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Abstract

DRAG: Diversity in Retrieval Augmented Generation
through the Application of Submodular Functions

Maria Paula Cortes-Lemos
Chair of the Supervisory Committee:

Prof. Jeffrey Bilmes
Department of Electrical & Computer Engineering

This thesis applies a submodular approach to the reranking stage of Retrieval Augmented
Generation to balance the relevance and diversity of the retrieved documents. After initial
retrieval using Contriever, we experiment with submodular functions and a baseline of
Maximal Marginal Relevance (MMR), a standard function for balancing relevance and
diversity. We apply convex combinations of three approaches: 1) a submodular feature
based function using LOGI1P concavity and Facility Location, 2) One-Hot Quantization (a
quantized modular function with a one-hot feature based function) with manual weights
and Facility Location, and 3) One-Hot Quantization with exponential weight decay and
Facility Location. We perform hyperparameter selection for the submodular functions and
for MMR. We evaluate these on five datasets designed for diversity-focused tasks (news,
politics, analogies, etc). We show submodular functions outperform or match MMR's
performance in nearly all cases, with recall improvements exceeding 20% (relative
difference) in the best case scenario. These results suggest a submodular approach can be

effective to improve RAG systems, particularly in diversity-sensitive tasks.
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Chapter 1

INTRODUCTION

Despite the rapid advancements in Large Language Models (LLMs) in the past few years,
these models still have significant issues that can be detrimental to the quality and accuracy
of their output. For instance, popular LLMs such as ChatGPT, Claude, Gemini, and others
are prone to hallucinations, “a phenomenon in which the generated content appears nonsensi-
cal or unfaithful to the provided source content” [Huang et al., 2025], which cause the models
to confidently output incorrect information. Similarly, vanilla LLMs (i.e., those without ex-
ternal augmentation or fine-tuning) are also susceptible to return answers based on outdated
knowledge, as the information in the data they were trained and evaluated on becomes ob-
solete [Dhingra et al., 2022]. Furthermore, it is possible for LLMs to reflect societal biases
from their training data and provide skewed information on controversial issues—which can
cause serious ethical and practical challenges [Guo et al., 2024]. In a general sense, what all
these limitations have in common is their relation to the data the LLM is built on and the

way it is used by the model.

This is why Retrieval Augmented Generation (RAG), which is based on feeding informa-
tion from an external database into the LLM, was conceived as a multi-purpose solution.
Although RAG has shown promising results, there remain significant opportunities for im-
provement [Rau et al., 2024]. In their survey on RAG for large language models, Gao et al.
[2024] mention low precision and recall in the retrieval step, outdated information in the
context for the model, and redundancy and repetition when multiple retrieved passages have
similar information. This last problem can be particularly detrimental if the goal is to make
the system efficient and unbiased. It can lead to over-spent resources retrieving the same in-

formation over and over from different passages, as well as a lack of diversity in the retrieved



information, which can impact the quality of responses to queries that benefit from hetero-
geneous knowledge. Ideally, RAG systems should be able to contain as much non-redundant
information as possible, as this would make the (limited) context richer.

This is why one of the proposed routes for the refinement of RAG is the consideration
of diversity in the information retrieved from the external corpus. Introducing diversity can
help improve the completeness and fairness of the answer [Rau et al., 2024], as well as help
avoid redundancy in the retrieved context.

For this reason, there is growing interest in adapting RAG systems to account not only
for similarity, but also for diversity. While this can be achieved at several stages throughout
the RAG pipeline, this thesis focuses on diversity during retrieval. By modifying the function
used to select context passages, we can guide retrieval toward more heterogeneous content.
This approach creates a richer information subset while also avoiding the computational
waste of retrieving and processing redundant passages with similar information, which ideally
can have a positive effect on both financial and environmental costs when running the system.

This diversity optimization problem can be addressed using submodular functions, which
naturally capture the trade-off between relevance and diversity through their diminishing
returns property. In the past decades, the use of submodularity in Machine Learning and
Natural Language Processing has become increasingly popular. As explained in Bilmes
[2022], submodular maximization has been successfully applied to tasks such as extractive
summarization of texts and recorded speech, feature selection, and active learning. More
recently, submodular optimization has also been used for summarization of input context
for LLMs, effectively improving resource efficiency while maintaining performance [Kumari,
2025].

Intuitively, submodular functions can be described as set functions characterized by the
property of diminishing returns. In broad terms, this means that the marginal gain from
adding an element to a set diminishes or remains constant as the set size increases. This
fundamental property makes submodular functions particularly well-suited for diversity op-

timization and information coverage problems. Maximizing a submodular function naturally



leads to the selection of minimally redundant subsets that provide maximum information
coverage from the original set within specified constraints.

Formally, one way to define submodular functions is through the diminishing returns
property, which is often the most intuitive formulation (though equivalent definitions also
exist). A set function

f:2¥ =R

is called submodular if, for all XY C V with X C Y, and for all v ¢ Y, the following
inequality holds:

fXU{o}) = f(X) = FY U{o}) = f(Y).

In this thesis, we explore the application of the optimization of different submodular
functions to combine similarity and diversity in the reranking step of Retrieval-Augmented

Generation. Specifically, we employ convex combinations of:

1. A concave transformation (LOGI1P, in which ¢(z) = log(1 + ) !) of a feature-based
submodular function, combined with a submodular function (Facility Location)

2. A submodular transformation (One-Hot Quantization) of a modular function with man-
ually specified weights for each quantile range, combined with a submodular function
(Facility Location)

3. A submodular transformation (One-Hot Quantization) of a modular function with
exponentially decaying weights starting from a peak bin and decreasing according to a

base decay factor, combined with a submodular function (Facility Location).

A more detailed explanation of the functions can be found in Chapter 4.
We use five existing datasets from different topics (arguments, news, question-answering,

and fact-checking) from Zhao et al. [2024] and adapt them to an existing pipeline for RAG

In the greedy algorithm, we require non-negative function values to guarantee that our solution achieves
at least (1—1/e) times the optimal value. While ¢(z) = log(x) does not violate submodularity, it produces
negative values when 0 < z < 1. Therefore, we use ¢(x) = log(1l + z) instead, which guarantees non-
negative output for all x > 0, thus preserving the approximation guarantee.



evaluation developed by Rau et al. [2024]. We use the golden retrieval documents provided
in the datasets and evaluate the precision and recall of the retrieval (not the generation)
with different variations of hyperparameters. As a baseline, we also run the same experiment
but using Mazimal Marginal Relevance (MMR), one of the well-established and widely-used
methods for diversity of information [Goldstein and Carbonell, 1998], instead of submodu-
larity. In addition, we perform a brief error analysis to assess the largest improvements and
how they are correlated to linguistic characteristics of the datasets.

Thus, this thesis focuses on answering the following research questions:

1. How do submodular functions perform compared to Maximal Marginal Relevance (an
established diversity method) in terms of retrieval precision and accuracy in RAG
systems?

2. How do dataset characteristics affect the potential for improvement when using sub-

modular functions to enhance diversity in the retrieval stage?

The contributions are three-fold:

1. The project demonstrates the effectiveness of submodularity in the reranking step of a
RAG system to improve the precision and recall of the retrieved documents.

2. The paper shows how to apply submodular optimization to improve diversity while pre-
serving similarity. It shows three combinations of submodular functions and how they
can be used to balance similarity and diversity adjusting different hyperparameters.

3. The analysis provides insights into which types of datasets are the ones that benefit

the most from submodularity and diversity in general.

This thesis is structured as follows: Chapter 1 provides an Introduction, Chapter 2
presents a Literature Review of work on diverse retrieval for RAG, Chapter 3 outlines the
Methodology (including datasets, main pipeline, and evaluation), Chapter 4 presents the

Experiments (including a description of the submodular functions implemented), Chapter 5



provides Results and Discussion, and Chapter 6 provides Conclusions and Directions for

Future Work.



Chapter 2

LITERATURE SURVEY

This thesis focuses on improving the recall and precision of the retrieval component
of Retrieval Augmented Generation by incorporating diversity through the application of
submodular functions that balance similarity and diversity objectives. Previous work has
explored various systems for considering diversity in the retrieval component in RAG systems.
As mentioned in the Introduction, submodular functions have been successfully applied in
NLP tasks to improve information coverage, since their maximization naturally encourages

diversity.
2.1 Diversity in Retrieval Augmented Generation

This work builds on previous efforts to improve diversity in retrieval functions within Retrieval-
Augmented Generation (RAG). A range of methods have been explored to address this goal.
For instance, in Open-World Evaluation for Retrieving Diverse Perspectives, Chen and Choi
[2025] run the system with different corpus-retriever pairs and subsequently apply Maximal
Marginal Relevance (MMR) reranking to the retrieved results with the goal of boosting di-
versity. The authors also generate three datasets based on queries that naturally trigger
diverse valid perspectives: debate topics and survey questions.

More precisely, the authors’ approach experiments with a set of different retrievers, in-
cluding one sparse retriever (BM25) and four dense retrievers (DPR, Contriever, TART, and
NV-Embed-v2). Each retriever is used to obtain the top R = 100 documents from the corpus.
None of these retrievers considers diversity, as they are solely similarity-based. Subsequently,
the authors apply reranking on the set of R retrieved documents through Maximal Marginal

Relevance (MMR). MMR is considered one of the oldest and most established methods to



improve diversity, which was introduced for information retrieval and summarization [Gold-
stein and Carbonell, 1998]. MMR aims to find a balance between relevance and diversity
when constructing a subset of documents, selecting documents that are both highly relevant
to the query and minimally redundant compared to others already chosen. For a detailed
explanation on MMR, which is the baseline for our diversity experiments, please see the
Experiment section of this thesis.

The authors evaluate the results using two metrics: MRECALL@5 and PRECISION@J5.
These are adapted from the standard definitions of recall and precision at cut-off £ = 5:

|{relevant documents in top 5}|

Recall@Qb =

|{total relevant documents}|

[{relevant documents in top 5}|
= .

Precision@5 =

To assess whether a certain document supports a certain perspective or not, the au-
thors build a Perspective Detection model that approximates human judgement. The au-
thors report that although re-ranking with MMR improves diversity (MREC) on half of
the retriever-corpus combinations, the precision decreases in all the settings. The rate of
improvement in recall ranges from 2.6% to 9.5%. The authors hypothesize that this lim-
ited performance could be explained by the fact that semantic dissimilarity does not always
translate to differing perspectives.

Another approach to improve retrieval diversity is presented by Li et al. [2024], who
introduce the use of Determinantal Point Processes to balance similarity, relevance, and con-
flicting information in retrieved documents. In SMART-RAG: Selection using Determinantal
Matrices for Augmented Retrieval, the authors define three key components for context se-
lection. Textual similarity is measured via cosine similarity between dense embeddings of
contexts, forming a similarity matrix that penalizes selecting similar contexts to maximize
diversity. Conflict relations are assessed using a Natural Language Inference model to detect
contradictory context pairs, producing a conflict matrix that penalizes selecting conflicting

contexts to maximize factual consistency. Query-context relevance is computed as the cosine



similarity between the query and each context, ensuring selected contexts remain relevant to
the query. Using these relations, SMART constructs a conflict-aware kernel matrix for De-
terminantal Point Process (DPP) based context selection. This kernel matrix incorporates
relevance scores and a conflict-adjusted similarity matrix where detected conflicts reduce
similarity scores. The SMART model then uses greedy inference to efficiently select a subset
of contexts that maximizes determinant gain while avoiding redundancy and improving rel-
evance. The trade-off between relevance and diversity is controlled through hyperparameter
tuning.

Li et al. [2024] evaluate their approach on tasks such as question answering, multi-hop
reasoning, and fact verification using datasets including NaturalQuestions (NQ), TriviaQA
(TQA), and HotpotQA, among others. Their evaluation follows a three-stage pipeline: first,
they use Contriever (an unsupervised dense retrieval model by Izacard et al. [2022]) to
retrieve the top 50 documents for each query. Next, as pre-reranking, they restrict the subset
to the top 30 most relevant documents using BGE (an embedding model supporting dense
retrieval by Xiao et al. [2024]) based on relevancy scores. Finally, the SMART approach,
along with other context-selection methods for comparison, is applied for reranking to select
the final set of documents used as input context for text generation. The authors evaluate
Exact Match and F1 scores on answers generated using the Llama3-8b-instruct model with
the December 2018 Wikipedia dump as the retrieval corpus, following a 5-shot in-context
learning setup. The results show that, across all datasets, the SMART approach outperforms
baseline methods, including MMR, the standard diversity method. Furthermore, ablation
experiments demonstrate optimal performance when the SMART method incorporates all
three components (relevance, diversity, and conflict resolution) compared to variations where
one or more components are removed. This highlights the value of diversity and conflict-
aware selection over purely similarity-based methods.

A different approach to reduce redundancy and improve information content on the re-
trieved documents is suggested by Pickett et al. [2025]. The authors mention that current

RAG systems often retrieve semantically similar but redundant passages, which wastes lim-



ited context window space. With this motivation, they design a new method for retrieval
that is based on information gain. This measure computes the total information that is
relevant to a query from the retrieved context from the corpus. Although information gain
does not explicitly include diversity, the metric organically leans towards diverse subsets
of information, as the gain of adding a certain fragment z to a subset A decreases if z is
redundant with elements already included in A.

The authors introduce this through Dartboard, an algorithm that maximizes relevant
information gain. Dartboard is based on an analogy of a probabilistic game with two players,
in which: 1) Player 1 picks a hidden target point on a dartboard and throws a dart aiming
for it, but the dart lands with some uncertainty (representing the query), 2) Player 2 is able
to see where the dart landed but doesn’t know the true target location. Thus, Player 2 must
select k points on the board to minimize the distance between the actual target (representing
passage selection) and their closest guess. By rewarding proximity to the original target in
Player 2’s guesses, the system maximizes information coverage without redundancy, while
considering closeness to Player 1’s dart as similarity to the query.

Formally, Player 1 selects a target T' from a set of all points A and gives a query ¢ (their
dart). Then Player 2 makes a set of guesses G C A, resulting in a score s(G,q, A, o), with

a distance function D, which is given as:

s(G,q.A,0) =) P(T=t|q,0) min D({ | g)

teA

After some modifications and an implementation of a Gaussian kernel as distance func-

tion, this becomes:

S(G7 q, Aa 0) X = ZN(qa tv U) I;leaé{N(ta 9, 0)

teA

The search for the optimal G is then performed through a simple greedy optimization
method.

The experiment employs benchmark datasets from Chen et al. [2023] with a question
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answering task in which the fragments directly answer the queries, either with a single frag-
ment (simple question answering) or several fragments (information integration). The LLM
used in the experiment belongs to the ChatGLM family, but there are no more specifications
on its details.

The paper shows positive results, as Dartboard outperformed KNN, MMR, and other
baselines on both retrieval metrics and end-to-end QA tasks. The researchers also demon-
strated that diversity naturally increases as the uncertainty parameter ¢ increases, support-
ing the claim that diversity emerges organically from the information gain optimization.

However, the authors acknowledge that some factors, such as runtime complexity and
the need for additional hyperparameter tuning (particularly for the o parameter), might
complicate the implementation of their system on a larger scale.

These previous approaches show diversity is a useful route to improve the performance
of Retrieval Augmented Generation. Interestingly, even though some of them, as Determi-
nantal Point Processes [Li et al., 2024] or the Dartboard algorithm [Pickett et al., 2025]
implement submodular function intuitions, submodular functions are not directly mentioned
or systematically applied. As explained by Bilmes [2022], it is not uncommon to find submod-
ular approaches in the literature where there is no explicit mention (and perhaps not even
awareness) that the functions being applied are part of the general framework of submodular
functions.

To address this gap, we explicitly apply submodular functions to retrieval in retrieval-

augmented generation, exploring several functions not previously used in this context.
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Chapter 3
METHODOLOGY

For this work, we require a framework that maintains consistency throughout the re-
trieval, reranking, and evaluation pipeline, while also enabling simple integration of datasets
appropriate for diverse retrieval tasks. For this reason, we rely on tools (benchmarking
libraries and datasets) developed in previous work.

Specifically, this work employs BERGEN, the Retrieval-Augmented Generation end-
to-end benchmarking library introduced by Rau et al. [2024], as the main experimental
framework. We modify the structure of five datasets initially adapted by Zhao et al. [2024]
for the task of diversity in retrieval, aligning their formats with the BERGEN processing and
evaluation pipeline. We extend the BERGEN pipeline to save the necessary components for
hyperparameter tuning in submodular optimization. We also implement Maximal Marginal
Relevance (MMR), the standard diversity method [Goldstein and Carbonell, 1998], as our
baseline for performance comparison. We evaluate precision, recall, and F1 score based
on the gold retrieval documents provided in each dataset. Using a 70-30 train-test split,
we identify hyperparameters that perform well in worst-case scenarios on samples over the
training set, then evaluate these robust configurations on the test set. We do not use a
separate development set, as our sampling over the training set provides sufficient validation

for hyperparameter selection. These components are described in detail below.

3.1 Pipeline

We utilize most of the pipeline from BERGEN, a comprehensive end-to-end benchmarking
library for RAG systems that eases integration of new datasets and experimental configu-

rations. BERGEN is a modularized framework that provides options for each stage of the
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Figure 3.1: General Pipeline for the Experiment

RAG pipeline, including datasets, retriever architectures, rerankers, LLMs for generation,

and evaluation metrics.

As previously mentioned, this thesis focuses specifically on evaluating the accuracy and
precision of documents retrieved and reranked prior to the generation stage, rather than
evaluating the final generated output. This approach allows us to isolate the impact of
our submodular diversity optimization on retrieval performance without confounding factors
from generation variability. An overview of the experimental pipeline used in our evaluation

is illustrated in Figure 3.1.

We compare the performance across two main experimental configurations by evaluating
the effectiveness of different reranking approaches: MMR and submodular function-based
rerankers. Within the submodular function category, we examine three distinct variants,
each with hyperparameter variability that creates different similarity-diversity trade-offs and
weighting schemes. This experimental framework allows us to analyze the effectiveness of

submodular optimization in comparison to MMR.

As shown in Figure 3.1, both experiments save intermediate results from the retrieval step
(document IDs, document embeddings, query IDs, and similarity scores) and apply MMR

and submodular functions for reranking, respectively.
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Table 3.1: Experimental Setup: Retriever and Reranker Combinations

Config | Retriever Reranker

Type Submodular Function

1 Contriever | MMR -

2a Contriever | Submodular Function | FE using LOG1P + Facility Location (FL)

2b Contriever | Submodular Function | One-Hot (manual weights) + FL

2c Contriever | Submodular Function | One-Hot (decay weights) + FL

3.2 Datasets

We experiment with five datasets, originally designed for different (although related) tasks,
and reformatted by Zhao et al. [2024] for the purpose of evaluating diversity in retrieval. The
paper by Zhao et al. [2024] originally includes six datasets, but because of computational
limitations, we did not work with the Agnews dataset. The datasets cover domains including
arquments, news, question-answering and fact-checking. Each of the datasets includes: 1)
a set of queries 2) a corpus: a set of candidate documents/passages for retrieval, and 3)
a key reference: a gold standard mapping between queries and corpus showing the corpus

documents that are relevant for each query.

As mentioned, RAG systems benefit from diverse retrieval approaches. Therefore, we
selected datasets that naturally benefit from diverse information coverage for our approach.
The datasets cover several different domains and perspective types. Perspectrum [Chen et al.,
2019] focuses on argumentation and stance detection (a claim supports or opposes a given
argument). AmbigQA [Min et al., 2020] is in the question answering domain and includes
questions with multiple valid answers, which reflects ambiguity in interpretation. AllSides
[Baly et al., 2020] covers news articles and political ideology, contrasting left and right-wing
perspectives. Fz-FEVER [Ma et al., 2024] addresses fact-checking, with claims supported
or refuted by textual evidence. Finally, StoryAnalogy [Jiayang et al., 2023] comes from the
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narrative understanding domain and explores story similarity, comparing examples based on
shared entities or analogical structure. An example from each dataset can be found below
in Table 3.2.

Originally, each query in the dataset by Zhao et al. [2024] consists of two components: a
perspective and a root query. A single root query can be combined with multiple perspectives
to create different queries; e.g. if the root query is ”the presidential elections in Ecuador” and
the perspectives are ”politically right-leaning article” and ”politically left-leaning article”,
the resulting queries in the dataset will be "politically right-leaning article on the presidential
elections in Ecuador” and ”politically left-leaning article on the presidential elections in
Ecuador.” This format presupposes the existence of perspectives in user queries in LLMs,
which is not ideal for our goal, as we intend to retrieve diverse perspectives given a general
(non-perspective-specific) query. To address this, we transform the five datasets by Zhao

et al. [2024] as follows:

1. Separate the perspectives from the root queries (a straightforward step, since the
datasets by [Zhao et al., 2024] also include a list of root queries).

2. Create a) a set of perspective-free queries, b) a set of perspectives associated with each
query, and c¢) a mapping that identifies which documents are relevant to a given query

and which perspective they represent.

3.3 FEvaluation

3.3.1 Data Splitting and Hyperparameter Selection

We employ a 70-30 train-test split for robust evaluation. To select optimal hyperparameters
for the submodular implementation, we implement a worst-case performance strategy on
the training set. Specifically, we create 1000 random subsets, where each subset contains
30% of the training data. For each hyperparameter configuration, we evaluate its F1 score

on all 1000 subsets and select configurations based on their worst-case performance across



Table 3.2: Datasets with Different Perspectives for Multi-Perspective Tasks

Dataset Task Description Different Perspectives
AllSides [Baly | Find a news article on the
) ) A left-wing news article about
et al., 2020] topic terrorism.
terrorism.
A right-wing news article about
terrorism.
AmbigQA What is the legal age of
) ) ) The legal age of marriage without
[Min et al., | marriage, without parental
) consent in Nebraska is X.
2020] consent or other authoriza-
tion? The legal age of marriage without
consent in most other states is Y.
Ex-FEVER Mother Teresa was born

[Ma et al., 2024]

in Macedonia, a country
in Europe where the res-
idents are called Macedo-
nians. Macedonian is a

Slavic language.

A claim that supports the sen-

tence.

A claim that refutes the sentence.

Perspectrum It should be allowed to
. ) ) It should be allowed to have mil-

[Chen et al., | have military recruitment in

itary recruitment in schools.
2019] schools.

It should not be allowed to have

military recruitment in schools.
StoryAnalogy | Fertilize the soil. Mix seeds

[Jiayang et al.,
2023]

into the fertilized soil.

A story with similar entities.

A story that serves as an analogy.

15
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these evaluations. For each hyperparameter setting, we record the worst performance across
all subsets, simulating potential distribution shifts. We then select the hyperparameter

configuration that achieves the best worst-case performance.

3.3.2  Final Evaluation

The selected robust hyperparameters are evaluated on the held-out and unseen test set
(which contains 30% of all data) and compared against our MMR baseline using the same

train-test split to ensure fair comparison.

3.5.3 Metrics

We evaluate retrieval quality using precision, recall, and F1 score based on the gold standard
documents provided for each dataset. Given the structure of our datasets (as explained in
Section 3.2.), the gold standard documents for each query encompass all documents corre-
sponding to the different perspectives contained in the dataset. This structure allows us
to evaluate diversity through recall metrics, since retrieving more gold standard documents

inherently means capturing more diverse perspectives.
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Chapter 4
EXPERIMENTS

4.1 Retrieval

4.1.1  Contriever

The first step of our experiment uses Contriever as the document retriever, specifically the MS
MARCO fine-tuned version of the pre-trained model. Contriever is a sentence transformer
model that generates dense embeddings through mean pooling [Izacard et al., 2022]. The
fine-tuned version we use, Contriever-base-msmarco, is particularly effective for semantic
search and information retrieval tasks, creating dense vector representations of sentences
and documents.

The queries and documents are encoded in the same vector space. Then, document-query
similarity is computed using dot product operations. During initial retrieval, Contriever
identifies the 512 most relevant documents from the corpus. At this stage, we preserve
intermediate outputs (document embeddings and IDs, query IDs; and similarity scores) to
enable subsequent application of submodular optimization functions and MMR reranking

methods.

4.2 Reranking

4.2.1 Mazimal Marginal Relevance (Baseline)

We implement Maximal Marginal Relevance (MMR) as the baseline for comparison. MMR
was introduced by Goldstein and Carbonell [1998] as a method to balance query-relevance
and information diversity for text retrieval and summarization. This approach provides a

linear combination of relevance and novelty, creating marginal relevance. A document has
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high marginal relevance if it is both highly relevant to the query and minimally redundant
with documents already selected.

Formally, MMR is defined as:

MMR < arg max_|ASimy(D;, Q) — (1 — ) max Simy (D, D) (4.1

iER\S D;eS

Here, R is the initial corpus of documents, and R\ S is the set difference between R and
the subset of already selected documents S. Each next document D; added to the subset S
is selected by maximizing a score that balances two factors: relevance to the query ) and

dissimilarity to documents already selected in S. Additionally:

e Sim, is the retriever similarity score between the candidate document and the query
@, indicating relevance.

e Sim, is the cosine similarity between document embeddings, capturing redundancy or
similarity between documents.

e )\ € [0,1] is a tunable hyperparameter that adjusts the trade-off between maximizing

relevance (A = 1) and encouraging diversity (A = 0).

We apply MMR to rerank the documents for each query using different hyperparame-
ter variations. We normalize the relevance scores, create a similarity matrix to compute
document-to-document similarity, and then use a greedy algorithm to iteratively select the
document that maximizes MMR.

First, we normalize the relevance scores in three steps:

1. Apply z-score normalization by subtracting the mean and dividing by the standard

deviation: z; = I";“

2. Apply the sigmoid function to map values to [0, 1]

3. Normalize the scores so they sum to 1

We create the document similarity matrix using cosine similarity:

T x;+1

Sz‘j = 5

(4.2)
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where x; and z; are the normalized embedding vectors for documents ¢ and j, respectively.
This transformation maps the cosine similarity from the range [—1, 1] to [0, 1].
We then run MMR selection using 11 different values of A, evenly spaced between 0.9
and 1.0:
A € {0.90,0.91,0.92,0.93,0.94,0.95,0.96,0.97,0.98,0.99, 1.00} (4.3)

We select A values in this range to prioritize relevance while introducing minimal diver-
sity constraints. Values close to 1.0 mean that retrieved documents are primarily relevant,
with only small amounts of redundancy reduction. At A = 1.0, the algorithm performs a
purely relevance-based ranking, while lower values gradually increase the penalty for selecting
redundant documents.

Finally, we save the selected document orders and corresponding hyperparameter values

for our evaluation.

4.2.2  Submodular Functions
Submarine: a Submodular Function Library

For the implementation of submodular functions, we rely on Submarine, a highly-optimized
and highly-scalable discrete optimization suite of tools for machine learning, artificial in-
telligence, and data science [Bilmes, 2025]. Submarine uses submodular and supermodular
functions to improve data efficiency by reducing datasets while preserving their informational
content.

Submarine has both command-line interface (CLI) tools and a Python interface. The
library includes a wide range of submodular and supermodular functions: calibrated con-
cave functions (including powers, logarithms, mins and soft-mins, exponential mins, etc.),
compressed encoded one-hot feature-based functions, facility location functions, set cover
functions, graph cut, different log-determinant (e.g. determinantal point processes), among
others.

In our implementation, we use Submarine’s accelerated greedy algorithm for submodular
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maximization, facility location functions, feature-based functions, and one-hot quantization.
We also use the library to create a weighted linear combination of different submodular
functions to balance the mixing weights between relevance and diversity. Let us describe

these in detail below.

1. FFE using LOG1P + Facility Location

The first approach implements an objective function that is a convex combination of two
submodular functions: a relevance function and a diversity function.

Objective Function

This function is constructed as a convex combination (linear combination where coeffi-

cients add up to 1) of two submodular functions:
f(S) = wy x relevance(S) + we x diversity(S) (4.4)
where:

e relevance(S): Feature Extraction function that measures query-document relevance
e diversity(S): Facility Location function that measures document diversity

e wi + we = 1: Convex combination weights

For the weights, we experiment with 32 different values for the diversity coefficient (wy)

between 0.0 (no diversity) and 0.3 (moderate diversity):

wy € {0,0.010,0.019,0.029,0.039, 0.048,0.058,0.068,0.077,0.087,0.097,
0.106,0.116,0.126,0.135,0.145, 0.155,0.165, 0.174, 0.184, 0.194, (4.5)

0.203,0.213,0.223,0.232,0.242,0.252,0.261,0.271, 0.281, 0.290, 0.300}

As this is a convex combination, the relevance coefficient w; is simply calculated as 1 —ws.
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Function 1: Relevance Function (Feature Based function using LOGIP)

This is a modular function, which means the marginal gain stays the same independent of
the current subset. By using LOG1P, we reduce the skew towards extremely high relevance

scores. Formally,

relevance(S) = Z CCF (score;) (4.6)
i€s

where CCF is a Calibrated Concave Function LOG1P:

CCF(z) =log(1 4+ v x x) (4.7)

Gamma, v controls the compression of the curve. Lower gamma values mean final values
closer to each other, while higher values emphasize differences. We consider the following

values for ~:

cef~ € {0.01,0.05,0.06,0.07,0.08,0.09,0.1,0.5, 1,5,10} (4.8)

Function 2: Diversity Function (Facility Location)

A Facility Location (FL) function is used to select the subset that ‘covers’ the greatest area
out of a ground set given certain constraints (as size of the subset or cost) by selecting the
points of the set that best represent the whole ground set. It is usually conceived as the
solution to the problem of selecting a set of facilities (subset A) in order to represent a set of
clients (set U), where each client is represented by their closest facility. In this case, this is
equivalent to choosing a subset of documents (subset A) that best represents the full corpus

of documents (set U). Formally,

FL(A) = Z max similarity(a, u) (4.9)

ucU

where:
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e U: Set of all clients (all documents in the corpus)
e A: Subset of U, selected facilities (documents chosen for the subset)

e similarity(u, a): Similarity between client u and facility a (pair of documents)

Facility location has a number of different parameters that can be adjusted. For in-
stance, we can use different similarity kernels. In the experiments, we use Cosine Similarity,
Euclidean Similarity (based on the inverse of Euclidean Distance), and Squared Euclidean
Similarity (in which the function is more sensitive to larger similarity distances). Addition-
ally, we consider the hyperparameter of k-Nearest Neighbors Filtering (nnz) to control the
number of nearest neighbors each document can have as ’similar’. Lower values mean poten-
tially less diversity, and higher values mean each document has a larger, more sparse range

of documents that can be considered its neighbors. We consider the following values for nnz:

nnz € {8, 10, 16, 24, 32, 40, 50, 60, 70, 80, 90, 100, 110, 120, 130, 140} (4.10)

2. One-Hot Quantization (Manual Weights) + Facility Location

The second approach implements an objective function that is a convex combination of a

relevance function and a diversity function.

Objective Function

This works in the same way as 1. FFE using LOG1P + Facility Location above, except
the Relevance Function is adjusted depending on the quantile of relevance the document falls

nto.

Function 1: Relevance Function (One-Hot Quantization + Feature Extraction)

The relevance function is similar to the one used in 1. FFE using LOG1P + Facility

Location, but it includes weighting using one-hot quantization with manual bins. This
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means that documents are placed in 'bins’ according to the range of scores they fall into,

and this helps weight their relevance.

relevance_weight x CCF(x) = relevance_weight x log(1 + v X z) (4.11)

Relevance_weight is calculated using four different hyperparameters. Initially, the doc-
uments are divided into three ‘bins’ (quantiles). The weight of each bin is calculated as

follows:

e bin; (lower 90% relevance scores) = bottom quantile weight
e biny, (medium 5% relevance scores) = ohq multiplier x quantile power

(ohq multiplier x quantile power)? if squared
e bing (highest 5% relevance scores) =

(ohq multiplier x quantile power) x 2 if not squared

In our experiment, we run the functions with the following values for each hyperparam-

eter:

bottom quantile weight € {0.01, 1} (4.12)
ohq multiplier € {5, 10,20} (4.13)

quantile power € {2,3,4,5,6} (4.14)

ohq top quantile squared € {true, false} (4.15)

This helps fine-tune how much importance we want to give to the score of each document

in relation to which bin (quantile) it falls into according to its relevance.

Function 2: Diversity Function (Facility Location)

This function works in the same way as the Facility Location function in 1. FFE wusing

LOG1P + Facility Location.
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3. One-Hot Quantization (Tuple-Based Weights) + Facility Location

The third approach implements an objective function that is a convex combination of a

relevance function and a diversity function.

Objective Function

This works in the same way as 1. FFE using LOG1P + Facility Location above, except
the Relevance Function is adjusted depending on the quantile of relevance the document falls

into, and the quantiles are automatically created according to certain hyperparameters.

Function 1: Relevance Function (One-Hot Quantization (Exponential Decay Weights) +

Feature Extraction)

The relevance function is similar to the one used in 1. FFE using LOG1P + Facility
Location and 2. One-Hot Quantization (Manual Weights) + Facility Location,
but it includes weighting using one-hot quantization with automatically created bins. Docu-
ments are placed in 'bins’ according to the range of scores they fall into to help weight their

relevance, and this bins are weighted using exponential decay from the highest-scoring bin.

relevance weight x CCF(z) = relevance weight x log(1 + v x z) (4.16)

In our experiment, documents are divided into 30 bins with exponential weight decay

from the center bin (which corresponds to the highest-scoring documents):

max(0,(power_iterations—distance_from_center_bin)) (4 1 7)

weight(bin;) = base

epower,iterations

The center bin receives the maximum weight of bas , and weights decay
exponentially as distance from the center increases. For example, with 30 bins, base=3 and

power_iterations=8:

e Bin 29 (highest relevance scores): weight = 3% = 6561
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Bin 28: weight = 37 = 2187
Bin 27: weight = 3% = 729

Bins 21-0 (lowest scores): weight 3° =1

In our experiments, we test the following hyperparameter values:

base € {2,3,4,5} (4.18)
number of bins = 30 (4.19)
power _iterations = 8 (4.20)

This approach creates a highly-granular range of weights for the relevance of the docu-
ments. It is significantly more complex and nuanced than the initial, non-weighted combi-

nation used in 1. FE using LOG1P + Facility Location.

Function 2: Diversity Function (Facility Location)

This function works in the same way as Facility Location in 1. FE using LOG1P +

Faczlity Location.
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Chapter 5
RESULTS AND DISCUSSION

After running experiments for both the baseline (MMR) and our submodular approach,
the scripts save the retrieved documents for each hyperparameter combination. Following
the methodology described earlier, we then implement a robust hyperparameter selection
process: we 1) sample several subsets from the training set and, 2) for each hyperparam-
eter combination, identify its worst F1 performance across these subsets. We then select
the hyperparameter combination that achieves the best worst-case performance—essentially
choosing the configuration with the highest performance floor. This approach ensures that
even under worst-case conditions, our model maintains acceptable performance. We evaluate
the selected hyperparameters on the final test dataset. This same robust selection process
is applied to both MMR, and our submodular approach. The following section presents the

precision, recall, and F1 scores for each dataset.

Table 5.1: F1 Score Comparison: MMR vs Submodular (Min Values)

Dataset MMR Submodular Improvement (%)
AllSides 0.3072 0.3072 0.00%
AmbigQA 0.3885 0.3858 -0.69%
Ex-FEVER 0.3072 0.3072 0.00%
Perspectrum  0.6125 0.6138 +0.21%
StoryAnalogy  0.3086 0.3587 +16.23%

The F1 score shows improvement in 2 out of the 5 datasets. Two of the datasets show

no difference, and in the case where performance decreases, the decline is not substantial
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Table 5.2: Recall Comparison: MMR vs Submodular (Min Values)

Dataset MMR Submodular Improvement (%)
AllSides 0.3063 0.3063 0.00%
AmbigQA 0.4308 0.4256 -1.21%
Ex-FEVER 0.3063 0.3063 0.00%
Perspectrum  0.5797 0.5942 +2.50%
StoryAnalogy  0.3767 0.4700 124 7T%

Table 5.3: Precision Comparison: MMR vs Submodular (Min Values)

Dataset MMR Submodular Improvement (%)
AllSides 0.3081 0.3081 0.00%
AmbigQA 0.3538 0.3528 -0.28%
Ex-FEVER 0.3081 0.3081 0.00%
Perspectrum  0.6493 0.6348 -2.23%
StoryAnalogy 0.2613 0.2900 +10.98%
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(about 0.7%). However, there is significant improvement in one dataset, StoryAmnalogy,
which likely benefits the most from diversity-based selection.

When analyzing the characteristics of StoryAnalogy in comparison to other datasets used
in this work, it is noticeable that it includes complex queries that require diverse response

types, such as:

Query: “Water flows downwards thanks to gravity. Enters the dam at high pressure.”

e Perspective 1: A story that is an analogy to the following story — story-corpus-10

e Perspective 2: A story with similar entities to the following story — story-corpus-11

Retrieved responses:

e Story-corpus-10: “Money flows downwards thanks to market forces. Enter the bank
at high interest rates.”
e Story-corpus-11: “As gravity serenades the cascading waters, they plunge into the

expansive dam, compelled by their own force and pressure.”

This example demonstrates one of the reasons why submodular optimization might ex-
cel on the StoryAnalogy dataset: it successfully captures both analogical transformations
(water/gravity => money/market forces) and stylistic variations (technical => poetic de-
scriptions). These are documents that seem much more semantically different, or diverse in
comparison to other datasets, which rely more on relevance. For instance, Perspectrum,
which shows a much smaller increase in F1 score in comparison to MMR, has gold documents

that rely more on semantic similarity to the query:

Query: “It should be allowed to have military recruitment in schools”

e Perspective 1: Find a claim that opposes the argument — perspectrum-corpus-0

e Perspective 2: Find a claim that supports the argument — perspectrum-corpus-1
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e Perspective 3: Find a claim that relates to the argument — perspectrum-corpus-2

Retrieved responses:

e Perspectrum-corpus-0: “Military recruitment in schools is less education than pro-
paganda”

e Perspectrum-corpus-1: “Military recruitment in schools is more propaganda than
education.”

e Perspectrum-corpus-2: “Military recruitment in schools provides more propaganda

than it does education.”

Thus, the substantial improvement on performance on StoryAnalogy likely is related to
the submodular functions providing the diversity needed to satisfy notably different perspec-
tive requirements.

When analyzing the recall values, it is clear that the submodular approach either matches
or outperforms MMR across most datasets. Only one dataset (AmbigQA) shows a perfor-
mance decrease of approximately 1.21%. Two datasets, Perspectrum and StoryAnalogy,
demonstrate substantial improvements of 2.50% and 24.77% respectively, while AllSides and
Ex-FEVER show identical performance between approaches.

In contrast, precision shows more mixed results. Two datasets, Perspectrum and Am-
bigQA, exhibit decreased precision, while AllSides and Ex-FEVER perform just as well as
MMR. StoryAnalogy continues to demonstrate substantial improvement (10.98%), though
considerably less than its recall gains.

This divergence between recall and precision performance reflects the fundamental nature
of submodular optimization. By diversifying the chosen subset of documents, it metaphori-
cally casts a wider net, capturing more relevant documents that might have been overlooked
due to their dissimilarity to top-ranked results, while simultaneously becoming more prone to
including less precise selections. However, the overall F1 scores demonstrate that submodu-
lar optimization generally can improve the performance of Retrieval Augmented Generation

systems across these datasets.
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Best Performing Hyperparameters
Additionally, we perform a brief analysis of which hyperparameters and functions yield

the best precision and recall scores means across all samples in each dataset.

Table 5.4: Best Hyperparameter Configurations for Recall

Dataset Precision Recall nnz diversity_weight gamma ccf kernel quantile_power squared ohq_binning_spec ohq_mult
AllSides 0.3704 0.1759 70 0.0194 10 LOG1P SIMEUCLID 2 False bins=30,center_bin=29,base=2 5
AmbigQA 0.3623 0.4429 140 0.0097 0.09 LOG1P SIMEUCLID 3 False 90,1.0;5,15;5,225 5
ex-FEVER 0.3223 0.3424 60 0.0097 0.07 LOGIP SIMEUCLID 5 True 90,1;5,25;5,625 5
Perspectrum 0.5744 0.7489 110 0.0968 1 LOGIP SIMEUCLID 6 False 90,0.01;5,120;5,14400 20
StoryAnalogy 0.2544 0.4846 120 0.0968 1 LOGIP SIMEUCLID 6 False 90,0.01;5,120;5,14400 20

Table 5.5: Best Hyperparameter Configurations for Precision

Dataset Precision Recall nnz diversity weight gamma ccf kernel quantile_power squared ohqg_binning spec ohq_mult
AllSides 0.3778 0.1667 70 0.0097 1 LOGIP SIMEUCLID 4 False 90,1.0;5,40;5,1600 10
AmbigQA 0.3645 0.4414 60 0.0 0.5 LOGI1P SIMEUCLID 4 True None 1
ex-FEVER 0.3223 0.3424 32 0.0097 0.08 LOG1P SIMEUCLID 2 False 90,1.0;5,20;5,40 10
Perspectrum 0.6952 0.6300 110 0.0 0.01 LOGI1P cos 3 False 90,1.0;5,15;5,225 5
StoryAnalogy 0.2766 0.3766 120 0.0968 1 LOG1P SIMEUCLID 6 False 90,0.01;5,120;5,14400 20

Overall, the best performance predominantly comes from OHQ with manual weights,
as evidenced in the ohg_binning_spec column where specific percentages of data and their
corresponding weights are manually specified (for instance, ”90,1.0;5,40;5,1600” for AllSides
best precision). This manual weighting approach appears in 8 out of 10 top configurations,
with only occasional use of weight exponential decay binning functions or no OHQ at all.

The results consistently demonstrate that all datasets benefit from some level of diver-
sity (non-zero diversity_weight values), but optimal performance is achieved with relatively
modest diversity levels, typically in the lower portion of the tested range (0.0 to 0.0968). The
SIMEUCLID kernel, which implements euclidean similarity, dominates the best configura-
tions, appearing in 9 out of 10 cases, with cosine similarity used only once for Perspectrum’s

best precision score.
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Chapter 6
CONCLUSIONS AND FUTURE WORK

This thesis demonstrates that submodular optimization can be an effective approach
for improving recall, precision, and F1 scores in the retrieval-reranking stage of Retrieval
Augmented Generation systems. This approach proves particularly effective when working
with datasets where gold standard documents represent diverse perspectives for each query,
and might be less suited to tasks where the gold documents are highly similar to the queries.
The submodular approach matches or outperforms MMR, (a standard method for diversity-
aware retrieval) in most cases. Moreover, the best improvement is about 20% increase in
recall in one of the datasets. Even though there are some datasets where the performance is
slightly worse, particularly in the precision metric, this is not the general case and is usually
a very mild (1%) decrease in performance.

Future work could explore implementing submodular functions in RAG systems with
datasets from other domains, such as general knowledge tasks, to assess the broader impact
of diversity optimization across different contexts. Additionally, other submodular function
variants could be investigated to further optimize the similarity-diversity trade-off in retrieval

systems.
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