of values of i, j,m,mj , h0 that satisfy the above

conditions.

For m < mmin or m > mmax,

P(Lni /2 = h|Hn
i = h)P(Hn

i = h) < exp(−n0.001).

Proof. The summand in Lemma 1.5.6 is given by

P(Lni /2 = h|Hn
i = h)P(Hn

i = h) = Ch−1

∣∣∣E2i−m,h
v0,h0

∣∣∣ ∣∣∣Evj ,hj2i−m+2h−1,h−1

∣∣∣ ∣∣∣Evj ,hjv0,h0

∣∣∣−1
.

By Lemma 1.5.3 we can make the following substitutions:
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Ch−1 =
4h−1

π1/2h3/2
(1 + ∆1(h))),

E2i−m,h
v0,h0

=

(
2(i− 1)− (m− 1)

i− 1

)
=

4i

2m+1π1/2i1/2
e−m

2/4i(1 + ∆2(i,m)),

Evj ,hj2i−m+2h−1,h−1 =

(
2(j − i− h)− (mj −m)

j − i− h

)
=

4j−i−h

2mj−mπ1/2(j − i− h)1/2
e−(mj−m)2/4(j−i−h)(1 + ∆2(j − i− h,mj −m)),

=
4j−i−h

2mj−mπ1/2(j − i)1/2
e−(mj−m)2/4(j−i)(1 + ∆2(j − i− h,mj −m)),

Evj ,hjv0,h0
=

(
2(j − 1)− (mj − 1)

j − 1

)
=

4j

2mj+1π1/2j1/2
e−m

2
j/4j(1 + ∆2(j,mj))

where both ∆1 and ∆2 are bounded uniformly by n−0.01 over all parameters satisfying the

conditions of the lemmas. Combining these equations together proves Lemma 1.5.7.

Let’s consider the special case where j ≈ n0.9.

Lemma 1.5.8. For Xn chosen uniformly from Evj ,hjv0,h0
with i, j, h0, and hj satisfying

• j = n0.9(1 + ∆′),

• n0.499 < h0 < n0.501.

• i ∈ (2n0.6, n0.9 − 2n0.6),

• hj = h0 +mj where |mj | ≤ n0.451,

P(Lni /2 = Hn
i − 1) =

1

2π1/2(h0)3/2
(1 + ∆),

where ∆′ ≤ n−0.1 and ∆ = ∆(i, h0, hj) = o(n−0.001) is uniformly bounded for all i, h0, hj in

the ranges above.
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Proof. Let mmin = max(−i0.6,mj − (j − i)0.6) and mmax = min(i0.6,mj + (j − i)0.6) and

consider the inequality which follows from Lemma 1.5.6.

mmax∑
m=mmin

P(Lni /2 = h0 +m|Hn
i = h0 +m)P(Hn

i = h0 +m) (1.9)

≤ P(Lni /2 = Hn
i )

≤ ne−n0.001
+

mmax∑
m=mmin

P(Lni /2 = h0 +m|Hn
i = h0 +m)P(Hn

i = h0 +m).

Lemma 1.5.7 gives

P(Lni /2 = Hn
i )

= (1 + o(n−0.01))

mmax∑
m=mmin

√
j

4π
√
i(j − i)(h0)3

exp

(
−(jm− imj)

2

4ij(j − i)

)
(1 + ∆).

= (1 + o(n−0.001))

∫ mmax

mmin

1

4π
√
i(1− i/j)(h0)3

exp

(
−(m− imj/j)

2

4i(1− i/j)

)
(1 + ∆)dm.

By our definition (mmin − i
jmj) < −n0.01 and (mmax − i

jmj) > n0.01. Therefore the

integral above is computed in the standard way, with

∫ t

−t
exp

(
−(m−m0)2

4c

)
dm = 2c1/2π1/2 + δ(t).

where δ(t) is an error function with exponential decay.

P(Lni /2 = Hn
i ) =

1

2π1/2(h0)3/2
(1 + o(n−0.001)).

Corollary 1.5.9. For any k ∈ R and α ∈ (0, .48) let Γn chosen uniformly from Evj ,hjv0,h0
with

i, j, h0, and hj satisfying

• j = n0.9(1 + ∆′),

• n0.499 < h0 < n0.501.
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• i ∈ (2n0.6, n0.9 − 2n0.6),

• hj = h0 +mj where |mj | ≤ n0.451,

P(Lni /2 = Hn
i − k(i(n− i)/n)α) =

1

2π1/2(h0)3/2
(1 + ∆),

where ∆′ < n−0.1 and ∆ = ∆(i, h0, hj) = o(n−0.001) is uniformly bounded for all i, h0, hj in

the ranges above.

Proof. The proof goes exactly as in Lemma 1.5.8 with Lni = Hn
i replaced by Lni = Hn

i −

k(i(n − i)/n)α. The order of k(i(n − i)/n)α is less than n0.49 so it will not affect the

approximation.

Lemmas 1.5.11, 1.5.10, and 1.5.12 are used to show that a typical Dyck path is in a

proper Ω.

Lemma 1.5.10. Fix 0 < a < b < 1 and let ak = ban + nk/Kc where K = b(b − a)n0.1c.

For Γn ∈ Dyck2n chosen uniformly at random,

P

(
K⋂
k=0

{n0.499 < Γn(V n
ak

) < n0.501}

)
> 1− o(1).

Proof. The key fact here is that the Brownian excursion, et, is positive for t ∈ [a, b] when

0 < a < b < 1 [10]. For some continuous function g such that limx→0 g(x) = 0,

P
(

inf
t∈[a,b]

{et} > ε

)
> 1− g(ε).

Convergence of scaled Γn/(2n)1/2 ∈ Dyck2n/(2n)1/2 to Brownian excursion says we can

choose n large enough such that P(inft∈[a,b]{Γn(2nt)/(2n)} > ε) = 1− 2g(ε). Then

P
(

inf
t∈[an,bn]

Γn(2nt) > εn1/2/2

)
> 1− g(ε).

Letting ε = 2n−0.001 proves the lower bound holds for each ΓnV nak
.
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By standard ballot count analysis for i ∈ [an, bn] and the approximation used in Lemma

1.5.1,

P
(
Γn(V n

i ) = rn0.5
)

=C−1
n

rn0.5

i

(
2i− rn0.5

i

)
rn0.5

n− i+ rn0.5

(
2n− 2i+ rn0.5

n− i

)
≤ r2

n(a(1− b))
e−r

2/4.

Letting r = n0.001 gives

P
(
Γn(V n

i ) > n0.501
)
≤
∫ ∞
n0.001

Cr2e−r
2/4dr < e−n

0.001

as long as n is large enough. Then by the union bound

P
(⋃
{Γn(V n

i ) > n0.501}
)
< ne−n

0.001
.

Therefore

P

(
K−1⋂
k=0

{n0.499 < Γn(V n
ak

) < n0.501}

)
> 1− g(n−0.001)− ne−n0.001

= 1− o(1).

Lemma 1.5.11. Fix 0 < a < b < 1. For any n large enough and Γn ∈ Dyck2n,

P

(
K−1⋃
k=0

{
|Γn(V n

ak
)− Γn(V n

ak+1
)| > n0.451

} ∣∣∣⋂
k

{
n0.499 < Γn(V n

ak
) < n0.501

})
< e−n

0.0001
.

Proof.

P
(

Γn(V n
ak

)− Γn(V n
ak+1

) = yn0.45
∣∣∣n0.499 < Ank < n0.501

)
≤ Z−1

∣∣∣∣EV nak+2n0.9−yn0.45,Ank+yn0.45

V nak
,Ank

∣∣∣∣
for some normalizing constant Z ≈ 4n

0.9

Since Ank > n0.499 we may use Lemma 1.5.3 to show

Z−1

∣∣∣∣EV nak+2n0.9−yn0.45,Ank+yn0.45

V nak
,Ank

∣∣∣∣ < 2e−|y|.

Integrating this expression over |y| > n0.001 shows

P(|Γn(V n
ak

)− Γn(V n
ak+1

)| > n0.451) < 4e−n
0.001

.
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This bound is uniform for all Γn(V n
ak

) > n0.499. Therefore for large enough n

P

(
K−1⋃
k=0

{
|Γn(V n

ak
)− Γn(V n

ak+1
)| > n0.451|n0.499 < Γn(V n

ak
) < n0.501

})
< 4ne−n

0.001

< e−n
0.0001

.

Lemma 1.5.12. Fix 0 < j ≤ 2n0.9, and h0, hj both bounded between n0.499 and n0.501. For

Xn ∈ Evj ,hjv0,h0
chosen uniformly at random

P
(
n0.49 < Hn

i < n0.51 ∀i ∈ (0, j)
)
≥ 1− n2e−n

0.08
.

Proof. For i > j/2, if h < n0.49 or h > n0.51 then |h0 − h| > n0.498. We may appeal to

Lemma 1.5.2 which gives

|EV
n
i ,h

v0,h0
| < 4i

2h−h0+1
e−n

0.08

and

|Evj ,hjV ni ,h
| < 4j−i

2hj−h+1
.

Then we can conclude

P(Hn
i < n0.49 or Hn

i > n0.51) < e−n
0.08

.

A similar bound can be found for i < j/2. Summing over 0 < h < n0.49 and n0.51 < h < i

gives

P(Hn
i /∈ (n0.49, n0.51)) < ne−n

0.08
.

Now apply the union bound to complete the proof.

The following two lemmas are deterministic and allow us to bound the contribution to

the total number of fixed points by small intervals.
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Lemma 1.5.13. Let I ⊂ [an, bn] denote an interval of length at most nα. For γ ∈ Dyck2n,

if hi > n0.49 for all i ∈ I, then

θI ≤ nα−0.49.

Proof. If the jth excursion is contained in ith excursion, then both hj > hi and lj/2 < li/2.

If θi = 1 then for i < j < li/2, θj = 0.

For an interval I with |I| < n0.49 suppose at least one fixed point exists. Let i∗ denote

the first excursion that satisfies θi∗ = 1. Since i∗ corresponds to a fixed point,

li∗ = hi∗ > n0.49.

Therefore, for all j ∈ I such that j > i∗ the jth excursion is contained in the i∗th excursion

and θj = 0. Therefore either θI = 0 if no such i∗ exists, or θI = θi∗ = 1. For an interval of

size less than nα, it can be covered by nα−0.49 intervals of size n0.49 each of which has at

most one fixed point so the total number of fixed points will be bounded by nα−0.49.

Corollary 1.5.14. Let I ⊂ [an, bn] denote an interval of length at most nα. For γ ∈

Dyck2n, if hi > n0.49 for all i ∈ I, then

θK,αI ≤ 2nα−0.49.

Proof. The function f(i) = (i(n−i)/n)α can change by at most 1 over any interval of length

n.49. This implies that over any interval I ′ of length n.49 has θK,αI′ ≤ 2. Then the result

follows as in Lemma 1.5.13.

Lemma 1.5.15. There exists constant C > 0 such that for sufficiently large n and i, j, w

that satisfy the following:

• 2n0.6 < i < j < n0.9 − 2n0.6,

• |i− j| > 2n0.6,
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• and w < n0.451,

Ψ(i, j, w, n) =

m′max∑
m′=m′min

mmax∑
m=mmin

exp

(
−1

4

(
m2

i
+

(m−m′)2

j − i
+

(w −m′)2

n0.9 − j
− w2

n0.9

))

< C

√
i(j − i)(n0.9 − j)

n0.9
.

Proof. Our goal will be to convert this double sum into a recognizable form. Since the

summand is positive for all values of m and m′ we may replace the bounds of the sum with

±∞.

Ψ(i, j, w, n) ≤
∞∑

m′=−∞

∞∑
m=−∞

exp

(
−1

4

(
m2

i
+

(m−m′)2

j − i
+

(w −m′)2

n0.9 − j
− w2

n0.9

))

≤
∞∑

m′=−∞

[
exp

(
−1

4

(
(w −m′)2

n0.9 − j
− w2

n0.9

))
G(i, j,m′)

]
where

G(i, j,m′) =

∞∑
m=−∞

exp

(
−1

4

(
m2

i
+

(m−m′)2

j − i

))
.

With some algebra we see

G(i, j,m′) = exp

(
−1

4

m′2

j

) ∞∑
m=−∞

exp

(
−1

4

j(m−m′i/j)2

i(j − i)

)

≤C1 exp

(
−1

4

m′2

j

)√
i(j − i)

j

for some positive constant C1 that does not depend on i, j or m′. Inserting this into the

upper bound for Ψ(i, j, w, n) gives

Ψ(i, j, w, n) ≤C1

√
i(j − i)

j

∞∑
m′=−∞

exp

(
−1

4

(
m′2

j
+

(m′ − w)2

n0.9 − j
− w2

n0.9

))

≤C1

√
i(j − i)

j

∞∑
m′=−∞

exp

(
−1

4

(
n0.9(m′ − wj/n0.9)2

j(n0.9 − j)

))

≤C
√
i(j − i)(n0.9 − j)

n0.9
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where C > 0 and does not depend on i, j, w, and n.
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Chapter 2

BOOTSTRAP PERCOLATION

Bootstrap percolation first appeared in a paper by Chalupa et al [20] as a model for

ferromagnetism. Adler [23] provides a wonderful introduction to the subject.

In general we take a graph G = (V,E) with vertex set V and edge set E and a parameter

θ which we call the threshold. Each vertex in the graph is initially in one of two possible

states, either open or closed. At each subsequent step a vertex can become open if at least

θ of its neighbors are open. Once open, a vertex remains open for all eternity.

We describe the increasing evolution of the configuration formally. Let ωt ∈ {0, 1}V

denote the configuration of the vertices at time t ≥ 0. If a vertex v is open at step t we say

ωt(v) = 1 and similarly if the vertex is closed at time t, ωt(v) = 0. For bootstrap percolation

with threshold θ, ωt evolves as follows for t ≥ 0 :

ωt+1(v) =


1, ωt(v) = 1

1,
∑

v′∼v ωt(v
′) ≥ θ

0, otherwise

(2.1)

where v′ ∼ v if there is an edge in E connecting v and v′.

Many natural questions can be asked. Given some initial configuration, we can ask what

the evolved configuration look like after some time. In particular we care about the steady

state, ω∞. Typically this is viewed probabilistically. Given a distribution on ω0 what can

we say about ω∞.

The first major progress came from van Enter [22] and later Schonmann [21]. They

showed a 0 − 1 law for configurations on V = Zd with edges connecting each vertex to

its 2d nearest neighbors. In there model, initially each vertex is independently open with

probability p. For θ ≤ d, if p > 0 then the entire grid becomes open with probability 1. If

θ > d then everything becomes completey open only if p = 1.
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The next big step in the history of bootstrap percolation was to view the process on an

increasing family of graphs G = {Gn = (Vn, En)} where the initial probability that a vertex is

open is given by a function of n, p = p(n). As each graph is finite, fn(p) := Pp(ω∞ ≡ 1) can

be viewed as an increasing polynomial in p with fn(0) = 0 and fn(1) = 1. By continuity

there is a critical value, pc, such that fn(pc) = 1/2. Much work centers around finding

bounds on pc as a function of n.

Aizenman and Lebowitz [24] showed for the finite d dimensional grid, [n]d, and threshold

θ = 2, there exists constants c1, c2 such that c1 < (log n)d−1pc < c2. Moreoever, they show

that the transition for fn(p) from 0 to 1 is sharp near pc.

In a widely celebrated paper Holroyd [25] showed that

pc ∼ π2/18 log n

when d = θ = 2. Later this result was expanded on by Holroyd, Ligget, and Romik [26] to

d = 2, θ = k + 1 where the neighborhood of a vertex is the k closest vertices in each of the

cardinal directions. They show pc ∼ π2/(3(k + 2)(k + 1) log n) for this graph. These types

of results have been extended to higher dimesnions by [27], random graphs [28], and more

geometric settings [33]. It is a very active area of research.

Our graph of interest is the d-dimensional Hamming torus. The Hamming torus has the

same vertex set as the lattice, V = [n]d, but the edge set is modified to connect every vertex

that can be connected with a straight path on the grid. In terms of the coordinates edge

set is

E = {(v, w) : v differs from w in exactly one coordinate }.

Gravner et al. introduced the study of bootstrap percolation on the Hamming torus

[31]. In their paper they focus on evolution thresholds greater than 2. They find threshold

functions of the critical probability, pc(θ, d), for the event C = {ω∞ ≡ 1}, where Ppc(θ,d)(C) =

1/2. They also consider finer structure:

Ci = {∃ W ⊂ [n]d with dim(W ) = i s.t. ω∞|W = 1},

and they find bounds for the critical exponent of threshold functions pc(θ, i, d), where
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Ppc(θ,i,d)(Ci) = 1/2. For i = 0 we slightly alter the definition to be

C = {∃ v s.t.
∑
w∼v

ω(w) ≥ θ}.

In many cases they were able to show the critical probability is of the form pc(θ, i, d) =

(1 + o(1))anβ for some β < 0. We call β the critical exponent. For d = θ = 3 they showed

the threshold function for C0, and C1 is (1 + o(1))an−2 and the threshold function for C2, C3

is (1+o(1))an−5/3, for some constant a > 0. They showed for d ≥ 3, C1 and C2 have different

critical exponents. For d = 2, and all values of θ, the critical exponent is the same for C1

and C2.

We consider the case θ = 2 and d > 2. Let j <
√
d. We show that the equivalently

defined threshold functions for C2, C4, · · · , C2j have distinct exponents. We will also show

for i < j, the threshold functions for C2i−1 and C2i have the same exponent. For i >
√
d,

we show that Ci all have the same critical exponent. After we have determined the critical

exponent for these events, we will give a precise description of the asymptotics of pc(θ, i, d).

Unlike the threshold functions for the grid Zd found in Holroyd [25], pc(θ, i, d) is not sharp.

For this remainder of this chapter we drop the parameter θ as it will always be 2.

2.1 Statements

First we need a few definitions.

Definition 2.1.1. A subset V ⊂ [n]d is a sublattice if there exists a set of indices I(V )

and constants {αl}l∈I(V ) such that vl = αl for all l ∈ I(V ) iff v ∈ V . We say V has

dimension i if |I(V )| = d− i.

Definition 2.1.2. For a set of open nodes, S = {v : ωt(v) = 1} at some time t, we denote

the open nodes of the evolved configuration by

〈S〉 = {v : ω∞(v) = 1 where ω0(v) = 1 ⇐⇒ v ∈ S}.

We say a sublattice V is internally spanned if there exists a subset S ⊂ V of open nodes

at time 0, such that V = 〈S〉.
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Definition 2.1.3. A sublattice V is maximal in 〈S〉 if no other sublattice in 〈S〉 contains

V .

Our results center around the following events:

• IV = {∃ S ⊂ V such that ω0(v) = 1 ∀ v ∈ S and 〈S〉 = V }. In other words V is

internally spanned.

• Il = {∃ V such that dim(V ) = l and IV occurs } =
⋃

dim(V )=l IV .

• Cl = {∃ V such that dim(V ) = l and ω∞(v) = 1 for all v ∈ V }.

Note the slight difference in the definitions of Ii and Ci. For Ci the only thing that

matters is the final state ω∞ where for Ii it is important how one gets to ω∞.

Lastly we prove a statement about the random variable D = sup0≤l≤d{(1Il)l}. This

gives the dimension of the largest sublattice that is internally spanned.

Much of the work is in finding bounds for the threshold function for Il denoted by

pI(l, d). Then we show that pc(l, d) = pc(2, l, d) will have the same asymptotic behavior as

pI(l, d) when l is even. We also will show for odd dimension subspaces, l = 2j − 1, the

threshold function pc(2j − 1, d) = pc(2j, d).

Now we are in a position to state our main results. Fix d, j such that j(j + 1) < d.

Theorem 2.1.1. If p = f(n)n−d/(j+1)−j, then

Pp(I2j),Pp(C2j)→


0 if f(n)→ 0

1 if f(n)→∞

1− e−λ(j,d,a) if f(n)→ a

where λ(j, d, a) =
(
d
2j

)
(2j)!2−jaj+1.
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This implies

pc = (1 + o(1))a 1
2
n−d/(j+1)−j

where 1− e−λ(j,d,a 1
2

)
= 1/2.

The next result comes from the application of the Stein-Chen method [30]. For two

non-negative integer valued random variables Y and Z the total variation is defined as

dTV =
1

2

∞∑
k=0

|P(Y = k)− P(Z = k)|.

For the remaining results we will assume p = an−d/(j+1)−j and λ(j, d, a) =
(
d
2j

)
(2j)!2−jaj+1.

To simplify the statement of results we let λ = λ(j, d, a) where no confusion will arise.

Theorem 2.1.2. For j(j + 1) < d, let Y denote the number of sublattices V ⊂ [n]d such

that both dim(V ) = 2j and IV occurs, and let Z denote a Poisson(λ) random variable.

Then

lim
n→∞

dTV (Y,Z)→ 0.

The precision given by Theorem 2.1.2 leads to the following result:

Theorem 2.1.3. Let j(j+1) = d > 6, c =
(
d−2j+2

2

)
, and λ′ =

(
d

2j−2

)
(2j−2)!2−j+1aj . Then

Pp(I2j)→
∞∑
k=1

e−λ
′

k!
λ′k(1− e−ack).

For l ≥ j,

Pp(I2l)→ Pp(I2j).

Lastly we have a useful corollary for the random variable D. We assume p, λ, λ′, and c

are as above.

Corollary 2.1.4. Largest Sublattices (D = 2l)

If (j + 1)(j + 2) < d, then

Pp(D = 2j − 2)→ e−λ

Pp(D = 2j)→ 1− e−λ.
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If j(j + 1) < d < (j + 1)(j + 2), then

Pp(D = 2j − 2)→ e−λ

Pp(D = d)→ 1− e−λ.

If j(j + 1) = d > 6, then

Pp(D = 2j − 4)→ e−λ
′
,

Pp(D = 2j − 2)→
∞∑
k=1

e−λ
′

k!
λ′k(e−ack),

Pp(D = d)→ 1−
∞∑
k=0

e−λ
′

k!
λ′ke−ack.

In Section 3, we prove lemmas that describe the evolution ωt when θ = 2. In Section

4, we prove both upper and lower bounds for the critical exponent for the events C2j and

I2j . In Section 5 we use the Stein-Chen method [30] to describe precisely the asymptotics

of pc(l, d). In Section 6 we combine everything to prove our theorems.

2.2 Growth for θ = 2

We begin with the simplest case. Suppose u 6= v are the only nodes which are initially open.

Define the distance between to nodes as dis(u, v) =
∑d

i=1 1ui 6=vi , the number of coordinates

where u and v differ. If dis(u, v) > 2 then no new nodes become open 〈u, v〉 = {u, v}.

If dis(u, v) ≤ 2 then u and v must agree for all but at most 2 indices. Without loss of

generality, we may choose a basis so that ui = vi for i > 2. Suppose first that u2 = v2 as

well ( i.e. dis(u, v) = 1), the line
{

(t, u2, · · · ), t ∈ [n]
}

has two nodes initially on, and after

one step every node in that line becomes open. Every node not on the line has at most one

neighbor on the line, so growth stops.

If dis(u, v) = 2, then after one step the co-neighbors of u and v, u′ = (u1, v2, · · · ) and

v′ = (v1, u2, · · · ), become open. The nodes u and u′ are two different open neighbors for
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every closed node in the line
{

(u1, s, · · · ) : s ∈ [n]
}
, so after two steps the entire line becomes

open. The same is true for the lines containing both u and v′, both v and u′, and both v′

and v. Once those lines are open every other node in the plane
{

(t, s, · · · ) : (t, s) ∈ [n]2
}

has a at least two ( in fact four ) open neighbors, so the entire plane becomes open.

Growth for higher dimension sublattices is a bit more involved. First we generalize the

distance function to subsets S1, S2 as follows,

dis(S1, S2) = inf
u∈S1,v∈S2

dis(u, v).

For a 2j-dimension sublattice, V2j , to become open, most of the time there are j+1 distinct

points {v1, · · · , vj+1} ⊂ V2j such that 〈v1, · · · , vj+1〉 = V2j and that occurs as follows. Let

V2i = 〈v1, · · · , vi+1〉. For 1 ≤ i ≤ j, dis(vi+1, V2i−2) = 2.

V0 ={v1}

V2 =〈v1, v2〉

V2i =〈vi+1, V2i−2〉 = 〈v1, · · · , vi+1〉

V2j =〈vj+1, V2j−2〉 = 〈v1, · · · , vj+1〉.

There exist exactly two points that are distance 1 away from both vj+1 and some point

in V2j−2. After one step, those nodes become open. Then the lines connecting those points

with vj+1 and V2j−2 become open, followed by the planes containing those new lines. This

continues until eventually the whole 2j dimension sublattice becomes open.

We will state and prove a few necessary lemmas. The key point in the next few lemmas

is growth continues only if there are two sets of open nodes within distance 2 of each other.

Lemma 2.2.1. For S ⊂ [n]d, let S denote the smallest sublattice that contains S. If V is

a sublattice and u is a node with dis(V, u) ≤ 2 then

〈V, u〉 = {V ∪ u}.
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Lemma 2.2.2. If V,W are open sublattices and dis(V,W ) ≤ 2 then 〈V,W 〉 = {V ∪W}.

The next two lemmas give conditions for when and how a sublattice is internally spanned.

Lemma 2.2.3. For an initial configuration of open nodes S, let V be a maximal sublattice

in 〈S〉. Then V is internally spanned with V = 〈S ∩ V 〉.

Lemma 2.2.4. Let S be a set of open nodes in [n]d with V ⊂ 〈S〉 a maximal open sublattice.

There exist disjoint subsets S1, S2 ⊂ S and sublattices V1, V2 ⊂ V such that 〈S1〉 = V1,

〈S2〉 = V2, and 〈S1 ∪ S2〉 = V.

Proof of Lemma 2.2.1. (By induction) We have shown that the lemma holds if V has dimen-

sion 0 (is a single node). Suppose the lemma holds for all sublattices W with dim(W ) < i.

Let V be a sublattice with dim(V ) = i and let u be a node with dis(V, u) ≤ 2. Without loss

of generality we assume the last d− i coordinates are fixed, i.e. {I(V )} = [i + 1, d]. Again

without loss of generality we may also assume that

u ∈ {(u1, · · · , ud) : ul = αl(V ) for l > i+ 2}.

Let Vk denote the sublattice of V that fixes the kth coordinate to the value uk. Then Vk

has dimension i− 1 and dis(Vk, u) ≤ 2. By the induction hypothesis, 〈Vk, u〉 = {Vk, u}. For

a = (a1, · · · , ad) ∈ {V, u}, there are two neighbors

au1 = (u1, a2, · · · , ai+2, αi+3, · · · , αd) ∈ {V1, u}

and

au2 = (a1, u2, · · · , ai+2, αi+3, · · · , αd) ∈ {V2, u},

so a becomes open and we can conclude {V, u} ⊆ 〈V1, V2, u〉 ⊆ 〈V, u〉. Trivially 〈V, u〉 ⊆

{V, u} so we have equality for the two sets. Moreover, if u /∈ V then i+ 1 ≤ dim({V, u}) ≤

i+ 2.

Proof of Lemma 2.2.2. This is a natural extension of Lemma 2.2.1. Trivially we have

〈V,W 〉 ⊆ {V,W}. Let V 0 = V . We define V l based on V l−1. Let W l−1 denote the
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subset of W that satisfies 0 < dis(V l−1, u) ≤ 2 for every u ∈W l−1. For l > 0 if W ∩ (V l−1)c

is non-empty there exists a wl ∈W l−1. We then define V l = 〈{V l−1, wl}〉 for some choice of

wl. By the previous this is the sublattice {V l−1, wl}. Its dimension is strictly greater than

dim(V l−1). If W ∩ (V l−1)c is empty then V l = V l−1. Since {V l} is an increasing sequence

of sublattices bounded by {V,W} it must stabilize to some sublattice V m in a finite number

of steps. By definition V ⊆ V m, and more importantly, W ∩ (V m)c = ∅ so W ⊆ V m. We

also have that V m ⊆ 〈V,∪lwl〉 ⊆ 〈V,W 〉. Combining everything we get

{V,W} ⊆ V m ⊆ 〈V,W 〉 ⊆ {V,W}

and the lemma holds.

Proof of Lemma 2.2.3. Let S1 = S ∩ V and S2 = {S\S1}. If 〈S1〉 = V then we are done.

Suppose that 〈S1〉 6= V . Since V eventually becomes open, there must be some node u ∈ 〈S2〉

such that dis(〈S1〉, 〈u〉) ≤ 2, otherwise evolution would stop and V could not be contained

in 〈S〉.. In particular, there is a node u ∈ 〈S2〉 such that u /∈ V yet dis(V, u) ≤ 2. By

Lemma 2.2.2 the smallest sublattice that contains both u and V becomes open eventually.

However V is maximal so no such u can exists and 〈S1〉 = V .

Proof of Lemma 2.2.4. V is maximal so we may assume 〈S〉 = V . Consider the sequence

of nested collections of sublattices contained in 〈S〉,

{W 0
i } ⊂ {W 1

i } ⊂ · · · ⊂ {W k
i } ⊂ V

where S = {W 0
i } and {W k+1

i } is formed by finding two sublattices W k
i1

and W k
i2

within

Hamming distance 2 of each other and setting W k+1
i1

= 〈W k
i1
∪W k

i2
〉 and reindexing the

others appropriately. Since S is finite, eventually we will have two sublattices W k
i1
,W k

i2
6= V

such that 〈W k
i1
∪W k

i2
〉 = V . Each W k

il
had a unique set Sl such that 〈Sl〉 = W k

il
for l = 1, 2.
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2.2.1 Growth Hueristics

To get an idea of the exponent of pc(2j, d) we make a heuristic argument for the exponent

of pI(2j, d). For a 2j-dimension sublattice V , we get an estimate on the probability Pp(IV ).

The probability for IV only depends on the dimension of V. From Lemma 2.2.4 we know

that V is internally spanned if there exist two internally spanned sublattices, V1 and V2,

with 〈V1, V2〉 = V. We assume that dim(V1) = 0 and dim(V2) = 2j−2. There are roughly n2j

choices for V1 and roughly n2 choices for V2. We estimate the probability that at least one

V1 and one V2 are internally spanned by assuming independence and using expectation. We

let Mi(p) = Mi denote the probability that a particular i-dimension sublattice is internally

spanned. In particular, Pp(IV ) = M2j . This gives

M2j ≈ Pp(∃ V1 ⊂ V s.t. IV1)Pp(∃ V2 ⊂ V s.t. IV2) ≈ n2jpn2M2j−2.

We approximate the M2j−2 in the same manner and get the estimate:

M2j ≈
j∏
i=0

n2j−2ipn2 = nj(j+1)+2jpj+1.

There are roughly nd−2j choices for V so

Pp(I2j) ≈ nd−2jM2j ≈ nd−2j+j(j+1)+2jpj+1.

Setting this equal to 1 and solving for p gives the appropriate estimate:

pI(2j, d) ≈ n−d/(j+1)−j .

The next few sections will show that this estimate is reasonably accurate (up to a constant

factor). We will also show that pI(2j, d) has the same asymptotics as pc(2j, d).

2.3 Critical Probability

To find the asymptotics of pc(2j, d), we will first prove upper and lower bounds for the

exponent of pI(2j, d). Since I2j ⊂ C2j any upper bound for pI(2j, d) will hold for pc(2j, d).

With a little more work, we then prove the lower bound for the exponent of pI(2j, d) will
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also be a lower bound for the exponent of pc(2j, d).

For odd dimension sublattices we will show that Pp(I2j−1) ≤ Pp(I2j) hence pc(2j−1, d) =

pc(2j, d). This is apparent in the case of a line and a plane. For a line to be internally

spanned, two nodes need to be co-linear, whereas for a plane to be internally spanned, two

nodes only need to be co-planar.

First the upper bound.

2.3.1 Upper Bound

Proposition 2.3.1. For any f(n) → ∞, and for all d > j(j + 1), if p = f(n)n−d/(j+1)−j ,

then

Pp(C2j),Pp(I2j)→ 1.

This implies

pc(2j − 1, d) ≤ pc(2j, d) ≤ pI(2j, d) < f(n)n−d/(j+1)−j .

We will prove this proposition with the caveat that f(n) does not grow too fast. Since

Pp(I2j) and Pp(C2j) are increasing in p the proposition will still be true for faster growing

f(n).

Proof. First we define a sufficient event E2j ⊂ I2j ⊂ C2j. If we can show Pp(E2j) → 1 for

some value of p then we can conclude Pp(C2j),Pp(I2j)→ 1 as well.

For a fixed set of constants α = {α2j+1, · · · , αd}, let Vα denote the sublattice given by

Vα = {v ∈ [n]d : vi = αi for 2j + 1 ≤ i ≤ d}.

There are nd−2j such sublattices. For α 6= α′, Vα ∩ Vα′ = ∅. Each event IVα will depend

only on the nodes in Vα so the events are independent. The nodes in each Vα are all i.i.d.
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random {0, 1}-variables so the events will all have the same probability Pp(IVα) = Pp(IVα′ ).

We now define the sufficient event

E2j =
⋃
α

IVα .

We will show that Pp(E2j) → 1 for sufficiently large p that satisfy the conditions of the

proposition. Since E2j ⊂ I2j ⊂ C2j this implies Pp(I2j),Pp(C2j)→ 1 as well.

Lemma 2.3.2. Let j, d and p be as defined in Proposition 2.3.1, and 2i ≤ 2j.

M2i ≥ (2i)!2−i−1ni(i+3)pi+1(1− o(1)). (2.2)

Proof of Lemma 2.3.2. Let V be a sublattice with dimension 2i. Suppose we have a col-

lection of nodes α = {v1, · · · , vi+1} ⊂ V such that 〈{v1, · · · , vi+1}〉 = V. The probability

that only these nodes are open is exactly pi+1(1 − p)n2i−i−1. Let LV be the set of all such

collections. Then

M2i = Pp(IV ) ≥
∑
LV

pi+1(1− p)n2i−i−1
= |LV |pi+1(1− o(1)).

We call a collection, α = {v1, · · · , vi+1} perfect in V if dis(vl′ , vl) = 2(l−1) for l′ < l and

v1 < v2 in lexicographical ordering. For i′ ≤ i, αi′ = {v1, · · · , vi′+1} is perfect in 〈αi′〉 = V ′

and dim(V ′) = 2i′. Note that a non-trivial rearrangement of a perfect collection is not a

perfect collection. This makes counting them easier.

Let L∗V ⊂ LV denote the subset of perfect collections for V . We will compute a lower

bound for |L∗V | inductively. Suppose for any sublattice W with dim(W ) = 2i− 2 we have

|L∗W | ≥ (2i− 2)!2−in(i−1)(i+2).

By induction we have,
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|L∗V | =
∑

dim(W )=2i−2

∑
α′∈L∗W

∑
v∈V

1α′∪v is perfect

≥
∑

dim(W )=2i−2

∑
α′∈L∗W

(n− i− 1)2i

≥
∑

dim(W )=2i−2

(2i− 2)!2−in(i−1)(i+2)n2i(1− o(1))

≥
(

2i

2

)
n2(2i− 2)!2−in(i−1)(i+2)(1− o(1))

=(2i)!2−i−1ni(i+3)(1− o(1))

Since this formula holds if V is a plane then it will hold for all V with dimension small

enough that the approximation (1 − p)n2i−i−1 = 1 − o(1) is valid. This approximation is

valid exactly when d > i(i+ 1). Therefore

M2i = Pp(IV ) ≥ |LV |pi+1 ≥ |L∗V |pi+1 = (2i)!2−i−1ni(i+3)pi+1(1− o(1)).

Initially we will assume that f(n) grows slowly enough that

O(nj(j+3)pj+1) = O(n2j−df(n)j+1)

is much less than 1.

The event E2j is equivalent to the event that there exists an α such that IVα occurs.

There are nd−2j choices for α. The events {IVα} are independent, so the probability that

no IVα occurs is bounded by(
1−O(n2j−df(n)j+1)

)nd−2j

≤ e−O(f(n)j+1) = o(1).

Therefore the probability that IVα occurs for some α, and hence E2j occurs, is bounded

below by Pp(E2j) ≥ 1− o(1)→ 1. Since E2j is increasing in p we can remove the restriction

on the growth of f(n). Therefore for any f(n)→∞ we have Pp(E2j)→ 1.
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We now have shown

Pp(E2j) ≤ Pp(I2j) ≤ Pp(C2j)→ 1

and we conclude

pc(2j, d) ≤ pI(2j, d) < f(n)n−d/(j+1)−j .

2.3.2 Lower Bound

In this section we prove the lower bound for for the critical exponent of pI(2j, d). Again

we assume j(j + 1) < d.

Proposition 2.3.3. For any f(n)→ 0, if p = f(n)n−d/(j+1)−j , then

Pp(I2j)→ 0.

This implies pI(2j, d) > f(n)n−d/(j+1)−j .

Proof. Let V2j denote the set of all sublattices of [n]d that have dimension 2j. The union

bound gives:

Pp(I2j) ≤
∑

dim(V )=2j

Pp(IV ) ≤
(
d

2j

)
nd−2jM2j(p).

The majority of the proof is showingM2j(p) = O(f(n)j+1n2j−d) when p = f(n)n−d/(j+1)−j .

Then Pp(I2j) = O(f(n)j+1)→ 0 which implies pI(2j, d) > f(n)n−d/(j+1)−j .

First let’s start with the simplest possibilities for V : a single node, a line, and a plane.
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• For a single node u,

Pp(Iu) = p.

• For a single line l,

Pp(Il) = P
(
Bin(n, p) ≥ 2

)
=

(
n

2

)
p2(1− p)n−2 = O(n2p2).

• For a single plane P ,

Pp(IP ) ≤ P
(
Bin(n2, p) ≥ 2

)
= (1 + o(1))2−1n4p2.

Note that a plane is more likely to be internally spanned than as an internally spanned

line requires at least two collinear points.

Keeping the conditions of Proposition 2.3.3 and p = f(n)n−d/(j+1)−j , we have the fol-

lowing lemma:

Lemma 2.3.4. For 1 ≤ i ≤ j,

M2i−1(p) = O(ni(i+3)−2pi+1). (2.3)

M2i(p) = (1 + o(1))(2i)!2−i−1ni(i+3)pi+1. (2.4)

Proof. (By induction)

We assume the lemma holds for all 0 ≤ l ≤ 2i − 2 and show by induction that the

formulas hold for dimensions 2i and 2i− 1. Note the lemma holds for a point, a line and a

plane, so our base case is covered.

First let’s assume a sublattice V is internally spanned. By Lemma 2.2.4, there exists

proper sublattices V1, V2 ⊂ V both internally spanned by disjoint subsets S1 and S2 such

that V = 〈V1, V2〉. Let DV denote the set of possible pairs of such sublattices of V with
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dim(V1) ≤ dim(V2). For V with dimension 2i or 2i − 1, let D′V denote the subset of DV

where dim(V1) = 0, and dim(V2) = 2i− 2.

IV can be expressed as a union over DV of events of the form IV1 ◦ IV2 , where ◦ denotes

the events occur disjointly.

We will show the probability IV occurs is almost entirely determined by the probability

there exists a pair (V1, V2) ∈ D′V such that IV1 ◦ IV2 occurs. Let ED′V = {∃ (V1, V2) ∈

D′V s.t. IV1 ◦ IV2}. We have the following lemma.

Lemma 2.3.5. Pp(IV ) = Pp(ED′V )(1 +O(n−1)).

Suppose this lemma is true. If dim(V ) = 2i− 1, then there are at most O(n2i−1n) pairs

in D′V . The union bound gives

Pp(ED′V ) ≤
∑
D′V

M0M2i−2 ≤ O(n2i)M0M2i−2 = O
(
ni(i+3)−2pi+1

)
,

proving the first part of Lemma 2.3.4.

If dim(V ) = 2i, there are at most
(

2i
2

)
(n2in2) pairs in D′V . The union bound gives

Pp(ED′V ) ≤
(

2i

2

)
n2in2M0M2i−2 = (1 + o(1))(2i)!2−i−1ni(i+3)pi+1,

proving the second part of Lemma 2.3.4.

Proof of Lemma 2.3.5 (By induction). We may assume Lemma 2.3.4 is true for up to di-

mension 2i− 2. This will allow us to prove Lemma 2.3.5 for dimension 2i− 1 and 2i hence

proving Lemma 2.3.4 for those values as well. We can then proceed inductively to prove

the lemmas are true for all values up to 2j.

The union bound gives us:
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Pp(IV ) ≤ Pp
(⋃
DV

IV1 ◦ IV2

)
.

IVk are increasing events. By the BK-inequality [32]

Pp(IV1 ◦ IV2) ≤ Pp(IV1)Pp(IV2)

and

Pp(IV ) ≤
∑
DV

Pp(IV1 ◦ IV2) ≤
∑
DV

Pp(IV1)Pp(IV2).

For now we assume the lemma is true for dim(V ) = 2i − 1. Then we prove the lemma

is true for dim(V ) = 2i and let DV (a, b) denote the subset of DV where dim(V1) = a and

dim(V2) = b and a ≤ b < 2i. 〈V1, V2〉 has at most dimension a + b + 2 if it is in fact a

subspace. Therefore if a + b + 2 < 2i, then DV (a, b) is empty. Otherwise |DV (a, b)| is at

most O(n2i−an2i−b). Assume a+ b+ 2 = 2i+ δ for some δ > 0.

M(a, b) =
∑

DV (a,b)

MaMb = O
(
n4i−a−bMaMb

)
.

If a = 2l+ 1, then n2i−(2l−1)M2l−1 ≤ n−1n2i−2lM2l so we may assume that a (and b) are

both even. Let a = 2i1, and b = 2i2, with i1 + i2 + 1 = i+ k. We know the values of M2i1

and M2i2 . Therefore

M(a, b) ≤O(n4i−2i1−2i2M2i1M2i2)

≤O(n4i−2i1−2i2ni1(i1+3)+i2(i2+3)pi1+1+i2+1)

≤O(ni(i+3)pi+1nk(k−1)−2i1i2).

If i1 > 0, then k(k − 1) − 2i1i2 < −1 and Lemma 2.3.5 is true for dim(V ) = 2i. The

proof for dim(V ) = 2i− 1 follows a similar approach.
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With Lemma 2.3.5 proved, we can conclude from Lemma 2.3.4

M2i ≤ (2i!)2−i−1ni(i+3)pi+1(1 + o(1)).

This with Lemma 2.3.2 gives

M2i = (2i!)2−i−1ni(i+3)pi+1(1± o(1)).

Combining these results we get

Pp(I2j) ≤ O(nd−2j)Pp(IV ) ≤ O(nd−2j)o(n2j−d) = o(1).

This implies

pI(2j, d) > f(n)n−d/(j+1)−j

as desired.

2.3.3 Bounds for pc(2j, d)

In this section we will show the bounds for the exponent of pI(2j, d) hold for the expo-

nent of pc(2j, d). We know the upper bound holds from previous arguments. We need to

show the lower bound for pI(2j, d) from Proposition 2.3.3 also holds for pc(2j, d).

If C2j occurs then there exists some sublattice with dimension greater than or equal to

2j that is internally spanned. The next lemma will show that for any dimension b > 2j,

Pp(Ib)→ 0 if Pp(I2j)→ 0. This implies that Pp(C2j)→ 0 as well.

Lemma 2.3.6. If p = f(n)n−d/(j+1)−j as in Proposition 2.3.3 then Pp(C2j)→ 0. Therefore

pc(2j, d) > f(n)n−d/(j+1)−j for large n.
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Proof of Lemma 2.3.6. If C2j occurs, then there must be some b-dimension maximal sub-

lattice Vb such that IVb occurs and b ≥ 2j. We know I2j → 0 by the choice of p, so we need

to show that Pp(Ib)→ 0 for b > 2j. By Lemma 2.2.4, if IVb occurs for some Vb, there exist

V1 and V2 ⊂ Vb with dim(V1) ≤ dim(V2) < b such that IV1 ◦ IV2 occurs and 〈V1, V2〉 = Vb.

We may assume dim(V2) ≤ 2j. For simplicity we assume the following

dim(V1) =2j − 2a1

dim(V2) =2j − 2a2

dim(Vb) =b = 2j + 2i

with a1 ≥ a2 ≥ 0, and 0 < 2k < d− 2j.

Since 〈V1, V2〉 = Vb we have the that j − a1 − a2 + 1 = i+ k for some k > 0. Let

Ei,k,a1,a2 = {∃ V1, V2 ⊂ Vb s.t. 〈V1, V2〉 = Vb}

that satisfy all the requirements above. Using j(j + 1) < d and j − i− k + 1 = a1 + a2 we

get the following bound:

Pp(Ek,a1,a2) =O(n4j+4i−2j+2a1−2j+2a2M2j+2a1M2j+2a2)

=O
(
n4i+2a1+2a2n(j+a1)(j+a1+3)+(j+a2)(j+a2+3)pj−a1+j−a2+2

)
=O

(
n−2d−2j(j+1)+6j+4i+5a1+5a2+2j2+2ja1+2ja2+a2

1+a2
2+d(a1+a2)/(j+1)

)
≤O(n−d)

There are only finitely many choices for b, a1, and a2 and only O(nd−b) sublattices

of dimension b. Therefore the probability there exists an internally spanned sublattice of

dimension greater than 2j tends to zero.
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Now we can conclude that pc(2j, d) is also bounded below f(n)n−d(j+1)−j for any f(n)→

0.

2.3.4 pc(2j, d) for j(j + 1) > d

Let j′ = sup{i : i(i+1) < d}. For j(j+1) > d and f(n)→∞, suppose p > n−d/(j
′+1)−j′ .

For any 2j-dimension sublattice, the expected number of nodes that are initially open is

n2jp ≥ n2j−2j′ →∞ and hence

Pp(I2j |I2j−2)→ 1.

Therefore pc(2j, d) → pc(2j − 2, d). The case where j(j + 1) = d will require a little more

work and will be presented in Section 6.

2.4 Poisson Approximation

We use the Stein-Chen method for approximation by a Poisson distribution. We will use

the version found in [30]:

Theorem 2.4.1. Let X1, . . . , Xm be indicator variables with P(Xi = 1) = pi, Y =
∑n

i=1Xi,

and λ = E[Y ] =
∑

i pi. For each i ∈ [m], let Ni ⊂ [m] where i ∈ Ni and Xi is independent

of {Xj : j /∈ Ni}. If pij := E[XiXj ] and Z ∼ Po(λ), then

dTV (Y, Z) ≤
m∑
i=1

∑
j∈Ni

pipj +
∑

j∈Ni\{i}

pij

 . (2.5)

Let Γ denote the set of all 2j-dimension sublattices in [n]d. Each sublattice V has a

dependency set ΓV where IW depends on IV for W ∈ ΓV . When p = an−d/(j+1)−j then

each subspace V ∈ Γ is internally spanned with probability (2j)!2−j−1aj+1n2j−d. Although

some dependency exists, if j(j + 1) < d, we will show that the distribution of the number

of sublattices with dimension 2j which are internally spanned approaches a Poisson distri-
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bution.

To fit our random variables with that of the theorem, we let 1V denote the indicator

random variable for the event IV . For all V,W ∈ Γ,

pV = pW = M2j = (2j)!2−j−1aj+1n2j−d(1± o(1)) (2.6)

and

pVW = E[1V 1W ] = P(IV ∩ IW ). (2.7)

Let Y =
∑

Γ 1V . Then

λ = E[Y ] = (1 + o(1))
∑

Γ

(2j)!2−j−1aj+1n2j−d =

(
d

2j

)
(2j)!2−j−1aj+1. (2.8)

Finally we let Z ∼ Po(λ), a Poisson random variable with parameter λ.

Plugging everything into (2.5) we get

dTV (Y, Z) ≤
∑
V ∈Γ

 ∑
W∈ΓV

pV pW +
∑

W∈ΓV \{V }

pVW

 . (2.9)

Since ∑
W∈ΓV

pV pW +
∑

W∈ΓV \{V }

pVW (2.10)

does not depend on the choice of V , we can approximate the right-hand side of (2.9) by

|Γ||ΓV |M2
2j + |Γ|

∑
W∈ΓV \{V }

pVW (2.11)

The quantity pVW depends on the dimension dim(V ∩W ) = l. We break up ΓV into

subsets ΓlV where W ∈ ΓlV if dim(V ∩W = l).

For each l, |ΓlV | = O(n2j−l) so |ΓV | = O(n2j). This gives the bound

|Γ||ΓV |M2
2j = O(n4j−d)→ 0
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for the left half of (2.11). The remaining portion of the (2.11) requires a bit more work. We

compute upper bounds for pVW that depend on l.

As before j(j + 1) < d and p = an−d/(j+1)−j . We state a slightly more general lemma in

that we have dim(V ) = dim(W ) = 2i ≤ 2j.

Lemma 2.4.2. Let dim(V ∩W ) = 2i− 2k with 0 ≤ k ≤ i. Then,

pVW = Pp(IV ∩ IW ) = O(n4ik−2k(k−1)+(i−k)(i−k+3)pi+k+1). (2.12)

In particular, if i = j then for some ε > 0,

Pp(IV ∩ IW ) = O(n2j−2k−d−ε). (2.13)

This upper bound also holds for dim(V ∩W ) = 2i−2k+1 though we will always assume

even dimension intersection for simplicity.

Proof of Lemma 2.4.2 (By induction). In this proof we will use induction on both i and k.

Our base case of i = k = 0 is satisfied. To continue we state two useful sublemmas.

Sublemma 2.4.3. Let V ′ ⊂ V be sublattices that satisfy dim(V ) = 2i and dim(V ′) = 2i−2k

or 2i− 2k + 1. Then

P(IV
∣∣IV ′) = O(n2ki−k(k−1)pk). (2.14)

Sublemma 2.4.4. Let V and W be sublattices with non-trivial intersection. Then

P(IV ∩ IW ) = O
(
P(IV

∣∣IV ∩W )P(IW
∣∣IV ∩W )P(IV ∩W )

)
. (2.15)

Combining Lemma 2.3.4, Sublemma 2.4.3, where V ′ = V ∩W , and Sublemma 2.4.4 we

get

P(IV ∩ IW ) = O
(
n4ki−2k(k−1)+(i−k)(i−k+3)pi+k+1

)
. (2.16)
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When i = j we get for some ε > 0,

P(IV ∩ IW ) = O(nj(j+3)pj+1(n2j−k−1p)k) (2.17)

= O(n2j−dn−k(k+1)n−ε) (2.18)

= O(n2j−2k−d−ε) (2.19)

where we use the simplification n2jp ≤ n−ε. Assuming both Sublemmas 2.4.3 and 2.4.4 are

true, this proves Lemma 2.4.2.

Proof of Sublemma 2.4.3 (By induction). Let V ′ ⊂ V satisfy dim(V ) = 2i and dim(V ′) =

2i − 2k where 0 ≤ k ≤ i. We assume the lemma is true for all pairs of values (i′, k′) such

that if i′ < i, then 0 ≤ k′ ≤ i′ and if i′ = i, 0 ≤ k′ < k. The statement holds for all i if

k = 0, covering our base case.

If IV occurs, then from Lemma 2.2.4 there exists (V1, V2) ∈ DV such that IV1 ◦ IV2

occurs. Similar to the proofs of Lemma 2.3.4 and Lemma 2.3.5, the union bound for the

conditional probability will be dominated by pairs (V1, V2) ∈ DV that satisfy dim(V1) = 0

and dim(V2) = 2i− 2. We denote this subset of DV by D′V .

P(IV
∣∣IV ′) ≤ ∑

(V1,V2)∈DV

P(IV1

∣∣IV ′)P(IV2

∣∣IV ′). (2.20)

≤ O(1)
∑

(v1,V2)∈D′V

P(Iv1

∣∣IV ′)P(IV2

∣∣IV ′) (2.21)

If v1 /∈ V ′ then there are O(1) choices of V2 such that V ′ ⊂ V2 and O(n2) choices such that

dim(V2∩V ′) < dim(V ′). When v1 ∈ V ′ all O(n2) choices of V2 have dim(V2∩V ′) < dim(V ′).

There are less than n2i choices of v1 /∈ V ′ and n2i−2k choices of v1 ∈ V ′. Let V ∗2 , V
∗∗

2 , and

V ∗∗∗2 denote representatives from each of these choices of V2. Expectation gives us the upper

bound
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P(IV
∣∣IV ′) = O(1)n2ipP(IV ∗2 |IV ′) (2.22)

+ n2ipO(n2)P(IV ∗∗2

∣∣IV ∗∗2 ∩V ′) (2.23)

+ n2i−2kO(n2)P(IV ∗∗∗2

∣∣IV ∗∗∗2 ∩V ′). (2.24)

Here we apply the inductive hypothesis to each of these terms. The contribution from

(2.23) and (2.24) will be negligible compared to the right-hand side of (2.22). This gives

P(IV
∣∣IV ′) = O(n2ipn2(i−1)(k−1)−(k−1)(k−2)pk−1)

= O(n2ik−k(k−1)pk).

Proof of Sublemma 2.4.4 (By induction). The direction of the induction is the reverse of

Sublemma 2.4.3. We have dim(V ) = 2i, dim(W ) = 2i′, dim(V ∩W ) = 2i − 2k and will

assume the sublemma is true if either i′ < i or k′ > k.

P(IV ∩ IW ) ≤
∑

(W1,W2)∈DW

P(IV ∩ {IW1 ◦ IW2})

=O(1)
∑

(w1,W2)∈D′W

P(IV ∩ {Iw1 ◦ IW2})

=O(1)
∑

(w1,W2)∈D′W

P(IV
∣∣{Iw1 ◦ IW2})P({Iw1 ◦ IW2})

The terms where w1 /∈ V and V ∩W = V ∩W2 dominate this sum. There are at most

n2i such w1 and O(1) such W2.

P(IV ∩ IW ) =O(1)
∑
w1 /∈V

V ∩W⊂W2

P(IV
∣∣IW2)P(Iw1)P(IW2)

=O(1)n2ipP(IV ∩ IW2)
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for some choice of W2. Since dim(W2) < 2i we can apply now use the inductive hypothesis

to get

P(IV ∩ IW ) =O(1)n2ipP(IV
∣∣IV ∩W2)P(IW2

∣∣IV ∩W2)P(IV ∩W2)

=O(1)P(IV
∣∣IV ∩W )P(IW

∣∣IV ∩W )P(IV ∩W )

as desired.

A slightly modified argument will show the same upper bound holds when dim(V ∩W ) =

2i− 2k + 1. Also the base case where dim(V ∩W ) = 0 holds. We conclude that

|Γ2j−2k+1
V |pVW ≤ |Γ2j−2k

V |pVW ≤ O(n2kn2j−2k−d−ε) ≤ O(n2j−d−ε).

Plugging this into the Stein-Chen bound we conclude that dTV (Y, Z) → 0 and the

number of internally spanned sublattices are approximately Poisson with parameter λ =(
d
2j

)
(2j)!2−j−1aj+1. This proves Theorem 2.1.2.

2.5 Proofs of Theorems

The proof of Theorem 2.1.1 follows from Theorem 2.1.2 and Lemma 2.3.6. These combine

to show Pp(C2j\I2j)→ 0.

For Theorem 2.1.3 we have to do a little work. If d = j(j + 1) then

d/(j + 1) + j = d/j + j − 1 = 2j.

Let p = an−2j , λ′ = λ2j−2 =
(

d
2j−2

)
(2j − 2)!2−j+1aj , and Y2j−2 denote the number of

sublattices of dimension 2j − 2 that are internally spanned. By Theorem 2.1.2

dTV (Y2j , Z(λ))→ 0,
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where Z(λ′) is again a Poisson(λ′) random variable. For each k ≥ 0 we have

Pp(Y2j−2 = k)→ e−λ
′

k!
λ′k. (2.25)

For each of these k open sublattices, there are exactly c =
(
d−2j+2

2

)
distinct sublattices

with dimension 2j. The number of nodes u with distance exactly 2 away from one of the open

sublattices is cn2j(1 − o(1)). Although it is possible for two open sublattices of dimension

2j − 2 to exist in the same 2j-dimension sublattice, from the this event has probability

tending to zero. The probability that there exists some 2j-dimension sublattice with two

disjoint open (2j − 2)-dimension sublattices is bounded by

O(nd−2jn4n4j−4−2d) = O(nj−j
2
).

This tends to zero if j > 1. When j = 1, d = 2 and we are dealing with a plane, which is

well understood.

Otherwise, there are in total ckn2j(1 − o(1)) that, if open, would lead to a sublattice

of dimension 2j that is internally spanned. The probability that none of these are open is

given by (1− p)ckn2j(1−o(1)). Hence

P(I2j) =

∞∑
k=1

Pp(Y2j−2 = k)
(

1− (1− an−2j)ckn
2j(1−o(1))

)
,

which for large n gives

Pp(I2j)→
∞∑
k=1

e−λ

k!
λk(1− e−ack),

proving the theorem.

For Corollary 2.1.4 we look at the three cases. In each case we assume p = an−d/(j+1)−j .

• (j + 1)(j + 2) < d. By Theorem 2.1.2 Pp(I2j+2) → 0, and Pp(I2j−2) → 1. Therefore

the largest sublattice has either dimension 2j − 2 with probability e−λ or dimension

2j with probability 1− e−λ. In terms of the random variable D, we have
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P(D = 2j − 2)→ e−λ,

P(D = 2j)→ 1− e−λ.

• j(j + 1) < d < (j + 1)(j + 2). Similar to the previous case, there are no internally

spanned sublattices with dimension 2j with probability e−λ leaving the maximal sub-

lattice to have dimension 2j− 2. However if there is an open 2j-dimension sublattice,

then the expected number of open nodes exactly distance 2 away is O(n2j+2p). Since

this expectation tends to infinity, with probability tending to 1, an open 2j-dimension

sublattice will become an open (2j+ 2)-dimension sublattice. This will continue until

all of [n]d is open. Hence with probability tending to 1− e−λ, the maximal sublattice

will be the entire space. This gives

Pp(D = 2j − 2))→ e−λ,

Pp(D = d)→ 1− e−λ.

• j(j+1) = d > 6. With probability e−λ
′

no sublattice with dimension 2j−2 or greater

is open, and with probability tending to one there is a open sublattice with dimension

2j − 4. Therefore

Pp(D = 2j − 4)→ e−λ
′
.

For 2j − 2 to be the maximum dimension of open sublattices, there must be some

positive number k of such sublattices open, but no neighbors distance 2 away from

those sublattices can be open. Hence

Pp(D2j−2) =

∞∑
k=1

e−λ
′

k!
λ′ke−ack.

If there exists an open 2j-dimension sublattice, then by the arguments in the previous

case the entire lattice, [n]d becomes open. The limiting value for Pp(I2j) is given in

Theorem 2.1.3. Altogether we have
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Pp(D = 2j − 4)→ e−λ
′
,

Pp(D = 2j − 2)→
∞∑
k=1

e−λ
′

k!
λ′ke−ack,

Pp(D = d)→ 1−
∞∑
k=0

e−λ
′

k!
λ′ke−ack.

• d = 6 (j = 2). We still have with probability e−λ
′

that no plane (dimension 2j − 2) is

open. The big difference is that if k ≥ 2 planes are open, there is a non-trivial proba-

bility that two of the planes are exactly distance two from each other, in which case

the entire space would become open and D = d. A plane embedded in a 6-dimension

space is determined by the values of the 4 fixed coordinates. The other two coordinates

we call the free coordinates as they take on all values in [n]. If the free coordinates of

the two planes do not overlap, then the planes are exactly distance 2 apart. Let dk

denote the probability that for k distinct planes, at least two have free coordinates

that do not overlap.

For a plane P , let N(P ) denote the set of at most cn4 possible nodes, u ∈ [n]6, such

that dim(〈u, P 〉) = 4. With probability tending to 1, the number of nodes in both

N(Ps)∩N(Pt) is at most o(n4) for all 1 ≤ s < t ≤ k. Hence the total number of nodes

that cause at least one of k planes to evolve into an internally spanned 4-dimension

sublattice is at least ckn4 − o(n4). The number of nodes that determine dk is only

O(n2) so if we remove those we still have at least ckn4 − o(n4) nodes remaining that

would cause a 4-dimensional sublattice to be internally spanned. This occurs with

probability at least (1− an−4)ckn
4−o(n4) = e−ack(1− o(1)). Therefore
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Pp(D = 0)→ e−λ
′
,

Pp(D = 2)→
∞∑
k=1

e−λ
′

k!
λ′k(1− dk)e−ack,

Pp(D = 6)→ 1− e−λ′ −
∞∑
k=1

e−λ
′

k!
λ′k(1− dk)e−ack.
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Chapter 3

JIGSAW PERCOLATION

This section is an extension of the work done by Brummitt et. al. in [34]. They define

a new kind of percolation on finite graphs called jigsaw percolation. It can be viewed as a

model for collaborative networks working together on a problem, where each node repre-

sents a person with a unique part to play in solving the problem.

Jigsaw percolation is a process on a graph with two distinct edge setsG = (V,Epuzzle, Epeople).

The edges in Epeople denote acquaintances. The edges in Epuzzle denote connections that

need to be made in order for the problem to be solved. The process begins with everyone

in disjoint clusters of size one. Initially if two people share a puzzle edge and are also ac-

quaintances they merge together to form a larger cluster. For each subsequent step, clusters

merge together if there exists at least one pair of nodes between the clusters connected by a

people edge and at least one pair of nodes connected by a puzzle edge. If the process ends

with all nodes in a single cluster we say the people graph solves the puzzle graph.

We will consider the case where (V,Epeople) and (V,Epuzzle) are Erdös-Rényi random

graphs with probabilities pppl and ppuz respectively. Our results will be stated in terms of

the product of these probabilities, peff = ppplppuz. For Epeople to solve Epuzzle we need that

both (V,Epeople) and (V,Epuzzle) to be connected. Hence for simplicity we will assume for

some 0 < ε < 1, both pppl ≥ ppuz ≥ nε/n, guaranteeing connectivity with high probability

for both graphs.

Definition 3.0.1. Jigsaw Percolation

We repeat the definition of jigsaw percolation in [34]. Jigsaw percolation proceeds on

(V,Epeople, Epuzzle) as follows. At every step i ≥ 0, we have a partition, Ci, of V into disjoint
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subsets, where if A ∈ Ci then the nodes of A will have merged by step i. At step i, let Ei

denote the unordered pairs of clusters in Ci that are both people- and puzzle-adjacent. We

get Ci+1 by merging the connected components of (Ci, Ei).

C0 = {{v} : v ∈ V }

C1 = {A : A is a connected component of (V,Epuzzle ∩ Epeople)}

Ci+1 = {∪A ∈ UA : U is a connected component of (Ci, Ei)} .

We are particularly interested in the event Solve := {C∞ = {V }}, when the people

graph solves the puzzle graph. We hope to find good bounds for the critical effective prob-

ability pceff, where Ppceff
(Solve) = 1/2.

The following proposition gives upper and lower bounds on pceff.

Theorem 3.0.1.

1. If peff ≤ e−5

n logn , then Ppeff
(Solve)→ 0.

2. If peff ≥ 64 loglogn
n logn , then Ppeff

(Solve)→ 1.

Combined we get the upper and lower bounds

e−5

n log n
< pceff <

64 loglogn

n log n
.

We’ll proceed by first proving the lower bound for peff. The proof for the upper bound

is a little more involved. We will sketch the arguments for the simpler case where pppl =

ppuz = (2c/n)1/2. The proof for peff ≥ 64 loglogn/n log n will follow with minor adjustments.
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3.1 Lower Bound for peff

Let Si ∈ Ci denote the largest cluster after i steps. We assume that peff = e−5/n log n. For a

cluster of vertices, A ⊂ V , to have merged together at some point in the jigsaw percolation

process, the induced graphs (A,Epeople) and (A,Epuzzle) must both be connected. If both

subgraphs are connected then both subgraphs must contain a spanning tree. We denote

the existence of two such spanning trees on A by the event DualSpanA. Furthermore, we

denote with DualSpank the existence of such a A where |A| = k. The following few lemmas

will show that

Solve ⊂


2 logn⋃
j=logn

DualSpanj

 ∪ {|S1| ≥ log n}

and the probability of the event on the right tends to 0 as n increases.

Proof of Theorem 3.0.1 (a), peff ≤ e−5

n logn .

Lemma 3.1.1. If ∃ k s.t. |S1| < k < n/2 and for no j ∈ [k, 2k] does DualSpanj occur,

then Solve does not occur.

Proof. If Solve occurs, then at some point clusters of small size must merge together to form

one giant cluster. Although many clusters may merge together in one step, we can break

down each step into a series of substeps where exactly two clusters merge. The upper bound

for the largest cluster at most doubles in size during each of these substeps. Eventually two

clusters of size less than k must merge to form a cluster, A, with |A| ∈ [k, 2k]. Therefore if

this does not happen, Solve cannot occur.

Lemma 3.1.2. If p < e−5/(n log n), P(|S1| < log n)→ 1.

Proof. Two vertices merge after one step if they are connected by both a people edge and

a puzzle edge, so the largest cluster after the first step can be understood by looking at

Erdös-Rényi random graphs with edge probability p = peff. Let Tk denote the number of

trees of size k in a Erdös-Rényi random graph with such an edge probability. From [29],
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the expectation of Tk is given by

ETk =

(
n

k

)
kk−2peff

k−1(1− peff)k(n−k)+(k2)−k+1

≤
(
n

k

)
kk−2peff

k−1.

Plugging in k = log n in the above expression shows that ETk → 0 as n→∞. As Tk is the

sum of positive random variables, with high probability we have that P(|S1| < log n)→ 1.

Lemma 3.1.3. Let |A| = k, then

P(DualSpanA) ≤ k2k−4peff
k−1,

and

P(DualSpank) ≤
(
n

k

)
k2k−4peff

k−1.

Proof. We use expectation to bound the probabilities in question. Fix a subset of vertices

A of size k. Let Tppl and Tpuz denote the number of spanning trees in (A,Epeople) and

(A,Epuzzle) respectively. The event DualSpanA is the intersection of the two independent

events {Tppl ≥ 1} ∩ {Tpuz ≥ 1}. As there are kk−2 possible spanning trees on A we have

P(Tppl ≥ 1) ≤ ETppl = kk−2pk−1
ppl

and

P(Tpuz ≥ 1) ≤ ETpuz = kk−2pk−1
puz .

Since the events are independent we may take the product to get

P(DualSpanA) = P(Tppl ≥ 1)P(Tpuz ≥ 1) ≤ k2k−4peff
k−1

as desired. Since there are
(
n
k

)
choices for A we get

P(DualSpank) ≤
(
n

k

)
k2k−4peff

k−1,
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the expected number of subsets of vertices, A, such that |A| = k and DualSpanA occurs.

Lemma 3.1.4. P(Solve) ≤ P(|S1| ≥ log n) +
∑2 logn

k=logn P(DualSpank).

Proof. By Lemma 3.1.1, the event DualSpank occurs for some k ∈ (log n, 2 log n). Using

the union bound with Lemmas 3.1.2 and 3.1.3 gives:

P(Solve) ≤
2 logn∑
k=logn

P(DualSpank) + P(|S1| ≥ log n)

≤
logn∑
i=0

nei+logn(i+ log n)i+logn log ne−5i−5 logn√
2π(i+ log n)(log n)(i+logn)(i+ log n)4

+ o(1)

≤ ne2 logn(2)2 logne−5 logn

√
2π log n

≤ e(5−.25−5) logn → 0.

The constant e−5 is in no way optimal. By Lemma 3.1.2 the largest cluster in C1 is

bounded by log n with high probability, so P(Solve)→ 0 as desired.

3.2 Upper Bound for peff

The proof of part (b) is a bit more involved. We first show with high probability there

exists a tree in (V,Epuzzle
⋂
Epeople) that is large enough to act as a seed, growing until it

merges with every other vertex.

Split V into two sets V1 and V2 with the same cardinality. We inductively define the

following sets:
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• S1 := { vertices in the largest connected component of (V1, Epeople ∩ Epuzzle)}.

We call S1 the seed.

• R1 := V2.

• Si+1 := {v ∈ Ri s.t. ∃ u,w ∈ Si with (u, v) ∈ Epeople, (w, v) ∈ Epuzzle},

the vertices that have both a people and puzzle edge connecting them to Si.

• Ri+1 := {v ∈ V2 \
⋃i+1
j=1 Sj}, the vertices in V2 not yet merged with the big cluster.

3.2.1 peff = 2c/n

First we analyze the simpler case where pppl = ppuz = (2c/n)1/2, where c > 0. Classical

random graph arguments show that the size of S1 is at least O(log n) (and much greater

if 2c ≥ 1). These vertices merge with roughly O((logn)2) new vertices in R1 which in turn

merge with O((logn)4) vertices in R2. In general, at the (i+1)st step we merge O((log n)2i)

vertices in Ri with Si as long as (log n)2i << n. Once we have an Sin with over n1/2 vertices

we have with high probability that every remaining vertex in Rin merges with Sin .

The size of S1 will be at least 4 log n with high probability. The 4 is chosen for ease of

exposition. For each v ∈ R1 the probability that v is connected to u ∈ S1 by a people edge

is given by p = (2c/n)1/2. The same probability holds for a puzzle edge. These edges exist

independently.

The probability that v is connected to S1 by both a people edge and a puzzle edge is

bounded below by
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(
1− (1− pppl)

|S1|
)(

1− (1− ppuz)
|S1|
)
≥ (2p log n)2. (3.1)

The expected number of vertices in R1 that connect in this way is bounded below by

n(1− o(1))
4c(log n)2

n
≥ 2c(log n)2. (3.2)

Each v ∈ R1 merges with S1 independently so we can use Chernoff bounds to find a

lower bound for the probability that |S2| is at least half the expected value of |S2|,

P
(
|S2| ≥ c(log n)2

)
≥ 1− exp

(
−1

2
c(log n)2

)
. (3.3)

Assuming this lower bound for |S2| holds, the expectation of |S3| will be at least 2c|S2|2 =

2c3(log n)4. The Chernoff bounds show that

P
(
|S3| ≥ c3(log n)4

)
≥ 1− exp

(
−1

2
c3(log n)4

)
. (3.4)

In general we have for i > 2 not too large ((c log n)2i−1
<< n1/3), the edges connecting a

vertex in Ri to Si exist independently in both the people and puzzle graph with probability

p. The expectation of |Si| is greater than 2
c (c log n)2i−1

so again Chernoff bounds show that

P
(
|Si| ≥

1

c
(c log n)2i−1

)
≥ 1− exp

(
− 1

2c
(c log n)2i−1

)
. (3.5)

By “not too large” we mean that for some positive α < 1/2, (c log n)2i−1
<< nα. In partic-

ular we have that i < loglog n which in turn makes Ri ≥ n − n1/2 loglog n. If |Si| is larger

than n1/2, |Si+1| ≥ n(1− o(1)) and |Si+2| = n with high probability.

3.2.2 peff = 64 loglog n/n log n
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For notational simplicity we let x = log n/ loglog n, so peff = 64x−1n−1. We will also

assume for some 0 < ε < 1/2, that ppuz = 64x−1n−1+ε and pppl = n−ε. The constant 64 has

been chosen for expository purposes and has not been optimized.

Proof of Theorem 3.0.1 (b).

The sets Si and Ri will have the same definition as before. We let Eipeople and Eipuzzle

denote the subsets of Epeople and Epuzzle with one endpoint in Si and one in Ri. The impor-

tant thing to note is that Eipeople and Eipuzzle are disjoint from ∪j<iEjpeople and ∪j<iEjpuzzle
respectively.

For large n, there exists an integer i∗ = min{i : |Si| ≥ nε} and a collection of values

{γi = 1
2x22i−1}1≤i≤i∗ along with the events Ti := ∩ij=1{|Sj | ≥ γj}. We will prove a series of

lemmas that will combine to prove the theorem.

Lemma 3.2.1. P(T1) = 1− o(1).

Lemma 3.2.2. For i < i∗, P(Ti+1

∣∣Ti) ≥ 1− exp
(
−1

2γi
)
.

Lemma 3.2.3. P(Ti∗) ≥
∏i∗

i=1

(
1− exp

(
−1

2γi
))
.

Lemma 3.2.4. P
(
Solve

∣∣Ti∗) = 1− o(1)

First we will show that T1 occurs with high probability.

Proof of Lemma 3.2.1.
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Let tk denote the number of disjoint trees of size k from a graph with p = peff and |V1| = n/2.

The expected value of tk is given by

λ = λk = E(tk) =

(
n/2

k

)
kk−2peff

k−1(1− peff)k(n/2−k)+(k2)−k+1. (3.6)

From Theorem 5.1 in [29], the total variation distance between the distribution of tk and

a Poisson distribution with parameter λ has the following upper bound:

dTV (L(tk), Pλ) ≤ c1(n/2, k, peff) + c2(n/2, k, peff)

where

c1(n/2, k, peff) =
2k2

n
λ

and

c2(n/2, k, peff) ≤ e−2k2/nk2peff(1− peff)−k
2
λ.

When peff = 64x−1n−1, the distribution of tx will approach a Poisson distribution.

Hence P(tx ≥ 1) ≥ 1− e−λ − o(1). In this case λx →∞ so P(tx ≥ 1) = 1− o(1). Therefore

P(T1) = 1− o(1).

Proof of Lemma 3.2.2.

We determined S1 only using edges with both endpoints in V1. For 1 ≤ i < i∗, and each

v ∈ Ri we have , the vertices of Si will come from Ri and will be determined by edges from

Eipuzzle and Eipeople. Let u, u′ ∈ Si and v ∈ Ri. We have

P
(
(u, v) ∈ Epuzzle

∣∣Ti) = ppuz, (3.7)

and similarly,

P
(
(u′, v) ∈ Epeople

∣∣Ti) = pppl. (3.8)
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The probability that v connects to Si can be expressed by

P(v ∈ Si+1

∣∣Ti) ≥ (1− (1− ppuz)
|Si|
)(

1− (1− pppl)
|Si|
)
. (3.9)

This probability is independent for all vertices of Ri and is bounded below by

1

4
peff|Si|2 ≥ 8n−1x−1γ2

2 = 2n−1x22i = 4n−1γi+1. (3.10)

The size of Si+1 conditioned on Ti stochastically dominates a binomial random variable,

Xi+1 with distribution Bin(n − o(n), 4n−1γi+1). Therefore if Ti occurs, the expected value

of |Si+1| is at least the expected value EXi+1 ≥ 2γi+1. Chernoff bounds then give

P
(
Ti+1

∣∣Ti) ≥ P(Xi+1 ≥ γi+1) ≥ 1− exp

(
−1

2
γi+1

)
(3.11)

This bound will hold for all i that allows for (1−(1−pppl)
|Si|) to be bounded by |Si|pppl/2.

Since pppl = n−ε, this bound holds when |Si| << nε.

Proof of Lemma 3.2.3.

This follows from the convergence of
∏
j

(
1− exp

(
−1

2γi
))
. Using conditional probabilities

we have

P(Ti∗) ≥ P(Ti∗
∣∣Ti∗−1)P(Ti∗−1) =

(
1− exp

(
−1

2
γi∗

))
P(Ti∗−1). (3.12)

Iteratively apply the previous two lemmas to obtain

P(Ti∗) ≥
i∗∏
j=1

(
1− exp

(
−1

2
γj

))
. (3.13)

Taking the logarithm of both sides we have

logP(Ti∗) ≥
i∗∑
i=1

log

(
1− exp

(
−1

2
γi

))
≥
∞∑
i=1

log

(
1− exp

(
−1

2
γi

))
. (3.14)



80

We can use the approximation log(1− q) ≥ −2q for q near 0. This gives

0 ≥ logP(Ti∗) ≥
∑
i

− exp

(
−1

2
x22i−1

)
≥ −e−x. (3.15)

Since x is large when n is large this expression tends to zero. Hence

P(Ti∗) ≥ e−e
−x ≥ 1− e−x = 1− o(1). (3.16)

Proof of Lemma 3.2.4.

If Ti∗ is true then not only do we have |Si∗ | ≥ nε, but also that |Ri∗ | ≥ n/3. Let

|Si∗ | = αnε where α is bounded below by a constant. For v ∈ Ri∗ we have similar to 3.9

P(v ∈ Si∗+1) ≥
(

1−
(
1− n−ε

)|Si∗ |)(1−
(
1− 64x−1n−1+ε

)|Si∗ |) .
≥
(
1− e−α

) (
1−

(
1− 64x−1n−1+ε

)αnε)
.

There exists positive constant δ < 1 such that

1−
(
1− 64x−1n−1+ε

)αnε ≥ nε+δ−1.

In this case the expected size of Si∗+1 is

E|Si∗+1| ≥ cnε+δ (3.17)

where c is some small positive constant. Then using the Chernoff bound again we have

P(|Si∗+1 ≥ cnε+δ/2) = 1− exp−cn
ε+δ/4 . (3.18)

We modify the definition of Ri∗+1 to include all remaining vertices and not just those

in R1,

Ri∗+1 := V \
i∗+1⋃
j=1

Sj .
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The edges of Ei
∗+1
people and Ei

∗+1
puzzle are still independent of all revealed edges so far. There

exists δ′ > 0 such that for v ∈ Ri∗+1 the probability that there exists some u ∈ Si∗+1 such

that (u, v) ∈ Ei∗+1
people is given by

P( ∃ u ∈ Si∗+1 s.t. (u, v) ∈ Ei∗+1
people) ≥ 1−

(
1− n−ε

)cnε+δ/2 ≥ 1− exp(−nδ′). (3.19)

Therefore every v ∈ Ri∗+1 is connected to Si∗+1 with a people edge with probability

(
1− exp(−nδ′)

)n
≥ 1− n exp(−nδ) = 1− o(1). (3.20)

In the limit, everything connects to Si∗+1 with an edge in Epeople. Since(V,Epuzzle) is

connected, eventually everything will merge together.

The proof of Theorem 3.0.1 (b) follows because

P(Solve) ≥ P(Solve
∣∣Ti∗)P(Ti∗) = (1− o(1))(1− o(1)) = 1− o(1).
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