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Abstract

The Topological Band Transition and Corresponding Topological Protected Interface State in
Two Degrees of Freedom Origami Based Chain

Qinggian Li

Chair of the Supervisory Committee:
Associate Professor Jinkyu Yang
Aeronautics and Astronautics

In this thesis, a tunable one-dimensional chain is designed based on an origami structure with two
degrees of freedom. We begin this analysis by constructing the Hamiltonian matrix for the origami
unit cell. This is followed by obtaining the equations-of-motion matrix for the origami finite chain
using the spring-mass model. An eigenvalue analysis is conducted on the matrix obtained by both
methods, which provides the dispersion curve of the origami chain. We then polarize the dispersion
curve for the purpose of understanding the effects of a coupled two degrees of freedom system on
the bands and bandgaps. We use the polarization to distinguish the domination of the eigenmode,
i.e., translational domination, or rotational domination, for each band. We calculate the Zak phase
and the sign of the impendence for each band and bandgaps so that we can study the topological

inversion before and after the transition. With the determination of the band’s Zak phase and the



sign of impendence of bandgaps, we discuss how the interface occurs inside the bandgaps. Based
on this conceptual study, we find the topologically protected interface state in certain
configurations of this highly tunable origami chain. With these results, we can use this origami
chain as an exceptional energy harvesting system and transfer the rotation motion to the

translational motion or the other way around.
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Chapter 1. INTRODUCTION

1.1 BACKGROUND AND MOTIVATIONS

Mechanical metamaterials, in recent years, have been the focal point in the engineering field and
have been intensively researched [1]-[3]. They offer new perspectives and unique mechanical
properties. They have abundant engineering applications, e.g., waveguide and energy harvesting
[4]-[5]. origami -based structures can act as a non-conventional and special building unit for the
metamaterials and show unique mechanical properties, e.g., negative Poisson’s ratio and multi-
stability, that attracted a lot of the attention from researchers [6]-[7]. With progressive
investigation focused on the static and dynamic study of origami-based metamaterial structures, it
comes naturally that people are interested in designing systems with specific vibrational properties.
To design such a system, we use the correlations between the interface state and nontrivial
topological invariants [9] by combining the knowledge of Topological insulators (TIs) [8]. With
such properties, we can have a topologically protected interface localization in the system immune
to defects. Hence, a study based on the triangulated cylindrical origami (TCO) [7] chain is initiated,

and the topological phenomenon is analyzed.

1.2 OBJECTIVES

The goal of this thesis is using the mathematic model of TCO based one-dimensional chain to
study topological band transition and its topologically protected interface state. With the
topologically protected interface mode, we can design an energy harvesting system that can also

transfer the rotational motion to translational motion or vice versa.



1.3 METHODOLOGY

In this research, the geometry, mechanical properties, and the mathematic modeling of the TCO
chain are explained in chapter 2. In chapter 3, two methods are presented to construct the matrix
of the TCO chain whose eigenvalues will be obtained to generate a dispersion curve. In chapter
4, we polarize the dispersion curve, determine the Zak phase of each band, and calculate the sign
of the impendence of the bandgaps. Then we discuss the results of the topological transition and

the interface state in the system.

Chapter 2. BACKGROUND ON TRIANGULATED CYLINDRICAL
ORIGAMI (TCO)

2.1 THE GEOMETRY OF TCO UNIT CELL

The geometry of the triangulated cylindrical origami (TCO) unit cell, shown in Figure 2.1. The
initial height h and the initial twist angle 6, are the design parameters. With different
configurations, i.e., different inputs of h and 6,, the TCO unit cell will have different stiffness for
folding lines a and b as shown in Figure 2.1. The equations governing the length of the folding
lines a and b are shown in equation (2.1) and (2.2). The detailed calculation can be found in
reference [7]. The TCO unit cell is a two degrees of freedom structure. With the force exerted on
the top of the unit cell, the top surface will move along the Z- axis, and the displacement of the
surface is shown as u is Figure 2.1(a). Meanwhile, the top surface will also rotate with the angle

of ¢ as shown in Figure 2.1(b).
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Figure 2.1. Graph (a) is the 3D Geometry of the TCO unit cell with the polygon side number
of 6. h is the height. u is the displacement in Z-direction when the force exerted on the top. a and
b are the folding line and the corresponding crease line shown in the folding pattern in Figure
1.2. Graph (b) is the top view of the very same TCO unit cell. The red lines indicate hexagon is
at the bottom, and the black lines indicate the top. 8, is the initial twist angle. ¢ is the rotation

angle when the unit cell is pushed. 8 is the total ration angle.
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Figure 2.2. The folding pattern of the TCO unit cell. Folding line a, solid blue line, folds
outward, mountain-like. Folding line b, red dash line, is fold inward, valley-like.

2.2 THE KINEMATICS OF THE TCO UNIT CELL

The two degrees of freedom mathematical model of the TCO structure can be derived with the
method of conservation of energy. We can analyze the kinematics of the TCO unit cell based on
this mathematical model. Equation (2.4) is the equation of elastic potential energy. The detailed
calculation can be found in reference [10]. The model utilizes linear springs to simulate the folding
motion of the unit, e.g., length change of the folding lines a and b with spring stiffnesses of

k, and k; respectively.



U ¢) = 5nkq(a—ag)? +5nky(b — by)>? (2.4)

ao and b, are the initial lengths before the folding motion. The values of a and b can be
found in equation (2.1) and (2.2). n is the number of the sides the polygon has for the configuration.
Using the principle of minimum potential energy, the force-displacement relation, and the
torque-rotation relation of the system can be found by taking the derivatives of the potential energy

equation shown in (2.4). The detailed derivation is shown in reference [11].

Flu,¢) =2
= nkoR?(h —u) (1 - 22) + nkyR?(h —w) (1-22) (2.5)
T(w¢) = 55

= nk,R? (1 — %) sin (qb + 60 — =) + nk,R? (1= 22) sin (¢ + 6, — ) (2.6)

2.3 EQUATIONS OF THE MOTION OF THE TCO CHAIN

In this section, we will discuss the configuration of the TCO based chain and its equations of
motion. The TCO formed chain is shown in Figure 2.3. As shown, the TCO chain will connect
along the Z-direction, and there will be plates assembled on the top and bottom of the surfaces.
For the chain configuration, there will be two types. The monomer chain, form with the same TCO
unit cell; and the dimer chain, form with two different configurations of the TCO unit cell. As
introduced in the last section, the configurations of the TCO unit cell depend on the initial height

and initial twist angle. For the convenience of the analysis, by only changing the initial twist angle,
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we can have a different TCO unit cell to form the dimer chain. By changing the initial twist angle,
the stiffness constant for the folding line a and b will change. This change will affect the equations
of motion of the chain as well as the matrix used to obtain the dispersion curve, i.e., band structure,
of the chain. From the mathematical model of the TCO unit cell and treating the chain as a spring-
mass system, shown in Figure 2.4, we can model the equations of motion for the system as shown

in the equations (2.7) and (2.8) [11].

Mty = F(uj_q — uj, i1 — ;) = F(Wj — Uy, §; — bjs) (2.7)
Jid, = T(wios —wj, @jo1 — &) = T(W — Ujss, @) — Pj11) (2.8)
In these equations, j is the index number of the TCO unit. F is the force, and T is the torque. M is

the mass of the plate located at the top and bottom surface. J is the moment of inertia of the plate

mount on the two ends of the unit cell.

The force-displacement and torque-rotation equations of the TCO unit cell are highly non-
linear. We linearized these equations (2.5), (2.6) using Taylor expansion by assuming small
displacement and rotation, at u = 0 and ¢ = 0. The equations after the linearization are shown

as follows.

F = auu+ ayyd (2.9)

T = au¢u + C(¢¢¢) (210)

Where a,,,, a,g and agq [11] are the constants after the linearization, a,,, = Z—i (0), ayg =

oF aT T . . _
3 (0) = o (0), app = 30 (0), and their expressions are:

Q= nh? (22 +22) (2.11)

2 2
agp bg



nkgR2hsin( 0, -2 nkpR2hsin(8y+=
Qyp = —— (f0my) _ morhsin(tor) 2.12)

2
ap bg

nkqR*sin?(8,-5)  nkyR*sin?(6o+7)

Xpp = pp + b2 (2.13)

The k, and k;, is the stiffness of the folding lines, and the superposition of all the folding

lines should account toward the calculations.

(@) (b)

Figure 2.3. In graph (a), it is showing the TCO formed monomer chain. All the TCO unit will
have the same initial height and same initial twist angle. In graph (b), it is showing a dimer
chain, and the blue type TCO unit cell and the red unit cell will have the same initial height but
different initial twist angle. Here we name the dimer chain unit cell with blue color as (1) and red
as (2).
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Figure 2.4. Spring-mass model used as the mathematic model for analysis TCO chain. j is the

index of the unit.



Chapter 3. EIGENVALUE ANALYSIS ON UNIT CELL AND FINITE
CHAIN OF THE TCO CHAIN.

3.1 UNIT CELL ANALYSIS OF THE TCO CHAIN

In section 2.3, we have the equations of motion for the system of the TCO chain. We now can
build the Hamiltonian matrix for the system. Plugging in the linearized force equation and torque
equation, (2.9), (2.10), into the equations of motion (2.7), (2.8), yields the linearized equations of

motion for the TCO chain shown in (3.1) -(3.4).

- (1) _
Mjv, > =

D =) + e @(u? — 0 ) = (6P = 62) + aB( 6P - ¢) @)
5, =

1(12 (u(l) _ uj(z)l ) + 1(12 (u(Z) _ uj(l) ) (1)(¢(1) ¢(2) ) (2)( ¢(2) ¢](1)) (3.2)
My, =
(5 7))+ S5~ -0 ) 59
5, =

“152 (u](}r)1 _ uj(Z) ) _ “1(3( @ _ j(l) ) (1)(¢,(P1 _ ¢j(2)) (2)( ¢(2) ¢]§1)) (3.4)
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The superscripts (1) and (2) are two different types of the TCO unit cell in the chain. When all the
TCO unit cells are the same configuration such as in the case of the monomer chain, the constants

with different superscripts are the same. j is the index of the TCO unit cell in the chain. It represents
the location of the unit cell.

Now we can plug in the solution for the wave equation, (3.5), (3.6), in the systems of

equations (3.1) -(3.4). k in the following equation is the wave number, and i is the imaginary
number.

uj(l) — u(l)ei(2kjh—wt); uj(Z) = 1y pi2kjh-wt) (3.5)

4)](1) — ¢(1)ei(2kjh—wt); d)](z) — ¢(2)ei(2kjh—a)t) (3.6)

Therefore, the Hamiltonian matrix for this mechanical system can be found [11].

M; Mj Mj Mj
) | ey ) e e
_w2|¢(1) | _ Jj Jj Jj Jj lo®| (3.7)
lu(Z)J a®) 4@ 2ikh al(f(g+a1(fq))e2ikh aW1a® a§2+af¢)’ lu(Z)J
O T T |l
aglld)ﬁal(fd),ez"kh a((p%+a$%82ikh a£2+a£i; a$%+a$%
Jj Jj Jj Jj i

Solve the eigenvalue problems, det(A — AI) = 0, for w at each wave number, k. And the

frequency of the system would be f = %
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3.2  FINITE CHAIN ANALYSIS OF THE TCO CHAIN

Different than the unit cell analysis, in this part, we plug in u, = uy et and ¢, = ¢o,e™** to
equations of motion. Hence a discretized eigenvalue is yield as shown in equation(3.8) and solve

the eigenvalue problem det(A —AI) = 0 for 2. where A=M~1B, 1= —w?, and B is the

w

stiffness matrix of the system. The frequency, f, of the system would be f = -

Au = Au (3.8)

Now we can construct the mass matrix of the TCO chain, as shown in (3.9). It is a diagonal
matrix. The stiffness matrix of the system can be constructed as shown in (3.10) where the size of

the matrix is m by m, and m is the total number of TCO unit cells in the chain.

M, 0 « 0 0 - 0 O

(A 0 0 0 0
o0 0 M0 0 a9
o 0o - 0 J ~ = 0 (3.9)

0 0 M, 0

0 0 0 0 0 Jn
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B =
@@ +e®) —@Dral)  a® @ 0 0 o
G D ) 0
2 e e o )
I R R R
0 0 sy, ag, -
o oW

Different than the unit cell analysis, the frequency calculated by using this method is matched with
the unit number of the chain, m. We use the Fast Fourier Transform to rearrange the frequency to

match the wave number to obtain the dispersion curve.
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Chapter 4. DISPERSION CURVE AND INTERFACE MODE OF TCO

CHAIN.

4.1 DISPERSION CURVE OF THE TCO CHAIN.

In the last section, we constructed the Hamiltonian matrix, as well as the matrix based on the
finite chain method for the TCO chain system. Now by doing eigenvalue analysis, we can plot the
dispersion curve for the two TCO chain configurations: monomer chain and dimer chain. In this
section, we will first discuss the unique properties of the dispersion curves of the TCO chains. For
the one-degree-of-freedom spring-mass system, the dispersion curves only have one pair of modes.
The lower one is called the acoustic band, and the upper one is called the optical band. For the
two-degrees-of-freedom TCO chain, the dispersion curve, as shown in Figure 4.1., will have two

pairs of mode.
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Figure 4.1. Graph (a) showing dispersion curve of dimer TCO chain with the chain
configuration as (1)-(2)-(1)-(2), with the unit (1) have 6" = 60° and unit (2) with 85 = —60°.
The gray area is bandgap, and the numbering of the bandgaps are showing on the right. Graph

(b) showing the dispersion curve of monomer chain with all unit cell’s initial twist angle of
951) = 652) = 60°. Graph (c) showing the dispersion curve with the dimer chain configuration
setup with the unit (1) have 951) = 60° and unit (2) with 052) = (1+ a)60°. The gray area is

bandgap, and the numbering of the bandgaps are showing on the right.
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TCO unit cell is highly tunable; there are many ways to change the stiffness. So, we
specifically selected two ways to construct the dimer chain. First, we select the initial twist angle

Qél) 6 () _ —6 o)

for one-unit cell, , and for the second unit cell, we select the initial twist angle as

The second way is to set the second twist initial angle as a function of the first initial twist angle
as 652) =(1+ a)@él), where « is a constant to vary, and by changing this constant, we can have
multiple initial twist angles for the second unit cell. For this case, we select @ = 0.5.

As shown in Figure 4.1 (a), by choosing the unit cell (2) to have negative direction but the

same angle in magnitude we can open only the crossing point that is not on the boundary of

Brillouin zone [15]. The stiffness constant for this case would be 'Y = a'?, a(% aéf;), afjg

fjg As another unique point about the two degrees of freedom system, in the equations of

motion, we have a coupled term in both force and torque equations. And as shown in this case, by
changing the values of the coupled term, we can open the intersection point between the second
and third band.

For the case of the monomer chain, Figure 4.1 (b), the twist angle of the TCO unit cells will

have the same initial twist angle and will have the same stiffness constants, a(l)

@ @ @ D) _ (2)
s Ay = Ay Ay = . At the boundary of the Brillouin zone, there will be two high

folding points. Also, in the TCO system, there will be a crossing point between the higher acoustic
band and the lower optical band. By changing the stiffness constant and the initial twist angle, we
can open these three points.

In Figure 4.1 (c), The dimer chain is constructed by choosing the second unit cell initial twist

angle as the function of the initial twist angle of the first unit cell and in this case « = 0.5. The
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stiffnesses will be: a'%) > a&?,a&; > aﬁ%,a% < afjg . At this configuration, all the stiffness

constants are different for the both unit cells. The different stiffness constants will open the high
folding point at the boundary of the Brillouin zone. Also, with the different coupled term, the

intersection point will also open just the same as the case shown in (a).

4.2 POLARIZATION OF THE DISPERSION CURVE.

In this section, we polarize the eigenmode and plot on the same graph as the dispersion curve. The
normalization of the eigenvectors of the system are calculated following equation (4.1). The first
eigenmode is selected as the baseline. The first eigenmode can represent the relation of the
rotational motion and the translational motion after the linearization of the force-displacement
motion and the torque-rotation motion. Details can be found in Figure 2(c) in reference [10]. Based
on the value of P calculated in equation (4.1), the magnitude of the translational motion dominates
when P is 1, and vice versa. The polarized graphs are shown in Figure 4.2. The color of each point
represents the value of P. The red dots means that at the frequency, the mode shape is translational
dominated in magnitude. Blue means the mode shape is rotational dominated in magnitude. Lastly,
yellow means the translational motion and rotational motion mix and the mode shape cannot be

distinguished. The results show when the twist angle of the second unit cell is in the opposite

direction with the same magnitude, 052) = —051), the mode shape can be clearly distinguished but
for the other two cases, the eigenmode shape mix between the translational motion and the
rotational cannot be clearly identified. Observe the graph (a) in Figure 4.2. There is a domination
transition between the translational motion and rotational motion at the 2" and 3" band. In order

to separating the translational dominant mode and rotational dominant mode, the polarization of
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the TCO chain is not successful based on the observation described above These configurations

all show a mixed mode shape.

9@ = g 92 = g(v) 0D =1+a)s®
1.0
120 150!
| — 0.8 125
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60 [ 75
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:?).)_ 40 50 50
= 90 25| 02 5
0% \0/ n W00 0 ) n 0.0 Om 0 o
ho ho “he ho ho ho
Wave number Wave number Wave number
(a) (b) ©

Figure 4.2. Graph (a), (b) and (c) have the same set up as Figure 4.1 and with the polarization
value P superimposed in the figure. The red color means the translational motion dominates in
magnitude, and the blue color means the rotational motion dominates in magnitude. The yellow
means the mode’s polarization very close to each other, and no domination in magnitude can be

clearly identified.
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4.3 ZAKPHASE OF THE BAND AND THE IMPEDANCES OF THE BAND GAP IN TCO

CHAIN SYSTEM.

In the purpose of finding the band transition to study the topologically protected interface state of
the TCO chain system, the Zak phase of each band was calculated with the three cases as shown
in section 4.1 and 4.2. We can find the symmetry of each band and identify the band inversion [9]

pass the transition point with the value of the Zak phase of each band. As shown in Figure 4.3, the
Zak phase of each band was calculated. For the case with the unit (1) having Hél) = 60° and unit

(2) with 952) = —60°, the band structure including a degenerate point. In this situation, the zero
point is excluded and the initial twist angle for unit 2 is approximated to avoid the degenerate point
on the edge of the Brillouin zone when calculate the Zak phase of the lower two bands.

The equation for calculating the Zak phase of the band is shown in the equation (4.2) [13]-
[16]. The equation for calculating the sign of the impendence of the band gap is shown in (4.3)
[13]. In this equation, n is the number of the bandgap starting from 1, m is the number of the band
starting from 0, and | is the intersection point under the band gap. If the calculated sign of
impendence for the bandgaps is different before and after the transition, then the band gap has an

interface state; otherwise, an interface state does not exist.

07%% = i [h < wy | Oy, > dk (4.2)
h

Sgn[¢"] = (=D"(—D'exp(i Ximzo 02™) (4.3)
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Figure 4.3. Graph (a) show the configuration of (1)-(2)-(1)-(2) with the initial twist angle of
6" = 60° and 6 = —60°degrees (b) is the transition point with the unit (1) and (2) have the
same initial twist angle, 951) = 652) = 60°. And (c) is showing the configuration of (1)-(2)-(1)-
(2) with the initial twist angle of Hél) = —60°and 952) = 60° degrees. The order of the unit cell
is switched. The Zak phase of each band for both before the transition and after the transition is

shown in the graph (a) and (c). The Zak phase value mark, as bule color, beside the bands. The

sign of impendence is shown inside the bandgaps, marked as magenta.
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In Figure 4.3 and 4.4, The dispersion curve of two different configurations of the TCO chain

is shown. And in both cases, we switch the unit cell order and calculate their Zak phase in order to
check their band symmetries. If these two setups in each configuration have band inversion and
have a common band gap, it will create a topological defect when they are connected and this will
lead to the creation of the topologically protected interface state.

As shown in Figure 4.3, we observe the second and third band have a band inversion by
passing the transition configuration. The Zak phase for the 2" band and 3" band of the first chain
configuration is = and 0. After the transition configuration, the 2" band and 3" band of the second
chain configuration is 0 and . The Zak phase of each band in this configuration was calculated
using equation (4.3). With the Zak phase of each band, we can find the sign of the impendence of
the bandgaps. For initial twist angle of the first cell and second cell of 60 and -60 degrees, the sign
of the band gap is -1. For the initial twist angle of the first cell and second cell of -60 and 60
degrees, the sign of the band gap is also -1. The calculation is based on the equation (4.3). For both
configurations, the bandgap number n is 2 and there is no intersection point below this bandgap.
There is a band inversion between the second and third band, however, the impendence is the
same. Hence there will not be an interface state with the same sign of the impendence.

The second configuration is shown in Figure 4.4. In this configuration, three bandgaps are
shown in the dispersion curve. The first bandgap is between band 1 and 2, the second bandgap is
between the second and third bands, and the last band gap is between the third band and fourth
band. Note that the first bandgap is not a complete bandgap.

As shown in Figure 4.4, we observe that all the bands have a band inversion by passing the
transition configuration. The Zak phase for the 1% band and 2" band of the first chain configuration

is 0 and m. After the transition configuration, the 1% band and 2" band of the second chain
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configuration is mw and 0. The Zak phase for the 2" band and 3" band of the first chain
configuration is = and . After the transition configuration, the 2" band and 3" band of the second
chain configuration is 0 and 0. The Zak phase for the 3™ band and 4" band of the first chain
configuration is  and 0. After the transition configuration, the 3" band and 4™ band of the second
chain configuration is 0 and

We can calculate the sign of impendence of each bandgap, with the Zak phase calculated for
each band. The first bandgap for setup shown in Figure 4.4 (a) is -1, for setup shown in Figure 4.4
(b) is 1. And there is a band inversion. Hence for the first bandgap, the interface is topologically
protected. For the second bandgap, there is a band inversion between the 2" and 3™ band. The
impendence is -1 for both Figure 4.4 (a) and (b). So there will not be an interface state with the
same sign of the impendence. For the third Bandgap, the 3™ and 4" band have band inversion.
The impendence of the bandgap is -1 for (a) and 1 for (b). Hence the interface is topologically

protected.
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Figure 4.4. Graph (a) show the configuration of (1)-(2)-(1)-(2) with the initial twist angle of

60 and 90 degrees and (c) is showing the configuration with (1)-(2)-(1)-(2) with the initial twist
angle of 90 and 60 degrees. The order of the unit cell is switched. Graph (b) is the transition

point with the same initial twist angle. The Zak phase of each band has shown in the part (a) and

(c). The Zak phase value mark beside the bands, as bule color. The sign of impendence is shown

inside the bandgaps, marked as magenta.
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4.4 THE INTERFACE STATE.

In the last section, we analyze the Zak phase and the impendence of the bandgap for two different
configurations. In this section, we will use a finite chain to plot the interface state. The chain
configuration is the same as the last section. There will be two different dimer configurations for
the TCO chain. However, the difference in this section is we connected the configuration before
the transition and after. The interface states and finite chain results are shown in Figure 4.5. In

graph (a) the chain contains a total of 160 units. Units 1 to 80 have the configuration with 051) =

60° and 6% = —60° and the rest have the configuration of 65" = —60° and 65 = 60°. The
interface state and the dispersion curve based on the finite chain analysis are shown in the Figure.

In Figure 4.5 (b), the interface states and finite chain results are shown, for the configuration the
chain contains a total of 160 units. Units 1 to 80 have the configuration with 951) = 60° and 952) =

90° and the rest have the configuration of 65" = 90° and 6{* = 60.

By observing the mode shape of those states shown in the bandgaps, we can find the interface
state. For the interface mode, the mode shape will have a localization at the interface where the
two chains are connected. Also, there will be edge states too. They only have localization on the
edges of the chain. We will not focus on the edge state but only the interface state.

For the unit cell analysis, the boundary condition of the chain is fixed on one end and free
on the other. As shown in Figure 4.5 (a), there are three eigenmodes that stand out in the bandgap,
and two of the states have the same frequency at 80Hz. These two are the edge states. One of the
eigenmodes is showing a very distinctive edge state mode shape. The other state’s mode shape is
very similar to an interface mode. However, it has the same frequency as the edge state. Hence it
is the combined edge state with two connected TCO chains. The mode shape located at 25 Hz is
an interface state. However, it is contradictory with the result of the calculation on the sign of
impendence. The occurrence of this interface mode may not be related to the band inversion. From
the study on the polarization of these types of the configuration, the intersection point of the second
and third band will affect the eigenmode on these two bands. There is interchange on the
eigenmode even after the opening of the intersection point.

For Figure 4.5 (b), the results are consistent with the Zak phase calculation and sign of the
impendence. We found two eigenmodes with the frequency inside the third bandgap, and one of

them is an edge mode by observing the mode shape of the state, the localization is at the edge of
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the chain. And the other is the topologically protected interface mode with the localization at the

center where the chain is connected. In the first bandgap, we find an interface mode and it is

topologically protected. The mode shape of the state is localized at the interface.
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Figure 4.5. Graph (a) shows the dispersion curve solved with finite chain analysis of the

configuration with a total of 160 units. Units 1 to 80 have the configuration with 051) = 60° and
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6 = —60° and the rest have the configuration of 6. = —60° and 8> = 60°. The figure
above (a) showing the configuration of connected chain. The dash line is the interface. There are
three eigenmodes located in the bandgap. Their mode shape is shown in the graph (c), and the
letters are corresponding to the mode marked in graph (a). In Graph (b), a configuration of the

chain contains a total of 160 units. Units 1 to 80 have the configuration with 9(51) = 60° and
6 = 90° and the rest have the configuration of 6" = 90° and 6% = 60°. The figure above
(b) showing the configuration of connected chain. The dash line is the interface. There are three

eigenmode located in the bandgap. Their mode shape is shown in the graph (d), and the letters

are corresponding to the mode marked in graph (b).
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Chapter 5. CONCLUSION AND FUTURE WORK.

In conclusion, we use the mathematical model for the TCO unit cell to successfully calculate the
dispersion curve of the system. There are two different methods used: unit cell analysis and finite
chain method. We study two configurations of the TCO chain, monomer chain and dime chain.
For the dimer chain, we select two different ways to build up the TCO dimer chain and analyze
the corresponding band structure and then we calculate the Zak phase and sign of impendence for

the bandgaps. For the two configurations we selected, there are two topologically protected

interface modes that exist in the chain with Hél) = 60° and 952) = 90° connected with a chain of

twist angles of 951) = 90° and 952) = 60°. One of the topologically protected interface states is at
the complete bandgap and can be used as the design for energy harvesting system and can also
used to transfer the rotational motion to the translational motion.

However, there is an interface state that also occurs in the bandgap for the configuration of

chain with 951) = 60° and 652) = —60° connected with the chain of twist angles of Hél) = —60°

and 952) = 60°. It is not agreed with the calculation of the Zak phase and the sign of impendence.
Based on the calculation, there will be no interface state at the bandgap. So, the localization is not
topologically protected. And based on the reference [16]-[18], the mode interchange is very
common in the multi degrees of freedom system. And curve veering is also related to the
localization of the system. This would be the future exploration to explain the localization in the
second bandgap. From the topological perspective, there are very few papers discussing the
intersection point that is not at the boundary of Brillouin zone. A mathematical way to analysis

this behavior needs to be considered.
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